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~Ü˛Ü˛ 1 ppppp ≤ÃyÌ!ÙÜ˛ ôyÓ˚îy
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1.1 í ẑ̨ Ïj¢ƒ

~•z ~Ü˛Ü˛!ê˛ ˛õyë˛ Ü˛Ó˚ˆÏ° SÈyeSÈye#Ó˚y çylˆÏï˛ ˛õyÓ˚ˆÏÓl

l à!îˆÏï˛ ã˛°Ü˛ñ ô &ÓÜ˛ ~ÓÇ ˛õ)î≈Ü˛yB˛ Ó°ˆÏï˛ Ü˛# ˆÓyV˛yÎ˚

l §Ù#Ü˛Ó˚î ~ÓÇ xˆÏË˛ˆÏòÓ˚ ˛õyÌ≈Ü˛ƒ

l ˆ§ê˛ Ó°ˆÏï˛ Ü˛# ˆÓyV˛yÎ˚ ~ÓÇ ˆ§ê˛ Ó#çà!îˆÏï˛Ó˚ §)eyÓ!°

l §¡∫¶˛ ~ÓÇ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˛õyÌ≈Ü˛ƒ

1.2 ≤ÃhflÏyÓly

xyˆÏ°y!ã˛ï˛ ~Ü˛Ü˛!ê˛ˆÏï˛ ày!î!ï˛Ü˛ xÌ≈l#!ï˛Ó˚ =Ó˚&c §¡õˆÏÜ≈˛ xyˆÏ°yã˛ly Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– xˆÏ˛õ«˛Ü˛ §¡õˆÏÜ≈˛ §ÙƒÜ˛
ôyÓ˚îy ˛õyGÎ˚yÓ˚ çlƒ ~ÓÇ ï˛yÓ˚ ≤ÃÜ,˛!ï˛ xl%ôyÓˆÏlÓ˚ çlƒ ˛õ)î≈Ü˛yB˛ñ ô &ÓÜ˛ G ã˛°Ó˚y!¢Ó˚ xyˆÏ°yã˛ly Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– ˛õÓ˚Óï≈˛#
˛õÎ≈yˆÏÎ˚ xhs˝Ó˚Ü˛°l!ÓòƒyˆÏÜ˛ xyÎ˚_ Ü˛Ó˚yÓ˚ í˛zˆÏjˆÏ¢ƒ ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ˆÏê˛Ó˚ ôyÓ˚îy ˆòGÎ˚y •ˆÏÎ˚ˆÏSÈ– xˆÏ˛õ«˛Ü˛ ~ÓÇ
§¡∫ˆÏ¶˛Ó˚ xyˆÏ°yã˛lyG ~•z ~Ü˛ˆÏÜ˛ Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ–

1.3 Ü˛# Ü˛yÓ˚ˆÏî xÌ≈l#!ï˛!Óòàî xB˛ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚l⁄

xÌ≈l#!ï˛ ~ÓÇ xˆÏB˛Ó˚ ÙˆÏôƒ â!l¤˛ §¡õÜ≈˛ ˛õ!Ó˚°!«˛ï˛ •Î˚– xB˛ˆÏÜ˛ àîƒ Ü˛Ó˚y •Î˚ xÌ≈l#!ï˛Ó˚ Ë˛y£Ïy Óy ‘language

of economics’ !•§yˆÏÓ– xˆÏB˛Ó˚ §y•yˆÏÎƒ Óï≈˛Ùyl !ÓˆÏŸªÓ˚ ˆÎÈüÈˆÜ˛yˆÏly âê˛ly Óy xÌ≈˜Ïl!ï˛Ü˛ àë˛l G Ü˛yÎ≈Ü˛°yˆÏ˛õÓ˚
Óƒyáƒy Ü˛ˆÏÓ˚ ≤ÃÜ,˛ï˛ §ˆÏï˛ƒ í˛z˛õl#ï˛ •GÎ˚y ÎyÎ˚– í˛zòy•Ó˚î !•§yˆÏÓ ôÓ˚y ÎyÜ˛ ˆÎ ˆ˛õˆÏê˛∆yˆÏ°Ó˚ Ù)°ƒ 10 ¢ï˛yÇ¢ Ó,!k˛ ˛õyGÎ˚yÎ˚
ï˛yÓ˚ ã˛y!•òy 5 ¢ï˛yÇ¢ •…y§ ˆ˛õ°– ~•z ï˛Ìƒ!ê˛Ó˚ ˛õ!Ó˚̂ Ï≤Ã!«˛ Ï̂ï˛ ˆ˛õ Ï̂ê ∆̨y Ï̂°Ó˚ Ù)°ƒ G ã˛y!•òy §¡õ!Ü≈̨ ï˛ ày!î!ï˛Ü˛ ˛õ!Ó˚̂ ÏÓ¢l Ï̂Ü˛
Ó°y •Î˚ ã˛y!•òy xˆÏ˛õ«˛Ü˛– xyÓyÓ˚ ~•z !lÓ˚#«˛y!ê˛ˆÏÜ˛ ~Ë˛yˆÏÓG Ó°y ÎyÎ˚ ˆÎ ÚÚˆ˛õˆÏê˛∆yˆÏ°Ó˚ ã˛y!•òyÓ˚ òyÙ !fli!ï˛fliy˛õÜ˛ï˛yÓ˚
Ùyl •ˆÏ°y –0.5ÛÛ–

xÌ≈yÍ xB˛!Ë˛!_Ü˛ xÌ≈l#!ï˛ Ù)°ï˛ !Ó!Ë˛ß¨ xÌ≈̃ Ïl!ï˛Ü˛ !Ó Ï̂Ÿ’£Ï̂ ÏîÓ˚ ~Ü˛!ê˛ ˛õÌ ÎyÓ˚ Ùyôƒ Ï̂Ù xÌ≈l#!ï˛!Óò‰àîñ xÌ≈̃ Ïl!ï˛Ü˛
§Ù§ƒy ï˛y Óƒ!‹Tàï˛ Óy §Ù!‹Tàï˛ Îy•z ˆ•yÜ˛ ly ˆÜ˛lñ ˆ§!ê˛ˆÏÜ˛ í˛z˛õfliy˛õl Ü˛ˆÏÓ˚l ~ÓÇ ï˛yÓ˚ Î%!_´ G Ê˛°yÊ˛° !Ó!Ë˛ß¨
ày!î!ï˛Ü˛ í z̨̨ õ˛õy Ï̂òƒÓ˚ Ùyôƒ Ï̂Ù ≤Ãòyl Ü˛ Ï̂Ó˚l ÎyÓ˚ Ê˛ Ï̂° !Ó£ÏÎ˚!ê˛ §Ó˚° G @˝Ã•î Ï̂Îyàƒ •Î˚– ˆÎ ôÓ˚̂ ÏlÓ˚ xB˛=!° xÌ≈l#!ï˛ Ï̂ï˛
ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚ ï˛y •ˆÏ°y §Ó˚° çƒy!Ù!ï˛ñ Ùƒy!ê˛∆: xƒy°ˆÏçÓÓ˚yñ xhs˝Ó˚#Ü˛Ó˚î G §ÙyÜ˛°l Ü˛ƒy°Ü%˛°y§ (Differential

and Integral Calculus), xhs˝Ó˚ §Ù#Ü˛Ó˚î G xhs˝Ó˚#Ü˛Ó˚î §Ù#Ü˛Ó˚î (Difference and differential equation)

•zï˛ƒy!ò–

xÌ≈l#!ï˛ˆÏï˛ xˆÏB˛Ó˚ ≤ÃˆÏÎ˚yçl#Î˚ï˛y !•§yˆÏÓ !Ü˛S%È Ü˛yÓ˚î !lˆÏ¡¨ Ó!î≈ï˛ •ˆÏ°y–

1. àîly (Enumeration)

≤ÃyÌ!ÙÜ˛ ˛õÎ≈yˆÏÎ˚ xÌ≈l#!ï˛ˆÏï˛ ˆÎÈüÈˆÜ˛yˆÏly Ë˛!Ó£Ïƒmyî#ˆÏÜ˛ (predictions) !ã˛ˆÏeÓ˚ ÙyôƒˆÏÙ Óƒyáƒy Ü˛Ó˚y •Î˚– ˆÎÙl
ã˛y!•òy G ˆçyàyˆÏlÓ˚ !ÓˆÏŸ’£ÏˆÏî xy¢y Ü˛Ó˚y •Î˚ ˆÎñ ˆÜ˛yˆÏly ≤Ã!ï˛ˆÏÎy!àï˛yÙ)°Ü˛ ÓyçyˆÏÓ˚ Î!ò ˆçyàylˆÏÜ˛ Óò°yˆÏï˛ ly
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ˆòGÎ˚y •Î˚ñ ï˛y•ˆÏ° Ù)°ƒ Ó,!k˛ ˛õyˆÏÓ– ~ál xÌ≈l#!ï˛!Óò ày!î!ï˛Ü˛ ÙyôƒˆÏÙ §•ˆÏç•z ˆòáyˆÏï˛ ˛õyˆÏÓ˚l ˆÎ Ü˛ï˛ê˛y ˛õ!Ó˚ÙyˆÏî
Ù)°ƒ Ó,!k˛ ˛õyˆÏÓ Î!ò ˆçyàylˆÏÜ˛ !l!ò≈‹T ˛õ!Ó˚Ùyî Ü˛ÙyˆÏly ÎyÎ˚– ~Ü˛•zÓ˚Ü˛Ù Ë˛yˆÏÓ ˆÜ˛yˆÏly ~Ü˛!ê˛ Ê˛yÙ≈G !lî≈Î˚ Ü˛Ó˚ˆÏï˛
˛õyˆÏÓ˚ ˆÎ òyÙ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ Ê˛ˆÏ° Ü˛# ˛õ!Ó˚ÙyˆÏî ï˛yÓ˚ !Óe´Î˚ ˛õ!Ó˚Ó!ï≈˛ï˛ •ˆÏÓ–

2. §Ó˚°#Ü˛Ó˚î (Simplification)

!Ó!Ë˛ß¨ xÌ≈˜Ïl!ï˛Ü˛ ã˛°Ó˚y!¢Ó˚ ÙˆÏôƒ !ÓòƒÙyl §¡õÜ≈˛=!° xˆÏlÜ˛ ˆ«˛ˆÏe ç!ê˛° •Î˚ Îy Ë˛y£ÏyÎ˚ !°áˆÏï˛ ˆàˆÏ°
ç!ê˛°ï˛Ó˚ •Î˚– !Ü˛v ˆ§•z §¡õÜ≈˛!ê˛ˆÏÜ˛ Î!ò ˆÜ˛yˆÏly ày!î!ï˛Ü˛ àë˛ˆÏlÓ˚ ÙyôƒˆÏÙ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ ï˛ál ï˛y §•ˆÏç•z ˆÓyV˛y
ÎyÎ˚–

í˛zòy•Ó˚îfl∫Ó˚*˛õ ôÓ˚y ÎyÜ˛ ≠ ˆÜ˛yˆÏly ~Ü˛ §ÙˆÏÎ˚ Ü˛Ù°yˆÏ°Ó%Ó˚ ã˛y!•òy •ˆÏ°y 1,200 Kg Îál ï˛yÓ˚ òyÙ ¢)lƒ– ~•z

ã˛y!•òy !Ü˛ˆÏ°y≤Ã!ï˛ Îál Ü˛Ù°yˆÏ°Ó%Ó˚ Ù)°ƒ ~Ü˛ ê˛yÜ˛y Ü˛ˆÏÓ˚ ÓyˆÏí˛¸ ï˛ál 10 Kg Ü˛ˆÏÓ˚ Ü˛ÙˆÏï˛ ÌyˆÏÜ˛– ~•z Ü˛Ù°yˆÏ°Ó%Ó˚

