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Œ˜±˝Ú fl≈¬˜±ı˛ ‰¬ÀA±¬Û±Ò…±˚˛

øÚıg¬fl¬



ŒÚÓ¬±øÊ√ ¸≈ˆ¬±¯∏ ˜≈q¡ ø¬ıù´ø¬ı√…±˘˚˛

SMT - 02
¬

Û˚«±˚˛
2

ø¬ıˆ¬±·-fl¡ : ¸˜±fl¬˘Ú øı…±

¤fl¡fl¡ 1 o fl¬À˚˛fl¬øÈ¬ øıÀ˙¯∏ ·Í¬ÀÚı˛ ’øÚø«©Ü ¸˜±fl¬˘ 7–24

¤fl¡fl¡ 2 o øÚø«©Ü ı± ¸œø˜Ó¬ ¸˜±fl¬À˘ı˛ ˜±Ú øÚÌ«˚˛ 25–51

¤fl¡fl¡ 3 o Œ˚±·Ù¬À˘ı˛ ¸œ˜±ı+̨À¬Û øÚø«©Ü ¸˜±fl¬˘ 52–75

¤fl¡fl¡ 4 o ˘‚≈fl¬ı˛ÀÌı˛ ”̧S±ıø˘ 70–86

¤fl¡fl¡ 5 o ’˚Ô±Ô« ¸˜±fl¬˘ 76–92

¤fl¡fl¡ 6 o Œı˛‡± ¸˜±fl¬˘ › ‰¬±À¬Ûı˛ ∆‚«… 126–147

¤fl¡fl¡ 7 o øZ¸˜±fl¬˘ ¤ı— Œé¬SÙ¬˘ › ’±˚˛Ó¬Ú øÚÌ«˚˛ 148–186

ø¬ıˆ¬±·-‡ : ¸±Ò±ı˛Ì ’ıfl¬˘ ¸˜œfl¬ı˛Ì

¤fl¡fl¡ 8 o ¸±Ò±ı˛Ì ’ıfl¬˘ ¸˜œfl¬ı˛Ì ·Í¬Ú › ¸˜±Ò±Ú ¬ÛX¬øÓ 187–222

¤fl¡fl¡ 9 o ¸˜œfl¬ı˛Ì ¤fl¬˜±Sœ˚˛ ’ıfl¬˘ ˚Ô±Ô« 223–265

¤fl¡fl¡ 10 o ¤fl¬˜±Sœ˚˛ ıU‚±Ó¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì 266–291

¤fl¡fl¡ 11 o øZ˜±Sœ˚˛ ¤fl¬‚±Ó¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì 292–322

¤fl¡fl¡ 12 o ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ √õ∂À˚˛±À· ˘•§¬√õ∂Àé¬¬Û ¬ÛÔ øÚÌ«˚˛ 323–338



SYLLABUS FOR SUBSIDIARY MATHEMATICS (SMT)

ø¡ZÓ¬œ˚˛ ¬ÛS
¬Û˚«±˚˛ : ≈√˝◊√√

ø¬ıˆ¬±·-fl¡ : àÔ±Ú±efl¡ Ê√…±ø˜øÓ¬   [˜±Úñ35]

ø¡Z-˜±øSfl¡ àÔ±Ú±efl¡ Ê√…±ø˜øÓ¬ :
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˙efl≈¡À26√À√¬ı˛ Œ|Ìœø¬ıˆ¬±Ê√Úº

˚≈¢¨ ¸¬ı˛˘À¬ı˛‡± – ¸±Ò±¬ı˛Ì ø¡Z‚±Ó¬ ¸˜œfl¡¬ı˛Ì ˚≈¢¨ ¸¬ı˛˘À¬ı˛‡± ¸”‰¬Ú± fl¡¬ı˛±¬ı˛ ˙Ó«¬, ¸¬ı˛˘À¬ı˛‡±¡ZÀ˚˛¬ı˛ ŒÂ√√
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¤fl¡øÈ¬ Ó¬˘ ŒÔÀfl¡ ¤fl¡øÈ¬ ø¬ıµ≈¬ı˛ ø‰¬ø˝êÓ¬ ø√fl¡, ≈√øÈ¬ Ó¬À˘¬ı˛ ˜ÀÒ…fl¡±¬ı˛ Œfl¡±ÀÌ¬ı˛ ¸˜ø¡Z‡G¬fl¡º

3. ¸¬ı˛˘À¬ı˛‡±¬ı˛ ¸˜œfl¡¬ı˛Ì – ¸±Ò±¬ı˛Ì  › õ∂øÓ¬¸˜ ¬ı˛”¬Û, ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡± ŒÔÀfl¡ ¤fl¡øÈ¬ ø¬ıµ≈¬ı˛ ”√¬ı˛Q,

¸±˜Ó¬ø˘fl¡ ¸¬ı˛˘À¬ı˛‡±, ≈√øÈ¬ ∆Úfl¡Ó¬˘œ˚˛ Œ¬ı˛‡±¬ı˛ (Skew line) Ú≈…ÚÓ¬˜ ”√¬ı˛Qº

4. Œ·±˘fl¡ › Ó¬±¬ı˛ ¶Û˙«Ó¬˘  , ˘•§ ¬ı‘M√√±fl¡±¬ı˛ ˙efl≈¡º
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¤fl¬fl¬ 1 qqqqq fl¬À˚˛fl¬øÈ¬ øıÀ˙¯∏ ·Í¬ÀÚı˛ ’øÚø«©Ü ¸˜±fl¬˘ (Some

Indefinite Ingegrals)

·Í¬Ú

1.1 √õ∂ô¶∏±ıÚ±

1.2 Î¬◊ÀV˙…

1.3 fl¬À˚˛fl¬øÈ¬ øıÀ˙¯ ’±fl¬±Àı˛ı˛ ¸˜±fl¬˘ øÚÌ«À˚˛ı˛ ¬ÛX¬øÓ¬ †

ïfl¬ó 
dx

a b x+z cos
 ’±fl¬±Àı˛ı˛ ¸˜±fl¬˘

ï‡ó 
l x m x

n x p x
dx

sin cos

sin cos

+

+z  ’±fl¬±Àı˛ı˛ ¸˜±fl¬˘

ï·ó ”̃̆  ¸˜±fl¬˘Ê- ≈̊ñ ¸˜±fl¬˘

1.4 ¸±ı˛±—˙

1.5 øı¯∏˚˛˜≈‡œ ŒÂ±È¬√õ∂ùü±ı˘œ (MCQ)

1.5.1 øı¯∏˚˛˜≈‡œ ŒÂ±È¬ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛

1.6 ¸ı«À˙¯∏ √õ∂ùü±ı˘œ

1.6.1 ¸ı«À˙¯∏ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛

1.1 √õ∂ô¶∏±ıÚ± –

Î¬◊B‰¬˜±Ò…ø˜fl¬ ¬Û˚«±À˚˛ ’±¬ÛÚ±ı˛± ’øÚø«©Ü› øÚø«©Ü ¸˜±fl¬À˘ı˛ ¸˜±fl¬˘Ú ¸•Ûøfl«¬Ó¬ √õ∂±øÔø˜fl¬ ¬ÛÀı«ı˛ Œı˙
øfl¬Â≈ ’—˙ ¬Û±Í¬ fl¬Àı˛ÀÂÚ/ Œ¸‡±ÀÚ ŒÀ‡ÀÂÚ Œfl¬±Ú ¸˜±fl¬˘Ú Œ˚±·… ’À¬Ûé¬fl¬ f(x)-¤ı˛ ÊÚ… ’Ú… ¤˜Ú¤fl¬øÈ¬
’À¬Ûé¬fl¬ φ(x) Ô±Àfl¬ ˚±

d

dx
x f xφ( ) ( )=

¸•ÛÀfl«¬ ’±ıX¬ ¤ı— Œ˚ ¸•Ûfl«¬øÈ¬ f x dx x c( ) ( )= +z φ

¤˝◊ ’±fl¬±Àı˛› √õ∂fl¬±˙ fl¬ı˛± ˚±˚˛/ Î¬◊¬ÛÀı˛±ñ ¸•ÛÀfl«¬ı˛ f x dx( )z  -Œfl¬ ’øÚø«©Ü ¸˜±fl¬˘, f(x)-Œfl¬ ¸˜±fl¬˘Ê

ı± ˝◊ÚøÈ¬·Ë±G¬ (Integrand) ¤ı— c-Œfl¬ ¸˜±fl¬À˘ı˛ ÒË≈ıfl¬ ı˘± ˝˚˛/
¤˝◊ ¤fl¬Àfl¬ Î¬◊ñ ¸—:± ’Ú≈̊ ±˚˛œ ’±ı˛› fl¬À˚˛fl¬øÈ¬ øıÀ˙¯∏ ·Í¬ÀÚı˛ ¸˜±fl¬À˘ı˛ ¸˜±fl¬˘ ¬ÛX¬øÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú±

fl¬ı˛± ˝Àı/
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1.2 √Î¬◊ÀV˙… –

¤˝◊ ¤fl¬fl¬ ¬Û±Í¬ fl¬Àı˛ ’±¬ÛøÚ

1

a b x

l x m x

n x p x+

+

+cos
,

sin cos

sin cos  ’±ı˛› ’Ú…±Ú… ˜”˘ ’À¬Ûé¬fl¬ ¸˜”À˝ı˛ ¸˜±fl¬˘Ú ¬ÛX¬øÓ¬ ¸•ÛÀfl«¬ ’ıø˝Ó¬

˝ÀıÚ/

1.3 √fl¬À˚˛fl¬øÈ¬ øıÀ˙¯∏ ’±fl¬±Àı˛ı˛ ¸˜±fl¬˘ øÚÌ«À˚˛ı˛ ¬ÛX¬øÓ¬ –

 ïfl¬ó I
dx

a b x
=

+z cos
 ’±fl¬±Àı ˛ı ˛  ¸˜±fl¬˘ – √õ ∂ÔÀ˜ a + bcosx Œfl¬

a
x x

b
x x

cos sin cos sin2 2 2 2

2 2 2 2
+

F
H

I
K + −
F
H

I
K  ¤˝◊ˆ¬±Àı ’—˙ Œfl¬±ÀÌı˛ ˜±Ò…À˜ √õ∂fl¬±˙ fl¬Àı˛ ˘ı › ˝ı˛Àfl¬

sec2 x

2
 Z±ı˛± ·≈Ì fl¬Àı˛

I =

− + +
z

sec

( ) tan ( )

2

2

2

2

x
dx

a b
x

a b

’±fl¬±Àı˛ı˛ √õ∂fl¬±˙ fl¬ı˛ÀÓ¬ ˝Àı/ ¤ı˛¬Ûı˛ tan
x

z
2

=  ÒÀı˛ 1

2 2
2

sec
x

dx dz=  ı˛”¬Û±ôL√Àı˛ı˛ ˜±Ò…À˜ ¸˜±fl¬˘øÈ¬Àfl¬

I =
− + +z 2

2

dz

a b z a b( ) ( )

¤˝◊ı˛”À¬Û ¬Ûøı˛ıøÓ«¬Ó¬ fl¬ı˛ÀÓ¬ ˝Àı/ ¤‡Ú ¤˝◊ ¸˜±fl¬˘øÈ¬ı˛ ¸˜±fl¬˘ÀÚı˛ ÊÚ… øÚ•ßø˘ø‡Ó¬ ≈øÈ¬ Î¬◊¬Û±À˚˛ ’·Ë¸ı˛

˝›˚˛± ˚±˚˛ –

(i) ˚‡Ú a > b : I =
−

+
+

−

F
HG

I
KJ

z2

2

2a b

dz

z
a b

a b

 = −

−

+

−

+

F
HG

I
KJ +

−2 1

a b

a b

a b

a b

a b
z ctan .

=
−

−

+

F
HG

I
KJ +

−2

22 2

1

a b

a b

a b

x
ctan tan
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(ii) ˚‡Ú a < b :  I =
−

+
−

F
HG

I
KJ −

=
−

⋅ ⋅
−

+

+
−

+

+
−

−

+z2 2 1

22

2
b a

dz

b a

b a
z

b a

b a

b a

b a

b a
z

b a

b a
z

clog

=
−

+ + ⋅ −

+ − ⋅ −

+
1 2

2

2 2
b a

b a
x

b a

b a
x

b a

clog
tan

tan

’±ı±ı˛ ˚‡Ú a = b ˝Àı Ó¬‡Ú

I =
+

=
+zz dx

a b x b

dx

xcos cos

1

1
  [ a¤ı˛ ª±ÀÚ b ıø¸À ˛̊ ]

  
= = = +zz1

2
2

1

2 2

1

22

2

b

dx

x b

x
dx

b

x
c

cos

sec tan

√õ∂±ôL√ø˘ø¬Û - 1. (i) 
dx

a b x+z sin
(ii) 

dx

a b x c x+ +z cos sin
  (iii)  

dx

a bco hx+z s

(iv) 
dx

a b x+z sinh
(v) 

dx

a b x c x+ +z cosh sinh

¤˝◊ ’±fl¬±Àı˛ı˛ ¸˜±fl¬˘·≈ø˘ øÚÌ«À˚˛ı˛ ÊÚ…› Î¬◊¬ÛÀı˛±ñ ¬ÛX¬øÓ¬ ’ı˘•§Ú fl¬ı˛ÀÓ¬ ˝Àı/

√õ∂±ôL√ø˘ø¬Û - 2. (i) 
dx

a x b xcos sin+z  ¸˜±fl¬˘øÈ¬ øÚÌ«À˚˛ı˛ Œé¬ÀS Î¬◊¬ÛÀı˛±ñ ¬ÛX¬øÓ¬ ’ı˘•§Ú fl¬ı˛±

˚±˚˛, ’Ôı± a = rcosθ, b=rsinθ ı± a=rsinθ, b=r sinθ ÒÀı˛ ¤ı— ¸˜±fl¬˘øÈ¬ÀÓ¬ √õ∂À˚˛±ÊÚœ˚˛ ¬Ûøı˛ıÓ«¬Ú
‚øÈ¬À˚˛› ’·Ë¸ı˛ ˝›˚˛± ˚±˚˛/

√õ∂ÀÓ¬…fl¬ √õ∂fl¬±Àı˛ı˛ ’Ç¬ ’Ú≈˙œ˘ÚœÀÓ¬ ’±À˘±‰¬Ú± fl¬ı˛± ’±ÀÂÄ Œ¸·≈ø˘ ’Ú≈¸ı˛Ì fl¬ı˛À˘ ¬ÛX¬øÓ¬·≈ø˘ ’±ı˛›
¬Ûøı˛¶®±ı˛ ˆ¬±Àı Œı±Á¬± ˚±Àı/

’Ú≈̇ œ˘Úœ - 1

Î¬◊±˝ı˛Ì 1.  ¸˜±fl¬˘ fl¬ı≈̨Ú 
dx

x3 4+z cos

¸˜±Ò±Ú – I
dx

x

dx

x x x x
=

+
=

+F
H

I
K + −F
H

I
K

zz 3 4
3

2 2
4

2 2
2 2 2 2cos

cos sin cos sin
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=

−

=

−
zz dx

x x

x
dx

x
7

2 2

2

7
2

2 2

2

2cos sin

sec

tan
 [ ˘ı › ˝ı˛Àfl¬ sec2

2

x
 øÀ˚˛ ·≈Ì fl¬Àı˛]

=
−

z 2

7
2

2

dz

zc h [∵ tan sec
x

z
x

dx dz
2 2

22= ⇒ = ]

= ⋅
+

−
+2

1

2 7

7

7
log

z

z
c

=
+

−

+
1

7

7
2

7
2

log
tan

tan

x

x
c

Î¬◊±˝ı˛Ì 2. ¸˜±fl¬˘ fl¬ı≈̨Ú –  
dx

x2 7−z sinh

¸˜±Ò±Ú –   I =
−

=

−F
H

I
K −

zz dx

x

dx

x x x x2 7
2

2 2
7 2

2 2
2 2sinh

cosh sinh . sinh cosh

=

− − +
z sec

tanh tanh

h
x

dx

x x

2

2

2

2
2

14
2

2
  [ ˘ı › ˝ı˛Àfl¬ sech

x2

2
 øÀ˚˛ ·≈Ì fl¬Àı˛ ]

= −
+ −z12 2

7 12

dz

z z
∵ tanh sec

x
z h

x
dx dz

2 2
22= ⇒ =

L
NM

O
QP

= −

+FH
I
K −
F
HG
I
KJ

= −

⋅

+ −

+ +

+z dz

z

z

z

c
7

2

53

2

1

2
53

2

7

2

53

2

7

3

53

2

2 2
log

= −
+ −

+ +

+
1

53

2
2

7 53

2
2

7 53

log
tanh

tanh

x

x
c

Î¬◊±˝ı˛Ì 3. ¸˜±fl¬˘ fl¬ı≈̨Ú –  
dx

x x2 2+ +z cos sin
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¸˜±Ò±Ú –   I =

+F
H

I
K + −F
H

I
K +

z dx

x x x x x x
2

2 2 2 2
2

2 2
2 2 2 2cos sin cos sin sin cos

=

+ +
z dx

x x x x
3

2 2
2

2 2
2 2cos sin sin cos

=

+ +
z sec

tan tan

2

2

2

2
2

2
3

x
dx

x x     [ ˘ı › ˝ı˛Àfl¬ sec2

2

x
 øÀ˚˛ ·≈Ì fl¬Àı˛ ]

=
+ +z 2

2 3
2

dz

z z
` tan

x
z

2
=

L
NM  ÒÀı˛ 

=
+ +

= ⋅ + +−z2
1 2

2
1

2

1

2
1

2
2

1dz

z
z c

( )
tan ( )

c h

=
+F

H
G
G

I

K
J
J +−2 2

1

2

1tan
tan

x

c

Î¬◊±˝ı˛Ì 4. ¸˜±fl¬˘ fl¬ı≈̨Ú –  
dx

x x2 3sin cos+z
¸˜±Ò±Ú –   I =

+
=

+zz dx

x x

dx

r x r x2 3sin cos cos sin sin cosθ θ

[ 2 = r cos ,θ 3 = r sinθ ÒÀı˛ r = + = = −2 3 13
3

2
2 2 1, tanθ  ]

=
+

= +zz1 1

r

dx

x r
ec x dx

sin( )
cos ( )

θ
θ

=
+

+
1

2r

x
clog| tan |

θ

= +
F
H

I
K +

−1

13 2

1

2

3

2
1

log tan tan
x

c
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√õ∂ùü±ı˘œ - 1

¸˜±fl¬˘  fl¬ı≈̨Ú –

1. 
dx

x4 5+z cos
2. 

dx

x4 5 2+z cos

3. 
dx

x x13 3 4+ +z cos sin
4. 

dx

x2 3+z cosh

√õ∂ùü±ı˘œ 1 ¤ı˛ Î¬◊Mı˛

1. 

1

3

3
2

3
2

log
tan

tan

+

−

+

x

x
c

2. 
1

18

2

9
1tan tan− F
H

I
K +x c

3. 

1

6

5
2

2

6
1tan

tan
−

+F

H
G
G

I

K
J
J +

x

c
4. 

2

5

1

5 2
1tan tanh− F
HG

I
KJ +

x
c

ï‡ó I ====
++++

++++z l x m x

n x p
dx

sin cos

sin cos
 ’±fl¬±Àı˛ı˛ ¸˜±fl¬˘ –

¤˝◊ ¸˜±fl¬˘øÈ¬ øÚÌ«À˚˛ı˛ ÊÚ…
¸˜±fl¬˘ÊøÈ¬ı˛ ˘ı = a × ˝ı˛ + b × ˝Àı˛ı˛ ’ıfl¬˘ ¸˝·, ¤˝◊ ’±fl¬±Àı˛ı˛ √õ∂fl¬±˙ fl¬ı˛±ı˛ ¬Ûı˛ Î¬◊ˆ¬˚˛¬ÛÀé¬ı˛

sinx ¤ı— cosx¤ı˛ ¸˝··≈ø˘ ¸˜±Ú fl¬Àı˛ √õ∂±l ¸˜œfl¬ı˛Ì·≈ø˘ ŒÔÀfl¬ a › b ¤ı˛ ˜±Ú l, m, n › p ¤ı˛
˜±Ò…À˜ øÚÌ«˚˛ fl¬ı˛ÀÓ¬ ˝Àı/ ¬ÛÀı˛, a › b ¤ı˛ ¬√õ∂±l ˜±Ú ıø¸À˚˛ ˘ıøÈ¬Àfl¬ Î¬◊¬ÛÀı˛ı˛ øÚÒ«±øı˛Ó¬ ’±fl¬±Àı˛ √õ∂fl¬±˙
fl¬Àı˛ ¸˜±fl¬À˘ı˛ ˘ıøÈ¬ ¬Ûøı˛ıÓ¬«Ú fl¬ı˛ÀÓ¬ ˝Àı/ Ó¬±˝À˘ ¬Ûøı˛ıøÓ«¬Ó¬ ’ıª±˚˛ ¬Û±›˚˛± ˚±˚˛

.a × ˝ı˛ + b × ˝Àı˛ı˛ ’ıfl¬˘ ¸˝·
I = z ––––––––––––––––––––––––––––– dx

       ˝ı˛

˝Àı˛ı˛ ’ıfl¬˘ ¸˝·
= a dx b+ zz  –––––––––––––––––––––– dx

˝ı˛
= ax + b. log | ˝ı˛ | +c

√õ∂±ôL√ø˘ø¬Û - 1. (i) 
e m x

n p x
dx

+

+z cos

cos (ii) 
l m x

n p x
dx

+

+z sin

sin

(iii) 
l m cox n x

p q x r x
dx

+ +

+ +z sin

cos sin

[ ¤Àé¬ÀS a › b ª±ÀÚ Î¬◊̋ ±Àı˛
√õ∂±l ˜±Ú ı¸±ÀÓ¬ ˝Àı ]
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¤˝◊ ¸fl¬˘ ·Í¬ÀÚı˛ ¸˜±fl¬˘·≈ø˘ øÚı”̨¬ÛÀÌı˛ ÊÚ… ¸˜±fl¬˘·≈ø˘ı˛ ¸˜±fl¬˘ÀÊı˛ ˘ı = a×˝ı˛ + b × ˝Àı˛ı˛
’ıfl¬˘ ¸˝· + c

¤˝◊ ’±fl¬±Àı˛ı˛ øÚÀ˚˛ Î¬◊ˆ¬˚˛ ¬ÛÀé¬ı˛ sinx › cosx-¤ı˛ ¸˝· ¤ı— ÒË≈ıfl¬¬Û ¸˜±Ú fl¬Àı˛ √õ∂±l ¸˜œfl¬ı˛Ì·≈ø˘
ŒÔÀfl¬ a, b › c ¤ı˛ ˜±Ú øÚÌ«˚˛ fl¬Àı˛ ¸˜±fl¬À˘ı˛ ˘ıÀfl¬ Î¬◊¬ÛÀı˛±ñ ’±fl¬±Àı˛ ¬Ûøı˛ıøÓ«¬Ó¬ fl¬Àı˛ ï‡ó ¤ı˛ ¬ÛX¬øÓ¬
’Ú≈¸ı˛Ì fl¬Àı˛ ïøÓ¬ÚøÈ¬ ¸˜±fl¬À˘ øıˆ¬ñ fl¬Àı˛ó ¬Û”ı«ıÓ«¬œ øÚ˚˛À˜ ¸˜±fl¬˘Ú fl¬ı˛ÀÓ¬ ˝Àı/

’Ú≈̇ œ˘Úœ - 2

Î¬◊±˝ı˛Ì 1.  ¸˜±fl¬˘ fl¬ı˛≈Ú –  I =
+

+z 3 5

2 3

sin cos

sin cos

x x

x x
dx

¸˜±Ò±Ú – Òı˛±˚±fl¬ 3 sinx + 5cosx = a(2sinx+3cosx)+b(2cosx–3sinx)

∵

d

dx
x x x x2 3 2 3sin cos cos sin+( ) = −

L
NM

O
QP

Î¬◊ˆ¬˚˛¬ÛÀé¬ı˛ sin x › cosx  ¤ı˛ ¸˝··≈ø˘ Ó≈¬˘Ú± fl¬Àı˛ ¬Û±˝◊
3 = 2a – 3b ¤ı— 5 = 3a + 2b

¸˜±Ò±Ú fl¬Àı˛ a =
21

13
,  b =

1

13

∴ I =
+ + −

+z
21

13
2 3

1

13
2 3

2 3

( sin cos ) ( cos sin )

sin cos

x x x x

x x
dx

= +
−

+zz 21

13

1

13

2 3

2 3
dx

x x

x x
dx

cos sin

sin cos

= +z z21

13

1

13
dx

dz

z
  [ øZÓ¬œ˚˛ ¸˜±fl¬À˘ 2 sinx + 3 cosx = z ÒÀı˛]

= + +
21

13

1

3
x z clog | |

= + + +
21

13

1

3
2 3x x x clog | sin cos |

Î¬◊±˝ı˛Ì 2.  ¸˜±fl¬˘ fl¬ı˛≈Ú –  I =
+ +

+ +z 1 3 2

2 4 3

cos sin

cos sin

x x

x x
dx

¸˜±Ò±Ú – Òı˛±˚±flƒ¬

1 3 2 2 4 3 4 3+ + = + + + − + +cos sin ( cos sin ) ( sin cos )x x a x x b x x c

∵

d

dx
x x x x2 4 3 4 3+ +( ) = − +

L
NM

O
QPcos sin sin cos
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Î¬◊ˆ¬˚˛¬ÛÀé¬ sinx › cosx ¤ı˛ ¸˝··≈ø˘ ¤ı— ÒË≈ıfl¬¬Û Ó≈¬˘Ú± fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛
2 = 3a – 4b, 3 = 4a + 3b, 1 = 2a + c,

¸˜±Ò±Ú fl¬Àı˛ a =
18

25
, b =

1

25
, c =

−11

25

√õ∂M ¸˜±fl¬˘ I
x x x x

x
dx=

+ +( ) + − +( ) −

+ +z
18

25
2 4 3

1

25
4 3

11

25
2 4 3

cos sin sin cos

cos sin

= +
− +

+ +
+ −
F
H
I
K + +z zz18

25

1

25

4 3

2 4 3

11

25

1

2 4 3
dx

x x

x x
dx

x
dx

sin cos

cos sin cos sin

= +
+ +( )

+ +
−

+ +zzz18

25

1

25

2 4 3

2 4 3

11

25 2 4 3
dx

d

dx
x x

x x
dx

dx

x x

cos sin

cos sin cos sin

= −
18

25

1

25

11

252 3I + I I1  (Òøı˛ó ........... (i)

¤‡Ú I dx x c I x c1 1 2 22 4 3= = + = + + +z , log| cos sin |

¤ı— I3 2 4 3
=

+ +z dx

xcos sin

 
=

+F
H

I
K + −F
H

I
K +

z dx

x x x x x
2

2 2
4

2
3 2

2 2
2 2 2 2cos sin cos sin . sin cos

=

− + +
z dx

x x x x
2

2
6

2
6

2 2
2 2sin cos sin cos

= −

− −
z12 2

2
3

2
3

2

2

sec

tan tan

x
dx

x x  [ ˘ı › ˝ı˛Àfl¬ sec2

2

x
 øÀ ·≈Ì fl¬Àı˛]

= −

−FH
I
K −
F
HG
I
KJ

z12 2

3

2

21

2

2

dz

z  [tan
x

z
2
=  ÒÀı˛ ]

= −
− −

− +

+
1

2
21

2

3

2

21

2

3

2

21

2

3

.

log
z

z

c
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= −
− −

− +

+
1

21

2
2

3 21

2
2

3 21
3log

tan

tan

x

x
c

\ I = 

18

25

1

25
2 4 3

11

25 21

2
2

3 21

2
2

3 21

x x x

x

x
c+ + + +

− −

− +

+log| cos sin | log
tan

tan

˚‡Ú c c c c= + +1 2 3

√õ∂ùü±ı˘œ—2

¸˜±fl¬˘ fl¬ı≈̨Ú 1. 
sin

sin cos

x

x x
dx

−z 2. 
2 3

3 4

sin cos

sin cos

x x

x x
dx

+

+z
√õ∂ùü±ı˘œ-2 ¤ı˛ Î¬◊Mı˛

1. 
1

2

1

2
x x x c+ − +log|sin cos | 2. 

18

25

1

25
3 4x x x c+ + +log| sin cos |

ï·ó ”̃̆  ¸˜±fl¬˘Ê ïıœÊ·øÚÓ¬œ ˛̊ó- ≈̊ñ ¸˜±fl¬˘ –

f(x) › g(x) ¤˝◊ ≈øÈ¬ x-¤ı˛ ı˛±ø˙˜±˘±ı˛ ’Ú≈¬Û±Ó¬ 
f x

g x

( )

( )  ˚‡Ú Œfl¬±ÀÚ± ¸˜±fl¬À˘ı˛ ¸˜±fl¬˘Ê ˝˚˛ Ó¬‡Ú

øıÀ˙¯∏ fl¬À˚˛fl¬øÈ¬ Œé¬ÀS ¬Û‘Ôfl¬ ¬Û‘Ôfl¬ øÚ˚˛À˜ 
f x

g x

( )

( )   Œfl¬ fl¬Ó¬fl¬·≈ø˘ ¸˝Ê ¤ı— ¬Û”ı«øÚ˚˛À˜ ¸˜±fl¬˘Ú Œ˚±·…

ˆ¬¢ü±—À˙ Œˆ¬À„ ¸˜±fl¬˘Ú fl¬ı˛± ˝˚˛/

(I) ˚‡Ú f(x) ı˛±ø˙˜±˘±ı˛ ‚±Ó¬ g(x)-¤ı˛ ‚±ÀÓ¬ı˛ ŒÔÀfl¬ fl¬˜ –

¤Àé¬ÀS g(x)-Œfl¬ ı±ô¶∏ı Î¬◊»¬Û±fl¬ ¸˜”À˝ øıÀù≠ø¯∏Ó¬ fl¬ı˛ÀÓ¬ ˝Àı/ a, b › c ÒËnıfl¬ ¤ı— n ÒÚ±Rfl¬
’‡G¬ ¸—‡…± ÒÀı˛ Î¬◊»¬Û±fl¬·≈ø˘ ax + b, (ax+b)n, ax2+bx+c ¤ı— (ax2+bx+c)n ¤˝◊ ‰¬±ı˛√õ∂fl¬±ı˛ ˝ÀÓ¬

¬Û±Àı˛ ÒÀı˛ g(x)-Œfl¬ Î¬◊»¬Û±Àfl¬ øıÀù≠¯∏Ì fl¬ı˛±ı˛ ¬Ûı˛ 
f x

g x

( )

( ) -Œfl¬ fl¬Ó¬fl¬·≈ø˘ ¸˝Ê ¸˜±fl¬˘ÚÀ˚±·… ı˛±ø˙˜±˘±ı˛

ˆ¬¢ü±—À˙ı˛ ıœÊ·øÚÓ¬œ˚˛ Œ˚±·Ù¬˘ ’±fl¬±Àı˛ øÚ•ßø˘ø‡Ó¬ øÚ˚˛˜·≈ø˘ ’Ì≈̧ ı˛Ìfl¬Àı˛ √õ∂fl¬±˙ fl¬ı˛ÀÓ¬ ˝Àı/

(i) √õ∂ÀÓ¬…fl¬ ax b+  ’±fl¬±Àı˛ı˛ Î¬◊»¬Û±Àfl¬ı˛ ÊÚ…  
A

ax b+
¤˝◊ı˛”¬Û ¸˝Ê ˆ¬¢ü±—˙ ø˘‡ÀÓ¬ ˝ÀıÄ
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(ii) √õ∂ÀÓ¬…fl¬ ax b
n

+b g  ’±fl¬±Àı˛ı˛ Î¬◊»¬Û±Àfl¬ı˛ ÊÚ…

A

ax b

A A1

+
+

+
+ +

+

2

2
( ) ( )ax b

n

ax b
n

⋯⋯

¤˝◊ı˛”¬Û nøÈ¬ ¸˝Ê ˆ¬¢ü±—À˙ı˛ ıœÊ·øÚÓ¬œ˚˛ Œ˚±·Ù¬˘ ø˝¸±Àı ø˘‡ÀÓ¬ ˝ÀıÄ

(iii) √õ∂ÀÓ¬…fl¬ ax bx c
2
+ +  ’±fl¬±Àı˛ı˛ Î¬◊»¬Û±Àfl¬ı˛ ÊÚ…   

A A1 2
2

x

ax bx c

+

+ +
 ¤˝◊ı˛”¬Û ¸˝Ê ˆ¬¢ü±—˙ ø˝¸±Àı

ø˘‡ÀÓ¬ ˝Àı,  ¤ı— (iv) √õ∂ÀÓ¬…fl¬ ( )ax bx c
n2 + +  ’±fl¬±Àı˛ı˛ Î¬◊»¬Û±Àfl¬ı˛ ÊÚ…

A x B

ax bx c

A x B

ax Bx c

A x B

ax bx c

n n

n
1 1
2

2 2
2 2 2

+

+ +
+

+

+ +
+ +

+

+ +( ) ( )
⋯⋯

¤˝◊ı˛+¬Û nøÈ¬ ¸˝Ê ˆ¬¢ü±—À˙ı˛ ıœÊ·øÌÓ¬œ˚˛ Œ˚±·Ù¬˘ ø˝¸±Àı ø˘‡ÀÓ¬ ˝Àı/ ¤‡±Ú A; A1, A2 .......

An; B1, B2, ......... Bn ¸fl¬À˘˝◊ ÒË≈ıfl¬/
(II) ˚‡Ú f(x) ¤ı˛ ‚±Ó¬ g(x) ¤ı˛ ‚±ÀÓ¬ı˛ ŒÔÀfl¬ Œı˙œ –
¤Àé¬ÀS √õ∂ÔÀ˜ f(x) Œfl¬ g(x) Z±ı˛± ˆ¬±· fl¬Àı˛

f x

g x
x

x

g x

( )

( )
( )

( )

( )
= +φ

Ψ

¤˝◊ ’±fl¬±Àı˛ ¸˜±fl¬˘Ê f x
g x

( )
( )  Œfl¬ √õ∂fl¬±˙ fl¬ı˛ÀÓ¬ ˝Àı, Œ˚‡±ÀÚ φ( )x  ˆ¬±·Ù¬˘ ¤ı— Ψ( )x  ˆ¬±·À˙¯∏/

¤‡±ÀÚ Ψ( )x  ¤ı˛ ‚±Ó¬ ’ı˙…˝◊ g x( )  ¤ı˛ ‚±ÀÓ¬ı˛ ŒÔÀfl¬ fl¬˜/ ¸≈Ó¬ı˛±— Ψ( )x -Œfl¬ Î¬◊¬ÛÀı˛ı˛ (I) Ú— √õ∂ø˙«Ó¬
øÚ˚˛À˜ ¸˝Ê ˆ¬¢ü±—˙ ¸ ”̃À˝ı˛ ıœÊ·øÌÓ¬œ˚˛ Œ˚±·Ù¬˘ ’±fl¬±Àı˛ ø˘À‡ ¸˜±fl¬˘Ú ¸y¬ı ˝Àı ¤ı— φ( )x  Œfl¬›
¸˝ÀÊ˝◊ ¸˜±fl¬˘ fl¬ı˛± ˚±Àı/

’Ú≈̇ œ˘Úœı˛ ’º·≈ø˘ ’Ú≈Ò±ıÚ fl¬ı˛À˘ øÚ˚˛˜·≈ø˘ ¸•ÛÀfl«¬ ¸±˜…fl¬ Î¬◊¬Û˘øt fl¬ı˛ÀÓ¬ ¬Û±ı˛ÀıÚ/

’Ú≈̇ œ˘Úœ - 3

Î¬◊±˝ı˛Ì 1.  ¸˜±fl¬˘ fl¬ı˛≈Ú – 
3 2 1

3 4 12

2

3 2

x x

x x x
dx

+ +

+ − −z
¸˜±Ò±Ú – ¤‡±ÀÚ ˝ı˛ = + − −x x x

3 2
3 4 12 = + − +x x x

2
3 4 3( ) ( )

= + −( )( )x x3 42 = + + −( )( )( )x x x3 2 2

Òı˛±˚±fl¬ 
3 2 1

3 4 12

2

3 2

x x

x x x

+ +

+ − −
 =

+
+

+
+

−

A A A1 2 3

3 2 2x x x

∴ 3 2 1 2 2 3 2 3 22
x x x x x x x x+ + = + − + + − + + +A A A1 2 3( )( ) ( )( ) ( )( )
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¤‡Ú, x = 2 ıø¸À˚˛ ¬Û±˝◊ 17 = A3 . 5. 4 ⇒ A3 =
17

20

x = –2 ıø¸À˚˛ ¬Û±˝◊ 9 = A2 . 1. (–4) ⇒ A2 = −
9

4

x = –3 ıø¸À˚˛ ¬Û±˝◊ 22 = A1 . (–1)(–5) ⇒ A1 =
22

5

√õ∂M ¸˜±fl¬˘ =
+

+

−

+
+

−

F

H
G
G

I

K
J
Jz

22

5
3

9

4
2

17

20
2x x x

dx

=
+

−
+

+
−zzz22

5 3

9

4 2

17

20 2

dx

x

dx

x

dx

x

= + − + + − +
22

5
3

9

4
2

17

20
2log| | log| | log| |x x x c

Î¬◊±˝ı˛Ì 2. ¸˜±fl¬˘ fl¬ı≈̨Ú – 
3 1

2 1

2

2 2

x

x x

−

+ +z ( ) ( )

¸˜±Ò±Ú – Òı˛±˚±fl¬ 
3 1

2 1 2 2 1

2

2 2 2 2

x

x x x x

x

x

−

+ +
=

+
+

+
+

+

+( ) ( ) ( )

A A A A1 2 3 4

∴ + = + + + + + + +3 1 2 1 1 22
1

2
2

2
4

2
x x x x xA A A x A3( )( ) ( ) ( )( )

Î¬◊¬ÛÀı˛ı˛ ¸•Ûøfl«¬øÈ¬ÀÓ¬ x = −2  ıø¸À˚˛¬Û±˝◊ 11 = A2 5 ⇒ =A2

11

5
 (i)

x = 0 ıø¸À˚˛ ¬Û±˝◊ − = + +1 2A A 4A1 2 4

ı±,  A 2A
8

51 4+ = −  .......... (ii) [(iiii) ŒÔÀfl¬] ¬

Î¬◊ˆ¬˚˛¬ÛÀé¬ x
2 -¤ı˛ ¸˝· Ó≈¬˘Ú± fl¬Àı˛ ¬Û±˝◊,  3 2A A A 2A1 3 4 3= + + +

ı±, 2A 2A A1 3 4+ + = − =3
11

5

4

5
 .................... (iii) [(i) ŒÔÀfl¬]

Î¬◊ˆ¬˚˛¬ÛÀé¬ x
3 -¤ı˛ ¸˝· Ó≈¬˘Ú± fl¬Àı˛ ¬Û±˝◊

0 A A1 3= + ......................(iv)

(i) ŒÔÀfl¬ A2 ¤ı— (ii), (iii), (iv) Ú— ¸˜œfl¬Ì·≈ø˘ ŒÔÀfl¬ A1, A3, A4 ¤ı˛ ÊÚ… ¸˜±Ò±Ú fl¬Àı˛ ¬Û±˝◊

A
16

5
, A

11

5
, A

16

5
, A

4

51 2 3 4= − = = =
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∴ √õ∂M ¸˜±fl¬˘ =

−

+
+

+
+

+

+

F

H
G
G

I

K
J
Jz

16

5
2

11

5

2

16

5

4

5

12 2x x

x

x
dx

( )

= −
+

+
+

+
+

+zzz16

5 2

11

5 2

8

5

2
1

2

12 2

dx

x

dx

x

x dx

x( )

=
−

+ − ⋅
+

+ + +
L
NM

O
QP
+−16

5
2

11

5

1

2

8

5
1

1

2
2 1log| | log| | tanx

x
x x c

==
−

+ − ⋅
+

+ ⋅ + + +−16

5
2

11

5

1

2

8

5
1

4

5
2 1log| | log| | tanx

x
x x c

Î¬◊±˝ı˛Ì 3. ¸˜±fl¬˘ fl¬ı≈̨Ú – 
dx

x x( ) ( )2 22 5+ +
z

¸˜±Ò±Ú –   
dx

x x x x
dx

( ) ( )
2 2 2 2

2 5

1

3

1

2

1

5+ +
=

+
−

+

L
NM

O
QPz z

=
+

−
+

L
NM

O
QPzz1

3 2 52 2 2 2

dx

x

dx

x( ) ( )

= −
L
NM

O
QP

+− −1

3

1

2 2

1

5 5

1 1tan tan
x x

c

Î¬◊±˝ı˛Ì 4. ¸˜±fl¬˘ fl¬ı≈̨Ú – 
x x x x x

x

5 4 3 2

3

3 3 5 1

1

+ + + + +

+z ( )

                             ˘ı ˆ¬±·À˙¯∏
¸˜±Ò±Ú –  ˘ıÀfl¬ ˝ı˛ øÀ˚˛ ˆ¬±· fl¬Àı˛, ––––– = ˆ¬±·Ù¬˘ + ––––––––––

   ˝ı˛  ˝ı˛

¤˝◊ ’±fl¬±Àı˛ ø˘‡À˘ ¬Û±›˚˛± ˚±˚˛

x x x x x

x
x

x

x x x

5 4 3 2

3

2

2

3 3 5 1

1

5 1

1 1

+ + + + +

+
= +

+

+ − +( ) ( )( )

’±ı±ı˛, 
5 1

1 1 1 12
3

2

x

x x x x

x

x x

+

+ − +
=

+
+

+

− +( ( )

A A A1 2
 ÒÀı˛ ¬Û±›˚˛± ˚˚˛

5 1 1 11
2

2 3x x x x x+ = − + + + +A A A( ) ( )( )
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¤‡Ú, x = –1 ıø¸˚˛± ¬Û±˝◊, − = ⇒ = −4 3
4

31 1A A  ...... (i)

x2 ¤ı˛ ¸˝·Ó≈¬˘Ú± fl¬Àı˛ ¬Û±˝◊, 0
4

31 2 2= + ⇒ =A A A  ......... (ii) [(i) ŒÔÀfl¬]

x -¤ı˛ ¸˝· Ó≈¬˘Ú± fl¬Àı˛ ¬Û±˝◊, 5 A A A1 2 3= − + +

ı±, A
7

33 =  ................. (iii) [(i) › (ii) ŒÔÀfl¬]

\ ¬√õ∂M ¸˜±fl¬˘ = +
+

+ − +

RST
UVWz x

x

x x x
dx

2

2

5 1

1 1( )( )

= +
−

+
+

+

− +zzz x dx
x

dx
x

x x
dx

2

2

4

3
1

4

3

7

3

1

= −
+

+
− +

− +zzz x dx
dx

x

x

x x
dx

2

2

4

3 1

2

3

2 1
9

2

1

( )

= −
+

+
−

− +
+ ⋅

−FH
I
K +
F
HG
I
KJ

z zzz x dx
dx

x

x

x x
dx

dx

x

2

2 2 2

4

3 1

2

3

2 1

1

2

3

9

2
1

2

3

2

= − + − − + +

−FH
I
K
+−x

x x x

x

c
3

2 1

3

4

3
1

2

3
1

6

3

2
1

2

3
log| | log| tan

= − + − − + +
−

+−x
x x x

x
c

3
2 1

3

4

3
1

2

3
1 2 3

2 1

3
log| | log| | tan

( )

√õ∂ùü±ı˘œ – 3

¸˜±fl¬˘ fl¬ı˛≈Ú – 1. 
x dx

x a x b( )( )− −z 2. 
x dx

x a x b x c

3

( )( )( )− − −z
3. 

x dx

x x

3

21 2( )( )+ +z 4. 
x dx

x x

3

21 1( )( )+ +z
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√õ∂ùü±ı˘œ -3 ¤ı˛ Î¬◊Mı˛

1. 
a

a b
x a

b

b a
x b c

−
+ +

−
+ +log log

2. x
a

a b a c
x a

b

b c b a
+

− −
− +

− −

3 3

( )( )
log| |

( )( ) ⋅ − +
−( ) −( )

− +log logx b
c

c a c b
x c k

3

3. log| |
( )

x
x

c+ +
+

+1
4

2

4. − + + + + +−1

2
1

1

4
1

1

2
2 1log| | log| | tanx x x c

1.4 √¸±ı˛±—˙ –

1.1.2 ïfl¬ó ’Ú≈ÀBÂ ’Ú≈˚±˚˛œ

dx

a b x a b

a b

a b

x
c

+
=

−

−

+

F
HG

I
KJ +

−z cos
tan tan ,

2

22 2

1

 ˚‡Ú a > b

=
−

+ + −

+ − −

+
1 2

2

2 2
b a

a b b a
x

b a b a
x

clog
tan

tan
, ˚‡Ú a < b

= +
1

2b

x
ctan

2. ïfl¬ó 
dx

a b x+z sin
  ï‡ó 

dx

a b x c x+ +z cos sin
, ï·ó 

dx

a b x+z cosh

ï‚ó 
dx

a b x+z sinh
ï„ó 

dx

a b x c x+ +z cosh sinh

¤˝◊ ¸˜±fl¬˘·≈ø˘ øÚÌ«À˚˛ı˛ ÊÚ… 1.2 ïfl¬ó ’Ú≈ÀBÂÀı˛ 
dx

a b x+z cos
 øÚÌ«À˚˛ı˛ ¬ÛX¬øÓ¬ ’Ú≈̧ ı˛Ì fl¬ı˛ÀÓ¬

˝Àı/

3. 
l x m x

n x p x
dx

sin cos

sin cos

+

+z  ¤˝◊ ’±fl¬±Àı˛ı˛ ¸˜±fl¬˘ øÚÌ«À˚˛ı˛ ÊÚ… √õ∂ÔÀ˜

¸˜±fl¬˘ÀÊı˛ ˘ı = a× ˝ı˛ + b × ˝Àı˛ı˛ ’ıfl¬˘ ¸˝·
¤˝◊ˆ¬±Àı √õ∂fl¬±˙ fl¬ı˛±ı˛ ¬Ûı˛ Î¬◊ˆ¬˚˛¬ÛÀé¬ı˛ sinx ¤ı— cosx-¤ı˛ ¸˝· Ó≈¬˘Ú± fl¬Àı˛ √õ∂±l ¸˜œfl¬ı˛Ì≈øÈ¬ ŒÔÀfl¬
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a › b ¤ı˛ ˜±Ú øÚÌ«˚˛ fl¬ı˛ÀÓ¬ ˝Àı/ Ó¬±ı˛¬ÛÀı˛ Î¬◊¬ÛÀı˛ı˛ ¸•Ûfl«¬øÈ¬ÀÓ¬ a › b ¤ı˛ ˜±Ú ıø¸À˚ ˛
¸˜±fl¬˘ÀÊı˛ ˘ıøÈ¬Àfl¬ √õ∂øÓ¬ª±ø¬ÛÓ¬ fl¬Àı˛ ¤ı— ¸˜±fl¬˘øÈ¬Àfl¬ ≈øÈ¬ ¸˜±fl¬À˘ Œˆ¬À„ ’·Ë¸ı˛ ˝ÀÓ¬ ˝Àı/

4. ïfl¬ó 
l m x

n p x
dx

+

+z cos

sin
  ï‡ó 

l m x

n p x
dx

+

+z sin

cos
   ï·ó 

l m x n x

p q x r x
dx

+ +

+ +z cos sin

cos sin

¤˝◊ ’±fl¬±Àı˛ı˛ ¸˜±fl¬˘·≈ø˘ øÚÌ«À˚˛ı˛ ÊÚ…
¸˜±fl¬˘ÀÊı˛ ˘ı = a × ˝ı˛ + b × ˝Àı˛ı˛ ’ıfl¬˘ ¸˝· + c ¤˝◊ˆ¬±Àı ø˘À‡ Î¬◊ˆ¬˚˛¬ÛÀé¬ı˛ sinx ›

cosx ¤ı˛ ¸˝· ¤ı— ÒË≈ıfl¬ ¬Û Ó≈¬˘Ú± fl¬Àı˛ ¬√õ∂±l ¸˜œfl¬ı˛Ì øÓ¬ÚøÈ¬ ŒÔÀfl¬ a,  b › c ¤ı˛ ˜±Ú øÚÌ«˚˛
fl¬Àı˛ ¤ı— Œ¸˝◊ ˜±Ú·≈ø˘ Î¬◊¬ÛÀı˛ı˛ ¸•ÛÀfl«¬ ıø¸À˚˛ ˘ıøÈ¬Àfl¬ ¬Ûøı˛ıÓ«¬Ú fl¬Àı˛ ’·Ë¸ı˛ ˝ÀÓ¬ ˝Àı/

5. ¸˜±fl¬˘Ê ˚ø 
f x

g x

( )

( )  ¤˝◊ı˛”¬Û ≈øÈ¬ x-¤ı˛ ı˛±ø˙˜±˘±ı˛ ’Ú≈¬Û±Ó¬ ˝˚˛ Ó¬Àı f(x) › g(x) ¤ı˛ øıøˆ¬iß

ı˛”À¬Ûı˛ ÊÚ… 1.3 ï·ó ’Ú≈ÀBÂ ’±À˘±ø‰¬Ó¬ øÚ˚˛˜Ú·≈ø˘ Œ˜ÀÚ ’·Ë¸ı˛ ˝ÀÓ¬ ˝Àı/

1.5 √øı¯∏˚˛ ≈̃‡œ ŒÂ±È¬ √õ∂ùü±ı˘œ –

øÚÀ•ßı˛ ¸˜±fl¬˘·≈ø˘ı˛ ¬Û±À˙ Œ›˚˛± Î¬◊Mı˛·≈ø˘ı˛ ˜Ò… ŒÔÀfl¬ ¸øÍ¬fl¬ Î¬◊Mı˛øÈ¬ øÚÌ«˚˛ fl¬ı≈̨Ú (MCQ) –

1. ïfl¬ó dx

x1+z cos
 Î¬◊Mı˛–   (i)  tan

x

2
  (ii) tan

x
c

2
+   (iii) cot

x
c

2
+

ï‡ó 
dx

x1−z sin
Î¬◊Mı˛– (i) 

2

1
2

−

+

tan
x

c
 (ii) 

2
2

2 2

cos

cos sin

x

x x
c

+

+
 (iii)  

cos sin

cos

x x

x
c

−
+

ï·ó 
dx

x x1+ +z sin cos
 Î¬◊Mı˛– (i) log|tan |

x
c

2
1+ +  (ii) log tan

x
c

2 4
+
F
H
I
K +

π

(iii) log|sec |x tamx c− +

ï‚ó 
dx

x xsinh cosh+z  Î¬◊Mı˛– (i) 
e e

e

c

x x

x

2 2

2

+
+

−

 (ii) 

-2

tanh
x

c

2
1+

+
 (iii) 

sinh cosh

sinh

x x

x
c2 2

2

+
+

2. ïfl¬ó 
cos

cos sin

xdx

x x−z  Î¬◊Mı˛–  (i) 
1

2
x x x c− − +log|cos sin |k p  (ii) 

1

2
x x x c+ − +log|sin cos |k p

 (iii) 
1

2
2

x x x c− − +log(cos sin )n s

ï‡ó 
sin

cos sin

xdx

x x3 2−z  Î¬◊Mı˛– (i) 
1

13
2 3 3x x x c+ + +log( cos sin )k p  (ii) 

1

13

2

3 2
log

cos

x

x
c

+
+



22

(iii) 
2

13

3

13
3 2x x x c− + +log| cos sin |

ï·ó 
5 3

2 3

− +

+ +z sin cos

sin cos

x x

x x
dx  Î¬◊Mı˛–

(i) −
− −

− +

+
5

6

2
1 6

2
1 6

log
tan

tan

x

x
c  (ii) 

5 6

6
2

1 6

2
1 6

log
tan ( )

tan ( )

x

x
c

− −

+ −

+

(iii) log
tan ( )

tan ( )

x

x
c2

1 6

2
1 6

5

6
+ −

− −

+

−

3. ïfl¬ó 
x dx

x a x b( )( )− −z  Î¬◊Mı˛– (i) 
1

a b
x a x b c

a b

−
− − +log|( ) . ( ) |  (ii) 

1

a b

x a

x b
c

a

b−

−

−
+log

( )

( )

(iii) 
ab

a b

x a

x b
c

−

−

−
+log

( )

( )

ï‡ó 
x dx

x

2

4 1−z  Î¬◊Mı˛– (i) 
1

2

1

1
1log tan

+

−
+

RST
UVW+

−x

x
x c  (ii) −

+

−
+ +−1

4

1

1

1

2
1log tan

x

x
x c

(iii) ¬− + − − + +−1

4
1

1

4
1

1

2
1log| | log| | tanx x x c

ï·ó 
e dx

e e

x

x x2 2+ −z  Î¬◊Mı˛– (i) 
1

3

1

1
log

e

e
c

x

x

−

+
+   (ii) 

1

3

1

2
log

e

e
c

x

x

−

+
+  (iii) ¬ 3

2

1
log

e

e
c

x

x

+

−
+

ï‚ó 
dx

x a x b( )( )2 2 2 2+ +z  Î¬◊Mı˛–  (i) 
1 1 1

2 2

1 1

b a b

x

b a

x

a
c

−
−

RST
UVW+

− −tan tan

 (ii) 
1 1 1

2 2

1 1

b a b

x

b a

x

a
c

−
−

RST
UVW+

− −tan tan

(iii) ¬
1

2 2

1 1

b a

x

b

x

a
c

−
−

RST
UVW+

− −tan tan
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1.5.1 øı¯∏˚˛ ≈̃‡œ ŒÂ±È¬ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛ –

1. ïfl¬ó (ii)  ï‡ó (i)  ï·ó (i)  ï‚ó (ii)

2. ïfl¬ó (i)  ï‡ó (iii)  ï·ó (i)

3. ïfl¬ó (ii)  ï‡ó (ii)  ï·ó (ii)  ï‚ó (ii)

1.6 ¸ı«À˙¯∏ √õ∂ùü±ı˘œ –

1. ¸˜±fl¬˘ fl¬ı≈̨Ú – ïfl¬ó 
dx

x5 4+z sin
 ï‡ó 

dx

xcos cosα +z  ( α ¤fl¬øÈ¬ ÒË≈ıfl¬ó

ï·ó 
dx

x1+z cos cosα
 ( α ¤fl¬øÈ¬ ÒË≈ıfl¬ó ï‚ó 

dx

x x2 3 4sin cos+ +z
ï„ó 

dx

x4 3+z sinh
ï‰¬ó 

dx

x x3 4cos sin−z  [ 3 = rcosθ, 4 = rsinθ Òı˛≈Ú]

2. ¸˜±fl¬˘ fl¬ı̨≈Ú – ïfl¬ó 
3 5

4 3

cos sin

cos sin

x x

x x
dx

−

+z  ï‡ó 
cos

sin cos

x dx

x x2 3+z  ï·ó 
6 3 14

3 4 5

+ +

+ +z sin cos

sin cos

x x

x x
dx

ï‚ó 
2 3

4 5

+

+z cos

cos

x

x
dx

3. ¸˜±fl¬˘ fl¬ı≈̨Ú –   ïfl¬ó 
7 6

3 42

x

x x
dx

+

+ −z ( )( )
 ï‡ó 

dx

e e
x x

2 3 1
2 + +z

 ï·ó 
dx

x1
3+z        ï‚ó 

dx

x x x( )( )2 21 1+ + +z      ï„ó 
x dx

x x x

2

2 2 21 2 3( )( )( )+ + +z
ï‰¬ó 

sin

cos ( cos )

x dx

x x3 2+z  [cosx = z Òı˛≈Ú] ïÂó 
e dx

e e

x

x x

2

2 2 3+ −
z  [ex = z Òı˛≈Ú]

1.6.1 ¸ı«À˙¯∏ √√õ∂ùü±ı˘œı˛ Î¬◊Mı˛ –

1. ïfl¬ó 
2

3

5

3 2

4

3
1tan tan− +
F
H

I
K +

x
c  ï‡ó 

1
1

2
1

2

sin
log

cos ( )

cos ( )
α

α

α

x

x

c
−

+

+
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ï·ó 
2

2 2
1

sin
tan tan tan

α

α− F
H

I
K +

x
c  ï‚ó 

2

3

2
2

3

1tan
tan

−
+

R
S|

T|

U
V|

W|
+

x

c  ï„ó  
1

6

1 2
2

4 2
2

log
tan

tan

+

−

+
h

x

h
x

c

ï‰¬ó 
1

5 2 4

1

2

4

3
1log tan tan

x
c+ +

F
H

I
K +

−π

2. ïfl¬ó − + + +
3

25

29

25
4 3x x x clog| cos sin |  ï‡ó 

3

13

2

13
2 3x x x c+ + +log| sin cos |

ï·ó 2 3 4 5x x x c+ + + +log| sin cos |  ï‚ó  3

5

2

15

3
2

3
2

x

x

x
c−

+

−

+log
tan

tan

3. ïfl¬ó − + + + + − +3 3 2 2 2log| | log| | log| |x x x c ï‡ó x e e c
x x+ + − + +log| | log| |1 2 1 2

ï·ó 
1

3

2 1

3

1

3

1

1

1

2
tan log

( )− −
+

+

− +
+

x x

x x
c  ï‚ó 

1

2

1

1

1

3

2 1

3

2

2

1log tan
x x

x

x
c

+ +

+
+

+F
HG
I
KJ +

−

ï„ó 2
2

3

2 3

1

2
1 1 1

tan tan tan
− − −− − +

x x
x c  ï‰¬ó 

1

3

2 3

2
log

cos

cos

x

x
c

+
+

ïÂó 
1

4
1 3 5log|( )( ) |e e c

x x− + +

’øÓ¬øı˛ñ ¬Û±Í¬
(Selected Readings)

1. Edwards, D; Integral Calculus.]

2. Das, B. & B. Mukherjee; Integral Calculus, UNDhur 2006

3. apostol, T.M. ; Calculus Vol. I, Walthein, 1967

4. Shanti Narayan; Integral Calculus, S. Chand, 2005

5. Mc. Shane, E.J.; Integration, O.U.P., 1961.
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¤fl¬fl¬ 2 qqqqq øÚø«©Ü ı± ¸œø˜Ó¬ ¸˜±fl¬À˘ı˛ ˜±Ú øÚÌ«̊ ˛ (Evaluation

of Definite Integrals)

·Í¬Ú

2.1 √õ∂ô¶∏±ıÚ±

2.2 Î¬◊ÀV˙…

2.3 øÚø«©Ü ¸˜±fl¬˘ ¸˜”À˝ı˛ øÚÌ«˚˛ ¬ÛX¬øÓ¬

2.3.1 ¸˜±fl¬˘ÀÚı˛ øfl¬Â≈ √õ∂±Ôø˜fl¬ øÚ˚˛˜

2.3.2 ¸˜±fl¬À˘ı˛ ‰¬˘ı˛±ø˙ı˛ ¬Ûøı˛ıÓ«¬Ú

2.3.3 ’±—ø˙fl¬ ¸˜±fl¬˘Ú

2.4 øÚø«©Ü ¸˜±fl¬À˘ı˛ fl¬À˚˛fl¬øÈ¬ Ò˜«/

2.5 ¸±ı̨±—˙

2.6 øı¯∏˚˛ ≈̃‡œ ŒÂ±È¬√õ∂ùü±ı˘œ (MCQ)

2.6.1 øı¯∏˚˛˜≈‡œ ŒÂ±È¬ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛

2.7 ¸ı«À˙¯∏ √õ∂ùü±ı˘œ

2.7.1 ¸ı«À˙¯∏ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛

2.1 √õ∂ô¶∏±ıÚ±

’±À·ı˛ ¤fl¬Àfl¬ fl¬À˚˛fl¬øÈ¬ øıÀ˙¯∏ ·Í¬ÀÚı˛ ’øÚø«©Ü ¸˜±fl¬À˘ı˛ øÚÌ«˚˛ ¬ÛX¬øÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú± ˝À˚˛ÀÂ/ Œ¸‡±ÀÚ

Œ˚ ÚœøÓ¬ı˛ Î¬◊¬Ûı˛ øÚˆ¬«ı˛ fl¬Àı˛ ¸˜±fl¬˘Ú fl¬ı˛± ˝À˚˛ÀÂ Ó¬± ˝˘ ˚ø d

dx
x f xφ( ) ( )l q =  ˝˚˛ Ó¬Àı

f x dx x c( ) ( )= +z φ  ˝˚˛/ ¤‡Ú ˚ø f(x) Ù¬±—˙ÚøÈ¬ [a, b] ¸¸œ˜ ’ôL√ı˛±À˘ ¸—:±ø˚˛Ó¬, ¸œ˜±ıX¬ ›

¸˜±fl¬˘ÚÀ˚±·… ˝˚˛ Ó¬Àı ¤ ◊̋ ¤fl¬Àfl¬

f x dx x c b c a ca
b

a

b
( ) ( ) ( ) ( )= + = + − +z φ φ φl q l q = −φ φ( ) ( )b a

¤˝◊ ÚœøÓ¬ ’Ú≈̧ ı˛Ì fl¬ı˛± ˝Àı/ ¤Àé¬ÀS ¸˜±fl¬À˘ı˛ ÒË≈ıfl¬ c-¤ı˛ Œfl¬±Ú ˆ”¬ø˜fl¬± Ô±fl¬ÀÂ Ú±/ f x dx
a

b
( )z -
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Œfl¬ øÚø«©Ü ı± ¸œø˜Ó¬ ¸˜±fl¬˘ (Definite integral), a-Œfl¬ ¸˜±fl¬À˘ı˛ øÚ•ß¸œ˜± (lower limit) ¤ı— b-Œfl¬

¸˜±fl¬À˘ı˛ ÿX«¬¸œ˜± (upper limit) ı˘± ˝˚˛/ Î¬◊¬ÛÀı˛±ñ ¸”SøÈ¬ ï¸˜±fl¬À˘ı˛ Œ˜Ãø˘fl¬ Î¬◊¬Û¬Û±…ó ¬Ûı˛ıÓ¬œ« ¤fl¬Àfl¬

√õ∂˜±Ì fl¬ı˛± ˝Àı ¤ı— ’±À˘±‰¬Ú± fl¬ı˛± ˝Àı øfl¬ øfl¬ ˙ÀÓ«¬ [a, b] ’ôL√ı˛±À˘ φ ' ( ) ( )x f x=  ˙Ó«¬øÈ¬ ø¸X¬ ˝˚˛/

2.2 Î¬◊ÀV˙…

¤˝◊ ¤fl¬fl¬ ¬Û±Í¬ fl¬Àı˛ ’±¬ÛøÚ

l øÚø«©Ü ¸˜±fl¬À˘ı˛ ˜±Ú øÚÌ«˚˛ ¬ÛX¬øÓ¬ ¸•ÛÀfl«¬ ’ıø˝Ó¬ ˝ÀıÚ/

l øÚø«©Ü ¸˜±fl¬À˘ı˛ fl¬À˚˛fl¬øÈ¬ Ò˜« ¤ı— Œ¸·≈ø˘ı˛ √õ∂À˚˛±· ¸•§Àg¬› Ê±ÚÀÓ¬ ¬Û±ı˛ÀıÚ/

2.3 øÚø«©Ü ¸˜±fl¬˘ ¸ ”̃À˝ı˛ øÚÌ«̊ ˛ ¬ÛX¬øÓ¬

˚ø f (x) ’À¬Ûé¬fl¬øÈ¬ [a,b] ¸¸œ˜ ’ôL√ı˛±À˘ ¸ôL√Ó¬ (continuous) ˝˚˛ Ó¬Àı ’ı˙…˝◊ Î¬◊˝± Î¬◊ñ ’ôL√ı˛±À˘

¸˜±fl¬˘À˚±·… ˝˚˛/ ¤ ◊̋ ¤fl¬Àfl¬ ¸ôL√Ó¬ ¸˜±fl¬˘Ê (integrand) ≈̊ñ øÚø«©Ü ¸˜±fl¬˘ øÚÌ«À˚˛ı˛ ¬ÛX¬øÓ¬ ’±À˘±ø‰¬Ó¬

˝Àı/ ¸˜±fl¬˘Ê ¸ôL√Ó¬ Ú± ˝À˘› øıÀ˙¯∏ øıÀ˙¯∏ ˙ÀÓ«¬ Ó¬± ¸˜±fl¬˘À˚±·… ˝ÀÓ¬ ¬Û±Àı˛ Ä ¬Ûı˛ıÓ¬œ« ¬Û˚«±À˚˛ ≈̧À˚±·

Œ¬ÛÀ˘ Ó¬± ’±À˘±‰¬Ú± fl¬ı˛± ˝Àı/

’Ú≈̇ œ˘Úœñ1

Î¬◊±˝ı˛Ì-1 : x dx x2 3

3

6 3 3

3

6

3
6

3

3

3
72 9 63= L

NM
O
QP = − = − =z .

Î¬◊±˝ı˛Ì-2 : 
dx

x
x

1

1

3
0

2

1

00

1 1
1

3
1

3

+
= = −− − −z tan tan tan

= −
π

6
0  [’±˘±± fl¬Àı˛ øfl¬Â≈ ı˘± Ú± Ô±fl¬À˘ øı¬Ûı˛œÓ¬ ı‘Mœ˚˛ ’À¬Ûé¬Àfl¬ı˛ ≈̃‡…˜±Ì ı¸±ÀÓ¬ ˝Àı]

= π
6

Î¬◊±˝ı˛Ì-3 :
dx

x
x

+
= + = + − +z 1

1 3 1 2 1
2

3

2

3
log| | log | | log| |

 = − =log log log .4 3
4

3
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Î¬◊±˝ı˛Ì-4 : 4
3

2
1 1 0 0 2

3

0

1 4

0

1
1

2
3

2x x dx x x+
F
HG

I
KJ = +

L
NM

O
QP = + − + =z b g b g

2.3.1 ¸˜±fl¬À˘ı˛ øfl¬Â≈ √õ∂±Ôø˜fl¬ øÚ˚˛˜

˚ø f xb g  › g xb g ’À¬Ûé¬fl¬ ≈øÈ¬ [a,b] ’ôL√ı˛±À˘ ¸˜±fl¬˘ÚÀ˚±·… ˝˚˛ Ó¬Àı

ïfl¬ó f x dx f x dx f x dx
c

b

a

c

a

b
( ) ( ) ( )= + zzz , ˚‡Ú a < c < b.

ï‡ó k f x k g x dx k f x dx k g x dx
a

b

a

b

a

b

1 2 1 2( ) ( ) ( ) ( ) ,± = ± zzz l q  ˚‡Ú k1, k2 ÒË≈ıfl¬/

’Ú≈̇ œ˘Úœñ2

Î¬◊±˝ı˛Ì-1 : Œ‡±Ú Œ˚ sin sin sin
2 2 2

4

2
0

4
0

2 xdx x dx x dx= + zzz π

πππ

¸˜±Ò±Ú † ı±˜¬Ûé¬ † sin cos2

0

2

0

2 1

2
1 2x dx x dx= −zz b gππ

= − =
L
NM

O
QP − ⋅

L
NM

O
QPzz 1

2

1

2
2

1

2

1

2

2

20
2

0

2

0
2

0

2
dx x dx x

x
cos

sinπ
π

π
π

= ⋅ − ⋅
RST

UVW− ⋅ −
RST

UVW
1

2 2
1

2
0

1

4

1

4
0π πsin sin

=
π

4

’±ı±ı˛ Î¬±Ú¬Ûé¬ = +z zsin sin
2

0
4 2

4

2xdx xdx
π

π

π

= − + −zz1

2
1 2

1

2
1 2

4

2
0

4 cos cosx dx x dxb g b gπ

ππ
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= −
F
H

I
K + −

F
H

I
K

L
N
M
M

O
Q
P
P

1

2

2

2

2

2
0

4

4

2

x
x

x
xsin sin

π

π

π

= −
F
H

I
K − −

F
H

I
K

RST
UVW + −

F
H

I
K − −

F
H

I
K

RST
UVW

L
NM

O
QP

1

2 4

1

2 2
0

1

2
0

2
1

2 4
1

2 2
π π π π π πsin sin sin sin

= −
F
H

I
K −

RST
UVW+ − −

F
H

I
K

RST
UVW

L
NM

O
QP

1

2 4

1

2
0

2 4
1

2

π π π

= +
L
NM

O
QP =

1

2 4 4 4
π π π .

∴ı±˜¬Ûé¬ = π
4  = Î¬±Ú¬Ûé¬/

Î¬◊±˝ı˛Ì-2 : 1
2 2

2
2 2

2 2

0
2

0
2 + = +

F
H

I
K +zz sin sin cos cosx dx

x x Sin
x x

dx
ππ

= +
F
H

I
K =

−
+

F

H
G
G

I

K
J
Jz sin cos

cos sin
x x

dx

x x

2 2
2

1
2

2
1

2
0

2

0
2

π

π

= − + − − +2
4

2
4

2 0 2 0cos sin cos sinπ πe j b g

= − ⋅ + ⋅
F
HG

I
KJ − − + =2

1

2
2

1

2
2 0 2b g

øıfl¬ä ¬ÛX¬øÓ¬ † 1
2 2

+ = +
F
H

I
Kz zsin sin cosx dx

x x
dx

= − + +2
2

2
2

cos sin
x x

c

∴ 1 2
2

2
2

2
4

2
4

2 0 2 0
0

2

0
2 + = − +

F
H

I
K = − + − − +z sin cos sin cos sin cos sinx dx

x x
π

π
π πe j b g
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= = =
L
NM

O
QP

2
4

1

2 4
∵cos sinπ π

Î¬◊±˝ı˛Ì-3 : x dx,
−z 1

2
 ˚‡Ú x  ˝˘ x  ’À¬Ûé¬± ı‘˝M˜ Ú˚˛ ¤˜Ú ı‘˝M˜ ¬Û”Ì« ¸—‡…±/

= − + + zzz− ( )1 0 1
1

2

0

1

1

0
dx dx dx

[Œ˚À˝Ó≈¬  – 1 < 0 < | < 2 ¤ı—

[x] = – 1, ˚‡Ú  – 1 ≤ <x 0

= 0, ˚‡Ú 0 1≤ <x

= 1,  ˚‡Ú 1 2≤ <x ]

= − + +−[ ] [ ]x x1
0

1
20

= − + + =1 0 1 0

Î¬◊±˝ı˛Ì-4 : sin cosh xdx h x dx2

0

2

0

2 1

2
2 1= −zz b g

= −
L
NM

O
QP = ⋅

−
−

L
NM

O
QP

−1

2

2

2

1

2

1

2 2
0

2 2 2

0

2
sinh x

x
e e

x
x x

=
−

−
F
HG

I
KJ −

−
−

F
HG

I
KJ

RST
UVW

L
N
MM

O
Q
PP

− −
1

2 4
2

4
0

4 4 0 0
e e e e

=
−

−
F
HG

I
KJ

−1

2 4
2

4 4e e

2.3.2 ¸˜±fl¬À˘ı˛ ‰¬˘ı˛±ø˙ı˛ ¬Ûøı˛ıÓ«¬Ú

˚ø f x dx( )z  ¸˜±fl¬˘øÈ¬ øÚı˛”¬ÛÀÌı˛ ÊÚ… ¸ı˛±¸øı˛ ’±˙« ¸”S √õ∂À˚˛±· fl¬ı˛± Ú± ˚±˚˛ Ó¬±˝À˘ x z= φ( )
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¤˝◊ ı˛”¬Û±ôL√ı˛ ‚øÈ¬À˚˛ Œ‰¬©Ü± fl¬ı˛ÀÓ¬ ˝Àı ˚±ÀÓ¬ ı˛”¬Û±ôL√Àı˛ı˛ ¬Ûı˛ ¬Ûøı˛ıøÓ«¬Ó¬ ¸˜±fl¬˘øÈ¬ÀÓ¬ ¸ı˛±¸øı˛ ¸”S √õ∂À˚˛±· fl¬ı˛±

˚±˚˛/ ¤Àé¬ÀS ’ı˙…˝◊ φ ( )z ’À¬Ûé¬fl¬øÈ¬Àfl¬ ¸ôL√Ó¬ › ’ıfl¬˘ÚÀ˚±·… ˝ÀÓ¬ ˝Àı ¤ı— øı¬Ûı˛œÓ¬ ’À¬Ûé¬fl¬

z x= −φ 1b g -¤ı˛ ’øô¶∏Q Ô±fl¬ÀÓ¬ ˝Àı/

˚ø f x( ) ’À¬Ûé¬fl¬øÈ¬ [ , ]a b  ’ôL√ı˛±À˘ ¸ôL√Ó¬ ˝˚˛, x z= φ ( )  ’À¬Ûé¬fl¬øÈ¬ [ , ]c d  ’ôL√ı˛±À˘ ¸ôL√Ó¬ ›

’ıfl¬˘ÚÀ˚±·… ˝ ˛̊ ¤ı— z x= −φ 1( )  ¸—:±Ó¬ ˝˚˛ Ó¬‡Ú f x dx f z z dz
a

b

c

dz z= ⋅( ) ( ) ( )'φ φl q

˚‡Ú x z dx z dz= ⇒ =φ φ( ) ( )'  ¤ı— φ− =1( )a c  › φ− =1( ) .b d

^©Üı… † f x dx( )z  ¸˜±fl¬˘øÈ¬ÀÓ¬ ˚ø g x z( ) =  ÒÀı˛ ¸ı˛±¸øı˛ ¸˜±fl¬˘ÚÀ˚±·… fl¬ı˛± ˝˚˛ Ó¬±˝À˘ Œ¸Àé¬ÀS

g x dx dz' ( ) =  ’Ô«±» dx
dz

g x
=

' ( )
 ˝›˚˛±˚˛ 

f x

g x

( )

( )'  Œfl¬ z-¤ı˛ ’À¬Ûé¬fl¬Àfl¬ ı˛”¬Û±ôL√øı˛Ó¬ fl¬ı˛±ı˛ ¸˜˚˛ ’ı˙…˝◊

g x' ( ) -¤ı˛ ˜±Ú Œ˚Ú O Ú± ˝˚˛ Ó¬± Œ‡ÀÓ¬ ˝Àı/

’Ú≈̇ œ˘Úœñ3

Î¬◊±˝ı˛Ì-1 : ˜±Ú øÚÌ«˚˛ fl¬ı≈̨Ú † 
sin cos

sin

x x

x
dx

1 20
2

+
zπ

¸˜±Ò±Ú † √õ∂M ¸˜±fl¬À˘ 1
2

+ =sin x z  ÒÀı˛ ¬Û±›˚˛± ˚±˚˛

2sin cos ;x x dx dz=  x z= ⇒ =0 1  ¤ı— x z= ⇒ =π
2

2

∴ √õ∂M ¸˜±fl¬˘ = z
1

2
1

2
dz

z
[ı˛”¬Û±ôL√Àı˛ı˛ ¬Ûı˛]

= = −
1

2

1

2
2 1

1

2
log| | log logz b g

=
1

2
2log [∴ log | 2 | = log 2, log 1 = 0 ˝◊Ó¬…±ø]

øıfl¬ä ¬ÛX¬øÓ¬ † sin cos

sin

x x

x
dx

dz

z1

1

2
2+

= zz (1+sin2x = z ÒÀı˛ ]
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= + = + +
1

2

1

2
1 2log log sinz c x c

∴ 
sin cos

sin
log sin

x x

x
dx x

1

1

2
1

2

2

0

2

0
2

+
= +z

π
π

= + − +
RST

UVW
1

2
1

2
1 0

2 2

0

log sin log sin
π

= − =
1

2
2 1

1

2
2log log log{ } [ log ]∴ =1 0

Î¬◊±˝ı˛Ì-2 : 
dx

x x

dz

z
x z

1 2 1

1

4

3

1
2

3
2

−
= =

−

−zz
tan sin tan

,sin
c h π

π

 ÒÀı˛ 
1

1
2−

=
x

dx dz,

x z= ⇒ =
1

2 4

π
 ¤ı— x z= ⇒ =

3

2 3

π

= = = −z cot log sin logsin sinz dz z
π

π

π

π π π

4

3

4

3

3 4

= − =log log log .
3

2

1

2

6

2

Î¬◊±˝ı˛Ì-3 :
xdx

a x

a a

a a

a

2 2 2 2 20
2

0
−

=
⋅

−
zz sin cos

sin
,

θ θ

θ

π

˚‡Ú  x a= sin ,θ

dx a d x= = ⇒ =cos ,θ θ θ0 0

¤ı— x a= ⇒ =θ π
2

= = −za d asin cosθ θ θ
ππ

0
2

0

2

= − +
L
NM

O
QP =a acos cos .

π

2
0
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Î¬◊±˝ı˛Ì-4 :
dx

x x− −
z

1 2
1

2

b gb g

Òı˛± ˚±fl¬ x = +cos sin
2 2

2θ θ  ’Ó¬¤ı dx d= − +2 4cos sin cos sinθ θ θ θ θb g

= 2sin cos ,θ θ θd

( ) ( ) sin cos sin cos ,x x− − = ⋅ =1 2 2 2θ θ θ θ x = ⇒ =1 0θ  ¤ı— x = ⇒ =2
2

θ
π

’Ó¬¤ı √õ∂M ¸˜±fl¬˘Ú = = zz 2
2

0

2

0

2 sin cos

sin cos

θ θ θ

θ θ
θ

ππ d
d

   = = − =2 2
2

0
0

2θ π π
π

Î¬◊±˝ı˛Ì-5 :
cos

sin sin

xdx

x x2 30
2

+ +
z b gb g

π

=
+ +z dz

z z( )( )2 30

1

, sin x z=  ÒÀı˛ cos ,x dx dz=  x = 0

˝À˘ z = 0  ¤ı— x = π
2  ˝À˘ z = 1

=
+

−
+

F
H

I
K = + − +z 1

2

1

3
2 3

0

1

0

1

z z
dz z zlog log

= − − − = − −log log log log log log log3 4 2 3 2 3 2 22b g b g

= − − = −2 3 2 2 2 2 3 3 2log log log log log

= − = − =log log log log log .3 2 9 8
9

8
2 3
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2.3.3 ’±—ø˙fl¬ ¸˜±fl¬˘Ú

¬Û”ı«¬Û±ÀÍ¬ı˛ ŒÊı˛ ŒÈ¬ÀÚ ı˘± ˚±˚˛ ’øÚø«©Ü ¸˜±fl¬À˘ı˛ Œé¬ÀS Œ˚ı˛fl¬˜ øÚ˚˛˜ ¬√õ∂À˚±Ê… ˝˚˛ Ó¬± øÚø«©Ü ¸˜±fl¬À˘ı˛

Œé¬ÀS øÚ•ßø˘ø‡Ó¬ ˆ¬±Àı ¬Ûøı˛ıøÓ«¬Ó¬ ˝À˚˛ √õ∂À˚±Ê… ˝˚˛ †

f x g x dx f x g x f x g x dx
a

b

a

b

a

b
( ) ( ) ( ) ( ) ( ) ( )' '⋅ = − zz

 = − − ⋅zf b g b f a g a f x g x dx
a

b
( ) ( ) ( ) ( ) ( ) ( )'

¤‡±ÀÚ f x( ) › g x( )  ’À¬Ûé¬fl¬ ≈øÈ¬ [ , ]a b  ’ôL√ı˛±À˘ ’ıfl¬˘ÚÀ˚±·… ¤ı— f x' ( ) › g x' ( )  ¸ôL√Ó¬/

^©Üı… † 1. ≈øÈ¬ ’À¬Ûé¬Àfl¬ı˛ ·≈ÌÙ¬À˘ı˛ ¸˜±fl¬˘ fl¬ı˛±ı˛ ¸˜˚˛ Œfl¬±ÚøÈ¬Àfl¬ f x( )  ¤ı— Œfl¬±ÚøÈ¬Àfl¬ g x' ( )

Òı˛ÀÓ¬ ˝Àı Ó¬± ’À¬Ûé¬fl¬ ≈øÈ¬ı˛ Î¬◊¬Ûı˛ øÚˆ«¬ı˛ fl¬Àı˛/ ˚± Òı˛À˘ ¸˜±fl¬À˘ı˛ ¸≈øıÒ± ˝Àı Œ¸˝◊ ˆ¬±Àı˝◊ f x( )  ›

g x' ( ) ŒıÀÂ øÚÀÓ¬ ˝Àı/ øÚÀ•ßı˛ Î¬◊±˝ı˛Ì·≈ø˘ ˘é¬Ìœ˚˛/

2. f x( )  › g x' ( )  ’À¬Ûé¬fl¬Z˚˛ [ , ]a b  ’ôL√ı˛±À˘ ’ıfl¬˘ÚÀ˚±·… ¤ı— f x g x' '( ), ( )  ¤fl¬˝◊ ’ôL√ı˛±À˘

Œfl¬ı˘˜±S ¸˜±fl¬˘ÚÀ˚±·… ˝À˘› Î¬◊¬ÛÀı˛±ñ ¸”S ı…ı˝±ı˛ fl¬ı˛± ˚±˚˛/

’Ú≈̇ œ˘Úœñ4

Î¬◊±˝ı˛Ì-1 : x e dx x e x e dxx x x2 2

0

1

0

1

0

1
2⋅ = − ⋅zz [ f x x( ) = 2  ¤ı— g x ex' ( ) =  ÒÀı˛]

= − − − ⋅
RST

UVWze x e e dx
x x

0 2 1
0

1

0

1b g e j

= − −
RST

UVWe e e
x

2
0

1

e j

= − − −e e e2 1b gm r

= −e 2
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Î¬◊±˝ı˛Ì-2 : 
xe

x
dx e

x

x
dx

x
x

+
= ⋅

+ −

+
zz

1

1 1

1
2 22

3

2

3

b g b g

   =
+

−
+

R
S|
T|

U
V|
W|

⋅z e
x x

dx
x 1

1

1

1
22

3

b g
.............(i) , ˝◊˝± e f x f x dx

x

a

b
( ) ( )'+z o t

¤˝◊√ √õ∂fl‘¬øÓ¬ı˛/

¤‡Ú e f x dx e
x

dxx x( ) = ⋅
+zz 1

12

3

2

3

 = +
⋅

L
NM

O
QP
− −

+( )

RST
UVWz ⋅

1

1

1

1
2

3

2
2

3

x
e

x

x
exdx......... (ii) [’±—ø˙fl¬ ¸˜±fl¬À˘ı˛ ¸”S ’Ú≈˚±˚˛œ]

=
+

L
NM

O
QP

+
+

⋅ze

x x
e dx

x
x

1

1

12

3

22

3

b g

’Ó¬¤ı (i) Ú— ŒÔÀfl¬ ¬Û±˝◊

x e

x
dx

e

x x
e dx e

x
dx

x x
x x

+( )
=

+

L
NM

O
QP

+
+( )

⋅ − ⋅
+( )zzz 1 1

1

1

1

1
2

2

3

2 2
2

3

2

3

2

3

  =
+

L
NM

O
QP

= −
e

x

e ex

1 4 3
2

3
3 2

.

øıfl¬ä ¬ÛX¬øÓ¬ † 
xe

x
dx e

x

x
dx

x
x

+
=

+ −

+

R
S|
T|

U
V|
W|

zz
1

1 1

1
2 2b g b g

=
+

−
+

R
S|
T|

U
V|
W|

= ⋅
+

− ⋅
+

z zz e
x x

dx e
x

dx e
x

dx
x x x1

1

1

1

1

1

1

1
2 2b g b g
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=
+

⋅ − −
+

R
S|
T|

U
V|
W|

−
+

⋅z z1

1

1

1

1

1
2 2x

e
x

e dx
x

e dx
x x x

b g b g [√õ∂Ô˜øÈ¬Àfl¬ ’±—ø˙fl¬ ¸˜±fl¬˘ fl¬Àı˛]

=
+

+
+

⋅ −
+

⋅zze

x x
e dx

x
e dx

x
x x

1

1

1

1

1
2 2b g b g

=
+

+
e

x
c

x

1

∴ √õ∂M ¸˜±fl¬˘Ú =
+

L
NM

O
QP

= −
e

x

e ex

1 4 3
2

3
3 2

.

Î¬◊±˝ı˛Ì-3 : log logx dx x dx
eeb g b g3 3

11
1= ⋅zz

= ⋅ − ⋅ ⋅
L
NM

O
QPz zzlog logx dx

d

dx
x dx dx

e eb g b g3

1

3

1
1 1    [¤‡±ÀÚ f(x)=(logx)3 ¤ı— g'(x)=1]

= ⋅ − ⋅ ⋅zlog logx x x
x

x dx
e eb g b g3

1 1

2
3

1

= − ⋅ze x dx
e

3 1
2

1
logb g [ log , log ]∴ = =e 1 1 0

= − ⋅ − ⋅ ⋅
L
NM

O
QPze x x x

x
x dx

e e
3 2

12

1 1
log logb g{ }

[¤fl¬˝◊ˆ¬±Àı ’±—ø˙fl¬ ¸˜±fl¬À˘ı˛ ¸±˝±À˚…]

= − − ⋅ze e x dx
e

3 2 1
1

logb g

= − + ⋅ − ⋅
L
NM

O
QPz2 6

1
1 1

e x x
x

x dx
e e

logb gm r [’±ı±ı˛ ’±—ø˙fl¬ ¸˜±fl¬˘ fl¬Àı˛]

= − + − = − + − −2 6 2 6 6 1
1

e e x e e e
eb g b g

= − +2 6e
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√õ∂ùü±ı˘œñ1

øÚ•ßø˘ø‡Ó¬ ¸˜±fl¬˘·≈ø˘ı˛ ˜±Ú øÚÌ«̊ ˛ fl¬ı≈̨Ú †

1. ïfl¬ó 1

2
1 2

0
+z cos x dxb gπ

ï‡ó sin sinx x dx2
0

2
πz

ï·ó 2
2

0

2
ax x dx

a
−z

2. ïfl¬ó sin cos
2 3

0
2 x x dx

πz ï‡ó 
dx

e ex x+ −z01

ï·ó 
x dx

x x

3

4 20

3

3 2+ +
z

3. ïfl¬ó 
log( )1

1

2

2
0

1 +

+z x

x
dx ï‡ó 

1 1
2

2 log (log )x x
dx

e

−
RST

UVWz
ï·ó x x dxtan−z 1

0

1

√õ∂ùü±ı˘œñ1 ¤ı˛ Î¬◊Mı˛

1. ïfl¬ó 2. [¸—Àfl¬Ó¬ † I = =z zcos cos
2

0 0
x dx x dx

π π

= + − =zz cos cos ...........]x dx x dxb gπ

ππ

2
0

2

ï‡ó 2

3
.  [¸—Àfl¬Ó¬ † sinA sinB 1

2
cos A B cos(A B)= − − +b gn s  ¤˝◊ ¸”S ÒÀı˛ ’·Ë¸ı˛ Œ˝±Ú/]

ï·ó 1

2
2πa  [ ¸—Àfl¬Ó¬ † 2

2 2 2
ax x a x a− = − −b g  ø˘À‡ ’·Ë¸˝ı˛ Œ˝±Ú]

2. ïfl¬ó 2

15
 [¸—Àfl¬Ó¬ † sin x z=  Òı≈̨Ú] ï‡ó tan− −1

4
e π  ï·ó log .

5

4

3. ïfl¬ó π

4
2− log  ï‡ó e −

2

2log  ï·ó π

4

1

2
− [ f x x( ) tan ,= −1 g x x' ( ) =  Òı≈̨Ú]
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2.4 øÚø«©Ü ¸˜±fl¬À˘ı˛ fl¬À˚˛fl¬øÈ¬ Ò «̃

¤‡±ÀÚ √õ∂øÓ¬ Œé¬ÀS ¸˜±fl¬˘Ê ¸˜±fl¬À˘ Î¬◊ø{°ø‡Ó¬ ¸œ˜±ı˛ ˜ÀÒ… ¸˜±fl¬˘ÚÀ˚±·… Òı˛± ˝À˚˛ÀÂ ¤ı— Ó¬±ı˛ ø√õ∂ø˜øÈ¬ˆƒ¬

ï¬Û”ı«¸”ı˛œó ’±ÀÂ Ó¬±› Òı˛± ˝À˚˛ÀÂ/

Ò «̃- (i) : f x dx f z dz
a

b

a

b
( ) ( )= zz

Œ˜Ãø˘fl¬ Î¬◊¬Û¬Û±… ’Ú≈̊ ±˚˛œ,

ı±˜¬Ûé¬ = = −z f x dx b a
a

b
( ) ( ) ( ),φ φ  ˚‡Ú φ ' ( ) ( )x f x=

’Ô«±» ˚‡Ú f x( ) ¤ı˛ ø√õ∂ø˜øÈ¬ˆ¬ φ ( ).x

¤fl¬˝◊ˆ¬±Àı Î¬±Ú¬Ûé¬ = = −z f z dz b a
a

b
( ) ( ) ( )φ φ

∴ ı±˜¬Ûé¬ = Î¬±Ú¬Ûé¬

Ò «̃-(ii) : f x dx f x dx
b

a

a

b
( ) ( )= −zz

Òı˛± ˚±fl¬ φ ' ( ) ( ).x f x=  ’Ó¬¤ı Œ˜Ãø˘fl¬ Î¬◊¬Û¬Û±… ’Ú≈̊ ±˚˛œ,

ı±˜¬Ûé¬ = f x dx b a
a

b b g = −z φ φ( ) ( )

¤ı— Î¬±Ú¬Ûé¬ = − = − − = −z f x dx a b b a
b

a
( ) ( ) ( ) ( ) ( )φ φ φ φl q

∴ ı±˜¬Ûé¬ = Î¬±Ú¬Ûé¬

Ò «̃-(iii) : f x dx f x dx f x dx
c

b

a

c

a

b
( ) ( ) ( )= + zzz  Ù¬À˘ a c b< < .

˚ø φ ' ( ) ( )x f x=  ˝˚˛ Ó¬Àı Œ˜Ãø˘fl¬ Î¬◊¬Û¬Û±… ’Ú≈̊ ±˚˛œ,

ı±˜¬Ûé¬ = = − = − + −z f x dx b a c a b c
a

b
( ) ( ) ( ) ( ) ( ) ( ) ( )φ φ φ φ φ φl q l q

= + zz f x dx f x dx
c

b

a

c
( ) ( )

= Î¬±Ú¬Ûé¬.



