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GF 1 0 B9 A2 ¢ [fST 93 (Real number and

different properties)

gz

1.1 e=Ea
1.2 ouea Fy SiEw
1.3 Helied 4l ¢ Tem i
1.3.1 Seanfafes of
1.3.2 % f
1.3.3 Tg @i
1.3.4 wifFffemm wf
14 Towm MR wififes geimd
1.5 Sgem R4y
1.6 el kA e whyfar
1.6.1 A= AR Joiifdfes 4 (Algebraic properties of R)
1.6.2 A" AT F 4¥ (Order properties of R)
1.6.3 23 A Tg 45 (Density property of R)
1.6.4 SFRTTT 4 (Archimedean property of R)
1.7 AR GH ¢ SeEfes [{Emne
1.8 &Fw W=
1.9 w=dE 8 ANy
19.1 SQATEA &=
19.2 WA Aty
19.3 2€iF o « , — o
19.4 F7%9 (TrEFTS (Cantor-Dedekind) Fosfmy
1.10 IIF RAF WIS oFp
1.11 Swizae
1.12 S
1.13  sAies
1.14 2R o @R FHge dlfFelEe =
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1.1 &=

R A A IR JEIT ST A Yo IR IEHCE AR aiifeifsss s
SOgd SIRSRe T 2 | Rese Ored FreliRe Sieydias| SRR 9 Peano’s Axioms
a1 T FoLFirem i FelRa e biae w1, oF 57 Tresififos swfer
MGG FelRE M (AF oW R 5199 I @3 FHT Dedekind Cut It St
AP MG AR A o5E [ | g @ AR SRR (wg @ Ty
sififer Ifekmiom amem «“te, @it WEE [EiE ¢ FaRmiE 22U & 210F
AFFR (Fq 2R T AT AN | O TN @ @3 e A7 g sggatefl
1 ¢ o B T TH, T R[S Gl (WG I [ TR

1.2 53 g SNCensa

G (Set) 3 GG 2@ @9 (WS R fefere Pireers a9 1)kelz | I[oYfeE GIEa
o T T @6 AUETS A, B, ... X, Y, ... Aofe W oM a1 & @R Awaffer
GRS a, b, ... X, V) o dofs M Fom T 201 @6 FuRTs faor I4qF
WAy N B

Tizdel ¢ (1) CTER SIS FCAEE AL AT Qe 461 (6 (o1 I | Gl
T T R @R I T CGTAR S FEeE A/ 910

(2) iR 12 ANHE TR FeT AR I 200 & @7

QLI T B R @@ s 7ee” e 200 9@ @

TR, @6 @61 (6 TP @3 wRag widlie (6 «Ffoe WeF (I7) “ied i@
T GEF GGG ® G5 Al e (null) T ST (void) (T @ 2 |

AfFF 9 Tferfier ¢ (Universal set) § (@ GIGI G, (@ T8I 7RET
A 2CACR N AW RO TS & %IRRT LGSR (36 e T | Teierie (o6
sigere U aidl vifoe i 2|

* G (Void or Empty set) 38 (@ (16 (T 2w ey ACE Al O *+§ 16
& 2| O BT q- % @ oo T T | TAE 2 9. Tnizdd G0 [ @G Gwizdd |

freawTBIe G5 (Singletone set) $ (T GG AF(H G @FRANG AT 2% AR OICF
Preaebia G 91 21 @NF [0] 9F (0 PReTE Gt |

9-G6 (Sub-set) I TG ¢ A @38 B 4t GG| B GiotE A GG ARGH i
TG & 7@ IM B GT6A 2folb *m A GT6a *m 21| o0zd aidl &7l = B C A,
GG A (T I 2@ B @7 AR G|
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Tugd s A=(1,2 3,4, B=(,2 3,46 7 ;AcCB BgA

SN € SN G ¢ GG S (F PN (b @ 23@ IM S ¥ G5 =W R[N AW
@6 S~ SN AT Ay ACF | S GIBIOCE SHIN Gio @ 23 |

GTBA Awe! ¢ Yo Of6 A @R B »7iF iW 2@ widfie A = B 2@, It ACB
R BcC A 21|

TS (1) (Union) 8 A €3 B (1649 B8R A U B @66 (316 A siwejfet 21
A~ 7% At B-4F W SR $Od o | Sfie AUB = {x/x cASRAIx €B}, AU = A,
AUVA=A AuvU=U AuB=BUA (AUB)UC=AuBuU()l

TG (Intersection) § A <R B (67 THRCRHN Q6 (6 IR #majfel A
@} B T (NG AR |

AUB = {x/xeA R xeB}

A=ty 3 ebp={r50C={33)

AnB={3h Anc =9

FTEoW s And=ANnA=A AnU = A

ANB=BNA(ANnB)NnC=AnBNC),AnNBUC)=(AUB)UANC(C)

AuBnNnC)=(AUB) " (AUC), AUANB)=A An (AUB) = A

FIoTICd FI oYeiFa 2 A @ B M) (316 237 A x B = {(a, b) : ac A, beB}

fafee =% (Disjoint set) 3

A @R B (& [ives G o1 2@ I ANB = ¢

Tuzad ¢ S = {p, q 1, s}, T = {a, b, ¢} @UE SR & T T-47 W0
= ST = ¢l

915 G (Complement of a set) 3

U 3w e ¢b &0 @32 A 3w @ AT GIea @3 ARCT & O@ A G 2356
G 2@ @6 G5 IF omeffel U-a o 203 15g A9 s 2@ a1 5589 (36 A’ (3
AC) ==l Tl = |

A€ = [x/x € U, xg A} = A’

g o ¢ AUAC=U; AnAC=¢ ; ®¢ = U, U® = ¢

De-Morgan<& &% ¢ (ANB)Y = A’UB’, (AUBY = A'nB’

1.3 Freifss A

ool 2fFAR FreiRSF W sl 1, 2, 3, . s oEaylet iie, @i FeiRs
9




SRt A Sfefes w41 7@ @ Fielis wafe @ @ @ aifde =@, o= N [l
Abe M =JIN = (1,2, 3, ... ) GG RTN (16| (4T n e N 23 n+l eN T@ |

g McN @R () 1e M (i) neMTEH n + 1eM 2, ©&@ M = N|

@ @ g5 Freiiir AR (ereet 1 7Ty JreliRS 74, (g @ @ 9o Freiiks
SR RIS AP JroiE il 2 1 | FeIRE FR2GYfer AT Qelieer AL
&l wifefee i =

% I G5 N-aF 05 RIeIiE R AT 39 @3 0 (%) SReT F S5
o s AR @6 Z wifle, Z oifde gE e weliiE A (dWiSRE sjesean),
FORE AW AAGF F2 (AASF AR @R *7 @i

Z={. 3,2, 1,0, 1,2, 3, ..coc..... }

SRR, 2R Wy o AfFTR Bl Serm e @6 st A W 2@ 7
7-98 @ (I it R Wy it dfeT e wa g AR =8 Gl @ W 3+ 2,
7+ 5 2oiif | O S 2 Jom A (p/q W, q # 0), Tawy 0 () qi eis

PGS | IR oW HLT et JAR g SIS ARG @ p 8 q ﬂ@ﬁiﬁlﬁ, q#0l
Z-GT6 5 Sem SRA9Yfe] SIeefe FE SINAl (RN oM ™ GI6 Q|

1.3.1 oW AT Tl ¢5{ (Algebraic properties of Q)
Tremlifafer affer 2=t ¢
Al) @ & a, be QU & a+beq
A2) @ &FlF a, b, ¢c € Q &I Gy
(@a+b)+c=a+(b+c
A3) @ &FTae Q a+0=a;0eQ
Ad) @ (FIF acQ @9 (FFq —acQ e I, I &«F a + (—a) = 0 W
AS) @ (¥l a, beQ @ &l a +b=Db+ a
Ml) @ (Fid a, beQ 49 & abeQ
M2) @ (FI a, b, ceQ &« & (a'b):c = a(bc)
M3) 1eQ @R @ (FI¥ acQ €9 & a'l = a
M4) (1 (0 ac Q, a # 0 & S Q-4 L SIRFIEE e ~fleq e, TS @+ =1
MS) @ (Fid a, beQ 4 &« ab = ba
D) @ (¥l a, b, ceQ @ & a(b + ¢) = ab + ac

10



1.3.2 Q9 &9 o5{ (Order properties of Q)
wifer 2@l g
(1) @ @ q6 W47 a, be Q-9a &,
2F a <b,d a=>b«Pd b < a (law of trichotomy)
(2) @ @9 foqf6 74N a, b, ce QU G
Ha<bu®Rb<c=ac<c
(i) a<b=a+c<b+c
(i) a<b=ac>bcTIc<0
1.3.3 Q¥ 9«1 o5{ (Density property of Q)
o = ¢
“a, beQ @R a < b T T GFL AN ceQ AN WE AT a < c < b ="
% (G Y e Sl TR, “ (I G5 ToW IRUF N SPR W IR SR

1.3.4 Q97 S FRCI« (Archimedean) «5{

@ @ g6 €IS W 24T a, b € Q, a < b-F Ty I @6 LT A
n e IR, FREF FCG na > b.

1.4 FW RYE THESF FoA@ (Geometrical representation of

rational numbers)

xx @0 TR | xx’ 49 B2l 0 G0 7 | 0 e iy 4z 049 ol @@=
A e FAFC AT G AT s &I ol 1 28| Wiwe (& OU (& G
GFF G T OU = 1 G W R4 1 (F xx’ GF B (iR [ =i ibe 1 26
R g 0 K (A @SR MeE OU-GR 1 99 @R —1 (r > 0) (F 0 RY (A el
W OU @7 r 9 vaeed 7 =il sfoe i 27|

: wﬁw%# U%Www%

(p < q) oW MANT [ 7= Abe w0 wca A4 OU (F Il q TR
W\M*fﬂwé—@nﬁqwm@wmﬂﬁaﬁaw—mmoﬁﬁ@m s

AIAT p AT G (@ [YCO *IF = oﬁﬁnﬁi‘g & vIbe FAE|
GOI(F, E M FRA/IT xx’ TR ol 7 =il b =1 A |
11




1.5 SFw AR

Trizgd ¢ ANl T, 2 Tem AR [
& AP, J2 G Jem A |

- ﬁ:%, (q # 0) ; p, q APRY @R 777 GferE |

i, p? = 22, G (T IR | G2 p? GG (T TR A p TEGE (ST AR |
@, p = 2m, @A m ofeoRa
so4m? = p? = 2¢°
A, ¢¢ = 2m?
QR GG (EIT AT | OTR qdFD (ST A |
sl QCBR, 2 R p IR I G0 AR SeAME | [T, p RR q SR
CTifer |
SN2 TEM R R
R SR ¢
@ IR % (G, q # 0, p G q PR SIFCA 20 T A T 0T
SR AT T | @ 3+ 42,37 T

1.6 =¥ Y

TeW GRS SR AT W@ @ (6 o1 T OiCF A A (i6 A0 | A
A GGE R =il e w1 23 |

AR R
(Real I‘jl/,lmber)
\: 2
e (fational) Sjetw (Irrational)
N J
LRI (Intege? oAtk (Fraction)
3 \ d
IS AR e AN AR
(Freiir Ae4) (zero) (FTeIRT AT AefTeE 1)
(Positive Integer : (Negative Integer : Negative
Natural Number form of Natural Number)

12



BT WA 9 3
R IRAefem g 9wl o ScEea T 2T

1.6.1. A" AN ATAlfAfsF 4 (Algebraic properties of R)

D,.
D,.

. a+ beR ; Va, beR

. a+tb=>b+ a; Va beR
.(at+tb)+tc=a+(b+c); Va b, ceR

. 0OeR @99 (T (FlW acR“F &« a + 0 = a

. 9fef0 acR-9a & R-9F W OHF G0 AT —a A W@ A

at(-a)=20

. abeR ; Va, beR

. a’b = b-a, Va, beQ

. (ab)c = a(b'c) ; Va, b, ceR

. leR @ (9 aeR @9 &« a'l = a

. 2fofb ac R—[0] 93 &= R~ (W B9/ G5 A2 % € R - [0] siiexl TR,

a.l:l

a
a'(b + ¢) = ab + a:c ; Va, b, ceR
(a + b)c =ac + bc; Va, b, ceR

1.6.2 AT FA FW 4 (Order properties of R)

0.1.
0.2.
0.3.
0.4.

@ (9 qo A= 72l a, beR @9 (W@ W a<bAa=b gl b < a
a, b, ceR,a<bdR b<c=ac<ec
a, b, ceR,a<b=a+c<b+c
a, b, ceR, a<b = (ac <bc I 0 < ¢ T
bc < ac I ¢ < 0 =W

1.6.3 %3 LA TTg 4% (Density property of R)

D,. T x, y 4ib qET W B R X < y O G0 W R 1 sAle A
qeo x <r <y

D,. W x, y 4l AR WA T R x < y O AF(0 Sfem WL s oAlSq AR
qAO x < s <y
1.6.4 SERTEM 47 (Archimedean property of R)

W x, yeR @R x > 0, O 6 Fe(RE AT n 2leA AE@ AT, nx > .

13



1.7 {6

BT WA G S (C R)-F TF N @16 61 23@ I Ke R~ Wiy AT
AT @F@ x < K @ x < K), 76 x€ S-97 &Y | TG (@ &l TN (6 TH i
GBI S = {x]xeR, 10 < x < 20} TF T SN 6 |

P S-CF SSTR™ GI6 I61 283 W pe R-GF wifew AF T2F (FF x > p
@l x 2 p), AF x€ S-4F Gy |

T @ @ TN GG SHSTN | S = {x[xeR, 10 < x < 20} SN
SRS (16| (16 S-(F AR (16 Je0 2303 A Tl oz @ TH Tod L@eod IR
6 23 |

Trigdd ¢ (1) FelRE AT G5 N-&F Sl ozl 79 TE 2 |

(2) G Z, Q @& R ATOF MR G5 |

THETINR TG, (Fl A TR GG @6 TR AT @ TR (=T
T AT AT WA @ C6A S 23 |

5 FTOIE, AT AW G676 Y AR & TN (A (®E A
BT WA & (G TSI 23 |

1.7.1 %% SR wifFe Foshmy

I A G5 R-47 Ao smiey T i THAGIE Al THOTN Wiz | @3
Fosfm(E (Completeness Axion) I ‘Affol Fohmr @l 23| To—T% «@fK®
THRANIG 7B TG T 2300 A, - 2300 AN |
e SEAE et

S T N BHAGIG S (C R)-4F &1 THEOR M 28 W (i) x < M, 566
XE S-GF T AR (i) € M PR PR T, O@ & € -G PN HFO GF0 ye S
Aeq @ AW FE y > M — € A

TS ¢ (i) 22 o M-dF (50T (RE (F ABI AT & G5 S-97 THOT 2309
Afq@

TwiEAdd AR y-97 e -TSae i
T F4 S={l+%:neN},2 G (A S S |
1

n

T FE 0 < e < 1, W @RI 1+—>2-€ =@ ufie I n<ﬁ 2|

14



qfq e—— n<%:>n—l

%ﬁe—gn< 5“®Rﬁ§n<6:>n—l 2,3, 4,5
1-=
6

ofF® sy (@ =) Infimum) 3

T WA m G0 (6 S-4F A7y wHSN 7@ W (i) xS, x = m
R (i) € > 0 TPE GPRAE (04, ye S ASH AR I & y < m + & TA|
T ¢ ANy TSRO Fosfrd 23re @ Aty SeTNE Sy AW 1 AT
Twigad ¢ NIod CoAfe @Ry BEeIN ¢ i s e s ¢

1 1 1

@) s:{_1’_§’_§ ....... - ... } (T 2 0, —1)
Gi) S= {( L neN} (e 2 5.-1)
eriaet ¢ (@A 0% e ¢
(1) sff=ram oo
(a) TEW T, (b) TWER, (c) TSN T
(2) S = {1, 2, 3, 4, 5,}-aF Y Wy |
(a) 3, (b) 1, (c) AN Fitwr |
(3) S={a—%:n EN}%H wfw THEE |
(a) S-99 =6 *m, (b) S-4= W &, (c) I W il

1.7.2 "3 WAA 6 R-G9 Seey 457

(1) R 23&1 4% (1.6.2) “Wi¥s, ool Foshm (1.7.1) s5hre @H|
% R-97 0T Q (YW FRAF G6), Z (PR ¢16) @ o o swfAs =17 |
(2) T R-@ oy, % wioa U @6 C-(9 4@ey Tzl

1.8 " AT 2T« (Absolute value)

(P AT IR 2~ ST d© T 2 |a @,
) =a I a>0
=0, a=0
=—a,?ﬂ%a<0
15



AR g of e oreat 234 ¢

(i) [ab] = [a] [b]
(i) |a £ b < fa] + |b|
(ii)) Ja —b| 2 []a] — [b]|

(iv) TW a > 0 7, |x| < a 23@ AW R @G I — a < x < a =W

1.9 SEAE € AN

1.9.1 ST AR
A FE a @ b YL AWT AN @& a < b
T aqiel [a, b] = {xeR : a £ x £ b}
YT T@dlel (a, b) = {xeR : a < x < b}
TS, T SR (a, b) = {xeR : a < x < b}
TI[E, NI OGS (a, b) = {xeR : a < x < b}

1.9.2 @ oy

it ac S 2, 39T N(a, 8) = {xeR :a -5 <x <a + 8} 1 4fbesF [x — a| < & oM™
oo =i 23|

a M3 aafee SMTsy Ao N(a, 8) — {a} INW@| @foeF 0 < |x — a| < & @
Pfeo =i =71

1.9.3 a@'as f?w ©o, — oo

G2 BRTA S 12T ASIF BT o0 '@ —oo FeTAMNETS e, A FCH Tlerlere Foqropiagaffei
(T BT ¢

(1) T x (T 9B A 2, O —0 < x < oo

(2) R = (oo, =)

(3) aeR 2I(H (a, =) = {x : x > a}, (a, ©) = {x . x = a}, (o, a) =
{x : x <a}, (~oo, a) = {x : x < a} | GIYIeTT PN A &7 2 |

(4)a€Rm,a+00:oo+a=oo’ a—o00=—00+gag=— oo a> 03T acc=c0a
=0, 8.(—o0) = (—e0)a = — o0, (—a).90 = oo, (—a) = —o0, (—a).(—o0) = (—=2). (-

) = o9, 00 + 00 = 0, — 00 — 0 = — 00, 00,00 (—e0).(~22) = o0, (—o9).e0 = (<0). () = ==,

16



(5) I BB S (CR) THAWMR™ 71 27, 9@ S-47 TRAWHE o wat fofzw w1
2@ I S (CR) ST o 2, ©@ S-97 SHANGE —o 77l fofers w21 2@
1.9.4 F71%69 (STEFIRS (Cantor-Dedekind) FosFme

AfSl AR AT x-9F G IRT BCF G0 S [ Poslet A 18 ] P
& B AN x-(F IAf>e FAA |

1.10 3T RYF 7FF 8F™ ¢ (Decimal Representation of
Real Numbers)

@l A, A @I T P GF 6 [ | @9 PR, (1 A R4 e @ O
WIRE A SRl () & A, PR ey 0 (@6 9 kel 0 v )|
T M SRS |

@ RmEifer s vifes wive, AN @R Toiw it el Sffoe T4l 2
iRIce SAMioli @ @9 1o 6% (marked point)-<F N URY UF GFF 23 | AW, AR
eyl A Y P @ oficant foRsis g sifge s 23, oieeE Sig auieeR e
(12| SR P R0, ﬂcﬁiﬁmﬁi‘?{@ a, a + 1 RMaEE Wy SRS | @4, [a, a + 1]

SR 10f6 T Sl ©l A T 100 Sot-oreaiem afsfoa % G |

@& ot fefet 23, a,a+%,a+%,....,a+%,a+l | T P G2 Repslfer e (i

qFfs 73, U9 P o Jowm <yl e F@| I P @ [{y@ @ 91 27 sz P
SRR @ Refem W oieif® @ @i gt fm W ARE @@ T,
P,a+i‘—(1),a+all—g1 al, a.a), a.(a; + 19 N S @, a,-163 W9 0, 1, 2, ...
9- W AF(0 |

a a, +1
SR, S-SR [a + ﬁ, a+ 110 }—(Fﬁ w{iG T eiel w1 2 ARice Afeita

Wl — g @B i eI fmalfer U,

102
a a ., 1 4, 2 4,9 a; +1
a+10,a+10+102,a+10+102,...,a+10+102,a+ 0

17



a4 P fs 27 @ Raffem s @i @36 [ Tgat P @ Rmpaffer sty sAmitenf
@ @ g Ra Sy AR |
a2 oifore afia (oIt n-Aitod o7 SISl @ Shieffer ol Sl Acerioa il

Ton I G 0 T© G T TATRACGK rdieffaie Fu e Fued w31 PRl

a, B 3, 4,3 Al
a+10+102+10n<P<a+10+102+....+ 1o

qi, aajay ... a, <P < aaa .. (a, + 1)
I n —> o O, P [ @ WA 4 T O wihiE 99 73

aa; a ...... a, ...

i<,

o ST Wl ke |

OINAl [a, a + 1], [a.a;, a(a; + 1)], [a.ajay, a.aj(ay + 1)], ..........

SEAIYfeT slo FACH (it A Al SRl O SR Sl W A5 sRiRe |
QL STFAET-GR AL 0 AIOICET TRITHE WA o] w0 A0 | BN Sof Kgaffed
FTG| o n — oo FAEH & FSAEPeR W G @R Ag @FH g [Ty ostea
A AW 7 Ive A AT 20—

a.212a3 .......

T ¢ ool IS sicarl GRIN Al SF) om =@ A wifie ik «sf e
FRAT 2 (R 2 SR VI A GF T SR AR RIS 91 7, SRR A2
Blafetr 201

Trigad 3 4 W A Afe V2 -aq I FeE g

S 3 13 =1 <2 @@ 23=8>2

= 1<32<2
[1, 2] SEAEDE TN w6 Sl O T @ SRl o of 2,
1, 1-1, 1.2, 1-3, ... , 19, 2.
RANY R S0,
(1-2) = 1:728 < 2 @R (1:3)3 = 2197 > 2
= 12 < Q/E < 1-3
18



SRE, [1-2, 1:3]-F w0 AN ©al o9 0 20,

12, 1-21, 122, ..., 1-29, 13 Rl «ii, o= S
(1-25) = 1:953125 < 2 < 2-000376 = (1-26)3
1125 < 35 < 1-26.

A, [1-25, 1:26]-F i AN il o T 7 @R @ w=ifo el R,
1-25, 1-251, 1-252, 1253, ...... , 1259, 1-26

G, (1:259) < 2 < (1-26)3

[, [1:259, 1-26]-(F wiib 0 ©itsl el T 287
1:2590, 1-2591, 1-2592, 1-2593, ......, 12599, 1-26

@A, (1:2599)3 < 2 < (1-26) A, 1-2599 < Y2 < 1-26
SR, 1-25992 < Y2 < 1-25993
37 = 1:2599 (oW weifirs 2 )

1.11 Swigad

1. (T SEm R ofey 2edl AE 91 9 [99e (cube) 2R 2.

3
Wmﬂsaﬁﬂ@aiﬁzﬁﬂﬁwwwﬂgvﬁ@mww,%ﬂ @I, p

R q ARG @R p € q AT AT GfEE | @Ry, 13 = 1 and 23 = 8 ;
p

I<=<2,q#1
q q
3

P” _ 5,2
—=2

q q

3
Wl Ao, G0 SR (%) aFf5 2R (2q2) AN | g, ABE 37 A 7|

AN (T e R AT A AR 99 2.
2. M r @A s g6 SEWM AN W, 1+ s, 1 — s, 15 QA 1/s, s # 0, YW IR 23(A |
SN 2 r GR s T IR |

1

r=—ands=a @, q #0, m # 0
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r+s:B+L:—pm+q1;qm¢O
q m qm

p, q, m, 1 ATSCE 2ORAT| -, pm + gl @R qm PR @R qm # 0. . 1 +5
@ e AR |
SCA r—s,rs,g(s;éO) W AT 28 |

3.9 A,
e:]+L+L+L+ ...... |

IR ERE S
ST 8

[ T 2 e 0 ToW =% e=%,p,q IS SRt |

p _ 11 1 1 1 1
2, a.ﬂ_&[l+E+E+E+m+E}+[l+q+1+(q+l)(q+2)+ }

1 1
R CER (N

] ] ]
+ + +
q+1l (q+1? (q+1)?

<

<l
q

1,1 1 o
p.l(qg-1 zli(HEJFEJF ------ +E)+ G0 R welie |

oo AR = SRy @S AR + @ R wried), 3 SpTEA |
e UL EW IR 7T |

4. qpa Sfeoler Torel AGE T ¢

(a) @0 P @R G0 SR AT A9 ¢ [T om A =2 A
il

(b) o @ B @D *) T @ oI TP IR AF6 SHEW AT B, off @]
Blow e (R

S ¢ (a) AT, r R x IAFE G0 YoM @7 SR HLl, AW T8I &
AT r + x = G0 SEW R = s (6F)

20




soX = s — 1, g Yem R Reeres 36 Sem wR4l, 3 T Wz
LGl WM @R GO SREW AR (@S Yo KO Al Al
OIS oM I8 SREME [Eiarwel em <3 |

(b) =, 7wq =,

%=v (@A, v 430 Jom RN
B=ouy; (v g0 JoM TR 5Je o SEW FAN)
s SREM MRAT = M RT3 ST |

%a‘mﬂiww@m piey

SR, o, B W
5. 9N FACO 2R, 43 +4/2 G0 S AL |
TG ¢ T AW 4, 3+ /2 G0 Yo AR,

1
N Qo oW AL,

—l — —
«/§+\/§_[ 2

s, V2 = 2{(W3+42) - (3 - V2)}

Sl SRR (redfe, 2 SREw |

o SR R = G e R A TZ |
V3 4+ /2 @0 SRpm 4 |

6. logo> GF(b BRpEWM LA |

YA 2 & A, logyd GG AEWM AL |

£l A, logy,” :%,q;to

Sre¢E 10P = 59 i 2P = 54 - P 3% IKg AT (L |

1.12 El?ﬁlﬂﬁﬁ
1. 3P 12 SIEW AL vices) e | Swigel e (A= (T g0 SRem AR Q91w
G AR T YoM I SREM LT 'O AN |
21




mdle @, /3 9I0 SEm I |

a, b W R4 @4 AWM av2 +bV/5 =0 T @, @i a = b = 0
W8 @, log,!0 Jom a8 1&g Slog,? &b o™ HLT |

"Hle @, J5_ 7 G SRem AR |

@de @, loggo!? G0 SEm AT @ IhE @l T@1 10log) 0! o™ i SR |
Jitoa AR (statements) Y(TH BT FToySl/SPTOre] S W ¢

(i) SREW SR 91 Wl GFH SHEm R |

(i) W SR 1M ST @Fh SR SR |

(i) 0 «f5 omEm kg (v2)) @F Em et

(iv) @ (T 7o SIem SR (T QAR Jope] Fml SHlem IR |

(V) r @R s qb Jom A 7A 15 W GF o SREm R4 |
8. (MM (@ GIb G (TG IF(0 49F BT WA x ©lltR. (&, x2 = 5 27|

A A R e

1.13 A=

B GFCF AW WA AT 2AAF g el Tz | Tiemifdfes of goe
AT A SN 4, Govg o, W aof g A W@ TR AiFe
FoPE M e @ I ol [eael ©g ¢ T [ el el Give o)
blTs T 2P AR G2 AT SR |

1.14 7QTF &2 @R IS AFCRE *%

TREAF O ¢ G5 G K (A |
(6—Set

*[«j (I6—Empty set (or, void set)
PreeTGH  (i—Singletone set
T/ @T5—Sub-set

BGR (k@9 —Union
BHIRCIN—Intersection

fafozn (IG—Disjoint set
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55 (i6—Complement of a set
SR (—Bounded set
THTRI—Upper bound

= T—Lower bound

GIEE) @W—Supremum

1Y SHeT—Infimum
Freilie #Ai—Natural number
sjefiR2—Integer

Jew IA—Rational number
o SRAi—Irrational number
99 4—Density property

g FRAT—Real number
FRGEM (sffol) wsf—Completeness property
ZAN—Absolute value
eadiet—Interval
A9—Neighbourhood
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g% 2 0 I AR SSA/PFCEN (Sequence)
oo

21 ATS

22 3wF AE wgE (e
2.3 AN S

2.4 FEEN SESFA

2.5 SEEA-ad Al

2.6 SEFCE Sy

27 SRS TS

2.8 wfesidt saeE Aeaifae
29 MW wEEw

210 TwiAd @ SR

211 A==

2.1 SofwF 4 fo@el (Function or Mapping)

S 79, U6 G5 A @Rk B-9 Wy @Ff6 7 0o 06 A-«F @lfofb o x-
G G (G B-¢F GFb G0 IR (TG G0 oW oS A | AT I 2 AR
4] (Domain) ¢<R B-(F 61l 2 A2-%e (Codomain) |

f:A—> B

o Aol xe A & IF0 R @ G0 f{ix) € B WF | f(x)-(F =

TR x4 R @R @ {(x) | x € A]-(F I g7 [®EF (Range) |

2.2 A3 AR g

QA LA S IS0 I 0 S 1 ool £, AR LS SN 2287 Fel ([
MR EB N @R AZ-SEe Ao JA ABI AR GG R A ©RA (&l G0,
f: N — R| 4 neN-9F &) Seg=eil| 20 2-S1g0s IM a, (€R) el [, ©@
SR BIRE 0 — a, R SHFAGE {a,}, A BiT© 1 22@| @8 @R a,-Ylow
(6 23 SR B S (CR)|
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S (MFE™-«x) Trigad ¢

(1) Feilks MG G6 9aib Sk (PR | {S,|S, = n, n € N}.

(2) O G 1-97 WG| ero el @afo o (Figem) |

(3) {S, ]S, = (D)2, n € N} 4I6 BN SFeR (PRFEH-«R) Twizge |

(4) {Sp}y @A, S, = Sy, Spp, N 238 =1 @RS, = 1.

weffe, {1, 1, 2, 3, 5, 8, ...}

a7 wgEs (P | @@ sHger (Premiar) [y gesd I9ed il @@
e (PiPpE-ad) e Fibonacci’s Sequence =it |

(5) {Sp}n @AM S, = K (<), n &€ N 436 o (Fgem) |

2.3 Ay SFT (Bounded Sequence)

AT FRA TEFN {a,},-(F SR 6 23@ I @ SRFEE [FEF (6 N
=0 |

GF SRFNCE {x,}, AN F67 T@ W @9 AR AL K > 0 #{iexl I Ao
|x,| £ K, VneN.

GFF-1 (AF TFEEN, A, S TR @< A SN At RSt (g |

Tuizad

) {5

} S (PRFC™) e

‘2 ‘< =VneN

(2) @ @ TN S (PRFE™) IR |

(3) (Xulpxn = (-1 S (PrFeEeD) A
| x, | £ 1.

QA {1, 1, =1, 1, ...} Sgioa fensim 125 ¥R | oK T2 G0 P10 SRE |

4) {Xu}n @, x, = VneN.

GFFN IFEE (G (Pl QBT R K AN A A0S,
| x, | < K, VneN |

wifle, {x,}, AN TZ|

%, @4, x, = 1, VneN.

wieffe {x,},-49 AT oW 1-99 (AF IT A Wi,

qTHCE, {X,}, SHFHD TR |
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(5) Xy} (WL X, =+, VneN SHEFGH (¥4, 0 < x, < 1, VneN.

G, 0 GRR 1 TR R @] BT
{Xp}n T S|

G5 AT AT M-GF SfF {a,, },-49 #CD SHEAM I67 233 I (F) &fST ne N-
G T a, < M BT (X)) @@ £ > 0-97 T SRR Feiis wean K siiedl AR |
qZE & aK > M — € 2@ (Sup {a,}, = M) I {a,}, SETW™ 71 2, ©& Sup
(an)n = o

G5 AT TR m-CF SFN {a,},~49 5T UG 97 23 W (F) 2fSfd ne N-
G T a, > mTT () @ @ e > 0-GF T SRR FeiRE A K-silem 1@
qEF & aK < m + ¢ 23@| (Inf {a,}, = m) W {a,}, FF TWR™ 27, ©@
Inf {a,}, = —oo.

