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1.7 e o

1.8 SIS Sifvfes wffaet
1.9 wFweAE

1.10 Septerat
111 agAG

1.1 Sreey

O3 GFF (6 Og R 97 Jfen afe=n (objective), quari convex, concave (S erifsifes
SCEAI], IR KA SRS T 2R |

1.2 aiq=

TEI 9ifefe Tared G ST 2SR 261 (PG Og | SIfTe S (3 7o [ 90T
TLITR OIS AlRe Gieifares e, Reasl, wel efFme 7 7w @ @ oge witEbe 21|
(TCER LRl FERAIIE SENHCH @ FCACR | (I G918 O L% 7 g | (06 0 g A
SCAHE IR O AW, S 2o K7 SRS ot A | ALNAE G2 SCADA $F I
Frige, Caufor, Russel, Diekind-&31 s® sifdweei | Atz @2 wg Reitas a2 *NR IpRreid
e 2R |

1.3 o og @3 f&f9y @16 afewa

FIRFEITI, I8 TEF ANLAE ‘(6 I 561 o7 91 AW | 9T (6 (oA, ‘9% (76 92,
N GFYPE I JA00 92T I | [Fg afires erm o1 @I @bl et 3| siferees
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IV 2142 PTCHF &Rell 2wt | ©C3 sifefsfaw &1t 159 (16 @h(b IPIREre Q= (Vi (b3l
FARCET | O SR (TG 261 Gl G0 NG/ TGRS AL, A0S I8/ TS0 FHelR FA0O 2
=l AR R ORI | €38 T/ GRS G2 A ACI 1| FREH TG/ AT @5
o SRR A | G5 IS I8 A G TRF N 94 =1 @ (6 @I WG I A
Ay ACF SIF GF A0 IS (15 o] 2 | BLAGIT A0 *One point set’ | BT (T6-305% Vo
Al TG A ifeifes gig @el (2eF point 1 {7 217 v Fcaw |

TiEerEhel, S Fe (BAGICS A “vowels I0a)-afeTa e @36 G5 519w 0o
AT | 4, V 251 GRR O6 1 9@k V = {4, &, i, u, U} | BB @2 s «m/ers e sifde | @@
@TCE AP [We e 50| Joaik @it @G F3 @6 (finite set) | T GG 5 AT ST
I ANE 7 = O GO SN G (infinite set) 96T 2 | (@ FrelRS kAT (N)-99 (61
SN @ | 1R N = {1, 2, 3, ..} «re W@ R =% At 707 (73 |

GIGCE AT 96 THICH 2] w1 T, () Olferdl #M&f (tabular form) () G0 2SI
3= (set builder form)

TR : > (ATF So-9F Wy TAAFS (e AT 16 | GfocE wiwar

(3)7-4 o729 S (G16) = {2, 3, 5, 7} -4 WA

()™:-9 7149, S = {x/x ¢ el WA T 1 (AT 10-97 T8t welfe {1 < x < 10}

CICBA TG ¢ (O T G G0 PR e I N4 CHAFC v/ woysfer N
fa7eome 93¢ fem |

(A) TATHG (sub-set) 8 M X @3 Y 96 G4 R G5 @A Y GO 2ATSTF 217/ A
X (TC5F * AN sl Tt A7, RIS Y-(F X G6F T2tA6 767 27 | qUea, Y < X (S
40 |

MY © X 2, @ Y GI6CF X @ET6F 959 (proper) Soti6 A6 |

IMY ={2, 3,4} @& X ={1, 2, 3, 4, 6} 2, O Y GG 7w A Iz <00 AM X-99
A0 A 2 AR OLT Y C X | GCFCG Y GIO0E X GTC6d SI2iFs (improper) S0 J&l 23|

(B) I (equal sets) 8 X €@ Y (16 ¥ib A0 @l 2V IM X Y @R Y < X 2|

TmzRet s 4fF, X ={1,2,3,4,5},Y ={5,4,3,2, 1} FEX C Y &R Y C X; T, X =Y

(C) Aif¥F 15 (Univervsal set) 3 (I GTL6A STEIH 91217 (16/ Go2feT Tt f231ta Teifge
27 947 @ 2= EHfeE RS ¢ AT |

Tl Ul E={1,2 3,56}, X={23 5 oAk X c &

s E T RS G |
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(D) %5 5 (Empty/void/null set) ¢ 7 At SR 9IS 60 %77 GI6 &1 27 | (T *0S
@15 TOR! 23 OITF SRPIRe T (I 217 (GTC6 A< 21 1l 2061 GO0 =+ (16 &I <=1 2 | GF
@ SIS Al { } AT oA F4l 2|

Tizad ¢ bHITY IO SIFOR NFFHHIRNE (6 GF6 *7 (o Twizae |

(E) 5= @16 (Index set/Power set) 8 T X 16 R @16 | X PTG 2ATSSF SATT (¥
@T5/AREF @ X 372)-(F 3wy 2T 407 @ G5 Cod! Il 28 OltF X (63 5+ @16 Ie0 27 |

Twizzd ¢ 46, X = {1, 2, 3}

P(X) [X Ao 91f5® 5 @15]

={{1. {2}, {3}. {1 2}, {2, 3}, {1 3}, {1, 2, 3}, &}

AR (T, (I IR AT M 20eT ©itS PIta (od1 ST (6 727 73 27|

(F) sgen (16 (Equivalent set) ¢ Mo (15 5177 AIgel (16 203 M OIHa (NG 212l
@33 A, [FE sMafer 91 @ A = {1, 2, 3} @R B = {a, b, ¢} T 7TIeey @16 | TI9eT
@16 € NG 7| S TG0 68 Age (376 |

1.4 @15 effesa

b (TG G A9 (Union), (=7 (intersection) €3k S1@3 (difference) IeTce Ft AT ©f
Qe JET02 TG 203 | GZCE, (PG #/5V0 (Fle (FTL6 TEN 20 Ot € 52 ail 2=pi 4l
2 SR ¢ BT |
(a) wiceaet e ¢ @3 efEm oo U |
47, D 32 F 96 @161 D @3 F (I06R A0 G607 kel 2e1 folwanel ¢
DUF={xxe D9dl xe F},xe D
TR X € F-93 9 25 x € D, x ¢ F (Wi x, D G067 7m0/ 7W 78 F @164
B9 )
@24l x € F, x ¢ D19t ‘inclusive form' 1 “S@gie vl A1 1 Exclusive form’ 3
e wi’ 9610 I 2@ D U F = {x/x € D 98 x € F} 9i<ie x (#M/3%7), D @<}
F SSRE Ky I6I |

(b) c=w @&t ¢ D «=R F @16 4iba SI0&) (=% (1610 261 O3 (316 R [0y D «=R F TG Aliel
(common) #% 3 AWTAIZ SYG TS AR | oAk AT 2P ZeT
DN F={xxe D4R xe F} wizfie D N F-43 2 1 5041 D @33 F 7 @6 AlFel
Ty AR ief 261 D @R F G063 (@i ‘' fonita fofee st 231
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(c) =% afeFa ¢ 47, D @i F @ (Il 9o (61 D @ F-«@9 3y 9193-(F D — F a1 DIF
itz sffoe w1 23| el AR TN I @D —F = {x/x € D € x ¢ F}

Twizad ¢ I D ={1,2 3,4, 5 @kRF={4,5,6,7, 8
~ DUF={1234,5,6,7 8
DN F={4 5
D-F={12 3
(d) AR, G2 SR SFF GBS SNCAGANS SOTS S=ed| | A N0 S G (R T8 |

43, £2 ARKS @ (universal set) @ D G315 (T (I @16 | AF S 7R SADAG 2o
ORI AR | FLCFCe D GI6F 57 @Ioce D Al D 2 fofere w41 =71

44, 9D = {x/x € STFE x ¢ D} Wi x @ FCA *W/5W7, S — D-( 6N | D 67
7 (16 &1 D° 91241 D’ |

Twzaet ¢ 4§, S={1, 2, 3 4,5 6} ¢k D = {1, 3, 5}

- D’ D= {2 4, 6}

1.5 wfb (TC6d T FITSAN Qelze

M 37, D @R F Y6 S G151 D @ F @IC6d S0 FICSAT @eiwets D x F oz facw el
NI FIAINIT T, DxF={(x,y)/)xe DaRye F}

(X, Y)-CF @ FaieT (ordered pair) Io 27 Sigfie AT X, #ACd y $AfFS 203, (@I (FCEs y
A B H FA Al

Twizadl ¢ W 39, D = {1, 2, 3} @R F = {5, 6}
ek D x F = {{1, 5}, {1, 6}, {2, 5}, {2, 6}, {3, 5}, {3, 6}}
Fx D = {{5, 1}, {5, 2}, {5, 3}, {6, 1}, {6, 2}, {6, 3}}

QI SR (IO 0 (L6 SRS o7 9 wiefie ‘@Teoa (=ifd’ i “class of sets' -(&
AT S| Tree-diagram’ A1 5 or@” qurm o <=1 I

@H— D x F-a7 35 Boalb fowae ¢

o O oo O o O
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F x D-a3 9% foa 3

1
e 2
3
1
(6) 2
3

4w ¢ ‘I% B o s (2w e i =)
ce-oEeTd 5@ (Venn-Euler diagram) 3 A @ B (3% foq ‘U, ‘' @k 7 elfEm
(i) (ii)

_/AIf INECDN ¢

AuB AUB AnNnB AC A’
(Inclusive form) (Exclusive form)
TS i g v

o/ fafew (T06a ©9iF 2@ fMasigett/S@det ¢ GTba Tt faamirer e siferSi et
THFeel(d A Il 25 |

1. Jeofes s 3@ (Idempotent law)

@AUA=A ()ANA=A
2. e T (Associative law)

@AUB UC=AU (B UC) B (AANB)AC=AnN (B~ C
3. fafsm few/s@ (Cimmutative law)

@AUB=BUA ()ANB=BnA

4. 5% f/s@ (Distributive law)

@AUBUC=AUB)NAUC ANBUC=ANBUMRANCQC
5. =1cew fows/5@ (Identity law)

@AUT=A AnE=A MAUE=A AND =0
6. 77 fTw/5@ (Complement law)

@AUAS=E; (A=A b)ANA=g; (Hc=0, F=¢
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7. fe-saita f@w/s@ (De-Morgan’s law)
(@ (A U B)° = AS B (b) (A ~ B) = A° U BE
RE. ¢ @grer ‘& 7 AT G6 @R @ 28 *F G |

1.6 sw$ie-Fafe o6
S FE, X G0 I (6 | X (6 #1% FRAICE =1 | X | A n(X) Wex el 323 | eers,
|@|=0n|D|=0
gfd, A 92 B qf6 3TN @6 201 SHfRTS I SR,
n(A U B) = n(A) + n(B) — n(A N B)
A, B @3 C feafb 331w (67 (@, T& @i,
n(A u B uC)=n(A) +nB) +nlC)-nlAnB)-nBnC)
-nCNnA)+nANBNC)

] Swigge—1 ¢ 30, 45 @3 75 Al @v AT Ngm 9 8 FAle T 2E o
Refa T

@ YA ¢ 4fF, A, B @3 C 2o TG 30, 45 3R 75-99 4GS 74l 2] 1 @38 (Tifers
TeAWMFT (10 |
ek, A = {1, 2, 3, 5}
B={1,3 3 5
C={1,355}
TGS MW T T, ANBNC={135 «<RAUBuUC-={..
e oo, = A N B N C (A0 &Y smaferg wowe = 1.3.5 = 15
el FaAe = (A U B U )93 *maferd wewe
={1, 2, 3, 3, 5, 5}-97 MR BowFeT
=1.2.3355 = 450
Ted ¢ 15 8 450
[ THizae—2 ¢ (I GAPR @EF AAF ATCE 23708, =¥ 2t qieent foafs s s
FIAATF QIO ST FA 07| 31 T SRAGNTS, 36 T RFWCS @R 27 T AT Al
TS SIefS | Te S FA A0e1 10 T (A ¢ RfWre), 9 o (A& 8 JIeTy) @R

11 T (B @ AT | AN (@ EIRPRAE o @5 (1% A 347 I 0 64
@R 43 &M TA 73 TA|
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& MY 3 4, TAGITS FA 0 AN FAFTR GO T A
2 te w2 e @I @IE (6 29 B
R JRE FA A AN (EFE B 2F C
GUERCE, TSP,

n(A) = 31
n(B) = 36
n(C) = 27

NANB)=10,nNBNC)=1,nANnC)=9
A 34, n(A N B N C) = x
oAb EIoR (Fla PO e- Ry a SREm i,
n(A u B u C)=n(A) +nB) + n(C) —n(A N B)
-nBNC)—-nANC)+nAnNnBNC)
=31+36+27-10-11 -9+ x
=94-30+x=64+x ()
GUHGg, (N6 G WA =NA UBUC) kR NA NBANC)=x=0
I Xx<n(AnNB)=10
x<nBnNnC =11
X<nANC)=9
()R AT #iE, N(A UB U C) <64+ 9=73[Ta, n< 9
(i)Y (2T i3, n(A U B U C) = 64 [T x > 0]
ToAR N(A U B U C)-97 IR M 64 932 A w9 73
TR (B ENFALIR ANBCS, (EFAI (NG R 47 T 20 64 9= Y9 (@] 20T 73|
@513 el 2 |
[ Swzad-3: X, Y (R Z A B @m @, X NZ=YNZaRANZ =B Zax
FET (@, X =Y
@ ML 2 X = X N S [I49 S T ARS @I6] @ X-G7 575 @16 X
=X N (ZuUZ) [V CFE 77 W)
=(XN2Z)uXn2Z)[N-aF CFE 5 WR0]
=Y n2) U (Y N 2Z) [eve =S$p]
=Yn(@ZuZ2)
=Y NS=Y
ek X = Y [emifere]
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O g@d—4e X, Y RZGWTEB B @ X uY=XuZaRX UY =X U ZI
ol I (@, Y = Z (X! T X-9F 995 (3) |
@ TN sY =Y U D [ XX =]
=Y U (X N X)
= (Y U X) n (Y U X') [U-93 (5(E, I54 7@ (A
=(XuY)n X UY)
=XNnZ2)NnXu2Z[-XuY=XuZXuY=XuU/Z
=ZuUXNnX)=ZuU @] [eren 770
=Z
- Y = Z [@wifee]
(] Twizge-53 (@) A = {x : 4x = 8}. A = 2 26T 7S & 2AAH Foul |
(b) efsiel T @, X = {2, 3, 4, 5}, Y = {X/x (@ (HCA TN FRA}-97 TATG 77|
& AL 2 (2) A GO0 SEIg 2 “MHCS TFOE 67 | iR A = {2} | UG AT (T 2
AT A CIGT GFOIG 217 | 7FE 2 (I SRZT A (6T F03 T 717 | G0 27 ‘a’ Fe2
(6 {a} -aF AL A 7| @RS A = 2 267 HEI 1 |

(b) «twta, 3e X F® 3¢ Y [ Y & 3 PoU AT Gib]
g, 5e X Tg5¢ Y
FNACF X 3 G0 2 ¢ W Y-97 &9 2 AT 9ty N 2, 9@ X C Y SR
[ertifere]
] Twizae—6 ¢ (a) @Wd F%1 A c CIM A c B @&k B  C 27|
(b) T A c @ =W, oI oWl T A = |

& I 2 (a) FLEL SR 2 FACO 2@ (@, A GO ([T (FICAl 21 S8 C-CT06d
TGS oI |

4fd, x € A.A C B x € B.

Fd R, Bc Cteixe C

oA, x € A 0= w6 x e C

Todd, A C C [amifas]

(b) S I (@, @ A *W G @ R TN (6 A-GF THAT |
Mok @ C A ()
AR, A C O (27S) (ii)
o (i) @R (i) AT AR A = @ [aEifae]
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1.7 Tes (b

47, Sc R* [@12ik S, (R" = R x R x ... n 74F n 9@l (dimension) I& 2SFCR (i
(space)-a3 & T2TID]

M Xg, X, Yo S GG %W Al 0T WO Ax; + (L= A)¥, € S, T 0 < A < 1 [ &6
#1567 (parameter)] SR Xy, X,~a7 @6 CARF AT ST S~ W01y SAFS | Sififes giRee
(AT S B, X, X, G0 W S GICOH WM& SRAES | G G5 AN M0 I& FACeT 77
@I S @G T2 6N AT, S GIHHCE “Test @57 Al convex set I&0 T |

Trigad ¢ ¥ G () 9% 99 J& (316 (singleton set) 7iZ Teat @16 2113 Bfzre 231

o (wifes) ¢

A. (@ Teel (T06F 5@ (xg, %, € )

S
(b) /\ T€F (63 B (X, %, € )

B. Ted @6 71 @ crawfe = i ast ¢

@ GECE X, X € S TG X, X, FCAGS HLAHRIT F~>5jefere S-aa
W (2 o S e Tes (6 79|

X;, Xp € STFE %, X, AAGS FEAHIHIT F>wefcst
ST W (21 . S G0 Ted (6 77 |

(b)

7. ¢ Tes G 6N At (wfeanss (G 267 sIweet (316 (concave set) |
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1.8 SeorwreEd eyififes wfieen

(a) ST T@a ST (quasi-convex function) @3 ATS-Ss SC2FSF (quas concave
function)-a7 wig@ (definition) @32 (IMBen (characteriszations) 3

4f7 V(R) @3 (937 (7 31 (S3a0a (i [l BfFeIm (¢l (Euclidean space) @k S(R)
e V(R)-93 @3 Soioml (sub-space) | St 3f7, f 25 @36
‘T Seof < (functional) | TG, B X, y € S-9F &)
f(x) @3 f(y) € R 9I<ie @& I, f 1 S—— R1 Q47 A (7),
A e [0, 1] 3% S5, @SSt ©oifEe Tte f(Ax + (1 — A)y)
< max{f(x), f(y)} P& 27| 2 ‘' JAFFOF Wioire-Tae
(53 W) SCoFF =AM <31 27|

T f(Ax + (1 = A)y) < Max{f(x), f(y)} *1$ T O ‘f -(F FCITCR (strictly) F=ig
Hiolre-Tea SCAFE o7 23 |

‘feIeorESl M f(AX + (1 — A)y) = min{f(x), f(y)} *Si@e 23 sigie ' @ =l Tofase
TR (B LR Kool Srefie deepasl a1 ([Reaibs 20e O ‘' -(3 SN#{Te-SRee ST
(quasi-concave function) acel aie) S0 27 |

f-(F ‘FCIRSI] Tl IANS-SesT (strictly quasi-concave) ST Je1 23 wigfie @ (i,
f(Ax + (1 = x)y) > max(f(x), f(y))

AN SO (LG (convex set)-a o1 261 ([ @16 &5 Yo QRI! 9 (sw/500m)- (&
T 90 TR M e A AW T AX + (L - A)y € S(CEH) T4 X, y € SR A
(#3F) € [0, 1], *réi&i= |

OB SR A0 W SRS Tea (quasi-convex) IR “S#Ie SIes quasi-concave)
Te bAq 7% F91 AW O OIF WS (@RS (quasi-linear) I&T 23|

qUFCE, SR YR (A @ Ll AR @ f: S—— R (@ S ¢ V) 936 =isl
A ofheat Ssire (@RE-SIC oo |

AOAR I Tl I (Fq “BAfe Teel &f ooy 1 Y4
(altare, Reidrexd vl AT w7 wiefie aw Siole-Tee STawss,

TG ST FIRANE 0L FAC GNTOIF I&l 5CA = | (a©
51 I CFCa, elRS (N2 9y Al SAole-SRes GiF ST
A B | (772 IR, WA Tesror” Testo-alfemig @ Au=dieae’
Mol AP 2 | 0 > X

WArS-Tes! SCATFFETF SR e oAfire Stafs wfifas g sAfafee g
sf@fs’ (non-linear optimization) =277z IR FR PO AALCE 27l T 2| G2 oG
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AT T 3TP11 (dual problem)-« 7z 23 | * Sale-theory’ (TIeT ©F) “Teet” G3R “Siolle
Tee SICoRae Aidel] Resace Aol S 28 | I wie #fe(al Amfe &g Toi-bleyel
AT siafe ‘@RCH AfTeT Mafo Sprd Rl siafe STadcaey | SLGife eyl AT
SR*F SRS ANFR- AT AR SRR 5w € SR[W efF Fa1 q7 Gife 5eed ¢Fea |
(b) aaitas WS (applications) 3

“ATE T SRS (T (FISAHF W AT ST S0 SR S5 27)
sifafes o @ ReaEeR = aifdfes (‘max-min’ a1 ‘min-max’) 3 ‘GaN-SR[E/ SREA-HI
TG ST T 2 (LN ©g (game theory) -4 51 Soivie | SLFISTs ki SReT-ANFACE
THAReT T S HI -S5SSR Gy (A G Bo1-7770) T2 23 |

1.9 wAfrema

@6 == e s «sfae 1= (Collection of distinct objects) | <2 T 3t Iwa @6
AN BT (" I AL 10T (OB 2 | (o 350G I Vowels wfer sema e
G5! (6 Cod! F4I |

= fRfen @0 GTU6a A0 AR 260 | (@ © 312 (16, S&TE (@16, X010, 97 G |
(efbg (venn diagram) =G (6 IIRIER Fawiet RemMeitd @RICT ZE0Z | (@9 (7064
S7F, (TGA (e, Rt @t 2o | a=iel o6 saafes e cex foraa A=t SHReR w4t
TG |

1.10 SRpAtErst

1. froe Sfeaf #lde (@idte sre =t fian) o o s ¢

(@ A,BaRCTat T iIN eE AN (BUC)=ANBUANC
(b) (A) =A

(©) @ ={}

(d) I A’ ={e f},B={a d, €& =0, SWA’ N B = {e
2. (I G TR O F&L 3

M {1 2 3, 4, ..., 98, 99, 100}

(i) 2019 FteTar MG Q=T oS 6

(iii) S[x/1 < x < 10} (X (ACHICAT ABK HLAN)

(iv) SR (irrational) k27T @R 91f6® (75 |
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3

4.
S.

10.
11.
12.
13.
14.

CA;M X = {X/x% = 4 &R 2X = 6} T, OCF X = ..., *E 7 e |
@, { D} @R {0} Gl *i7>F 7j2F @ ol ge M goie T2 |

am X ={1,2,3,..,10},A={1,23},B={2 4,6} 2T X —A, X —B,A—-B 7
P |

. IMACBSENGFIFTIANB=A

L IM X ={2,3,4,Y={67,Z={89 10} A X XY,Y x ZaR X x Y x Z e
e |

A={ab},Y ={2 3}, Z={3 4 =
(M)A x (Y U2Z) (i) (AxY)n (A x Z) [T |

g e T, ACBOYRCcD2EEAXxCcBxD.
M A = {2, 3, 4} =7, O P(A) = F9?

I A © B 27, 9@ A U (B/A) = F© Z(A?

(TG =il Jil e=ie P (T, 48, 60 IR 64-9F AL = 4
@6 elfEl vl (mANe (@, 24, 63 @R 72-93 AALY = 504

G AN FE @A W @ 62% (FAIF B 2% A | 58% #iwW F(F I(F GaR 65%
TOARE AW (| FOG (FF (%) Bl 8 FfF (FICAGIZ AW FCF A1 2

15. o7 ewe eiowfem (e wiwes1/shaded region) (ATF (@R Tes &5 (concave)

o TrEd T |
1t

(@ <& =
&

(b)
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(d)

16. @b Ted @GR &l ™ (extreme point) FICE ICeT? 2l T @ X = {(X, Y)/X + 2y
< 5} @36 Tesl @15 (convex set) |

1.11 eZAG

1. Matha and Rathie . Probability and Statistics, Palgrave MacMillan, New Delhi.

2. Goon, Gupta and Dasgupta : Fundamentals of Statistics Vol. | The World Press Pvt.
Ltd., Kolkata




qFF 2(F) O A

NI

2(F).1 Ty

2F).2 B

2(F).3 FNF AR : AT MAE TF IAIAA
2(F).4 At Ak [Gfenw Sotom

2F)5 AT

2F).6 I ACAFCFA AWMA TwgAeFe
2(F).7 =inE FEeE e

2(F).8 Fferm w@gd Al WKES @
2(%).9 AwLAR

2(F).10 STt

2(F).11 aZAG!