38

^©Üı… † ˚ø a c c c bn< < < < <1 2 ........  ˝˚˛ Ó¬±˝À˘ Î¬◊¬ÛÀı˛ı˛ Ò˜«±Ú≈¸±Àı˛ Œ‡± ˚±Àı

f x dx f x dx f x dx f x dx f x dx
c

c

c

b

c

c

a

c

a

b

nn

n
( ) ( ) ( ) ........ ( ) ( ) .= + + + +z zzzz

−1

2

1

1

Ò «̃-(iv) : f x dx f a x dx
aa

( ) ( )= −zz 00

Î¬±Ú¬ÛÀé¬ a x z− =  ÒÀı˛ dx dz= − ,  x z a= ⇒ =0  ¤ı— x a z= ⇒ = 0  ˝˚˛/ Ó¬‡Ú

Î¬±Ú¬Ûé¬ = − = ⋅ − = −zzz f a x dx f z dz f z dz
aa

a
( ) ( ) ( )b g 00

0

= z f x dx
a

( )
0

 [Ò˜« (i) › (ii) ’Ú≈̊ ± ˛̊œ]

= ı±˜¬Ûé¬

Ò «̃-(v) : f x dx f x dx f a x dx
aaa

( ) ( ) ( )= + −zzz 2
000

2

ı±˜¬Ûé¬ = = + zzz f x dx f x dx f x dx
a

aaa
( ) ( ) ( )

2

00

2
[Ò «̃ (iii) ’Ú≈˚±˚˛œ,∴ < <0 2a a ]

¤‡Ú øZÓ¬œ ˛̊ ¸˜±fl¬À˘ x a z= −2  ÒÀı˛ dx dz= − ,  x a z a= ⇒ =  ¤ı— x a z= ⇒ =2 0  ˝ ˛̊/

’Ó¬¤ı

ı±˜¬Ûé¬ = + − −zz f x dx f a z dz
a

a
( ) ( ) ( )2

0

0

= + −zz f x dx f a z dz
aa

( ) ( )2
00

[Ò «̃ (ii) ’Ú≈˚±˚˛œ]

= + −zz f x dx a x dx
aa

( ) ( )2
00

[Ò˜« (i) ’Ú≈˚±˚˛œ]

= Î¬±Ú¬Ûé¬/

Ò «̃-(vi) : f x dx f x dx
aa

( ) ( ) ,= zz 2
00

2
 ˚‡Ú f a x f x( ) ( )2 − =

= 0 , ˚‡Ú f a x f x( ) ( )2 − = −

¤˝◊ Ò˜«øÈ¬ Ò˜«-(v) ¤ı˛ ’Ú≈¸±ı˛œ/

Ò «̃-(vii) : f x dx n f x dx
ana

( ) ( ) ,= zz 00
 ˚‡Ú f x f a x( ) ( ).= +
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Œ˚À˝Ó≈¬ 0 2 1< < < < − <a a n a na......... ( )  ’Ó¬¤ı Ò˜« (iii)

ŒÔÀfl¬ ¬Û±›˚˛± ˚±˚˛

f x dx f x dx f x dx f x dx
n a

na

a

aana
( ) ( ) ( ) ........ ( ) .....( )

( )
= + + +

−zzzz 1
1

2

00

¤‡Ú Î¬±Ú ¬ÛÀé¬ı˛ øZÓ¬œ˚˛ ¸˜±fl¬À˘ x z a= +  ıø¸À˚˛ dx dz= ,  x a z= ⇒ = 0  ¤ı— x a z a= ⇒ =2

˝˚̨

∴ f x dx f z a dz f x a dx
aa

a

a
( ) ( ) ( )= + = +zzz 00

2

= z f x dx
a

( )
0

[∴ √õ∂M ˙ÀÓ«¬ f x f a x( ) ( )]= +

’Ú≈ı˛”À¬Û Œ‡±Ú ˚±˚˛ f x dx f x dx f x dx
a

a

a

a

a
( ) ( ) ( ) ,= = zzz 0

2

2

3

f x dx f x dx f x dx
a

a

a

a

a
( ) ( ) ( ) ,= = zzz 02

3

3

4
 ˝◊Ó¬…±ø/

’Ó¬¤ı (1) Ú— ¸•Ûfl«¬ ŒÔÀfl¬ ¬Û±˝◊

ı±˜¬Ûé¬ = = + +zzz f x dx f x dx f x dx n
aana

( ) ( ) ( ) ..........
000

 Ó¬˜ ¬Û ¬Û˚«ôL√/

= zn f x dx
a

( )
0

 = Î¬±Ú¬Ûé¬/

Ò «̃-(viii) : f x dx f x f x dx
a

a

a
( ) ( ) ( )= + −zz−+ l q

0

ı±˜¬Ûé¬ = = + zzz −
−

+

f x dx f x dx f x dx
a

a
a

a

( ) ( ) ( )
0

0

 [Ò «̃ (iii) ’Ú≈̊ ± ˛̊œ]

= − − + zz f z dz f x dx
a

a
( ) ( ) ( )

0

0

[ √õ ∂Ô˜ ¸˜±fl¬À˘ x z= −  ÒÀı ˛ dx dz= − ,  x a z a= − ⇒ = +

¤ı— x z= ⇒ =0 0]

= − + zz f z dz f x dx
aa

( ) ( )
00

[Ò˜« (ii) ŒÔÀfl¬]
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= − + zz f x dx f x dx
aa

( ) ( )
00

[Ò «̃ (i) ŒÔÀfl¬]

= − + =z f x f x dx
a

( ) ( )l q
0

 Î¬±Ú¬Ûé¬/

^©Üı… † Ò «̃ (viii) Œfl¬ øÚ•ßø˘ø‡Ó¬ Î¬◊¬Û±À˚˛› √õ∂fl¬±˙ fl¬ı˛± ˚±˚˛ †

f x dx
a

a
( ) ,=

−z 0  ˚‡Ú f x f x( ) ( )− = −  ’Ô«±» ˚‡Ú f x( ) ’ ≈̊¢¨ ’À¬Ûé¬fl¬

= z2 0
f x dx

a
( ) ,  ˚‡Ú f x f x( ) ( )− =  ’Ô«±» ˚‡Ú f x( )  ≈̊¢¨ ’À¬Ûé¬fl¬/

’Ú≈̇ œ˘Úœñ5

Î¬◊±˝ı˛Ì-1 : I = = −zz cos cos
5 5

00
xdx x dxπ

ππ b g ∴ = −zz f x dx f a x dx
aa

( ) ( )
00

= − = − = −zz cos cosx dx x dxb g5 5

00
I

ππ

∴ 2I 0 I 0= ⇒ =

Î¬◊±˝ı˛Ì-2 : I = = − −zz sin cos sin cosx xdx x x dx
7 7

00
π π

ππ b g b g

∴ = −zz f x dx f a x dx
aa

( ) ( )
00

 = ⋅ − = − = −zz sin cos sin cosx x dx x dxb g7 7

00
I

ππ

∴ 2I 0 I 0.= ⇒ =

Î¬◊±˝ı˛Ì-3 : I = +z sin sin cos2

0
2 x x x dxb gπ

= − − + −z sin sin cos
2

0
2

2 2 2
π π π

π

x x x dxe j e j e j{ }

∴ = −z zf x dx f a x dx
a a

( ) ( )
0 0

= +z cos cos sin2

0
2 x x x dxb gπ
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∴ 2I = I + I =
0

2 sin (sin cos ) cos sin cos2 2

0
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xe

x

e
x

x

x
x

+
=

+
−

+

R
S|
T|

U
V|
W|1

1

1

1

1
2 2b g b g  ◊̋̋ ± e f x f x

x ( ) ( )'+o t  ¤ ◊̋

√õ∂fl¬±Àı˛ı˛ ˚‡Ú f x
x

( ) =
+
O
QP

1

1

ïÊó 
e

π

2  [¸—Àfl¬Ó¬ † e
x

x
e

x x

x
e

x xx x x1

1

1 2
2 2

2
2

1

2 2 22

2+

+
F
H

I
K =

+
= +
F
H

I
K

sin

cos

sin cos

cos

tan ,see

f x
x

( ) tan=
2

 Òı˛À˘ ◊̋̋ ± e f x f x
x ( ) ( )'+o t  ¤ ◊̋ √õ∂fl¬±Àı˛ı˛ Î¬◊±˝ı˛Ì 2  Œ‡≈Ú]

5. ïfl¬ó π

4
 ï‡ó π  [¸—Àfl¬Ó¬ † I =

−

+ −
z π

π

π x

x
dx

10 sinb g  ïÒ «̃ (iv)] =
+

−zπ π dx

x10 sin
,I  ◊̋Ó¬…±ø]

ï·ó π

8
2log  [¸—Àfl¬Ó¬ † I = + −FH

I
K

RST
UVWz log tan1

40
4

π
θ θ

π

d  ïÒ «̃ (iv)] = +
−

+
RST

UVWz log
tan

tan
1

1

10
4

θ

θ
θ

π

d

=
+

= −zz log
tan

log .
2

1
2

0
4

0
4

θ
θ θ

ππ

d d I

∴ 2 2 2
4 8

2
0
4I I =

1

2
= ⇒ =

O
QP

log . log . logθ
π π

π
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ï‚ó π

8
2log  ï„ó 

1

2
2 2

1
cot

− e j  [¸—Àfl¬Ó¬ † 
I =

−FH
I
K

+ −
F
H
I
K + −
F
H
I
K

z
cos

sin cos

2

0
2

2

2
2 2

π

π π

π x

x x

dx

=
+ +z sin

cos sin

2

0
2

2

x

x x
dx

π

 ∴ 2
2 2

2 2

0
2I =

0
2

cos sin

sin cos sin cos

x x

x x
dx

dx

x x

+

+ +
=

+ +z z
π π

 ◊̋Ó¬…±ø/]

ï‰¬ó π
2

2ab
 [¸—Àfl¬Ó¬ † (iv) Ú— Ò «̃ √õ∂À ˛̊±· fl¬Àı˛ I = Iπ

π dx

a x b x
2 2 2 2

0 cos sin+
−z

∴ 2
2 2 2 20

I = 2 2π
π

⋅
+

z dx

a x b xcos sin
, Ò «̃ (vi) ¬√õ∂À ˛̊±· fl¬Àı˛

ı±, I
see

2
=

+
zπ

π 2

2 20
2

x dx

a b xtan
,  ¤‡Ú b x atan tan= θ  Òı≈̨Ú]

ïÂó 
π

2
 [¸—Àfl¬Ó¬ † I =

0
2 cot tan

π ππ

2 0
2−

F
H
I
K = zz x dx xdx

∴ 2I =
0
2 cot tan ,x x dx+z e j
π

 ¤ı±ı˛ 2(b) ¤ı˛ ¸—Àfl¬Ó¬ Œ‡≈Ú/]

ïÊó π
π

2
2−b g  ïÁ¬ó 1

4
2π

6. ¸—Àfl¬Ó¬ † √õ∂ÔÀ˜ Ò «̃ (iv) √õ∂À ˛̊±· fl¬ı≈̨Ú Ó¬±ı˛¬Ûı˛ Î¬◊±˝ı˛Ì-5 ’Ú≈̧ ı˛Ì fl¬ı≈̨Ú/

’øÓ¬øı̨ñ ¬Û±Í¬

(Selected Readings)

1. Edwards D––Integral Calculus

2. Des, B & B. Mukherjee–Integral Calculus, UN Dhar

3. Apostol, T.M. ; Calculus VOl I. Walthein, 1967

4. Shanti Narayan, Integral Calculus, S. Chand, 2005

5. MC Shane, E.J. ; Integration, OUP, 1961.
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¤fl¬fl¬ 3 qqqqq Œ˚±·Ù¬À˘ı˛ ¸œ˜±ı”̨À¬Û øÚø«©Ü ¸˜±fl¬˘ (Integration

as a Limit of a sum)

·Í¬Ú

3.1 √õ∂ô¶∏±ıÚ±

3.2 Î¬◊ÀV˙…

3.3 Œ˚±·Ù¬À˘ı˛ ¸œ˜±ı˛”À¬Û øÚø«©Ü ¸˜±fl¬À˘ı˛ ¸—:±

3.3.1 Ê…±ø˜øÓ¬fl¬ ı…±‡…±

3.3.2 øıÀù≠¯∏Ì ”̃̆ fl¬ ¸—:±

3.3.3 øÚø«©Ü ¸˜±fl¬À˘ı˛ ¸—:±ı˛ øıÀ˙¯∏ı˛”¬Û

3.4 ¸˜±fl¬˘Úøı…±ı˛ Œ˜Ãø˘fl¬ Î¬◊¬Û¬Û±…

3.5 ¸˜±fl¬À˘ı˛ ¸±˝±À˚… Œ|Ìœı˛ ¸˜ø©Ü øÚÌ«˚˛

3.6 ¸±ı̨±—˙

3.7 ¸ı«À˙¯∏ √õ∂ùü±ı˘œ

3.7.1 ¸ı«À˙¯∏ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛

3.1 √õ∂ô¶∏±ıÚ± †

’±À·ı˛ ¤fl¬Àfl¬ øÚø«©Ü ¸˜±fl¬À˘ı˛ fl¬À˚˛fl¬øÈ¬ øÚÌ«˚˛ ¬ÛX¬øÓ¬ ’±À˘±ø‰¬Ó¬ ˝À˚˛ÀÂ/ ¤˝◊ ¤fl¬Àfl¬ Œ˚±·Ù¬À˘ı˛ ¸œ˜±ı˛”À¬Û
øÚø«©Ü ¸˜±fl¬À˘ı˛ ¸—:± › Ó¬±ı˛ Ê…±ø˜øÓ¬fl¬ ı…±‡…±ı˛ ˜Ò… øÀ ˛̊ øÚø«©Ü ¸˜±fl¬À˘ı˛ ¸±ÀÔ øıÀ˙ ∏̄̂ ¬±Àı ¬Ûøı˛ø‰¬Ó¬ ˝› ˛̊±ı˛
≈̧À˚±· Ô±fl¬ÀÂ/ Ê…±ø˜øÓ¬ÀÓ¬ ¤ı— ı±ô¶∏Àı ¤ı˛ √õ∂À˚˛±· ˚ÀÔ©Ü ¬Ûøı˛˜±ÀÚ øı…±˜±Ú/ øÚø«©Ü ¸˜±fl¬À˘ı˛ √õ∂À˚˛±À· ¤fl¬

ı± ¤fl¬±øÒfl¬ ıSê Z±ı˛± Œıøá¬Ó¬ Œé¬ÀSı˛ Œé¬SÙ¬˘, ıÀSêı˛ ∆‚«…, ·±øÚøÓ¬fl¬ Ó¬˘Àıøá¬Ó¬ ıô¶∏≈ı˛ ’±˚˛Ó¬Ú, ˆ¬±ı˛Àfl¬f,
Ê±Î¬… w±˜fl¬ ˝◊Ó¬…±ø øÚı˛”¬ÛÚ fl¬ı˛± ˚±˚˛/

3.2 √Î¬◊ÀV˙… †

¤˝◊ ¤fl¬fl¬ ¬Û±Í¬fl¬Àı˛ ’±¬ÛøÚ

l øÚø«©Ü ¸˜±fl¬˘ Œ˚ ¤fl¬øÈ¬ Œ˚±·Ù¬À˘ı˛ ¸œ˜± (limit) Ó¬± Ê±ÚÀÓ¬ ¬Û±ı˛ÀıÚ/

l øÚø«©Ü ¸˜±fl¬À˘ı˛ Ê…±ø˜øÓ¬fl¬ ı…±‡…± ¬Û±ÀıÚ/
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l ¸˜±fl¬À˘ı˛ Œ˜Ãø˘fl¬ Î¬◊¬Û¬Û±À…ı˛ √õ∂˜±Ì ¬Û±ÀıÚ/

3.3  Œ˚±·Ù¬À˘ı˛ ¸œ˜±ı”̨À¬Û øÚø«©Ü ¸˜±fl¬À˘ı˛ ¸—:± †

¬Û≈Àı˛±¬Û≈øı˛ øıÀù≠¯∏Ì ˜”˘fl¬ ·±øÚøÓ¬fl¬ Î¬◊¬Û±À˚˛ ¤ı— Ê…±ø˜øÓ¬ı˛ ¸±˝±˚… øÚÀ˚˛ ¤˝◊ ≈˝◊ Î¬◊¬Û±À˚˛ Œ˚±·Ù¬À˘ı˛ ¸œ˜±ı˛”À¬Û
øÚø«©Ü ¸˜±fl¬À˘ı˛ ¸—:± ı± ı…±‡…± Œ›˚˛± ˚±˚˛/ Ó¬Àı ø‰¬S ¸˝À˚±À· ’¢∂¸ı˛ ˝À˚˛ øÚø«©Ü ˘Àé¬ Œ¬ÛÃ“Â±À˘ Œı±Á¬±ı˛

¸≈øıÒ± ˝Àı ¤˝◊ ˜ÀÚfl¬Àı˛ √õ∂ÔÀ˜ Ê…±ø˜øÓ¬fl¬ Î¬◊¬Û±À˚˛ ›¬ÛÀı˛ øıÀù≠¯∏Ú±Rfl¬ Î¬◊¬Û±À˚˛ øı¯∏˚˛øÈ¬ı˛ Î¬◊¬Û¶ö±¬ÛÚ± fl¬ı˛± ˝Àı/

3.3.1 Ê…±ø˜øÓ¬fl¬ ı…±‡…± †

Ê…±ø˜øÓ¬fl¬ ı…±‡…±ı˛ ¸≈øıÒ±ÀÔ«

a≤ x≤ b  ’Ô±«» a b,   ¸¸œ˜

’ôL√ı̨±À˘ ¸—:±ø˚̨Ó¬ ¤fl¬øÈ¬ ı±ô¶∏ı ˜±ÀÚı̨

’À¬Ûé¬fl¬ f(x) -Œfl¬ ¸ôLÓ¬ ï¸≈Ó¬ı˛±—

¸œ˜±ıX¬ó ¤ı— ÒÚ±Rfl¬ ÒÀı˛ ŒÚ›˚˛±
˝˘/ ø‰¬ÀS Ao › An øıj≈Z ˛̊ ¸Ô±SêÀ˜

x=a (=xo) › x=b (=xn) øıj≈ ¤ı—

ı]Àı˛‡±øÈ¬ y=f(x) Z±ı˛± ¸”ø‰¬Ó¬/ ¤‡Ú

Ao › An ¤ı˛ ˜ÀÒ… x1, x2....xr-

1 xr,......, xn-1 ’Ô±«» ˚Ô±]À˜ A1, A2....Ar-1 Ar,......, An-1 øıj≈·≈ø˘Àfl¬ ˚ÀÔBÂˆ¬±Àı ¶ö±¬ÛÚ fl¬Àı˛ [a, b]

’ôL√ı˛±˘Àfl¬ n øÈ¬ ˆ¬±À· ı± Î¬◊¬Û’ôL√ı˛±À˘ ˆ¬±· fl¬ı˛± ˝˘ ïˆ¬±··≈ø˘ ’¸˜±Ú ı± ¸˜±Ú Œ˚Àfl¬±Ú ∆‚«… øıø˙©Ü ˝ÀÓ¬
¬Û±Àı˛ó/ ’Ó¬¤ı Œ˜±È¬ ’ôL√ı˛±˘øÈ¬ı˛ ∆‚«… A0An= b–a ¤ı— Î¬◊¬Û’ôL√ı˛±˘ ·≈ø˘ı˛ ∆‚«…  A0 A1=δ1= X1-X0,

A1A2= δ2
= X2-X1,.........,.Ar-1Ar r= δ =Xr-Xr-1,......, An-1An= δn= xn-xn-1 ˝◊Ó¬…±øÄ ¸—Àé¬À¬Û

δr= Xr-Xr-1, r =1,2......,n; r-Ó¬˜ Î¬◊¬Û’ôL√ı˛±˘øÈ¬Àfl¬› δr Z±ı˛± ¸”ø‰¬Ó¬ fl¬ı˛± ˝˚˛ ˚‡Ú r=1,2,.....n, ˚ø

r- Ó¬˜ Î¬◊¬Û’ôL√ı˛±À˘ f(x) ¤ı˛ ¸ı«øÚ•ß › ¸Àı«±B‰¬ ˜±Ú ˚Ô±SêÀ˜ mr › Mr ˝˚˛ Ó¬Àı

m fr r r≤ ≤ξa f M  ˚‡Ú δ r  Î¬◊¬Û’ôL√ı˛±À˘ı˛ ˜ÀÒ… Œ˚Àfl¬±Ú ¤fl¬øÈ¬ øıj≈ ξr

∴ m f ir r r r rδ ξ δ δ≤ ≤a f M r ................( )

¤‡Ú r n= 1 2, ,..........,  ¤ı˛ ÊÚ… ’Ú≈ı˛”¬Û ’¸˜œfl¬ı˛Ì ¸˜øá¬ øÚÀ˚˛ ¬Û±˝◊

m f iir r r r r

r

n

r

n

r

n

rδ ξ δ δ= ≤
===
∑∑∑ a f M

111

..............( )

O

y

xAo ξ1 A1 ξ2 A2
Ar–1 ξr Ar

An–1 ξn An

f (ξ
1
)

f (ξ
2
)

f (ξr)

f (ξ
n
)

D

B

C
E2

E 1
E

F2

F1

F y = f(x)
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’¸˜œfl¬ı˛Ì (i)-¤ ø‰¬SÚ≈˚±˚˛œ

m mr r rδ = ∆‚«… ¤ı— δ r √õ∂¶ö ˚≈ñ ’±˚˛Ó¬Àé¬S A EFr rA −1 -¤ı˛ Œé¬SÙ¬˘

f fr r rξ δ ξa f a f=  ∆‚«… ¤ı— δ r õ∂¶ö ≈̊ñ ’±˚˛Ó¬Àé¬S A E F Ar r1 1 1− -¤ı˛ Œé¬SÙ¬˘

¤ı— Mr r rδ = M  ∆‚«… ¤ı— δ r  √õ∂¶ö ˚≈ñ ’±˚˛Ó¬Àé¬S A E F Ar r2 2 1− -¤ı˛ Œé¬SÙ¬˘ Œı±Á¬±˚˛/

≈̧Ó¬ı˛±— ’¸˜œfl¬ı˛Ì (ii) -ŒÓ¬ ¤fl¬˝◊ Ò±ı˛Ì± ’Ú≈̧ ±Àı˛ m fr r r r

r

n

r

n

δ ξ δ, a f
==
∑∑

11

 › Mr r

r

n

δ
=

∑
1

’Ú≈ı˛”¬Û ’±˚˛Ó¬Àé¬S·≈ø˘ı˛ Œé¬SÙ¬À˘ı˛ ¸˜øá¬·≈ø˘Àfl¬ Œı±Á¬±˚˛/

’±ı±ı˛ ø‰¬S ŒÔÀfl¬ ¤ı— Î¬◊¬ÛÀı˛±ñ Œé¬S·≈ø˘ı˛ Ò±ı˛Ì± ŒÔÀfl¬ ı˘± ˚±˚˛ñ

mr r

r

n

δ ≤
=

∑
1

 Œé¬SÙ¬˘ A A BCD Mo n r r

r

n

iii≤
=

∑ δ ..................( )
1

˚ø mr r

r

n

δ
=

∑
1

 › Mr r

r

n

δ
=

∑
1

Œfl¬ ˚Ô±]À˜ s › S Z±ı˛± ø‰¬ø˝êÓ¬ fl¬ı˛± ˝˚˛/ Ó¬±˝À˘ ı˘± ˚±˚˛ [a, b] ’ôL√ı˛±À˘ı˛

˜ÀÒ… ’±ı˛› ÚÓ≈¬Ú ÚÓ≈¬Ú øıj≈ ¶ö±¬ÛÚ fl¬Àı˛ Î¬◊¬Û’ôL√ı˛±À˘ı˛ ¸—‡…± n ¤ı˛ ˜±Ú ı±h¬±Ú ˚±˚˛ Ó¬±˝À˘ s ¤ı˛ ˜±Ú

ı±h¬ÀÓ¬ Ô±Àfl¬ ¤ı— S ¤ı˛ ˜±Ú fl¬˜ÀÓ¬ Ô±Àfl¬/ ¤˝◊ √õ∂fl¬±Àı˛ Î¬◊¬Û’ôL√ı˛±˘·≈ø˘ı˛ ¸—‡…± ˚ø ¤˜Ú ˆ¬±Àı ı±h¬±Ú

˚±˚˛ ˚±ÀÓ¬ δ r  ·≈ø˘ı˛ ˜ÀÒ… œ‚«Ó¬˜ δ  ¤ı˛ ˜±Ú é≈¬^ ŒÔÀfl¬ é≈¬^Ó¬˜ ˝ÀÓ¬ ˝ÀÓ¬ ˙”Ú…ı˛ øÚfl¬È¬ıÓ«¬œ ˝ÀÓ¬ Ô±Àfl¬

ï’Ô±«» n → ∞  ˝À˘ δ → 0  ˝˚˛ó Ó¬‡Ú f xb g  ¸ôL√Ó¬ ıÀ˘ s ¤ı˛ ˜±Ú ı‘øX¬ı˛ ¸Àº ¸Àº ¤fl¬øÈ¬ ¸¸œ˜

¸œ˜± ˜±ÀÚı˛ øÀfl¬ ’øˆ¬¸±ı˛œ (Convergent) ˝˚˛ ¤ı— S ¤ı˛ ˜±Ú› ˝ò±¸ Œ¬ÛÀÓ¬ Œ¬ÛÀÓ¬ ¤fl¬øÈ¬ ¸¸œ˜ ¸œ˜±˜±ÀÚı˛

øÀfl¬ ’øˆ¬¸±ı˛œ ˝˚˛/

’±ı±ı˛ δ → 0  ˝À˘ Œ˚ Œfl¬±Ú Î¬◊¬Û’ôL√ı˛±À˘

M m
b ar r− <

−

ε  Òı˛±˚±Àı, ˚‡Ú ε > 0  ¤fl¬øÈ¬ ˝◊BÂ±˜Ó¬ ŒÂ±È¬ ¸—‡…±/

∴ →δ 0  ˝À˘,

  S s m m
b ar r

r

n

r r r r r r

r

n

r

n

r

n

− = − = − <
−

= ===
∑ ∑∑∑M Mδ δ δ

ε
δ

1 111

a f

      =
−

=
−

⋅ − =
−

⋅ − =
=

∑
ε

δ
ε ε

ε
b a b a

x x
b a

b ar n o
r

n

b g b g
1
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’Ó¬¤ı, lim lim ,S= s  Œ˚À˝Ó≈¬ ε > 0  ¤fl¬øÈ¬ ˝◊BÂ±˜Ó¬ ŒÂ±È¬ ¸—‡…±/

     δ → o  δ → o

¸≈Ó¬ı˛±— (ii) ¤ı— (iii) -¬¤ Œ˚À˝Ó≈¬ f r r

r

n

ξ δa f
=
∑

1

 ¤ı— Œé¬SÙ¬˘ A A BCDo n ′  Î¬◊ˆ¬À˚˛˝◊ s ¤ı— S ¤ı˛

˜ÀÒ… ’ıø¶öÓ¬/ ’Ó¬¤ı ı˘± ˚±˚˛ δ → o  ˝À˘ Ó¬±˝±ı˛± Î¬◊ˆ¬À˚˛˝◊ s › S ¤ı˛ ¸±Ò±ı˛Ú (common) ¸œ˜±˜±ÀÚı˛

øÀfl¬ ’øˆ¬¸±ı˛œ ˝Àı/

lim
n

r r

r

n

f
→
→ =

=∑
α

δ

ξ δ

0 1

a f  Œé¬SÙ¬˘ A A BCDo n

¤˝◊ ¸˜œfl¬ı˛ÚøÈ¬ı˛ ı±˜¬ÛÀé¬ı˛ Œ˚±·Ù¬À˘ı˛ ¸œ˜±øÈ¬Àfl¬ f x dx
a

b b gz  Z±ı˛± ¸”ø‰¬Ó¬ fl¬ı˛± ˝˚˛/ ¸—·Ó¬ fl¬±ı˛ÀÚ˝◊

f x dx
a

b b gz  øÚø«©Ü ¸˜±fl¬˘øÈ¬ Ê…±ø˜øÓ¬fl¬ ˆ¬±Àı A A BCDo n  Œé¬ÀSı˛ Œé¬SÙ¬˘ ’Ô«±» y f x= b g  ı], x a=

› x b=  Œfl¬±øÈ¬Z˚˛ ¤ı— x -’é¬ Z±ı˛± ¸œ˜±ıX¬ Œé¬ÀSı˛ Œé¬SÙ¬˘ Œı±Á¬±˚˛/

√õ∂±ôL√ø˘ø¬Û – f x( )  ’À¬Ûé¬fl¬ ¸ôL√Ó¬ Ú± ˝À˚˛› Œfl¬ı˘˜±S ¸œ˜±ıX¬ ˝À˘˝◊ øfl¬Â≈ ˙Ó«¬ ¸±À¬ÛÀé¬ ¸¸œ˜ ’ôL√ı˛±˘

[a, b] -ŒÓ¬ ¸˜±fl¬˘ÚÀ˚±·… ˝ÀÓ¬ ¬Û±Àı˛ ¤ı— f x( )  ¸ı«± ÒÚ±Rfl¬ ı± ŸÌ±Rfl¬ ı± fl¬‡Ú› ÒÚ±Rfl¬ fl¬‡Ú›

ŸÌ±Rfl¬ ˝ÀÓ¬ ¬Û±Àı˛/ ¤øı¯∏À˚˛ øı˙ ’±À˘±‰¬Ú± ¤˝◊ ¬Û≈ô¶∏Àfl¬ fl¬ı˛± ˝˘ Ú±/

3.3.2 øÚø«©Ü ¸˜±fl¬À˘ı˛ øıÀù≠¯∏Ì ”̃̆ fl¬ ¸—:±

Òı˛±˚±flƒ¬ ¸¸œ˜ ’ôL√ı˛±˘ a b, -ŒÓ¬ ¸—:±ø ˛̊Ó¬ f xb g  ’À¬Ûé¬fl¬øÈ¬ ¸œ˜±ıX¬ (Bounded)/ a b,  ’ôL√ı˛±˘øÈ¬Àfl¬

˚ÀÔBÂ ˆ¬±Àı (Arbitrarily) a x x x x x x x br r n n= =− −0 1 2 1 1, , ,........., , ,............, ,  øıj≈·≈ø˘ Z±ı˛±

x x nr r− <1b g  -øÈ¬ Î¬◊¬Û’ôL√ı˛±À˘ øıˆ¬±øÊÓ¬ fl¬ı˛± ˝˘/ ¤ ◊̋ Î¬◊¬Û’ôL√ı˛±˘ ·≈ø˘Àfl¬ ¤ı— Î¬◊̋ ±Àı˛ ∆‚«…·≈ø˘Àfl¬ ¸±Ò±ı˛Ì

(Common) ø‰¬˝ê δ δ δ δ1 2, ,......, ,.......,r n  Z±ı˛± ¤ı— Î¬◊˝±Àı˛ ˜ÀÒ… œ‚«Ó¬˜øÈ¬Àfl¬δ  Z±ı˛± ¸”ø‰¬Ó¬ fl¬ı˛± ˝À˘

δ δ δ δ1 1 0 2 2 1 1 1= − = − = − = −− −x x x x x x x xr r r n n n, ,........, ,.......,  ˝˚̨/ ¤ ◊̋ Î¬◊¬Û’ôL√ı̨±˘·≈ø˘ı̨ ˜ÀÒ…ı̨
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ïfl¬ó e dxx

2

3z  ï‡ó x dx
a

b 2z  ï·ó 2
3

5 xdxz  ï‚ó x dx3

0

1
1+z e j  ï„ó 

1
1
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x
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√õ∂ùü±ı˘œñ1 ¤ı˛ Î¬◊Mı˛

√1. ïfl¬ó e e3 2− , ı…±‡…± † y ex=  ı], x = 2  › x = 3  Œfl¬±øÈ¬Z˚˛ ¤ı— x -’é¬ Z±ı˛± Œıøá¬Ó¬ Œé¬ÀSı˛

Œé¬SÙ¬˘ = −e e3 2

ï‡ó 
1

3
3 3

b a−e j;ı…±‡…± † √1 ïfl¬ó -¤ı˛ ’Ú≈ı˛”¬Û ï·ó 
2 2 1

2

3 2 −e j
log

;ı…±‡…± † 1 ïfl¬ó ¤ı˛ ’Ú≈ı˛”¬Û ï‚ó 
5

4
;

ı…±‡…± † 1 ïfl¬ó -¤ı˛ ’Ú≈ı˛”¬Û [ ¸—Àfl¬Ó¬ † Î¬◊±˝ı˛Ì-6 ’Ú≈¸ı˛Ì fl¬ı˛”Ú ] ï„ó 2 [ ¸—fl¬Ó¬ † Walli's ¬ÛX¬ø

’Ú≈¸ı˛Ì fl¬ı˛”Ú ¤ı— Ê…±ø˜øÓ¬fl¬ ı…±‡…± ¬Û”ı«ı» ]

3.4 ¸˜±fl¬˘Ú øı…±ı˛ Œ˜Ãø˘fl¬ Î¬◊¬Û¬Û±… (Fundamental

Theorem of Integral Calculus) :

√˚ø f xb g  ’À¬Ûé¬fl¬ a b,  ’ôL√ı˛±À˘ ¸œ˜±ıX¬ (Bounded) › ¸˜±fl¬˘ÚÀ˚±·… (Intergrble) ˝ ˛̊ ¤ı—

’Ú… ¤fl¬øÈ¬ ’À¬Ûé¬fl¬ φ xb g  ¤˜Ú ˆ¬±Àı øı…˜±Ú Ô±Àfl¬ Œ˚Ú ¤fl¬˝◊ ’ôL√ı˛±˘ a b, -ŒÓ¬ ′ =φ x f xb g b g  ˝˚˛,

Ó¬±˝À˘ f x dx b a
a

b b g b g b gz = −φ φ  ˝Àı/

√õ∂˜±Ú † Òı˛±˚±flƒ¬ a b,  ’ôL√ı˛±˘øÈ¬Àfl¬ ˚ÀÔBÂˆ¬±Àı (Arbitrarily) ŒÚ› ˛̊±

a x x x x x x x br r n n= =− −0 1 2 1 1, , ,......., , ,......., ,  øıj≈·≈ø˘ Z±ı˛± ¸¸œ˜ ¸—‡…fl¬ n-øÈ¬ Î¬◊¬Û’ôL√ı˛±À˘ øıˆñ

¬ fl¬ı˛± ˝˘ Œ˚‡±ÀÚ x x x x x x xr r n n0 1 2 1 1< < < < < < < <− −......... ..........  ¤ı— ≈̧øıÒ±ÀÔ« δ r  Z±ı˛±

Î¬◊¬Û’ôL√ı˛±˘ x xr r−1,  ¤ı— Ó¬±ı˛ ∆‚«… x xr r− −1  Î¬◊̂ ¬ ˛̊Àfl¬ ◊̋ Œı±Á¬±ÀÚ± ˝À˘±/ √õ∂M ˙Ó«¬±Ú≈̊ ± ˛̊œ a b,  ’ôL√ı˛±À˘

′( )φ x  øı…±˜±Ú ıÀ˘ ¤fl¬ ◊̋ ’ôL√ı˛±À˘ φ xb g  ¸ôL√Ó¬, ’Ó¬¤ı a b,  ’ôL√ı˛±À˘ φ xb g  ’À¬Ûé¬fl¬øÈ¬ ’ôL√ı˛fl¬˘Ú

øı…±ı˛ ˘±·ı˛±À?ı˛ ·h¬ ˜±Ú Î¬◊¬Û¬Û±À…ı˛ (Lagrange's Mean Value Theorem) ˙Ó«¬·≈ø˘ ø¸X¬ fl¬Àı˛/ ’±ı±ı˛

Œ˚À˝Ó≈¬ δ r  ’ôL√ı˛±˘øÈ¬ a b, -¤ı˛ ¤fl¬øÈ¬ ’—˙ ’Ó¬¤ı δ r  ’ôL√ı˛±À˘ φ xb g  ¤ı˛ Î¬◊¬Ûı˛ Î¬◊ñ Î¬◊¬Û¬Û±…øÈ¬ √õ∂À˚˛±·

fl¬ı˛± ˚±Àı ¤ı— Ó¬± √õ∂À˚˛±· fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛

φ φ φ ςx x x xr r r r rb g b g b g b g− = − ′− −1 1 ,  ˚‡Ú x xr r r− < <1 ς    ( ∴ = −δ r r rx x1,  )

= ′φ ς δr rb g
¤˝◊ ¸•Ûfl«¬øÈ¬ÀÓ¬ r n= 1 2 3, , ,.........,  ıø¸À˚˛ √õ∂±l ¸•Ûfl«¬ ·≈ø˘Àfl¬ Œ˚±· fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛

φ φ φ ς δx xr r
r

n

r
r

n

rb g b gm r b g− = ′−
= =

∑ ∑1
1 1

,  ˚‡Ú x x r nr r r− < < =1 1 2ς , , ,.......,
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¤‡Ú φ φ φ φ φ φ φ φx x x x x x x xr r
r

n

n nb g b gm r b g b gm r b g b gm r b g b gm r− = − + − + + −−
=

−∑ 1 1 0 2 1
1

1...........

= − = −φ φ φ φx x b anb g b g b g b g0

’Ó¬¤ı ′ = − = > ′ = −
= → = →
∑ ∑φ ς δ φ φ φ ς δ φ φ

δ δr

n

r r
o

r
r

n

rb a b a
1 1 0

b g b g b g b g b g b gm rlim lim

˚‡Ú δ δ δ1 2, ,......., n  ∆‚«… ·≈ø˘ı˛ ˜ÀÒ… œ‚«Ó¬˜øÈ¬ δ

ı± ′ = −z φ φ φx dx b a
a

b b g b g b g               [ ı±˜¬ÛÀé¬ı˛ ¬Ûøı˛ıÓ«¬Ú øÚø«©Ü ¸˜±fl¬À˘ı˛ ¸—:±

ŒÔÀfl¬ ¤ı— Î¬±Ú ¬Ûé¬ÒËnıfl¬ ıÀ˘ ]

ı± f x dx b a
a

b b g b g b gz = −φ φ               [ ∴ ′ =φ x f xb g b g , ˙Ó«¬±Ú≈¸±Àı˛ ]

√õ∂±ôL√ø˘ø¬Û – ¤‡±ÀÚ Œ˚À˝Ó≈¬ a b,  ’±ôL√ı˛±À˘ ′ =φ x f xb g b g  ’Ó¬¤ı φ xb g -Œfl¬

      φ x f t dt a x b
a

xb g b g= ≤ ≤z ,

¤˝◊ øÚø«©Ü ¸˜±fl¬À˘ı˛ ¸±˝±À˚… √õ∂fl¬±˙ fl¬ı˛± ˚±˚˛/

φ xb g -Œfl¬ f xb g  ¤ı˛ ø√õ∂ø˜øÈ¬ˆ¬ (Primitive) ı± ’øÚø«©Ü ¸˜±fl¬˘ ı˘± ˝˚˛/

3.5 ¸˜±fl¬À˘ı˛ ¸±˝±À˚… Œ|Ìœı˛ ¸˜øá¬ øÚÌ«̊ ˛ †

√’±˜ı˛± øÚø«©Ü ¸˜±fl¬À˘ı˛ ¸—:± ŒÔÀfl¬ Ê±øÚ

  f x dx h f a rh i
a

b

h r

n

b g b gz ∑= +
→ =

lim ...........................( )
0 1

¤ı— f x dx
b a

n
f a

b a

n
r ii

a

b

n r

n

b gz ∑=
−

+
−F

H
I
K→∞ =

lim .......( )
1

Î¬◊¬ÛÀı˛±ñ ¸—:±ÀÓ¬ a = 0  ¤ı— b = 1  Òı˛À˘ ¬Ûøı˛ıøÓ«¬Ó¬ ı˛”¬Û ˝˚˛

    f x dx h f rh iii
h r

n

b g b g
0

1

0 1
z ∑=

→ =

lim ..........................( )

¤ı— f x dx
n

f
r

n
iv

n r

n

b g
0

1

1

1z ∑= F
H

I
K→∞ =

lim ..........................( )
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Œ˙À¯∏ı˛ ¸”S≈øÈ¬ fl¬±ÀÊ ˘±ø·À˚˛ ’±˜ı˛± Œı˙øfl¬Â≈ Œ|Ìœı˛ ¸˜ø©Ü ¸˜±fl¬À˘ı˛ ¸±˝±À˚… øÚÌ«˚˛ fl¬ı˛ÀÓ¬ ¬Û±øı˛/

√õ∂±ôL√ø˘ø¬Û –  øÚø«©Ü ¸˜±fl¬À˘ı˛ ¸—:± ŒÔÀfl¬ ’±˜ı˛± ’±ı˛› Ê±øÚ

    f x dx h f a rh v
a

b

h r

n

b g b gz ∑= +
→ =

−

lim ...........................( )
0 0

1

¤ı— f x dx
n

f a
b a

n
r vi

a

b

h r

n

b gz ∑= +
−F

H
I
K→∞ =

−

lim ....................( )
1

0

1

¤˝◊ ≈øÈ¬ ¸”ÀS a = 0 , b = 1  ıø¸À˚˛ ¬Û±›˚˛± ˚±˚˛

    f x dx h f rh vii
h r

n

b g b g
0

1

0 0

1

z ∑=
→ =

−

lim .............................( )

¤ı— f x dx
n

f
r

n
vii

n r

n

b g
0

1

0

11z ∑=
F
H

I
K→∞ =

−

lim .............................( )

Œ˙À¯∏ı˛ ¤˝◊ ≈øÈ¬ ¸”S› Œ|Ìœı˛ ¸˜ø©Ü øÚÌ«À˚˛ fl¬±ÀÊ ˘±À·/

’Ú≈̇ œ˘Úœñ1

Î¬◊±˝ı˛Ì-1 ˜±Ú øÚÌ«˚˛ fl¬ı”̨Ú †

ïfl¬ó lim ............ ,
n n p n p n np

p
→∞ +

+
+

+ +
+

L
NM

O
QP ≠

1 1

2

1
0

ï‡ó lim ...........
n

n

n

n

n

n

n n→∞ +
+

+
+ +

+

L
NM

O
QP2 2 2 2 2 2

1 2

ï·ó lim
...............

n

n

n→∞

+ + + +L
NM

O
QP

1 2 313 13 13 13

14

ï‚ó lim .............
n

n n n

n

n

n n n

n

n→∞
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F
H

I
K ⋅ +

F
HG

I
KJ ⋅ +

F
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I
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F
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KJ
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M
M
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P
P
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1
1

1
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1
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2
2

2
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2

2

6
2

2
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2 2 2 2
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+
+

+ +
+

L
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O
QP

1 1
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=

+ ⋅

+

+ ⋅

+ +

+ ⋅

L

N
M
M
M

O

Q
P
P
P→∞

lim ............
n

n

p
n

n

p
n

n

p
n

n

1

1
1

1

1
2

1

1

=

+ ⋅
→∞ =

∑lim
n

r

n

n
p

r

n

1 1

11

=
+

= +
L
NM

O
QP = + ⋅ − + ⋅

L
NM

O
QPz dx

px p
px

p
p

p
p

1

1
1

1
1 1

1
1 0

0

1

0

1

log log logb g b g b g

= +
1

1
p

plogb g

ï‡ó lim ...........
n

n

n

n

n

n

n n→∞ +
+

+
+ +

+

L
NM

O
QP2 2 2 2 2 2

1 2

=

+ FH
I
K

+

+ F
H

I
K

+ +

+ FH
I
K

L

N

M
M
M
M

O

Q

P
P
P
P

→∞
lim .............
n

n

n

n

n

n

n

n

1

1
1

1

1
2

1

1
2 2 2

=

+ F
H

I
K

→∞ =

∑lim
n r

n

n r

n

1 1

1
2

1

=
+

= = − =z − − −1

1
1 0
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1 1

0

1
1 1

x
dx xtan tan tan

π

ï·ó lim
...............

n

n

n→∞

+ + + +L
NM

O
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1 2 313 13 13 13
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=
F
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I
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F
H

I
K +

F
H

I
K + +

F
H

I
K

L
N
M

O
Q
P

→∞
lim .............
n n n n n

n

n

1 1 2 3
13 13 13 13
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I
K→∞ =

∑lim
n r

n

n

r

n

1
13

1

 = =
L
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O
QP

=z x dx
x13

0

1
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0

1
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ï‚ó lim .............
n

n n n

n

n

n n n

n

n→∞
+
F
H
I
K ⋅ +
F
HG
I
KJ ⋅ +
F
HG
I
KJ +

F
HG
I
KJ

L

N
M
M
M

O

Q
P
P
P

1
1

1
2

1
3

1
2

2
2

2

4
2

2

6
2

2

2

2 2 2 2

Òı˛±˚±flƒ¬  p
n n n

n

n

n n n

n

n
= +
F
H
I
K ⋅ +
F
HG
I
KJ ⋅ +
F
HG
I
KJ +

F
HG
I
KJ1

1
1

2
1

3
1

2

2
2

2

4
2

2

6
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2

2

2 2 2 2

............

∴ = +FH
I
K + +

F
HG
I
KJ + +

F
HG
I
KJ+ + +

F
HG
I
KJlog log log log logp

n n n n n n

n

n

n

n

2
1

1 4
1

2 6
1

3 2
1

2 2 2

2

2 2

2

2 2

2

2
⋯⋯

= F
H
I
K + FH

I
K

RST
UVW=

∑
1

2 1

2

1
n

r

n

r

n
r

n

log

∴ = ⋅ FH
I
K + FH

I
K

RST
UVW→∞ →∞

=

∑n np
n

r

n

r

n
r

n
lim limlog log

1
2 1

2

1

ı±, log log( )lim
n x x dx→∞ = +zPe j 2 1 2

0

1

= z1
2

log z dz  [ 1+x2 = z ÒÀı˛]

= − z(log ). .z z
z

zdz2

1 1
21 [’±—ø˙fl¬ ¸˜±fl¬À˘ı˛ ¸±˝±À˚…]

= − −2 2 1 1 1
2log .log [ ]b g z

= − = − =2 2 1 4
4

log log log loge
e

∴ =→∞n e
lim

P
4

’Ô«±» √õ∂M ¸œ˜±ı˛ ˜±Ú =
4

e

Î¬◊±˝ı˛Ì 2. ˜±Ú øÚÌ«À˚˛ı˛ fl¬ı˛≈Ú – n n n n→∞ +
+

+
+ +L

NM
O
QP

lim 1

1

1
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1

3
⋯⋯

¸˜±Ò±Ú – n n n n→∞ +
+

+
+ +L

NM
O
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lim 1

1

1
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3
⋯⋯
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+

+
+

+ +
+

RST
UVW+ + +

+
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+ +
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UVW
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O
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( ) ( ) ( )
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1
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3.6 ¸±ı˛±—˙ –

1. Ê…±ø˜øÓ¬fl¬ ı…±‡…± – 
a

b

f x dxz ( )  ¸˜±fl¬˘øÈ¬ Ê…±ø˜øÓ¬fl¬ˆ¬±Àı y f x= ( )  ı]Ä x = a › x = b Œfl¬±øÈ¬Z˚˛

¤ı— x-’é¬ Z±ı˛± ¸œ˜±ıX¬ Œé¬ÀSı˛ Œé¬SÙ¬˘/
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2. ¸—:±¬ † 
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b

r r
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f x dx fz ∑= →
=

( ) ( )lim

δ ξ δ
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1

˚‡Ú f x a b( ) [ , ]-ŒÓ¬ ¸œ˜±ıX¬ δr r, , ,=1 2 ⋯

Î¬◊¬Û’ôL√ı˛±˘·≈ø˘ı˛ ˜ÀÒ… œ‚«Ó¬˜øÈ¬ ¬δ ¤ı— δr Î¬◊¬Û’ôL√ı˛±À˘ı˛ ’ôL√·«Ó¬ Œ˚Àfl¬±Ú øıj≈ ¬ξr

3. ¬ξ1 , ¬ξ2, ....... ¬ξn, øıj≈·≈ø˘Àfl¬ ¶§œ˚˛ ’ôL√ı˛±À˘ı˛ Î¬±Ú√õ∂±ÀôL√ı˛ øıj≈ ÒÀı˛ ¤ı— Î¬◊¬Û’ôL√ı˛±˘ ·≈ø˘ ¸˜±Ú
∆‚«… h øıø˙©Ü ÒÀı˛ ¬Ûøı˛ıøÓ«¬Ó¬ ¸—:± ˝˚˛/

f x dx h f x rhh
a

b

r n

n

( ) ( )lim= +→

=
z ∑0 0  ˚‡Ú x a0 = ¬

=
−

+ ⋅
−F

H
I
K→∞

=

∑n
r

nb a

n
f a r

b a

n
lim

,
1

 Œ˚À˝Ó≈¬ b a nh− = .

4. ¸˜±fl¬˘Úøı…±ı˛ Œ˜Ãø˘fl¬ Î¬◊¬Û¬Û±… † ˚ø f x( ) Ù¬±—˙ÚøÈ¬ [ , ]a b ’ôL√ı˛±À˘ ¸œ˜±ıX¬ › ¸˜±fl¬˘ÚÀ˚±·… ˝˚˛

¤ı— ’Ú… ¤fl¬øÈ¬ ’À¬Ûé¬fl¬ φ( )x ¤˜Úˆ¬±Àı øı…˜±Ú Ô±Àfl¬ Œ˚Ú ¤˝◊ ’ôL√ı˛±˘ [ , ]a b -ŒÓ¬ φ ' ( ) ( )x f x= ˝ ˛̊,

Ó¬±˝À˘

f x dx b a
a

b
( ) ( ) ( ).= −z φ φ

5. φ( ) ( )x f t dt
a

x
= z  ˚‡Ú a x b≤ ≤  ¤ı— ¤ ◊̋ ’ôL√ı˛±À˘ φ ' ( ) ( ).x f x=

6. øÚø«©Ü ¸˜±fl¬À˘ı˛ ¸—:±˚˛ a b= =0 1,  ÒÀı˛

f x dx h f rhh
r

h

( ) ( )lim= →
=

∑z 0
1

0

1

= F
H
I
K→∞

=

∑n
r

n

n
f

r

n
lim .,

1

1
 Œ˚À˝Ó≈¬ nh = − =1 0 1 ⇒ =h

n

1
.

3.7 ¸ı«À˙ ∏̄ √õ∂ùü±ı˘œ

1. Œ˚±· Ù¬À˘ı˛ ¬ÛX¬øÓ¬ÀÓ¬ ı± ¸—:± ŒÔÀfl¬ øÚ•ßø˘ø‡Ó¬ ¸˜±fl¬˘Ú·≈ø˘ı˛ ˜±Ú øÚÌ«˚˛ fl¬ı≈̨Ú/

ïfl¬ó x dx
2

0

1
3+z e j  ï‡ó ax bx c dx

2

0

1
+ +z e j  ï·ó a dx

x

2

5z  ï‚ó cos xdx
0
2

π

z  ï„ó e dx
x

a

b −z

ï‰¬ó xe dx
x

0

1z  ïÂó sin xdx
0
2

π

z
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2. ›˚˛±ø˘ı˛ ¬ÛX¬øÓ¬ÀÓ¬ øÚÀ•ßı˛ ¸˜±fl¬˘·≈ø˘ı˛ ˜±Ú øÚÌ«˚˛ fl¬ı≈̨Ú/

ïfl¬ó x dx
0

1z  ï‡ó 
1

1

9

x
dxz  ï·ó 

1
2x

dx
a

bz  ï‚ó x dx
a

b 4z
3. ˜±Ú øÚÌ«˚˛ fl¬ı˛≈Ú †

ïfl¬ó n

n

n

n

n

n n

n

→∞

+
+

+
+ +

+
R
S|
T|

U
V|
W|

lim
..........

1 2
1

2

3
2

1

2

3
2

1

2

3
2

b g b g b g

ï‡ó n k

k k k k

n
n k→∞ +

+ + + + > −lim
........ , .

1
1 2 3 1

1 e j

ï·ó ¬ n

n

n

n

n

n

n

n n

n n
→∞
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+
+

+

+
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+

+
+ +
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+

RST
UVW

lim .........
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1

2

2

3

32 2 2 2 2 2 2

ï‚ó n
n n n

n

n

n
e e e e→∞ + + + +
RST

UVW
lim .......

1 2 4 6
2

ï„ó n n n n n→∞ +
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+
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+
+ +L

NM
O
QP

lim ...........
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1

1

2

1

3

1
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ï‰¬ó n

r

n

n

r

n r
→∞

= +
∑lim 1

2 2
1

2

ïÂó (i) 
n n

nn

n
→∞
L
NM
O
QP

lim !
1

(ii) n n

nn

n n
→∞

( )L
NM
O
QP

lim !

!

2
1

4. Œ‡±Ú Œ˚ n n n n n

n

n→∞ + + + +
−( )RST
UVW

lim cos cos cos ........ cos
1 2 3 1θ θ θ θ

=
sin

.
θ

θ

3.7.1 ¸ı«À˙¯∏ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛

1. ïfl¬ó 10

3
 ï‡ó 

a b
c

3 2
+ +  ï·ó 

a a

a

2 3 1−e j
log

 ï‚ó 1 [¸—Àfl¬Ó¬ † cos cos( )lim
xdx h rhh

r

n

= +→
=

∑z 0
1

0
2 0
π
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= + + + +→h h h h nh0 2 3lim cosh cos cos ............. cosb g

= ⋅ +
−F

H
I
K→h h

nh

h
h

n
h0

2

2

1

2
lim

sin

sin

cos ,  ¤ı˛ ¬Ûı˛

nh b a= − = − =
π π

2
0

2
 ıø¸À ˛̊ ’·Ȩ̈ ı˛ Œ˝±Ú]

ï„ó e e
a b− −

−  ï‰¬ó 1  ïÂó 1 [¸—Àfl¬Ó¬ †

sin sin( ) sin( ) ............. sin ( )
sin

sin

sinx x h x h x n h

nh

h
x

n
h+ + + + + + + − = +

−F
H

I
K2 1 2

2

1

2
l q

”̧SøÈ¬ ı…ı˝±ı˛ fl¬ı≈̨Ú]

2. ïfl¬ó 2

3
 ï‡ó 4 ï·ó 1 1

a b
−  ï‡ó 1

5
5 5

b a−e j

3. ïfl¬ó 2

3
2 2 1−e j  [¸—Àfl¬Ó¬ † √õ∂M ø˘ø˜Èƒ¬ = +

F
H
I
K = +→∝

=
z∑n

r

n

n

r

n
x dxlim ,

1
1 1

1

2 1

2
0

1

1

b g  ◊̋Ó¬…±ø]

ï‡ó 1

1k +
 ï·ó π

4

1

2
2+ log  [¸—Àfl¬Ó¬ † √õ∂M ¸œ˜± =

+

+
F
H
I
K

→∝
=

∑n
r

n

n

r

n

r

n

lim 1
1

1
2

1

=
+

+
=
O
QPz 1

1 20

1 x
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dx .......
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12e −e j  
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N
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M¸—Àfl¬Ó¬ † √õ∂Mø˘ø˜Èƒ¬ = = =

O
QP→∝

⋅
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z∑n

r

n x

r

n

n
e e dx

lim
......

1 2 2
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1
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ï„ó 2 2log

L
N
M
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 [¸—Àfl¬Ó¬ † Î¬◊̂ ¬ ˛̊ ¬ÛÀé¬ log øÚÀ ˛̊ ’Ú≈̇ œ˘Úœı˛ ’ÀÇ¬ı˛ ˜Ó¬ ı± 3 Â (i)-¤ı˛ ˜Ó¬ ’·Ȩ̈ ı˛ Œ˝±Ú]
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¤fl¬fl¬ 4 qqqqq ˘‚≈fl¬ı˛ÀÌı˛ ”̧S±ı˘œ (Reduction Formulae)

·Í¬Ú

4.1 √õ∂ô¶∏±ıÚ±

4.2 Î¬◊ÀV˙…

4.3 ˘‚≈fl¬ı˛ÀÚı˛ fl¬À˚˛fl¬øÈ¬ ¸”S øÚÌ«˚˛

4.3.1 4.3.1 sin cosm n
x x dxz  ¤ı˛ ˘‚≈fl¬ı˛ÀÌı˛ ”̧S

4.3.2
sin

cos

m

n

x

x
dxz  ¤ı˛ ˘‚≈fl¬ı˛ÀÌı˛ ”̧S

4.3.3 tann
x dxz  ¤ı˛ ˘‚≈fl¬ı˛ÀÌı˛ ”̧S

4.4 ¸±ı̨±—˙

4.5 ¸ı«À˙¯∏ √õ∂ùü±ı˘œ

4.5.1 ¸ı«À˙¯∏ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛

4.1 √õ∂ô¶∏±ıÚ± –

·øÌÓ¬ ˙±À¶a ¸”ÀSı˛ ı…ı˝±ı˛ ıU˘ √õ∂‰¬ø˘Ó¬ ¤ı— ’ÀÚfl¬Àé¬ÀS ’¬Ûøı˛˝±˚«/ ¸”S√õ∂À˚˛±·fl¬Àı˛ ’ÀÚfl¬ ·±øÌøÓ¬fl¬

¸˜¸…± ¸ı˛±¸øı˛ ¸˜±Ò±Ú fl¬ı˛± ˚±˚˛/ ¸˜±fl¬˘Úøı…±ÀÓ¬› ¤ı˛+¬Û ’ÀÚfl¬ ¸”S ’±ÀÂ ˚± ’±˜ı˛± ¤˚±ı» ŒÊÀÚøÂ/

’Ú…øÀfl¬, ¤˜Ú ’ÀÚfl¬ ¸˜±fl¬˘Ê (Integrand) ’±ÀÂ Œ˚&ø˘Àfl¬ ¸ı˛±¸øı˛ ’Ô«±» ¤fl¬ı±ı˛ ˜±S ”̧S √õ∂À ˛̊±·fl¬Àı˛

¸˜±fl¬˘Ú fl¬ı˛± ˚±˚˛ Ú±/ øfl¬ôL√≈ ¤fl¬˝◊ ¬ÛX¬øÓ¬ ı±ı˛ı±ı˛ √õ∂À˚˛±·fl¬Àı˛ Ó¬± ¸˜±fl¬˘Ú fl¬ı˛± ˚±˚˛/ Œ˚ ¬ÛX¬øÓ¬øÈ¬ ı±ı˛ı±ı˛

√õ∂À˚˛±· fl¬ı˛ÀÓ¬ ˝Àı Œ¸øÈ¬ ¤fl¬ı±ı˛ √õ∂À˚˛±·fl¬Àı˛ ˚ø ¤fl¬øÈ¬ ¸”ÀS Î¬◊¬ÛÚœÓ¬ ˝›˚˛± ˚±˚˛ Ó¬±˝À˘ ¬ÛÀı˛ ‹ ¬ÛX¬øÓ¬øÈ¬ı˛
¬Û≈Úı˛±ı‘øM fl¬ı˛±ı˛ ¸˜˚˛ ¸”SøÈ¬ ı…ı˝±ı˛ fl¬ı˛± ˚±˚˛ ¤ı— ¸”SøÈ¬ ı±ı˛ı±ı˛ √õ∂À˚˛±·fl¬Àı˛ ¸˜±Ò±ÀÚ Œ¬ÛÃ“Â±ÀÚ± ¸y¬ı ˝˚˛/

¤˝◊ Ê±Ó¬œ˚˛ ¸”SÀfl¬ ˘‚≈fl¬ı˛Ì ”̧S ı˘± ˝˚˛/ ¤˝◊ ¤fl¬Àfl¬ Œfl¬ı˘˜±S fl¬À˚˛fl¬øÈ¬ ’À¬Ûé¬Àfl¬ı˛ ÊÚ… ˘‚≈fl¬ı˛Ì ”̧S
øÚÌ«˚˛ fl¬ı˛± ˝Àı ¤ı— ¸—øù≠©Ü øfl¬Â≈ ’À¬Ûé¬Àfl¬ı˛ Œé¬ÀS Ó¬±ı˛ √õ∂À˚˛±· fl¬Àı˛ ¸˜±fl¬˘Ú fl¬ı˛± ˝Àı/ ¤˝◊ ˘‚≈fl¬ı˛ÀÌı˛

¸”S øÚÌ«À˚˛ı˛ ÊÚ… ’±—ø˙fl¬ ¸˜±fl¬˘ÀÚı˛ ¸”S › ‰¬˘ı˛±ø˙ı˛ ¬Ûøı˛ıÓ«¬Ú ¬ÛX¬øÓ¬ Œı˙œ Œé¬ÀS˝◊ ı…ı˝±ı˛ fl¬ı˛± ˝˚˛/

4.2 √Î¬◊ÀV˙… –
¤˝◊ ¤fl¬fl¬ ¬Û±Í¬ fl¬Àı˛ ’±¬ÛøÚ
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• fl¬À˚˛fl¬øÈ¬ ¸˜±fl¬À˘ı˛ ˘‚≈fl¬ı˛Ì ”̧S ¸•§Àg¬ ’ıø˝Ó¬ ˝ÀıÚ/

• ¸—øù≠©Ü ¸˜±fl¬˘ ¸˜”À˝ı˛ ˘‚≈fl¬ı˛Ì ¸”S øÚÌ«˚˛ fl¬ı˛ÀÓ¬ ¬Û±ı˛ÀıÚ/

• ˘‚≈fl¬ı˛Ì ¸”S ¬√õ∂À˚˛±·fl¬Àı˛ ’ÀÚfl¬ ¸˜¸…± ¸˝ÀÊ ¸˜±Ò±Ú fl¬ı˛ÀÓ¬ ¬Û±ı˛ÀıÚ/

4.3 √˘‚≈fl¬ı˛ÀÌı˛ fl¬À˚˛fl¬øÈ¬ ”̧S øÚÌ«̊ ˛ –

˚‡Ú m › n ŸÚ±Rfl¬ Ú˚˛ ¤˜Ú ¬Û”Ú«¸—‡…± (Intergers) ˝À˘ z zsin cos d sin

cos
dm n

m

n
x x x

x

x
x,  ¤ı— z tann

xdx

¸˜±fl¬˘·≈ø˘ı˛ ˘‚≈fl¬ı˛ÀÚı˛ ”̧S øÚÌ«˚˛ fl¬ı˛± ˝Àı ¤ı— ¤·≈ø˘ Z±ı˛± øfl¬Â≈ ¸˜¸…± (Problems) ı± ’Ç¬ ¸”S √õ∂À˚˛±À·

¸˜±Ò±Ú fl¬ı˛± ˝Àı/

4.3.1. Sinm  Cosn  dx x xz  ï˚‡Ú m, n Î¬◊̂ ¬À ˛̊̋ ◊ 1 ’À¬Ûé¬± ı‘̋ M˜
¬Û”Ú«̧ —‡…±ó-¤ı˛ ˘‚≈fl¬ı˛ÀÌı˛ ”̧S/

Òı˛±˚±flƒ¬  I Sin  Cos  dm,n 
m n= z x x x

∴ = z I Cos Sin  Cos dm,n 
n-1 m

x x x xd i

= −
RST

UVWzzzCos  Sin  Cos  d  
d

d
Cos Sin  Cos  d  dn-1 m n-1 m

x x x x
x

x x x x x

[’±—ø˙fl¬ ¸˜±fl¬À˘ı˛ ¸”S±Ú≈̊ ±˚˛œ]

= − ⋅ − ⋅zCos Sin
m +1

n -1 Cos Sin Sin
m +1

 dn-1
m+1

n-2
m+1

x x x x x xa f a f

= + ⋅ ⋅z1
m +1

 Sin  Cos n -1
m +1

Cos Sin Sin  d  m+1 n-1 n-2 2 m
x x x x x xd i

=
+

+
−

+
−+ − −z1

1

1

1
11 1 2 2

m
x x

n

m
x x x dxm n n msin cos cos cos sine j e j

= + zz1
m +1

Sin  Cos n -1
m +1

Sin  Cos  d - n -1
m +1

Sin  Cos  dm+1 n-1 m n-2 m n
x x x x x x x xd i

= + −
1

m +1
Sin  Cos

n -1

m +1
 I

n -1

m +1
 I

m+1 n-1
m,n-2 m,nx xe j

∴ + = +1 1n -1
m +1

 I
m +1

Sin  Cos n -1
m +1

 Im.n
m+1 n-1

m,n-2e j d ix x
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∴ = ⋅ + ⋅⋅⋅⋅⋅I
m + n

Sin Cos n -1
m + n

 I im.n
m+1 n-1

m,n-2
1

x xd i a f

˘é¬…Úœ˚˛ Œ˚ m = 0 ̋ À˘› Î¬◊¬ÛÀı˛±ñ ̧ •Ûfl«¬øÈ¬ ̧ Ó¬… ̋ ˚˛/

’±ı±ı̨ ’Ú…ˆ¬±Àı,

I Sin  Cos  d  = Sin Cos  Sin  dm,n
m n m-1 n= z zx x x x x x xd i

¤ ◊̋̂ ¬±Àı ø˘À‡ › ’±—ø˙fl¬ ̧ ˜±fl¬À˘ı˛ ̧ ±˝±˚… øÚÀ ˛̊ Î¬◊¬ÛÀı˛ı˛ ’—À˙ı˛ ̃ Ó¬ ’·Ȩ̈ ı˛ ̋ À ˛̊ Œ‡±ÀÚ± ̊ ± ˛̊

I Sin  Cos
m + n

m -1
m +1

 I iim,n

m-1 n+1

m-2,n= − + ⋅⋅⋅⋅x x a f
Î¬◊¬ÛÀı˛ı˛ (i) ¤ı— (ii) ̧ ”S ≈øÈ¬ Sin  Cos  dm n

x x xz   ̧ ˜±Ò±ÀÚı˛ ̆ ‚≈fl¬ı˛Ì ̧ ”S/

√õ∂±ôL√ø˘ø¬Û† Î¬◊¬ÛÀı˛ı˛ ̆ ‚≈fl¬ı˛Ì ̧ ”S ı…ı˝±ı˛ fl¬Àı˛

Sin   Cos  dm nx x x

0

2
π

z
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4.3.2. Sin

Cos
d

m

n

x

x
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=
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x x
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−
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x

x

x
x

x x
1
5

1
15

1
15

1
5

1
3e j

Î¬◊±˝ı˛Ì – 2.  ̆ ‚≈fl¬ı˛ÀÌı˛ ̧ ”S ı…ı˝±ı˛ fl¬Àı˛ Cos

Sin
d

4

2

x

x
xz  ¤ı˛ ̃ ±Ú øÚÌ«˚˛ fl¬ı≈̨Ú/
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4.3.3. I tan  d
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−
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n

n n

n
xdx x dx xdx= = − = − = −zzz cos cos cos .π

πππ b g
000

       ⇒ = =2 0 0J J
n n

,

¤ı—{

{



91

¤ı— n ≈̊¢¨ ̋ À˘† Jn

n n
x dx x dx= = zz cos cos2

0

2

0

ππ

 ̋ ◊Ó¬…±ø]

12. ïfl¬ó 1
6

1
4

1
2

6 4 2tan tan tan log secx x x x− + − + c

     ï‡ó 5
12

1
2

2− log

13. ̧ —Àfl¬Ó¬ † J J
n nn

=
−

− −
1

1 2  ̧ ”ÀS n ¤ı˛ ¶ö±ÀÚ n + 1 ıø¸À˚˛ ¬Û±›˚˛± ̊ ±˚˛

J J J J
n n n n

n n
+ − + −= − ⇒ + =1 1 1 1

1 1  ı± n ( )J J
n n+ −+ =1 1 1

15. ̧ —Àfl¬Ó¬† √õ∂ùü±ı˘œ 2 ¤ı˛ 5 Ú— ’ÀÇ¬ a=1ı¸±Ú ¤ı— ̧ —Àfl¬Ó¬ Œ‡≈Ú/

16. ̧ —Àfl¬Ó¬† U U
n n

n x n x

x
dx+ − =

+ − −z1
0

2 2 1 2 1sin sin

sin

a f a fπ

  = =z z2
2 2

0

2

0

2cos sin

sin
cos

nx x

x
dx n x dx

π π

  = = − =2 2
2

0 0
0

2
sin sin sinnxe j a f

π

π

∴ = ⇒ = ⇒ =+ − − −U U U U U U
n n n n n n1 1 1 2

∴ = = ⋅⋅⋅⋅ = =+ −U U U U
n n n1 1 1 2

π   ∵U1
0

2

0

2

2
= = =F

H
I
Kzz sin

sin
x

x
dx dx

πππ

      V V
n n

n x nx

x

dx+ − =
+ −z1

2 2

20

2 1sin sin

sin

a fπ

=
+( ) ⋅z sin sin

sin

2 1
2

0

2 n x x

x
dx

π

∵sin sin sin sinA B A B A B+ ⋅ − = −a f a f 2 2

=
+( )

=z +

sin

sin

2 1

0

2

1

n x

x
dx

n

π

U   √õ∂˜±øÚÓ¬

’±ı±ı˛ Î¬◊¬ÛÀı˛ı˛ ̧ ”S ŒÔÀfl¬ V V U
n n n

− = =−1 2
π  ’Ú≈ı≈̨À¬Û V V V V

n n− −− = ⋅⋅⋅ ⋅ ⋅ − =1 2 2 12 2

π π
, ,

Œ˚±· fl¬Àı˛ ¬Û±› ˛̊± ̊ ± ˛̊ V V
n

n− = − ⋅1 1
2

b g π

øfl¬ôL√≈ V1
0

2

2
= =z dx

ππ

 ∴ = − + =V
n

n
n1

2 2 2
a f π π π

17. ̧ —Àfl¬Ó¬† ’—ø˙fl¬ ̧ ˜±fl¬˘fl¬Àı˛ ¬Û±› ˛̊± ̊ ± ˛̊

I x
x

n x

x

n
dx

n

n n

= ⋅
+

L
NM

O
QP −

+
⋅

+
−

+ +ztan 1
1

0

1

2

1

0

1

1
1

1 1
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=
+

⋅ −
+ +

⋅⋅ ⋅ ⋅ ⋅
−

z1

1 4

1

1 1

1

20

1

n n

x

x

dx i

nπ
( )

∴ =
−

⋅ −
− +

⋅⋅⋅⋅⋅−

−zI
n n

x

x

dx ii
n

n

2

1

20

11
1 4

1
1 1

π ( ) [ n ¤ı˛ ¶ö±ÀÚ n - 2 ıø¸˚˛± ]

∴ + + − = −
+

+ −
+

−

+ −zzn I n I
x

x

dx
x

x

dx
n n

n n

1 1
4 1 4 1

2

1

2

1

20

1

0

1a f a f π π  [ (i) › (ii)  ŒÔÀfl¬ ]

= −
+

+
= −

+

+

+ −
−

zzπ π

2 1 2

1

1

1 1

2

1 2

20

1

0

1 x x

x

dx

x x

x

dx

n n
n e j

= − = −−zπ π

2 2

11

0

1
x dx

n

n

18. ̧ —Àfl¬Ó¬† Un

n n
x x x x dx= − − −−zcos cosa f a f

0

2 1

0

2π π

 [ ’±—ø˙fl¬ ̧ ˜±fl¬À˘ı˛ ̧ ±˝±À˚…]

= + −z0 1

0

2
n x x dx

n cos
π

= ⋅ − −L
NM

O
QP

− −zn x x n x x dx
n n1

0

2 2

0

2

1sin sinn s a fπ π

= − −
L
NM

O
QP

−

−n n

n

n

π
2

1
1

2e j a f U

⇒ + − =−

−

U U
n n

n

n n n1
22

1

a f e jπ

19. ̧ —Àfl¬Ó¬† ’±—ø˙fl¬ ̧ ˜±fl¬˘ fl¬ı≈̨Ú/

’øÓ¬øı˛ñ ¬Û±Í¬
(Selected Readings)

1. Edwards - Integral Calculus.

2. Das & Mukherjee- Integral Calculus

3. Maity & Ghosh- Integral Calculus, Central

4. Shanti Narayan - Integral Calculus, S. Chand

5. Mc. Shane, E.J. Integration, OUP., 1961
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¤fl¬fl¬ 5 qqqqq ’˚Ô±Ô« ¸˜±fl¬˘ (Improper Integrals)

·Í¬Ú

5.1 √õ∂ô¶∏±ıÚ±

5.2 Î¬◊ÀV˙…

5.3 ’˚Ô±Ô« ¸˜±fl¬À˘ı˛ Œ|Ìœ øıˆ¬±·

5.3.1 √õ∂Ô˜ Œ|Ìœı˛ ’˚Ô±Ô« ¸˜±fl¬˘

5.3.2 øZÓ¬œ˚˛ Œ|Ìœı˛ ’˚Ô±Ô« ¸˜±fl¬˘

5.3.3 Ó‘¬Ó¬œ˚˛ Œ|Ìœı˛ ’˚Ô±Ô« ¸˜±fl¬˘

5.4 ’˚Ô±Ô« ¸˜±fl¬À˘ı˛ ’øˆ¬¸±øı˛ÀQı˛ ¬Ûı˛œé¬±

5.4.1 Î¬◊¬Û¬Û±… ïfl¬ø¸ı˛ ¬Ûı˛œé¬±ó

5.4.2 √õ∂Ô˜ Œ|Ìœı˛ ¸˜±fl¬˘·≈ø˘ı˛ ÊÚ… ’øˆ¬¸±øı˛ÀQı˛ ¬Ûı˛œé¬±

5.4.3 øZÓ¬œ˚˛ Œ|Ìœı˛ ¸˜±fl¬˘·≈ø˘ı˛ ÊÚ… ’øˆ¬¸±øı˛ÀQı˛ ¬Ûı˛œé¬±

5.5 ·±˜±Ù¬±—˙Ú, øıÈ¬±Ù¬±—˙ÚÄ Ó¬±Àı˛ Ò˜« › √õ∂À˚˛±·

5.5.1 ·±˜± Ù¬±—˙Ú › Ó¬±ı˛ øfl¬Â≈ Ò˜«

5.5.2 øıÈ¬± Ù¬±—˙Ú › Ó¬±ı˛ øfl¬Â≈ Ò˜«

5.6 ¸±ı̨±—˙

5.7 øı¯∏˚˛ ≈̃‡œ ŒÂ±È¬ √õ∂ùü±ı˘œ (MCQ)

5.7.1 øı¯∏˚˛˜≈‡œ ŒÂ±È¬ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛

5.8. ¸ı«À˙¯∏ √õ∂ùü±ı˘œ

5.8.1 ¸ı«À˙¯∏ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛
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5.1 √õ∂ô¶∏±ıÚ±

øÚø«©Ü ¸˜±fl¬˘ f x dx
a

b

( )z  ¸—:±ø ˛̊Ó¬ fl¬ı˛±ı˛ ¸˜ ˛̊

(i) [ , ]a b  ’ôL√ı˛±˘øÈ¬ ¸¸œ˜,

¤ı— (ii) f x( )  ¸œ˜±ıX¬Ä

¤ ◊̋ ˙Ó«¬·≈ø˘ ’±Àı˛±ø¬ÛÓ¬ ˝À ˛̊ÀÂ/ øfl¬ôL√≈ ı±ô¶∏ı Œé¬ÀS ¤˜Ú ’ÀÚfl¬ øÚø«©Ü ¸˜±fl¬À˘ı˛ øÚı”̨¬ÛÌ √õ∂À ˛̊±ÊÚ ˝ ˛̊

Œ˚‡±ÀÚ ¸˜±fl¬À˘ı˛ ’ôL√ı˛±˘øÈ¬ ’¸œ˜ ’Ôı± ¸˜±fl¬˘ÊøÈ¬ı˛ Î¬◊ñ ’ôL√ı˛±À˘ı˛ ¤fl¬ ı± ¤fl¬±øÒfl¬ øıj≈ÀÓ¬ ’¸œ˜ ’¸ôL√øÓ¬

(Infinite Discontinuity) ’±ÀÂ ï’Ô«±» ‹ øıj≈·≈ø˘ÀÓ¬ ¸˜±fl¬˘ÊøÈ¬ı˛ ¸œ˜±˜±Ú ’¸œ˜ó ’Ôı± ¤ ◊̋ ≈̋ ◊ ı…øÓ¬]˜ ◊̋

øı…˜±Ú/ Œ˙À ∏̄ı˛ ¤ ◊̋ ¸˜ô¶∏ ¸˜±fl¬˘·≈ø˘Àfl¬ ’˚Ô±Ô« ¸˜±fl¬˘ (Improper Integral) ı˘± ˝ ˛̊/

5.2 Î¬◊ÀV˙…

¤ ◊̋ ¤fl¬fl¬ ¬Û±Í¬ fl¬Àı˛ ’±¬ÛøÚ

l ’˚Ô±Ô« ¸˜±fl¬˘, Ó¬±ı˛ ’øˆ¬¸±øı˛Q, ¸˜±fl¬˘Ú ¬ÛX¬øÓ¬ ◊̋Ó¬…±ø ¸•ÛÀfl«¬ ’ıø˝Ó¬ ˝ÀıÚ/

l ·øÌÓ¬ ˙±À¶a øıÀ˙ ∏̄ √õ∂À ˛̊±ÊÚœ ˛̊ øıÈ¬± Ù¬±—˙Ú › ·±˜± Ù¬±—˙Ú ¸•§Àg¬ øfl¬Â≈ Ò±ı˛Ì± fl¬ı˛ÀÓ¬ ¬Û±ı˛ÀıÚ/

l ’˚Ô±Ô« ¸˜±fl¬À˘ı˛ ı±ô¶∏ı Î¬◊¬ÛÀ˚±·œÓ¬±ı˛ øfl¬Â≈È¬± Î¬◊¬Û˘øt fl¬ı˛ÀÓ¬ ¬Û±ı˛ÀıÚ/

5.3 ’˚Ô±Ô« ¸˜±fl¬À˘ı˛ Œ|Ìœ øıˆ¬±·

’˚Ô±Ô« ¸˜±fl¬˘·≈ø˘Àfl¬ Œ˜±È¬± ≈̃øÈ¬ Œ˚ øÓ¬Úˆ¬±À· øıˆ¬ñ fl¬Àı˛ Ó¬±Àı˛ ¸•ÛÀfl«¬ ’±À˘±‰¬Ú± fl¬ı˛± ˝Àı Œ¸·≈ø˘ ˝˘

ïfl¬ó ¸˜±fl¬À˘ı˛ ’ôL√ı˛±˘øÈ¬ ’¸œ˜,

ï‡ó Ù¬±—˙ÚøÈ¬ı˛ ’¸œ˜ ’¸ôL√øÓ¬ ’±ÀÂ,

¤ı— ï·ó Î¬◊¬ÛÀı˛±ñ ≈̋ ◊ Ò «̃̋ ◊ [ïfl¬ó › ï‡ó] øı…˜±Ú/

’±À˘±‰¬Ú±ı˛ ¸˜ ˛̊ Î¬◊¬ÛÀı˛±ñ øıˆ¬±··≈ø˘Àfl¬ ˚Ô±]À˜ √õ∂Ô˜, øZÓ¬œ ˛̊ › Ó‘¬Ó¬œ ˛̊ Œ|Ìœı˛ ¸˜±fl¬˘ ø˝¸±Àı ø‰¬øÅÓ¬

fl¬ı˛± ˝Àı/
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5.3.1 √õ∂Ô˜ Œ|Ìœı˛ ’˚Ô±Ô« ¸˜±fl¬˘

ïfl¬ó f x dx
a

( )
∝z  ¤ ◊̋ √õ∂fl¬±ı˛ ’˚Ô±Ô« ¸˜±fl¬˘Àfl¬ A

A

→∝ zlim ( )f x dx
a

 Z±ı˛± ¸—:±ø ˛̊Ó¬ fl¬ı˛± ˝ ˛̊, ˚‡Ú A

¤fl¬øÈ¬ ı±ô¶∏ı ¸—‡…± ¤ı— [ , ]a A  ’ôL√ı˛±À˘ f x( )  ¸˜±fl¬˘ÚÀ˚±·…/

ï‡ó f x dx
b

( )
−∝z  ¤ ◊̋√ √õ∂fl¬±ı˛ ’˚Ô±Ô« ¸˜±fl¬˘Àfl¬ B B→−∝ zlim ( )f x dx

b

 Z±ı˛± ¸—:±ø ˛̊Ó¬ fl¬ı˛± ˝ ˛̊, ˚‡Ú B

¤fl¬øÈ¬ ı±ô¶∏ı ¸—‡…± ¤ı— [B, ]b  ’ôL√ı˛±À˘ f x( )  ¸˜±fl¬˘ÚÀ˚±·…/

ï·ó f x dx( )
−∝

∝z  ¤ ◊̋ √õ∂fl¬±ı˛ ’˚Ô±Ô« ¸˜±fl¬˘ÚÀfl¬

A C

B

A

C

→−∝ →∝+ zzlim lim( ) ( )f x dx f x dx
B

Z±ı˛± ¸—:±ø ˛̊Ó¬ fl¬ı˛± ˝ ˛̊ A, B, C ı±ô¶∏ı ¸—‡…±, A < C < B ¤ı— [A, C] › [C, B] ’ôL√ı˛±˘ZÀ ˛̊

f x( )  ¸˜±fl¬˘ÚÀ˚±·…/

Î¬◊¬ÛÀı˛±ñ Œé¬S·≈ø˘ÀÓ¬ ˚ø ¸œ˜±·≈ø˘ı˛ ¸¸œ˜ ˜±Ú Ô±Àfl¬ Ó¬Àı ¸˜±fl¬˘·≈ø˘Àfl¬ ’øˆ¬¸±ı˛œ (Convergent)

ı˘± ˝ ˛̊Ä ˚ø ’¸œ˜ ˜±Ú Ô±Àfl¬ Ó¬Àı Î¬◊̋ ±ø·Àfl¬ ’¬Û¸±ı˛œ (Divergent) ı˘± ˝ ˛̊ ¤ı— ˚ø Œfl¬±Ú øÚø«©Ü

¸œ˜±˜±Ú Ú± Ô±Àfl¬ Ó¬Àı Î¬◊̋ ±ø·Àfl¬ Œ±˘Ú˙œ˘ (Oscillatory) ı˘± ˝ ˛̊/

’Ú≈̇ œ˘Úœñ1

’øˆ¬¸±øı˛ÀQı˛ øı‰¬±ı˛ fl¬ı≈̨Ú/

1. ïfl¬ó cosx dx
0

∝z ï‡ó 
1

2
x

dx
∝z ï·ó 

dx

x x( ) ( )− −

∝z 2 30

2. ïfl¬ó
dx

x
2

0

1+−∝z ï‡ó x e dx
x−

−∝z
20 ï·ó 

x

x

dx
4

2

1+−∝z

3. ïfl¬ó sin x dx
−∝

∝z ï‡ó 
dx

x x
2

2 5+ +−∝

∝z

¸˜±Ò±Ú † 1. ïfl¬ó cos cos ( )lim lim
x dx xdx= =→∝ →∝

∝ zz A A

A
SinA

00

¸œ˜±øÈ¬ı˛ Œfl¬±ÀÚ± ’øô¶∏Q Ú± ◊̋Ä fl¬±ı˛Ì ˜±ÚøÈ¬ –1 › +1 ¤ı˛ ˜ÀÒ… Œ±˘Ú˙œ˘/
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∴ cosx dx
0

∝z  Œ±˘Ú˙œ˘/

ï‡ó 
1

2 2 2
2

1

2
2

x

dx x dx= = − = ∝→∝

∝
−

→∝z zA

A

A Alim lim e j

∴ 
1

2
x

dx
∝z  ¸˜±fl¬˘ÚøÈ¬ ’¬Û¸±ı˛œ/

ï·ó 
dx

x x x x
dx

A( ) ( )
log loglim lim

− −
=

−
−

−
F
H

I
K =

−

−
−

L
NM

O
QP→∝

∝

→∝z z2 3 3

1

2

3

2

3

20 0A

A 1 A

A

=
−

−

F

H
G
G

I

K
J
J −→∝ →∝log loglim lim

A A
A

A

1
3

1
2

3

2 [ ∴ log x ¸ôL√Ó¬ ’À¬Ûé¬fl¬]

= − =log log log ,1
3

2

2

3
 ¸¸œ˜ ˜±Ú/

∴ ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ/

¸˜±Ò±Ú † 2. ïfl¬ó 
dx

x

dx

x

x
2 2

00 1
0

1 1+
=

+
=→−∞ →−∝−∝

−zz B BB B

lim lim tan

= − = − −
F
H
I
K =→−∝

−
B Blim tan ,1

2 2e j π π
 ¸¸œ˜ ˜±Ú/

∴ ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ/

ï‡ó xe dx xe dx e
x x x−

→−∝−∝

−
→−∝

−= = −
L
NM

O
QPz z2 2 20 0

0
1

2B BB
B

lim lim

= − +
L
NM

O
QP = −→−∝

−
B

Blim ,
1

2

1

2

1

2

2
e  ¸¸œ˜ ˜±Ú/

∴ ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ/

ï·ó 
x

x

dx
xdx

x

dz

z
4

1

4

1

2

1

1

1

2

2

1

1

2 1
2

+
=

+
=

+
→−∝−∝ →−∝z z zB B B B

lim lim
ï x z

2 =  ÒÀı˛ó
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= − = −
F
H
I
K→−∝

− −1

2
1

1

2 4 2
1 1 2

B Blim tan tan
π π

= −
π

8
,  ¸¸œ˜ ˜±Ú/

∴ ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ/

¸˜±Ò±Ú – 3. ïfl¬ó sin sin sinx dx x dx x dx= +
∝

−∝−∝

∝ zzz 0

0

= +→−∝ →∝ zzB

A

B

lim
A
limsin sinx dx x dx

0

0

= − + −→−∝ →∝B AB A
lim lim

cos cos1 1b g b g , Î¬◊̂ ¬ ˛̊ ¸œ˜± ◊̋ ¸¸œ˜ˆ¬±Àı Œ±˘Ú˙œ˘/ ≈̧Ó¬ı˛±— √õ∂M ¸˜±fl¬˘øÈ¬

Œ±˘Ú˙œ˘/

ï‡ó 
dx

x x

dx

x

dx

x
2 2 2

0

2 202 5 1 2 1 2+ +
=

+ +
+

+ +
→−∝−∝

∝

→∝z z zB AB

Alim lim

b g b g

=
+L

NM
O
QP +

+L
NM

O
QP→−∝

−
→∝

−
B

B
A

A
lim limtan tan

1

2

1

2

1

2

1

2
1

0
1

0

x x

= −
+F

H
I
K +

+
−

F
H

I
K→−∝

− −
→∝

− −
B

lim limtan tan tan tan
1

2

1

2

1

2

1

2

1

2

1

2
1 1 1 1B A

A

= + + − =
− −1

2

1

2

1

2 2

1

2 2

1

2

1

2 2
1 1

tan tan ,
π π π  ¸¸œ˜ ˜±Ú/

∴ √õ∂M ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ/

5.3.2 øZÓ¬œ˚˛ Œ|Ìœı˛ ’˚Ô±Ô« ¸˜±fl¬˘

ïfl¬ó ˚ø f x( ) → ∝  ˚‡Ú x a→  ’Ô«±» ˚ø Œfl¬ı˘ a øıj≈ÀÓ¬ f x( ) ’¸œ˜ˆ¬±Àı ’¸ôL√Ó¬ (Infinitely

discontinuous) ˝ ˛̊, Ó¬‡Ú f x dx
a

b

( )z  Œfl¬ ε ε
ε→ + +

< < −z0 0lim ( ) , ,f x dx b a
a

b b g

Z±ı˛± ¸—:±ø ˛̊Ó¬ fl¬ı˛± ˝ ˛̊, ˚‡Ú [ , ]a b+ ε  ’ôL√ı˛±À˘ f x( )  ¸˜±fl¬˘ÚÀ˚±·…/
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ï‡ó ˚ø Œfl¬ı˘ b øıj≈ÀÓ¬ f x( )  ’¸œ˜ˆ¬±Àı ’¸ôL√Ó¬ ˝ ˛̊ Ó¬‡Ú f x
a

b

( )z -Œfl¬

ε

ε
ε→ +

−
< < −z0 0

lim
( ) , ,f x dx b a

a

b b g

Z±ı˛± ¸—:±ø ˛̊Ó¬ fl¬ı˛± ˝ ˛̊, ˚‡Ú [ , ]a b − ε  ’ôL√ı˛±À˘ f x( )  ¸˜±fl¬˘ÚÀ˚±·…/

ï·ó ˚ø a › b Î¬◊̂ ¬ ˛̊ øıj≈ÀÓ¬ ◊̋ f x( )  ’¸œ˜ˆ¬±Àı ’¸ôL√Ó¬ ˝ ˛̊ Ó¬‡Ú √õ∂ÔÀ˜

f x dx f x dx f x dx a c b
c

b

a

c

a

b

( ) ( ) ( ) ,= + < <zzz
¤ ◊̋ ’±fl¬±Àı˛ Œ˘‡± ˝ ˛̊ ˚±ı˛ √õ∂Ô˜ ¸˜±fl¬˘øÈ¬ ïfl¬ó-¤ı˛ ¤ı— øZÓ¬œ ˛̊ ¸˜±fl¬˘øÈ¬ ï‡ó-¤ı˛ ’Ú≈ı”̨¬Û/

’Ó¬¤ı f x dx f x dx f x dx
a

c

a

b

c

b

( ) ( ) ( )lim lim
'

'

= +→ + + → +

−zz zε ε ε

ε

0
0

¤ ◊̋̂ ¬±Àı ¸—:±ø ˛̊Ó¬ fl¬ı˛± ˝ ˛̊/

^©Üı…-1. ï·ó-¤ı˛ ¸—:± ˛̊ ¸±Ò±ı˛Ìˆ¬±Àı ε ε≠ '  ŒÚ› ˛̊± ˝ ˛̊/

˚ø ε ε= ′ ÒÀı˛ Î¬±Ú¬ÛÀé¬ı˛ Œfl¬±ÀÚ± ¸¸œ˜ ˜±Ú ¬Û±› ˛̊± ˚± ˛̊ Ó¬Àı ‹˜±ÚøÈ¬Àfl¬ ≈̃‡…˜±Ú (Principal Value)

ı˘± ˝ ˛̊/

^©Üı…-2. Œfl¬±ÀÚ± Œfl¬±ÀÚ± Œé¬ÀS ï·ó øıˆ¬±À·ı˛ ¸˜±fl¬˘øÈ¬Àfl¬

f x dx f x dx
a

b

a

b

( ) ( )
'

'
lim= → +

→ +

+

−zz ε

ε

ε

ε

0

0

Z±ı˛±› ¸—:±ø ˛̊Ó¬ fl¬ı˛± ˝ ˛̊/ ¤ ◊̋ ¸œ˜±øÈ¬ı˛ ’øô¶∏ÀQı˛ Î¬◊¬Ûı˛ ’˚Ô±Ô« ¸˜±fl¬˘øÈ¬ı˛ ’øô¶∏Q øÚ «̂¬ı˛̇ œ˘/

ï‚ó ˚ø f x( )  ’À¬Ûé¬fl¬øÈ¬ Œfl¬ı˘˜±S c øıj≈ÀÓ¬ a c b< <b g  ’¸œ˜ˆ¬±Àı ’¸ôL√Ó¬ ˝ ˛̊ Ó¬‡Ú

f x dx f x dx f x dx
a

b

c

b

a

c

( ) ( ) ( )z zz= +

¤ ◊̋̂ ¬±Àı Œ˘‡± ˝ ˛̊ ˚±ı˛ √õ∂Ô˜ ¸˜±fl¬˘øÈ¬ ï‡ó ¤ı˛ ¤ı— øZÓ¬œ ˛̊ ¸˜±fl¬˘øÈ¬ ïfl¬ó ¤ı˛ ’Ú≈ı”̨¬Û/

’±ı±ı˛, c1, c2,.........cn øıj≈·≈ø˘ÀÓ¬ a c c c b
n

≤ < < < ≤1 2 .......b g  ˚ø f x( )  ’¸œ˜ˆ¬±Àı ’¸ôL√Ó¬ ˝ ˛̊

Ó¬‡Ú

f x dx f x dx f x dx f x dx
c

b

c

c

a

c

a

b

n

( ) ( ) ( ) ...... ( )= + + +zzzz
1

21
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¤ ◊̋̂ ¬±Àı √õ∂fl¬±˙ fl¬ı˛± ˝ ˛̊, ˚±ı˛ Î¬±Ú¬ÛÀé¬ı˛ ¸˜±fl¬˘·≈ø˘ øı‰¬±ı˛ fl¬ı˛±ı˛ ¬ÛX¬øÓ¬ ¤ı— øÚı”̨¬ÛÚÀ˚±·… øfl¬Ú± Ó¬± ’±À·

’±À˘±ø‰¬Ó¬ ˝À ˛̊ÀÂ/

¤‡Ú ïfl¬ó › ï‡ó-¤ı˛ Œé¬ÀS ¸œ˜±·≈ø˘ı˛ ¸¸œ˜ ˜±Ú Ô±fl¬À˘ f x dx
a

b

( )z  Œfl¬ ’øˆ¬¸±ı˛œ ı˘± ˝Àı ¤ı—

ï·ó › ï‚ó-¤ı˛ Î¬±ÚøÀfl¬ı˛ ¸ı·≈ø˘ ¸˜±fl¬˘ ’øˆ¬¸±ı˛œ ˝À˘ Ó¬Àı ◊̋ ¤ ◊̋ ≈̋ ◊ Œé¬ÀS f x dx
a

b

( )z -Œfl¬ ’øˆ¬¸±ı˛œ

ı˘± ˝Àı, ’Ú…Ô± ˛̊ Î¬◊̋ ±Àfl¬ ’øˆ¬¸±ı˛œ ı˘± ˚±Àı Ú±/

 ’Ú≈̇ œ˘Úœñ2

’øˆ¬¸±ı˛œÀQı˛ øı‰¬±ı˛ fl¬ı≈̨Ú † (1–4) :

1. 
1
30

1

x

dxz  2.
1

1
20

1

−
z

x

dx 3. 
dx

x x10

1

−
z  4. 

1
3

2
1

1

x

dx
−z

5. Œ‡±Ú Œ˚ 1
1

1

x
dx

−z  ¤ ◊̋ ’˚Ô±Ô« ¸˜±fl¬À˘ı˛ ”̃‡…˜±Ú 0.

¸˜±Ò±Ú †

1. ¤‡±ÀÚ ¸˜±fl¬˘Ê 
1
3

x

,  0  øıj≈ÀÓ¬ ’¸œ˜ˆ¬±Àı ’¸ôL√Ó¬ ¤ı— [ , ]0 1  ’ôL√ı˛±À˘ı˛ ı±fl¬œ ¸ı øıj≈ÀÓ¬ ¸ôL√Ó¬/

’Ó¬¤ı 
1

0 1
3 0

3

0

1

0

1

x

dx x dx= < <→ +
−

+zz ε ε
εlim , .b g

= −
F
H
I
K = − +

F
HG

I
KJ =∝→ + → +ε

ε
ε

ε
0 2

1

0 2

1

2

1

2

1

2

lim lim

x

∴ =∝
L
NM

O
QP→ +ε

ε
0 2

1

2

lim

∴ √õ∂M ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ Ú ˛̊/

2. ¤Àé¬ÀS 
1

1 2− x
 ¸˜±fl¬˘ÊøÈ¬ı˛ [ , ]0 1  ’ôL√ı˛±À˘ı˛ Œfl¬ı˘˜±S 1 øıj≈ÀÓ¬ ’¸œ˜ ’¸ôL√øÓ¬ ’±ÀÂ/ ’Ó¬¤ı

dx

x

dx
dx

x

x

1 1
2

0
2

0
1

0

1

0

1

0

1

−
=

−
=→ + → +

−
−−zz ε ε

εεlim lim sin

= − = =→ +
− −

ε ε
π

0
1 11 1

2
lim sin sin ,b g  ˜±ÚøÈ¬ ¸¸œ˜/
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∴ √õ∂M ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ

3. ¤‡±ÀÚ [0,1] ’ôL√ı˛±À˘ı˛ Î¬◊̂ ¬ ˛̊ √õ∂±ôL√ øıj≈ÀÓ¬ ◊̋ 
1

1x x−
 ¤ı˛ ’¸œ˜ ’¸ôL√øÓ¬ ’±ÀÂ/

∴ 
dx

x x

dx

x x

dx

x x1 1 1
00

1

0
1

2

1
1

2

−
=

−
+

−
→ +

→ +

−z zzε
ε

ε

ε

lim lim
'

'

=
− −

− +

L
N
M
M

O
Q
P
P

+
− −

− +

L
N
M
M

O
Q
P
P→ +

→ +

−

ε

ε
ε

ε

0

1

2

0
1

2

1

1 1

1 1

1 1

1 1

lim limlog log'

'

x

x

x

x

=
−

+
−

− −

− +

L
N
M
M

O
Q
P
P

+
−

+
−

−

+

L

N
M
M

O

Q
P
P→ +

→ +
ε

ε

ε

ε

ε

ε
0

0

1 2

1 2

1 1

1 1

1

1

1 2

1 2

lim lim
'

'
log log log log'

= −
− −

− +
+

−

+
→ + → +ε ε

ε

ε

ε

ε
0 0

1 1

1 1

1

1

lim lim
'

'
log log' , ◊̋̋ ±ı˛ ¸¸œ˜ ˜±Ú Ú± ◊̋/

∴ √õ∂M ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ Ú ˛̊/

4. ¤‡±ÀÚ 
1
3

2x

 ¸˜±fl¬˘ÊøÈ¬ [–1,1] ’ôL√ı˛±À˘ı˛ ˜Ò…ıÓ¬œ« o øıj≈ÀÓ¬ ’¸œ˜ˆ¬±Àı ’¸ôL√Ó¬/

∴ 
1
3

2

0

3

2

0

3

2
0

1

1

0

1

1

x

dx x dx x dx= +→ +

−

→ + +−

−

− zzz ε
ε ε

εlim lim
' '

=
−F
HG
I
KJ +

−F
HG
I
KJ→ +

−

−

→ +
ε

ε

ε
ε

0

1
0

1
2 2lim lim

'
'x x

ε
εε ε

→ +
→ +

+
−

F
HG

I
KJ + − +

F
HG

I
KJ0

0

2
2 2

2lim lim

'
' ,

i
i

Î¬◊̂ ¬ ˛̊ ¸œ˜±ı˛̋ ◊ Œfl¬±ÀÚ± ’øô¶∏Q Ú± ◊̋Ä ≈̧Ó¬ı˛±— √õ∂M ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ Ú ˛̊/
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5. x = 0  øıj≈ÀÓ¬ 1

x
 ¤ı˛ ’¸œ˜ ’¸ôL√øÓ¬ ’±ÀÂ/

∴ 1 1 1
0

1

1

0

1

1

x
dx

x
dx

x
dx= + zzz −−

 ¤ı—

≈̃‡…˜±Ú = +
L
NM

O
QP→ + +−

− zzε ε

ε

0 0

1

1

0 1 1lim

x
dx

x
dx

= +
L
NM

O
QP→ + zzε ε

ε

0

1

1

lim dz

z

dx

x
[√õ∂Ô˜ ¸˜±fl¬À˘ x z= −  ÒÀı˛]

= − +
L
NM

O
QP→ zzε εε0

11lim dx

x

dx

x
∴ = zz f z dz f x dx

a

b

a

b

( ) ( )

= =→ε 0 0 0
lim b g

5.3.3 Ó‘¬Ó¬œ˚˛ Œ|Ìœı˛ ’˚Ô±Ô« ¸˜±fl¬˘

¤ ◊̋ Œ|Ìœı˛ ¸˜±fl¬À˘ı˛ øıÀ˙ ∏̄Q ˝˘ ¸˜±fl¬À˘ı˛ ’ôL√ı˛±˘øÈ¬ ’¸œ˜ ¤ı— Î¬◊ñ ’ôL√ı˛±À˘ ¸˜±fl¬˘ÀÊı˛ ’¸œ˜

’¸ôL√øÓ¬ ’±ÀÂ/ ¤ ◊̋ Òı˛ÀÚı˛ ¸˜±fl¬À˘ı˛ ˜±Ú øÚÌ«̊ ˛ ı± ’øˆ¬¸±øı˛ÀQı˛ øı‰¬±ı˛ fl¬ı˛ÀÓ¬ ˝À˘ ¸˜±fl¬˘øÈ¬Àfl¬ √õ∂À ˛̊±ÊÚ˜Ó¬

’Ô«±» √õ∂Ô˜ › øZÓ¬œ ˛̊ Œ|Ìœ ≈̂¬ñ fl¬À ˛̊fl¬øÈ¬ ¸˜±fl¬À˘ı˛ Œ˚±·Ù¬˘ ’±fl¬±Àı˛ ø˘À‡ ’±À·ı˛ Ê±Ú± øÚ ˛̊̃  ’Ú≈̊ ± ˛̊œ ’·Ȩ̈ ı˛

˝ÀÓ¬ ˝Àı/

Î¬◊±˝ı˛Ì ¶§ı”̨¬Û † f x dx
a

( )
∝z  ¸˜±fl¬À˘ Œfl¬ı˘ a øıj≈ÀÓ¬ f x( )  ¤ı˛ ’¸ôL√øÓ¬ Ô±fl¬À˘ ¸˜±fl¬˘øÈ¬ Ó‘¬Ó¬œ ˛̊

Œ|Ìœ ≈̂¬ñ ˝ ˛̊Ä Ó¬‡Ú f x dx f x dx f x dx
ca

c

a
( ) ( ) ( ) ,= +

∝∝ zzz  ˚‡Ú c ¸¸œ˜ ¤ı— c a> ,  ¤ ◊̋ ’±fl¬±Àı˛ √õ∂fl¬±˙

fl¬Àı˛ ’·Ȩ̈ ı˛ ˝ÀÓ¬ ˝Àı, Œ˚‡±ÀÚ √õ∂Ô˜øÈ¬ øZÓ¬œ ˛̊ Œ|Ìœı˛ › øZÓ¬œ ˛̊øÈ¬ √õ∂Ô˜ Œ|Ìœı˛ ¸˜±fl¬˘/

Î¬◊±˝ı˛Ì † 1

11 x
dx

−

∝z  ¸˜±fl¬˘øÈ¬ı˛ ’øˆ¬¸±øı˛ÀQı˛ øı‰¬±ı˛ fl¬ı≈̨Ú/

¸˜±Ò±Ú † ◊̋̋ ± Ó‘¬Ó¬œ˚̨ Œ|Ìœ ”̂¬ñ, fl¬±ı̨Ì ¸˜±fl¬À˘ı̨ øıô¶∏±ı̨ [ , ]1 ∝  ¤fl¬øÈ¬ ’¸œ˜ ’ôL√ı̨±˘ ¤ı— 1

1x −
 ¸˜±fl¬˘ÊøÈ¬ı̨

1 øıj≈ÀÓ¬ ’¸œ˜ ’¸ôL√øÓ¬ ’±ÀÂ/

∴ 
1

1 1 111 x
dx

dx

x

dx

xc

c

−
=

−
+

−

∝∝ zzz ï c > 1 ¤fl¬øÈ¬ ¸¸œ˜ ı±ô¶∏ı ¸—‡…±ó/
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=
−

+→ + →∝+ zzε ε0 1 1 1
lim limdx

x

dx

xc

c

A

A

-

= − + −→ +
+

→∝ε
ε

0
1

1 1
lim lim

log logx x
c

c
A

A

= − − + − − −→ + →∝ε ε0 1 1 1lim limlog log log| | log| |c cA A

= − − + − − −→ + →∝log| | log| | log| | log| |lim lim
c c1 1 10ε ε A A

= − −→∝ → +A Alim limlog| | log| |,1 0ε ε Œfl¬±Ú› ¸¸œ˜ ˜±Ú Ú± ◊̋/

∴ √õ∂M ¸˜±fl¬˘øÈ¬ ’¬Û¸±ı˛œ (Divergent)/

√õ∂ùü±ı˘œñ1

øÚ•ßø˘ø‡Ó¬ ¸˜±fl¬˘·≈ø˘ı˛ ’øˆ¬¸±øı˛ÀQı˛ øı‰¬±ı˛ fl¬ı≈̨Ú ¤ı— ¸y¬ı ˝À˘ ˜±Ú øÚÌ«̊ ˛ fl¬ı≈̨Ú/

1. 
1
3

2
1

x

dx
∝z 2. e dx

x20

−∝z  3. 
dx

x1
2

+−∝

∝z  4. 
1
1

3
0

2

x

dxz  5. 
1

10

1

x x

dx

( )−
z

√õ∂ùü±ı˘œñ1 ¤ı˛ Î¬◊Mı˛

1. ’øˆ¬¸±ı˛œ, 2; 2. ’øˆ¬¸±ı˛œ, 1

2
; 3. ’øˆ¬¸±ı˛œ, π ; 4. ’øˆ¬¸±ı˛œ, 3 2 ; 5. ’øˆ¬¸±ı˛œ, π .