2.4 FATH SGFN (Monotone Sequence)

(X}, SIENCE FAILTT (Monotonically Increasing) & 27 T2
X, £ X, 41, VneEN.
{Xptn SEJFACE T2lief FIRLNA (Strictly monotonically increasing) J&T 2 |
W, x, < X, .1, ¥V neN.
FRENT SFE G0 I (@ @6 ST TR x.
{x,}, SEFNCE FFINE (Monotonically Decreasing) Il 2 4w
X, 2 Xp+1, VneN.
{Xptn SEJFACE T2liel FIEFENA (Strictly monotonically increasing) I 2@ A
X, < Xp+1, VneN.
TR SN {x,, )48 SERAMIG TP x.
T 2 (1) {Xylp Xy = N2 G0, FAILTA TG |

) {X4},.%, = 3nn++21 GG, AL S |

_3n+4 3n+1 _ 5
Xn1 T X nt2 - )@+ 0 T neN-ag we |

n+3
WO X, > X, T n-GF G 8 SgFwio I FHIL |

(3) ST {x,}n, @ x, =% G PR ST (FgEm),

43n
(4) Xn = an eN
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ntl 43n+3 3411 _ 43 _ 64

X
X, = 340+ X FET 3—4— g<1 AP ne N-“9 Gely

WO X, < X, T n-49 G € SRFWG A FAZEH |
13.---.(2n—1)
(5) *n =34 ..2n »"EN

Xpeg _13.2n-1).2n+1) 2420 _ 2n+]
X1.3.....(2n_1) ~2n+2 <1 5= n-¢a Gy

X 24 - 2n(2n+2)

n

WO X, < X, T n-49 G € SRFWG A FAZEH |

2.5 SEIFN-Eaq A (Limit of a Sequence)

Rl @i @, N el TR g% TR T FeiRTeIE@E 96 WeT @ n-Gd
M IRE ST Al 2, AFhO [F 4R =R
{%}n St [REm 0 A AT A W, x) = Lx, = %,x3 :% Tl
n-<q s“‘_\[ W W W Xa I I I I
1 1 1
Wﬁaﬁﬂawwvnwi— o L L 1 1

%ﬂawﬁﬁﬁ%mﬁw e %7 S SR 20 g (i SRPRICSE

‘0> Rce Mlieifow 2em =i, 2L S Wi AR I—gG n-d9 i IR ‘ %— 0‘

R Al

SSRGS {2}, TSI (FFCq n-<= i IR 08 0o n2-G7 Sgen| Ko FIE
%A OFF AR Tl e AR TRO0R @_R MRIG ARe SR [E W @y g
Al |

2 vE Tuiedd (A AREE @ @GR SEeR SR [elfe @ @am 93
e i face «iffe =30 SRR iR CFeg o [eTTof 906 | SR 9 4heeR o fed
AT SRR ST R 4Relis ey |

aFfo e A WA [-F {x,), TEFEE AW @ 2@ AW @ AR G
Y £ > 0 (IS (RHE @F Al @47 Tl G0 479 sfofian K sfieq T aies

| x, - /]| <& Vn>K ne N
gefle, /—e<x,</+en>K neN
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TREFCA /T R, lim x, = /-

Trizad : {%}n SRR ST 0.

41, € > 0 GFD AR HGF A |
l_o’ 1

n

" n

< € I, %<8 i, n>%

g1, K= [%] (integral part of %)

l—O‘ < g ™, n > K.

Sl n 2> A @ A =H+l

QAN € > 0 4&1 T

n?—n+1-2 _

a, — 1= =1 _"<e
2 = n? +1 ‘ n? +1 haa

>H+1 wiefie K:HH

~le €

100
S T, e= o ek K= |130|+1=34
_ 5 . 1378]

Wﬁ, S_W 7]\D< S —[ 5 +1=276

efie FeiE A K SR)¥E e Tog foamie |
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2.6 ST wfeAifag (Convergence of a Sequence)

{Xp )y TGN @0 WHS qwa el [ S Sfesnid e 2@ I @ qeee
(arbitrary) &€ > 0-43 SERRE GF6 @GF 2R K ofem A A0S
| x, — 1 | €34, n > K @ n = K)

WQﬁQ nlgrlc Xn = /

Wc{s{&}n Wwﬂm@m%ﬁ%%.

2nZ+n-1

2 +
S 8 lim 30— i

noe2n? +n—1 noe,y 1

n

G5 R =R SISAIT Shjr—iet Sl (Null sequence) B AR S
{X, },-CF 6 SN (Null sequence) @1 21 IM  lim x, =0 =

{%}n o TVsT SR |

2.6.1 To=wy

SIS SR @7 @6 g T TS |

e AW W W @ AR, {x,}, NGAF] SFA {x,},~4F 96 A [} @R L
IO @A, [} # Iy

SEIIRIE O<s—:<|11;l2|

(@ARY, lim x, =/ 4R lim x, =/,

n—oec n—oc
T eqd SRRl gt s A Ry K R K, Sieq @ TR,
|xn—ll|<%,Vn>K1 UEK |xn—12|<%,Vn>K2

g, K = J&® | Ky, Ky |
€

2?&[3{,n>K.

|xn—ll|<% @R | x, —h|<

[h=hl <%, =hl+|x, = b|<5+5=¢€Vn n>K

£
2
1 1
|h=hl<z[h=h| A F|h-b[<0
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afs e T - L = D
@A @ ST SRFeR @I g ST I |

2.6.2 Ty

S PR (x,), AT g [oASB To7 72|
e
@A, {X,}, G0 ST Sy @R 2R AN L,
@ AR, € = 1 TR, @2 & 7 o) G (IS PRt K #iledl [ AT,

| x, - /| <1, Vne N n>K
a, /- 1<x,<[l+ 1 VneN, n>K
Q1 AF, m= T {x], X9, ..., X, [ — 1}

M = % {x1, X5, ..., X, I + 1}
g4, m < x, < M, VneN
{x,}, SISART SRF0 SRR |

ToAsiond Koo Wion SpTorel it &wy GFis Snigdel (reAl 25 |
{(Xn}n G0 ST @A x, = 1 + (1)
o S 7@l {0, 2, 0, 2,0, 2, ..}
SN AN (ST (@ ) = 0 @R TEW = 2) g e a7l

2.7 97 S@w (Divergent Sequence)

{x,}, SHEAGE SEET (divergent) I61 2@ AW ATt ISR I AT G-
Tl G I sjefRan K sfied T A x| > G, Vn > K. G0FE lim x, = *a.

n—ee

TwEat (1) @9, {x,), X, = log, (%) a5 SR e |

T : EEE ol [0, fim x,, = lim log, (L) = - e

n—yoec n—o<

@ AF, G I I GINE A AR |

G,

log,n|>G 9, log,n > G 3, n > €6

loge(%)‘> G 4,
@, K = [e6] + 1
‘loge(%)‘>G ]d n > K
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llog,(2)} @ wopyd s

TS : (1) SIS SHFT ACAE TN, ST S Tag AN 2| {2},
ST SHFT—GHAN (13, {-n2}, SRR SeFE—TFAN 3|

(2) SR SIgrs g SISHAI] 02, A S Jslia—@S {1+ (—1)1}, | 32w
SSAR] T N IR SR 6 22 |

2.7.1 TooAWg

AR IRAF FHILT SR A SHRETINT 2 [ S ST 2@ @R i
RE TE AR TR (e | W THEEAMR 12w, ©@ SRENG e 2@ |

A (x,), 9F0 FRENT THANY SF |

@ ARF, (x,), 9 A TR GIfAms) = M.

Tok (i) x, < M, V neN

AR (i) (I € > 0 GF & SO TE9: GFo AW x, ANST A AT,
X, > M — €

G Xy S X S e S X S

X, > M-—-¢g Vn2p

" M-e<x, M<M+e¢g Vn<p
|x, M| <¢g Vn2p

aim X, =M ey {x,},
{x,}, 9F0 SCAR SFA @R 2R I M
T I, {x, ), SHTRY 7| FE IO 08 AR WA G (> 0) @eq AF Al
@, SRFCR SFO GF6 A x, AR AR & x> G A
SHEN T FHALN FOAR A n > k97 T x, > x, > G 7@ "L G >0

TO TG RYE @FA-E O e Froied MRyl k “vedl A@ A x, < G
VY n > k 2. AR lim x, = e %377

n—o<

2.7.2 T

T R SRS AM (R IR T OCF, A SGA ] B R  2@ 22|
s st Eifes) | afr st 2w, o@ 3R weRidt 2 @)

e {x,}, GF0 TN S |

@ AR, {x,), 99 AfFe TN @A) = m

Tol (1) x, 2 m, Vne N
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AR (i) (I € > 0 G & SO T@9: GFo AW x, ANST A AT,

xq<m+8.

e Xq 2 Xgil 2 Xgi2 2 oo
X, <m+ & VneN, nzq
m-e<m<x,<m-+¢g VneN, nz2q
X, —m| <& VneN n2q

lim x, = m AN {x,} <n

n—es
{x,}, «F0 SfeAR @ TZF AN m.

qM {x,}, 77 ST = O& Inf {x,}, = — o, G < 0 {7 o7 wEet! qreiia

Ryl K ofledt AE W9 & x, < - G
(X}, FNEPW, OG n > K97 Gl
X, € x < — GoElie n > K99 & x, < — G TAI

Srogq lim x,, = —ee
TG : SRR TASWIRT (AT F2CEE, (@RI TR, FAFAT (Monotone) ST T (I
72 e STl 2@ TGl + o« Al — o GF W(F 4if7® 2@ A P 7@ | @7 @R

SFN MieTNi (Oscillatory) 263 i1

Swtzad ¢ {x,} ,x, = 1+lnw1sr=>u‘l7 e |
n n

Y xn:(l+%)n:1+ %+—n(nz!_l)ni2+ ..... +—n(n_nl|)””ln%
_ 1+12i!(1—%)+3i!(1—%)(1—%)+ .......
..... +L(1-D(1-2) (1-22) e

""" +(n-|1-l)!(l_n-ll-l)"'(l_n1-|l-l)

k k _ B
(.zl(:i\g, l—m>l—H,Vk—l,2,....,n 1

Xnt1 >Xn+(nil)!(l_n}rl)"'(l_ﬁ)
> Xy
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Xpi1 > Xy, VneN.
{X,), 90 FAILT S |
(1) R ACF, xn > 2, Vne N.
1

I, xn<1+l+L+ +...+%(n22)

21731
<1+1+%+2L2+....+2nl_l

[ (1_%)< Li=12,....,n—1 «J2

nt=nm-1)(Mm-2)..321>122 ..2=22134q, n > 2]

2 <x, <3, Vne N
(X}, SRR R FHILAT S |
{Xp}n G0 SIFSTFT SR |

2.8 SfeHAl SRFTR Aerifere

T 2.8.1 & {X, )}, DR {y,}, U0 SIS gl lim x, =7 & lim y, =

m.
e {x, £y, ) (X0 yn ), <R {i—“} SEEefee wfenl, Ffne {i—“}
n n.’n

n

o 1 . S ]
R m # 0 &= &E)I}X(Xniyn):li m, lim x y, =/ m, lim a,(mi 0)

n—oc n—ec Y,
AW {x, ), TIFAT A T T GRR {y, }, THFAG TR T, O (X, y, ), 5T
wfed SIfeaTdl 23 |
TG : GT AGET I AT SHFCR Gl ARG |
gel : v xn = [/ G, n = o<
@ @ e > 0 GF T GF0 4SS ARAN N Aedt @

TS,

xn—l|<§,Vn,n>Nl ....... (1)

S Yy > m AT, 0 — o<

& I & > 097 T G0 T oORAT N, “ivea T
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Biach
AT, K—W (N,, Ny}

Yo —m| < Vn ,n>Ny, (2)

|X —l| =~ R | Vnn>K

‘(xniyn (lim)’ﬁ|xn—l|+|yn—m|<%+%=6Vn,n>K

. lim(x, ty,)=/tm

n—oe
lim (x,y,) = 2m @7 =miafs frmget

Xy¥y = (x, — Dy, —m)|+{y, -—m)+m(x, —/)+/m

WA TR e > 0 AIW 24me FR |

@ e-F SR FORF M n; @ n,dF WY W

TR Gy |xn—l|<JE T n > n; @R xn—m|<JE I n > ny,

W FE, ny = A {n;, m} | JOIR n > ny-48 G

(= Dy = m)| = Py =y, = m| < & 2R TS (5, ~ D) (3 — M) = 0 T
%W@X—I%O y, — m — 0 9 xy, — [, X

R lim L = —(m # 0)-49 o Wxgel

n—oc yn

P n € N-A9 Gy

X_ _‘ _ |G =)= yn = m)| by =]+ [ty, = m|
| myll | |m||yn|
@Ry limy, = (# 0) FeIfRF skl p-a7 wIfEs <l

I G |y, - m|< Vn>p1

SO n 2 pl-Gd G |m| -y, | <]y, -m| <5+
A |yn|>|r§—|.n2p1

IR n > p; B

Xg _ 1| 2 20
ﬁ—a‘<m|xn—l|
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W TR e > 0 R WA 9B e-dF STl FeiRE TR py, p; Qs I&

m[*e
| J4l n = py

Grelj |X —Z| | Y49 n 2 p; G |Yn_ A +1)

W T, p = W/TBE {P1, P D3}

YO¥F n 2 pad Gef

x _L‘ 2 gm| 2] |mPe
|

n
L= = + . 23(d
Yn m[" 4 " mp? 4(I[+1D)

wﬁmnax

1
m<8¥?ﬂn2p

. X ]
Tk fim o=

GRS {y,}, ST IR ABI A A > 0 97 S IR G Jy,| < A I
ne N-G& o« [ |

A TR e > 0 Q@ MR e-qF S| Frelid AT m 21 AR A0S

Xy =0 <3 3 n 2> m TA FA n 2 mdF G fx,y, 0] <& T

lim x vy, =0 g3

n—soc
2.8.2 TAAW : {X,}, GRR {y,}, U SR S| AN x, < y,
n > p (p Fellke MM &, ©E&

limx < lmy,
n—ye< n—ye<

e -
T M, lim x —ahmyn b.

n—ee

ﬂﬁﬂ@ﬁ@,waﬁa>b.waﬁ,e:alo

@ -7 RGN FOIRE A m; S m,, TSEB TF p W JTEF, ST A
S |x, —al<e T n 2 my &R |y, —b| T4 n = my

T FH, m = AE® {m;, m,}

TR n 2 MR G |x, —a y, —b|<e TAI

n2mdédd & a-— z—:<xn<yn<b+e

wigfie 26 > a — b T 2e > 10e—3F SFHI @A@Y € > 01 Joqk a > b TR
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TAIEAd ¢ W FEx, = g Gy, =
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1 1 n+l-n 1

R — = — — = = O , oc
R ¥, - x, n n+l n(n+1) n(n+l)% T\ -

fim x, = fim y,

2.8.3 TAAW :
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W Xn < Yn < Zn~
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2.9 ™ W9gFW (Cauchy Sequence)
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@02 @F T @) T T G0 SEEEN @WEF R k siledt T [ice
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29.2 (@ ISR SAfSAITSE T FHF ALFe @ (Cauchy’s General

Principle of Convergence)
QBT A G TgF {x, 97 SAMSHATOR oy AT R WL *6 2o (@

@ e > 0, TO (F0T @F N @, OF T G0 4F SR k oNeq AR
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(1) 1, _3,3—2,—3—3 .......
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n
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(i) €4, x, = 5, VneN
X, = 5 T, n - o

{x,}, ST @& S 5.

5

(iii) @4, x, = (Z)n 45 ofriten Ysifore wite @ae FAURY SReiio

X, — o J4eJ, n —> o<
{Xp}p SSHART w1
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{Xp}p SSHART w1

~ 1 1 1
T 4. ordle @ hm{ + +...+—}=1
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1 1 1
= + +o..+
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AL W I, X,

n n
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lim u, = lim ——— = lim ——=1
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n
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n
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n—ye< n—ye< n—es
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n—ec

w5 SR XS Tl @l {x, ), 90 SfOTF SREN | @RI,
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{Xp )y SISART ST 77 |
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n
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n
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Twt : 13, TIF SHFNIfer SR (bounded), FTREAE, FIEH 1 A6 7

AR R SIfey A iz 91
(i) {0.2, 0.23, 0.233, 0.2333, ......}

. 1 1 1
(1) {n+l+n+2+""+n+n}
(i) {-1, -1, =2, =2, -3, -3, ... }

Tl : 14, [RTS, SREwejfe 28N 2 (greatest member), FuoN 4% (least
member). N G BRI Alfeq w1 efolba sfesifroie bR w9 -

(i) {1.—%,3%,—3%, ...... }

) 2-1 245, 2-3, 245,

Twt : 15, RS Swgwew TN e w1

(1 ] ] }
—+ +. 4+

@ { 2 Jn+l Va2nd,
13,23 33 n3}
At 2

(i) {n4 Pr ]

T : 16, TR AU AN AL el T

{1+2i!+3i!+....ni!}n

o SIS S |

2.11 e

Fe @ AAlfdfes Kesad ©g JATe @ A9 TCo I /I AT SHIN @)
Y Oofide-Aoa AR Apas Uy AOr HopAe & 0 R BEpO0A&— 1 ABpui+8X7 A& O HABy=omidt
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Rge Alfreifas == :
iy /PRI — Sequence
qq o% — Real axis
@Fi/fee — Series
wfeIq/Fele — Convergent
Slfeaifsi — Convergence
S/ TlReie — Divergent
oISl — Divergence
oo, 5@ — Function
e gei — Domain
FRe@ e — Co-domain
9 — Image
@@l — Range
Fafefer @6 — Ordered set
3t — Bound
TS — Upper bound
#fY BEOT/SANN — Supremum
Y FRTI/RAES — Infimum
AslT — Neighbourhood
PTN — Finite
SN — Infinite
(et — Oscillatory
FIREN — Monotonically increasing
RN — Monotonically decreasing
FNFA — Monotonic, Monotone
AW — Limit
A% — Arbitrary
e PRI — Null sequence
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OFF 3 O TR cxife (Infinite Series)

gz

3.1
3.2
3.3
34
3.5
3.6

3.7
3.8
3.9
3.10
3.11
3.12
3.13

ARIE R

I A N (g qR g7 wfenifet ¢ wobifaet

wfenat cufdr s’ of

A (afon wfefTer o FkE =S

e SRATIR S (e

wige (fdr afesifaeE o

3.6.1 Te=E MR A9 (Comparison Test)

3.6.2 oot AR S iR

3.6.3 . areTRiG-9q ot @7 ¢ (D. Alembert’s Ratio Test)
3.6.4 M7 o A9 (Cauchy’s Root Test)

3.6.5 FIFA *A= (Raabe’s Test)

B CHfd @R @7 wfesifEel

AT TSR G2 *SAATF T (Absolute and Conditional Convergence)
e (=fd (Power Series)

fafen Twizae

i S S R R )

RIEIR

TS el 93k FRge lfFeiliE ==

3.1 =_E

AT TS AR AW @ Q@9Fe A REFER Q7 ==l (ofdly, @I
TR, N TRAF A M @l9eet Al REAPER Ty | 4@ A, TS ceifel
ql ofreiied iffn Kaaio—si@t n RGF At @oreet SToiE SRize wify) f5g @3
A qib i (g @R 9B AR S (AIHER CRGE Ti 2meieesl ([ A (re
2, O (IR (H{0F (iewet Al REoeet SRE, Ko (FI9eeei Sud 1 | €8 /(T
Nl @B @R SN ) T A 94|
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3.2 qieg wnE o dfd g3k T wfeHifaet ¢ wemifaet

{x,}, AR RO S | GF [BE 28 SN @O |

X; + X + +x, oo @b I= =@ S i | (1)
QAR S, =x1 x5 + + X,

S, (& I 2@ ORI (i 2N oM (AF [0 nib SR (@i |

wigfle, S, TN (1) @ 94N n RAF AT SEF @91 (partial sum) |

S, = x; (445 #)

S, = x; + X, (2AF € @O 2/ (Q9Fe)

GIE, {S,}, TN 45 A | Q9 T (S, ), I W @R G TN
S O, Y X, (F WA @4 @ @ @R ST

. n
S=lims,
n—es

- &E)I}X(Xl + X+ AKX

=X Tt Xt T X, o ©o

QT S-CF FoT = SR Gife (1) @F (@isiet | alifeifes SR, @ @9 e > 0 9@q

Ty I G ST AN e < k dlledt i@ Aice
S, — S| <€ I n <k

O SN (@i (1) 90 Sifendl @il 2@ |

il

S=x; +x + ...... +x, + ..
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&1 T@ PP (divergent) SR (e |

Tz ¢ (1) 144+ dit oo

2 48
-L
el 1 2"
Sn_l+2+4 ...... +2n_1 1
2
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lims =2

s im
e @ sfendt wa wim @ = 2
1 1.1
2_1+2+Z+8+ .......... oo
SICWW cafa ¢

a+ar+ar® + ... (a > 0) @ 9reires P e |

(i) fafs ST 2@ T4 ] < 1 @R 7 @9 T al(l — 1) ;
(i) =fafs ST 7@ (I @A + o T@) AW r 2 1

(i) r = - 1 T @ =fend =@ i

o ¢ a + ar + ar® + ... (), =1

no_
S, =a+ar .. Jrarnl—a(r D

r—1
(i) AW, |r] <12, ™ — 0 I4F n — oo ACHCG (1) 99 @FT S = lim s, = lar

n—oo -
(i) I@ r > 1 8, ™M — oo 4T n — oo G S=1lim S =
n—seo

sjeeites el SrofTi |
(i) AW, r = 1 =7,

S, = na — o I&J, n — oo
GTHCE, Jeled A STl (divergent) |
(v) Iw r < - 1 =7, th G Y (=2 |
(v) AW r =1 27,
S,=a-a+a-— ... = 0, n I I,
n- a, n T Y,
queeg A WiMe i@ migErNE, Sfendt w1

SfSART AW [r| < 1 =R SN[ a1 W |r] > 1 =W
T ¢

1

1.1 _1
(1) I+5+g+gt.... ST (41 1= 5 <1)

)1 +3+9+27+ ... AR (GTwE, 1 = 3 > 1)

3.3 wfemidt cuifin sl @
(1) 3 D u,, sEvn (=fifS wifesiiat 2a @) st S 78 e Y, Cu,, @ifafs sifesi
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@ @R GF @ 2@ CS @i, C @3t [ s |

(2) DU, G DV, 76 e SfeHE i e @it TAGE S [ T @2l
S (u, +v,) oo @fife aof Sfed @ 2@ @) e 2@ S + T

(3) 9= il AT M FFN FRAF o @9 MCE A I FRAE A AW e
it SIifelie al SerRe e =

3.4 AW cufog wfefEe o FM9 WS (Cauchy’s Principle on

Convergence of an infinite series)

B AN S @ D Uy, - SfeTifel T Arie @] AT WS =@+ @
@ € > 00 T GFT 4AEE AORY K Alea @ A,
U Fuy ot Uy | <€ Vmn e Nymyn > k
al, S, =S, <e.Vnm>k ... (1)
T[S, —Su| =
(2) & *$foe T =S o 4|

Srigad s L =y e A )

AT 8
qfq, e=%ﬂaap=nwﬂﬂ,
_ 1 1 1
|SZH_SH|_n+1+n+2+ ..... +—
1,1 1 _ 1
>%+%+ ....... +%—n%
:l
2
oo TR S SRR @t @ SePndt setw cufe |
WGI—ZSI—%+%—%+ .......... @6 SfeqT e ifd |

YR ¢ SE e Ellvn @ uy =(—1)n+1%.
g, € > 0 @6 72

S S 1 T N

@ [Snep "0 T T T nr2 n+p
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44, ~Sl<e WM 2K @R p=123 ...

n+p

Buigaal3, TRE TE TR mmemiéﬂﬁﬂ%mﬁ’rwfﬁﬂ |

1 _ 1 < 1 _ 1
M 8 n T 1230 122,..2 o0l

H+p1 H+p1 H+p1
S s — = — <
|n+p n| 112+1|_n ari[ 112'12“_1
1\P
1-(3)
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2
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~2n_ n—1 z[@,nﬁoo
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1
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Twizac4 ¢ FRE S AR @Lie @, 2n(n+l (5 SpT SIfendt ife |
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1 1 1
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+( 1 1 )

n+p n+p+l
1 11 N
ICED) (n+p+1)<n+1 %Oﬂ?ﬂne
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1 L, nz[l]
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41 T, K:B]H
1S
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[Necessary condition for the convergence of a series Y u,is lim u,_ ]
n—yo0

. il” < ST T | TR SR @

£>0 @3 T «FH GATF FRAN K Al AE AT,
T S T +...+un+p‘<8 I n2 K q® p=1,2,3, ...

G4, p = 1 490,
| < & n2 K-q 7% AW &,
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un+% R lim u, =0 =g ;%E@N i wifeaat w2

3.5 49 ALY TAW (el (Series of Positive Terms)
a6 SN if Ellun (F LI A SN (& 96T 7@ 1w n € N-ag 24fst S

G U GO LT BT RN = |

ToAAW ¢ G0 G AT WA SN @) D u, e @it 2@ I @)
1

eI AW S (S} T I =W, @, S, = iun
1

g s S =u tu, + o tu
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oS} Gl TR S |

(S} TG ST @ AWM G (@G AW S THAN IE & |
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1

_2>07121=—c«{neNx‘1§W|
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Q
3
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odq {S ) THET I¢ T @38 TN |
T {S,}, IR G Y a, wfeiat |
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$IE A cufaq ggead of
GF GG APR 9T CFE TN I FACE [ AW e (@i st Al
seAifag YIRS 2@ a1 7 1 IR s =)

3.6 9N cxfdg wfefrem &
3.6.1 TFE YT 9 (Comparison Test)

S A D, < AR A | 7 2 e i 7 e i
n=m (Rve) 9@ o= a, < ¢, T0,%5@ Y, a, & sfond z@ 1w Y, d, s

T R A n > m WWE-G T a, 2 d, 77, 9@ @A e 2@ |
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IO EIN WG &N AR, P 2 1 2 awe @il Sl g @ |
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n

3.6.2. g AR A wiiR ¢
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n
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1
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-, QeI sRifed S SR SR,
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3.6.3. . areTsEis-«3 AT 2% 2 (D. Alembert’s ratio Test)
D u, G 4GT ot s G |

@ AF lim 25l = p oF

n—eo U,

(i) 2” el 7@ AW p < 1 2|

(ii) 2” ol (AW p > 1 2|
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fS. IGETRIG-GT SHEie- Wi Wxfifs @fiafar sfefret abiR F@t
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o X wfen

(ii) @ (iii)-99 GFCa, lim 2+l = |

n—eo U,

= (i) IR @RR (i) SeaT @i 1
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n
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3.6.5. 77199 2R 3 (Raabe’s Test)
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n—eo \ Uy
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(ii)iun oD STt =@ AM p < 1 =7,
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1 1-3 1-3.5
IR T AR 1+ o+ 5z + g+ (i il AR

|

1.3.5-(2n—1
TR & AR 2 q CreAl 2 | un:2-4-5—2(11(gn+)1)
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- T ST @ I 9w @i sifesia
3.7 Seolarane cxifd @3 32w wfesifaet (Alternating Series and

its Convergence)

I @ fag ool 7o ATR BT TS I @ AdNE T o & @ ffE
SESREATGE i T =@ 1 S (~1) a8, > 0 I N9 SR 751 G Gl A S |

m—l—%+%—%+ ..... @fifo «=fo =EoREne i |

ot 2/ (Leibnitz’s Test) 2
W G AR TR SIS {u, } FEFHA GR [im v, = 0 T O, TG

n—oo
cifel u -u, tu,—u, oo T wfenidat 2@ |
SEORCAE (9,
1,1 1
l_§+§_z+ ........
P - o1
1 Sl G ST S oo T 4R Jim u, = lim =0
. feRlee AT mmwwy%%—% .............. IS ORI

@ b e A e S B e Yk cs wfed Ry

Wk =B X0 ¢ el
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g 31" b i i s < e S 3 o

K AR T 2(—1)11-1 L il wfena

BT TR T T AREE,

1) XL s e frg Doy s wwbd (e, e 7))
1 n

@ 2(—1)11—1 L iniz e |

R, (T O SIS (o g (Foq e smojfer 1= (absolute) Niwajfet W
@ @9 2 @EToNe SIeAF] SR g (Fq 7 |

3.8 S AfSHA @R WEACATT wear (Absolute and Condi-

tional Convergence)

Yu, @G 2= (absolutely) ST 74w > |u, | S
Su, @ AW e & g Y |u, | el 71 o Y u, @b @ e
*EATATE (conditionally) SIFEHET |

R ot S s AT SN TR @ @ FrfEe @ FRe

Wﬁ@l+;+%+i+ ...... cifaifs Sfeiat = |
1,1 1 11
W,l—2—2+3—2—4—2 ........... =ifafo o sIfemt .w‘tl+2—2+3—2+ .........

GF0 p-ceifd @i, p=2>1
95 5 (@ (I AT AT (@ SR ST 23A |

3.9 9w c=fd (Power Series)

Ya,(x=x)" 3t Ya x" SFEE @&l e @ (power series) 6 2CF, T
T
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a, € R @& n € N | G4 (@ x- TR Gy 7 {el{S @i 2 (g, 7% A G160
@ o SfeTdT W& (region of convergence) J&T 2 |

2 3 o= o
Twtzad ¢ (1) 1+%+%+X—+ .......... -7 ST SIga qifed 9
ST 3 SsATe ST S,

Unil

Uy

_X
n+1

‘%0>?I?I3In%oo

D x-<& T N e AN ISR | GRE S 2 |
Q) 1+x+ 2% +3I+ i ¢shea

u
Snsll = (= x| = o0 > 7 1 > oo

n

x = 0 &G S WK G oo <o
3.10 ffew Trzad

1 1 1 1
Tml. 1. 3 tTsts st tmonaarn T it wifeniat |

_ 1 Y
WWS@W"‘WWW’“@'““W“H‘(2n—1)(2n+1)‘2{2n—1 )

P T R Y| 1
'sn_zun_§;{2n—l_2n+l}

:%[(1_%)+(%_%)+ """" +(2n1—1_2n1+1)]

. e feoni @ afifen caist = 11 Rk ore efifbe SferA @ @

_ 1 _3
@ee =l+5 =3
w,2,1+1i!+2%+ ........ +ﬁ+ .......... e sIfemfael TeiE w41

‘«'ISlT*I‘I?{sSn=l+i+L+ ...... +%



11 1 1
<1+1+§+ﬁ+m+ ..... +(n—2)-(n—l) (z[arz[n>4)
el (L Lyl 1 L1
‘1+1+2+(2 3)*(3 4)+"'+(n—2 n—l)

_ 1,11
‘1+1+2+(2 n—l)
—a__ 1

3 T l<3

. {Sn} <36 FHALN TFN G TGN | Sroed (@fdfs wfenidt |
S

1 1
qI<E, ——>0
Y ¢ 4= U, ’—(n—l >V @R v, rl>O

u
e, L = f — 149, n — oo
Va w/n(n—l 1_1

Y u, @R Y v, TeraR 21 S i wial Tecay weidt |
Y v, I St a7

Y u, fifoe sfeat w
w.4.1'32+253+3&4+ ....... st 73 |

e 2 u, = 20D 5 0 @ v, =0 > 0

. un_ . n+1 T _l
Jﬂoﬁ‘éﬂo(znu)‘él&%l‘z
n

L Xy, ol s, T, = S e sl

Tw. 5. ) it wifeifael oRme 9 |

54 logn

1
AL ¢ €9 T, Un = Togn R Vn—l

v logn <n, n>1 49 ME G Grel,
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1 1 .. -
Togn > an >2(logl =0)

G, 2% GEIEAS G DN

- |
1122@ G0 ST cifet |

1+2 , 1+2+3  1+2+3+4

A6 3ty Tt yE +o iR eIfeAlEe! 2= T |
S 2 G A, 1+2+...+(3n+1) _ ((n+l)(n+2))/(n+l)3
(n+1) 2
__n+2
2(n+1)?
R vy =%
2
.uy o on(n+2) . (1+H) 1
llmV—:hmm:hm—Z:—
n—oo n—oo n—co
o

u R v g T, (ARY Y v, S 9, Yu, ¢ Sfenidl 7 il

12 22 32 n2
W.7.7+2—2+2—3+ ...... o G Sfemar i |
2
o _n
ST 8 G, Uy =
un+l_(n+l)2><2n_l 1+12 l<l
= e gllty) o<l -

. D. Alembert’s-aF Sjoli® *FTH 7@, Y u, a3 Sfedt @ifd |
1

- n? o~ =
Tl 8. X7 (el wifestifrel #ii % )
=~

n

A § @A, v,y = oy
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ln
l+H) %eﬂm,nﬁm

Uy _ (n+ D™ ptl _ (n+ D" :(

u, (Il + 1)' nt nt

e>1, ("2<e<3)

D. Alembert’s-4 SFATS TG, Y u SSART 7 |
1

- Xn o~ = o =
Tl 9. En—z feifoa SIfeaT el okl 3|
1

1 1

=

un+1| — | Xn+ X ﬁ
Uy | |(Il + 1)2 x"

N P

TG 8

&l

Z—EZW T3, |x|< 1 o=fe, -1 <x <1
1

D~ W A | x| > 1

1

<1
leﬂawﬁn—zmﬁﬂm SIRUEN
1

x = -1 99 G A6 SEHREILE (Alternating) ¥ifel | «@rwca Ta siwejfet,
SR SF COF] FE R lim u, = 0.

n—oo

ferfaeaa A9 O =0 AW, x = —1-99 G 2478 (@fe
1,1 1 1
ettt ifafo wrfeniat|




Tl 11, Y u,, @I, Uy 509 C=ifeifox ezl ABR g4 |
1

3.
T 2 U = 71513, (3n + 4)

. u B 3n+7 \_ .. 4n 4 _ 4
el ) e -
n

I AT TG0 2 T 5 D, u, SSHT |
1

Tw. 12. WRlTs @i gita siferfrel s w@i ¢
L1 1 1
- ...

