
v˛z˛ôe´õ!íÑ˛y

õ£yò ˆîüòyÎ˚Ñ˛ ¢%¶˛y°Ïâ˛w Ó¢%Ó˚ òyõy!B˛ì˛ ~£z õ%_´ !ÓŸª!Óîƒyú Ï̂Î˚Ó˚ v z̨ß√%_´ !ü«˛yD Ï̂ò xy˛ôòy Ï̂Ñ˛ fl ∫̨yÜì˛–

¢¡±!ì˛ ~£z ≤Ã!ì˛¤˛yò ˆî Ï̂üÓ˚ ¢Ó≈̨ ≤ÃÌõ Ó˚yãƒ ¢Ó˚Ñ˛y!Ó˚ õ%_´ !ÓŸª!ÓîƒyúÎ˚ !£ Ï̂¢ Ï̂Ó òƒyÑ˛ (NAAC) õ)úƒyÎ˚̂ Ïò

Ú~ÛÈÙÈˆ@˘Ãv˛ ˛≤ÃyÆ £ Ï̂Î˚̂ ÏäÈ– !ÓŸª!ÓîƒyúÎ˚ õO%!Ó˚ Ñ˛!õüò ≤ÃÑ˛y!üì˛ !ò Ï̂î≈üòyõyÎ˚ fl ¨̨yì˛Ñ˛ !ü«˛ye´õ Ï̂Ñ˛ ˛ô§yâ˛!›˛ ˛ô,ÌÑ˛

≤ÃÑ˛Ó˚̂ Ïí !Óòƒhfl Į̈ Ñ˛Ó˚yÓ˚ Ñ˛Ìy Óúy £ Ï̂Î˚̂ ÏäÈ– ~=!ú £úÈÙÙÙÈÚˆÑ˛yÓ˚ ˆÑ˛y¢≈Ûñ Ú!v˛!¢!≤’ò ˆfl˛ô!¢!ö˛Ñ˛ £ẑ ÏúÑ˛!›˛¶˛Ûñ

Úˆã Ï̂ò!Ó˚Ñ˛ £ẑ ÏúÑ˛!›˛¶˛Û ~ÓÇ Ú!flÒúÛ˛/˛Ú~!Ó!ú!›˛ ~ò£ƒy™ Ï̂õr›˛ ˆÑ˛y¢≈Û– ˆe´!v˛›˛ ˛ôk˛!ì˛Ó˚ v z̨̨ ôÓ˚ !¶˛!_ Ñ˛ Ï̂Ó˚ !Óòƒhfl Į̈

~£z ˛ôy‡˛e´õ !ü«˛yÌ≈#Ó˚ ¢yõ Ï̂ò !òÓ≈yâ˛òydÑ˛ ˛ôy‡˛e´ Ï̂õ ˛ôy‡˛ @˘Ã£ Ï̂íÓ˚ ¢%!Ó Ï̂ï ~ Ï̂ò ˆî Ï̂Ó– ~Ó˚£z ¢ Ï̂D Î%_´ £ Ï̂Î˚̂ ÏäÈ

°Ïyß√y!°ÏÑ˛ õ)úƒyÎ˚ò ÓƒÓfl˛iy ~ÓÇ ˆe´!v˛›˛ › Δ̨y™ö˛y Ï̂Ó˚Ó˚ ¢%!Óïy– !ü«˛yÌ≈#ÈÙÈˆÑ˛!wÑ˛ ~£z ÓƒÓfl˛iy õ)úì˛ ˆ@˘Ãv˛ÈÙÈ!¶˛!_Ñ˛ Îy

x!Ó!FäÈß¨ xy¶˛ƒhs˘˛Ó˚#í õ)úƒyÎ˚̂ ÏòÓ˚ õïƒ !î Ï̂Î˚ ¢y!Ó≈Ñ˛ õ)úƒyÎ˚̂ ÏòÓ˚ !î Ï̂Ñ˛ ~ Ï̂Üy Ï̂Ó ~ÓÇ !ü«˛yÌ≈# Ï̂Ñ˛ !Ó°ÏÎ˚ !òÓ≈yâ˛ Ï̂òÓ˚

ˆ«˛ Ï̂e Î Ï̂Ìy˛ôÎ%_´ ¢%!Óïy ˆî Ï̂Ó– !ü«˛ye´ Ï̂õÓ˚ ≤Ã¢y!Ó˚ì˛ ˛ô!Ó˚¢ Ï̂Ó˚ !Ó!Óï !Ó°ÏÎ˚ â˛Î˚̂ ÏòÓ˚ ¢«˛õì˛y !ü«˛yÌ≈# Ï̂Ñ˛

ˆî Ï̂üÓ˚ xòƒyòƒ v z̨Fâ˛!ü«˛y ≤Ã!ì˛¤˛y Ï̂òÓ˚ xyhs˘˛ÉÓƒÓfl˛iyÎ˚ x!ã≈ì˛ ˆe´!v˛›˛ fl˛iyòyhs˘˛ Ï̂Ó˚ ¢y£yÎƒ Ñ˛Ó˚̂ ÏÓ– !ü«˛yÌ≈#Ó˚

x!¶˛ Ï̂Îyãò Á ˛ô!Ó˚@˘Ã£í «˛õì˛y xò%ÎyÎ˚# ˛ôy‡˛e´ Ï̂õÓ˚ !Óòƒy¢£z ~£z òì%̨ ò !ü«˛ye´ Ï̂õÓ˚ ú«˛ƒ–

UGC (Open and Distance Learning Programmes and Online Programmes) Regulations,
2020 xò%ÎyÎ˚# ¢Ñ˛ú v z̨Fâ˛!ü«˛y ≤Ã!ì˛¤˛y Ï̂òÓ˚ fl ¨̨yì˛Ñ˛ ˛ôy‡˛e´ Ï̂õ ~£z !¢.!Ó.!¢.~¢. ˛ôy‡˛e´õ ˛ôk˛!ì˛ Ñ˛yÎ≈Ñ˛Ó˚# Ñ˛Ó˚y

Óyïƒì˛yõ)úÑ˛ÈÙÙÙÈv z̨Fâ˛!ü«˛yÓ˚ ˛ô!Ó˚¢ Ï̂Ó˚ ~£z òì%̨ ò !ü«˛ye´õ ~Ñ˛ ˜ÓÑ˛!“Ñ˛ ˛ô!Ó˚Óì≈̨ Ï̂òÓ˚ ¢)â˛òy Ñ˛ Ï̂Ó˚̂ ÏäÈ– xyÜyõ#

2021ÈÙÈ22 !ü«˛yÓ°Ï≈ ˆÌ Ï̂Ñ˛ fl ¨̨yì˛Ñ˛ hfl Į̈̂ ÏÓ˚ !òÓ≈yâ˛ò!¶˛!_Ñ˛ ~£z ˛ôy‡˛e´õ Ñ˛yÎ≈Ñ˛Ó˚# Ñ˛Ó˚y £ Ï̂Óñ ~£z õ Ï̂õ≈ ˆòì˛y!ã

¢%¶˛y°Ï õ%_´ !ÓŸª!ÓîƒyúÎ˚ !¢k˛yhs˘˛ @˘Ã£í Ñ˛ Ï̂Ó˚̂ ÏäÈ– Óì≈̨ õyò ˛ôy‡˛e´õ=!ú v z̨Fâ˛!ü«˛y ˆ«˛ Ï̂eÓ˚ !òí≈yÎ˚Ñ˛ Ñ,̨ ì˛ƒ Ï̂Ñ˛Ó˚

ÎÌy!Ó!£ì˛ ≤Ãhfl Į̈yÓòy Á !ò Ï̂î≈üyÓú# xò%¢y Ï̂Ó˚ Ó˚!â˛ì˛ Á !Óòƒhfl Į̈ £ Ï̂Î˚̂ ÏäÈ– !Ó Ï̂ü°Ï =Ó˚&cy Ï̂Ó˚y˛ô Ñ˛Ó˚y £ Ï̂Î˚̂ ÏäÈ ˆ¢£z¢Ó

!îÑ˛=!úÓ˚ ≤Ã!ì˛ Îy £zv z̨.!ã.!¢. Ñ˛ì,≈̨ Ñ˛ !â˛!£´ì˛ Á !ò Ï̂î≈!üì˛–

õ%_´ !ÓŸª!Óîƒyú Ï̂Î˚Ó˚ ˆ«˛ Ï̂e fl ∫̨ÈÙÈ!ü«˛y ˛ôy‡˛ÈÙÈv z̨̨ ôÑ˛Ó˚í !ü«˛yÌ≈#ÈÙÈ¢£yÎ˚Ñ˛ ˛ô!Ó˚̂ Ï°ÏÓyÓ˚ ~Ñ˛!›˛ =Ó˚&c˛ô)í≈ xÇü–

!¢.!Ó.!¢.~¢. ˛ôy‡˛e´ Ï̂õÓ˚ ~£z ˛ôy‡˛ÈÙÈv z̨̨ ôÑ˛Ó˚í õ)úì˛ ÓyÇúy Á £zÇ Ï̂Ó˚!ã Ï̂ì˛ !ú!Öì˛ £ Ï̂Î˚̂ ÏäÈ– !ü«˛yÌ≈# Ï̂îÓ˚ ¢%!Ó Ï̂ïÓ˚

Ñ˛Ìy õyÌyÎ˚ ˆÓ˚̂ ÏÖ xyõÓ˚y £zÇ Ï̂Ó˚!ã ˛ôy‡˛ÈÙÈv z̨̨ ôÑ˛Ó˚̂ ÏíÓ˚ ÓyÇúy xò%Óy Ï̂îÓ˚ Ñ˛y Ï̂ãÁ ~!Ü Ï̂Î˚̂ ÏäÈ– !ÓŸª!Óîƒyú Ï̂Î˚Ó˚

xy¶˛ƒhs˘˛Ó˚#í !ü«˛Ñ˛Ó˚y£z õ)úì˛ ˛ôy‡˛ÈÙÈv z̨̨ ôÑ˛Ó˚í ≤Ãhfl%̨ !ì˛Ó˚ ˆ«˛ Ï̂e x@˘Ãí# ¶)̨ !õÑ˛y !ò Ï̂Î˚̂ ÏäÈòÈÙÙÙÈÎ!îÁ ˛ô)̂ ÏÓ≈Ó˚ ˛ôÓ˚¡ôÓ˚y

xò%ÎyÎ˚# xòƒyòƒ !ÓîƒyÎ˚ì˛!òÑ˛ v z̨Fâ˛!ü«˛y ≤Ã!ì˛¤˛y Ï̂ò ¢ÇÎ%_´ x!¶˛˘K˛ Á !Ó Ï̂ü°ÏK˛ !ü«˛Ñ˛ Ï̂îÓ˚ ¢y£yÎƒ xyõÓ˚y

xÑ%̨ Z˛!â˛ Ï̂_ @˘Ã£í Ñ˛ Ï̂Ó˚!äÈ– ì§̨ y Ï̂îÓ˚ ~£z ¢y£yÎƒ ˛ôy‡˛ÈÙÈv z̨̨ ôÑ˛Ó˚̂ ÏíÓ˚ õy Ï̂òyß¨Î˚̂ Ïò ¢£yÎ˚Ñ˛ £ Ï̂Ó Ó Ï̂ú£z xyõyÓ˚ !ÓŸªy¢–

~£z !ò¶≈̨ Ó˚̂ ÏÎyÜƒ Á õ)úƒÓyò !ÓîƒyÎ˚ì˛!òÑ˛ ¢y£y Ï̂ÎƒÓ˚ ãòƒ xy!õ ì§̨ y Ï̂îÓ˚ xyhs˘˛!Ó˚Ñ˛ x!¶˛ò®ò ãyòy£z– ~£z

˛ôy‡˛ÈÙÈv z̨̨ ôÑ˛Ó˚í õ%_´ !ÓŸª!Óîƒyú Ï̂Î˚Ó˚ !ü«˛í ˛ôk˛!ì˛ Á ≤ÃÑ˛Ó˚̂ Ïí !òÉ¢ Ï̂® Ï̂£ =Ó˚&c˛ô)í≈ ¶)̨ !õÑ˛y ˆò Ï̂Ó– ~Ñ˛Ìy Óúy

Óy˝úƒ ˆÎñ ~ !Ó°Ï̂ ÏÎ˚ v z̨ß√%_´ !ü«˛yD Ï̂òÓ˚ ˛ô‡˛ò ≤Ã!e´Î˚yÎ˚ ¢ÇÎ%_´ ¢Ñ˛ú !ü«˛ Ï̂Ñ˛Ó˚ ¢îÌ≈Ñ˛ Á Ü‡˛òõ)úÑ˛ õì˛yõì˛

xyõy Ï̂îÓ˚ xyÓ˚Á ¢õ,k˛ Ñ˛Ó˚̂ ÏÓ–

õ%_´ !ÓŸª!Óîƒyú Ï̂Î˚Ó˚ ˛ôy‡˛ÈÙÈv z̨̨ ôÑ˛Ó˚í ≤Ãhfl%̨ !ì˛Ó˚ ~£z !ÓîƒyÎ˚ì˛!òÑ˛ v ẑ̨ Ïîƒy Ï̂ÜÓ˚ ¢Ó≈yD#í ¢yö˛úƒ Ñ˛yõòy Ñ˛!Ó˚–

õ%_´!ü«˛ye´ Ï̂õ v z̨ÍÑ˛ Ï̂°Ï≈Ó˚ ≤Ã Ï̂Ÿ¿ xyõÓ˚y ≤Ã!ì˛◊&!ì˛Ók˛–

xïƒy˛ôÑ˛ Sv˛.V ¢%û˛ ¢AÜ˛Ó˚ ¢Ó˚Ñ˛yÓ˚

v z̨̨ ôyâ˛yÎ≈
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~Ñ˛Ñ˛È 1  ˆ¢›˛ ì˛_¥

Ü‡˛ò

1.1 v˛zˆÏjüƒ

1.2 ≤Ãhfl˛ÏyÓòy

1.3 ˆ¢›‰˛ ì˛_¥ ~ÓÇ !Ó!Óï ˆ¢›‰˛ ≤Ã!e´Î˚y

1.4 ˆ¢›‰˛ ≤Ã!e´Î˚y

1.5 î%!›˛ ˆ¢ Ï̂›˛Ó˚ õ Ï̂ïƒ Ñ˛y Ï̂ì≈̨ ¢#Î˚ =íö˛ú

1.6 xhs˘˛¶%≈˛!_´ÈÙÈ!ÓÎ%!_´ ˆ¢›˛

1.7 v˛z_ú ˆ¢›˛

1.8 x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ãƒy!õ!ì˛Ñ˛ ïõ≈yÓú#

1.9 ¢Ç!«˛Æ¢yÓ˚

1.10 xò%ü#úò#

1.11 @˘Ãs˛i˛ôO#

1.1 v ẑ̨ Ïjüƒ

~£z ~Ñ˛ Ï̂Ñ˛ ˆ¢›˛ ì˛_¥ ~ÓÇ ~Ó˚ !Ó!¶˛ß¨ ≤Ã!e´Î˚y (objective), quari convex, concave ¢¡ô Ï̂Ñ≈̨  ãƒy!õ!ì˛Ñ˛

xy Ï̂úyâ˛òyñ ÓƒÓ£yÓ˚ !Ó°Ï̂ ÏÎ˚ xy Ï̂úyÑ˛˛ôyì˛ Ñ˛Ó˚y £ Ï̂Î˚̂ ÏäÈ–

1.2 ≤Ãhfl Į̈yÓòy

Óì≈̨ õyò Ü!íì˛ ãÜ Ï̂ì˛Ó˚ ~Ñ˛!›˛ v ẑ̨ ÏÕ‘Ö Ï̂ÎyÜƒ £y!ì˛Î˚yÓ˚ £ú ˆ¢›‰̨  ì˛_¥– Ü!íì˛ Ï̂Ñ˛ xy◊Î˚ Ñ˛ Ï̂Ó˚ ¢õhfl Į̈ !Ó°ÏÎ˚ Ü Ï̂v ¸̨

v ẑ̨ Ï‡˛ Ï̂äÈ ì˛y Ï̂ì˛ ¢yïyÓ˚í ã#ÓÜ!í Ï̂ì˛Ó˚ ˆÎyÜñ !Ó Ï̂Î˚yÜñ =í ≤Ã!e´Î˚yÓ˚ ¢ Ï̂D ¢D!ì˛ ˆÓ˚̂ ÏÖ ˆ¢›˛ ì˛_¥Á xy Ï̂úy!â˛ì˛ £Î˚–

ˆ¢ Ï̂›˛Ó˚ ïyÓ˚íy Ñ˛úò!Óîƒy Ï̂Ñ˛ v z̨_õÓ˚* Į̈̂ ô ¢õ,k˛ Ñ˛ Ï̂Ó˚̂ ÏäÈ– ˆ¢ Ï̂›˛Ó˚ ãÜÍ Á ì˛yÓ˚ ≤Ã Ï̂Î˚yÜ ¢%î)Ó˚ !Óhfl ,̨Ïì˛– ˆ¢ Ï̂›˛Ó˚ ì˛_¥ !á Ï̂Ó˚

x Į̈̂ ô«˛Ñ˛ ~ÓÇ ì˛yÓ˚ ¢#õyñ xò%e´õ £zì˛ƒy!î !Ó°ÏÎ˚ x!òÓyÎ≈¶˛y Ï̂Ó ~ Ï̂¢ ÎyÎ˚– ≤ÃÌõ!î Ï̂Ñ˛ ~£z xy Ï̂úyâ˛òy ÷Ó˚& Ñ˛ Ï̂Ó˚ò

Frige, Caufor, Russel, DiekindÈÙÈ~Ó˚ õì˛ Ü!íì˛K˛Ó˚y– ˛ôˆÏÓ˚ ~£z ì˛_¥ !ÓK˛yˆÏòÓ˚ Ó˝ üyÖyÎ˚ ¢%â˛yÓ˚&¶˛yˆÏÓ

!ÓÑ˛!üì˛ £ Ï̂Î˚̂ ÏäÈ–

1.3 ˆ¢›‰̨  ì˛_¥ ~ÓÇ !Ó!Óï ˆ¢›‰̨  ≤Ã!e´Î˚y

fl ∫̨y¶˛y!ÓÑ˛¶˛y Ï̂Óñ Ólfl˛ ¢õ)̂ Ï£Ó˚ ¢õy£yÓ˚̂ ÏÑ˛ Úˆ¢›˛Û ÓúyÓ˚ â˛ú ú«˛ƒ Ñ˛Ó˚y ÎyÎ˚– Ú~Ñ˛ ˆ¢›˛ ˆ˛ôòÛñ Ú~Ñ˛ ˆ¢›˛ Ó£zÛñ

xyõÓ˚y ~Ñ˛=FäÈ Ólfl˛ Óú Ï̂ì˛ ÓƒÓ£yÓ˚ Ñ˛!Ó˚– !Ñ˛ls˘˛ Ü!í Ï̂ì˛Ó˚ ¶˛y°ÏyÎ˚ ˆ¢ Ï̂›˛Ó˚ ¢ÇK˛y!›˛ ~ì˛›˛y ¢Ó˚ú òÎ˚– Ü!íì˛K˛
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Ñ˛ƒyr›˛ Ï̂Ó˚Ó˚ ˛ô)̂ ÏÓ≈£z ˆ¢ Ï̂›˛Ó˚ ïyÓ˚íy !äÈú– ì˛ Ï̂Ó Ü!íì˛!Óî‰ !£¢y Ï̂Ó Ñ˛ƒyr›˛Ó˚ ˆ¢ Ï̂›˛Ó˚ ~Ñ˛!›˛ ¢%¢ÇK˛yì˛ ïyÓ˚íy ˆîÓyÓ˚ ˆâ˛‹Ty

Ñ˛ Ï̂Ó˚!äÈ Ï̂úò– ì§̨ yÓ˚ Ñ˛ÌyÎ˚ ˆ¢›‰̨  £ú ~õò ~Ñ˛!›˛ Ólfl˛/Ólfl˛¢õ)̂ Ï£Ó˚ ¢ÇÑ˛úòñ Îy Ï̂ì˛ Ólfl˛/Ólfl˛=!ú Ï̂Ñ˛ ¢Ç@˘Ã£ Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó

~Ñ˛!›˛ ¢%!ò!î≈‹T !òÎ˚̂ ÏõÓ˚ xï# Ï̂ò– ~Ñ˛£z Ólfl˛/¢ÇÖƒy ~Ñ˛y!ïÑ˛ ÓƒÓ£yÓ˚ Ñ˛Ó˚y Îy Ï̂Ó òy– ¢ÇáÓı˛ Ólfl˛/¢ÇÖƒy=!ú e´õ

!òÓ˚̂ Į̈ ô«˛ xÓfl˛iyÎ˚ ÌyÑ˛ Ï̂Ó– Úˆ¢›˛Û ~Ñ˛!›˛ Ólfl˛ Óy ~Ñ˛y!ïÑ˛ Ólfl˛Ó˚ õyïƒ Ï̂õ Ü!‡˛ì˛ £Î˚– ˆÎ ˆ¢ Ï̂›˛ ~Ñ˛!›˛ õye Ólfl˛ Óy

¢î¢ƒ Ìy Ï̂Ñ˛ ì˛y Ï̂Ñ˛ ~Ñ˛ ¢î¢ƒ Î%_´ ˆ¢›‰̨  Óúy £Î˚– £zÇÓ˚yã# Ï̂ì˛ Ó Ï̂ú ‘One point set’– ~fl˛i Ï̂ú ˆ¢›˛ÈÙÈõïƒfl˛i ¢î¢ƒ

Óy Ólfl˛ Ï̂Ñ˛ x Ï̂ò Ï̂Ñ˛ ãƒy!õ!ì˛Ñ˛ î,!‹T ˆÑ˛yí ˆÌ Ï̂Ñ˛ point Óy !Ó®% !£¢y Ï̂Ó !â˛!£´ì˛ Ñ˛ Ï̂Ó˚ò–

v z̨îy£Ó˚ífl ∫̨Ó˚*˛ôñ xyõÓ˚y fl ∫̨Ó˚Óí≈ S£zÇÓ˚yã#ˆÏì˛ ÎyˆÏîÓ˚ ‘vowels’ Ó Ï̂úVÈÙÈ=!úÓ˚ õyïƒ Ï̂õ ~Ñ˛!›˛ ˆ¢›˛ Ü‡˛ò Ñ˛Ó˚̂ Ïì˛

˛ôy Ï̂Ó˚– ï!Ó˚ñ V £ú ˆ¢£z ˆ¢›˛– ¢%ì˛Ó˚yÇ V = {a, e, i, u, u}– ˆ¢›˛!›˛ ~£z ˛ô§yâ˛!›˛ ˛ôî/¢î¢ƒ Ï̂Ñ˛ !ò Ï̂Î˚ Ü!‡˛ì˛– ~£z

ˆ¢ Ï̂›˛ ˛ôî¢ÇÖƒy !ò!î≈‹T xÌ≈yÍ 5!›˛– ¢%ì˛Ó˚yÇ ~!›˛ ~Ñ˛!›˛ ¢¢#õ ˆ¢›˛ (finite set)– Î!î ˆ¢ Ï̂›˛Ó˚ ˛ôî ¢ÇÖƒy ¢¢#õ

Óy ¢#õyÓk˛ òy £Î˚ ì˛ Ï̂Ó ˆ¢›˛!›˛ Ï̂Ñ˛ x¢#õ ˆ¢›˛ (infinite set) Óúy £Î˚– ˆÎõò fl ∫̨y¶˛y!ÓÑ˛ ¢ÇÖƒy (N)ÈÙÈ~Ó˚ ˆ¢›˛!›˛

x¢#õ ˆ¢›˛– Ñ˛yÓ˚í N = {1, 2, 3, ...} ~ Ï̂ì˛ !ò!î≈‹T ¢ÇÖƒÑ˛ ˛ôî Óy ¢î¢ƒ ˆò£z–

ˆ¢›˛ Ï̂Ñ˛ ¢yïyÓ˚íì˛ î%!›˛ v z̨̨ ôy Ï̂Î˚ ≤ÃÑ˛yü Ñ˛Ó˚y ÎyÎ˚ñ S1V ì˛y!úÑ˛y ˛ôk˛!ì˛ (tabular form) S2V ï Ï̂õ≈Ó˚ ≤Ãì˛#Ñ˛#

≤ÃÑ˛yü (set builder form)

v z̨îy£Ó˚í ≠ 1 ˆÌ Ï̂Ñ˛ 10ÈÙÈ~Ó˚ õ Ï̂ïƒ v z̨̨ ô!fl˛iì˛ ˆõÔ!úÑ˛ ¢ÇÖƒyÓ˚ ˆ¢›˛– ~!›˛ Ï̂Ñ˛ xyõÓ˚y

S1VòÇÈÙÈ~ !úÖÓ S Sˆ¢›˛V = {2, 3, 5, 7}ÈÙÈ~£z xyÑ˛y Ï̂Ó˚–

S2VòÇÈÙÈ~ !úÖÓñ S = {x/x ~Ñ˛!›˛ ˆõÔ!úÑ˛ ¢ÇÖƒy Îy 1 ˆÌ Ï̂Ñ˛ 10ÈÙÈ~Ó˚ õïƒÓì≈̨ # xÌ≈yÍ {1 < x < 10}

ˆ¢ Ï̂›˛Ó˚ ¢ÇK˛y É Úˆ¢›˛ £ú ~õò ~Ñ˛!›˛ ¢%¢ÇK˛yì˛ ¢ÇÑ˛úò ÎyÓ˚ õˆÏïƒ v˛z˛ô!fl˛iì˛ ˛ôî/˛¢î¢ƒ=!ú e´õ

!òÓ˚̂ Į̈ ô«˛ ~ÓÇ !¶˛ß¨Û–

(A) v z̨̨ ô Ï̂¢›˛ (sub-set) É Î!î X ~ÓÇ Y î%!›˛ ~õò ïÓ˚̂ ÏíÓ˚ ˆ¢›˛ ˆÎÖy Ï̂ò Y ˆ¢ Ï̂›˛Ó˚ ≤Ã Ï̂ì˛ƒÑ˛ ˛ôî/¢î¢ƒ Ï̂Ñ˛

X ˆ¢ Ï̂›˛Ó˚ ˛ôî !£¢y Ï̂Ó Üíƒ Ñ˛Ó˚y ÎyÎ˚ñ ì˛y£y Ï̂ì˛ YÈÙÈˆÑ˛ X ˆ¢ Ï̂›˛Ó˚ v z̨̨ ô Ï̂¢›˛ Óúy £Î˚– ~ Ï̂«˛ Ï̂eñ Y  X S≤Ãì˛# Ï̂Ñ˛

≤ÃÑ˛yüV–

Î!î Y  X £Î˚ñ ì˛ Ï̂Ó Y ˆ¢›˛ Ï̂Ñ˛ X ˆ¢ Ï̂›˛Ó˚ ≤ÃÑ,̨ ì˛ (proper) v z̨̨ ôˆÏ¢›˛ ÓˆÏú–

Î!î Y = {2, 3, 4} ~ÓÇ X = {1, 2, 3, 4, 6} £Î˚ñ ì˛ˆÏÓ Y ˆ¢›˛!›˛ ¢î¢ƒ ¢ÇÖƒyÓ˚ Ó,!k˛ á!›˛ Ï̂Î˚ Î!î XÈÙÈ~Ó˚

¢ Ï̂D ¢õyò £ Ï̂Î˚ ÎyÎ˚ ì˛Öò Y  X– ~ Ï̂«˛ Ï̂e Y ˆ¢›˛!›˛ Ï̂Ñ˛ X ˆ¢ Ï̂›˛Ó˚ x≤ÃÑ,̨ ì˛ (improper) v z̨̨ ô Ï̂¢›˛ Óúy £Î˚–

(B) ¢õ Ï̂¢›˛ (equal sets) É X Á Y ˆ¢›˛ î%!›˛ ¢õ Ï̂¢›˛ Óúy £Î˚ Î!î X  Y ~ÓÇ Y  X £Î˚–

v z̨îy£Ó˚í É ï!Ó˚ñ X = {1, 2, 3, 4, 5}, Y = {5, 4, 3, 2, 1} ~fl˛i Ï̂ú X  Y ~ÓÇ Y  Xó xì˛~Óñ X = Y

(C) ¢y!Ó≈Ñ˛ ˆ¢›˛ (Univervsal set) É ˆÎ ˆ¢ Ï̂›˛Ó˚ xï# Ï̂ò x˛ôÓ˚ ˆ¢›˛/ˆ¢›˛=!ú v z̨̨ ô Ï̂¢›˛ !£¢y Ï̂Ó v z̨̨ ô!fl˛iì˛

£Î˚ ì˛Öò ˙ Ó,£Í ˆ¢›˛!›˛ Ï̂Ñ˛ ¢y!Ó≈Ñ˛ ˆ¢›˛ Ó Ï̂ú–

v z̨îy£Ó˚í U Óy  = {1, 2, 3, 5, 6}, X = {2, 3, 5}– ¢%ì˛Ó˚yÇ X 

 £ú ¢y!Ó≈Ñ˛ ˆ¢›˛–
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(D) ü)òƒ ˆ¢›˛ (Empty/void/null set) É ˛ôî Óy ¢î¢ƒ£#ò Ü!‡˛ì˛ ˆ¢›˛ Ï̂Ñ˛ ü)òƒ ˆ¢›˛ Óúy £Î˚– ˆÎ ü Ï̂ì≈̨

ˆ¢›˛ ˜ì˛Ó˚# £Î˚ ì˛y Ï̂Ñ˛ xò%¢Ó˚í Ñ˛ Ï̂Ó˚ ˆÑ˛yò ˛ôî ˆ¢ Ï̂›˛ ¢ÇÜ,£#ì˛ òy £ Ï̂ú ˆ¢›˛!›˛ Ï̂Ñ˛ ü)òƒ ˆ¢›˛ !£¢y Ï̂Ó ïÓ˚y £Î˚– ~ Ï̂Ñ˛

 ≤Ãì˛# Ï̂Ñ˛ Óy { } ≤Ãì˛# Ï̂Ñ˛ ≤ÃÑ˛yü Ñ˛Ó˚y £Î˚–

v z̨îy£Ó̊í É â˛w˛ô,̂ Ï¤˛ xÓì˛Ó˚íÑ˛yÓ˚# ¶˛yÓ˚ì˛#Î˚ õ£yÑ˛yüâ˛yÓ˚# Ï̂îÓ˚ ˆ¢›˛ ~Ñ˛!›˛ ü)òƒ ˆ¢ Ï̂›˛Ó˚ v z̨îy£Ó˚í–

(E) ¢)â˛Ñ˛ ˆ¢›˛ (Index set/Power set) É Î!î X ~Ñ˛!›˛ !Ó Ï̂ü°Ï ˆ¢›˛– X ˆ¢ Ï̂›˛Ó˚ ≤Ã Ï̂ì˛ƒÑ˛ v z̨̨ ô Ï̂¢›˛ Sü)òƒ

ˆ¢›˛/¢y!Ó≈Ñ˛ ˆ¢›˛ X ¢£VÈÙÈˆÑ˛ ¢î¢ƒ !£¢y Ï̂Ó ï Ï̂Ó˚ ˆÎ ˆ¢›˛ ˜ì˛Ó˚# Ñ˛Ó˚y £Î˚ ì˛y Ï̂Ñ˛ X ˆ¢ Ï̂›˛Ó˚ ¢)â˛Ñ˛ ˆ¢›˛ Óúy £Î˚–

v z̨îy£Ó̊í É ï!Ó˚ñ X = {1, 2, 3}

P(X) [X ¢y Į̈̂ ô Ï̂«˛ Ü!‡˛ì˛ ¢)â˛Ñ˛ ˆ¢›˛]

= {{1}, {2}, {3}, {1, 2}, {2, 3}, {1, 3}, {1, 2, 3}, }

ú«˛í#Î˚ ˆÎñ ˆÑ˛yò õ)ú Ï̂¢ Ï̂›˛Ó˚ ˛ôî¢ÇÖƒy m £ Ï̂ú ì˛y Ï̂Ñ˛ !Ü Ï̂Ó˚ ˜ì˛Ó˚# v z̨̨ ô Ï̂¢ Ï̂›˛Ó˚ ˆõy›˛ ¢ÇÖƒy £ Ï̂Ó 2m–

(F) ¢õì%̨ úƒ ˆ¢›˛ (Equivalent set) É î%!›˛ ˆ¢›˛ ˛ôÓ˚fl˛ôÓ˚ ¢õì%̨ úƒ ˆ¢›˛ £ Ï̂Ó Î!î ì˛y Ï̂îÓ˚ ˆõy›˛ ˛ôî¢ÇÖƒy

~Ñ˛£z Ìy Ï̂Ñ˛ñ !Ñ˛ls˘˛ ˛ôî=!ú òÎ˚– ˆÎõò A = {1, 2, 3} ~ÓÇ B = {a, b, c} ˛ôÓ˚fl˛ôÓ˚ ¢õì%̨ úƒ ˆ¢›˛– ¢õì%̨ úƒ

ˆ¢›˛ !Ñ˛ls˘˛ ¢õ Ï̂¢›˛ òÎ˚– ˛ô«˛yhs˘˛ Ï̂Ó˚ ¢õ Ï̂¢›˛ !Ñ˛ls˘˛ ¢õì%̨ úƒ ˆ¢›˛–

1.4 ˆ¢›‰̨  ≤Ã!e´Î˚y

î%!›˛ ˆ¢ˆÏ›˛Ó˚ õˆÏïƒ ¢ÇˆÏÎyÜ (union)ñ ˆäÈî (intersection) ~ÓÇ xhs˘˛Ó˚ (difference) Óú Ï̂ì˛ Ñ˛# Ó%G˛yÎ˚ ì˛y

~Öò õ)úì˛É xy Ï̂úyâ˛òy £ Ï̂Ó– ~fl˛i Ï̂úñ ˆÑ˛y Ï̂òy ˛ôî/¢î¢ƒ ˆÑ˛yò ˆ¢ Ï̂›˛ Óì≈̨ õyò £ Ï̂ú ì˛y Ï̂Ñ˛  !â˛£´ myÓ˚y ≤ÃÑ˛yü Ñ˛Ó˚y

£ Ï̂Ó xòƒÌyÎ˚  !â˛£´–

(a) ¢Ç Ï̂ÎyÜ ≤Ã!e´Îẙ É ~£z ≤Ã!e´Î˚yÓ˚ ≤Ãì˛#Ñ˛ ‘’–

ï!Ó˚ñ D ~ÓÇ F î%!›˛ ˆ¢›˛– D ~ÓÇ F ˆ¢ Ï̂›˛Ó˚ ¢Ç Ï̂ÎyÜ ˆ¢›˛!›˛Ó˚ ¢ÇK˛y £ú !ò¡¨Ó˚*˛ô É

D  F = {x/x  D xÌÓy x  F}, x  D

xÌÓy x  FÈÙÈ~Ó˚ xÌ≈ £Ûú x  D, x  F SxÌ≈yÍ x, D ˆ¢ Ï̂›˛Ó˚ ¢î¢ƒ/˛ôî !Ñ˛ls˘˛ F ˆ¢ˆÏ›˛Ó˚

xhs˘˛Ü≈ì˛ òÎ˚V

xÌÓyñ x  F, x  D– ~ Ï̂Ñ˛ ‘inclusive form’ Óy Úxhs˘˛¶%≈̨ !_´ îüyÛ Ó Ï̂ú– ‘Exclusive form’ Óy

Ú!ÓÎ%!_´ îüyÛ ÓúˆÏì˛ Ó%G˛ˆÏì˛ £ˆÏÓ D  F = {x/x  D ~ÓÇ x  F} xÌ≈yÍ x S˛ôî/¢î¢ƒV, D ~ÓÇ

F v z̨¶˛ Ï̂Î˚Ó˚ õ Ï̂ïƒ Óì≈̨ õyò–

(b) ˆäÈî ≤Ã!e´Îẙ É D ~ÓÇ F ˆ¢›˛ î%!›˛Ó˚ õ Ï̂ïƒ ˆäÈî ˆ¢›˛!›˛ £ú ~õò ˆ¢›˛ ÎyÓ˚ õ Ï̂ïƒ D ~ÓÇ F ˆ¢ Ï̂›˛Ó˚ ¢yïyÓ˚í

(common) ˛ôî Óy ¢î¢ƒÓ˚y£z ÷ï%õye v z̨̨ ô!fl˛iì ÌyÑ˛ Ï̂Ó– ¢%ì˛Ó˚yÇ ≤Ãì˛#Ñ˛# ≤ÃÑ˛yü £ú

D  F = {x/x  D ~ÓÇ x F} xÌ≈yÍ D  FÈÙÈ~Ó˚ ˛ôî Óy ¢î¢ƒÓ˚y D ~ÓÇ F v z̨¶˛Î˚ ˆ¢ Ï̂›˛Ó˚ ¢yïyÓ˚í

¢î¢ƒ !£¢y Ï̂Ó Üíƒ £ Ï̂Ó– D ~ÓÇ F ˆ¢ Ï̂›˛Ó˚ ˆäÈî Ï̂Ñ˛ ‘’ !£¢y Ï̂Ó !â˛!£´ì˛ Ñ˛Ó˚y £Î˚–
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(c) xhs˘˛Ó̊ ≤Ã!e´Îẙ É ï!Ó˚ñ D ~ÓÇ F ˆÎ ˆÑ˛y Ï̂òy î%!›˛ ˆ¢›˛– D Á FÈÙÈ~Ó˚ õ Ï̂ïƒ xhs˘˛Ó˚ÈÙÈˆÑ˛ D – F Óy D/F
!î Ï̂Î˚ ¢))!â˛ì˛ Ñ˛Ó˚y £Î˚– ¢ÇK˛y !£¢y Ï̂Ó Óúy ÎyÎ˚ ˆÎ D – F = {x/x D !Ñ˛ls˘˛ x  F}

v z̨îy£Ó̊í É ï!Ó˚ D = {1, 2, 3, 4, 5} ~ÓÇ F = {4, 5, 6, 7, 8}

 D  F = {1, 2, 3, 4, 5, 6, 7, 8}

D  F = {4, 5}

D – F = {1, 2, 3}

(d) ˛ô!Ó˚̂ Ïü Ï̂°Ïñ ~£z xÇ Ï̂ü ˛ô)Ó˚Ñ˛ ˆ¢ Ï̂›˛Ó˚ xy Ï̂úyâ˛òyÁ xì˛ƒhs˘˛ ãÓ˚&Ó˚#– ÎyÓ˚ õ Ï̂ïƒ xhs˘˛Ó˚ ≤Ã!e´Î˚yÓ˚ ˆäÈ§yÎ˚y Óì≈̨ õyò–

ï!Ó˚ñ  £Ûú ¢y!Ó≈Ñ˛ ˆ¢›˛ (universal set) ~ÓÇ D ~Ñ˛!›˛ ˆÎ ˆÑ˛y Ï̂òy ˆ¢›˛– Îy Ï̂Ñ˛ S myÓ˚y v z̨̨ ô Ï̂¢›˛ !£¢y Ï̂Ó

¶˛yÓy ÎyÎ˚– ¢Ç Ï̂Ñ˛ Ï̂ì˛ D ˆ¢ Ï̂›˛Ó˚ ˛ô)Ó˚Ñ˛ ˆ¢›˛ Ï̂Ñ˛ Dc Óy D !£¢y Ï̂Ó !â˛!£´ì˛ Ñ˛Ó˚y £Î˚–

ï!Ó˚ñ S/D = {x/x  S !Ñ˛ls˘˛ x D} xÌ≈yÍ x ˆÎ ˆÑ˛y Ï̂òy ˛ôî/¢î¢ƒñ S – DÈÙÈˆì˛ Óì≈̨ õyò– D ˆ¢ Ï̂›˛Ó˚

˛ô)Ó˚Ñ˛ ˆ¢›˛ £ú Dc xÌÓy D–

v z̨îy£Ó̊í É ï!Ó˚ñ S = {1, 2, 3, 4, 5, 6} ~ÓÇ D = {1, 3, 5}

 D Óy Dc = {2, 4, 6}

1.5 î%!›˛ ˆ¢ Ï̂›˛Ó˚ õ Ï̂ïƒ Ñ˛y Ï̂ì≈̨ ¢#Î˚ =íö˛ú

õ Ï̂ò Ñ˛!Ó˚ñ D ~ÓÇ F î%!›˛ xü)òƒ ˆ¢›˛– D Á F ˆ¢ Ï̂›˛Ó˚ õ Ï̂ïƒ Ñ˛y Ï̂ì≈̨ ¢#Î˚ =íö˛ú Ï̂Ñ˛ D × F !â˛£´ !î Ï̂Î˚ ≤ÃÑ˛yü

Ñ˛Ó˚y £Î˚– ¢ÇK˛y fl ∫̨Ó˚*˛ô Óúy ÎyÎ˚ ˆÎñ D × F = {(x, y)/x  D ~ÓÇ y  F}

(x, y)ÈÙÈˆÑ˛ e´õ Î%Üú (ordered pair) Óúy £Î˚ xÌ≈yÍ ≤ÃÌ Ï̂õ x, ˛ôˆÏÓ˚ y v z̨̨ ô!fl˛iì˛ £ Ï̂Óñ ˆÑ˛y Ï̂òy ˆ«˛ Ï̂e£z y
≤ÃÌõ fl˛iyò îÖú Ñ˛Ó˚̂ ÏÓ òy–

v z̨îy£Ó̊í É õ Ï̂ò Ñ˛!Ó˚ñ D = {1, 2, 3} ~ÓÇ F = {5, 6}

¢%ì˛Ó˚yÇ D × F = {{1, 5}, {1, 6}, {2, 5}, {2, 6}, {3, 5}, {3, 6}}

F × D = {{5, 1}, {5, 2}, {5, 3}, {6, 1}, {6, 2}, {6, 3}}

~Öy Ï̂ò xyõÓ˚y ˆ¢ Ï̂›˛Ó˚ õ Ï̂ïƒ ˆ¢ Ï̂›˛Ó˚ v z̨̨ ô!fl˛i!ì˛ ú«˛ƒ Ñ˛!Ó˚ xÌ≈yÍ Úˆ¢ Ï̂›˛Ó˚ ˆ◊!íÛ Óy ‘class of sets’ÈÙÈˆÑ˛

˛ôÎ≈̂ ÏÓ«˛í Ñ˛!Ó˚– ‘Tree-diagram’ Óy ÚÓ,«˛ !â˛ Ï̂eÛ ~ Ï̂îÓ˚ ≤ÃÑ˛yü Ñ˛Ó˚y ÎyÎ˚

ˆÎõòÈÙÙÙÈ D × FÈÙÈ~Ó˚ Ó,«˛ !â˛e!›˛ !ò¡¨Ó˚*˛ô É

1

2

3

5

6
5

6
5

6
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F × DÈÙÈ~Ó˚ Ó,«˛ !â˛e É

!Ó.o. É ÚÓ,«˛ !â˛eÛ Ó˚â˛òyÑ˛y Ï̂ú Ó§y!îÑ˛ ˆÌ Ï̂Ñ˛ v˛yò !î Ï̂Ñ˛ ÎyÓ–

ˆ¶˛òÈÙÈxÎ˚úyÓ˚ !â˛e (Venn-Euler diagram) É A Á B ˆ¢›˛ î%!›˛Ó˚ ‘’ñ ‘’ ~ÓÇ ‘ ’ ≤Ã!e´Î˚y

ˆ¶˛òÈÙÈxÎ˚úyÓ˚ !â˛ Ï̂e ≤ÃÑ˛yü £ú

(i) (ii)

¢õ/!Ó!¶˛ß̈ ˆ¢ Ï̂›˛Ó̊ v z̨̨ ôÓ̊ ≤ÃÎ%_´ !òÎ̊õyÓú#/¢)eÓú# É ˆ¢ Ï̂›˛Ó̊ v z̨̨ ôÓ̊ !e´Î̊yü#ú Ó#ã Ü!íì˛#Î̊ !òõÎ̊yÓú# Ï̂Ñ˛

v z̨̨ ôÎ%_´¶˛y Ï̂Ó ˛ô!Ó˚̂ ÏÓüò Ñ˛Ó˚y £ú –

1. Ó Ï̃Ü≈Ñ˛¢õ !òÎ˚õ ¢)e (Idempotent law)
(a) A  A = A (b) A  A = A

2. ¢y£â˛Î≈ !òÎõ̊ (Associative law)
(a) (A  B)  C = A  (B  C) (b) (A  B)  C = A  (B  C)

3. !Ó!òõÎ ̊ !òÎõ̊/¢)e (Cimmutative law)
(a) A  B = B  A (b) A  B = B  A

4. Ór›˛ò !òÎõ̊/¢)e (Distributive law)

(a) A  (B  C) = (A  B)  (A  C) (b) A  (B  C) = (A  B)  (A  C)

5. x Ï̂¶˛î !òÎõ̊/¢)e (Identity law)

(a) A  = A;  A  = A (b) A  = A;  A  = 

6. ˛ô)Ó̊Ñ˛ !òÎ˚õ/¢)e (Complement law)
(a) A  Ac =  ; (Ac)c = A (b) A  Ac = ; ()c = , c = 

5

6

1
2
3

1
2
3

123456789012345
123456789012345
123456789012345
123456789012345
123456789012345
123456789012345
123456789012345
123456789012345
123456789012345
123456789012345
123456789012345

123456
123456
123456
123456
123456
123456
123456

1234567
1234567
1234567
1234567
1234567
1234567
1234567

A B

123456
123456
123456
123456
123456
123456
123456

123456
123456
123456
123456
123456
123456
123456

A B A B

12
12
12
12
12

A

A  B
(Inclusive form)

xhs˘˛¶%≈˛!_´ îüy

A  B Ac Óy AA  B
(Exclusive form)

!ÓÎ%!_´ îüy
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7. !v˛ÈÙÈõÓ˚Üy Ï̂òÓ˚ !òÎ˚õ/¢)e (De-Morgan’s law)
(a) (A  B)c = Ac  Bc (b) (A  B)c = Ac  Bc

!Ó.o. É ~fl˛i Ï̂ú ‘’ £ú ¢y!Ó≈Ñ˛ ˆ¢›˛ ~ÓÇ  £ú ü)ò ˆ¢›˛–

1.6 xhs˘˛¶%≈̨ !_´ÈÙÈ!ÓÎ%!_´ ˆ¢›˛

õ Ï̂ò Ñ˛!Ó˚ñ X ~Ñ˛!›˛ ¢¢#õ ˆ¢›˛– X ˆ¢ Ï̂›˛Ó˚ ˛ôî ¢ÇÖƒy Ï̂Ñ˛ xyõÓ˚y | X | Óy n(X) !î Ï̂Î˚ ≤ÃÑ˛yü Ñ˛Ó˚Ó– ≤Ã¢Dì˛ñ

|  | = 0 Óy n |  | = 0

ï!Ó˚ñ A ~ÓÇ B î%!›˛ ¢¢#õ ˆ¢›˛ £ Ï̂ú v z̨̨ ô!Ó˚v z̨_´ ¢)e xò%¢y Ï̂Ó˚ñ

n(A  B) = n(A) + n(B) – n(A  B)

A, B ~ÓÇ C !ì˛ò!›˛ ¢¢#õ ˆ¢ Ï̂›˛Ó˚ ˆ«˛ Ï̂eñ v z̨_´ ¢)eyò%¢y Ï̂Ó˚ñ

n(A  B  C) = n(A) + n(B) + n(C) – n(A  B) – n(B  C)
– n(C  A) + n(A  B  C)

 v z̨îy£Ó̊íÈÙÙÙÙÙÈÈÈÈÈ1 É 30, 45 ~ÓÇ 75 ¢ÇÖƒy=!úÓ̊ ˆ¢›˛ ≤Ã!e´ÎẙÓ̊ õyïƒ Ï̂õ Ü.¢y.= Á ú.¢y.= Ñ˛ì˛ £ Ï̂Ó ì˛y

!òí≈Î ̊ Ñ˛Ó̊&ò–

 ¢õyïyò É ï!Ó˚ñ A, B ~ÓÇ C £ú ÎÌye´ Ï̂õ 30, 45 ~ÓÇ 75ÈÙÈ~Ó˚ ïòydÑ˛ ˛ô)í≈ ¢ÇÖƒy 1 ~ÓÇ ˆõÔ!úÑ˛

v z̨Í˛ôyî Ï̂Ñ˛Ó˚ ˆ¢›˛–

¢%ì˛Ó˚yÇñ A = {1, 2, 3, 5}

B = {1, 3, 3, 5}
C = {1, 3, 5, 5}

¢£ã¶˛y Ï̂Ó ˛ôyÁÎ˚y ÎyÎ˚ ˆÎñ A  B  C = {1, 3, 5} ~ÓÇ A  B  C = {...

!òˆÏí≈Î˚ Ü.¢y.=. = A  B  C ˆÌ Ï̂Ñ˛ ≤ÃyÆ ˛ôî=!úÓ˚ =íö˛ú = 135 = 15

!ò Ï̂í≈Î˚ ú.¢y.= = (A  B  C)ÈÙÈ~Ó˚ ˛ôî=!úÓ˚ =íö˛ú

= {1, 2, 3, 3, 5, 5}ÈÙÈ~Ó˚ ˛ôî=!úÓ˚ =íö˛ú

= 123355 = 450

v z̨_Ó˚ É 15 Á 450

 v z̨îy£Ó̊íÈÙÙÙÙÙÈÈÈÈÈ2 É ˆÑ˛y Ï̂òy ~úyÑ˛yÓ˚ ˆúyÑ˛ ¢ÇÖƒyÓ˚ ≤Ã Ï̂ì˛ƒ Ï̂Ñ˛ £zÇÓ˚yã#ñ !£!® Óy ÓyÇúy !ì˛ò!›˛ ¶˛y°ÏyÓ˚ õ Ï̂ïƒ

Ñ˛õ˛ô Ï̂«˛ ~Ñ˛!›˛ ¶˛y°ÏyÎ˚ Ñ˛Ìy Ó Ï̂ú– 31 ãò £zÇÓ˚yã# Ï̂ì˛ñ 36 ãò !£!® Ï̂ì˛ ~ÓÇ 27 ãò ÓyÇúyÎ ̊ Ñ˛Ìy

Óú Ï̂ì˛ x¶˛ƒhfl Į̈– v z̨¶˛Î˚ ¶˛y°ÏyÎ˚ Ñ˛Ìy Ó Ï̂ú 10 ãò S£zÇÓ˚yã# Á !£!® Ï̂ì˛Vñ 9 ãò S£zÇÓ̊yã# Á ÓyÇúyÎV̊ ~ÓÇ

11 ãò S!£!® Á ÓyÇúyÎ˚V– ˆîÖyò ˆÎ ˆúyÑ˛¢ÇÖƒyÓ̊ ˆÎyÜö˛ú ˆõy›˛ ˆúyÑ˛ ¢ÇÖƒy Ö%Ó Ñ˛õ £ Ï̂ú 64
~ÓÇ Ö%Ó ˆÓ!ü £ Ï̂ú 73 £ Ï̂Ó–
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 ¢õyïyò É ï!Ó˚ñ £zÇÓ˚yã# Ï̂ì˛ Ñ˛Ìy Ó Ï̂ú ~õò ˆúyÑ˛ Ï̂îÓ˚ ˆ¢›˛!›˛ £Ûú A
!£!® Ï̂ì˛ Ñ˛Ìy Ó Ï̂ú ~õò ˆúyÑ˛ Ï̂îÓ˚ ˆ¢›˛!›˛ £Ûú B

   ~ÓÇ ÓyÇúyÎ˚ Ñ˛Ìy Ó Ï̂ú ~õò ˆúyÑ˛ Ï̂îÓ˚ ˆ¢›˛!›˛ £Ûú C
~ Ï̂«˛ Ï̂eñ üì≈̨ yò%¢y Ï̂Ó˚ñ

n(A) = 31
n(B) = 36
n(C) = 27
n(A  B) = 10, n(B  C) = 11, n(A  C) = 9

õ Ï̂ò Ñ˛!Ó˚ñ n(A  B  C) = x
!ì˛ò!›˛ ˆ¢ Ï̂›˛Ó˚ ˆ«˛ Ï̂e xhs˘˛¶%≈̨ !_´ÈÙÈ!ÓÎ%!_´Ó˚ ¢)e xÓú¡∫̂ Ïò ˛ôy£zñ

n(A  B  C) = n(A) + n(B) + n(C) – n(A  B)
– n(B  C) – n(A  C) + n(A  B  C)

= 31 + 36 + 27 – 10 – 11 – 9 + x
= 94 – 30 + x = 64 + x ... (i)

~ Ï̂«˛ Ï̂eñ ˆõy›˛ ˆúyÑ˛ ¢ÇÖƒy = n(A B  C) ~ÓÇ n(A  B  C) = x  0
˛˛ô%òÓ˚yÎ˚ x  n (A  B) = 10

x  n(B  C) = 11
x  n(A  C) = 9

(i)òÇ ˆÌ Ï̂Ñ˛ ˛ôy£zñ n(A  B  C)  64 + 9 = 73 [ÎÖòñ n  9]
(i)òÇ ˆÌ Ï̂Ñ˛ ˛ôy£zñ n(A B  C)  64 [ÎÖò x  0]
¢%ì˛Ó˚yÇ n(A  B  C)ÈÙÈ~Ó˚ ¢Ó≈!ò¡¨ õyò 64 ~ÓÇ ¢ Ï̂Ó≈yFâ˛ õyò 73
¢%ì˛Ó˚yÇ ˆõy›˛ ˆúyÑ˛¢ÇÖƒyÓ˚ ¢õ!‹T Ï̂ì˛ñ ˆúyÑ˛¢ÇÖƒyÓ˚ ˆõy›˛ ¢ÇÖƒy Ö%Ó Ñ˛õ £ Ï̂ú 64 ~ÓÇ Ö%Ó ˆÓ!ü £ Ï̂ú 73–

~›˛y£z !ò Ï̂í≈Î˚ ö˛ú–

 v z̨îy£Ó̊íÈÙÙÙÙÙÈÈÈÈÈ3 É X, Y ~ÓÇ Z !ì˛ò!›˛ ~õò ˆÎñ X  Z = Y  Z ~ÓÇ A  Z = B  Z– ≤Ãõyí

Ñ˛Ó̊&ò ˆÎñ X = Y–

 ¢õyïyò É X = X  S [ÎÖò S £ú ¢y!Ó≈Ñ˛ ˆ¢›˛] ˆÎõò XÈÙÈ~Ó˚ ˛ô%Ó˚Ñ˛ ˆ¢›˛ X
= X  (Z  Z)  [ÈÙÈ~Ó˚ ˆ«˛ Ï̂e ˛ô)Ó˚Ñ˛ !òÎ˚̂ Ïõ]
= (X  Z)  (X  Z) [ÈÙÈ~Ó˚ ˆ«˛ Ï̂e Ór›˛ò !òÎ˚̂ Ïõ]
= (Y  Z)  (Y  Z) [≤Ãî_ üì≈̨ yò%¢y Ï̂Ó˚]
= Y  (Z  Z)
= Y  S = Y

¢%ì˛Ó˚yÇ X = Y [≤Ãõy!íì˛]
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 v z̨îy£Ó̊íÈÙÙÙÙÙÈÈÈÈÈ4 É X, Y ~ÓÇ Z ~õò !ì˛ò!›˛ ˆ¢›˛ ˆÎ X  Y = X  Z ~ÓÇ X Y = X Z–

≤Ãõyí Ñ˛Ó̊&ò ˆÎñ Y = Z (X £ú XÈÙÈ~Ó˚ ˛ô)Ó˚Ñ˛ ˆ¢›˛V–

 ¢õyïyò É Y = Y   [ X  X = ]
= Y  (X  X)
= (Y  X)  (Y  X) [UÈÙÈ~Ó˚ ˆ«˛ Ï̂eñ Ór›˛ò ¢)e ˆÌ Ï̂Ñ˛]
= (X  Y)  (X Y)
= (X  Z)  (X Z) [ X  Y = X  Z, X Y = X Z]
= Z  (X  X) = Z ] [xˆÏ¶˛î !òÎ˚ˆÏõ]
= Z

 Y = Z  [≤Ãõy!íì˛]

 v z̨îy£Ó̊íÈÙÙÙÙÙÈÈÈÈÈ5 É (a) A = {x : 4x = 8}. A = 2 £ÁÎ˚y ¢Ω˛Ó !Ñ˛òy ˛ôÓ˚#«˛y Ñ˛Ó˚&ò–

(b) ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ X = {2, 3, 4, 5}, Y = {x/x ˆÎ ˆÑ˛y Ï̂òy Î%@¬ ¢ÇÖƒy}ÈÙÈ~Ó̊ v z̨̨ ô Ï̂¢Ï›˛ òÎ–̊

 ¢õyïyò É (a) A ˆ¢›˛!›˛ ÷ï%õye 2 ˛ôî!›˛ Ï̂Ñ˛ xhs˘˛¶%≈̨ _´ Ñ˛ Ï̂Ó˚– xÌ≈yÍ A = {2}– ~ Ï̂«˛ Ï̂e ú«˛í#Î˚ ˆÎ 2
¢ÇÖƒy!›˛ A ˆ¢ Ï̂›˛Ó˚ ~Ñ˛!›˛õye ˛ôî– !Ñ˛ls˘˛ 2 ˆÑ˛yò xÓfl˛iyÎ˚ A ˆ¢ Ï̂›˛Ó˚ ¢ Ï̂D ¢õyò òÎ˚– ~Ñ˛!›˛ ˛ôî ‘a’ Ñ˛Öò£z

ˆ¢›˛ {a} ÈÙÈ~Ó˚ ¢y Ï̂Ì ¢õyò òÎ˚– ˆ¢£zãòƒ A = 2 £ÁÎ˚y ¢Ω˛Ó òÎ˚–

(b) ~ Ï̂«˛ Ï̂eñ 3  X !Ñ˛ls˘˛ 3  Y [ Y £ú ¢õhfl Į̈ Î%@¬ ¢ÇÖƒyÓ˚ ˆ¢›˛]

xòÓ˚*ˆÏ˛ôñ 5  X !Ñ˛ls˘˛ 5  Y

Ñ˛õ˛ô Ï̂«˛ X ~£z ~Ñ˛!›˛ ˛ôî Á Î!î YÈÙÈ~Ó˚ ˆÑ˛yò ˛ôî !£¢y Ï̂Ó Üíƒ òy £Î˚ñ ì˛ Ï̂Ó X  Y x¢Ω˛Ó

[≤Ãõy!íì˛]

 v z̨îy£Ó̊íÈÙÙÙÙÙÈÈÈÈÈ6 É (a) ≤Ãõyí Ñ˛Ó˚&ò A  C Î!î A  B ~ÓÇ B  C £Î˚–

(b) Î!î A  £Î˚ñ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò A = –

 ¢õyïyò É (a) ¢Ó≈≤ÃÌõ xyõy Ï̂îÓ˚ ≤Ãõyí Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó ˆÎñ A ˆ¢ Ï̂›˛Ó˚ ˆÎ ˆÑ˛y Ï̂òy ˛ôî xÓüƒ£z CÈÙÈˆ¢ˆÏ›˛Ó˚

xhs˘˛Ü≈ì˛ ˛ôî–

ï!Ó˚ñ x  A. A  B Ó Ï̂ú x  B.

˛ô%òÓ˚yÎ˚ñ B  C Ó Ï̂ú x  C

¢%ì˛Ó˚yÇñ x  A !ò Ï̂î≈ü Ñ˛ Ï̂Ó˚ x  C

xì˛~Óñ A  C  [≤Ãõy!íì˛]

(b) xyõÓ˚y ãy!ò ˆÎñ  Óy ü)òƒ ˆ¢›˛ ˆÎ ˆÑ˛y Ï̂òy ¢¢#õ ˆ¢›˛ AÈÙÈ~Ó˚ v z̨̨ ô Ï̂¢›˛–

¢%ì˛Ó˚yÇ  A ... (i)

˛ô%òÓ˚yÎ˚ñ A  ˛S≤Ãî_V (ii)

 (i) ~ÓÇ (ii) ˆÌ Ï̂Ñ˛ ˛ôy£z A =  [≤Ãõy!íì˛]
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1.7 v z̨_ú ˆ¢›˛

ï!Ó˚ñ S  Rn [xÌ≈yÍ S, (Rn = R × R × ... n ¢ÇÖƒÑ˛ n õyey (dimension) Î%_´ £zv z̨!Ñœ̨ v˛#Î˚ ˆîü

(space)ÈÙÈ~Ó˚ ~Ñ˛!›˛ v z̨̨ ô Ï̂¢›˛]

Î!î x1, x2 î%!›˛ S ˆ¢ Ï̂›˛Ó˚ ˛ôî Óy ¢î¢ƒ £Î˚ ì˛ Ï̂Ó x1 + (1 – )x2  S, ÎÖò 0  1 [ ~Ñ˛!›˛

≤Ãyâ˛ú (parameter)] xÌ≈yÍ x1, x2ÈÙÈ~Ó˚ ~Ñ˛!›˛ ˜Ó˚!ÖÑ˛ ¢õß∫Î˚ xÓüƒ£z SÈÙÈ~Ó˚ õ Ï̂ïƒ xÓ!fl˛iì˛– ãƒy!õ!ì˛Ñ˛ î,!‹T Ï̂Ñ˛yí

ˆÌ Ï̂Ñ˛ õ Ï̂ò Ñ˛!Ó˚ñ x1, x2 î%!›˛ !Ó®% S ˆ¢ Ï̂›˛Ó˚ õ Ï̂ïƒ xÓ!fl˛iì˛– ~ Ï̂îÓ˚ ~Ñ˛!›˛ ¢Ó˚ú Ï̂Ó˚ÖyÇü !î Ï̂Î˚ Î%_´ Ñ˛Ó˚̂ Ïú ¢Ó≈îy

ˆ¢!›˛ S ˆ¢ Ï̂›˛Ó˚ õ Ï̂ïƒ£z Óì≈̨ õyò ÌyÑ˛ Ï̂úñ S ˆ¢›˛!›˛ Ï̂Ñ˛ ÚÚv z̨_ú ˆ¢›˛ÛÛ Óy convex set Óúy £Î˚–

v z̨îy£Ó̊í É ü)òƒ ˆ¢›˛ () ~ÓÇ ~Ñ˛˛ôî Î%_´ ˆ¢›˛ (singleton set) ¢Ó≈îy£z v z̨_ú ˆ¢›˛ !£¢y Ï̂Ó !â˛!£´ì˛ £Î˚–

!â˛e Sãƒy!õ!ì˛Ñ˛V É

A. (a)  v z̨_ú ˆ¢ Ï̂›˛Ó˚ !â˛e (x1, x2  S)

(b)      v z̨_Ó˚ ˆ¢ Ï̂›˛Ó˚ !â˛e (x1, x2  S)

B. v z̨_Ó̊ ˆ¢›˛ òÎ ̊~õò ˆ«˛e=!ú £ú !ò¡̈Ó̊*˛ô É

(a) ~fl˛i Ï̂ú x1, x2  S !Ñ˛ls˘˛ x1, x2 ¢Ç Ï̂ÎyãÑ˛ ¢Ó˚ú Ï̂Ó˚Öy!›˛ ¢¡ô)í≈¶˛y Ï̂Ó SÈÙÈ~Ó˚

õ Ï̂ïƒ ˆò£z–  S ˆ¢›˛!›˛ v z̨_ú ˆ¢›˛ òÎ˚–

(b) x1, x2  S !Ñ˛ls˘˛ x1, x2  ¢Ç Ï̂ÎyãÑ˛ ¢Ó˚ú Ï̂Ó˚ÖyÇü!›˛ ¢¡ô)í≈Ó˚* Į̈̂ ô

SÈÙÈ~Ó˚ õ Ï̂ïƒ ˆò£z–  S ˆ¢›˛!›˛ v z̨_ú ˆ¢›˛ òÎ˚–

!Ó.o. É v z̨_ú ˆ¢ Ï̂›˛Ó˚ }íydÑ˛ Óy ˆò!ì˛Óyâ˛Ñ˛ !îÑ˛!›˛ £ú xÓì˛ú ˆ¢›˛ (concave set)–
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1.8 x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ãƒy!õ!ì˛Ñ˛ ïõ≈yÓú#

(a) xy˛ôyì˛ v˛z_ú xˆÏ˛ô«˛Ñ˛ (quasi-convex function) ~ÓÇ xy˛ôyì˛ÈÙÈxÓì˛ú x Į̈̂ ô«˛Ñ˛ (quasi concave
function)ÈÙÈ~Ó̊ ¢ÇK˛y (definition) ~ÓÇ ˜Ó!ü‹TƒÓú# (characteriszations) É

ï!Ó˚ V(R) ~Ñ˛!›˛ ˆ¶˛QÓ˚ ˆfl˛ô¢ Óy ˆ¶˛QÓ˚̂ ÏîÓ˚ ˆîü Óy £zv z̨!Ñœ̨ v˛#Î˚ ˆîü (Euclidean space) ~ÓÇ S(R)
£ú V(R)ÈÙÈ~Ó˚ ~Ñ˛!›˛ v z̨̨ ô Ï̂îü (sub-space)– õ Ï̂ò Ñ˛!Ó˚ñ f £Ûú ~Ñ˛!›˛

Ú!e´Î˚yõ)úÑ˛Û x Į̈̂ ô«˛Ñ˛ (functional)– ~ Ï̂«˛ Ï̂eñ ¢õhfl Į̈ x, y  SÈÙÈ~Ó˚ ãòƒ

f(x) ~ÓÇ f(y)  R xÌ≈yÍ ~Ñ˛ Ñ˛ÌyÎ˚ñ f : S  R– ~Öò  Sï &ÓÑ˛Vñ

 [0, 1] Óı˛ xÓÑ˛yüñ ~õò¶˛y Ï̂Ó v z̨̨ ô!fl˛iì˛ Îy Ï̂ì˛ f(x + (1 – )y)
 max{f(x), f(y)} !¢k˛ £Î˚– ì˛Öò ‘f’ x Į̈̂ ô«˛Ñ˛!›˛ Ï̂Ñ˛ Úxy˛ôyì˛ÈÙÈv˛z_ú

Sâ˛Ó̊õ õyòV x Į̈̂ ô«˛Ñ˛Û  !£¢y Ï̂Ó ïÓ˚y £Î˚–

Î!î f(x + (1 – )y) < Max{f(x), f(y)} üì≈̨  õy Ï̂ò ì˛Öò ‘f’ÈÙÈˆÑ˛ ÚÑ˛ˆÏ‡˛yÓ˚¶˛yÓ (strictly) ¢¡ôß¨

xy˛ôyì˛ÈÙÈv z̨_ú x Į̈̂ ô«˛Ñ˛Û Óúy £Î˚–

‘f’ x Į̈̂ ô«˛Ñ˛!›˛ Î!î f(x + (1 – )y)  min({f(x), f(y)} üì≈̨ yï#ò £Î˚ xÌ≈yÍ ‘f’ ~Ñ˛ x Ï̂Ì≈ v z̨̨ ô!Ó˚v z̨_´

õy Ï̂òÓ̊ SxÓõV ïyÓ̊íyÓ̊ !Ó˛ôÓ̊#ì˛õ%Ö# xÌ≈yÍ }íydÑ˛ïõ≈# Óy ˆò!ì˛Óyâ˛Ñ˛ £ Ï̂ú ì˛Öò ‘f’ÈÙÈˆÑ˛ xy˛ôyì˛ÈÙÈxÓì˛ú x Į̈̂ ô«˛Ñ˛’
(quasi-concave function) Ó˚* Į̈̂ ô Üíƒ Ñ˛Ó˚y £Î˚–

fÈÙÈˆÑ˛ ÚÑ˛ Ï̂‡˛yÓ˚¶˛yÓ ¢¡ôß¨ xy˛ôyì˛ÈÙÈxÓì˛ú (strictly quasi-concave) x Į̈̂ ô«˛Ñ˛Û Óúy £Î˚ xÌ≈yÍ ˙ ˆ«˛ Ï̂eñ

f(x + (1 – x)y) > max(f(x), f(y))

≤Ã¢De´ Ï̂õ xÓì˛ú ˆ¢ Ï̂›˛Ó˚ (convex set)ÈÙÈ~Ó˚ xÌ≈ £ú ˆÎ ˆ¢›˛ õïƒfl˛i î%!›˛ ˆÎ Ï̂Ñ˛y Ï̂òy !Ó®% S˛ôî/¢î¢ƒVÈÙÈˆÑ˛

¢Ó≈îy ~Ñ˛!›˛ ¢Ó˚ú Ï̂Ó˚ÖyÇü !î Ï̂Î˚ ¢ÇÎ%_´ Ñ˛Ó˚y ÎyÎ˚ xÌÓy x + (1 – )y  S Sˆ¢›˛V ÎÖò x, y  S ~ÓÇ 
Sï &ÓÑ˛V  [0, 1], üì≈̨ yï#ò–

~Ñ˛!›˛ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ õ Ï̂ïƒ Î!î Úxy˛ôyì˛ v z̨_úÛ (quasi-convex) ~ÓÇ Úxy˛ôyì˛ xÓì˛úÛ quasi-concave)
v z̨¶˛Î˚ â˛!Ó˚e ú«˛ƒ Ñ˛Ó˚y ÎyÎ˚ ì˛ Ï̂Ó ì˛y Ï̂Ñ˛ xy˛ôyì˛ ˜Ó˚!ÖÑ˛ (quasi-linear) Óúy £Î˚–

~ Ï̂«˛ Ï̂eñ ãƒy!õ!ì˛Ñ˛ î,!‹T Ï̂Ñ˛yí ˆÌ Ï̂Ñ˛ ˆîÖ Ï̂ú ˆîÖy Îy Ï̂Ó ˆÎ f : S  R SˆÎõò S  V) ~Ñ˛!›˛ xÇü

!£¢y Ï̂Ó ˛ôyÁÎ˚y xy˛ôyì˛ ˜Ó˚!ÖÖÈÙÈx Į̈̂ ô«˛Ñ˛!›˛ Ï̂Ñ˛–

¢%ì˛Ó˚yÇ ¢õhfl Į̈ Úv z̨_úÛ Ñ˛yÎ≈yÓú#Ó˚ ˆ«˛ Ï̂e Úxy˛ôyì˛ v z̨_úÛ ïõ≈ ú¶˛ƒ Ñ˛Ó˚y

ˆÜ Ï̂úÁñ !Ó˛ôÓ˚#ì˛õ%Ö# ì˛Ìƒ!›˛ ¢!‡˛Ñ˛ òÎ˚ xÌ≈yÍ ¢õhfl Į̈ xy˛ôyì˛ÈÙÈv z̨_ú x Į̈̂ ô«˛Ñ˛ñ