5.4 ’˚Ô±Ô« ¸˜±fl¬À˘ı˛ ’øˆ¬¸±øı˛ÀQı˛ ¬Ûı˛œé¬±

5.4.1 Î¬◊¬Û¬Û±… ïfl¬ø¸ı˛ ¬Ûı˛œé¬±ó

f x dx
a
b g∞z  ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ ˝› ˛̊±ı˛ √õ∂À ˛̊±ÊÚœ ˛̊ ¤ı— ¬Û «̊±l (Necersary and sufficient) ˙Ó«¬ ˝˘

¬Û”ı«øÚÒ«±øı˛Ó¬ Œ˚Àfl¬±Ú ÒÚ±Rfl¬ ε  ¤ı˛ ÊÚ… ˚ø ¸ı«± ◊̋ ’±ı˛ ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¸—‡…± X0  ¬Û±› ˛̊± ˚± ˛̊ ˚±ı˛ ÊÚ…

f x dx( )
X

X

1

2z < ε  ˚‡Ú X X X1 2 0, > /
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^©Üı… † f x dx
a

( )
∝z  ¸˜±fl¬˘Àfl¬ ‰¬ı˛̃ ˆ¬±Àı ’øˆ¬¸±ı˛œ (Absolutely Conuergent) ı˘± ˝ ˛̊ ˚ø

f x dx
a

( )
∝z  ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ ˝ ˛̊/

Î¬◊±˝ı˛Ì † Œ‡±Ú Œ˚ sin x

x
dx

0

∝z  ’øˆ¬¸±ı˛œ/

¸˜±Ò±Ú † Œ˚À˝Ó≈¬ x

x

x→ =0 1
lim sin

,  ’Ó¬¤ı ı˘± ˚± ˛̊ 0 øıj≈ÀÓ¬ sin x

x
 ¸˜±fl¬˘ÊøÈ¬ı˛ Œfl¬±ÀÚ± ’¸œ˜ ’¸ôL√øÓ¬

Ú± ◊̋/

∴ 
sin sin sinx

x
dx

x

x
dx

x

x
dx= +

∝∝ zzz 10

1

0

¤ ◊̋̂ ¬±Àı √õ∂fl¬±˙ fl¬Àı˛ Œ‡± Œ·˘ Î¬±Ú¬ÛÀé¬ı˛ √õ∂Ô˜ ¸˜±fl¬˘øÈ¬ ˚Ô±Ô« ¤ı— øZÓ¬œ ˛̊øÈ¬ ’˚Ô±Ô«/ ¤ ◊̋ øZÓ¬œ ˛̊

¸˜±fl¬˘øÈ¬ı˛ Î¬◊¬Ûı˛ √õ∂M ¸˜±fl¬˘øÈ¬ı˛ ’øˆ¬¸±øı˛Q øÚ «̂¬ı˛̇ œ˘/

Òı˛± ˚±flƒ¬, Œ˚ Œfl¬±Ú ÒÚ±Rfl¬ ε  ¤ı˛ ÊÚ… x x1 2,  ¤˜Ú ≈øÈ¬ ¸—‡…± ŒÚ› ˛̊± ˝˘ ˚±Àı˛ √õ∂ÀÓ¬…Àfl¬ ◊̋ 
2

ε
 ’À¬Ûé¬±

ı‘̋ Mı̨/

¤‡Ú 
sin cos

cos
x

x
dx

x

x x
x dx

x

x

x

x

x

x
=

−L
NM

O
QP − −

F
H

I
K ⋅ −zz

1

2

1

2

1

2 1
2

b g

= − − zcos cos cosx

x

x

x

x

x
dx

x

x1

1

2

2
21

2

∴ 
sin cos cos cosx

x
dx

x

x

x

x

x

x
dx

x

x

x

x

1

2

1

21

1

2

2
2z z≤ − +

≤ + + z1 1 1

1 2
21

2

x x x
dx

x

x

∴ ≤cos x 1  ¤ı— a b a b− ≤ +

< ⋅ =2
2

ε
ε

’Ó¬¤ı fl¬ø¸ı˛ ¬Ûı˛œé¬± ’Ú≈̊ ± ˛̊œ sin x

x
dx

1

∝z  ’øˆ¬¸±ı˛œÄ ≈̧Ó¬ı˛±— sin x

x
dx

0

∝z  ’øˆ¬¸±ı˛œ/
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5.4.2 √õ∂Ô˜ Œ|Ìœı˛ ¸˜±fl¬˘·≈ø˘ı˛ ÊÚ… ’øˆ¬¸±øı˛ÀQı˛ ¬Ûı˛œé¬±

ïfl¬ó Î¬◊¬Û¬Û±… – ˚ø x a≥ -¤ı˛ ÊÚ… f x( )  ¤fl¬øÈ¬ ’ŸÌ±Rfl¬ › ¸˜±fl¬˘ÚÀ˚±·… ˝ ˛̊ ¤ı— a  ’À¬Ûé¬±

ı‘̋ Mı˛ √õ∂ÀÓ¬…fl¬ A-¤ı˛ ÊÚ… f x dx
a

( )
Az  Î¬◊¬Ûı˛ øÀfl¬ ¸œ˜±ıX¬ (Bounded above) ˝ ˛̊ Ó¬±˝À˘ f x dx

a
( )

∝z
’øˆ¬¸±ı˛œ ˝ÀıÄ ’Ú…Ô± ˛̊ ◊̋̋ ± ’¸œ˜ ’øˆ¬ ≈̃À‡ ’¬Û¸±ı˛œ ˝Àı/

ï‡ó ’øˆ¬¸±øı˛ÀQı˛ Ó≈¬˘Ú± ”̆̃ fl¬ ¬Ûı˛œé¬±ı˛ Î¬◊¬Û¬Û±… – ˚ø x a≥ -¤ı˛ ÊÚ… f x( ) › g x( )  ¸˜±fl¬˘ÚÀ˚±·…

¤ı— 0 ≤ ≤f x g x( ) ( )  ˝ ˛̊, Ó¬Àı

(i) f x dx
a

( )
∝z  ’øˆ¬¸±ı˛œ ˝Àı ˚ø g x dx

a
( )

∝z  ’øˆ¬¸±ı˛œ ˝ ˛̊ ¤ı—

(ii) g x dx
a

( )
∝z  ’¬Û¸±ı˛œ ˝Àı ˚ø f x dx

a
( )

∝z  ’¬Û¸±ı˛œ ˝ ˛̊/

^©Üı… † Î¬◊¬Û¬Û±…·≈ø˘ı˛ √õ∂˜±Ì ¤ ◊̋ ¬Û≈ô¶∏Àfl¬ Œ› ˛̊± ˝˘ Ú±/

ï·ó ¤fl¬øÈ¬ √õ∂À ˛̊±ÊÚœ ˛̊ ¸˜±fl¬˘ † 
dx

xa µ

∝z ,  ˚‡Ú a > 0

¬Û”ı« ’±À˘±‰¬Ú± ’Ú≈̊ ± ˛̊œ 
dx

x

dx

xa aµ µ
= =→∝

∝z zA

Alim
 

1

1
1 1

−
−→∝

− −

µ
µ µ

A Alim ,a ˚‡Ú µ ≠ 1

 A A→∝ −
lim

log log ,a  ˚‡Ú µ = 1

   =  
1

1
1

µ
µ

−
−b ga ,˚‡Ú µ > 1

 ∝         , ˚‡Ú µ ≤ 1

’Ó¬¤ı √õ∂M ¸˜±fl¬˘øÈ¬ µ > 1-¤ı˛ ÊÚ… ’øˆ¬¸±ı˛œ ¤ı— µ ≤ 1-¤ı˛ ÊÚ… ’¸œ˜ ’øˆ¬ ≈̃À‡ ’¬Û¸±ı˛œ/

ï‚ó ’øˆ¬¸±øı˛ÀQı˛ µµµµ -¬Ûı˛œé¬±ı˛ Î¬◊¬Û¬Û±… † ˚ø f x( )  ’À¬Ûé¬fl¬øÈ¬ x a≥ -¤ı˛ ÊÚ… ¸˜±fl¬˘ÚÀ˚±·… ˝ ˛̊

Ó¬Àı f x dx
a

( )
∝z  ¸˜±fl¬˘øÈ¬

(i) ’øˆ¬¸±ı˛œ ˝Àı ˚ø 
x x f x→∝ =lim ( )µ λ  ˝ ˛̊, ˚‡Ú µ < 1  ¤ı— λ  ¤fl¬øÈ¬ ¸¸œ˜ ı±ô¶∏ı ¸—‡…±/

{
{
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(ii) ’¬Û¸±ı˛œ ˝Àı ˚ø 
x x f x→∝ =lim ( )µ λ  ˝ ˛̊, ˚‡Ú µ ≥ 1  ¤ı— λ  ”̇Ú… Ú ˛̊ ¤˜Ú ¤fl¬øÈ¬ ¸¸œ˜ ı±ô¶∏ı

¸—‡…± ’Ôı± ± ∝.

’Ú≈̇ œ˘Úœñ3

Î¬◊±˝ı˛Ì-1. Ó≈¬˘Ú± ”̃̆ fl¬ ¬Ûı˛œé¬±ı˛ Z±ı˛± ’øˆ¬¸±øı˛Q øı‰¬±ı˛ fl¬ı≈̨Ú/

ïfl¬ó 
cosx

x
dx

1
20 +

∝z ï‡ó 
sin2

21

x

x
dx

∝z

¸˜±Ò±Ú † 1 ïfl¬ó Òı˛± ˚±flƒ¬ f x
x

x
( )

cos
=

+1
2  ¤ı— g x

x
( ) .=

+

1

1
2

¤‡Ú Œ˚À˝Ó≈¬ cos ,x ≤ 1  f x
x

x x
g x( )

cos
( )=

+
≤

+
=

1

1

1
2 2

’±ı±ı˛, 
dx

x

dx

x1 1 22 200

1

+
= = =→∝

∝

→∝
−zz A

A

A
+

Alim lim tan
π

⇒

+

∝z dx

x1
20  ’Ô«±» g x dx( )

0

∝z  ’øˆ¬¸±ı˛œ

’Ó¬¤ı Ó≈¬˘Ú± ”̃̆ fl¬ ¬Ûı˛œé¬±ı˛ ¸±˝±À˚… ı˘± ˚± ˛̊ Œ˚

f x dx
x

x
dx( )

cos
=

+

∝∝ zz
1

200  ’øˆ¬¸±ı˛œ/

ï‡ó Œ˚À˝Ó≈¬ sin ,x ≤ 1  ’Ó¬¤ı 0
12

2 2
≤ ≤

sin
;

x

x x

’±ı±ı˛ 
1
21 x

dx
∝z  ’øˆ¬¸±ı˛œ 

dx

xa µ

∝zLNM ’Ú≈̊ ± ˛̊œ
O
QP

≈̧Ó¬ı˛±— f x
x

x
( )

sin
=

2

2  ¤ı— g x
x

( ) =
1
2  ÒÀı˛ Ó≈¬˘Ú± ”̃̆ fl¬ ¬Ûı˛œé¬±ı˛ ¸±˝±À˚… ı˘± ˚± ˛̊ Œ˚

f x dx
x x

x
( )

sin
=

∝∝ zz
2

211
 ’øˆ¬¸±ı˛œ/

Î¬◊±˝ı˛Ì-2. µ -¬Ûı˛œé¬±ı˛ Z±ı˛± ’øˆ¬¸±øı˛ÀQı˛ øı‰¬±ı˛ fl¬ı≈̨Ú/

ïfl¬ó e x dx
x n−∝z1  ï‡ó x

x
dx

8

3

30 7 1+

∝z
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¸˜±Ò±Ú † 2 ïfl¬ó f x e x
x n( ) = −  ÒÀı˛

x x
x n

x

n

x
x f x x e x

x

e
→∝ →∝

−
→∝

+

= =lim lim lim( )2 2
2

    = 0,  ∀n,  ˚‡Ú µ = >2 1.

∴ µ -¬Ûı˛œé¬±ı˛ Z±ı˛± ı˘± ˚± ˛̊ e x dx
x n−∝z1  ’øˆ¬¸±ı˛œ/

ï‡ó f x
x

x
( ) =

+

8

3

3
7 1

 ÒÀı˛

x x xx f x x
x

x

x

x
→∝ →∝ →∝= ⋅

+
=

+

lim lim lim
( )

1

3

1

3

8

3

3

3

3
7 1 7 1

=

+

=→∝x

x

lim
,

1

7
1

1

7
3

 ˚‡Ú µ = <
1

3
1

∴ µ -¬Ûı˛œé¬±ı˛ Z±ı˛± ı˘± ˚± ˛̊ x

x
dx

8

3

30 7 1+

∝z  ’¬Û¸±ı˛œ/

5.4.3 øZÓ¬œ˚˛ Œ|Ìœı˛ ¸˜±fl¬˘·≈ø˘ı˛ ÊÚ… ’øˆ¬¸±øı˛ÀQı˛ ¬Ûı˛œé¬±

ïfl¬ó Î¬◊¬Û¬Û±… † ˚ø a x b< ≤  ’ôL√ı˛±À˘ ’-ŸÌ±Rfl¬ ¤fl¬øÈ¬ ’À¬Ûé¬fl¬ f x( )  ¸˜±fl¬˘ÚÀ˚±·… ˝ ˛̊, Œfl¬ı˘

a  øıj≈ÀÓ¬ ’À¬Ûé¬fl¬øÈ¬ı˛ ’¸œ˜ ’¸ôL√øÓ¬ Ô±Àfl¬ ¤ı— f x dx
a

b
( ) ,

+z ε
 0 < < −ε b ab g,  ¸˜±fl¬˘øÈ¬ Î¬◊¬ÛÀı˛ı˛ øÀfl¬

¸œ˜±ıX¬ ˝ ˛̊ Ó¬±˝À˘ f x dx
a

b
( )z  ’øˆ¬¸±ı˛œ ˝ÀıÄ ’Ú…Ô± ˛̊ ¸˜±fl¬˘øÈ¬ ’¸œÀ˜ı˛ øÀfl¬ ’¬Û¸±ı˛œ ˝Àı/

ï‡ó ’øˆ¬¸±øı˛ÀQı˛ Ó≈¬˘Ú± ”̆̃ fl¬ ¬Ûı˛œé¬±ı˛ Î¬◊¬Û¬Û±… †

˚ø f x( )  › g x( )  ’À¬Ûé¬fl¬ ≈øÈ¬ı˛ [ , ]a b ’ôL√ı˛±À˘ı˛ Œfl¬ı˘ a øıj≈ÀÓ¬ ’¸œ˜ ’¸ôL√øÓ¬ Ô±Àfl¬, Î¬◊̋ ±ı˛±

a b+ ε,  ’ôL√ı˛±À˘ 0 < < −ε b ab g  ¸˜±fl¬˘ÚÀ˚±·… ˝ ˛̊, ¤ı— 0 ≤ ≤f x g x( ) ( )  ˝ ˛̊ Ó¬±˝À˘
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(i) f x dx
a

b
( )z  ’øˆ¬¸±ı˛œ ˝Àı ˚ø g x dx

a

b
( )z  ’øˆ¬¸±ı˛œ ˝ ˛̊, ¤ı—

(ii) g x dx
a

b
( )z  ’¬Û¸±ı˛œ ˝Àı ˚ø f x dx

a

b
( )z  ’¬Û¸±ı˛œ ˝ ˛̊/

ï·ó ¤fl¬øÈ¬ √õ∂À ˛̊±ÊÚœ ˛̊ ¸˜±fl¬˘ † 
dx

x a
a b

a

b

−
<z b g

b g
µ

,

˚‡Ú µ ≤ 0, Ó¬‡Ú ¸˜±fl¬˘øÈ¬ ˚Ô±Ô«Ä ’Ú…Ô± ˛̊ ¸˜±fl¬˘ÊøÈ¬ı˛ Œfl¬ı˘ a øıj≈ÀÓ¬ ’¸œ˜ ’¸ôL√øÓ¬ Ô±fl¬± ˛̊

µ ≠ 1¤ı˛ ÊÚ…,  
dx

x a

dx

x a
a

b

a

b

−
=

−
→ + +z zb g b gµ ε µε0

lim

ε

µ µ

µ
ε→ +

− −

−
− −0

1 11

1
lim b ab g{ }

=
−

−

−
b ab g1

1

µ

µ
,  ˚‡Ú 0 1< <µ

     ∝       , ˚‡Ú µ > 1

’±ı±ı˛ µ = 1 ¤ı˛ ÊÚ…, 
dx

x a

dx

x aa

b

a

b

−
=

−→ + +zz b gµ ε ε0
lim .

= − − =∝→ +ε ε0
lim log log .b ab gm r

’Ó¬¤ı, ¸˜±fl¬˘øÈ¬ 0 1< <µ ¤ı˛ ÊÚ… ’øˆ¬¸±ı˛œ ¤ı— µ ≥ 1¤ı˛ ÊÚ… ’¬Û¸±ı˛œ/

^©Üı… † ’Ú≈ı”̨À¬Û Œ‡±Ú ˚± ˛̊

dx

b x
a

b

−
z b gµ  ¸˜±fl¬˘øÈ¬ µ < 1  ¤ı˛ ÊÚ… ’øˆ¬¸±ı˛œ ¤ı— µ ≥ 1¤ı˛ ÊÚ… ’¬Û¸±ı˛œ/

ï‡ó ’øˆ¬¸±øı˛ÀQı˛ µµµµ ¬Ûı˛œé¬±ı˛ Î¬◊¬Û¬Û±… † ˚ø f x( )  ’À¬Ûé¬fl¬øÈ¬ [ , ]a b  ’ôL√ı˛±À˘ı˛ a øıj≈ÀÓ¬ ’¸œ˜ˆ¬±Àı

’¸ôL√Ó¬ ˝ ˛̊ ¤ı— 0 < < −ε b a  ¤ı˛ ÊÚ… [ , ]a b+ ε  ’ôL√ı˛±À˘ ¸˜±fl¬˘ÚÀ˚±·… ˝ ˛̊

Ó¬‡Ú f x dx
a

b
( )z  ¸˜±fl¬˘øÈ¬

{



108

(i) ’øˆ¬¸±ı˛œ ˝Àı ˚ø 
x a x a f x→ + − =lim ( )b gµ

λ  ˚‡Ú 0 1< <µ ¤ı— λ  ¤fl¬øÈ¬ ¸¸œ˜ ı±ô¶∏ı ¸—‡…±/

(iii) ’¬Û¸±ı˛œ ˝Àı ˚ø 
x a x a f x→ + − =lim ( ) ,b gµ

λ  ˚‡Ú µ ≥ 1  ¤ı— λ  ”̇Ú… Ú ˛̊ ¤˜Ú ¤fl¬øÈ¬ ¸¸œ˜

ı±ô¶∏ı ¸—‡…± ’Ôı± ± ∝.

√õ∂±ôL√ø˘ø¬Û † ˚ø [ , ]a b  ’ôL√ı˛±À˘ f x( )  Ù¬±—˙ÀÚı˛ Œfl¬ı˘˜±S b øıj≈ÀÓ¬ ’¸œ˜ ’¸ôL√øÓ¬ Ô±Àfl¬ Ó¬Àı

f x dx
a

b
( )z  ¸˜±fl¬˘øÈ¬ı˛ ’øˆ¬¸±øı˛ÀQı˛ ¬Ûı˛œé¬±·≈ø˘ ’Ú≈ı”̨¬Û Î¬◊¬Û±À ˛̊ ¸•Û±Ú fl¬ı˛± ˚±Àı/ ’ÀÇ¬ı˛ ˜±Ò…À˜ Î¬◊¬Û± ˛̊·≈ø˘

’±À˘±ø‰¬Ó¬ ˝Àı/

’Ú≈̇ œ˘Úœñ4

Î¬◊±˝ı˛Ì-1. Ó≈¬˘Ú± ”̃̆ fl¬ ¬Ûı˛œé¬±ı˛ Z±ı˛± ’øˆ¬¸±øı˛Q øı‰¬±ı˛ fl¬ı≈̨Ú/

ïfl¬ó 
dx

x x
1

3 20

1

1+
z c h   ï‡ó 

dx

x x
a 1

2
1

2

1

1−

z
b g  0 1< <ab g

¸˜±Ò±Ú † 1. ïfl¬ó Òı˛± ˚±flƒ¬ f x

x x

( )

( )

=

+

1

1
1

3 2

 ¤ı— g x

x

( ) =
1
1

3
/

’±ı±ı˛ [ , ]0 1  ’ôL√ı˛±À˘ı˛ Œfl¬ı˘ O øıj≈ÀÓ¬ f x( ) ¤ı˛ ’¸œ˜ ’¸ôL√øÓ¬ ’±ÀÂ/ ≈̧Ó¬ı˛±— 0 1< <ε  ¤ı˛ ÊÚ…

[ , ]ε 1  ’ôL√ı˛±À˘ f x g x( ), ( )  Î¬◊̂ ¬À ˛̊̋ ◊ ¸˜±fl¬˘ÚÀ˚±·… ¤ı— 0 < <f x g x( ) ( ) /

¤‡Ú 
g x dx

x

dx
dx

x

( ) = =

−
zzz 1

0
1

3

1

3
0

1

0

1

0

1

b g  ¸˜±fl¬˘øÈ¬Àfl¬ 
dx

x a
a

b

−
z b gµ  ¤ı˛ ¸Àº Ó≈¬˘Ú± fl¬Àı˛ ¬Û±› ˛̊± ˚± ˛̊

g x dx
dx

x

dx( ) = zz 1

3
0

1

0

1

 ’øˆ¬¸±ı˛œ [ ]∴ = <µ
1

3
1 /

’Ó¬¤ı Ó≈¬˘Ú± ”̃̆ fl¬ ¬Ûı˛œé¬±ı˛ Z±ı˛± ı˘± ˚± ˛̊ √õ∂M ’À¬Ûé¬fl¬øÈ¬ ’øˆ¬¸±ı˛œ/

ï‡ó Òı˛± ˚±flƒ¬ f x

x x

( ) =

−

1

1
1

2
1

2b g
 ¤ı— g x

x

( ) =

−

1

1
1

2b g
/

¤‡±ÀÚ ¸˜fl¬À˘ı˛ øıô¶∏±Àı˛ x = 1 øıj≈øÈ¬ f x( ) ¤ı˛ ¤fl¬˜±S ’¸œ˜ ’¸ôL√øÓ¬ı˛ øıj≈Ä ’Ó¬¤ı 0 1< < −ε a

¤ı˛ ÊÚ… [ , ]a 1− ε  ’ôL√ı˛±À˘ f x g x( ), ( )  ¸˜±fl¬˘ÚÀ˚±·… ¤ı— f x g x( ) ( )> > 0 /
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’±ı±ı˛ 
dx

x
a

1
1

2

1

−
z
b g  ¸˜±fl¬˘øÈ¬ÀÓ¬ µ = <

1

2
/ ˝› ˛̊± ˛̊ 

dx

b x
a

b

−
z b gµ

¤ı˛ ¸Àº Ó≈¬˘Ú± fl¬Àı˛ ı˘± ˚± ˛̊ Î¬◊̋ ± ’øˆ¬¸±ı˛œ/

’Ó¬¤ı Ó≈¬˘Ú± ”̃̆ fl¬ ¬Ûı˛œé¬±ı˛ ¸±˝±À˚… ˜ôL√ı… fl¬ı˛± ˚± ˛̊ √õ∂M ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ/

Î¬◊±˝ı˛Ì-2 µ -¬Ûı˛œé¬±ı˛ Z±ı˛± ’øˆ¬¸±øı˛ÀQı˛ øı‰¬±ı˛ fl¬ı≈̨Ú/

ïfl¬ó 
x

x
dx

log1

2z  ï‡ó 
dx

x x− −
z

2 4
1

2

1

3
2

4

b g b g

¸˜±Ò±Ú † 2 ïfl¬ó 
x

xlog
 ¸˜±fl¬˘ÊøÈ¬ı˛ Œfl¬ı˘ x = 1  øıj≈ÀÓ¬ ’¸œ˜ ’¸ôL√øÓ¬ ’±ÀÂ/

’±ı±ı˛ x xx
x

x

x x

x

→ + → +

−

−( ) − =
−

=1

1

1

1

2
1

2

1

3

2

1

2
1

1lim lim

log
,a f  ¸¸œ˜ ı±ô¶∏ı ¸—‡…± ¤ı— µ = 1

≈̧Ó¬ı˛±— µ -¬Ûı˛œé¬±ı˛ Z±ı˛± ˜ôL√ı… fl¬ı˛± ˚± ˛̊ √õ∂M ¸˜±fl¬˘øÈ¬ ’¬Û¸±ı˛œ/

ï‡ó ¤‡±ÀÚ 
dx

x x

dx

x x

dx

x x− −

=

− −

+

− −
zzz

2 4 2 4 2 4
1

2

1

3

1

2

1

3

1

2

1

3
3

4

2

3

2

4

b g b g b g b g b g b g
,

ø˘À‡ Œ‡± ˚±ÀBÂ √õ∂Ô˜ ¸˜±fl¬˘øÈ¬ÀÓ¬ 2 ¤ı— øZÓ¬œ ˛̊ ¸˜±fl¬˘øÈ¬ÀÓ¬ 4 ¸˜±fl¬˘ÀÊı˛ ’¸œ˜ ’¸ôL√øÓ¬ı˛ øıj≈/

∴ √õ∂Ô˜ ¸˜±fl¬À˘ı˛ ÊÚ… x n
x

x x x
→ →+ +− ⋅

− ⋅ −

=

−

=
2

1

2
1

2

1

3
2 1

3

1

3

2
1

2 4

1

4

1

2

lim lim ,b g
b g b g b g

¸¸œ˜ ı±ô¶∏ı ¸—‡…± ¤ı— µ = <
1

2
1. ¤ı—

øZÓ¬œ ˛̊ ¸˜±fl¬À˘ı˛ ÊÚ… x xx

x x x
→ − → −−

− −

=

−

=4

1

3
1

2

1

3

4 1

2

1

2

4
1

2 4

1

2

1

2

lim lim ,b g
b g b g b g

◊̋̋ ± º
º
·Í¬ÀÚı̨
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¸¸œ˜ ı±ô¶∏ı ¸—‡…± ¤ı— µ = <
1

3
1.

≈̧Ó¬ı˛±— µ -¬Ûı˛œé¬± ’Ú≈̊ ± ˛̊œ Î¬◊̂ ¬ ˛̊ ¸˜±fl¬˘ ◊̋ ’øˆ¬¸±ı˛œ/

’Ó¬¤ı √õ∂M ¸˜±fl¬˘øÈ¬› ’øˆ¬¸±ı˛œ/

√õ∂ùü±ı˘œñ2

’øˆ¬¸±øı˛ÀQı˛ øı‰¬±ı˛ fl¬ı≈̨Ú (1–5) :

1. 
x

x
dx

5

2

30 2 3+

∞z  2. 
log x

x
dx

21

∞z  3. 
log x

x
dx

0

1z  4. 
sin x

x

dx
3

2
0
2

π

z  5.
dx

xcos
1

3
0
2

π

z

6. logsin x dx
0
2

π

z  ¸˜±fl¬˘øÈ¬ı˛ ’øˆ¬¸±øı˛Q øÚÀ ˛̊ ’±À˘±‰¬Ú± fl¬ı≈̨Ú/

√õ∂ùü±ı˘œñ2 ¤ı˛ Î¬◊Mı˛

1. ’¬Û¸±ı˛œ [¸—Àfl¬Ó¬ † 
n xx f x

x

x
→∞ →∞=

+
= = <lim lim( ) ;

1

2
3

3
2 3

1

2

1

2
1µ ]

2. ’øˆ¬¸±ı˛œ [¸—Àfl¬Ó¬ † 
n xx f x

x

x
→∞ →∞= = = = >lim lim( )

log
...... ;

3

2 0
3

2
1µ ]

3. ’øˆ¬¸±ı˛œ [¸—Àfl¬Ó¬ † x x xx f x
x

x

x

x

→ + →∞+
−

→ +
−

− =
∞

∞
F
H

I
K =

−
0

4

5
3

10

0 7

10

0

1

3

10

lim lim lim( )
logb g

= −
F
HG

I
KJ = = <→ +x x0

3

1010

3
0

4

5
1lim ;µ ]

4. ’øˆ¬¸±ı˛œ [¸—Àfl¬Ó¬ † x xx f x
x

x→ + → += = = <0

1

2
0 1

1

2
1lim lim( )

sin
;µ ]
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5. ’øˆ¬¸±ı˛œ [¸—Àfl¬Ó¬ † π

2
 øıj≈ÀÓ¬ ’¸œ˜ ’¸ôL√øÓ¬/ ∴ 

x
x

x
→

− −
F
H

I
K ⋅π

π

2

1

3

1

3
2

1lim

cos

=
−F

H
G
G

I

K
J
J = = <

→
−

x

x

xπ

π

µ
2

1

3

2 1
1

3
1lim

cos
; ]

6. ¸—Àfl¬Ó¬ † x = 0  ¸˜±fl¬˘ÀÊı˛ ¤fl¬˜±S ’¸ôL√øÓ¬ı˛ øıj≈/ ’±ı±ı˛ 0 1< <µ ¤ı˛ ÊÚ…

x xx x x x
x

x→ + → += ⋅
F
H

I
K0 0

lim limlogsin log
sinµ µ

= +
RST

UVW =→ +x x x x
x

x0 0lim log log
sinµ µ

∵ x x xx x
x

x

x

x
→ + → + − → + −

= − =
−

0 0 0 1

1
lim lim limlog

logµ

µ µµ
a f

=
−

=→ +x

x
0 0lim

µ

µ

¤ı— x x xx
x

x
x

x

x→ + → + → += ⋅0 0 0
lim lim limlog

sin
log

sinµ µ

=
F
H

I
K

RST
UVW = ⋅ =→ + → +x xx

x

x0 0 0 1 0lim limlog
sin

logµ
]

∴ √õ∂M ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ fl¬±ı˛Ì µ < 1  ï¤‡±ÀÚ µ ≥ 1  ŒÚ› ˛̊± ˚±Àı Ú±ó/

5.5 ·±˜± Ù¬±—˙Ú, øıÈ¬± Ù¬±—˙ÚÄ Ó¬±Àı˛ Ò «̃ › √õ∂À˚˛±·

¤ ◊̋ ı±ô¶∏ı ˜±Ú øıø˙©Ü (Read valued) Ù¬±—˙ÚZ ˛̊ ¸˜±fl¬À˘ı˛ ˜±Ò…À˜ ¸—:±ø ˛̊Ó¬/ ·±˜± Ù¬±—˙Ú › øıÈ¬±

Ù¬±—˙ÚÀfl¬ ˚Ô±]À˜ Γ( )n › B( , )m n  Z±ı˛± ø‰¬øÅÓ¬ fl¬ı˛± ˝ ˛̊/ Œ˚‡±ÀÚ m n,  ¸—‡…±·≈ø˘ ‰¬±˘Àfl¬ı˛ ”̂¬ø˜fl¬± ˛̊ Ô±Àfl¬/

·øÌÓ¬ ˙±¶a, ¬Û±Ô«øı…±, ’Ô«ÚœøÓ¬, ¬Ûøı˛̧ —‡…±Ú øı…± ◊̋Ó¬…±ø ı ≈̋ øı ∏̄À ˛̊ ¤ ◊̋ ’À¬Ûé¬fl¬ ·≈ø˘ı˛ √õ∂À ˛̊±· ˚ÀÔ©Ü ¬Ûøı˛̃ ±ÀÚ

øı…˜±Ú/

·Í¬ÀÚı̨º
º
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5.5.1 ·±˜± Ù¬±—˙Ú › Ó¬±ı˛ øfl¬Â≈ Ò «̃

Γ( ) , ;n e x dx n
x n= >− −∞z 1

0
0 ñ¤ ◊̋ Ù¬±—˙ÚøÈ¬Àfl¬ ·±˜± Ù¬±—˙Ú ıÀ˘/

¸˜±fl¬À˘ı˛ ˜±Ò…À˜ √õ∂fl¬±ø˙Ó¬ ¤ ◊̋ Γ( )n  Ù¬±—˙ÚøÈ¬ ’±¸À˘ n ¤ı˛ Ù¬±—˙ÀÚ x-¤ı˛ Ú ˛̊ ¤ı— n > 0  Ù¬±—˙ÚøÈ¬ı˛

¸—:±=¡˘/ ¤ ◊̋ ’˚Ô±Ô« ¸˜±fl¬˘øÈ¬ n > 0  ¸—:±=¡À˘ ’øˆ¬¸±ı˛œ/

·±˜±-Ù¬±—˙ÀÚı˛ fl¬À ˛̊fl¬øÈ¬ Ò «̃ †

(i) Γ Γ( ) ( ).n n n+ =1

√õ∂˜±Ì † Γ( ) ( ) lim
n e x dx e x dx

x n x n+ = =− + −
→∞

−∞ zz1 1 1

00 A

A

= − − −
RST

UVW→∞
− − −zA

A Alim
x e nx e dx

n x n xe j e j
0

1

0

=
−F

HG
I
KJ +→∞

− −∞zA A

Alim
n

x n

e
n e x dx1

0

= − +0 n nΓ( )  ∴
∞

∞
F
H

I
K = = =

L
NM

O
QP→∞ →A A A A

Alim lim.......
!n

e

n

e
0 0

∴ Γ Γn n n+ =1b g ( ).

^©Üı… † ¤ ◊̋ Ò «̃ ŒÔÀfl¬ Œ‡±Ú ˚± ˛̊ Γ n n+ =1b g ! ˚ø n ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¬Û”Ì« ¸—‡…± ˝ ˛̊/

¬√õ∂˜±Ì † Γ Γ Γ Γn n n n n n n n+ = = ⋅ − − = = −1 1 1 1 21 1b g b g b g b g( ) ...... .... . . ( )

= − ⋅ ∴ = =−∞zn n e dx
x

1 2 1 1 1 1
0

b g.... . ( )Γ

= n!

(ii) Γ( )n e dx
x n

+ =
−∞z1

1

0
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¬√õ∂˜±Ì † Γ( )n e x dx e
n

dyx n y n

= = ⋅− − −∞∞ zz 1

00

1 1
[ x y

n =  ÒÀı˛]

∴ e dx n n n
x n−∞

= = +z
1

1
0

Γ Γ( ) ( ).

5.5.2 øıÈ¬± Ù¬±—˙Ú › Ó¬±ı˛ øfl¬Â≈ Ò «̃

B( , ) , ,m n x x dx m n
m n

= − > >− −z 1 1

0

1
1 0 0b g  ¤ ◊̋ Ù¬±—˙ÚøÈ¬Àfl¬ øıÈ¬± Ù¬±—˙Ú ı˘± ˝ ˛̊/ øıÈ¬± Ù¬±—˙ÀÚı˛

‰¬±˘fl¬ m › n ¤ı— ¸—:±=¡˘ m ≥ 0,  n ≥ 0 / ˚‡Ú m ≥ 1  ¤ı— n ≥ 1  Ó¬‡Ú ¸˜±fl¬˘øÈ¬ ˚Ô±Ô«Ä øfl¬ôL√≈

m < 1  ˝À˘ x = 0  ¤ı— n < 1  ˝À˘ x = 1  ¸˜±fl¬˘ÀÊı˛ ’¸œ˜ ’¸ôL√øÓ¬ı˛ øıj≈ ˝ ˛̊/ Œ¸ ◊̋ fl¬±ı˛ÀÌ ¸˜±fl¬˘øÈ¬Àfl¬

’˚Ô±Ô« ¸˜±fl¬˘ ø˝¸±Àı ◊̋ Òı˛± ˝ ˛̊/

øıÈ¬± Ù¬±—˙ÀÚı˛ fl¬À ˛̊fl¬øÈ¬ Ò «̃ †

(i) B B( , ) ( , )m n n m=

¬√õ∂˜±Ì † B( , )m n x x dx y y dy
m n m n= − = − −− − − −z z1

0

1 1 1 1

1

0
1 1b g b g b g [ x y= −1  ÒÀı˛]

= − =− −z y y dy n m
n m1 1

0

1
1b g B( , ).

(ii) B( , ) .m n
x

x
dx

x

x
dx

m

m n

n

n m
=

+( )
=

+( )

−

+

−

+

∞∞ zz 1 1

00 1 1

¬√õ∂˜±Ì † B( , )m n x x dx
m n

= −− −z 1

0

1 1
1b g

=
+

F
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I
KJ ⋅ −

+

F
HG

I
KJ −

+

R
S|
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U
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−

∞

−

z 1

1
1

1

1

1

1

1
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1

2y y y
dy
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b g [ x
y

=
+

1

1  ÒÀı˛]

=
+

⋅
+

⋅
+

−

∞
−

−z 1

1 1

1

1
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1

1 2
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y y
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n
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=
+

=
+

−

+

∞
−

+

∞z zy

y
dy

x

x
dx

n

m n

n

m n

1

0

1

0
1 1b g b g ∴ = zz f y dy f x dx

a

b

a

b
( ) ( )

’±ı±ı˛,  B m n
x

x
dx

z

z

z
dz

n

m n

n

m n
,b g

b g
=

+
=

F
H

I
K

+F
H

I
K

−
F
H

I
K

−

+

−

+∞

∞ zz
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1

2

0

0
1

1

1
1

1
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z
=

1  ÒÀı˛]

=
⋅

⋅ +
=

+

− +

+

−

+

∞∞ zz z z

z z
dz

z

z
dz

n m n

m n

m

m n

1

2

1

00
1 1b g b g

=
+

−

+

∞z x

x
dx

m

m n

1

0
1b g ∴ =z zf z dz f x dx

a

b

a

b
( ) ( )

(iii) B m n
x x

x
dx

m n

m n
,b g

b g
=

+

+

− −

+z
1 1

0

1

1

√õ∂˜±Ì † B m n
x

x
dx

m

m n
,b g

b g
=

+

−

+

∞z
1

0
1

[Ò «̃ (ii) ’Ú≈̊ ± ˛̊œ]

=
+

+
+

= +
−

+

−

+

∞zz x

x
dx

x

x
dx

m

m n

m

m n

1 1

1 210

1

1 1b g b g
I I  ïÒøı˛ó

¤‡Ú øZÓ¬œ ˛̊ ¸˜±fl¬À˘ x
y

=
1

 ıø¸À ˛̊ ¬Û±› ˛̊± ˚± ˛̊

I2

1

1

0

2

1 1

0

1

0

1

1

1
1

1

1 1
=

F
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I
K

+
F
H

I
K

−
F
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I
KJ =

+
=

+

−

+

−

+

−

+z zzy

y

y
dy

y

y
dy

x

x
dx

m

m n

n

m n

n

m nb g b g

∴ B I Im n
x

x
dx

x

x
dx

m

m n

n

m n
,b g

b g b g
= + =

+
+

+

−

+

−

+zz1 2

1 1

0

1

0

1
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=
+

+

− −

+z x x

x
dx

m n

m n

1 1

0

1

1b g

(iv) B( , ) sin cosm n d
m n= − −z2 2 1 2 1

0
2 θ θ θ
π

√õ∂˜±Ì † B( , )m n x x dx
m n

= −− −z 1 1

0

1
1b g

= ⋅− −z sin cos sin cos( ) ( )2 1 2 1

0
2 2m n

dθ θ θ θ θ
π

[ x = sin2 θ ÒÀı˛]

= − −z2 2 1 2 1

0
2 sin cosm n

dθ θ θ
π

^©Üı… † m n= =
1

2
 ıø¸À ˛̊ ¬Û±› ˛̊± ˚± ˛̊

B
1

2

1

2
2 2

20
2, .

F
H

I
K = = ⋅ =z dθ

π
π

π

(v) B( , )
( ) ( )

( )
.m n

m n

m n
=

+

Γ Γ

Γ

·±˜± › øıÈ¬± Ù¬±—˙ÀÚı˛ ◊̋̋ ± ¤fl¬øÈ¬ ”̃̆ …ı±Ú ¸•Ûfl«¬/ Ò «̃øÈ¬ı˛ √õ∂˜±Ì ¤ ◊̋ ¬Û≈ô¶∏Àfl¬ Œ› ˛̊± ˝˘ Ú±/

^©Üı… † Î¬◊¬ÛÀı˛ı˛ ¸•ÛÀfl«¬ m n= =
1

2
 ıø¸À ˛̊ ¬Û±› ˛̊± ˚± ˛̊

B
1

2

1

2

1

2

1

2

1

2

1

2

,
F
H

I
K =

F
H

I
K

F
H

I
K

+F
H

I
K

Γ Γ

Γ
ı±, π =

F
H

I
K

RST
UVWΓ

Γ

1

2

1

2

( )

ı±, Γ
1

2
F
H

I
K = π ∴ =Γ 1 1b g
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’Ú≈̇ œ˘Úœñ5

Î¬◊±˝ı˛Ì-1. Œ‡±Ú Œ˚ e dx
x−∞

=z 2

20

π

¸˜±Ò±Ú † 5.5.1 ’Ú≈ÀBÂÀı˛ Ò «̃ (ii) ’Ú≈̊ ± ˛̊œ e dx n n n
x n−∞z = + =

1

0
1Γ Γb g b g.

¤‡±ÀÚ n =
1

2
 ıø¸À ˛̊ ¬Û±› ˛̊± ˚± ˛̊ñ

e
x−∞

=
F
H
I
K = ⋅z 2 1

2

1

2

1

20
Γ π ∴

F
H
I
K =

L
NM

O
QPΓ

1

2
π

Î¬◊±˝ı˛Ì-2. Œ‡±Ú Œ˚ B B +1, Bm n m n m n, ( , ).b g b g= + + 1

¸˜±Ò±Ú † Î¬±Ú¬Ûé¬ = − + −+ − − −
+ −zz x x dx x x dx

m n m
n

( )1 1 1 1

0

1

0

1 1 1

1 1b g b gb g [¸—:± ’Ú≈̊ ± ˛̊œ]

 = − + −− −z x x x x dx
m n1

0

1 1
1 1b g b g b gm r

 = − = =− −z x x dx m n
m n1

0

1 1
1b g B( , ) ı±˜¬Ûé¬/

5.6 ¸±ı˛±—˙

1. ’˚Ô±Ô« ¸˜±fl¬À˘ı˛ Œ|Ìœøıˆ¬±·

ïfl¬ó ¸˜±fl¬À˘ı˛ ’ôL√ı˛±˘ ’¸œ˜ñ√õ∂Ô˜ Œ|Ìœı˛ ’˚Ô±Ô« ¸˜±fl¬˘/

ï‡ó ¸˜±fl¬À˘ı˛ ’ôL√ı˛±À˘ ¸˜±fl¬˘ÀÊı˛ ’¸œ˜ ’¸ôL√øÓ¬ ’±ÀÂñøZÓ¬œ ˛̊ Œ|Ìœı˛ ’˚Ô±Ô« ¸˜±fl¬˘/

ï·ó Î¬◊¬ÛÀı˛±ñ ïfl¬ó › ï‡ó Î¬◊̂ ¬ ˛̊ Ò «̃̋ ◊ øı…˜±ÚñÓ‘¬Ó¬œ ˛̊ Œ|Ìœı˛ ’˚Ô±Ô« ¸˜±fl¬˘/

2. ’˚Ô±Ô« ¸˜±fl¬˘·≈ø˘ı˛ ’øˆ¬¸±øı˛Q øı‰¬±ı˛ › ˜±Ú øÚÌ«À ˛̊ı˛ ï¸y¬ı ˝À˘ó ¬ÛX¬øÓ¬ı˛ ÊÚ… 5.3.1, 5.3.2,

5.3.3 ’Ú≈ÀBÂ·≈ø˘ Œ‡≈Ú ¤ı— ¸—øù≠©Ü ’Ú≈̇ œ˘Úœ·≈ø˘ ’Ú≈Ò±ıÚ fl¬ı≈̨Ú/

3. ’˚Ô±Ô« ¸˜±fl¬À˘ı˛ ’øˆ¬¸±øı˛ÀQı˛ øıøˆ¬iß ¬Ûı˛œé¬±ı˛ ÊÚ… 5.4.1, 5.4.2, 5.4.3 ’Ú≈ÀBÂ › ¸—øù≠©Ü

’Ú≈̇ œ˘Úœ·≈ø˘ ’Ú≈̧ ı˛Ì fl¬ı≈̨Ú/
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4. ·±˜± Ù¬±—˙Ú † Γ( ) , .n e x dx n
x n= >−∞ −z0 1 0

Ò «̃ † ïfl¬ó Γ Γ( ) ( )n n n+ =1

 ï‡ó Γ( ) !n n+ =1

 ï·ó Γ( )n e dx
x n

+ =
−∞z1

1

0

 ï‚ó Γ
1

2
F
H
I
K = π

5. øıÈ¬± Ù¬±—˙Ú † B( , ) , , .m n x x dx m n
m n

= − > >− −z 1 1

0

1
1 0 0b g

Ò «̃ † ïfl¬ó B B( , ) ( , )m n n m=

 ï‡ó B
0

( , )m n
x

x
dx

x

x
dx

m

m n

n

m n
=

+
=

+

−

+

−

+

∞∞ zz
1 1

0
1 1b g b g

  ï·ó B
0

( , )m n
x x

x
dx

m n

m n
=

+

+

− −

+z
1 1

1

1b g

  ï‚ó B
0

( , ) sin cosm n d
m n= − −z2 2 1 2 12 θ θ θ

π

  ï„ó B
1

2

1

2
,
F
H
I
K = π

ï‰¬ó B m n
m n

m n
,

( ) ( )

( )
b g =

+

Γ Γ

Γ

5.7 øı¯∏ ˛̊̃ ≈‡œ ŒÂ±È¬ √õ∂ùü±ı˘œ

¸˜±fl¬˘·≈ø˘ı˛ ¬Û±À˙ Œ› ˛̊± Î¬◊Mı˛·≈ø˘ı˛ ˜Ò… ŒÔÀfl¬ ¸øÍ¬fl¬ Î¬◊Mı˛øÈ¬ ŒıÀÂ øÚÀ ˛̊ ’øˆ¬¸±øı˛ÀQı˛ øı‰¬±ı˛ fl¬ı≈̨Ú ’Ô«±»

’øˆ¬¸±ı˛œ ˝À˘ C, ’¬Û¸±ı˛œ ˝À˘ D ¤ı— Œ±˘Ú˙œ˘ ˝À˘ O -Œfl¬ ø‰¬øÅÓ¬ fl¬ı≈̨Ú (MCQ) :
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1. e dx
x

0

∞z (i) C (ii) D (iii) O

2.
1
53 x

dx
∞z (i) C (ii) D (iii) O

3. e dx
x−∞z0 (i) C (ii) D (iii) O

4. e dx
x

−∞z3 (i) C (ii) D (iii) O

5.
1

0

1

x
dxz (i) C (ii) D (iii) O

6.
dx

xlog2

∞z (i) C (ii) D (iii) O

7. e dx
x−∞z 2

0
(i) C (ii) D (iii) O

8.
log x

x
dx

21

∞z (i) C (ii) D (iii) O

9. sin xdx
a

∞z (i) C (ii) D (iii) O

10.
dx

xcos0
2

π

z (i) C (ii) D (iii) O

11. ¸øÍ¬fl¬ ˜±Ú øÈ¬Àfl¬ ø‰¬øÅÓ¬ fl¬ı≈̨Ú

ïfl¬ó Γ( )4 (i) 4 (ii) 6 (iii) 12

ï‡ó Γ
3

2
F
H
I
K (i) π (ii) 

π

2
(iii) 

3

4
π

ï·ó sin5

0
2 θ θ
π

dz (i) 
8

15
(ii)

π

16
(iii) 

2

3

π
.
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5.7.1 øı¯∏ ˛̊̃ ≈‡œ ŒÂ±È¬ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛

1. D 2. C 3. C 4. C 5. D 6. D

7. C 8. C 9. O 10. C

[¸—Àfl¬Ó¬ † x x
x

x

x

x→ − → −
−
F
H
I
K =

−F

H
G
G
I

K
J
J = = <π π

π
π

µ
2

1

2

1

2 2

1

2

2

1 2 1
1

2
1lim lim

cos
cos

; ]

11. ïfl¬ó 6 ï‡ó 3

4

π  ï·ó 8

15
.

5.8 ¸ı«À˙¯∏ √õ∂ùü±ı˘œ

1. ’øˆ¬¸±øı˛ÀQı˛ øı‰¬±ı˛ fl¬ı≈̨Ú ¤ı— ¸y¬ı ˝À˘ ˜±Ú øÚÌ«̊ ˛ fl¬ı≈̨Ú/

ïfl¬ó
1
3

2
1

x

dx
∞z ï‡ó 

x

x
dx

20 4+

∞z ï·ó 
dx

x x+ +

∞z
1 20 b g( )

ï‚ó 
1
1

3
0

2

x

dxz ï„ó x

x
dx

sin0

πz ï‰¬ó 
log x

x
dx

20

2

−
z

ïÂó xe dx
x−

−∞

∞z 2
ïÊó 

sin x

x
dx

n0
2

π

z

2. m › n ¤ı˛ Œfl¬±Ú ˜±ÀÚı˛ ÊÚ… e x dx
mx n− ⋅z01  ’øˆ¬¸±ı˛œ∑

3. dx

x x
a

na
logb g

b g
+

∞z >
1

1  ¸˜±fl¬˘ÚøÈ¬ı˛ n ¤ı˛ øıøˆ¬iß ˜±ÀÚı˛ ÊÚ… ’øˆ¬¸±øı˛Q øı‰¬±ı˛ fl¬ı≈̨Ú/

4. Œ‡±Ú Œ˚ 
1
31

1

x
dx

−z  ¸˜±fl¬˘øÈ¬ı˛ ¸±Ò±ı˛Ì øı‰¬±Àı˛ Œfl¬±ÀÚ± ’øô¶∏Q Ú± ◊̋ øfl¬ôL√≈ fl¬ø¸ı˛ ÚœøÓ¬ ’Ú≈̊ ± ˛̊œ øı‰¬±Àı˛

≈̃‡…˜±Ú ’±ÀÂ/
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5. log 1
1

1 20
+
F
H
I
K +

∞z x

dx

x
 ¸˜±fl¬˘øÈ¬ı˛ ’øˆ¬¸±øı˛ÀQı˛ øı‰¬±ı˛ fl¬ı≈̨Ú ¤ı— ˜±Ú øÚÌ«̊ ˛ fl¬ı≈̨Ú/

¸˜±fl¬˘·≈ø˘ ’øˆ¬¸±ı˛œ ÒÀı˛ øÚÀ ˛̊ ˜±Ú ·≈ø˘ øÚÌ«̊ ˛ fl¬Àı˛ Œ‡±Ú (6–10) :
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dx

x1 220
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dx
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a b
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=
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=
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∞z e je j b g
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9. e bx dx
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aax− =

+
>z sin ; .

2 20
0

π
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dx

a x a1 2
2

0 − +
=z cos
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π

1
2− a

,  ˚‡Ú a < 1

          
π

a
2

1−
,  ˚‡Ú a > 1

11. Œ‡±Ú Œ˚ sin cos , ,p p
x dx

p
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H
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= > −zz π ππ

2
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2

2

2

1
0
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0
2

Γ

Γ
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¤ı— Œ¸‡±Ú ŒÔÀfl¬ Œ‡±Ú Œ˚

ïfl¬ó sin9

0
2
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x dx =z

π

ï‡ó cos4

0
2

3
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x dx =z ππ

12. Γ
1

2
F
H
I
K = π ˜±Ú ÒÀı˛ Œ‡±Ú Œ˚

ïfl¬ó e x dxx−∞
=z 4

3

2
0

3
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π ï‡ó e dx
a

a x−∞
=z 2 2
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π
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13.Γ Γ( ) ( ) cos ,m m m1− = π πec  0 1< <m ,  ÒÀı˛ øÚÀ ˛̊ Œ‡±Ú Œ˚

ïfl¬ó Γ Γ
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2

3
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K
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π
ï‡ó Γ Γ Γ
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14. øıÈ¬± › ·±˜± Ù¬±—˙ÀÚı˛ Ò «̃ fl¬±ÀÊ ˘±ø·À ˛̊ Œ‡±Ú Œ˚

ïfl¬ó cos sin4 2
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x x dx =z ππ

ï‡ó sin cos ,4 6
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2

π π

ï·ó x x dx
3

0

1 2
5

2 2

63z − =1e j .

15. Œ‡±Ú Œ˚ 
x x

x
dx

8 6

240

1

1
0

−

+
=

∞z e j
b g

5.8.1 ¸ı«À˙¯∏ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛

ï¸—Àfl¬ÀÓ¬ ˚± ’±À˘±‰¬Ú± fl¬ı˛± ˝À ˛̊ÀÂ Ó¬± ¸˜±fl¬˘ ·≈ø˘ı˛ øÚÊ¶§ øıô¶∏±Àı˛ó

1. ïfl¬ó ’øˆ¬¸±ı˛œ ï‡ó ’¬Û¸±ı˛œ ï·ó ’øˆ¬¸±ı˛œ, log2 ï‚ó ’øˆ¬¸±ı˛œ, 3 2

2

2

3⋅

ï„ó ’¬Û¸±ı˛œ, [¸—Àfl¬Ó¬ † 
x

x
dx

x dx

xsin sin
.

0
2

0
2

π
π
π

π

z zz= + +  ¤‡±ÀÚ √õ∂Ô˜ ¸˜±fl¬˘øÈ ˚Ô±Ô«Ä ≈̧Ó¬ı˛±—

’øˆ¬¸±ı˛œ/ øfl¬ôL√≈ 
π

π
2

,
L
NM
O
QP  ’ôL√ı˛±À˘ x

x xsin sin
≥

1  ¤ı— 
1

2
2

2 sin
log tan

x
dx

x
= LNM

O
QP = ∞⇒z

π

π

π
π

 Ó≈¬˘Ú± ”̃̆ fl¬

¬Ûı˛œé¬±ı˛ ¸±˝±À˚… øZÓ¬œ ˛̊ ¸˜±fl¬˘øÈ¬ ’¬Û¸±ı˛œ/ ’Ó¬¤ı √õ∂M ¸˜±fl¬˘øÈ¬ ’¬Û¸±ı˛œ] ï‰¬ó ’øˆ¬¸±ı˛œ, [¸—Àfl¬Ó¬ † 0

› 2 ’¸œ˜ ’¸ôL√øÓ¬ı˛ øıj≈/

∴ 
log log

.
x

x
dx

x

x
dx

c

c

2 2

2

00

2

−
= +

−
zzz  ¤‡Ú 

x xx
x

x

x

x

→ + → +
−

=

−

∞

∞
F
H
I
K0

1

2
0

2 2
1

lim limlog log
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=

−FH
I
K ⋅ −
F
H
I
K

= − − = ⇒→ +
−

→ +x x
x

x x

x x0 1

2

2

0

1

1
2

2
1

2

2 0lim lim b g{ }  √õ∂Ô˜ ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ/

’±ı±ı˛ = −

−

= ⇒
→ −

−
x

x
x

x
2

1

2
1

2

2

2

2lim log
logb g

b g
 øZÓ¬œ ˛̊ ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ/

’Ó¬¤ı ¬¬õ∂M ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ ¤ı— ˜±Ú log2.]

ïÂó ’øˆ¬¸±ı˛œ, 0, [¸—Àfl¬Ó¬ † xe dx xe dx e dx
x x x−

→−∞
−

−∞

∞

→∞
−= +zz z2 2 20

0B B A

Alim lim

= −
L
NM

O
QP + −

L
NM

O
QP→−∞

−
→∞

−
B

B
A

A
lim lim1

2

1

2

2 2
0

0

e e
x x

= − +
L
NM

O
QP + − +

L
NM

O
QP = − + =→−∞

−
→∞

−
B

B
A

Alim lim ;
1

2

1

2

1

2

1

2

1

2

1

2
0

2 2
e e

 Œ˚À˝Ó≈¬ Î¬◊̂ ¬ ˛̊ ¸œ˜± ˜±Ú ◊̋ ”̇Ú… Ú ˛̊ ¤˜Ú ¸¸œ˜ ¸—‡…±, ≈̧Ó¬ı˛±— Î¬◊̋ ±ı˛± ’øˆ¬¸±ı˛œ/ ’Ó¬¤ı √õ∂M ¸˜±fl¬˘øÈ¬›

’øˆ¬¸±ı˛œ/ ’±ı±ı˛ √õ∂M ¸˜±fl¬˘øÈ¬ı˛ ˜±Ú = Î¬◊̋ ±Àı˛ ˜±ÚZÀ ˛̊ı˛ ¸˜ø©Ü =0.]

ïÊó [¸—Àfl¬Ó¬ † n ≤ 1  ˝À˘ ¸˜±fl¬˘øÈ¬ ˚Ô±Ô«, n > 1  ˝À˘ ¤fl¬˜±S ’¸ôL√øÓ¬ı˛ øıj≈ 0. ¤‡Ú

sin sin sin
;

x

x

x

x x x

x

xn n n
= ⋅ ≤ ∴ ≤

F
H

I
K− −

1 1
1

1 1  ¤ı— 
1

10
2

x
dx

n−z
π

 ¸˜±fl¬˘øÈ¬ n − <1 1  ’Ô«±» n < 2

¤ı˛ ÊÚ… ’øˆ¬¸±ı˛œ/ ’Ó¬¤ı Ó≈¬˘Ú± ”̃̆ fl¬ ¬Ûı˛œé¬± ˛̊ ˜ôL√ı… fl¬ı˛± ˚± ˛̊ √õ∂M ¸˜±fl¬˘øÈ¬ n < 2  ¤ı˛ ÊÚ… ’øˆ¬¸±ı˛œ

¤ı— n ≥ 2  ¤ı˛ ÊÚ… ’¬Û¸±ı˛œ]

2. ¸—Àfl¬Ó¬ † Òı˛± ˚±flƒ¬ c ¤fl¬ ’À¬Ûé¬± ı‘̋ Mı˛ ¤˜Ú ¤fl¬øÈ¬ ı±ô¶∏ı ¸—‡± ˚± m ¤ı˛ ¸fl¬˘˜±ÀÚı˛ ÊÚ… e c
m− < /

’Ó¬¤ı [ , ]0 1  ’ôL√ı˛±À˘ e x cx
mx n n− ≤ ;  ’±ı±ı˛ x dx

dx

x

n

n
=

−zz 0

1

0

1

 ¸˜±fl¬˘øÈ¬ − <n 1  i.e. n > −1  ¤ı˛

ÊÚ… ’øˆ¬¸±ı˛œ/ ’Ó¬¤ı m ¤ı˛ Œ˚ Œfl¬±Ú ˜±ÀÚı˛ ÊÚ… √õ∂M ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ ˝Àı ˚ø n > −1  ˝ ˛̊/

3. ¸—Àfl¬Ó¬ † log x z=  ı¸À˘ √õ∂M ¸˜±fl¬˘ =
+

∞z dz

z
na 1

,
log  ˚± n + >1 1
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’Ô«±» n > 0  ¤ı˛ ÊÚ… ’øˆ¬¸±ı˛œ ¤ı— n + ≤1 1  ’Ô«±» n ≤ 0  ¤ı˛ ÊÚ… ’¬Û¸±ı˛œ/

4. ¸—Àfl¬Ó¬ † ¤‡±ÀÚ 0 ¤fl¬˜±S ’¸ôL√øÓ¬ı˛ øıj≈/ ’Ó¬¤ı √õ∂M ¸˜±fl¬˘

= + = −
F
H
I
K + −

F
H
I
K→ + → + → +

−

−

→ ++−

− zzε ε ε

ε

ε
ε

ε

ε

1 2 1

1

2
2

2

1
0 3 0 3 0 2

1
0 2

1

0

1

1

0 1

2

1

2

lim lim lim limdx

x

dx

x x x

= −
F
HG

I
KJ

+
F
HG
I
KJ→ + → +ε εε ε1

2
20

1

0

2
2

1

2

1

2

lim lim ,  Î¬◊̂ ¬ ˛̊ ¸œ˜±ı˛̋ ◊ Œfl¬±ÀÚ± ¸¸œ˜ ˜±Ú Ú± ◊̋ ¤ı— Œ¸ ◊̋ fl¬±ı˛ÀÌ √õ∂M

¸˜±fl¬˘øÈ¬ı˛ Œfl¬±ÀÚ± ’øô¶∏Q Ú± ◊̋/

øfl¬ôL√≈ fl¬ø¸ı˛ ≈̃‡… ˜±ÀÚı˛ ÊÚ… ˚ø ε ε ε1 2= =  Òı˛± ˝ ˛̊ Ó¬‡Ú Î¬◊¬ÛÀı˛ı˛ Ú…± ˛̊ ’·Ȩ̈ ı˛ ˝À˘ ¬Û±› ˛̊± ˚± ˛̊

√õ∂M ¸˜±fl¬˘ = − +
F
HG

I
KJ + − +
F
HG

I
KJ

L
NM

O
QP

= =→ + → +ε ε
ε ε

0 2 2 0

1

2

1

2

1

2

1

2
0 0lim lim .;

◊̋̋ ± ◊̋ ≈̃‡…˜±Ú/

5. ¸—Àfl¬Ó¬ † ¸˜±fl¬˘ÊøÈ¬ı˛ 0 ¤ı— ∞  Î¬◊̂ ¬ ˛̊ √õ∂±ÀôL√ ◊̋ ’¸œ˜ ’¸ôL√øÓ¬ ’±ÀÂ/ ’Ó¬¤ı √õ∂M ¸˜±fl¬˘

= + +
F
H
I
K +

= +
F
H
I
K +

→ + →∞

∞ zzzz log lim lim
x

x

dx

x
x

x

dx

x

1

1 12 0 21

1

10

1

A B

B

A
log +

1

 = − − +→ + →∞−

−

z zA
A

B

4

B

logsin + logcos
10

4
1

lim

tan

lim
tan

logsin logcosθ θ θ θ θ θ

π

πa f a fd d

[ x = tanθ  ÒÀı˛]

= − − + = − + = = −zz zlogsin logcos logsin logcos ..... log ,θ θ θ θ θ θ ππ

ππ π

b g b g
4

2
0
4

0
2 2d d

¸¸œ˜ ˜±Ú/ ’Ó¬¤ı √õ∂M ¸˜±fl¬˘øÈ¬ ’øˆ¬¸±ı˛œ/

11. ¸—Àfl¬Ó¬ † sin p

0

2

π

z x dx = sin cosº
px x dx

0

2

π

z =  sin cos
2

1

2
1 2

0 1

2
1

0
2

p

x xdx

+F
H
I
K−

+F
H
I
K−z

π

=
+F

HG
I
KJ

1

2

0 1

2
B

+1

2

p
,   [Ò˜« (iv)]



124

= ⋅

+F
H
I
K
F
H
I
K

+
+

F
H

I
K

1

2

1

2

1

2

1

2

1

2

Γ Γ

Γ

p

p    [Ò «̃ (v)]

= ⋅

+F
H
I
K ⋅

+F
H
I
K

1

2

1

2

2

2

Γ

Γ

p

p

π

   ∴
F
H
I
K =

L
NM

O
QPΓ

1

2
π

13. ï‡ó ¸—Àfl¬Ó¬ † √õ∂M ¸•Ûfl«¬øÈ¬ÀÓ¬ m =
1

9

2

9

3

9

4

9
, , ,  ıø¸À ˛̊ √õ∂±l ¸•Ûfl«¬·≈ø˘Àfl¬ ·≈Ì fl¬Àı˛ ¬Û±› ˛̊± ˚± ˛̊

Γ Γ Γ Γ Γ Γ Γ Γ
1

9
1

1

9

2

9
1

2

9

3

9
1

3

9

4

9
1

4

9
F
H
I
K −
F
H
I
K
F
H
I
K −
F
H
I
K
F
H
I
K −
F
H
I
K
F
H
I
K −
F
H
I
K

= ⋅ ⋅ ⋅
π

π

π

π

π

π

π

π
sin sin sin sin

9

2

9

3

9

4

9

ı± Γ Γ Γ
1

9

2

9

8

9 16

9

4F
H
I
K
F
H
I
K
F
H
I
K =.......

π

[∴ øSÀfl¬±Ìø˜øÓ¬ı˛ Ù¬˘ ’Ú≈̧ ±Àı˛ sin sin sin sin .
π π π π

9

2

9

3

9

4

9

16

9
= ]

14. ï·ó ¸—Àfl¬Ó¬ † x = sinθ  ÒÀı˛ ¸˜±fl¬˘øÈ¬ı˛ ¬Ûøı˛ıÓ«¬Ú ‚øÈ¬À ˛̊ øıÈ¬± › ·±˜± Ù¬±—˙ÀÚı˛ Ò «̃ fl¬±ÀÊ ˘±·±Ú/

15. ¸—Àfl¬Ó¬ † 
x x

x
dx

x

x
dx

x

x
dx

8 6

24

8

24

14

24000

1

1 1 1

−

+
=

+
−

+

∞∞∞ zzz e j
b g b g b g

=
+

−
+

−

+

−

+

∞∞ zz x

x
dx

x

x
dx

9 1

9 15

15 1

15 900
1 1b g b g

= −B B9 15 15 9, ,b g b g [B (m,n) ¤ı˛ Ò «̃ ŒÔÀfl¬]
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= 0 ∴ −B Bm n n m, ( , )b g

’øÓ¬øı˛ñ ¬Û±Í¬

(Selected Readings)

1. Das & Mukherjee–Integral Claculus.

2. Maity & Ghosh–Integral Calculus.

3. Chatterjee, D; Integral Calculus & Differntial Equations, Tata McGrw Hill

4. Shanti Narayan–Mathematical Analysis. S. Chand

5. Apostol, F.M ; Calculus, Vol I.
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¤fl¬fl¬ 6 qqqqq Œı˛‡±¸˜±fl¬˘ › ‰¬±À¬Ûı˛ ∆‚«… (Line Indegral and

Length of Plane curves)

·Í¬Ú

6.1 √õ∂ô¶∏±ıÚ±

6.2 Î¬◊ÀV˙…

6.3 ¸˜Ó¬ø˘fl¬ ı]Àı˛‡±ı˛ ‰¬±À¬Ûı˛ ∆‚«… øÚÌ«˚˛

6.4 ı]Àı˛‡±ı˛ ¶§fl¬œ˚˛ (Intrinsic) ¸˜œfl¬ı˛Ì

6.5 ¸±ı̨±—˙

6.6 øı¯∏˚˛ ≈̃‡œ ŒÂ±È¬√õ∂ùü±ı˘œ (MCQ)

6.6.1 øı¯∏˚˛˜≈‡œ ŒÂ±È¬ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛

6.7 ¸ı«À˙¯∏ √õ∂ùü±ı˘œ

6.7.1 ¸ı«À˙¯∏ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛

6.1 √õ∂ô¶∏±ıÚ± –

Œ˚¸˜ô¶∏ ı±ô¶∏ı Œé¬ÀS fl¬˘Úøı…±ı˛ √õ∂À˚˛±· ’±ÀÂ ‰¬±À¬Ûı˛ ∆‚«… (Arc length)  øÚÌ«˚˛ Ó¬±ı˛ ˜ÀÒ… ¤fl¬øÈ¬/
Ê…±ø˜øÓ¬ı˛ ¸±˝±À˚… fl¬À˚˛fl¬øÈ¬ øıÀ˙¯∏ ıÀ]ı˛ ‰¬±À¬Ûı˛ ∆‚«… ¸•§Àg¬ Ò±ı˛Ú± fl¬ı˛± ˚±˚˛/ ¤˝◊ ¤fl¬Àfl¬ Œ¸·≈ø˘ ¤ı—

Ó¬±ı˛ ı±˝◊Àı˛ ’ÀÚfl¬ √õ∂À˚˛±ÊÚœ˚˛ ıÀ]ı˛ ‰¬±À¬Ûı˛ ∆‚«… ¸˜±fl¬À˘ı˛ ˜±Ò…À˜ øÚÌ«˚˛ ¬ÛX¬øÓ¬ ¸•ÛÀfl«¬ ’±À˘±‰¬Ú± fl¬ı˛±
˝À˚˛ÀÂ/

6.2 √Î¬◊ÀV˙… –

¤˝◊ ¤fl¬fl¬ ¬Û±Í¬ fl¬Àı˛ ’±¬ÛøÚ

l fl¬˘Úøı…±ı˛ √õ∂À˚˛±À· øfl¬ˆ¬±Àı ¸˜Ó¬ø˘fl¬ ı]Àı˛‡±ı˛ (Plane curve) ¸˜·Ë ı± øÚø«©Ü ’—À˙ı˛ ∆‚«… øÚÌ«˚˛
fl¬ı˛± ˚±˚˛ Ó¬± Ê±ÚÀÓ¬ ¬Û±ı˛ÀıÚ/

l ’ÀÚfl¬ ÚÓ≈¬Ú ı]Àı˛‡±ı˛ ¸Àº ¬Ûøı˛ø‰¬Ó¬ ˝ÀıÚ/
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y

O x

y = f(x)

f (b) = ynyryr–1f (a) = y0 = c

(a,c)

6.3 √¸˜Ó¬ø˘fl¬ ı]Àı˛‡±ı˛ ‰¬±À¬Ûı˛ ∆‚«… øÚÌ«̊ ˛¬–

Òı˛±˚±flƒ¬ y = f(x) ¤fl¬øÈ¬ ıÀ]ı˛ fl¬±ÀÓ«¬¸œ˚˛ (cartesian) ¸˜œfl¬ı˛Ì ˚± ¬Û±ù´«ıÓ«¬œ ø‰¬ÀS √õ∂ø˙«Ó¬Ä f(x) Ù¬±—˙ÚøÈ¬
[a b] ’ôL√ı˛±À˘ ¸ôL√Ó¬ ¤ı— Î¬◊ñ ’ôL√ı˛±À˘ı˛ √õ∂ÀÓ¬…fl¬ øıj≈ÀÓ¬ f '(x) ¤ı˛ ’øô¶∏Q ’±ÀÂ/ ı]‰¬±¬ÛøÈ¬ı˛ Î¬◊¬Ûı˛

A[a,f(a)] ¤ı— ¬B [b, f(b)] ≈øÈ¬ øıj≈/
˚ø A ŒÔÀfl¬ B ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«…Àfl¬

AB
∩

= s  Z±ı˛± ¸”‰¬œÓ¬ fl¬ı˛± ˝˚˛/ ¤ı—

AB
∩ ‰¬±À¬Ûı˛ Î¬◊¬Ûı˛ Pr [xr, f(xr)], ˚‡Ú

r = 1, 2, ......, n–1 ’Ô«±» P1, P2,

P3 ........, Pr–1,  Pr, ....., Pn–1

øıj≈·≈ø˘ ª±¬ÛÚfl¬Àı˛ Î¬◊˝±Àfl¬ nøÈ¬ ’—À˙
øıˆ¬ñ fl¬ı˛± ˝˚˛ Ó¬±˝À˘

Ê…±·≈ø˘ı˛ ∆‚«… ¸˜ø©Ü = + + + /=− −AP P P P1 1 11 2P P B sr r n⋯⋯ ⋯⋯  ˝˚˛/ øfl¬ôL√≈ ˚ø øıˆ¬±ÊÚ ¸—‡…± n

¤˜Úˆ¬±Àı ı±h¬±ÀÚ± ˚± ˛̊ ˚±ÀÓ¬ œ‚«Ó¬˜ Ê…±øÈ¬ı˛ ∆‚«… (δ) ≈̇ÀÚ…ı˛ øÚfl¬È¬ıÓ«¬œ ˝ ˛̊ ï’Ô«±» n → ∞  ˝À˘ δ → 0 ˝ ˛̊ó

Ó¬‡Ú s n r r

r

n

= =
∩

→∞ −

−

∑AB P Plim
1

1

¬ ˚‡Ú A = P0, x0 = a, Pn = B, xn = b

    = +→∞
=

∑n r r
r

n

x y
lim

( ) ( )∆ ∆
2 2

1
  ˚‡Ú ∆xr= (xr –xr–1) ¤ı— ∆yr= (yr – yr–1); yr = f(xr)

= +
F
HG

I
KJ ⋅→∞

=

∑n
r

r
r

r

n y

x
x

lim 1

2

1

∆

∆
∆  .................... (i)

’±ı±ı˛ Œ˚À˝Ó≈¬ f x( ) Ù¬±—˙ÚøÈ¬ [ , ]a b  ’ôL√ı˛±À˘ ¸ôL√Ó¬ ¤ı— ’ıfl¬˘ÚÀ˚±·… ¤ı— [ , ] [ , ]x x a br r− ⊂1  fl¬±ÀÊ ◊̋

[ , ]x xr r−1  ’ôL√ı˛±À˘ ’ıfl¬˘Úøı…±ı˛ ·h¬˜±Ú Î¬◊¬Û¬Û±… (M.V.T) √õ∂À˚˛±· fl¬ı˛± ˚±˚˛/

∴ − = − = − ′− − −y y f x f x x x fr r r r r r r1 1 1b g ( ) ( ) ( ) ,ξ

˚‡Ú x xr r r− < <1 ξ

ı±, ∆ ∆y x fr r r= ′ ξa f¬

ı±, 
∆
∆

y

x
fr

r
r= ′ ξa f

∴ (i) Ú— ŒÔÀfl¬ ¬Û±›˚˛± ˚±˚˛

P 1

P 2

P 3

P 0

P r–1

P r

Pn–1
B

(b,0)xr
xr–1(a,0)

lA ↓
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s f xn r r

r

n

= + ′→∞

=

∑lim 1
2

1

ξa fm r ∆ ¬

= + ′ = + F
H

I
Kz z1 1

2
2

f x dx
dy

dx
dx

a

b

a

b

( )l q  .................... (ii)

√õ∂±ôL√ø˘ø¬Û–1. ˚ø ıÀ]ı˛ ¸˜œfl¬ı˛ÌøÈ¬ x g y= ( ) ˝˚˛ A › B øıj≈ı˛ ª±Ú±Ç¬ ˚±Ô±]À˜ (a, c) › (b,

d) ˝˚˛ Ó¬±˝À˘

s g y dy
dx

dy
dy

c

d

c

d

= = + ′ = + F
H

I
K

∩ zzAB 1 1
2

2

( )l q ............... (iii)

’ı˙…˝◊ ¤‡±ÀÚ 
dx

dy  ¤ı˛ ’øô¶∏Q Ô±fl¬ÀÓ¬ ˝Àı/

√õ∂±ôL√ø˘ø¬Û—2. ˚ø ı]øÈ¬ı˛ ¸˜œfl¬ı˛Ì x t y t= =φ( ) , ( )Ψ  ¤ ◊̋ √õ∂±‰¬ø˘fl¬ ı”̨À¬Û (Parametric Form) √õ∂fl¬±ø˙Ó¬

Ô±Àfl¬ ¤ı— øÚÀÌ«˚˛ ∆À‚«…ı˛ ÊÚ… øÚÒ«±øı˛Ó¬ ‰¬±¬ÛøÈ¬ı˛ √õ∂±øôL√fl¬ øıj≈Z˚˛ ˚Ô±]À˜ t1 › t2-¤ı˛ ’Ú≈̧ ºœ ˝˚˛ Ó¬±˝À˘

dy

dx

dy

dt
dx

dt

=  ¤ı— Î¬◊¬ÛÀı˛ (iii) Ú— ¸”S ’Ú≈¸ı˛Ì fl¬Àı˛ Œ˘‡± ˚±˚˛

s
dx

dt

dy

dt
dt

t

t

= F
H

I
K + F

H
I
Kz

2 2

1

2

 ............ (iv)

√õ∂±ôL√ø˘ø¬Û—3. ˚ø Œ¬Û±˘±ı˛ ª±Ú±ÀÇ¬ ıÀ]ı˛ ¸˜œfl¬ı˛Ì r f= ( )θ  Z±ı˛± øÚÀ«ø˙Ó¬ Ô±Àfl¬ Ó¬±˝À˘ Œ˚À˝Ó≈¬

x r f= =cos ( )cosθ θ θ , y r f= =sin ( )sinθ θ θ  ¤ı— øÚÀÌ«˚˛ øÚø«©Ü ‰¬±¬ÛøÈ¬ı˛ √õ∂±ôL√øıj≈Z˚˛ θ1, θ2 Z±ı˛±

øÚÒ«±øı˛Ó¬ ˝˚˛ Ó¬±˝À˘ (iv) Ú— ¸”S ’Ú≈˚±˚˛œ

s f f f f d= ′ − + ′ +z ( )cos ( )sin ( )sin ( )cosθ θ θ θ θ θ θ θ θ
θ

θ

l q l q2 2

1

2

= + ′z f f d( ) ( )θ θ θ
θ

θ k p l q2 2

1

2

 ..................... (v)

√õ∂±ôL√ø˘ø¬Û—4. ı]øÈ¬ ˚ø Œ¬ÛÎ¬±˘ (Pedal) ¸˜œfl¬ı˛Ì p f r= ( ) -¤ √õ∂fl¬±ø˙Ó¬ Ô±Àfl¬ Ó¬Àı r = r1 ŒÔÀfl¬
r = r2 ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«…

s
ds

dr
dr

r

r p
dr

r

r

r

r

= =
−

zz 2 2
1

2

1

2

,  ................... (vi)
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˚‡Ú p-Œfl¬ f r( )  Z±ı˛± √õ∂øÓ¬ª±ø¬ÛÓ¬ fl¬ı˛± ˚±˚˛ ¤ı—

ds

dr p

r

= =
−

=

−

1 1

1

1

1
2 2

2

cos sinφ φ   ( sin )∵ p r= φ

=
−

r

r p2 2

’Ú≈̇ œ˘Úœñ1

Î¬◊±˝ı˛Ì 1.  x y a
2 2 2+ =  ı‘MøÈ¬ı˛ ¬Ûøı˛øÒı˛ ∆‚«… øÚÌ«˚˛ fl¬ı˛≈Ú/

¸˜±Ò±Ú – x y a
2 2 2+ =   Œfl¬ x-¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘ fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛  2 2 0x y

dy

dx
+ =

ı±, 
dy

dx

x

y

x

a x
= − = −

−2 2

ı‘MøÈ¬ı˛ √õ∂Ô˜¬Û±À ŒÂøÓ¬ ‰¬±¬Û AB
∩

¬Œ˜±È¬ ¬Ûøı˛øÒı˛ ¤fl¬
‰¬Ó≈¬Ô«±—˙, fl¬±ı˛Ì ı‘øMøÈ¬ x-’é¬ › y-’Àé¬ı˛ ¸±À¬ÛÀfl¬é¬

√õ∂øÓ¬¸˜ (symmetric) ¤ı— A øıj≈ı˛ ª±Ú±Ç¬ (a, 0)

’Ó¬¤ı ı‘øMøÈ¬ı˛ ¬Ûøı˛øÒ = = − F
H

I
K

∩ z4 4 1

2

0
. .AB

dy

dx
dx

a

= −
−

=
−

= L
NM

O
QP

−zz4 1 4 4
2

2 2 2 2

1

0
00

. . . sin
x

a x
dx

a

a x
dx a

x

a

a
aa

= =4
2

2a a.
π

π  ¤fl¬fl¬/

Î¬◊±˝ı˛Ì 2.  x y a
2

3

2

3

2

3+ =  ¤…±¸È¬™À˚˛Î¬ (Astroid)-øÈ¬ı˛ ¬Ûøı˛¸œ˜± øÚÌ«˚˛ fl¬ı˛≈Ú/

A

O

B

y

x2+y2=a2
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¸˜±Ò±Ú – ¬ x y a
2

3

2

3

2

3+ =  - Œfl¬ x ¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘ fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛

2

3

2

3
0

2

3
1

2

3
1

x y
dy

dx

− −
+ ⋅ = ¬

ı±, 
dy

dx

y

x

y

x

= − = −

1

3

1

3

2

3

1

3

= −
−a x

x

2

3

2

3

1

3

¤‡Ú ı]øÈ¬ı˛ √õ∂Ô˜¬Û±Àı˛ ’—˙ AB
∩

= + F
H

I
Kz 1

2

0

dy

dx
dx

a

= + −
−

F

H
G
GG

I

K
J
JJ

=
+ −z z1

2

3

2

3

1

3

2

0

2

3

2

3

2

3

2

3
0

a x

x

dx
x a x

x

dx
a a

= =
L
NM

O
QP

=
−za x dx a x a

a
a1

3

1

3

1

3

2

3

0
0

3

2

3

2  ¤fl¬fl¬/

Œ˚À˝Ó≈¬ ı]øÈ¬ x › y Î¬◊ˆ¬˚˛ ’Àé¬ı˛ ¸±À¬ÛÀé¬˝◊ √õ∂øÓ¬¸˜ ¤Ó¬¤ı øÚÀÌ«˚˛ ¬Ûøı˛¸œ˜± = = =
∩

4 4
3

2
6. .AB

a
a

¤fl¬fl¬/

øıfl¬ä ¬ÛX¬øÓ¬ – ı]øÈ¬ x a= cos
3 θ , y a= sin3 θ  ¤˝◊ √õ∂±‰¬ø˘fl¬ ı˛”À¬Û √õ∂fl¬±˙ fl¬ı˛± ˚±˚˛/ Œ˚À˝Ó≈¬ ı]øÈ¬

Î¬◊ˆ¬˚˛ ’Àé¬ı˛ ¸±À¬ÛÀé¬˝◊ √õ∂øÓ¬¸˜ ’Ó¬¤ı

¬Ûøı˛¸œ˜± ¬ = = F
H

I
K + F

H
I
K

∩ z4 4

2 2

0

2
. .AB

dx

d

dy

d
d

θ θ
θ

π

= +z4 3
4 2 4 2

0

2
. cos sin sin cosa dθ θ θ θ θ

π

= = = =z z12 6 2 6 1 6
0

2

0

2
a d a d a asin cos sin .θ θ θ θ θ

π π

 ¤fl¬fl¬
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Î¬◊±˝ı˛Ì 3.  y x= logsec  ı]øÈ¬ı˛ x=0 ŒÔÀfl¬ x =
π
3

 ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«… øÚÌ«˚˛ fl¬ı˛≈Ú/

¸˜±Ò±Ú – ¤‡±ÀÚ y = log secx ⇒ = ⋅
dy

dx x
x x

1

sec
sec tan  = tanx

∴ øÚÀÌ«̊ ˛ Œ‚«… = + =z z1 2

0

3

0

3
tan secx dx xdx

π π

= +[log|sec tan |]x x 0
3

π

= + − +log sec tan log|sec tan |
π π

3 3
0 0

= +log( )2 3  ¤fl¬fl¬/

Î¬◊±˝ı˛Ì 4. x e y e= =θ θθ θsin , cos  ı]øÈ¬ı˛ θ = 0    ŒÔÀfl¬ θ
π

=
2

 ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«… øÚÌ« fl¬ı˛≈Ú/

¸˜±Ò±Ú – ¤Àé¬ÀS 
dx

d
e e

θ
θ θθ θ= +sin cos , 

dy

d
e e

θ
θ θθ θ= + −cos ( sin )

= +e
θ θ θ(sin cos )    = −e

θ θ θ(cos sin )

∴ øÚÀÌ«˚˛ ∆‚«… = F
H

I
K + F

H
I
Kz dx

d

dy

d
d

θ θ
θ

π 2 2

0

2

   = + + −z e d
2 2 2

0

2 θ

π

θ θ θ θ θ(sin cos ) (cos sin )n s

= = = −
F
HG

I
KJz 2 2 2

0
2

0

2 2 0.e d e e e
θ

π
θ

π π

θ

= −
F
HG

I
KJ2 12e

π

 ¤fl¬fl¬/

Î¬◊±˝ı˛Ì 5. x t y t t= = −2 31

3
,  ı]Z±ı˛± ·øÍ¬Ó¬ ≈̆¬Û (loop) øÈ¬ı˛ ∆‚«… øÚÌ«˚˛ fl¬ı˛≈Ú/

¸˜±Ò±Ú – t ’±¬ÛÚ˚˛Ú fl¬ı˛±ı˛ ÊÚ… øZÓ¬œ˚˛øÈ¬ ŒÔÀfl¬

( )y t t t t2 3
2

2 2
2

1

3
1

1

3
= −

F
H

I
K = −

F
H

I
K

= −F
H

I
Kx x1

1

3

2

¬ [√õ∂Ô˜øÈ¬ ŒÔÀfl¬]

ı±, 9 32 2
y x x= −( )

o

A

x(3,0)

9y2=x(3–x)2

y
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¸˜œfl¬ı˛ÌøÈ¬ÀÓ¬ y = 0  ı¸±À˘ ¬Û±›˚˛± ˚±˚˛ x = 0,  3; y-‰¬À˘ı˛ ‚±Ó¬ ŒÊ±h¬ ¸—‡…± x /< 0 , fl¬±ı˛Ì x < 0

˝À˘ y fl¬±äøÚfl¬ ˝ÀÓ¬ ˝˚˛/ Î¬◊¬ÛÀı˛ı˛ ˘é¬Ì·≈ø˘ ŒÔÀfl¬ ø‰¬ÀS √õ∂ø˙«Ó¬ ˘≈¬ÛøÈ¬ ¬Û±›˚˛± ˚±˚˛ ˚± x-’Àé¬ı˛ ¸±À¬ÛÀé¬
√õ∂øÓ¬¸˜ ¤ı— x-’Àé¬ı˛ ÒÚ±Rfl¬ øÀfl¬ (0, 0)  ŒÔÀfl¬ (3, 0) ¬Û˚«ôL√ øıô¶∏‘Ó¬/

¤‡Ú ıÀ]ı˛ ¸˜œfl¬ı˛ÌÀfl¬ x-¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘ fl¬Àı˛ ¬Û±˝◊

¬18 3 2 3 3 3 22
y

dy

dx
x x x x x x⋅ = − + − = − − +( ) ( ) ( )( )

= − −3 3 1( )( )x x

∴ +
F
HG

I
KJ = +

− −
= +

− −

−
1 1

9 3 1

18
1

3 1

4 3

2 2 2

2 2

2 2

2

dy

dx

x x

y

x x

x x

( ) ( ) ( ) ( )

( )

  = +
−

=
+

1
1

4

1

4

2 2
( ) ( )x

x

x

x

∴ øÚÀÌ«˚˛ ∆‚«… = 2 × x-’Àé¬ı˛ Î¬◊¬ÛÀı˛ı˛ øÀfl¬ı˛ OA
∩ ‰¬±À¬Ûı˛ ∆‚«…

= +
F
HG

I
KJ =

+zz2 1 2
1

2

2

0

3

0

3
. .

dy

dx
dx

x

x
dx

= +
F
HG

I
KJ = +

L
NM

O
QP

−z x x dx x x
1

2

1

2

3

2

1

2

0

3

0

3
2

3
2

= + =
2

3
3 2 3 4 3

1

2

1

2. .  ¤fl¬fl¬/

Î¬◊±˝ı˛Ì 6.  r a= +( cos )1 θ  fl¬±øÎ«¬’À˚˛Î¬ (Cardioide) øÈ¬ı˛ ¬Ûøı˛¸œ˜± øÚÌ«˚˛ fl¬ı˛≈Ú/
¸˜±Ò±Ú – r a= +( cos )1 θ  ı]øÈ¬ı˛ A øıj≈ÀÓ¬ θ = 0  ¤ı— 0 øıj≈ÀÓ¬ θ π=  ˝◊˝± √õ∂±Ôø˜fl¬ Œı˛‡± ox-

¤ı˛ ¸±À¬ÛÀé¬ √õ∂øÓ¬¸˜ ¤ı— OA = 2a

’±ı±ı˛ 
dr

d
a

θ
θ= − sin

⇒ + F
H

I
K = + +r

dr

d
a a

2
2

2 2 2 21
θ

θ θ( cos ) sin

= F
H

I
K + F

H
I
K

RST
UVW

a2 2
2 2

2
2

2
2 2

cos sin cos
θ θ θ

= +F
H

I
K4

2 2 2
2 2 2 2a cos cos sin

θ θ θ

= 4
2

2 2
a cos

θ

y

A

x

r=a (1+cos θ)

O

P(r,θ)



133

¤‡Ú P øıj≈ı˛ Œ˜ı˛≈ª±Ú±Ç¬ ( , )r θ  ˝À˘ AP
∩  ‰¬±À¬Ûı˛ ∆‚«…

= +
F
H

I
K = =

L

N
M
M
M

O

Q
P
P
P

=zz r
dr

d
d a d a a

2
2

0

00
2

2
2 2

1

2

4
2θ

θ
θ

θ

θ
θ

θ

θθ
cos

sin
sin  ¤fl¬fl¬/

∴ ı]øÈ¬ı˛ Î¬◊¬ÛÀı˛ı˛ ’ÀX«¬ı˛ ∆‚«… = 4
2

asin
π

 [ 0 øıj≈ÀÓ¬ θ π= ]

= 4a ¤fl¬fl¬
¸≈Ó¬ı˛±— ı]øÈ¬ı˛ Œ˜±È¬ ∆‚«… = 2×4a = 8a ¤fl¬fl¬/

øıfl¬ä ¬ÛX¬øÓ¬ – r a r
d

dr
p r= + = =( cos ), tan , sin1 θ φ

θ
φ

¤˝◊ øÓ¬ÚøÈ¬ ¸•Ûfl«¬ ŒÔÀfl¬ θ ¤ı— φ ’¬ÛÚ˚˛Ú fl¬ı˛À˘ Œ¬ÛÎ¬±˘ (p, r) ¸˜œfl¬ı˛Ì ¬Û±›˚˛± ˚±˚˛ ¤ı— Ó¬± ˝˘

2 2 3
ap r=

[ ˝◊˝± ’ıfl¬˘Úøı…±ı˛ øı¯∏˚˛

 
p r

r

ec

r r

r

dr

d

= = =
+

=

+ F
H

I
K

sin
cos cot

φ
φ φ

θ

1
1

1
2 2

∵ tanφ
θ

=F
H

I
K

rd

dr

  
=

+ F
H

I
K

=

+ +

r

r
dr

d

r

a a

2

2
2

2

2 2 2 21

θ
θ θcos sinb g ∵

dr

d
a

θ
θ= −F

H
I
Ksin

=
+( )

= ⇒ =
r

a

r

a
r

a

p
r

ar

2 2
2

4

2 1 2 2cosθ  ı±, 2 2 3
ap r= ]

¤‡Ú A øıj≈ÀÓ¬ θ = ⇒ =0 2r a ¤ı— 0 øıj≈ÀÓ¬ θ π= ⇒ =r 0 ¬

∴ Î¬◊¬ÛÀı˛ı˛ Î¬◊X«¬‰¬±À¬Ûı˛ ∆‚«… 
=

−
=

−

zz rdr

r p

rdr

r
r

a

aa 2 2
2

32

0

2

0

2

=
−

= − − = − = −z2
2

2 2 2 2 2 2 4
2

0

2

0

a
dr

a r
a a r a a a

a a
. c h

 ∆‚«… ŸÌ±Ó¬fl¬ ˝ÀÓ¬ ¬Û±Àı˛Ú±Ä Œ¸ÊÚ… Î¬◊¬Ûøı˛’ÀX«¬ı˛ ∆‚«… 4a Òı˛ÀÓ¬ ˝Àı/
∴ Œ˜±È¬ ∆‚«… = 2× 4a = 8a ¤fl¬fl¬/

√õ∂ùü˜±˘± —1

1. y ax
2 4=  ’øÒı‘ÀMı˛ ˙œ¯∏«øıj≈ ŒÔÀfl¬ Ú±øˆ¬˘À•§ı˛ √õ∂±ôL√øıj≈ ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«… øÚÌ«˚˛ fl¬ı˛≈Ú/

2. x y= =2 2cos , sinθ θ ı‘MøÈ¬ı˛ ¬Ûøı˛øÒ øÚÌ«˚˛ fl¬ı˛≈Ú/
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3. r = −1 cosθ ı]øÈ¬ı˛ ¬Ûøı˛¸œ˜± øÚÌ«˚˛ fl¬ı˛≈Ú/

4. p ar
2 =  ’øÒı‘MøÈ¬ı˛ r a=  ŒÔÀfl¬ r a= 2  ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«… øÚÌ«˚˛ fl¬ı˛≈Ú/

√õ∂ùü˜±˘±—1 ¤ı˛ Î¬◊Mı˛

1. a 2 2 1+ +logc ho t ¤fl¬fl¬/ 2. 4π ¤fl¬fl¬ 3. 8 ¤fl¬fl¬/

4. a 2 2 1+ +logc ho t ¤fl¬fl¬/

6.4 √ıÀ]Àı˛‡±ı˛ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì (Intrinsic equation) :

Œfl¬±Ú ı]Àı˛‡±ı˛ Î¬◊¬ÛÀı˛ ¤fl¬øÈ¬ øªı˛ øıj≈ A ŒÔÀfl¬ ’Ú… ¤fl¬øÈ¬ ‰¬˘˜±Ú øıj≈ P ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«… Œfl¬ s

¤ı— P øıj≈ÀÓ¬ ’øÇ¬Ó¬ ¶Û˙«fl¬ x-’Àé¬ı˛ ÒÚ±Rfl¬ øÀfl¬ı˛ ¸ø˝Ó¬ Œ˚ Œfl¬±Ì Î¬◊»¬Ûiß fl¬Àı˛ Ó¬±Àfl¬ ψ  Z±ı˛± ø‰¬ø˝êÓ¬

fl¬ı˛± ˝À˘ s › ψ  Œfl¬ Œ˚ ¸•ÛÀfl«¬ ’±ıX¬ fl¬ı˛± ˚±˚˛ Ó¬±Àfl¬ ¶§fl¬œ ˛̊ ¸˜œfl¬ı˛Ì (Intrinsic equation) ı˘± ˝˚˛/

¤˝◊ ’Ú≈ÀBÂÀ ıÀ]ı˛ ¸˜œfl¬ı˛ÀÌı˛ øıÀ˙¯∏ fl¬À˚˛fl¬øÈ¬ ı˛”À¬Ûı˛ Œé¬ÀS ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì øÚÌ«À˚˛ı˛ ¬ÛX¬øÓ¬ ¸•ÛÀfl«¬
’±À˘±‰¬Ú± fl¬ı˛± ˝Àı/

ïfl¬ó ıÀ]ı˛ fl¬±ÀÓ«¬¸œ ˛̊ ¸˜œfl¬ı˛Ì ŒÔÀfl¬ Î¬◊̋ ±ı˛ ¶§fl¬œ ˛̊ ¸˜œfl¬ı˛Ì øÚÌ«̊ ˛ ¬ÛX¬øÓ¬ †

y f x= ( )  ıÀ]ı˛ Î¬◊¬Ûı˛ A ¤fl¬øÈ¬ øªı˛ øıj≈ ¤ı— ‰¬˘˜±Ú øıj≈øÈ¬ı˛ Œ˚Àfl¬±Ú ¤fl¬øÈ¬ ’ıª±Ú p x y( , )  øıj≈/

P-ŒÓ¬ ’øÇ¬Ó¬ ¶Û˙«fl¬ x-’Àé¬ı˛ ÒÚ±Rfl¬ øÀfl¬ı˛ ¸Àº ψ Œfl¬±ÀÌ ÚÓ¬/

∴ tan ( ).........( )'ψ = =
dy

dx
f x i

’±ı±ı˛ s
dy

dx
dx

a

x
= +

F
HG

I
KJzAP = 1

2

,  ˚‡Ú

A › P øıj≈ı˛ ˆ≈¬Ê

(Abscissa) ˚Ô±]À˜ a › x.