ã˛y!•òy G òyÙ §Çe´yhs˝ ï˛Ìƒ!ê˛ Î!ò Ë˛y£ÏyÎ˚ ~Ë˛yˆÏÓ ly ÓˆÏ° ày!î!ï˛Ü˛ §Ù#Ü˛Ó˚ˆÏî ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ ï˛ál ï˛y •ˆÏÓ≠ q

= 1200 – 10p ˆÎáyˆÏl q •ˆÏ°y !Ü˛ˆÏ°y@˝ÃyˆÏÙ ≤ÃÜ˛y¢ Ü˛Ó˚y Ü˛Ù°yˆÏ°Ó%Ó˚ ã˛y!•òy G p •ˆÏ°y !Ü˛ˆÏ°y≤Ã!ï˛ Ü˛Ù°yˆÏ°Ó%Ó˚
Ù)°ƒ– ~Ë˛yˆÏÓ•z ˆÎÈüÈˆÜ˛yˆÏly §¡õÜ≈˛ˆÏÜ˛ §•ˆÏç•z ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚– ~Ùl!Ü˛ !Ó!Ë˛ß¨ ã˛°Ó˚y!¢Ó˚ ÙˆÏôƒ §¡õÜ≈˛=!° !lˆÏÎ˚
Îál ~Ü˛ˆÏçyˆÏê˛ ˆÜ˛yˆÏly xÌÈ≈˜Ïl!ï˛Ü˛ ÓƒÓfliy (economic system) ˜ï˛!Ó˚ •Î˚ ï˛ál ày!î!ï˛Ü˛ ÙˆÏí˛ˆÏ°Ó˚ §•yÎ˚ï˛yÎ˚
ã˛°Ó˚y!¢Ó˚ §¡õÜ≈˛=!°Ó˚ í˛z˛õÓ˚ !l!ò≈‹T !Ó!ô!lˆÏ£Ïô xyˆÏÓ˚y˛õ Ü˛ˆÏÓ˚ xÌ≈˜Ïl!ï˛Ü˛ ÙˆÏí˛° ˜ï˛!Ó˚ Ü˛Ó˚y •Î˚–

3. ò%‹±y˛õƒï˛y ~ÓÇ !lÓ≈yã˛l (Scarcity and Choice)

xÌ≈l#!ï˛ˆÏï˛ !Ó!Ë˛ß¨ §Ù§ƒy xyˆÏSÈ Îy Ù)°ï˛ §#!Ùï˛ §¡õˆÏòÓ˚ ÎÌyÎÌ G ò«˛ Ó^˝ê˛ˆÏlÓ˚ í˛z˛õÓ˚ ˆÜ˛w#Ë)˛ï˛ñ ~ˆÏÜ˛ Ó°y
•Î˚ Ü˛yÙƒÜ˛Ó˚î (optimization) §Ù§ƒy– ˆÎÙl ˆÜ˛yˆÏly Ê˛yÙ≈ !lô≈yÓ˚î Ü˛Ó˚ˆÏï˛ ã˛y•zˆÏ°y ˆÎ ï˛yÓ˚ !l!ò≈‹T ÓƒyˆÏÎ˚Ó˚ !Ë˛!_ˆÏï˛
Ü˛# ˛õ!Ó˚Ùyî í˛zÍ˛õyòl Ü˛Ó˚ˆÏ° ï˛yÓ˚ °yË˛ §ˆÏÓ≈yFã˛ •ˆÏÓ– ~ ôÓ˚ˆÏlÓ˚ Ó‡ !§k˛yhs˝ ày!î!ï˛Ü˛ ÙyôƒˆÏÙ §Ùyôyl Ü˛Ó˚y §Ω˛Ó–

xÌ≈yÍ !Ó!Ë˛ß¨ âê˛lyñ §Ù§ƒyñ !§k˛yhs˝ •zï˛ƒy!òÓ˚ ˆ«˛ˆÏe §ˆÏï˛ƒ í˛z˛õl#ï˛ •GÎ˚yÓ˚ çlƒ xÌ≈l#!ï˛ G à!îï˛ ~ˆÏÜ˛ x˛õˆÏÓ˚Ó˚
§ˆÏD §¡õ!Ü≈˛ï˛ •ˆÏÎ˚ ˛õˆÏí˛¸–

1.4 ã˛°Ü˛ñ ô &ÓÜ˛ G ˛õ)î≈Ü˛yB˛

1.4.1 ã˛°Ü˛ Óy ã˛°Ó˚y!¢

ˆÎÈüÈˆÜ˛yˆÏly ˜Ó!¢‹Tƒñ §Çáƒy Óy ˛õ!Ó˚Ùyî Îy §ÙˆÏÎ˚Ó˚ §ˆÏD ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚ xÌÓy !Ó!Ë˛ß¨ ˛õ!Ó˚!fli!ï˛ˆÏï˛ !Ó!Ë˛ß¨ Ùyl @˝Ã•î
Ü˛ˆÏÓ˚ ï˛yˆÏÜ˛•z ã˛°Ó˚y!¢ Ó°y •Î˚– xÌ≈l#!ï˛ˆÏï˛ ˆÎÙl Ù)°ƒ í˛zÍ˛õyòl •zï˛ƒy!ò ã˛°Ó˚y!¢ Ó°y ÎyÎ˚–

ã˛°Ó˚y!¢ˆÏÜ˛ ≤ÃÜ,˛!ï˛àï˛ !òÜ˛ ˆÌˆÏÜ˛ Ù)°ï˛ ò%•z Ë˛yˆÏà Ë˛yà Ü˛Ó˚y ÎyÎ˚ÈüüüÈ 1– =îÓyã˛Ü˛ ã˛°Ó˚y!¢ (Qualitative

Variables), 2– ˛õ!Ó˚ÙyîÓyã˛Ü˛ ã˛°Ó˚y!¢ (Quantitative Variables)– =îÓyã˛Ü˛ ã˛°Ó˚y!¢ˆÏÜ˛ xyÓyÓ˚ ly!ÙÜ˛ Óy
ˆ◊!îÓyã˛Ü˛ (Nominal or Categorical), e´ÙÓyã˛Ü˛ (Ordinal) ~ÓÇ ò%•zã˛° !Ó!¢‹T (Binary) ~•z !ï˛lË˛yˆÏà
~ÓÇ ˛õ!Ó˚Ùyîàï˛ ã˛°Ó˚y!¢ˆÏÜ˛ !Ó!FSÈß¨ (Discrete) ã˛°Ó˚y!¢ ~ÓÇ §hs˝ï˛ (Continuous) ã˛°Ó˚y!¢ ~•z ò%•z Ë˛yˆÏà
Ë˛yà Ü˛Ó˚y ÎyÎ˚–
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ã˛°Ó˚y!¢Ó˚ ôÓ˚î

≤ÃÜ,̨ !ï˛ !Ë˛!_Ü˛ Ü˛yÎ≈!Ë˛!_Ü˛

 =î!Ë˛!_Ü˛ ˛õ!Ó˚Ùyî!Ë˛!_Ü˛ fl∫yô#l !lË≈̨ Ó˚¢#°
ã˛°Ó˚y!¢ ã˛°Ó˚y!¢ ã˛°Ó˚y!¢ ã˛°Ó˚y!¢

!Ó!FSÈß¨ ã˛°Ó˚y!¢ §hs˝ï˛ ã˛°Ó˚y!¢

ˆ◊!î!Ë˛!_Ü˛ e´ÙÓyã˛Ü˛ ò%•zã˛°!Ó!¢‹T
ã˛°Ó˚y!¢ ã˛°Ó˚y!¢ ã˛°Ó˚y!¢

!ã˛e 1.4.1 ≠ ã˛°Ó˚y!¢Ó˚ ˆ◊!î!ÓË˛yà

ã˛°Ó˚y!¢ˆÏÜ˛ Ü˛yÎ≈!Ë˛!_Ü˛ xl%§yˆÏÓ˚ fl∫yô#l G !lË≈˛Ó˚¢#° ã˛°Ó˚y!¢ !•§yˆÏÓ Ë˛yà Ü˛Ó˚y Î˚yÎ˚– !ã˛e 1.4.1ÈüÈˆï˛ §¡õ)î≈
ˆ◊!î!ÓË˛yà ˆòGÎ˚y •°–

=îÓyã˛Ü˛ ã˛°Ó˚y!¢ÈüüüÈ ~•z ôÓ˚ˆÏlÓ˚ ã˛°Ó˚y!¢ §Çáƒy!Ë˛!_Ü˛ lÎ˚ ÓÓ˚Ç ï˛yˆÏòÓ˚ !Ü˛S%È ˆ◊!îˆÏï˛ (Category) Ë˛yà Ü˛Ó˚y
ÎyÎ˚ñ ˆÎÙl ˆã˛yˆÏáÓ˚ Ó˚Ç å~•z ã˛°Ó˚y!¢Ó˚ ÙˆÏôƒ xyÓyÓ˚ l#°ñ Ü˛yˆÏ°yñ áˆÏÎ˚Ó˚# •zï˛ƒy!ò •ˆÏï˛ ˛õyˆÏÓ˚ä G !°D åÎyÓ˚ ÙˆÏôƒ
˛õ%Ó˚&£Ïñ Ù!•°y •ˆÏï˛ ˛õyˆÏÓ˚ä– ~•zçlƒ =î!Ë˛!_Ü˛ ã˛°Ó˚y!¢ˆÏÜ˛ xyÓyÓ˚ çy!ï˛!Ë˛!_Ü˛ ã˛°Ó˚y!¢G Ó°y ÎyÎ˚–

l!Ùlƒy° Óy ly!ÙÜ˛ ã˛°Ó˚y!¢Èüüü ÈˆÎ =îÓyã˛Ü˛ ã˛°Ó˚y!¢ˆÏï˛ çy!ï˛Ó˚ ˆÜ˛yˆÏly e´Ù ÌyˆÏÜ˛ ly ï˛yˆÏÜ˛ l!Ùlƒy° ã˛°Ó˚y!¢
ÓˆÏ°– ˆÎÙl ã%˛ˆÏ°Ó˚ Ó˚Çñ Îy Ü˛yˆÏ°yñ áˆÏÎ˚!Ó˚ñ ˆ§yly!° Îy•z ˆ•yÜ˛ ï˛yÓ˚ ˆÜ˛yˆÏly e´Ù (Order) ÌyˆÏÜ˛ ly–

e´ÙÓyã˛Ü˛ ã˛°Ó˚y!¢Èüüü È~•z ˆ«˛ˆÏe çy!ï˛=!°Ó˚ ÙˆÏôƒ e´Ù °«˛ Ü˛Ó˚y ÎyÎ˚– ˆÎÙl ôÓ˚y ÎyÜ˛ !¢«˛yàï˛ ˆÎyàƒï˛y Óy
x!Ë˛Kï˛y Î!ò =î!Ë˛!_Ü˛ ã˛°Ó˚y!¢!ê˛ •Î˚ ï˛yˆÏÜ˛ ≤ÃyÌ!ÙÜñ Ùyôƒ!ÙÜ˛ñ @˝Ãƒyç%ˆÏÎ˚ê˛ ~ÓÇ ˆ˛õy‹T @˝Ãƒyç%ˆÏÎ˚ê˛ ~•z !•§yˆÏÓ Ë˛yà
Ü˛Ó˚y •ˆÏ°yñ ~ÓÇ ~áyˆÏl !¢«˛yÓ˚ hflÏÓ˚ xl%§yˆÏÓ˚ x“!¢!«˛ï˛ ~ÓÇ í˛zFã˛!¢!«˛ï˛ !•§yˆÏÓ 1, 2, 3, 4 ~•z Ùyl (score)