Úv z̨_úÛ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ Ñ˛yÎ≈yÓú# Ï̂Ñ˛ ¢õÌ≈ò Ñ˛Ó˚̂ ÏÓ ~õò¶˛y Ï̂Ó Óúy â˛ Ï̂ú òy– ˜mì˛

â˛ú Ó˚y!üÓ˚ ˆ«˛ Ï̂eñ fl ∫̨y¶˛y!ÓÑ˛ ˆÎÔÌ áòc ¢Ó≈îy Úxy˛ôyì˛ÈÙÈxÓì˛úÛ ïõ≈̂ ÏÑ˛ xy◊Î˚

Ñ˛ Ï̂Ó̊ â˛ Ï̂ú– ˆ¢£z Ñ˛yÓ̊ Ï̂íñ Úxy˛ôyì˛ v z̨_úì˛yÛ v z̨_úòÈÙÈ≤Ã!e´Î̊yÓ̊ ~Ñ˛!›˛ Ú¢yïyÓ̊í#Ñ˛Ó̊íÛ

Ó˚* Į̈̂ ô fl ∫̨#Ñ,̨ ì˛ £Î˚–

Úxy˛ôyì˛ÈÙÈv z̨_úÛ x Į̈̂ ô«˛Ñ˛¢õ)̂ Ï£Ó˚Ñ˛ xïƒÎ˚ò Ñ˛y Ï̂ú Ü!í Ï̂ì˛ Úx Ï̃Ó˚!ÖÑ˛ ¢Ó≈y!ïÑ˛ xò%Ñ)̨ ú ˛ô!Ó˚!fl˛i!ì˛ ¢,!‹TÑ˛yÓ˚#

˛ôk˛!ì˛Û (non-linear optimization) ˛ô%òÉ˛ô%òÉ ÓƒÓ£yÓ˚ Ñ˛ Ï̂Ó˚ ò)ƒòì˛õ õyò!›˛ Ï̂Ñ˛ @˘Ã£í Ñ˛Ó˚y £Î˚– ~£z ò#!ì˛!›˛
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Ú¢yˆÏÓ˚yˆÏÜ›˛Û ˜mì˛ ¢õ¢ƒy (dual problem)ÈÙÈ~ ÓƒÓ£*ì˛ £Î˚– ‘Sale-theory’ SÚ¢y Ï̂ú ì˛_¥ÛV Úv z̨_úÛ ~ÓÇ Úxy˛ôyì˛

v z̨_úÛ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ïõ≈yÓú# !Ó Ï̂Ÿ’°Ï̂ Ïí ≤Ã Ï̂Î˚yÜ Ñ˛Ó˚y £Î˚– Óì≈̨ õy Ï̂ò xyÓ˚Á ü!_´üyú# ˛ôk˛!ì˛ !£¢y Ï̂Ó Úv z̨̨ ôÈÙÈâ˛yú%ì˛y

≤Ã Ï̂«˛˛ôÛ ˛ôk˛!ì˛ Úˆ£!Ó˚!v˛›˛yÓ˚# Óy!u˛úÛ ˛ôk˛!ì˛ Úx¢õ,í äÈ§yÑ˛ò#Û ˛ôk˛!ì˛ v ẑ̨ ÏÕ‘Ö Ï̂ÎyÜƒ– xÌ≈ò#!ì˛Ó˚ ¢õ¢ƒy ¢õyïy Ï̂ò

xyÇ!üÑ˛ xÓÑ˛ú ¢õ#Ñ˛Ó˚íÈÙÈ~Ó˚ ¢y£y Ï̂Îƒ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ â˛Ó˚õ Á xÓõ !òí≈Î˚ Ñ˛Ó˚y ÎyÎ˚ ~Ñ˛y!ïÑ˛ â˛ Ï̂úÓ˚ ˆ«˛ Ï̂e–

(b) ≤Ã Ï̂Îẙ!ÜÑ˛ !îÑ˛ (applications) É

Úxy˛ôyì˛ v z̨_úÛ x Į̈̂ ô«˛Ñ˛=!úÓ˚ SÎyÓ˚ ˆò!ì˛Óyâ˛Ñ˛ !îÑ˛ !£¢y Ï̂Ó Úxy˛ôyì˛ xÓì˛úÛ x Į̈̂ ô«˛Ñ˛¢õ)£ v z̨̨ ô!fl˛iì˛ £Î˚V

Üy!í!ì˛Ñ˛ !Óâ˛yÓ˚ Á !Ó Ï̂Ÿ’°Ï̂ ÏíÓ˚ ãòƒ Üy!í!ì˛Ñ˛ (‘max-min’ Óy ‘min-max’) Óy Úâ˛Ó˚õÈÙÈxÓõÛ/ÚxÓõÈÙÈâ˛Ó˚õÛ

ì˛_¥̂ ÏÑ˛ xy◊Î̊ Ñ˛Ó̊y £Î̊ Îy ÚˆÖúy ì˛_¥Û (game theory)ÈÙÈ~Ó̊ õ)ú v z̨̨ ôyîyò– xÌ≈ò#!ì˛ Ï̂ì˛ xyÇ!üÑ˛ xÓÑ˛úÈÙÈ¢õ#Ñ˛Ó̊ Ï̂íÓ̊

v z̨̨ ô˛ôyîƒ=!ú ≤Ã Ï̂Î˚yÜ Ñ˛ Ï̂Ó˚ â˛Ó˚õÈÙÈxÓõ/xÓõÈÙÈâ˛Ó˚õ õyò x Į̈̂ ô«˛Ñ˛ Ï̂îÓ˚ ãòƒ SÎy ~Ñ˛y!ïÑ˛ â˛úÈÙÈ¢õ,k˛V ÓƒÓ£*ì˛ £Î˚–

1.9 ¢Ç!«˛Æ¢yÓ˚

ˆ¢›˛ £ú !Ó!¶˛ß¨ !Ó°Ï̂ ÏÎ˚Ó˚ ~Ñ˛!eì˛ ¢õß∫Î˚ (Collection of distinct objects)– ~£z !Ó°ÏÎ˚ Óy Óhfl%̨ Ó˚ ~Ñ˛!›˛

¢yïyÓ˚í ˜Ó!ü‹Tƒ Ï̂Ñ˛ ˆÑ˛w Ñ˛ Ï̂Ó˚ ¢õß∫Î˚!›˛ Ü Ï̂v ¸̨ ˆì˛yúy £Î˚– ˆÎõò £zÇÓ˚yã# Óí≈õyúyÓ˚ Vowels =!úÓ˚ ¢õß∫Î˚ !ò Ï̂Î˚

~Ñ˛›˛y ˆ¢›˛ ˜ì˛Ó˚# Ñ˛Ó˚y ÎyÎ˚–

xyõÓ˚y !Ó!¶˛ß¨ ïÓ˚̂ ÏíÓ˚ ˆ¢ Ï̂›˛Ó˚ ¢ Ï̂D ˛ô!Ó˚!â˛ì˛ £úyõ– ˆÎõò ≠ ¢õ@˘Ã ˆ¢›˛ñ xï#òfl˛i ˆ¢›˛ñ ü)òƒ Ï̂¢›˛ñ ~Ñ˛Ñ˛ ˆ¢›˛–

ˆ¶˛ò!â˛e (venn diagram) ¢£ Ï̂ÎyÜ ˆ¢›˛ ÓƒÓ£y Ï̂Ó˚Ó˚ !òÎ˚õyÓú# !Óüî¶˛y Ï̂Ó ˆÓyG˛y Ï̂òy £ Ï̂Î˚̂ ÏäÈ– ˆÎõò ˆ¢ Ï̂›˛Ó˚

˛ô)Ó˚Ñ˛ñ ˆ¢ Ï̂›˛Ó˚ ˆÎyÜñ !Ó Ï̂Î˚yÜñ =í £zì˛ƒy!î– ~äÈyv ¸̨y ˆ¢ Ï̂›˛Ó˚ ¢)e=!úÓ˚ ≤Ãõyí ˆ¶˛ò !â˛ Ï̂eÓ˚ ¢y£y Ï̂Îƒ xòyÎ˚y Ï̂¢£z Ñ˛Ó˚y

¢Ω˛Ó–

1.10 xò%ü#úò#

1. !ò Ï̂â˛Ó˚ v z̨!_´=!ú ¢!‡˛Ñ˛ SxÌ≈yÍ ¢ì˛ƒ òy !õÌƒyV !Ñ˛òy !Óâ˛yÓ˚ Ñ˛Ó˚&ò É

(a) A, B ~ÓÇ C !ì˛ò!›˛ ¢¢#õ ˆ¢›˛ A  (B  C) = A  B  A  C
(b) (A)  A
(c)  = {}
(d) Î!î A = {e, f}, B = {a, d, e} £Î˚ñ ì˛ Ï̂Ó A  B = {e}

2. ˆÑ˛yò‰ ˆ¢›˛ ¢¢#õ ì˛y Óú%ò É

(i) {1, 2, 3, 4, ..., 98, 99, 100}

(ii) 2019 ¢y Ï̂úÓ˚ õy¢=!ú myÓ˚y Ü!‡˛ì˛ ˆ¢›˛

(iii) S [x /1 < x < 10} Sx ˆÎ Ï̂Ñ˛y Ï̂òy Óyhfl Į̈Ó ¢ÇÖƒyV

(iv) xõ)úî (irrational) ¢ÇÖƒy myÓ˚y Ü!‡˛ì˛ ˆ¢›˛–
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3. Î!î X = {x / x2 = 4 ~ÓÇ 2x = 6} £Î˚ñ ì˛ˆÏÓ X = ..., ü)òƒfl˛iyò ˛ô)Ó˚í Ñ˛Ó˚&ò–

4. , {} ~ÓÇ {0} ~Ó˚y ˛ôÓ˚fl˛ôÓ˚ ˛ô,ÌÑ˛ ˆ¢›˛ !Ñ˛òy Î%!_´ !î Ï̂Î˚ fl˛iy˛ôò Ñ˛Ó˚&ò–

5. Î!î X = {1, 2, 3, ..., 10}, A = {1, 2, 3}, B = {2, 4, 6} £ Ï̂ú X – A, X – B, A – B !òí≈Î˚

Ñ˛Ó˚&ò–

6. Î!î A  B ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò A  B = A

7. Î!î X = {2, 3, 4}, Y = {6, 7}, Z = {8, 9, 10} £ˆÏú X × Y, Y × Z ~ÓÇ X × Y × Z !òí≈Î˚

Ñ˛Ó˚&ò–

8. A = {a, b}, Y = {2, 3}, Z = {3, 4} £ Ï̂ú

(i) A × (Y  Z) (ii) (A × Y)  (A × Z) !òí≈Î˚ Ñ˛Ó˚&ò–

9. ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ A  B ~ÓÇ C  D £ Ï̂ú A × C  B × D.

10. Î!î A = {2, 3, 4} £Î˚ñ ì˛ˆÏÓ P(A) = Ñ˛ì˛⁄

11. Î!î A  B £Î˚ñ ì˛ˆÏÓ A  (B/A) = Ñ˛ì˛ £ Ï̂Ó⁄

12. ˆ¢›˛ ≤Ã!e´Î˚y myÓ˚y ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ 48, 60 ~ÓÇ 64ÈÙÈ~Ó˚ Ü.¢y.= = 4

13. ˆ¢›˛ ≤Ã!e´Î˚y myÓ˚y ˆîÖyÁ ˆÎñ 24, 63 ~ÓÇ 72ÈÙÈ~Ó˚ ú.¢y.= = 504

14. ~Ñ˛!›˛ ¢õ#«˛yÓ˚ ö˛ Ï̂ú ˆîÖy ÎyÎ˚ ˆÎ 62% ˆúyÑ˛ â˛y ˛ôäÈ® Ñ˛ Ï̂Ó˚– 58% ˛ôäÈ® Ñ˛ Ï̂Ó˚ Ñ˛!ö˛ ~ÓÇ 65%
v z̨¶˛Î˚̂ ÏÑ˛£z ˛ôäÈ® Ñ˛ Ï̂Ó˚– Ñ˛ì˛ãò ˆúyÑ˛ (%) â˛y Á Ñ˛!ö˛ ˆÑ˛y Ï̂òy›˛y£z ˛ôäÈ® Ñ˛ Ï̂Ó˚ òy⁄

15. !ò Ï̂â˛Ó̊ ≤Ãî_ ˆ¢›˛=!úÓ̊ SäÈyÎẙõÎ ̊xMÈ˛ú/shaded region) ˆÌ Ï̂Ñ˛ ˆÑ˛yò‰=!ú v z̨_ú ˆ¢›˛ (concave)
ì˛y v ẑ̨ ÏÕ‘Ö Ñ˛Ó˚&ò–

(a)  

(b)
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(c)  

(d)

16. ~Ñ˛!›˛ v z̨_ú ˆ¢ Ï̂›˛Ó˚ ≤Ãyhs˘˛ !Ó®% (extreme point) Ñ˛y Ï̂Ñ˛ Ó Ï̂ú⁄ ≤Ãõyí Ñ˛Ó˚&ò ˆÎ X = {(x, y)/x + 2y
 5} ~Ñ˛!›˛ v z̨_ú ˆ¢›˛ (convex set)–

1.11 @˘Ãs˛i˛ôO#
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~Ñ˛Ñ˛È 2SÑ˛V  ¢#õy

Ü‡˛ò

2SÑ˛V.1 v˛zˆÏjüƒ

2SÑ˛V.2 ≤Ãhfl˛ÏyÓòy

2SÑ˛V.3 ¢#õyÓ˚ ¢ÇK˛y ≠ Óyhfl Į̈Ó ¢ÇÖƒyÓ˚ x«˛ ÓÓ˚yÓÓ˚

2SÑ˛V.4 ¢#õy ¢Çe´yhs˘˛ !Ó!¶˛ß¨ v z̨̨ ô˛ôyîƒ

2SÑ˛V.5 ¢hs˘˛ì˛y

2SÑ˛V.6 ~Ñ˛!›˛ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ¢#õyÓ˚ v z̨îy£Ó˚íÓú#

2SÑ˛V.7 úƒy!˛ô›˛yú !òÎ˚̂ ÏõÓ˚ ïyÓ˚íy

2SÑ˛V.8 Ñ˛!ì˛˛ôÎ˚ =Ó˚&c˛ô)í≈ ¢#õy ¢Çe´yhs˘˛ ¢)e

2SÑ˛V.9 ¢Ç!«˛Æ¢yÓ˚

2SÑ˛V.10 xò%ü#úò#

2SÑ˛V.11 @˘Ãs˛i˛ôO#

2SÑ˛V.1 v˛zˆÏjüƒ

~£z ~Ñ˛Ñ˛!›˛ Ï̂ì˛ xyõÓ˚y x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ¢#õyñ ¢hs˘˛ì˛yñ úƒy!˛ô›˛yú !òÎ˚õ v z̨îy£Ó˚í¢£ xy Ï̂úyâ˛òy Ñ˛Ó˚Ó–

2SÑ˛V.2 ≤Ãhfl˛ÏyÓòy

ˆÎ ˆÑ˛y Ï̂òy x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ˆ«˛ Ï̂e ì˛y ¢hs˘˛ì˛ òy x¢hs˘˛ì˛ ì˛yÓ˚ !Óâ˛yÓ˚ Ñ˛Ó˚y £Î˚ ˙ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ¢#õyfl˛i õyò

(limiting value)ÈÙÈˆÑ˛ ˆÑ˛w Ñ˛ Ï̂Ó˚– ¢Æîü üì˛y∑# Ï̂ì˛ Ü!íì˛K˛ úy£zÓ!ò Ï̂ãÓ˚ (Leibnitz) £yì˛ ï Ï̂Ó˚ ~£z ≤Ã!e´Î˚y

÷Ó˚& £Î˚– ˛ôÓ˚Óì≈̨ # ˆ«˛ Ï̂e Ü!íì˛ ãÜ Ï̂ì˛ !Ó Ï̂ü°Ï¶˛y Ï̂Ó Óyhfl Į̈Ó !Ó Ï̂Ÿ’°Ïíõ%Ö# xy Ï̂úyâ˛òyÓ˚ x Ï̂Ñ˛ ˆ«˛ Ï̂e ¢#õy Á ¢hs˘˛ì˛yÓ˚

¶)̨ !õÑ˛y v ẑ̨ ÏÕ‘Ö Ï̂ÎyÜƒ xÓîyò !£¢y Ï̂Ó fl ∫̨#Ñ,̨ !ì˛ ˆ˛ô Ï̂Î˚̂ ÏäÈ– Ó˝ fl ∫̨òyõïòƒ Ü!íì˛ Ï̂K˛Ó˚ K˛yòÜ¶≈̨  xy Ï̂úyâ˛òyÎ˚ Ü!í Ï̂ì˛Ó˚ ~£z

üyÖy î%!›˛ ˛ôÕ‘!Óì˛Á £ Ï̂Î˚̂ ÏäÈ Ó˝¶˛y Ï̂Ó ~ÓÇ ~ Ï̂îÓ˚ ≤Ã Ï̂Î˚y!ÜÑ˛ !îÑ˛ÈÙ!ÓK˛yò Á Ñ˛y!Ó˚Ü!Ó˚ !ÓîƒyÓ˚ ãÜ Ï̂ì˛ ¢õ¶˛y Ï̂Ó

v z̨Iμú– @˘Ã#Ñ˛ îyü≈!òÑ˛ ã# Ï̂òy (500 B.C.) ïyÓ˚íyÎ˚ SˆîÔv ¸̨ Ó#Ó˚ xƒy!õ Ï̂úò xƒy!Ñ˛úy¢ Á Ñ˛FäÈ Į̈̂ ôÓ˚ á›˛òy ˆÌ Ï̂Ñ˛V

¢#õy ≤ÃÌõ fl˛iyò ˛ôyÎ˚– Ñ˛!Ó=Ó˚& Ó˚Ó#wòyÌ ‡˛yÑ%̨ Ó˚ !ú Ï̂Ö Ï̂äÈò É Ú¢#õyÓ˚ õy Ï̂G˛ x¢#õ ì%̨ !õ...Û
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2SÑ˛V.3 ¢#õyÓ˚ ¢ÇK˛y ≠ Óyhfl Į̈Ó ¢ÇÖƒyÓ˚ x«˛ ÓÓ˚yÓÓ˚

~Ñ˛!›˛ ¢%!ò!î≈‹T x Į̈̂ ô«˛Ñ˛ f Óy f(x)ÈÙÈ~Ó˚ ¢#õy l (ÎÖò l  R) Óú Ï̂ì˛ Ó%G˛yÎ˚ f(x), lÈÙÈ~Ó˚ Îì˛ !òÑ˛›˛Óì≈̨ # £ Ï̂FäÈ

x, aÈÙÈ~Ó˚ !òÑ˛›˛Óì≈̨ # £ Ï̂FäÈ– Üy!í!ì˛Ñ˛ ¶˛y°ÏyÎ˚ñ | f(x) – l| <  ÎÖò 0 < |x – a| <  [~fl˛i Ï̂ú  ~ÓÇ  x!ì˛

«%̨ o ˆäÈy›˛ ïòydÑ˛ Óyhfl Į̈Ó ¢ÇÖƒyñ  xyÓyÓ˚ ÈÙÈ~Ó˚ v z̨̨ ôÓ˚ !ò¶≈̨ Ó˚ü#ú] ≤Ãì˛#Ñ˛# ≤ÃÑ˛yü £ú Lt
x a®

f(x) = l

Î!î x, aÈÙÈ~Ó˚ Îì˛›˛y !òÑ˛›˛Óì≈̨ # Se´õüÉV £Î˚ Ó§y !îÑ˛ ˆÌ Ï̂Ñ˛ ì˛Öò f(x)ñ l1ÈÙÈ~Ó˚ e´õüÉ !òÑ˛›˛Óì≈̨ # £Î˚ñ

~õò¶˛y Ï̂Ó Îy Ï̂ì˛ |f(x) – l1| < ñ ÎÖò a –  < x < añ ˆ¢£z ¢õÎ˚ xyõÓ˚y !ú!Öñ Lt
x a® - f(x) = l1 Óy

f(a–) = l1, l1-ˆÑ˛ f(x)ÈÙÈ~Ó˚ Ó§y !î Ï̂Ñ˛Ó˚ ¢#õy Óúy £Î˚– xò%Ó˚* Į̈̂ ôñ Î!î  > 0ÈÙÈ~Ó˚ ãòƒ  > 0ÈÙÈ~Ó˚ x!hfl Į̈c Ìy Ï̂Ñ˛

~õò¶˛y Ï̂Ó Îy Ï̂ì˛ |f(x) – l2| < , ÎÖò a < x < a + – xyõÓ˚y ~ Ï̂Ñ˛ Lt
x a® +

f(x) = l2 Óy f(a+) = l2 xyÑ˛y Ï̂Ó˚

≤ÃÑ˛yü Ñ˛!Ó˚– l2ÈÙÈˆÑ˛ Óúy £Î˚ f(x)ÈÙÈ~Ó˚ v˛yò !î Ï̂Ñ˛Ó˚ ¢#õy–

¢%ì˛Ó˚yÇ Lt
x a®

f(x) = l x!hfl Į̈cÎ%_´ £ Ï̂Ó Î!î Lt
x a® -

f(x) ~ÓÇ Lt
x a® +

f(x) ˛ôÓ˚fl˛ôÓ˚ ¢õyò £Î˚ xÌ≈yÍ l1 =

l2 = l Óy Lt
x a® -

f(x) = Lt
x a® +

f(x) = Lt
x a®

f(x)

~Ñ˛!›˛ v z̨îy£Ó˚í Ï̂Îy Ï̂Ü  –  ¢ÇK˛y!›˛ !Ñ˛¶˛y Ï̂Ó ¢#õy !òí≈̂ ÏÎ˚ ≤Ã Ï̂Î˚yÜ Ñ˛Ó˚y ÎyÎ˚ ì˛y ˆîÖy Ï̂òy £ú–

 v z̨îy£Ó˚íÈ É  –  ¢ÇK˛yò%¢y Ï̂Ó˚ñ Lt
x

x
x®®0

2
 !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É ï!Ó˚ñ  (> 0) ~ÓÇ  (> 0) x!ì˛ «%̨ oy!ì˛«%̨ o Óyhfl Į̈Ó ¢ÇÖƒy Îy Ï̂ì˛ 
x
x

2
0-  <  ÎÖò

0 < |x – 0| <  £Î˚–

¢%ì˛Ó˚yÇ | x | <  ÎÖò 0 < |x| < 

˛v z̨̨ ô!Ó˚v z̨_´ ¢¡ôÑ≈̨ !›˛ ¢ì˛ƒ ÎÖò  = 

 f(x) = x
x

2
ÈÙÈ~Ó˚ ¢#õyfl˛i õyò = 0 Sv z̨_Ó˚V

2SÑ˛V.4 ¢#õy ¢Çe´yhs˘˛ !Ó!¶˛ß¨ v z̨̨ ô˛ôyîƒ

 vþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”ÄéôéôéôéôéôÈÈÈÈÈ1 É Î!î Lt
x x®® 0

f(x) = l ~ÓÇ Lt
x x®® 0

g(x) = m £Î˚ñ ì˛ Ï̂Ó Lt
x x®® 0

[f(x) + g(x)] = l + m.

 ²Ì›y’ ƒ²Ì›y’ ƒ²Ì›y’ ƒ²Ì›y’ ƒ²Ì›y’ ƒ ï!Ó˚ñ ~ÓÇ  î%!›˛ x!ì˛ «%̨ o ïòydÑ˛ ¢ÇÖƒy SÎì˛›˛y «%̨ o Ñ˛ Ï̂Ó˚ ¶˛yÓy ÎyÎ˚V ì˛ Ï̂Ó ¢#õyÓ˚ ¢ÇK˛y

xÓú¡∫̂ Ïò xyõÓ˚y !úÖ Ï̂ì˛ ˛ôy!Ó˚ ˆÎñ |f(x) + g(x) – l – m| < , ÎÖò 0 < |x – x0| < – ~Öò xyõÓ˚y Ï̂îÓ˚

v z̨̨ ô!Ó˚v z̨_´ v z̨̨ ô˛ôyîƒyò%¢y Ï̂Ó˚ ~›˛y£z ˛≤Ãõyí Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó–
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ˆîÁÎ˚y üì≈˛yò%¢yˆÏÓ˚ñ Lt
x x® 0

f(x) = l

 |x – x0| < 1  |f(x) – l| < 
f

2  [ˆÎÖy Ï̂ò 
f

2 , 1 x!ì˛ «%̨ o î%!›˛ ïòydÑ˛ ¢ÇÖƒy SÓyhfl Į̈ÓV]... (1)

˛ô%òÓ˚yÎ˚ñ Lt
x x® 0

g(x) = m Ó Ï̂ú xò%Ó˚*˛ô¶˛y Ï̂Ó Óúy ÎyÎ˚ ˆÎ

|x – x0| < 2  |g(x) – m| < 
f

2  [ˆÎÖyˆÏò 
f

2 , 2 x!ì˛ «%̨ o î%!›˛ ïòydÑ˛ SÓyhfl Į̈ÓV ¢ÇÖƒy]
... (2)

ï!Ó˚ñ 1 Á 2ÈÙÈ~Ó˚ õ Ï̂ïƒ !ò¡¨õyò (min value) £ú  (> 0) Óyhfl Į̈Ó ïòÈÙÈ¢ÇÖƒy–

xÌ≈yÍ  = min (1, ).

~Öò |x – x0| <  |f(x) + g(x) – l – m|
= |(f(x) – l) + (g(x) – m)|
 |f(x) – l) + |g(x) – m| [ |a + b|  |a| + |b|]

< 
f

2  + 
f

2  =   [(1)òÇ Á (2)òÇ ¢¡ôÑ≈̨  ˆÌ Ï̂Ñ˛]

~fl˛i Ï̂úñ ú«˛í#Î˚ ˆÎñ  > 0 ~ÓÇ  < 0 (Îy ÈÙÈ~Ó˚ v z̨̨ ôÓ˚ !ò¶≈̨ Ó˚ü#úV £ Ï̂ú

|f(x) + g(x) – l – m| < , ÎÖò |x – x0| < 

¢%ì˛Ó˚yÇñ Lt
x x® 0

[f(x) + g(x)] = l + m  [≤Ãõy!íì˛]

!Ó.o. xò%Ó˚* Į̈̂ ô ≤Ãõyí Ñ˛Ó˚y ÎyÎ˚ ˆÎñ Lt
x x® 0

[f(x) + g(x)] = l – m ÎÖò Lt
x x® 0

[f(x) = l ~ÓÇ Lt
x x® 0

g(x) = m

 vþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”ÄéôéôéôéôéôÈÈÈÈÈ2 É Î!î Lt
x x®® 0

f(x) = l ~ÓÇ Lt
x x®® 0

g(x) = m £Î˚ñ ì˛ Ï̂Ó Lt
x x®® 0

[f(x)  g(x)] = l  m.

 ²Ì›y’ ƒ²Ì›y’ ƒ²Ì›y’ ƒ²Ì›y’ ƒ²Ì›y’ ƒ v z̨̨ ô˛ôyîƒ!›˛ ≤Ãõy Ï̂íÓ˚ ãòƒ xyõy Ï̂îÓ˚ ˆîÖy Ï̂ì˛ £ Ï̂Ó ˆÎ

|x – x0| <  |f(x) g(x) – lm| <  [ˆÎÖyˆÏò   v z̨¶˛ Ï̂Î˚£z x!ì˛ «%̨ o ïò ¢ÇÖƒy SÓyhfl Į̈ÓV]... (i)

~Öòñ |f(x) g(x) – lm|

= |f(x) g(x) – lg(x) + lg(x) – lm|
 |f(x) g(x) – lg(x)| + |lg(x) – lm|  [ |a + b|  |a| + |b|]
= |g(x)| |f(x) – l| + |l| |g(x) – m| ... (ii)

ˆîÁÎ˚y üì≈̨  ˆÌ Ï̂Ñ˛ ˛ôy£zñ

Lt
x x® 0

g(x) = m  g(x), x = x0ÈÙÈ~Ó˚ !òÑ˛›˛Óì≈̨ # xMÈ˛ Ï̂ú ¢#õyÓk˛ (bounded)
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¢%ì˛Ó˚yÇ x = x0ÈÙÈˆì˛ñ |g(x)| < M, [M > 0, Óyhfl Į̈Ó ¢ÇÖƒy]

ÎÖò ¢Ñ˛ú x (x – x0) õ%_´ xMÈ˛ Ï̂úñ Îy 1ÈÙÈ~Ó˚ ˆÌ Ï̂Ñ˛ ˆäÈy Ï̂›˛y [1 > 0, Óyhfl Į̈Ó ¢ÇÖƒyV

 |f(x) g(x) – lm| < M |f(x) – l| + |l| |g(x) – m| [(ii)òÇ ˆÌ Ï̂Ñ˛]

≤Ãî_ üì≈̨  ˆÌ Ï̂Ñ˛ñ Lt
x x® 0

f(x) = l ~ÓÇ Lt
x x® 0

g(x) = m

¢%ì˛Ó˚yÇñ  > 0 ãòƒ xyõÓ˚y ~Ñ˛!›˛ ïò SÓyhfl Į̈ÓV ¢ÇÖƒy  (< 1) ˛ôyÓ ÎyÓ˚ ö˛ Ï̂ú

|x – x0| <  |f(x) – l| < 
f

2M  ~ÓÇ |g(x) – m| < 
f

2 | |l

[ˆÎÖy Ï̂ò 
f

2M  <  ~ÓÇ 
f

2 | |l  < ]

 |x – x0| <  |f(x) – g(x) – lm|

< M
f

2M  + |l|
f

2 | |l  = 
f

2  + 
f

2  = 

v z̨̨ ô!Ó˚v z̨_´ (i)òÇ ì˛Ìƒ xò%¢y Ï̂Ó˚ñ Lt
x x® 0

[f(x)g(x) = lm ≤Ãõy!íì˛ £ú–

 vþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”ÄéôéôéôéôéôÈÈÈÈÈ2 É Î!î Lt
x x®® 0

f(x) = l ~ÓÇ Lt
x x®® 0

g(x) = m £Î̊ñ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó̊&ò ˆÎñ Lt
x x®® 0

f x
g x

l
m

( )
( )

==

[ˆÎõòñ g(x)  0, m  0]

 ²Ì›y’ ƒ²Ì›y’ ƒ²Ì›y’ ƒ²Ì›y’ ƒ²Ì›y’ ƒ v z̨̨ ô˛ôyîƒ!›˛ ≤Ãõy Ï̂íÓ˚ ãòƒ xyõy Ï̂îÓ˚ ˆîÖy Ï̂ì˛ £ Ï̂Ó ˆÎ

f x
g x

l
m

( )
( )

-  <  ÎÖò |x – x0| <  [ˆÎÖy Ï̂ò  Á  v z̨¶˛ Ï̂Î˚£z x!ì˛ «%̨ o Óyhfl Į̈Ó ïò ¢ÇÖƒy] ... (i)

~Öò 
f x
g x

l
m

( )
( )

-  = 
f x
m

l
m

f x
m

f x
g x

( ) ( ) ( )
( )

- - +

 
1
m

f x l f x
mg x

m g x( ( ) ) ( )
( )

( ( ))-ì
í
î

ü
ý
þ
+ -
ì
í
î

ü
ý
þ

 [ |a + b|  |a| + |b|] ... (ii)

ˆîÁÎ˚y üì≈̨  ˆÌ Ï̂Ñ˛ñ Lt
x x® 0

f(x) = l ~ÓÇ Lt
x x® 0

g(x) = m ( 0)

¢%ì˛Ó˚yÇ  > 0ÈÙÈ~Ó˚ ãòƒ ~Ñ˛!›˛  (> 0) Ö§%̂ Ïã ˛ôyÓ

ÎÖò 
1
m

f x l( ( ) )-  < 
f

2  ~ÓÇ 
f x
g x

m g x( )
( )

( ( )-  [ > 0, 
f

2  > 0 xyÓ˚Á «%̨ o Óyhfl Į̈Ó ¢ÇÖƒy]

 
f x
g x

l
m

( )
( )

-  < 
f

2  + 
f

2   [(ii)òÇ ¢¡ôÑ≈̨  ˆÌ Ï̂Ñ˛]
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f x
g x

l
m

( )
( )

-  < 

> 0,  > 0ÈÙÈ~Ó˚ ãòƒñ |x – x0| <  
f x
g x

l
m

( )
( )

-  < 

v z̨̨ ô!Ó˚v z̨_´ (i)òÇ ¢¡ôÑ≈̨  ˆÌ Ï̂Ñ˛ ≤Ãõy!íì˛ £Î˚ ˆÎñ Lt
x x® 0

f x
g x

( )
( )

 = 
l
m  (m  0)

2SÑ˛V.5 ~Ñ˛!›˛ !Ó®%̂ Ïì˛ ¢hs˘˛ì˛y

≤ÃyÌ!õÑ˛¶˛yˆÏÓ ~Ñ˛!›˛ ~Ñ˛Ñ˛ õyòÎ%_´ Óyhfl˛ÏÓ xˆÏ˛ô«˛Ñ˛ £Ûú f(x) Óy f– £z£y x = x0ÈÙÈˆì˛ ¢hs˘˛ì˛ ÎÖò

Lt
x x® 0

f(x) = f(x0)

~ Ï̂«˛ Ï̂eñ Lt
x x® 0

f(x)ÈÙÈ~Ó˚ x!hfl Į̈c ÓãyÎ˚ Ìy Ï̂Ñ˛ ÎÖò

Lt
x x® +0

f(x) = Lt
x x® -0

f(x) £Î˚ xÌ≈yÍ ÎÖò x  x0 ì˛Öò f(x)ÈÙÈ~Ó˚ Ó§y!î Ï̂Ñ˛Ó˚ ¢#õyfl˛i õyò v˛yò !î Ï̂Ñ˛Ó˚

¢#õyfl˛i õy Ï̂òÓ˚ ¢õyò–

Ñ˛!¢Ó˚ ‘ –  ’ ¢ÇK˛yò%¢y Ï̂Ó˚ f(x)ÈÙÈ~Ó˚ ¢hs˘˛ì˛y !ò Ï̂¡¨y_´¶˛y Ï̂Ó Óƒ_´ Ñ˛Ó˚y ÎyÎ˚–

¢ÇK˛y É ï!Ó˚ñ f : R  R ¢%¢ÇK˛yì˛ E ˆ¢ Ï̂›˛Ó˚ v z̨̨ ôÓ˚ñ ˆÎÖy Ï̂ò E, R S¢Ñ˛ú Óyhfl Į̈Ó ¢ÇÖƒyÓ˚ ˆ¢›˛VÈÙÈ~Ó˚ ~Ñ˛!›˛

v z̨̨ ô Ï̂¢›˛– ~Öò f(x) ~Ñ˛!›˛ ¢¢#õ ~Ñ˛ õyòÎ%_´ x Į̈̂ ô«˛Ñ˛ Îy x = x0ÈÙÈˆì˛ xÌ≈yÍ Sx0 ¢£ ì˛yÓ˚ !òÑ˛›˛Óì≈̨ # xMÈ˛ Ï̂úV

¢hs˘˛ì˛ £ Ï̂Ó Î!î

|x – x0| <  |f(x) – f(x0)| <  [ˆÎÖyˆÏò ,  v z̨¶˛ Ï̂Î˚£z x!ì˛ «%̨ o ïò ¢ÇÖƒy SÓyhfl Į̈ÓV]

xÌ≈yÍ Î!î x  (x0 – , x0 + ) ~£z õ%_´ xÓÑ˛y Ï̂ü (in open-interval) Ìy Ï̂Ñ˛ ì˛ Ï̂Ó f(x)  (f(x0)
– , f(x0) + ) ~£z õ%_´ xÓÑ˛y Ï̂ü Ó¢Óy¢ Ñ˛Ó˚̂ ÏÓ–

!Ó.o. É f Óy f(x)ÈÙÈ~Ó˚ ¢hs˘˛ì˛y ¢£ã¶˛y Ï̂Ó f(x)ÈÙÈ~Ó˚ ¢#õyÓ˚ ¢ Ï̂D xDyD#¶˛y Ï̂Ó ã!v ¸̨ì˛– Ñ˛yÓ˚íñ Î!î Lt
x x® 0

f(x) = l £Î˚ñ

ì˛ Ï̂Ó f Óy f(x) ¢hs˘˛ì˛ £ Ï̂FäÈ ÷ï%õye l = f(x0) £ˆÏú–

ÎÖò x = x0ÈÙÈˆì˛ f Óy f(x) ¢hs˘˛ì˛y ÓãyÎ˚ Ó˚yÖ Ï̂ì˛ ˛ôy Ï̂Ó˚ òy ì˛Öò f(x)ÈÙÈˆÑ˛ x¢hs˘˛ì˛ x Į̈̂ ô«˛Ñ˛ Óúy £Î˚–

ˆúÖ!â˛ Ï̂eÓ˚ ≤ÃyÆ ö˛ú !Ó Ï̂Ÿ’°Ïí Ñ˛Ó˚̂ Ïú ˆîÖy ÎyÎ˚ f Óy f(x) ¢hs˘˛ì˛ £ Ï̂ú ì˛yÓ˚ ˆú Ï̂Ö (in graph) ˆÑ˛yò ˆäÈî (gap)
Ìy Ï̂Ñ˛ òy– !Ñ˛ls˘˛ f Óy f(x)ÈÙÈ~Ó˚ x¢hs˘˛ì˛yÓ˚ ˆ«˛ Ï̂e ˆú Ï̂Ö ~Ñ˛ Óy ~Ñ˛y!ïÑ˛ fl˛i Ï̂ú ˆäÈî (gap) ú«˛ƒ Ñ˛Ó˚y ÎyÎ˚–

¢yïyÓ˚í¶˛yˆÏÓ ÎyˆÏÑ˛ ‘a jump’ Óy Ú~Ñ˛!›˛ úyö˛Û Ó Ï̂ú–

≤ÃÑ,̨ ì˛˛ô Ï̂«˛ñ ~Ñ˛!›˛ úyö˛ = Lt
x x® +0

f(x) = Lt
x x® -0

f(x)
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ1 É ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ f(x) = | x |ñ x = 0 !Ó®%̂ Ïì˛ ¢hs˘˛ì˛–

 ¢õyïyò É ~ Ï̂«˛ Ï̂eñ f(x) = | x |

xÌ≈yÍ f(x) = x, x > 0
= –x, x < 0
= 0, x = 0

~Öòñ Lt
x® -0

f(x) = Lt
x® -0

(–x) = 0

Lt
x® +0

f(x) = Lt
x® +0

(x) = 0

x = 0 !Ó®%̂ Ïì˛ñ f(x) = 0

 f(0) = 0

~fl˛i Ï̂ú ú«˛í#Î˚ ˆÎñ Lt
x® +0

f(x) = 0 = Lt
x® -0

f(x)

¢%ì˛Ó˚yÇñ Lt
x®0

f(x) = 0

˛ô%òÓ˚yÎ˚ñ f(0) = 0

ˆÎˆÏ£ì%˛ñ Lt
x®0

f(x) = 0 = f(0)

¢%ì˛Ó˚yÇñ f Óyñ f(x) x Į̈̂ ô«˛Ñ˛!›˛ x = 0 !Ó®%̂ Ïì˛ ¢hs˘˛ì˛– [≤Ãõy!íì˛]

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ2 É ˆîÖyò ˆÎñ  f(x) = 
| |x
x , x  0

= 0, x = 0

x Į̈̂ ô«˛Ñ˛!›˛ x = 0 !Ó®%̂ Ïì˛ x¢hs˘˛ì˛ (discontinuous)

 ¢õyïyò É ~ Ï̂«˛ Ï̂eñ f(x) = 0, ÎÖò x = 0

 f(0) = 0 xÌ≈yÍ x = 0 !Ó®%̂ Ïì˛ f(x)ÈÙÈ~Ó˚ õyò x!hfl Į̈cÎ%_´–

~Öòñ Lt
x® -0

f(x) = Lt
x® -0

| |x
x

 = Lt
x® -0

( )-x
x  [ x < 0 £ Ï̂úñ | x | = –x]

= – 1

Lt
x® +0

f(x) = Lt
x® +0

| |x
x

 = Lt
x® +0

x
x

æ
è
ç

ö
ø
÷   [n > 0 £ Ï̂úñ | x | = x]

= 1

ˆÎˆÏ£ì%˛ Lt
x® -0

f(x)  Lt
x® +0

f(x)
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¢%ì˛Ó˚yÇñ Lt
x®0

f(x) x!hfl Į̈c£#ò–

 f(0) ¢¢#õ £ Ï̂úÁñ Lt
x®0

f(x)ÈÙÈ~Ó˚ ¢#õyfl˛i õy Ï̂òÓ˚ x!hfl Į̈c ˆò£z Ó Ï̂ú f(x) x¢hs˘˛ì˛ x = 0 !Ó®%̂ Ïì˛– ~›˛y£z

!òˆÏí≈Î˚ ö˛ú–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ3 É ˆîÖyò ˆÎñ f(x) = xsin
1
x , x  0

= 0, x = 0 £ Ï̂úñ

x = 0 !Ó®%̂ Ïì˛ f(x) ¢Ó≈îy ¢hs˘˛ì˛–

 ¢õyïyò É ~fl˛i Ï̂úñ | f(x) – f(0) | = | xsin
1
x  – 0|

= | x
1

sin x | = |x| |sin
1
x |  [x = 0ÈÙÈˆì˛ f(x) = 0  f(0) = 0]

 x  [ | sin
1
x |  1; |x| |sin

1
x |  |x|

< ñ ÎÖò 0 < | x | < 

Î!î =  ïÓ˚̂ Ïúñ Lt
x®0

f(x) = f(0)  [ –  ¢ÇK˛yò%¢y Ï̂Ó˚]

 x = 0 !Ó®%ˆÏì˛ñ f(x) ¢hs˘˛ì˛–

~›˛y£z !ò Ï̂í≈Î˚ ö˛ú–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ4 É Î!î f(x) = sinx sin
1

sin x
ææ
èè
çç

öö
øø
÷÷ , x  0

= 0, x = 0 £Î˚ñ ì˛ Ï̂Ó ˆîÖyò ˆÎ x = 0 !Ó®%̂ Ïì˛ f(x) ¢hs˘˛ì˛–

 ¢õyïyò É ~Öy Ï̂ò f(x) = sinx sin
1

sin x
æ
è
ç

ö
ø
÷  S≤Ãî_V ... (1)

(1)òÇÈÙÈˆì˛ sin x = t Ó¢y Ï̂ú (x  0, t  0) ˛ôy£z

f(t) = tsin 1
t
æ
è
ç
ö
ø
÷ , t  0                        } ... (2)

= 0, t = 0

(2)òÇÈÙÈˆì˛ x Į̈̂ ô«˛Ñ˛ f(t) ˛ô)ˆÏÓ≈y_´ v˛zîy£Ó˚íÈÙÈ3 xò%¢y Ï̂Ó˚ ¢Ó≈îy ¢hs˘˛ì˛ t = 0 !Ó®%̂ Ïì˛– ¢%ì˛Ó˚yÇñ f(x) ~Ñ˛!›˛

¢hs˘˛ì˛ x Į̈̂ ô«˛Ñ˛ x = 0 !Ó®%̂ Ïì˛–

~›˛y£z !ò Ï̂í≈Î˚ ö˛ú–
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ5 É õyò !òí≈Î˚ Ñ˛Ó˚&ò É Lt
x x

x x

e x x®®

--

-- -- --0 1
2

2

sin

 ¢õyïyò É Lt
x x

x x

e x x®

-

- - -0 1
2

2

sin
 = Lt

x

x x x x

x x x x®

- - + -
æ

è
ç

ö

ø
÷

+ + + + +
æ

è
ç

ö

ø
÷ -

0

3 5

2 3 4

3 5

1
2 3 4

1

! !
, , ,

! ! !
... -- -x x2

2

= Lt
x

x x

x x®

- +

+ +
0

3 5

3 4
3 5

3 4

! !
...

! !
...

 = 
Lt

Lt

x

x

x x

x x
®

®

- +
æ

è
ç

ö

ø
÷

+ +æ
è
ç

ö
ø
÷

0

3 2

0

3
3

1
20

3
1

4

!
...

!
...

 = 
Lt

Lt

x

x

x

x
®

®

- +
æ

è
ç

ö

ø
÷

+ +æ
è
ç

ö
ø
÷

0

2

0

1
20

1
4

...

...
 = 

1
1  = 1

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ6 É ˆîÖyò ˆÎñ Lt
x

x
x®®

--
--3

2 9
3  = 6

 ¢õyïyò É Ó§y!îÑ˛ = Lt
x

x
x®

-
-3

2 9
3  = Lt

x

x
x®

-
-3

2 23
3  = Lt

x

x x
x®

+ -
-3

3 3
3

( )( )

= Lt
x®3

(x + 3)  [ x  3, x – 3  0, x – 3  0]

= Lt
x®3

x + 3

= 3 + 3 = 6 = ÈÈv˛yò!îÑ˛–

~›˛y£z !ò Ï̂í≈Î˚ ö˛ú–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ7 É ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ Lt
x

ex x
x®®

++
0 2

1log
sin

 = 
1
2

 ¢õyïyò É Ó§y!îÑ˛ = Lt
x

ex x
x®¥

+log
sin

1
2

= Lt
x

ex x

x®

+

0 2

1
2

1log ( )

sin  = 
1
2

1
0

2

2Lt
x

ex x
x x®

+log ( )
sin

= 
1
2

1

0 2⋅

+

⎛
⎝⎜

⎞
⎠⎟

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

→
Lt

x

e x
x
x

x

log ( )

sin
 = 

1
2

1
0

0

2⋅

+⎧
⎨
⎩

⎫
⎬
⎭

⎛
⎝⎜

⎞
⎠⎟

→

→

Lt

Lt

x
e

x

x
x
x

x

log ( )

sin
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= 

1
2

1

2

Lt

Lt

x
e

x

x
x
x

x

→∞

→∞

+⎧
⎨
⎩

⎫
⎬
⎭

⎛
⎝⎜

⎞
⎠⎟

log ( )

sin
 = 

1
2

1
12⋅  [ Lt

x

x
x→∞

sin
 = 1, Lt

x
e x

x→∞

+log ( )1
 = 1]

= 
1
2
 1 = 

1
2

 = v˛yò!îÑ˛ [≤Ãõy!íì˛]

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ8 É Lt
x

x x
x x®®

-- --
++ --1 2

2 3 1
2 3

( )( )
 = – 

1
10 ñ ≤Ãõyí Ñ˛Ó˚&ò–

 ¢õyïyò É Ó§y!îÑ˛ = Lt
x

x x
x x®

- -
+ -1 2

2 3 1
2 3

( )( )  = Lt
x

x x
x x x®

- -
+ - -1 2

2 3 1
2 3 2 3
( )( )

= Lt
x

x x
x x x®

- -
+ - +1

2 3 1
2 3 1 2 3
( )( )

( ) ( )  = Lt
x

x x
x x®

- -
- +1

2 3 1
1 2 3

( )( )
( )( )

= Lt
x

x x x
x x x®

- - +
+ - +1

2 3 1 1
1 1 2 3

( )( )( )
( )( )( )  [úÓ Á £Ó˚̂ ÏÑ˛ x +( )1  !î Ï̂Î˚ =í Ñ˛ Ï̂Ó˚]

= Lt
x

x x

x x x®

- -{ }
+ - +1

2 22 3 1

1 1 2 3

( ) ( )

( )( )( )
 = Lt

x

x x
x x x®

- -
+ + -1

2 3 1
1 2 3 1

( )( )
( )( )( )

= Lt
x

x
x x®

-
+ +1

2 3
1 2 3

( )
( )( )  [ x  1, x – 1  0, x – 1  0]

= 
( )

( )( )
2 1 3
1 2 1 3
× -

+ × +x  = 
2 3

1 1 5
-
+ ×( )  = 

-
×
1

2 5  = –
1

10  = v˛yò!îÑ˛ [≤Ãõy!íì˛]

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ9 ÉÈÈÈÈÈ ˆîÖyò ˆÎñ Lt
x

x
x®®

--
0 2

1 cos
 = 

1
2

 ¢õyïyò É Ó§y!îÑ˛ = Lt
x

x
x®

-
0 2
1 cos

 = Lt
x

x

x®

- -( )
0

2
2

2

1 1 2sin
 [ cosx = 1 – 2sin2 x

2 ]

= Lt
x

x

x®0

2
2

2

2sin
 = Lt

x

x

x®

æ

è
ç
ç

ö

ø
÷
÷
×

ì
í
ï

îï

ü
ý
ï

þï
0

2
2

2

1
2

sin

= 
1
2 0

2
2

2
×

æ

è
ç
ç

ö

ø
÷
÷®

Lt
x

x

x
sin

 = 
1
2

2 0

2

2

2
×

æ

è
ç
ç

ö

ø
÷
÷

ì
í
ï

îï

ü
ý
ï

þï®
Lt

x

x

x
sin

 [ x  0, 
x
2   0]

= 
1
2 0

2
× æ
è
ç

ö
ø
÷

®
Lt

t

t
t

sin
 [ï!Ó˚ñ 

x
2  = t]

= 
1
2
12 = 

1
2

 = v˛yò!îÑ˛–

~›˛y£z !ò Ï̂í≈Î˚ ö˛ú–
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2SÑ˛V.6 ~Ñ˛!›˛ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ¢#õyÓ˚ v z̨îy£Ó˚íÓú# Súƒy!˛ô›˛yú !òÎ˚õ ÓƒÓ£yÓ˚ òy

Ñ˛ Ï̂Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ10 É õyò !òí≈Î˚ Ñ˛Ó˚&ò É Lt
x

x x
x→

+ − −
0

3 31 1

 ¢õyïyò É Lt
x

x x
x→

+ − −
0

3 31 1

= Lt
x

x x x x x x

x x x→

+ − −( ) + + + ⋅ − + −{ }
+ + + ⋅0

3 3 3 3

3

1 1 1 1 1 1

1 1 1

2
3

2
3

2
3

( ) ( )

( ) −− + −{ }x x3 1
2
3( )

= Lt
x

x x x x x x

x→

+ − −( ) + + + ⋅ − + −{ }
0

1 1 1 1 1 1

1

1
3

1
3

2
3

1
3

1
3

2
3( ) ( ) ( ) ( ) ( ) ( )

( ++ + + ⋅ − + −{ }x x x x) ( ) ( ) ( )
2
3

1
3

1
3

2
31 1 1

= Lt
x

x x

x x x x x→

+{ } − −{ }
+ + + − + −{0

3 3
1 1

1 1 1 1

1
3

1
3

2
3

1
3

1
3

2
3

( ) ( )

( ) ( ) ( ) ( ) }}
= Lt

x

x x

x x x x x→

+ − −

+ + + − + −{ }0

1 1

1 1 1 1
2
3

1
3

1
3

2
3

( ) ( )

( ) ( ) ( ) ( )

= Lt
x

x

x x x x x→ + + + − + −{ }0

2

1 1 1 1
2
3

1
3

1
3

2
3( ) ( ) ( ) ( )

= Lt
x x x x x→ + + + − + −0

2

1 1 1 1
2
3

1
3

1
3

2
3( ) ( ) ( ) ( )

  [ x  0 xÌ≈yÍ x  0]

= 2

1 0 1 0 1 0 1 0
2
3

1
3

1
3

2
3( ) ( ) ( ) ( )+ + + − + −

 = 
2

1 1 1+ +
 = 

2
3

v z̨_Ó˚ É 
2
3

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ11 É Lt
x

x
x→

−

−0

1

1
tan
sin

 = Ñ˛ì˛⁄

 ¢õyïyò É Lt
x

x
x→

−

−0

1

1
tan
sin

 = Lt
x

x
x

x
x→

−

−
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟0

1

1
tan
sin  [ x  0, x  0]
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= Lt Lt
x x

x
x

x
x→

−

→ −
⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟0

1

0 1
tan

sin

= Lt Lt
p t

p
p

t
t→ →

⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟0 0tan

sin
 [ï!Ó˚ñ tan–1 = p ~ÓÇ sin–1x = t]

[~fl˛i Ï̂úñ x  0, p  0 ~ÓÇ x  0, t  0]

= Lt Lt
p t

p p
p

t
t→ →

⋅⎛
⎝⎜

⎞
⎠⎟

⋅ ⎛
⎝⎜

⎞
⎠⎟0 0

cos
sin

sin

= Lt
p

p
p

p
→ ( )0

cos
sin 1 = 

Lt

Lt

p

p

p

p
p

→

→
( )

0

0

cos

sin  = 
cos 0

1
 = 1

v z̨_Ó˚ É 1

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ12 É õyò !òí≈Î˚ Ñ˛Ó˚&ò É Lt
x

x
ee x
x→

− +
0

1 1( ) log ( )
sin

 ¢õyïyò É Lt
x

x
ee x
x→

− +
0

1 1( ) log ( )
sin

= Lt
x

x
ee

x
x

x
x

x→

−⎛
⎝⎜

⎞
⎠⎟

+⎛
⎝⎜

⎞
⎠⎟

⋅
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪0

21 1log ( )
sin

= Lt Lt Lt Lt
x

x

x
e

x x

e
x

x
x

x
x

x
→ → → →

−⎛
⎝⎜

⎞
⎠⎟

⋅
+

⋅ ⋅
0 0 0 0

1 1log ( )
sin

=  1  1  Lt Lt
x xx

x
x

→ →( ) ⋅
0 0

1
sin

= 
1

0
0Lt

Lt
x

xx
x

x
→

→( ) ⋅sin  = 
1
1 0

⋅
→
Lt

x
x  = Lt

x
x

→0  = 0

v z̨_Ó˚ É 0

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ13 É Lt
x

x
x→0

0sin
 = Ñ˛ì˛⁄

 ¢õyïyò É Lt
x

x
x→0

0sin
 = Lt

x

x

x→

( )
0

180sin r

 [‘c’ =  ˆÓ˚!v˛Î˚yòñ  180° = c  1° = r
c

180
]

= Lt
x

x

x→

( )
( ) ⋅ ( )0

180

180
180

sin r

r
r

 = Lt
x

x

x→

( )
( ) ⋅

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
0

180

180
180

sin r

r

r
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= 
r

180 0
⋅ ⎛

⎝⎜
⎞
⎠⎟→

Lt
t

t
t

sin
  [ï!Ó˚ñ 

rx
180

 = t, ~fl˛iˆÏú x  0 õy Ï̂ò t  0]

= 
r

180
 1 = 

r

180

v z̨_Ó˚ É 
r

180

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ14 É Î!î G(x) = – 25 2− x  £Î˚ñ ì˛ Ï̂Ó Lt G G
x

x
x→

−
−1

1
1

( ) ( )
ÈÙÈ~Ó˚ õyò Ñ˛ì˛⁄

 ¢õyïyò É üì≈˛yò%¢yˆÏÓ˚ñ G(x) = – 25 2− x

 G(1) = – 25 12−  = 25 1−  = – 24

¢%ì˛Ó˚yÇñ Lt G G
x

x
x→

−
−1

1
1

( ) ( )
 = Lt

x

x
x→

− − − −
−1

225 24
1

( )

= Lt
x

x
x→

− −
−1

224 25
1

 = Lt
x

x x

x x→

− − + −

− + −0

2 2

2

24 25 24 25

1 24 25

( )( )

( )( )

= Lt
x

x

x x→

− −

− + −1

2 2 2

2

24 25

1 24 25

( ) ( )

( )( )
 = Lt

x

x

x x→

−

− + −1

2

2

1

1 24 25

( )

( )( )

= Lt
x

x x

x x→

+ −

− + −1 2

1 1

1 24 25

( )( )

( )( )
  [x  1  x – 1  0]

= Lt
x

x

x→

+

+ −1 2

1

24 25

( )

( )
 = 

Lt

Lt
x

x

x

x
→

→

+

+ −
1

1
2

1

24 25

( )

= 
1 1

24 25 12

+

+ −
 = 

2
2 6 2 6+  = 

2
4 6  = 

1
2 6

v˛z_Ó˚ É 
1

2 6

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ15 É Lt
x

x x

x
x

→−∞

( ) +

+

4 2

3

1

1

sin | |

| |
 = Ñ˛ì˛⁄

 ¢õyïyò É Lt
x

x x

x
x

→−∞

( )+

+

4 2

3

1

1

sin | |

| |

= Lt
x

x x

x
x

→−∞

( ) +

−

4 2

3

1

1

sin
       [ï!Ó˚ñ x = 

1
t  Óyñ t = 

1
x  ÎÖò x  – , t  (–0)]
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= Lt
t

t t

t

t

→ −

( ) + ( )
− ( )0

2

3

1 1

1

4

1

(sin )
  [t  (–0) xÌ≈yÍ t  0–]

= Lt
t

t t

t
t t

→ −

( ) +⎡
⎣⎢

⎤
⎦⎥

−0

3

3

1 1
4 2

1

(sin )
 = Lt

t

t
t t
t→ −

+

−

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟0 3 1

sin

= 

Lt

Lt
t

t

t
t t

t
→

→

−

−

+( )
−

0

0
3 1

sin

( )  = 
1 0
0 1

+
−

 = 
1
1−

 = –1

v z̨_Ó˚ É –1

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ16 É Lt
x

xx
x→∞

++
+

⎛
⎝⎜

⎞
⎠⎟

2
1

4
= Ñ˛ì˛⁄

 ¢õyïyò É ï!Ó˚ñ Lt
x

xx
x→∞

++
+

⎛
⎝⎜

⎞
⎠⎟

2
1

4
 = p

 logep = Lt
x

ex x
x→∞

+ +
+

⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭

( ) log4 2
1

= Lt
x

ex x
x→∞

+ + +
+

⎧
⎨
⎩

⎫
⎬
⎭

⎡

⎣
⎢

⎤

⎦
⎥( ) log ( )

( )
4 1 1

1

= Lt
x

e
x
x

x
x→∞

+
+

⋅ + +
+

⎧
⎨
⎩

⎫
⎬
⎭

⎡
⎣
⎢

⎤
⎦
⎥

( )
( )

( ) log4
1

1 1 1
1

= Lt
x

ex
x

x→∞
+

+
⋅ + +

+
⎧
⎨
⎩

⎫
⎬
⎭

⎡
⎣⎢

⎤
⎦⎥

1 3
1

1 1 1
1

( ) log

= Lt
t

et
t

t
→

+ ⋅ +⎧
⎨
⎩

⎫
⎬
⎭0

1 3 1 1( ) log ( )   [ï!Ó˚ñ 
1

1x +
 = t, x , t  0]

= Lt
t

et
t

t
→

+ ⋅ +⎧
⎨
⎩

⎫
⎬
⎭0

1 3 1 1( ) log ( )

= Lt Lt
t t

et
t

t→ →
+ ⋅

+
0 0

1 3
1

( )
log ( )

= (1 + 3.0)1 = 11 = 1
¢%ì˛Ó˚yÇñ p = e1 = e

 Lt
x

xx
x→∞

++
+

⎛
⎝⎜

⎞
⎠⎟

2
1

4
 = e Sv z̨_Ó˚V
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ17 É Lt
x

ex
x

→
−⎛

⎝⎜
⎞
⎠⎟0

1 1
2

log  = Ñ˛ì˛⁄

 ¢õyïyò É Lt
x

ex
x

→
−⎛

⎝⎜
⎞
⎠⎟0

1 1
2

log  = Lt
x

x x x

x→

− − ⋅ ( ) − ( ) −{ }
0

2 3
2

1
2 2

1
3 2 ...

= Lt
x

x

x

x x

→

−( ) − ⋅ ( ) − ( ) −{ }⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

0

1
2

1
2 4

1
3 8

2
...

  [ log(1 – x) = – x – x2

2
– x3

3
 – ...]

= Lt
x

x x
→

−⎛
⎝⎜

⎞
⎠⎟

− ⋅ ⎛
⎝⎜

⎞
⎠⎟

− ⋅
⎛
⎝⎜

⎞
⎠⎟

−
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪0

21
2

1
2 4

1
3 8

...  [ x  0  x  0]

= Lt Lt Lt
x x x

x x
→ → →

−⎛
⎝⎜

⎞
⎠⎟

− ⎛
⎝⎜

⎞
⎠⎟

− −
0 0 0

21
2 8 24

...

