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1.1 vþzöìjŸÄ

~„þ!Ýþ ‰þœîûy!Ÿë%=þ xöìþ™Çþ„þ xöìþ™Çþy ”%£z îy “þöì“þy!•„þ ‰þœë%=þ xöìþ™Çþ„þ x!•„þ“þîû †%îû%cþ™)’Å ¦)þ!›„þy
xíÅ̃ #!“þöì“þ ~î‚ !îKþyöì̃ îû !î!î• öÇþöìe þ™!îûœ!Çþ“þ £ëûÐ îhß$þ“þ– ~„þ ‰þöìœîû xöìþ™Çþöì„þîû ›“þ£z ”%£z îy
“þöì“þy!•„þ ‰þœë%=þ xöìþ™Çþöì„þîû ¢#›y– ¢hsþ“þy– xî„þœöì̃ îû ç ¢›y„þœöì̃ îû •yîû’y xyîûç îÄyþ™„þ¦þyöìî !îhß+þ“þ
£ëûÐ “þ!vþüê !îKþy˜ ç „þy!îû†!îû !î”Äyëû ò~„þy!•„þ ‰þœë%=þ xöìþ™Çþöì„þîû †y!’!“þ„þ ²Ìöìëûy† x!•„þ ›yeyëû ‡öìÝþÐ
•!îû z  f (x, y) xöìþ™Çþöì„þîû ›öì•Ä ”%!Ýþ ßþºy•#˜ ‰þœ x ç y î“Åþ›y˜Ð x ç y éôé~îû !î!¦þ§¬ ›yöì̃ îû ‹˜Ä

xöìþ™Çþ„þ z ~„þ!Ýþ ¢›“þöìœîû xMþœöì„þ ²Ì„þyŸ „þöìî ûÐ vþ z”y£îû’ßþ ºî û ) þ™– •!îû  ,z f x y

 2 29 ,x y    öë…yöì̃  2 2 9x y   î,öì_îû ~„þ!Ýþ xMþœöì„þ£z î%GþyëûÐ !„þhs$þ– ë!” 2 2z x

2 9y   !œ!…– “þy ~„þ!Ýþ ö†yœöì„þîû þ™,Ûþ“þœöì„þ !˜öì”ÅŸ „þóîûöìîÐ ¢%“þîûy‚– !m›y!e„þ ‹Äy!›!“þîû xyöìœyöì“þ

 ,z f x y  ¢îÅ”y ¢›“þöìœîû ~„þ!Ýþ xMþœ !˜öì”ÅŸ„þ xöìþ™Çþ„þ !£¢yöìî †’Ä £ëûÐ xy›yöì”îû xyöìœy‰þ˜y

~„þy!•„þ ‰þöìœîû xöìþ™Çþöì„þîû öÇþöìe Ÿ%•%›ye ”%!Ýþ !˜îûöìþ™Çþ ßþºy•#˜ ‰þöìœîû ›öì•Ä ¢#›yîå• íy„þöìîÐ

1 
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1.2 ²Ìhßþyî˜y

•!îû x ç y ‰þœë%=þ xöìþ™Çþ„þ    , · ,f x y z x y  ë“þ£z ú xMþœ¢£ (a, b) !”öì„þ x@ùÌ¢îû £ëû

“þ“þ£z z, l S!˜!”ÅTþ ¢‚…ÄyV éôé ~îû !˜„þÝþî“þ#Å £ëûÐ ~›“þ xîÞíyëû– xy›îûy ‡Ýþ˜y!Ýþöì„þ ²Ì„þyöìŸîû ‹˜Ä !œ…î õ

( , ) ( , )
( , )




x y a b
Lt f x y l

!îöìÙÕ¡ì’›%…# ¢‚Kþy

•!îû– l S!˜!”ÅTþ ¢‚…ÄyV ~î‚ ößþºFŠéy•#˜ Ç%þo•˜ ¢‚…Äy  ~îû ‹˜Ä ö¢…yöì̃  vþzþ™!Þí“þ ~„þ!Ýþ x!“þÇ%þo
•˜¢‚…Äy  xy„þyöìîû Sëy  ~îû þvþzþ™îû !˜¦ÅþîûŸ#œV ëyöì“þ | f (x, y) – l | <  ë…˜ 0 < | x – a | < 
~î‚ 0 < | y – b | <  £ëûÐ “þ…˜ xy›îûy l ö„þ f (x, y) éôé~îû ¢#›yîû)öìþ™ !‰þ!£«“þ „þóîûî ë…˜ (x, y),
(a, b) éôé~îû …%î£z !˜„þÝþî“þ#Å £öìîÐ

²Ì“þ#öì„þ– ( , ) ( , )
( , )




x y a b
Lt f x y l

vþz”y. •!îû– xöìþ™Çþ„þ S”%!Ýþ ‰þœë%=þV f (x, y) 2x y ~î‚  ~„þ!Ýþ x!“þ Ç%þo •˜ ¢‚…ÄyÐ

~…˜–        , 4 2 4 2 1 2f x y x y x y       

 2 1 2 2 24x y         

ë…˜ 1 4x     ~î‚ 2 2y   

ë!” 4    éôéö„þ @ùÌ£’ „þîûy £ëû ëy  2, 4   éôé~îû ›öì•Ä Ç%þo“þîû ›y˜– “þöìî  , 4 ,f x y   

ë…˜ 1x     ~î‚ 2y   

¢%“þîûy‚ ( , ) (1,2)
( , ) 4




x y
Lt f x y

1.3 ”%!Ýþ ‰þœë%=þ xöìþ™Çþöì„þîû ¢hsþ“þy

•!îû–  ,z f x y  S”%!Ýþ ‰þœ ë%=þV xöìþ™Çþ„þ ~„þ!Ýþ xMþöìœ ¢%¢‚Kþy“þÐ ú xMþœÞí ~„þ!Ýþ !˜!”ÅTþ

!î¨% (a, b) ö“þ ‘f’ ¢hsþ“þ (continuous) £öìî– ë!” ( , ) ( , )
( , ) ( , )




x y a b
Lt f x y f a b  £ëûÐ
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!î.o. ~„þ!Ýþ !˜!”ÅTþ xMþöìœîû ²Ìöì“þÄ„þ !î¨%öì“þ ë!” ö„þyöì̃ y ¢%¢‚Kþy“þ xöìþ™Çþ„þ ¢hsþ“þ £ëû “þöìî f ö„þ
ú xMþöìœ ¢y›!@ùÌ„þ¦þyöìî ¢hsþ“þ îœy £öìîÐ

vþz”y. •!îû–  , 2 3f x y x y   ë…˜    , 1,1 ,x y   , 5f x y   ¢%“þîûy‚ x!hsþ› þ™ëÅyöìëû–

 , 5.Lt f x y    , 1,1x y 

„þyîû’–      , 5 2 3 5 2 1 3 1f x y x y x y       

2 1 3 1x y   

2· 4 3· 6     Söë…yöì̃   > 0, Ç%þo ¢‚…ÄyV

•!îû–  min 4, 6 6       Së…˜–  £œ x!“þ Ç%þo •˜ ¢‚…ÄyV £ëû “þöìî

 , 5 ,f x y     ë…˜ ,x    1 .y   

( , ) (1,1)
( , ) 5


 

x y
Lt f x y

~Þíöìœ–  1,1 2 1 3 1 5f     

( , ) (1,1) Lt f x y f

~„þ „þíyëû–  ,f x y  xöìþ™Çþ„þ!Ýþ (1,1) !î¨%öì“þ ¢hsþ“þÐ

!î. o. !“þ˜ îy “þöì“þy!•„þ ‰þœë%=þ xöìþ™Çþöì„þîû öÇþöìe– vþzþ™öìîûy=þ •yîû’y!Ýþ ò¢#›yó ç ò¢hsþ“þyîûó öÇþöìe
¢›¦þyöìî ²Ìöìëy‹Ä £ëûÐ

1.4 ”%!Ýþ ‰þœë%=þ xî„þœöìëy†Ä xöìþ™Çþöì„þîû ¢‚Kþy Sxy‚!Ÿ„þ ¦þyöìîV

•!îû–  ,z f x y  S”%!Ýþ ‰þœë%=þ xöìþ™Çþ„þV

~…˜– x ¢yöìþ™öìÇþ  ,f x y  éôéö„þ xî„þœöìëy†Ä ö‡y¡ì’y „þîûyîû ¢›ëû xîŸÄ£z y ö„þ •Ê%î„þ !£¢yöìî @ùÌ£’

„þîûöì“þ £öìîÐ ö¢ ‹˜Ä  ,f x y  éôéö„þ x ¢yöìþ™öìÇþ òxy‚!Ÿ„þ ¦þyöìî xî„þœöìëy†Äó îœy £ëû ~î‚ £z£yöì„þ

f
x



îy  ,xf x y  !£¢yöìî ²Ì„þyŸ „þîûy £ëûÐ
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xf  îy 
   

0

, ,
,



   
 h

f x h y f x yf Ltx h  ë!” ~£z ¢#›yîû x!hßþc î‹yëû íyöì„þÐ

S~ Þíöìœ– h x, x éôé~îû Ç%þo“þ› î,!å•öì„þ ¢)!‰þ“þ „þöìîûV

x’%îû)öìþ™–  ,f x y  éôéö„þ y ¢yöìþ™öìÇþ Söë…yöì̃  x •Ê%î„þ þ™” !£¢yöìî †’Ä £öìîV xy‚!Ÿ„þ ¦þyöìî xî„þœéôé

öëy†Ä £öìî ë!”

yf  îy 
   

0

,


   
 k

f x y k f yf Ltx h  Së!” ¢#›y x!hßþcë%=þ £ëûV

Söë…yöì̃ – k y, y éôé~îû Ç%þo“þ› î,!å•öì„þ ¢)!‰þ“þ „þöìîûV

vþz”y. •!îû– (i)   2 2,f x y x y  S”%!Ýþ ‰þœ x ç y éôé~îû ~„þ!Ýþ xöìþ™Çþ„þV– fx !˜’Åëû „þîû (1,2)

!î¨%öì“þÐ

¢›y•y˜ õ 
 

     
01,2

1 , 2 1,2
1,2x

h

h ff f Lt fx h

      

 2 2 2 2

0

1 2 1 2
h

h
Lt h

   


 2

0 0

21 2 1 4
h h

h hh hLt Lth h 

   

 
0

4 2 4 2 8
h
Lt h


    

(ii) •!îû–   2 2, , yf x y x y f  !˜’Åëû „þîû (1,2) !î¨%öì“þÐ

~Þíöìœ– fy îy 
 

   
01,2

1,2 1,2
k

f k ff Lty k

     

 22 2 2

0

1 2 1 2
k

k
Lt k
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 2
2

0 0

4 4 4 4 4 4
k k

k k k kLt Ltk k 

             
   

   
0 0

4
4 4

k k

k k
Lt Lt kk 


   

 Homogeneous function S¢››y!e„þ xöìþ™Çþ„þV

•!îû–   1 2 2 1
0 1 2 1, ....n n n n n

nf x y a x a x y a x y a xy y  
     

~öìÇþöìe œÇþ’#ëû öë x ç y éôé~îû ¢)‰þöì„þîû öëy†šþœ ¢îÅ”y nÐ ¢%“þîûy‚ xöìþ™Çþ„þ!Ýþöì„þ ~„þ!Ýþ ¢››y!e„þ
xöìþ™Çþ„þ (homogeneous function) !£¢yöìî †’Ä „þîûy £ëû ëyîû ›yey (degree) £óœ n.

 ,f x y  S¢››y!e„þ xöìþ™Çþ„þV éôéö„þ !˜öìÁ¬y=þ¦þyöìîç öœ…y ëyëûÐ

 
2

0 1 2, ....
n

n y y yf x y x a a ax x x
                

       

n yx x
   
 

vþz”y.   3 3, xyf x y
x y




 ~„þ!Ýþ ¢››y!e„þ xöìþ™Çþ„þ ëyîû ›yey £œ (–1).

[ „þyîû’–  
  33

,
1

xyf x y
x y x




     3 11 1y x y x x y xx
    ]

1.5 xëûœyîû vþzþ™þ™y”Ä

”%!Ýþ ‰þöìœîû öÇþöìe– ¢››y!e„þ xöìþ™Çþöì„þîû ‹˜Ä

ë!” f îy  , ,n yf x y x nx
   
 

 ›yeyîû ~„þ!Ýþ ¢›¢c xöìþ™Çþ„þ £ëû “þöìî xëûœyîû vþzþ™þ™y”Äy˜%¢yöìîû

f fx y nfx y
  
 



NSOU  GE-CO-2112

²Ì›y’ õ ~Þíöìœ–  , n yf x y x x
   
 

1
2

n nf y y ynx xx x x x
                   

 Sx ¢yöìþ™öìÇþ xy‚!Ÿ„þ xî„þöìœîû öÇþöìeV

1 2·n ny ynx yxx x
          

   

x˜%îû)öìþ™– 1· ·nf yxy x x
       

 ( y ¢yöìþ™öìÇþ xy‚!Ÿ„þ xî„þöìœîû ‹˜ÄV

1n yx x
     

 
f fx yx y
  
 

1 1n n ny y ynx x y x yx x x
                 

     

n ynx x
   
 

 ,nf x y nf   S²Ì›y!’“þV

!î. o. (i) ë!”–  , ,f x y z  ~„þ!Ýþ ¢››y!e„þ xöìþ™Çþ„þ £ëû ~î‚ ëyîû ›yey ‘n’ “þöìî xëûœyîû

vþzþ™þ™y”Äy˜%¢yöìîû– f f fx y zx y z
   
     , ,nf x y z  S²Ìí› „Êþöì›îû ‹˜ÄV

(ii) ë!”  ,f x y  ~„þ!Ýþ ¢››y!e„þ xöìþ™Çþ„þ £ëû ~î‚ ëyîû ›yey n, “þöìî xëûœyîû vþzþ™þ™y”Äy %̃¢yöìîû–

   
2

1 ,x y f n n f x yx y
       

 S!m“þ#ëû „Êþöì›îû ‹˜ÄV

(iii) ë!”  , ,f x y z  ~„þ!Ýþ ¢››y!e„þ xöìþ™Çþ„þ £ëû ~î‚ ëyîû ›yey n,“þöìî xëûœyîû vþzþ™þ™y”Äy %̃¢yöìîû–

 
2

, ,x y z f x y zx y z
        

2
x y z fx y z

         
   1 , ,n n f x y z 

[ !m“þ#ëû „Êþöì›îû ‹˜Ä]
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vþzF‰þ“þîû „Êþöì›îû xy‚!Ÿ„þ¦þyöìî xî„þœöìëy†Ä xöìþ™Çþöì„þîû öÇþöìe (Higher order partial derivatives
of a function)

•!îû–  ,f x y  ”%!Ýþ ‰þœë%=þ ~„þ!Ýþ xöìþ™Çþ„þÐ

xy›îûy– ²Ìí› „Êþöì›îû (first order) xy‚!Ÿ„þ ¦þyöìî xî„þœöìëy†Ä xöìþ™Çþöì„þîû öÇþöìe– f
x



 îy fx ~î‚

f
y

  îy fy éôéö„þ þ™)öìîÅ£z ¢‚Kþy!ëû“þ „þöìîû!ŠéÐ ë!” þ™)öìîÅîû •yîû’yöì„þ xyîûç vþzF‰þ“þîû „Êþöì›îû öÇþöìe !îhßþy!îû“þ

„þîûy ëyëû “þöìî ›)œ“þ !m“þ#ëû „Êþöì›îû ‹˜Ä–

(i) 
2

2
f

x



 Sx ¢yöìþ™öìÇþV S!m“þ#ëû „Êþöì›îû öÇþöìeV 
f

x x
     

 îy xxf

(ii) 
2

2
f

y



(y ¢yöìþ™öìÇþV S!m“þ#ëû „Êþöì›îû ‹˜ÄV f
y y

     
 îy yyf

(iii) 
2

xy
f f fx y x y

        

(iv) 
2

yx
f f fy x y x

        
 þ™yçëûy ëyëûÐ

~£z¦þyöìî– „Êþ›Ÿ “,þ“þ#ëû „Êþ›– ‰þ“%þíÅ „Êþ›– Sxyîûç vþzF‰þ“þîû „Êþöì›îû ‹˜ÄV xy‚!Ÿ„þ¦þyöìî xî„þœöìëy†Ä
xöìþ™Çþ„þöì„þ þ™yçëûy ëyöìîÐ

¢y•yîû’ ¦þyöìî– vþzöìÍÔ…öìëy†Ä öë 
2 2f f
x y y x
 
   

 Së…˜– fx , fy, fxy, fyx x!hßþc ë%=þ ~î‚ fxy ~î‚ fyx

vþz¦þöìëû£z ¢hsþ“þV

ë!” fx , fy, fxy, fyx x!hßþcë%=þ !„þhs$þ fxy ~î‚ fyx vþz¦þöìëû ¢hsþ“þ ˜ëû “þ…˜ xy yxf f

xëûœyîû vþzþ™þ™yöì”Äîû ²Ìöìëûy† (Application of Euler’s theorem)

vþz”y. 1 ë!” 
3 3

1tan x yu x y
      

 £ëû “þöìî ²Ì›y’ „þîû%̃  öë sin 2u ux y ux y
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¢›y•y˜ õ Ÿ“þÅy %̃¢yöìîû–

3 3
1tan x yu x y

      

îy– 
3 3

tan x yu x y



 
 

3
3 1

1

yx x

x y x

       


 
 

3
2

2
1

1

yx x yx xy x

              

¢%“þîûy‚ tan u ~„þ!Ýþ ¢››y!e„þ (homogeneous) xöìþ™Çþ„þ ëyîû ›yey (degree) £óœ 2.

•!îû– tanv u

2v vx y vx y
   
   Sxëûœyîû vþzþ™þ™y”Ä x˜%¢yöìîû

îy– 
2 2sec sec 2 tanu ux u y u ux y

  
 

îy– 2sec 2 tanu ux y u ux y
      

îy–   2sin2 ·coscos
u u ux y ux y u
  
 

îy– 2sin cosu ux y u ux y
  
 

îy– sin 2u ux y ux y
  
 

 S²Ì›y!’“þV

vþz”y. 2 ë!” 1 1sin tan yxu y x
        
   

 £ëû “þöìî ö”…y˜ öë 0.u ux yx y
  
 

¢›y•y˜ õ ~ Þíöìœ– 1 1sin tan yxu y x
        
   

 S²Ì”_V

2

2 2 22 2
1y yu x

x y x y xy x
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2 22 2
1 y

x yy x
 



 2 22 2
..... ixyu xx x x yy x

  
 

þ™%˜îûyëû–  2

2 2 22 2
1         

yu x x
y xy x yy x

2 22 2
x x

x yy y x
  



 2 22 2
..... iixyu xy y x yy x

   
 

(i)  (ii) „þöìîû þ™y£z

2 2 2 22 2 2 2
xy xyu u x xx yx x x y x yy x y x

     
    

îy– 0,u ux yx x
  
   S~Ýþy£z !˜öì’Åëû šþœV

!î.o. S¢›¢Äy!Ýþöì„þ– xëûœyîû vþzþ™þ™y”Ä x˜%ëyëû# ¢›y•y˜ „þîûy ëyëûÐV

vþz”y. 3 ë!” 
2 2


x yu
x y    , 0,0x y   £ëû “þöìî k ~îû ›y˜ „þ“þ £öìœ 

yux y kux y
  

 

£öìîÚ
¢›y•y˜ ƒ ~…yöì̃ –

u xíÅyê  
2 2

, 


x yu x y
x y

2
2 1

1

yx x

yx x
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2 2

1 32 2 2
1 2 1 2

1 1

1 1

y y
x x

x x
y y
x x



                       
              

ßþ™Tþ“þ£z  ,u x y  ~„þ!Ýþ ¢››y!e„þ xöìþ™Çþ„þ– ëyîû ›yey £óœ 3/2.

 xëûœyîû vþzþ™þ™y”Äé éx %̃¢yöìîû– xy›îûy þ™y£z–

 3 ..... i2
u ux y ux y
  
 

²ÌÙÀ›öì“þ–  ..... iiyux y kux y
  

 

¢%“þîûy‚– k éôé~îû ›y˜ 3/2 [(i) ç (ii) ö„þ “%þœ˜y „þöìîû ]
vþz_îû õ k 3/2

vþz”y. 4 ë!” 
2 2x yu x y


 £ëû “þöìî xëûœyîû vþzþ™þ™y”Ä ²Ìöìëûyöì† u ux yx y
     

 ö„þ !˜’Åëû „þóöìîû ö”…y˜

öë 
2 2 22 2

2 22 6 .u u ux xy y ux yx y
    

  

¢›y•y˜ õ ~öìÇþöìe–

   
2 2

, x yu x y
x y




 
 

4 2 2
3

1

x y x yx xx y x
      

u (x, y) ~„þ!Ýþ ¢››y!e„þ xöìþ™Çþ„þ– ëyîû ›yey £óœ 3.
¢%“þîûy‚ xëûœyîû vþzþ™þ™y”Ä éx %̃¢yöìîû–

 3 ..... 1  
 
u ux y ux y

(1) ˜‚ ö„þ x ¢yöìþ™öìÇþ xî„þœ „þöìîû þ™y£z
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2 2

2 1 3 ..... 2u u u ux yx x y xx
     

   

~îyîû (1) ˜‚ ö„þ y ¢yöìþ™öìÇþ xî„þœ „þöìîû þ™y£z–

 
2 2

21· 3 ..... 3u u u ux yy x y yy
     
   

[ (2) × x  (3) × y ] „þöìîû þ™y£z

2 2 22 2
2 22 3u u u u u u ux x xy y y x yx x y y x yx y

                    

2 2       
 u u

x y y x

îy– 
2 2 22 2

2 22u u ux xy yx yx y
   

  

2 u ux yx y
      

2·3u ((1) ˜‚ ¢Á™„þÅ öíöì„þV
 6u,

~Ýþy£z !˜öì’Åëû šþœÐ

vþz”y. 5 ë!”   1 1, tan siny xf x y x y
        
   

 £ëû “þöìî xëûœyîû vþzþ™þ™y”Ä ²Ìöìëûyöì† f fx yx y
 
 

éôé~îû ›y˜ !˜’Åëû „þîû%̃ Ð

¢›y•y˜ õ ~öìÇþöìe–   1 1, tan sin ,y xf x y x y
        
   

 xöìþ™Çþ„þ!Ýþ ¢››y!e„þ !„þ˜y þ™îû#Çþy

„þîûy ¢îÅyöì@ùÌ ²Ìöìëûy‹˜Ð

  1 1, tan sinty txf tx ty tx ty
         
   

1 1tan siny x
x y

        
     0 ,t f x y
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¢)e (1) : f (x, y) xöìþ™Çþ„þ ¢››y!e„þ £öìî ë!”    , ,nf tx ty t f x y  öë…yöì̃  n xöìþ™Çþöì„þîû

›yey ~î‚ t S‰þœV– x ç y vþzþ™îû !˜¦ÅþîûŸ#œ £öìî ˜yÐ

¢%“þîûy‚  ,f x y  xöìþ™Çþ„þ!Ýþ ¢››y!e„þ ëyîû ›yey (degree) £óœ 0.

 xëûœyîû vþzþ™þ™y”Ä éx %̃¢yöìîû–

 0 ,f fx y f x yx y
   
 

0

 !˜öì’Åëû 0f fx yx y
  
   Svþz_îûV

vþz”y. 6 ë!”  , y yu x y xf gx x
       
   

 £ëû– “þöìî ²Ì›y’ „þîû%̃  öë yu ux y xfx y x
        

~î‚ 2 22 0xx xy yyx u xy u y u   

¢›y•y˜ õ •!îû–   1, y yv x y xf x fx x
       
   

~î‚   0, y yw x y g x gx x
       
   

  0 1, 0x x 

ßþ™Tþ“þ– v ~„þ!Ýþ ¢››y!e„þ xöìþ™Çþ„þ S›yey 1)

~î‚ w ~„þ!Ýþ ¢››y!e„þ xöìþ™Çþ„þ S›yey 0)Ð

 xëûœyîû vþzþ™þ™y”Äé éx˜%¢yöìîû–

1v vx y v vx y
    
 

 ......(1)

~î‚ 0 0      
 
w wx y wx y

 ....(2)

{(1) + (2)} éôé~îû ›y•Äöì› þ™y£z–
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u ux y vx y
  
 

  u v w 

yxf x
   
 

 
yv xf x

       
  S²Ì›y!’“þV

öëöì£“%þ v ~î‚ w vþz¦þöìëû£z ¢››y!e„þ– ›yey ëíy„Êþöì› 1 ~î‚ 0, ¢%“þîûy‚ xëûœyîû vþzþ™þ™y”Ä S!m“þ#ëû
„Êþ›V x˜%¢yöìîû–

 
2

1 1 1 0x y v vx y
          

....(3)

[  ,u x y  ¢››y!e„þ xöìþ™Çþ„þ S›yey  n) éôé~îû öÇþöìe !m“þ#ëû „Êþ› xëûœyîû vþzþ™þ™y”Ä £óœ

 
2

1x y u n n ux y
       

]

~î‚  
2

0 0 1x y w wx y
        

 0.....(4)

{(3) + (4)} éôé~îû ¢y£yöìëÄ–

 
2

0 0x y v wx y
        

îy– 
2

0x y ux y
      

  u v w 

îy– 
2 2 22 2

2 22 0u u ux xy yx yx y
    

  
 Söë…yöì̃  

2 2u u
x y y x
 
   

)

îy– 2 22 0xx xy yyx u xyu y u    S²Ì›y!’“þV

vþz”y. 7 ë!”  
 

 

2 2

,
2 2 1

n
x y y xf x y x x yn n

              
 £ëû “þöìî xëûœyîû vþzþ™þ™y”Ä ²Ìöìëûyöì†

²Ì›y’ „þîû%̃  öë  2 2 2 22
n

xx xy yyx f xyf y f x y   
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¢›y•y˜ ƒ •!îû–  
 

   

2
2

2 2 1
P ,

2 2 1 2 2 1

n
nn yx xx y

x y
n n n n

          
 

  1Q , y yx y x xx x
         
   

~î‚   0R , ,y yx y xx x
         
     0 1, 0x x 

ßþºy¦þy!î„þ¦þyöìî– P, Q ~î‚ R ²Ìöì“þÄöì„þ£z ¢››y!e„þ xöìþ™Çþ„þ– ›yey†%!œ ëíy„Êþöì› 2n, 1 ~î‚ 0.
 xëûœyîû vþzþ™þ™y”Ä ²Ìöìëûyöì† þ™y£z–

S!m“þ#ëû „Êþöì›îûV

   
2

P 2 2 1 P..... 1x y n nx y
       

   
2

Q 1 1 1 Q 0..... 2x yx y
        

~î‚    
2

R 0 0 1 R 0..... 3x yx y
        

{(1) + (2) + (3)} „þóöìîû þ™y£z

   
2

P Q R 2 2 1 P 0 0x y n nx y
           

îy–  
2

2 2 1 Px y f n nx y
       

  P Q Rf   

îy–  
 

 

2 22 2 2
2 2

2 22 2 2 1
2 2 1

n
x yf f fx xy y n nx y n nx y

     
   

îy–  2 2 2 22
n

xx xy yyx f xy f y f x y     S²Ì›y!’“þV
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vþz”y. 8 ë!”   3 3 2 2, 3 3u x y x y x y xy     £ëû “þöìî f ¢››y!e„þ !„þ˜y þ™îû#Çþy „þîû%̃  ~î‚

¢››y!e„þ £öìœ xëûœyîû vþzþ™þ™yöì”Äîû ¢“þÄ“þy ëy‰þy£z „þîû%̃ Ð

¢›y•y˜ õ ~ Þíöìœ–

  3 3 2 2, 3 3u x y x y x y xy   

 3x y 

33
31 1y yx xx x

                
      

3 yx x
    
 

 u (x, y) ~„þ!Ýþ ¢››y!e„þ xöìþ™Çþ„þ ëyîû ›yey £óœ 3.

¢%“þîûy‚– u (x, y) ¢››y!e„þ xöìþ™Çþ„þ S›yey 3V £çëûyëû xëûœyîû vþzþ™þ™y”Ä éx˜%ëyëû# xy›îûy þ™y£z

 3 .... 1u ux y ux y
  
 

~…˜ (1) ˜‚ ¢Á™öì„Åþîû ¢“þÄ“þy ëy‰þy£z „þîûöì“þ £öìîÐ

ßþ™Tþ“þ£z–  3 3 2 23 3u x y x y xyx x
    
 

2 23 0 6 3x xy y   

 2 23 6 3 ..... 2x xy y  

~î‚  3 3 2 23 3u x y x y xyy y
    
 

2 20 3 3 6y x xy   

 2 23 3 6 ..... 3y x xy  
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   2 2 2 23 6 3 3 3 6u ux y x x xy y y y x xyx y
        
 

[(2) ç (3) ˜‚ ~îû ¢y£yöìëÄ ]

3 2 2 3 2 23 6 3 3 3 6x x y xy y xy xy     

3 3 2 23 3 9 9x y x y xy   

 3 3 2 23 3 3 3x y x y xy u    

 (1) ˜‚ ¢Á™„Åþ!Ýþ ëíyíÅ xíÅyê ²Ì”_ ¢››y!e„þ xöìþ™Çþöì„þîû öÇþöìe xëûœyîû vþzþ™þ™y”Ä!Ýþ ¢“þÄÐ

vþz”y. 9 ë!” 
2 2

1sin x yu x y
      

 £ëû “þöìî ²Ì›y’ „þîû%̃  öë  tanu ux y ux y
  
 

¢›y•y˜ ƒ ~öìÇþöìe– 
2 2

1sin x yu x y
      

 S²Ì”_V

îy– 
2 2

sin x yu x y



  

2
2 1

1

yx x

x y x

       


1 yx x
   
 

•!îû– v  sin u S~„þ!Ýþ ¢››y!e„þ xöìþ™Çþ„þ– ›yey 1)

 xëûœyîû vþzþ™þ™y”Äéôéx˜%¢yöìîû–

1v vx y vx y
   
 

v.....(1)
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~…˜– cosv uux x
 
 

~î‚ cosv uuy y
 
 

 (1) ˜‚ öíöì„þ cos sinu ux y u ux y
      

îy–  tanu ux y ux y
  
 

 S²Ì›y!’“þV

vþz”y. 10 ë!” 
3 3

2 2loge
x yv
x y

     
 £ëû– “þöìî ö”…y˜ öë 1v vx yx y

  
 

¢›y•y˜ ƒ ~ Þíöìœ–

3 3

2 2loge
x yv
x y

     
 S²Ì”_V

îy– 
3 3

2 2
v x ye

x y



3
3

2
2

1

1

yx x

yx x

       
       

1·    
 

yx x

¢%“þîûy‚– ev ~„þ!Ýþ ¢››y!e„þ xöìþ™Çþ„þ ëyîû ›yey £óœ 1.

 xëûœyîû vþzþ™þ™y”Ä ²Ìöìëûyöì† þ™y£z–
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1

v v
v

e e
x y ex y
 

  
 

îy–    v v vx e y e ex v
  
 

îy– v v vv vxe ye ex y
  
 

îy– v vv ve x y ex y
      

îy– 1,v vx yx y
  
   ~Ýþy£z !˜öì’Åëû šþœÐ

1.6 !î‹!vþü“þ îy xhsþ!˜Å!£“þ xöìþ™Çþöì„þîû ÷î!ŸTþÄ

•!îû–  , 0,f x y   ”%!Ýþ ‰þœîûy!Ÿ x ç y éôé~îû xöìþ™Çþ„þÐ ~öìÇþöìe y éôéö„þ ¢îûy¢!îû x éôé~îû ›y•Äöì›

²Ì„þyŸ „þîûyÝþy „þTþ¢y•Ä £ëû „þyîû’ x ç y ‰þœ ”%!Ýþîû ¢›§ºöìëû f xöìþ™Çþ„þ!Ýþ †!àþ“þ îöìœÐ “þî% !îöìŸ¡ì

ö„þïŸöìœ– x ç y éôé~îû ›öì•Ä vþzþ™!Þí“þ ~£z ¢Á™„Åþöì„þ ~›˜¦þyöìî „þyöì‹ œy†yöì“þ £ëû ëyöì“þ 
2

2, ,....dy d y
dx dx

£z“þÄy!” !˜’Åëû „þyöìœ xy›îûy •öìîû ö˜î y öë˜ x ~îû xöìþ™Çþ„þ ~î‚ ¢y£yëÄ ö˜î xy‚!Ÿ„þ xî„þöìœîû xíÅyê
fx, fy ~îûÐ

Implict function theorem : S!î‹!vþü“þ îy xhsþ! Å̃!£“þ xöìþ™Çþöì„þîû vþzþ™þ™y”ÄV

•!îû–  , 0f x y   ........ (1)

y ö„þ x ¢yöìþ™öìÇþ xî„þœöìëy†Ä •öìîû !˜öìëû xy›îûy fx ç fy !˜’Åëû „þóîûî Söë…yöì̃  fx, fy vþz¦þöìëû£z ¢hsþ“þV
xy›îûy (1) ˜‚ ö„þ xî„þœöìëy†Ä „þîûyîû ¢›ëû f ~îû î,!å•öì„þ x ~îû î,!å• ç x˜%îû)öìþ™ y ~îû î,!å• î“Åþ›y˜
¦þyîî „þyîû’ f (x, y)– ‰þœ x ç y éôé~îû ‹!vþü“þ xöìþ™Çþ„þÐ

šþöìœ xî„þœ !˜ëûöì›– · 0f f dydx
x dx y dx
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îy–  .... 2

 
      

       

x

y

f
fy x

x ff
y

 Së…˜– 0yf  V

!î. o. (2) ˜‚ éôéö„þ þ™%˜îûyëû xî„þœ˜ „þöìîû Sx ¢yöìþ™öìÇþV þ™y£z–

 
2

2 2

y xx yx x xy yy

y

dy dyf f f f f fdx dxd y
dx f

                     

dy
dx  éôé~îû ›y˜ ²Ì!“þÞíyþ™˜ „þöìîû þ™y£z–

 
2 22

2 2
2

..... 3xx y yx x y yy x

y

f f f f f f fd y
dx f

  
  
 
 

xöìþ™Çþöì„þîû ›öì•Ä ”%!Ýþ xöìþ™Çþ„þ î“Åþ›y˜ (Functions of two functions) ƒ

•!îû–  ,u f x y  öë…yöì̃   ,x      ~î‚  ,y     [ ,   þ™îûßþ™îû ßþºy•#˜ ‰þœ„þ ]

~…˜– · · yu u u u
x y

    
    

~î‚ · · yu u u u
x y

    
    

(c) ¢y›!@ùÌ„þ ¦þyöìî ²Ì„þy!Ÿ“þ xî„þœéôé†%’y‚„þ (Total differential co-efficient) ƒ

•!îû–  ,u f x y  öë…yöì̃    x t  ~î‚   y t

· ·dydu u dx u
dt x dt y dt

   
 

~Þíöìœ– du
dt  ö„þ t éôé~îû ¢yöìþ™öìÇþ u ~îûé ‘total differential co-efficient’ îy ö›yÝþ xî„þœ

†%’y‚„þó îœy £ëûÐ
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(d) Exact differential Sëíyëí xî„þœV

   , ,u f x y dx x y dy    ö„þ òëíyëí xî„þœó îy ‘exact differential’ îœy £öìî ë!”

du îy   , u ud u x y dx dyx y
  
   xy„þyöìîû ²Ì„þy!Ÿ“þ £ëûÐ

xíÅyê ë!”  ,u x y  ~›˜ ~„þ!Ýþ xöìþ™Çþ„þ xy›îûy …%¤öì‹ þ™y£z– ëyîû ‹˜Ä

 ,u f x yx
 
  ~î‚  ,u x yy

  
  ~›˜¦þyöìî î“Åþ›y˜– ëyöì“þ

   , ,f x y x yy x
  
   ¢“þÄÐ

!î.o õ òëíyëí xî„þöìœîûó ‹˜Ä ~!Ýþ ~„þ!Ýþ ²Ìöìëûy‹˜#ëû Ÿ“Åþ (necessary condition)Ð

1.7  !î‹!vþü“þ xöìþ™Çþöì„þîû „þ“þ„þ†%!œ †%îû%cþ™)’Å ²Ìöìëûy†

vþz”y. 1 ë!” 2 3 2 3 2 3x y a   £ëû “þöìî dy
dx  !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ •!îû–   2 3 2 3 2 3,f x y x y a  

xf  îy 2 3 12 0 03
f xx

   


1 32
3 x

x˜%îû)öìþ™– yf  îy 1 32
3

f yy
 



 

 
1 3 1 3

1 31 3

2 3
2
3

x

y

xfdy y
dx f xy





 
       

 

¢%“þîûy‚– !˜öì’Åëû 
1 3dy y

dx x
   
 

 Svþz_îûV
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vþz”y. 2 ë!” y x bx y a   £ëû “þöìî dy
dx  !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ •!îû–  , y x bf x y x y a  

xf  îy– 1 logy x
e

f yx y yx
  



x˜%îû)öìþ™– yf  îy– 1logy x
e

f x x xyy
  



•!îû– yp x  log loge ep y x   1 p y xp x
 


1·y yp yx yxx x
  



•!îû– xq y

log loge eq x y

1· 1·loge
q yq x
 


·log logx
e e

q q y y yx
  


x

y

fdy
dx f

 
   

 

1

1
log

log

y x
e

y x
e

yx y y
x x xy





 
    

 !˜öì’Åëû 
1

1
log
log

y x
e

x y
e

yx y ydy
dx xy x x





 
    

 Svþz_îûV

vþz”y. 3 ë!”    cos siny xx x  £ëû “þöìî dy
dx  !˜’Åëû „þîû%̃ Ð
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¢›y•y˜ õ •!îû–      , cos siny xf x y x y 

¢%“þîûy‚– f
x



 îy      1sin cos sin log siny x
x ef y x x y y  

~î‚ 
f
y

  îy       1cos log cos cos siny x

y ef x x x y y  

    cos tan log siny
x ef x y x y   

x˜%îû)öìþ™–         cos log cos cot sin cosy x y
y ef x x x y y x    

 

    
    

cos tan log sin

cos log cos cot

y
ex

yy e

x y x yfdy
dx f x x x y

        
  

 
 

tan log sin
log cos cot

e

e

y x y
x x y






 !˜öì’Åëû 
 

 
tan log sin

log cos cot
e

e

y x ydy
dx x x y





 Svþz_îûV

vþz”y. 4 ë!” 2x ye e xy   £ëû “þöìî dy
dx   „þ“þÚ

¢›y•y˜ õ •!îû–  , 2x yf x y e e xy  

f
x



 îy 0 2 ·1 2 ,x x
xf e y e y      ~î‚ f

y



 îy 0 2 ·1 2 .y y
yf e x e x    

¢%“þîûy‚– x

y

fdy
dx f

 
  

 

2
2

x

y
e y
e x
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 !˜öì’Åëû 2
2

x

y
dy e y
dx e x

     
 Svþz_îûV

1.8  !î!î• vþz”y£îû’›yœy

vþz”y. 1 ²Ì›y’ „þîû%̃  öë 
    2 2, 0,0

2Lt
x y

xy
x y 

 éôé~îû ö„þyöì̃ y x!hßþc ö˜£zÐ

¢›y•y˜ õ •!îû–   2 2
2, xyf x y

x y



 ~î‚ y mx  öë…yöì̃  m ~„þ!Ýþ ²Ì‰þœé (parameter)

¢%“þîûy‚ 
 

 
, (0,0)

Lt ,
x y

f x y


  2 2, (0,0)

2Lt
x y

xy
x y

    
  

 
 
 22, (0,0)

2
Lt

x y

x mx

x mx

    
  

   
2

2 2, (0,0)
2Lt

1x y
x m

x m

 
   

   

  2, (0,0)
2Lt

2x y
m
m

   
 

 
 

, (0,0)
Lt ,

x y
f x y


  ~îû ›y˜ ¢%!˜!”ÅTþ £öìî ˜y „þyîû’ ²Ì‰þœ (m) éôé~îû !î!¦þ§¬ ›yöì̃ îû ‹˜Ä

¢#›yîû ›y˜ !î!¦þ§¬ £öìîÐ

¢%“þîûy‚  
 

, (0,0)
Lt ,

x y
f x y


 éôé~îû x!hßþc ö˜£zÐ S²Ì›y!’“þV
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vþz”y. 2 ë!”   3 2 2 3,u x y x x y y    £ëû “þöìî ²Ì›y’ „þîû%̃  öë 
2 2u u

x y y x
 
   

¢›y•y˜ õ ~öìÇþöìe–   3 2 2 3,u x y x x y y  

2 2 2 23 2 0 3 2u x xy x xyx
     


   2 2 23 2u u x xyy x y x y
      
    

   2 23 2 0 4 4x xy xy xyy y
     
 

~…˜–  3 2 2 3u x x y yy y
   
 

2 2 2 20 2 3 2 3x y y x y y    

 2 2 22 3u u x y yx y x y x
             

4 0 4xy xy  

¢%“þîûy‚– 
2 2u u

x y y x
 
   

 S²Ì›y!’“þV

vþz”y. 3 ë!”      
2 2

2 2, , , 0,0x yf x y xy x y
x y

     

   0, , 0,0 x y

²Ì›y’ „þîû%̃  öë    0,0 0,0xy yxf f

¢›y•y˜ õ ~öìÇþöìe [ xy‚!Ÿ„þ xî„þöìœîû ¢‚Kþy xîœÁºöì̃  ]

   
 

   
00,0

0 ,0 0,0
0,0 Lt y y

xy y
h

f h f
f fx h
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0

0 ,0 0,0
Lt ...... 1y y

h

f h f
h

 


²Ìí›“þ–          
0 0

,0 ,0 , ,0
,0 Lt Lty

h h

f h k f h f h k f h
f h k k 

  
 

2 2

2 2 2 2 2

2 2 20 0

0
0Lt Lt
0h h

h khk
h k h k hh h hk h k h 

                       

 ,0yf h h 

¢%“þîûy‚–  0,0 0.yf 

~…˜– (1) ˜‚ öíöì„þ–  
0 0

00,0 Lt Lt 1xy
h h

h hf h h 

  

þ™%˜îûyëû–    
 0,0

0,0yx xf fy
    

   
0

0,0 0,0
Lt x x

k

f k f
k

 


     
0

0, 0,0
Lt ..... 2x x

k

f k f
k




~…˜–          
0 0

0 , 0, , 0,
0, Lt Ltx

h h

f h k f k f h k f k
f k h h 

  
 

2 2

2 2 2 2

2 20 0

0
Lt Lt

h h

h khk
h k h kkh h k 

              

 
2

2
0 1
0

kk k k
k
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 0,0 0.xf 

 (2) ˜‚ öíöì„þ–

   0
00,0 Lt 1yx

k
kf k

   

¢%“þîûy‚–    0,0 0,0xy yxf f  S²Ì›y!’“þV

!î.o. vþzþ™öìîûîû vþz”y£îû’!Ýþöì“þ fxy ~î‚ fyx ¢hsþ“þy î‹yëû îûy…öì“þ þ™yöìîû!˜Ð šþöìœ– (0,0) !î¨%öì“þ
2 2f f
x y y x
 
   

vþz”y. 4 ë!” 2 sinA 1 sinh  
 

 £ëû “þöìî dA „þ“þÚ Söë…yöì̃  h ~î‚ vþz¦þöìëû£z ßþºy•#˜ ‰þœV

¢›y•y˜ õ xy›îûy ‹y!˜ öë A AAd d dhh
   
 

 
 

2

2
cos 1 sin cos ·sin

1 sin

h
d

          
   

 sin2 1 sinh dh 
 

 
2

2
cos cos sin cos sin

1 sin
h d

           
   

 sin2 1 sinh dh 
 

   2

2
cos sin2 1 sin1 sin

h d h dh
             

 cos 2sin1 sin 1 sin
h h d dh    

     Svþz_îûV
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vþz”y. 5 ë!”  ,z f x y  £ëû öë…yöì̃  u vx e e   ~î‚ u vy e e  – “þöìî ²Ì›y’ „þîû%̃  öë

z z z zx yu v x y
     
   

¢›y•y˜ õ ~Þíöìœ–  , ,z f x y  öë…yöì̃  u vx e e   ~î‚ u vy e e 

· · yz z x z
u x u y u

     
    

 .... 1u uz ze ex y
  

 

þ™%˜îûyëû– · yz z x z
v x v y v

     
    

 ..... 2v vz ze ex y
    
 

(1) – (2) öíöì„þ þ™y£z

   u v v uz z z ze e e eu v x y
        

   

            
   

u v v vz z z ze e e e x yx y x y  S²Ì›y!’“þV

vþz”y. 6 ë!”  , ,u f x y  öë…yöì̃  cos ,x r  siny r   “þöìî ö”…y˜ öë  
22u u

x y
      

   2 2

2
1u u

r r
  
 

¢›y•y˜ õ ~öìÇþöìe–

 , ,u f x y  öë…yöì̃  cosx r   ~î‚ siny r 

· · yu u x u
r x r y r
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     cos sin ..... 1u u
x y
    
 

~î‚ · · yu u x u
x y

    
    

   sin cosu ur rx y
     
 

     1 sin cos ..... 2u u u
r x y
       
  

~…˜–        
22 2

2
1 cos sinu u u u

r x yr
             

   2cos sinu u
y x

        
[ (1) ˜‚ ç (2) ˜‚ ¢Á™„Åþ öíöì„þ ]

îy–      
22 2 2

2
1u u u u

r x yr

               
  2 2cos sin 

 
22

·1u u
x y

          

 
22u u

x y
       

¢%“þîûy‚–      
22 2 2

2
u u u u
x y r r

            
 S²Ì›y!’“þV

1.9 ¢‚!Çþ®¢yîû

~£z ~„þ„þ þ™vþüöìœ xy›îûy ‹y˜öì“þ þ™y!îûéôôôé

 ~„þ!Ýþ ‰þœîûy!Ÿë%=þ xöìþ™Çþ„þ xöìþ™Çþy ”%£z îy “þöì“þy!•„þ ‰þœë%=þ xöìþ™Çþöì„þîû x!•„þ ~îû †%îû%cþ™)’Å
¦)þ!›„þy xíÅ̃ #!“þöì“þéôé!îKþyöì̃ îû !î!î• öÇþöìe ~î‚ ²Ìë%!=þöì“þ þ™!îûœ!Çþ“þ £ëûÐ
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1.10 x˜%Ÿ#œ˜#

1. ¢›y•y˜ „þîû%̃  õ ë!”    2 2, logef x y x y xy   £ëû “þöìî , ,xx xy yxf f f  ~î‚ yyf  !˜’Åëû

„þîû%̃ Ð

2. ¢›y•y˜ „þîû%̃  õë!”  , 1
x yu x y xy

  £ëû “þöìî 

2 2u u
x y y x
 
     £ëû !„þ˜y þ™îû#Çþy „þîû%̃ Ð

3. ¢›y•y˜ „þîû%̃  õ ë!”    u f x y g x y     £ëû Söë…yöì̃    ~„þ!Ýþ •Ê%î„þV– ²Ì›y’

„þîû%̃ õ 
2 22

2 2
u u

y x
  
 

Ð

4. ¢›y•y˜ „þîû%̃  õ ë!”    1, cos
x y

u x y
x y

     
  

 £ëû “þöìî ö”…y˜ öë

1 cot 02
u ux y ux y
   
 

5. ¢›y•y˜ „þîû%̃  õ ë!” 3 2 33 0x ax y    £ëû “þöìî ²Ì›y’ „þîû%̃  öë 
2 2 2

2 3
2 0.d y a x

dx y
 

6. 1 sin2 ab c   S²Ì”_V– ¢Á™„Åþ!Ýþöì„þ îÄî£yîû „þöìîû ö”…y˜ öë cotd da db cdca b
   


7. ¢›y•y˜ „þîû%̃  õ ë!” 2 21 1x y y x a     S•Ê%î„þV £ëû “þöìî ²Ì›y’ „þîû%̃  öë–

 
2

2 3 221

d y a
dx x




8. ¢›y•y˜ „þîû%̃  õ ë!”   xu f ay bxa    [a, b •Ê%î„þ ],

ö”…y˜ öë 1u ua bx x
  
 

9. ë!”   2 1 2 1, tan tany xu x y x yx y
    “þöìî ²Ì›y’ „þîû%̃  öë 

2 22

2 2
x yu

x y x y
 

  

10. ë!”  , ,H f y z z x x y     £ëû “þöìî ö”…y˜ öë 0.H H H
x y z
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2.1 vþzöìjŸÄ

2.2 ²Ìhßþyî˜y

2.3 œÄy†îûyöìOîû †)’„þ þ™å•!“þ

2.4 vþz_œ xöìþ™Çþ„þ ~î‚ xî“þœ xöìþ™Çþ„þ

2.5 ²Ìyëû xî“þœ xöìþ™Çþ„þ

2.6 îy•y!î£#˜ Ÿöì“Åþîû öÇþöìe ‰þîû›/xî› Sîy !îþ™îû#“þV šþœ ²Ìy!®

2.7 ö£!¢ëûy˜ !˜’Åyëûöì„þîû ¦)þ!›„þy

2.8 òöœ…!‰þeó þ™å•!“þöì“þ ÷îû!…„þ „þyëÅ„Êþöì›îû ¢›¢Äyîû ¢›y•y˜

2.9 ¢‚!Çþ®¢yîû

2.10 x˜%Ÿ#œ˜#

2.11 @ùÌríþ™!O

2.1 vþzöìjŸÄ

!m‡y“þ „þyëÅ„Êþ› ¢›¢Äy (Quadratic programming problem, ¢‚öìÇþöìþ™ Q.P.P) ›)œ“þ x÷ìîû!…„þ
„þyëÅ„Êþ› ¢›¢Äyîû (non-linear programming problem) ~„þ!Ýþ ¢%¢‚†!àþ“þ ²Ì!“þîû)þ™Ð ‰þîû›/xî›
›yöì̃ îû ‹˜Ä ~£z ²Ì!„Êþëûyöì„þ ¢%¢Á™§¬ „þîûöì“þ !m‡y“þ x!¦þöì²Ì“þ xöìþ™Çþöì„þîû ‰þîû›/xî› ›y˜ !˜öì’Åëûîû öÇþöìe
xy›yöì”îû ~„þ ö¢Ýþ x¢›“þy !‰þ£«!î!ŸTþ îy•yë%=þ ‰þœ„þéôé~îû x•#öì̃  „þy‹ „þóîûöì“þ £ëûÐ ~öìÇþöìe ¢›¢Äy î£%œ
„þ›Å¢)!‰þîû öíöì„þ ²Ìy® ¢›y•y˜†%!œ ¢îÅ”y Kuhn-Tucker S„%þ˜éôéÝþy„þyîûV Ÿöì“Åþîû ›y•Äöì› þ™yçëûy ëyëûÐ
!m‡y“þ îhß$þ!˜Ûþ xöìþ™Çþöì„þîû xy„þyCy‹!˜“þ šþœ „þöìàþyîû¦þyöìî vþz_œ (convex) £ëû xî› ›yöì̃ îû ‹˜Ä ~î‚
„þöìàþyîû¦þyöìî xî“þœ £ëû ‰þîû› ›yöì̃ îû ‹˜ÄÐ öëöì£“%þéôôôé¢›y•y˜ öÇþe (Solution Space) ¢îÅ”y vþz_œ
£öìœ– „þy›Ä šþöìœîû ‰þ!îûe!Ýþ ¢y!îÅ„þ (global) †%’¢Á™§¬ £ëûÐ

¢‚Kþy õ •!îû– xT ~î‚ nc R ~î‚ (Q)n×n ²Ì!“þ¢› ›Äy!ÝþÆ: (symmetric matrix) “þöìî !m‡y“þ
„þyëÅ„Êþöì›îû ¢›¢Äy!Ýþ £ëû !˜Á¬îû)þ™ õ

2 
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‰þîû›/xî› ›yöì̃ îû ‹˜Ä–

  T1 Q2f x cx x x 

‰þöìœîû îhß$þ!˜Ûþ Ÿ“Åþ õ A ,x b 0x 

ë…˜

 T1 2, ,...., ,nx x x x

 1 2, ,...., , nc c c c

 1 2, ,....., , nb b b b

11 12 1

21 22 2

1 2

, .....
, ....

A
......................

, ....

n

n

m m mn

a a a
a a a

a a a

 
 
 
 
 
 

~î‚ 

11 12 1

21 22 2

1 2

, .....
, ....

Q
......................

, ....

n

n

n n nn

c c c
c c c

c c c

 
 
 
 
 
 

–

~öìÇþöìe xT Q x xöìþ™Çþ„þ!Ýþ !m‡y“þ xy„þyöìîû ¢‚Kþy!ëû“þ £ëû ë…˜ Q ~„þ!Ýþ ²Ì!“þ¢› ›Äy!ÝþÆ: !£¢yöìî
xyd²Ì„þyŸ „þöìîûÐ

2.2 ²Ìhßþyî˜y

xy‹„þyœ !ŸÒ– îy!’‹Ä Šéyvþüyç ¢›yöì‹îû !î!¦þ§¬ „þyëÅ•yîûyëû ~„þ!Ýþ îû#!“þîû/îy ˜#!“þîû ²Ìyöìëûy!†„þ !”„þÝþy
¢£öì‹£z xy›îûy x˜%¦þî „þóîû!ŠéÐ “þ_´†“þ !”„þ Šéyvþüy ²Ìyöìëûy!†„þ !”„þ ö„þ !‰þhsþy „þîûy ëyëû ˜yÐ xy›îûy ¢„þöìœ£z
î“Åþ›yöì̃  !î!î• „þyëÅöìÇþöìe ßþºÒ ¢›öìëû öî!Ÿ „þy‹ „þîûyîû îy xíÅ vþzþ™y‹Å̃  „þîûyîû “þy!†”öì„þ †%îû%c !”!FŠéÐ
²Ìöìëûy‹öì̃ îû ¢yöìí ¢yöìí !î!¦þ§¬ xy‚!Ÿ„þ þ™å•!“þîû vþzqyî˜ £öìëûöìŠéÐ ÷îû!…„þ (linear) îy x÷ìîû!…„þ (non-
linear), ¢›“þy îy x¢›“þy îûÇþy „þöìîû „þ#¦þyöìî ~£z ¢î ¢›¢Äyöì„þ ¢›y•y˜ „þîûy ëyëû “þyîû !î‰þyîû ç
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!îöìÙÕ¡ì’ !˜öìëû x!îîû“þ †öìî¡ì’yç ‰þœöìŠéÐ xy‚!Ÿ„þ x@ùÌ†!“þîû ¢yöìí !îKþyöì̃ îû !î!¦þ§¬ öÇþöìe ~„þ!Ýþ ‰þœ
(variable) îy ~„þy!•„þ ‰þœ (multi-variable) !˜öìëû ¢hsþ“þ Sîy x¢hsþ“þV xöìþ™Çþöì„þîû ‰þîû› Sîy xî›V
›y˜ !˜•Åyîûöì’îû þ™å•!“þ xy!îÜ,ñ“þ £öìëûöìŠé ~î‚ £öìFŠéÐ L.P.P (linear programming problem) xíÅyê
÷îû!…„þ îû#!“þöì„þ îy þ™å•!“þöì„þ xîœÁº̃  „þöìîû ¢›¢Äy ¢›y•yöì̃ îû ²Ìëûy¢ Ÿ%îû% £ëû ¢îÅ²Ìí›Ð þ™öìîû !m“þ#ëû
!îÙ»ë%öìå•îû ¢›ëû £z‚œÄyöìuþ ¢y›!îû„þ !î¦þy† öíöì„þ îû¢öì”îû þ™!îû›y’ „þ›yëû „þ# þ™å•!“þ x %̃¢îû’ „þöìîû xyîûç
öî!Ÿ !”˜ ö”öìŸîû ¢%îûÇþyëû ë%å• î‹yëû îûy…y ëyëû “þyîû þ™å•!“þ !îKþy˜# ç †!’“þ !îŸyîûöì”îû !˜„þÝþ ‹y˜yîû
xyöìî”˜ xyöì¢Ð Ÿ%îû% £ëû þ™å•!“þ†“þ !îöìÙÕ¡ì’ îy †öìî¡ì’yÐ ‹§Ã !”œ ‘OR’ (Operational research)
ö„þÐ „Êþ#vþüy “þ_ ́(game theory), Decision theory S!¢å•yhsþ @ùÌ£’ “þ_V́– Queueing theory  Sxöìþ™Çþy
“þ_V́ ö“þ îÄî£,“þ £öì“þ œy†œ ‘OR’ “þ_ ́ëyîû ›)öìœ !˜!£“þ îûöìëûöìŠé max-min S‰þîû›éôéxî›V îy minmax
Sxî›éôé‰þîû›V xîÞíyöì„þ ¢y›œyöì̃ yîû ²Ìöì‰þTþyÐ “þy£z xy‹ „,þ!¡ìöì“þ– !ŸöìÒ– îy!’öì‹Ä– îy‹yîû ÷“þ!îûöì“þ–
‘Optimization’ “þöì_î́û î£%œ ²Ìöìëûy† œÇþ „þîûy ëyöìFŠéÐ î“þÅ›yöì̃  ~£z ~„þöì„þ xy›îûy ¢‚öìÇþöìþ™ „þœ˜
!î”Äyîû ²Ìyí!›„þ •yîû’yöì„þ xy×ëû „þöìîû þ™îûî“þ#Å hßþöìîû îy•yë%=þ îy îy•y!î£#˜ (constrained/or non a
constrained) ¢›“þy î‹yëû„þyîû# ~î‚ x¢›“þy •yîû’„þyîû# ¢›#„þîû’†%!œîû ¢£‹œ¦þÄ ¢›y•y˜ þ™å•!“þ
xy‚!Ÿ„þ !˜ëûöì›îû x•#öì̃  xyöìœy‰þ˜y „þóîûîÐ

¢˜y“þ˜# (classical) “þ_́y %̃¢yöìîû ‰þîû› ç xî› ›y˜ !˜•Åyîûöì’îû ‹˜Ä Sîy•yë%=þ ç îy•y›%=þþ vþz¦þëûöìÇþöìe£zV
þ™å•!“þ î“Åþ›y˜Ð ²Ì•y˜“þõ xî„þœöì̃ îû ¢y£yöìëÄ£z ¢›¢Äy†%!œ ¢›y•y˜ „þîûyîû ö‰þTþy „þîûy £ëûÐ ~Þíöìœ
îy•yë%=þ (contrained) ¢›¢Äyöì„þ ¢›y•yöì̃ îû !˜!›_ ~î‚ ‰þîû›/xî› ›y˜ ²Ìy!®îû ‹˜Ä ²Ìöìëûy‹˜#ëû ç
ëöìíTþ– Ÿöì“Åþîû ¢r•yöì̃  Sx¢›“þy !‰þ£«ë%=þ ¢›¢Äy†%!œV ‘Kuhn-Tucker’ éôé~îû xyöìœy‰þ˜y þ™å•!“þ …%î£z
¢›,å•Ð xy›yîûy ~…˜ ~£z ~„þöì„þ xyöìœy‰þÄ !î¡ìëû !£¢yöìî ‘Kuhn–Tucker’ Ÿ“Åþyî!œöì„þ£z !˜îÅy‰þ˜ „þóîûîÐ

(A) ¢y•yîû’¦þyöìî– î£%‰þöìœîû xî› ›y˜ ²Ìy!®îû xy„þyCy x¢›“þy !‰þ£«ë%=þ îy•yë%=þ ¢›¢Äyîû öÇþe!Ýþ
!˜Á¬îû)þ™ õ

•!îû– xöìþ™Çþ„þ f ~îû xî› ›y˜  f x

Ÿ“Åþ ¢yöìþ™öìÇþ   ,j jg x b 1, 2,...,j m

ë…˜  T1 2, ,...., .nx x x x

Kuhn-Tucker éôé~îû ²Ìöìëûy‹˜#ëû Ÿ“Åþyî!œ õ

²Ì”_ ¢›¢Äyëû xöìþ™Çþ„þ!Ýþîû xî› ›y˜ ²Ìy!®îû ‹˜Ä öë Ÿöì“Åþîû x•#öì̃  x@ùÌ¢îû £öì“þ £öìî “þy £óœ

   1 2, ,...., nf f x f x x x 

ë…˜    2, ,...., ,j j n jg x g x x x b  1, 2,...., .j m
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Þíy˜#ëû¦þyöìî x0 éôéö“þ xî› ›y˜ ²Ìy!®îû ‹˜Ä !˜öìÁ¬y=þ Ÿ“Åþ¢›)£ …%î£z ²Ìöìëûy‹˜#ëû õ

(i) 
1

0,
m

j
j

i ij

gf
x x



   
   1, 2,....,i n

(ii)   0,j j jg x b     1, 2,....,j m

(iii)   ,j jg x b 1, 2,...,j m

(iv) 0,j  1, 2,....,j m

x0 !î¨%öì“þ ~†%!œ ²Ìöìëy‹ÄÐ

(B) xþ™îû þ™öìÇþ–

ë!” xöìþ™Çþ„þ f éôé~îû ‰þîû› ›yöì̃ îû ‹˜Ä •!îû–

   1, 2 , , nf f x f x x x  

x•#˜Þí Ÿ“þÅ £óœ õ  1 2, ,....., ,j n jg x x x b 1, 2,...., .j m

Þíy˜#ëû ¦þyöìî–  * * *
1 2, ,....., nx x x  éôéö“þ ‰þîû› ›y˜ ²Ìy!®îû ‹˜Ä ‘Kuhn-Tucker’’ éôé~îû ²Ìöìëûy‹˜#ëû

Ÿ“Åþ†%!œ £óœ !˜Á¬îû)þ™ õ

(i) 
1

0,
m

j
j

i ij

gf
x x



   
   1, 2,....,i n

(ii)   0,j j jg b   1, 2,...,j m

(iii) ,j jg b 1, 2,....,j m

(iv) 0,j  1, 2,....,j m

 * * *
1 2, ,....., nx x x  éôéö“þ ¢îÅ”y !¢å• £ëûÐ
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‘Kuhn–Tucker’ éôé~îû ²Ìöìëûy‹˜#ëû Ÿöì“Åþîû ›“þ£z ëöìíTþ Ÿ“Åþç î“Åþ›y˜ ë!” ‰þœ Sx!¦þöì²Ì“þV xöìþ™Çþ„þ
~î‚ ¢›y•y˜ öÇþe !˜!”ÅTþ Ÿöì“Åþîû ¢yöìþ™öìÇþ vþz_œ ç xî“þœ •›Åöì„þ xy×ëû „þöìîûÐ ‰þîû› ›y˜ ²Ìy!®îû ‹˜Ä
‰þœ Sx!¦þöì²Ì“þV xöìþ™Çþ„þ!Ýþ xî“þœ †%’¢Á™§¬ £öìœ ¢›y•y˜ öÇþe!Ýþ £öìî vþz_œ†%öì’îû x!•„þyîû#Ð !„þhs$þ–
xî› ›yöì̃ îû öÇþöìe ‰þœ/x!¦þöì²Ì“þV xöìþ™Çþ„þç ¢›y•y˜ öÇþöìeîû ›öì•Ä vþz_œ †%öì’îû ²Ì¦þyî œÇþ „þîûy ëyëûÐ

öîyGþyîû ¢%!î•yöìíÅ ˜#öì‰þ xy›îûy ~„þ!Ýþ vþz”y£îû’ œÇþ „þóîûîÐ

²ÌÙÀ õ ‘Kuhn-Tucker’ Ÿöì“Åþîû x•#öì̃  ¢›y•y˜ „þîû%̃  õ

zéôé~îû ‰þîû› ›y˜ ²Ìy!®îû ‹˜Ä •!îû–

2 2 2
1 2 1 2 38 12 4 4 4 ,z x x x x x    

x•#˜Þí Ÿ“Åþ £œ õ 1 2 1x x 

1 22 3 6x x 

¢›y•y˜ õ ~öìÇþöìe !î!•!˜öì¡ì• x˜%¢yöìîû–

1 1 2 1g x x  

~î‚ 2 1 22 3 6g x x  

‰þîû› ›yöì̃ îû ‹˜Ä ‘Kuhn-Tucker’ ~îû ²Ìöìëûy‹˜#ëû Ÿ“Åþyî!œ £óœ õ

1 2
1 2 0,

i i i

g gz
x x x

    
   1,2,3i 

  0,j j jg b   1, 2j 

0,j  1, 2j 

xíÅyê  1 1 28 8 2 0...... 1x    

 2 1 212 8 3 0...... 2x     

 38 0...... 3x 

   1 1 2 1 0..... 4x x   
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   2 1 22 3 6 0..... 5x x   

 1 2 1 0..... 6x x  

 1 22 3 6 0...... 7x x  

 1 0...... 8 

 2 0...... 9 

vþzþ™!îû=þþ xyöìœy‰þ˜y öíöì„þ 4 !Ýþ öÇþe œÇþ „þîûy ëyëû õ

²Ìí› öÇþe õ 1 0,  2 0 

!m“þ#ëû öÇþe õ 1 0,  2 0 

“,þ“þ#ëû öÇþe õ 1 0,  2 0 

‰þ“%þíÅ öÇþe õ 1 0,  2 0 

²Ìí› öÇþe õ ë…˜ 1 0,  2 0, 

(1) ˜‚ öíöì„þ þ™y£z– 1 1x 

(2) ˜‚ öíöì„þ þ™y£z– 2 3 2x 

~Þíöìœ– ¢›y•y˜öìëy†Ä ›y˜†%!œ (6)-˜‚ ö„þ !¢å• „þöìîû ˜yÐ

¢%“þîûy‚ ~Ýþy îy!“þœ îöìœ †’Ä £öìîÐ

!m“þ#ëû öÇþe õ ~öìÇþöìe 1 0,  2 0 

(5) ˜‚ öíöì„þ þ™y£z–  1 22 3 6 0..... 10x x  

(1) ˜‚ öíöì„þ þ™y£z– 1 28 8 2 0x   

 2
1

4 ...... 114x  
 

(2) ˜‚ öíöì„þ þ™y£z– 2 212 8 3 0    
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 2
2

3 12 .... 128x  
 

(11) ç (12) éôé~îû ¢y£yëÄ !˜öìëû (10) ˜‚ öíöì„þ þ™y£z–

2 24 36 6 02 8
g   

  

2 24 16 36 48 0g       

213 4   

2
4 013   

(11) ˜‚ öíöì„þ þ™y£z–  1 2
12 4113 13 13x       

(12) ˜‚ öíöì„þ þ™y£z–    2 2

43 1213 4
8 13x

  
   

12 12 156 1213
8 13 8

   


18144 18
13 8 13
   
 

~£z öÇþöìe ¢›y•y˜öìëy†Ä ›y˜ ”%!Ýþ (6)éôé˜‚ ö„þ !¢å• „þöìîû ˜y îöìœ ~öì”îû îy!“þœ „þîûy £óœÐ

“,þ“þ#ëû öÇþe õ ~Þíöìœ 1 0   ~î‚ 2 0. 

(4) ˜‚ öíöì„þ þ™y£z–  1 2 1 0..... 13x x  

(1) ˜‚ öíöì„þ þ™y£z– 1 18 8 0,x     1
1

8 .... 148x  


(2) ˜‚ öíöì„þ þ™y£z– 2 112 8 0,x     îy–  1
2

12 ..... 158x  


(13) ˜‚ öíöì„þ (14) ˜‚ ç (15) ˜‚ ¢Á™„þÅ ”%!Ýþîû ¢y£yëÄ !˜öìëû þ™y£z–
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1 6.  

(14) ˜‚ öíöì„þ þ™y£z–  1 1
6 8 2 1 68 8 4x       

(15) ˜‚ öíöì„þ þ™y£z–  2 1
6 12 6 3 68 8 4x       

(3) ˜‚ öíöì„þ þ™y£z– 3 0x 

¢%“þîûy‚– 1 1 4,x  2
3
4x   ˜‚ 3 0.x 

~£z ¢›y•y˜öìëy†Ä ›y˜†%!œ (6) ˜‚ ç (7) ˜‚ ¢Á™„Åþ ”%!Ýþöì„þ !¢å• „þöìîûÐ

 !˜öì’Åëû ‰þîû› xy„þy!C“þ ›y˜ !£¢yöìî  1 2 3, ,x x x  ¢›y•y˜öìëy†Ä ›y˜†%!œ @ùÌ£’ „þöìîûV þ™y£z– ‰þîû›

  17
2z   îy 8·5.

[ !î. o. ~öìÇþöìe ‰þ“%þíÅ öÇþe!Ýþ !˜Ü±öìëûy‹˜ £öìëû ö†öìŠé „þyîû’ “,þ“þ#ëû öÇþe öíöì„þ£z !˜öì’Åëû ‰þîû› ›y˜
!˜’Åëû „þîûy ¢½þî £öìëûöìŠéÐ ]

2.3 œÄy†äîûyöìOîû †%’„þ þ™å•!“þ

î£%‰þœöì„þîû öÇþöìe ¢y•yîû’“þõ ¢›“þy !‰þ£« ¢›!§º“þ !î!•!˜öì¡ìöì•îû xyç“þyëû ‰þîû›/xî› ›y˜ ²Ìy!®îû ‹˜Ä
xy„þy!C“þ ¢›¢Äy†%!œöì„þ ”%!Ýþ þ™å•!“þöì“þ ¢›y•y˜ „þîûy £ëûÐ ëíy

(1) !î!• !˜öì¡ìöì•îû xyç“þyëû ö¦þ”þ (Variation) þ™å•!“þ

(2) œÄy†äîûyöìOîû †%’„þ þ™å•!“þ

xy›îûy ~…˜ !m“þ#ëû þ™å•!“þ!Ýþ !˜öìëû xyöìœy‰þ˜y „þóîûîÐ œÄy†äîûyöìOîû †%’„þ þ™å•!“þöì“þ ›)œ ¢›¢Äy
¢›y•yöì̃ îû ‹˜Ä ²Ì”_þ xyöìîûy!þ™“þ Ÿöì“Åþîû ¢öìA† x!“þ!îû=þ ‰þœ„þ (additional variable) éôé~îû ¢‚öìëy‹˜
²Ìöìëûy‹˜ £ëûÐ ë!” ›)œ ¢›¢Äyëû n ¢‚…Ä„þ ‰þœ„þ Sîy ‰þœîûy!ŸV î“Åþ›y˜ íyöì„þ ~î‚ ò¢›“þy !î!•îûó ¢yöìþ™öìÇþ
n ¢‚…Ä„þ x!“þ!îû=þ ‰þöìœîû ²Ìöìëûy‹˜ £ëû “þöìî x!hsþ› þ™ëÅyöìëû (final stage) x‹y˜y ‰þöìœîû ¢‚…Äy ”¤yvþüyëû
(m + n).