2(F).1 Ty

3 GFFO0® SN ST AN, T, 0T s Srige 2 SceTse 34 |

2(F).2 &IE

@ (DA SCPFFFE (G ©f AFS o ST O KO 41 2 @ SCAFET ANE [T
(limiting value)-(F (FT F(J | AL ¥[S[S 5ifTow dizafed (Leibnitz) 2 403 @2 =ife
T 2 | AFE] (0 511N Golte ROt AW Ko SIEba SIS CFed A € Tl
iRl BTN SWI 233 R (2T | T2 FA) oAfToress QieiS Sen sifires 2
=l 9L ~ERee 200z ISR G G A Me-Red ¢ Fifeli s seice Aot
Tege | 1% wif Gt (500 B.C.) «iFelT ((Te 9 SOifScee ShifseisT @ F620od 9o (2ATF)
S 22w B AR | FReT qh@ae S Breres ¢ Hg it ey o
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2(F).3 FAE AR : WE AL ¥ 91k

5 A o £ f(x)-97 S0 | (T2 | € R) Fe100 J0 (X), |-937 79 =638 2002
X, a-43 o8t 7oz | alifdfes S, | f(X) — || < e T4 0 < |[x — a] < § [CEET &£ @R § =S
FY (25 4N AW AL, § AT e-9F TofF fTSTNeT] 2SI ev 2o Lt f(x) = |
X—a
W X, a-9F TOb! GG (Fiz) 2 A T (AF O (%), 1,-97 T 08! =7,

GRTSIE AT [f(X) — |y] < & T4 a— 6 < x < a, O @ = B, L g0 = 1) =
fa) = Iy, 1,-(F f(x)-93 Jt facea ST <=1 27 | Sz, I & > 0-99 &y § > 0-93 SIfFg AF
OIS ACS [f(X) —12] < g, T a<x<a+ S9N G Lt f(x) = 1,3 f(@*) = I, =i
X—a+

4 IR | 1,-F 79 2 f(X)-9F T e ST |

Tedik Lt f(x) = | Ieye 2@ am Lt f(x) @3 Lt f(X) 7= T 28 o | =

X—a X—>a— X—a+
=13 Lt fx) = Lt f(x) = Lt f(x)
X—>a— X—>a+ X—a

G5 THRFAEIs ¢ — & Wewllb et A ety ee St T S AT 24|

2
[ Twiedd ¢ € — & ARPAICA, thoX7 Refg T2

2

X

X0
X

& YA ¢ 4, € (> 0) @R § (> 0) Wio FulfeFn AWI 7R ACO < & T4

O<|x-0 <=7
TR [ X | <eTFTO<|X| <&
TARGE TR Moy T4 § = €

- f(x) = %-aamw = 0 (Te9)

2(F).4 At A e Tooiw

O ®m-1: 3 Lt f(x) =1 @3k Lt gX) =m=x,o@ Lt [f(x) +gx)] =1+ m.
X—>Xg

X—>Xp X—>Xp

4 23N 2 4f7, § 9 ¢ b oS FU GRS AT (FSB! FU A O[] AR) O A F<Eq
SRETHC SR ETT® A @, [f(X) + g(x) — | —m| < &, T4 0 < [X — X < 5| QLT SIS
TAREE SoAMIPAICE Bi2 @il 0o 203 |
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e *MEpiea, Lt f(x) = |

X—>Xo

KXl < 8= ) — 1] < 5 [T 2, 6, 9w b dmrer R (1) (1)
AT, Lt g(X) = m e SAFHASINI & I (T

X=X
IX = Xol < &, = [g(x) —m| < g [T g, 8, i =Fu b e Iee () 72
e
7, 5, @ 8,~a7 Ny AT (min value) 27 § (> 0) AWI L-3RAT |
wigfie § = min (8, &)
QT X = Xl < 6= [f(X) + g(x) =1 —m|

= |(FC) = 1) + (9(x) — m)|
<) —1) +19() —ml| [ J]a+ b| < [a| + [b]

<

N ™

+ g =& [(D™ € (2R TF (AT

G, THAT (T, £ > 0GR 5 < 0 (T &-97 TAF fTS1eT) T(H
f) + g(x) — 1 —m| < & TIT X —X| < &

oAk, Lt [f(¥) + g(¥)] =1 + m [e=fde]
X—=>Xo

7. S A FMAN @, Lt [f(x) + 9] =1 —mTea Lt [f(x) =193 Lt g(x)=m
X—>Xo

X—=>Xo X—=>Xo

O ®ooi-2 2 3 Lt f(x) =1 @& Lt g(x) = m=, o&@ Lt [f(X)-gX)] =1 -m.
X—=>Xp

X—>Xp X—=>Xp

4 2ft ¢ ToATs NIt S SISO (TRITe 263
X =Xl < 8= [f(X) g(¥) — Im| < & [ &, § TSR WS F@ 4o MR (AT)].... (i)
@2, [f(x) g(x) — Im]|
= [f() g(¥) — 19(¥) + 1g(x) — Im|
< () 9(¥) — 19| + [Ilg(x) —Im| [~ |a + b| < [a] + [b[]
= 1901 O — 1 + 11 19(x) — m| .. (i)
ST WS (AT 13,

Lt g(X) = m= g(X), X = X,-93 W68 =2 A (bounded)

X—>Xo
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SR X = Xg~C9, |[g(X¥)| < M, [M > 0, IIBI AR4]
JY I X € (X — Xg) IS W, A ;-7 (ACF (B! [§; > 0, AWT H2AN)
O 9() — Im[ < M If(x) — 1 + [I[ [g(x) — m] [(i[)R (X
ATE WS (AF, Lt f(x) =1 € Lt g(x) =m
X—>Xo

X—=>Xo
TR, € > 0 G SN G & (AF) AT § (< §y) 2 A= CaA
£ &
X=Xl < 3= [ — 1l < 57 @RIgK) —ml < 57
€ &
s X=Xl < 8= () — g(x) — Im]

&

E E
< . —+—:
M-om III2I|| 2 ~ ¢

TR (i)7) o SpPICE, Lt [f(X).g(x) = Im 2ifde =
X—>Xo

RiCI

O ®ostig-253fn Lt f(x) =1« Lt g(x) = Mz, O3 e Tl (3, Lt -

X—>Xg X—Xg X—>Xg a(x)
[@s4, g(x) # 0, m # Q]
4 &3 ¢ THAWT 2SI T SINIthE (RRITS T (@

f(x) |

‘ﬁ_E < £ T X — Xo| < & [ &8 5 Terag O F@ A% 4 Ay ... (i)
‘M_L et 10, )
g) m{ = | m m m g

< Hi(f(x)—l)}+
m

med *$ (AF, Lt f(x) =19k Lt g(x) = m (= 0)
X—>Xo

X—>Xp

f(X) .e
{mg(x) (m—g(X))H [ |a + b| < |a| + |b|] (“)

TEAR € > 0-99 & G § (> 0) Fox Al

[e>0, 5 >OW@*§5W${\QITI]

) (m—
)( 9(x)

wa f1 « [

: ‘M_L
g9 m

< g + g [(ii)7% 37> (2]
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<E€

‘M_L
g9 m

x|
9 m| =

s €>0, 6> 0-9F &=y, |x—x0|<6=>‘

TS (i) FIF (AcF ewifde =3 (@, Lt % = IE (m# 0)
X—=>Xo

2(%).5 a3 fqre gl

AT GF GFF ANIS AW T2 2o f(X) Al fI 32 X = Xg-(© AF© I4
Lt f(X) = f(xo)
X—>Xg

quEcE, Lt f(x)-95 oy q@ A 194

X—>Xp

b 100 = 510z oreie T x > % @9 ()4 i Rty T G i
S ST 700 |

IR ‘£~ 5 WBPNE f(X)-97 TF©! NGO & T I |

g ¢ 47, f 1 R — RIPIREES E (I6F ©2F, @A E, R (F1Fe1 AW AT (@16)-9 416
TADT | Q4 f(X) 9T AN GF NS ST A X = X,~(0 TR (%) 72 O [TF691 S1eteT)
TGS Z(J AM

X — %] < 8 = [[(X) — f(x)| < € [ ¢, § TOER wf® Fu 4 el (%))

oifie T X € (X — &, Xy + O) 92 Y& SRIH (in open-interval) ATF I f(X) € (f(Xo)
— ¢, (X)) + €) 92 T& SRIH PP A |

. ¢ fmf(x)—aawmzaf(x)—aaﬁmawwﬁwwﬁw|w«w,zﬁﬁXLt f(x) =123,

—>Xo

S £ A1 (X) TS 2007 S | = f(xg) ZCA |
YT X = X509 f A f(X) TS & AT AT A 90 f(X)-(F STT© (o5 el 23 |
=Tfbrad elie T f{rae Fa0eT (el A f 3l f(x) AP© 2061 OF (164 (in graph) (I (=7 (gap)
AF | T f Al f(x)-97 SPTEOR (F(E (30 9F A G BLeT (=M (gap) 7 1 [ |
AT IF ‘a jump’ Al ‘G0 S{IF A0 |
APOATH, @ oNF = Lt f(x) = Lt (X

X—>Xo+ X—=>Xp—
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[ Twigge-1 ¢ e F94 @, f(x) = [x |, x = 0 fFre 9|
@& TG ¢ GO, f(x) = | x|
giffe f(x) = x, x> 0

=x x<0
=0,x=0
aqeq, Lt f(x) = Lt (%) =0
Xx—0- Xx—0-

Lt f{ = Lt =0

x—0+ x—0+
x = 0 Rrs, f(x) = 0
- f0) =0
@ AR (@, Lt f(x) =0= Lt f(X)
x>0+ x—0-

ok, Lt f(X) = 0

sera, f(0) = 0

@2y, Lt f(x) = 0 =f(0)

TR, f A, f(x) SCoFFID x = 0 [re Twe | [eifre]
) SREad—-2 ¢ @ @, f(x) = B, x # 0

X
=0,x=0
TerEFn x = 0 fRMre @ (discontinuous)
@ Y ¢ GreE, f(x) = 0, IIT x = 0
=~ f(0) = 0 9idie x = 0 fTe f(x)-931 W STy |

e, Lt f(X): Lt |X| = Lt (_—XX) [ X<0"\'(.FT,|X|=—X]

x—0— x—0- X x—0-

=-1
Lt f(x) = Lt Xl Lt (ij [+ n>0%, | x| =X
Xx—0+ x—0+ X x—=0+ \ X

=1
@S Lt f(x) # Lt f(x)
x—0- Xx—>0+
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TR, Lt 1) e |
. 1(0) 3/ Zate, Lt f(x)-a= 3T N SIEG (72 6 f(X) TPTFe x = 0 Kre | «5ig
feICef e |

) rzae-3 3 A @, f(x) = xs‘n%, X #0

=0, x = 0%,
x = 0 fowre f(x) 7wt Igo|

o T 2 T, (109 — 1(0) | = [xsin

1

=|x=
Sin X

B |sin%| [Xx = 0-cs f(x) = 0 .. f(0) = O]

N A |
<x [- |sm;|£1, |x||S|nX|£|x|
<gETWEHO<|Xx|<d

M § = £ €A, Ltof(x)zf(O) [e — & @A
X—>

. x = 0 Rrs, f(x) T9S |
@53 e e |

1
] Swizae—4 ¢ Tf f(x) = sinxsin(ﬁ), x#0
=0, x = 0 ¥, OC3 (W4 @ x = 0 e (x) 7we|

@& TG ¢ G f(x) = sinx sin(#) (ame) - (D)

(1):-CS sinx = t T (X # 0, t = 0) =iiF
f(t) = tgn@, t#0 ]
=0,t=0
(2):-CS e f(t) S[tdTe Twizae-3 SR 7% AW t = 0 RYCS | TR, f(X) 90

TFS SCAFF X = 0 e |
«5ig facefy zpet |

e
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(] Triggel—5 3 Wi e @ 8 Lt ——o

x—0 X —1—X—X—2

2
x3  x°
. X— X—§+§—m
—sin | 51
@ AL 8 LtOLXXZ = Lt 3 >
X _1_y_ X 0
ret-1-x 2 - [1+x+x+x+x+..J—l—x—X
TR 2
3 .5 3 2 2
XX Lt S 1-% 4. Lt [1-25 +..
_ |t 3L 5! T x—>03! 20 x>0 20 _1 1
T x50 x3 x4 - x3 X - X 1
PYRATREE Lt —|1+—+.. Lt [1+-—+..
34 x—0 3! 4 x—0 4
2
X< -9
] Twizas—6 ¢ A (@, Lt =6
x—>3 X—3
2_ 2_a2 _
& i s S = Lt 2 o X8 I
x—3 X—3 x—3 X—3 x—3 x-3

Lt (x+3) [ x—>3x-3—>50,x-3=0
X—3

Lt x+ 3

Xx—3

=3+ 3=6= TAWs|
@53 faCsfa e |

xloge Vv1+x

] Swigae—7 s asie F@ @, Lt

x>0  sin? x

(..Wamoéwz LIM

x—w  sin2x

1
2

1
2 X100y 2109, 4 %)

2 ol X%
x>0  sinZx 2x50  xsin?x
log, (1+ X) Lt {Ioge(1+x)}
Sl x o Lxool X
2 2

x—0 [sinx)2 - Lt [sinx)2
X x—0\ X
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1, {Ioge(l+ x)}

2 X—o0 X

2
( Lt smx)
X—oo X

= = U [emifere]

iz [ Lt sin x -1 Lt loge (1+ x)

X—oo X X—>o00 X

z. =1
2 _]

l

] Swizae-8 ¢ Ltw :—i,emciW|

& AN 3 s =

x>l 2x2+x-3

oL @E3EX-D | -9k

x>l 2x2+x-3 x—>12x2+3x 2x-3
x-3)(Vx-1) Lt (2x-3)(/x -1)
xoLX(2x+3)-1(2x+3) ~ xo1 (x—1)(2x+3)
Lp 2= (WX -D)(/x +1)
Hl (X +D(x-1)(2x +3) [

t (2x—3){(&)2 —12} L (x=3)(x-1)

oL (WX D (X —D(2x+3)  *OLEX+1)(2x+3)(x-1)

&z (VX +1) fic e <]

(2x-3)
= (X D2x13) [ x> 1 x-1-50x-1=%0]
(2-1-3) 2-3 -1 1
T (Wx+D)(@2-1+3) T (1+)-5 T 2.5 ~ 10 Tl [emiere]
1-cos x 1
- Lt - =
0 Swzaed-9 8 (rdM @, Lt =7 >
. 1-cos X 1-(1-2sin2 X
@ I 8 Sifes = LE——5— = ( 2)[ cosx = 1 — 2sin?= |
x—0 X x—0 X2

2
2sin? X sing |1
Lt —2 = Lt vl BAD
Xx—0 X2 x—0 ? 2

| —
x
-
-
o
VR
<24
Nx| 3
N [x<
N—
N
|
N~
—
N[>
d [
~—+
o
VR
@
Nx| D
N[>
~—
——
N
—
X
o
|
2

1 '5|nt2 X
= Lt — Z =
2 (t—>0 tj [aﬁ, 2 {
2= 1 gefi
2-1—2— |

oIz el e |
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2(F).6 aF0 ATCATCHA ANE TwIZASFS (B e 223 =

FCH)
P+ x-31-
[ Swigga—10 3 e [efa F=ea ¢ Lto¥
X—
3 3
- ST 3 Lto—”l”x V1= X
X—

Lt (\3/1+ X —31- x){(1+ x)% +1+x-M-x+ a- x)%}
X0 x{(l+ x)%+\3/1+x-\3/1—x+(1—x)%}

1 1 2 1 1 2
((1+ X)3 — (- x)3){(1+ X)3+(1L+x)3-(1-x)3+(1— x)3}

= X':fo 2 1 1 2
x{(1+ X)3+(1+x)3-(1-x)3+(1— x)S}

R (e e )
T w50 2 1 1 2
x{(1+ X)3 + (L+x)3(1—x)3 +(1—x)3}

1+x)—(1-x)

= X':fo 2 1 1 2
x{(1+ X)3 +(1+x)3(1—x)3 +(1—x)3}

2X
= X':fo 2 1 1 2
x{(1+ X)3 + (1+x)3(1—x)3 +(1—x)3}

= Lt 2

0 7 T 1
PR+ %3+ 1+ %)3(1-X)3 +(1-X)

2 2 2

7 [ x > 09Eie x # 0]
3

= 2 1 1 2 = =
(1+0)3 +(1+0)3(L-0)3 +(1—0)3 T+l 3

2
Ced 8 E

-1
] Swigae-11 3 Lt tan”- X = w9

x—0sin~1 x

tan—1 tan~1x |(x
@& g s Lt X tho( ](—) [ X — 0, X # 0]

x—0sin~1x sin~x J\x
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tan—1x

:Lt( JLt(Xl)
x—0 X x—0\sin™t x
p sint _
= Lt _— Lt - _1 - o 1 —
p—>o(tan p) t—>0( t j [4f¥, tan p gk Sinx = ]
[@%T, X — 0, p - 0 @R X — 0, t — 0]
= Lt | PCOSP ¢ (ﬂ)
"~ pool sinp ) ool t
= cosp 4= plioCOSp _cosO 1
p—0 m) B sinp) ~ 1
- ( p pI;tO( p )
Ted 2 1
eX —1)log, (1
[ Swizae-12 ¢ sw fefa T2 ¢ Lt (&7 Dloge(+x)
x—0 SIn X
- Wm g Lt (eX _1)|0ge(1+ X)
x—0 sin x
Lt eX -1 [Ioge(1+x)j. x2
T x>0 X X sin x
= Lt E . Lt IOge(l"'X). Lt X Lt x
~ox-0l X x—0 X Xx—0SIN X x—0
1
Lt ——- Lt X
=1-1 X—)O(%) X—0
1
= Lt x = =- Lt X = LtX:
Lt (M) X—0 1 x>0 X—0 0
x—0" X
Ted 3 0
] Srzae-132 Lt T = ey
x—0 X
sin x0 sin (ZX .
- Wm ° Lt = Lt (180) [;C, — @%ﬂm, 1800 - ﬂc - lo — 77,'_]
o e X 180
sin (ZX sin (2%
= % = “{ 5;180)'%}
x—0 (m)(T) X—0 (m)
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N o

[ Swzae-14 ¢ 7% G(X) = — Jo5_ x2 T, o3 Lt

T sint X
L L ZX _
180t—>0(t ) [aﬁ, 180 t, 98T X > OWtd t — Q]
T T
=180 17 180
o
180

G(x)-G()

-a3 i§ Fo 2
x—1 Xx—-1

@ AL 8 m, G(X) =— J25-x2

s G) = - \25-12 = 25-1 = — /21

o, Lt SW=C0 | 25 )
TV xo1 x-1 x—1 x-1

L J2a-25-x2 _ | (V24 —/25- x2)(/24 ++/25— x?)

x—1 x—=1 x—0 (X—l)(\/ﬂ+\/25—x2)

242 -(J25-x2)2 |, (-1

= Lt =
x—1(x ~1)(V24 +/25-x2)  x=>1(x—1)(v24 +/25- x?)
(x+D(x-1)
_ L . _
x—>1(x_1)(\/ﬂ+\/25—x2) [ X—>1=x-1%(Q
Lt (x+1) LoD
a x—>1(\/ﬂ+\/25_x2) B LtlJﬂ+x/25—x2
_ 1+1 _ 2 2 1
T J24+45-12 T 2J6+2V6 T 46 T 26
, L
YN oo 2\/6
Lt x“sin(%)+|x|2
Swige—15 — X - Fw?
m =15 xo—eo 1+ x[3 w
x“sin(%)+|x|2
@ Ay 3 Lt —
X—>—oo 1+ | x|
x4sin(L)+x2 1 1
= Lt¢ [4F, x = = A, t = = IIT X — — oo, t — (-0)]
X—>—oco 1-x3 t X
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1)\ sint) + (1)
= Lt—(t4)(5|n)z(t) [t — (-0) s t — 0]
()

g’ t3[(tl4)(sint)+t%} Lt {Sig'f+t]

t—0~ t3-1 t—0~

sint
M 140 1

= u@-y Toq- -1
t—0
Teq s -1
X+4
] Swigae-16 ¢ Lt (X+2) =99
X— o0 X+1

X+4
- ST g o, Lt (iz) =p
X—>o0 \ X+1

. loggp = {(X+4) |09e(xii)}

i (x+1)+1
- X5t‘>c’_(x+4)loge{ x+1) H
(x+4)
= thoo_(x+) (x+1)loge 1+—}
= Lt 1+— (x+l)|oge{1+ H
1 1
= tgto{(l"'?’t)'flc’ge(l"'t)} [4f%, ol t, X = oo, t — 0]

= Lt {(1+ 3t)- ! loge 1+ t)}
t—=0 t

_ Lt@+3n). Lt 10%d+D
t—0 t—0

=(1+30)1=11=1
qeak, p=et=e

S u ] e

X+1



1 X
] Swizae-17 ¢ Lt —log, (1——) = Fo?
x—0 X 2

Ted 8 —

] Twigae—18 ¢ &sie T 8

& Y ¢ IfnF =

- "
Xgix{«%)—; <zx>—;(xs)— }} otz x B
w3 E e xo0mxea
EACIEA s

~ 2 2O~ (0 — =5 (G, Ul T WK S )

Lt (X + y)sec(x+ y)— xsec x
y—0 y

= secx(X tanx + 1)

Lt (x+ y)sec(x+ y)— xsecx
y—0 Yy

Lt x{sec(x + y) —sec x} L Lt ysec(x+y)
y—0 y y—0 y

t > LR G sec(x+y)
y—0Yy |cos(x+Yy) cosx| y—0 [vy—>0=y=(

Lt x COS X — COS(X + )
y—0 | Y-C0S(X+ Y)cos X

Lt |: { 2 } 2 + secx
y—0

y cos(X + y) cos X

}"'S@CX

oY
NS
Lt sin(x+%)- Lt (2 . Lt

) +secx
y—0 y—0 % y—0 | COSXCOS(X + Y)
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inlY
sm(—)
Y0 ¥ ymolcosx-cos(x+y)

' X . y
snx‘l‘coszx-'-%cx[' y_)o’ 2_)0]

sinx 1
X+ ——-—— + SeC X = XtanxX SecX + Secx
COSX COSX

sec x(xtan x + 1) = Tiafrs (emifae)

2x+1
2x+3 Y L (2X+3j(2x+3)x
2R 3 — t
ol i Xhtoo(zx-i-l) T x> |[\2X+1 )\ 2x+1

2x+3 [ 2x+3 \* 1 L
= Lt 2% 2X [X_)oo,;_)0:>;¢o]

2x+1 || 2x+1
X— oy %

2% +3 X+1
[ Twigge—19 ¢ s el o ¢ XI;t

1+i 1"1‘i i iX
Lt ( 21x).( 2 |, {1+2X]' L [1+2X]
= =t T (= : z
X—> (1+2x) (1+2le) X—o0 1+ﬂ X—>oo 1+§
1+3 143t
t
_ Lt(+t)~Lt[+t)
t—0\ 1+t ) t—0\ 1+t
1 1 1 1
[X%M,;—)O,..Z—)O,aﬁ,g—tm‘x_z

3
Lt {arani |’
— (1+3'0). =0

- 1
1+0 tito{(“t)%}z

{ Lt (l+ p)l}g 3
p 3
:( + ) p—0 — € [2]%,,3t=p,t—)o’p_)0, XE}Q(]_+)()X =e]

1+0 1 % e%
{ Lt (1+t)t}
t—0

_ 3.1 _ 2 _ _
_e22_e2—el—e

. e e = e (Tem)
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2(F).7 =iifeiitea Faa gt

(0 T

& Lt g(x) SIS el <ol 2 | g TR (wieffe 19 8 2iAw
X—a

oqeitg Lt _
AT x—a g(Xx)

109 (0

CFCE) STNFE I ¥+ (0) 203 fEeeid 7 s 2o amr ) afw Lt (ij

x—a g(X)
2CF O FAFE T e Gy wif=i51CeTa 1@ A il Srepraiel <6311 2 | G A, i faficer
“eifefcefal WPl (indeterminate form) STt alely 1 22 | &Y M (%)—3?@ «q TopTCar SR (z)
al, (0 X o), co—co IAW EFACF SBf© | AT |

wifeBITeTa @ A w2 1M f/(x) @R g'(X) -(F TAGFE f(X) GR g(X) STFAFTE A 41
o GR G ATSIF X = a [RMLo AT 27 @R W f(a) ¥R g(a)-98 N+ *« 27, O

F0_ 1y £ _ (@) ,
xl;tam_ xl;ta g’(x) h g’(a) T, g@) # 0
@ a9 forete FIFR ol 2 (i) Lt f(x) = f(a) (@A f(x), X = a-CS 7%©) (i)

YT *1$ AN f/(a) AW 20, x = a RYCs f(x) SR TF© 209, @3 SRl SRR |

sin X —
] Twizae-1 s XL—>to i :3 X _ se? (Ffemz Refy F2e) [CU 1995]
@ e s Lt X (O g e
x—=0 X 0
cosx—1(0 0
= ST o) [0S 2 SRe Si@Eere e WS X = 0 P, o SIe
2MeTl |
(=sinx) 0
= Lt >—~ (=
x—0  6X (o SIPIE)
(—cosx) 1
_xli}o 6 :_E["Cosozl]
Teq 1
8 3%(@‘““ = - E



36 0 GE-CO-11 @ NSOU

1
] Twizas-2 ¢ XI;to(t«':m X)X -aq W [efm e |

& YA ¢ 4, p = (tan x)%
ToF 2% log 0 72 [@0Fa log-93 T« (base) 257 ‘€]

1I tan x
logep = 3 0Qe S

Lt (loge p) = Lt{|oge(taQX)} %) q, Lt X 9 jog1 = 0
e e = Wl ) Q) S aE e, B =1 logl = 0)

x—0
_{xseczx—(tanx)l} X sec?x 1
= Lt NG tan x - Lt{tanx _X:|
x—0L 1 x—0
- Lt|—t —l}z [_2 —1}
x—0LSIN XCOSX X x—0Lsin2x X
[2x —sin2x 0
= Lt —} =) WFE
x—0L Xsin2x [(0) ’ ﬂ@]
Lt [ 2(1-cos2x)
~ x>0/ (sin2x) -1+ 2xc0s 2X

Lt[ 1-cos 2x } 0 _ R
ool Sin2x+ 2x cos 2x [(6)WWW°L?RHX—O, cos2x = 1, sin2x = 0]

2sin 2x
=2 Lt -
x—0[ 2C0S2X +2€0S2X — 4XSin 2X

_ Lt sin 2x 0
=2 x—0| 4¢0s 2X — 4x5in 2x [(6) T3]

f) Lt [ sin 2x } _ Lt [ sin 2x }
4 )x—0| cos2x—xsin2x | ~ x—0[ €OS2X— xsin 2x

Lt sin2x
x—0 0 0 0

Lt cos2x— Lt (xsin2x) _ 1-0 _ 1
x—0 x—0

0. 14,7) =
> x=0

1
qr, Lt P =¢d <y Lt(tanx)x =1
x—0

1
AR, leo(tan X)X @ W = 1 (TeR) |
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1-cos(x—a)
-3¢ Lt ——————=_
0 Swrea-3: LU (x—a)? @3 W fAefa e
1-cos(x—a)
o Lt ———
- AL 8 x—a  (x—a)?
1-cosz 0
150 72 [(O)SWW-][ZH%&X a=z¥4IXx —> a, z— 0]
o 2CsnD gy (&)
-0 2z 70\ 22
2750\ z 2 2
1
sin(a+ x)+sin(a— x)—2sina
[ Twiege-4 2 (rd g, Lt @+ x)+sin(a - x) =-sina
x—0 Xsin x
Y _ sin(a+ x) +sin(a—x) — 2sina 0
& Y ¢ FE = XI;t0 Sinx (5 )
L’ Hospital f=s1 @icznsl a1 112
cos(a —cos(a—x)—-0 0
_ g sl oos@ -0 0
x—=0 Sin X+ X COS X 0
_ Lt —sin(a+ x) —sin(a— x)
T x50 COSX+COS X — XSin X
iAo s .
_ —sina—sina _ sma:_sma: s | 518 FaCefe 20T |
1+1-0 2
1 tan x 1 tan x
] Swzre-5safr y = (;) T, OCF AN Fe tho(;) =1
-

tan x
@& G 8 qUFCE, Y = (;J
TeTATH log T =112, (109 4 = €)

logy = tanxlog(%)
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Lt (logy) = Lt {tan xlog (Ej}
x—0 X

x—0
1
_ 1 96 (5 )
x—0 CcotX
= M = Lt ﬂ

x—0 (-cosec?x)  x—=0 X

sinZ x 2
=u(2x STELLY T
x—0 X x—=0 X x—0

12x0=0

Lt 1 tan x 1 tan x
-+ loge( L Y) =0 = Lt (—) =0 = x';to(ij = 1 (emfere)

x—0

sin2x +asin x

] Swizae—6 3 xllt a3 AN 2 O(F a-9F T Fo ? A7 We [Fefa T

@ AL 3 errﬁm o P AR Lt

x—0

a9 X — 0, 3x2=o X—> 0TI 2+a=09dle a=-2

{2c032x+acosx
3x2

} (=T=G1eT feraesn)

= 2 (A S weirsfae ERATICERSIEIE

sin 2x —2sin X

Lt — [— IHFE]
x—0 X
2C0S2X —2C0S X
= bt —— [— IFICE]
x—0 3x2
—4sin2x+2sinx _0
= Lt — - e
x—0 6X [0 7
L —8c0s2X + 2€0S X —8cos0+2cos0 -8-1+2-1 -6
= t = = = — =1
Xx—0 6 6 6 6

-, T g e = -1 (Te9)

2005 X — 2+ x?
() Trrae—7 3 = Wl w6 ¢ LtOM
X—>

X
@ Y 8 o (ACP

2c0s X — 2+ X2 —2sin x—0+ 2x
Lt =225 = Lt [—WWWW}
Xx—0 X x—0 4X
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=2sinx+2x 0
= Lt =270 2
3 [Owwmﬁm]
—-2cosx+2 0 .
= Lt =——2"% 1> g
Lz [ T LR S R

_ Lt 2sinx+0 _ Lt 2sin X

x—0 24X x—0 24X
12 x>0\ X 12 12

v“a@zﬁmﬁﬂmzé

[ Swizad—8 s Wiw fefg ¥ ¢ Lt (1-sinx)tanx

X%

@& NG 3 24w AMBT SFF 2 0 X o0

Jeak Lt (L-sinx)tanx = ¢ d=sinx) [ SR QAR ST W]
X—7 x—>% cot x
t (=cosx) Lt COS);
VRPN = x> cosec

- x—Z (—cosec?x)

cos 7 0 0
= —=5 =5 =7 = 0 [ Lt COSX = 0 @R Lt cosecx = 1]
(cosec%) 1 1 X7 x—7
Ted ¢ 0
() Srizaei=9 & WA foefy e 5 Lt (X257%)

& TN 3 45, y = xB™
Tex 2I0% &9 (log) I =112, (0o e = €)
logey = (2sinx) logx
XI:EO(Ioge y) — XI::[O{(Zsin x) log x}

2log x
x—>0 cosecx

= log, (Xgo y) [— I, (S0 W= eltea]]

i sin? x
= Lt —2*%— = (_)
x—0 (—cosecx cot X) x—>0 X COS X

j [ % ]
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2sin xcos X sin 2x

= (_2) Lt

Xx—0 COS X — X Sin X

= (_2) Lt

x—01-€0S X — XSin X

Lt sin2x

x—0 0

= (—2{ Lt (cosx—xsinx)] =(-2) x (1_()) =2x0=0
x—0

Lty=€"=1

x—0

Mo, Lt xmx=1

x—0

X

[ ®wizae—10 ¢ Wiw fefy w1 ¢ Lt {tan(£+ x)}

x—0 4

1

& . L ¥ tan 7 +tanx |
- s4fR,y= Ltitan|=+x | = —
A y x—>0{ (4 )} x—0 1—tan%tan X

x—0\1—tan x

1
= Lt [“tanxjx [ tan% = 1] (sTIfi5teT forac)

t logl+tanx)—logl—tanx) 0

= L —
a4 logey = Lt ” [5 e [E]
Lt sec? x . sec? x _ 25ec2 x _ 2.12 _2 _,
x—0{1+tanx 1-tanx ¥—01—tan2 x 1-02 1

x =

oo logy =23,y = € wfie Lt {tan(%+x)} = € (Te)

x—0

2(F).8 ForT wgsd A AEFS @

(a) 7 n @b g sfef ke 7w, o L x0 = & (a # 0)

Lt y\n = 4n
o Xt=a(@a=#0)

(b) I™ N <G AelreE =jof AN 2, O

n n
X - = na™!