= –
1
2

 – 
1
8

(0) – 
1
24

 (0) – ... = –
1
2

  (ˆÎ Ï̂£ì%̨ ñ x˛ôÓ˚ ¢õhfl Į̈ xÇ Ï̂üÓ˚ ¢#õy ü)òƒV

v z̨_Ó˚ É – 1
2

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ18 É ≤Ãõyí Ñ˛Ó˚&ò É Lt
y

x y x y x x
y→

+ + −
0

( )sec( ) sec  = secx(x tanx + 1)

 ¢õyïyò É Ó§y!îÑ˛ = Lt
y

x y x y x x
y→

+ + −
0

( )sec( ) sec

= Lt Lt
y y

x x y x
y

y x y
y→ →

+ − + +
0 0

{sec( ) sec } sec( )

= Lt Lt
y y

x
y x y x

x y
→ →+

−
⎧
⎨
⎩

⎫
⎬
⎭

+ +
0 0

1 1
cos( ) cos

sec( )  [ y  0  y  0]

= Lt
y

x x x y
y x y x→

− +
⋅ +

⎡
⎣
⎢

⎤
⎦
⎥0

cos cos( )
cos( ) cos  + sec x

= Lt
y

x

y x y x

x x y x y x

→

+ + + −{ }⎡
⎣⎢

⎤
⎦⎥

+

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

0

2 2 2sin sin

cos( ) cos

( ) ( )

 + secx

= Lt Lt Lt
y y

y

y y
x y x

x x y→ → →
+⎛

⎝⎜
⎞
⎠⎟

⋅
( )

⋅
+

⎧
⎨
⎩

⎫
⎬
⎭0 0

2

2
02

sin
sin

cos cos( )
++ sec x
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= sinx  Lt Lt
y

y

y y

x
x x y

x
2 0 0

2

2→ →

( )
⋅ +

⎧
⎨
⎩

⎫
⎬
⎭

+
sin

cos cos( )
sec

= sinx  1 
x

xcos2 + secx [ y  0, 
y
2

  0]

= x 
sin
cos cos

x
x x

⋅ 1
 + sec x = xtanx secx + secx

= sec x(x tan x + 1) = v˛yò!îÑ˛ S≤Ãõy!íì˛V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ19 É õyò !òí≈Î˚ Ñ˛Ó˚&ò É Lt
x

xx
x→∞

++
+

⎛
⎝⎜

⎞
⎠⎟

2 3
2 1

1

 ¢õyïyò É Lt
x

xx
x→∞

++
+

⎛
⎝⎜

⎞
⎠⎟

2 3
2 1

1
 = Lt

x

xx
x

x
x→∞

+
+

⎛
⎝⎜

⎞
⎠⎟

+
+

⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

2 3
2 1

2 3
2 1

= Lt
x

x
x

x
x

x
x

x
x

x

→∞

+

+

+

+

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

2 3
2

2 1
2

2 3
2

2 1
2

  [ x  , 
1
x   0  

1
x   0]

= Lt
x

x

x
x

x

x

x
→∞

+( )
+( ) ⋅

+( )
+( )

⎧

⎨
⎪

⎩
⎪

⎫

⎬
⎪

⎭
⎪

1

1

1

1

3
2
1
2

3
2
1
2

 =  Lt Lt
x x

x
x

x

x

x→∞ →∞

+

+

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⋅
+

+

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1

1

1

1

3
2
1
2

3
2
1
2

= Lt Lt
t t

t
t

t
t

t

→ →

+
+

⎛
⎝⎜

⎞
⎠⎟

⋅ +
+

⎛
⎝⎜

⎞
⎠⎟0 0

1 3
1

1 3
1

1
2

[ x , 
1
x   0,  

1
2x   0, ï!Ó˚ñ 

1
2x  = t Óy x = 

1
2t ]

= 
1 3 0
1 0

1 3

1

0

0

1
3

3
2

1
1
2

+ ⋅
+

⎛
⎝⎜

⎞
⎠⎟

⋅
+{ }
+{ }

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

→

→

Lt

Lt

t

t

t

t

t

t

( )

( )

⎥⎥
⎥
⎥
⎥
⎥

= 
1 0
1 0

1

1

0

0

1
3
2

1
1
2

+
+

⎛
⎝⎜

⎞
⎠⎟

+( )⎧
⎨
⎩

⎫
⎬
⎭

+⎧
⎨
⎩

⎫
⎬
⎭

⎡

⎣

⎢
⎢
⎢
⎢

→

→

Lt

Lt

p

t

p

t

p

t( )⎢⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

= ⋅1
3
2

1
2

e

e
  [ï!Ó˚ñ 3t = p, t  0, p  0,  Lt

x
x x

→
+

0
1

1
( )  = e]

= e
3
2

1
2−  = e

2
2  = e1 = e

 !ò Ï̂í≈Î˚ õyò = e Sv z̨_Ó˚V
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2SÑ˛V.7 úƒy!˛ô›˛y Ï̂úÓ˚ !òÎ˚̂ ÏõÓ˚ ïyÓ˚íy

¢yïyÓ˚í¶˛y Ï̂Ó Lt
x a

f x
g x→

( )
( ) ÈÙÈˆÑ˛ 

Lt

Lt
x a

x a

f x

g x
→

→

( )

( )  xyÑ˛y Ï̂Ó˚ ≤ÃÑ˛yü Ñ˛Ó˚y £Î˚– !Ñ˛ls˘˛ v z̨¶˛Î˚̂ Ï«˛ Ï̂e SxÌ≈yÍ úÓ Á £ Ï̂Ó˚Ó˚

ˆ«˛ Ï̂eV ¢#õyfl˛i õyò ü)òƒ (0) £ Ï̂ú ¢yõ!@˘ÃÑ˛¶˛y Ï̂Ó Óƒy˛ôyÓ˚!›˛ xÌ≈£#ò £ Ï̂Î˚ ÎyÎ˚– Î!î Lt
x a

f x
g x→

( )
( )

0
0

⎛
⎝⎜

⎞
⎠⎟  xyÑ˛y Ï̂Ó˚

Ìy Ï̂Ñ˛ ì˛ Ï̂Ó ¢#õyfl˛i õyò !ò Ï̂í≈Î˚Ó˚ ãòƒ úƒy!˛ô›˛y Ï̂úÓ˚ ¢)e Óy !òÎ˚õ!›˛ xò%¢Ó˚í Ñ˛Ó˚y £Î˚– ~ Ï̂Ñ˛ ¢#õyfl˛i õyò !òï≈yÓ˚̂ ÏíÓ˚

Úx!ò Ï̂í≈Î˚ xyÑ˛yÓ˚Û (indeterminate form) Ó Ï̂ú Üíƒ Ñ˛Ó˚y £Î˚– ÷ï% õyò 
0
0

⎛
⎝⎜

⎞
⎠⎟ ÈÙÈ£z òÎ˚ ~ !òÎ˚̂ ÏõÓ˚ xï# Ï̂ò 

∞
∞

⎛
⎝⎜

⎞
⎠⎟

Óyñ (0 × ), – ¢õhfl Į̈ xyÑ˛yÓ˚̂ ÏÑ˛ xhs˘˛Ü≈ì˛ Ñ˛Ó˚y ÎyÎ˚–

úƒy!˛ô›˛y Ï̂úÓ˚ ¢)e Óy !òÎ˚õ É Î!î f (x) ~ÓÇ g(x) ÈÙÈˆÑ˛ ÎÌye´ Ï̂õ f(x) ~ÓÇ g(x) xhs˘˛Ó˚Ñ˛úã !£¢y Ï̂Ó ïÓ˚y

£Î˚ ~ÓÇ ~Ó˚y ≤Ã Ï̂ì˛ƒ Ï̂Ñ˛ x = a !Ó®%̂ Ïì˛ ¢hs˘˛ì˛ £Î˚ ~ÓÇ Î!î f(a) ~ÓÇ g(a)ÈÙÈ~Ó˚ õyò ü)òƒ £Î˚ñ ì˛ Ï̂Ó

Lt Lt
x a x a

f x
g x

f x
g x

f a
g a→ →

= ′
′

= ′
′

( )
( )

( )
( )

( )
( )  ÎÖòñ g(a)  0

 ~ ¢)̂ ÏeÓ˚ !˛ôäÈ Ï̂ò Ñ˛yÎ≈Ñ˛Ó˚# ¶)̨ !õÑ˛y !£¢y Ï̂Ó (i) Lt
x a→

f(x) = f(a) SˆÎÖy Ï̂ò f(x), x = aÈÙÈˆì˛ ¢hs˘˛ì˛V (ii)

≤Ã Ï̂Î˚yãò#Î˚ üì≈̨  !£¢y Ï̂Ó f (a) ¢¢#õ £ Ï̂úñ x = a !Ó®%̂ Ïì˛ f(x) xÓüƒ£z ¢hs˘˛ì˛ £ Ï̂Óñ ~Ó˚ xÓîyò xòfl ∫̨#Ñ˛yÎ≈–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ1 É Lt
x

x x
x→

−
0 3

sin
 = Ñ˛ì˛⁄ SÎ%!_´¢£ !òí≈Î˚ Ñ˛Ó˚&òV [CU 1995]

 ¢õyïyò É Lt
x

x x
x→

−
0 3

sin
 S

0
0

 xyÑ˛yÓ˚ !Ó!ü‹TV

= Lt
x

x
x→

−
0 2

1
3

cos 0
0

⎛
⎝⎜

⎞
⎠⎟  [úÓ Á £Ó˚ xÇ Ï̂ü xhs˘˛Ó˚Ñ˛úã Ñ˛ Ï̂Ó˚ ì˛y Ï̂ì˛ x = 0 Ó¢yˆÏúñ 

0
0

 xyÑ˛yÓ˚

˛ôyÁÎ˚y ÎyÎ˚]

= Lt
x

x
x→

−
0 6

( sin )
 (

0
0

 xyÑ˛yÓ˚V

= Lt
x

x
→

−
0 6

( cos )
 = – 

1
6

 [ cos0 = 1]

v˛z_Ó˚ É !ò Ï̂í≈Î˚ õyò = – 
1
6
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ2 É Lt
x

x x
→0

1
(tan ) ÈÙÈ~Ó˚ õyò !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É ï!Ó˚ñ p = (tan )x x
1

v z̨¶˛Î˚ ˛ô Ï̂«˛ log !òˆÏÎ˚ ˛ôy£z [~ Ï̂«˛ Ï̂e logÈÙÈ~Ó˚ !òïyò (base) £ú ‘e’]

logep = 
1
x

x
xelog tan⎛

⎝⎜
⎞
⎠⎟

~Öòñ Lt
x e p

→0
(log )  = Lt

x

e
x

x
x→

( )⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪0

log tan
 [(

0
0

) xyÑ˛yÓ˚ Î%_´ Ñ˛yÓ˚íñ Lt
x

x
x→0

tan
 =1, log1 = 0]

= Lt
x

x x x
x

x
x

→

− ⋅⎧
⎨
⎩

⎫
⎬
⎭

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

0

2

2
1

1

sec (tan )
tan  = Lt

x

x
x x

→

−⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥0

2 1

1

sec
tan

= Lt
x x x x→

−⎡
⎣⎢

⎤
⎦⎥0

1 1
sin cos  = Lt

x x x→
−⎡

⎣⎢
⎤
⎦⎥0

2
2

1
sin

= Lt
x

x x
x x→

−⎡
⎣⎢

⎤
⎦⎥0

2 2
2

sin
sin   [(

0
0

) xyÑ˛yÓ˚ Î%_´]

= Lt
x

x
x x x→

−
⋅ +

⎡
⎣⎢

⎤
⎦⎥0

2 1 2
2 1 2 2

( cos )
(sin ) cos

= 2 Lt
x

x
x x x→

−
+

⎡
⎣⎢

⎤
⎦⎥0

1 2
2 2 2

cos
sin cos   [(

0
0

) xyÑ˛yÓ˚ Î%_´ Ñ˛yÓ˚íñ ÎÖò x = 0, cos2x = 1, sin2x = 0]

= 2 Lt
x

x
x x x x→ + −

⎡
⎣⎢

⎤
⎦⎥0

2 2
2 2 2 2 4 2

sin
cos cos sin

= 2 Lt
x

x
x x x→ −

⎡
⎣⎢

⎤
⎦⎥0

2
4 2 4 2

sin
cos sin   [(

0
0

) xyÑ˛yÓ˚ Î%_´]

= 
4
4

2
2 20

⎛
⎝⎜

⎞
⎠⎟ −

⎡
⎣⎢

⎤
⎦⎥→

Lt
x

x
x x x
sin

cos sin  = Lt
x

x
x x x→ −

⎡
⎣⎢

⎤
⎦⎥0

2
2 2
sin

cos sin

= 
Lt

Lt Lt
x

x x

x

x x x
→

→ →
−
0

0 0

2

2 2

sin

cos ( sin )  = 
0

1 0−
 = 

0
1

 = 0

loge
x

pLt
→( )0  = 0

Óyñ Lt
x

p
→0  = e0  Óyñ Lt

x
x x

→0

1
(tan )  = 1

¢%ì˛Ó˚yÇñ Lt
x

x x
→0

1
(tan ) ÈÙÈ~Ó˚ õyò = 1 Sv z̨_Ó˚V–
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ3 É Lt
x a

x a
x a→

− −
−

1
2

cos( )
( ) ÈÙÈ~Ó˚ õyò !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É Lt
x a

x a
x a→

− −
−

1
2

cos( )
( )

= Lt
z

z
z→

−
0 2
1 cos

  [(
0
0

) xyÑ˛yÓ˚] [ï!Ó˚ñ x – a = z ÎÖò x  a, z  0]

= Lt
z

z
z→

− −
0

0
2

( sin )
 = Lt

z

z
z→

⎛
⎝⎜

⎞
⎠⎟0 2

sin

= 
1
2 0

Lt
z

z
z→

⎛
⎝⎜

⎞
⎠⎟

sin
 = 

1
2
1 = 

1
2

 !ò Ï̂í≈Î˚ õyò = 
1
2

 Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ4 É ˆîÖyò ˆÎñ Lt
x

a x a x a
x x→

+ + − −
0

2sin( ) sin( ) sin
sin  = – sin a

 ¢õyïyò É Ó§y!îÑ˛ = Lt
x

a x a x a
x x→

+ + − −
0

2sin( ) sin( ) sin
sin  (

0
0

 xyÑ˛yÓ˚V

L’Hospital !òÎ˚õ ≤Ã Ï̂Î˚yÜ Ñ˛ Ï̂Ó˚ ˛ôy£z

= Lt
x

a x a x
x x x→

+ − − −
+0

0cos( ) cos( )
sin cos   (

0
0

 xyÑ˛yÓ˚V

= Lt
x

a x a x
x x x x→

− + − −
+ −0

sin( ) sin( )
cos cos sin

= 
− −

+ −
sin sina a
1 1 0

 =  
−2

2
sin a

= – sina = v˛yò!îÑ˛– ~›˛y£z !ò Ï̂í≈Î˚ ö˛ú–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ5 É Î!î y = 
1
x

x⎛
⎝⎜

⎞
⎠⎟

tan
 £Î˚ñ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò Lt

x

x

x→

⎛
⎝⎜

⎞
⎠⎟0

1 tan
 = 1

 ¢õyïyò É ~ Ï̂«˛ Ï̂eñ y = 
1
x

x⎛
⎝⎜

⎞
⎠⎟

tan

v z̨¶˛Î˚˛ôˆÏ«˛ log !ò Ï̂Î˚ ˛ôy£zñ Sú Ï̂ÜÓ˚ !òïyò = e)

logy = tanx log(
1
x )
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Lt
x

y
→0

(log )  = Lt
x

x
x→

⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭0

1tan log

= Lt
x

x
x→

( )
0

1log

cot
 (

0
0

 xyÑ˛yÓ˚V

= Lt
cosecx

x

x
x

→

−( )
−0 2

1
2

( )
 = Lt

x

x
x→0

2sin

= Lt
x

x
x

x
→

×
⎛
⎝⎜

⎞
⎠⎟0

2

2
sin

 = Lt Lt
x x

x
x

x
→ →

⎛
⎝⎜

⎞
⎠⎟ ×

0

2

0

sin

= 12 × 0 = 0

 loge
Lt

x
y

→( )0  = 0  Lt
x

x

x→

⎛
⎝⎜

⎞
⎠⎟0

1 tan
 = e0  Lt

x

x

x→

⎛
⎝⎜

⎞
⎠⎟0

1 tan
 = 1 S≤Ãõy!íì˛V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ6 É Î!î Lt
x

x a x
x→

+
0 3

2sin sin
 ¢¢#õ £Î˚ ì˛ Ï̂Ó aÈÙÈ~Ó˚ õyò Ñ˛ì˛⁄ ¢#õyÓ˚ õyòÁ !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É ≤Ãî_ ¢#õy 
0
0

 xyÑ˛y Ï̂Ó˚ ÌyÑ˛yÎ˚ Lt
x

x a x
x→

+⎧
⎨
⎩

⎫
⎬
⎭0 2

2 2
3

cos cos
 Súƒy!˛ô›˛yú !òÎ˚̂ ÏõV

~Öò x  0, 3x2 = 0, x  0 úÓ xÇ Ï̂ü 2 + a = 0 xÌ≈yÍ a = –2

a = –2 £ Ï̂ú ¢#õy!›˛ Ó˚*˛ôyhs˘˛!Ó˚ì˛ £Î˚ !ò Ï̂â˛Ó˚ xyÑ˛y Ï̂Ó˚

Lt
x

x x
x→

−
0 3

2 2sin sin
 [

0
0

 xyÑ˛y Ï̂Ó˚]

= Lt
x

x x
x→

−
0 2

2 2 2
3

cos cos
 [

0
0

 xyÑ˛yˆÏÓ˚]

= Lt
x

x x
x→

− +
0

4 2 2
6

sin sin
 [

0
0

 xyÑ˛yˆÏÓ˚]

= Lt
x

x x
→

− +
0

8 2 2
6

cos cos
 = 

− +8 0 2 0
6

cos cos
 = 

− ⋅ + ⋅8 1 2 1
6

 = 
−6
6

 = –1

 !ò Ï̂í≈Î˚ ¢#õyÓ˚ õyò = –1 Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ7 É õyò !òí≈Î˚ Ñ˛Ó˚&ò É Lt
x

x x
x→

− +
0

2

4
2 2cos

 ¢õyïyò É ≤ÃŸ¿ ˆÌ Ï̂Ñ˛

Lt
x

x x
x→

− +
0

2

4
2 2cos

 = Lt
x

x x
x→

− − +
0 3

2 0 2
4

sin
 [

0
0

 xyÑ˛y Ï̂Ó˚ ÌyÑ˛yÎ˚ úƒy!˛ô›˛yú !òÎ˚̂ Ïõ]
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= Lt
x

x x
x→

− +
0 3

2 2
4

sin
 [

0
0

 xyÑ˛y Ï̂Ó˚ ÌyÑ˛yÎ˚ ˛ô)̂ ÏÓ≈Ó˚ !òÎ˚̂ Ïõ]

= Lt
x

x
x→

− +
0 2

2 2
12
cos

 [
0
0

 xyÑ˛y Ï̂Ó˚ ÌyÑ˛yÎ˚ ˛ô)̂ ÏÓ≈Ó˚ !òÎ˚̂ Ïõ]

= Lt
x

x
x→

+
0

2 0
24

sin
 = Lt

x

x
x→0

2
24
sin

= 
1

12 0
Lt

x

x
x→

⎛
⎝⎜

⎞
⎠⎟

sin
 = 

1
12

1 = 
1

12

v˛z_Ó˚ É !ò Ï̂í≈Î˚ õyò = 
1

12

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ8 É õyò !òí≈Î˚ Ñ˛Ó˚&ò É Lt
x

x x
→

−
r
2

1( sin )tan

 ¢õyïyò É ≤Ãî_ ¢#õy!›˛Ó˚ xyÑ˛yÓ˚ £Ûú 0 × 

¢%ì˛Ó˚yÇ Lt
x

x x
→

−
r
2

1( sin ) tan  = Lt
x

x
x→

−
r
2

1( sin )
cot

 [
0
0

 xyÑ˛y Ï̂Ó˚ ÌyÑ˛yÎ˚ úƒy!˛ô›˛yú !òÎ˚̂ Ïõ]

= Lt
cosecx

x
x→

−
−r

2
2

( cos )
( )  = Lt

cosecx

x
x→r2

2
cos

= 
cos r

r

2

2
2

cosec( )
 = 

0
12  = 

0
1

 = 0  [ Lt
x

x
→r2

cos  = 0 ~ÓÇ Lt cosec
x

x
→r2

 = 1]

v˛z_Ó˚ É 0

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ9 É õyò !òí≈Î˚ Ñ˛Ó˚&ò É Lt
x

xx
→

( )
0

2sin

 ¢õyïyò É ï!Ó˚ñ y = x2sinx

v z̨¶˛Î˚ ˛ô Ï̂«˛ úÜ (log) !òˆÏÎ˚ ˛ôy£zñ SúˆÏÜÓ˚ !òïyò = e)
logey = (2sinx) logex

Lt
x

e y
→0

(log )  = Lt
x

ex x
→

{ }
0

2( sin ) log

 loge
x

yLt
→( )0

 = Lt
cosecx

x
x→0

2 log
 [

0
0

 xyÑ˛y Ï̂Ó˚ñ Súƒy!˛ô›˛yú !òÎ˚õ ≤Ã Ï̂Î˚y Ï̂Ü]

= Lt
cosecx

x
x x→ −0

2

( cot )  = (–2) Lt
x

x
x x→

⎛
⎝⎜

⎞
⎠⎟0

2sin
cos  [

0
0

 xyÑ˛y Ï̂Ó˚]
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= (–2) Lt
x

x x
x x x→ ⋅ −0

2
1

sin cos
cos sin  = (–2) Lt

x

x
x x x→ −0

2sin
cos sin

= (–2)
Lt

Lt
x

x

x

x x x
→

→
−

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

0

0

2sin

(cos sin )  = (–2) × 
0

1 0−
⎛
⎝⎜

⎞
⎠⎟  = –2 × 0 = 0

 Lt
x→0

y = e0 = 1

¢%ì˛Ó˚yÇñ Lt
x→0

xsinx = 1

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ10 É õyò !òí≈Î˚ Ñ˛Ó˚&ò É Lt
x

x
x

→
+⎛

⎝⎜
⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭0 4

1

tan r

 ¢õyïyò É ï!Ó˚ñ y = Lt
x

x
x

→
+⎛

⎝⎜
⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭0 4

1

tan r  = Lt
x

x

x

x

→

+

−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟0

4
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1
tan tan

tan tan

r

r

= Lt
x

x
x

x

→

+
−

⎛
⎝⎜

⎞
⎠⎟0

1
1

1
tan
tan

 [ tan r
4  = 1] Súƒy!˛ô›˛yú !òÎ˚̂ ÏõV

~Öò logey = Lt
x

x x
x→

+ − −
0

1 1log( tan ) log( tan )
 [

0
0

 xyÑ˛yÏÓ˚ !Ó!ü‹T]

= Lt
x

x
x

x
x→ +

+
−

⎛
⎝⎜

⎞
⎠⎟0

2 2

1 1
sec

tan
sec

tan  = Lt
x

x
x→ −0

2

2
2

1
sec
tan

 = 
2 1

1 0

2

2
⋅

−
 = 

2
1

 = 2

 logey = 2 Óyñ y = e2 xÌ≈yÍ Lt
x

x
x

→
+⎛

⎝⎜
⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭0 4

1

tan r  = e2 Sv z̨_Ó˚V

2SÑ˛V.8 Ñ˛!ì˛˛ôÎ˚ =Ó˚&c˛ô)í≈ ¢#õy ¢Çe´yhs˘˛ ¢)e

(a) Î!î n ~Ñ˛!›˛ ïòydÑ˛ ˛ô)í≈ ¢ÇÖƒy £Î˚ñ ì˛ Ï̂Ó Lt
x a→ xn = an (a  0)

(b) Î!î n ~Ñ˛!›˛ }íydÑ˛ ˛ô)í≈ ¢ÇÖƒy £Î˚ñ ì˛ Ï̂Ó  Lt
x a→ xn = an (a  0)

(c) Î!î n ~Ñ˛!›˛ õ)úî ¢ÇÖƒy £Î˚ñ ì˛ Ï̂Ó Lt
x a

n nx a
x a→

−
−

 = nan–1
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(d) Î!î n ~Ñ˛!›˛ õ)úî ¢ÇÖƒy £Î˚ñ ì˛ Ï̂Ó Lt
x a

nx
x→

+ −( )1 1
 = n

(e) Lt
x

xe
x→

−
0

1
 = 1

(f) Lt
x

x
x→0

sin
 = 1 SÎÖò xÈÙÈˆÑ˛ ˆÓ˚!v˛Î˚yò ~Ñ˛ Ï̂Ñ˛ ≤ÃÑ˛yü Ñ˛Ó˚y £Î˚V

(g) Lt
x

e x
x→

+
0

1log ( )
 = 1

(h) Lt
x

xa
x→

−
0

1
 = logea (a > 0)

(i) Lt
x

x x
→

+( )
0

1
1

 = e

(j) Lt
n

n

n→∞
+⎛

⎝⎜
⎞
⎠⎟

1 1
 = e

2SÑ˛V.9 ¢Ç!«˛Æ¢yÓ˚

~£z ~Ñ˛ Ï̂Ñ˛ ¢#õy (limit) ¢¡ô Ï̂Ñ≈̨  ~Ñ˛›˛y !ò!î≈‹T ïyÓ˚íy ˆîÁÎ˚y £ Ï̂Î˚̂ ÏäÈ–

~Ñ˛!›˛ ¢%!ò!î≈‹T x Į̈̂ ô«˛Ñ˛ f(x)ÈÙÈ~Ó˚ ¢#õy ‘L’ Óú Ï̂ì˛ Ó%G˛yÎ˚ f(x) Îì˛ L ~Ó˚ !òÑ˛›˛Óì≈̨ # £Î˚ñ x ì˛ì˛ ‘a’-Ó̊
!òÑ˛›˛Óì≈̨ # £ Ï̂Ó– | f(x) – L | < ∈  ÎÖò 0 < | x – a | < δ S˘ÎÖò ∈ ~ÓÇ δ x!ì˛ «%̨ o ïòydÑ˛ Óyhfl Į̈Ó ¢ÇÖƒy

~ÓÇ δ xyÓyÓ˚ ∈ ~Ó˚ v z̨̨ ôÓ˚ !ò¶≈̨ Ó˚ü#úV

≤Ãì˛# Ï̂Ñ˛Ó˚ ¢y£y Ï̂Îƒ ˆúÖy ÎyÎ˚ Lt f x L
x a→

=( )

~Öò x Ó§y !îÑ˛ ˆÌ Ï̂Ñ˛ Îì˛ e´õüÉ ‘a’-Ó˚ !òÑ˛›˛Óì≈̨ # £Î˚ñ ì˛ì˛£z f(x), l1-~Ó˚ e´õüÉ !òÑ˛›˛Óì≈̨ # £ Ï̂Ó– ~£z l1

£ú f(x)-~Ó˚ Ó§y !î Ï̂Ñ˛Ó˚ ¢#õy– ≤Ãì˛#Ñ˛# v z̨̨ ôfl˛iy˛ôòy ≠ Lt f x L
x a→ −

=( ) 1

~Ñ˛£z¶˛y Ï̂Ó x Îì˛ v˛yò!î Ï̂Ñ˛Ó˚ ˆÌ Ï̂Ñ˛ ‘a’-Ó˚ !òÑ˛›˛Óì≈̨ # £ Ï̂Óñ ì˛ì˛ f(x) l2-~Ó˚ !òÑ˛›˛Óì≈̨ # £ Ï̂ì˛ ÌyÑ˛ Ï̂Ó– ~£z

l2 £ú f(x)-~Ó˚ v˛yò!î Ï̂Ñ˛Ó˚ ¢#õy– ~ÓyÓ˚ Lt f x L
x a→ +

=( ) 2  f(x)-~Ó˚ v˛yò!î Ï̂Ñ˛Ó˚ ¢#õyÓ˚ ≤Ãì˛#Ñ˛# ≤ÃÑ˛yü–

~Öò L1 = L2 = L ~Ó̊ x!hfl Į̈c !ò¶≈̨ Ó̊ Ñ˛Ó̊ Ï̂Ó ÎÖò Lt f x L
x a→

=( )  £ Ï̂Ó xÌ≈yÍ Lt f x Lt f x
x a x a→ →− +

=( ) ( )

~Öy Ï̂ò f(x) x Į̈̂ ô«˛Ñ˛!›˛ x = a !Ó®%̂ Ïì˛ ¢hs˘˛ì˛ (continuous) £ Ï̂Ó– xÌ≈yÍ ¢#õyhs˘˛ õyò (limiting value)
~ÓÇ ¢hs˘˛ì˛ì˛y (continuity) ~£z î%!›˛ ïyÓ˚íy ˛ôÓ˚fl˛ôÓ˚ ¢¡ôÑ≈̨ Î%_´–
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2SÑ˛V.10 xò%ü#úò#

úƒy!˛ô›˛yú !òÎ˚̂ Ïõ ¢#õyfl˛i õyò !òí≈Î˚ Ñ˛Ó˚&ò É

1. Î!î Lt
x

x x xe ae
x x→

−
−0

cos

sin ÈÙÈ~Ó˚ x!hfl Į̈c ¢¢#õ £Î˚ñ ì˛ Ï̂Ó aÈÙÈ~Ó˚ õyò !òí≈Î˚ Ñ˛Ó˚&ò– ¢#õyfl˛i õyò Ñ˛ì˛ £ Ï̂Ó⁄

2. ˆîÖyò ˆÎñ Lt
x x x→

−⎛
⎝⎜

⎞
⎠⎟0

1 1
tan  = 0

3. ≤Ãõyí Ñ˛Ó˚&ò É Lt cosec
x

x
x→

−⎛
⎝⎜

⎞
⎠⎟0

2
2

1
 = 

1
3

4. ˆîÖyò ˆÎñ 
sin x

x
x⎛

⎝⎜
⎞
⎠⎟

1

 = 1

5. Lt
x

x
x→ −

−
1

1 1
2

( )
secr ÈÙÈ~Ó˚ ¢!‡˛Ñ˛ õyò !òí≈Î˚ Ñ˛Ó˚&ò É –1, 0, 1, 2

6. ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ Lt
t

t t t
→∞

+ −( )2 2  = 1

¢#õy ¢Çe´yhs˘˛ (A)

1. ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ Lt
x

x x x
x x→

− + +
+ +1

3 2

2
2 5 7 1

3 5 2
 = 

1
2

2. õyò !òí≈Î˚ Ñ˛Ó˚&ò É Lt
x

x x
x x→

− +
− +1

2

2
3 2
4 3

3. ≤Ãõyí Ñ˛Ó˚&ò É Lt
x

x x
x→

+ − − =
0

3 31 1 2
3

4. Lt
x

x x
→

−
1

1
2

( ) tan r ÈÙÈ~Ó˚ õyò £ Ï̂Ó...

5. Lt
x

x

x→

+ −

+ −0

1 1

1 1

1
2

1
3

( )

( )
 £ Ï̂Ó 

3
2

4
3

1
2

0, , ,  ˆÑ˛yò‰!›˛ ¢!‡˛Ñ˛ v z̨_Ó˚ ì˛y !òí≈Î˚ Ñ˛Ó˚&ò–

6. ≤Ãõyí Ñ˛Ó˚&ò É Lt
x

xe
x→

−
0

2 1
3sin  = 

1
16
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7. Lt
x

axe
bx→

−
0

1
sin ÈÙÈ~Ó˚ õyò Ñ˛ì˛ £ Ï̂Ó ì˛y !òí≈Î˚ Ñ˛Ó˚&ò–

8. Lt
x x x x→

−⎛
⎝⎜

⎞
⎠⎟0

1 1 1
sin tan ÈÙÈ~Ó˚ õyò !ò Ï̂â˛Ó˚ ˆúÖy ˆÑ˛yò‰ õyò!›˛ £ Ï̂Ó ì˛y !òí≈Î˚ Ñ˛Ó˚&ò É

1, 
1
2

, 
1
3

, 
1
7

9. Lt
x

x
x→

− +
− −

= −
3

3 6
3 6

3
3  !Ñ˛ ¢!‡˛Ñ˛⁄ ì˛y ˛ôÓ˚#«˛y Ñ˛Ó˚&ò–

10. Lt
x

x x
x→

−
0

3

2
cos cos

sin
ÈÙÈ~Ó˚ õyò !òí≈Î˚ Ñ˛Ó˚&ò–

¢hs˘˛ì˛y !Ó°ÏÎ˚Ñ˛ (B)

1. ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ f Óy f(x) ¢hs˘˛ì˛ x = 1 !Ó®%̂ Ïì˛ ÎÖò

f(x) = 5x – 4, 0 < x  1

= 4x3 – 3x, 1 < x < 2

2. Î!î f(x) = 
sin 3x

x , x  1

~ÓÇ f(0) = 1 £Î˚ñ ì˛ Ï̂Ó f(x)ÈÙÈ~Ó˚ ¢hs˘˛ì˛y ˛ôÓ˚#«˛y Ñ˛ Ï̂Ó˚y x = 0 !Ó®%̂ Ïì˛–

3. ˆîÖyò ˆÎ f(x) = 
| |x a
x a

−
−

, x  a

= 1, x = a   £ˆÏú x = a !Ó®%̂ Ïì˛ f(x) x¢hs˘˛ì˛–

4. Î!î f(x) = x x
x

2 3 2
1

− +
−

, x  1 £Î˚ñ ì˛ Ï̂Ó f(1)ÈÙÈ~Ó˚ õyò Ñ˛ì˛ £ Ï̂úñ x = 1 !Ó®%̂ Ïì˛ f(x) ¢hs˘˛ì˛ £ Ï̂Ó ì˛y

!òí≈Î˚ Ñ˛Ó˚&ò–

5. kÈÙÈ~Ó˚ õyò ~õò¶˛y Ï̂Ó !òí≈Î˚ Ñ˛Ó˚&ò Îy Ï̂ì˛

f(x) = kx2, x  2

= 3, x > 2    x = 2 !Ó®%̂ Ïì˛ ¢hs˘˛ì˛ £Î˚–

6. (i) Î!î f(x) = 
2 6 5

12 20

2

2
x x
x x

+ −
+ −

 £Î˚ñ ì˛ˆÏÓ xÈÙÈ~Ó˚ ˆÑ˛yò‰ ˆÑ˛yò‰ õy Ï̂òÓ˚ ãòƒ f(x) x¢hs˘˛ì˛ £ Ï̂Ó ì˛y !fl˛iÓ˚ Ñ˛Ó˚&ò–
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(ii) Î!î f(x) = 
1 4

2
− cos x

x , x < 0

= 
x

x16 4+ −
, x > 0

= a,  x = 0 £Î˚ñ ì˛ Ï̂Ó aÈÙÈ~Ó˚ õyò !òí≈Î˚ Ñ˛Ó˚&ò Îy Ï̂ì˛ f(x), x = 0 !Ó®%̂ Ïì˛ ¢hs˘˛ì˛ £Î˚–

2SÑ˛V.11 @˘Ãs˛i˛ôO#

1. Das and Mukherjee : Differential Calculus, U.N. Dhur & Sons, Kolkata.

2. Shanti Narayan and Mittal : Differential Calculus, S. Chand, New Delhi.

3. Gorakh Prasad : Differential Calculus, Pothishala Pvt. Ltd. Allahabad.



~Ñ˛Ñ˛ 2SÖV  ¢hs˘˛ì˛y ~ÓÇ xhs˘˛Ó˚Ñ˛úò

Ü‡˛ò

2SÖV.1 v ẑ̨ Ïjüƒ

2SÖV.2 ≤Ãhfl Į̈yÓòy

2SÖV.3 !Ó!¶˛ß¨ x Į̈̂ ô«˛Ñ˛ Èf (x)ÙÈ~Ó˚ ¢hs˘˛ì˛y !Ó°ÏÎ˚Ñ˛ xy Ï̂úyâ˛òy

2SÖV.4 ¢hs˘˛ì˛y xy Ï̂úyâ˛òy ≠ !máyì˛ ~ÓÇ v z̨k≈̨ áyì˛Î%_´ Ó˝˛ôî Ó˚y!üÓ˚ x Į̈̂ ô«˛Ñ˛

2SÖV.5 xhs˘˛Ó˚ Ñ˛ú Ï̂ãÓ˚ ïyÓ˚íy

2SÖV.6 ˆúÖ!â˛e ˆÌ Ï̂Ñ˛ ≤ÃyÆ xhs˘˛Ó˚Ñ˛ú Ï̂ãÓ˚ xÌ≈

2SÖV.7 ¢Ç!«˛Æ¢yÓ˚

2SÖV.8 xò%ü#úò#

2SÖV.9 @˘Ãs˛i˛ôO#

2SÖV.1 v˛zˆÏjüƒ

~£z ~Ñ˛ Ï̂Ñ˛ ¢%¢Ç£ì˛ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ¢hs˘˛ì˛y Á xhs˘˛Ó˚Ñ˛úã Se´õ ~Ñ˛ ~ÓÇ î%£zV ¢¡ô Ï̂Ñ≈̨  xy Ï̂úyâ˛òy £ Ï̂Î˚̂ ÏäÈ–

Ñ˛ì˛Ñ˛=!ú =Ó˚&c˛ô)í≈ v z̨îy£Ó˚íÁ ¢Ç Ï̂Îy!ãì˛ xy Ï̂äÈ–

2SÖV.2 ≤Ãhfl˛ÏyÓòy

Ñ˛úò!ÓîƒyÓ˚ x˛ô!Ó˚£yÎ≈ xÇü £ú x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ¢hs˘˛ì˛y/x¢hs˘˛ì˛y ~ÓÇ ì˛yÓ˚ xhs˘˛Ó˚Ñ˛ú ¢¡ô Ï̂Ñ≈̨  ïyÓ˚íy–

(a) ¢hs˘˛ì˛ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ¢ÇK˛y (Definition of continous function) É x = c !Ó®%̂ Ïì˛ ~Ñ˛!›˛ ¢%¢ÇK˛yì˛

x Į̈̂ ô«˛Ñ˛ ¢hs˘˛ì˛ £ Ï̂Ó Î!î !ò Ï̂â˛Ó˚ !ì˛ò!›˛ üì≈̨  ˆõ Ï̂ò â˛ Ï̂ú–

(i) Lt
x c®

f(x) x!hfl Į̈c Î%_´ £ Ï̂Ó

(ii) f(c) !ò!î≈‹T õy Ï̂òÓ˚ £ Ï̂Ó

(iii) Lt
x c®

f(x) = f(c) £ Ï̂Ó–

~£z !ì˛ò ü Ï̂ì≈̨ Ó˚ ˆÑ˛yò ~Ñ˛!›˛ Ï̂Ñ˛ xõyòƒ Ñ˛Ó˚̂ Ïú x Į̈̂ ô«˛Ñ˛!›˛ x¢hs˘˛ì˛ (discontinuous) £ˆÏÎ˚ ÎyˆÏÓ–
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v z̨îy£Ó˚í É ï!Ó˚ñ f(x) = 4x + 5, x = 1 !Ó®%̂ Ïì˛ó S!Ó®%̂ ÏÑ˛!wÑ˛ ¢hs˘˛ì˛yV

~ Ï̂«˛ Ï̂eñ Lt
x® +1

f(x) [v˛yò !î Ï̂Ñ˛Ó˚ ¢#õy]

= Lt
x® +1

(4x + 5) = 4 Lt
x® +1

x + 5 = 4(1) + 5 = 9

Lt
x® -1

f(x) f(x) [Ó§y!îˆÏÑ˛Ó˚ ¢#õy]

= Lt
x® -1

(4x + 5) = 4 Lt
x® -1

x + 5 = 4(1) + 5 = 9

ˆÎˆÏ£ì%˛ Lt
x® +1

f(x) = 9 = Lt
x® -1

f(x), ¢%ì˛Ó˚yÇ Lt
x®1

f(x) = 9

˛ô%òÓ˚yÎ˚ñ x = 1ÈÙÈˆì˛ñ f(1) = 4(1) + 5 = 9

 Lt
x®1

f(x) = 9 = f(1) Ó Ï̂úñ x = 1ÈÙÈˆì˛ ≤Ãî_ x Į̈̂ ô«˛Ñ˛ f Óy f(x) ¢hs˘˛ì˛–

(b) Ñ˛!¢Ó˚ !Ó Ï̂Ÿ’°Ïíõ%Ö# ¢ÇK˛y (Analytical definition of Cauchy) É xˆÏ˛ô«˛Ñ˛ f Óy f(x) ~Ñ˛!›˛

~Ñ˛ÈÙÈõyòÎ%_´ (single valued) £ˆÏÎ˚ x = c !Ó®%̂ Ïì˛ ¢hs˘˛ì˛ £ Ï̂Ó Î!î f(c)ÈÙÈ~Ó˚ ¢¢#õ õyò ÓãyÎ˚ Ìy Ï̂Ñ˛

x = cÈÙÈˆì˛ ~ÓÇ ï!Ó˚ñ ‘’ ~Ñ˛!›˛ x!ì˛«%̨ o ïòydÑ˛ Ó˚y!ü S˛ô)Ó≈ !òï≈y!Ó˚ì˛V ÎyÓ˚ ãòƒ xyÓ˚Á ~Ñ˛!›˛ x!ì˛«%̨ o

ïòydÑ˛ ¢ÇÖƒy ˛ôyÁÎ˚y Îy Ï̂Ó SˆÎ ,  v z̨̨ ôÓ˚ !ò¶≈̨ Ó˚ü#úV Îy Ï̂ì˛

|f(x) – f(c)| < , ÎÖò |x – c| <  S¢Ñ˛ú xÈÙÈ~Ó˚ õy Ï̂òÓ˚ ãòƒV–

!Ó.o. É

(i) ˆÑ˛y Ï̂òy x Į̈̂ ô«˛Ñ˛ f Óy f(x) Î!î [a, b] Óı˛ xÓÑ˛y Ï̂ü (closed interval) ¢hs˘˛ì˛ £Î˚ ì˛ Ï̂Ó v z̨£y ˙

xÓÑ˛y Ï̂üÓ˚ ≤Ã!ì˛!›˛ !Ó®%̂ Ïì˛ xÓüƒ£z ¢hs˘˛ì˛ (continuous) £ Ï̂Ó–

(ii) ˆÑ˛y Ï̂òy x Į̈̂ ô«˛Ñ˛ f(x), x = c !Ó®%̂ Ïì˛ ¢hs˘˛ì˛ òÎ˚ ~Ó˚ xÌ≈ñ f(x) Óy f x Į̈̂ ô«˛Ñ˛!›˛ x = c !Ó®%̂ Ïì˛ x¢hs˘˛ì˛

(discontinuous)–

(iii) ˆÑ˛y Ï̂òy x Į̈̂ ô«˛Ñ˛ f(x) ¢hs˘˛ì˛ £ Ï̂ú v z̨£y xÓüƒ£z î%!›˛ ¢ÇÖƒyÓ˚ õ Ï̂ïƒ ¢#õyÓk˛ (bounded) £ Ï̂Ó– !Ñ˛ls˘˛

!Ó˛ôÓ˚#ì˛õ%Ö# !ÓÓ,!ì˛!›˛ ¢ì˛ƒ òÎ˚–

(iv) ~Ñ˛!›˛ ¢hs˘˛ì˛ x Į̈̂ ô«˛Ñ˛ (f(x))ÈÙÈˆÑ˛ c ( 0) ï &ÓÑ˛ !î Ï̂Î˚ =í Ñ˛Ó˚̂ Ïúñ cf(x)ÈÙÈÁ ¢hs˘˛ì˛ £ Ï̂Ó–

2SÖV.3 !Ó!¶˛ß¨ x Į̈̂ ô«˛Ñ˛ f(x)ÈÙÈ~Ó˚ ¢hs˘˛ì˛y !Ó°ÏÎ˚Ñ˛ xy Ï̂úyâ˛òy

(a) Î!î x = c !Ó®%̂ Ïì˛ f(x) ~ÓÇ g(x) ¢hs˘˛ì˛ £Î˚ ì˛ Ï̂Ó f(x) + g(x), f(x) – g(x), f(x) × g(x), 
f x
g x

( )
( )  SÎÖò

g(x)  0V xÓüƒ£z x = c !Ó®%̂ Ïì˛ ¢hs˘˛ì˛ £ Ï̂Ó S~ Ñ˛Ìy ˆÎ Ï̂Ñ˛y Ï̂òy xÓÑ˛y Ï̂üÓ˚ ãòƒ ¢ì˛ƒV

(b) Î!î f(x) x Į̈̂ ô«˛Ñ˛!›˛ [a, b] xÓÑ˛y Ï̂ü ¢hs˘˛ì˛ £Î˚ ~ÓÇ f(a), f(b) !Ó˛ôÓ˚#ì˛ !â˛£´Î%_´ õyò @˘Ã£í Ñ˛ Ï̂Ó˚ñ ì˛Öò

x = dÈÙÈ~Ó˚ ãòƒ [ˆÎÖyˆÏò a < d < b] f(d) = 0 £ˆÏÓ–
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~Öò xyõÓ˚y Ñ˛ Ï̂Î˚Ñ˛ ≤ÃÑ˛yÓ˚ ¢hs˘˛ì˛ òÎ˚ ~õò x Į̈̂ ô«˛Ñ˛ !Ó°Ï̂ ÏÎ˚ xy Ï̂úyÑ˛˛ôyì˛ Ñ˛Ó˚Ó

(1) ≤ÃÌõ ≤ÃÑ˛yÓ˚ Óy ¢yïyÓ˚í x¢hs˘˛ì˛ (Discontinuityof first kind or ordinary discontinuity) É
~Ñ˛!›˛ x Į̈̂ ô«˛Ñ˛ f(x) Óy fÈÙÈ~Ó˚ ˆ«˛ Ï̂e Ú≤ÃÌõ ≤ÃÑ˛yÓ˚ x¢hs˘˛ì˛yÛ Ìy Ï̂Ñ˛ ÎÖò c !Ó®%̂ Ïì˛ñ f(c + 0) [Óyñ

Lt
x c® +

f(x)] ~ÓÇ f(c – 0) [Óyñ Lt
x c® -

f(x)] v z̨¶˛ Ï̂Î˚Ó˚ x!hfl Į̈c ÓãyÎ˚ Ìy Ï̂Ñ˛ñ !Ñ˛ls˘˛ ì˛yÓ˚y ˛ôÓ˚fl˛ôÓ˚ x¢õyò £Î˚–

~ Ï̂«˛ Ï̂eñ f(c – 0)  f(c) = f(c + 0) xÌÓy f(c – 0) = f(c)  f(c + 0)

(2) !mì˛#Î˚ ≤ÃÑ˛yÓ˚ x¢hs˘˛ì˛y (Discontinuity of Second kind) É ~Ñ˛!›˛ x Į̈̂ ô«˛Ñ˛ f(x) Óy fÈÙÈ~Ó˚ ˆ«˛ Ï̂e

!mì˛#Î˚ ≤ÃÑ˛yÓ˚ x¢hs˘˛ì˛y xyˆÏäÈ Óúy £Î˚ ÎÖò cÈÙÈˆì˛ñ f(c + 0) [Óyñ Lt
x c® +

f(x)] ~ÓÇ f(c – 0)

[Óyñ Lt
x c® -

f(x)] x!hfl Į̈c£#ò– ~£z x!hfl Į̈c£#òì˛y Ó§y!îÑ˛ ¢y Į̈̂ ô Ï̂«˛ Óy v˛yò!îÑ˛ ¢y Į̈̂ ô Ï̂«˛ v ẑ̨ ÏÕ‘Ö Ñ˛Ó˚y £Î˚ ÎÖò

f(c – 0) xÌÓy f(c + 0) x!hfl Į̈c£#ò £Î˚–

(3) !õ◊ x¢hs˘˛ì˛y (Mixed discontinuity) ÈÉ cÈÙÈˆì˛ñ x Į̈̂ ô«˛Ñ˛ f(x) Óy fÈÙÈ~Ó˚ !õ◊ x¢hs˘˛ì˛y xy Ï̂äÈ Óúy

£ˆÏÓ Î!î cÈÙÈ~Ó˚ ~Ñ˛ ≤Ãy Ï̂hs˘˛ !mì˛#Î˚ ≤ÃÑ˛yÓ˚ x¢hs˘˛ì˛y ~ÓÇ x˛ôÓ˚ ≤Ãy Ï̂hs˘˛ ≤ÃÌõ ≤ÃÑ˛yÓ˚ x¢hs˘˛ì˛y ÓãyÎ˚ Ìy Ï̂Ñ˛–

~õò!Ñ˛ ~£z ≤Ãy Ï̂hs˘˛ ¢hs˘˛ì˛yÁ ÌyÑ˛ Ï̂ì˛ ˛ôy Ï̂Ó˚–

(4) ˛x˛ô¢,Î˚õyò x¢hs˘˛ì˛y Óy î)Ó˚#¶˛Óò Ï̂ÎyÜƒ x¢hs˘˛ì˛y (Removable discontinuity) ÈÈÈÉ ≤ÃÌ Ï̂õñ c !Ó®%̂ Ïì˛ñ

x Į̈̂ ô«˛Ñ˛ f(x) Óy fÈÙÈ~Ó˚ î)Ó˚#¶˛Óò Ï̂ÎyÜƒ x¢hs˘˛ì˛y xy Ï̂äÈ Î!î Lt
x c®

f(x) x!hfl Į̈c Î%_´ £Î˚ñ !Ñ˛ls˘˛ f(c)ÈÙÈ~Ó˚

¢y Ï̂Ì Ñ˛Öò£z ¢õyò £ Ï̂ì˛ ˛ôy Ï̂Ó˚ òy–

xÌ≈yÍ Lt
x c® +

f(x) = Lt
x c® -

f(x)  f(c) ¢¡ôÑ≈̨ !›˛ ¢ì˛ƒ £Î˚– ~fl˛i Ï̂úñ f(x) Óy fÈÙÈ~Ó˚ ¢hs˘˛ì˛y Ó˚«˛y Ï̂Ì≈ xyõÓ˚y

Lt
x c®

f(x) = f(c) ¢¡ôÑ≈̨ !›˛ Ï̂Ñ˛ ¢ì˛ƒ Ñ˛Ó˚yÓ˚ ãòƒ ¢%̨ ô!Ó˚Ñ˛!“ì˛ ˛ôs˛iy @˘Ã£í Ñ˛Ó˚Ó– ˛ô!Ó˚̂ Ïü Ï̂°Ïñ f(x) Óy fÈÙÈ~Ó˚

x¢hs˘˛ì˛y î)Ó˚#¶)̨ ì˛ £ Ï̂Î˚ fÈÙÈ~Ó˚ ¢hs˘˛ì˛yÎ˚ !ö˛ Ï̂Ó˚ xy Ï̂¢ Ó Ï̂ú ~ Ï̂Ñ˛ Úî)Ó˚#¶˛Óò Ï̂ÎyÜƒ x¢hs˘˛ì˛yÛ Óy Úx˛ô¢,Î˚õyò

x¢hs˘˛ì˛yÛ (removable discontinuity) ÓˆÏú–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ1 É ï!Ó˚ñ f(x) = 5x, x < 4
= x, x  4

 ¢õyïyò É ~fl˛iˆÏúñ f(4 – 0) = Lt
x® -4

f(x) = Lt
x® -4

(5x) = 54 = 20

f(4 + 0) = Lt
x® +4

f(x) = Lt
x® +4

(x) = 4

x = 4ÈÙÈˆì˛ñ f(x) = x xÌ≈yÍ f(4) = 4

 Lt
x® -4

f(x)  Lt
x® +4

f(x)

¢%ì˛Ó˚yÇ ~ Ï̂«˛ Ï̂eñ f(x) Óy fÈÙÈ~Ó˚ x = 4ÈÙÈˆì˛ Ú≤ÃÌõ ≤ÃÑ˛yÓ˚ x¢hs˘˛ì˛yÛ ú«˛ƒ Ñ˛Ó˚y ÎyÎ˚–
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ2 É ï!Ó˚ñ f(x) = x
x

2 4
2

−
−

ñ x  2– ~Öò xyõÓ˚y ≤ÃÌõì˛É x = 2ÈÙÈˆì˛ f(x) ¢hs˘˛ì˛ !Ñ˛òy ˛ôÓ˚#«˛y

Ñ˛Ó˚Ó– Î!î x¢hs˘˛ì˛y Ìy Ï̂Ñ˛ñ ì˛ Ï̂Ó !Ñ˛ ü Ï̂ì≈̨  ¢hs˘˛ì˛y f(x)ÈÙÈ~Ó˚ ˆ«˛ Ï̂e ú«˛ƒ Ñ˛Ó˚y Îy Ï̂Ó⁄

 ¢õyïyò É ˛˛ô%òÓ˚yÎ˚ñ f(x) = x
x

2 4
2

−
−

, x  2 ~fl˛i Ï̂ú f(2) = 2 4
2 2

2 −
−

 = 
4 4
2 2

−
−

 = 
0
0

, £z£y x¢ÇK˛yì˛ Óy

x!òˆÏí≈Î˚–

= 
( )( )

( )
x x

x
− +

−
2 2

2  = (x + 2)

 Lt
x→2

f(x) = Lt
x→2

(x + 2) = Lt
x→2

x + 2 = 2 + 2 = 4

¢%ì˛Ó˚yÇ Lt
x→2

f(x)  f(2); ö˛ Ï̂ú f(x), x = 2 !Ó®%̂ Ïì˛ ≤ÃyÌ!õÑ˛¶˛y Ï̂Ó x¢hs˘˛ì˛–

~Öò x = 2ÈÙÈˆì˛ f(x) ¢hs˘˛ì˛ £ Ï̂Ó ì˛yÓ˚ ãòƒ üì≈̨  ≤Ã Ï̂Î˚yãò–

Î!î f(2) = 4 ïÓ˚y £Î˚ñ ì˛ˆÏÓ£z Lt
x→2

f(x) = 4 = f(2) £ Ï̂Ó–

~ Ï̂«˛ Ï̂eñ f(x)ÈÙÈ~Ó˚ x¢hs˘˛ì˛y x˛ô¢,ì˛ £ Ï̂Î˚ ¢hs˘˛ì˛yÓ˚ hfl Į̈̂ ÏÓ˚ ˆ˛ô§ÔäÈy Ï̂Ó– ~!›˛ ~Ñ˛!›˛ x˛ô¢,ì˛õyò x¢hs˘˛ì˛yÓ˚

v˛zîy£Ó˚í–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ3 É Î!î f(x) = x t
x t

2 2--
--

, x  t ~ÓÇ f(t) = 3t £Î˚ ì˛ Ï̂Ó f(x)!›˛ ¢hs˘˛ì˛⁄

 ¢õyïyò É Lt
x t®

f(x) = Lt
x t

x t
x t®

-
-

2 2
 = Lt

x t

x t x t
x t®

+ -
-

( )( )
( )  = Lt

x t®
f(x + t) = t + t = 2t ~ÓÇ

f(t) = 3t– ˆÎˆÏ£ì%̨  Lt
x t®

f(x)  f(t)ñ ¢%ì˛Ó˚yÇ f(x), x = tÈÙÈˆì˛ x¢hs˘˛ì˛–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ4 É Î!î f(x) = x + 1, x > 1
= 3x – 1, x < 1
= 3, x = 1

x = 1ÈÙÈˆì˛ f(x) ¢hs˘˛ì˛ !Ñ˛òy ˛ôÓ˚#«˛y Ñ˛Ó˚&ò–

 ¢õyïyò É Lt
x® +1

f(x) = Lt
x® +1

(x + 1) = 1 + 1 = 2

Lt
x® -1

f(x) = Lt
x® -1

(3x – 1) = 31 – 1 = 2

!Ñ˛ls˘˛ f(1) = 3 Ó Ï̂úñ Lt
x® +1

f(x) = Lt
x® -1

f(x)  f(1)

¢%ì˛Ó˚yÇ f(x), x = 1ÙÈˆì˛ Ú!mì˛#Î˚ ≤ÃÑ˛yÓ˚ x¢hs˘˛ì˛yÛ ≤Ãîü≈ò Ñ˛ Ï̂Ó˚–
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ5 É ï!Ó˚ñ f(x) = sin x
x

2
, x  0

= k, x = 0
kÈÙÈ~Ó˚ õyò Ñ˛ì˛ £ Ï̂ú f x Į̈̂ ô«˛Ñ˛!›˛ x = 0 !Ó®%̂ Ïì˛ Ú¢hs˘˛ì˛Û £ Ï̂Ó⁄

 ¢õyïyò É ~ Ï̂«˛ Ï̂eñ f(x) = k, x = 0

Óyñ f(0) = k xÌ≈yÍ x = 0 !Ó®%̂ Ïì˛ fÈÙÈx Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ õyò £Ûú k

~Öòñ Lt
x

f x
®0

( )  = Lt
x

x
x®

æ

è
ç

ö

ø
÷

0

2sin
 = Lt

x

x
x

x
®

×
æ

è
ç

ö

ø
÷

0

2

2
sin

= Lt Lt
x x

x
x

x
2 0

2

2 0→ →

⎛
⎝⎜

⎞
⎠⎟

⋅⎛⎝⎜
⎞
⎠⎟

sin
 [ x  0, x2  0]

= Lt Lt
t x

t
t

x
® ®

æ
è
ç

ö
ø
÷ ×

0 0

sin
  [ï!Ó˚ñ ≤ÃÌõ xÇ Ï̂üÓ˚ ãòƒ x2 = t, x2  0  t  0]

= 1( Lt
x®0

x) = 10 = 0

f x Į̈̂ ô«˛Ñ˛!›˛ x = 0 !Ó®%̂ Ïì˛ ¢hs˘˛ì˛ £ Ï̂Ó Î!î f(0) = Lt
x®0

f(x) £Î˚ xÌ≈yÍ k = 0 £Î˚–

 !ò Ï̂í≈Î˚ kÈÙÈ~Ó˚ õyò = 0 Sv z̨_Ó˚V

2SÖV.4 ¢hs˘˛ì˛y xy Ï̂úyâ˛òy ≠ !máyì˛ ~ÓÇ v z̨k≈̨ áyì˛Î%_´ Ó˝˛ôî Ó˚y!üÓ˚ x Į̈̂ ô«˛Ñ˛

Graphs (for quadratic, polynomial, power function, exponential and logarithmic)

(a) v z̨̨ ô!Ó˚v z̨_´ !máyì˛ ~ÓÇ ì˛yÓ˚ |k≈̨ áyì˛Î%_´ Ó˝˛ôî Ó˚y!üÓ˚ ˆúÖ!â˛e ˆÌ Ï̂Ñ˛ ¢hs˘˛ì˛yÓ˚ ˜Ó!ü‹Tƒ=!ú v ẑ̨ ÏÕ‘Ö

Ñ˛Ó˚y £Ûú

(i) y = f(x) = xn SÎÖò n = 2, 4, 6...)

~ˆÏ«˛ˆÏe n ~Ñ˛!›˛ Î%@¬ ¢ÇÖƒy– ¢%ì˛Ó˚yÇ xˆÏ˛ô«˛ˆÏÑ˛Ó˚ ˆúÖ!â˛e

˛ô%ˆÏÓ˚y˛ô%!Ó˚ ≤ÃÌõ Á !mì˛#Î˚ ïyˆÏ˛ô (quadrant) ¢#õyÓk˛ ÌyˆÏÑ˛–

ˆúÖ!â˛e!›˛ ¢Ó≈e ¢hs˘˛ì˛ (continuous)– ~£z ˆúÖ!â˛e yÈÙÈx«˛

¢y Į̈̂ ô Ï̂«˛ ≤Ã!ì˛¢õ (symmetrical) xÌ≈yÍ y x Ï̂«˛Ó˚ Ó§y ~ÓÇ v˛yò

!î Ï̂Ñ˛ ¢õ¶˛y Ï̂Ó ≤ÃÑ˛y!üì˛– £z£y SˆúÖ!â˛e!›˛V – < x < 0 ÙÈ~Ó˚

ãòƒ ~Ñ˛yß∫̂ ÏÎ˚ «˛!Î˚°%å SÑ˛ Ï̂‡˛yÓ˚¶˛y Ï̂ÓV ~ÓÇ 0 < x < ÈÙÈ~Ó˚ ãòƒ

ˆúÖ!â˛e!›˛ñ ~Ñ˛yß∫ˆÏÎ˚ Ó!ï≈°%å SÑ˛ˆÏ‡˛yÓ˚¶˛yˆÏÓV– ˛ô!Ó˚ˆÏüˆÏ°Ï ~›˛y

v ẑ̨ ÏÕ‘Ö Ï̂ÎyÜƒ ˆÎ nÈÙÈ~Ó˚ õyò Îì˛£z 2 ~ÓÇ ì˛yÓ˚ | Ï̂ïπ≈ ÎyÎ˚ [xÌ≈yÍ

n = 4, 6, 8, ... £Î˚] ì˛ì˛£z õ)ú!Ó®% (0, 0) ¢y Į̈̂ ô Ï̂«˛ ˆúÖ!â˛ Ï̂eÓ˚ â˛ƒy˛ô›˛y ¶˛yÓ!›˛ Ñ˛ Ï̂õ xy Ï̂¢–

È!â˛e (i)
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(ii) Î!î y  f(x) = xn SˆÎÖy Ï̂ò n xÎ%@¬ ¢ÇÖƒy xÌ≈yÍ y = x, x3, x5, ...) £Î˚ ì˛ Ï̂Ó ˆúÖ!â˛ Ï̂eÓ˚ ˜Ó!ü‹Tƒ=!ú

!ò¡¨Ó˚*˛ô £ Ï̂Ó É

ˆúÖ!â˛e ¢Ó≈îy ≤ÃÌõ Á ì,̨ ì˛#Î˚ ïy Į̈̂ ô xÓfl˛iyò Ñ˛ Ï̂Ó˚ S¢yõ!@˘ÃÑ˛¶˛y Ï̂ÓV–

–  < x < ÈÙÈ~Ó̊ ãòƒ £z£y SˆúÖ!â˛eV ~Ñ˛yß∫̂ ÏÎ̊ Ó!ï≈°%å SÑ˛ Ï̂‡˛yÓ̊¶˛y Ï̂ÓV

£z£y ¢Ó≈e ¢hs˘˛ì˛ õ)ú!Ó®% (0, 0) ¢£–

nÈÙÈ~Ó˚ õy Ï̂òÓ˚ Ó,!k˛ á›˛ Ï̂ú ˆúÖ!â˛ Ï̂eÓ˚ â˛ƒy˛ô›˛y ¶˛yÓ Ó,!k˛ ˛ôyÎ˚– £z£y

˛ôÎ≈yÓ,_ (periodic) x Į̈̂ ô«˛Ñ˛ !£¢y Ï̂Ó Üíƒ òÎ˚–

(b) ¢)â˛Ñ˛ ¢¡∫ı˛#Î˚ ~ÓÇ úÜy!Ó˚î‰!õÑ˛ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ˆúÖ!â˛e

(i) ï!Ó˚ñ y  f(x) = ax (a > 1) [!â˛e (1) xò%¢yˆÏÓ˚]

~£z x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ xyÑ˛yÓ˚ ex, 2x, ... !£¢y Ï̂Ó xyd≤ÃÑ˛yü Ñ˛ Ï̂Ó˚–

¢yïyÓ˚íì˛ y = axñ Ó!ï≈°%å !Ó¶˛yˆÏÜÓ˚ xhs˘˛Ü≈ì˛ó 0 ˆÌ Ï̂Ñ˛  ˛ôÎ≈hs˘˛ !Óhfl ,̨Ïì˛ £Î˚ ÎÖò x, –  ˆÌ Ï̂Ñ˛ + ÈÙÈ~Ó˚

!î Ï̂Ñ˛ !Ó!¶˛ß¨ õyò @˘Ã£í Ñ˛ Ï̂Ó˚ (a > 1)–

ÎÖò xÈÙÈ~Ó˚ Ó,!k˛ Îy –  ˆÌ Ï̂Ñ˛ + ÈÙÈ~Ó˚ !î Ï̂Ñ˛ á Ï̂›˛ ì˛ì˛£z ax «˛!Î˚°%å £ Ï̂Î˚ ÎyÎ˚ +  ˆÌ Ï̂Ñ˛ 0ÈÙÈ~Ó˚ !î Ï̂Ñ˛

(0 < a < 1) Óe´ Ï̂úÖy!›˛ ¢Ó≈e ¢hs˘˛ì˛ (continuous)

(ii) ï!Ó˚ñ y = ax (a > 1)– yÈÙÈ~Ó˚ õyò Ó!°Ï≈°%å £Î˚ ÎÖò – < x < –

~Ó˚ !Ó˛ôÓ˚#ì˛ x Į̈̂ ô«˛Ñ˛ !£¢y Ï̂Ó xy Ï̂¢

  x = logay (0 < y < , –  < x < )

Óyñ y = logax (0 < x < , – < y < )

!Ó˛ôÓ˚#ì˛ x Į̈̂ ô«˛Ñ˛!›˛ Ñ˛ Ï̂‡˛yÓ˚¶˛y Ï̂Ó Ó!ï≈°%å ÎÖò 0 < x < 

!Ó.o. É ÎÖò a = e ì˛Öò y = logex Óy y = ln x Sfl ∫̨y¶˛y!ÓÑ˛ úÜV

~ Ï̂«˛ Ï̂eñ 0 < x <  ~ÓÇ –  < y < 

(i) ~ÓÇ (ii) v z̨¶˛Î˚ ˆúÖ!â˛e y = x ˆúÖ!â˛ Ï̂eÓ˚ ¢y Į̈̂ ô Ï̂«˛ !Ó˛ôÓ˚#ì˛¶˛y Ï̂Ó ≤Ã!ì˛¢õ (symmetrical)–

ú«˛í#Î˚ ì˛Ìƒ É y = ax
 (0 < a < 1) ˆúÖ!â˛e!›˛ ≤ÃÌõ Á !mì˛#Î˚ ïy Į̈̂ ôÓ˚ õ Ï̂ïƒ !Óhfl ,̨Ïì˛– £z£y e´õyÜì˛ «˛!Î˚°%å

~ÓÇ xÈÙÈ˛ôÎ≈yÓ,ì˛ x Į̈̂ ô«˛Ñ˛– £z£y ¢hs˘˛ì˛–

!Ó.o. É y = ax
 ~ÓÇ y = logax (a > 1) v z̨¶˛Î˚ ˆúÖ!â˛e£z ¢hs˘˛ì˛–

È!â˛e (ii)

È!â˛e (i) È!â˛e (ii)
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(i) v z̨_ú x Į̈̂ ô«˛Ñ˛ (Convex function)

~Ñ˛!›˛ ¢õì˛ Ï̂ú x!B˛ì˛ Óe´ Ï̂Ó˚ÖyÓ˚ v z̨̨ ô!Ó˚!fl˛iì˛ ~Ñ˛!›˛ !Ó®% £Ûú P– ï!Ó˚ L ~Ñ˛!›˛ ¢Ó˚ú Ï̂Ó˚Öy Îy P !Ó®%Üyõ#

òÎ˚– ì˛Öò Óe´ Ï̂Ó˚Öy!›˛ L ¢Ó˚ú Ï̂Ó˚Öy ¢y Į̈̂ ô Ï̂«˛ P !Ó®%̂ Ïì˛ v˛z_ú (convex) Ó Ï̂ú ≤ÃÑ˛y!üì˛ £ Ï̂Ó Î!î P

!Ó®%̂ Ïì˛ x!B˛ì˛ fl˛ôü≈Ñ˛ ~ÓÇ L ¢Ó˚ú Ï̂Ó˚ÖyÓ˚ ¢ Ï̂D Ü!‡˛ì˛

¢)" Ï̂Ñ˛yí (acute angle) , Óe´ Ï̂Ó˚ÖyÓ˚ ¢!£ì˛ ¢ÇÎ%_´

òy £Î˚ xÌ≈yÍ Ó!£≈¶˛y Ï̂Ü xÓfl˛iyò Ñ˛ Ï̂Ó˚–

Convex Óy v z̨_ú Ñ˛ÌyÓ˚ ¢yïyÓ˚í xÌ≈ Ó,_ÓÍ e´ Ï̂õyß¨ì˛

ì˛úÎ%_´ xÇü– ï!Ó˚ñ O ˆÑ˛w#Î˚ Ó,_ £ú ABCD ~ÓÇ

AP ~ÓÇ BP x!B˛ì˛ fl˛ôü≈Ñ˛ î%!›˛ P !Ó®%ˆÏì˛ ˆäÈî Ñ˛ˆÏÓ˚– AC
——

B â˛y˛ô £Ûú v˛z_ú– AD
——

B

â˛y˛ô £Ûú xÓüƒ£z xÓì˛ú (concave)– Ó,̂ Ï_Ó˚ ~Ñ˛!›˛ xÇü v z̨_ú £ Ï̂ú x˛ôÓ˚ xÇü xÓì˛ú–

(ii) xÓì˛ú x Į̈̂ ô«˛Ñ˛ (Concave function)

v z̨̨ ô!Ó̊v z̨_´ !â˛ Ï̂eÓ̊ ˆ≤Ã!«˛ Ï̂ì˛ !Ó˛ôÓ̊#ì˛ Óy ˆò!ì˛Óyâ˛Ñ˛ ¢ÇK˛y£z £ú concave

SxÓì˛úVÈÙÈ~Ó˚ ¢ÇK˛y– ~ Ï̂«˛ Ï̂e ¢)" Ï̂Ñ˛yí , Óe´ˆÏÓ˚ÖyÓ˚ ¢!£ì˛ ¢ÇÎ%_´

Óy xhs˘˛ Ï̂î≈̂ Ïü xÓfl˛iyò Ñ˛ Ï̂Ó˚–

P !Ó®% ¢yˆÏ˛ôˆÏ«˛ ~Ñ˛!›˛ Óe´ˆÏÓ˚ÖyÓ˚ ~Ñ˛!›˛ xÇü v˛z_ú ~ÓÇ x˛ôÓ˚

!îÑ˛›˛y xÓì˛ú ˆîÖyÎ˚ ì˛Öò P !Ó®%̂ ÏÑ˛ inflexion Óy â%̨ ƒ!ì˛£#ò !Ó®%

Óúy £Î˚– xyÇ!Ñ˛Ñ˛ ¶˛y°ÏyÎ˚ñ Î!î y = f(x) Óe´ Ï̂Ó˚ÖyÓ˚ S¢õì˛ Ï̂ú x!B˛ì˛V

v z̨̨ ôÓ˚  xÓ!fl˛iì˛ ~Ñ˛!›˛ !Ó®% P (x, y)– P !Ó®%̂ ÏÑ˛ !á Ï̂Ó˚ !òÑ˛›˛Óì≈̨ #

xMÈ˛ Ï̂ú f (x) x!hfl Į̈cÎ%_´ ~ÓÇ ¢hs˘̨ ì˛ £ Ï̂ú ~ÓÇ f (x)  0 xÓì˛úì˛yÓ̊

üì≈̨  £ú f (x) > 0 ~ÓÇ v z̨_úì˛yÓ˚ üì≈̨  £ú f (x) < 0–

(iii) ˜Ó˚!ÖÑ˛ x Į̈̂ ô«˛Ñ˛ (Linear function)

Î!î y  f(x) = a + bx xyÑ˛y Ï̂Ó˚ ≤ÃÑ˛y!üì˛ £Î˚ñ ì˛Öò ¢ Ï̂Ó≈yFâ˛ xÈÙÈ~Ó˚ áyì˛ Ï̂Ñ˛ SÓy áy Ï̂ì˛Ó˚ ¢)â˛Ñ˛ Ï̂Ñ˛V 1

!£¢y Ï̂Ó ïÓ˚y £Î˚–

~ Ï̂«˛ Ï̂eñ f (x) = 0

xÈÙÈ~Ó˚ ~Ñ˛ áy Ï̂ì˛Ó˚ x Į̈̂ ô«˛Ñ˛ Ï̂Ñ˛ ˜Ó˚!ÖÑ˛ x Į̈̂ ô«˛Ñ˛ Óúy £Î˚– ãƒy!õ!ì˛Ñ˛

î,!‹T Ï̂Ñ˛yí ˆÌ Ï̂Ñ˛ ~£z ïÓ˚̂ ÏíÓ˚ ˆúÖ!â˛e £Î˚ ¢Ó˚ú Ï̂Ó˚Öy–

v z̨îy£Ó˚íñ ï!Ó˚ y  f(x) = xÙÈ~Ó˚ ˆúÖ!â˛e £Ûú OP
⎯®

–

y  f(x) = a + bx = x, ˆÎÖy Ï̂òñ a = 0, b = 1
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2SÖV.5 xhs˘˛Ó˚ Ñ˛ú Ï̂ãÓ˚ ïyÓ˚íy

ï!Ó˚ñ y = f(x) £Ûú xÈÙÈ~Ó˚ ~Ñ˛!›˛ ~Ñ˛ õyò Î%_´ ¢¢#õ x Į̈̂ ô«˛Ñ˛ ~ÓÇ ~!›˛ c  x  d !Óhfl Į̈y Ï̂Ó˚ ¢%¢ÇK˛yì˛–

˙ !Óhfl Į̈yÓ˚!›˛Ó˚ õ Ï̂ïƒ xÓ!fl˛iì˛ ˆÎ ˆÑ˛y Ï̂òy !Ó®% x Sâ˛úVÈÙÈ~ Î!î x Óy h, xÈÙÈ~Ó˚ Ó,!k˛ SÎy xü)òƒVÈÙÈˆÑ˛ ¢)!â˛ì˛ Ñ˛ Ï̂Ó˚ñ

ì˛ Ï̂Ó x˛ôÓ˚ â˛ú yÈÙÈ~Ó˚ Ó,!k˛ Ó%G˛yÎ˚ y Óy k
 y + y = f(x + x)

Óyñ y = f(x + x) – y  Óyñ y = f(x + x) – f(x)

Óyñ 
D
D

y
x  = 

f x x f x
x

( ) ( )+ -D
D

 [ x  0]

~Öòñ Lt
D

D
Dx

y
x®

æ
è
ç

ö
ø
÷

0
 = Lt

D

D
Dx

f x x f x
x®

+ -
0

( ) ( )

Î!î ˙ ¢#õyfl˛i õy Ï̂òÓ˚ x!hfl Į̈c Ìy Ï̂Ñ˛ñ ì˛ Ï̂Ó

Lt
D

D
Dx

y
x®

æ
è
ç

ö
ø
÷

0
 = 

d
dx (y) = Lt

D

D
Dx

f x x f x
x®

+ -
0

( ) ( )
 £Î˚–

x = h Ó¢y Ï̂úñ 
dy
dx  = Lt

h

f x h f x
h®

+ -
0

( ) ( )
... (1)

~ Ï̂«˛ Ï̂eñ 
d
dx (y)ÈÙÈˆÑ˛ x ¢yˆÏ˛ôˆÏ«˛ yÈÙÈ~Ó˚ xhs˘˛Ó˚Ñ˛úã (derivative) !£¢y Ï̂Ó Üíƒ Ñ˛Ó˚y £Î˚–

!Ó.o. É (i)
d
dx (y) = 

dy
dx  = dy ÷ dx Ó%G˛yÎ˚ òy– Ñ˛yÓ˚í 

d
dx  = ‘D’ SxÌ≈yÍ differential operator Óy

xhs˘˛Ó˚Ñ˛úã x Į̈̂ ô«˛Ñ˛Vñ y = f(x)ÈÙÈ~Ó˚ v z̨̨ ôÓ˚ ≤ÃÎ%_´– ¢yïyÓ˚í Ú¶˛y Ï̂ÜÓ˚Û ïyÓ˚íy ~›˛y Ó£ò Ñ˛ Ï̂Ó˚ òy–

(ii) ˆÑ˛y Ï̂òy x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ xÓÑ˛ú ¢£Ü Óy xhs˘˛Ó˚Ñ˛úã (derivative) !òí≈Î˚ Ñ˛Ó˚yÓ˚ ˛ôk˛!ì˛ Ï̂Ñ˛ xhs˘˛Ó˚Ñ˛úò Óy

xÓÑ˛úò (differentiation) !£¢yˆÏÓ ïÓ˚y £Î˚–

(1)òÇ ¢¡ôÑ≈̨  ˆÌ Ï̂Ñ˛ y = f(x)ÈÙÈ~Ó˚ xhs˘˛Ó˚Ñ˛úã !òí≈Î˚ Ñ˛Ó˚yÓ˚ !òÎ˚õ!›˛ Ï̂Ñ˛ ≤ÃÌõ ¢)e (first principle) Óy

¢ÇK˛y (definition) !£¢y Ï̂Ó @˘Ã£í Ñ˛Ó˚y £Î˚–

ˆÎˆÏ£ì%˛ y = f(x)ÈÙÈ~Ó˚ xhs˘˛Ó˚Ñ˛úã ¢)̂ Ïe ¢#õyÓ˚ x!hfl Į̈c ã!v ¸̨ì˛ñ ¢%ì˛Ó˚yÇ 
dy
dx ÈÙÈ~Ó˚ x!hfl Į̈c ÓãyÎ˚ Ñ˛y Ï̂ú

xyõy Ï̂îÓ˚ v˛yò!îÑ˛ ~ÓÇ Ó§y!îÑ˛ ˆÌ Ï̂Ñ˛ ¢#õy !òï≈yÓ˚í Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó xÌ≈yÍ

Lt
h

f x h f x
h® +

+ -

0

( ) ( )
 Sv˛yò !î Ï̂Ñ˛Ó˚ ¢#õyfl˛i õyòV = Lt

h

f x h f x
h® -

+ -

0

( ) ( )
 SÓyõ!î Ï̂Ñ˛Ó˚ ¢#õys˛i õyòV

£ Ï̂úñ ì˛ Ï̂Ó£z xyõÓ˚y 
dy
dx ÈÙÈ~Ó˚ x!hfl Į̈c Óì≈̨ õyò ÓúÓ–

!Ó.o. É f x Į̈̂ ô«˛Ñ˛!›˛ (a, b) õ%_´ xÓÑ˛y Ï̂ü ¢ÇK˛y!Î˚ì˛– x = c !Ó®%̂ Ïì˛ SÎÖò a < c < b) f xÓÑ˛!úì˛ £ Ï̂Ó

Î!î ~ÓÇ ˆÑ˛Óú Î!î Lt
x c

f x f c
x c®

-
-

( ) ( )
  .... (2) x!hfl Į̈cÎ%_´ £Î˚–  (1) Á (2) ¢õyÌ≈Ñ˛–
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2SÖV.6 ˆúÖ!â˛e ˆÌ Ï̂Ñ˛ ≤ÃyÆ xhs˘˛Ó˚Ñ˛ú Ï̂ãÓ˚ xÌ≈

ï!Ó˚ñ y = f(x) ~Ñ˛!›˛ ¢%¢ÇK˛yì˛ñ ¢¢#õ x Į̈̂ ô«˛Ñ˛– XOY ¢õì˛ Ï̂ú x!B˛ì˛ y = f(x)ÈÙÈ~Ó˚ ˆú Ï̂ÖÓ˚ v z̨̨ ôÓ˚

xÓ!fl˛iì˛ î%!›˛ !Ó®% P ~ÓÇ Q– ¢õì˛ú XOYÈÙÈˆì˛ P !Ó®%Ó˚

fl˛iyòyB˛ (x, y) ~ÓÇ Q !Ó®%Ó˚ fl˛iyòyB˛ (x + x, y + x)
[ˆÎÖy Ï̂ò x ( 0), y ( 0) ÎÌye´ Ï̂õ x Á yÈÙÈ~Ó˚ Ó,!k˛ Ï̂Ñ˛

!ò Ï̂î≈ü Ñ˛Ó˚̂ ÏäÈ]
P !Ó®%̂ Ïì˛ PR ~ÓÇ QR ¢Ó˚ú Ï̂Ó˚ÖyÇü î%!›˛ SÎyÓ˚y x

x«˛ Á y xˆÏ«˛Ó˚ ¢õyhs˘˛Ó˚yúV x§yÑ˛y £ú– PL Á RM
¢Ó˚ú Ï̂Ó˚ÖyÇü î%!›˛ x x Ï̂«˛Ó˚ v z̨̨ ôÓ˚ ú¡∫¶˛y Ï̂Ó xÓ!fl˛iì˛–