G ˆòGÎ˚y •ˆÏ°y ÎyˆÏï˛ hflÏÓ˚=!°Ó˚ ÙˆÏôƒ ˛õyÌ≈ˆÏÜ˛ƒÓ˚ ˛õ!Ó˚Ùyî ï%˛°ly Ü˛Ó˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚– xÌ≈yÍ !¢«˛y @˝Ã•ˆÏîÓ˚ Ùyey
xl%§yˆÏÓ˚ !¢«˛yàï˛ ˆÎyàƒï˛yˆÏÜ˛ e´Ùyl%§yÓ˚# Ü˛Ó˚y •ˆÏ°y–

ò%•zã˛°!Ó!¢‹T ã˛°Ó̊y!¢ÈüüüÈ ~•z ã˛°Ó̊y!¢ ˆÜ˛Ó° ò%!ê˛ ˆÎÙl §yÊ˛°ƒñ ÓƒÌ≈ï˛yó ˛õ%Ó̊&£Ï Óy Ù!•°yó §ï˛ƒ Óy !ÙÌƒy •zï˛ƒy!ò–

˛õ!Ó˚Ùyî!Ë˛!_Ü˛ ã˛°Ó˚y!¢ÈüüüÈ ˆÎ ã˛°Ó˚y!¢ˆÏÜ˛ §ÇáƒyÓ˚ ÙyôƒˆÏÙ ≤ÃÜ˛y¢ Ü˛Ó˚y Î˚yÎ˚ ï˛yˆÏÜ˛ ˛õ!Ó˚Ùyî!Ë˛!_Ü˛ ã˛°Ó˚y!¢ Ó°y
•Î˚ (Quantitative Variable); ˆÎÙlñ ÓÎ˚§ñ Gçlñ ˆ«˛eÊ˛°ñ Ó•zˆÏÎ˚Ó˚ ˛õ,¤˛y§Çáƒyñ ¢ˆÏ∑Ó˚ x«˛Ó˚ §Çáƒy ≤ÃË,˛!ï˛–
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!Ó!FSÈß̈ ã˛°Ó̊y!¢ (Discrete variable) üüü ˆÎ ã˛°Ó̊y!¢ ˆÜ˛yˆÏly !l!ò≈‹T §#ÙyÓ˚ ÙˆÏôƒ !Ü˛S%È !ÓÎ%_´ (isolated) Ùyl
@˝Ã•î Ü˛ Ï̂Ó̊ ï˛y Ï̂Ü˛ !Ó!FSÈß̈ ã˛°Ó̊y!¢ Ó°y •Î̊ ˆÎÙl ~Ü˛!ê˛ ˛õ!Ó̊Óy Ï̂Ó̊ Ü˛ï˛çl !¢÷ xy Ï̂SÈó Îy 1, 2 ~Ë˛y Ï̂Ó ˛õ)î≈ §Çáƒy !ò Ï̂Î̊
≤ÃÜ˛y!¢ï˛ •Î̊ó Ë˛@¿yÇ Ï̂¢ lÎ̊–

§hs˝ï˛ Óy ã˛°Ó˚y!¢ÈüüüÈ ˆÎ ã˛°Ó˚y!¢ ˆÜ˛yˆÏly ~Ü˛!ê˛ !l!ò≈‹T §#ÙyÓ˚ ÙˆÏôƒ (interval) ˆÎÈüÈˆÜ˛yˆÏly Ùyl @˝Ã•î Ü˛ˆÏÓ˚ ï˛yˆÏÜ˛
§hs˝ï˛ Óy x!Ó!FSÈß¨ ã˛°Ó˚y!¢ Ó°y •Î˚– ˆÎÙl SÈyˆÏeÓ˚ í˛zFã˛ï˛y Óy Gçl ˆÜ˛yˆÏly !l!ò≈‹T §#ÙyÓ˚ ÙˆÏôƒ ˆÎÈüÈˆÜ˛yˆÏly §Çáƒy
•ˆÏï˛ ˛õyˆÏÓ˚ ˆÎÙl GçˆÏlÓ˚ ˆ«˛ˆÏe 60.557.....Kg, 70.235.....Kg •zï˛ƒy!ò–

fl∫yô#l ã˛°Ó˚y!¢ÈüüüÈ ˆÎ ã˛°Ó˚y!¢ xlƒ ã˛°Ó˚y!¢ˆÏÜ˛ ≤ÃË˛y!Óï˛ Ü˛ˆÏÓ˚ñ ~ÓÇ ÎyÓ˚ ã˛°l Óy ÙyˆÏlÓÈ̊ ï˛yÓ˚ï˛Ùƒ xlƒ ˆÜ˛yˆÏly
ã˛°Ó˚y!¢ myÓ˚y ≤ÃË˛y!Óï˛ •Î˚ ly ï˛yˆÏÜ˛ Ó°y •Î˚ fl∫yô#l ã˛°Ó˚y!¢ (Independent Variable)–

!lË≈˛Ó˚¢#° ã˛°Ó˚y!¢ (Dependent Variable) üüüÈ ˆÎ ã˛°Ó˚y!¢Ó˚ Ùyl xlƒ ã˛°Ó˚y!¢Ó˚ ÙyˆÏlÓ˚ myÓ˚y ≤ÃË˛y!Óï˛ •Î˚
ï˛yˆÏÜ˛ !lË≈˛Ó˚¢#° ã˛°Ó˚y!¢ ÓˆÏ°ñ ˆÎÙl ˆË˛yà G xyˆÏÎ˚Ó˚ §¡õˆÏÜ≈˛Ó˚ ˆ«˛ˆÏeñ xyˆÏÎ˚Ó˚ ï˛yÓ˚ï˛ˆÏÙƒ ˆË˛yˆÏàÓ˚ ï˛yÓ˚ï˛Ùƒ •Î˚
ÓˆÏ° ˆË˛yà •ˆÏ°y !lË≈˛Ó˚¢#° ã˛°Ó˚y!¢ G xyÎ˚ •ˆÏ°y ~•z ï˛yÓ˚ï˛ˆÏÙƒÓ˚ Ü˛yÓ˚î ÓˆÏ° fl∫yô#l ã˛°Ó˚y!¢– xyÓyÓ˚ñ ◊!ÙˆÏÜ˛Ó˚
Ü˛yÎ≈«˛Ùï˛y Óy í z̨Í˛õyòl¢#°ï˛yÓ˚ § Ï̂D Ü˛ï˛ â^˝ê˛y ˆ§ Ü˛yç Ü˛Ó˚̂ Ï°y ï˛yÓ˚ §¡õÜ≈̨  Î!ò °«˛ Ü˛Ó˚y Î˚yÎ˚ ï˛y• Ï̂° í z̨Í˛õyòl¢#°ï˛y
•ˆÏ°y !lË≈˛Ó˚¢#° ã˛°Ó˚y!¢– xyÓyÓ˚ ˆÜ˛yˆÏly oˆÏÓƒÓ˚ òyˆÏÙÓ˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ Ê˛ˆÏ° Î!ò ã˛y!•òyÓ˚ ˛õ!Ó˚ÙyˆÏîÓ˚ ˛õ!Ó˚Óï≈˛l •Î˚ñ
ï˛y•ˆÏ° òyÙ •° fl∫yô#l ã˛°Ó˚y!¢ ~ÓÇ ã˛y!•òyÓ˚ ˛õ!Ó˚Ùyî •° !lË≈˛Ó˚¢#° ã˛°Ó˚y!¢–

1.4.2 ô &ÓÜ˛È

ˆÎ Ó˚y!¢Ó˚ ˆÜ˛Ó° ~Ü˛!ê˛ !l!ò≈‹T Ùyl ÌyˆÏÜ˛ ï˛yˆÏÜ˛ ô &ÓÜ˛ Ó°y •Î˚– ~•z Ó˚y!¢Ó˚ Ùyl Ü˛ál•z ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚ ly– ˆÎÙl
~Ü˛!ê˛ §Ù#Ü˛Ó˚î ˆlGÎ˚y ÎyÜ˛ 4x – 7 = 5 ˆÎáyˆÏl 4 •ˆÏ°y §•àñ x •ˆÏ°y ã˛°Ó˚y!¢ ÚÈüüüÈÛ •ˆÏ°y Ü˛yÎ≈Ü˛yÓ˚Ü˛ (operator)

~ÓÇ 7 G 5 •ˆÏ°y ô &ÓÜ˛– ~Ü˛ §ÆyˆÏ• ˆÎ Ü˛Ûê˛y !òl xyˆÏSÈ xÌ≈yÍ §Çáƒy 7 ~Ü˛!ê˛ ô &ÓÜ˛– xyÓyÓ˚ !Ü˛S%È !Ü˛S%È !ã˛•´ xyˆÏSÈ
ÎyÓ˚y !lˆÏç ˆÌˆÏÜ˛ ô &ÓÜ˛ˆÏÜ˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚ ˆÎÙl ÚÚ˛õy•zÛÛ !ã˛•´ Óy ‘π’ ~Ü˛!ê˛ ô &ÓÜ˛ ÎyÓ˚ Ü˛ySÈyÜ˛y!SÈ Ùyl •ˆÏ°y 3.14 xÌ≈yÍ
π ≈ 3.14

1.4.3 ˛õ)î≈Ü˛yB

ˆÜ˛y Ï̂ly !l!ò≈‹T ˛õ!Ó̊ Ï̂≤Ã!«˛ Ï̂ï˛ ˆÜ˛y Ï̂ly ã˛°Ó̊y!¢ Ï̂Ü˛ ô &ÓÜ˛ !•§y Ï̂Ó !Ó Ï̂Óã˛ly Ü˛Ó̊ Ï̂° ˆ§•z ã˛°Ó̊y!¢ Ï̂Ü˛ Ó°y • Ï̂Ó ˛õ)î≈Ü˛yB˛–
ˆÎÙlñ ˆÜ˛y Ï̂ly §Ó̊° Ï̂Ó̊áyÓ̊ §Ù#Ü˛Ó̊î •° ≠ y = mx + c ˆÎáy Ï̂l m G c •° ô &ÓÜ˛– ~•z m G cÈüÈ~Ó̊ ~Ü˛ ~Ü˛!ê˛ Ùyl
ˆÌ Ï̂Ü˛ xyÙÓ̊y ~Ü˛ ~Ü˛!ê˛ §Ó̊° Ï̂Ó̊áy ˛õy Ï̂Óy– m G cÈüÈ~Ó̊ Ùyl ˛õ!Ó̊Ó!ï≈̨ ï˛ • Ï̂° §Ó̊° Ï̂Ó̊áy!ê˛Ó̊ xÓfliy Ï̂lÓ̊ ˛õ!Ó̊Óï≈̨ l âê˛ Ï̂Ó–
m G c ˆÜ˛ Ó°y • Ï̂Ó ˛õ)î≈Ü˛yB˛ (Parameter is a variable treated as constant in a given context)–