(¢) W n @ Jom A< 2, O Lt

x—a X—a
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(d) ¥ n = s oy 7, e Lt PO

X—a X

X _
© Lt e* -1

x—0 X

=1

(f) Lt Smx = 1 (39 x-(F @S GFCF 2 F91 T)

x—0 X

© Lt loge (1+ X) _1

x—0 X

a*-1

(h)

Lt = logsa (a > 0)
x—0

1
(i) Lt @+x)x

x—0

=€

) Lt (1+ljn =e

N— oo n

2(%).9 AfweE

@3 GFF AW (limit) 7>cF @301 e a6l e 2R |

@35 AR SToFwF f(x)-93 W L Ie0e /T f(X) T© L @7 639! 27, X ©9 ‘@’
638! 21 |f() —L|<e T 0<|x—a|< §(Id € aR § (© Fu LT T A2
R § I € GF Toig TS e)

2SI AR @ aw Lt f(x)=L

X—a

Q4 x 3t T (AT T© Tz ‘@ T R0 R! 7, 902 f(X), 1,-97 Tl TRhae! 7a | @B Iy
zeT f(x)-ga1 < fresar A | 2 Sorglee 0 Lt f(x) =Ly

Xx—a~

GBS X TS THUEA (AT ‘&’ -7 FI6a3! 203, T f(X) |,-47 638! 200 A | @
I, T f(X)-99 THAEa JAN | G- Lt f(x)=L, f(X)-99 THMCE AN ST 2P |

X—a

@< Ly = Lp = L @ oy Feaaaa a9 Lt f(x) =L zawee Lt f(x)= Lt f(x)

X—a

QT f(x) SR x = a Mo 7@ (continuous) 203 | wigfie HIE S+ (limiting value)
@R Aol (continuity) @2 G ARl AR5 TS |
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2(F).10 SRpAeat

=it s g ww [efa F ¢

eX _ anCOSX

LA Lt g7 WF T T, O a-aq T R 9T | T A TS A2

-0 X-—Ssinx

- Lt (E_Lj _
2. & x—0\X tanx ) 0

3. ouef FEey ¢ Lt (coseczx——j _1

x—0

1

4. 74 @, (%jx =1
1
5. LU A=X) gy o oMo it e ey £ -1, 0, 1, 2

6. &I T (3, tgtm(\/t2+2t—t) =1

S ARG (A)

2x3-5x2+7x+1 1
1. o9 F (@, Lt . =
x—1 3xc+5x+2

N |

2
Xs—3X+2
2. W faef Py ¢ Lt 5

Xx—1Xc —4x+3

Lt \3/1+x —\3/1— X _2

3. A A 8
x—0 X 3

4. Lt (1-x)tan X @ 9 A
x—1 2

1
(1+x)2 -1
5 Lt ——"7F—

3 4 1 . -
T 55050 0 @I AT Tex ©f e T |
=014 x)3 -1

-1 1
t = =

6. &el et @ x—0 sin3x 16
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7.

10.

eax _

—— -qF VI F© Z(F ©f T T |
x—0 Sin bx

Lt E(L—L)—aawﬁm (ST (1o M6 203 of fiefy et 2

x—0 X\sinx tanx

1,

’ )

N[
~N| -

w|

3-6+x V3
Lt NN iy 5 A2 ©f 215 T |

Xx—3

Lt Jcos x — ¥cos x
-~
X

x—0 Sin

-3 I el T |

Twe fTTms (B)

1

oSl S (@, f A f(x) AFe x = 1 KMo 794
f(x) = 5x — 4, 0<x<1

=4x3—-3x, 1<x<2

) = X xx1

X

@R f(0) = 1 2, OF f(x)-97 Tl A7 Il x = 0 e |

@A @ f(X) = % X#a

=1, Xx=a @ X = a k™Mo f(x) Pe|

’Jﬁf(x):%,x;ﬁ1®,Wf(1)—élﬁﬂmww,x=lﬁ‘"{ﬁf(x)ﬂ%ﬂ?@
e 2T |
k-a3 S @ISl T T Ao
f(x) = ke, x<2
=3, x>2 x=_2 e Twe 27|

2x2 +6x—5

(i) ™ f(x) = o 1 x 20 T T XA (I (I ST Gy F(X) SPT® 203 O 737 32 |



44 0 GE-CO-11 @ NSOU

1-cos4
(i) = f(x) = Cxcf X x<0
T J16+Jx-4" X
=a, x=0%, 9@ a7 A+ [ T A0 f(x), x = 0 e o =3
2(F).11 oGt
1. Das and Mukherjee . Differentia Calculus, U.N. Dhur & Sons, Kolkata.

2. Shanti Narayan and Mittal : Differential Calculus, S. Chand, New Delhi.
3. Gorakh Prasad : Differential Calculus, Pothishala Pvt. Ltd. Allahabad.
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2(2).1
2(4).2
2(<).3
2(<).4
2(4).5
2(%).6
2(%).7
2(%).8
2(4).9

ST

D]

fafew wterss f(x)-9a F@e fEas STED

Tl WDl : fawie Ak ThuleTe It A STorwS
@4ha (AT oY TPFFeTted wL

EREaTIE

ST

AR

2(%).1 Tral

9B GICP IPRZS SCAF(T AFO] 8 GFIFTG (T3 GF G Y2) T(F S 200 |
Foafe] wFgsd Trigaee Ffere =g |

2(4).2 &I

TR ARER SH T6] FCAFET AT O/ ST G2 OIF S[FIFeT IATE Aol |

(a) FF® WC2HFA 7@ (Definition of continous function) ¢ x = ¢ RMLs @G FPIRErs
LS WO 74 AWM 05w foqb = G veet |

@i LtC f(x) oy & 2@

(ii) f(c) e Wewm =@
(i) Lt f(x) = f(c) ==

3 o *(ST (T GHOCF T FACET S2HF0 SPTFe (discontinuous) 26 AL |
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Twizad ¢ «f7, f(x) = 4x + 5, x = 1 e, (Rl o)
qGrFE, Lt f(x) [oF ficsa ]

x—1t

= Lt 4x+5 =4 Lt x+5=4(1)+5=9

x—1+ x—1t

L‘gﬁ f(x) f(x) [Sifaca ST

= Lt 4 +5) =4 Lt x+5=41)+5=9

X—1" X—1"

@Eg Lt f(x)=9= Lt f(x), Joqk Ltf(x) =9
+ X—1" x—1

Xx—1
AT, x = 1-¢9, f(1) = 4(1) +5=9
v LEA0) = 9= (1) T, x = 1-09 208 wors £ 1 f(x) @
X—>

(b) Ft1@ Rreme R A (Analytical definition of Cauchy) 8 SICoRFs f i f(x) <30
@3-« (single valued) 20 x = ¢ RACe 7T© 203 I f(C)-9F M W IG A
X = C-(9 G &7, ‘& Gl ooy gaee 1f (o fifae) e oy oise @ais Sifegy
LIS AR AN A (T 5, € T faSaiet) Tt
[f(x) — f(c)| < &, T X — ¢| < & (FTFST X-4F W &) |

=
(i) I SCors f At f(x) IF [a, b] <5 S (closed interval) F¥e = o1 T @
SR elfolb RMTe SR*12 AW (continuous) 2 |
(i) AT S f(x), X = ¢ RYCS AF© 97 @7 9, f(x) A f SACAFHO x = ¢ Ko SPTFe
(discontinuous) |
(iii) I SRS f(X) TFS 20a T2 SR 9o WA N AE (bounded) T | 5
[EEEICRIRSH S R SRR

(iv) 935 7®® o (f(X))-(F ¢ (# 0) ¥ ML @ T, cf(X)-¢ TFS 2 |

2(2).3 &fe wterss f(x)-9aq w9t faas wteva
(@) W x = c R f(x) 9% g(X) TS 2 O f(x) + g(x), f(X) — g(x), f(X) * g(x),
g(X) # 0) SN2 x = ¢ RYCS TS T (9 FU @I TR &) 7))

(b) 3 f(x) S0 [a, b] SR TF© 27 @k f(a), f(b) KTe bzge T aze 7, 02
X = d-99 & @A a < d < b] f(d) = 0 =[ |

)

g(x) T
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QI TF FCAF AFE AIC 77 G TCAFS <G Ao F99
(1) @99 &@=Fa 9 AgEs I98e (Discontinuityof first kind or ordinary discontinuity) 3
@G o f(X) A f-931 (FCg 2T AP TPl ACE 49 ¢ [Kes, f(c + 0) [,
Lt f(x)] €2 f(c—0) [A, Lt f(x)] TSR Y I&17 A, [F€ O 21777 S 27 |
+ X—>C~

X—>¢
arwg, f(c — 0) # f(c) = f(c + 0) WAt f(c — 0) = f(c) # f(c + 0)

(2) TS @%@ smwet (Discontinuity of Second kind) 3 ¢ ST f(x) A f-99 F0a
ZoR o SPTEel wte JeT 2 U c-(9, f(c + 0) [, Lt f(x)] <= f(c - 0)
[<, Lt_f(x)]ﬂ%@ﬂlﬂ?@@ﬁﬂ@%%ﬁﬂ@ﬂ%%%%ﬁwmw

X—C

f(c — 0) AT f(c + 0) WFg2 = |

(3) f st (Mixed discontinuity) 3 ¢-Co, ST =< f(x) < f-a3 il P! =itz <1
T W 9T ¢F 2T o AF Twe! Gk THT AT AN AT IS IS A |
GIF @2 2T ATl AFCS AT |

(4) SPRTINN SPTES! At FAreIeCalel ST@e! (Removable discontinuity) 8 22T, ¢ R,
SCAFF f(x) Al f-99 TSI TS wcz M XI:;[C f(x) ©Ifwy I& =7, 8 f(c)-9aa
AR FL[L I 20 A |
geffe Lt f(x) = Lt f(x) = f(c) 7T 1oy 27 | @ret, f(x) Al f-98 AF©! I Sl

x—ct X—C~

Lt f(X) = f(c) F>IF0cT Moy T &= FATFBO g 22el F77 | AR, f(x) A -9

X—C

SPTTe] TIPS 20X f-4F AFOR RFCa ST 06T I(F FASIACIN STgel’ Il “S2PR
SAFS!” (removable discontinuity) G |
[ Swizae-1 ¢ 4f3, f(x) = 5%, x < 4

=X, Xx24

@& NG ¢ 9o, f(4-0) = Lt f(x) = Lt (5x) =54 =20
X—4~

X—4~

f4+0)= Lt fx)= Lt (=4
Xx—4+ Xx—4+

X = 4-C3, f(x) = x 9<ie f(4) = 4
Lt f(x) # Lt f(X)

X—4- x—4t

AR GTFCE, f(X) A 99 x = 4-(S ‘YT LG SPTFS! 5F FA1 A |
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() Trigaei—22 43, f(x) =~ , X # 2| @<= S} @eres x = 2-C9 f(x) @ et 7
F9]| T SISt Qnm,—ca%*mém f(X)-93 CF(q o7 FA A2

2_4 4-4 0
X% 2 G f(2) = % =5 = 5 R KEe A

2 _
- I 5 o, f(X) = XX_24

e |
-2)(x+2
(x (X)(;) ) (x + 2)

Lt f(x) = Lt (x+2)= Lt x+2=2+2=4
x—2 x—2 X—2
RISEIN Lt2 f(X) = f(2); T 1(X), x = 2 Mro AARFSIEF PTF© |
X—

Qe X = 2-(9 f(X) ATS (I O &) *S LT |
I f(2) = 4 @1 =W, O Lt 109 = 4 = (2) T
X—

G, f(X)-93 SPTFel Sofe 2R AT WA (AR | Gt 936 Sohfesa Spger
TR |

[ Swizze-3 ¢ 9 f(x) =

X # t @3 f(t) = 3t @ o3 f(x)F Tww?

_ -2 (x+t)(x-t)
RN ECRNES S

f(t) = 3t1 @=g Lt f(x) # f(t), TR f(X), X = t-(C TS |
X—t

= Ltfix+t)=t+t=2taxR
X—t

(] Swzge-4 s T f(x) = x + 1, x > 1
=3x-1,x<1
=3, x=1
X = 1-¢ f(x) 7Fe & 21Fw T
@ g e Lt f(x) = Lt x+1)=1+1=2

x—1t x—1t

Lt f0g = Lt (3-1)=31-1=2

Xx—1"

&g f(1) = 33, Lt f(x) = LE f(x) = f(1)
x—1+ x—1"

TR f(x), X = 1-(C ‘Tao aFa SPge!’ ev+q 3 |
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) Srigae=5 5 47, f(x) = 37X x %0

X
=k, x=0
k-a3 i e gre f weawsn x = 0 fqre swe” g3 e
@& A ¢ 9o, f(x) =k, x=0
a1, f(0) = k ®1¢fie x = 0 Lo f-SCoHFFT T 2o k
a, LUTOO = Lt (sinXZ] T [Sinzxz-x]

x—0 X x—0 X

= [th Sinxzj-( Lt Xj [ x— 0, % — 0]

x—0
sint
= (Lt—) Lt X [«fg, gem Srpg @y 2 = t, X2 - 0 . t — O]
t—>0 t x—0
=1(Lt x=10=0

x—0

f SoFFss x = 0 vpre JIww 7@ T (0) = Ltof(x)‘ézfmﬁekz 02|
- ST k93 9 = 0 (Te9)

2(2).4 FFo! STEAGA : faqie @R THEeTE 29V AME ACATE

Graphs (for quadratic, polynomial, power function, exponential and logarithmic)
(a) Toifdew fadie qak ©fF Thurele I A (F14ba (IS ATed aFEfE Srad
F4 T
M) y=fx)=x"@E n=2456.)
qUFCE N G0 oA AL | AR SCAFHA (@1fba

AR 29w ¢ @SR «itel (quadrant) FNIRw ATF | Py
1afoalt wda AW (continuous) | €2 (eTefba y-orF Yoy
AT elfoaTs (symmetrical) wiefie y SICFF i @R T {_|K %]}
fircs st emife | 22t () o < x <0 @ X5 0](0.0) > X
Tl G FRE (FSIE) G- 0 < X < co-GF G
@14foaf, «wmem affge (FCIFSIE) | SR @Bt ﬁf‘rz)

q (i

TCETEIT (@ N-9F 39 T8 2 @3 OiF T R [wiefie
n=4 6,8, .. 2] 98 FERY (0, 0) ATTF T Hii#(Gl ©RG FC =NeT |
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(i) MMy =f(x) = X" (AT n S 7R Ly = %, %3, %, ...) T o @fbrad @Ryafe

[EEGTIIS I YA &
(e1fbg Tl 29N € GO HIC7l SE A (AT | \
— 00 < X < 0o~ 7 Ty 22! ((T50) GPRE IR (FTISIR)
33) g T LA (0, 0) 72| X< 00.0) =X
N-4 TR Jia T60eT ETRbead Hiwibl ok Jia #1122
“1fige (periodic) TS 2 alelf =% | “

(b) 5% TR @R AATWMEF SCorFF (@< 57 (ii)

(i) 4, y = f(x) = a (a > 1) [fog (1) ZepAIs]

OB AT S &, 2, .. A e |

AT y = &, I KeItsm S@ais; 0 (AT oo HAF KGO 27 T4F X, — 0o (ATF + 0o-GF
fas fafen W9 276 363 (a > 1) |

Y X-GF i@ Al — oo (AT + 0o~ T (G ©©F ¥ FFfAFP 20 AW + oo (AT 0-47 s
(0 < a < 1) I 31T 71F© (continuous)

(i) «fF, y = @ (a> 1) | y-a7 i G 27 TLT —o0 < X < oo
@7 oSt s 2R =T

X=1logy (0 <y < oo, —c0 < X< o)

AL,y =10gX (0 < X < 00, 0 <y < o0)
Roidis Somrab STt Mg T2 0 < X < oo
R¥ s a=ewd Ty = logxdl y = Inx (I #19)
GUFCE, 0 < X < 00 @R —o0 <y < oo
(i) @ (i) Ton g y = x &7fbrad ATATE [eifoen afems (symmetrical) |

y=ar

'1.‘ =av Y A
V=X y=x
Q01) Q(0. 1) v=log,x
__—/
X'= > X
0(0.,0) A/ Pa.0)
.0)
foa (i) “ foa (ii)

TwaE e ¢y = a (0 < a < 1) ETafbaf 2w ¢ o «iteid sy [gw | 321 Fere =iz
R S-S SICoF | 32 AT@ |
Q@ sy = a@R y = logx (a > 1) Tex (=14fbaz Awe|
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(i) Tes1 =eerF< (Convex function)
GG FOCe F© TR THfAES GG v 251 P afs L @i e A P Rgsiish
T | O P L ARl ACPICF P e T@a (convex) I6A AIe 207 W P
TS SfEe (e ) L AR 0% 0w A
ST (acute angle) o, IFCILIR AR TI&E |
T 77 Sidfie IfFEITA SRR 0 | b
Convex J1 Tes| T AL O JEIL FCATS
TE okH | 4fF, O (F@W € 21 ABCD 3%
AP @33 BP wiffs ~o*& ufs P RMTe (27 a1 ACB bi9 25 $ee| ADB
Biol 2 S SIee (concave) | JCed G0 S TG Z0E ST SRH ST |

(i) =@es JCoFF (Concave function)
Toifae forad ceifies fR7idhe At (b Mieiz 261 concave Y
(STeT)- g TG | U IR ¢r, IS HA2® @

3l SFACH SR A | a
P R AATF 35 IwE @3 wee e 3R o 0
b1 SRes (eI w3 P f{t@ inflexion At pife2 &

o7 27 | S S, T y = f(X) TG (FTTeCH SEo)

T wRfge @3 T P (x, y) | P ke faea o)

ST f(X) SIS G 7T ZCA G3% f 7(X) # 0 SqeeTold

& 7o £7(x) > 0 4<%, TeTSI A6 7 £7(x) < O 4

(iii) ¢af¥= =werw= (Linear function)

IMy = f(x) = a + bx HFF IO 2, T D -9 A (I ACOH ApAF) 1
ot @l =7 | v A

aoFeg, f7(x) = 0

X493 O QTS (TR (ARSF SCoFF 961 27 | Sifsifes
TR (AF 92 GECe (F1eba 2 AR | 0l (0. 0)

Tz, 47 y = f(x) = x-aq Tfa T OP |
y=f(x)=a+bx=x @4v,a=0,b=1
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2(%).5 SFq Feced Gl

47, y = f(X) T x-97 GF0 ¢F N I& A SoFF @2 @b ¢ < x < d [ Preere |
& @M Wy SRES @ @It 7% x (5e7)-@ I Ax A h, x-93 I (2 S=T)-(F Ad® 0,
O S77 bel y-aF Jia - Ay Al k

Sy + Ay = f(x + AX)

ql, Ay = f(x + AX) —y 3, Ay = f(x + AX) — f(X)

Ay _ f(x+Ax)-f(x) .
4, 7 a— [+ Ax # 0]

Ax—0\ AX AX—0 AX

IM @ FANE Nea fEg ACF, O

Ay f(x+Ax)— f(x)
Lt Lt ———~
AX—>O( j ( ) Ax—0 AX =

g, Lt [ﬂ] _ Lt f(x+Ax) - f(X)

d f(x+h)— f(x
Ax = h =i, Y = Lt Lx+h) = ()
dx h—0 h

-

AU, % (y)-CF X ACATH y-a3 SsgFere (derivative) 2T siey F0 27|

. d d d . .
k= ¢ () &(y) = d—i = dy + dx QT A1 = ol ‘D’ (wiefie differential operator 3

TFIFES SCHFF), Y = f(X)-97 T2l 9 | AR Sl AI7ell Bl 72 I 1 |
(i) (I SCHFHFT SR 729! Al TGS (derivative) e T »afors swawes at
e (differentiation) 2Nt 4@t 23|
(1) I791F (AT y = f(x)-99 SGIFeTe o 19 WG @™ 9@ (first principle)
FAge@ (definition) f2oTCa ool 41 27|
@AERY y = f(X)-97 SBIFG g AT SEg Gios, TR —aawﬁ—a@mw
IR TS @R A (At At e Face 2@ wdie

Lt f(X+h)—f(X) N S NN —— f(x+h) f (x)

h—0* h h_>of
m—@%ww —mwﬁ—maﬁm
= 3 fvﬂm’wﬁ(a b) & SHI Fce@lfHe | x = ¢ s (349 a < ¢ < b) f S7Fhers 2@
I G (T M L 0= (2) TIEETE 271 .. (1) € (2) LT

X—C X—C

(I Ag W)
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2(2).6 @2ba (AT Y TWIFETCEa AL

4f3, y = f(X) 9% IPIRES, T TCAHF | XOY AT SfFe y = f(x)-97 (1047 Toig
oRfge 76 7 P @2 Q|1 wwel XOY-(o P vz Y 4 y=1x)
FAIE (X, y) 3R Q FvH FAF (x + Ax, y + AX) O (x4 Ax,y+ Ay)
[T AX (# 0), Ay (# 0) IS X € y-9F Ja( .
T a0g] (¢ U

P fWte PR @3k QR I=eaie 16 (Il x S _w 0 P R
O €y S ANEAe) Sl 26| PL € RM ool Tt
FHECI Yo X SO T TSI SAE |

. PR =LM = AX 4% RQ = Ay

T LQTM = ZQPR = 0 (4), ©t9 APQR (LR = &5 ) (AT A3,

tang = E—g = (a1 PQ -4 et (slope))

Q4 Q R, P @ s @Fmis (y = f(X) IRl IAE) 2P 20T AX — 0 2| =@
SR, ¥ Q, P-a3 At ¥l AT O3 SRS Faiell et PQ it P ke «fs s
(tangent)-a wilgfe 203 (A1 ora SPU) ea e a1 21tz | 999 LUPS = /PSM (Sisiol

@) =y (4fR)

Ay dy
(& = Lt — | = =
9 9, tany Ax—)O(AXj dx A

“y = f(X)-99 TG 26, @ @ SOl SAFS P Rqre wifFws ~o{(a @iqerst (sope)” |
T (AT y = f(X)-99 IFIFACTH G2 S LS =T |

47 & TR T W @ y = f(X) AT T SRS P e Q [y ufbw e «ifds = PQ il |

O Y9l tand — tany FAMERS 2T PQ Tl, P Rre ~ixfa (o I | @ ~A{a
AITSIZ X ACATF y-9 TGS AT 14l 2 |

(a) 2T TR I o1& G TG Haa S@aFae (First order derivative and second
order derivative)
A F, y = f(X) G0 IPRENS SCoHF G T SRFSANCN | LTI y Al F(X)-(F S[w67
FE T T NS T OIS AN FNT BIReTer I ALY G H{<e] 7249 e 27 |

d dy d
SR 2T T () A, (), () Ry, ()
YA AN STFIFAGCP AR STFIFAC NG ([ T 2SN AR OIS S T
SEAIAG Al ORI e ST Aol el 7 |

d 2 d 2
D@ @ T, 5 (), T 9y, (T, Y)




540 GE-CO-11 @ NSOU
(b) Tmizd feeiea

y = 6x? 2, di(y) = di(6x2) = 6di(x2) = 6:2x = 12X
X X X

oy _
g 0Ty = 12

d’y _ d dy

d d
7 = () = a1 =125 (9 =121=12

d2
AR, dey A, £/ Ay, = 12

(0) Tadr T IPIFETA SFy T ¢
43, y = f(x)

dy _ Lt f(x+h)-f(x)

X - hoo h (kR (ATF)

y,

Y g7 wifrg s 7 LE/(X) = RE()

dx
f(x+h)- f(x f(x+h)- f(x
e Lt L0100 SO 100
h—0 h h—0* h
d2y  d dy d f'(x+h)— f'(x)
Eﬂaﬁ( — = —(—) = —(f’ = Lt ——
e, dx? dx(dx dx (F(x) h—0 h

TSl T SEAFICeR Oeg 2, AW Lf7(x) = Rf7(x) &

f’ h)— f' f' h)— f’

h—0*
(d) SFFFEACEA Lo(Fat 3 (A) ALY TR AGIFACEE (Fa 8
() 51109 + 9091 = 5 (109) + (o) [4f6 keI STeors £ 1 1() ek g < g
<]

(i) 50109 — 90 = - (09) — - (@00)

(i) (00 x 99) = 105 (609) + 00 - ()
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v & (19 e g9 0

g0 ST - TS (9(x)
B (9(x))?