 PR = LM = x ~ÓÇ RQ = y
Î!î QTM = QPR =  Sï!Ó˚Vñ ì˛ˆÏÓ PQR (R = ~Ñ˛ ¢õ Ï̂Ñ˛yíV ˆÌ Ï̂Ñ˛ ˛ôy£zñ

tan = 
RQ
PR  = 

D
D

y
x  (Îy PQ ãƒyÈÙÈÓ˚ ≤ÃÓíì˛y (slope))

~Öò Q !Ó®%!›˛ñ P !Ó®%Ó˚ !î Ï̂Ñ˛ e´õüÉ (y = f(x) Óe´ Ï̂Ó˚Öy ÓÓ˚yÓÓ˚V x@˘Ã¢Ó˚ £ Ï̂ú x  0 £Î˚– x!hs˘˛õ

xÓfl˛iy Ï̂òñ ≤ÃyÎ˚ Q, PÈÙÈ~Ó˚ ¢y Ï̂Ì !õ Ï̂ü Îy Ï̂Ó ~õò xÓfl˛iy Ï̂Ñ˛ Ñ˛“òy Ñ˛Ó˚̂ Ïú PQ ãƒy!›˛ P !Ó®%̂ Ïì˛ ~Ñ˛!›˛ fl˛ôü≈Ñ˛

(tangent)ÈÙÈ~ Ó˚*˛ôyhs˘˛!Ó˚ì˛ £ Ï̂Ó SÎy !â˛ Ï̂e SPU) !î Ï̂Î˚ ≤ÃÑ˛yü Ñ˛Ó˚y £ Ï̂Î˚̂ ÏäÈ– ì˛Öò UPS = PSM Sxò%Ó˚*˛ô

ˆÑ˛yíV =  Sï!Ó˚V

~ Ï̂«˛ Ï̂eñ tan = Lt
D

D
Dx

y
x®

æ
è
ç

ö
ø
÷

0
 = 

dy
dx  £Î˚–

‘‘y = f(x)ÈÙÈ~Ó˚ xhs˘˛Ó˚Ñ˛úã £Ûúñ ˙ Ó Ï̂e´Ó˚ v z̨̨ ôÓ˚ xÓ!fl˛iì˛ P !Ó®%̂ Ïì˛ x!B˛ì˛ fl˛ôü≈̂ ÏÑ˛Ó˚ ≤ÃÓíì˛y (slope)’’–
ˆúÖ ˆÌ Ï̂Ñ˛ y = f(x)ÈÙÈ~Ó˚ xhs˘˛Ó˚Ñ˛ú Ï̂ãÓ˚ ~£z xÌ≈ ≤Ãì˛#Î˚õyò £Î˚–

!Ó.o. É ¢%ì˛Ó˚yÇ Óúy ÎyÎ˚ ˆÎ y = f(x) Ó Ï̂e´Ó˚ v z̨̨ ôÓ˚ xÓ!fl˛iì˛ P Á Q !Ó®% î%!›˛Ó˚ õyïƒ Ï̂õ Ü!‡˛ì˛ £Î˚ PQ ãƒy–

ì˛yÓ˚ ≤ÃÓíì˛y tan tan Ó˚*˛ôyhs˘˛!Ó˚ì˛ £ Ï̂ú PQ ãƒyñ P !Ó®%̂ Ïì˛ fl˛ôü≈Ñ˛ ˜ì˛Ó˚# Ñ˛ Ï̂Ó˚– ˙ fl˛ôü≈̂ ÏÑ˛Ó˚

≤ÃÓíì˛y£z x ¢y Į̈̂ ô Ï̂«˛ y-Ó˚ xhs˘˛Ó˚Ñ˛úã !£¢y Ï̂Ó Üíƒ £Î˚–

(a) ≤ÃÌõ e´ Ï̂õÓ˚ xhs˘˛Ó˚ Ñ˛úã ~ÓÇ !mì˛#Î˚ e´ Ï̂õÓ˚ xhs˘˛Ó˚Ñ˛úã (First order derivative and second
order derivative)
õ Ï̂ò Ñ˛!Ó˚ñ y = f(x) ~Ñ˛!›˛ ¢%¢ÇK˛yì˛ x Į̈̂ ô«˛Ñ˛ ~ÓÇ v z̨£y xÓÑ˛úò Ï̂ÎyÜƒ– ≤ÃÌõÓyÓ˚ y Óy f(x)ÈÙÈˆÑ˛ xÓÑ˛ú

Ñ˛ Ï̂Ó˚ ˆÎ ö˛ú ˛ôyÁÎ˚y ÎyÎ˚ ì˛y Ï̂Ñ˛ ≤ÃÌõ e´ Ï̂õÓ˚ xhs˘˛Ó˚Ñ˛úã Óy ≤ÃÌõ e´ Ï̂õÓ˚ xÓÑ˛ú ¢£Ü Óúy £Î˚–

≤Ãì˛#Ñ˛# ≤ÃÑ˛yü £ú 
d
dx (y) Óy 

dy
dx , 

d
dx (f(x)), f (x) ~ÓÇ y1 SÓy y)

≤ÃÌõÓy Ï̂Ó˚ ≤ÃyÆ xhs˘˛Ó˚Ñ˛úã Ï̂Ñ˛ ˛ô%òÓ˚yÎ˚ xhs˘˛Ó˚Ñ˛ú Ï̂òÓ˚ õyïƒ Ï̂õ ˆÎ ö˛ú ˛ôyÁÎ˚y ÎyÎ˚ ì˛y Ï̂Ñ˛ !mì˛#Î˚ e´ Ï̂õÓ˚

xhs˘˛Ó˚Ñ˛úã Óy !mì˛#Î˚ e´ Ï̂õÓ˚ xÓÑ˛ú ¢£Ü Óúy £Î˚–

≤Ãì˛#Ñ˛# ≤ÃÑ˛yü £Ûú É 
d y
dx

2

2 , 
d
dx

2

2 (f(x)), f (x) ~ÓÇ y2 SÓyñ y)
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(b) v z̨îy£Ó˚í !£¢y Ï̂Ó

y = 6x2 £ˆÏúñ 
d
dx

(y) = d
dx

(6x2) = 6 d
dx

(x2) = 62x = 12x

 
dy
dx  Óyñ f (x) Óyñ y1 = 12x

d y
dx

2

2  = 
d
dx (

dy
dx ) = 

d
dx (12x) = 12

d
dx (x) = 121 = 12

¢%ì˛Ó˚yÇñ 
d y
dx

2

2  Óyñ f (x) Óy y2 = 12

(c) !mì˛#Î˚ e´õ xhs˘˛Ó˚Ñ˛ú Ï̂ãÓ˚ x!hfl Į̈c !Ó°Ï̂ ÏÎ˚ É

ï!Ó˚ñ y = f(x)

y1 Óy 
dy
dx  = Lt

h

f x h f x
h®

+ -
0

( ) ( )
  S¢ÇK˛y ˆÌ Ï̂Ñ˛V

dy
dx ÈÙÈ~Ó˚ x!hfl Į̈c Ìy Ï̂Ñ˛ Î!î Lf (x) = Rf (x)

xÌ≈yÍ Lt
h

f x h f x
h® -

+ -

0

( ) ( )
 = Lt

h

f x h f x
h® +

+ -

0

( ) ( )
 ÓãyÎ˚ Ìy Ï̂Ñ˛–

xò%Ó˚*ˆÏ˛ôñ 
d y
dx

2

2  = 
d
dx (

dy
dx ) = 

d
dx (f (x)) = Lt

h

f x h f x
h®

¢ + - ¢
0

( ) ( )

!mì˛#Î˚ e´õ xhs˘˛Ó˚Ñ˛ú Ï̂ãÓ˚ x!hfl Į̈c Ìy Ï̂Ñ˛ñ Î!î Lf (x) = Rf (x) £Î˚–

xÌ≈yÍñ Î!î Lt
h

f x h f x
h® -

¢ + - ¢

0

( ) ( )
 = Lt

h

f x h f x
h® +

¢ + - ¢

0

( ) ( )
 ¢¡ôÑ≈̨ !›˛ ¢ì˛ƒ £Î˚–

(d) xhs˘˛Ó˚Ñ˛ú Ï̂ãÓ˚ ïõ≈yÓú≈# É (A) ≤ÃÌõ e´ Ï̂õÓ˚ xhs˘˛Ó˚Ñ˛ú Ï̂ãÓ˚ ˆ«˛ Ï̂e É

(i)
d
dx [f(x) + g(x)] = 

d
dx (f(x)) + 

d
dx (g(x)) [î%!›˛ ¢%¢ÇK˛yì˛ x Į̈̂ ô«˛Ñ˛ f Óy f(x) ~ÓÇ g Óy g(x)ÈÙÈ~Ó˚

ãòƒ]

(ii)
d
dx [f(x) – g(x)] = 

d
dx (f(x)) – 

d
dx (g(x))

(iii)
d
dx (f(x) × g(x)) = f(x)

d
dx (g(x)) + g(x)

d
dx (f(x))
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(iv)
d
dx

f x
g x

( )
( )

æ

è
ç

ö

ø
÷  [ÎÖò g(x)  0]

= 
g x f x f x g x

g x

d
dx

d
dx( ) ( ( )) ( ) ( ( ))

( ( ))

-
2

(v)
d
dx (cf(x))  [ÎÖò c ( 0) ~Ñ˛!›˛ ï &ÓÑ˛]

= c
d
dx f(x)

(vi)
d
dx (c) = 0

(vii) Î!î y = f(v) [ÎÖò v = g(x)] £Î˚ [x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ õ Ï̂ïƒ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ v z̨̨ ô!fl˛i!ì˛ ú«˛í#Î˚] ì˛ Ï̂Ó

dy
dx  Óy f (x) = 

dy
dv

dv
dx
×

(viii)
dy
dx 

dx
dy  = 1

(ix) ≤Ãyâ˛ú xyÑ˛yÓ˚

ï!Ó˚ñ y =  (t)  [ÎÖò t £ú ≤Ãyâ˛ú (parameter)

x =  (t)

ˆ¢ Ï̂«˛ Ï̂eñ 
dy
dx  = 

dy
dt

dt
dx
×  = 

¢
¢
z ( )

( )
t
t}  [ÎÖò  (t)  0]

(x) ü,Cú !òÎ˚õ (chain rule)

z = f(u), u = g(v), v = h(x) £ˆÏúñ 
dz
dx  = 

dz
du

du
dv

dv
dx

× ×

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ1 É ≤ÃÌõ ¢)e (from definition) y = e x ÈÙÈ~Ó˚ xhs˘˛Ó˚Ñ˛úã !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É ï!Ó˚ñ y = f(x) = e x  = eu ÎÖò u = x

 f(x + h) = e x h+  = eu k+  Sõ Ï̂ò Ñ˛!Ó˚ñ x h+  = u + k)

 u + k = x h+

Óyñ k = x h+  – u = x h+  – x
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dy
dx  = Lt

h

f x h f x
h®

+ -
0

( ) ( )
  S¢ÇK˛y ˆÌ Ï̂Ñ˛V

= Lt
h

x h xe e
h®

+ -
0

 = Lt
h

u k ue e
k

k
h®

+ -
×

æ

è
ç

ö

ø
÷

0

= Lt
h

u ke e
k

k
h®

-
×

æ

è
ç

ö

ø
÷

0

1( )
 = Lt Lt

k

u k

h

e e
k

k
h® ®

-
× æ

è
ç

ö
ø
÷

0 0

1( )

= eu
k

k

h

e
k

k
h

×
-

×
® ®
Lt Lt

0 0

1
 = eu

h

x h x
h

× ×
+ -

®
1

0
Lt ( )

= eu
h

x h x x h x
h x h x

Lt
®

+ - + +
+ +0

( )( )
( )  = eu

h

x h x
h x h x

Lt
®

+ -
+ +0

2 2( ) ( )
( )

= eu
h

x h x
h x h x

Lt
®

+ -
+ +0 ( )  = eu

h

h
h x h x

Lt
® + +0 ( )

= eu
h x h x
Lt
® + +0

1
 = 

e
x x

u

+ +0
 = 

e
x

u

2
 = 

e
x

x

2

 
d
dx

e x( )  = 
e

x

x

2
  Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ2 É Î!î f(x) = sin(x2 + 1) £Î˚ ì˛ Ï̂Ó ¢ÇK˛y SxÓÑ˛ Ï̂úÓ˚V ˆÌ Ï̂Ñ˛ f (x) !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É ~ Ï̂«˛ Ï̂eñ f(x) = sin(x2 + 1)

f(x + h) = sin{(x + h)2 + 1}

xÓÑ˛ Ï̂úÓ˚ ¢ÇK˛yò%¢y Ï̂Ó˚ñ

f (x) = Lt
h

f x h f x
h®

+ -
0

( ) ( )

= Lt
h

x h x
h®

+ + - +
0

2 21 1sin{( ) } sin( )

= Lt
h h

x h x x h x
→

+ + + +⎡
⎣⎢

⎤
⎦⎥

+ + − +⎡

⎣0

2 2 2 21 2 1 1
2

1 1
2

cos {( ) } ( ) sin {( ) } ( )
⎢⎢
⎢

⎤

⎦
⎥
⎥

= + + +
⎛
⎝⎜

⎞
⎠⎟

+
⎛
⎝⎜

⎞
⎠⎟

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⎫

⎬
⎪
⎪

⎭
⎪
⎪

⎡

→
2 1

2
2

0
2

2

2

Lt
h

x xh h
xh h

h
cos

sin

⎣⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
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= Lt
h

xh h

x xh h
h®

+

+ + +
æ

è
ç

ö

ø
÷ ×

( )ì
í
ï

îï

ü
ý
ï

þï

é

ë

ê
ê

ù

û

ú
ú

0
2

2
2

22 1
2

2

cos
sin

= 2{cos(x2 + 1) Lt
h

hh x

h®

+( ){ }
0

2sin

= 2cos(x2 + 1) Lt
h

h

h

h x

h x
x h

®

+( ){ }
+( )

× +æ
è
ç

ö
ø
÷

ì
í
ï

îï

ü
ý
ï

þï
0

2

2
2

sin

= 2cos(x2 + 1) Lt Lt
h

h

h h

h x

h x
x h

® ®

+( )
+( )

× +æ
è
ç

ö
ø
÷

0
2

2
0 2

sin

= 2cos(x2 + 1) Lt Lt
t h

t
t

x h
® ®

× +æ
è
ç

ö
ø
÷

0 0 2
sin

[!mì˛#Î˚ xÇ Ï̂ü ï!Ó˚ñ h x h
+æ

è
ç

ö
ø
÷2

 = t, h  0, t  0]

= 2cos(x2 + 1)1 Lt
h

x h

2 0 2®
+æ

è
ç

ö
ø
÷   [h  0, 

h
2   0]

= 2cos(x2 + 1)(x + 0) = 2xcos(x2 + 1)

¢%ì˛Ó˚yÇñ f (x) = 
d
dx (sin(x2 + 1)) = 2xcos(x2 + 1) [v z̨_Ó˚]

(e) !mì˛#Î˚ e´ Ï̂õÓ˚ xhs˘˛Ó˚Ñ˛ú Ï̂ãÓ˚ ãòƒ É ≤Ãyâ˛ú xyÑ˛yÓ˚ (Parametric form) É

Î!î y = (t)  ˆÎÖyˆÏò t S≤Ãyâ˛úV

x = (t)

£Î˚ñ ì˛ˆÏÓ 
dy
dx  = 

¢
¢
z

}

( )
( )
t
t ,  (t)  0

~Öò 
d y
dx

2

2   

d y
dt
d x
dt

2

2
2
2

 Sö˛ú!›˛ v ẑ̨ ÏÕ‘Ö Ï̂ÎyÜƒV

~ Ï̂«˛ Ï̂eñ xyõÓ˚y !ò Ï̂¡¨y_´¶˛y Ï̂Ó x@˘Ã¢Ó˚ £ Ï̂Óy É

d y
dx

2

2  = 
d
dx (

dy
dx ) = 

d
dx (

¢
¢
z

}

( )
( )
t
t )

= 
d
dt (

¢
¢
z

}

( )
( )
t
t )

dt
dx  = 

¢ ¢¢ ¢ ¢¢

¢ ¢
-

×
} z z }

} }

( ) ( ) ( ) ( )
{ ( )} ( )

t t t t
t t2

1
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= 
¢ ¢¢ ¢ ¢¢

¢
-} z z }

}

( ) ( ) ( ) ( )
{ ( )}

t t t t
t 3

[ˆÎÖy Ï̂ò  (t) = 
dy
dt , (t) = 

d
dt ( (t)) xò%Ó˚* Į̈̂ ôñ (t) = 

dx
dt ,  (t) = 

d
dt ((t)]

(f) v z̨îy£Ó˚í¢õ)£ É

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ1 É Î!î x = asin, y = bcos £Î˚ñ ì˛ Ï̂Ó 
d y
dx

2

2  !òí≈Î˚ Ñ˛Ó˚&ò– Sa, b  0, ï &ÓÑ˛V

 ¢õyïyò É x = asin ~ÓÇ y = bcos
dx
di  = acos, 

dy
di  = –bsin

dy
dx  

dy
di 

d
dx
i

 Sü,Cú !òÎ˚ˆÏõV

= 
-b
a

sin
cos
i

i
 [ 

dx
di 

d
dx
i

 = 1]

= -æ
è
ç

ö
ø
÷

b
a

tan

~Öòñ 
d y
dx

2

2  = 
d
dx (

dy
dx ) = 

d
d

b
ai

i-æ
è
ç

ö
ø
÷tan

= –
b
a

d
d
×
i

i(tan )  = –
b
a sec2 = – 

b
a (1 + tan2) Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ2 É Î!î y = (sin–1x)2 £Î˚ñ ì˛ Ï̂Ó ˆîÖyò ˆÎ (1 – x2)
d y
dx

2

2  – x
dy
dx  + 4 = 6

 ¢õyïyò É ˆÎ Ï̂£ì%̨  y = (sin–1x)2 S≤Ãî_V

xì˛~Óñ 
dy
dx  = 

2

1

1

2

sin-

-

x

x
 (v z̨¶˛Î˚ !î Ï̂Ñ˛ x ¢y Į̈̂ ô Ï̂«˛ xÓÑ˛!úì˛ Ñ˛ Ï̂Ó˚V

 y1
2 = 

4
1

1 2

2
(sin )
( )

-

-
x

x  [ˆÎÖy Ï̂ò 
dy
dx  = y1] Sv z̨¶˛Î˚̨ ô Ï̂«˛ ÓÜ≈ Ñ˛ Ï̂Ó˚V

 (1 – x2)y1
2 = 4y [ y = (sin–1x)2]

˛ô%òÓ˚yÎ˚ x ¢y Į̈̂ ô Ï̂«˛ v z̨¶˛Î˚̨ ô«˛ Ï̂Ñ˛ xÓÑ˛!úì˛ Ñ˛ Ï̂Ó˚ ˛ôy£z

(1 – x2)2y1y2 + y1
2(–2x) = 4y1 [ÎÖò y2 = 

d y
dx

2

2 ]

 2y1[(1 – x2)y2 – xy1] = 4y1

 (1 – x2)y2 – xy1 = 2 [v z̨¶˛Î˚̨ ô«˛ Ï̂Ñ˛ 2y1( 0) !îˆÏÎ˚ ¶˛yÜ Ñ˛ˆÏÓ˚]
 (1 – x2)y2 – xy1 + 4 = 2 + 4 [v z̨¶˛Î˚˛ôˆÏ«˛ 4 ˆÎyÜ Ñ˛ Ï̂Ó˚]
 (1 – x2)y2 – xy1 + 4 = 6ñ ~›˛y£z !ò Ï̂í≈Î˚ ö˛ú–
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ3 É Î!î ax2 + 2hxy + by2 = 1 £Î˚ñ ì˛ Ï̂Ó ˆîÖyò ˆÎ 
d y
dx

2

2  = 
h ab
hx by

2

3
--
++( )

 ¢õyïyò É ax2 + 2hxy + by2 = 1 S≤Ãî_V

v z̨¶˛Î˚̨ ô«˛ Ï̂Ñ˛ x ¢y Į̈̂ ô Ï̂«˛ xÓÑ˛!úì˛ Ñ˛ Ï̂Ó˚ ˛ôy£z

 2ax + 2h(y + x
dy
dx ) + 2hy

dy
dx  = 0

Óyñ 2
dy
dx (hx + by) = – 2(ax + by)

Óyñ 
dy
dx  = – 

( )
( )
ax by
hx by
+
+

 Óyñ y = –
( )
( )
ax by
hx by
+
+

~Öòñ 
d y
dx

2

2  = 
d
dx (

dy
dx ) = (–1)

d
dx

ax by
hx by
+
+

æ

è
ç

ö

ø
÷

= (–1)
( )( ) ( )( )

( )
hx by a by ax by h by

hx by
+ + ¢ - + + ¢

+

ì
í
î

ü
ý
þ2

= 
( )

( )
-
+

1
2hx by [y (h2x + hby – abx – hby) + hax + aby – ahx – h2y]

= – 
( )( )

( )
h ab y x y

hx by

2

2
- ¢ -

+  = 
( )( )

( )
- -

+
-

+
+

æ

è
ç

ö

ø
÷

ì
í
î

ü
ý
þ

-1 2

2
h ab

hx by
ax hy
hx by

x y

= 
( )
( )

h ab
hx by

ax hxy hxy b
hx by

2

2

2 2-
+

+ + +
+

é

ë
ê

ù

û
ú

= 
h ab
hx by

2

3
-
+( ) (ax2 + 2hy + by2) = 

h ab
hx by

2

3
-
+( )

× 1 [ ax2 + 2hxy + by2 = 1]

= 
h ab
hx by

2

3
-
+( ) ñ ~›˛y£z !ò Ï̂í≈Î˚ ö˛ú–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ4 É Î!î y = 
1

1 2 3++ ++ ++x x x
 £Î˚ñ ì˛ Ï̂Ó 

dy
dx x

ææ
èè
çç

öö
øø
÷÷

==0
 ~ÓÇ 

d y
dx x

2

2
0

ææ

èè
çççç

öö

øø
÷÷÷÷

==
ÈÙÈ~Ó˚ õyò !òí≈Î˚

Ñ˛Ó˚&ò–

 ¢õyïyò É ~ Ï̂«˛ Ï̂eñ y = 
1

1 2 3+ + +x x x  S≤Ãî_V

= 
1

1 1 12( ) ( )+ + +x x x  = 
1

1 1 2( )( )+ +x x
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= 
( )

( )( )( )
x

x x x
-

- + +
1

1 1 12  = 
x

x x
-

- +
1

1 12 2( )( )  = 
x
x
-
-
1
14  SÎÖò x  1V


dy
dx  = ( ) ( )( )

( )
x x x

x

4 3

4 2
1 1 1 4

1
− ⋅ − −

−

= 
x x x

x

4 4 3

4 2
1 4 4

1
- - +

-( )  = 
- + -

-
3 4 1

1

4 3

4 2
x x
x( )

¢%ì˛Ó˚yÇñ 
dy
dx x

æ
è
ç

ö
ø
÷
=0

 = 
- + -

-
3 0 4 0 1

0 1 2
. .
( )  = 

-1
1  = – 1

~Öòñ 
d y
dx

2

2  = 
d
dx (

dy
dx ) = 

d
dx

- + +
-

ì
í
ï

îï

ü
ý
ï

þï

3 4 1
1

4 3

4 2
x x
x( )

= 
( ) ( ) ( ) ( )

( )
x x x x x x x

x

4 2 3 2 4 3 4 3

4 4
1 12 12 3 4 1 2 1 4

1
- - + - - + - × - ×

-

 
d y
dx x

2

2
0

æ

è
ç

ö

ø
÷
=

 = 
( ) ( ) ( )

( )
- × - - × - ×

-
1 0 1 2 1 0

0 1

2

4  = 
0
1  = 0

v z̨_Ó˚ É 
dy
dx x

æ
è
ç

ö
ø
÷
=0

ÈÙÈ~Ó˚ õyò – 1 ~ÓÇ 
d y
dx x

2

2
0

æ

è
ç

ö

ø
÷
=

ÈÙÈ~Ó˚ õyò 0

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ5 É Î!î y = f(x) ~ÓÇ x = 
1
z  £Î˚ñ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ 

d f
dx

2

2  = 2z3 dy
dx  + z4 d y

dz

2

2

 ¢õyïyò É 
df
dx  = 

dy
dx  = 

dy
dz

dz
dx
×  = –z2 dy

dz   [ 
dz
dx  = –z2] ... (1)

[~ Ï̂«˛ Ï̂e x = 
1
z  S≤Ãî_V  

dx
dz  = 

d
dz (z–1) = (–1)

1
2z  = – 

1
2z   

dz
dx  = 

1
dx
dz

 = –z2]

 ˛˛ô%òÓ˚yÎ˚ñ 
d f
dx

2

2  = 
d
dx

df
dx

æ
è
ç

ö
ø
÷  = 

d
dz

df
dx

dz
dx

æ
è
ç

ö
ø
÷

= 
d
dz

z dy
dz

dz
dx

-æ
è
ç

ö
ø
÷

ì
í
î

ü
ý
þ
æ
è
ç

ö
ø
÷

2  [(1)òÇ ˆÌ Ï̂Ñ˛]

= 
d
dz

dy
dz

z z- -æ
è
ç

ö
ø
÷

ì
í
î

ü
ý
þ
( )2 2  [ 

dz
dx  = –z2]

= 
d
dz

dy
dz

z z2 2æ
è
ç

ö
ø
÷

ì
í
î

ü
ý
þ

 = z z zd
dz

dy
dz

dy
dx

2 22æ
è
ç

ö
ø
÷

ì
í
î

ü
ý
þ

+  SxÓÑ˛ˆÏúÓ˚ =ˆÏíÓ˚ ¢)e ≤ÃˆÏÎ˚yˆÏÜV
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= z4 d y
dz

2

2  + 2z3 dy
dz

 
d f
dz

2

2  = 2z3 dy
dz  + z4 d y

dz

2

2  [≤Ãõy!íì˛]

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ6 É Î!î y ym m
1 1
++

--  = 2x £Î˚ñ ì˛ Ï̂Ó ˛≤Ãõyí Ñ˛Ó˚&ò ˆÎñ (x2 – 1)y2 + xy1 – m2y = 0 [ÎÖòñ

y1 = 
dy
dx , y2 = 

d y
dx

2

2 ]

 ¢õyïyò É ~fl˛i Ï̂úñ y ym m
1 1
+

-  = 2x

Óyñ a + 
1
a  = 2x  [ï!Ó˚ñ ym

1
 = a  y m-

1  = 
1
1

y m
 = 

1
a ]

Óyñ 
a

a

2 1+
 = 2x  Óyñ a2 + 1 = 2ax

Óyñ a2 – 2ax + 1 = 0  Óyñ a2 – 2xa + 1 = 0

‘a’ÈÙˆÑ˛ !á Ï̂Ó˚ñ ~!›˛ ~Ñ˛!›˛ !máyì˛ ¢õ#Ñ˛Ó˚íñ ¢%ì˛Ó˚yÇ ◊#ïÓ˚ xyâ˛y Ï̂Î≈Ó˚ !òÎ˚õ xò%¢y Ï̂Ó˚

a = − − ± − − ⋅ ⋅
⋅

( ) ( )2 2 4 1 1
2 1

2x x   [◊#ïÓ˚ xyâ˛y Ï̂Î≈Ó˚ !òÎ˚õ É ax2 + bx + c = 0 (a  0) £ Ï̂úñ

Óyñ a = 2 4 4
2

2x x± - x = - ± -b b ac
a

2 4
2

]

Óyñ a = 2 1
2

2( )x x± -   Óyñ a = x  x2 1-

v z̨¶˛Î˚ ˛ô Ï̂«˛ log SúÜV !òˆÏÎ˚ ˛ôy£z [ú Ï̂ÜÓ˚ !òïyò ‘e’]

logea = loge(x  x2 1- )

Óyñ loge ym
1( )  = loge(x  x2 1- )

Óyñ 
1
m logey = loge(x  x2 1- )

x ¢y Į̈̂ ô Ï̂«˛ v z̨¶˛Î˚ ˛ô Ï̂«˛Ó˚ xÓÑ˛ú !ò Ï̂Î˚ ˛ôy£zñ

1 1
m y

dy
dx

⋅  = 
1

1
1 2

2 12 2x x

x

x± -
±

-

æ

è
çç

ö

ø
÷÷
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Óyñ 
y
my

1  = ± 
1

1

1

12

2

2( )

( )

x x

x x

x± -

± -

-
  [ y1 = 

dy
dx ]

Óyñ 
y
my

1
 = ±

1

12x -
  Óyñ x2 1- y1 = ± my

Óyñ x y2
1

2
1-( ){ }  = (± my)2  [v z̨¶˛Î˚ ˛ô Ï̂«˛ ÓÜ≈ Ñ˛ Ï̂Ó˚]

Óyñ (x2 – 1)y1
2 = m2y2

˛ô%òÓ˚yÎ˚ñ v z̨¶˛Î˚ ˛ô«˛ Ï̂Ñ˛ x ¢y Į̈̂ ô Ï̂«˛ xÓÑ˛!úì˛ Ñ˛ Ï̂Ó˚ ˛ôy£zñ

(x2 – 1)2y1y2 + (2x)y1
2 = m22yy1 [ y2 = 

d y
dx

2

2 ]

Óyñ 2y1{(x2 – 1)y2 + xy1} = 2y1(m2y)

Óyñ (x2 – 1)y2 + xy1 – m2y = 0 [≤Ãõy!íì˛]  [v z̨¶˛Î˚̨ ô«˛ Ï̂Ñ˛ 2y1 (y1  0) !îˆÏÎ˚ ¶˛yÜ Ñ˛ˆÏÓ]̊

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ7 É Î!î logey = tan–1x £Î˚ñ ì˛ Ï̂Ó ˆîÖyò ˆÎ (1 + x2)y2 + (2x – 1)y1 = 0.

 ¢õyïyò É ~fl˛i Ï̂ú logey = tan–1x S≤Ãî_V

v z̨¶˛Î˚̨ ô«˛ Ï̂Ñ˛ x ¢y Į̈̂ ô Ï̂«˛ xhs˘˛Ó˚Ñ˛úã !ò Ï̂Î˚ ˛ôy£zñ

d
dx (logey) = 

d
dx (tan–1x)

Óyñ 
d
dy (logey)

dy
dx  = 

d
dx (tan–1x)  Óyñ 

1
y

dy
dx
×  = 

1
1 2+ x

Óyñ 
y
y
1

 = 
1

1 2+ x  [ï!Ó˚ñ y1 = 
dy
dx ]

Óyñ (1 + x2)y1 = y

v z̨¶˛Î˚̨ ô«˛ Ï̂Ñ˛ñ x ¢y Į̈̂ ô Ï̂«˛ xhs˘˛Ó˚Ñ˛úã !ò Ï̂Î˚ ˛ôy£zñ

d
dx {(1 + x2)y1} = 

d
dx (y)

Óyñ (1 + x2)y2 + y1(2x) = y1 [ˆÎÖy Ï̂òñ y2 = 
d y
dx

2

2 ]

Óyñ (1 + x2)y2 + 2xy1 – y1 = 0

Óyñ (1 + x2)y2 + (2x – 1)y1 = 0

~›˛y£z !ò Ï̂í≈Î˚ ö˛ú–



NSOU  GE-CO-11  63

2SÖV.7 ¢Ç!«˛Æ¢yÓ˚

2SÑ˛V ~Ñ˛ Ï̂Ñ˛ ¢#õyÓ˚ (limit) ïyÓ˚íyÓ˚ v z̨̨ ôÓ˚ !ò¶≈̨ Ó˚ Ñ˛ Ï̂Ó˚ ¢hs˘˛ì˛ì˛y (continuity) ¢¡ô Ï̂Ñ≈̨  ¢õƒÑ˛ ïyÓ˚íy

ˆîÁÎ˚y £ Ï̂Î˚̂ ÏäÈ– ~£z ~Ñ˛ Ï̂Ñ˛ ¢hs˘˛ì˛ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ¢ÇK˛y ˆîÁÎ˚y £Ûú–

x = c !Ó®%̂ Ïì˛ ~Ñ˛!›˛ ¢%¢ÇDì˛ x Į̈̂ ô«˛Ñ˛ ¢hs˘˛ì˛ £ Ï̂Ó ÎÖò !ì˛ò!›˛ üì≈̨  ˛ô)Ó˚í £Î˚–

(i) Lt f x
x c→

( )  x!hfl Į̈cÎ%_´ £ Ï̂Ó

(ii) f (c) !ò!î≈‹T õy Ï̂òÓ˚ £ Ï̂Ó

(iii) Lt f x
x c→

( ) = f (c) £ˆÏÓ

~£z !ì˛ò!›˛ ü Ï̂ì≈̨ Ó˚ ˆÑ˛yò!›˛ ú!Aáì˛ £ Ï̂ú x Į̈̂ ô«˛Ñ˛!›˛ x¢hs˘˛ì˛ (discontinuous) £ˆÏÓ–

~äÈyv ¸̨y !Ó!¶˛ß¨ ïÓ˚̂ ÏíÓ˚ x Į̈̂ ô«˛Ñ˛ ˆÎõò ¢)â˛Ñ˛ ¢¡∫ı˛#Î˚ ~ÓÇ úÜy!Ó˚î‰!õÑ˛ x Į̈̂ ô«˛Ñ˛ñ v z̨_ú x Į̈̂ ô«˛Ñ˛ñ xÓì˛ú

x Į̈̂ ô«˛Ñ˛ £zì˛ƒy!î xy Ï̂úy!â˛ì˛ £ Ï̂Î˚̂ ÏäÈ–

~Ó˚̨ ôÓ˚ xÓÑ˛ú Ï̂òÓ˚ SÓy xhs˘˛Ó˚ Ñ˛ú Ï̂òÓ˚V (differentiation) ¢y£y Ï̂Îƒ ≤ÃÌõ e´ Ï̂õÓ˚ xhs˘˛Ó˚Ñ˛úã ~ÓÇ !mì˛#Î˚

e´ Ï̂õÓ˚ xhs˘˛Ó˚Ñ˛úã (First order derivative and second order derivative) !òí≈Î˚ Ñ˛Ó˚y ˆÑ˛Ôüú ˆüÖy Ï̂òy

£ˆÏÎ˚ˆÏäÈ–

y = f (x) ~Ñ˛!›˛ ¢%¢Oyì˛ x Į̈̂ ô«˛Ñ˛ ~ÓÇ ~!›˛ xÓÑ˛úò Ï̂ÎyÜƒ–

≤ÃÌõÓyÓ˚ y Óy f (x) ˆÑ˛ xÓÑ˛ú Ñ˛ Ï̂Ó˚ ˆÎ ö˛ú ˛ôyÁÎ˚y ÎyÎ˚ ì˛y Ï̂Ñ˛ ≤ÃÌõ e´ Ï̂õÓ˚ xhs˘˛Ó˚ Ñ˛úã Ó Ï̂ú– ≤Ãì˛# Ï̂Ñ˛Ó˚

¢y£y Ï̂Îƒ ˆúÖy £Î˚ 
d y
dx
( )

≤ÃÌõ Óy Ï̂Ó˚ ≤ÃyÆ xhs˘˛Ó˚Ñ˛úã Ï̂Ñ˛ ˛ô%òÓ˚yÎ˚ xhs˘˛Ó˚ Ñ˛ú Ï̂òÓ˚ õyïƒ Ï̂õ ˆÎ ö˛ú ˛ôyÁÎ˚y ÎyÎ˚ ì˛y Ï̂Ñ˛ !mì˛#Î˚ e´ Ï̂õÓ˚

xhs˘˛Ó˚ Ñ˛úã Óúy £Î˚– ~Ó˚ ≤Ãì˛#Ñ˛# ≤ÃÑ˛yü £Ûú 
d
dx

dy
dx

⎛
⎝⎜

⎞
⎠⎟  Óy 

d y
dx

2

2 .

2SÖV.8 xò%ü#úò#

x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ≤ÃÌõ Á !mì˛#Î˚ e´ Ï̂õÓ˚ xhs˘˛Ó˚Ñ˛úã ¢Çe´yhs˘˛ ≤ÃŸ¿yÓú#

1. Î!î y = ex(sinx + cosx) £Î˚ñ ì˛ Ï̂Ó

(i) 
dy
dx   (ii) 

d y
dx

2

2 È !òí≈Î˚ Ñ˛Ó˚&ò–

(iii) ˆîÖyò ˆÎñ 
d y
dx

2

2  – 2
dy
dx  + y = 0
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2. Î!î y = Asinmx + Bcosmx £Î˚ ì˛ Ï̂Ó

(i) 
dy
dx   (ii) 

d y
dx

2

2 È !òí≈Î˚ Ñ˛Ó˚&ò–

(iii) ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ 
d y
dx

2

2  + m2y = 0

3. Î!î y = sin(msin–1x) £Î˚ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ (1 – x2)y2 – xy1 = –m2y

[~fl˛i Ï̂úñ y1 = 
dy
dx , y2 = 

d y
dx

2

2 ]

4. Î!î y = acos(logx) + bsin(logx) £Î˚ñ ì˛ Ï̂Ó ˆîÖyò ˆÎñ x2y2 + xy1 + y = 0

5. Î!î x3 + y3 = 3axy £Î˚ñ ì˛ Ï̂Ó 
d y
dx

2

2  = Ñ˛ì˛⁄

6. Î!î y = tan(x + y) £Î˚ñ ì˛ Ï̂Ó ˆîÖyò ˆÎ 
d y
dx

2

2  = - +2 1
5

2( )y

7. ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ 
d y
dx

2

2  = 
1
4

4
2a

sec i( ) ñ ÎÖò x = a( + sin) ~ÓÇ y = a(1 – cos)

8. Î!î y = t2(1 + t) ~ÓÇ x = t(1 – t3) £Î˚ ì˛ Ï̂Ó ˆîÖyò ˆÎñ 
dy
dx  = 

t t
t

( )2 3
1 4 3
+
-

9. Î!î y = 
1

1 1 2( )( )+ +x x  £Î˚ñ ì˛ Ï̂Ó 
dy
dx x

æ
è
ç

ö
ø
÷
=0

= Ñ˛ì˛⁄ 
d y
dx x

2

2
0

æ

è
ç

ö

ø
÷
=

 = Ñ˛ì˛⁄ !òí≈Î˚ Ñ˛Ó˚&ò–

10. Î!î y = tan–1 x2 1-  £Î˚ñ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ x(x2 – 1)
d y
dx

2

2  + (2x2 – 1)
dy
dx  = 0

11. y = (sin–1x)2 + (cos–1x)2 £ Ï̂úñ ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ (1 – x2)
d y
dx

2

2  – x
dy
dx  – 4 = 0

12. (i) Î!î y = e xtan-1
 £Î˚ñ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ (1 + x2)

d y
dx

2

2  + (2x – 1)
dy
dx  = 0

(ii) x = 
y ym m

1 1

2
+

-

 £ Ï̂úñ ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ (x2 – 1)
d y
dx

2

2  + x
dy
dx  = m2y
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(iii) Î!î y y
1
3

1
3+

-
 = 2x £Î˚ñ ì˛ Ï̂Ó ˆîÖyò ˆÎñ (x2 – 1)y2 + xy1 – 9y = 0

[ÎÖò y1 = 
dy
dx  ~ÓÇ y2 = 

d y
dx

2

2 ]

2SÖV.9 @˘Ãs˛i˛ôO#
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2. Shanti Narayan and Mittal : Differential Calculus, S. Chand, New Delhi.
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~Ñ˛Ñ˛È 3  x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ â˛Ó˚õ Á xÓõ õyò !òí≈Î˚

Ü‡˛ò

3.1 v˛zˆÏjüƒ

3.2 ≤Ãhfl˛ÏyÓòy

3.3 ˆÑ˛yò x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ fl˛iyò#Î˚ Á ¢yõ!@˘ÃÑ˛¶˛y Ï̂Ó â˛Ó˚õ õyò Óy ¢Ó≈y!ïÑ˛ õyò ~ÓÇ xÓõ õyò Óy

¢Ó≈!ò¡¨ õyò !òí≈Î˚

3.4 ˆúÖ!â˛ Ï̂eÓ˚ ¢y£y Ï̂Îƒ ¢Ó≈y!ïÑ˛ Á ¢Ó≈!ò¡¨ õy Ï̂òÓ˚ xy Ï̂úyâ˛òy

3.5 ≤ÃÌõ Á !mì˛#Î˚ e´ Ï̂õÓ˚ ü Ï̂ì≈̨ Ó˚ õ)úƒyÎ˚ò

3.6 v z̨îy£Ó˚̂ ÏíÓ˚ ¢y£y Ï̂Îƒ ≤Ã Ï̂Î˚yãò#Î˚ Á Î Ï̂Ì‹T Ñ˛yÎ≈Ñ˛Ó˚ ü Ï̂ì≈̨ Ó˚ xy Ï̂úyâ˛òy

3.7 v z̨îy£Ó˚̂ ÏíÓ˚ ¢y£y Ï̂Îƒ f (x)ÈÙÈ~Ó˚ â˛Ó˚õ Á xÓõ õyò !òí≈Î˚ ~ÓÇ ì˛yÓ˚ ≤Ã Ï̂Î˚yÜ

3.8 ¢Ç!«˛Æ¢yÓ˚

3.9 xò%ü#úò#

3.10 @˘Ãs˛i˛ôO#

3.1 v ẑ̨ Ïjüƒ

~£z ~Ñ˛ Ï̂Ñ˛Ó˚ v ẑ̨ Ïjüƒ £Ûú ~Ñ˛!›˛ ¢%¢K˛yì˛ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ˆÑ˛yò !Ó®%̂ Ïì˛ ¢Ó≈y!ïÑ˛ õyò SÓy â˛Ó˚õ õyòV ˛ôyÁÎ˚y

ÎyÎ˚ ~ÓÇ ˆÑ˛yò !Ó®%̂ Ïì˛ ¢Ó≈!ò¡¨ õyò SÓy xÓõ õyòV ˛ôyÁÎ˚y ÎyÎ˚ ì˛y !òí≈Î˚ Ñ˛Ó˚y ˆÑ˛Ôüú xy Ï̂úyâ˛òy Ñ˛Ó˚y–

3.2 ≤Ãhfl Į̈yÓòy

ïÓ˚y ÎyÑ‰̨  f (x)È ~Ñ˛!›˛ ¢%¢K˛yì˛ x Į̈̂ ô«˛Ñ˛– ~Öò x = aÈ !Ó®%̂ Ïì˛ f (x)È â˛Ó˚õ xÌÓy xÓõ õyò ˆ˛ô Ï̂ì˛ ˛ôy Ï̂Ó˚

Î!î ˙ !Ó®%̂ Ïì˛ 
d
dx [f (x)] = 0 £Î˚ xÌ≈yÍ f ′(a) = 0. ~£z üì≈̨ Ï̂Ñ˛ Óúy £Î˚ ≤Ã Ï̂Î˚yãò#Î˚ üì≈̨  (necessary

condition). !Ñ˛ls˘˛ ~£z üì≈̨  ˛ôyúò Ñ˛Ó˚̂ ÏúÁ !ò!î≈‹T¶˛y Ï̂Ó Óúy ¢Ω˛Ó £Î˚ òy ˆÎ f (x)ÈÙÈ~Ó˚ õyò x = aÈ !Ó®%̂ Ïì˛

¢Ó≈y!ïÑ˛ £ˆÏÓ òy ¢Ó≈!ò¡¨ £ˆÏÓ– !Ñ˛ls˘˛ õyò!›˛ ˆÎ ~£z î%£z ¢Ω˛yÓòyÓ˚ õˆÏïƒ ~Ñ˛!›˛ £ˆÏÓ ~ !Ó°ÏˆÏÎ˚ ˆÑ˛yˆÏòy ¢ˆÏ®£

ˆò£z–

~Öò Î Ï̂Ì‹T Ñ˛yÎ≈Ñ˛Ó˚ üì≈̨  (sufficient condition)ñ Îy xyõy Ï̂îÓ˚ !ò!ÿ˛ì˛¶˛y Ï̂Ó Ó Ï̂ú ˆî Ï̂Ó ˆÎ x = aÈ !Ó®%̂ Ïì˛

f (x)È ¢Ó≈y!ïÑ˛ õyò òy ¢Ó≈!ò¡¨ õyò xã≈ò Ñ˛ Ï̂Ó˚̂ ÏäÈñ ˆÓÓ˚ Ñ˛Ó˚̂ Ïì˛ £ Ï̂ú ò# Ï̂â˛Ó˚ ˛ôk˛!ì˛ xÓú¡∫ò Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó–
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x = aÈ !Ó®%̂ Ïì˛ ≤ÃÌ Ï̂õ f ′(x) = 0 ˛ôyÁÎ˚yÓ˚ ˛ôÓ˚ f ′′(x) !òí≈Î˚ Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó– Î!î f ′′(x) }íydÑ˛ õyòÎ%_´ £Î˚

ì˛ˆÏÓ f (x)ñ x = a !Ó®%̂ Ïì˛ ¢Ó≈y!ïÑ˛ õyòÎ%_´ £ Ï̂Ó–

xyÓ˚ Î!î f ′′(x) ïòydÑ˛ õyò Î%_´ £Î˚ ì˛ Ï̂Ó  f (x)ñ x = a !Ó®%̂ Ïì˛ ¢Ó≈!ò¡¨ õy Ï̂òÓ˚ x!ïÑ˛yÓ˚# Ó Ï̂ú ïÓ˚y £ Ï̂Ó–

3.3 ˆÑ˛yò x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ fl˛iyò#Î˚ Á ¢yõ!@˘ÃÑ˛ ¶˛y Ï̂Ó â˛Ó˚õ õyò S¢Ó≈y!ïÑ˛ õyòV Á

xÓõ õyò S¢Ó≈!ò¡¨ õyòV !òí≈Î˚

ï!Ó˚ñ [a, b] Ók˛ xÓÑ˛y Ï̂ü (closed interval) f(x) ~Ñ˛!›˛  ¢%¢ÇK˛yì˛ ~Ñ˛!›˛ Óyhfl Į̈Ó õyò Î%_´ x Į̈̂ ô«˛Ñ˛

(function) ÎÖò a < b;  ~Öò ˙ Ók˛ xÓÑ˛y Ï̂ü ï!Ó˚ c !Ó®%̂ Ïì˛ f(x) ~Ó˚ ~Ñ˛!›˛ Úfl˛iyò#Î˚ â˛Ó˚õ õyòÛ (local

maximum) ÓãyÎ˚ ÌyÑ˛ Ï̂Ó Î!î (c – , c + ) ~£z õ%_´ xÓÑ˛y Ï̂üÓ˚ (open interval) ( > 0) ˆÎ ¢õhfl Į̈ !Ó®%̂ Ïì˛

f(x) ¢%¢ÇK˛yì˛– ~ Ï̂«˛ Ï̂e x  (c – , c + )  [a, b] £ˆÏú f(x)  f(c)– [~fl˛i Ï̂úñ õ Ï̂ò Ó˚yÖ Ï̂ì˛ £ Ï̂Ó ˆÎ

c = a, b Óy a < c < b]

[a, b] Ók˛ xÓÑ˛y Ï̂üñ f(x) ~Ñ˛!›˛ ¢%¢ÇK˛yì˛ Óyhfl Į̈Ó õyò Î%_´ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ãòƒ ˙ xÓÑ˛y Ï̂üÓ˚ xhs˘˛Ü≈ì˛ c
!Ó®%̂ Ïì˛ Úfl˛iyò#Î˚ xÓõ õyòÛ (local minimum) ÌyÑ˛ Ï̂Ó Î!î ~Ñ˛!›˛ ïòydÑ˛ ¢ÇÖƒy ‘’ÈÙÈ~Ó˚ ãòƒ x  (c – ,
c + ) õ%_´ xÓÑ˛y Ï̂üÓ˚ xhs˘˛Ü≈ì˛ ˆÎ ¢õhfl Į̈ !Ó®%̂ ÏÑ˛ f(x) ¢%¢ÇK˛yì˛ £ Ï̂ú f(x)  f(c) £ˆÏÓ–

[a, b] Ók˛ xÓÑ˛y Ï̂ü f(x) x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ fl˛iyò#Î˚ â˛Ó˚õ Óy xÓõ õyò Ï̂Ñ˛£z f(x)ÈÙÈ~Ó˚ Úâ˛Ó˚õÛ Óy ÚxÓõÛ õyò !£¢y Ï̂Ó

Üíƒ Ñ˛Ó˚y £Î˚–

[a, b] Ók˛ xÓÑ˛y Ï̂ü f(x) ~Ñ˛!›˛ ¢%¢ÇK˛yì˛ Óyhfl Į̈Ó õyò Î%_´ x Į̈̂ ô«˛Ñ˛ £ Ï̂ú ˙ xÓÑ˛y Ï̂üÓ˚ xhs˘˛Ü≈ì˛ c !Ó®%̂ Ïì˛

(c  [a, b]) ¢yõ!@˘ÃÑ˛¶˛y Ï̂Ó (globally Óy absolutely) â˛Ó˚õ õyò @˘Ã£í Ñ˛Ó˚̂ ÏÓñ Î!î [a, b] xÓÑ˛y Ï̂üÓ˚ ¢õhfl Į̈

xÈÙÈ~Ó˚ ãòƒ f(x)  f(c) £Î˚–

xò%Ó˚* Į̈̂ ôñ ÎÖò c  [a, b]ÈÙÈ~Ó˚ ãòƒ f(x) x Į̈̂ ô«˛Ñ˛!›˛Ó˚ ~Ñ˛!›˛ ¢yõ!@˘ÃÑ˛¶˛y Ï̂Ó (globally Óy absolutely)

xÓõ õyò ÌyÑ˛ Ï̂Óñ Î!î [a, b] xÓÑ˛y Ï̂üÓ˚ xhs˘˛Ü≈ì˛ ¢Ñ˛ú x-Ó˚ ãòƒ f(x)  f(c) £Î˚–

¢%ì˛Ó˚yÇ f(c)ÈÙÈˆÑ˛ ¢yõ!@˘ÃÑ˛¶˛y Ï̂Ó â˛Ó˚õ Óy xÓõ õyò (absolutely maximum or minimum) !£¢yˆÏÓ Üíƒ

Ñ˛Ó˚y £Î˚–

xò%!¢k˛yhs˘˛ É

(i) v z̨̨ ô!Ó˚v z̨_´ xy Ï̂úyâ˛òy ¢y Į̈̂ ô Ï̂«˛ v ẑ̨ ÏÕ‘Ö Ñ˛Ó˚y ÎyÎ˚ ˆÎ f(x)ÈÙÈ~Ó˚ ˆÎ ˆÑ˛y Ï̂òy ¢yõ!@˘ÃÑ˛ â˛Ó˚õ Óy xÓõ õyò

xÓüƒ£z f(x)ÈÙÈ~Ó˚ ~Ñ˛!›˛ fl˛iyò#Î˚ â˛Ó˚õ Óy xÓõ õyò !Ñ˛ls˘˛ !Ó˛ôÓ˚#ì˛ !ÓÓ,!ì˛!›˛ ¢ì˛ƒ òÎ˚–

(ii) [a, b] Ók˛ xÓÑ˛y Ï̂ü ˆÑ˛y Ï̂òy ~Ñ˛!›˛ ¢%¢ÇK˛yì˛ Óyhfl Į̈Ó õyò Î%_´ x Į̈̂ ô«˛Ñ˛ f(x)ÈÙÈ~Ó˚ ãòƒ ~Ñ˛!›˛Á fl˛iyò#Î˚ â˛Ó˚õ

Óy xÓõ õyò òyÁ ÌyÑ˛ Ï̂ì˛ ˛ôy Ï̂Ó˚ó xyÓyÓ˚ ~Ñ˛ Óy ~Ñ˛y!ïÑ˛ !Ó®%̂ Ïì˛ fl˛iyò#Î˚ â˛Ó˚õ Óy xÓõ õyò f(x)ÈÙÈ~Ó˚ ãòƒ

˛ôyÁÎ˚y ÎyÎ˚–
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(iii) ˆÎ !Ó®%̂ Ïì˛ x Į̈̂ ô«˛Ñ˛!›˛ â˛Ó˚õ Óy xÓõ õyò @˘Ã£í Ñ˛ Ï̂Ó˚ ˆ¢£z !Ó®%̂ Ïì˛ x!B˛ì˛ fl˛ôü≈Ñ˛ x x Ï̂«˛Ó˚ ¢õyhs˘˛Ó˚yú

£Î˚ xÌ≈yÍ ˙ !Ó®%̂ Ïì˛ f (x) = 0 £Î˚–

(iv) ˆÑ˛y Ï̂òy x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ â˛Ó˚õ Á xÓõ õyò Ï̂Ñ˛ ì˛yÓ˚ ≤Ãy!hs˘˛Î˚ õyò (extreme value) Ó Ï̂ú Üíƒ Ñ˛Ó˚y £Î˚–

3.4 ˆúÖ!â˛ˆÏeÓ˚ ¢y£yˆÏÎƒ xÓÑ˛úò ¢£ˆÏÎyˆÏÜ ¢Ó≈y!ïÑ˛ Á ¢Ó≈!ò¡¨ õyˆÏòÓ˚

xy Ï̂úyâ˛òy

ˆÑ˛y Ï̂òy x Į̈̂ ô«˛Ñ˛ |ïπ≈õ%Ö# õyò @˘Ã£í Ñ˛Ó˚̂ Ïì˛ Ñ˛Ó˚̂ Ïì˛ ˆÎ !Ó®%̂ Ïì˛ !ò¡¨õ%Ö# õyò @˘Ã£í Ñ˛ Ï̂Ó˚ ˆ¢£z !Ó®%̂ Ïì˛ xyõÓ˚y

â˛Ó˚õ (maxi) õyò ˛ôy£z ~ÓÇ ˙ x Į̈̂ ô«˛Ñ˛!›˛ ÎÖò !ò¡¨õ%Ö# õyò @˘Ã£í Ñ˛Ó˚̂ Ïì˛ Ñ˛Ó˚̂ Ïì˛ ˆÎ !Ó®%̂ Ïì˛ |ïπ≈õ%Ö# õyò @˘Ã£í

Ñ˛Ó˚y ÷Ó˚& Ñ˛ Ï̂Ó˚ ˆ¢£z !Ó®%̂ Ïì˛ xyõÓ˚y xÓõ (mini) õyò ˛ôy£z–

xyõÓ˚y ãy!ò ˆÎ ≤Ãî_ ~Ñ˛!›˛ x Į̈̂ ô«˛Ñ˛ ÎÖò ˆÑ˛y Ï̂òy !Ó®%̂ Ïì˛ |ïπ≈õ%Ö# õyò @˘Ã£í Ñ˛ Ï̂Ó˚ ì˛Öò f (x) > 0 £Î˚

~ÓÇ v z̨£y ˆÑ˛y Ï̂òy !Ó®%̂ Ïì˛ !ò¡¨õ%Ö# õyò @˘Ã£í Ñ˛Ó˚̂ Ïú ˆ¢£z !Ó®%̂ Ïì˛ f (x) < 0 £Î˚– ˆÎ !Ó®%̂ Ïì˛ x Į̈̂ ô«˛Ñ˛ f(x)ÈÙÈ~Ó˚

õyò â˛Ó˚õ Óy xÓõ £ Ï̂Ó ˆÎ !Ó®%̂ Ïì˛ x!B˛ì˛ fl˛ôü≈Ñ˛

x x Ï̂«˛Ó˚ ¢õyhs˘˛Ó˚yú £Î˚ ö˛ Ï̂ú ˙ !Ó®%̂ Ïì˛ f (x)
= 0 £Î˚–

ï!Ó˚ñ y = f(x) x Į̈̂ ô«˛Ñ˛!›˛ a1  x  b1

Ók˛ xÓÑ˛yˆÏü ¢hs˘˛ì˛ (continuous) [ˆúÖ!â˛e

(1.1) xò%¢y Ï̂Ó̊] ~ÓÇ a1 < x < b1 õ%_´ xÓÑ˛y Ï̂ü

xÓÑ˛úò ˆÎyÜƒ– c1 !Ó®%!›˛ a1 < c1 < b1

xÓÑ˛y Ï̂ü xÓ!fl˛iì˛– ~õò f (c1) = 0 £ Ï̂úñ x =
c1 !Ó®%̂ Ïì˛ñ f(x)ÈÙÈ~Ó˚ â˛Ó˚õ õyò xy Ï̂äÈ ÓúÓ Î!î

f (x)ÈÙÈ~Ó˚ !â˛£´ c1ÈÙÈ~Ó˚ Óyõ !î Ï̂Ñ˛ ïòydÑ˛ (+ve) ˆÌ Ï̂Ñ˛ c1ÈÙÈ~Ó˚ î!«˛í !î Ï̂Ñ˛ }íyd Ï̂Ñ˛ (–ve) Ó˚*˛ôyhs˘˛!Ó˚ì˛ £Î˚–

¢%ì˛Ó˚yÇ x  c1
–  £ Ï̂ú f (x) > 0 ~ÓÇ x  c1

+ £ˆÏú f (x) < 0 [ˆúÖ!â˛e xò%¢y Ï̂Ó˚]

xò%Ó˚* Į̈̂ ôñ a2 < c2 < b2 xÓÑ˛y Ï̂üÓ˚ x = c2 !Ó®%̂ Ïì˛ñ f(x)ÈÙÈ~Ó˚ xÓõ õyò xy Ï̂äÈ ÓúÓ Î!î f (x)ÈÙÈ~Ó˚ !â˛£´

c2ÈÙÈ~Ó˚ Óyõ !î Ï̂Ñ˛ }íydÑ˛ (–ve) ˆÌ Ï̂Ñ˛ c1ÈÙÈ~Ó˚ î!«˛í !î Ï̂Ñ˛ ïòyd Ï̂Ñ˛ (+ve) ˛ô!Ó˚Ó!ì≈̨ ì˛ £Î˚– ¢%ì˛Ó˚yÇ x  c2
–

xÓfl˛iyÎ˚ f (x) < 0 ~ÓÇ x  c2
+ xÓfl˛iyÎ˚ f (x) > 0 £ Ï̂Ó [ˆúÖ!â˛e xò%¢y Ï̂Ó˚]–

xò%!¢k˛yhs˘˛ É

(i) Î!î ˆÑ˛y Ï̂òy !Ó®% x = cÈÙÈˆì˛ f (x)ÈÙÈ~Ó˚ !â˛£´ c !Ó®%Ó˚ v z̨¶˛Î˚ !î Ï̂Ñ˛ ~Ñ˛£z Ó˚Ñ˛õ Ìy Ï̂Ñ˛ ì˛ Ï̂Ó ˙ !Ó®%̂ Ïì˛

x Į̈̂ ô«˛Ñ˛ f(x)ÈÙÈ~Ó˚ â˛Ó˚õ Óy xÓõ õyò ÌyÑ˛ Ï̂Ó òy–

(ii) y = f(x) x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ˆ«˛ Ï̂e ˆÑ˛y Ï̂òy ~Ñ˛!›˛ !Ó®%̂ Ïì˛ 
dy
dx  xÌ≈yÍ ò!ì˛ ïòydÑ˛ Óy }íydÑ˛ £ Ï̂úñ xÈÙÈ~Ó˚ Ó,!k˛Ó˚

¢y Ï̂Ì yÈÙÈ~Ó˚ õyò Ó,!k˛ ˛ôy Ï̂Ó xÌÓy £…y¢ ˛ôy Ï̂Ó–

ˆúÖ!â˛e (1.1)
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(iii) y = f(x) x Į̈̂ ô«˛Ñ˛!›˛Ó˚ ˆ«˛ Ï̂e â˛Ó˚õ Á xÓõ õyò !òï≈yÓ˚̂ ÏíÓ˚ ãòƒ

(a) f (x) !òí≈Î˚ Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó–

(b) f (x) = 0 ï Ï̂Ó˚ ¢õ#Ñ˛Ó˚í!›˛ Ï̂Ñ˛ ¢õyïyò Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó–

(c) f (x) = 0 ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ ãòƒ xÈÙÈ~Ó˚ ˆÎ õyò S~Ñ˛ Óy ~Ñ˛y!ïÑ˛ ˛ôyÁÎ˚y ˆÜ Ï̂äÈ ˙ õyò ¢y Į̈̂ ô Ï̂«˛ ˛ô)̂ ÏÓ≈

~ÓÇ ˛ôÿ˛y Ï̂ì˛ f (x)ÈÙÈ~Ó˚ !â˛£´ !òï≈yÓ˚í Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó–

(d) f (x)ÈÙÈ~Ó˚ !â˛£´ xò%¢y Ï̂Ó˚ f(x)ÈÙÈ~Ó˚ â˛Ó˚õ Á xÓõ õyò !òï≈y!Ó˚ì˛ £ Ï̂Ó–

3.5 ≤ÃÌõ Á !mì˛#Î˚ e´ Ï̂õÓ˚ ü Ï̂ì≈̨ Ó˚ õ)úƒyÎ˚ò

xyõÓ˚y ãy!ò ˆÎ y = f(x) x Į̈̂ ô«˛Ñ˛!›˛Ó˚ ãòƒ xÈÙÈ~Ó˚ õyò Ó,!k˛ ˆ˛ô Ï̂ú 
dy
dx  ïòydÑ˛ (+ve) £Î˚ ~ÓÇ xÈÙÈ~Ó˚

õyò £…y¢ ˆ˛ô Ï̂ú 
dy
dx  }íydÑ˛ (–ve) £Î˚–

ˆ¢£z õì˛ xÈÙÈ~Ó˚ õyò Ó,!k˛Ó˚ ¢y Ï̂Ì 
dy
dx  Ó,!k˛ ˆ˛ô Ï̂ú 

d
dx (

dy
dx ) Óy 

d y
dx

2

2  ïòydÑ˛ £Î˚ ~ÓÇ xÈÙÈ~Ó˚ Ó,!k˛Ó˚ ¢ˆÏD

dy
dx  £…y¢ ˆ˛ôˆÏú 

d
dx (

dy
dx ) Óy 

d y
dx

2

2  }íydÑ˛ £Î˚–

¢%ì˛Ó˚yÇ â˛Ó˚õ õyò @˘Ã£í Ñ˛y Ï̂ú xÌ≈yÍ Ó,£_õ õyò!Ó!ü‹T !Ó®%̂ Ïì˛ 
dy
dx  = 0 £Î˚ ˙ !Ó®% ˆäÈ Ï̂v ¸̨ ÎyÓyÓ˚ ¢õÎ˚

ïòydÑ˛ ˆÌ Ï̂Ñ˛ }íyd Ï̂Ñ˛ ˛ô!Ó˚Ó!ì≈̨ ì˛ £Î˚– xì˛~Óñ xÈÙÈ~Ó˚ Ó,!k˛Ó˚ ¢ Ï̂D â˛Ó˚õ õyòÎ%_´ !Ó®%̂ Ïì˛ 
dy
dx  £…y¢ ≤ÃyÆ £Î˚–

ö˛ Ï̂ú ˙ xÓfl˛iyÎ˚ñ 
d y
dx

2

2  < 0 £Î˚–

˛˛ô%òÓ˚yÎ˚ñ xÓõ õyò @˘Ã£í Ñ˛y Ï̂ú ˙ !Ó®%̂ Ïì˛ 
dy
dx  = 0 £Î˚ ~ÓÇ ˙ !Ó®% ˆäÈ Ï̂v ¸̨ x@˘Ã¢Ó˚ £ Ï̂ú }íydÑ˛ ˆÌ Ï̂Ñ˛

ïòyd Ï̂Ñ˛ Ó˚*˛ôyhs˘˛!Ó˚ì˛ £Î˚– xì˛~Óñ  xÈÙÈ~Ó˚ Ó,!k˛Ó˚ ¢y Ï̂Ì xÓõ õyò Î%_´ !Ó®%̂ Ïì˛ 
dy
dx  Ó,!k˛ ˛ôyÎ˚– ~ Ï̂«˛ Ï̂eñ xÓõ

õyò @˘Ã£íÑ˛yÓ˚# !Ó®%̂ Ïì˛ 
d y
dx

2

2  > 0 £Î˚–

¢%ì˛Ó˚yÇ ¢Ç Ï̂«˛ Į̈̂ ô Óúy £Î˚ ˆÎ ≤Ãî_ x Į̈̂ ô«˛Ñ˛!›˛ â˛Ó˚õ õyò @˘Ã£íÑ˛yÓ˚# !Ó®%̂ Ïì˛ ≤ÃÌõ e´ Ï̂õÓ˚ xÓÑ˛ú =íyB˛

xÌ≈yÍ 
dy
dx  = 0 £ Ï̂Ó ~ÓÇ !mì˛#Î˚ e´ Ï̂õÓ˚ xÓÑ˛ú =íyB˛ xÌ≈yÍ  

d y
dx

2

2  < 0 £ˆÏÓ–

x˛ôÓ˚!î Ï̂Ñ˛ñ x Į̈̂ ô«˛Ñ˛!›˛ xÓõ õyò @˘Ã£íÑ˛yÓ˚# !Ó®%̂ Ïì˛ ≤ÃÌõ e´ Ï̂õÓ˚ xÓÑ˛ú =íyB˛ xÌ≈yÍ 
dy
dx  = 0 £ Ï̂Ó ~ÓÇ

!mì˛#Î˚ e´ Ï̂õÓ˚ xÓÑ˛ú =íyB˛ xÌ≈yÍ  
d y
dx

2

2  > 0 £ˆÏÓ–

xì˛~Ó ˆîÎ˚ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ â˛Ó˚õ Á xÓõ õyò !òï≈yÓ˚̂ ÏíÓ˚ ãòƒ ≤ÃÌõ Á !mì˛#Î˚ e´ Ï̂õÓ˚ xÓÑ˛ú =íy Ï̂B˛Ó˚

v z̨̨ ô!fl˛i!ì˛ xì˛ƒhs˘˛ ì˛yÍ˛ôÎ≈̨ ô)í≈–
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3.6 v z̨îy£Ó˚̂ ÏíÓ˚ ¢y£y Ï̂Îƒ ≤Ã Ï̂Î˚yãò#Î˚ Á Î Ï̂Ì‹T ü Ï̂ì≈̨ Ó˚ xy Ï̂úyâ˛òy

≤Ã Ï̂Î˚yãò#Î˚ üì≈̨  Sâ˛Ó˚õ Á xÓõ õyò ÌyÑ˛yÓ˚V É Î!î x = cÈÙÈˆì˛ x Į̈̂ ô«˛Ñ˛ f(x)ÈÙÈ~Ó˚ â˛Ó˚õ Á xÓõ õyò Óì≈̨ õyò

Ìy Ï̂Ñ˛ ~ÓÇ f (c) x!hfl Į̈cÎ%_´ £Î˚ ì˛ Ï̂Ó f (c) = 0 £ˆÏÓ–

ï!Ó˚ñ x = cÈÙÈˆì˛ f(x) x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ â˛Ó˚õ õyò Óì≈̨ õyò– ì˛Öò hÈÙÈ~Ó˚ ¢õhfl Į̈ ïòydÑ˛ Á }íydÑ˛ «%̨ o õy Ï̂òÓ˚

ãòƒ f(c)  f(c + h) xÌ≈yÍ f(c + h) – f(c)  0

¢%ì˛Ó˚yÇ 
f c h f c

h
( ) ( )+ −

  0, ÎÖò h > 0

~ÓÇ 
f c h f c

h
( ) ( )+ −

  0ñ ÎÖò h < 0

xì˛~Óñ Lt
h

f c h f c
h→ +

+ −
0

( ) ( )
  0 ... (i)

~ÓÇ Lt
h

f c h f c
h→ −

+ −
0

( ) ( )
  0 ... (ii)

(i)òÇ Á (ii)òÇ ˆÌ Ï̂Ñ˛ ¢£ Ï̂ã£z ˆúÖy ÎyÎ˚ ˆÎñ

f (c) = 0 [ÎÖò f (c) x!hfl Į̈cÎ%_´]

xò%Ó˚*ˆÏ˛ôñ Î!î x = cÈÙÈˆì˛ f(x) x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ xÓõ õyò Ìy Ï̂Ñ˛ ~ÓÇ f (c) x!hfl Į̈c ÓãyÎ˚ Ó˚y Ï̂Ö ì˛ Ï̂Ó ≤Ãõyí

Ñ˛Ó˚y ÎyÎ˚ ˆÎ f (c) = 0

v z̨̨ ô!Ó˚ v z̨_´ üì≈̨ !›˛ ÷ï%õye x Į̈̂ ô«˛Ñ˛ f(x)ÈÙÈ~Ó˚ x = cÈÙÈˆì˛ â˛Ó˚õ Á xÓõ õyò ÌyÑ˛yÓ˚ ≤Ã Ï̂Î˚yãò#Î˚ (necessary)
üì≈̨ – Ñ˛yÓ˚í f (c)ÈÙÈ~Ó˚ x!hfl Į̈c òy ÌyÑ˛ Ï̂úÁ x Į̈̂ ô«˛Ñ˛ f(x)ÈÙÈ~Ó˚ â˛Ó˚õ Á xÓõ õyò ÌyÑ˛ Ï̂ì˛ ˛ôy Ï̂Ó˚–

Î!î f+(c)  f–(c) £Î˚ñ ˆ¢ Ï̂«˛ Ï̂e

(a) f+(c) > 0 ~ÓÇ f–(c) < 0 £ˆÏú f(x)ÈÙÈ~Ó˚ xÓõ õyò f(c) £ˆÏÓ–

(b) f+(c) < 0 ~ÓÇ f–(c) > 0 £ˆÏú f(x)ÈÙÈ~Ó˚ â˛Ó˚õ õyò f(c) £ˆÏÓ–

ˆ«˛e!ÓˆÏüˆÏ°Ï f (c) = 0, !Ñ˛ls˘˛ x = cÈÙÈˆì˛ f(x) x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ â˛Ó˚õ Óy xÓõ õyò ˛ôyÁÎ˚y ÎyÎ˚ òy– ˆ¢£z Ñ˛yÓ˚̂ Ïí

x Į̈̂ ô«˛Ñ˛ f(x)ÈÙÈ~Ó˚ â˛Ó˚õ Á xÓõ õyò ÓãyÎ˚ ÌyÑ˛yÓ˚ ãòƒ !ò Ï̂¡¨y_´ üì≈̨ !›˛ Î Ï̂Ì‹T (sufficient) Ó Ï̂ú ˛ô!Ó˚!â˛ì˛–
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Î Ï̂Ì‹T üì≈̨  É c ˆÑ˛!wÑ˛ xMÈ˛ Ï̂ú xÌ≈yÍ x Îì˛£z cÈÙÈ~Ó˚ !òÑ˛›˛Óì≈̨ # £Î˚ñ ì˛ì˛£z f(x) ¢%¢ÇK˛yì˛ x Į̈̂ ô«˛Ñ˛ !£¢y Ï̂Ó