∴ s = + =z 1
2

f x dx x
a

x ' ( ) ( )o t φ  ïÒı˛± ˝˘ó..........(ii)

(i) ¤ı— (ii) ¤ı˛ ˜ÀÒ… x ’¬ÛÚ˚˛Ú fl¬ı˛À˘ s › ψ  ¤ı˛ Œ˚ ¸•Ûfl«¬ ¬Û±›˚˛± ˚±Àı Î¬◊˝±˝◊ y f x= ( )  ıÀ]ı˛

¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì/

ï‡ó ıÀ]ı˛ √õ∂±‰¬ø˘fl¬ ¸˜œfl¬ı˛Ì ŒÔÀfl¬ Î¬◊̋ ±ı˛ ¶§fl¬œ ˛̊ ¸˜œfl¬ı˛Ì øÚÌ«̊ ˛ ¬ÛX¬øÓ¬ †

x f t= ( ),  y g t= ( )  ıÀ]ı˛ Î¬◊¬Ûı˛ øªı˛ øıj≈ A ¤ı— ‰¬˘˜±Ú øıj≈ P-ŒÓ¬ √õ∂‰¬˘ t ¤ı˛ ˜±Ú ˚Ô±]À˜

y

o
x

A s

P (x, y)

y = f(x)

Ψ
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t1  › t  ˝À˘ tan
( )

( )
( )

'

'
ψ = = =

dy

dt

dx

dt

g t

f t
h t  ïÒı˛± ˝˘ó..........(iii)

’±ı±ı˛, s
dx

dt

dy

dt
dt f t g t dt

t

t

t

t

= F
H

I
K + F

H
I
K = ( ) +

∩ z zAP =

2 2
2 2

1 1

' ' ( )n s n s

= φ( )t  ïÒı˛± ˝˘ó..............................(iv)

(iii) ¤ı— (iv) ¤ı˛ ˜ÀÒ… t ’¬ÛÚ˚˛Ú fl¬ı˛À˘ øÚÀÌ«˚˛ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì ¬Û±›˚˛± ˚±Àı/

ï·ó ıÀ]ı˛ Œ˜ı≈̨ ¸˜œfl¬ı˛Ì ŒÔÀfl¬ Î¬◊̋ ±ı˛ ¶§fl¬œ ˛̊ ¸˜œfl¬ı˛Ì øÚÌ«̊ ˛ ¬ÛX¬øÓ¬ †

r f= ( )θ  ıÀ]ı˛ Î¬◊¬Ûı˛ A (a,α) ¤ı— P ( , )r θ  ≈øÈ¬ øıj≈/ P-ŒÓ¬ ’øÇ¬Ó¬ ¶Û˙«fl¬ √õ∂±Ôø˜fl¬ Œı˛‡± 0x

¤ı˛ ¸ø˝Ó¬ ψ  ¤ı— Œı˛øÎ¬˚˛±¸ Œˆ¬"ı˛ (Radius vector) r = OP -¤ı˛ ¸ø˝Ó¬ φ  Œfl¬±ÀÌ ÚÓ¬/

∴ tan ..........( )φ
θ

= r
d

dr
v

   ψ θ φ= + .............( )vi

¤ı— s
dr

d
d= +

F
H

I
K

∩ zAP = r2

θ
θ

α

θ
2

= + =z f f d gθ θ θ θ
α

θ b gm r b go t2 2
' ( ) ïÒı˛± ˝˘ó.........(vii)

(v), (vi) ¤ı— (vii) ŒÔÀfl¬ θ  ¤ı— φ  ’¬ÛÚ˚˛Ú fl¬ı˛À˘ s ¤ı— ψ  ¤ı˛ Œ˚ ¸•Ûfl«¬ ¬Û±›˚˛± ˚±Àı Î¬◊˝±˝◊

√õ∂M ıÀ]ı˛ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì/

ï‚ó ıÀ]ı˛ Œ¬ÛÎ¬±˘ ¸˜œfl¬ı˛Ì ŒÔÀfl¬ Î¬◊̋ ±ı˛ ¶§fl¬œ ˛̊ ¸˜œfl¬ı˛Ì øÚÌ«̊ ˛ ¬ÛX¬øÓ¬ †

Òı˛± ˚±flƒ¬ p f r= ( )  Œ¬ÛÎ¬±˘ ¸˜œfl¬ı˛Ì Œ˚ ı]Àfl¬ ¸”ø‰¬Ó¬ fl¬Àı˛ Ó¬±ı˛ Î¬◊¬Ûı˛ A øªı˛ øıj≈øÈ¬ r a=  ¤ı—

P ‰¬˘˜±Ú øıj≈øÈ¬ r Z±ı˛± ø‰¬ø˝êÓ¬/ ’Ó¬¤ı ¸”S±Ú≈¸±Àı˛

s
rdr

r p

rdr

r f r

g r
a

r

a

r
= =

−
=

−

=
∩ zzAP

2 2 2 2
( )

( )

l q  ïÒı˛± ˝˘ó.............(viii)

ı]Ó¬± ı…±¸±X«¬ ρ
ψ

= = =
ds

d
r

dr

dp

r

f r
ix

' ( )
......................( )

(viii) › (ix) ŒÔÀfl¬ r ¬’¬ÛÚ˚˛Ú fl¬Àı˛ øÚ•ßø˘ø‡Ó¬ ·Í¬ÀÚı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ¬Û±›˚˛± ˚±˚˛ †

ds

d
h s

ψ
= ( ).

P (r, θ)

r= f(θ)

A

O

θ

r
s

φ

ψ

x
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Î¬◊¬ÛÀı˛ı˛ ¸•Ûfl«¬øÈ¬Àfl¬ ¸˜±fl¬˘Ú fl¬ı˛À˘ s › ψ  ¤ı˛ ¸•Ûfl«¬ ¬Û±›˚˛± ˚±Àı ˚± √õ∂M ı]øÈ¬ı˛ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì/

 ’Ú≈̇ œ˘Úœñ2

Î¬◊±˝ı˛Ì 1. x y a
2

3

2

3

2

3+ =  ¤…±¸È¬™À˚˛Î¬øÈ¬ı˛ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì øÚÌ«˚˛ fl¬ı≈̨Ú ˚‡Ú x a=  øıj≈øÈ¬ øªı˛ øıj≈/

¸˜±Ò±Ú † ı]øÈ¬ı˛ √õ∂±‰¬ø˘fl¬ ¸˜œfl¬ı˛Ì x a t= cos ,3 y a t= sin3  ¤ı— x a=  øªı˛ øıj≈øÈ¬ t = 0  Z±ı˛±

ø‰¬ø˝êÓ¬/

∴ tan
sin cos

cos sin
tanψ = = =

−
= −

dy

dx

dy

dt

dx

dt

a t t

a t t
t

3

3

2

2

= −tan tb g

⇒ = −ψ t i...............................( )

’±ı±ı˛ s
dx

dt

dy

dt
dt a t t a t t dt

t t
=

F
H

I
K +

F
HG

I
KJ = − ⋅ +z z

2 2

0

2
2

2
2

0
3 3cos sin sin cose j e j

= =z 3 3
2

2

0
a t t dt a

t
ii

t
sin cos

sin
........( )

(i) › (ii) ŒÔÀfl¬ t ’À¬ÛÚ˚˛Ú fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛

s a a a= − = − =
3

2

3

2

3

2
2 2 2

sin sin sinψ ψ ψb g b g

∴ øÚÀÌ«˚˛ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì s a=
3

2
2

sin .ψ

Î¬◊±˝ı˛Ì-2. x a= +( sin ),θ θ  y a= −1 cosθb g  ¸±˝◊flv¬À˚˛ÀÎ¬ı˛ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì øÚÌ«˚˛ fl¬ı˛≈Ú ˚‡Ú ˙œ¯∏«øıj≈

θ = 0 ¬øªı˛ øıj≈ ¤ı— ˙œ¯∏«øıj≈ÀÓ¬ ’øÇ¬Ó¬ ¶Û˙«fl¬ øªı˛ ¸ı˛˘Àı˛‡±/

¸˜±Ò±Ú † s
dx

d

dy

d
d a a d=

F
H

I
K +

F
HG

I
KJ = + +z zθ θ

θ θ θ θ
θ θ

2 2

0

2 2 2

0
1 cos sinb gm r
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= +za d4
2

4
2 2

4 2 2

0
cos sin cos

θ θ θ
θ

θ

= =za d a i2
2

4
20

cos sin ,.............( )
θ

θ
θθ

¤ı— tan
sin

cos
tanψ

θ θ

θ

θ

θ
= =

+
=

dy

d

dx

d

a

a 1 2b g

∴ ψ
θ

=
2

..........................( )ii

(i) › (ii) ŒÔÀfl¬ θ  ’¬ÛÚ˚˛Ú fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛ñ

s a= 4 sin ,ψ

˝◊˝±˝◊ øÚÀÌ«˚˛ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì/

Î¬◊±˝ı˛Ì-3. r a= +1 cosθb g  fl¬±øÎ«¬’À˚˛ÀÎ¬ı˛ θ = 0  Œfl¬ øªı˛ øıj≈ ÒÀı˛ Î¬◊˝±ı˛ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì øÚÌ«˚˛

fl¬ı̨≈Ú/
¸˜±Ò±Ú † 6·3¬ ’Ú≈ÀBÂÀı˛ Î¬◊±˝ı˛Ì-6 ’Ú≈̊ ±˚˛œ ı]øÈ¬ı˛ θ = 0  ŒÔÀfl¬ θ  ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«…

s a i= 4
2

sin ...............( )
θ

’±ı±ı˛ tan
cos

sin

cos

sin cos

φ
θ θ

θ

θ

θ θ
= =

+

−
=

−

r
d

dr

a

a

1 2
2

2
2 2

2b g

= − = +
F
H

I
Kcot tan

θ π θ

2 2 2

∴ φ
π θ

= +
2 2

...............( )ii

¤ı— ψ θ φ= + ................( )iii

(ii) › (iii) ŒÔÀfl¬ ¬Û±›˚˛± ˚±˚˛

ψ θ
π θ π θ

= + +
F
H

I
K = +

2 2 2

3

2

∴ 
θ

ψ
π

2

1

3 2
= −

F
H

I
K

¤ ◊̋ ˜±ÚøÈ¬ (i) Ú—-¤ ıø¸À˚˛ ¬Û±›˚˛± ˚±˚˛
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s a a= −F
H

I
K

RST
UVW = − −F

H
I
K4

1

3 2
4

6 3
sin sin ,ψ

π π ψ
 ˝◊˝±˝◊ øÚÀÌ«˚˛ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì/

Î¬◊±˝ı˛Ì-4. Œfl¬±Ú ¤fl¬øÈ¬ ıÀ]ı˛ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì s c= tan ψ  ˝À˘ Œ‡±Ú Œ˚ Î¬◊˝±ı˛ fl¬±ÀÓ«¬¸œ˚˛ ¸˜œfl¬ı˛Ì

y c
x

c
= cosh ;  √õ∂M ˙Ó«¬ ψ = 0  ˚‡Ú x = 0,  y c= .

¸˜±Ò±Ú † s c= tanψ -Œfl¬ x-¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘ fl¬Àı˛ ¬Û±˝◊ ds

dx
c

d

dx
= ⋅ sec2 ψ

ψ

ı±, sec secψ ψ= c
dy

dx
2 ∴ =

L
NM

O
QP

dx

ds
cosψ

ı±, dx c d= ⋅secψ ψ

¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛

x c k= + +log sec tanψ ψ 1

øfl¬ôL√≈ x = 0 ˚‡Ú ψ = 0  ˝›˚˛±˚˛ k1 0=

∴ x c= +log sec tanψ ψ

⇒  sec tan ................( )ψ ψ+ = e i
x

c

’±ı±ı˛, cos secec
ds

dy
c

d

dy
ψ ψ

ψ
= = 2

dy c d= sec tanψ ψ ψ

¸˜±fl¬˘ fl¬Àı˛ Ä y c k= +sec ψ 2

øfl¬ôL√≈√ √õ∂±Ôø˜fl¬ ˙Ó«¬±Ú≈¸±Àı˛ y c=  ˚‡Ú ψ = 0;  ¸≈Ó¬ı˛±— k2 0= .

∴ y c ii= sec ..................( )ψ

(i) Ú— ŒÔÀfl¬ ¬Û±›˚˛± ˚±˚˛ sec tan ......( )ψ ψ− =
−

e iii
x

c

(i) › (iii) Œ˚±· fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛

2sec ψ = +
−

e e
x

c

x

c ¬

ı±, 
y

c
e e

x

c

x

c= +
F
HG

I
KJ

−1

2 [(ii) ŒÔÀfl¬]

= cosh
x

c
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∴ y c h
x

c
= cos ,  ˝◊˝±˝◊ øÚÀÌ«˚˛ ¸˜œfl¬ı˛Ì/

6.5 √¸±ı˛±—˙ –

1. y f x= ( )  ıÀ]ı˛ x a=  ŒÔÀfl¬ x b=  ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«…

s f x dx
dy

dx
dx

a

b

a

b
= + = +

F
HG

I
KJzz 1 1

2
2

'b go t

2. x t= φ( ),  y t= ψ( ) ıÀ]ı˛ t1  › t2  øıj≈ı˛ ˜ÀÒ…fl¬±ı˛ ‰¬±À¬Ûı˛ ∆‚«… s
dx

dt

dy

dt
dt

t

t
=

F
H

I
K +

F
HG

I
KJz

2 2

1

2

3. r f= ( )θ  ıÀ]ı˛ Î¬◊¬Ûı˛ θ1  › θ2  Z±ı˛± øÚÒ«±øı˛Ó¬ øıj≈ZÀ˚˛ı˛ ˜Ò…ıÓ¬œ« ‰¬±À¬Ûı˛ ∆‚«…

s f f d= +z ( ) ( )
'θ θ θ

θ

θ l q o t2 2

1

2

4. p f r= ( ) Œ¬ÛÎ¬±˘ ¸˜œfl¬ı˛Ì ≈̊ñ ıÀ]ı˛ r r= 1  ŒÔÀfl¬ r r= 2  ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«…

s
ds

dr
dr

r

r f r

dr
r

r

r

r
= =

−
z z

1

2

1

2

2 2
( )

.

l q
5. ¶§fl¬œ ˛̊ ¸˜œfl¬ı˛Ì (Intrinsic equation) : Œfl¬±Ú ı]Àı˛‡±ı˛ Î¬◊¬Ûı˛ ¤fl¬øÈ¬ øªı˛ øıj≈ A ŒÔÀfl¬ ’Ú…

¤fl¬øÈ¬ ‰¬˘˜±Ú øıj≈ P ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«… Œfl¬ s ¤ı— P øıj≈ÀÓ¬ ’øÇ¬Ó¬ ¶Û˙«fl¬ x-’Àé¬ı˛ ÒÚ±Rfl¬ øÀfl¬ı˛
¸ø˝Ó¬ Œ˚ Œfl¬±Ì Î¬◊»¬Ûiß fl¬Àı˛ Ó¬±Àfl¬ ψ  Z±ı˛± ø‰¬ø˝êÓ¬ fl¬ı˛± ˝À˘ s › ψ  Œfl¬ Œ˚ ¸•ÛÀfl«¬ ’±ıX¬ fl¬ı˛± ˚±˚˛
Ó¬±Àfl¬ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì ıÀ˘/

6. ıÀ]ı˛ fl¬±ÀÓ«¬¸œ˚˛ ¸˜œfl¬ı˛Ì ŒÔÀfl¬, √õ∂±‰¬ø˘fl¬ ¸˜œfl¬ı˛Ì ŒÔÀfl¬, Œ˜ı˛≈ ¸˜œfl¬ı˛Ì ŒÔÀfl¬ › Œ¬ÛÎ¬±˘ ¸˜œfl¬ı˛Ì
ŒÔÀfl¬ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì øÚÌ«˚˛ ¬ÛX¬øÓ¬ı˛ ÊÚ… 6·4 ’Ú≈ÀBÂÀı˛ ˚Ô±]À˜ ïfl¬ó, ï‡ó, ï·ó › ï‚ó ’—˙·≈ø˘ Œ‡≈Ú/

6.6 √øı¯∏ ˛̊̃ ≈‡œ ŒÂ±È¬ √õ∂ùü±ı˘œ –

øÚÀ•ßı˛ √õ∂øÓ¬ Œé¬ÀS ¬Û±À˙ı˛ Î¬◊Mı˛ ·≈ø˘ ŒÔÀfl¬ ¸øÍ¬fl¬ Î¬◊Mı˛ øÈ¬Àfl¬ ø‰¬ø˝êÓ¬ fl¬ı˛≈Ú (M C Q) :

1. x y
2 2 1+ =  ı‘ÀMı˛ √õ∂Ô˜ ¬Û±À Œ˚ ’—˙øÈ¬ ’±ÀÂ Ó¬±ı˛ ∆‚«… (i) 

1

4
2πa  (ii) 

π

2
 (iii) 

π

4
.

2. x y a
2 2 2+ =  ı‘ÀMı˛ x

a
=

2
 ¤ı— x a=  Œfl¬±øÈ¬ZÀ˚˛ı˛ ˜Ò…ıÓ¬œ« ‰¬±À¬Ûı˛ ∆‚«…
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(i) 
1

3
πa  (ii) 

1

2
πa  (iii) 

2

3

aπ

3. y x
2 4=  ’øÒı‘ÀMı˛ ˙œ¯∏« øıj≈ ŒÔÀfl¬ Ú±øˆ¬˘À•§ı˛ √õ∂±ôL√øıj≈ ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«…

(i) 2 2 1+ +loge j  (ii) 
1

2
2log  (iii) 

1

2
2 1log +e j

4. r a= 2 cosθ  ıÀ]ı˛ ¬Ûøı˛¸œ˜± (i) 
1

3
πa  (ii) 

2

3

πa  (ii) 2πa

5. r = θ2  ıÀ]ı˛ θ = 0  ŒÔÀfl¬ θ = 5  ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«… (i) 6 (ii) 
19

3
 (iii) 5

6.6.1 √øı¯∏ ˛̊̃ ≈‡œ ŒÂ±È¬ √õ∂ùü±ı˘œ Î¬◊Mı˛ –

1. 
π

2
 ¤fl¬fl¬ 2. 

πa

3
 ¤fl¬fl¬ 3. 2 2 1+ +logc h ¤fl¬fl¬

4. 2πa  ¤fl¬fl¬ [¸—Àfl¬Ó¬ † ı]øÈ¬ Œ˜ı˛≈·±˜œı‘M ˚±ı˛ Œfl¬f √õ∂±Ôø˜fl¬ Œı˛‡±ı˛ Î¬◊¬Ûı˛ ’ıøªÓ¬/

∴ s r
dr

d
d a d a a= + F

H
I
K = ⋅ = ⋅ =z z2 2 2 4

2
22

2

0

2

0

2

θ
θ θ

π
π

π π

 ¤fl¬fl¬] 5.
19

3
 ¤fl¬fl¬/

6.7 √¸ı«À˙¯∏ √õ∂ùü±ı˘œ –

1. ïfl¬ó y x
2 =  ’øÒı‘ÀMı˛ ˙œ¯∏«øıj≈ ŒÔÀfl¬ Œ˚ øıj≈ÀÓ¬ x = 1  ı]øÈ¬Àfl¬ √õ∂Ô˜¬ÛÀ ŒÂ fl¬Àı˛ Ó¬±ı˛ ∆‚«…

øÚÌ«˚˛ fl¬ı≈̨Ú/

ï‡ó x y
2 4=  ’øÒı‘ÀMı˛ ˙œ¯∏«øıj≈ ŒÔÀfl¬ Œ˚ øıj≈ı˛ Œfl¬±øÈ¬ x = 2  Œ¸˝◊ øıj≈ ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«… øÚÌ«˚˛ fl¬ı˛≈Ú/

2. ˙œ¯∏« øıj≈ (0,0) ŒÔÀfl¬ x y1 1,b g  øıj≈ ¬Û˚«ôL√ y
a

e e
x

a

x

a= +
F
HG

I
KJ

−

2  fl¬…±øÈ¬Ú±ı˛œ (catcnary) øÈ¬ı˛ ‰¬±À¬Ûı˛

∆‚«… øÚÌ«˚˛ fl¬ı≈̨Ú/

3. 
x

a

y

b
F
H

I
K +

F
HG

I
KJ =

2

3

2

3
1  ˝±˝◊À¬Û±¸±˝◊flv¬À˚˛Î¬øÈ¬ı˛ ¬Ûøı˛¸œ˜± fl¬Ó¬∑

4. x a= +cos sin ,θ θ θb g  y a= −sin cosθ θ θb g  ıÀ]ı˛ θ = 0 ŒÔÀfl¬ θ θ= 1  ¬Û «̊ôL√ ‰¬±À¬Ûı˛ ∆‚«… øÚÌ«̊ ˛

fl¬ı̨≈Ú/
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5. x a= +θ θsin ,b g  y a= −1 cosθb g  ¸±˝◊flv¬À˚˛ÀÎ¬ı˛ ¤fl¬øÈ¬ ‰¬±À¬Ûı˛ ∆‚«… øÚÌ«˚˛ fl¬ı˛≈Ú/

6. x
t

t
=

−

+

1

1

2

2
,  y

t

t
=

+

2

1
2  ı]øÈ¬ı˛ ¬Ûøı˛¸œ˜± øÚÌ«˚˛ fl¬ı˛≈Ú/

7. øÚÀ•ßı˛ ı]·≈ø˘ Z±ı˛± ·øÍ¬Ó¬ ≈̆À¬Ûı˛ ∆‚«… øÚÌ«˚˛ fl¬ı≈̨Ú/

ïfl¬ó 3 2 2
ay x x a= −b g  ï‡ó 9 7 42 2

y x x= + +b gb g

8. x a x a y
2 2 2 2 28− =e j  ıÀ]ı˛ Œ˜±È¬ ∆‚«… øÚÌ«˚˛ fl¬ı≈̨Ú/

9. r = −4 1 cosθb g  ıÀ]ı˛ Œ˜±È¬ ∆‚«… fl¬Ó¬∑

10. Œ‡±Ú Œ˚ r a= −1 cosθb g  ı]øÈ¬ı˛ Î¬◊¬Ûøı˛ ’ÀX«¬ı˛ ‰¬±¬Û θ
π

=
2

3
 øıj≈ÀÓ¬ ¸˜øZ‡øG¬Ó¬ ˝˚˛/

11. r a= +1 cosθb g  ıÀ]ı˛ Œé¬ÀS Œ‡±Ú Œ˚ s a
2 2 29 16+ =ρ , ˚‡Ú s  ˝í˘ θ = 0 ŒÔÀfl¬ Œ˚Àfl¬±Ú

øıj≈ θ  ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«… ¤ı— ρ  ˝í˘ θ  øıj≈ÀÓ¬ ı]Ó¬±-ı…±¸±X«¬/

12. x y a
2

3

2

3

2

3+ =  ıÀ]ı˛ ÊÚ… Œ‡±Ú Œ˚ ïfl¬ó s xα
2

3  ï‡ó 4 62 2
s as+ =ρ

Œ˚‡±ÀÚ ı]øÈ¬ı˛ Œ˚ øıj≈ÀÓ¬ x = 0  Œ¸‡±Ú ŒÔÀfl¬ Œ˚Àfl¬±ÀÚ± øıj≈ x  ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ∆‚«… = s.

13. øÚ•ßø˘ø‡Ó¬ ı]·≈ø˘ı˛ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì øÚÌ«˚˛ fl¬ı≈̨Ú Ä øªı˛ øıj≈ ·≈ø˘ √õ∂ÀÓ¬…fl¬ ıÀ]ı˛ ÊÚ… øÚÒ«±øı˛Ó¬ ’±ÀÂ/

ïfl¬ó y ax
2 4=  ’øÒı‘MÄ ˙œ¯∏«øıj≈ (0,0)

ï‡ó ay x
2 3=  ’øÒøS‚±Ó¬ ’øÒı‘MÄ fl¬±¶Û (0,0)

ï·ó y c h
x

c
= cos  fl¬…±øÈ¬Ú±ı˛œÄ ˙œ¯∏«øıj≈ (0,0)

ï‚ó x e= θ θsin ,  y e= θ θcos ;  θ
π

=
4

ï„ó r a= −1 cosθb g  fl¬±øÎ«¬’À˚˛Î¬ Ä Œ˜ı≈̨øıj≈ (0,0)

ï‰¬ó r e= θ αcot  ÒË≈ıfl¬Àfl¬±Ìœ fl≈¬`¬˘œÄ ( , )a 0 øıj≈

14. øÚÀ•ßı˛ ı]·≈ø˘ı˛ ¶§fl¬œ˚˛ ¸˜œfl¬ı˛Ì øÚÌ«˚˛ fl¬ı≈̨Ú

ïfl¬ó p r a
2 2 2= −  ï‡ó p r= sin .α
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6.7.1 ¸ı«À˙¯∏ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛ –

¬1. 2 2 1+ +loge j  ¤fl¬fl¬ 2. 
a

e e
x

a

x

a

2

1 1

−
F
HG

I
KJ

−  ¤fl¬fl¬

3. 
4 2 2

a ab b

a b

+ +

+

e j  ¤fl¬fl¬ [ ¸—Àfl¬Ó¬ † ı]øÈ¬ı˛ ¸˜œfl¬ı˛Ì x a= cos3 φ , y b= sin3 φ , √õ∂Ô˜¬Û±À φ

¤ı˛ ˜±Ú 0 ŒÔÀfl¬ π

2
 ¬Û˚«ôL√ ¬Ûøı˛ıøÓ«¬Ó¬ ˝˚˛ ¤ı— ı]øÈ¬ Î¬◊ˆ¬˚˛ ’Àé¬ı˛ ¸±À¬ÛÀé¬˝◊ √õ∂øÓ¬¸˜/

∴ s = ×4  √õ∂Ô˜ ¬Û±Àı˛ ‰¬±À¬Ûı˛ ∆‚«…

= ⋅ − +z4 3 32
2

2
2

0
2 a b dcos sin sin cosφ φ φ φ φ
π

e j e j

= + ⋅z12 2 2 2 2

0
2 a b dcos sin cos sinφ φ φ φ φ
π

=
⋅

−
z12

2

2 2 2

z zdz

b a
a

b

e j [ a b z
2 2 2 2 2cos sinφ φ+ =  ÒÀı˛]

=
−

L
NM

O
QP

=
−

⋅ − =
O
Q
P
P

12

3

4
2 2

3

2 2

3 3

b a

z

b a
b a

a

b

e j .....

4. 
1

2 1aθ  ¤fl¬fl¬ 5·8a ¤fl¬fl¬ [¸—Àfl¬Ó¬ † ˙œ¯∏«øıj≈ θ = 0  ŒÔÀfl¬¬ Œ˚ Œfl¬±Ú øıj≈ θ  ¬Û˚«ôL√ ∆‚«…

s
dx

d

dy

d
d1

2 2

0
=

F
H

I
K +

F
HG

I
KJz θ θ

θ
θ

= =z 2
2

4
20

a d acos sin .
θ

θ
θθ

’Ó¬¤ı Î¬◊¬Ûøı˛ ’ÀX«¬ı˛ ∆‚«… ï θ = 0 ŒÔÀfl¬ θ π=  ¬Û˚«ôL√ó = =4
2

4a asin
π

∴ √õ∂øÓ¬ ¸˜Ó¬±ı˛ ÊÚ… Œ˜±È¬ ∆‚«… = 2×4a = 8a ¤fl¬fl¬/]

6. 2π  ¤fl¬fl¬ [¸—Àfl¬Ó¬ † t = tanφ  ı¸±À˘ ¬Ûøı˛ıøÓ«¬Ó¬ ¸˜œfl¬ı˛Ì

x = cos ,2φ  y = sin2φ i.e. x y
2 2 1+ =  ı‘M/]
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7. ïfl¬ó 
4

3

a
 ¤fl¬fl¬ [¸—Àfl¬Ó¬ † Î¬◊±˝ı˛Ì-5 ¤ı˛ ˜Ó¬ ’·Ë¸ı˛ Œ˝±Ú/]

ï‡ó 4 3  ¤fl¬fl¬ [¸—Àfl¬Ó¬ † ˘≈¬ÛøÈ¬ (–4, 0), (–7,0)

øıj≈ZÀ˚˛ı˛ ˜ÀÒ… ’ıøªÓ¬ ¤ı— x-’Àé¬ı˛ ¸±À¬ÛÀé¬ √õ∂øÓ¬¸˜/

∴ s
dy

dx
dx= +

F
HG

I
KJ =

−

−z2 1

2

7

4
........

=
+

+
= + +

+

RST
UVW

=
O
QP−

−

−

− zz2
8

2 7
2 7

1

77

4

7

4 x

x
dx x

x
dx ......

8. πa 2  ¤fl¬fl¬ [¸—Àfl¬Ó¬ † ı]øÈ¬ ıX¬ (closed) ¤ı— (–a, 0) ŒÔÀfl¬ (0,0) ¬Û˚«ôL√ ¤fl¬øÈ¬ ¤ı— (0,0)

ŒÔÀfl¬ (a,0) ¬Û˚«ôL√ ’Ú… ¤fl¬øÈ¬ ¤˝◊ Œ˜±È¬ ≈øÈ¬ ˘≈¬Û Z±ı˛± ·øÍ¬Ó¬/ ı]øÈ¬ x-’é¬ › y-’é¬ Î¬◊ˆ¬À˚˛ı˛ ¸±À¬ÛÀé¬˝◊
√õ∂øÓ¬¸˜/

’Ó¬¤ı øÚÀÌ«˚˛ ‰¬±¬Û = +
F
HG

I
KJ = +

−

−
zz4 1 4 1

2

8

2 2 2
2

2 2 200

dy

dx
dx

a x

a a x
dx

aa e j
e j

=
−

−
= − +

−

R
S|
T|

U
V|
W|zz4

2 2

3 2 2
2

2 2

2 2

2 2
2

2 200a

a x

a x
dx

a
a x

a

a x
dx

aa

 ˝◊Ó¬…±ø]

9. 32 ¤fl¬fl¬
10. ¸—Àfl¬Ó¬ † θ = 0  ŒÔÀfl¬ Œ˚ Œfl¬±Ú øıj≈ θ  ¬Û˚«ôL√ ∆‚«…

s r
dr

d
d= +

F
H

I
Kz 2

2

0 θ
θ

θ

= −( ) + = = −F
H

I
Kz za a d a d a2 2 2 2

0 0
1 2

2
4 1

2
cos sin sin cosθ θ θ

θ
θ

θθ θ

∴ Î¬◊¬Ûøı˛ ’ÀX«¬ı˛ ∆‚«… s a1 4 1
2

= −
F
H

I
Kcos

π
( θ π=  ıø¸À˚˛ó = 4a ¤fl¬fl¬/

’±ı±ı˛ θ
π

=
2

3
 ¬Û˚«ôL√ ∆‚«… s a2 4 1

1

2

2

3
= − ⋅

F
H

I
Kcos

π
 θ

π
=

F
H

2

3  ıø¸À˚˛
I
K

= −
F
H

I
K =4 1

3
2a acos

π
 ¤fl¬fl¬

y

o x

(–4, 0)

y–7, 0)
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∴ Î¬◊¬ÛÀı˛ı˛ ≈øÈ¬ ¸•Ûfl«¬ ŒÔÀfl¬ ı˘± ˚±˚˛ s s2 1

1

2
= .

11. ¸—Àfl¬Ó¬ † Î¬◊±˝ı˛Ì-6. ’Ú≈˚±˚˛œ s a i= 4
2

sin .........( )
θ

’±ı±ı˛ tan
cos

sin
cot tanφ

θ θ

θ

θ π θ
= =

+

−
= − = +

F
H

I
Kr

d

dr

a

a

1

2 2 2

b g

∴ φ
π θ

= +
2 2

.......( )ii

Ê…±ø˜øÓ¬ ŒÔÀfl¬ ψ θ φ= + .......( )iii

(ii) › (iii) ŒÔÀfl¬ ¬Û±›˚˛± ˚±˚˛ ψ θ
π θ π θ

= + +
F
H

I
K = +

2 2 2

3

2
.....( )iv

ρ
ψ θ

θ

ψ

θ
θ

= = = =
ds

d

ds

d

d

d

a
a

v
2

2
3
2

4

3 2

cos
cos ......( )

∴ (i) › (v) ŒÔÀfl¬ † s a a2 2
2 2

9 4
2

4
2

+ =
F
H

I
K +

F
H

I
Kρ

θ θ
sin cos

  = 16 2
a .

12. ¸—Àfl¬Ó¬ ïfl¬ › ‡ ¤fl¬ÀSó † ı]øÈ¬ x a= sin ,3 φ  y a= cos ;3 φ  x = 0  ˝À˘ φ = 0

∴ s
dx

d

dy

d
d a d=

F
HG

I
KJ +

F
HG

I
KJ = =z zφ φ

φ φ φ φ
φ φ

2 2

0 0
3........ sin cos

= =
F
H

I
K

3

2

3

2
2

2

3a a x

a
sin φ ∴ =x a sin3 φ

= ⋅ ⇒
3

2

1

3

2

3

2

3a x s xα

’±ı±ı˛ ρ
φ φ

=
+

−
≡ =

F
HG

x y

x y y x
x

dx

d
x

d x

d

1
2

1
2

3

2

1 2 1 2
1 2

2

2

e j
,  ˝◊Ó¬…±ø¬

I
KJ

= ...............
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= =
9

9
3

2 2 2
3

2

2 2 2

a

a
a

sin cos

sin cos
sin cos

φ φ

φ φ
φ φ

e j

∴ 2 3 3
2 2 2

2 2
s a ab g e j b g+ = +ρ φ φ φsin sin cos

   = = ⋅ =9 9
2

3
62 2 2a a

s

a
assin .φ

13. ïfl¬ó ¸—Àfl¬Ó¬ † ı]øÈ¬ı˛ √õ∂±‰¬ø˘fl¬ ¸˜œfl¬ı˛Ì x at= 2 ,  y at= 2 .

’Ó¬¤ı tan .......( )ψ = = =
dy

dt

dx

dt

a

at t
i

2

2

1

∴ x at a= =2 2cot ψ [(i) ŒÔÀfl¬]

¤ı— y at a= =2 2 cot ψ [(i) ŒÔÀfl¬]

∴ ˙œ¯∏«øıj≈ (0,0)  ŒÓ¬ ψ π
=

2

∴ = F
H

I
K + F

H
I
K = − + −zzs

dx

d

dy

d
a ec a ec

dψ ψ
ψ ψ ψ

ψ
π

ψ

π

ψ 2 2
2 2 2 2

1

2

22

2 2cot cos cosc h c h{ }

= −z 2
3

2

a ec dcos ψ ψπ

ψ

c h  [ı·« ”̃À˘ı˛  ŸÚ±Rfl¬ ø‰¬˝ê øÚÀ˚˛]

= −z2
2

2

a ec ec dcos cosψ ψ ψπ

ψ e j

= + +2
2

a ec eccos cot log cos cotψ ψ ψ ψ π

ψb g

= + +2a ec eccos cot log cos cotψ ψ ψ ψb g
13. ïfl¬ó ̧ —Àfl¬Ó¬ – ı]øÈ¬ı˛ √õ∂±‰¬ø˘fl¬ ̧ ˜œfl¬ı˛Ì x at y at= =2 3,

’Ó¬¤ı tan ..........ψ = = =
dy

dx

at

at

t3

2

3

2

2

(i)

∴ ıÀ]ı˛ ̧ ˜œfl¬ı˛Ì x a
y= =4

9
8
27

2 3tan , tanψ ψ  [(i), ŒÔÀfl]

¬¤ı— (0, 0) øıj≈ÀÓ¬ t = 0 ¤ı— ψ = 0.
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∴ = + = + ⋅z zs at at dt a t t dt
t t

2 3 4 9
2 2

2

0

2
1

2

0
b g e j e j

= +za ( tan )4 4 2
1

2

0
ψ

ψ

⋅ ⋅ =d t
2
3

2
3

2
3

2tan sec [ tan ]ψ ψ ψ ψ∵

= =z8
9

8
27

2 3
00

a
d

asec .sec tan [sec ]ψ ψ ψ ψ ψ ψ
ψ

= −8
27

13a sec ψb g

13. ï·ó ¸—Àfl¬Ó¬ – tan sinhψ = =
dy
dx

x
c

 ..........(i)

s
dy
dx

dx x
c

dx c x
c

xx
= + FH IK = =zz 1

2

00
cosh sinh  ..................... (ii)

(i) › (ii) ŒÔÀfl¬ ¬Û±›˚˛± ̊ ±˚˛ s c= tanψ

13. ï‚ó se
−

+ = −
π

ψ ψ4 2 2 cosh sinhb g

13. ï„ó ̧ —Àfl¬Ó¬ – ¬tan
( cos )

sin
tanφ θ θ

θ
θ= =

−
=r

d
dr

a
a
1

2

∴ =φ θ
2

,  ’Ó¬¤ı ψ θ φ θ
θ θ

= + = + =
2

3

2
 ........... (i)

s r
dr

d
d d a= +

F
H

I
K = = −

F
H

I
Kzz 2

2

00
2

2
4 1

2θ
θ

θ
θ

θθθ
sin cos

= −FH IK4 1
3

a cos
ψ

  [ (i)  ŒÔÀfl¬ ]

13. ï‰¬ó ̧ —Àfl¬Ó¬ – tan tanφ θ α= = =r
d
dr
⋯⋯

∴ =φ α, ’Ó¬¤ı ψ θ φ θ α= + = + ..........(i)

s
ds
dr

dr dr r
a
r

a

r

a

r
= = =zz sec sec [ ]α α

= − = −( )sec sec cotr a a eα α θ α 1b g  [(i)  ŒÔÀfl]

14. ïfl¬ó ¸—Àfl¬Ó¬, p r a r
dr

dp
p

2 2 2= − ⇒ = =ρ  ........... (i)
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s
rdr

r p

rdr
a a

r a
p
ar

r

a

r
=

−
= = − =z z2 2

1

2 2 2
21

2 2
b g  [ıÀ]ı˛ ̧ ˜œfl¬ı˛Ì ŒÔÀfl¬ ]

=
ρ2

2a
  [(i)  ŒÔÀfl¬ ]

∴ = ⇒ =ρ
ψ

2 2as
ds

d
as

ı±, s ds a d
−

=
1
2 2 ψ

¸˜±fl¬˘fl¬Àı˛ ¬Û±› ˛̊± ̊ ± ˛̊ 2 2s a c= +. ψ

øfl¬ôL≈ s = =0 0, ψ  ˝À˘ c = 0˝ ˛̊/

∴ øÚÀÌ«˚˛ ̧ ˜œfl¬ı˛Ì s a= 1
2

2ψ

14. ï‡ó ̧ —Àfl¬Ó¬ – p r= sinα  ıÀ]ı˛ ̧ ˜œfl¬ı˛Ì/ ’±ı±ı˛ p r= sin φ  ̧ •Ûfl«¬øÈ¬ √õ∂øÓ¬øá¬Ó¬/
∴ sin sinα φ φ α= ⇒ =

s rdr

r r

dr r
r

=
−

= =zz 2 2 2 0sin cos
sec

α α
α  ....... (i)

ρ α= =r
dr

dp
r eccos    [ sin∵ p r= φ  ¤ı— φ α= ]

= scot α  [(i)  ŒÔÀfl]

∴ = =
ds

d
s

ψ
ρ αcot

ı±, ds
s

d= cotα ψ

¸˜±fl¬˘ fl¬Àı˛ ¬Û±› ˛̊± ̊ ± ˛̊, log cot logs c= +ψ α

⇒ =s ceψ αcot , ̋ ◊˝±˝◊ ̧ ˜œfl¬ı˛Ì/

’øÓ¬øı˛ñ ¬Û±Í¬
(Selected Readings)

1. Edwards D ; Integral Calculus

2. Das, B. & B.N Mukherjee; Integral Calculus.

3. Shanti Narayan; Integral Calculus

4. Mc. Shane E.J; Integration

5. Maity K & R K. Ghosh, Integral Calculus.



148

·Í¬Ú

7.1 √õ∂ô¶∏±ıÚ±

7.2 Î¬◊ÀV˙…

7.3 øZ-¸˜±fl¬À˘ı˛ ¸—:± ï’±˚˛Ó¬±fl¬±ı˛ Œé¬ÀS Î¬◊¬Ûı˛ó

7.3.1 ]˜±i§̊ ˛œ ¸˜±fl¬˘

7.3.2 ’±˚˛Ó¬Àé¬S ı…Ó¬œÓ¬ ’Ú… ’±ıX¬ Œé¬ÀSı˛ Î¬◊¬Ûı˛ øZ¸˜±fl¬˘ øÚÌ«˚˛

7.3.3 øZ-¸˜±fl¬À˘ ‰¬˘ı˛±ø˙ı˛ ı˛”¬Û±ôL√ı˛

7.4 ¸˜Ó¬ø˘fl¬ Œé¬ÀSı˛ Œé¬SÙ¬˘ øÚÌ«˚˛

7.4.1 ıÀ]ı˛ ¸˜œfl¬ı˛ÀÚı˛ øıøˆ¬iß ı˛”À¬Ûı˛ ÊÚ… Œé¬SÙ¬À˘ı˛ ¸”S

7.5 √’±ıÓ«¬Ú ÊøÚÓ¬ ‚Úıô¶∏≈ı˛ ’±˚˛Ó¬Ú › Î¬◊¬Ûøı˛Ó¬À˘ı˛ Œé¬SÙ¬˘

7.6 ¸±ı̨±—˙

7.7 øı¯∏˚˛ ≈̃‡œ ŒÂ±È¬ √õ∂ùü±ı˘œ (MCQ)

7.7.1 øı¯∏˚˛˜≈‡œ ŒÂ±È¬ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛

7.8 ¸ı«À˙¯∏ √õ∂ùü±ı˘œ

7.8.1 ¸ı«À˙¯∏ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛

¤fl¬fl¬ 7 qqqqq øZ-¸˜±fl¬˘ ¤ı— Œé¬SÙ¬˘ › ’± ˛̊Ó¬Ú øÚÌ«̊ ˛ –
(Evaluation of Double Integrals, Volumes & Surface Areas)



149

7.1 √õ∂ô¶∏±ıÚ± –

’±À·ı˛ ¤fl¬fl¬ ·≈ø˘ÀÓ¬ ’±À˘±ø‰¬Ó¬ ¸±Ò±ı˛Ì ı± ¤fl¬˜±øSfl¬ ¸˜±fl¬À˘ı˛ ¬Ûı˛ ¤ ◊̋ ¤fl¬Àfl¬ øZ˜±øSfl¬ ¸˜±fl¬˘ ¸•ÛÀfl«¬

Ò±ı˛Ì±, øÚÌ«˚˛ ¬ÛX¬øÓ¬ › √õ∂À˚˛±· øı¯∏À˚˛ ’±À˘±‰¬Ú± fl¬ı˛± ˝Àı/ Ó¬±Â±h¬± Ê…±ø˜øÓ¬fl¬ Œé¬ÀS øÚø«©Ü ¸˜±fl¬À˘ı˛ ¸±Ô«fl¬

√õ∂À˚˛±· fl¬Àı˛ øfl¬ˆ¬±Àı Œé¬SÙ¬˘ › ’±˚˛Ó¬Ú øÚÌ«˚˛ fl¬ı˛± ˚±˚˛ Ó¬±› øı˙ˆ¬±Àı Œ‡±Ú ˝Àı/ ı±ô¶∏ı ¸˜¸…±ıø˘ı˛

¸±ÀÔ ¸˜±fl¬˘·≈ø˘ øfl¬ˆ¬±Àı ≈̊ñ ˝ÀÓ¬ ¬Û±Àı˛ ¤ı— Œ¸·≈ø˘ ¸˜±Ò±ÀÚ ¸±˝±˚… fl¬ı˛ÀÓ¬ ¬Û±Àı˛ Ó¬±› ’Ú≈̇ œ˘Úœı˛ ˜±Ò…À˜

Î¬◊¬Ûª±¬ÛÚ fl¬ı˛± ˝Àı/

7.2 √Î¬◊ÀV˙… –

¤˝◊ ¤fl¬fl¬ ¬Û±Í¬ fl¬Àı˛ ’±¬ÛøÚ

l ¸˜±fl¬˘ ¸•ÛÀfl«¬ ˘t Ò±ı˛Ì±ı˛ √õ∂¸±ı˛ ‚øÈ¬À˚˛ øZ˜±øSfl¬ ¸˜±fl¬À˘ı˛ ¸ø˝Ó¬ ¬Ûøı˛ø‰¬Ó¬ ˝ÀıÚ/

l øÚø«©Ü ¸˜±fl¬À˘ı˛ ˚Ô±Ô« √õ∂À˚˛±· fl¬Àı˛ Œfl¬±ÀÚ± ¸œ˜±ıX¬ Œé¬ÀSı˛ Œé¬SÙ¬˘ › øS˜±øSfl¬ ŒÀ˙ ıX¬ ’=¡À˘ı˛

’±˚˛Ó¬Ú øÚÌ«˚˛ fl¬ı˛ÀÓ¬ ¬Û±ı˛ÀıÚ/

7.3 √øZ-¸˜±fl¬À˘ı˛ ¸—:± ï’±˚˛Ó¬±fl¬±ı˛ Œé¬ÀSı˛ Î¬◊¬Ûı˛ó –

Òı˛± ˚±flƒ¬ x a= ,  x b= ,  y c= ,  y d=  ¸ı˛˘Àı˛‡±·≈ø˘ Z±ı˛± ¸œ˜±ıX¬ ’±˚˛Ó¬Àé¬SøÈ¬ R: , ; ,a b c d

ı± R: ;a x b y d≤ ≤ ≤ ≤  Z±ı˛± ø‰¬ø˝êÓ¬ ¤ı— ¤˝◊ R Œé¬ÀS f x y( , )  ¤˝◊ øZ‰¬˘ øıø˙á¬ ’À¬Ûé¬fl¬øÈ¬¬ ¸œ˜±ıX¬/

’±ı˛› Òı˛± ˚±flƒ¬ x xi= ,  i n= −1 2 1, ,.....,b g  ¤ı— y y j= ; j m= −1 2 1, ......,b g  ¸ı˛˘Àı˛‡±·≈ø˘ Z±ı˛± R-

Œfl¬ m n×  ¸—‡…fl¬ Î¬◊¬Û ’±˚˛Ó¬Àé¬ÀS øıˆ¬±øÊÓ¬ fl¬ı˛± ˝˘ Œ˚‡±ÀÚ

a x x x x x x x bi i n n= < < < < < < < < =− −0 1 2 1 1...... ......

¤ı— c y y y y y y y dj j m m= < < < < < < < < =− −0 1 2 1 1...... ......

Î¬◊¬Û ’±˚˛Ó¬Àé¬S x x y yi i j j− −1 1, ; ,  ¤ı— Î¬◊˝±ı˛ Œé¬SÙ¬˘ Î¬◊ˆ¬˚˛Àfl¬˝◊ ∆ ij ;  Z±ı˛± ¸”ø‰¬Ó¬ fl¬ı˛± ˝˘ ˚‡Ú

Œé¬SÙ¬˘ ∆ i j i i j jx x y y= − −− −1 1a fc h
¤‡Ú ∆ ij  Î¬◊¬Û’±˚̨Ó¬Àé¬ÀS f x y( , ) -¤ı̨ øÚ•ß̧ œ˜± › ÿX«¬¸œ˜± ˚Ô±]À˜ mij  › Mij  ÒÀı̨ øÚ•ßø˘ø‡Ó¬ Œ˚±·Ù¬˘

·≈ø˘ ·Í¬Ú fl¬ı˛± ˝˘ †

s mij ij
j

m

i

n

=
==

∑∑ ∆
11

 ¤ı— S ij ij

j

m

i

n

=
==

∑∑ M ∆
11
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˚ø R ’±˚˛Ó¬Àé¬ÀS f x y( , ) -¤ı˛ øÚ•ß¸œ˜± › ÿX«¬¸œ˜± ˚Ô±]À˜ m › M ˝˚˛ Ó¬±˝À˘

m b a d c s b a d c i( ) ( ) ) ( ).......( )− − ≤ ≤ ≤ − −S M (

Î¬◊¬ÛÀı˛ı˛ øıˆ¬±ÊÀÚ x i n y j mi j, , ,......., ; , , ,.......,= − = −1 2 1 1 2 1b g b g  øıj≈·≈ø˘ Œ˚ˆ¬±Àı ŒÚ›˚˛± ˝À˚˛ÀÂ

Œ¸·≈ø˘ı˛ ª±Ú › ¸—‡…± ı˘ fl¬Àı˛ R-¤ı˛ ’ÀÚfl¬ ÚÓ≈¬Ú øıˆ¬±ÊÚ ·Í¬Ú fl¬ı˛± ˚±˚˛ ¤ı— ¬√õ∂øÓ¬ øıˆ¬±ÊÀÚı˛ ÊÚ…˝◊

Î¬◊¬ÛÀı˛ı˛ (i) Ú— ˙Ó«¬øÈ¬ ¸Ó¬… ˝˚˛/ ’±ı±ı˛, R-¤ı˛ øıøˆ¬iß øıˆ¬±ÊÀÚı˛ ÊÚ… s ¤ı— S ¤ı˛ Œ˚ øıøˆ¬iß ˜±Ú·≈ø˘

¬Û±›˚˛± ˚±˚˛ Ó¬±Àı˛ √¤fl¬øSÓ¬ fl¬Àı˛ sl q  › Sl q  Œ¸Èƒ¬ ≈øÈ¬ ·Í¬Ú fl¬ı˛± ˚±˚˛ ¤ı— Œ¸Èƒ¬ ≈øÈ¬ı˛ √õ∂ÀÓ¬…fl¬øÈ¬ ¸¸…

(i) Ú— ¸•Ûfl«¬ ø¸X¬ fl¬ı˛±˚˛ ’Ô«±» √õ∂ÀÓ¬…fl¬ ¸¸… Î¬◊ˆ¬˚˛ øÀfl¬ ¸œ˜±ıX¬ ˝›˚˛±˚˛ Œ¸Èƒ¬ ≈øÈ¬› Î¬◊ˆ¬˚˛øÀfl¬ ¸œ˜±ıX¬

Ô±Àfl¬/ ¤ ◊̋ sl q -Œ¸ÀÈ¬ı˛ ÿX«¬ ¸œ˜± ˜±Ú (supre mum)-Œfl¬ øÚ•ß̧ ˜±fl¬˘ (Lower iutegral) ı˘± ˝˚˛ ¤ı—

Ó¬±Àfl¬
I = zz f x y dx dy

R

( , )

Z±ı˛± ø‰¬ø˝êÓ¬ fl¬ı˛± ˝˚˛ ¤ı— Sl q Œ¸ÀÈ¬ı˛ øÚ•ß¸œ˜± ˜±Ú (Infimum)-Œfl¬ ÿX«¬ ¸˜±fl¬˘ (upper integral)

ı˘± ˝˚˛ ¤ı— Ó¬±Àfl¬ J f x y dxdy= zz ( , )
R

I J= ˝À˘ f x y,b g  Œfl¬ R  ¤ı˛ Î¬◊¬Ûı˛ ¸˜±fl¬˘ÚÀ˚±·… ı˘± ˝˚˛ ¤ı— Ó¬±Àfl¬ f x y dxdy
R

,b gzz
Z±ı˛± ø‰¬ø˝êÓ¬ fl¬ı˛± ˝˚˛ ¤ı— Ó¬‡Ú I = J

RRR
f x y dx dy f x y dx dy f x y dxdy( , ) ( , ) ( , )= = = zzzzzz

√õ∂±ôL√ø˘ø¬Û-1 øıfl¬ä ¸—:± † Î¬◊¬ÛÀı˛ı˛ øıˆ¬±ÊÀÚı˛ ∆ij  Î¬◊¬Û ’±˚˛Ó¬Àé¬ÀSı˛ ˜ÀÒ… Œ˚Àfl¬±Ú øıj≈ ξ ηij ij,d i -

ŒÓ¬ f x y( , )  ¤˝◊ ’À¬Ûé¬Àfl¬ı˛ ˜±Ú f ij ijξ η,d i  ¤ı— ∆ij -¤ı˛ fl¬Ì« (Diiagonal)-·≈ø˘ı˛ ˜ÀÒ… ı‘̋ M˜øÈ¬Àfl¬

∆  Òı˛± ˝À˘ ∆ ∆→

==

= zz∑∑0

11

lim , ( , ) ,f f x y dxdyij ij ij

j

m

i

n

ξ ηc h
R

 [¤‡±ÀÚ ∆ → ⇒ → ∞ → ∞0 m n, ]

¤ ◊̂̋ ¬±Àı› ’Ô«±» Œ˚±·Ù¬À˘ı˛ ̧ œ˜±˜±Ú ø˝¸±Àı› øZ¸˜±fl¬À˘ı˛ ̧ —:± Œ› ˛̊± ̊ ± ˛̊ ̊ ø ’ı˙… ξ ηij ij,d i -¤ı˛ ̧ fl¬˘

’ıª±ÀÚı˛ ÊÚ… Î¬◊¬ÛÀı˛±ñ ¸œ˜±ı˛ ’øô¶∏Q Ô±Àfl¬/ ¤‡±ÀÚ ∆ Œfl¬ Î¬◊ñ øıˆ¬±ÊÀÚı˛ Ú «̃ (Norm) ı˘± ˝˚˛/

√õ∂±ôL√ø˘ø¬Û-2. øZ¸˜±fl¬À˘ı˛ ¸˜±fl¬˘ÚÀ˚±·…Ó¬±ı˛ ˙Ó«¬ † ¤fl¬øÈ¬ ¸œ˜±ıX¬ Ù¬±—˙Ú f x y( , ) -Œfl¬ R Œé¬ÀSı˛ Î¬◊¬Ûı˛

¸˜±fl¬˘ÚÀ˚±·… ı˘± ˝Àı ˚ø ¤ı— Œfl¬ı˘˜±S ˚ø √õ∂ÀÓ¬…fl¬ ε > 0  ¤ı˛ ÊÚ… ’¬Ûı˛ ¤˜Ú ¤fl¬øÈ¬ ¸—‡…± δ > 0

¬Û±›˚˛± ˚±˚˛ ˚± R ¤ı˛ √õ∂ÀÓ¬…fl¬ øıˆ¬±ÊÀÚı˛ ÊÚ… Ú˜« ∆ < δ  ˝˚˛ ¤ı— Œ˚ Œfl¬±Ú øıˆ¬±ÊÀÚı˛ ÊÚ… ¸˜ø©Ü ’ôL√ı˛

(osullatory sum) S − <s ε  ˝˚˛/

√õ∂±ôL√ø˘ø¬Û-3. øZ¸˜±fl¬À˘ı˛ fl¬øÓ¬¬Û ˛̊ Ò «̃ † ˚ø f f f, ,1 2  Ù¬±—˙Ú·≈ø˘ R Œé¬ÀS ¸—:±Ó¬ x y,  ‰¬˘ı˛±ø˙ZÀ˚˛ı˛

¸˜±fl¬˘ÚÀ˚±·… Ù¬±—˙Ú ˝˚˛ Ó¬±˝À˘
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(i) kf dxdy k f dxdy= zzzz ,
RR

 ˚‡Ú k ¤fl¬øÈ¬ ÒË≈ıfl¬/

(ii) f f dxdy f dxdy f dxdy1 2 1 2+ = + zzzzzz b g
RRR

(iii) f f1 2  ¤˝◊ ·≈ÌÙ¬À˘ı˛ Ù¬±—˙ÚøÈ¬› ¤fl¬˝◊ Œé¬S R-¤ı˛ Î¬◊¬Ûı˛ ¸˜±fl¬˘ÚÀ˚±·…

(iv) 
f

f
1

2
 ¤˝◊ ˆ¬±·Ù¬À˘ı˛ Ù¬±—˙ÚøÈ¬› ¤fl¬˝◊ Œé¬S R-¤ı˛ Î¬◊¬Ûı˛ ¸˜±fl¬˘ÚÀ˚±·… ˚‡Ú f k2 0≥ > .

(v) ˚ø R Œé¬ÀS f ¸˜±fl¬˘ÚÀ˚±·… ˝˚˛ Ó¬±˝À˘ f  Ù¬±—˙ÚøÈ¬› ¤fl¬˝◊ Œé¬ÀS ¸˜±fl¬˘Ú Œ˚±·… ˝Àı ¤ı—

f dxdy f dxdy
R Rzz zz≤

7.3.1 ]˜±i§ ˛̊œ ¸˜±fl¬˘ (Repeated integrals) :

Î¬◊¬Û¬Û±… (Fubini’s theorem) : ˚ø R , ; ,: a b c d  ’±˚̨Ó¬Àé¬SøÈ¬ı̨ Î¬◊¬Ûı̨ øZ¸˜±fl¬˘ I
R

= zz f x y dxdy( , )

-¤ı˛ ’øô¶∏Q Ô±Àfl¬ ¤ı— a b,  ’ôL√ı˛±À˘ x ¤ı˛ √õ∂ÀÓ¬…fl¬ øªı˛ ˜±ÀÚı˛ ÊÚ… f x y dy
c

d
( , )z  ¤ı˛ ’øô¶∏Q Ô±Àfl¬

Ó¬±˝À˘ dx f x y dy
c

d

a

b
( , )zz  ı± f x y dy dx

c

d

a

b
( , )zz { }  ¤ ◊̋ ]˜±i§ ˛̊œ ¸˜±fl¬˘øÈ¬ı˛› ’øô¶∏Q Ô±Àfl¬ ¤ı—

I
R

= = zzzz f x y dxdy dx f x y dy
c

d

a

b
( , ) ( , ) .

’Ú≈ı˛”À¬Û , Œ‡± ˚±˚˛ Î¬◊¬ÛÀı˛ı˛ R-ŒÓ¬ I ¤ı˛ ’øô¶∏Q Ô±fl¬À˘ ¤ı— c d,  ’ôL√ı˛±À˘ y ¤ı˛ ¬√õ∂ÀÓ¬…fl¬ øªı˛

˜±ÀÚı˛ ÊÚ… f x y dx
a

b
( , )z  ¤ı˛ ’øô¶∏Q Ô±fl¬À˘ ]˜±i§̊ ˛œ ¸˜±fl¬˘ dy f x y dx

a

b

c

d zz ( , )

ı± f x y dx dy
a

b

c

d zz ( , ){ } -¤ı˛ › ’øô¶∏Q Ô±fl¬Àı ¤ı— I ( , )= =zz zzf x y dxdy dy f x y dx
R a

b

c

d
( , )

√õ∂±ôL√ø˘ø¬Û † øZ-¸˜±fl¬À˘ı˛ ¸—:±˚˛ f x y( , ) -Œfl¬ Œfl¬ı˘ ¸œ˜±ıX¬ Òı˛± ˝À˚˛øÂ˘/ øfl¬ôL√≈ f x y( , )  ¸ôL√Ó¬ ˝À˘

Î¬◊˝± ¸œ˜±ıX¬ ˝˚˛/ ’Ó¬¤ı ˚ø R: , ; ,a b c d  ’±˚˛Ó¬Àé¬ÀS f x y( , )  ¸ôL√Ó¬ ˝˚˛ Ó¬±˝À˘ ‹ Œé¬ÀS f ’ı˙…˝◊

¸˜±fl¬˘ÚÀ˚±·…/

’±ı±ı˛ R-ŒÓ¬ f ¸ôL√Ó¬ ˝À˘ Î¬◊ˆ¬˚˛ ]˜±i§˚˛œ ¸˜±fl¬À˘ı˛ ˜±Ú ¸˜±Ú ˝Àı/ ¸≈Ó¬ı˛±— R-Œé¬ÀS f ¸ôL√Ó¬ ˝À˘

f dxdy dx f dy dy f dx
a

b

a

b

c

d

c

d

Rzz z zzz= = .
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M

A

E

B

y

d

c

o a b x

x=b
L

x=a

y=d

7.3.2 ’±˚˛Ó¬Àé¬S ı…Ó¬œÓ¬ ’Ú… Œfl¬±Ú ’±ıX¬ Œé¬ÀSı˛ Î¬◊¬Ûı˛ øZ¸˜±fl¬˘ øÚÌ«̊ ˛ –

Òı˛± ˚±flƒ¬ ø‰¬ÀS ¬√õ∂ø˙«Ó¬ E Œé¬SøÈ¬ C ı]Àı˛‡± Z±ı˛± ¤˜Úˆ¬±Àı ’±ıX¬ Œ˚ ‹ Œé¬S·±˜œ ¤ı— Œ˚ Œfl¬±Ú ’Àé¬ı˛

¸Àº ¸˜±ôL√ı˛±˘ ¸ı˛˘Àı˛‡±·≈ø˘ ı]øÈ¬Àfl¬ ¸ıÀÔÀfl¬ Œı˙œ ≈ı±ı˛ ŒÂ fl¬Àı˛/

Òı˛± ˚±flƒ¬ x a x b= =,  ¸ı˛˘Àı˛‡±Z˚˛ C ı]Àfl¬ A › B-

ŒÓ¬ ¤ı— y c y d= =,  ¸ı˛˘Àı˛‡±Z˚˛ C-Œfl¬ L › M-ŒÓ¬ ¶Û˙«

fl¬Àı˛/ Ó¬±˝À˘ E Œé¬SøÈ¬ R : , ; ,a b c d  ’±˚˛Ó¬Àé¬ÀSı˛ øˆ¬Ó¬Àı˛

’ıøªÓ¬/ ˚ø ALB  ¤ı— AMB Œı˛‡±˙ZÀ˚˛ı˛ ¸˜œfl¬ı˛Ì

y x= φ( )  ¤ı— y x= ψ( )  ˝˚˛Ä φ( )x  › ψ( )x  Ù¬±—˙ÚZ˚˛

[ , ]a b - ŒÓ¬ ¸ôL√Ó¬ ˝ ˛̊Ä φ ψ( ) ( )x x≤  ˝ ˛̊ ¤ı— f x y( , )  Ù¬±—˙Ú

E-Œé¬ÀS ¸ôL√Ó¬ ˝˚˛ Ó¬±˝À˘

f x y dxdy f x y dy dx
x

x

a

b
( , ) ( , )

( )

( )

Ezz zz=
φ

ψ{ }
’Ú…ı”̨À¬Û, ˚ø LAM  › MBL Œı˛‡±—˙ZÀ ˛̊ı˛ ¸˜œfl¬ı˛Ì x g y= ( )  › x h y= ( ) ; [ , ]c d  ’ôL√ı˛±À˘ Î¬◊̋ ±ı˛±

¸ôL√Ó¬Ä g y h y( ) ( )≤  ¤ı— f x y( , )  Ù¬±—˙Ú E Œé¬ÀS ¸ôL√Ó¬ ˝˚˛ Ó¬±˝À˘

f x y dx dy f x y dx dy
g y

h y

c

d
( , ) ( , )

( )

( )

Ezz zz= { }

¬√õ∂±ôL√ø˘ø¬Û † øZ¸˜±fl¬À˘ı˛ Ê…±ø˜øÓ¬fl¬ ı…±‡…± † f x y dxdy( , )
Ezz -Œfl¬ Ê…±ø˜øÓ¬fl¬ ˆ¬±Àı øS˜±øSfl¬ ŒÀ˙ xy-

Ó¬À˘ ’ıøªÓ¬ E Œé¬S, E-¤ı˛ ¸œ˜±Àı˛‡±ı˛ √õ∂ÀÓ¬…fl¬ øıj≈ÀÓ¬ z-’Àé¬ı˛ ¸˜±ôL√ı˛±À˘ ’øÇ¬Ó¬ ¸ı˛˘Àı˛‡±¸˜”˝ ›

z f x y= ( , )  ı]Ó¬˘ Z±ı˛± Œıøá¬Ó¬ Œı˘ÀÚı˛ ’±˚˛Ó¬Ú Œı±Á¬±˚˛/

7.3.3 øZ¸˜±fl¬À˘ ‰¬˘ı˛±ø˙ı˛ ı˛”¬Û±ôL√ı˛ (Transformation) –

’ÀÚfl¬ Œé¬ÀS ‰¬˘ı˛±ø˙ı˛ ı”̨¬Û±ôL√ı˛ ‚øÈ¬À ˛̊ ¸˜±fl¬˘Ú √õ∂ø] ˛̊±Àfl¬ ¸˝ÊÓ¬ı˛ fl¬ı˛± ˚± ˛̊/ Òı˛± ˚±flƒ¬ f x y dxdy( , )
Rzz

¸˜±fl¬˘øÈ¬ øÚı˛”¬ÛÀÚı˛ ÊÚ… x u v= φ ( , ),  y u v= ψ ( , )  ¤˝◊ ı˛”¬Û±ôL√ı˛ ‚È¬±ÀÚ± ˝˘, Œ˚‡±ÀÚ φ ν( , ),u ψ ν( , )u

Ù¬±—˙ÚZ˚˛ u v−  Ó¬À˘ R' ŒÔÀfl¬ x y−  Ó¬À˘  R Œé¬ÀS ‹øfl¬fl¬ ¸•Ûfl«¬ (one to one correspondence)

ıÊ±˚˛ Œı˛À‡ ı˛”¬Û±ôL√ı˛ ‚È¬±˚˛ ¤ı— 
∂

∂

( , )

( , )

x y

u v
=  

∂

∂

∂

∂

∂

∂

∂

∂

x

u

y

u

x

v

y

v

y=c

C
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y

y=x

x=1

(1,0)y=0
O

R

Ê…±Àfl¬±øı˚˛±Ú (Jocobian)-¤ı˛ ø‰¬˝ê R'-¤ı˛ ’ˆ¬…ôL√Àı˛ ’¬Ûøı˛ıøÓ«¬Ó¬ Ô±Àfl¬ ˚ø› R' ¤ı˛ ¸œ˜±Àı˛‡±ı˛ Î¬◊¬Ûı˛

fl¬øÓ¬¬Û˚˛ øıj≈ÀÓ¬ ˜±Ú ˙”Ú… ˝ÀÓ¬ ¬Û±Àı˛/ Ó¬±˝À˘ ¸˜±fl¬˘øÈ¬ øÚ•ßı˛”À¬Û ı˛”¬Û±ôL√øı˛Ó¬ ˝˚˛ †

f x y dxdy f u v u v
x y

u v
dudv i

R
( , ) ( , ), ( , )

( , )

( , )
......( )

Rzz zz=
′

φ ψ
∂

∂
k p

’Ú≈̇ œ˘Úœñ1

Î¬◊±˝ı˛Ì-1. ˜±Ú øÚÌ«̊ ˛ fl¬ı≈̨Ú † xy x y dxdy( ) ,2 2+zzR  ˚‡Ú R a b: , ; ,0 0

¸˜±Ò±Ú † Œ˚À˝Ó≈¬ xy x y2 2+e j  Ù¬±—˙ÚøÈ¬ R-Œé¬ÀS ¸ôL√Ó¬, ’Ó¬¤ı

xy x y dxdy xy x y dy dx
x y xy

dx
b

b

aa

Rzz z zz+ = + = +
F
HG

I
KJ

2 2 2 2

0

3 2 4

0
00 2 4e j e j{ }

= +
F
HG

I
KJ = + ⋅

L
NM

O
QPz b x b x

dx
b x b xa

a
2 3 4 2

0

4 2 2

0
2 4 2 4 2 2

= +
F
HG

I
KJ = +

b a b a a b
a b

2 4 2 2 2 2
2 2

2 4 4 8 e j

Î¬◊±˝ı˛Ì-2. 4 2 2
x y dxdy−zzR -¤ı˛ ˜±Ú øÚÌ«˚˛ fl¬ı≈̨Ú ˚‡Ú R Œé¬SøÈ¬ x = 1, y = 0, y = x Œı˛‡±Z˚˛

Z±ı˛± ¸œ˜±ıX¬/

¸˜±Ò±Ú † ¤‡±ÀÚ ø‰¬ø˝êÓ¬ øS ≈̂¬ÊøÈ¬ R Œé¬S Œ˚‡±ÀÚ x-¤ı˛ øıô¶∏±ı˛ 0 ŒÔÀfl¬ 1 øıj≈ y ¤ı˛ øıô¶∏±ı˛ 0 ŒÔÀfl¬

x ¬Û˚«ôL√/

’Ó¬¤ı øÚÀÌ«̊ ˛ ¸˜±fl¬˘

= −zz 4 2 2

00

1
x y dy dx

x{ }

= ⋅ − +
L
NM

O
QP

−z y
x y

x y

x
dx

x

2
4

4

2 2
2 2

2
1

0
0

1
sin .

= +
RST

UVW
−z 3

2
2

1

2
2 2 1

0

1
x x dxsin
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= + ⋅
F
HG

I
KJ = +

F
HG

I
KJ
L
NM

O
QP

= +
F
HG

I
KJz 3

2
2

6

3

2 3 3

1

3

3

2 3
2

3

0

1

0

1 π π π
x dx

x
.

Î¬◊±˝ı˛Ì-3. ˜±Ú øÚÌ«̊ ˛ fl¬ı≈̨Ú † = +zz cos x y dxdyb g
00

2
π

π

¸˜±Ò±Ú † √õ∂M ¸˜±fl¬˘ = +zz cos x y dx dyb g{ }00
2

π
π

= + = + − +zz sin( ) sin sin( )x y dy y y dy
0 0

2
0
2 0

π
ππ

πb g

= − − = = −
L
NM

O
QPz sin sin cos cos cosy y dy yb g 2 2

2
0

0
2

0
2

ππ
π

= −2.

Î¬◊±˝ı˛Ì-4. ˜±Ú øÚÌ«̊ ˛ fl¬ı≈̨Ú † r dr d θ
θ

π

0

2 1

0
2

+zz cosb g

¸˜±Ò±Ú † √õ∂M ¸˜±fl¬˘ = =
L
NM

O
QP

+
+

z zz r dr d
r

d
0

2 1
2

0

2 1

0
2

0
2

2

( cos )
( cos )

θ
θ

ππ

θ θ{ }

=
+

= + +zz 4 1

2
2 1 2

2

2

0
2

0
2

cos
cos cos

θ
θ θ θ θ

ππ b g e jd d

= + + +zzz2 4 1 2
0
2

0
2

0
2 d d dθ θ θ θ θ

πππ

cos cosb g

= + ⋅ + +
L
NM

O
QP2 4

2

20
2

0
2

0
2

0

2
θ θ θ

θ
π π π

π

sin
sin

= + + + = +π
π π

4
2

0
3

2
4.

Î¬◊±˝ı˛Ì-5. ˜±Ú øÚÌ«̊ ˛ fl¬ı≈̨Ú † x y dx dy
2 2

Rzz
˚‡Ú ïfl¬ó R : , ,x y x y≥ ≥ + ≤0 0 12 2o t  ï‡ó R:x y

2 2 1+ ≤
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¸˜±Ò±Ú † ïfl¬ó ¤Àé¬ÀS R ˝˘ x y
2 2 1+ =  ı‘ÀMı˛ Œ˚ Œé¬S±—˙øÈ¬ √õ∂Ô˜¬Û±À ’ıøªÓ¬/ ’Ó¬¤ı √õ∂M

¸˜±fl¬˘ =
RST

UVWz z −
x y dy dx

x2

0

1 2

0

1 2

[∴ √õ∂Ô˜ ¬Û±À x  ¤ı˛ ˜±Ú 0 ŒÔÀfl¬ 1 ¤ı— y ¤ı˛ ˜±Ú 0 ŒÔÀfl

y x= −1 2 ¬  ¬Û˚«ôL√]

=
L
NM

O
QP

= −

−

zz x
y

dx x x dx

x

2
3

0

1

2

0

1 2
3

2

0

1

3

1

3
1

2

e j

= z1

3
2 4

0
2 sin cosθ θ θ
π

d [ x = sinθ  ÒÀı˛]

= ⋅
+ +F

H
I
K =

F
H

I
K

F
H

I
K

+F
H

I
K

1

3

1

2

2 1

2

4 1

2

1

6

3

2

5

2

3

2

5

2

B ,

Γ Γ

Γ

= ⋅

F
H

I
K ⋅ ⋅ F

H
I
K

⋅ ⋅

1

6

1

2

1

2

3

2

1

2

1

2

3 2 1

Γ Γ
∴ + =Γ Γn n n1b g ( )

=
π

96
∴

F
H

I
K =

L
NM

O
QPΓ

1

2
π

ï‡ó Œ˚À˝Ó≈¬ ı‘MøÈ¬ x-’é¬ › y-’é¬ Î¬◊ˆ¬À˚˛ı˛ ¸±À¬ÛÀé¬˝◊ √õ∂øÓ¬¸˜ ¤ı— Œ˚À˝Ó≈¬ ¸˜±fl¬˘Ê f x y x y( , ) = 2 2

Î¬◊ˆ¬˚˛ ’Àé¬ı˛ ¸±À¬ÛÀé¬ √õ∂øÓ¬¸˜

’Ó¬¤ı, ¸˜·Ë ı‘M˝◊ ˚‡Ú ¸˜±fl¬À˘ı˛ Œé¬S Ó¬‡Ú

√õ∂M ¸˜±fl¬˘ = × =4
96 24

π π
.

Î¬◊±˝ı˛Ì-6. ˜±Ú øÚÌ«̊ ˛ fl¬ı≈̨Ú † xy x y dxdy+zz b g
R

 ˚‡Ú R Œé¬SøÈ¬ y x= 2  ¤ı— y x=  Z±ı˛± ¸œ˜±ıX¬/

¸˜±Ò±Ú † √õ∂M Œı˛‡±Z˚˛ (0,0) › (1,1) øıj≈ÀÓ¬ ŒÂ fl¬Àı˛Ä ¸≈Ó¬ı˛±— x = 0  ŒÔÀfl¬ x = 1  ¬Û˚«ôL√Ä y ¤ı˛

˜±Ú y x= 2  ŒÔÀfl¬ y x=  ¬Û˚«ôL√ øıô¶∏‘Ó¬/ ’Ó¬¤ı √õ∂M ¸˜±fl¬˘

= +zz xy x y dy dx
x

x 2 2

0

1

2 e j{ }
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= + ⋅
L
NM

O
QP =

=

z x
y

x
y

dx

y x

y x
3

2
2

0

1

3 2 2

= + − −
F
HG

I
KJ = − −

F
HG

I
KJzz x x x x

dx x
x x

dx
4 4 7 6

4
7 6

0

1

0

1

3 2 3 2

5

6 3 2

= ⋅ − − ⋅
L
NM

O
QP

= − − = =
5

6 5

1

3 8

1

2 7
16

1

24

1

14

9

168

3

56

5 8 7

0

1

x x x
.

Î¬◊±˝ı˛Ì-7. √õ∂Ô˜ ¬Û±À x = 0,  x y+ = 2,  y x
2 4=  Z±ı˛± ’±ıX¬ Œé¬S R ¤ı˛ Î¬◊¬Ûı˛ 1+zz x y dxdyb g

R

¤ı˛ ˜±Ú øÚÌ«˚˛ fl¬ı≈̨Ú/

¸˜±Ò±Ú † ø‰¬S±Ú≈̊ ±˚˛œ x y+ = 2  › y x
2 4=  Œı˛‡± ≈øÈ¬ A 4 2 3 2 2 3− − +,e j  øıj≈ÀÓ¬ ŒÂ fl¬Àı˛/

‹ øıj≈ı˛ Œfl¬±øÈ¬ BA Z±ı˛± ¸˜±fl¬À˘ı˛ Œé¬S R Œfl¬ ≈øÈ¬ Œé¬S R1 › R2 ŒÓ¬ øıˆ¬ñ fl¬ı˛± ˝˘/

∴ R = R1 + R2

¤ı— R1 Œé¬ÀS x ¤ı˛ ˜±Ú 0 ŒÔÀfl¬ 4 2 3−  › y ¤ı˛ ˜±Ú 0 ŒÔÀfl¬ 4x  ¬¬Û˚«ôL√ ¤ı— R2 Œé¬ÀS

x ¤ı˛ ˜±Ú 4 2 3−  ŒÔÀfl¬ 2 › y-¤ı˛ ˜±Ú 0 ŒÔÀfl¬ 2–x ¬Û˚«ôL√ øıô¶∏‘Ó¬/

∴ √õ∂M ¸˜±fl¬˘ = + + +zzzz ( ) ( )1 1
2

x y dxdy x y dxdy
RR

= +
RST

UVW + +z z zz −

−−
( ) ( )1 1

0

2

4 2 3

2

0

2

0

4 2 3
x ydy dx x y dy dx

x x{ }

= +
L
NM

O
QP

+ +
L
NM

O
QP−

−
− zz ( ) ( )1

2
1

2

2

0

2

4 2 3

2
2

0

2

0

4 2 3
x

y
dx x

y
dx

x x

= + + + −
−

− zz ( ) ( )1 2
1

2
1 2

4 2 3

2 2

0

4 2 3
x x dx x x dxb g

= +
L
NM

O
QP

+ − ⋅ +
L
NM

O
QP

−

−

2
2 3

1

2 4
3

3
4

2 3

0

4 2 3
4 3

4 2 3

2
x x x x

x

y

o (1,0)

(1,1)

y=x2

y=x

x

y

A

y2=4x

R1 R2

(2.0)BO x

x+
y=2
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= − + −
L
NM

O
QP+ − +RST

UVW− − − − + −
RST

UVW
L
NM

O
QP2

1

2
4 2 3

1

3
4 2 3

1

2

16

4
8 8

16

4
2 3 8 2 3 4 4 2 3

2 3 4 3

e j e j e j e j e j

= − + −
F
H

I
K

L
NM

O
QP + − − − − + −L

NM
O
QP7 4 3

52

3
10 3 2 2 97 56 3 4 26 15 3 4 2 3e j ee j e j{ }

= −
F
H

I
K + − = −

73

3
14 3 168 3 288 154 3

791

3e j

Î¬◊±˝ı˛Ì-8. 
x

a

y

b

2 2

2
1+ =  Î¬◊¬Ûı‘ÀMı˛ √õ∂Ô˜ ¬Û±Àı˛ Œé¬S±—˙ R ˝À˘

1
2

2

2

2
− −

F
HG

I
KJzz x

a

y

b
dxdy

R  ¤ı˛ ˜±Ú øÚÌ«˚˛ fl¬ı≈̨Ú/

¸˜±Ò±Ú † ¤‡±ÀÚ x au= ,  y bv=  ı˛”¬Û±ôL√ı˛ ÒÀı˛

J
( , )

=
∂

∂

x y

u v( , )
 =

∂

∂

∂

∂

∂

∂

∂

∂

x

u

y

u

x

v

y

v

= =
a

b
ab

0
0

.  ¤ı— ¬Ûøı˛ıøÓ«¬Ó¬ ¸˜±fl¬À˘ı˛ Œé¬S R' : u v
2 2 1+ = , u v-  Ó¬À˘

¤fl¬øÈ¬ ı‘M/

∴ √õ∂M ¸˜±fl¬˘ = − − ⋅zz 1 2 2
1 u v ab dudve j b g

R

= −zzab r rdrd1 2e jR
'' θ [ u r v r= =cos , sinθ θ  ı˛”¬Û±ôL√ı˛ fl¬Àı˛ R'' : r ¤ı˛ ˜±Ú 0 ŒÔÀfl¬ 1

¤ı— θ  ¤ı˛ ˜±Ú 0 ŒÔÀfl¬ π

2
 ¬Û˚«ôL√Ä J = r ]

= − = ⋅ −
L
NM

O
QPzzab d r r r dr ab

r r
θ θ

ππ

( )2

0

1

0

2
2 4

0

1

0
2

2 4

= ⋅ −
F
H

I
K = ⋅ab ab

π π

2

1

2

1

4 8
.
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Î¬◊±˝ı̨Ì-9.  Œ‡±Ú Œ˚ x y x y dxdy
l m n

l m n
m n l− − −

− − =
⋅ ⋅

+ +zz 1 1 1
1b g Γ Γ Γ

Γ

( ) ( ) ( )

( )
;

R
 ˚‡Ú l m n, , > 0  ¤ı—

R Œé¬SøÈ¬ x = 0,  y = 0,  x y+ = 1  Z±ı˛± ·øÍ¬Ó¬ øSˆ≈¬Ê/

¸˜±Ò±Ú † x y u+ = ,  x uv=  ’Ô«±» x uv= ,  y u v= −( )1  ı˛”¬Û±ôL√ı˛ ‚È¬±À˘ R ı˛”¬Û±ôL√øı˛Ó¬ ˝À˚˛ u v-

Ó¬À˘ R' ; [0,1; 0,1] Œé¬ÀS ¬Ûøı˛ÌÓ¬ ˝˚˛ fl¬±ı˛Ì x u v= ⇒ = =0 0 0, ;

    y u v= ⇒ = =0 0 1,

¤ı— x y+ = 1  ⇒ =u 1.

’±ı±ı˛ J = =
∂

∂

( , )

( , )

x y

u v

∂

∂

∂

∂

∂

∂

∂

∂

x

u

y

u

x

v

y

v

=
−

−
= −

u v

u u
u

1

⇒ =J u.

∴ √õ∂M ¸˜±fl¬˘ = − − ⋅ ⋅
− − −zz uv u v u u dudv

m n lb g b gm r b g1 1 1
1 1

R'

= − ⋅ −
+ − − − −zz u u du v v dv

m n l m n1 1 1 1

0

1
1 1b g b g

0

1

= + ⋅B m n l m n, ( , )b g B

=
+

+ +
⋅

+
=

+ +

Γ Γ

Γ

Γ Γ

Γ

Γ Γ Γ

Γ

( ) ( )

( )

( ) ( )

( )

( ) ( ) ( )

( )

m n l

l m n

m n

m n

l m n

l m n

√õ∂ùü±ı˘œñ1

˜±Ú øÚÌ«̊ ˛ fl¬ı≈̨Ú †

1. xy dy dx
x

0

1

0

1 2−zz 2. sin , : , ; ,x y dxdy+
L
NM

O
QPzz b g

R
R 0

2
0

2

π π
 3. ye dy dxxy

−zz 1

1

0

2{ }log

4. x y dxdy x y x y2 2 0 1 1 2+ ≤ ≤ ≤ ≤zz e j l q
R

R : ( , ): ,

5. ı̨”¬Û±ôL√Àı̨ı̨ ¸±˝±À˚… 4 2 2 2
a x y dxdy− −zzE  ¤ı̨ ˜±Ú øÚÌ«̊  ̨fl¬ı̨≈Ú ˚‡Ú E Œé¬SøÈ¬ x y ax

2 2 2 0+ − =

ı‘ÀMı˛ Î¬◊¬Ûøı˛ ˆ¬±·/
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√õ∂ùü±ı˘œñ1 ¤ı˛ Î¬◊Mı˛

1. 
1

8
,  2. 2, 3. 

3

2 2
2

log
− , 4. 

8

3
.

5. ¸—Àfl¬Ó¬ † x r= cos ,θ  y r= sinθ  Z±ı˛± ı˛”¬Û±ôL√øı˛Ó¬ fl¬ı˛À˘ E'-ŒÓ¬ r ¤ı˛ ˜±Ú 0 ŒÔÀfl¬ 2a cosθ

¤ı— θ  ¤ı˛ ˜±Ú 0 ŒÔÀfl¬ π

2
 ¬Û˚«ôL√ øıô¶∏‘Ó¬ ˝˚˛/

J = =
∂

∂ θ

( , )

( , )

x y

r
 

∂

∂

∂

∂

∂

∂θ

∂

∂θ

x

r

y

r

x y

=
−

=
cos sin

sin cos

θ θ

θ θr r
r

∴ √õ∂M ¸˜±fl¬˘ = − ⋅ ⋅ = −zz zz4 42 2 2 2

0

2

0
2

1 a r r drd a r rdr d
a

θ θ
θ

π

E

cos{ }

= − −
L
N
MM

O
Q
PP

= − −zz1

3
4

8

3
12 2

3

2

0

2
3

3

0
2

0
2 a r d

a
d

a

e j e j
cos

sin

θ
ππ

θ θ θ

=..................... = −
4

9
3 4

3
a

πb g.

7.4 ¸˜Ó¬ø˘fl¬ Œé¬ÀSı˛ Œé¬SÙ¬˘ øÚÌ«̊ ˛ (Quadrature) :

¤fl¬fl¬-3 ŒÓ¬ øÚø«©Ü ¸˜±fl¬À˘ı˛ Ê…±ø˜øÓ¬fl¬ ı…±‡…± ’Ú≈˚±˚˛œ f x dx
a

b
( )z  ¸˜±fl¬˘ fl¬±ÀÓ«¬¸œ˚˛ ª±Ú±ÀÇ¬ı˛ x-

y Ó¬À˘, x -’é¬, x a=  › x b=  ¸ı˛˘Àı˛‡±Z˚˛ ¤ı— y f x= ( )  ı]Àı˛‡± Z±ı˛± ¸œ˜±ıX¬ Œé¬ÀSı˛ Œé¬SÙ¬˘Àfl¬

¸”ø‰¬Ó¬ fl¬Àı˛/ ¤˝◊ ¤fl¬Àfl¬ Î¬◊Mê ı…±‡…±ı˛ √õ∂À˚˛±· fl¬Àı˛ øıøˆ¬iß Œé¬ÀSı˛ Œé¬SÙ¬˘

f x dx y dx i
a

b

a

b
( ) ..............( )= zz

øÚø«©Ü ¸˜±fl¬À˘ı˛ ¸±˝±À˚… øÚÌ«˚˛ fl¬ı˛± ˝Àı/

^©Üı… † ˚ø x y= φ( )  Ù¬±—˙ÚøÈ¬ [ , ]c d  ’ôL√ı˛±À˘ ¸ôL√Ó¬ ˝˚˛ Ó¬±˝À˘ y -’é¬, y c= ,  y d=  ¤ı—

x y= φ( )  Z±ı˛± ¸œ˜±ıX¬ Œé¬ÀSı˛ Œé¬SÙ¬˘ = z φ( )y dy
c

d

√õ∂±ôL√ø˘ø¬Û-1. Œé¬SÙ¬À˘ı˛ ø‰¬˝ê † øÚø«,È¬ ¸˜±fl¬À˘ı˛ Ê…±ø˜øÓ¬fl¬ ı…±‡…± Œ›˚˛±ı˛ ¸˜˚˛ b a>  ¤ı— [ , ]a b
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y
E M D

y= f(x)

y= (g)x

B
x

A

O x = a x = b

’ôL√ı˛±À˘ f x( ) > 0  Òı˛± ˝À˚˛øÂ˘/ ¤˝◊ ≈˝◊ ˙Ó«¬˝◊ ˚ø Œfl¬±Ú Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛±ı˛ ¸˜˚˛ √õ∂˚≈ñ Ô±Àfl¬ Ó¬±˝À˘

Î¬◊»¬Ûiß Œé¬SÙ¬˘øÈ¬ ÒÚ±Rfl¬ ø‰¬˝ê øıø˙©Ü ˝Àı/ ’Ú…Ô±˚˛ Œé¬SÙ¬À˘ı˛ ø‰¬˝ê ŸÌ±Rfl¬ øÚÚœ«Ó¬ ˝Àı/

^©Üı… † x ı‘øX¬ı˛ øÀfl¬ ı] ıı˛±ıı˛ ·øÓ¬˙œ˘ ˝À˘ øÚÀÌ«˚˛ Œé¬SøÈ¬ ˚ø Î¬±ÚøÀfl¬ ¬ÛÀh¬ Ó¬±˝À˘ (i) Ú— ¸”SZ±ı˛±

Î¬◊»¬Ûiß Œé¬SÙ¬˘ ÒÚ±Rfl¬ øÚÚœ«Ó¬ ˝˚˛/

√õ∂±ôL√ø˘ø¬Û-2. ≈øÈ¬ ıÀ]ı˛ ˜Ò…ıÓ¬œ« Œé¬ÀSı˛ Œé¬SÙ¬˘ †

Òı˛± ˚±flƒ¬ x a= ,  x b= ,  y f x= ( ),  y g x= ( )

Z±ı˛± ¸œ˜±ıX¬ Œé¬ÀSı˛ ïø‰¬ÀS √õ∂ø˙«Ó¬ó

Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛ÀÓ¬ ˝Àı/

Ó¬‡Ú øÚÀÌ«˚˛ Œé¬SÙ¬˘  (CDMEFLC)

= Œé¬SÙ¬˘ ABDMEA – Œé¬SÙ¬˘ ABCLFA

= − zz f x dx g x dx
a

b

a

b
( ) ( ) ,  ˚‡Ú g x f x x a b( ) ( ) [ , ]≤ ∀ ε

¤˝◊ ¸”S ı…ı˝±ı˛ fl¬Àı˛ øÚÌ«˚˛ fl¬ı˛ÀÓ¬ ˝Àı/

7.4.1 ıÀ]ı˛ ¸˜œfl¬ı˛ÀÌı˛ øıøˆ¬iß ı”̨À¬Ûı˛ ÊÚ… Œé¬SÙ¬À˘ı˛ ”̧S –

ïfl¬ó √õ∂±‰¬ø˘fl¬ ı”̨À¬Û √õ∂fl¬±ø˙Ó¬ ıÀ]ı˛ ¸˜œfl¬ı˛ÀÌı˛ ÊÚ… ”̧S †

˚‡Ú ıÀ]ı˛ ¸˜œfl¬ı˛Ì x t= φ ( ),  y t= ψ( )  ¤˝◊ √õ∂±‰¬ø˘fl¬ ı˛”À¬Û √õ∂fl¬±ø˙Ó¬ Ô±Àfl¬ Ó¬‡Ú (i) Ú— ¸”ÀS y-

Œfl¬ ψ( )t  Z±ı˛± ¬√õ∂øÓ¬ª±ø¬ÛÓ¬ fl¬Àı˛ ¤ı— dx t dt= φ ' ( )  ıø¸À˚˛ ¸”SøÈ¬ı˛ ¬Ûøı˛ıøÓ«¬ ı˛”¬Û ¬Û±›˚˛± ˚±˚˛ †

Œé¬SÙ¬˘ = ⋅z ψ φ( ) ( ) ,.............( )'
t t dt ii

t

t

1

2

Œ˚‡±ÀÚ x t= φ( ) -ŒÓ¬ x a=  ˝À˘ t t= 1  ¤ı— x b=  ˝À˘ t t= 2 .