O 172 " 2782

+a
(i) 1~ 5+ 77— 5=

LS 2 (1) &1 ARE, vy = 3

1 < 1
n+1)+a? n+a?
(

" {u ) G SRR S|

G2, iLeuy,;<u,Vnn=12,...

o, lim uy, = lim " = 0
- R AR, Z(H?a_ a5 o |
n=1
_1:3-5..(2n-1)
(if) =B AR T u,, = e

1-35..... 2n-1D)(2n+1)

=346 on-(2n¥2) (2nT2>2n+l)

oV, n=12. . (v2n4+2>2n+1)

L {u,) T SRR S, @A lim u, = 0




311  epfiEet ¢ Seasen
1. maie @ p i Znip SSARF T@ I p > 1 ; SR GG G (0 ST i |
n=1
2. e WHeN (Comparison Test) (i€ (T, 21: Jl—3 SeA |
n
3. 2%+3—‘€+4—‘/2§+ ...... (eifaifog wifeifast s Fgw |
4. D. Alembert’s-48 ST 2K Q1 (e @,
2 3
l+%+%+%+ ...... G556 SIfemd) e |
5. D’ Alembert’s <91 Ssii® 2(=FIF QI
4,42 4 4n
l_!+2_!+3_!+ ...... +n—!+ ........
@7 Sfeafaet A6iE 34|
6. T IO KR BRI (e @
1,2V 3y 4
3+(3) +5) G+
G wfeidt |
7. < g5 AT ST 2@ eifi el 612 <
2
8. WG ATFFE WG w4 @,
T I - R
ﬁ 2‘4‘5 2-4-6-7 .........
oo srfeatia |
9. THE QA @ AR T TivA @ feejfer SifeiiS! AGR w6 |
1,1 1
(l) l+§+§+ ....... +—+......
. 1,1 1
(ll) 1—§+§— ......... +( l)nH'i‘ .......
10. SFOREGR (alternating) (ifdl T4 SIS 23 2 F16a eifaejfer sifemifae! o1
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11. Siva (fejfera wifewifael TR w0 ¢

. 3 4 n+1
(1) 2+§+ﬁ+ ...... + 3
123 n
(i) T.373.5%35.7

1 1 n
(i) 752 75752 3042 A+ 12

W)L+ () 3 () )
12. S5 (ifelsjfer SMiesiidl s (Region of Convergence) Jif2d 1 ¢

O 1+x+x2+x3+.......

5 14 X 2 3
(ll) +§+?+T+ .......

3.12  H9q™

I FARLI SN (AT SIIRCea Q] Sz oo geiere siw [ oy
il @z @i R @ @i sifenifag [ aibiReR *Siel @@ s ke
2R S (X @ O SfeAIHred SR A6l SRACS Sowrog [REsReR 72w 2 |
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3.13 WIS O @R GFCF FJage AifTeilRE ==

TRTF &Y ¢ GFF-5 GF (K0T 7S |

TS *H 8
{fi—Series
SETIN—Infinite
PTN—Finite
i i9Pei—Partial sum
SeAFT—Convergent
ST —Divergent
Slfeafe—Convergence
WIgETe [ S ETEs —Oscillatory
atelled =PI (#fd—Geometric infinite series
M@ *$—Cauchy’s condition
FRGNE @i (p-#ie)—Harmonic Series (p-series)
FREN—Increasing
T TT—Bounded above
3T (S1egT) I¥—Bounded below
#fEY TEAIN—Least upper bound (Supremum)
51 RTRI—Greatest lower bound (Infimum)
IR TG 2 F—Comparison Test
SFBIRIDE (Wid—Alternating series
SY SIfeAT—Absolutely convergent
*EAHCF wfenFi—Conditional convergent
o] S19e—Region of convergence
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GFF 4 0 OFOE VI SAFF G3R 229 7SSl (Single
Variable Function and its Continuity)

9 3
41 o=t
4.2 3T ¢FHA AR AT TRAY AATF
43  SEpfER-l
4.4 SATFA FESO O
441 TGS WATF
44.2 RoATS WATF
443 FATH WATF
4.4.4 TN € YN MATS
44.5 oS AT
4.4.6. oW A ST
4.5 IR SATF
4.6 @ fFyre e AA-AER{F qRdbE
4.6.1 T SewEa M wieet
4.6.2 T CFE AN Afafes A
4.7 fqre SerRa e {fem of
471 oS AR [{fen o
472 Hwg Fwaifde
48 I wRkrgm RS
49. FIEFH IHTTE S
4.10 SEPE-IT
4.11 SATFO TS
4.11.1 «= Rqre swawed wefs
4.11.2 I TASAE AAFFI TSNS
4.12 S SoEA Jeelifafes ¢ ww Fg ol
413 I ¢ ATRY TSAIE TS TAFEFA 4
4.14 ReF® WMAFFT ARy @R TS
4.15 SUAFFA TPTSTOA 2F AT
416 ITT=H [ow 7071 erwEd oFfs
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4.17 TS SCAFEA SwigA

4.18 SrpER-II1

419 EF o @32 Fage llfFelEs =
4.20 «fafB ¢ crefoa

4.21 AT

4.1 &RQT

st SAiGiifee ¢ Frwsificea vl cifess afeal qisl, [, 54 ¢ is i srfze
wiify | &g aifdeoirg @ lifdfes Reiem s/ amr v @ srl dfsam e[l w3 91
@2 GFEF SINE AW IF HERIRE ART TAREE ST GR SIAHEE o, [
SRR TN € Siwe ¢ S [Ramnr SiEnal F991 @ STl e adfgies
TGRS 253 LA AT Sfoiee w1l 2 | G 2l e sifere(i ¢ ahifefom et
Tg =[0I 9T TA |

4.2 I GO AT AT AWRME oFF  (Real valued

function of a Single real variable)

@1 AF B RAF G5 R @7 A G=8 B 4G o« T2l (6| (16 A @38 B &9 )
G5 S TF £ & o I67 7@ ;M G A-aF 2fsfb o x-a7 e FTE faad
Tofere B 99 Gib =8 (FETIG G0 2 y 7N I | A« T,

f:A—> B

(o 4folt x € AT & y € B B &R y = f(x).

y Al f(x) & @ 2@ a7 WO x-«F 79 (Image).

(6 A-GF &1 B 1937 <e@ige] (Domain) =%

(6 B-(F o1l 22 {-49 7R IK@I451 (Co-domain).

G {f(x):Vx € b} —(F o7l & [ i == (Range),

ke (AF SAREE, f(A)CB.

IO SiCoE G @l 0 D — R, @I D, 2861 SATCR AKeel SI%e @k R,
225 SRR @R | Dy, R € R | SRR AR SI6 G0 S, ST A2
i, Tivzs 19 (28 GG (Discrete point set) G0 TS 200 AN | FEFH ABI HER

AT, AT T (D)) @ (FRIT [@IT RE (et 297 ¢
D A={1,2,34},B=1{1,23,4,56,7,8,9, 10}
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f:A->B @ fix)=2x+ 1, xe A
f(A)=1{3,5,7,9) cB
2) A={x|I<x<2},B=R

1
BA = BI(X) = —==, o 7 (&, x = 1 [es £ okere )

3) fx)=|x|;D,=R, R, = [0, )

IXI

4 f(x) = =R-{0}, Ry = {-L1}

5) f(x) = sm%,Df - R - {0}
6) f(x) = ysin'log, x, D; = [1,2],R; = [0, T]U[2m 3] U........

1

7 x) =
716 Ja-xx-2)]

Df = (17 2)

TG & (1) ST by (x):x - o G hy(x) © x - x G D, =R- {0}
D, =R
(2) SR g (x) 0 x =V (1 - x) G g (x) : x = V(1 - x2) ¢ 77|
Dy =[-,1], Dy =[-11]
SRR e SigE [REI E|

4.3 STPTET-I

I SIsms)ferd k@R Sigel o el ¢

5x — 2 5x+ 6
(1) fl(x):w/loge X4X (2) f,(x) = loge—z+4x+6

3 Gx)= —— R
G) 5% e (@) £y00 = cos g
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IL. Sisisifera fiwia fefa st

[X]

(1) f(X) — {¥,X #0

0,x=0

@) 109 = =3
X
) () =7

4.4 SCFEE FEITH ot

o £ 5 @, O Bol 8 @ s [fen ifdrs et i 23|
f:A — B(A,BCR)
(i) 35 AFF 8
fL(F 43P ST el 20 W Al x € A-9F &) f(x) = €3 |
A = {x | xAM®RI 7R, -1 <x < 1}
B =R
f: A— B, f(x) =0, x € Al
(i) STV AFF ¢ £ AT SV NAFF o7 7@ I, 2fslo x € A @7 &y
f(x) = x 2| ot A R B W, £ A > R, f{x) = x, VxeAl
(iii) ATFF SAATF 8 f SAFFE IFT TTUYT ST (one-to-one function) I&
AWM @ @x, X, € A, x| # Xy = (X)) # F(X,) | 42 SATHE TG0 SICoFDE
Tl 27 |
A= {x,, X, oy Xpgo), B=R
f:A=R fix)=10i=12, ., 100.
(iv) ToAfEloae ToATF & AT £ 0 A — B-(F S5 SFF I 2 AW @ @
y € B & G A- G0 5% x AN I AT, y = f(x) | 98 SAFHT ARCGET0G SAFDS
Tl 27 |
A=1{a b c d}, B=1{1,2 3, 4}
f:A— B3NS, fa) = 1, fib) = 2, flc) = 3, f(d) = 4.
(v) ATTEHTS AT ¢ f-(F ABCTFI0 ST J6T| 20 AW £ oFF 1-1 G=. SFh
T[T 2 |
AREFHS = TAELH0Y + ANSFLS |
(iv)-49 TriRg€iis Gfo qRCEFIvS ST |
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4.4.1 FCAEE A2FF (Composite function)

AT, £:A— B, g: C— DYl o 98 f(A) € Cl @3 A GR D @3 34
&5 E h ofen T @  Fh S 7@ @R 9 T TRl 9F T AG,
h:A—D
qACS, Vxe A & &, h(x) = g(f(x)) (- f(A)cC) = g f(x)
qrFE, h = gf 9dfie, h-F 8 g G FREAGEF WHFF &1 A |
WA &0 AF, A={1,2,3, 4}, B=(1,23,4,5,6,7,8,9, 10}
C=1{2,35709 11}, D=R
f:A— B, f{x) =2x + 1, Vxe A
g:C = DI, gx) =x% VxeC
Qz,
f(A) ={3,5,7,9cC
g(C) = {4, 9, 25, 49, 81, 121}
h:A— D (=R)
TS, h(x) = 2x + 1), Vx € A
h(1) =9 = 3% = g(3) = g(f(1)) ; h(2) = 25 = 5% = g(5) = g(f(2)),
h(3) = 49 = 72
= g(7) = g(f(3)), h(4) = 81 = 9% = ¢(9) = g(f(4)).
h(A) = {9, 25, 49, 81}.
4.4.2. f39i9e SCorF% (Inverse function)
f:A— B I3l 1-1 G S AT 2, G0 SAFF g - B — A vilel A
o g(y) =x € A, @A, y € B @R y = f(x).
g(f(x)) = x 9, gf(x) = x, Vxe€A
Q, g.f G0 SCSV-SToTHF GRS g SATHE J67 2(J f S AT o |

4.4.3 FTRETE, FTRANT, FATH TFFE (Monotonically increasing,

Monotonically decreasing, Monotonic function) :
f: A— B S0
() TREAR SOATE AW, x,, x, € A,
X; < Xy = f(x;) £ f(x5)
T2 FRENE 1w, X, X, € A,
X; < X, = f(x)) < f(x,).
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(i) FEFERT TWATE AW, x|, X, € A,
X; < Xy = f(x;) 2 £(x5)
T2l FFREE T, X, X, € A,
X; < Xy = f(x;) > f(x5)

(iil) FIFT! SFFF M ST FHILAT A FIEF I 2 |
f(x) = sin x SO 0 < x < % ST T FIREA @R g(x) = cos x SAFFH

0<x< % e I IR ST |

4.4.4 301 @ S WFSF (Even and odd functions)
f(x) SICAFRCE Lo SCATE ol 20T 14, f(—=x) = f(x), Vx € K& FeT |
f(x) = cos x GG Yol ST
f(x) SICAFRCE S AT o1l 20T T4, fl—=x) = (%), Vx € &7 |
f(x) = sin x GG SR (AT |

4.4.5 9131/@@ o< (Periodic function)

ST £-(F SIS S I3 23 I AN @I T > 0-99 Sy AF T &)
fix + T) =f(x), x + T € D, P | G 470 T Wiy et ORI My Fao
T-(F S AT I8 21 @9—sin x, cos x TN 9o g S qima
AT 27, tan x-99 ALTFA 7T, sin*x + cos*x-aF AT /21

4.4.6 327 A SC7FFS (Polynomial function)

fix) =ax"+ax"™ + ... +a,a #0430 IZo7 ARG SCFFF, @A a, a,
ey @ TTRCHR AR A G- n G Sl T |

4.5 AN STH

f: A— R GF0 SIoFF, FRREHT A C R | SFF £-(F TR0 AN (bounded)
o7 2@ IM 7o %I A m € M Siedl I A,
m<f(x) <M, Vx, x €A
m @R M-(F TAF f(x)-aF 456 5 ¢ TR s 767 23|
@] (AT ARFR, m-9F G Qo @ G AT AL {(x)-4= WA G M-«
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(BT I @ (@I ARI M2 ()-SR | f{x)-4F 575 (TG N J2IN R 7%
TR Ty FHow ST A o[ T |
SATCF IS A (Greatest lower bound) § A% kAT m- (& 97D A
ToT T@ AW m S @ @ W A
(i) f(x) = m T x € A-GF Gl
R (i) (@ (I GINF € > 0-9- T S| s I (6 x| € A #leT] T Ao,
fix) <m+ e
ATFA FHoN e (Least upper bound) ¢
BT MRAT M (& FHoN SHEETN 67 @ AW M S (®5 @i SR 1 AT |
() f(x) <M T x € A-GF G
R (i) @A (@ ENT € > 0-97 G Sow G0 x! € A el @ S,
fix') >M - €.
Twizad
fix) =x,0<x<2
=-1,x=2
=x+1,2<x<£3

@I, £ [0, 3] — R SIAHET JT&N WFRl —1 @G3R Fuew THEEN 4

4.6 FW TS SAFFT AN-AFREF GReFTR

GG BRI x T4 B 2T a4 47 PRI AR (7 TN 2 TN 2 1| 0L S|
o x — a (S1efle, “x tends to a”) (MY A" FRAYfeT G AT [ wiFT 2w
9 T, O bR x-99 a-aF WF B SN [ |

(i) x BRI a (AT @6 T W a9 W @0o A, @b ALFCS x — a— @R
(i) x SeRIMIT a (ACF IC I WE a-98 MF @O A, @ ACFC x — at @74 23 |
G2 Y AR AINCE TAFC AN G CIo=F1 T I67 23|

y = f(x) SAFF-4 x FET oI GR y SGT (x-47 o (TS 1e) vl | ©fF,
X-GF e ARTEER A y-a7 e AARTET 2@ | x-G7 e AR e -4
AT @ Reaae FAI61R TR *IicEa [REag |

. X T 2~ AN U (AT 2-99 e Ao 01 (x + 2) 9 Wi
lim(x + 2):
32— 4-q7 fa Aewr @i, lim(x +2) = 4, 4 f(x) = x + 2
X—2-
X : 19 1-99 1-999 1:9999 — 2
fix): 39 3-99 3-999 3:9999 — 4

73



lim(x +2):

X—2+

{ X T4 2 G U (A0F 2-99 e [ 94 (x + 2) GF T
4-q9 fat e @i, lim(x +2) = 4, 4 f(x) = x + 2

X—2+
X : 2:001 2:0001 2:0000] ——— 2
f(x) : 4-001 4-0001 4:00001 —— 4

AT, lim(x + 2) 4=lim(x +2)

X—2- X—2+

AUFCE, T LA lim(x + 2) 99 @G iR

Xx—2

G lim f(x)

X—2

4.6.1 (F¥ RS SHHEFA AN ¢

WA T p 40 AEI M GR 1= (p — S, p + 8), p-4 G0 Ao (SR & >
0 2@) | N T4, 1 — {p}, f-F @ SO | OCF p [RUC© f-(F ILee 1 (A0S
A |

SR A6t (T R BRI x O p-dd WeF 4ilke 20 (x — p) f(x)-4F BN AW
[ AR, A Ao GISRE TR €G- T SN § > 0 e IW A [ - € < fix)
<I+eT@AATp-8<x<pep<x<p+dz@ udie fix) - /| < e TA@ T4
0<|x-pl|<0dTA| A= ii_)mpf(x)ZI’éTﬁTww?@I

G oL AW p — § < x < p-aF (A | f(x) — /| < € WER p <x < p + 5 (g
|f(x)—lz|<€?a§[,wlim f(x)-49 SfGres &) /| = [, 20© A
GTHE  lim f(x)—l (& AN TN @R [im f(x)—l & SR AN 6
x—=p-0 Xx—p+0
27|
Rew g ¢ IW fLa@ RS SIgE W € R S@AE [a, b] T
wieffe f: [a, b] > R T@—

() lim f(x)-aq ofey A fr im - fx)-aq sfee A

x—a+0

(@) lim f(x)-4= Sy A A lim - fx)-a S AT |

—b-0

() a < ¢ < b T limf(x)-99 IBY AFE IW 4R (FENE W

X—C

Jim, 9= lim £ =

74



o 13 X2_9_
wcfloil_)n%x_:; =6

TG 2 G AF € > 0 @ (F G0 AL |
"x—>3=x-3#0,dq, |x-3|>0 ... (1

X2—9_6‘:|x+3—6|=|x—3|>0((i)ﬁ®)

X -3

x2 -9
x—3

A, & = € fAlsTl (al| TS,

x2 -9
x—3

-6

G,

<ex W, |x-3|<e @

-6

<E, Vx, 0<|x-3|<3

o |1 1 l—
ch-zoil_%Xsz—O

TG 2 G AF € > 0 @ (F G0 AL |
x>0=x%01ie,|x|>0

Xsinl— 0
X

G,

<em, x| <e =
€ > 0 & Ty G0 MRAN & > 0 (AT & = e) e @& A,

‘xsin%—0‘<e, Vx, 0< | x| <38

lim x sinl =0
Xx—0 X

2x+3,0<x<1
Trzad 33 f(x)=4x+11<x<2
X, x> 2

. . _ _ ¢ lim f(x)=
TG 8 GUFCE lim f() = lim 2x+3)=5 @ lim £

(4x+1) =51 I € Agor LR |

|2x+3—5|=2|x—1|=2(1—x)<eWQﬁQl—x<%WQﬁQ

l—%<x<l?€@¥?ﬂl—8<x<l,8=%?@l
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|4x+1—5|=4|x—1|=4(x—1)<ewﬁa1<x<1+§ﬁ@‘zm1<x<1+8,

=<
6=l
\9< 3 1 = = 1 L‘]ao
GEIN X11_>r111_f(x) 5 xh—>nll+ f(x) “R
drFE@ lim f(x)= lim (4x+1)=9¢dR lim f(x)= lim 7x =14, %PHIdI
x—2-0 x—2-0 x—2+0 x—2+0
lim f(x)-<4 @R 2|
x—2
N € AgoR G |

4x+1-9|=|4(x-2)=42-x)<e Tfie 2-x <> wﬁaz Z<x<2

@N‘&Hz—8<x<2,8:%®l

[7x- 14 = 7(x-2)<e TR 2 <x <2 +5 BAAM2<x<2+3,8=5
= |
4.6.2 SFIF (LG SICAFHEE ANE allfelfes

1 = +oo 1 = oo o i = —o0o]| ¢
M lim f(x) = + (}@a £(x) = o> @ lim f(x) ) ¢

@ (& GGE A G, TS AG @ZF 1 (& O ST § > 0 IR SeHl @ TR
G [f(x) | G, Vx, 0 <|x—a|<3d.

}1{i_>maf(x):oo—¢]§ C¥9, f(x) > G, Vx, 0 <|x —a|<d R [im f(x) = —eo—4d
X—a
C‘fﬁ@,—f(x)>G Vx, 0<|x—-a|<3doie flx) <-G, 0<|x—al|<J]

lim — = o
(l) x—0 X
lim 1 _o «ge lim 1 _.
x—0-— X2 x—0+ X2
. 1 _
lim —5 =0
x—0 X
i) lim == —oo ?ﬁ, lim == o0
( ) X x—0+ X

lim L -qg wferg ey
x—=0X
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(D) lim f(x) =/

@ @ e >0, 9 R @F Fl (&, GG G0 4 7l M siiedl TE Ao,
[fx)-1]| <€, Vx,x>M

1
@) lim =0 i) lim ex =1

X—oo X X—>oo

D) 1im f(x) =1

X——o0

@A @ e >0, T0 (®o @F W (&F, 9 & AF(0 4 A4 M el I Ao,
[f(x) - /] <€, Vx, x> MAl, x <-M

1
lim — =0
X e X2

S, (V) Jim £(x) = o0, (V) lim £(x) = o, (VI) lim f(x) = o0 & (VI
X d X—>o0 X d
X]grlo f(X) = —co.

Arleffere aAifdfos kel 2fhel |
4.7 T worwEa A [few o

4.7.1 SoPFrEa AR &t wof
(1) lim f(x) = [ T3 ‘@’ -GS ARMCAR SBg AFI @ £ TN S
X—a

G N

AN ¢ @ ST SfRCed &y & > 0 oSl MR T &) | fix) — /| < 1 T T
0<|x-—a|<d

T [ f(x) [<1+[[,0<|x-a|<3

1+ | 1| 4= 5Fw, e o)A @@ 0 < | x — a | < & AR f(x) SR |

(2) I lim £(x) = /, lim g(x) = m o =k ‘@’ R a-ferw & AR f(x) < g(x)
o, w8 (F, / £ m gA |

Mﬁ%ﬂﬁﬂ@??@waﬁl>méﬂio<e<lam & -7 T SR &I

3,83, @A 0 <3 <3, 0<3, <3, A AI A
[fix) -/|<e€,0<|x-a|<d &R |gx)-m|<e,0<|[x-al]<d 2!
A TR, M= BR/ {8, 8,11 0 <M < § &GN
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[fix) - /| <e,|gx)-m|<eWJ0<|x—al<n

T 0 < |x—a|<nN @ /- <gx)<f(x) <m+edR P/ —m < 2e—
27 AEI 9| SO¢R [/ < m

TG ef(x)=1-x,x>0dRgx)=1+x,x>0

U f{x) < g(x) I x > 0, BF lim f(x)=1= lim g(x)

x—0+ x—0+

"Sﬁsﬁﬁ \NI(@)\R AT GF0 ATOR 244 iR |

(3) TG 4 ¢ W T f(x) < g(x) <h(x) T 0 < |x —a|<d

lim f(x) =/ = lim h(x) 2 lim g(x) = / TA|

X—a X—a X—a

erslel 3 0 i, € > 0 AGHR FRAN | e~ AN 8, 8 5, 0 <5, 8, < & el A
AF G [f(x) — /| <eIWMO<|x-a|<8,|h(x)-/|<eIWO0<|x-al<§,

A RN =R [8, 8,] TOGT 0 < |x — a| < 1-(®

[— e <f{x) <gx)<hXx)<I+eTA

WTQO<|X—a|<T](,@|g(x)—l|<8u‘lﬁiii_>mag(x):l%|

4.7.2 FTR e ¢
T, lim £(x) =/ @K lim g(x) = m & (/ ¥R m SR AWE A2, SR
(@) lim {f(x) + g(x)} =/ +m
(i) lim {f(x) - g(x); =7-m

(i) lim {f(x) X g(x)} =7xm

&R (iv) lim {@} - L mzo

s
x—alg(x)] m’

aqid 8

(i) (el W0 Jim £(x) =7 @K lim g(x) = m qfq e > 0 AW @ @ iRt |
9% & > 0-49 TFEN 46 AU 8 > 0 ] §, > 0 “eh I ACS,

[f(x) - 1] < %,349, 0 < |x —a| <J

|g(x)—m|<%,?RIFIO<|X—a|<82

AT, § = o[ (Min) {8, 8}

|f(x) — 1| < %, @ | g(x) —m| < %, Vx, 0 <|x —a|<3 (¥
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@, [ {f(x) + g(x)} — (/ + m) |
S|f(x)— I} + |g(x) -m|<e Vx, 0<|x-al|<8.

lim {f(x) + g(x)} =/+m
(i) (I)-99 SR (*) e arwae A |
[{f(x) —g®)} —(-m)| < [fx) - /| + gx) —m| <% + &% =€, Vx,
0<|x-al|<d
Im () - g(x)} =7/ -m
(i) | f(x) g(x) - /m| = | g(x) {f(x) -/} + [{g(x) - m}
<lg®) | [x) -1+ 1] |g(x) —m] ... (1)
@Ry 1M g(x)-aq oy @i, FOAR 8, > 0-49 WfEY OMR AL & g SLATE
O<|x—a|<81ﬂWmﬂ2ﬁQk>OWWW
lgx) [ <k 0<|x-a|<& ... )=
A, € TR GPRAN | €4 SFe] {291 8, > 0 sAled A A e | f(x) -

0<|x—a|<d, .. (3)TF -9 TN &I 8, > 0 Al FC I e

1< 2k
|g(X)—m|<m,O<|x—a|<83 ......... (4) =W

A, 8 =B[N {8,8,8,} | 0<|x—al<3d &, (2), (3) ¢ (4) Fix =@
G (1) (/TF #iiE,

£0(x) = Im| < kg + gy VX O 0 < | x—a | < 3 &

weffe T2 0 < [x —a| <3, [f(x) g(x) - Im| < € TR

B4 lim {f(x)g(x)} = fm T

£00 1| | mfx) = le(0) | _ [mllfx) = Ielllg)=m
gx) m mg(x) | 5 (x)

QY liLn g(x) = m, §, > 0-49 IR W T &=

(iv)

|g(x) — m|<|2|‘<‘mo<+|x—a|<8

3 m| m|

wieffe Iml <Jg(x)|< 2 g 7 0 < [x —a| <8, ... 2)
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T F, € PR PR & €S| A 8, > 0¢ 8, > 0 7wl A AN &

€|m|

If(x) — 1] < A0 < [x—a| <8, ... 3)

2
|a(x) — m|< 4(|| STy T 0 < | x—al <8, )
N T, 8 =SRW [§, 8, 8,]1
T 0 < [x—a| <89 (F (2), (3), (4) Pia 7@

fx) _ ‘ em| , 112 _¢mpP
g0 m| < am F{m2 (mpD)

e

M) U aamo<|x-a|<3
g(x)

f) _ 1
il—>ag(X) RSt

(v) Im fx) = 0 ¢ g M SCoAFE 205 lim £(x)g(x) = 0 A

e ¢ g SN ATl AeR 47 Iy SR TRCO
g(x)| < A, 7T xeD 49 T |

A T, & TR PR | TR A S > 0 SR AR G | f(x) - 0 | < 5 T A

0<|x—c| <8, xeD oK |f(x) g(x) | <A 5 TWO < |x-c| <3, xeD, "\ D, =
lim £(x) = e-

(vi) lim f(x) -9 SEg AR, § > 0 AN A I &= 7wt xe N'(c, 8) M d-49
CFCg 3T T@ (N(c, 8) 09 0 < [x — ¢ | < & @RI) |

erme 3 G O > 0 oAleTl @ TN &)

[£x) ~ 7] 1,0 < |x - c| <8¢ xeD, (limf(x)=/ 1 =g )

|Rx) | < | Bx) = 1] + |1, < 1+]|1],0<|x—c|<8, xeD | J&AR f TF ATicy
SR |

ToAdw 3 f: A— Bk g: B — C (A B, C cR) ¥l oo | A lim £(x) = b
gz lim g(y) = lim g(f(x)) = g(lim £(x)) = g(b)
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ol ¢ (ARY -4 TEIRTNEET R g-dF TRBEH 492 AR g(f(x)) SAFFD
TGS |
v lim g(y) = g(b), LIS @ @ € > 07 G g6 8, > 0 “Aiel A AT,
y—

|g(y) —gb) | <eTW, 0<|y-b|<3 ... (1)
SR, lim f(x) = b-48 CF@ & § > 0-48 Gy GF6 §, > 0 “Aieq AT AT,

X—a
[f(x) ~b| <8 T, 0<|x—al<8, ... 2)
G, §, I 8, 0l &4 T e |
@ (@, x, 0 <|x—al| <34 G
[fx) b | <8 = |g(fx) - gb)| <€

lim g(f(x)) = g(b) = g lim £(x))

4.8 e wfecsm o FHE =6 (Cauchy’s Criterion for the

existence of a limit of a function) :

X = a-9F Gl G0 SRF f(x) GF TN SIBed AT =L UG (necessary
and sufﬁcient)‘ﬂ@/??c?ﬁ & @H%ﬁﬁ@8>0(ﬂ@ @6 &F W &) u‘lﬁ‘@lﬂﬂ@u‘lﬁ
d > 0 #ited AltE, TN g

f(x) — f(x)| <& Vx, xeD, @AM, 0 <|x —a <3GRO0<|x, —a <d.

Twiad 1 3 (i) FHE =6 SFpiE mdle, ;ig})sin%-aamﬁm ecy

STYE ¢ & > 0 G0 AAR FRLJ | ©F ANE SBg AR & > 0-99 ST GF (0
d > 0 sfiedll @

1 .1
SINn — — SIN —
X1 X3

A (FCG <& Vx,xeD,0<|x, -0]<3dR0O<|x,-0|<0.

4, € = | @R 4T G n-G8 G—

_ 2 o x. = 2
1T Gn-Dn X2 T Gnt

X, > 0 @R x, > 0 I, n —> oo
46 8, > 0 SAleT TS, TS, 0 < [x, —0 | < &R O <|x,—0]<3,
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e, [sin Lz — sin 1

X X

sin(2n + %)n - sin(2n + %)n‘

=2>¢e(=1)

lim sin L-qq ©feeg G2 |

x—0 X
TwiRge 2 ¢ LEwE 1|l (waie, lir%xz = 4.

X—
ML 3 € > 0 G @ FI 77| 2 T8 @ (@ 98 e~GF T G366 & > 0 SR
[ FHCq

x> —4]e Vx, 0<|x-2]<3d
A 4-e<x2<4+6Vx,2-0<x<2+3;(x=#2)
A, 4Jd—e<x<+/d+e, VX, 2-3<x<2+3;(x%2)
[AF, 2-0=4J4_¢ WG, §=2_Ja—¢
R 24+8=+Jd+¢c ITQE, §=-2+Jd+¢

8 = S| (Min) {2 - V4 —¢,v4+¢ -2} 2 TR Awpol [bi w0 707 |

TwiEEd 3 ¢ (Ele (T, lin})cos% a7 Sy @31
X—

TG § & > 0 G (T (I 7RV | T A e A (TG G -4 &) G0
8 > 0 sfiedi A, I (g 0 < | x | < 3-¢F P FA @3 Gf6 x4 [T x, x,-49 &

1 1
COS— — COS—
X3

<&
X, 2|

S T @IF T (1, 47 AT LI AL Ty x = ﬁ R Xy = %2n+1)n(n8N)
AT AE WG 0 < | x| < 8 -(F P e | g

1 1
COS — — COS —|
Xq X

e = 1 4,

=]cos2nmt —cos 2n+ )m| =2

1 1
COS— — COS —
X1 X3

> e Vx, 0<|x|<9

lim cos-L-«@ ey @3
x—0 X
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4.9 FCASH IHSTE A

(D 11m Sl?(x 1

Oﬁw @ € 1 ¢FF Jed [T Jeblol se T 2 |
ZAOP =x, O <x <m/?2

AOAP-&F (FqFrsl < (g OAP-A9  (FazFe]

B Z ANOAB-E3 (FHFaTe
P - L1sinx < +.1x < 5L tan x (72 OA = OP =
1 9FF)
< B¢ sin X < x < tanx
O .
M/A WQﬁQcosx<¥<l
T x — 0+, 1< lim 2BX <
x—0+ X
sinx _
W\ Xli>r8+ X !