Üíƒ £Î˚– ~õò xÓfl˛iyÎ˚ f (c) = 0 ~ÓÇ f (c) x!hfl Į̈c Î%_´ £ Ï̂ú f(x)ÈÙÈ~Ó˚ â˛Ó˚õ õyò f(c) £ Ï̂Ó Î!î f (c) < 0
£Î˚– x˛ôÓ˚ !î Ï̂Ñ˛ f(x)ÈÙÈ~Ó˚ xÓõ õyò f(c) £ Ï̂Ó Î!î f (c) > 0 £Î˚–

!Ó.o. É Î!î f (c) = f (c) = ... f n–1(c) = 0ñ !Ñ˛ls˘˛ f n(c)  0, n Î%@¬ ¢ÇÖƒy £ Ï̂ú ~ÓÇ f n(c) < 0 £ˆÏú

fl˛iyò#Î˚¶˛yˆÏÓ cÈÙÈˆì˛ f(x)ÈÙÈ~Ó˚ â˛Ó˚õ õyò ~ÓÇ ˛ô«˛yhs˘˛ Ï̂Ó˚ f n(c) > 0 £ˆÏúñ fl˛iyò#Î˚¶˛yˆÏÓ cÈÙÈˆì˛ f(x)ÈÙÈ~Ó˚ xÓõ õyò

ÓãyÎ˚ Ìy Ï̂Ñ˛–

3.7 v z̨îy£Ó˚̂ ÏíÓ˚ ¢y£y Ï̂Îƒ f(x)ÙÈ~Ó˚ â˛Ó˚õ Á xÓõ õyò !òí≈Î˚ ~ÓÇ ì˛yÓ˚ ≤Ã Ï̂Î˚yÜ

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ1 É Î!î f(x) = 4x3 – 15x2 + 12x – 2 £Î˚ñ ì˛ Ï̂Ó f(x)ÈÙÈ~Ó˚ â˛Ó˚õ Á xÓõ õyò !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É ~fl˛i Ï̂úñ f(x) = 4x3 – 15x2 + 12x – 2

¢%ì˛Ó˚yÇ f (x) = 12x2 – 30x + 12

= 6(2x2 – 5x + 2) = 6(2x2 – 4x – x + 2)

= 6{2x(x – 2) – 1(x – 2)}

= 6(x – 2)(2x – 1) ... (i)

~Öò f (x) = 24x – 30 ... (ii)

(i)òÇ ˆÌ Ï̂Ñ˛ñ Î!î f (x) = 0 £Î˚ñ

ì˛ Ï̂Ó 6(x – 2)(2x – 1) = 0 Óyñ (x – 2)(2x – 1) = 0 [v z̨¶˛Î˚ ˛ô«˛ Ï̂Ñ˛ 6 !î Ï̂Î˚ ¶˛yÜ Ñ˛ Ï̂Ó˚]

xÌ≈yÍ x = 2 xÌÓy x = 
1
2

¢%ì˛Ó˚yÇ f (2) = 24(2) – 30 [(ii)òÇ ˆÌ Ï̂Ñ]

= 48 – 30 = 18 > 0

 x = 2ÈÙÈˆì˛ x Į̈̂ ô«˛Ñ˛ f(x)ÈÙÈ~Ó˚ xÓõ õyò xy Ï̂äÈ–

˙ xÓõ õyò = f(2)

= 4(2)3 – 15(2)2 + 12(2) – 2 [≤Ãî_ f(x) ˆÌ Ï̂Ñ˛]

= 32 – 60 + 24 – 2 = 56 – 62 = –6

˛ô%òÓ˚yÎ˚ñ f 
1
2

⎛
⎝⎜

⎞
⎠⎟  = 24

1
2

⎛
⎝⎜

⎞
⎠⎟  – 30 [(ii)òÇ ˆÌ Ï̂Ñ˛]

= 12 – 30 = – 18 < 0

 x = 
1
2

ÙÈˆì˛ x Į̈̂ ô«˛Ñ˛ f(x)ÈÙÈ~Ó˚ â˛Ó˚õ õyò xy Ï̂äÈ ~ÓÇ
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   ˙ â˛Ó˚õ õyò = f
1
2

⎛
⎝⎜

⎞
⎠⎟

= 4
1
2

3⎛
⎝⎜

⎞
⎠⎟  – 15

1
2

2⎛
⎝⎜

⎞
⎠⎟  + 12

1
2

⎛
⎝⎜

⎞
⎠⎟  – 2  [f(x) ˆÌ Ï̂Ñ˛]

= 
4
8

 – 
15
4

 + 6 – 2 = 
1
2

 – 
15
4

 + 4

= 
9
2

 – 
15
4

 = 
18 15

4
−

 = 
3
4

 !ò Ï̂í≈Î˚ â˛Ó˚õ õyò = 
3
4

 ~ÓÇ xÓõ õyò = –6 [v z̨_Ó˚]

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ2 É !ò Ï̂¡¨y_´ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ â˛Ó˚õ Á xÓõ õyò !òí≈Î˚ Ñ˛Ó˚&ò É

x x
x

2 7 6
10

− +
−

–

 ¢õyïyò É ˛˛õ Ï̂ò Ñ˛!Ó˚ñ f(x) = x x
x

2 7 6
10

− +
−

 
dy
dx  Óy f (x) = 

( )( ) ( )
( )

x x x x
x

− − − − +
−

10 2 7 1 7 6
10

2

2

= 
2 20 7 70 7 6

10

2 2

2
x x x x x

x
− − + − + −

−( )

= 
x x

x

2

2
20 64

10
− +

−( )  = 
x x x

x

2

2
16 4 64

10
− − +

−( )

= 
x x x

x
( ) ( )

( )
− − −

−
16 4 16

10 2  = 
( )( )

( )
x x

x
− −

−
16 4

10 2

f(x)ÈÙÈ~Ó˚ â˛Ó˚õ Á xÓõ õyò !òï≈yÓ˚̂ ÏíÓ˚ ãòƒ ≤Ã Ï̂Î˚yãò#Î˚ üì≈̨  !£¢y Ï̂Ó f (x) = 0  £ Ï̂Ó

xÌ≈yÍ 
( )( )

( )
x x

x
− −

−
16 4

10 2  = 0 £ Ï̂Ó xÌ≈yÍ x = 16 xÌÓy 4 £ Ï̂Ó–

~ Ï̂«˛ Ï̂e ú«˛í#Î˚ ˆÎ x  4 SÓy x < 4V £Î˚ ì˛Öò f (x) > 0 £Î˚

xyÓyÓ˚ x  4+ (x > 4), f (x) < 0

¢%ì˛Ó˚yÇ x = 4ÈÙÈˆì˛ x Į̈̂ ô«˛Ñ˛ f(x)ÈÙÈ~Ó˚ â˛Ó˚õ õyò Óì≈̨ õyò–

≤Ãî_ x Į̈̂ ô«˛Ñ˛!›˛Ó˚ !ò Ï̂í≈Î˚ â˛Ó˚õ õyò = f(4) = 
4 7 4 6

4 10

2 − +
−
( )

( )

= 
16 28 6

6
− +

−( )  = 
22 28

6
−
−( )  = 

( )
( )
−
−
6
6  = 1
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xò%Ó˚* Į̈̂ ôñ x  16– SxÌ≈yÍ xÈÙÈ~Ó˚ õyò 16ÈÙÈ~Ó˚ Óyõ!î Ï̂Ñ˛ Óì≈̨ õyòV

ì˛Öò f (x) < 0

~ÓÇ x  16+ SxÈÙÈ~Ó˚ õyò 16ÈÙÈ~Ó˚ î!«˛í Óy v˛yò !î Ï̂Ñ˛ xÓ!fl˛iì˛V

ì˛Öò f (x) > 0

 x = 16ÈÙÈˆì˛ x Į̈̂ ô«˛Ñ˛ f(x)ÈÙÈ~Ó˚ xÓõ õyò Óì≈̨ õyò–

˙ x Į̈̂ ô«˛Ñ˛!›˛ !ò Ï̂í≈Î˚ xÓõ õyò = f(16) = 16 7 16 6
16 10

2 − +
−
( )  = 

256 112 6
6

− +

= 
262 112

6
−

 = 
150
6

 = 25

v˛z_Ó˚ É !ò Ï̂í≈Î˚ â˛Ó˚õ õyò = 1 ~ÓÇ xÓõ õyò = 25

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ3 É ≤Ãõyí Ñ˛Ó˚&ò ˆÎ f(x) = |x – 2| £ Ï̂ú x = 2 !Ó®%̂ Ïì˛ x Į̈̂ ô«˛Ñ˛!›˛ xÓÑ˛úò Ï̂ÎyÜƒ £ Ï̂FäÈ

òy !Ñ˛ls˘˛ ì˛y ¢ Ï̂_¥Á x = 2 !Ó®%̂ Ïì˛ v z̨£y xÓõ õyò ïyÓ˚̂ Ïí ¢«˛õ–

 ¢õyïyò É ~ Ï̂«˛ Ï̂eñ f(x) = | x – 2 |

f (x) = Lt
h

f x h f x
h→

+ −
0

( ) ( )

  f (2) = Lt
h

f h f
h→

+ −
0

2 2( ) ( )
 = Lt

h

h
h→

+ − − −
0

2 2 2 2| | | |
 = Lt

h

h
h→0

| |

~Öò f– (2) = Lt
h

h
h→ −0

| |
 = Lt

h

h
h→ −

−
0

( )
 = –1

SÓyõ ˛ôy Ï̂Ÿª≈Ó˚ xÓÑ˛ú =íyB˛V

f+(2) = Lt
h

h
h→ +0

| |
 = Lt

h

h
h→ +0

( )
 = 1

Sî!«˛í ˛ôy Ï̂Ÿª≈Ó˚ xÓÑ˛ú =íyB˛V

ˆÎˆÏ£ì%˛ f+(2)  f–(2), f (2)ÈÙÈ~Ó˚ x!hfl Į̈c£#ò–

¢%ì˛Ó˚yÇ x = 2 !Ó®%̂ Ïì˛ñ f(x) x Į̈̂ ô«˛Ñ˛!›˛ xÓÑ˛úò Ï̂ÎyÜƒ òÎ˚–

~fl˛i Ï̂úñ ú«˛í#Î˚ ˆÎñ f–(2) = –1 < 0 ~ÓÇ f+(2) = 1 > 0

ˆÎ Ï̂£ì%̨  f (x)ÈÙÈ~Ó˚ !â˛£´ }íydÑ˛ ˆÌ Ï̂Ñ˛ ïòydÑ˛ £ Ï̂FäÈ ÎÖò xÈÙÈ~Ó˚ õyò 2ÈÙÈ~Ó˚ ˆäÈy Ï̂›˛y ˆÌ Ï̂Ñ˛ 2ÈÙÈ~Ó˚ ÓˆÏv ¸̨y

£ˆÏFäÈ–

 x = 2 !Ó®%̂ Ïì˛ f(x)ÈÙÈ~Ó˚ xÓõ õyò Óì≈̨ õyò–

!ò Ï̂í≈Î˚ xÓõ õyò SÎy ≤Ãî_ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ˆ«˛ Ï̂e ≤Ã Ï̂ÎyãƒV = f(2) = |2 – 2| = 0

¢%ì˛Ó˚yÇ ~›˛y ≤Ãõy!íì˛ £ú ˆÎ ≤Ãî_ x Į̈̂ ô«˛Ñ˛!›˛ x = 2ÈÙÈˆì˛ xÓÑ˛úò Ï̂ÎyÜƒ òÎ˚ !Ñ˛ls˘˛ ˙ !Ó®%̂ Ïì˛ x Į̈̂ ô«˛Ñ˛!›˛

xÓõ õyò ïyÓ˚í Ñ˛ Ï̂Ó˚–
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ4 É !mì˛#Î˚ xÓÑ˛ Ï̂úÓ˚ õyïƒ Ï̂õ SÓy Î Ï̂Ì‹T ü Ï̂ì≈̨ Ó˚ õyïƒ Ï̂õVñ f(x) = x3 – 3x + 1ÈÙÈ~Ó˚ xÓõ

õyò !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É õ Ï̂ò Ñ˛!Ó˚ñ f(x) = x3 – 3x + 1
f (x) = 3x2 – 3

f(x)ÈÙÈ~Ó˚ õyò xÓõ £ Ï̂Ó Î!î f (x) = 0
xÌ≈yÍ  3x2 – 3 = 0 Óy 3x2 = 3 Óyñ x2 = 1 xÌ≈yÍ x = ± 1
~ Ï̂«˛ Ï̂eñ f (x) = 6x – 0 = 6x
       S!mì˛#Î˚ e´ Ï̂õÓ˚ xÓÑ˛ú =íyB˛V

~Öò x = 1 !Ó®%̂ Ïì˛ñ f (1) = 6(1) = 6 > 0
 x = 1 £ˆÏú f(x) x Į̈̂ ô«˛Ñ˛!›˛ xÓõ õyò @˘Ã£í Ñ˛ Ï̂Ó˚–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ5 É Î!î x S~Ñ˛Ñ˛V oÓƒ v z̨Í˛ôyîò Ñ˛y Ï̂úñ o Ï̂ÓƒÓ˚ e´Î˚õ)úƒãyì˛ x Į̈̂ ô«˛Ñ˛ (cost function)

C(x) = x3

3
 – 45x2 – 900x £Î̊ ì˛ Ï̂Ó Ñ˛ì˛=!ú oÓƒ v z̨Í˛ôyîò Ñ˛Ó̊ Ï̂ú o Ï̂ÓƒÓ̊ ≤Ãy!hs˘˛Ñ˛ õ)úƒ [marginal

cost (MC)] ¢Ó≈̂ Į̈ ô«˛y (minimum) Ñ˛õ £ Ï̂Ó⁄

 ¢õyïyò É ~fl˛iˆÏúñ C(x) = x3

3
 – 45x2 – 900x

≤Ãy!hs˘˛Ñ˛ õ)úƒ (MC) = 
d
dx (C(x))

 MC = 
1
3

(3x2) – 45(2x) – 900(1)

 MC = x2 – 90x – 900 ... (1)

~Öò xÈÙÈ~Ó˚ õyò Ñ˛ì˛ £ Ï̂ú MC ¢Ó≈!ò¡¨ (minimum) £Î˚ ì˛y xyõy Ï̂îÓ˚ !òí≈Î˚ Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó– ˆ¢ãòƒ

d
dx (MC) = 0 ~ÓÇ 

d
dx

2

2 (MC) > 0 £ Ï̂Ó–

~Öòñ 
d
dx (MC) = 2x – 90 ((1)òÇ ˆÌ Ï̂Ñ˛V ~ÓÇ 

d
dx

2

2 (MC) = 21 – 0 = 2

d
dx (MC) = 0  2x – 90 = 0  x = 

90
2

 = 45

¢%ì˛Ó˚yÇ x = 45 £ˆÏú 
d
dx

2

2 (MC) = 2 > 0

 v z̨Í˛ôy!îì˛ oÓƒ ¢ÇÖƒy 45 £ Ï̂úñ v z̨£yÓ˚ ≤Ãy!hs˘˛Ñ˛ õ)úƒ (MC) ¢Ó≈!ò¡¨ £Î˚– Süì≈˛ xò%¢yˆÏÓ˚V

v˛z_Ó˚ É !ò Ï̂í≈Î˚ v z̨Í˛ôy!îì˛ oÓƒ ¢ÇÖƒy = 45
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ6 É Î!î x îö˛y (item) o Ï̂ÓƒÓ˚ v z̨Í˛ôyîò Ñ˛y Ï̂úñ ˆõy›˛ v z̨Í˛ôyîò õ)̂ Ïúƒ v z̨̨ ô!Ó˚ ÓƒÎ˚ 1600 ›˛yÑ˛y

~ÓÇ o Ï̂ÓƒÓ˚ ÖÓ˚â˛ 30x ›˛yÑ˛y ~ÓÇ ˛ôy!Ó˚◊!õÑ˛ ÓyÓî 
x2

100
 ›˛yÑ˛y ïÓ˚y £ Ï̂úñ Ñ˛ì˛=!ú îö˛yÓ˚ oÓƒ

≤Ãhfl%̨ !ì˛ Ï̂ì˛ Üv ¸̨ e´Î˚õ)úƒ (average cost) ¢Ó≈!ò¡¨ (minimum) £ Ï̂Ó ì˛y !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É x îö˛y oÓƒ ≤Ãhfl%̨ !ì˛ Ï̂ì˛ñ

ˆõy›˛ ˆÑ˛òy îyõ (cost) C(x) = 1600 30
100

2
+ +

⎛
⎝⎜

⎞
⎠⎟

x x
 ›˛yÑ˛y

 Ü Ï̂v ¸̨ ˆÑ˛òy îyõ [Average cost (AC)] = 
C( )x

x  = 
1
x

1600 30
100

2
+ +

⎛
⎝⎜

⎞
⎠⎟

x x

= 
1600 30

100x
x+ +⎛

⎝⎜
⎞
⎠⎟  ›˛yÑ˛y

~Öò x ¢ÇÖƒÑ˛ o Ï̂ÓƒÓ˚ õ)úƒ Óy îyõ !òï≈yÓ˚í Ñ˛y Ï̂ú Ü Ï̂v ¸̨ ˆÑ˛òy îyõ (AC) ¢Ó≈!ò¡¨ £ Ï̂Ó

ÎÖò 
d
dx (AC) = 0 ~ÓÇ 

d
dx

2

2 (AC) > 0 £ Ï̂Ó–

fl˛ô‹Tì˛£zñ 
d
dx (AC) = 0

 
d
dx x

x1600 30
100

+ +⎛
⎝⎜

⎞
⎠⎟  = 0

 1600
d
dx (x–1) + 

d
dx (30) + 

1
100

d
dx (x) = 0

 1600 −⎛
⎝⎜

⎞
⎠⎟

1
2x  + 0 + 

1
100

(1) = 0

 
−1600

2x  + 
1

100
 = 0

 –
1600

2x  = –
1

100
  

1600
2x  = 

1
100

 x2 = 16 × 104

 x = ± 4 1002 2× ( )  = ± 400

!Ñ˛ls˘˛ñ x > 0 Ó Ï̂ú x  –400 xÌ≈yÍ x = 400

~Öò 
d
dx

2

2 (AC) = 
d
dx

d
dx

( )AC⎛
⎝⎜

⎞
⎠⎟  = 

d
dx x

− +⎛
⎝⎜

⎞
⎠⎟

1600 1
1002

= –1600
d
dx (x–2) + 

d
dx

1
100

⎛
⎝⎜

⎞
⎠⎟  = –1600 × (–2x–3) + 0
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= 1600 × 2x–3 = 
3200

3x

d
dx x

2

2
400

( )AC
⎡

⎣
⎢

⎤

⎦
⎥

=
 = 

3200
400 3( )  = 

32 100
64 100 100 100

×
× × ×

 = 
1

2 10000×
 = 

1
20000

 > 0

¢%ì˛Ó˚yÇ Üv ¸̨ ˆÑ˛òy îyõ ¢Ó≈!ò¡¨ £Î˚ ÎÖò v z̨Í˛ôy!îì˛ o Ï̂ÓƒÓ˚ îö˛yÓ˚ ¢ÇÖƒy 400

v z̨_Ó˚ É 400

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ7 É Î!î ˆÑ˛y Ï̂òy o Ï̂ÓƒÓ˚ â˛y!£îy ¢Çe´yhs˘˛ x Į̈̂ ô«˛Ñ˛ (demand function) x = 
24 2

3
− p

ñ

ÎÖò o Ï̂ÓƒÓ˚ â˛y!£îy ¢ÇÖƒy = x ~ÓÇ ~Ñ˛Ñ˛ (unit) !˛ôä%È õ)úƒ £Î˚ p ›˛yÑ˛y ì˛ Ï̂Ó

(i) xyÎ˚Ñ˛yÓ˚# x Į̈̂ ô«˛Ñ˛ (revenue function) ‘R’ !òí≈Î˚ Ñ˛Ó˚&ò p ¢y Į̈̂ ô Ï̂«˛

(ii) â˛y!£îyÓ̊ !£¢y Ï̂Ó o Ï̂ÓƒÓ̊ ¢ÇÖƒy ~ÓÇ õ)úƒ (price) !òí≈Î̊ Ñ˛Ó̊&ò ÎÖò xyÎ̊ Ñ˛ Ï̂Ó ¢ Ï̂Ó≈yFâ˛ (maximum)

 ¢õyïyò É ~fl˛i Ï̂ú â˛y!£îy ¢Çe´yhs˘˛ x Į̈̂ ô«˛Ñ˛ x = 
24 2

3
− p

(i) ˆÎ Ï̂£ì%̨  xyÎ˚Ñ˛yÓ˚# x Į̈̂ ô«˛Ñ˛ (revenue function)

R = px = p
24 2

3
−⎛

⎝⎜
⎞
⎠⎟

p
 = 8p – 

2
3

p2

ÎÖò xyÎ˚ (R) ¢Ó≈y!ïÑ˛ ì˛Öò ‘p’ÈÙÈ~Ó˚ õyò !òï≈yÓ˚í Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó

xÌ≈yÍ ˙ Ï̂«˛ Ï̂eñ 
d
dp
R

 = 0 ~ÓÇ 
d
dp

2

2
R

 < 0 £ˆÏÓ

~Öòñ 
d
dp
R

 = 0  
d
dp

p p8 2
3

2−⎛
⎝⎜

⎞
⎠⎟  = 0  8

d
dp (p) – 

2
3

d
dp (p2) = 0

 81 – 
2
3
2p = 0  8 – 

4
3

p = 0  
4
3
p

 = 8

 4p = 24  p = 
24
4

  p = 6

¢%ì˛Ó˚yÇ 

d
dp p

2

2
6

R⎡

⎣
⎢

⎤

⎦
⎥

=
 = 

d
dp

d
dp p

R⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

=6
 = 

d
dp

p
p

8 4
3 6

−⎛
⎝⎜

⎞
⎠⎟

⎡
⎣
⎢

⎤
⎦
⎥

=
 = 0 4

3
1

6
− ⋅⎡

⎣⎢
⎤
⎦⎥ =p

= −⎡
⎣⎢

⎤
⎦⎥ =

4
3 6p

 = –
4
3

 [‘p’ !òÓ˚̂ Į̈ ô«˛ Ó Ï̂ú]

xÌ≈yÍ 

d
dp p

2

2
6

R⎡

⎣
⎢

⎤

⎦
⎥

=
 < 0

¢%ì˛Ó˚yÇ p = 6 £ Ï̂ú xyÎ˚ ¢ Ï̂Ó≈yFâ˛ £ Ï̂Óñ
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o Ï̂ÓƒÓ˚ â˛y!£îy ¢ÇÖƒy (x) =  
24 2 6

3
− ×

 = 
24 12

3
−

 = 
12
3

 = 4

~fl˛i Ï̂ú ¢£ã¶˛y Ï̂Ó ˛ôÎ≈̂ ÏÓ«˛í Ñ˛Ó˚y ÎyÎ˚ ˆÎ o Ï̂ÓƒÓ˚ â˛y!£îy ¢ÇÖƒy 4 ~ÓÇ o Ï̂ÓƒÓ˚ ≤Ã!ì˛ ~Ñ˛ Ï̂Ñ˛ õ)úƒ £Î˚

6 ›˛yÑ˛y ì˛Öò£z oÓƒ ˆÌ Ï̂Ñ˛ xyÎ˚ £Î˚ ¢Ó≈y!ïÑ˛–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ8 É ~Ñ˛!›˛ Ñ˛yÓ˚ÖyòyÎ˚ o Ï̂ÓƒÓ˚ e´Î˚õ)úƒãyì˛ x Į̈̂ ô«˛Ñ˛ (cost function) C(x) = x3

3
 – 7x2

+ 111x + 50 ~ÓÇ â˛y!£îy ¢Çe´yhs˘˛ x Į̈̂ ô«˛Ñ˛ (x) = 100 – p

!ò Ï̂¡¨y_´ ˆ«˛e=!ú Ï̂Ñ˛ ¢!‡˛Ñ˛¶˛y Ï̂Ó !òí≈Î˚ Ñ˛Ó˚&ò É

(i) ˆõy›˛ xyÎ˚Ñ˛yÓ˚# x Į̈̂ ô«˛Ñ˛ (revenue function) xÈÙÈ~Ó˚ õyïƒ Ï̂õ

(ii) úy¶˛ãòÑ˛ x Į̈̂ ô«˛Ñ˛ (profit function) PÈÙÈˆÑ˛ xÈÙÈ~Ó˚ õyïƒ Ï̂õ

(iii) ¢Ó≈y!ïÑ˛ úy Ï̂¶˛Ó˚ ˛ô!Ó˚õyí Ñ˛ì˛⁄

 ¢õyïyò É (i) ~ Ï̂«˛ Ï̂eñ â˛y!£îy ¢Çe´yhs˘˛ x Į̈̂ ô«˛Ñ˛ x = 100 – p

xÌ≈yÍ p = 100 – x

xyÎ˚Ñ˛yÓ˚# x Į̈̂ ô«˛Ñ˛ (revenue function),
R(x) = px = (100 – x)x = 100x – x2

(ii) úy¶˛ãòÑ˛ x Į̈̂ ô«˛Ñ˛ (profit function)

P(x) = R(x) – C(x) = (100x – x2) – ( x3

3
 – 7x2 + 111x + 50)

= – x3

3
 + 6x2 – 11x – 50

(iii) ¢Ó≈≤ÃÌõ xÈÙÈ~Ó˚ õyò Ñ˛ì˛ £ Ï̂ú P(x) ¢Ó≈y!ïÑ˛ £Î˚ ì˛y !fl˛iÓ˚ Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó– ˙ ˆ«˛ Ï̂e 
d
dx
P

 = 0 ~ÓÇ 
d
dx

2

2
P

< 0 £ˆÏÓ–

~Öò  
d
dx
P

 = 0

 – 
1
3

(3x2) + 6(2x) – 11(1) – 0 = 0

 – x2 + 12x – 11 = 0
 x2 – 12x + 11 = 0
 x2 – 11x – x + 11 = 0
 x(x – 11) – 1(x – 11) = 0
 (x – 11) (x – 1) = 0
 x – 11 = 0 xÌÓyñ x – 1 = 0

xÌ≈yÍ x = 11 xÌÓy x = 1
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d
dx

2

2
P

 = 
d
dx

d
dx
P⎛

⎝⎜
⎞
⎠⎟  = 

d
dx (–x2 + 12x – 11)

= (–1)
d
dx (x2) + 12

d
dx (x) – 

d
dx (11)

= –2x + 12(1) – 0 = –2x + 12

ÎÖò x = 11, 
d
dx

2

2
P

 = –2(11) + 12 = –22 + 12 = –10 < 0

~ÓÇ ÎÖò x = 1, 
d
dx

2

2
P

 = –2(1) + 12 = –2 + 12 = 10 > 0

 ¢Ó≈y!ïÑ˛ úy Ï̂¶˛Ó˚ ãòƒ x = 11 õyò!›˛ @˘Ã£í Ï̂ÎyÜƒ–

ˆÎˆÏ£ì%˛ñ P(x) = – x3

3
 + 6x2 – 11x – 50

¢%ì˛Ó˚yÇ P(11) = – ( )11
3

3
 + 6(11)2 – 11(11) – 50  [x = 11 Ó Ï̂ú]

= – 
1331

3
 + 6(121) – 121 – 50

= – 
1331

3
 + 726 – 171 = 

− + × − ×1331 726 3 3 171
3

= – 
− + −1331 2178 513

3
 = 

− +1844 2178
3

 = 
334
3

= 111.33 Sî% îü!õÑ˛ fl˛iyò ˛ôÎ≈hs˘˛V

 !ò Ï̂í≈Î˚ ¢ Ï̂Ó≈yFâ˛ úy Ï̂¶˛Ó˚ ˛ô!Ó˚õyí = 111.33 ›˛yÑ˛y

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ9 É ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ f(x) = x3 – 3x2 + 9x – 5 x Į̈̂ ô«˛Ñ˛!›˛Ó˚ ˆÑ˛y Ï̂òy â˛Ó˚õ Óy xÓõ õyò

˛ôyÁÎ˚y ÎyÎ˚ òy [ÎÖò x Óyhfl Į̈Ó ~ÓÇ x  (–, )]

 ¢õyïyò É ~fl˛i Ï̂ú ≤ÃŸ¿õ Ï̂ì˛ñ f(x) = x3 – 3x2 + 9x – 5

 f (x) = 3x2 – 3(2x) + 9(1) – 0
= 3x2 – 6x + 9 = 3(x2 – 2x + 3)

~Öò f (x) = 0
 3(x2 – 2x + 3) = 0

 x2 – 2x + 3 = 0 Sv z̨¶˛Î˚̨ ô«˛ Ï̂Ñ˛ 3 !î Ï̂Î˚ ¶˛yÜ Ñ˛ Ï̂Ó˚V

 (x2 – 2x + 1) + 2 = 0
 (x – 1)2 + 2 = 0 ... (1)
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(i)òÇ ¢õ#Ñ˛Ó˚í ˆÌ Ï̂Ñ˛ xÈÙÈ~Ó˚ ˆÑ˛y Ï̂òy @˘Ã£í Ï̂ÎyÜƒ Óyhfl Į̈Ó (real) õyò ˛ôyÁÎ˚y ¢Ω˛Ó òÎ˚ ˆÎ Ï̂£ì%̨  (x – 1)2 +
2 ¢Ó≈îy ïòydÑ˛ (strictly positive) xÌ≈yÍ (x – 1)2 + 2 > 0

xì˛~Óñ f(x) x Į̈̂ ô«˛Ñ˛!›˛Ó˚ ~ Ï̂«˛ Ï̂e ˆÑ˛y Ï̂òy â˛Ó˚õ Óy xÓõ õyò ˛ôyÁÎ˚y ¢Ω˛Ó òÎ˚– S≤Ãõy!íì˛V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ10 É õ)ú!Ó®% (0, 0) ¢y Į̈̂ ô Ï̂«˛ 2x + 3y – 6 = 0 ¢Ó˚ú Ï̂Ó˚ÖyÓ˚ ¢Ó≈y Į̈̂ ô«˛y !òÑ˛ Ï̂›˛ xÓ!fl˛iì˛

!Ó®%!›˛ !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É P(x, y) !Ó®%!›˛ Ï̂Ñ˛ 2x + 3y – 6 = 0 ¢Ó˚ú Ï̂Ó˚ÖyÓ˚ v z̨̨ ôÓ˚ ˆÎ ˆÑ˛y Ï̂òy ~Ñ˛!›˛ !Ó®% !£¢y Ï̂Ó !â˛!£´ì˛

Ñ˛Ó˚y £ú–

ï!Ó˚ñ P(x, y) !Ó®%!›˛ õ)ú!Ó®% (0, 0) ˆÌ Ï̂Ñ˛ ˆÎ î)Ó˚̂ Ïc xÓ!fl˛iì˛ ì˛yÓ˚ ÓÜ≈ £ú L S~Ñ˛Ñ˛V

¢%ì˛Ó˚yÇ L = (x – 02 + (y – 0)2 = x2 + y2

= x2 + 
6 2

3

2−⎛
⎝⎜

⎞
⎠⎟

x
  [ 2x + 3y – 6 = 0 Óyñ 3y = 6 – 2x Óyñ y = 

6 2
3

− x
]

= x2 + 
2 3

3

2( )−⎧
⎨
⎩

⎫
⎬
⎭

x
 = x2 + 

4
9

(3 – x)2

 
d
dx
L

 = 
d
dx

x x2 24
9

3+ −⎡
⎣⎢

⎤
⎦⎥

( )  = 2x + 
4
9
2(3 – x)(–1)

= 2x – 
8
9

(3 – x) = 
18 24 8

9
x x− +

 = 
26 24

9
x −

LÈÙÈ~Ó˚ ¢Ó≈y!ïÑ˛ Óy ¢Ó≈!ò¡¨ õy Ï̂òÓ˚ ãòƒ

d
dx
L

 = 0 £ Ï̂Ó xÌ≈yÍ 
26 24

9
x −

 = 0 £ Ï̂Ó xÌ≈yÍ x = 
24
26

 Óyñ x = 
12
13

 £ Ï̂Ó–

~Öòñ 
d
dx

2

2
L

 = 
26
9

(1) – 0  [... 
d
dx

24
9

⎛
⎝⎜

⎞
⎠⎟  = 0]

= 
26
9

 > 0

 x = 
12
13

 £ Ï̂ú LÈÙÈ~Ó˚ õyò ¢Ó≈!ò¡¨ £ Ï̂Ó– ˙ Ï̂«˛ Ï̂e 
12
13

18
13

,⎛
⎝⎜

⎞
⎠⎟  !Ó®% Îy 2x + 3y – 6 = 0 ¢Ó˚ú Ï̂Ó˚ÖyÎ˚

xÓ!fl˛iì˛ ì˛y õ)ú!Ó®%Ó˚ ¢Ó Ï̂â˛ Ï̂Î˚ Ñ˛y Ï̂äÈÓ˚ !Ó®% !£ Ï̂¢ Ï̂Ó !â˛!£´ì˛ £ Ï̂Ó–

[~fl˛i Ï̂ú ú«˛í#Î˚ ˆÎñ x = 
12
13

 £ Ï̂ú 2x + 3y = 6 ¢Ó˚ú Ï̂Ó˚ÖyÎ˚ ì˛y fl˛iy˛ôò Ñ˛Ó˚̂ Ïúñ

 2
12
13

⎛
⎝⎜

⎞
⎠⎟  + 3y = 6 Óyñ 3y = 6 – 

24
13
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Óyñ 3y = 
78 24

13
−

 Óyñ 3y = 
54
13

 Óyñ y = 
54

3 13×
 Óyñ y = 

18
13

 
12
13

18
13

,⎛
⎝⎜

⎞
⎠⎟  !Ó®% 2x + 3y – 6 = 0 ¢Ó˚úˆÏÓ˚ÖyÎ˚ xÓ!fl˛iì˛]

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ11 É ï!Ó˚ñ y = f(x) = 
| | ,

,
x x
x x

− + ≤
+ >

⎧
⎨
⎩

1 1
2 3 1

α

Î!î x = 1 !Ó®%̂ Ïì˛ f(x)ÈÙÈ~Ó˚ fl˛iyò#Î˚ xÓõ õyò Ìy Ï̂Ñ˛ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò ˆÎ       5

 ¢õyïyò É ~ Ï̂«˛ Ï̂eñ ú«˛í#Î˚ ˆÎñ f(x) = 
1 1
2 3 1
− + ≤

+ >
⎧
⎨
⎩

x x
x x

α ,
,

ˆÎˆÏ£ì%˛ñ y = 1 – x + ñ x Į̈̂ ô«˛Ñ˛ !£¢y Ï̂Ó «˛!Î˚°%å ~ÓÇ y = 2x + 3 xˆÏ˛ô«˛Ñ˛ !£¢yˆÏÓ Ó!ï≈°%åñ ¢%ì˛Ó˚yÇ

x = 1 !Ó®%̂ Ïì˛ f(x)ÈÙÈ~Ó˚ xÓõ õyò ÌyÑ˛ Ï̂Ó Î!î f(1)  f(x), x > 1

xÌ≈yÍñ  2x + 3 ÎÖò x > 1

xÌ≈yÍ  5  S≤Ãõy!íì˛V–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ12 É Î!î f(x) = 2x2 + 
2
2x ,  –2  x < 0 ~ÓÇ 0 < x  2

= 1, x = 0 £Î˚ñ

ì˛ Ï̂Ó Ó,£_õ (greatest) õyò ~ÓÇ «%̨ oì˛õ (least) õyò !òí≈Î˚ Ñ˛Ó˚&ò– ≤Ãî_ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ xÓõ õyò!›˛

!òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É ~fl˛i Ï̂ú f (x) = 0  4x – 
4
3x  = 0

Óyñ 
4 14

3
( )x

x
−

 = 0 Óyñ x4 = 1 Óyñ (x2)2 – 1 = 0

Óyñ  (x + 1)(x – 1)(x2 + 1) = 0 Óyñ x = 1, –1 SÓyhfl Į̈ÓV

x = 0 !Ó®%̂ Ïì˛ f(x) x Į̈̂ ô«˛Ñ˛!›˛ ¢hs˘˛ì˛ òÎ˚ ~ÓÇ xÓÑ˛úò Ï̂ÎyÜƒÁ òÎ˚–

Ó,£_õ Á «%̨ oì˛õ õy Ï̂òÓ˚ ãòƒ xyõÓ˚y xÓüƒ£z ≤Ãyhs˘˛ !Ó®% î%!›˛ ~ÓÇ ¢ÇÑ˛›˛Ñ˛yú#ò !Ó®%=!ú Ï̂Ñ˛ Critical
points Ö§%̂ Ïã ˆòÓ–

~ Ï̂«˛ Ï̂eñ x = –2, 0, 1, –1, 2 ~ÓÇ f(x) = 
17
2

, 1, 4, –4, 
17
2

¢£ Ï̂ã£z v ẑ̨ ÏÕ‘Ö Ñ˛Ó˚y ÎyÎ˚ ˆÎñ ≤Ãî_ x Į̈̂ ô«˛Ñ˛!›˛Ó˚ Ó,£_õ õyò = 
17
2

 ~ÓÇ «%̨ oì˛õ õyò = 1

xÓõ õyò !òí≈̂ ÏÎ˚Ó˚ ãòƒñ 
d y
dx

2

2  = 4 + 
12

4x  ˆÌ Ï̂Ñ˛ ˛ôy£zñ x4 = 1  x = 1, –1 SÓyhfl Į̈ÓV
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x = ± 1, 
d y
dx

2

2  > 0  ¢%ì˛Ó˚yÇ x = 1, –1 !Ó®%ˆÏì˛ f(x)ÈÙÈ~Ó˚ xÓõ õyò Óì≈̨ õyò–

!ò Ï̂í≈Î˚ xÓõ õyò = 4 [ f(1) = 4 = f(–1)]

v˛z_Ó˚ É 
17
2

 Óyñ  8
1
2

, 1; 4

3.8 ¢Ç!«˛Æ¢yÓ˚

y = f(x) x Į̈̂ ô«˛Ñ˛!›˛Ó˚ ãòƒ xÈÙÈ~Ó˚ õyò Ó,!k˛ ˛ôyÁÎ˚yÓ˚ ¢y Ï̂Ì ¢y Ï̂Ì Î!î yÈÙÈ~Ó˚ õyò Ó,!k˛ ˛ôyÎ˚ ì˛ Ï̂Ó ˆÓ˚Öy!›˛

v z̨k≈̨ õ%Ö# £ Ï̂Ó– xyÓyÓ˚ x Ó,!k˛ ˛ôyÁÎ˚yÓ˚ ¢ Ï̂D Î!î yÈÙÈ~Ó˚ õyò £…y¢ ˛ôyÎ˚ ì˛ Ï̂Ó ˆÓ˚Öy!›˛ !ò¡¨õ%Ö# £Î˚– xyÓ˚ Î!î x Į̈̂ ô«˛Ñ˛

ˆÓ˚Öy!›˛ ≤ÃÌ Ï̂õ v z̨̨ ô Ï̂Ó˚Ó˚ !î Ï̂Ñ˛ ˆÎ Ï̂ì˛ ˆÎ Ï̂ì˛ !Ñ˛ä%È ˛ô Ï̂Ó˚ ò# Ï̂â˛Ó˚ !î Ï̂Ñ˛ òy Ï̂õñ ì˛ Ï̂Ó ˆÓ˚Öy!›˛Ó˚ xyÑ,̨ !ì˛ á^˘›˛yÓ˚ õ Ï̂ì˛y xÌÓy

v ẑ̨ ÏŒ›˛ Ó˚yÖy Óy!›˛Ó˚ õ Ï̂ì˛y úyÜ Ï̂Ó– ˆ¢ Ï̂«˛ Ï̂e ˆÓ˚Öy!›˛Ó˚ ~Ñ˛!›˛ ¢ Ï̂Ó≈yFâ˛ !Ó®% ÌyÑ˛ Ï̂Ó ˆÎÖy Ï̂ò yÙÈ~Ó˚ õyò ¢Ó≈y!ïÑ˛– ~£z

!Ó®%̂ Ïì˛ 
dy
dx  = 0 £ˆÏÓ–

xyÓyÓ˚ Î!î x Į̈̂ ô«˛Ñ˛ ˆÓ˚Öy!›˛ ò# Ï̂â˛Ó˚ !î Ï̂Ñ˛ ˆÎ Ï̂ì˛ ˆÎ Ï̂ì˛ v z̨̨ ô Ï̂Ó˚Ó˚ !î Ï̂Ñ˛ Á Ï̂‡˛ ì˛Öò ˆÓ˚Öy!›˛ UÈÙÈxyÑ,̨ !ì˛Ó˚ £ Ï̂Ó–

~ Ï̂«˛ Ï̂e ˆÓ˚Öy!›˛Ó˚ ~Ñ˛!›˛ ¢Ó≈!ò¡¨ !Ó®% ÌyÑ˛ Ï̂Ó– ~£z !Ó®%̂ Ïì˛ yÈÙÈ~Ó˚ õyò ¢Ó≈!ò¡¨ £ Ï̂Ó– ~£z !Ó®%̂ Ïì˛Á 
dy
dx  = 0 £ˆÏÓ–

~Öò ˙ !Ó®%̂ Ïì˛ ˆÎÖy Ï̂ò 
dy
dx  = 0 ˛ôyÁÎ˚y !Ü Ï̂Î˚̂ ÏäÈ ˆ¢£z !Ó®%!›˛ Ï̂ì˛ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ¢Ó≈y!ïÑ˛ xÌÓy ¢Ó≈!ò¡¨ õyò

˛ôyÁÎ˚y Îy Ï̂Ó– !Ñ˛ls˘˛ õyò!›˛ ¢Ó≈y!ïÑ˛ Óy ¢Ó≈!ò¡¨ !ò!ÿ˛ì˛ ¶˛y Ï̂Ó Óú Ï̂ì˛ ˆÜ Ï̂ú 
d y
dx

2

2  !òí≈Î˚ Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó– ˙ !Ó®%̂ Ïì˛

d y
dx

2

2 < 0 £ Ï̂ú x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ õyò ¢Ó≈y!ïÑ˛ £ Ï̂Ó xyÓ˚ 
d y
dx

2

2 > 0 £ Ï̂ú x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ õyò ¢Ó≈!ò¡¨ £ Ï̂Ó–

3.9 xò%ü#úò#

1. ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ f(x) = x + 
1
x  x Į̈̂ ô«˛Ñ˛!›˛Ó˚ â˛Ó˚õ õyò v z̨£yÓ˚ xÓõ õy Ï̂òÓ˚ ì%̨ úòyÎ˚ Ñ˛õ–

2. Î!î f(x) = 
x x

x

2 7 6
10

− +
−  £Î˚ñ ì˛ Ï̂Ó x Į̈̂ ô«˛Ñ˛!›˛Ó˚ â˛Ó˚õ Á xÓõ õyò=!ú !òí≈Î˚ Ñ˛Ó˚&ò–

3. ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ f(x) = 
1
x

x⎛
⎝⎜

⎞
⎠⎟  £ Ï̂ú x Į̈̂ ô«˛Ñ˛!›˛Ó˚ â˛Ó˚õ õyò £ Ï̂Ó ee

1

4.  x + y = 6 £ˆÏú x2 + y2ÈÙÈ~Ó˚ xÓõ õyò = 18ñ ≤Ãõyí Ñ˛Ó˚&ò–

5. ˆÑ˛y Ï̂òy o Ï̂ÓƒÓ˚ â˛y!£îy ¢Çe´yhs˘˛ x Į̈̂ ô«˛Ñ˛ (p) = 
50

x  ~ÓÇ v z̨£yÓ˚ Üv ¸̨ e´Î˚õ)úƒãyì˛ x Į̈̂ ô«˛Ñ˛ (AC) =

0.5 + 
2000

x – ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ x = 2500 £ Ï̂ú ú¶˛ƒyÇü £ Ï̂Ó ¢Ó≈y!ïÑ˛ (maximum)–
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6. ˆÑ˛y Ï̂òy v z̨Í˛ôy!îì˛ o Ï̂ÓƒÓ˚ e´Î˚õ)úƒãyì˛ x Į̈̂ ô«˛Ñ˛ C(x) = x3

3
 – 45x2 – 900x + 36ñ ˆÎÖyˆÏò x £ú

v z̨Í˛ôy!îì˛ o Ï̂ÓƒÓ˚ ¢ÇÖƒy– o Ï̂ÓƒÓ˚ ≤Ãy!hs˘˛Ñ˛ e´Î˚õ)úƒ (marginal cost) ¢Ó≈!ò¡¨ Ó˚yÖyÓ˚ ãòƒ Ñ˛ì˛=!ú o Ï̂ÓƒÓ˚

v z̨Í˛ôyîò ¢Ω˛Ó ì˛y !òí≈Î˚ Ñ˛Ó˚&ò–

7. Î!î o Ï̂ÓƒÓ˚ Üv ¸̨ e´Î˚õ)úƒãyì˛ x Į̈̂ ô«˛Ñ˛ (AC) = x + 5 + 
36
x  ÎÖò v z̨Í˛ôy!îÑ˛ o Ï̂ÓƒÓ˚ ¢ÇÖƒy = x–

!ò Ï̂¡¨y_´ ˆ«˛e=!ú ÎÌyÎÌ¶˛y Ï̂Ó !òí≈Î˚ Ñ˛Ó˚&ò É

(i) o Ï̂ÓƒÓ˚ ¢yõ!@˘ÃÑ˛ e´Î˚õ)úƒ (total cost) ~ÓÇ ≤Ãy!hs˘˛Ñ˛ e´Î˚õ)úƒ (marginal cost), xÈÙÈ~Ó˚ õyïƒ Ï̂õ

(ii) v z̨Í˛ôy!îì˛ o Ï̂ÓƒÓ˚ ¢ÇÖƒy !Ñ˛Ó˚*˛ô £ Ï̂Ó Îy Ï̂ì˛ Üv ¸̨ e´Î˚õ)úƒ (Average cost) e´õÓï≈õyò £Î˚–

8. Î!î e´Î˚õ)úƒãyì˛ x Į̈̂ ô«˛Ñ˛ C(x) = x3 – 24x2 + 600x £Î˚ ì˛ Ï̂Ó ≤Ãy!hs˘˛Ñ˛ e´Î˚õ)úƒ [marginjal cost
(MC)] ~ÓÇ Üv ¸̨ e´Î˚õ)úƒ [average cost (AC)] !òí≈Î˚ Ñ˛Ó˚&ò– ˆÑ˛yò‰ !Ó®%̂ Ïì˛ AC = MC £ˆÏÓ ì˛y !fl˛iÓ˚

Ñ˛ Ï̂Ó˚y– ˛ô!Ó˚̂ Ïü Ï̂°Ï ≤Ãõyí Ñ˛Ó˚&ò ˆÎ ˙ !Ó®%̂ Ïì˛ AC (average cost) ¢Ó≈!ò¡¨ õyò @˘Ã£í Ñ˛ Ï̂Ó˚–

9. Î!î q ¢ÇÖƒÑ˛ v z̨Í˛ôy!îì˛ o Ï̂ÓƒÓ˚ !Óe´Î˚Ñ˛y Ï̂ú ≤ÃyÆ xyÎ˚ revenue 2q ›˛yÑ˛y £Î˚ ÎÖò e´Î˚õ)úƒ (cost) =

500 + 
1
2 20

2q⎛
⎝⎜

⎞
⎠⎟ ó ì˛Öò ˆîÖyÁ ˆÎ ú¶˛ƒyÇ Ï̂üÓ˚ £yÓ˚ 

dp
dq

⎛
⎝⎜

⎞
⎠⎟  = 2 – 

q
400

 ~ÓÇ ˛ô!Ó˚ˆÏüˆÏ°Ï 

dp
dq p

⎛
⎝⎜

⎞
⎠⎟ =500

Ñ˛ì˛ £ Ï̂Ó ì˛y !òí≈Î˚ Ñ˛Ó˚&ò–

10. Î!î x = 200 – 10p ~ÓÇ Üv ¸̨ e´Î˚õ)úƒ (AC) = 10 + 
7
30

x £Î˚ ÎÖò v z̨Í˛ôy!îì˛ o Ï̂ÓƒÓ˚ ¢ÇÖƒy = xñ

≤Ã!ì˛ o Ï̂ÓƒÓ˚ v z̨Í˛ôyîò õ)úƒ = pñ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ x = 15 £ Ï̂ú úy Ï̂¶˛Ó˚ ˛ô!Ó˚õyí £Î˚ ¢Ó≈y!ïÑ˛–

11. Î!î o Ï̂ÓƒÓ˚ ¢yõ!@˘ÃÑ˛ e´Î˚õ)úƒ C(x) = x2

100
 + 100x + 40 £Î˚ ÎÖò v z̨Í˛ôy!îì˛ oÓƒ ¢ÇÖƒy = x– ≤Ã!ì˛

o Ï̂ÓƒÓ˚ !Óe´Î˚Ñ˛y Ï̂ú õ)úƒ P(x) = 200 – 
x

400
 £ Ï̂úñ v z̨Í˛ôyîò hfl Į̈̂ ÏÓ˚ xÈÙÈ~Ó˚ õyò !òí≈Î˚ Ñ˛Ó˚&ò Îy Ï̂ì˛ úy Ï̂¶˛Ó˚

˛ô!Ó˚õyí Ó,£_õ (maximum) £Î˚– ˆõy›˛ úy Ï̂¶˛Ó˚ ˛ô!Ó˚õyí Ñ˛ì˛ £ Ï̂Ó ì˛y !òí≈Î˚ Ñ˛Ó˚&ò–

12. Î!î f(x) = a – (x – 3)8/9 £Î˚ ì˛ Ï̂Ó f(x)ÈÙÈ~Ó˚ â˛Ó˚õ õyò £ Ï̂Ó

(i) 3  (ii) a – 3  (iii) a  (iv) ~ Ï̂îÓ˚ ˆÑ˛y Ï̂òy!›˛£z òÎ˚

13. x Á y î%!›˛ Óyhfl Į̈Ó â˛úÑ˛ ÎÖò x > 0 ~ÓÇ xy = 1– (x + y)ÈÙÈ~Ó˚ xÓõ õyò !òí≈Î˚ Ñ˛Ó˚&ò–

14. (i) Î!î f(x) = x(1 – x)2 ~ÓÇ 0  x  2 £Î˚ ì˛ Ï̂Ó ≤Ãî_ x Į̈̂ ô«˛Ñ˛!›˛Ó˚ â˛Ó˚õ (max) ~ÓÇ xÓõ (min)

õyò î%!›˛ !òí≈Î˚ Ñ˛Ó˚&ò–
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S RL

P Q

N

Ó˚!àò Ñ§˛yâ˛

fl˛∫FäÈ Ñ§˛yâ˛

x !õ.

y !õ.

15. ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ ¢Ó Ï̂â˛ Ï̂Î˚ Ó Ï̂v ¸̨y õy Į̈̂ ôÓ˚ xyÎ˚ì˛ Ï̂«˛ Ï̂eÓ˚ ˆ«˛eö˛ú 2500 ÓÜ≈!õ›˛yÓ˚ £ Ï̂Ó ÎÖò ˆ«˛e!›˛Ó˚

˛ô!Ó˚¢#õy 200 !õ›˛yÓ˚–

16. !â˛e xò%¢y Ï̂Ó˚ñ !ò!î≈‹T ˛ô!Ó˚¢#õy!Ó!ü‹T ãyòyúyÓ˚ xï≈Ó,_yÑ˛yÓ˚ xÇü!›˛ Ó˚!àò

Ñ§̨ y Ï̂â˛ ~ÓÇ !ò Ï̂â˛Ó˚ xyÎ˚ì˛yÑ˛yÓ˚ xÇü!›˛ fl ∫̨FäÈ Ñ§̨ y Ï̂â˛ xyÓ,ì˛– Ó˚!àò Ñ§̨ y Ï̂â˛Ó˚

õïƒ !î Ï̂Î˚ Óy!£ì˛ xy Ï̂úyÓ˚ !ì˛ò =í xy Ï̂úy fl ∫̨FäÈ Ñ§̨ y Ï̂â˛Ó˚ õïƒ !î Ï̂Î˚ Óy!£ì˛

£ Ï̂úñ S≤Ã!ì˛ ÓÜ≈!õ›˛yÓ̊ !£¢y Ï̂ÓV ≤Ãõyí Ñ˛Ó̊&ò ˆÎñ ãyòyúyÓ̊ õïƒ !î Ï̂Î̊ ¢ Ï̂Ó≈yFâ˛

xy Ï̂úy Óy!£ì˛ £ Ï̂Ó ÎÖò  x : y = 6 : ( + 6).

3.10 @˘Ãs˛i˛ôO#
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3. Gorakh Prasad : Differential Calculus, Pothishala Pvt. Ltd. Allahabad.
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~Ñ˛Ñ˛È 4  x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ ¢õyÑ˛úò

Ü‡˛ò

4.1 v˛zˆÏjüƒ

4.2 ≤Ãhfl˛ÏyÓòy

4.3 ¢õyÑ˛ú Ï̂òÓ˚ ≤Ãì˛#Ñ˛

4.4 ¢õyÑ˛ Ï̂úÓ˚ ¢ÇK˛y

4.5 Ñ˛ˆÏÎ˚Ñ˛!›˛ v˛zˆÏÕ‘ÖˆÏÎyÜƒ ¢)eyÓú#

4.6 Ñ˛ Ï̂Î˚Ñ˛!›˛ ≤Ã Ï̂Î˚yãò#Î˚ ö˛ú

4.7 ˛ô!Ó˚Óì≈̨  Óy ≤Ã!ì˛fl˛iy˛ôò ˛ôk˛!ì˛

4.8 xyÇ!üÑ˛ ¢õyÑ˛úò

4.9 ¢Ç!«˛Æ¢yÓ˚

4.10 xò%ü#úò#

4.11 @˘Ãs˛i˛ôO#

4.1 v ẑ̨ Ïjüƒ

~£z ~Ñ˛ Ï̂Ñ˛ xyõÓ˚y ¢õyÑ˛ú Sx!ò!î≈‹TV ¢¡ô Ï̂Ñ≈̨  xy Ï̂úyâ˛òy Ñ˛ Ï̂Ó˚!äÈ ~ÓÇ Ñ˛ì˛Ñ˛=!ú v z̨îy£Ó˚íÁ ¢Ç Ï̂Îyãò

Ñ˛ Ï̂Ó˚!äÈ– Ñ˛yÓ˚íñ xyõÓ˚y ~Ñ˛ÌyÁ ãy!ò ˆÎ x!ò!î≈‹T ¢õyÑ˛ú x!ïÑ˛ =Ó˚&c˛ô)í≈– ~ Ï̂Ñ˛ xy◊Î˚ Ñ˛ Ï̂Ó˚ !ò!î≈‹T ¢õyÑ˛ú

(definite integral)ÈÙÈ~Ó˚ ì˛_¥ Ü!íì˛K˛ Reiman !î Ï̂Î˚!äÈ Ï̂úò– ÎyÓ˚ ÓƒÓ£y!Ó˚Ñ˛ ≤Ã Ï̂Î˚yÜ xyõÓ˚y ¢õì˛ Ï̂ú x!B˛ì˛

Óe´ˆÏÓ˚Öy (curve)ñ ˆÑ˛y!›˛ Á xÈÙÈx«˛ ˆÓ!‹Tì˛ ˆ«˛ Ï̂eÓ˚ ˆ«˛eö˛ú !òí≈̂ ÏÎ˚ ú«˛ƒ Ñ˛!Ó˚–

4.2 ≤Ãhfl Į̈yÓòy

¢õyÑ˛ú (integral)ÈÙÈˆÑ˛ ≤ÃyÌ!õÑ˛¶˛y Ï̂Ó x¢ÇÖƒ «%̨ oy!ì˛«%̨ o Ó˚y!üÓ˚ ˆÎyÜö˛ Ï̂ú ≤ÃÑ˛yü Ñ˛Ó˚y £Î˚– Ü Ï̂Ó°Ïíyú∏˛

ö˛ú ˆÌ Ï̂Ñ˛ ãyòy ÎyÎ˚ ˆÎ ¢õyÑ˛úò £Ûú xÓÑ˛ú ~Ó˚ !Ó˛ôÓ˚#ì˛ ≤Ã!e´Î˚y (integration as the reverse process
of differentiation)– Óe´ Ï̂Ó˚ÖyÓ˚ õyïƒ Ï̂õ ˆÑ˛y Ï̂òy ¢õì˛úfl˛i xÓì˛ú Ï̂Ñ˛ ¢#õy!Î˚ì˛ Ñ˛ Ï̂Ó˚ ì˛yÓ˚ ˆ«˛eö˛ú !òï≈yÓ˚í Ñ˛Ó˚y

£Ûú ¢õyÑ˛úò !ÓîƒyÓ˚ xòƒì˛õ ÓƒÓ£y!Ó˚Ñ˛ !îÑ˛– Ó˚#õyò#Î˚ ˛ôk˛!ì˛ xyãÁ ì˛yÓ˚ v z̨Iμú !òî≈üò–
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4.3 ¢õyÑ˛ú Ï̂òÓ˚ ≤Ãì˛#Ñ˛

ˆÎ Ï̂Ñ˛y Ï̂òy ≤Ã!e´Î˚y Ï̂Ñ˛ ¢!‡˛Ñ˛¶˛y Ï̂Ó Ó%G˛y£ẑ Ïì˛ ≤Ãì˛# Ï̂Ñ˛Ó˚ ≤Ã Ï̂Î˚yãò £Î˚– ˆÎyÜö˛ú (sum)ÈÙÈ~Ó˚ ≤ÃÌõ x«˛Ó˚!›˛ £Ûú

‘S’– ˆ¢ãòƒ ¢õyÑ˛ Ï̂úÓ˚ !â˛£´ !£¢y Ï̂Ó ‘’ !â˛£´!›˛ Ï̂Ñ˛ ÓƒÓ£yÓ˚ Ñ˛Ó˚y £Î˚ó Îy Ï̂Ñ˛ ‘S’ÈÙÈ~Ó˚ Ó!ï≈ì˛ Ó˚*˛ô (elongated ‘S’V
!£¢y Ï̂ÓÁ ïÓ˚y â˛ Ï̂ú–

4.4 ¢õyÑ˛ú Ï̂òÓ˚ ¢ÇK˛y

ï!Ó˚ñ f Óy f(x) ~Ñ˛!›˛ ¢%!ò!î≈‹T ~ÓÇ ¢¢ÇK˛yì˛ x Į̈̂ ô«˛Ñ˛– x˛ôÓ˚ ~Ñ˛!›˛ x Į̈̂ ô«˛Ñ˛ SÎy ¢%!ò!î≈‹T ~ÓÇ ¢%¢ÇK˛yì˛V

£Ûú  Óy (x), ~õò¶˛y Ï̂Ó xÓ!fl˛iì˛ ÎÖò 
d
dx ((x)) = f(x) Óy D((x)) = f(x) Óyñ (x) = D–1f(x) = f(x)dx

Óy (x)ÈÙÈˆÑ˛ x ¢y Į̈̂ ô Ï̂«˛ f(x)ÈÙÈ~Ó˚ x!ò!î≈‹T ¢õyÑ˛ú Óy ¢Ç Ï̂«˛ Į̈̂ ô ¢õyÑ˛ú Óúy £Î˚–

~ Ï̂«˛ Ï̂eñ ú«˛í#Î˚ ˆÎñ D((x) + c) = f(x) [ÎÖò ‘c’ ~Ñ˛!›˛ ï &ÓÑ˛]

¢%ì˛Ó˚yÇ D–1(f(x)) = (x) + c

Óyñ f(x)dx = (x) + c

x!ò!î≈‹T ¢õyÑ˛ Ï̂ú cÈÙÈˆÑ˛ ¢õyÑ˛úò ï &ÓÑ˛ !£¢y Ï̂Ó !â˛!£´ì˛ Ñ˛Ó˚y £Î˚– f(x)ÈÙÈˆÑ˛ ¢õyÑ˛úƒ (integrand) !£¢yˆÏÓ

v ẑ̨ ÏÕ‘Ö Ñ˛Ó˚y £Î˚– ¢õyÑ˛ú ≤Ã!e´Î˚y î%¶˛y Ï̂Ó !Ó¶˛_´– x!ò!î≈‹T ¢õyÑ˛ú ~ÓÇ !ò!î≈‹T ¢õyÑ˛ú– !mì˛#Î˚ xÇü!›˛ ~Ñ˛!›˛

¢%!ò!î≈‹T xhs˘˛Ó˚ [a, b]ÈÙÈ~Ó˚ õ Ï̂ïƒ ¢õyÑ˛ú ≤Ã!e´Î˚y ≤Ã Ï̂Îyãƒ £Û Ï̂ú ö˛ú ‘c’ !òÓ˚̂ Į̈ ô«˛ £ Ï̂Ó xÌ≈yÍ ‘c’ Ó!ã≈ì˛ ö˛ú

˛ôyÁÎ˚y ÎyˆÏÓ–

4.5 Ñ˛ Ï̂Î˚Ñ˛!›˛ v ẑ̨ ÏÕ‘Ö Ï̂ÎyÜƒ ¢)eyÓú#

1. Î!î g1(x), g2(x), ..., gn(x), x ¢yˆÏ˛ôˆÏ«˛ ¢õyÑ˛úòˆÏÎyÜƒ n ¢ÇÖƒÑ˛ xˆÏ˛ô«˛Ñ˛ Óy ï &ÓÑ˛ £ÛˆÏúñ

{g1(x) ± g2(x) ± ... ± gn(x)}dx = g1(x)dx ± g2(x)dx ± ... ± gn(x)dx ¢Ó≈îy ¢ì˛ƒ–

2. k  0 ï &ÓÑ˛ £ Ï̂úñ kg(x)dx = kg(x)dx £ˆÏÓ–

3. {k1g1(x) ± k2g2(x) ± ... ± kngn(x)}dx = k1g1(x)dx ± k2g2(x)dx ± ... ± kngn(x)dx £ˆÏÓ–

4.6 Ñ˛ Ï̂Î˚Ñ˛!›˛ ≤Ã Ï̂Î˚yãò#Î˚ ö˛ú

(i) xndx = x
n

n+

+

1

1
 + c S¢õyÑ˛úò ï &ÓÑ˛V SÎÖò n  –1)

(ii) n = –1 £ Ï̂úñ x–1dx = 
1
x dx = loge|x| + c = ln|x | + c
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(iii) emxdx = e
m

mx
+ c (m  0 ï &ÓÑ˛V [ÎÖò m = 1, exdx = ex + c]

(iv) sinmx dx = –
cos mx

m  + c  (m  0)– [m = 1 £ˆÏúñ sin x dx = – cosx + c]

(v) cosmx dx = 
sin mx

m  + c (m  0) [m = 1 £ Ï̂úñ cosx dx = sinx + c]

(vi) sec2mx dx = 
1
m tanmx + c (m  0)

(vii) cosec2mx dx = – 1
m

cot mx + c (m  0)

(viii) cosecmx cotmx dx = – cosecmx
m

 + c (m  0)

(ix) secmx tanmx dx = 
secmx

m  + c (m  0)

(x) amx dx = 
a

m a

mx

elog
 + c (m  0, a > 0, a  1)

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ1 É õyò !òí≈Î˚ Ñ˛Ó˚&ò É 
1
1

−
+

⎛
⎝⎜

⎞
⎠⎟∫

tan
tan

x
x dx

 ¢õyïyò É 
1
1

−
+

⎛
⎝⎜

⎞
⎠⎟∫

tan
tan

x
x dx = 

1

1

−( )
+( )∫

sin
cos
sin
cos

x
x
x
x

dx = 
(cos sin )
(cos sin )

x x
x x

−
+∫ dx

= 
dp
p∫  [ï!Ó˚ñ cosx + sinx = p  (–sinx + cosx)dx = dp Óyñ (cosx – sinx)dx = dp]

= loge|p| + c = loge|cosx + sinx| + c Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ2 É 
dx
x xsin cos2 2∫  = Ñ˛ì˛⁄

 ¢õyïyò É 
dx
x xsin cos2 2∫  = 

sin cos
sin cos

2 2

2 2
x x
x x
+⎛

⎝⎜
⎞
⎠⎟∫ dx [ sin2x + cos2x = 1]

= 
sin

sin cos

2

2 2
x

x∫ dx + 
cos

sin cos

2

2 2
x

x x∫ dx

= 
1
2cos x∫ dx + 

1
2sin x∫ dx = sec2x dx + cosec2x dx

= tanx + (–cotx) + c = tanx – cotx + c Sv z̨_Ó˚V
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ3 É ¢õyÑ˛ú !òí≈Î˚ Ñ˛Ó˚&ò É (a) (5x2 + 6x + 7)dx (b) 
( )x

x
−

∫
2 2

dx

 ¢õyïyò É (a) (5x2 + 6x + 7)dx = 5x2dx + 6x dx + 7dx

= 5
3

3x  + 6
2

2x  + 7x + c

= 
5
3

x3 + 3x2 + 7x + c Sv z̨_Ó˚V

(b) 
( )x

x
−

∫
2 2

dx = 
x x

x

2 4 4− +
∫ dx

= 
x

x

2

∫ dx – 4
x
x∫ dx + 4

1
x∫ dx

= x 2 1
2−( )∫ dx – 4 x 1 1

2−( )∫ dx + 4 x −( )∫
1
2 dx

= x
3
2∫ dx – 4 x

1
2∫ dx + 4 x−∫

1
2 dx

= x
3
2 1

3
2 1

+

+( )  – 4 x
1
2 1

1
2 1

+

+( )  + 4 x− +

− +( )
1
2 1

1
2 1

= 
2
5

5
2x  – 4 2

3

3
2x  + 4×2 x

1
2  + c

= 
2
5

5
2x  – 

8
3

3
2x  + 8 x

1
2  + c  Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ4 É ¢õyÑ˛úò Ñ˛ Ï̂Ó˚ ö˛ú v ẑ̨ ÏÕ‘Ö Ñ˛Ó˚&ò É (a) 
dx

x1 −∫ cos  (b) sint°dt

 ¢õyïyò É (a) 
dx

x1−∫ cos
 = 

( cos )
( cos )( cos )

1
1 1

+
+ −∫

x dx
x x

= 
1
1 2

+
−

⎛
⎝⎜

⎞
⎠⎟∫

cos
cos

x
x dx = 

1
2

+
∫

cos
sin

x
x dx

= 
1
2sin x∫ dx + 

cos
sin

x
x2∫ dx = cosec2x dx + cosec x cot x dx

= – cotx – cosecx + c = – (cotx + cosecx) + c Sv z̨_Ó˚V

(b) sint° dt = sin
rt

180
⎛
⎝⎜

⎞
⎠⎟ dt [ 180° =  ˆÓ˚!v˛Î˚yòñ t° = 

rt
180

 ˆÓ˚!v˛Î˚yò]

= –
180
r

cos
rt

180
⎛
⎝⎜

⎞
⎠⎟  + c Sv z̨_Ó˚V
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ5 É õyò !òí≈Î˚ Ñ˛Ó˚&ò É 
( )

( )
e e dx

e

x x

x

3

22 1
+

+∫

 ¢õyïyò É 
( )

( )
e e dx

e

x x

x

3

22 1
+

+∫  = 
e e

e

x x

x
( )
( )

2

2
1

2 1
+
+∫ dx = 

1
2 e

x dx = ex + c Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ6 É Î!î 
dy
dx  = sinx ~ÓÇ y = 3, ÎÖò x = 

r

3 ñ ì˛Öò yÈÙÈ~Ó˚ õyò xÈÙÈ~Ó˚ õyïƒ Ï̂õ ≤ÃÑ˛yü

Ñ˛Ó˚&ò–

 ¢õyïyò É ~fl˛i Ï̂ú 
dy
dx  = sinx

 dy = sinx dx
Óyñ y = –cosx + c S¢õyÑ˛úò ï &ÓÑ˛V ... (i)

(i)òÇ ¢¡ô Ï̂Ñ≈̨  y = 3 ~ÓÇ x = 
r

3  Ó!¢ Ï̂Î˚ ˛ôy£zñ

3 = – cos
r

3
⎛
⎝⎜

⎞
⎠⎟  + c

Óyñ 3 = – 
1
2

 + c [... cos
r

3  = cos60° = 
1
2

]

Óyñ c = 
7
2

˛˛ô%òÓ˚yÎ˚ñ (i)òÇÈÙÈˆì˛ c = 
7
2

 Ó!¢ˆÏÎ˚ ˛ôy£zñ  y = – cosx + 
7
2

  Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ7 É ¢õyÑ˛úò Ñ˛Ó˚&ò É cosx cos2x cos3x dx

 ¢õyïyò É cosx cos2x cos3x dx = 
1
2 cosx (2cos3x cos2x) dx

= 
1
2 cosx{cos(3x + 2x) + cos(3x – 2x)}dx

= 
1
2 cosx cos5x dx + 

1
2 cos2x dx

= 
1
4 2cos5x cosx dx + 

1
4 2cos2x dx

= 
1
4 (cos6x + cos4x)dx + 

1
4 (1 + cos2x)dx

= 
1
4

1
6

sin6x + 
1
4

1
4

sin4x + 
1
4

x + 
1
4

1
2

sin2x + c

= 
1
4

(x + 
1
6

sin6x + 
1
4

sin4x + 
1
2

sin2x) + c Sv z̨_Ó˚V
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ8 É (i) e7logxdx = Ñ˛ì˛ £ Ï̂Ó⁄ (ii) 
a a a

a

x x x

x

2 3 4+ +
∫ dx = Ñ˛ì˛⁄

 ¢õyïyò É (i) e7logxdx = elogx7dx = x7dx = x8

8
 + c  Sv z̨_Ó˚V

(ii) 
a a a

a

x x x

x

2 3 4+ +
∫  = 

a
a

x

x

2

∫ dx + 
a
a

x

x

3

∫ dx + 
a
a

x

x

4

∫ dx

= axdx + a2xdx + a3xdx

=  
a

a

x

elog  + 
a

a

x

e

2

2 log  + 
a

a

x

e

3

3log  + c Sv z̨_Ó˚V

[ amxdx = 
a

m a

mx

elog  + c, m  0, a > 0, a = 1]