~…˜ œÄy†äîûyöìOîû ›)œ vþzþ™þ™y”Ä†%!œöì„þ xy›îûy !îî,“þ „þóîûî ëyöì“þ ²Ì”_ ¢›¢Äyîû ¢›y•yöì̃  ²Ìöìëûy‹˜#ëû
ç ëöìíTþ Ÿ“Åþ†%!œ ¢£öì‹£z “%þöìœ •îûy ëyëûÐ

vþzþ™þ™y”Ä (i) [ ²Ìöìëûy‹˜#ëû Ÿöì“Åþîû ‹˜Ä ] :
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xöìþ™Çþ„þ  1 2, ,.... nf x x x  ë…˜  1 2, ,....., 0,j ng x x x   1,2,.....,j m  Ÿöì“Åþîû x•#öì̃

‰þy!œ“þ £öìëû xyöìþ™!Çþ„þ¦þyöìî  * * *
1 2, , nx x x  !î¨%öì“þ xî› S‰þîû›V ›y˜ @ùÌ£’ „þîûöìî “þ…˜ ²Ìöìëûy‹˜#ëû Ÿ“þÅ

!£¢yöìî œÄy†îûyO#ëû xöìþ™Çþ„þ–  1 2 1 2, ,..... , , ,.....,n nx x x   
1

,
m

j j
j

f g


    ²Ìöì“þÄ„þ ²Ì‰þœ

 j  éôé~îû ¢yöìþ™öìÇþ ²Ìí› „Êþöì›îû xy‚!Ÿ„þ xî„þœéôé†%’y‚öì„þîû ²Ìy® šþœöì„þ Ÿ)öì̃ Äîû ¢yöìí ¢›y˜ „þóîûöìîÐ

vþzþ™þ™y”Ä (ii) SëöìíTþ Ÿöì“Åþîû ‹˜ÄV õ

xöìþ™Çþ„þ  1 2, ,... nf x x x  ë…˜  1 2, ,....,j mg x x x  0 1, 2,....j m   Ÿöì“Åþîû x•#öì̃  ‰þy!œ“þ

£öìëû xyöìþ™!Çþ„þ¦þyöìî  * * *
1 2, ,....., nx x x  !î¨%öì“þ xî› S‰þîû›V ›y˜ @ùÌ£’ „þóîûöìî “þ…˜ ëöìíTþ Ÿ“Åþ !£¢yöìî

!m‡y“þ xöìþ™Çþ„þ Q ëy !˜öìÁ¬y=þ¦þyöìî ¢‚Kþy!ëû“þõ

2

1 1

LQ ,
n m

i j
i ji j

dx dxx x
 


    * * *

1 2, ,....., nx x x  !î¨%öì“þ !˜’#Å“þ (evaluation) £öìëû xîŸÄ£z •˜yd„þ

S}’yd„þV !˜!”ÅTþ (definite) †%’ë%=þ £öìî ë…˜ ¢„þœ idx  þ™Šé¨›“þ ¢½þyîÄ ö¦þ”›y˜ !˜öìëû ‰þœöìîÐ

vþz”y£îû’ õ œÄy†äîûyO#ëû (Lagrangian) †%’„þ þ™å•!“þ xîœÁºöì̃ – xî›  1 2 3 1, , 9 8f x x x x 

2 2 2
2 3 1 2 3 1 2 1 36 4 2 2 2 2x x x x x x x x x       !˜’Åëû „þîû%̃  ë…˜ x•#˜Þí !˜öì¡ì• Ÿöì“Åþîû ö²Ì!Çþ“þ!Ýþ

£óœ–

1 2 32 3.x x x  

¢›y•y˜ õ •!îû– 2 2 2
1 2 3 1 2 3 1 2 1 39 8 6 4 2 2 2 2f x x x x x x x x x x        

~î‚ 1 1 2 32 3 0g x x x    

 ²Ì”_ œÄy†äîûyO#ëû xöìþ™Çþ„þ

   2 2 2
1 2 3 1 1 2 3 1 2 3 1 2 1 3L , , , 9 8 6 4 2 2 2 2x x x f g x x x x x x x x x x           

 1 2 32 3x x x   

Léôé~îû xî› ›yöì̃ îû ‹˜Ä ²Ìöìëûy‹˜#ëû Ÿ“þÅyî!œ £óœ õ
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1

L 0x
 
  îy– 1 2 38 4 2 2 0x x x      

2

L 0x
 
  îy– 2 16 4 2 0x x    

3

L 0x
 
  îy– 3 14 2 2 2 0x x     

L 0x
 
  îy– 1 2 32 3 0x x x   

vþzþ™öìîûy=þ ‰þyîû!Ýþ ¢›#„þîû’þ ¢›y•y˜ „þöìîû þ™y£z

*
1 4 5,x  *

2 1,x  *
3 8 5x   ~î‚ * 2 5 

xy›îûy ~…˜ ëöìíTþ Ÿ“Åþ ²Ìöìëûyöì† xî› ›y˜ …%¤‹îÐ
~…˜ (4/5, 1, 8/5) x* !î¨%öì“þ Lij ~î‚ gij !˜’Åëû „þóîûîÐ

2
11 2

1

LL 4
x

   
  

*

2
12

1 2

LL 2
xx x

     

*

2
13 31

1 3

LL L 2
xx x

      

*

2
22 2

2

LL 4
xx

   
  

*

2
23 32

2 3
L L 0

x

L
x x

      

*

2
33 2

3

LL 2
xx

   
  

*
11

1
1

x

gg x
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*
12

2
1

x

gg x
     

*
13

3
2

x

gg x
    

~…˜ xy›îûy !˜Á¬!œ!…“þ !˜’Åyëû„þéôé¢Áº!œ“þ ¢›#„þîû’!Ýþöì„þ ëíyíÅ¦þyöìî ²Ì„þyŸ „þóöìîû þ™y£z

 
 

 

11 12 13 11

21 22 23 12

31 32 33 13

11 12 13

L L L
L L L

0
L L L

0

z g
z g

z g
g g g







îy– 

4 2 2 1
2 4 0 1

0
2 0 2 2
1 1 2 0

z
z

z


 






îy–    
2 2 1 4 2 1 4 2 1

1 4 0 1 1 2 0 1 2 2 4 1 0
0 2 2 2 2 2 2 0 2

z z
z z

z z

 
         

 

îy–              1 2 2 2 8 2 1 4 2 1 4 2 2 6z z z z z z          

        1 4 2 4 4 4 2 3 1 4 0z z z z        

îy–       2 2 21 4 4 1 8 4 7 6 0z z z z z z        

îy– 2 2 24 4 8 4 28 24 0z z z z z z        

îy– 26 40 20 0z z   

îy– 23 20 10 0z z  

20 400 120 10 70 10 8·36
6 3 3z       

6·12,0·54  ( 70  éôé~îû ”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþ ›y˜ !˜öìëûV
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öëöì£“%þ î#‹ ”%!Ýþ •˜yd„þ– ¢%“þîûy‚  4 8,1,5 5  !î¨%!Ýþ ~„þ!Ýþ xyöìþ™!Çþ„þé éxî› ›y˜ ö”öìî ²Ì”_ xöìþ™Çþöì„þîû

öÇþöìeÐ

 !˜öì’Åëû minf  Sxî› f ) 1
5  Svþz_îûV

2.4 vþz_œ xöìþ™Çþ„þ ~î‚ xî“þœ xöìþ™Çþ„þ

¢y•yîû’ ¢‚Kþy öíöì„þ îœy ëyëû öë– ~„þ!Ýþ î,öì_îû öë ö„þy˜ ‰þyþ™ (arc), î,öì_îû ›öì•Ä xî!Þí“þ ¢„þœ
!î¨%îû ö²Ì!Çþöì“þ xî“þœ (Concave) ~î‚ î,öì_îû î!£ƒÞí !î¨% ¢yöìþ™öìÇþ î,öì_îû öë x‚Ÿ ú !î¨% ~î‚ ú
!î¨% öíöì„þ x!A„þ“þ Sî,öì_îû vþzþ™îûV ßþ™ŸÅ„þ ”%!Ýþîû xhsþÅ†“þ ‹Äy SxíÅyê ßþ™ŸÅ ‹ÄyîûV éôé~îû ›öì•Ä xî!Þí“þ
“þyöì„þ òvþz_œó (Convex) !£¢yöìî x!¦þ!£“þ „þîûy £ëûÐ xî!ŸTþ î,öì_îû x‚Ÿ xîŸÄ£z xî“þœ îû)öìþ™ †’Ä £ëûÐ

!‰þey˜%¢yöìîû– (i)

Q

R

P

(ii)  

P

O

PQ

Q

•!îû– ¢›“þœÞí îöì„Êþîû vþzþ™îû xî!Þí“þ P ~„þ!Ýþ !î¨%Ð P !î¨% !”ëûy x!“þ„Êþ› „þöìîû ˜y ~›˜ ~„þ!Ýþ
¢îûœöìîû…y‚Ÿ £óœ l

P !î¨%öì“þ xî!Þí“þ î„Êþ!Ýþ òòvþz_œóó £öìî ë!” P !î¨%öì„þ !‡öìîû ú îöì„Êþîû ~„þ!Ýþ Ç%þo x‚Ÿ– P !î¨%öì“þ
x!A„þ“þ ßþ™ŸÅ„þ ~î‚ ~„þ!Ýþ ¢îûœöìîû…y‚Ÿ ‘l’ éôé~îû ÷“þ!îû ¢)̧ öì„þy’ (V éôéö„þ þ™!îû£yîû „þöìîû íyöì„þÐ
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(iii) !‰þey˜%¢yöìîû ƒ

P

T l


[ P
(Convex)]

l

x˜%îû)öìþ™–

î„Êþöìîû…y– P !î¨%öì“þ òxî“þœó (Concave) £öìî ë!” îöì„Êþîû vþzþ™!îû!Þí“þ P !î¨%öì“þ x!A„þ“þ ßþ™ŸÅ„þ
~î‚ ‘l’ öîû…y‚öìŸîû ›öì•Ä vþzêþ™§¬ ö„þy’ (), P ö„þ !‡öìîû î„Êþöìîû…yîû x!“þ Ç%þo x‚öìŸîû xhsþ†Å“þ £ëûÐ

(iv) ˜‚ !‰þey˜%¢yöìîû ƒ

P

T l


[
(Concave)]

l
P

ßþºy¦þy!î„þ •yîû’y x %̃¢yöìîû– îöì„Êþîû vþz_œy„þyîû x‚Ÿ xöì̃ „þÝþy öþ™ëûyœyîû (Cup) ›öì“þy ~î‚ î„Êþöìîû
xî“þœy„þyîû x‚Ÿ Ý%þ!þ™îû (Cap) ›öì“þyÐ

vþzþ™!îûvþz=þ xyöìœy‰þ˜y öíöì„þ ~Ýþy ßþ™Tþ £öìœy öë ~„þ!Ýþ xyëû“þy„þyîû “þöìsþf ë!” îöì„Êþîû ¢›#„þîû’ y f(x)
£ëû ~î‚ îöì„Êþîû vþzþ™!îû!Þí“þ P !î¨%öì“þ x!A„þ“þ ßþ™ŸÅ„þ PT £ëû Sëy yéôéxöìÇþîû ¢›yhsþîûyœ ˜ëûV “þöìî P
!î¨%öì„þ !‡öìîû îöì„Êþîûé é~„þ!Ýþ Ç%þoyMþœ PT ßþ™ŸÅöì„þîû vþzþ™!îû¦þyöì† xíîy !˜Á¬öì”öìŸ xîÞíy˜ „þöìîû “þ…˜ (i)
î„Êþ!Ýþöì„þ P !î¨%öì“þ òvþzå•Å›%…# xî“þœó (Concave upwards), xíîy– P !î¨%öì“þ !˜Á¬›%…# vþz_œ (Convex
downwards) !£¢yöìî !‰þ!£«“þ „þîûy £ëûÐ



NSOU  GE-CO-2150

(v) ˜‚ !‰þey˜%¢yöìîû– P !î¨%öì“þ òvþzå•Å›%…# vþz_œ (Convex upwards) !£¢yöìî þ™!îû†!’“þ £ëûÐ

O

Y

Xx

P
T

y = f(x)

(vi) ˜‚ !‰þey˜%¢yöìîû–

O

Y

Xx

P
T

y = f(x)

x˜%îû)öìþ™–

y  f (x) î„Êþöìîû…y P !î¨%öì“þ !˜Á¬›%…# xî“þœ (Concave downwards)

(vii) ˜‚ !‰þey˜%¢yöìîû–

O

Y

Xx

P

T

y = f(x)

y f (x) î„Êþöìîû…y P !î¨%öì“þ x!A„þ“þ PT ßþ™ŸÅ„þöì„þ …uþ˜ „þöìîûéôôôéšþöìœ P !î¨%îû ö²Ì!Çþöì“þ îy› !”öì„þ
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x‚Ÿ!Ýþ vþz_œy„þyîû ~î‚ ”!Çþ’ !”öì„þîû x‚Ÿ!Ýþ xî“þœy„þyîû £ëû “þ…˜ îöì„Êþîû vþzþ™öìîû xî!Þí“þ P !î¨%öì„þ
òî¤y„þ î”öìœîû !î¨%ó (Point of inflexion) îû)öìþ™ vþzöìÍÔ… „þîûy £ëûÐ

•!îû– y  f (x)– î„Êþöìîû…yîû vþzþ™!îû!Þí“þ P !î¨%öì“þ– £z£yîû xî“þœ vþzå•Å›%…# îy !˜Á¬›%…# £çëûyîû Ÿ“Åþ

ë!”  f x  ~î‚  f x  vþz¦þöìëû£z î“Åþ›y˜ íyöì„þ ~î‚ ¢hsþ“þ £ëû (P (x, y) !î¨%!Ýþöì„þ !‡öìîû î„Êþöìîû…yîû

Ç%þoy‚öìŸV ~î‚   0f x   £ëû– “þöìî  y f x  îöì„Êþîû xî“þœ vþzå•Å›%…# îy !˜Á¬›%…# îû)þ™ íy„þöìî ë…˜

  0f x  ~î‚   0f x   S²Ì”_ P (x, y) !î¨%îû ö²Ì!Çþöì“þVÐ

!îöìŸ¡ì¦þyöìî vþzöìÍÔ…öìëy†Ä öë ö˜!“þîy‰þ„þ !”„þ öíöì„þ xî“þöìœîû •yîû’y öíöì„þ vþz_öìœîû •yîû’yîû ‹§Ã
îöìœ vþzþ™öìîûy=þ Ÿöì“Åþîû •˜yd„þ !”öì„þîû ¦þyî˜y î„Êþöìîû…yîû vþzå•Å›%…# îy !˜Á¬›%…# vþz_œ £çëûyîû ¢½þyî˜yöì„þ
vþzIµœ „þöìîûÐ

²Ì¢A†“þõ  y f x  î„Êþöìîû…yîû P !î¨%öì“þ Þíy˜ ‰%þÄ!“þ ‡Ýþyîû Ÿ“Åþ £óœ õ   0f x 

îöì„Êþîû ö„þyöì̃ y !î¨%öì“þ vþzå•Å›%…# Sîy !˜Á¬›%…#V vþz_œ xíîy vþzå•Å›%…# Sîy !˜Á¬›%…#V xî“þœ £çëûyîû
²Ì„,þ!“þ†“þ •yîû’y öíöì„þ x÷ìîû!…„þ xöìþ™Çþöì„þîû ‰þîû› ç xî› ›y˜ ²Ìy!® ¢›¢Äyîû ¢›y•y˜ ¢)öìeîû ¢r•y˜
þ™yçëûy ëyëûÐ ~£z •yîû’y öíöì„þ xy›îûy ¢½þyî˜y “þöì_´– xíÅ˜#!“þîû !î!î• ¢›¢Äyëû ¢›y•yöì̃ îû îûyhßþy îy vþzþ™yëû
…%¤öì‹ îyîû „þ!îûÐ ~…y˜ öíöì„þ£z þ™îûî“þ#Å •yöìþ™ ‘Quasi - concave’ þS²Ìyëûé éôééxî“þœV ~î‚ Unimodality
function S~„þ„þ ¢‚…Äy†!îûÛþ“þy xöìþ™Çþ„þV éôé~îû xyöìœy‰þ˜yîû ¢)eþ™y“þ ‡öìÝþÐ

vþz”y£îû’ õ

(1) ²Ì›y’ „þîû%̃  öë  log 0y x x   ¢îÅe vþzå•Å›%…# vþz_œ (Convex upwards)

¢›y•y˜ ƒ ~Þíöìœ  log 0y x x 

 f x îy 1dy
dx x  ~î‚  f x  îy 

2

2 2
1d y

dx x
 

~öìÇþe ²Ì”_ Ÿ“Åþy %̃¢yöìîû– x > 0, ¢%“þîûy‚ 
2

2 0d y
dx



(x ~îû ¢›hßþ ›yöì̃ îû ‹˜ÄV ¢%“þîûy‚ ²Ì”_ î„Êþöìîû…y!Ýþ vþzå•Å›%…# vþz_œ (Convex-upwards) xíîy
ò!˜Á¬›%…# xî“þœó (Concave downwards) ë…˜ x > 0.

(2)  y f x  î„Êþöìîû…yîû öÇþöìe–  P ,x y  !î¨%öì“þ ö„þy!Ýþîû þ™y” !î¨% (foot of the ordinate)
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¢yöìþ™öìÇþ vþz_œ (convex) îy xî“þœ (concave) £çëûyîû ëíy„Êþöì› Ÿ“Åþ £óœ ë!”– 
2

2 0d yy
dx

  xíîy

2

2 0d yy
dx

  £ëûÐ

~£z Ÿ“Åþöì„þ ö„þw „þöìîû   2y f x ax   î„Êþöìîû…yîûéôôôévþzþ™!îû!Þí“þ  P ,x y  !î¨%öì“þ Sö„þy!Ýþîû

þ™y”éôé !î¨%îû ö²Ì!Çþöì“þV òvþz_œó !„þ‚îy òxî“þœó “þy !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ~öìÇþöìe– 2 2 ·y ax a x 

12 ·
2

dy aadx x x
    ~î‚

2

2
d y dy ad d

dx dx dx xdx
         

 1 2 3 21· · ·2
da x a xdx

   

3 2
1·2

a
x

 

¢%“þîûy‚ 
2

2
12 · · ·2

d y ay a x
x xdx

   
 

 2
.2

a a
x   

0x   £öìœ– 
2

2 0d yy
dx

  [ ~Þíöìœ– x < 0 £öìœ y  f (x) ~îû îyhßþî“þy !î!‡ø“þ £ëû ]

ßþ™Tþ“þ£z–  P ,x y  !î¨%öì“þ–   2y f x ax   îöì„Êþîû SP ö„þ!w„þ Ç%þoyMþöìœV ú !î¨%îû ö„þy!Ýþîû

þ™y”!î¨% ¢yöìþ™öìÇþ vþzöìÍÔ… „þîûy ëyëû öë î„Êþöìîû…y!Ýþ xî“þœÐ

(3) ²Ì›y’ „þîû%̃  öë   3y f x x   î„Êþöìîû…yîû öÇþöìe 0x   !î¨%öì„þ Þíy˜‰%þÄ“þ !î¨% îy î¤y„þ
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î”öìœîû !î¨% îû)öìþ™ †’Ä „þîûy ëyëûÐ

¢›y•y˜ ƒ ~öìÇþöìe– 3.y x

23dy xdx   ~î‚ 
2

2 0.d y
dx



ë!” x < 0 S‘0’ éôé~îû …%î£z !˜„þÝþî“þ#Å £öìëûçV £ëû “þöìî 
2

0x
d y
dx

  £ëûÐ x“þ~î ²Ì”_ î„Êþöìîû…yîû

ò!˜Á¬›%…# xî“þœó ²Ìî’“þy œÇþÄ’#ëûÐ þ™%˜îûyëû x > 0 S‘0’ éôé~îû …%î !˜„þÝþî“þ#Å £öìëûçV £öìœ 
2

2 0d y
dx



îöìœ– ßþºy¦þy!î„þ¦þyöìî£z î„Êþöìîû…yîû ~öìÇþöìe vþzå•Å›%…# xî“þœ ¦þyî œÇþ „þîûy ëyëûÐ ~£z vþz¦þëû ²Ì„þyîû ²Ìî’“þy

öíöì„þ ¢£öì‹£z  y f x  î„Êþöìîû…yîû öÇþöìe x 0 !î¨%öì„þ òÞíy˜‰%þÄ“þ !î¨%ó !£¢yöìî ²Ì›y’ „þîûy ëyëûÐ

†y!’!“þ„þ ”,!Tþöì„þy’ öíöì„þ– ë!” îyhßþî ö¦þQîû ößþ™öì¢îû ~„þ!Ýþ vþz_œ vþzþ™öì¢Ýþ (convex subset) £ëû
x ~î‚ f  xöìþ™Çþ„þ!Ýþ f : x  R !£¢yöìî ¢‚Kþy!ëû“þ “þöìî ‘f’ xöìþ™Çþ„þ!Ýþöì„þ convex îy vþz_œ !£¢yöìî
•îûy £öìî ë…˜ ö„þîœ›ye ˜#öì‰þîû Ÿ“Åþ!Ýþ þ™y!œ“þ £öìî õ

        1 2 1 21 1f tx t x tf x t f x      öë…yöì̃  x1, 2x x  xíÅyê 1 2,x x  vþz¦þöìëû£z X

ö¢öìÝþîû ¢”¢Ä ~î‚ ¢„þœ t S²Ì‰þœ îy þ™)’Å„þy‚„þ Parameter) ¢îÅ”y [0, 1] îå• xî„þyöìŸ ¢#›yîå• ë!”

1 2x x  ~î‚  0,1t  [ö…yœy xhsþîûyöìœ (open interval)] £ëû “þöìî f xöìþ™Çþ„þ!Ýþ „þöìàþyîû ¦þyöìî

vþz_œ éxy„þyöìîûîû £ëû ë…˜

    1 2 1 21 1f tx t x tx t x      ~îû x•#˜Ð

vþz”y£îû’ßþºîû)þ™–   2y f x x   [ ~„þ!Ýþ ‰þœë%=þ xöìþ™Çþ„þ ] ö„þ vþz_œ xöìþ™Çþ„þ !£¢yöìî †’Ä „þîûy

ëyëûÐ

x˜Ä !”„þ öíöì„þ vþzöìÍÔ… „þîûy ëyëû öë– féôéxöìþ™Çþ„þ!Ýþ Sîyhßþî ›y˜ë%=þV ö„þ ¢y•yîû’¦þyöìî xî“þœ
(concave) !£¢yöìî †’Ä „þîûy £ëû ë…˜ ~„þ!Ýþ xî„þyöìŸ x, y éôé~îû xîÞíyöì̃  ~î‚  S²Ì‰þœV [0, 1]

~îû ‹˜Ä         1 1f x y f x f y      Ÿ“Åþ!Ýþ þ™y!œ“þ £ëûÐ

f xöìþ™Çþ„þ!Ýþ „þöìàþyîû¦þyöìî (strictly) xî“þœ (concave) £öìî ë…˜
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        1 1f x y f x f y     Ð Ÿ“Åþ!Ýþ „þyëÅ„þîû# £ëû •öìîû !˜öì“þ £öìî öë S²Ì‰þœV

 0,1  ~î‚ .x y

¢£‹¦þyöìî œÇþ’#ëû öë vþz_œ xöìþ™Çþ„þ é~îû ö˜!“þîy‰þ„þ îy }’yd„þ ¦þyöìîîû œÇþ’!Ýþöì„þ “%þöìœ •öìîûÐ

vþz”y£îû’ !£¢yöìî–

   0y f x x x    ö„þ xî“þœ xöìþ™Çþ„þ !£¢yöìî !‰þ!£«“þ „þîûy ëyëûÐ

2.5 ²Ìyëûéôéxî“þœ xöìþ™Çþ„þ

x÷ìîû!…„þ xöìþ™Çþöì„þîû ‰þîû›/xî› ›y˜ ²Ìy!®îû xy„þyCy þ™)îûöì’îû !”„þÝþy “%þöìœ •öìîû ²Ìyëûéôéxî“þœ xöìþ™Çþöì„þîû
÷î!ŸTþÄéôéîûy!‹Ð ¢‚Kþy !£¢yöìî ~„þ!Ýþ ²Ìyëû éôéxî“þœ xöìþ™Çþ„þ (Quasi-Concave function) ö„þ xy›îûy
~›˜ ~„þ!Ýþ xöìþ™Çþ„þ îû)öìþ™ !‰þ!£«“þ „þóîûî ëyîû ö˜!“þîy‰þ„þ SxíÅyê }’yd„þ ¦þyöìîîûV !”„þ!Ýþ £öìî ²Ìyëû
vþz_œ (quasi-convex) xöìþ™Çþ„þÐ

¢%“þîûy‚– xöìþ™Çþ„þ f : S  R, ²Ì„,þ!“þþ™öìÇþ V ö¦þQîû ößþ™öì¢îû xî“þœ ¢y¢öì¢Ýþ S ö“þ ¢‚Kþy!ëû“þ

¢„þöìœîû ‹˜Ä ë!” ²Ìyëûé éxî“þœ (quasi concave) £ëû– “þ…˜ ,x y s  ~î‚ S²Ì‰þœV  0,1  ~îû

‹˜Ä xy›îûy !˜öìÁ¬y=þ ¢Á™„Åþ!Ýþ vþzöìÍÔ… „þóîûî õ

       1 min ,f x y f x f y     ~î‚ „þöìàþyîû¦þyöìî (Strictly) xî“þ#’Å ²Ìyëû xî“þœ

xöìþ™Çþöì„þîû ‹˜Ä        1 min ,f x y f x f x   

¢£‹¦þyöìî£z vþzöìÍÔ… „þîûy ëyëû ²Ìyëû évþz_œ (quasi convex) xöìþ™Çþöì„þîû öÇþöìe–

       1 max ,f x y f x f y   

S

V 

x
y

f
f(x)
f(y)

!‰þey %̃¢yöìîû– vþzþ™öìîûîû vþz!ÍÔ!…“þ ¢Á™„þÅ†%!œöì„þ îÄy…Äy „þîûy ëyëûÐ

¢%“þîûy‚ öë xöìþ™Çþöì„þîû ›öì•Ä ²Ìyëû éôéxî“þœ ~î‚ ²Ìyëûé évþz_œ vþz¦þëû ¢_y£z î‹yëû íyöì„þ “þyöì„þ ²Ìyëûéôôôé
÷îû!…„þ (quasi-lniear) xöìþ™Çþ„þ îû)öìþ™ !‰þ!£«“þ „þîûy £ëûÐ
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!‰þey %̃¢yöìîû–

O

Y

X

!m‰þœîûy!Ÿîû öîœyëû ßþºy¦þy!î„þ öëïí ‡˜c ²Ì„,þ!“þ†“þ¦þyöìî ²Ìyëûéôôôéxî“þœ xöìþ™Çþöì„þîû ÷î!ŸTþÄöì„þ£z
“%þöìœ •öìîûÐ ¢½þyîÄ“þy ‡˜cééôééxöìþ™Çþöì„þîû ¢y•yîû’ î^ùÝþöì̃ îû ²Ìyëû éxî“þœ xöìþ™Çþ„þ !„þhs$þ þ™%öìîûyþ™%!îû xî“þœ
•îûöì̃ îû £ëû ˜yÐ

¢y›!@ùÌ„þ¦þyöìî îœy ëyëû öë– ¢›hßþ xî“þœ (Concave) •öì›Åîû „þyëÅyî!œ ²Ìyëûééôéxî“þœ •›Åy‰þîû’ „þöìîû
!„þhs$þ !îþ™îû#“þ ¢îÅöìÇþöìe ¢“þÄ £ëû ˜yÐ ö¢ !”„þ öíöì„þ ö”…öìœ îœy ëyëû öë– ²Ìyëûéôéxî“þœ xöìþ™Çþ„þ!Ýþîû
›öì•Ä xî“þöìœîû ~„þ!Ýþ ¢y•yîû’#„þîûöì’îû ²Ìöì‰þTþy Šéyvþüy xyîû !„þŠ%é£z ˜ëûÐ

²Ìyëûé éxî“þœ xöìþ™Çþöì„þîû vþz”y£îû’

S1V öëéôéö„þyöì̃ y ~„þy§ºëû# (monotonic) xöìþ™Çþ„þöì„þ ~„þöìëyöì† ²Ìyëûééôééxî“þœ xöìþ™Çþ„þ ~î‚ ²Ìyëûééôéévþz_œ
xöìþ™Çþ„þ îû)öìþ™ @ùÌ£’ „þîûy ëyëûÐ

S2V ~„þ!Ýþ xéôé£Éy¢ ›y˜ (non-decreasing) xöìþ™Çþ„þ ëíy õ : R Rng   xéôé£Éy¢ ›y˜ xöìþ™Çþ„þ
£öìœ ë!” *f h g  Sxöìþ™Çþ„þ ”%!Ýþîû ¢‚ë%!=þ„þîûöì’V ²Ìyëûéôévþz_œ ²Ì„,þ!“þîû £ëûÐ

S3V vþz”y£îû’ßþºîû)þ™–   logy f x x   ²Ìyëûéôéxî“þœ xöìþ™Çþöì„þîû xyç“þyëû xyöì¢Ð

!ŸÒéîy!’öì‹Äîû !î!¦þ§¬ •yîûyëû– xíÅ̃ #!“þîû !î!¦þ§¬ öÇþöìe– „Êþ#vþüy“þöì_ ́(game theory) ²Ìyëûééôééxî“þœ Sîy
²Ìyëûéôévþz_œV xöìþ™Çþöì„þîû ²Ì¦)þ“þ ²Ìöìëûy† œÇþ „þîûy ëyëûÐ

2.6 îy•y!î£#˜ Ÿöì“Åþîû öÇþöìe ‰þîû›/xî› Sîy !îþ™îû#“þV šþœ ²Ìy!®

Ÿ“Åþ ¢yöìþ™öìÇþ îy•y!î£#˜ ‰þîû›/xî› îy !îþ™îû#“þ›%…# šþœ ²Ìy!® (Unconstrained optimization)
¢Á™!„Åþ“þ ¢›¢Äyîû öÇþöìe ²Ì•y˜ vþzöìÍÔ…öìëy†Ä îÄyþ™yîû!Ýþ £œ ¢›y•y˜ ö¦þQîû (Solution Vector) xíÅyê

 1 2, ,...., nx x x  ¢îÅ”y îy•y (Constraint) !˜îûöìþ™Çþ îy îy•y›%=þ £öìîÐ !˜öìÁ¬y=þ „þyîû’†%!œîû ›öì•Ä ~£z
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¢“þÄ!Ýþ œ%!„þöìëû xyöìŠé ƒéôôôé

(i) !„þŠ%é x“þÄhsþ Ÿ!=þŸyœ# (powerful) ~î‚ ¢£‹œ¦þÄ þ™å•!“þöì“þ ²Ìy® îy•yë%=þ (Constrained)
‰þîû›/xî› Sîy !îþ™îû#“þ›%…#V šþœ ²Ìy!®îû ¢›¢Äyîû ¢›y•yöì̃  ˜‹öìîû xyöì¢ îy•y!î£#˜ ‰þîû›/xî› Sîy
!îþ™îû#“þ›%…#V šþœ ²Ìy!®îû ¢›¢Äyîû îû)þ™yhsþîû (transformation)Ð

(ii) îy•yë%=þ ‰þîû›/xî› Sîy !îþ™îû#“þ›%…#V šþœ ²Ìy!®îû ¢›¢Äyîû ¢›y•yöì̃ îû þ™å•!“þ †%!œîû ›öì•Ä
„þ“þ„þ†%!œ ²Ì•y˜ ²Ìöìëûy‹˜#ëû •yîû’y– îy•yë%=þ ‰þîû›/xî› Sîy !îþ™îû#“þ›%…#V šþœ²Ìy!®îû ¢›¢Äy ¢›y•yöì̃ îû
²Ì•y˜ £y!“þëûyîû £öìëû çöìàþÐ

îy•yë%=þ ‰þîû›/xî› Sîy !îþ™îû#“þ›%…#V šþœ ²Ìy!®îû ¢›¢Äy ¢›y•yöì̃ îû öîŸ „þöìëû„þ!Ýþ ¢%þ™!îû!‰þ“þ þ™å•!“þîû
þ™!îû‰þëû xy›îûy öþ™öìëû íy!„þÐ “þyîû ›öì•Ä !„þŠ%é þ™å•!“þ ¢îûy¢!îû¦þyöìî ¢›y•y˜ ö”îyîû öÇþöìe vþzöìÍÔ…öìëy†ÄÐ

öë›˜ õ ‘Rosenbrock method’, ‘Simple method’, ‘Univariate method ~î‚ ‘Ramdom
search method. Direct search method îy ¢îûy¢!îû ›)œÄyëû̃  þ™å•!“þöì“þ ö„þîœ›ye Objective
function îy x!¦þöì²Ì“þ xöìþ™Çþ„þ ²Ìöìëûy‹˜ ‰þîû›/xî› îy xî›/‰þîû› ›y˜ !˜•Åyîûöì’îû ‹˜Ä xöìþ™Çþöì„þîû
S~„þy!•„þ ‰þœ ë%=þ £çëûyëûV xy‚!Ÿ„þ xî„þœ (Partial derivative) !˜’Åëû „þîûyîû ”îû„þyîû £ëû ˜yÐ ö¢£z
„þyîûöì’ ²ÌyëûŸ£z ~£z þ™å•!“þöì„þ ‘Non-gradient method’ îy òxyéôé˜!“þë%=þ þ™å•!“þó îœy £ëûÐ „þ› ¢‚…Ä„þ
S~„þy!•„þV ‰þöìœîû öÇþöìe ~£z þ™å•!“þöì“þ …%î ¢£öì‹£z ¢›y•y˜ þ™yçëûy ëyëûÐ þ™îûî“þ#Å öÇþöìe xyîûç †%îû%cþ™)’Å
þ™å•!“þ !£¢yöìî xy›îûy þ™y£z

Descent method îy òxîöìîûy£˜ þ™å•!“þó ö„þÐ ~öì”îû ›öì•Ä vþzöìÍÔ…öìëy†Ä þ™å•!“þ†%!œ £óœ õ

(i) ‘Steepest descent method’ S‰þîû› …yvþüy£z xîöìîûy£˜ þ™å•!“þV

(ii) ‘Conjugate gradient method’ S¢‚ë%=þ ˜!“þ þ™å•!“þV

(iii) Newton’s method S!˜vþzÝþöì̃ îû þ™å•!“þV

(iv) Davidon-Fletcher-Powell method Sövþ!¦þvþ˜éôéöšÏþ‰þyîûéôéþ™yçöìëûœ þ™å•!“þV

~£z þ™å•!“þ†%!œöì“þ ²Ìöìëûy‹˜#ëû x‚Ÿ £óœ x!¦þöì²Ì“þ xöìþ™Çþ„þ (Objective function) !˜•Åyîû’ ~î‚
“þê¢£ ²Ìí› ç “þyîû x!•„þ „Êþöì›îû xî„þœ †%’y‚öì„þîû vþzþ™!Þí!“þÐ ~£z þ™å•!“þöì“þ xöìþ™Çþöì„þîû ²Ìy® šþœ
²Ìíöì› vþz!ÍÔ!…“þ þ™å•!“þ xöìþ™Çþy x!•„þ ›yeyëû xöìþ™Çþ„þ ¢Á™öì„Åþ ¢‚îy” î£˜ „þöìîû ~î‚ xî„þœ †%’y‚öì„þîû
îÄî£yöìîûîû ›y•Äöì› xöìþ™Çþ„þ!Ýþîû ‰þîû›/xî› Sîy !îþ™îû#“þ›%…#V šþœ ²Ìy!®öì„þ ¢%‰þyîû%¦þyöìî þ™!îûöìîŸ˜ „þöìîûÐ
ö¢£z ‹˜Ä ‘Descent method’ îy xîöìîûy£’ þ™å•!“þöì„þ xöì̃ öì„þ ‘Gradient method’ îy ò²Ìî’“þy
Sîy ˜!“þV ë%=þó þ™å•!“þ !£¢yöìîé x!¦þ!£“þ „þöìîû̃ Ð

!m‡y“þ „þyëÅ„Êþöì›îû ¢›¢Äy ¢›y•yöì̃  ‘Kuhn–Tucker’ ~îû Ÿ“Åþyî!œ õ

‰þîû› ›y˜ ²Ìy!®îû öÇþöìe
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xöìþ™Çþ„þ  
1 1 1

1
2

n n n

j j jk j k
j j k

f x c x c x x
  

  

îhß$þ!˜Ûþ ‰þöìœîû îy•yë%=þ Ÿ“Åþ £œ

1
,

n

ij j i
j

a x b


  1, 2,....., .i m

~î‚ 0,jx  1, 2,...., ;j n

ë…˜ ,jk kjc c  ¢›hßþ j ç k ~îû ‹˜Ä £Éy¢¢)‰þ„þ (slack) ‰þœîûy!Ÿ 2
iq  ~î‚ 2

jr  xy!îÅ¦þyöìîîû šþöìœ

¢›¢Äy!Ýþîû xy„þyîû £ëû !˜Á¬îû)þ™ õ

f éôé~îû ‰þîû› ›yöì̃ îû ‹˜Ä–

1 1 1

1
2

n n n

j j jk j k
j j k

f c x c x x
  

  

!˜öìÁ¬y=þ Ÿ“Åþ¢yöìþ™öìÇþ

2

1
0,

n

ij j i i
j

a x b q


   1, 2,.....,i m

2 0,j jx r   1, 2,.... .j n

~…˜ ²Ì”_ œÄy†äîûyO#ëû xöìþ™Çþ„þ!Ýþ £óœ

 1 2 1 2 1 2 1 2 1 2L , ,...., , , ,..., , ,...., , , ,...., , , ,...,     n m n n nx x x q q q r r r

2

1 1 1 1 1

1
2

n n n n n

j j jk j k i ij j j i
j j k i j

c x c x x a x b q
    

 
      
 
 

     2

1
.

n

j j j
j

x r


   

~…˜ Kuhn-Tucker éôé~îû ²Ì”_ Ÿ“þÅyî!œ £óœ õ

 
1

1 0,
m

i ij j
j i

f ax


     
  1,2,....,



NSOU  GE-CO-2158

1
0,

n

i ij j i
j

a x b


 
   
 
 
 1, 2,....i 

0,j jx  1, 2,...,j n

1
,

n

ij j j
j

a x b


 1, 2,....i m

0,jx  1, 2,...,j n

0,i  1, 2,.....,i m

0,j  1, 2,...,j n

•!îû– 2 0,i iq s   vþzþ™öìîûy=þ ¢›#„þîû’¢›)£ £ëû !˜Á¬îû)þ™ õ

1 1
0

n m

j jk k i ij j
k i

c c x a
 

     

1
0,

n

ij j i i
j

a x b s


   1,2,.....,i m

0,i is  1, 2,....,i m

0,j jx  1, 2,....,j n

0,i  1,2,....,i m

0,j  1, 2,....,j n

0,jx  1, 2,.....,j n

0,is  1,2,...,i m

(1) ˜‚ îÄîÞíy (system) öíöì„þ ²Ìy® (m n) ÷îû!…„þ ¢›#„þîû’†%!œîû ›öì•Ä vþzþ™!Þí“þ íyöì„þ , , ,i j ix x b

~î‚ is
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(1) ˜‚ öíöì„þ ²Ìy® ¢›y•y˜ xîŸÄ£z (2) ˜‚ ç (3) ˜‚ ö„þ !¢å• (satisfy) „þöìîû ~î‚ ~îûy£z !m‡y“þ
„þyëÅ„Êþöì›îû ¢›¢Äy!Ýþîû S‰þîû›V xy„þy!C“þ ¢›y•y˜ !£¢yöìî þ™!îû†!’“þ £ëûÐ

Applications S²Ìöìëûy†yî!œV ƒ

(1) ë%å•„þyœ#˜ þ™!îû!Þí!“þöì“þ xöì̃ „þ ¢›ëû ~œy„þyëû ‹˜ ¢y•yîûöì’îû ›öì•Äé …y”Ä oöìîÄîû ¢îûîîûy£
!˜ëû!›“þ¦þyöìî þ™!îû‰þy!œ“þ £ëû ˜yÐ ú ¢›ëû …y”ÄoöìîÄîû ›)œÄ î,!å• þ™yëû ~î‚ …y”ÄoöìîÄîû ¢îûîîûy£ „þ›
íy„þyîû ‹˜Ä ò„%þþ™˜ó (Coupon) þ™å•!“þöì“þ ›)œÄ !˜ëû!sþf“þ £ëû ö„Êþ“þyîû ›öì•ÄÐ ö„Êþ“þy öë þ™!îû›y’ …y”Ä¢y›@ùÌ#
ö˜öìî “þyîû Çþ›“þy Sîy ‰þy!£”yV x˜%¢yöìîû “þyîû ~„þÝþy xy!íÅ„þ (monetary) ›)œÄ ~î‚ öë ~„þ„þ …y”ÄoîÄþ
ö„Êþ“þy „þ“,þÅ„þ †,£#“þ £öìî “þyîû ‹˜Ä ö”ëû „%þþ™˜ ›)œÄ (Coupon price) •yëÅ „þîûy £ëûÐ ~öì„þ òë%å•é„þyœ#˜
öîûŸ˜ î ù̂Ýþ˜ó ²Ì’yœ# îöìœÐ

~…yöì̃  Kuhn-Tucker þ™å•!“þöì“þ ¢›¢Äy ¢›y•yöì̃ îû îûyhßþy îûöìëûöìŠéÐ îÄyþ™yîûÝþyöì„þ ~„þÝ%þ þ™!îûßþñyîû ¦þyöìî
vþzöìÍÔ… „þîûy ëy„þÐ ›öì̃  „þ!îû x ç y ”%éôé²Ì„þyîû …y”ÄoîÄ ö„Êþ“þyîû ›öì•Ä îrÝþ˜ „þîûy £óœÐ ö„Êþ“þyîû ~„þ!Ýþ !˜!”ÅTþ
¢y›öìíÅÄîû !î¡ìëû ~…yöì̃  ‹!vþüöìëû íy„þöìîÐ •!îû “þy £óœ ‘B’ ~î‚ ö„Êþ“þy „þ“,Åþ„þ îÄî£,“þ oîÄ x ç y ~îû
xöìþ™Çþ„þ xíÅyê Utility function U xíÅyê U (x, y)Ð ë!” x ç y éôé~îû ‹˜Ä •yëÅ „)þþ™˜ ›)œÄ ëíy„Êþöì›
Cx ~î‚ Cy £ëû– “þöìî ö„Êþ“þyîû !”„þ öíöì„þ éUôé~îû ‰þîû› ›y˜ ²Ìy!®‹!˜“þ ¢›¢Äy!Ýþöì„þ !˜öìÁ¬y=þ¦þyöìî vþzöìÍÔ…
„þîûy ëyëûÐ

Max (U) [ ‰þîû› (U)] U (x, y)

x•#˜Þí !î!•!˜öì¡ì• ö›öì̃  öë Ÿ“Åþyî!œ xyöì¢ “þy £óœ

   B P Px yx y 

~î‚    C C C x yx y

xîŸÄ£z 0x   ~î‚ 0y 

~öìÇþöìe œÄy†äîûyO#ëû xöìþ™Çþ„þ Sëyîû ²Ìöìëûy‹˜ ¢îÅyöì@ùÌ œyöì† Kuhn-Tucker Ÿ“Åþyî!œöì„þ îÄy…Äy
„þîûöì“þV (Lagrangian function) ö„þ !˜öìÁ¬y=þ vþzþ™yöìëû ²Ì„þyŸ „þöìîû þ™y£z õ

      1L U , B P Px yx y x y         2 C C Cx yx y  

öë…yöì̃  ²Ì‰þœ 1 2,   £óœ œÄy†äîûyO#ëû †%’„þ ëy ö„Êþ“þyîû !”„þ öíöì„þ xy¢y ¢y•Ä›)œÄ ~î‚ „%þþ™˜ ›)ìœÄ
‹!˜“þ !î!•!˜öì¡ìöì•îû Ÿöì“Åþîû vþzþ™îû !˜¦ÅþîûŸ#œÐ ~Þíöìœ Kuhn-Tucker !˜öìëûy!‹“þ Ÿ“Åþ†%!œ £óœõ

1 2L U P C 0x x x x   

1 2L U P C 0y y y y   
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1 1L B P P 0, 0x yx y      

   
2 2L C C C 0, 0x yx y      

†y!’!“þ„þ ”,!Tþöì„þy’ öíöì„þ ~„þ!Ýþ ¢›¢Äyîû îÄy…Äy ƒ

•!îû– ö„Êþ“þyîû !”„þ öíöì„þ xy¢y oöìîÄîû vþzþ™öìëy† xöìþ™Çþöì„þîû (Utility function) xy„þyîû U (x, y)
x·y2

•!îû– B 100, Px 1, Py 1 ë…˜ C 120 ~î‚ Cx 2, Cy 1.

~öìÇþöìe œÄy†äîûyO#ëû xöìþ™Çþ„þ!Ýþöì„þ ‘L’ !£¢yöìî •öìîû þ™y£z

   2
1 2L 100 120 2xy x y x y        

ë…˜ ²Ì‰þœ 1, 2 £óœ œÄy†äîûyO#ëû †%’„þ ëy ö„Êþ“þy myîûy ö‡y!¡ì“þ ¢y•Ä ›)œÄ ~î‚ †,£#“þ „%þþ™˜ ›)öìœÄîû
!î!•!˜öì¡ìöì•îû Ÿöì“Åþîû vþzþ™îû !˜¦ÅþîûŸ#œÐ ~öìÇþöìe Kuhn Tucker ~îû Ÿ“Åþyî!œ £óœ õ

2
1 2L 2 0, 0, ·L 0x xy x x      

1 2L 2 0, 0, ·L 0y yxy y y     

1 11 1L 100 0, 0, ·L 0x y        

2 22 2L 120 2 0, 0, ·L 0x y        

¢›¢Äyîû ¢›y•y˜ ƒ ~£z ¢›¢Äy ¢›y•yöì̃ îû ‹˜Ä oöìîÄîû þ™!îû›y’†“þ !˜!”ÅTþ „þyîûöì’ ‘Trial and error’
þ™å•!“þ „þyöì‹ œy†yöì̃ y £ëûÐ ~Þíöìœ xy›îûy öëéôéö„þyöì̃ y ~„þ!Ýþ !˜öì¡ì• xyöìîûy!þ™“þ Ÿ“Åþöì„þ ›%=þ (non-
binding) xy„þyöìîû öîûöì… x ç y ö„þ ¢›y•y˜ „þóîûîÐ

²Ìyí!›„þ hßþîû ƒ •!îû– 2 0, 1 > 0

„%þþ™˜‹!˜“þ Ÿ“Åþöì„þ †’Ä ˜y „þöìîû– ²Ìí› „Êþöì›îû Ÿ“Åþyî!œ £óœ

2
1L 0x y  

1L 2 0y xy  

1
L 100 0x y    

¢›y•y˜ „þöìîû x ç y ~îû ²Ìy® ›y˜†%!œ £óœ
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x* 33·33 ~î‚

y* 66·67

~£z ¢›y•y˜öìëy†Ä ›y˜ ”%!Ýþöì„þ „%þþ™˜é‹!˜“þ !˜öì¡ì• Ÿöì“Åþ Þíyþ™˜ „þöìîû þ™y£z–

 2 33·33 66·67 133·67 120  

~£z ¢›y•y˜!Ýþ „%þþ™˜éôé!˜öì¡ì• Ÿ“Åþöì„þ !¢å• „þöìîûÐ

!m“þ#ëû hßþöìîû ƒ •!îû– 1 0, 2 > 0

~…˜ ²Ìí› „Êþöì›îû Ÿ“Åþyî!œ ƒ

2
2L 2 0x y   

2L 2 0y xy  

2
L 120 2 0x y    

¢›#„þîû’†%!œöì„þ ¢›y•y˜ „þöìîû þ™y£z

x* 20 ~î‚ y* 80

~öìÇþöìe îyöì‹Ýþ !˜öì¡ì• Ÿ“Åþöì„þ ›y˜Ä“þy ö”çëûy £öìëûöìŠéÐ

²Ìöìëûy‹öì̃  öœ…!‰þöìeîû ¢y£yëÄ ö˜çëûy öëöì“þ þ™yöìîûÐ

(2) Kuhn-Tucker þ™å•!“þöì“þ xyöìîûy!þ™“þ Ÿ“Åþyî!œöì„þ xy›îûy ‘Peak-Load-Pricing’ þ™å•!“þöì“þ
Peak xíîy ‘Off Peak’ xíÅyê ¢öìîÅyF‰þ ‰þy!£”y ~î‚ ¢îÅ!˜Á¬ ‰þy!£”y ¢yöìþ™öìÇþ ¢„þœéôé„þöìœöì‹îû „ÏþyŸ
þ™!îû‰þyœ˜yîû ¢›ëû¢#›y [ xíÅyê !”îy ¦þyöì† (Peak) ~î‚ ÷˜Ÿ„þyœ#˜ (Off Peak) xy„þyöìîûéôôô] !Þíîû
„þîûöì“þ þ™y!îûÐ !îöì̃ y”öì̃ îû îÄîÞíyëû xy›îûy ö„þyöì̃ y ¢›ëû öî!Ÿ ”ŸÅ„þ þ™yçëûy ëyöìî– ö„þy ä̃ ¢›ëû „þ› ”ŸÅ„þ
vþzþ™!Þí“þ íy„þöìî ~î‚ “þy öíöì„þ xyöìëûîû ²ÌÙÀ!Ýþöì„þ Kuhn-Tucker þ™å•!“þöì“þ ¢›y•y˜ „þóîûöì“þ þ™y!îûÐ

Kuhn-Tucker Ÿ“Åþ ¢yöìþ™öìÇþ !˜öìÁ¬y=þ ¢›¢Äy!Ýþöì„þ ¢›y•y˜ „þîû%̃  õ

Max Z S‰þîû› (Z))  2 2 2
1 2 1 2 35 8 12 4 4 4x x x x x    

x•#˜Þí Ÿ“Åþyî!œ £óœ

1 2 1x x 

1 22 3 6x x 
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!î!•!˜öì¡ìöì•îû Ÿ“Åþyî!œ £óœ ƒ

1 1 2 1g x x  

2 1 22 3 6g x x  

Kuhn-Tucker ~îû ²Ìöìëûy‹˜#ëû Ÿ“Åþyî!œ õ

2
1 2 0,i

j i i

g gz
x x x

      
   1, 2,3i 

0, 1, 2j j jg b j     

0,j  1, 2j  , 1, 2j jg b j   

 1 1 28 8 2 0..... 1x     

 2 1 212 8 3 0.... 2x    

 38 0..... 3x 

   1 1 2 1 0..... 4x x    

   2 1 22 3 6 0..... 5x x    

 1 2 1 0.... 6x x   

 1 22 3 6 0.... 7x x  

 1 0.... 8 

 2 0.... 9 

‰þyîû!Ýþ öÇþe (case) vþzöìàþ xyöì¢ ƒ

²Ìí› öÇþe õ 1 20, 0   

!m“þ#ëû öÇþeû õ 1 0,  2 0 
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“,þ“þ#ëû öÇþe õ 1 0,  2 0 

‰þ“%þíÅ öÇþeû õ 1 20, 0   

²Ìí› öÇþe öíöì„þ þ™y£z– 1 20, 0   

~…˜ (1) ˜‚ öíöì„þ þ™y£z– 1 1x 

~î‚ (2) ˜‚ öíöì„þ þ™y£z– 2 3 2x 

~£z ›y˜ ”%!Ýþ (6) ˜‚ ö„þ !¢å• (satisfy) „þöìîû ˜yÐ

¢%“þîûy‚ £z£y þ™!îû“þÄy‹ÄÐ

!m“þ#ëû öÇþöìe õ 1 20, 0   

(5) ˜‚ ¢Á™„Åþ öíöì„þ þ™y£z–  1 22 3 6 0.... 10x x  

(1) ˜‚ öíöì„þ þ™y£z–  2
1 2 1

48 8 2 0 .... 114x x          
 

(2) ˜‚ öíöì„þ þ™y£z– 2 212 8 3 0x     2
2

3 12 ...... 128x  
 

(11) ˜‚ ç (12) ˜‚ ¢Á™„Åþ ”%!Ýþîû ¢y£yöìëÄ (10) ˜‚ öíöì„þ þ™y£z

 2
2

4 32 3 12 6 04 8
        

 

2 24 9 36 6 02 8
   

   

2 24 16 9 36 48 0       

213 52 48 0    

213 4   

2 4 13 0   

(11) ˜‚ öíöì„þ þ™y£z– 1
1 12113 13x    
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(12) ˜‚ öíöì„þ þ™y£z– 2
12 12 18
104 8 13x    

~£z x1 ~î‚ x2 (6) ˜‚ ö„þ !¢å• „þöìîû ˜y ¢%“þîûy‚ ~£z þ›y˜ ”%!Ýþç þ™!îû“þy‹ÄÐ

“,þ“þ#ëû öÇþöìe– 1 0,  2 0 

(4) ˜‚ öíöì„þ þ™y£z–  1 2 1 0...... 3x x  

(1) ˜‚ öíöì„þ þ™y£z– 1 18 8 0x x    1
1

8 ..... 148x  
 

(2) ˜‚ öíöì„þ þ™y£z– 2 112 8 0x     1
2

12 ... 158x  
 

(13) ˜‚ ¢Á™öì„Åþ (14) ~î‚ (15) ö„þ îÄî£yîû „þöìîû þ™y£z–

1 6  

(14) ~î‚ (15) öíöì„þ þ™y£z– 1
1 ,4x  2

3 .4x 

(3) ˜‚ öíöì„þ þ™y£z– 3 0x 

1 1 4,x  2 3 4,x  3 0x 

~£z é›y˜†%!œ (6) ˜‚ ç (7) ˜‚ ö„þ !¢å• „þöìîûÐ šþöìœ ~…y˜ öíöì„þ£z Max z S‰þîû› (z)) éôé~îû ›y˜

!£¢yöìî þ™y£z 27
2  îy 13·5. vþz_îû õ 13·5

[!î. o. Max·z        2 21 3 1 35 8 12 4 4 04 4 4 4     

1 9 10 64 10 545 2 9 164 4 4 4 4
         27 13·52  ]

2.7 ö£!¢ëûy˜ !˜’Åyëûöì„þîû ¦)þ!›„þy

•!îû f : Rn  R ~„þ!Ýþ ~›˜ xöìþ™Çþ„þ ëyîû îhß$þ ö¢öìÝþîû R ,nx  ~„þ!Ýþ ö¦þQîû ~î‚ ²Ì!“þ!îÁº

ö¢öìÝþîû   Rf x   (object set) ~„þ!Ýþ ößþñœyîûÐ !m“þ#ëû „Êþöì›îû xy‚!Ÿ„þ (Image set) xî„þœ †%’y‚„þ
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éôéxöìþ™Çþ„þ f éôé~îû ‹˜Ä x!hßþc ë%=þ ~î‚ xöìþ™Çþ„þ ~!Ýþ îhß$þ ö¢öìÝþîû vþzþ™îû ¢hsþ“þy î‹yëû îûyöì…Ð ~…˜ H
›Äy!ÝþÆ: îy [H] ëy f éôé~îû vþzþ™îû !m“þ#ëû „Êþöì›îû xy‚!Ÿ„þ xî„þœ †%’y‚öì„þîû ›y•Äöì› †!àþ“þ Sëy xöì̃ „þ ¢›ëû
[Hf] !£¢yöìî !‰þ!£«“þV “þyîû þ™!îû‰þëû!Ýþ !˜Á¬îû)þ™ õ

[H] or [Hf] 

2 2 2

2 1 2 11
2 2 2

21 3 22
2 2 2

21 2

......

......

......

n

n

n n n

f f f
x x x xx

f f f
x dx x xx

f f f
x x x x x

   
     
 
   
   
 
   
      

i ~î‚ j ¢)‰þöì„þîû ›y•Äöì› f éôé~îû !m“þ#ëû „Êþöì›îû xy‚!Ÿ„þ xî„þœéôé¢£† ö„þ ¢›#„þîû’ xy„þyöìîû !œöì…
þ™y£z–

 
2

,H .i j i j

f
x x

 

~Þíöìœ vþzöìÍÔ…öìëy†Ä öë [H] ~„þ!Ýþ ²Ì!“þ¢› (symmetric) ›Äy!ÝþÆ: ~î‚ xöìþ™Çþ„þ f ~îû !m“þ#ëû
„Êþöì›îû xy‚!Ÿ„þ xî„þœéôé¢£† ¢hsþ“þy öŸyëûy‹Åéôévþzþ™þ™y”Äy˜%¢yöìîû xî„þöìœîû „Êþöì›îû vþzþ™îû !˜¦ÅþîûŸ#œ ˜ëûÐ
[H] éôé~îû !˜’Åyëû„þ!Ýþöì„þ | H | !£¢yöìî !‰þ!£«“þ „þîûy £ëû ~î‚ ~öì„þ£z îœy £ëû ö£!¢ëûy˜éô é!˜’Åyëû„þ (Hessian
determinant) ëyîû ¢öìA† †!’“þKþ (Otto) Hesse SxöìÝþy ö£öì¢V éôé~îû ˜y› ¢‚ë%=þÐ

~…˜ xy›îûy ~£z ö£!¢ëûy˜ !˜’Åyëûöì„þîû „þ# ¦)þ!›„þy “þy !˜öìëû xyöìœy‰þ˜y „þóîûîÐ

xy›îûy ‹y!˜ öë xöìþ™Çþ„þ f (x), x0 !˜Øþœ !î¨% (Stationary point) éôéö“þ ‰þîû› (max) xíîy xî›
›y˜ @ùÌ£’ „þóîûöìî ë!” !˜öìÁ¬y=þ Ÿ“Åþ ”%!Ýþ ¢!àþ„þ¦þyöìî þ™)îû’ „þîûy £ëûÐ ¢îÅ²Ìí› [H]x0 !˜’Åëû „þîûöì“þ £öìîÐ

“þyîûþ™îû 
0xH xíÅyê X0 !î¨%öì“þ ö£y!¢ëûy é̃ôé!˜’Åëûöì„þîû ²Ì•y˜ ›y£z̃ îû (main) (principal) !˜’Åëû „þöìîû

î%Gþöì“þ £öìî 
0xH  !˜!Øþ“þ •˜yd„þ (positive difinite) îû)öìþ™ xyöìŠé xíîy !˜!Øþ“þ }’yd„þ (negative)

îû)öìþ™ xyöìŠéÐ

~…˜ ˜#öì‰þîû Ÿ“Åþ ”%!Ýþ îœöìî   0,f x x  !î¨%öì“þ ‰þîû› xíîy xî› ›yöì̃ îû ö„þy˜!Ýþîû x!•„þyîû#Ð

Ÿ“Åþ S1V õ   0,f x x  !˜Øþœ !î¨%öì“þ ‰þîû› ›y˜ @ùÌ£’ „þöìîû ë…˜  
0

H x îy 
0xH  !˜!Øþ“þ }’yd„þ

(negative definite) £ëûÐ
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Ÿ“Åþ S2V õ   0,f x x  !˜Øþœ !î¨%öì“þ xî› ›y˜ @ùÌ£’ „þöìîû ë…˜  
0

H x  Sîy 
0xH ) !˜!Øþ“þ

•˜yd„þ (positive definite) îû)öìþ™ ²Ì„þy!Ÿ“þ £ëûÐ

xy›îûy !˜öì‰þîû vþz”y£îû’!Ýþöì„þ x %̃¢îû’ „þóîûöì“þ þ™y!îûÐ

[ ~ „þíy x˜ßþº#„þyëÅ öë ë!” A  [aij]n×n ~„þ!Ýþ n × n „Êþöì›îû î†Å ›Äy!ÝþÆ: £ëû “þöìî ²Ìí› ²Ì•y˜

›y£z̃ îû £ëû A1 a11, !m“þ#ëû ²Ì•y˜ ›y£z̃ îû £ëû 
11 12

21 22

a a
a a  ~î‚ 

11 12 13

3 21 22 23

31 32 33

A
a a a
a a a
a a a

  “,þ“þ#ëû

²Ì•y˜ ›y£z̃ îû !£¢yöìî xy!î¦)þÅ“þ £ëûÐ ~…˜ A  [aij] ›Äy!ÝþÆ:!Ýþ

(i) !˜!Øþ“þ •˜yd„þ (positive definite) îû)öìþ™ •îûy ö”ëû ë…˜ ö„þîœ›ye Ai > 0, (i 1,2,..., n)

(ii) !˜!Øþ“þ }’yd„ (negative definite) îû)öìþ™ ²Ì„þy!Ÿ“þ £ëû ë…˜ ö„þîœ›ye Ai< 0, (i 1,2,.., n)]

vþz”y. •!îû xöìþ™Çþ„þ   2 2 2
1 2 3 1 3 2 3 1 2 3, , 2f x x x x x x x x x x     

f xöìþ™Çþöì„þîû öÇþöìe ‰þîû›/xî› ›y˜ @ùÌ£öì’îû ‹˜Ä ²Ìöìëûy‹˜#ëû Ÿ“Åþ £óœ

1
1

1 2 0f xx
   


3 2
2

2 0f x xx
   


2 3
3

2 2 0f x xx
    


vþzþ™öìîûy=þ ¢›#„þîû’†%!œöì„þ ¢›y•y˜ „þöìîû þ™y£z

X0 S!˜Øþœ !î¨% !£¢yöìîV  1 2 4, ,2 3 3

~…˜  
0

1

0

2 2 2

2 1 2 1 31
2 2 2

22 2 32
2 2 2

23 1 2 3 3

H

f f f
x x x xx

f f f
x x x xx

f f f
x x x x x
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2 0 0
0 2 1
0 1 2

 
   
  

~…˜  
0

H   öíöì„þ †!àþ“þ ²Ì•y˜ ›y£z̃ îû (minor) éôé†%!œ Sëy 
0xH  öíöì„þ þ™yçëûy ëyëûV £óœ

11 2,a    
11 12

21 22

a a
a a

2 0
4

0 2


 
  ~î‚ 

11 12 13

21 22 23

31 32 33

a a a
a a a
a a a

2 0 0
0 2 1
0 1 2


 


   2 . 4 2 0 0    

   2 . 2 4   

 ²Ì•y˜ ›y£z̃ öìîûîû ›y˜†%!œ £œ ëíy„Êþöì› –2, 4 ~î‚ –4

¢%“þîûy‚ 
0xH  ßþ™Tþ“þ£z !˜!Øþ“þ }’yd„þ (negative definite) îû)öìþ™ ²Ì„þy!Ÿ“þ ~î‚ X0 !˜Øþœ !î¨%

xíÅyê  1 2 4, ,2 3 3  !î¨%öì“þ ²Ì”_ xöìþ™Çþ„þ f ‰þîû› ›y˜ (max value) @ùÌ£’ „þöìîûÐ

2.8 òöœ…!‰þeó þ™å•!“þöì“þ ÷îû!…„þ „þyëÅ„Êþöì›îû ¢›¢Äyîû ¢›y•y˜

”%!Ýþ !˜Ü™!_„þyîû# ‰þœöì„þîû ›y•Äöì› ÷îû!…„þ „þyëÅ„Êþöì›îû ¢›¢Äyöì„þ ›)œ“þõ öœ…!‰þöìeîû ¢y£yöìëÄé é¢›y•y˜
„þîûy £ëûÐ !“þ˜ îy “þöì“þy!•„þ ‰þœöì„þîû öÇþöìe é~£z þ™å•!“þ!Ýþ …%î£z ‹!Ýþœ xy„þyîû •yîû’ „þöìîûÐ ¢y•yîû’¦þyöìî
òöœ…!‰þe þ™å•!“þöì“þó ”%!Ýþ x‹y˜y ‰þœîûy!Ÿöì„þ xy›îûy @ùÌ£’ „þöìîû ¢›y•y˜öìëy†Ä ‰þîû›/xî› ›y˜ !˜öì’Åëû
„þîûîÐ ²Ìíöì› ²Ì”_ !î!• !˜öì¡ìöì•îû Ÿ“Åþyî!œöì“þ vþzþ™!Þí“þ x¢›#„þîû’†%!œöì„þ ¢›#„þîû’ xy„þyöìîû ²Ì„þyŸ

„þöìîû “þyöì„þ 1yx
a b   S¢îûœöìîû…yîû öŠé!”“þy‚Ÿ xy„þyöìîûV ²Ì„þyŸ „þóîûîÐ ¢›“þöìœ x!A„þ“þ OX1 ~î‚

OX2 xyëû“þy„þyîû xÇþmöìëûîû ¢yöìþ™öìÇþ (0 ö„þ ›)œ !î¨% •öìîûV ²Ìöì“þÄ„þ ¢›#„þîûöì’îû öœ…!‰þe ëíyëí¦þyöìî
xA„þ˜ „þóîûîÐ ²Ìöì“þÄ„þ vþzþ™!Þí“þ !î¨%îû Þíy˜y‚„þ £öìî (x1, x2) xy„þyöìîûÐ ë!” x¢›#„þîû’ S²Ì”_V ‘ 0 ’
xy„þyöìîûîû £ëû “þöìî ›)œ !î¨%îû !˜öì‰þîû !”öì„þîû xMþœ ~î‚ ‘ 0 ’ xy„þyöìîû x¢›#„þîûöì’îû öÇþöìe ›)œ!î¨%îû
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vþzå•Å !”öì„þ öîû…y!A„þ“þ xMþœöì„þ !‰þ!£«“þ „þóîûîÐ ²Ìöì“þÄ„þ öÇþöìe– 1 0,x  2 0x  Ð ²Ìí› þ™ëÅyöìëû (1st
quadrant) Ÿ“Åþ¢yöìþ™öìÇþ !î¨%†%!œöì„þ Þíyþ™˜ „þöìîû x!A„þ“þ xMþöìœîû ¢y•yîû’ ¦þy†!Ýþ !˜öì“þ £öìîÐ vþz_œ
ö¢öìÝþîû ²Ìöì“þÄ„þ ²Ìyhsþ !î¨% S¢y•yîû̃  xMþöìœ ëy vþzþ™!Þí“þV (corner point) x!¦þöì²Ì“þ xöìþ™Çþöì„þ (Z)
objective function) î!¢öìëû ›y˜†%!œ !˜’Åëû „þöìîû “þyîûþ™îû ›y˜†%!œ þ™ëÅöìîÇþ’ „þöìîû max z îy min
z ö„þ !˜’Åëû „þîûy £ëûÐ ˜#öì‰þîû vþz”y£îû’†%!œ œÇþ’#ëû õ

vþz”y. 1 Min Z Sxî› (Z)) 3x1 + 2x2

x•#˜Þí Ÿ“Åþyî!œ õ

1 25 10x x 

1 22 2 12x x 

1 24 12x x 

1 0,x  2 0x 

¢›y•y˜ ƒ x¢›“þy !‰þ£« î‹Å̃  „þöìîû ²Ì”_ Ÿ“Åþyî!œ
öíöì„þ ²Ìy® ¢›#„þîû’†%!œ £óœ õ

 1 2 1..... 12 10
x x
 

 1 2 1.... 26 6
x x
 

 1 2 1..... 312 3
x x
 

OX1 ~î‚ OX2 xÇþ ”%!Ýþöì„þ O ›)œ!î¨% ¢yöìþ™Çþ xA„þ˜ „þóîûœy›Ð (1), (2) ç (3) ˜‚ ¢›#„þîû’
†%!œîû !‰þe x‚„þ˜ „þöìîû x¢›“þy !‰þ£« ¢yöìþ™öìÇþ ~öì”îû „þyîû% ¢y•yîû’ ¢›y•y˜ xMþœöì„þ öîû…y!A„þ“þ „þîûy
£óœÐ !‰þ£« (i) x %̃¢yöìîû vþz_œ xMþœ öíöì„þ ¢›hßþ „þyëÅ„þîû# ¢›y•y˜ ö…yœy ABCD xMþöìœ ëy vþzþ™!Þí“þ
“þyöì”îû !‰þ!£«“þ „þîûy £óœÐ

A, B, C ~î‚ D ~îû ö„þï!’„þ !î¨% ëy ABCD xMþöìœ vþzþ™!Þí“þ “þyöì”îû !˜öìÁ¬y=þ¦þyöìî ²Ì„þyŸ „þîûy
£óœÐ

 A 12,0 ,  B 4, 2 ,  C 1,5  ~î‚  D 0,10

AZ 3 12 36   

(0,0)
(1)

(1)

(2)

(2)

(3)

(3)

X1

X2

A
B

C

D
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BZ 3 4 2 2 16    

CZ 3 1 2 5 13    

~î‚ ZD 2 × 10 20

 A B C DMin Z , Z , Z , Z   þ™ëÅöìîÇþöì’– ZA, ZB, ZC ~î‚ ZD éôé~îû xî› ›y˜ 13

¢%“þîûy‚ Zmin Sîy xî› Z)

13 ë…˜ 1 1,x  2 5x 

vþz”y. 2 Solve the following L.P.P. by graphical method Söœ…y!‰þöìeîû ›y•Äöì› !˜öìÁ¬y=þ
¢›¢Äy!Ýþîû öœ…!‰þöìeîû ¢y£yöìëÄ ¢›y•y˜ !˜’Åëû „þîû%̃ V

Find : Max Z S‰þîû› (Z) !˜’Åëû „þîû%̃ V– ë…˜

Max Z 5x1 7x2

˜#öì‰þîû !î!•!˜öì¡ì•‹!˜“þ Ÿ“þÅyî!œ õ

1 2 4x x 

1 23 8 24x x 

1 210 7 35x x 

¢›y•y˜ ƒ ²Ì”_ x¢›#„þîû’†%!œöì„þ
¢îÅ²Ìí› ¢›#„þîû’ xy„þyöìîû ²Ì„þyŸ „þöìîû þ™y£z

1 2 4x x   îy– 1 2 14 4
x x
 

1 23 8 24x x   îy– 1 2 18 3
x x
 

1 210 7 35x x   îy–  
1 2 157 2

x x
 

~Þíöìœ– (1) ˜‚ ¢îûœöìîû…y!Ýþ (4, 0) ~î‚ (0, 4) !î¨%†y›#Ð

(2) ˜‚ ¢îûœöìîû…y!Ýþ (8, 0) ~î‚ (0, 3) !î¨%†y›#Ð

O
(1)

(1)

(2)

(2)
(3)

(3)

X1

X2

(feasible solution region)

B
C

D

A
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(3) ˜‚ ¢îûœöìîû…y!Ýþ (3·5, 0) ~î‚ (0, 5) !î¨%†y›#Ð

þ™)öìîÅîû ˜Äyëû OX1, OX2 xyëû“þy„þyîû xÇþ ”%!Ýþ ~î‚ ›)œ !î¨% (0,0) ¢yöìþ™öìÇþ ²Ìí› •yöìþ™ x•#˜Þí
Ÿ“Åþyîœ#îû ›y•Äöì› ²Ì”_ x¢›#„þîû’†%!œîû öœ…!‰þe xA„þ˜ „þöìîû “þyöì”îû ¢y•yîû’ ¢›y•y˜ xMþœ !˜’Åëû
„þîûy £œÐ ¢½þyîÄ ¢›y•y˜ (feasible) xMþœ £óœ ‘OABCD’. [!‰þe S2V x˜%¢yöìîû]

B ~î‚ C ëíy„Êþöì› 1 2 4,x x   ç 1 210 7 35x x 

~î‚ 1 23 8 24x x   ç 1 2 4x x   ~îû öŠé” !î¨% !£¢yöìî î“Åþ›y˜Ð

¢›y•y˜ „þöìîû þ™y£z– B  (1·6, 2·3)

~î‚ C  (1·6, 2·4)

ö„þï!’„þ îy ²Ìy!hsþ„þ !î¨%¢›)£ õ Z ~îû ›y˜ (Value of Z)
(Corner points) 1 25 7x x 

0 (0, 0) 0
A (3·5, 0) 17·5
B (1·6, 2·3) 24·1

C (1·6, 2·4) 24·8 [S‰þîû› ›y˜V (max. value)

D (0, 3) 21

Z éôé~îû ‰þîû› ›y˜ 24·8

ëy C (1·6, 2·4) !î¨%öì“þ vþzþ™!Þí“þÐ

¢%“þîûy‚ ‰þîû› ›y˜ ²Ìy!®„þyöìœ ‰þœ„þ†%!œîû ›y˜ 1 1·6x   ~î‚ 2 2·4x  Ð

 ÷îû!…„þ xöìþ™Çþöì„þîû ‰þîû›/xî› ›y˜ õ

(1·1) Linear programming (L.P) ~„þ!Ýþ ÷îû!…„þ xöìþ™Çþöì„þîû S÷îû!…„þ „þyëÅ„Êþ›V öÇþöìe ÷îû!…„þ
¢›“þy ~î‚ ÷îû!…„þ x¢›“þy !‰þ£«ë%=þ !î!• !˜öì¡ìöì•îû xyç“þyëû ‰þîû›/xî› ›y˜ !˜•Åyîûöì’îû ‹˜Ä öë „þyëÅ„Êþ›
²Ìöìëûy† „þîûy £ëû “þyöì„þ£z òò÷îû!…„þ „þyëÅ„Êþ›óó (linear programming) îœy £ëûÐ îhß$þ“þ ÷îû!…„þ „þyëÅ„Êþ›
~„þ!Ýþ !îöìŸ¡ì ö„þïŸœ ëyîû ›y•Äöì› …%î ¢£öì‹ ¢öìîÅyF‰þ œy¦þ îy Çþ!“þîû !”„þÝþy ÷îû!…„þ ¢›#„þîû’ îy
x¢›#„þîûöì’îû ²Ì”_ Ÿöì“Åþîû x•#öì̃  ²Ì”_ ¢›¢Äyîû ~„þ!Ýþ †y!’!“þ„þ „þyàþyöì›yöì„þ ¢%̈ îû¦þyöìî !˜ëûsþf’ „þîûy
ëyëûÐ ˜#öì‰þîû vþz”y£îû’!Ýþîû ›y•Äöì› xy›îûy ¢£öì‹£z ÷îû!…„þ „þyëÅ„Êþöì›îû ²Ìyí!›„þ •yîû’yöì„þ “%þöìœ •óîûöì“þ
þ™yîûîÐ

Z éôé~îû ‰þîû› ›y˜ !˜’Åëû „þîû%̃  ë…˜
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 1 2 33 2 4 ....z x x x i  

(ii) x•#˜Þí Ÿ“Åþyî!œ £óœ

1 2 34 3 3x x x  

1 2 32 4x x x  

1 10x  – 2 0x   ~î‚ 3 0x 

~Þíöìœ (i) ˜‚ öíöì„þ x!¦þöì²Ì“þ xöìþ™Çþ„þ (Objective function) ~î‚ (ii) ˜‚ ~îû x¢›#„þîû’ †%!œ
£óœ ¢›¢Äyîû ò!î!•!˜öì¡ì•ó (Constraints)Ð (ii) Ÿ“Åþ ¢yöìþ™öìÇþ xy›yöì”îû 1x , x2 ~î‚ 3x  éôé~îû ›y˜
!˜’Åëû „þóîûöì“þ £öìî ëyöì“þ z éôé~îû ‰þîû› ›y˜ ²Ìy!® £ëûÐ ~£z ~„þ£z þ™å•!“þ xîœÁºöì̃  ö˜!“þîy‰þ„þ !”„þ öíöì„þ
z ò‰þöìœîûó xî› ›y˜ Ÿ“Åþyî!œîû ›y•Äöì› !˜’Åëû „þîûy ëyëûÐ ÷îû!…„þ „þyëÅ„Êþ› (L.P.) éôéö„þ xy›yöì”îû ‹#îöì̃ îû
!î!î• •yîûyëû !î!¦þ§¬ †y!’!“þ„þ þ™!îû„þyàþyöì›yîû ›y•Äöì› ¢£‹ ç ¢îûœ ¢›y•y˜ öþ™öì“þ „þyöì‹ œy!†öìëû íy!„þÐ
öë›˜ õ !ŸÒ– îy!’‹Ä– xíÅ÷ì̃ !“þ„þ öœ˜öì”öì̃ îû öÇþöìe– þ™!îûî£˜ ¢›¢Äy ç xyëûéôéîÄöìëûîû ¢#›y˜y !˜’Åöìëûîû
‹˜ÄÐ „þy!îû†!îû !î”Äyîû î£%öìÇþöìe ~îû ²Ìöìëûy† œÇþ „þîûy ëyëûÐ ~£z •yîû’y!Ýþöì„þ ¢îÅ²Ìí› †y!’!“þ„þ îû)þ™ !”öìëû
„þyëÅ„þîû# ¦)þ!›„þyëû “%þöìœ •öìîû˜ îû%Ÿ †!’“þ!î” L. KantorovichÐ þ™îûî“þ#Å öÇþöìe î£% …Äy“þ˜y›y †!’“þKþ
~£z öÇþöìe “¤þyöì”îû ßþº„þ#ëû“þyîû þ™!îû‰þëû !”öìëû !î¡ìëûîhß$þöì„þ xyîûç vþzIµœ ~î‚ „þyëÅ„þîû# ¦)þ!›„þyëû “%þöìœ •öìîû˜Ð

 î,!å•›%…# ~î‚ £Éy¢›%…# ‰þœîûy!Ÿîû •yîû’y

÷îû!…„þ ¢›¢Äy‹!˜“þ „þyëÅ„Êþöì› (L.P.P) ¢›hßþ Ÿ“Åþy•#˜ !î!•!˜öì¡ì•öì„þ xöì̃ „þ ¢›öìëû£z x}’yd„þ
(non-negative) ˜“%þ˜ ‰þöìœîû ¢‚öìëy‹˜ ç !îöìëûy‹˜ ‡!Ýþöìëû ›)œ ¢›¢Äyîû !˜öì¡ì•yî!œöì„þ ¢›#„þîû’
xy„þyöìîû ²Ì„þyŸ „þîûy £ëûÐ öë !˜öì¡ì•yî!œöì“þ x¢›“þy !‰þ£« !£¢yöìî ‘ ’ îÄî£,“þ £ëû “þyîû öÇþöìe x}’yd„þ
‰þœ ¢‚öìëy!‹“þ „þöìîû x¢›#„þîû’!Ýþöì„þ ¢›#„þîû’y„þyöìîû ²Ì„þyŸ „þîûy £ëû éôé~öìÇþöìe öë x!“þ!îû=þ xéôé}’yd„þ
‰þöìœîû xy!î¦Åþyî ‡Ýþœ “þyöì„þ£z îœy £ëû òò£Éy¢›%…# ‰þœóó îy “Slack Variable’’Ð !îþ™îû#“þ„Êþöì›– ë!”
x¢›#„þîû’ ‘ ’ !‰þ£« îÄî£,“þ £ëû “þöìî ö¢öìÇþöìe x¢›#„þîû’!Ýþöì„þ ¢›#„þîû’ xy„þyöìîû ²Ì„þyöìŸîû ‹˜Ä öë
xéôé}’yd„þ S›)œ ‰þœ„þ îÄ“þ#“þV ‰þöìœîû !îöìëûy‹˜ ‡öìÝþ “þyöì„þ îœy £ëû î,!å•›%…# îy î,é!å•‹!˜“þ ‰þœ îy
Surplus Variable.