1.5 §Ù#Ü˛Ó˚î G xˆÏË˛ò

§Ù#Ü˛Ó˚î ≠ ò%!ê˛ Ó˚y!¢Ó˚ ÙˆÏôƒ ˆÎ !ÓÓ,!ï˛ (statement) §Ùï˛y ≤Ãòyl Ü˛ˆÏÓ˚ ‘=’ ~•z §Ùyl !ã˛ˆÏ•´Ó˚ §y•yˆÏÎƒ ï˛yˆÏÜ˛
§Ù#Ü˛Ó˚î ÓˆÏ°– ˆÎÙl 10x = 100 Ó°ˆÏï˛ ˆÓyV˛yÎ˚ 10x ~ÓÇ 100 ~Ó˚ ÙˆÏôƒ §Ùï˛y– §%ï˛Ó˚yÇ ~!ê˛ ~Ü˛!ê˛ §Ù#Ü˛Ó˚î–

x Ï̂Ë˛ò ≠ ôÓ˚y ÎyÜ˛ (x + 10)2 = x2 + 20x + 100 ~!ê˛G ~Ü˛!ê˛ §Ù#Ü˛Ó˚î– !Ü˛v °«˛ Ü˛Ó˚yÓ˚ !Ó£ÏÎ˚ ~•z ˆÎ ˛õ)̂ ÏÓ≈Ó˚
í˛zòy•Ó˚ˆÏî x =10 ~•z Ùyl!ê˛Ó˚ çlƒ §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùï˛y Ó˚!«˛ï˛ •Î˚– xÌ≈yÍ 10×10=100 •ˆÏÓ– x ~Ó˚ Óy!Ü˛ xlƒ
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ÙyˆÏlÓ˚ çlƒ §Ù#Ü˛Ó˚ˆÏîÓ˚ 10x G 100 ~•z ò%•z Ó˚y!¢Ó˚ ÙˆÏôƒ §Ùï˛y Ó˚yáy ÎyˆÏÓ ly– !Ü˛v (x+10)2 = x2+20x+100

ÈüÈ~Ó˚ ˆ«˛ˆÏe x = 1 •ˆÏ° 112=121, xyÓyÓ˚ ‘=’üÈÓ˚ í˛yl!òˆÏÜ˛ 12+20×1+100 = 121∴ 121 = 121 •Î˚– xyÓyÓ˚
x = 10 •ˆÏ° (10+10)2 = 400, xyÓyÓ˚ í˛yl!òˆÏÜ˛ 102+20×10+100 = 400– ~Ë˛y Ï̂Ó xüÈ~Ó˚ ˆÜ˛yˆÏly ~Ü˛!ê˛ Ùye
!ÓˆÏ¢£Ï Ùyl lÎ˚ñ ˆÎÈüÈˆÜ˛yˆÏly ÙyˆÏlÓ˚ çlƒ §Ù#Ü˛Ó˚î!ê˛Ó˚ í˛zË˛Î˚ ˛õ«˛ §Ùyl •ˆÏÓ– xï˛~Ó ~!ê˛ ~Ü˛!ê˛ xˆÏË˛ò– xÌ≈yÍ
xˆÏË˛ò •ˆÏ°y ~Ü˛!ê˛ §Ù#Ü˛Ó˚î Îy ã˛°Ü˛=!°Ó˚ §Ω˛yÓƒ ˆÎÈüÈˆÜ˛yˆÏly ÙyˆÏlÓ˚ çlƒ•z §ï˛ƒ– ~ˆÏÜ˛ ‘≡’ ~•z !ã˛ˆÏ•´Ó˚ ÙyôƒˆÏÙ
≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ñ ~•z !ã˛ˆÏ•´Ó˚ xÌ≈ §Ù#Ü˛Ó˚î!ê˛Ó˚ í˛zË˛Î˚ ˛õˆÏ«˛Ó˚ Ó˚y!¢•z §Ùï%˛° (equivalent to)–

1.6 ÓyhflÏÓ §Çáƒy ï˛_¥

xá[˛ §Çáƒyñ Ë˛@¿yÇ¢ñ Ù)°ò (rational) G xÙ)°ò (irrational) §Çáƒy ~Ü˛ˆÏe ÓyhflÏÓ §Çáƒy àë˛l Ü˛ˆÏÓ˚– xÌ≈yÍ
ÓyhflÏÓ §ÇáƒyÓ˚ àë˛lˆÏÜ˛ !lˆÏ¡¨Ó˚ Ó!î≈ï˛ SÈˆÏÜ˛Ó˚ ÙyôƒˆÏÙ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚–

Ë˛@¿yÇ¢ xá[˛ §Çáƒy

Ù)°ò §Çáƒy xÙ)°ò §Çáƒy

ÓyhflÏÓ §Çáƒy

~ál ˛õ,ÌÜ˛Ë˛yˆÏÓ §Çáƒy ï˛_¥ xyˆÏ°yã˛ly Ü˛Ó˚y •ˆÏ°y–

fl∫yË˛y!ÓÜ˛ §Çáƒy G xá[˛ §Çáƒy (Natural number and Integers) ≠ §•ç Ë˛y£ÏyÎ˚ Ó°ˆÏï˛ ˆàˆÏ° ˆÎ
ˆÜ˛yˆÏly ôlydÜ˛ ˛õ)î≈ §ÇáƒyˆÏÜ˛ ˆÎÙl 1, 2, 3, 4... •zï˛ƒy!òˆÏÜ˛ fl∫yË˛y!ÓÜ˛ §Çáƒy (Natural number) Ó°y •Î˚– ~•z
fl∫yË˛y!ÓÜ˛ §Çáƒy=!°ˆÏÜ˛ xyÓyÓ˚ ôlydÜ˛ xá[˛ §ÇáƒyG Ó°y •Î˚– ˆï˛Ù!l –1, –2, –3, –4... •zï˛ƒy!òˆÏÜ˛ Ó°y •Î˚
}îydÜ˛ xá[˛ §Çáƒy– ~•z ôlydÜ˛ G }îydÜ˛ ~Ó˚ Ù)°ò xá[˛ §Çáƒy ~Ü˛ˆÏe xá[˛ §Çáƒy àë˛l Ü˛ˆÏÓ˚≠

........ –5,   – 4,    – 3,  – 2,  – 1,       0,    1,    2,    3,    4,    5.......

}îydÜ˛ xá[˛ §Çáƒy ôlydÜ˛ xá[˛ §Çáƒy

~áyˆÏl ÙˆÏl Ó˚yáˆÏï˛ •ˆÏÓ ¢)lƒ !Ü˛v Ü˛ál•z ôlydÜ˛ Óy }îydÜ˛ xá[˛ §Çáƒy lÎ˚– !Ü˛v §yôyÓ˚îË˛yˆÏÓ ~ˆÏÜ˛ xá[˛
§ÇáƒyÓ˚ ÙˆÏôƒ àîƒ Ü˛Ó˚y •Î˚ñ xÌ≈yÍ ôlydÜ˛ñ }îydÜ˛ xá[˛ §Çáƒy ~ÓÇ ¢)lƒˆÏÜ˛ ~Ü˛!eï˛ Ü˛Ó˚ˆÏ° xá[˛ §Çáƒy ˛õyGÎ˚y
ÎyÎ˚–

Ë˛@¿yÇ¢ G Ù)°ò §Çáƒy (Fraction and Rational Numbers) ≠ Îál ò%!ê˛ ˛õ)î≈ §ÇáƒyÓ˚ (Whole number)

xl%˛õyï˛ ˆlGÎ˚y •Î˚ ˆÎáyˆÏl •Ó˚ (denominator) ¢)lƒ •Î˚ ly ï˛ál ï˛yˆÏÜ˛ Ë˛@¿yÇ¢ Ó°y •Î˚– xÌ≈yÍ m G n Î!ò
ò%!ê˛ ˛õ)î≈ §Çáƒy •Î˚ ï˛ál m

n
n o; ≠  •ˆÏ°y Ë˛@¿yÇ¢– xyÓyÓ˚ Î!ò m, n ò%!ê˛ xá[˛ §Çáƒy •Î˚ ˆÎáyˆÏl n o≠ ;  ï˛ál
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ï˛yˆÏòÓ˚ xl%˛õyï˛ •° Ù)°ò §Çáƒy– ˆÎÙl 12
23

10
32

,  •zï˛ƒy!ò •ˆÏ°y Ë˛@¿yÇ¢– xyÓyÓ˚ 15
7

18
13

6
15

, ,− −

•ˆÏ°y Ù)°ò §Çáƒy– §Ü˛° Ë˛@¿yÇ¢•z •ˆÏ°y Ù)°ò §Çáƒyó !Ü˛v §Ü˛° Ù)°ò §Çáƒy Ë˛@¿yÇ¢ lÎ˚– ˆ§•z §Ó Ù)°ò §Çáƒy•z
•ˆÏ°y Ë˛@¿yÇ¢ ˆÎáyˆÏl m G n ò%!ê˛ ôlydÜ˛ §Çáƒy–

xyÓyÓ˚ñ !Ü˛S%È !Ü˛S%È Ë˛@¿yÇ¢ xyˆÏSÈ ˆÎÙl 
8

4

10

5

27

3
, ,  •zï˛ƒy!ò ÎyÓ˚y ˛õ)î≈ §Çáƒy G Ë˛@¿yÇ¢ ~Ü˛•z §yˆÏÌ •Î˚– §%ï˛Ó˚yÇ

~•z ôÓ˚ˆÏlÓ˚ §Çáƒy=!° Ù)°ò §ÇáƒyG ÓˆÏê˛– ˆÎ ˆÜ˛yˆÏly ˛õ)î≈ §ÇáƒyˆÏÜ˛ xl%˛õyˆÏï˛Ó˚ (ratio) ÙyôƒˆÏÙ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚

ˆÎÙl≠ 2
2

1
4

4

1
= =,  Óy n

n
=

1
 §%ï˛Ó˚yÇ ï˛yÓ˚y Ù)°ò §Çáƒy– ˆÎˆÏ•ï%˛ §Ü˛° ˛õ)î≈ §ÇáƒyˆÏÜ˛ xl%˛õyˆÏï˛ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚

§%ï˛Ó˚yÇ ï˛yÓ˚y §Óy•z ˛õ)î≈ §Çáƒy !Ü˛v §Ó Ù)°ò §Çáƒy•z ˛õ)î≈ §Çáƒy lÎ˚– xÌ≈yÍ §Ó xá[˛ §Çáƒy G §Ó Ë˛@¿yÇ¢ ~Ü˛ˆÏe
!ÙˆÏ° Ù)°ò §Çáƒy àë˛l Ü˛ˆÏÓ˚–

xÙ)°ò §Çáƒy (Irrational Numbers) ≠ ˆÎ §ÇáƒyˆÏÜ˛ m
n  ~•z xl%˛õyˆÏï˛ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ lyñ ˆÎáyˆÏl m

G n •ˆ Ï°y xá[˛ §Çáƒy ï˛yˆ ÏÜ˛ xÙ)°ò §Çáƒy (irrational number) Ó°y •Î˚– ˆÎÙl

2 1 4142 3 1415 2 718= ⋅ = ⋅ = ⋅...., ...., ...π e – ~•z §Ó ÙyˆÏlÓ˚ ˆ«˛ˆÏe ò¢!ÙˆÏÜ˛Ó˚ ˛õÓ˚ ≤ÃyÎ˚ Ùyl !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚

ly– ~ ôÓ˚ˆÏlÓ˚ xyˆÏÓ˚y §Çáƒy xyˆÏSÈ ÎyˆÏòÓ˚ ò¢!ÙˆÏÜ˛Ó˚ ˛õˆÏÓ˚Ó˚ Ùyl=!°Ó˚ ˛õ%lÓ˚yÓ,!_ •ˆÏï˛ ÌyˆÏÜ˛ (recurring) !Ü˛v

§Ùy˛õl •Î˚ ly (non-terminating) ˆÎÙl 
1

3
0 3333 0 3= ⋅ = ⋅.... – ~•z 3üÈÓ˚ ò¢!ÙˆÏÜ˛Ó˚ ˛õÓ˚ ˛õ%lÓ˚yÓ,!_ âˆÏê˛ˆÏSÈ–

1

16
0 1666 0 16= ⋅ = ⋅....  å6ÈüÈ~Ó˚ ˛õ%lÓ˚yÓï≈˛lä– ~Ó˚y !Ü˛v Ù)°ò §Çáƒy– xÙ)°ò •ˆÏï˛ ˆàˆÏ° ò¢!ÙˆÏÜ˛Ó˚ ˛õˆÏÓ˚Ó˚

ÙyˆÏlÓ˚ ˛õ%lÓ˚yÓï≈˛l •ˆÏÓ lyñ §Ùy˛õlG •ˆÏÓ ly (non-repeating and non-terminating decimal in their

values)

~Ü˛!ê˛ í˛zòy•Ó˚î ˆòGÎ˚y ÎyÜ˛ ≠ÈüüüÈ

í z̨òy•Ó˚î 1 ≠ 2 78⋅ !Ü˛ Ù)°ò §Çáƒy⁄

2 78 2 787878⋅ = ⋅ .....