(V) % (cf(X)) [T c (% 0) G 35
d
= c&f(x)
(Vi) S-(¢)=0

(vii) T y = f(v) [749 v = g(X)] = [T N0 ST SoAEe s7waz] ot

dy dv
dv dx

dy

ax 0=

(viii) %% =1
(ix) &iva =iFa

g, y = ¢(t) [T41 t 2 &6t (parameter)
=y

dy dy dt _ ¢'Q)
o T a e - oy MO0

(x) *elet f7= (chain rule)

(ACPRC,

dz dz du dv
z = f(u), u=g(v), v=h(x 2, — il

(] Twizae—1 ¢ &2 3@ (from definition) y = eV* -97 S@aFeTe fed Fe |
& TN 8 4R, y = f(x) = eVX = e =T u = VX
o f(x+ h) = eV = ek g, Yx+h = u+ K
wu+k=Jx+h
A k= Vx+h —u=Jx+h - Jx
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ﬂ _ Lt f(x+h)-f(x)

. dx — ho0 h (3IRer (ATF)

= Lt M - Lt etk et k

h—0 h h—0 k h
Lt eu (ek -1 k| Lt GU(ek_l). Lt (Ej
) k h) = «So k hool h

k_ —
Ce Lt S K g (i)
k-0 k hooh h—0 h

_ o g WO ) xh)? - ()2
=" 5o h(vx+h ++x) " h50 h(vVx+h+vx)

X+h-x

eV Lt ——— _ e
T hooh(Wx+h+x) T

wpp_h
h—0 h(v/x +h ++/x)
eu eU e\/;

1
e' Lt = — _
h>0X+h+vX ~ x+0+v/x — 2Ux  2Jx

L) = 8 @

] Swigze—2 ¢ 3 f(x) = sin(x? + 1) T O A (TFFCETR) (AT f/(x) Fefg )
& NG 2 G, f(x) = sin(x@ + 1)
f(x + h) = sin{(x + h)2 + 1}

SR AP,
9= Lt f(x+hr:—f(x)
— Lt sin{(x +h)? + 1} —sin(x? +1)
T 50 h
i1 2CO{{(Hh)Z + 1+ (%2 +1)}Sin{(x+ h)2 +13— (x2 +1)
= h—>0h 2 2

h2

sin| xh+—

h2 2
=2 Lt|cos| x2+xh+1+—[d— —/
h—0 2 h
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2 SIH(M)
= Lt |2cos x2+1+xh+h— a1\ 2 )
h—0 2 h

= 2{cos(x® + 1) Lt M
h—0

- peos s 1 Lj{{“(_ﬁ(gj}

h(x+b)

h
2
sint h
NIy

[fasr wieest 49, h(x+2} =t,h—0,t— 0]
h h
= 2cos(x? + 1)-1- Lt (x+—j [h—0 - — 0
g—>0 2 2
= 2cos(x? + 1)-(x + 0) = 2xcos(x? + 1)

e, /() = %(si n(x2 + 1)) = 2xcos(x? + 1) [T&d]

(6) TR T AT T ¢ &AbeT W (Parametric form) 3
My = @t) AT t (2BeT)
X = y(t)
dy _ #0O
d2y
d2y  d2

SAC R LN (=1 SraIa)

dt?
GGG, SIE [RRIeSIE 9991 2@l ¢
d2y _ d dy, _d 9
dx2 ~ dx dx)_ dx(W(t))

d O dt _ yOIH-¢Oy't) 1
dt(l//'(t) Tdx {v' )Y w'(t)
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IVACLAORAOIAV)
B {u/'(t)}3

[CHIT 67() = 2 () = - (07(0) FTTA Y (O) = o,y = 5 (V0]

DW@—lzﬂﬁxzasine,y:bcose@,\e d — Y ffa w1 (a, b # 0, %99)

@ THYE ¢ X = asing 4R y = bcosO

dx dy _

d0 = acoso, 0 = —bsind
dy dy de -

dx _ do dx (80T )

_ —bsine ~ dx d6 _
" acosH [~ de dx ]

(e

d?y _ d dy d( b j
= —tano
4, ()= d6l a

—2';—9(@” 0) = —2 sec?0 = — 2(1 + tan26) (Ted)

2
DW‘T—Zgﬂﬁy=(sin‘lx)2’{§I,WWm(l—xz)zx —xg—i +4=6

@& LG ¢ @AY Y = (sinx)? (awe)

d 2sin~1 x -
BICUER d_:: = e (T M X ACATH ST )
) 4(sin~1 x)2 dy
SV g0 @ G =y (Tomcs 351 1)

= (1 -xyf =4y [y = (Snx)7]
ST X ATATT TSTHF ST I 9112
d2
(L =) 2yyy; + Y320 = 4y, [T y, = ) ]
= 2y1[(1 =3y, — xy1] = 4y,
= (1 =Xy, — xy; = 2 [T 2y,(# 0) M@ ©il ]
= (1 =Xy, — Xy, + 4 = 2 + 4 [TSTTF 4 @9l F(H]

= (1-x9y, — xy; + 4 = 6, <53 fCfT T
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d2y hz—ab
— o 2 = 5 = . 1-\3
) Swizaei=3 5 Tt & + 2hxy + by? = 1, O3 1AM X~ (hx + by)3

@ NI 3 ax? + 2hxy + by? = 1 (ave)
TOTAFCE X AATTF TIF6eTe FF A2

dy dy _
2ax+2h(y+xdx)+2hydx =0

4, 2%(hx + by) = — 2(ax + by)

- dy _ _ (ax+by) __(ax+by)
“dx  (hx+by) 7 (hx+by)

d2y _d dy. . d (aﬂbyj

g T Cad) T Do ey
—_— (hx +by)(a +by") — (ax + by)(h + by")
=D (hx +by)?

i 7 (2. 2
= (hX+by)2 [y’(h*x + hby — abx — hby) + hax + aby — ahx — h?y]
_ (2-ab)yx-y) _ (-D(h>-ab) _(ax+hij_y
~ (hx+by)? = (hx+by)? hx + by
_ (h?—ab) | ax? +hxy + hxy +b?
= (hx+by)? hx + by
hz—ab h2—ab
- — % 2 2\ — e a2 2 _
= e by)? (axc + 2hy + by?) = (hx+by)3x 1] ax® + 2hxy + by? = 1]
h? —ab
= m,aﬁ?ﬁt@W|
d d?
0 Trizaei—4 ¢ = y = Trxax2a 3 T (%)X ) UEK (ﬁ) -3 W= fefa
= x=0
e |

@& YN 3 GUHCT, y = (ene)

1+x+x2+x3

1 1
T I+ +x2A+x) T @+ X)L+ x2)
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(x=1) x-1 x—1
T DA D0EAD) T (@Dl T xi_g TEx#D

dy _ (x*-1)-1-(x-1)(4x%)

. dx (x4 —-1)2
XA 1-axdt 44 Bxaxd-1
- (x* -1 T (x*-?
(dy) 30+40-1 1

=M g = 0-p7 ~ 1 =71

d2y _ d ,dy d [-3x*+4x3+1
e T (e T dx{ (x* -1)?
(A =D)? (1253 +12x2) — (=3x* + 4x3 -1) - 2(x* 1) - 4x3
- (x*-p*

dX2 (0_1)4 - I =0

, (ﬂ] C(D20-(-D)-2D0 0
. "
dy d2y
T ¢ | gy ) O -1 @R | 2| ~@F W0
0 x=0

X=

1 d2f d d?
DW@-Swﬁy:f(X)mwgm,mmqwm,d7:2z3d—)y(+ Py
o _dy _dy dz _ ody dz _
- S G T w - Pa U wx -2 - (1)
dx d 1 dz 1
G = - — —(zZHY=(1D)—5 =- = — o = =
[aesta x = one) dz = dz )= (D) 72 72 dx dx 7

e, 57 = 5] = &5 )e
a2 odx\dx ) T dz\dx ) dx

(%} [ 2]

1
—
o
SHEEY
|

N
N
|c:_
N [<
N—

_ A ady)| e 21(0'_3’) dyl ,
- {dz[z dzj}z - {Z dz\ dz +22dx 27 (ST el 75 AT
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_ 4%y dy
a Z4dz2 * 223dz

d2f  _ .dy d2y
. de = ZZSE + 24dZZ [‘ZW E\!)]

() TAZA—-6 8T ym 4y m = 2X T, TCA &0 T (3, (X2 — )y, + Xy; — mPy = 0 [,

_dy _dzy]

V1= ax 0 2T g2
- T 2 G, ym gy = 2X

1 1 1
qa+ - =2 [4f3, yﬁza.'. y‘%:—

I
—

1
ym

aZ+1

t, =2x ql, a® + 1 = 2ax

A, a?—-2ax+1=0 dq, a®-2xa+1=0
‘@ - fag, @it @3l fawre ¥, oaik @ G s ST

Q= —(=2x) £ /(-2x)2-4-11 [@2@, ST s s ax@ + bx +c= 0 (a# 0) =TT,

2:1
qa= ZEVAE4 x = b’ —dac
’ 2 2a
Jx2 —
aT,az—Z(XiZX D qa=x+ fzg

Ted S0 log (519 0a 42 [1eard e fe']
logea = loge(x + {/x2-1)

al, Ioge(y%) = loge(x + \/x2 1)

1
ql, —logy = loge(x + /x2 1)

X ACATT ToF 2ATFT S5 oI A3,

11dy 1 [H 2x ]
m ydx ~ x++/x2-1 24x2 —1
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" 1 (x£V¥-1) oy

Wy = (xxyx2-1) x2-1 [y = 4

Y1 1

Wy =% Sz -y =Emy

I+

(1)) = @ my)? [T weE <l ]
A, (¢ = Dyf = mey?
SRR, TS S X ACATH SFeTe FA AT,

d2
(¢ = D2y, + (092 = P2y, [+ v, = 5]

A, 2y{ 0 — 1)y, + Xyi} = 2yy(mPy)

al, (0@ — 1)y, + xy; — Py = 0 [emfere]  [SensiwE 2y, (y; # 0) fe ol <]
[ Swizae—7 ¢ T logy = tan~x T, O3 @AM @ (1 + XAy, + (2x — 1)y, = 0.
@& TG 3 GECT logy = tanix (2ve)

TORoH(F X ACATH SGIFeTG ol o113,

a4 -4
dx (IogJ) - dx (tan X)

d dy d —1 1dy 1
4, dy (logey) dx ~ dx (™) I, y dx ~ 1+x2

Yo _dy
<, y T 1+x? [4f5, v, = dx

A, @+ Xz)yl =y
TOTAFCE, X HCATT GG (#6413,

d d
L@+ Ayt = )

d2y
al, (1 + X0y, + yi(2X) = y; [T, y, = d7]
AL +X)y, +2xy;, -y, =0
AL+ X)y, + (2x—1)y,; =0

@5 el Ta |
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2(%).7 AT

2(F) G AT (limit) @907 ToiF 7 FF AG@S! (continuity) FIE TIF diFe
ST TR | U3 GIF(F TFC NHFHT ATl (AeT 2T |

X = ¢ RYCe Gl PO ST TFO 2(J 4 o *1$ 7l 27|
i) Lt 100 wfeege 2

(i) f(c) WWE = 2@

(i) Lt £(9 = () 7w

@3 foafs =$a (@I wfeqs 20aT WG SPT@© (discontinuous) 203 |

ORIT] ST R ST (T IpF AR AR TN S, Tee S, ST
CoFF 2oy SCeide TE0E |

G SRFHCE (I K Fa70) (dlifferentiation) ARIT AT TN TSTFTS GR foid
T S@aFeTe (First order derivative and second order derivative) faefs a1 (F=ia <=1Tal

peiey
y = f(x) 93 Pigle Somws 32 aft sFermerg |
AT y A (X) (F SRFT 0 (T T 2SN A OIS ALY T S FoT A0 | 2N

Wmm%

AL AN 2 FIHFEGCS ST SFH P NG (T e 21 A OIF 7o FIa

d (dy d%y
ST TS 61 DT | G AP AP DE v bm q —.

dx dx?
2(<).8 SRR

ICAFCFE AL € [FoT T TFIFTE AHS ePiFet
1. I y = e{(sinx + cosx) 2T, O

@) j—i (i) szzy e e |

d2y dy B
(i) e ¥, 0 _2dx +y=0
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2. IM y = Asinmx + Bcosmx 23 O

0 % (i) d? y foefar << |

2
(iii) e e (@, a7y +my =0

dx 2
3. I y = sin(msin~x) 23 (3 &5l T @, (1 — XAy, — Xy; = —TPy
d2
02

d
[T, Yy = o) Vo= 5]

4. I y = acos(logx) + bsin(logx) 23, O3 (L @, X%y, + xy; +y =0

d2
S.m'ﬁx3+y3=3axy§zr,wd73/ =Fe?

d2y -
6.aﬁy—tan(x+y)§zr—cacmnaczrd :¥
d?y 1 40
7. @ R @, g = 4a(sec 9, 74 x = a(6 + sin6) «= y = a(1 — cosh)
dy  t(2+3t
8. My =t%1+1t) @R x = t(1 — t3) T °@ WA @, diz%
I S (ﬂ) _ ay)
9'm%y‘(1+x)(1+x2) O () TR | gl Xzo-am?ﬁcﬁww

_ d2y dy
10. i y = tand [z 1 W, OO e T A, X0C - 1) 5 + (-1 =0

. d? d
11. y = (sin?x)? + (cos™x)? 20eT, oY e (T, (1 — XZ)K;/ — xd—i -4=0

12. (I)ﬂﬁy: etan 1x Y, OCF A9 P (T, (1+XZ)K3/ +(2X_1)d_i =0

. d?y
(i) x = % e, A TP (T, (x2—1)dx +x— = My
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1 _1
(iii) AWM y3+y 3 = 2x 2, W& (M @, (= 1)y, + xy; —9y =0

_dy oo d¥y
[y, = ax TRY2 = d7]
2(4).9 gZoAG
1. Das and Mukherjee : Differential Calculus, U.N. Dhur & Sons, Kolkata.

2. Shanti Narayan and Mittal : Differential Calculus, S. Chand, New Delhi.
3. Gorakh Prasad . Differential Calculus, Pothishala Pvt. Ltd. Allahabad.



gFF 3 0 CoFFHd 5% € T M [efa

sIge
31 Sy
32 %R

3.3 (I SCAFFA FAW € ANEAFSIA A I I AL EF I G3R &&q [ QA
R W ey

34 (foran sy wifes @ w4ew qeTa Scsn

35 24w ¢ S FrE =TEd FeniTa

3.6 TWRALHE AR ATAGH 8 (AT IAFA *TSF AT
3.7 TwAred AR f(X)-99 5 € AW Wi [ef7 @ org LAt
3.8 FFFIAR

3.9 SEAE
3.10 &G

3.1 Tt

G2 GFET SOl T GG PGS SCAFFT (I [y 7AiM T (AN 53 A+ sfhezt
R R (I Ce I S (I S ) AN AR O o T (et SeaAival w4 |

3.2 &&=l

G20 A f(X) G0 IPIe® SCo | G2 X = a eo f(x) 5 S S A (940 2/
3 @ s (;j—x[f(x)] = 0 =7 wiefie f/(a) = 0. 43 =6 @ T UG T (necessary
condition). € @2 *$ o{le FaCere Mg Jo1 787 27 @ @ f(x)-93 4 x = a [RYee

(e 2@ W AT 203 | [Fg T @ @3 ¥2 AR & G0 203 @RI (@Ieal A
2|

Q2 JCE I *1S (sufficient condition), A SR MREESITR 0T (MG (@ X = a Rro
f(x) FHifa T 1 TG T IS FCACE, ([(F FACS T A ARG SeTH FACS T |
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x = a "M 9w f/(x) = 0 AN 2/ f7(x) e Fa0e 203 1 qM {7 (x) Al Age 27
& f(x), X = a [re ik e 27|
w7 T £ 77(x) IS A I 2O F(x), x = a Kges 1&g st sif (&t qcet @t 231

3.3 (I ACAFCFA AT € AT ST A T+ (A4S M) €
AN W W) [efn

4f3, [a, b] T@ SRS (closed interval) f(x) @I PSS GFH AT A J& TCAFS
(function) T4 a < b; @49 & T SRH 47 ¢ TS f(x) @7 93 FM va= M (local
maximum) IS I W (C — ¢, € + £) 92 TS SR (open interval) (& > 0) & 71T RYCS
f(x) FPiceET® | GURGT X € (C— &, C + €) M [a, b] 20T f(x) < f(C) | [GCeT, ST TS 20
c=a b3Ia<c<b
[a, b] & SRR, f(x) GF0 PRSI AFI A & SCHTFHT T & SR B9 ¢
fite g =@ W= (local minimum) G T G0 L e RG] € -97 & X € (C - &,
C + &) Y& SRIIT Tefe @ 7w [T f(x) Ipicesre zeet f(x) > f(c) 2|
[a, b] 3% SIRBICH f(X) SCAHF ZIN G A S NS F(x)-9F B A O[T A
oy A 2|
[a, b] T SR f(x) GFT TR AT T L& SCAFF Z(eT @ SRR S@afs ¢ e
(c € [a, b]) ATa=FeITa (globaly a1 absolutely) 5w S &iz¢ F=Ca, 37 [a, b] SRAHE 7T
x-a3 ey f(x) < f(c) =1
SRFACH, T4 ¢ € [a, b]-aF T f(x) St @l AieFeita (globally 3T absolutely)
AN A A, W [, b] SRIHR S@’o A1 x-7 &= f(x) > f(c) 27|
AR (C)-(F ANAFSIT 5 A S A+ (absolutely maximum or minimum) & aief
-4 =7 |
A ¢
(i) THARTE SACEAD ACATTF Srad I W @ f(X)-99 @ (@ ANEF A 3 =@
SR2 f(x)-97 @I B 5Aw A w1 AW Fg [erde [{3fe o5
(i) [a, b] T% SR (FICA 9T PR AT T & SCAFF f(X)-9F Gl GF0E Bl b
T S T AN OO 2ATF; R §F A G2 [0 B 52w S S (X) 99 &)
NS AR |




68 0 GE-CO-11 @ NSOU

(i) @ R SRRl ba 1 S-S 4 22 A (12 KYLo SiEe ™ x S A6
27 widfe @ Rre f/(x) = 0 =7 |

(iv) (I SCAFHT I € SR_ AF OiF 2B S (extreme value) A0 aiol F41 27|

3.4 weforas AQTw wEFEw wErEtd AEE 8 wENw Ww
HTETo

(I SCAF TR A 212e FACo FA09 (@ R9Ce FRA! M 2izel I3 G2 [Kipes s
A (Maxi) I 2112 GR & S 34 e d) S 2l2el F00 F0o (3 e TR 4 =9
T T IR G2 [RYre SRl S/ (mini) S 232 |

SRRl S (@ 2w @6 SIS 749 (@Il RMre TR T 226 763 94 f/(x) > 0=
@R T (I e w2 Wi a2 Fh0a1 (12 Reqre £/(X) < 0 23 | (@ RYre e f(x)-<3
T B SR 20 (7 TS wfFe o
X SR AT 20 e @ e f/(x) Y
=0 =

«fd, y = f(x) S0 a; < x < by
5 SRFH AT (continuous) [Tifod
(1.1) SFPACE] @R &y < X < by T& SRPCA
o @61 ¢y [ ay < ¢ < by —5
SR SRS | @+ /(c;) = 0 20, X =
¢, RMTS, f(x)-93 5 A g o[ IM
f/(X)-93 BF ¢,-97 AN TS ISF (+ve) (AT ¢~ ufHFe MCE AeCF (—ve) Fosie 27|
TR X — ¢~ B F/(X) > 0 @R X — ¢, 2@ F/(X) < 0 [=1efba SpiitH]

SRR, @, < €, < b, SRIE x = ¢, RYTS, f(X)-97 o= e =g e 7 f/(x)-93 Bz
C,- 7 AN TP AT (—ve) (AT ¢~ uiwe MCF LIS (+ve) 7S 22| 3[eqik X — ¢,
SRR f/(X) < 0 &R X — C," SRR f/(X) > 0 T [=14fba Swpd] |
SRS 3

(i) T @It 7% x = o0 f/(x)-93 BF ¢ @ Tey e @32 T AF o @ [Fre
S f(X)-9F 5 A S A A A

(i) 'y = f(X) ST (A (AT G0 [T % wefie WS LIS Al ACSF 206, X-99 Jad
MR Y- A I AT S=EA 2R A |

/ "(i.r) cond ) 947 ‘(X)'%O

ap e b ay, oy By

@Tfog (1.1)
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(i) y = f(x) SCrHH0T (F(q 5IN @ S WA Ao S
(@) f'(x) @efx s209 27|
(b) f/(x) = 0 47 FNFAITCE AN FACS 2J |

() f/(X) = O FTFACIT Tl X~ (T T (& A IS ANSA (9107 @ T ACATF o[
@R A5ICS f/(x)-97 o2 fHdffae Fa0e 2631

(d) f/(¥)-<7 BT TP f(x)-97 53 @ &= i 4o 267 |

35 A% ¢ fqer TR =éd T

SRl G @y = f(X) SRR Sl x-<4F A I (ICe % LIS (+ve) T @R X-<F

A g (oAt % Yo (~ve) T |

ﬁWx—aaWWmﬂd—yzﬁmvm d (dy)aT Wiﬂ@a\xmq@ﬁw
d  dy
“gmcvrm OIX(dx)?n 2 YN 2 |

faY e e d

ISR HA W 21Ze e welfe Jzew AR e d_y -OWQWWWW
@chwww@@mm—m X—QZWWWWW—W&TQNI
T & SRE, —2 <0z

m,mwaﬁw@ﬁwj—i=0®azz@ﬁﬁmwﬂamw§wcm
LN AT 27X | o, x—aammﬂwwwﬁqrj—iﬁvmam,w

d2y

T e e -y > 0=

‘{Wﬁ \w\mﬂWNmﬁrWﬂwﬁwwwwﬁﬁwﬁm q SRFE BE

d?y
mﬁa - —OmﬂﬁxfﬁﬂWW@‘T@WQﬁﬁ d_2 <0

ww,wmﬁwww%ﬁﬁwawww&mmﬁa j—i = 02T G

faSI=N d2
ol T SRFe ¢oF wdfe sz > 0 29|

O (T SCAFCHA BN 8 OR[N Wi W0 Tey 2949 8 Aoy T Ok SAEd
THifEf orerg Sl |



70 Q0 GE-CO-11 @ NSOU

3.6 TWIZACR AT ATATNT 8 T *TST Ao

AT *1S (FA 8 AN T AFR) ¢ M X = ¢-(S SCAFS f(X)-4F 5 'S S o] IS
e @2 f/(c) Sfweye 22 o f/(c) = 0 2|

43, X = C-(© f(X) SCFHFT HI e TG | O h-GF I7IF LAIGF € 4oGF FG A
oy f(c) > f(c + h) wigfe f(c + h) — f(c) < 0

AR —f(“hz_ "9 <o,z h>0
GER w >0,3WTh<0
O, thHw <0 . ()
LK hkg_w >0 .. (i)

(IR @ (i)™ (U= TS @A AW (¥,

f’(c) = 0 [347 f’(c) wiFTe]

SERACA, AW X = C-(O f(X) ST S[ A AF 3% f7(C) TEg IS0 AL O el
AN @ (c) = 0

TofH T *Sf W@ SICAHF f(X)-97 X = C-(S b 8 S N AP LA (necessary)
*[$ | IR f/(C)-9F TFG Nl AFCEAE SCHFF f(X)-4F 5IN € S T AFCO A |

m f,/(c) = f/(c) 2T, T
@ f,(c) > 0 @R f'(c) < 0 2 f(X)-937 =<9 T« f(c) =F|
(b) f,/(c) < 0 @R f/(c) > 0 =& f(X)-9g vl WA f(C) 2|

CFARTITT £/(c) = 0, T8 X = ¢~ f(X) SCHFHCFT 5N Al S W 2N AT 1 | (312 I
SCoF f(X)-4F B € SR W I A G WeRE =[S qrey (sufficient) Ice #Iffoe |
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AR *1$ ¢ ¢ (FTS AT IR X 702 -7 68! 27, T03 f(X) IPREIS S AT
aJoly 2 | @ SRR f7(C) = 0 @3k f7(c) Seg & 20T f(x)-97 5™ W+ f(c) 23 AWM f7(c) <0
2T | SoiF e f(X)-99 =& W f(c) 263 IM f7(c) > 0 = |
fam 37 f/(c) = £7(c) = ... ™) = 0, T £"(c) # 0, N FA A F(+T «=e £ "(c) < O ==
FIATSIE ¢-(S f(X)-4F BIT T R AFHEF £ 1(C) > 0 Z0ET, BTSN ¢-(S f(X)-4 S e
T ACF |

3.7 TwiEated AT f(X)-97 5w € W_w Wi [Hefd @22 oiw et

] Swizge—1 ¢ Tf f(x) = 4x3 — 15x2 + 12x — 2 T, O f(X)-G7 HAN 8 TN A+ el F2ee |

& ST 3 @7, f(X) = 4x3 — 152 + 12X — 2
T f/(x) = 12x% — 30x + 12
= B(2% —5Xx+2) =62 —4X — X + 2)
= 6{2x(x — 2) — 1(x — 2)}
= 6(x — 2)(2x — 1) 0
@ f”(X) = 24x — 30 .. (ii)
()R e, M f/(x) = 0 =,
& B(X—2)(2x—1) =03, (x — 2)(2x — 1) = 0 [TST »[%(F 6 e Ol F(H]

1
WQﬁszzw%Tx:E

oAk 7(2) = 24(2) — 30 [(ii)T: X
=48-30=18>0
X = 2-09 STEFRS f(X)-99 SRS [N OIE |
@ o WA = f(2)
= 4(2)% - 15(2)? + 12(2) - 2 [27€ f(X) (]
=32-60+24-2=56-62=-6

oI, f@) = 24[%) — 30 [(ii)7 (]
=12-30=-18<0

1
fX = 500 AT ()~ B T W0 4R
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?:WW:f(%)

1y 1YV 1
24(5) —15(5) +12(§)—2 [f(x) ct=]
4 15 1 5
—g—z+6—2—§—7+4
_9 15 _18-15 _ 3
T2 47 4 T4

- foICef BEs Wi = % @R SR W = —6 [T
[ Twizae—2 3 RS ACAFFA 5aw € oW W ey T ¢

w,
x—-10
2_
& LR ¢ [ FE, f(X) = %:JG
Cdy L, (x=10)(2x=7) ~1(x* ~ 7x+6)
g A0 = Y
_ 2x2 —20x— 2L +70-x2 + 7% -6
B (x—10)2
_ x2-20x+64  x?—16X—4x+64
(x-102 T (x-10)?
_ X(x-16)-4(x-16)  (x-16)(x—4)
(x~10)? T (x-10)2
f(x)-9%1 bF @ SR AW e e deaeEr % 2 f(x) = 0 2@
Xx—16)(x—4

GUFE TFNT T X > 4 @A X <) WOITf/(X) > 0=
TR X — 4" (x>4),f'(X) <0

AR X = 4-( SCAFE f(X)-97 HF T TS |

42 _7(4)+6

(4-10)

_ 16-28+6  22-28 _ (-8)

-6) -~ (6 ~ (-6

UNE SCHFH0A el I W = f(4) =

=1
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G, X — 167 (TR x-97 [ 16-97 AN I6)
w4 £/(x) < 0

@R X — 16" (x-9F T 16-97 ufF A T s wafZe)
o £/(x) > 0

. X = 16-C9 SCAFS f(X)-4F T e TS |

2_ 256112 + 6
& e facef o i = f(16) = o (406 *
16-10 6
262-112 150
= === =25

6 6
Teq ¢ el 53w W = 1 @R OR[N = 25
[ Twizad—3 ¢ ame T (@ f(X) = |X — 2| T x = 2 e Sorwai Saaewiaion 2o
7 fog of rge x = 2 Reqre Tt o A 4we T |
@ TGS ¢ GO, f(X) = | X — 2|
f(x+h)—f(x)
h
f2+h)-f(2) _ [2+h-2]|-|2-2|