ï‡ó Œ˜ı≈̨ª±Ú±Ç¬ ’±fl¬±Àı˛ √õ∂fl¬±ø˙Ó¬ ıÀ]ı˛ ¸˜œfl¬ı˛ÀÌı˛ ÊÚ… ”̧S †

Òı˛± ˚±flƒ¬ APQB ıÀ]ı˛ ¸˜œfl¬ı˛Ì r f= ( ),θ  Œ˚‡±ÀÚ

f ( )θ  Ù¬±—˙Ú θ θ1 2,b g  ’ôL√ı˛±À˘ ¸¸œ˜, ¤fl¬ ˜±Ú øıø˙á¬

› ¸ôL√Ó¬/ ’±ı˛› Òı˛± ˚±flƒ¬ OA › OB ¸ı˛˘Àı˛‡±ZÀ˚˛ı˛

¸˜œfl¬ı˛Ì ˚Ô±]À˜ θ θ= 1  › θ θ= 2  ¤ı— p r,θb g  øıj≈

AB ı]±—À˙ı˛ Œ˚ Œfl¬±Ú ª±ÀÚ ’ıøªÓ¬/ ¤‡Ú OAPO

Œé¬ÀSı˛ Œé¬SÙ¬˘ s Òı˛± ˝À˘ ’ı˙… ◊̋ Î¬◊̋ ± θ -¤ı˛ Ù¬±—˙Ú/

B

T

B

A

r = f(θ)

O

θ1θ2

R

P = (r,θ)

Q = (r+∆r, ,θ+∆θ

F L
C
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’±ı±ı˛ Q r r+ +∆ ∆θ,θb g  øıj≈ P ¤ı˛ ‡≈ı fl¬±ÀÂ ÒÀı˛

OPQO Œé¬ÀSı˛ Œé¬SÙ¬˘ ∆s  Òı˛± ˝˘/

ø‰¬S±Ú≈¸±Àı˛ ı‘M‰¬±¬Û ÒÀı˛ OPTO < √õ∂M ı]‰¬±¬Û ÒÀı˛ OPQO < ı‘M‰¬±¬Û ÒÀı˛ ORQO

ı±, 1

2

1

2
2 2

r s r r∆θ ∆ ∆ ∆θ< < +b g

ı±, 
1

2

1

2

2 2
f

s
fθ θb gm r l q< < +

∆

∆θ
∆θ( )

∴ ∆θ ∆θ ∆θ

∆

∆θ
∆θ→ → →

L
NM

O
QP < < +

L
NM

O
QP0

2

0 0

21

2

1

2
lim lim lim( )f

s
fθ θl q b gm r

⇒ =
ds

d
f

θ
θ

1

2

2
( )l q [∴ 

∆θ ∆θ→ + =0
lim ( ) ( ),f fθ θ  fl¬±ı˛Ì f ( )θ  ¸ôL√Ó¬/]

¸˜±fl¬˘ fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛ ds f d
s

= zz 1

2

2

0 1

2
θ θ

θ

θ b gm r
˚‡Ú P øıj≈ı˛ ’ıª±Ú A Ó¬‡Ú s = 0, θ θ= 1  ¤ı— P ¤ı˛ ’ıª±Ú B Ó¬‡Ú  s = S, θ θ= 2

ı± S ( )= z1

2

2

1

2
f dθ θ

θ

θ l q

ı±, S = z1

2
2

1

2
r dθ

θ

θ
.............(iii)

√õ∂±ôL√ø˘ø¬Û-1. r f1 1= θb g,  r f2 2= θb g  ı]Z˚˛ › θ θ= 1,  θ θ= 2  ¸ı˛˘Àı˛‡±Z˚˛ Z±ı˛± ¸œ˜±ıX¬ Œé¬ÀSı˛

Œé¬SÙ¬˘ = −z1

2 2
2

1
2

1

2
r r d ive j θ

θ

θ
.....( )

√õ∂±ôL√ø˘ø¬Û-2. ¸”S (iii)-Œfl¬ fl¬±ÀÓ«¬¸œ˚˛ ª±Ú±Ç¬ x, y ¤ı˛ ˜±Ò…À˜ √õ∂fl¬±˙ fl¬ı˛± ˚±˚˛/

˚‡Ú x r= cos ,θ  y r= sinθ  Ó¬‡Ú r x y
2 2 2= + ,  θ = −tan 1 y

x
/

∴ r d x y d
y

x
2 2 2 1θ = +

F
HG

I
KJ

−e j tan

= + ⋅

+ F
H

I
K

⋅
−

= −x y
y

x

xdy ydx

x
xdy ydx2 2

2 2

1

1

c h

⇒  r
d

dt
x

dy

dt
y

dx

dt
2 θ

= − ,  ˚‡Ú x,y Î¬◊ˆ¬À˚˛˝◊ t ¤ı˛ Ù¬±—˙Ú/

A › B øıj≈ÀÓ¬ t ¤ı˛ ˜±Ú t1 › t2 ˝À˘ (iii) Ú— ¸”S ’Ú≈̊ ±˚˛œ

}
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S ......( )= = −
F
HG

I
KJz z1

2

1

2
2

1

2

1

2
r

d

dt
dt x

dy

dt
y

dx

dt
dt v

t

t

t

tθ

^©Üı… † ¸œ˜±Àı˛‡± ıı˛±ıı˛ Œ˚ øÀfl¬ ’·Ë¸ı˛ ˝À˘ t ¤ı˛ ˜±Ú ıøX«¬Ó¬ ˝˚˛ Œ¸˝◊ øÀfl ˚±›˚˛±ı˛ ¸˜˚˛ Œé¬SøÈ¬

ı±˜øÀfl¬ ’ıøªÓ¬ ˝À˘ (v) ¤ı˛ ˜±Ú ÒÚ±Rfl¬ øÚÌœ«Ó¬ ˝˚˛/

 ’Ú≈̇ œ˘Úœñ2

Î¬◊±˝ı˛Ì-1. x y a
2 2 2+ =  ı‘ÀMı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı≈̨Ú/

¸˜±Ò±Ú † √õ∂Ô˜ ¬Û±À √õ∂M ı‘ÀMı˛ ¤fl¬ ‰¬Ó≈¬Ô«±—˙ øı…˜±Ú/ ’Ó¬¤ı

ı‘ÀMı˛ Œé¬SÙ¬˘ = 4× √õ∂Ô˜¬Û±Àı˛ ı‘M±—À˙ı˛ Œé¬SÙ¬˘

     = × z4
0

y dx
a

 [∴ x  ¤ı˛ ˜±Ú 0 ŒÔÀfl¬ a ¬Û «̊ôL√]

= × −z4 2 2

0
a x dx

a
∴ + = ⇒ = −L
NM

O
QPx y a y a x2 2 2 2 2

= ⋅ − +
L
NM

O
QP

−4
2 2

2 2
2

1

0

x
a x

a x

a

a

sin

= ⋅ = ⋅ =−4
2

1 2
2

2
1 2 2a

a asin
π

π  ı·«¤fl¬fl¬/

Î¬◊±˝ı˛Ì-2. y ax
2 4=  ’øÒı‘M ¤ı— Î¬◊˝±ı˛ Ú±øˆ¬˘•§ Z±ı˛± ¸œ˜±ıX¬ Œé¬ÀSı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛≈Ú/

¸˜±Ò±Ú † ’øÒı‘MøÈ¬ x-’Àé¬ı˛ ¸±À¬ÛÀé¬ √õ∂øÓ¬¸˜, S(a,0) Ú±øˆ¬ ¤ı— ASB Ú±øˆ¬˘•§/

∴ øÚÀÌ«˚˛ Œé¬SÙ¬˘ OBSAO = 2× OSAO

= z2
0

y dx
a

[∴x ¤ı˛ ˜±Ú 0 ŒÔÀfl¬ a ¬Û˚«ôL√]

= z2 4
0

axdx
a

∴ =y ax2 4

=

L

N
M
M
M

O

Q
P
P
P

=4
3

2

8

3

3

2

0

2
a

x
a

a

 ı·« ¤fl¬fl¬/

y

x
O

x2+y2=a2

(a,o)

O x

y
A

B

S(a,o)

y2= 4ax

Ú±øˆ¬˘•§
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Î¬◊±˝ı˛Ì-3. √õ∂Ô˜¬Û±À x y
2 2 4+ =  ¤ı— x y x

2 2 4 0+ − =  ı‘MZ˚˛ Z±ı˛± ¸œ˜±ıX¬ Œé¬ÀSı˛ Œé¬SÙ¬˘

øÚÌ«˚˛ fl¬ı≈̨Ú/

¸˜±Ò±Ú † √õ∂Ô˜ ı‘ÀMı˛ Œfl¬f O ¤ı— ı…±¸±X«¬

2; ˝◊˝± øZÓ¬œ˚˛ ı‘ÀMı˛ Œfl¬f B (2,0) ·±˜œ/ ı‘MZ˚˛

√õ∂Ô˜¬Û±À C(1 3, ) øıj≈ÀÓ¬ ŒÂ fl¬Àı˛/ x-’Àé¬ı˛

Î¬◊¬Ûı˛ CA ˘•§, ’Ó¬¤ı A øıj≈ı˛ ª±Ú±Ç¬ (1,0)/

∴ øÚÀÌ«˚˛ Œé¬SÙ¬˘ = OABCO = OACO

+ ABCA

= − + −zz 4 42 2

1

2

0

1
x dx x x dx [∴ √õ∂Ô˜ ı‘ÀM y x= −4 2  ¤ı— øZÓ¬œ˚̨ ı‘ÀM y x x= −4 2

]

= − + − −zz 2 2 22 2 2 2

1

2

0

1
x dx x dxb g

=
−

+
L
N
M
M

O
Q
P
P

+
−

− +
−L

NM
O
QP

− −x x x x
x x

x4

2

4

2 2

2

2
4

4

2

2

2

2
1

0

1

2 1

1

2

sin sin
b g b g

= + ⋅
L
NM

O
QP

+ − − + −
F
H

I
K

RST
UVW

L
NM

O
QP

= +
3

2
2

6

1

2
3 2

6
3

2

3

π π π
 ı·«¤fl¬fl¬

Î¬◊±˝ı˛Ì-4. y x
2 1= −  ’øÒı‘ÀMı˛ ı±ø˝Àı˛ı˛ øÀfl¬ › x y

2 2 1+ =  ı‘ÀMı˛ ˜Ò…ıÓ¬œ« ’—À˙ı˛ Œé¬SÙ¬˘ fl¬Ó¬∑

¸˜±Ò±Ú † ı]ZÀ˚˛ı˛ ¸˜œfl¬ı˛Ì ¸˜±Ò±Ú fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛ ŒÂ øıj≈ ·≈ø˘ A(0,1), B(1,0) ¤ı— C(0,–1)/

’±ı±ı˛ Î¬◊ˆ¬˚˛ ı]˝◊ x-’Àé¬ı˛ ¸±À¬ÛÀé¬ √õ∂øÓ¬¸˜Ä ’Ó¬¤ı øÚÀÌ«˚˛ Œé¬SÙ¬˘

= 2 [OBMAO – OBLAO]

= − − −L
NM

O
QPzz2 1 12

0

1

0

1
x dx x dx

= − +
RST

UVW −
−

−
RST

UVW
L
N
M
M

O
Q
P
P

−2
2

1
2

3
12 1

0

1 3

2

0

1
x

x x xsin b g

= −
L
NM

O
QP = −2

2

2

3

4

3

π
π  ı·«¤fl¬fl¬/

y

C

O A B x

x2+y2=4
x2+y2–4x=0

O B x

C (0,–1)

A (0,1)

B

(1, 0)

M

L
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Î¬◊±˝ı˛Ì-5. x a t= cos ,  y b t= sin  Î¬◊¬Ûı‘ÀMı˛ √õ∂Ô˜¬Û±À ’ıøªÓ¬ Œé¬ÀSı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛≈Ú/

¸˜±Ò±Ú † Î¬◊¬Ûı‘MøÈ¬ı˛ A øıj≈ÀÓ¬ x a= ; ’Ó¬¤ı cost = 1  ⇒ =t 0  ¤ı— B øıj≈ÀÓ¬ y = b,

’Ó¬¤ı sin t = 1  ⇒ =t
π

2
.

∴ øÚÀÌ«˚˛ Œé¬SÙ¬˘ OALBO

= −
F
HG

I
KJz1

2 0
2 x

dy

dt
y

dx

dt
dt

π

= ⋅ − −z1

2 0
2 a t b t b t a t dtcos cos sin sinb gm r
π

= = =z1

2 2 40
2

0
2 abdt

ab
t

ab
ππ

π  ı·«¤fl¬fl¬/

¸—:± † ¤fl¬øÈ¬ ı‘MÀfl¬ ¤fl¬øÈ¬ ¸ı˛˘Àı˛‡± ıı˛±ıı˛ ˚ø

·øh¬À ˛̊ ïÚ± ‚À¸ó Œ› ˛̊± ˚± ˛̊ Ó¬±˝À˘ ı‘ÀMı˛ ¬Ûøı˛øÒı˛ Î¬◊¬Ûı˛

ø‰¬ø˝êÓ¬ Œfl¬±Ú øıj≈ P Œ˚ ı] ıı˛±ıı˛ ·øÓ¬˙œ˘ ˝˚˛ Œ¸˝◊

ı]øÈ¬Àfl¬ ¸±˝◊flv¬À˚˛Î¬ ı˘± ˝˚˛ ¤ı— ı‘MøÈ¬Àfl¬ øÚ˚˛±˜fl¬ ı‘M

ı˘± ˝˚˛/ x a= −θ θsin ,b g y a= −1 cosθb g  ˝˘ Î¬◊ñ

¸±˝◊flv¬À˚˛Î¬øÈ¬ı˛ ¸˜œfl¬ı˛Ì/

Î¬◊±˝ı̨Ì-6. x a= −θ θsin ,b g y a= −1 cosθb g  ¸± ◊̋flv¬À ˛̊ÊøÈ¬ı˛ ¤fl¬øÈ¬ ’±‰«¬ › x-’é¬ Z±ı˛± ¸œ˜±ıX¬ Œé¬ÀSı˛

Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛≈Ú ¤ı— Œ‡±Ú Œ˚ Œé¬SÙ¬˘øÈ¬ Î¬◊˝±ı˛ øÚÌ«±˚˛fl¬ ı‘ÀMı˛ Œé¬SÙ¬À˘ı˛ øÓ¬Ú ·≈Ú/

¸˜±Ò±Ú † ¤‡±ÀÚ y a= −1 cosθb g  ¤ı— O › A øıj≈ÀÓ¬ y = 0.

’Ó¬¤ı cosθ = 1  ’Ô«±» θ = 0,  2π , ’±ı±ı̨ x a= −θ θsinb g  ˝›˚̨±˚̨ O øıj≈ÀÓ¬ x a= − =0 0 0sinb g
¤ı— A øıj≈ÀÓ¬ x a a= − =2 2 2π π πsinb g

∴ øÚÀÌ«˚˛ Œé¬SÙ¬˘ = = − ⋅ −zz y dx a a d
a

1 1
0

2

0

2
cos cosθ θ θ

ππ b g b g
x a dx a d= − ⇒ = −θ θ θ θsin cosb g b g1  ¤ı—

x x a= ⇒ = = ⇒ =0 0 2 2θ π θ π; ]

= − = − +zza d
a

d
2 2

2

0

2

0

2
1

2
3 4 2cos cos cosθ θ θ θ θ

ππ b g b g

= − +
L
NM

O
QP =

a
a

2

0

2
2

2
3 4

1

2
2 3θ θ θ π

π

sin sin  ı·« ¤fl¬fl¬/

O xA

y

B (0,b)
L

(a,0)

x = a cost

y = b sint

y

a

a

a

a

P

xAO



165

Î¬◊±˝ı˛Ì-8 øÚ•ßø˘ø‡Ó¬ ı]Àı˛‡±·≈ø˘ Z±ı˛± ’±ıX¬ Œé¬ÀSı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı≈̨Ú/

ïfl¬ó r a= cos2θ ,  ‰¬±ı˛ ˘œ˚˛ Œ·±˘±¬Û (Four-leaved rose)

ï‡ó r a
2 2 2= cos ,θ  Œ˘˜øÚ¸ƒÀfl¬È¬ (Lemniscate)

¸˜±Ò±Ú † ïfl¬ó ¬Û±ù´«ıÓ¬œ« ø‰¬S±Ú≈˚±˚˛œ θ = 0,  π ,
π

2
 › 3

2

π  ¤ı˛

 ÊÚ… r a= ±  ¤ı— θ
π π π

=
4

3

4

5

4
, ,  › 7

4

π  ¤ı˛ ÊÚ… r = 0,  ˝◊Ó¬…±ø/

¸≈Ó¬ı˛±— ı]øÈ¬ ‰¬±ı˛øÈ¬ √õ∂øÓ¬¸˜ ˘≈¬Û Z±ı˛± ·øÍ¬Ó¬ ¤ı— r a=  ı‘ÀMı˛ ˜ÀÒ… ’ıøªÓ¬/

∴ ¸˜·Ë Œé¬SÙ¬˘ = 8× OABO

  = × z8
1

2
2

0
4 r dθ
π

[∴A-ŒÓ¬ r a= ,  θ = 0 ¤ı— θ = 0 -ŒÓ¬ r = 0,  θ
π

=
4

]

= = ⋅ =z4 4
8

1

2
2 2 2 2

0
4 a d a acos θ θ

π
π

π

 ı·«¤fl¬fl¬/

ï‡ó ıÀ]ı˛ ¸˜œfl¬ı˛Ì ŒÔÀfl¬ ¬Û±›˚˛± ˚±˚˛ θ = ⇒ =0 r a ;  θ
π

= ⇒ =
4

0r ,  øfl¬ôL√≈ π
θ

π

4

3

4
< <  ˝À˘

r
2 0< ,  ˚± ’ı±ô¶∏ıÄ ’±ı±ı˛ θ

π
= ⇒ =

3

4
0r ;  θ π= ⇒ = −r a ;  θ

π
= ⇒ =

5

4
0r  ◊̋Ó¬…±ø/ ≈̧Ó¬ı˛±— ı]øÈ¬

¬√õ∂±Ôø˜fl¬ Œı˛‡± ox-¤ı˛ ¸±À¬ÛÀé¬ ¬√õ∂øÓ¬¸˜˜ ≈øÈ¬ ˘≈¬Û ˚≈ñ/

∴ ¸˜·Ë Œé¬SÙ¬˘ = × = × z4 4
1

2
2

0
4OABO r dθ
π

= =
L
NM

O
QP =z2 2 2

2

2
2 2

0

4 2

0
4 a d a acos

sin
θ θ

θ
π

π

 ı·«¤fl¬fl¬/

Î¬◊±˝ı˛Ì-9. x y axy
3 3 3+ =  ı] (Falium of Descartes) Z±ı˛± ·øÍ¬Ó¬ ≈̆À¬Ûı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı≈̨Ú/

¸˜±Ò±Ú † √õ∂M ¸˜œfl¬ı˛ÀÌ x r y r= =cos , sinθ θ  ı˛”¬Û±ôL√ı˛ ‚øÈ¬À˚˛ ¬Û±›˚˛± ˚±˚˛

r
a

=
+

3
3 3

sin cos

sin cos
,

θ θ

θ θ
 ˝◊˝± ı]øÈ¬ı˛ Œ˜ı˛≈¸˜œfl¬ı˛Ì/

¤˝◊ ¸˜œfl¬ı˛ÀÌ θ -¤ı˛ ˜±Ú O ŒÔÀfl¬ π

2
 ¬Û˚«ôL√ ıøÒ«Ó¬

fl¬ı˛À˘ r  ¤ı˛ ˜±Ú O ŒÔÀfl¬ ıøX«¬Ó¬ ˝À˚˛ ¸ı«±À¬Ûé¬± Œı˙œ

B

x
A

r=a

O

r=a cos2θ

x

y

B

AO

r2=a2cos2θ

y

xO

x3+y3=3axy

x+
y=

a

ï’¸˜œ¬ÛÔó
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3

2

a
 ˜±ÀÚ ï θ

π
=

4
-ŒÓ¬ó Œ¬ÛÃ“ÀÂ ’±ı±ı˛ fl¬À˜ 0 ŒÓ¬ øÙ¬Àı˛ ’±À¸/

¸≈Ó¬ı˛±— ı]øÈ¬ √õ∂Ô˜ ¬Û±À ¤fl¬øÈ¬ ˘≈¬Û ·Í¬Ú fl¬Àı˛ ¤ı— øÚÀÌ«˚˛ Œé¬SÙ¬˘

= =

+
z z1

2

9

2
2

0
2

2 2 2

3 3
20

2r d
a

dθ
θ θ

θ θ

θ
π π sin cos

sin cose j

=

+
z9

2
1

2 2 2

3
20

2
a

d
tan sec

tan

θ θ

θ

θ
π

e j [˘ı › ˝ı˛Àfl¬ cos6 θ  øÀ˚˛ ˆ¬±· fl¬Àı˛]

=
∞z3

2

12

21

a

t
dt [1 3+ =tan θ t  ÒÀı˛]

= = − +
F
H

I
K→∞

−
→∞z3

2

3

2

1
1

2
2

1

2
a

t dt
a

B

B

B B
lim lim

= + =
3

2
0 1

3

2

2 2
a ab g  ı·«¤fl¬fl¬/

Î¬◊±˝ı˛Ì-10. øZ¸˜±fl¬À˘ı˛ ¸±˝±À˚… x y a
2 2 2+ =  ı‘ÀMı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı≈̨Ú/

¸˜±Ò±Ú † Œ˚À˝Ó≈¬ ı‘MøÈ¬ Î¬◊ˆ¬˚˛ ’Àé¬ı˛ ¸±À¬ÛÀé¬˝◊ √õ∂øÓ¬¸˜ ¤ı— √õ∂Ô˜¬ÛÀ x ¤ı˛ ˜±Ú 0 ŒÔÀfl¬ a ¤ı—

y ¤ı˛ ˜±Ú 0 ŒÔÀfl¬ a x2 2−  ¬Û˚«ôL√ øıô¶∏‘Ó¬, ’Ó¬¤ı øÚÀÌ«˚˛ Œé¬SÙ¬˘

4 4 4 4
2 200 00

2 2

0

2 2 2
1

0

2
2 2 2 2

dy dx y dx a x dx
x a x a x

a
a

a xa a xa a

a

− − −zz z zRST
UVW = = − =

−
+

L
N
M
M

O
Q
P
P

=sin π

ı·«¤fl¬fl¬/

√õ∂ùü±ı˘œñ2

1. √õ∂Ô˜¬ÛÀ x y2 2

16 9
1+ =  Î¬◊¬Ûı‘MøÈ¬ Z±ı˛± ¸œ˜±ıX¬ Œé¬ÀSı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛≈Ú/

2. y x= 2  ¤ı— x y= 2  ‰¬]Z˚˛ Z±ı˛± ¸œ˜±ıX¬ Œé¬ÀSı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛≈Ú/

3. y x x2 2 24= −e j  ‰¬]øÈ¬ Œ˚ ˘≈¬Û ·Í¬Ú fl¬Àı˛ Ó¬±ı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛≈Ú/

4. x a t t= −cos cos ,1b g  y a t t= −sin cos1b g  ı] Z±ı˛± ’±ıX¬ Œé¬ÀSı˛ Œé¬SÙ¬˘ fl¬Ó¬∑

5. r a a= >sinθ 0b g  ı]Z±ı˛± ¸œ˜±ıX¬ Œé¬ÀSı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛≈Ú/

6. øZ-¸˜±fl¬À˘ı˛ ¸±˝±À˚… 
x

a

y

b

2

2

2

2
1+ =  Î¬◊¬Ûı‘ÀMı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛≈Ú/
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√õ∂ùü±ı˘œñ2 ¤ı˛ Î¬◊Mı˛

1. 3π  ı·«¤fl¬fl¬ 2. 
1

3
 ı·« ¤fl¬fl¬ 3. ¸—Àfl¬Ó¬ † y x= ⇒ = ±0 0 2, ; x › y  Î¬◊ˆ¬À˚˛ı˛˝◊ ‚±Ó¬ ≈̊¢¨

˝›˚˛±˚˛ ı]øÈ¬ Î¬◊ˆ¬˚˛ ’Àé¬ı˛ ¸±À¬ÛÀé¬˝◊ √õ∂øÓ¬¸˜ ¤ı— ˜”˘øıj≈ÀÓ¬ ¶Û˙«fl¬Z˚˛ y x= ±2 .  ¸≈Ó¬ı˛±— x = 0  ŒÔÀfl¬

x = 2  ¤ı˛ ˜ÀÒ… ¤fl¬øÈ¬ ≈̆¬Û ’±ÀÂ/

∴ Œé¬SÙ¬˘ = = −zz2 2 4 2

0

2

0

2
y dx x x dx

  = z16 2

0
2 sin cosθ θ θ
π

d [ x = sinθ  ÒÀı˛]

  = −
L
NM

O
QP =16

1

3

16

3
3

0

2
cos θ

π

 ı·«¤fl¬fl¬/

4. ¸—Àfl¬Ó¬ † t = 0  › 2π  Î¬◊ˆ¬˚˛ ˜±ÀÚı˛ ÊÚ…˝◊ x  › y  ¤ı˛ ˜±Ú ¬Û‘Ôfl¬ˆ¬±Àı ˙”Ú… ˝˚˛/ ¸≈Ó¬ı˛±— ˝◊˝±

¤fl¬øÈ¬ ıX¬ ı]Àı˛‡± ¤ı— t -¤ı˛ ˜±Ú 0 ŒÔÀfl¬ 2π  ¬Û˚«ôL√ ¬Ûøı˛ıøÓ«¬Ó¬ ˝˚˛/

∴ øÚÀÌ«˚˛ Œé¬SÙ¬˘ = −
F
HG

I
KJ = = −zz1

2 2
1

2
2

0

2

0

2
x

dy

dt
y

dx

dt
dt

a
t dt....... cosb gππ

   =
3

2

2πa  ı·«¤fl¬fl¬/

5. ¸—Àfl¬Ó¬ † ı]øÈ¬ ø‰¬ÀS √õ∂ø˙«Ó¬ ¤fl¬øÈ¬ ı‘M, ˚± y-’Àé¬ı˛ ¸±À¬ÛÀé¬ √õ∂øÓ¬¸˜ ¤ı— √õ∂Ô˜ ¬Û±À θ ¤ı˛ ˜±Ú

0 ŒÔÀfl¬ π

2
 ¬Û˚«ôL√ øıô¶∏‘Ó¬/

∴ øÚÀÌ«˚˛ Œé¬SÙ¬˘

= × = =zz2
1

2

1

4
2 2 2 2

0

2

0

2
r d a d aθ θ θ π

ππ

sin ı·«¤fl¬fl¬/

6. ¸—Àfl¬Ó¬ † Î¬◊¬Ûı‘MøÈ¬ Î¬◊̂ ¬ ˛̊ ’Àé¬ı˛ ¸±À¬ÛÀé¬ ◊̋ √õ∂øÓ¬¸˜

¤ı— √õ∂Ô˜ ¬Û±À x-¤ı˛ ˜±Ú 0 ŒÔÀfl¬ a ¤ı— y ¤ı˛ ˜±Ú

0 ŒÔÀfl¬ a

b
a x2 2−  ¬Û˚«ôL√ øıô¶∏‘Ó¬/

∴ øÚÀÌ«˚˛ Œé¬SÙ¬˘  = ×
RST

UVW
= ×

− −z zz4 4
0 000

2 2 2 2

dy dx y dx
b

a
a x

b

a
a xaa

= × − = ⋅ −z z4 42 2

0

2 2

0

b

a
a x dx

b

a
a x dx

a a

P(r,θ)

xo

y

θ
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   = ⋅

−FH IK
+

L

N

M
M
M

O

Q

P
P
P

= ⋅ ⋅ ⋅−4
2 2

4
2 2

2 2
2

1

0

2
b

a

x a x
a x

a

b

a

a

a

sin
π

     = πab  ı·«¤fl¬fl¬/

7.5 ’±ıÓ«¬ÚÊøÚÓ¬ ‚Úıô¶∏≈ı˛ ’± ˛̊Ó¬Ú › Î¬◊¬Ûøı˛Ó¬À˘ı˛ Œé¬SÙ¬˘ –

‚Úıô¶∏≈ı˛ ’± ˛̊Ó¬Ú øÚÌ«̊ ˛ – Òı˛± ˚±flƒ¬ ŒÂ˝œÚ

’Ô«±» ¸ôL√Ó¬ ı] y f x= ( ),  x a=  ›

x b=  Œfl¬±øÈ¬Z˚˛ ¤ı— x -’é¬ Z±ı˛± ¸œ˜±ıX¬

ABCQPD Œé¬SøÈ¬Àfl¬ x-’Àé¬ı˛ ‰¬±øı˛øÀfl¬

’±ıøÓ«¬Ó¬ fl¬Àı˛ Œ˚ ‚Úıô¶∏≈ ¸‘ø©Ü ˝˘ Ó¬±Àfl¬ x1,

x2...... xr–1, xr,......., xn–1 øıj≈·±˜œ x-

’Àé¬ı˛ ¸ø˝Ó¬ ˘•§ Ó¬˘·≈ø˘ Z±ı˛± n øÈ¬ ’—À˙

øıˆ¬ñ fl¬ı˛± ˝˘ Œ˚‡±ÀÚ

x a x x x x x x br r n n0 1 2 1 1= < < < < < < < < =− −... ...

¤˝◊ øıˆ¬±ÊÀÚı˛ r-Ó¬˜ ’—˙øÈ¬ y f x= ( )

ıÀ]ı˛ PQ ‰¬±¬Û, x xr= −1  › x xr=

Œfl¬±øÈ¬Z˚˛ ¤ı— x-’é¬ Z±ı˛± Œıø©ÜÓ¬ Œé¬SÀfl¬ x-

’Àé¬ı˛ ‰¬±øı˛øÀfl¬ ’±ıÓ«¬ÀÚı˛ Ù¬À˘ Î¬◊æ”Ó¬

’±˚̨Ó¬ÚÀfl¬

∆Vr  ¤ı— x xr r−1,  ’ôL√ı˛±À˘ f x( )  ¤ı˛ øÚ•ß¸œ˜± › ÿX«¬¸œ˜± ˚Ô±]À˜ mr › Mr ÒÀı˛ ¬Û±›˚˛± ˚±˚˛

πm xr r
2 ∆  ≤ ∆Vr  ≤ π Mr rx

2∆ ,  ˚‡Ú ∆ x x xr r r= − −1.

∴ πm xr r
r

n
2

1

∆
=

∑ ≤ ≤
=

∑V Mr
r

n

rx
2

1

∆ ,  ˚‡Ú ∆ V Vr
r

n

= =
=

∑
1

 øÚÀÌ«˚˛ ’±˚˛Ó¬Ú/

¤‡Ú Î¬◊¬ÛÀı˛±ñ øıˆ¬±ÊÀÚ n ¤ı˛ ˜±Ú ¤˜Úˆ¬±Àı ı‘øX¬ fl¬ı˛± ˝˚˛ Œ˚ ¸˜ô¶∏ ∆ x r nr , , ,.....,= 1 2b g  ·≈ø˘ı˛

˜ÀÒ… ı‘˝M˜ ∆‚«… δ → 0  ˝˚˛ Ó¬±˝À˘ (i) Ú— ’¸˜œfl¬ı˛ÀÌı˛ πm xr r
r

n
2

1

∆
=

∑  › π Mr
r

n

rx
2

1=

∑ ∆  ¤fl¬øÈ¬ ¸±Ò±ı˛Ì

˜±ÀÚ ¸˜±¬ÛøÓ¬Ó¬ ˝˚˛/

y

O

D P
Q

C y = f (x)

xbBx
rx

r–1
A a

K
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∴ n r r n r r
r

n

r

n

m x x→∞ →∞
==

= = ∑∑
lim lim

,π π
2 2

11

∆ ∆V M

’±ı±ı˛, Œ˚À˝Ó≈¬ m fr r r≤ ≤ξb g M .

V = →∞
=

∑n r
r

n

rf x
lim π ξb gm r2

1

∆ [∴ y f x= ( )  ı] ŒÂ˝œÚ ’Ô«±» ¸ôL√Ó¬]

= zπ f x dx
a

b
( ) ,l q2

ï¸—:±Ú≈̧ ±Àı̨ó

= zπ y dx
a

b 2
.........(ii)

Î¬◊¬Ûøı˛Ó¬À˘ı˛ Œé¬SÙ¬˘ øÚÌ«̊ ˛ † Òı˛± ˚±flƒ¬ Î¬◊¬ÛÀı˛ı˛ y f x= ( )  ıÀ]ı˛ Î¬◊¬Ûı˛ ¤fl¬øÈ¬ øªı˛ øıj≈ k ŒÔÀfl¬ Œ˚

Œfl¬±Ú øıj≈ P ¬Û˚«ôL√ ‰¬±À¬Ûı˛ ”ı˛Q s ¤ı— PQ = ∆ s.  Ó¬±˝À˘ PQ  ‰¬±¬ÛÀfl¬ x-’Àé¬ı˛ ‰¬±øı˛øÀfl¬ ’±ıÓ«¬ÀÚı˛

Ù¬À˘ Î¬◊»¬Ûiß øÂiß ˙Ç≈¬ ’±fl‘¬øÓ¬ øıø˙©Ü Ó¬À˘ı˛ Œé¬SÙ¬˘

∆sr = ×π  √õ∂±ôL√ Ó¬˘ZÀ˚˛ı˛ ı…±¸±ÀX«¬ı˛ ¸˜øá¬ × Ó¬œ¯∏«fl¬ Î¬◊B‰¬Ó¬±

= + ×−π y yr r1b g PQ,  ˚‡Ú y f xr r= ( ),  PQ
∩

 ‰¬±À¬Ûı˛ Ê…± PQ , ˝◊Ó¬…±ø/

= π y y x yr r r r− + +1

2 2b g b g b g∆ ∆ ,  ˚‡Ú ∆ x x xr r r= − −1,  ∆ y y yr r r= − −1.

=
+

⋅ +
F
HG

I
KJ ⋅−2

2
11

2

π
y y y

x
x iiir r r

r
r

∆

∆
∆ ..........( )

¤‡Ú ˚ø y f x= ( ) ı] [ , ]a b -ŒÓ¬ ¸ôL√Ó¬ ¤ı— (a,b)-ŒÓ¬ ’ıfl¬˘À˚±·… ˝˚˛ Ó¬Àı r-Ó¬˜ Î¬◊¬Û’ôL√ı˛±À˘›

Ó¬± √õ∂À˚±Ê… ˝Àı/

≈̧Ó¬ı˛±— 
y y

fr r
r

− +
=1

2
ξb g,  ˚‡Ú x xr r−1,b g  ¤ı̨ ˜Ò…øıj≈ ξr  ¤ı— fl¬˘Úøı…±ı̨ ˜Ò…˜±Ú Î¬◊¬Û¬Û±… ’Ú≈̊ ±˚̨œ

f x f x x x fr r r r rb g b g b g b g− = −− −1 1
' ,η  ˚‡Ú x xr r r− < <1 η .

ı± 
∆

∆

y

x
fr

r
r= ' .ηb g

∴ (iii) Ú— ŒÔÀfl¬ ¬Û±›˚˛± ˚±˚˛ ∆ ∆s f f xr r r r= ⋅ + ⋅2 1
2

π ξ η' ' ,b g b go t  r n= 1 2, ,......,
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∴ ¸˜·Ë Ó¬À˘ı˛ Œé¬SÙ¬˘ S S= →∞ ∑n r
lim ∆

= +→∞
=

∑n r r
r

n

f r f x
lim '

( )2 1
2

1

π ξ ηb go t ∆

= +z2 1
2

π f x f x dx
a

b
( ) ( )'o t  ï¸—:±Ú≈¸±Àı˛ó

= +
RST

UVWz2 1

2

π y
dy

dx
dx

a

b
.........(iv)

= z2π y ds,  ˚‡Ú PQ
∩

 = ds

√õ∂±ôL√ø˘ø¬Û-1. x y= φ ( )  ı], y c=  › y d=  ”̂¬ÊZ ˛̊ ¤ı— y-’é¬Z±ı˛± Œıø©ÜÓ¬ Œé¬SÀfl¬ y-’Àé¬ı̨ ‰¬±øı̨øÀfl¬

’±ıÓ«¬ÀÚı˛ Ù¬À˘ Î¬◊»¬Ûiß ’±˚˛Ó¬Ú V = = zz2
2 2

π φ πy dy x dy
c

d

c

d b gm r ..............(v)

’±ı±ı˛ y c= › y d= -¤ı˛ ˜Ò…ıÓ¬œ« x y= φ ( )  ıÀ]ı˛ ‰¬±¬Û y ’Àé¬ı˛ ‰¬±øı˛øÀfl¬ ’±ıÓ«¬ÀÚı˛ Ù¬À˘ Î¬◊»¬Ûiß

Ó¬À˘ı˛ Œé¬SÙ¬˘ S = +
F
HG

I
KJ = zz2 1 2

2

π πx
dx

dy
dy x ds

c

d
.............(vi)

√õ∂±ôL√ø˘ø¬Û-2. ˚‡Ú ıÀ]ı˛ ¸˜œfl¬ı˛Ì x t= φ ( ),  y t= ψ( )  Ó¬‡Ú (ii) › (v) ŒÔÀfl¬ ¬Û±›˚˛± ˚±˚˛

V = zπ ψ φ( ) ( ) ,'
t t dt

t

t l q2

1

2
 ˚‡Ú x a=  ˝À˘ t t= 1  ¤ı— x b=  ˝À˘ t t= 2 .

¤ı— V = zπ φ ψ( ) ( ) ,'
t t dt

t

t l q2

1
1

2
1

 ¤ı— y t=  ˝À˘ t t= 1
'  ¤ı— y d=  ˝À˘ t t= 2

' .

’±ı±ı˛ (iv) › (vi) ŒÔÀfl¬ Î¬◊øV©Ü Ó¬À˘ı˛ Œé¬SÙ¬˘ S =
F
H

I
K +

F
HG

I
KJ = ⋅ ⋅zz2 2

2 2

1

2

1

2
π πy

dx

dt

dy

dt
dt y

ds

dt
dt

t

t

t

t
.

¤ı— S = ⋅z2
1
1

2
1

π x
ds

dt
dt

t

t
.

√õ∂±ôL√ø˘ø¬Û-3. Œ˚Àfl¬±Ú ¸ı˛̆ Àı˛‡±ı˛ ‰¬±øı˛øÀfl¬ ’±ıÓ«¬Ú †

Òı˛± ˚±fl¬ y f x= ( )  ıÀ]ı˛ DC ’—˙øÈ¬ ‹ Ó¬À˘ ’ıøªÓ¬ AB ¸ı˛˘Àı˛‡±ı˛ ‰¬±øı˛øÀfl¬ ’±ıøÓ«¬Ó¬ fl¬ı˛± ˝˘/

CD ı]±—À˙ı˛ Î¬◊¬Ûı˛ P › Q PQ
∩

=
F
HG

I
KJ∆s  ŒÔÀfl¬ AB ¤ı˛ Î¬◊¬Ûı˛ ˘•§ PP' › QQ' ˝À˘, ‚≈Ì«ÀÚı˛ Ù¬À˘

}
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PQ
∩

 ‰¬±À¬Ûı˛ ÊÚ… Î¬◊»¬Ûiß ’±˚˛Ó¬Ú = ⋅π PP P Q' ' 'e j
2

 [ PQ
∩

∆‚«… ¤Ó¬˝◊ ŒÂ±È¬ Œ˚ Î¬◊˝±Àfl¬ ¸ı˛˘Àı˛‡±—˙ Òı˛± ˚±˚˛]

∴ Î¬ ◊» ¬Ûi ß Œ˜±È ¬ ’±˚ ˛Ó¬Ú

= z π
0

2AB
PP AP' 'e j e jd

[ P Q AP' ' '= de j  ÒÀı˛]

’±ı±ı˛, PQ ‰¬±À¬Ûı˛ ‚≈Ì«ÀÚı˛ ÊÚ… Î¬◊»¬Ûiß

Ó¬À˘ı˛ Œé¬SÙ¬˘ = ⋅ ⋅2π PP '
PQ

∩

∴ ¸˜·Ë Ó¬À˘ı˛ Œé¬SÙ¬˘

S PP= z2π ' .ds

¤‡±ÀÚ √õ∂M ıÀ]ı˛ ¸˜œfl¬ı˛Ì, AB,

PP', AP' › ds ¤fl¬øÈ¬ ‰¬˘ı˛±ø˙ı˛ ’À¬Ûé¬fl¬

ı”̨À¬Û √õ∂fl¬±˙ fl¬ı˛± Œ·À˘ A › B øıj≈ı˛ ÊÚ…

‹ ‰¬˘ı˛±ø˙ı˛ ˜±Ú ≈øÈ¬ Î¬◊¬ÛÀı˛ı˛ ¸˜±fl¬À˘ı˛

¸œ˜±˜±Ú Òı˛ÀÓ¬ ˝Àı/

√õ∂±ôL√ø˘ø¬Û-4. ¬Û±¬Û±¸ (Pappus)-¤ı˛ Î¬◊¬Û¬Û±… †

¤fl¬øÈ¬ ıX¬ ı] Z±ı˛± Î¬◊æ≥Ó¬ Ó¬˘Àfl¬ ˚ø ‹ ıÀ]ı˛ ¸˜Ó¬À˘ ’ıøªÓ¬ øfl¬ôL√≈ ı]øÈ¬Àfl¬ ŒÂ fl¬Àı˛ Ú± ¤˜Ú

¤fl¬øÈ¬ ¸ı˛˘Àı˛‡±ı˛ ‰¬±øı˛øÀfl¬ Œfl¬±Ú ¤fl¬øÈ¬ Œfl¬±ÀÌ ’±ıøÓ«¬Ó¬ fl¬ı˛± ˝˚˛ Ó¬±˝À˘

(i) Î¬◊æ”Ó¬ ‚Úıô¶∏≈øÈ¬ı˛ ’±˚˛Ó¬Ú, ‚≈Ì«Úı˛Ó¬ Œé¬ÀSı˛ Œé¬SÙ¬˘ ¤ı— Œé¬SøÈ¬ı˛ ˆ¬ı˛Àfl¬f Œ˚ ‰¬±¬Û ıı˛±ıı˛ ·øÓ¬˙œ˘

˝˚˛ Ó¬±ı˛ ∆À‚«…ı˛ ·≈ÌÙ¬À˘ı˛ ¸˜±Ú/

(ii) Î¬◊æ”Ó¬ ‚Úıô¶∏≈øÈ¬ı˛ Î¬◊¬Ûøı˛Ó¬À˘ı˛ Œé¬SÙ¬˘, ‚≈Ì«Úı˛Ó¬ Œé¬SøÈ¬ı˛ ¬Ûøı˛¸œ˜± ¤ı— ¬Ûøı˛¸œ˜±ı˛ ˆ¬ı˛Àfl¬f Œ˚ ‰¬±¬Û

ıı˛±ıı˛ ·øÓ¬˙œ˘ ˝˚˛ Ó¬±ı˛ ∆À‚«…ı˛ ·≈ÌÙ¬À˘ı˛ ¸˜±Ú/

’Ú≈̇ œ˘Úœñ3

Î¬◊±˝ı̨Ì-1. 
x

a

y

b

2

2

2

2
1+ =  Î¬◊¬Ûı‘MÀfl¬ Î¬◊̋ ±ı̨ ¬Ûı̨±é¬ (Major axis)-¤ı̨ ‰¬±øı̨øÀfl¬ ’±ıøÓ«¬Ó¬ fl¬ı̨À˘ Œ˚ ‚Úıô¶∏≈ı̨

¸‘ø©Ü ˝˚˛ Ó¬±ı˛ ’±˚˛Ó¬Ú › Î¬◊¬Ûøı˛Ó¬À˘ı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛≈Ú/

¸˜±Ò±Ú † √õ∂M Î¬◊¬Ûı‘ÀMı˛ ¬Ûı˛±é¬ x-’é¬ ¤ı— Î¬◊¬Ûı‘MøÈ¬ Î¬◊ˆ¬˚˛ ’Àé¬ı˛ ¸±À¬ÛÀé¬˝◊ √õ∂øÓ¬¸˜/ ¸≈Ó¬ı˛±— Î¬◊¬Ûøı˛

’X«¬Àfl¬ ¬Ûı˛±Àé¬ı˛ ‰¬±øı˛øÀfl¬ ’±ıøÓ«¬Ó¬ fl¬ı˛À˘˝◊ øÚÀÌ«˚˛ ‚Úıô¶∏≈ ¬Û±›˚˛± ˚±˚˛/

¸≈Ó¬ı˛±— øÚÀÌ«˚˛ ’±˚˛Ó¬Ú V = 2× √õ∂Ô˜¬Û±À Î¬◊¬Ûı‘ÀMı˛ ’—À˙ı˛ ’±ıÓ«¬ÀÚı˛ Ù¬À˘ Î¬◊æ”Ó¬ ‚Úıô¶∏≈ı˛ ’±˚˛Ó¬Ú/

= z2
2

0
πy dx

a
[∴ x  ¤ı˛ ˜±Ú √õ∂Ô˜¬Û±À 0 ŒÔÀfl¬ a ¬Û˚«ôL√ øıô¶∏‘Ó¬/]

y

D

P
Q

C

A

P 1
Q1

B

xO
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= − =z2
4

3

2

2

2 2 2

0
π π

b

a
a x dx ab

a e j ‚Ú ¤fl¬fl¬/

’±ı±ı˛, øÚÀÌ«˚˛ Œé¬SÙ¬ S = +
F
HG

I
KJz2 2 1

2

0
πy

dy

dx
dx

a

= +z4 1
4 2

4 20
π y

b x

a y
dx

a
∴ + = ⇒ = − ⋅
L
NM

O
QP

x

a

y

b

dy

dx

b

a

x

y

2

2

2

2

2

2
1

= + =
−F

HG
I
KJ +z z4 4

2

4 2 4 2

0 2

4 2
2 2

2

4 2

0

π π

a
a y b x dx

a
a b

a x

a
b x dx

a a

= − − =
−

F
HG

I
KJ

−z z4 4
2

4 2 2

0

2

2

2

2 2

2

2

0

π πb

a
a a b x dx

b

a

a

a b
x dx

a ae j

= ⋅ − ⋅
−

− +
−

−

L

N

M
M
M
M

O

Q

P
P
P
P

−4

2

1

22

2 2
4

2 2

2
4

2 2

1

2

2 2
0

πb

a
a b

x a

a b
x

a

a b

x

a

a b

a

sin

=
−

−
+

−
−

L
N
M
M

O
Q
P
P

−2
1

2 2

2

2 2

2 2

4

2 2

1
2

2

πb a b

a
a

a b

a b

a

a b

b

a
sin

= +
−

L
N
MM

O
Q
PP

−2
2

2
4

2 2

1πb

a
a b

a

a b
esin

= +
L
NM

O
QP

−2
1 1πab

b

a e
esin  ı·«¤fl¬fl¬/

Î¬◊±˝ı˛Ì-2. x a= cos ,2 θ  y a= sin3 θ  ¤…±¸È¬™À˚˛Î¬ x-’Àé¬ı˛ ‰¬±øı˛øÀfl¬ ’±ıøÓ«¬Ó¬ ˝À˘ Œ˚ ‚Úıô¶∏≈ Î¬◊»¬Ûiß

˝˚˛ Ó¬±ı˛ ’±˚˛Ó¬Ú › Î¬◊¬Ûøı˛Ó¬À˘ı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛≈Ú/

¸˜±Ò±Ú † ı]øÈ¬ı˛ fl¬±ÀÓ«¬¸œ˚˛ ¸˜œfl¬ı˛Ì x y a
2

3

2

3

2

3+ =  ¤ı— Î¬◊˝± Î¬◊ˆ¬˚˛ ’Àé¬ı˛ ¸±À¬ÛÀé¬˝◊ √õ∂øÓ¬¸˜/ ’Ó¬¤ı

øÚÀÌ«̊ ˛ ’± ˛̊Ó¬Ú V = 2× √õ∂Ô˜¬Û±À øÂiß Œé¬ÀSı˛ x-’Àé¬ı˛ ‰¬±øı˛øÀfl¬ ’±ıÓ«¬ÀÚı˛ Ù¬À˘ Î¬◊»¬Ûiß ‚Úıô¶∏≈ı˛ ’± ˛̊Ó¬Ú/
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= × −z2 33
2

2

2

0
π θ θ θ θπ a a dsin sin sine j e j

[∵ x = ⇒ =0
2

θ
π

; x a= ⇒ =θ 0  ¤ı— 
dx

d
a

θ
θ= −3 2cos sin ]

= = ⋅

+F
H

I
K ⋅

+F
H

I
K

+ +F
H

I
K

z6 6
1

2

7 1

2

2 1

2

7 2 2

2

3 7 2 3

0
2π θ θ θ π
π

a d asin cos

Γ Γ

Γ

=

F
H

I
K

F
H

I
K

=

⋅ ⋅ ⋅ ⋅ F
H

I
K

⋅ ⋅ ⋅ ⋅ F
H

I
K

3

4
3

2

11

2

3 3 2 1
3

2

9

2

7

2

5

2

3

2

3

2

3

3

π

π

a

aΓ Γ

Γ

Γ

Γ

( ) b g

= ⋅
32

105
3πa  ‚Ú ¤fl¬fl¬/

¤ı— øÚÀÌ«̊ ˛ Œé¬SÙ¬˘ S = × ⋅ ⋅ − +z2 2 3 33 2
2

2
2

0
2 π θ θ θ θ θ θ
π

a a a dcos cos sin sin cose j e j

= = ⋅

F
H

I
K ⋅

+ +
z12 12

1

2

5
2

1

4 1 2

2

2 4

0
2 2

π θ θ θ π
π

a d acos sin

Γ Γb g

= ⋅ ⋅ ⋅RST
UVW =6

3

2

5

2

3

2

12

5
2 2π πa a  ı·«¤fl¬fl¬/

Î¬◊±˝ı˛Ì-3. √ √õ∂±Ôø˜fl¬ Œı˛‡±ı˛ ‰¬±øı˛øÀfl¬ r a= −1 cosθb g  fl¬±øÎ«¬’À˚˛Î¬Àfl¬ ’±ıøÓ«¬Ó¬ fl¬ı˛À˘ Œ˚ ‚Úıô¶∏≈ı˛ ¸‘ø©Ü

˝˚˛ Ó¬±ı˛ ’±˚˛Ó¬Ú › Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛≈Ú/

¸˜±Ò±Ú † fl¬±øÎ«¬’À˚˛Î¬øÈ¬ √õ∂±Ôø˜fl¬ Œı˛‡± ox-¤ı˛ ¸±À¬ÛÀé¬ √õ∂øÓ¬¸˜ ıÀ˘ Î¬◊¬Ûøı˛ ’X«¬Àfl¬ øÚÀ«˙ ˜Ó¬ ’±ıøÓ«¬Ó¬

fl¬ı˛À˘˝◊ øÚÀÌ«˚˛ ‚Úıô¶∏≈ ¬Û±›˚˛± ˚±˚˛/

¤‡Ú, O øıj≈ÀÓ¬ r = ⇒ =0 0θ  ¤ı—

A-øıj≈ÀÓ¬ r a= ⇒ =2 θ π

∴ øÚÀÌ«˚˛ ’±˚˛Ó¬Ú = z π θ θ
π

r d rsin cosb g b g20

[V = z πy dx
2  ¸”ÀS x a y a= =cos , sinθ θ ]
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= − − ⋅zπ θ θ θ θ
π

a d
3 2 20

1 1cos sin ( cos ) cosb g l q [ r a= −1 cosθb g  ıø¸À ˛̊]

= − − +zπ θ θ θ θ θ θ
π

a d
3 2 20

1 2cos sin sin sin cosb g b g

= − − −
−zπa t t t dt

3 2 2

1

1
1 1 1 2b g e jb g [ cosθ = t ÒÀı˛]

=
8

3
3πa  ‚Ú ¤fl¬fl¬/

¤ı— øÚÀÌ«̊ ˛ Œé¬SÙ¬˘ = +z2 2 20
π θ θ

π
r dr rdsin b g  ∴ = = +

L
NM

O
QPy r ds dr rdsin ,θ θb g b g2 2

  = − + −z2 1 1
2 2 2 20

π θ θ θ θ θ θ
π

a a d a dcos sin sin cosb g b g b g b g

  = −z2 1
2

3

2
0

π θ θ θ
π

a dcos sinb g

  = z2 2 2
3

2
2

0
πa z dz [1− =cosθ z  ÒÀı˛]

  = −
32

5
2πa

¤‡±ÀÚ θ -¤ı˛ ˜±Ú fl¬˜ÀÂ ¤˜Ú øÀfl¬ ¸œ˜±Àı˛‡± ıı˛±ıı˛ ˚±›˚˛±ı˛ Ù¬À˘ Œé¬SøÈ¬ Î¬±ÚøÀfl¬ ¬Ûh¬ÀÂ ıÀ˘ ˜±ÚøÈ¬

ŸÚ±Rfl¬ ø‰¬˝ê øıø˙©Ü ˝À˚˛ÀÂ/

∴ Œé¬SÙ¬˘ =
35

5
2πa  ı·«¤fl¬fl¬ ïŸÌ±Rfl¬ ø‰¬˝ê ı± øÀ˚˛ó/

Î¬◊±˝ı˛Ì-4 y ax
2 4=  ¤ı— Ú±øˆ¬˘•§ Z±ı˛± Œıø©ÜÓ¬ Œé¬SÀfl¬ Ú±øˆ¬˘À•§ı˛ ‰¬±øı˛øÀfl¬ ’±ıøÓ«¬Ó¬ fl¬ı˛À˘ Œ˚ ‚Úıô¶∏≈

Î¬◊»¬Ûiß ˝˚˛ Ó¬±ı˛ ‚ÚÙ¬˘ øÚÌ«˚˛ fl¬ı˛≈Ú/

¸˜±Ò±Ú † √õ∂M ’øÒı‘ÀMı˛ √õ∂±‰¬ø˘fl¬ ¸˜œfl¬ı˛Ì x at= 2 ,  y at= 2 .

’øÒı‘ÀMı˛ Î¬◊¬Ûı˛ Œ˚ Œfl¬±Ú øıj≈ P (x,y) ŒÔÀfl¬ Ú±øˆ¬˘•§ x

= a ¸ı˛˘Àı˛‡±ı˛ Î¬◊¬Ûı˛ ˘•§Õ‚«… PN = a – x = a – at2

¤ı— ’øÒı‘MøÈ¬ x-’Àé¬ı˛ ¸±À¬ÛÀé¬ √õ∂øÓ¬¸˜Ä ¸≈Ó¬ı˛±—

øÚÀÌ«˚˛ ’±˚˛Ó¬Ú = ×
=z2

2

0
π PNb g dy

x

a

    = −z2 1 22 2
2

0

1
π a t d ate j b g [∴ x t= ⇒ =0 0  ¤ı— x a t= ⇒ = 1]

y

O
S

x

x = a

N

P(x,y)
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    = − = − ⋅ +
L
NM

O
QPz4 1 4

5
2

3
3 2

2
3

5 3

0

1

0

1
π πa t dt a

t t
te j

= ⋅ =4
8

15

32

15
3 3π πa a  ‚Ú ¤fl¬fl¬/

Î¬◊±˝ı˛Ì-5. Œ‡±Ú Œ˚ x a= cos ,θ  y b= sinθ  Î¬◊¬Ûı‘MÀfl¬ x a= 2  ¸ı˛˘Àı˛‡±ı˛ ‰¬±øı˛øÀfl¬ ’±ıÓ«¬ÀÚı˛

Ù¬À˘ Î¬◊»¬Ûiß ‚Úıô¶∏≈ı˛ ’±˚˛Ó¬Ú fl¬Ó¬∑

¸˜±Ò±Ú † ¬Û±¬Û±À¸ı˛ Î¬◊¬Û¬Û±… ’Ú≈˚±˚˛œ

øÚÀÌ«˚˛ ’±˚˛Ó¬Ú = Î¬◊¬Ûı‘ÀMı˛ Œé¬SÙ¬˘ × Î¬◊˝±ı˛ ˆ¬ı˛Àfl¬f fl¬Ó‘¬«fl¬ ’øÓ¬]±ôL√ ¬ÛÀÔı˛ ∆‚«…/

   = × ⋅π πab ab g b g2 2 [∴Î¬◊¬Ûı‘ÀMı˛ ˆ¬ı˛Àfl¬f ’Ô«±» Î¬◊˝±ı˛ Œfl¬f 2a ı…±¸±X«¬ øıø˙©Ü

      ı‘M±fl¬±ı˛ ¬ÛÔ ¬Ûøı˛w˜Ì fl¬Àı˛]

   = 4 2 2π a b  ‚Ú ¤fl¬fl¬/

Î¬◊±˝ı˛Ì-6. øZ¸˜±fl¬À˘ı˛ ¸±˝±À˚… x y z+ + = 1,

x = 0,  y = 0,  z = 0  Ó¬˘ ·≈ø˘ Z±ı˛± ’±ıX¬ ‚ÀÚı˛

’±˚˛Ó¬Ú øÚÌ«˚˛ fl¬ı≈̨Ú/

¸˜±Ò±Ú † Œ˚À˝Ó≈¬ OAB øSˆ≈¬Ê ïE Œé¬Só x = 0,

y = 0,  x y+ = 1  Z±ı˛± Œıøá¬Ó¬,

’Ó¬¤ı V
E

= zz zdxdy

= − − = − −
L
NM

O
QP

= − =

−
− zzzz dx x y dy y xy

y
dx x dx

x

x
1

2

1

2
1

1

6

2

0

1

2

0

1

0

1

0

1

0

1 b g b g
‚Ú ¤fl¬fl¬/

7.6 ¸±ı˛±—˙ –

1. R : [a, b ; c, d] ’±˚˛Ó¬Àé¬SÀfl¬ m n×  ¸—‡…fl¬ Î¬◊¬Û’±˚˛Ó¬Àé¬S ∆ ij i n j m, , ...... ; , ,......= =1 2 1 2b g
¸˜”À˝ øıˆ¬±øÊÓ¬ fl¬ı˛± ˝˘ ¤ı— Î¬◊˝±Àı˛ ˜ÀÒ… ( , )ξ ηij ij  ¤˝◊ı˛”¬Û ¤fl¬øÈ¬ fl¬Àı˛ øıj≈ ŒÚ›˚˛± ˝˘/

Ó¬‡Ú R Œé¬ÀS ∆ ∆→

==

= zz∑∑0

11

lim , , ,f f x y dxdyij ij ij

Rj

m

i

n

ξ ηc h a f  ˚‡Ú Î¬◊ñ øıˆ¬±ÊÀÚı˛ Ú˜« ∆

¤ı— ξ ηij ij,d i  ¤ı̨ Œ˚Àfl¬±Ú ’ıª±ÀÚı̨ ÊÚ… Œ˚±·Ù¬À˘ı̨ ¸œ˜± ˜±ÀÚı̨ ’øô¶∏Q Ô±Àfl¬Ä ¤ ◊̂̋ ¬±Àı ¸œ˜±ıX¬ ’À¬Ûé¬fl¬

f x y( , )  ¤ı˛ ÊÚ… øZ¸˜±fl¬À˘ı˛ ¸—:± Œ›˚˛± ˝˚˛/

C

A

y

(0, 0, 1)

Z

(1,0,0)

E
B

(0, 1, 0)

O

X
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2. ˚ø R : [a, b ; c, d] Œé¬ÀS f x y dxdy( , )
Rzz -¤ı˛ ¤ı— [a,b]-ŒÓ¬ x-¤ı˛ √õ∂ÀÓ¬…fl¬ øªı˛ ˜±ÀÚı˛

ÊÚ… f x y dy
c

d
( , )z -¤ı˛ ’øô¶∏Q Ô±Àfl¬ Ó¬±˝À˘ f x y dy dx

c

d

a

b

,a fzz RST
UVW  ¤˝◊ ]˜±i§˚˛œ ¸˜±fl¬˘øÈ¬ı˛› ’øô¶∏Q Ô±fl¬Àı

¤ı— Ó¬‡Ú f x y dxdy f x y dy dx
c

d

a

b

Rzz zz=( , ) ( , ) .{ }
3. ’±˚˛Ó¬Àé¬S ı…Ó¬œÓ¬ ’Ú… Œé¬ÀSı˛ Î¬◊¬Ûı˛ øZ¸˜±fl¬À˘ı˛ ¬ÛX¬øÓ¬ Ê±Ú±ı˛ ÊÚ… 7.3.2 ’Ú≈ÀBÂ Œ‡≈Ú/

4. f x y dxdy f u v u v
x y

u v
dudv

R Rzz zz=( , ) , , ,
( , )

( , )
,' φ ψ

∂

∂
b g b gm r

˚‡Ú x u v y u v= =φ ψ( , ), ( , )  Ù¬±—˙ÚZ˚˛ u-v Ó¬À˘ R '  Œé¬ÀS ¸ôL√Ó¬ ¤ı— R' ŒÔÀfl¬ R-¤ ı˛”¬Û±ôL√Àı˛ı˛

¸˜˚˛ ‹øfl¬fl¬ ¸•Ûfl«¬ ıÊ±˚˛ ı˛±À‡/

5. ïfl¬ó x-y Ó¬À˘ x -’é¬, x = a, x b=  › y f x= ( )  Z±ı˛± ¸œ˜±ıX¬ Œé¬SøÈ¬ı˛ Œé¬SÙ¬˘ = z f x dx
a

b
( )

ï‡ó x a x b y f x y g x= = = =, , ( ), ( )  Z±ı̨± ¸œ˜±ıX¬ Œé¬ÀSı̨ Œé¬SÙ¬˘ = − zz f x dx g x dx
a

b

a

b
( ) ( ) ,  ˚‡Ú

[a,b] ’ôL√ı˛±À˘ g x f x( ) ( ).≤

ï·ó y x a x b= = =0, ,  ¤ı— x t y t= =φ ψ( ), ( )  ı] Z±ı˛± ¸œ˜±ıX¬ Œé¬ÀSı˛ Œé¬SÙ¬˘

= ⋅z ψ φ( ) ( ) ,'
t t dt

t

t

1

2

 ˚‡Ú x a=  › b  ˜±ÀÚı˛ ÊÚ… t t= 1  › t2

ï‚ó θ θ= 1,  θ θ= 2  ¸ı̨˘Àı̨‡±Z˚̨ › r f= ( )θ  ı] Z±ı̨± ¸œ˜±ıX¬ Œé¬ÀSı̨ Œé¬SÙ¬˘ = z1

2

2

1

2
f d( )θ θ

θ

θ l q

ï„ó = z1

2

2
( )θ θl q d  ı± 1

2
2r dθz  Z±ı˛± √õ∂fl¬±ø˙Ó¬ Œé¬SÙ¬À˘ı˛ ¸”SÀfl¬ 

1

2
x

dy

dt
y

dx

dt
dt−

F
HG

I
KJz  Z±ı˛±›

√õ∂fl¬±˙ fl¬ı˛± ˚±˚˛ [7.4.1 ’Ú≈ÀBÂÀı˛ √õ∂±ôL√ø˘ø¬Û-2 ’Ú≈˚±˚˛œ]

6. y f x= ( ) ı]Ä x a= ,  x b=  Œfl¬±øÈ¬Z˚̨ ¤ı— x ’é¬ Z±ı̨± ¸œ˜±ıX¬ Œé¬SÀfl¬ x ’Àé¬ı̨ ‰¬±øı̨øÀfl¬ ’±ıøÓ«¬Ó¬

fl¬ı˛±ı˛ Ù¬À˘ Î¬◊»¬Ûiß ‚ÀÚı˛ ’±˚˛Ó¬Ú = zπ y dx
a

b 2

¤ı— ‚ÀÚı˛ Î¬◊¬Ûøı˛Ó¬À˘ı˛ Œé¬SÙ¬˘ = +
F
HG

I
KJz2 1

2

π y
dy

dx
dx

a

b

¤Â±h¬±› ¤˝◊ ¸—]±ôL√ øıøˆ¬iß ¸”ÀSı˛ ÊÚ… 7·5 ’Ú≈ÀBÂÀı˛ √õ∂±ôL√ø˘ø¬Û ·≈ø˘ Œ‡≈Ú/
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7.7 øı¯∏ ˛̊̃ ≈‡œ ŒÂ±È¬ √õ∂ùü±ı˘œ –

1. øÚÀ•ßı˛ ¸˜±fl¬˘·≈ø˘ı˛ ¸øÍ¬fl¬ ˜±ÚøÈ¬ øÚı«±‰¬Ú fl¬ı≈̨Ú (MCQ) :

ïfl¬ó xydxdy,
Rzz  ˚‡Ú R : [a,b; c,d] (i) 

b a d c− −b gb g
2

 (ii) 
b a d c

2 2 2 2

4

− −e je j

(iii) 
a b

2 2

2

ï‡ó 
1

xy
dx dy

Rzz ,  ˚‡Ú R : [1, e ; 1,5] (i) log5 (ii) 
1

5e
 (iii) 

e −1

5

ï·ó x y dx dy
3 ,

Rzz  ˚‡Ú R : [0,1 ; 1,4] (i) 4 (ii) 0 (iii) 
15

8

ï‚ó x dx dy,
Rzz ˚‡Ú R: ( , ): , ,x y x y x y≥ ≥ + ≤0 0 2l q  (i) 

4

3
 (ii) 2 (iii) 

8

3

ï„ó ( )x y dydx+zz 0

1

1

2
(i) 2 (ii) 1 (iii) 0

2. øÚÀ•ßı˛ Œé¬S·≈ø˘ı˛ ¸øÍ¬fl¬ Œé¬SÙ¬˘øÈ¬ øÚı«±‰¬Ú fl¬ı≈̨Ú (MCQ) :

ïfl¬ó x = 0,  y = 0,  x y+ = 1  Z±ı˛± ıX¬Àé¬S/ (i) 
1

2
 (ii) 

3

2
 (iii) 1.

ï‡ó (0,0), (1,0), (1,3) ˙œ¯∏«øıj≈ ˚≈ñ øSˆ≈¬Ê/ (i) 
5

2
 (ii) 2 (iii) 

3

2

ï·ó y x= 2 ,  y = 0,  x = 1  Z±ı˛± ¸œ˜±ıX¬ Œé¬S, (i) 
1

3
 (ii) 

2

3
 (iii) 

1

2

ï‚ó x a= cos ,θ  y a= sinθ  ı‘M/ (i) 2πa  (ii) πa2  (iii) 
4

3
2πa

7.7.1 øı¯∏ ˛̊̃ ≈‡œ √õ∂ùü±ı˘œı˛ Î¬◊Mı˛ –

1. ïfl¬ó (ii) ï‡ó (i) ï·ó (iii) ï‚ó (i) ï„ó (i)

2. ïfl¬ó (i) ï‡ó (iii) ï·ó (i) ï‚ó (ii)

7.8 ¸ı«À˙¯∏ √õ∂ùü±ı˘œ –

1. ˜±Ú øÚÌ«̊ ˛ fl¬ı≈̨Ú –
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ïfl¬ó sin( ) ,
Rzz +x y dxdy  ˚‡Ú R 0,

2
: ; ,

π π
0

2
L
NM

O
QP  ï‡ó e dy dx

y

x
x

00

1 2zz

ï·ó x y dxdy
y

− +
−zz 1

2 2

0

1

0

1 2

b g  ï‚ó 1 2 2

0

1

0

1 2

− −
RST

UVW
−zz x y dy dx

x

ï„ó rdrd
a

θ
θπ

0

1

0

+zz cosb g  ï‰¬ó dx
ydy

x y

x

2 200

1

+
zz

ïÂó x y dxdy
2 2+zz e jR

, ˚‡Ú R : ( , ): , ,x y x y x y≥ ≥ + ≤0 0 1l q

ïÊó y a x dxdy
2 2 2

Rzz − ,  ˚‡Ú R ( , ): 2: .x y x y a+ ≤2 2o t

2. ı˛”¬Û±ôL√Àı˛ı˛ ¸±˝±À˚… 
a b b x a y

a b b x a y
dxdy

2 2 2 2 2 2

2 2 2 2 2 2

− −

+ +
zzE  ¤ı˛ ˜±Ú øÚÌ«˚˛ fl¬ı≈̨Ú ˚‡Ú E Œé¬SøÈ¬ √õ∂Ô˜¬Û±À

x

a

y

b

2

2

2

2
1+ =  Î¬◊¬Ûı‘M Z±ı˛± Œıø©ÜÓ¬ ’=¡˘/

3. 
dxdy

x y1+
2E

+
zz

2
2

e j
-¤ı˛ ˜±Ú øÚÌ«˚˛ fl¬ı≈̨Ú ˚‡Ú E Œé¬S (0,0), (2,0), 1 3,e j  ˙œ¯∏«øıj≈ ≈̊ñ øS ≈̂¬Ê/

øÚÀ•ßı˛ Œé¬S·≈ø˘ı˛ Œé¬SÙ¬˘ øÚÌ«̊ ˛ fl¬ı≈̨Ú (4–20) :

4. xy c= 2  ¬Ûı˛±ı‘MøÈ¬ı˛ Œ˚ ’—˙ x -’é¬ ¤ı— x a=  › x b=  0 < <a bb g  Œfl¬±øÈ¬Z˚˛ Z±ı˛± ¸œ˜±ıX¬/

5. y x
2 16=  › Î¬◊˝±ı˛ Ú±øˆ¬˘•§ Z±ı˛± Œıø©ÜÓ¬ Œé¬S/

6. √õ∂Ô˜ ¬Û±À x = 0,  y = 0,  x y a+ =  Z±ı˛± ıX¬Àé¬S/

7. 
x

a

y

b
F
H

I
K +

F
HG

I
KJ =

2

3

2

3
1  ˝±˝◊À¬Û±¸±˝◊flv¬ÀÎ¬ı˛ ¸˜·Ë Œé¬S ï¸±Ò±ı˛Ìˆ¬±Àı ¤ı— øZ-¸˜±fl¬À˘ı˛ ¸±˝±À˚…ó/

8. ¬√õ∂Ô˜¬Û±À x y ax
2 2 2+ =  ı‘M ¤ı— y ax

2 =  ’øÒı‘ÀMı˛ ˜Ò…ıÓ¬œ« ’—˙/

9. x y a x y
2 2

2
2 2 2+ = −e j e j  ı] Z±ı˛± ’±ıX¬/

10. y x x a
2 2= +b g  ≈̆¬Û/  11. x a t y at t t= − = − − ≤ ≤1 1 1 12 2e j e j, , ,  ˘≈¬Û/



179

12. x x y a x y2 2 2 2+ = −e j e j  ≈̆¬Û/ 13. x a t y b t= =cos , sin3 3  ıX¬ ı]/

14. x
t

t
=

−

+

1

1

2

2
,  y

t

t
=

+

2

1
2  ¸˜·Ë Œé¬S/ 15. r a= +1 cosθb g  ı]Z±ı˛± ’±ıX¬ Œé¬S/

16. r a a= >2 0sin , ,θ b g  ı‘M/ 17. r a a= >sin ,3 0θ b g  ı]/

18. r a2 2 2= sin θ  Œ˚ ≈̆¬Û ≈øÈ¬ ·Í¬Ú fl¬Àı˛/ 19. r a= 2  ¤ı— r a= 2 cosθ  ¤ı˛ ¸±Ò±ı˛Ì ’—˙/

20. y a x x2 3− =b g  ¤ı— Î¬◊˝±ı˛ ’¸œ˜¬ÛÔ (Asymptote)-¤ı˛ ˜Ò…ıÓ¬œ« ’—˙/

21. øZ¸˜fl¬À˘ı˛ ¸±˝±À˚… x = 0,  y = 0, x
a

y
b

+ = 1 Z±ı˛± Œıø©ÜÓ¬ Œé¬ÀSı˛ Œé¬SÙ¬˘/

22. øÚ•ßø˘ø‡Ó¬ ı]·≈ø˘ Z±ı˛± ’±ıX¬ Œé¬S·≈ø˘Àfl¬ x-’Àé¬ı˛ ‰¬±øı˛øÀfl¬ ’±ıÓ«¬ÀÚı˛ Ù¬À˘ Î¬◊»¬Ûiß ‚ÀÚı˛

’± ˛̊Ó¬Ú·≈ø˘ øÚÌ«̊ ˛ fl¬ı≈̨Ú/

ïfl¬ó y x= 3 ,  x = 0,  x = 2  ¤ı— x -’é¬/

ï‡ó x = 0  › x = π  ¤ı˛ ˜Ò…ıÓ¬œ« y x= sin  ıÀ]ı˛ ’—˙/ ï·ó x y a
2 2 2+ =  ı‘M/

ï‚ó y ax
2 4= ,  x -’é¬ ¤ı— x x= 1  ¸ı˛˘Àı˛‡±/

23. øÚÀ•ßı˛ ı]·≈ø˘ x-’Àé¬ı˛ ‰¬±øı˛øÀfl¬ ’±ıøÓ«¬Ó¬ ˝À˘ Œ˚ Ó¬À˘ı˛ ‘̧ø©Ü ˝ ˛̊ Œ¸·≈ø˘ı˛ Œé¬SÙ¬˘ øÚÌ«̊ ˛ fl¬ı≈̨Ú/

ïfl¬ó x y a
2 2 2+ =  ı‘M/ ï‡ó y x= sin  ıÀ]ı˛ x = 0  ŒÔÀfl¬ x = π  ¬Û˚«ôL√ ’—˙/

ï·ó y ax
2 4=  ı], x-’é¬ › x x= 1  ¸ı˛˘Àı˛‡±/

24. x a= +θ θsin ,b g  y a= +1 cosθb g  ¸±˝◊flv¬À˚˛ÀÎ¬ı˛ ¤fl¬øÈ¬ ’±‰«¬ Î¬◊˝±ı˛ ˆ”¬ø˜ı˛ ïx-’é¬ó ‰¬±øı˛øÀfl¬

’±ıÓ«¬ÀÚı˛ Ù¬À˘ Î¬◊»¬Ûiß ‚ÀÚı˛ ’±˚˛Ó¬Ú › Ó¬±ı˛ Î¬◊¬Ûøı˛Ó¬À˘ı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛≈Ú/

25. x t= 2 ,  y t t= −
1

3
3  ıÀ]ı˛ ≈̆¬ÛøÈ¬ x-’Àé¬ı˛ ‰¬±øı˛øÀfl¬ ’±ıøÓ«¬Ó¬ ˝À˘ Œ˚ ‚Ú ¤ı— Ó¬À˘ı˛ ¸‘ø©Ü

˝˚˛ ˚Ô±]À˜ Ó¬±Àı˛ ’±˚˛Ó¬Ú ¤ı— Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı≈̨Ú/

26. r a= +1 cosθb g  fl¬±øÎ«¬’À˚˛Î¬Àfl¬ Ó¬±ı˛ √õ∂±Ôø˜fl¬ Œı˛‡±ı˛ ‰¬±øı˛øÀfl¬ ’±ıøÓ«¬Ó¬ fl¬ı˛À˘ Œ˚ ‚Ú Î¬◊»¬Ûiß ˝˚˛

Ó¬±ı˛ ’±˚˛Ó¬Ú › Î¬◊¬Ûøı˛Ó¬À˘ı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¬ı˛≈Ú/

27. x-y Ó¬˘, x y ax
2 2 2+ =  ô¶∏y¬fl¬ ¤ı— x y az
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5. 
128

3
 ı·«¤fl¬fl¬ 6. 

a
2

6
 ı·«¤fl¬fl¬ 7. 

3

8
πab  ı·«¤fl¬fl¬ 8. a

2

4

2

3

π
−

F
H

I
K  ı·«¤fl¬fl¬/
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ÒÀı˛› ’±·±Ú ˚±˚˛/

’øÓ¬øı˛ñ ¬Û±Í¬

(Selected Readings)

1. Integral Calculus–Das & Mukherjee, UNDhur

2. Integral Calculus (Au introduction to Analyis)–Maity & ghosh, New Central

3. Mathematical Analysis–Malik & Arora, New Age International

4. Mathematical Analysis–Shantinarayn, S. Chand.

5. Elementary Treatise on the Calculus–Geogre A. Gibson.

6. Real Aualysis–D. Chatterjee, Prentice Hall.
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¤fl¬fl¬ 8 qqqqq ¸±Ò±ı˛Ì ’ıfl¬˘ ¸˜œfl¬ı˛Ìñ·Í¬Ú › ¸˜±Ò±Ú  (Ordinary
Differential Equation–Construction and Solution)

·Í¬Ú

8.1 √õ∂ô¶∏±ıÚ±

8.2 Î¬◊ÀV˙…

8.3 ¸—:± › √õ∂fl¬±ı˛Àˆ¬

8.4 ˜±S± › ‚±Ó¬

8.5 ’ıfl¬˘ ̧ ˜œfl¬ı˛ÀÌı˛ ·Í¬Ú › ̧ ˜±Ò±Ú ï ”̃̆ ó

8.6 √¤fl¬˜±Sœ ˛̊ ’ıfl¬˘ ̧ ˜œfl¬ı˛Ì

8.7 √‰¬˘ ı˛±ø˙ı˛ ¬Û‘Ôfl¬œfl¬ı˛Ì ¬¬ÛX¬øÓ¬

8.8 ≈̧̄ ∏˜  ¤fl¬˜±Sœ˚˛ ’ıfl¬˘ ̧ ˜œfl¬ı˛Ì

8.9 ¸ı«À˙ ∏̄ õ∂ùü±ı˘œ

8.10 Î¬◊Mı˛̃ ±˘±

8.11 ¸±ı̨±—˙
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8.1 √õ∂ô¶∏±ıÚ±

øı:±Ú, øıÀ˙¯∏Ó¬† √õ∂fl‘¬øÓ¬øı:±ÀÚı˛ ’·Ë·øÓ¬ÀÓ¬ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¤fl¬øÈ¬ øıÀ˙¯∏ ˆ”¬ø˜fl¬± ’±ÀÂ/ ’ıfl¬˘Ú

√õ∂ø]˚˛± ‡≈ı˝◊ ·≈ı˛≈Q¬Û”Ì«, fl¬±ı˛Ì, Œ˚ Œfl¬±Ú ’øıı˛Ó¬ (continous) ¬Ûøı˛ıÓ¬«Ú˙œ˘ ı˛±ø˙ı˛, ¬Ûøı˛ıÓ«¬ÀÚı˛ ˝±ı˛˝◊ ’ıfl¬˘

¸˝À·ı˛ ˜±ÀÚı˛ ¸±˝±À˚… øÚÌ«˚˛ fl¬ı˛± ˝˚˛/ Œ˚˜Ú Òøı˛ Œfl¬±Ú ŒÀ˙ı˛ ÊÚ¸—‡…± x, ‰¬˘ ¸˜˚˛ t, Ó¬±˝À˘ dx
dt

 Œ¸˝◊

ŒÀ˙ı˛ ÊÚ¸—‡…± ¬Ûøı˛ıÓ«¬ÀÚı˛ ˝±ı˛/ ˚ø dx
dt

, ŸÚ±Qfl¬ ˝˚˛, Ó¬±˝À˘ ı≈Á¬ÀÓ¬ ˝Àı ÊÚ¸—‡…± ]˜˙† ˝ò±¸ ¬Û±ÀBÂÄ

˚ø ÒÚ±Rfl¬ ˝˚˛, Ó¬±ı˛ ’Ô« ÊÚ¸—‡…± ]˜ ıX¬«˜±Ú/ ¤˝◊ˆ¬±Àı ’ÀÚfl¬øfl¬Â≈˝◊ Œ˚˜Ú, ·øÓ¬, Qı˛Ì, ’±˜±Úœ ı˛l±Úœ,

ıø˝«ı±øÚÊ…, ı±Ê±Àı˛ ‰¬±ø˝± › Ó¬±ı˛ ˜”˘…˜±Ú, ø˙é¬±ı˛ ’·Ë·øÓ¬ ˝◊Ó¬…±ø ’ıfl¬˘ ¸˝À·ı˛ ¸±˝±À˚… ı…±‡…± fl¬ı˛± ˚±˚˛/

’±fl¬±À˙ Œõ≠ÀÚı˛ ·øÓ¬ ¬ÛÔÄ ‚øh¬ı˛ Œ¬Û`≈¬˘±À˜ı˛ Œ±˘Ú ·øÓ¬, ˜˝±fl¬±˙ ˚±ÀÚı˛ ·øÓ¬ ¸—]±ôL√ Ó¬Ô… ¸”À˚«ı˛ ‰¬±øı˛¬Û±À˙

·Ë̋ ı˛±øÊ ‚”Ì«Ú¬ÛÔ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸±˝±À˚… √õ∂fl¬±˙ fl¬ı˛± ˚± ˛̊/ Î¬◊¬ÛÀı˛±Mê øı ∏̄̊ ˛·≈ø˘ı˛ ’±À˘±‰¬Ú±ı˛ ÊÚ… ’±˜±Àı˛

’ıfl¬˘ ¸˜œfl¬ı˛Ì › Ó¬±ı˛ ¸˜±Ò±Ú ¬ÛX¬øÓ¬ ¸˜”˝ Ê±Ú± √õ∂À˚˛±ÊÚ/ ¬¬Ûı˛ıÓ¬œ« fl¬À˚˛fl¬øÈ¬ ¤fl¬Àfl¬ ¬Û±Í¬]À˜ı˛ ’ôL√ˆ”¬«ñ

’ıfl¬˘ ¸˜œfl¬ı˛Ì·≈ø˘ ¸•ÛÀfl«¬ ’±À˘±‰¬Ú± fl¬ı˛± ˝À˚˛ÀÂ/ ¤˝◊ ¤fl¬Àfl¬ Ó¬±Àı˛ fl¬À˚˛fl¬øÈ¬ ’±À˘±ø‰¬Ó¬ ˝˘/

8.2 Î¬◊ÀV˙…

¤˝◊ ¤fl¬fl¬øÈ¬ ¬Û±Í¬ fl¬Àı˛ ’±¬ÛøÚ

lllll ¸±Ò±ı˛Ì › ¬Û±øù´«fl¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ¤ı— Ó¬±Àı˛ ]˜ › ‚±Ó¬ ¸•ÛÀfl«¬ ’ıø˝Ó¬ ˝ÀıÚ/

lllll ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ·Í¬Ú › Ó¬±ı˛ ¸˜±Ò±Ú ¤ı— Ó¬±Àı˛ Ê…±ø˜øÓ¬fl¬ √õ∂À˚˛±· › ı±ô¶∏ı ¸˜¸…±ı˛ ¸±ÀÔ ¸•Ûfl«¬

¸•§Àg¬ ’±—ø˙fl¬ˆ¬±Àı ¬Ûøı˛ø‰¬Ó¬ ˝ÀıÚ/

lllll fl¬À˚˛fl¬ √õ∂fl¬±ı˛ ¤fl¬˜±Sœ˚˛ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸˜±Ò±ÀÚı˛ ¬ÛX¬øÓ¬ ø˙‡ÀÓ¬ ¬Û±ı˛ÀıÚ/

8.3 √¸—:± › √õ∂fl¬±ı˛Àˆ¬

ïfl¬ó ¸±Ò±ı˛Ì ’ıfl¬˘ ¸˜œfl¬ı˛Ì (Ordinary Differential Equation):

 Œ˚ ¸˜œfl¬ı˛ÀÚ øıøˆ¬iß ‚±Ó¬ ≈̊Mê ¶§±ÒœÚ › ’ÒœÚ ‰¬˘ı˛±ø˙ ¤ı— Ó¬±Àı˛ øıøˆ¬iß ]˜ ≈̊ñ ¸±Ò±ı˛Ì ’ıfl¬˘ ¸˝·,

dy

dx

d y

dx

d y

dx

n

n
, ,....... ,.....

2

2 ¸øißøı©Ü Ô±Àfl¬, Ó¬±Àfl¬ ¸±Ò±ı˛Ì ’ıfl¬˘ ¸˜œfl¬ı˛Ì ıÀ˘/ Œ˚˜Ú†

(i) x dy y dx xy dy− + =2 0

(ii) 
d y

dx
y

2

2

2
.= −µ

(iii) 
d y

dx
k

d y

dx
k y

4

4

2
2

2

4
2 0+ + =
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(iv) 
d y

dx
y e

x
3

3

2
1+ = +d i

(v) 
d y

dx
a x

d y

dx
a x y x y

n

n

n

n n+ + ⋅⋅ ⋅ ⋅ ⋅ ⋅ + =
−

−1

1

1
a f a f a ff ,  , ˝◊Ó¬…±ø (n ÒÚ±Rfl¬ ¸—‡…±ó

ï‡ó ¬Û±øù «́fl¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì (Partial Differential Equation):

Î¬◊¬ÛÀı˛±Mê ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌ ¸±Ò±ı˛Ì ’ıfl¬˘ ¸˝À·ı˛ ¬Ûøı˛ıÀÓ«¬ øıøˆ¬iß ]˜ › ‚±Ó¬ ˚≈ñ ¬Û±øù´«fl¬ (partial)

’ıfl¬˘¸˝· ¸øißøı©Ü Ô±fl¬À˘, Ó¬±Àfl¬ ¬Û±øù´«fl¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ıÀ˘ (Partial Differential Equation) Œ˚˜Ú †

(i) 
∂

∂

∂

∂

2

2

2

2

u

t

u

x
= c

2

(ii) 
∂

∂

∂

∂

∂

∂

2

2

2

2

2

2
0u

x

u

y

u

z
+ + =

(iii) 
∂ θ

∂
π

∂ θ

∂

2

2
4

r
t

t
=

(iv) x
z

x

z

y

∂

∂

∂

∂
+ = 0

(v) a u

x
b u

y
h u

x y
g

u

x

u

g
cu∂

∂

∂

∂

∂
∂ ∂

∂

∂

∂

∂

2

2

2

2

2

2 2 2 0+ + + + + =f , ˝◊Ó¬…±ø/

ï·ó ¸±Ò±ı˛Ì ’ıfl¬˘ ¸˝-¸˜œfl¬ı˛Ì (Ordinary Simultaneous Differential Equation):

˚ø ¤fl¬øÈ¬˜±S ¶§±ÒœÚ ‰¬˘ı˛±ø˙ı˛ ¤fl¬±øÒfl¬ ’ÒœÚ ‰¬˘ı˛±ø˙ Ô±Àfl¬ Ó¬Àı ›·≈ø˘ øÀ˚˛ ·øÍ¬Ó¬ ¸±Ò±ı˛Ì ’ıfl¬˘

¸˜œfl¬ı̨Ì·≈ø˘Àfl¬ ¤fl¬ÀS ¸±Ò±ı̨Ì ’ıfl¬˘ ¸˝-¸˜œfl¬ı̨Ì (Ordinary Simultaneous Differential Equation)

ıÀ˘/
  

dy

dx
y z x+ − =2 3

  

dz
dx

z y e x+ − =2 3 2

 (ii) D
D

x y t
y x t

+ =
+ =

sin
cos

   
D ≡

d

dt

 (iii) D D+ + = + + =2 3 0 2 3 2 2a f a fx y y x e
t; , ˝◊Ó¬…±ø/

ï·ó ¸ı˛̆  › ı ≈̋‚±Ó¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì (Linear and Non-Linear Oridanry Differential

Equation):

˚ø Œfl¬±Ú ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌ ’ÒœÚ ‰¬˘ı˛±ø˙øÈ¬ ¤ı— Ó¬±ı˛ øıøˆ¬iß ]À˜ı˛ ’ıfl¬˘ ¸˝··≈ø˘ Œfl¬ı˘˜±S ¤fl¬‚±Ó¬ ≈̊ñ

}
}

(i)
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˝˚˛ ¤ı— ’ÒœÚ ‰¬˘ı˛±ø˙ı˛ › Ó¬±ı˛ ’ıfl¬˘¸˝À·ı˛ Œfl¬±Ú ·≈ÌÙ¬˘ Ú± Ô±Àfl¬, Ó¬±˝À˘ Œ¸˝◊ ¸˜œfl¬ı˛ÌÀfl¬ ¸ı˛˘ ı±

∆ı˛ø‡fl¬ (Linear) ¤fl¬‚±Ó¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ıÀ˘/ ’Ú…Ô±˚˛ Ó¬±Àfl¬ ’Õı˛ø‡fl¬ (non-linaer) ’ıfl¬˘ ¸˜œfl¬ı˛Ì

ıÀ˘/

(i) 
dy

dx
x y= +1 2 2 ’Õı˛ø‡fl¬ (non-linear)

(ii) 
dy

dx
y+ =P Q  Õı˛ø‡fl¬ (linear) P,Q, ÒËnıfl¬ ı± x ¤ı˛ ’À¬Ûé¬fl¬¬

(iii) 1 2 5 02
2

2
− − + =x

d y

dx
x

dy

dx
yc h  Õı˛ø‡fl¬

(iv) 
d y

dx

d y

dx

dy

dx
y x

3

3

2

2
3 3+ + + = sin  Õı˛ø‡fl¬

(v) 
d y

dx
y

dy

dx

2

2

2F
HG
I
KJ + = ’Õı̨ø‡fl¬

(vi) 
d y

dx
k

d y

dx
k y

4

4

2
2

2

42 0+ + = Õı˛ø‡fl¬

(vii) y
dy

dx
x+ FH

I
K = +

2

1 ’Õı̨ø‡fl¬

8.4 √]˜ì˜±S± › ‚±Ó¬ (Order and Degree of Ordinary
Differential Equation) :

]˜ì˜±S± (Order) † Œfl¬±Ú ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌ ˚ø øıøˆ¬iß ]˜ ≈̊ñ ’ıfl¬˘-¸˝· ¸øißøı©Ü Ô±Àfl¬ Ó¬±˝À˘

Œ¸·≈ø˘ı˛ ˜ÀÒ… ¸Àı«±B‰¬ ]˜ ≈̊ñ ’ıfl¬˘ ¸˝·øÈ¬ı˛ ]˜Àfl¬˝◊ ›˝◊ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ë˜±S±í ı± ë]˜í ïOrderó

ı˘± ˝˚˛/

‚±Ó¬ (Degree):  Œfl¬±Ú ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌ ¸øißøı©Ü ¸Àı«±B‰¬ ]˜ ≈̊ñ ’ıfl¬˘ ¸˝·øÈ¬ fl¬ı˛Ìœ ø‰¬Lö (radical

sign) ≈̃ñ ˝›˚˛±ı˛ ¬Ûı˛ Œ˚ ‚±Ó¬ ¬Û±›˚˛± ˚±˚˛, Ó¬±˝±Àfl¬ ‹ ¸˜œfl¬ı˛ÀÌı˛ ‚±Ó¬ ıÀ˘/ ˚ø ¸˜œfl¬ı˛ÌøÈ¬ ¤fl¬‚±Ó¬˚≈ñ

˝˚˛, Ó¬±˝À˘ Ó¬±Àfl¬ ¤fl¬‚±Ó¬ ı± ¸ı˛̆  ∆ı˛ø‡fl¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ıÀ˘/ ’±ı±ı˛ ˚ø ¸Àı«±B‰¬ ]˜ ≈̊ñ ’ıfl¬˘ ¸˝·øÈ¬ı˛

‚±Ó¬ ¤Àfl¬ı˛ Œı˙œ ˝˚˛, Ó¬±˝À˘ ¸˜œfl¬ı˛ÌøÈ¬Àfl¬ ı ≈̋‚±Ó¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ıÀ˘/ ‹ ¸Àı«±B‰¬]À˜ı˛ ‚±Ó¬Àfl¬˝◊ ›˝◊

¸˜œfl¬ı˛ÀÌı˛ ‚±Ó¬ ı˘± ˝˚˛ Œ˚˜Ú -
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¸˜œfl¬ı̨Ì† ˜±S±ì]˜¬ ‚±Ó¬

(i) 1 2 5 02
2

2
− − + =x

d y

dx
x

dy

dx
yc h ≈̋ ◊ ¤fl¬

(ii) 
dy

dx

dy

dx
F
H
I
K + FH

I
K − =

2

12 0 ¤fl¬ ≈̋ ◊

(iii) 
d y

dx

dy

dx

2

2

2 3 2

5 1= +
F
H
I
K

RST
UVW ≈̋ ◊ ≈̋ ◊

 ı±,  
d y

dx

dy

dx

2

2

2 2 3

5 1
F
HG
I
KJ = + FH

I
K

RST
UVW

8.5 √’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ·Í¬Ú › ”̃̆  ¸˜±Ò±Ú † (Formation and
Primitive Solution of Ordinary Diff. Equation)

Œ˚Àfl¬±Ú ¤fl¬øÈ¬ √õ∂M ¸˜œfl¬ı˛Ì ŒÔÀfl¬ øfl¬ˆ¬±Àı Ó¬±ı˛ Î¬◊¬Û˚≈ñ ı± ’Ú≈¸ºœ (Corresponding) ’ıfl¬˘ ¸˜œfl¬ı˛Ì

∆Ó¬ı˛œ fl¬ı˛± ˚±˚˛, ¤‡Ú Œ¸È¬±˝◊ ’±˜±Àı˛ ’±À˘±‰¬… øı¯∏˚˛/ ’±˜ı˛± Ê±øÚ ¸˜Ó¬À˘ı˛ Î¬◊¬Ûı˛ Œ˚Àfl¬±Ú ¸ı˛˘ ¸˜œfl¬ı˛Ì

¸ı˛˘Àı˛‡± øÚÀ«˙ fl¬Àı˛† Œ˚˜Ú-y mx c= + / ¤øÈ¬ ¤fl¬øÈ¬ øÚø«©Ü ¸ı˛˘Àı˛‡±, ˚ø m, c ≈øÈ¬˝◊ øÚø«©Ü Ô±Àfl¬Ä√≈ ˚ø

ø‰¬S 8.1

y

O
∴ =

dy

dx
m

y = m x +c
m ÒË≈ıfl¬, c √õ∂‰¬˘
∴ =

dy

dx
m

→→→→→x

→→→→ →
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m øÚø«©Ü øfl¬ôL√≈ c ¤fl¬øÈ¬ ¬Ûøı˛ıÓ«¬Ú˙œ˘ √õ∂‰¬˘ ˝˚˛, Ó¬±˝À˘ y = mx +c ¤fl¬·≈BÂ ¸˜±ôL√ı˛±˘ ¸ı˛˘Àı˛‡± øÚÀ«˙

fl¬ı˛Àı/ ¤Àé¬ÀS,

’±ı±ı˛ ˚ø c øÚø«©Ü √õ∂‰¬˘ øfl¬c m ¬Ûøı˛ıÓ¬«Ú˙œ˘ ˝˚˛, Ó¬±˝À˘ y = mx +c (i) ˝Àı ¤fl¬·≈BÂ ¸ı˛˘À‡±

˚±ı˛ √õ∂øÓ¬øÈ¬ A (0,c) øıj≈ı˛  ˜Ò… øÀ˚˛ ˚±Àı/ [ø‰¬S 8.1] 
dy

dx
m=  – ˝◊ ˝Àı Î¬◊øV©Ü ’ıfl¬˘ ¸˜œfl¬ı˛Ì/

[ø‰¬S 8.2], y
dy

dx
m'= =  ¸˜œfl¬ı˛Ì (i) ŒÔÀfl¬ m ’¬ÛÚ˚˛Ú fl¬Àı˛ ¬Û±˝◊ y xy− =' c  ¤øÈ¬ Î¬◊øV©Ü ’ıfl¬˘

¸˜œfl¬ı˛Ì ’Ô«±» ’ıfl¬˘ ¸˜œfl¬ı˛Ì/ ¸‘ø©Ü fl¬ı˛ÀÓ¬ Œ·À˘ √õ∂M ¸˜œfl¬ı˛ÌøÈ¬Àfl¬ ’ıfl¬˘Ú √õ∂ø]˚˛± fl¬Àı˛ ≈øÈ¬ı˛ ˜ÀÒ…

¬Ûøı˛ıÓ«¬Ú˙œ˘ √√õ∂‰¬˘øÈ¬Àfl¬ ’¬ÛÚ˚˛Ú fl¬ı˛ÀÓ¬ ˝Àı/ Œ¸ ¸˜œfl¬ı˛ÌøÈ¬ ¬Û±›˚˛± ˚±Àı, Œ¸øÈ¬˝◊ Î¬◊øV©Ü ’ıfl¬˘ ¸˜œfl¬ı˛Ì/

y = m x +c

c ÒË≈ıfl¬, m √õ∂‰¬˘
xdy–ydx+cdx= 0

 ı± y –dy= c

A(o,c)

ø‰¬S 8.2

˚ø √õ∂M ¸˜œfl¬ı˛ÌøÈ¬ ¤fl¬‚±Ó¬ Ú± ˝À˚˛ øZ‚±Ó¬ ı± ı ≈̋‚±Ó¬ ˝˚˛, Ó¬±˝À˘› ¤fl¬˝◊ √õ∂ø]˚˛±˚˛ ’Ú≈̄ ∏ºœ ’ıfl¬˘

¸˜œfl¬ı˛ÌøÈ¬ ¬Û±›˚˛± ˚±Àı/ Œ˚˜Ú-

Î¬◊±˝ı˛Ì-1. 
x

a

y

b

2

2

2

2
1

+
+

+
=

λ λ
 ......(i)

¤øÈ¬ ¸˜-Ú±øˆ¬ fl¬øÚfl¬ Œ·±á¬œ (system of confocal conics)/ a, b øÚø«©Ü ÒËnıfl¬, λ ¬Ûøı˛ıÓ«¬Ú˙œ˘ √õ∂‰¬˘/

(i) Œfl x -¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊

2 2
0

2 2

x

a

y

b

dy

dx+
+

+
⋅ =

λ λ
 ı± x

a

yp

b k2 2

1

+
= −

+
=

λ λ
, p

dy

dx
=  ïÒı˛± ˚±fl¬ó

O

→→→→ → y

x
→→→→→
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∴ + =a xk
2 3λ .......a f,  b

2 4+ = −λ ypk.......a f

(i) ¤ ıø¸À˚˛ ¬Û±˝◊ x
y

p
k− = ⋅⋅⋅ ⋅ 5a f

(3), (4) ¤ı˛ ˜ÀÒ… λ’¬ÛÚ˚˛Ú fl¬Àı˛ ¤ı— k ¤ı˛ ˜±Ú ıø¸À˚˛

a b p x yp xp y
2 2− = + −c h a fa f, p

dy

dx
=

¤øÈ¬ ¸˜Ú±øˆ¬ fl¬øÚflƒ¬ Œ·±á¬œı˛ (confocal conics) Î¬◊øV©Ü ’ıfl¬˘ ¸˜œfl¬ı˛Ì/

˘é¬…Ìœ ˛̊ ı]Àı˛‡± Œ·±á¬œı˛ ëë ”̃̆ íí (primitive) ¸˜œfl¬ı˛ÌøÈ¬ ¤fl¬‚±Ó¬ Œ˝±flƒ¬ ı± ı ≈̋‚±Ó¬ Œ˝±flƒ¬, ˚ø ¬Ûøı˛ıÓ«¬Ú˙œ˘

√õ∂‰¬˘ ¸—‡…± ¤fl¬øÈ¬ ˝˚˛, Ó¬±˝À˘ ’Ú≈̄ ∏ºœ ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬ ¤fl¬˜±Sœ˚˛ (first order) ˝Àı/

Î¬◊±˝ı˛Ì-2. ¸˜Ú±øˆ¬˘•§ ¤ı— x -’Àé¬ı˛ ¸Àº ¸˜±ôL√ı±˘ ’é¬ ≈̊ñ ’øÒı‘MÀ·±á¬œı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì øÚÌ«˚˛

fl¬ı̨≈Ú/

Î¬◊ø{°ø‡Ó¬ ’øÒı‘MÀ·±á¬œı˛ ¸˜œfl¬ı˛Ì   y b x a− = − ⋅⋅⋅ ⋅a f a f a f2
4 1λ

¤‡±ÀÚ 4λ  ïÚ±øˆ¬˘•§ó øÚø«©Ü ÒËnıfl¬, a, b ¬Ûøı˛ıÓ«¬Ú˙œ˘ √õ∂‰¬˘Ä fl¬±ÀÊ˝◊ Î¬◊øV©Ü ’ıfl¬˘ ¸˜œfl¬ı˛Ì øÚÌ«˚˛ fl¬ı˛ÀÓ¬

Œ·À˘ a › b Œfl¬ ’¬ÛÚ˚˛Ú fl¬ı˛ÀÓ¬ ˝Àı/

(1) Œfl¬ x - ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊   y b
dy

dx
− = ⋅⋅ ⋅ ⋅ ⋅a f a f2 2λ

¬Û≈Úı˛±˚˛ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊  y b
d y

dx

dy

dx
− + FH

I
K = ⋅⋅⋅ ⋅ ⋅a f a f

2

2

2

0 3

(2) ¤ı— (3) ŒÔÀfl¬ (y - b) ’¬ÛÚ˚˛Ú fl¬Àı˛   2 0 4
2

2

3

λ
d y

dx

dy

dx
+ FH
I
K = ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ a f

¤øÈ¬ ˝◊ ˝À˘± Î¬◊øV©Ü ’ıfl¬˘ ¸˜œfl¬ı˛Ì/

øı†^† ¸˜œfl¬ı˛Ì (1)-¤ ≈øÈ¬ ¬Ûøı˛ıÓ«¬Ú˙œ˘ √õ∂‰¬˘ ’±ÀÂ, Ó¬±˝◊ ’Ú≈̄ ∏ºœ ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬ (4) øZ˜±øSfl¬(2nd

order)  /

Î¬◊±˝ı˛Ì-3. øÚø«©Ü ı…±¸±X«¬ ˚≈ñ ¤ı— Œfl¬f x -’Àé¬ı˛ Î¬◊¬Ûı˛ ’ıø¶öÓ¬ ¤ı˛≈¬Û ı‘MÀ·±á¬œı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

øÚÌ«˚˛ fl¬ı≈˛Ú/ Òı˛± ˚±flƒ¬ øÚø«©Ü ı…±¸±X«¬ r, Î¬◊ø{°ø‡Ó¬ ı‘MÀ·±á¬œı˛ ¸˜œfl¬ı˛Ì x a y r− + = ⋅⋅ ⋅ ⋅ ⋅a f a f2 2 2 1

¤‡±ÀÚ a ¬Ûøı˛ıÓ«¬Ú˙œ˘ √õ∂‰¬˘ ’Ô«±» a Œfl¬ ’¬ÛÚ˚˛Ú fl¬ı˛ÀÓ¬ ˝Àı/

(1) Œfl¬ x - ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊ 2 2 0 2x a yy y
dy

dx
− + = ⋅⋅ ⋅ =LNM

O
QPa f a f' '
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(1) ¤ı— (2) ˝˝◊ÀÓ¬ (x - a) ’¬ÛÚ˚˛Ú fl¬Àı˛ ¬Û±˝◊

y y y r
'd i2 2 2+ =  ı± 1

2 2 2+ =y y r
'e j  [ø‰¬S 8.3]

¤øÈ¬˝◊ Î¬◊øV©Ü ’ıfl¬˘ ¸˜œfl¬ı˛Ì/ ¤øÈ¬ ¤fl¬˜±Sœ˚˛ øZ‚±Ó¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì/ ’ı˙…˝◊ ’Õı˛ø‡fl¬ (nonlinear)

Î¬◊±˝ı˛Ì-4. x -’Àé¬ı˛ Î¬◊¬Ûı˛ ’ıø¶öÓ¬ ¸˜- Œfl¬øffl¬ ı‘MÀ·±©Üœı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì øÚÌ«˚˛ fl¬ı˛≈Ú/

Î¬◊ø{°ø‡Ó¬ ı‘MÀ·±á¬œı˛ ¸˜œfl¬ı˛Ì

x a y r− + = ⋅⋅⋅ ⋅b g b g2 2 2 1

(x–a)2 +y=r2

a √õ∂‰¬˘, r ÒËnıfl¬ [¤‡±ÀÚ r =10

¤fl¬fl¬ ] ¤‡±ÀÚ ı‘MÀ·±á¬œı̨, √õ∂ÀÓ¬…fl¬ ı‘ÀMı̨
Œfl¬f x ’Àé¬ı˛ Î¬◊¬Ûı˛ ’ıø¶öÓ¬

1

2
2+

F
H
I
K

RST
UVW

=
dy

dx
y r

O x

y

ø‰¬S 8.3
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ø‰¬S 8.4

X

Y

A (a,0)
→→→→→

→→→→ →

Œfl¬f (a,0) øÚø«©Ü ’Ô«±» a øÚø«©Ü ÒËnıfl¬ ¤ı— r ¬Ûøı˛ıÓ«¬Ú˙œ˘ ‰¬˘fl¬/

(1)  Œfl¬ x -¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊

x a y
dy

dx
− + = ⋅⋅ ⋅ ⋅ ⋅a f a f0 2  [ø‰¬S 8.4]

¤È¬±˝◊ Î¬◊øV«©Ü ’ıfl¬˘Ú ¸˜œfl¬ı˛Ì/
øı¬Ûı˛œÓ¬]À˜ ’ıfl¬˘ ̧ ˜œfl¬ı˛Ì (2) ¤ı˛ ̧ ˜±Ò±Ú (1) ’Ô«±» ı˘± ̊ ±˚˛ ’ıfl¬˘ ̧ ˜œfl¬ı˛Ì (2), ̧ ˜œfl¬ı˛Ì (1) ŒÔÀfl¬

Î¬◊»¬Ûiß ı± øÚø˜«Ó¬/ ¸˜œfl¬ı˛Ì (1) Œfl¬ ¸˜œfl¬ı˛Ì (2) ¤ı˛ ëë˜”˘ ¸˜±Ò±Úíí (primitive solution) ıÀ˘/

Î¬◊±˝ı˛Ì-5. √õ∂˜±Ì fl¬ı˛≈Ì r ı…±¸±ÀX«¬ı˛ ¸fl¬˘ ı‘Mı˛±øÊı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

1

2 2

2

3
2

+
F
HG
I
KJ

R
S|
T|

U
V|
W|

=
dy

dx
r

d y

dx
.