≤Ãò_ §Çáƒy!ê˛ Ù)°ò §Çáƒy !Ü˛ly çylyÓ˚ çlƒ ò%!ê˛ ï˛Ìƒ á!ï˛ˆÏÎ˚ ˆòáy xyÓ¢ƒÜ˛ÈüüüÈ

åÜ˛ä ≤Ãò_ §Çáƒy!ê˛ˆÏÜ˛ Ë˛@¿yÇˆÏ¢ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyˆÏÓ !Ü˛ly

åáä ò¢!ÙÜ˛!ê˛ !Ü˛ ˆ˛õÔl/˛õ%!lÜ˛⁄ (non-recurring or recurring?)

ôÓ˚y ÎyÜ˛ 2 78⋅ = M

100 2 7878 100M = ⋅ ×
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⇒ = ⋅100 278 78M

⇒ = + ⋅100 276 2 78M

xÌÓyñ 100M = 276 + M    ∵2 78⋅ = Md i
xÌÓyñ 100M – M = 276

xÌÓyñ 99 M = 276   ∴ =M
276

99

xÌÓyñ 2 78
276

99
⋅ =

xÌÓyñ 2 787878
276

99
⋅ =...

xÌ≈yÍ 2.787878... ˆ•yˆÏ°y ~Ü˛!ê˛ ˆ˛õÔl/˛õ%!lÜ˛ ò¢!ÙˆÏÜ˛Ó˚ ≤Ã§yÓ˚ (recurring declanal expansion) ~ÓÇ

~ Ï̂Ü˛ 
276

99
 ~•z Ë˛@¿yÇˆÏ¢ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚–

§%ï˛Ó˚yÇ ≤Ãò_ §Çáƒy!ê˛ ˆ•yˆÏ°y Ù)°ò §Çáƒy–

1.7 Î%!_´ ~ÓÇ ày!î!ï˛Ü˛ ≤ÃÙyî

xˆÏB˛ ˆÎ ˆÜ˛yˆÏly §Ù§ƒy §ÙyôyˆÏlÓ˚ ÙyôƒˆÏÙ ÎÌyÌ≈ §ˆÏï˛ƒ í˛z˛õl#ï˛ •GÎ˚y Óy xl%§¶˛yl Ü˛Ó˚yÓ˚ çlƒ ï˛Ü≈˛!ÓòƒyÓ˚ l#!ï˛
(Principles of Logic) @˝Ã•î Ü˛Ó˚y •Î˚– ~Ü˛!ê˛ í˛zòy•Ó˚î ˆlGÎ˚y ÎyÜ˛ ˆÎáyˆÏl Ë%˛° Î%!_´Ó˚ §y•yˆÏÎƒ ~Ü˛!ê˛ ày!î!ï˛Ü˛
§Ù§ƒyÓ˚ §Ùyôyl Ü˛Ó˚y •ˆÏFSÈñ ~ÓÇ ï˛yˆÏï˛ í˛z_Ó˚ Ë%˛° •ˆÏFSÈ–

í˛zòy•Ó˚î ≠ 1.5.1 : !lˆÏ¡¨Ó˚ §Ù#Ü˛Ó˚î!ê˛Ó˚ §Ω˛yÓƒ §Ùyôyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

x x+ = −2 4

§Ùyôyl ≠ í˛zË˛Î˚ !òˆÏÜ˛ Óà≈ !lˆÏ° ˛õy•z x + = −2 4 2
2 2b g e j

∴ x2 + 4x + 4 = 4 – x xÌÓy x2 + 5x = 0

xÌÓyñ x + 5 = 0 §%ï˛Ó˚yÇ x = –5

~álñ ~•zË˛yˆÏÓ §Ùyôyl Ü˛Ó˚ˆÏ° í˛z_Ó˚ ˆ•yˆÏ°y x = –5– ~!ê˛ §!ë˛Ü˛ !Ü˛ly ˛õÓ˚#«˛y Ü˛ˆÏÓ˚ ˆòáy ÎyÜ˛– x = –5 •ˆÏ°

x + 2 = –3 ~ÓÇ 4 9 3− = =x  xÌ≈yÍ ˆòáy ˆà° í˛z_Ó˚!ê˛ Ë%˛°– í˛zòy•Ó˚î 1.5.4 ~ ˆòáyˆÏly xyˆÏSÈ Ë%˛°!ê˛
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Ü˛#Ë˛yˆÏÓ ~ˆÏ§ˆÏSÈ– ~•z í˛zòy•Ó˚î!ê˛Ó˚ ÙyôƒˆÏÙ ˆÓyV˛y ÎyÎ˚ ˆÎ ÎÌyÎÌ !ã˛hs˝y Óy l#!ï˛ ly ˆÙˆÏl §ÙyôyˆÏlÓ˚ ˆ«˛ˆÏe §!ë˛Ü˛
í˛z_Ó˚ ˛õyGÎ˚y ÎyÎ˚ ly–

í˛z!_´ Óy ≤Ã!ï˛K y (Proposition) ≠ ˆÎÈüÈˆÜ˛yˆÏly !ÓÓ,!ï˛ (statement), §!ë˛Ü˛ Óy Ë%˛° Îy•z ˆ•yÜ˛ ly ˆÜ˛l ï˛yˆÏÜ˛
≤Ã!ï˛K y Ó°y •Î˚– !lï˛ƒÜ˛yÓ˚ ç#ÓlÎyey ˆÌˆÏÜ˛ Î!ò ~Ü˛!ê˛ í˛zòy•Ó˚î ˆòGÎ˚y ÎyÎ˚≠ ÚÚ§ÙhflÏ Óƒ!_´ ÎyÓ˚y !l/Ÿªy§ !lˆÏFSÈ ï˛yÓ˚y
ˆÓÑˆÏã˛ xyˆÏSÈÛÛÈüüüÈ~Ü˛!ê˛ §ï˛ƒ ≤Ã!ï˛K yó !Ü˛v Î!ò ~Ë˛yˆÏÓ Ó°y ÎyÎ˚ÈüüüÈÚÚ§Ü˛° Óƒ!_´ ÎyÓ˚y !l/Ÿªy§ !lˆÏFSÈ ï˛yÓ˚y
fl∫yfliƒÓylÛÛÈüüüÈï˛ál ˆ§!ê˛ •ˆÏÓ Ë%˛° í˛z!_´ Óy ≤Ã!ï˛K y– ~ˆÏ«˛ˆÏe Ùï˛ ≤ÃÜ˛y¢Ü˛yÓ˚Ü˛ ≤Ã!ï˛!ê˛ ¢∑ xÌ≈Ó• ly •ˆÏ° ˆ§!ê˛
§ï˛ƒy§ï˛ƒ !Óã˛yÓ˚ Ü˛Ó˚y §Ω˛Ó •Î˚ ly– ˆÎÙl Î!ò Ó_´Óƒ!ê˛ ~Ó˚*˛õ •Î˚ ÚÚ72 ~Ü˛!ê˛ Ó,•Í §ÇáƒyÛÛÈüüüÈ~•z Ó_´Óƒ!ê˛Ó˚ §ï˛ƒy§ï˛ƒ
!Óã˛yÓ˚ Ü˛Ó˚y ÎyˆÏÓ ly Îï˛«˛î ˛õÎ≈hs˝ Ó,•Í §ÇáƒyÓ˚ ÎÌyÎÌ §ÇK y ly ˆòGÎ˚y ÎyˆÏÓ–

ï˛yÍ˛õÎ≈ (Implications) ≠ ôÓ˚y ÎyÜ˛ P ~ÓÇ Q ò%!ê˛ ~Ùl ôÓ˚ˆÏlÓ˚ ≤Ã!ï˛K y ˆÎáyˆÏl Îál•z P §ï˛ƒ ï˛ál•z Q
§ï˛ƒ– ~!ê˛ˆÏÜ˛ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ §yôyÓ˚îÓyˆÏÓ ~Ë˛yˆÏÓ ≠ P⇒Q xÌ≈yÍ P ˆÓyV˛yÎ˚ Q ˆÜ˛ (P implies Q) Óy Îál•z P
ï˛ál•z Q xÌÓy Q ˆ•yˆÏ°y P ~Ó˚ Ê˛°yÊ˛°– ‘‘⇒’’ ~•z !ã˛•´!ê˛ˆÏÜ˛ ï˛yÍ˛õÎ≈ !ã˛•´ Ó°y •Î˚– ~•z ï˛#Ó˚!ã˛•´ Î%!_´!Ë˛!_Ü˛
ï˛yÍ˛õˆÏÎ≈Ó˚ (logical implication) !òÜ˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚– ˆÎÙl≠ a) x > 2 ⇒ x2 > 4, b) xy = 0 ⇒ x = 0 or

y= 0; c) x ˆ•yˆÏ°y Óà≈ˆÏ«˛ˆÏe ⇒ x ˆ•yˆÏ°y xyÎ˚ï˛ˆÏ«˛e •zï˛ƒy!ò–

!Ü˛S%È !Ü˛S%È ˆ«˛ˆÏe P ⇒ Q Îál !ë˛Ü˛ ï˛ál í˛zˆÏŒê˛y!òÜ˛!ê˛G âê˛ˆÏï˛ ˛õyˆÏÓ˚ xÌ≈yÍ Q ⇒ P G §ï˛ƒ •GÎ˚y §Ω˛Ó– xÌ≈yÍ
~•z ò%!ê˛ ï˛yÍ˛õÎ≈ˆÏÜ˛ ~Ü˛e Ü˛ˆÏÓ˚ Ó°y ÎyÎ˚≠ P ⇔ Q– ~ˆÏÜ˛ ÓˆÏ° Î%!_´§Dï˛ §ÙyÌ≈ï˛y (logical equivalence); xÌ≈yÍ
Îál•z ~ÓÇ ˆÜ˛Ó°Ùye Îál•z Q ï˛ál•z P (P if and only if Q or P iff Q), ‘⇔’ ~•z !ã˛•´ˆÏÜ˛ §ÙyÌ≈ï˛y !ã˛•´
Ó°y •Î˚– í˛z˛õˆÏÓ˚y_´ í˛zòy•Ó˚î (b) ˆï˛ ˆòáy ÎyÎ˚ ˆÎ Î!ò x = 0 xÌÓy y = 0 •Î˚ ï˛ál xy = 0 •ˆÏÓÉ xÌ≈yÍ ~ˆÏ«˛ˆÏe
≤Ã!ï˛K y!ê˛Ó˚ Î%!_´§Dï˛ §ÙyÌ≈ï˛y xyˆÏSÈ xÌ≈yÍ x = 0 Óy y = 0 ⇒ xy = 0, !Ü˛v Óy!Ü˛ í˛zòy•Ó˚î=!°ˆÏï˛ ~•z Î%!_´
áyˆÏê˛ ly ˆÎÙl xyÎ˚ï˛ˆÏ«˛e ÙyˆÏl•z Óà≈ˆÏ«˛e lÎ˚– xyÓyÓ˚ x2 > 4 ÙyˆÏl•z x > 2 lyG •ˆÏï˛ ˛õyˆÏÓ˚ó ˆÎÙl x Î!ò –3