- f7 = Lt ————= = Lt = Lt —
~ 1) h—0 h h—0 h h—0 h

W=

|hl (=h)
’ = Lkt — = L —= =_
i f_ (2) h—0- h h—o- h 1

(AN AT ST BT

lhl _ (h)

¢ = Lkt — = Lt ~— =
() h—0+ h h—0+ h 1
(fapel 20 SReeT BOlE)

@2y £,(2) # £/(2), /(2«9 wfFgam|

TERR X = 2 L, f(X) SCoFI0 SR T |

G, TFN (@, f/(2) = -1<0«Rf/(2=1>0

@Y f/(X)-99 ©F Al (AT 4T 2P T4 X~ e 2-G (T (ACF 2-437 081
R |

X = 2 RYCS f(X)-97 SR S« TE0 |

TCef = S (A eve SCAFCRA (g Aten) = f(2) = [2-2/ =0

FOAR <ol NS 21 (T &AME STHAFFE X = 2-(C SN 77 g & e oo
O W9 499 FI |
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[ Srizac—4 ¢ @S SRFCea MG (I AR *TEF NYT), f(x) = X3 — 3x + 1-97 @™
W fAefa )
& T ¢ W M, f(X) = —3x + 1
f/(x) =3x* -3
f(x)-<a M9 = 763 IW f/(x) = 0
gffe 32 -3=0F 3 =3, ¥=19fex==+1
G, f7(x) = 6x — 0 = 6x
(TSl TR SRFe Bol%)
Q¥ x = 1 fire, £7(1) = 6(1) =6 >0
X = 1 20 f(X) SCAFHO S A 279 I |
0 W'-T—S M X (GFF) T TLAWH FITE, TAA FTENETe SC2FF (cost function)

C(x) = = —45x2 900x T ©13 Foufel ¥y Tt Farel ¥y 2ifSs &) [mar ginal
cost (M C)] FELTeFF (Minimum) 3 TR 2

3
& TR ¢ I, C(X) = % — 45x2 — 900X

o1 T (MC) = - (C(¥)

1
=MC= 3 (3x?) — 45(2x) — 900(1)
= MC = x2 — 90x — 900 .. (1)
G X-9F T F© 2 MC F&@F (minimum) 23 Sl SIE G F00 203 | (e
d d?
&(MC) =0 ¢9R dX_Z(MC) > 02«

2
G2, ;—X(MC) = 2x — 90 ((1)7 (2TF) 98 ;(—Z(MC) =21-0=2
d
MO =0=2x-90=0=x= 9—20 =45

AR X = 45 A STZZ(MC)=2>O
<. Beofifre @3y AL 45 20, TR €S 5 (MC) - 2| (3$ SIpIie)
Teq ¢ el Seslifre w3y i = 45
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] Twizad—6 ¢ 9w x Wl (item) TR S FITA, mﬁ@ewm%ﬂﬁm 1600 Bt
R A 476 30x Bt @R iR dwm —— B w2, Fosht e w9

100
AFTSTS T T (average cost) FEH (Minimum) ZCF o e Fzea |

- T X T B Aghers,

(G ¢l W (cost) C(x) = [1600+30x+%} i<l

C(x) x2
. 0% (1 N [Average cost (AC)] = 1600+30x+E

100
Q4 X A WCH ) A AN e Peet oeg (@1 7 (AC) T 27

= (—16)?0 +30+ L) Bl

d d?
T4 d—X(AC) = 0 @R " (AC) > 0 2([|
d
(3038, 5 (AC) =0

i(@_’_so.’_i) —
= x| x 100) =0

d d
—_ 1 e —
= 1600 i xh + i (30) + 100 ix (x)

1
= 1600(—)(—2) +0+ —(1) =

100
_1600 1
= 2 + m =0
1600 1 1600 1
%2 TT10 T X2 T 100

= x? = 16 x 10

= X = /42 x(100)2 = * 400

%, x > 0 9T x # —400 wigfe x = 400
d(d d (-1600 1
— 22 (A - = =
el dz(AC)‘ (dx( C))‘ dx( X2 +100)

2 d 1 3
= —1600— (x?) + — | 1g5 | = —1600 x (-2x3) + 0
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3200
= 1600 x 2x3 = —5—
X
d? 3200 32x100 1 1
_Z(AC) = 3 = X = = >0
dx x=d00  (400) 64x100x100x100 ~ 2x10000 20000
TSR AT (Il W SR 2 T4 Teolifre T wE w4 400
Teq ¢ 400
24-2p

[ Swizad—7 ¢ af (@ AR Hifw AW SeerFF (demand function) x = 3

T4 TR Bifw AT = x @R @FF (unit) 2 &7 27 p BiFt ©R
(i) SR SWCAFS (revenue function) ‘R’ e T p ATATE
(i) vifZwa &Nt weare siedn @22 36 (price) el T T4 @iw FC2 FCE® (maximum)

24-2p
3

@& TG 3 GFCE BT FREFTS SCAFF X =

(i) @AY SPE! TS (revenue function)

24-2p 2
R=pe=p[ 52 =00 Iy
T4 I (R) W8S O p’-@F S el Face 2@

drR d2R
wieffe AT, - = 09’ —— < 0%

> dp dp?
drR _ i(g _2 2)_ 4 2d o _
@3, dp_o:>dp p 3p —0=>8dp(p)—§dp(p)—0
2 5 = 4 - Ap _
:>8-1—3-2p—0:>8—3p—0:> 3 =8

:>4p=24:>p=%:>p=6

ToR {%L:e - |:c;j_p(c:i_|;):|p:6 - {%(8_3@}%6 ) {0_%1}":6

Qﬁ {dZR}
kS <
B dp? 06 0

ISR p = 6 20T W AED 20T,



NSOU e GE-CO-11Q 77

24-2x%6 24-12 12
m5§ﬁ7{@m(x)= 3 = 3 :E

GELET FREOI(F AT T AR (@ ACHA Bifdl Al 4 GR W@ Ao G ol 2
6 DIl O B (A0S R & AL |
[ Swizac—8 2 93 FFAMT T FTETES SCAFF (cost function) C(x) = X; —7x2
+ 111x + 50 €3 Bifew! AES SCFF (x) = 100 — p
e crawfns Alweita fdfa T ¢
(i) GG SR W2FF (revenue function) x-a9 LT
(il) sTreEms Se<s (profit function) P-(F x-49 YT
(iii) F4if4= =TS Afwie Fo 2
& TNGE ¢ (i) GUFCE, Hifenl FEFW SCHFF x = 100 — p
igfie p = 100 — x
SFA SCAFSF (revenue function),
R(X) = px = (100 — x)x = 100x — x?
(i) sTreee< ©cer<s (profit function)

=4

P(X) = R(X) — C(x) = (100x — x?) — (X—; — 7% + 111x + 50)

X3
==3 + 6x2 — 11x — 50

L . dP d?p
(iii) TN x-4F M IO e P(X) FEF =7 o 7 FA09 2071 @ 0w g o C0eR 7
<02
G« ap =0
dx

=~ 2(30 + 629 ~ 11(1) -0 =0
=-X+12x-11=0
=x-12x+11=0
=x-1lx—x+11=0
= Xx-11) - 1(x-11) =0
=>x-11) x-1) =0
S5>X-11=09, x—-1=0
oefie x = 11 5= x = 1
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d2p d (dP
Tdx2  dx

— | = d 2
dx) = 4 (¢ + 12x - 11)

(D)5 08) + 124 () — 5 (11)
=-2xX+12(1) - 0=-2x+ 12

2

Y x = 11, ;ix—s =211 +12=-22+12=-10<0
d2?p

GR 49 X = 1, e =21 +12=-2+12=10>0

-, Wi ted Ty x = 11 S0 2geey |

3
@Y, P(X) = —X? + 6x2 — 11X — 50

3
Seaik P(L1) = -% + 6(11)2 — 11(11) — 50 [x = 11 =]
1331
=- =5~ +6(121) - 121 - 50
1881 e gpq o C13314726x3-3x171
3 3
_ -1331+2178-513 _ -1844+2178 _ 334
B 3 B 3 3
= 111.33 (7 wifsis B +1¥®)

- foCef A ecew ifssel = 111.33 B
] TwigRe—-9 3 &mia Fa (T, f(X) = x3 — 3x2 + 9X — 5 SCAFF0A (I 5 A S A
NI W T [TA9 X AT @R X € (—o0, o0)]
@& Y 3 GFCeT AR, f(X) = x3 —3x2 + 9x - 5
S F() =33 -3(2x) +9(1) -0
=3 -6x+9=3x-2x+3)
Q4T f/(x) = 0
=30 -2x+3)=0
= X2 —2x + 3 = 0 (T=goMF 3 ew el 307)
= x¥-2x+1)+2=0
= x=-12+2=0 . (D)
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(i) ST (ATF X-GF (FICA AR AW (real) M 2N 7EI 9 @2 (X — 1) +
2 &l 4 g (strictly positive) sigffie (x — 1)2 + 2 > 0
O3, f(X) SCAFFO GUFE (I 5I I O[T AT 7SS 17 | (i)

[ Twge-10 ¢ &% (0, 0) ATATF 2x + 3y — 6 = 0 AFTCALT Ao T wfFe
i fAofa =1

& I 2 P(x, y) RUHE 2x + 3y — 6 = 0 FHECEIF ToiF (@ (@Iea @ 7 2o fofee
<4l 2+ |
47, P(x, y) &% 1 (0, 0) (AT (@ 7H0g S[Ee O 35 2e1 L (4FF)
Mo L = (x—-02+(y—-02=x>+Vy?

2
6-2 -2
=x2+( X) ['.'2x+3y—6:OaT,3y=6—2x?lT,y:63X]

3

2
=2 + {@} =% + 3(3_)()2

dL d 4 4
vl &[x2+§(3—><)2} =20+ 523 = X)(-1)

8 18x — 24 + 8% 26x—24
=X-5B=0="y "~ 9
L-93 >=ifgs A 7_R e ooy
dL 26X — 24 24 12
I = 0 7« widfie 9 —OWWQﬁQX—Z—GaT,X—Ewl
d’L _ 26 LA
L‘lﬂﬂ,m—g(l)—o [ dx(9)_o]
:§>O

12 12 18
Lx=13 20 L-aF S 5N 203 | Qe (EE) % A 2x + 3y — 6 = 0 FRETHAR

RS O eIl AR e [ Beid biee a|

12
[(@3TeT &P (T, X = 13 T 2 + 3y = 6 SRR O FoAT A,

(g) _ _ 24
2|33) +3y =63y =6-
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7824 54 54 18
a, 3y = 3 ﬁT,By—EﬁT,y—BxlgaT,y—E
12 18 _
3'13 7 2x + 3y — 6 = 0 IR SR(Z9]

| x=1|+oa, x<1

] Swizge-11 s 4f4, y = f(x) = {2X+3, (o1
T x = 1 T f(x)-97 JTT @ T ATF O3 2 T4 @ ¢ < 5

1-x+o, x<1

& L & GUFCE, AT (T, f(x) = {2)(4.3 X>1

@RY, Yy = 1 — X + o, TCATS AT FRP R y = 2X + 3 S 2107 AP, Joai
x = 1 RMre f(x)-99 = [ A/ AW f(L) < f(x), x > 1

geffe, o < 2x + 3T x> 1

Tdffe o < 5 (2Wifae))

2
] Swizge—-12 3 T f(x) = 2x2 + 2 2SX<0qR0O<Xx<2
=1, x=0%7,
T4 326 (greatest) W @aR Fwew (least) MW Fefy T2 | @we SCAFHCFA S A0

Refa w1
4
o T 8 G () = 0= dx~ 5 =0

4(x4 -1
a D om =17 (2120

A, X+ DX =D+ 1) =03, x=1, -1 (IWA)

x = 0 RCs f(x) SCoFFsl AT T g% SRS 7 |

J2GY 8 FUGH AT G SN SE g [ 7fb @R Acopiene el Critical
points s (4 |

17 17
aeweEg, x = -2, 0, 1, -1, 2 @R f(x) = o 1, 4, 4, >

17
G2 SrEd A AW (F, AME SCHR0A J26N A = ~ R e N = 1

d? 12
WW%WWdTg =44 G A AR, x4 = 1 x = 1, - ()
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d2
X=%1, d—%’ >0 FoAk X = 1, —1 RYCS f(x)-98 ST e TS |

81,1;4

e SR S = 4 [ (1) = 4 = f(=1)]
., 2

17
@@ﬁ o ?

3.8 wrea

y = f(X) o037 el -9 A Ja AN AL AL IM y-a7 A9 I« w7 @21
THIR! 203 | B[ X Jian AN A0S AWy~ [ 217 #1718 O (@41 (@ 220 | =7 3 S
I AT THGER MCF (@S @S (5 AT AHH M T, O FRIGH e qeGr JCol 2!
BC=6 A M0 TSl ST | GIEHCE (@LI0R G0 A [ AR (@I Y- A =18 | 98

d
e d—i = 0 %A
SR T ST (@A TNoa Wi @S @ Tz fiess €t w4 @4l U-oigfed 23
Pay o d
qUFCE @I @3 =T ﬁﬂjwwwﬂ% BR&S y—ﬂaifmmﬁﬁwuﬂ?ﬁwe —y = 02|

ﬂm@ﬁﬂ{rmﬂm - -omemﬁm@m?ﬁﬁﬁrwmwmﬁ%wmmﬁﬁw
ﬁ@mwﬁwwﬁlﬁ;wﬁwmmﬁﬁﬁﬁvww (oI y > forefy FaTe 7A@ | @ e
dZy 2

d—2<owwviwwwﬁﬁmw >omwviwmﬂ?ﬁﬂml

3.9 weHtEt

1. @sne T (T, f(x) = x + % SCAFFOA HI A B2 S AL QAN 3T |

2. 3 f(x) = % 2T, O S0 b € S eefeT ey e |

1Y 1
3. owe e (@, f(x) = (;) (A SOMFH0F A W T(J ee

4, X+y =637 X+ y-a9 G T = 18, A e |

- 50 o
5. (Il TCIF BRIl MREFT SCAFF (p) = N AR BRF NG FILETENS SCoFF (AC) =

2
05 + ﬂ | 29 e (3, X = 2500 Z0E FTepieA 7 A (maximum) |
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3
6. (I TesAie TAT FILETES SACoHF C(X) = X? — 45x% — 900x + 36, (T X T&

Teolfre TR 721 | BA0A e TeEn (marginal cost) RN 4 & FosfE arard
Tesve HE ol el e |

7. I B T FETETe SeEws (AC) = X + 5 + %W@Q?ﬁ%mﬂ@m=xl

e Fauft TS T T ¢
(i) @Cra ANfET T (total cost) @<t Af@F FED (marginal cost), X-431 G
(i) Tesifre T A [Fhol 207 0O 91T FED (Average cost) TR 27 |

8. M TS S C(x) = X3 — 24x2 + 600x 2T ©F «if@F Ty [marginjal cost

10.

11

12.

13.

14.

(MC)] @3 1% @& [average cost (AC)] e sz | (I fKte AC = MC 23 @l 271
AN | 2R 2 T (@ @ Te AC (average cost) M S 2ize |

M q AT SeAAire TR RETHICE 2lg &7 revenue 2q 51 21 T4 T (cost) =
00 1(qj2—ala < (d—p)—z g ﬂﬁmm(d—p]

500 + 220 ; O (M8 (T sTOfIIF 219 da ) =2~ 200 R Al dq 0500
9 71 Ol e e |

M x = 200 — 10p ¥R 1T @Gy (AC) = 10 + %xmwﬁev{%mﬂw:m
Afo WCHF TRAWH T = p, O &Y FF (@, X = 15 20 A0S wAfwel 27 74 |

2
M T AN T C(x) = 1"70 + 100x + 40 2T 74 TeAifre w1y A = x| ofs

e Rt 61 P(X) = 200 — 70 20, B L x4 ] ey e 100 A0S

“AfIe IZes (maximum) 2| (G FTes #AfSl T© 23l @6l e |

M f(X) = a — (x — 3)¥° 27 O f(X)-97 b= W 7

() 3 (i) a-3 (i) a (iv) 9@ @I5E 7

X € y Vb AW 5o T4 X > 0 938 Xy = 11 (X + y)-9F SR A e 52047 |

(i) T () = (1 — X)? 9% 0 < X < 2 2 O YNE SC2FHH0F HI (Max) G = (min)
= g6 e e |
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15. &ia T (F, AR A0 AT ATOCHAT CFPe 2500 9o TF T4 CFaivd
S{f3A 200 RO | N

16. fixa EpiCa, 7 ARSI @ sdqer o 2 W%%R

S
3> @<} e S S 5z FIs wge | e Hwa L
&y e e wNtee fon wel SIte w0z FI6a sey ey Aifew e |y
70T, (2f's F8RBR ZACR) ewid T (@, S W4y W Jeiw s
e Afe® @ IUT x 1y = 6 (7 + 6). 5 9
3.10 &G
1. Das and Mukherjee . Differential Calculus, U.N. Dhur & Sons, Kolkata.

2. Shanti Narayan and Mittal : Differential Calculus, S. Chand, New Delhi.
3. Gorakh Prasad . Differential Calculus, Pothishala Pvt. Ltd. Allahabad.



GFF 4 U ACAFCF AATFeT

aye
41 T
42 I

43 ITAFAER ASF

4.4 FAFCETI A

45 JCIFH SCAATIY FT@ident
46 FTIFO LATAGHE Fe

47 #Af43$ A efogem dmfe
4.8 <M T

49 HEAR

4.10 STt
411 oG

4.1 ST

G GIF(F S| A (W(HB) FIE SACEAD IR R Foefe] Tnzaae AAG
IR | FIF, SR G T @ SR e St wmgeld | G S w0 [GfiE e
(definite integral)-93 ©g sifdo® Reiman MGfRae | 9 <R 2ol SRl Tete SiFe
Fercadl (curve), (I @ x-97F [@Fe CF(a (Fawe (W o 4 |

4.2 &&=

T (integral)-(& APt $Pikey Fuifosy AR @I g a1 22| St
T (AF S AR (T AN T S99 4 [GISre g2l (integration as the reverse process
of differentiation) | TGN LT (FITA! TG TGHCE ANTS FCH OF G oefigel F1
2 R R Seres I2lfae 7 | TS oafe Siee S Seget v |
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4.3 ANFEE 2T

QI A FAE AT TS SN 2ATAISH 2 | (@91 (Sum)-a 24 SR 2
‘S | (TS TR T 2N | Bwlbee w9z 4t 27, AE S -« Ao we (elongated ' S')
fotae @ 5 |

4.4 AN AR

gfz, 31 f(X) 90 AfME G TGS S | S G0 S (A w8 9% IPiRers)

2 A P(X), GATSICA SRZS T % (0(x)) = f(X) A D(P(x)) = f(x) A, ¢(x) = DH(X) = [f(x)dx
Al PX)-F X ACATF f(X)-97 SAfne TN Al AT TN Jel 27 |
GGG, AR @&, D(P(X) + ¢) = f(X) [T ‘C T %<
TR DH(f(X) = ¢(x) + ¢
al, [f)dx = ¢(x) + ¢
S AP C-(F AT 473 20 bfzre 1 22 | f(X)-(F 708eT (integrand) 23103
TrE 91 7 | e el qoitd fiow | S s 3k [iE et | fask okt @l

AW W% [, b]-9F WY TN A 2y 20 T ¢ FReerE 7 weie (¢ Al T
AT T |

4.5 FTIFH STAATAY JAiqe

13 gy(X), 9x(%), ...y Gy(X), X AITATHE FNFENCAN N TR SCAFS Al 645 20,
Ho1(¥) £ g(¥) £ ... £ g,(X)}dx = [g;(X)dx + [go(X)dX + ... + jgn(x)dxﬂﬂ/ﬁT 9y |
2. k# 0 &< 2o, [kg(x)dx = klg(X)dx 203 |

3. [{kiG(¥) + koGp(X) £ ... £ Kg(X)}dx = Kifgy(X)ax + Kofgp(X)ax + ... & Kq[g,(x)dx 20|

4.6 FTIFL ATICNT T&

(i) [x"dx = ’;n—i + ¢ (e %) (394 n = 1)

(i) n =120, [xdx = j%dx = loggx| + c =In|x| + ¢



86 0 GE-CO-11 @ NSOU

mx

(iii) jem"dxz%+c(m¢0w)[‘<‘fﬂ?{m=1,jé‘dx=ex+c]

CoS mx

(iv) [sinmxdx = — +¢c (M=0)I [m= 120, [Sinxdx = —cosx + (]

(v) [cosmx dx = % +c(m=0) [m= 1%, [cosxdx = sinx + ]

(vi) [sec?mx dx = %tanmx +c(m=#0)
(vii) [cosec?mx dx = — %cotmx +c(m=0)

cosecmx

(Viii) [cosecmx cotmx dx = — +c(m=0)

(ix) [secmx tanmx dx = L c(m=0)

mx

mx —_
(x) [a™dx = mlog, a +c(m=#0,a>0,a=#1l
1-tanx
) Swizae—1 ¢ W e e ¢ j(lHaan X
(1 smx)
j(l tanxj _J' oS X J(cosx smx)
& T 8 )| Ttanx )X (1 gg‘s’)(() (cosx+smx)

d
= J?p [«fF, cosx + sinx = p .. (=sinx + cosx)dx = dp 3, (cosx — sinX)dx = dp]

= logglp| + ¢ = loggcosx + sinx| + ¢ (&)

) Srizme-2 3 | = Fo?

sin? xcos2

sin? x +cos? x

o s [t < i oL s =

_J SIn“ X X + j CO0S“~ X X
sin? cos? x sin? x cos? x

1 1
- Jcoszxdx+ Jsinzx

= tanx + (—cotx) + ¢ = tanx — cotx + ¢ (TE)

dx = [sec’ dx + [cosec®x dx
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(x 2)2
dx

[ Swizacl—3 3 st el w6 3 (a) [(5x2 + 6x + 7)dx (b) J
@ TGN 8 (a) [(5x% + 6x + 7)dx = 5[x%dx + 6[x dx + 7[dx

_5x3  6x2
=—+ — +7X+cC
3 2

2%+ 3¢ + Tx + ¢ (Te9)
o) JE 2 a= P
- jx—&dx_4j%dx+ 4f%dx
_IX dx—4jx dX+4J'x 2) ax
=[xz dx—4[xz dx + 4[x 7 dx

3 1 _1
_ X2+1 4 X2+1 X 2+1

R

—

5 3 1
— gxz _4%)(5 + 4x2X2 + C
25 g3 1
- gxz — §X2 +8Xx2 + ¢ (Teq)
[ Srigaci—4 8 FIFT S0 T STAL T 8 (a) Jl cosx (D) fsint°dt
B J. (1+cos x)dx
@ N ¢ () J 1—cos X (1+cos x)(1—cos x)
1+cosx 1+cosx
- J‘[1—0032 ) '[ sinZx X

1 Cos
= J ——dXx + J 2y * dx = [cosec?x dx + [cosecx cotx dx
sin® x sin

= —cotx — cosecx + ¢ = — (Cotx + cosecx) + ¢ (T&F)

(b) [sint® dt = jsm(lgojdt [+ 180° = 7 @f&a, t° = 180 @]

_ 180 cos[f;toj + ¢ (Teq)



88 0 GE-CO-11 e NSOU

(e3% +eX)dx

) Twizae-5 ¢ W Fof T ¢ | 2 1)

e +eX)dx Jex(e2X+1)

1
2(e?* +1) 2(e?* +1) dx = S Jefdx = e+ c (Ten)

- e s |

] Swigze—6 ¢ I j—i =snNX @R Y = 3, 4 X = -, O y-aF A X-a ML A/

FEA |

T
3

<¢“Wﬂmzﬂwj—i = sinx
o [dy = [sinx dx
3l, y = —CosX + C (AT 49F) .. ()

()7 7TE y = 3 &k x = 7 A6 A,
3=—cos(%] +C

1 /4 o _ 1
qA,3=— - +c[cosy =cos60° = ]

T, (-9 ¢ = & W A%, y = —cosc+ 2+ (Tw)
[ Twigad—7 3 ASFeT F 8 [COSX COS2X COS3X dX

1
@ AL 8 [COoSX COS2X COS3X OX = 5 Jcosx (2cos3x cos2x) dx

1

=3 [cosx{cos(3x + 2x) + cos(3x — 2x)} dx
1 1

= - Jcosxcosbx dx + - Jcos?x dx
1 1

= 7 |2cos5x cosxax + - [2cos?x dx
1 1

=2 [(cosbx + cosAx)dx + 2 [(1 + cos2x)dx
11 11, 1 11

= Z-Esm6x + Z-Zsm4x Xt Z-ESHZX +C

1 1. 1. 1.
= Z(X + Esm6x+ Zsm4x+ Estx) + ¢ (Teq)
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2X 3X 4x
[ Twiege=8 2 (i) [e°%dx = F© TCa? (i) j% dx = Fo°?

8
o T 3 (1) [0 = [ = Xk = - + ¢ (T

iy [t a3x a” _jﬁdx j—dx j—dx

= [aXdx + [a¥dx + [a®dx

ax a2x a3x
- loge a * 2log, a * 3loge a + ¢ (Te)
amx

.. mx — —

[ [a™dx = mlog, a +c¢,m=#0a>0 a=1]

-1
(7 SarRsei—9 ¢ e fek e 8 [~ clx

o (X1 o ({(x+2)-3pdx _ px+2 ax

(tWSIT%lTF{oJX+2dX—J X+2 _Jx+2dx_ X+ 2

= [Ldx — 3j% = x — Blog(x + 2) + ¢ (TeA)

(sin X —cos Xx)
DW@-lOoWWoJ m dx
Sin X — cos x) (sin x —cos x)

(
@& ANYH 8 | ———dx = dx
I J1-sin2x Jsin2 x + cos? X — 2sin X coS X
J (sin X — cos X) Jsmx cosx X = [Ldx = x + ¢ (39)

\/m sin X — cosx
4.7 “fF3$ I dfegirm el

ol ¢ 2SR “wfore, Gl A& b1 X 201 [f(X)dX AN S8 G0 AT Gl
oI 1 2T AT ST beT 2 (FIF), &S 5T x-GF T X = ¢(2) FTE S ACF | 0F [f(x)dx
= [f(¢(2) ¢'(90z =1
TF AFG et

(1) [f(ax + bydx = @ i
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@ o) dx = B 4 ¢ g4y

( )n+1

(3) Jeax + b)dx =

+ C [T n# -]

(4 Jf;(( )) i = logg()| + ¢

O3 Srrmei—(i) ¢ [(3x + 1)2dx = T
- ST 2 [(3X + 1)% = % [Pdz [47, 3x + 1= 7 - dz = 3dx I, dx = %dz]

1(23 /3
=33 +c=3+c(ﬂww)

_ (3x +1)3 e
9
[J Srzaei-(ii) ¢ fcosec?(2x + 5)dx = ¥

- Wam g J‘CO%Z(ZX + 5)dX= %J.COSGCZZdZ [ﬁﬁ" 2X + 5 =Z7Z.. dZ= 2anT dX = %dz]

=%(—cotz)+c=—w + ¢ (Te3)

dx = ¥9°?