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ9 É ¢õyÑ˛ú !òí≈Î˚ Ñ˛Ó˚&ò É 
x
x

−
+∫

1
2 dx

 ¢õyïyò É 
x
x

−
+∫

1
2

dx = 
{( ) }x dx

x
+ −

+∫
2 3

2
 = 

x
x

+
+∫

2
2

dx – 3
dx

x +∫ 2

= 1dx – 3
dx

x +∫ 2
 = x – 3loge(x + 2) + c Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ10 É ¢õyÑ˛úò Ñ˛Ó˚&ò É 
(sin cos )

sin
x x

x
−

−∫ 1 2 dx

 ¢õyïyò É 
(sin cos )

sin
x x

x
−

−∫ 1 2
dx = 

(sin cos )

sin cos sin cos

x x

x x x x

−

+ −
∫ 2 2 2

dx

= 
(sin cos )

(sin cos )

x x

x x

−

−
∫ 2

dx = 
sin cos
sin cos

x x
x x

−
−∫ dx  = 1dx = x + c Sv z̨_Ó˚V

4.7 ˛ô!Ó˚Óì≈̨  Óy ≤Ã!ì˛fl˛iy˛ôò ˛ôk˛!ì˛

¢)â˛òy É ≤Ã!ì˛fl˛iy˛ôò ˛ôk˛!ì˛ Ï̂ì˛ñ ~Ñ˛!›˛ fl ∫̨yï#ò â˛ú x £ˆÏú f(x)dx ¢õyÑ˛ú Ï̂Ñ˛ x˛ôÓ˚ ~Ñ˛!›˛ ¢õyÑ˛ Ï̂ú ~õò¶˛y Ï̂Ó

≤ÃÑ˛yü Ñ˛Ó˚y £Î˚ Îy Ï̂ì˛ !mì˛#Î˚ â˛ú z Sfl ∫̨yï#òVñ ≤ÃÌõ â˛ú xÈÙÈ~Ó˚ õ Ï̂ïƒ x = (z) ¢¡ô Ï̂Ñ≈̨  xyÓk˛ Ìy Ï̂Ñ˛– ì˛ Ï̂Ó f(x)dx
= f((z) (z)dz £ˆÏÓ–

¢õyÑ˛ú ¢Çe´yhs˘˛ !òÎ˚õyÓú#

(1) f (ax + b)dx = 
f ax b

a
( )+

 + c
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(2) {g(x)}ng(x) dx = { ( )}g x
n

n+

+

1

1
 + c  [ÎÖò n  –1]

(3) (ax + b)ndx = 
( )

( )
ax b
a n

n+
+

+1

1  + c [ÎÖò n  –1]

(4)
′

∫
z

z

( )
( )
x
x

dx = loge|(x)| + c

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ(i) É (3x + 1)2dx = Ñ˛ì˛⁄

 ¢õyïyò É (3x + 1)2dx = 
1
3 z

2dz [ï!Ó˚ñ 3x + 1 = z dz = 3dx Óyñ dx = 
1
3

dz]

= 
1
3 3

3z⎛
⎝⎜

⎞
⎠⎟  + c = z3

9
 + c S¢õyÑ˛úò ï &ÓÑ˛V

= ( )3 1
9

3x +  + c

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ(ii) É cosec2(2x + 5)dx = Ñ˛ì˛⁄

 ¢õyïyò É cosec2(2x + 5)dx = 
1
2 cosec2z dz  [ï!Ó˚ñ 2x + 5 = z  dz = 2dx Óy dx = 

1
2

dz]

= 
1
2

(–cotz) + c = – 
cot( )2 5

2
x +

 + c Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ(iii) É 
e e
e e

x x

x x
−
+

−

−∫ dx = Ñ˛ì˛⁄

 ¢õyïyò É 
e e
e e

x x

x x
−
+

−

−∫ dx = 
e

e

x

x
e

e

x

x

−

+

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟∫

1

1 dx

= 
e
e

x

x

2

2
1
1

−
+∫ dx = 

( )
( )

e
e

x

x

2

2
1 2

1
+ −

+∫ dx

= dx – 2
e dx

e e

x

x x{( ) }2 1+∫

= x – 2
dz

z z( )2 1+∫   [ï!Ó˚ñ ex = z, dz = exdx]

= x – 2
z dz

z z2 2 1( )+∫
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= x – 
dt

t t( )+∫ 1       [ï!Ó˚ñ z2 = t, dt = 2zdz]

= x – 
1 1

1t t
dt−

+
⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭∫

= x – 
dt
t∫  + 

dt
t +∫ 1

 = x – loge| t | + loge|(t + 1)|

= x + loge
t

t
+1

 + c = x + loge
z

z

2

2
1+

 + c

= x + loge 1 1
2+

z  + c = x + loge 1 1+
ex  + c

xòƒ¶˛yˆÏÓ

e e
e e

x x

x x
−
+

−

−∫ dx = 
dt
t∫    [ï!Ó˚ñ ex + e–x = t, dt = (ex + (–e–x)dx = (ex – e–x)dx]

= loge|ex + e–x| + c

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ(iv) É ¢õyÑ˛úò Ñ˛Ó˚&ò É 
e

x

xtan−

+∫
1

1 2 dx

 ¢õyïyò É 
e

x

xtan−

+∫
1

1 2 dx = ezdz  [ï!Ó˚ñ tan–1x = z dz = 
1

1 2+ x dx]

= ez + c = e xtan−1  + c Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ(v) É 1
x

xcos∫ dx = Ñ˛ì˛⁄

 ¢õyïyò É 
1
x

xcos∫ dx = 2 cos x
x2∫ dx [ï!Ó˚ñ x  = z  dz = 

1
2 x dx]

= 2cosz dz = 2sinz + c = 2sin x  + c Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ(vi) É 
dx

ex1 +∫  = Ñ˛ì˛⁄

 ¢õyïyò É 
dx

ex1+∫  = 
e dx

e e

x

x x( )1+∫  = 
dz

z z( )1+∫  [ï!Ó˚ñ ex = z  dz = exdx]

= 
1

1
1

+
−⎛

⎝⎜
⎞
⎠⎟∫ z z dz = 

dz
z( )1+∫  – 

dz
z∫
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= loge|(1 + z)| – loge|z| + c

= loge
1+ z

z  + c = loge
1 1
z

+⎛
⎝⎜

⎞
⎠⎟  + c

= loge
1 1+⎛

⎝⎜
⎞
⎠⎟ex  + c Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ(vii) É ¢õyÑ˛úò !òí≈Î˚ Ñ˛Ó˚&ò É 
sec (log )2 x

x∫ dx

 ¢õyïyò É 
sec (log )2 x

x∫ dx = sec2z dz [ï!Ó˚ñ logx = z, dz = 
1
x dx]

= tanz + c = tan(logx) + c Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ(viii) É ˆîÖyò ˆÎ É 
1
1

+
−∫

x
x dx = sin–1x – 1 2− x  + c

 ¢õyïyò É Óyõ˛ô«˛ = 
1
1

+
−∫

x
x

dx

= 
1
1

1
1

+
−

⎛

⎝⎜
⎞

⎠⎟
+
−

⎛

⎝⎜
⎞

⎠⎟∫
x
x

x
x dx = 

( )1

1 2

+

−
∫

x dx

x
 = 

dx

x1 2−
∫  + 

xdx

x1 2−
∫

= 
dx

x1 2−
∫  + 

( )−
∫

t dt
t    [ï!Ó˚ñ 1 2− x  = t Óyñ 1 – x2 = t2  (–2x)dx = 2t dt

= 
dx

x1 2−
∫  – dt

Óyñ –x dx = t dt Óyñ x dx = –t dt]

= sin–1x – t + c = sin–1x – 1 2− x  + c = î!«˛í˛ô«˛–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ(ix) É ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ 
sin

cos
xdx

x1 +∫  = log
1

1 + cos x  + c

 ¢õyïyò É Óyõ˛ô«˛ = 
sin

cos
xdx

x1+∫

= –
dz
z∫  [ï!Ó˚ñ 1 + cosx = z   (–sinx)dx = dz; sinxdx = –dz]

= – loge|z| + c = loge
1
z  + c

= loge
1

1+ cos x  + c = î!«˛í˛ô«˛–
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4.8 xyÇ!üÑ˛ ¢õyÑ˛úò

~ xÇ Ï̂ü î%!›˛ !¶˛ß¨ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ =íö˛ Ï̂úÓ˚ ¢õyÑ˛úò !òí≈Î˚ ¢¡ô Ï̂Ñ≈̨  xy Ï̂úyâ˛òy Ñ˛Ó˚y £ Ï̂Ó– î%!›˛ x Į̈̂ ô«˛ Ï̂Ñ˛Ó˚

=íö˛ Ï̂úÓ˚ xÓÑ˛ú ¢£Ü !òí≈̂ ÏÎ˚Î˚Ó˚ !òÎ˚õ xò%¢Ó˚í Ñ˛ Ï̂Ó˚ ¢õyÑ˛ú !òï≈yÓ˚̂ ÏíÓ˚ !òÎ˚õ!›˛ xò%¢,ì˛ £ Ï̂Ó– ~ ˛ôk˛!ì˛!›˛£z

ÚxyÇ!üÑ˛ ¢õyÑ˛úÛ ≤Ã!e´Î˚yÓ˚ õ Ï̂ïƒ !î Ï̂Î˚ ≤ÃÑ˛y!üì˛ £Î˚–

~fl˛iˆÏú u = u(x) ~ÓÇ v = v(x), x â˛úÓ˚y!üÓ˚ î%!›˛ !¶˛ß¨ x Į̈̂ ô«˛Ñ˛–

xyÇ!üÑ˛ ¢õyÑ˛ú ¢)eyò%ÎyÎ˚#ñ

uv dx = uv dx – du
dx

v dx dx⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥∫∫   ≤Ã!ì˛!¤˛ì˛–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ1 É xnlogx dx = Ñ˛ì˛⁄

 ¢õyïyò É xnlogx dx = (logx)xndx – 
d
dx

x x dx dxn(log )∫∫ ⎧
⎨
⎩

⎫
⎬
⎭

= (log x) x
n

n+

+

1

1
 – 1

1

1

x
x
n

n+

+
⎛
⎝⎜

⎞
⎠⎟∫ dx = x

n

n+

+
⎛
⎝⎜

⎞
⎠⎟

1

1
logx – 

1
1n + xn dx

= x
n

n+

+
⎛
⎝⎜

⎞
⎠⎟

1

1
logx – 1

1 1

1

n
x
n

n

+ +
⎛
⎝⎜

⎞
⎠⎟

+
 + c

= 
x
n

n+

+
⎛
⎝⎜

⎞
⎠⎟

1

1 logx – x
n

n+

+

1

21( )
 + c Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ2 É ¢õyÑ˛úò Ñ˛Ó˚&ò É logx dx

 ¢õyïyò É logx dx = (logx)1dx – d
dx

x dx(log ) 1⋅⎧
⎨
⎩

⎫
⎬
⎭∫∫ dx

= x log(x) – 1
x

⎛
⎝⎜

⎞
⎠⎟∫ x dx = xlog(x) – 1dx

= xlog(x) – x + c Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ3 É e dxx
x x
1 1

2−⎛
⎝⎜

⎞
⎠⎟∫ ÈÙÈ~Ó˚ ¢õyÑ˛ú !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É e dxx
x x
1 1

2−⎛
⎝⎜

⎞
⎠⎟∫  = e

x

x

∫ dx – 
e
x

x

2∫ dx

= 
1
x e

xdx – d
dx x

e dx dxx1⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭∫∫  – 

e
x

x

2∫ dx
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= e
x

x
 – −⎛

⎝⎜
⎞
⎠⎟∫

1
2x exdx – 

e
x

x

2∫ dx + c

= e
x

x
 + 

e
x

x

2∫ dx – 
e
x

x

2∫ dx + c

= e
x

x
 + c Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ4 É 
xe

x

x

( )+∫ 1 2 dx = e
x

x

+ 1
 + c ≤Ãõyí Ñ˛Ó˚&ò–

 ¢õyïyò É 
xe

x

x

( )+∫ 1 2 dx = 
{( ) }

( )
x e

x

x+ −
+∫
1 1

1 2 dx

= 
( )
( )
x e
x

x+
+∫
1
1 2 dx – 

e
x

x

( )+∫ 1 2 dx  = e
x

x

+∫ 1
dx – 

e
x

x

( )+∫ 1 2 dx

= 
1

1x + exdx – 
d
dx

x e dxx{( ) }+ − ∫∫ ⎡
⎣⎢

⎤
⎦⎥

1 1 dx – 
e

x

x

( )+∫ 1 2 dx

= e
x

x

+1
 + ( )

( )
− ⋅

+∫ 1
1 2

e
x

x
dx – 

e
x

x

( )+∫ 1 2 dx

= e
x

x

+1
 – 

e
x

x

( )+∫ 1 2 dx  – 
e

x

x

( )+∫ 1 2 dx = e
x

x

+1
 + c

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ5 É sin(logx)dx = 
x
2 [sin(logx) – cos(logx)] + c !Ñ˛òy ˛ôÓ˚#«˛y Ñ˛Ó˚&ò–

 ¢õyïyò É ï!Ó˚ñ I = sin(logx) dx

= sin(logx)1dx – 
d
dx

x dx(sin(log )) 1⋅⎧
⎨
⎩

⎫
⎬
⎭∫∫ dx

= xsin(logx) – 
cos(log )x

x∫ x dx

= xsin(logx) – cos(logx)dx

= xsin(logx) – [cos(logx)1dx – 
d
dx

x dx(cos(log )) 1⋅{ }∫∫ dx]

= xsin(logx) – [xcos(logx) + 
sin(log )x

x∫ x dx]

= xsin(logx) – xcos(logx) – sin(logx)dx
= x[sin(logx) – cos(logx)] – I + c1 S¢õyÑ˛úò ï &ÓÑ˛V
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2I = x[sin(logx) – cos(logx)] + c1

 I = 
x
2 [sin(logx) – cos(logx)] + 

c1
2

 sin(logx)dx = 
x
2 [sin(logx) – cos(logx)] + c     [ÎÖò c Sï &ÓÑ˛V = 

c1
2

]ÈÙÙÙÈ ö˛ú!›˛ ¢ì˛ƒ–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ6 É 
x
x

−
+∫

1
1 3( )

exdx = 
e

x

x

( )+ 1 2  + c, ¢ì˛ƒ òy !õÌƒy ì˛y ˛ôÓ˚#«˛y Ñ˛Ó˚&ò–

 ¢õyïyò É 
x
x

−
+∫

1
1 3( )

exdx = 
{( ) }

( )
x e

x

x+ −
+∫

1 2
1 3 dx

= ex
x

⋅
+∫
1
1 2( ) dx – 2

e
x

x

( )+∫ 1 3 dx

= 
1
1 2( )x

e dxx
+ ∫  – 

d
dx x

e dxx1
1 2( )+

⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
∫∫ dx  – 2

e
x

x

( )+∫ 1 3 dx

= e
x

x

( )+1 2  – ( )
( )

− ⋅
+∫ 2 1

1 3x
exdx  – 2

e
x

x

( )+∫ 1 3 dx

= e
x

x

( )+1 2  + 2
e

x

x

( )+∫ 1 3 dx – 2
e

x

x

( )+∫ 1 3 dx

= e
x

x

( )+1 2  + c  ≤Ãî_ ¢õyÑ˛ Ï̂úÓ˚ ö˛ú!›˛ ¢ì˛ƒ–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ7 É ˆîÖyò ˆÎñ xcos2xdx = x x x xsin cos2
4

2
8 4

2
+ +  + c

 ¢õyïyò É Óyõ˛ô«˛ = xcos2x dx = 
1
2 x(2cos2x)dx

= 
1
2 x(cos2x + 1) dx = 

1
2 xcos2xdx + 

1
2 xdx

= 
1
2

2 2x xdx x xdx dxd
dx

cos ( ) cos− ∫∫∫ ⎧
⎨
⎩

⎫
⎬
⎭

⎡
⎣⎢

⎤
⎦⎥

 + 
1
2 2

2x⎛
⎝⎜

⎞
⎠⎟

= 
1
2

2
2

2
2 4

1
2

x dxx x x⋅ ⎛
⎝⎜

⎞
⎠⎟

− ⋅ ⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥∫ +sin sin

= x x xxdxsin sin2
4

1
4 4

2
2

− ∫ +

= x x x xsin cos2
4

2
8 4

2
+ +  + c = î!«˛í˛ô«˛ÈÙÙÙÈ!ò Ï̂í≈Î˚ ö˛ú!›˛ ¢ì˛ƒ–
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ8 É e2xsinx cosx dx = Ñ˛ì £ Ï̂Ó⁄

 ¢õyïyò É ï!Ó˚ñ I = e2xsinx cosx dx

= 
1
2 e

2x(2sinx cosx)dx = 
1
2 e

2xsin2x dx

= 
1
2

2 22 2sin (sin )x e dx x e dx dxx xd
dx

− ∫∫∫ ⎧
⎨
⎩

⎫
⎬
⎭

⎡
⎣⎢

⎤
⎦⎥

= 
1
2 2 2

2 2 2
2 2

(sin ) cosx x dxe ex x
−

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥∫

= 
1
4

e2xsin2x – 
1
2 (cos2x)e2xdx

= 
e xx2 2

4
sin

 – 1
2

2 22 2cos (cos )x e dx x e dx dxx xd
dx

− ∫∫∫ ⎧
⎨
⎩

⎫
⎬
⎭

⎡
⎣⎢

⎤
⎦⎥

= 
e xx2 2

4
sin

 – e xx2 2
4
cos  + 

1
2

2
2 2

2
−⎛

⎝⎜
⎞
⎠⎟

⋅∫
sin x e x

dx

= 
e xx2 2

4
sin

 – e xx2 2
4
cos

 – 
1
8 e

2xsin2xdx

 1 1
8

+⎛
⎝⎜

⎞
⎠⎟ I = 

1
4

×e2x(sin2x – cos2x) Óyñ I = 8
9 4

2

⋅
e2x(sin2x – cos2x) + c

 e2xsinx cosx dx = 
2
9

e2x(sin2x – cos2x) + c Sv z̨_Ó˚V

xòƒ v z̨̨ ôy Ï̂Î˚ xÇÑ˛!›˛ Ï̂Ñ˛ Ñ˛Ó˚y £ú É

e2xsinx cosx = 
1
2 e

2xsin2x dx  [¢)e É eaxsinbx dx = 
e

a b

ax

2 2+
sin(bx – tan–1 b

a ) + c]

= 
1
2

e x2

2 22 2+
sin(2x – tan–1 2

2
) + c

= 
e x2

4 2
sin(2x – tan–11) + c = 

e x2

4 2
sin(2x – 

r

4 ) + c

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ9 É Î!î c = excosx dx ~ÓÇ s = exsinx dx £Î˚ ì˛ Ï̂Ó ˆîÖyÁ ˆÎ c + s = exsinx

 ¢õyïyò É ~fl˛i Ï̂úñ c = excosx dx = excosx dx – 
d
dx

e x dx dxx( ) cos∫∫ { }
= exsinx – exsinx dx = exsinx – s

c + s = exsinx ~›˛y£z !ò Ï̂í≈Î˚ ö˛ú–
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ10 É õyò !òí≈Î˚ Ñ˛Ó˚&ò É 
dx

x x( )+ −∫ 1 2

[¢yïyÓ˚í xyÑ˛yÓ˚ É 
dx

ax b cx d( )+ +∫ , cx d+  = t Ó¢ˆÏÓ]

 ¢õyïyò É 
dx

x x( )+ −∫ 1 2 [~fl˛iˆÏú x − 2 = t Sï!Ó˚Vñ  x – 2 = t2 ¢%ì˛Ó˚yÇ dx = 2t dt]

= 
2

2 1 2 22 2

t dt

t t{( ) }+ + + −
 = 2

t dt

t t( )2 23+
∫  = 2

t dt
t t( )2 3+∫

= 2
dt

t2 23+∫ ( )  = 
2
3 3

1tan− ⎛
⎝⎜

⎞
⎠⎟

t
 [¢)e É 

dx
x a a

x
a2 2

11
+

= −∫ tan  + c]

= 
2
3

2
3

1tan− −⎛

⎝⎜
⎞

⎠⎟
x

 + c, [ t = x − 2 ]

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ11 É õyò !òí≈Î˚ Ñ˛Ó˚&ò É 
( )

( )
x dx

x x x
+

+ + +∫
2

3 3 12

[¢yïyÓ˚í xyÑ˛yÓ˚ É
dx

ax bx c px q( )2 + + +∫ , px q+  = t Ó¢yˆÏÓ–]

 ¢õyïyò É 
( )

( )
x dx

x x x
+

+ + +∫
2

3 3 12

[ï!Ó˚ñ x +1  = p Óyñ x + 1 = p2 Sv z̨¶˛Î˚!î Ï̂Ñ˛ ÓÜ≈ Ñ˛ Ï̂Ó˚V  dx = 2p dp]

= 
( )

{( ) ( ) }
p p dp

p p p

2

2 2 2
1 2 2

1 3 1 3
− + ⋅

− + − + ⋅∫  = 2 ( )p dp
p p p

2

4 2 2
1

2 1 3 3 3
+

− + + − +∫

= 2
( )p dp
p p

2

4 2
1

1
+

+ +∫  = 2
p dp

p p

p

p

2 1

2 2 1

1

1

2

2

+( )
+ +⎛

⎝⎜
⎞
⎠⎟

∫

= 2
1

1

1

2 1

2

2

+( )
+ +⎛

⎝⎜
⎞
⎠⎟

∫
p

p

dp

p
 = 2

1

2 1

1

1
2

1

2+( )
−( ) + ⋅ ⋅ +

∫
p

p p

dp

p p

=
+( )
−( ) +

=
+( )

−( ) + ( )
∫ ∫2

1

3
2

1

3

1

1
2

1

1
2 2

2 2p

p

p

p

dp

p

dp

p
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= 2
dz

z2 23+∫ ( )   [ï!Ó˚ñ p – 1
p

 = z  1 1
2+

⎛
⎝⎜

⎞
⎠⎟p dp = dz]

= 2
1
3 3

1tan− ⎛
⎝⎜

⎞
⎠⎟

z
 + c = 

2
3 3

1tan− ⎛
⎝⎜

⎞
⎠⎟

z
 + c

= 2
3 3

1
1

tan−
−( )⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

p p  + c  [ z = p – 1
p

]

= 
2
3

1
3

1
2

tan− −⎧
⎨
⎩

⎫
⎬
⎭

p
p  + c = 

2
3

1 1
3 1

1tan− + −
+

⎛
⎝⎜

⎞
⎠⎟

x
x  + c

= 
2
3 3 1

1tan
( )

−
+

⎛
⎝⎜

⎞
⎠⎟

x
x  + c

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ12 É 
dx

x x x( )− + +
∫

1 12 ÈÙÈˆÑ˛ ¢õyÑ˛úò Ñ˛Ó˚&ò–

[¢yïyÓ˚í xyÑ˛yÓ˚ É 
dx

ax b px qx r( )+ + +
∫ 2  ¢õyïy Ï̂òÓ˚ ãòƒ ax + b = 

1
t , (t  0) Ó¢yˆÏÓò–]

 ¢õyïyò É 
dx

x x x( )− + +
∫

1 12
 [ï!Ó˚ñ x – 1 = 1

t
  dx = – 1

2t
dt]

= 
−( )

+( ) + +( ) +
∫

1

1 1 2 1

2

1 1 1

t

t t t

dt
 = –

dt
t

t t t

2

1 1 2 11 1 1( ) +( ) + +( ) +
∫

= –
dt
t

t t t t

2

2
1 1 2 11 1 1( ) + + + + +

∫  = –
dt
t

t t t

2

2
1 1 3 3( ) + +

∫

= – 
dt
t

t
t t

2

2
1 23 3 1+ +

∫  = – 
dt

t t3 3 12 + +
∫

= – dt

t t3 2 1
3+ +( )∫  = – 1

3 22 1
2

1
2

2 1
2

2 1
3

dt

t t+ ⋅ ⋅ + ( ) − ( ) +
∫

= – 1
3 1

2
2 1

3
1
4

dt

t +( ) + −( )
∫  = – 1

3 1
2

2 1
12

dt

t +( ) +
∫
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= – 1
3 1

2
2 1

2 3

2

dt

t +( ) + ( )
∫  = – 1

3 2 1
2 3

2

dz

z + ( )
∫

= – 1
3

2 3 1
2 3

2
2

⋅ + + ⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
log z z  + c [ï!Ó˚ñ t + 

1
2

 = z  dt = dz]

= – 2log t t+⎛
⎝⎜

⎞
⎠⎟

+ +⎛
⎝⎜

⎞
⎠⎟

+
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
1
2

1
2

1
12

2

  + c [ z = (t + 
1
2

)]

= – 2log 1
1

1
2

12 1

12

1
1

1
2

2

x
x

−
+⎛

⎝⎜
⎞
⎠⎟

+
+( ) +

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
−  + c

= – 2log
x
x

x
x

+
−

+ +
−

+
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
1

2 1
1

2 3
12 1
4 1

1
2

2( )
( )
( )  + c

= – 2log ( )
( )
x
x

x
x

+
−

+ +
−

⎛
⎝⎜

⎞
⎠⎟

+
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
1

2 1
1

2 3
3 1

1
1

2
 + c

= – 2log
( )
( )
x
x

x
x

+
−

+ +
−

⎛
⎝⎜

⎞
⎠⎟

+
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
1

2 1
1
2

1
1

1
3

2
 + c

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ13 É 
dx

x x( )1 12 2+ −
∫ ÈÙÈˆÑ˛ !òí≈Î˚ Ñ˛Ó˚&ò–

[¢yïyÓ˚í xyÑ˛yÓ˚ É 
dx

ax b cx d( )2 2+ +
∫  ¢õyïy Ï̂òÓ˚ ãòƒ x = 

1
t  Ó¢y Ï̂Óò–]

 ¢õyïyò É 
dx

x x( )1 12 2+ −
∫  = 

−( )
+( ) −

∫
1

1 1

2

2 21 1
t

t t

dt
   [ï!Ó˚ñ x = 1

t
  dx = – 1

2t
dt]

= – 
1
2

2

2
21 1

t
t
t

t
t

dt

( )+ −⋅
∫  = – t dt

t t( )2 21 1+ −
∫

= – 
1
2

2

1 12 2

t dt

t t( )+ −
∫    [ï!Ó˚ñ t = p  Óyñ t2 = p  2t dt = dp]
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= – 1
2 1 1

dp
p p( )+ −∫   [ï!Ó˚ñ p −1  = z  p – 1 = z2 Óyñ dp = 2z dz]

= – 1
2

2

1 12 2

zdz

z z( )+ +
∫  = – 

2
2 22

zdz
z z( )+∫  = –

dz
z2 2+∫

= –
dz

z2 22+∫ ( )  = –
1
2 2

1tan− ⎛
⎝⎜

⎞
⎠⎟

z
 + c

= –
1
2

1
2

1tan− −⎛

⎝⎜
⎞

⎠⎟
p

 + c = –
1
2

1
2

1
2

tan− −⎛

⎝
⎜

⎞

⎠
⎟

t
 + c

= – 1
2

1

2
1

21
tan− ( ) −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x  + c = –
1
2

1
2

1
2

tan− −⎛

⎝⎜
⎞

⎠⎟
x
x

 + c Sv z̨_Ó˚V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ14 É ¢õyÑ˛ú Ñ˛Ó˚&ò É 3 4 2−∫ x dx

 ¢õyïyò É 3 4 2−∫ x dx  = 4 3
4

2−⎛
⎝⎜

⎞
⎠⎟∫ x dx

= 2
3

2

2
2⎛

⎝⎜
⎞

⎠⎟
−∫ x dx  = 2

x x x
3

2

2
2 2

1
2

3
2

2
3

( ) −
+

⎛

⎝⎜
⎞

⎠⎟

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
−sin  + c

= 
1
2

3 4 2−( ){ }x x  + 
3
2

2
3

1sin− ⎛
⎝⎜

⎞
⎠⎟

x
 + c Sv z̨_Ó˚V

4.9 ¢Ç!«˛Æ¢yÓ˚

¢õyÑ˛ Ï̂ú ÓƒÓ£*ì˛ Ñ˛ Ï̂Î˚Ñ˛!›˛ =Ó˚&c˛ô)í≈ ¢)eyÓú#

1. dx
x a a

x
a

c2 2
11

+
= ⎛

⎝⎜
⎞
⎠⎟

− +tan

2.
dx

x a a
x a
x a

ce2 2
1
2−

= −
+

+log   (ÎÖò |x| > |a|)

3.
dx

a x a
a x
a x

ce2 2
1
2−

= +
−

+log  (ÎÖò |x| < |a|)

4.
dx

x a
x x a ce2 2

2 2

+
= + + +log
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5.
dx

x a
x x a ce2 2

2 2

−
= + − +∫ log

6.
dx

a x

x
a

c
2 2

1

−
= ⎛

⎝⎜
⎞
⎠⎟

+−∫ sin   [ÎÖò |x| < |a|]

7.
dx

x x a a
x
a

c
2 2

11

−
= ⎛

⎝⎜
⎞
⎠⎟

+−∫ sec

xÌÓyñ 
dx

x x a a
x
a

c
2 2

11

−
= − ⎛

⎝⎜
⎞
⎠⎟

+−∫ cosec

8. x a dx x x a a x x a ce
2 2

2 2 2
2 2

2 2
+ = + + + + +∫ log

9. x a dx x x a a x x a ce
2 2

2 2 2
2 2

2 2
− = − − + − +∫ log

10. a x dx x a x a x
a

c2 2
2 2 2

1
2 2

− = − + ⎛
⎝⎜

⎞
⎠⎟

+∫ −sin

11. eaxsinbx dx = 
e a bx b bx

a b

ax ( sin cos )−
+2 2  + c (a  0)

= 
e

a b
bx b

a
c

ax

2 2
1

+
−⎛

⎝⎜
⎞
⎠⎟

+−sin tan

12. eaxcosbx dx = 
e a bx b bx

a b

ax ( cos sin )+
+2 2 + c (a  0)

= 
e

a b
bx b

a
c

ax

2 2
1

+
−⎛

⎝⎜
⎞
⎠⎟

+−cos tan

4.10 xò%ü#úò#

¢õyÑ˛ú !òí≈Î˚ Ñ˛Ó˚&ò É

1. exsin mx cos nx dx (m > n)

2.
x x

x

2 5 1+ −
∫ dx

3. tan2x dx
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4.
sin cos
sin cos

6 6

2 2
x x
x x
+

∫ dx

5. 5loge x∫ dx

6. ex x
x

1
1 2

2−
+

⎛
⎝⎜

⎞
⎠⎟∫ dx

7.
cos cos

cos
7 8

1 2 5
x x

x
−

+∫ dx

8.
dx

x m x nsin( ) cos( )− −∫

9.
dx

x x4 92 2sin cos+∫

10. ÈÎ!î u = excosx dx ~ÓÇ v = exsinbx dx £Î˚ñ ì˛ Ï̂Ó ˆîÖyò ˆÎñ u2 + v2 = e x2

2

11. x x2 1+ +∫ dx

12. excos2x dx

13. sec ( sec )
( sec )

x x
x

2
1 2 2

+
+∫ dx

14.
3 2
3 2

sin cos
cos sin

x x
x x

+
+∫ dx

15.
dx
x x2sin sec+∫

16. ax x dx−∫ 2

17.
dx

x x2 1+ +∫

18.
( )3 1
2 32

x dx
x x

+
+ −∫

19. cos–1x dx
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20.
( )

( )

1

1 1

2

2 4 2

+

− + +
∫

x dx

x x x

21. ≤Ãõyí Ñ˛Ó˚&ò É 
dx

x
x c

5 4
2
3

1
3 2

1
+

= ⎛
⎝⎜

⎞
⎠⎟

− +∫ cos
tan tan

22. ≤Ãõyí Ñ˛Ó˚&ò É sin−
+∫ 1 x

x a
dx = [ ] tanx a ax cx

a
+ +− −1

4.11 @˘Ãs˛i˛ôO#
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~Ñ˛Ñ˛È 5  !òí≈yÎ˚Ñ˛

Ü‡˛ò

5.1 v˛zˆÏjüƒ

5.2 ≤Ãhfl˛ÏyÓòy

5.3 !òí≈yÎ˚̂ ÏÑ˛Ó˚ v z̨Í˛ô!_

5.4 !òí≈yÎ˚̂ ÏÑ˛Ó˚ !Óhfl ,̨Ï!ì˛

5.5 î%!›˛ ¢õ e´ Ï̂õ !òí≈yÎ˚̂ ÏÑ˛Ó˚ =íò ≤Ã!e´Î˚y

5.6 v˛zîy£Ó˚íõyúy

5.7 ≤Ãî_ ¢£¢õ#Ñ˛Ó˚í=!úÓ˚ ¢õyïy Ï̂òÓ˚ ãòƒ e´yõy Ï̂Ó˚Ó˚ !òÎ˚õ

5.8 x Ï̃Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚í ~ÓÇ ~Ó˚ x!hfl Į̈c !Ó°ÏÎ˚Ñ˛ xy Ï̂úyâ˛òy

5.9 ãƒy Ï̂Ñ˛!Ó ≤Ãî_ !òí≈yÎ˚Ñ˛ Óy ãƒy Ï̂Ñ˛yÓ#Î˚ !òí≈yÎ˚Ñ˛

5.10 ¢Ç!«˛Æ¢yÓ˚

5.11 xò%ü#úò#

5.12 @˘Ãs˛i˛ôO#

5.1 v ẑ̨ Ïjüƒ

~£z ~Ñ˛ Ï̂Ñ˛ xyõÓ˚y !òí≈yÎ˚Ñ˛ !Ó°Ï̂ ÏÎ˚ xy Ï̂úyâ˛òy Ñ˛ Ï̂Ó˚!äÈ v z̨îy£Ó˚í¢£– ¢£¢õ#Ñ˛Ó˚íÈÙÈ~Ó˚ ¢õyïyò CramerÈÙÈ~Ó˚

!òÎ˚̂ Ïõ ~ÓÇ x Ï̃Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ =Ó˚&c Á x!hfl Į̈c !Ó°Ï̂ ÏÎ˚ xy Ï̂úyâ˛òy Ñ˛ Ï̂Ó˚!äÈ– Jacobian ¢¡ô Ï̂Ñ≈̨  xy Ï̂úyâ˛òy

Ñ˛ Ï̂Ó˚!äÈ–

5.2 ≤Ãhfl Į̈yÓòy

1693 Ü!íì˛K˛ !úÓ‰!òã ~Ñ˛áy Ï̂ì˛Ó̊ ¢õ#Ñ˛Ó̊í=!úÓ̊ õ Ï̂ïƒ ~Ñ˛!›˛ !Ó Ï̂ü°Ï ¢¡ôÑ≈̨  ú«˛ƒ Ñ˛Ó̊ Ï̂úò– ¢õ#Ñ˛Ó̊í=!úÓ̊

õ Ï̂ïƒ v z̨̨ ô!fl˛iì˛ â˛úÓ˚y!üÓ˚ x˛ôòÎ˚̂ ÏòÓ˚ ö˛ Ï̂ú ~Ñ˛!›˛ !Ó Ï̂ü°Ï ¢¡∫ı˛ ˛ôyÁÎ˚y Îy Ï̂FäÈ– ˛ôÓ˚Óì≈̨ #Ñ˛y Ï̂ú Ü!íì˛!Óî‰ !£¢y Ï̂Ó

ˆö ˛v˛!Ó˚Ñ˛ Üyv˛z¢ Á Ñ˛!¢ v˛z¶˛ˆÏÎ˚£z ~!Ó°ÏˆÏÎ˚ Ü¶˛#Ó˚¶˛yˆÏÓ õò!òˆÏÓü Ñ˛ˆÏÓ˚!äÈˆÏúò– Ñ˛!¢ ¢Ó≈≤ÃÌõ !òí≈yÎ˚ˆÏÑ˛Ó˚

(Determinant) òyõÑ˛Ó˚í Ñ˛ Ï̂Ó˚ò– ˛ôÓ˚Óì≈̨ #Ñ˛y Ï̂ú ˆe´õyÓ˚ñ ãƒy Ï̂Ñ˛y!Óñ ˆ¶˛u˛yÓ˚õ!u˛ Á ˆÓœy Á£ƒy!õr›˛ Ï̂òÓ˚ Ü Ï̂Ó°Ïíy

!òí≈yÎ˚̂ ÏÑ˛Ó˚ ì˛_¥̂ ÏÑ˛ xyÓ˚Á ¢õ,k˛ Ñ˛ Ï̂Ó˚̂ ÏäÈ–
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5.3 !òí≈yÎ˚̂ ÏÑ˛Ó˚ v z̨Í˛ô!_

ï!Ó˚ñ a1x + b1y + c1z = 0 ... (1)

a2x + b2y + c2z = 0 ... (2)

a3x + b3y + c3z = 0 ... (3)

!ì˛ò!›˛ ~Ñ˛áy Ï̂ì˛Ó˚ ¢õ#Ñ˛Ó˚í–

(1)òÇ Á (2)òÇ ˆÌ Ï̂Ñ˛ ÓL=íò (cross multiplication) ˛ôk˛!ì˛ Ï̂ì˛ ¢õyïyò Ñ˛Ó˚̂ Ïú ˛ôy£zñ

x
b c b c1 2 2 1−  = 

y
a c a c2 1 1 2−  = 

z
a b a b1 2 2 1−  = k ( 0) (ï!Ó˚ñ k ï &ÓÑ˛ Ó˚y!üV

 x = k(b1c2 – b2c1), y = k(a2c1 – a1c2) ~ÓÇ z = (a1b2 – a2b1)

x, y Á zÈÙÈ~Ó˚ õyò=!ú (3)òÇÈÙÈˆì˛ Ó!¢ˆÏÎ˚ ˛ôy£zñ

a3k(b1c2 – b2c1) + b3k(a2c1 – a1c2) + c3k(a1b2 – a2b1) = 0

Óyñ k[a3b1c2 – a3b2c1 + b3a2c1 – b3a1c2 + c3a1b2 – c3a2b1] = 0

Óyñ a3b1c2 – a3b2c1 + b3a2c1 – b3a1c2 + c3a1b2 – c3a2b1 = 0 ( k  0)

Óyñ (a1b2c3 – a1b3c2) – b1(a2c3 – a3c2) + c1(a2b3 – a3b2) = 0 ... (4)

(4)òÇ ¢¡ô Ï̂Ñ≈̨ Ó˚ Ó§y!î Ï̂Ñ˛Ó˚ xÇü!›˛ Ï̂Ñ˛ xyõÓ˚y ¢£ Ï̂ã£z !úÖ Ï̂ì˛ ˛ôy!Ó˚ñ 

a b c
a b c
a b c

1 1 1

2 2 2

3 3 3
 !£¢yˆÏÓ–

SˆÎÖy Ï̂ò !òí≈yÎ˚̂ ÏÑ˛Ó˚ !â˛£´ £ú | |)

~ Ï̂Ñ˛ ì,̨ ì˛#Î˚ e´ Ï̂õÓ˚ !òí≈yÎ˚Ñ˛ (third order determinant) Ó Ï̂ú x!¶˛!£ì˛ Ñ˛Ó˚y £Î˚–

~¶˛y Ï̂Ó nÈÙÈe´ Ï̂õÓ˚ (n-th order) !òí≈yÎ˚Ñ˛ Ï̂Ñ˛ xyõÓ˚y 

a a a a
a a a a

a a a a

n

n

n n n nn

11 12 13 1

21 22 23 2

1 2 3




    


 !£¢y Ï̂Ó ≤ÃÑ˛yü Ñ˛Ó˚̂ Ïì˛

˛ôy!Ó˚–

Î!î A = (aij)n×n ~Ñ˛!›˛ ÓÜ≈ õƒy!› Δ̨: £Î˚ ì˛ Ï̂Ó ì˛yÓ˚ !òí≈yÎ˚̂ ÏÑ˛Ó˚ Ó˚*˛ô!›˛ £ Ï̂Ó 

a a a a
a a a a

a a a a

n

n

n n n nn

11 12 13 1

21 22 23 2

1 2 3




    


~ Ï̂Ñ˛ xyÓ˚õy |A| !£¢y Ï̂Ó !â˛!£´ì˛ Ñ˛Ó˚Ó–
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õy£zòÓ˚ (Minor)

ï!Ó˚ñ A = |aij| ÎÖò i = 1, 2, 3 ~ÓÇ j = 1, 2, 3 A !òí≈yÎ˚̂ ÏÑ˛Ó˚ ˆÎ ˆÑ˛y Ï̂òy ˛ôî aij (i, j = 1, 2, 3)–
¢%ì˛Ó˚yÇ ˛ôî ‘aij’ Óú Ï̂ì˛ Ó%G˛yÎ˚ iÈÙÈì˛õ ¢y!Ó˚ (row) ~ÓÇ jÈÙÈì˛õ hfl Į̈̂ ÏΩ˛Ó˚ (column) ¢ÇˆÏÎyÜfl˛iˆÏú xÓ!fl˛iì˛ ˛ôî!›˛–

~Öò xyõÓ˚y i-ì˛õ ¢y!Ó˚ ~ÓÇ jÈÙÈì˛õ hfl Į̈Ω˛ SÎy aijÈÙÈˆÑ˛ !á Ï̂Ó˚ xy Ï̂äÈVÈÙÈˆÑ˛ x˛ô¢,ì˛ Ñ˛ Ï̂Ó˚ SxÌ≈yÍ Óyî !î Ï̂Î˚V xÓ!ü‹T

˛ôî=!úÓ˚ õyïƒ Ï̂õ ˛ô%òÓ˚yÎ˚ ~Ñ˛!›˛ !òí≈yÎ˚Ñ˛ ≤Ãhfl%̨ ì˛ Ñ˛Ó˚úyõ ~ÓÇ ì˛y Ï̂Ñ˛ Óúúyõ aijÈÙÈ~Ó˚ õy£zòÓ˚ (minor)– ~ Ï̂Ñ˛ Mij

!£¢y Ï̂Ó ¢)!â˛ì˛ Ñ˛Ó˚úyõ–

ï!Ó˚ñ A =
a a a
a a a
a a a

11 12 13

21 22 23

31 32 33

a12 ˛ôˆÏîÓ˚ minor xÌ≈yÍ M12 = 
a a
a a

21 23

31 33

xò%Ó˚* Į̈̂ ôñ a22 ˛ôˆÏîÓ˚ minor xÌ≈yÍ M22 = 
a a
a a
11 13

31 33

~¶˛y Ï̂Ó A !òí≈≈yÎ˚̂ ÏÑ˛Ó˚ ˆÎ Ï̂Ñ˛y Ï̂òy ˛ô Ï̂îÓ˚ minor !òï≈yÓ˚í Ñ˛Ó˚y ÎyÎ˚–

¢£ v z̨Í˛ôyîÑ˛ (Co-factor)

ï!Ó˚ñ A = |˛aij˛| (i, j = 1, 2, 3, ..., n) aij £Ûú A !òí≈yÎ˚ˆÏÑ˛Ó˚ i-ì˛õ ¢y!Ó˚ Á jÈÙÈì˛õ hfl˛ÏˆÏΩ˛Ó˚ ¢ÇˆÏÎyÜfl˛iˆÏú

xÓ!fl˛iì˛ ˛ôî–

aijÈÙÈ~Ó˚ ¢£ v z̨Í˛ôyîÑ˛ = (–1)i+j × aijÈÙÈ~Ó˚ õy£zòÓ˚–

¢%ì˛Ó˚yÇ (i + j) = Î%@¬ ¢ÇÖƒy £ Ï̂úñ i + j = 1 £ Ï̂Ó–

(i + j) = xÎ%@¬ ¢ÇÖƒy £ Ï̂úñ i + j = –1 £ Ï̂Ó–

 (i + j) = Î%@¬ (even) ¢ÇÖƒy £ˆÏúñ aijÈÙÈ~Ó˚ ¢£ v z̨Í˛ôyîÑ˛ = aijÈÙÈ~Ó˚ õy£zòÓ˚–

xòƒ!î Ï̂Ñ˛ (i + j) = xÎ%@¬ (odd) ¢ÇÖƒy £ Ï̂úñ aijÈÙÈ~Ó˚ ¢£ v z̨Í˛ôyîÑ˛ = – aijÈÙÈ~Ó˚ õy£zòÓ˚–

 v z̨îy£Ó˚íÈ É ï!Ó˚ñ A = 
1 2 3
4 5 6
7 8 9

, a21, a31, a22ÈÙÈ~Ó˚ ¢£ÈÙÈv z̨Í˛ôyîÑ˛ !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É a21ÈÙÈ~Ó˚ ¢£v z̨Í˛ôyîÑ˛ = A21 = (–1)2+1 2 3
8 9

a31ÈÙÈ~Ó˚ ¢£ v z̨Í˛ôyîÑ˛ = A31 = (–1)3+1 2 3
5 6

a22ÈÙÈ~Ó˚ ¢£ v z̨Í˛ôyîÑ˛ = A22 = (–1)2+2 1 3
7 9

S!Ó.o. É ˆÎ ˆÑ˛y Ï̂òy ˛ô Ï̂îÓ˚ ¢£ÈÙÈv z̨Í˛ôyîÑ˛ÈÙÈˆÑ˛ Óv ¸̨ £y Ï̂ì˛Ó˚ x«˛ Ï̂Ó˚ ˆúÖy £Î˚–V

- - - - - - - - - - - - - - - - -

------------
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5.4 !òí≈yÎ˚̂ ÏÑ˛Ó˚ !Óhfl ,̨Ï!ì˛

ˆÎ ˆÑ˛y Ï̂òy !òí≈yÎ˚̂ ÏÑ˛Ó˚ ˆ«˛ Ï̂e ÎÖò ì˛yÓ˚ !Óhfl Į̈yÓ˚ !ò Ï̂Î˚ xy Ï̂úyâ˛òy £ Ï̂Ó ì˛Öò ¢£ Ï̂ã£z xyõy Ï̂îÓ˚ òãÓ˚ ÎyÎ˚ ì˛yÓ˚

S!òí≈yÎ˚̂ ÏÑ˛Ó˚V ˆÎ ˆÑ˛y Ï̂òy ¢y!Ó˚ (row) Óy hfl Į̈¡∫ (column)ÈÙÈ~Ó˚ ≤Ã!ì˛!›˛  ˛ôî Á ì˛yÓ˚ xò%Ó˚*˛ô ¢£ÈÙÈv z̨Í˛ôyî Ï̂Ñ˛Ó˚ !î Ï̂Ñ˛–

!òí≈yÎ̊ Ï̂Ñ˛Ó̊ !Óhfl Į̈y Ï̂Ó̊Ó̊ ˛ôÓ̊ ì˛yÓ̊ õyò £ Ï̂Ó ˆÎ Ï̂Ñ˛y Ï̂òy ¢y!Ó̊ Óy hfl Į̈Ω˛ ¢y Į̈̂ ô Ï̂«˛ ≤Ã Ï̂ì˛ƒÑ˛ ˛ôî Á ì˛yÓ̊ xò%Ó̊*˛ô ¢£ÈÙÈv z̨Í˛ôyî Ï̂Ñ˛Ó̊

=íö˛ú ¢õ)̂ Ï£Ó˚ ˆÎyÜö˛ Ï̂úÓ˚ ¢õyò–

 v z̨îy£Ó˚í É õ Ï̂ò Ñ˛!Ó˚ñ A = 
1 2 3
4 5 6
7 8 9

, |A|ÈÙÈˆÑ˛ !Óhfl ,̨Ïì˛ Ñ˛Û Ï̂Ó˚ õyò !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É ≤ÃÌõ ¢y!Ó˚ (1st row) ÓÓ˚yÓÓ˚ !Óhfl ,̨Ï!ì˛Ó˚ ¢y£y Ï̂Îƒ |A|ÈÙÈ~Ó˚ õyò £ Ï̂Ó !ò¡¨Ó˚*˛ô É

|A| = 1 × 
5 6
8 9  – 2 × 

4 6
7 9  + 3 × 

4 5
7 8

= 1 × (5 × 9 – 8 × 6) – 2 × (4 × 9 – 7 × 6) + 3 × (4 × 8 – 7 × 5)
= 1 × (45 – 48) – 2 × (36 – 42) + 3 × (32 – 35)
= 1 × (–3) – 2 × (–6) + 3 × (–3) = – 3 + 12 – 9 = 12 – 12 = 0

S!Ó.o. É 
a b
a b

1 1
2 1

 = a1b2 – a2b1)–

!òí≈yÎ˚̂ ÏÑ˛Ó˚ !Óhfl ,̨Ï!ì˛Ó˚ ¢yïyÓ˚í Ó˚*˛ô

ï!Ó˚ñ A = 

a a a
a a a

a a a

n
n

n n nn n n

11 12 1
21 22 2

1 2




   
 ×

xyõÓ˚y ãy!ò ˆÎñ aijÈÙÈ~Ó˚ ¢£ v z̨Í˛ôyîÑ˛ (co-factor) = aijÈÙÈ~Ó˚ õy£zòÓ˚ × (–1)i+j

¢yïyÓ˚íì˛ ~ Ï̂Ñ˛ Aij Óúy £Î˚–

¢%ì˛Ó˚yÇ Aij = (–1)i+j × Mij [i, j = 1, 2, ..., n]

 ‘A’ !òí≈yÎ˚̂ ÏÑ˛Ó˚ õyò (i-ì˛õ ¢y!Ó˚ ¢y Į̈̂ ô Ï̂«˛Vñ

|A| = aij ij
j

n
A

=
∑

1
 (i = 1, 2, ..., n)

xò%Ó˚* Į̈̂ ôñ ‘A’ !òí≈yÎ˚̂ ÏÑ˛Ó˚ õyò (jÈÙÈì˛õ hfl Į̈Ω˛ ¢y Į̈̂ ô Ï̂«˛Vñ

|A| = aij ij
i

n
A

=
∑

1
 (j = 1, 2, ..., n)
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5.5 î%!›˛ ¢õ e´ Ï̂õ !òí≈yÎ˚̂ ÏÑ˛Ó˚ =íò ≤Ã!e´Î˚y

î%!›˛ ¢õ e´ Ï̂õÓ˚ (same order) !òí≈yÎ˚̂ ÏÑ˛Ó˚ =íö˛ú â˛yÓ˚ ≤ÃÑ˛y Ï̂Ó˚ Ñ˛Ó˚y ÎyÎ˚– ÎÌy É

(1) ¢y!Ó˚ S≤ÃÌõ !òí≈yÎ˚̂ ÏÑ˛Ó˚V × ¢y!Ó˚ S!mì˛#Î˚ !òí≈yÎ˚ˆÏÑ˛Ó˚V

(2) ¢y!Ó˚ × hfl Į̈Ω˛ S~Ñ˛£z¶˛y Ï̂ÓV

(3) hfl Į̈Ω˛ × hfl Į̈Ω˛ S~Ñ˛£z¶˛y Ï̂ÓV

(4) ¢y!Ó˚ × hfl Į̈Ω˛ S~Ñ˛£z¶˛y Ï̂ÓV

xyõÓ˚y ~Öy Ï̂ò (1)òÇ ˛ôk˛!ì˛!›˛ @˘Ã£í Ñ˛Ó˚!äÈ ~ÓÇ xì˛ƒhs˘˛ ¢£ã¶˛y Ï̂Ó î%!›˛ ì,̨ ì˛#Î˚ e´ Ï̂õÓ˚ !òí≈yÎ˚̂ ÏÑ˛Ó˚ õ Ï̂ïƒ

=íö˛ú ÓyÓ˚ Ñ˛Ó˚yÓ˚ !òÎ˚õ!›˛ ì%̨ Ï̂ú ïÓ˚!äÈ–

ï!Ó˚ñ A = 
a b c
a b c
a b c

1 1 1
2 2 2
3 3 3 3 3×

 ~ÓÇ A1 = 
a b c
a b c
a b c

1 1 1
2 2 2
3 3 3 3 3×

 A × A1 = 
a b c
a b c
a b c

1 1 1
2 2 2
3 3 3

× 
a b c
a b c
a b c

1 1 1
2 2 2
3 3 3

 Óyñ AA1 = 
a b c a b c a b c
a b c a

1 1 1 1 1 1 1 2 1 2 1 2 1 3 1 3 1 3
2 1 2 1 2 1 2

a b c a b c a b c
a b c

+ + + + + +
+ + aa b c a b c

a b c a b c a
2 2 2 2 2 2 3 2 3 2 3

3 1 3 1 3 1 3 2 3 2 3 2 3

+ + + +
+ + + +

b c a b c
a b c a b c a 33 3 3 3 3+ +b cb c

!Ó.o. É

Î!î A = 
a b
a b

1 1
2 2 2 2×

 ~ÓÇ A1 = 
a b
a b

1 1
2 2 2 2×

 £Î˚

ì˛ Ï̂Óñ AA1 = 
a b a b
a b a b

1 1 1 1 1 2 1 2
2 1 2 1 2 2 2 2

a b a b
a b a b

+ +
+ +  [¢y!Ó̊ S≤ÃÌõ !òí≈yÎ̊ Ï̂Ñ˛Ó̊V × ¢y!Ó̊ S!mì˛#Î̊ !òí≈yÎ̊ Ï̂Ñ˛Ó̊V S!òÎ̊ Ï̂õV]

!Ñ˛ls˘˛ õƒy!› Δ̨: (Matrix) ~Ó˚ =íò ≤Ã!e´Î˚y ~ Ï̂Ñ˛Óy Ï̂Ó˚£z xyúyîy– ˆ¢Öy Ï̂ò =íö˛ú £ Ï̂Ó ≤ÃÌõ õƒy!› Δ̨̂ Ï:Ó˚ ¢y!Ó˚

~ÓÇ !mì˛#Î˚ õƒy!› Δ̨̂ Ï:Ó˚ hfl Į̈̂ ÏΩ˛Ó˚ =íö˛ú =!ú ˆÎyÜ Ñ˛ Ï̂Ó˚ ≤Ã!ì˛!›˛ =íö˛ú õƒy!› Δ̨̂ Ï:Ó˚ v z̨̨ ôyîyò (element) ˆÓÓ˚ Ñ˛Ó˚ˆÏì˛

£Î̊–

ì˛Öò AA1 = 
a b a b
a b a b

1 1 1 2 1 1 1 2
2 1 2 2 2 1 2 2

a a b b
a a b b

+ +
+ +  £ˆÏÓ–

5.6 v z̨îy£Ó˚íõyúy

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ1 É !Óhfl ,̨Ïì˛ òy Ñ˛ Ï̂Ó˚ A = 
5 2 3
7 3 4
9 4 5

 !òí≈yÎ˚̂ ÏÑ˛Ó˚ õyò !òí≈Î˚ Ñ˛Ó˚&ò–
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 ¢õyïyò É A = 
5 2 3
7 3 4
9 4 5

(R2 – R1) ~ÓÇ (R3 – R1) ≤Ã Ï̂Î˚yÜ Ñ˛ Ï̂Ó˚ ˛ôy£zñ        (R = Row)

= 
5 2 3
2 1 1
4 2 2

(R3 – R1) ≤Ã Ï̂Î˚yÜ Ñ˛ Ï̂Ó˚ ˛ôy£zñ

= 
5 2 3
2 1 1
2 1 1

= 0  [!mì˛#Î˚ Á ì,̨ ì˛#Î˚ ¢y!Ó˚ î%!›˛ ˛ôÓ˚fl˛ôÓ˚ ¢õyò Ó Ï̂ú !òí≈yÎ˚̂ ÏÑ˛Ó˚ õyò ü)òƒ £ Ï̂Ó]

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ2 É ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ 

a b ax by
b c bx cy

ax by bx cy

+
+

+ + 0
 = (b2 – ac)(ax2 + 2bxy + cy2)

 ¢õyïyò É Óy§!îÑ˛ = 
a b ax by
b c bx cy

ax by bx cy

+
+

+ + 0

[c3 – (xc1 + yc2)] ≤Ã Ï̂Î˚yÜ Ñ˛ Ï̂Ó˚ ˛ôy£z     (C = column)

= 
a b
b c

ax by bx cy ax bxy c

0
0
22 2+ + − + +( )

ì,̨ ì˛#Î˚ hfl Į̈̂ ÏΩ˛Ó˚ ˛ôî=!úÓ˚ õyïƒ Ï̂õ !Óhfl ,̨Ïì˛ Ñ˛ Ï̂Ó˚ ˛ôy£z

= 0 – 0 + {–(ax2 + 2bxy + c2)}(ac – b2)
= –(ax2 + 2bxy + c2) × – (b2 – ac)
= (b2 – ac)(ax2 + 2bxy + c2) = v˛yò !îÑ˛ S≤Ãõy!íì˛V

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ3 É ˆîÖyò ˆÎñ 

a b c a a
b b c a b
c c c a b

− −
− −

− −

2 2
2 2
2 2

 = (a + b + c)3

 ¢õyïyò É Óy§!îÑ˛= 
a b c a a

b b c a b
c c c a b

− −
− −

− −

2 2
2 2
2 2

R1  R1 + R2 + R3 ≤Ã!e´Î˚y xÓú¡∫̂ Ïò [‘R1  R1 + R2 + R3’ !î Ï̂Î˚ òì%̨ ò R1ÈÙÈˆÑ˛

(R1 + R2 + R3)ÈÙÈ~Ó˚ õyïƒ Ï̂õ ≤Ã!ì˛fl˛iy!˛ôì˛ Ñ˛Ó˚y £ Ï̂Î˚̂ ÏäÈ–]
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= 
a b c a b c a b c

b b c a b
c c c a b

+ + + + + +
− −

− −
2 2
2 2

= (a + b + c)
1 1 1
2 2
2 2
b b c a b
c c c a b

− −
− −

= (a + b + c)
1 0 0
2 0
2 0
b a b c
c a b c

− + +
− + +

( )
( )

 [c2  c2 – c1 ~ÓÇ c3  c3 – c1]

= (a + b + c)[1{(a + b + c)2 – 0} – 0 + 0] [≤ÃÌõ ¢y!Ó˚Ó˚ ≤Ã!ì˛ Ï̂≤Ã!«˛ Ï̂ì˛ !Óhfl ,̨Ïì˛ Ñ˛ Ï̂Ó˚]
= (a + b + c)3 = v˛yò!îÑ˛– ~›˛y£z !ò Ï̂í≈Î˚ ö˛ú–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ4 É ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ 

b c c a a b
q r r p p q
y z z x x y

+ + +
+ + +
+ + +

 = 2
a b c
p q r
x y z

 ¢õyïyò É Óy§!îÑ˛ = 
b c c a a b
q r r p p q
y z z x x y

+ + +
+ + +
+ + +

 = 
b c c a a
q r r p p
y z z x x

+ +
+ +
+ +

 + 
b c c a b
q r r p q
y z z x y

+ +
+ +
+ +

= 
b c c a
q r r p
y z z x

+
+
+

 + 
b c a a
q r p p
y z x x

+
+
+

 + 
b c c b
q r r q
y z z y

+
+
+

 + 
b c a b
q r p q
y z x y

+
+
+

= 
b c a
q r p
y z x

 + 
c c a
r r p
z z x

 + 
b c b
q r q
y z y

 + 
c c b
r r q
z z y

 + 
b a b
q p q
y x y

 + 
c a b
r p q
z x y

= 
b c a
q r p
y z x

 + 0 + 0 + 0 + 0 + 
c a b
r p q
z x y

[ !mì˛#Î˚ !òí≈yÎ˚̂ ÏÑ˛Ó˚ ˆ«˛ Ï̂eñ ≤ÃÌõ Á !mì˛#Î˚ hfl Į̈Ω˛ ˛ôÓ˚fl˛ôÓ˚ ¢õyò

ì,̨ ì˛#Î˚ !òí≈yÎ˚̂ ÏÑ˛Ó˚ ˆ«˛ Ï̂eñ ≤ÃÌõ Á ì,̨ ì˛#Î˚ hfl Į̈Ω˛ ˛ôÓ˚fl˛ôÓ˚ ¢õyò

â˛ì%̨ Ì≈ !òí≈yÎ˚̂ ÏÑ˛Ó˚ ˆ«˛ Ï̂eñ ≤ÃÌõ Á !mì˛#Î˚ hfl Į̈Ω˛ ˛ôÓ˚fl˛ôÓ˚ ¢õyò

˛ôMÈ˛õ !òí≈yÎ˚̂ ÏÑ˛Ó˚ ˆ«˛ Ï̂eñ ≤ÃÌõ Á ì,̨ ì˛#Î˚ hfl Į̈Ω˛ ˛ôÓ˚fl˛ôÓ˚ ¢õyò]

= 
a b c
p q r
x y z

 + 
a b c
p q r
x y z

 S≤Ã Ï̂ì˛ƒÑ˛ !òí≈yÎ˚̂ ÏÑ˛Ó˚ ˆ«˛ Ï̂e hfl Į̈Ω˛=!úÓ˚ õ Ï̂ïƒ ˛ôyÓ˚fl˛ô!Ó˚Ñ˛ fl˛iyò !Ó!òõ Ï̂Î˚Ó˚

õyïƒ Ï̂õñ î%!›˛ hfl Į̈̂ ÏΩ˛Ó˚ fl˛iyò !Ó!òõ Ï̂Î˚ (–1) !î Ï̂Î˚ !òí≈yÎ˚Ñ˛!›˛ Ï̂Ñ˛ =í Ñ˛Ó˚y £ Ï̂Î˚̂ ÏäÈ–V

= 2
a b c
p q r
x y z

 = v˛yò!îÑ˛ S≤Ãõy!íì˛V–
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ5 É e´yõy Ï̂Ó˚Ó˚ (Cremer’s) !òÎ˚̂ Ïõ ¢õyïyò Ñ˛Ó˚&ò S!ò Ï̂¡¨y_´ ¢õ#Ñ˛Ó˚í=!ú Ï̂Ñ˛V É

x + y + z = 6
x – y + 2z = 5
3x + 5y – 7z = – 8

 ¢õyïyò É ï!Ó˚ñ  = 
1 1 1
1 1 2
3 5 7

−
−

 = 1 (7 – 10) –1 (–7 – 6) + 1(5 + 3)

[≤ÃÌõ ¢y!Ó˚Ó˚ ˆ≤Ã!«˛ Ï̂ì˛ !òí≈yÎ˚Ñ˛!›˛ Ï̂Ñ˛ !Óhfl ,̨Ïì˛ Ñ˛ Ï̂Ó]̊
= – 3 + 13 + 8 = 21 – 3 = 18 ( 0)

~Öòñ x = 

6 1 1
5 1 2
8 5 7

18

−
− −

 = 
1

18
{6(7 – 10) –1 (–35 + 16) + 1(25 – 8)}

 = 
1

18
(–18 + 19 + 17) = 

18
18

 = 1

y = 

1 6 1
1 5 2
3 8 7

18
− −

 = 
1 35 16 6 7 6 1 8 15

18
( ) ( ) ( )− + − − − + − −

  = 
− + +19 78 23

18
 = 

36
18

 = 2

z = 

1 1 6
1 1 5
3 5 8

18

−
−

 = 
1 8 25 1 8 15 6 5 3

18
( ) ( ) ( )− − − − + +

  = 
− + +17 23 48

18
 = 

71 17
18
−

 = 
54
18

 = 3

 !ò Ï̂í≈Î˚ ¢õyïyò É x = 1, y = 2 ~ÓÇ z = 3

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ6 É Î!î x = – 9, 
x

x
x

3 7
2 2
7 6

 = 0 ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ ~Ñ˛!›˛ Ó#ã £Î˚ ì˛ Ï̂Ó ~£z ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ x˛ôÓ˚

î%!›˛ Ó#ã !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É ~fl˛i Ï̂úñ 

x
x

x

3 7
2 2
7 6

  = 0
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Óyñ 

x x x
x

x

+ + + + + +2 7 3 6 7 2
2 2
7 6

 = 0 [!òí≈yÎ˚̂ ÏÑ˛ R1  R1 + R2 + R3 Sòì%˛òV]

Óyñ 

x x x
x

x

+ + +9 9 9
2 2
7 6

 = 0

Óyñ 

x
x

x

+
−
− −

9 0 0
2 2 0
7 1 7

 = 0 [!òí≈yÎ˚ˆÏÑ˛ C2  C2 – C1 Sòì%̨ òVó C3  C3 – C1 Sòì%˛òV]

Óyñ (x + 9){(x – 2)(x – 7) – 0} – 0 + 0 = 0 [≤ÃÌõ ¢y!Ó˚Ó˚ ˛ôî=!ú ¢y Į̈̂ ô Ï̂«˛ !òí≈yÎ˚Ñ˛!›˛ Ï̂Ñ˛ !Óhfl ,̨Ïì˛ Ñ˛ Ï̂Ó˚]

Óyñ (x + 9)(x – 2)(x – 7) = 0

x + 9 = 0, x – 2 = 0 ~ÓÇ x – 7 = 0 xÌ≈yÍ x = –9, 2, 7

¢%ì˛Ó˚yÇ ¢õ#Ñ˛Ó˚ˆÏíÓ˚ x = –9 Ó#ã!›˛ Óy Ï̂î x˛ôÓ˚ Ó#ã î%!›˛ £Ûú x = 2 ~ÓÇ x = 7

v z̨_Ó˚ É x = 2, x = 7

5.7 ≤Ãî_ ¢£¢õ#Ñ˛Ó˚í=!úÓ˚ ¢õyï Ï̂òÓ˚ ãòƒ e´yõy Ï̂Ó˚Ó˚ !òÎ˚õ

!òí≈yÎ˚Ñ˛ ≤Ã!e´Î˚y xÓú¡∫ò Ñ˛ Ï̂Ó˚ !ã. e´yõyÓ˚ !ò Ï̂¡¨y_´ ˛ôk˛!ì˛ Ï̂ì˛ ~Ñ˛y!ïÑ˛ ¢£ÈÙÈ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ S≤Ãî_V ¢õyïyò

!òí≈Î˚ Ñ˛ˆÏÓ˚!äÈˆÏúò–

õ Ï̂ò Ñ˛!Ó˚ñ n ¢ÇÖƒÑ˛ â˛úÓ˚y!ü Î%_´ n ¢ÇÖƒÑ˛ ¢£ÈÙÈ¢õ#Ñ˛Ó˚í ˆîÁÎ˚y xy Ï̂äÈ– ˆÎõò

ai1x1 + ai2x2 + ... + ainxn = ki (i = 1, 2, ..., n)

~ÓÇ !òí≈yÎ˚Ñ˛  = 

a a a
a a a

a a a

n
n

n n nn

11 12 1
21 22 2

1 2




   


 ≠ 0 ... (i)

~Öòñ x1 = 

x a a a
x a a a

x a a a

n
n

n n nn

1 11 12 1
1 21 22 2

1 1 2




   


  [~fl˛iˆÏú C1 S≤ÃÌõ hfl Į̈Ω˛V × x1]

= 

x a x a x a a a
x a x a x a a a

x

n n n
n n n

1 11 2 12 1 12 1
1 21 2 22 2 22 2

1

+ + +
+ + +

 
 

   
aa x a x a a an n n nn m nn1 2 2+ + + 

[C1 = C1 + x2C2 + ... + xnCn Sòì%̨ ò ≤ÃÌõ hfl Į̈Ω˛V]
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= 

k a a a
k a a a

k a a a

n
n

n n n nn

1 12 13 1
2 22 23 2

2 3




    


 [(i)òÇ ¢¡ô Ï̂Ñ≈̨ Ó˚ õyïƒ Ï̂õ]

= 1 Sï!Ó˚V

 x1 = 
Δ
Δ
1

xò%Ó˚* Į̈̂ ôñ x2 = 
Δ
Δ
2 , ..., xn = 

Δ
Δ
n

ñ ˆÎÖy Ï̂ò 1, 2, ..., n !òí≈yÎ˚Ñ˛=!ú  ˆÌ Ï̂Ñ˛ ˛ôyÁÎ˚y ÎyÎ˚ Î!î ÈÙÈ~Ó˚

!mì˛#Î˚ñ ì,̨ ì˛#Î˚ñ ...ñ nÈÙÈì˛õ hfl Į̈Ω˛=!ú Ï̂Ñ˛ ÎÌyÎÌ¶˛y Ï̂Ó 

k
k

kn

1
2


⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 !î Ï̂Î˚ ≤Ã!ì˛fl˛iy!˛ôì˛ Ñ˛Ó˚y ÎyÎ˚–

 v z̨îy£Ó˚í É CramerÈÙÈ~Ó˚ !òÎ˚̂ Ïõ ¢õyïyò Ñ˛Ó˚&ò É

2x + 3y – 3z = 0
5x – 2y + 2z = 19
x + 7y – 5z = 5

 ¢õyïyò É ~Öy Ï̂òñ  = 
2 3 3
5 2 2
1 7 5

−
−

−

= 2 −
− − − − −2 2

7 5 3 5 2
1 5 3 5 2

1 7

= 2(10 – 14) – 3(–25 – 2) – 3(35 + 2)
= 2(–4) – 3(–27) – 3(37)
= – 8 + 81 – 111 = 81 – 119 = – 38 ( 0)

 CramerÈÙÈ~Ó˚ !òÎ˚õ ≤Ã Ï̂Îyãƒ–

~Öòñ 1 = 
0 3 3

19 2 2
5 7 5

−
−

−

= 0
2 2
7 5 3 19 2

5 5 3 19 2
5 7− − − + − −( )

= 0 – 3(–95 – 10) – 3(133 + 10)
= –3(–105) – 3(143) = 315 – 429 = –114

2 = 
2 0 3
5 19 2
1 5 5

−

−
  = 2

19 2
5 5 0 5 2

1 5 3 5 19
1 5− − ⋅ − + −( )

= 2(–95 – 10) – 0 – 3(25 – 19)
= 2(–105) – 3(6) = –210 – 18 = –228
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3 = 
2 3 0
5 2 19
1 7 5