W TR, x <0, 4 x =y, y>0

lim X _ [y 30Y

x—0- X x—=0+ Yy
JoIR lim SIMX —
x—0 X

(2) lim (1+ l) =e(x € R)

X—>teo
YA § &= AT, x-9F0 QI8 A2 | Afolt x-97 (g qib %#[ (consecutive)
$I9F APRAN 0, n + 1 #Ne AR, TG G
n<x<n-+1

1+1>1+1>1+ 1
n+1

YrOiF 7 > 1 @R ([@WRg n + 1 > x 2 n,
(43 2 (o) > (1)
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(e d) 2 (0 3) > (i) e )

n+1
T, X —> 00 AT N —> 00, N+ 1 —> oo G 0, n + 1 HGE 227 |

) ln ) 1 n+l1
nlgr}m(l+ﬁ) =e 4R 11m(1+n+1) =e (49FF 2-4 4q9) |

n—oo
(1+%)%1,(1+ﬁ)%12{2{:{n s oo

n X (1+L)n+l
Jim (14 g)(1+) 2 fim (1+5) 2 fim 2 —
n+1

n—eo

esxlgr(lm(l+%)XSe

Jim (

1+%)X:e .................. (A)

S 4 A, x = —p, @A p GGF @ AR |
p — oo U, X — — oo,

i =) =t

=
N
=]
Il
N
[S—
+
o
| [—
[S—
N
=]

G, p —> o0 (e, q —> oo

X q
lim (1+1) :1im(1+l).(1+l):e.1:e ......... (B)
X—>—o0 X q—ee q q

(A) €% (B) 209,

X—)ioo( X

X
lim (1+1) =e oo (©)

1
Wg(c)-ﬂxzy W,z[?[q,x%ioo@@yﬁo
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i Iy =
ylgr})(l +y) e
lim (1+ x)VX = e
x—0

Xn _an =n an_l

®) I =
TG 8 T2, n QG SR |

lim xm—al ) _ lim (Xn_l +Xn_2.a + .. +X.an_2 +an—1)
x—al X—a | x—a —~

= n.a" !

4T n A SefERat |
@ AT n = — m, m GSE AR |

0 xM _ gm
- lim =———
n_ an . m _ om —
lim| =2 | = lim(-1)] ==—=2 =-X2a X4
x—a\ X—a x—a XM aM(x —a) lim x™. a™m
X—a
_ m-1
=2 = _mam! = pan!
a m
T n oW S|

@ AR, n = p/q, q # 0, TF RN G p GF A2,

Xn_an _ XP/Q—aP/q _ yp—bp (@W Xl/q — L(]ag al/q — b)
X—a X—a yd — bd ’ y

n_ gn . P _pP
X —8 _ fim T, x — a O, y — al/d =b

lim =
x—a X—a y—byd —bd
P —bP
lim yP —bP o
:y_>b y_b :p'bp :R bp_q
. y91-b1 qbel q°
lim =——
y—b y—b



. 1 _ _
@) il_%;log(l +x)=1,(x>-1)
o 1 o 1
kIR I )}E)noglog(l +x) = )}1_% log(1 + x)x
— : /x| — —
= log{il_%(l + X) }— loge =1
=loge=1

1:l

(5) lim &

x—0 X

TMYN s @ AF e*=1+2z .. x=log(l +2),IdTx > 0,9z — 0
e* -1 . z _1

R Sl LS vl Bl
z
(6) igo% =n, (x> -1)
s ¢ Jim LF07 =1 Al A
x—0 X ' v
(I+x)" -1 log(l+x) i B
i—>0 log(1+x) ’ X (I+x-1=y
T+x)r -1 .. log(l+x) o
i—>0 log(1+x) ’ 11m X (I+xr=1+y
(@Y 1o ANRE, ST ©iR) i, nlog (1 +x)=1log (1 +Yy)
A, x - 0 J y — 0
A+x)r—-1_ .. n.y
L= >£—>0 log(1 + x) y1—>0 log(1+y)
= nh 1 =
' lim log(1+y)
y—0 y
lim (IT+x)n -1 -
T x50 X
(7) hm —— =log.a(a > 0)
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RRIRIR

[

. aX _
lim

.y o
° x—0 X _;I—I)I})loge(y+l)logea y_a ~ l W
: log a
— lim —25¢% oo a
y
y—0
a*=1+y
(1+y)
X = loget™) _ loge®
log el
(8) lim (x=+x? —x)
X—oo
T ¢ lim (X—m): im i
X—y o0 Jim l
X{l +41+ _}
X
= lgn +1 = +% (... hm %: O)
) ) oo
1{1 + 41+ l} Ny
X
x? sin(l)
) lim ———=2
x—0 SInXx
x? sinl Xsinl ,
. ‘ 0_,
x—0 SInX x50 sinx ;
X
(10) lim (1- x)tan 2% = 2
X—>o0 7=
REINICEE
1 —X = e
1 X _ ¢ n.
o= tan{z (a 9)} [x —1,6— O}
COSTC_e
= Jim Bcot F = lim 6. —2
6—0 3 o 5
2
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T

=8
_ o lim.—2
—éli‘})c"tze'é%g(smn_e) (g i TR oifee i)
2 2
= lim cosn—e.lim g. I
050 2 050 | 5™
2
fids)
2
-121=2
T T
T L Fret /x
1 = -
(11) (1) Xgllo T (i) Xeoo\/x_l_ /X+\/;
n+l
RUPTRE L P
n n
TG - Jim 2 T3 = fim

n—e 20 4 30 n—ee 3n{1 + (g)n}
3

(i) lim Vx = lim Jx
X— X
\/X +Vx +x \/1 + X4 X
x> Vx*
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(12) lim \/COSX - 3’:/COSX
x—0 sin? x

6
Jeosx —3/cosx _ lim t3 — 2 |:COSX =t 491 2

Ww:i% sin? x i1 -t12 A, x = 0,94, t —> 1
.2
-1 limt
— M TE o) T
_( - ) lim =1
t—1
_ 1 __ b e 2T o
ST ( fim L1 - 121121 = 1

4.10 SEREA-II

1. f:A—>B @, y = Vx2 — 4x + 3 SUAFH0F wKeige @ Jgige Fm ¢
2. f(x) = log sinx, 0(x) = log cosx &C&T Aid 9 2f(X) 4 ¢20(x) = |
.y —
3. 0(x) = mo =5+ /7= 2@ (e @ §(7) + o(m) = §(/ + m)
4. 7 100 - X @ ¢ # 0 a1 o v e, ore @ () - o) = 2

wn

TIHa ANeffer ey Bty [ /Ko 9
(i) Imx] e, [x] gRen st = x (AE I 1 |

(i) lim{x* +/x -1}

tanx _
(iii) fim & =1
— X+
0y Lim |sin - + x sin L + x2 sin -
(iv) il_% s1nX+Xs1nX+x sin —
6. mHie @,
o i, tanx —sinx _ 1 o . e2X -1 2
lim ——————= =~ e _
(l) Xgl}) x3 2 (11) il_r{b e3Xx_1 3
T B X—taan_l . . X—[X]_
(ii1) Jm 3 3> (iv) leio — = 0
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[(iv)-4 FFS : |[x] — x| < 1, F&, [x] — x 7% x > 0 CFGG 0GR —1 <&

PRSI 2@ ]
-1
7. ore @, lim S0X = | Ry, lim X gq <o o
' > x—0 Sin X > x—0 sinl ' =
X

(3x) -3

S M- a-v2

0. lim(515-7757)

10. lim (cosecx — cotx)
T x>0

11 lim sin(1 + x) = sin(l — x)

x—0 X
12. lim x.+/cotx
x—0

4.11 SAFF-GT NSO

SRl @< @< e S lim £(x) = /-aqg el s @2ie a ] fx)-ad
TG ETE ARFE R [ = fla) T@ e, lim £(x) = f(a) T AU, (x)-CF a fims sioe

Tl B | QL SIS S5 G (0 e R Sadite] 7w il R %o 20e [eR (i
A g ol el 4|

4.11.1 ¢ fTwre Tefs

ST fix) (F TR A SEETOT X = a KMo AT J67 3(F AW lim £(x) = f(a)
2|

Oi & f(x) SATE x = a (O FFO BF IM @ (FiF WA € > 0 G & G5 o
AR S > 0 AT AW (T, f(x) — fa)] < € =, TV [x — a| < 3, (UL 4 Wi a G
€ 3 o7 fNSaieT) |

Trizdd 1 : f(x) = 3x + 1, S0 x = 1 RYee Foe | FR9, f(1) = 4 @=Q
lim £(x) = 31 +1=4 = f(1)
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TS .

TETFS : G0 SAFSF f(x), x = a Lo SPTwe 2@ AN A0 x = a e Ago
<1 27|

(1) f: [0, 3] — R Wl ital iy

3x+2 0<x«l
5, x=1

f(x)=<4x+1, 1<x<2

2x+8, 2<x<3

2

15, x=3

GeFEg  lim f(x)= lim 3x+2)=5
x—1-0 x—1-0
Jim £ = i (4x 41 =
f(1)=5
Yo lim f(x)= lim f(x)=f(1) 4R x =1 iW_\s f 99|
x—1-0 x—14+0
x—2-0
SR AN Vo ST, T ;gf(x)ﬂaﬂﬁ)—w 18 @R £, x = 2 RY(o Sprae|

lim f(x)= lim (2x +8)+ 14 # £(3,) JoR x = 3 7S { 7T© 77 |
X—3— X—3—

lim f(x)= lm (4x+1)-9, lim f(x)= lim (2x +8) =12
x—2-0 Xx—240 X—2+

1
(2) f(x) = Xsin—, X #0
0 x=0

2

WA TR & g0 LR |

I£(x) — £(0)| = ‘Xsin%— O’S|X| <€ T x| < 8, 5 = ¢ ; AR f{x) AT
x = 0 f[qCe Tge |
3) f(x) = %,x >0 8 f(0) =0

lim f(x) = co,x = 0 S £ 7T© 7|
x—0+
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4.11.2 TEAE NFFT NS
W F& f: [a, b] — R K@© k|

f(x) SCATECE [a, b] (O AT© @l 7S, AW o *Sojfer @l 779 = ¢
(i) &b a < ¢ < b= (H(F lim f(x)=_lim f(x)-f(c) A

(i) fi(x), x = a (T TEWF (AF o =7 e, lim f(x) = f(a) &R
(iii) f(x), x = b (© INFF AF TTO T Wffe, lim f(x) = f(b)

4.12 = fawre Joe wawEd feeifdfes ¢ ww by o

1. fix) @9 g(x) SATIET x = a [0 8O TG (i) f(x) + g(x), (i) f{x) — g(x).

(i) fi(x). g(x). «R? (iv) % SR X = a Mo 99 2R, IMS GG (iv)-<=

CFCa g(a) # 0 =16 IARMF |
A (AR f(x) GR. g(x) ARG x = a [Ye AT,
. lim £(x) = f(a) gag lim g(x) = g(a)
Q4 TR Fremiifafes o @,
@ lim{f(x) +g(x); = f(a) + g(a),

i) lim{f(x) - g(x); = f(a) - g(a),
(iii) lim {£(x), g(x); = f(a), g(a)

& (iv) g (a) # 0 7ea, lim {f(x), g(x); = f(a), g(a)

TS : TF Glofe] TN TRAF AT ST (H(q 2T 21 |
¥-2. y = f(x) SAFHO x = a (© 7T GR z = gy) WA y = b (© FFs| M
b =fla) =, z = g {f(x)} SAFHD x = a (O 7HS T |

9 z=g (y), y=Db (9 9|

@ (@ € > 0 G G GF(6 & > 0 e AW A,

g(y) — g(b)| < € T4, |y - b| <&

SR, lim £(x) = f(a) = b

92



T § > 0 G & @6 87 > 0 SIS A, ACS
If(x) — b] <& ¥4 |x — a] < &”
geffe, [y — b| < & T |x — 2] <& v 2)
(1) &R (2) =09, [g(y) - g(b)] < € T4, [x — a] < &”
U, |g(f(x)) — g(f{a))| < € T4, [x — a] < &”
lim g(f(x)) = g(f(2))
z = g(f(x)), x = a (O 9|
Twizad :
y = f(x) = sinx, z = g(y) = &
y = sinx, (@ (Fid AR x4 HTG |
)1i_>maf(x) = )}i_)masinx =sina
IS, z = ¢, (T (F qIT y-4 IS |
lim g(y) = esina

y—sina
: — 1; f(x) — 13 SiINX — asina
S BUICO} = i T = i et = e
$5-3. T SAFF f(x), ¢ RYCO AT 27 @R f{c) # 0 T GFH § > 0 GRR -7 GFfo
AT (¢ — 8, ¢ + 8) BN [ A6 x-G& & f(x) € flc)9 BT g T |

aad : f(x), x = ¢ (9 A9 |
@A (F@IBI e, 0< € <@, f(c) # 0 99 & @G § > 0 2[NS A, RIS
flc)—€ <f(x) <flc) + € T, c -3 <x<c+3d.
N FE fc) > 0

T(e) < £(x) <3 f(c) T, ¢~ 8 <x < ¢ + B,

flc) <0, . f(lx)>0,Vx,c—-d<x<c+3d.
iR AW, flc) < 0 =,

2 f(e) < £(x) < 4 f(c) T, ¢ ~ 8 <x < ¢+ B

93



g, flc) <0, .. fix) <04, xe(c — 8, ¢ + J)
. f(x), ¢ RYC® 29AR G ¢« @6 AT f(x), flc) a1 BT 4@ AL |
g4, f{x), x = a (O 7T T [f(x)], x = a WS 7TT© @I
AN 1 € > 0 IF G G0 S > 0SSl AR S,
If(x) — f(c) < € T4, [x —a] < &
[F(x)| = |f(a)|| < f(x) — f(a)] <€ T4, [x —a] <&
lim [f(x) =|f(a))

4.13 T € R TSAEA TS SCAFEFE 45

oAl BT alaffet %y Sravd TN T+ ¢

1. @SR (Bolzano’s) iy ¢

W SeFE f(x), [a, b] (T ATO AR fla).fib) < 0 T O @O L Y
€, a <& <b HAeml I@ @AW f(E) = 0.

Twiedd : f(x) = x> + X — 6 ST [0, 3] THANE AL© =R f(0). f(3) < 0 QT
£ =2 @9 @ f(€) = 0.

2. S £, [a, b]-(T %0 =R f{a) # f(b) 2, AM f(a) < k < f{b) T, CITH(Y TS
@6 7% ¢ € (a, b) AFE AR & flc) = k T

3. f(x) ST [a, b] (T DG 20 f(x) SAFFG AN TR G7R & STFAE AT
O FEeT TR G¢ RS WRANE W 4 FA |

Twizdd : f(x) = x|, [-1, 1] (S FFe|

S, [—1, 1] (O 3% x-7 & 0 < |x| < 1, GG, fix) 97 J2G [ =R Foos
TEOT 2o TUAF O @R 1, @2, £(0) = 0, £ (1) = 1 = (£1)

4. A oFFF f(x), [2, b] (T THS T «RR fa) S (b) G NLST e5)foT S f(x )99
T SFE G G AT T, ORCE TG [a, b] @A I FIETT (Strictly
Monotonic) SAFF 2] |

4.14 f3oF® ATE WY @R AS[©

M TGS SATF f(x) T TS [a, b] (T I FHIL (A FAFRTT) T O y
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= f(x) RIS FE 4T [T S x = d(y) @S [f(a), fib)] SHACE 5T = A
FIRLT (I, FIHRA) 2J |

TWERe : x = siny SIAFHL y-<F AT A% A G TB© G 327 W [-1, 1]
R N A | RS S y = sin! x, x4 4TSI A G y-4- SRR T AN

T A, x = siny T —5 <y < 5 el Ko w1 26| @ SR@SE x e

@R y-a7 AL TR WowF qre Ao, JAY TR a5 [RedTe Ssme
y = sin”! x el IR

4.15 SFHET TGO AFE (on

@i TS S SRS OTS J6Ts giv it ©i9 T AR ¢
1) Areei A lim £(x) ¢ wisaer A lim £(x) Tereg iy i, g

(FF) TR 95 SR ¢ x = ¢ RWLo S Gargea SPiels (Jump discontinuity)
wlitg IET 73 |

() STl 75 sigo@ AN g @ ST T f{c)-aa 3ot AN 79 x = ¢ [
AR GRS (Removable discontinuity) It I6T 23 |

G ME LRI SPISIOCE GTFR YA AFIET SPTSfe @) 23 |

4119 BuERe 1-4 x = 2 RS SR GEEe SPTSS (R X = 3 VLS ST
WA PSRl

(2) PRI TN A TR ST 7572 SRAl (i GFioa Sy (e—a9fers Bl
AT SPTefe Tl e |

0 TG + 00 A — 00 7, O TREB RYCS SHT SPTSS SR 341 27 1 4.11-¢F Trizad
3-9 x = 0 RYCS SARFETH SR SPTgfe ©iicg |

1
f(X):{sm;, x#0

2

x = 0 RS @O AR SPels iR (& Jim £(x) ¢ lim_f(x) F0a2 Sfeg
o
2, asﬁ AT TN |
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4.16 FEFH RAOT @R SCAFEFA AF©

1) T x — a x" +a;x" 1+, +a, I x€ R-GF & AT (a,),a;...a, € R)

-1
agx™ +ax" '+ +a,

X —
2) e SIS byx® + b1+ +bm’ X499 (2, B AT W Gl TS0

TR (FC byx™ + byx™7 1+ b # 0, FFT 2o ™A |
3) sinx, cosx SAHIRY AP xeR U9 G FP9| tanx, secx APl
X # (2n— 1)%(n € z) 49 Tl FFG | cotx, cosecx A X # N (€ z)-I Tl AT |

4) x — a* a > 0 7 x€ R7 Geff AT | x —> ¢ Aol x€ R-IF TelJ T |
5) x = log x, cos'x TMATFH 0 < x < 00 4 &=ff AE |
6) sin'x, cos™ x SAFFRY [—1, 1]-4 Q9|

tan'x, sec” X SAPFGI (—oo, co)d] HTE |

cot™'x, cosec™! X SAPFRI (—oo, co)=d HIO |

7) TN SCATFE TS S SO TAL 7S A1 | 15 FFAT SR (i [0
TS AT ©f FUEIR TR 4FE sPefe T@ a |

4.17 TS ATFE Owigael

Trl -1, SAE f(x) = x T4 0 < x < 1
=2-xTWIT 1 <x<2

=X—%X2 Y4y x > 2

X =2 (9 Q9|
YA : f(2) =2 -2 =0

Im f(x)= lm 2-x)=0
X—2- X—2-

. T 1 oy
Jig, 00 = Jig (x- 3] =0

lim f(x)= lim f(x)=1(2)
X—2+

X—2-

f(x), x =2 (© AI9|
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N, € > 0 g AN (X)) —f(2)| =2 —x— 0|=2-x<eTIM0<2-x<3§,
d=¢

srogq, lim fx) =

If(x) - £(2)| =

2
X = X(x—2)<3(x—
X_T_O’_2(X 2)<2(X 2) <€

‘zmm2<x<w{% 23—€}+2

T2, f(x )_w

Sin X

xz0

=0 x = 0.
ICAFED x = 0 (T SE |

Y ¢ f(0) =0
lim foo = fim Xr4x’+2x o O +4x+2 2,
x—0-  x50- sin x T a0-" sinx 1
X

lim £0x) = lim X4 +2x o X442 2,
x—0+ x—0+ sin x x—>0+ sin X 1
X

lim f(x) = 2 # f(0)
x—0
f(x), x = 0-C9 FTO (2|

Twl 3. f(x)—xsm( )x¢0f(0) G TN F© ZCE SHFFL x = 0 (T 7SS ([ |
TG ¢ @it f(x)—xsm( )X¢O
X< T B A @, —1 < sin( ) < 1

g x > 0, —xstin(%)Sx

97



A, 0= lim (-x) £ lim XSlIl( )< lim x=0
x—0+ x—0+ X x—0+

lim x sin(%) =0

x—0+

e, x < 0,x < Xsin(g) <-x

M, 0= Jlig x< lig sin(Z) < ligg ()=

Xli>m_ X sin(%) =0

lim xsin(%) =0

x—0

x = 0 e f(x) Sl oo 2, IE, hmxsm( ) 0-1£(0)
f(0) = 0 20, f(x), x = 0 (T TS (A |

Tt 4. @ Rl s f(x) = llW et fef =1

YA 1 x = 0-(9 ST RS | .. x = 0-(F f(x) SPos |
R, loglx] =0T, x =+ 1. . x=—1 &R 1-(9 {{x) SS9 |

x=-1,0 4R 1 e f(x) SPE|

4.18 SpAET-III

4 3 2
1 f(X):X +3x° + 5x

sin X X #0
=0 ,x=0
4 3 2
. _ X7 43x7 4+ 5x7 +4x
R g(x) = ST x ,x#0
=0 x =0

2

@mdie @, f(x), x = 0 (S FF© [P g(x) AT T2
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sin(a?x?)

2. fx)= ,X#0,a#0

=k ,x=0
k-4 T (7 999 AT f(x), x = 0 (T 7T© T |

3. f(x)z(l+2x)%,x¢0
,x=20
mie (@, f(x), x = 0 (S I9|
4. f(x) = [x] + [x], x = 0-CS FT© & 2T T4
@8 @, flx) = x* - 3x + 1, x<49 (A& | AL |
TSR 4 (ATF A TG x2 — 3% + 1 = 0-47 46 G 1 G- 249 N SRS |

:ez

6. f(x)= XSil’l%,X 0

=9 x=0
@8 @, f{x), x = 0 Ko SPEe | 98 SPael (@FiF ETeE |

x> +2x+5

;7j§;:E”Wﬂ$@@@W@EﬁﬁﬁaﬁW§$ﬁl [T&F : 2 @R 6]

7. fx)=

4.19 IEF arY @R TS AlFTeF =

Fage llfsel@s I :
@Fbe] — Single variable

] 45 — Real number

o< — Function

e geT — Domain

FRe e — Co-domain

f@wla /et — Range

g3+ — Constant

Tten — ldentity

Go{fibgel/ R S F — Onto function
99




29D SsF — Into function
qRCGFvY STFEFE — Bijective function
HEAGFE — Composite

GFF[EET e — Injective
AREFUE — Surjective

9dTe wss — Inverse function
FIRETT — Monotone increasing

FEH RN — Monotone decreasing
FAEA — Monotonic/Monotone

T2liel FFE — Strictly Monotonic

e =A< — Even function

TRE S(AFF — Odd function

fge WoAFF — Periodic function
g5 [ SCsF — Polynomial function
S[oFF-«F ANl — Bounds of a function
gRey R — Greatest lower bound
Frow GHEGIM — Least upper bound
Rl — Limit

QAR AR — Left hand limit
TSR Sl — Right hand limit
g — Arbitrary

3fE® A — Deleted neighbourhood
AT®EG o7y — Sandwich Theorem
e — Continuity

F%© — Continuous

SPEe — Discontinuity
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VR /SRS SPTefe — Removable discontinnuity
T pel SPTEfe — Jumps discontinuity

PN SP%fe — Finite discontinuity

SR — Bounded

REFE 4

Differential Calculus — Shantinarayan
Calculus of One Variable — Maron (CBS Publishers)

4.20 AR ¢ Eelde

N M, f(x) SAFF0 [a, b] SIS A@© SR [a, b] SSAER AfSb x4
T %A A f(x) AST TR | SATIOEE @b AR e R o 126
HPF TH Al X'0X € YOY

1Y e TE, I AN Iy ikl
wfefze w41 T
N} >(x, y) o
OMPN SRTSC6ad P /b (%, f(x))

A (x, y)-& WS F@ | [a, b] TEATET x-
@F TG AP S G (x, y) [rgeifer
X0 X GO0 T SAwE 7 (o1fba @ & |

FEF0 SFET @

Y'w
xZ.x<0 ﬁY“’
(1) f(x)=4x0<x<1 “a O
1o * Lo
X OI —
1-2x,—0c<x <0 » Y
(2) fx)=41,0<x<1
{ZX—1,1<X<°° \/
©o1n an
0 X
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B)fx) =[x], x>0

0,0<x<l1
L1<x<2
f(x)=42,2<x<3
3,3<x<4

AY
—0
—o0
—o0
OL A Y IX
—
—C
—o0

viEe dievdl 0 ofes el b Soifia |
(4) AITT ST ETG : y = f(x) SR SCAHFD GITF 20T M R (TG
AW x-SCFI ANGAE FAAR[E ST G IE G @ R_F [ (=

o |

AY

— X

(5) x = log, x, a > 0.

Ay

"X




(6) x — sin x, I@E R, @R A &gige [-1, 1].

%
A
N
S
53 /
o
N’
~—
—
—’
\ 3_2
~—
~~
, e
. [
A d
o .\
Bl
A
L O
ol :
—~
Y
-,
Bl
=y fl_.\
R
1.1
et
~N
har S
1
R

(-2n,0)

(7) x — cos x, @gel R, [@E [-1, 1]

»
4
o
3
(2] /N
P -
. ~M_Z
N’
/)
—
—‘
s
A
N
<
Bic
N’ )
a \
N )
N
<
L Bl
! ~
N
R
S’
\ —
a o
& i
< ~—

(8) x — tan x, FKEBIFH R—{

ALY




. RBR (—oo, ).

(9) x — cot, x, W&FA R — {0, +9, £ 27, + 37, ......

llllllll

- - - - -]

0
D)
T
g
NG
——

(10) x — sec x, &IFeT R—{

3 RER (—oo, —1] U

- e e e - -

£
(ap)
I_I_
3
[q\l
I_I_
£
H -
e
g
|
mnx —_ R
T &
z 0 5]
—— =X ~ o -~
ug K =
llllllllllllllll ~ u
W< .,.,_T
o ey <
.ul [P PN .l'-f """ - - - e -
= o &7 Tam=i YT
~1, [ BN .
— . \—/ | »
_ ~
A9
o
! ~
£~ = ~
o -~ 8
% =



(12) R7FT® JE ST : y = sin X, X € [—%,%] 22O A x =sinly y
e [-1, 1].
Y4 Y4

o ; (o) > X
y =sin X ‘ y = sin-! x
(13) R5IFTS JGI SFF © y = cos x & x = cos | y; x €[0, ], y €[-1, 1].
; 1, ,
AY =1m AY
(&1)\ j
. > » X
0 X o (o
(‘K,—l)
y =cos x y = cos! x

(14) R7FT® JERN ST : y=tan x & x = tan'! y; x e(—E E)j y € (o0, o).
Y{L

MY

e

y =tanx
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(15) R5FT® JE- SoHF : y = cot x & x = cot! y; x €(0, ), y € (o0, ).

Y

X=m
=
=
[SE ]
L

¢
o
XY

y = cot x_ y = cott x

(16) MK JEI SoHF -y = sec X & x = sec! y; € [0, 7] —{%} y ER-
-1, 1).

X

]
I
]
'
1
I
]
)
1
T
]
'
!
1
]
)
|3
'
¥
i

Yl
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(17) ReAT® JER ST © y = cosec X & x = cosec ! y;

xe[-3.5]-10hy e coommU L)

Y& AY
\o i
(‘%4\0 X -\ oya’ — %
) R
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(19) RBEER TGS ¢ R[S TGS SAFET 70T

Y4
Af(c) + €
_’P//
e
© © y=f(c)~ €
I +
o (8]
i I
v <
>
o X

4.21 ATRCFA

FERE € alifdfor Refaed Sred Ses Y61 TF 2 SAWEH AN ¢ A |
@ S R REEaffel SEThal T TR GRS SR (@ dffer A=ic
SR Agfe Mdme F w onffe It o8 = @)

108



S 5 0 AGIFETE 8 Q&gHFe| (Derivative and dif-

ferential)

gz

5.1
5.2
53
54
5.5
5.6
5.7
5.8

5.9
5.10
5.11
5.12
5.13
5.14
5.15
5.16
5.17
5.18
5.19

N

TGAFEE TG

TEAFEd ififes weo

TR AR g MATF9F TGIFAS (el

[T TIge Y MoAFF-9F ATIFNT A
YTAFNTE Y @R TAFFT MSf® (Continuity)-ad T FT1F
TEAFNEE Aeifafes @i

¥y ReiT SorFe-«r TeaFes Mg omfs

5.8.1 TMAFF MFF A7 TGAFAG (o

5.8.2 2l6FF MATF-A TGIF

5.8.3 wiifafulie Seawes

5.8.4 TUCTTF TATFFI] AGAFE

qEAFEE BF (Sign) FS AL

TGATG-AF TrRA, SR ¢ TeasEl

CFHE TLATF A SGIFeT (TS YRl G TTIFA TR
WAFF-IT TSGAFE SHeF oieol

oFF-47 AP AW Fefy e gfo

TEAFE @ P ef-am Twigad, e e Teawiet
AeAFTiar Toelmg

epIEt

TS el 93k FRge lfFeiliE ==

MG

5.1 a=iq

SEIFHCEE RN A ARACE GIv AL Aol Torp—aal 25 @FiN IFEAR
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Toifarrl (Fi [Rre ~oxfE S 3R Sl 28 SpT aiforael ST s aifed 2|
e | =il e (AT afdfoeet @B 2 T Bl (@i IFEA QIR TN S
CFge (e o e Temt ST a1 e | @ el u2 [ sifdew =g
80 (suse-3438) R 6 TFy wRAWI (Susu-3a5v) (Al oRME) o
SIS @ TR JFTo ARl Aiere | O @F ol RI o7 @ aifeese
Q@ TRE aeRe /ReR S wilk [ |

5.2 IQIFEACEF W

WA T £ s — R 278 SoFF (@A S © RI T F6 ¢, S-9F Sw&7 | o
h#0 @G I RN T & ¢ + h Al ¢ — h @ ST Ty AR | T T i
h-STi SRS T SIorFEa Wi AR 23 [flc + h) — f{c)] 3 [fic — h) — f(c)]!
Rl @3 ARSI fix) - fc) @ Bbies F=ce i)

fO =10 5 <11 27a wwemwera S AR e 2| AW lim fx = fle).

X—=C X—C X—=C

G S, AR AT AE O@ & NS 9T ¢ [Mre seaeee a9 2@ |
Rf’(c) = lim M Im AR Sy AT,

X—C+

Lf’'(c) = lim f("%g(c) I TR wfeg |

X—C+
@A@Y ¢, & TgF S-9F @Y, T f(c)9d Wfey AFE@ I GR @FETIG
T Rf(c) = Lf(c) =
W 4T RTF [Ee TY @ WY A [a, b] T, GG
() 3% lim —f(x) f(a)m 3, R W A, O o) = lim 0@

X—a+ X—a+ X—a

. . f(x)-f(b) rims i £ = f(b)

(ll)zlﬁ xli{I‘t}—W—ém W,WW CF, O f(b)_xli{%—W

(iii) T™ a < ¢ < b T, O@ f(c)9q Tfwy AT IM Rf(c) = Lf(c) 2|
x,0<x<1

TR ¢ f(x)=4{2-x,1<x<2

2 +3x—-x2,x>2

x =18 x = f ReE -9 oy «q 5|
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f(x) f(l) x—1

Jim = lim =4 =1 . Lf (1) = 1 Lf(1) # RF(1) Sroa x = 1
. fx)-1f 2-x-1_ . . _ o £
Jim == dim SR =1 RE (1) = -1 R £R oo oR
f(x)-1£(2) . 2=-x-0_ . . _
R R e A O

2
lim fx) -2 _ lim —2¥3x=x"=-0 _ (1-x)= S RE(2) =1

x—2+ X—2 x—>2+ X—2 X—2+

ek LE (2) = Rf (2) = — 1 SR ' (2)<[ @y SR

B
} o
y—"
¥ JIr
e
o N M N "X

5.3 SEAFETd THNfed wieoy

fa

P "ML flx) @ o @io &, P (c, fc))
OM =c¢, ON = OM + MN = ¢ + h, PM = f(c), QN = fc + h)
QR = QN - NR = QN — PM = f(c + h) — f(c)
f(c+h)—f(c) _ QR _ QR
h MN ~ PR
h — 0 + wiefle, @A |RE Q — P 20, Tl PQ-AF Ifey SRl 21 P s

Q4 = tan ZQPR = PQ-4< 2Rl |
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~E PT, 4% tan ZQPR — tan y @G y T KF PT, x- 95 49 W
T @ (@I T

lim feth)=flo) _ lim tan ZQPR = tan LTPR = tan vy
h—0+ h Q—P

W, h < 0 B (WY TG g ool (g (A=)

fc+h)~f(c) _ -QR’

h - -N'M
h—0-,9fic o > P

wigfie. 07 FY @A |WRE P-aF s 11,

fUER lim M:tanw 21 |
h—0- h

SO 6 RMTS v = f(x)F Seaaae AFE @ [re ~xF x-S 0!

= tan ZQ'PR’

(@ il o T, IR tangent 21 - A £(x).