O T (iii) ¢ jZX:X

eX— i
X
@ Y 8 fe —° d —J[ex de

_re?x_ 1, J(ezx +1) - 2

= [ (e +1)
eXdx

= j'dX - ZIeX{(GX)Z +1}

dz
x—zjz(zz+1) [« & = z, - dz= edx]

J zdz
72(z2 +1)
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dt
=Xx— Jt(t+1) [4f, 2 = t, - dt = 2zd7]
1 1
=X- {J.(E_m)dt}
dt dt
=x— [T+ [; = x—logdt| + logd(t + 1)|
t+1 22 +1
=x+tlog | +c=x+log 2| +¢
1 1
=X+ IOge1+Z_2 +Cc=Xx+ |0ge].+e—X +C
SeCq
jex_e_x a= (& [«fd, &+ e* = t, dt = (& + (—e”)dx = (& — e)dN]
eX +e™X t h ,
= logde* + e + ¢
. etan~l x
[ TwiRgel—(iv) & e T 8 [——— dx
1+x
etanx S 1
& AL 3 J'1+X2 dx = jefdz [4¥, tanix =z . dz = =5 dX]

=€+ C= gtanlx + c (TeR)

[ Swizad—(v) s j%cos&dx =Fe?

& A 3 j%cos& dx = choi\&& dx [, Vx =z .. dz= %dx]

2
= 2fcoszdz = 2sinz + ¢ = 2sinVx + ¢ (Te)
dx

(3 Swiae—(vi) 3 J1+ex = Fo?
dx e*dx dz
o e s [ = jex(1+ex) = Jz(1+z) [, € = z . dz = ']

1 1 dz dz
- J(E"Ejd - J‘(1+z) B j?
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= loggl(1 + 2| — logl2 + ¢
oy

(Hei)‘] + ¢ (Teq)

+ ¢ = log, +cC

1+z
=loge[—,~

= log,
] SrRel—(vii) 3 T o T 3 j&:gx)dx

2
- ST j%l"gx) dx = Jsec?z dz [4f%, logx = 2, dz = — ]

= tanz + ¢ = tan(logx) + ¢ (T&7)

) Swizdei—(viii) 8 AN @ 3 _[ dx =snix - V1-x%2 +c

@& MY 8 JNIF =

) J[%j[gj J(T/H—)dx Ix/1 @ " Ix/lxi]b;2

| d (-t)dt y
7t BRI St 1o =2 (290 = 2t

,[ 1+x

I, —xdx = tdt ql, xdx = -t di]

dx
- J.\/1—x2 ~Jdt
=snmix—t+c=sinx— J1-x2 + ¢ = W |

sin xdx
1+cos x

[ Trizaei—(ix) 3 ed T 1, | = log +c

1+ cos x

sin xdx

& LA 3 ANFF = j1+cosx

== f% [¥f7, 1 + cosx =z .. (—sinx)dx = dz, sinxdx = —dZ]

1
=—loglg +c= Ioge; +cC

= 100e(1cgs x| * € = MRS
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4.8 S e

Q o0 i TR SO Qe AT ol ITCE SCAIbAl Sl 203 | 76 SCoTeha
TR SR 2ot etz st Srpiel S e fdfares s sepre 2031 @ safelbe
S T g o M g 27|

@FE U = U(X) G3R v = V(X), X SeRIME uib fou e |

SR AT FGiegrT,

fuvdx = ufvdx — JKZ_;:]IVdX}dX fee|
[ Swizad—1 2 [x"logx dx = F©?

d
@ AL 2 [Xogx dx = (logx)[x"dx — f{d—x(|09 x| X”dx} dx

Xn+1 1 Xn+1 Xn+l 1
- |= dx = logx — X" dx
n+1 -[x(n+1j [n+1 9 n+1I

Xn+1 1 Xn+1
= logx — — +cC
n+1 9 n+1l{n+1

n+1 n+1
:[X ]Iogx— X 2 + ¢ (Teq)

n+1 (n+1

[ Twigde—2 3 AT T ¢ flogx dx

= (logx)

@ I ¢ flogx dx = (logx)j1-dx — | {;—X(Iog X)[1: dx} dx

= xlog(x) — _[G)x dx = xlog(x) — [1-dx

= xlog(x) — x + ¢ (T&7)
) Srizae-3 8 [e~ (%—%)dx -3 e ey Fwee |

& ST e [ € [%—X%)dx = J%dx— ji—;(dx

1

=~ fedx — J’{;—X(%]jexdx}dx —~ Ji—;dx
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=< J(——)ede JS i+ c

X X
=7 " Ji—zdx—Ji—zdx+c

= % + ¢ (Te9)
0 Smzme-4 2 | Xel)z = Xe—:l + ¢ elsTlol e |
- Y 3 I( +1)2 dx = J%
_ j((xxili)ez dx— | (xixl)z dx = jxe—jldx— | (xixl)z dx

_ 1 d -1 [ ax eX
= Lo [| 50000 erx o - oo

=+ _[( - x +1)2 dx — -[—(x+1)2 dx

eX ex eX eX
= - dx — dx= — +c¢
X+1 -[(x+1)2 J‘(x+1)2 X+1

[ ®wizae-5 ¢ [sin(logx)dx = g[s'n(logx) — cos(logx)] + ¢ f&=t =i )
& AIYE ¢ &, | = [sin(logx) dx

- sinfogfiLax - || (sinflog)[1-0x}

= xsin(logx) — f%::gx)-x dx

= xsin(logx) — [cos(logx)dx

. d
= xsin(logx) — [cos(logx)[1-dx — J{& (cos(log x))f1~dx} dx]
= xsin(logx) — [xcos(logx) + jw.x dx]

= xsin(logx) — xcos(logx) — [sin(logx)dx
= x[sin(logx) — cos(logx)] — | + ¢, (FTIFT 3F)
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. 2l = x[sin(logx) — cos(logx)] + c;
= 1 = 2 [sin(logx) — cos(logx)] + %

-~ [sin(logx)dx = g[sin(logx) —cos(logx)] + ¢ [T49 ¢ (#3=) = %]— T A |

X

0 wrza-62 [ 1)3ede— 7+ G e e i ot v
{(x+1) - 2}e*
s e [

x 1 eX
Je (x+1)2 dx — 2J‘(x+1)3 dx

1 ) d( 1
= (x+1)2Je ox J{&((Hlﬁjj eax }dx ‘2J 1)3 dx

X

_ ek 1 e

= W - J(—Z)-m-é‘dx —ZJ( 1P dx
_ e _et _ e

= D2 + 2J(x+1)3 dx—ZJ(X+1)3 dx

= & + C o€ IRFE T Ay |

Xsin2x  cos2x X2
+Z +c
8 4

[ Twigae—7 3 (M9 (T, [xcos’xdx =
@ L ¢ ANATF = [xcos™X dx = % [X(2cos?x)dx
1 1 1
= ij(cost +1)dx = ijcostdx + ijdx
= 2 X[cos2xax— [{ 4 2vixlax| + 3%
= E[xj’cos X x—f{&(x)jcos X x} x} + 5015
- - 2
_ l[xl(sm ZXJ_J-l(sm 2X)dX:|+X—
2 2 2 4

- 2
= Xsin2x —ljsin 2xdx + 2=
4 4 4

H 2
= —XS'Z 2 +—°°‘;2X +XT + ¢ = Wil Il e |
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[ Twigde—8 2 [e?*sinx cosx dx = F© FLA?
& IGE ¢ &fF, | = [e¥sinx cosx dx

= % [e?(2-sinx cosx)dx = % [e?sin2x dx
_ Lisin 2xje2de—j{i(sin 2x)je2de}dx
-2 dx
2 2

- l[(sian)ﬂ—‘[ZCOSZX(ngX}

2 2 2

1, 1 y
= Zez Sin2x — Ej(cost)e2 dx

e2X sin 2x

1 d
= - E{cost_[ez"dx—j{d—X(cost)J'eZde} dx}

4

_e®sin2x  e%Xcos2x N lj(_sinZXJ.ﬂ
4 2 2 2 ) 2

2X oj 2X
e<*sin 2x 2 1 .
=y - ¢ C;s X 3 [eZsin2xdx

1 1 . 2 .
. (1+§)I = erzx(sm2x —cos2X) A, | = ;—4&2X(S|n2x —COS2X) + C

. [eZsinx cosx dx = %ezx(si n2x — cos2x) + ¢ (T&9)
T TATT SFOCF FA 26 3

eax

. 1 . . . b
[e?sinx cosx = Ejez"sm2x dx [*@ ¢ [e¥sinbx dx = Wsn(bx—tan‘lg) + ]

1 eZx 2

= - ———dn2x—-tarl>) + c
2 {22422 2
eZX 2X

= & nox — tanl =& o E
= 4\/§SIn(2X tan™'l) + ¢ = 4\/§SIn(2X 4)+c
[ Twizae—9 ¢ 7t ¢ = [e*cosx dx @3k s = [e'sinx dx 2 O (MAe (T C + S = €'sinX

d
@ I ¢ GFE, € = [eXcosx dx = e¥jcosx dx — f{&(ex)jcosxdx}dx

= €'sinx — [e'sinxdx = €'sinx — s
5 C+ S = esnx oIz el e |
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dx
[ Swiggd—10 3 W [efd T 8 j(x+1)—xm

dx
[WTW‘TWS J(ax_'_b)m, Jex+d = tW]

d
@ AL ¢ Jm [@2E Jx—2=t (&), . x-2= tzﬂo_sﬁi dx = 2t dt]

B 2t dt o tdt i tdt
{2+ +1W2+2-2 Tz agpiz T T 2+

_dt 2 _loaX
=2Jt2+(J§)2 - x@t (IJM_ J’x2+a2_ataln la *d

2 [ vx=2
=ﬁtan1[ ¥ ]+ t= Jx-2]
(X + 2)dx
[ Twrgd—11 ¢ I Fefy T2 ¢ J(X2+3X+3)\/X+1
o dX —
[mmqwoj(ax2+bx+c)\/px+q’ Jpx+q =t 3R]

J (x+2)dx
o TR 8 (X2 +3x+3)\/x+1

[4f8, Vx+1 = p3l, x + 1 = p? (T 35f F03) .. dx = 2p dp]

| (p2-1+2)-2pdp [ (p? +1)dp
{(p? -D)? +3(p? - +3}- p p*—2p2+1+3p2-3+3
2(1. 1
[t o P [+ 52)op
pt+p2+1 2( 2 1
p (p +1+p2)
1 1
i W
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dz 1
2J.22+(\/§)2 [%ﬁ p- % =z ( _ZJdp dZ]
_ o tan-l _ 2t 2
=2 Stan (ﬁj+c_ \/étan (3)4.(:

itan—l{pz_l} = itan—l( x+i-1 j +
V3 J3p JRVK] J3Vx+1 ¢
2 1 X
- st —— | | ¢
NE) J3(x+1)
[ Srizae-12 ¢ I(X 1)\/)( g O TR
dx 1
[Sti4Tel =T 3 j(ax+b)\/px2+qx+r S @ ax + b = ¢, (t # 0) e |
dx 1 1
& WY s [— —— [#fA, x—1=- - dx=—- =dt
'[(x—l)\/x2+x+l [ t t2 ]
_1 dt
=,[ ( tz)dt _ 2
2 2
A RS (RE G NI I
dt dt

_ _I t2 :_j t2
(%)\/tiz+%+1+%+1+l (%) tiz+%+3

dt
i m 1 /3t2+3t+ ‘[\/Btz+3t+1

e __ 1
j\/s<t2+t+;) S TN

R e
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——2\/§Iog +C[2ﬂ%t+— z .. dt=d7

-]
(SR

e T
|

—2log

¢l z=(t+ )]

X+1 12(x +1)2 1
2(x—1) 2[ 4(x—1)2

—2log +cC

log

(x+1) 1 x+1 )\

{2( x-1) 243 3(x—1) +l}
(x+1) x+1) +1
9 2= * 2 3

dx
] Swizae-13 ¢ J(sz)m -(& et 1

+C

dx
(ax2 +b)yox? +d

1
[ssraet et 2 | AT & x = ¢ P |

(—— dt

(1+x2)\/1 X2 - 1+1 \/1——

o s e | [zn%.r,xz% L X = — — ]

2 t2
t
1
J dt J tdt
(t2+1) \ltz -1 (t2 +1) ItZ_l

t2

2t dt
J‘(_—]__’_tZ) /12 _ [%ﬁ.f,t: \/6 l, t2=p s 2tdt = dp)
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j(1+p)\/— [4f, Jp—1 =2z .. p—1=24, dp = 2zdZ
_ 220z J 2dz dz
B __j(z +1+1)\/7 222 +2) T 72242
j 2 7 =— —tan~ (i) +C
+(\/_) f 2

- 2 _
:_%tan_l(%] + C:—%tan_l[ t\/alj +C

= tan-l| XX
2 [ 72
[ Swizac—14 3 JFe T 8 f\/3—4x2dx

& TG 3 jmdx = J (——xzjdx

’ B
= 2_[ [g] —x2dx = z{x(z#J{?TSinl%} +C

- Haee )+ St (2] o o

2

4.9 AR

INFCE IS AR wogelel Jaret

1. L=£tan‘l (§)+c

a
2. -7 =551%% [ "¢ @@ x> [al)

dx 1 a+X

3. 7= 5a%% | O (@ X < )

Ioge|x+\/x2+a2|+c
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5 J‘\/i Ioge|x+\/x2—a2|+c

dx 1
Im—sm (3)re e <

6.
7. j :—sec 1( j+c
/ a2
w2, J =——cosec1(x)+c
1/ a

[2 .2 42

8. J'\/x2+a2 dx = XNXFan x2+a +a—loge|x+\/x2+a2|+c
2 42

9. J\/Xz a? dx = ’-a —a—loge|x+\/x2—a2|+c

— 2 a2
10. IVaZ X2 dx = N T X7 a—sin‘1(§j+c
2 a

e (asinbx —bcosbx)
a2 +b?

11. [e*sinbx dx = +c(a=z0)

ax
- VaZ +b?

e® (acoshx +bsinbx)
a2 +b?

sin (bx - tan‘19)+ c
a

12. [e®cosbx dx = +c(a=0)

e b
= —cos (bx - tan‘l—)+ c
a

vaZ +h?

4.10 SRpAErt

TNFE e T
1. [e'sinmx cosnx dx (m > n)

J'x2+5x 1

3. [tan®x dx
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Jsinﬁ X + cos® x
sin2 xcos? x

(3]

. J‘5Ioge X dx

[o2]
'—0
<
N N
+ 1T
><M><
~—
N

o

X

[jeos T cos
1+ 2cos5x

~

]

_[ dx
sin(x —m) cos(x —n)

9 Jd—x
" J 4sin? x +9cos? x

2X

10. T u = fe‘cosx dx =R v = [e'sinbx dx 2, ©F A (@, WP + V2 = 62

11, [V +x+1dx
12. [ecos®x dx

13 Jw
- (1+2secx)?

1. JM
" J3cosx+2sinx

dx
15. [ Sxrsecx

16. _[\/ax—ixzdx

dx

17 Jaa

(3x+1)dx

18. J‘2x2+x 3

19. [cos™x dx
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@1+ x2)dx
L—x2)Wx4 +x2 +1

20. |

T 2 ji—gtan—l(ltanfjﬂz
21, =R PP 2 51 dcosx 3 3N

22. oY T ¢ '[sin—1 /de = [x+a]tan—1\ﬁ—\/§+c
X+a a

411 UG

1. Das and Mukherjee . Differential Calculus, U.N. Dhur & Sons, Kolkata.
2. Gorakh Prasad . Differential Calculus, Pothishala Pvt. Ltd. Allahabad.
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51
52

5.3
54
55
56
5.7
5.8
59

]
A=

Feffarea Terife

Reffaras fgfe

wio I @ Feffarea welw afe

RGEECEIG)

awe ATNFAIRTE TN & Sisead
AT AN IR 97 AWy TS SCEAGA!
WIFE eve FeffTs 3t wicaEn s

5.10 AFeE

5.11 Srpeterat
5.12 &G

5.1 Tt

3 GFF S ez R Snense Sz Sviggemiz | STEsiaael-ag e Cramer-<a3d
e @3 wtalis AT wwy ¢ wiwy [EE e 6 | Jacobian FTACE SICEDA!

AR

5.2 aal

0 ToAfEe Do Soiacas et G0 [ENT s Aew [ehz | Siierice sifesfv 2o
(FORF AMTH ¢ TP Tornz AR[E TSISIT AW FCARCA | F7 AL Weffacsa
(Determinant) ST FCA | AITSIBICH (TN, SHICFIE, (COG @ (F SIRTGrag a7

1693 sifiwes foRfee GFATOH AT N2 G R 70 o1 FACEN | AN T

e ogrs wime Iym FECR |
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5.3 fAdffaraa Terife

qfd, ax + by + ¢,z=0 . (1)
ax+by+cz=0 .. (2
aX+by+czz=0 )]

o @FIITed AN |

(D) € (2) (ATF g (cross multiplication) #I&feTs TN FCeT 113,

X y z

bie, —byey T a0 -ac, © ab, —aghy - K (* O (469, ke <= 21
. X = k(b,c, — b,cy), ¥y = k(a,c; — a,C) @R z = (a4b, — a,b,)
X, y ¢ z-47 Nl (3)T-ce BT i3,
agk(b,c, — bycy) + byk(ac; — a.cy) + cok(ab, — ab;) = 0
<, klagh,c, — agb,c; + bia,c; — baayc, + Ciayb, — ciab] = 0

ql, agh,c, — agh,cy + bga,c; — bgayC, + C3aub, — cgab; = 0 (- k # 0)

M, (a1b,C3 — a3b5C;) — by(8Cs — 85C;) + Cy(abs — aghy) = 0 - (4)
a b o

()7 IR S SicHlBrs Siwe sRed fTorere A, (22 Z C2| |
a3 C3

(It Mefimeas o 29 | |)
qCF GO TR fweffT (third order determinant) Ics1 Sifefze Fa1 23 |

1 2 &3 - B

a1 A A3 - A
€OId N-F1 (n-th order) MeffiTeee &t |- -0 o o | T2OTICE o ST

A1 @2 A3 0 Gpp

A

&1 &2 3 v @
1 A a3 - A

T A = (8)pen G0 5 WG =7 ©0 O feffaesss welG 20 |-
a1 a2 a3 o App

e S |A| e Biee w91
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T2 F (Minor)
fF, A= Jay| 790 = 1, 2, 39 j = 1, 2, 3 A e @@ (et o g (i, j = 1, 2, )1
SR A7 ‘g’ TS I i A (row) E<R [T FCE (column) RTINS SRES A |
G S §-8% A IR [-0F T (I gy;~(F K WNR)-(F W7P© 0 (Wefie am W) w13
T TG S G5 (effTs 2Fe ST G OIS TN g~ A2 (minor) | Gt M,
2 foe et |
-aypAgp A
qfq, A=|ay 5}22 Ay
831 5:132 33

. . o _ A1 a3
. Qg AT minor 99 My, = 2 a
1 933
. o _ A1 %3
T[JhCA, Ay, ATMT minor IR M, = 85 s

God A [ (@RI AMa minor [i@e a1 T |
AT TeAWE (Co-factor)

afe, A=l ()= 1,23, .., n) a; 2 A Feffacsss i-o A1f @ -0 woes AT
SRS 97 |

899 2 TS = (—1)M x g-aq WE |

AR (i + j) = T RN A, | +j = 17|

(i +j) = o0 AT 7, i+ j = -1 2J|
e (i + ) = T (even) FRAT T, gy~ AT AN = ay-ag W2 |
SIACE (i + ) = SFeN (odd) AT B, g;-d9 A TLAME = — gy~ A2 |

12 3
(] Swizadt ¢ 4f8, A= |4 5 6|, &y, 8, 8,97 AZ-OeoAWS el T
789
@ TN 8 3y~ TREAMT = Ay = (—1)2+1§ g‘
@ — — 3+12 3
By, dT TZ TEAWE = A, = ( 1)2+21 3
22 —M22 = 7 9

(Rm. ¢ @ @ AT A2-ToATS-(F IT Q0O I &7 T 1)
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5.4 fdces fafe

@ @I FefiEea Cwea 74 o RS 0 SCAD 203 O 72082 SN 6| TE SR
(fNeffEe=) @ @ICl A (row) 31 WF (column)-ag &fe +iv ¢ OiF Siezvl H2-Se M s |
fefacera RICaR 717 O S 207 @] A A WS ACATT ATOIF A S O Sefaie| AZ-CLoA WM
OIS CZA (NI I |

123
[ Swzad ¢ s 39, A= [4 5 6|, |Al-F fage F't@ e fefg wm)
7 89

@ TNLE ¢ A A (Lst row) IART KGR AR |A |93 S 203 =091 2
4 5
7 8

4 6
79

5 6
89‘—2x + 3 %
=1x(5x9-8%x6)—-2xXxA4x9-7%x6)+3%x(4x8-7xD5)
=1x(45-48) —2x (36 —42) + 3 x (32— 35)
=1%x(3)—-2x(6)+3x(3h)h=-3+12-9=12-12=0

by
by

Feffarea fagfer v=e @@=t

A1 o - Y
1 8p v 8y

Al =1 x

(R ¢ = a;b, — ab,) |

2
)

g7, A =

By B2 o Al
SR S (@, a-98 7R TeAE (co-factor) = ay-aw Wigwa x (1)
S T Ay T

oI Ay = (<) x My [i,j = 1,2, .1

o A FefECER S (<o AR ),

n
Al = X aiAj (=12 ..,0)
=1

wEgce, A R Wi (-9 W ACAT),

Al = 2&A; (=12 .., n)
i1



108 O GE-CO-11 @ NSOU

5.5 76 7 e Feffarss wew afe

vib I I (same order) efRIGH weieet BIF @A 1 A | [ 2
(1) i (et fefiees) x A (s Wefacsa)

(2 M x TY (9IF2SIR)

(3) BT x W (GFTSIA)

(4) A x T (GFTSIF)

SR @A (1R siafel oz afE @) Serg AEErelE 4o gor Fod el e
eRFe] A A Rt 9re @z |

o B on
a B V2
a; B3 73

a b o
a b ¢
a by c

3, A = @R A, =

3x3

3%3

o B on
a b ¢ a B 12
a3 by c3 a B3 13

aqo thBi+ayr A +hB+ay, Aoz +byBy+crys
0 +by B +Coyp Ay +by By +CrYy  axag +by B3 +CoY3
agon +byf +Cay1 Agap +3By +C3yy  agog +3B3+C3y3

q b g

X

A, AA, =
kw2

a b

a b

o B

a B

M A = ZuﬂaiAlz

2%

T is o % (o o ) x 1 (RO ) ()

g A (Matrix) @7 @ 2@ Guaicag SIetml | (Tt o 209 AL sHiG e Al
G3R ot TR BTew wowe ofer @ie 7 2fo wdws WifGe oA (element) @@ FCo
2|

2%2

O, AA, =

aoq +hy  ap +bB,

oy thyay ayB+byfB,

5.6 Twiggelset

o4 AA, = A |

[ Twizad-1 s fage M w03 A = Feffacaa sw o T

© N o
A wWN
g b~ w
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5 2 3
& AN s A=1(7 3 4
9 4 5
(R, — Ry @ (R; — R,) 2italsl FF 113, (R = Row)
5 2 3
-2 11
4 2 2

(R; — Ry) 2T I A,

5
2
2

RN
= =W

=0 [faor @ gorn A b Ao e e feffass S w7 2]

a b ax + by
b c bx +cy
ax+by bx+cy 0

] SwigRd—2 ¢ 2Nl T (@, = (b? — ac)(ax? + 2bxy + cyd)

a b ax + by
o S ¢ <ffie = | P ¢ by
ax+hy bx+cy 0
[C3 — (XC;, + YC,)] AT I AR (C = column)
a b 0
—| b c 0
ax+by bx+cy —(ax?+2bxy+c?)
TOR WEH ~maler e Kge w7 AR

=0-0+ {~Hax? + 2bxy + cA}(ac — b?)
= —(@@ + 2bxy + c?) x —(b? — ac)
= (b? — ac)(@ + 2bxy + ¢?) = T4 fis (@wifee)

a-b-c 2a 2a
O Trgge-3 ¢ oram ¢7, | 20 b-c-a D = (g+p+c)
2c 2c c—-a-b
a-b-c 2a 2a
o e ¢ e = | 2 b-c-a 2D
2c 2C c—a-b

(R, + R, + Ry)-97 WiHiCy eifiogifre =l 200z []
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_ 2b b-c-a 2b
2C 2c c—a-b
1 1 1

- (a+ b + C) 2b b-c-a 2b
2C 2C c—a-b

a+b+c a+b+c a+b+j

1 0 0
=(a+b+c)|2 —(@+tb+c) 0 C, > C—CERC—>C—C
( )20 0 _(a+b+c) [C; > ¢ — ¢ AR ¢ 3 — Cil

=(@+b+o[l{(a+b+c2-0} —0+ 0] [=x Az «fstzfrre e 3]
= (a+ b+ c)® = T | G5 farefa T

b+c c+a a+b a b c
DW“T—4S&NT‘TW®, g+r r+p p+q =2(p q r
Yy+Z Z4+X X+Yy X y z

b+c c+a a+b b+c c+a a b+c c+a b
@ ING ¢ qifie = (A7 r+P p+d| = |d+r r+p p| 4 [q+r r+p g
Yy+2Z Z4+X X+Y Yy+zZ Z+X X y+z zZ+X Yy
b+c ¢ a b+c a a b+c ¢ b b+c a b
= |9+r r p| 4 (9+r p pP| 4 |Q+r r q 4 |g+r p q
y+z z X y+z X X y+z z vy y+z X y
b ¢ a c c a b ¢ b c c b b a b c a b
=g r pl+("r " P+ q 4| raq4+|q9 p a4 r pAga
y z X Z 7 X y zy z 7y y Xy zZ Xy
b ¢ a c a b
=9 " Pl+o+0+0+0+ (" P Q
y z X zZ Xy

[feor fNeffaessa ota, 2las € Ao W8 wIg7id F7alle
TR e (0, 22 ¢ PO WY 27 T
bod eIt CFCa, YL @ SR WS SF A
st e (FCa, AT @ PO WY AT ]

a b c a b c
= )F(’ 3 ; + )F(’ 3 ; (2o faefacea (veg Beefe™ oy Airifzs 3w [fewcs
e, ¥ib Weed FW [T (1) e Refimabes ae = 2rme )
a b c
=2|p d r| = wgawF (aifle) |
X y z
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(7] Swigd—5 ¢ FItaa (Cremer’s) s swigie s (Rrae Aftisadefes) ¢

X+y+z=6

X—-y+2z=5
3X+5-72=-8
1 1 1
@& MY s 4, A= |1 -1 2| =1(7-10) -1 (-7 -6) + 1(5 + 3)
3 5 -7

[2es AR cefFce RRehbee Rge 6]
=-3+13+8=21-3=18(%0)

6 1 1
5 -1 2
-8 5 7 1
@qq, X = DT E{6(7_ 10) -1 (-35 + 16) + 1(25 — 8)}
1 18
_E(_18+19+17)_E_1
16 1
1 5 2
B 8 7| 1(-35+16)—6(-7—6)+1(-8—15)
Y="1w. = 18
~19+78+23 _ 36 _
B 18 18
11 6
1 -1 5
B 5 -8  18-25)-1(-8-15)+6(5+3)
T I 18
_ C17+23+448 71217 _ 54
B 18 T 18 18
st e x =1, y=29Rz=3
X 3 7
(] Twigae—6 3 qfw x = — 9, 3 2 2| = 0 AMFACAT GFH NS T O G ANFACE S
X
wh Ae Fefw T
X 3 7
& I 2 9w, 2 X 2 =0
7 6 X
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4,