˜#öì‰þîû vþz”y£îû’!Ýþ œÇþ’#ëû õ

•!îû– ÷îû!…„þ „þyëÅ„Êþöì›îû ¢›¢Äy!Ýþ £óœ

Min Z Sîy xî› Z)  1 2 32x x x 

x•#˜Þí !î!•!˜öì¡ì•‹!˜“þ Ÿ“Åþyî!œ £óœ ƒ
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1 2 32 1x x x  

1 3 32 2x x x  

2 3 3x x 

1 2, ,x x ~î‚ 3 0x   S²Ìöì“þÄöì„þV

vþzþ™öìîûy=þ ¢›¢Äyîû ÷îû!…„þ „þyëÅ„Êþöì›îû ²Ìy›y!’„þ (standard) îû)þ™!Ýþ £óœ ƒ

Min Z Sîy xî› Z)  1 2 32x x x 

!˜öì¡ìöì•îûé x•#˜Þí Ÿ“Åþ†%!œ £óœ õ

1 2 3 42 1x x x x   

1 2 3 52 2x x x x   

1 3 6 3x x x  

~Þíöìœ  4 0x   ~î‚  6 0x   ‰þœ„þ †%!œ Slack Variable îy £Éy¢›%…# ‰þœ„þ ~î‚  5 0x 

‰þœ„þ!Ýþ £óœ î,!å•¢)‰þ„þ îy î,!å•›%…# ‰þœ„þ (Surplus Variable)Ð

(1·4) Convex Set Svþz_œ Sîy }‹%“þy!î£#˜V ö¢ÝþV îy î„Êþ

S Rn  [ ë…˜ S ~„þ!Ýþ ö¢Ýþ ~î‚ Rn £óœ n ›y!e„þ £zvþz!„Ïþvþ#ëû ¢›“þœ ] ö¢Ýþ!Ýþöì„þ vþz_œ Sîy î„ÊþV

ö¢Ýþ (Convex Set) îœy £öìî ë!” 1 2,x x  ¢”¢Ä ”%!Ýþ S ö¢öìÝþîû ›öì•Ä ~›˜¦þyöìî xîÞíy˜ „þöìîû ëyöì“þ

 1 21x x    Sîy   2 11x x    S ö¢öìÝþîû ¢”¢Ä !£¢yöìî †’Ä £ëû ë…˜ ²Ì‰þœ (Parameter)
îû)öìþ™ vþzþ™!Þí“þ ¢„þœ – îå• xî„þyŸ xíÅyê [0, 1] éôé~îû ›öì•Ä !î”Ä›y˜Ð

vþzþ™öìîûy=þ ¢‚Kþy öíöì„þ !˜öìÁ¬y=þ “þíÄ†%!œ ¢£öì‹£z þ™yçëûy ëyëû õ

(i) ë!” 1 2, ,x x s Söë…yöì̃  1 2x x  “þöìî x1 ~î‚ x2 ¢‚öìëy‹„þ ¢îûœöìîû…y‚Ÿ þ™%öìîûyÝþy£z S
ö¢öìÝþîû !¦þ“þöìîû xîÞíy˜ „þîûöìîÐ

(ii) Ÿ)̃ Ä ö¢Ýþ (empty set) îy ~„þþ™”# (singleton) ö¢Ýþ ¢îÅ”y vþz_œ ö¢Ýþ !£¢yöìî †’Ä £öìîÐ

(iii) vþz_œ Sîy î„ÊþV ö¢öìÝþîû x¦þÄhsþöìîû ö„þy˜ †“Åþ îy !Šéo (hole) íy„þöìî ˜yÐ



NSOU  GE-CO-21 73

vþz”y£îû’ ƒ

x1

(1)

(4)

(S (S 

(S 

(S 
(S 

(5)

(2) (3)

x2 x1

x1

x2

x2

x1 x2

x1 x2

vþzþ™öìîûîû !‰þeöì’ (1), (2), (3) vþz_œ ö¢öìÝþîû vþz”y£îû’ ë…˜ (4) ç (5) !‰þe ”%!Ýþ vþz_œ ö¢öìÝþîû xhsþ†Å“þ
˜ëûÐ

(1·5) The duality theorem S!mcé évþzþ™þ™y”ÄV

1949 ¢yöìœ îÊyvþz̃  !îÙ»!î”Äyœöìëûîû x•Äyþ™„þ övþ!¦þvþ ö†œ (David Gale) ¢îÅ²Ìí› xyöìœy„þþ™y“þ
„þîûöìœ˜ öë– ²Ìöì“þÄ„þ ÷îû!…„þ „þyëÅ„Êþöì›îû ¢›¢Äyîû ›öì•Ä ~„þ!Ýþ ²Ì!“þFŠé!î îy Šéyëûy œÇþ „þîûy ëyëû ëyöì„þ îœy
£ëû ÷m“þ îû)þ™ îy dualÐ ²Ìí› ÷îû!…„þ „þyëÅ„Êþöì›îû ¢›¢Äy!Ýþöì„þ ›)œ îy ²Ì•y˜ ¢›¢Äy (Primal Problem)
~î‚ Šéyëûy !£¢yöìî ²Ìy® ¢›¢Äy!Ýþöì„þ ÷mc ¢›¢Äy (dual problem) !£¢yöìî •îûy £ëûÐ ëy£z ö£y„þ– ¢›¢Äy
”%!Ýþîû ›öì•Ä ~„þ!Ýþöì„þ xþ™îû!Ýþîû ²Ì!“þ‰Šé!î !£¢yöìî †’Ä „þîûy £ëûÐ

¢%“þîûy‚ ¢£öì‹£z x %̃›y˜ „þîûy ëyëû öë– ~£z †y!’!“þ„þ „þyëÅ ~„þ!Ýþ ¢›¢Äy ‰þîû› ›y˜ ²Ìy!® !î¡ìëû„þ £öìœ
“þyîû !mc!Ýþ xî› ›y˜ ²Ìy!® ¢Á™!„Åþ“þ £öìîÐ !îþ™îû#“þ„Êþöì› ²Ìí›!Ýþ xî› ›y˜ ¢‚„Êþyhsþ £öìœ xþ™îû Šé!î!Ýþé
¢›¢Äyîû ‰þîû› ›y˜ ¢‚„Êþyhsþ £öìîÐ ~Þíöìœ– ²Ì•y˜ vþzþ™þ™y”Ä!Ýþöì„þ xy›îûy !˜öìî”˜ „þîû!Šé õ

vþzþ™þ™y”Ä ƒ ÷m“þ ¢›¢Äyîû vþzþ™îû þ™%˜îûyëû ÷m“þ îû)þ™ @ùÌ£’ „þîûöìœ ²Ì•y˜ Sîy ²Ìyí!›„þV ¢›¢Äyöì„þ£z öšþîûê
þ™yçëûy ëyöìî (The dual of the dual is the primal)Ð

xy›yöì”îû î=þöìîÄîû ¢›íÅöì̃  !˜öì‰þîû vþz”y£îû’!Ýþ vþzþ™ë%=þ £öìîÐ

vþz”y. þ‰þîû› Z îy max.Z  1 22 6x x
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!î!•!˜öì¡ìöì•îû Ÿ“Åþyî!œ £óœ õ

1 23 6x x 

1 22 4 8x x 

1 23 6  x x

1 2, 0x x 

~£z ›)œ é¢›¢Äy!Ýþîû ÷m“þ xy„þyîû !œöì… ²Ì›y’ „þîûöì“þ £öìî öë þ™îû þ™îû ”%îyîû ÷m“þ îû)þ™ ²Ìöìëûyöì†– ²Ì•y˜
îy ›)œ xîÞíyöì„þ£z öšþîûê þ™yçëûy ëyëûÐ

¢›y•y˜ ƒ ²Ìí› hßþîû õ ²Ì”_ ›)œ ¢›¢Äy!Ýþöì„þ !˜öìÁ¬y=þ xy„þyöìîû ²Ì„þyŸ „þóîûœy›Ð xy›yöì”îû X [x1,
x2] ö„þ !˜’Åëû „þîûöì“þ £öìî ëyöì“þ ‰þîû› Z CX £ëû ë…˜ x•#˜Þí Ÿ“Åþyî!œ £óœ AX , b 0,x 
öë…yöì̃

1 3
A 2 4

1 3

 
    
  

, 
1

2
,

x
X

x
 

  
 

6
8

6
b

 
   
  

 ~î‚ C  (2  – 6)

!m“þ#ëû hßþîû õ ÷îû!…„þ ¢›¢Äy ¢‚„Êþyhsþ „þyëÅ„Êþöì› W = [w1, w2, w3] ‰þöìœîû !˜•Åyîû’ ”îû„þyîû ëyöì“þ zw

bTw, Ÿ“Åþyî!œ £óœ T TA W C , W 0   [‘T’ myîûy ›Äy!ÝþÆöì:îû transpose ö„þ þî%Gþy˜ £öìëûöìŠé]

xíÅyê min Zw Sîy xî› Zw)

 
1

2 1 2 3

3

6 8 6 6 8 6 ,
w
w w w w
w

 
      
  

x•#˜Þí Ÿ“Åþyî!œ £óœ õ 
1

2

3

1 2 1 2
3 4 3 6

w
w
w

 
                 

xíÅyê 1 2 32 2w w w  

1 2 33 4 3 6    w w w

ë…˜ 1 2,w w  ~î‚ 3w  ²Ìöì“þÄöì„þ£z Ÿ)̃ Ä xíîy “þyîû ö‰þöìëû îvþü Sîy– 0 V

“,þ“þ#ëû hßþîû õ ›)œ ¢›¢Äyîû ÷m“þ (dual) îû)þ™!Ýþ £óœ

min Zw Sxî› Zw)  1 2 36 8 6w w w 
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x•#˜Þí !˜öì¡ìöì•îû Ÿ“Åþyî!œ £óœ

1 2 32 2w w w  

1 2 33 4 3 6    w w w

ë…˜ 1 0,w  2 0,w  3 0.w 

‰þ“%þíÅ hßþîû ƒ vþzþ™öìîûîûþ ÷m“þ xy„þyîû!Ýþöì„þ !˜öìÁ¬y=þ¦þyöìî ²Ì„þyŸ „þöìîû þ™y£z

1 2 3max 6 8 6 ,wz w w w   

x•#˜Þí !˜öì¡ìöì•îû Ÿ“Åþyî!œ £óœ

1 1 1 3

2 1 2 3

2 2

3 4 3 6

v w w w

v w w w

    

  

ë…˜ 1 0,w  2 0,w  3 0.w 

þþ™Mþ› hßþîû õ (1) ˜‚ ¢›¢Äy!Ýþîû vþzþ™îû þ™îû þ™îû ”%îyîû ÷m“þ îû)þ™ ²Ìöìëûy† „þöìîû þ™y£z

1 2Min Z 2 6v v v   

x•#˜Þí !˜öì¡ìöì•îû Ÿ“Åþyî!œ £óœ

1 23 6v v   

1 22 4 8v v 

1 23 6,v v  

1 0,v  2 0v 

xíÅyê 1 2max 2 6vz v v 

x•#˜Þí !î!• !˜öì¡ìöì•îû Ÿ“Åþyî!œ £óœ õ

1 23 6v v 

1 22 4 8v v 

1 23 6,v v  

1 0,v  2 0v 

þ™!îûî!“Åþ“þ ‰þœ ¢yöìþ™öìÇþ (2) öíöì„þ œÇþ’#ëû öë– ~!Ýþ ›)œ ¢›¢Äyöì„þ£z (Primal Problem) “%þöìœ •öìîûÐ

¢%“þîûy‚– ›)œ ¢›¢Äyîû vþzþ™îû þ™îûþ™îû ”%îyîû ÷m“þ îû)þ™ ²Ìöìëûy† „þîûöìœ þ™)öìîÅîû ›)œ ¢›¢Äy!Ýþöì„þ !šþ!îûöìëû
ö”ëûÐ S²Ì›y!’“þV
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2.9 ¢‚!Çþ®¢yîû

~£z x•Äyëû þ™vþüöìœ xy›îûy ‹y˜öì“þ þ™y!îûéôôôé

 !m‡y“þ „þyëÅ„Êþ› ¢›¢Äy

 „%þ˜éôéÝþy„þyîû Ÿ“Åþ

2.10 x˜%Ÿ#œ˜#

S~„þy!•„þ ‰þöìœîû x•#öì̃  ‰þîû›/xî› ›y˜²Ìy!® !î¡ìëû„þ Sxyöìœy‰þ˜yîû ö²Ì!Çþöì“þV

Q.1. !˜öì‰þ vþz!ÍÔ!…“þ ö¢Ýþ†%!œ Convex/vþz_œ îy î„ÊþV ö¢Ýþ !„þ˜y “þy xyöìœy‰þ˜y „þîû%̃  õ

(i) 0,x  0y   ~î‚ 0,y  0x   ~öì”îû ¢›§ºöìëû (Union) x•Åéôé¢îûœöìîû…yëû !îîûy‹›y˜ ëy xy
¢›“þöìœ xî!Þí“þ !î¨% ¢›)£

(ii) (0, 0), (0, 1), (1, 0) ~î‚ (1, 1) !î¨%¢›)£ ëyîûy xyé é¢›“þöìœ vþzþ™!Þí“þÐ

Q.2. ²Ì›y’ „þîû%̃  öë   1 2 1, 1x x x x   ~î‚ 1 2, 0x x   ‘Convex set’ Sî„Êþ ö¢ÝþV ˜ëûÐ

Q. 3. ²Ìy® îy ö„þï!’„þ !î¨% ëyîûy ‰þîû›/xî› ›yöì̃ îû x!•„þyîû# “þyöì”îû x!hßþc íy„þöìœ “þy !˜’Åëû „þîû%̃ õ

(i)   1 2 1 2 1 2 1 2, ; 2, 3, 1, 0, 0S x x x x x x x x      

(ii)   , ; 1, 1S x y x y  

Q.4. ÷îû!…„þ „þyëÅ„Êþöì›îû ¢›¢Äyîû öœ…!‰þöìeîû ›y•Äöì› ¢›y•y˜ „þîû%̃  õ

(i) Max z S‰þîû› (z)) 1 2x x 

!î!• !˜öì¡ìöì•îû x•#˜Þí Ÿ“Åþyî!œ õ

1 22 1x x  

1 2x 

1 3 3,x x  1 20, 0x x 

(ii) Min Z Sxî› (Z)) 1 210 5x x 
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x•#˜Þí Ÿ“Åþyî!œ õ

1 22 2x x 

1 23 3,x x  1 0,x  2 0x 

öœ…!‰þöìeîû ›y•Äöì› ¢›y•y˜ „þîû%̃  õ

Q.5 Max·Z S‰þîû› (Z)) 1 24 3x x 

x•#˜Þí Ÿ“Åþy˜%¢yöìîû õ 1 23 4 12x x 

1 23 3 10x x 

1 22 4,x x  1 0,x  2 0x 

Q.6 Min.Z Sxî› (Z)) 1 2x x 

x•#˜Þí Ÿ“þÅyî!œ õ 1 22 7x x 

1 24 6,x x 

1 0,x  2 0x 

Q.7 !mcþ (duality) ˜#!“þ ²Ìöìëûy† „þöìîû !˜öìÁ¬y=þ ÷îû!…„þ „þyëÅ„Êþöì›îû ¢›¢Äy!Ýþöì„þ ¢›y•y˜ „þîû%̃  õ

Max.Z S‰þîû› (Z)) 1 23 2x x 

x•#˜Þí Ÿ“Åþyî!œ õ

1 2 1x x 

1 2 7x x 

1 22 10x x 

1 3,x 

1 0,x  2 0x 

xíîy !˜öìÁ¬y=þ ÷îû!…„þ „þyëÅ„Êþöì›îû ¢›¢Äy!Ýþöì„þ !mcþ (duality) ˜#!“þîû ›y•Äöì› ¢›y•y˜ „þîû%̃  õ

Max Z S‰þîû› (Z)) 1 2 33x x x  
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x•#˜Þí Ÿ“Åþyî!œ õ

1 2 3 10x x x  

1 32 2x x 

1 2 32 2 3 6,x x x  

1 0,x  2 0,x  3 0.x 

Q.8 þ™îû#Çþy „þöìîû ö”…y˜ öë

  2 2 2
1 2 3 1 2 3 1 3 2 3 1 2 3 1 2 3, , 2 4 2 2 4 4f x x x x x x x x x x x x x x x x        

éôé~îû (0, 3, 1), (0, 1, –1), (1, 2, 0), (2, 1, 1) ~î‚ (2, 3, –1) !î¨%†%!œ !Þíîû (Stationary)
!î¨% !£¢yöìî î“þÅ›y˜Ð

²Ìöìëûy‹˜#ëû Ÿ“Åþ (Necessary Conditions) ²Ìöìëûyöì† xî› (min) ›y˜ !˜•Åyîû’ „þîû%̃ Ð
Q.9. •!îû– ‰þîû› ¦þyöìî x, y oöìîÄîû vþzþ™öìëy!†“þy (U) ›)œÄ– îyöì‹Ýþ (B) !î!•!˜öì¡ìöì•îû xyç“þyëû £ó

!˜Á¬îû)þ™ õ

 Max U U ,x y

x•#˜Þí Ÿ“Åþyî!œ    B P Px yx y 

~î‚ x x

ë…˜ öîûŸ˜ x éôé~îû vþzþ™îû !˜¦ÅþîûŸ#œ ~î‚ “þy £óœ .x

œÄy†äîûyO#ëû xöìþ™Çþ„þ         1 2L U , B P Px yx y x y x x       

!˜öì¡ìöì•îû †![þ !îöìî‰þ˜yëû íy„%þ„þ xíîy ˜y íy„%þ„þ– ~›“þ xîÞíyëû Kuhn-Tucker Ÿ“Åþyî!œ „þ# £öìîÚ

2.11 @ùÌríþ™!O
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 Mehta and Madnani, (2012) : Mathematics for Economists, Sultan Chand and

Sons
 Sarkhel and Bhukta, (2010) : An Introduction to Mathematical Techniques for

Economic Analysis, Book Syndicate Private Limited
 Agarwal, (2000) : Quantitative Methods, Vrinda Publications Pvt. Ltd.
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3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.1

(conflict) 

3.2

A B

A B 
A A1, A2, A3 B B1,

B2, B3, B4 
A 
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A3 B B1 

B

A

B1

5A1

B2

2

B3

– 4

B4

2

A2

A3

0

3

– 3

3

3

2

7

– 1

12 (1, 1) 5-
A, A1 B, B1 

A 5 A, B A1, B1

A, B 5 (1, 3)
(– 4) A, A1 

B, B3 A – 4 A 4 
B, A 4 B

(2, 1) 0— A, A2 B, B1

 A B 
A 

B

A
B

A B 
A 1928 J. V. Neumann 

G. B. Dantzig 
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3.3

A B 
A1, A2, A3 B1, B2, B3, B4



A B A
A1, A2, ........ Am B B1, B2 ....Bn A m

B n A, Ai (i = 1, 2,
.....m) B, Bj (j = 1, 2, .......n) A B 

A, Ai B, Bj A aij B
aij B (–) aij
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m × n 

B

A

am1Am am2 amn....................
..............................................
..............................................
a21A2 a22 a2n....................
a11A1

B1

a12

B2

a1n

Bn

....................

....................

A
B 

B
A 

[aij]m × n A
m × n B [–aij]m × n
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A A1, A2, A3 B B1, B2

A : A1 ; B : B1 A B 3 
A : A1 ; B : B2 B A 2 
A : A2 ; B : B1 A B 4 
A : A2 ; B : B2 B A 5 
A : A3 ; B : B1 B A 1 
A : A3 ; B : B2 A B 8 

A

–3
–4
1

2
5
–8

B1

A1
A2
A3

B2

B

A

B

3
–2

4 –1
–5 8

B1
B2

B

A1 A2

A
A3
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A A1, A2,
A3 A A1, A2, A3

(at random) A1, A2,

A3 p1, p2, p3 1 0,p  2 0,p  3 0,p 

1 2 3 1p p p  

1 2 3
1 1 1, ,
2 3 6

p p p  

6000 A1, A2, A3 

16000 3000,
2

  16000 2000,
3

  16000 1000
6

 

A 
1 1 1, ,
2 3 6

 
 
 

p1 = 1, p2 = 0, p3 = 0 
A A1 A2, A3 

A A1 p1 = 0, p2 = 1, p3 = 0
p1 = 0, p2 = 0, p3 = 1 A A2 

A3 

A B



A B 
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A 
B A 

A 
B   A


B B 

A B


    
A   B-

 
(Optimal Strategies) 

B

A

B1

18A1

B2

5

B3

6

A2

A3

9

– 4

8

7

10

3

(1, 1) (18) 
A A1 

(18) B,
B2 B3 A 5 6 
(3, 1) (– 4) 

B B1 (– 4)
A, A1 A2

B 18 9 
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A A2 B 
A 8 A (8

A A1 A3 
5 –4 A A2 

8 

B, B2 

8 B B1 B3 

8 18 10 
B, B2 8 

A B 
A2 B2 8 

A B 
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B

A

I

–3I

II

–2

III

6

II

III

2

5

0

–2

2

–4

A I, II, III 
–3, 0, –4

{ –3, 0, –4} = 0

(maxi-min) A II 

B I, II, III 
5, 0, 6

{5, 0, 6} = 0

(mini-max) B III 

0 (pure strategy) (II, II) 
A B
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A

I

–3 –3I

II

–2

III

6

6

II

III

2

5

5

0

0

0

–2

2

–4 –4

= 0 = 

= 

B

A

B1

– 2A1

B2

15

B3

– 2 – 2

A2

A3

– 5

– 5

– 2

– 6

20

20

– 4 – 6

– 8 – 8

– 2
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= = –2

=  –2

(1, 1) (1, 3) –2,

(A1, B1), (A1, B3) –2

[aij]... 

i j ij
aij aij

B

A

B1

4A1

B2

6

A2 2 x

x 

= {4, 2} = 4 = {4,
6} = 4.

x 4,  4. 

4
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2 :

a 

B

A

B1

aA1

B2

6

B3

2
A2

A3

–1
– 2

a

4
–7

a

a 

{2, –7, –2} = 2

{–1, 6, 2} = –1

a 2  1  

   1 2a  
  {a, –7, –2} = a   {a, 6, 2}  a.

1 2a   a    

1a   2a 
3a 

  = {2, 7, 2} 2  
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  = {3, 6, 3} = 3

a = 3   

3 :

B

A

B1

1A1

B2

2

B3

1

A2

A3

0

1

– 4

3

– 1

– 2

B

A

B1

1

1

A1

B2

2

B3

1 1

1

A2

A3

0

1

– 4 – 4

3

3

– 1

– 2 – 2

(1, 1) (1, 3) 

= {1, 4, 2} 1  
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= {1,3,1} 1

1 (A1, B1)  (A1, B3)

 2 × 2 [ ]

B

A

B1

aA1

B2

b

A2 c d

7.4 

A A1, A2

A1, A2 1 2 1 2,   (0 1,0 1)x x x x   

A1, A2 

1 2 1.x x 

A1, A2 x, 1 – x 0 1x 

B B1, B2 
,  1  (0 1)y y y  

A

B, B1 A 1(1 )ax c x g  
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B, B2 A

2(1 )bx d x g  

 1 2,g g g

B 
A g' A1 x A 

A x g' 

1 ,g g 2g g ......... (1)

B

A, A1 B

1(1 )ay b y l   A, AA2 B

2(1 )cy d y l   1 2{ , }l l l

A B
l' B1 y B

B y l' 

1 ,l l 2l l ............ (2)

(1) (2) (1 ) ,ax c x g   (1 )bx d x g  

(1 ) ,ay b y l   (1 )cy d y l  

,  (0 1, 0 1)x y x y   

1 2l l l  1 2g g g  ( ) ( )g l   

[8.2 ] 
x, y 

a, b, c, d 

1 2 ,g g 1 2l l x, y (0 1, 0 1)x y   

x, y 1 2 1 2g g l l    
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,d cx
a d b c


  

d by
a b b c


  

ad bc
a b b c

 
  

2 × 2 

2 × 2 

1 : 

(2, 1) 2
(A2, B1)

0, ( ) 2(1 ) 6 2(1 )x x x x     ..... (1)
0, ( ) 6(1 ) 2 2(1 )y y y y     ..... (2)

0 1x  0 1y  x y A A1 
B B1 
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(1) 6x = 0, x = 0

(2) 2
3

y 

x = 0, 2
3

y   0 1, 0 1x y   

6.0 2(1 0) 2   

x = 0 A A2

2
3

y  B
2 1,
3 3

 
 
 

2 : 

B

A

B1

8

8

A1

B2

6 6

6

A2 2 2 2

(1, 2) 
= = = 6 

(A1, B2)

 8 2(1 ) 6 2 1x x x x       .... (1)
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 8 6(1 ) 6 2 1y y y y       .... (2)

0 1,x  0 1y 

(1) x  0 

(2) 2 6 2y  

2 6 2y  

2y   0 1y 

7.6 

[ (1 ) ,ax c x     1 ,bx d x    (1 ) ,ay b y    (1 )cy d y   

( )g l    ( > < ) 
]

2 :

2 × 2 

B

A

B1

5A1

B2

1

A2 3 4

= {1, 3} = 3

= {5, 4} = 5
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A x, 1 – x A1, A2 
B y, 1 – y B1, B2 

0 1,x  0 1.y 

A x 1 2{ , }g g g

1 5 3 (1 )g x x   A B, B1

2 1 4(1 )g x x    A B, B2 

1 5 3(1 )g x x g   

2 4(1 )g x x g   

B

1 5 1(1 )l y y l   

2 3 4(1 )l y y l    y l' = {l1, l2}

1 2g g g  1 2l l l 

5 3(1 ) 4(1 ),x x x x    

5 1(1 ) 3 4(1 )y y y y    

5x = 1, 5y = 3

1 ,
5

x  3
5

y 

10 1,
5

  30 1
5
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1 ,
5

x  3
5

y  g' l'

(g') = (l') 17 .
5



17
5

1 4: , ;
5 5

A  
 
 

3 2: ,
5 5

B  
 
 

3.4  

A A1, A2 

A1 B A A2 

B ‘A’ 
A2 M) A2 

M1 M1 

M 

1 m × n i r 
i 

[ r i ]

2 m × n j 
j 

[ k j ]
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3 m × n i
 < 

i

j
 > j

2 × 2 
2 × 2 

1 3 × 3 

B

A :

B1

– 4A1

B2

6

B3

3

A2

A3

– 3

2

– 3

– 3

6

4

A B 
B3 B1 [B3

3, 6, 4, B1 – 4, – 3, 2] 3 > – 4, 6 > – 3, 4 > 2.

B3 
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B

A :

B1

– 4A1

B2

6

A2

A3

– 3

2

– 3

– 3

[ 2 > –3, –3 = –3] A2 

B

A :

B1

– 4A1

B2

6

A3  2 – 3

2 × 2 

= {– 4, – 3} = – 3 = {2,
6} = 2, –3  2
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4 2(1 ) 6 ( 3)(1 )x x x x       .....(1)

4 6(1 ) 2 ( 3)(1 )y y y y       ..... (2)

A1, A3 ,1 (0 1)x x x    
B1, B2 y,

1 (0 1)y y  

(1) (2) 1 ,
3

x  3
5

y 

A1, A3 

1 ,
3

2
3

B1, B2

3 2,
5 5

A2 0 B3 0

[(1) (2) 1 ,
3

x  ] 0

0 
1 2: , 0, ,
3 3

A  
 
 

3 2: , , 0
5 5

B  
 
 

2 4 × 5 

A :

B :

B1

10A1

B2

5

B3

5

B4

20 4

A2

A3

11

7

15

12

10

8

17 25

9 8

B5

A4 5 13 9 10 5
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A A2 A3 

11 > 7, 15 > 12, 10 > 8, 17 > 9, 25 > 8 A2 A3 
A3 A2 A3

B1

10A1

B2

5

B3

5

B4

20 4

A2 11 15 10 17 25

B5

A4 5 13 9 10 5

A2 A4 

A4 

B1

10A1

B2

5

B3

5

B4

20 4

A2 11 15 10 17 25

B5

B4 B1 [20 > 10, 17 >
11] B1 B4 B4

B1

10A1

B2

5

B3

5

A2 11 15 10

4

25

B5
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B3 B1 10 > 5, 11 > 10.
B1 

A1

B2

5

B3

5

A2 15 10

4

25

B5

A2 A1 A1 

B2 B3

A2 15 10 25

B5

15 > 10 B3 B2 B2 

B3

A2 10 25

B5

25 > 10

B5 

B3

A2 10 1 × 1 

(A2, B3) [
(A1, A3, A4, B1, B2, B4, B5) 0] 10
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3 

B1

1A1

B2

–1

B3

2

B4

1

A2

A3

2

3

2

–2

0

1

1

–2

A4 3 1 –3 2

A B 
B1 B2 

[B1 1, 3, 3, B2 –1m –2, 1] 1 > –1, 3 > –2, 3 > 1

B1 

A1

B2

–1

B3

2

B4

1

A2

A3

2

–2

0

1

1

–2

A4 1 –3 2

A3 A1 
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A3 

A1

B2

–1

B3

2

B4

1

A2 2 0 1

A4 1 –3 2

 2 3
1
2

B B 1 ,  1,  1
2

 B4 1, 1, 2

11 ,
2

 1 1, 2 1 

B4 

A1

B2

–1

B3

2

A2 2 0

A4 1 –3

A2 A4 2 > 1 0 < –3.
A4 

A1

B2

–1

B3

2

A2 2 0
2 × 2 
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A1

B2

–1

B3

2

A2 2 0

= {–1, 0} = 0
= {2.2} = 2

0  2

1 2(1 ) 2 0)(1 )x x x x       ... (1)
1 2(1 ) 2 0(1 )y y y y      ... (2)

A1, A2 ,1 (0 )x x x  

B2, B3 ,1 (0 1)  y y y

(1) (2) 2 ,
5

x 2
5

y

A1, A2 
2 ,
5

3
5 B1, B3 

2 ,
5

3
5

2 3 41 2
5 5 5

    

2 3: , ,0,0 ;
5 5

 
 
 

A 2 3: 0, , ,0
5 5

 
 
 

B

4
5



NSOU  GE-CO-21 107

3.5

2 × 2 

3.6

1. A B 
Head 

A B 5 ‘Tail’ A B  6 
B A 2 A 

2. 

A :

B1

11A1

B2

4

B3

B

3

B4

10 2

A2

A3

8

4

7

6

6

6

8 9

5 10

B5

A4 7 8 4 4 3
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3. 

A :

B1

2A1

B2

1

B3

2

B4

–1

A2

A3

1

3

3

2

1

3

3

–1

A4 –1 3 –1 7

4. 

(i) A :

B1
1A1

B2
3

B3

B

1
A2

A3

0
1

–4
5

–3
–1

(ii)

B1
4A1

B2
2

B3 B4

B

3 5
A2

A3
A4

–2
5
4

–1
2
0

4 –3
3 3
0 1

A :

(iii)

B1
4A1

B2
–2

B3 B4

B

–4 –1
A2

A3
A4
A5

3
2
–1
–3

1
3

–3
1

–1 2
–2 –2
–3
1

1
–3

A :
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5. (2, 2) x y 
x, y (2, 3) 

A :

B1
5A1

B2
x

B3

B

9
A2

A3

y

9
8
6

13
7

6. x 

A :

B1
xA1

B2
6

B3

B

2
A2

A3

–1
–2

x

4
–7
x

7. 2 5a  5b 

A :

B1
0A1

B2
2

B3

B

3
A2

A3

8
2

5
a

b

4

8. 

(i) A :

B1
6A1

B2
–3

B

A2 –3 0

(ii) A :

B1
0A1

B2
2

B

A2 1 1
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(iii) A :

B1
8A1

B2
5

B

A2 4 7

9. 

(i)

B1
–5A1

B2
3

B3 B4

B

1 15
A2

A3

5
–4

5
–2

4 6
0 –5

(ii)

B1
2A1

B2
1

B3 B4

B

4 0
A2

A3
A4

3
4
0

4
2
4

2 4
4 0
0 8

A :

(iii)

B1
10A1

B2
5

B3 B4 B5

B

5 20 4
A2

A3
A4

11
7
5

15
12
13

10 17 25
8 9 8
9 10 15

A :

10. 2 × 2 

(i)

12 3
2

3 2 0
2
1 1 1
2

 
 
 
 
 
 
  

B

A
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(ii)
5 3 1 15

5 5 4 5
4 2 0 5

 
 
 
    

B

A

(iii)
2 2 1 2 3
4 3 4 2 0
5 1 2 5 6

  
  
  

B

A

(iv)
7 7 6 3 2
9 8 9 3 5

10 6 7 10 11

 
 
 
  

B

A

11. 10 (iii) 

12. 2 × 2 

13. A B 1 2 
5 

A B 
(A

14. 3 × 3 

B
d c c

A a f e
b d c

 
 
 
  

0 < a < b < c < d < e < f 
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2 × 2 

D = 0

  c d

15. a 

A :

B1
aA1

B2
7

B3

B

3
A2

A3

–2
–3

a

4
–8
a

3.7 @ùÌríþ™!O

 S. D. Sharma, Operational Research, Kedar Nath Publishers.
 S. C. Malik & S. Arora, Mathematical Analysis, New Age International (P) Ltd.

________
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4.1 vþzöìjŸÄ

”%!Ýþ ‰þœîûy!Ÿë%=þ ¢%¢‚Kþy“þ xöìþ™Çþöì„þîû öÇþöìe ßþºy•#˜ ‰þöìœîû !î!¦þ§¬ ›yöì̃ îû ¢yöìí x•#˜Þí ‰þöìœîûç
!î!¦þ§¬ ›y˜ þ™y£z !„þhsþ “þyöì”îû ›öì•Ä ¢!àþ„þ ¢Á™„Åþ !˜•Åyîû’ „þîûy xöì̃ „þ ¢›ëû ¢½þî £ëû ˜yÐ ~£z x¢%!î•y
”)îû „þîûyîû ‹˜Ä ”%£z ²Ì„þyîû ‰þöìœîû þ™yíÅ„þÄöì„þ „þyöì‹ œy!†öìëû ~„þ x!¦þ˜î þ™å•!“þöì“þ †y!’!“þ„þ xöì̃ „þ
¢›¢Äyöì„þ ¢›y•y˜ „þîûy £ëûÐ ~£z þ™å•!“þ£z ò¢¢#› þ™yíÅ„þÄ ²Ì’yœ# îy ‘finite difference method’ ˜yöì›
²Ì‰þ!œ“þÐ †y!’!“þ„þ ~£z •yîû’yöì„þ „þyöì‹ œy!†öìëû xy‹ !îKþy˜– „þy!îû†!îû !ŸÇþy– ¢›y‹!îKþyöì̃ îû !î!î•
•yîûyëû ~î‚ xíÅ̃ #!“þîû î£% ¢›¢Äyöì„þ ¢›y•y˜ „þîûy £öìFŠéÐ ò¢¢#› þ™yíÅ„þÄéôé²Ì’yœ#îû £y“þ •öìîû ‹§Ã !˜öìëûöìŠé
þ™yíÅ„þÄ†“þ ¢›#„þîû’ (Difference equation)Ð ¢‚…Äy ¢›,å• †y!’!“þ„þ !îöìÙÕ¡ìöì’ xy‹ ~£z ”%!Ýþ •yîûyîû
x@ùÌ†!“þ þ™!îûœ!Çþ“þ £ëûÐ þ™îû þ™îû ”%!Ýþ x‚öìŸ ~£z ¢Áºöìr• xy›îûy ~…˜ xyöìœy„þþ™y“þ „þîûöìîyÐ

4.2 ²Ìhßþyî˜y

[a, b] îå• xî„þyöìŸ (interval), •!îû  y f x  ~„þ!Ýþ ¢%¢‚Kþy“þ xöìþ™Çþ„þÐ x0, x1, x2,...., xn

Sßþºy•#˜ ‰þöìœîû !î!¦þ§¬ ›y˜V ~„þ„þíyëû– xi (i 0, 1, 2,..., n) ¢›îÄî•yöì̃  xî!Þí“þ ë…˜ x•#˜Þí ‰þöìœîû

4 



NSOU  GE-CO-21114

x˜%îû)þ™ ›y˜ †%!œ £óœ ëíy„Êþöì› y0, y1, y2,...., yn SxíÅyê yi (i 0, 1, 2,...., n)) ëyîûy îå• xî„þyŸ
xíÅyê [a, b] ö“þ ¢#›yîå•Ð ~£z îå• xî„þyöìŸ ²Ìy®– x0, x1, x2,....xn ~îû ›y˜†%!œöì„þ xy›îûy îóœî
‘nodes’ îy ‘arguments’ ~î‚ y0, y1, y2,....,yn éôé~îû ›y˜†%!œöì„þ !‰þ!£«“þ „þóîûî ‘entries’ !£¢yöìîÐ

ßþ™Tþ“þ£z– ¢›îÄî•y˜ î‹yëû îûy…öì“þ x1 – x0 x2 – x1 x3 – x2 ..... xn – xn–1 éôéö„þ  0h 

•óöìîû ö˜çëûy ëyëûÐ [a, b] îå• xî„þyöìŸîû ›•ÄÞí xi (i 0, 1, 2,..., n), (n 1) ¢‚…Ä„þ ›y˜†%!œîû
†’˜yîû „þyöì‹ †%îû%cþ™)’Å ¦)þ!›„þy !˜öìëû íyöì„þÐ šþöìœ– y1 – y0, y2 – y1, y3 – y2,..., yn – yn–1 ~îû
¦)þ!›„þyç £ëû …%î£z “þyêþ™ëÅþ™)’ÅÐ ~îû öíöì„þ ‘first forward difference’ S²Ìí› x@ùÌî“Åþ# þ™yíÅ„þÄV ~îû

•yîû’y ‹§Ã ö˜ëûÐ ²Ì“þ#„þ# ²Ì„þyŸ £óœ  1 0,1, 2,..., 1i i iy y y i n    

xíÅyê       0 0 01f x ih f x i h f x ih      

ë…˜ i 0, 1, 2,..., (n – 1)

4.3 ¢¢#› ²Ìöì¦þ”/þ™yíÅ„þÄ

‘’ ö„þ xy›îûy first forward difference operator’ !£¢yöìî †’Ä „þ!îûÐ ëyîû ¢‚Kþyëû xyöì¢

      ,f x f x h f x     (‘’ ö„þ îœy £ëû ²Ìí› „Êþöì›îû (1st order) x@ùÌî“þ#Å ²Ìöì¦þ” xþ™yöìîûÝþîû
(forward difference operator)

šþöìœ– ¢£‹¦þyöìî öœ…y ëyëû öë

2
1i i iy y y    Ð ~!Ýþöì„þ !m“þ#ëû „Êþöì›îû (2nd order forward difference) x@ùÌî“þ#Å þ™yíÅ„þÄ

îœy £ëûÐ

öë…yöì̃  2  (), ()2 ˜ëû xíÅyê  opereator !Ýþ ”%îyîû– þ™îû þ™îû ²Ìöìëûy† „þîûy £öìëûöìŠéÐ

!î.o. x˜%îû)öìþ™–

(1) 3 2 2
1i i iy y y   

..................................

1 1
1

 
   k k k

i i iy y y

[ ë…˜ i 0, 1, 2,..., n – 1. ~öì”îû “,þ“þ#ëû „Êþöì›– ....., k “þ› ~î‚  1k k n   ~„þ!Ýþ „Êþöì›îû

x@ùÌî“þ#Å þ™yíÅ„þÄ !£¢yöìî •˜yd„þ þ™)’Å¢‚…Äy (positive integer) •îûy £ëûÐ
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(2) n éôé“þ› „Êþöì› x@ùÌî“þ#Å þ™yíÅ„þÄöì„þ xöì̃ „þ öÇþöìe–

 0 1 2 0.... 1
1 2

nn
n n n

n n
y y y y y 

   
         

   

!£¢yöìî ²Ì„þyŸ „þîûy £ëû– [ ë…˜ r
n

nc
r
 

 
 

]

Forward difference table Sx@ùÌî“þ#Å þ™yíÅöì„þÄîû ¢yîû!’V S!m“þ#ëû „Êþ› þ™ëÅhsþV

x y  2

x0 y0
y0

y0
x1 y1

y1
y1

x2 y2
y2

x3 y3

~Þíöìœ–

1 0 ,y y 2 1 1,...., n ny y y y    éôéö„þ þþ™Øþy”äî“Åþ# þ™yíÅ„þÄ (backward difference) !£¢yöìî

x!¦þ!£“þ „þîûy £ëû ëyöì”îû ²Ì“þ#„þ# ²Ì„þyŸ £ëû ëíy„Êþöì›  1 1,2,...,i i iy y y i n    

  ö„þ ‘backward difference operator’ (1st order) îy òþ™Øþy”äî“Åþ# ²Ìöì¦þ” xþ™yöìîûÝþîûó S²Ìí›
„Êþöì›îûV îû)öìþ™ !‰þ!£«“þ „þîûy £ëûÐ

xíÅyê      f x f x f x h   

x˜%îû)öìþ™– !m“þ#ëû „Êþöì›îû òþ™Øþyêî“Åþ# ²Ìöì¦þ” xþ™yöìîûÝþîûó £óœ  2    (2nd order ‘backward
differenec operator’)

2
1i i iy y y   

~£z¦þyöìî ~!†öìëû ö†öìœ xy›îûy !œ…öì“þ þ™y!îû–

 1 2 0.... 1 .
1 2

nn
n n n n

n n
y y y y y 
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!î¡ìëû!Ýþöì„þ ¢yîû!’îû ›y•Äöì› !œ…öìœ õ

x y  2

x0 y0

x1 y1 y1 y1

x2 y2 y2 y2

x3 y3 y3 y3

vþz”y. (1) þ™yíÅ„þÄéôé“þy!œ„þy S!m“þ#ëû „Êþöì›îûV ‹˜Ä îû‰þ˜y „þîû ë…˜   2y f x x   ë…˜ 1,3,5,7x 

[x@ùÌî“þ#Å ²Ìöì¦þ” xþ™yöìîûÝþöìîûîû (forward differenc operator) ¢y£yöìëÄ]
x y y 2y
1 1

8
3 9 8

16
5 25 8

24
7 49

vþz”y. 2  y f x  éôé~îû !˜öì‰þîû “þy!œ„þy!Ýþ @ùÌ£’öìëy†Ä õ

x 4 5 6 7
y 31 73 124 159

òþ™Øþyêî“Åþ# ²Ìöì¦þ”ó x˜%¢yöìîû “þy!œ„þy ²Ìhß$þ“þ „þöìîû f 2 (7) !˜’Åëû „þîûÐ
¢›y•y˜ õ þ™Øþyêéî“Åþ# ²Ìöì¦þ” “þy!œ„þy õ

x y y 2y
4 31

42
5 73 9

51
6 124 –16

35
7 159

~öìÇþöìe– œÇþ’#ëû öë–  2 7 16f    Svþz_îûV
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(B) Shift Operator SÞíy˜ þ™!îûî“Åþ˜„þyîû#/Þíy˜“þÄy†# ‰þyœ„þV

ë!”     E f x f x h  £ëû

[ öë…yöì̃  h £óœ ¢›”)îûöìcîû ÷”‡ÅÄ ëyöì“þ x ‰þöìœîû ›y˜ þ™!îûî!“Åþ“þ £ëû ]

“þ…˜ ‘E’ ö„þ Þíy˜“þÄy†# ‰þyœ„þ îy shift operator îœy £ëûÐ

      2E E Ef x f x 

[ ~Þíöìœ  22E E ,f f   2E E Ef f  î%Gþyëû ]

    E 2f x h f x h   

¢y•yîû’ ¦þyöìî–     En f x f x nh 

‘Inverse Shift Operator’ S!îþ™îû#“þ›%…# Þíy˜ þ™!îûî“Åþ˜„þyîû# ‰þyœ„þV

ëyöì„þ E–1 !£¢yöìî !‰þ!£«“þ „þîûy £ëûÐ ¢‚Kþy˜%ëyëû#–     1E f x f x h  

‘’ Sx@ùÌî“þ#Å þ™yíÅ„þÄ ‰þyœ„þV ~î‚ ‘E’ SÞíy˜ þ™!îûî“Åþ˜„þyîû# ‰þyœöì„þîû ›öì•Ä ¢Á™„Åþ õV

xy›îûy ‹y!˜ öë–

      f x f x h f x   

    E f x f x 

    E 1 f x 

E 1    Svþz¦þëûþ™öìÇþîû “%þœ˜y „þóöìîûV

îy– E 1  

x˜%îû)öìþ™–         2 f x f x h f x    

     2 2f x h f x h f x    

      f x f x h f x      
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       2E 2Ef x f x f x  

    2E 2E 1 f x  

    2E 1 f x 

 22 E 1    Svþz¦þëû !”„þ “%þœ˜y „þóöìîûV

!î.o. ¢y•yîû’ îû)þ™ £óœ  E 1 ,nn    n  1, 2,....

~„þ£z þ™å•!“þ x’%¢îû’ „þöìîû  [ þ™Øþyêéôé›%…# þ™yíÅ„þÄ ‰þyœ„þ (backward difference operator)
~îû ¢‚Kþy˜%¢yöìîû ]

      f x f x f x h   

    1Ef x f x 

    11 E f x 

11 E    Svþz¦þëû þ™öìÇþ “%þœ˜y „þöìîûV

¢y•yîû’¦þyöìî îœy ëyëû öë  11 E
nn   

!î.o. Newton-Gregory formula S!˜vþzÝþ˜éôéö@ùÌ†!îû ¢)eV

    Enf x nh f x 

       41 E 1n nf x      

          2 ....
1 2

nn n n
f x f x f x f x

n
     

            
     

[ ë…˜ r
n

nc
r
 

 
 

]



NSOU  GE-CO-21 119

¢‚öìÇþöìþ™–     
0

.
n

i

i

n
f x nh f x

i

 
   

 


~öìÇþöìe– vþzöìÍÔ… „þîûy ëyëû öë

x ‰þöìœîû ›y˜ ¢›îÄî•yöì̃  (h) Þíy!þ™“þ £öìœ– ò!˜vþzÝþ˜éôéö@ùÌ†!îû ¢)eó ¢‚…Äy ¢)‰þ„þ !îöìÙÕ¡ì’ Ÿy…yëû
î£%œy‚öìŸ îÄî£,“þ £ëûÐ

‘E’ ~îû „þ“þ„þ†%!œ †%îû%cþ™)’Å •›Åyî!œ ƒ

(i)         1 2E E E ....f x f x f x    [öë…yöì̃       1 2 ....f x f x f x   ]

ßþ™Tþ“þ£z ‘E’ !îöìFŠé” •›Å ö›öì̃  ‰þöìœÐ

(distributive property)

(ii) ë!”        KEf x k x x   

EK KE, E   SÞíy˜ þ™!îûî“Åþ˜Ÿ#œ ‰þyœ„þ!Ýþ •Ê %î„þ þ™ö ì”îû þ™!îûö ì²Ì!Çþöì“þ !î!˜›ëû
(commutative) •›Å ö›öì̃  ‰þöìœÐ

(iii)      E E Em n m nf x f x

E, ¢)‰þ„þ “þ_ ́ ö›öì̃  ‰þöìœÐ

(iv) ¢£öì‹£z ö”…yöì̃ y ëyëû öë      E Ef x f x  

xíÅyê    E E  

 [forward difference operator Sx@ùÌî“þ#Å þ™yíÅ„þÄ ‰þyœ„þV ]

xíîy E [Shift Operator SÞíy˜ þ™!îûî“þÅ̃ „þyîû# ‰þyœ„þV ]

¢öìA† ‘D’ ~îû ¢Á™„Åþ ƒ
•!îû– f (x) ~„þ!Ýþ ¢hsþ“þ ~î‚ ¢hsþ“þ ¦þyöìî£z xî„þœ öëy†Ä S¢„þœ „Êþöì›îû ‹˜ÄV !˜!”ÅTþ îå• xî„þyŸ

[a, b] ö“þ x ‰þöìœîû ¢›îÄî•yöì̃  Sh ~îû ‹˜ÄV ¢%¢‚Kþy“þÐ “þöìî öÝþœîû vþzþ™þ™y”Ä x˜%¢yöìîûÐ

       
2

...21
hf x h f x hf x f x         d f xdx


  îy     D f x f x  

     
2 2E 1 D D ....2!

hf x f h f x      
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  Dhe f x

¢%“þîûy‚ DE he  îy– D1 he  

!î.o. E–1 [xíÅyê 1 ] 1 Dhe

(D) òö„þw#ëû þ™yíÅ„þÄéôé‰þyœ„þó (Central Difference Operator)

~£z ö×!’îû ‰þyœ„þ (operator) ö„þ  myîûy ¢)!‰þ“þ „þöìîû !˜öìÁ¬y=þ¦þyöìî ¢‚Kþy!ëû“þ „þîûy £ëû õ

      2 2
h hf x f x f x    

xíÅyê         1 2 1 2E Ef x f x f x  

  
1

1 22E E f x 
  
 

vþz¦þëû þ™öìÇþ “%þœ˜y „þöìîû þ™y£z–

1 2 1 2E E  

(E) ò†vþü ‰þyœ„þó (Average Operator)

†vþü ‰þyœ„þ ö„þ  !”öìëû ¢)!‰þ“þ „þöìîû !˜öìÁ¬y=þ¦þyöìî ¢‚Kþy!ëû“þ „þîûy £ëû õ

     1 1 1
2 2 2f x f x f x       

îy–         1 2 1 21 E E2f x f x f x     

    1 2 1 21 E E2 f x 

 1 2 1 21 E E2
  

!î.o. [‘’ ~î‚ ‘’ ‰þyœ„þ ”%!Ýþ E1/2 ~î‚ E–1/2 ‰þyœ„þ ”%!Ýþîû þ™!îûî!“Åþ“þ îû)þ™Ð ö¢£z „þyîûöì’ ~öì”îû
²Ìöìëûy†Þíœ ¢#!›“þÐ ]
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4.4 ‰þyœ„þ¢›)öì£îû òvþz”y£îû’›yœyó

vþz”y. 1 ²Ì›y’ „þîû%̃  ƒ

2   

¢›y•y˜ õ xy›îûy ‹y!˜ öë–

1 2 1 2E E  

îy–  22 1 2 1 2E E  

 
21 1 21 2 1 22 2E 2E E E  

   
 

1E 2 E  

   1 2 1    

1 2 1   

2 2     

2    S²Ì›y!’“þV

vþz”y. 2 ²Ì›y’ „þîû%̃  õ

 S†vþü ‰þyœ„þV– D Sxî„þœöìëy†Ä ‰þyœ„þV £öìœ–  sin h (hD)

¢›y•y˜ õ ~Þíöìœ–

  1 2 1 2 1 2 1 21 E E E E2
    

   2 21 2 1 21 E E2
   

 

 11 E E2
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 D D1
2

h he e 

 
D D

sin D2
h he e h h

    sin 2
x xe eh x

   


vþz”y. 3 ö”…y˜ öë–

     E E ,f x f x    [ E ç   ²Ì‰þ!œ“þ ²Ì“þ#öì„þ ²Ì„þy!Ÿ“þ ]

¢›y•y˜ õ x ‰þöìœîû vþzþ™îû îû!‰þ“þ ¢›îÄî•y˜ h ~î‚ f (x) öëöì„þyöì̃ y î£%þ™” îûy!Ÿîû ‹˜Ä

          E f x f x h f x h f x       

þ™%˜îûyëû–            E E Ef x f x f x f x h     

       f x h f x h h f x h f x       

¢%“þîûy‚–      E E .f x f x    ~Ýþy£z !˜öì’Åëû šþœÐ

vþz”y. 4 ö”…y˜ öë

   
 log log 1e e

f x
f x

f x
 

   
 

¢›y•y˜ õ      log log loge e ef x f x h f x   

 
 loge

f x h
f x
 

  
 

 log log loga b
e e ea b    



  
 

E
loge

f x
f x

    
  

   
 

1
loge

f x
f x
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 loge

f x f x
f x
  

  
 

 
 log 1e

f x
f x
 

  
 

 ~Ýþy£z !˜öì’Åëû šþœÐ

vþz”y. 5 ²Ì›y’ „þîû%̃  õ

     
2 1 2

5 5 6 7x x x x
 

   
 [ ë…˜ h 1 ]

¢›y•y˜ õ  2 1 1 1
5 6 5x x x  

  

    2 1 1
5 5x x   

 

 1 1
6 5x x  

 

   1 1 1 1
7 6 6 5x x x x   

   

1 1 1 1 1 2 1
7 6 6 5 7 6 5x x x x x x x      

      

     
  

6 2 71 2 1 1
7 6 5 57 6

x x
x x x xx x

  
    

    

  
6 2 14 1

57 6
x x

xx x
   

 

 
   

8 1
57 6

x
xx x

 
 

 

       
   
8 5 6 7

5 6 7
x x x x

x x x
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2 213 40 13 42 2

5 6 7 5 6 7
x x x x

x x x x x x
      

     
 S²Ì›y!’“þV

vþz”y. 6 ë!”   1tanf x x  ~î‚ h 1 £ëû “þöìî  1tan x  !˜’Åëû „þîû%̃ Ð

¢›y•y˜ õ  1tan x

   1 1tan 1 tan 1x x h     

 
 

1 1
tan

1 1
x x

x x
   

    

1 1
2 2
1 1tan tan ,

1 1x x x x
        

      
 ~Ýþy£z !˜öì’Åëû šþœÐ

vþz”y. 7 ö”…y˜ öë 
 
 

2

2

E
· ,E

x
x x

x

e
e e

e
   
  

[ öë…yöì̃   ç E ²Ì‰þ!œ“þ xöìíÅ– ~î‚ x ‰þöìœîû ¢›îÄî•y˜ h ]

¢›y•y˜ õ ~öìÇþöìe–

   1x x h x x he e e e e    

      2 x x x h xe e e e      

        21 1 1x h h x h xe e e e e e       

~…˜–  E x x he e   ~î‚  1EE
x x x he e e  

 
     

2 2 1
2 2

E
· E ·E

x
x hx x

x x

e ee e
e e
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2 1

2
E ·

x hx
x

ee
e

 


   
2

2
·

x hx h
x

ee
e

 


   
2

2
· · ·

x hh x h x h
x

ee e e e
e

    


h x h xe e     ~Ýþy£z !˜öì’Åëû šþœÐ

vþz”y. 8 loge x  !˜’Åëû „þîû%̃ – Së…˜ h 1)

¢›y•y˜ ƒ  log l og 1 loge e ex e x x   

 1loge
x

x


 1log 1e x   vþz_îû õ  1log 1e x

vþz”y. 9 
 
 

2 3

3E

x

x


  „þ“þÚ Së…˜ h 1)

¢›y•y˜ ƒ ~Þíöìœ– 
 
 

2 3

3E

x

x



  
 

3

31

x

x

 




  
 

 
 

3 3 3 2 3

3 3

1 3 3 1

1 1

x x x x x x

x x
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2

3

3 3 1

1

x x

x

    




   
 

2

3

3· 3· 0

1

x x

x

   




     
 

2 2

3

3 1 3 1

1

x x x x

x

    




 
 

 
   3 3 2

3 2 1 3 6 1 6
1 1 1

x x

x x x

  
  

  

vþz_îû õ !˜öì’Åëû 
 
   

2 3

23
6

E 1

x

x x






vþz”y. 10. h  1 •öìîû–    2 2 28x x h     ²Ì›y’ „þîû%̃ Ð

¢›y•y˜ ƒ ~öìÇþöìe–

  2x x  

   2 2x x x x    

       2 2x x x x      

     2 22 2x h x x h x x x h x x h           

   2 2x h x h h x x h        

4 2xh h 

   2 2x x  

     2x x     
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   4 2xh h   

   4 2 4 2xh h xh h    

       4 2 1 4 2 1h x h h x h       

    4 0 4 0h x h x h x x h       

2 24 4h h   [   0c   ~î‚   0,c   ë…˜ c ~„þ!Ýþ •Ê%î„þ ]

8h2 S²Ì›y!’“þV

vþz”y. 11 þ™yíÅ„þÄë%=þ “þy!œ„þyîû ›y•Äöì› f (6) éôé~îû ›y˜ öîîû „þîû%̃  ë…˜ f (0) = –3, f (1) = 6,
f (2) 8, f (3)  12 S~öìÇþöìe– ßþ™Tþ“þ£z h 1)

¢›y•y˜ ƒ þ™yíÅ„þÄ “þy!œ„þy!Ýþ £óœ õ

x y = f (x) y 2y 3y

0 –3
9

1 6 –7
2 9

2 8 2
4

3 12

 0 9,f   2 0 7f    ~î‚  3 0 9f 

~…˜      66 0 6 E 0f f f    1h 

     6 2 3 66 6 6 6 6
1 0 .... 0

0 1 2 3 6
f f

          
                     

          

   2 3 61 6 15 20 .... 0f          [~öìÇþöìe–  
!

! !r
n nnc

n r rr
 

    
]
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       2 30 6 0 15 0 20 0 0f f f f        4 5 60y y y       

 3 6 9 15 7 20 9        

3 54 105 180 234 108 126       

 !˜öì’Åëû f (6) 126 Svþz_îûV

vþz” y. 12 (a) ë!”  f x ax  “þöìî ö”…y˜ öë      1E E 2f x f x 

¢›y•y˜ ƒ ~Þíöìœ–   .f x ax

¢%“þîûy‚–     E f x a x h 

~î‚     1E f x a x h  

         1 1E E E Ef x f x f x    

   a x h a x h   

   2a x h x h a x    

 2 2ax f x   S²Ì›y!’“þV

(b) ë!” 2 1nu n   £ëû “þöìî ö”…y˜ öë 2 0.nu 

¢›y•y˜ ƒ ~öìÇþöìe– 2 1nU n 

    1 2 1 1 2 1n n nU U U n n       

2 2 1 2 1 2n n     

~…˜–      1 2 1 2 2 1 2 1 1n n nU U U n n          

2 4 1 2 2 1 2.n n      
2

1 2 2 0n n nU U U        £z£y£z !˜öì’Åëû šþœÐ

(c) ²Ì›y’ „þîû%̃  öë–      . f x f x      [ ~î‚   öë…yöì̃  ²Ì‰þ!œ“þ xíÅ î£˜ „þöìîû ]



NSOU  GE-CO-21 129

¢›y•y˜ ƒ

î¤y!”„þ       . f x f x f x h     

[ ~öìÇþöìe–     f x f x       f x f x  ]

   f x f x h   

         f x h f x f x f x h     

             2f x h f x f x f x h f x h f x f x h          

vþy˜ !”„þ        f x f x f x     

         f x h f x f x f x h     

       f x h f x f x f x h     

     2f x h f x f x h    

¢%“þîûy‚ î¤y!”„þ vþy˜!”„þ S²Ì›y!’“þV

(d) ë!” 2y ax bx c    £ëû Söë…yöì̃  a, b, c •Ê%î„þV “þöìî ö”…yç öë 2y ~„þ!Ýþ •Ê%î„þ þ™”Ð

¢›y•y˜ ƒ  ~Þíöìœ– 2y ax bx c    ~„þ!Ýþ !m‡y“þë%=þ xöìþ™Çþ„þÐ

          2 2y f x h f x a x h b x h c ax bx c           

 2 2 2 22 2a x xh h bx bh c ax bx c ahx ah bh           

~…˜–     2 22 2 2y ah x h ah bh ahx ah bh       

2 2 2 22 2 2 2ahx ah ah bh ahx ah bh ah         Sëy ~„þ!Ýþ •Ê%î„þ þ™”V £z£y£z
!˜öì’Åëû šþœÐ
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4.5 þ™yíÅ„þÄ•yîû„þ/þ™yíÅ„þÄë%=þ ¢›#„þîû’é

öë ¢›#„þîû’ ~„þ!Ýþ ßþºy•#˜ ‰þœ„þ– x•#˜Þí ‰þœ„þ ~î‚ þ™ëÅyëû „Êþöì› x•#˜Þí ‰þœöì„þîû þ™yíÅ„þÄ ¢›)£öì„þ
•yîû’ „þöìîû “þyöì„þ òþ™yíÅ„þÄéôé•yîû„þ ¢›#„þîû’ó (difference producing equation or difference
equation) îy ¢‚öìÇþöìþ™ òþ™yíÅ„þÄéôé¢›#„þîû’ó îœy £ëûÐ ~£z ‹y“þ#ëû ¢›#„þîûöì’ x•#˜Þí ‰þœ îûy!Ÿ†%!œîû
›öì•Ä þ™ëÅyëû„Êþöì› þ™yíÅ„þÄ !˜öì”Å!Ÿ“þ £ëû ö¢£z „þyîûöì’– þ™yíÅ„þÄë%=þéôé¢›#„þîû’ Sîy þ™yíÅ„þÄ •yîû„þ ¢›#„þîû’V
éôéö„þ ßþºy•#˜ ‰þœ ~î‚ x•#˜Þí ‰þœîûy!Ÿ¢›)öì£îû •yîû„þ ¢›#„þîû’ !£¢yöìî x!¦þ!£“þ „þîûy £ëûÐ

¢%“þîûy‚– òþ™yíÅ„þÄéôé•yîû„þ ¢›#„þîû’ó £óœ !˜Á¬îû)þ™ õ

      , , ,..., 0.ng x f x f x f x  

!î„þÒ¦þyöìî îœy ëyëû öëé

          , , 1 , 2 , 3 ,...., 0h x f x f x f x f x f x n    

~Þíöìœ– ‘g’ ~î‚ ‘h’ Kþy“þ £öìœç ‘f’ xKþy“þÐ

vþz”y£îû’ßþºîû)þ™–      2 1 2 0f x f x f x      ~„þ!Ýþ þ™yíÅ„þÄéôé¢›#„þîû’Ð

ë!”  f x  ö„þ ux !£¢yöìî ²Ì„þyŸ „þîûy £ëû “þöìî vþzþ™!îûvþz=þ þ™yíÅ„þÄéôé¢›#„þîû’!Ýþöì„þ 2 1x xu u 

 2 0..... 1xu   xy„þyöìîû öœ…y ëyëûÐ

þ™yíÅ„þÄë%=þ ¢›#„þîûöì’îû „Êþ› (Order of difference equation) ƒ þ™yíÅ„þÄ ¢›#„þîûöì’îû xhsþ†Å“þ
ßþºy•#˜ ‰þœîûy!Ÿîû ¢öìîÅyF‰þ ~î‚ ¢îÅ!˜Á¬ xîÞíyKþyþ™„þ ¢)‰þöì„þîû þ™yíÅ„þÄöì„þ òòþ™yíÅ„þÄ •yîû„þ ¢›#„þîûöì’îûóó „Êþ›
!£¢yöìî †’Ä „þîûy £ëûÐ

vþz”y£îû’ßþºîû)þ™– þ™)öìîÅy=þ (1) ˜‚ þ™yíÅ„þÄ•yîû„þ ¢›#„þîûöì’îû „Êþ› 2,

„þyîû’–    2 2.x x  

þ™yíÅ„þÄé ¢›#„þîûöì’îû ¢›y•y˜ (Solution of difference equation) ƒ

ßþºy•#˜ ‰þœ ç x•#˜Þí ‰þöìœîû ›öì•Ä öë ¢Á™„þÅ !îîûy‹ „þöìîû “þy ë!” þ™yíÅ„þÄéôé¢›#„þîû’ ö„þ !¢å•
(satisfy) „þöìîû “þöìî “þyöì„þ£z îœy £ë þ™yíÅ„þÄéôé¢›#„þîûöì’îû ¢›y•y˜ (solution)Ð ë!” þ™yíÅ„þÄ ¢›#„þîûöì’îû
„Êþ› x %̃¢yöìîû– ¢›y•y˜!Ýþ ößþºFŠéy•#˜ •Ê%îöì„þîû ¢‚…Äy ¢›y˜ „þöìîû ö˜ëû “þöìî ö¢£z ¢›y•y˜öì„þ ò¢y•yîû’
¢›y•y˜ó (general solution) îy ò¢Á™)’Å ¢›y•y˜ó (complete solution or primitive) îœy £ëûÐ

!„þhs$þ ößþºFŠéy•#˜ •Ê%îöì„þîû !îöìŸ¡ì ›yöì̃ îû ›y•Äöì› þ™yíÅ„þÄë%=þ ¢›#„þîû’!Ýþ !¢å• £öìœ “þyöì„þ !îöìŸ¡ì ¢›y•y˜
(Particular solution) îœy £ëûÐ
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vþz”y£îû’ !£¢yöìî þ™)öìîÅy=þ (1) ˜‚ ¢›#„þîûöì’îû ¢y•yîû’ ¢›y•y˜ £óœ S¢›y•y˜ „þîûöìœ ö”…y ëyëûV

 1 22 1 xxc c   Söë…yöì̃  c1, c2 ”%!Ýþ ößþºFŠéy•#˜ •Ê%î„þ „þyîû’ þ™yíÅ„þÄ ¢›#„þîûöì’îû „Êþ› !Šéœ 2Ð c1 ~î‚

c2 !îöìŸ¡ì ›yöì̃ îû ‹˜Ä ²Ìy®  5.2 7. 1 xx    £óœ þ™)öìîÅy=þ (1) ˜‚ ¢›#„þîûöì’îû !îöìŸ¡ì ¢›y•y˜Ð

4.6 þ™yíÅ„þÄë%=þ ¢›#„þîûöì’îû „þ“þ„þ†%!œ †%îû%cþ™)’Å xy„þyîû

(A) ÷îû!…„þ þ™yíÅ„þÄë%=þ ¢›#„þîû’ (Linear difference equation)

öë þ™yíÅ„þÄéôé¢›#„þîûöì’ 1 2, , ,....x x xu u u   Ÿ%•%›ye ~„þ ›yey (1st degree) !˜öìëû xî!Þí“þ SxíÅyê
~îûy †%’šþöìœîû xy„þyöìîû íy„þöìî ˜yV “þyöì„þ£z ÷îû!…„þ þ™yíÅ„þÄéôé¢›#„þîû’ îœy £ëûÐ ö¢£z !£¢yöìî !˜öì‰þîû

¢›#„þîû’ ú ‹y“þ#ëû ¢›#„þîû’ ëyîû ›yey n ë…˜  A 1,2,...,i i n  £ëû •Ê%î„þ ˜“%þîy x éôé~îû xöìþ™Çþ„þ õ

       1 2A 1 A 2 .... A B .... 1u u
x n n xu x n x n u x         

~öìÇþöìe ë…˜ B (x) 0 £öìî “þ…˜ (1) ˜‚ ¢›#„þîû’!Ýþ homogeneous ¢››y!e„þ £öìî x˜Äíyëû
¢›#„þîû’!Ýþ ²Ì„,þ!“þ†“þ ¦þyöìî non-homogeneous xéôé¢›y›y!e„þ £öìîÐ

(B) Homogeneous linear differene equation. with constant co-efficients S¢››y!e„þ
þ™yíÅ„þÄë%=þ ¢›#„þîû’ ëy •Ê%î„þ ¢£†ë%=þV

ë!”      1 21 2A A .... A 0... 2x n n xx n x nu u u u          £ëû Söë…yöì̃  Ai (i 1,2,..., n)

•Ê%î„þ þ™”V– “þöìî ¢›#„þîû’ (2) S¢››y!e„þ þ™yíÅ„þÄë%=þ ¢›#„þîû’ ëy •Ê%î„þ ¢£† ë%=þV !£¢yöìî !îöìî!‰þ“þ £ëûÐ

x˜Ä¦þyöìî–    E 0.... 3
xu   öë…yöì̃    1 2

1 2E E A E A E .... An n n
n

      

 E  éôéö„þ (3) ˜‚ þ™yíÅ„þÄ ¢›#„þîûöì’îû ‘characteristic function’ or complementary function’
(c.f) S÷î!ŸTþÄ†“þ xöìþ™öìÇþ„þV îœy £ëûÐ

~Þíöìœ–   0m   ö„þ– þ™)îû„þ xöìþ™Çþ„þ (3) ˜‚ þ™yíÅ„þÄ ¢›#„þîûöì’îû ‘auxiliary equation’
S¢y£yëÄ„þyîû# ¢›#„þîû’V îöìœÐ

(3) ˜‚ ¢›#„þîû’

xíÅyê  E 0xu   ~îû ¢›y•y˜ „þöìÒ ”%!Ýþ ²Ìöìëûy‹˜#ëû x‚Ÿ £óœ õ

(i) ë!”  1 ,u x  (3) ˜‚ ¢›#„þîûöì’îû ~„þ!Ýþ ¢›y•y˜ £ëû “þöìî  1 1c u x  ú ¢›#„þîûöì’îû ¢›y•y˜

!£¢yöìî †’Ä £öìî öë…yöì̃  c1 ~„þ!Ýþ ößþºFŠéy•#˜ •Ê%î„þÐ
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(ii) ë!” (3) ˜‚ ¢›#„þîûöì’îû        1 2 3, , ,...., ,nu x u x u x u x  n ¢‚…Ä„þ ßþºy•#˜ ¢›y•y˜ £ëû

“þöìî vþz£yîû ¢Á™)’Å ¢›y•y˜ (complete solution) £öìî

       1 1 2 2 3 3 ...x n nu c u x c u x c u x c u x    

öë…yöì̃   1,2,3,...,ic i n  ößþºFŠéy•#˜ •Ê%î„þÐ

Solution of homogeneous equations (with constant co-efficients)

S•Ê%î„þ ¢£†¢Á™§¬ ¢››y!e„þ ¢›#„þîû’V

(a) ²Ìí› „Êþöì›îû (1st order) þ™yíÅ„þÄ†“þ ¢›#„þîûöì’îû öÇþöìe ƒ

•!îû– ²Ìí› „Êþöì›îû þ™yíÅ„þÄ ¢›#„þîû’ £óœ õ

1 0x xu au    îy–  1 ... 1x uxu a 

0,1, 2,3,....,x   £z“þÄy!” þî!¢öìëû (1) ˜‚ öíöì„þ þ™y£z

1 0u au

2
2 1 0u au a u 

3
3 2 0u au a u   £z“þÄy!”

¢y•yîû’¦þyöìî– 0
x

xu a u

•!îû– 0u c  S•Ê%î„þ ~„þ!Ýþ þ™” 0 )

,x
xu ca   £óœ ¢y•yîû’ ¢›y•y˜ (1) ˜‚ ¢›#„þîû’ ¢yöìþ™öìÇþÐ

(b) !m“þ#ëû „Êþöì›îû (2nd order) þ™yíÅ„þÄ†“þ ¢›#„þîûöì’îû öÇþöìe ƒ

•!îû– !m“þ#ëû „Êþöì›îû þ™yíÅ„þÄ ¢›#„þîû’!Ýþ £óœ

 2 1 1 2A A 0... 2x x xu u u   

‘E’ [ Þíy˜éôéþ™!îûî“Åþ˜„þyîû# ‰þyœ„þ ƒ îy shift operator ] éôé~îû ¢y£yöìëÄ þ™y£z–

     2
1 2E A E A 0x x xu u u  
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 E 0xu   öë…yöì̃    2
2E E AE A     £óœ E ~îû ~„þ!Ýþ ›)œ” Sþ™)’Å ¢‚…ÄyV !î!ŸTþ

xöìþ™Çþ„þÐ (2) ˜‚ ¢›#„þîûöì’îû ¢›y•y˜ „þöìÒ– •!îû–  0x
xu a a 

~…˜ (2) ˜‚ öíöì„þ þ™y£z [ ë…˜  , 0x
xu a a   ]

 2
1 2A A 0xu a a  

0xa   xíÅyê 0,xu   ¢%“þîûy‚

 2
1 2A A 0.... 3a a  

(3) ˜‚ ¢›#„þîû’!Ýþ ¢y£yëÄ„þyîû# ¢›#„þîû’Ð

²Ìí› öÇþöìe ƒ (3) ˜‚ ¢y£yëÄ„þyîû# ¢›#„þîûöì’îû î#‹ ”%!Ýþ SxíÅyê ~î‚ ) !¦þ§¬ (distinct) £öìœ–

(2) ˜‚ ~îû ¢y•yîû’ ¢›y•y˜ £öìî 1 2 ,x x
xu c c     Söë…yöì̃  c1 ~î‚ c2 ”%!Ýþ ößþºFŠéy•#˜ •Ê%î„þV

!m“þ#ëû öÇþöìe ƒ (3) ˜‚ ¢y£yëÄ„þyîû# ¢›#„þîûöì’îû î#‹ ”%!Ýþ þ™îûßþ™îû ¢›y˜ SxíÅyê ) £öìœ–

(2) ˜‚ ~îû ¢y•yîû’ ¢›y•y˜ £öìî  1 2 ,x
xu c c x    Söë…yöì̃  c1 ~î‚ c2 ”%!Ýþ ößþºFŠéy•#˜ •Ê%î„þV

“,þ“þ#ëû öÇþöìe ƒ (3) ˜‚ ¢y£yëÄ„þyîû# ¢›#„þîûöì’îû î#‹ ”%!Ýþ ‹!Ýþœ (complex) xy„þyöìîûîû xíÅyê (
 i) ~î‚ ( – i R, R £óœ îyhßþî ¢‚…Äyîû ö¢Ýþ– 0  ] £öìœ– (2) ˜‚ ¢›#„þîûöì’îû

¢y•yîû’ ¢›y•y˜ £öìî    1 2 ,x x
xu c i c i       Söë…yöì̃  c1 ~î‚ c2 ”%!Ýþ ößþºFŠéy•#˜ •Ê%î„þV

(c) Particular Integrals of Non-homogeneous Equations Sx¢››y!e„þ ¢›#„þîûöì’îû
!îöìŸ¡ì ¢›y„þœV

¢y•yîû’ non-homogeneous Sx¢››y!e„þV ÷îû!…„þ þ™yíÅ„þÄ†“þ ¢›#„þîûöì’îû xy„þyîû!Ýþ £óœ

   E xu x    Sëy x ‰þœë%=þ ~„þ!Ýþ xöìþ™Çþ„þV

 E 0xu   ö„þ ¢›y•y˜ „þöìîû ‘complementary function’ îy C.F Sþ™)îû„þé xöìþ™Çþ„þV þ™yçëûy

ëyöìîÐ

P.I (Particular integral), S!îöìŸ¡ì ¢›y„þœV õ    1
Exu x 





NSOU  GE-CO-21134

îy–     1Exu x
    Söë…yöì̃ – E SÞíy é̃ôéþ™!îûî“Åþ˜Ÿ#œ ‰þyœ„þV 1 

 ~Þíöìœ– ¢y•yîû’ ¢›y•y˜– C.F P.Ixu    Sþ™)îû„þ xöìþ™Çþ„þV S!îöìŸ¡ì ¢›y„þœV

˜#öì‰þëû P.I !˜’Åëû „þîûyîû „þöìëû„þ!Ýþ ö„þïŸœ vþzöìÍÔ… „þîûy £óœÐ

(i) •!îû–   2
0 1 2E A A E A E .... A En

n     

       2
0 1 2E A A E A E .... A Ex x x x n x

na a a a a     

 2
0 1 2A A A .... Ax n

na a a a    

 xa a 

   
1 1
E

x xa a
a

 
 

 Së…˜   0a  )

(ii) •!îû–  x  ~„þ!Ýþ x ‰þœîûy!Ÿîû xöìþ™Çþ„þ ~î‚  E , E ~îû ~„þ!Ýþ xöìþ™Çþ„þ–

¢%“þîûy‚–   2
0 1 2E A A E A E .... A En

n     

vþzþ™!îûvþz=þ þ™å•!“þ xîœÁºöì̃ –

       E Ex xa x a a x    

       1 1 ,
E E

x xa x a x
a

   
 

 ë…˜  E 0a 

˜#öì‰þîû vþz”y£îû’†%!œ xy›yöì”îû •yîû’yöì„þ xyîûç þ™!îûßþñyîû „þóîûöìîÐ

vþz”y. 1 ë!” 5,xu cx   [ öë…yöì̃  c ~„þ!Ýþ •Ê%î„þ ] £ëû “þöìî þ™yíÅ„þÄ†“þ ¢›#„þîû’!Ýþ †àþ˜ „þîû%̃ Ð

¢›y•y˜ ƒ ~öìÇþöìe–  5.... 1xu cx 

 1 1 5   xu c x

îy–  1 1 5 0xu c x    
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îy–  1
5 1 5 0x

x
uu xx


     [ (1) ˜‚ ¢Á™„Åþ öíöì„þ ]

îy–    1 1 5 1 5 0x xxu x u x x      

îy–  1 1 5 5 5 0      x xxu x u x x

îy–  1 1 5 0x xxu x u    

îy–   11 5x xx u xu     ~Ýþy£z !˜öì’Åëû þ™yíÅ„þÄ†“þ ¢›#„þîû’Ð

vþz”y. 2 ¢›y•y˜ „þîû%̃  õ

2 13 2 0x x xu u u   

¢›y•y˜ éõ ²Ì”_ ¢›#„þîû’!Ýþ !˜Á¬!œ!…“þ¦þyöìî ²Ì„þyŸ „þöìîû þ™y£z

 23E E 2 0xu    [ öë…yöì̃  E £œ òÞíy˜ þ™!îûî“Åþ˜„þyîû#ó ‰þyœ„þ ]

 ¢y£yëÄ„þyîû# ¢›#„þîû’!Ýþ £óœ

23 2 0m m  

îy– 23 3 2 2 0m m m   

îy–    3 1 2 1 0m m m   

îy–    1 3 2 0m m  

1 0m   xíîy 3 2 0m 

¢%“þîûy‚– 21, 3m  

   1 2
21 3

xx
xu c c     [ öë…yöì̃  c1 ~î‚ c2 £óœ ”%!Ýþ ößþºFŠéy•#˜ •Ê%î„þ ]

vþz”y. 3 ¢›y•y˜ „þîû%̃  õ

2 12 2 0x x xu u u   
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²Ì”_ ¢›#„þîû’!Ýþ £óœ  2E 2E 2 0xu  

¢›y•y˜ õ ~Þíöìœ– ¢y£yëÄ„þyîû# ¢›#„þîû’!Ýþ £óœ 2 2 2 0m m  

   22 2 4·1·2
2·1m

    
 

2 4 8 2 4
2 2

    

 1 1 i 

•!îû– 1  r cos  ~î‚ 1  r sin 

Sîyhßþî x‚Ÿ vþzþ™!Þí“þ 1~îû ‹˜ÄV S„þyÒ!˜„þ x‚Ÿ vþzþ™!Þí“þ 1~îû ‹˜ÄV

1
22 2r    Së…˜ r > 0) ( 2 2 2 2 2 2cos sin 1 1r r    )

îy–  2 2 2cos sin 2r   

îy– 2 2r 

sin 1
cos 1

r
r

 
  îy tan 1 

1tan 1 

1tan tan 4
 

4


¢%“þîûy‚–   22 x
xu   1 2cos sin ,4 4c x c x 

[ ë…˜ c1 ~î‚ c2 £óœ ”%!Ýþ ößþºFŠéy•#˜ •Ê%î„þ ]
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vþz”y. 4 ¢›y•y˜ „þîû%̃  õ

2 14 4 0n n nu u u   

¢›y•y˜ õ •!îû  0n
nu k 

1
1

n
nu k 
 

2
2

n
nu k 
 

²Ì”_ ¢›#„þîû’ öíöì„þ þ™y£z

2 14 4 0n n nk k k   

îy–  2 4 4 0nk k k  

2 4 4 0k k     0nk 

îy–  22 0k  

¢%“þîûy‚– k 2, 2.