5.4 @A AR Fg WS90 TeaTEs e

1. f{x) = x®
S () W@, -G GGF 2R |

_ n_ .n
lim f(x+h)-f(x) - lim (x+h) X

h—0 h h—0 h

. x+h=0{x+D)" T+ x+ )" x L ax
= lim
h—0 h

: 4 2 1 ..
I}gr}){(x+h)“ +(x+h)" % x+. . +x" }(.h;&O)

= nxt!
(ii) T n-a3FH AATF FRAN | @, x # 0 FF4, n < 0 (S, x" PREG |
4, n = — m, @44, m > 0

-m _ ,-m m _ m
i (x+h) X" im X (x+h)

1 =l
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AT n-oiH, n:%,qqﬁ 0 R I AR, p speloiRant|
b 1 1
limw [ @, (x+h)q =z+kandz=x1

h—0 h
@4, h — 0 201 k — 0]

im {(Z i k)p_zp}/k
k—0 {(Z + k)q—zq}/k

p-1
q.z
P, 1
= nx49 =nx""
d n _ n-1

ST B A Ty (%(xn =n.x2!
2. f(x) = loge x (x > 0)

h 1 1+h
. log,(x+h)—log,x . log, 1+§) . oge( <
= R 1 _~ A ]
g i B Jim g |Telim —
"X X
_Lehs0mtog)
X X
3. f(x) = ¢°

x+h _ X h _ . h_1
S ¢ lim & € = ¥ Jim & =1 = ¢¥ | (Y lim & =1
h—0 h h—0 h h

4. f(x) = sin x (x €R)
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hy . h
sin(x+h)-sinx _ .. 2 COS(X + 7) Sy

R lim, h = fm, h
‘ n sin% ; sin% |
_ ﬁll)no cos(x+§).ﬁlg}) T = CcosX Czlﬁ\ahlino h =
2 2

5. f(x) = cos x (x €R)

cos(x +h) — cosx -2 sin(x + %) sin%
Wm ¢ lim = lim
h—0 h h—0 h
. . h . sin%
= — ﬁgno s1n(x+§).ﬁ1£no T
2
= — sin X.
6. f{x) = a* (a > 0)
h) X
.d o« . eX*W]og a—e*log,a
Y I © logea—ﬁl_% n
 tm e* log, a(el log,a—1) x log, a
h>0 hlog,.a

h
< . (e'log,a—-1)
= a¥.log, a.ﬁl_rﬁ)(—h =a*.log, a.

7. f(x) =tanx,x € R - {(Zn + I)E:n S z}
2
tan(x + h) —tanx _ .. sinh
AL 2 111—>0 h h }11_r>no h.cosx. cos(x + h)
L i SO 0 1
cosx h—0 h "h50cos(x +h)

= sec’x.
8. f(x)=cotx,x e R—{nm,n € z}

od _ ... cot(x+h)—cotx .. sin(—h)
T dx fex) = 111—>mo h h ﬁf}) h.sin x.sin(x + h)
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1 {lim sinh ;. 1

sin x

9. f(x)—-secx,x eR—{(2n+l)%:n ez}

h=>0 h "nSosin(x+h)

T ¢ oo = Jim SCCX I ZseCX i,
dx h—0 h—0 h.cosx.cos(x + h)

h

= sec X. tan Xx.

10. f(x) = cosecx,x € R—{nm, n € z}

RELIEICIE dicosecx = lim
X

cosec(x + h) — cosecx _

2

= —COseC™X.

2sin % sin(x + %)

. 2 cos(x + %) sin(— %)

h—0

= — cosec x cot x.

h—0 h.sinx.sin(x+ h)

5.5 T Ao Y AT TGAFAGE WA

(%Xn = nx?!
(%(ex:ex

d _1
d—XlOgeX —;(X> O)

d _1
d—Xloga X = gloge a(x > 0)

(%Xax =a*log, a,x € (—e0,%0),a > 0

isinxz cosx,x € R
dx

icosxz —-sinx,x € R
dx

d — cop _ T.
dXtanX—sec x,x € R {(2n+1)2.nez}

115

d _
—seclx =

4 (x| > 1)

1
xVx2 —1

4 cosecIx = —;(|x| > 1)

dx X /XZ_l

(%(sinhx =coshx,x € R

(%coshx =sinhx,x € R
(%Xtan hx =sech?x,x € R
(% cosec hx = —cosechx.cothx,x € R

d

I See hx = —sechx.tanhx, x € R

(%Xcot hx = —cosech?x,x € R



d 2

d—Xcotxz—cosec x,Xx ER—{nm:n € z}
d = R-{2n+1)Z:
d—Xsecx—secxtanx,xe —:(2n+ )E.nez

cosecx = —cosecx cotx,x € R —{nm:n € z}

sin X =

dx
d it 1
i — (xl<1)

icos‘1 x=——1

dx /1_X2

d. .1 _
dXtan X =

(X <1)

5,0 <X <o
1+x

1
1+x

d

-1 _
chot X =

5,00 < X < oo

5.6 SISAFENTA XY AR AFFT 7SS (Continuity-47 Sy
TF

Toilivg - W, y = f{x) SAFF @F x = a Yo ST 0ed By AE O  f(x),
x = a RMCe Wge| &g [9de /Yt 7oy |
TEAFEEE S[B] = AR B[O TG SIIweH = DY,

A @ AT, x = a O f(x) MATFE STAFATE Sy Wiz wefe,

’(a) = lim fath) =@ o oof f T g,
h—0 h

, L f(a+h)-f(a)
e, Jim{f@+h - f@j}= A%Hf} X h}

~ lim f(a+h)-f(a)
h—0 h

=f (a3 x0=0
lim f(a+h) = f(a)

X lim h
h—0
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f(x) S0 x = a (@ AT9|
G @A, f(x) = [x]
G, |f(x) — £(0)| = |x| - O] = |x]

WS @@ € > 0, T© @F @F 1 @, 9F0 § > 0 (94l § < €) e
[ AT, |f(x)—(0)| <€ 49 |x|< b

f(x) ST x = 0 (9 FF9|
i FO+) - £ _ . |
h—0 h h—>0 h

fim L= (94, h - 0, h < 0, .. |hj=-h)
—0- h

. |h[ _
=R hli>n()l+ h 1

11m||u‘lﬁ‘\'ilﬁ>_ﬂ3|

fix) @ x = 0 (O SGIFG (2|

[T& : @i (AF SARER I x = ¢ (O fix) TPTo W ©RE f(c) @7 Wy
QPFE 1]

5.7 SeaPeEd aenifafes gsf

W fx) @R g(x)F TEIFS AF O,

(1) {f(x)+g(x)} I f(x)+d g(x)

(i) 4 L1800 - 200} = 4L %) - L-a(x)

d

(111) {f(x) g(x)} = f(x)d g(x) + g(Xx). dd f(x)

d
f(X)} g(x) g F0) = (%) d—Xg(X)

o (i) &L)m() {f(X+h)+g(X+E)}_{f(X)+g(X)}
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_ 1im|:f(X+ h) — f(x) N g(x+h) —g(X)}

h—0 h h
. fx+h)-f(x) . gx+h)-gx) o
= ﬁino 0 + I11_r>no 0 ((ARY ASAFECEH HEY T(R)
_d d
= &f(x) + d—Xg(X)

SaIR (%({f(x)+g(x)}¢‘]§ oy el

lim {f(x+h)-gx+h}-{f(x)-gx}
h—0 h

(i)

~ lim |:f(X+h)—f(X) _glx+h) —g(X):|
h—0 h h

lim f(x+h)—f(x) lim g(x+h) —g(x)
h—0 h h—0 h

d d
Ix f(x) - T X

Ferik - {f0) - g0}-a Ifoy Wi

lim f(x+h)g(x +h) - f(x)g(x)
h—0 h

(1i1)

~ lim f(x+h){g(x+h)—gx)}+ gx){f(x+h) - f(x)}
h—0 h

{g(x + h}i - g(x)} f(x+h)- f(x)}

lim (x + h). + lim g(x).{ 4

= f(X).d%g(XHg(X).(%f(X)

VR d%{f(x)g(x)}xfla sy @izl

(iv) XY g'(x)-49 oy iR, SoUd g(x) HES |
SR, g(x) # 0. .. x<4F GIF0 AN Seq AR @A, SAFF0 WD 2 |
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f(x+h) f(x)
g(x+h) gx)
h

lim
h—0

g(x){f(x+h)—f(x)} - f(x)}{g(x +h)—-g(x)}

~ Jim

h—>0 h.g(x+h).g(x)
1 . 1 gO{fx+h) —fx)} . fo{gx+h) -gx)}
= 20 0 gx [hfb h fim, h }

1
e

2}[g(X) L 0 - 0. L g0

SICTE| di{;x)}*“ g g |

5.8 g Ao worws -« weagew [Adtma ot

5.8.1 AT ToFH -7 TSAFAG ¥ (Differentiation of a function
of function) :

T : (b9 g&1 (Chain rule) :

WA, u = 0 (x), y = fu) 90 S5 SICoAE |

S - RIS ST LR VRW@EW W| OIRE WA S

FO()} S @ g OG0} = g FO00} 000

2 : W R x-GF Ax ARRETGT T u-daF ARTET T Au. SR, @2 Au
ARREER Ty 7S 2 4 Ay

utAu=0¢x+Ax) &Ry + Ay =f (u + Au)

O @R f SEFT @A, ¢ R f AT |
W AX — 0 949 Au — 0 SR, 992 eSO Au — 0 =@ Ay — 0
[@T, ¢'(x) # 0 4CF, TCA Au # 0 403 2= 91 2= ]

R
TeuaF Ax — 0 T,

élamy
X
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i Ay I Ay i Au ['.'AX%OﬁAu%O}
AD0AX  AuS0Au A D0 AX Au— 0= Ay — 0

dy _dy du

dx  du dx
ﬂw:m‘%y,xﬂawmmﬂaax—@yﬂawﬁmamcwmm‘.zfmag—z;eo

_F O,
dy . dx _
d—XXW—l

chzl.uzsinx,yze“;g—zﬁq/?{ﬁl

AL : g—u=cosx dy el
X

,E:
dY_dy du_ u _ sin X
d—X—EXd—X—e.COSX—COSX.e

Trizad : 2. y= sin! x (G, |x|s1,g—z fefm =1

TGS ¢y = sin! x A, x =siny
dx _
dy = cosy

dy 1 1 1 1
Cwan._\[’ — = — = = =
dx —g; cosy \/l — sin? y \/l —x2

Twigdel : 3. y = tan! x99 SEIFAG 1 9|

T, x| < 1.

d
Ty = tan ! x o X = tany, o= sec’y

dx g_X sec’y 1+tan’y 1+x?
y

5.8.2 ABETE AFF-GF TTAFA :

W TR x = () Gy = y(t), A t G0 46eT (Parameter) A S t; <
<ty O) TR W()-GF AT FACACT SIS SR | G2, v = w(t) 9 x = §(t)-
GF W t NI FAE x AR y GF N GF0 APF oAleT WA
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dy

dy dy /dx _ dt

AR ax ~de/ dt - do
dt

ch:xzatz,yZZatCﬂW,tu‘lﬁ&”WIg—zﬁcﬁizﬁl

dy d
WW'd—y:E:—a(zat) :2—a:l
T dx dx d (2at2) 2at  t°

dt dt

5.8.3 slifam& Seaee& (Logarithmic differentiation) :

AW (I DA MO S GF0 SCHE 2 RN (Fle ST Oy g So=hh-
GF JeIE SRR ACE O, SATAG W TR Bee SAHHoa Fonfaws (e
Y GR ORI I SeRe ) 23 |

Twigad : y =e®

YN y=e® - log,y = eflog.e = e
1dy_ o« Cody e
y dX_e S d—X=ee .eX.

5.8.4 T F(AFFG] SAGIFETS ¢

f(x, y) = 0 WIRFACE ANAT F@ AM y = d(x) A x = Y(y) SIFE SLGTF S
Sy oNedl R, CIUHT (B AT SIUOfF ST SeTeter (o3 sifs fTwgsi:

f(x, y) = 0 N Aol #ntF x- AT STAFo T A | QU0 y-
@ x-d9 SAFE 4 |

W‘T:X3+y3=3axymg—zﬁ¢f?[ﬁ|
ML ¢ x3 + Y3 = 3axy CSSANHE x-G& AACT SIGIFeN I,
d d
3X2+3y2d—z:3a(y+xd—z)

dy ay-x?

&y e

, (@AE y?2 — ax # 0.
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5.9 SEFTeCed % (Sign) FFS D

f(x) SAFF GF x = ¢ (O TIFG AR ST £(c) @7 @Ff6 e T ohez
AE| G2 f(c)d T 0 A LHI9F A ANIF ZCo A | AW f(c) = 0 T O@ «bd
@ TR A | £(c) = 0 W (1) -4 AR SorFFH 437 S=AL (i) f(x) SorwF
G el @R ¢ [rs =Rl x W ANieaE |

f(c) = 0 & ¢ RMI AR fix) «@ WS @ 915 IeT 81 77| ATF0q
¢ T IotE T (stationary) W J&1l 2@ | 6, f(c) > 0 Al < 0 Z(&T <47 AR
f(x) @& 9o Sl AT

9 : W, f(c) @@ ey A @R f(c) > 0 T o4 ¢ [ia @ Ao siveat
QA @A, f(x) FREE 2@ W £(c) < 0 T 04 ¢ [ma a3f6 sty ohexl A
@A f(x) TR T |

2aet : f'(c) e |

qid, 0 < € < |f(c)), ¥ e~ SRl § > 0 siiex AR IRF e

f(c+h)—f(c)
h

—f(c))<e T, 0 < |h] < d

f'(c)—e< w <f'(c)+e ... (D)

A 0 < |h) <34, 9 <h<d h=#0
f(c) > 0T 0 < € < f(c)
f(c) —€ >0 @R f(c) + € >0

(1) = LD 16 aqq 5 <h <5 h#o

@y, 8 <h< 0%, f(c+h) —f() <03, f(c+ h) <fl)
GRO<h<3FA, f(c+h -—Ff()>03,f(+h >f()
f(x) SFF (¢ — S, ¢ + d), (T AT FREM,
SR, f'(c) <02 0 < e < - f(c)
f(c) +e <0 &R f(c)—€ <0

f(c+h)—f(c)
h

(1) %o, <0 T, 8§ <h<8 h=o0

. 5 <h<o0 % f(c+h}i—f(c)

f(c+h) >f()

<0@, f(c+h —f @ >0 4,
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@R O<h<8za f(c+h —f) <0, f(+h <fc).
" f(x) ST AT, (¢ — S, ¢ + 8)-(T FEh AN |

Twigad : flx) = x2 ST SSIFACTE Gl AT FHILAR I FEF I e
|

TG ;- f(x) = x2 s fx) = 2x
X > 0 (S SAFFD FREN, @@g f(x) > 0 T x > 0
X < 0 (O SoHFL FIEFRNE, ARY f(x) < 0 T4 x < 0

5.10 SEFFeTG G TwIRAS, A € TedwE
5.10.1 Twzad

4
1) y:$+X;5 G X AT TGS e 37 |
X

(1-x)?
Ly =
Y (1+x)°

x X 1+x) (=0}

_ d+x°40-x% . ) -d-%* 50+ %
[a+x°)

_ (1-x)’0+x)*(x-9)
1+ x)!°

(2) y=[1+x)/(1-x)] & x-GF ACATF SSIFTG T T |

T 2 W IRy =Vu @, u:%ti

1
dy_luf—l_ 1

du” 2" T2V
du _ (I-x)1-(1+x).(-1) _ 2
dx

(1-x)? (1-x)°
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dy dy _du_ 1 2 1

B T N T (e N rpaeripaee

(3) sin'x-GF AATE e X wEARNE Wl A |
YR ;- &G, y = e X @qR z = sin'x

dy eoos™ X(_ 1 ) 3 eoos™! X
dy _dx _ Ji-x*) _
dz dz 1

-1
= —eCOST X _ —y

dy

..d—Z— y
@ f(x) =134, x <0
=1 + sin x T4, OSX<%
2
_ _1 T
=2+ (x—zm) T, x> 7

£/(%) R foeg £(0) R =

f(Z+h)-f(Z f(Z+h)-2
o o TE)AE (e
h—0 h h—0 h
f(Z+h)-2 5
a3, lim faeh)-2_ lim 220 =2 jim h=0 (- hz0)
h—0+ h h—0+ h h—0+
T . (T
‘ f(§+h)—2_ ‘ l+s1n(§+h)—2
lim = lim
h—0- h h—0- h
. 2h
_ i Sosh-1_ —2sin”
Thd0-T R nab- . h
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) 2 B

fim ——p——=0

74 n

f(3)=0

p £+ —£(0) _ . f(h)-1

h—0 h h—0 h

lim fhy-1_ lim l+sinh-1_ lim s1nh:l

h—0+ h h—0+ h h—0+ h
. f(h)-1 . 1-1_ . f(h)-1

hli>n8— h _hli>— h _Oihlig)ﬂ h

(0) RwsTie |

5 » =y 7w ¥ el 7

TYE - xY = y* 4,y logx = x = x logyy
TEANFE x-GF ANATT ST @ AT T

y%logex+logexg—z:X.(%logey+logey
i, %:logex.g—z—gg—z+logey
’ y Jdx X dx  x(ylog, x —x)
6 f) = x; 0<x<
=1—X;%<XS]

@S @, f'(%)élﬁ iy 2, Awe f(X),Xz% S 7S |

T < lim £(x) = lim x=1

X—% X—>=— 2
2 2
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. T _ _l
hnll f(x) = hnll (—x) = 5

X%j"t‘ X%j—

R

lim £(x) = 5 = f()

X—5 2
2

1

f(x), X=5 (o TG |
1 1 1 1 1 1
; flp+h)-flz)  flg+h)-7  Jen-g
im = lim = lim =1
h—0- h h—0- h h—0- h
1 1 1 1
; flz+h)-5 ; I-(z+h)-5 Looh
hi>n()l+ h _hi>n(}+ h _hi>n(}+ h
f'(%)t‘lﬁ %y 2 |
5.10.2. SFTAEA
sin x

(1) &R AR f(x)-97 Te7Fae W 39, @, f(x) =

X

@ D -

@y~ (Ean

© y = (x5,
(e) y = x™

(b) y = log{x+Vx* +a }

(d)y = x*
(f) y = (tan x)cot, + (cot x)tan,

dy _
®) 4 ffg =2 -
(@) x =a(2 cost + cos 2t), y = a(2 sin t — sin 2t)

1 o
b) x = a (cotb+loge tanjt), y = asint

i} \/1+X2 —\/l—x2
\/1+X2 +«/l—x2
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(4) cos!x? €& ANATF tan R TS T 9|




dy yxy_1 +y*logy

(5) I, x¥ + y* = af W, O@ OIS @, G =y Tog x 4+ xy ™|

X a+b+2x

© T, £6) = (§35)

7 fx)=2+x, x20
=2-x,x<90

@mie @, f{x), x = 0 (T A9 FF /(x)-99 ©eg 2 |

a+b 2_ 2
2, @l £0) = () (210g%+b —a )

1 2x 1 1=-x2
tan~! =2 1
(8) 2 = ACATFE cos ol

2
—9sin~! - age v = cos! 1 dy
(9) T, x = 2sin ,/th ¢] Y = cos 1/th o, O ordle @, o 4

T t-«F ol S TieT o7 |
5.10.3. Tease

-9 SEAFEE T |

sin(x+h) sinx
1. RF9 £/(x) = ﬁm}) x+h - X
%

esin2(h
Zxsin (2) cosx.sinh sin X

= AxF X T R F R X(x+ B)

_ COSX _ sinx

X X2
a2 -1 -1X X —l
2. a ——tan"" —+—5——5 5 (b) f
@ x2+a2(tan—1 %)2{A a a2+x2} x* +a?
(x2+1) 2 x-1 y’
(@ X3V log(ex?), (d)x*~ {1+ xlogx, log(ex)}, () 7=V Tog70)

(D (tan x)cotx {cosec’x (1-log tan x)}+(cot x)tanx {sec’x(log cotx !)}.
3. (a) —tan%t, (b)tant

1
4 -5
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8. (IS : x = tan O IAN
Ted : 1

9. W(F9 : t = tan O |
dy 1

dx ~ 2

5.11 AF0e ACAFF-G] ST (AATOF QA @R ASTFeT HZ
(Concepts of differentiability of a function of single
variable and differentials)

W@ @ AT SATE f(x), [a, b]-(T WETS | xe [a, b] AN 2RSS Ax-
GF G X + Ax € [a, b]| S f(x)-(F x KMo Saweiay (differentiable) &
2[ AM

flx + Ax) — f(x) - AAx + €Ax
oW, @, A, Ax-aF ToF STie 1 g € — 0. TF, Ax — 0.

A, Ax-(F T 2 f(x) SAHE-ae x 0o Saa 193l S)e (differential) @<
df(x) =i e T 27|

€ .Ax-(F o7l 2 w9 (Error)

f(x) SHHF x RYCS SR 20,

fix + Ax) — f(x) = AAX + €.Ax, @LE A, Ax-F o7 TSt =1 59
€— 0 Y] Ax — 0.

f(x+ Ax) - f(x) _
Ax =At+e

ql, f'(x)=A, (ve— 0 I, Ax— 0)
fix + Ax) — f(x) = f'(x).Ax + €Ax
f(x)-49 T@IFe, dfix) = f(x).Ax
G 47 f(x) = x, ORE W) @, f(x) = 1 @& dx = 1. Ax = Ax
OOdE, FITN B x-GF (WCI Ax R dx | AGRTSIE, y = f(x) 2@
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dy = dfx) = £(o.dx = . dx

. dy 92 ST TE Ay-dF G ST i T2, R SR ofiada Ax 373
S |

512 SAFI-GT TGIFCER INGF ©leAF (Geometrical sig-
nificance of the differential)

B

AX + Ax, f(x + Ax))

A &, 1) 4G A

y = ) PAW p L

L <—Ax—>

) T S M N

4, OM =x, ON = x + Ax

~ PM = f(x), QN = f(x + Ax)

’Jﬁ y = f(x), @ Ay = f(x + Ax) - f(x)

s f(x + Ax) - fix) = QN — PM = RQ = RU + UQ = PRtany + UQ
(' £ZRPU = y)

= MN.tan y + 5= Q .MN (PR = MN)

= f(x).Ax + €Ax (@[T, e-% R f'(x) = tany)
T, Ax — 0 Iiffie, Q > P 99 UQ — 0 oiffie € — 0

-+ df(e) = L g
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M3, RQ = f{x + Ax) — f{x), f(x)-47 2IFAET-9q W @ RU, f(x)-4F SREH |
m %, RQ = RU @ | Fg 47 (&6 Ax “ARAE-97 5oy Af-420 S (Approximate)
M 9@ df-&F @@ =9 wielie, RQ = RU.

. X=GF R T Ax AR T £{(x)-47 28 S i = %. dx. (T,
dx = Ax).

513 SorwE-aq S Wi e € gfo (Calculation of approxi-

mate value and error)

41 AF, y = f{x) @i, x-49 i I49 x + Ax, 949 f{x + Ax) @I, y + Ay-49 i
ez 0o 2@
Ay _ dy

AIQEOE T dx f'(x)

TR, %éﬁi £7(x)-4 ST R0 R GRS ST IS Py |

&4l A, %=f’(x)+ €, @i, €= 0 I Ax —> 0

s Ay = (x). Ax+ € Ax

A, f(x + Ax) — f(x) = f'(x). Ax+ €. Ax

A, f(x + Ax) = f(x) + '(x). Ax+ €. Ax

@, Ax T AT PU 2, ©OF@ € ALY FU A |

AN, € Ax PO T R G2 7 AR Saligy FACE, f{x + Ax) G- f{x)+H(x). Ax-
G2 N9 AR AN €1 TS A |

s X-GE IR Ax JE Gy A f(x)-AR ST S fi(x) + F(x).AX 3, fix + Ax) =
f(x) + f'(x).Ax.

SR Ay T x-GF T -9 Ax gfoq &0 y-4a1 Wi [efE-q g

AR, Ay = £'(x).Ax + € Ax T €. Ax FTOF AT Saley FACEA, y-a7 W fefea
gib f(x).Ax + df(x).

CoFFE giv 8 *[oFa! giv (Relative error and percentage error) :

T, x-a Wi (e Ax gfb =31, o % = d%@f X-F S fefa-a st gfo @

%XIOO-@S x-47 i fef-a sreFa1 gft 7o = |
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X-4F Ax Al dx Gio7 &) y-<& S g dy |

(;—y UEK (;—y X 100 23& y-42 Wi a4 T oA @R *owt gio |

514 AT TSAFE € W [Wom-aq Twizad, emiee e
TeawEt

5.14.1 Twizad
(1) f(x) = x2 +x + 1 -49 x-47 T 2 220 1.98-9 {736 2o (x99 it 4% ST
df(x) e =@ |

T 8 f(x)=x>+x+1;fx)=2x+1
f(2) = 7, @i, x-99 I Ax = 1.98 — 2 = — 0.02
£(1.98) = 6.9004
f(x)-48 g = £(1.98) — f(2) = 6.9004 — 7 = — 0.0996
- SRR, dfix) = f(x).Ax = 4.96 x (=0.02) = 0.0992
(2) 53 Serffer Sreae T @ -

(1) y=+v2-x, (ii)) y = log (log x)

. d 1 1
TGN ¢ (1) y=+v2-x .'.d—z:ﬁx(—l):_m

Cogee Y _ 1
. dy—d—Xde—zm.dX
1

. d 1
(i) y = log (log x) d—z = Togx X

d 1
dy:d—szX:m.dX

() V576 = 2.4 T /58247 ST 6 A |
STYE ¢ &R, f(x) = Vx, x + Ax = 582 &€ x = 5.76

1
P(x) = —— @8 Ax = 5.82 — 5.76 = 0.06
( ) 2\/; \
f(5.82) = f(5.76) — £(5.76) x 0.06 = 2.4 + (5% 0.06)
— 24125,
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@) W= el 77
(i) log, 100.2 (& 7 log,10 = 2.303)
(i) logo100.3 (4C3 I8 logge = 0.4343)

MY - (1) €& T, f(x) = logex, x + Ax = 100.2, x = 100
f(x)=+ - Ax=02

X
f(100) = 2 log,10 = 4.606
log,100.2 = f{100 + 0.2) = £(100).Ax + f(100)

_ 1 _
= 4.606 + 100 X 0.2 =4.608

(i) =@ T, fx) = logjgx, F(x) = = X logyg e =
x = 100, x + Ax = 100.3. Ax = 0.3

0.4343 _
~100 - 0.004343

- logyp100.3 = f(100 + 0.3) = f(100) + £ (100).Ax
= 2+ 0.004343 x 0.3 = 2.0013029.
(5) sin 60° = 0.86603 T sin 64°-4F T 7 F1 (1° = 0.0175 @fTTW)
YW - €1 T, f(x) = sin x, (x) = cos x

x = 60°% x + Ax = 64°, Ax = 4° =4 x 0.0175 = 0.07

sin 64°= f(60° + 4°) = f(60°) + f(60°) x Ax

= 0.86603 +% % 0.07

= 0.90103.
(6) 9% JEIFE CFea I 7 A | e s 0.2 fifE wife (9f6) 2, ger
(FAF CFIHER SR T SIS 212
YA - & AT, JEFR CFGH CFga € [P IFE A (39 @) @ r @Il

0.4343

X

f(100) = 2, £(100) =

A=l %—‘?: 27r

A

ar CAr

el AW -9 AR JRE T AT AR AA 7T, @ dA =
r=7 G, Ar = 0.2 fufsl = .02 &
JOIFIE (Fqva (el 2RI Sife
—dA = %—f.m = 2.7.7%0.02

= 0.88 35f A |
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5.14.2 2PN @ TeAwE

(1) 9053 o STaase T 39
(1) y = logjox, (i) y = eX
[ Teq - (i) 04343 X (ii) 2e2%.dx]

DR SRIGER B (1)«/_ G2 (ii)V6.26 -4 Wi Wl e |
[©&d : (i) 9.1, (i) 2.502]
(3) log ox = 0.4343 log,x =% log;o4 = 0.6021 T(#T log (404~ ST o7 74 |
[ T&F : 2.606344]
(4) 1°=0.0175 @ETS @ 17 = 0.00029 @RI (=
(i) cos 32° @R (ii) tan 45°58'—4F TN T 4|
[ ©&d : (i) 0.848, (ii) 1.034]
(5) =6 o P A (it (it 20 (I | A Sieet g6 0.05 I it
et (oMerfor o CrgmeE gt T 7@ 9w 791
[ Ted : 251.3 3of AWl ]

5.15 Tohed TTed TEEEd ISqFeT

M, @0 AT f(x) ASTFANAN T, O@ f(x)-d0 ST (x) A0 X~
AT | G2 £7(x) = O(X) ST SISIFHAFCIN 20 (X ) - STSIFHAGE £(x)- I 10 17
FOR SIS J6T T AR WHT (F GF(0 a9 7idl @1 2

_d
b=%

S, SR SN STSAFEC b STFAFENCN 2061 GO FC LGt AN AR |
GZeI AICol 4ies I ISRl n-9% SR Segere 2ANdl (@,

£(x) = d L f“_l(x + hg - 1(x)

£7(x), 2 (x), ;X—zz f(x), D3f(x)

S

2B+ 04, L (F(x) £ 800} = () £ g(x)

L0902 800 = Lo L a0} = Lo Lo
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T I 456 n = k-99 Ty Ty |

B ti00 £ 2003 = S0+ Lg).0)

* (& x-AF AATE TGqFe1 T,
dk+1 d dk dk
00 2001 = e L0 L a0
dk+1 dk+1
= ka+1 f(X)i ka+1 g(X)
ToAAIG n = k + 1-99 T 79 |
wefie, ToAWH n = k-9 & 9 & n = k + 1-99 T0e A9y TA |
@A@Y, n = 1 37y, AR MfafeT SN Awfers Soviwl @@e weE s 1=
Goll A |

516 w3397 B2 (Leibnitz’s Theorem)
S : W u RR v, x-S, TeE, n-AR SGAFFN] 2, OF

dn _
e (uv)=u,v+ N Up -V + 0 Uy . Vy +o4 0 Uy v+t uvy
T _d™u _d'v
« U T g VT g
2 - SN S,

(%((uv) =%.V+u.%= v +uvy

Tooms n = 1-93 &= Ty |
n = 2 €90,
d? d d d
d7(uv) = &(Vu1 +uv,) = d—){(vu1)+ d_x(uvl)
n = 2-43 G S I |
g ARG, n = m-a9 G S 7oy |
dqm

dX—m(uv) = UV mg Uy vyt me U o vyt
T A (D
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X-9 ACATFE (1)-(F SSIFeT F(I

m+1
dd;(m+] (UV) = %(umV) + (%;(mclum—lvl) +...
....+d%(mcrum_rvr) +...+%(uvm)

= (U Vtu,yvp)+ m, (UpVy Uy Vo) +...

Lotmg (Upers1Ve T U Vo) +oH(Upvy, +U.v L)
= U v+ A +me Jup vy +(mg +me Juy, vy +o

A (M M e )uy, Ve UV
= U1V H gy v HY U vs Fo

n (m+1)

CrU(mt1)—r Vrt - +tUVm

(@Y, Mc, +™ ¢, =(m+1) c,r=12,..,m)
@l G SAAWI n = m + 1-99 G Ty |
@AY, n = 1-97 Ty S 7y, sedik alifdfes wiitaize sife ewaie ¥ awifas
5 SAAG A e APRG! -7 T T |
5.16.1 Swizad
1) y = x", n GIIF FRG y-9 m-N SRS 7o el (m < n) |
Y -y = xt

V1 = nx"~! g—z =n.x"

-1

n_

AR,y = jxy = n(n—l)...(n—k+1)x“‘kjkg X

Yier1 = c%(yk =n(n-1)...(n—k +1)(n - k)x2-k-1

!
Yo =n(n=1)...(n—m+1)x"™m = ﬁxn—m

TS -y, =1y, Y = 0, @A k=1,
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(2) y = (ax + b)™, m ¥ 2R 5 v, T F@
Y 3 y; = ma(ax + by™!
y, = m(m — 1)a2 (ax + b)™2

yy=m(m-1) ... (m-k + Dak (ax + b)™* k<m
S Yy = my a™
B) y = e n-OF SIS 717 Tl |

AN -y, = ale?™

@ y =g 0O SIS efm =21
Y - AN Fh00 8@ @, Y, = (-D™nl/ (x +a)nt!
- w1
=Gz - OV G

N T, Ym = (‘Dmﬂﬂm
_/ 1m m!(-m-1)
Ym+1 = (=Dm. (x + a)m+2
_ D™ (m+ 1!
~ (x+a)mt2

AR Ao y, B (x > — a)

(5) y = log, (x + a) ; n-ON SGIAFG W17 F |
1

W*l‘lﬂ:yl—m ,

_1\n-1 —_ 1
- L (@) @, vy = 1)(X Jr'(al;n D!