•Î˚ ï˛álG x2 > 4 •ˆÏÓ–

xyÓ¢ƒÜ˛ G ÎˆÏÌ‹T ¢ï≈˛ (Necessary and sufficient Condition) ≠ ≤Ã!ï˛K y P, ≤Ã!ï˛K y Q ˆÜ˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚
~•z Ó_´Óƒ!ê˛ˆÏÜ˛ xyyÓ˚ ~Ü˛ Ë˛yˆÏÓ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚– Î!ò ‘P’ ≤Ã!ï˛K yñ Q ≤Ã!ï˛K yˆÏÜ˛ ˆÓyV˛yÎ˚ ï˛y•ˆÏ° P ˆ•yˆÏ°y Q ~Ó˚
ÎˆÏÌ‹T ¢ï≈˛– xyÓyÓ˚ ˆ§•z xl%§yˆÏÓ˚ Î!ò ‘P’ ˆÜ˛ §!ï˛ƒ •ˆÏï˛ •Î˚ Óy âê˛ˆÏï˛ •Î˚ ï˛ál Q ˆÜ˛ ˆÎ âê˛ˆÏï˛ •ˆÏÓ ˆ§ê˛y
!l!Ÿã˛ï˛– ~ˆÏ«˛ˆÏe ‘Q’ ˆ•yˆÏ°y ‘P’ ~Ó˚ xyÓ¢ƒÜ˛ ¢ï≈˛– xÌ≈yÍ

‘P’, ‘Q’ÈüÈ~Ó˚ ÎˆÏÌ‹T ¢ï≈˛ Ó°ˆÏï˛ ˆÓyV˛yÎ˚ ≠ P ⇒ Q

‘Q’, ‘P’ÈüÈ~Ó˚ xyÓ¢ƒÜ˛ ¢ï≈˛ Ó°ˆÏï˛ ˆÓyV˛yÎ˚ ≠ P ⇒ Q

ˆÎÙl ‘x’üÈ~Ó˚ xyÎ˚ï˛ˆÏ«˛e •GÎ˚yÓ˚ ÎˆÏÌ‹T ¢ï≈˛ ˆ•yˆÏ°y x ˆÜ˛ Óà≈ˆÏ«˛e •ˆÏï˛ •ˆÏÓ– xyÓyÓ˚ ‘x’ ˆÜ˛ Óà≈ˆÏ«˛e •GÎ˚yÓ˚
xyÓ¢ƒÜ˛ ¢ï≈˛ ˆ•yˆÏ°y xÈüÈ~Ó˚ xyÎ˚ï˛ˆÏ«˛e •GÎ˚y–

Îál P ⇔ Q •Î˚ñ ï˛ál Ó°y ÎyÎ˚ P G Q ~Ó˚ xyÓ¢ƒÜ˛ G ÎˆÏÌ‹T ¢ï≈˛–

ày!î!ï˛Ü˛ ≤ÃÙyî (Mathematical Proof) ≠ à!îï˛¢y Ï̂flf §Ó Ï̂Ì Ï̂Ü˛ =Ó̊&c˛õ)î≈ Ê˛°yÊ˛° Ï̂Ü˛•z Ó°y •Î̊ í z̨̨ õ˛õyòƒ
(theorem) ≤Ã Ï̂ï˛ƒÜ˛!ê˛ ày!î!ï˛Ü˛ í z̨̨ õ˛õyòƒ Ï̂Ü˛ P ⇒ Q ~•zË˛y Ï̂Ó ≤Ã Ï̂Î̊yà Ü˛Ó̊y •Î̊ ˆÎáy Ï̂l P ˆÜ˛y Ï̂ly ≤Ã!ï˛K y Óy ≤Ã!ï˛K y§Ù)•
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(premises) ~ÓÇ  Q ˆ•y Ï̂°y xyÓ̊ ~Ü˛ ≤Ã!ï˛K y ˆ◊!î Îy Ï̂Ü˛ Ó Ï̂° í z̨̨ õ§Ç•yÓ̊ (conclusion)– Îál P !ò Ï̂Î̊ ÷Ó̊& Ü˛ Ï̂Ó̊
e´Ùyß∫̂ ÏÎ̊ Q ˆï˛ ˆ˛õÔSÈy Ï̂ly •Î̊ ï˛ál ˆ§ê˛y •Î̊ §Ó̊y§!Ó̊ ≤ÃÙyî– xyÓyÓ̊ Ü˛álG Ü˛álG ÷Ó̊& Ü˛Ó̊y •Î̊ ˆÎ ‘Q’ §ï˛ƒ lÎ̊
~ÓÇ ˆ§áyl ˆÌ Ï̂Ü˛ ˆòáy Ï̂ly •Î̊ ˆÎ ‘P’ G §ï˛ƒ lÎ̊– ï˛ál ï˛y Ï̂Ü˛ Ó Ï̂° ˛õ Ï̂Ó̊y«˛ ≤ÃÙyî (indirect proof)–

lƒy!Î˚Ü˛ G ≤ÃhflÏyÓlyÙ)°Ü˛ Î%!_´ ≠ (Deductive and Inductive Reasoning) ≠ lƒy!Î˚Ü˛ Î%!_´ñ ï˛ˆÏÜ≈˛Ó˚ !lÎ˚Ù
Ùy!Ê˛Ü˛ ã˛ˆÏ°– ˛õ«˛yhs˝ˆÏÓ˚ ≤ÃhflÏyÓlyÙ)°Ü˛ Î%!_´ !Ü˛S%È !lÓ˚#«˛yÓ˚ ÙyôƒˆÏÙ Ü˛ï˛=!° !§k˛yhs˝ @˝Ã•î Ü˛ˆÏÓ˚– ˆÎÙlñ Î!ò Ó°y ÎyÎ˚
ˆÎ !Óàï˛ n §ÇáƒÜ˛ ÓÍ§ˆÏÓ˚ §yôyÓ˚î Ù)°ƒhflÏÓ˚ Ó,!k˛ ˆ˛õˆÏÎ˚ˆÏSÈñ xï˛~Ó xyàyÙ# ò%•z ÓÍ§ˆÏÓ˚ Ù)°ƒhflÏÓ˚ Óyí˛¸ˆÏÓÈüüüÈ~•z Î%!_´
ˆ•yˆÏ°y ≤ÃhflÏyÓlyÙ)°Ü˛ Î%!_´–

1.8 ˆ§ê˛ ï˛_¥

§%§ÇK yï˛ñ ˛õÓ˚flõÓ˚ fl∫ï˛sf ~ÓÇ e´ÙÈüÈ!lÓ˚ˆÏ˛õ«˛ Ó›§Ù)ˆÏ•Ó˚ §ÇÜ˛°l Óy §Ù!‹TˆÏÜ˛ (Collection or aggregate) ˆ§ê˛
ÓˆÏ°– ˜òl!®l ç#ÓˆÏl !Ó!Ë˛ß¨ Ó›§Ù)ˆÏ•Ó˚ §%!lô≈y!Ó˚ï˛ §Ç@˝Ã•ˆÏÜ˛ Ó°y •Î˚ ˆ§ê˛– ˆÎÙlñ Óyàyl ˆ•yˆÏ°y ~Ü˛!ê˛ ˆ§ê˛ ÎyÓ˚
ÙˆÏôƒ §Ü˛° Ó,«˛ G í˛z!qò xyˆÏSÈ– ˆ§ˆÏê˛ xhs˝Ë≈)˛_´ Ó›§Ù)•ˆÏÜ˛ Ó°y •Î˚ ˆ§ˆÏê˛Ó˚ í˛z˛õyòyl (element) Óy §ò§ƒ
(member)– •zÇˆÏÓ˚!ç Óî≈Ùy°yÓ˚ Óí˛¸ •yˆÏï˛Ó˚ x«˛Ó˚ A, B, C, D... •zï˛ƒy!ò myÓ˚y §yôyÓ˚îï˛/ ˆ§ê˛ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ ~ÓÇ

ˆ§ˆÏê˛Ó˚ §Ó=ˆÏ°y í˛z˛õyòyl !mï˛#Î˚ Ó¶˛l# {} myÓ˚y xyÓk˛ Ü˛Ó˚ˆÏï˛ •Î˚– í˛z˛õyòyl=!°Ó˚ ~Ü˛!ê˛ˆÏÜ˛ xyÓ˚ ~Ü˛!ê˛ ˆÌˆÏÜ˛ åñä
myÓ˚y ˛õ,ÌÜ˛ Ü˛Ó˚y •Î˚– ˆÎÙlÈüüüÈ

åÜ˛ä 1Ù ˛õÑyã˛!ê˛ x}îydÜ˛ ˆçyí˛¸ §ÇáƒyÓ˚ ˆ§ê˛ñ A = {2, 4, 6, 8, 10}

åáä ÓyÇ°y ÙyˆÏ§Ó˚ lyÙ=ˆÏ°y M !òˆÏÎ˚ !lˆÏò≈¢ Ü˛Ó˚ˆÏ°ñ M = {x |, x ÓyÇ°y ÓyˆÏÓ˚y ÙyˆÏ§Ó˚ lyÙ}

ˆ§ê˛ àë˛ˆÏlÓ˚ Óy ≤ÃÜ˛yˆÏ¢Ó˚ ò%!ê˛ ˛õk˛!ï˛ñ ÎÌyÈüüüÈï˛y!°Ü˛y ˛õk˛!ï˛ G ÓySÈy•z ˛õk˛!ï˛– í˛z˛õˆÏÓ˚ í˛z!Õ‘!áï˛ åÜ˛ä G åáä
ÎÌye´ˆÏÙ ï˛y!°Ü˛y G ÓySÈy•z ˛õk˛!ï˛–

§y!Ó≈Ü˛ ˆ§ê˛ (Unseveral Set) ≠ ˆÎÈüÈˆÜ˛yˆÏly ≤Ã§ˆÏD xyˆÏ°yã˛lyô#l §Ü˛° ˆ§ê˛•z ˆÜ˛yˆÏly !l!ò≈‹T ˆ§ˆÏê˛Ó˚ í˛z˛õˆÏ§ê˛
•ˆÏÎ˚ ÌyˆÏÜ˛– ~ ˆ«˛ˆÏe !l!ò≈‹T xyˆÏ°yã˛lyô#l §Ü˛° ˆ§ê˛ˆÏÜ˛ §y!Ó≈Ü˛ ˆ§ê˛ Ó°y •Î˚– ˆÎÙlÈüüüÈ

A = {x : x ôlydÜ˛ ˛õ)î≈ §Çáƒy ~ÓÇ 3x ≤ 15}

B = {x : x ôlydÜ˛ ˛õ)î≈ §Çáƒy ~ÓÇ x2 ≤ 25}

C = {x : x ôlydÜ˛ ˛õ)î≈ §Çáƒy ~ÓÇ √x ≤ 9}

~ál U = [x : x ôlydÜ˛ ˛õ)î≈ §ÇáƒyÓ˚ ˆ§ê˛} !ÓˆÏÓã˛ly Ü˛!Ó˚ñ ï˛y•ˆÏ° A, B, C ˆ•yˆÏ°y U ~Ó˚ í˛z˛õˆÏ§ê˛ G U
ˆ•yˆÏ°y §y!Ó≈Ü˛ ˆ§ê˛–