ßþºy¦þy!î„þ ¦þyöìî– un A.2n Së…˜ A ~„þ!Ýþ ößþºFŠéy•#˜ •Ê%î„þV ²Ì”_ ¢›#„þîûöì’îû ~„þ!Ýþ ¢›y•y˜Ð
!„þhs$þ– ¢›y•yöì̃  ~„þ!Ýþ ›ye •Ê%î„þ ë%=þ íy„þyëû ~öì„þ ¢y•yîû’ ¢›y•y˜ !£¢yöìî †’Ä „þîûy ëyëû ˜yÐ

ö¢‹˜Ä •!îû– 2 ;n
n nu v  ²Ì”_ ¢›#„þîû’ öíöì„þ þ™y£z

2 1
2 12 4.2 4.2 0n n n

n n nv v v 
   

îy–  2
2 12 2 0n

n n nv v v
   

îy– 2 12 0n n nv v v     22 0n 

îy–  2 0nv 

~!Ýþ öíöì„þ ßþ™Tþ £ëû öë  nv  ~„þ!Ýþ •Ê%î„þ þ™” ~î‚ vn ~„þ!Ýþ î£%þ™”ë%=þ îûy!Ÿ ëyöì“þ n éôé~îû ¢öìîÅyF‰þ

›yey ~„þÐ



NSOU  GE-CO-21138

¢%“þîûy‚– A B.nv n   Së…˜ A ~î‚ B ”%!Ýþ ößþºFŠéy•#˜ •Ê%î„þV

 2 2 A B ,n n
n nu v n    ~„þ!Ýþ ¢y•yîû’ ¢›y•y˜ S²Ì”_ ¢›#„þîûöì’îûV „þyîû’– ~öì“þ ”%!Ýþ þ™îûßþ™îû

ßþºy•#˜ •Ê%î„þ vþzþ™!Þí“þ xyöìŠéÐ vþz_îû õ  2 A Bn
nu n 

vþz”y. 4 ¢›y•y˜ „þîû%̃  õ

2 1 12 5 ,x
x x xu u u    1.x 

¢›y•y˜ õ ²Ì”_ ¢›#„þîû’öì„þ !˜öìÁ¬y=þ vþzþ™yöìëû ²Ì„þyŸ „þöìîû þ™y£z–

E E 12 5x x
x x xu u u    [ öë…yöì̃  E £óœ Þíy˜ þ™!îûî“Åþ˜„þyîû# ‰þyœ„þ ]

þ™)îû„þ xöìþ™Çþ„þ (complementary function) !˜•Åyîûöì’îû ‹˜Ä xy›îûy x
xu k  •óîûîÐ

šþöìœ– 1
1

x
xu k 
   ~î‚ 2

2
x

xu k 
 

ë!” 2 1 12 0x x xk k k     £ëû– “þöìî ~îû ›y•Äöì› ²Ì”_ ¢›#„þîû’ !¢å• £ëûÐ ö¢öìÇþöìe–

2k k  12 0    0xk 

îy–   3 4 0k k  

3 0k    xíîy– 4 0k  

3, 4k  

¢%“þîûy‚– 3x ~î‚ (–4)x ”%!Ýþ ßþºy•#˜ !îöìŸ¡ì ¢›y•y˜ !£¢yöìî þ™!îû!‰þ“þÐ

šþöìœ þ™)îû„þ ¢›y•y˜ îy þ™)îû„þ ¢›#„þîû’ (C.F)

 A.3 B 4 xx    Söë…yöì̃  A ç B ”%!Ýþ ößþºFŠéy•#˜ •Ê%î„þV

~…˜ !îöìŸ¡ì ¢›y„þœ (Particular integral îy P.I) !˜’Åëû „þîûyîû þ™yœyÐ

2
1P.I ·5

E E 12
x 

 

2
5 55 30 12 185 5 12

x xx   
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¢%“þîûy‚ ¢Á™)’Å ¢y•yîû’ ¢›y•y˜ (complete general solution) £óœ

  1A.3 B. 4 .518
xx x

xu      Svþz_îûV

vþz”y. 5 ¢›y•y˜ „þîû%̃  õ

2
2 18 25 2 1x x xu u u x x     

¢›y•y˜ õ ~öìÇþöìe–

 2
2 18 25 2 1..... 1x x xu u u x x     

~!Ýþ ~„þ!Ýþ (non-homogeneous equation) x¢››y!e„þ ¢›#„þîû’Ð ~!Ýþöì„þ ¢îÅ²Ìí› ¢››y!e„þ
(homogeneous) xy„þyöìîû ²Ì„þyŸ „þöìîû þ™y£z–

 2 18· 25 0..... 2x x xu u u   

(2) ˜‚ ¢›#„þîûöì’îû ¢y•yîû’ ¢›y•y˜ £öìî (1) ˜‚ ¢›#„þîûöì’îû þ™)îû„þ xöìþ™Çþ„þ (c.f.)Ð

~…˜ xy›îûy (2) ˜‚ ¢›#„þîûöì’îû ¢y•yîû’ ¢›y•y˜ !˜’Åëû „þóîûîÐ ö¢‹˜Ä– •!îû–  0 .x
xu k 

 ¢y£yëÄ„þyîû# ¢›#„þîû’!Ýþ £óœ õ

2 8 25 0k k  

îy– 
   28 8 4·1·25

2·1k
   



8 64 100
2

 

 8 36 8 6 12 2
i i     

4 3i 

 c.f Sþ™)îû„þ xöìþ™Çþ„þV    A 4 3 B 4 3x xi i   

Söë…yöì̃  A ç B ”%!Ýþ ßþºy•#˜ •Ê%î„þV
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   A cos sin cos sinxv x i x B x i x     

öë…yöì̃ – 4 cosr   ~î‚ 3 sinr 

~…y˜ öíöì„þ þ™y£z 5r   ~î‚ tan 3 4   îy  1 3tan 4
 

[ 2 2 2 2 2 2cos sin 4 3r r    

îy–  2 2 2cos sin 16 9 25r     

îy– 2·1 25r   îy– 2 25r 

îy–  5 0r r   ~î‚ sin 3
cos 4

r
r

 
  îy– 3tan 4  ]

îy–     . A B cos A B sinxc f r x i x    

 1 2cos sinxr c x c x  

[ öë…yöì̃  ößþºFŠéy•#˜ •Ê%î„þ c1  (A B) ~î‚ c2  i (A – B) ]

!îöìŸ¡ì ¢›y„þœ (particular integral îy P.I) !˜’Åëû „þîûöì“þ xy›îûy ~…˜ £yöì“þ öþ™öìëû!Šé

 2 2E 8E 25 2 1xu x x      (E ~„þ!Ýþ Þíy˜ þ™!îûî“Åþ˜„þyîû# ‰þyœ„þV

îy–  2
2

1 2 1
E 8 25xu x x

E
  

 

   
   2

2
1 2 1 E 1

1 8 1 25
x x     

     


 2
2

1 2 1
1 2 8 8 25

x x  
       

 2
2

1 2 1
6 18

x x  
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 2
2

1 2 1
618 1 18

x x  
   
 

 
2 32 2 3 21 6 6 61 2 118 18 18 18 x x

                        
       



  1 2 31 1 ....x x x x     

 2 2 3 4 2
2

1 1 2 11 .... 2 118 3 18 3 3 18
x x              

 

  2 21 51 2 118 3 18 x x     

[ „þyîû’– 3 4 .... 0,f f      ë…˜– 22 1f x x   ]

     21 1 52 1 4 1 418 54 18x x x     

21 1 1 2 1 10
9 18 18 27 54 9x x x     

 2 21 7 32 1 6 7 649 54 27 54x x x x     

 !˜öì’Åëû ¢Á™)’Å ¢y•yîû’ ¢›y•y˜ (complete general solution) : ux c.f P.I

îy–    2
1 2

1cos sin 6 7 6454
x

xu r c x c x x x      

[ öë…yöì̃ – r 5 ~î‚  1 3tan 4
  ] Svþz_îûV

vþz”y. 6 ¢›y•y˜ „þîû%̃  õ

2 13 4 2x
x x xu u u   
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¢›y•y˜ õ ~öìÇþöìe– ²Ì”_ ¢›#„þîû’!Ýþ £óœ 2 13 4 2x
x x xu u u   

[ £z£y ‰þ!îûe†“þ¦þyöìî £óœ x¢››y!e„þ é¢›#„þîû’] (non-homogeneous)

îy–    2E 3E 4 2 ..... 1x
xu    Söë…yöì̃  E £óœ Þíy˜ þ™!îûî“Åþ˜„þyîû# ‰þyœ„þV

(1) ˜‚ ¢›#„þîûöì’îû ¢y£yëÄ„þyîû# ¢›#„þîû’!Ýþ £óœ

2 3 4 0m m    îy–   4 1 0m m  

4 0m   xíîy– 1 0m 

4, 1m  

 C.F (Complementary function, þ™)îû„þ xöìþ™Çþ„þV    1 24 1x xc c  

Söë…yöì̃  c1 ~î‚ c2 ”%!Ýþ ößþºFŠéy•#˜ •Ê%î„þV

~…˜ P.I S!îöìŸ¡ì ¢›y„þœV

2
1 ·2

E 3E 4
x

 

2
1 ·2

2 3·2 4
x

 

1 1 2·2 ·24 6 4 6 6
xx x          

 !˜öì’Åëû ¢Á™)’Å ¢y•yîû’ ¢›y•y˜ (complete general solution) :

   1 2
24 1 6

xx x
xu c c     Svþz_îûV

¢›y•y˜ „þîû%̃  õ

vþz”y. 7 3
2 17 4 2· x

x x xu u u e   

¢›y•y˜ õ ~Þíöìœ– ¢›#„þîû’!Ýþ £óœ õ

3
2 13 7 4 2· x

x x xu u u e   
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îy–    2 33.E 7E 4 2. .... 1x
xu e  

(1) ˜‚ ¢›#„þîûöì’îû ¢y£yëÄ„þyîû# ¢›#„þîû’!Ýþ £óœ

23 7 4 0m m    îy– 23 3 4 4 0m m m   

îy–    3 1 4 1 0m m m   

îy–   1 3 4 0m m  

1 0m   xíîy 3 4 0m 

1, 4 3m 

~…˜– C.F Sþ™)îû% xöìþ™Çþ„þV [ (1) ˜‚ ¢›#„þîû’îû ö²Ì!Çþöì“þ ]

   1 2
4· 1 3

xxc c   [ öë…yöì̃  c1, c2 £óœ ”%!Ýþ ößþºFŠéy•#˜ •Ê%î„þ ]

P.I S!îöìŸ¡ì ¢›y„þœV

3
2

1 ·2
3E 7E 4

xe
 

 3
2

12·
3E 7E 4

x
e

 

   
3

23 3
2·

3 7 4

xe

e e


 

3

6 3
2·

3 7 4

xe
e e


 

 !˜öì’Åëû ¢Á™)’Å ¢y•yîû’ ¢›y•y˜ [(1) ˜‚ ¢›#„þîûöì’îû] :

    3
1 2 6 3

4 21 3 3 7 4

x xx
x

eu c c
e e

  
 

 Svþz_îûV
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vþz”y. 8 ¢›y•y˜ „þîû%̃  õ

2 17 12 sinx x xu u u x   

¢›y•y˜ õ ~öìÇþöìe ²Ì”_ Sxéôé¢››y!e„þV ¢›#„þîû’!Ýþ £óœ

2 17 12 sinx x xu u u x   

îy–    2E 7E 12 sin ..... 1xu x  

(1) ˜‚ ¢›#„þîûöì’îû ¢y£yëÄ„þyîû# ¢›#„þîû’!Ýþ £óœ ƒ

2 7 12 0m m  

îy– 2 3 4 12 0m m m   

îy–    3 4 3 0m m m   

îy–   3 4 0m m  

3 0m   xíîy– 4 0m  

3, 4m 

(1) ˜‚ ¢›#„þîûöì’îû öÇþe !îöìî‰þ˜y „þîûöìœ þ™y£z

C·F Sþ™)îû„þ xöìþ™Çþ„þV    1 23 4x xc c 

1 23 4x xc c 

[ öë…yöì̃  c1, c2 ößþºFŠéy•#˜ •Ê%î„þ ]

~î‚ P.I S!îöìŸ¡ì ¢›y„þœV

2
1 sin

E 7E 12
x

 

2
1 ·

E 7E 12
ixe

 
 ~îû „þyÒ!˜„þ x‚Ÿ (imaginary part)
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2
1

7 12
ix

i i e
e e


 

 ~îû „þyÒ!˜„þ x‚Ÿ

   
1

cos 2 sin 2 7 cos1 sin1 12
ixe

i i


     ~îû „þyÒ!˜„þ x‚Ÿ

   
1

cos 2 7 cos1 12 sin 2 7sin1
ixe

i


     ~îû „þyÒ!˜„þ x‚Ÿ

   
   

 2 2
cos 2 7cos1 12 sin 2 7sin1

cos sin
cos 2 7 cos1 12 sin 2 7sin1

i
x i x

   
 

   
 ~îû „þyÒ!˜„þ x‚Ÿ

     
   2 2

cos 2 7 cos1 12 sin sin 2 7sin1 cos

cos 2 7 cos1 12 sin 2 7sin1

x x   


   

 !˜öì’Åëû ¢Á™)’Åéôé¢y•yîû’ ¢›y•y˜ [(1) ˜‚ ¢›#„þîûöì’îû ö²Ì!Çþöì“þ ] £óœ

    
   

1 2 2 2
cos 2 7 cos1 12sin sin 2 7sin1 cos

·3 ·4
cos 2 7 cos1 12 sin 2 7sin1

x x
x

x x
u c c

    
   
     

 Svþz_îûV

4.7 !îöìŸ¡ì xyöìœy‰þ˜y

¢¢#› þ™yíÅöì„þÄîû öÇþöìe ~î‚ þ™yíÅ„þÄë%=þ ¢›#„þîûöì’ ‘factorial function’ Svþzêþ™y”„þë%=þ xöìþ™Çþ„þV
éôé~îû ²Ìöìëûy†yî!œ ƒ

²Ìí› öÇþöìe–

(A) vþzêþ™y”„þë%=þ xöìþ™Çþ„þ (factorial function) éôé~îû ¢‚Kþy˜%¢yöìîû îœy ëyëû öë

      1 2 .... 1na a a a a n      [ ë…˜– 1n  ] ~î‚  0 1a   [ ë…˜ 0a  ]

!î.o. (i)  1 !n n

(ii)            2 2 .... 2 2 1 3 .... 2 1na a a a n a a a n             

   2 12 2 2
n

n

a a 
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(iii)    
  ,n

a h
a

n
 




[ ë…˜ 0a   ~î‚ a }˜yd„þ x…uþ ¢‚…Äy ˜ëû ]

ë…˜–   1 , 0x xx e x dx n     ~öì”îû ²Ìöìëûy† „þy!îû„þ xöìþ™Çþ„þ !˜’Åëû „þyöìœ ²Ì¦)þ“þ ¦þyöìî

þ™!îûœ!Çþ“þ £ëûÐ

!m“þ#ëû öÇþöìe–

(B) vþzêþ™y”„þë%=þ xöìþ™Çþ„þöì„þ þ™yíÅ„þÄë%=þ ¢›#„þîûöì’ç ²Ìöìëûy† „þîûy £ëûÐ ~…˜ ~£z ¢Á™öì„Åþ xy›îûy
xyöìœy‰þ˜y „þóîûîÐ

ë!” n •˜yd„þ x…[þ ¢‚…Äy £ëû “þöìî x éôé~îû n éôé“þ› ›y“þë%=þ îûy!Ÿöì„þ x(n) îy [x]n !£¢yöìî ²Ì„þyŸ

„þîûy £ëû ~î‚ ¢‚Kþy ßþºîû)þ™        2 .... 1nx x x h x h x n h    

!îöìŸ¡ì¦þyöìî–  0 1x   ~î‚    1 .... 1x x

vþzêþ™y”„þë%=þ xöìþ™Çþöì„þîû öÇþöìe x@ùÌî“Åþ# !îöì¦þ”„þyîû# ‰þyœöì„þîû ²Ì¦þyî £öìî !˜Á¬îû)þ™ õ

       nn nx x h x   

              .... 2 2 ... 1x h x x h x n h x x h x h x n h         

    ..... 2 .x x h x n h nh   

     1 ..... 2nnh x 

x˜%îû)öìþ™–         22 21 .... 3n nx n n h x   

!î.o. (i)           1 2 .... 1 ,n n rr rx n n n x r h x        ë…˜ r  1,2,....n

0, ë…˜ r > n.

(ii) (2) ˜‚ öíöì„þ–

 
  1 .
n

n
x

x nh
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    11 nn xx nh
    •Ê%î„þ

ßþºy¦þy!î„þ ¦þyöìî–     

 
11

1
nn xx

n h


  


 •Ê%î„þÐ

vþz”y. (1) ë!”   4 3 23 4 7 6f x x x x x      £ëû “þöìî ~öì„þ vþzêþ™y”„þ xöìþ™Çþ„þ !£¢yöìî

²Ì„þyŸ „þîûÐ  2 f x  !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ~öìÇþöìe–

   4 3 23 4 7 6.... 1f x x x x x      [ ²Ì”_ ]

•!îû–          1 2 3 A 1 2f x x x x x x x x          B 1 D..... 2x x cx   

 ßþ™Tþ“þ£z– 4 3 23 4 7 6x x x x   

          1 2 3 A 1 2 B 1 C Dx x x x x x x x x x          

(3) ˜‚ ¢Á™öì„Åþ– x 0

î!¢öìëû þ™y£z– D 6.

(3) ˜‚ ¢Á™öì„Åþ– x 1 î!¢öìëû þ™y£z–

1 3 4 7 6 C·1 D     

îy– C D 1 îy– C 6 1 (D 6) îy– C – 5

(3) ˜‚ ¢Á™öì„Åþ– x  2 î!¢öìëû þ™y£z–

16 24 16 14 6 2B 2C D      

îy–  38 38 2B 2 5 6       C 5,D 6   

îy– 2B 4 0   îy– B 2

(3) ˜‚ ¢Á™öì„Åþ– x 3 î!¢öìëû þ™y£z–

81 81 36 21 6 6A 6B 3C D       

îy–    6A 6 2 3 5 6 21      (B 2, C – 5 ~î‚ D 6)
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îy– 6A 21 – 3 îy– 6A 18 îy– A 3

¢%“þîûy‚ þ™!îûöìŸöì¡ì–          4 3 2 13· 2· 5· 6f x x x x x    

        3 2 14 9 4 5f x x x x      ( (x)(n) nhx(n–1) ~…yöì̃ – h 1

    4 1 2 9 1 4 5x x x x x x      

 2 24 3 2 9 9 4 5x x x x x x      

3 2 24 12 8 9 9 4 5x x x x x x      

3 24 3 3 5x x x   

~î‚            4 3 2 12 2 3 2 5 6f x x x x x      

          2 22 21 1 , 1n x nx n n h x n n x h          
   º 1, 0x x 

   2 14.3. 3.3.2. 2.2. ºx x x  

   2 112 18 4x x  

  12 1 18 4x x x   

 212 18 4x x x   

212 12 18 4x x x   

212 6 4x x  

vþz_îû õ    3 24 3 3 5f x x x x    

~î‚   2 212 6 4f x x x   
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vþz”y. 2 ë!”   3 22 3 3 10f x x x x     £ëû “þöìî vþzêþ™y”„þ#ëû ²Ì“þ#öì„þ   f x ~î‚

  2 f x  !˜’Åëû „þîû%̃ Ð þ™îûî“þ#Å hßþöìîû– ö¢£z xöìþ™Çþ„þ!Ýþöì„þ …%öì‹ îyîû „þîû ëyîû ²Ìí› þ™yíÅ„þÄ £óœ

 f x  [ •öìîû !˜˜ h 1]

¢›y•y˜ õ ~öìÇþöìe–   3 22 3 3 10f x x x x   

•!îû–       A 1 2 B 1 C Df x x x x x x x      

[ öë…yöì̃ – A, B, C, D £óœ •Ê%î„þ þ™” ]

 ßþ™Tþ“þ£z–       3 2A 1 2 B 1 C D 2 3 3 10..... 1x x x x x x x x x         

(1) ˜‚ ¢Á™öì„Åþ x 0 î!¢öìëû þ™y£z– D  – 10

(1) ˜‚ ¢Á™öì„Åþ x 1 î!¢öìëû þ™y£z– C.1 D 2 3 3 10    

îy– C D 8    îy– C 8 D  

 8 10   

 8 10 D 10    

2 C 2  

(1) ˜‚ ¢Á™öì„Åþ x 2 î!¢öìëû þ™y£z–

B.2.1 C.2 D 16 12 6 10     

îy–    2B 2 2 10 0     C 2,D 10   

îy– 2B 6 îy– B 3

(1) ˜‚ ¢Á™öì„Åþîû vþz¦þëû þ™öìÇþ x3 ~îû ¢”,Ÿ “%þœ˜y „þöìîû þ™y£z A 2

¢%“þîûy‚ (1) ˜‚ ¢Á™„Åþ öíöì„þ þ™y£z

       3 2 12 3 2 10f x x x x   

      2 12.3 3.2 2.1. ºf x x x x   

   2 16 6 2x x  
    1 1, 1n n nx nhx nx h    

 îöìœ ]  0 1, 0x x 
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     2 f x f x   

     2 1 26 6x x     
 16.2 6.1. º 0x x  

 112 6x   0 1, 0x x 

•!îû– g (x) £óœ ö¢£z xöìþ™Çþ„þ ëyîû ò²Ìí› þ™yíÅ„þÄó Sëy x@ùÌî“Åþ# þ™yíÅ„þÄ ‰þyœöì„þîû ›y•Äöì› ‡öìÝþV £óœ
f (x)

    g x f x 

     3 2 12 3 2 10x x x   

îy–         3 2 11 2 3 2 10g x x x x    

          3 2 11 1 1 12 3 2 10x x x          

       4 3 2 1
2. 3. 2. 10.4 3 2 1

x x x x k      Sk  •Ê%î„þV

       4 3 2 11· 102 x x x x k    

          1 1 2 3 1 2 1 102 x x x x x x x x x x k          

      4 3 2 3 2 21 6 11 6 2 3 2 2 202 x x x x x x x x x x         

 4 3 2 3 2 21 6 11 6 2 6 4 2 2 202 x x x x x x x x x x k          

 4 3 21 4 7 242 x x x x k    

vþz_îû õ       2 16. 6. 2,f x x x   
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    12 12. 6f x x  

~î‚ !˜öì’Åëû xöìþ™Çþ„þ     4 3 21 4 7 242g x x x x x k    

vþz”y. 3 ¢›y•y˜ „þîû%̃  õ  2
2 17 8 .2x

x x xu u u x   

¢›y•y˜ õ ²Ì”_ ¢›#„þîû’!Ýþöì„þ !˜öìÁ¬y=þ¦þyöìî ²Ì„þyŸ „þîûy ëyëû õ

     22E 7E 8 ·2 .... 1x
xu x    Söë…yöì̃  ‘E’ £œ Þíy˜ þ™!îûî“Åþ˜„þyîû# ‰þyœ„þV

(1) ˜‚ ¢›#„þîûöì’îû ¢y£yëÄ„þyîû# ¢›#„þîû’ £óœ 2 7 8 0m m  

~…˜– 2 7 8 0m m    öíöì„þ þ™y£z

2 8 8 0m m m   

îy–    1 8 1 0m m m   

îy–    1 8 0m m  

1,8m  

¢%“þîûy‚ þ™)îû„þ xöìþ™Çþ„þ (complementary function îy C.F)

   A. 1 B. 8x x    Söë…yöì̃  A ~î‚ B ”%!Ýþ ößþºFŠéy•#˜ •Ê%î„þV

~…˜ xy›îûy ‘particular integral’ (P·I) [ !îöìŸ¡ì ¢›y„þœ ] !˜’Åëû „þóîûîÐ

~Þíöìœ–   2
2

1 .2
E 7E 8

x
xu x

 

   
 2

2
12 · ·

2E 7 2E 8
x x

 

 2
2

12 · ·
4E 14E 8

x x
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 2

2
12 · ·

4 1 14 1 8
x x

     
  E 1  

   
 2

2
12 · ·

4 1 2 14 1 8
x x

       

 2
2
12 · ·

4 8 4 14 14 8
x x

       

 2
2

12 · ·
4 6 18

x x
   

 2
2

1 12 · ·18 3 21 9

x x 
     
 

  
12 22 3 2· 1 ·18 9

x
x


        

  

  
22 2 22 3 2 3 21 .....18 9 9

x
x

                 
     

     22 2 3 42 1 2 11 9 12 4 .....18 3 9 81
x

x           

        2 2 222 1 1
18 3 3

x
x x x     

    2 11 2·218 3 3
x

x x   

(   23 0x   îöìœ– þ™îûî“þ#Å–   24 0x  –   25 0x  – £z“þÄy!”V

    2 12 2 2
18 3 3

x
x x   
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 !˜öì’Åëû ¢Á™)’Å ¢›y•y˜ S¢y•yîû’V £óœ

        2 12 2 2A. 1 B. 8 18 3 3
xx x

xu x x     

      2 2 2=A. 1 B. 8 118 3 3
xx x x x x     

      22 1A. 1 B. 8 3 3 2 218 3
xx x x x x      

   22A. 1 B.8 3 5 254
xx x x x       Svþz_îûV

vþz”y. 4.  1 3 2 2x x x     !˜’Åëû „þîû%̃ Ð [ vþzêþ™y”„þ#ëû ²Ì“þ#öì„þ ]

¢›y•y˜ õ xy›îûy ‹y!˜ öë    1 ..... 1x x

     2 21 .... 2x x x x x   

    3 1 2x x x x  

 2 3 2x x x  

 3 23 2 .... 3x x x  

¢%“þîûy‚ 3 2 2x x x  

  3 2 23 2 2x x x x x       [(3) ˜‚ ¢Á™„Åþ öíöì„þ ]

 3 24 3 2x x x   

   3 24 2x x x x    

   3 24 2x x x     [(2) ˜‚ ¢Á™„Åþ öíöì„þ ]

     3 2 14 2.1x x x      ˜‚ ¢Á™„þÅ öíöì„þ ]
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       3 2 1 04 2x x x x   

       3 21 3 2 1 12 4x x x x x                1 01 12x x   

     14 31 4 1· 2·4 3 2 1
xx x k      Sk  •Ê%î„þV     11

1
rr xx r


   


!î.o. (A) „þöìëû„þ!Ýþ vþzöìÍÔ…öìëy†Ä ¢)e ƒ ëíyëí öÇþöìe– Svþzêþ™y”„þ#ëû ²Ì“þ#öì„þV

(i)     11
1

nn xx n


  
  S•Ê%î„þV– [ öë…yöì̃  h 1 ]

¢y•yîû’ xy„þyîû õ

(ii)     

 
11

1
nn xx

n h


  


S•Ê%î„þV

¢‚Kþy˜%¢yöìîû–

(iii)  
    

1
1 2 ....

rx
x x x r

 
  

(iv)     1r rx rx    

(v)       22 1r rx r r x      

(B) (vi)    1 1 11
x xa a an

  


(vii)      1 1
sin cos 2

2sin 2
ax ax aa

 
  

(viii)      1 1cos sin 22sin 2

aax ax
a
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4.8 !î!î• vþz”y£îû’›yœy

vþz”y. (1) ²Ì›y’ „þîû%̃  öë         2 2sin 4sin sin 22 2
a aax b ax b     

¢›y•y˜ õ   sin ax b 

    sin 1 sina x b ax b    

   2cos sin2 2
a aax b   C D C Dsin C sin D 2cos sin2 2

     


        2sin sin .... 12 2
a aax b     sin cos2 x x    



         2 sin 2sin sin2 2
a aax b ax b      

       2sin ·2sin sin 2·2 2 2
a a aax b     [(1) ˜‚ ¢Á™„Åþ îÄî£yîû „þöìîû ]

      24sin ·sin 22 2
a aax b     S²Ì›y!’“þV

vþz”y. (2) ›y˜ !˜’Åëû „þîû%̃  õ  1 5E 2 x
  [h 1 £óöìœ]

¢›y•y˜ õ  1 5E 2 x


   1 5
1 2

x
 

 1 53 x
 

   1 5
3 1 3

x
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11 1 53 3 x
   

 

   
2 31 1 .... 53 3 3 27 x

        
 

     
321 1 15 · 5 5 5 ...3 3 9 27x x x x        

 

 1 55 ·13 3x   [  2 5 0,x    3 5 0x   £z“þÄy!”]

   1 515 5 3 19 9x x     Svþz_îûV

vþz”y. (3) ë!” 3xu cx   [ c ~„þ!Ýþ •Ê%î„þ þ™” ] £ëû– ö”…y˜ öë   11 3 0x xx u xu    

¢›y•y˜ õ ~öìÇþöìe–

3xu cx   S²Ì”_V

 1 1 3xu c x   

îy–  1 1 3 0xu c x    

îy–  1
31 3 0x

x
uu x x

     
 

 
3xuc x

   


îy–    1 1 3 1 3 0x xxu x u x x      

îy–  1 1 3 3 3 0x xxu x u x x      

îy–  1 1 3 0x xxu x u    

îy–   11 3 0x xx u xu      ~Ýþy£z !˜öì’Åëû šþœÐ
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vþz”y. 4 ë!” 1 21u   ~î‚ 2 1u  ~î‚ 1 23 4 0n n nu u u     3n   £ëû– ö”…y˜ öë

 17 4 n
nu   

¢›y•y˜ ƒ •!îû  0 ,n
nu k   ²Ì”_ ¢›#„þîû’öì„þ !¢å• „þöìîûÐ

1
1

n
nu k 
 

~î‚ 2
2

n
nu k 
 

¢%“þîûy‚ 1 23 4 0n n nk k k   

îy– 2
3 4 0

n nn k kk k k
  

îy–  2 2 3 4 0   nk k k

îy–  2 3 4 0 0nk k k   

îy– 2 4 4 0k k k   

îy–    4 1 4 0k k k     îy–   4 1 0k k  

1, 4k  

¢%“þîûy‚– ¢y£yëÄ„þyîû# ¢›#„þîû’ öíöì„þ ²Ìy® k éôé~îû ›y˜ 1 ~î‚ 4 éôé~îû ¢y£yöìëÄ †!àþ“þ £óœ

   A 1 B 4    n n
nu  [ öë…yöì̃  A ç B ”%!Ýþ ößþºFŠéy•#˜ •Ê%î„þ ]

îy–    A B 4 .... 1n
nu   

(1) ˜‚ ö“þ n  1 î!¢öìëû þ™y£z– u1 A – 4B
(1) ˜‚ ö“þ n 2 î!¢öìëû þ™y£z– u2 A + 16B

xíÅyê A – 4B 21 ~î‚ A 16B 1  1 221, 1u u 

¢›y•y˜ „þöìîû þ™y£z A 17 ~î‚ B – 1.

¢%“þîûy‚–  17 4 n
nu     [(1) ˜‚ öíöì„þ ]

~Ýþy£z !˜öì’Åëû šþœÐ
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4.9 ¢‚!Çþ®¢yîû

~£z ~„þöì„þ þ™yíÅ„þÄë%=þ ¢›#„þîûöì’îû
  !î!¦þ§¬ îû)þ™ îy xy„þyîû xyöìœy‰þ˜y „þîûy £öìëûöìŠéÐ
  ¢›y•y˜ þ™å•!“þ ö”…yöì̃ y £öìëûöìŠéÐ

4.10 x˜%Ÿ#œ˜#é

1. ²Ì›y’ „þîû%̃  öë  2 1
x  [ h 1 £öìœ ]   

2
1 2x x x


 

2. ë!”   2 2 2f x x x    £ëû “þöìî ö”…y˜ öë    5f x   [ ë…˜ x 1 ~î‚ h 1]

3. ²Ì›y’ „þîû%̃  öë 
 

2
2

1log log 1
1

e ex
x

 
   
  

4. ö”…y˜ öë          4 3 2 11 3 7 74
xx x x x x      

5. ²Ì›y’ „þîû%̃  öë   22
2

1 3 5
23 2

x xx  
   

6. ¢›y•y˜ „þîû%̃  õ 2 13 4 3x
x x xu u u   

7. ²Ì›y’ „þîû%̃  öë ,    
   [ ~î‚   ²Ì‰þ!œ“þ xöìíÅ ]

8. ö”…y˜ öë  2
1 1 1 1 1 ,2 2 1 11

x
x x x xx

          
 (h 1 £óöìœV

9. 
 

0 1 2 3 4 5
,

41 43 47 53 61 71
x

y f x
 þ™yíÅ„þÄ “þy!œ„þy ²Ìhß$þ“þ „þöìîû ö”…y˜ öë

 2 2 2f 
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10. ë!”     g x f x   Söë…yöì̃    29 11 5f x x x   V £ëû– “þy£öìœ

   3 23g x x x x c     ²Ì›y’ „þîû%̃ Ð

11. ~„þ!Ýþ xöìþ™Çþöì„þîû ›yöì̃ îû !î˜Äy¢ þ™å•!“þ £óœ õ

 2 15,f   3 10,f   4 7,f   5 6,f   6 7f   ~î‚  7 10,f 

ö”…y˜  1f  22.

[ £z!A†“þ õ     E 1 2 ;f f    11 E 2f f     11 2f  

2, ,f f   “þy!œ„þyîû ¢y£yöìëÄ  1f ~îû ›y˜ !˜’Åëû „þîû%̃ Ð ]

12. ö”…yç öë 
 
   

2 3

23
6

E 1

x

x x






13. ë!”         3 2 12 3 2 10g x x x x      £ëû “þöìî  g x  !˜’Åëû „þîû%̃ Ð

14. 3
2 12 3x x xu u u x     £öìœ– ö”…y˜ öë

P·I S!îöìŸ¡ì ¢›y„þœV 
     5 4 3

3 20 4 6
x x x 

   
 

15. ¢›y•y˜ „þîû%̃  õ 3 13 2 0x x xu u u   

16. ¢›y•y˜ „þîû%̃  õ 2 18 15 0x x xu u u   

17. ¢›y•y˜ „þîû%̃  õ 2 9 0x xu u  

18. 2
1 2 ·2x

x xu u x   ~îû ¢y•yîû’ ¢›y•y˜ !˜’Åëû „þîû%̃ Ð

19. 3
1 3 x

x xu u e    £öìœ ö”…y˜ öë ¢y•yîû’ ¢›y•y˜ £öìî 2
2·3 ·

3
x x

xu k e
e
 


[ öë…yöì̃  k ~„þ!Ýþ •Ê%î„þ ]

20. (i) 2 5·2x
x xu u    £öìœ ²Ì›y’ „þîû%̃     1 2C cos C sin 2 ,2 2

x
x

xu x   
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[ öë…yöì̃  Ci (i  1, 2) •Ê%î„þ ]

(ii) 1 22 2x
x x xu u u x      £öìœ ö”…y˜ öë

     1 2
32 C cos C sin 2 ,2 4

x x
x

xu x x      

[öë…yöì̃  Ci (i 1, 2) •Ê%î„þ–  1tan 7  ]
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5.„þ.9 @ùÌríþ™!O

5.„þ.1 vþzöìjŸÄ

þ™”yíÅ!î”Äy– îœ!î”Äy– îû)þ™yhsþîû ‹Äy!›!“þ ~î‚ †!’öì“þîû !î!î• Ÿy…yëû xî„þœ ¢›#„þîûöì’îû îÄyþ™„þ
²Ìöìëûy† þ™!îûœ!Çþ“þ £ëûÐ ²Ì„,þ!“þ !îKþyöì̃ îû î£% ‹!Ýþœ ¢›¢Äyöì„þ ¢›y•y˜ „þîûyîû ‹˜Ä xî„þœ ¢›#„þîûöì’îû
¢y£yëÄ !˜öì“þ £ëûÐ !î!î• ÷îKþy!˜„þ „þyëÅyî!œöì„þ ¢£‹“þîû îû)öìþ™ ²Ì„þyŸ ‡!Ýþöìëû “þyîû ¢›y•y˜öì„þ ¢%!îhß+þ“þ
„þîûyîû ‹˜Ä xî„þœ ¢›#„þîûöì’îû ‹%!vþü ö›œy ¦þyîûÐ ~£z ¢›#„þîûöì’îû “þ_ ́ç “þíÄ „Êþ›Ÿ£z !î!¦þ§¬ •yîûyëû xy‹
!î„þ!Ÿ“þ £öìFŠéÐ !îKþy˜ ç ²Ìë%!=þîû ¢›¢Äyöì„þ †y!’!“þ„þ¦þyöìî ²Ì„þyŸ „þöìîû ¢›y•y˜ ëöìKþîû ›)œ ¢Mþyœöì„þîû
¦)þ!›„þyëû xy›îûy xî„þœ ¢›#„þîûöì’îû !î!î• îû)þ™öì„þ£z î“Åþ›yöì̃  þ™!îû@ùÌ£ „þöìîû íy!„þÐ

5.„þ.2 ²Ìhßþyî˜y

xî„þœ (differential) xíîy xî„þœ ¢£† (differential co-efficient) ‰þœîûy!Ÿ¢£ •Ê%î„þîûy!Ÿîû
vþzþ™!Þí!“þöì“þ îy x˜%þ™!Þí!“þöì“þ öë ¢›#„þîû’ †!àþ“þ £ëû “þyöì„þ xî„þœ ¢›#„þîû’ (differential equation)
!£¢yöìî †’Ä „þîûy £ëûÐ

˜#öì‰þîû vþz”y£îû’†%!œ xy›yöì”îû •yîû’y!Ýþöì„þ þ™!îûßþñyîû „þöìîûÐ

(i)  2 0dyy xdx   

5. 
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(ii) 0xdx ydy 

(iii) loge
dy xdx

   
 

(iv) 0dy
dx 

xî„þœ ¢›#„þîû’öì„þ ›)œ“þõ ”%!Ýþ ¦þyöì† !î¦þ=þ „þîûy £ëûÐ

öë› é̃ôôôé (i)¢y•yîû’ (ordinary)

(ii) xy‚!Ÿ„þ (partial) xî„þœ ¢›#„þîû’Ð

¢y•yîû’ xî„þœ ¢›#„þîû’ (Ordinary differential equation)

xî„þœ ¢›#„þîûöì’ vþzþ™!Þí“þ xî„þœ ¢›)£ ë…˜ Ÿ%•%›ye ~„þ!Ýþ ‰þœöì„þîû ›y•Äöì› ²Ì„þy!Ÿ“þ £öìœ– “þyöì„þ
¢y•yîû’ xî„þœ ¢›#„þîû’ îû)öìþ™ !‰þ!£«“þ „þîûy £ëûÐ

öë›˜ õ cos .dy xdx 

xy‚!Ÿ„þ xî„þœ ¢›#„þîû’ õ (Parial differential equation) :

öë xî„þœ ¢›#„þîûöì’ ~öì„þîû öî!Ÿ ßþºy•#˜ ‰þœîûy!Ÿîû xî„þœ ¢£† vþzþ™!Þí“þ íyöì„þ– “þyöì„þ xy‚!Ÿ„þ
xî„þœ ¢›#„þîû’ îœy £ëûÐ

öë›˜ õ ë!”  , ,F f x y z  £ëû “þöìî 0F
f f fx y zx y
    
    ~„þ!Ýþ xy‚!Ÿ„þ xî„þœ

¢›#„þîûöì’îû vþz”y£îû’Ð

5.„þ.3 xî„þœ ¢›#„þîûöì’îû „Êþ› ~î‚ ›yey

öëéôéö„þyöì̃ y ²Ì”_ xî„þœ ¢›#„þîûöì’ vþzþ™!Þí“þ ¢öìîÅyF‰þ „Êþöì›îû xî„þœ ¢£†!Ýþöì„þ !‰þ!£«“þ „þöìîû “þyîû
„Êþ›öì„þ£z xî„þœ ¢›#„þîûöì’îû ò„Êþ›ó îû)öìþ™ !îöìî‰þ˜y „þîûöì“þ £öìîÐ

²Ì”_ öëéôéö„þyöì̃ y xî„þœ ¢›#„þîûöì’ vþzþ™!Þí“þ ¢öìîÅyF‰þ „Êþöì›îû xî„þœ ¢£öì†îû ò¢)‰þ„þó îy òŸ!=þó ö„þ
xî„þœ ¢›#„þîûöì’îû ò›yeyó !£¢yöìî †’Ä „þîûy £ëûÐ !˜öì‰þîû vþz”y£îû’†%!œ öíöì„þ xy›îûy ²Ì”_ xî„þœ
¢›#„þîû’†%!œîû „Êþ› ~î‚ ›yey vþzöìÍÔ… „þîûöì“þ þ™y!îûÐ
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(i) 2 0dy xdx  

xî„þœ ¢›#„þîûöì’îû „Êþ› 1 ~î‚ ›yey 1.

(ii) 
2

2 25 0d y y
dx

 

xî„þœ ¢›#„þîûöì’îû „Êþ› 2 ~î‚ ›yey 1

(iii) 
22

2 10 0d y
dx

 
   

 

xî„þœ ¢›#„þîûöì’ „Êþ› 2 ~î‚ ›yey 2

(iv) 

3 22

2

2

2

1
3

 
 

  

d y
dx
d y
dx

~öìÇþöìe ¢îÅ²Ìí› ›)œ!‰þ£« îy ¦þ@Ày‚Ÿ!Ýþöì„þ !îœ%® „þîûyîû îÄîÞíy !˜öì“þ £öìîÐ ö¢‹˜Ä vþz¦þëû þ™öìÇþ
S²Ì”_ xî„þœ ¢›#„þîû’!ÝþîûV î†Å „þóöìîû þ™y£z

3 22 2

2 21 9d y d y
dx dx

   
       

   

îy– 
2 3 22 2 2 2

2 2 2 21 3 3 9 0d y d y d y d y
dx dx dx dx

     
              

     

îy– 
2 2 32 2 2 2

2 2 2 29 3 3 1 0
       

                  
       

d y d y d y d y
dx dx dx dx

îy– 
3 22 2 2

2 2 26 3 1 0d y d y d y
dx dx dx

     
             

     

~…˜– xî„þœ ¢›#„þîûöì’îû „Êþ› 2 ~î‚ ›yey 3.
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5.„þ.4 xî„þœ ¢›#„þîû’ †àþ˜

›)œ!î¨%†y›# ~„þ†%FŠé ¢îûœöìîû…yîû ¢›#„þîû’ £óœ

 .... iy mx  [ ›)œ ‰þœ„þ x ç y ~î‚ ²Ì‰þœ £óœ ‘m’ ]

(i) ˜‚ ¢›#„þîû’!Ýþîû– x ¢yöìþ™öìÇþ xî„þ!œ“þ îû)þ™ £óœ  dy d mxdx dx

 dm xdx

m · 1 m....(ii)

(i) ˜‚ ö“þ dym dx  î!¢öìëû þ™y£z

dyy x dx  îy 0.dyx ydx  

~Þíöìœ– m S²Ì‰þœV ö„þ xþ™¢y!îû“þ „þöìîû !˜öì’Åëû xî„þœ ¢›#„þîû’!Ýþöì„þ †àþ˜ „þîûy £óœÐ

5.„þ.5 xî„þœ ¢›#„þîûöì’îû öÇþöìe ¢y•yîû’, !îöìŸ¡ì ~î‚ x˜˜Ä ¢›y•y˜

ë…˜ ö„þyöì̃ y ²Ì”_ xî„þœ ¢›#„þîû’öì„þ ö„þyöì̃ y xî„þyöìŸ (interval) ¢%¢‚Kþy“þ y g (x) xþ™öìÇþ„þ!Ýþ
!¢å• „þöìîû “þ…˜ y g (x) ö„þ ²Ì”_ xî„þœ ¢›#„þîûöì’îû ¢›y•y˜ !£¢yöìî †’Ä „þîûy £ëûÐ ¢›y•y˜ ö„þ
öÇþe !îöìŸöì¡ì !“þ˜!Ýþ ²Ì•y˜ ¦þyöì† !î¦þ=þ „þîûy ëyëûÐ

¢y•yîû’ ¢›y•y˜ õ öëéôéö„þyöì̃ y ²Ì”_ xî„þœ ¢›#„þîûöì’îû öÇþöìe ²Ìy® ¢›y•yöì̃  vþzþ™!Þí“þ ßþºy•#˜
•Ê%îöì„þîû ¢‚…Äy ë…˜ xî„þœ ¢›#„þîû’!Ýþîû „Êþöì›îû ¢öìA† ¢›y˜ £ëû– “þ…˜ ¢›y•y˜!Ýþöì„þ ¢y•yîû’ ¢›y•y˜
(general solution) !£¢yöìî !‰þ!£«“þ „þîûy £ëûÐ

!îöìŸ¡ì ¢›y•y˜ õ öëéôéö„þyöì̃ y ²Ì”_ xî„þœ ¢›#„þîûöì’îû öîœyëû ²Ìy® ¢y•yîû’ ¢›y•yöì̃  vþzþ™!Þí“þ
ßþºy•#˜ •Ê%îöì„þîû ›y˜ ö„þy˜ ²Ì”_ !îöìŸ¡ì ²Ì„þyîû Ÿ“Åþ !”öìëû !˜’Åëû „þîûy £ëû– “þ…˜ !îöìŸ¡ì ›y˜îy£„þ ¢›y•y˜öì„þ
xî„þœ ¢›#„þîû’!Ýþîû ~„þ!Ýþ !îöìŸ¡ì ¢›y•y˜ (particular solution) îœy £ëûÐ

x˜˜Ä ¢›y•y˜ õ öëéôéö„þyöì̃ y ²Ì”_ xî„þœ ¢›#„þîûöì’îû öÇþöìe– öë ¢›y•y˜ ¢y•yîû’ ¢›y•y˜ îy !îöìŸ¡ì
¢›y•y˜ îû)öìþ™ !îöìî!‰þ“þ £ëû ˜y– “þ…˜ ú ¢›y•y˜öì„þ x˜˜Ä ¢›y•y˜ (Singular solution) !£¢yöìî †’Ä
„þîûy £ëûÐ xî„þœ ¢›#„þîûöì’îû ö²Ì!Çþöì“þVÐ
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vþz”y.

•!îû–  Asin Bcos ..... 1y x x 

Söë…yöì̃  A ç B þ™îûßþ™îû x!˜¦ÅþîûŸ#œ ßþºy•#˜ •Ê%î„þVÐ

A cos Bsindy x xdx  

~î‚ 
2

2 Asin Bcosd y x x
dx

  

îy–  
2

2 Asin Bcosd y x x
dx

  

îy– 
2

2
d y y
dx

 

îy–  
2

2 0.... 2d y y
dx

   S£z£y ~„þ!Ýþ !m“þ#ëû „Êþöì›îû– ~„þ ›yeyîû xî„þœé ¢›#„þîû’VÐ

öëöì£“%þ– (2) ˜‚ xî„þœ ¢›#„þîûöì’îû öÇþöìe „Êþ› £óœ ”%£z ~î‚ (1) ˜‚ ö“þ vþzþ™!Þí“þ •Ê%óî„þ A ç B

~î‚ ¢‚…Äy ”%£z– ¢%“þîûy‚– (1) ˜‚ xíÅyê A sin Bcosy x x   ö„þ (2) ˜‚ îy 
2

2 0d y y
dx

   xî„þœ

¢›#„þîûöì’îû ¢y•yîû’ ¢›y•y˜ !£¢yöìî •öìîû !˜öì“þ þ™y!îûÐ

›öì̃  „þ!îû– A 1 ~î‚ B 0; “þ…˜ (1) ˜‚ ö“þ A  1, B  0 î!¢öìëû þ™y£z– 1.sin 0.cosy x x 

îy– sin .y x

¢%“þîûy‚ A ç B •Ê%î„þ ”%!Ýþîû !îöìŸ¡ì ›yöì̃ îû ‹˜Ä siny x  ¢›y•y˜!Ýþöì„þ (2) ˜‚ xî„þœ ¢›#„þîû’!Ýþîû
~„þ!Ýþ !îöìŸ¡ì ¢›y•y˜ !£¢yöìî !îöìî‰þ˜y „þîûy ëyëûÐ

!î.o. ë…˜ ö„þy˜ Ÿ“Åþ xyöìîûyþ™ „þöìîû xî„þœ ¢›#„þîûöì’îû !îöìŸ¡ì ¢›y•y˜ !˜’Åëû „þîûy £ëû– “þ…˜ ú
Ÿ“Åþöì„þ ò²Ìyí!›„þ Ÿ“Åþó îœy £ëûÐ öë ¢›¢Äyëû (problem ~V ²Ìyí!›„þ Ÿöì“Åþîû ›y•Äöì›– xî„þœ ¢›#„þîûöì’îû
!îöìŸ¡ì ¢›y•y˜ !Þíîû „þîûy £ëû– “þyöì„þ ²Ìyí!›„þ ›yöì̃ îû ¢›¢Äy (initial value problem) îû)öìþ™ †’Ä „þîûy
£ëûÐ
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5.„þ.6 „þ!“þþ™ëû vþz”y£îû’

(1) ë!” 2A By xx   £ëû Së…˜ A, B vþz¦þöìëû£z ößþºFŠéy•#˜ •Ê%î„þV– “þöìî xî„þœ ¢›#„þîû’!Ýþ

!˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ~Þíöìœ Ÿ“Åþy %̃¢yöìîû–

2A By xx 

îy– xy A + Bx3

vþz¦þëû þ™Çþöì„þ x ¢yöìþ™öìÇþ xî„þœ˜ Sîy îÄî„þœ˜V „þöìîû þ™y£z–

     3A Bdy d d dx y x xdx dx dx dx  

îy– 2·1 0 B·3dyx y xdx   

îy– 23Bdyx y xdx    îy– 2
1 3Bdy y
x dx x

 

þ™%˜îûyëû– vþz¦þëûþ™Çþöì„þ x ¢yöìþ™öìÇþ xî„þœ˜ „þöìîû þ™y£z–

2

2 2 2 3
21 1 1 0d y dy dy y

x dx dxdx x x x
          
   

îy–   2

2 2 2 3
21 1 1 0d y dy y

x dxdx x x x
     
 

 îy–   2

2 3
21 0 0d y y

x dx x
  

îy–   2

2 3
1 0d y y
x dx x

 

îy– 
2

2
2 2 0,d yx y

dx
   ~Ýþy£z !˜öì’Åëû xî„þœ ¢›#„þîû’Ð

(2) ö„þy˜ ¢îûœöìîû…y îîûyîîû †!“þŸ#œ ~„þ!Ýþ þ™”yíÅ„þ’yîû t ¢›öìëû ú ¢îûœöìîû…yëû !Þí“þ ~„þ!Ýþ

!˜!”ÅTþ !î¨% öíöì„þ ¢îû’ x £öìœ– cosx a t   [ë…˜ 0   S~„þ!Ýþ •Ê%î„þV], t ¢›öìëû „þ’y!Ýþîû
cîû’ !˜’Åëû „þöìîû– xî„þœ ¢›#„þîû’!Ýþ vþzöìÍÔ… „þîû%̃ Ð



NSOU  GE-CO-21 167

¢›y•y˜ õ Ÿ“Åþy %̃¢yöìîû– cosx a t 

þ™”yíÅ„þ’yîû öî†   dxv dt

 sina t   

sin .a t   

þ™”yíÅ„þ’yîû cîû’   dvf dt

   sinda tdt   

 cos ·a t    

 cos ,a t x      ~Ýþy£z þ™”yíÅ„þ’yîû cîû’Ð

îy– 0dv xdt    £óœ !˜öì’Åëû xî„þœ ¢›#„þîû’Ð

(3) 
2 32

3
2 2 7 ,d y dy y xdxdx

            
 xî„þœ ¢›#„þîûöì’îû „Êþ› ç ›yey !˜’Åëû „þöìîûyÐ

¢›y•y˜ õ ~öìÇþöìe œÇþ’#ëû öë ²Ì”_ xî„þœ ¢›#„þîûöì’ vþzþ™!Þí“þ ¢öìîÅyF‰þ „Êþöì›îû xî„þœ ¢£† £óœ
2

2
d y
dx

 ~î‚ £z£yîû ‡yöì“þîû ¢)‰þ„þ £óœ ”%£zÐ ¢%“þîûy‚ ²Ì”_ xî„þœ ¢›#„þîûöì’îû „Êþ› ~î‚ ›yey vþz¦þöìëû£z £óœ

”%£z (2)Ð

(4) öë ¢„þœ î,_ y xÇþöì„þ ›)œ !î¨%öì“þ ßþ™ŸÅ „þöìîû– “þyöì”îû xî„þœ ¢›#„þîû’ !˜’Åëû „þîû%̃ Ð

¢›y•y˜ õ ›öì̃  „þ!îû– î,_!Ýþîû ö„þöìwîû Þíy˜y‚„þ (a, 0), ë…˜ î,öì_îû îÄy¢y•Å ‘a’ S~„þ„þV ~î‚ vþz£y
y xÇþöì„þ ›)œ!î¨%öì“þ ßþ™ŸÅ „þöìîûöìŠéÐ

 î,öì_îû ¢›#„þîû’!Ýþ £óœ !˜Á¬îû)þ™ õ

 2 2 2x a y a  
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îy– 2 2 2 22 0x ax a y a    

îy–  2 2 2 0..... 1x y ax  

~öìÇþöìe xy›îûy ßþºy•#˜ •Êîîûy!Ÿ a ~îû ‹˜Ä !î!¦þ§¬ î,öì_îû ¢›#„þîû’ þ™yî ë…˜ ²Ìöì“þÄ„þ öÇþöìe£z î,_!Ýþ
y xÇþöì„þ ›)œ!î¨% (0, 0) ö“þ ßþ™ŸÅ „þîûöìîÐ xî„þœ ¢›#„þîû’!Ýþ þ™yîyîû ‹˜Ä ¢îÅ²Ìí› xy›yöì”îû ßþºy•#˜
•Ê%î„þ a ö„þ xþ™¢y!îû“þ „þîûy ²Ìöìëûy‹˜Ð

(1) ˜‚ ¢›#„þîûöì’îû vþz¦þëû þ™Çþöì„þ x ¢yöìþ™öìÇþ xî„þœ˜ „þöìîû þ™y£z

2 2 2 ·1 0dyx y adx  

îy– 2 0dyx y adx
    
 

îy– 0dyx y adx    Svþz¦þëû þ™Çþöì„þ 2 !”öìëû ¦þy† „þöìîûV

îy– dyx y adx 

îy– 
2 2

2
dy x yx y dx x

   [(1) ˜‚ öíöì„þ]

îy– 2 2 22 2 dyx xy x ydx  

îy– 2 22 ,dyxy y xdx    ~Ýþy£z !˜öì’Åëû xî„þœ ¢›#„þîû’Ð

5.„þ.7 ¢‚!Çþ®¢yîû

²Ì„,þ!“þ !îKþyöì̃ îû î£% ‹!Ýþœ ¢›¢Äyöì„þ ¢›y•y˜ „þîûyîû ‹˜Ä xî„þœ ¢›#„þîûöì’îû ¢y£yëÄ !˜öì“þ £ëûÐ
!îKþy˜ ç ²Ìë%!=þîû ¢›¢Äyöì„þ †y!’!“þ„þ¦þyöìî ²Ì„þyŸ „þöìîû ¢›y•y˜ ëöìKþîû ›)œ ¢Mþyœöì„þîû ¦)þ!›„þyëû xy›îûy
xî„þœ ¢›#„þîûöì’îû !î!•îû)þ™öì„þ£z î“Åþ›yöì̃  þ™!îû@ùÌ£’ „þöìîû íy!„þÐ

5.„þ.8 x˜%Ÿ#œ˜#

1. ²Ì”_ xî„þœ ¢›#„þîûöì’ „Êþ› (Order) ~î‚ ›yey (degree) vþzöìÍÔ… „þîû%̃ Ð
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2. ¢!àþ„þ vþz_îû!Ýþ öîöìŠé !˜˜ õ

òöë ¢„þœ î,öì_îû ö„þw ›)œ!î¨%öì“þ xî!Þí“þ “þyöì”îû xî„þœ ¢›#„þîû’ó £óœ

(a) 2 2 0x dx y dy  

(b) 0xdx ydy 

(c) 0xdx ydy 

(d) 2dy ydx 

3. ²Ì”_ xî„þœ ¢›#„þîû’!Ýþîû „Êþ› (order) ~î‚ ›yey (degree) ¢!àþ„þ¦þyöìî !˜’Åëû „þîû%̃  õ

3
24

3 6d y dyx dxdx
 

(a) „Êþ› 3, ›yey 2

(b) „Êþ› 2, ›yey 2

(c) „Êþ› 2, ›yey 3

(d) „Êþ› 3, ›yey 4

4. y mx  c ¢îûœöìîû…y ¢›)öì£îû xî„þœ ¢›#„þîû’ !Þíîû „þîû%̃  Së…˜ m ~î‚ c vþz¦þöìëû£z
þ™Äyîûy!›Ýþyîû S²Ì‰þœVV

5. öë ¢„þœ x!•î,öì_îû xÇþ yéôéxöìÇþîû ¢öìA† ¢›yhsþîûyœ “þyöì”îû xî„þœ ¢›#„þîû’ !˜•Åyîû’ „þîû%̃ Ð

6. y a sec xb tan x öíöì„þ a ç b ö„þ xþ™¢y!îû“þ „þóöìîû xhsþîû„þœ ¢›#„þîû’ †àþ˜ „þîû%̃ Ð

7. x dy – y dx  0 ö„þ xî„þœ ¢›#„þîû’öì„þ ¢)!‰þ“þ „þöìîû “þyîû ¢›y•y˜†%!œ ö”…y˜Ð

(a) x!•î,_éôéþ™!îûîyîû (b) î,_éôéþ™!îûîyîû (c) þ™îûyî,_éôéþ™!îûîyîû (d) ¢îûœöìîû…y þ™!îûîyîû

8. ²Ì›y’ „þîû%̃  öë AV Br   Së…˜ A ç B ößþºFŠéy•#˜ •Ê%î„þV

xî„þœ ¢›#„þîû’ 
2

2
2 0d y dv
r drdx

   éôé~îû ¢›y•y˜Ð

9. ë!” 2ay bxx   Së…˜ a ç b ößþºFŠéy•#˜ (arbitrary) •Ê%î„þV £ëû– “þöìî 
2

2
2

d yx
dx

  „þ“þÚ

(i) 2y (ii) y2 (iii) y3 (iv) y4
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10. ²Ì›y’ „þîû%̃  öë  ç  ~îû ¢›hßþ ›yöì̃ îû ‹˜Ä 
2 2
2 sind x n x k pt

dt
   xî„þœ ¢›#„þîû’öì„þ

   2 2cos sinkx nt pt n p
n p

    


 !¢å• (satisfy) „þöìîûÐ

11. öë xî„þœ ¢›#„þîûöì’îû ¢›y•y˜ !£¢yöìî  sin cosxy e a x b x   Söë…yöì̃  a ç b

ößþºFŠéy•#˜ •Ê%óî„þV vþzþ™!Þí“þ– “þyöì„þ !˜’Åëû „þîû%̃ Ð

12. ¢!àþ„þ vþz_îû!Ýþ !˜îÅy‰þ˜ „þîû%̃  õ

2 52
3

2 1d y dyy dxdx
            

xî„þœ ¢›#„þîû’ öÇþöìe

(a) „Êþ› 2, ›yey 5

(b) „Êþ› 2, ›yey 3

(c) „Êþ› 2, ›yey 2

(d) ¢„þœ !îî,!“þ£z S²Ì”_V x¢“þÄ

5.„þ.9 @ùÌríþ™!O

 Ranajit Dhar, (2011), Advanced Business Mathematics, Dishari Prakashani
 Mehta and Madnani, (2012) Mathematics for Economists, Sultan Chand and Sons
 Sarkhel and Bhukta, (2010), An Introduction to Mathematical Techniques for

Economic Analysis, Book Syndicate Private Limited
 Agarwal, (2000), Quantitative Methods, Vrinda Publications Pvt Ltd
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5.….1 vþzöìjŸÄ

5.….2 ²Ìhßþyî˜y

5.….3 ”%!Ýþ ‰þöìœîû ²Ì!“þÞíyþ™˜ ²Ì’yœ#

5.….4 ¢››y!e„þ îy ¢›¢c xöìþ™Çþ„þ

5.….5 ²Ìí› „Êþ› ç ²Ìí› ›yeyîû ¢››y!e„þ xî„þœ ¢›#„þîû’

5.….6 ¢‚!Çþ®¢yîû

5.….7 x˜%Ÿ#œ˜#

5.….8 @ùÌríþ™!O

5.….1 vþzöìjŸÄ

²Ìí› „Êþ› ç ²Ìí› ›yey ë%=þ xî„þœ ¢›#„þîû’!Ýþöì„þ ¢y•yîû’¦þyöìî xy›îûy  ,dy x ydx    !£¢yöìî

²Ì„þyŸ „þ!îûÐ ²Ìí› „Êþ› ç ²Ìí› ›yey !î!ŸTþ xî„þœ ¢›#„þîû’öì„þ !˜öìÁ¬y=þ ¦þyöìî öœ…y £ëûÐ

M (x, y) dx + N (x, y) dy 0, ¢‚öìÇþöìþ™– Mdx + N dy 0

Söë…yöì̃  M ç N £óœ x ç y ‰þœë%=þ xöìþ™Çþ„þ îy •Ê%î„þV

vþzþ™!îû vþz=þ– xî„þœ ¢›#„þîû’öì„þ ²Ìyí!›„þ þ™ëÅyöìëû ”%!Ýþ vþzþ™yöìëû ¢›y•y˜ „þîûy £ëûÐ

(1) ‰þœîûy!Ÿ ”%!Ýþöì„þ ¢Á™)’Å¦þyöìî !î!FŠé§¬ „þöìîû (by the method separation of two variables)

(2) ‰þœîûy!Ÿîû ²Ì!“þÞíyþ™öì̃ îû þ™å•!“þîû myîûy (by the method of substitution)

þ™å•!“þ ”%!Ýþöì„þ ëíyëí vþz”y£îû’ !”öìëû xy›îûy ¢%̈ îû¦þyöìî ~…˜ “%þöìœ •îûîÐ

!î.o õ ›öì̃  îûy…öì“þ £öìî öë xî„þœ ¢›#„þîûöì’îû ¢›¢Äyîû ¢›y•yöì̃ îû ²Ìí› £y!“þëûyîû £óœ ¢›y„þœ˜
²Ì’yœ#Ð

5. 
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5.….2 ²Ìhßþyî˜y

vþz”y õ (1) log ,e
dy ax bydx

    
 

 xî„þœ ¢›#„þîû’!Ýþöì„þ ¢›y•y˜ „þîû%̃ Ð

¢›y•y˜ õ ~Þíöìœ–

loge
dy ax bydx

    
 

îy– ax bydy edx


îy– ·ax bydy e edx 

îy– ax
by

dye dx
e



îy– ax bye dx e dy 

îy–
ax bye e ca b


 


 SößþºFŠéy•#˜ ¢›y„þœ˜ •Ê%î„þV

îy–
ax bye e ca b


   ~Ýþy£z !˜öì’Åëû ¢y•yîû’ ¢›y•y˜Ð

vþz”y (2) ¢›y•y˜ „þîû%̃  õ

32 .ydx xdy xy dy 

¢›y•y˜ õ ~ Þíöìœ–

32 .ydx xdy xy dy 

îy– 32ydx xdy xy dy 

îy–
 3

2 x dy y dyydx
xy xy
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îy– 22 dydx y dyx y    [xy !”öìëû vþz¦þëû þ™Çþöì„þ ¦þy† „þöìîû þ™y£z–

ë…˜ 0,x  0.y  ]

îy–
3

2log log 3e e
yx y c   Së…˜ c ~„þ!Ýþ ößþºFŠéy•#˜ •Ê%î„þV

îy–
3

2log log 3e e
yx y c

 
    

 

îy–

3
2 3

  
 

y cx ey

îy–  3 32 ,
y c

x ye


  ~Ýþy£z !˜öì’Åëû ¢y•yîû’ ¢›y•y˜Ð

¢›y•y˜ „þîû%̃  õ

vþz”y. (3)    2 2 2 24 4 0x y dx y x dy   

¢›y•y˜ õ ~ Þíöìœ–

   2 2 2 24 4 0x y dx y x dy   

îy–    2 2 2 24 4x y dx y x dy   

îy–
 

  
 

  
2 2 2 2

2 2 2 2

4 4

4 4 4 4

x y dx y x dy

x y x y

 
 

   

[ vþz¦þëûþ™Çþöì„þ   2 24 4x y   !”öìëû ¦þy† „þöìîû þ™y£z–

ë…˜ 24 0x   ~î‚ 24 0.y  ]

îy–
22

2 24 4
y dyx dx

x y
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îy–
  

 
  

 
2 2

2 2

4 4 4 4

4 4

x dx y dy

x y

   
 

 
 

îy– 2 21. 4 1. 4
4 4

dydxdx dy
x y

   
    

îy– 2 2 2 21 4 1. 4
2 2

dydxdx dy
x y

   
    

îy–  1 11 14. tan 4. tan2 2 2 2
yxx y c        

 

Söë…yöì̃  c ~„þ!Ýþ ößþºFŠéy•#˜ •Ê%î„þV

îy–  1 12 tan tan2 2
yxx y c        

  

îy–   1 12 tan tan ,2 2
yxx y c      

 
 ~Ýþy£z !˜öì’Åëû ¢y•yîû’ ¢›y•y˜Ð

vþz”y. (4) ¢›y•y˜ „þîû%̃  õ

(i) 2tan 1 ,dyx ydx
    
 

 ë…˜ 21 0,y  0.x 

(ii) vþzþ™!îû vþz=þ xî„þœ ¢›#„þîûöì’îû , 12x y   Ÿ“Åþ ¢yöìþ™öìÇþ !îöìŸ¡ì ¢›y•y˜ (particular

solution) !˜’Åëû „þîû%̃ Ð

¢›y•y˜ õ (i) ~ Þíöìœ– 2tan 1dyx ydx
    
 

îy–
 

 
 

2

2 2

tan 1

tan 1 tan 1

dyx ydx
x y x y

 
    
 

[vþz¦þëû þ™Çþöì„þ  2tan 1x y  !”öìëû ¦þy† „þöìîû]
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îy– 2 tan1
dy dx

xy




îy– 2 cot
1

dy xdx
y


 

îy– 2 2 cot
1

dy xdx
y


 

îy–    1tan log siney x c    S~„þ!Ýþ ößþºFŠéy•#˜ •Ê%óî„þV ~Ýþy£z !˜öì’Åëû ¢y•yîû’

¢›y•y˜Ð

(ii) vþzþ™öìîûy=þ ¢y•yîû’ ¢›y•y˜ öíöì„þ þ™y£z

     1tan log sin .... 1ey x c  

(1) ˜‚ ö“þ– 2,x    y 1 î!¢öìëû þ™y£z

   1 2tan 1 log sine c


  

îy–  1tan tan log 14 e c   

îy– 04 c    îy– 4.c  

(1) ˜‚ ö“þ– 4c   î!¢öìëû– !îöìŸ¡ì ¢›y•y˜ !£¢yöìî þ™y£z–

 1tan log (sin ) 4
  ey x

5.….3 ”%!Ýþ ‰þöìœîû ²Ì!“þÞíyþ™˜ ²Ì’yœ#

˜#öì‰þîû vþz”y£îû’ öëyöì† ›)œ !î¡ìëû!Ýþöì„þ xy›îûy vþzþ™!Þí“þ „þóîûîÐ ~öìÇþöìeé ‰þœîûy!Ÿ x ç y éôé~îû
þ™!îûîöì“Åþ öëéôé ö„þyöì̃ y “,þ“þ#ëû ‰þœ öë›˜ z éôéö„þ ~öì̃  ¢›¢Äy†%!œ ¢›y•y˜ „þîûy £ëûÐ ~Þíöìœ ¢›¢Äy
¢›y•yöì̃ îû ‹˜Ä ²Ìíöì› ‰þöìœîû ò²Ì!“þÞíyþ™˜ó– þ™öìîû òþ™,í„þ#„þîû’ þ™å•!“þó xîœÁº̃  „þîûy £ëûÐ
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vþz”y. (1) ¢›y•y˜ „þîû%̃  õ

1sin dy x ydx
     
 

¢›y•y˜ õ ~öìÇþöìe–

1sin dy x ydx
     
 

îy–    sin .... 1dy x ydx  

•!îû– x y z 

1 dy dz
dx dx  

îy– 1dy dz
dx dx 

(1) ˜‚ ¢Á™„Åþ öíöì„þ–

1 sindz zdx  

îy– 1 sindz zdx  

îy– 11 sin
dz dxz  

îy–
 

  
1 sin

1
1 sin 1 sin

z dz
dx

z z



  

îy–
 

2
1 sin

1
1 sin

z dz
dx

z



 

îy–
 

2
1 sin

1
cos

z dz
dx

z
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îy– 2 2
1 sin 1

cos cos
z dz dx

z z
   
  

îy– 2sec sec tan 1zdz z zdz dx   
îy– tan secz z x c    S~„þ!Ýþ ößþºFŠéy•#˜ •Ê%î„þV

îy–    tan secx y x y x c       ,z x y   ~Ýþy£ z  !˜ö ì’ Åë û ¢y•yî û’

¢›y•y˜Ð

vþz”y. (2) ¢›y•y˜ „þîû%̃  õ

.dy y xdx  

¢›y•y˜ õ ~öìÇþöìe–

 ...... 1dy y xdx  

•!îû– y x z 

îy– 2y x z   Svþz¦þëûþ™öìÇþîû î†Å !˜öìëûV

1 2dy dzzdx dx  

îy– 1 2dy dzzdx dx 

(1) ˜‚ öíöì„þ– 1 2 dzz zdx 

îy– 1
2

dz z
dx z



îy–  2
1

zdx dzz
 

îy–
 
 

2 1 2
1

z
x dz

z
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îy– 2 1· 2 1
dzx dz z 
 

îy–  2 2log 1ex z z c     S~„þ!Ýþ ößþºFŠéy•#˜ •Ê%î„þV

îy– log ( 1)2
   e

x c z z

îy–  log 1 .2
     e

x c y x y x ,z y x     ~Ýþy£z !˜öì’Åëû ¢y•yîû’

¢›y•y˜Ð

vþz”y. 3. ¢›y•y˜ „þîû%̃  õ tan    
 

dy y y
dx x x

¢›y•y˜ õ ~öìÇþöìe–

 tan .... i   
 

dy y y
dx x x

•!îû– y vx

îy– y vx

  dy dvv xdx dx

(1) ˜‚ öíöì„þ– tan  dvv x v vdx

îy– tandvx vdx

îy– tan  dv dx
v x

îy– cot   dxvdv x

îy–  log sin log log e e ev x c  Söë…yöì̃  c ößþºFŠéy•#˜ •Ê%î„þV
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îy–    log sin loge ev cx

sin v cx

îy– sin ,   
 

y cxx  ~Ýþy£z !˜öì’Åëû ¢y•yîû’ ¢›y•y˜Ð

vþz”y. 4. ¢›y•y˜ „þîû%̃  õ  6 1;  dy x ydx  ö”çëûy xyöìŠé x 2 £öìœ y 1.

¢›y•y˜ õ •!îû–  x y z

1  dy dz
dx dx

îy– 1 . dy dz
dx dx

~öìÇþöìe–    6 1.... 1  dy x ydx

(1) ˜‚ öíöì„þ– 61 1  dz zdx

îy– 6 dz zdx

îy– 6   dz dx
z

îy– 6   z dz dx

îy– 
5

5


   z x c  Sc ~„þ!Ýþ ößþºFŠéy•#˜ •Ê%î„þV

îy– 5
1 5 5 x c
z

îy– 
 

 5
1 5 5 .... 2 


x c
x y
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(2) ˜‚ ö“þ– x 2, y 1 î!¢öìëû þ™y£z

 5
1 5.1 5

2 1
 


c

îy– 1 5 – 5c

îy– 5c 4 îy– c 4/5

c 4/5, (2) ˜‚ ~ î!¢öìëû þ™y£z

   5
1 45 5 5 


x
x y

îy– 
 5

1 5 4, 


x
x y

 ~Ýþy£z !˜öì’Åëû !îöìŸ¡ì ¢›y•y˜Ð

5.….4 ¢››y!e„þ îy ¢›¢_́ xöìþ™Çþ„þ

”%!Ýþ ‰þœîûy!Ÿ x ç y ¢Áº!œ“þ xöìþ™Çþ„þ f (x, y) ö„þ ë!”   
 

n yx x  xíîy 
  
 

n xy y  xy„þyöìîû ²Ì„þyŸ

„þîûy ëyëû– “þöìî£z f (x, y) ö„þ n ›yeyîû ~„þ!Ýþ ¢››y!e„þ îy ¢›¢_ ́xöìþ™Çþ„þ !£¢yöìî !‰þ!£«“þ „þîûy £ëûÐ

xöì̃ „þ ¢›ëû xöìþ™Çþ„þ!Ýþ ¢››y!e„þ !„þ˜y “þy ö”…yîû ‹˜Ä xöì̃ „þ öÇþöìe xy›îûy  ,f x y  éôé~îû x ö„þ

tx ~î‚ y ö„þ ty !”öìëû ²Ì!“þÞíy!þ™“þ „þ!îû öë…yöì̃  t (> 0) •Ê%î„þÐ ~ Þíöìœ    , ,nf tx ty t f x y

xy„þyîû œy¦þ „þóîûöìœ–  ,f x y  ö„þ n ›yeyîû ¢››y!e„þ xöìþ™Çþ„þ îû)öìþ™ †’Ä „þîûy £ëûÐ

vþz”y£îû’ßþºîû)þ™– •!îû–  
4 4

2 2, ,x yf x y x y
x y

 


 

4
4

4

2
2

2

1
,

1

yx
x

f x y
yx
x

 
 

  
 
 

 



NSOU  GE-CO-21 181

4

2
2

1 4

1

y

x
y
x

    
  

    
  

2 yx x
   
 

 f (x) ~„þ!Ýþ !m“þ#ëû ›yeyîû ¢››y!e„þ xöìþ™Çþ„þÐ

x˜Ä¦þyöìî–  
4 4 4 4

2 2 2 2, t x t yf tx ty
t x t y




 
 

4 4 4

2 2 2

t x y

t x y






4 4
2

2 2
x yt
x y

     

 2 ,t f x y

  ,f x y  éôéö„þ !m“þ#ëû ›yeyîû ¢››y!e„þ xöìþ™Çþ„þ îöìœÐ

5.….5 ²Ìí› „Êþ› ç ²Ìí› ›yeyîû ¢››y!e„þ xî„þœ ¢›#„þîû’

ë!” M (x, y) ~î‚ N (x, y) ~„þ£z ›yeyîû ò¢››y!e„þ xöìþ™Çþ„þó !£¢yöìî ²Ì„þy!Ÿ“þ £ëû– “þöìî
0Mdx Ndy   xî„þœ ¢›#„þîû’!Ýþöì„þ ~„þ!Ýþ ò¢››y!e„þ xî„þœ ¢›#„þîû’ó îû)öìþ™ x!¦þ!£“þ „þîûy £ëûÐ

²Ìí› „Êþ› ç ²Ìí› ›yeyîû xî„þœ ¢›#„þîû’öì„þ ¢y•yîû’ ¦þyöìî  dy y xdx    xy„þyöìîû öœ…y £ëûÐ

xî„þœ ¢›#„þîû’ ¢›y•y˜ „þöìÒ– y
x  ö„þ v S‰þœV !”öìëû ¢)!‰þ“þ „þîûy £ëûÐ



NSOU  GE-CO-21182

vþz”y. 1

¢›y•y˜ „þîû%̃  õ

 2 2 2x y dy xydx 

¢›y•y˜ õ ~Þíöìœ–  2 2 2x y dy xydx 

îy–  2 2
2 .... 1dy xy

dx x y




ßþ™Tþ“þ õ ~!Ýþ ~„þ!Ýþ ¢››y!e„þ xî„þœ ¢›#„þîû’Ð

•!îû– y vx

dy dvv xdx dx  

(1) ˜‚ öíöì„þ– 
 22

2 ·x vxdvv x dx x vx
 



îy– 
 

 
2

2 2
2

1

x vdvv x dx x v
 



îy– 2
2

1
dv vv x dx v

 


îy– 2
2

1
dv vx vdx v

 


îy– 
3

2
2

1
dv v v vx dx v

 


îy– 
 
 

2

2

1

1

v vdvx dx v
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îy– 
 
 

2

2

1

1

v dv dx
xv v





 

îy– 
 

 
2 2

2

1 2

1

v v dxdv xv v

     
  

 

îy– 2
1 2

1
v dxdv dvv xv

 
  

¢›y„þœöì̃ îû ›y•Äöì› þ™y£z

 2log log 1 log loge e e ev v x c     S‘c’ ~„þ!Ýþ ößþºFŠéy•#˜ •Ê%î„þV

îy–  2log log
1e e

v cx
v

   
 

21
v cx
v

 


îy–  
 21

y x cx v y x
y x

 




îy– 2 2
xy cx

x y




îy–    2 2 0y c x y x  

£z£y£z !˜öì’Åëû ¢y•yîû’ ¢›y•y˜Ð

vþz”y. 2 ¢›y•y˜ „þîû%̃  õ    3 2 5 2 3 5 0x y dx x y dy     

îy– 
3 2 5
2 3 5

dy x y
dx x y

  
 

¢›y•y˜ õ ~öìÇþöìe–
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 3 2 5 .... 12 3 5
dy x y
dx x y

      

•!îû– x x h 

~î‚ y y k   öë…yöì̃  ,x y   ”%!Ýþ ‰þœîûy!Ÿ– ~î‚ h, k ”%!Ýþ •Ê%î„þ îûy!ŸÐ

dy dy
dx dx


  

(1) ˜‚ öíöì„þ–    
   

3 2 5
2 3 5

x h y kdy
dx x h y k

    
      

îy– 
 
   3 2 3 2 5

.... 2
2 3 2 3 5
x y h kdy

dx x y h k
     

        

•!îû– 3 2 5 0h k  

~î‚ 2 3 5 0h k  

îL†%’˜ þ™å•!“þöì“þ ¢›y•y˜ „þöìîû þ™y£z

1
10 15 10 15 9 4

h k 
    

îy– 1
5 5 5
h k   5 ,5h   5

5k   îy– h 1 ~î‚ k 1

¢%“þîûy‚– ~öìÇþöìe œÇþ’#ëû öë– h  1, ~î‚ k  1 éôé~îû ‹˜Ä (2) ˜‚ ¢›#„þîû’!Ýþ !˜öìÁ¬y=þ¦þyöìî
²Ì„þy!Ÿ“þ £ëû õ

 3 2 ....... 32 3
dy x y
dx x y
        

•!îû– y vx 

dy dvv xdx dx
    

¢%“þîûy‚– (3) ˜‚ öíöì„þ–
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   3 2
2 3

dv x vxv x y vxdx x vx
        



 
 
3 2
2 3

x v
x v
  

    

2
2 3

v
v

 


îy–  3 2
2 3

vdvx vdx v


    

îy–    23 2 2 3
2 3
v v vdvx dx v

   
  

îy– 
23 4 3

2 3
dv v vx dx v

    
 îy– 2

2 3
3 4 3

v dxdv xv v
        

îy–  
2

2 3
0

3 4 3
v dvdx

x v v
    

îy–  
2

4 6
2 0

3 4 3
v dvdx

x v v
    

 Svþz¦þëû þ™Çþöì„þ 2 !”öìëû †%’ „þöìîûV

 
2

4
2

3 4 3
dv dvdx

x v v
     

îy–  
2

6 4
2

3 4 3
v dvdx

x v v
     

îy–    22log log 3 4 3 loge e ex v v c       SößþºFŠéy•#˜ •Ê%î„þV

îy–   22 log log
3 4 3e e

cx
v v

    
  

îy–  2 23 4 3
cx

v v
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îy–   223 4 3v v x c  

îy–  
2

23 4 3y y x cx x
                   

 
yv x
   



îy–    2 23 4 3y x y x c     

îy–       2 23 1 4 1 1 3 1y x y x c      

~Ýþy£z !˜öì’Åëû ¢y•yîû’ ¢›y•y˜Ð  1x x    ~î‚ 1y y  

!î.o. ²Ì”_ ¢›¢Äy ¢›y•yöì̃ – ˜#öì‰þîû vþzöìÍÔ… „þîûy šþœ†%!œ (results) xîŸÄ£z ßþ¿îû’öìëy†ÄÐ

(i)  ydx xdy d xy 

(ii) 2
ydx xdy xd yy

    
 

(iii) 2
xdy ydx yd xx

    
 

(iv) 
1

2 2 tanxdy ydx yd xx y
         

(v) loge
xdy ydx ydxy x

        

(vi)   2 2
2 2

1 log2 e
xdx ydy d x y
x y

   
 

5.….6 ¢‚!Çþ®¢yîû

 ~£z x•Äyëû öíöì„þ xy›îûy ‹y˜öì“þ þ™y!îû ²Ìí› „Êþ› ç ²Ìí› ›yeyë%=þ xî„þœ ¢›#„þîû’Ð

 ~£z ¢›#„þîû’ „þ#¦þyöìî ¢›y•y˜ „þîûy £ëûÐ
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5.….7 x˜%Ÿ#œ˜#

¢›y•y˜ „þîû%̃  õ

1.  2 2x y xydx 

2. 
 2 3 7
2 3 6

x ydy
dx x y

 


 

3. 
2dy y y

dx x x
    
 

4. 3 5x ydy edx


5. 
 cos log

log
e

e

xdy
dx y

6.  2 2 5 6 0.dyx y ydx    

7. 2 1dyx ydx  

8. 
2

2
cos
1

dy y
dx x




 S•!îû– cos 0y  V

9. 1 x ydy edx
 

10.    1 1 0x y x ye dx e x y dy   

11.  
1

2 1
dy x y
dx x y

 
 

12. 2tan 1 ,dyx ydx
    
 

 ö”çëûy xyöìŠé y  1 ë…˜ 2x  
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13. ¢›y•y˜ „þîû%̃  õ

2 2 .x dy y dxx dx y dy
x y

 
     

14.    1 1 0y xy dx x xy dy   

15.    2 2 2 24 9 0x y dx x y y dy     

[ £z!A†“þ ²Ì”_ xî„þœ ¢›#„þîû’!Ýþ ˜#öì‰þîû ›“þ ¢y‹y˜ ~î‚ þ™öìîû ¢›y•y˜ „þîû%̃ Ð]

     3 34 9 0x x dx y y dy xy ydx xdy     

16. 
2

2
1
1

dy y y
dx x x

       

17. 2cot cosec 0dy y x y xdx   

18.    cos cos sin sin 0y y x dx x x y dy   

[ £z!A†“þ õ ²Ì”_ xî„þœ ¢›#„þîû’!Ýþöì„þ ˜#öì‰þîû ›“þ ¢y‹y˜ ~î‚ “þyîûþ™îû ¢›y•y˜ „þîû%̃ Ð]

   cos sin cos sin 0]ydx x ydy y xdx xdy   

5.….8 @ùÌríþ™!O

 Ranajit Dhar, (2011), Advanced Business Mathematics, Dishari Prakashani
 Mehta and Madnani, (2012) Mathematics for Economists, Sultan Chand and Sons
 Sarkhel and Bhukta, (2010), An Introduction to Mathematical Techniques for

Economic Analysis, Book Syndicate Private Limited
 Agarwal, (2000), Quantitative Methods, Vrinda Publications Pvt Ltd
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6.4 !îhß+þ!“þ

6.5 þ™!îû‡y“þ/¼y›„þ– ²Ì!“þ÷ìî¡ì›Ä ~î‚ “þ#ÇÖþ“þy

6.6 ²Ì!“þ÷ìî¡ì›Ä þ™!îû›yöìþ™îûþ !î!î• þ™å•!“þ

6.7 !î!î• vþz”y£îû’›yœy

6.8 ¢£þ™!îûî“Åþ˜ ~î‚ ²Ì!“þ†›˜ îy !˜¦Åþîû’

6.9 ¢£þ™!îûî“Åþ˜ †%’y‚„þ Sîy ¢£†V !˜•Åyîûöì’îû !î!¦þ§¬ þ™å•!“þ

6.10 ¢‚!Çþ®¢yîû

6.11 x˜%Ÿ#œ˜#

6.12 @ùÌríþ™!O

6.1 vþzöìjŸÄ

œÄy!Ýþ˜ Ÿ· ‘Statis’ öíöì„þ £z‚îûy!‹ Ÿ· ‘Statistics’ ~îû xy†›˜Ð Ÿ·!Ýþöì„þ ~„þî‰þ˜ ~î‚ î£%î‰þ˜
vþz¦þëûîû)öìþ™£z î’Å˜y „þîûy ëyëûÐ ~„þî‰þ˜ !£¢yöìî ~öì„þ ~„þ!Ýþ òŸyßþfó !£¢yöìî •îûy £ëûÐ î£%î‰þöì̃  Ÿ·!Ýþöì„þ
ö„þyöì̃ y !î¡ìöìëû ö„þyöì̃ y !îöìŸ¡ì vþzöìjöìŸÄ ¢‚„þ!œ“þ ¢‚…Äyöì„þ!w„þ “þíÄöì„þ ²Ì„þyŸ „þîûy £ëûÐ îy‚œyëû ‘Statistics’
ö„þ òþ™!îû¢‚…Äy˜!î”Äyóó îy òîûy!Ÿ!îKþy˜ó îœyîû ›öì•Ä !”öìëû î%Gþy˜ £ëû öë ~£z Ÿyöìßþf îûy!Ÿ“þíÄ ¢‚@ùÌ£ „þöìîû
“þyöì„þ ¢%Ûþ¦þyöìî þ™!îûöìîŸ˜ ç !îöìÙÕ¡ìöì’îû ›y•Äöì› !îKþy˜¢Á¿“þ vþzþ™yöìëû ²Ì„þyŸ „þîûyÐ ö”öìŸîû Ÿy¢˜ îÄîÞíy
vþzþ™ë%=þ ¦þyöìî þ™!îû‰þyœ˜yîû ‹˜Ä ²Ìy‰þ#˜ „þyœ öíöì„þ þ™!îû¢‚…Äyöì̃ îû †%îû%c !Šéœ xþ™!îû¢#›Ð î“Åþ›yöì̃  ¢½þyî˜y
“þcöì„þ xy×ëû „þöìîû £z£y xy•%!˜„þ îû)öìþ™ ö”öìŸ !îöì”öìŸ îÄyþ™„þ¦þyöìî !îhß+þ“þ £öìëûöìŠéÐ î“Åþ›yöì̃  ~ Ÿyöìßþfîû
îû)þ™„þyîû Ÿ%•% †!’“þ!î”– þ™”yíÅ!î” ç îû¢yëû̃  Ÿyßþf!î”îûy ˜˜Ð xíÅ˜#!“þ!î”– !ŸÒ îy!’‹Ä Ÿy…yîû !îŸyîû”
~›˜!„þ ‹#î!îKþy˜#îûyç ~îû îÄî£y!îû„þ ²Ìöìëûy† î£%œy‚öìŸ î,é!å• „þöìîûöìŠé˜Ð šþöìœ xy‹ ~£z Ÿyßþf!Ýþ !î!î•
•yîûyëû ¢%‰þyîû%¦þyöìî þ™ÍÔ!î“þÐ

6 
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6.2 ²Ìhßþyî˜y

†!’“þ îy !îKþyöì̃ îû öë ö„þy˜ Ÿy…yîû vþzqyîöì̃ îû ö²Ì!Çþöì“þ íyöì„þ xy!íÅ„þ ç ¢y›y!‹„þ ‰þy!£”yÐ îûy!Ÿ!îKþyöì̃ îû
öÇþöìeç “þyîû îÄ!“þ„Êþ› ˜ëûÐ ~…yöì̃  ‰þœîûy!Ÿîû îy þ™!îûî“Åþ˜Ÿ#œ îûy!Ÿ¢›)£öì„þ vþzþ™ë%=þ¦þyöìî ¢‚@ùÌ£ „þóöìîû
“þy!œ„þyîå• „þîûy £ëûÐ þ™öìîû– †y!’!“þ„þ !îöìÙÕ¡ì’ ç ¢½þyî˜y “þ_ö́ì„þ xy×ëû „þöìîû e%!Ýþ!î£#˜ xîÞíyëû “þyîû
šþœöì„þ ëy‰þy£z „þîûyîû „þy‹!Ýþ ¢šþœ „þîûyîû ›öì•Ä !˜!£“þ íyöì„þ ²Ì„,þ“þ vþzöìjŸÄÐ ¢y›!@ùÌ„þ ¦þyöìî ~£z „þy‹!Ýþ
„þîûyîû ‹˜Ä xy›îûy ~…yöì̃  „þöìëû„þ!Ýþ x•Äyöìëûîû ›y•Äöì› !„þŠ%éÝþy xyöìœy„þþ™y“þ „þóîûîÐ ²Ìí› •yöìþ™îû xyöìœy‰þ˜yëû
íy„þöìî ›•Ä†y!›“þy ç “þyîû þ™!îû›yþ™¢‚„Êþyhsþ “þíÄÐ öë›˜– öëï!†„þ †vþü– †%öì’y_îû †vþü– ç !îî“Åþ öëï!†„þ
†vþüÐ þ™öìîû xy¢öìî þ™ëÅyëû„Êþöì› ›•Ä›y ç ¢‚…Äy †!îûÛþ ¢‚„Êþyhsþ !î¡ìëûîhß$þ ~î‚ “þyöì”îû •›Åyî!œÐ ~îû þ™îû
ßþºy¦þy!î„þ ¦þyöìî xyöì¢ !îhß+þ!“þ ç “þyîû ›yþ™„þ ‰þ“%þíÅ„þ– ”Ÿ›„þ ~î‚ Ÿ“þ“þ›„þÐ ²Ì›y’ !î‰%þÄ!“þ ~…yöì̃  îvþü
¦)þ!›„þy ö˜ëûÐ þ™îûî“þ#Å öÇþöìe xy›îûy þ™y£z þ™!îû‡y“þ– ²Ì!“þ÷ìî¡ì›Ä ç “þ#¸“þy ~î‚ ~£z ¢Á™!„Åþ“þ ›yþ™öì̃ îû
•yîû’yÐ þ™!îûöìŸöì¡ì xy!î¦Åþyî ‡öìÝþ ¢£†!“þ ~î‚ ¢£†yöìA„þîû ›y˜ !˜’Åöìëûîû ²Ì‰þ!œ“þ þ™å•!“þ¢›)£ ~î‚ !˜¦Åþîû’
éôé~îû ¢‚Kþy– !˜¦Åþîû’ ¢îûœöìîû…yîû •yîû’y ~î‚ !˜¦Åþîû’yA„þ !˜’Åëû „þîûyÐ ¢£†yA„þ ç !˜¦Åþîû’yöìA„þîû ›öì•Ä
¢Á™„Åþ!Ýþç xy›yöì”îû xyöìœy‰þ˜yëû îûy…öì“þ £ëûÐ

6.3 ö„þw#ëû ²Ìî’“þy ~î‚ ~îû þ™!îû›yþ™

~£z x•Äyöìëû xy›îûy ö„þw#ëû ²Ìî’“þy îóœöì“þ „þ# î%Gþyëû “þyþ xyöìœy‰þ˜y „þóöìîû “þyîû !î!¦þ§¬ ²Ì„þyîûöì¦þ”
vþzöìÍÔ… „þóîûîÐ „þ#¦þyöìî ~öì”îû þ™!îû›yþ™ „þîûy £ëû “þyîû ¢!îöìŸ¡ì vþzöìÍÔ…þ™îÅ !›!Ýþöìëû !î!ŸTþ •›Åyî!œç
þ™!îûöìî!Ÿ“þ £öìîÐ

 ö„þw#ëû ²Ìî’“þy ~î‚ ~îû !î!î• þ™!îû›yþ™

þ™!îû¢‚…Äy !î¦þy‹˜öì„þ ¢!àþ„þ¦þyöìî œÇþ „þîûöìœ ‰þœîûy!Ÿîû ¢îÅy!•„þ ç ¢îÅ!˜Á¬ ›yöì̃ îû ›yGþy›y!Gþ ~„þ!Ýþ
!îöìŸ¡ì ›yöì̃ îû …%î !˜„þöìÝþ ‰þœîûy!Ÿîû x˜Äy˜Ä ›y˜†%!œöì„þ !îîûy‹ „þóîûöì“þ ö”…y ëyëûÐ ~£z ²Ì„þyîû þ²Ìî’“þy
îy ²Ìöì‰þTþyöì„þ£z ‰þœîûy!Ÿîû îy “þyîû þ™!îû¢‚…Äy !î¦þy‹öì̃ îû òö„þw#ëû ²Ìî’“þyó !£¢yöìî †’Ä „þîûy £ëûÐ öë
†y!’!“þ„þ ²Ì!„Êþëûyëû ~£z •îûöì̃ îû ²Ìî’“þyöì„þ !˜•Åyîû’ îy !˜’Åëû „þîûy £ëû “þyöì„þ£z îœy £ëû òö„þw#ëû ²Ìî’“þyîû
þ™!îû›yþ™óÐ !˜öìÁ¬y=þ þ™¤y‰þ vþzþ™yöìëû ‰þöìœîû ö„þw#ëû ²Ìî’“þy !˜’Åöìëûîû „þy‹ ‰þöìœÐ

(i) öëï!†„þ îy †y!’!“þ„þ †vþü (Arithmetic mean îy A.M.)