−  = 2 2 19
7 5 3 5 19

1 5 0 5 2
1 7− + −

= 2(–10 – 133) – 3(25 – 19) + 0 = 2(–143) – 3(6)
= –286 – 18 = – 304

CramerÈÙÈ~Ó˚ !òÎ˚̂ Ïõñ

x = 
Δ
Δ
1  = 

−
−
114
38

 = 
114
38

 = 3 ( 0)

y = 
Δ
Δ
2  = 

−
−
228
38

 = 
228
38

 = 6,

z = 
Δ
Δ
3  = 

−
−
304
38

 = 
304
38

 = 8

 !ò Ï̂í≈Î˚ ¢õyïyò É x = 3, y = 6 ~ÓÇ z = 8 Sv z̨_Ó˚V–

e´yõy Ï̂Ó˚Ó˚ !òÎ˚õ ¢¡ô Ï̂Ñ≈̨  Ñ˛ Ï̂Î˚Ñ˛!›˛ K˛yì˛Óƒ ì˛Ìƒy!î ò# Ï̂â˛ xy Ï̂úyâ˛òy Ñ˛Ó˚y £ú– ~ xy Ï̂úyâ˛òy!›˛ ¢£ÈÙÈ¢õ#Ñ˛Ó˚í

¢õyïyòÑ˛y Ï̂ú ì˛y Ï̂îÓ˚ ≤ÃÑ,̨ !ì˛ !Ó°Ï̂ ÏÎ˚ v ẑ̨ ÏÕ‘Ö Ï̂ÎyÜƒ ¶)̨ !õÑ˛y @˘Ã£í Ñ˛ Ï̂Ó˚–

(i) î%!›˛ ≤Ãî_ ¢£ÈÙÈ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ ˆ«˛ Ï̂e É

Î!î  0 ì˛ Ï̂Ó x = 
Δ
Δ
1 , y = 

Δ
Δ
2  £ˆÏÓ–

~ Ï̂«˛ Ï̂eñ ~Ñ˛!›˛ õye ¢õyïyò (unique solution) ˛ôyÁÎ̊y Îy Ï̂Ó ~ÓÇ ≤ÃÑ,̨ !ì˛Üì˛¶˛y Ï̂Ó ≤Ãî_ ¢õ#Ñ˛Ó̊í=!úÓ̊

ì˛s˛f!›˛ ¢%¢õO¢ƒ ˛ô)í≈ (consistent) £ˆÏÓ–

(ii) Î!î  = 0 ~ÓÇ x Á yÈÙÈ~Ó˚ x¢ÇÖƒ ¢õyïyò Ï̂ÎyÜƒ (infinite no. of solutions) õyò ˛ôyÁÎ˚y Îy Ï̂Ó

~ÓÇ ≤ÃÑ,˛!ì˛Üì˛¶˛yˆÏÓ Óúy â˛ˆÏú ˆÎ ¢£ÈÙÈ¢õ#Ñ˛Ó˚í=!ú !îˆÏÎ˚ Ó˚!â˛ì˛ ì˛s˛f!›˛ (system) ¢yõO¢ƒ˛ô)í≈

(consistent) £ Ï̂Ó–

(iii) Î!î  = 0 ~ÓÇ 1 Á 2 õ Ï̂ïƒ Ñ˛õ˛ô Ï̂«˛ ~Ñ˛!›˛ õyò xü)òƒ ( 0) £Î˚ñ ì˛ Ï̂Ó ¢õ@˘Ã ¢£ÈÙÈ¢õ#Ñ˛Ó˚í

S≤Ãî_VÈÙÈ=!úÓ˚ ì˛s˛f (system of equations of two variables)!›˛ x¢yõO¢ƒ˛ô)í≈ (inconsistent)
£ Ï̂Ó– xÌ≈yÍ â˛ú x Á y ~Ó˚ ¢õyïyò Ï̂ÎyÜƒ õyò ˛ôyÁÎ˚y Îy Ï̂Ó òy–

xò%Ó˚* Į̈̂ ôñ !ì˛ò!›˛ xãyòy â˛ú Ï̂Ñ˛Ó˚ ˆ«˛ Ï̂eÁ ~Ñ˛£z ˛ôk˛!ì˛ Ï̂ì˛ xyõÓ˚y õì˛îyò Ñ˛Ó˚̂ Ïì˛ ˛ôy!Ó˚– ~Ñ˛!›˛ v z̨îy£Ó˚̂ ÏíÓ˚

õyïƒ Ï̂õ xyõÓ˚y !ì˛ò!›˛ xãyòy â˛ú Ï̂Ñ˛Ó˚ ¢£ÈÙÈ¢õ#Ñ˛Ó˚í=!úÓ˚ ¢õyïyò !òí≈Î˚ Ñ˛Ó˚yÓ˚ ˛ôk˛!ì˛!›˛ xy Ï̂úyâ˛òy Ñ˛Ó˚!äÈ–

 v z̨îy£Ó˚í É ¢õyïyò Ñ˛Ó˚&ò S!òí≈yÎ˚̂ ÏÑ˛Ó˚ õyïƒ Ï̂õV

x + y + z = 1
x + 2y + 3z = 4      S¢õ#Ñ˛Ó˚íì˛s˛fV

x + 3y + 5z = 7 ... (1)
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 ¢õyïyò É ~Öy Ï̂òñ  = 
1 1 1
1 2 3
1 3 5

 = 1(10 – 9) – 1(5 – 3) + 1 (3 – 2)

[!òí≈yÎ˚̂ ÏÑ˛Ó˚ ≤ÃÌõ ¢y!Ó˚Ó˚ ˛ô!Ó˚̂ Ï≤Ã!«˛ Ï̂ì˛]
= 1(1) – 1(2) + 1(1) = 1 – 2 + 1 = 2 – 2 = 0

xò%Ó˚* Į̈̂ ôñ 1 = 
1 1 1
4 2 3
7 3 5

 = 0, 2 = 
1 1 1
1 4 3
1 7 5

 = 0 ~ÓÇ 3 = 
1 1 1
1 2 4
1 3 7

 = 0

¢%ì˛Ó˚yÇñ  = 1 = 2 = 3 = 0

xì˛~Óñ ≤Ãî_ ¢õ#Ñ˛Ó˚íì˛s˛f ˆÌ Ï̂Ñ˛ ≤ÃyÆ â˛ Ï̂úÓ˚ õyò x¢ÇÖƒ £ Ï̂Ó ~ÓÇ ì˛s˛f!›˛ ¢yõO¢ƒ˛ô)í≈ !£¢y Ï̂Ó !Ó Ï̂Ó!â˛ì˛

£ˆÏÓ xÌÓy ì˛s˛f!›˛ ¢yõ!@˘ÃÑ˛¶˛y Ï̂Ó xy¢yõO¢ƒ˛ô)í≈ Ó Ï̂ú !ò!î≈‹T £ Ï̂Î˚ Îy Ï̂Ó– ~!›˛ ˛ôÓ˚#«˛yÓ˚ ãòƒ xyõÓ˚y ≤ÃÌõ

î%!›˛ ¢õ#Ñ˛Ó˚í Ï̂Ñ˛ !òúyõ É

x + y + z = 1 Óy x + y = 1 – z

~ÓÇ x + 2y + 3z = 4 Óyñ x + 2y = 4 – 3z ... (2)

~ Ï̂«˛ Ï̂eñ CramerÈÙÈ~Ó˚ !òÎ˚õ xò%¢Ó˚í Ñ˛ Ï̂Ó˚ ˛ôy£zñ [(2)òÇ ú«˛í#Î˚]

 = 
1 1
1 2  = 2 – 1 = 1

1 = 1 1
4 3 2

−
−

z
z  = (2 – 2z) – (4 – 3z) = 2 – 2z – 4 + 3z = z – 2

2 = 
1 1
1 4 3

−
−

z
z  = (4 – 3z) – (1 – z) = 4 – 3z – 1 + z = 3 – 2z

 x = 
Δ
Δ
1  = 

z − 2
1

 = z – 2

 y =  
Δ
Δ
2  = 

3 2
1
− z

 = 3 – 2z

õ Ï̂ò Ñ˛!Ó˚ñ z = k SˆÎ ˆÑ˛y Ï̂òy Óyhfl Į̈Ó ¢ÇÖƒyVñ x = z – 2 ~ÓÇ y = 3 – 2z ˆÌ Ï̂Ñ˛ ˛ôy£zñ

x = k – 2, y = 3 – 2k  [ z = k]

¢%ì˛Ó˚yÇñ x = k – 2
y = 3 – 2k
z = k

ˆÎˆÏ£ì%˛ñ k ~Ñ˛!›˛ ˆfl ∫̨FäÈyï#ò ï &ÓÑ˛ Ó Ï̂úñ x, y Á zÈÙÈ~Ó˚ x¢ÇÖƒ ¢õyïyò !õú Ï̂Ó–

 ¢õ!‹TÜì˛¶˛y Ï̂Ü ~£z xy Ï̂úyâ˛òy ˆÌ Ï̂Ñ˛ xyõÓ˚y Óú Ï̂ì˛ ˛ôy!Ó˚ ˆÎñ (1)òÇ ¢õ#Ñ˛Ó˚í ì˛s˛f!›˛ ¢yõO¢ƒ˛ô)í≈ ~ÓÇ

~ Ï̂ì˛ ã!v ¸̨ì˛ â˛ Ï̂úÓ˚ õyò x¢ÇÖƒ–
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 ²ÌÙÀ²ÌÙÀ²ÌÙÀ²ÌÙÀ²ÌÙÀ É Cramer !òÎ˚õ xÓú¡∫̂ Ïò ¢õyïyò Ñ˛Ó˚&ò É

5x – 7y + z – 11 = 0

6x – 8y = z + 15

3x + 2y – 6z = 7  S¢õ#Ñ˛Ó˚í=!ú !î Ï̂Î˚ Ü!‡˛ì˛ ì˛s˛f (system))

â˛ú Ó˚y!ü x, y, zÈÙÈ~Ó˚ õyò !òí≈Î˚ Ñ˛ Ï̂Ó˚ ¢yõ!@˘ÃÑ˛¶˛y Ï̂Ó ¢õ#Ñ˛Ó˚í=!ú !î Ï̂Î˚ ˜ì˛Ó˚# Ñ˛Ó˚y ì˛s˛f!›˛Ó˚ fl ∫̨Ó˚*˛ô S≤ÃÑ,̨ !ì˛V

v ẑ̨ ÏÕ‘Ö Ñ˛Ó˚&ò–

 vþz_îû ƒvþz_îû ƒvþz_îû ƒvþz_îû ƒvþz_îû ƒ x = 1, y = –1, z = –1 ¢õ#Ñ˛Ó˚í=!ú !î Ï̂Î˚ ˜ì˛Ó˚# Ñ˛Ó˚y ì˛s˛f!›˛ ¢%¢yõO¢ƒ ˛ô)í≈ 1

5.8 x Ï̃Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚í ~ÓÇ ~Ó˚ x!hfl Į̈c !Ó°ÏÎ˚Ñ˛ xy Ï̂úyâ˛òy

ˆÑ˛yò Ó#ãÜy!íì˛#Î˚ ¢õ#Ñ˛Ó˚̂ Ïí v z̨̨ ô!fl˛iì˛ xãyòy â˛úÓ˚y!üÓ˚ SÓ˚y!ü¢õ)̂ Ï£Ó˚V ¢ Ï̂Ó≈yFâ˛ áyì˛ ~Ñ˛ (one) £ Ï̂ú ì˛y Ï̂Ñ˛

˜Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚í (linear equation) Óúy £Î˚– ˜Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚í ÓúyÓ˚ v ẑ̨ Ïjüƒ

£ú ~Ó˚ ˆúÖ!â˛e ¢Ó≈îy ~Ñ˛!›˛ ¢Ó˚ú Ï̂Ó˚Öy Ï̂Ñ˛ !ò Ï̂î≈ü Ñ˛ Ï̂Ó˚– ˆ¢£z Ñ˛yÓ˚̂ Ïíñ ˆÎ

Ó#ãÜ!íì˛#Î˚ ¢õ#Ñ˛Ó˚̂ Ïí £y!ãÓ˚ ÌyÑ˛y â˛úÓ˚y!ü SxãyòyV Óy Ó˚y!ü¢õ)̂ Ï£Ó˚ ¢ Ï̂Ó≈yFâ˛

áyì˛ î%£z Óy ì˛yÓ˚ ˆÓü# £Î˚ ì˛y Ï̂Ñ˛ x Ï̃Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚í !£¢y Ï̂Ó v ẑ̨ ÏÕ‘Ö Ñ˛Ó˚y £Î˚–

v z̨îy£Ó˚í É (i) x – y = 0 S˜Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚íñ Ñ˛yÓ˚í x Á y â˛úÓ˚!ü î%!›˛Ó˚

¢ Ï̂Ó≈yFâ˛ áyì˛ ~Ñ˛ (one))ÈÙÈ~Ó˚ ˆúÖ!â˛e õ)ú!Ó®% (0, 0)ÈÙÈÜyõ# ~ÓÇ x xˆÏ«˛Ó˚

¢!£ì˛ 45° ˆÑ˛y Ï̂í òì˛ ~Ñ˛!›˛ ¢Ó˚ú Ï̂Ó˚Öy–

(ii) 4x – y2 = 0 Óy y2 = 4x [x Ï̃Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚í É Ñ˛yÓ˚íñ ~ Ï̂«˛ Ï̂e x Á yÈÙÈ~Ó˚ õ Ï̂ïƒ ¢Ó≈yFâ˛ áyì˛ î%£z

(two)È]ÙÈ~Ó˚ ˆúÖ!â˛e ¢Ó˚ú Ï̂Ó˚Öy òÎ˚ñ x!ïÓ,_yÑ˛yÓ˚ ÎyÓ˚ ü#°Ï≈!Ó®% (0, 0)–

x Ï̃Ó̊!ÖÑ˛ ¢õ#Ñ˛Ó̊í=!úÓ̊ áyì˛ î%£zñ !ì˛òñ â˛yÓ̊ £ Ï̂ú ì˛y Ï̂îÓ̊ ¢õyïy Ï̂òÓ̊ Ñ˛ì˛Ñ˛=!ú

!ò!î≈‹T ˛ôk˛!ì˛ â˛yú% xy Ï̂äÈ– !Ñ˛ls˘˛ Ó#ã Üy!íì˛#Î˚ ¢õ#Ñ˛Ó˚̂ Ïí v z̨̨ ô!fl˛iì˛ â˛ Ï̂úÓ˚ ¢ Ï̂Ó≈yFâ˛

áyì˛ ˛ô§yâ˛ ~ÓÇ ì˛yÓ̊ ˆÓü# £ Ï̂ú ¢%!ò!î≈‹T ˛ôk˛!ì˛ Ï̂ì˛ ¢õyïyò Ñ˛Ó̊y›˛y ˆõy Ï̂›˛£z ¢£ã¢yïƒ

£Î˚ òy– !Ñ˛ls˘˛ñ Óì≈̨ õy Ï̂ò !ÓK˛yò üyÖyÎ˚ Ñ˛y!Ó˚Ü!Ó˚ !ÓîƒyÎ˚ñ Óy!íãƒ üyÖyÎ˚ ~õò!Ñ˛

xÌ≈ò#!ì˛ˆÏì˛ xyãÑ˛yú xˆÏòÑ˛ ¢õÎ˚ ˜Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚ˆÏíÓ˚ ˛ôyüy˛ôy!ü x˜ÏÓ˚!ÖÑ˛

¢õ#Ñ˛Ó˚̂ ÏíÓ˚ v z̨̨ ô!fl˛i!ì˛ x!òÓyÎ≈ £ Ï̂Î˚ ˛ô Ï̂v ¸̨̂ ÏäÈ– ˆ¢ãòƒ ì˛y Ï̂îÓ˚ ¢õyïyò Ñ˛ Ï̂“ ≤ÃÑ,̨ ì˛

(exact) ¢õyïyò Ï̂ÎyÜƒ õy Ï̂òÓ˚ Óî Ï̂ú xyò%õy!òÑ˛ õyò Ï̂Ñ˛ @˘Ã£í Ñ˛ Ï̂Ó˚ñ Óì≈̨ õy Ï̂ò numerical S¢ÇÖƒy¢)â˛Ñ˛V ˛ôk˛!ì˛ Ï̂Ñ˛£z

£y!ì˛Î˚yÓ˚ Ñ˛Ó˚y £ Ï̂FäÈ–

x Ï̃Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚í Ï̂Ñ˛ ¢õyïyò Ñ˛Ó˚yÓ˚ãòƒ Ñ˛ì˛Ñ˛=!ú ˛ôk˛!ì˛Ó˚ òyõ !ò Ï̂â˛ v ẑ̨ ÏÕ‘Ö Ñ˛Ó˚y £ú É

(i) Bisection method S¢õ!mÖu˛ò ˛ôk˛!ì˛V

(ii) ‘Regula falsi’ method

)
(0, 0)0

y

45°

x

y = x

➤

➤
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(iii) ‘Fixed point iteration’ method

(iv) Newton’s Method

(v) Newton-Raphson’s Method

(vi) ‘Aitken’s 2’ method £zì˛ƒy!î–

Numerical method S¢ÇÖƒy¢)â˛Ñ˛ ˛ôk˛!ì˛V ˆÎ Ï̂£ì%̨  x Ï̃Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚̂ Ïí ≤ÃyÆ Ó# Ï̂ãÓ˚ Sxyò%õy!òÑ˛V õyò Ï̂Ñ˛

¢!‡˛Ñ˛ õy Ï̂òÓ˚ Îì˛›˛y ¢Ω˛Ó Ñ˛yäÈyÑ˛y!äÈ !ò Ï̂Î˚ ÎyÁÎ˚y ÎyÎ˚ ì˛yÓ˚ ˆâ˛‹Ty Ñ˛ Ï̂Ó˚ Ìy Ï̂Ñ˛– ö˛ Ï̂ú xyò%õy!òÑ˛ õyò=!ú !î Ï̂Î˚

Ú¢!‡˛Ñ˛ xò%Ée´õ (sequence)ÈÙÈˆÑ˛ Ók˛ (closed) xyÑ˛y Ï̂Ó˚ ≤ÃÑ˛yü Ñ˛Ó˚y £Î˚– ˆ¢ãòƒ ~ Ï̂«˛ Ï̂e ˙ ≤ÃyÆ õy Ï̂òÓ˚

xò%Ée´õ Ï̂Ñ˛ x!¶˛¢yÓ˚# (convergent) xÓüƒ£z £ Ï̂ì˛ £ Ï̂Ó– ¢£ Ï̂ã£z xò%õyò Ñ˛Ó˚y ÎyÎ˚ ˆÎ ~ Ï̂«˛ Ï̂e ≤ÃyÆ õyò Á

¢!‡˛Ñ˛ õy Ï̂òÓ˚ õ Ï̂ïƒ x“ £ Ï̂úÁ ~Ñ˛›˛y ˛ôyÌ≈Ñ˛ƒ xÓüƒ£z ÌyÑ˛ Ï̂Ó– Îy Ï̂Ñ˛ xyõÓ˚y e&!›˛ Óy ‘error’ Ó!ú– ~£z e&!›˛ Ï̂Ñ˛

ˆÎ ˛ôk˛!ì˛ Îì˛ Ñ˛õ Ñ˛Ó˚̂ Ïì˛ ˛ôy Ï̂Ó˚ ˆ¢ ˛ôk˛!ì˛!›˛ ì˛ì˛ Ñ˛yÎ≈Ñ˛Ó˚# £Î˚– Óì≈̨ õy Ï̂ò ˆ¢ãòƒ !Ó!¶˛ß¨ ˛ôk˛!ì˛Ó˚ Sxò%õy!òÑ˛ õyò

!òï≈yÓ˚̂ ÏíÓ˚ ãòƒV xy!Ó¶≈̨ yÜ á Ï̂›˛ Ï̂äÈ– ≤ÃÌ Ï̂õ ~Ñ˛!›˛ !ò!î≈‹T xÓÑ˛y Ï̂ü ≤Ãî_ ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ Ó#ã ˆÑ˛yÌyÎ˚ !ò!£ì˛ xy Ï̂äÈ

ì˛y !fl˛iÓ˚ Ñ˛Ó˚y £Î˚– ˛ôÓ˚Óì≈̨ # ˆ«˛ Ï̂e ˙ ≤ÃyÆ Ó#ã Ï̂Ñ˛ e&!›˛ õ%_´ (error free) Ñ˛Ó˚yÓ˚ ãòƒ xÌ≈yÍ ¢!‡˛Ñ˛ õy Ï̂òÓ˚

Ñ˛yäÈyÑ˛y!äÈ !ò Ï̂Î˚ ÎyÁÎ˚yÓ˚ ãòƒ ˛ô%òÉ˛ô%ò ≤Ã Ï̂Î˚yÜ ≤Ã!e´Î˚y xy Ï̂Ó˚y˛ô Ñ˛Ó˚y £Î˚ñ Îy Ï̂Ñ˛ xyõÓ˚y Ú˛ô%òÓ˚yÓ,!_Ñ˛Ó˚í ≤Ã!e´Î˚y

(iteration) Ó!ú– !ò Ï̂â˛Ó˚ v z̨̨ ô˛ôyîƒ!›˛Ó˚ ¢y£y Ï̂Îƒ xyõÓ˚y ≤ÃyÌ!õÑ˛¶˛y Ï̂Ó f(x) = 0 ˆÌ Ï̂Ñ˛ xÈÙÈ~Ó˚ !Ó Ï̂ü°Ï ~Ñ˛!›˛ õyò

ˆÑ˛yò xÓÑ˛y Ï̂ü !ò!£ì˛ ì˛y !òí≈Î˚ Ñ˛!Ó˚–

vþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”Ä É ÚÚÎ!î [a, b] ~£z Ók˛ xÓÑ˛y Ï̂ü (closed interval) ¢%¢ÇK˛yì˛ x Į̈̂ ô«˛Ñ˛ f SÓy f(x)) ¢hs˘˛ì˛ £Î˚

~ÓÇ a ~ÓÇ b ≤Ãyhs˘˛ !Ó®%̂ Ïì˛ f(a) ~ÓÇ f(b)ÈÙÈÓ˚ õyò !Ó˛ôÓ˚#ì˛ !â˛£´Î%_´ £Î˚ñ ì˛Öò Ñ˛õ˛ô Ï̂«˛ ~Ñ˛!›˛ õyò  (a, b)
[(a, b) ˆÖyúy xÓÑ˛y Ï̂ü  Óì≈̨ õyò]ÈÙÈ~Ó˚ ãòƒ f() = 0 £ Ï̂Ó– (Intermediate value  theorem—~£z ≤Ã!e´Î˚yÓ˚

~Ñ˛!›˛ !Ó Ï̂ü°Ï ïy˛ôV

!Ó.o. É xyò%õy!òÑ˛ ¢õyïyò Ï̂ÎyÜƒ õyò Ï̂Ñ˛  ÓúÓñ Î!î x Ï̃Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚í f(x) = 0ÈÙÈˆÑ˛  !¢k˛ (satisfy) Ñ˛ Ï̂Ó˚

xÌ≈yÍ f() = 0 £Î˚– xyò%õy!òÑ˛ ¢õyïyò=!ú !î Ï̂Î˚ ≤ÃyÆ xò%Ée´õ x0, x1, x2, ..., xn– Î!î ≤ÃÑ,̨ ì˛

¢õyïyò f(x) = 0 ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ ãòƒ  £Î˚ñ ì˛ˆÏÓñ |xn –  | <  Se&!›˛Vñ ÎÖò n  n0 S~Ñ˛!›˛ !ò!î≈‹T

Óyhfl Į̈Ó õy Ï̂òÓ˚ ãòƒV

~fl˛i Ï̂úñ ~Ñ˛Ñ˛ÌyÎ˚ñ Lt
n→∞ xn =  [Ñ˛!¢Ó˚ v z̨̨ ô˛ôyîƒñ x!¶˛¢yÓ˚# xò%Ée´ Ï̂õÓ˚ ˆ«˛ Ï̂e]

Numerical S¢ÇÖƒy¢)â˛Ñ˛V ˛ôk˛!ì˛ xÓú¡∫̂ Ïò x Ï̃Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ ¢õyïyò !Ñ˛¶˛y Ï̂Ó ˛ôyÁÎ˚y ÎyÎ˚ ì˛y xyõÓ˚y

Ú≤ÃÌõ ˛ôk˛!ì˛Û xÌ≈yÍ ‘Bisection method’ S¢õ!mÖu˛ò ˛ôk˛!ì˛VÈÙÈ~Ó˚ õyïƒ Ï̂õ ÓƒyÖƒy Ñ˛Ó˚Ó–

¢õ!mÖu˛ò ˛ôk˛!ì˛ !ò Ï̂¡¨y_´¶˛y Ï̂Ó ≤Ã Ï̂Î˚yÜ Ñ˛Ó˚y £Î˚ É

ï!Ó˚ñ f(x) = 0 ~Ñ˛!›˛ x Ï̃Ó˚!ÖÑ˛ Ó#ãÜy!íì˛#Î˚ ¢õ#Ñ˛Ó˚í– f(x), [a, b] Ók˛ xÓÑ˛y Ï̂ü Ñ˛õ˛ô Ï̂«˛ ~Ñ˛!›˛ Ó#ã Ï̂Ñ˛

@˘Ã£í Ñ˛Ó˚̂ ÏäÈ Ó%G˛Óñ Î!î f(a) ~ÓÇ f(b)ÈÙÈˆì˛ ≤ÃyÆ õyò î%!›˛ ˛ôÓ˚fl˛ôÓ˚ !Ó˛ôÓ˚#ì˛ !â˛£´Î%_´ £Î˚– ï!Ó˚ñ x0 ˆ¢£z Ó#ã ÎyÓ˚

ãòƒ f(a) f(b) < 0 ~ÓÇ f (x)~Ñ˛£z !â˛£´ ï Ï̂Ó˚ Ó˚yÖ Ï̂äÈ [a, b] xÓÑ˛y Ï̂üñ ì˛y£ Ï̂ú f(x) xÓüƒ£z Ó!ï≈°%å x Į̈̂ ô«˛Ñ˛

SÑ˛ Ï̂‡˛yÓ˚¶˛y Ï̂ÓV ˙ xÓÑ˛y Ï̂ü–
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~¶˛y Ï̂Ó ≤ÃyÆ Ó#ã=!ú Ï̂Ñ˛ {xn} Óy {x0, x1, x2, ...} ~Ñ˛!›˛ xò%ÈÉe´ Ï̂õ ≤ÃÑ˛yü Ñ˛Ó˚̂ Ïì˛ ˛ôyÓ˚Ó !m¢õ!mÖu˛ò

˛ôk˛!ì˛ Ï̂Ñ˛ Ñ˛y Ï̂ã úy!Ü Ï̂Î˚– ï!Ó˚ñ x0 = a Óy b ~ÓÇ x1 = 
1
2

(a + b)– ì˛Öò f(x1) !òí≈Î˚ Ñ˛Ó˚y ÎyÎ˚– Î!î f(a) ~ÓÇ

f(x1) !Ó˛ôÓ˚#ì˛ !â˛£´Î%_´ £Î˚ ì˛ Ï̂Ó a1 = a, b1 = x1 ˆ¶˛ Ï̂Ó xyõÓ˚y x@˘Ã¢Ó˚ £Ó Îy Ï̂ì˛ [a1, b1] = [a, x1] £Î˚–

xòƒ¶˛yˆÏÓ Î!î f(x1) Á f(b) !Ó˛ôÓ˚#ì˛ !â˛£´Î%_´ £Î˚ ì˛ˆÏÓ xyõÓ˚y ïÓ˚Ó a1 = x1 ~ÓÇ b1 = b xÌ≈yÍ

[a1, b1] = [x1, b]– f(x) = 0 ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ ˆÎ Ï̂Ñ˛y Ï̂òy ~Ñ˛!›˛ Ó#ã ñ ˛ô)̂ ÏÓ≈y_´ î%!›˛ !Ó¶˛yã Ï̂òÓ˚ ˆÎ Ï̂Ñ˛y Ï̂òy ~Ñ˛!›˛ Ï̂ì˛

xÓüƒ£z !ò!£ì˛ ÌyÑ˛ Ï̂Ó Îy !Ñ˛òy [a1 b1] xÓÑ˛y Ï̂üÓ˚ ≤Ã!ì˛Ó˚*˛ô– ~£z ≤Ã!e´Î˚yÓ˚ ˛ô%òÉ˛ô%òÉ ≤Ã Ï̂Î˚y Ï̂Ü xyõÓ˚y xn+1 =
1
2

(an + bn)ÈÙÈˆÑ˛ ˛ôyÓ xÌ≈yÍ xn  ÎÖò n ∝

xyõÓ˚y !ò Ï̂â˛Ó˚ äÈ!Ó!›˛ Ï̂Ñ˛ xò%¢Ó˚í Ñ˛Ó˚̂ Ïì˛ ˛ôy!Ó˚–

[x1 = 
a b0 0

2
+

, x2 = 
a b1 1

2
+

, ..., xn+1 = 
a bn n+

2
]

¢õ!mÖu˛ò ˛ôk˛! Ï̂ì˛ xyõÓ˚y xì˛ƒhs˘˛ ¢£ã Á ¢Ó˚ú¶˛y Ï̂Ó ≤Ãî_ f(x) = 0 ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ Sx Ï̃Ó˚!ÖÑ˛ Ó# Ï̂ãÓ˚

xò%õy!òÑ˛ õyò !fl˛iÓ˚ Ñ˛Ó˚̂ Ïì˛ ˛ôy!Ó˚ñ Î!îÁ ~£z ˛ôk˛!ì˛ !Ñ˛ä%È›˛y õs˛iÓ˚ ˛ôk˛!ì˛ ~ÓÇ x Ï̂òÑ˛=!ú õyò ÓyÓ˚ Ñ˛Ó˚yÓ˚ v z̨̨ ôÓ˚

!ò¶≈̨ Ó˚ü#ú–

 v z̨îy£Ó˚í É ï!Ó˚ñ x3 – 4x – 9 = 0 Óy f(x) = 0 ÎÖò f(x) = x3 – 4x – 9 Ú¢õ!mÖu˛ò ˛ôk˛!ì˛Û xÓú¡∫ò

Ñ˛ Ï̂Ó˚ ˆîÎ˚ x Ï̃Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ !ì˛ò îü!õÑ˛ fl˛iyò ˛ôÎ≈hs˘˛ @˘Ã£í Ï̂ÎyÜƒ Ó#ã SÓyhfl Į̈ÓV !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É ~ Ï̂«˛ Ï̂eñ f(x) = x3 – 4x – 9
 ˛ôÓ˚#«˛yõ)úÑ˛¶˛y Ï̂Ó ˛ôy£zñ f(0) = 03 – 40 – 9 = 0 – 9 = – 9 < 0

f(1) = 13 – 41 – 9 = 1 – 4 – 9 = 1 – 13 = –12 < 0
f(2) = 23 – 42 – 9 = 8 – 8 – 9 = –9 < 0
f(3) = 33 – 43 – 9 = 27 – 12 – 9 = 27 – 21 = 6 > 0

¢%ì˛Ó˚yÇ ~fl˛i Ï̂ú ú«˛í#Î˚ ˆÎñ f(2) < 0 }íydÑ˛ !Ñ˛ls˘˛ f(3) > 0 SïòydÑ˛V

 f(2) ~ÓÇ f(3) ˛ôÓ˚fl˛ôÓ˚ !Ó˛ôÓ˚#ì˛ !â˛£´Î%_´ñ ö˛ Ï̂ú x3 – 4x – 9 = 0 ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ ~Ñ˛!›˛ Ó#ã [2, 3]
xÓÑ˛y Ï̂ü ¢#õyÓk˛– õ Ï̂ò Ñ˛!Ó˚ñ a0 = 2 ~ÓÇ b0 = 3–

¢%ì˛Ó˚yÇ x1 = 
1
2

(a0 + b0) = 
1
2

(2 + 3) = 2.5.

˛ô%òÓ˚yÎ˚ñ f(2.5) = (2.5)3 – 4(2.5) – 9 = –3.375 < 0
f(3) > 0 xì˛~Óñ [25, 3] ~£z xÓÑ˛y Ï̂ü ~Ñ˛!›˛ Ó#ã xÓüƒ£z xÓfl˛iyò Ñ˛Ó˚̂ ÏÓ–

∴ x2 = 
1
2

(2.5 + 3) = 
1
2

(5.5) = 2.75

a0 = a b = b0

x1 + b
——— = x2    2

 a + b——— = x1    2
a + x1———

    2
||
x2

Sòì%˛ÓyV←⎯⎯⎯←⎯⎯⎯←⎯⎯⎯←⎯⎯⎯←⎯⎯⎯

⎯→⎯→⎯→⎯→⎯→

⎯→⎯→⎯→⎯→⎯→
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~¶˛y Ï̂Ó xyõÓ˚y ~!Ü Ï̂Î˚ ˆÜ Ï̂úñ !ò Ï̂â˛Ó˚ ì˛y!úÑ˛y!›˛ ¢£ Ï̂ã£z ≤Ãhfl%̨ ì˛ Ñ˛Ó˚y ÎyÎ˚–

e´!õÑ˛ ¢ÇÖƒy anÈÙÈ~Ó˚ ãòƒ bnÈÙÈ~Ó˚ ãòƒ xn+1= 
a bn n+

2 f(xn+1)
(n) f(an) < 0 f(bn) > 0 (ÈÙÈ~Ó˚ õyòV S~Ó˚ ≤ÃyÆ õyòV

0 2 3 2.5 –3.375

1 2.5 3 2.75 0.797
2 2.5 2.75 2.625 –1.412
3 2.625 2.75 2.6875 – 0.339
4 2.6875 2.75 2.7187 0.22
5 2.6875 2.7187 2.7031 –0.058
6 2.7031 2.7187 2.7109 0.076
7 2.7031 2.7109 2.7070 0.0084

8 2.7031 2.7070 2.70505 –0.027

v z̨̨ ô!Ó˚v z̨_´ ì˛y!úÑ˛y ú«˛ƒ Ñ˛Ó˚̂ Ïú ¢£ Ï̂ã£z ïÓ˚y ˛ô Ï̂v ¸̨ ˆÎ x3 – 4x – 9 = 0 ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ Sx Ï̃Ó˚!ÖÑ˛V ~Ñ˛!›˛

xyò%õy!òÑ˛ Ó#ã £Ûú 2.706 S!ì˛ò îü!õÑ˛ fl˛iyò ˛ôÎ≈hs˘˛V–

v z̨_Ó˚ É 2.706

≤ÃŸ¿ É

(1) Ú¢õ!mÖu˛ò ≤Ã!e´Î˚yÛ xÓú¡∫̂ Ïò x3 – 9x + 1 = 0 Sx Ï̃Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚íVÈÙÈˆÑ˛ ¢õyïyò Ñ˛ Ï̂Ó˚ xyò%õy!òÑ˛¶˛y Ï̂Ó

S!ì˛ò îü!õÑ˛ fl˛iyò ˛ôÎ≈hs˘˛V ˆÎ Ó#ã!›˛ 2 ~ÓÇ 3ÈÙÈ~Ó˚ õ Ï̂ïƒ xÓ!fl˛iì˛ ì˛y Ï̂Ñ˛ !òí≈Î˚ Ñ˛Ó˚&ò–

(2) ¢õ!mÖu˛ò ¢)e ≤Ã Ï̂Î˚yÜ Ñ˛ Ï̂Ó˚ x Ï̃Ó˚!ÖÑ˛ ¢õ#Ñ˛Ó˚í x3 + x2 – 1 = 0ÈÙÈ~Ó˚ ~Ñ˛!›˛ Ó#ã SÎy !ì˛ò!›˛ ÷k˛ ¢yÌ≈Ñ˛

xÇÑ˛ Î%_´V !òí≈Î˚ Ñ˛Ó˚&ò–

5.9 ãƒy Ï̂Ñ˛y!Ó ≤Ãî_ !òí≈yÎ˚Ñ˛ Óy ãƒy Ï̂Ñ˛yÓ#Î˚ !òí≈yÎ˚Ñ˛

Î!î u1, u2, u3, ..., unñ x1, x2, x3, ..., xnñ n ¢ÇÖƒÑ˛ â˛úÓ˚y!ü ¢õ,k˛ nÈÙÈe´ Ï̂õ xÓÑ˛úò Ï̂ÎyÜƒ x Į̈̂ ô«˛Ñ˛

£Î˚ ì˛ Ï̂Ó

J
u u u u
x x x x

n

n

1 2 3

1 2 3

, , , ...,
, , , ...,

⎛
⎝⎜

⎞
⎠⎟  = 

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

u
x

u
x

u
x

u
x

u
x

u
x

u
x

u
x

u

n

n

1
1

1
2

1
3

1

2
1

2
2

2
3

2

3

...

...

xx
u
x

u
x

u
x

u
x

u
x

u
x

n

n n n

1
3
2

3
3

3

1 2 3

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

...

... ... ... ... ...

.... ∂
∂
u
x

n
n
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ÈÙÈˆÑ˛ ãƒy Ï̂Ñ˛yÓ#Î˚ !òíyÎ˚Ñ˛ Óy !e´Î˚yõ)úÑ˛ !òí≈yÎ˚Ñ˛ Óúy £Î˚ ˆÎÖy Ï̂ò x Į̈̂ ô«˛Ñ˛ !£¢y Ï̂Ó v z̨̨ ô!fl˛iì˛ Ìy Ï̂Ñ˛ u1, u2,
u3, ..., un ~ÓÇ Îy Ï̂Ñ˛ x1, x2, x3 ¢y Į̈̂ ô Ï̂«˛ xyÇ!üÑ˛¶˛y Ï̂Ó xÓÑ˛!úì˛ Ñ˛Ó˚y £Î˚– ≤Ãì˛#Ñ˛# ≤ÃÑ˛y Ï̂ü ãƒ Ï̂Ñ˛yÓ#Î˚

!òí≈yÎ˚Ñ˛ Ï̂Ñ˛ !ò Ï̂¡¨y_´¶˛y Ï̂Ó ˆúÖy £Î˚ É

∂
∂
( , , , ..., )
( , , , ..., )
u u u u
x x x x

n

n

1 2 3

1 2 3
  Óyñ J

u u u u
x x x x

n

n

1 2 3

1 2 3

, , , ...,
, , , ...,

⎛
⎝⎜

⎞
⎠⎟

Ó˚*˛ôyhs˘˛Ó˚ ãƒy!õ!ì˛ Ï̂ì˛ ãƒy Ï̂Ñ˛yÓ#Î˚ !òí≈yÎ˚̂ ÏÑ˛Ó˚ ÓƒÓ£yÓ˚ Ó˝ú ≤Ãâ˛!úì˛– ˆÎ Ï̂£ì%̨  ~Ñ˛!›˛ ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨: Ï̂Ñ˛ Óyhfl Į̈Ó

õy Ï̂ò ≤ÃÑ˛y Ï̂üÓ˚ Ñ˛yã!›˛ Ñ˛ Ï̂Ó˚ !òí≈yÎ˚Ñ˛ñ ö˛ Ï̂ú õƒy!› Δ̨: Ó#ãÜy!í Ï̂ì˛Á ~£z !òí≈yÎ˚̂ ÏÑ˛Ó˚ ≤Ã Ï̂Î˚yÜ ú«˛ƒ Ñ˛Ó˚y ÎyÎ˚– !Ó!ü‹T

Ü!íì˛K˛ Sãyõ≈yòV ˆÑ˛.!ã. ãƒ Ï̂Ñ˛y!ÓÓ˚ ÚòyõÛ xò%¢y Ï̂Ó˚ ~£z !òí≈yÎ˚̂ ÏÑ˛Ó˚ òyõÑ˛Ó˚í Ñ˛Ó˚y £ Ï̂Î˚̂ ÏäÈ–

 v˛zîy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ1 É x = rsin cos, y = rsin sin, z = rcos £Î˚ñ ì˛ˆÏÓ ˆîÖyò ˆÎñ

∂
∂

( , , )
( , , )
x y z
r i z

 = r2sin sin.

 ¢õyïyò É Ó§y!îÑ˛ = 
∂
∂
( , , )
( , , )
x y z
r i z  = 

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

x
r

x x

y
r

y y

z
r

z z

θ φ

θ φ

θ φ

 = 
sin cos cos cos sin sin
sin sin cos sin sin cos

cos

θ φ θ φ θ φ
θ φ θ φ θ φ

θ

r r
r r

−

−rr sinθ 0

= (2sin )
sin cos cos sin sin
sin sin cos sin cos

cos sin

θ φ θ φ φ
θ φ θ φ φ

θ θ

−

− 0
 Srsin ~ÓÇ rÈÙÈˆÑ˛ ì,̨ ì˛#Î˚ Á !mì˛#Î˚ hfl Į̈Ω˛ ˆÌ Ï̂Ñ˛ ¢yïyÓ˚í

v z̨Í˛ôyîÑ˛ !£¢y Ï̂Ó ˆòÁÎ˚y £ Ï̂Î˚̂ ÏäÈ–V

= (r2sin )
sin cos cos sin sin

sin cos
cos sin

θ φ θ φ φ
θ θ
θ θ

−

−
0
0

 (R2 Sòì%˛òV  R1cos + R2sin)

= (r2sin)(–sin)(–1) – 0 + 0 [!òí≈yÎ˚Ñ˛!›˛ Ï̂Ñ˛ ì,̨ ì˛#Î˚ hfl Į̈̂ ÏΩ˛Ó˚ ˛ô!Ó˚̂ Ï≤Ã!«˛ Ï̂ì˛ ¶˛yày £ Ï̂Î˚̂ ÏäÈ]
= r2sin sin = v˛yò!îÑ˛– ~›˛y£z !ò Ï̂í≈Î˚ ö˛ú–

 v z̨îy£Ó˚íÈÈÙÈÈÙÈÈÙÈÈÙÈÈÙÈÈÈÈÈÈÈÈÈÈÈ2 É Î!î x Á y ~Ñ˛ ˛≤ÃÑ˛yÓ˚ fl ∫̨yï#ò â˛úÑ˛ ~ÓÇ u xòƒ≤ÃÑ˛yÓ˚ fl ∫̨yï#ò â˛úÑ˛ £Î˚ñ ì˛ Ï̂Ó

∂
∂

⋅
∂
∂

( , )
( , )

( , )
( , )

u v
x y

x y
u v  = Ñ˛ì˛⁄

 ¢õyïyò É 
∂
∂

( , )
( , )
u v
x y  = 

∂
∂

∂
∂

∂
∂

∂
∂

u
x

u
y

v
x

v
y

 (ãƒy Ï̂Ñ˛yÓ#Î˚ !òí≈yÎ˚̂ ÏÑ˛Ó˚ ¢ÇK˛y xò%¢y Ï̂Ó˚V

~ÓÇ 
∂
∂
( , )
( , )
x y
u v  = 

∂
∂

∂
∂

∂
∂

∂
∂

x
u

x
v

y
u

y
v
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~Öòñ 
∂
∂

( , )
( , )
u v
x y 

∂
∂
( , )
( , )
x y
u v  = 

∂
∂

∂
∂

∂
∂

∂
∂

u
x

u
y

v
x

v
y


∂
∂

∂
∂

∂
∂

∂
∂

x
u

x
v

y
u

y
v

= 
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂

⋅ + ⋅ ⋅ + ⋅

⋅ + ⋅

u
x

x
u

u
y

y
u

u
x

x
v

u
y

y
v

v
x

x
u

v
y

y
u

vv
x

x
v

v
y

y
v∂

∂
∂

∂
∂

∂
∂⋅ + ⋅

 S!òí≈yÎ˚Ñ˛ î%!›˛Ó˚ õ Ï̂ïƒ =í Ñ˛ Ï̂Ó˚V ... (1)

ï!Ó˚ñ u = f(x, y) ~ÓÇ v = g(x, y) ~ÓÇ x = F(u, v) ~ÓÇ y = G(u, v)

~ Ï̂îÓ˚ ¢õyïyò Ñ˛ Ï̂Ó˚ xyõÓ˚y ˛ôy£zñ

~Öòñ
∂
∂
u
u  = 1 = 

∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

u
x

x
u

u
y

y
u

∂
∂
u
v  = 0 = 

∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

u
x

x
v

u
y

y
v ... (2)

∂
∂
v
v  = 1 = 

∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

u
x

x
v

u
y

y
v

∂
∂
v
u  = 0 = 

∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

v
x

x
u

v
y

y
u

(1)òÇ ˆÌ Ï̂Ñ˛ ˛ôy£z [(2)òÇ ¢¡ôˆÏÑ≈˛Ó˚ ¢y£yˆÏÎƒ]

∂
∂

( , )
( , )
u v
x y 

∂
∂
( , )
( , )
x y
u v  = 

1 0
0 1  = 1

¢%ì˛Ó˚yÇñ  
∂
∂

∂
∂

∂
∂

∂
∂

u
x

u
y

v
x

v
y


∂
∂

∂
∂

∂
∂

∂
∂

x
u

x
v

y
u

y
v

 = 1

 !ò Ï̂í≈Î˚ õyò = 1 Sv z̨_Ó˚V

Ñ˛ˆÏÎ˚Ñ˛!›˛ =Ó˚&c˛ô)í≈ v˛z˛ô˛ôyîƒ ãƒˆÏÑ˛yÓ#Î˚ ì˛ˆÏ_¥Ó˚ v˛z˛ôÓ˚

 vþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”ÄéôéôéôéôéôÈÈÈÈÈ1 É Jacobian for implicit functions,

Î!î f(u, v, x, y) = 0 ~ÓÇ g(u, v, x, y) = 0 î%!›˛ x Į̈̂ ô«˛Ñ˛ ~õò¶˛y Ï̂Ó Óì≈̨ õyòñ ÎÖò u, v v˛z¶˛ˆÏÎ˚£z

x ~ÓÇ y â˛ú Ï̂Ñ˛Ó˚ õyïƒ Ï̂õ ≤ÃÑ˛y!üì˛ xyÇ!üÑ˛¶˛y Ï̂Ó xÓÑ˛úò Ï̂ÎyÜƒ x Į̈̂ ô«˛Ñ˛ñ ì˛Öò

J Óy 
∂
∂

( , )
( , )
u v
x y  = 

∂
∂

∂
∂

( , )
( , )

( , )
( , )

f g
x y

f g
u v  [ˆÎÖy Ï̂ò 

∂
∂
( , )
( , )
f g
u v  S£Ó˚ xÇüV  0

 vþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”Ävþzþ™þ™y”ÄéôéôéôéôéôÈÈÈÈÈ2 É ï!Ó˚ñ !ì˛ò!›˛ fl ∫̨yï#ò Óyhfl Į̈Ó â˛úÓ˚y!ü £ú x1, x2 ~ÓÇ x3 Îy Ï̂îÓ˚ õyïƒ Ï̂õ ≤ÃÑ˛y!üì˛ Óyhfl Į̈Ó

õyò!Ó!ü‹T x Į̈̂ ô«˛Ñ˛¢õ)£ £ú u1, u2 ~ÓÇ u3 Á u1, u2 ~ÓÇ u3ÈÙÈ~Ó˚ õ Ï̂ïƒ ~Ñ˛!›˛ xï#òfl˛i x Į̈̂ ô«˛Ñ˛ ≤Ã¢)ì˛

¢¡ôÑ≈̨  ÌyÑ˛yÓ˚ ≤Ã Ï̂Î˚yãò#Î˚ Á Î Ï̂Ì‹T üì≈̨  £Ûú
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∂
∂
( , , )
( , , )
u u u
x x x
1 2 3

1 2 3
 = 0 Sx Į̈̂ ô«˛ Ï̂Ñ˛Ó˚ xyÇ!üÑ˛ xÓÑ˛ Ï̂úÓ˚ ¢hs˘˛ì˛y xÓüƒ£z ï Ï̂Ó˚ !ò Ï̂ì˛ £ Ï̂ÓV

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ1 É ãƒ Ï̂Ñ˛yÓ#Î˚ !òÎ˚õ ≤Ã Ï̂Î˚yÜ Ñ˛ Ï̂Ó˚ ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ tan–1x + tan–1y = tan–1 x y
xy

+
−

⎛
⎝⎜

⎞
⎠⎟1

 ¢õyïyò É ï!Ó˚ñ f(x) = tan–1x
 f(y) = tan–1y

ï!Ó˚ñ u = f(x) + f(y) ~ÓÇ v = 
x y

xy
+
−1

 ∂
∂

( , )
( , )
u v
x y

 =  

∂
∂

∂
∂

∂
∂

∂
∂

u
x

u
y

v
x

v
y

 = 

1
1

1
1

1
1

1
1

2 2

2

2
2

2

+ +
+
−

+
−

x y
y
xy

x
xy( ) ( )

 = 0

 u ~ÓÇ v ˛ôÓ˚fl˛ôÓ˚ !ò¶≈̨ Ó˚ü#ú–

ï!Ó˚ñ u = (v)

f(x) + f(y) = 
x y

xy
+
−

⎛
⎝⎜

⎞
⎠⎟1 , ~›˛y ¢Ñ˛ú x Á yÈÙÈ~ ¢ì˛ƒV–

y = 0 £ˆÏúñ f(x) = (x)   f(v) = (v)   u = (v)

f(x) + f(y) = f
x y

xy
+
−

⎛
⎝⎜

⎞
⎠⎟1

¢%ì˛Ó˚yÇ tan–1x + tan–1y = tan–1
x y

xy
+
−

⎛
⎝⎜

⎞
⎠⎟1  [≤Ãõy!íì˛]

≤ÃŸ¿ É Î!î u = x + y + z, v = xy + yz + zx ~ÓÇ w = x3 + y3 + z3 – 3xyz £Î˚ñ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ

u, v ~ÓÇ w x Į̈̂ ô«˛Ñ˛=!ú fl ∫̨yï#ò (independent) òÎ˚ Sãƒy Ï̂Ñ˛yÓ˚#Î˚ !òÎ˚̂ ÏõV

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ2 É Î!î u = x + y + z, uv = y + z, uvw = z £Î˚ñ ì˛ Ï̂Ó 
∂
∂

( , , )
( , , )
x y z
u v w  = Ñ˛ì˛⁄

 ¢õyïyò É üì≈˛yò%¢yˆÏÓ˚ñ

u = x + y + z, uv = y + z, uvz = z
 x = u – (y + z) = u – uv

y = uv – z = uv – uvw
z = uvw

¢%ì˛Ó˚yÇñ 
∂
∂
( , , )
( , , )
x y z
u v w  = 

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

x
u

x
v

x
w

y
u

y
v

y
w

z
u

z
v

z
w
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= 
1 0− −
− − −

v u
v vw u uw uv

vw uw uv
  [R2 + R3 ≤Ã Ï̂Î˚y Ï̂Ü òì%̨ ò R2 ˛ôyÁÎ˚y ÎyÎ˚]

= 
1 0− −

− + + − − +
v u

v vw vw uw u uw uv uv
vw uw uv

= 
1 0

0
− −v u
v u

vw uw uv
 = 0 – 0 + uv

1− −v u
v u

= uv{u(1 – v) + uv} = uv(u – uv + uv) = u2v

 
∂
∂
( , , )
( , , )
x y z
u v w ÈÙÈ~Ó˚ õyò u2v Sv z̨_Ó˚V

≤ÃŸ¿yÓú# É

(1) Î!î u2 + v3 = x + y ~ÓÇ u2 + v2 = x3 + y3 £Î˚ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ J Óy 
∂
∂

( , )
( , )
u v
x y  = 

1
2

2 2( )
( )

y x
uv u v

−
−

⎧
⎨
⎩

⎫
⎬
⎭

(2) Î!î x + y + z = u, y + z = uv ~ÓÇ z = uvw £Î˚ ì˛ Ï̂Ó ˆîÖyò ˆÎñ J Óy 
∂
∂
( , , )
( , , )
x y z
u v w  = u2v

5.10 ¢Ç!«˛Æ¢yÓ˚

Î!î mn ¢ÇÖƒÑ˛ ¢ÇÖƒy ¢õ)̂ Ï£Ó˚ Ü‡˛òì˛s˛f (system) ˆÑ˛yò !Ó Ï̂ü°Ï !òÎ˚̂ Ïõ (order) ¢yãy Ï̂òy ÎyÎ˚ Îy Ï̂ì˛ m
¢ÇÖƒÑ˛ ¢y!Ó˚Ó˚ ≤Ã!ì˛ ¢y!Ó˚̂ Ïì˛ n ¢ÇÖƒÑ˛ ¢ÇÖƒy Ìy Ï̂Ñ˛ xÌ≈yÍ Ü‡˛ò ì˛ Ï̂s˛f m ¢ÇÖƒÑ˛ ¢y!Ó˚ Á n ¢ÇÖƒÑ˛ hfl Į̈Ω˛ ˛ôyÁÎ˚y

ÎyÎ˚ ì˛ Ï̂Ó ~£z ÓƒÓfl˛iy Ï̂Ñ˛ m × n õƒy!› Δ̨: Óúy £ Ï̂Ó–

~Ñ˛áyì˛ ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ ˆÑ˛yò Ü‡˛òì˛s˛f Ï̂Ñ˛ õƒy!› Δ̨̂ Ï:Ó˚ õyïƒ Ï̂õ ≤ÃÑ˛yü Ñ˛Ó˚y ¢Ω˛Ó– ˆÎõòÈÙÙÙÈ

x + 2y + 3z = 5

2x + 9y + 4z = 7

5x + y + 8z = 9

~£z ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ Ü‡˛òì˛s˛f Ï̂Ñ˛ õƒy!› Δ̨̂ Ï:Ó˚ õyïƒ Ï̂õ ò# Ï̂â˛Ó˚ ˛ôk˛!ì˛ Ï̂ì˛ ≤ÃÑ˛yü Ñ˛Ó˚y ÎyÎ˚–

1 2 3
2 9 4
5 1 8

3 3 3 1

5
7
9

3 1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

×

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

×

=
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

×

x
y
z

≤Ãì˛#Ñ˛ !£ Ï̂¢ Ï̂Ó ˆúÖy £Î˚ AY = F
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~Öy Ï̂ò A, Y ~ÓÇ F ~£z !ì˛ò!›˛£z Matrix Îy Ï̂îÓ˚ xyÎ˚ì˛ò (demension) ≤ÃÌõ ¢y!Ó˚ Á ì˛yÓ˚̨ ôÓ˚ hfl Į̈̂ ÏΩ˛Ó˚

¢ÇÖƒyÓ˚ =í Ï̂Ñ˛Ó˚ õyïƒ Ï̂õ ≤ÃÑ˛yü Ñ˛Ó˚y £Î˚ ˆÎõò A MatrixÈÙÈ~Ó˚ xyÎ˚ì˛ò 3 × 3, Y MatrixÈÙÈ~Ó˚ xyÎ˚ì˛ò 3 ×
1 ~ÓÇ F MatrixÈÙÈ~Ó˚ xyÎ˚ì˛ò 3 × 1

!òí≈yÎ˚Ñ˛ (determinant) £Ûú õƒy!› Δ̨̂ Ï:Ó˚ (Matrix) õyò

A =
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

1 2 3
2 9 4
5 1 8

 MatrixÈÙÈ~Ó˚ determinant £ Ï̂Ó 

1 2 3
2 9 4
5 1 8

= 1(9.8 – 4.1) – 2(2.8 – 5.4) + 3(2.1 – 5.9)

= 1(72 – 4) – 2(16 – 20) + 3(2 – 45)

= 68 + 8 – 129

= – 53

~£z ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ Ü‡˛òì˛ Ï̂s˛f ˆÎ !ì˛ò!›˛ â˛úÓ˚y!ü ÓƒÓ£yÓ˚ Ñ˛Ó˚y £ Ï̂Î˚̂ ÏäÈ ˆ¢=!ú £Ûú x, y, z. ~£z !ì˛ò â˛úÓ˚y!üÓ˚

õyò xyõÓ˚y !òí≈yÎ˚̂ ÏÑ˛Ó˚ ¢y£y Ï̂Îƒ e´ƒyõy Ï̂Ó˚Ó˚ ¢)e xò%ÎyÎ˚# ˆÓÓ˚ Ñ˛ Ï̂Ó˚ ˆö˛ú Ï̂ì˛ ˛ôy!Ó˚–

5.11 xò%ü#úò#

1. ≤Ãõyí Ñ˛Ó˚&ò ˆÎ 
2

2
2

2 2 2

2 2 2

2 2 2

bc a c b
c ca b a
b a ab c

−
−

−
 = (a3 + b3 + c3 – 3abc)2

2. ˆîÖyò ˆÎñ 

1 1 1
1 1 1
1 1 1

+
+

+

a
b

c
 = abc

1 1 1
a b c

+ +⎛
⎝⎜

⎞
⎠⎟

3. Î!î s = 
( )a b c+ +

2
 £Î˚ñ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ

a s a s a
s b b s b
s c s c c

2 2 2

2 2 2

2 2 2

( ) ( )
( ) ( )
( ) ( )

− −
− −
− −

 = 2s3(s – a)(s – b)(s – c)

4. !Óhfl ,̨Ï!ì˛Ó˚ ¢y£yÎƒ äÈyv ¸̨y !òí≈yÎ˚Ñ˛!›˛Ó˚ õyò !fl˛iÓ˚ Ñ˛Ó˚&ò É 

17 19 18
58 60 59
97 99 98
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5. õyò !òí≈Î˚ Ñ˛Ó˚&ò É 

1
1
1

2

2

2

ω ω
ω ω
ω ω

 SˆÎÖy Ï̂ò , 2 £ú x3 – 1 = 0 ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ î%!›˛ xÓyhfl Į̈Ó Ó#ãV

6. Î!î x  y  z £Î˚ñ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ xyz = – 1 ÎÖò 

x x x
y y y
z z z

2 3

2 3

2 3

1
1
1

+
+
+

 = 0

7. ˆîÖyò ˆÎñ 

( )
( )

( )

b c a a
b c a b
c c a b

+
+

+

2 2 2

2 2 2

2 2 2
 = 2abc(a + b + c)3

8. ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ 

b c ab ac
ba c a bc
ca bc a b

2 2

2 2

2 2

+
+

+
 = 4a2b2c2

9. !ò Ï̂â˛Ó˚ ¢õ#Ñ˛Ó˚íÜ=!ú e´yõy Ï̂Ó˚Ó˚ !òÎ˚̂ Ïõ ¢õyïyò Ñ˛Ó˚&ò É

2 3 10
x y z
+ +  = 4, 

4 6 5
x y z
− +  = 1 ~ÓÇ 

6 9 20
x y z
+ − = 2

10. Èa Á bÈÙÈ~Ó˚ õyò ˆÑ˛õò £ Ï̂Ó Îy Ï̂ì˛ ≤Ãî_ ¢õ#Ñ˛Ó˚í=!úÓ˚ ~Ñ˛!›˛õye ¢õyïyò Ìy Ï̂Ñ˛

2x + ay + 6z = 8
x + 2y + bz = 5

x + y + 3z = 4

11. 3 = 1 £ Ï̂ú ˆîÖyò ˆÎñ 

a b c
b c a
c a b

 = (a + b + c2)

1
2

b c
c a
a b

ω
ω

SˆÎÖy Ï̂ò , 2 £ú x3 – 1 = 0 ¢õ#Ñ˛Ó˚̂ ÏíÓ˚ î%!›˛ Ñ˛y“!òÑ˛ Ó#ãV

12. ¢õyïyò Ñ˛Ó˚&ò É 

1 1 1

2 2 2
x p q
x p q

 = 0, (p  q)

13. ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ 

a b
c

b c
a

c a
b

c c

a a

b b

2 2

2 2

2 2

+

+

+

 = 4abc
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14. ˆîÖyò ˆÎñ 

1
1
1

2

2

2

a a bc
b b ca
c c ab

−
−
−

 = 0

15. ≤Ãõyí Ñ˛Ó˚&ò É 

1 2 2
2 1 2
2 2 1

2 2

2 2

2 2

+ − −
− +

− − −

a b ab b
ab a b b
b a a b

 = (1 + a2 + b2)3

5.12 @˘Ãs˛i˛ôO#

1. A Text Book of Matrices : Shanti Narayan and P.K. Mittal, S. Chand, New Delhi.

2. Simplified Course in Matrices : H.K. Dass, S. Chand, New Delhi.



~Ñ˛Ñ˛ 6  õƒy!› Δ̨:

Ü‡˛ò

6.1 v˛zˆÏjüƒ

6.2 ≤Ãhfl˛ÏyÓòy

6.3 õƒy!› Δ̨̂ Ï:Ó˚ ≤ÃÑ˛yÓ˚ ˆ¶˛î

6.4 õƒy!› Δ̨̂ Ï:Ó˚ fl˛iyòyB˛

6.5 !Ó˛ôÓ˚#ì˛ õƒy!›˛Δ:

6.6 xy£ẑ ÏÜò õyò ~ÓÇ xy£ẑ ÏÜò ˆ¶˛QÓ˚

6.7 ¢Ç!«˛Æ¢yÓ˚

6.8 xò%ü#úò#

6.9 @˘Ãs˛i˛ôO#

6.1 v ẑ̨ Ïjüƒ

~£z ~Ñ˛ Ï̂Ñ˛ õƒy!› Δ̨: SÓ#ã Ü!íì˛V !Ó°Ï̂ ÏÎ˚ !Óhfl Į̈y!Ó˚ì˛ xy Ï̂úyâ˛òy Ñ˛Ó˚y £ Ï̂Î˚̂ ÏäÈ– Eigen value ~ÓÇ eigen
vector ¢¡ô Ï̂Ñ≈̨ Á v z̨îy£Ó˚í¢£ !Ó Ï̂Ÿ’°Ïí Ñ˛Ó˚y £ Ï̂Î˚̂ ÏäÈ–

6.2 ≤Ãhfl Į̈yÓòy

Óì≈̨ õy Ï̂ò !ÓK˛yòñ ≤ÃÎ%!_´ñ !ü Ï̂“ñ xÌ≈ò#!ì˛ ~ÓÇ õ£yÑ˛yü Ü Ï̂Ó°ÏíyÎ˚ ¢ÇÖƒy ì˛ Ï̂_¥Ó˚ ≤Ã Ï̂Î˚yÜ ¢%!Ó!îì˛– xyã Ï̂Ñ˛Ó˚

î%!òÎ˚yÎ˚ xyõÓ˚y ¢ÇÖƒy Ï̂Ñ˛ Óyî !î Ï̂Î˚ ã#Ó Ï̂òÓ˚ ˆÑ˛yò Ñ˛yã Ï̂Ñ˛ ¢%â˛yÓ˚&Ó˚* Į̈̂ ô ¢¡ôß¨ Ñ˛Ó˚̂ Ïì˛ x«˛õ– ì˛y£z Ñ˛ì˛Ñ˛=!ú Ï̂Ñ˛

¢%¢Ç£ì˛¶˛y Ï̂Ó ¢y!ã Ï̂Î˚ Ü!í Ï̂ì˛Ó˚ ˆÎ üyÖyÎ˚ ì˛yÓ˚ ≤Ãy Ï̂Î˚y!ÜÑ˛ !îÑ˛ xy Ï̂úy!â˛ì˛ £Î˚ ì˛y ‘Matrix theory Óy õƒy!› Δ̨̂ Ï:Ó˚

ì˛_¥Û !£¢y Ï̂Ó fl ∫̨#Ñ,̨ ì˛– ÷ï%õye ¢£ÈÙÈ¢õ#Ñ˛Ó˚í S≤Ãî_V=!úÓ˚ ¢õyïyò ~Ó˚ v ẑ̨ Ïjüƒ òÎ˚– Ü!í Ï̂ì˛Ó˚ !Ó!Óï ˆ«˛ Ï̂e

¢ÇÖƒy=!ú Ï̂Ñ˛ ¢%¢!Iì˛ Ñ˛ Ï̂Ó˚ ì˛yÓ˚ v z̨ß¨ì˛ ïyÓ˚yÓ˚ ≤Ã Ï̂Î˚yÜ xyõy Ï̂îÓ˚ î,!‹T xyÑ˛°Ï≈í Ñ˛ Ï̂Ó˚– ¢ÇÖƒyÓ˚ ãÜ Ï̂ì˛ Óyhfl Į̈Ó Á

Ñ˛y“!òÑ˛ v z̨¶˛Î˚ ≤ÃÑ˛y Ï̂Ó˚Ó˚ v z̨̨ ô!fl˛i!ì˛ xy Ï̂äÈ– !Ñ˛ls˘˛ xyõÓ˚y xy Ï̂úyâ˛ƒ ¢)â˛# Ï̂ì˛ Óyhfl Į̈Ó ¢ÇÖƒy Ï̂Ñ õƒy!› Δ̨: Ü‡˛ Ï̂ò !òÓ≈y!â˛ì˛

Ñ˛Ó˚!äÈ ~£z xïƒy Ï̂Î˚–

¢ÇK˛y SÓyhfl Į̈Ó õƒy!› Δ̨̂ Ï:Ó˚V É m ¢ÇÖƒÑ˛ Óyhfl Į̈Ó ¢ÇÖƒy Ï̂Ñ˛ ¢y!Ó˚̂ Ïì˛ (row) ~ÓÇ n ¢ÇÖƒÑ˛ Óyhfl Į̈Ó ¢ÇÖƒy Ï̂Ñ˛ hfl Į̈̂ ÏΩ˛

(column) ¢%!ò!î≈‹T ≤Ã!e´Î˚yÎ˚ ¢yãy Ï̂ú ˆ¢£z ¢Iy ˛ôk˛!ì˛ Ï̂Ñ˛ ‘Matrix’ Sõƒy!› Δ̨:V Óúy £Î˚– ~Ó˚ ≤Ãì˛#Ñ˛ !£¢y Ï̂Ó

(  ) Óy [  ] Óy ||  || ÓƒÓ£yÓ˚ Ñ˛Ó˚y £Î˚–
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ï!Ó˚ñ Sõƒy!› Δ̨:V A = 

a a a
a a a

a a a

n
n

m m mn

11 12 1
21 22 2

1 2

...

...
... ... ... ...

...