(6) y = sin (ax + b), n-O% TG (T T |

S 2y = a cos (ax + b) = a sin {%+ax+b}
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_ .2 T _ a24in {20 }
y, =a cos{2+ax+b} a s1n{2 +ax+b

A FE, Yy = amsin(m7n+ax+b)
Yl = am.acos(an+ ax+b)

(m+1)
2

. m
— gm+l sm{ +ax + b}

y, = am sin {n%+ ax + b} (alifefo Sl s fors)

(7) y = cos (ax + b), n-O% SGIFG o T |
AL : T (6)-9F CS I,

nm
y, =a" COS{T + ax + b}

(8) M, y = sin (m sin! x) 2T, O =i 74,

(1-x2)y,,, —(2n+Dxy, ., +(m?> —-n?)y =0, x|<1
MY - y = sin (m sin'x)

. y; = cos (m sin 'x). i

V1-x2

ql, ¥1-x2.y; = m.cos(msin~! x)

WA, x-47 AHATF ST IR AT,
2
V1-x2.y, — ™ __m sin (m sin~! x)
? V1-x2 V1-x2

al, (1 — x3)y, — xy; + m3sin (m sin"'x) = 0

(1 - x¥)yy - xyp + m’y =0
Q, HBILR SHALM-R BT (1)-9F n-ON TGS (/0

{(l - x2 )yn+2 - 2ann+l - n(n - l)yn}_{xynﬂ + Xyn} + mzyn =0
4, (l - Xz)Yn+2 - (211 + l)XYn-i-l + (m2 - nz)Yn = 0.
9) T, y = tan™! x 2T, 9@ @e @, (1 + x2)y, + 2xy; = 0
BN (l + Xz)Yn+2 + (Il + l)XYn-i-l + n(n + l)Yn = 0.
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YN 2 y = tan 'x~(F x-9F AATF TIFTFeA FC,

1
M A, 0+ xP)y; =1

SR, x-43 ACHATF SGIFeT I 2T,
(1+xP)yy +2xy;1 =0 ... (1)
Qe R IT BAMCHFT AR (i)-99 TSALTHI n-9F SIS (W A[E,
{A+x?)y,,, +20xy,,, +n(n- Dy, }+2{xy,,, +ny,} =0
i, (1+x2)y,,, +2(n+Dxy,,, +n(n+1y, =0
(10) TW, y = a cos (log x) + b sin (log x), (x > 0), TE@ @S (T,
X%y, +xy; +y =0 @R x%y_ ., +(2n+1xy, .+ (0> + 1y, =0
ALY : y = a cos (logx) + b sin (log.x)
. __a. b
-y = - sin (log, x) + < oS (log, x)
qi, xy; = — a sin (logx) + b cos (log, x)
TCIATHFI x-AATF TGAFe *E,
Xy, +y; = —%cos (log. x) — gsin (log, x)
ql, x%y, +xy, = —[a cos(log,, x) + bsin(log, x)]
A, x%y, +xy;+y=0
Q4 FRIER SHAA AR n-0F STSATG P
X%y, +20xy, . +n(n—-1l)y +xy, ., +n0y, +y, =0

v, x%y..,+@2n+ 1y, x+@0>+1)y, =0

. dzp a2b2
(1) p? = 2 cas?® + b2 sin? 6, 20 Oréle @@ P+ oy =5
NG = p? = a% cos?0 + b? sin?0

O AHATTF TOA2F SN R 7M1,

pg—g= (b2 —a?)sinBcosO

SRR, -9 ACATT SIGITeT B 2[13,

2 2
p% (g—g) = (b2 — a?)(cos? 0 — sinZ )

= (b? cos?0 + a? sin’0) — p?
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d*p, o2 0 2 ¢in2 dp g
p.d92+p = (b“ cos* B + a“sin 9)—((19)
—a2)?sin? 0.cos? O

— (b2 co2 2 «in2 (b?
= (b= cos* B+ a* sin- 6) — >

|Y
= a;‘tz)z (cos? 6 +sin? 0)? = a;—gz
g;—zpﬂo = a;tg’z.
(12)@,U=%®, @A L, M, B, Ce R
wee @,
—)(i ;12)](3;(4__2% Upio + —2((1)1(_:1]?) Uy +tU, =0
foefi dfers Wz

ML« (x> - 2Bx +¢) U=1x + M

X-8 AACTH AT YRR SIS I 18,
2x-BU+ (x*-2Bx+C)U; =L
2U + 2(x — B)U; + 2(x — B)U; + (x2 — 2Bx + C)U, = 0
(x2 — 2Bx + C)U, + 4(x — B)U; + 2U = 0

FBIAWST g AN X~ ATATTF SRIA AT,

2
(U,), (x2 = 2Bx +0) 47 ¢,. f—x(xz —2Bx+C)(U,),_; +" c,. §—Z(XZ —2Bx+C)(Uy),_,
X

+4(U)), (x = B+ ¢, (U)o (x - B)| 42U, = 0
(x2 —2Bx+ C)U, ., + U, [2(x-B)n+4(x - B)]+ U [n(n— 1)+ 4n+2]=0
(x2 -2Bx - C) 2(x — B) _
minmr2) Un2 T a1 Uan T U, =0
(13) I f(x) = tan x BT, e @

2(0) — epf? =2 (0) + "euft 4 (0) .. = sin%
L ¢ f(x) cos x = sinx
Aizafiedt ored AR

fr(x)cosx + "¢, f2I(x)(—sinx) + "¢, {172 (x)(— cosx) + e 13 (x)(sinx)
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+ nC4fn_4 (X)(COS X) + o0 = Sin(ﬂ + X)

2
x = 0 B £(0) — "cyf" 2 (0) + Neyft 4 (0) ... =sin 5
n 3
(14) e @ di“ (Xz)(_l)%lﬁﬂWx:O e 0709 AW n I 2 G —| 0 7A
W n SR W R 1-99 (B0 ¢ 27 |
.ox3 11 1
WWOXZ—I_X+§[X+1+X—1]
dn [ x3 _(—1)n.n![ 1 1 }>
dxt (Xz —l)_ 2 (X+1)n+1 +(X_1)n+l N2
—[n, n =@ (> 1)

—-1)"n! 1 1
X:Oﬁw‘)ﬁ%ﬁ( %n |:1n+l+(_l)n+l:|: {O,nzﬁf

as)y= x = ])())((2—+21)(X =3)’ Ya fofar At |

—_— x? +1 __A . B C
I & y_(X—l)(X—Z)(X—3)_X—1+X—2+X—3

X2+ 1=Ax-2)(x-3)+Bx-1Dx-3)+Cx-Dx-2)
x=1=A=1x=2=B=-5x=3=C=5

Y:X1_1_X52+xi3
SO Yy = (_1)211'11! [(X_ll)nﬂ * (x—sz)n+1 ¥ (x—53)“+1}
16) ¥ = 576 ¥n M
WW%Y:% x—l4i_x-l}4i]

— |
y, = (1)% [(x = 4i)~ 4D = (x + 4i)-(0+D)]

X=rcos9,4=rsin06

— ! .. ..
0= (1)% r~@+D[cos(n + 1)0 + i sin(n + 1) — cos(n + 1)0 + i sin (n + 1)0]

(De Moiver S#S{IR ARICY)
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_ (=D".n!sin(n+1)6

2T @A 1= 4/(x2 +16), 0 = tan~!

4
X

5.17 oiEe

dy [i-y?
(D V1=x2 +1-y2 = a(x—y) T fle @ g = ﬁ
dy _sin?(a+y)

(2) siny = x sin (a + y) 0T (418 (A, dx sina

d
(3)211% \/s1nx+\/smx+,/etc to oc R O, AN FCAl, dz ZC}(I)S—XI

— «in-1 2x dy
@) y=sin g T g

(5) logoe = 0.4343 230 (i) log,10.1 € (ii) log;o10.1 &« S Wi Fofxr 5 |
(6) 1° = 0.0175 @GN € 1’ = 0.00029 @RI T, (i) cosec246°, (i) cos 32°.
(iii) tan 45°58"-4 ST Wi 4T 741

(7) W, y = (sin x)? T, O@ 2N T
(1-x2)y,,, —(2n+Dxy, ,, —n%y, =0.
(8) ?lﬁ, y = easinx T, @ Mle (3,
(1 = x*)yp2 — 2n + Dxy,.y — (02 + a?)y, = 0

(n-1)

X

(9) y = x"! logx && 494 = ¥, =
(10) y = cos(10 cos'x) 25 ¢8 @, (1 — x?)y;, = 21xyy;

X-n _ x+n }

(1) y = x og (554) wm st 71, 3, = (-1 -2t | 20— X0

4x
(12) ¥ (X D2(x+1)’ Yo Tt st

(13) W cos‘1 Y = (log ) o, A9 FE @,

x2 Yo+2 + (211 + 1) X¥Yn+1 + 2HZYn =0
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(14) y = [x + V142 | 2 6701 QU1+ x2)yp0+ 20+ Dy + (07~ m2)y, = 0
=R «@ft (A x = 0 Jre y, e

518 WEEE & @R AT ATOIRSE =%

GFF | (AF GFF 5-7 TRTF 2T

1. Introduction to Real Analysis—Robert G Bartle and Donald R. Sherbert (John
Wiley & Sons, INC)

2. Real analysis—B. K. Lahiri, K. C. Roy (World Press Pvt. Ltd., Calcutta)

3. Differential Calculus—Shanti Narayana. (Shyamlal Charitable Trust, New-
Delhi)

4. Differential Calculus—B. C. Das, B. N. Mukherjee (U. N. Dhur and Sons Pvt.
Ltd., Kolkata)

5. A Course of Mathematical Analysis—Shanti Narayan, (S. Chand & Co. Ltd.
New Delhi)

(IR ¥

S gweTe—Derivative
SaqFei—Differential

S A7—Differentiability

o $F—Function

Sradiet—Interval
A9—Neighbourhood
Fgfo—Continuity

ABleF S F—Parametric Function

5.19 e

AT SSAFACEI el G SR SCEDy [T | Sl Siaaaere o
fafqy ofs Gk TeEied SEAFEEE & € OF JEEliTe Qi SCEDAl 91 2R |
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GFF 6 O (FICETA SoAAwg, S SoAAMITR 8 wiereid o

oo 3

61 e

6.2 AEEF GRAPIR

6.3 (Ate Toiellwg

6.4 @A TR TIfeT oleoR

6.5 SURANET YA ToiolWy LA TGAFEAWIA 2L LA SoAiivg
6.6 TG o T Sies

6.7 FHET YA TANW

6.8 Tmza

6.9 ST

6.10 TEAE TMAT(FT FIALAT 8 FAZEW 5iF@ feffaret vga= ToAetrw= et
6.11 Twzas

6.12 SRR

6.13 wfvrefs it e wfereim fmw

6.14 Twzaq

6.15 SRR
6.16 FEF arel

6.1 =S

T aAffeE TR @ (SLes-3asn) T AU @ARIN R @ IgemERE
ST WA 21 AR e A T1F W el oy Soifare e |
AT @ ©F ABANI [T G561 AIB BT SAFE (FAS 2ATS T R SdFaT [
(A @ O RN deR SAffEFe 27 |

6.2 AFREF YRR

(F) f: [a, b] > R SFF0 I € N[ S [a, b]-(9 Fe 2@ IM
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(im0 = ).l 609 = (0

GRa<c<badewg lim f(x)= lim f(x)="f(c) 2

(4) T f T TG (a, b)-(C STIIFEI 2@ AW A6 ¢, a < ¢ < b-98
lim 21O iy FOIZTO) o

X—Cc— X—-C X—c+

(a1) T @ ST SIEAIE ATS SATFE FEL, SR T IR & A 4o
RWTS DA Wi SHRETN € ST STl 2J |

(@ f:[a,b] > RER a<c<bl

W '(c) > 0 T, O@ & > 0-97 WfEy AFE

T & f{x), (¢ — S, ¢ + 8)-q TR AT (A |

M f'(c) < 0 2T, O@ N < 01 W%y AFE

&0 f(x), (¢ — M, ¢ + M)-4 FAEPNIT SCAFE (S |

6.3 @ETE TNV

ﬁﬁ'\%:f: [a, b] — R @5 GFo SCsh Al

(F) I @ WY BB [a, b]-(S T

(}) [T TS (2, b)-(S SSAFECISN

() fa) = 0 = f(b)|

O I SR (a, b)-(0 TEO {6 Y c-«F Sey AR I/ & f(c) = 0 2@ |

e : (XY £, T S TR S [a, b]-(0 F%9, 0L £, [a, b]-CO AN SLAF |
T M, m ST [a, b]-CS f-a7 SHEETI € S 23, OF TF SGAE 716 ¢, d-49 9oy
QAR A & f(c) = M, f(d) = m 2@ |

YA FA AT M = m

(AP AT x €[a, b]-4 Gf m < f(x) < M, JOIR f(x) LIFSHFF € f(x) = 0,
a<x<h.

YA FA AT M #m

@Y f(a) = f(b), Tk f(c) € f(d) TSR f(a) € f(b)-4= AW 2 A Tl | T
flc) # f{a), f(c) # f(b) | TSGR a < ¢ < b R F(& (c)-4F IET AR

W £(c) > 0 2T, O@ § > 0-«F g AFE I & f(x) > flc), c <x <c+ & 7A
wigffe flx) > M T@ A S8R | edRk f(c) # 01

W f(c) < 0 2, O@ N > 0-93 Sy AFE T & f(x) > fc), c - M <x < ¢ A
wigffe fx) > M T@ A S8R | 9dRk f(c) ¢ 01
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Todq f'(c) = 0 A |

TE 3 (5) TOR S f(a) = 0 = f(b)-16 fla) = f{b) = AT THely kA (G 3 |

T 741 K fla) = f(b) = K (€R)

0 : [a, b] = R SoAF slon F1 T GBI @ o(x) = fix) — K

AR 0, [a, b] (T TS, (a, b)-(T SHIFFERNT “R ¢(a) = ¢(b) = 01 JEAR,
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2.2 2x x2

2 —
—XTy Wy, —7WV— y2 w,, +2x“u, =0
4x2 _2x _
XKWy = y Wy (L‘RIC‘_‘l Wyy = Wvu)
_ 1
US| Wuy = EWV

(7) x = %(u+v) @ y2 = uy % 2fRieiEa il fx, y) SO g(u, v)-Co
AR | (e @

1 2x 1
g, = Z{fXX + 26+, +§fy}

(sl Fo@ i Sawaefel Fgo @ T1e)

0g _ 9f 9x  Of dy _ . 1 Ju
Ty ooy oy v 2o

g _ 31 Ju
oudv _E[ffx-i_z\/;'fY}
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_110 ox , 0 dy
—j[g(fx)%"'g(fx)%}'

4\}Efy+2{/_%{ai(f)_+g(f) }
‘%:fXX'%+fYX'2JJV_E}+4\/IE' ‘/}[ g+ 2‘5—}
-4 B +fyx(%+%)+f +ﬁ f} (T £, = £,)

- 2x 1
f. +7ny + 1, +§fy}

8.13 SRpAeTt

(1) z(x, y) S T SRR X € y-GF (FG x = e + eV, y = e — &' (A
WS @

dz 0 d
ﬁ—ﬁ = a)Z( - Yay (AN FOR ST SIGIFEACH 6] ATS A 1S)

() z=1(x, )4 x= U+ V72 y=(u-v)? 9R E LLIFER ST TS

dy
(B) v=v(x, y)-4 x = e¥ cos t, y = e sin t «RR B ALTNFCR ST STTIFeTGT

s e (32) +(3) =02 02l (32 (3]

@D u=1xy) @R x=r1rcos 6, y =r1 sin 0 (O TIFFE ADO)

N S S U 1 1 5
(1) uX+uy—ur+r—2u6 (11) uXX+u =u,+- u +r2ue

0z 0z _ 0z 0z
NS 20 wRe 3, uau+VW—2(X§+y—)

S)w=1x,y);z=ucoshv,y=usinhv e JqIFTFTG HAIO J(e

2
u

2 _ w2 =
WY Wy—W

1 2
- w2
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8.14 IS} SAFF @ SN SAAW

e ¢ 1o fAGPgl GFIET SR A@ETaR sy, afffew ¢ fAekibwie
1+RASRAA IR B 5, & YoBEOP Hp(sa0a-5ap9) sifiren e m Sgwsie S
@A | TP REIRETISE (1€ GRE ([@MEell R AR Sifodiize e |
ahfdfes Koo o S dpa SRl Sie—TErs Sies TifFs i gl s kKgo
2 |

F@w YA IS — R @ S < R?

f SCHHRE S-4 n AQE ITNST ST Te7 21 AWM GR (e An Afs(o
(x, y) € S, dfelb «aSF MG A ACS (Ax, Ay) € S-¢’ g f{Ax, Ay) = Af(x, y)
27|

X)

Twad ¢ (i) f{x, y) = sin—1§+tan—ll xy # 0
f(tx, ty) = fx, y) @R T ‘0’ WAR TS| ST |
(ii) £(x,y) =x"3y=5/0 logZ
f(tx, ty) = t7/2f(x,y) g t > 0, (tx, ty) € D9 &y
S f,—% QI FNST ST |
TEEAICAR TALW : AM f(x, y) AW SEFH S-d n NGR ITAAMS] SAFT T 1L

AR AN FE AT SFIFG[ S- HES 2, & xg—£+ yg—}f; = nf(x,y)

ol : n W@ RS AT 0
f(tx, ty) = nf(x, y) (T (tx, ty) €S

of d
d(tx) " dt
(LOf o of

a(tx) Y (ty)
t = 13aFa xf, + yf, = nf(x, y)

537 ¢ (1) TF Toelity 3o = gole W a7 ToR Fer SikE SieaweTes)
HD® 2, O T

(tx) + %.%(ty) = nt"If(x, y)

= nt"'f(x,y)
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) 02f 92f ) 02f
F +2xyaa +y?2 az—n(n Df(x,y)

oAl aa (xf, + v, ) = a (nf) @33 aa (xf, +vf,) = 3 (nf)

TR xfy + yhy = (0 — Df @R xfy + yhy = (0 — D,

T x(xfe + yhy) +oyxfx +oyhy) = (0 - Dt + yiy)

ol xfy + 2xyfy, + v, = n(n — DX, y)

[G4ie GTcer Soisimy SRR £, = i, A ]

(2) SREAIGEE Sooima /ool oy - AW (FiW SoF £+ S — R (S < R2)-

G YA TR SIRFT SRR TS T % xg—f+ ygf =n.f(x,y) & O f,

n @R AN SCFF 2(J |
A WA FE (X, Yo) S~ @ (& [
W IR A FAYR) T GASE AR o)
f(Axo, Ayo) = @(A)((Axo, Ayo) € S)
P'(A) = xofi(Axo, Ayo) + yofa(Axo, Ayo)
(f, @ £, IAFE 4 ¢ BOR GERIT ACATT STTIFST)
nf(Axg, Ayo) = Axofi(Axo, Ayo) + Ayofa(Axo, Ayo)
ToTR AQ(A) = np(A)

ax - [p0)] = I’ (1) = no(h)] =

—— ‘p()—mc

A =13A C = o(l) = f(xo, Vo)

Mok f(Ax, Ayo) = A™M(Xo, Yo)

G T 2dfeb (x, yo) € S-99 T ey |
Sro9d f 26 n-NigA ANINST SCoAE |

8.15 Twigae

2 2

X< +
(1) e === fxy)
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TEq : f(tx, ty) = ti(x, y), SO { GFAQ FTAMOT S G AL FER SRR

of of
SIGIFCH][ TS | A TR ST X5+ Yoy = L1(x,y)

SO Xaa—x(e“) + y%(eu) =ne%=1¢e"

du
ESEIN 8X+y8y !

x1/4 4 yl/4
(2) =T T
Ted - — 120 ey L 0
ed @ ou(tx, ty) = tV490 u(x, y), ok U, 55 NIQIF AT SCATFE G AN FOIT

d 1
SR Lo TS | SR TS SR X—+Y au 70 YY) @)

AR u-F AR FER ST SHwie)ere 7o |
a(au au) 1 du a(au_l_ au) 1 du

x Fax Y dy ) 20 ox’ dy *ox ay 20 oy
=1 _ 1
XU +yu +uy =30 Uy, XUy +yuyy +uy —%uy

1
qu,y(xu +yuy, + uy) = 55 YUy

X(XuXX + yqu +u ) 210

Q@ i x2uy, + 2xyuy, + yzuyy = —%(XUX +yuy) (GRS ooy ST
u

Xy uyz) = 400 u(X Y)

(3) fx,y) = (22(2n 2)1; +Xg( )+ h(y)l SR FCR SEIFfe] AT |

Ted : £ (C+y?)" EReSI
q: fi(x,y)= a1 2n VigQ AT |

f. of;

0
SREIES ToAsAm SRER X l+ya = 2nf)(x,y)
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9 [ of  of 9 [ of of) _ of,  of
X-&{?‘&”g oy ox Yoy T Yk Y ey
f +2xyf  +yPhyy = 2020 - DE(KY) ... 1)

XX Xy

f,(x,y) = Xg(y) 1 @R ATArST ST |

X

of, of,
Xg‘k}’w— l.fl(X, y)

of. of. of. of. of. of.
o | Y | Y R YR

2f, 4 2xyf 2, =

sroaq x°h +2xyh, 4y, =0 . )
fyx, y) = h (3):0 A ATAST SICAE |
fy +2xyfy +yyy =0 3)

X

(1) + (2) + (3) FRRN AR, x7f,, +2xyf,, +y°f,, = 2n(2n - Df = (x> +y?)"

8.16 SRpAeT

(1) A ux, y) =(x2+y2)?° =3, wihe wwagae W@ G w6

2 aZ_u d2u 2 9%u
X7 a7+ 2xy axay Y oy faefa @t

X+y du , _du
(2) I® u(x, y) = cos! m =3, ST SR R 9 T X@"‘Y@

faefa =41

0 0
(3) W u(x, y) = sin—1§+tan—1% =, @ AT R R X%ﬂf%

el o9 @R T ALY SEIEE Soieliwg Iifel AR T4
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02z 02z
(4) mAe @, z(xy)= X¢(%)+ W(%) siAwas  x? F) +2xy Ixdy

02
+y28y—§: 0 el P @ (¢ € Y- STeFECH)fol eo @ A18) |

(5) 3w u(x,y):ﬁw(%) T¥, ©@ SEaFaeHfed We e i

2 0%u d2u 2 0%u
X723 +2xyaxay +y ayz—u‘lﬁ e e F@

8.17 12 HeRAIRE SACEA TG SERCed diRelt

WA Iz = flx, y)-9 44T FOR SEHT SIS A |
WA T Az = f{ix + Ax, y + Ay) — f(x, y) 9ielie 5% FET vo@if¥ x @ y-a7 &Fq
FAFW Ax € Ay ARKTEER Ty AT 2ARTET =6 Az|

g—iAX+g—§Ay—@3 f ST T SR A0 Sifeize w2

g O O
dz—df—aXAx+ayAy

A, dz=df = g—idx + %dy | GG dx 8 dy IAF x @ y-<I S[FE, A (G

Ax = dx, Ay = dy =% dz # Az
W& ¢ (1) M(x, y) dx + N(x, y)dy-(F T2l SR q61l 2@ I A (Fiel Do
z(x, y)-93 Sy AF T G dz = Mdx + Ndy 21 @6, 2xydx + x2dy-(&F &

T dGdy) | T AR T e e A T G e T = g e

2 fF—aie sREe 2@ T @R @G %—%:%—f I 2|
(2) SAFET O FCR SLHF SEAFAT [ AT© F(H RO FRF el SR
2@|

92f 9%f 9°f
d2f = dez +2mdxdy+pdy2 (@RI d2f = d(df), dx* = (dx)?, dy?
= (dy)? Q@RNE)
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Smidd ; (1) fix, y) = x2 + xy + y2 — 4lnx — 10 Iy, (1, 2) Rwee df @
|

Teq _ 4 _ 10
aq fX_2X+y_;’ fy —X+2y—7

(1, 2) RCs £, = 0, f, = 0 ; W&« df = 0
(2) TE SAFEE (Fq ©g [Wee d2f [T @
4 10
T L = 2453 fy = 203 By = =L A1 2) = 6,£,(1,2) = 2%

T (1, 2) RS, d2f = 6dx2 + 2dxdy + 9dy?

8.18 o7 TFAIME SAFEFA CF@ TEAE@e qRATR

(DI w=1fx, y, 2, x =0 v, W), y =¥, v, w), z=EQu, v, w) @l
AT S2HE F(u, v, w) @IS 2 G844 FER SR Sagameienjfs Jow 23,
OI&]

JF _ of ox  of ay+af dz
du_ 9x du dy Ou 0z du

OF _Of Ox, Of 9y  Of 0z

ov 0x Ov 0dy ov 0z ov
oF _ of ax+af ay of 0z

ow  0x ow Oy w9z

(2) fix, y, 2)-49 AW FOR SEHE S@gFerermffel T B0

of of of
df a—d +a—d +a—dZ m|

(3) fix, y, z) @6 n TG FTAMS| SATF G GF AL FCR SRR SIFHTG3) 61

TTE 2 ng+ygf ?—nf(x ¥,2) 2@ (SEAIER oisiiny) Rsidiosa, fix, v,

of of of
Z)~9 LA O ARRE Segeresfel e 7re Gk X5 -+ Yoy T2z nf(x,y,z)

2 £, n VAR ANIS] STHE 27 |
TRl s (1) f(x,y,z) = X+ L+ 2 : NG AT SCTFE 8 LA FC SRIE
Yy zZ X

RS | GRS
200



of of of of _
SRR Sy SR Xgﬂ'gﬂgﬂg—o

QI H=fy-2zz-x x-y) @ @Ne @ H, + Hy + H, = 0
Te@R: Ry -z=p z-x=qx—-y=r H="fp, q 1)

H =H,p,+H.q,+H.r,=H .O+Hq(—l)+Hr(l)

X P
H =H,p,+H,.q,+H.r, =H 1+H O+H, . (-1)
z

y p
H, =H,.p, +H .q, +H.r, =H,(-1)+H .1+ H.0

@ & AR, Hy + Hy + H, = 0
SRR ¢ IW ou = f(x? + 2yx, 2+ 2zx) B, (RIS @&

(v = x2) G2+ (2 = y2) S+ (2 - xy) G = 0 =

8.19 SCFFANTAS e NR© TOrF ST qiael

AT : 2 GORIFE ST MR f(x, y) = 0 FRONE y-(F GBI x-
G S AR A I a1 | @, x2 + y2 + 1 = 01 =g ¢Fq RO f(x, y) = 0-
ICHA AR (I (I R A y-(F x-S AR AR T | (@I 2Ky
— log(xy) = 2 R0 (1, 1) KW FARTCAT y-(F x-I9 S SIARFS [ZAIF AL T |

yzl-ﬂawﬁwﬁﬁm@|wwﬁv@wqx2+xy+y2= 1 41 T | y-Tasre
X N

- —3x2 2
AT AN G LT 2 y = Xi\/(j 3X)m|X|SfﬂaWW|mﬁz{

(1, — 1) Rega ATy y:—x—\/(24—3xz) AT aliey, B wietas = |

G SR SR SIS SR Siey TE RS Soisimic Seeife il
2
(a, b), SFFF -7 IR\ WECE TS[FH @R (F) f(a, b) = 0 () (a, b)-47 GFH
AT £, @ f, A@© @R S () f(a, b) # 0
GIC%04 (a, b)-Ff@F ATeg [a —h, a + h ; b — k, b + k]-43 Sy qca0x, @2
[a — h, a + h] SISATCH x-4F &fslb S & [b — k, b + k] SIS y-4d G
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8 (FETG @02, Ao AR, ZE AR Sl STAGTF SoFF y = 0(x) TE&o &
[ G f(x, O(x)) = 0 AfSH x-«F & 2, b = O(a) TR | O ST L[N

@ o dy _ _K& m|dz—y«f1aw%—2n¢m|
00=F=-3 S5
Yy

Bl = 2£ 6, f, + £, f2

_ yy X
Y2 =~ £3
y

Tuigel (1) fix, y) = ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0

dy f ax+hy+g

= —_ X __= J O
dx = f hx + by +

(2) 2xy — log (xy) = 2, (1, 1) T AR SIACTF AT S@g A& (W
@ e g—z fadfa ==

Ted : flx, y) = 2xy — log x —logy —2 =0

X > y y
dy _ & __y
dx fy X
dy| _
i -1

(LD B

(3) xy sin x + cos y = 0, (0, %) R AT SO ST Sy 40 (W

T fre O foef

e f(x, y) = xy sin x + cos y

fy =y sin x + xy cos x, f; = x sin x — sin y

—

dy £ _ ysinx+xycosx dy

a9 -0
T =~ snv—xs d@qR - dx
dx £y siny — xsin x Y o, 3
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8.20 SFpATET

(1) 2 sin xy — y = 0, (1, 0) K@ “iicsl Sefers Ssiweaa ofey 4@ W &
e O fofe <

(2) ye* — x = 0, (0, 0) 7=t sy werers Sorwd Sy G a2a & oce
g—z faefy 91

8.21 IZHERINER SoFFEFA CFC@ 5F% € SN W [efy

W@ W FE YT G S (C R2)-@ f F@© ©R G (a, b) € S.

(a, b) RWMCS f-qF SNCHTT Al AT BN (SN) N AR I 9 > 0-¢= wieg AT
T & f(x, y) < f(a, b) (f(x, y) = f(a, b)) @ @A (x, y) € N((a, b), 9) < S

Trgad : flx, y) = x2 +y - 2xp? + P+ v = (x — v 4+ v 2 0 = f{0,

0)

f o (0, 0) RS SR N [CACR|

ST BN @ S| AW e (weg R Tsisim o []Kige il =@

(1) f: S - R @47 S(c R2) @b Y€ Giv|

N R S-4 £, ¢ f, TerRy uHy IRl

W 47 (a, b)(€S) RMTe AR B A S T ACF, O fi(a, b) = 0 =
fi(a, b) =1

TS : (F) flx) = |x| + |y]| WHFED (0, 0) Rce S/ T @itz @ [FWrs
fo € 49 Y (R TOIR IF DeRI AT IO 72 Dol AT (a8
@ e oA Al SEE Wi AR, G e sk SliegmeeneE Sy 9i-e AR
AT |

(@) fix, y) = x3 + y3-a@ (0, 0) R¥Ce 53 At SRAY I 2| 79 @ o f,
S f, ToERR A = |

Sodd (1)-9 RI© Tosiion [odTsin oy 77 |

(2)f: S - R (S € R?) @ S &I JE (15|

g 99 SR SeR ST Siegweenilel S-q %S |

T W (a, b) € S GRR fia, b) = 0 = fi(a, b)
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W FE A = fi(a, b), B = fi(a, b), C = fi,(a, b)
I AC — B2 > 0 27, ©@ (a, b) RYCO SAFFT 5 A SR [ AT |

A> 0% @ fae o[ T AFE, A < 0 ZE @ [{ee 5a% T AFE | AC — B2
< 0 2 HAW A SR AW ARFE A

AC - B2 = 0 (a1 & e 3% Al O[S Wi ARFCS A, T-e AFCS AN |
TG : G2 oot oS gio vemiti SewER (W GREE Selelm fea |

8.22 Twigae

(1) f(x, y) = xy(6 — x - y)
Qe f, = 6y — 2xy — y2 f, = 6y — x2 — 2xy
f, =0 = f, sk sl &% (0, 0) (0, 6) © (6, 0) (2, 2) e AW
D(x, y) :fXXfyy—f}%y:4xy—(6—2x—2y)2
D0, 0) = — 36 < 0, D(0, 6) = — (6 — 12)2 < 0, D(6, 0) < 0
D(2, 2) = 12 > 0 @& £ (2, 2) = 4 <0
oG (0, 2) RMCo SamHEE baw Wi AR
(2) fix, y) = x> + xy + y* - 6x — 6y
fX=2x+y—6,fy=X+2y—6
f,=0=f ¥ (2, 2) Rg et a1

fx =3 =2(2) - 12> 0 @K fi > 0

(2, 2) e o[ SN TR

8.23 o veaifE SorFEd CFCa vAw @ @ Wi [y

f:D— R @ D c R3
oA T fom Tof G, AR *ISIAIE A T (a, b, ¢) KMo £, = £, =, = 0

f f fXX Xy fxz
XX Xy
4 & foee Dy =1,Dy =l LDy =, f, f,
yx Yy f f f
zZX zy 7z
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W D, <0, D, >0, Dy <0 T, GICHG (a, b, ¢) KMo f-97 B W AR |
I D, >0, D, >0, Dy > 0 2, (CHE (a, b, ¢) RYCO {1 SRA N AR |
Twigad @ f(x, y, z) = 2x2 + 3y + 422 - 3xy + 8z

fi,=4x -3y, f, =6y - 3x, f, =8z + 8

Yy
fi=f,=f =020 g x=0=y @R z=-1
=6, f,

f = 4, , =8 fy =1y =3, f,=£,=0
£, =16, =0
3 4 -3 0
D1:4>O’D2—‘_ 6 >O,D3——O3 6 >0

oG (0, 0, —1) RS ST = S ARE |

8.24 *[SIA vaNTRw W [efrm wpieaites owafe

JARRE (G SAFEE AN € SR Wi IR (G W ANz g WS
wiifte 23| Snizaemgst @t fdifTe elis S i oo /e sl
T ARG TAC0 20 TR SEE 200 201, Y0 vl A SO FREAERE 7,
SR W @SN e 0 R @ SR I 46 FACO (I el w1
A Tofifv AR Gy SIAIET o=ifo Seppe 20 AT |

T I, z = flx, y) AMG TOHEF GR @(x, y) = §7F 4we #$ | 4 F(x, y) =
f(x, y) + Ap(x, y) @AE A T SHANCET S g7 ofross |

dF = (f, + Ap)dx + (£, + Ap,) dy

L RS S R Y [ I

fo + Ap = 0 = £ + Aoy ;

fx fy
- S
A G F )

X @ y-F Wi @@ g @?F [ Face 7@ fEifie e d2F < 0 =@ vaw
@GR d?F > 0 ZCeT S| A QAR |

TR : SICERFCT HARIRE AN (A R G/ e Sy T Gl
e SFIACIE FHIFNET A© A9 T 2 | SGTRAF Hordlf @ TPRASF
WS @B ol Reiw gesi|
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Trizad :

(1) 49 2T “a’~(F 76 O x € y-(9 ©lsl 7 WO f{x, y) = xMy" AAD
209 4itd (m > 0, n > 0).