(ii) †%öì’y_îû †vþü (Geometric mean îy G.M.)

(iii) ²Ì!“þ†y!’!“þ„þ Sîy !îî“Åþ öëï!†„þV †vþü (Harmonic mean îy H.M.)

(iv) ›•Ä›y îy ›•Ä› ›y˜ (Median)
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 †y!’!“þ„þ †vþü

•!îû– ‰þœîûy!Ÿ x ~îû n ¢‚…Ä„þ !î!¦þ§¬ ›y˜ †%!œ £óœ 1 2 3, , ,...., ,nx x x x  x“þ~î ‰þœ x ~îû †y!’!“þ„þ

†vþü îy öëï!†„þ †vþü £öìî 1 2 3 .... nx x x x
n

     îy ¢‚öìÇþöìþ™ 1

n

i
i

x

n



 îy  ..... 1
x

n


!î.o. ~öìÇþöìe– !@ùÌ„þ xÇþîû ‘ ’ myîûy ‰þœîûy!Ÿîû !î!¦þ§¬ ›y˜†%!œîû ¢›!Tþ îy öëy†šþœöì„þ ¢)!‰þ“þ „þîûy

£ëûÐ

öëï!†„þ †vþüöì„þ x  myîûy !‰þ!£«“þ „þîûy £ëûÐ ~öì„þ ¢îûœ öëï!†„þ †vþü (Simple Arithmetic Mean)
îœy £ëûÐ

vþz”y£îû’ (1) 1, 3, 5, 7 ç 9 ~îû öëï!†„þ †vþü !˜’Åëû „þîû%̃ Ð
¢›y•y˜ ƒ ~öìÇþöìe–

öëï!†„þ †vþü îy 1 3 5 7 9
5x    

25 55 

vþz_îû õ 5
¦þyîûë%=þ îy †%îû%cë%=þ öëï!†„þ †vþü ƒ
•!îû– ‰þœîûy!Ÿ x ~îû n ¢‚…Ä„þ ›y˜ £óœ x1, x2,..., xn ~î‚ vþz£yöì”îû x˜%îû)þ™ ¦þyîû†%!œ (weights)

ëíy„Êþöì› w1, w2,..., wn Ð ¢%“þîûy‚ ~Þíöìœ öëï!†„þ †vþü  x  £öìî !˜Á¬îû)þ™ õ

 1 1 2 2 1

1 2

1

.... ..... 2.....

n

i i
n n i

nn
i

i

w x
wxw x w x w xx w w w w

w





  
  

  

 


x˜Ä¦þyöìî– ‰þœîûy!Ÿ  1, 2,....,ix i n  ~îû x˜%îû)þ™ þ™!îû¢‚…Äy (frequency) ëíy„Êþöì› fi (i 1,

2,..., n) £öìœ öëï!†„þ †vþü  x  ö„þ !˜Á¬!œ!…“þ¦þyöìî ²Ì„þyŸ „þîûy £ëûÐ
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1 1 2 2

1 2

....
....

n n

n

f x f x f xx f f f
  


  

 1

1

.... 3

n

i i
i

n

i
i

f x
fx
f

f





 
 



vþz”y. (2)

‰þœîûy!Ÿ (x) þ™!îû¢‚…Äy (f ) f × x

2 3 3 × 2 6
4 5 5 × 4 20
6 4 4 × 6 24
8 2 2 × 8 16

ö›yÝþ 14f  66fx 

 x éôé~îû öëï!†„þ †vþü  
fx

x
f




66
14

4·71 S”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

vþz_îû õ 4·71

 †y!’!“þ„þ îy öëï!†„þ †öìvþüîû •›Åyî!œ ƒ

(i) ö„þyöì̃ y ‰þœîûy!Ÿîû ²Ìöì“þÄ„þ!Ýþîû ›y˜ ¢›y˜ £öìœ– ‰þöìœîû †y!’!“þ„þ †vþü ú ¢y•yîû’ ›y˜!Ýþîû ¢›y˜ £öìîÐ

(ii) ö„þyöì̃ y ‰þœîûy!Ÿîû †y!’!“þ„þ †vþü öíöì„þ ‰þœîûy!Ÿîû ›y˜†%!œîû !î‰%þÄ!“þîû öëy†šþœ ¢îÅ”y£z Ÿ)̃ Ä £öìîÐ

(iii) ë!” ~„þ R ‰þœîûy!Ÿîû ›yöì̃ îû ¢öìA† xþ™îû ‰þœîûy!Ÿîû ›yöì̃ îû ¢îûœ ÷îû!…„þ ¢Á™„Åþ íyöì„þ “þöìî
vþz£yöì”îû †y!’!“þ„þ †vþü x˜%îû)þ™ ¢Á™„Åþ î‹yëû îûy…öìîÐ xíÅyê y abx Söë…yöì̃  a ç b •Ê%î„þ þ™”V
£öìœ y a bx   £öìî Söë…yöì̃  x  ç y  ëíy„Êþöì› ‰þœîûy!Ÿ x ç y ~îû †vþü ›y˜öì„þ !˜öì”ÅŸ „þöìîûÐ



NSOU  GE-CO-21 193

 ö×!’îå• þ™!îû¢‚…Äy !î¦þy‹˜ S¢hsþ“þ/x¢hsþ“þV ë…˜ ö×!’ ¢#›y ~›˜!„þ x¢› ÷”‡ÅÄë%=þ “þy!œ„þy
öíöì„þ öëï!†„þ îy †y!’!“þ„þ †vþü !˜’Åëû ƒ

(A) òò¢îûy¢!îû þ™å•!“þóó (Direct method) xîœÁºöì̃  †y!’!“þ„þ †vþü !˜’Åëû „þîû%̃  ƒ

¢)e ƒ x  S†y!’!“þ„þ †vþüV N
fx fx
f

  


 [ë…˜ N f ]

vþz”y. (1) ö×!’ ¢#›y ö×!’ ¢#›yîû þ™!îû¢‚…Äy f f × x îy fx
›•Ä›y˜ (x)

95 – 105 100 20 20 × 100 2000
105 – 115 110 26 26 × 110 2860
115 – 125 120 38 38 × 120 4560
125 – 135 130 16 16 × 130 2080

ö›yÝþ éôôôé 100f N      11500fx 

†y!’!“þ„þ †vþü   N
fx

x 

11500 115100 

¢%“þîûy‚ !˜öì’Åëû †y!’!“þ„þ †vþü 115 Svþz_îûV
[ !î.o. ~…yöì̃  ö×!’ ¢#›y ¢›÷ì”‡ÅÄë%=þ ç ¢hsþ“þÐ ö×!’ ¢#›yîû ¢‚…Äy …%î öî!Ÿ ˜ëûÐ]

vþz”y. (2) ö×’# ¢#›y ö×’# ¢#›yîû þ™!îû¢‚…Äy f f × x îy fx
›•Ä›y˜ (x)

93 – 97 95 12 12 × 95 1140
88 – 92 90 15 15 × 90 1350
83 – 87 85 20 20 × 85 1700
78 – 82 80 18 18 × 80 1440
73 – 77 75 15 15 × 75 1125
68 – 72 70 10 10 × 70 700
63 – 67 65 8 8 × 65 520

ö›yÝþ éôôôé N 98f   7975fx 
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 †y!’!“þ„þ †vþü   7975 81·38N 98
fx

x     Sxy¢§¬ ›yöì̃ V

¢%“þîûy‚ !˜öì’Åëû †y!’!“þ„þ †vþü 81·38 Svþz_îûV

[ !î. o. ~öìÇþöìe ö×!’ ¢#›y x¢hsþ“þ ~î‚ vþz£yîû ¢‚…Äy …%î öîŸ# ”#‡Å ˜ëû !„þhs$þ ¢› ÷”‡ÅÄë%=þ ]

(B) (Short cut (method) ¢‚!Çþ® þ™å•!“þ õ

ö×!’îå• þ™!îû¢‚…Äy !î¦þy‹öì̃  ö×’# ¢#›y x¢› ÷”‡ÅÄë%=þ ~î‚ þ™!îû¢‚…Äy†%!œ vþzF‰þ“þîû ›y˜ ë%=þÐ
~öìÇþöìe „þ!Ò“þ †öìvþüîû (assumed mean) ¢y£yöìëÄ ö×!’ ¢#›yîû ›•Ä›y˜ öíöì„þ „þ!Ò“þ †öìvþüîû !î‰%þÄ!“þ
‡!Ýþöìëû þ™!îû×›öì„þ œ‡% „þîûy £ëû ~î‚ †y!’!“þ„þ †vþü !˜’Åëû xöì̃ „þ ¢£‹¢y•Ä £ëû îöìœ ~£z þ™å•!“þöì„þ
‘‘Short Cut’’ Sòò¢‚!Çþ®óóV ²Ì’yœ# (method) îöìœÐ

vþz”y. (3)

²ÌÙÀ õ ö×!’ ¢#›y þ™!îû¢‚…Äy

14 – 15 60

16 – 17 140
18 – 20 150
21 – 24 110
25 – 29 110
30 – 34 100
35 – 39 90

vþzþ™öìîûîû “þy!œ„þy ¢yöìþ™öìÇþ †y!’!“þ„þ †vþü !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ~öìÇþöìe þ™!îû¢‚…Äy vþzF‰þ ›yöì̃ îû ~î‚ ö×!’ ¢#›y x¢› ÷”‡ÅÄë%=þ– ¢%“þîûy‚ òòßþºÒ ²Ìëûy¢#óó
(Short cut) ²Ì’yœ# …%î£z „þyëÅ„þîû# £öìî †y!’!“þ„þ †vþü (AM) !˜’ÅöìëûÐ
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ö×!’ ¢#›y ö×!’ ¢#›y d = x – A þ™!îû¢‚…Äy (f) f × d îy fd
¢yöìþ™öìÇþ
›•Ä›y˜ (x)

14 – 15 14·5 –8.0 60 60 × (–8) –480
16 – 17 16·5 –6.0 140 140 × (–6) –840
18 – 20 19.0 –3·5 150 150 × –3.5) –535

21 – 24 22·5 = A S•!îûV 0 110 110 × 0 0

25 – 29 27.0 4·5 110 110 × 4.5 495
30 – 34 32.0 9·5 100 100 × 9.5 950
35 – 39 37.0 14·5 90 90 × 14.5 1,350

ö›yÝþ éôôôé éôôôé N 760f   1845fd  
2750 905 

¢)e ƒ †y!’!“þ„þ †vþü   A N
fd

x  

[ öë…yöì̃  A „þ!Ò“þ †vþü–

N f   þ™!îû¢‚…Äyîû öëy†šþœ–

~î‚ S!î‰%þÄ!“þV Ad x  ]

vþzþ™!îû vþz=þ ¢)e xîœÁºöì̃ –

!˜öì’Åëû †y!’!“þ„þ †vþü    90522·5 760x  

22·5 1·19 

23·69  S”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV Svþz_îûV

(C) x!“þ ¢‚!Çþ® ¢‚öì„þ“þ ²Ì’yœ# (Coding method) : þ™!îû¢‚…Äy !î¦þy‹˜ Šéöì„þ– ‰þœ„þ†%!œ ”#‡Å
ö×!’ ¢#›yë%=þ „þ› ÷”öì‡ÅÄîû ~î‚ vþzF‰þ›yöì̃ îû þ™!îû¢‚…Äyëû þ™!îûöìî!Ÿ“þ £óöìœ þ™)öìîÅy=þ þ™å•!“þöì„þ xyîûç ¢£‹

xy„þyöìîû ²Ì„þyŸ „þîûy £ëûÐ ~Þíöìœ A ,d xd c c
   ë…˜ A   „þ!Ò“þ †vþü ~î‚ c ö×!’ ¢#›y îy
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¢#›yöìhsþîû ÷”‡ÅÄ S~Þíöìœ c ~îû ›y˜ þ™!îû¢‚…Äy !î¦þy‹˜ Šéöì„þ ¢îÅe ¢›y˜ íyöì„þV ~£z þ™å•!“þ …%î£z
„þyëÅ„þîû# ¦)þ!›„þy !˜öìëû íyöì„þ †y!’!“þ„þ †vþü !˜’Åëû „þyöìœÐ xöì̃ „þ ¢›ëû (B) éôé~îû þ™å•!“þöì„þ ²Ì„,þ“þ !î‰%þÄ!“þ
þ™å•!“þó (Actual deviation method) ~î‚ (C) éôé~îû þ™å•!“þöì„þ ‘‘Step deviation method’’ S•yþ™
!î‰%þÄ!“þ þ™å•!“þóV îöìœÐ

¢)e ƒ †y!’!“þ„þ †vþü   A N
fd

x c


  

öë…yöì̃  A  „þ!Ò“þ †vþü

A ,d xd c c
  

N f   ö›yÝþ þ™!îû¢‚…Äy

c  ö×!’ ÷”‡ÅÄÐ

vþz”y. (4)

ö×!’ ¢#›y ö×!’îû þ™!îû¢‚…Äy „þ!Ò“þ ¢‚!Çþ® ‰%þÄ!“þ f × d'

›•Ä›y˜ (x) (f ) †vþü ¢yöìþ™öìÇþ  
10

x A
d


 

‰%þÄ!“þ d = (x – A)

10 – 20 15 7 – 40 – 4 7 × (– 4) –28

20 – 30 25 15 –30 –3 15 × (–3) – 45

30 – 40 35 18 –20 –2 18 × (–2) –36

40 – 50 45 25 –10 –1 25 × (–1) –25

50 – 60 55 = A 30 0 0 30 × 0 0

60 – 70 65 20 10 1 20 × 1 20

70 – 80 75 16 20 2 16 × 2 32

80 – 90 85 7 30 3 7 × 3 21

90 – 100 95 2 40 4 2 × 4 8

ö›yÝþ N 140f   53fd   
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 !˜öì’Åëû †y!’!“þ„þ †vþü   A CN
fd

x


  

 5355 10140
  

5355 55 3·7814     S”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

51·22  [Svþz_îûV õ 51·22 ]

 †%öì’y_îû †vþü

•!îû– x ‰þœöì„þîû n ¢‚…Ä„þ ›y˜ ëíy„Êþöì› 1 2, ,..., nx x x  0, 1, 2,...., .ix i n   ~öì”îû †%öì’y_îû †vþü

G £öìœ– ¢‚Kþy %̃¢yöìîû–

   1
1 2G . ...... ..... 1n

nx x x

ë!” x ‰þœöì„þîû  1, 2,....,ix i n  •˜yd„þ ›yöì̃ îû ¢öìA† x %̃îû)þ™¦þyöìî  1, 2,...,if i n  þ™!îû¢‚…Äy

ë%=þ £ëû “þöìî †%öì’y_îû †vþü    1 2
1

1 2G · ·...... n
nf f f

nx x x  .......... (2)

!î.o. ßþºÒ ¢‚…Ä„þ ‰þœöì„þîû ›yöì̃ îû ‹˜Ä xy›îûy “þyöì”îû †%’šþöìœîû vþzþ™îû ›)öìœîû ›y˜ !˜•Åyîû’ „þöìîû
†%öì’y_îû †vþü !˜’Åëû „þ!îûÐ !„þhs$þ x!•„þ ‰þöìœîû ‹˜Ä œöì†îû ²Ìöìëûy† „þîûöì“þ £ëûÐ

~öìÇþöìe (1) ˜‚ öíöì„þ–    11 2G · ·.... n
nx x x

vþz¦þëû þ™öìÇþ œ†ä !˜öìëû þ™y£z–

        1 2
1log G log log .... log    nx x xn

Svþz¦þëû !”öì„þ log ~îû !˜•y˜ ~„þ£z íy„þöìîÐV

G ~!rÝþœ†ä     1 2
1 log log .... log ... 3nx x xn   

þ™%˜îûyëû– (2) ˜‚ öíöì„þ–

 21
1

2G · ·.... n
nf ff

x nx x x
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îy–    1 1 2 1 2 2
1log G log log log .... logn nf x f x f x f xn    

 G ~!rÝþœ†ä     1 1 2 2
1 log log .... log .... 4n nf x f x f xn   

vþz”y. (1) 2, 4, 16 ~î‚ 32 ~îû †%öì’y_îû †vþü (G.M.) !˜’Åëû „þîû%̃ Ð
¢›y•y˜ ƒ ~öìÇþöìe

†%öì’y_îû †vþü    
1
4G 2 4 16 32   

   
11 41 2 4 5 1 2 4 5 42 2 2 2 2       

 
1 11212 34 42 2 2 8


   

vþz_îû õ 8.

vþz”y. (2) 
12 13 14 15 16 17
5 4 4 3 2 1

x
f

vþzþ™!îû vþz=þ “þy!œ„þyîû ö²Ì!Çþöì“þ †%öì’y_îû †vþü !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ~öìÇþöìe ¢y•yîû’ log ~îû ¢y£yöìëÄ xy›yöì”îû “þy!œ„þy ²Ìhß$þ“þ „þóîûöì“þ £öìîÐ 10log x  ~îû
²Ìy® ›yöì̃ îû ‹˜Ä ¢y•yîû’ œöì†îû “þy!œ„þy ö”…öì“þ £öìîÐ

x f log10 x f × log10 x

12 5 1·0792 5 × 1·0792 5·3960

13 4 1·1139 4 × 1·1139 4·4556

14 4 1·1461 4 × 1·1461 4.5844

15 3 1·1761 3 × 1·1761 3.5283

16 2 1·2041 2 × 1·2041 2.4082

17 1 1·2304 1 × 1·2304 1.2304

ö›yÝþ 19n f  10log 21·6029  f x
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(4) ˜‚ öíöì„þ– G ~!rÝþœ†ä (antilog) 10logxf
n

  
 
  



~!rÝþœ†ä  21·6029
19

~!rÝþœ†ä  1·137 13·71  S~!rÝþœöì†îû “þy!œ„þy x %̃¢yöìîûV

vþz. !˜öì’Åëû †%öì’y_îû †vþü 13·71

 †%öì’y_îû †öìvþüîû •›Åyî!œ ƒ

(1) ë!”  1,2,....,i
i

i

xz i ny   [ ë…˜ xi, yi, zi £óœ !¦þ§¬é!¦þ§¬ ‰þœîûy!Ÿ ] £ëû “þöìî

GG G
x

z
y

  [Gx, Gy ~î‚ Gz £óœ xi, yi, zi ~îû †%öì’y_îû †vþü ]

 •!îû– xk S‰þœ„þV (k  1, 2,...., n) ”%!Ýþ !î¦þyöì† !î¦þ=þ öë›˜ xk  x1i  x2j öë…yöì̃

 11,2,....,i n  ~î‚  21,2,....,j n  xíÅyê x1i !î¦þyöì† n1 ¢‚…Ä„þ ¢”¢Ä ~î‚ x2j !î¦þyöì† n2

¢‚…Ä„äþ ¢”¢Ä î“Åþ›y˜Ð

•!îû– G, G1 ç G2 £óœ xk, x1i ç x2j ‰þœ„þöì”îû †%öì’y_îû †vþüÐ ~…˜  1 2
1

1 2G G G
nn n   £öìî

S~…yöì̃  1 2n n n  V

 þ²Ì!“þ†y!’!“þ„þ îy !îî“Åþ öëï!†„þ †vþü

•!îû– x ‰þœîûy!Ÿîû n ¢‚…Ä„þ !¦þ§¬ ›y˜†%!œ £óœ 1 2, ,...., nx x x Ð ë!” ~öì”îû !îî“Åþ öëï!†„þ †vþü
(H·M) H £ëû “þöìî £z£yîû xöì̃ Äy˜Äöì„þîû (reciprocal) ›y˜ îûy!Ÿ†%!œîû xöì̃ Äy˜Äöì„þîû öëï!†„þ †öìvþüîû
(A·M) ¢öìA† ¢›y˜ £ëûÐ

1 2

1 1 1....
1
H

nx x x
n

    
  

îy–  

1 2

H ..... 1
1 1 1....

n

n

x x x
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ë!” x ‰þœöì„þîû n ¢‚…Ä„þ !¦þ§¬ ›y˜†%!œ  1, 2,....,ix i n  ~î‚ “þyöì”îû x˜%îû)þ™ þ™!îû¢‚…Äy

 1, 2,...,if i n  £öìœ– ~öì”îû !îî“Åþ öëï!†„þ †vþü (H) £öìî !˜Á¬îû)þ™ õ

1 2
1 2

....
1
H

n

n

ff f
x x x

n

    
 

îy– 
1 2
1 2

H
.... n

n

n
ff f

x x x


  

 

1

..... 2n
i

ii

n
f
x







~…yöì̃ – œÇþ’#ëû öë 
1

n

i
i

f n




vþz”y. 1 1 1 11, , ,.....,3 5 2 1n   ¢‚…Äy†%!œîû !îî“Åþ öëï!†„þ †vþü (HM) !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ~öìÇþöìe– •!îû ¢‚…Äy†%!œîû S²Ì”_V !îî“Åþ öëï!†„þ †vþü H

 1 3 5 ... 2 11
H

n
n

    
   [(1) ˜‚ ¢Á™„Åþ öíöì„þ ]

  
 

1 2 12 22

n n n nn n
 

 

n

¢%“þîûy‚– 1H n

vþz_îû õ 1
n
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vþz”y. 2 1 11, ,2 3  ~î‚ 1
4  ¢‚…Äy†%!œîû þ™!îû¢‚…Äy ëíy„Êþöì› 2, 4, 6 ~î‚ 8 £öìœ !îî“Åþ öëï!†„þ †vþü

!˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ •!îû– ²Ì”_ ¢‚…Äy†%!œîû !îî“Åþ öëï!†„þ †vþü (HM) £óœ H.

 1 1 12 1 4 6 82 3 41
H 4

      
   [(2) ˜‚ ¢Á™„Åþ öíöì„þ ]

2 2 2 2 8 24 4
    

¢%“þîûy‚– 1H 2

vþz_îû õ 1
2

vþz”y. 3 ~„þ‹˜ œ!îû ‰þyœ„þ ¢›“þöìœîû ~„þ!Ýþ Þíy˜ öíöì„þ þ™y£yöìvþüîû ~„þ!Ýþ Þíyöì̃  30 !„þ!›/‡rÝþy öîöì†
ëyëû ~î‚ 20 !„þ!›/‡rÝþy öîöì† ~£z þ™í !šþöìîû xyöì¢Ð œ!îû!Ýþ ëyçëûyéôéxy¢yîû „þyöìœ öëï!†„þ †vþü öî† ~î‚
!îî“Åþ öëï!†„þ †vþü öî† !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ •!îû– ëy“þyëûyöì“þ œ!îû!Ýþîû öëï!†„þ †vþü öî† A !„þ!›/‡rÝþy

30 20 50A 252 2
     !„þ!›/‡rÝþy

þ™%˜îûyëû– •!îû– ëy“þyëûyöì“þ œ!îû!Ýþîû !îî“Åþ öëï!†„þ †vþü öî† H !„þ!›/‡rÝþy

     
2 2 2 2H 2 121 1 2 3 5 1

30 20 60 60 12

      


24 !„þ!›/‡rÝþy

vþz_îû õ 25 !„þ!›/‡rÝþy— 24 !„þ!›/‡rÝþyÐ

 !îî“Åþ öëï!†„þ †öìvþüîû •›Åyî!œ õ

!î.o (i) ¢y•yîû’¦þyöìî– öëï!†„þ †vþü (AM), †%öì’y_îû †vþü (GM) ~î‚ !îî“Åþ öëï!†„þ †öìvþüîû ›öì•Ä
!˜Á¬!œ!…“þ ¢Á™„Åþ!Ýþ œÇþ „þîûy ëyëûÐ

 A.M G.M H.M..... 1 
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(1) ˜‚ ~ x¢›“þy !‰þ£« î‹yëû íyöì„þ ë…˜ ²Ì”_ ‰þœîûy!Ÿ¢›)£ þ™îûßþ™îû !¦þ§¬ ›yöì̃ îû £ëûÐ

xþ™îû þ™öìÇþ– (1) ˜‚ ¢›“þy !‰þ£« œ!Çþ“þ £öìî ë!” ²Ì”_ ‰þœîûy!Ÿ¢›)£ þ™îûßþ™îû ¢›y˜ ›yöì̃ îû £öìëû
íyöì„þÐ

(ii) ”%!Ýþ ²Ì”_ ¢‚…Äyîû öÇþöìe– A.M × H.M  (GM)2

 ›•Ä›y

~„þ‹y“þ#ëû ²Ì”_ ‰þœîûy!Ÿ†%!œîû ö„þw#ëû ²Ìî’“þy ›yþ™öì„þ ~„þ!Ýþ îûy!Ÿ £óœ ›•Ä›yÐ îûy!Ÿ†%!œöì„þ ›yöì̃ îû
„Êþ› x˜%¢yöìîû Svþzå•Å„Êþöì› îy x•õ„Êþöì›V ¢y‹yöìœ !àþ„þ ›•ÄÞíöìœ öë îûy!Ÿ xîÞíy˜ „þöìîû “þy£z ›•Ä›yöì„þ
!˜öì”ÅŸ „þöìîûÐ ¢%“þîûy‚ ›•Ä›y £œ îûy!Ÿ ¢›)öì£îû „Êþ›!î˜Äy¢öì„þ ”%!Ýþ ¢›¦þyöì† ¦þy† „þîûyîû ²Ì’yœ#Ð ²Ìí›
¦þyöì† xî!Þí“þ ²Ìöì“þÄ„þ îûy!Ÿ ›yöì̃ îû !”„þ öíöì„þ ›•Ä›yîû ›yöì̃ îû „þ› £öìî ~î‚ xþ™îû !î¦þyöì† xî!Þí“þ
îûy!Ÿîû ²Ìöì“þÄ„þ!Ýþîû ›y˜ ›•Ä›y xöìþ™Çþy îvþü £öìîÐ ²Ì”_ îûy!Ÿ ¢›)öì£îû ›y˜†%!œ ë!” ¢îûœ¦þyöìî !î˜Ähßþ
íyöì„þ “þöìî “þyöì”îû ›•Ä›y !˜öìÁ¬y=þ¦þyöìî !˜’Åëû „þîûy £ëûÐ

(A) •!îû– ²Ì”_ îûy!Ÿ†%!œîû ö›yÝþ ¢‚…Äy N ~î‚ îûy!Ÿ†%!œöì„þ ›yöì̃ îû vþzå•Å„Êþöì› ¢y‹yöì̃ y £öìëûöìŠéÐ N

Sxë%@Â (odd)) ¢‚…Äy £öìœ–  N 1
2
  éôé“þ› Þíyöì̃  öë ¢‚…Äy !îîûy‹›y˜ “þy£z £öìî ›•Ä›yÐ N ë%@Â ¢‚…Äy

(even) £öìœ N
2  “þ› ~î‚  N 12   éôé“þ› Þíyöì̃  ²Ìy® ›y˜ ”%!Ýþîû öëï!†„þ †vþü £öìî ›•Ä›y xíÅyê

~Þíöìœ ›•Ä›y 2
  [ N

2  éôé“þ› þ™öì”îû ›y˜  N 12   “þ› þ™öì”îû ›y˜ ]

vþz”y. 1 1, 2, 4, 3, 6, 5 ~îû ›•Ä›y !˜’Åëû „þîû%̃ Ð

¢›y•y˜ õ ²Ì”_ 6!Ýþ ¢‚…Äyöì„þ ›yöì̃ îû vþzå•Å„Êþöì› ¢y‹yöìœ ”¤yvþüyëû 1, 2, 3, 4, 5, 6.

¢%“þîûy‚ N 6 ~î‚  N 1 42  

~…˜ N
2  “þ› Þíyöì̃  ~î‚  N 12   éôé“þ› Þíyöì̃  !îîûy‹ „þîûöìŠé 6 ~î‚ 4.

 !˜öì’Åëû ›•Ä›y 1
2  [ N

2  “þ› Þíyöì̃  !îîûy‹›y˜ ¢‚…Äy  N 12   éôé“þ› Þíyöì̃  !îîûy‹›y˜ ¢‚…Äy]

 1 13 4 7 3.52 2      Svþz_îûV
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vþz”y. 2 1, 3, 4, 2, 7, 5, 6 ¢‚…Äyîû ›•Ä›y !˜’Åëû „þîû%̃ Ð

¢›y•y˜ õ ~öìÇþöìe ²Ì”_ ¢‚…Äy†%!œöì„þ ›yöì̃ îû vþzå•Å„Êþöì› ¢y!‹öìëû þ™y£z

1, 2, 3, 4, 5, 6, 7

~öì”îû ö›yÝþ ¢‚…Äy (N) 7 S~„þ!Ýþ xë%@Â (odd) ¢‚…ÄyV

²Ì”_ ¢‚…Äy †%!œîû  N 1
2
  éôé“þ› Þíyöì̃  xíÅyê ‰þ“%þíÅ Þíyöì̃  !îîûy‹ ›y˜ ¢‚…Äy!Ýþ £œ 4

¢%“þîûy‚ !˜öì’Åëû ›•Ä›y  4 Svþz_îûV

(B) ‰þœîûy!Ÿ ¢›)öì£îû ²Ìöì“þÄ„þ!Ýþîû ¢öìA† !˜!”ÅTþ þ™!îû¢‚…Äy ö”çëûy £öìœ !˜öìÁ¬y=þ vþzþ™yöìëû ›•Ä›y !˜’Åëû
„þîûy £ëûÐ

x S‰þœ„þV f Sþ™!îû¢‚…ÄyV „Êþ›öìëï!†„þ þ™!îû¢‚…Äy

1 7 7

2 12 7 12 19
3 17 19 17 36
4 19 36 19 55
5 21 55 21 76
6 24 76 24 100 N

~Þíöìœ N 100 Së%@Â ¢‚…ÄyV

 !˜öì’Åëû ›•Ä›y 1
2  [ N

2 éôé“þ› Þíyöì̃  !îîûy‹ ›y˜ ¢‚…Äy  N 12   éôé“þ› Þíyöì̃  !îîûy‹›y˜ ¢‚…Äy]

1
2  [  100

2  éôé“þ› Þíyöì̃  vþzþ™!Þí“þ ¢‚…Äy  100 12   éôé“þ› Þíyöì̃  vþzþ™!Þí“þ ¢‚…Äy ]

1
2  [50 éôé“þ› Þíyöì̃  vþzþ™!Þí“þ ¢‚…Äy 51 éôé“þ› Þíyöì̃  vþzþ™!Þí“þ ¢‚…Äy ]

 1 4 42   [„þyîû’– 37 éôé“þ› Þíy˜ öíöì„þ 55 éôé“þ› Þíyöì̃  vþzþ™!Þí“þ ¢„þöìœîû ‹˜Ä ‰þœîûy!Ÿîû ›y˜

£öìî 4]

 !˜öì’Åëû ›•Ä›y 4 Svþz_îûV
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(C) ö×!’îå• þ™!îû¢‚…Äy !î¦þy‹öì̃ îû ‹˜Ä !˜öìÁ¬y=þ ¢)e xîœÁºöì̃  ›•Ä›y !˜’Åëû „þîûy £ëûÐ

¢)e õ ›•Ä›y (M) 
 

 
N
2L ...... 1

m

F
if


  

~Þíöìœ– M  !˜öì’Åëû ›•Ä›yîû ›y˜
N  ö›yÝþ þ™!îû¢‚…Äy
L  öë ö×!’öì“þ ›•Ä›y !îîûy‹ „þöìîû “þyîû !˜Á¬ ö×!’ ¢#›y˜y
F  öë ö×!’öì“þ ›•Ä›y vþzþ™!Þí“þ “þyîû !˜öì‰þîû ö×!’ ¢#›yîû „Êþ›öìëï!†„þ þ™!îû¢‚…Äy

(Cummlative frequency)
fm  öë ö×!’öì“þ ›•Ä›y vþzþ™!Þí“þ “þyîû !˜‹ßþº þ™!îû¢‚…Äy
i  öë ö×!’öì“þ ›•Ä›y vþzþ™!Þí“þ “þyîû ö×!’ ÷”‡ÅÄ (length of the class interval)

vþz”y. ›•Ä›y !˜’Åëû „þîû%̃  õ

ö×!’ !î¦þy† þ™!îû¢‚…Äy (f ) „Êþ›öìëï!†„þ þ™!îû¢‚…Äy

0 – 10 15 15

10 – 30 25 15  25 40 (F)

30 – 60 S›•Ä›y ö×!’V fm 30 40  30 70

60 – 70 4 70  4 74
70 – 90 10 74  10 84

ö›yÝþ N 84f   éôôôé

~Þíöìœ– N 84 422 2 

¢%“þîûy‚ ›•Ä›y öë ö×!’öì“þ xî!Þí“þ “þy £óœ (30 – 60)

[ „þyîû’– N 42,2   „Êþ›öìëï!†„þ þ™!îû¢‚…Äyîû ö²Ì!Çþöì“þ £z£yöì„þ ›•Ä›y ö×!’ (median-class) !£¢yöìî

!‰þ!£«“þ „þöìîû]

 ›•Ä›y (M)  2 4030 3030
      ˜‚ ¢)e x˜%¢yöìîû ]

230 30 30 2 3230       Svþz_îûV
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vþz”y. 2

ö×!’ !îhßþyîû ö×!’ ¢#›y˜y (frequency) „Êþ›öìëï!†„þ þ™!îû¢‚…Äy
(Class interval) (Class boundaries) þ™!îû¢‚…Äy (f ) (Cum. frequency)

10 – 19 9·5 – 19·5 7 7
20 – 29 19·5 – 29·5 15 7 15 22
30 – 39 29·5 – 39·5 18 22 18 40
40 – 49 39·5 – 49·5 25 40 25 65 (F)
50 – 59 49·5 – 59·5 30 65 30 95

S›•Ä›y ö×!’V

60 – 69 59·5 – 69·5 20 95 20 115
70 – 79 69·5 – 79·5 16 115 16 131
80 – 89 79·5 – 89·5 7 131 7 138
90 – 99 89·5 – 99·5 2 138 2 140

ö›yÝþ éôôôé N 140f   éôôôé

~öìÇþöìe– N 140 702 2 

„Êþ›öìëï!†„þ þ™!îû¢‚…Äyîû þ™!îûöì²Ì!Çþöì“þ 70  N
2  öë ›•Ä›y ö×!’ ¢#›y˜yëû xî!Þí“þ “þy £óœ (49·5

– 59·5)

 ›•Ä›y (M)  70 6549·5 1030
    [(1) ˜‚ ¢)e öíöì„þ ]

549·5 1030  

549·5 49·5 1·673     Sxy¢§¬ ›y˜V

51·17

 !˜öì’Åëû ›•Ä›y 51·17 Svþz_îûV
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 ¢‚…Äy†%îû% ›y˜ îy Mode

¢îûœ îûy!Ÿ“þíÄ!î˜Äyöì¢– ~„þ‹y“þ#ëû ö„þyöì̃ y ‰þœöì„þîû öÇþöìe öë ›y˜ öî!Ÿîyîû þ™yçëûy ëyëû “þyöì„þ£z
¢‚…Äy†%îû% ›y˜ !£¢yöìî †’Ä „þîûy £ëûÐ ¢‚…Äy†%îû%›y˜ îûy!Ÿ“þíÄ›yœyëû ~„þ îy ~„þy!•„þ £öì“þ þ™yöìîûÐ !îöìŸ¡ì
öÇþöìe £z£y x %̃þ™!Þí“þ öíöì„þ ëyëûÐ ¢îûœ þ™!îû¢‚…Äy !î¦þy‹˜ Šéyvþüy ¢›÷ì”‡ÅÄ¢Á™§¬ ö×!’îå• þ™!îû¢‚…Äy
!î¦þy‹öì̃ îû öÇþöìe ¢)e ²Ìöìëûyöì† £z£yöì„þ (mode ö„þV !˜’Åëû „þîûy £ëûÐ !˜öì‰þîû vþz”y£îû’†%!œ ~£z xyöìœy‰þ˜yöì„þ
xyîûç ¢›,å• „þîûöìîÐ

1, 2, 3, 4, 4, 6, 7 ¢‚…Äy†%!œîû ‹˜Ä ¢‚…Äy†%îû% ›y˜ !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ²Ì”_ 7 !Ýþ ¢‚…Äy ¢îûœ ö×!’öì“þ xî!Þí“þÐ ~öìÇþöìe 4 ¢‚…Äy!Ýþ öî!Ÿ îyîû xíÅyê 2 îyîû
vþzþ™!Þí“þÐ ¢%“þîûy‚ ²Ì”_ ¢‚…Äy†%!œîû ‹˜Ä ~„þ ¢‚…Äy†%îû% ›y˜ (unimodal) ë%=þ ¢‚…Äy £óœ 4.

 !˜öì’Åëû ¢‚…Äy†%îû% ›y˜ 4 Svþz_îûV

vþz”y. (2) 1, 3, 4, 7, 9, 11 ¢‚…Äy †%!œîû ‹˜Ä ¢‚…Äy†%îû% ›y˜ !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ~öìÇþöìe ²Ì”_ ¢‚…Äy†%!œîû öÇþöìe ö„þyöì̃ y ~„þ!Ýþ ¢‚…Äy ~„þy!•„þ îyîû vþzþ™!Þí“þ ö˜£zÐ ö¢£z
„þyîûöì’– ~Þíöìœ ²Ì”_ ¢‚…Äy†%!œîû ö²Ì!Çþöì“þ ö„þyöì̃ y ¢‚…Äy†%îû%y ›y˜ þ™yçëûy ¢½þî £óœ ˜yÐ

vþz_îû õ ~öìÇþöìe ¢‚…Äy†%îû% ›y˜ x˜%þ™!Þí“þÐ

vþz”y. (3) 3, 4, 4, 5, 8, 6, 6, 7 ¢‚…Äy†%!œîû ‹˜Ä ¢‚…Äy†%îû% ›y˜ !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ²Ì”_ 8!Ýþ ¢‚…Äyîû ‹˜Ä œÇþ’#ëû 4 ~î‚ 6 vþz¦þöìëû£z ~„þy!•„þ îyîû S2 îyîû „þöìîûV vþzþ™!Þí“þÐ

¢%“þîûy‚– ~öìÇþöìe ¢‚…Äy†%îû% ›y˜ ”%!Ýþ xíÅyê 4 ç 6.

 !˜öì’Åëû ¢‚…Äy†%îû% ›y˜  ~î‚ 6.

ö×!’îå• ¢›÷ì”‡ÅÄë%=þ ö×!’ !î¦þyöì†îû þ™!îû¢‚…Äy !î¦þy‹öì̃  ˜#öì‰þîû ¢)ey %̃¢yöìîû ¢‚…Äy†%îû% ›y˜ (mode)
!˜’Åëû „þîûy £ëûÐ

¢)e õ ¢‚…Äy†%îû% ›y˜ (m)  
1

1 2
L

2
m

m

f f i
f f f


  

 

~öìÇþöìe L ¢‚…Äy†%îû% ›y˜ öë ö×!’öì“þ vþzþ™!Þí“þ “þyîû !˜Á¬ ö×!’ ¢#›y˜y

fm  ¢‚…Äy†%îû% ›y˜ öë ö×!’öì“þ !îîûy‹ „þöìîû “þyîû þ™!îû¢‚…Äy

f1 ¢‚…Äy†%îû% ›y˜ öë ö×!’îû xhsþ†Å“þ “þyîû !àþ„þ þ™)îÅî“þ#Å ö×!’ !î¦þyöì†îû þ™!îû¢‚…Äy

f2 ¢‚…Äy†%îû% ›y˜ öë ö×!’ !î¦þyöì† xhsþ†Å“þ “þyîû !àþ„þ þ™îûî“þ#Å ö×!’ !î¦þyöì†îû þ™!îû¢‚…Äy

i  ö×!’÷ì”‡ÅÄ [œÇþ’#ëû ~Þíöìœ ²Ìöì“þÄ„þ ö×!’ !î¦þy†£z ¢›÷ì”‡ÅÄ ë%=þ]
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vþz”y. ¢‚…Äy†%îû%›y˜ (mode) !˜’Åëû „þîû%̃ Ð

ö×!’ ö×!’ ¢#›y˜y þ™!îû¢‚…Äy (f )

50 – 59 49·5 – 59·5 5

60 – 69 59·5 – 69·5 20
70 – 79 69·5 – 79·5 40 (f1)
80 – 89 79·5 – 89·5 50 (fm)

S¢‚…Äy†%îû% ›y˜ ö×!’V

90 – 99 89·5 – 99·5 30 (f2)

100 – 109 99·5 – 109·5 6

~öìÇþöìe– ¢îÅy!•„þ þ™!îû¢‚…Äy 50

¢%“þîûy‚ ¢‚…Äy†%îû% ›y˜ öë ö×!’ ¢#›y˜yëû xî!Þí“þ “þy £óœ (79·5 – 89·5)

 ¢‚…Äy†%îû% ›y˜ (m)  
1

1 2
L

2
m

m

f f i
f f f


  

 
 [(1) ˜‚ ¢)ey %̃¢yöìîû ]

   
50 4079·5 10

2 50 40 30
       

 1079·5 10100 70  


10 1079·5 30
 

1079·5 3 

79·5 3·33   S”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

82·83

 !˜öì’Åëû ¢‚…Äy†%îû% ›y˜ 82·83 Svþz_îûV

!î.o. ö×!’ !î¦þy† ¢›÷ì”‡ÅÄ¢Á™§¬ ˜y £öìœ (1) ˜‚ ¢)e ²Ìöìëûy† „þîûy ëyëû ˜yÐ ö¢öìÇþöìe– ¢‚…Äy†%îû%
›y˜ !˜’Åëû „þyöìœ ˜#öì‰þîû ¢)e ²Ìöìëûy† „þîûy £ëûÐ

öëï!†„þ †vþü (AM) – ¢‚…y†%îû% ›y˜ (mode) 3 Söëï!†„þ †vþü – ›•Ä›y (median) V
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 ‰þ“%þíÅ„þ

ë!” ‰þœîûy!Ÿ x ~îû n ¢‚…Ä„þ ›y˜ 1 2, ,...., nx x x  éôéö„þ ›yöì̃ îû vþzå•Å„Êþöì› ¢y!‹öìëû ¢›y˜ ‰þyîû (4) !Ýþ
x‚öìŸ !î¦þy!‹“þ „þ!îû “þöìî xhsþõ !î¦þy‹„þ !î¨% !£¢yöìî ‰þœöì„þîû !“þ˜!Ýþ ›y˜ þ™yîÐ ²Ìí› !î¦þy!‹“þ !î¨%!Ýþ
Q1 ö„þ ²Ìí› ‰þ“%þíÅ„þ (1st quartile)Ð !m“þ#ëû !î¦þy!‹“þ !î¨%!Ýþ Q2 éôéö„þ !m“þ#ëû ‰þ“%þíÅ„þ (2nd quartile)
~î‚ “,þ“þ#ëû !î¦þy!‹“þ !î¨% Q3 éôéö„þ “,þ“þ#ëû ‰þ“%þíÅ„þ (third quartile) îœy £ëûÐ ²Ì¢A†“þ ~„þíy ¢£öì‹£z
x˜%›y˜ „þîûy ëyëû !m“þ#ëû ‰þ“%þíÅ„þ (Q2) £óœ ›•Ä›y (median)Ð ~îû îy›!”öì„þ ²Ìí› ‰þ“%þíÅ„þ (Q1) ~î‚
vþy˜!”öì„þ “,þ“þ#ëû ‰þ“%þíÅ„þ (Q3) xî!Þí“þÐ n ›y˜ ë%=þ ‰þœ„þ!Ýþ ¢›y˜ ‰þyîû!Ýþ x‚öìŸ !î¦þ=þ £öìëûöìŠéÐ “þy£z
~öì”îû ˜yöì›îû ¢öìA† ‰þ“%þíÅ„þ (quartile) Ÿ·!Ýþ ë%=þÐ

‰þ“%þíÅ„þ !˜’Åëû „þîûyîû þ™å•!“þ õ

‰þœîûy!Ÿîû n ¢‚…Ä„þ ›y˜ 1 2, ,..., nx x x  éôéö„þ ›yöì̃ îû vþzå•Å„Êþöì› ¢y!‹öìëû !˜öì“þ £öìîÐ “þyîû þ™îû !˜öìÁ¬y=þ
vþzþ™yöìëû Q1, Q2 ~î‚ Q3 !˜’Åëû „þóîûîÐ

(i) ²Ìí› ‰þ“%þíÅ„þ (Q1) !˜Á¬“þîû ‰þ“%þíÅ„þ (lower quartile)  ‰þöìœîû  1
4

n  éôé“þ› Þíyöì̃ îû ›y˜!Ýþ

[ë…˜ n S!îöì‹yvþü ¢‚…ÄyV ]

 ‰þöìœîû  4
n éôé“þ› Þíyöì̃ îû ›y˜!Ýþ [ ë…˜– n Sö‹yvþü ¢‚…ÄyV ]

(ii) !m“þ#ëû ‰þ“%þíÅ„þ (Q2) Sîy ›•Ä›yV ‰þöìœîû  1
2

n  éôé“þ› Þíyöì̃ îû ›y˜!Ýþ [ ë…˜– n S!îöì‹yvþü ¢‚…Äy]

1
2 [‰þöìœîû   2

n éôé“þ› Þíyöì̃ îû ›y˜  12
n  éôé“þ› Þíyöì̃ îû ›y˜ ], [ë…˜ n Sö‹yvþü ¢‚…ÄyV ]

(iii) “,þ“þ#ëû ‰þ“%þíÅ„þ (Q3) îy vþzF‰þ“þîû ‰þ“%þíÅ„þ (upper quartile) ‰þöìœîû   3 14 n  éôé“þ› Þíy˜îû

›y˜– [ë…˜ n S!îöì‹yvþü ¢‚…ÄyV ]

 ‰þöìœîû   3
4 n éôé“þ› Þíyöì̃ îû ›y˜ [ ë…˜ n Sö‹yvþü ¢‚…ÄyV ]

vþzþ™öìîûîû î!’Å“þ ²Ì’yœ# x’%¢îû’ „þóîûî ë…˜ ‰þœîûy!Ÿîû n ¢‚…Ä„þ ›y˜ vþzå•Å„Êþöì› !î˜ÄhßþÐ ˜#öì‰þîû
vþz”y£îû’ öíöì„þ xy›yöì”îû •yîû’y!Ýþ þ™!îûßþñyîû £öìîÐ
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vþz”y. (1) 96, 88, 24, 28, 32, 40, 48, 56, 76, 80, 68 “þíÄîûy!Ÿ†%!œîû ¢yöìþ™öìÇþ ²Ìí› ç “,þ“þ#ëû
‰þ“%þíÅ„þ [xíÅyê Q1 ~î‚ Q3] !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ²Ì”_ ö›yÝþ 11 !Ýþ “þíÄ îûy!Ÿöì„þ ›yöì̃ îû vþzå•Å„Êþöì› ¢y‹yöìœ þ™y£z–
24, 28, 32, 40, 48, 56, 68, 76, 80, 88, 96.....(1)
~öìÇþöìe– ²Ìí› ‰þ“%þíÅ„þ (Q1)

 ‰þöìœîû  1
4

n  ôé“þ› Þíy˜y!•„þyîû# ›y˜ [œÇþ’#ëû öë n 111 S!îöì‹yvþü ¢‚…ÄyV]

 ‰þöìœîû  1 1
4

  éôé“þ› Þíy˜y!•„þyîû# ›y˜

 ‰þöìœîû  12
4 éôé“þ› Þíy˜y!•„þyîû# ›y˜

 ‰þöìœîû “,þé“þ#ëû Þíyöì̃ îû ›y˜ [(1) ˜‚ öíöì„þ ]
32

“,þ“þ#ëû ‰þ“%þíÅ„þ (Q3)  ‰þöìœîû   3 14 n   éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû   3 11 14   éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû ˜î› Þíyöì̃  xî!Þí“þ ›y˜
80

vþz_îû õ Q1 32 ~î‚ Q3 80.

!„þhs$þ– ‰þœîûy!Ÿ ¢›)öì£îû ›yöì̃ îû ¢öìA† þ™!îû¢‚…Äy ë%=þ £öìœ xíîy ö×!’îå• ‰þöìœîû ö×!’!î¦þyöì†îû ¢öìA†
þ™!îû¢‚…Äy ë%=þ £öìœ ²Ìí› ç “,þ“þ#ëû ‰þ“%þíÅ„þ !˜’Åëû „þîûyîû öÇþöìeé é„Êþ›öìëï!†„þ þ™!îû¢‚…Äyîû ~„þ!Ýþ †%îû%c þ™)’Å
¦)þ!›„þy íyöì„þÐ ~Þíöìœ– ›•Ä›y S!m“þ#ëû ‰þ“%þíÅ„þV !˜’Åöìëûîû ¢)e!Ýþöì„þ x˜%¢îû’ „þîûy £ëû ‰þöìœîû ö×!’îå•
þ™!îû¢‚…Äy !î¦þy‹˜ öíöì„þ ²Ìí› ç “,þ“þ#ëû ‰þ“%þíÅ„þ !˜’Åöìëûîû ‹˜ÄÐ !˜öìÁ¬y=þ vþz”y£îû’†%!œ öíöì„þ ~£z •îûöì̃ îû
¢›¢Äyöì„þ ¢›y•y˜ „þîûy ëyöìîÐ

vþz”y. (2) ˜#öì‰þîû ²Ì”_ “þy!œ„þy öíöì„þ ²Ìí› ç “,þ“þ#ëû ‰þ“%þíÅ„þ xíÅyê Q1 ~î‚ Q3 !˜’Åëû „þîû%̃ Ð

‰þœîûy!Ÿ (x) þ™!îû¢‚…Äy (f ) „Êþ›öìëï!†„þ þ™!îû¢‚…Äy

10 6 6

15 17 23
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20 29 52
25 38 90
30 25 115
35 14 129
40 9 138

90 1 139

~Þíöìœ 139f n 

 ²Ìí› ‰þ“%þíÅ„þ (Q1)  ‰þöìœîû  1
4

n  éôé“þ› Þíy˜y!•„þyîû# ›y˜

 ‰þöìœîû  139 1
4
 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû  140
4 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû 35éôé“þ› Þíyöì̃ îû ›y˜

20 [ „Êþ›öìëï!†„þ ¢yîû!’ x %̃¢yöìîû ]

 Q1 20

x˜%îû)öìþ™– “,þ“þ#ëû ‰þ“%þíÅ„þ (Q3)  ‰þöìœîû   3 14 n  éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû   3 139 14  éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû  3 1404  éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû 105éôé“þ› Þíyöì̃ îû ›y˜ S„Êþ›öìëï!†„þ ¢yîû!’ x %̃¢yöìîûV

30

 Q3 30

¢%“þîûy‚– !˜öì’Åëû ²Ìí› ‰þ“%þíÅ„þ 20

~î‚ “,þ“þ#ëû ‰þ“%þíÅ„þ 30 Svþz_îûV
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vþz”y. (3) ‰þöìœîû ¢hsþ“þ ›yöì̃ îû ö×!’!î¦þy† öíöì„þ õ

²Ì”_ “þy!œ„þy x %̃¢yöìîû ²Ìí› ‰þ“%þíÅ„þ (Q1) ~î‚ “,þ“þ#ëû ‰þ“%þíÅ„þ (Q3) !˜’Åëû „þîû%̃ Ð

¢›y•y˜ õ ö×!’ S‰þœöì„þîûV þ™!îû¢‚…Äy „Êþ›öìëï!†„þ þ™!îû¢‚…Äy

4 – 8 6 6

8 – 12 10 6 10 16 (F)
Q1 12 – 16 18 16 18 34

16 – 20 30 34 30 64
20 – 24 15 64 15 79 (F)

 Q3 24 – 28 12 79 12 91
28 – 32 10 91 10 101
32 – 36 6 101 6 107
36 – 40 2 107 2 109

~Þíöìœ– 109n f 

²Ìí› ‰þ“%þíÅ„þ (Q1)  ‰þöìœîû  4
n éôé“þ› Þíy˜ ¢)‰þ„þ ›y˜

 ‰þöìœîû  109
4 éôé“þ› Þíy˜ ¢)‰þ„þ ›y˜

 ‰þöìœîû 27·25éôé“þ› Þíy˜ ¢)‰þ„þ ›y˜

~öìÇþöìe œÇþ’#ëû– Q1 S²Ìí› ‰þ“%þíÅ„þV „Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy x˜%¢yöìîû (12 – 16) ö×!’îû
xhsþ†Å“þÐ

1
27·25 16Q 12 418

    [¢)e õ 1
F4Q L

m

n
if


  

 11·25 2
12 9


  (C) éôé~îû (1) ˜‚ ¢)öìe N

2  ²Ì!“þÞíy!þ™“þ £öìî N
4

 12 1·25 2   !”öìëû ]

12 + 2·50
14·50
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x˜%îû)öìþ™–

Q3  ‰þöìœîû  3 4
n  éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû  3 109
4
 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû  327
4 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû 81·75éôé“þ› Þíyöì̃ îû ›y˜

„Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy x˜%¢yöìîû– Q3 ~Þíöìœ (24 – 28) ö×!’öì“þ xî!Þí“þÐ

¢%“þîûy‚

3
81·75 79Q 24 412

    [(C) ~îû (1) ˜‚ ¢)öìe N
2  éôé~îû ‹yëû†yëû î¢öìî 3N

4 ]

2·75 424 12
 

24·92

 !˜öì’Åëû ²Ìí› ‰þ“%þíÅ„þ 14·50

~î‚ “,þ“þ#ëû ‰þ“%þíÅ„þ 24·92 Svþz_îûV

 ”Ÿ›„þ ƒ ‰þ“%þíÅöì„þîû ›“þ£z ‰þœîûy!Ÿîû ›y˜¢›)öì£îû vþzå•Å„Êþ› Ÿ,Cœöì„þ ~öìÇþöìe ¢›y˜ 10!Ýþ ¢›y˜¦þyöì†
!î¦þ=þ „þîûy (chain) £ëûÐ ‰þœöì„þîû ¢y›!@ùÌ„þ !î¦þy‹öì̃  xhsþîÅ“þ# 9 !Ýþ Þíyöì̃  ”Ÿ›„þ†%!œ xîÞíy˜ „þöìîûÐ
~£z‹y“þ#ëû ¦þ@Ày‚Ÿ„þ (fractile) £óœ ‰þöìœîû !î¦þy‹öì̃ îû vþz_› ›yþ™„þÐ ‰þöìœîû ¢›@ùÌ !î¦þy‹öì̃ îû xhsþõÞí
9!Ýþ !î¨%Kþyþ™„þ Þíy˜öì„þ D1, D2, D3,...., D9 éôé~îû ›y•Äöì› ¢)!‰þ“þ „þîûy £ëûÐ ‰þöìœîû þ™!îû¢‚…Äy !î¦þy‹˜

Šéöì„þ– ò›•Ä›y ¢)öìeó [(C) ~îû (1) ˜‚ ¢)e Þíöìœ ] N
2  ~îû Þíöìœ [ N

10  !œ…öìœ D1] ~î‚ N
2  éôé~îû

Þíöìœ  N2 10  !œ…öì“þ £öìî– “þöìî£z D2 þ™yçëûy ëyöìîÐ ~£z¦þyöìî D9 ~îû öÇþöìe N
2  ²Ì!“þÞíy!þ™“þ £öìî

 N9 10  !”öìëûÐ vþzþ™!îûvþz=þ ò›•Ä›y ¢)eó öíöì„þ£z D1, D2,...., D9 ¢£öì‹£z þ™yçëûy ëyöìîÐ ˜#öì‰þîû vþz”y£îû’!Ýþ

öíöì„þ xy›yöì”îû •yîû’y!Ýþ þ™!îûßþñyîû £öìîÐ
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vþz”y. (4) ˜#öì‰þîû ‰þœöì„þîû þ™!îû¢‚…Äy !î¦þy‹˜ öíöì„þ D4 ~î‚ D8 !˜’Åëû „þîû%̃ Ð

‰þœöì„þîû ö×!’ ö×!’ ¢#›y˜y (frequency) „Êþ›öìëï!†„þ þ™!îû¢‚…Äy (c·f )
(Class interval) (Class boundaries) þ™!îû¢‚…Äy (f ) (Cum. frequency)

50 – 59 49·5 – 59·5 8 8
60 – 69 59·5 – 69·5 10 8  10 18 (F)
70 – 79 69·5 – 79·5 16 18  16 34
80 – 89 79·5 – 89·5 14 34  14 48 (F)
90 – 99 89·5 – 99·5 10 48  10 58
100 – 109 99·5 – 109·5 5 58  5 63
110 – 119 109·5 – 119·5 2 63  2 65

~öìÇþöìe– N 65f 

D4 S‰þ“%þíÅ ”Ÿ›„þV  ‰þöìœîû  N
10
 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû  4 65
10
 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû  4 6·5 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû 26 éôé“þ› Þíyöì̃ îû ›y˜

¢%“þîûy‚– D4, „Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy x %̃¢yöìîû (70 – 79) ö×!’ !î¦þyöì†îû xhsþ†Å“þÐ

4
6 18D 69·5 1016
     [(C) !î¦þyöì†

 869·5 1016   (1) ˜‚ ›•Ä›y ¢)öìe N
2  ²Ì!“þÞíy!þ™“þ–

69·5 5 74·5   £öìî 4N
10  ~îû ›y•Äöì› ]

x˜%îû)öìþ™– D8 SxTþ› ”Ÿ›„þV  ‰þöìœîû  8N
10 éôé“þ› Þíyöì̃ îû ›y˜
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 ‰þöìœîû  8 65
10
 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû  8 6·5 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû 52éôé“þ› Þíyöì̃ îû ›y˜

~Þíöìœ– D8 [S„Êþ›öìëï!†„þ þ™!îû¢‚…ÄyV “þy!œ„þy x %̃¢yöìîû ]

(90 – 99) ö×!’ !î¦þyöì† xî!Þí“þÐ

 8
52 48D 89·5 1010

    [(C) !î¦þyöì† (1) ˜‚

 489·5 10 89·5 410     ¢)öìe N
2  ²Ì!“þÞíy!þ™“þ £öìëûöìŠé 8N

10  éôé~îû ›y•Äöì› ]

93·5

!˜öì’Åëû D4  74·5 ~î‚ D8 93·5 Svþz_îûV

 Ÿ“þ“þ›„þ ƒ ‰þœîûy!Ÿ ¢›)öì£îû ›y˜†%!œ vþzå•Å„Êþöì› ¢y!‹öìëû “þyöì”îû ¢›y˜ 100 !Ýþ ¦þyöì† !î¦þ=þ „þîûöìœ
²Ìöì“þÄ„þ ›yþ™„þ !î¨%öì“þ ‰þœöì„þîû öë ›y˜ þ™yçëûy ëyëû “þyöì„þ£z òŸ“þ“þ›„þó (Percentile) !£¢yöìî †’Ä „þîûy
£ëûÐ ²Ìí›– !m“þ#ëû–...!˜îûy˜î¹£z“þ› ›y˜öì„þ P1, P2,....P99 !£¢yöìî !‰þ!£«“þ „þîûy £ëûÐ xíÅyê ö×!’îå•

‰þœîûy!Ÿîû þ™!îû¢‚…Äy !î¦þy‹„þ Šéöì„þ– xy›îûy P1 ~îû öÇþöìe N ,100  P2 ~îû öÇþöìe 2N ,100  2N , ,100   P99

éôé~îû öÇþöìe 99N ,100  !œ…öì“þ þ™y!îû öë…yöì̃  ‰þœöì„þîû ö›yÝþ þ™!îû¢‚…Äy N. !˜öì‰þîû vþz”y£îû’öìëyöì† îÄyþ™yîû!Ýþ
xy›îûy !îhßþy!îû“þ ¦þyöìî îÄy…Äy „þîûîÐ ‰þ“%þíÅöì„þîû !˜’Åëû ²Ì’yœ# x %̃¢îû’ „þöìîû£z öë›˜ ò”Ÿ›„þó !˜’Åëû „þîûy
£ëû– ö“þ›!˜ ~„þ£z¦þyöìî òŸ“þ“þ›„þóç !˜’Å#“þ £ëûÐ

!˜öìÁ¬y=þ “þy!œ„þy öíöì„þ– P10 ~î‚ P90 !˜’Åëû „þîû%̃ Ð

‰þœöì„þîû S›yöì̃ îûV ö×!’ þ™!îû¢‚…Äy (f ) „Êþ›öìëï!†„þ þ™!îû¢‚…Äy (cf )

0 – 10 4 4
P10 10 – 20 6 4 6 10

20 – 30 20 10 20 30
30 – 40 10 30 10 40 (F)

P90 40 – 50 7 40 7 47

50 – 60 3 47 3 50
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~öìÇþöìe– P10  ‰þöìœîû  10 50
100
 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû þ™Mþ› Þíyöì̃ îû ›y˜

ö¢£z „þyîûöì’– P10 S„Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy x˜%¢yöìîûV–

(10 – 20) ö×!’!î¦þyöì†îû xhsþ†Å“þÐ

 
10

5010 10100P 20 106

      
 
 

[(C) !î¦þyöì†îû (1) ˜‚ ¢)öìe N/2 éôé

 5 1020 106
   ~îû Þíyöì̃   N10 100  !œ…öì“þ £öìîÐ]

50 2520 206 3   

20 8·33   S”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

11·67

x˜%îû)öìþ™– P90  ‰þöìœîû  90 50
100
 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû 45éô“þ› Þíyöì̃ îû ›y˜

~öìÇþöìe vþzöìÍÔ…öìëy†Ä öë P90 S„Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy x %̃¢yöìîûV– (40 – 50) ö×!’ !î¦þyöì†îû
xhsþ†Å“þÐ

 90
45 40P 40 107

     [(C) !î¦þyöì†îû (1) ˜‚ ¢)e öíöì„þ þ™y£z öë…yöì̃

5 1040 7
   [ N

2  ~îû ‹yëû†yëû  N90 100  !œ…öì“þ £öìîÐ]

5040 40 7·147     S”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþVÐ]

 !˜öì’Åëû P10 11·67 ~î‚ P90 47·14 Svþz_îûV
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!î!î• vþz”y£îû’ ›yœy ƒ

vþz”y. (1) ²Ìƒ öëï!†„þ (AM) †vþü  x  !˜’Åëû „þîû%̃  S“þy!œ„þy ˜#öì‰þ ö”çëûy xyöìŠéVÐ

¢›y•y˜ ƒ x f 40
10

xd  fd [~Þíöìœ– Axd h
 ]

10 9 –3 9 × (–3) –27
20 18 –2 18 × (–2) –36
30 25 –1 25 × (–1) –25
A 40 27 0 27 × 0 0
50 14 1 14 × 1 14
60 7 2 7 × 2 14

ö›yÝþ 100 – 60

 !˜öì’Åëû öëï!†„þ †vþü   A
fd

x h
f

  


 60
40 10100


    [ ~Þíöìœ– h 10 ]

6040 10 

40 6 34  

vþz”y. (2) ²Ìõ ”%!Ýþ ¢‚…Äyîû öëï!†„þ †vþü (AM) £öìœy 6·5 ~î‚ ~öì”îû †%öì’y_îû †vþü (GM) ë!”
6 £ëû “þöìî ~öì”îû !îî“Åþ öëï!†„þ †vþü (HM) !˜’Åëû „þîû%̃ Ð

¢›y•y˜ õ xy›îûy ‹y!˜ öë– öëï!†„þ †vþü × !îî“þÅ öëï!†„þ †vþü  S†%öì’y_îû †vþüV2 S”%!Ýþ ¢‚…Äyîû
öÇþöìeV

²ÌÙÀ›öì“þ– 6·5 × !îî“Åþ öëï!†„þ †vþü  (6)2

 îy– !îî“Åþ öëï!†„þ †vþü 36
6·5  

2

13

36 10 72
65 13
  

  5·54 Sxy¢§¬V

 ¢‚…Äy ”%!Ýþîû !˜öì’Åëû !îî“Åþ öëï!†„þ †vþü (HM) 5·54 Svþz_îûV
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(b) ²Ìõ ë!” !“þ˜!Ýþ ¢‚…Äy a, 4 ~î‚ 8 éôé~îû †%öì’y_îû †vþü (GM) 6 £ëû “þöìî a ~îû ›y˜ „þ“þÚ

¢›y•y˜ ƒ ²ÌÙÀy˜%¢yöìîû–  1 34 8 6a  

îy–  1 332 6a

îy– 332 6a   [vþz¦þëû þ™öìÇþîû ‡˜ !˜öìëû]

îy– 216 27
32 4 a

 !˜öì’Åëû a ~îû ›y˜ 27 6.754 

vþz”y. (3) ²Ìõ ˜#öì‰þîû “þy!œ„þy öíöì„þ AM Söëï!†„þ †vþüV ~î‚ ²Ìí› ‰þ“%þíÅ„þ (Q1) 1st quartile)
!˜’Åëû „þîû%̃ Ð •öìîû !˜˜ „þ!Ò“þ †vþü 44·5

¢›y•y˜ ƒ

ö×!’ þ™!îû¢‚…Äy ö×!’ ¢#›y˜y ö×!’îû ›•Ä›y˜ Axu
h
 f × u = fu „Êþ›öìëï!†„þ

S‰þœöì„þîûV   (f ) (class     (x) A = 445, þ™!îû¢‚…Äy
boundaries) h = 10

0 – 9 25 0·5 – 9·5 4·5 –4 –100 25

10 – 19 37 9·5 – 19·5 14·5 –3 –111 25 37  62

20 – 29 81 19·5 – 29·5 24·5 –2 –162 62 81 143 (F)

30 – 39 290 29·5 – 39·5 34·5 –1 –290 143 290 433

40 – 49 253 39·5 – 49·5 44·5 (A) 0 0 433 253 686

50 – 59 225 49·5 – 59·5 54·5 1 225 686 225  911

60 – 69 46 59·5 – 69·5 64·5 2 46 911 46  957

70 – 79 22 69·5 – 79·5 74·5 3 22 957 22  979

80 – 89 17 79·5 – 89·5 84·5 4 17 979 17  996

90 – 99 4 89·5 – 99·5 94·5 5 4 996 4  1000

ö›yÝþ N f éôôôé éôôôé é ôôôé fu  éôôôé
1000 192

•!îû– öëï!†„þ †vþü (AM) x
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A
fu

x h
f

   
   192

44·5 10 44·5 1·921000


      42·58

²Ìí› ‰þ“%þíÅ„þ (Q1) 
N
4L

F
if


    [(C) !î¦þyöì†îû (1) ˜‚ ¢)ey %̃¢yöìîû ]

1000 143429·5 10290

      
 

  250 14329·5 10290
  

10729·5 29   29·5 3·69   Sxy¢§¬V 33·19

vþz_îû õ öëï!†„þ †vþü  42·58

~î‚ ²Ìí› ‰þ“%þíÅ„þ (Q1) 33·19

[~Þíöìœ– N 1000 2504 4  Ð „Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy öíöì„þ þ™y£z  N250 4  éôé~îû ‹˜Ä

(30 – 39) ö×!’ !î¦þy† îy (29·5 – 39·5) ö×!’ ¢#›y˜yöì„þ •óîûöì“þ £öìî– i h 10, f 290 ]

ö×!’ ¢#›y ö×!’îû Axu h
 þ™!îû¢‚…Äy (f) fu

›•Ä›y˜ (x) A 11, h 0·5

9·3 – 9·7 9·5 –3 2 2 × (–3) –6
9·8 – 10·2 10 –2 5 5 × (–2) –10
10·3 – 10·7 10·5 –1 f3 f3 (–1) –f3
10·8 – 11·2 11 (A) 0 f4 0
11·3 – 11·7 11·5 1 14 14 × 1 14
11·8 – 12·2 12 2 6 6 × 2 12
12·3 – 12·7 12·5 3 3 3 × 2 6
12·8 – 13·2 13 4 1 1 × 4 4

ö›yÝþ éôôôé éôôôé N f  323fu f 

3 431 f f 



NSOU  GE-CO-21 219

ë!” öëï!†„þ †öìvþüîû ›y˜ 11·09 ~î‚ 60f   £ëû “þöìî vþzþ™öìîûîû “þy!œ„þy öíöì„þ f3 ç f4 !˜’Åëû

„þîûÐ

¢›y•y˜ ƒ ²ÌÙÀy˜%ëyëû#– öëï!†„þ †vþü   11·09x 

¢%“þîûy‚– A N
fu

x h    [ öë…yöì̃  A  11, h 0·5 N 60,f  ~î‚ 11·09x  ]

îy– 32311 0·560
fx 

  

îy– 323 111·09 11 60 2
f    

 

îy– 32311·09 11 120
f

 

îy– 30·09 120 23 f  

îy– 310·8 23 f 

îy– 3 23 10·8f  

12·2

 3 12f  öëöì£“%þ– þ™!îû¢‚…Äy !˜öì”ÅŸ„þ  3f  ¢îÅ”y •˜yd„þ x…uþ ¢‚…ÄyÐ

þ™%˜îûyëû– “þy!œ„þy x˜%¢yöìîû–

3 4N 31f f f   
Ÿ“Åþy %̃¢yöìîû– N 60

3 431 60f f   

îy– 3 4 60 31f f  

îy– 3 4 29f f 

îy– 4 329f f 
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îy–  4 329 12 12f f   

îy– 4 17f 

 !˜öì’Åëû f3 12 ~î‚ f4 17 Svþz_îûV

vþz”y. (5) ²Ì”_ þ™!îû¢‚…Äy !î¦þy‹˜ Šé„þ öíöì„þ ò›•Ä›yó !˜’Åëû „þîû%̃ Ð

ö×’# ¢#›y þ™!îû¢‚…Äy (f ) þ„Êþ›öìëï!†„þ þ™!îû¢‚…Äy ö×!’îû ›•Ä›y˜ (x)

0 – 10 6 6 5
10 – 20 8 (6 9) 14 (F) 15
20 – 30 11 (14 11) 25 25
30 – 40 18 (25 18) 43 35
40 – 50 5 (43 5) 48 45
50 – 60 2 (48 2) 50 55

ö›yÝþ N 50f  – –

~Þíöìœ– N 50 252 2 

 ›•Ä›y ö×!’ £óœ (20 – 30) Ð ú ö×!’îû !˜Á¬ ¢#›y S¢#›y˜yV L 20, F [ „Êþ›öìëï!†„þ ¢‚…Äy
S›•Ä›y ö×!’îû þ™)öìîÅ£z xî!Þí“þV]

fm ›•Ä›y ö×!’îû !˜‹ßþº þ™!îû¢‚…Äy 10, ö×!’ ÷”‡ÅÄ (h) 10

 ›•Ä›y (M) N 2= L
m

F hf
 

 25 14
20 1011


  

1120 1011  

20 10 30  

 !˜öì’Åëû ›•Ä›y 30 Svþz_îûV
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vþz”y. (6) ö×!’ ¢#›y S‰þœöì„þîûV þ™!îû¢‚…Äy (f) „Êþ›öìëï!†„þ
þ™!îû¢‚…Äy

20 – 25 5 5

25 – 30 70 5 70 75
30 – 35 100 75 100 175
35 – 40 180 175 180 355 (F)
40 – 45 150 355 150 505
45 – 50 120 505 120 625
50 – 55 70 625 70 695
55 – 60 60 695 60 755

ö›yÝþ N 755f  é ôôôé

vþzþ™öìîûy=þ “þy!œ„þy ¢yöìþ™öìÇþ ›•Ä›y (median) ~î‚ ¢‚…Äy†%îû% ›y˜ (mode) !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ

~öìÇþöìe– N 755 377·52 2 

N
2  éôé~îû ¢yöìþ™öìÇþ ›•Ä›y ö×!’ (median class)/ ö×!’ S¢#›y˜yV (median class boundary)

£óœ (40 – 45)

(i) ›•Ä›y  
N
2M L

m

F
hf

      
 