4,

X+2+7 3+X+6
2 X
7 6

X+9 X+9 x+9
2 X 2
7 6 X

T+2+X
)2( = 0 [[efaies Ry, — Ry + R, + Ry (799)]

1= 0 [fAefiaes C, — C, — C, (F97); C; — Cy— C; (9]

al, (x+ 9{ (x=2)(x—=7) =0} =0+ 0= 0 [T A siwafler ATATH Mefizpivee [ige 3]
A, X +9YxX-2)(x-7) =0

X+9=0,x-2=0GR_Rx-7=09fle x=-9, 2,7

ISR AT X = —9 Jel AW o= Iy 95 261 X = 2 GR X = 7
Tegex=2x=7

5.7 owe AgAsieaciaferd ANt o FiNicad e

Rffae afra srew s . @ e swfore «aifds F2-1N5aced (2ve) e
s Fafeee |

A I, N ARASF GERIF TS N AT HR-ANPRE (AE SAZ | (T

QX+ gXy * o

taxX, =k (i=12 ..,n)

&1 2 v P
a1 8y - A
GRATFA = |0 o e | #0 0
an1 A2 Ay
X&11 &2 A
Xay1 A aon
G, XA = [@FCeT Cy (BT TW) x X4]
Xan  ap2 ann
X811 +Xo8p +-+Xqny &2 o B
X(dp1 + Xpdog ++-+ XAy Ao vt Aoy
Xi@n + Xp8pp +o + Xp8pn 8m 0 App

[C]=C, +XC, + ... + X,C,, (T9 &Y TF)]
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ki @, a3 - apg
Ky @yp ap - @ B
=D [(i)% =it ey
I(n 82 @3 - @pp
= A\ (ﬂﬁ)
]
X =
A A
SR, X, = XZ’ oy Xy = T Ay, Ay .oy Ay TR A (AT A 211 37 A
kg
&SR, PO, ..., N-03 BELHIF RIS ":2 frca elfsgifore w1 a7
kn

(7] Twigget ¢ Cramer-a9 R s S ¢
2Xx+3y—-32=0
5x —2y + 2z =19
X+7y—-52=5
2 3 -3
5 -2 2
1 7 -5
g I e R
=2(10-14) - 3(-25-2) — 3(35 + 2)
= 2(-4) — 3(-27) — 3(37)
=—8+81-111=81-119=-38 (= 0)
. Cramer-@3 s «/tarey |

@& AN 2 QTT, A =

0 3 -3
g, A= 19 2 2
5 7 -5
2 2| .19 2 19 -2
-0 495 G5 7
= 0 — 3(-95 — 10) — 3(133 + 10)
= —3(-105) — 3(143) = 315 — 429 = 114
2 0 73 19 2 5 2 5 19
_I5 19 2| _ 0. _
R _2"5 —5‘ 0‘1 —5‘+(3)‘1 5‘

= 2(-95 — 10) — 0 — 3(25 — 19)
= 2(-105) — 3(6) = —210 — 18 = —228
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23 0 2 19 .5 19 |5 -2
IHETETEE
A, = =
3= 7 8 7 5171 5/ "% 7
= 2(~10 — 133) — 3(25 — 19) + 0 = 2(~143) — 3(6)
=-286-18 =-304
Cramer-<43 facw,
A A4 114
x=b= =2 =22 =3(0A20)
_ Ay _ 228 228 _
Y= X T 38 "3 ©
Ay _ a4 30 _
S R TR

o T s ¢ x = 3,y = 6 @R z = 8 (Teq) |
FTER faw 7o St wiedy ©2if TE SCAG 21 26 | @ SCEADAID Fg-Tstiaaet
TLAHC SIna i e Trarey g ez |
(i) I eve AZ-TMFACR L ¢
M A # 0O X = %,y= %f@l
UG, G0 TG AL (Unique solution) sis3l AT @R FfeareeiTd are Aol
©@i PrERT o (consistent) 2 |
(i) IM A = 0 @R X € y-9F TERY FNLCA (infinite no. of solutions) S 2Nel AT
IR eFfosTeeIa T 5T (@ ANl fita afbe ©E% (system) sgee
(consistent) 2Cd |
(iii) I A = 0 @R A} € A, & FAATHF @I A S (= 0) T, O 7 AZ-AAFL0
(zvre)-gfer wE (system of equations of two variables) spiIg2 (inconsistent)
2@ | SR BE X 8y GF AL S AN AT |

S, ol SISl Baia (FaS GhE ARG Sl ol FHCe A1 | G Tuigacem
G ! Foo TS 5eAcFa T2-ANFaeaferd e e T Aafet sncesa Faf |
[ Twizad ¢ Ty T (Meffaeea ses)
X+y+z=1
X+2y+3z=4 (FRFATST)
X+3y+5z2=7 .. (D
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1 1 1
(tWWSQW,Azi é 2:1(10—9)—1(5_3)+1(3—2)
[[Feffaca eles AT AR o)
=1(1)-12) + 1) =1-2+1=2-2=0
1 11 11 1 1 1 1
Wﬂ,Alz‘; g g:O,Azz 1 ‘7‘ g =Ok£1?T‘<A3:1 g ‘7‘ =0

Ao, A=A = Ay = Ay = 0

SO, UG FNFANCT (ATF 2 HCA e SPRT T(A R ©FL Amepens)ef 2 [afbe
2 SR O AT ShsERTslel e [WiE 20 A0 | Gfb 2= Sy SR s
o ATFIACS et ¢

X+y+z=1qx+y=1-2
GRX+2y+32=4qA, x+2y=4-32 . (@
UG, Cramer-a3 fas SEpiel 03 13, [(2)7R ]

A= J=2-1=1

Alzuié ﬂ:(2—23—(4—3a:2—22—4+3z=z—2
1 1-z

AZ:‘l 4-3|=(4-39)-(1-29=4-32-1+2=3-2
M 222

'X_A =77 =z-2
A 3-2

y= 2 =" =32

A I, 2 = K (@ (TN AWI W), X = 2 — 2 GR y = 3 — 27 (A A,
XxX=k-2,y=3-2k [~ z=K]
o, X = k-2
y=3-2k
z=Kk
@29, k 9 (FRIAT 6 0T, X, Y 8 249 IR TG [eTi< |

<. ARIACSICH €3 AT (ATF SR 0o AT (@, (1R eae o7 Aeanoiel @)
TS TGS BEd e SRR |
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O &% ¢ Cramer 7o SRETC TG T ¢
5K -7y +z-11=0
6Xx —8y =z+ 15
3+ 2y — 6z =7 (Eaiaet e aifde w7 (system))

51 A X, y, -9 T e I AT Teiaf e todl 311 w8ha 7wl (2Fh)

T T |

4 883 x=1,y=-1, z=-1 el M tod Fa1 ©@h Pimen oo 1

5.8 SAf® AN G2 A9 SfFg [T Scena

(I eI AN TS Seniall eI (ARRTCR) A T @3 (one) 20 SIS

tafds &2 (linear equation) &1 231 | (RS THFe! T4T1F BTty
2o @7 (e1efbg M @6 TREEAITE o I R R, @
Frersiferor ANFRC 2ifera A HERI (STer) A AP A
9% 42 1 O (! R OIS WCARF FNae 2N Srae w9 2 |

Trigael ¢ (i) X —y = 0 (AR SEeael, Fhel X 8 y o1l gioa
AC® e @F (0ne))-aF =1fbg @R (0, 0)-9I% @3 X SCHFA
ARE 45° (e T G FAAEAIA |

yA

\

y=X

45°

0

X
>

(0,0) X

(i) 4x — y? = 0 3l y? = 4x [T TRl ¢ IR, GUH(G X € y-&F &y 7% S 72

(two)]-9F =Tefba SRRt =17, wfigeeE a A (0, 0) |

SRR I REel e S 72, o, B 20 Sl s Fopefer
78 siafs bie] itz | g e aAifersi ATw=ce T#ifEe brer AT
99 {5 TR ©IF (A 20T A WS AROTS AT FAGH (IHE ARG
2 1| 5, I Rl =14 FifeifE [, ey =i<m asmie
QLNOTO SGHE S T (AR ANFACHT 2AA Safs
SR GATES S 20 ATTCR | (TS ST NI FCH 2FS

Y A

> X

0
(0, 0) \
2=4y

y2=

(exact) FTTLINCIS ST M SN N 22 I, IO numerical (FRAPHF) Aahere

gifexg <41 20z |

(i) Bisection method (FTfads 21&f®)
(i) ‘Regulafals’ method
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(iii) ‘Fixed point iteration’ method

(iv) Newton's Method

(v) Newton-Raphson's Method

(vi) ‘Aitken’s A? method 2wiff |

Numerical method (FRUPI6T 7%®) (TR SART ATC 2fle e (SNF) AFCH
AT AT TO0! e IR W0 AT T OF (BB I AICF | T Sifers Wiwesfer
A5 SIs@ (sequence)-(F % (closed) SIFITE 2 T | OTG) GUHG & Al S
SIS A (convergent) SR=2 209 203 | ARCEE SR 31 IR (T qUFGg Al e @
A N K S5 2078 G5! A1) SR A | ACE St (6 A ‘error’ 6T | G2 FHeE
@ #afe TS 3 IO A @1 a0l 0o IR 2 | TGN @Te) [ifeq Amfon (Semifa [w
e &) SRSl 960z | 2 G Mg SRS 2ve AFRCe e (LA iR Stz
ol fox 741 27| RS (WG @ Y JeE F6 Y& (error free) I T S AldF WCT
Il e A e ses Al e S 9 8, ACE SN oaigiesad el
(iteration) 3feT | fI5a SoAsimifox s=ICay =wat 2SIt f(X) = 0 (AF x-97 [T @6 S
I SR i wf faef S |

Bototig ¢ “=fii [a, b] 2 @ SR (closed interval) FErs SCor f (A1 f(X)) FT© =
@R a 9% b @iE [RMCs f(a) @<k f(b)-7 I [eoidre bege 27, o4d 0% <3 A9 o € (a, b)
[(a, b) AT SIRFTH o TE+] -3 & f(r) = 02CA | (Intermediate value theorem—a3 #if&=a
o RO &io)

fQm. ¢ SNl TRl M o R, I Seafs A9 f(x) = 0-F o Fra (satisfy) I
wigfie f(e) = 0 = | SAF TSR] M 1S SEFT Xg, Xq, Xp, ory Xy | T TS
I f(X) = 0 FMNFACR & o TF, O3, X, — ot | < & (&), T2 n > n, (93 TR

gFE, G, L x = o [9Fr Soieim, sfen sseE o]

> N—oo

Numerical (FRATPIFF) #Iwhs SRETH SRS FATACR AN FSICF w1 AR ©f ==l
‘oo oimfe’ wfe ‘Bisection method (ARG “&fS)-ad ST Ayt F9 |
TGS Ao WIRGSIE 2T F41 27 2

4f3, f(x) = 0 @36 wiafis Asalfrera ANFD | f(X), [a, b] T& TIFIH FAATF GF0 JST(F
alzel TR 39, MM f(a) @R f(b)-CS @lie MW g5 sz [eidre hege =31 «fF, x, &2 T 7=
ooy f(a) f(b) < 0 €% f/(X)932 oz 403 AT [a, b] SR, SIFCA f(x) S e Sorws
(FTITONA) @ TRFIA |
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GO 2 FGSTE {X} A {Xg Xp, Koy ...} IO SHITFC 24P FACO 2T Fmaifaas
ATROTS T T | 4, X = & 41 b @R ¥, = %(a+ b) | w4 (x,) foefen <ol i | = f(a) e
f(x,) R7iSre foege =0 o@ a, = a, b, = x| (ST ST SEFF 27 AT [ay, by = [a, x| T
wErelty AM f(x) ¢ f(b) Fore Hzye =0 w@ WeEl 59 g, = x; @8 b, = b s
[a, by] = [Xg, b] 1 f(X) = O SR @R G0 T ¢, TS [0 RIS (@RI G (6o
2 ffes AR T [F [y by] SRR dfomiol | 3 Al 2mesfwe Aol SR X, =
%(an+bn)-@59ﬁ?3f2ﬁ€xn—>ocﬂél?[n—>oc

ol e 2RGeE SepiRe FEee #fif |

X +b
— —> = X (M)
| | I | |
p=a a+ x a+b_X —— b=h
- M
2 2
!I(
2
_ag+hy _at+h _a,+b
Dy = 2 = o Ky = ]

TRAC 2GS TG 728 ¢ ATl awe f(x) = 0 FNFACR (SeaiF e
SRRl S F2a T i, aMe @3 2afs [Fghl 27 +afs aiR SRS AW AT - TR
Sz et |

[ Swizad ¢ «fq, x3 —4x — 9= 0t f(x) = 074 f(x) = X3 — 4x — 9 T(GAT AgfS SLeTH

F(A (T8 SCARS FAAFACR o1 WifEIF W o1@ aizetaisy e (Aw) [efa T

@& Y 2 G, f(X) = x3 —4x -9

ATFRERPSI #iiE, f(0) =0°-40-9=0-9=-9<0
f(1) =18-41-9=1-4-9=1-13=-12<0
f(2)=28-42-9=8-8-9=-9<0
f(3) =33-43-9=27-12-9=27-21=6>0

TSR TP FTHAT (@, £(2) < 0 el g £(3) > 0 (4 F)

- 1(2) @ (3) »”r=R [=de Heye, T X — 4x — 9 = 0 TR 9F0 9% [2, 3]

SRFICH ST | e W, a8 = 2 93 by = 31

TSR X, = %(a0 + by) = %(2 +3) = 25,
{7, f(2.5) = (2.5)3 — 4(25) -9 = 3.375< 0
f(3) > 0 =rowq, [2-5, 3] Y2 SRIIH GFH A T2 SRZ FA(A |

1 1
n %= 5(25+3) = 2(55) =275
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TSI ST @A (olte, e ool eres owe 1 |

T AR a,-q3 T b7 T | Xp4q= w f(X01)
(n) f(a,) <0 f(b,) > O (97 W) | (97 elte W)
0 2 3 25 —3.375
1 25 3 2.75 0.797
2 25 2.75 2,625 —1.412
3 2,625 2.75 2.6875 — 0.339
4 2.6875 2.75 2.7187 0.22
5 2.6875 2.7187 2.7031 —0.058
6 2.7031 2.7187 2.7109 0.076
7 2.7031 2.7109 2.7070 0.0084
8 2.7031 2.7070 2.70505 —0.027

THfISE OIfeTr! 775 FA0eT HZLE2 43T 20T (T X3 — 4X — 9 = 0 AN (SCARF) @
ST e 25 2.706 (To wifss g 1K) |

Ted ¢ 2.706
a LYl
(1) STfade 2 SRR X2 — 9x + 1 = 0 (SCARS T - (& T I ST
(foa1 mifss 2= +1f%) @ e 2 @R 3-97 T4 S[HES Ot e 0 |

(2) @S g AT FCH SCARE ANF X + X2 — 1 = 0-97 @3 et (A Toalb wm AL
oF @) e e |

5.9 witei@ ave s At eitsdn [

M Uy, Uy, Ug, wery Uny X, Xoy Xgy wery Xp N AT BRI 2 N-TFCH SIS0 SICHATFD
37 O I

aX]_ aXZ aX3 an
oX Xy dxg T 09X
Uy, Us,Us, ..., U 1 2 3 n
[Mj = 8u3 8U3 8u3 8u3
X1y X2y X3y vy Xy W E E m
aXl sz aX3 aXn
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-(F SICFIRR oz Al fFaner e Te7 23 (@It e @A SofEs QA uy, Uy,
Ug, -y Uy SR AT Xy, Xp, Xg ACATE SRFFCIT SRFETe T 2| LS AT SRR
ezt Mrareelt =i 23 ¢
o(ug, Uy, Us, ..., Up) [ul,uz,u3,...,unj
O(Xg, X0, X3, -es Xpy) > 2\ X, X0, X3, ey X
M eyiffore epcia Mefces ez 2 dbfers | ey @i Fefir G T
A T Pl w feffar, st Wihsr Aesifaree @2 e el «m w0 x| (KB
sfree (@ifie) @.fe. e q St g2 R ase 9 2R |
[ Swizds—1 ¢ x = rsin@cosg, y = rsin@sing, z = rcosh TI, OTI (WA (T,

da(Xx,Y,2)
a(r,0,9)

= r?sin@ sing.

ox  Ox  OX
a( ) or 00 Jdb
s g = e VoZ) oy dy Y|
@ AL 8 = ar,0,4) = or 90 % =
dz Jdz oz
or 99 Jdo

sinB cos¢  rcosO coso  —rsind sing
sin@sing rcosOsing  rsind coso
cos6 —rsin@ 0

sin® cos¢ cosO sing  —sing
sin@sing cosOsing cosd
coso —sin® 0

TeoAnE fRANT (el T )

sin® cos¢ cosO sing  —sing
sin® coso 0
coso —sin® 0

= (r’&inf)(-sing)(-1) — 0 + 0 [FfiT=E por s ~RteFFre o6l 2RE]
= r%sing sing = TIaF | @512 farefd T
] TwizRed—2 2 I x € y 9F 2P AT 561F @R U TNAFT FHG 5eF T, OQ

Auv) Axy) _
a(x,y) d(u,v) =Fo?

= (Y2sin0) (rsind =R r-(F TOR € TS Y (AT AL

= (r%sin) (R, (Tg) — Ryc089 + R,Sing)

Jdu du
d(u,v) oxX dy
- TR e g = o a_{‘ (SO feffarcsa el Sepiica)
ox oy
x 2
e 20 _ [ o
Y o(u,v) % %
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Ju  dul |9x o

du,v) 9(%y) _ [ox dy| [ou ov
> A(x,y) 9(u,v) T [9v ov|'|dy 9y
(X, y) a(u,v) x | o o

ou ox  ou % ou ox_ du %

_|0x ou  dy du dx ov dy ov
Tlov.ox,ov Y v dx,dv. %Y (Ferefiare b ey el <) - (D)
0X du dy du dX ov 9y ov

g, u=f(x, y) @R v =g Yy) 9 x = Fu, v) €& y = G(u, V)
AR I ST 2N,

o
G4, u =1=73% au+ay ou

ok udy

o =0= 7% 8v+8y v - (2)

o

ov OX ov dy ov

o vy

au dx du dy du

(1) (ATF AT [(2)7R T LI
ou,v) 9xy) _ ‘1 0‘ -1
a(x,y) o(u,v) ~ |0 1] 7

Jdu  Jdu
ox oy

7]\93 3 v ﬂ ﬂ
ox dy| |ou ov

< feeef s = 1 (Te)
ARG WFQoS THAAW SHLFIAT OTGH T

O ®osi-1 3 Jacobian for implicit functions,
W f(u, v, X, y) = 0GR g(U, v, X, ) = 0 9> S INTeIta IS, T4 U, v TSR
X @32 Y HACRA NI AFH® SRFFCIE SN S5, O

a(u,v) a(f,g) /a(f,q) a(f,q) ]
Axy) = Axy)/ auy) LERET Gy (FERD) # 0

O Batotig-2 ¢ «f, foms FET AW G 27T Xq, X, IR Xg AW MO LF© AT

R SCAFFTZ T4 Uy, Uy 3% Uz € Uy, Uy IR Uy~ IR S0 (0 SR ST 23T
TR AR A € AT *S 25

=1




122 0 GE-CO-11 @ NSOU

9(uy, Up, U3)

= 0 (TCAFCHT IRHG SRHCET TIOR3 4 e 20)
(X, X2, X3)

[ Srizae-1 ¢ SHriaE FEs et S04 e F9 @, tan~x + tanly = tan—l(lxjxw

& TUE ¢ 4, f(x) = tan~x

o f(y) = tanrly
X+
4, U = f(X) + f(y) @98 v = 1_ny
U u l+lx2 l+1y2
ox oy
., g(u,v) = |ov ov| = | 1+y? 14x2 | =0
(x,y) ox oy |(1—xy)2 (1—xy)2|
soU R VSRR e |
4f, u = g(v)

X+y
f(x) + f(y) = ¢(1_ij, @Bl FFET X € y-9 ) |
y=0Z, f(x) = ¢(x) . f(v) = ¢(v) . u = ¢(v)

X+y
(9 + 1) = f(l_xy]

X+Yy
1-xy

|t

P eIMU=X+y+ZV=xXy+yz+ XEGR W =X+ Y3+ 2 — 3xyz T, O(J 2 T4 (T,
u, v €R W SIeorwaesfer FiFe (independent) <131 (SHICHISRT f=1ca)

(X, Y,z
[ Swigged—2saMu=x+y+z uv=y+z uw = z T, O3 aguvyw; =FG?

(“WW%W,
u=x+y+zu=y+zuz=z
“X=u—-(y+t+2=u—-uw
y=Uuv—2z=u —uw
Z=uw

TR tanix + tanly = tan‘l[

X ox OX

0,2 |9 o

o N l) _dy oy 9y
T Juviw) = [u v aw
0z dz 0z

Ju ov ow
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1-v -u 0
= VoW u-uW -W R+ R, SITHIT WeR R, #leTl 1]
VW uw uv
1-v —u 0
— V—VW4+VW UW+U—UW —UV+UV
VW uw uv
1-v -u O 1
-v -u
|V u O0l-g_0+uv v ou
VW oUW uv

uvfu(l —v) + uv} = uv(u —uv + w) = v

a(x, Y,
. ﬁ-mw u?v (Te3)

oI 8

(1) I U2+ V8 =x+ydaR u? + V2 = x3 + y3 23 O(F &Sl T (T, J A

Au,v) 1{(y2—x2)}
ax,y) ~ 2[uv(u-v)

aIxy.2) _ ,

(2) IWMx+y+z=uy+z=UvGRZ= UW T O O, I3 ouv,wy Y

5.10 wHFeee

T mn AR AR FLEF NIT0F (System) (I RTe= e (order) Arsitat TR ATS M
TR A 2 ARTS N )W AN AE LR 919 CF M FRAF AR 8 N WRASF TS “Aeql
T O G2 IIEE M x n MTH 761 23|

GRS ATNFACR (P NoToqE WIGCHT NGTH 2 I 7SI | (@TTT—

X+2y+3z=5
2X+9y+4z=7
5x+y+82=9

&3 AN SIITOFCE WG NG ANoF Awfore AT Fa1 T |

1 2 3|[x 5

2 9 4(ly|=|7

5 1 8||z 9
3x3 3x1 3x1

2SS 2 @RI W AY = F
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QAT A, Y @R F 92 o538 Matrix IIT7a SITe (demension) 22w Y @ ©-9i7 BU8a
IRAYFT QBACHFFT T AT T4 27 (@ A Matrix-a3 e« 3 x 3, Y Matrix-93 e 3 x
1 @R F Matrix-4g oiFed 3 x 1

ez (determinant) 2’s1 STIGCER (Matrix) s

2 3 1 2 3
9 4| Matrix-a3 determinant 263 |2 9 4
1 8 51 8

>
[
g N P

= 1(9.8 — 4.1) — 2(2.8 — 5.4) + 3(2.1 - 5.9)

= 1(72 — 4) — 2(16 — 20) + 3(2 — 45)

=68 + 8- 129

=-53

9B AN 1000 (T fonb bamaifal A<= 1 002 Gl Ta X, y, z @2 foo vemaifa
S S eI AR W G- (& R (@A A |

5.11 SeReTat

2bc —a? c? b2
1. oW e (7 | €2 2ca-b?  a? | = (ad+ b + ¢ — 3abc)?
b2 a2 2ab—c?
l+a 1 1
o g cr | 1 1+b 1 =abc(£+l+1)
1 1+c a b c

3. I s= msﬂ,waﬂwwm,

a2  (s-a)? (s—a)?
(s-b)?>  b%  (s—b)?| = 28%s — a)(s — b)(s - C)
(s-c)2 (s-c)2 ¢?

17 19 18
58 60 59

4, Rgfea ARy grol fNeizeioa s F28 36 2
97 99 98
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10.

11.

12.

13.

1 o o?
T e s s |0 0 1| (@A 0, 0? 713 - 1 = 0 AN 4o SR o)
0?2 o 1

X x2 1+x3

AW X £y # 2 T, O WG ] (T, xyz = — L7 |y y2 1+y3 =0
z 72 1+78

(b+c)2 a2 a2
@AN @, | b2 (c+a)® b2 | =2abc(a+ b+ c)?
c? c? (a+b)?
b2+c2  ab ac
L HWe e (@, | ba  c2+a? b | = 4a?b’c?
ca bc  aZ+hb?
. fea AReerafer R R ke e ¢
2,83, 10_ 4.6 5_ , 8.9 20
xyz_4’xyz_lﬂa\xyz_
a8 b-43 W (I T ACO e FNFAIfe TG T A
2x+ay+6z=8
X+2y+bz=5
X+y+3z=4
2
PB=lz@m @@ P € 8 =(a+bo+c?)® © 2
c ab o ab
(@A o, ? T X8 — 1 = 0 AN 9o Pl o)
1 1 1
g sET e (X P 91 =0 (p=0q)
2 p? g?
angz ¢ ¢
a e , | 2 22 a | = gape
b b
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1 a a2-hc
14, A @ L b b?-cal =0
1 ¢ c2-ab
1+a2 —b? 2ab —2b
15. 2 e 2 | 2ab 1-a?+b? 2b = (1+a+b?)3
2b -2a  1-a?-b?
5.12 agaiGt
1. A Text Book of Matrices . Shanti Narayan and PK. Mittal, S. Chand, New Delhi.