Ted: logf=mlog x + nlogy

df _
i _

m n
?dx+§dy

df = 0 o g, %dx+%dy20
X+y=az%o g dx +dy =0

ECEIR (A%+l)dx+(k%+l)dy =0

m_n__1
G (AT AR, Xy )

A X_Y_X+ty __a D N=__2
wrdfie k_m_n_m+n_m+n v m+n
< = _am __an

m+n’y m+n

d2f = df(% dx + %dy) ; f{—xﬂz(dx)2 _ y%(dy)Z}

& fes d°f < 0, ok & fee f |
(2) ABC f9gte@ (g cos A cos B cos C-4F A Wi (T Fea|
Ted : flx,y, z) = cos Acos BcosC+MA+ B+ C - m
df = (A — sin A cos B sin C) dA + (A — cos A sin B cos C) dB
+ (A — cos A cos B sin C) dC = 0
209 9lg, A = sin A cos B cos C = cos A sin B cos C = cos A cos B sin

welfe A=B=C=% @] Az%

d?f = — cos A cos B cos C [(dA)? + (dB)? + (dC)?]

d2f|A=B=C=§ - _%[(dA)z +(dB)? +(dC)*]1 < 0
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TR A=B = C =T (S cos A cos B cos C Fi6 «ae ICERIREH %

3
8.25 SRpAeTl

(1) 53 Al SR T 7 3=

&F) y? + 4xy + 3x2 + X

() x>+ xy +y>+ax + by (a b e R)

(N x+y+zP-3x+y+z) - 24xyz

(2) TIRNET e AT x2 + y2 + 22-97 SR/ I &7 79 @ x + y
+ z = 3al

8.26 WS &<

1. Differential Calculus—Shantinarayan
2. Problems in Mathematical Analysis—B. Demidovich (Mir Publishers)
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OFF 9 O IFEAE ~ofe, Tfeey @R @fks

AL

gz

9.1
9.2
9.3
9.4
9.5
9.6
9.7
9.8
9.9
9.10
9.11
9.12
9.13
9.14

9.15
9.16
9.17
9.18
9.19

~fE ¢ wfeerg e

TFELER FIOT TNFAER (@ ~HfFafoeram wqaad e
fRfRm—wwt ¢ oiv o5t

ol

FWRATI (Wre @Fe A fdy

Tolei(E ¢ Tetufenad K@ ¢ oy ey

WEAAE (Y TSR (@ ™G ¢ Fioewga sead ey owefe
O TAutE ¢ o TSmO e

W26 FEAR (1 FNFAR (FE ToeT @il ey
IFRAE FAvFa (Pedal Equation of a Curve) f<f
IFEAR 2AMead (Pedal of a Curve) Fefm

BRCIERSEE L]

IFCALE S 2l

ISR TNFA F(x, y) = 0 (AT THacdd Teae sewae [dmma g
LTS

WA i weimsie fefraa gio omefe
IFRAE ol SNALeE uley ¢ ol FER AL

SRpAE

AYTF O
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9.1 >N ¢ Sfeard W<

WA TR P e Q b Awe GEUE Bo fon [, @A Q [E P-ad S
face febast i feoti@ sent A I Q fim P @ e Icadl I wiev| =3,
S5l PQ-«F SRR P il 2rae siffafee gre | Q 7 399 P Ry B el
AT 27@, T2 T PQAR TP SRPRINGE P RYCs T IF@ “KE I61 2|
moffargre o ToR oH @AIE wifesy @l 7A|

qZ SRFIC ShEl Tivd foarffer efs sigwom vt S w4y

Y

0
OO X X

% e foca EfRmre IFEAR 7o =R, T e forg seikmes @R 356y
o | IFEAT G e qFifis aAwa i 2w [Tl i@ 4@ e 741

9.2 IFEAD FICT AT CFCa ~H{F-afeaga ANFae Fefm

P(x, y) € Q(x + Ax, y + Ay) @i oA 12 )
_ QR _ f(x+ Ax) - f(x)
tan 0 = PR Ax
F4q Q Tt 7@l 7E P Rva mee 4o 2@, Ax — 0 2 «RR ol PQ €
X-SICH NGFE @I 0, w4 e 41k 27, @I y T P {re =HEF ¢ x-=0w
MR (e |
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Q(x+ Ax,y + Ay)

(x, y)P 0 T

V.0 |

oo fx+ A - f(x) .
ToR AlxlgO Ax = lim tan®©

0=y

e g—z:tanw wigfie @ 9 s g—zﬂaﬂﬁ’m,?ﬂﬁ%mﬂmﬂmmﬁw
o(E @ TG AT TARFCH

(Y—y)g—z+(X—X):O ......... (2)

TERMre ~HE ANEad
PR IR JARYA Jom Jieralifefos TTiae q
(a;x + byy) + (ax® + byxy + ¢y + ... + (a,x" + ... by") =0
@A n g sl R |

IR X 8 y-IF P3| WMORG 2% 1 2affeTd @I AT 0| AT FACE
T R e AleA T |

Trigewgel, v2 = 4axad SERMCS RE x = 0 wifie yoRF| k3 + 33 = 3axy
(a # 0)-<9 YERYCS W36 ~HE x = 0 ¢ y = 0 Aleh ¥ (9.1-4 AN e ©59)

(x2 + y22 = a2%2 — b2%y2 (a, b € R; ab # 0)-F YFARWCS "FaTH AN
o a?x? — b2y?2 = 0 wiffie ax + by = 0

I SwiRRe qita NHwR Sl GF (6 Toq AP YN 2rdle, @iE 95
e il R ey @il

9.3 fofay wwl ¢ oigE oFfe
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7@ | fafimre Sftes R qed ¢ foq 2 o7 W@ (Node) @IS At 4G 2@l 27
@R faflire wifers =HE qwd ¢ Tfes & R /T (Cusp) T4 A 54 F&1l
27| fafmre e sEfRe z@ b &vea (Isolated) & <@t z3|

A TH ewe IFEAR TR f(x, y) = 0

) f=0f =0

(2) fipr s By 0 ST© @6 & Rgre oMy &3, @ @, Reyfo I Bl
2@|

2 _ g
It @ Reges £, - £ f,, = 0 =, R o A oI =q|

AR 2 — . fi, >0 2@ @ [mre TFER S A Ty AE—Fg 97
FieFs Wil T fafim R o It A Fo-a@ wfeg T4 ffve 2o oI
§ Rre o Tiee FeRg qR o

Twizdel 0 (1) y2 = ax2 + bx3, a, b €R, b # 0

Ted ; fix, y) = y2 - ax® — bx3 =

fy = — 2ax — 3bx% f, = 2y

(0, 0) ee £, = 0 = £, «k {0, 0) = O

foo = —2a — 6bx, £y, = 2, fi, = i, = 0

(0, 0) ®Le £, = — 2a, £, = 0, £, = 2 (# 0)

TR (0, 0) IFEAR T2 o7 |

THARHCS REF Y2 — ax? = 0

a> 0323 y2 — ax? (& YL @RTF, %7 Sesiwce [osel 1 I @R qiv AT,
foq ~ofE slleml AE—FE a > 0 A FERHO @T 2@

a =0 2 HF y = 0, ABT 8 IMAfTT a1 ARG A 2|

a < 0 T "o sERe @k i (g &)

(2) y? (@2 + x2) = x? (a®> — x¥%), a eR - {0}

Ted ; fix, y) = a?y? + x2y? — a?x? + xt =

fi = 2xy? — 2a%x + 4%, f, = 2a%y + 2x%y

f,=0=f O AR x=0=y &R {0, 0 =0

foo = 2y? — 2a% + 12x2, £, = £, = 4xy, f, = 2a% + 2x?

(0, 0) &L £, = —2a% (# 0), £, = 0, £, = 2a% (# 0)

Sodq (0, 0) i ok & Reqre £ -, f, = 4a? >0 @ 7MH @)
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BG)fix, )y =x3 —y2 - 72 + 4y + 15x - 13 =0
mae @ (3, 2) RCs IFEA @I iz
f3,2=27-4-63 +8+45-13 =0

fi =3x2 — 14x + 15, f, = — 2y + 4
£,(3,2=27-42+15=0,f(3,2)=-4+4=0
foo = 6X — 14, £, —_2,fxy=fyxzo

(32)Wf—4 w =2 £, =0
Soqq & fre 2 - f.fi, =8> 0 ¢k &MH ol

4) © =% IS x = 2ac0s0 — acos26, y = 2asind — asin20 IS o
@ SfeArsa AN W 4|

. dy dy dx _ 30
e =g/

=5 Reqrs =i i

-(2a-0)= tan%Tn[x—(O+a)]

WQﬁQy+X:3a

0=75 Rrce wfesa i

y—2a =—cot3—n[x—a]

4
WQﬁQX—era:O
2 3 fan AN
(5) lezfttz,yzlzfttz; %ﬁw%emnwmﬂ TR W
. dy dy dX_?)‘[+t3 _13,. o1
R TN 3¢ __2(2+8)_16

2

t:%mxz%,y:%l@@ﬁwwwq
a
5

_ 13 2a _
y- _E(X 5 wigffe 13x — 16y — 2a =0

- e SN a—ﬁ —2—a
@ s wfescsa ANF9 Y 3~ 713 (X 5)

wigfie 13y + 16x = 9a
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(6) IFEA A(x2 + y?) = x%2 (¢ € R — {0})-97 ™~ el
% cos’0 + y sin’® = ¢ AFE AT F9|

Ted : @ IFERIT Tl @ @ W@ REGE A ol v =5
(c sec O, ¢ cosecH)

dy _dy /dx _ cos’©
4R =6/ a0~ snT0

& /s @ e 239
c _ _cos’O(. ¢
Y756~ snde (X cose)

weffe, x cos’® + y sin’ = ¢
(7) x = a(4 cos*® — 3 cos 0), y = a(4 sin*6 — 9 sinB) ; a € R — {0} (7aie
@ SFFRE S SIMeeT(sd (Ui 43 |

Cdy _dy /dx _
W. d_X_d_e d—e—cote

ST AN 236

y —a(4sin3 6 - 9sin 6) = —Csm 6 [x —a(4 cos® 6 — 3cos )]

0s O
T AleT T,

X y _
—8acosB + —8asin® 1

S0 SIfeeTHl x-SFF(E P(—8a cos 0, 0) 8 y-SFRcE Q(0, — 8a sin 0) RWaw
(T FE| PQ? = 64a2 wiie PQ = 8 [a] = G3F|

(8) e @ Jx +.,/y =+a,(a>0), ITEIR AN SRR R 7=l
(=i g3 |

T VK4 ff = a (a0 o o3

IFEAR TP (xq, y)) Ko i AT

Y=y :__\)/X—};_I(X_Xl)
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wefe, y.4xp x4y = Jxpypa

24, =1

X n y
,/axl ,/ayl
SO x-S L0 " (el \fax, AR y-SPF TS (@R @i y/ay)
G 1R RWORCE @ = ,\[ax; +,/ay; = a = {55

(9) T x cosa + y sina, = p FERAG —+b—m—l TFEAT “F 2, rdle
@ pm/(m 1 — (a COSOC)m/(m D+ (b SlIlOL)m/(m 1)
W:ﬁ‘Fb—m—lﬂ_qﬁ _‘Zz;(i—i
(x1, y1) fco e s
_mem 1
Y-yv1 = W(X X1)

wieffe, x bmxm-l 4y amym-1 = gmpm(])
@g @4 @ x cos o + y sin o = p(2) @ @=L |

pmyxm-l1 amyin—l _ ampm

. 1
o —oso ~ Tsina . p
m m o4
«m-1 -2 cosocy m-1 _ bMsina
1 —p Y1 " p
Z}n = 1-¢q BT 4,
am coso Y MY bm sin o )™ ™D 1
(™ e
p am p b

wiefie, (acos o)™/ (m-1) 1 (bsin o)m/(m-1) = pm/(m-1)

(10) y = sin x IFEAT (0, 0) & 2o ~ofF wifere 2ot | e @ ~o{fpalfer
AFFAL T x%y? = x%2 - y?

Ted : IFE@AR TARPA (xq, y;) KMo i A
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y = y1 = cos xj(x - xp)
@b (0, 0) RMART| SOUR y; = x;cosx;
HeAR, x7 —yf = x7(1 - cos? x;) = x{ sin? x; = x7y?
WO, (x), yp) WU AEAL 297 x%y2 = x? - y?

9.4 SR

(D) y(x—2) (x=3)—x +7=0IFFT @A KO x-5FF (W FH, (R e
~iuE ¢ SfecRd SR Fe )

(2) i€ (T x = a cosO + al sinb, y = a sin@ — a0 cosP IFEUH @ (T RHC®
e wfwsTd Yoy (AF 9T A0y A |

(3) x cos o + y sin o = p @B xMY? = 2™ IFEFAR HF A @wEAle @
p™Him™mpD = (m + 1)M+0aM+0 gin® o cos™ o T |

(4) IFEA x = a cos’0, y = b sin*0—4F CF(G x|, y| INFW TG oG

o TE @de @, —+Z—§ 1 2@[|

(5) e @, y? —4a(x+as1n )%lﬁ Tl (@ IR RS Aol x-S
TedE, R e @t wfgren ek

9.5 IFTANATA (HEHCS (Fieed wAfaset Fefa

7l IFEI MYFR @ I00 @RI IF@ 1207 (i el sige s
o @A TS (@R TR @I | @B @ AN 206 6 T @ g G @
HTHAAE AN (AR

Trigad (1) ax2 + by2 = 1€ cx2 + dy? = 1(a, b, ¢, d € 10 — {0}) I
b ST TR (@ FAA a, b, ¢, d-9F WHFR THE ey T |

—aXx

d
Teq - ax2+by221621@5‘7ﬁ3d—z:w

cx? + dy? = 1 (/F g - dy
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T R @ w2 @A @R (p, q)|
T ap? + bg? = 1, cp? + dq? = 1 @R N FE AiE,

2 _ d-—b 2 _ €C—a
P =ad—bc 1 T Bc—ad

e ot s e ()5
d-b d-b_c-a

S L

1

i,
a
(2) x> + y3 = 3axy € x2 = ay (a > 0)-GF WGFE @ {7 71

Teq : ¥ TR AN F@ (@ oM (a2l a.223), (0, 0)

dy ay-—x2
3 3 = A S
X’ +y 3axy 209 gy v2 —ax

gz

ol— o
[

o=
le)

dy 2x
2 _
X = ay 2(9 Ix - a

(a.21/3,22113) fqro 2AGle IFE@AR (Fq g—i= m; =0

dy

G} @SR TFEA (TG -2 = m, = 24/3
dx

6 el @l 2 tan 6 = 2 L — 94/3 wiefie 0 = tan~1(24/3)
1+ mm,
(3) x2 = 4y &R y(x2 + 4) = 8 IFEIHRET WHFR e [y T |
TER - YL SR AN FREAT @A 518 (£2,1)|x2 = 4y (F 3—1% GO

d dy -2xy .
2, 1) fre d—z:l:ml,y(xz+4):8 AE o= 3 R (21 e

dy 1 m; —m, -1
=5 =m,,0 feefa (1 2T tan @ = 11— 2_3 93RO =tan"13

SRpAE

(1) y? = 4ax 8 x2 = 4by ATGETH T LY QO S (RUKTCS (e sAfsie
o 7201
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(2) x2 — y2 = 8 € xy = 3 ISEUIGEAT MGFE @t {7 791

W:WWWMWW%NW%G%WWIW

TGS (IS BlErR ° FE 4o g—z—ém 5oz b 1 A 1 | GG (@IS
(A2, Ty IFER x 8 y AN 2| (@Y (p, q) 4 W ©ehE 2eq @S 2/ |

9.6 ToonE ¢ TolufCerad Aw ¢ wy e

Y

x,y)
P

‘V 90° -y

P e wfers ~Eh x-orwE T e @1 7@ @} P e wfes sfess
xS N e (@1 @1 TG 2o G795 @k NG 2261 Go-wfeeg |

tany = };g, tan (90° — ) = PG

T GoATIRET T = o, SolefencE W = yyy

st Wl = PT = V(PG2 + TG2) = L V(1 +y?)

Y1

wfescsd i = PN = V(PG2 + NG2) = y V(1 +y3)

ol (e o )
ﬂacwﬁ@?{ﬂ%ﬁaw fesced
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TR « y = be¥/, IFE@AR (GG (M€ (T T M Y35 GR Gol-wfeeiraa
W @ifoa el Al TWE (ew iRl

. _h x/a
W.yl—ae
@WW%:F [T
i 2 2
SoefwecE o =yy1=b—e“/a=y70€y2

a
TP - (1) (e (@, x0T = KmOon qaegelg (I [re Se ekt
m W So-SIfCeed n Qe Al Hecem AR |
(2) IFEA by? = (x + a)’-9F (Fg Mdle @ AfS [Ryre To-oxfag 3of Tof-
SCHCRA A FRECeM AR |

9.7 IFEIR G FANFALR CFL@ T ¢ wfeercgd Iadt A
e

sin AB
tana = PR _ rsin A© 3 e
a _QR_(r+Ar)—rcosA9_&_I_r(l—cosAe)
AB AB

T4 Q 7y Il kA P ipa i «ifke =27,
sin AB Ar dr

1= cos AB Sin% 2 A®
2
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Iim tano = tan@ =1 I
s PEI i, o

Ry @I G ORI e O 20E w:<p+e:tan—1rl+e 2|
1

Twigad - r = a(l + cos O)—F 6 = 20 TS KT @ wfeacaa AN o7
|

o r/ _al+cos®) 0
\a¢ .tan(p/(%— asne cot2

=T, 9 e ow= _n,39
TE Q=5+ AR Y=0+0=5+5

oAk 0 = 20, KMCo \If=%+30€ A |
@ Ryre ~oRFa A

y — a(l + cos 2a) sin 20

— cot 3o [x — a(l + cos 2a) cos 20]
wigffe, x cos 300 + y sin 300 = a cos o (1 + cos 201)
& e wifescea e

y — a(l + cos 2a) sin 20

tan 3o [x — a(l + cos 2a) cos 2d]
wigffe, x sin 300 — y cos 30 = a sin o (1 + cos 20)

9.8 T Tol=oKT ¢ (| Sotwfersd o e

A

G
P(r, 0)
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AOB &I O e OP -1 Tsia 7% | P Rre wifeers ~ix(afb AOB-(& T s
®n F95 ¢3¢ P e wifese wfwsgic AOB-& G R @w 99|

OT = To-={aa T €92 OG = Toi-wifwsicad e | tan @ = % =R tan(90°—@) = %'

A, Solwra O = rtan@ = —

2
]
ToleieeicRd (d) = reot@ = 1
&I : (1) OT x OG = 12 wfie 3 Soi(s ¢ (g To-wifeersc uib ag «fm
SfeFe STOEHad CFgee (@fCAN-(o39 OP-F Ooq Sifere sltweaa oFazet i |

P : 1 1, 1/dry
(2) G (AT (@ Toi TR p = r8inQ, FHA p_zzr_2+r_4(d_g)
Trizad -

(]) r = aeecotoc, o W

gty tan O = /dr =tano .. Q=0
de

pd 2 pd
T :rr—: rtano, ©H-SCsCHT (M = r; = r cot
1
e : T IF@AR fof R it =T sicfae  @feas (e3Ee el g
(It T AF A & IFEAE Equiangular spiral I67 27|
(2) ™™ = a™ (cos mO — sin mO)-4F TR 6 = 0 KT i Tolm Y (AF
Sfere FHEAR 9 e |

_dr _ —aM™(sinm6 + cosm6
W ’ d_e - rm—l

tano = T _ sinm6 — cosmb -
4 (p_/g_r_ sinmb + cosmO’ O, (P=m9—Z
0

p = r sin @, OAR p™ = ™ sin™@ = a™ (cos mO — sin mO) sin™ (me - %)

-]
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ool
2

6 = 0 fre P =




W:
r=a(l + cos 0)-a7 Tolfr 0= 2 RAgCe = Bold G (0T O o1
@l e |

9.9 W3 IFEIR Y TNFACR 7@ TLeE & Fefy

W IR T 8 T, 35@A 736 s17[E P e @ 7@ @R 0 G | 2AE
['-99 (%0g @SN (839 OP @ P Rre (37 e @l @) @R fasicre
[—43 (F0q @G (85 OP ¢ P Rrs "o{@ sl @ @, 205 [Walie (Fid
RE P~ Po.

Twgge : (1) r = 6 cos B € r = 2(1 + cos B)-GF MFF @ e 341

W:ﬁﬁﬂﬁwmﬂwoﬁ%@wﬁwe:%

r
r=6cos9?a_®tan(p=/£ 21‘3_@(p=%+6
do

._,
I

2(1 + cos 0) TCO tan @ = /gy FA (p:%_,_g
do

="

-7

- 0 T Tm_4n
=% WM h=7t5=75

r
3
ﬁ% C@T‘T :(Pl—(PZZ%

2)r=a(l —cos 8) €r=>0b(1 + cos 6) [a, b > 0] 2T AACFIC (T FE—
o4 4|

Ted :r = a(l — cos 0) T® tan@=/£:tan% (p%
do

_ T, 0 ..._m, 0
r=b(l+cos9)?a_®tan(p=/ﬁ‘tan(f-'_f) Le=7ty
de

’ ’

A B (1,0) 4o IFERAR vl | e (R /e ¢ = %, 0, = %+ % €
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e (it :%+%'—%':% ; IFEAMT ATAICE I (A |

(1) %:l—coseﬁlﬁ CFCq (] o sy e 31 e @@, p? = arl

2) 12 = 16 sin 20 S r2sin 20 = 449 (g TWeE @ WT Tl
N

(3) ™™ = amsec(mB + o) € r™ = bM sec (MO + B)—IF VTR & T 7=
(a, b, o, B L&F)I

(12 ~a?)

4) 6= - cos™! & TFEAR (A oIS (3, coscpz% = |

aere

(5) r:(1+e)2 IFEAT g p T ]9

(6) r = a sin 20 € r = a cos 20 IFE@A YOI TGFA @ o7 79
(7) r = a®® @R 19 = b(a, b € R) T (A (¥ FE—ANS F1

9.10 IFE@UF 2AWIANFAe (Pedal Equation of a Curve) e

W@ IR @ OE Wiy (R OEE @ [/ 0 (6@ ) e @ IFEAR
Toifarl @ @ Y P (o "{(Fq Tol &1 Bl 2@ (R SRR (S p @l e
T R O (AF P {7 v@weE r adl Bfes 71 201 @ @A (FG @@ p
8 -7 MGFE TAFE 0 RYF AATE IF@AR AW T4 9T 27|

TS : IFERA A AN [YFelo srew 0 i a1

(1) IFEAT FET W (AT @ THI ACATF Ao o7 -

TR (F) @A AT —+b—2 141 #fiw e o |

Tea : P(a cos 6, b sin 0) RYCe w1 AN
x.b cos 6 + yasin 6 — ab = 0 (1)
&% e YR (AT (1)-97 T 579 U379
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—ab | azb2

J (b2 cos2B8+a?sin26 ‘

wiefie. =a2sin2 6+ b2 cos? O

p= ‘
2 = a2 cos?0 + bZsin6

212

+12 = a2 +b? & [l «im AR |

O,

[a] +Odu BouEAEZAXY? + y23 = 3283 (a > 0)-97 sniead FeE 1
Ted : @ IFEUA BT @F {9 (a cos?0, a sin30)—(T K AN x sin
9+ycos9—asinqcos9:0(l)pZWCW(l)-u‘H@%WWW

2
p? =a?sin? 0cos? 0,12 = x% +y2 = a%(cos® 0+ sin® 0) = a?[1 — 3sin? Ocos? 0 = a{l - 3%}
a

2 + 3p? = a2 T e AT |

() @ @ @6 Tfea s —+b—2—1 Toigred Amoniee 6T @i

Ted : (ae, 0) Mefce TERATe imaie T 25, srraR W Siftafss 12|

(x - ae)2

+b_2: 1 32 32[ T2/ @ (i Y P(ae + acosh,

bsind) & P TS "oXF T x, bcosd + y, asin® — ab(l + ecosd) = 0(1)
P = w9 TR 2o (1)-99 o sead el

TGRS T I T

_ —ab(1+ ecosH) |
J(a2sin2 6 + b2 cos? 9‘

L2 a?b2(1 + ecos0)? _ b2(1+ecosB)?
SR ) sin20+a%(1-e?)cos?®  1-e?cos?O

b2 _1-ecosB

ISEIN p_2: 1+ ecosB

2 = (ae + acosB)? + b3sin?0) = a%(1 + ecosB)?> .. r = a(l + ecosd)
b2 . 2a
oL, p—2+1_T e st e |
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(%) 3= R AT x = 2acos0 — acos26, y = 2asin® — asin26 IFCERLAR 2A-
TR e 791

Ted : j—i:m% G 0 R e ST

30 .30 0 _
y cosT—xsm7+3asm§— 0

p = ERY (AT TS T Ton wifers R ()

p? = 9a? sin? g

. 5,0
? = x? + y? = 522 — 4a’cosb = a® + 8a’ s1n2§

0 ST FE AR, 912 — a?) = 8p?
(2) IFEAE W 20 @ [ AT Am-mT=wqe fef
(F) O NATF r = a(l + cosO)-GF 7AW et (T T

_Jdr __ .6 )
Teq : tanO = /@— cot2, MSEIR P=5+3

= 1 = Q . Q—R
|y r sin ¢ r COS > ..COSz— "

_ 0 J_,. P’
r= a[l + 2 cos? 5= 1]— 2a.r—2
Se¢d 3 = 2ap? Wl siw R |
() G ACATF 12 = a2c0s20-97 AT ICREEEEA

a2 o
Teq - g dr - zatsin20 w0 ) am
do r dr

do
(p=%+26
p=r1sin@ =r1cos 20 .'.cos29=%
et «w S 3 = a?p
SR

(1) e @ SFRYA AT Se y2 = da(x + a)-F 2% TBIFRT 26 p2 = ar
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(2) (A8 @ SIS ACATTE

x = ae” (sin® — cosB), y = ae%(sin® + cosP)-4q oW IR T& 12 = 2p?
(3) A @ (Y AATE TR{E 1 = cmﬁ -4g A A & p? = ar

(4) e @ G AHAEE SIfige r = %97 Am w7 12 = 2p?

9.11 3IFEAT 2% @4 (Pedal of a Curve) e

W@ IFERAT @ O i G OEE (@ WE ANGIEE & ISEA AmE=i
o IFEAR TR (@ (I R "o Toia @ K 200 SR Amima AgEeiel |

Twigad : (F) y? = 4dax SIS AT AATE oAM@AR AT [ 791
Teq - wIiren SRRl P(at?, 2at) RYCo
(T RS x — ty + at2 = 0 (1)
(1)-499 ©59 15 @ (a, 0) RN @4 & tx + y — ta = 0(2)
T T, (p, q) TF (1) € (2) <7 (AR | S0E
p-tq=-at’® tp + q = at
e @5 FE (2 + )p =0 TeG p = 0
e Aol g x = 0
(%) y? = dax SIfEred ARRWE FMATF AMEE T e 341
Teq - (at?, 2at) "o =@ x — ty + at2 = 0(1)
R TR Y € WERMEIN @ T X +y = 0 (2)

W TR (p, q) TF (1) € (2) 97 RY |
p-tqtat?=0, tp+q=0

t=—% AAGre IFIA M1, ag? + pg? + p* =

MR (p, Q)-4F AEEAL 2 x(x2 + y?) + ay? = 0

(5) (FCUI AATF 2AFE x2 — y2 = a2 smeadl 7wt

TeR : AIYCEA (x), y)) KO E @ xxg - yyy = a¥(1)
225



R Go R SREA xy; + yx; = 0 (2)
W TR (p, @) TF (1) € (2)-F =l |

aZp —-aq
PX| — ay) = @ Py * gx) = 0 G AR, X = 5 Y T

x{ —y? =a? (A 22(p* - @) = (p* + )

TO9d, (p, @) FAFRHAY (x? + y?)? = a%(x? - y?)
(F) G AATF r = a (1 + cosb)-4q AMEL ICREEEEA
Teq - 1w TR vt I = oTd

_ Jdr _n, 0 P(r, ©
QW, tanQ=r @ AT (p_§+§ 5 ( )
¢ q=230
o 4= (p, )
o dinn — 0 _ 0
p—rsm(p—rcosj—a(l+cose)cos§
062% Bl p=a.2cosz%

(p, q)-99 AR =& r = 2a cos?® g
AT
(1) W AATF 27ay? = (x — 4a)>-ad W@ ot 4|

(2) GRA ANCATF 12 = a2cos20~ AMEl T Tt |
(3) TEARTE ACATEF Ax™ + By™ = | IFEAF 2wl 7 w11

9.12 Tlo MR SEFE w2l

P(x, y) /& Q(x + Ax, y + Ay) IFEUR TART 76 79 | N 7 ISE@LE TR
C R (T Blot-rdy sifasiel 1 2800, B9l CP = s, BIsi CQ = s + As
Sl WE b 4@ W
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ol PQ
9 Q i el i P wifeacy 4ifke 2, G Sz po —1

PQ? = PR? + QR? = (Ax)? + (Ay)?

: (=] (2]

o

GEiF Q, IFE WA P [qm Wi

CP R Hie 2g
2 2
(%) :1+(g—z) welfe
M

G x-49 I el s-aq IR e+ or @R weeR - i ]9 =@ |

QR Ay AS
9, sin ZQPR = PQ - AS AQ

Q R IFE@l FE P [ya e aifte 2t

PAS — 1 27 GR FE siny = Wﬁ‘?ﬁ@ cos\y = c(iix

(3 IR (P JEARE GRICS € (TS x-SFF 4103
X =rcos 6,y =r1 sin 6
(dx)? + (dy)?> = (cos 6dr — r sin © d6)?> + (sin® dr + r cos O d6)?
= (dr)? + r2(d6)*

UHCa cos @ = % sm(p—r((iig

cds _ o qdryi] ds dey?
A {f +(3) }@— [“(Ta)} el
Twizad -

(&) x = a(l — cosB), y = a(® + sin 6)

Bt iR SREE el e 791
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Ted : dx = a sin 6 d6, dy = a(l + cos 6)d0

22[2(1 + cos0)](d0)° = 4a? cos? 3 (d6)?