( )x a y r− + =2 2 2 ;  a ÒË≈ıfl¬, r √õ∂‰¬˘ ’Ô«±»
 ̧ ˜Àfl¬øffl¬ ı‘MÀ·±á¬œ, Œfl¬f¬ x ’Àé¬ı˛ Î¬◊¬Ûı˛ ’ıøªÓ¬/

2 2 0( )x a y
dy

dx
− + =

ydy x a dx+ − =( ) 0
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( ) ( )x a y b r− + − =
2 2 2 ; a, b √õ∂‰¬˘,  r ÒËnıfl¬

¤‡±ÀÚ  = 8 ¤fl¬fl¬ ]
 a, b ı˛ øıøˆ¬iß ̃ ±ÀÚı˛ ÊÚ… ’¸œ˜ ̧ —‡fl¬ ı‘M ’Ô«±»

¤fl¬øÈ¬ ı‘MÀ·±á¬œ √õ∂ÀÓ¬…fl¬øÈ¬ ı‘ÀMı˛ ı…±¸±X«¬  r = 8 ¤fl¬fl¬

ø‰¬S 8.5

¬√õ∂M ı‘Mı˛±øÊ x a y b r− + − =a f a f2 2 2

¤‡±ÀÚ r ÒË≈ıfl¬ ¤ı— a, b ‰¬˘-√õ∂‰¬˘Ä Œ˚À˝Ó≈ ‰¬˘√õ∂‰¬À˘ı˛ ¸—‡…± ≈øÈ¬, Ó¬±˝◊ ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬ øZ]˜-˚≈ñ

˝Àı/ (1) Œfl¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊ x a y b
dy

dx
− + − =a f a f 0  ........(2)

¬Û≈Úı˛±˚˛ ’ıfl¬˘ fl¬Àı˛ 1 0
2 2

2
+ FH
I
K + − =

dy

dx
y b

d y

dx
a f

∴ − = −
+

⋅⋅ ⋅ ⋅ ⋅ ⋅y b
y

y

1
31

2

2

a f

(2) ¤ ıø¸À ˛̊ x a
y y

y
− =

+
⋅⋅⋅ ⋅a f c h a f1 1

2

2

1
4

X
→→→→→

Y→→→→ →

(5,–10)

(25,0)

(10,10)
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(1), (3) ¤ı— (4)  ŒÔÀfl¬ a, b ’¬ÛÚ˚˛Ú fl¬Àı˛ ¬Û±˝◊ r
y y y

y

2 1
2

1
2 2

1
2 2

2
2

1 1
=

+ + +d i d i
( )

∴ = +r y y2
2
2

1
2 3

1d i

r
d y

dx

dy

dx

2

2

2 3 2

1= + FH
I
K

RST
UVW   ¤È¬±˝◊ øÚÀÌ«˚˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì/

õ∂ùü±ı˘œ –

1. Œ‡±Ú Œ˚ log xy xa f = c  øÚÀ˜±ñ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ”̃̆  (primitive) ¸˜±Ò±Ú

x
dy

dx
y y xy+ = logb g

2. Œ‡±Ú Œ˚ y a
x

b= +  øÚÀ˜±ñ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ”̃̆  (primitive)  ¸˜±Ò±Ú

 
d y

dx x

dy

dx

2

2

2 0+ =

3. øÚÀiú±ñ ¸˜œfl¬ı˛ÀÌı˛ ’Ú≈̄ ∏ºœ ’ıfl¬˘ ¸˜œfl¬ı˛Ì øÚÌ«˚˛ fl¬ı≈̨Ú

(a) y a bx
x= +a f e3

(b) ax by
2 2 1+ =

4. øÚÀiú±ñ ¸˜œfl¬ı˛ÀÌı˛ ’Ú≈̄ ∏ºœ ’ıfl¬˘ ¸˜œfl¬ı˛Ì øÚÌ«̊ ˛ fl¬ı≈̨Ú ¤ı— Œˆ¬ÃÓ¬-ı…±‡± (physical interpretation)

fl¬ı˛≈Ú x a b= +cos sinµ µt t

5. ¬Û˚«…Àıé¬Ì fl¬Àı˛ Œ‡≈Ú y a x b= +log  ˝À˘± øÚÀ•ß±ñ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸˜±Ò±Ú

dy

dx
x

d y

dx
+ =

2

2
0

Î¬◊Mı˛̃ ±˘± –

1. ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ”̃À˘ Œ˚À˝Ó≈¬ ¤fl¬øÈ¬ ˜±S ¬√õ∂‰¬˘, ’Ó¬¤ı ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬ ¸ı˛˘ ı± ¤fl¬‚±Ó¬ ˝Àı/

’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊ 1 1
x y

dy

dx
+ = c  , ¤ı±ı˛ c ’¬ÛÚ˚˛Ú fl¬Àı˛ ¬Û±˝◊
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y x
dy

dx
y xy+ = log ( ) √∴õ∂˜±øÌÓ¬/

2. a, b ≈˝◊øÈ¬ ¬Ûøı˛ıÓ«¬Ú˙œ˘ √õ∂‰¬˘ (variable parameter) ’Ó¬¤ı ’Ú≈̄ ∏ºœ ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬ øZ˜±Sœ˚˛

˝Àı/ ’ıfl¬˘ fl¬Àı˛ ¬Û±˝◊ 
dy

dx
a

x
= − ⋅⋅⋅ ⋅ ⋅

2
Aa f

ı± x
dy

dx
a

2 0+ =

¬Û≈Úı˛±˚˛ ’ıfl¬˘ fl¬Àı˛ ¬Û±˝◊ ¬2 0
2

2

2
x

dy

dx
x d x

dx
+ =

∴ + =
d y

dx x

dy

dx

2

2

2 0 Ba f

’Ô«±» ’ıfl¬˘ ¸˜œfl¬ı˛Ì (B) ¤ı˛ ˜”˘ y a
x

b= +

3. (a) ’ıfl¬˘Ú fl¬Àı˛ 
dy

dx
a bx b y b

x x x= + + ⋅ = +3 33 3 3a fe e e

¬Û≈Úı˛±˚˛ ’ıfl¬˘Ú fl¬Àı˛  
d y

dx

dy

dx
b

x
2

2

3
3 3= ⋅
F
H
I
K + ⋅ ⋅ e

= ⋅ FH
I
K + ⋅ −FH

I
K3 3 3

dy

dx

dy

dx
y

¸ı˛˘œfl¬ı˛Ì fl¬Àı˛, øÚÀÌ«˚˛ ’ıfl¬˘Ú ¸˜œfl¬ı˛Ì 
d y

dx

dy

dx
y

2

2
6 9 0− + =

(b) ¬Î¬◊¬ÛÀı˛±ñ 3.(a) ’—À˙ı˛ ’Ú≈ı˛”À¬Û ≈øÈ¬ ¬Û˚«…±À˚˛ ’ıfl¬˘Ú fl¬Àı˛ ¤ı— a, b ’¬ÛÚ˚˛Ú fl¬Àı˛ ¬Û±›˚˛±
˚±Àı

xy
d y

dx
x

dy

dx
y

dy

dx

2

2

2

0+ FH
I
K − =

4. µ  øÚø«©Ü ÒËnıfl¬ ¤ı— a, b Œfl¬ ¬Ûøı˛ıÓ«¬Ú˙œ˘ √õ∂‰¬˘ (variable parameters) ÒÀı˛ ¤ı— ≈øÈ¬ ¬Û˚«…±À˚˛

’ıfl¬˘Ú fl¬Àı˛ dx
dt

a b= − +µ µ µ µsin cost t

d x

dt
a t b x

2

2

2 2 2= − − = −µ µ µ µ µcos sin t

√õ∂M ¸˜œfl¬ı˛ÌøÈ¬ ¤fl¬øÈ¬ øıÀ˙¯∏ √õ∂fl¬±ı˛ ·øÓ¬Àfl¬ ıÌ«Ú± fl¬Àı˛ Œ˚‡±ÀÚ Qı˛Ì ˜”˘øıj≈ı˛ øÀfl¬ øÚÀ«ø˙Ó¬ ¤ı— ¤ı˛

˜±Ú ˜”˘øıj≈ ŒÔÀfl¬ ·øÓ¬˙œ˘ fl¬Ì«øÈ¬ı˛ ”ı˛ÀQı˛ ¸Àº ¸˜±Ú≈¬Û±Ó¬œ, ïµ2 - ’Ú≈¬Û±Ó¬ ÒËnıfl¬ó/

5. y a x b= + ⋅⋅⋅ ⋅ ⋅ ⋅log 1a f
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dy

dx
a
x

=  ı± x
dy

dx
a= ⋅⋅ ⋅ ⋅ ⋅ 2a f [x-¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘ fl¬Àı˛]

¬Û≈Úı˛±˚˛ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊ 
dy

dx
x

d y

dx
+ =

2

2
0

√õ∂˜±øÌÓ¬/

√8.6 ¤fl¬˜±Sœ˚˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì (First Order Differential

Equation)

√õ∂Ô˜ ]˜ ’ıfl¬˘ ¸˜œfl¬ı˛ÌÀfl¬ M Ndx dy+ = 0  ˆ¬±Àı Œ˘‡± ˚±˚˛, Œ˚‡±ÀÚ M ¤ı— N Î¬◊ˆ¬À˚˛˝◊ x ›

y ¤ı˛ ’À¬Ûé¬fl¬/ ¤˝◊ ¸˜œfl¬ı˛ÌÀfl¬ ˚Ô±Ô« fl¬‡Ú ı˘± ˝Àı ı± ˚Ô±Ô« ïexactó ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ’Ô« øfl¬∑
¤˝◊ ’ıfl¬˘ ¸˜œfl¬ı˛ÌÀfl¬ ¸ı¸˜˚˛ ¸ı˛±¸øı˛ ¸˜±Ò±Ú fl¬ı˛± ¸y¬ı ˝˚˛ Ú±/ ¤øÈ¬ Ó¬‡Ú˝◊ ¸˜±Ò±ÚÀ˚±·…, ˚‡Ú ¤øÈ¬Àfl¬

d x yφ ,a f = 0  ø˝¸±Àı √õ∂fl¬±˙ fl¬ı˛± ¸y¬ı ˝ ˛̊/ ’Ô«±» Ó¬‡Ú ¸˜œfl¬ı˛ÌøÈ¬ ¸˜±Ò±Ú Œ˚±·… ¤ı— ¤ı˛ ¸˜±Ò±Ú ¸˜œfl¬ı˛Ì

ı± ˜”˘ ïPremitiveó ˝Àı, ˚‡Ú d x yφ( , ) = 0 Œfl¬ ¸˜±fl¬˘Ì √õ∂ø]˚˛±˚˛ ¬Û±›˚˛± ˚±˚˛ φ x y c,a f = , c ¤fl¬øÈ¬

¸˜±fl¬˘ ÒËnıfl¬/

M Ndx dy+ = 0  Œfl¬ øıøˆ¬iß ’±fl¬±Àı˛ ¬Û±›˚˛± ˚±˚˛/ √õ∂fl¬±ı˛Àˆ¬À ¸˜œfl¬ı˛Ì ¸˜±Ò±ÀÚı˛ › √õ∂ø]˚˛± øıøˆ¬iß/

¤˝◊ ’—À˙ ¸˜±Ò±ÀÚı˛ øıøˆ¬iß √õ∂ø]˚˛± ¸•ÛÀfl«¬ øı˙ ˆ¬±Àı ’±À˘±‰¬Ú± ˝Àı/

ïfl¬ó ˚ø M Ndx dy+ = 0 ’ıfl¬˘ ¸˜œfl¬ı˛ÌÀfl¬ g x dx f y dya f a f+ = 0  ˆ¬±Àı ¬Ûøı˛ıøÓ«¬Ó¬ fl¬ı˛± ˚± ˛̊, Ó¬±˝À˘,

¸ı˛±¸øı˛ ¸˜±Ò±Ú fl¬ı˛± ¸y¬ı, ¸˜±Ò±ÚøÈ¬ ˝Àı g x dx f y dya f a fz z+ = c , c ¤fl¬øÈ¬ ’‘©Ü (abitrary) ÒËnıfl¬/

¤˝◊ √õ∂ø]˚˛±Àfl¬ ‰¬˘ı˛±ø˙ı˛ øıˆ¬±ÊÚ ı± ¬Û‘Ôfl¬œfl¬ı˛Ì √õ∂ø]˚˛± ı˘± Œ˚ÀÓ¬ ¬Û±Àı˛ (separation of variables)/ ‡≈ı
¸ºÓ¬ ˆ¬±Àı˝◊ √õ∂ùü ˝ÀÓ¬ ¬Û±Àı˛ Œ˚ M Ndx dy+ = 0  øfl¬ ¸ı«±˝◊ ¸˜±Ò±Ú Œ˚±·…∑

M Ndx dy+ = 0  ¸˜±Ò±ÚÀ˚±·… ı± ˚Ô±Ô« ˝›˚±ı˛ ˙Ó«¬ ˝˘  
∂

∂

∂

∂

M N

y x
=

˚ø ¤˝◊ ˙Ó«¬ ¬Û”ı˛Ì Ú± ˝˚˛, ’Ô«±» ’±¬Û±Ó¬ ˆ¬±Àı ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬ ˚Ô±Ô« Ú± ˝˚˛, Ó¬±˝À˘ ’ÀÚfl¬ ¸˜À˚˛

Œ‡± ˚±˚˛, ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬Àfl¬ Œfl¬±Ú ¤fl¬øÈ¬ ı˛±ø˙ øÀ˚˛ ·≈Ì fl¬ı˛À˘ ¸˜œfl¬ı˛ÌøÈ¬ ˚Ô±Ô« ˝˚˛Ä ¤ı˛”¬Û ı˛±ø˙Àfl¬ ıÀ˘
integrating factor ï¸—Àé¬À¬Û I. F.ó ı± ¸˜±fl¬˘Ú ·≈Ìfl¬ Ä Œ˚˜Ú xdy ydx− = 0  ˚Ô±Ô« Ú˚˛, fl¬±ı˛Ì

∂

∂

∂

∂

∂

∂

∂

∂

M N

y y
y

x

x

x
= − = − ≠ = =a f a f

1 1

øfl¬ôL≈ ˚ø ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬Àfl¬ 
1
2

x
 øÀ˚˛ ·≈Ì fl¬ı˛± ˚±˚˛, Ó¬±˝À˘ Œ¸øÈ¬ “±h¬±˚˛ 

xdy ydx

x

−
=

2
0,  ¤‡±ÀÚ

d
y

x

F
HG
I
KJ = 0
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∴ ¸˜±fl¬˘Ú ·≈Ìfl¬øÈ¬ ˝˘ 
1
2

x

F
H
I
K ¤ı— Î¬◊̋ ±Àfl¬ ¸˜±fl¬˘Ú fl¬Àı˛ Î¬◊øV©Ü ¸˜±Ò±Ú ¬Û› ˛̊± ˚± ˛̊ 

y

x
y cx= ⇒ =c. .

’±ı±ı˛ Œ‡≈Ú ‹ ¤fl¬ ◊̋ ¸˜œfl¬ı˛ÌÀfl¬ ˚ø 
1
2

y
 øÀ ˛̊ ·≈Ì fl¬ı˛± ˚± ˛̊ ’±˜ı˛± ¬Û± ◊̋ 

ydx xdy

y

−
=

2
0  ı± d x

y
F
H
I
K = 0

˚±Àfl¬ ¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊

x
y

k=  ı± x ky=

’Ô«±» ¤Àé¬ÀS ¸˜±fl¬˘ ·≈Ìfl¬ ˝˘ 
1
2

y
/ Î¬◊¬ÛÀı˛ı˛ Î¬◊±˝ı˛Ì ŒÔÀfl¬ ’±˜ı˛± ø¸X¬±ôL√ øÚÀÓ¬ ¬Û±øı˛ Œ˚ ¤fl¬øÈ¬ ˚Ô±Ô«

’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¤fl¬±øÒfl¬ ¸˜±fl¬˘ ·≈Ìfl¬ Ô±fl¬± ¸y¬ı/ ˝◊˝± ’ÚÚ… ïUniqueó Ú˚˛/ ÚœÀ‰¬ øfl¬Â≈ ¸˜±fl¬˘ ·≈ÌÀfl¬ı˛

Î¬◊±˝ı˛Ì Œ›˚˛± ˝˘/

õ∂M ı˛±ø˙ ¸˜±fl¬˘ ·≈Ìfl¬ ·≈Ìfl¬˚Ô±Ô« ’ôL√ı˛fl¬˘

1. dx dx± — d x y±a f

2. xdx ydy± —
1

2
2 2

d x y±d i

3. xdy ydx+ — d xya f

4. xdy ydx−
1
2

x
d

y

x

xdy ydx

x

F
H
I
K =

−
2

5. xdy ydx−
1

2 2
x y+

xdy ydx

x y
d

y

x

−

+
=
F
H

I
K

−

2 2

1tan

6. xdy ydx−
1

xy

dy

y

dx

x
d

y

x
− =

RST
UVWlog

7. xdx ydy+
1

2 2
x y+

xdx ydy

x y

d x y

x y
d x y

+

+
=

+

+
= +

2 2

2 2

2 2

2 2

1

2 e j
e j{ }log

8. ydx xdy−
1
2

y
d

x

y

F
HG
I
KJ

9. xdy ydx+

1

1
2 2

− x y
sin−1

xya f
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¤fl¬˜±S±ı˛ ¸ı˛˘ ï¤fl¬‚±Ó¬ó ’ıfl¬˘ ¸˜œfl¬ı˛Ì øıøˆ¬iß ¬ÛX¬øÓ¬ÀÓ¬ ¸˜±Ò±Ú fl¬ı˛± ˚±˚˛/ Œ˚·≈ø˘ ˝˘ †ñ

(A) ‰¬˘-¬Û‘Ôfl¬œfl¬ı˛Ì ¬ÛX¬øÓ¬

(B) øıÀ˙¯∏ øÚ˚˛À˜ ≈̧̄ ∏˜ ï¸˜‚±Ó¬ó ¸˜œfl¬ı˛ÀÌı˛ ¸˜±Ò±Ú ¤ı— øı¯∏˜ ¸˜œfl¬ı˛Ì (nonliomogeneous)-Œfl¬
¸≈¯∏˜ ¸˜œfl¬ı˛ÀÌ ¬Ûøı˛ıÓ«¬Ú fl¬Àı˛› ¸˜±Ò±Ú fl¬ı˛± ˚±˚˛/

(C) ˚Ô±Ô« ¸˜œfl¬ı˛Ì·≈ø˘ ¸ı˛±¸øı˛ ¸˜±Ò±Ú Œ˚±·… ¤ı— ˚Ô±Ô« Ú˚˛ ¤˜Ú ï’-˚Ô±Ô«ó ıU ¸˜œfl¬ı˛Ì Î¬◊¬Û ≈̊ñ
¸˜±fl¬˘ ı˛±ø˙ (I.F)ı˛ ·≈ÌÀÚ ˚Ô±Ô« ¸˜œfl¬ı˛ÀÌ ¬Ûøı˛ÌÓ¬ fl¬ı˛± ˚±˚˛/

(D) ïaó ¤fl¬˜±Sœ˚˛ ∆ı˛ø‡fl¬ (linear) ¸˜œfl¬ı˛Ì (Leibnitz) ¤ı— ı±ÀÚ«±ø˘íı˛ (Bernoulli)ı˛ ¸˜œfl¬ı˛Ì/

(b) ¤fl¬˜±Sœ˚˛ ı˝≈‡±Ó¬ ¸˜œfl¬ı˛ÌÄ Œflv¬ı˛±Î¬◊È¬ (Clairout's equation) ¸˜œfl¬ı˛ÌÄ ı±ÀÚ«±ø˘ı˛ ¸˜œfl¬ı˛Ì
(Bernoulli's equation)

8.7 ‰¬˘ı˛±ø˙ı˛ ¬Û‘Ôfl¬œfl¬ı˛Ì ¬ÛX¬øÓ¬ (Method of Separation of

Variables)

Î¬◊±˝ı˛Ì –

¸˜±Ò±Ú fl¬èÚ –

1  1 1 02 2 1− − + =−
y y dx y dyd id i sin

ı±  1
1

0
2

1

2
− +

−
=

−

x dx
y

y
dy

sin
   [ ‰¬˘ı˛±ø˙ı˛ øıˆ¬±ÊÚ ]

¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊

x x x y1 2 1 1 2
− + + =− −sin sind i c ,  c ¸˜±fl¬˘ ÒËnıfl¬/

2.  
dy

dx

y

x
+

−

−
=

1

1
0

2

2

ı±  
dy

y

dx

x1 1
0

2 2
−

+
−

=   [ ‰¬˘ı˛±ø˙ı˛ øıˆ¬±ÊÚ ]

¸˜±fl¬˘Ú fl¬Àı˛

sin sin− −+ =1 1y x c ,  c ¸˜±fl¬˘ ÒËnıfl¬/

3. sin cosx dy y dx+ = 0

ı±  
dy

y

dx

xcos sin
+ = 0
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ı±  sec
sec

tan

y dy

x

x
dx+ =

1

2
2

2

0

2

¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊

log| sec tan | log|tan | logy y
x

c+ + =a f
2

ı±,  tan sec tan
x

y y
2

FH IK + =a f c

∴ + =sec tan coty y c
x
2

¤È¬±˝◊ øÚÀÌ«˚˛ ¸˜±Ò±Ú/ c ¸˜±fl¬˘ ÒËnıfl¬/

4.  sec tan sec tan2 2 0x y dx y x dy+ =

ı±  
sec

tan

sec

tan

2 2

0
x

x
dx

y

y
dy+ =

¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊,

log| tan | log|tan | logx y+ = c

∴ =tan tanx y c c ¸˜±fl¬˘ ÒËnıfl¬/

5.  e dx e dy
x y y x− −+ = 0

ı±  
e

e
dx

e

e
dy

x

y

y

x
+ = 0

ı±  e dx e dyx y2 2 0+ =

¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊,

     e e
x y2 2+ = K,   ¬ Œ˚‡±ÀÚ k ¸˜±fl¬˘ ÒËnıfl¬/

√õ∂ùü±ı˘œ –

‰¬˘ı˛±ø˙ı˛ ¬Û‘Ôfl¬œfl¬ı˛Ì ¬ÛX¬øÓ¬ÀÓ¬ øÚ•ßø˘ø‡Ó¬ ¸±Ò±ı˛Ì ’ıfl¬˘ ¸˜œfl¬ı˛Ì·≈ø˘ı˛ ¸˜±Ò±Ú fl¬èÚ/

1.  
dy

dx
e

x y+ = +1
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2.  1 02+ − =y dx xy dyd i , ˚‡Ú x y= =1 0,

3.  y y x y y
dy

dx
1 1

2 2 2
1+ = + =

4.  x y dx xy dy
2 21 1 0+ − + =d id i

5.  3 1 02
e y dx e y dy

x xtan sec+ − =d i

6.  x y
dy

dx
a− =a f2 2

7.  
dy

dx
x y= +sina f

8.  y dy e x dxx y= +2 sin

9.  1 22− =x dy y dxd i , ˚‡Ú x y= =2 1,

10. x yx dy y xy dx
2 2 2 2 0− + + =d i d i

11. x y dx y x dycos cos2 2 0− =

12. x y dx y x dy1 1 02 2+ + + =d i d i

13. f xa f øÚÌ«˚˛ fl¬ı≈̨Ú, ˚‡Ú f x
x

x

1

21 2
a f tan

tan+
 ¤ı— f

π

2
2 2

F
H
I
K = + log

14. 2
1

3 2
y

x

dy

dx
y+ = , y = 1 ˚‡Ú x = 0

Î¬◊Mı˛̃ ±˘± –

1. Òøı˛ x y v
dy

dx
dv
dx

+ = ⇒ = −1

  
dv
dx

e
v−FH IK + =1 1

  e dv dxv− =
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¸˜±fl¬˘Ú − = +e x cv

       ∴ + + =+
e x c

x y 0  øÚÀÌ«̊ ˛ ¸˜±Ò±Ú

2. x y2 2 1− =

  [ 
dx

x

ydy

y
x c y−

+
= ∴ = +

1
0 1

2

2
 ’±ı±ı˛ x y c= = ∴ =1 0 1, ]

3. x y a a2 2 2 2± = ,  ˚‘BÂ ÒËnıfl [ ¬¸ı˛˘œfl¬ı˛Ì fl¬Àı˛ 
dy

dx

x

y
= ±  ]

4. y c e xx2 21
2

= + ⋅ −e j /

x
x

dx
y

y
dy

2

2

1

1
0

+
+

−
=

L
NM  ı± xdx

dx

x

y

y
dy+ +

−

F
HG
I
KJ =
O
QP

1

2

2

1
0

2

5. tan y e
x= −C 1

3d i

3
1

0
2

e

e
dx

y

y
dy

x

x−
+ =

L
NM

O
QP

sec

tan

6. 
a x y a

x y a
y c

2

2
log

− +

− −
+ =

  x y v
dy

dx

dv

dx
− = − =
L
NM , 1  ı± 

v

v a
dv dx

2

2 2−
=  ı± 1

2

2 2
−

−

F
HG

I
KJ =

O
QP

a

v a
dv dx

7. tan secx y x y x c+ − + = +a f a f

x y
dv

dx
dx

dv
+ = − = =

−

+ −
= −

L
NM

O
QPz zν ν

ν

ν ν
ν ν1

1

1 1
sin

sin

sin sin
tan sec

b g
b gb g

8. e x x e yx ysin cos− + +
F
H
I
K =−a f 2 1

2
C

Ι = = − + = − + −z z ze x dx e x e x dx e x e x e x dxx x x x x xsin cos cos cos sin sinb g

            ∴ = −2I e x x
x sin cosa f
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9. 3 3 1xy x y= + +

  log log| |cy
x

x
= ⋅

+

−
L
NM

O
QP2

1

2

1

1

10. log
x

y

x y

xy
−

+
= C

  
1 1

0
2 2

−
+

+
=

L
NM

O
QP

y

y
dy

x

x
dx

a f a f

11. x x x y y ytan logsec tan logsec− = − + C

   x x dx y ydyz z− =sec sec2 2 0

ı± x x dx x dx y ydy y dyz zzz− − +sec sec sec sec2 2 2 2

12. 1 12 2+ + =x yd id i C

1
2

2

1

1
2

2

1
0

2 2

x

x
dx

y

y
dy

+
+

+
=

L
NM z z

 log log log1 12 2+ + + =x y cd i d i

13. f x xa f d i= + +
1

2
1 22log sin

 f x
x

x
dx

x x

x
dxa f =

+
=

+
z ztan

tan

sin cos

sin1 2

1

2

2

1
2 2

     = + +
O
QP

1

2
1 2log sin xd i C

14. y ex3 2
2

− =e j

dy

y y

dy

x3 2−
=a f  ı± 

1
2

3 3 2

3 2

y y

y y
dy

dx
x

− −

−
=

a f
a f  ı± 

1
2

3
3 2y

dy
dy

y
xdx

−
−F

H
I
K =

¸˜±fl¬˘Ú fl¬Àı˛  log / ...3 2 2
y y c x− = +a fm r
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8.8 ≈̧̄ ∏˜ ı± ¸˜‚±Ó¬ ¤fl¬˜±Sœ ˛̊ ’ıfl¬˘ ¸˜œfl¬ı˛Ì (First Order
& First Degree Homogeneous Differeutial Equation)

√õ∂ÔÀ˜ Ê±Ú± √õ∂À˚˛±ÊÚ ≈̧̄ ∏˜ ı± ¸˜‚±Ó¬  ’À¬Ûé¬fl¬ fl¬±Àfl¬ ıÀ˘∑ ˚ø Œfl¬±Ú ’À¬Ûé¬fl¬ φ (x, y) Œfl¬ ¤˜Úˆ¬±Àı

√õ∂fl¬±˙ fl¬ı˛± ˚±˚˛ φ x y x
y

x
n,a f = F

H
I
KF  ’Ôı±

φ x y y x
y

n,a f = F
H

I
KG  Ó¬±˝À˘ Ó¬±Àfl¬ ¸˜‚±Ó¬ ı± ≈̧̄ ∏˜ (homogenous) n ‚±Ó¬ ≈̊ñ ’À¬Ûé¬fl¬ ı˘± ˝˚˛, n

Œ˚Àfl¬±Ú ı±ô¶∏ı ¸—‡…± ˝ÀÓ¬ ¬Û±Àı˛/ Î¬◊±˝ı˛Ì ¶§ı˛≈¬Û –ñ

(i) f Fx y
x y

x y
x

y x

y x
x

y
x,a f a f

a f e j=
+

−
=

+

−

R
S|
T|

U
V|
W|

=
3 3

2

3

21

1

∴ ¤øÈ¬ ¤fl¬øÈ¬ øZ‚±Ó¬ ̧ ≈̄ ∏˜ ï¸˜‚±Ó¬ó ’À¬Ûé¬fl¬/

(ii) f Fx y
yx y

x y
x

y

x
x y x,a f a f=

+
= + F

H
I
K

RST
UVW

=
1 3 17 15

1 5

2 15
2 15

2 151

∴ ¤˝◊ ≈̧̄ ∏˜ì¸˜‚±Ó¬ ’À¬Ûé¬fl¬øÈ¬ ‚±Ó¬ 2
15

(iii) f x y
y x x y

x y xy

y

y

x
y

x
y

x
y

x
y

,a f =
+

+
=

+ F
H

I
K

F
H

I
K + F

H
I
K

R
S
||

T
||

U
V
||

W
||

3 3

2 2

4

3

3

2

 
=

+ F
H

I
K

+

R
S
||

T
||

U
V
||

W
||

= F
H

I
Ky

x
y

x
y

y x
y

1

1

2

G

∴ ¤˝◊øÈ¬ ¸˜˜±Sœ˚˛ ’À¬Ûé¬fl¬ ¤ı— ¤ı˛ ‚±Ó¬ ¤fl¬/

’ıfl¬˘ ¸˜œfl¬ı˛Ì Mdx +Ndy = 0 ¤ı˛ M ¤ı— N ’À¬Ûé¬fl¬ ≈øÈ¬ ˚ø ¤fl¬˝◊ ‚±Ó¬˚≈ñ ˝˚˛, Ó¬±˝À˘

‹ ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬Àfl¬ ≈̧̄ ∏˜ (Homogeneous) ’ıfl¬˘ ¸˜œfl¬ı˛Ì ıÀ˘/

¤ Œé¬ÀS ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌ y = vx ıø¸À˚˛ (v ¤fl¬øÈ¬ x ¤ı˛ ’À¬Ûé¬fl¬ó ¸ı˛˘œfl¬ı˛Ì fl¬ı˛À˘ v ¤ı— x

‰¬˘≈øÈ¬ı˛ ¤fl¬øÈ¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ¬Û±›˚˛± Œ˚øÈ¬Àfl¬ ‰¬˘ı˛±ø˙ı˛ ¬Û‘Ôfl¬œfl¬ı˛Ì ¬ÛX¬øÓ¬ÀÓ¬ ¸˝ÀÊ˝◊ ¸˜±Ò±Ú fl¬ı˛± ¸y¬ı/
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Î¬◊±˝ı˛Ì –

1. x y dy x y dx+ + − = ⋅⋅ ⋅ ⋅ ⋅a f a f a f0 1

Òı˛±˚±fl¬, y x= v , ’Ó¬†¬Ûı˛ 
dy

dx
x d

dx
= +v v

(1) ¤ ı¸±˝◊˚˛± ¬Û±˝◊ 
dy

dx

y x

y x
=

−

+

ı± v v
v

+ = −
+

x dv
dx

1
1

ı± x dv
dx

v
v

v
v

v
= −

+
− =

− +

+
1
1

1

1

2c h

ı± − +

+
=v

v
dv

dx
x

1

12

ı± −
+

−
+

=v

v
dv

dv

v

dx
x2 21 1

¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛

+ + + + =−1
2

12 1log tan logv v xc h c

ı± 
1
2

1
2

2

1log tan log
y

x

y

x
x+

F
HG

I
KJ + + =− c

ı± 1
2

12 1log log tan logx x
y

x
x+ − + + =−c h c

∴ log tanx y
y

x
2 2 1+ + =−c h c

¤È¬±˝◊ øÚÀÌ«˚˛ ¸˜±Ò±Ú, Œ˚‡±ÀÚ c ¸˜±fl¬˘ ÒËnıfl¬/

2. (x3-3xy2) dx = (y3-3x2y)dy ¤øÈ¬ ¤fl¬øÈ¬ øS‚±Ó¬ ≈̧̄ ∏˜ ’ıfl¬˘ ¸˜œfl¬ı˛Ì/

Òı˛±˚±flƒ¬ y = vx, ∴ 
dy

dx
v x dv

dx
= +

∴ √õ∂M ¸˜œfl¬ı˛ÌøÈ¬ÀÓ¬ ı¸±˝◊˚˛± ¬Û±˝◊ 
dy

dx

x xy

y x y
=

−

−

3 2

3 2

3

3
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ı± v x dv
dx

v v

v v

v

v v
+ = −

−
= −

−

3

3

1 3

3

2

3

2

2c h

ı± x dv
dx

v

v v
v v

v v
= −

−
− = −

−

1 3

3

1

3

2

2

4

3c h

ı± 
dv
x

v v

v
dv

vdv

v

v

v
dv=

−

−
=

−

−
−

+

3

4 2 2

3

1 1

2

1

¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊ 
dx

x

v dv

v

v

v
dv c=

−

−
−

+
−zzz 1

2

2

1

2

1
2 2

b g
log

ı± log log log logx c v v+ = − − +1
2

1 12 2c h c h

ı± log log log logx
x y

x

x y

x
y vx+ =

−F
HG

I
KJ −

+
=c 1

2

2 2

2

2 2

2
∵a f

ı± log log log log logx
x y

x y
x x+ =

−

+
− +c 1

2
2

2 2

2 2 2

c h
c h

ı± 2
2 2

2 2 2
log logc =

−

+

x y

x yc h

∴ x y k x y2 2 2 2 2
− = +c h

3. x y dx x y dy
2 3 3 0− + =c h  ¤øÈ¬ øS‚±Ó¬ ¸˜˜±Sœ˚˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì/ Òı˛± ˚±fl¬, y = vx

√õ∂M ¸˜œfl¬ı˛Ì† 
dy

dx

x y

x y
=

+

2

3 3

y vx=  ⇒ 
dy

dx
x dv

dx
v= +  ı¸±˝◊˚˛± ¬Û±˝◊

v x
dv
dx

v

v
+ =

+1 3
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ı± x dv
dx

v

v
v v

v
=

+
− = −

+1 1
3

4

3

¸˜±fl¬˘Ú fl¬Àı˛ ∴ + = −
+

= − − −zzzz dx
x

v

v
dv

dv

v

dv
v

c
1 3

4 4
log

log log logx
v

v+ −c = 1

3 3

  
= − + ⋅⋅⋅⋅ ⋅ =F

H
I
K

x

y
y x v

y

x

3

33
log log ∵

ı±  log
y

k
x

y
=

3

23
  ı± y k e

x y=
3 23

¤È¬±˝◊ øÚÀÌ«˚˛ ¸˜±Ò±Ú, k ¤fl¬øÈ¬ ¸˜±fl¬˘ ÒËnıfl¬/

4. 
4 6 5

3 2 4
1

x y

y x

dy

dx

+ +

+ +
F
H

I
K =  [¤øÈ¬ ≈̧̄ ∏˜ Ú˚˛]

ı± 
dy

dx

x y

x y
=

+ +

+ +

2 3 4

4 6 5

¤‡±ÀÚ 
a

a

b

b
1 1

=  fl¬±ı˛Ì 2
4

3
6

1
2

= =

¤‡±ÀÚ ax by v+ =  Òı˛ÀÓ¬ ˝Àı, ’Ô«±» 2 3x y v+ =  Òı˛± Œ˝±fl¬

Ó¬±˝À˘ 2 3+ =
dy

dx
dv
dx

 ’Ô«±» 3 2
dy

dx
dv
dx

= −

∴ õ∂M ¸˜œfl¬ı˛ÀÌ ıø¸À˚˛ ¬Û±˝◊ dv
dx

x y

x y
v
v

− =
+ +

+ +
= ⋅ +

+
2 3

2 3 4

4 6 5
3 4

2 5{ } ,

∴ 
dv
dx

v
v

v
v

= +
+

+ = +
+

3 12
2 5

2 7 22
2 5

ı±, 2 9
7 22

7−
+

=
v

dv dxe j

ı±, 2 9
7

7 22 7v v x− + =loga f
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ı±, 7 2 2 3 7 9 7 2 3 22 9x y x x y c+ − = + + −a fm r a fm rlog log

ı±, 7 6 3 9
14 21 22

y x
x y

− =
+ +k p a f

log
c

ı±, log 14 21 22
3 7 2

x y
y x

+ + =
−b g b gc e

øÚÀÚ«˚˛ ¸˜±Ò±Ú/

5. 
dy

dx
x y x y= + + +sin cosa f a f

Òøı˛ x y v
dy

dx

dv

dx
+ = ⇒ + =1

∴ 
dv
dx

v v− = +1 sin cos

dv
dx

v v= + +sin cos1a f

  = ⋅ +2
2 2

2
2

2sin cos cosv v v

dx

v
dv

v
=

+FH IK
zz

sec

tan

2

2

2 1
2

x
x y

=
+

+F
H

I
K +log tan

2
1 c

6. 
dy

dx
x y+ + =1 1a f

dx
dy

x y= + +1 Òøı˛ x y v+ + =1

dv
dy

v= +1 dx
dy

dv
dy

+ =1

¸˜±fl¬˘Ú fl¬Àı˛ y dv
v

c=
+

+z 1
1

= + +log v 1 1a f c
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= + + −log logx y c2b g

∴ x y
y+ + =2 c e  øÚÀÌ«˚˛ ¸˜±Ò±Ú/

7. 
y

x

y

x
dx x

y

y

x

y

x
dycos sin cosF

H
I
K − +F

H
I
K = ⋅⋅ ⋅ ⋅ ⋅0 1a f

Òøı˛ y vx
dy

dx
v x dv

dx
= ⇒ = +

(1) ˝˝◊ÀÓ¬ v x dv
dx

v v

v
v v

+ =
+

cos

sin cos1

∴ x
dv
dx

v v
v v v

=
−

+
sin

sin cos

∴ 
sin cos

sin
v v v
v v

dv dx
x

+ + = 0

ı± dv
v

v
v

dv dx
x

+ + =cos
sin

0

¸˜fl¬˘Ú fl¬Àı˛ ¬Û±˝◊ log log sin log logv v x+ + = c

∴ 
y

x

y

x
xsinF

H
I
K = c

∴ y
y

x
sinFH

I
K = c

8. y dx x xy y dy
2 2 2 0+ − + =c h

∴
dy

dx

y

x xy y
= −

− +

2

2 2

y vx= Òøı˛, 
dy

dx
v x dv

dx
= +

v x dv
dx

v

v v
+ = −

− +

2

2
1

∴ x dv
dx

v

v v
v= −

− +
+F

H
I
K1 2
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= −
+ − +

− +
= −

+

− +

v v v v

v v

v v

v v

2 2 3

2

2

2
1

1

1

d i

∴ 
1

1

2

2

− +

+
= −

v v

v v
dv

dx
xd i

ı± − = −
+

dx
x

dv
v

dv

v1 2

¸˜±fl¬˘Ú fl¬Àı˛

log tan logv v x− + =−1 c

ı± log tanvx
y

x
− =−1 c

ı± log tany
y

x
− =−1 c

9. x
dy

dx
y y x= − +log log 1a f

ı± 
dy

dx

y

x

y

x
= +F

H
I
Klog 1

ı± v x dv
dx

v v y vx+ = + =log 1a f

∴ =dv
v v

dx
xlog

[ log v z=  ıø¸À˚˛ 
dv

v v
dz
z

z
log

log= =zz
1
v

dv dz=

¸˜±fl¬˘Ú fl¬Àı˛

dv
v v

dx
x

c
log

= + ′zz
log log logv x ca f =

∴ =v e
x c



213

ı± v x e
x c=

øÚÀÌ«̊ ˛ ¸˜±fl¬˘/

10. x dy ydx x y dx− = +2 2

∴ =
+ +dy

dx

x y y

x

2 2

v x dv
dx

v v y vx+ = + + =1 2

dv

v

dx
x

c
1 2

1

+
= +zz

log logv v x+ + =1 2 c

∴ + + =v v cx1 2

∴ + + =y x y cx
2 2 2

øÚÀÌ«˚˛ ¸˜±Ò±Ú/

11. ( )x y dx x dy
4 4 32 0+ − =

ı± 
dy

dx

x y

x y
=

+4 4

32

ı± v x
dv

dx

v

v v

v
y vx+ =

+
= + =

1

2

1

2 2

4 3

[ ]

x
dv

dx v

v
v

v v

v
= + − =

+ −1

2 2

1 2

2

3 4 2

=
−( )v

v

2 21

2

∴ =
−

z zdx

x

v

v
dv x

2

12 2( )
log

=
−

−
+

1

1
2

v
C

∴ +
−

=log x
v

1

1
2

C



214

log x
x

y x
+

−
=

2

2 2
C  øÚÀÌ«˚˛ ¸˜±Ò±Ú

12. ( ) ( )2 3 2 3x y dy x y dx+ − = + −

ı±, 
dy

dx

x y

x y

a

a

b

b
=

+ −

+ −
≠

L
NM

O
QP

2 3

2 3
1

2

1

2

Òøı˛ x X h= +   y Y k= +

∴ =
+ + + −

+ + + −
dY
dX

X Y h k

X Y h k

( ) ( )

( ) ( )

2 2 3

2 2 3

h, k ¤˜Ú ˆ¬±Àı øÚı«±‰¬Ú fl¬ı˛ÀÓ¬ ˝Àı Œ˚

h k
h k
+ − =

+ − =
2 3 0

2 3 0 ⇒
 h k= = 1

(2) ⇒
dY

dX

X Y

X Y
=

+

+

2

2
,  ˝◊˝± ¤fl¬øÈ¬ ≈̧̄ ∏˜ ¤fl¬˜±Sœ˚˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

 ¤ı±ı˛ Y vX= ÒÀı˛

v X
dv

dX

v

v
+ =

+

+

1 2

2

X
dv

dX

v

v
v

v v v

v
=

+

+
− =

+ − −

+

1 2

2

1 2 2

2

2

∴ =
+

−
=

+
+

−zzz dX

X

v

v
dv

v
dv

v
dv

2

1

1

2

1

1

3

2

1

12

log log log
X

c
v v= + − −

1

2
1

3

2
1b g b g     v

Y

X
=

F
H

I
K

¸ı˛˘œfl¬ı˛Ì fl¬Àı˛ ¬Û±˝◊

X

C

Y

X

Y

X

2

2

3

1 1= +F
H

I
K −F

H
I
K

X Y

X Y

+

−
=

b g3
C



215

∴ + − = −x y C x y2
3b g ∵ X x h x

Y y k y
= − = −

= − = −
L
NM

O
QP

1
1 ,

◊̋̋ ± ◊̋

13. 
dy

dx

x y

x y

a

a

b

b
=

− +

− +
=

L
NM

O
QP

5

2 2 5
1

2

1

2

x–y = v ÒÀı˛ 1 − =
dy

dx
dv
dx

∴ − =
+

+
⇒ =

+
1

5

2 5 2 5

dv

dx

v

v

dv

dx

v

v

∴
+

=
2 5v

v
dv dx

¸˜±fl¬˘Ú fl¬Àı˛
2v+5 log|v| = x+c

1

ı±, 2 5 1( ) log| |x y x y x c− + − = +

( )x y ce y x− − −5 2 , ˝◊˝±˝◊ øÚÀÌ«˚˛ ¸˜±Ò±Ú/

14. 
dy

dx

x y

x y
=

+ +

+ +

1

3 3 1

a

a

b

b
1

2

1

2

=
L
NM

O
QP

∴ + =x y v  Òøı˛ 1 + =
dy

dx
dv
dx

∴ = +
+

+ = +
+

dv
dx

v
v

v
v

1
3 1

1 4 2
3 1

∴ +
+

=3 1
2 1

2v
v

dv dx

ı± 3
2

1
2

1
2 1

2−
+

=
v

dv dxe j
¸˜±fl¬˘Ú fl¬Àı˛

3

2

1

4
2 1 2 1v v x c− + = +log

∴ + − = −log 2 1 6 8 4 1v v c c

ı± log 2 2 1 6x y x y+ + − +b g
= − +8x c

[Òøı˛ c c= −4 1



216

∴ + + + − =log 2 2 1 2 6x y x y c , ˝◊˝±˝◊/
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fl¬ı˛± ˝À˚˛ÀÂ/ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ˜±S± ïı± ]˜ó ¤ı— ‚±ÀÓ¬ı˛ Ò±ı˛Ì± Œ›˚˛± ˝À˚˛ÀÂ ïı± ]˜ó ¤ı— ‚±ÀÓ¬ı˛Ò±ı˛Ì±
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=  ˝˚˛, Ó¬Àı a x b y k a x b y2 2 1 1+ = +( )  Ó¬‡Ú a x b y v1 1+ =

Òı˛ÀÓ¬ ˝Àı, dv
dx

a b
dy

dx
= +1 1 , Ó¬‡Ú Î¬◊¬ÛÀı˛±Mê ¸˜œfl¬ı˛Ì ˝Àı, 

dv

dx
a b

v

kv
v−

F
H

I
K =

F
H

I
K =1 1F φ( )  ¤ı˛¬Ûı˛ ‰¬˘

¬Û‘Ôfl¬œfl¬ı˛Ì ¬ÛX¬øÓ¬ÀÓ¬ ¸˜±Ò±Ú fl¬ı˛± ˚±Àı/
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9.5 ¬√¤fl¬˜±Sœ˚˛ ¸ı˛˘ ’ıfl¬˘ ¸˜œfl¬ı˛Ì (First Order Linear
Differential Equation)

¤øÈ¬ ¤fl¬øÈ¬ øÚøV«©Ü ¸øißÀıÀ˙ Ô±fl¬Àı, Œ˚˜Ú 
dy

dx
py q+ = ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1a f

p, q ≈øÈ¬ ¶§±ÒœÚ ‰¬˘ x - ¤ı˛ ’À¬Ûé¬fl¬ ı± ÒËnıfl¬/ ¸˜œfl¬ı˛Ì (1) ¸±Ò±ı˛Ìˆ¬±Àı ¤fl¬øÈ¬

’˚Ô±Ô« (Inexact) ¸˜œfl¬ı˛Ì ï¤Àé¬ÀS M py q= − ,  N = 1,   ∴ = ≠ =
∂

∂

∂

∂

M

y
p O

N

x ó/ ’Ô«±» qÒ≈̃ ±S

p O=  ˝À˘ ¸˜œfl¬ı˛ÌøÈ¬ ˚Ô±Ô« ˝Àı/

¸˜±fl¬˘Ú ·≈ÌÀfl¬ı˛ ¸±˝±À˚… ¸ı˛˘ ’ıfl¬˘ ¸˜œfl¬ı˛ÌÀfl¬ ¸ı«± ¸˜±Ò±Ú fl¬ı˛± ¸y¬ı/

(1) ¤ı˛ Î¬◊ˆ¬˚˛¬Ûé¬Àfl¬ e
pdxz  øÀ˚˛ ·≈Ì fl¬ı˛À˘ ¬Û±˝◊ e

dy

dx
e py e q

pdx pdx pdxz z z+ = ⋅  

ı± d
dx

y e q e
pdx pdxz z={ }

ı± d y e q e dx
pdx pdxz z={ }

Î¬◊ˆ¬˚˛¬Ûé¬Àfl¬ ¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊ y e q e dx
pdx pdxz z= ⋅ + ⋅ ⋅ ⋅ ⋅ ⋅z c 2a f

¤È¬±˝◊ ¸˜œfl¬ı˛Ì (1) ¤ı˛ ¸˜±Ò±Ú, ’±¬ÛÚ±ı˛± ’ı˙…˝◊ ’Ú≈Ò±ıÚ fl¬Àı˛ÀÂÚ Œ˚ e
pdxz  ¸˜œfl¬ı˛Ì (1) ¤ı˛ I.F.

ı± ¸˜±fl¬˘Ú ·≈Úfl¬ (2) Œfl¬ (1) ¤ı˛ ¸˜±Ò±Ú ¸”S ø˝¸±Àı ı…ı˝±ı˛ fl¬ı˛± Œ˚ÀÓ¬ ¬Û±Àı˛/

Î¬◊±˝ı˛Ì † 1. ¸˜±Ò±Ú fl¬ı˛≈Ú – 
dy

dx
x

x
y+ − =1 2 1

2

¤øÈ¬ ¤fl¬]˜ ¤fl¬‚±Ó¬ (linear) ’ıfl¬˘ ¸˜œfl¬ı˛Ì

¤‡±ÀÚ p
x

x
= −1 2

2

∴ = =z z z− −
F
H

I
K

I F. . e e e
pdx

x

x
dx

x x
dx1 2 1 2

2 2

  = ⋅ = ⋅ = ⋅
− − − − − −z

e e e e x ex x
dx

x x x
1 2 1

2 2
1

log

∴ øÚÀÌ«˚˛ ̧ ˜±Ò±Ú y x e x e dxx x⋅ = ⋅ +− − − −z2
1

2
1

1 c



242

  = + +
−

e x
1

c

∴ = ⋅ ⋅ + = +y c x e x x c ex x2
1

2 2 11c h
¤È¬±˝◊ øÚÀÌ«˚˛ ¸˜±Ò±Ú/

2. ¸˜±Ò±Ú fl¬ı˛≈Ú – cos tan2
x

dy

dx
y x+ =

ı± 
dy

dx
x y x x+ ⋅ =sec tan sec2 2

∴ =zI F. .
sec tan

e e
x dx x

2

∴ øÚÀÌ«˚˛ ̧ ˜±Ò±Ú y e x x e dx
x x⋅ = ⋅ +ztan tantan sec2c h c

tan x z=  Òøı˛˚˛±

= +z z e dz
z c

= − +ze e
z z c

= − +tan tan tan
x e e

x x c

∴ = − + −
y x ce

xtan tan1a f  ¤È¬±˝◊ øÚÀÌ«˚˛ ¸˜±Ò±Ú/

3. ¸˜±Ò±Ú fl¬ı≈̨Ú – 3 1 02
e y dx e y dy

x xtan sec+ − =c h

ı± 3 1 02
e y e y

dy

dx
x xtan sec+ − =c h

tan y z=  ıø¸À˚˛ ¬Û±˝◊, sec2
y

dy

dx
dz
dx

=

∴ ¬Ûøı˛ıøÓ«¬Ó¬ ¸˜œfl¬ı˛Ì –

3 1 0⋅ + − =e z e
dz
dx

x xd i

ı±, 
dz

dx

e

e
z

x

x
+

−
⋅ =

3

1
0

ı±, 
dz

z

e

e
dx

x

x
=

−
zz 3

1
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ı±, log logz
c

e x= −3 1c h

ı±, z c e
x= − 1

3

e j

ı±, tan y e
x

= −c 1
3c h

¤øÈ¬ ¤fl¬‚±Ó¬ ¤fl¬˜±S± (linear) ¬ÛX¬øÓ¬ÀÓ¬› fl¬ı˛± ˚±˚˛/

4. ¸˜±Ò±Ú fl¬ı≈̨Ì – x e dx e dy
y x y+ + =+4 0c h

ı±, x e e e
dy

dx
y x y+ + ⋅ ⋅ =4 0c h e z

y = ıø¸À ˛̊ e
dy

dx
dz
dx

y =

ı±, dz
dx

xe z xe
x x+ = −− −d i 4

I. F. e e e
xe xe e e x

x dx
x x x

−
− − −z = =− − − +

.

1a f

∴ øÚÀÌ«˚˛ ¸˜±Ò±Ú/

Z c⋅ = − +
− + − − +

− −ze xe e dx
e x x e x

x x
1 1

4
a f a f

= − +− − +
−z4 1

x e e dx
x e x

x a f
c Òı˛± ˚±fl¬

= +−z4 e dt c
t

e x t
x− + =1a f

= − +−4 e c
t − + + =− −

e x e dx dt
x x1a fn s

= − +
− +

−

4
1

e c
e x

x a f ı± ¬e x dx dt
x− − − + =1 1k p

ı± e c e
y e x

x

= − +
−

+
4

1a f ı± ¬− ⋅ =−x e dx dtx

ı± log loge e x
y x+ = + +−4 1c h a fc

ı± log e k e xy x+ = + +−4 1c h a f

¤È¬±˝◊ øÚÀÌ«˚˛ ¸˜±Ò±Ú/
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9.5.1 ’ ≈̧̄ ∏̃  ’ıfl¬˘ ¸˜œfl¬ı̨Ì (Non-Homogeneous Differential
Equation)

dy

dx

ax by

a x b y
=

+ +

+ +

c

c'1 1

¤ ◊̋ ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬ ¸˜˜±øSfl¬ Ú˚˛, øfl¬ôL√≈ ¤Àfl¬ ¸˜˜±øSfl¬ ¸˜œfl¬ı˛ÀÌ ¬Ûøı˛ıÓ«¬Ú fl¬ı˛± ¸y¬ı, ˚ø  
a

a

b

b
1 1

≠

˝˚˛, Ó¬±˝À˘ x = x1+h,  y = y1+k Òı˛ÀÓ¬ ˝Àı ¤ı— ”̃̆  ¸˜œfl¬ı˛ÀÌ ıø¸À˚˛ h, k ¤ı˛ ˜±Ú øÚÌ«˚˛ fl¬ı˛ÀÓ¬

˝ÀıÄ ¤fl¬øÈ¬ Î¬◊±˝ı˛ÀÌı˛ ¸±˝À˚… øÚÀ•ß ı…±‡…± fl¬ı˛± ˝˘Ä

Î¬◊±˝ı˛Ì † 
dy

dx

x y

x y
=

− +

+ +

5 3 2

3 5 1

¤‡±ÀÚ 
a

a

b

b
1 1

≠ fl¬±ı˛Ì 5
3

3
5

≠ −

Òı˛±˚±fl¬ x x h y y k= + = +1 1,

∴ = =
− + − +

+ + + +

dy

dx

dy

dx

x y h k

x y h k

1

1

1 1

1 1

5 3 5 3 2

3 5 3 5 1

¸˜œfl¬ı˛ÌøÈ¬ ¸˜˜±øSÀfl¬ ¬Ûøı˛ÌÓ¬ fl¬ı˛ÀÓ¬ Œ·À˘ ı˛fl¬±ı˛

5 3 2 0
3 5 1 0

h k
h k

− + =
+ + =

’Ô«±» h k
−

= =
13 1

1
34

∴ = − =h k13
34

1
34

,

∴ =
−

+

dy

dx

x y

x y

1

1

1 1

1 1

5 3

3 5

¤øÈ¬ ¤fl¬øÈ¬ ¤fl¬˜±Sœ˚˛ ̧ ı˛˘ ̧ ≈̄ ∏˜ ’ıfl¬˘ ̧ ˜œfl¬ı˛Ì/ ’Ó¬¤ı øÚø«©Ü øÚ˚˛À˜ ’·Ë¸ı˛ ̋ À˘˝◊ ̧ ˜±Ò±Ú ¬Û±›˚˛± ̊ ±Àı/

9.6 ı±ÀÌ±«ø˘ı˛ ¸˜œfl¬ı˛Ì (Bernoulli's Equation)

Œfl¬±Ú ¤fl¬‚±Ó¬ ¤fl¬˜±Sœ˚˛ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌ ’Ô«±»

dy

dx
y Q+ = ⋅⋅ ⋅ ⋅ ⋅P 1a f

¬Ûøı̨ıÀÓ«¬
dy

dx
y Qy

n+ = ⋅⋅ ⋅ ⋅ ⋅P 2a f Ô±Àfl¬, Ó¬±Àfl¬ ı±ÀÌ«±ø˘ı˛ ¸˜œfl¬ı˛Ì (Bernoulli's Equation) ı˘± ˝˚˛/

¸˝ÀÊ˝◊ øÚÀ˜±ñ ¬ÛX¬øÓ¬ÀÓ¬ √õ∂ÔÀ˜±ñ Ù¬˜« - ¤ ’±Ú± ˚±˚˛Ä
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y
dy

dx
y Q

n n− −+ = ⋅⋅ ⋅ ⋅ ⋅ ⋅1 3P a f

Òøı˛  y z
n1− =  Ó¬±˝À˘ 1− =−

n y
dy

dx
dz
dx

na f

(3) ¤ ıø¸À˚˛ ¬Û±˝◊ dz
dx

n z n Q+ − ⋅ = −1 1a f a fP

∴ =
−zI F

P
. e

n dx1a f

øÚÀÌ«˚˛ ¸˜±Ò±Ú Z c
P P

⋅ = − +
− ⋅ −z zze n Q e dx

n dx n dx1 1
1

b g b gb g

ı± y e n Q e dx
n n dx n dx1 1 1

1− − −z z= − +zb g b gb gP P
c

Î¬◊±˝ı˛Ì-˜±˘±

1. ¸˜±Ò±Ú fl¬èÚ –  xy
dy

dx
y e

x− = ⋅⋅ ⋅ ⋅ ⋅ ⋅−3 2

1a f

ı± y
dy

dx
x y e

x− − −− ⋅ = − ⋅⋅ ⋅ ⋅ ⋅3 2 2

2a f

Òøı˛, y z
− =2  Ó¬±˝À˘, − ⋅ =−2 3

y
dy

dx
dz
dx

, (2) - ŒÓ¬ ıø¸À˚˛ ¬Û±˝◊

dz
dx

x z e
x

+ ⋅ =
−

2 2
2

∴ = =zI F. e e
xdx x2 2

∴  øÚÀÌ«˚˛ ̧ ˜±Ò±Ú

Z c⋅ = ⋅ ⋅ +−ze e e dx
x x x2 2 2

2

ı± y e xx− ⋅ = +2 2

2 c

∴ + =−zxy y e x2 2 2

c

¤È¬± ◊̋ øÚÀÌ«̊ ˛ ̧ ˜±Ò±Ú/

2. ̧ ˜±Ò±Ú fl¬èÚ – 3
2

1
1

3

2

dy

dx

y

x
x

y
+

+
= ⋅⋅ ⋅ ⋅ ⋅ ⋅a f

ı± 3 2
1

22 3 3
y

dy

dx x
y x+

+
⋅ = ⋅⋅ ⋅ ⋅ ⋅ ⋅a f
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Òøı̨ y z
3 =  Ó¬±˝À˘  3 2

y
dy

dx
dz
dx

=  (2) ŒÓ¬ ıø¸À˚˛ ¬Û±˝◊

dz
dx x

z x+
+

⋅ =
2

1
3

I e e xx
dx x

. .
log

F
2

1 2 1 2
1+ +z = = +

a f a f
∴ øÚÀÌ«˚˛ ¸˜±Ò±Ú

Z c⋅ + = + +zx x x dx1 1
2 3 2a f a f

= + + +z x x x dx
5 4 32d h c

∴ + = + ⋅ + +y x x x x3 2 6 5 41 1
6

2
5

1
4

a f c

¤È¬±˝◊ øÚÀÌ«˚˛ ¸˜±Ò±Ú/

^©Üı… – fl¬‡Ú fl¬‡Ú ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬ ¤‡Ú Ô±Àfl¬ Œ˚ y Œfl¬ ¶§±ÒœÚ‰¬˘ ¤ı— x Œfl¬ ’ÒœÚ ‰¬˘ ø˝¸±Àı

Òı˛ÀÓ¬ ˝˚˛/ Ó¬‡Ú ¸˜œfl¬ı˛ÌøÈ¬ ˝Àı,

dx
dy

x Q+ =P1 1

¤‡±ÀÚ P1,Q1  - Y ‰¬˘øÈ¬ı˛ ’À¬Ûé¬fl¬, Ó¬‡Ú I. F. ˝Àı  e
dyP

1z  ¤ı˛ øÚÀÌ«˚˛ ¸˜±Ò±ÚøÈ¬ ˝Àı

x e Q e dy
dy dyP P

c
1 1

1z z= +e j

3. x y xy dy dx
2 3 2 1+ = ⋅⋅ ⋅ ⋅ ⋅ ⋅c h a f

dx
dy

y x y x− ⋅ =2 3 2

ı± x
dx
dy

y x y
− −− ⋅ = ⋅⋅ ⋅ ⋅ ⋅2 1 32 2a f

Òøı˛ x z x
dx
dy

dz
dy

− −= − =1 2,

∴ (2) ŒÓ¬ ı±¸±˝◊˚˛± ¬Û±˝◊

+ + ⋅ = −dz
dy

y z y2 3

∴ I.F. = =
+ +ze e

ydy y2 2
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∴ øÚÀÌ«˚˛ ¸˜±Ò±Ú

Z e y e dy
y y⋅ = − ⋅ ++ +z2 23 c

      = − ++z12 t t ce dt y
y dy d

2

2
=

=
t

t

     = − + − +
1
2

t c
t t

e ed i

    = − +1
2

1
2

y e e + c2 y y2 2

∴ 2 11 2 2

x y e
y− −= − + c

Î¬◊±˝ı˛Ì ï’øÓ¬øı˛ñó –

1. ¸˜±Ò±Ú fl¬ı˛≈Ì – 
dy

dx
x

x
y

x
+

+
=

+
⋅⋅⋅ ⋅ ⋅ ⋅ ⋅

4

1

1

1
1

2 2 3d i
a f

P =
+

=
+

4

1

1

1
2 2 3

x

x
Q

x
,

d i

∴ I F.
log

= = = ++
+z

e e x

x

x
dx x2 2

1
2 1 2 22

2

1
d i c h

(1) I.F  øÀ˚˛ ·≈Ì fl¬Àı˛ ¬Û±˝◊ x
dy

dx
x x y

x

2
2

2

2
1 4 1

1

1
+ + + =

+
e j e j

ı± d y x
x

dx
2 2

2
1

1

1
+ =

+
d i{ } .

∴ ¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊  y x
dx

x

2 2

2
1

1
+ =

+
+zc h c

∴ y x x2 2 11+ = +−c h tan c , ¤È¬±˝◊ øÚÀÌ«˚˛ ¸˜±Ò±Ú

2. ¸˜±Ò±Ú fl¬ı˛≈Ú – 1 02 1

+ + − =− −

y x e
dy

dx
ytane j

∴ 
dx
dy

x

y

e

y

y

+
+

=
+

−
−

1 1
2 2

1
tan

{
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¤‡±ÀÚ ’ÒœÚ ‰¬˘ x Ä

∴ 
I F. tan

e e
y

dy

y

1

1 2
1

+
−z =

øÚÀÌ«˚˛ ¸˜±Ò±Ú x e e

y
e dy

y
y

y⋅ =
+

+
−

−
−−ztan

tan
tan1

1
1

1
2

x c

= +−tan c1
y

3. ¸˜±Ò±Ú fl¬ı˛≈Ú – 
dy

dx
a
x

y b

x
n

+ =

I F =. log
e e x

a

x
dx a x az

= =

√õ∂M ¸˜œfl¬ı˛ÌÀfl¬ xa  Z±ı˛± ·≈Ì fl¬Àı˛ ¬Û±˝◊,

y x b x

x
dx

a
a

n
⋅ = +z c

        =
⋅
− +

+
− +

b x
a n

a n 1

1
c

∴ y b
a n

x xn a=
− +

⋅ +− + −

1
1 c

4. ¸˜±Ò±Ú fl¬ı˛≈Ú – 
dy

dx
y x y x

n+ =cos sin 2

[ ¤øÈ¬ ı±ÀÚ«±ø˘ı˛ ¸˜œfl¬ı˛Ì ]

∴ 1 1 2 11− + − = ⋅ −− −
n y

dy

dx
n y x x n

n na f a f a fcos sin

y
n1− = z  Òøı˛, 1− =−

n y
dy

dx
dz
dx

na f

dz

dx
n x n x+ − ⋅ = −1 1 2b g b gcos sinz

¤ı±ı˛ z  ’ÒœÚ ‰¬˘, ’Ó¬¤ı Î¬◊ˆ¬˚˛ ¬Ûé¬Àfl¬ I.F. Z±ı˛± &Ì fl¬Àı˛ ¤ı— ¸˜±fl¬˘ fl¬Àı˛ ¬Û±˝◊

z e n x e dx c
n x dx n xdx

⋅ = − +
− −z zz1 1

1 2b g b gb g e jcos cos
sin
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ı± z e n x e dx
n x n x

⋅ = − ⋅ +
− −z1 1

1 2
a f a fa fsin sin

sin c

Î¬±Ú¬Ûé¬ = − ⋅ ⋅ +
−z2 1

1
n e x x dx c

n xb g b gsin
cos sin

= ⋅ − +
− −z2 2

1 1
sin cos

sin sin
x e e x dx c

n x n xb g b g

= ⋅ −
−

+
− −

2
2

1
1 1

sin
sin sin

x e
n

e c
n x n xb g b g

= −
−

F
H

I
K +

−
e x

n
c

n x1
2

2

1
b gsin

sin

∴ øÚÀÌ«̊ ˛ ¸˜±Ò±Ú

y e e x
n

n n x n x1 1 1
2 2

1
− − −

⋅ = −
−

+
a f a f e jsin sin

sin c

∴ y x
n

n n x1 1
2 2

1
− −

= −
−

+ ⋅sin
sin

c e
a f

5. ¸˜±Ò±Ú fl¬ı˛≈Ú – x x
dy

dx
x y x x− − − = −1 2 2 13a f a f a f

ı± 
dy

dx

x

x x
y

x x

x x
−

−

−
=

−

−

2

1

2 1

1

3a f
a f

a f
a f

P = −
−

−
=

−

−

x

x x
Q

x x

x

2

1

2 1

1

2b g
b g

b g
,

∴ I F. = =
− −

− −
−z z

e e

x
x x

dx
x x

dx
2
1

1
1

2a f e j = = −− −
e

x

x

x xlog log1 2

2

1a f

∴ øÚÀÌ«̊ ˛ ¸˜±Ò±Ú

y x

x

x x

x
x

x
dx⋅ − =

−

−
⋅ − +z1 2 1

1
1

2

2

2

a f
c

        = − +x x
2c h c

∴  y x x x x− = − +1 4 3 2a f c
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6. ¸˜±Ò±Ú fl¬ı≈̨Ì – y e y x e
dy

dx
y y= +3 2c h

¸ı˛˘œfl¬ı˛Ì fl¬Àı˛

dx
dy y

x y e
y− ⋅ = −2 2

¤‡±ÀÚ P1 1 22
= − = −

y
Q y e

y,

∴ I F. = =
−z

e
y

y
dy2

2

1

∴ øÚÀÌ«˚˛ ¸˜±Ò±Ú x
y

y e
y

dyy⋅ = ⋅ +−z1 1
2

2

2
c

= − +
−

e
y

c

∴ + =−
x y e y

y2 2c

7. ¸˜±Ò±Ú fl¬ı≈̨Ì – 1 2+ = − +sin cos sec tany
dx
dy

y y x y ya f a f

∴ +
+

+
=

+
dx
dy

y y

y
x

y y

y

sec tan

sin

cos

sin1

2

1

ı± dx
dy

y x y
y

y
+ ⋅ =

+
sec

cos

sin
2

1

∴
+

+
=

+

+
=
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øıøˆ¬iß √õ∂fl¬±ı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì Œ˚˜Ú ¤fl¬˜±Sœ˚˛, øZ˜±Sœ˚˛ ¤fl¬‚±Ó¬ ï¸ı˛˘ó ı± ıU‚±Ó¬ ˝◊Ó¬…±ø ¸˜œfl¬ı˛ÀÌı˛

˜ÀÒ… ¤˝◊ ¤fl¬Àfl¬ Œfl¬ı˘˜±S ¤fl¬˜±Sœ˚˛ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸•ÛÀfl«¬ ’±À˘±‰¬Ú± fl¬ı˛± ˝À˚˛ÀÂ/ ¤fl¬˜±Sœ˚˛ ¸ı˛˘
¤fl¬‚±Ó¬ (Linear) ¸˜œfl¬ı˛Ì ¸˜±Ò±ÀÚı˛ øıøˆ¬iß ¬ÛX¬øÓ¬ Î¬◊±˝ı˛Ì ¸˝À˚±À· øı˙Òˆ¬±Àı ’±À˘±ø‰¬Ó¬ ˝À˚˛ÀÂ/ Œ¸·≈ø˘

øÚ•ßı˛”¬Û –

¤fl¬˜±Sœ˚˛ ¤fl¬‚±Ó¬ ’ıfl¬˘ ¸˜œfl¬ı˛ÌÀfl¬ M Ndx dy+ = 0  ’±fl¬±Àı˛ √õ∂fl¬±˙ fl¬ı˛± ˚±˚˛/ ’ı˙…˝◊ M, N, (x,

y) ¤ı˛ ’À¬Ûé¬fl¬/ ¤˝◊ ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬ ˚Ô±Ô« ’Ô«±» ¸˜±Ò±Ú Œ˚±·… ˝ı±ı˛ ˙Ó«¬ ˝˘ ï√õ∂À˚˛±ÊÚœ˚˛ ¤ı— ˚ÀÔ©Üó

∂

∂

∂

∂

N N

y x
= Ä ¤˝◊ ˙Ó«¬ ¬Û”ı˛Ì ˝À˘ øÚÌ«˚˛ ¸˜±Ò±Ú ˝Àı M Ndx dy+ zz  (x ¸˜øißÓ¬ ı±Àó ı˛±ø˙·≈ø˘ Ä ˚‡Ú

¤fl¬øÈ¬ ¸˜±fl¬˘ ÒËnıfl¬/

˚ø, 
∂

∂

∂

∂

M N

y x
≠  ’Ô«±» ¸˜œfl¬ı˛ÌøÈ¬ ˚ø ¸ı˛±¸øı˛ ˚Ô±Ô« Ú± ˝˚˛, Ó¬±˝À˘ Î¬◊¬Û˚≈ñ ¸˜±fl¬˘ ·≈Ìfl¬ (I.F.) øÚÀÌ«̊ ˛

fl¬Àı˛, Œ¸øÈ¬ √õ∂M ¸˜œfl¬ı˛ÀÌ ·≈Ì fl¬ı˛À˘˝◊ 
∂

∂

∂

∂

M N

y x
=  ˝Àı/ ’Ó¬–¬Ûı˛ ¸˜±Ò±Ú øÚÌ«˚˛ fl¬ı˛ÀÓ¬ ˝Àı/

¸˜±fl¬˘ ı̨±ø˙ ì·≈Úfl¬ (I.F) øÚÌ«̊  ̨fl¬ı̨±ı̨ fl¬À˚̨fl¬øÈ¬ ¬ÛX¬øÓ¬ ’±ÀÂ†

(A) ˚ø  M Ndx dy+ = 0  ̧ ˜œfl¬ı˛ÀÌ M N,  Î¬◊ˆ¬˚˛ ’À¬Ûé¬fl¬˝◊ ̧ ≈¯∏˜ ̋ ˚˛, Ó¬±˝À˘ I.F
M N

=
+
1

x y

M x y+ ≠N 0a f

(B) ˚ø  
1
N

p
∂

∂

∂

∂

M

y

N

x
x−

F
H

I
K = a f ˝˚˛, Ó¬Àı I F. .= ze p x dxa f

(C) ˚ø 
1
M

M N∂
∂

∂
∂

ψ
y x

y−
F
H

I
K = a f  ˝˚˛ Ó¬Àı, I F. .=

−ze
y dyψa f
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(D) ˚ø  M Ndx dy yf xy dx x g xy+ ≡ +a f a f ’±fl¬±Àı˛ ˝˚˛, Ó¬±˝À˘ I F
M N

M N. ,=
−

− ≠1 0
x y

x y

(E) ˚ø M Ndx dy x y mydx nxdy x y m ydx n xdy+ ≡ + + +α β α βa f d i1 1
1 1  ˝˚˛, Ó¬±˝À˘ √õ∂Ô±˜±—À˙ı˛

I F. = ⋅⋅ ⋅ ⋅ ⋅− − − −x ymk nkα β1 1 1a f

øZÓ¬œ ˛̊±ÀX«¬ı˛ I F. = ⋅⋅⋅ ⋅ ⋅− − − −
x y

m k n k1 1 1 1 1 11 1 2α β a f

≈øÈ¬ I. F. ’ı˙…˝◊ ¸˜±Ú ˝Àı, fl¬±ı˛Ì ¤fl¬˝◊ ¸˜œfl¬ı˛ÀÌı˛ ’—˙øıÀ˙À¯∏ı˛ I.F. ¤ ◊̋ ≈øÈ¬/

∴ − − = − −

− − = − −

mk m k

mk m k

α α

β β

1 1

1 1

1 1 1

1 1 1

¸ı˛˘fl¬ı˛Ì fl¬Àı˛ K ’Ôı± K1 Œ˚ Œfl¬±Ú ¤fl¬øÈ¬ı˛ ˜±Ú øÚÌ«˚˛ fl¬Àı˛ Î¬◊¬ÛÀı˛±ñ (1) ı± (2) ¤ ıø¸À˚˛

I.F. øÚÌ«˚˛ fl¬ı˛± ˚±Àı/

Î¬◊¬ÛÀı˛±ñ √õ∂øÓ¬øÈ¬ √õ∂fl¬±Àı˛ı˛ ¸˜œfl¬ı˛Ì-˝◊ Î¬◊±˝ı˛ÀÌı˛ ¸±˝±À˚… Œ‡±ÀÚ± ˝À˚˛ÀÂ/

(4) ¤ı±ı˛ ’±ø¸ ¸ı˛˘ ¤fl¬˜±Sœ˚˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì √õ∂¸ÀºÄ ¤øÈ¬ 
dy

dx
y x+ =P Q P,Q, - ¤ı˛

’À¬Ûé¬fl¬Ä ¤‡±ÀÚ I F
P

. e
dxz  ¤ı— ¸˜±Ò±Ú ˝˘

y e e dx
Pdx Pdx

⋅ = ⋅ +z zz Q ce j

fl¬‡Ú› fl¬‡Ú› x Œfl¬ ’ÒœÚ › y Œfl¬ ¶§±ÒœÚ ‰¬˘ ø˝¸±Àı øÚÀÓ¬ ˝˚˛Ä Ó¬‡Ú ¸˜œfl¬ı˛ÌøÈ¬ı˛  ’±fl¬±ı˛

dx
dy

x+ =P Q P Q11 1 1, ,  Î¬◊ˆ¬À˚˛˝◊ - y ‰¬À˘ı˛ ’À¬Ûé¬fl¬/ Ó¬‡ÚI F
P

. = ze dy
1

 ¤ı—  ¸˜±Ò±Ú

x e Q e dy k
P dy P dy

⋅ = +z zz1 1
1e j

ı±ÀÌ«±ø˘ı˛ (Bernoulli) ¸˜œfl¬ı˛Ì øfl¬ø=¡» øˆ¬iß ’±fl¬±ı˛ ˚±  
dy

dx
Py y

n+ = ⋅Q  ı± y
dy

dx
y

n n− −+ =1 P Q ,

¤‡±ÀÚ y
n1− = z  ı¸±À˘  1− =−

n y
dy

dx
dz
dx

na f  ˝˚˛ ¤ı— Î¬◊¬ÛÀı˛±ñ ¸˜œfl¬ı˛Ì   dz
dx

n+ −1a f a fz P = 1- n Q

¤˝◊ ’±fl¬±Àı˛ ¬Ûøı˛ÌÓ¬ ˝˚˛/ ¤øÈ¬ Î¬◊¬ÛÀı˛±ñ ¸ı˛˘ ¤fl¬˜±Sœ˚˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ¸˝ÀÊ z - x ¸±À¬ÛÀé¬ ¸˜±Ò±Ú

Œ˚±·… z y
n= −1 Ä ı¸±À˘ øÚÀÌ«˚˛ ¸˜±Ò±Ú ¬Û±›˚˛± ˚±Àı/
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¤fl¬fl¬ 10 qqqqq ¤fl¬˜±Sœ˚˛ ı ≈̋‚±Ó¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì (First Order

Higher Degree Differential Equation)

·Í¬Ú

10.1 √õ∂ô¶∏±ıÚ±

10.2 Î¬◊ÀV˙…

10.3 ¤fl¬˜±Sœ ˛̊ ı ≈̋‚±Ó¬ ’ıfl¬˘ ̧ ˜œfl¬ı˛Ì

10.4 Œflv¬±ı˛±Î¬◊È¬ ’ıfl¬˘ ̧ ˜œfl¬ı˛Ì – ̧ ±Ò±ı˛Ì › øıø˙©Ü ̧ ˜±Ò±Ú

10.4.1 ˘±·ı̨±À?ı̨ ̧ ˜œfl¬ı̨Ì

10.5 ¸ı«À˙ ∏̄ √õ∂ùü±ı˘œ

10.6 Î¬◊Mı˛̃ ±˘±

10.7 √̧ ±ı̨±—˙

10.1 √õ∂ô¶∏±ıÚ±

√¬Û”Àı«ı˛ ≈øÈ¬ ¤fl¬Àfl¬ ¤fl¬˜±Sœ˚˛ ¸ı˛˘ ï¤fl¬‚±Ó¬ó ¸˜œfl¬ı˛Ì › Ó¬±ı˛ øıøˆ¬iß ¸˜±Ò±Ú ¬ÛX¬øÓ¬ ¸•ÛÀfl«¬ øıô¶∏±øı˛Ó¬

’±À˘±‰¬Ú± fl¬ı˛± ˝À˚˛ÀÂ/ ¤˝◊ ¤fl¬Àfl¬ ¤fl¬˜±Sœ˚˛ ıU‚±Ó¬ ¸˜œfl¬ı˛Ì ¸•ÛÀfl«¬ ’±À˘±‰¬Ú± fl¬ı˛± ˝Àı/

10.2 Î¬◊ÀV˙…

¤fl¬˜±Sœfl¬ ı ≈̋‚±Ó¬ ¸˜œfl¬ı˛ÀÌı˛ ·≈Ì¸•ÛÀfl«¬ ’±À˘±‰¬Ú± › Ó¬±ı˛ ¸˜±Ò±Ú ¬ÛX¬øÓ¬ ø˙é¬Ì˝◊ ¤˝◊ ¤fl¬Àfl¬ı˛ Î¬◊ÀV˙…/

¤˝◊ ¤fl¬Àfl¬ flv¬ı˛±Î¬◊È¬ ¬ÛX¬øÓ¬ ¸•ÛÀfl«¬ øıô¶∏±øı˛Ó¬ˆ¬±Àı ’±À˘±‰¬Ú± fl¬ı˛± ˝À˚˛ÀÂ/

10.3 √√¤fl¬˜±Sœ˚˛ › ı ≈̋‚±Ó¬ ’ıfl¬˘-¸˜œfl¬ı˛Ì –

√õ∂Ô˜ ]˜ › ı˝≈‚±Ó¬øıø˙©Ü ’ıfl¬˘-¸˜œfl¬ı˛ÀÌı˛ ¸±Ò±ı˛Ì ı˛”¬Û

p p p p
n n n

n n+ + + + =− −
−P P P P .....( )21

1 2
1 0 1⋯⋯

¤‡±ÀÚ p
dy

dx
= ,  P P P1 2, ....... n  x › y ¤ı˛ ’À¬Ûé¬fl¬ ı± ÒË≈ıfl¬/ ¤˝◊ ¸˜œfl¬ı˛ÌÀfl¬ øÚ•ßø˘ø‡Ó¬ ¬ÛX¬øÓ¬ÀÓ¬

¸˜±Ò±Ú fl¬ı˛± ˚±˚˛/
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I. p-¸•§øi§Ó¬ Î¬◊»¬Û±Àfl¬ øıÀù≠¯∏Ì fl¬Àı˛/

II. y-¸±À¬ÛÀé¬ ¸˜±Ò±Ú fl¬Àı˛/

III. x-¸±À¬ÛÀé¬ ¸˜±Ò±Ú fl¬Àı˛/

¤ı˛ √õ∂øÓ¬øÈ¬ Î¬◊±˝ı˛Ì ¸˝À˚±À· ı…±‡…± fl¬ı˛± ˝˘/

I. p-¸±À¬ÛÀé¬ ¸˜±Ò±Ú †

Òı˛± ˚±flƒ¬ (1) Ú— ¸˜œfl¬ı˛ÌÀfl¬ n ¸—‡…fl¬ p-¤ı˛ ¤fl¬‚±Ó¬ Î¬◊»¬Û±Àfl¬

{ ( )} { ( , )} { ( , )p f x y p f x y p f x yn− − − − =1 2 0⋯⋯

¤˝◊ˆ¬±Àı øıÀù≠ø¯∏Ó¬ fl¬Àı˛ Œ˘‡± ˚±˚˛/ ¤˝◊ Î¬◊»¬Û±fl¬›·≈ø˘Àfl¬ ¬Û‘Ôfl¬ˆ¬±Àı ˙”Ú… ÒÀı˛

dy

dx
f x y

dy

dx
f x y

dy

dx
f x yn= = =1 2( , ) , ( , ), , ( , )⋯⋯

¤˝◊ ’ıfl¬˘ ¸˜œfl¬ı˛Ì·≈ø˘ ¬Û±›˚˛± ˚±˚˛/ ˚ø Î¬◊˝±Àı˛ ¸˜±Ò±Ú·≈ø˘

φ φ φ1 1 2 20 0 0( , , ) , ( , , ) , ( , , )x y c x y c x y cn n= = =⋯⋯  ˝˚˛, Ó¬±˝À˘

φ φ φ1 1 2 2 0( , , ). ( , , ). ( , , )x y c x y c x y cn n⋯⋯ =

¸•Ûfl«¬øÈ¬ (1) Ú— ¸˜œfl¬ı˛ÀÌı˛ ¸±Ò±ı˛Ì ¸˜œfl¬ı˛Ì ˝Àı/ øfl¬c (1) Ú— ¸˜œfl¬ı˛ÌøÈ¬ ¤fl¬˜±Sœ˚˛ (first order)

˝›˚˛±˚˛ Î¬◊˝±ı˛ ¸˜±Ò±ÀÚ ¤fl¬øÈ¬ ˜±S ˚ÀÔBÂ ÒËnıfl¬ (arbitrary constant) Ô±fl¬± Î¬◊ø‰¬Ó¬Ä Œ¸˝◊ÊÚ…

c c c cn1 2= = = =⋯⋯  ÒÀı˛

φ φ φ1 2 0( , , ). ( , , ). ( , , )x y c x y c x y cn⋯⋯ =

¤˝◊ˆ¬±Àı ¸±Ò±ı˛Ì ¸˜±Ò±ÚÀfl¬ ¸˜œfl¬ı˛ÌøÈ¬ı˛ Œ˘‡± ˝˚˛/

Î¬◊±˝ı˛Ì 1. ¸˜±Ò±Ú fl¬èÚ – x px x
2 22 3 0+ − =  (p ¸˜øi§Ó¬ Î¬◊»¬Û±Àfl¬ øıÀù≠¯∏Ì fl¬Àı˛ó/

ı± p px px x
2 23 3 0+ − − =

ı± p x p x+ − =3 0b gb g
’‡Ú p x+ =3 0,  p x= −3

ı±
dy

dx
x= −3  ı± dy xdx= −3

¸˜±Ò±Ú fl¬Àı˛ ¬Û±˝◊, dy xdx cz z= − + ′3

ı± y x c+ − =
3

2
02 '
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ı± 2 3 02
y x c+ − = ––––– (A)

’±ı±ı˛ ˚‡Ú p x− = 0,

dy

dx
x=  ı± dy xdx=

ı± 2 02y x c− − =e j , –––– (B)

c. ÒË≈ıfl¬/

∴ øÚÀÌ«˚˛ ¸˜±Ò±Ú 2 3 2 02 2y x c y x c+ − − − =e je j
˜ôL√ı… – ¤‡Ú ¬√õ∂ùü ˝ÀÓ¬ ¬Û±Àı˛ Œ˚ (A) ¤ı— (B) ŒÓ¬ Œfl¬Ú ¤fl¬˝◊ ÒË≈ıfl¬ c Œ˘‡± ˝˘∑ ¤ı˛ fl¬±ı˛Ì ’±˜ı˛±

Ê±øÚ ¤fl¬˜±S±ı˛ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸˜±Ò±ÀÚ ¤fl¬øÈ¬ ˜±S ¸‘BÂ ÒË≈ıfl¬ Ô±fl¬ÀıÄ fl¬±ÀÊ˝◊ (A) ¤ı— (B) ¸˜±Ò±Ú

≈øÈ¬ ˜”˘ ¤fl¬˜±S±ı˛ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸˜±Ò±ÀÚı˛ ’—˙ øıÀ˙¯∏Ä fl¬±ÀÊ˝◊ (A) › (B) ¸˜±Ò±ÀÚ ÒË≈ıfl¬ ¤fl¬˝◊

˝Àı/

Î¬◊±˝ı˛Ì-2. ¸˜±Ò±Ú fl¬ı≈̨Ú † x p y p xy+ = +2
1b g

Î¬◊»¬Û±fl¬ øıÀù≠¯∏Ì fl¬Àı˛ ¬Û±˝◊ py p x− − =1 0b gb g

¤‡Ú py − =1 0  ˝À˘ p
y

=
1

 ı± ydy dx=

¸˜±fl¬˘Ú fl¬Àı˛ y x c2 2 0− − =e j ––––– (A)

’±ı±ı˛ p x− = 0  ˝À˘ 
dy

dx
x=

¸˜±fl¬˘Ú fl¬Àı˛ 2 02y x c− − =e j ––––– (B)

∴ øÚÀÌ«˚˛ ¸˜±Ò±Ú ˝˘ y x e y x c2 22 2 0− − − − =e je j

Î¬◊±˝ı˛Ì-3. ¸˜±Ò±Ú fl¬ı≈̨Ú † p p x xy y xy x y3 2 2 0− + + + + =e j b g
¤‡±ÀÚ ı±˜¬ÛÀé¬ı ˛ ı ˛ ± ø˙˜±˘±ı ˛ p–x ¤ı— p–y  ≈ øÈ ¬ Î¬ ◊» ¬Û±fl¬ ’±ÀÂ/ ¤Ó¬¤ı

p p x p x xy p x y p x− + − − − − =b gb g b g b g2
0

ı± p x p p x xy y− + − − =b ge j( ) 2 0
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ı± p x p y x p y− − + − =b g e j b g{ }2 2 0

ı± p x p y p y x− − + + =a fa fa f 0

p x− = 0  ˝À˘ 
dy

dx
x=  ı± 2 2

y x c= +

p y− = 0  ˝À˘ 
dy

dx
y= , log

y

c
x=  ı± y c e

x− ⋅ = 0

x y p+ + = 0  ˝À˘ 
dy

dx
x y+ + = 0.