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
mm n×

, nÈÙÈì˛õ e´ Ï̂õÓ˚ ~Ñ˛!›˛ õƒy!› Δ̨:–

~ Ï̂«˛ Ï̂e (aij)m×n   (i = 1, 2, ..., m, j = 1, 2, ..., n)

õƒy!› Δ̨:ÈÙÈ~Ó˚ ¢y!Ó˚Ó˚ ¢ÇÖƒy m ~ÓÇ hfl Į̈̂ ÏΩ˛Ó˚ ¢ÇÖƒy n– õƒy!› Δ̨: AÈÙÈ~Ó˚ iÈÙÈì˛õ ¢y!Ó˚ ~ÓÇ jÈÙÈì˛õ hfl Į̈̂ ÏΩ˛ v z̨̨ ô!fl˛iì˛

˛ôî Ï̂Ñ˛ aij !£¢y Ï̂Ó !â˛!£´ì˛ Ñ˛Ó˚y £Î˚–

¢õ¢ƒy ¢õyïy Ï̂ò õƒy!› Δ̨: ~Ñ˛!›˛ Üy!í!ì˛Ñ˛ v z̨̨ ôÑ˛Ó˚í (tool or device) Óyhfl Į̈Ó Ó˚y!ü ¢õ,k˛ £ Ï̂Î˚Á ~Ó˚ !ò!î≈‹T

õyò Ìy Ï̂Ñ˛ òy– ˆÎõò !òí≈yÎ˚̂ ÏÑ˛Ó˚ ˆ«˛ Ï̂e ¢ÇÖƒy Óy ˛ôî=!úÓ˚ !Óòƒy Ï̂¢ S¢y!Ó˚ ~ÓÇ hfl Į̈̂ ÏΩ˛V ~Ñ˛!›˛ !ò!î≈‹T Óyhfl Į̈Ó õyò

˛ôyÁÎ̊y ÎyÎ̊– !òí≈yÎ̊Ñ˛ Á õƒy!› Δ̨: ~Ó̊ õ)ú ≤Ã Ï̂¶˛î!›˛ ~ Ï̂«˛ Ï̂e ¢£ Ï̂ã£z ú«˛ƒ Ñ˛Ó̊y ÎyÎ̊– !òí≈yÎ̊ Ï̂Ñ˛Ó̊ (determinant)ÈÙÈ~Ó̊

ˆ«˛ Ï̂e ˆÎ ˆÑ˛y Ï̂òy ¢y!Ó˚ Óy hfl Į̈Ω˛ Ï̂Ñ˛ ˆÑ˛yò Óyhfl Į̈Ó ¢ÇÖƒy k ( 0) !î Ï̂Î˚ =í Ñ˛Ó˚yÓ˚ xÌ≈ ˛ô%̂ ÏÓ˚y !òí≈yÎ˚Ñ˛!›˛ Ï̂Ñ˛ ˙ Óyhfl Į̈Ó

¢ÇÖƒy k !î Ï̂Î˚ =í Ñ˛Ó˚y– !Ñ˛ls˘˛ñ õƒy!› Δ̨̂ Ï:Ó˚ ˆ«˛ Ï̂e ˆÑ˛y Ï̂òy !ò!î≈‹T ¢ÇÖƒy k ( 0) !î Ï̂Î˚ =í Ñ˛Ó˚yÓ˚ xÌ≈ õƒy!› Δ̨̂ Ï:Ó˚

¢y!Ó˚ Á hfl Į̈̂ ÏΩ˛ xÓ!fl˛iì˛ ≤Ã Ï̂ì˛ƒÑ˛ ¢ÇÖƒy SÓy ˛ôîV ˆÑ˛ =í Ñ˛Ó˚y– ≤Ã Ï̂¶˛î î%!›˛ xyõy Ï̂îÓ˚ fl˛øÓ˚í Ñ˛Ó˚yÎ˚ ˆÎ !òí≈yÎ˚Ñ˛ Á

õƒy!› Δ̨: Óyhfl Į̈Ó ¢ÇÖƒy¢õ)̂ Ï£Ó˚ ¢y!Ó˚ Á hfl Į̈̂ ÏΩ˛Ó˚ ~Ñ˛!›˛ ¢Iy ˛ôk˛!ì˛ £ Ï̂Î˚Á ~Ñ˛£z xÌ≈ Ó£ò Ñ˛ Ï̂Ó˚ òy–

6.3 õƒy!› Δ̨̂ Ï:Ó˚ ≤ÃÑ˛yÓ˚ ˆ¶˛î

(a) xyÎ˚ì˛Ñ˛yÓ˚ õƒy!› Δ̨: (Rectangular matrix) É ÎÖò (aij)m×n õƒy!› Δ̨̂ Ï:Ó˚ m  n xÌ≈yÍ ˆõy›˛ ¢y!Ó˚Ó˚

¢ÇÖƒy  ˆõy›˛ hfl Į̈̂ ÏΩ˛Ó˚ ¢ÇÖƒyñ ì˛Öò ~£z ïÓ˚̂ ÏòÓ˚ õƒy!› Δ̨: Ï̂Ñ˛ ÚxyÎ˚ì˛yÑ˛yÓ˚ õƒy!› Δ̨:Û Óúy £Î˚–

v z̨îy£Ó˚í É A = 
a a a
b b b
1 2 3
1 2 3 2 3

⎛
⎝⎜

⎞
⎠⎟ ×

~fl˛i Ï̂úñ A õƒy!› Δ̨̂ Ï: ˆõy›˛ ¢y!Ó˚Ó˚ ¢ÇÖƒy  = 2 ~ÓÇ ˆõy›˛ hfl Į̈̂ ÏΩ˛Ó˚ ¢ÇÖƒy = 3– ¢%ì˛Ó˚yÇ A õƒy!› Δ̨:!›˛ xyÎ˚ì˛yÑ˛yÓ˚

õƒy!›˛Δ:–

(b) ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨: (square typed matrix) ÈÉ ÎÖò (aij)m×n õƒy!› Δ̨̂ Ï:Ó˚ m = n xÌ≈yÍ ˆõy›˛ ¢y!Ó˚Ó˚ ¢ÇÖƒy

= ˆõy›˛ hfl Į̈̂ ÏΩ˛Ó˚ ¢ÇÖƒyñ ì˛Öò ~£z ≤ÃÑ˛yÓ˚ õƒy!› Δ̨: Ï̂Ñ˛ ÚÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨:Û Óúy £Î˚–

v z̨îy£Ó˚í É A = 
a a
b b
1 2
1 2 2 2

⎛
⎝⎜

⎞
⎠⎟ ×

~fl˛i Ï̂úñ A õƒy!› Δ̨̂ Ï:Ó˚ ˆõy›˛ ¢y!Ó˚Ó˚ ¢ÇÖƒy = 2 = 2 ˆõy›˛ hfl Į̈̂ ÏΩ˛Ó˚ ¢ÇÖƒy– ¢%ì˛Ó˚yÇ A õƒy!› Δ̨:!›˛ ~Ñ˛!›˛ ÚÓÜ≈yÑ˛yÓ˚

õƒy!›˛Δ:Û–

(c) Ñ˛í≈yÑ˛yÓ˚ õƒy!› Δ̨: (Diagonal matrix) É ï!Ó˚ñ A = 
a b c
a b c
a b c

1 1 1
2 2 2
3 3 3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  ≤Ãïyò Ñ˛í≈ (Principal diagonal)

A õƒy!› Δ̨̂ Ï:Ó˚ ≤Ãïyò Ñ˛í≈ ÓÓ˚yÓÓ˚ ˛ôî=!ú !Ó!¶˛ß¨ ï &ÓÑ˛ ¢ÇÖƒy !Ñ˛ls˘˛ xÓ!ü‹T ˛ôî=!ú ü)òƒ £ Ï̂úñ ˙ õƒy!› Δ̨:ÈÙÈˆÑ˛

ÚÑ˛í≈yÑ˛yÓ˚ õƒy!› Δ̨:Û Ó Ï̂ú–
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v z̨îy£Ó˚í É õ Ï̂ò Ñ˛!Ó˚ñ A = 
2 0 0
0 1 0
0 0 5

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  ÈÙÙÙÈ ~!›˛ ~Ñ˛!›˛ Ñ˛í≈yÑ˛yÓ˚ õƒy!› Δ̨:–

!Ó.o. É ¢yïyÓ˚í¶˛y Ï̂Ó (aij)n×n, (i = 1, 2, ..., n, j = 1, 2, ..., n) õƒy!› Δ̨̂ Ï:Ó˚ aii ˛ôˆÏî (i = 1, 2, 3,
..., n) !Ó!¶˛ß¨ ¢ÇÖƒy !Ñ˛ls˘˛ Óy!Ñ˛ ˛ô Ï̂î ü)òƒ ÌyÑ˛ Ï̂úñ ˙ õƒy!› Δ̨: Ï̂Ñ˛ Ñ˛í≈yÑ˛yÓ˚ õƒy!› Δ̨: Ó Ï̂ú–

(d) ˆflÒúyÓ˚ õƒy!› Δ̨: (scalar matrix) É ¢yïyÓ˚í¶˛yˆÏÓ (aij)n×n õƒy!› Δ̨̂ Ï:Ó˚ Ñ˛í≈ ÓÓ˚yÓÓ˚ ˛ôî=!ú [xÌ≈yÍ aii

ˆÎÖy Ï̂ò j = i ˛ô Ï̂î] ˆÑ˛y Ï̂òy !Ó Ï̂ü°Ï ï &ÓÑ˛ ( 0) v z̨̨ ô!fl˛iì˛ ÌyÑ˛ Ï̂ú ì˛y Ï̂Ñ˛ ˆflÒúyÓ˚ õƒy!› Δ̨: Ó Ï̂ú–

v z̨îy£Ó˚í É ï!Ó˚ñ A = 
50 0 0
0 50 0
0 0 50

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

  ~fl˛iˆÏú s = 50; ~!›˛ ~Ñ˛!›˛ ˆflÒúyÓ˚ õƒy!› Δ̨:–

(e) ü)òƒ õƒy!› Δ̨: (Zero matrix or null matrix) ÈÉ ¢yïyÓ˚í¶˛yˆÏÓñ (aij)n×n ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨̂ Ï:Ó˚ ˆ«˛ Ï̂eñ

aii = 0 £ Ï̂úñ õƒy!› Δ̨:!›˛ Ï̂Ñ˛ ü)òƒ õƒy!› Δ̨: Óúy £Î˚ ÎyÓ˚ xòƒyòƒ ˛ô Ï̂î xÓüƒ£z ü)òƒ v z̨̨ ô!fl˛iì˛ xÌ≈yÍ ~£z

õƒy!› Δ̨̂ Ï:Ó˚ ¢Ñ˛ú ˛ôî£z ü)òƒ–

v z̨îy£Ó˚í É ï!Ó˚ñ A = 
a b c
a b c
a b c

1 1 1
2 2 2
3 3 3 3 3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

~fl˛i Ï̂ú ai, bi, ci
 (i = 1, 2, 3)

¢Ñ˛ Ï̂ú£z ü)òƒ xÌ≈yÍ a1 = a2 = a3 = 0
b1 = b2 = b3 = 0
c1 = c2 = c3 = 0

¢%ì˛Ó˚yÇñ õƒy!› Δ̨: AÈÙÈ~Ó˚ xyÑ˛yÓ˚ £Ûú 

0 0 0
0 0 0
0 0 0

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  – ~!›˛ Ï̂Ñ˛ O3×3 !£¢y Ï̂Ó !â˛!£´ì˛ Ñ˛Ó˚y £Î˚–

(f) ~Ñ˛Ñ˛ õƒy!› Δ̨: Óy x Ï̂¶˛î õƒy!› Δ̨: (Unit or Identity matrix) ÈÉ ~ Ï̂«˛ Ï̂eñ (aij)n×n ÓÜ≈ õƒy!› Δ̨̂ Ï:Ó˚

(i = 1, 2, ..., n ~ÓÇ j = 1, 2, ..., n) aii ˛ô Ï̂î ¢Ó≈îy ~Ñ˛ Óy 1 xÓ!fl˛iì˛– xòƒ ˛ôî=!ú ü)òƒ– ~£z ≤ÃÑ˛yÓ˚

õƒy!› Δ̨: Ï̂Ñ˛ Ú~Ñ˛Ñ˛ õƒy!› Δ̨:Û Óúy £Î˚–

v z̨îy£Ó˚í É A = 
1 0 0
0 1 0
0 0 1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ~!›˛ ~Ñ˛!›˛ Ú~Ñ˛Ñ˛ õƒy!› Δ̨:Û–

(g) ¢y!Ó˚ õƒy!› Δ̨: (Row matrix) É ˆÎ õƒy!› Δ̨̂ Ï:Ó˚ Ü‡˛ Ï̂ò ÷ï%õye ~Ñ˛!›˛ ¢y!Ó˚ ÓÓ˚yÓÓ˚ ˛ôî Ìy Ï̂Ñ˛ñ ì˛y Ï̂Ñ˛ Ú¢y!Ó˚

õƒy!› Δ̨:Û Ó Ï̂ú–

ÎÌy É (i) A = (1  2  3  4)1×4È ÙÙÙÈ~Ñ˛!›˛ ¢y!Ó˚ (row) ~ÓÇ â˛yÓ˚!›˛ hfl Į̈Ω˛ (column) !î Ï̂Î˚ õƒy!› Δ̨:!›˛ Ü!‡˛ì˛–

(ii) xò%Ó˚* Į̈̂ ôñ (4  5  6)1×3 ÈÙÙÙÈ~Ñ˛!›˛ Ú¢y!Ó˚ õƒy!› Δ̨:Û–
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(h) hfl Į̈Ω˛ õƒy!› Δ̨: (Column matrix) É ˆÎ õƒy!› Δ̨: Ü‡˛ Ï̂ò ÷ï%õye hfl Į̈Ω˛ ÓÓ˚yÓÓ˚ ˛ôî=!ú Óì≈̨ õyò Ìy Ï̂Ñ˛ñ ì˛y Ï̂Ñ˛

hfl Į̈Ω˛ õƒy!› Δ̨: Ó Ï̂ú–

v z̨îy£Ó˚í É (i) A = 
5
6
7 3 1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

, ~Ñ˛!›˛ hfl Į̈Ω˛ õƒy!› Δ̨̂ Ï:Ó˚ v z̨îy£Ó˚í–

(ii) B = 

4
5
6
7 4 1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

×

  ñ ~Ñ˛!›˛ hfl Į̈Ω˛ õƒy!› Δ̨:–

(i) ≤Ã!ì˛¢õ õƒy!› Δ̨: (Symmetric matrix) É A = (aij)n×n õƒy!› Δ̨̂ Ï:Ó˚ ˆ«˛ Ï̂e ÎÖò aij = aji £Î˚ ì˛Öò

~!›˛ Ï̂Ñ˛ ≤Ã!ì˛¢õ õƒy!› Δ̨: Ó Ï̂ú– ÎÌy A = 
a h g
h b f
g f c

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

~ Ï̂«˛ Ï̂eñ a12 = h = a21, a31 = g = a31, a23 = f = a32–

(j) x≤Ã!ì˛¢õ õƒy!› Δ̨: (Skew symmetric matrid) É A = (aij)n×n õƒy!› Δ̨̂ Ï:Ó˚ ˆ«˛ Ï̂eñ aij = –aji–

~ Ï̂«˛ Ï̂eñ Ñ˛í≈ ÓÓ˚yÓÓ˚ ˛ôî=!ú ü)òƒ–

ÎÌy É A = 
0 1 2
1 0 3
2 3 0

−
− −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ñ ~!›˛ ~Ñ˛!›˛ x≤Ã!ì˛¢õ õƒy!› Δ̨:–

(k) !Ó!ü‹T õƒy!› Δ̨: Óy !¢Ç=úyÓ˚ õƒy!› Δ̨: (Singular matrix) É ï!Ó˚ñ ~Ñ˛!›˛ ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨: A = (aij)n×n–

ÈÎ!î |aij| = 0 £Î˚ xÌ≈yÍ (aij)n×n õƒy!› Δ̨̂ Ï:Ó˚ !òí≈yÎ˚̂ ÏÑ˛Ó˚ õyò ü)òƒ £ Ï̂ú A õƒy!› Δ̨: Ï̂Ñ˛ !¢Ç=úyÓ˚ õƒy!› Δ̨:

Ó Ï̂ú–

ÎÌy É ï!Ó˚ñ A = 
1 2 3
5 4 3
5 4 3 3 3

− −
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

 |A| = 
1 2 3
5 4 3
5 4 3

− −
−

 = 1 − −4 3
4 3  – 2 5 3

5 3
−

−  + 3
5 4
5 4

−
−

= 1(–12 + 12) – 2(15 – 15) + 3(20 – 20)

= 10 – 20 + 30 = 0

¢%ì˛Ó˚yÇ õƒy!› Δ̨: A ~Ñ˛!›˛ !¢Ç=úyÓ˚ õƒy!› Δ̨:–
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(l) x!Ó!ü‹T õƒy!› Δ̨: (Non-singular matrix) É Î!î (aij)n×n ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨̂ Ï:Ó˚ |aij| !òí≈yÎ˚̂ ÏÑ˛Ó˚ õyò ü)òƒ

òy £Î˚ ì˛ Ï̂Ó ˙ õƒy!› Δ̨: Ï̂Ñ˛ Úòò‰ÈÙÈ!¢Ç=úyÓ˚ õƒy!› Δ̨:Û Ó Ï̂ú–

v z̨îy£Ó˚í É ï!Ó˚ñ A = 
1 3
4 5 2 2

⎛
⎝⎜

⎞
⎠⎟ ×

 |A| = 5 – 12 = –7  0

¢%ì˛Ó˚yÇ õƒy!› Δ̨: ‘A’ £Ûú Úòò‰ !¢Ç=úyÓ˚ õƒy!› Δ̨:Û–

!Ó.o. É ~ Ï̂«˛ Ï̂e ú«˛ƒí#Î˚ ˆÎñ Ñ˛í≈yÑ˛yÓ˚ ÓÜ≈õƒy!› Δ̨̂ Ï:Ó˚ Ñ˛í≈ ÓÓ˚yÓÓ˚ ˛ôî=!ú !¶˛ß¨ !Ñ˛ls˘˛ xòƒyòƒ ˛ôî=!ú ü)òƒ– Úü)òƒ

õƒy!› Δ̨:ÛÈÙÙÙÈ~Ñ˛!›˛ Ñ˛í≈yÑ˛yÓ˚ õƒy!› Δ̨: ÎyÓ˚ ¢Ñ˛ú ˛ôî£z ü)òƒ– x Ï̂¶˛î Óy ~Ñ˛Ñ˛ õƒy!› Δ̨: ~Ñ˛!›˛ ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨:

ÎyÓ˚ Ñ˛í≈ ÓÓ˚yÓÓ˚ ˛ôî=!ú 1 xòƒyòƒ ˛ôî=!ú xÓüƒ£z ü)òƒ– ¢%ì˛Ó˚yÇ Ú~Ñ˛ Ñ˛ÌyÎ˚ ü)òƒ õƒy!› Δ̨:ñ x Ï̂¶˛î

õƒy!› Δ̨: ¢Ñ˛ Ï̂ú£z ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨̂ Ï:Ó˚ ~Ñ˛!›˛ !Ó Ï̂ü°Ï Ó˚*˛ô (special form)–

 vþz”y£îû’ ƒvþz”y£îû’ ƒvþz”y£îû’ ƒvþz”y£îû’ ƒvþz”y£îû’ ƒ ï!Ó˚ñ A Sõƒy!› Δ̨:V = 
k

k
k

1
2

3 3 3

0 0
0 0
0 0

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×
 [ˆÎÖyˆÏò k1, k2, k3 SÓyhfl Į̈Ó ï &ÓÑ˛V ... (1)

A õƒy!› Δ̨: £Ûú ~Ñ˛!›˛ Ñ˛í≈ õƒy!› Δ̨: (diagonal matrix)–
(i) ~Öò k1 = k2 = k3 = k (ï!Ó˚ñ  0, ï &ÓÑ˛Vó (1)òÇ ˆÌ Ï̂Ñ˛ ˛ôy£zñ

A = 
k

k
k

0 0
0 0
0 0 3 3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

ñ ~Ñ˛!›˛ ˆflÒúyÓ˚ õƒy!› Δ̨: (scalar matrix)

(ii) ~Öò k = 0 Sï!Ó˚Vñ (1)òÇ ˆÌ Ï̂Ñ˛ ˛ôy£zñ

A = 
0 0 0
0 0 0
0 0 0 3 3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

ñ ~Ñ˛!›˛ ü)òƒ õƒy!› Δ̨: (null or zero matrix)

(iii) ï!Ó˚ñ k = 1 £ˆÏúñ (1)òÇ ˆÌ Ï̂Ñ˛ ˛ôy£zñ

A = 
1 0 0
0 1 0
0 0 1 3 3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

 Óyñ I3 ñ ~Ñ˛!›˛ x Ï̂¶˛î Óy ~Ñ˛Ñ˛ õƒy!› Δ̨: (identity or unit matrix)

6.4 õƒy!› Δ̨̂ Ï:Ó˚ fl˛iyòyB˛

ï!Ó˚ñ A ~Ñ˛!›˛ xü)òƒ õƒy!› Δ̨: (m × n) e´ Ï̂õÓ˚– Î!î ¢ Ï̂Ó≈yFâ˛ ïòydÑ˛ ¢ÇÖƒy rÈÙÈ~Ó˚ ãòƒ A õƒy!› Δ̨̂ Ï:Ó˚

Ñ˛õ˛ô Ï̂«˛ ~Ñ˛!›˛ xü)òƒ r e´ Ï̂õÓ˚ õy£zòÓ˚ (minor) ˛ôyÁÎ˚y ÎyÎ˚ñ ì˛ Ï̂Ó rÈÙÈˆÑ˛ ˙ õƒy!› Δ̨: AÈÙÈ~Ó˚ ‘rank’ Óúy £Î˚–

ü)òƒ õƒy!› Δ̨: ~Ó˚ rank ¢Ó≈îy ü)òƒ £ Ï̂Ó–
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 vþz”y£îû’vþz”y£îû’vþz”y£îû’vþz”y£îû’vþz”y£îû’ÙÙÙÙÙÈÈÈÈÈ1 ƒ ƒ ƒ ƒ ƒ ï!Ó˚ñ A = 
1 0 3
4 2 1
3 0 2 3 3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

 ~ Ï̂«˛ Ï̂eñ |A| = 
1 0 3
4 2 1
3 0 2

 = 1(4 – 0) – 0(8 – 3) + 3(0 – 6)

= 4 – 0 – 18 = 4 – 18 = –14  0
¢%ì˛Ó˚yÇ AÈÙÈ~Ó˚ rank = 3

 vþz”y£îû’vþz”y£îû’vþz”y£îû’vþz”y£îû’vþz”y£îû’ÙÙÙÙÙÈÈÈÈÈ2 ƒ ƒ ƒ ƒ ƒ ï!Ó˚ñ A = 
1 0 3
4 1 5
2 0 6 3 3

−
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

|A| = 
1 0 3
4 1 5
2 0 6

−  = 1(–6 – 0) – 0(24 – 10) + 3(0 + 2)

= –6 – 0 + 6 = 0
¢%ì˛Ó˚yÇ rank of A < 3 SÑ˛yÓ˚í A õƒy!› Δ̨̂ Ï:Ó˚ ì,̨ ì˛#Î˚ ¢y!Ó˚ ~ÓÇ ≤ÃÌõ ¢y!Ó˚ ˛ôÓ˚fl˛ôÓ˚ !ò¶≈̨ úü#ú–V

õ)ú A õƒy!› Δ̨̂ Ï:Ó˚ !mì˛#Î˚ ˆÎ ˆÑ˛y Ï̂òy v z̨̨ ôÈÙÈõƒy!› Δ̨̂ Ï:Ó˚ !òí≈yÎ˚Ñ˛ ü)òƒ òÎ˚–

ˆÎõòñ 
1 0
4 1−  = – 1 – 0 = –1  0, 

0 3
1 5−  = 3  0, 4 1

2 0
−  = 0 + 2 = 2  0,

       −1 5
0 6  = – 6 – 0 = –6  0

¢%ì˛Ó˚yÇñ !mì˛#Î˚ e´ Ï̂õÓ˚ ˆÎ ˆÑ˛y Ï̂òy õƒy!› Δ̨̂ Ï:Ó˚ !òí≈yÎ˚Ñ˛ xü)òƒ– xì˛~Ó A õƒy!› Δ̨̂ Ï:Ó˚ rank = 2.

Elemntary Oprations

Î!î A õƒ!› Δ̨̂ Ï:Ó˚ ˛ôî=!ú ¢ÇÜ,£#ì˛ £Î˚ F Óyhfl Į̈Ó ¢ÇÖƒy ˆ«˛e ˆÌ Ï̂Ñ˛ (field of scalars) ì˛ˆÏÓ A õƒy!›˛ΔˆÏ:Ó˚

v z̨̨ ôÓ˚ !ò Ï̂¡¨y_´ !ì˛ò!›˛ ≤Ã!e´Î˚yÓ˚ ˆÎ Ï̂Ñ˛y Ï̂òy ~Ñ˛!›˛Ó˚ õyïƒ Ï̂õ ‘elementary operation’ ≤Ã Ï̂Î˚yÜ Ñ˛Ó˚y ÎyÎ˚–

(a) A õƒy!› Δ̨̂ Ï:Ó˚ ˆÎ ˆÑ˛y Ï̂òy î%!›˛ ¢y!Ó˚Ó˚ SÓy ˆÎ Ï̂Ñ˛y Ï̂òy î%!›˛ hfl Į̈̂ ÏΩ˛Ó˚V fl˛iyò ˛ô!Ó˚Óì≈̨ Ï̂òÓ˚ ¢y£y Ï̂Îƒ–

(b) A õƒy!› Δ̨̂ Ï:Ó˚ ˆÎ Ï̂Ñ˛y Ï̂òy ~Ñ˛!›˛ ¢y!Ó˚ SÓy hfl Į̈Ω˛VÈÙÈˆÑ˛ ~Ñ˛!›˛ xü)òƒ Óyhfl Į̈Ó ¢ÇÖƒy K(  F) !î Ï̂Î˚ =í Ñ˛ Ï̂Ó˚–

(c) ˆÎ ˆÑ˛y Ï̂òy ¢y!Ó˚ SÓy hfl Į̈Ω˛VÈÙÈˆÑ˛ ~Ñ˛!›˛ xü)òƒ Óyhfl Į̈Ó ¢ÇÖƒy !î Ï̂Î˚ =í Ñ˛ Ï̂Ó˚ x˛ôÓ˚ ~Ñ˛!›˛ ¢y!Ó˚ SÓy hfl Į̈Ω˛VÈÙÈ~Ó˚

¢y Ï̂Ì ¢ÇÎ%_´ Ñ˛ Ï̂Ó˚–

ÎÖò ‘elementary operations’ ÷ï%õye A õƒy!› Δ̨̂ Ï:Ó̊ row S¢y!Ó̊=!úV v z̨̨ ôÓ̊ ≤ÃÎ%_´ £Î̊ ì˛y Ï̂Ñ˛ ‘elementary
row operations’ ÓˆÏú
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xò%Ó˚*ˆÏ˛ôñ ‘elementary operations’ ÷ï%õye A õƒy!› Δ̨: hfl Į̈Ω˛=!úÓ˚ (columns) v z̨̨ ôÓ˚ Ñ˛yÎ≈Ñ˛Ó˚# £ Ï̂ú

ì˛y Ï̂Ñ˛ ‘elementary column operations’ Óúy £Î˚–

 vþz”y£îû’ ƒvþz”y£îû’ ƒvþz”y£îû’ ƒvþz”y£îû’ ƒvþz”y£îû’ ƒ ≤ÃÌõ ïy˛ô É 

2 3 0
4 7 5
1 4 7

2 3 0
1 4 7
4 7 5

23
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎯ →⎯⎯
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

R

[ˆîÎ˚ õƒy!› Δ̨: ¢y!Ó˚ !mì˛#Î˚ñ ì,̨ ì˛#Î˚ ¢y!Ó˚Ó˚ õ Ï̂ïƒ ˛ô!Ó˚Óì≈̨ ò]

!mì˛#Î˚ ïy˛ô É 

2 1 3
3 5 0
1 2 3

2 1 3
3 5 0
2 4 6

3
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎯ →⎯⎯
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2R
 [R3 xÌ≈yÍ ì,̨ ì˛#Î˚ ¢y!Ó˚̂ ÏÑ˛ 2 !î Ï̂Î˚ =í Ñ˛Ó˚y]

ì,̨ ì˛#Î˚ ïy˛ô É 

3 1 4
5 6 7
2 0 5

3 1 4
14 9 19
2 0 5

2 1
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎯ →⎯⎯⎯
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

+R 3R
 [òì%̨ ò !mì˛#Î˚ ¢y!Ó˚!›˛ñ ≤ÃÌõ ¢y!Ó˚Ó˚ ˛ô Ï̂îÓ˚ ¢ Ï̂D

!ì˛ò !î Ï̂Î˚ =í Ñ˛ Ï̂Ó˚ !mì˛#Î˚ ¢y!Ó˚Ó˚ ˛ôî=!úÓ˚ ¢y Ï̂Ì Î%_´ Ñ˛ Ï̂Ó˚]

xò%Ó˚* Į̈̂ ô 

2 3 0
4 7 5
1 4 7

2 0 3
4 5 7
1 7 4

23
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎯ →⎯⎯
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

C
 [!ì˛ò òÇ hfl Į̈Ω˛ Ï̂Ñ˛ î% òÇ hfl Į̈̂ ÏΩ˛ ̨ ô!Ó˚Óì≈̨ Ï̂òÓ˚ õyïƒ Ï̂õ xy¢ Ï̂ì˛ £ Ï̂Ó]

~Ñ˛£z¶˛y Ï̂Ó !mì˛#Î˚ Á ì,̨ ì˛#Î˚ ïy Į̈̂ ôÓ˚ ≤Ã!e´Î˚y hfl Į̈̂ ÏΩ˛Ó˚ ˆ«˛ Ï̂e Ñ˛Ó˚y Îy Ï̂Ó–

(a) ¢yïyÓ˚í ¢y!Ó˚ ≤Ã!e´Î˚y (Elementary row operation)ÈÙÈ~Ó˚ õyïƒ Ï̂õ A = 

1 2 1 0
2 4 4 6
0 0 5 2
3 6 8 1

−
−
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

ÈÙÈ~Ó˚

rank !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É AÈÙÈ~Ó˚ ¢y!Ó˚Ó˚ v z̨̨ ôÓ˚ ‘elementary operation’ ≤Ã Ï̂Î˚yÜ Ñ˛Ó˚y £ Ï̂Ó–

A = 

1 2 1 0
2 4 4 6
0 0 5 2
3 6 8 1

−
−
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 
R R
R R

2 1
4 1

2
3

−
−

⎯ →⎯⎯⎯  

1 2 1 0
0 0 6 6
0 0 5 2
0 0 11 1

−
−
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 
1
6 2R

⎯ →⎯⎯  

1 2 1 0
0 0 1 1
0 0 5 2
0 0 11 1

−
−
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

R R
R R
R R

1 2
3 2
4 2

5
11

+
−
−

⎯ →⎯⎯⎯

1 2 0 1
0 0 1 1
0 0 0 3
0 0 0 10

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟  

1
3 3R

⎯ →⎯⎯  
1 2 0 1
0 0 1 1
0 0 0 1
0 0 0 10

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 
R R
R R

R R

1 3
2 3

4 310

+
+

+

⎯ →⎯⎯⎯
1 2 0 0
0 0 1 0
0 0 0 1
0 0 0 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 = B Sï!Ó̊V

ˆü°Ï õƒy!› Δ̨:!›˛ Ï̂Ñ˛ ú«˛ƒ Ñ˛Ó˚y ÎyÎ˚ ˆÎñ ˛ô!Ó˚Ó!ì≈̨ ì˛ õƒy!› Δ̨̂ Ï:Ó˚ !ì˛ò!›˛ ¢y!Ó˚ xü)òƒ !Ñ˛ls˘˛ â˛ì%̨ Ì≈ ¢y!Ó˚!›˛ ˛ô%̂ ÏÓ˚y˛ô%!Ó˚

ü)òƒ ˛ôî Î%_´–

 Rank A = Rank B = 3
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(b) ¢yïyÓ˚í hfl Į̈Ω˛ ≤Ã!e´Î˚yÓ˚ (elementary column operation) õyïƒ Ï̂õ X, Y õƒy!› Δ̨: î%!›˛ ¢õì%̨ úƒ !Ñ˛òy

˛ôÓ˚#«˛y Ñ˛ Ï̂Ó˚y ÎÖò X = 
5 3
1 5
2 1−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  ~ÓÇ Y = 

3

5

1

5
3
1
3
2
3

−

−

− −

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 ¢õyïyò É X = 
5 3
1 5
2 1 3 3−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

 C12⎯ →⎯⎯  
3 5
5 1
1 2−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 −
⎯ →⎯⎯

1
3 2C  

3

5

1

5
3
1
3
2
3 3 3

−

−

− −

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

×

 = Y

ˆÎˆÏ£ì%˛ Y Sõƒy!› Δ̨:VÈÙÈˆÑ˛ X Sõƒy!› Δ̨:V ˆÌ Ï̂Ñ˛ ˛ôyÁÎ˚y ˆÜú ÷ï%õye hfl Į̈Ω˛ ≤Ã!e´Î˚yÓ˚ (column-operation)
õyïƒ Ï̂õ ¢%ì˛Ó˚yÇ xyõÓ˚y X, Y õƒy!› Δ̨: î%!›˛ Ï̂Ñ˛ ¢õì%̨ úƒ (equivalent) ÓúˆÏì˛ ˛ôy!Ó˚–

[~Öy Ï̂ò X õƒy!› Δ̨̂ Ï:Ó˚ ˆ«˛ Ï̂e C12 Óú Ï̂ì˛ !mì˛#Î˚ hfl Į̈Ω˛ !î Ï̂Î˚ ≤ÃÌõ hfl˛Ω˛ Ï̂Ñ˛ ≤Ã!ì˛fl˛iy!˛ôì˛ Ñ˛Ó˚y £ Ï̂Î˚̂ ÏäÈñ ~›˛y£z

Ó%G˛y Ï̂òy £ Ï̂Î˚̂ ÏäÈ–]

ï!Ó˚ñ A ~Ñ˛!›˛ ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨:ñ ˆÎõò A = (aij)n×n (i,j = 1, 2, 3, ..., n)– aij ˛ô Ï̂îÓ˚ ¢£ÈÙÈv z̨Í˛ôyîÑ˛ (co-
factor) £ú Aij ÎyÓ˚y v z̨̨ ô!fl˛iì˛ xy Ï̂äÈ |A| = |aij|n×n

(Aij)n×n õƒy!› Δ̨̂ Ï: ≤Ãïyò Ñ˛í≈ ÓÓ˚yÓÓ˚ xÓ!fl˛iì˛ ˛ôî ¢y Į̈̂ ô Ï̂«˛ ¢y!Ó˚̂ ÏÑ˛ hfl Į̈̂ ÏΩ˛ ~ÓÇ xò%Ó˚* Į̈̂ ô hfl Į̈Ω˛ Ï̂Ñ˛ ¢y!Ó˚̂ Ïì˛

Ó˚*˛ôyhs˘˛!Ó˚ì˛ Ñ˛Ó˚̂ Ïú Adjoint Óy Adjugate õƒy!› Δ̨: Ü!‡˛ì˛ £Î˚– ~ Ï̂Ñ˛ Adj(A) !£¢y Ï̂Ó !â˛!£´ì˛ Ñ˛Ó˚y ÎyÎ˚–

Î!î A = 
a a a
b b b
c c c

11 12 13
11 12 13
11 12 33

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ÈÙÈˆÑ˛ ~Ñ˛!›˛ ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨: ïÓ˚y ÎyÎ˚– ì˛ Ï̂Ó aij, bij, cij (i = 1, 2, 3, j =

1, 2, 3)ÈÙÈ~Ó˚ ¢£ÈÙÈv z̨Í˛ôyîÑ˛=!ú £ú Aij
, Bij, Cij (i, j = 1, 2, 3)

 Adj.A = 
A A A
B B B
C C C

T
11 12 13
11 12 13

11 12 13

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

   [≤Ãïyò Ñ˛ Ï̂í≈ xÓ!fl˛iì˛ ˛ôî=!úÓ˚ ¢y Į̈̂ ô Ï̂«˛]

     = 
A B C
A B C
A B C

11 11 11
12 12 12

13 13 13

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ1 É ï!Ó˚ñ A = 
1 2 3
4 5 0
3 2 1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

; AÈÙÈ~Ó˚ Adj. A !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É Adj. A = 

5 0
2 1

4 0
3 1

4 5
3 2

2 3
2 1

1 3
3 1

1 2
3 2

2 3
5 0

1 3
4 0

1 2
4 5

−

− −

−

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

T

 = 
5 4 7
4 8 4

15 12 3

− −
−

− −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

T

 = 
5 4 15
4 8 12
7 4 3

−
− −
− −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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6.5 !Ó˛ôÓ˚#ì˛ õƒy!› Δ̨:

Î!î A ~Ñ˛!›˛ ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨: (aij)n×n Ó˚* Į̈̂ ô ≤ÃÑ˛y!üì˛ £Î˚ ~ÓÇ B x˛ôÓ˚ ~Ñ˛!›˛ ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨: (bij)n×n

!£¢y Ï̂Ó !â˛!£´ì˛ £Î˚ ~ÓÇ AB = I = BA ¢¡ôÑ≈̨ !›˛ ÓãyÎ˚ Ìy Ï̂Ñ˛ ì˛ Ï̂Ó B õƒy!› Δ̨:!›˛ Ï̂Ñ˛ A õƒy!› Δ̨̂ Ï:Ó˚ inverse
S!Ó˛ôÓ˚#ì˛ õƒy!› Δ̨:V Óúy £Î˚ ~ÓÇ ~ Ï̂Ñ˛ A–1 !î Ï̂Î˚ !â˛!£´ì˛ Ñ˛Ó˚y £Î˚– [~ Ï̂«˛ Ï̂e In×n ~Ñ˛!›˛ ~Ñ˛Ñ˛ õƒy!› Δ̨:]

~fl˛i Ï̂ú v ẑ̨ ÏÕ‘Ö Ï̂ÎyÜƒ ˆÎ ~Ñ˛!›˛ xü)òƒ õƒy!› Δ̨̂ Ï:Ó˚ ‘inverse’ S!Ó˛ôÓ˚#ì˛ õƒy!› Δ̨:V £ Ï̂Ó !Ñ˛ls˘˛ ü)íƒ MatrixÈÙÈ~Ó˚

!Ó˛ôÓ˚#ì˛ Matrix £ Ï̂Ó òy–

A–1 Óy!£Ó˚ Ñ˛Ó˚yÓ˚ !òÎ˚õ £ÛúÈÙÙÙÈ (i) A ÓÜ≈ õƒy!› Δ̨̂ Ï:Ó˚ |A| Óy !òí≈yÎ˚̂ ÏÑ˛Ó˚ õyò !òí≈Î˚ Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó– (ii) Adj.A

!òí≈Î˚ Ñ˛Ó˚̂ Ïì˛ £ Ï̂Ó SÎy xü)òƒ £ Ï̂ÓV– (iii) A–1 = 
AdjA

A
.

| |  xÌ≈yÍ Adj.AÈÙÈˆÑ˛ |A| ( 0) !îˆÏÎ˚ ¶˛yÜ Ñ˛Ó˚ˆÏú ì˛ˆÏÓ£z

A õƒy!› Δ̨̂ Ï:Ó˚ A–1 ˛ôyÁÎ˚y Îy Ï̂Ó–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ2 É Î!î A = 
1 2 3
4 5 0
3 2 1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  £Î˚ ì˛ Ï̂Ó A–1 !òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É ˛ô)ˆÏÓ≈Ó˚ v˛zîy£Ó˚í-1 ˆÌ Ï̂Ñ˛ ˛ôy£zñ

Adj.A = 
5 4 15
4 8 12
7 4 3

−
− −
− −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

|A| = 
5 4 15
4 8 12
7 4 3

−
− −
− −

 = 5(24 – 48) – 4(12 + 84) + (–15)(–16 – 56)

= 5(–24) – 4(96) – 15(–72) = –120 – 384 + 1080 = 576

 A–1 = 
AdjA

A
.

| |  = 
1

576

5 4 15
4 8 12
7 4 3

−
− −
− −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 

5
576

4
576

15
576

4
576

8
576

12
576

7
576

4
576

3
576

−

− −

− −

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= 

5
576

1
144

5
192

1
144

1
72

3
48

7
576

1
144

1
192

−

− −

− −

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

6.6 xy£ẑ ÏÜò õyò ~ÓÇ xy£ẑ ÏÜò ˆ¶˛QÓ˚

õ Ï̂ò Ñ˛!Ó˚ñ A = (aij)n×n S~Ñ˛!›˛ ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨:V ~ÓÇ  = (x1, x2, x3, ..., xn) S~Ñ˛!›˛ xü)òƒ ˆ¶˛QÓ˚V

~õò¶˛y Ï̂Ó v z̨̨ ô!fl˛iì˛ñ Îy Ï̂ì˛  SÓyhfl Į̈Ó ï &ÓÈÙÈ≤Ãyâ˛úVÈÙÈ~Ó˚ ãòƒ !ò Ï̂¡¨y_´ ¢¡ôÑ≈̨ !›˛

A = ñ ¢Ω˛Ó £Î˚–

~fl˛i Ï̂úñ ÈÙÈˆÑ˛ xy£ẑ ÏÜò ˆ¶˛QÓ˚ ~ÓÇ ÈÙÈˆÑ˛ xy£ẑ ÏÜò õyò (eigen value)ñ A ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨:ÈÙÈ~Ó˚ ãòƒ

Üíƒ Ñ˛Ó˚y £Î˚–



136  GE-CO-11  NSOU

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ1 É Î!î A = 
3 1 1
2 2 1
2 2 0

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  ~Ñ˛!›˛ ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨: ïÓ˚y £Î˚ñ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ AÈÙÈ~Ó˚

xy£ẑ ÏÜò ˆ¶˛QÓ˚ (1, 1, 2) ~ÓÇ xò%Ó˚*˛ô xy£ẑ ÏÜò õyò 2
 ¢õyïyò É õ Ï̂ò Ñ˛!Ó˚ñ  = (1, 1, 2)

~Öòñ A = 
3 1 1
2 2 1
2 2 0

1
1
2

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⋅
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  = 

3 1 1 1 1 2
2 1 2 1 1 2

2 1 2 1 0 2

× + × + − ×
× + × + − ×

× + × + ×

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

( )
( )  = 

3 1 2
2 2 2
2 2 0

+ −
+ −
+ +

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

  = 
2
2
4

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 2
1
1
2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 2

~ Ï̂«˛ Ï̂eñ A = 2
fl˛ô‹Tì˛É A ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨̂ Ï:Ó˚ xy£ẑ ÏÜò ˆ¶˛QÓ˚ (1, 1, 2) ~ÓÇ xò%Ó˚*˛ô xy£ẑ ÏÜò õyò 2 S≤Ãõy!íì˛V–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ2 É !ò Ï̂¡¨y_´ õƒy!› Δ̨:!›˛Ó˚ xy£ẑ ÏÜò õyò ~ÓÇ xy£ẑ ÏÜò 3ÈÙÈ~Ó˚ ãòƒ xy£ẑ ÏÜò ˆ¶˛QÓ˚!›˛ !òí≈Î˚

Ñ˛Ó˚&òñ ÎÖò A Sõƒy!› Δ̨:V = 
2 1 1
1 2 1
0 0 1 3 3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

 ¢õyïyò É ~fl˛iˆÏúñ A = 
2 1 1
1 2 1
0 0 1 3 3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

~Ó˚ â˛!Ó˚eÜì˛ ¢õ#Ñ˛Ó˚í (characteristic equation) £ú

2 1 1
1 2 1
0 0 1

−
−

−

m
m

m
 = 0 [~ Ï̂«˛ Ï̂e ú«˛í#Î˚ ̂ Î õ)ú õƒy!› Δ̨̂ Ï:Ó˚ Ñ˛í≈ ÓÓ˚yÓÓ˚  Sï &ÓÑ˛V !ÓˆÏÎ˚yÜ Ñ˛Ó˚y £ˆÏÎ˚ˆÏäÈ]

Óyñ 0 – 0 + (1 – ){(2 – )2 – 1} = 0 [!òí≈yÎ˚Ñ˛!›˛ Ï̂Ñ˛ ì,̨ ì˛#Î˚ ¢y!Ó˚Ó˚ ˛ô Ï̂îÓ˚ õyïƒ Ï̂õ !Óhfl ,̨Ïì˛ Ñ˛ Ï̂Ó˚]
Óyñ (1 – )(4 – 4 + 2 – 1) = 0
Óyñ (1 – )(2 – 4 + 3) = 0
Óyñ (1 – )(2 – 3–  + 3) = 0
Óyñ (1 – ){( – 3) – 1( – 3)} = 0
Óyñ (1 – )(– 3)( – 1) = 0
Óyñ ( – 3)(1 – )( – 1) = 0
  – 3 = 0, 1 –  = 0,  – 1 = 0
Óyñ  = 3, 1, 1
~ Ï̂«˛ Ï̂e  Sï &Ó Ï̂Ñ˛Ó˚V õyò=!ú xÌ≈yÍ 3, 1, 1 £ú !ò Ï̂í≈Î˚ xy£ẑ ÏÜò õyò (eigen value)
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~Öòñ  = 3ÈÙÈ~Ó˚ ãòƒ xy£ẑ ÏÜò ˆ¶˛QÓ˚!›˛ !òí≈Î˚ Ñ˛Ó˚Ó–

ï!Ó˚ñ AX = 3X [ÎÖò X = (x1, x2, x3) Sxy£ẑ ÏÜò ˆ¶˛QÓ˚Vñ ÎÖò  = 3]

Óyñ 

2 1 1
1 2 1
0 0 1

1
2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

x
x
x

 = 3
x
x
x

1
2
3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  Óyñ 

2
2

0 0

1 2 3
1 2 3

3

x x x
x x x

x

+ +
+ +
+ +

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟ = 

3
3
3

1
2
3

x
x
x

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

¢%ì˛Ó˚yÇñ 2x1 + x2 + x3 = 3x1  Óyñ –x1 + x2 + x3 = 0
x1 + 2x2 + x3 = 3x2 Óyñ x1 – x2 + x3 = 0
x3 = 3x3 Óyñ –2x3 = 0 Óyñ 0x1 + 0x2 – 2x3 = 0 ... (1)

õ Ï̂ò Ñ˛!Ó˚ñ B = 
−

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 1 1
1 1 1
0 0 2

 [(4)òÇ ˆÌ Ï̂Ñ˛ ≤ÃyÆ ¢£Ü õƒy!› Δ̨: (co-efficient matrix)]

~Öòñ B =
−

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 1 1
1 1 1
0 0 2

′ = +⎯ →⎯⎯⎯⎯⎯⎯R R R2 1 2S‹ %̨‹V 
−

−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 1 1
0 0 2
0 0 2

′ = +⎯ →⎯⎯⎯⎯R R R3 3 2 
−⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 1 1
0 0 2
0 0 0

 = C Sï!Ó̊V

 C Óy B õƒy!› Δ̨̂ Ï:Ó˚ ˆ«˛ Ï̂eñ Ó˚ƒyB˛ (rank) = 2 [Ñ˛yÓ˚í BÈÙÈ~Ó˚ î%!›˛ fl ∫̨yï#ò ¢y!Ó˚ ˆ¶˛QÓ˚ Óì≈̨ õyò]
C õƒy!› Δ̨̂ Ï:Ó˚ ˆ≤Ã!«˛ Ï̂ì˛ (i)òÇ ¢¡ôÑ≈̨  ˆÌ Ï̂Ñ˛ ˛ôy£zñ

–x1 + x2 + x3 = 0
2x3 = 0 Óyñ x3 = 0

 –x1 + x2 + 0 = 0 Óyñ x1 = x2

¢%ì˛Ó˚yÇ  = 3 £ˆÏúñ xy£ẑ ÏÜò ˆ¶˛QÓ˚ = (x2, x2, 0) [ x1 = x2] ˆÎÖyˆÏò x2 ~Ñ˛!›˛ ˆfl ∫̨FäÈyï#ò ï &ÓÑ˛–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ3 É Î!î A Sõƒy!› Δ̨:V = 
1 0 2
0 1 1
0 1 0 3 3

−
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

 £Î̊ñ ˆîÖyò ˆÎ A ì˛yÓ̊ !òãfl ∫̨ â˛!Ó̊eÜì˛ ¢õ#Ñ˛Ó̊í Ï̂Ñ˛

!¢k˛ Ñ˛ Ï̂Ó˚–

[~›˛y£z £ú ˆÑœ̨ ÈÙÈ£ƒy!õú›˛ò ¢õ#Ñ˛Ó̊í (Cayley-Hamilton equation) xÌ≈yÍ Ú≤Ã Ï̂ì˛ƒÑ˛ õƒy!› Δ̨: ì˛yÓ̊ â˛!Ó̊eÜì˛

¢õ#Ñ˛Ó˚í Ï̂Ñ˛ !¢k˛ Ñ˛ Ï̂Ó˚–Û]

 ¢õyïyò É ~ Ï̂«˛ Ï̂eñ A = 
1 0 2
1 1 1
0 1 0

−
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

AÈÙÈ~Ó˚ â˛!Ó˚eÜì˛ ¢õ#Ñ˛Ó˚í 

1 0 2
0 1 1
0 1 0

−
− +

−

m
m

m
( )  = 0

Óyñ (1 – )((1 + ) – 1) = 0 Óyñ (1 – )(2 +  – 1) = 0
Óyñ 2 +  – 1 – 3 – 2 +  = 0 Óyñ –3 + 2 – 1 = 0
Óyñ 3 – 2 + 1 = 0
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~Öò xyõÓ˚y ˆîÖy Ï̂Óy ˆÎ A3 – 2A + I3 = 0 (ˆÎÖyˆÏò I3 £ú ~Ñ˛!›˛ ~Ñ˛Ñ˛ õƒy!› Δ̨: ì,̨ ì˛#Î˚ e´ Ï̂õÓ˚]

~ Ï̂«˛ Ï̂eñ A2 = AA = 
1 0 2
0 1 1
0 1 0

−
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 0 2
0 1 1
0 1 0

−
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

= 
1 0 0 0 0 2 2 0 0
0 0 0 0 1 1 0 1 0
0 0 0 0 1 0 0 1 0

+ + + + + +
+ + + + − +
+ + − + + +

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  [=íò ≤Ã!e´Î˚y S¢y!Ó˚ × hfl Į̈Ω˛V]

= 
1 2 2
0 2 1
0 1 1

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

xò%Ó˚* Į̈̂ ôñ A3 = A2A = 
1 2 2
0 2 1
0 1 1

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 0 2
0 1 1
0 1 0

−
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  = 

1 0 4
0 3 2
0 2 1

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

~Öòñ A3 – 2A + I3 = 
1 0 4
0 3 2
0 2 1

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  – 2

1 0 2
0 1 1
0 1 0

−
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  + 

1 0 0
0 1 0
0 0 1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

= 
1 0 4
0 3 2
0 2 1

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  – 

2 0 4
0 2 2
0 2 0

−
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  + 

1 0 0
0 1 0
0 0 1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  = 

−
−

−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1 0 0
0 1 0
0 0 1

 + 
1 0 0
0 1 0
0 0 1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

= 
0 0 0
0 0 0
0 0 0

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  = 0 ~›˛y£z !ò Ï̂í≈Î˚ ö˛ú–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ4 É A = 
1 1 1
1 1 2
3 5 7 3 3

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

 õƒy!› Δ̨: ˆÌ Ï̂Ñ˛ A–1 !òí≈Î˚ Ñ˛Ó˚&ò–

!ò Ï̂â˛Ó˚ ¢õ#Ñ˛Ó˚íÜ=!ú õƒy!› Δ̨: ˛ôk˛!ì˛ Ï̂ì˛ ¢õyïyò Ñ˛Ó˚&ò–

x + y + z = 8
x – y + 2z = 6
3x + 5y + 7z = 14

 ¢õyïyò É ~fl˛i Ï̂úñ A = 
1 1 1
1 1 2
3 5 7 3 3

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

 ~Ñ˛!›˛ ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨:–

c11 = 7 – 10 = –3
[˛≤ÃÌõ ¢y!Ó˚ Á ˛≤ÃÌõ hfl Į̈̂ ÏΩ˛ v z̨̨ ô!fl˛iì˛ ‘1’ÈÙÈ~Ó˚ ¢£ v z̨Í˛ôyîÑ˛ (co-factor) !î Ï̂Î˚ ˛≤ÃÑ˛y!üì˛ £ Ï̂Î˚̂ ÏäÈ–]

xò%Ó˚* Į̈̂ ôñ c12 = –(–7 – 6) = 13, c13 = 5 + 3 = 8, c21 = –(–7 – 5) = 12, c22 = –7 – 3 = –10,
c23 = – (5 – 3) = –2, c31 = 2 + 1 = 3, c32 = –(2 – 1) = –1, c33 = –1 – 1 = –2
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 ¢£ÈÙÈv z̨Í˛ôyîÑ˛=!ú !î Ï̂Î˚ ≤Ãhfl%̨ ì˛ õƒy!› Δ̨:!›˛ £ú 

−
− −

− −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

3 13 8
12 10 2
3 1 2

¢%ì˛Ó˚yÇ Adj.A = 
−

− −
− −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

3 13 8
12 10 2
3 1 2

T

 [~fl˛iˆÏú (T (transpose)) Ñ˛Ó˚yÓ˚ xÌ≈ £ú ≤Ãïyò Ñ˛í≈ ÓÓ˚yÓÓ˚

v z̨̨ ô!fl˛iì˛ ¢ÇÖƒy=!ú ¢y Į̈̂ ô Ï̂«˛ ¢y!Ó˚̂ ÏÑ˛ hfl Į̈̂ ÏΩ˛ ~ÓÇ hfl Į̈Ω˛ Ï̂Ñ˛ ¢y!Ó˚̂ Ïì˛ á%!Ó˚̂ ÏÎ˚ ˆúÖyÓ˚ Ó˚#!ì˛]

= 
−

− −
− −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

3 12 3
13 10 1
8 2 2

 |A| (ˆv˛›˛ A) xÌ≈yÍ AÈÙÈ~Ó˚ !òí≈yÎ˚Ñ˛ = 1(7 – 10) – 1(–7 – 6) + 1(5 + 3)
= –3 + 13 + 8 = 18  0  A õƒy!› Δ̨:!›˛ ¢õyïyò Ï̂ÎyÜƒ–

~Öò A–1 = 
AdjA

A
.

| |  = 1
18

3 12 3
13 10 1
8 2 2

−
− −
− −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

!mì˛#Î˚ xÇ Ï̂ü ˆÎ ¢õ#Ñ˛Ó˚í=!ú v ẑ̨ ÏÕ‘Ö Ñ˛Ó˚y £ Ï̂Î˚̂ ÏäÈ ì˛y Ï̂îÓ˚ õƒy!› Δ̨: ≤ÃÑ˛yü Ñ˛Ó˚̂ Ïú î§yv ¸̨yÎ˚

AX = B ÎÖò A £ú ≤Ãî_ õƒy!› Δ̨:ñ B £ú 

8
6

14

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  ~ÓÇ X = 

x
y
z

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 X = A–1B

 
x
y
z

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 1
18

3 12 3
13 10 1
8 2 2

−
− −
− −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

8
6

14

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟   

x
y
z

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 
1

18

24 72 42
104 60 14
64 12 28

− + +
− −
− −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 
x
y
z

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 
1

18

114 24
104 74
64 40

−
−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟   

x
y
z

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 
1

18

90
30
24

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 
x
y
z

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 

90
18
30
18
24
18

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  
x
y
z

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 
5
5
3
4
3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 x = 5, y = 
5
3

, z = 
4
3

 !ò Ï̂í≈Î˚ ¢õyïyò x = 5, y = 
5
3

, z = 
4
3

 Sv z̨_Ó˚V
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ5 É ˆîÖyò ˆÎñ Î!î A = 
1
2

1
2

1
2

1
2

−⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ~Ñ˛!›˛ ÓÜ≈yÑ˛yÓ˚ õƒy!› Δ̨: £Î˚ñ ì˛ Ï̂Ó £z£y ~Ñ˛!›˛ ú¡∫

õƒy!› Δ̨:–

 ¢õyïyò É ú¡∫ õƒy!› Δ̨̂ Ï:Ó˚ üì≈̨  É AAT = I  Sx Ï̂¶˛î õƒy!› Δ̨:V

~ Ï̂«˛ Ï̂e A = 
1
2

1
2

1
2

1
2

−⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ;  AT = 
1
2

1
2

1
2

1
2

−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 AAT
  = 

1
2

1
2

1
2

1
2

−⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1
2

1
2

1
2

1
2

−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 
1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

+ −

− +

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟  = 

1 0
0 1

⎛
⎝⎜

⎞
⎠⎟  = I

 õƒy!› Δ̨: A ~Ñ˛!›˛ ú¡∫ÈÙÈõƒy!› Δ̨: (orthogonal matrix)– ¢%ì˛Ó˚yÇ ~›˛y£z £ú !ò Ï̂í≈Î˚ ö˛ú–

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ6 É Î!î A = 
3 2

3 4 2 2

−
−

⎛
⎝⎜

⎞
⎠⎟ ×

x
x  ~Ñ˛!›˛ !¢D%úyÓ˚ (singular) õƒy!› Δ̨: £Î˚ñ ì˛ Ï̂Ó xÈÙÈ~Ó˚ õyò

!òí≈Î˚ Ñ˛Ó˚&ò–

 ¢õyïyò É ˆÎ Ï̂£ì%̨  õƒy!› Δ̨: A ~Ñ˛!›˛ !¢D%úyÓ˚ õƒy!› Δ̨:–

¢%ì˛Ó˚yÇ |A| = 0 xÌ≈yÍ A S!òí≈yÎ˚Ñ˛VÈÙÈ~Ó˚ õyò = 0

 
3 2

3 4
−

−
x

x  = 0

 (3 – x)(4 – x) – 6 = 0  12 – 3x – 4x + x2 – 6 = 0
 x2 – 7x + 6 = 0  x2 – 6x – x + 6 = 0
 x(x – 6) – 1(x – 6) = 0  (x – 6)(x – 1) = 0
¢%ì˛Ó˚yÇ x – 6 = 0 òì%̨ Óy x – 1 = 0
 x = 6, 1
xÈÙÈ~Ó˚ !ò Ï̂í≈Î˚ õyò = 1, 6 Sv z̨_Ó˚V.

 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ7 É !Ó˛ôÓ˚#ì˛ õƒy!› Δ̨̂ Ï:Ó˚ õyïƒ Ï̂õ !ò Ï̂¡¨y_´ ¢õ#Ñ˛Ó˚í=!úÓ˚ ¢õyïyò Ñ˛Ó˚&ò É

2x + 5y + 3z = 9
3x + y + 2z = 3
x + 2y – z = 6

 ¢õyïyò É ≤Ãî_ ¢õ#Ñ˛Ó˚í=!ú Ï̂Ñ˛ !ò Ï̂¡¨y_´¶˛y Ï̂Ó Ó˚*˛ôyhs˘˛!Ó˚ì˛ (transformed) ¢õ#Ñ˛Ó˚̂ Ïí ˆúÖy ÎyÎ˚ñ

AX = B

ˆÎÖy Ï̂òñ A = 
2 5 3
3 1 2
1 2 1−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 S¢£Ü ¢õ#Ñ˛Ó˚íVñ X = 
x
y
z

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ~ÓÇ B = 
9
3
6

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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¢%ì˛Ó˚yÇñ A–1(AX) = A–1B Óyñ (A–1A)X = A–1B

Óyñ IX = A–1B  [I £ú x Ï̂¶˛î Óy ~Ñ˛Ñ˛ õƒy!› Δ̨:]

Óyñ X = A–1B

xyõÓ˚y ãy!ò ˆÎñ A–1 = 
AdjA

A
.

| |

~Öòñ |A| = 
2 5 3
3 1 2
1 2 1−

= 2(–1 – 4) – 5(–3 – 2) + 3(6 – 1)  [!òí≈yÎ˚̂ ÏÑ˛Ó˚ !Óhfl ,̨Ï!ì˛ £ú ≤ÃÌõ ¢y!Ó˚Ó˚ ¢y Į̈̂ ô Ï̂«˛]
= 2(–5) – 5(–5) + 3(5) = –10 + 25 + 15 = 40 – 10 = 30  0

 A–1 S!Ó˛ôÓ˚#ì˛ õƒy!› Δ̨:!›˛V x!hfl Į̈cÎ%_´–

Adj.A S¢£ Ï̂ÎyÜ# õƒy!› Δ̨:V = 

1 2
2 1

3 2
1 1

3 1
1 2

5 3
2 1

2 3
1 1

2 5
1 2

5 3
1 2

2 3
3 2

2 5
3 1

− − −

− − − −

−

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟⎟
⎟

T

= 
−

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

5 5 5
11 5 1
7 5 13

T

 = 
−

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

5 11 7
5 5 5
5 1 13

X = A–1B

Óyñ 

x
y
z

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 
1
30

5 11 7
5 5 5
5 1 13

−
−

−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  

9
3
6

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Óyñ 

x
y
z

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 
1
30

45 33 42
45 15 30
45 3 78

− + +
− +
+ −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟   Óyñ 

x
y
z

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 
1
30

75 45
75 15
48 78

−
−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Óyñ 

x
y
z

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 
1
30

30
60
30−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 Óyñ 

x
y
z

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 

30
30
60
30
30

30
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  Óyñ 

x
y
z

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 
1
2
1−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 x = 1, y = 2, z = –1

¢%ì˛Ó˚yÇ !ò Ï̂í≈Î˚ ¢õyïyò É x = 1, y = 2, z = –1 Sv z̨_Ó˚V–
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 v z̨îy£Ó˚íÈÙÙÙÙÙÈÈÈÈÈ8 É Sõƒy!› Δ̨̂ Ï:Ó˚ ˆ«˛ Ï̂eV  Á ÈÈÙÈ~Ó˚ ˆÑ˛yò õy Ï̂òÓ˚ ãòƒ !ò Ï̂â Į̈Î˚ ≤Ãî_ ¢õ#Ñ˛Ó˚í=!úÓ˚

x + y + z = 6
x + 2y + 3z = 10
x + 2y + z = 

(i) ˆÑ˛y Ï̂òy ¢õyïyò ˆò£z (ii) ~Ñ˛!›˛ õye ¢õyïyò xy Ï̂äÈ (iii) x¢ÇÖƒ ¢õyïyò Óì≈̨ õyò–

 ¢õyïyò É The argumented matrix SxÜõƒy Ï̂r›˛v˛ õƒy!› Δ̨:V £ú 

1 1 1 6
1 2 3 10
1 2 m n

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

R2 – R1, R3 – R1 ˛≤Ã Ï̂Î˚yÜ Ñ˛ Ï̂Ó˚ ˛ôy£zñ  ~ 
1 1 1 6
0 1 2 4
0 1 1 6m n− −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

~Öò R3 – R2 ≤ÃˆÏÎ˚yÜ Ñ˛ˆÏÓ˚ ˛ôy£zñ  ~ 
1 1 1 6
0 1 2 4
0 0 3 10m n− −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ï!Ó˚ñ ‘r’ £ú ≤Ãî_ ¢õ#Ñ˛Ó˚í=!ú ˆÌ Ï̂Ñ˛ ≤ÃyÆ ¢£Ü õƒy!› Δ̨:ÈÙÈ~Ó˚ Ó˚ƒyB˛ (rank) ~ÓÇ r £ú xÜõƒy Ï̂r›˛v˛

õƒy!› Δ̨:!›˛Ó˚ Ó˚ƒyB˛–

¢%ì˛Ó˚yÇ (i)ÈÙÈ~Ó˚ ãòƒ xyõÓ˚y !úÖÓ É

  Î!î r  r xÌ≈yÍ  = 3,  10
(ii) ~Ó˚ ãòƒ xyõÓ˚y ˛ôy£z É

Î!î r = r = 3 £Î˚ xÌ≈yÍ Î!î  3, ÈÙÈ~Ó˚ ˆÎ Ï̂Ñ˛y Ï̂òy Óyhfl Į̈Ó õyò Ìy Ï̂Ñ˛–

(iii) ~Ó˚ ãòƒ xyõÓ˚y v ẑ̨ ÏÕ‘Ö Ñ˛Ó˚Ó É

r = r < 3 xÌ≈yÍ  = 3,  = 10
v z̨_Ó˚ É (i)  = 3,  10;  (ii)  3, ÈÙÈ~Ó˚ ˆÎ Ï̂Ñ˛y Ï̂òy Óyhfl Į̈Ó õyò (iii)  = 3,  = 10

6.7 ¢Ç!«˛Æ¢yÓ˚

m ¢ÇÖƒÑ˛ Óyhfl Į̈Ó ¢ÇÖƒy Ï̂Ñ˛ ¢y!Ó˚̂ Ïì˛ ~ÓÇ n ¢ÇÖƒÑ˛ Óyhfl Į̈Ó ¢ÇÖƒy Ï̂Ñ˛ hfl Į̈̂ ÏΩ˛ ¢%!ò!î≈‹T ≤Ã!e´Î˚yÎ˚ ¢yãy Ï̂ú ˆ¢£z

¢Iy ˛ôk˛!ì˛ Ï̂Ñ˛ (Matrix) õƒy!› Δ̨: Óúy £Î˚– ˆÎõòÈÙÙÙÈ

A =

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

×

a a a
a a a

a a a

n

n

m m mn m n

11 12 1

21 22 2

1 2




  


~Öy Ï̂ò ¢y!Ó˚Ó˚ ¢ÇÖƒy m ~ÓÇ hfl Į̈̂ ÏΩ˛Ó˚ ¢ÇÖƒy n ¢õ¢ƒy ¢õyïy Ï̂ò matrix ~Ñ˛!›˛ Üy!í!ì˛Ñ˛ v z̨̨ ôÑ˛Ó˚í Á Óyhfl Į̈Ó

Ó˚y!ü ¢õ,k˛ £ Ï̂Î˚Á ~Ó˚ ˆÑ˛yò !ò!î≈‹T õyò Ìy Ï̂Ñ˛ òy– !Ñ˛ls˘˛ !òí≈yÎ˚̂ ÏÑ˛Ó˚ (determinant) ˆ«˛ Ï̂e ~Ñ˛!›˛ !ò!î≈‹T Óyhfl Į̈Ó

õyò ˛ôyÁÎ˚y ÎyÎ˚–
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xyÓyÓ˚ !òí≈yÎ˚̂ ÏÑ˛Ó˚ ˆ«˛ Ï̂e ˆÎ ˆÑ˛yò ¢y!Ó˚ Óy hfl Į̈Ω˛ Ï̂Ñ˛ ˆÑ˛y Ï̂òy Óyhfl Į̈Ó ¢ÇÖƒy (K ≠ 0) !î Ï̂Î˚ =í Ñ˛Ó˚yÓ˚ xÌ≈ ˛ô%̂ ÏÓ˚y

!òí≈yÎ˚Ñ˛!›˛ Ï̂Ñ˛ ˙ Óyhfl Į̈Ó ¢ÇÖƒy !î Ï̂Î˚ =í Ñ˛Ó˚y– !Ñ˛ls˘˛ Matrix ~Ó˚ ˆ«˛ Ï̂e ˆÑ˛y Ï̂òy !ò!î≈‹T ¢ÇÖƒy !î Ï̂Î˚ =í Ñ˛Ó˚yÓ˚ xÌ≈

Matrix ~Ó˚ ¢y!Ó˚ Á hfl Į̈̂ ÏΩ˛ xÓ!fl˛iì˛ ≤Ã Ï̂ì˛ƒÑ˛ ¢ÇÖƒy Ï̂Ñ˛ =í Ñ˛Ó˚y–

≤Ã!ì˛!›˛ ÓÜ≈yÑ˛yÓ˚ Matrix ~Ó˚ !òí≈yÎ˚Ñ˛ ~Ó˚ õyò !òí≈Î˚ Ñ˛Ó˚y ÎyÎ˚ ˆÎõòÈÙÙÙÈ

Matrix             Determinant

A =
⎡

⎣
⎢

⎤

⎦
⎥

2 1
3 4

        A =
2 1
3 4  = (8 – 3) = 5 = Determinant ~Ó˚ õyò

6.8 xò%ü#úò#

1. Î!î A – 2B = 
0 6 2
6 9 12
2 9 10 3 3

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

 ~ÓÇ 2A + B = 
10 3 4
12 3 4
4 3 0 3 3

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

 £Î˚ñ ì˛ Ï̂Ó A Á B õƒy!› Δ̨: î%!›˛

!òí≈Î˚ Ñ˛Ó˚&ò–

2. Î!î A = 
1 2 3
3 2 1
4 2 1 3 3

−
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×
 £Î˚ ì˛ Ï̂Ó ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ A3 – 23A – 40I3 = 0 Sì,̨ ì˛#Î˚ e´ Ï̂õÓ˚ ü)òƒ õƒy!› Δ̨:V

3. Î!î A = 
1 1 1
1 1 1
2 1 1 3 3

− −
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

 £Î˚ ì˛ Ï̂Ó (i) A–1 (AÈÙÈ~Ó˚ !Ó˛ôÓ˚#ì˛ õƒy!› Δ̨:V !òí≈Î˚ Ñ˛Ó˚&ò–

(ii) !ò Ï̂¡¨y_´ ¢õ#Ñ˛Ó˚í=!úÓ˚ ¢õyïyò Ñ˛Ó˚&ò SA–1ÈÙÈ~Ó˚ ¢y£y Ï̂ÎƒV

x + y + z – 3 = 0
x – y – z + 1 = 0
2x + y – z – 2 = 0

4. Î!î A = 4 2
1 1 2 2−

⎛
⎝⎜

⎞
⎠⎟ ×

  £Î˚ñ ì˛ˆÏÓ (A – 2I)(A – 3I) = 0 (!mì˛#Î˚ e´ Ï̂õÓ˚ ü)òƒ õƒy!› Δ̨:V

ˆÎÖy Ï̂ò I £ú ~Ñ˛Ñ˛ õƒy!› Δ̨: S!mì˛#Î˚ e´ Ï̂õÓ˚V

5. ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ x + y + z = 1
x + y + z =  ... (1)
x + y + z = 2

(1)ÈÙÈ~Ó˚ ÷ï%õye ~Ñ˛!›˛ ¢õyïyò (unique solution) ÌyÑ˛ Ï̂Ó ÎÖò  –2 xÌÓyñ  1
6. A Sõƒy!› Δ̨:VÈÙÈ~Ó˚ v z̨̨ ôÓ˚ ¢yïyÓ˚í¶˛y Ï̂Ó ¢y!Ó˚ ≤Ã!e´Î˚y ≤Ã Ï̂Î˚y Ï̂Ü ˆîÖyò ˆÎ ~Ó˚ fl˛iyò¢)â˛Ñ˛ õyò (rank) = 2 ÎÖò

A = 
6 12 6
1 2 3
5 10 5

− −
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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7. Î!î A Sõƒy!› Δ̨:V = 
4 2 1
3 5 7
1 2 1

−

−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  £Î˚ñ ì˛ Ï̂Ó AÈÙÈˆÑ˛ ≤Ã!ì˛¢õ (symmetric) Á x≤Ã!ì˛¢õ (skew-

symmetric) õƒy!› Δ̨̂ Ï:Ó˚ ˆÎyÜö˛ Ï̂ú ≤ÃÑ˛yü Ñ˛Ó˚y ÎyÎ˚–

[ ≤Ã!ì˛¢õ õƒy!› Δ̨:!›˛ = 

4 0

5

0 1

5
2

5
2

5
2

5
2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

, x≤Ã!ì˛¢õ õƒy!› Δ̨:!›˛ = 

0 1

0

1 0

1
2

1
2

9
2

9
2

− −

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

]

[¢Ç Ï̂Ñ˛ì˛ É ï!Ó˚ñ A = (aij)n×nñ AÈÙÈ~Ó˚ ≤Ã!ì˛¢õ õƒy!› Δ̨: = (A1)n×nñ ˆÎÖy Ï̂ò aij = aji

AÈÙÈ~Ó˚ x≤Ã!ì˛¢õ õƒy!› Δ̨: = (A2)n×n ˆÎÖy Ï̂òñ aij = – aji

≤Ãïyò Ñ˛ Ï̂í≈Ó˚ ¢õhfl Į̈ ˛ô Ï̂îÓ˚ õyò = 0]

A = 
1
2

(2A) = 
1
2

[(A + AT) (≤Ã!ì˛¢õV + (A – AT) (x≤Ã!ì˛¢õV [≤ÃˆÏÎ˚yÜ Ñ˛Ó˚ˆÏì˛ £ˆÏÓ]

8. Î!î A Sõƒy!› Δ̨:V = 
3 4
1 1 2 2−

⎛
⎝⎜

⎞
⎠⎟ ×

 ì˛ Ï̂Ó ˆîÖyò (A + AT) ~Ñ˛!›˛ ≤Ã!ì˛¢õ õƒy!› Δ̨: (symmetric matrix)

~ÓÇ (A – AT) ~Ñ˛!›˛ x≤Ã!ì˛¢õ õƒy!› Δ̨: (skew symmetric) Îy Ï̂îÓ˚ ≤Ã Ï̂ì˛ƒÑ˛!›˛ e´õ £ú (2 × 2)–

9. A = 
3 1 1
2 2 1
2 2 0 2 2

−
−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×
ÈÙÈ~Ó˚ ˆ«˛ Ï̂e ˆîÖyò ˆÎñ 1 ~Ñ˛!›˛ xy£ẑ ÏÜò õyò (eigen value)

10. È(i) ≤Ãõyí Ñ˛Ó˚&ò ˆÎñ X = (2, 0, 1) £ú ~Ñ˛!›˛ eigen vector !ò Ï̂¡¨ ≤Ãî_ A õƒy!› Δ̨̂ Ï:Ó˚ ˆ«˛ Ï̂eñ

A = 
3 1 4
0 2 0
0 0 5 3 3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

×

(ii) v z̨̨ ô!Ó˚v z̨_´ A Sõƒy!› Δ̨̂ Ï:Ó˚V ¢Ñ˛ú ‘eigen value’ !òí≈Î˚ Ñ˛Ó˚&ò–

6.9 @˘Ãs˛i˛ôO#

1. A Text Book of Matrices : Shanti Narayan and P.K. Mittal, S. Chand & Co. Ltd.,
New Delhi.

2. Simplified Course in Matrices : H.K. Dass, S. Chand, New Delhi.
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