(dx)* + (dy)?

ds = 2a cos %de
&) ™ = a cos nO TE ¢S @,

2
a2n d“r 2n-1 _ 0

d52 + nr

Teq : nr! % = a"(—nsin nb)

— _ T . _ T
tan(p—/i—tan(§+n9) ..(p—§+n9
de

RCEIN %: cos @ = —sinnd

o _ . _
rg =~ Snoe= cos nd

2 —
d_zr — —ncosnd 99 = (=n cosnB)(cos nb)
ds ds r
—n( Y —pr2n-l
) T(a_“) T

2
oL, a’h —g Sl =0,
S

9.13 IFELF AN 22

VA« IFEPR N GFETR IS TRCT GIfeT Xy-OCe 6 I S|
Y AT | (AA—I€, TS, SPFEC | S GF LR TP AR Gojfer Soid
% P(x, y) R @A | x | — o0 S=AT | y | = ool @B AT (IIDF IF@9forR
CFQ B G0 @Y g ISR AR, AW g By Tie e =+
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Y
e
1/
y‘-ﬂat
S (0
o X 5] X
g 1

AT @1ibeg T4 a > 1, y = a* IFEAND x-99 AR J&@ sjeen Ao

x5 Sieffe y = 0 @ faes «ifde zom oidlie | x | @7 S g st Ig@E sl
% 2o y = 0-97 &9 < W@ ww «iffe =7

1Y

B~
X
]

In

@RI y = tan x SCAFE| X

0

Y
X—»tan x

foq 2

t5.%

4+ 430
2

1
§
]
1
1
'
1
1
¥
H
'
1
r
]
§
1
L
|

(1,0)

e o b A ———

@R (A IFELR TR

g o9 w9 | y |49 I 3RE et eet Wolm s «iflke 21|

Y{L

R . R ALY B R N SR

y =tanx

MY




Y ' y=mn er
:g ‘ puldiiaiid il L
1 ‘ P
] s
Ol (n . >
(3o)\ ! x o X
"
¥
1
1
» 1
y = cot X. foq 4 y = cot! x

G2 AT (IS IFEAR W I & ISEAF OE G (@ @R
Sy AF T 7g TGEAE TR P(x, y) [T (0 e e dife 2 qe [x| e
ql y| e CURE @ FEEIGE IF@A0T @R e I6 27 (SoEa e
AT | G2 4R @RE SRR Sy AR Oigl foq @R 2o 2|

(1) y-9ICF WA (2) x-S0 WA (3) foiF spimele |

N (6 B BN IS o M o P LU
MW lim f(x) SR lim f(x) = oo A, —o0 T, TR x = K & IF@LR SHIA
x—K+0 x—K-0
A |

3
g

o kel g ol
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Trigad -

_ 5x
(as)y_x_3
FHIN @A x — 3FA |y | = o @I POIR x = 3 @7 &I PN,
(*) y = tan x

TR @ X%(21’1+1)% (-G A IR T cos x> 08 |y | = oo
A |
O @ TFELR SEIN FRAF SHINAL

X = (2n+1),g(n €7) wig (ba 2)

@ y=(a- X)tang—z,a e R—{0}

TFNT @, x = (2n + a, (n € z)mcosg"—aeomﬁ@n:oaﬁ e

X = a ¥E G CIUHE lim y AMG O x oo SFES 20| FCoA AOR e A0
X—a
fefime sface =@

. _ X _ 1 a—Xx 9
il_)n‘g(a x)tan 5= = lim ( )

2a X—a CO'[E 0
2a
= lim—1 22
xa T ocec? IX T SN &A@
2a 2a

TEA x = a S T AIE |
e sEiwsie)fet 261 x = —a, £3a, +5a, ...
fofe ¢ x-orFa e Swae -

YJI

0 ;,' X
y = mx + ¢ 9I(0 PN A TR AM GRR (e W
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m= lim %,c:llﬂm (y - mx) 2, @ m 8 ¢ SSEL AN |
X|—eo

x| =

q P(x, y) IFEAF TR @9 7 =3,

y—mx-—¢C

Wy=mx+cWﬂTCWWWWWW‘W

TREEOE SR 29 20 A P(x, y) —> oo
wlie | x | = e % d - 0 %O T IR CLRE 0= lim (y = mx)
X (o]

Y m=(y-mx) L
- m = (y mx).X

AR x| = 00 2@ = > m A

Hofreg m = lim %,c:|xl|i£>nw(y—mx), m € ¢ W =& d - 0 AN

|X|—>e0
TR
X3
x2 +9
TR : x- & QAT I N G y-<F ANS TP 2@ | TR x = a SRR
I SETsY B

&) y=

limX:hm 1- 9 ):l:m

= lim (
[X|oee X |xjoee X2 4+ 9 |x|oee x2 +9

lim (y - mx) = lim (y -x)= lim _9X =0

[xx| >0 [x|— x| e X2 + 9

T[O9d, y = x Z& SR 22|

1 _
1Y T e

- 1=+ D+ Dt-1) IRt 2] A | x| > oo, |y|— o A

(#) x= 2

limY =limt3 =1 oqt m = 1

t—1 X t—1
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lim(y—mx):]im(y—x):]imt3_l:hm t2 +t+1 :i
=l x>l It —1 Sl +D)(t+1) 4

oAk, C:% o y:x+% geffe 4y = 4x + 3 G SENAL TA|

Y g 3__ . _
tli>n;11X tligllt I 57ek m I

[ ST L |
1t4 =1 to-1(E2 +1)(t-1)

fim (s = ) = Jim (s + %)= Jim

=—==2C

7

y=—x—% wigffe 4y + 4x + 3 = 0 A GF(0 PN |

SR
TN W w9

() y =2+ 5x

@A) y=x+Inx

9.14 IFE@IRA WA F(x, y) = 0

e [ /e e

(ACF SFFRCE TS

&) F(x, y) = 0 AN y-47 AED q0oq 725l 77 AR y SOF] ANSISA

ST QA Al | y-a7 A qited Fizel I x 9 23 e GR Tesie %], @ik
T REe 1 -0 O y-SI0 TSI SPwoie AR 1 | ST y-41 A
qI0eq 2 AN -7 2 € @ FAZIF AT @RF BAWS (), HH(x), ... «Q faese

F AW O@ fi(x) = 0, H(x) = 0 ... Ol RTINS 2 |

TwiRAd
(1) x*y* = 4(x* + y?)
V-4 Rl = x2 — 4 @R x = +2 Yo SRiweid |
2 X3 +3xy -4y - x+y+3=0
V-G T GAF | Y-S G (T S (W3 |
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(@) F(x, y) = 0 AN x-47 FEH AT A9 Y7F AR x-S0H ANGIA
SRl ARFE | x-GF AR e 20l W y-6a =3 59 ¢ ol AR @RS
Tesiver ResTe 90 91 TR, OF@ x-SICFT FTNGAE SN AR | S x-aF
I TR 2ol AW y-INS 2 @ AZIIE AR, @RS o g (y), go(y), ... R
T AW, ©@& gi(y) = 0, gr(y) = 0, ..... OF SHINA 2@ | TF Guigel (1)-99 (g
X2 -G @A = Y24 Ry = + 2 Yo SRIN oL | SRR (2) 99 (WG x3-GF l
YIF x S TG SPNse (52 |

9.15 IFE@AT fofF s o g5 smfs

I T IF@AF T4

n n-1 n-2_.2 n n-1 n-2 n-1
(agy" +ay" x+a,y" x“+. +a x ) +(byy" T + by x+ L +b xTT) +

+(l,_y +[x)+k, =0
@A Ratoyfer e =i |
q @R IFEAE AG® n RYF SHINoR AR A |
S 1. SETRIAAR 2ROl m R AR i |
¢, (m)=a,m"+am" '+ +a =0

@it @@F m [ 791 W= IR [ my, my,

my |

ceey

_ (pn—l(ml)

M m=m, T, 9@ ¢, =
(pn (ml)

W @,’(m)) # 02 Cﬂmy=m1x+clﬁ'@§[

ST |

GFTSIE My, ... , M4 O IASFW ¢y, ... , ¢, W¥® 7@ I @, (m,) # 0,
s @, (M) # 0 I 5% AW @, (m)) = 0 27, O 9 m; TT R BT
fadter | m; AW fBJie =2, m~F G SRl @A c«@ gio S ofe [ [

c?

5 @y (my) + 6@,y (M) + @y 5 (my) =0 FTIFAC ST T | QTG TSNS SRT2(Ll
AT A |

Trigad : (1) 2x3 + 3x%y - 3xy?2 - 2y3 + 3x2 - 3y2 +y -3 =10
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TE : o3(m) = — 2m3 — 3m? + 3m + 2 = 0 I A AY

l 5

mzla_ja_

@, (m)=3- 3m2,(p3/(m) =—6m? —6m+3

m = 1, c:—(pz,(l):O AR y = X GG SR |

o5 (D

ok y=-%-L A2y + x + 1 = 0 =l ETEAE

m= -2, c:—(p%(_z):—l TR y + 2x + 1 = 0 4Ff6 SPIwsY T@|
03 (=2)
QY - xp-xy+ X+ -y-1=0
Ted : o3(m) =m’ —m? —m+ 1 =0 MM FE@ m =1, 1, — 1
@3'(m) = 3m? — 2m — 1, @;”(m) = 6m — 2
@x(m) = 1 — m? @)'(m) = - 2m, @;(m) = 0

2 ’” ’
m = 1 fdiw, ¢ = %@3 D+, (H+@(1)=0 TRFR e | SO
22 -2 =08 ¢ =0, I, y =x 8y =x + | INCIH Sp1wod & |

m=-1, c:—(pz,(_l) =0 .y +x =0 930 P |
05 (1)

TS : (1) @3(m, Qo(m) THIW AR (FG @ (Fie 3-8 x = 1, y = m PG

@9 it W @b ge, @ m= lim X

[x|>e X
(2) ¢ orfslt g fea oifie Hfs o qae gemierel@ wfte | s oxifs
2 A
AefS 2 (1) 23 + 3x%y — 3xy2 —2y3 + 3x2 = 3y2 +y -3 =0
Teq : ™ T [/NE awelfer 2x3 + 3x%y — 3xy? — 2y°
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=x-y 2x+ty x+ 2y
TEEY SHNALYET x —y = 0, 2x +y = 0, x + 2y = 0-4F ANTAA|

X — y = 0-93 SIGAE e

3 X2 2 _
x-y+ It ( ) + It y—3 =
vy, (x+2y)2x+y) vy (x+2y)2x+y)
[x|—>eo [x|—>eo
3 (1 - % (l _ i)l
X X X /X
x-y+ |t 5 + It =0

Y —>1(1+—y) 2+1) L—>1(1+2—y)(2+l)
. X X S X X

X + 2y = 0~93 SiGAE e

3(x2 —y?) y-3
x+2y+ It + =
T ek HyY) Ly 1 - y)Ex+y)
2

X X
[x|—ee [x|—ee

(-5) |, (e
1t . y X y + 1t . Xy X Xy =0
y y
=y l-=|2+= =5l l=-=|2+=
e 2 ( X)( X) e 2 ( X)( X)

X +2y+1=0

X+ 2y +

2x + y = 0-93 G e

3 2 2 _
2x+y+ It (x*-y) + It y—3 =
y o, x=y)x+2y) vy (x=y)(x+2y)

[x|—ee [x|—ee
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(-5 |, G2
2x+y+ It X + It X XR -0

AN (1 y)(l + zy) = (1 —1)(1 + 2_y)
S X X xS X X

2x +y+1=0

QY - xp-xy+ X+ -y-1=0

Te : y - xy? - Xy + P = (y - %P (Yt %)

TYRY AT y — x = 0 € y + x = 0-4F WA |
y - X = 0-437 SigdE Sl

Ry _ X+y
x-y) +(x-y) ylt Ty ylt Ty

—1 —1

X X
[x|—ee [x|—ee

X-yP+x-y=0"Aex—y=0x—y+1=0 70 IHTs2|

y + X = 093 SR Seiel

y+x+ < _—12: 0
NEEE
x> X xS X

x+y=20

9.16 RT =T Aeeilifes AT cvr@ 2mfe

PR AN F, + F, o, = 0 SIFEE YoM qiermiifafes s, F, 261 n NaE

TAS] SoHF F,~F 71 Sesiivs A @ @S, fon foq 1 oiowg spimsieefe 2@
F, = 01 F,; 7% 9 A7 o Srale oS (AF @ &7F oW S o |

Trigad : x3 - 6x%y + 1lxy2 — 6y +2x —y + 1 =0

Ted : F3 = X3 — 6x%y + llxy?2 — 6y° = (x — y) (x — 2y) (x — 3y)
AME WA Fy + F) = 0 SIFIEE @8 F4-a9 Sesivaafer (@i, ai%d ¢ fox
fem|
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SpToafel 2@ x —y =0, x —2y = 0, x — 3y = 0

P(x)

TeFet (1) o @ IF@’ y = Qo) TEE—albeE Tgea rfere yQ(x)
= P(x) @I @

2

(2) <o @1 A A—refe S 7 @R y = ——— | @b y? = X
(x2 +3) X“+3

Gl A

9.17 IFCEARF A SNTALYTH (Y 8 WA AgE2L

(F) n WORME ATFACR (FCg SR W IFERATE @ FE OE@ n
(n — 2) MRYF e (@ FAE|

(4) T IFELR WA Fy = 0 SIGEE 20 € Spwsideferm (N T
G, = 0 =W, O@ @Wafiel AgRa F, — G, = 0

9.18 IR

(1) % @R sEwsid b6 w7
@y —6xy? + 11x%y —6x3 + y2 = x> +2x =3y -1 =0
@A) 3 +3x%y — 4y - x+y+3=0
M x—xy2+x2+y2-a2=0

@D H-xFF+x))(F+2x) +3x-y+9=0

24l 1P
(\\%)X_tz_l:y_t_l

(2) @A @ 2y® — 2x%y — 4xy? + 4x3 — 14xy + 6y? + 4x + 6y + 1 = 0 IFEAA
SRTNARe)feE ee! (Y TEd Ao 8x + 2y + 1 = 0
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10.1 e

102 3FS I

10.3 IFelghedR @ fFelw
10.4 Twizge

10.5 vafewre et FEg fef
10.6 IFo-FH FdEd

10.7 IFetoy fAdRe

10.8 AT o

10.1 =S

TR ¢ IFERAF W 2NLFR afifen Tin 7 2@ o wfdge A sigee
vlolifern s o ool Paa 2@—9 @R g GTE 940 STide SR I9@R
JFOIT A el 23 |

A T, xy-9CA I} G0 IFEL | P(x, y) 99 o
@ @ 7 @R2 Q(x + Ax, y + Ay) 288 P-«F AR
| TR IR Sl C [ 230s ISR
o sifasisl 1 TR

@G P 2o Q [ GItet (el Ay @it 9@ AT 9B Ay~ GG Il
i Y- o1 ol < 21 BiA CP = S, 51 Y
CQ =S + ASI Q R I |WRE P [

LAy dy
mE gilke =z élinpA_s‘ds & P e
IO K TN 2|
AT (Fq Kk = O

g ¥ bY
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e Toifpe fre 3wt faefy -
r g3 JEERME oot @™ @@ C @R P @ @ @3 [ @ Jreq 47, Q
28 P-4q AR | B9l PQ = AS = rAy
AY 1 e fim AW _d¥ _1
OR o rﬂa\émPAs—d - AR J0e TR (@ (I fre <l
2% JCed IPNER ST G387 |

10.2 IFS! q@

T R xy-o@ I QF IFEA G OgF TARR P Ko I5%! k # 0| %

I [E e o T A0S @ IS
(F) IFEAE P Ryre = @
(%) IF@ T ¢ g€ Teoae P [Rre Tg ~KFa 998 s AiE|
w0 P fre qued Il =/y=l< r

K
wfie P e Tw g€ G IF@A 97 IF0] A |

@ 363 P e 3@ 47 3591 J€ (Circle of Curvature)
&l 27 | B Jeed IPIEE P [{yre Il [-aq Igo-yied &

28 FRCE P [{Wo I5@ 49 IFong 2& % wreffe

éiqu | B4, TP AR IFOIAPTE I Fe «Gig| P

e wftrs @ Jred T IFEA [-97 P [ IFo! (% I 1 | G IF0! ("
i P Al iR & TP @7 SRR SARTSER e el gl (@Fwe AR
| AT (FTF AERALE 3§ (TG A Evolute 67 T =R J06 - IFER
@ s IFoiot Ie 27|

10.3 IFIEACLR @ fefT

@F) vy = f(x) AR FET ANFCR CFF

< @i tany =
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dy _ d?y dx

2y 8 2 ) dX
sec? Y g = 1 g = Y2 oSV
3/2
ds (1"'3’%)
o p=as =Ly s
) dy [v2| 2

TS : TA y, 9 CH(q SR TSR for wes 2@ |
(@) x = fly) SFER AR (G

_dy _ 1 dx
tanW—d—X—g LT X1 =4y
2y v df1) o1 X2 dx 7%
secty = ds'ds(xlj_ x] x; ds X3 cosy
_X _X
ds ~ secd v T 2V
(H%) ( )
X1

TG : TE X,9F (G SRE BT o Mo 2@ |
() STAGE AN x = x(t), v = y(t)

_dy _y' (o _dy ,_dx

Y253\ X Fdx 2 <
y,z 3/2
(1 + ) (X,2 + y,2)3/2
AR P = 77 77 ~X,3 = 7 7 77 (X,y”
Xy - x"y'| Xy -x"y'|

-x"y"#0)



(q) G AN 1 = f(O)9 CFT

w:(p+9:tan‘lrL+9
1

do 2 de\r
I+ :
Iy
rl2 rl2 - 11,

2 2 2
4T 1
dy r2+2r12—rr2
o~ 24

d
&= ()
ds _ (r2+r12)3/2

2 2
=0—=—""— 1" +21° —11, # 0
P dy |r2+2r12—rr2 1 2

(8) AV p = £ ()99 HQ
p = rsin@ JOdR Ccii_er = sin @ + rcos@ ((11—?

dp_ d0, drde _ d _dy
P L riv el LSl g

_ds _ _dr
To P =4y = T

() IFEA[ f(x, y) = 0 ANFACE HF

f f f2-2fff_ +f f?
I e S B
y f
3/2
l+y2
ﬂwap=( 1)
|Y2|
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(£2 +£2)"

- 2 2
Ff2 = 26, F, £ + £,

fof2 = 26, £, £, +£,,f2 %0

TG : TARYCS IFEAE IFO-IPE W oF0g ToiEa s[@o)fer siamerei eaies
T—Rey e it wnEive 2|

10.4 Twigas

(F) x = a sin 2t (1 + cos2t), y = a cos2t (1 — cos2t) ; a > 0

Ted : x’ = 2a(cos2t + cos 4t }

y” = 2a(-2 cos 2t + 4 cos 4t)
y’ = 2a(—sin 2t + sin 4t)

x” = —-2a(2sin 2t + 4 sin 4t)
(X,2 n y,2)3/2

= - ——=4acos3t
P Ry =Xy

’”

X

(%) y? = dax WS AfCMN w-aq 2 diwkre IFo-hd p, € p, T
we @

-2/3
)

(pl )—2/3

+(p, =a)?3.a>0
TEq : (at?, 2at) SRS SRR @ (@ 7|
X = at?, y = 2at WO x’ = 2at, x” = 2a, y = 2a, y'= 0

o= (X’2 + y’2 )3/2 [4a2(l +t2 )]3/2

= |X,y//_X//y/| - |_4a2|

2273
oA p2/3 = (2a)
P 1+ t2

S S P(at?,2at)) ¢ P’(at3,2at,) wifeiN eri-aq 12 Aieleg | SO ity = 1

-2/3 -2/3 -2/3 1 1
+ =(2a ——+
P1 P2 (22) [l+tf 1+t§}
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2+t +1t3
_ (za)—2/3|: 1 2i| (t1t2 - S )

2+t +1t3
2 2
) p, p’ AW Toge :—2+z—2 = 1 99 2 SFEE] APGE ASRW 2T, @Ae @

(p2/3 +p’2/3)(ab)2/3 a2 4 p2
Ted : (acosh, bsind) @ Tored Tl @ @ [ |
X =acosO, y="bsinO 23 x" = — asinh, y = bcos0

X" =—acosB, y' = - bsinb

_ (x+y?) _(a?sin? 6+ b? cos? 9)3/2

- |X/y// _ X//y/' - ab

2/3 _ a%sin® 0+ b2 cos® 6

o P

SR WIER 42 A% (a cos 6, bsin 6) @ (a cos O+ % bsin© + %)

2/3 _ a?sin”> 0+ b? cos? 0+ a” cos® 6+ b2 sin? 6 _ a® +b?

T 023 + _
P P (ab)273 (ab)2?

(%) %=l+ecose IFEAE 0 = 7 fJgrs p T 79, e < 1

Ted : r— / _ rlesin®
S T T ecos0’ 1T T T
r, = %[21 1, sin O+ r2 cos 9]
__1 _ _—e I
9=TC \Dr_l_ear]_oarz l(l_e)2



2 27372
I Gk D
p r2+2r12—rr2
e:TC e:n

(r2 + a2 )3/2

® pr=—T . ore @ =)
T 21242
. opdp _2r° —dr¥a? dp _ r3(1* +2a%) (12 +a?)
r(r? +2a?)

dr r(r? + az)% (r* + 212)3/2

p:r%_ r(r2+2a2) - 2 +2a”

SR
() x=a (6 + sinB), y = a(l — cos 0) IF@IF 6 = 0 e p 7 3=
(2) x = 5t, y = 5log sec t IFE@IR (G -4 SN W 7 741
(3) ™ = a" sin n6 IFEIR T AFW Fgre p T F=41
@) 2 + xy + y2 = 3 IF@AE (1, 1) [Ryee p fofq 711
(5) ©IfEgE x = at?, y = 2at-9q Tl (1 v at Repofer fef @91 it I
PN Fifescaa |

10.5 sEiieqre aeel e fief
3@ : (1) TERYCS ax + by = 0 ™ 2@
(a2 +b%) | x24+y2

b= 2 Xl—r{%) ax + by
y—0
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2
_ i Y
(2) T e y-ome e g p = lim S

y—0

Twigad : y2 — 3xy — 4x2 + 53 + xdy — 5 = 0 IF@AR RS p o 74

Teq : TERWS NF 32 — 3xy — 4x2 = 0 Sfie y —4x = 0, y + x = 0,
2 2

‘TlimX Y

y—4x=0.“"‘|“ﬁfwmp=

x—0 y—4X
y—0
2
y y
I+ 1+=
I gy B4V N4 17 ( Xz)( )
p= lim lim
2 x50 - 5 2 x>0 X
y Xy X y y
y—0 y‘”( ) ¥ _§X mo
:17~/_ Yy 1 @R p AN BT Reife W @ |
N < &
y+X—OWWWp__i_r§) y+x

y—0

V2 . (X2 +y2)(y—4><) _V2

p="5" lim 2

x—0 — x4 5x3 2 x50 3

e y> y- yﬁo(y) .yz_%xz_s
= J2

(1) y = x} + 5x2 + 6x IFE@AR ARWCe IFol IPE Fefar 721
Q)X -y B3 P+ 2 -y +y =0 IFEAF [EARCO I AP e
|
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10.6 IFo-F% Fgige

WA 9 IFEA T-97 o P(x, y) @30 [ @8 Q(x + Ax, y + Ay) & P-«@&
e g |

o9 AP = S, 59l AQ = S + AS

ce . PQ

fager ACPQ 220 R G 7cop = sinZPCQ
' PQ AS A

CP = sin ZLCQP . A_S'W'SiHXW

F4q Q T @l WA P iqm e diks =23,

T _Ay As _ ds PQ
ZCQP — ’sinA\pﬁl’Aw%d\p’Asﬁl

_ds _
Woﬁ%@_dw_p

T C g 2261 P ¢ Q R wifers Sfosieacd (Riid SR SRRl T49
Q 7 Ig@«l ke P f[qa fuee wifis =7|

P "o wfescad e (Y — y) g(x) + (X — x) = 0 (1)

@A g(x) = g—z
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Q e Sfearea MR (Y — y — Ay)g(x + Ax) + (X — x — Ax) = 0 (2)

@ - (1) %@ AR (v - y){ECFADZLO B ot ax)-1=0

2
+y1

AX—)OQ_CETY:erl 3

y ,\f T 2= (X, Y)
(I)MWQW?{X—X—M

Y2

Trizad :

(1) SffgE y2 = dax~<@ Q@ [RHCO IFONFH ¢ IF0! (FHG 9 34|

X =at2 —
at _L
2at3
lJri2
Y =2at + —L= = 2af3
 2at3

3 2

t SR B [X_za] :[ Y ]
3a —2a

(X, V)49 AgRoe T6 4(x — 2a)} = 27ay?, 468 T 99! (UG |

(2) IF@A y = 3x3 + 2x2 — 347 (0, -3) Rre 3Tl e N 791

Ted :y; = 9x? + 4x, y, = 18x + 4

(OJ _3) KI\D Y1 = Oa Y2 = 4
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1+ 1+
IFel @FW (X, Y) 2 X:X_M:O:YZY‘F nyZ_Z
2 2

) 1+ 21372
ot e p= LTI |;“|) =+
2

2 11y 1
e el ge T (x-0) +(y+T) =

A, 4 (x2+y)+ 22y -30=0

(1) y = x2 9fRred (1, 1) [{mre 3o qreq ae e 11
(2) x2/3 +y2/3 = 323 3 > 0, ITEUR IFO-(FHG W T |

10.7 3% Ty

Y4

PD, P WAl Igel 1 @ PQ IFol-onl |

3Tl T PQ-d 7 = 2p cos 6, ZQPD = 6

PQ, x-S0 FIGAE 2 0 = 90° — y &R PQ = 2p sin v
PQ, y-SICF FWIGAS T o1l PQ-AF M = 2p cos

PQ ST &7t TE @ 0 = 2p sin @
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Wﬁfﬁaﬁ :
(1) Tl y = clogsec( ) wmpacr A im0 fef |
(2) FCETE 1 = a (1 + cosB), a > 0-4F I T 0 [efw =411

10.8 ERF &

1. Differential Calculus — Shantinarayan
1. Differential Calculus — Maity & Ghosh
1. Differential Calculus — H. S. Dhami
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OFF 11 0 FFeAL 8 IFa 2Afz_ran Afons
e

11.1 @@=
11.2  sifeopfs ¢ T fdn swfe

11.3 Twizad
114 S o<

11.1 &=_E=T

R G (@ x 8 y-I GF(0 GO AT FF RGO GFD I
A FE R G2 AR IRIFACE y = mx + ¢ SIFE o0 0 AW @A m
8 - ReiT ifiifss Sieoll IR @4 T T ¢-(F SN m-aF G5 SorFF

B0 A Tl A ¢ =

- | CTCF TR TR 22 y = mx+%,

m3 R wiem o [feq s shent AE—a Swe@aef for foa g
TREELYER W&y AT ARE—AATC W ST GFe, ToRre A 2w
eifaifien MRy SEl @it (@ @ @R TRt 31 TR y2 = 16x SRgred 7oK |
FIGE G2 FRAEA M [T 4 qC0R | SEl @B TARLAYNE T2/

R @A m 2 A6 | SEFOSIE y = mx + 4/(4m? +1), m-7 [fea qiea oy e

2
REAGHN AN A | @ LFCA AR W X4 y2 = 1 Togars == A |
SR @ R TR RS TRARA-ARAT | @ TR @F @45e (m) R[S

SRR | S §+%=1 @ a + b = 5—a% 73 2be [ FeEa-sfkae |
WIS G 2661 @ V2 968 [HE Greet i IRl ARRIE T [Reawal =0 A |

@ (x — )2 + y2 = 446 o 4be [HS Je-ARRQIE | TR @8 Jerjer dfsivg x-

2 2
SR AN G306 A y = £ 2 ~(F o A | X—2+Z—2:1 @I ab = 6, 7%
a
46 (a € b) RHZ ToRe iR |
251



G S S G AETRME @ Y2 A6 AbETRE FREEI-ARRIE ¢ Il
AT @R SR o TGN ISR A WA Sy W el F9E |

@ A6e (o) RFB “eTEdl A IFE@A SRR f{x, y, o) = 0 QR @R G2 246
(o, B) RME sREEal A IFEAN AR f(x, y, o, f) = 0 @IE ¢ (o, B) = 0
gl oize i 2|

11.2 sfF~fE ¢ Tga fda omfs

(1) IFEAR Tof Ky P~ el (9 o0 =03 AW @ 7o £, @ £, Wy oI
G S 27 |

@) f(x, y, o) = O SiReIER 7 i sHiiael R (ed f(x, y, @) = 0@ 2 =0

do
PR eR, O@ (iR 7 Al e @E R e 23
(3) IFRAARRIET AfFKF 2 @ «ifAEa @AY [mel| e

sffnitee Reg A ¢

FEA A AR g W = T @ & O AT TR A
[FEAR ey IR D TF ARAIEE e o ok F0E GR T WA A
IFEAN @ [ one ARAIET @F-T-@ o7 i T SR, 9@ & @l
| IFEAE T ARG AR 01 27| FeR. A= 226 2 @Ik i

o

3l IFEA-ARRAET A4Sl wnE i @ @ SRR I IFELA| 9T ARG
AREIGEE CFCa f(x, y, o) = 0 @ %:o T B A A6F o, Tl FRCE
iR AT sleql A1 1R A6ERES ARRIEE o fix, y, o B) = 0 @R
oct. B) = 0 T 2w D ey SR o, B SR 0 AR At i)

11.3 TSwigad

] -
@) y=m*’x+— (1) : JREAERI-ARRIEE sope Qdm =
1’1’12

Ted f(X,y,m)Ey—mzx—%= 0 (2)
m
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O o omx+-2.=0 z© A’ m?
om m>

,_a

1
() (T #AiF y? = m*x? + — +2x
m

m4=%<ﬁmy2=4xﬁ'@l/?f SAfoi( |

(%) x cos oL + ysin o = /sin o cos o (1) : TRAR-ARAE oA 7 T2
Ted : f(x, y, ®) = xcosa + ysina — /sinatcosat = 0 (2)

g_(fc = —xsino | ycosa — /cos2a = 0 (3)

(2) 8¢ (3) WU F@ x = [sin*a, y = [cos® o
O oS x2/3 4 y2/3 = 1213 T sl

(9) Sffge y2 = dax-49 o PN /7Y P (AT RIAGT SFFRRE ©oi PM €
PN &% Gil 26711 MN eE@Ri-oizaiEa sdfimxie Gdm 51

Ted : P(at?, 2at) 20e1 MN-E S =1 @A t T b |

at2 2at
fix,y,1) =2x +ty — 2at2 = 0 (1)
g—f— y—4at=0 (2)

_y
(2) =s =4

(1)-4 IPTT t27fe y2 = — 16ax T& e sAfoxia )

% z—z-l@‘mwwmw i §—j+i_22:1 (7 em
)

3,2
Teq : oRgred IR 70O AR da b
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9|

bl?
b3x2 _am x2/? _ yZm?
a’y? b’ &7 pd
X2 y2 X2 y2
—_ A _+_
2 2 2 2
a‘ _ b* _ a* bs _1_
et az b2 a2_|_b2 =171
2 m? 2 m
Ok a2 =+ & b’ =+ my
et sifaints X2, v =1 wieffe +X+
| ) T/x  tmy i

da a2y
n-1
an+bn=cnm9n3% —gn_l
b’ _ _a"! X y
E bn—l e 9“3 ntl bn+l
XY ox,y
a_b __a b _ 1
sl a  b™  a+b* M
a ( nX)l/(n-I-l)jb :( ny)l/(n+l)

fiesf AR 2 Xy

(Cnx)l/(n+l) (Cny)l/(n+l)

WQﬁQ Xn/(n+l) +yn/(n+l) — Cn/(n+l)
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(%) el Bite (@ x23 + 23 = 2B (¢ > 0) &G §+%=H®@ b5
T AR AR (e @ a2 + b2 = 2
TeR : WA FE a2 + b? = k2
Trigad () 7o AR Ao x23 + y23 = k23| 2ve oifs{iaa el woml
AZ k = ¢ oG 0T T 71 a2 + b2 = 2
(®) wIfage y2 = dax-0a fo-HIfbcE PT 4@ g€ ifese 2o | JeAfaiea oifiops
fefm ==
Teq : W FE P(at?, 2at) © Qat?, —2at) B-(FA 12 AwRk™ | PQ & I 4
BRGNS
(x — at?)®> + (y — 2at) (y + 2at) = 0
weffe x2 + a2t — 2xat? + y2 — 4a%2 = 0
fix, y, t) = a°t* — 2at> (x + 2a) + x2 + y2 = 0 (1)

of
ot

= 42t — dat(x +2a) = 0 [l 422t = 4at (x + 2a)

weffe 12 = X+2a

(1) ~a 3BT 41

a2 (x + 2a)?

a2

—2(X+2a)2+)<2+y2 =0

ql, x2 +y2 =(x+ 2a)2

wigffe y2 = 4a(x + a) 0T sAfaeE)
m{fﬁaﬁ%:

(1) y=mx+= (a : §7F) TR AR FF o

(2) y=mx++valm? +b? (a, b : TF) ARG s ST 1

3) §+%:1 FERL-ARAEE SAfinE [ s @Ae ab = 4
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(4)—+b =1 ToigeifaiEa Afons Ffm 9 @i a + b = 8

(5) X—z Z_Z = 1 Toige-olfRaEs S -eR@H AP-YoER AaRkmefem @isiined
TRl oifop oy 711

(6) 28 SR x +.Jy =+a(a>0) ISR 72-2oe1 [FS eiasi-sike

% %—lx‘lﬁ‘?ﬁm*ﬁflmmﬁﬂerq—a
114 7T &<
1. Differential Calculus — Shantinarayan

1. Differential Calculus — B. C. Das & B. N. Mukherjee
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