ı± x y v+ =  Òøı˛

ı± dv
dx

v− + =1 0

ı± dv

v
dx

−
= −

1

ı±, log
( )v

c
x

−
=

1

x y ce
x+ = = −1

∴ øÚÀÌ«˚˛ ¸˜±Ò±Ú 2 1 02
y x c y ce x y ce

x x− − − + − − =−e je je j

√õ∂ùü±ı˘œ ïÎ¬◊Mı˛̧ ˝ó

¸˜±Ò±Ú fl¬èÌ –

1. p xp x
2 22 3 0+ − =

Î¬◊– ( )( )2 2 3 02 2
y x c y x c− + + + =  [ ¸—Àfl¬Ó¬ – ( )( )p x p x− + =3 0 ]

2. p p e e
x x2 1 0− + + =−( )

Î¬◊– ( ) ( )y e c y e c
x x− − + − = 0  [ ¸—Àfl¬Ó¬ – ( ) ( )p e p e

x x− − =− 0 .]

3. p p y x x y( ) ( )− = +

Î¬◊– ( ) ( )2 1 02
y x c y x ce

x+ − + + − =
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II. y- ¸±À¬ÛÀé¬ ¸˜±Ò±Ú – ˚‡Ú √õ∂M ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬ y -¤ı˛ ÊÚ… ¸˜±Ò±ÚÀ˚±·… ˝˚˛ Ó¬‡Ú Î¬◊˝±Àfl¬

y f x p= ( , )⋯⋯ (i)

¤˝◊ ’±fl¬±Àı˛ Œ˘‡± ˚±˚˛/

Î¬◊Mê ¸•Ûfl«¬Àfl¬ x-¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘ fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛

dy

dx

d

dx
f x p= ( , )

ı±,  p x p
dp

dx
= φ ( , , )  ........... (ii)

’±fl¬±Àı˛ı˛Ä ˚±˝± x › p ‰¬˘ı˛±ø˙ı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì/

˚ø (ii) ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸˜±Ò±Ú

ψ ( , , )x p c = 0 ............ (iii)

˝˚˛, Ó¬±˝À˘ (i) › (iii)-¤ı˛ p-’¬ÛÚ˚˛fl¬˝◊ √õ∂M ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸˜±Ò±Ú/

Î¬◊±˝ı̨Ì

1. ¸˜±Ò±Ú fl¬ı≈̨Ú – y px p x= + 2

Î¬◊ˆ¬˚˛¬Ûé¬Àfl¬ x  ¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊

dy

dx
p x

dp

dx
p px

dp

dx
= ⋅ + ⋅ + +2 2

ı± p p x
dp

dx
p px

dt

dx
= + + +2 2

ı± x
dp

dx
px

dp

dx
p+ + =2 02

ı± 
dp

dx
p x p1 2

2
+ = −b g

ı± −
+

=
( )1 2

2

p

p
dp

dx

x

ı±, 
1

2
p

p
x

c
− =log log

ı±, x cp e i
p= ⋅−2
1

........( )

√õ∂M ¸˜œfl¬ı˛Ì y px p x= + 2

ı± y cp p e p= +−1
1

1( )  (ii) [x ¤ı˛ ˜±Ú ıø¸À˚˛]
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(i) ¤ı— (ii) ¤ı˛ p-’¬ÛÚ˚˛fl¬ (eliminant) øÚÀÌ«̊ ˛ ¸˜±Ò±Ú/

2. ¸˜±Ò±Ú fl¬ı≈̨Ú – e p p
y − − =3 0

∴ y p p= +log( )3

x ¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊ p
p

p p

dp

dx
=

+

+

1 3 2

3

ı± dx
p

p p
dp=

+

+

1 3

1

2

2 2( )

 =
+

+
L
NM

O
QP

2

1

1
2 2

p p
dp

¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊ x p
p

e= − +−2
11tan

∴ øÚÀÌ«˚˛ ¸˜±Ò±Ú x p
p

c= − +−2
11tan

 ¤ı— y p p= +log( )3

¤˝◊ ≈øÈ¬ı˛ p-’¬ÛÚ˚˛fl¬˝◊ øÚÀÌ«˚˛ ¸˜±Ò±Ú/

3. ¸˜±Ò±Ú fl¬ı≈̨Ú † y p p p= −cos sin

x -¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊
dy

dx
p p p p

dp

dx
= − + −sin cos cosb g

ı± p p p
dp

dx
= − sin

ı± dx pdp= − sin

∴ ¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊ x p c= +cos

∴ øÚÀÌ«˚˛ ¸˜±Ò±Ú – x p c= +cos

   ¤ı— y p p p= −cos sin  ¤ı˛-p-’¬ÛÚ˚˛Úfl¬

√õ∂ùü±ı˘œ ïÎ¬◊Mı˛ ¸˝ó –

¸˜±Ò±Ú fl¬èÌ –

1. y p x x= +sin cos   Î¬◊– y x c
x

= +( ) tan
2
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2. y p p p= +tan logcos

Î¬◊– x p c= +tan  ¤ı— y p p p= +tan logcos  ¤ı˛ p ’¬ÛÚ˚˛fl¬

[¸—Àfl¬Ó¬ – x-¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘ fl¬Àı˛ p p p p p
dp

dx
= + −(tan sec tan )2 = p p

dp

dx
sec2

3. e p
p y− = −2 1 ⇒ = +x p ctan  ï¸˜±fl¬˘Úfl¬Àı˛ó ]

Î¬◊– ce
p p

p
x =

+

−

( )1

1  ¤ı— e
e

p

y
p

=
−2 1

 ¤ı˛ p ’¬ÛÚ˚˛fl¬/

[ ¸—Àfl¬Ó¬ p
p

p

dp

dx
dx

p p
dp= −

−

RST
UVW

⇒ = −
−

RST
UVW

1
2

1

1 2

12 2  ˝◊Ó¬…±ø ]

III. x-¤ı˛ ¸±À¬ÛÀé¬ ¸˜±Ò±Ú – ˚ø √õ∂M ’ıfl¬˘¸˜œfl¬ı˛ÌøÈ¬ x-¤ı˛ ÊÚ… ¸˜±Ò±Ú Œ˚±·… ˝˚˛ Ó¬‡Ú Î¬◊˝±Àfl¬

x f y p= ( , )⋯⋯ (i)

¤˝◊ ’±fl¬±Àı˛ Œ˘‡± ˚±˚˛/

¤‡Ú (i) ¤ı˛ Î¬◊ˆ¬˚˛¬Ûé¬Àfl¬ y -¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘ fl¬Àı˛

dx

dy

d

dy
f y p

p
y p

dp

dy
= ⇒ =( , ) ( , , ) ...........

1
φ  (ii)

¤˝◊ ’±fl¬±Àı˛ı˛ y › p ‰¬˘ı˛±ø˙ı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ¤˝◊ ¸˜œfl¬ı˛ÀÌı˛ (ii) ¬Û±›˚˛± ˚±˚˛/ ˚ø ¸˜±Ò±Ú

ψ ( , , )y p c = 0 ............ (iii)

˝˚˛, Ó¬±˝À˘ (i) › (iii)-¤ı˛ p-’¬ÛÚ˚˛fl¬ ˝Àı √õ∂M ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸˜±Ò±Ú/

Î¬◊±˝ı̨Ì

1. ¸˜±Ò±Ú fl¬ı˛≈Ú – x p p= +4 4 3

y  ¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊ 
dx

dy

dp

dy
p

dp

dy
= ⋅ + ⋅4 4 3 2

ı± 
1

4 1 3 2

p
p

dp

dy
= +e j

ı±,  dy p p dp= + ⋅( )4 4 3 2

¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊  y p p c= + +2 3 4

∴  øÚÀÌ«˚˛ ¸˜±Ò±Ú x p p= +4 4 3
 ¤ı— y p p c= + +2 3 4  ¤ı˛ p ’¬ÛÚ˚˛fl¬/
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2. ¸˜±Ò±Ú fl¬ı˛≈Ú – p px
2 2 1 0− + =

√õ∂M ¸˜œfl¬ı˛ÌÀfl¬ x-¤ı˛ ÊÚ… ¸˜±Ò±Ú fl¬Àı˛ ¬Û±˝◊ x
p

p p p= + = + −1

2
1

1

2

1

2
2 1( )  ........ (i)

¸˜œfl¬ı˛Ì (i) Œfl¬ y-¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘ fl¬Àı˛ ¬Û±˝◊ 
dx

dy
p

dp

dy
= −
F
HG

I
KJ

−1

2

1

2
2

ı±, 
1 1

2

1

2
2

p
p

dp

dy
= −
F
HG

I
KJ

−

ı±, dy pdp p dp= − −1

2

1

2
1

¸˜±fl¬˘ fl¬Àı˛ ¬Û±˝◊ y p p c= − +
1

4

1

2
2 log  .......... (ii)

(i) › (ii) ¤ı˛ p-’¬ÛÚ˚˛fl¬øÈ¬ ˝˘ øÚÀÌ«˚˛ ¸˜±Ò±Ú/

√õ∂ùü±ı˘œ ïÎ¬◊Mı˛ ¸˝ó –

¸˜±Ò±Ú fl¬ı≈̨Ú –

1. y px y p= +2 2 3

Î¬◊–  y cx c
2 32= +  [ ¸—Àfl¬Ó¬ x-¤ı˛ ÊÚ… ¸˜±Ò±Ú fl¬Àı˛ 2 2 2x

y

p
y p= − ;

y-¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¤ı— ¸ı˛˘ fl¬Àı˛ 
1

2 1 0
2

p
p y

y

p

dp

dy
+
F
HG

I
KJ +
F
HG

I
KJ = , øZÓ¬œ˚˛ Î¬◊»¬Û±fl¬ ŒÔÀfl¬

py c= / √õ∂M ¸˜œfl¬ı˛ÌÀfl¬ p
y

c
=  ı¸±Ú ]

2. ayp x b p y
2 2 0+ − − =( )  Î¬◊– ac x b c y

2 22 0+ − − =( )

[¸—Àfl¬Ó¬ – x-¤ı˛ ÊÚ… ¸˜±Ò±Ú fl¬Àı˛ ¬Û±˝◊ x
p

a
p y= −

F
HG

I
KJ +

1

2 2

1

2  ˚±Àfl¬ y-¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘ fl¬Àı˛

¤ı— ¸ı˛˘ fl¬Àı˛ ˝˚˛ 
dy

y

dp

p
− = 0  ⇒ =py c  ï¸˜±fl¬˘ fl¬Àı˛ó/ ]
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10.4 Œflv¬ı˛±Î¬◊È¬-’ıfl¬˘ ¸˜œfl¬ı˛Ì– ¸±Ò±ı˛Ì › øıø˙©Ü ¸˜±Ò±Ú
[Clairaut’s Equation : General and Singular Solution]

øÚÀ•ß±ñ ’±fl¬±Àı˛ı˛ ¸˜œfl¬ı˛ÌÀfl¬ Œflv¬ı˛±Î¬◊È¬ ¸˜œfl¬ı˛Ì ıÀ˘

y px f p i= + ( )............( )

¤øÈ¬Àfl¬ x-¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬ı˛À˘ ¬Û±˝◊ 
dy

dx
p x

dp

dx

d

dp
f p

dp

dx
= + + ( )b g

ı± p p x f p
dp

dx
= + +

'
( )o t

ı± x f
dp

dx
ii+ ⋅ =' ........( )φb go t 0

˚ø 
dp

dx
= 0  ˝˚˛ p c=  ïÒË≈ıfl¬ó .......... (iii)

(i) ¤ ıø¸À˚˛ ¬Û±˝◊ y cx f c= + ( ) ...............(iv)

¤øÈ¬ Œflv¬ı˛±Î¬◊È¬ ¸˜œfl¬ı˛Ì (i) ¤ı˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú Ä ’±ı±ı˛ (ii) ŒÔÀfl¬ ˚ø x f p+ =' ( ) 0 ........(v)

˝˚˛, Ó¬±˝À˘ ¤øÈ¬Àfl¬ ¸˜±Ò±Ú fl¬Àı˛ (i) ¤ı˛ øıø˙©Ü ¸˜±Ò±Ú ¬Û±›˚˛± ˚±ÀıÄ ¬Û”Àı« øıø˙©Ü ¸˜±Ò±Ú øfl¬ Ó¬± ı…±‡…

fl¬ı˛± ˝À˚˛ÀÂÄ ¬¬Û≈Úı˛±˚˛ Î¬◊±˝ı˛ÀÌı˛ ˜±Ò…À˜ øıø˙©Ü ¸˜±Ò±Ú øfl¬ ˆ¬±Àı ¬Û±›˚˛± ˚±Àı ı…±‡…± fl¬ı˛± ˝Àı/

Î¬◊±˝ı˛Ì –

1. ¸˜±Ò±Ú fl¬ı≈̨Ú † y px
p

p
− =

− 1

ı± y px
p

p
= +

−1  ........... (i)

x ¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊ p p x
dp

dx

p p

p

dp

dx
= ⋅ ⋅ + +

− − ⋅

−
⋅1

1 1 1

1
2

( )

b g

ı± 
dp

dx
x

p
−

−

F
HG

I
KJ

=
1

1
0

2b g
.

’Ô«±» ˝˚˛ 
dp

dx
= 0  ı± p c=  ïÒË≈ıfl¬ó ....... (ii)
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Ú±˝˚˛ x
p

−
−

=
1

1
0

2b g  ı± p
x

x
=

+1
 ....... (iii)

(i) ¤ı— (iii) ¤ı˛ ˜ÀÒ… p  ’¬ÛÚ˚˛Ú fl¬Àı˛ ¬Û±˝◊ y cx
c

c
= +

−1

¤È¬± ◊̋ (i) ¤ı˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú/ ’±ı±ı˛ (i) ¤ı— (iii) ¤ı˛ ˜ÀÒ… p  ’¬ÛÚ˚˛Ú fl¬Àı˛ ¬Û±˝◊

y x
x

x
x= ⋅

+
+ +

1
1e j

= + + +x x x1 1e j e j

ı± x y x− + =1 4
2b g  ¤È¬± ◊̋ (i) ¤ı˛ øıø˙©Ü ¸˜±Ò±Ú

2. ¸˜±Ò±Ú fl¬ı˛≈Ú – y px a p b= + +2 2 2  ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬ı˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú √¤ı— øıø˙©Ü ¸˜±Ò±Ú

¬ı±ø˝ı˛ fl¬ı≈̨Ú/

Î¬◊Mı˛ † √õ∂M ¸˜œfl¬ı˛Ì y px a p b i= + +2 2 2
.......( )

x ¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊ p p x
dp

dx

a p

a p b

dp

dx
= + +

+

2

2 2 2

ı±, 
dp

dx
x

a p

a p b
+

+

F
HG

I
KJ

=
2

2 2 2
0

∴ ˝˚˛ 
dp

dx
= 0  ’Ô«±» p c=  ïÒË≈ıfl¬ó ........ (ii)

’Ôı± x
a p

a p b
+

+
=

2

2 2 2
0  ı± x

a p

a p b
iii= −

+

2

2 2 2
.........( )

(i) ¤ı˛ (ii) ¤ı˛ ˜ÀÒ… p ’¬ÛÚ˚˛Ú fl¬Àı˛ ¬Û±˝◊ y cx a c b= + +2 2 2 ¤È¬±˝◊ (i) ¤ı˛ øÚÀÌ«˚˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú/

(iii) › (i) ŒÔÀfl¬ y
a p

a p b
a p b= −

+
+ +

2 2

2 2 2

2 2 2
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=
+

b

a p b
iv

2

2 2 2
..........( )

(iii) › (iv) ŒÔÀfl¬ ¬Û±˝◊ 
x
a

y

b

a p

a p b

b

a p b

FH IK +
F
H
I
K =

+
+

+
=

2 2 2 2

2 2 2

2

2 2 2
1

ı± x

a

y

b

2

2

2

2
1+ =  ¤È¬±˝◊ øÚÀÌ«˚˛ øıø˙©Ü ¸˜±Ò±Ú/

3. ¸˜±Ò±Ú fl¬ı≈̨Ú † p y xp= −sinb g   ï¸±Ò±ı˛Ì › øıø˙©Ü ¸˜±Ò±Úó/

Î¬◊Mı˛ † y xp p− = −sin 1

ı± y xp p= + −sin 1  ...............(i)

x ¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊ p p x
dp

dx p

dp

dx
= + +

−

1

1 2

ı± 
dp

dx
x

p
+

−

F
H
GG

I
K
JJ =

1

1
0

2
.

∴ ˝˚˛ 
dp

dx
= 0   ı± p c=  ïÒË≈ıfl¬ó ......... (ii)

ÚÓ≈¬ı± x
p

+
−

=
1

1
0

2  ı± p
x

x
=

−2 1

ı± dy
x

x
dx=

−zz
2 1  ï¸˜±fl¬˘Ú fl¬Àı˛ó

ı± y d= z tan2 θ θ ⇒  x = secθ Òøı˛ dx d= sec tanθ θ θ

= − zz sec2 θ θ θd d

= −tanθ θ , y x x= − − −2 11 sec .

¤È¬±˝◊ øıø˙©Ü ¸˜±Ò±Ú

¸˜œfl¬ı˛Ì (i) ¤ı— (ii) ŒÔÀfl¬ p ’¬ÛÚ˚˛Ú fl¬Àı˛ ¬Û±˝◊ y cx c= + −sin 1
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∴ ¤È¬±˝◊ Œflv¬ı˛±Î¬◊È¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì (i) ¤ı˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú/

øı† ^† ˘é¬ fl¬ı˛≈Ú √õ∂M Œflv¬ı˛±Î¬◊È¬ ¸˜œfl¬ı˛Ì y px f p dp= + z ( )

ŒÓ¬ p = c ı¸±À˘˝◊ ¸±Ò±ı˛Ì ¸˜±Ò±Ú y cx f c= + ( )  ¬Û±›˚˛± ˚±ÀıÄ ¸˜±Ò±ÀÚı˛ ¸˜À˚˛ ¬ÛX¬øÓ¬øÈ¬ ’ı˙…˝◊

Œ‡±ÀÓ¬ ˝Àı/

4. ¸˜±Ò±Ú fl¬ı≈̨Ú † y p xp i+ − + =1 2 0
2b g .........( )    ï¸±Ò±ı˛Ì › øıø˙©Ü ¸˜±Ò±Úó/

y
p

xp xp p= − = − −1
2 22 1e j

x  ¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊ p x
dp

dx
p p

dp

dx
= + + −2 2

ı± x
p

dp

dx
+
F
HG

I
KJ =

2
0

2

˚‡Ú 
dp

dx
= 0  p = ÒË≈ıfl¬ = c

(i) ¤ ıø¸À˚˛ ¬Û±˝◊ y c x c+ − + =1 2 0
2a f .  ......... (ii)

¤È¬±˝◊ √õ∂M ’ıfl¬˘Ú ¸˜œfl¬ı˛ÀÌı˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú,

˚‡Ú x
p

+ =
2

0
2

,  x
p

= −
2

2  ı± xp
2 2= −  ˜±ÚøÈ¬ (i) ıø¸À˚˛ ¬Û±˝◊ ( )y p+ = −1 4

ı·« fl¬Àı˛ ¬Û±˝◊ y p+ =1 16
2 2b g

(iii) ŒÔÀfl¬ p
x

2 2
= −  ıø¸À˚˛ ¬Û±˝◊ y x+ + =1 8 0

2b g  ¤øÈ¬› (i) ¤ı˛ ¸˜±Ò±Ú Ä ¤Àfl¬ ı˘± ˝˚˛ øıø˙©Ü

¸˜±Ò±Ú ˘é¬… fl¬ı˛≈Ú ¤˝◊ ¸˜±Ò±ÀÚ Œfl¬±Ú ÒË≈ıfl¬ ŒÚ˝◊ ¤øÈ¬ ¤fl¬øÈ¬ ’Ú…Ú… ¸˜±Ò±Ú Ä ¸±Ò±ı˛Ì ¸˜±Ò±ÀÚ ÒË≈ıfl¬ C

ŒÓ¬ Œfl¬±Ú øıÀ˙¯∏ ˜±Ú ıø¸À˚˛ ¤˝◊ ¸˜±Ò±ÚøÈ¬ ¬Û±›˚˛± ¸y¬ı Ú˚˛Ä ¤øÈ¬ ¸•Û”Ì« ¬Û‘Ôfl¬ √õ∂ø]˚˛±˚˛ ¬Û±›˚˛± Œ·ÀÂÄ Ó¬±˝◊

¤øÈ¬Àfl¬ øıø˙©Ü (singular) ¸˜±Ò±Ú ı˘± ˝˚˛/

5. ¸˜±Ò±Ú fl¬ı˛≈Ú – x a p x y p y− + − − =b g b g2
0 ....... (i)     ï¸±Ò±ı˛Ì › øıø˙©Ü ¸˜±Ò±Úó/

y p xp x a p( ) ( )1 2+ = + −

y
p

p
x x a

p

p
=

+
⋅ + −

+1 1

2

( )
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x -¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊ p
p

p
x

p p

p

dp

dx

p

p
=

+
+ ⋅

+ −

+
+

+1

1 1

1 12

2b g
b g

+ − ⋅
+ − ⋅

+
⋅x a

p p p

p

dp

dx
b g b g

b g
2 1 1

1

2

2

ı±,  p p p
p

dp

dx
p1

1

1
2+ = +

+
⋅ +b g + −

+

+
⋅x a

p p

p

dp

dx
b g 2

1

2

ı±, 
dp

dx p
x a p p⋅

+
+ − + =

1

1
1 2 02b ge j{ }

dp

dx
= 0  ˝À˘ p c= .

¤øÈ¬ (i) ıø¸À˚˛ ¬Û±˝◊ x a c x y c y− + − − =b g 2
0( )

¤È¬±˝◊ ¸±Ò±ı˛Ì ¸˜±Ò±Ú

’±ı±ı˛ 1 2 02+ − + =x a p pb ge j

ı± 1 2 2 02− + + − =ap xp x a pb g
ı± 1 2 02+ − + − =p x a x a p( ) ( )

¤ı— ( ) ( )x a p x y p y− + − − =2 0  ¸˜œfl¬ı˛ÌZ˚˛ ŒÔÀfl¬ p ’¬ÛÚ˚˛Ú fl¬ı˛À˘ øıø˙á¬ ¸˜œfl¬ı˛Ì ¬Û±›˚˛± ˚±Àı/

10.4.1 ˘±·ı˛±ÚƒÀÊı˛ (Lagrange) ¸˜œfl¬ı˛Ì

y f p x p i= +( ) ( ) ............( )φ

’ı˙…˝◊ ˚‡Ú f p p( ) ,=  Ó¬‡Ú ¤fl¬øÈ¬ Œflv¬ı˛±Î¬◊È¬ ¸˜œfl¬ı˛Ì ˝Àı/

’Ú≈ı˛”¬Û ˆ¬±Àı (i) Œfl¬ x-¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊,

dy

dx
p x f p

dp

dx
p

dp

dx
f p= = + +' '( ) ( ) ( )φ

∴ 
dx

dp

f p

p f p
x

p

p f p
=

−
+

−

' '( )

( )

( )

( )

φ
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’ı˙…˝◊ ¤øÈ¬ x Œfl¬ ’ÒœÚ ‰¬˘ p Œfl¬ ¶§±ÒœÚ ‰¬˘ ø˝¸±Àı ¤fl¬˜±Sœ˚˛ ¤fl¬‚±Ó¬ ’ıfl¬˘ ¸˜œfl¬ı˛ÌÄ fl¬±ÀÊ˝◊

Œ¸˝◊ ¬ÛX¬øÓ¬ÀÓ¬ ¸˜±Ò±Ú fl¬ı˛± Œ˚ÀÓ¬ ¬Û±Àı˛

Î¬◊±˝ı˛Ì – y px p= − + 2

x -¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊ p p x
dp

dx
p

dp

dx
= − + − +( ) 2

ı± 
dx

dp

x

p
= − + ⋅

2
1  ı± 

dx

dp p
x+ ⋅ =

1

2
1

∴ I.F = =
z

e pp
dp

1

2

1

∴ x p pdp c p c⋅ = + = +z 2
3

3
2

∴ x p
c

p
= +

2

3  ...............ïfl¬ó

’±ı±ı˛ √õ∂M y p px p p p
c

p
= − = − +

F
HG

I
KJ

2 2 2

3

= −
1

3
2p c p  ...........ï‡ó

ïfl¬ó › ï‡ó ˜ÀÒ… p-’¬Û˚˛Úfl¬ (eleminant) øÈ¬ Î¬◊øV©Ü ¸±Ò±ı˛Ì ¸˜±Ò±Ú/

√õ∂ùü±ı˘œ ïÎ¬◊Mı˛ ¸˝ó –

¸˜±Ò±Ú fl¬ı˛≈Ú – ï¸±Ò±ı˛Ì › øıø˙©Ü ¸˜±Ò±Úó

1. y px p p= + − 2

Î¬◊– y cx c c= + − 2  ï¸±Ò±ı˛Ìó, 4 1 2
y x= +( )  ïøıø˙á¬ó

2.  y px p= − −tan .1

Î¬◊– y cx x= = −tan 1  ï¸±Ò±ı˛Ìó,
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y x x= −1b g.

−
−F

HG
I
KJ

−tan 1 1 x

x  ïøıø˙©Üó

3. y px p= + +1
2

Î¬◊– y cx c= + +1 2  ï¸±Ò±ı˛Ìó, x y
2 2 1+ =  ïøıø˙©Üó

4. y p x p= + +( )2 2  ï˘±·ı˛±À?ı˛ ¸˜œfl¬ı˛Ìó

Î¬◊– x p ce

p

= − +2 2 2( )  ¤ı—   y p p ce
p

= − + +
−

8 22 2( )

[’ıfl¬˘ fl¬Àı˛ p p x
dp

dx
p

dp

dx
= + + +2 2

ı±, 
dx

dp
x p+ = −

1

2  ¤‡±ÀÚ I.F.=
e e

dp p
1

2

1

2z
=

I.F øÀ ˛̊ &Ì fl¬Àı˛ ¤ı— ¸˜±fl¬˘ fl¬Àı˛ x p ce
p

= − +
−

2 2 2( )

’±ı±ı˛ x-¤ı˛ ˜±Ú √õ∂M ¸˜œfl¬ı˛ÀÌ ıø¸À˚˛ y=-¤ı˛ ˜±Ú ¬Û±›˚˛± ˚±˚˛]

10.5 ¸ı«À˙¯∏ √õ∂ùü±ı˘œ

 ’—˙ (A)

¸˜±Ò±Ú fl¬ı≈̨Ú –

1. x p xyp y
2 2 26 0+ − =

2. p x xy y p x y x y xy p x y3 2 2 2 3 2 2 3 3 3 0− + + + + + − =e j e j
3. x p yxp y

2 2 23 2 0+ + =

4. xyp x y p xy2 2 23 2 6 0+ − − =e j
5. x p xyp y x

2 2 2 22 2 0− + − =

6. y p b− + − =
−

1 0
2

1
2d i .

7. p py x y
2 22+ =cot
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’—˙ (B)

8. y x a p= − log

9. y p p p= −sin cos

 10. y p p p= +tan logcos

11. y a p= +1
2

12. y x a p p= = −( ) 2

13. y x p xp= −3 4 2

14. 2 01 2
px xp y+ − =−tan

’—˙ (C)

15. p xp y
2 0− + =

16. xp yp y
2 0− − =

17. p y x
2 0+ − =

18. 6 3 02 2
p y px y+ − =

19. y p y px
2 3 2 0− + =

20. 3 4 3
py x p y+ =

21. 4 2 02 3
y p xyp+ − =

22. x p p= +4 4 3

23. y x p− = 3

24. x ax p x a
2 2 2

2 1+ + = +e je j b g

’—˙ (D)

øÚ•ßø˘ø‡Ó¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì·≈ø˘ı˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú › øıø˙©Ü ¸˜±Ò±Ú ı±ø˝ı˛ fl¬ı≈̨Ú †

25. py p x b a= − +2 ( )

26. y px
a

p
= +

27. y px ap p= + −( )1
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28. p px y= −log( )

29. y xp p= − 2

30. y px p= + 3

31. y px p= + 2 2

32. y px p y= +3 6 2 2

33. y px
a

p
= +

2

34. y xp y p= −4 16 3 2  ïŒfl¬ı˘˜±S ¸±Ò±ı˛Ì ¸˜±Ò±Úó

35. y p x ap= + +( )1 2

36. y p x p= +2

37. 2 02
x p y px+ − + =

10.6 Î¬◊Mı˛̃ ±˘±

(A)

1. x y c
x

y
c3

2

0+ +
F
HG

I
KJ =e j

px y px y+ − =3 2 0b gb g

px y+ =3 0  ⇒ log logy x k+ + =3 0 ⇒ log logx y e
3 =

px y− =2 0 ⇒  log logy x c− + =2 0  ⇒  log log
x

y
e

2

=

∴ (log log ) (log log )y x c y x c+ + − + =3 2 0

ı± x y c
x

y
c

3
2

0− −
F
HG

I
KJ =

O
QPe j
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2. x y c e cy xy yc
x3

1
23 1 0

2

− + +
F
HG

I
KJ + + =d i a f

p x p xy p y− − − =2 2 0e jb ge j

3. x p xyp y
2 2 23 2 0+ + =

[ xp y xp y+ + =2 0b gb g

xp y x y c+ = ⇒ − =2 0 02e j xp y xy c+ = ⇒ − =0 0b g

x y c xy c2 0− − =e jb g ]

4. y cx y x c− + + =2 2 23 0e je j

yp x xp y+ − =3 2 0b gb g

5. sin log sin log− −+
F
HG

I
KJ −
F
HG

I
KJ =1 1 0

y

x
cx

y

x
cx

xp y x y− = −b g2 2 2

xp y x y− = ± −2 2

dx

dy

y

x

y

x
= ± −1

2

2 Òøı˛ y vx=

ı± v x
dv
dx

v v+ = ± −1 2

ı± 
dx
x

dv

v
v= ±

−
= ±

−

1 2

1
sin .

∴ log sincx
y

x
= ±

O
QP

−1

6. x c y b+ + − =b g b g2 2
1.
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( )y b
p

p
y b

y b
− =

+
∴

L
N
M
M = ±

− −

−
1

1

1

2

2a f

∴
−

− −

= ±
y b

y b

dy dx

1
2b g

.

∴ 1
2

− − = ± +
O
QPy b x cb g ( )

7. y x c1± =cos .b g
(B)

8. x a
p

p
c=

−
+log

1

y c a
p

p
a p= +

−
−log log

1  = − −c a plog( )1

9. y c x c x c x= − − − − −−1
2 1b g ( )cos ( )

p p
dp

dx
p p

dp

dx
p

dp

dx
= + −cos sin cos

∴ = ⇒ = − +dx pdp x p csin , cos  ⇒ = −cos p c x

10. tan p x c= +  ı± x p c= −tan , y p p= +tan logcos

 p p p
dp

dx
p

dp

dx

p

p

dp

dx
= + −

L
NM

O
QPsec tan

sin

cos
2

11. x a
y a y

a
c=

− +R
S|
T|

U
V|
W|

+log .

2 2

dx
a

p
dp=

+1 2
;
 ∴ x a p p c= + + +log 1 2

’±ı±ı˛ p
y a

a
=

−
2 2

 1

2

4

5
× ÷θ p ’¬ÛÚ˚˛Ú fl¬Àı˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú ¬Û±›˚˛± ˚±Àı/]
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12. y x a c c= − −( ) 2

p p x a
dp

dx
p

dp

dx
= + − −

L
NM ( ) 2 , 

dp

dx
= 0  ⇒ − ⇒p c  ¸±Ò±ı˛Ì ¸˜±Ò±Ú

x a p− − =2 0  ŒÔÀfl¬ øıø˙©Ü ¸˜±Ò±Ú ¬Û±›˚˛± ˚±ÀıÄ ¤øÈ¬ x a y− =b g2
4

13. y c
c

x
= −3

2

dy

dx
p x p x p

dp

dx
p x

dp

dx
= = + − −

L
NM 12 63 2 4 .

ı± 2 12 6 03 2 4p x p x x p
dp

dx
− + − =e j e j

ı± 1 6 2 03− +
F
HG

I
KJ =x p p x

dp

dx
e j

2 0p x
dp

dx
+ =  ⇒  p

c

x
=

2 , √õ∂M ¸˜œfl¬ı˛Ì ŒÔÀfl¬ y x
c

x
x

c

x
c

c
x

=
F
H

I
K − ⋅ = −3 34

2

2

2

2

1 6 03− =x p  ⇒  12 1 02
x y + =  øıø˙©Ü ¸˜±Ò±Ú ]

14. y cx c= + −2 1tan , y px xp= + −2 1 2tan e j

∴ p p x
dp

dx x p
p px

dp

dx
= + +

+
+

F
HG

I
KJ2 2

1

1
2

2 2

2

¸ı˛˘œfl¬ı˛Ì fl¬Àı˛, p x
dp

dx

p

x p
+

F
HG

I
KJ +

+

F
HG

I
KJ =2 1

1
0

2 4

(C)

15. y cx c= − 2

x
p y

p
=

+L
NM

2

  ∴ 
dx

dy p

dp

dy p

y

p

dp

dy
= = + −

1 1
2



286

dp

dy
p y2 0− =e j  ⇒  

dp

dy
= 0  ⇒  p c= .

∴ c cx y2 0− + =

16. y cp e
p= 2 , x c p e p= +1b g ¬-¤ı˛ p-’¬ÛÚ˚˛Úfl¬

x
y p

p

dx

dy p

p

p
y

dp

dy

p p p

p
=

+
∴ = =

+
+ ⋅

− +F
HG

I
KJ

L
N
MM

( ) ( )1 1 1 1 2
2 2

2

4

ı± 
dp

dy

p

p y
y p p c=

+
⋅ ⇒ = + +

2

1 2
1ln ln

⇒  y cp e p
=

2

17. x c p p= − + −2 1log( ) , y c p p p= − + + −
L
NM

O
QP2

1

2
12 log( )

dp

dy

p

p
=

−L
NM

O
QP

1

2 2

18. y cx c
3 23 6= + , 2 0 2

p y
dp

dy
py c+ = ⇒ =

L
NM

O
QP

19. y cx c
2 32= +  p y

dp

dy

d

dy
py py c+ = = ⇒ =

L
NM

O
QP( ) 0

20. y c p p= − − ⋅ +
L
N
MM

O
Q
P
P

2
9

10 2
3

54 1e j e j

x cp p p p= − − − +
L
N
MM

O
Q
PP

1

4
3 4 1

2 2
9

10 2
3

5e j e j e j

 
dy

y

p p

p p
⋅

−

− +
=

L

N
M
M

3 1

4 1
0

2

2 2

e j
e je j
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’±ı±ı˛ 
3 1

4 1

9

10

1

2

1

2

3

5

2

1

2

2 2 2

p p

p p p p

p

p

−

− +
=

+
+

−

F
HG

I
KJ +

+

O

Q
P
P

e j
e je j

21. 2
2

y c c x= −a f
22. x p p= +4 4 3 , y p p c= + +2 32 4 -¤ı˛ p -’¬ÛÚ˚˛Úfl¬

23. y p p p p c= + + + − +
3 23

2
3 3 1loga f

x p p p c= + + − +
3

2
3 3 12 log( )

1
1 3 2

p
p

dp

dy
= −

L
NM , dy

p

p
dp

p

p
dp=

−
=

− +

−

O

Q
P
P

3

1

3 1 1

1

3
3e j

24. y a x a x ax c= + + +FH IK +log 2 2

x ax
a

p
p

a

x ax
dy

a

x a a

dx
2

2

2 2 2
2

2
+ = ⇒ =

+
⇒ =

+ −

L

N
M
M

O

Q
P
Pa f

(D)

25. cy c x b a= − +2 ( ) : y a x b
2 4= −( )

26. y cx
a

c
= + : y ax

2 4=

27. y cx ac c= + −( )1 : x a ay+ =b g2
4

28. y cx ec= − : y x x= −(log )1

29. y xc c= − 2 : x y
2 4=

30. y cx c= + 2 : 27 42 3y x= −

31. y cx c= + 2 2  : x y
2 8= −
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32. y cx c
3 22

3
= + : 8 3 03 2

y x+ =

33. y cx
a

c
= +

2
: y ax

2 2=

34. y cx c
4 2= −

35. y a ap p ce
p= − + + −

2 1
2 b g

¤ı— x a p ce
p= − + −2 1( )  ¤ı˛ p -’¬ÛÚ˚˛fl¬

36. y p x p= +2  ¤ı— x
p p C

p
=

− +

−

log

1
2b g  ¤ı˛ p-’¬ÛÚ˚˛Úfl¬

37. y p x p= + + ⇒( )2 2  
dy

dx
p p x

dp

dx
p

dp

dx
= = + + +( )2 2

ı± 
dx

dp
x p+ = −

1

2  ∴ I.F.= =
z

e e
dp p

1
2

1
2

∴ xe pe dp c
p p

1

2

1

2= − +
+z  ∴ x p ce

p

= − +
−

2 2 2( )

¤ı— y p p ce p
p

= + − +
R
S
T

U
V
W

+
−

2 2 2 2 2b g ( )  = − + +
−

8 22 2p p ce
p

( )

(D) Î¬◊Mı˛̃ ±˘±ı˛ ¸—øé¬l ˆ¬± ∏̄… –

25. py p x b a i= − +2 ( ) ............( )

p y
dp

dx
p x p

dp

dx
p2 22+ = − +( )  [x-¸±À¬ÛÀé¬ ’ıfl¬˘Ú]

ı± 
dp

dx
y p x b− − =2 0( )k p

˚ø 
dp

dx
= 0  ˝˚˛ p c ii= ........( )

(i) ¤ı— (ii) ¤ı˛ ˜ÀÒ… p ’¬ÛÚ˚˛Ú fl¬Àı˛ ¬Û±˝◊ cy c x b a= − +2 ( )

¤È¬± (i) ¤ı˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú
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’±ı±ı˛ y p x b− − =2 0b g  ˝À˘ p
y

x b
iii=

−

1

2
........( )

(1) › (iii) ¤ı˛ ˜ÀÒ… p ’¬Û˚˛Ú fl¬Àı˛ ¬Û±˝◊ 
1

2

1

4

2

2
⋅

−
⋅ =

−
⋅ − +

y

x b
y

y

x b
x b a

b g
b g

y x b a x b2 2
4− = −b g b g   ı± y a x b

2
4= −b g

¤øÈ¬ ¸˜œfl¬ı˛Ì (1) ¤ı˛ øıø˙©Ü ¸˜±Ò±Ú Ä ¤øÈ¬ ¤fl¬øÈ¬ ’øÒı‘M (parabola).

26. (a) y px
a

p
= +  ...... (1) p = c (b) x

a

p
− =

2
0  ⇒  x

a

p
=

2

(1) ŒÔÀfl¬ y
a

p

a

p

a

p
= + =

2
  ∴ y

a

p
a

a

p
ax

2
2

2 2

4
4 4= = ⋅ =  ∴ y ax

2 4=  øıø˙©Ü ¸˜±Ò±Ú

27. y px ap p= + −1b g  (a) p c=  (b) x a p ap+ − − =1 0b g  ı± x a ap+ = 2 .

(1) ¤ ıø¸À˚˛ y p a ap ap p= − + + −2 1l q b g  = ap
2  = ⋅

+F
H

I
Ka

x a

a2

2

∴ x a ay+ =b g2
4 øÚÀÌ«˚˛ øıø˙©Ü ¸˜±Ò±Ú

28. p px y= −loga f ∴ y px e
p= −  .......(1)

(a) p c=  (b) x e
p− = 0  ⇒  p x= log

(1) ¤ ıø¸À˚˛ y x x e x xx= = = −log loglog 1b g  ¤È¬±˝◊ øıø˙©Ü ¸˜±Ò±Ú/

29. y xp p= − 2  ......... (1)

(a) 
dp

dx
= 0  ⇒  p c=  (b) x p− =2 0  ⇒ x p= 2 ;  (1) ¤ ıø¸À˚˛ y p= 2

∴ x y
2 4=  ïp ’¬Û˚˛Ú fl¬Àı˛ó

¤øÈ¬ øÚÀÌ«˚˛ øıø˙©Ü ¸˜±Ò±Ú/

30. y px p= + 3  (a) 
dp

dx
p c= ⇒ =0  (b) x p+ =3 02  x p= −3 2
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∴ y p p p= − + = −3 23 3 3  ∴ x p p
3 2

3
3

2

27 27= − ⋅ = −e j e j = −
−

F
HG

I
KJ27

2

2
y

∴ 4 273 2
x y= −  øıø˙©Ü ¸˜±Ò±Ú

31. Î¬◊˝± 6 ¤ı˛ ’Ú≈ı˛”¬Û

32. y px p y= +3 6 2 2  ¤øÈ¬ Œflv¬ı˛±Î¬◊È¬ ¸˜œfl¬ı˛Ì Ú˚˛/

Î¬◊ˆ¬˚˛¬Ûé¬Àfl¬ y
2  øÀ˚˛ ·≈Ì fl¬Àı˛ y y px p y

3 2 2 43 6= + ⋅

Òøı˛ y v
3 = ,  3

2
y

dy

dx

dv

dx
=  ı± 3 2y p = P  ïÒøı˛ó

∴ v x= +P P
2
3

2
 (A) ¤øÈ¬ Œflv¬±ı˛±Î¬◊È¬ ¸˜œfl¬ı˛Ì/

∴ ¸±Ò±ı˛Ì ¸˜±Ò±Ú v cx c= +
2

3
2  ı± y cx c3 22

3
= +

(A) Œfl¬ ’ıfl¬˘Ú fl¬Àı˛ dv
dx

x
d
dx

d
dx

= = + +P P
P

P
P2

3
2

d
dx
P

= 0  ⇒  ¸±Ò±ı˛Ì ¸˜±Ò±Ú øıø˙©Ü ¸˜±Ò±Ú x
dv

dx
+ =

4

3
0.

ı± 3 8 02
x v+ =  ∴ 3 8 02 3

x y+ =

33. y px
a

p
= +

2

(a) p c=  (b) x
a

p
− =

2
0

2  ⇒  p
a

x
2

2
=

.
, dy

a

x
dx=

2

∴ øıø˙©Ü ¸˜±Ò±Ú y ax
2 2=

34. y xp y p= −4 16 3 2 , y y py x y p
3 3 6 24 16= ⋅ −

y v
4 =  ïÒøı˛ó 4

3
y p

dv
dx

= = P  ïÒøı˛ó ∴ v x= −P P2  ¤øÈ¬ Œflv¬±ı˛±Î¬◊È¬ ¸˜œfl¬ı˛Ì

∴ P = ⇒ = −c v cx c2 ı± y cx c
4 2= −  ¸±Ò±ı˛Ì ¸˜±Ò±Ú/
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10.7 ¸±ı˛±—˙

¬Û”Àı«ı˛ ¤fl¬fl¬ZÀ˚˛ ¤fl¬˜±Sœ˚˛ ¤fl¬‚±Ó¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ¸•Û«Àfl¬ ’±À˘±‰¬Ú± fl¬ı˛± ˝À˚˛ÀÂ/ ¤ı±ı˛ ¤fl¬˜±Sœ˚˛

øfl¬ôL√≈ ı ≈̋‚±Ó¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ¸•Û«øfl¬Ó¬ ’±À˘±‰¬Ú± fl¬ı˛± ˝Àı/ ¤fl¬˜±Sœ˚˛ ı± √õ∂Ô˜]˜ › ı ≈̋‚±Ó¬ øıø˙©Ü ’ıfl¬˘

¸˜œfl¬ı˛ÀÌı˛ ¸±Ò±ı˛Ì ı˛”¬Û p p p p p p p p
n n n

n n+ + + ⋅⋅ ⋅ ⋅ ⋅ ⋅ + + =− −
−1

1
2

2
1 0

 ¤‡±ÀÚ p
dy

dx
p p pn= ⋅ ⋅ ⋅ ⋅ −, , ,1 2 1 ˝À˘± x › y ’À¬Ûé¬fl¬/ øıøˆ¬iß ¬ÛX¬øÓ¬ÀÓ¬ ¤˝◊ ¸˜œfl¬ı˛ÌøÈ¬ı˛ ¸˜±Ò±Ú

fl¬ı˛± ˚±˚˛/

I p - ¸˜øi§Ó¬ Î¬◊»¬Û±Àfl¬ øıÀù≠¯∏Ì fl¬Àı˛

II y - ¸±À¬ÛÀé¬ ¸˜±Ò±Ú fl¬Àı˛

III x  - ¸±À¬ÛÀé¬ ¸˜±Ò±Ú fl¬Àı˛

IV  Œflv¬ı˛±Î¬◊È¬ - ¸˜œfl¬ı˛Ì ï¤fl¬øÈ¬ øıÀ˙¯∏ ’±fl¬±Àı˛ó

¸ı·≈ø˘ ¬ÛX¬øÓ¬ ˚ÀÔ©Ü ¸—‡…±fl¬ Î¬◊±ı˛˝Ì ¸˝À˚±À· ı…±‡…± fl¬ı˛± ˝À˚˛ÀÂ/

Œflv¬ı˛±Î¬◊È¬ ¸˜œfl¬ı˛ÌøÈ¬ı˛ øıÀ˙¯∏ ’±fl¬±ı˛

y px f p= + a f  Œ˚‡±ÀÚ, p
dy

dx
= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1a f

x - ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛ x f p+ = ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
1

0 2a f a f
¤˝◊ ’±fl¬±Àı˛ı˛ ¸˜œfl¬ı˛ÀÌı˛  ¸±Ò±ı˛Ì ¸˜±Ò±Ú ˝À˘± y x f= +c ca f
(1) ¤ı— (2) ŒÔÀfl¬ p ’¬ÛÚ˚˛Ú fl¬Àı˛ √õ∂M ¸˜œfl¬ı˛ÀÌı˛ øıø˙©Ü ¸˜±Ò±Ú (singular solution) ¬Û±›˚˛± ˚±Àı/
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¤fl¬fl¬ 11 qqqqq øZ˜±Sœ˚˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì (Second order

differential Equation)

·Í¬Ú

11.1 √õ∂ô¶∏±ıÚ±

11.2 Î¬◊ÀV˙…

11.3 ÒËnıfl¬ ¸˝· ≈̊ñ øZ˜±Sœ˚˛ ¤fl¬‚±Ó¬ ï∆ı˛ø‡fl¬ó ’ıfl¬˘ ¸˜œfl¬ı˛Ì

11.4 ’˚˛˘±ı˛-fl¬ø¸ ·Í¬ÀÚı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

11.5 √õ∂‰¬˘ Œˆ¬ ¬ÛX¬øÓ¬

11.6 ¸ı«À˙¯∏ √õ∂ùü±ı˘œ

11.7 Î¬◊Mı˛̃ ±˘±

11.8 ¸±ı̨±—˙

11.1 √õ∂ô¶∏±ıÚ± –

øı:±ÀÚ øıøˆ¬iß ’±øı©®±Àı˛ı˛ ¸Àº ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸•Ûfl«¬ ›Ó¬À√õ∂±Ó¬ˆ¬±Àı Êøh¬Ó¬/ ¬Û±Ô«øı…±ı˛ øıøˆ¬iß
’±øı©®±ı˛ √õ∂ÔÀ˜ ·±øÌøÓ¬fl¬ ’±fl¬±Àı˛ øı:±Úœı˛± Œ¬ÛÀ ˛̊ÀÂÚ ¤ı— ¬ÛÀı˛ Œ¸·≈ø˘ı˛ ı…±‡…± fl¬ı˛± ˝À ˛̊ÀÂ/ S.H.M. (simple

Harmonic Motion), ¸ı˛˘ Œ±˘Àfl¬ı˛ Œ±˘Ú·øÓ¬, ¸—˚≈ñ ˆ¬ı˛ ø¶x— ¤ı˛ Œ±˘Ú, R-L-C-’±ıÓ«¬ (Circuit)

√õ∂ˆ‘¬øÓ¬ ¸≈¯∏˜ ı± ’-¸≈¯∏˜ (non-homoganous)   ∆ı˛ø‡fl¬ øZ˜±Sœ˚˛ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸±˝±À˚… ıøÌ«Ó¬ ˝˚˛/
fl¬±ÀÊ˝◊ øZ˜±Sœ˚˛ ∆ı˛ø‡fl¬ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ øıÀ˙¯∏ ·≈ı≈̨Q ’±ÀÂ/

11.2 √Î¬◊ÀV˙… –

¤˝◊ ¤fl¬fl¬ ¬Û±Í¬ fl¬Àı˛ ’±¬ÛøÚ

lllll øZ˜±Sœ˚˛ ∆ı˛ø‡fl¬ ÒËnıfl¬ ¸˝·˚≈ñ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸˜±Ò±Ú¬ÛX¬øÓ¬ Ê±ÚÀÓ¬ ¬Û±ı˛ÀıÚ/

lllll ‰¬˘ı˛±ø˙ ¸˝· ≈̊ñ ’˚˛˘±ı˛-fl¬ø¸·Í¬ÀÚı˛ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸˜±Ò±Ú ø˙‡ÀÓ¬ ¬Û±ı˛ÀıÚ/

√lllll õ∂‰¬˘Àˆ¬Àı˛ ¬ÛX¬øÓ¬ ’Ú≈¸ı˛Ì fl¬ı˛ÀÓ¬ ¬Û±ı˛ÀıÚ/
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11.3 ÒËnıfl¬¸˝· ≈̊ñ øZ˜±Sœ˚˛ ¤fl¬‚±Ó ï∆ı˛ø‡fl¬ó¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì
[Second order Differential Equation with Coust Coefficients]

√õ∂ÔÀ˜ ’±˜ı˛± ÒË≈ıfl¬ ¸˝· ≈̊ñ øZ˜±Sœ˚˛ ¤fl¬‚±Ó¬ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ¸•ÛÀfl«¬ ’±À˘±‰¬Ú± fl¬ı˛ı/ ¤ı˛ ¸±Ò±ı˛Ì
ı˛”¬ÛøÈ¬ ˝˘

d y

dx

dy

dx
y

2

2 2+ + =P P Q1

P1, P2 ÒËnıfl¬ ¤ı— Q ÒËnıfl¬ ’Ôı± x-¤ı˛ ’À¬Ûé¬fl¬/

Case I – Òı˛±˚±flƒ¬, Q = O ’Ô«±» ¸˜œfl¬ı˛ÌøÈ¬ ˝˘

d y

dx
P

dy

dx
P y

2

2 1 2 0+ + =  .................... (2)

’Ôı± 
d

dx
≡ D  ø‰¬˝êøÈ¬ ı…ı˝±ı˛ fl¬ı˛À˘, ¸˜œfl¬ı˛ÌøÈ¬ “±h¬±˚˛

(D P D P )2
1 2+ + =y 0

¸˜œfl¬ı̨Ì (2) ¤ı̨ ’±Ú≈̃ ±øÚfl¬ ¸˜±Ò±Ú y emx=  ÒÀı̨ ’Ô«±» y e
mx=  ¸˜œfl¬ı̨Ì Z±ı̨± (2) Œfl¬ ø¸X¬ fl¬Àı̨ ¬Û± ◊̋

∴ + + =( )m m P e
mx2

1 2 0P

øfl¬ôL√≈ e
mx

≠ 0 ,   ∴ + + =m P m P
2

1 2 0  ..........(3)

¸˜œfl¬ı˛Ì (3) ëm’ ¤ı˛ ¤fl¬øÈ¬ øZ‚±Ó¬ ¸˜œfl¬ı˛Ì/ ¤Àfl¬ (2) ¤ı˛ ¸˝± ˛̊fl¬ ¸˜œfl¬ı˛Ì ıÀ˘/ ’ı˙… ◊̋ (3) ¤ı˛
≈øÈ¬ ıœÊ Ô±fl¬Àı/ ¤˝◊ ıœÊ≈øÈ¬ı˛ √õ∂fl‘¬øÓ¬ ’Ú≈¸±Àı˛ (2) ¤ı˛ ¸±Ò±ı˛Ì ¸˜±Ò±ÀÚı˛ √õ∂fl‘¬øÓ¬ øÚøÌ«Ó¬ ˝Àı/

ïfl¬ó Òı˛± ˚±flƒ¬, ¸˝±˚˛fl¬ ¸˜œfl¬ı˛ÀÌı˛ ≈øÈ¬ ıœÊ m1, m2 ı±ô¶∏ı ¤ı— øˆ¬iß/ Ó¬‡Ú ’ıfl¬˘ ¸˜œfl¬ı˛Ì (2) ¤ı˛

¸±Ò±ı˛Ì ¸˜±Ò±Ú ˝Àı y c e c e
m x m x= +1 2

1 2

c1, c2 ≈øÈ¬ ¸•Û”Ì« ¬Û‘Ôfl¬ ÒË≈ıfl¬/ ˘é¬… fl¬ı˛ÀÓ¬ ˝Àı øZ˜±Sœ˚˛ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸±Ò±ı˛Ì ¸˜±Ò±ÀÚ ≈øÈ¬
¬Û‘Ôfl¬ ÒË≈ıfl¬ ’ı˙… ◊̋ ıÓ«¬˜±Ú Ô±fl¬Àı/

ï‡ó Òı˛± ¯∏±fl¬, ¸˝±˚˛fl¬ ¸˜œfl¬ı˛ÀÌı˛ ≈øÈ¬ ıœÊ ı±ô¶∏ı ¤ı— ¸˜±Ú, ’Ô«±» m m1 2=  ; Ó¬‡Ú ¬Û”ı«Ó¬Ú ¬ÛX¬øÓ¬øÈ¬
·Ë̋ ÌÀ˚±·… ˝Àı Ú±/ fl¬±ı˛Ì Ó¬±˝À˘ ¸˜±Ò±ÚøÈ¬ ˝Àı

 y c c ebx= +1 2a f (m m b1 2= =  Òı˛±˚±flƒ¬ )

ı±, y c e
bx=  ......... (4)  c c c= +1 2

¤‡±ÀÚ Œ‡±˚±ÀBÂ ¤fl¬øÈ¬˜±S ÒËnıfl¬ ıÓ«¬˜±Ú, øfl¬ôL√≈ øZ˜±Sœ˚˛ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸˜±Ò±ÀÚ ≈øÈ¬ øıøˆ¬iß ÒËnıfl¬
’ı˙…˝◊ ıÓ«¬˜±Ú Ô±fl¬Àı/ ’Ô«±» ¸˜œfl¬ı˛Ì (4), ¸˜œfl¬ı˛Ì (2) ¤ı˛ ¸˜±Ò±Ú ˝ÀÓ¬ ¬Û±Àı˛ Ú±/

¤˝◊ ¸˜œfl¬ı˛ÌøÈ¬ ¸˜±Ò±Ú fl¬ı˛±ı˛ ¤fl¬øÈ¬ ¬Û‘Ôfl¬ ¬ÛX¬øÓ¬ ’±À˘±‰¬Ú± fl¬ı˛± ˚±flƒ¬/
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¸˝±˚˛fl¬ ¸˜œfl¬ı˛ÀÌı˛ ıœÊ≈øÈ¬˝◊ b ˝›˚˛±ÀÓ¬ ˜”˘ ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬ı˛ ’±fl¬±ı˛ ˝Àı

d y

dx
b

dy

dx
b

2

2

22 0− + =

Òı˛±˚±fl¬ ’±Ú≈̃ ±øÚfl¬ ¸˜±Ò±Ú y e u xbx= ( )

u x( )  ¤fl¬øÈ¬ x-¤ı˛ ’À¬Ûé¬fl¬/

Î¬◊¬ÛÀı˛±ñ ¸˜œfl¬ı˛ÀÌ y-¤ı˛ ¤˝◊ ˜±Ú ıø¸À˚˛ ¸ı˛˘œfl¬ı˛Ì fl¬ı˛À˘ ¬Û±˝◊

e
d u

dx

bx
2

2
0=  øfl¬ôL√≈ e

bx
≠ 0

∴ =
d u

dx

2

2
0

∴ ¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊, 
du

dx
c= 2

Û≈Úı˛±˚˛ ¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊, du c dx c= +z z2 1

ı±, u c x c= +2 2

∴ ˚‡Ú ¸˝±˚˛fl¬ ¸˜œfl¬ı˛ÀÌı˛ ıœÊ≈øÈ¬ ı±ô¶∏ı › ¸˜±Ú, Òı˛±˚flƒ¬, m m b1 2= = , Ó¬‡Ú øÚÀÌ«˚˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú

˝Àı, y c c x e
bx= +( )1 2

 ................ (5)

ï·ó Òı˛±˚±flƒ¬, ¸˝±˚˛fl¬ ¸˜œfl¬ı˛ÀÌı˛ ıœÊ≈øÈ¬ ÊøÈ¬˘ ı˛±ø˙ a ib±  Ó¬±˝À˘ ıøÌ«Ó¬ ¬ÛX¬øÓ¬ ’Ú≈̧ ±Àı˛ Î¬◊øV©Ü ¸±Ò±ı˛Ì
¸˜±Ò±Ú ˝Àı

y e e c e
a ib x a ib x= ++ −

1 2
( ) ( )

  = + −
e c e c e

ax ibx ibx( )1 2

 = + + −e c bx i bx c bx i bx
ax{ (cos sin ) (cos sin )}1 2

= + + −e c c bx i c c bx
ax{( )cos ( )sin }1 2 1 2

= +e bx bx
ax ( cos sin )A B

A = c1 + c2, B = −i c c( )1 2  ≈øÈ¬ ¸•Û”Ì« ¬Û‘Ôfl¬ ÒË≈ıfl¬/

[ ˘é¬Úœ˚˛ e i
iθ θ θ= +cos sin ,e i

i−
= −

θ
θ θcos sin ]

¤‡Ú ’±˜ı˛± √Î¬◊±˝ı˛ÀÌı˛ ¸±˝±˚… ’±À˘±‰¬Ú± fl¬ı˛ı, ˚‡Ú

¸˜œfl¬ı˛Ì (I) ¤ı˛ Î¬±Ú¬Ûé¬ Q= O ˝Àı, ’Ô«±» 
d y

dx

dy

dx
y

2

2 1 2 0+ + =P P
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Î¬◊±˝ı˛Ì –

1. ¸˜±Ò±Ú fl¬ı≈̨Ú –

d y

dx

dy

dx
y

2

2
3 2 0− + =

¸˚˛±˝fl¬ ¸˜œfl¬ı˛Ì, m m
2

3 2 0− + =

∴ =m 2 1,

∴ Î¬◊øV©Ü ¸±Ò±ı˛Ì ¸˜±Ò±Ú y c c c e
x x= +1

2
2

2. ¸˜±Ò±Ú fl¬èÚ –

( )2 1 0D 3D2 − + =y

¤‡±ÀÚ ¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì 2 3 1 02m m− + =  ⇒ − − =( )( )2 1 1 0m m

∴ =m
1

2
1,

 ∴ øÚÀÌ«˚˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú y c e c e
x

x

= +1 2
2

3. ¸˜±Ò±Ú fl¬ı≈̨Ú –

( )D a y
2 2 0− =

¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì, m a
2 2

0− =   ∴ = ±m a

∴ øÚÀÌ«˚˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú – y c e c e
ax ax= + −

1 2

4. ¸˜±Ò±Ú fl¬ı≈̨Ú –

d y

dx

dy

dx
y

2

2
6 25 0+ + =

¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì, m m
2

6 25 0+ + =

∴ =
− ± −

= − ±m
6 6 2 25

2
3 4

2 .

∴ øÚÀÌ«˚˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú – y e A x B x
x= +( )−3 4 4cos sin )

5. ¸˜±Ò±Ú fl¬ı≈̨Ú –

( )D D y
2 8 16 0+ + =

¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì – m m
2

8 16 0+ + =

ı±, ( )m + =4 0
2

  ∴ = − −m 4 4,
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∴ øÚÀÌ«˚˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú – y c c x e
x= + −

1 2
4a f

6. ¸˜±Ò±Ú fl¬èÚ –

d y

dx

dy

dx

2

2
4 1 0− + =

¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì – m m
2

4 1 0− + =

∴ =
+ ± −

= ±m
4 16 4

2
2 3

∴ øÚÀÌ«˚˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú –

y e c e c ex x x= + −2
1

3
2

3e j

7. ˚ø l
d w

dt
gw

2

2
0+ = , ˚ø w

dw

dt
= =α, 0  ˝˚˛, ˚‡Ú t = 0  Ó¬±˝À˘ √õ∂˜±Ì fl¬ı˛ Œ˚

w t
g

l
= α cos{ }

Î¬◊– ¤‡±ÀÚ ¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì

l m g. 2 0+ =      ∴ = ±m i
g

l

∴ ¸±Ò±ı˛Ì ¸˜±Ò±Ú –

w e A
g

l
t B

g

l
t

t
= +
F
HG

I
KJ

0.
cos sin

∴ = +w
g

l
t

g

l
tA Bcos sin  ............. (i)

˚‡Ú t = 0, w = α  ∴ A = α

’±ı±ı˛ dw
dt

g

l

g

l
t

g

l
t= − +

F
HG

I
KJA Bsin cos

˚‡Ú t = 0, 
dw

dt
= 0  ∴ B = 0

A ¤ı— B ¤fl¬ ˜±Ú (i) ıø¸À˚˛ ¬Û±˝◊

w =
F
HG
I
KJ

R
S
T

U
V
W

α cos
g

l
t

√õ∂˜±øÌÓ¬/



297

√õ∂ùü±ı˘œ –

¸˜±Ò±Ú fl¬ı˛≈Ú – D ≡
L
NM

O
QP

d

dx

1. D 2D2 + =c hy 0

2. D D
2 2 2

2 0− + + =a a b y.c h
3. D+( ) =5 0

2
y

4. 
d y

dx
y

2

2
4 0+ = ;  ˚‡Ú x y= =0 2, , ¤ı— ˚‡Ú x y= =

π

2
5,

5. 
d

dt

2

2

2 0
θ

ω θ+ =  ˚‡Ú t
d

dt
a= = =0 0, ,

θ
θ

6. 
d x

dt
k

dx
dt

x
2

2
2 0+ + =µ

Î¬◊Mı˛̃ ±˘± –

1. y c c e m o
x= + = −−

1 2
2 2[ , ]

2. y e bx B bx
ax= +( )A cos sin m

a a a b
=

± − +L
N
M
M

2 4 4

2

2 2 2( )

  = ±a ib

3. y c c x e
x= + −

1 2
5a f [ , ]m = − −5 5

4. y x x= +2 2 5 2cos sin [ ]m i= ±2

5. θ ω= a tcos [ ,m i= ± ω ∴ = +θ ω ωA Bcos sint t

θ = a ,  ˚‡Ú t = 0   ∴ =A a

d

dt
t t

θ
ω ω ω= − + =A Bsin cos 0  ˚‡Ú  t = 0 ∴ =B 0  ]

6. x e nt ntkt= +− A Bcos sina f  ˚‡Ú n k k
2 2 2= − <µ µ,

x e c e c e
kt nt nt= +− −

1 2c h  ˚‡Ú k
2 > µ

x c c x e
kt= + −

1 2a f  ˚‡Ú k
2 = µ

¸—Àfl¬Ó¬ – 
d x

dt
k

dx

dt
x

2

2
2 0+ + =µ

  ¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì –
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m km
2 2 0+ + =µ

      ∴ =
− ± −

m
k k2 4 4

2

2 µ
 = − ± −k k

2 µ

˚‡Ú k
2 < µ  ˝Àı, Ó¬‡Ú k

2 0− <µ  ’Ô«±» ŸÌ±Rfl¬

Òı˛± ˚±fl¬ k n2 2− = −µ , Ó¬±˝À˘ m k in= − ±

∴ = +( )−
x e nt nt

kt A Bcos sin

˚‡Ú k
2 > µ , Ó¬‡Ú  k

2 0− >µ  ïÒÚ±Rfl¬ó

 k n
2 2− =µ

∴ = − ±m k n

∴ = − + − −
x c e c e

k n t k n t
1 2

( ) ( )

= +− −
e c e c e

kt nt nt( )1 2

˚‡Ú k
2 = µ , Ó¬‡Ú n = 0

∴ = − −m k k,

∴ = + −
x c c x e

kt
1 2b g

øıÀ˙ ∏̄ ¸˜±fl¬˘ –

’±˜ı˛± ¤‡Ú ’±À˘±‰¬Ú± fl¬ı˛ı ˚‡Ú Q 0≠  ’Ô«±» ¸˜œfl¬ı˛ÌøÈ¬ ˚‡Ú

d y

dx

dy

dx
y

2

2 1+ + =P P Q2  ............... (1)

Òı˛± ˚±fl¬, G(x) ˝˘ 
d y

dx

dy

dx
y

2

2 1+ + =P P 02  .............. (2) ¤ı˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú ¤ı—

F(x) ˝˘ ¸˜œfl¬ı˛Ì (1) ¤ı˛ ¤fl¬øÈ¬ øıÀ˙¯∏ ¸˜±Ò±Ú/ ’Ó¬–¬Ûı˛ (1) ¤ı˛ ¸±Ò±ı˛Ì ¸˜±Ò±ÚøÈ¬ ˝Àı –

y x x= +G F( ) ( )  ............... (3)

¤˝◊ ¸˜±Ò±Ú ¸ı˛±¸øı˛ ¸˜œfl¬ı˛Ì (1) ¤ ı±˜¬ÛÀé¬ ıø¸À˚˛ ¬Û±˝◊

d

dx

d

dx

d

dx

d

dx
P

2

2 1

2

2 1 2

G
P

G
+ P G

F
P

F
F2+

F
HG

I
KJ + + +
F
HG

I
KJ

¤‡±ÀÚ √õ∂Ô˜±—˙ ’ı˙…˝◊ ˙”Ì… ˝Àı, fl¬±ı˛Ì G(x) ¸˜œfl¬ı˛Ì (2) ¤ı˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú/ ’Ó¬¤ı øZÓ¬œ˚˛±—˙
’ı˙…˝◊ Q ¤ı˛ ¸˜±Ú/
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’Ô«±» ¬Û˚«…±À˘±‰¬Ú± fl¬Àı˛ Œ‡± ˚±ÀBÂ, ’ıfl¬˘ ¸˜œfl¬ı˛Ì (1) ¤ı˛ ¸˜±Ò±Ú ¬ÛX¬øÓ¬ ≈øÈ¬ ¬ÛÀı« øıˆ¬ñ/ √õ∂Ô˜Ó¬–
¸˜œfl¬ı˛Ì (2) ¤ı˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú øÚÌ«˚˛ fl¬ı˛ÀÓ¬ ˝Àı, Òı˛±˚±flƒ¬ ˝◊˝± G(x, c1, c2)Ä ¬Ûı˛ıÓ«¬œ ¬ÛÀı« ¸˜œfl¬ı˛Ì
(1)  øıÀ˙¯∏ ¸˜±Ò±Ú, F(x) øÚÌ«˚˛ fl¬ı˛ÀÓ¬ ˝Àı/ fl¬±ÀÊ˝◊ (1) ¤ı˛ ¸•Û”Ì« ¸±Ò±ı˛Ì ¸˜±Ò±Ú ˝˘ –

y = G (x, c1, c2) + F (x)

øıÀ˙¯∏ ¸˜±Ò±Ú F(x)-¤ Œfl¬±Ú ˚‘BÂ ÒËnıfl¬ Ô±fl¬± ¸y¬ı Ú˚˛/ fl¬±ı˛Ì (1) ¤ı˛ ¸±Ò±ı˛Ì ¸˜±Ò±ÀÚ Œfl¬ı˘˜±S
≈øÈ¬˝◊ ˚‘BÂ ÒË≈ıfl¬ Ô±fl¬Àı, Ó¬±ı˛ Œı˙œ Ú˚˛/ √õ∂Ô˜ ı˛±ø˙øÈ¬ G(x, c1, c2) Œfl¬ ı˘± ˝˚˛ ¬Û”ı˛fl¬ ’À¬Ûé¬fl¬ ¤ı—
øZÓ¬œ˚˛ ı˛±ø˙ F(x) Œfl¬ ı˘± ˝˚˛ øıÀ˙ ∏̄ ¸˜±fl¬˘/

¤‡Ú ¤˝◊ øıÀ˙¯∏ ¸˜±fl¬˘ øÚÌ«˚˛ fl¬ı˛ÀÓ¬ Œ·À˘ ¤fl¬øÈ¬ √õ∂øÓ¬fl¬œ √õ∂fl¬±ı˛Àfl¬ı˛ (symbolic operator) ’ıÓ¬±ı˛Ú±

fl¬ı˛± √õ∂À ˛̊±ÊÚ/ ’ıfl¬˘Ú √̧ —]±ôL√ ’±À˘±‰¬Ú± ˛̊ 
d

dx

d

dx
,

2

2
 ◊̋Ó¬…±ø ’ıfl¬˘Ú √õ∂ø] ˛̊±ı˛ Œ…±Ó¬fl¬·≈≈ø˘Àfl¬ D, D2 √õ∂ ‘̂¬øÓ¬

√õ∂øÓ¬fl¬œ √õ∂fl¬±ı˛fl¬ ı”̨À¬Û ø‰¬ø˝êÓ¬ fl¬ı˛± ˝ ˛̊/ Œ˚˜Ú 
1

D
D 1= −c h = øı¬Ûı˛œÓ¬ √õ∂fl¬±ı˛fl¬ ’Ô«±» ¸˜±fl¬˘Ú Œı±Á¬± ˛̊/ ’±˜±Àı˛

’±À˘±‰¬… ¸˜œfl¬ı˛ÌøÈ¬Àfl¬

d y

dx

dy

dx
y

2

2 2+ + =P P Q

√õ∂Ó¬œfl¬œ √õ∂fl¬±ı˛Àfl¬ Œ˘‡± ˚±˚˛, Œ˚˜Ú D P D P Q
2

1 2+ + =c h y
ı±, ¸—Àé¬À¬Û f y(D) Q=

fl¬±ÀÊ˝◊ 
1

f (D)
Q

RST
UVW  ÒËnıfl¬ ıøÊ«Ó¬ ¤˜Ú ¤fl¬øÈ¬ ’À¬Ûé¬fl¬ Œ˚ f y(D) Q=  ¤ı˛ ¤fl¬øÈ¬ øıÀ˙¯∏ ¸˜±fl¬˘

(particular integral)/

øıÀ˙ ∏̄ ¸˜±fl¬˘ øÚÒ«±ı˛Ì ¬ÛX¬øÓ –

’±˜±Àı˛ ’±À˘±‰¬… ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ Î¬±Ú¬Ûé¬ ’À¬Ûé¬fl¬ Q  ¤ı˛ √õ∂fl‘¬øÓ¬ ı± ∆ıø˙©Ü ’Ú≈¸±Àı˛ øıÀ˙¯∏ ¸˜±fl¬˘

1

f D
Qa f

RST
UVW ’À¬Ûé¬fl¬øÈ¬ øÚX«¬±ı˛Ì ¬ÛX¬øÓ¬ øÚˆ«¬ı˛ fl¬Àı˛/

( )a  Òı˛± ˚±flƒ¬, Q = ∈ +
x m Z

m ,  ’Ô«±» m ¤fl¬øÈ¬ Ò±Ú±Rfl¬ ı±ô¶∏ı ¸—‡…±/ ¤‡Ú 
1 1

f
f

D
Da f a f=

−
 Œfl¬

D -¤ı˛ ÿX«¬]ø˜fl¬ ‚±ÀÓ¬ øıô¶∏‘Ó¬ fl¬ı˛ÀÓ¬ ˝Àı ¤ı— x
m  ¤ı˛ Î¬◊¬Ûı˛ √õ∂ø]˚˛±fl¬ı˛Ì fl¬ı˛ÀÓ¬ ˝Àı/ Œ˚˜Ú

1

1
1 1

2

3 2
1

3 2 4 3

D
D D D

+
= + = − + −

−

x x xd i d i.........

  = − + −x x x
3 2 3 4 3D D .................

  = − ⋅ ⋅ +x x3 3 2 0

∴ −x x3 6d i  ı˛±ø˙øÈ¬˝◊ D2 31+ =d iy x -¤ı˛ øıÀ˙¯∏ ¸˜±fl¬˘/
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fl¬±ı˛Ì, D
2 3 3 3

1 6 6 0 6+ − = + − − =d id ix x x x x x

Î¬◊±˝ı˛Ì – 
d y

dx

dy

dx
y x

2

2
6+ − =  ı± D D

2 2
6+ − =d iy x  ¤ı˛ øıÀ˙¯∏ ¸˜±fl¬˘ ı±ø˝ı˛ fl¬èÚ/

øıÀ˙¯∏ ¸˜±fl¬˘ 
1

6
2

D D+ −
x

= −

−
+F

HG
I
KJ

= − −
+F

HG
I
KJ

−
1

6

1

1
6

1

6
1

62

2 1

D D

D D
x x

= − + + +
L
NM

O
QP

1

6
1

1

6
2

D Dd i .......... x

= − +
L
NM
O
QP = − −

1

6

1

6

1

6

1

36
x x

√õ∂M ¸˜œfl¬ı˛ÀÌ ı±˜¬ÛÀé¬ ıø¸À˚˛ Œ‡± ˚±fl¬,

D D
2

6
1

6

1

36
0

1

6

1

6
+ − − −

F
H

I
K = − + + = =d i x x x  Î¬±Ú¬Ûé¬

fl¬±ÀÊ˝◊ ¤øÈ¬ Œ˚ øıÀ˙¯∏ ¸˜±fl¬˘, Ó¬± √õ∂˜±øÌÓ¬ ˝˘/

(b) ˚‡Ú Q X X= e
ax

,  ÒËnıfl¬ ı± x -¤ı˛ ’À¬Ûé¬fl¬/ ’±˜ı˛± ’Ú±˚˛±À¸ ¬Û˚«…Àıé¬Ì fl¬Àı˛ Œ‡ÀÓ¬ ¬Û±øı˛

Œ˚ f e e f aax ax
D X D X Xa f a f1 1 1= + ⋅ ,  ¤fl¬øÈ¬ x -¤ı˛ ’À¬Ûé¬fl¬ ı± ÒËnıfl¬/

ı± f e e
ax ax

D X Xa f 1 =  ïÒı˛± ˚±flƒ¬ó .........( )i

Ó¬±˝À˘  f a
f a

D X X X
D

X.+ = ⇒ =
+

a f a f1 1

1
2.......( )

fl¬±ÀÊ ◊̋, 
1

1f
e e i

ax ax

D
X Xa f ⋅ = , ( )  ŒÔÀfl¬ ¬Û±˝◊/

      =
+

e
f a

ax 1
2

D
Xa f , ( )  ŒÔÀfl¬ ¬Û±˝◊/

∴  øıÀ˙¯∏ ¸˜±fl¬˘, ˚‡Ú ’ıfl¬˘ ¸˜œfl¬ı˛Ì f y e
ax

D Xa f =

         F
D

X
D

Xx
f

e e
f a

ax axa f a f a f= =
+

1 1

(c) ˚‡Ú, Q = e a
ax

,  ¤fl¬øÈ¬ ÒËnıfl¬/

’±˜ı˛± Ê±øÚ f e f a eax ax
Da f a f= ⋅
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∴  øıÀ˙¯∏ ¸˜±fl¬˘ 
1

f D
e

e

f a
ax

ax

a f a f⋅ = ,    f aa f ≠ 0  fl¬±ı˛Ì, f aa f ≠ 0  ˝À˘,

f
e

f a
f a

e

f a
e

ax ax
ax

Da f a f a f a f
RST
UVW

L
N
MM

O
Q
PP

= ⋅ =

 ’Ô«±» ’ıfl¬˘ ¸˜œfl¬ı˛Ì f y eax
Da f =  ¤ı˛ øıÀ˙¯∏ ¸˜±fl¬˘

    F
D

x
f

e
e

f a
f a

ax
ax

a f a f a f a f= = ≠
1

0,

˚ø f aa f = 0  ˝˚˛, Ó¬±˝À˘ D D− a fa f a f,  ¤ı˛ ¤fl¬øÈ¬ Î¬◊»¬Û±fl¬/

( )i  Òı˛±ı˛ ˚±flƒ¬, f aD D Da f a f a f= − φ  Ó¬±˝À˘ øıÀ˙¯∏ ¸˜±fl¬˘

1 1 1
1

f
e

a
e

ax ax

D D Da f a f a f a f=
−

⋅ ⋅
φ

=
−

⋅ ≠
1

0
D a

e

a
a

ax

a f a f a fφ
φ

= ⋅
+ −

e

a a a

ax

φa f a f a f
1

1
D

    [ øÚ˚˛˜ (b) ]

= ⋅ = ⋅ ze

a

e

a
dx

ax ax

φ φa f a f a f
1

1 1
D

= ≠
x e

a
a

ax

φ
φa f a f, 0

( )ii  ˚ø φ aa f = 0 ˝˚˛, ¤ı— f aD Da f a f= −
2  ˝˚˛, Ó¬Àı

1 1 1
1

2 2f
e

a
e e

a a

ax ax ax

D D Da f a f a f=
−

=
+ −

⋅

  = ⋅ ⋅e
ax 1

1
2

D

  =
x e

ax2

2
      [ ≈íı±ı˛ ¸˜±fl¬˘Ì fl¬Àı˛ ]

( )d  ˚‡Ú¬, Q = +sin ax bb g  ı± cos ax b+b g
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Òı˛± ˚±flƒ¬, f Da f Œfl¬ı˘˜±S D-¤ı˛ ≈̊¢¨-‚±Ó¬ ≈̊ñ ’À¬Ûé¬fl¬/

Òı˛±˚±fl¬ f D Db g e j= φ 2
,  ’±˜ı˛± Ê±øÚ

   F FD
2 2d i a f d i a fsin sinax b a ax b+ = − +  ¤ı— F(D F

2 2
)cos( ) ( )cos( )ax b a ax b+ = − +

¤‡Ú φ
φ

φ
φ

D
2

2

2

2d i a f
d i d i a f

d i
a fsin sin

sin
ax b

a
a

ax b

a
ax b

+

−

R
S|
T|

U
V|
W|

= −
+

−
= +

∴
+

=
+

−
− ≠

sin sin
,

ax b ax b

a
a

a f
d i

a f
d i d i

φ φ
φ

D
2 2

2
0

∴  ’ıfl¬˘ ¸˜œfl¬ı˛Ì f y ax bDa f a f= +sin  ¤ı˛ øıÀ˙¯∏ ¸˜±fl¬˘øÈ¬ ˝Àı/

  
1 1

0
2 2

2

f
ax b ax b

ax b

a
a

D Da f a f
d i

a f a f
d i d isin sin

sin
+ = + =

+

−
− ≠

φ φ
φ

’Ú≈ı˛”À¬Û,

1 1
0

2 2

2

f
ax b ax b

ax b

a
a

D Da f a f
d i

a f a f
d i d icos cos

cos
+ = + =

+

−
− ≠

φ φ
φ

˚ø φ − =a
2

0d i , Ó¬±˝À˘ Î¬◊¬Û˚≈ñ ¬ÛX¬øÓ¬øÈ¬ Î¬◊±˝ı˛Ì ¸˝À˚±À· ¬ÛÀı˛ ı…±‡…± fl¬ı˛± ˝Àı/

Œ˚˜Ú – ( )i  D
2

4 2− =d iy xsin  ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛

øıÀ˙¯∏ ¸˜±fl¬˘ F
D

x x x
xa f =

−
⋅ =

− −
=

−

1

4
2

1

2 4
2

2

82 2
sin sin

sin

( )ii  øıÀ˙¯∏ ¸˜±fl¬˘ øÚÌ«˚˛ fl¬èÚ – D D
2

2 5− + =d iy xsin

øıÀ˙¯∏ ¸˜±fl¬˘ F
D D D

x x xa f =
− +

=
− − +

1

2 5

1

1 2 5
2 2

sin sin

 =
−

=
+

− +

1

4 2

2

2 2 2D

D

D D
sin sinx xa fa f

 
=

+

−
=

+

− −
= +

2

2 4

2

2 4 1

1

5

1

102 2

D

D
x

D
x x x

d i d ie j
sin sin sin cos
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(e) ¤fl¬øÈ¬ øıÀ˙ ∏̄ ¬ÛX¬øÓ¬ –  øıÀ˙¯∏ ¸˜±fl¬˘ øÚÌ«˚˛

F
D

Q
D

Q Qx
f a

e e dx
ax axa f a f a f= =

−
=

−z1 1

Î¬◊±˝ı˛Ì– øıÀ˙¯∏ ¸˜±fl¬˘ ı±ø˝ı˛ fl¬ı≈̨Ú – D D2 3 2− + = −c h c hy e
xsin

øıÀ˙¯∏ ¸˜±fl¬˘ F
D D

x e
xa f a fa f c h=

− −
−1

2 1
sin

=
−

−
−

−1
2

1
1D De j c hsin e

x

=
−

−
−

⋅⋅ ⋅ ⋅ ⋅ ⋅− −1
2

1
1D D

Asin sine e
x xc h c h a f

¤‡Ú 1
2

2 2

D −
=− − −zsin sine e e e dxx x x xc h c h

= ⋅− − −ze e e e dxx x x x2 sind i   ¤‡Ú e z
x− =  ıø¸À˚˛ − =−e dx dzx

= −ze z z dz
x2

sin a f
= − ze z z z d z

x2 cos cose j= −e z z z
zx ( cos sin )

= − ⋅⋅⋅ ⋅ ⋅ ⋅⋅− − −
e e e e i

x x x x2 cos sinc h c h a f
’±ı±ı˛  1

1D −
=− − −zsin sine e e e dxx x x xc h c h

      = −ze z d z
x

sin

      = = ⋅⋅ ⋅ ⋅ ⋅ ⋅−
e z e e ii

x x xcos cosc h a f
 (A) ŒÓ¬ (i) ¤ı— (ii) ¤ı˛ ˜±Ú·≈ø˘ ıø¸À˚˛ ¬Û±˝◊ øıÀ˙¯∏ ¸˜±fl¬˘

F x e e e e e e
x x x x x xa f c h c h c h= − −− − − −2 cos sin cos

  = − −
e e

x x2 sinc h
(f) Òı˛±˚±fl¬ Q = x xφa f

øıÀ˙¯∏ ¸˜±fl¬˘ 
1 1 1

f
x x

f
f D

fD D Da f a f a f a fφ φ= −
RST

UVW
'

Î¬◊±˝ı˛Ì† (i) D2 4− =c hy x xsin

øıÀ˙¯∏ ¸˜±fl¬˘ F
D

x x xa f =
−

1

42
sin

  = −
−

RST
UVW −

x x2

4

1

42 2

D

D D
sin
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= −
−

RST
UVW −

x x2

4

1

42 2

D

D -1
sin

=
−

−
− − −

≡x x x D d
dx

sin sin
5

2

1 4 52

D

c ha f ∵

=
−

−x x xsin
5

2

25

cos

(ii) øıÀ˙¯∏ ¸˜±fl¬˘ øÚÌ«˚˛ fl¬èÚ † D D2 2 1− + =c hy x xsin

øıÀ˙¯∏ ¸˜±fl¬˘ F
D D

x x xa f =
− +

1

2 12
sin

= − −

− +

RST
UVW − +

x x2 2

2 1

1

2 12 2

D

D D D D
sin

= − −

− +

RST
UVW − +

x x2 2

2 1

1

2 12 2

D

D D 1 D
sin

= − − −

− +

RST
UVW z1

2
2 2

2 12
x x dxD

D D
sin

= + − −

− +

RST
UVW

1
2

2 2

2 12
x xD

D D
cos

= −
−

− − +

RST
UVW

1

2

2 1

1 2 12
x x xcos cos

D

D

a f

= + − z1
2

1x x x dxcos cosDa fo t
= + −

1

2
1{ cos sin }x x xDa f

= + −1
2

x x x xcos cos sina f
(g) Òı˛±˚±fl¬ Q = +x ax bm sina f  ı± Q x

m= cos ax b+a f
øıÀ˙¯∏ ¸˜±fl¬˘ øÚÌ«˚˛ ¬ÛX¬øÓ¬ Î¬◊±˝ı˛Ì øÀ˚˛ ı…±‡…± fl¬ı˛± ˝˘

D2 21+ =c hy x xsin

øıÀ˙¯∏ ¸˜±fl¬˘ F
D

x x xa f c h
=

+

1

1
2

2 sin

=
+

1

1
2

2

Dc h
x e

i x

 ¤ı˛ ’ı±ô¶∏ı (imaginary)’—˙

∵e x i x
i x = +cos sin
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¤‡Ú 
1

1

1

12

2

2

2

D D+
=

+ +c h a fx e e
i

x
i x i x

=
+ − +

e
i

x
i x 1

2 1 12

2

D D

= −
−

e
i

i xi x 1
2

1
2

1
2

D
De j

= − + + ⋅⋅ ⋅ ⋅
F
H

I
Ke

i
i D i xi x 1

2
1

2 4

2 2
2

D
D

= + −e
i

x x i
i x 1

2
1
2

2

D e j

= + −ze
i

x x i dx
i x 1

2
1
2

2e j

= + −
F
H

I
Ke

i
x x i xi x 1

2 3 2
1
2

3 2

= + + −
F
H

I
K

1
2 3 2

1
2

3 2

i
x i x x x i xcos sina f

= −
F
H

I
K + + − −

F
H

I
K

L
NM

O
QP

1
2 3

1
2

1
4

1
2 3

1
2

3
2

3

sin cos cosx x x x x i x x x

∴ øÚÀÌ«˚˛ øıÀ˙¯∏ ¸˜±fl¬˘ F x x x xa f = − −
F
H

I
K

1
2 3

1
2

3

cos

øı† ^†  ˚ø  x x
2 sin  ¬Ûøı˛ıÀÓ«¬  x x

2
cos  Ô±fl¬Ó¬, Ó¬±˝À˘ øıÀ˙¯∏ ¸˜±fl¬˘ ˝Àı

F x x x x x xa f = −
F
H

I
K +1

2 3
1
2

1
4

3
2sin cos

’Ô«±»  
1

12

2

D +
x e

ix
 ¤ı˛ ı±ô¶∏ı ’—˙/

’±˜ı˛± ¤ı±ı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì  ¤ı˛ ¸•Û”Ì« ¸±Ò±ı˛Ì ¸˜±Ò±Ú øÚÌ«˚˛ ¬ÛX¬øÓ¬ Î¬◊±˝ı˛Ì ¸˝À˚±À· ’±À˘±‰¬Ú±

fl¬ı˛ıÄ ≈øÈ¬ ’—À˙ ¤øÈ¬ ’±À·˝◊ ’±À˘±‰¬Ú± ˝À˚˛ÀÂ/

Î¬◊±˝ı˛Ì˜±˘± –

1. ¸˜±Ò±Ú fl¬ı˛≈Ú –

D2 39 9+ =c hy e
x

¬Û”ı˛fl¬ ’À¬Ûé¬fl¬øÈ¬  D2 9 0+ =c hy  ¤ı˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú/

¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì m m i
2 9 0 3+ = ∴ = ±

¬∴ Û”ı˛fl¬ ’À¬Ûé¬fl¬ † y x x= +A Bcos sin3 3
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¤ı±ı˛ øıÀ˙¯∏ ¸˜±fl¬˘ =
+

⋅ = ⋅
+

1

9
9 9 1

3 92

3

2

3

D
e e

x x

= 1
2

3
e

x

 ∴ ¸•Û”Ì« ¸±Ò±ı˛Ì ¸˜±Ò±Ú

y x x e x= + +A Bcos sin3 3 1
2

3

2. ¸˜±Ò±Ú fl¬ı˛≈Ú – D D A2 2 2+ + = ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅−c h a fy x e
x

¤‡±ÀÚ ¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì m m
2

2 2 0+ + =

∴ = − ±m i1

∴ ¬Û”ı˛fl¬ ’À¬Ûé¬fl¬ y e x x
x= + ⋅⋅ ⋅ ⋅ ⋅ ⋅− A B Bcos sina f a f

øıÀ˙¯∏ ¸˜±fl¬˘ 1

2 22D D+ +

−
xe

x

    =
+ +

−1

1 1
2

Da f xe
x

  =
− + +

− −
e

D
xe

x x1

1 1 1
2a fl q

   =
+

−
e x

x 1

12D

   = +− −
e xx 1 2 1

Dc h
   = −−

e x
x 1 2Dc h

   = −
e x

x

∴ ’ıfl¬˘ ¸˜œfl¬ı˛Ì (A)  ¤ı˛ ¸•Û”Ì« ¸±Ò±ı˛Ì ¸˜±Ò±Ú

y e x x x
x= + +− A Bcos sina f

3. ¸˜±Ò±Ú fl¬ı≈̨Ú D A2 39− = ⋅⋅ ⋅ ⋅ ⋅ ⋅c h a fy e x
x cos

¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì m m
2 9 0 3− = ∴ = ±

∴ ¬Û”ı˛fl¬ ¸˜±fl¬˘ y c e c e
x x= + ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅−

1
3

2
3 Ba f

øıÀ˙¯∏ ¸˜±fl¬˘ =
−

1

92

3

D
e x

x cos

    =
+ −

e x
x3

2

1

3 9Da f cos

   =
+

e x
x3

2

1

6D D
cos
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   =
− +

e x
x3

2

1

1 6D
cos =

+

−
=

+

− −
e

D

D
x e

D
x

x x3

2 2

36 1

6 1

6 1

36 1 1( )
cos

( )
cos

=
−

− +
e

x x
x3

37
6( sin cos )

∴  ¸•Û”Ì« ¸˜±Ò±Ú ¬=  Û”ı˛fl¬ ’À¬Ûé¬fl¬ + øıÀ˙¯∏ ¸˜±fl¬˘/

∴ ¸•Û”Ì« ¸˜±Ò±Ú†  y c e c e x x
x x x= + + −−

1
3

2
3 31

37
6sin cosa f

4. ¸˜±Ò±Ú fl¬ı≈̨Ú † D x x
2 1 2+ = ⋅⋅ ⋅ ⋅ ⋅ ⋅c h a fsin sin A

¬Û”ı˛fl¬ ’À¬Ûé¬fl¬ † y x x= + ⋅⋅⋅ ⋅ ⋅ ⋅A B Bcos sin a f

øıÀ˙¯∏ ¸˜±fl¬˘ † y x xp =
+

1

1
2

2Dd i
sin sin

=
+

−1
2

1

1
3

2D
cos cosx xa f

=
+

−
+

1
2

1

1

1
2

1

1
3

2 2D D
cos cosx x

= − ⋅ −
+

1

2

1

2

1

2

1

1
3

2
x x x

D 3
cos cos         [ ÚœÀ‰¬ øı– ^– Œ‡≈Ú ]

= + z1
16

3 1
4

cos cosx x x dx

= + ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅1
16

3 1
4

cos sinx x x Ca f
∴ ’ıfl¬˘ ¸˜œfl¬ı˛Ì (A) ¤ı˛ ¸•Û”Ì« ¸˜±Ò±Ú (B) › 3 (C) ˝˝◊ÀÓ¬

y x x x x x= + + +A Bcos sin cos sin1
16

3 1
4

øı† ^† 1
2

f
ax

Dc h
cos  øÚÌ«˚˛ fl¬øı˛ÀÓ¬ ˚ø f a− =2 0c h , ˝˚˛ Ó¬Àı 1

2
f

ax
x ax

fD Dc h a fcos
cos
'

=

Œ˚˜Ú  
1

1

1

2

1

2

1

22
D D+

= = ⋅ =zcos cos cos sinx x x x x dx x x

5. ¸˜±Ò±Ú fl¬ı˛≈Ú † D D A
2

3 2+ + = ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅c h a fy e
e x

¬Û”ı˛fl¬ ’À¬Ûé¬fl¬ † y c e c e
x x= + ⋅⋅ ⋅ ⋅⋅ ⋅ ⋅ ⋅ ⋅− −

1
2

2 Ba f

øıÀ˙¯∏ ¸˜±fl¬˘ † y e ep
e e

x x

=
+ +

=
+ +

1

3 2

1
1 22D D D Da fa f
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=
+

−
+

=
+

−
+

⋅⋅ ⋅ ⋅ ⋅1
1

1
2

1
1

1
2D D D D

Be j a fe e e
e e e

x x x

1
1D +

= ⋅ ⋅− ze e e e dxe x x e
x x

= ⋅− ze e dt
x t  = ⋅

−
e e

x t  = ⋅ ⋅⋅ ⋅ ⋅⋅−
e e i

x ex a f
1

2
2 2

D +
= − ze e e e dx

x x x ee
x

= = −
− −ze te d e e e

x t x t t2 2t t

= − ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅−e e e e iix x e e
x x2 a f

(i) ¤ı— (ii) ŒÓ¬ ıø¸À˚˛ ¬Û±˝◊  y e e e e e ep
x e x x e e

x x x

= − ⋅ −− −2 e j
      = ⋅⋅⋅ ⋅ ⋅−

e e
x e x2 Da f

(B) ¤ı— (D), (A) ŒÓ¬ ıø¸À˚˛ ¬Û±˝◊

’ıfl¬˘ ¸˜œfl¬ı˛Ì (A) ¤ı˛ ¸•Û”Ì« ¸˜±Ò±Ú ˝˘,

y c e c e e ex x x ex

= + + ⋅− − −
1

2
2

2

6. ¸˜±Ò±Ú fl¬ı≈̨Ú –  D D y x
2 2 2= − = ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅c h a fsin A

¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì † m m
2

2 0− − =  ∴ = −m 2 1,

¬Û”ı˛fl¬ ’À¬Ûé¬fl¬ † y c e c e
x x= + ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅−

1
2

2 Ba f
øıÀ˙¯∏ ¸˜±fl¬˘ † y xp =

− −

1

2
2

2D D
sin

=
− − −

1

2 2
2

2 D
sin x

= − −
+ −

D
D D

6
6 6

2a fa f sin x

= − −

−

D

D

6

36
2

2
sin x

= − −

−

D

-2

6

36
2

2
sin x   = −1

40
6 2D xa fsin

= −1
40

2 2 6 2cos sinx x  [ sin cos∵D 2 2 2x x= ]

= − ⋅⋅⋅ ⋅
1
20

2 3 2cos sinx xa f a fC

’ıfl¬˘ ¸˜œfl¬ı˛Ì (A) ¤ı˛ ¸•Û”Ì« ¸˜±Ò±Ú (B) › (C) ŒÔÀfl¬ ¬Û±˝◊

y c e c e x x
x x= + + −−

1
2

2
1

20
2 3 2cos sina f

Òøı˛ e t
x

=

     e dx d
x

= t

Òøı˛ e t
x =
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7. ¸˜±Ò±Ú fl¬ı˛≈Ú † 
d y

dx
y x x

2

2

24+ = sin

¬Û”ı˛fl¬ ’À¬Ûé¬fl¬† y x x= +A Bcos sin2 2

øıÀ˙¯∏ ¸˜±fl¬˘† 
1

42

2

D +
x xsin

   =
+

−1

4

1
2

1 2
2D

x xcosa f

   =
+

−
+

1
2

1

4

1
2

1

4
2

2 2D D
x x xcos

  = − ⋅⋅ ⋅ ⋅ ⋅1
2

1
21 2I I D, a f

I D
1

2 1
1
4

1
4

= +
F
H

I
K

−

x     = − +
F
HG

I
KJ =

1

4
1

4 4

2D
⋯⋯ x

x

I
D

2 2

1

4
2=

+
x xcos

=
+

⋅1

42

2

D
x e

ix
¤ı˛ ı±ô¶∏ı ’—˙

¤‡Ú 1

4

1

2 4
2

2 2

2
D

x e e
D i

x
ix ix

+
=

+ +a f
=

+
e

i
x

ix2

2

1

4D D
   = −

−

e
i

i xix2
1

1
4

1
4D
De j

= + +
F
HG

I
KJe

i

i
x

ix2 1

4
1

4D

D
⋯   = +1

4
1

4
2

i
e x iix

D e j

= + +1
4

2 2 1 1
4i

x i x x icos sina f e jD

= + +
F
H

I
K

1
4

2 2
2

1
4

2

i
x i x x ixcos sina f

= + −
F
H

I
K

1
4

2 2 1
4 2

2

cos sinx i x x i xa f

= ⋅ + −1
4

1
4

2 2 2 2cos sinx i x x ixa fc h
= + + −1

16
2 2 2 2 2 22 2x x x x i x x x xcos sin sin cosc h c ho t

∴ = +I2
21

16
2 2 2x x x xcos sinc h

∴ øÚÀÌ«˚˛ ¸•Û”Ì« ¸˜±Ò±Ú †  y x x
x

x x x x= + + − +A Bcos sin cos sin2 2
1
2 4

1
2

1
16

2 2
2d i
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∵ y x x x x x x x= + + − −A Bcos sin cos sin2 2
8

1
32

2 1
16

22

8. ¸˜±Ò±Ú fl¬ı≈̨Ú – 
d y

dx

dy

dx
y x x e

x
2

2

3 24 4− + = + ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅c h a fA

ı± D D2 3 24 4− + = +c h c hy x x e
x

ı± D − = +2
2 3 2a f c hy x x e

x

¬Û”ı˛fl¬ ’À¬Ûé¬fl¬† = + ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅c c x e
x

1 2
2b g a fB

øıÀ˙¯∏ ¸˜±fl¬˘† y x x ep
x=

−
⋅ +1

2
2

3 2

Da f c h

=
+ −

+e x x
x2

2

31

2 2Da f c h

= +ze x x dx
x2 31

D d i

= +
F
H

I
Ke x xx2

4 21
4 2D

= +
F
H

I
Kze x x dxx2

4 2

4 2

= +
F
H

I
Ke x xx2

5 3

20 6

∴ ’ıfl¬˘ ¸˜œfl¬ı˛Ì (A) ¤ı˛ ¸•Û”Ì« ¸˜±Ò±Ú†

y c c x e e x xx x= + + +
F
H

I
K1 2

2 2
5 3

20 6
b g

∴ = + + +
F
H

I
Ky e c c x x xx2

1 2

5 3

20 6

9. ¸˜±Ò±Ú fl¬ı≈̨Ú † D A2 31+ = + + ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅−c h a fy e x e x
x x sin

¬Û”ı˛fl¬ ’À¬Ûé¬fl¬† y x x= + ⋅⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅A B Bcos sin a f
øıÀ˙¯∏ ¸˜±fl¬˘† y e x e xp

x x=
+

+ +−1

12

3

D
sinc h

=
+

+
+

+
+

⋅⋅ ⋅ ⋅⋅ ⋅−1

1

1

1

1

12 2

3

2D D D
ce x e x

x x sin a f
1

1

1

1 1

1
22 2D

i
+

=
− +

= ⋅⋅ ⋅ ⋅ ⋅ ⋅− − −
e e e

x x x

a f a f

1

1
1 1 3 2

2

3 2
1

3 2 4 3 3

D
D D D ii

+
= + = − + − = − ⋅ ⋅⋅ ⋅ ⋅ ⋅ ⋅

−

x x x x xe j e j b g⋯⋯
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1

1

1

1 1
2 2D D+

=
+ +

e x e x
x xsin sina f

           =
+ +

e x
x 1

2 22D D
sin

           =
+ +

= −
+ −

e x e xx x1

2 2

2 1
2 1 2 12-1 D

D
D D

sin sina fa f =
−

−
e x

x 2 1

4 12

D

D
sin

=
−

− −
e

D
x

x 2 1

4 1 12( )
sin   = − −1

5
2 1e xx Da fsin

             = − − ⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅1
5

2e x x iiix cos sina f a f
(i), (ii), (iii) (c) ŒÓ¬ ıø¸À ˛̊ ¬Û± ◊̋

y e x x e x xp
x x= + − + −−1

2
6 1

5
23 sin cosa f

∴ ’ıfl¬˘ ̧ ˜œfl¬ı˛Ì-¤ı˛ ̧ •Û”Ì« ̧ ˜±Ò±Ú ̋ ˘,

y x x e x x e x xx x= + + + − + −−A Bcos sin sin cos1
2

6 1
5

23 a f
10. ̧ ˜±Ò±Ú fl¬ı≈̨Ú † D D2 2 24 4 8 2− + =c hy x e x

x sin

¸˝±˚˛fl¬ ̧ ˜œfl¬ı˛Ì† m m
2 4 4 0− + =  ∴ =m 2 2,

¬Û”ı˛fl¬ ’À¬Ûé¬fl¬† y c c x e x= +1 2
2b g

øıÀ˙¯∏ ̧ ˜±fl¬˘† y f
e x xp

x= 1 8 22 2

Da f c hsin

=
+ −

8 1

2 2
22

2

2
e

D
x x

x

a f sin

= 8 1 22

2

2
e x x

x

D
sin

= z8 1 22 2e x x dxx

D
sino t

= − +
L
NM

O
QPz8 1 2

2
22

2

e x x x x dxx

D
cos cos

= − + −
L
NM

O
QPz8 1 2

2
2

2
1
2

22
2

e x x x x x dxx

D
cos sin sin

= − + +
L
NM

O
QP8 1 2

2
2

2
2

4
2

2

e x x x x xx

D
cos sin cos

= − + +
L
NM

O
QPzzz8 2

2
1
2

2 1
4

22
2

e x x dx x x dx x dxx cos sin cos
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= − + + +
L
NM

O
QPzz8 2

4
1
2

2 1
2

2 2
8

2
2

e x x x x dx x x xx sin sin sin sin

= − − + +
L
NM

O
QPz8 2

4
2

2
1
2

2 2
8

2
2

e x x x x x dx xx sin cos cos sin

= − − +
L
NM

O
QP8

4
2 2

2
3
8

22
2

e x x x x xx sin cos sin

= − − +e x x x x x
x2 22 2 4 2 3 2sin cos sin

∴ ̧ •Û”Ì« ̧ ˜±Ò±Ú†

y e c c x x x x x x
x= + + − −2

1 2
23 2 4 2 2 2sin cos sin

11. ̧ ˜±Ò±Ú fl¬ı˛≈Ú †  D D2 2 1+ + = −c hy e x
x log

¬Û”ı˛fl¬ ’À¬Ûé¬fl¬† y c c x e x= + −
1 2b g

øıÀ˙¯∏ ̧ ˜±fl¬˘† y
D

e xp
x=

+

−1

1
2a f log

=
+ +

−1
1

1
1D D

e xx

a f c h{ }log

=
+

− −z1
1D

e e e x dx
x x x

a f log

=
+

−−1
1D

e x x x
x

a f a flog

= −− −ze e e x x x dx
x x x

loga f
= −− zze x x dx x dx

x logo t

= − −
RST

UVW
− zze x x x dx x dxx

2

2 2
log

= −
RST

UVW
−e x x xx

2 2

2
3
2 2

log ,

∴ ̧ •Û”Ì« ̧ ˜±Ò±Ú† y e c c x x x xx= + + −
RST

UVW
−

1 2

2
2

2
3
4

log

√õ∂ùü±ı˘œ ïÎ¬◊Mı̨ ̧ ˝ó –
¸˜±Ò±Ú fl¬èÚ –

1.  
d y

dx
y x

2

2

2
− = sin Î¬◊– y c e c e x

x x
= + + −

−
1 2

1

10
2

1

2
cos
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2.
d y

dx
y x

2

2
4 2+ = sin Î¬◊– y c x c x x x= + −1 22 2

1

4
2cos sin cos

3.  
d y

dx

dy

dx
y e

x
2

2

34 3 2− + = Î¬◊– y c e c e xe
x x x

= + +1 2
3 3

4. (D 2D 4) cos2 2
− + = e x

x Î¬◊– y e c x c x
x= +( cos sin )1 23 3    + −

1

6

1

2
2e e x

x x cos

11.4 √‰¬˘ ¸˝·øıø˙á¬ ¸ı˛̆  ≈̧̄ ∏̃  ’ıfl¬˘ ¸˜œfl¬ı˛Ì ı± ’ı˛̆ ±ı˛-fl¬ø¸ ·Í¬ÀÚı˛
’ıfl¬˘ ¸˜œfl¬ı˛Ì (Homogeneous linear Equation with
Variable Co-efficients)

øÚ•ßø˘ø‡Ó¬ ·Í¬ÀÚı˛ ’ıfl¬˘ ̧ ˜œfl¬ı˛ÌÀfl¬

x
d y

dx
x

d y

dx
yn

n

n

n
n

n n+ + =−
−

−
A A P1

1
1

1
⋯⋯ ............. (i)

Œ˚‡±ÀÚ A
1
, A

2
 ........, A

n 
¸fl¬À˘˝◊ ÒËnıfl¬ ¤ı— P ÒËnıfl¬ ’Ôı± Œfl¬ı˘˜±S x-¤ı˛ ’À¬Ûé¬fl¬Ä ı˘± ˝˚˛ ‰¬˘

¸˝·øıø˙©Ü ̧ ı˛̆  ̧ ≈̄ ∏̃  (homogeneous) ’ıfl¬˘ ̧ ˜œfl¬ı˛Ì/ ̋ ◊̋ ±Àfl¬ ’ ˛̊̆ ±ı˛-fl¬ø¸ ·Í¬ÀÚı˛ ’ıfl¬˘ ̧ ˜œfl¬ı˛Ì› ı˘±
˝ ˛̊/

¤ ◊̋ Òı˛ÀÚı˛ ̧ ˜œfl¬ı˛Ì ̧ ˜±ÒÀÚı˛ ÊÚ…

x e
z

=  ’Ô«±»  z x= log   ⇒ =
dz

dx x

1
.......... (2) Òı˛± ˝˚˛/

’Ó¬¤ı   
dy

dx

dy

dz

dz

dx x

dy

dz
= =.