öë…yöì̃  h  ö×!’ ÷”‡ÅÄ

377·5 35540 5150
   L  ›•Ä›y ö×!’îû !˜Á¬ ¢#›y˜y

22·540 5150   F ›•Ä›y ö×!’îû þ™)îÅî“Åþ# „Êþ›öìëï!†„þ þ™!îû¢‚…Äy

fm ›•Ä›y ö×!’îû !˜‹ßþº þ™!îû¢‚…Äy

225 22540 40 40 0·7530 10 300     
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40·75

¢öìîÅyF‰þ þ™!îû¢‚…Äy 180, (35 – 40) ö×!’öì“þ xî!Þí“þ– ~Ýþy£z ¢‚…Äy†%îû% ö×!’ (modal class)

(ii) ¢‚…Äy†%îû%›y˜ (mode)  
1

1
1 2

L
2

 
     

f f h
f f f

 
180 10035 5

2 180 100 150
       

8035 5360 250  
 L1 ¢‚…Äy†%îû% ö×!’îû !˜Á¬¢#›y

f ¢‚…Äy†%îû% ö×!’îû !˜‹ßþº þ™!îû¢‚…Äy

f1 ¢‚…Äy†%îû% ö×!’îû þ™)îÅî“þ#Å ö×!’îû þ™!îû¢‚…Äy

f2 ¢‚…Äy†%îû% ö×!’îû þ™îûî“þ#Å ö×!’îû þ™!îû¢‚…Äy

 80 5 4035 35 35 3·64110 11
       Sxy¢§¬V

38·64

 !˜öì’Åëû ›•Ä›y 40·75

~î‚ ¢‚…Äy†%îû% ›y˜ 38·64 Svþz_îûV

vþz”y. (7) ‰þöìœîû !˜öìÁ¬y=þ !î¦þy‹˜ Sþ™!îû¢‚…ÄyV Šéöì„þ ²Ìy® öëï!†„þ †vþü 7·5 £öìœ p ~îû ›y˜ „þ“þ £öìî–
“þy !˜’Åëû „þîû%̃ Ð

ö×!’ ¢yîû!’öì“þ ‰þœöì„þîû ›y˜ (xi) þ™!îû¢‚…Äy (fi) fi xi

3 6 6 × 3 18
5 8 8 × 5 40
7 15 15 × 7 105
9 p p × 9 9p
11 8 8 × 11 88
13 4 4 × 13 52

ö›yÝþ 41f p  303 9i if x p 
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¢›y•y˜ ƒ ²ÌÙÀ›öì“þ– öëï!†„þ †vþü   7·5x 

xy›îûy ‹y!˜ öë– öëï!†„þ †vþü   i i

i

f x
x

f



îy– 303 97·5 41
p

p



îy– 
303 975

10 41
p

p



îy– 303 915
2 41

p
p




îy–    2 303 9 15 41p p  

îy– 606 18 615 15p p  

îy– 18 15 615 606p p  

îy– 3 9p   îy– 9
3p   îy– 3p 

 p éôé~îû !˜öì’Åëû ›y˜ 3 Svþz_îûV

vþz”y. (8) ²Ìõ öëï!†„þ †vþü !˜’Åëû „þîû%̃  ë…˜ „Êþ›öìëï!†„þ þ™!îû¢‚…Äy (Cumulative frequencey)
Šé„þ!Ýþ !˜Á¬îû)þ™ õ

²Ìy® ˜Áºîû Šéyeöì”îû ¢‚…Äy

0 éôé~îû x!•„þ 60

10 éôé~îû x!•„þ 56

20 éôé~îû x!•„þ 40

30 éôé~îû x!•„þ 20

40 éôé~îû x!•„þ 10

50 éôé~îû x!•„þ 3
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¢›y•y˜ ƒ vþzþ™!îûvþz=þ ‰þöìœîû þ™!îû¢‚…Äy !î¦þy‹˜ Šé„þ!Ýþöì„þ vþzþ™ë%=þ¦þyöìî !î˜Ähßþ „þöìîû þ™y£z õ

²Ìy® ˜Áºîû Šéyeöì”îû ¢‚…Äy ö×!’îû ›•Ä›y˜ þ™!îû¢‚…Äy fixi
(xi) (fi)

0 éôé~îû x!•„þ 60 0 10 52
  4 4 × 5 20

10 éôé~îû x!•„þ 56 15 16 16 × 15 240

20 éôé~îû x!•„þ 40 25 20 20 × 25 500

30 éôé~îû x!•„þ 20 35 10 10 × 35 350

40 éôé~îû x!•„þ 10 45 7 7 × 45 315

50 éôé~îû x!•„þ 3 55 3 3 × 55 165

ö›yÝþ – 60if  1590i if x 
xy›îûy ‹y!˜ öë

öëï!†„þ †vþü   i i

i

f x
x

f



1590
60

1590

60

 
 

  




 i i

i

f x

f

53
2

26·5

 !˜öì’Åëû öëï!†„þ †vþü 26·5 Svþz_îûV

vþz”y. (9) ë!” x1 ~î‚ x2 ”%!Ýþ !¦þ§¬ ›yöì̃ îû ¢‚…Äy £ëû “þöìî ²Ì›y’ „þöìîûy öë vþz£yöì”îû öëï!†„þ †vþü >
†%öì’y_îû †vþü > !îî“Åþ öëï!†„þ †vþü (HM)

¢›y•y˜ ƒ •!îû– ”%!Ýþ !¦þ§¬ ¢‚…Äyîû– öëï!†„þ †vþü  A,

†%öì’y_îû öëï!†„þ †vþü G

~î‚ !îî“Åþ öëï!†„þ †vþü H
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~…˜– 1 2
1 2A G 2

x x x x
  

1 2 1 22
2

x x x x 


   2 2
1 2 1 22 ·

2
x x x x 



 21 2
02

x x
 

[ „þyîû’– 1 2x x  îy– 1 2x x  îy– 1 2 0x x   îy–  21 2 0x x   Sþ™)’Åî†Å

îöìœV ]

 A > G .....(i)

[¢%“þîûy‚– öëï!†„þ †vþü > †%öì’y_îû †vþü ]

þ™%˜îûyëû– G2 A × H

îy– G A
H G

îy– G 1H   [ „þyîû’– A 1,G   (i) ˜‚ öíöì„þ ]

îy– G > H....(ii)

[ †%öì’y_îû †vþü > !îî“þÅ öëï!†„þ †vþü ]

(i) ç (ii) ¢Á™„þÅ ”%!Ýþ öíöì„þ þ™y£z

A > G > H

xíÅyê öëï!†„þ †vþü > †%öì’y_îû †vþü > !îî“Åþ öëï!†„þ †vþü S²Ì›y!’“þV S”%!Ýþ !¦þ§¬ ›yöì̃ îû ¢‚…Äyîû öÇþöìeV

vþz”y. (10) ²Ìõ xéôé²Ì!“þ¢› (asymmetric) îûy!Ÿ “þíÄ¢›)öì£îû öÇþöìe ¢‚…Äy†%îû% ›y˜ (mode) ~î‚
öëï!†„þ †vþü (arithmetic mean) ëíy„Êþöì› 16 ~î‚ 20·2 £öìœ vþz=þ îûy!Ÿ“þíÄ¢›)öì£îû þ¢½þyîÄ
›•Ä›y (median) !˜’Åëû „þîû%̃ Ð
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¢›y•y˜ ƒ xy›îûy ‹y!˜ öë

öëï!†„þ †vþü – ¢‚…Äy†%îû% ›y˜ 3 Söëï!†„þ †vþü – ›•Ä›yV

îy–  3x z x y    [ •!îû– öëï!†„þ †vþü x, ›•Ä›y y ~î‚ ¢‚…Äy†%îû% ›y˜  z ]

îy– 3 3x z x y  

îy– 3 3y x x z  

îy– 3 2y x z 

îy– 3 2 20·2 16y   

îy– 3 40·4 16y  

îy– 3 56·4y 

îy– 56·4
3y 

îy– 18·8y 

 !˜öì’Åëû ›•Ä›yîû ¢½þyîÄ ›y˜ 18·8 Svþz_îûV

vþz”y. (11) ‰þœöì„þîû þ™!îû¢‚…Äy „Êþ›öìëï!†„þ
ö×!’ !î¦þy† (f ) þ™!îû¢‚…Äy

0 – 10 14 14

10 – 20 f1 14   f1
20 – 30 27 41   f1
30 – 40 f2 41   f1  f2
40 – 50 15 N 56  f1  f2

‰þöìœîû þ™!îû¢‚…Äy !î¦þy‹˜ Šéöì„þ ë!” ›•Ä›y ç ¢‚…Äy†%îû% ›y˜ 25 ~î‚ 24 £ëû “þöìî f1 ç f2 !˜’Åëû
„þöìîûyÐ

¢›y•y˜ ƒ ~öìÇþöìe– Ÿ“Åþy˜%¢yöìîû ›•Ä›y ç ¢‚…Äy†%îû% ›y˜ ëíy„Êþöì› 25 ~î‚ 24 : £z£yîûy vþz¦þöìëû£z
ßþ™Tþ“þ (20 – 30) ö×!’ !î¦þyöì† xî!Þí“þÐ

 1 2
1

56 142
25 20 1027

     
    

f f f
 [(C) !î¦þyöì†îû ò›•Ä›yó ¢)e x˜%¢yöìîû ]
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îy– 

1 2
128 14 102

5 27

f f f       
  

îy– 2 1135 14 102
f f       

  

îy–  2 1135 140 5 f f  

îy–  1 25 5f f 

îy–  1 2 1..... 1f f 

þ™%˜îûyëû– 
 

1

1 2

2724 20 10
2 27

f
f f

 
      

 [(C) !î¦þyöì†îû ¢‚…Äy†%îû% ›yöì̃ îû ¢)ey˜%¢yöìîû ]

îy–  
 

1

1 2

27 10
4

54
f

f f



 

îy–  1 2 1216 4 270 10f f f   

îy– 1 1 210 4 4 54f f f  

îy– 1 26 4 54f f   îy–  1 23 2 27.... iif f 

{(ii) – 2 × (i)} ²Ìöìëûy† „þöìîû þ™y£z

1 23 2 27f f 

1 22 2 2f f 

–  –

îy– 1 25f 

~…˜– 1 25,f   (i) ˜‚ éôéö“þ î!¢öìëû þ™y£z

225 1f 
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îy– 2 24f    îy– 2 24.f 

 !˜öì’Åëû 1 25f   ~î‚ 2 24f   Svþz_îûV

vþz”y. (12) ‰þœîûy!Ÿîû þ™!îû¢‚…Äy „Êþ›öìëï!†„þ
ö×!’ (f ) þ™!îû¢‚…Äy

0 – 10 8 8 (F)

D2 10 – 20 10 8  10 18
20 – 40 22 18  22 40
40 – 60 25 40  25 65
60 – 80 10 65  10 75
80 – 100 5 75  5 80

ö›yÝþ N 80f 
²Ì”_ ‰þöìœîû !î¦þy‹˜ Sþ™!îû¢‚…ÄyV Šé„þ x %̃¢yöìîû D2 ~î‚ P5 !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ D2S!m“þ#ëû ”Ÿ„þ›V  ‰þöìœîû  2
10

n éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû  2 80
10
 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû 16éôé“þ› Þíy!˜„þ ›y˜

!˜õ¢öì̈ öì£– D2 S„Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy x˜%¢yöìîûV (10 – 20) ö×!’ !î¦þyöì† xî!Þí“þÐ

2

2 F10D L
n

hf

       
 

 16 810 1010
  

10 8 18  

þ™%˜îûyëû– P5 Sþ™Mþ› Ÿ“þ“þ›„þV  ‰þöìœîû  5
100

n éôé“þ› Þíyöì̃ îû ›y˜
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 ‰þöìœîû  5 80
100
 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû ‰þ“%þíÅ Þíyöì̃ îû ›y˜

ßþ™Tþ“þ£z– P5 S„Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy x˜%¢yöìîûV

(0 – 10) ö×!’ !î¦þyöì† xî!Þí“þÐ

5

5 F100P L
n

hf

       
 

5 80 01000 108

      
 

 4 0 10
0 8


 

40 58 

 !˜öì’Åëû D2 18 ~î‚ P5 5 Svþz_îûV

²ÌÙÀ›yœyéôôôé1

1. 
4 2 3 5 7 5 4

50 55 63 70 71 80 91
x
f

öëï!†„þ †vþü !˜’Åëû „þîû%̃ Ð [ vþz_îû õ 70·33 ]

2. ›y˜ !˜’Åëû „þîû%̃  õ

(a) 
30

1i
i


  (b)  

1
2

n

i
c di


  [c, d > 0, •Ê%î„þ ]

[ vþz. (a) 1095 (b) cn + n (n 1) d ]
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3. öëï!†„þ †vþü !˜’Åëû „þîû%̃  õ

ö×!’ !î¦þy† þ™!îû¢‚…Äy

0 – 10 6

10 – 20 8
20 – 30 15
30 – 40 2
40 – 50 5
50 – 60 2

60 – 17 7 Svþz. 30·78)

4. ë!” i
i

x ay b


  (i 1, 2, ....., n ; a, b •˜yd„þ •Ê%î„þ ¢‚…ÄyV

²Ì›y’ „þîû%̃  öë– x a by 

5. ²Ì›y’ „þîû%̃  öë  2
1

1 A
n

i
i

xn


 ¢îÅ!˜Á¬ £öìî ë…˜ A ,x  öë…yöì̃  1 2, ,...., nx x x  (n ¢‚…Ä„þ

‰þœîûy!ŸV– A S•Ê%î„þV ~î‚ x  Söëï!†„þ †vþüVÐ

6. ‰þöìœîû ö×!’ ¢#›y þ™!îû¢‚…Äy (f )

90 – 99 2
80 – 89 12
70 – 79 22
60 – 69 20
50 – 59 14
40 – 49 4
30 – 39 1

vþzþ™öìîûîû ‰þöìœîû þ™!îû¢‚…Äy !î¦þy‹˜ Šé„þ öíöì„þ ›•Ä›y !˜’Åëû „þîû%̃ Ð

[vþz. ›•Ä›y 68·75 ]
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7. ¢‚!Çþ® þ™å•!“þ (Short cut method) xîœÁºöì̃  öëï!†„þ †vþü !˜’Åëû „þîû%̃  õ

ö×!’ ¢#›y þ™!îû¢‚…Äy

5 – 10 10
10 – 15 6
15 – 20 4
20 – 25 12
25 – 30 8
30 – 35 4
35 – 40 2
40 – 45 1
45 – 50 3

[vþz. 22 ]

8. ‰þöìœîû þ™!îû¢‚…Äy !î¦þy‹˜ Šé„þ!Ýþ !˜Á¬îû)þ™ õ

ö×!’ ¢#›y þ™!îû¢‚…Äy

0 – 5 2
5 – 10 7
10 – 15 18
15 – 20 10
20 – 25 8
25 – 30 5

›y˜ !˜’Åëû „þîû%̃  (i) öëï!†„þ †vþü (AM)

(ii) ›•Ä›y (Median)

(iii) ¢‚…Äy†%îû% ›y˜ (Mode)

[vþz. (i) 15·5

(ii) 14·44
(iii) 12·89
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9. ²Ìy® ˜Áºîû Šéye¢‚…Äy

10 éôé~îû ˜#öì‰þ 3

20 éôé~îû ˜#öì‰þ 8

30 éôé~îû ˜#öì‰ þ 17

40 éôé~îû ˜#öì‰þ 20

50 éôé~îû ˜#öì‰þ 22

vþzþ™!îûvþz=þ “þy!œ„þy öíöì„þ ›•Ä›y ç ¢‚…Äy†%îû% ›y˜ !˜’Åëû „þîû%̃ Ð

Svþz. ›•Ä›y 23·33 ¢‚…Äy†%îû% ›y˜ 24)

10. ÷”!˜„þ ›‹%!îû SÝþy„þyëûV ×!›„þ ¢‚…Äy

100 éôé~îû !˜öì‰þ 8

100 – 200 12
200 – 300 25
300 – 400 15
400 – 500 10

500 éôé~îû vþzöìå•Å 6

vþzþ™öìîûîû ÷”!˜„þ ›‹%!îûéôôôé“þy!œ„þy x %̃¢yöìîû þ×!›„þöì”îû ²Ìy® ›‹%!îûîû ¢‚…Äy†%îû% ›y˜ „þ“þ £öìî “þy !Þíîû
„þîû%̃ Ð

£z!A†“þ õ [ ¢öìîÅyF‰þ þ™!îû¢‚…Äy 25, ¢‚…Äy†%îû% ›y˜ öë ö×!’öì“þ xî!Þí“þ “þy £óœ (200 – 300)]

Svþz. 256·52)

11. ‰þœöì„þîû ö×!’ þ™!îû¢‚…Äy

0 – 10 8
10 – 20 10
20 – 40 22
40 – 60 25
60 – 80 10
80 – 100 5
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²Ì”_ “þy!œ„þy öíöì„þ Q3 S“,þ“þ#ëû ‰þ“%þíÅ„þV– P90 S˜î¹£z Ÿ“þ“þ›„þV !˜’Åëû „þîû%̃ Ð

Svþz. Q3 56, P90 74)

12. x f

5 8
6 10
7 18
8 2
9 16
10 5
11 13
12 1

‰þöìœîû þ™!îû¢‚…Äy Šé„þ öíöì„þ †%öì’y_îû †vþü (GM) ~î‚ öëï!†„þ !îî“Åþ †vþü (HM) !˜’Åëû „þîû%̃ Ð

Svþz. GM  †%öì’y_îû †vþüV 7·83  öëï!†„þ !îî“Åþ †vþü (HM) 5·16)

13. ‰þœîûy!Ÿ†%!œîû ›•Ä›y˜ þ™!îû¢‚…Äy

(Mid-values of the variable) (frequency)

115 6
125 25
135 48
145 72
155 116
165 60
175 38
185 22
185 3

²Ì”_ þ™!îû¢‚…Äy !î¦þy‹˜ Šé„þ öíöì„þ ›•Ä›y (median) !˜’Åëû „þîû%̃ Ð

Svþz. 153·79) S”%é£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV
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14. ö×!’ þ™!îû¢‚…Äy

0 – 4 328
5 – 9 350
10 – 19 720
20 – 29 664
30 – 39 598
40 – 49 524
50 – 59 378
60 – 69 244

vþzþ™öìîûîû ²Ì”_ “þy!œ„þy ¢yöìþ™öìÇþ ¢‚…Äy†%îû% ›y˜ !˜’Åëû „þîû%̃ Ð

Svþz. 13·74)

15.  
1

5 40
n

i
i

x


   ~î‚  
1

3 120
n

i
i

x


   £öìœ n ç x  !˜’Åëû „þîû%̃ Ð

[ vþz_îû õ n 10, 9x  ]

16. !˜öì‰þîû “þy!œ„þy öíöì„þ x‹y˜y ‘x’ éôé~îû ›y˜ !˜’Åëû „þîû%̃  ë…˜ öëï!†„þ †vþü 115·86,

›‹%!îû 110 112 113 117 x 125 128 130
SÝþy„þyëûV

„þ›Åîû“þ 25 17 13 15 14 8 6 2
×!›„þ ¢‚…Äy

Svþz_îû õ x 120 Ýþy„þyV

17. ~„þ!Ýþ oöìîÄîû ›)œÄ 4 îŠéîû ¢›ëû„þyöìœ !m†%’ £ëûÐ oöìîÄîû †vþü ›)œÄ Ÿ“þ„þîûy „þ#¦þyöìî î,!å• þ™yëû
“þy !˜’Åëû „þîû%̃ Ð

Svþz_îû õ 19%)

18. öî“þ˜ îyî” 100 ‹˜ „þ›Åîû“þ þ™%îû%¡ì ç ›!£œyöì„þ îŠéöìîû †öìvþü 5,000 Ýþy„þy !£¢yöìî ö”çëûy £ëûÐ
þ™%îû%¡ì „þ›Å‰þyîû#öì”îû †öìvþü 5,200 Ýþy„þy ~î‚ ›!£œy „þ›#Åöì”îû †öìvþü 4,200 Ýþy„þy !£¢yöìî ö”çëûy £öìœ– öŠéyÝþ
„þyîû…y˜y!Ýþöì“þ „þ“þ‹˜ þ™%îû%¡ì ~î‚ „þ“þ‹˜ ›!£œy „þ›#Å „þy‹ „þöìîû̃  “þy !˜’Åëû „þîû%̃ Ð

Svþz_îû õ þ™%îû%¡ì „þ›#Åîû ¢‚…Äy 80 ~î‚ ›!£œy „þ›#Åîû ¢‚…Äy 20)
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19. !˜öì‰þîû “þy!œ„þy öíöì„þ ›•Ä›y (median) ~î‚ ¢‚…Äy †%îû%›y˜ (mode) !˜’Åëû „þîû%̃ Ð öœ…!‰þöìeîû
¢y£yëÄ !˜˜Ð þ™öìîû †vþü Söëï!†„þ †vþüV !˜’Åëû „þîû%̃ Ð

Svþz_îû õ ›•Ä›y 25 ¢‚…Äy†%îû% ›y˜ 24·6 öëï!†„þ †vþü 25·2)

²Ìy® ˜Áºîû 0 – 10 10 – 20 20 – 30 30 – 40 40 – 50

Šéye ¢‚…Äy 5 12 25 10 8

19 ˜‚ ²ÌöìÙÀîû [£z!A†“þ (Hints) : Ogive öíöì„þ median, Histogram öíöì„þ– mode !˜’Åëû „þîû%̃
þ™öìîû ¢)e!Ýþöì„þ îÄî£yîû „þóîûõ 3 × median – 2 × Mean Mode]

20. ~„þ!Ýþ ~œy„þyëû 100 ‹˜ îÄ!=þîû †vþü Söëï!†„þV îëû¢ 32·02 SîŠéîûV– ö”…y ö†œ öë 57 îŠéîû
îëûßþñ îÄ!=þîû îëû¢ ¦%þœ „Êþöì› 27 îŠéîû !£¢yöìî †’Ä „þîûy £öìëûöìŠéÐ ¢!àþ„þ öëï!†„þ †vþü!Ýþ „þ“þ £öìî “þy !˜’Åëû
„þîû%̃ Ð

Svþz_îû õ ¢!àþ„þ öëï!†„þ †vþü 32·32)

6.4 !îhß+þ!“þ

‰þœîûy!Ÿ ¢›)öì£îû !î¦þy‹˜ Sþ™!îû¢‚…ÄyV ~îû ›y•Äöì› xy›îûy öë ¢›hßþ ö„þw#ëû ²Ìî’“þyîû Sîy ›•Ä†y!›“þyV
þ™!îû›yþ™ öþ™öìëû!Šé “þyîûy ²Ìöì“þÄöì„þ£z !î¦þy‹˜ Šéöì„þîû ò²Ì!“þ!˜!•ó (representative) !£¢yöìî „þy‹ „þöìîûÐ
šþœ“þõ ‰þœîûy!Ÿ ¢›)öì£îû ›y˜†%!œ ö„þw#ëû ›yöì̃ îû ‰þy!îû!”öì„þ „þ#¦þyöìî Šé!vþüöìëû íyöì„þ “þyöì„þ x˜%›y˜ „þîûy
¢£‹¢y•Ä ˜ëûÐ ¢%“þîûy‚ ö„þw#ëû ›y˜öì„þ !‡öìîû ‰þœîûy!Ÿ†%!œîû Šé!vþüöìëû íy„þyîû !îöìŸ¡ì ÷î!ŸTþÄöì„þ£z “þyîû
ò!îhß+þ!“þó (Dispersion) îœy £ëûÐ îûy!Ÿ“þíÄ¢›)öì£îû ²Ì„,þ!“þ (nature) ¢!àþ„þ ¦þyöìî x˜%•yî˜ „þîûyîû ‹˜Ä
!îhß+þ!“þîû !î‰þyîû !îöìÙÕ¡ì’ ‹îû%!îûÐ !îhß+þ!“þîû þ™!îû›yþ™†%!œöì„þ ²Ì•y˜“þ ‰þyîû!Ýþ ¦þyöì† !î¦þ=þ „þîûy £ëûÐ ëíyõ

(i) ²Ì¢yîû (range)

(ii) ‰þ“%þíÅ„þ !î‰%þÄ!“þ (quartile deviation)

(iii) †vþü !î‰%þÄ!“þ (mean deviation)

(iv) ²Ì›y’ !î‰%þÄ!“þ îy ¢›„þ !î‰%þÄ!“þ (standard deviation)

~†%!œöì„þ xy›îûy !˜Á¬!œ!…“þ vþzþ™yöìëû ¢‚Kþy!ëû“þ „þóîûîÐ

(A) ²Ì¢yîû (range) :

!îhß+þ!“þîû ¢îöì‰þöìëû ¢£‹ ¢îûœ þ™!îû›yþ™ þ™å•!“þ £óœ ²Ì¢yîûÐ £z£y ¢îÅ”y “þíÄîûy!Ÿ›yœyîû xhsþ†Å“þ î,£_›
ç Ç%þo“þ› ›y˜ ”%!Ýþîû þ™yíÅ„þÄöì„þ !˜öì”ÅŸ „þöìîûÐ ö×!’îå• ‰þœöì„þîû !î¦þy‹öì̃  ¢îÅöìŸ¡ì ö×!’îû vþzå•Å ¢#›yhsþ
~î‚ ¢îÅ²Ìí› ö×’#îû !˜Á¬¢#›yöìhsþîû [ö×!’¢›)£ ›yöì̃ îû vþzå•Å„Êþöì› ¢!I“þ íy„þöìœ] ²Ìöì¦þ” îy þ™yíÅ„þÄ£z £öìî
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‰þöìœîû !î¦þy‹˜ ²Ì¢yîûÐ ö¢‹˜Ä ²Ì¢yîû ‰þöìœîû ²Ìöì“þÄ„þ ö”ëû ›yöì̃ îû vþzþ™îû !˜¦Åþîû „þöìîû ˜y– ~Ýþy !˜¦Åþîû „þöìîû
²ÌyhsþÞí ›y˜ ”%!Ýþîû vþzþ™îûÐ ‰þœöì„þîû þ™!îû¢‚…Äy !î¦þy‹öì̃  ²Ìyhsþ#ëû ö×!’ !î¦þy† ›%=þ xîÞíyëû íy„þöìœ
²Ì¢yöìîûîû þ™!îû›yþ™ „þîûy ëyëû ˜yÐ

vþz”y. (1) ¢îûœ ¦þyöìî îûy!Ÿ“þíÄ†%!œ ¢%¢!I“þ öë›˜ 20, 21, 22, 25, 30, 32, 37, 40 ; ~öìÇþöìe
²Ì¢yîû 40 – 20 

 ‰þ“%þíÅ„þ !î‰%þÄ!“þ Sîy xyhsþƒ ‰þ“%þíÅ„þ x•Å²Ì¢yîûV [quartile deviation or semi-inter-
quartile range] :

‰þœîûy!Ÿîû ²Ì”_ ›y˜†%!œöì„þ vþzå•Å„Êþöì› ¢y!‹öìëû !˜öìëû ¢›y˜ ‰þyîû!Ýþ ¦þyöì† !î¦þ=þ „þîûy £óœÐ þ™öìîû ~¦þyöìî
¢y‹yöì̃ y ‰þœöì„þîû öë ›y˜!Ýþ ¢›@ùÌ !î¦þy‹˜öì„þ 1 : 3 x %̃þ™yöì“þ !î¦þ=þ „þöìîû “þyöì„þ ‰þöìœîû ²Ìí› ‰þ“%þíÅ„þ
(Q1) 1st quartile) ~î‚ ‰þöìœîû öë ›y˜!Ýþ ¢y›!@ùÌ„þ ¦þyöìî !î¦þy‹˜öì„þ 3 : 1 x˜%þ™yöì“þ !î¦þ=þ „þöìîû “þyöì„þ
‰þöìœîû “,þ“þ#ëû ‰þ“%þíÅ„þ (Q3) (Third quartile) !£¢yöìî !îöìî‰þ˜y „þîûy £ëûÐ ö×!’îå• ‰þöìœîû þ™!îû¢‚…Äy
!î¦þy‹öì̃  „þ#¦þyöìî ²Ìí› ‰þ“%þíÅ„þ (Q1) ~î‚ “,þ“þ#ëû ‰þ“%þíÅ„þ (Q3) !˜•Åyîû’ „þîûy £ëû “þy þ™)öìîÅ£z xyöìœy‰þ˜y
„þîûy £öìëûöìŠéÐ Q1 ~î‚ Q3 éôéö„þ þ™yîyîû þ™îû ‰þ“%þíÅ„þ !î‰%þÄ!“þöì„þ [Quartile deviation îy Q·D S¢‚öìÇþöìþ™V]
ö„þ !˜öìÁ¬y=þ¦þyöìî ¢‚Kþy!ëû“þ „þîûy £ëûÐ

‰þ“%þíÅ„þ !î‰%þÄ!“þ (Q·D)  3 1
1 Q Q2 

†àþ˜éôéx˜%¢yöìîû ~öì„þ xyhsþ éôé‰þ“%þíÅ„þ x•Å²Ì¢yîû îœy £ëûÐ

vþz”y. (2) !˜öì‰þîû “þíÄîûy!Ÿîû þ™!îû¢‚…Äy !î¦þy‹˜ öíöì„þ ¢£öì‹£z ‰þ“%þíÅ„þ !î‰%þÄ!“þ !˜’Åëû „þóîûöì“þ þ™y!îûÐ

‰þœ„þ (x) þ™!îû¢‚…Äy (f ) „Êþ›öìëï!†„þ þ™!îû¢‚…Äy

2 3 3

3 4 3 4 7
4 8 7 8 15
5 3 15 3 18
6 2 18 2 20  (N)

ö›yÝþ N 20f  
¢›y•y˜ õ

~öìÇþöìe N 20 ;

²Ìí›é ‰þ“%þíÅ„þ (Q1)  ‰þöìœîû  N 1
4
 éôé“þ› Þíyöì̃ îû ›y˜
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 ‰þöìœîû  20 1
4
 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû 21
4 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû ¡ìÛþ Þíyöì̃ îû ›y˜ Sþ™îûî“þ#Å þ™)’Å¢‚…Äyöì„þ •öìîûV

„Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy x %̃¢yöìîû ëy £óœ 3

 Q1 3

x˜%îû)öìþ™– Q3  ‰þöìœîû  20 13 4
  éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû (3 × 5·25)éôé“þ› îy 15·75 éôé“þ› Þíyöì̃ îû ›y˜

 ‰þöìœîû 16 éôé“þ› Þíyöì̃ îû ›y˜ Sþ™îûî“þ#Å þ™)’Å ¢‚…Äyëû ²Ì„þyŸ „þöìîûV

„Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy x %̃¢îû’ „þöìîû ö¢!Ýþ £óœ 5.

 Q3 S“,þ“þ#ëû ‰þ“%þíÅ„þV 5.

 ²Ì”_ ‰þöìœîû !î¦þy‹˜ Sþ™!îû¢‚…ÄyV x˜%¢yöìîû–

‰þ“%þíÅ„þ !î‰%þÄ!“þ  3 1
1 Q Q2   1 5 32    1 2 12 

vþz. 1.

(C) †vþü þ™yíÅ„þÄ îy †vþü !î‰%þÄ!“þ (Mean Deviation îy M·D)

†vþü þ™yíÅ„þÄ £öìœy ‰þœîûy!Ÿîû S²Ì”_V öëéôéö„þyöì̃ y ~„þ!Ýþ †vþü Söëï!†„þ †vþü îy ›•Ä›y îy ¢‚…Äy†%îû% ›y˜V–
öíöì„þ îûy!Ÿ¢›)öì£îû ²Ìöì“þÄ„þ!Ýþîû ²Ìöì¦þ” îy !î‰%þÄ!“þîû ~„þ!Ýþ þ™îû› Sîy ‰þîû› (absolute) þ™!îû›yþ™Ð ~„þ„þíyëû–
†vþü þ™yíÅ„þÄ Sîy !î‰%þÄ!“þV £öìœy ò†vþüó öíöì„þ ‰þœîûy!Ÿîû ›y˜¢›)öì£îû •˜yd„þ þ™yíÅ„þÄ†%!œîû öëï!†„þ †vþüÐ

†y!’!“þ„þ ¦þy¡ìyëû– •!îû (x) ‰þœîûy!Ÿîû n ¢‚…Ä„þ ›y˜ £öìœy 1 2 3, , ,...., ;nx x x x  ›y˜†%!œîû öëï!†„þ †vþü

îy †vþü £öìœy .x  ¢%“þîûy‚ ~£z  x  †öìvþüîû ö²Ì!Çþöì“þ– †vþü þ™yíÅ„þÄ  1 2
1 .....x x x xn     

 1 ,n ix x x xn    1,2,....,i n

[~öìÇþöìe–  x x x x    éôé~îû þ™îû› ›y˜ (absolute value) xíÅyê •˜yd„þ ›y˜!Ýþ @ùÌ£’ „þîûöì“þ

£öìîÐ ]
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ë!” x ‰þœöì„þîû n ¢‚…Ä„þ ›y˜ £ëû 1 2, ,.... nx x x  ~î‚ ~öì”îû x˜%îû)þ™ þ™!îû¢‚…Äy £ëû 1 2, ,... nf f f
“þöìî ~öìÇþöìe †vþü þ™yíÅ„þÄ

  1 1 2 2 3 3
1M·D ..... n nf x x f x x f x x f x xn           

1  i if x xn  S¢‚!Çþ® îû)þ™V

öë…yöì̃ – [ ‰þöìœîû öëï!†„þ †vþü îy †vþü ]  1 2 3 .... , 1, 2,....,in xx x x xx i nn n
   

  

vþz”y. (4) (a) ²Ì. !˜Á¬!œ!…“þ ¢‚…Äy†%!œîû †vþü !î‰%þÄ!“þ (M·D) !˜’Åëû „þöìîûy Söëï!†„þ †vþü ¢yöìþ™öìÇþV ƒ
12, 6, 7, 3, 15, 10, 18~î‚ 5

¢›y•y˜ ƒ ²Ì”_ ¢‚…Äy†%!œîû öëï!†„þ †vþü   12 6 7 3 15 10 18 5AM 8
      

îy– 76 19 9·58 2x   

þ™îûî“þ#Å þ™ëÅyöìëû xy›yöì”îû “þy!œ„þy ²Ìhß$þ“þ „þîûöì“þ £öìî ëyöì“þ öëï!†„þ †vþü (9·5) éôé~îû ¢yöìþ™öìÇþ ²Ì”_
¢‚…Äy†%!œîû †vþü !î‰%þÄ!“þ !˜’Åëû „þîûy ëyëûÐ

‰þœ„þ ¢‚…Äyîû ›y˜ (xi) ix x ix x  îy !î‰%þÄ!“þîû Sþþ™îû› ›y˜V

12 12 – 9·5 2·5 | 2·5 | 2·5
6 6 – 9·5 –3·5 | –3·5 | 3·5
7 7 – 9·5 –2·5 | –2·5 | 2·5
3 3 – 9·5 – 6·5 | – 6·5 | 6·5
15 15 – 9·5 5·5 | 5·5 | 5·5
10 10 – 9·5 0·5 | 0·5 | 0·5
18 18 – 9·5 8·5 | 8·5 | 8·5
5 5 – 9·5 4·5 | – 4·5 | 4·5

ö›yÝþ   0ix x  34·0ix x 
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 !˜öì’Åëû †vþü !î‰%þÄ!“þ ix x
n




34·0 34 4·258 8  

vþz. 4·25

(b) ²Ì. ‰þœîûy!Ÿîû þ™!îû¢‚…Äy (fi) 12i ix x x   i if x x

›y˜ (xi) 12i if x 

10 3 | 10 – 12 | 2 3 × 2 6
11 12 | 11 – 12 | 1 12 × 1 12
12 18 | 12 – 12 | 0 18 × 0 0
13 12 | 13 – 12 | 1 12 × 1 12
14 3 | 14 – 12 | 2 3 × 2 6

ö›yÝþ N 48if  — 36i if x x 
“þy!œ„þy ¢yöìþ™öìÇþ †vþü !î‰%þÄ!“þ Söëï!†„þ †vþü  x  ¢yöìþ™öìÇþV !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ~öìÇþöìe– öëï!†„þ †vþü   i i

i

f x
x

f

   1,2,3,4,5i 

10 12 11 18 12 12 13 3 14
3 2 18 12 5

        
   

30 132 216 156 42 576 1248 48
     

 !˜öì’Åëû †vþü !î‰%þÄ!“þ Söëï!†„þ †vþü  x  ¢yöìþ™öìÇþV

N
i if x x



36 3 0·7548 4  

vþz. 0·75
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(D) ²Ì›y’ !î‰%þÄ!“þ îy ¢›„þ !î‰%þÄ!“þ (Standard deviation îy S.D)

¢îûœ ö×!’îû öÇþöìe– ²Ìíöì› ‰þœîûy!Ÿ†%!œîû (xi) !˜!”ÅTþ ›y˜ ¢›)öì£îû ²Ìöì“þÄ„þ!Ýþ öíöì„þ öëï!†„þ †vþü  x

þ™yíÅ„þÄ !˜’Åëû „þöìîû “þyîû î†Å !˜öì“þ £öìîÐ þ™îûî“þ#Å hßþöìîû î†Å „þóöìîû ²Ìy® ›y˜†%!œîû öëï!†„þ †vþü !˜’Åëû „þöìîû
“þyîû vþzþ™îû •˜yd„þ î†Å›)œ xyöìîûyþ™ „þîûöìœ ëy þ™yçëûy ëyöìî “þyöì„þ£z ²Ì›y’ !î‰%þÄ!“þ îy ¢›„þ !î‰%þÄ!“þ !£¢yöìî
†’Ä „þîûy £ëûÐ £z£yöì„þ @ùÌ#„þ xÇþîû  S!¢†›yV !”öìëû !‰þ!£«“þ „þîûy £ëûÐ

(a) †y!’!“þ„þ ¦þyöìî– •!îû ‰þœöì„þîû n ¢‚…Ä„þ ›y˜ £œ 1 2, ,...., nx x x  îy  1, 2,...., .ix i n  îûy!Ÿîû

›y˜¢›)£ ¢îûœ ¦þyöìî !î˜ÄhßþÐ ¢%“þîûy‚ ²Ì›y’ !î‰%þÄ!“þ    21 ,
x x

n


 

öë…yöì̃ – ix
xn   Söëï!†„þ †vþüV

(b) þ™!îû¢‚…Äyë%=þ ¢îûœ xíîy ö×!’îå• îûy!Ÿ›yœyîû öÇþöìe–

²Ì›y’ !î‰%þÄ!“þ    2
N

i if x x
  

[ öë…yöì̃  xi îûy!Ÿ›yœyîû (i  1, 2,....., n) ²Ìöì“þÄöì„þîû þ™!îû¢‚…Äy ëíy„Êþöì› 1 2, ,..., nf f f  îy

 1, 2,...,if i n  ~î‚ N if ]

!î.o [ ¢›¢Äyëû öëï!†„þ †vþü ¢‚ë%=þ îöìœ– ²Ì›y’ !î‰%þÄ!“þ !˜’Åëû „þîûöìœ ¢‚!Çþ® ²Ì’yœ#îû xy×ëû ö˜çëûy
ëyëûÐ ]

vþz”y. (4) !˜öì‰þîû ¢‚…Äy†%!œîû ²Ì›y’ !î‰%þÄ!“þ () !˜’Åëû „þîû%̃  õ 11, 22, 25, 29, 13

¢›y•y˜ ƒ ~öìÇþöìe– öëï!†„þ †vþü   1 22 25 19 13 90 185 5x       

‰þœöì„þîû ›y˜ ¢›)£ (xi) ix x  2
ix x

11 11 – 18 – 7 (–7)2 49
22 22 – 18 4 (4)2 16
25 25 – 18 7 (7)2 49
19 19 – 18 1 (1)2 1
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13 13 – 18 – 5 (–5)2 25

ö›yÝþ  2 140ix x 

 !˜öì’Åëû ²Ì›y’ !î‰%þÄ!“þ    2 140 28 5·295
ix x

n


      Sxy¢§¬V

vþz. 5·29

x˜Ä ¦þyöìî–

¢‚!Çþ® ²Ì’yœ#öì“þ S„þ!Ò“þ †vþü ~îû ¢y£yöìëÄV ‘’ !˜’Åëû „þîûyÐ

‰þœöì„þîû ›y˜¢›)£ (xi) Di xi – A, Di
2  (xi – A)2

•!îû– A 19 S„þ!Ò“þ †vþüV  (xi – 19)2

11 11 – 19 – 8 (–8)2 64
22 22 – 19 3 (3)2 9
25 25 – 19 6 (6)2 36
19 19 – 19 0 (0)2 0
13 13 – 19 – 6 (–6)2 36

ö›yÝþ D 9 14 5i     2D 145i 

 !˜öì’Åëû ²Ì›y’ !î‰%þÄ!“þ  
22D Di i

n n
 

    
 

   S¢)eV

  25145
5 5

 
   

 

 229 1 29 1 28     

5·29 Sxy¢§¬V

vþz. 5·29

~Þíöìœ– A 19 S„þ!Ò“þ †vþüV– i 1, 2, 3, 4, 5
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vþz”y. (5)

²Ìy® ˜Áºîû Šéye ¢‚…Äy Di xi – A Di
2 fiDi fiDi

2

(xi) (fi) xi – 70
64 5 64 – 70 – 6 (–6)2  36 5 × –6  –30 5 × 36  180
A (70) 10 70 – 70 0 (0)2  0 10 × 0  0 10 × 0  0
80 12 80 – 70 10 (10)2  100 12 × 10  120 12 × 100  1200
90 3 90 – 70 20 (20)2  400 3 × 20  60 3 × 400  1200

ö›yÝþ N if – – D 150 i if 2D 2580i if 
30

 !˜öì’Åëû    
2 22580 150

30 30
      
 

 i i i if D f D
N N

 286 5 86 25 61 7·81       S”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

vþz. 7·81

vþz”y. (6) ²Ì. òx!“þ ¢‚!Çþ® þ™å•!“þóöì“þ ‘’ !˜’Åëû „þîû%̃  õéôôôé

‰þœîûy!Ÿîû ö×!’îû þ™!îû¢‚…Äy A  –5, h  10 fiui fiui
2

ö×!’ ›•Ä›y˜ (xi) (fi)
Ai

i
x

u h




i = 1,2,...,7

(–40) – (–30) –35 10  35 5
10

  
10 × (–3) 10 × (–3)2  90

3   –30

(–30) – (–20) –25 28 – 2 28 × (–2) 28 × (–2)2  112

 –56

(–20) – (–10) –15 30  15 5
110

  
  30 × (–1) 30 × (–1)2  30
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‰þœîûy!Ÿîû ö×!’îû þ™!îû¢‚…Äy A  –5, h  10 fiui fiui
2

ö×!’ ›•Ä›y˜ (xi) (fi)
Ai

i
x

u h




i = 1,2,...,7

 30

(–10) – 0 –5 (A) 42  5 5
010

  
 42 × (0) 42 × (0)2  0

 0

0 – 10 5 65  5 5
110

 
 65 × 1 65 × (1)2  65

 65

10 – 20 15 180  15 5
210

 
 180 × 2 180 × (2)2  720

 360

20 – 30 25 10  25 5
310

  
 10 × 3 10 × (3)2  90

 30

ö›yÝþ – N 365if  – 339i if u  2 1107i if u 
¢›y•y˜ éƒ

vþzþ™öìîûîû “þy!œ„þy x %̃¢yöìîû–

²Ì›y’ !î‰%þÄ!“þ  
22

N N
i i i if u f u

h
         

   

   S¢)eV

 21107 339 10365 365
     
  

 3·03 0·86 10 1·473 10 14·73       S”%é£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

vþz. 14·73



NSOU  GE-CO-21244

(E) ö¦þ” ¢£† îy ö¦þ”yA„þ (Co-efficient of Variation or C.V) :

öë ö„þy˜ ‰þœîûy!Ÿîû ²Ì›y’ !î‰%þÄ!“þ îy ¢›„þ !î‰%þÄ!“þ () ~î‚ “þyîû öëï!†„þ †vþü  x  £öìœ– ‰þöìœîû ö¦þ”

¢£† îy ö¦þ”yA„þ (Co-eff. of Variation) 100x
   Së…˜ 0x  V

vþz”y. (i) ‰þœîûy!Ÿîû ö×!’ !î¦þy† þ™!îû¢‚…Äy

90 – 99 2

80 – 89 12
70 – 79 22
60 – 69 20
50 – 59 14
40 – 49 4
30 – 39 1

²Ì”_ “þy!œ„þy öíöì„þ ö¦þ”yA„þ (C.V) !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ

‰þœîûy!Ÿîû ‰þœîûy!Ÿîû ö×!’îû (f) A ,xu
h
 fu fu2

ö×!’ ¢#›y ö×!’ ¢#›y˜y ›•Ä›y˜ (x) þ™!îû¢‚…Äy A 64·5,

(Class limit) (Class boundary (Mid. Value (frequency) h  10
of the variable of the variable) of the class)

90 – 99 89·5 – 99·5 94·5 2 94·5 64·5
10
 6 18

= 3

80 – 89 79·5 – 89·5 84·5 12 2 24 48

70 – 79 69·5 – 79·5 74·5 22 1 22 22

60 – 69 59·5 – 69·5 64·5 (A) 20 0 0 0

50 – 59 49·5 – 59·5 54·5 14 –1 –14 14

40 – 49 39·5 – 49·5 44·5 4 –2 –8 16

30 – 39 29·5 – 39·5 34·5 –1 –3 –3 9

ö›yÝþ N 75f  0 fu 2fu
= 27 =127
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x  Söëï!†„þ †vþüV A N
fu

h  

2764·5 1075  

64·5 3·6 

68·1

~î‚  S²Ì›y’ !î‰%þÄ!“þV 
22

N N
fu fu

h
        

   

 

 2127 27 1075 75
     
  

 1·6933 0·1296 10 1·2505 10    

12·505

12·5 S”Ÿ!›öì„þîû þ™îû 1 ‡îû þ™ëÅhsþV

 !˜öì’Åëû ö¦þ”yA„þ (C·V) 68·1
12·5

5·4

vþz_îû õ 5·4

!î.o. (i) ö¦þ”yöìA„þîû ¢y£yöìëÄ !îhß+þ!“þîû xyöìþ™!Çþ„þ þ™!îû›yþ™öì„þ ¢%̈ îû ¦þyöìî ²Ì„þyŸ „þîûy ëyëû ~!Ýþ ~„þ!Ýþ
¢%¢‚£“þ ¢‚Kþy ßþºîû)þ™Ð

(ii) ö¦þ”›y˜ (Variance) 2 S¢›„þ þ™yíÅöì„þÄîû î†ÅV îûy!Ÿ!îKþyöì̃ îû „þ’Å•yîû R·A· Fisher 1913
¢yöìœ ~îû ¢‚Kþy !˜•Åyîû’ „þöìîû̃ Ð

(F) †vþü !îhßþyîûyA„þ (Co-efficient of mean deviation)

†vþü þ™yíÅöì„þÄîû þ™!îûöì²Ì!Çþöì“þ !îhß+þ!“þîû xyöìþ™!Çþ„þ þ™!îû›yþ™öì„þ îœy £ëû †vþü !îhßþyîûyA„þ (Co-efficient
of mean deviation)Ð
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†y!’!“þ„þ ¦þyöìî– †vþü !îhßþyîûyA„þ 
öëï!†„þ †vþü öíöì„þ †vþü þ™yíÅ„þÄ

öëï!†„þ †vþü

!î.o. †vþü !îhßþyîûyA„þ ›•Ä›y öíöì„þç !˜’Åëû „þîûy £ëûÐ

ö¢öìÇþöìe– †vþü !îhßþyîûyA„þ 
›•Ä›y öíöì„þ †vþü þ™yíÅ„þÄ

›•Ä›y
 £öìîÐ

vþz”y. (1) îûy!Ÿ›yœy ¢îûœ ¦þyöìî SxíÅyê ö×!’îå• £öìœV !î˜Ähßþ £öìœ ˜#öì‰þîû þ™å•!“þöì“þ †vþü !îhßþyîûyA„þ
!˜’Åëû „þîûy £ëûÐ

îûy!Ÿ›yœyîû ›y˜ (x) îûy!Ÿ›yœyîû öëï!†„þ †vþü
öíöì„þ •˜yd„þ þ™yíÅ„þÄ îy x x

15 | 15 – 15 | 0

20 | 20 – 15 | 5
17 | 17 – 15 | 2
19 | 19 – 15 | 4
21 | 21 – 15 | 6
13 | 13 – 15 |  | – 2 | 2
12 | 12 – 15 |  | – 3 | 3
10 | 10 – 15 |  | – 5 | 5
17 | 17 – 15 |  | 2 | 2
9 | 9 – 15 |  | – 6 | 6
12 | 12 – 15 |  | – 3 | 3

ö›yÝþ 38x x 

~öìÇþöìe öëï!†„þ †vþü   15 20 17 19 21 13 12 10 17 19 12
11x          

165 1511   ~î‚ n 11.

¢%“þîûy‚– †vþü þ™yíÅ„þÄ îy †vþü !î‰%þÄ!“þ (Mean deviation) 


 x x
n
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38 3·4511 

 !˜öì’Åëû †vþü !îhßþyîûyA„þ Söëï!†„þ †vþü ¢yöìþ™öìÇþV 3·45
15

45 23 0·2315 100 100
  


vþz_îû õ 0·23.

vþz”y. (ii) ö×!’îå• îûy!Ÿ›yœyîû öÇþöìe †vþü !îhßþyîûyA„þ !˜’Åëû „þîûyîû þ™å•!“þ ƒ

îûy!Ÿ¢›)öì£îû þ™!îû¢‚…Äy (f) ›•Ä›y˜ (x) fx | x – 9·2 | f x x

ö×!’éôé¢#›y˜y/¢#›y x x  9·2f x 

0 – 4 4 2 8 7·2 28·8
4 – 8 6 6 36 3·2 19·2
8 – 12 8 10 80 0·8 6·4
12 – 16 5 14 70 4·8 24·0
16 – 20 2 18 36 8·8 17·6

ö›yÝþ 25 N f fx 96f x x 
230

öëï!†„þ †vþü [(A·M)]   230 9·225
fx

x
f

  


¢%“þîûy‚– †vþü !î‰%þÄ!“þ/†vþü þ™yíÅ„þÄ [ öëï!†„þ †vþü ¢yöìþ™öìÇþ ]

N
f x x f x x

f
 

  


96 3·8425 

 !˜öì’Åëû †vþü !îhßþyîûyA„þ Söëï!†„þ †öìvþüîû ö²Ì!Çþöì“þV
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†vþü þ™yíÅ„þÄ Söëï!†„þ †vþü ¢yöìþ™öìÇþV

öëï!†„þ †vþü

3·84 48 0·429·2 115    Sxy¢§¬V

vþz_îû õ 0·42

!î.o. ›•Ä›yîû ¢yöìþ™öìÇþç †vþü !îhßþyîûyA„þ !˜’Åëû „þîûy ëyëûÐ ~îû vþz”y£îû’ þ™îûî“þ#Å !î!î• ²ÌöìÙÀy_îû þ™öìîÅ
ö”…yöì̃ y £öìëûöìŠéÐ

(G) ‰þ“%þíÅ„þ !î‰%þÄ!“þ xA„þ (Co-efficient of quartile deviation) : ~!Ýþç ~„þ!Ýþ xyöìþ™!Çþ„þ
!îhß+þ!“þ ›yþ™„þÐ ‰þœîûy!Ÿîû ‰þ“%þíÅ„þ !î‰%þÄ!“þ ç ›•Ä›yîû x %̃þ™yöì“þîû Ÿ“þ„þîûy £yîûöì„þ îœy £ëû ‰þ“%þíÅ„þ !î‰%þÄ!“þ
xA„þ (Co-efficient of quartile deviation)Ð

†y!’!“þ„þ þ™!îû¦þy¡ìyëû–

‰þœöì„þîû ‰þ“%þíÅ„þ !î‰%þÄ!“þ xA„þ 
‰þöìœîû “,þ“þ#ëû ‰þ“%þíÅ„þé  é‰þöìœîû ²Ìí› ‰þ“%þíÅ„þ

2  
  100

Q3 – Q1–––––––––––– × 100 [ ë…˜ ‰þöìœîû ›•Ä›y 0 ]
2 × ›•Ä›y

vþz”y. (1) 12, 17, 15, 10, 19, 17, 25 ¢‚…Äy†%!œîû ‰þ“%þíÅ„þ !î‰%þÄ!“þ xA„þ !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ¢îÅyöì@ùÌ ¢‚…Äy†%!œöì„þ S²Ì”_V ›yöì̃ îû vþzå•Å„Êþöì› ¢y!‹öìëû þ™y£z–

7, 10, 12, 15, 17, 19, 25.

~öìÇþöìe– n 7;  1
4

n  éôé“þ› Þíyöì̃  xî!Þí“þ ¢‚…Äyîû ›y˜  7 1
4
  îy !m“þ#ëû Þíyöì̃  xî!Þí“þ

¢‚…Äyîû ›y˜ 10

²Ìí› ‰þ“%þíÅ„þ (Q1) 10.

x˜%îû)öìþ™– !m“þ#ëû ‰þ“%þíÅ„þ    2
1Q 2 4

n   îy  1
2

n  éôé“þ› Þíyöì̃  xî!Þí“þ ¢‚…Äyîû ›y˜  7 1
2


îy ‰þ“%þíÅ Þíy˜y!•„þyîû# ¢‚…Äyîû ›y˜ 15

¢%“þîûy‚ ›•Ä›y (Q2) 

“,þ“þ#ëû ‰þ“%þíÅ„þ    3
3Q 14 n   îy  3 7 14   îy  3 84 
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¡ìÛþ Þíyöì̃  xî!Þí“þ ¢‚…Äyîû ›y˜

19.

 !˜öì’Åëû ‰þ“%þíÅ„þ !î‰%þÄ!“þéôéxA„þ

3 1

2

Q Q 1002 Q
    

 19 10 1002 15
 


9 3100 10030 10   

30

vþz_îû õ 30.

vþz”y. (ii) ˜#öì‰þîû “þy!œ„þy öíöì„þ ‰þ“%þíÅ„þ !î‰%þÄ!“þ xA„þ !˜•Åyîû’ „þîû%̃ Ð

‰þöìœîû ›y˜ þ™!îû¢‚…Äy „Êþ›öìëï!†„þ þ™!îû¢‚…Äy

10 5 5

15 10 5  10 15
20 16 15  16 31
25 20 31  20 51
30 14 51  14 65
35 8 65  8 73
40 4 73  4 77

¢›y•y˜ ƒ ~Þíöìœ N 5 10 16 20 14 8 4      

77

 ²Ìí› ‰þ“%þíÅ„þ (Q1)  ‰þöìœîû  N 1
4
  îy 77 1

4
  îy 78

4  îy 39
2  îy 19·5 éôé“þ› Þíyöì̃

xî!Þí“þ ¢‚…Äyîû ›y˜

 ‰þöìœîû 20éôé“þ› Þíyöì̃  xî!Þí“þ ¢‚…Äyîû ›y˜ Sþ™îûî“þ#Å þ™)’Å ¢‚…Äy îû)þ™yhsþ!îû“þ „þöìîûV

20 S„Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy x %̃¢yöìîû ‰þœöì„þîû ›y˜V
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x˜%îû)öìþ™– Q2 S›•Ä›y/!m“þ#ëû ‰þ“%þíÅ„þV

 ‰þöìœîû  N 12 4
 éôé“þ› Þíyöì̃  !Þí“þ ¢y‚…Ä ›y˜

  77 12 4
 éôé“þ› Þíyöì̃  !Þí“þ ¢y‚…Ä ›y˜

78
2 éôé“þ› Þíyöì̃  !Þí“þ ¢y‚…Ä ›y˜

39éôé“þ› Þíyöì̃  !Þí“þ ¢y‚…Ä ›y˜

25 S„Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy x %̃¢yöìîû ‰þœöì„þîû ›y˜V

Q3 S“,þ“þ#ëû ‰þ“%þíÅ„þV  ‰þöìœîû  N 13 4


  îy  77 13 4
  îy 234

4 îy 58·5]éôé“þ› Þíyöì̃  !Þí“þ

¢y‚…Ä ›y˜

 ‰þöìœîû 59 éôé“þ› Þíyöì̃  !Þí“þ ¢y‚…Ä ›y˜

30 [ „Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy öíöì„þ ²Ìy® ‰þöìœîû ›y˜ ]

¢%“þîûy‚– !˜öì’Åëû †vþü !îhßþyîûyA„þ

3 1

2

Q Q 1002 Q
    

 S¢)eV

 30 20 1002 25
 


   10 100 10 2 202 25    


vþz. 20

(H) (a) ö„þw#¦þî˜ öîû…y îy œöìîûO öîû…y (Lorenz Curve)

¢Á™” îy xyëû ¢Á™!„þÅ“þ þ™ëÅöìîÇþ’ „þyöìœ ¢Á™” î^ùÝþöì̃ îû öÇþöìe ÷î¡ì›Ä !‰þe œ!Çþ“þ £ëûÐ ö¢‹˜Ä
¢Á™öì”îû ö„þ!w„þ“þy †y!›“þy !î¡ìöìëû ¢!îöìŸ¡ì Kþy˜ x‹Åöì̃ îû “þy!†öì” !îöìŸ¡ì ~„þ ²Ì„þyîû „Êþ›öìëï!†„þ
þ™!îû¢‚…Äy öîû…yîû îÄî£yîû ˜‹öìîû xyöì¢Ð ~öì„þ£z ö„þwy!¦þ›%…# öîû…y îy œöìîûO öîû…y !£¢yöìî x!¦þ!£“þ „þîûy
£ëûÐ Dr. Max. O. Lorenz- ~îû ˜y›y %̃¢yöìîû ~ •îûöì̃ îû öœ…!‰þöìeîû ˜y› £öìëûöìŠé œöìîûO öîû…yÐ
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†’˜y „þyëÅ ƒ

•!îû– X ‰þœöì„þîû x ›y˜ þ™ëÅhsþ „Êþ›öìëï!†„þ þ™!îû¢‚…Äy (cumulative frequency) ~î‚ ö›yÝþ þ™!îû¢‚…Äy
(frequency) ”%!Ýþîû x %̃þ™yöì“þîû Ÿ“þ„þîûy £yîû G (x) ~î‚ X ‰þœöì„þîû x ›y˜ þ™ëÅhsþ ›yöì̃ îû öëy†šþœ
~î‚ ö›yÝþ ›yöì̃ îû öëy†šþœ éôé~îû x˜%þ™yöì“þîû Ÿ“þ„þîûy £yîû H (x).

 G 100i

i
x x

i

f

x
f

  




~î‚  H 100i

i i
x x

i i

f x

x
f x

 




~öìÇþöìe–  0 G 100x   ~î‚  0 H 100x 

~…˜ Šé„þ „þy†öì‹îû ¢›“þöìœ x %̃¦)þ!›„þ öîû…y îy xxÇþ îîûyîîû G (x) éôéö„þ ~î‚ vþzœÁº öîû…y îy y
xÇþ îîûyîîû H (x) éôéö„þ !˜•Åyîû’ „þöìîû ›)œ!î¨% (0, 0) ¢yöìþ™öìÇþ x éôé~îû !î!¦þ§¬ ›yöì̃ îû ‹˜Ä (G (x),
H (x) ) !î¨%†%!œöì„þ ëíyëí Þíyöì̃  ²Ì!“þÞíy!þ™“þ „þöìîû ²Ìy® !î¨%¢›)£öì„þ ›%=þ £hßþy!A„þ“þ ›¢,’ öîû…yîû
›y•Äöì› ¢‚ë%=þ „þöìîû öë öœ…!‰þe þ™yçëûy ëyëû “þyöì„þ£z îœy £ëû òœöìîûO öîû…yóÐ !îöìŸ¡ì öÇþöìe– ë…˜ G
(x) H (x) £ëû– “þ…˜ öœ…!‰þe!Ýþ ~„þ!Ýþ ¢îûœöìîû…yëû îû)þ™yhsþ!îû“þ £ëûÐ ~öì„þ ò¢›î^ùÝþ˜ öîû…yó– îy ‘line
of equal distribution’ îy ‘egalitarian line’ !£¢yöìî !‰þ!£«“þ „þîûy £ëûÐ ë…˜ ¢Á™” îy xyöìëûîû
î^ùÝþöì̃  ö„þyöì̃ y ²Ì„þyîû ÷î¡ì›Ä îy ²Ìöì¦þ” œÇþ „þîûy ëyëû ˜y “þ…˜£z òœöìîûO öîû…yóîû ö”…y ö›öìœ ~„þ!Ýþ
¢îûœöìîû…yîû xy„þyöìîû [ „þyîû’ ~öìÇþöìe ¢îÅ”y G (x) H (x)]Ð

vþz”y£îû’ßþºîû)þ™– ö„þyöì̃ y ~„þ!Ýþ !îöìŸ¡ì Ÿ£öìîûîû S•îûy ëy„þ î•Å›y˜V öÇþöìe ¢Á™” îy xyëû î^ùÝþöì̃ îû
öîœyëû G (x) H (x) íy„þöìœ Ÿ£îû!Ýþîû 30% îy!¢¨y Ÿ£öìîûîû ¢›@ùÌ xyöìëûîû 30% ö¦þy† „þöìîû̃ – Ÿ£öìîûîû
60% îy!¢¨y Ÿ£îû!Ýþîû ¢›@ùÌ xyöìëûîû 60% ö¦þy† „þöìîû̃ – Ÿ£öìîûîû 70% îy!¢¨y Ÿ£îû!Ýþîû ¢›@ùÌ xyöìëûîû
80% ö¦þy† „þöìîû˜ £z“þÄy!”Ð

~…˜ ö„þw#¦þî˜ öîû…y îy œöìîûO öîû…y ~î‚ ¢›î^ùÝþ˜ öîû…y ”%!Ýþîû ›y•Äöì› öë xMþœ!Ýþ ö‡îûy íyöì„þ
“þyöì„þ£z îœy £ëû òö„þ!w„þ“þyîû xMþœó (area of concentration)Ð £z£y ö„þw#¦þîöì̃ îû ›yey !Þíîû „þöìîûÐ
ö¢‹˜Ä ¢›!˜öìîŸ# öîû…yîû öíöì„þ ö„þw#¦þî˜ öîû…y îy œöìîûO öîû…y ë“þ ”)öìîû íyöì„þ “þ“þ£z ö„þw#¦þî˜
xMþöìœîû öÇþešþœ öîöìvþü ëyëûÐ šþœ“þõ î^ùÝþ˜ ÷î¡ì›Äç îyvþüöì“þ íyöì„þÐ ö¢öìÇþöìe– ¢y›!@ùÌ„þ¦þyöìî xyëû îy
¢Á™öì”îû öî!Ÿîû ¦þy†£z ›%!Tþöì›ëû ‹˜†öì’îû „þyöìŠé ö„þw#¦)þ“þ £öì“þ íyöì„þÐ “þy£z ö„þw#¦þî é̃ôéxMþöìœîû öÇþešþœ
£öìëû vþzöìàþ ö„þw#¦þîöì̃ îû þ™!îû›yþ™„þÐ 2 [ö„þw#¦þî˜ xMþöìœîû öÇþešþœ ] ö„þ ò!†!˜îû ö„þw#¦þî˜éôéxA„þó
(Gini’s Co-efficient of Concentration) !£¢yöìî ¢)!‰þ“þ „þîûy £ëûÐ
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vþz”y£îû’ ƒ

!˜öì‰þîû “þíÄîûy!Ÿ›yœyîû ¢y£yöìëÄ òòœöìîûO öîû…yîû öœ…!‰þe xA„þ˜ „þîû%̃ Ð

›‹%!îû îyî” xyëû „þ›Åîû“þ ësþf‰þyœöì„þîû ¢‚…Äy S²Ì!“þ £y‹yöìîûV
S²Ì!“þ 1000 Ýþy„þyëûV !î¦þy†éôôôéò„þó ò!î¦þy†éôôôéò…ó !î¦þy†éôôôéò†ó

10 5 8 15
20 10 7 6
40 20 5 2
50 25 3 1
80 40 2 1

¢›y•y˜ ƒ ²Ì”_ “þy!œ„þy ¢yöìþ™öìÇþ ‘Lorenz Curve’ Sîy òœöìîûO öîû…yóV x¤y„þyîû ‹˜Ä ‰þœîûy!Ÿîû
þ™!îû¢‚…Äy S„Êþ›öìëï!†„þV ~î‚ “þyöì”îû Ÿ“þ„þîûy £yîû ¢Áº!œ“þ “þíÄ (data) ²Ìöìëûy‹˜ £öìîÐ œöìîûO öîû…yîû
‹˜Ä xéôéxÇþ Sx˜%¦)þ!›„þ öîû…yV éôéö„þ ¢›y˜ 10 !Ýþ ¦þyöì† (0 – 100 ö„þV ~î‚ y–xÇþ SvþzœÁº öîû…yV éôéö„þ
¢›y˜ 10 !Ýþ ¦þyöì† (0 – 100 ö„þV !î¦þ=þ „þîûy £ëûÐ (0, 0) ö„þ ›)œ!î¨% !£¢yöìî !‰þ!£«“þ „þîûy £ëûÐ ˜#öì‰þîû
„Êþ›öìëï!†„þ þ™!îû¢‚…Äy ë%=þ Šé„þ!Ýþ œÇþ’#ëûÐ

xyëû xyöìëûîû vþzþ™îû „Êþ›öìëï!†„þ ësþf‰þyœ„þ „Êþ›öìëï!†„þ
S²Ì!“þ 1000 „Êþ›öìëï!†„þ x‚öìŸîû Ÿ“þ„þîûy S²Ì!“þ x‚öìŸ ësþf‰þyœ„þ
Ýþy„þyëûV x‚Ÿ £yîû (%) 1000 ~V

10 10 10 100 5200   5 5

20 30  (10  20) 30 100 15200   10 15

40 70  (30  40) 70 100 35200   20 35

50 120  (70  50) 120 100 60200   25 60

80 200  (120  80) 200 100 100200   40 100
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„Êþ›öìëï!†„þ ësþf‰þyœ„þ „Êþ›öìëï!†„þ „Êþ›öìëï!†„ ësþf‰þyœ„þ „Êþ›öìëï!†„ „Êþ›öìëï!†„
xyöìëûîû S²Ì!“þ x‚öìŸîû ësþf‰þyœ„þ xyöìëûîû S²Ì!“þþ x‚öìŸîû xyöìëûîû
Ÿ“þ„þîûy £yîû 1000 éôé~V Ÿ“þ„þîûy £yîû (%) 1000 éôé~V ësþf‰þyœ„þ Ÿ“þ„þîûy £yîû (%)
(%)
5 8 8 32 15 15 60
15 7 15 60 6 21 84
35 5 20 80 2 23 92
60 3 23 92 1 24 96

100 2 25 100 1 25 100

œöìîûO öîû…yîû öœ…!‰þe ƒ
(Graph of Lorenz Curve)
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!î!î• vþz”y£îû’›yœy ƒ

vþz”y. (1) öëï!†„þ †vþü ¢yöìþ™öìÇþ !˜öì‰þîû îûy!Ÿ†%!œîû †vþü þ™yíÅ„þÄ !˜’Åëû „þîû%̃  õ

4, 9, 11, 15, 17.