2. Simplified Course in Matrices : H.K. Dass, S. Chand, New Delhi.



a%% 6 O WG

yey
6.1 ST
6.2 &TE

6.3 WIHEE a9 c=w

6.4 G =

6.5 forde WGH

6.6 SR AT @R AR (ST
6.7 ISR

6.8 SRpAETA
6.9 aZAG

6.1 Tt

a3 @F WGH (e afae) aw [wiffs sicsnar $a1 2| Eigen value @3 eigen
vector THS Trizdere [reme a1 20E |

6.2 A=

TEANH e, eiyfies, Mos, SLiio a2 TR SR>ER FRA ©res A FJRMS | Siesa
IR SR FRAICE AW M SR (I PSP AP T FACS O | Ol Topefois
PRSI AN SAfTox (@ = Ol AT S =NCenibs 22 ©f ‘Matrix theory 3t spiGcem
g &I FFe | wyua T2l (eve)sler Ty a7 Srasy 73| alfires [y e
TSI IPifeers Fa OF TS LRIF AN SR Y13 S 0 | HIF S0 A% 8
FEf Tox eI SRS Witz | g SRl SItA SPIte AW FRAICE IGH 49 oo
TR 9% S |

LG (AW HTIR) & M ALF B FRANCSE AHACS (row) G- N FRAF A FRACS BLE
(column) 2 e Aeita G Teal safers ‘Matrix' (UG &0 271 93 2 SiF 2
(DAL T | s = '
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81 82 . @p
dy; Ay . a

g, (e A= |2 TR T T o weR @3l Wi
8m @m2 - 8mn mxn

G ()men (1=1,2, ., m j=1,2 ..,n)

WF-97 AT A m @R BT WA n | WHT A-9F i-o% A7 @R j-oF B ToifFe
T g R Bfee w1 =71

ST AT G @30 aifdfes ool (tool or device) AT A 717 28 @ B
T ACF | @ fefaeaa oFcg WA A Avsfee e (it ek Bes) 3 Wie arwe T
e A7 | Feffae @ s 9= &1 Atewic IrRta TR0sE o 41 A | [Tt (determinant)-<
CFLE (T (T M A FSCF (e A7 IR1 K (2 0) Tea wel T2 91l s{rat feffaafoes @
A k e wel <=1 | e, WG ¢Feg @Ie MR 14 k (= 0) Mo w4 =17 o spiges
A € WY SRAMFS ATOF AN (A 7W) (F @9 I | ATSH F6 SR 71 FAR @ [oefizs @
WIS AW FRYPHLE AR € Wsw @3 Tew siafe 2Re qa2 g 724 |

6.3 WHET 299 =

(a) wiresE Wi (Rectangular matrix) & T2 (&), WIGCIT m = n widfe (6 Al
AT # (6 BT A, O I3 {0 WGIE e G & =)
. _ al az a3
'GT sA= [bl b2 b3)2><3
«ZC, A IGCS (G AT -1 = 2 9% (G W 7141 = 31 57eqk A WG Ser
G |

(b) 3= G (square typed matrix) & T4 () e, DIGCI M = nwife GiG iz e
= (G WCEF AT, O @2 & MGICE 1M WGH 71 27|

. _ a a

Trigdd 3 A = [bl b, j2><2

«ZC, A IGTSR (6 AR 71 = 2 = 2 (I Brea 127 | oaik A iGa’ g6 asfiea
byl

b g
(c) =fita TiGH (Diagonal matrix) ¢ «fF, A = [aZ g C2 | stz = (Principal diagonal)

a3
A IGTIR 2l of 7 omefer [fen e w1 g SRR sime s < 20, @ -
‘effsla G A |
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2 00

TuiRgd & A I, A = {8\‘%\2} — @t GG el G|

7. ¢ RIS (@) ey (=12, . j=1,2, .., n) WA g AW (=1, 23,
..., N) T et g A 21w 7y Awcer, @ swiffans Fen mibw |
(d) =T TG (scalar matrix) 3 FALATOI (&), VTGS T AR sesfer [wefie g
@A | = | AW @ [eg €7 (= 0) ToAfFe AFeeT Ot (@ Wifhs ace |
50 0 0
Tutzael ¢ 4f, A = [0\50\0 J 9% s = 50; «f5 @b e Wik |
0 0Y50
(€) %75 G (Zero matrix or null matrix) 3 AT, (8))nx, I WG e,
a; = 0 2e, WGAGE 2 TS = & I S 2Itn SR=2 %= TAES wdfe @2
IGCER et 22 %[+ |

a b oo
Tmigael s 4fF, A= [ay by

a3 b3 C33><3
9B a, by, ¢ (i =1,2 3
TR ¥ ol @ = a, = a; =0

b,=b,=b;=0

C,=C=¢=0

O O o

00
TR, WIGH A-G8 ST 2o [8 8 J | @fbte O, 200Ita B w231

(f) @== s 2t wcew WIS (Unit or Identity matrix) & GUCE, (g))x, Jof G
(i=12.,nERj=1,2, ..,0N) a; o0 GF A 1 S[ZS | S+ Amelet =+ | @2 o
WEFE ‘o WiGs 3= =7 |

1 00

Thigae ¢ A = [o 1 o] @t @3 ‘a5 WG|

0 01
(g) & MBI (Row matrix) ¢ @ IHER M wyg @ AT 7“0 ACF, O A
ST A |
A ()A=(1 2 3 4),,, —93% AR (row) &% 5% TS (column) g TG i |
(i) SFHCA, (4 5 6)1,5 — 90 A MIGA |
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(h) %8 WiHH (Column matrix) ¢ (@ T M BT T AT M IEA A, OF
B8 E@ CeT |

5
Twigad ¢ (i) A = [?J , O35 w8 MG Tz |
3x1

4
(i) B = 2 , 90 B8 WIGH |

7 4x1

(i) efem s (Symmetric matrix) & A = (ay) ., DIGESR CF0T T4 g = g = O

a h g
b efeors s qee vt A= (DD fJ

f c

qUFCE, @y = N = @y, @3 = g = @y, @3 = f = ag,|
(j) wefom sifga (Skew symmetric matrid) & A = (8) ., IGCIT CFG, a; = —a; |
U, 9 I AL %[ |

0 12
WzA:[—l 0 3],&1’1‘3‘@%@:@%@%@
2 30

(k) faf sl =t Fireera wilgs (Singular matrix) § «f¥, @6 el TEH A = (8;) |
7MW |ay| = 0 27 Wefie (a;) x, WIGCSE ez 1 #7201 A G Pieeans o
CeT |

1 2 3
A e gfg, A= | 5 4 -3
-5 4 33X3

1 2 3
5 -4 -3
5 4 3

5 -3
-5 3

4 -3

5—4‘
4 3

s Al = + 3‘—5 4

-2

:1‘

= 1(=12 + 12) — 2(15 — 15) + 3(20 — 20)
=10-20+30=0
Toak WiH A ¢ Freaa Wi
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(1) =ff8 sifa (Non-singular matrix) & A (ay) , I8 WGCST |ay| e e ==
T =W @ @ WIS To-Presa s e |

13

Trizad ¢ 4f, A = (4 SJM

S JA|=5-12=-7%0

TR WIGH ‘A 2 T Pirweta i |

R ¢ g AN @, FIF G 3 R_ Ml foq g sy simefer «« |«

WG —gG iz ST AR AT 22 <[+ | SIeen A 6 G 956 39760 G
7 B R 2Mfer 1 SRyl Amafe] SR *[4 | AR ‘GF FAR *7) MG, Sren
WG FFcez s e 6 [oa wst (special form) |

kk 0 0
& Cmigae ¢« A (WiT) = [8 kg ng [T Ky, ko, Ky (BT #5) ... (1)
3x3
A TIGH 21 @36 3 G (diagonal matrix) |
(i) @491 ky = k, = kg = k (43, # 0, #3%); ()R (AT i3,

k 00
A = {0 K EJ , @0 & WIGH (scalar matrix)
0 0
3x3

(i) @29 k = 0 (4f), (1) (AT I3,
0 0O
A = {0 0 OJ , @3 [« i (null or zero matrix)
3x3

0 0O
(iii) «f3, k = 1 208, ()R (A i3,

1 00
A = [0 10| 3, ly, 93 Scew A @& G (identity or unit matrix)
0 0 1
3x3

6.4 SHGHHE Z=

7, A @3 S5 WHH (M x n) S| AW A S AL r-97 S A G
FINATF 3 S r FCNF WZA (minor) AT TE, O r-F @ WGH A-99 ‘rank’ I67 27|
*« I 9= rank A = 23|
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onN O
N = w

l><3

= 1(4 - 0) — 0(8 — 3) + 3(0 — 6)

1
W‘t—lzz@,A:(g

10 3
qaUwE, JA| = (4 2 1
302

=4-0-18=4-18=-14%0
TOIR A-9q rank = 3

1 0 3
Qﬁmﬂ‘f—z:z@,A:£4 -1 5]
3x3

2 06
1 0 3
IA|= |4 -1 5 = 1(-6 — 0) — 0(24 — 10) + 3(0 + 2)
2 6
=6-0+6=0

FJeq rank of A < 3 (IR A TSR GorT AR @R 2™ AR 2RFi7 fToem il |)
T A SIGER 7o @ @I So-ifeem Foiws < =7

03‘

1 0 1
@, ‘4 _J =-1-0=-1%0, ‘_1 5

4 —
=3=+0, ‘2 0‘—0+2—2¢0,

-1 5
0 6

TR, @R TR @ @I R [Fofee oma | sroaq A 0GR rank = 2.

‘=—6—0=—6¢0

Elemntary Oprations

T A UfGcea simafer se2ie 20 F aiwa 127t (g (e (field of scalars) ot A sifhesa

Toig feeie foal efeaa @i @ T “elementary operation’ 29l 41 ¥ |
(@ A GER @ @I 9 AR (A @ 4 BUs) = AR AR |

(b) A THER QAR G0 A (A TY)-(F G0 S A3 7127 K( € F) Mex @d 3|
(0) @ I A (A BL)-(F G315 Sy A< 727 T @l I @i 9o A (A T8)-9=

AN IS A |

T4 * elementary operations’ @@ A TG row (fFefeD) T9id o 23 ©Its * dlementary

row operations <Ce
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SREFCH, ‘elementary operations ®yNI@ A UG WBefe™ (columns) ToF IR 2e
©ItF ‘elementary column operations' <&l 23 |

4 75

2.3 0) 2 30
@ Ozt s e vl (4 7 5|—B5|1 47
147

2 13
wom qisi g [3 2 0
123
314
wom g g (2 6 7
205

2 30

(o7 siGs Y o, woim AlfR ez #If7ade]
3
0
6

2 1
ﬂg[gi }[Rﬂaﬁa\ﬁawﬁvmm@qW]

31 4
R,+3R
%[1421 g 12] [ee TS (S, elew = siv@ A

fon M wel e @Sl AR “melr A I& FH)

2 0 3
c
SeACA [‘1 Z ;’]——>23 (1‘ ? ZJ [F6e1 R FET 7 1 W0 ARSI S S0 2]

GFTOICI TSR € WO 47 Al Wiee (3F(a a1 AT |

12 -1 0
. 2 4 4 -6
(a) = wAifa eifes (Elementary row operation)-@ MW A= |5 o ¢ _, |99
36 8 -1
rank e |
& AL ¢ A-93 AT TAF ‘elementary operation’ 29 1 T |
12 -1 0 12 -1 0) | 12 -1 0
A= |24 46| R2R |00 66 R 100 1-1
{00 5 2| R3R (00 5 -2 o0 5 -2
36 8 -1 00 11 -1 00 11 -1
o (207 iz
3 — R +R
B |0 0 0 3|2, |00 11 FiRy 00 1 0|_pmy
R4 -11R, 00 0 10 000 1 Rzﬁog 0001
0 0 0 10 8 loooo
I GO o1 11 A (¥, AR iiesm foaf A e e ool T o

I M S|

.. Rank A = Rank B =3
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(b) Trae TS elférara (elementary column oper ation) YT X, Y SiGH wib ey &t

5 3 -3

2[R Sl ‘zmmx=[; ﬂa‘«Yz 5 -1
2

3

-1
5
> 3 35 1 3 -3
@ YN 3 X = 1 5 C12E 5 1 _ECZ 5 1 =Y
2 —1l)yg 12 B _g
3 /3x3

@R Y (WTH)-@ X (i) (A0 #ie3l (o7 9g3iq ¥ dfed (column-operation)
M TSR W= X, Y WS 7f6ee Agen (equivalent) o A |
[@aIt X STIGTER CF0@ C,, Io0e ol w8 i eew B dfegifre w1 2y, @biR
JACA 20RC= 1]
4fe, A G e G, @ A = () e (] = 1, 2, 3, ..., N) | @y A H2-Te#W (Co-
factor) 2=1 A;; =1 ToifFe @R |A| = [a;|xn
(A TITGCS 24 o TG TAES 27 ACATF AT TCE GR A TS A
Folsiae 01 Adjoint At Adjugate S oifds =1 @t Adj(A) = oz <t @im|
81 a2 &3
A= by by by |-F G qofiwr siffe «t T gy, by, ¢ (1=1,2,3,) =
G1 G2 Cz3
1, 2, 3)-49 2-Termeefe 2 Ay B

T

- AdiA=|B;; B, By [z el SRES omafera AT

i G (L] =1,23)

12 3

] Swigze-1 ¢ 4fq, A = {4 5 OJ;A—@?Adj.Aﬁ‘ﬁIWI
321
4

5 4 -7\ 5 4 -15
= 4 -8 4 = -4 -8 12
-15 12 -3 -7 4 3

T

O W Er Wk O
O NN DN O

I NN U g FUR N

5
2
@ e s Ad A = |-
2
5
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6.5 faoide WG

T A G5 IR TG (8y)) 1, A LS 27 G B AT G55 (bl ST (0y) ey
2 B =@ @k AB = | = BA 7> Iwi7 AIte ot B WiGafoes A nifGesw inverse
(Rsisre s <= 230 @k @tz AL uca fofers w1 =01 [@0F0T |, 930 @3 1G]

ELE SR (@ G310 o GER inverse’ (R7iste sifs) 2@ 8 =<5 Matrix-93
Reide Matrix =@ =1t

AL qifes e o 2o — (i) A <of spiffestr |A] <t el st frefer e 2091 (i) Adj.A

AdjA
ferefe 0 204 (1 ey 209) | (jif) AL = ﬁ wiefie Ad.A-GF JA| (= 0) Fica ©iol et wTeE
A TG AL offed TR |
12 3
] Twighe-2 3 T A = ‘3‘ g (1) T ord AL [qefy s |
& TN ¢ IS TIERel-1 (AT AT,
5 4 -15
AdiA=|-4 -8 12
7 4 -3
5 4 -15
Al = |4 -8 12| = 5(24 — 48) — 4(12 + 84) + (—15)(-16 — 56)
7 4 -3
= 5(—24) — 4(96) — 15(—72) = —120 — 384 + 1080 = 576
5 4 _15
: 5 4 -15 576 576 576
_-.A_1:M:L—4 8 12| =|-4 -8 12
|A 576\ 7 4 3 5;6 5‘716 5;6
576 576 576
5 1 _ .5
576 144 192
_|-1 1 3
144 72 48
7 1 1

U576 144 192

6.6 BTN M 99 BN (SF4

T T, A = (@) ey (900 900 I0MG) @R @ = (X, Xp, Xg, ey %) (GG S (9F)
OIS TS, MO A (AWI F7-26e)-4F To) WS 79F0
Ao = Ao, 78T 2] |
GFE, o-(F BB (TFF @R A-(F SN2 N (eigen value), A 35 G- &=
QRIS I
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31 -1
DW‘T—lSﬂﬁA:[g ; —é] a5 M WIGH 471 27, O3 eWid T2 @, A-aF

SR (237 (1, 1, 2) @R SEFe SR W 2
@ ML ¢ W I, o = (1, 1, 2)

3 1 -1)\(1 3x1+1Ix1+(-1) %2 3+1-2
@, A= |2 2 1|1 = | 2x1+2x1+(-)x2| = [2+2-2

2 2 0)\2 2x1+2x1+0x%x2 2+2+0

-

arstg, Ao = 2o
9oz A oM IGCHT SZC (B39 (1, 1, 2) G Sefdiol SZCa S 2 (etifers) |
] Twizge-2 ¢ Frare miGAbe w3 W @2 S 3-99 T S3e (S34b e

211
W,TRNA(‘IT@@)=[1 2 1}
0 0 1 3%3

2 11
@ ANMYE 2 @B, A= (1 2 1
00 13><3

3 vfagsre AN (characteristic equation) Z&

2-12 1 1
1 2-2 1
0 0 1-4

A, 0-0+ (1-A{(2-1)?2-1} =0 [Fefirsies gor 7 st S e 3]
AA-NE-41+12-1)=0

A, (L-NA%2-41+3)=0

A @L-NA2-31-1+3)=0

a1 -A{AA-3)-1(A-3)} =0

A @-NA-3)(A-1)=0

aA-3(1-AHA-1)=0

+A-3=0,1-1=0,A-1=0

aA=311

GUFCg A (FA039) W widie 3, 1, 1 25 e =izra= s (eigen value)

= 0 [ICF(E FTHaR (3o TR ¢ 7913 A (759 Tttt 1 2ag]
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Qe A = 3-9F T« SB0O (SFA0 o 74 |
g, AX = 3X [T X = (Xq, Xp, Xg) (SN2 (SF9), T A = 3]

2 1 1\(x% X1 2% + Xo + X3 3%
A (1 2 x|l =3[X|q [x+t2X%+X3 | = [3X
0 0 1){x3 X3 0+0+x3 3X3

5\')&.2\, 2X1+X2+X3=3X1aT,_X1+X2+X3=O
Xp + 2% + X3 = 3%, X — X + X3 =0
-1 1 1

ﬂmaﬁ,B:[l -1

0 o ;J [(4) (2= @i s7zet G (co-efficient matrix)]

0 0 -2 00O

.. C 3 B Wifies® cwta, % (rank) = 2 [F159 B-«3 ¥t F&« Af7 (537 I91]
C WGER @ ()R TF (A 213,
X1+ X + X =0
2% =04, %x3=0
SX X F0 =01 X =X
OAR A = 3 T, TR0 (83T = (Xy, Xp, 0) [ Xq = Xp] (A X, G0 CRIAN 2675 |

1 0 2
DWq—agwﬁA(mﬁa)z{g —1 3] T, (A (@ A o7 e sfaaste alisadts
3x3

a1 1y 11 1), 111
em,sz[ 1 -1 1] RAC 2)=Ri+Ry [o 0 2]%[0 0 2]=C(%r%)
00 -2

& F03)
[€512 =57 (-1 ei5+ A<sa¢t (Cayley-Hamilton equation) iefie ‘2iter<s SiGH O biF@ste
ANFAICE P I3 17

1 02
(tﬂmmzatw,Az[l -1 1]

0 10
1-2 0 2
A-a7 vir@sre Aee | 0 —(1+A) 1/1 =0
0 1 0—

AEAL-ADAML+A -1 =03, (1-)A2+1-1) =0
AA+A-1-A3-22+1=07,-A3+21-1=0
AAZ-—24+1=0
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@4 SR (RGN (@ A3 — 2A + |5 = 0 (@A 15 26 @3 @3 s o Fow]

1 0 2\(1 0 2
arwg, A2=A-A= 1|0 -1 0 -1 1
1

1
0 00 10

£1+0+0 0+0+2 2+0+0

0+0+0 0+1+1 0-1+40 [ee 2fea (fd x ¥9)]
0+0+0 0-1+0 O0+1+0

1 2 2
_lo 2 4
0 -1 1

1 2 2y(1 0 2
W’ 9, A3 = AZA = 0 2 1|0 -1 1
0 -1 10 10

1 0 4 2 0 4 100 -1 0 0 100
=0 3 2|_]0 2 2|+]010|=|0-1 0|+|0 10
0 2 -1 0 20 00 1 0 0 -1 00 1
000
= (0 0 0| =0 4B e w7
000
1 1 1
[ Swzge-43A=|1 -1 2 WGA ATF AL [efa T
3 5 7).,
For AfiFrdtale TGS Tafere TNYE T |
X+y+z=8
X—-y+22=6
X+5h5y+7z=14
1 1 1
@ MY 3 @, A= (1 -1 2 @ e TEH |
3 5 -7
3x3

cp=7-10=-3
[el2w M7 @ ees WE ToifFe ‘17 -«3 712 Teoiwa (co-factor) frcar aishifre 2eacz (]
S, Crp = «(—7—6) =13,¢3=5+3=8,Cyy =«-7-5) =12, ¢, =7 -3 =-10,
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-3 13 8
<. R-Geoimeafe i ege spia ge {12 10 —2]

-1 -2
-3 13 8Y
oAk Adj.A = 12 —12 —g [@2CsT (T (transpose)) FiF o1 267 2l ¢ I

Toifge I ACICE AT T8 9 TS AfFCe YRR @727 9]
3 12 3
_ (13 -10 -1
8 2 -2
o JA] (CS6 A) wiie A-a3 @effiis = 1(7 — 10) — 1(7 — 6) + 1(5 + 3)
=-3+13+8=18# 0= A WGFD T==catar |

L AdA g3 1203
@ A= AT = 113 110
18l g 2

Tor St (@ ANMaeree Trard T TR0R OwE WG L T We

8

X
AX = B 49 A %7 @ve WifG3, B =& [6] @R X = [y]
14 z

= X =AB
X 1 (3 12 3 8 X 1 [~2A+72+42
= |y|=—=|13 -10 -1||6 | = |y|= =|104-60-14
) 1Blg 2 )4 ;) 18l ea—12-28

X\ g [(114-24 X\ (%
= |y|= T 104-74 | = |y | = —=|30
z 6440 2) 1824

18
1 _ 130 X1
= 1Y|(=|18|=|Y]|~
z 24 z

5 4
=>x=5,y=§,z=§

Wl wlor a1

T g x = 5,y =

w | o

2= (Fe)
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1 1
] Swigge=5 ¢ (A @, WM A = [ﬁ ﬁ} a1 9= WEH =7, O T 90 19

N N
N[~ N

L_% 11 10
(3 29
V2 2

- G A @6 s73-if5F (orthogonal matrix) | ek «Bi2 e forefa e |

) Swizae—6:TM A= (3;X 4EX)2><2 @& PEETE (singular) UGS 2F, ©T3 X-93 N4

Refg Tz
o TGN ¢ @2Y VGH A @ Frpa s
Todik |A] = 0 wiefie A (feffzs)-«3 3119 = 0
3-x 2
:‘ 3 4-x
= B-X4-X)-6=0=12-3x-4x+x2-6=0
=S>X-T7X+6=0=x-6x-Xx+6=0
=>Xx-6)-1x—-6)=0=> x-6)(x-1) =0
oAl X — 6= 0 gl X — 1 = 0
. X=6,1
o x93 fesfa W = 1, 6 (Te9).
[ Srizae-7 ¢ fA9dre MR Ny Fae Al Tmge 30 ¢
2X+5y+32=9
X+y+22=3
X+2y—z2=6
& TGN ¢ 2ne TNFAIF Fresid @iee (transformed) TRwaCe (&2l A1,

=0

AX =B

3 X 9

21 (7zat AMFA), X = [y] @R B = {2]
z

= wN
N~ Ol

C?IW,A=[
-1
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Tedk, A{AX) = A 1B 31, (ATA)X = A-1B
A, IX = AIB || 251 witev At @5 iG]

al, X = AB
Adj.A
WW@,A‘1=ﬁ
2 5 3
a3, [A]=13 1 2
1 2 -
=2(-1-4)-5-3-2) +3(6-1) [ [gho zat 2 A AT
=2(5) —5(-5) +3(5)=-10+25+15=40-10 = 30 # O
- AL (Rt i) Sivwe |
12 B 2 BB yY
2 -1 1 -1 12
, _|5 3 |2 3 [25
Adj.A Gz i) = —‘2 ] ‘1 N
53 23 [25
120 7132 |31
5 5 5Y -5 11 7
=11 -5 1| = 5 -5 5
7 5 -13 5 1 -13
X =A"B
X L[5 11 7Y (9
A, |yl==|5 -5 5]||3
2] 395 1 -13) (6
X 1 —45+33+42 X n 75— 45
A, |y | = ==| 45-15+30 | =1, |y | = —|75-15
2] 30| 45+3-78 7 18- 78
30
X 30 X 30 X 1
1 60
Ay =gy Oy =] Wy =2
z -30 z -30 z -1

30
ax=1ly=22z2=-1
ek fre s e x = 1,y = 2, 2= -1 (&) |
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] Trizae-8 3 (MBER CFT@) A € p-a9 (I W &) #1057 ave FfiFaaafeE

X+y+z=6
X+2y+3z2=10

X+2y+Az=u
(i) CHTA FTNYE (F2 (i) @F NG TN ST (i) SR AALE TS |
1116
@ Y ¢ The argumented matrix (STICES WIGH) =1 (1 2 3|10
12 Alu
11 1 6
R,—R;, Ry — R, a9 I iz, ~ [0 1 2 | 4
01 A-1|u-6
11 1 6
Q4] Ry — R, otaisl g +ifg, ~ |0 1 2 4
0 0 A-3|u-10

3, ‘1 29 eme WAl (ArF dig Tz WIGH-9F AT (rank) @3 17 T SIS
G F |
AR (i)-99 &= Sl forea ¢
qmr2rwdie A =3, u=10
(i) 93 Ty ST AT ¢
T r =1 = 327 9de I A # 3, u-97 TR ABI AT ACF |
(iii) 93 T SR SCER T 2
r=r <39t A =3, =10
Teq s () A =3, u=10; (i) A # 3, u-99 FCICA AW I (jii) A =3, u = 10

6.7 AR

M IRYF AW AANE ARCS G2 N IR AV AL WO AW We G A (72
5] smior (Matrix) G I 27 | (Tea—

g1 82 - Ay
a a cee a
A= ?1 ?2 2'n
8m @mz2 - amn mxn

GG T R M @R BEEF AP N T AN matrix 450 afafes Toiwae ¢ qrwsa
I w28 @7 (@I W W AeE 7| g WefmEa (determinant) (% @3 W72 qrw
T 2SI AT |
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IR W (FCa @ (@I AR A WS (] AW 72471 (K 2 0) M el w11 =1 <l
e @ A w12 e @d 541 | 79 Matrix @ ¢ (I e s e @ v ol
Matrix @ AfF ¢ B[ SRS ATSF MANCF @ 37 |

Afefs a9 Matrix @3 Wiz @ W o7 1 T (@HT—

Matrix Determinant
2 1 21
A = A =
{3 4} ‘3 4

6.8 SIpHteTat

= (8 — 3) = 5 = Determinant €3 STv

0 6 2 10 -3 4
1.zrf%A—2B:[6 -9 12] aa:2A+B:[12 -3 4] 27, O A ¢ B Wifta vb
2
3x3 3x3

9 -10 4 30
oo 2T |
1 23
2. T A= [i’ ‘g il 3mwm«wwm,A3—23A—40|3=o(ﬁﬂwwm@@r)
101 1
3. 3IWMA= [21 —i —ﬂ 27 O3 (i) A (A-a3 oSt smifgan) e sz |
3x3

(i) feaie Tsaealer e 0 (A~1-93 AZE)
X+y+z-3=0
X—-y—-z+1=0
2X+y—-z-2=0

4. 7 A = (_i i)m 27, O@ (A — 21)(A = 31) = 0 (fasly @ oa =+ 0ifGa)

@I | 251 93 I (sl Fo)
5, g4 @, Ax+y+z=1
X+Ay+z=41 S (D)
X+y+ Az= A2
(1)-97 g G AN (Unique solution) I T4 A # 2 S, A # 1
6. A (UITGH)-9F ToF ARSI AR AT AT L (@ 97 BPS 1 (rank) = 2 744

6 12 6
A=(-1 -2 3
5 10 5
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4 2
7. 3 A (i) = [i _g 7J =, O A-F AfS (symmetric) € s (skew-
symmetric) TR @9Fee o 31 AT |
4 g 0 0 —% -1
[efom o= (2 5 5| wefommst =2 0 2
0 g 1 1 —g 0

[T ¢ 4, A = (&) ey AT AT TGS = (A A & = 3
A-ag eSS WIGIH = (A ey TR, & = —ay
AL FT ANB #(0Ad T = 0]

A= L) = LA+ AY) (o) + (A — AT) (o) s 0 7]

8. am A (WiGw) = G’ _LD , O 0T (A + AT) @6 2ifear ifGsT (symmetric matrix)

2%

GR (A — AT) @35 Sreife s (skew symmetric) T 2T 0 X 267 (2% 2) |

3 1 -1
9. A= [3 3 ‘é} 97 (T (RN (@, 1 93T wiEre Wi (eigen value)
2%x2

10. (i) &= F6 (T, X = (2, 0, 1) Z&1 @G eigen vector f0Y 2we A Wifhted wa,

LB 14}
0 20
A=
0053><3

(i) Tof7C® A (WGCIR) 31 ‘eigen valug 6T Tz |

6.9 oG

1. A Text Book of Matrices : Shanti Narayan and PK. Mittal, S. Chand & Co. Ltd.,
New Ddlhi.

2. Simplified Course in Matrices : H.K. Dass, S. Chand, New Delhi.
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