í˛z˛õˆÏ§ê˛ (Subset) ≠ Î!ò A ˆ§ˆÏê˛Ó˚ í˛z˛õyòyl=!° B ˆ§ˆÏê˛Ó˚G í˛z˛õyòyl •Î˚ ï˛ˆÏÓ A ˆ§ê˛ Ï̂Ü˛ B ˆ§ˆÏê˛Ó˚ í˛z˛õˆÏ§ê˛
Ó°y •Î˚–

ôÓ˚y ÎyÜ˛ñ A = {1, 3, 5, 7}, B = {1, 2, 3, 4, 5, 6, 7} ~ÓÇ C = {1, 2, 3, 4, 5, 6, 7} ~áyˆÏl A ˆ§ˆÏê˛Ó˚
≤Ã!ï˛!ê˛ í˛z˛õyòyl B ˆ§ˆÏê˛ !ÓòƒÙyló ∴ x ∈A ⇒ x ∈B
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∴ A ˆ§ê˛!ê˛ B ˆ§ˆÏê˛Ó˚ í˛z˛õˆÏ§ê˛ñ A⊂B, xyÓyÓ˚ C ˆ§ê˛!ê˛Ó˚ ≤Ã!ï˛!ê˛ í˛z˛õyòyl B ˆ§ˆÏê˛ !ÓòƒÙyl– §%ï˛Ó˚yÇ C ˆ§ê˛ˆÏÜ˛

B ˆ§ˆÏê˛Ó˚ í˛z˛õˆÏ§ê˛ Ó°y •Î˚– C⊆B– !Ü˛v A G C ˆ§ˆÏê˛Ó˚ ÙˆÏôƒ ˛õyÌ≈Ü˛ƒ xyˆÏSÈ– ˆÎáyˆÏl B G C ˆ§ˆÏê˛Ó˚ í˛z˛õyòyl=ˆÏ°y

~ÓÇ ï˛yÓ˚ §Çáƒy ~Ü˛•z !Ü˛v A ˆ§ê˛ G B ˆ§ˆÏê˛Ó˚ í˛z˛õyòyl=!°Ó˚ §Çáƒy §Ùyl lÎ˚– §%ï˛Ó˚yÇ A ˆ§ê˛!ê˛ ˆ•yˆÏ°y B ˆ§ˆÏê˛Ó˚

ÚÚ≤ÃÜ,˛ï˛ í˛z˛õˆÏ§ê˛ÛÛ ~ÓÇ A⊂B ~Ë˛yˆÏÓ ~•z ï˛ÌƒˆÏÜ˛ ˛õ!Ó˚ˆÏÓ¢l Ü˛Ó˚y •Î˚–

ˆÎÈüÈˆÜ˛yˆÏly ˆ§ê˛ P ~Ó˚ çlƒ ≠

i) φ ⊆ P xÌ≈yÍ ÊÑ˛yÜ˛y ˆ§ê˛ φ ˆÎÈüÈˆÜ˛yˆÏly ˆ§ˆÏê˛Ó˚•z í˛z˛õˆÏ§ê˛

ii) P⊆P xÌ≈yÍ ˆÎÈüÈˆÜ˛yˆÏly ˆ§ê˛ ˆ§•z ˆ§ˆÏê˛Ó˚•z í˛z˛õˆÏ§ê˛

iii) n(P) Ó°ˆÏï˛ P ˆ§ˆÏê˛Ó˚ í˛z˛õyòyl §Çáƒy ˆÓyV˛yÎ˚–

iv) Î!ò P ˆ§ê˛ Q ˆ§ˆÏê˛Ó˚ í˛z˛õyòyl xÌ≈yÍ P⊆Q •Î˚ ~Ó˚ xÌ≈ n(P) ≤ n(φ)

v) Î!ò P ˆ§ê˛ Q ˆ§ˆÏê˛Ó˚ ≤ÃÜ,˛ï˛ í˛z˛õˆÏ§ê˛ xÌ≈yÍ P ⊂ Q •Î˚ ï˛yÓ˚ xÌ≈ n(P) < n(Q)

˛õ)Ó˚Ü˛ ˆ§ê˛ (Complementary Set) ≠ §y!Ó≈Ü˛ ˆ§ê˛ UÈüÈ~Ó˚ í˛z˛õˆÏ§ê˛ A • Ï̂°ñ A ˆ§ˆÏê˛Ó˚ §ò§ƒ Óƒï˛#ï˛ U

ˆ§ˆÏê˛Ó˚ xlƒylƒ §ò§ƒˆÏòÓ˚ !lˆÏÎ˚ à!ë˛ï˛ ˆ§ê˛ˆÏÜ˛ A ˆ§ˆÏê˛Ó˚ ˛õ)Ó˚Ü˛ ˆ§ê˛ Ó°y •Î˚– ~ˆÏÜ˛ A/ Óy Ac !•ˆÏ§ˆÏÓ ≤ÃÜ˛y¢ Ü˛Ó˚y

ÎyÎ˚– ày!î!ï˛Ü˛ Ë˛yˆÏÓñ Ac = U/A= {x : x ∈U; x∈A}c

ˆÎÙl U = {1, 2, 3, 4, 5, 6} ~ÓÇ B = {2, 4, 6}

∴ Bc = U/B = {1, 2, 3, 4, 5, 6}\ {2, 4, 6}

={1, 3, 5}

ˆÎÈüÈˆÜ˛yˆÏly ˆ§ê˛ A ~Ó˚ çlƒ i) Uc = φ, ii) φc = U, iii) AUAc = U, iv) A∩Ac = φ, v) (Ac)c = A

í˛zòy•Ó˚î 1: ≤Ãò_ A = {x : 5x > 19} ~ÓÇ B = {x : 3x < 19} ~ÓÇ U = {x : x ôlydÜ˛ ˛õ)î≈ §Çáƒyñ

0 ≤ x ≤ 10}ñ ˆ§ê˛ A G BÈüÈ~Ó˚ í˛z˛õyòyl=!° ï˛y!°Ü˛y ˛õk˛!ï˛ˆÏï˛ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚y ~ÓÇ Ac G Bc !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ≠ §y!Ó≈Ü˛ ˆ§ê˛ñ U = {x : x ôlydÜ˛ ˛õ)î≈ §Çáƒyó 0 ≤ x ≤ 10}

xÌ≈yÍñ U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}

A = {x : 5x > 19} ∴ A = {4, 5, 6, 7, 8, 9, 10}

B = {x : 3x < 19} ∴ B = {1, 2, 3, 4, 5, 6}

∴ Ac = {1, 2, 3}; Bc = {7, 8, 9, 10}

§)ã˛Ü˛ ˆ§ê˛ (Power Set) ≠ ˆÎÈüÈˆÜ˛yˆÏly ˆ§ê˛ A ~Ó˚ §Ü˛° í˛z˛õˆÏ§ê˛ˆÏÜ˛ A ˆ§ˆÏê˛Ó˚ §)ã˛Ü˛ ˆ§ê˛ Ó°y •Î˚– A ˆ§ˆÏê˛Ó˚

§)ã˛Ü˛ ˆ§ê˛ˆÏÜ˛ P(A) myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

ˆÎÙl Î!ò A = {a, b, c} •Î˚ ï˛y•ˆÏ° AüÈ~Ó˚ §)ã˛Ü˛ Óy âyï˛

ˆ§ê˛ ≠ P(A) = {φ, {a}, {b}, {c}, {a, b}, {b, c}, {c, a}, {a, b, c}}
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A ˆ§ˆÏê˛Ó˚ í˛z˛õyòyl §Çáƒy n •ˆÏ° P(A)ÈüÈÓ˚ í˛z˛õyòyl §Çáƒy •ˆÏÓ 2n– ≤Ãò_ í˛zòy•Ó˚î!ê˛Ó˚ ˆ«˛ˆÏe í˛z˛õyòyl §Çáƒy
•ˆÏÓ 23 = 8

§§#Ù ˆ§ê˛ (Finite Set) ≠ ˆÎ ˆ§ˆÏê˛Ó˚ í˛z˛õyòyl§Çáƒy àîly Ü˛ˆÏÓ˚ !lô≈yÓ˚î Ü˛Ó˚y ÎyÎ˚ xÌÓy í˛z˛õyòyl §Çáƒy !l!ò≈‹T
Óy §#!Ùï˛ ÌyˆÏÜ˛ ï˛yˆÏÜ˛ §§#Ù ˆ§ê˛ Ó°y •Î˚– ˆÎÙl A = {1, 2, 3, 4, 5, 6}, B = {x : x ˆÙÔ!°Ü˛ §Çáƒy ~ÓÇ
0 < x < 10} •zï˛ƒy!ò §§#Ù ˆ§ê˛ñ ˆÎáyˆÏl A ˆ§ˆÏê˛ 6!ê˛ í˛z˛õyòyl G B ˆ§ˆÏê˛ 4!ê˛ í˛z˛õyòyl xyˆÏSÈ–

x§#Ù ˆ§ê˛ (Infinite Set) ≠ ˆÎ ˆ§ˆÏê˛ í˛z˛õyòyl §Çáƒy àîly Ü˛ˆÏÓ˚ !lô≈yÓ˚î Ü˛Ó˚y ÎyÎ˚ ly Óy í˛z˛õyòyl §Çáƒy §#!Ùï˛
lÎ˚ ï˛yˆÏÜ˛ x§#Ù ˆ§ê˛ Ó°y •Î˚– ˆÎÙl ≠ A = {x : x ˆçyí˛¸ fl∫yË˛y!ÓÜ˛ §Çáƒy}ñ ˛õ)î≈ §ÇáƒyÓ˚ ˆ§ê˛ y = {...–3, –

2, –1, 0, 1, 2, 3...} •zï˛ƒy!ò •ˆÏ°y x§#Ù ˆ§ê˛–

ÊÑ˛yÜ˛y ˆ§ê˛ Óy ¢)lƒ ˆ§ê˛ (Null Set) ≠ ˆÎ ˆ§ˆÏê˛Ó˚ ˆÜ˛yˆÏly í˛z˛õyòyl ÓyhflÏˆÏÓ ˛õyGÎ˚y ÎyÎ˚ ly ï˛yˆÏÜ˛ ÊÑ˛yÜ˛y ˆ§ê˛
Óy ¢)lƒ ˆ§ê˛ ÓˆÏ°– ~ˆÏÜ˛ φ xÌÓy {} myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– ˆÎÙl φ = {} = {x ∈ N : 1 < x < 2} ~ÓÇ φ
= {} = {x ∈ N : x ˆÙÔ!°Ü˛ §Çáƒy G 23 < x < 29} •zï˛ƒy!ò–

~Ü˛˛õò# ˆ§ê˛ (Singleton Set) ≠ ~Ü˛ í˛z˛õyòyl!Ó!¢‹T ˆ§ê˛ˆÏÜ˛ Ó°y •Î˚ ~Ü˛˛õò# ˆ§ê˛– ˆÎÙl≠ {0}, {4} •zï˛ƒy!ò–

ˆË˛l!ã˛e ≠ ˆ§ˆÏê˛Ó˚ §ÇˆÏÎyàñ ˆSÈò í˛z˛õˆÏ§ê˛ñ xhs˝Ó˚ñ ˛õ)Ó˚Ü˛ •zï˛ƒy!ò ≤Ã!e´Î˚y !Ó!Ë˛ß¨ çƒy!Ù!ï˛Ü˛ !ã˛e ˆÎÙl xyÎ˚ï˛yÜ˛yÓ˚
ˆ«˛eñ Ó,_yÜ˛yÓ˚ ˆ«˛e G !eË%˛çyÜ˛yÓ˚ ˆ«˛ˆÏeÓ˚ ÙyôƒˆÏÙ ≤ÃÜ˛y¢ Ü˛Ó˚yÓ˚ ÙyôƒÙˆÏÜ˛ ˆË˛l!ã˛e Ó°y •Î˚–