¢›y•y˜ ƒ ²Ì”_ ‰þœîûy!Ÿ†%!œîû öëï!†„þ †vþü (AM)

4 9 11 15 17 56 282 2
     

x  öíöì„þ ‰þœîûy!Ÿ†%!œîû ²Ìöì“þÄ„þ!Ýþîû þ™yíÅöì„þÄîû þ™îû› ›y˜ (absoute value) £óœ

| 4 – 28 |  | – 24 | 24
| 9 – 28 |  | – 19 | 19
| 11 – 28 |  | – 17 | 17
| 15 – 28 |  | – 13 | 13
| 17 – 28 |  | – 11 | 11

öëï!†„þ †vþü x  Sîy 15) ~îû ¢yöìþ™öìÇþ ‰þœîûy!Ÿ†%!œîû †vþü þ™yíÅ„þÄ (mean devation)

24 19 17 13 11
5

   

84 16·85 

vþz. 16·8

vþz”y. (2) 12, 48, 30, 94, 90 ‰þœîûy!Ÿ†%!œîû S›•Ä›y ¢yöìþ™öìÇþV †vþü þ™yíÅ„þÄ !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ²Ì”_ ‰þœîûy!Ÿ †%!œöì„þ ›yöì̃ îû vþzå•Å„Êþöì› (ascending order of mnagnitude) ¢y!‹öìëû
þ™y£z õ

12, 30, 48, 90, 94....(1)

~öìÇþöìe ö›yÝþ 5 !Ýþ îûy!Ÿ î“Åþ›y˜Ð 5 Sxë%@Â •˜¢‚…ÄyV– ö¢‹˜Ä vþzþ™!îûvþz=þ (1) ˜‚– ~îû  5 1
2
  îy

 6
2  îy “,þ“þ#ëû Þíyöì̃  !Þí“þ îûy!Ÿîû ›y˜ ›•Ä›y !£¢yöìî †’Ä £öìîÐ

 ›•Ä›y (m) 48
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~…˜– ›•Ä›y (m) ¢yöìþ™öìÇþ (1) ˜‚ ²Ì”_ îûy!Ÿ†%!œîû ²Ìöì“þÄöì„þîû þ™yíÅöì„þÄîû þ™îû› ›y˜ £öìî

| 12 – 48 |  | – 36 | 36
| 30 – 48 |  | – 18 | 18
| 48 – 48 |  | 0 | 0
| 90 – 48 |  | 42 | 42
| 94 – 48 |  | 36 | 36

¢%“þîûy‚ ›•Ä›y (m) 48 ¢yöìþ™öìÇþ ²Ì”_ ‰þœîûy!Ÿîû †vþü þ™yíÅ„þÄ 36 18 10 42 36
5

   

132
5

26·4

vþz. 26·4

vþz”y. (3) ²Ì”_ “þy!œ„þy öíöì„þ †vþü þ™yíÅ„þÄ !˜’Åëû Söëï!†„þ †vþü ¢yöìþ™öìÇþV „þîû%̃ Ð

‰þœîûy!Ÿ (x) 10 20 30 40 50

þ™!îû¢‚…Äy (f ) 5 3 2 4 1

¢›y•y˜ ƒ †’˜y „þyöìëÅîû ¢yîû!’ ƒ

‰þœîûy!Ÿ þ™!îû¢‚…Äy fx x x f x x
(x) (f )
10 5 5 × 10 50 | 10 – 25 | 15 5 × 15 75
20 3 3 × 20 60 | 60 – 25 | 35 3 × 35 105
30 2 2 × 30 60 | 60 – 25 | 35 2 × 35 70
40 4 4 × 40 160 | 160 – 25 | 135 4 × 135 540
45 1 1 × 45 45 | 45 – 25 | 20 1 × 20 20

ö›yÝþ 15f  375fx  é ôôôé 810f x x 

~öìÇþöìe– öëï!†„þ †vþü   375 2515  


fx
x

f



NSOU  GE-CO-21256

 !˜öì’Åëû †vþü þ™yíÅ„þÄ Söëï!†„þ †vþü ¢yöìþ™öìÇþV 
f x x

f





810 162 54.15 3  

vþz. 54

vþz”y. (4) ‰þœ„þ (x) 2 4 6 8 10 12

þ™!îû¢‚…Äy (f ) 3 7 4 5 2 3

²Ì”_ “þy!œ„þy x˜%¢yöìîû ›•Ä›y ¢yöìþ™öìÇþ †vþü !î‰%þÄ!“þ !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ

‰þœ„þ þ™!îû¢‚…Äy „Êþ›öìëï!†„þ x – m | x – m | f | x – m |
(x) (f ) þ™!îû¢‚…Äy

2 3 3 2 6 4   | – 4 | 4 3 × 4 12

4 7 7 3 10 4 –6 –2 | – 2 | 2 4 × 2 8
6 4 4 10 14 6 –6 0 | 0 | 0 4 × 0 0
8 5 5 14 19 6 –8 –2 | 2 | 2 5 × 2 10
10 2 19 2 21 10 –6 4 | 4 | 4 2 × 4 8
12 3 21 3 24 12 –6 6 | 6 | 6 3 × 6 18

ö›yÝþ N 24f  – – – 56f x m 
~Þíöìœ– N 24f   Së%@Â ¢‚…ÄyV

N 24 122 2 

N 1 12 1 132    

¢%“þîûy‚ 12éôé“þ› ~î‚ 13éôé“þ› þ™öì”îû †vþü ›y˜ £öìî ›•Ä›yÐ „Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy öíöì„þ
œÇþ’#ëû öë 12éôé“þ› ~î‚ 13éôé“þ› Þíyöì̃  ‰þœöì„þîû ›y˜ ëíy„Êþöì› 6 ~î‚ 6Ð

 ›•Ä›y   6 6 12 62 2m   
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¢%“þîûy‚ !˜öì’Åëû †vþü !î‰%þÄ!“þ S›•Ä›y ¢yöìþ™öìÇþV

56 7 2·3324 3
f x m

f


   
  S”%é£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

vþz. 2·33

vþz”y. (5) ö×!’îå• ‰þœîûy!Ÿîû þ™!îû¢‚…Äy !î¦þy‹˜ Šé„þ öíöì„þ †vþü !î‰%þÄ!“þ !˜’Åëû „þîû%̃  Söëï!†„þ
†vþü ¢yöìþ™öìÇþV ƒ

10 – 20 20 – 30 30 – 40 40 – 50 50 – 60

2 3 5 7 3

¢›y•y˜ ƒ ~öìÇþöìe xy›îûy †vþü !î‰%þÄ!“þ !˜’Åöìëûîû ‹˜Ä „þ!Ò“þ †öìvþüîû ¢y£yöìëÄ ¢‚!Çþ® ²Ì’yœ# x˜%¢îû’
„þóîûîÐ

ö×!’ !î¦þy† þ™!îû¢‚…Äy ›•Ä!î¨%þ A ,xu h
 fuþ x x f x x

(f ) (x) A 35, h  10

10 – 20 2 15 15 35 210
   –4 | –23 |  23 2 × 23 46

20 – 30 3 25 25 35 110
   –3 | –13 |  13 3 × 13 39

30 – 40 5 35 (A) 35 5 010
  0 | –3 |  3 5 × 3 15

40 – 50 7 45 45 35 110
  7 | 7 |  7 7 × 7 49

50 – 60 3 55 55 35 210
  6 | 17 |  17 3 × 17 51

ö›yÝþ N 20f  éôôôé éôôôé 6fu  éôôôé f x x

= 200

~öìÇþöìe– „þ!Ò“þ †vþü (A) 35. ö×!’ ÷”‡ÅÄ (h) 10

x  Söëï!†„þ †vþüV A N
fu

h  

 635 1020  
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35 3 38

 !˜öì’Åëû †vþü !î‰%þÄ!“þ Söëï!†„þ †vþü ¢yöìþ™öìÇþV

f x x
f





200 1020 

vþz. 10

vþz”y. (6) ²Ì”_ “þy!œ„þy x˜%¢yöìîû öëï!†„þ †vþü (AM) ~î‚ ²Ì›y’ !î‰%þÄ!“þ (S.D) !˜’Åëû „þîû%̃ Ð

‰þœîûy!Ÿîû 0–10 10–20 20–30 30–40
ö×!’ !î¦þy†

þ™!îû¢‚…Äy 3 2 3 2

¢›y•y˜ ƒ

²Ì”_ ‰þœîûy!Ÿîû ö×!’ ¢#›y öíöì„þ þ™!îû¢‚…Äy !î¦þy‹˜ Šé„þ!Ýþ ¢îÅ²Ìí› ²Ìhß$þ“þ „þóîûœy›Ð

†’˜y „þyëÅ ƒ

‰þœöì„þîû ›•Ä!î¨% þ™!îû¢‚…Äyþ fx x x þ  2x x  2f x x

ö×!’ ¢#›y (x) (f )

0 – 10 5 3 15 5 – 19  –14 (–14)2  196 3 × 196 588

10 – 20 15 2 30 15 – 19  –4 (4)2  16 2 × 16 32

20 – 30 25 3 75 25 – 19  6 (6)2  36 3 × 36 108

30 – 40 35 2 70 35 – 19  16 (16)2  256 2 × 256 512

ö›yÝþ N 10f  190fx  é ôôôé éôôôé  2f x x 
1240

~Þíöìœ öëï!†„þ †vþü   190 19N 10
fx fx

x
f

    


 !˜öì’Åëû ²Ì›y’ !î‰%þÄ!“þ    2
N

f x x
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1240 124 11·1310    S”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

vþz. 11·13

vþz”y. (7) !˜öì‰þîû ²Ì”_ “þy!œ„þy öíöì„þ ›•Ä›y !˜’Åëû „þîû%̃  ~î‚ ú ›•Ä›y ¢yöìþ™öìÇþ †vþü þ™yíÅ„þÄ !˜’Åëû
„þîû%̃  ƒ

ö×!’ !î¦þy† 16–20 21–25 26–30 31–35 36–40 41–45 46–50 51–55

þ™!îû¢‚…Äy 5 6 12 14 26 12 16 9

¢›y•y˜ ƒ

²Ì”_ ‰þöìœîû !î¦þy‹˜ Sþ™!îû¢‚…ÄyV Šéöì„þ ‰þöìœîû ö×!’ ¢#›y (class limit) ö”çëûy xyöìŠéÐ !„þhs$þ– ›•Ä›y
(median) !˜’Åëû „þyöìœ ‰þöìœîû ö×!’ ¢#›y˜y (class boundary) éôéö“þ îû)þ™yhsþîû ²Ìöìëûy‹˜Ð ö¢ „þyîûöì’
˜#öì‰þîû ‰þöìœîû þ™!îû¢‚…Äy !î¦þy‹˜ Šé„þ!Ýþöì„þ œÇþ „þóîûöì“þ £öìîÐ

‰þœöì„þîû ‰þöìœîû þ™!îû¢‚…Äy „Êþ›öìëï!†„þþ ö×!’îû |x – m|, f |x – m|

ö×!’ ¢#›y ö×!’ ¢#›y    (f ) þ™!îû¢‚…Äy ›•Ä›y˜ m  38

(x)

16 – 20 15·5 – 20·5 5 5 18 |18–38|  |–20|  20 5 × 20  100

21 – 25 20·5 – 25·5 6 5 6 11 23 |23–38|  15 6 × 15  90

26 – 30 25·5 – 30·5 12 11 12 23 28 |28–38|  12 × 10  120

31 – 35 30·5 – 35·5 14 23 14 37 (F) 33 |33–38|  5 14 × 5  70

36 – 40 35·5 – 40·5 26 37 26 63 38 |38–38|  0 26 × 0  0

41 – 45 40·5 – 45·5 12 63 12 75 43 |43–38|  5 12 × 5  60

46 – 50 45·5 – 50·5 16 75 16 91 48 |48–38|  10 16 × 10  160

51 – 55 50·5 – 55·5 9 91 9 100 53 |53–38|  15 9 × 15  135

— —    N 100f  — — — 735f x m 

~öìÇþöìe– N 100f 

¢%“þîûy‚ N 502    „Êþ›öìëï!†„þ þ™!îû¢‚…Äy “þy!œ„þy x˜%¢yöìîû– ›•Ä›y ö×!’ ¢#›y˜y !£¢yöìî

33·5–40·5 ö„þ •îûöì“þ £öìîÐ

 ›•Ä›y    50 37
35·5 526m

 
   

 
 [ ›•Ä›y ¢)e öíöì„þ ]
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 13 535·5 26
 

535·5 35·5 2·5 382    

~…˜ †vþü þ™yíÅ„þÄ S›•Ä›y ¢yöìþ™öìÇþV

735 7·35N 100
f x m

  

vþz. 7·35

vþz”y. (8) ~„þ!Ýþ „þyîû…y˜yëû 25 ‹˜ ×!›öì„þîû ›y!¢„þ ›)œ öî“þöì̃ îû öëï!†„þ †vþü 350 Ýþy„þy ç ²Ì›y’
!î‰%þÄ!“þ 50 Ýþy„þyÐ ú „þyîû…y˜yëû ˜“%þ˜¦þyöìî 5 ‹˜ ×!›„þ öëy†”y˜ „þóîûöìœ˜– ²Ìöì“þÄöì„þîû ›)œ ›y!¢„þ öî“þ˜
!Šéœ ëíy„Êþöì› 260 Ýþy„þy– 300 Ýþy„þy– 320 Ýþy„þy– 490 Ýþy„þy ~î‚ 590 Ýþy„þyÐ ö›yÝþ 30 ‹˜ ×!›öì„þîû ›)œ
›y!¢„þ öî“þöì̃ îû öëï!†„þ †vþü ç ²Ì›y’ !î‰%þÄ!“þ !˜’Åëû „þîû%̃ Ð

[ ~ ¢›¢Äy!Ýþ ¢›y•yöì̃ îû þ™)öìîÅ !˜öìÁ¬y=þ ¢‚!Çþ® xyöìœy‰þ˜y!Ýþ ²Ìöìëûy‹˜Ð ]

•!îû– n1 ¢‚…Ä„þ ‰þöìœîû öëï!†„þ †vþü 1x  ~î‚ ²Ì›y’ !î‰%þÄ!“þ 1 ~î‚ xþ™îû ~„þ ‹y“þ#ëû n2 ¢‚…Ä„þ

‰þöìœîû öëï!†„þ †vþü 2x  ~î‚ ²Ì›y’ !î‰%þÄ!“þ 2Ð ~…˜ ö›yÝþ (n1n2) ¢‚…Ä„þ ‰þöìœîû öëï!†„þ †vþü x
~î‚ ²Ì›y’ !î‰%þÄ!“þ  £öìœ– ¢‚ë%!=þ„þîû’ þ™å•!“þöì“þ

1 1 2 2

1 2

n x n xx n n





~î‚ 
2 2 2 2

2 1 1 2 2 1 1 2 2

1 2

n n n d n d
n n

    
 



ë…˜ 1 1x x d   ~î‚ 2 2x x d  ]

¢›y•y˜ ƒ ²ÌÙÀ›öì“þ– ²Ìí› 25 ‹˜ ×!›öì„þîû öîœyëû n1 25, 1 350x   Ýþy„þy ~î‚ 1 50 Ýþy„þyÐ
þ™îûî“þ#Å öÇþöìe 5 ‹˜ x!“þ!îû=þ ×!›öì„þîû öîœyëû n2 5, ö¢‹˜Ä

2
260 300 320 490 590 1960 3925 5x        Ýþy„þy

²Ì›y’ !î‰%þÄ!“þ (2) £çëûyëû
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      2 2 22
2

1 260 392 300 392 320 3925           2 2490 392 590 392   

 1 17424 8464 5184 9604 392045    

1 79880 159765  

2 16976 126·4  

•!îû– 30 ‹˜ ×!›„þ ›)œ öî“þöì̃ îû öëï!†„þ †vþü x  Ýþy„þy ~î‚ ²Ì›y’ !î‰%þÄ!“þ  Ýþy„þyÐ

1 1 2 2

1 2

n x n xx n n


 


25 350 5 392 3750 1960
25 5 30

    


10710 35730 x  

¢%“þîûy‚ 30 ‹˜ ×!›öì„þîû ›)œ öî“þöì̃ îû öëï!†„þ †vþü 357 Ýþy„þy

~…˜– 
2 2 2 2

2 1 1 2 2 1 1 2 2

1 2
,n n n d n d

n n
    

 


ë…˜ d1 350 – 357 – 7

~î‚ d2 392 – 357  35

     2 2 2225 50 5 126·4 25 7 5 35
25 5

       




2500 79884·8 1225 6125
30

   

149734·8 4991·1630 

4991·16 70·65  

¢%“þîûy‚ 30 ‹˜ ×!›öì„þîû ›)œ öî“þöì̃ îû ²Ì›y’ !î‰%þÄ!“þ 70·65
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 !˜öì’Åëû 30 ‹˜ ×!›öì„þîû ›)œ ›y!¢„þ öî“þöì̃ îû öëï!†„þ †vþü 357 Ýþy„þy ~î‚ ²Ì›y’ !î‰%þÄ!“þ 
70·65 Ýþy„þyÐ Svþz_îûV

vþz”y. 9 10 ‹˜ Šéyöìeîû ›öì•Ä ~„þ‹˜ Ÿyîû#!îû„þ¦þyöìî xÇþ› Šéyöìeîû ²Ìy® ˜Áºîû x˜Äy˜Ä 9‹˜ Šéyöìeîû
†vþü ˜Áºîû xöìþ™Çþy 15 „þ›Ð þ²Ì›y’ „þîû%̃  öë ¢„þœ Šéyöìeîû ˜Áºöìîûîû ²Ì›y’ !î‰%þÄ!“þ 4·5 xöìþ™Çþy Ç%þo“þîû
£öì“þ þ™yöìîû ˜yÐ

¢›y•y˜ ƒ •!îû– Šéye ”œ ”%!Ýþ ¦þyöì† !î¦þ=þ— ²Ìí› !î¦þyöì† Ÿyîû#!îû„þ¦þyöìî xÇþ› Šéye!Ýþ xhsþ¦)þÅ=þ ~î‚
!m“þ#ëû !î¦þyöì† îy!„þ 9 ‹˜ Šéye î“Åþ›y˜Ð ë!” ²Ìí› !î¦þy†– !m“þ#ëû !î¦þy† ~î‚ ¢›hßþ Šéyeöì”îû ²Ìy®

˜Áºöìîûîû †vþü ëíy„Êþöì› 1 2,x x  ~î‚ x  £ëû “þöìî Ÿ“Åþy %̃¢yöìîû– 2 1 15x x   îy–  1 2 15.... 1x x 

†öìvþüîû ò¢‚ë%!=þ„þîû’ þ™å•!“þó x˜%¢yöìîû

1 2 1 210 1· 9 9x x x x x   

îy– 2 210 15 9x x x    ( (1) ˜‚ öíöì„þV

îy– 210 10 15x x 

îy– 2 1·5x x   [ vþz¦þëû þ™Çþöì„þ 10 !”öìëû ¦þy† „þöìîû ]....(2)

þ™%’îûyëû– ²Ìí› !î¦þy†– !m“þ#ëû !î¦þy† ç ¢›hßþ Šéyeöì”îû ²Ì›y’ !î‰%þÄ!“þ 1, 2 ~î‚  £öìœ– ò¢‚ë%!=þ„þîû’ó
þ™å•!“þ x %̃¢yöìîûéôôôé

   2 22 2
2 1 210 1 0 9 1 9x x x x        

     2 22 2
2 2 2 19 1 15 1·5 0 9 1·5x x          [ (1) ç (2) ~îû ›y•Äöì› ]

   2 22
29 13·5 9 1·5    

2
29 182·25 20·25   

2
29 202·50  

îy– 2 2
20·9 20·25   

 2 2
24·5 0·9  
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4·5   2
2 0 

¢%“þîûy‚ ¢›hßþ Šéyeöì”îû ˜Áºöìîûîû ²Ì›y’ !î‰%þÄ!“þ 4·5 xöìþ™Çþy Ç%þo“þîû £öì“þ þ™yöìîû ˜yÐ S²Ì›y!’“þV

vþz”y. 10 (a) „þ“þ„þ†%!œ ‰þöìœîû †vþü ›y˜ 20 ~î‚ ö¦þ”yA„þ 70% £öìœ– ‰þœîûy!Ÿ¢›)öì£îû ²Ì›y’ !î‰%þÄ!“þ
„þ“þ £öìîÚ

¢›y•y˜ ƒ ~Þíöìœ– ‰þœîûy!Ÿ†%!œîû öëï!†„þ †vþü 20 ~î‚ ö¦þ”yA„þ 70% ;

•!îû– ‰þœîûy!Ÿ ¢›)öì£îû ²Ì›y’ !î‰%þÄ!“þ 

xy›îûy ‹y!˜ öë–

  
öëï!†„þ †vþü ö¦þ”yA„þ 

100

0 70 14 100 14100 100
    

 !˜öì’Åëû ²Ì›y’ !î‰%þÄ!“þ 14 Svþz_îûV

(b) 18 !Ýþ þ™ëÅöìîÇþ’ë%=þ ‰þöìœîû ~„þ!Ýþ þ™!îû¢‚…Äy !î¦þy‹˜ öíöì„þ öëï!†„þ †vþü ç ²Ì›y’ !î‰%þÄ!“þ þ™yçëûy
ö†œ ëíy„Êþöì› 7 ~î‚ 4Ð þ™îûî“þ#Å hßþöìîû †’˜y „þyöìëÅ •îûy þ™vþüœ ¦%þœîŸ“þ 12 ~îû ‹yëû†yëû 21 öœ…y
£öìëûöìŠéÐ ‰þöìœîû öëï!†„þ †vþü ç ²Ì›y’ !î‰%þÄ!“þîû ¢!àþ„þ ›y˜ !˜•Åyîû’ „þóîûöì“þ £öìîÐ

¢›y•y˜ ƒ

²Ì”_ 18 !Ýþ ‰þœîûy!Ÿîû ¦%þœ öëï!†„þ †öìvþüîû ›y˜ 7. ë!” ú 18 !Ýþ ‰þœöì„þîû e)!Ýþë%=þ öëy†šþœ x

£ëû “þöìî 718
x


îy– 18 7 126x   
~£z öëy†šþœ ‰þœîûy!Ÿ 21 éôé~îû ‹yëû†yëû ¢!àþ„þ ¦þyöìî 12 !œ…öì“þ £öìîÐ

¢%“þîûy‚ ‰þœ¢›)öì£îû ¢!àþ„þ öëy†šþœ 126 – 21 12

138 – 21 117

 ‰þöìœîû ¢!àþ„þ öëï!†„þ †vþü 117 6·518 

~…˜ ²Ì›y’ !î‰%þÄ!“þ ¢)e öíöì„þ þ™y£z
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22
2 ;

x x
n n

 
    

 

 

~Þíöìœ ²Ì›y’ !î‰%þÄ!“þ ¢)e ²Ìöìëûyöì† þ™y£z–

 
2

224 718
x

   718
x 

  
 



îy–  
2

16 4918
x

 

îy– 2 65 18x  

îy– 2 1170x   S~Ýþy e%!Ýþë%=þ ›y˜V

 ¢!àþ„þ 2x  éôé~îû ›y˜    2 21170 21 12  

1170 441 144  

1314 441 

873

¢%“þîûy‚– 2 ~îû ¢!àþ„þ ›y˜

22

18 18
x x 

    
 

 

 2873 6 518   6 518
 
   
 

 x

48·5 42·25 

îy– 6·25 2·5  

¢%“þîûy‚ !˜öì’Åëû ¢!àþ„þ öëï!†„þ †vþü 6·5 ~î‚ ¢!àþ„þ ²Ì›y’ !î‰%þÄ!“þ 2·5 Svþz_îûV
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²ÌÙÀ›yœy

1. ‰þöìœîû ö×!’îå• þ™!îû¢‚…Äy !î¦þy‹˜ “þy!œ„þy!Ýþ !˜Á¬îû)þ™ ƒ

‰þöìœîû ›y˜ 10–19 20–29 30–39 40–49 50–59 60–69

þ™!îû¢‚…Äy 6 10 16 14 8 4

²Ì”_ “þy!œ„þy öíöì„þ !îhßþyîû ç !îhßþyîûyA„þ !˜’Åëû „þîû%̃ Ð Svþz. 6060, 79 )

2. !˜öì‰þîû “þy!œ„þy öíöì„þ ‰þ“%þíÅ„þ !î‰%þÄ!“þ ~î‚ ~îû ¢£† !˜’Åëû „þîû%̃  õ

Šéyöìeîû ç‹˜ Sö„þ!‹V 60 61 62 63 65 70 75 80

Šéye ¢‚…Äy 1 3 5 7 10 3 1 1

Svþz. 1·5 ö„þ!‹– 0·024)

3. !˜öì‰þîû ‰þöìœîû þ™!îû¢‚…Äy !î¦þy‹˜ Šé„þ öíöì„þ ›•Ä›y ¢yöìþ™öìÇþ †vþü !î‰%þÄ!“þ ~î‚ ¢‚…Äy†%îû% ›y˜
¢yöìþ™öìÇþ †vþü !î‰%þÄ!“þ !˜’Åëû „þîû%̃ Ð

S‰þœîûy!Ÿîû ›y˜ ¢›)£V

10 15 18 20 20 22 23 25 27 30

Svþz. 4·4 ; 4·4)

4. !˜Á¬!œ!…“þ “þy!œ„þy öíöì„þ öëï!†„þ †vþü ›y˜ ¢yöìþ™öìÇþ †vþü !î‰%þÄ!“þ !˜’Åëû „þîû%̃  õ

‰þöìœîû ö×!’ ¢#›y˜y 2–4 4–6 6–8 8–10
þ™!îû¢‚…Äy 3 4 2 4

Svþz. 1·48)

5. ‰þöìœîû þ™!îû¢‚…Äy !î¦þy‹˜ Šé„þ x˜%¢yöìîû ›•Ä›y ¢yöìþ™öìÇþ †vþü !î‰%þÄ!“þ !˜’Åëû „þîû%̃  õ

ö×!’ ¢#›y˜y 0–10 10–20 20–30 30–40 40–50 50–60

þ™!îû¢‚…Äy 6 8 11 18 5 2

Svþz. 10·8)

6. ²Ì›y’ „þîû%̃  öë ”%!Ýþ x¢› ¢‚…Äy x1 ~î‚ x2 (x1 > x2) ~îû öÇþöìe– ~öì”îû ²Ì›y’ !î‰%þÄ!“þ– ¢‚…Äy
”%!Ýþîû þ™yíÅöì„þÄîû xöì•Å„þÐ

7. ö„þy˜ îûy!Ÿ“þíÄ›yœyëû 100 !Ýþ þ™ëÅöìîÇþöì’ öëï!†„þ †vþü ~î‚ ²Ì›y’ !î‰%þÄ!“þ ëíy„Êþöì› 40 ~î‚
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5Ð ë!” ~„þ!Ýþ ‰þœöì„þîû þ™ëÅöìîÇþöì’ ¦%þœîŸ“þõ 50 ~îû ‹yëû†yëû 40 öœ…y £ëû “þöìî ‰þœîûy!Ÿ¢›)öì£îû
¢!àþ„þ öëï!†„þ †vþü ›y˜ ~î‚ ²Ì›y’ !î‰%þÄ!“þ „þ“þ £öìî “þy !Þíîû „þîû%̃ Ð Svþz. 40·1, 5·1)

8. ˜#öì‰þîû “þy!œ„þy öíöì„þ ~„þ!Ýþ !î”Äyœöìöìëûîû my”Ÿ ö×!’îû 30 ‹˜ Šéyöìeîû ²Ìy® ˜Áºöìîûîû Sx‚„þ
!î¡ìöìëûV þ™!îû¢‚…Äy !î¦þy‹˜ ¢yöìþ™öìÇþ ²Ì›y’ !î‰%þÄ!“þ !˜•Åyîû’ „þîû%̃  ƒ

þŠéyeöì”îû ²Ìy® ˜Áºöìîûîû ö×!’ !î¦þy† Šéye ¢‚…Äy

30 – 39 10

40 – 49 7
50 – 59 8
60 – 69 5

Svþz. 10·09)

9. ˜#öì‰þîû “þy!œ„þy x˜%ëyëû# ‰þœîûy!Ÿîû ²Ì”_ ›y˜ ç þ™!îû¢‚…Äy öíöì„þ ö¦þ”yA„þ !˜’Åëû „þîû%̃  ƒ

‰þœöì„þîû ›y˜ 0 1 2 3 4 5 6 7 8

þ™!îû¢‚…Äy 1 90 26 59 72 52 29 7 1

Svþz. 35·43%)

10. (a) T1 ~î‚ T2 ”%!Ýþ Ÿ£öìîûîû öœy„þ¢‚…Äy ~î‚ “þyöì”îû ÷”!˜„þ xyöìëûîû “þy!œ„þy ö”çëûy £óœÐ
vþz¦þëû Ÿ£öìîûîû öœy„þ¢‚…Äy ç xyöìëûîû ¢yöìþ™öìÇþ òœöìîûO öîû…yó x‚„þ˜ „þöìîû xyöìëûîû ÷î¡ì›Ä!Ýþ “%þöìœ •îû%̃ Ð

S£z!A†“þ õ T1 Ÿ£öìîûîû xyöìëûîû ÷î¡ì›Ä > T2 Ÿ£öìîûîû xyöìëûîû ÷î¡ì›ÄV

T1 Ÿ£öìîûîû öÇþöìe ƒ

öœy„þ¢‚…Äy 100 100 100 100 100 100 100 100 100 100

S÷”!˜„þV xyöìëûîû 75 100 150 225 325 375 450 600 850 1850
!£¢yî SÝþy„þyëûV

T2 Ÿ£öìîûîû öÇþöìe ƒ

öœy„þ¢‚…Äy 50 70 30 25 100 45 30 80 20 50
S÷”!˜„þV xyöìëûîû
!£¢yî SÝþy„þyëûV 80 120 60 140 200 200 140 460 120 480

(b) ¢›î^ùÝþ˜ ¢îûœöìîû…y myîûy T1 ç T2 Ÿ£îû ”%!Ýþîû ö„þw#¦þî˜ xMþöìœîû öÇþešþœ ëíy„Êþöì› 
~î‚ 40% £öìœ– T1 Ÿ£îû ç T2 Ÿ£öìîûîû !†!˜îû ö„þw#¦þî˜yöìA„þîû x˜%þ™y“þ !Þíîû „þîû%̃ Ð

Svþz. 3 : 4)
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6.5 þ™!îû‡y“þ/¼y›„þ– ²Ì!“þ÷ìî¡ì›Ä ~î‚ “þ#ÇÖþ“þy

þ™)öìîÅîû ~„þy!•„þ x•Äyöìëû ‰þöìœîû ›•Ä†y!›“þyîû !î!¦þ§¬ •›Åyî!œ ~î‚ þ™yíÅ„þÄ îy !î‰%þÄ!“þ ~î‚ !îhß+þ!“þ îy
²Ì¢yîû ¢Á™öì„Åþ xyöìœy‰þ˜y £öìëûöìŠéÐ î“Åþ›yöì̃  ~£z x•Äyöìëû xy›îûy ‰þöìœîû !î!¦þ§¬ ÷î!ŸTþÄ ç †%’yî!œ ~î‚
“þyöì”îû þ™!îû›yþ™ þ™å•!“þ !˜öìëû ¢!îöìŸ¡ì îÄy…Äy ö”îÐ ²Ìíöì› xy¢öìî ¼y›„þ îy þ™!îû‡y“þ (moment)– þ™öìîû
²Ì!“þ÷ìî¡ì›Ä (Skewness) ç “þ#ÇÖþ“þy (Kurtosis) ¢Á™öì„Åþ xyöìœy‰þ˜y íy„þöìîÐ ò¼y›„þó Ÿ·!Ýþ îœ!î”Äyëû
(mechanics) î£%œ ²Ì‰þ!œ“þÐ ö¢‹˜Ä ‡yöì“þîû vþzF‰þ ¢)‰þ„þ ~…yöì̃  îÄî£,“þ £ëûÐ xöì̃ öì„þ ¼y›öì„þîû þ™!îûîöì“Åþ
òþ™!îû‡y“þó þŸ·!Ýþ ‰þëû̃  „þöìîû̃ Ð þ™!îû‡y“þ/¼y›„þ¢›)öì£îû (moments) !î¡ìöìëû þ™!îû¢‚…Äy îy îûy!Ÿ!îKþyöì̃
„þ#¦þyöìî xyöìœy„þþ™y“þ „þîûy £öìëûöìŠé “þy£z ~…˜ xyöìœy!‰þ“þ £öìîÐ

(A) þ™!îû‡y“þ îy ¼y›öì„þîû ¢‚Kþy ~î‚ •›Åyî!œ ƒ

•!îû– x ‰þöìœîû !î!¦þ§¬ ›y˜ †%!œ £óœ x1, x2,...., xn, A ~„þ!Ýþ ößþºFŠéy•#˜ •Ê%îîûy!ŸÐ ~…˜ A ¢yöìþ™öìÇþ
x ‰þöìœîû þ²Ìöì“þÄ„þ ›yöì̃ îû !î‰%þÄ!“þîû réôé“þ› ‡yöì“þîû öëï!†„þ †vþü ö„þ x ‰þöìœîû r-“þ› ‘A ö„þ!w„þ þ™!îû‡y“þó
Sîy ¼y›„þV !£¢yöìî †’Ä „þîûy £ëûÐ £z£y rm  xíîy r  îû)öìþ™ !‰þ!£«“þ £ëûÐ

¢%“þîûy‚– r  Sîy rm V  
1

1 A


 
n r

i
i

xn

   
A

..... 1
rx

n


  S¢‚öìÇþöìþ™V

ßþºy¦þy!î„þ¦þyöìî– r 1 £öìœ–

1 Sîy 1m )  1 Axn   [(1) ˜‚ öíöì„þ ]

~öì„þ A éôéîû ¢yöìþ™öìÇþ ²Ìí› þ™!îû‡y“þ Sîy ¼y›„þV îöìœÐ

x˜%îû)öìþ™– r 2, 3, 4 (1) ˜‚ ö“þ î!¢öìëû xy›îûy 2 , 3 4,    xíÅyê !m“þ#ëû– “,þ“þ#ëû– ‰þ“%þíÅ þ™!îû‡y“þ
Sîy ¼y›„þV A éôéîû ¢yöìþ™öìÇþ öþ™öì“þ þ™y!îûÐ

ö¢öìÇþöìe–  22
1 A ,xn

    33
1 Axn

    ~î‚  44
1 Axn

  
~…˜– (1) ˜‚ ö“þ A 0 î¢yöìœ xy›îûy ›)œ!î¨%îû (Origin) ¢yöìþ™öìÇþ þ™!îû‡y“þ Sîy ¼y›„þV þ™yîÐ

~£z þ™!îû‡y“þöì„þ Sîy ¼y›„þV Ÿ)̃ Äöì„þ!w„þ þ™!îû‡y“þ îy ‘moment about zero’ îöìœÐ ~öì„þ ‘’r
!£¢yöìî !‰þ!£«“þ „þîûy £ëûÐ S‘’ £óœ !@ùÌ„þ xÇþîû ò!˜vþzóV
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 1
1 0   xn  1r 

1 xn   [ ›)œ!î¨%îû ¢yöìþ™öìÇþ ²Ìí› þ™!îû‡y“þ Sîy ¼y›„þV ]

x˜%îû)öìþ™–  2 2
2

1 10x xn n      [ ›)œ!î¨%îû ¢yöìþ™öìÇþ !m“þ#ëû þ™!îû‡y“þ îy ¼y›„þ ]

¢y•yîû’¦þyöìî–  1 10 r r
r x xn n     [ ›)œ!î¨%îû ¢yöìþ™öìÇþ réôé“þ› ‡yöì“þîû ¼y›„þ îy þ™!îû‡y“þ ]

þë…˜– x ‰þöìœîû n ¢‚…Ä„þ ›y˜ x1, x2,....., xn– “þ…˜ x  Söëï!†„þ †vþüV 1 2 .... nx x x
n

  


x
n

þ™%˜îûyëû– (1) ˜‚ ö“þ A x  î¢yöìœ xy›îûy öëï!†„þ †vþü Sîy ›•Äöì„þîûV ¢yöìþ™öìÇþ þ™!îû‡y“þöì„þ Sîy
¼y›„þöì„þV þ™y£zÐ ëyöì„þ r !£¢yöìî ¢)!‰þ“þ „þîûy £ëûÐ [  £óœ !@ùÌ„þ xÇþîû ò!›vþzó ]

~Ýþy £óœ réôé“þ› ‡yöì“þîû ö„þw#ëû þ™!îû‡y“þ Sîy ¼y›„þV (r-th central moment).

 ¢y•yîû’¦þyöìî–  1 r
r x xn

       [ öëï!†„þ †vþü îy ›•Ä„þ  x  éôé~îû ¢yöìþ™öìÇþ réôé“þ›
‡yöì“þîû þ™!îû‡y“þ ]

¢%“þîûy‚–  11
1   x xn

 1 x xn 

1 1nxx x xn n n    

0x x    [ ²Ìí› ‡yöì“þîû ö„þw#ëû þ™!îû‡y“þ (Central moment)]

 22
1 x xn  

2 [ öë…yöì̃  ‘’ £óœ x ‰þöìœîû ²Ì›y’ !î‰%þÄ!“þ ]

²Ì„,þ“þþ™öìÇþ– 2 ö„þ ö¦þ”›y˜ îy Variance of x îy ¢‚öìÇþöìþ™ var (x) îœy £ëûÐ

ë!” ‰þœ„þ (x) éôé~îû n ¢‚…Ä„þ ›y˜ £ëû x1, x2,..., xn îy xi (i 1, 2,...., n) ~î‚ ~öì”îû x %̃îû)þ™

þ™!îû¢‚…Äy £ëû f1, f2,....., fn îy fi (i 1, 2,...., n) £ëû “þöìî  1
N

r
r f x x  
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[ réôé“þ› ‡yöì“þîû ö„þw#ëû þ™!îû‡y“þ Sîy ¼y›„þV ]

öë…yöì̃ – 1 2
1

..... N
n

i n
i

f f f f


    

x˜%îû)öìþ™–  1 AN
r

r f x    [réôé“þ› ‡yöì“þîû ‘A’’ ö„þ!w„þ þ™!îû‡y“þ îy ¼y›„þ ]

~î‚  1 0N
r

r f x  

1
N

rfx  [réôé“þ› ‡yöì“þîû òŸ)̃ Äó ö„þ!w„þ þ™!îû‡y“þ îy ¼y›„þ]

!î.o. (1) ë!” ö×!’îå• (grouped) ‰þœöì„þîû (x) öÇþöìe ö×!’ ¢#›yîû Sîy !î¦þyöì†îûV ‰þöìœîû ›•Äî“þ#Å
›y˜ ¢›)£ ëíy„Êþöì› x1, x2,...., xn ~î‚ “þyöì”îû x˜%îû)þ™ þ™!îû¢‚…Äy f1, f2,...., fn £ëû “þöìî

   1
N

r r
r f d i     [réôé“þ› ‡yöì“þîû ‘A’’ ö„þ!w„þ þ™!îû‡y“þ Sîy ¼y›„þV]

öë…yöì̃  A ,xd i
   i  ¢› ÷”‡ÅÄ ö×!’ ¢#›y

xíîy– ö×!’ ¢#›y x¢› ÷”‡ÅÄë%=þ £öìœ– i ö„þ ö×!’ ÷”‡ÅÄ¢›)öì£îû †.¢y.†% !£¢yöìî •óîûöì“þ £öìîÐ

~„þ£z þ™å•!“þöì“þ– r ç r !˜’Åëû „þîûy ëyëûÐ

þ™!îû‡yöì“þîû •›Åyî!œ ƒ

(2) ~Þíöìœ œÇþ’#ëû öë– 1
1
N fx    [ ²Ìí› ‡yöì“þîû Ÿ)̃ Äöì„þ!w„þ þ™!îû‡y“þ Sîy ¼y›„þV ]

1 x   Sx ‰þöìœîû öëï!†„þ †vþüV

(3) 2 S!m“þ#ëû ‡yöì“þîû ö„þw#ëû þ™!îû‡y“þ îy ¼y›„þV

 2 21 x xn     [ öë…yöì̃   £óœ ‰þœöì„þîû ²Ì›y’ !î‰%þÄ!“þ ]

2
2  

(4) ë!” x ‰þöìœîû !î!¦þ§¬ ›yþ™öì„þ •!îû x1, x2,...., xn ~î‚ x ‰þœöì„þ Ÿ)̃ Ä öíöì„þ ‘a’ ö“þ S~„þ!Ýþ !îöìŸ¡ì
•Ê%î„þV Þíy˜yhsþ!îû“þ „þ!îû “þöìî x ‰þöìœîû ²Ìöì“þÄ„þ öÇþöìe !î‰%þÄ!“þ £ëû x1 – a, x2 – a,...., xn – a ; ~öì”îû
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²Ìöì“þÄ„þöì„þ ößþñœ þ™!îûî“Åþöì̃ îû ‹˜Ä ‘b’ S•Ê%î„þV !”öìëû ¦þy† „þîûöìœ þ™y£z–

1 2, ,...., .nx ax a x a
b b b

 

•!îû– S‰þœ„þV  1,2,...., .i
i

x ay i nb


 

¢‚öìÇþöìþ™–  ..... 1x ay b


›öì̃  „þ!îû– x ‰þœ„þ ç y ‰þœöì„þîû öÇþöìe réôé“þ› ‡yöì“þîû ö„þw#ëû þ™!îû‡y“þ ëíy„Êþöì›  r x  ~î‚  r y

       r
r x x xn

   1 ra by a byn
    
   S(1) ç (2) öíöì„þV

(1) ˜‚ öíöì„þ–

x a by   

x a b yn n n   

îy–  anx byn

îy–  .... 2x a by  ]

“þy£öìœ    1    r
rm x b y yn

  1· rrb y yn 

 · .r
rb y        rr rx b y

ßþ™Tþ“þ–   ,r x  ‘b’ ~îû ›yöì̃ îû vþzþ™îû !˜¦ÅþîûŸ#œ !„þhs$þ ‘a’ ~îû ›yöì̃ îû vþzþ™îû !˜¦ÅþîûŸ#œ ˜ëûÐ
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 ö„þw#ëû þ™!îû‡y“þ òö„þw#ëû ›yöì̃ îûó (central values) vþzþ™îû !˜¦ÅþîûŸ#œ ˜ëû !„þhs$þ òößþñöìœîûó (Scale)
vþzþ™îû ¢Á™)’Åîû)öìþ™ !˜¦ÅþîûŸ#œÐ

þ™!îû‡yöì“þîû †%îû%c

(5) þ™)öìîÅ£z xy›îûy œÇþ „þöìîû!Šé öë ›)œ!î¨% ¢yöìþ™öìÇþ ²Ìy® ²Ìí› ¼y›„þ  1 x   Sö„þw#ëû ²Ìî’“þy

›yþ™„þ ¢‚…Äy îy öëï!†„þ †vþüV ~î‚ ›•Ä„þ Sîy öëï!†„þ †vþüV ¢yöìþ™öìÇþ ²Ìy® !m“þ#ëû ¼y›öì„þîû •˜yd„þ

î†Å›)œ xíÅyê 2    S!îhß+þ!“þîû þ™!îû›yþ™„þ ¢‚…Äy îy ²Ì›y’ !î‰%þÄ!“þV– þ™îûî“þ#Å hßþöìîû ²Ì!“þ÷ìî¡ì›Ä

(Skewness) ~î‚ “þ#ÇÖþ“þyîû (Kurtosis) öÇþöìe 2, 3 ç 4 éôé~îû xî”y˜ œ!Çþ“þ £öìîÐ ¢%“þîûy‚
~„þ„þíyëû îœy ëyëû öë þ™!îû¢‚…Äy !î”Äyëû þ™!îû‡y“þ îy ¼y›öì„þîû †%îû%c xþ™!îû¢#›Ð

(B) ²Ì!“þ÷ìî¡ì›Ä (Skewness) ƒ

ö„þyöì̃ y þ™!îû¢‚…Äy !î¦þy‹öì̃ – öëï!†„þ †vþü– ›•Ä›y ç ¢‚…Äy†%îû% ›y˜ ¢›y˜ £öìœ “þyöì„þ ò²Ì!“þ¢›ó îy
ò¢%¢›O¢ó !î¦þy‹˜ !£¢yöìî •îûy £ëûÐ öë !î¦þy‹öì̃  ~£z ¢›“þy œ!Çþ“þ £ëû ˜y “þyöì„þ òx²Ì!“þ¢›ó îy
òx¢›O¢ó !î¦þy‹˜ îœy £ëûÐ ~£z x²Ì!“þ¢›“þy öíöì„þ ‹§Ãœy¦þ „þöìîû ò²Ì!“þ÷ìî¡ì›Äó (Skewness). þ™!îû¢‚…Äy
!î”ä ò!îû†yœ›Äy˜ó– ò!šþ¢äî#ó ò!¢›ä¢ ä̃ó ~î‚ ò›!îû¢ £y›î%†Åó éôé~îû ›“þy˜%¢yöìîû ö„þyöì̃ y þ™!îû¢‚…Äy !î¦þy‹öì̃
ë…˜ ¢›O¢“þyîû x¦þyî ‡öìÝþ “þ…˜£z ò²Ì!“þ÷ìî¡ì›Äó ö”…y ëyëûÐ ö¢ „þyîûöì’– ö„þyöì̃ y þ™!îû¢‚…Äy !î¦þy‹öì̃
²Ì!“þ¢› îy ¢›O¢ xîÞíy öíöì„þ “þyîû !î‰%þÄ!“þîû ›yey !˜öì”ÅŸ„þöì„þ îœy £ëû ò²Ì!“þ÷ìî¡ì›Äó (Skewness)Ð
öë ¢›hßþ †y!’!“þ„þ “þíÄ îûy!Ÿ ²Ì!“þ÷ìî¡ì›Äöì„þ þ™!îû›yöìþ™ ¢y£yëÄ „þöìîû “þyöì”îû ò²Ì!“þ÷ìî¡ì›Ä ›yþ™„þó îœy £ëûÐ
xy„,þ!“þ†“þ þ™yíÅ„þÄöì„þ œÇþ „þöìîû ²Ì!“þ÷ìî¡ì›Äöì„þ (positive) •˜yd„þ îy (negative) }’yd„þ ”%!Ýþ ¦þyöì†
!î¦þ=þ „þîûy £ëûÐ ²Ì!“þ ¢› !î¦þy‹öì̃  îûy!Ÿ“þíÄ ›yœyëû ²Ìy® †vþü Söëï!†„þV ›y˜– ›•Ä›y ç ¢‚…Äy†%îû%›y˜
²Ìöì“þÄöì„þ£z ¢›y˜ £ëûÐ !„þhs$þ– öë öÇþöìe †y!’!“þ„þ †vþü îy öëï!†„þ †vþü ›y˜ ›•Ä›yç ¢‚…Äy†%îû%›yöì̃ îû ö‰þöìëû

îvþü £ëû xíÅyê ~Þíöìœ †y!’!“þ„þ †vþü  x > ›•Ä›y (M) > ¢‚…Äy†%îû%›y˜ (M0)

M0 M x
(i)

M0Mx
(ii)

xy„,þ!“þ†“þ¦þyöìî– þ™!îû¢‚…Äy !î¦þy‹˜ öœ…!Ýþ ‰þœîûy!Ÿîû ›yöì̃ îû (M0) ¢yöìþ™öìÇþ ”#‡Åy„þyîû öœ‹ (tail)
!Ýþ vþy˜ !”öì„þ !îhß+þ“þ íyöì„þ îöìœ x  éôé~îû ›y˜ M S›•Ä›yV– M0 S¢‚…Äy†%îû% ›y˜V ~îû öíöì„þ öîŸ# £ëûÐ
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~öì„þ ò•˜yd„þ ²Ì!“þ÷ìî¡ì›Äó (Positively Skewed) îöìœÐ !îþ™îû#“þ¦þyöìî– öë þîûy!Ÿ“þíÄ ›yöì̃ îû !î˜Äyöì¢
þ™!îû¢‚…Äy !î¦þy‹˜ öîû…y!Ýþ î¤y!”öì„þ x!•„þ›yeyëû !îhßþyîû œy¦þ „þöìîû “þyöì„þ ò}’yd„þ ²Ì!“þ÷ìî¡ì›Äó (negatively
Skewed) îœy £ëûÐ ~öìÇþöìe ßþ™Tþ“þ£z 0M Mx    xíÅyê †y!’!“þ„þ †vþü ›y˜ ›•Ä›y ç ¢‚…Äy†%îû% ›y˜
xöìþ™Çþy xöì̃ „þÝþy£z Ç%þo îy „þ›Ð ˜#öì‰þîû !‰þe!Ýþ œÇþ „þîûöìœ þ™!îûßþñyîû¦þyöìî ~Ýþy öîyGþy ëyëûÐ

‰þöìœîû !îhß+þ!“þ (dispersion) ›)œ“þ ›•Ä„þ ¢yöìþ™öìÇþ ›•Ä›y ç ¢‚…Äy†%îû% ›y˜†%!œ „þ#¦þyöìî ò!î‰%þÄ!“þó
‡Ýþyëû “þyöì„þ !˜öì”ÅŸ „þöìîû ë…˜ ‰þöìœîû ›•Ä„þ¢yöìþ™öìÇþ ›•Ä›y ç ¢‚…Äy†%îû% ›yöì̃ îû òxy„,þ!“þ†“þó þ™!îûî“Åþ˜öì„þ
“%þöìœ •öìîûÐ xíÅ!î”Äyëû– îÄî¢y öÇþöìe !îhß+þ!“þîû ›yþ™„þ ö„þ– ²Ì!“þ÷ìî¡ì›Ä ›yþ™„þ xöìþ™Çþy x!•„þ †%îû%c ö”çëûy
£ëû îöìÝþ– „þyîû’– xy„,þ!“þ†“þ !”„þ öíöì„þ ²Ì!“þ÷ìî¡ì›Ä ›yþ™„þöì„þ xy›îûy ¢îûy¢!îû Sþ™îû›¦þyöìîV (absolute)
ç xyöìþ™!Çþ„þ¦þyöìî þ™!îû›yþ™ „þ!îû îöìœÐ

6.6 ²Ì!“þ÷ìî¡ì›Ä þ™!îû›yöìþ™îû !î!î• þ™å•!“þ

²Ì!“þ÷ìî¡ì›Ä ›yþ™öì„þîû vþzöìjŸÄ íyöì„þ ~„þÝþy£z– “þy£œ “þíÄîûy!Ÿ ›yöì˜îû ö²Ì!Çþöì“þ ²Ì!“þ¢›“þy ç
x²Ì!“þ¢›“þyöì„þ !î‰þyîû „þîûyÐ ²Ì!“þ÷ìî¡ì›Ä ›yþ™öì„þîû þ™îû› ›y˜ xöìþ™Çþy xyöìþ™!Çþ„þ¦þyöìî !˜’#Å“þ ›y˜ ~îû
†%îû%c îÄî£y!îû„þ !”öì„þ xöì̃ „þy‚öìŸ vþzIµœÐ ~ ¢Á™öì„Åþ „þyœÅ !þ™ëûyîû¢öì̃ îû ”%!Ýþ þ™å•!“þ– îyç!œîû ~„þ!Ý
²Ì’yœ#– ö„þ!œîû þ™å•!“þ– ²Ì!“þ‡y“þ Sîy ¼y›„þ ~îû ›y•Äöì› ò²Ì!“þ÷ìî¡ì›Ä †%˜y‚„þó (Co-efficient of
Skewness) !˜•Åyîû’ „þîûy £ëûÐ ˜#öì‰þ ~£z þ™å•!“þ†%!œ xy›îûy ¢!îöìŸ¡ì xyöìœy‰þ˜y „þóîûîÐ !îÊ!ÝþŸ þ™!îû¢‚…Äy!î”
ò„þyœÅ !þ™ëûyîû¢˜ó xyöìþ™!Çþ„þ ò²Ì!“þ÷ìî¡ì›Ä †%˜y‚„þó £óœ

(a) (i) Sk1 
öëï!†„þ †vþü éôôôé ¢‚…Äy†%îû% ›y˜

²Ì›y’ !î‰%þÄ!“þ ( )
3 Söëï!†„þ †vþü éôôôé ›•Ä›yV

(ii) Sk2 –––––––––––––––––––
²Ì›y’ !î‰%þÄ!“þ

(b) òîyç!œó þ™å•!“þ ƒ

~Ýþy ›)œ“þ ‰þ“%þíÅ„þ ç ›•Ä›yîû vþzþ™îû !˜¦ÅþîûŸ#œ þ™å•!“þÐ

[ ë…˜ ¢‚…Äy†%îû% ›y˜ !Þíîû „þîûy x¢%!î•y íyöì„þ ]

~Þíöìœ–

{Q3 S“,þ“þ#ëû ‰þ“%þíÅ„þV  Q1 S²Ìí› ‰þ“%þíÅ„þV – 2 × ›•Ä›y }
²Ì!“þ÷ìî¡ì›Ä †%˜y‚„þ (Sk3) ––––––––––––––––––––––––––––––––––––––––––

Q3 – Q1

[ öë…yöì̃ – (Q3 – Q1) 0 ]
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(c) ö„þ!œîû ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ ˜î¹£z Ÿ“þ“þ›„þ (P90)– ”Ÿ› Ÿ“þ“þ›„þ (P10) ~î‚ ›•Ä›yîû vþzþ™îû
!˜¦ÅþîûŸ#œÐ

P90 + P10 – 2 × ›•Ä›y
Sk4 ––––––––––––––––––––

P90 – P10

SxîŸÄ£z 90 10P P 0  V

D9 D1 – 2 × ›•Ä›y
–––––––––––––––––––

D9 – D1

[ ë…˜ D1 ²Ìí› ”Ÿ›„þ– D9 ˜î› ”Ÿ„þ› ]

(d) ¼y›öì„þîû ›y•Äöì› ƒ ~…yöì̃  ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ !Þíîû „þîûöì“þ öëï!†„þ †vþü  x  ¢yöìþ™öìÇþ “,þ“þ#ëû

¼y›„þ Sþ™!îû‡y“þV ~î‚ !m“þ#ëû ¼y›öì„þîû ¢y£yëÄ œyöì†Ð  ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ (1) 3
2/2

3 (1 £óœ
!îÝþy ~„þV

~Þíöìœ– ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ (1) S†y›y ~„þV 
3 3
3 2 3

2
, 

 
   S ²Ì›y’ !î‰%þÄ!“þV

!î.o. (i) Sk1 ç Sk2 éôé~îû ›y˜ (–3) öíöì„þ (3) éôé~îû ›öì•Ä !îîûy‹ „þöìîûÐ (ii) xyöìþ™!Çþ„þ¦þyöìî
þ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ þ™!îû›yþ™ „þîûy £ëû îöìœ ~£z ›yþ™„þ ~„þ„þ î!‹Å“þÐ (iii) 1 < 0 £öìœ !î¦þy‹˜ £öìî
}’yd„þ ¦þyöìî ²Ì!“þ÷ìî¡ì›ÄÐ

“þ#ÇÖþ“þy (Kurtosis) ƒ

ë…˜ ö„þy˜ !î¦þy‹öì̃ îû ¢‚…Äy†%îû%›yöì̃ îû …%î !˜„þÝþî“þ#Å Svþz¦þëû !”öì„þV !î˜Ähßþ ‰þœîûy!Ÿîû ›y˜†%!œ ö„þw#¦)þ“þ
£çëûyîû ›yeyöì„þ !î¦þy‹öì̃ îû “þ#ÇÖþ“þy (Kurtosis) îû)öìþ™ !îöìî!‰þ“þ £ëûÐ ‰þöìœîû ~£z ö„þw#¦þî˜ ›yey ë“þ
öî!Ÿ £öìî “þ“þ£z þ™!îû¢‚…Äy öîû…yîû x@ùÌ¦þy† Š%é¤‰þyöìœy Sîy “þ#ÇÖþV £öìîÐ ‰þœöì„þîû ßþºy¦þy!î„þ þ™!îû¢‚…Äy öîû…yîû
Sëy ‡rÝþy„,þ!“þV öíöì„þ “þ#ÇÖþ“þy öî!Ÿ îy „þ› £ëûÐ ²Ìí› !”„þÝþy …%î£z Š%é¤‰þyöìœy ~î‚ !m“þ#ëû ¦þy†!Ýþ ‰þÄy²Wzy„,þ!“þÐ
›•Äî“þ#Å Þíyöì̃  ‰þöìœîû ßþºy¦þy!î„þ þ™!îû¢‚…Äy öîû…yÐ þ™!îû¢‚…Äy öîû…yîû ~£z xy„,þ!“þ– ßþ³þ#“þ £çëûy îÄyþ™yîûÝþy
öíöì„þ !@ùÌ„þ ¦þy¡ìyîû x %̃¢yöìîû ‘Kurtosis’ îy “þ#ÇÖþ“þyîû ‹§Ã £öìëûöìŠéÐ îûy!Ÿ!îKþy˜# „þyvþzöìvþ˜ ~î‚ „Êþ:Ýþöì̃ îû
›öì“þ– ‰þöìœîû þ™!îû¢‚…Äy öîû…yîû þ™!îûî“Åþöì̃ îû Sßþºy¦þy!î„þ !î¦þy‹˜ (normal distribution ¢yöìþ™öìÇþV
›yeyöì„þ îœy £öìî “þ#ÇÖþ“þy (Kurtosis)Ð ‰þöìœîû þ™!îû¢‚…Äy öîû…y öë ¢›ëû ßþºy¦þy!î„þ !î¦þy‹˜ îû)þ™ ö˜ëû
“þyöì„þ ò›•Ä„þ “þ#ÇÖþó îy (Mesokurtic) !î¦þy‹˜ îöìœÐ ë!” ö„þy˜ ‰þöìœîû þ™!îû¢‚…Äy ë…˜ x@ùÌ¦þy†
ßþºy¦þy!î„þ !î¦þy‹˜ îû)þ™!Ýþîû ö‰þöìëû x!•„þ ›yeyëû “þ#ÇÖþ £ëû “þöìî “þyöì„þ òx!“þ “þ#ÇÖþó (lepto kurtic)
!î¦þy‹˜ îöìœÐ xþ™îû!”öì„þ– ‰þöìœîû þ™!îû¢‚…Äy öîû…yîû x@ùÌ¦þy† ßþºy¦þy!î„þ !î¦þy‹˜ îû)þ™ SxíÅyê vþz£yîû
þ™!îû¢‚…Äyîû öîû…yV ~îû ö‰þöìëû !˜Á¬†y›# £ëû “þöìî “þyöì„þ òßþºÒ “þ#ÇÖþó (platykurtic) !î¦þy‹˜ îöìœÐ
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~„þ „þíyëû– òx!“þ “þ#ÇÖþó !î¦þy‹˜ ~î‚ òßþºÒ “þ#ÇÖþó !î¦þy‹˜öì„þ •˜yd„þ “þ#ÇÖþ“þy ~î‚ }’yd„þ “þ#ÇÖþ“þyîû
!”„þ !£¢yöìî “%þöìœ •îûy ëyëûÐ 1905 ¢yöìœ þ™!îû¢‚…Äy!î” „þyœÅ !þ™ëûyîû¢˜ !‰þöìeîû ¢y£yöìëÄ ~£z îÄyþ™yîûÝþyöì„þ
vþzþ™!Þí“þ „þöìîû̃ Ð

‰þöìœîû òx!“þ“þ#ÇÖþó !î¦þy‹˜ (Leptokurtic)

‰þöìœîû ò›•Ä› “þ#ÇÖþó !î¦þy‹˜ (Mesokurtic)

‰þöìœîû òßþºÒ “þ#ÇÖþó !î¦þy‹˜ (Platykurtic)

“þ#ÇÖþ“þyîû ›yþ™„þ ²Ì’yœ# ƒ

“þ#ÇÖþ“þyöì„þ þ™!îû›yþ™ „þyöì‹ ¢y£yëÄ „þöìîû “þ#ÇÖþ“þy †%’y‚„þ (Co-efficient of Kurtosis)

¢%“þîûy‚– “þ#ÇÖþ“þy †%’y‚„þ (2) 
4
2
2





 [4 £óœ öëï!†„þ †vþüöì„þ!w„þ ‰þ“%þíÅ ¼y›„þV Sþ™!îû‡y“þV]

[2 £óœ öëï!†„þ †vþüöì„þ!w„þ !m“þ#ëû ¼y›„þV Sþ™!îû‡y“þV]

4

4



  [2 2 öë…yöì̃   £óœ ²Ì›y’ !î‰%þÄ!“þ ]

!î.o. (1) ßþºy¦þy!î„þ !î¦þy‹öì̃ îû öÇþöìe– 2 3.

ë!” 2 > 3 £ëû “þ…˜ ¢%!˜!”ÅTþ !î¦þy‹öì̃ îû þ™!îû¢‚…Äy öîû…y ßþºy¦þy!î„þ !î¦þy‹˜ öîû…yîû xöìþ™Çþy
x@ùÌ¦þy† xyîûç “þ#ÇÖþ Sîy Š%é¤‰þyöìœyV £ëûÐ ~öìÇþöìe x!“þ “þ#ÇÖþ !î¦þy‹˜ (Leptokurtic) þ™yçëûy ëyëûÐ
x˜Ä¦þyöìî ë!” 2 < 3 £ëû “þ…˜ ‰þöìœîû þ™!îû¢‚…Äy öîû…yîû x@ùÌ¦þy† ßþºy¦þy!î„þ !î¦þy‹˜ öîû…y xöìþ™Çþy
xöì̃ „þ „þ› “þ#ÇÖþ £ëû xíÅyê ò‰þÄy²Wzyó xy„þyöìîûîû £ëûÐ

(2) xöì̃ „þ öÇþöìe– xy›îûy 2 – 3 – 2 ö„þ [ ò!îöìŸ¡ìó “þ#ÇÖþ“þyîû ] ²Ì“þ#„þ îû)öìþ™ !‰þ!£«“þ „þîûy £ëûÐ
2 0 £öìœ xíÅyê 2 3 £öìœ !î¦þy‹˜ öíöì„þ ²Ìy® þ™!îû¢‚…Äy öîû…y ›•Ä› “þ#ÇÖþ (Mesokurtic),
2 > 0 xíÅyê 2 > 3 £öìœ þ™!îû¢‚…Äy öîû…y x!“þ “þ#ÇÖþ (Leptokurtic) ~î‚ 2 < 0 £öìœ xíÅyê 2
< 3 £öìœ þ™!îû¢‚…Äy öîû…y òßþºÒ “þ#ÇÖþó (platykurtic) !£¢yöìî þ™!îû!‰þ“þ £öìîÐ
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6.7 !î!î• vþz”y£îû’›yœy

vþz”y. (1) ²Ì. ö×!’îå• þ™!îû¢‚…Äy !î¦þy‹öì̃ îû öÇþöìe ö„þw#ëû ¼y›„þ†%!œ ö„þyöì̃ y !˜!”ÅTþ !î¨%îû
¢yöìþ™öìÇþ ¼y›„þ†%!œîû ~î‚ þ™!îûöìŸöì¡ì Ÿ)̃ Ä Sîy ›)œ!î¨%V ö„þ!w„þ ¼y›„þ¢›)öì£îû ¢öìA† ¢Á™„Åþ†%!œ
vþzöìÍÔ… „þîû%̃ Ð

Svþz_îûV õ •!îû x ‰þœöì„þîû !î!¦þ§¬ ›y˜¢›)£ x1, x2, ....., xn ~î‚ “þyöì”îû x˜%îû)þ™ þ™!îû¢‚…Äy f1, f2,
...., fn

¢%“þîûy‚ Ÿ)̃ Äöì„þ!w„þ réôé“þ› ¼y›„þ Sþ™!îû‡y“þV îy  .... 1N

r

r
fx

 

[ öë…yöì̃  f1  f2  ..... fn N ]

x  [öëï!†„þ †vþü îy ›•Ä„þ ] ¢yöìþ™öìÇþ réôé“þ› ¼y›„þ Sþ™!îû‡y“þV

îy    ..... 2N

r

r
f x x

 

A [ !˜!”ÅTþ !î¨% ] ¢yöìþ™öìÇþ réôé“þ› ¼y›„þ Sþ™!îû‡y“þV

   
A

..... 3N

r

r
f x 

 

~…˜ r, r  ~î‚ r ~îû ›öì•Ä ¢Á™„Åþ†%!œ !˜•Åyîû’ „þóîûöì“þ £öìîÐ

(1) ˜‚ ¢Á™öì„Åþ öíöì„þ–  0
1 º 1N f x  

(2) ˜‚ ¢Á™öì„Åþ öíöì„þ–  0
1 º 1N f x x   

(3) ˜‚ ¢Á™„Åþ öíöì„þ–  0
1 A º 1N

    f x

~…˜–  11
1
N f x x  

(3) ˜‚ öíöì„þ þ™y£z

 1
1 AN f x  
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  1 AN f x f  

1 AN N
f

fx  

Ax 

 1
N fx x f  

N N
fx f

x
 

    
 

 

·1 0x x x x    

 1
1 N N    f x fx

x

1 0,  1 A,x   1 .x 

 2
2

A
N

f x 
 

 21 AN f x x x   

   2 21 1 AN Nf x x f x    

 22 1     1Ax    

 22 2 1     

 33
1 AN f x  

    31 AN f x x x   
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            3 3 2 21 A 3 A 3 AN f x x x x x x x x x         

           3 3 2 2
1 1 1

1 3 3N f x x x x x x           

        3 2 2
3 1 1 1

1 1 13 · 3 ·N N Nf f x x f x x             

   3 2
3 1 1 2 1 13 · 3 N                f

   23
3 1 1 2 1 13 3 ·0 0          

 33 2 1 13        

      3 2 3
3 3 2 1 1 3 2 1 13 3                       

   3 3
3 2 1 1 13 3            

 33 2 1 13 2         

þ™%˜îûyëû–

 22
1
N f x x  

  221 2N f x xx x  

     2 2
1 1 1

1 12 ·N N Nfx fx f x         

2
2 1 12· · 1·x     

1 1 ·N 1N N
     f

2 2
2 1 12     

2 2
2 1 2 2 1         
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x˜%îû)þ™¦þyöìî–  33
1
N f x x  

    2 33 21 3 3· ·N f x x x x x x   

   
2

3 2 3
1 1 1

1 13· · 3· · · ·N N N W
fx fx

fx f          1 x

2 3
3 2 1 1 13· 3· · 1x        

3
3 2 1 13 2      

3
3 3 2 1 13 2        

þ™%˜îûyëû– xy›îûy !œ…öì“þ þ™y!îû öë

2
2 2 1    

 2 2
1

1
N f x x   

2 2
1     [ öë…yöì̃    ‰þöìœîû ¢›„þ þ™yíÅ„þÄ îy ²Ì›y’ !î‰%þÄ!“þ ]

r éôé~îû ¢y•yîû’ îû)þ™ õ (General form of r)

~Þíöìœ r réôé“þ› ö„þw#ëû ¼y›„þ Sþ™!îû‡y“þV ~î‚ r   ~„þ!Ýþ ¢%!˜!”ÅTþ !î¨% (A) ¢yöìþ™öìÇþ réôé“þ›
¼y›„þ Sþ™!îû‡y“þVÐ

 1
N

r
r f x x    ~î‚  1 AN

r
r f x  

~…˜–  1
N

r
r f x x  

îy–     1 A AN
r

r f x x    

  1
1 AN

rf x     
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[  1
1 AN f x  

1 1A ·N Nfx f  

A.1x 

N f

Ax   ]

         1 2 2
1 1 2 1A A AN

r r rf x rc x rc x           


   1... 1 r r    ]

     1
1 1

1 1A · A ·N N
r rf x rc f x       

       2 2
2 1 1

1· A ..... 1r r rrc f xN
       

œÇþ’#ëû õ

 1
1
N f 

1 N
f 

    
 



1·1 

1 

       2
1 1 1 2 2 1 1.... 1                  r r

r r r rrc rc

~Þíöìœ– r 1, 2, 3.... î!¢öìëû

1, 2, 3 .... ö„þ 1 2 3, , ...     ö“þ îû)þ™yhsþ!îû“þ „þîûy ëyëûÐ ~¦þyöìî– ,i i   ç i

(i 1, 2, 3,...) éôé~îû ›öì•Ä ëíyëí ¢Á™„Åþ†%!œ Þíyþ™˜ „þîûy ¢½þî £öìîÐ
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vþz”y. 2 1, 3, 5, 7 ¢‚…Äy†%!œîû ²Ìí›– !m“þ#ëû ç “,þ“þ#ëû ö„þw#ëû ¼y›öì„þîû (Central moments) ›y˜
!˜’Åëû „þîû%̃ Ð ~îû öíöì„þ ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ þ™!îû›yþ™ „þîû%̃ Ð

¢›y•y˜ ƒ

›öì̃  „þ!îû– 1, 3, 5, 7 ~îû öëï!†„þ †vþü x

1 3 5 7 16 4.4 4x      

‰þœîûy!Ÿ (x) ~îû ²Ìí›– !m“þ#ëû ç “,þ“þ#ëû ¼y›„þ Sþ™!îû‡y“þV !˜’Åöìëûîû ‹˜Ä ˜#öì‰þîû “þy!œ„þy!Ýþ †àþ˜ „þîûy
²Ìöìëûy‹˜Ð

‰þöìœîû ›y˜ (x) x x  2x x  3x x

1 1 – 4 – 3 (–3)2 9 (–3)3 –27
3 3 – 4 – 1 (–1)2 1 (–1)3 – 1
5 5 – 4 1 (1)2 1 (1)3 1
7 7 – 4 3 (3)2 9 (3)3 27

ö›yÝþ   0  x x  2 20x x   3 0x x 

 !˜öì’Åëû ²Ìí› ö„þw#ëû ¼y›„þ (1) Sþ™!îû‡y“þV  1 x xn 

1 0 04  

!m“þ#ëû ö„þw#ëû ¼y›„þ (2)  21 x xn 
1 20 54  

“,þ“þ#ëû ö„þw#ëû ¼y›„þ (3)  31 x xn 
1 0 04  

 !˜öì’Åëû ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ (1)  
3
3 2

2
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 3 2
0 0

5
 

vþz_îû õ 0, 5, 0 ; 0

vþz”y. 3 ~„þ!Ýþ !î¦þy‹öì̃ îû 1 éôé~îû ¢yöìþ™öìÇþ ²Ìí› ç !m“þ#ëû ¼y›öì„þîû ›y˜ 2 ~î‚ 25; !î¦þy‹˜!Ýþîû

öëï!†„þ †vþü  x  ~î‚ ²Ì›y’ !î‰%þÄ!“þ () !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ Ÿ“Åþy˜%¢yöìîû–

 1 1 2xn    îy– 1 1 1 2xn n  

îy–  1 2nxn n     1 11 ·    nn n

îy– 1 2x    îy– 3x 

 !˜öì’Åëû öëï!†„þ †vþü   3x 

~Þíöìœ–  1 1 2xn    xíÅyê 1 2 

 21 1 25xn    ~î‚ 2 25 

•!îû– öëï!†„þ †vþü ¢yöìþ™öìÇþ !m“þ#ëû ¼y›„þ 2

 2 2
2

1 x xn      [ öë…yöì̃  S‰þöìœîûV ²Ì›y’ !î‰%þÄ!“þ  ]

xy›îûy ‹y!˜ öë–  2 2 1
     

25 – (2)2

25 – 4
21

2 21   îy 2 21 4·58    Sxy¢§¬V

vþzƒ  !˜öì’Åëû !î¦þy‹öì̃ îû öëï!†„þ †vþü 3
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~î‚ !î¦þy‹öì̃ îû ²Ì›y’ !î‰%þÄ!“þ 4·58

vþz”y. 4 (a) ë!” ö„þy˜ ²Ì!“þ¢› !î¦þy‹öì̃  Q1  24 ~î‚ Q3 42 £ëû “þöìî ›•Ä›y (median) !˜’Åëû
„þîû%̃ Ð

¢›y•y˜ ƒ •!îû– !î¦þy‹öì̃ îû !˜öì’Åëû ›•Ä›y Q2

²ÌÙÀ›öì“þ– !î¦þy‹˜!Ýþ ²Ì!“þ¢› îöìœ

Q2 – Q1 Q3 – Q2

îy– 2Q2 Q3 Q1

42  24 [  Q3 42, Q1 24 ]
66

îy– 2
66Q 332 

 !˜öì’Åëû ›•Ä›y 33 Svþz_îûV

(b) ë!” Q1 26, Q3  76 ~î‚ ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ 0·2 £ëû “þöìî ›•Ä›y !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ •!îû– !˜öì’Åëû ›•Ä›y Q2

îyç!œîû þò²Ì!“þ÷ìî¡ì›Ä †%’y‚„þó ¢)ey %̃¢yöìîû–

²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ (Sk3) 
3 1 2

3 1

Q Q 2Q
Q Q
 




îy– 276 26 2Q0·2 76 26
 




 [Q3 76, Q1 26 ~î‚ Sk3 0·2 ]

îy– 2102 2Q2
10 50




îy– 2
2102 2Q 5010  

îy– 2102 2Q 10 

îy– 22Q 102 10 

îy– 22Q 92
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îy– 2
92Q 2

îy– Q2 46

 !˜öì’Åëû ›•Ä›y 46 Svþz_îûV

vþz”y. 5 (a) 1, 3, 7, 9, 10 ¢‚…Äy†%!œîû ‹˜Ä öëï!†„þ †vþü ¢yöìþ™öìÇþ ²Ìí› ‰þyîû!Ýþ ¼y›„þ ~î‚ ²Ìí›
‰þyîû!Ýþ ‘A’ éôéö„þ!w„þ ¼y›„þ !˜’Åëû „þîû%̃  Söë…yöì̃ – A S•Ê%î„þV 4)

(b) vþzþ™öìîûîû ²Ìy® ›y˜ ¢yöìþ™öìÇþ ö”…y˜ öë

3
3 3 1 2 13 2 .          

¢›y•y˜ ƒ (a) †’˜y „þyëÅ ƒ S²Ìí› x‚öìŸîû ‹˜ÄV

‰þöìœîû ›y˜ x x  2x x  3x x  4x x

(x)
1 1 – 6 –5 (–5)2 25 (–5)3 –125 (–5)4 625
3 3 – 6 –3 (–3)2 9 (–3)3 –27 (–3)4 81
7 7 – 6 1 (1)2 1 (1)3 1 (1)4 1
9 9 – 6 3 (3)2 9 (3)3 27 (3)4 81
10 10 – 6 4 (4)2 16 (4)3 64 (4)4 256

ö›yÝþ   0  x x  2 60x x   3 60   x x  4 1044x x 

~öìÇþöìe öëï!†„þ †vþü   1 3 7 9 10 30 65 5x      

 ²Ìí› ö„þw#ëû ¼y›„þ    
1

0 05


    x x
n

 [~Þíöìœ– n 5 ]

!m“þ#ëû ö„þw#ëû ¼y›„þ    2
2

0 125
x x
n
    

“,þ“þ#ëû ö„þw#ëû ¼y›„þ    3
3

0 125
x x
n
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‰þ“%þíÅ ö„þw#ëû ¼y›„þ    4
4

1044 208·85
x x
n


   

vþz_îû õ 0, 12, –12, 208·8

S!m“þ#ëû x‚öìŸîû ‹˜ÄV †’˜y „þyëÅ õ A 4 éôé~îû ¢yöìþ™öìÇþ ²Ìí› ‰þyîû!Ýþ ¼y›„þ !˜’Åëû „þóîûöì“þ £öìî õ

‰þöìœîû ›y˜ (x) x – A, A 4 (x – 4)2 (x – 4)3

1 1 – 4 –3 (–3)2 9 (–3)3 –27
3 3 – 4 –1 (–1)2 1 (–1)3 1
7 7 – 4 3 (3)2 9 (3)3 27
9 9 – 4 5 (5)2 25 (5)3 125
10 10 – 4 6 (6)2 36 (6)3 216

ö›yÝþ  4 10  x  24 80x    34 340x  

 !˜öì’Åëû  
1

4 10 25


    x
n

 (4-ö„þ!w„þ ²Ìí› ¼y›„þV

 2
2

4 80 165
x
n


     (4-ö„þ!w„þ !m“þ#ëû ¼y›„þV

 3
3

4 340 685
x
n


     (4-ö„þ!w„þ “,þ“þ#ëû ¼y›„þV

(b) ~öìÇþöìe– 3 12  

~î‚ 3
3 3 1 2 13 2          

 368 3 2 16 2 2     

68 96 16  

84 96 12   
3

3 3 1 2 13 2 ,            ~Ýþy£z !˜öì’Åëû šþœÐ

vþz”y. 6. ²Ì. öëï!†„þ †vþü– Sîy ›•Ä„þV ¢yöìþ™öìÇþ ²Ìí› ‰þyîû!Ýþ ¼y›öì„þîû þ™!îûöì²Ì!Çþöì“þ öŸšþyöìvÅþîû Ÿ%!å•„þîû’
¢)e!Ýþ vþzöìÍÔ… „þîûÐ ~„þ!Ýþ vþzþ™ë%=þ vþz”y£îû’öìëyöì† ~öì„þ îÄy…Äy „þîû%̃ Ð
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¢›y•y˜ ƒ ‰þöìœîû öë ö„þy˜ ~„þ!Ýþ þ™!îû¢‚…Äy !î¦þy‹öì̃ îû öÇþöìe– xy›îûy •!îû öë þ™!îû¢‚…Äy– ‰þöìœîû
ö×’# ¢#›yîû ›•Ä!î¨%öì“þ ˜Ähßþ xyöìŠéÐ ¼y›„þ !˜’Åëû „þyöìœ ~öì£˜ ²Ìy„äþ •yîû’y öíöì„þ !„þŠ%éÝþy ¼y!hsþ Sîy e%!ÝþV
~öì¢ ëyëûÐ þ™!îû¢‚…Äy!î” W.F. Sheppard Svþ!îÏvþz. ~šäþ. öŸšþyvÅþV ¼y›öì„þîû ²Ìy® ›y˜öì„þ e%!Ýþ ›%=þ
„þóîûöì“þ ~„þ!Ýþ ¢)e îû‰þ˜y „þöìîû̃ Ð ~£z e%!Ýþ›%=þ ¢)e!Ýþ £óœ !˜Á¬îû)þ™ ƒ

Söëï!†„þ †vþü ¢yöìþ™öìÇþ ²Ìí› ¼y›„þV 1 0

x˜%îû)öìþ™– 2 îy 2 2
2 2 1

1
12 c     

[  ²Ì›y’ !î‰%þÄ!“þ– C £óœ ö×!’îû xî„þyŸ (Class interval)]

3 [ öëï!†„þ ‰þöìœîû †vþü Sîy ›•Ä„þV ¢yöìþ™öìÇþ ²Ìy® “,þ“þ#ëû ¼y›öì„þîû ›y˜ òxþ™!îûî!“Åþ“þó íy„þöìîÐ ]

 23 1 2 13 2           ~î‚    2
4 4 1 2 1 2 24 6 3 4               

2 4
2

1 7
2 240c c  

~öìÇþöìe–  1,2,3, 4i i   £óœ

‘A’ S!˜!”ÅTþ •Ê%î„þV ö„þ!w„þ ²Ìí›– !m“þ#ëû– “,þ“þ#ëû ç ‰þ“%þíÅ ¼y›„þÐ

vþz”y£îû’öìëyöì† îÄy…Äy SöŸšþyvÅþ ¢)öìeîûV ƒ

²Ì”_ ‰þöìœîû þ™!îû¢‚…Äy !î¦þy‹˜ Šé„þ öíöì„þ xy›îûy öŸšþyöìvÅþîû e%!Ýþ›%=þ ¢)e ö„þ îÄy…Äy „þóîûîÐ xíÅyê
2 ç 4 ~îû e%!Ýþ›%=þ ›y˜ !˜’Åëû „þóîûîÐ

†’˜y „þyëÅ ƒ ˜#öì‰þëû ²Ì”_ ‰þöìœîû þ™!îû¢‚…Äy !î¦þy‹˜ Šé„þ öíöì„þ !˜!”ÅTþ •Ê%îîûy!Ÿ (A)55 S•öìîûV–
²Ìí› ‰þyîû!Ýþ ¼y›„þ !˜’Åëû „þîûîÐ

‰þöìœîû þ™!îû¢‚…Äy d  fd fd2 fd3 fd4

›y˜ (x) (f) x – A

51 4 –4 4 × (–4) –16 64 –256 24

52 5 –3 5 × (–3) –15 45 –135 405

53 8 –2 8 × (–2) –16 32 –64 128

54 10 –1 10 × (–1) –10 10 –10 –10

55 9 0 9 × 0 0 0 0 0

56 6 1 6 × 1 6 6 6 6

57 3 2 3 × 2 6 12 24 48

ö›yÝþ   45f  7d   45fd   2 169fd  3 435fd   4 1621fd 
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~…˜– 1
45 145

fd
f

    


SA éôéö„þ!w„þ ²Ìí› ¼y›„þV

x˜%îû)öìþ™– 
2

2
169 3·7645

fd
f

   


3

3
435 9·645

fd
f

    


~î‚
4

4
1621 3645

fd
f

   


~Þíöìœ– öëï!†„þ †vþü   A
fd

x
f

 


 4555 45
 

55 – 1 54

Aéôéîû ¢yöìþ™öìÇþ ‰þöìœîû ²Ìí› ‰þyîû!Ýþ ¼y›„þ 1, 2, 3 ~î‚ 4 !˜•Åyîû’ „þóîûî 1 , 2 , 3  ~î‚

4  éôé~îû ¢y£yëÄ !˜öìëûÐ

ßþ™Tþ“þ– 1 0.

 22
2 2 1 3·76 1 3·76 1 2·76          

3
3 2 1 2 13 2          

    39·6 3 1 3·76 2 1 9·6 11·28 2         

11·28 11·6 0·32   

4 2 4
4 1 1 2 1 2 14 6 3               
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         2 436 4 1 9·6 6 1 3·76 3 1       

36 38·4 22·56 3 58·56 41·40 17·16      

~…˜ öŸšþyöìvÅþîû ¼y!hsþ›%=þ Sîy e%!Ýþ›%=þV ¢)e xîœÁºöì̃  Ÿ%!å•„þîûöì’îû ›y•Äöì› 2 ~î‚ 4 éôé~îû ›y˜
!˜’Åëû „þóîûî– „þyîû’ 1 0 ~î‚ 3 éôé~îû ›y˜ xþ™!îûî!“Åþ“þ íy„þöìîÐ

 2 ~îû e%!Ýþ›%=þ ›y˜

2 2
2 1

1
12 c     [ öŸšþyvþÅ ¢)ey %̃¢yöìîû ]

   2 213·76 1 112     [ c 1 Sö×!’ xî„þyŸV (class interval)]

13·76 1 12  

3·76 1 0·08  

3·760 1·08 

2·68

4 éôé~îû e%!Ýþ›%=þ ›y˜

2 4 2 4
4 1 2 1 2 1 2

1 74 6 3 2 240c c                 

               2 4 2 41 736 4 1 9·6 6 1 3·76 3 1 2·76 1 12 240           1c

736 38·4 22·56 3 1·38 240     

36 38·4 22·56 3 1·38 0·03     

58·59 42·78 15·81  

 SöŸšþyvÅþ ¢)e x˜%¢yöìîûV !˜öì’Åëû 2 ~î‚ 4 éôé~îû e%!Ýþ ›%=þ ›y˜ ëíy„Êþöì› 2·68 ~î‚ 15·81 Svþz_îûV

vþz”y. 7. ²Ì”_ ‰þöìœîû þ™!îû¢‚…Äy !î¦þy‹˜ Šé„þ öíöì„þ òö„þ!œîû þ™å•!“þó x˜%%¢îû’ „þöìîû ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ
!˜’Åëû „þîû%̃ Ð
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¢›y•y˜ ƒ

‰þöìœîû ö×!’ ¢#›y˜y þ™!îû¢‚…Äy (f) „Êþ›öìëï!†„þ þ™!îû¢‚…Äy (c.f)

0 – 10 4 4
10 – 20 6 6 4 10
20 – 30 20 20 10 30
30 – 40 10 30 10 40
40 – 50 7 40 7 47
50 – 60 3 47 3 50

~Þíöìœ– N 50f 
N 50 252 2   éôé“þ› Þíyöì̃  ›•Ä›y (M) éôéö„þ þ™yçëûy ëyöìî ëy (20 – 30) ö×!’îû xhsþ†Å“þÐ

P10 S”Ÿ› Ÿ“þ“þ›„þV ëy (10 – 20) ö×!’ ¢#›y˜yëû xî!Þí“þ ëyîû ›y˜ ‰þöìœîû  10 50
100
  îy þ™Mþ›

Þíyöì̃ îû ›yöì̃ îû ¢›y˜Ð

 
10

10 50 4100P 10 106

      
 
 

 5 410 106
  

10 510 10 10 1 67 11 676 3          Sxy¢§¬V

x˜%îû)öìþ™– P90 S˜î¹£z Ÿ“þ“þ›„þV ëy (40 – 50) ö×!’ ¢#›y˜yëû xî!Þí“þÐ ëyîû ›y˜ ‰þöìœîû  90 50
100


îy 45éôé“þ› Þíyöì̃  xî!Þí“þ ›yöì̃ îû ¢›y˜Ð

90

90 50 40100P 40 107
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 45 4040 107
  

5040 40 7·147   

47·14

 S›•Ä›yV 
50 10220 1020

      
 

25 1020 1020
  

15 1020 20
 

1520 20 7·502   

27·50

 òö„þ!œóîû ¢)ey˜%¢yöìîû !˜öì’Åëû ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ (Sk4)

10 90

90 10

P P 2 M
P P
  




11·67 47·14 2 27·50
47·14 11·67
  



58·81 55·00
35·47


3·81 0·107335·47 

0·107  Sxy¢§¬V

vþz. 0·107
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vþz”y. 8. !˜öìÁ¬y=þ ‰þöìœîû þ™!îû¢‚…Äy !î¦þy‹˜ “þy!œ„þy x˜%¢yöìîû ò„þyœÅ !þ™ëûyîû¢˜ó þ™å•!“þöì“þ ²Ì!“þ÷ìî¡ì›Ä
†%’y‚„þ !˜’Åëû „þîû%̃ Ð

Sö×!’ xî„þyŸ/!î¦þy†V 0–10 10–20 20–30 30–40 40–50 50–60 60–70 70–80

þ™!îû¢‚…Äy (f) 6 12 22 48 56 32 18 6

¢›y•y˜ ƒ

‰þöìœîû ‰þöìœîû ö×!’ þ™!îû¢‚…Äy Axu
h
 fu fu2

¢#›y˜y S¢#›yV ¢#›y˜y ›•Ä›y˜ (f ) A = 35,
(x) h = 10

0 – 10 5 6 5 35 310
   6 × (–3)  –18 6 × (–3)2  54

10 – 20 15 12 15 35 210
   12 × (–2)  –24 12 × (–2)2  48

20 – 30 25 22 25 35 110
   22 × (–1)  –22 22 × (–1)2  22

30 – 40 35 48 35 35 010
  48 × 0  0 48 × (0)2  0

40 – 50 45 56 45 35 110
  56 × 1  56 56 × (1)2  56

50 – 60 55 32 55 35 210
  32 × 2  64 32 × (2)2  128

60 – 70 65 18 65 35 310
  18 × 3  54 18 × (3)2  162

70 – 80 75 6 75 35 410
  6 × 4  24 6 × (4)2  96

ö›yÝþ N 200f  134fu  2 566fu 
öëï!†„þ †vþüéôôôé¢‚…Äy†%îû% ›y˜

ò„þyœÅ !þ™ëûyîû¢˜ó ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ (Sk1) ––––––––––––––––––––
²Ì›y’ !î‰%þÄ!“þ

~…˜– öëï!†„þ †vþü  x  A ..... 1N
fu

h  
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13435 100200  

 134 1035 200
 

67035 100 

35 6·7 41·7  

~î‚ ¢‚…Äy†%îû% ›y˜ (M0) 
 

   
56 48

40 10
56 48 56 32


  

  
 S¢)e öíöì„þV

840 108 24  


840 1032  

1 540 10 40 40 2·54 2      
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[ öëöì£“%þ– M0 þ™ëÅöìîÇþöì’ xyöì¢ (40 – 50) ö×!’ !î¦þyöì†îû xhsþ†Å“þ ]
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 2
113200 17956 10

200
 

308·02 5
100



1540·10 15·4100   S~„þ ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

 !˜öì’Åëû ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ (SK1) 
41·7 42·5

15·4
  [(1) ˜‚ öíöì„þ ]

0·8
15·4 

   8 4
154 77   

0·051   S!“þ˜ ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

vþz õ – 0·051

vþz”y. 9 ~„þ!Ýþ !˜!”ÅTþ !î¦þy‹öì̃  ²Ìí› ‰þyîû!Ýþ ¼y›„þ [ !˜!”ÅTþ •Ê%î„þ ‘4’ ¢yöìþ™öìÇþ ö„þw#ëû ¼y›„þ ]

1 2 3, ,      ~î‚ 4  £óœ ëíy„Êþöì› –1·5, 17, –30 ~î‚ 108 ; 2 !˜’Åëû „þîû ~î‚ 2 éôé~îû ö²Ì!Çþöì“þ
!î¦þy‹öì̃ îû “þ#ÇÖþ“þy !î‰þyîû „þîû%̃ Ð

¢›y•y˜ ƒ

•!îû– ‰þöìœîû öëï!†„þ †vþü x  ~î‚ öëï!†„þ †vþü ¢yöìþ™öìÇþ ²Ìí› ‰þyîû!Ýþ ¼y›„þ £óœ 1, 2, 3 ~î‚
4Ð  i ~î‚ i  ¢)ey %̃¢yöìîû xy›îûy !œ…öì“þ þ™y!îû öë (i 1, 2, 3, 4)

1 1 1 0     

 22 2 1     

 33 3 2 1 13 2          

   2 4
4 4 3 1 2 1 14 6 3               
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²ÌÙÀy˜%¢yöìîû–

 1 1·5 1·5 1·5 1·5 0        

   2 2
2 2 1 17 1·5 17 2·25          

14·75

 33 3 2 1 13 2          

    330 3 17 1·5 2 1·5     

30 76·5 6·75   

76·5 36·75 

39·75

   2 4
4 4 3 1 2 1 14 6 3               

       2 4108 4 30 1·5 6 17 1·5 3 1·5       

337·5 195·1875 

142·3125

142·313  Sxy¢§¬V

„þyœÅ !þ™ëûyîû¢öì̃ îû “þ#ÇÖþ“þy (Kurtosis) †%’y‚„þ ¢)e x˜%¢yöìîû–

 
4

2 2 2
2

142·313
14·75


  



142 313 0 65217 56
  


ßþ™Tþ“þ– 0·65 < 3 xíÅyê 2 < 3.