1

ı±,  x
dy

dx

dy

dz
Dy= = ,  ˚‡Ú  

d

dz
D≡  ........ (3)

’±ı±ı˛,  
d y

dx

d

dx x

dy

dx x

d

x

dy

dz

d

dx x

dy

dz

2

2

1 1 1
=

F
HG

I
KJ =

F
HG

I
KJ +

F
HG

I
KJ.

=
F
HG

I
KJ −

1 1
2x

d

dz

dy

dz

dz

dx x

dy

dz
. .

= −
F
HG

I
KJ

1
2

2

2
x

d y

dz

dy

dz [ ]∵

dz

dx x
=

1

ı±,  x
d y

dx

d y

dz

dy

dz
y y

2
2

2

2

2
1 4= − = − = −(D D D(D2 ) ) ........( )
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’Ú≈ı˛+À¬Û x
d y

dx
y

3
3

3
2= − −D(D 1) (D )

..............

..............

..............

x
d y

dx
n yn

n

n
= − − − −D(D 1) (D 2) (D⋯⋯ 1)  ˝◊Ó¬…±ø

¤˝◊  ¬Ûøı˛ıÓ«¬Ú&ø˘ (1) Ú— ¸˜œfl¬ı˛ÀÌ ‚øÈ¬À˚˛ ¬Û±˝◊

[D(D 1) D A D(D 1)1− − + + −⋯⋯( )n 1 ⋯ ⋯( ) ]D A− + + + =n y Qn2  ......... (5)

Œ˚‡±ÀÚ P- ŒÓ¬ x e
z

=   ı˛+¬Û±ôL√ı˛ ‚±øÈ¬À˚˛ ï˚ø ¸y¬ı ˝˚˛ó Q ¬Û±›˚˛± Œ·ÀÂÄ Œ¸˝◊ÊÚ… Q  Œfl¬ı˘˜±S
z ¤ı˛ ’À¬Ûé¬fl¬ ’Ôı± ÒËnıfl¬/

¤‡±ÀÚ (5) Ú— ¸˜œfl¬ı˛Ì ÒËnıfl¬ ¸˝· øıø˙©Ü ’ ≈̧̄ ∏˜ ¸˜œfl¬ı˛Ì ¤ı— ¤Àfl¬¬ ’±À·ı˛ øÚ˚˛À˜ ¸˜±Ò±Ú fl¬ı˛±
˚±˚̨/

Î¬◊±˝ı˛Ì˜±˘± –

1. ¸˜±Ò±Ú fl¬èÚ – x
d y

dx
y x

2
2

2
6− =

¤‡±ÀÚ x e
z

=  ÒÀı˛ ¬Û±˝◊

x
d y

dx
y

2
2

2
1= −D(D )  ˚‡Ú D =

d

dz

∴ √õ∂M ¸˜œfl¬ı˛Ì ¬Ûøı˛ıøÓ«¬Ó¬ ˝À˚˛ “±h¬±˚˛

[ D(D -1) − =6 ]y e
z

∴ ¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì (Aux. Equation) D2
− − =D 6 0   ı±,  ( ) ( )D D− + =3 2 0

⇒ = −D 3 2,

∴ ¬Û”ı˛fl¬ ’À¬Ûé¬fl¬  = +
−

c e c e
z z

1
3

2
2

øıÀ˙¯∏ ¸˜±fl¬˘ 
1

3 2 1 3 1 2

1

6(D − +
=

− +
= −

) ( )
.

( )( )D
e

e
e

z
z

z

∴ ¸±Ò±ı˛Ì ¸˜±Ò±Ú  y c e c e e
z z z

= + −
−

1
3

2
2 1

6

= + −
−

c x c x x1
3

2
2 1

6

2. ¸˜±Ò±Ú fl¬èÚ –  x
d y

dx
x

dx

dx
y x

2
2

2
5 4+ + = log
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x e
z

=  ıø¸À˚˛ ¬Û±˝◊

[D (D 1) 5D− + + =4]y z

ı±,  ( )D D2 4 4+ + =y z

∴  ¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì D D2 4 4 0+ + =

ı±, ( )D + =2 02    ⇒ = − −D 2 2,

∴ ¬Û”ı˛fl¬ ’À¬Ûé¬fl¬ = +( )c c z e
z

1 2
2

øıÀ˙¯∏ ̧ ˜±fl¬˘  
1

2

1

4
1

22

2

( )
.

D

D

+
= +

F
H

I
K

−

z z

= − +
1

4
1( )D ⋯ z = −

1

4
1( )z

∴ ̧ ±Ò±ı˛Ì ̧ ˜±Ò±Ú  y c c z e z
z

= + + −( ) ( )1 2
2 1

4
1

= + + −( log ) . (log )c c x x x1 2
2 1

4
1

ï√õ∂ùü±ı˘œ Î¬◊Mı̨ ̧ ˝ó –
¸˜±Ò±Ú fl¬èÚ –

1. x
d y

dx
x

dy

dx
y x

2
2

2

2
3 4 2− + = Î¬◊– y c c x x x x= + +( log ) (log )1 2

2 2 2

2. x
d y

dx
y x

x
2

2

2

22
1

− = + Î¬◊– y c x c x x x
x

x
= + + −−

1
2

2
1 21

3 3
log

log

3. x
d y

dx
x

dy

dx
y x x

2
2

2

23− − = log Î¬◊– y c x c x
x

x
x

= + − −
−

1
3

2
1

2 2

3

2

9
log

11.5 √õ∂‰¬˘-Œˆ¬ ¬ÛX¬øÓ¬ (Method of Variation of Parameters)

øZ˜±S± ı± Î¬◊B‰¬Ó¬ı˛ ̃ ±S±ı˛ ¤fl¬‚±Ó¬ ’ıfl¬˘ ̧ ˜œfl¬ı˛ÀÌı˛ øıÀ˙ ∏̄ ̧ ˜±fl¬˘ øÚÀÌ«̊ ˛ ’±ı˛› fl¬À ˛̊fl¬øÈ¬ Î¬◊À{°‡À˚±·… ¬ÛX¬øÓ¬

’±ÀÂ/ Ó¬±ı˛ ̃ ÀÒ… ¤fl¬øÈ¬ ¬ÛX¬øÓ¬ ¤‡±ÀÚ ı…±‡± fl¬ı˛± ̋ ÀBÂ/

√õ∂‰¬˘-Œˆ¬ ¬ÛX¬øÓ¬ (variation of parameters) † ≈øÈ¬ ’À¬Ûé¬fl¬ y x1a f ¤ı— y x2a f ∆ı˛ø‡fl¬ˆ¬±Àı ¬Ûı˛¶Ûı˛

¶§±ÒœÚ Ó¬‡Ú ◊̋ ı˘± ̋ ˛̊, ̊ ‡Ú k y k y1 1 2 2 0+ =

˝◊˝± ¤fl¬˜±S Ó¬‡Ú˝◊ ̧ y¬ı, ̊ ‡Ú k k1 2 0= =

y x1a f ¤ı— y x2 a f Õı˛ø‡fl¬ ̂ ¬±Àı ¬Ûı˛¶Ûı˛ ̊ ≈ñ ı± øÚ «̂¬ı˛̇ œ˘ ı˘± ̋ ˛̊, ̊ ‡Ú k y k y1 1 2 2 0+ =

˝◊˝± ̧ y¬ı, ̊ ø k k1 2,  ≈øÈ¬ ¤fl¬ÀS ̇ ”Ú… Ú˚˛/ ’Ô«±» Œ˚ Œfl¬±Ú ¤fl¬øÈ¬ ’À¬Ûé¬fl¬Àfl¬ ’Ú… ’À¬Ûé¬Àfl¬ı˛ ̧ ±À¬ÛÀé¬ øÚÌ«˚˛

fl¬ı˛± ̧ y¬ı, Œ˚˜Ú y
k

k
y k1

2

1
2 1 0= − ≠b g
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ı± y
k

k
y k2

1

2
2 0= − ≠, b g √

∆ı˛ø‡fl¬ˆ¬±Àı ≈øÈ¬ ’À¬Ûé¬fl¬ ¶§±ÒœÚ ı± ≈̊ñ ˝› ˛̊±ı˛ ˙Ó«¬ – ≈øÈ¬ ’À¬Ûé¬fl¬ y1 ¤ı— y2 ¬ Ûı˛¶Ûı˛ Õı˛ø‡fl¬ˆ¬±Àı

¶§±ÒœÚ ˝›˚˛±ı˛ ˙Ó«¬† W = = − ≠
y y

y y
y y y y1 2

1
1

2
1 1 2

1
1
1

2 0

¤ı— ∆ı˛ø‡fl¬ ˆ¬±Àı ˚≈ñ ı± ’ÒœÚ ˝›˚˛±ı˛ ˙Ó«¬  W = = − =
y y

y y
y y y y1 2

1
1

2
1 1 2

1
1
1

2 0

 Œ˚˜Ú i y ax y ax aa f 1 2 0= = ≠cos , sin

W = − = + = ≠
cos sin

sin cos cos sin
ax ax

a ax a ax a ax ax a
2 2 0c h

∴ = =y ax y ax1 2cos , sin  ¬Ûı˛¶Ûı˛ ∆ı˛ø‡fl¬ˆ¬±Àı ¶§±ÒœÚ/

(ii) y x y x
m

1 2= =log , log

W1 1
1 0= = ⋅ − ⋅ =

log log
log log

x x

x
m
x

x m
x x

m x

m

∴ = =y x y x
m

1 2log , log   Ûı˛¶Ûı˛ ∆ı˛ø‡fl¬ˆ¬±Àı ˚≈ñ ı± ’ÒœÚ/

øı† ^†  W
y y

y y
= 1 2

1 2
1  Œfl¬ y1 › y2  ’À¬Ûé¬Àfl¬ı˛ ëëı˛Úø¶®˚˛±Úíí (Wronoskion)  ıÀ˘/ ¤øÈ¬ Œ¬Û±˘±À`¬ı˛

·øÚÓ¬øı ı˛Úƒø¶®ı˛ Ú±˜±øÇ¬Ó¬ (Wronoski)/

¬Û”ı˛fl¬ ’À¬Ûé¬fl¬Àfl¬ √õ∂‰¬˘·≈ø˘ ï¸‘BÂ ÒËnıfl¬·≈ø˘ó ¬Ûøı˛ıÓ«¬Ú fl¬Àı˛ Œ¸¶ö±ÀÚ Î¬◊¬Û ≈̊ñ ’À¬Ûé¬fl¬ ıø¸À ˛̊ øıÀ˙ ∏̄ ¸˜±fl¬˘

¬Û±›˚˛± ˚±˚˛/

Òı˛± ˚±fl¬ ’ıfl¬˘ ¸˜œfl¬ı˛ÌøÈ¬ 
d y

dx

dy

dx
P y

y2

2 1 2 1+ + = ⋅ ⋅ ⋅ ⋅ ⋅P Q a f

P P1 2,  ÒËıfl¬ ’Ôı± x- ¤ı˛ ’À¬Ûé¬fl¬/ Òı˛±˚±fl¬, ¬Û”ı˛fl¬ ’À¬Ûé¬fl¬øÈ¬  √

y c y x c y xc = + ⋅⋅⋅ ⋅ ⋅ ⋅1 1 2 2 2a f a f a f
õ∂‰¬˘ Œˆ¬ ¬ÛX¬øÓ¬ÀÓ¬ (2) - ŒÓ¬  ˚‘BÂ ÒËnıfl¬ ≈øÈ¬  c ,c1 2  ¬Ûøı˛ıÓ«¬Ú fl¬Àı˛ ≈øÈ¬ ’À¬Ûé¬fl¬ ı¸±Ú ˝˘

’Ô«±» øıÀ˙¯∏ ¸˜±fl¬˘ ˝˘† y u x y x u x y xp = + ⋅⋅ ⋅ ⋅ ⋅1 1 2 2 3a f a f a f a f a f



311

¤‡±ÀÚ u x
x y x

dx1

2a f a f a f
= −

⋅z Q

W

u x
x y x

dx2
1b g b g b g

=
⋅z Q

W

W = = − ≠
y y

y y
y y y y1 2

1
1

2
1 1 2

1
1
1

2 0

’Ó¬†¬Ûı˛ øÚÀÌ«˚˛ ¸•Û”Ì« ¸±Ò±ı˛Ì ¸˜±fl¬˘ ˝˘†  y c y x c y x yp= + +1 1 2 2a f a f
¤˝◊ ¬ÛX¬øÓ¬øÈ¬ ÚœÀ•ß Î¬◊±ı˛˝ı˛Ì ¸±˝±À˚… ı…±‡…± fl¬ı˛± ˝˘/

Î¬◊±˝ı˛Ì˜±˘± – √õ∂‰¬˘Àˆ¬Àı˛ ’Ú≈̧ ±Àı˛ ¸˜±Ò±Ú fl¬èÚ –

1.  
d y

dx
y x

2

2
+ = tan

¬Û”ı˛fl¬ ’À¬Ûé¬fl¬† y c x c xc = +1 2cos sin

y x y x1 2= =cos , sin

W = − = + = ≠
cos sin
sin cos cos sin

x x
x x x x

2 2 1 0

¬∴ y y1 2,  Ûı˛¶Ûı˛ ¶§±ÒœÚ/

∴ = +y u y u yp 1 1 2 2

   = −
⋅

+ zzcos
tan sin

sin
tan cos

x
x x

dx x
x x

dx
1 1

        = − − + zzcos cos sec sin sinx x x dx x x dx1
2c h

   = − + −sin cos cos log sec tan sin cosx x x x x x xa f
   = − +cos log sec tanx xa f

∴ ¸•Û”Ì« ¬¸±Ò±ı˛Ì ¸˜±fl¬˘†

y x x x x= + − +c c1 2cos sin cos log sec tana f

2.  
d y

dx

dy

dx
y

e

x

x2

2

3

2
6 9− + =

¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì† m m m
2 6 9 0 3 3− + = =, ,
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¬Û”ı˛fl¬ ’À¬Ûé¬fl¬† y c c x ec
x= +1 2

3b g  ⇒ = =y e y xex x
1

3
2

3,

W = +

e xe

e xe e

x x

x x x

3 3

3 3 33 3

= + − ⋅e x e e e x e
x x x x x3 3 3 3 33 3d i

= ⋅ ≠e e
x x3 3 0

∴ = − + zzy y
y

dx y
y

dxp 1
2

2
1Q

W

Q

W

= −
⋅ ⋅

⋅ ⋅ze
x e e

x e e
dx

x
x x

x x

3
3 3

2 3 3
+

⋅

⋅ ⋅
zxe

e e

x e e
dx

x
x x

x x

3
3 3

2 3 3

= − + ⋅ −e x x e
x

x x3 3 1log e j
= − +e xx3 1 logb g

∴ ¸•Û”Ì« ¸˜±Ò±Ú

y y yc p= +

   = + −c c1 2
3 3x e e xx xb g log

c1
3 3e ex x= −  ˚‡Ú c1 1= − ,  Ó¬±˝◊ √õ∂fl‘¬Ó¬¬ÛÀé¬ −c3x  ’—˙È≈¬fl≈¬ yp  ŒÔÀfl¬ ı± Œ›˚˛± ˝˘, Œ˚À˝Ó≈¬ ¤øÈ¬

¸±Ò±ı˛Ì ¸˜±fl¬À˘ı˛˝◊ ’ôL√·«Ó¬ ]

3. D2 1+ =c hy ec xcos

y x xc = +c c1 2sin cos

y x y x1 2= =sin , cos

W = − = − ≠
sin cos
cos sin

x x
x x 1 0

∴ = −
⋅zy x

x x
dxp sin

cos cosec

-1
  +

−zcos
sin cos

x
x ec x

dx
1

= − −sin log sin cosx x x xa f
∴ ¸•Û”Ì« ¸±Ò±ı˛Ì ¸˜±Ò±Ú†

y c x c x x x x x= + + −1 2sin cos sin log sin cosa f
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4. 
d y

dx
a y ax a

2

2

2 0+ = ≠tan ,

¸˝±˚˛fl¬ ̧ ˜œfl¬ı˛Ì† m a m ia
2 2 0+ = ⇒ = ±

¬Û”ı˛fl¬ ’À¬Ûé¬fl¬† y ax axc = +c c1 2cos sin

Òøı˛ y ax y ax1 2= =sin , cos

W = − = − ≠
sin cos
cos sin

ax ax
ax ax a 0

∴ øıÀ˙¯∏ ¸˜±fl¬˘†

y ax
ax ax

a
dx ax

ax ax

a
dxp = −

−
+

−zzsin
cos tan

cos
sin tan

= − ⋅ ⋅ − −z1 1 1 1 2

a
ax

a
ax

a
ax ax ax dxsin cos cos cos secc h

= − − + −1
2 2

a
ax ax

ax

a
ax ax axsin cos cos log sec tan sina f

= − +1
2

a
ax ax axcos log sec tana f

∴ ¸•Û”Ì« ¸˜±Ò±Ú† y y yc p= +

ı± y c ax c ax
a

ax ax ax= + − +1 2 2

1cos sin cos log sec tana f
√õ∂ùü±ı˘œ –

¸˜±Ò±Ú fl¬ı̨≈Ú ï√õ∂‰¬˘Àˆ¬Àı̨ ¬ÛX¬øÓ¬ ’Ú≈̧ ı̨Ì fl¬Àı̨ó –

1. D D2 2− =c hy e x
x sin

2. D D2 2 1+ + = −d iy e x
x ln

3. D D2 3 22 1− + =y x e
x

4. D D2 3 2− + =y xe
x

Î¬◊Mı̨±ı˘œ †

1. y c c e y y ee
x x

= + = =1 2
2

1 2
21, ,   W = ⋅ − ⋅ = ⋅1 2 0 22 2 2

e e e
x x x

y e e x

e
dx e e x

e
dxp

x x

x

x
x

x
= − + ⋅zz1 2

2

2

2

2

2

2

sin sin
= − + −zz1

2
1
2

2e x dx e e x dxx x xsin sin

= −
−

+
− −−

1
2 2

1
2 2

2e x x
e

e x xx
x

xsin cos sin cosa f a f
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= − 1
2

e x
x sin

∴ = + −y c c e e xx x
1 2

2 1
2

b g sin

2. y c e c x e
x

x e xe x x x
x x x x= + + −FH IK + −− − − −

1 2

2

2
1
2

ln lna f
[ W =

−
e

x2

y u x y x u x y xp = − +1 1 2 2a f a f a f

u
e x x e

e
dx

x x

x1 2
= −

⋅ ⋅
− −

−z lnd i

= −z x x dxln

= − + zx x x dx
2

2
1
2

ln

= − −x
x

2

2
1
2

ln

u
e x e

e
dx

x x

x2 2
=

− −

−z ln
= = −z ln lnx dx x x x

∴ = − + −− −
y x x e x e xp

x x
2

2

2
1
2

1ln ln

= + −x
x e

x
2

2
1
2

lne j ]

3. y x e x ex x= + +c c1 2
7 24

35
b g

[ y e y xe
x x

1 2= =,

W =
+

= + − ⋅e xe
e xe e

e xe e e xe
x x

x x x
x x x x xc he j

= e
x2

∴ = − ⋅ ⋅zy e xe x e

e
dxp

x
x x

x

2

2
+ ⋅zxe e x e

e
dx

x
x x

x

3 2

2

 = − + ⋅+2
7

2
5

7 2 5 2
e x x e x

x x

= 4
35

7 2x e x
]

4. y c e c e x e xe
x x x x= + − − −

1 2
2

2

2

[ y e y e
x x

1 2
2= =,
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W = = + ≠e e
e e

e
x x

x x
x

2

2
3

2
0 ]

y e e xe

c
dx e

e x e

e
dxp

x
x x

x

x
x x

x
= − ⋅ + zz 2

3

2

3

= − + −ze x e xe dx
x x x

2
2

2

= − + − −−x e e xe e
x x x x

2
2

2

= − − −−x e x e e
x x x

2

2

= −
x

2

2

11.6 ¸ı«À˙¯∏ √õ∂ùü±ı˘œ –

¸˜±Ò±Ú fl¬ı≈̨Ú †

1. 
d y

dx

dy

dx
y

2

2
2 0+ − =

2. 
d y

dt

dy

dt
y

2

2
6 9 0+ + =

3. 
d x

dt
a

dx

dt
a x

2

2

23 4 0+ − =

4. 
d y

dx

dy

dx
y

2

2
24 144 0− + =

5. 
d y

dx
y

2

2
4 0+ =

6. 
d y

dx

dy

dx
y

2

2
4 29 0+ + =  √õ∂M y = 0; 

dy

dx
= 15, ˚‡Ú x = 0

7. D D y ex2 5 6+ + =d i ,  D =
d
dx
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8. 
d y

dx

dy

dx
x x

2

2

2 2 4+ = + +

9. D D y e x
x2

2 4− + =c h cos

10. 
d y

dx

dy

dx
y xe x

x
2

2
2− + = sin

11. ( ) sin cosD y x x x
2 1 3− = +

12. 
d y

dx

dy

dx
y x e

x
2

2

2 35 6− + =

13. 
d y

dx
y x

2

2

29 2+ = sin  √

õ∂M y
dy

dx
= =

41

45
0,  ˚‡Ú x = 0

15. y y y e x11 1 24 3 10− + = − ,  ′ =y
dy

dx
,   ′′ =y

d y

dx

2

2

√õ∂M y (o) = 1, y o
1 3( ) =

16. 
d x

dt

dx

dt
x t

2

2
4 4 3 2+ + = sin

√õ∂M x = 0, 
dx

dt
= 0 ˚‡Ú t=0

17. x
d y

dx
x

dy

dx
y x2

2

2

42 4− − =

18. x
d y

dx
x

dy

dx
y k x

2
2

2
− + = log ,  k = ÒË≈ıfl¬

19. x a
d y

dx
x a

dy

dx
y x+ − + + =b g b g2

2

2
4 6

√õ∂‰¬˘ Œˆ¬Àı˛ ¬ÛX¬øÓ¬ ’Ú≈¸ı˛Ì fl¬Àı˛ ¸˜±Ò±Ú fl¬èÚ (20–23) :

20. D D y
e

x

2 3 2
1

1
+ + =

+
e j
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21. D y x x2 1 2+ =e j cos

22. D y x2 1+ =e j logcos

23. D a y ax2 2+ =e j sec

11.7 Î¬◊Mı˛̃ ±˘± –

1. ¸˝±˚˛fl¬ ¸˜œfl¬ı˛Ì m m
2

1 0+ − =

= = −m 2 1,

¸±Ò±ı˛Ì ¸˜±Ò±Ú y e e e e
x x

= +
−

1
2

2

2. y c c x e
x

= +
−( )1 2

3 [ , ]m = − −3 3

3. y c e c eax ax= + −
1 2

4 [( )( ) ]m a m a+ − =4 0

4. y c c x e
x

= +( )1 2
12

[( ) ]m − =12 02

5. y A x B x= +( cos sin )2 2   m i
m

=±
+ =L

NM
O
QP2

2 4 0

6. y e A x B x
x

= +
−2 5 5( cos sin )

A
dy

dx
e A x B x

x= = − +−0 2 5 5 52, ( cos cos ) + − +−
e x x

x2 5 5 5 5( sin cos )A B

15 2 1 5= − +.( ) .A B

∴ =B 3

øÚÀÌ«˚˛ ¸˜±Ò±Ú y e x
x

=
−3 52 sin

7. y c e c e e
x x x

= + +
− −

1
3

2
2 1

12

8. y c c e
x

x x
x

= + + + +
−

1 2

3
2

3
2

m = −0 1, Ä y
D D

x xp =
+

+ +
1

2 4
2

2c h
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= + +
−1

2 4
1

2

D
1+ D2e j ( )x x

= − − + +
1

1 2 42 2

D
D x x( ......) ( )

= + + −
1

2 4 22

D
x x

= + + = + +f x x dx
x

x x( )
2

3
2

2 2
3

2

9. y e A x B x e x
x x

= + +( cos sin ) cos3
1

2
 m i= ±1 3 ,

y e x e
D

xp
x x=

−
=

+ − −

1

1

1

1 1 32 2( )
cos

( )
cos

D
=

+
=

− +
e

D
x e x

x x1

3

1

1 3
2 2

cos cos

10. y c e c xe e x x x
x x x

= + − +1 2 2( sin cos )

m = 11,

y e x x e x xp
x x=

−
=

+ −

1

1

1

1 12 2( )
sin

( )
sin

D D
 = e

D
x x

x 1
2

sin

= −
L
NM

O
QP = − −e x

D

D

x

D
e x x xx x2

2
2 2

sin
[ sin cos ]

11. y c e c e x x x xx x= + − + −−
1 2

1

50
2 3 5 3

1

2
cos sin cosb g

m = ±1 y
D

x
D

x xp =
−

+
−

1

1

1

1
3

2 2
cos sin

=
− −

+ −
−

L
NM

O
QP −

1

1 1

2

1

3

12 2 2
cos

sin
x x

D

D

x

D

12. y c e c e e x x x
x x x

= + + − +1
3

2
2 3 3 2

3 6c h

m = 3 2,
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y
D D

e x e
D D

xp
x x

=
− −

=
+ − + −

1

3 2

1

3 3 3 2
3 2 3 2

( )( )
.

( )( )

= + = − + −
−

e
D

D x e
D

D D x
x x3 1 2 3 2 21

1
1

1( ) ( . .......)

e

D
x x e x x dx

x
x

3
2 3 22

1

2
2 2( ) ( )− + = − +z

= − +
F
HG

I
KJe

x
x x

x3
3

2

3
2

= − +
1

3
3 63 3 2

e x x x
x c h

13. y x x x= + + −A Bcos sin cos3 3
1

9

1

5
2

y =
41

45
 ˚‡Ú x

dy

dx
x= = =0 0 0, ,  ıø¸À˚˛  A B= =1 0,

∴ = − +y x xcos cos3
1

5
2

1

9

14. y e x x x
xx

= + −
F
H

I
K +

− +

3

2
2 2

2

3
4

2

2 6 2 13
A Bcos sin sin

log loga f a f

m i=
± − ⋅

= ±
6 6 4 13

2
3 2

2

∴ = ⋅
+ − + +

=
+

= −I
D D D

1
3

2

3

2

38
1

3 6 3 13
4 8

1

4
4

2
3

4e x e x e xx x x

a f a f sin sin sin

I e
x x

2 2 2

21

6 13
2

1

6 13
=

− +
⋅ =

− +
⋅

D D D D

log

=
− +

⋅ =
− +

1

2 6 2 13

2

2 6 2 13
2

2

2
log log log log

log

a f a f a fe
x

x

yp = +I I1 2

15. y c e c e e
x x x= + + −

1
3

2
22

3

y y0 1 0 31a f a f= =, , ˜±Ú ıø¸À˚˛ ¬Û±˝◊ 1
2

31 2= + +c c , 3 3
4

31 2= + − ⇒c c c1 2= , c2

5

3
=

−
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∴ = − + −y e e ex x x2
5

3

2

3
3 2

16. x e t
t= −−3

8
22 cosd i

¸•Û”Ì« ¸±Ò±ı˛Ì ¸˜±Ò±Ú x c c t e t
t= + −−

1 2
2 3

8
2b g cos -ŒÓ¬

c1

3

8
=  ¤ı— c2 0= , √ıø¸À˚˛ øÚÀÌ«˚˛ ¸˜±Ò±Ú ¬Û±›˚˛± ˚±˚˛/

17. y c x
c

x
x x= + +1

4 2 41

5
log

[ x e
z=  ÒÀı˛ D D y e

z2 43 4− − =e j
⇒  ¬Û”ı˛fl¬ ’À¬Ûé¬fl¬ = + = +− −

c e c e c x c x
z z

1
4

2 1
4

2
1

øıÀ˙¯∏ ¸˜±fl¬˘ =
− −

⋅ =
− +

⋅ = ⋅
+ − +

⋅
1

3 4

1

4 1

1

4 4 4 1
1

2

4 4 4

D D
e

D D
e e

D

z z z

b gb g b gb g

= ⋅ ⋅ ⋅ = ⋅ =
1

5

1
1

1

5

1

5
4 4 4

e
D

e z x x
z z

log ]

18. y c c x x k x= + + +1 2 2log logb g b g
[ x e

z=  ÒÀı˛  D y kz− =1
2b g

∴ ¬Û”ı˛fl¬ ¸˜±fl¬˘ = + = +c c z e c c x x
z

1 2 1 2b g b glog .

øıÀ˙¯∏ ¸˜±fl¬˘ =
−

⋅ = − ⋅
−1

1
1

2

2

D
kz k D z

b g
b g

= + + = +k D z k z1 2 2......b g b g = +k xlog 2b g ]

19. y c x a c x a
x a a

= + + + +
+

−1

2

2

3

2 6
b g b g

[ x a e
z+ =  ÒÀı˛ D D y e az2 5 6− + = −e j

∵ z x a
dy

dx

dy

dz

dz

dx

dy

dz x a
= + ⇒ = ⋅ = ⋅

+
logb g 1

∴ + = =x a
dy

dx

dy

dz
Dyb g
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’±ı±ı˛, 
d y

dx

d

dx

dy

dz x a

dy

dz

d

dx x a

2

2

1 1
=

F
HG

I
KJ ⋅

+
+ ⋅

+
F
H

I
K

=
F
HG

I
KJ ⋅ ⋅

+
+ −

+

R
S|
T|

U
V|
W|

d

dz

dy

dz

dz

dx x a

dy

dz x a

1 1
2b g

.

=
+

−
RST

UVW
1

2

2

2
x a

d y

dz

dy

dzb g

∴ + = − = −x a
d y

dx

d y

dz

dy

dz
D D yb g e j2

2

2

2

2

2  ˝◊Ó¬…±ø]

20. y e e e e e
x x x x x= + + + +− − −c c1 2

2 2 1c h c hlog

[ y e y e
x x

1 2
2= =− −,

W = − ⋅ − −− − − −
e e e e

x x x x2 2 2c h c hc h
= − ≠

−
e

x3
0

y e
e e

e
dx e

e e

e
dxp

x

x x

x

x

x x

x
= −

−

+
+

−

+

−

−

−

−

zz
2 3

2

3

1 1

c h
c h

c h

= + −
+

F
HG

I
KJ

− − ze e e e
e

e
dx

x x x x
x

x
log 1

1

2d i

= + −
+

F
HG

I
KJ

− − ze e e e
e

e
dxx x x x

x

x
log 1

1

2e j ]

= + +− −
e e e

x x x2 1c h c ho tlog

21. y c x c x x x x= + − +1 2 2
2 4

9
2cos sin cos sin

[ y x y x1 2 1 0= = ∴ = ≠cos , sin W

y x x x x dx x
x x

dxp = − ⋅ + zzcos sin cos sin
cos cos2

1

2

1

= − +x x x
2

2 4
9

cos sin  ]

22. y c x c x x x x x= + + − + +1 2 1cos sin log cos sin log sec tana f a f a f
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[ y x y x1 2 1= = =cos , sin , W

∴ = − + zzy x
x x

dx x
x x

dxp cos
sin logcos

sin
cos logcos

1 1

  = − − −cos cos logcosx x x 1a f + − + +sin sin logcos log sec tanx x x x x1a f a f

23.  y c ax c ax
x

a
ax

a
ax ax= + + +1 2 2

1
cos sin sin cos logcos

[ C F A ax B ax. cos sin= +

y ax1 = cos , y ax2 = sin

W ax a ax a ax ax= − −cos cos sin sinb g b g = ≠a 0

∴ = − + zzy ax
ax ax

a
dx ax

ax ax

a
dxp cos

sin sec
sin

cos sec

= − + zzcos
sin

cos

sin
ax a

ax

a ax
dx

ax

a
dx

2  = +
cos

logcos
sinax

a
ax

x ax

a2 ]

11.8 ¸±ı˛±—˙ –

¤˝◊  ¤fl¬Àfl¬ øZ˜±Sœ˚˛ ¤fl¬‚±Ó¬ øıøˆ¬iß ’ıfl¬˘ ¸˜œfl¬ı˛Ì øfl¬ˆ¬±Àı ¸˜±Ò±Ú fl¬ı˛± ˚±˚˛ ’Ô«±» ¸˜±Ò±Ú ¬ÛX¬øÓ¬&ø˘

’±À˘±ø‰¬Ó¬ ˝À˚˛ÀÂ/ Œ¸&ø˘ øıøˆ¬iß Î¬◊±˝ı˛Ì ¸˝À˚±À· Œı±Á¬±ÀÚ± ˝À˚˛ÀÂ/ √õ∂øÓ¬ ’Ì≈ÀBÂÀı˛ Œ˙À¯∏ √õ∂ùü±ı˘œ ¤ı—
¸ıÀ˙À ∏̄ ë¸ı«À˙ ∏̄ √õ∂ùü±ı˘œíı˛ ¸—À˚±ÊÀÚ › ¸—Àfl¬Ó¬ ¸ ”̃̋  ¤˝◊ ¤fl¬Àfl¬ı˛ Î¬◊»fl¬¯∏« ıÒ«Ú fl¬Àı˛ÀÂ/

ïfl¬ó ÒË≈ıfl¬ ¸˝·˚≈Mê øZ˜±Sœ˚˛ ¤fl¬‚±Ó¬ ∆ı˛ø‡fl¬ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ¸˜±Ò±ÀÚı˛ ¬ÛX¬øÓ¬ Ê±ÚÀÓ¬ 11·3 ’Ì≈ÀBÂ
Œ‡≈Ú/

ï‡ó ‰¬˘ı˛±ø˙ ¸˝· ≈̊Mê ’ ˛̊̆ ±ı˛-fl¬ø¸ ·Í¬ÀÚı˛ ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ·Í¬Ú › Ó¬±ı˛ ¸˜±Ò±ÀÚı˛ ÊÚ… 11·4 ’Ì≈ÀBÂ
Œ‡≈Ú/

ï·ó √õ∂‰¬˘Àˆ¬Àı˛ ¬ÛX¬øÓ¬ 11·5 ’Ì≈ÀBÂÀ ’±À˘±ø‰¬Ó¬ ˝À˚˛ÀÂ/
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¤fl¬fl¬ 12 qqqqq ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ √õ∂À˚˛±À· ˘•§õ∂Àé¬¬Û ¬ÛÔ øÚÌ«̊ ˛

ïDetermination of Orthogonal Trajectoriesó

   ·Í¬Ú

√12.1 õ∂ô¶∏±ıÚ±

√12.2 Î¬◊ÀV˙…

√12.3 ı]Àı˛‡±À·±á¬œ › √õ∂Àé¬¬Û¬ÛÔ

√12.4 ˘•§ √õ∂Àé¬¬Û¬ÛÔ øÚÌ«˚˛ ¬ÛX¬øÓ¬ ïfl¬±ÀÓ«¬¸œ˚˛ ª±Ú±Ç¬ó

√√√12.5 ˘•§ √õ∂Àé¬¬ÛÛÔ øÚÌ«˚˛ ¬ÛX¬øÓ¬ ïŒ˜è ª±Ú±Ç¬ó

√√12.6 ¸ı«À˙¯∏ √õ∂ùü±ı˘œ

√12.7 Î¬◊Mı˛˜±˘±

√√√12.8 ¸±ı˛±—˙

12.1 √õ∂ô¶∏±ıÚ± –

˝◊øÓ¬˜ÀÒ…˝◊ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ¸•ÛÀfl«¬ øıøˆ¬iß øı¯∏À˚˛ ’±À˘±‰¬Ú± fl¬ı˛± ˝À˚˛ÀÂ/ ıÓ«¬˜±Ú ¤fl¬Àfl¬ ’ıfl¬˘
¸˜œfl¬ı˛Ì √õ∂À˚˛±· ¸•ÛÀfl«¬ ’±À˘±‰¬Ú± fl¬ı˛± ˝Àı/ øı:±ÀÚı˛ øıøˆ¬iß øıˆ¬±À· ’ıfl¬˘ ¸˜œfl¬ı˛ÀÌı˛ ’Ó¬…ôL√ ·≈ı≈̨Q¬Û”Ì«

√õ∂À˚˛±· ’±ÀÂ/ ıÓ«¬˜±Ú ¤fl¬Àfl¬ ’±˜ı˛± Œfl¬ı˘ ˘•§ √õ∂Àé¬¬Û ¬ÛÔ øÚÌ«À˚˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì øfl¬ ˆ¬±Àı ı…ı˝‘Ó¬
˝˚˛, Œ¸È¬±˝◊ ’±À˘±‰¬Ú± fl¬ı˛ı/ ¤˝◊ √õ∂¸Àº øfl¬Â≈ ’øÓ¬ ¬Ûøı˛ø‰¬Ó¬ Î¬◊±˝ı˛Ì Œ›˚˛± Œ˚ÀÓ¬ ¬Û±Àı˛/

’±˜±Àı˛ ¤˝◊ ¬Û‘øÔıœı˛ ’é¬Àı˛‡±·≈ø˘ › ^±ø‚˜± Œı˛‡± ·≈ø˘ı˛ ¬Ûı˛¶Ûı˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ/ Ó¬±¬Û√õ∂ı±À˝ı˛
Œı˛‡±¸˜”˝ › ¸˜Ó¬±¬Û˜±S±˚≈ñ Œı˛‡± Œ·±á¬œ ˝◊Ó¬…±ø/

12.2 Î¬◊ÀV˙… –

¤˝◊ ¤fl¬Àfl¬ ’±¬ÛøÚñ

lllll ı]Àı˛‡±À·±á¬œ › √õ∂Àé¬¬Û ¬ÛÀÔı˛ Ò±ı˛Ì± ¬Û±ÀıÚ/

lllll fl¬±ÀÓ«¬¸œ˚˛ › Œ˜èª±Ú±ÀÇ¬ı˛ ı]Àı˛‡±À·±á¬œı˛ ˘•§√õ∂Àé¬¬Û¬ÛÔ øÚÌ«˚˛ ¬ÛX¬øÓ¬ ¸•ÛÀfl«¬ ’ıø˝Ó¬ ˝ÀıÚ/
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12.3 ı]Àı˛‡±À·±á¬œ› √õ∂Àé¬¬Û ¬ÛÔ (Family of Curves and

Trajectories) :

¶Û «̇fl¬, ’øˆ¬˘•§ (Tangent, Normal) :

’ıfl¬˘ ¸˝À·ı˛ Ê…±ø˜øÓ¬fl¬ ı…±‡…± ’Ú≈˚±˚˛œ ’±˜ı˛± Ê±øÚ Œfl¬±Ú ¸˜Ó¬ø˘fl¬ ı] y f x= b g -¤ı˛ Î¬◊¬Ûı˛

P x y,b g  øıj≈ÀÓ¬ ø‰¬S-12·1 ’Ú≈˚±˚˛œ ’øÇ¬Ó¬ ¶Û˙«fl¬

PT ˚ø x-’Àé¬ı˛ ÒÚ±Rfl¬ øÀfl¬ı˛ ¸ø˝Ó¬ ψ Œfl¬±Ì
Î¬ ◊»¬Ûiß fl¬Àı˛ Ó¬Àı Î¬ ◊ñ ¶Û˙«Àfl¬ı˛ √õ∂ıÌÓ¬±

(gradient) = = =m
dy

dx
tan ,ψ

’øˆ¬˘•§ (normal) PN ¤ı˛ √õ ∂ıÌÓ¬±

= = + = − = −m
m1 90
1

tan cot� ψ ψe j  = −
dx

dy
,

Î¬◊¬Û¶Û «̇fl¬ (sub-tangent) TQ PQ y
dx

dy
= =cotψ

¤ı— Î¬◊¬Û-’øˆ¬˘•§ (sub-normal) QN PQ y
dy

dx
= =tan .ψ

’±ı±ı˛ ˚ø ≈øÈ¬ ¸˜Ó¬ø˘fl¬ ı] y g x= b g, y x= φb g  [ø‰¬S-12·2] ¬Ûı˛¶Ûı˛Àfl¬ P x y,b g  øıj≈ÀÓ¬ ŒÂ

fl¬Àı˛ ¤ı— Î¬◊ñ ŒÂøıj≈ÀÓ¬ ı]ZÀ˚˛ı˛ Î¬◊¬Ûı˛ ’øÇ¬Ó¬ ¶Û˙«fl¬Z˚˛ x-’Àé¬ı˛ ÒÌ±Rfl¬ øÀfl¬ı˛ ¸ø˝Ó¬ ˚Ô±]À˜

ψ1  › ψ 2  Œfl¬±Ì Î¬◊»¬Ûiß fl¬Àı˛, Ó¬Àı ı]Z˚˛ ¬Ûı˛¶Ûı˛Àfl¬ θ ψ ψ= 1 2~  Œfl¬±ÀÌ ŒÂ fl¬Àı˛/

Ó¬‡Ú tan tan ~θ ψ ψ= 1 2b g  =
+

tan ~ tan

tan tan

ψ ψ

ψ ψ
1 2

1 21

¤˝◊ˆ¬±Àı ¶Û˙«fl¬ZÀ˚˛ı˛ √õ∂ıÌÓ¬±ı˛ Z±ı˛± ≈øÈ¬ ı] ¬Ûı˛¶Ûı˛Àfl¬
fl¬Ó¬ Œfl¬±ÀÌ ŒÂ fl¬ı˛ÀÂ Ó¬± øÚÌ«˚˛ fl¬ı˛± ˚±˚˛/

ıÀ]ı˛ ¬Ûøı˛ı±ı˛ ı± Œ·±á¬œ (Family of Curves) :

Òı˛± ˚±flƒ¬ Œfl¬±Ú ¸ı˛˘Àı˛‡± x-’Àé¬ı˛ ¸ø˝Ó¬ ¸˜±ôL√ı˛±˘
¸ı˛˘Àı˛‡± ¸˜”À˝ı˛ √õ∂ÀÓ¬…Àfl¬ı˛ ¸Àº γ  ÒËnıfl¬ Œfl¬±ÀÌ ÚÓ¬ ’±ÀÂ/

Ó¬±˝À˘ Î¬◊˝± x-’Àé¬ı˛ ¸Àº› γ  Œfl¬±ÀÌ ÚÓ¬ Ô±fl¬Àı/

∴ =
dy

dx
tan γ  ı± tan π γ−b g = ÒËnıfl¬ = m'

ïŒ˚ Œfl¬±Ú ¤fl¬øÈ¬ ˜±Ú ÒÀı˛ó

∴ ¸˜±fl¬˘ fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛

y m x c= +' ......................(A)

y

O T Q N x

ψ

P x y,b g

y f x= b g

90°+ψ

ø‰¬S-12.1

O

y

P x y,b g

x

y x= φb g

ψ1
y g x= b g

ψ2

ø‰¬S-12.2
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¤‡±ÀÚ c-¤ı˛ ¤fl¬øÈ¬ øıÀ˙¯∏ ˜±ÀÚı˛ ÊÚ… Î¬◊˝± ’Ô«±» (A) ¬Û””ı«ıøÌ«Ó¬ ·≈Ì¸•Ûiß ¤fl¬øÈ¬ ¸ı˛˘Àı˛‡±/ øfl¬c
c-¤ı˛ øıøˆ¬iß ˜±ÀÚı˛ ÊÚ… ¸˜œfl¬ı˛Ì (A) ¤fl¬˝◊ &Ì¸•Ûiß ¤fl¬&BÂ ¸ı˛˘Àı˛‡±Àfl¬ Œı±Á¬±˚˛/ øZÓ¬œ˚˛ Œé¬ÀS

c-Œfl¬ √õ∂‰¬˘Ú (Parameter) ¤ı— ¸ı˛˘Àı˛‡± &BÂÀfl¬ ¤fl¬øÈ¬ ¬Ûøı˛ı±ı˛ ı± Œ·±á¬œ (family) ı˘± ˝˚˛/

’Ú… ¤fl¬øÈ¬ Œé¬ÀS, Œ˚‡±ÀÚ ¤fl¬øÈ¬ ı]À·±á¬œı˛ √õ∂ÀÓ¬…fl¬øÈ¬ı˛ Î¬◊¬Ûı˛ Œfl¬±Ú øıj≈ÀÓ¬ Î¬◊¬Û¶Û˙«fl¬ ‹ øıj≈ı˛
≈̂¬ÀÊı˛ øZ&Ú Ó¬±Àfl¬ ·±øÌøÓ¬fl¬ øÚ˚˛À˜ ø˘‡À˘ ¬Û±›˚˛± ˚±˚˛ –

y
dx

dy
x= 2  ı±, 

dx

x

dy

y
= 2 .

¸˜±fl¬˘ fl¬Àı˛ ¬Û±›˚˛± ˚±˚˛

x

y=mx ¤ı— x y a
2 2 2
+ =  ¬Ûı˛¶Ûı˛ ̆ •§√õ∂Àé¬¬Û

¬ÛÔ Œ·±á¬œ

y

ø‰¬S 9.1

y mx=

x y a
2 2
+ =

O



326

y cx
2 = ,

˚± ¤fl¬øÈ¬ ’øÒı‘ÀMı˛ ¬Ûøı˛ı±ı˛ ï¤‡±ÀÚ c ¤fl¬øÈ¬ √õ∂‰¬˘ó/

¬Î¬◊¬ÛÀı˛ı˛ ≈øÈ¬ Î¬◊±˝ı˛ÀÌı˛ ˜±Ò…À˜ √õ∂±l ı]-Œ·±á¬œ ≈øÈ¬ Î¬◊ˆ¬À˚˛˝◊ ¤fl¬øÈ¬ √õ∂‰¬˘ ˚≈ñ/ Œfl¬±Ú ı]&ÀBÂı˛ ¸˜œfl¬ı˛ÀÌ
¤fl¬±øÒfl¬ √õ∂‰¬˘› ≈̊ñ Ô±fl¬ÀÓ¬ ¬Û±Àı˛, Œ˚˜Ú

x

a

y

b

2

2

2

2
1+ =

¤˝◊ Î¬◊¬Ûı‘ÀMı˛ ¸˜œfl¬ı˛ÀÌ a › b Œfl¬ √õ∂‰¬˘ ø˝¸±Àı øıÀı‰¬Ú± fl¬ı˛À˘ Î¬◊Mê ¸˜œfl¬ı˛Ì ¤fl¬&BÂ ¤fl¬Àfl¬øffl¬

Î¬◊¬Ûı‘MÀfl¬ ı≈Á¬±˚˛/ f x y, , ,αb g = 0 α  √õ∂‰¬˘, ˝◊˝± ¤fl¬øÈ¬ ¤fl¬ √õ∂‰¬˘ ≈̊Mê ı]Àı˛‡±À·±á¬œı˛ ¸˜œfl¬ı˛ÀÌı˛ ¸±Ò±ı˛Ì

√õ∂fl¬±˙/

√õ∂Àé¬¬Û ¬ÛÔ (Trajectory) –

¤fl¬øÈ¬ ı]À·±á¬œı˛ √õ∂Àé¬¬Û ¬ÛÔ ı˘ÀÓ¬ ’±˜ı˛± ¤fl¬øÈ¬ Œı˛‡± (line) Œfl¬ ı≈Á¬± Œ˚ Œı˛‡±øÈ¬ Œfl¬±Ú øÚø«©Ü
øÚ˚˛˜ Œ˜ÀÚ Î¬◊Mê Œ·±á¬œı˛ √õ∂ÀÓ¬…fl¬ ¸¸…Àfl¬ ŒÂ fl¬Àı˛/

’±À·ı˛ ’±À˘±‰¬Ú±˚˛ ¸ı˛˘Àı˛‡± (A)-Œfl¬ (c-¤ı˛ ¤fl¬øÈ¬ ÒË≈ıfl¬ ˜±ÀÚı˛ ÊÚ…ó x-’Àé¬ı˛ ¸ø˝Ó¬ ¸˜±ôL√ı˛±˘
¸ı˛˘Àı˛‡± Œ·±á¬œ y = α, ï α √õ∂‰¬˘ó.............(B)

¤ı˛ √õ∂Àé¬¬Û ¬ÛÔ ı˘± ˝Àı/

’±ı±ı˛ ˚‡Ú c ¤ı— α Î¬◊ˆ¬À˚˛˝◊ √õ∂‰¬˘ Ó¬‡Ú ≈˝◊ Œ·±á¬œ (A) › (B) Î¬◊ˆ¬À˚˛˝◊ Ô±Àfl¬ ’¬ÛÀı˛ı˛ √õ∂Àé¬¬Û¬ÛÔÀ·±á¬œ
(trajectories)/

¸±Ò±ı˛Ìˆ¬±Àı, g x y c, ,b g = 0  › φ αx y, ,b g = 0  ı]&BÂZÀ˚˛ı˛ √õ∂‰¬˘Z˚˛ ˚Ô±SêÀ˜ c › α ˝À˘ ¤ı—

C-¬Ûøı˛ı±ı˛ ˆ≈¬Mê ı]&ÀBÂı˛ √õ∂ÀÓ¬…fl¬øÈ¬ α-¬Ûøı˛ı±ı˛ˆ≈¬Mê ¸fl¬˘ ı]Àfl¬ Œfl¬±Ú øÚø«©Ü øÚ˚˛À˜ ŒÂ fl¬ı˛À˘ Œ˚Àfl¬±Ú
¤fl¬øÈ¬ Œ·±á¬œı˛ Œ˚Àfl¬±Ú ¤fl¬øÈ¬ ı]Àfl¬ ’Ú… Œ·±á¬œı˛ √õ∂Àé¬¬Û¬ÛÔ ıÀ˘ ¤ı— ¤fl¬øÈ¬ Œ·±á¬œÀfl¬ ’Ú…À·±á¬œı˛ √õ∂Àé¬¬Û
¬ÛÔ Œ·±á¬œ ıÀ˘/

¤Àé¬ÀS ¸ıÀÔÀfl¬ &èQ¬Û”Ì« ˝˘ Œ˚ øÚ˚˛À˜ Œı˛‡±øÈ¬ ¤fl¬øÈ¬ ı]À·±á¬œı˛ ¸fl¬˘ ¸¸…Àfl¬ ŒÂ fl¬Àı˛ Ó¬±
˝À˘± øÚø«©Ü Œfl¬±ÀÌ ŒÂ fl¬ı˛±/ ˚‡Ú Œfl¬±ÌøÈ¬ ¸˜Àfl¬±Ì ˝˚˛ Œı˛‡±øÈ¬Àfl¬ ı± √õ∂Àé¬¬Û¬ÛÔøÈ¬Àfl¬ ı˘± ˝˚˛ ˘•§√õ∂Àé¬¬Û
¬ÛÔ (Orthogonal trajectory)/

¸—:± – ˚ø Œfl¬±Ú ı]Àı˛‡±&ÀBÂı˛ (family of curues) Œ˚ Œfl¬±Ú ¤fl¬øÈ¬ Œı˛‡± ’Ú… ¤fl¬øÈ¬ ı]Àı˛‡±&ÀBÂı˛
√õ∂ÀÓ¬…fl¬øÈ¬ Œı˛‡±Àfl¬ ¸˜Àfl¬±ÀÌ ŒÂ fl¬Àı˛, Ó¬±˝À˘ ‹ ≈øÈ¬ Œı˛‡±&BÂÀfl¬ ¤Àfl¬ ’¬ÛÀı˛ı˛ ˘•§ √õ∂Àé¬¬Û ¬ÛÔ Œ·±á¬œ
(Orthogonal trajectories) ı˘± ˝˚˛/

12.4 ˘•§√õ∂Àé¬¬Û øÚÌ«̊ ˛ ¬ÛX¬øÓ¬ ïfl¬±ÀÓ¬«̧ œ˚˛ ª±Ú±Ç¬ó –
¸˜Àfl¬±Ìœ ª±Ú±Ç¬ ı± fl¬±ÀÓ«¬¸œ ˛̊ ª±Ú±Ç¬ øıø˙©Ü ˘•§ √õ∂Àé¬ ¬ÛÔ øÚÌ«̊ ˛ ¬ÛX¬øÓ¬ –
Òı˛± ˚±fl¬ F( , , )x y c = 0  ¤fl¬ √õ∂‰¬˘ ïcó øıø˙©Ü ¤fl¬øÈ¬ ı]Àı˛‡±·≈BÂ, ’Ô«±» c-¤ı˛ øıøˆ¬iß˜±ÀÚı˛ ÊÚ…

‹ ı]Àı˛‡± ¸˜ø©Üı˛ ’ôL√ˆ”«ñ¬ øıøˆ¬iß Œı˛‡± ¬Û±›˚˛± ˚±Àı/
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F x y c, , ..................( )a f = 0 1

Òı˛± ˚±fl¬ ( )1  ¤ı˛ ’Ú≈̄ ∏ºœ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

φ x y
dy

dx
, , .................( )
F
H

I
K = 0 2

¤˝◊ ’ıfl¬˘ ¸˜œfl¬ı˛Ì øÚÌ«˚˛ ¬ÛX¬øÓ¬ ¬Û”Àı«˝◊ ’±À˘±‰¬Ú± fl¬ı˛± ˝À˚˛ÀÂÄ ( )1  Œfl¬ √√x -¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú

fl¬Àı˛ √õ∂±l ¸˜œfl¬ı˛Ì ¤ı— ( )1  ŒÔÀfl¬ √√c -√õ∂‰¬˘Àfl¬ ’¬ÛÚ˚˛Ì fl¬Àı˛ ’ıfl¬˘-¸˜œfl¬ı˛Ì √√(2) ¬Û±›˚˛± ˚±Àı/
 Œ˚ Œfl¬±Ú ≈øÈ¬ ı]Àı˛‡±¬ l › l' ¤ı˛ ŒÂøıj≈ÀÓ¬ Œı˛‡±≈øÈ¬ı˛ ˜ÀÒ… ’ôL√ˆ”«¬Ó¬ Œfl¬±Ì-˚ø " "φ  ˝˚˛, Ó¬±˝À˘

tan tanφ θ θ= − 1d i , ˚‡Ú θ θ, 1  ˚Ô±]À˜ l l, 1 ¤ı˛ Î¬◊¬Ûı˛ ‹ ŒÂøıj≈ÀÓ¬ ¶Û˙«fl¬ZÀ˚˛ı˛ x -’Àé¬ı˛ ÒÚ±Rfl¬

øÀfl¬ı˛ ¸Àº ’ôL√ˆ”«ñ¬ Œfl¬±Ì/ ‹ ı]Àı˛‡± ≈øÈ¬ ˚ø ¬Ûı˛¶Ûı˛ ëë˘•§-√õ∂Àé¬¬Û ¬ÛÀÔííı˛ ’ôL√·«Ó¬ ˝˚˛, Ó¬±˝À˘
¸—:±Ú≈¸±Àı˛

φ
π

=
2

, ı± mm
1 1= −  ’Ô«±» tan tanθ θ1 1= −  ı± tan cotθ θ= − 1

’±˜ı˛± Ê±øÚ tanθ =
dy

dx

fl¬±ÀÊ˝◊ ’±˜ı˛± ø¸X¬±ôL√ øÚÀÓ¬ ¬Û±øı˛ Œ˚, ’Ú≈¯∏ºœ-˘•§ √õ∂Àé¬¬Û¬ÛÔ ¸˜ø©Üı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

¸˜œfl¬ı˛Ì √√(2) ¤ 
dy

dx dy

dx

dx

dy
= − = −

1

1 1  ıø¸À˚˛ ¬Û±›˚˛± ˚±˚˛/

∴ ’Ú≈¯∏ºœ ˘•§ √õ∂Àé¬¬Û¬ÛÔ ¸˜ø©Üı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

Ψ x y
dx

dy
, , ................( )−
F
H

I
K = 0 3

(3) ¤ı˛ ¸˜±Ò±Ú G x y k, ,a f = 0-˝◊ ˝Àı Î¬◊øV©Ü ëë˘•§√õ∂Àé¬¬Û ¬ÛÔíí/

Î¬◊±˝ı˛Ì –

1. ˘•§√õ∂Àé¬¬Û ¬ÛÔ øÚÌ«˚˛ fl¬ı˛≈Ú y mx= .........( )1  ¤‡±ÀÚ √õ∂‰¬˘øÈ¬ " "m  ¤øÈ¬ ”̃̆  øıj≈·±˜œ ¸ı˛˘Àı˛‡±ı˛
¸˜ø©Ü/ ' 'm  ¤ı˛ øˆ¬iß-øˆ¬iß ˜±ÀÚı˛ ÊÚ… Î¬◊¬ÛÀı˛±ñ ¸ı˛˘Àı˛‡± Œ·±á¬œı˛ ’ôL√ˆ”«ñ¬ øıøˆ¬iß ¸ı˛˘Àı˛‡± ¬Û±›˚˛± ˚±Àı/

(1) Œfl¬ x  -¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊   
dy

dx
m= ...............( )2

¤ı±ı˛ (2) ¤ı— (1) ¤ı˛ ˜ÀÒ… m ’¬ÛÚ˚˛Ì fl¬Àı˛ ¬Û±˝◊  
y

x

dy

dx
= ..............( )3

¤øÈ¬ √õ∂M ¸ı˛˘Àı˛‡± Œ·±á¬œı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì/

∴  ˘•§√õ∂Àé¬¬Û ¬ÛÔ Œ·±á¬œı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì
y

x

dx

dy
= −   ı± xdx ydy+ = 0

¸˜±Ò±Ú fl¬Àı˛ ¬Û±˝◊   x y a2 2 2+ =
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¤øÈ¬ ˘•§√õ∂Àé¬¬Û ¬ÛÔ Œ·±á¬œı˛ øÚÀÌ«˚˛ ¸˜œfl¬ı˛ÌÄ ¤øÈ¬ ˜”˘øıj≈ Œfl¬øffl¬ ı‘ÀMı˛ Œ·±á¬œ/ ¤‡±ÀÚ 'a' √õ∂‰¬˘Ä
’Ô«±» 'a' ¤ı˛ øıøˆ¬iß ˜±ÀÚı˛ ÊÚ… øˆ¬iß øˆ¬iß ı‘M ¬Û±›˚˛± ˚±Àı ˚±Àı˛ √õ∂ÀÓ¬…Àfl¬ı˛ Œfl¬f ˝˘ ˜”˘øıj≈ ¤ı—

¤˝◊ Œ·±á¬œı˛ ’ôL√·«Ó¬ Œ˚Àfl¬±Ú Œfl¬øÈ¬ ı‘M (1) ¸ı˛˘Àı˛‡± Œ·±á¬œı˛ Œ˚ Œfl¬±Ú ¸ı˛˘Àı˛‡± ¬Ûı˛¶Ûı˛ ¸˜Àfl¬±Ì/

2. øÚ•ßø˘ø‡Ó¬ ı]Àı˛‡±øÈ¬ı˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ Œ·±á¬œ øÚÌ«˚˛ fl¬ı˛≈Ú –

x y a
2

3

2

3

2

3+ =

x -¤ı˛ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊

2

3

2

3
0

1

3

1

3x y
dy

dx

− −
+ ⋅ =

∴ ˘•§√õ∂Àé¬¬Û ¬ÛÔ Œ·±á¬œı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

x y
dx

dy

− −
+ −
F
H
I
K =

1

3

1

3 0

x dx y dy
1

3

1

3 0− =

¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊,

x y k
4

3

4

3

4

3− =

¤øÈ¬˝◊ øÚÀÌ«˚˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ Œ·±á¬œ/

3. √õ∂˜±Ì fl¬ı≈̨Ú Œ˚ ı]Àı˛‡± Œ·±á¬œZ˚˛ x y a
2 24+ =  ¤ı— y bx= 4  ¬Ûı˛¶Ûı˛ ¸ı«±˝◊ ¸˜Àfl¬±ÀÌ ŒÂ

fl¬Àı˛/

Î¬◊–  y x y a i1
2 24: ...............( )+ =

   y y bx ii2
4: .......................( )=

√õ∂Ô˜ ı]Àı˛‡±À·±á¬œı˛ Œ˚ Œfl¬±Ú Œı˛‡±ı˛ Œ˚Àfl¬±Ú øıj≈ x y,a f ŒÓ¬ ’øÇ¬Ó¬ ¸•Û«Àfl¬ı˛ ÚøÓ¬ –

2 8 0
41 1x y y y
x

y
+ ′ = ∴ ′ = −

’Ú≈ı˛≈À¬Û øZÓ¬œ˚˛ ı]Àı˛‡±À·±á¬œı˛ Œ˚ Œfl¬±Ú Œı˛‡±ı˛ Œ˚Àfl¬±Ú øıj≈ÀÓ¬ ’øÇ¬Ó¬ ¶Û˙«Àfl¬ı˛ ÚøÓ¬ –

′ = = ⋅ ⋅y bx
y

x
x2

3

4

3
4 4   [ b  ’¬ÛÚ˚˛Ì fl¬Àı˛ ]

∴ ′ =y
y

x2

4
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∴ ′ ′ =
−

× = −y y
x

y

y

x1 2 4

4
1

øÚÀÌ«˚˛ ¸˜±Ò±Ú √õ∂øÓ¬øá¬Ó¬ ˝˘/

4. ˘•§√õ∂Àé¬¬Û ¬ÛÔ øÚÌ«˚˛ fl¬ı˛≈Ú –

         y cx2 =

x -¤ı˛ ¸±Àé¬À¬Û ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊

          2
2

y
dy

dx
c

y

x
= =  [ c  ’¬ÛÚ˚˛Ì fl¬Àı˛ ]

∴  ˘•§√õ∂Àé¬¬Û ¬ÛÀÔı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

  − =2
2

y
dx

dy

y

x
 ı± y dy x dx+ =2 0

¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊ y x a
2 22+ =

5. ˘•§√õ∂Àé¬¬Û ¬ÛÔ øÚÌ«˚˛ fl¬ı˛≈Ú –

xy c= ............( )1

 Î¬◊– ’ıfl¬˘ ¸˜œfl¬ı˛Ì

y x
dy

dx
+ = 0  ı± 

dy

dx

y

x
= −

∴ ˘•§√õ∂Àé¬¬Û ¬ÛÀÔı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

dy

dx

x

y
=

¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊ y x c2 2− =  ¤È¬±˝◊ øÚÀÌ«˚˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ/

6. e e cx y+ =−

Î¬◊– ’ıfl¬˘ fl¬Àı˛ ¬Û±˝◊ e e
dy

dx
x y− =− 0

∴ ˘•§√õ∂Àé¬¬Û ¬ÛÀÔı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì e e
dx

dy
x y+ =−

0

∴ øÚÀÌ«˚˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ

  e dy e dx
y xz z+ =− |C ı± e ey x− =− |C

7. x cy2 2 1 2 1+ = , ( , ) øıj≈·±˜œ/

Î¬◊– ’Ú≈̄ ∏ºœ ’ıfl¬˘ ¸˜œfl¬ı˛Ì
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2 2 01x cyy+ =

c Œfl¬ ’¬ÛÚ˚˛Ì fl¬Àı˛ ¬Û±˝◊

x yy
x

y
+ ⋅

−
=1

2

2

1
0

ı± 
dy

dx

xy

x
=

−2
1

’Ô«±» ˘•§√õ∂Àé¬¬Û ¬ÛÀÔı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

− =
−

dx

dy

xy

x2 1
  ı±  ydy

x

x
dx=

−1
2

¸˜±fl¬˘Ú fl¬Àı˛ ydy
x

dx xdxz z z= − + ′
1

K

          y x x

k

2 2

2 2
+ = log

∴ øÚÀÌ«˚˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ x k e
x y2

2 2

=
+d i

( , )2 1  øıj≈·±˜œ ∴  2 42 2 1 52 2

= ⋅ ∴ =+ −k e k e

∴ øÚÀÌ«˚˛ ¬ÛÔ x e e
x y2 54

2 2

= − +d i

8. y c x
3

1= ( )A  ¬¤ı— x ey c
2 2

2+ = ( )B  ¬Ûı˛¶Ûı˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔÀ·±á¬œ ˝˝◊À˘, e ¤ı˛ ˜±Ú øÚÌ«˚˛

fl¬ı˛≈Ú, c c1 2,  ¸‘BÂ ÒËnıfl¬/

Î¬◊–- y c x y
dy

dx
c

y

x
3

1
2

1

3

3= ∴ = =

    ∴ ≡ =m
dy

dx

y

x1

1

3
..............( )A    [ c ’¬ÛÚ˚˛Ì fl¬Àı˛ ]

x eh c x ey
dy

dx
2 2

2 2 2 0+ = ∴ + =

   ∴ ≡ = −m
dy

dx

x

ey2 ..............( )B

øÚÀÌ«˚˛ ˙Ó«¬  m m1 2 1× = −

       ∴ ⋅ −
F
H
I
K = −

1

3
1

y

x

x

ey
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       ∴ =e
1

3
  Î¬◊øV©Ü ˜±Ú/

√õ∂ùü±ı˘œ

1. x y gx
2 2 2+ =  ïg √õ∂‰¬˘ó ı‘MÀ·±á¬œı˛ ˘•§õ∂Àé¬¬Û ¬ÛÔÀ·±á¬œ øÚÌ«˚˛ fl¬èÚ

2. Œ‡±Ú Œ˚ a √õ∂‰¬˘ ˝À˘ y ax= 2  ’øÒı‘M Œ·±á¬œı˛ ˘•§√õ∂Àé¬¬Û¬ ÛÔÀ·±á¬œ x y c
2 2 22+ =

3. x y c
2 2 2+ =  ¤˝◊ ¸˜Àfl¬øffl¬ ı‘MÀ·±á¬œı˛ ¸Àº 45�  Œfl¬±ÀÌ ŒÂfl¬±ı˛œ √õ∂Àé¬¬Û¬ ÛÔÀ·±á¬œ øÚÌ«˚˛ fl¬èÚ

Î¬◊Mı˛˜±˘±

1. x y cy
2 2+ =

[ ’ıfl¬˘ fl¬Àı˛ x y
dy

dx
g+ =  ∴ ı‘MÀ·±á¬œı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì 2 2 2

x x y
dy

dx
x y+

F
HG

I
KJ = +  ˘•§√õ∂Àé¬¬Û¬

ÛÔÀ·±á¬œı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì 2 2 2
x x y

dx

dy
x y−

F
HG

I
KJ = +  ı± x y

dy

dx
xy2 2 2− =e j / ¤Àfl¬ y vx=  ıø¸À˚˛

¸˜±Ò±Ú fl¬èÚ/]

3. x y ce

y

x2 2
2 1

+ =
−

F
H
I
K

−tan

[ ¤‡±ÀÚ x y c
2 2 2+ =  ¤ı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì x y

dy

dx
+ = 0.  Œ˚À˝Ó≈¬ ı]ZÀ˚˛ı˛ ˜ÀÒ… Œfl¬±Ì 45� ,

ŒÂøıj≈ÀÓ¬ x-’Àé¬ı˛ ÒÚ±Rfl¬ øÀfl¬ı˛ ¸ø˝Ó¬ √õ∂M ¶Û˙«fl¬ ψ ¤ı— ˘•§√õ∂Àé¬¬Û ¬ÛÀÔı˛ ¶Û˙«fl¬ ψ' ˝Àn˘

ψ ψ'= − 45�

∴ ˘•§ √õ∂Àé¬¬Û¬ÛÀÔı˛ √õ∂ıÌÓ¬± tan '
tan tan

tan tan
.ψ

ψ

ψ
=

−

+
=

−

+

45

1 45

1

1

�

�

dy

dx
dy

dx

∴ ˘•§√õ∂Àé¬¬Û¬ÛÀÔı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì x y

dy

dx
dy

dx

+
−

+

F

H
G
GG

I

K
J
JJ

=
1

1

0

¸ı˛˘ fl¬Àı˛ 
dy

dx

y k

x y
=

−

+
,  y vx=  ıø¸À ˛̊

dx

x

v

v
dv+

+

+
=

1

1
0

2  ı± 
dx

x

v

v v
dv+ ⋅

+
+

+

F
H

I
K =

1

2

2

1

1

1
0

2 2

¤‡Ú ¸˜±fl¬˘ fl¬Àı˛ ’·Ë¸ı˛ Œ˝±Ú]
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12.5 ˘•§√õ∂Àé¬¬Û ¬ÛÔ øÚÌ«̊ ˛ ¬ÛX¬øÓ¬ ïŒ˜è ª±Ú±Ç¬ó –

   Œ˜ı≈̨-ª±Ú±Ç¬ øıø˙á ˘•§õ∂Àé¬¬Û ¬ÛÔ øÚÌ«̊ ˛ ¬ÛX¬øÓ¬ –

Òı˛± ˚±fl¬ √õ∂M ı]Àı˛‡± Œ·±á¬œ

f r a a a, , ...........( )θa f = 1  √õ∂‰¬˘

¤ı˛ ’Ú≈̧ ºœ ’ıfl¬˘ ¸˜œfl¬ı˛Ì Òı˛± ˚±fl¬

φ θ
θ

r
dr

d
, , ............( )
F
H

I
K = 0 2

’ı˙…˝◊ ¬√õ∂‰¬˘ a  Œfl¬ ’¬ÛÚ˚˛Ì fl¬ı˛± ˝À˚˛ÀÂ/ ˘•§√õ∂Àé¬¬Û ¬ÛÀÔı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ¬Û±›˚˛± ˚±Àı

( )2  ŒÓ¬ 
dr

dθ
 ¤ı˛ ¬Ûøı˛ıÀÓ«¬ −r

d

dr
2 θ

 ø˘‡ÀÓ¬ ˝Àı/

’Ô«±»  φ θ
θ

r r
d

dr
, , ............( )−
F
H

I
K =2 0 3

( )3  ¤ı˛ ¸±Ò±ı˛Ì ¸˜±Ò±Ú˝◊ øÚÀÌ«˚˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ/

Î¬◊±˝ı˛Ì –

√1. ”̃̆ øıj≈·±˜œ ı‘MÀ·±á¬œ r a= cosθ  ¤ı˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ øÚÌ«˚˛ fl¬ı≈̨Ú/

Î¬◊–  r a= cos ............( )θ 1

∴  log log log cosr a= + θ

’ıfl¬˘Ú fl¬Àı˛,

       
1

r

dr

d
⋅ = −

θ
θtan

¤ı±ı˛ 
dr

dθ
 ¤ı˛ ¬Ûøı˛ıÀÓ«¬ −r

d

dr
2 θ

 ø˘ø‡˚˛± ¬Û±˝◊

− = −r
d
dr
θ

θtan  ı± 
dr

r

d
=

θ

θtan

∴ =log log sin
r

c
θ  ∴ =r csinθ

¤øÈ¬ øÚÀÌ«˚˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ, ¤øÈ¬ › ¤fl¬øÈ¬ ı‘MÀ·±á¬œ/

2. ¤fl¬øÈ¬ fl¬±øÎ«¬’À˚˛Î¬ (Cardiod) Œ·±á¬œı˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ øÚÒ«±ı˛Ì fl¬ı˛≈Ú/

Òı˛± ˚±fl fl¬±øÎ«¬’À˚˛Î¬ Œ·±á¬œ r a a= −1 cos ,θa f  √õ∂‰¬˘
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                ∴ =
dr

d
a

θ
θsin

a ’¬ÛÚ˚˛Ì fl¬Àı˛  dr
d

r
r

θ
θ
θ

θ
=

⋅
−

=
sin
cos

cot
1 2

¤ı±ı˛ 
dr

dθ
 ¤ı˛ ¬Ûøı˛ıÀÓ«¬ −r

d

dr
2 θ

 ø˘À‡ ¬Û±˝◊

     − =r
d

dr
r

2

2

θ θcot

   ı± − = ≠
tan

,
2

0d
dr

r
rθ

¸˜±fl¬˘Ì fl¬Àı˛

     log log cos
r
c

= FH IK2
2
θ

 ı±  r c c= = +cos cos2

2
1
2

1
θ

θa f

 ∴ = +r b 1 cosθa f
øÚÀÌ«˚˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ/ ¤øÈ¬› ¤fl¬øÈ¬ fl¬±øÎ«¬’À˚˛Î¬ Œ·±©Üœ/

3. r a n
n n= cos θ  ı]Àı˛‡± Œ·±á¬œ ˘•§√õ∂Àé¬¬Û ¬ÛÔ øÚÌ«˚˛ fl¬ı˛≈Ú/ ïa √õ∂‰¬˘ó

Î¬◊–  r a n
n n= cos θ     ∴ = +n r n a alog log logcos θ

’ıfl¬˘Ú fl¬Àı˛, n
r

dr
d

n n
θ

θ= − tan

∴ ˘•§√õ∂Àé¬¬Û ¬ÛÀÔı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

     
1 2

r
r

d
dr

n−FH IK = −
θ

θtan

   ∴ =
dr
r

d
n
θ

θtan

¸˜±fl¬˘Ú fl¬Àı˛ ¬Û±˝◊

log
logsin

r

c n
n=

1
θ

∴ =r c n
n n sin θ  ¤øÈ¬ øÚÀÌ«˚˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ/
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√õ∂ùü±ı˘œ

øÚ•ßø˘ø‡Ó¬ ı]Àı˛‡± Œ·±á¬œ&ø˘ı˛ ˘•§√õ∂Àé¬¬Û¬ÛÔ øÚÌ«̊ ˛ fl¬èÚ/

1. 
2

1
a

r
= + cos ,θ  a √õ∂‰¬˘

2. r a= sin ,2 θ  a √õ∂‰¬˘

3. r a= 4 sec tan ,θ θ  a √õ∂‰¬˘

Î¬◊Mı˛˜±˘±

1. r c= −
−

2 1
1

cos .θb g  [√õ∂M ı]&ÀBÂı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì r
d

dr

θ θ
= cot

2

∴ ˘•§√õ∂Àé¬¬Û ¬ÛÔÀ·±á¬œı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì r
r

dr

d
−
F
H

I
K =

1

22 θ

θ
cot

ı± dr

r
d= −cot

θ
θ

2
 ˝◊Ó¬…±ø ]

2. r c2 = cosθ  [ √õ∂M ı]&ÀBÂı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì r
d

dr

θ
θ=

1

2
tan

∴ ˘•§ √õ∂Àé¬¬Û ¬ÛÔÀ·±á¬œı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì r
r

dr

d
−
F
H

I
K =

1 1

22 θ
θtan  ı± − =2

dr

r
dtanθ θ

˚± ¸˜±fl¬˘ fl¬Àı˛ − = − −2log logcos logr cθ  ı± r2 = cosθ ]

3. r c2 2 21+ =sin θe j  [ √õ∂M ¸˜œfl¬ı˛ÌÀfl¬ ’ıfl¬˘ fl¬Àı˛ › a ’¬ÛÚ˚˛Ú fl¬Àı˛ ¬Û±˝◊ r
d

dr

θ θ θ

θ
=

+

sin cos

sin1
2

∴ ˘•§ √õ∂Àé¬¬Û¬ÛÔÀ·±á¬œı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì r
r

dr

d
−
F
H

I
K =

+

1

12 2θ

θ θ

θ

sin cos

sin
.

ı± − =
+

F
HG

I
KJ

dr

r
d

1

2

2

1 2

sin cos

sin

θ θ

θ
θ

¸˜±fl¬˘ fl¬Àı˛ − = + −log log sin logr c
1

2
1 2 θe j  ˝◊Ó¬…±ø ]
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12.6 ¸ı«À˙¯∏ õ∂ùü±ı˘œ –

(A)

øÚ•ßø˘ø‡Ó¬ ¤fl¬-√õ∂‰¬˘ ˚≈ñ ı]Àı˛‡± Œ·±á¬œ·≈ø˘ı˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ Œ·±á¬œ øÚÌ«˚˛ fl¬ı˛≈Ú/
1. xy c=

2. e e c
x y+ =−

3. ay x2 3=

4. x y cx2 2− =

5. a x y x a x+ = −a f a f2 2 3

6.  Œ‡±Ú Œ˚ ¸˜±é¬ (co-axial) ı‘MÀ·±á¬œı˛ x y x c2 2 2 0+ + + =λ  ¤ı˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ ’¬Ûı˛ ¤fl¬øÈ¬

¸˜±é¬ ı‘MÀ·±á¬œ x y y c2 2 2 0+ + − =µ

c ¤fl¬øÈ¬ ÒËnıfl¬ ¤ı— µ λ,  √õ∂‰¬˘ (parameters)

7. Œ‡±Ú Œ˚ ¸˜Ú±øˆ¬ fl¬øÚflƒ¬ Œ·±á¬œ 
x

a

y

b

2

2

2

2
1

+
+

+
=

λ λ
 øÚÀÊ˝◊ øÚÀÊı˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔÄ a b,  ÒËnıfl¬,

λ  √õ∂‰¬˘/

8. Œ‡±Ú Œ˚ ’øÒı‘M Œ·±á¬œ y a x a
2 4= +a f ’±R-˘•§√õ∂Àé¬fl¬ ¬ÛÔ/

(B)

øÚÀ•ß±ñ ı]Àı˛‡± Œ·±á¬œ ·≈ø˘ı˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ øÚÌ«˚˛ fl¬ı≈̨Ú

1. r a
2 2 2= cos θ 2. r a1 2+ =cosθa f

3. r an nsin ηθ = 4. r a= θ

5. r a= cos2 θ 6. r a= +sec tanθ θa f
7. r =

+

K

1 2 cosθ
8. r a= 4 sec .tanθ θ

12.7 Î¬◊Mı˛̃ ±˘± –

(A)

1. y x a2 2 2− =

2. e e k
y x− =−

3. 2 32 2 2x y c+ =
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4. y y x k
2 23+ =d i

5. x y cy x y
2 2 5 3 2 25+ = +d i d i

6. x y x c2 2 2 0+ + + =λ  Œfl x -¸±À¬ÛÀé¬ ’ıfl¬˘Ú fl¬Àı˛ ¬Û±˝◊ 2 2 2 0x y
dy

dx
dx+ + =λ , λ  Œfl¬

’¬ÛÚ˚˛Ì fl¬Àı˛ ¬Û±˝◊,

y x c xy
dy

dx
2 2 2 0− + + =d i

∴  ˘•§√õ∂Àé¬¬Û ¬ÛÔ ¤ı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

y x c xy
dx

dy
2 2

2 0− + − =d i

2 02 2
xydx y x c dy− − + =d i

1 2

M

M N∂

∂

∂

∂y x y
−

F
HG

I
KJ =   ∴ ⋅ = =

− z
I F e

y

y
dy

2

2

1

∴ øÚÀÌ«˚˛ ¸˜±Ò±Ú  
x

y

c

y
y

2

− + = K

∴ ˘•§√õ∂Àé¬¬Û ¬ÛÀÔı˛ ¸˜œfl¬ı˛Ì

      x y y c2 2 2 0+ + − =µ

7.  
x

a

y

b

2

2

2

2
1 1

+
+

+
=

λ λ
..............( )

 ∴
+

+
+

⋅ =
x

a

y

b

dy

dx2 2
0

λ λ

 ı± x b y a
dy

dx
2 2 0+ + + =λ λd i d i

 ∴ λ =
+

+

b x a yy

x yy

2 2 1

1 ,    y
dy

dx
1 ≡

 ∴ a
a b x

x yy

2

2 2

1
+ =

−

+
λ
d i
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   b
a b yy

x yy

2

2 2 1

1
+ =

−

+
λ
d i

( )1  ¤ı˛ ıø¸À˚˛ ¬Û±˝◊ ï¸ı˛˘œfl‘¬Ó¬ fl¬Àı˛ó

x y
dx

dy
x y

dy

dx
a b−

F
H

I
K +
F
H

I
K = −2 2d i............(A)

¤øÈ¬ √õ∂M fl¬øÚfl¬ Œ·±á¬œı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

∴  ˘•§-√õ∂Àé¬¬Û ¬ÛÔ ¤ı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì

x y
dy

dx
x y

dx

dy
a b+

F
H

I
K −
F
H

I
K = −2 2d i...............(B)

¤øÈ¬ (A)  ¤ı˛ ˜Ó¬ ¤fl¬˝◊ ’±fl¬±Àı˛ı˛/

∴ øÚÀÌ«˚˛ ˘•§ √õ∂Àé¬¬Û ¬ÛÔ Œ·±á¬œ 
x

a

y

b

2

2

2

2
1

+
+

+
=

µ µ

(B)

1. r c
2 2 2= sin θ 2. r c1 2− =cosθa f

3. r n cn cos θ = 4. r ce
2 2

= −θ

5. r b
2 = sinθ 6. r be= − sin θ

  
dr

d

r

θ θ
θ θ

L
NM =

−
⋅

2
2cos

cos sin
dr

d
r

θ
θ=

L
NM sec

   ∴ − = −r
d

dr
r

2 2
θ

θtan − =r
d

dr
r

2 θ
θsec

  ∴ =
O
QP2

dr

r

dθ

θtan
∴ − =

O
QPcosd

dr

r
θ

7. r b
2 3 1sin cosθ θ= +a f 8. r b

2 2 21+ =sin θd i
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12.8 ¸±ı˛±—˙ –

’ıfl¬˘ ¸˜œfl¬ı˛Ì √õ∂À˚˛±À· ˘•§√õ∂Àé¬¬Û ¬ÛÔ¸˜”˝ øÚÌ«À˚˛ı˛ øı¯∏˚˛ ¤˝◊ ¤fl¬Àfl¬ ’±À˘±ø‰¬Ó¬ ˝À˚˛ÀÂ/

≈øÈ¬ ı]Àı˛‡± Œ·±á¬œ ˚ø ¤˜Ú ˝˚˛ Œ˚ Œ˚ Œfl¬±Ú Œ·±á¬œı˛ Œ˚ Œfl¬±Ú ¤fl¬øÈ¬ ı]Àı˛‡± ’¬Ûı˛ Œ·±á¬œı˛ √õ∂øÓ¬øÈ¬
Œı˛‡±Àfl¬  ˘•§ˆ¬±Àı ŒÂ fl¬Àı˛ Ó¬±˝À˘ Ó¬±Àı˛ √õ∂øÓ¬øÈ¬ Œ·±á¬œÀfl¬ ’¬Ûı˛ ı]Àı˛‡± Œ·±á¬œı˛ ˘•§√õ∂Àé¬¬Û ¬ÛÔ ı˘±

˝ ˛̊/

˚ø √õ∂M ı]Àı˛‡±À·±á¬œ fl¬±ÀÈ«¬¸œ˚˛ ı± ¸˜Àfl¬±Ìœ ª±Ú±Ç¬ ( , )x y  ¸˜œfl¬Àı˛Ì Œ›˚˛± Ô±Àfl¬, Ó¬±˝À˘ Ó¬±ı˛

’Ú≈̄ ∏ºœ ’ıfl¬˘ ¸˜œfl¬ı˛Ì √õ∂ÔÀ˜ øÚÌ«˚˛ fl¬ı˛ÀÓ¬ ˝ÀıÄ Òı˛±˚±fl¬ Ψ x y
dy

dx
, ,
F
H

I
K = 0 Ä ¤ÀÓ¬ 

dy

dx
 ¤ı˛ ¬Ûøı˛ıÀÓ«¬

−
F
H
I
K

dx

dy  ø˘‡À˘˝◊ ˘•§√õ∂Àé¬¬Û ¬¬ÛÀÔı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ¬Û±›˚˛± ˚±ÀıÄ ¤øÈ¬ ˝Àı Ψ x y
dx

dy
, ,−
F
H

I
K = 0  ’Ó¬–¬Ûı˛

¤Àfl¬ ¸˜±fl¬˘Ú √õ∂ø]˚˛±˚˛ ¸˜±Ò±Ú fl¬ı˛À˘ øÚÀÌ«˚˛ ˘•§√õ∂Àé¬¬Û ¬ÛÀÔı˛ fl¬±ÀÈ«¬¸œ˚˛ ¸˜œfl¬ı˛Ì ¬Û±›˚˛± ˚±Àı/

˚ø √õ∂M ı]Àı˛‡± Œ·±á¬œ Œ˜ı˛≈ª±Ú±Ç¬ ( , )r θ  ¸˜œfl¬ı˛ÀÌ ˚±Àfl¬, ¤fl¬˝◊ ˆ¬±Àı ’Ô«±» θ ¸±À¬ÛÀé¬ ’ıfl¬˘Ú

fl¬Àı˛ › ¬√õ∂‰¬˘ (parameter) Œfl¬ ’¬ÛÚ˚˛Ì fl¬Àı˛ ‹ ı]Àı˛‡± Œ·±á¬œı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ¬Û±›˚˛± ˚±ÀıÄ Òı˛±˚±fl¬

Î¬◊˝± Ψ r
dr

d
,θ

θ
F
H
I
K = 0 .

 ¤ ◊̋ ¸˜œfl¬ı˛ÀÌ 
dr

dθ
 ¬Ûøı˛ıÀÓ«¬ −r

d

dr
2 θ

 ø˘‡À˘ ˘•§√õ∂Àé¬¬Û ¬ÛÀÔı˛ ’ıfl¬˘ ¸˜œfl¬ı˛Ì ¬Û±›˚˛± ˚±Àı/ ¤øÈ¬

Ψ r r
d

dr
,θ

θ
−

F
H

I
K =2 0 ¤ı±ı˛ ¤˝◊ ¸˜œfl¬ı˛ÀÌı˛ ¸±Ò±ı˛Ì ¸˜±Ò±ÚøÈ¬ Î¬◊øV©Ü ˘•§√õ∂Àé¬¬Û ¬ÛÔ Œ·±á¬œ/

fl¬Ó¬fl¬·≈ø˘ ∆ıø˙©Ü¬Û”Ì« ı]Àı˛‡±À·±á¬œ ’±ÀÂ, Œ˚˜Ú ¸˜-Ú±øˆ¬ ≈̊ñ (confocal) fl¬øÌflƒ¬ ƒ̧ 
x

a

y

b

2

2

2

2
1

+
+

+
=

λ λ
Ä

˘é¬…Ìœ˚˛, ¤ı˛± ’±R-˘•§√õ∂Àé¬¬Û ¬ÛÔ Œ·±á¬œÄ ’Ô«±» øÚÀÊı˛±˝◊ øÚÀÊÀı˛ ˘•§√õ∂Àé¬¬Û / Î¬◊±˝ı˛ÀÌ ˝◊øÓ¬˜ÀÒ…˝◊
Œ‡±Ú ˝À˚˛ÀÂ/

ññññññ
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