¢%“þîûy‚ ‰þöìœîû !î¦þy‹˜!Ýþ xy„,þ!“þ†“þ ¦þyöìî ßþºÒ “þ#ÇÖþ (Platykurtic) þ™ëÅyöìëû þ™öìvþüÐ

vþz”y.  (a) ö„þy˜ !î¦þy‹öì̃ îû öÇþöìe– ²Ìí› ‰þyîû!Ýþ ö„þw#ëû ¼y›„þ ëíy„Êþöì› 0, 2·5, 0·7 ~î‚
18·75 £öìœ !î¦þy‹öì̃ îû ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ (1) ç (1) ~î‚ “þ#ÇÖþ“þy †%’y‚„þ !˜’Åëû „þöìîû “þyîû ²Ì„,þ!“þ
!˜•Åyîû’ „þîû%̃ Ð
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¢›y•y˜ ƒ Ÿ“Åþy˜%¢yöìîû–

1 0

2 2·5
3 0·7

~î‚ 4  18·75

 ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ (1)

 
 

2
3
3 3
2

0·7 0·49
15·6252·5




  


0·03

3
1 3 2

2


 



   3 2 1 2
0·7 0·7

2·5 15·625
 

0 7 0.1773 95
 


 
4

2 2 2
2

18·75 1875 3.6252·5


    


2 éôé~îû ›y˜ 3 îöìœ ö”ëû !î¦þy‹˜!Ýþ ›•Ä› “þ#ÇÖþ îy (Mesokurtic)

(b) ö„þy˜ !î¦þy‹öì̃ îû !m“þ#ëû ç “,þ“þ#ëû ö„þw#ëû ¼y›„þ 4 ~î‚ 12 £öìœ !î¦þy‹˜!Ýþîû ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ
(1) !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ Ÿ“Åþy %̃¢yöìîû– !î¦þy‹öì̃ îû

!m“þ#ëû ¼y›„þ Sö„þw#ëûV 2 4

~î‚ “,þ“þ#ëû ö„þw#ëû ¼y›„þ 3 12

 !˜öì’Åëû ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ (1)
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3
3 2

2






   3 2 3 22
12 12
4 2

 

12 3 1·58 2  

vþz. 1·5

vþz”y. 11 ö„þy˜ ~„þ!Ýþ !î¦þy‹˜ éôé~îû ö²Ì!Çþöì“þ !˜!”ÅTþ •Ê%î„þ 2 ¢yöìþ™öìÇþ xöì„þw#ëû (non-central)
²Ìí› ¼y›„þ !“þ˜!Ýþ £óœ 1, 16 ~î‚ – 40 ö”…yç öë öëï!†„þ †vþü 3, ö¦þ”›y˜ (Variance) 15
~î‚ 3 –86.þ ²Ì›y’ „þîû%̃ – ²Ìí› !“þ˜!Ýþ Ÿ)̃ Äöì„þ!w„þ ( 0)x  ¼y›„þ ëíy„Êþöì› 3, 24~î‚ 76.

¢›y•y˜ ƒ ~Þíöìœ– 1 1,  2 16   ~î‚ 3 40    [ ë…˜ !˜!”ÅTþ •Ê%î„þ (A) 2]

(i)  !˜öì’Åëû öëï!†„þ †vþü 1=A 2 1 3    

(ii) ö¦þ”›y˜  öëï!†„þ †vþü ö²Ì!Çþöì“þ !m“þ#ëû ¼y›„þ 2

öëöì£“%þ–  22
2 2 1 16 1 16 1 15         

(iii) “,þ“þ#ëû ¼y›„þ Söëï!†„þ †öìvþüîû ö²Ì!Çþöì“þV

3

öëöì£“%þ– 3
3 3 2 1 13 2          

¢%“þîûy‚      33 40 3 1 16 2 1       

40 48 2   

88 2 86    

(iv) ~…˜ Ÿ)̃ Äöì„þ!w„þ ²Ìí› !“þ˜!Ýþ ¼y›„þöì„þ !˜’Åëû „þóîûöì“þ £öìî xíÅyê 1, 2 ~î‚ 3 éôéö„þ !˜’Åëû
„þîûöì“þ £öìîÐ

öëöì£“%þ 1 1A ,    2
2 2 1      ~î‚  33 3 2 1 13       



NSOU  GE-CO-21296

¢%“þîûy‚– 1 2 1 3   

 22 15 3 15 9 24     

~î‚      33 86 3 15 3 3      

86 135 27   

162 86 76  

1 3,   2 24   ~î‚ 3 76 

vþz”y. 12 ö„þyöì̃ y ~„þ!Ýþ !î¦þy‹öì̃  öëï!†„þ †vþü ¢yöìþ™öìÇþ !m“þ#ëû– “,þ“þ#ëû ~î‚ ‰þ“%þíÅ ¼y›„þ xíÅyê 2,
3 ~î‚ 4£óœ ëíy„Êþöì› 81, –144 ~î‚ 14817Ð ¼y›„þ ¢yöìþ™öìÇþ ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ ~î‚ “þ#ÇÖþ“þy
†%’y‚„þ !˜’Åëû „þîû%̃  ~î‚ xy„,þ!“þéôé²Ì„,þ!“þ vþzöìÍÔ… „þîû%̃ Ð

¢›y•y˜ ƒ ~öìÇþöìe–

¼y›„þ ö²Ì!Çþöì“þ ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ (1)

 
 

22
3
3 3
2

144 20736
53144181


  


0·04  Sxy¢§¬V

1  0·04 S•˜yd„þV– ¢%“þîûy‚ þ™!îû¢‚…Äy !î¦þy‹˜ öîû…yëû ²Ì!“þ÷ìî¡ì›Ä“þy !î”Ä›y˜Ð ~öìÇþöìe– 3
}’yd„þ ›y˜ @ùÌ£’ „þîûyëû ²Ì!“þ÷ìî¡ì›Ä ²Ì„,þ!“þ†“þ ¦þyöìî }’yd„þ•›#ÅÐ

2 éôé~îû ›yöì̃ îû ›y•Äöì› “þ#ÇÖþ“þyîû ßþºîû)þ™ !˜•Åy!îû“þ £öìîÐ

~Þíöìœ– 4
2 2

2

14817 2·26 36561


    


öëöì£“%þ 2 éôé~îû ›y˜ 3 xöìþ™Çþy Ç%þo“þîû– ¢%“þîûy‚ þ™!îû¢‚…Äy öîû…yîû ›öì•Ä “þ#ÇÖþ“þyîû ßþºîû)þ™ !î”Ä›y˜Ð
²Ì„,þ!“þ†“þ¦þyöìî £z£y òßþºÒ “þ#ÇÖþó ö×!’îû xhsþ†Å“þÐ

þ™%˜îûyëû– 2 2 – 3

2·2 – 3 = – 0·8

~Ýþyç ßþ™Tþ £óœ– 2 éôé~îû ›y˜ }’yd„þÐ ¢%“þîûy‚ þ™!îû¢‚…Äy öîû…y òßþºÒ“þ#ÇÖþó •›#ÅÐ
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6.8 ¢£þ™!îûî“Åþ˜ ~î‚ ²Ì!“þ†›˜ îy !˜¦Åþîû’

²Ì„,þ!“þ !îKþy˜ ç ¢›y‹ !îKþyöì̃ îû xöì̃ „þ öÇþöìe£z ”%!Ýþ îy “þyîû öî!Ÿ ‰þœöì„þîû ›öì•Ä „þ#îû)þ™ ¢Á™„Åþ
(relation) î“Åþ›y˜ “þy ‹y˜yîû ²Ìöìëûy‹˜ £ëûÐ xíÅ!î”Äyëû ç îÄî¢y öÇþöìe ~îû ²Ì¦þyî ¢£öì‹£z œÇþ „þîûy
ëyëûÐ öë›˜ oîÄ ›)öìœÄîû ¢öìA† ‰þy!£”yîû ¢Á™„Åþ– !îKþyþ™öì̃ îû ¢öìA† oöìîÄîû „Êþëû Sîy !î„ÊþëûV ¢Á™„Åþ–
î,!Tþþ™yöì“þîû ¢öìA† „,þ!¡ì‹y“þ oöìîÄîû vþzêþ™y”öì̃ îû ¢Á™„Åþ £z“þÄy!”Ð öë !îöìÙÕ¡ìöì’îû ›y•Äöì› ~îû)þ™ ¢Á™„Åþ
¢£öì‹£z x˜%•yî˜ „þîûy ëyëû “þyöì„þ£z ò¢£ þ™!îûî“Åþ˜ó îy ò¢£†!“þó !£¢yöìî •îûy £ëûÐ ”%!Ýþ ‰þœöì„þîû ›öì•Ä
vþzþ™!Þí“þ ¢Á™„Åþ öíöì„þ ë…˜ ~„þ!Ýþ ‰þœöì„þîû ›yöì̃ îû ö²Ì!Çþöì“þ xþ™îû ‰þœöì„þîû ›y˜ !Þíîû „þîûy £ëû “þyöì„þ£z
²Ì!“þ†›˜ îy ò!˜¦Åþîû’ó îœy £ëûÐ öœ…!‰þe öíöì„þ Ÿ%îû% „þöìîû „þyœÅ !þ™ëûyîû¢öì̃ îû ²Ì’yœ#– !ßþ™ëûyîû›Äyöì̃ îû
²Ì’yœ#– ö„þuþÄyöìœîû ²Ì’yœ#– ¢›!î¨% !î‰%þÄ!“þ (Concurrent deviation), œ!‡Ûþ î†Å þ™å•!“þ vþzöìÍÔ…öìëy†ÄÐ
~ ²Ì¢öìA† îœy ”îû„þyîû öë ‰þœöì„þîû ›öì•Ä ¢Á™„Åþ „þ#îû)þ™ “þy !˜•Åyîûöì’îû ‹˜Ä ~„þ!Ýþ •Ê%îîûy!Ÿîû (Constant)
²Ìöìëûy‹˜ £ëû “þyöì„þ ò¢£†yA„þó îû)öìþ™ !‰þ!£«“þ „þîûy £ëûÐ ¢£þ™!îûî“Åþ˜ S¢£†!“þV ~î‚ ²Ì!“þ†›˜ S!˜¦Åþîû’V
vþz¦þëû öÇþöìe£z ~£z ¢£†yöìA„þîû †%îû%c xþ™!îû¢#›Ð ~ !î¡ìöìëû xy›îûy ~…˜ ¢!îhßþyöìîû xyöìœy‰þ˜y „þóîûîÐ

¢£þ™!îûî“Åþ˜ Sîy ¢£†!“þV éôéö„þ î#‹†y!’!“þ„þ vþzþ™yöìëû ‰þœîûy!Ÿ ¢y£yöìëÄ !˜öìÁ¬y=þ ¦þyöìî ¢‚Kþy!ëû“þ
„þîûy £ëûÐ

•!îû– ~„þ!Ýþ !˜!”ÅTþ ¢Á™öì„Åþîû x ç y ”%!Ýþ ‰þœîûy!Ÿ ~›˜ öë x ‰þœöì„þîû î,!å•îû Sîy £Éyöì¢îûV šþöìœ xþ™îû
‰þœ„þ y éôé~îû ›yöì̃ îû î,!å• Sîy £Éy¢V ‡öìÝþ– “þyöì„þ îûy!Ÿ!îKþyöì̃ îû ¦þy¡ìyëû ò¢£þ™!îûî“Åþ˜ó Sîy ò¢£†!“þóV îœy
£ëûÐ öë›˜– „,þ!¡ì‹y“þ oöìîÄîû ›)œÄ î,!å•îû ¢öìA† “þyîû ö‹y†yöì̃ îû î,!å• ¢››%…# îy ò•˜yd„þó ¢£þ™!îûî“Åþöì̃ îû
vþz”y£îû’Ð !îþ™îû#“þ¦þyöìî– ~„þ!Ýþ ‰þœîûy!Ÿîû ›yöì̃ îû î,!å• ‡Ýþöìœ xþ™îû ‰þœîûy!Ÿîû ›yöì̃ îû £Éy¢ öë ¢Á™öì„Åþ
‡öìÝþ “þyöì„þ ò}’yd„þó îy ò!îþ™îû#“þ›%…#ó ¢£þ™!îûî“Åþ˜ îœy ‰þöìœÐ öë›˜– ö„þy˜ îy‹yîû‹y“þ oöìîÄîû ›)œÄ î,!å•
öþ™öìœ “þyêÇþ!’„þ ¦þyöìî “þyîû ‰þy!£”y £Éy¢ þ™yëûÐ ~!Ýþ ~„þ!Ýþ }’yd„þ ¢£þ™!îûî“Åþöì̃ îû vþz”y£îû’Ð öë
¢£þ™!îûî“Åþöì̃ îû öÇþöìe ²Ìí› ‰þöìœîû ›yöì̃ îû þ™!îûî“þÅöì̃ îû ¢öìA† !m“þ#ëû ‰þöìœîû ›y˜ þ™!îûî“Åþöì̃ îû ö„þy˜îû)þ™
!˜¦ÅþîûŸ#œ“þyîû ¢Á™„Åþ î‹yëû íyöì„þ ˜y– “þyöì„þ ò¢Á™„Åþ!î£#˜ ¢£þ™!îûî“Åþ˜ó !£¢yöìî †’Ä „þîûy £ëûÐ

¢£éþ™!îûî“Åþöì̃ îû ~éôé•yîûy!Ýþ !˜ëû!sþf“þ £ëû öë ¢‚…Äyîû ¢y£yöìëÄ “þy £óœ ò¢£þ™!îûî“Åþ˜ †%’y‚„þó (Co-
efficient of Correlation). ~öì„þ ‘r’ Sòîy rxy’) !‰þ£« !”öìëû ²Ì„þyŸ „þîûy £ëûÐ }’yd„þ– •˜yd„þ ç
¢Á™„Åþ!î£#˜ ¢£þ™!îûî“Åþöì̃ îû ‹˜Ä r ¢îÅ”y –1 öíöì„þ 1 ~îû ›öì•Ä ¢#›yîå• £ëûÐ ²Ìí› öÇþöìe 1 0,r  

!m“þ#ëû öÇþöìe 0 1,r   “,þ“þ#ëû öÇþöìe r 0. ‰þœîûy!Ÿ ”%!Ýþ •˜yd„þ ¦þyöìî †¦þ#îû¦þyöìî ¢Á™!„Åþ“þ £ëû
ë“þ£z r éôé~îû ›y˜ 1 ~îû …%î£z !˜„þÝþî“þ#Å £ëûÐ !îþ™îû#“þ¦þyöìî– ‰þœîûy!Ÿ ”%!Ýþ }˜yd„þ ¦þyöìî ë“þ£z ‡!˜Ûþ £ëû
“þ“þ£z r éôé~îû ›y˜ –1 ~îû !˜„þÝþî“þ#Å £ëûÐ r 0 £öìœ ‰þœîûy!Ÿ ”%!Ýþîû ›öì•Ä !˜!£“þ ¢Á™„Åþ öœyþ™ þ™yëûÐ
~ ²Ì„þyîû ¢Á™„Åþ†%!œöì„þ xy›îûy ò!î!Çþ® !‰þeó Sîy Scatter diagram) éôé~îû ¢y£yöìëÄ ¢%̈ îû¦þyöìî “%þöìœ
•óîûöì“þ þ™y!îûÐ
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!î!Çþ® !‰þe Sîy !î¨% !‰þeV [Scalter diagram or dot diagram]

”%!Ýþ ‰þœîûy!Ÿ x ç y ~îû ›öì•Ä xî!Þí“þ ¢Á™„Åþöì„þ ë…˜ öœ…!‰þöìeîû ¢y£yöìëÄ ²Ì„þyŸ „þîûy £ëû “þyöì„þ£z
ò!î¨% !‰þeó îœy £ëûÐ ~öì£˜ !î¨% !‰þe!Ýþ ¢îûœ S÷îû!…„þV îy î„Êþ ~›˜!„þ !î!Çþ® xy„þyîû œy¦þ „þöìîû îöìœ–
~öì„þ x!˜ëû!sþf“þ îy ò!î!Çþ® !‰þeó !£¢yöìî vþzöìÍÔ… „þîûy £ëûÐ •!îû (xi, yi) [i  1, 2,...,n] ~„þ!Ýþ !˜!”ÅTþ
¢›“þöìœ vþzþ™!Þí“þ ßþºy•#˜ ç x•#˜Þí ~„þ ö‹yvþüy ‰þœöì„þîû îy!£Ä„þ îîûyîîû ~î‚ y ‰þœîûy!Ÿîû ›y˜ ¢›)£öì„þ
yéôéxÇþ îîûyîîû ¢›“þœÞí ~„þ!Ýþ !˜!”ÅTþ !î¨% ò›)œ!î¨%ó !£¢yöìî •öìîû !˜öìëû ëíyëí¦þyöìî ²Ì!“þÞíy!þ™“þ „þîûöìœ
~„þ!Ýþ ¢%̈ îû öœ…!‰þöìeîû xy!î¦Åþyî ‡öìÝþÐ vþz¦þëû ‰þœ îûy!Ÿ Þíyþ™öì̃  xîŸÄ£z ¢y›O¢Äþ™)’Å ößþñœ Sîy ›yþ™„þV
î“Åþ›y˜ íyöì„þÐ (xi, yi) [i  1, 2,...,n] !m‰þœöì„þîû !î¦þy‹öì̃  Þíy˜yA„þ ¢›“þöìœ xy!î¦)Åþ“þ öœ…!‰þe
¢£öì‹£z xy›yöì”îû “þyöì”îû ›öì•Ä vþzþ™!Þí“þ ¢Á™„Åþ!Ýþöì„þ •!îûöìëû ö”ëûÐ šþöìœ ¢Á™„Åþ!Ýþîû ²Ì„,þ!“þ†“þ ÷î!ŸTþÄ!Ýþ
þ™!îûßþñyîû¦þyöìî î%Gþy ëyëûÐ ~Ýþy£z !î¨% !‰þöìeîû Sîy !î!Çþ® !‰þöìeîûV †%îû%cÐ ¢›“þœÞí ”%!Ýþ ‰þöìœîû xîÞíy˜
ö¦þöì” ~!‰þöìeîû ÷î!‰þeÄöì„þ xy›îûy „þöìëû„þ!Ýþ ¦þyöì† !î¦þ=þ „þóîûöì“þ þ™y!îûÐ ö¢Ýþy£z ~…˜ xyöìœy‰þÄ !î¡ìëûÐ

!î¨% !‰þöìeîû ²Ì„þyîû ö¦þ” ƒ

!î¨% !‰þöìeîû ›y•Äöì› xy›îûy ¢£þ™!îûî“Åþöì̃ îû ›yey ç ÷î!ŸTþÄöì„þ xy›îûy „þöìëû„þ!Ýþ ö×!’öì“þ ~…˜ ¦þy†
„þóîûîÐ

S„þV ÷îû!…„þ þ¢£þ™!îûî“Åþ˜ ƒ

ë!” ¢›“þöìœ ²Ì!“þÞíy!þ™“þ (x, y) !î¨% ¢›)£ ö„þy˜ ¢îûœ öîû…yöì„þ xy×ëû „þöìîû †öìvþü vþzöìàþ “þ…˜ ú
¢£þ™!îûî“Åþöì̃ îû •yîûy!Ýþöì„þ ò÷îû!…„þ ¢£þ™!îûî“Åþ˜ó !£¢yöìî vþzöìÍÔ… „þîûy £ëûÐ vþz”y£îû’ ßþºîû)þ™ ö„þy˜ îÄ!=þîû
vþzþ™y!‹Å“þ ¢Á™” ~î‚ ¢Mþöìëûîû þ™!îû›y˜ ¢îÅ”y ÷îû!…„þ ¢£þ™!îûî“Åþ˜öì„þ !˜öì”ÅŸ „þöìîûÐ (i) !‰þey %̃¢yöìîû–
x˜Ä!”öì„þ– ö‹y†y˜ „þöì›îû ‹˜Ä oöìîÄîû ‰þy!£”y ~î‚ ›)œÄî,!å• (ii) !‰þeöì„þ x %̃¢îû’ „þöìîûÐ

O

Y

X

(ii)

O

Y

X

(i)

÷îû!…„þ ¢£þ™!îûî“Åþ˜ !“þ˜!Ýþ •yîûyëû ²Ì„þy!Ÿ“þÐ
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(i) ëíyíÅîû)öìþ™ ÷îû!…„þ (Perfectly linear) :

ë!” ¢›“þöìœ ²Ì!“þÞíy!þ™“þ !î¨%¢„þœ ²Ì„,þ“þ þ™öìÇþ ~„þ!Ýþ
¢îûœöìîû…y îîûyîîû £ëû “þ…˜ ú ¢£þ™!îûî“Åþ˜ ö„þ òëíyíÅîû)öìþ™
÷îû!…„þó îöìœ •îûy £ëûÐ

(ii) •˜yd„þ ¢£þ™!îûî“Åþ˜ (Positine Correlation)
:

~öìÇþöìe ¢£þ™!îûî“Åþ˜!Ýþ ëíyíÅ¦þyöìî ÷îû!…„þ •yîûyëû
†!àþ“þ xíÅyê ¢îûœöìîû…y!Ýþîû †!“þ !˜öì‰þîû î¤y!”„þ öíöì„þ vþzþ™öìîûîû vþy˜!”öì„þ !îhß+þ“þ £ëû– “þy£z ~öì„þ ò•˜yd„þ
¢£þ™!îûî“Åþ˜ó !£¢yöìî vþzöìÍÔ… „þîûy £ëûÐ ~Þíöìœ– r 1. S!‰þe (iii) x˜%¢yöìîûV

(iii) !îþ™îû#“þ›%…# îy }’yd„þ ¢£þ™!îûî“Åþ˜
(Inverse or negative correlation) :

~Þíöìœ– ¢!àþ„þ¦þyöìî †!àþ“þ ÷îû!…„þ ¢£þ™!îûî“Åþöì̃ îû
•yîûy!Ýþ î¤y!”öì„þîû vþzþ™îû ²Ìyhsþ öíöì„þ vþy˜!”öì„þîû !˜öì‰þîû !”öì„þ
†!“þŸ#œ £ëû “þy£z ~öì„þ !îþ™îû#“þ›%…# îy ò}’yd„þ
¢£þ™!îûî“Åþ˜ó îöìœÐ

~Þíöìœ r –1. S!‰þeéôôôé(iv) x˜%¢yöìîûV

S…V î„Êþ÷ìîû!…„þ ¢£þ™!îûî“Åþ˜ (Curvilinear
correlation) :

~„þ!Ýþ !m‰þœ„þ !î¦þy‹öì̃  ‰þöìœîû ²Ìy® ›y˜†%!œ ¢›“þöìœ
²Ì!“þÞíy!þ™“þ £öìœ ²Ìíöì› vþzå•Å›%…# þ™öìîû Çþ’Þíyëû# £öìëû
!˜Á¬›%…# £öìœ ~ ‹y“þ#ëû ¢£þ™!îûî“Åþ˜ ”%!Ýþ ‰þöìœîû î„Êþ÷ìîû!…„þ
¢£þ™!îûî“Åþ˜ îû)öìþ™ †’Ä „þîûy £ëûÐ !‰þe (v) x˜%ëyëû#–
vþz”y£îû’ßþºîû)þ™– „,þ!¡ì‹y“þ oöìîÄîû šþœ˜ ç î,!Tþþ™yöì“þîû
þ™!îû›y’†“þ öë ¢Á™„Åþ ”,!Tþöì†y‰þîû £ëû “þy£óœ ~ ‹y“þ#ëû
¢£þ™!îûî“Åþ˜Ð

¢Á™„Åþ!î£#˜ ¢£þ™!îûî“Åþ˜ (Non Corelation) :

¢›“þöìœ ²Ì!“þÞíy!þ™“þ S‰þöìœîû ›y˜ x %̃¢yöìîûV !î¨%†%!œîû
ö„þy˜ ¢%!˜!”ÅTþ !˜ëûöì›îû x•#öì̃  öíöì„þ ö„þyöì̃ yîû)þ™ ¢Á™„Åþöì„þ
öœ…!‰þöìe þ™!îûßþñyîû¦þyöìî ö”…yöì“þ þ™yöìîû ˜y– ~„þ „þíyëû
!î¨%†%!œ ~öìœyöì›öìœy¦þyöìî !î˜Ähßþ íyöì„þ öë…y˜ öíöì„þ
î %Gþy ëyëû  ~îû y ßþ º y•#˜ ¦þyö ìî ¢Mþî û’Ÿ#œÐ ~

O

Y

X
(iii)

O

Y

X
(iv)

O

Y

X
(vi)

O

Y

X
(v)
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•îûöì̃ îûéôôôé¢£þ™!îûî“Åþ˜ !m‰þœöì„þîû !î˜Äy¢ öíöì„þ ²Ìy®– “þyöì„þ îœy £ëû ò~öìœyöì›öìœyó îy ò¢Á™„þÅ!î£#˜
¢£þ™!îûî“Åþ˜óÐ S!‰þe (vi) x˜%¢yöìîûV S~Þíöìœ r  0)

6.9 ¢£þ™!îûî“Åþ˜ †%’y‚„þ Sîy ¢£†V !˜•Åyîûöì’îû !î!¦þ§¬ þ™å•!“þ

(a) òò„þyœÅ !þ™ëûyîû¢˜óó þ™å•!“þ ƒ

!îÊ!ÝþŸ !îKþy˜# „þyœÅ !þ™ëûyîû¢˜ (1867–1936) ”%!Ýþ ‰þœîûy!Ÿîû ›öì•Ä †öìvþü vþzàþy ¢£þ™!îûî“Åþöì̃ îû •yîûy
ö„þ ›yþ™yîû ‹˜Ä òò¢£þ™!îûî“Åþ˜ †%’y‚„þóó !˜•Åyîûöì’îû ~„þ!Ýþ î£%œ ²Ì‰þ!œ“þ þ™å•!“þîû !˜öì”ÅŸ „þöìîû̃ Ð

þ™å•!“þ!Ýþ !˜Á¬îû)þ™ õ

•!îû– x ç y ”%!Ýþ ‰þœöì„þîû ‘n’ ö‹yvþüy ›y˜ £óœ      1 1 2 2, , , ,...., , .n nx y x y x y  ‰þœ„þ ”%!Ýþîû ›öì•Ä

vþzþ™!Þí“þ ¢£þ™!îûî“Åþ˜ †%’y‚„þ îy ¢£† (r) éôéö„þ !˜öìÁ¬y=þ¦þyöìî ²Ì„þyŸ „þîûy £ëûÐ

   cov ,
.... 1

x y

x y
r 

 

öë…yöì̃ –      1cov , ,x y x x y yn  
S¢£éôéö¦þ”›y˜ ëy x ç y ‰þœöì„þîû ›öì•Ä vþzþ™!Þí“þV

[ x x éôé‰þœöì„þîû öÇþöìe !˜•Åy!îû“þ öëï!†„þ †vþü

y y éôé‰þœöì„þîû öÇþöìe !˜•Åy!îû“þ öëï!†„þ †vþü ]

~î‚ x x  éôé‰þöìœîû ²Ì›y’ !î‰%þÄ!“þ–

y y  éôé‰þöìœîû ²Ì›y’ !î‰%þÄ!“þÐ

(1) ˜‚ ¢)e!Ýþöì„þ– „þyœÅ !þ™ëûyîû¢˜ éôé~îû ò†%’šþœ ¼y›„þ ¢)eó (Product moment formula) !£¢yöìî
†’Ä „þîûy £ëûÐ

(1) ˜‚ ¢)öìeîû ¢£‹ îû)þ™yhsþîû £óœ

 
2 2

,...... 2
xy

r
x y
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[ öëöì£“%þ   1cov , ,x y xyn  2 21 1,x yx yn n    

xöì̃ „þ öÇþöìe– „þ!Ò“þ †öìvþüîû ¢y£yëÄ !˜öìëûç r ö„þ !˜öìÁ¬y=þ vþzþ™yöìëû !˜’Åëû „þîûy £ëûÐéôôôé

  
   

 
222 2

..... 3x y x y

x x y y

n d d d d
r

n d d n d d




        

  

   

öë…yöì̃ – A xd x  ~î‚ B yd y

[ ‰þœ„þ x éôé~îû öÇþöìe „þ!Ò“þ †vþü A, ~î‚ ‰þœ„þ y éôé~îû öÇþöìe „þ!Ò“þ †vþü B]

(b) ¢£éôéþ™!îûî“Åþ˜ ¢£†yA„þ îy ¢£éôéþ™!îûî“Åþ˜ †%’y‚öì„þîû •›Åyî!œ ƒ

(Properties of Correlation Co-efficient)

(i) „þyœÅ !þ™ëûyîû¢öì̃ îû ¢)e xîœÁºöì̃  ²Ìy® r S¢£þ™!îûî“Åþ˜ †%’y‚„þV éôé~îû ›y˜ –1 öíöì„þ 1 éôé~îû ›öì•Ä
!îîûy‹ „þöìîûÐ

²Ì“þ#öì„þ ²Ì„þyŸ „þîûöìœ õ 1 1.r  

(ii) ¢£þ™!îûî“Åþ˜ †%’y‚„þ (r) éôé~îû ›y˜ ›)œ!î¨% (Origin) éôé~îû vþzþ™îû !˜¦ÅþîûŸ#œ ˜ëû ~î‚ òößþñœó
(Scale) !˜îûöìþ™ÇþÐ

(iii) ¢£þ™!îûî“Åþ˜ †%’y‚„þ (r) ~„þ!Ýþ Ÿ%å• ¢‚…Äy (Pure number) ~î‚ ò~„þ„þó !˜îûöìþ™ÇþÐ

vþz”y.  ²Ì. ”%!Ýþ ‰þœîûy!Ÿ x ç y éôé~îû ¢£þ™!îûî“Åþ˜ †%’y‚„þ ~î‚ ¢£öì¦þ”›y˜ ëíy„Êþöì› 0·28 ~î‚
7·6, ë!” x éôé~îû ö¦þ”›y˜ 9 £ëû “þöìî y éôé~îû ²Ì›y’ !î‰%þÄ!“þ !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ xy›îûy ‹y!˜ öë x ç y ‰þœîûy!Ÿ ”%!Ýþîû öÇþöìe ¢£éôéþ™!îûî“Åþ˜ †%’y‚„þ ›y˜ r £öìœ

   cov ,
.... i

x y

x y
r 

   [x, y £óœ x ç y ‰þœ ”%!Ýþîû ²Ì›y’ !î‰%þÄ!“þ ]

~Þíöìœ– Ÿ“Åþy˜%¢yöìîû

0·28,r   cov , 7·6,x y  2 9x 

xíÅyê  9 3 0x x    
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(i) ˜‚ ¢)e öíöì„þ þ™y£z– 7·60·28 3 y




îy– 7·6 760 190 9·040·28 3 28 3 21y    
   S”%é£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

 yéôé‰þöìœîû !˜öì’Åëû ²Ì›y’ !î‰%þÄ!“þ 9·04 Svþz_îûV

vþz”y. (2) x ç y ‰þœîûy!Ÿ ”%!Ýþîû ¢£þ™!îûî“þÅ˜ †%’y‚„þ ›y˜ !˜’Åöìëûîû ‹˜Ä þ™ëÅöìîÇþ’ !¦þ!_öì“þ þ™yçëûy
12 ö‹yvþüy ›y˜ öíöì„þ !˜öìÁ¬y=þ šþœ þ™yçëûy ö†œ õ

30,x  5,y  2 670,x  2 285,y  334;xy   þ™öìîû †’˜y„þyöìëÅ ö”…y ö†œ

x 10 ~î‚ y 14 ö‹yvþüy ›yöì̃ îû þ™!îûîöì“Åþ x 11, y 4 ö‹yvþüy ›y˜ ¼›îŸ“þ ö˜çëûy £öìëûöìŠéÐ
¢!àþ„þ ¢£þ™!îûî“Åþ˜ †%’y‚„þ !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ~öìÇþöìe–

¢!àþ„þ 30 11 10 40 11 29x      
¢!àþ„þ 5 4 14 19 4 15y      
¢!àþ„þ 2 2 2670 11 10 670 121 100x      

770 121 649  

¢!àþ„þ 5 14 4 15    y

 22 2285 4 14y   
285 16 196  

¢!àþ„þ    334 11 4 10 14xy     
334 44 140  

474 44 430  
ë!” ¢!àþ„þ ¢£þ™!îûî“Åþ˜ †%’y‚„þ (x ç y ‰þœ ”%!Ýþîû öÇþöìeV ‘r’ £ëû “þöìî

  
   2 22 2

n xy x y
r

n x x n y y
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   2 2
12 430 29 5

12 699 29 12 465 15
  

    
 [ ~Þíöìœ n 12]

5160 435
7788 841 5580 225


  

4725
6947 5355




4725 4725
83·35 73·17 6098·7 



47250 0·7760987   S”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

vþzõ !˜öì’Åëû ¢!àþ„þ ¢£þ™!îûî“Åþ˜ †%’y‚öì„þîû ›y˜ 0·77.

vþz”y. 3. ˜#öì‰þ îyîy ç öŠéöìœîû vþzF‰þ“þy S£z!Mþöì“þV ö”çëûy £óœÐéôôôé

îyîyîû vþzF‰þ“þy S£z!Mþöì“þV 64 65 66 67 68 69 70

öŠéöìœîû vþzF‰þ“þy S£z!Mþöì“þV 66 67 65 68 70 68 72

„þyœÅ !þ™ëûyîû¢öì̃ îû ¢)eöì„þ x %̃¢îû’ „þöìîû ¢£þ™!îûî“Åþ˜ †%’y‚„þ (r) !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ¢£þ™!îûî“Åþ˜ ¢£†yA„þ îy ¢£þ™!îûî“Åþ˜ †%’y‚„þ !˜•Åyîûöì’îû ‹˜Ä †’˜y ²Ì’yœ#

îyîyîû vþzF‰þ“þy öŠéöìœîû vþzF‰þ“þy x x y y  2x x  2y y  x x

S£z!Mþöì“þV S£z!Mþöì“þV  y y 

64 66 64 – 67 –3 66 – 68 –2 (–3)2 9 (–2)2 4 (–3)×(2) 6

65 67 65 – 67 –2 67 – 68 –1 (–2)2 4 (–1)2 1 (–2)×(–1) 2

66 65 66 – 67 –1 65 – 68 –3 (–1)2 1 (–3)2 9 (–1)×(3) 3

67 68 67 – 67 0 68 – 68 0 (0)2 0 (0)2 0 0×0 0

68 70 68 – 67 1 70 – 68 2 (1)2 1 (2)2 4 (1)×(2) 2

69 68 69 – 67 2 68 – 68 0 (2)2 4 (0)2 0 (2)×0 0

70 72 70 – 67 3 72 – 68 4 (3)2 9 (4)2 16 (3)×(4) 12

 469
7x  476

7y    0  x x   0  y y  2x x  2y y  x x
= 67 = 68 = 28 = 34  y y 

25
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[ ~öìÇþöìe– 469,x  476y  ]

‰þœ„þ x ç y éôé~îû ›öì•Ä  þ

¢£ ™!îûî“Åþ˜ †%’y‚„þ Sîy ¢£†yA„þV 
   

   2 2

x x y y

x x y y

 


  


 

 25
28 34




25 250 0·8130·8 308    S”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

 !˜öì’Åëû r éôé~îû ›y˜ 0·81 Svþz_îûV
6.8 òò!ßþ™ëûyîû›Äy˜óó ‘rank’ Sx %̃„Êþ››y˜V ¢Á™!„Åþ“þ ¢£ þ™!îûî“Åþ˜ †%’y‚„þ ‘R’ (Rank Correlation-

Co-efficient) !˜’Åöìëûîû ¢)e ƒ
2

3
6 D

R 1 ,
n n

 




ë…˜ D ”%!Ýþ rank Sx %̃„Êþ› ›y˜V éôé~îû ›öì•Ä þ™yíÅ„þÄ
n  ”öìœ vþzþ™!Þí“þ vþz¦þëû ‰þœöì„þîû ¢‚…ÄyÐ

vþz”y. 1 (a) ö„þy˜ þ™îû#Çþyëû 10 !Ýþ Šéyöìeîû þ™”yíÅ!î”Äy ç îû¢yëûöì̃  ²Ìy® Ÿ“þ„þîûy ˜Áºöìîûîû “þy!œ„þy !˜öì‰þëû
ö”çëûy £óœÐ ~Þíöìœ ¢£þ™!îûî“Åþ˜ †%’y‚„þ (R) éôéö„þ !˜öìÁ¬y=þ vþzþ™yöìëû !˜’Åëû „þîûy £ëûÐ

¢›y•y˜ ƒ
x y Rank Sx˜%„Êþ› ›y˜V Rank Sx˜%„Êþ› ›y˜V D D2

x éôé~îû öÇþöìe ( )x 1 y éôé~îû öÇþöìe ( )y 1 x y 1 1

8 84 10 3 7 49
36 51 7 8 –1 1
98 91 1 1 0 0
25 60 9 6 3 9
75 68 4 4 0 0
82 62 3 5 –2 4
92 86 2 2 0 0
62 58 6 7 –1 1
65 35 5 10 –5 25
35 49 8 9 –1 1

10 10 0  D 2D

90
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 !˜öì’Åëû ›y˜„Êþ!›„þ ¢£þ™!îûî“Åþ˜ †%’y‚„þ S¢£†yA„þV (R)

 
2

2

6
1

1

 
    

  

D

n n

 
 2
6 90

1
10 10 1

 


1

1 11

6 901 10 99
   

    

61 11 

1 0·54 

0·46  S”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV vþz_îû õ 0·46

!î.o. [ x ç y éôé~îû ²Ì”_ ›y˜†%!œöì„þ îvþü öíöì„þ öŠéyöìÝþy ›yöì̃  ¢y!‹öìëû ~öì”îû ëíyëí rank  îy „Êþ›
!˜’Åëû „þîûöì“þ £öìîÐ ]

‰þœîûy!Ÿ ”%!Ýþ Sëíy„Êþöì› x ç y) éôé~îû öÇþöìe ö„þyöì̃ y !îöìŸ¡ì ›y˜ ~„þy!•„þ îyîû “þy!œ„þyëû xî“þ#’Å £öìœ
ö¢öìÇþöìe ¢£éôéþ™!îûî“Åþ˜ †%’y‚„þ (R) !˜’Åöìëûîû ¢)e þ™)öìîÅîû ¢)e öíöì„þ þ™,í„þ £ëûÐ

~Þíöìœ– ¢)e!Ýþ £öìî !˜Á¬îû)þ™ õ

 

32

2

6 D 12
R 1 ,

1

t t

n n

    
   



 

ë…˜ t £óœ x ç y éôé~îû öÇþöìe ö„þyöì̃ y ~„þ!Ýþ !îöìŸ¡ì ›y˜ „þ“þîyîû “þy!œ„þyëû vþzþ™!Þí“þ £öìëûöìŠé “þyîû
¢‚…ÄyÐ x ç y ~îû ›y˜†%!œöì„þ Sëy “þy!œ„þyëû vþzöìÍÔ… „þîûy xyöìŠéV îvþü öíöì„þ öŠéyöìÝþy ¢y!‹öìëû !˜öìëû öë
!îöìŸ¡ì ›y˜ ~„þy!•„þîyîû xyöìŠé “þyöì”îû öëï!†„þ †vþü öíöì„þ ²Ìöì“þÄ„þ!Ýþîû rank îy „Êþ›öì„þ ¢)!‰þ“þ „þîûy £ëû—
þ™öìîûîû ‰þœîûy!Ÿ!Ýþ !àþ„þ “þyîû þ™îûî“þ#Å •˜yd„þ ¢‚…Äyëû “þyîû rank îy „Êþ› þ™yëûÐ ˜#öì‰þ ²Ì”_ vþz”y£îû’ öíöì„þ
xy›îûy îÄyþ™yîû!Ýþ ¢£öì‹£z x˜%›y˜ „þîûöì“þ þ™yîûî ~î‚ R éôé~îû ›y˜ vþzþ™!îûvþz=þ ¢)e öíöì„þ !˜•Åyîû’ „þîûöì“þ
¢Çþ› £îÐ

vþz”y. 1 (b) x 115 109 112 87 98 98 120 100 98 118

y 75 73 85 70 76 65 82 73 68 80
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²Ì”_ “þy!œ„þy öíöì„þ ¢£þ™!îûî“Åþ˜ †%’y‚„þ (R) !˜’Åëû „þóîûöì“þ £öìîÐ

¢›y•y˜ ƒ “þy!œ„þy öíöì„þ ²Ìí› x ç y éôé~îû ²Ì”_ ›y˜!Ýþ x•ƒ„Êþöì› ¢y!‹öìëû !˜œy›Ð

xéôé~îû öÇþöìe–

120, 118, 115, 112, 109, 106, 98, 98, 98, 87Ð ~öìÇþöìe “þy!œ„þyëû 98 ›y˜!Ýþ !“þ˜îyîû ~öì¢öìŠé–
²Ìí› 98 éôé~îû ›y˜!Ýþ ‘rank’ !£¢yöìî öþ™öìëûöìŠé 7; ßþºy¦þy!î„þ¦þyöìî þ™öìîûîû ”%!Ýþ 8 ç 9 ö„þ ‘rank’ !£¢yöìî
öþ™öìëûöìŠéÐ 87 éôé~îû ‘rank’ £öìëûöìŠé 10Ð !„þhs$þ– 98 ~„þy!•„þîyîû íy„þyëû “þyîû öÇþöìe common rank

S¢y•yîû’ x˜%„Êþ› ›y˜V £öìî 7 8 9 24 83 3
   

y éôé~îû öÇþöìe–

85, 82, 80, 76, 75, 73, 73, 70, 68, 65, x˜%îû)þ™¦þyöìî 73 “þy!œ„þyëû ²Ìí› rank öþ™öìëû!Šéœ 6
~î‚ þ™öìîûîû!Ýþ 7; ßþºy¦þy!î„þ¦þyöìî 68 ç 65, rank !£¢yöìî öþ™öìëûöìŠé 9 ~î‚ 10.

!„þhs$þ– 73 “þy!œ„þyëû ”%îyîû vþzþ™!Þí“þ íy„þyëû “þyîû ¢y•yîû’ (Common) ‘rank’ Sx %̃„Êþ› ›y˜V £öìî

6 7
2
  S†vþü ›y˜V 13 6·52 

~öìÇþöìe xyîûç vþzöìÍÔ…öìëy†Ä ‡Ýþ˜y £óœ t ~îû ëíyíÅ ›y˜ î!¢öìëû 
3

12
t t  éôéö„þ !˜•Åyîû’ „þîûyÐ öë›˜

3 3 33 3 2 2
12 12 12

t t   

27 3 8 2 24 6 1212 12 12 12 2
      

2 0·5 2·5  

‘R’ !˜’Åöìëûîû öÇþöìe †’˜y “þy!œ„þy!Ýþ £œ õ

x y Rank (r1) Rank (r2) D D2

(x ~îû öÇþöìeV y ~îû öÇþöìe  r1 – r2

115 75 3 5 –2 4
109 73 5 6·5 –1·5 2·25
112 85 4 1 3 9
87 70 10 8 2 4
98 76 8 4 4 16



NSOU  GE-CO-21 307

98 65 8 2 –1 1
120 82 1 2 –1 4
100 73 6 6·5 –0·5 0·25
98 68 8 9 –1 1
118 80 2 3 –1 1

— — — — D 0 2D 42·5
 R S¢£éôéþ™!îûî“Åþ˜ †%’y‚„þ îy ¢£†yA„þV

3
2

3

6 D 12
1

t t

n n

 
  
 
  



 ~…yöì̃  n  10.

  
3

6 42·5 2·5
1

10 10


 


 [x ç y vþz¦þëû ‰þöìœîû vþzþ™!Þí“þ ¢‚…Äy 10 ]

6 451 990
 

270 31 1990 11   

1 – 0·27 S”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

0·73 vþz_îû õ 0·73

œ!‡Ûþ î†Å þ™å•!“þöì“þ !˜¦Åþîû’ (regression line) : ¢îûœöìîû…yîû ›y•Äöì› ~„þ!Ýþ ‰þöìœîû !îöìŸ¡ì ›yöì̃ îû
¢y£yöìëÄ xþ™îû ‰þöìœîû ›y˜ ¢£öì‹£z !˜’Åëû „þîûy ëyëûÐ ë!” y éôéö„þ x•#˜Þí ‰þœ ~î‚ x éôéö„þ ßþºy•#˜ ‰þœ
!£¢yöìî †’Ä „þîûy £ëû “þöìî !˜¦Åþîû’ ¢îûœöìîû…yîû ¢›#„þîû’!Ýþ £ëû !˜Á¬îû)þ™ õ y a bx [ öë…yöì̃  a ç
b îyhßþî •Ê%îîûy!Ÿ ] ;

xþ™îû!”öì„þ– y éôéö„þ ßþºy•#˜ ~î‚ x éôéö„þ x•#˜Þí ‰þœ !£¢yöìî !îöìî‰þ˜y „þîûöìœ ú ¢›#„þîû’!Ýþ £ëû
x c dy [ öë…yöì̃  c ç d îyhßþî •Ê%îîûy!Ÿ îy (real constants)

~öìÇþöìe vþzöìÍÔ…öìëy†Ä öë– !˜¦Åþîû’ öîû…yîû ¢›#„þîû’ (equation of the line of regression) [ë…˜
y, x ~îû vþzþ™îû !˜¦ÅþîûŸ#œ xíÅyê ‘y on x’ ] £óœ
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 yxy y b x x    [ë…˜ byx £óœ !˜¦Åþîû’ ¢£†yA„þ (regression co-efficient of y on
x)].....(1)

~Þíöìœ– 2
 





yx

x y
b

x
 £öìî [ë…˜  x x x  ~î‚  y y y ]

xîŸÄ£z x  ç y  ëíy„Êþöì› x ç y ‰þöìœîû öëï!†„þ †vþüöì„þ î%GþyëûÐ

y
yx

x
b r




  [ë…˜ ¢þ™!îûî“Åþ˜ ¢£† £ëû r ~î‚ x ç y ëíy„Êþöì› x ç y ‰þöìœîû ¢›„þ ²Ìöì¦þ”öì„þ

(S·D) !˜öì”ÅŸ „þöìîû ]

x˜%îû)öìþ™– x éôéö„þ y éôé~îû vþzþ™îû !˜¦ÅþîûŸ#œ öîûöì… öë !˜¦Åþîû’ öîû…yîû ¢›#„þîû’ þ™yçëûy ëyëû “þy £óœ

   ..... 2xyx x b y y    [ bxy, éôé!˜¦Åþîû’ öîû…yîû ¢£† ë…˜ x, y éôé~îû vþzþ™îû !˜¦ÅþîûŸ#œ ]

xíÅyê   ,x

y
x x r y y
  

  ë…˜ .x
xy

y
b r 



²Ì¢A†“þ õ 
  

 22xy
n xy x y

b
n y y






  
 

îy–  
2

cov ,
xy

y

x y
b 



· .x

y
r 


~„þ£z ¦þyöìî vþzöìÍÔ… „þîûy ëyëû öë

 
2

cov ,
· .y

yx
xy

x y
b r


 



!˜¦Åþîû’ ¢îûœöìîû…yîû ²Ìî’“þy (slope) !£¢yöìî (1) éôé˜‚ ~îû öÇþöìe byx ~î‚ (2) ˜‚ ~îû öÇþöìe 1
xyb

²Ìöìëy‹ÄÐ
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~Þíöìœ œÇþ’#ëû öë

   yx xyb b

y x

x y
r r
   

        

 r2

¢£þ™!îûî“Åþ˜ ¢£† (r) !˜’Åëû „þyöìœ r, byx ~î‚ bxy éôéö„þ ¢›!‰þ£«ë%=þ „þöìîû ²Ì„þyŸ „þîûöì“þ £öìîÐ

vþz”y£îû’ !£¢yöìî îœy ëyëû öë bxy – 0·3 ~î‚

byx –1·2 £öìœ    2
yx xyr b b 

   1·2 0·3   

36 6 0·6100 10r     

~öìÇþöìe r éôé~îû ›y˜ – 0·6 [ „þyîû’– r, byx ç bxy éôéö„þ ¢›!‰þ£« ë%=þ „þöìîû ²Ì„þyŸ „þîûy £öìëûöìŠéÐ ]

!î.o. ~„þíy ßþ¿îû’öìëy†Ä öë !˜¦Åþîû’ ¢îûœöìîû…y ”%!Ýþ (y, x éôé~îû vþzþ™îû xíîy x, y ~îû vþzþ™îû !˜¦Åþîû

„þyöìœV þ™îûßþ™îûöì„þ “þyöì”îû öëï!†„þ †vþü (AM)  ,x y    !î¨%öì“þ öŠé” „þöìîûÐ

vþz”y. 1 y, x éôé~îû vþzþ™îû !˜¦Åþîû „þîûöìœ– !˜¦Åþîû’ öîû…yîû ¢›#„þîû’ 3x – 4y 60 0 ~î‚ 50y 
£öìœ x  !˜’Åëû „þóöìîû ö”…yçÐ

¢›y•y˜ ƒ xy›îûy ‹y!˜ öë– !˜¦Åþîû’ öîû…y ”%!Ýþ þ™îûßþ™îûöì„þ  ,x y  !î¨%öì“þ öŠé” „þöìîûÐ

3x – 4y 60 0 !˜¦Åþîû’ öîû…y xîŸÄ£z  ,x y  !î¨%†y›#Ð

3 4 60 0x y   

îy– 3 4 60x y 

 4 50 60    50y 

200 60 

140
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îy– 140
3x 

46·66  S”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

46·7  Sxy¢§¬V

vþz. 46·7x 

vþz”y. 2 ë!” 6,x  7,y  0·45yxb   ~î‚ 0·65xyb   £ëû “þöìî y, x, x ~îû vþzþ™îû !˜¦Åþîû „þîûöìœ

~î‚ !îþ™îû#“þ¦þyöìî x, y éôé~îû vþzþ™îû !˜¦Åþîû „þöìœ !˜¦Åþîû’ ¢îûœöìîû…y ”%!Ýþîû ¢›#„þîû’ !˜’Åëû „þóöìîû ö”…y˜Ð

¢›y•y˜ ƒ

ë…˜ y, x éôé~îû vþzþ™îû !˜¦Åþîû „þöìîû “þ…˜ !˜¦Åþîû’ ¢îûœöìîû…yîû ¢›#„þîû’ £ëû

 yxy y b x x  

îy–  7 0·45 6y x    Söëöì£“%þ– 6, 7x y   ~î‚ 0·45yxb  V

îy–    0·45 0·45 6 7y x  

îy– 0·45 2·70 7y x  

îy– 0·45 7 2·7y x  

îy– 0·45 4·3y x 

x˜%îû)öìþ™– x, y éôé~îû vþzþ™îû !˜¦Åþîû „þîûöìœ !˜¦Åþîû’ ¢îûœöìîû…yîû ¢›#„þîû’ £ëûõ

 xyx x b y y  

îy–  6 0·65 7x y    [ öëöì£“%þ– 6, 7x y   ~î‚ 0·65xyb  ]

îy–   0·65 0·65 7 6x y  

îy– 0·65 4·55 6x y  

îy– 0·65 6 4·55x y  

îy– 0·65 1·45x y 

vþz_îû õ !˜öì’Åëû !˜¦Åþîû’ öîû…y ”%!Ýþîû ¢›#„þîû’ £óœõ 0·45 4·3y x   ~î‚ 0·65 1·45x y 
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vþz”y. 3 !méôé‰þöìœîû !î¦þy‹˜ öÇþöìe– x éôé~îû öëï!†„þ †vþü (AM) ë!” 20 ~î‚ y éôé~îû öëï!†„þ †vþü
(AM) 45 £ëû– y, x éôé~îû vþzþ™îû !˜¦Åþîû „þîûöìœ– !˜¦Åþîû’ ¢£†yA„þ 4 ~î‚ x, y éôé~îû vþzþ™îû !˜¦Åþîû „þîûöìœ–
!˜¦Åþîû’ ¢£†yA„þ 0·0625 £öìœ ¢£þ™!îûî“þÅ̃  ¢£†yA„þ (r) !˜’Åëû „þîû ~î‚ x Sx éôé~îû ¢›„þ þ™yíÅ„þÄV
„þ“þ £öìî ë!” y (y éôé~îû ¢›„þ þ™yíÅ„þÄV 16 £ëûÚ

¢›y•y˜ ƒ ~öìÇþöìe ²ÌÙÀy˜%ëyëû#–

20,x  45,y  4yxb   ~î‚ 0·0625,xyb  16.y 

xy›îûy ‹y!˜ öë– 2
yx xyr b b 

îy– 2 4 0·0625r  

6254 10000 

1 14 16 4  

1
4r    îy– 1

2r  

!„þhs$þ 0·0625 0xyb    ~î‚ 4 0yxb    £çëûyîû šþöìœ r xîŸÄ£z •˜yd„þ ›y˜ë%=þ £öìîÐ xíÅyê

1
2r   £öìîÐ

~Þíöìœ– 
1 16
2yx

x
b  

  [ „þyîû’– 
y

yx
x

b r


 
  ]

îy– 
1 164 2 x

 


îy– 
84
x


  îy– 8

4x   2

¢%“þîûy‚– x éôé~îû ¢›„þ þ™yíÅ„þÄ (S.D)   2 x

vþz_îû õ 1
2r   ~î‚ 2x 
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vþz”y. 4. ë!” 2 6·25,x  2 4y   ~î‚  cov , 0·9x y   £ëû “þöìî ¢£þ™!îûî“Åþ˜ ¢£†þ (r) !˜’Åëû

„þîû%̃ Ð

¢›y•y˜ ƒ Ÿ“Åþy˜%¢yöìîû–

2 6·25x 

îy– 6 25  x

îy– 625
100y 

îy– 25 2·510x    0  x

þ™%˜îûyëû– 2 4y 

îy– 4 y

îy–  2 0   y y

xy›îûy ‹y!˜ öë–

 
  
cov ,

x y

x y
r 

 

îy– ·9
2·5 2r 



îy– 0·9 0·185r  

vþz_îû õ  !˜öì’Åëû ¢£þ™!îûî“þÅ̃  †%̃ y‚„þ Sîy ¢£†éôéx‚„þV (Co-efficient of Correlation) 0·18

vþz”y. 5 
1 2 3 4 5

,
7 6 5 4 3

x
y

 “þy!œ„þyîû ¢y£yöìëÄ y, x éôé~îû vþzþ™îû !˜¦ÅþîûŸ#œ éôé~îû !˜¦Åþîû’ ¢îûœ

öîû…yîû ¢›#„þîû’ !˜’Åëû „þîû%̃ Ð x 6 £öìœ y éôé~îû ›y˜ „þ“þ £öìî “þy !˜’Åëû „þîû%̃ Ð
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¢›y•y˜ ƒ

~öìÇþöìe

þ™”¢‚…Äy (n) 5.

x y xy x2

1 7 7 1
2 6 12 4
3 5 15 9
4 4 16 16
5 3 15 25

öëy†šþœ 15 25 65 55

x
x n

15
5

3

~î‚ 
y

y n

25
5

5

 22


 



 


yx

x y
xy nb

x
x n

   

 2
165 · 15 · 255

155 155
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65 3 25
55 3 15
 
 

65 75 0 155 45 10
     


y, x éôé~îû vþzþ™îû !˜¦ÅþîûŸ#œ ~îû)þ™ !˜¦Åþîû’ ¢îûœ öîû…yîû ¢›#„þîû’ £óœ

 yxy y b x x  

îy–    5 1 3y x   

îy– 5 3y x   

îy– 5 3y x   

îy–  8..... iy x  

(i) ˜‚ öíöì„þ y éôé~îû ›y˜ !˜’Åëû „þóîûî ë…˜ x 6

¢%“þîûy‚ y – 6 + 8

îy– y 2

vþz_îû õ y, x éôé~îû vþzþ™îû !˜¦ÅþîûŸ#œ ~›˜ xîÞíyëû !˜¦Åþîû’ ¢îûœöìîû…yîû ¢›#„þîû’ £óœ

y – x  8 ~î‚ x 6 £öìœ y éôé~îû !˜•Åy!îû“þ ›y˜ £ëû 2

vþz”y. 6 (i) ”%!Ýþ ‰þœîûy!Ÿîû ›öì•Ä ¢£þ™!îûî“þÅ˜ †%’y‚„þ îy ¢£†yA„þ (Correlation Co-efficient) éôé~îû
›y˜ ¢!àþ„þ¦þyöìî !˜îÅy‰þ˜ „þîû%̃  õ

(a) 1·6
(b) –1·4
(c) 0·7

(d) ö„þyöì̃ y ›y˜£z @ùÌ£’öìëy†Ä ˜ëûÐ

¢›y•y˜ ƒ öëöì£“%þ ¢£†!“þ †%’y‚„þ îy ¢£†yA„þ (r) ¢îÅ”y !˜öìÁ¬y=þ ¢Á™„Åþ

1 1r    î‹yëû îûyöì…– ¢%“þîûy‚ (c) vþz_îû!Ýþ ëíyíÅ îöìœ !îöìî!‰þ“þ £ëûÐ

(ii) !˜¦Åþîû’ ¢îûœöìîû…y ”%!Ýþ ~„þ!Ýþ ¢îûœöìîû…yëû îû)þ™yhsþ!îû“þ £öìœ ‰þœîûy!Ÿ ”%!Ýþîû ›öì•Ä ¢£†yA„þ (r) £öìî

(a) 0

(b) 1
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(c) 2 xöìþ™Çþy „þ›

(d) ö„þyöì̃ y ›y˜ îœy ¢½þî ˜ëûÐ

¢›y•y˜ ƒ •!îû– !˜¦Åþîû’ ¢îûœöìîû…y ”%!Ýþ x xöìÇþîû ¢!£“þ  ~î‚  ö„þyöì’ ˜“þ ~î‚ !˜öì‹öì”îû ö„þyöì̃ y

 ö„þyöì’ ˜“þÐ •!îû–   –
2

2 2
1tan · .

   
 

x y

x y

r
r ë…˜  0 SxíÅyê !˜¦Åþîû’ ¢îûœöìîû…y

”%!Ýþ ~„þ£z ¢îûœöìîû…yëû þ™!îû’“þ “þ…˜ 1.r    ¢!àþ„þ vþz_îû õ 1r    £öìîÐ

vþz”y. 7. néôéþ™ëÅöìîÇþ’ë%=þ ~„þ!Ýþ ˜›%˜y ¢‚@ùÌ£ „þyöìœ 2 20d   ~î‚ !ßþ™ëûyîû›Äyöì̃ îû „Êþ!›„þ ›y˜

¢£†yA„þ (Rank Correlation Coefficient)   3R 7  £öìœ– n éôé~îû ›y˜ !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ !ßþ™ëûyîû›Äyöì̃ îû ¢)ey %̃¢yöìîû–

 
2

2

6
R 1

1

d

n n
 




²ÌÙÀ›öì“þ– 
 2

3 6 2017 1n n
 


 2
6 20 31 71n n
  


  
6 20 4

71 1n n n
 

 

  
6 4 5 4

71 1n n n
  
 

   1 1 5 6 7n n n     

       1 1 6 1 6 6 1n n n       

vþz¦þëû þ™öìÇþîû ¢›“þy !î‰þyîû „þöìîû þ™y£z– n 6.
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vþz_îû õ !˜öì’Åëû n 6.

vþz”y. 8. †’„þ ”%!Ýþ ‰þœîûy!Ÿ x ç y éôé~îû ›öì•Ä ¢£þ™!îûî“Åþ˜ ¢£†yA„þ (r) !˜’Åëû „þyöìœ 25 ö‹yvþüy
þ™ëÅöìîÇþöì’îû ‹˜Ä !˜öìÁ¬y=þ šþœ†%!œ !œ!þ™îå• „þóîûöìœ˜ õ

125,x  2 650,x  100,y  2 460y   ~î‚ 508;xy   !„þhs$þ †’˜y „þyöìœ

¦%þœîŸ“þ (8, 12) ~î‚ (6, 8) éôé~îû ‹yëû†yëû (6, 14) ~î‚ (8, 6) öœ…y £öìëûöìŠéÐ

e%!Ýþî!‹Å“þ ¢!àþ„þ (r) éôé~îû xy¢§¬ S”%£z ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV ›y˜ !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ ¢!àþ„þ 125 6 8 8 6 125x      
¢!àþ„þ 100 14 6 12 8 100y      

¢!àþ„þ 2 2 2 2650 6 8 6x    
650 36 64 64 36 650     

¢!àþ„þ 2 2 2 2 2460 14 6 12 8y     
460 196 36 144 64 436     

¢!àþ„þ               508 6 14 8 6 8 6 8xy n    
508 84 48 96 48 520     

 r S¢£þ™!îûî“Åþ˜ ¢£†yA„þV

   2 2
2 2

1


 

  

  

xy x yn

x y
x yn n

   

   22

1520 125 10025

1001650 125 43625 25
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520 500
650 625 436 400


 

20 20 20 2 0·6665 6 30 325 36
    

  S!“þ˜ ”Ÿ!›„þ Þíy˜ þ™ëÅhsþV

0·67

vþz_îû õ 0·67

vþz”y. 9. ˜#öì‰þîû “þy!œ„þy ¢yöìþ™öìÇþ !˜¦Åþîû’ ¢îûœöìîû…yîû ¢›#„þîû’ !˜’Åëû „þîû%̃  õ

„þÄyîéôé†y!vþüîû îëû¢ SîŠéöìîûV 2 4 6 8
¢‚ßþñyîû ç þ™!îûßþñyîûîyî” …îû‰þ
SŸ“þ Ýþy„þyîû !£¢yöìîV 10 20 25 30

¢›y•y˜ ƒ •!îû– x £óœ „þÄyöìîîû îëû¢ SîŠéöìîûV ~î‚ y !˜öì”ÅŸ „þöìîû ¢‚ßþñyîû ç þ™!îûßþñyîûîyî” …îû‰þ SŸ“þ
Ýþy„þyîû !£¢yöìîV

!˜¦Åþîû’ öîû…yîû !˜•Åyîû’ S“þy!œ„þyV õ x x2 y xy

2 4 10 20

4 16 20 80
6 36 25 150
8 64 30 240

ö›yÝþ 20 120 85 490

x  Söëï!†„þ †vþüV 20 54 

y  Söëï!†„þ †vþüV 85 21·254 

byx S!˜¦Åþîû’ ¢£†yA„þ ë…˜ y, x éôé~îû vþzþ™îû !˜¦ÅþîûŸ#œV

   2 22
4 490 20 85
4 120 20

n xy x y

n x x
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260 26 13 3·2580 8 4   

 !˜öì’Åëû !˜¦Åþîû’ ¢îûœöìîû…yîû ¢›#„þîû’ Së…˜ y, x éôé~îû vþzþ™îû !˜¦Åþîû „þöìîûV

   yxy y b x x

îy–  21·25 3·25 5  y x

îy– 3·25 16·25 21·25  y x

îy– 3·25 5 y x

vþz_îû õ 3·25 5 y x

vþz”y. 10. !þ™“þyîû vþzF‰þ“þy S£z!Mþöì“þ 64 65 66 67 68 69 70

þ™%öìeîû vþzF‰þ“þy S£z!Mþöì“þV 66 67 65 68 70 68 72

vþzþ™öìîûy “þy!œ„þy öíöì„þ ¢£þ™!îûî“Åþ˜ ¢£†yA„þ (r) !˜’Åëû „þîû%̃ Ð

¢›y•y˜ ƒ r éôé~îû ›y˜ !˜•Åyîûöì’îû ‹˜Ä !˜!”ÅTþ “þy!œ„þy!Ýþ £óœ õ

!þ™“þyîû vþzF‰þ“þy (X) þ™%öìeîû vþzF‰þ“þy (Y) x  y  x2 y2 xy

X X Y Y
64 66 –3 –2 9 4 6
65 67 –2 –1 4 1 2
66 65 –1 –3 1 9 3
67 68 0 0 0 0 0
68 70 1 2 1 4 2
69 68 2 0 4 0 0
70 72 3 4 9 16 12

469 677 X 476 687 Y 0 x 0 y 2 x 2 y  xy

28 34 25

X ç Y ~îû ¢£þ™!îûî“Åþ˜ ¢£†yA„þ  
2 2

25 0·81
28 34

  



 

xy
r

x y

vþz_îû õ r 0·81
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6.10 ¢‚!Çþ®¢yîû

~£z ~„þ„þ öíöì„þ xy›îûy ‹y˜öì“þ þ™y!îûéôôôé

 òþ™!îû¢‚…Äy˜!î”Äyó îy òîûy!Ÿ!îKþy˜ó £œ îûy!Ÿ“þíÄ ¢‚@ùÌ£ „þöìîû “þyöì„þ ¢%Tþ¦þyöìî þ™!îûöìîŸ˜ ç !îöìÙÕ¡ìöì’îû
›y•Äöì› !îKþy˜¢Á¿“þ vþzþ™yëû ²Ì„þyŸ „þîûyÐ

 ö„þyöì̃ y ‰þöìœîû ö„þw#ëû ²Ìî’“þy ç “þyîû þ™!îû›yþ™

 ö„þyöì̃ y ‰þöìœîû þ™!îû‡y“þ– ²Ì!“þ÷ìî¡ì›Ä ~î‚ “þ#¸“þy

 !m‰þœöì„þîû öÇþöìe ¢£þ™!îûî“Åþ˜ ~î‚ ²Ì!“þ†›˜ îy !˜¦Åþîû’Ð

6.11 x˜%Ÿ#œ˜#

Ÿ)̃ ÄÞíy˜ ¢!àþ„þ Ÿöì· þ™)îû’ „þîû%̃  õ

1. (a) ö„þyöì̃ y !î¦þy‹öì̃ îû ²Ì!“þ÷ìî¡ì›Ä !î¦þy‹˜!Ýþîû éôôôééôôôééôôôé ö„þ !˜öì”ÅŸ „þöìîûÐ

(b) }’yd„þ ²Ì!“þ!î¡ì› !î¦þy‹öì̃ îû öÇþöìe g1 0, g1 < 0, g1 > 0. ö„þy˜ä!Ýþ ¢!àþ„þÚ

(c) ²Ì!“þ¢› !î¦þy‹öì̃ îû öîœyëû

(i) †vþü < ›•Ä›y < ¢‚…Äy†%îû% ›y˜

(ii) †vþü > ›•Ä›y > ¢‚…Äy†%îû% ›y˜

(iii) †vþü ›•Ä›y ¢‚…Äy†%îû% ›y˜– £öìîÐ ö„þy˜ !îî,!“þ!Ýþ ¢!àþ„þÚ

(d) ö„þyöì̃ y !î¦þy‹˜ ò›•Ä› “þ#ÇÖþó £öìî ë!”

(i) g2 0
(ii) g2 > 0
(iii) g2 < 0,

¢!àþ„þ !îî,!“þ!Ýþ vþzöìÍÔ… „þîû%̃ Ð

2. (a) ë!” Q1 26, Q3 76 ~î‚ ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ 0·2 £ëû “þöìî ›•Ä›yîû ›y˜ „þ“þÚ

(b) ë!” !m“þ#ëû ç “,þ“þ#ëû ö„þw#ëû ¼y›„þ (Central moments) 4 ~î‚ 12 £ëû “þöìî !î¦þy‹öì̃ îû
²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ !˜’Åëû „þîû%̃ Ð

3. ö„þyöì̃ y ~„þ!Ýþ !î¦þy‹öì̃  S²Ì!“þ÷ìî¡ì›Ä ²Ì„,þ!“þë%=þV– ›•Ä„þ (A.M) 172, ›•Ä›y (median) 
167 ~î‚ ²Ì›y’ !î‰%þÄ!“þ () 60. !î¦þy‹öì̃ îû ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ ~î‚ ¢‚…Äy†%îû% ›y˜ !˜’Åëû „þîû%̃ Ð
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4. ö„þyöì̃ y þ™!îû¢‚…Äy !î¦þy‹öì̃  ²Ìí› ‰þyîû!Ýþ Ÿ)̃ Äöì„þ!w„þ ¼y›„þ (raw moments or moments
about origin) £óœ ëíy„Êþöì› –4, 22, –105 ~î‚ 144 ; “þ#ÇÖþ“þy †%’y‚„þ (2) !˜’Åëû „þîû ~î‚ ~îû
²Ì„,þ!“þ vþzöìÍÔ… „þîû%̃ Ð

5. !˜öì‰þîû “þy!œ„þyëû 100 ‹˜ öœyöì„þîû ~„þ!Ýþ ö†yÛþ#îû vþzF‰þ“þy ö”çëûy £óœÐ !î¦þy‹˜!Ýþîû “þ#ÇÖþ“þy
¢Á™öì„Åþ ›hsþîÄ vþzöìÍÔ… „þîû%̃ Ð

vþzF‰þ“þy S£z!Mþöì“þV 59 61 63 65 67 69 71 73 75

öœy„þ¢‚…Äy 0 2 8 20 40 20 8 2 0

6. x 2 4 6 8
f 10 15 10 5

²Ì”_ “þy!œ„þyîû ö²Ì!Çþöì“þ x éôé~îû Ÿ)̃ Äöì„þ!w„þ “,þ“þ#ëû ¼y›„þ Sþ™!îû‡y“þV !˜’Åëû „þîû%̃ Ð

7. ~„þ!Ýþ !î¦þy‹öì̃ îû †y!’!“þ„þ †vþü 5, !m“þ#ëû ç “,þ“þ#ëû ö„þw#ëû þ™!îû‡y“þ S¼y›„þV ëíy„Êþöì› 20 ~î‚
3140; !î¦þy‹˜!Ýþîû 10 éôéö„þ!w„þ “,þ“þ#ëû þ™!îû‡y“þ S¼y›„þV éôé~îû ›y˜ !˜’Åëû „þîû%̃ Ð

8. ˜#öì‰þ ²Ì”_ !î¦þy‹öì̃ îû öÇþöìe ²Ìöìšþ¢îû îyç!œîû þ™å•!“þ xîœÁºöì̃  ²Ì!“þ÷ìî¡ì›Ä †%’y‚öì„þîû ›y˜ !˜’Åëû
„þîû%̃  õ

îyê¢!îû„þ !î„Êþëû 0–20 20–50 50–100 100–250 250–500 500–1000

£y‹yîû Ýþy„þyëû 20 50 69 30 25 19

9. ö„þyöì̃ y þ™!îû¢‚…Äy !î¦þy‹öì̃  ²Ìí› ‰þyîû!Ýþ Ÿ)̃ Äöì„þ!w„þ ¼y›öì„þîû ›y˜ ëíy„Êþöì› –4, 22, –105 ~î‚
144, “þ#ÇÖþ“þy †%’y‚„þ (2) !˜•Åyîû’ „þîû%̃  ~î‚ ~îû ²Ì„,þ!“þ „þ#îû)þ™ “þy vþzöìÍÔ… „þîû%̃ Ð

10. ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ !˜’Åëû „þîû õ S„þyœÅ !þ™ëûyîû¢˜ þ™å•!“þöì“þV S˜#öì‰þîû ö”çëûy “þy!œ„þy öíöì„þV

‰þöìœîû ö×!’ ¢#›y 0–10 10–20 20–30 30–40 40–50

þ™!îû¢‚…Äy 14 23 27 21 15

11. !˜öìÁ¬y=þ “þy!œ„þy öíöì„þ ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ !˜’Åëû „þîû%̃  õ

S²Ìöìšþ¢îû îyç!œîû þ™å•!“þöì“þV õ

‰þöìœîû ›•Ä›y˜ 75 100 125 150 175 200 225 250

þ™!îû¢‚…Äy 35 40 48 100 125 80 5 22

12. ö„þyöì̃ y ~„þ!Ýþ !î¦þy‹öì̃ îû ö²Ì!Çþöì“þ ²Ì!“þ÷ìî¡ì›Ä †%’y‚„þ– Q1, Q3 ëíy„Êþöì› –0·8, 44·1 ~î‚
56·6 £öìœ– ›•Ä›yîû ›y˜ !˜’Åëû „þîû%̃ Ð
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13. ö„þyöì̃ y ~„þ!Ýþ !î¦þy‹öì̃ îû 5é éôéö„þ!w„þ ²Ìí› ‰þyîû!Ýþ ¼y›„þ ëíy„Êþöì› 7, 70, 140 ç 175 ; 1
~î‚ 2 !˜’Åëû „þîû%̃ Ð

14. †vþü ›y˜ Sîy ›•Ä„þV 11, ~£z ›•Ä„þ ¢yöìþ™öìÇþ ²Ìí› ‰þyîû!Ýþ ¼y›„þ ëíy„Êþöì› 0, 3·2, 36 ~î‚
20. Ÿ)̃ Äöì„þ!w„þ ²Ìí› ‰þyîû!Ýþ ¼y›„þ !˜’Åëû „þîû%̃ Ð

15. !˜öì‰þîû “þy!œ„þy x˜%¢yöìîû ¢£þ™!îûî“Åþ˜ ¢£†yA„þ !˜’Åëû „þîû ~î‚ ¢Á™„Åþ!Ýþ ¢y›O¢Äþ™)’Å !„þ˜y “þy
vþzöìÍÔ… „þîû%̃ Ð

ßþºy›#îû îëû¢ SîŠéöìîûV 23 27 28 29 30 31 33 35 36

ßþf#îû îëû¢ SîŠéöìîûV 18 20 22 27 22 27 29 28 29

16. xyÝþ ‹˜ þ™îû#Çþyí#Åîû þ™”yíÅ!î”Äyëû ç †!’öì“þ ²Ìy® ˜Áºöìîûîû “þy!œ„þy ˜#öì‰þ ö”çëûy £óœÐ !ßþ™ëûyîû›Äyöì̃ îû
þ™å•!“þ x˜%¢yöìîû ›y˜„Êþ!›„þ ¢£†yA„þ (P) (Co-efficient of rank correlation) !˜’Åëû „þîû%̃ Ð S²Ì!“þ!Ýþ
!î¡ìöìëû ¢öìîÅyF‰þ ˜Áºîû 100 •!îûV õéôôôé

þ™”yíÅ!î”Äyëû ²Ìy® ˜Áºîû 15 20 28 12 40 60 20 80

†!’öì“þ ²Ìy® ˜Áºîû 40 30 50 30 20 10 30 60

17. ë!” 
5

1
2 10,


  i

i
x

5

1
5 20,


  i

i
y

5

1
148


 i i

i
x y  £ëû “þöìî cov (x, y) éôé~îû ›y˜ „þ“þ £öìî “þy !Þíîû „þîû%̃ Ð

18. „þyœÅ !þ™ëûyîû¢˜ þ™å•!“þöì“þ ¢£þ™!îûî“Åþ˜ ¢£†yA„þ (co-efficient of correlation) !˜’Åëû „þîû%̃
ë…˜ x ç y ‰þœîûy!Ÿ ”%!Ýþîû ›y˜†%!œ !˜Á¬îû)þ™ õ

16 18 21 20 22 26 27 15
22 25 24 26 25 30 33 18

x
y

19. ”Ÿ!Ýþ Šéyöìeîû xíÅ̃ #!“þ!î”Äyëû ç þ™!îû¢‚…Äy˜!î”Äyëû ²Ìy® ˜Áºöìîû “þy!œ„þy!Ýþ !˜Á¬îû)þ™ õ

²Ìy® ˜Áºîû 3 5 8 4 7 10 2 1 6 9

þ™!îû¢‚…Äy˜ !î”Äyëû (x)

xíÅ̃ #!“þ !î”Äyëû

²Ìy® ˜Áºîû (y) 6 4 9 8 1 2 3 10 5 7

›y˜„Êþ!›„þ ¢£†yA„þ (p) !˜’Åëû „þîû%̃ Ð
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20. ”%!Ýþ !˜¦Åþîû’ ¢îûœöìîû…yîû ›öì•Ä  ö„þy’ vþzêþ™§¬ £öìœ ²Ì›y’ „þîû öë 
 
 

2
1

2 2

1
tan 0

  
  

 

x y

x y

r

r
~î‚ 1r    £öìœ vþzþ™!îûvþz=þ ¢)e!Ýþîû “þyêþ™ëÅ (significance) vþzöìÍÔ… „þîû%̃ Ð

21. !˜¦Åþîû’ ¢îûœöìîû…y ”%!Ýþ S!m‰þœöì„þîû öÇþöìeV ëíy„Êþöì› 3x – y 2 0 ~î‚ y x £öìœ ²Ì›y’

„þîû%̃ – : 1: 3x y  

22. 10 !Ýþ Šéyöìeîû ~„þ!Ýþ ö×!’ þ™îû#Çþyëû £z‚îûy!‹ ~î‚ †!’öì“þîû ²Ìy® ˜Áºöìîûîû “þy!œ„þy ˜#öì‰þ ö”çëûy £œÐ

†!’öì“þîû ²Ìy® ˜Áºîû 24 25 28 29 32 35 36 41 45 50

£z‚îûy!‹öì“þ ²Ìy® ˜Áºîû 44 42 40 52 39 32 24 46 41 50

!m“þ#ëû !î¡ìëû ¢yöìþ™öìÇþ ²Ìí› !î¡ìöìëûîû

(i) „þyœÅ !þ™ëûyîû¢˜ þ™å•!“þöì“þ ¢£þ™!îûî“Åþ˜ ¢£†yA„þ (Correlation Co-efficient)

(ii) !ßþ™ëûyîû›Äy˜ þ™å•!“þ xîœÁºöì̃  x %̃„Êþ!›„þ ¢£†yA„þ (rank Correlation Co-efficient) !˜’Åëû „þîû%̃ Ð

23. ”%!Ýþ !˜¦Åþîû’ ¢îûœöìîû…yîû ¢›#„þîû’ ëíy„Êþöì› 4x 3y7 0 (y, x éôé~îû vþzþ™îû !˜¦ÅþîûŸ#œV
~î‚ 3x 4y 8 0 (x, y éôé~îû vþzþ™îû !˜¦ÅþîûŸ#œV £öìœ (i) byx (ii) bxy „þ“þÚ (iii) ö”…y˜ öë

3
4r   .

24. x 1 2 3 4 5
y 7 6 5 4 3

(i) ²Ì›y’ „þîû öë byx –1
(ii) !˜¦Åþîû’ ¢îûœöìîû…yîû ¢›#„þîû’ Së…˜ y, x éôé~îû !˜¦ÅþîûŸ#œV £öìî y x 8
(iii) x 6 £öìœ y éôé~îû ²Ì“þÄy!Ÿ“þ ›y˜ „þ“þ £öìîÚ Svþz_îû õ y 2)
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