çl ˆË˛l å1834ÈüÈ1883ä §Ó≈≤ÃÌÙ ˆ§ˆÏê˛Ó˚ Ü˛yÎ≈!Ó!ô !ã˛ˆÏeÓ˚ §y•yˆÏÎƒ ≤ÃÓï≈˛l Ü˛ˆÏÓ˚lñ ï˛y•z ï˛yÓ˚ lyÙyl%§yˆÏÓ˚
!ã˛e=!° ˆË˛l!ã˛e lyˆÏÙ ˛õ!Ó˚!ã˛ï˛– ˆÎÙl C ≤ A ÈüÈÓ˚ ˆË˛l!ã˛e •ˆÏ°y í˛z˛õˆÏÓ˚Ó˚!ê˛– xyÓyÓ˚ A \ BÈüÈ~Ó˚ ˆË˛l!ã˛e ˆ•yˆÏ°y
ï˛°yÓ˚!ê˛–

1.8.1 ˆ§ˆÏê˛Ó˚ Ü˛yÎ≈!Ó!ô

ˆ§ˆÏê˛Ó˚ Ü˛yÎ≈!Ó!ô Óy ≤Ã!e´Î˚y§Ù)• ˆ•yˆÏ°y ˆ§ˆÏê˛Ó˚ §ÇˆÏÎyçlñ ˆ§ˆÏê˛Ó˚ ˆSÈòñ xhs˝Ó˚ ˆ§ê˛ñ ˛õ)Ó˚Ü˛ ˆ§ê˛ •zï˛ƒy!ò– ~•z
Ü˛yÎ≈!Ó!ô !Ü˛SÈ% !lÎ˚Ùyl%§yˆÏÓ˚ •Î˚– ˆÎÙlñ ~Ü˛Ü˛ §)e (Idempotent Law), §• Ï̂Îyçl
!lÎ˚Ù (Associative Law), !Ó!lÙÎ˚ !lÎ˚Ù (Commutative Law), Ó^˝ê˛l !lÎ˚Ù
(Distributive Law) •zï˛ƒy!ò–

ˆ§ˆÏê˛Ó˚ §ÇˆÏÎyçl Óy ˆÎyà (Union of sets) ≠ ò%•z Óy ï˛ˆÏï˛y!ôÜ˛ ˆ§ˆÏê˛Ó˚ §Ü˛°
í˛z˛õyòyl !lˆÏÎ˚ à!ë˛ï˛ ˆ§ê˛ˆÏÜ˛ §ÇˆÏÎyçl ˆ§ê˛ ÓˆÏ°– A G B ~Ó˚ §ÇˆÏÎyà ˆ§ê˛ˆÏÜ˛

A

B

A C

A B

A∪B
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‘A∪B’ ~•z ≤Ãï˛#Ü˛ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ ~ÓÇ ˛õí˛¸y •Î˚ A §ÇˆÏÎyà B Óy ‘‘A union B’’– ˆ§ê˛ àë˛l ˛õk˛!ï˛ˆÏï˛

A∪B = {z : x∈A Óy x∈B}, A∪B ~Ó˚ ˆË˛l!ã˛e í˛zòy•Ó˚î≠ ô!Ó˚ñ A = {1, 2, 3, 4, 5}, B= {2, 3, 5, 6,

7} ∴ = A∪B = {1, 2, 3, 4, 5, 6, 7}

ò%!ê˛ ˆ§ˆÏê˛Ó˚ ˆSÈò (Intersection of Two Sets) ≠ A G B ò%!ê˛ ˆ§ê˛ •ˆÏ° ï˛yˆÏòÓ˚ §yôyÓ˚î ˛õò=!°Ó˚ ˆ§ê˛ˆÏÜ˛
A G B ~Ó˚ ˆSÈò ÓˆÏ° ~ÓÇ ~ˆÏÜ˛ A∩B !ã˛•´ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

xÌ≈yÍ A∩B = {x : x∈A ~ÓÇ x∈B} §%ï˛Ó˚yÇ A∩B ˆ§•z §Ó ˛õˆÏòÓ˚ ˆ§ê˛ ÎyÓ˚y A G B í˛zË˛Î˚ ˆ§ˆÏê˛•z xyˆÏSÈ–

~Ó˚ ˆË˛l!ã˛e!ê˛ ˆ•yˆÏ°y≠

í˛zòy•Ó˚î ≠ ô!Ó˚ñ A = {1, 2, 3, 4}, B= {3, 4, 5, 6} ∴ A∩B= {3, 4}

~ál Î!ò ò%!ê˛ ˆ§ê˛ A G B ~Ùl •Î˚ ˆÎ ï˛yˆÏòÓ˚ ˆÜ˛yˆÏly §yôyÓ˚î ˛õò ˆl•zñ ï˛y•ˆÏ° A G B ˆÜ˛ !Ó!FSÈß¨ ˆ§ê˛
(Disjoint Set) Ó°y •Î˚– ÎÌy A={1, 5, 7} ~ÓÇ B = {2, 4} ò%!ê˛ !Ó!FSÈß¨ ˆ§ê˛ñ ~ˆÏ«˛ˆÏeñ A∩B = φ

xhs˝Ó˚ ˆ§ê˛ ≠ A G B ò%!ê˛ ˆ§ê˛ •ˆÏ°ñ ˆÎ §ÙhflÏ ˛õò A ˆï˛ xyˆÏSÈ !Ü˛v B ˆï˛ ˆl•zññ ï˛yˆÏòÓ˚ ˆ§ê˛ˆÏÜ˛ A G BÈüÈÓ˚
xhs˝Ó˚ ÓˆÏ°ñ ~ˆÏÜ˛ A-B Óy A~B !ã˛•´ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

xÌ≈yÍ A – B ={x : x∈A ~ÓÇ x∈B}– ~Ó˚ ˆË˛l!ã˛e ˆ•yˆÏ°y

í˛zòy•Ó˚î≠ ô!Ó˚ A= {1, 2, 3, 4, 5} ~ÓÇ B = {3, 5, 6, 7}

∴ A – B = {1, 2, 4} G B – A = {6, 7}

ò%!ê˛ ˆ§ˆÏê˛Ó˚ ≤Ã!ï˛§Ù xhs˝Ó˚ ≠ (Symmetric Difference of Two Sets) ≠ A G B ò%!ê˛ ˆ§ê˛ •ˆÏ°ñ ˆÎ §ÙhflÏ
˛õò ˆÜ˛Ó°Ùye A xÌÓy ˆÜ˛Ó°Ùye B ˆï˛ xyˆÏSÈñ ï˛yˆÏòÓ˚ ˆ§ê˛ˆÏÜ˛ A G B ~Ó˚ ≤Ã!ï˛§Ù xhs˝Ó˚ Ó Ï̂° G ~ Ï̂Ü˛ A∆B

åA ˆí˛Œê˛y Bä !ã˛ˆÏ•´Ó˚ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– xÌ≈yÍ A∆B = (A – B) ∩  (B – A)

∩∪

A B

A∩B

B

B–A

j

A

A–B

k
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í˛zòy•Ó˚î≠ ô!Ó˚ A = {1, 2, 3, 4, 8} ~ÓÇ B = {2, 4, 6, 7} ï˛y•ˆÏ° A ∆ B= {1, 3, 6, 7, 8}

1.8.2 ˆ§ê˛ Ó#çà!îˆÏï˛Ó˚ §)eyÓ!°

1. ˛õ%lÓ˚&Í˛õyòl«˛Ù §)e (Idempotent Law) ≠

i) A∩A=A ii) A∩A = A

2. !Ó!lÙÎ˚ §)e (Commutative Law) ≠

i) A∪B=B∪A  (ii)  A∩B= B∩A

3. §ÇˆÏÎyà §)e (Associative Law) ≠

i) A∪ (B∪C) = (A∪B)∪C ii)  A∩ (B∩C) = (A∩B)∩C

4. Ó^˝ê˛l §)e (Distributive Law) ≠

i) A∪ (B∪C) = (A∩B) ∪  (A∪C)     ii) A∪ (B∩C) = (A∪B) ∪  (A∪C)

5. De Morgan ÈüÈ~Ó˚ §)e ≠

i) (A∪B)c
 = Ac∪Bc ii) (A∩B)c = Ac ∪  Bc

6. De Morgan ÈüÈ~Ó˚ xhs˝Ó˚Ê˛ˆÏ°Ó˚ §)e (De Morgan’s Law of Difference) ≠

i) A – (B∩C) = (A–B)∩ (A–C) ii) A–(B∩C) = (A–B) ∪  (A–C)

7. ˛õ)Ó˚Ü˛ §)e (Law of Complements) ≠

i) (Ac)c = A, (ii) ∪ c = φ, (iii) φc =∪  (iv) A∪Ac = ∪  (v) A∩Ac = φ

8. ˛xˆÏË˛ò˛ §)e (Identity Law)≠

i) A∩φ = A, (ii) A∩ ∪  = ∪ , (iii) A∪ ∪  = ∪  (iv) A∩ ∪  = A

1.9 §¡õÜ≈̨  Óy §¡∫¶˛ G x Į̈̂ õ«˛Ü˛

§¡∫¶˛ G xˆÏ˛õ«˛Ü˛ §¡õˆÏÜ≈˛ ôyÓ˚îy Ü˛Ó˚yÓ˚ xyˆÏà e´!ÙÜ˛ ˆçyí˛¸ (Ordered Pair) G Ü˛yˆÏê≈˛ç#Î˚ =îÊ˛° §¡õˆÏÜ≈˛
ôyÓ˚îy Ü˛Ó˚y xyÓ¢ƒÜ˛–

1.9.1 e´!ÙÜ˛ ˆçyí˛¸ ≠

ò%!ê˛ ˛õò a G b (a, b)  xyÜ˛yˆÏÓ˚ !°áˆÏ°ñ ï˛yˆÏÜ˛ e´!ÙÜ˛ ˆçyí˛¸ ÓˆÏ°ñ ÎÌy (2, 0), (–1, 3) •zï˛ƒy!òñ a ≠ b • Ï̂°
(a, b) ≠ (b, a) !Ü˛v {a, b} = {b, a}– xyÓyÓ˚ ò%!ê˛ e´!ÙÜ˛ ˆçyí˛¸ (a, b) ~ÓÇ (c, d) §Ùyl •ˆÏÓ ˆÜ˛Ó°Ùye Î!ò
a = c ~ÓÇ b = d •Î˚– xÌ≈yÍ (a, b) = (c, d) ⇒ a = c, b = d
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1.9.2 ò%!ê˛ ˆ§ˆÏê˛Ó˚ Ü˛yˆÏê≈˛ç#Î˚ =îÊ˛° ≠

A G B ò%!ê˛ ˆ§ê˛ •ˆÏ° ~ÓÇ a∈A G b∈B • Ï̂° (a, b) xyÜ˛yˆÏÓ˚Ó˚ §ÙhflÏ e´!Ùï˛ ˆçyˆÏí˛¸Ó˚ ˆ§ê˛ˆÏÜ˛ A G B ~Ó˚
Ü˛yˆÏê≈˛ç#Î˚ =îÊ˛° ÓˆÏ°– ~ˆÏÜ˛ A×B !ã˛•´ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ñ xÌ≈yÍ ≠ A×B= {(a, b) : a∈A, b∈B}

í˛zòy•Ó˚î≠ A = {1, 2, 3} ~ÓÇ B = {2, 3} •ˆÏ°

A×B = {(1, 2), (1, 3), (2, 2), (2, 3), (3, 2), (3, 3)}

~ÓÇ B×A = {(2, 1), (2, 2), (2, 3), (3, 1), (3, 1), (3, 2), (3, 3)}

xÌ≈yÍ A×B ≠ B×A

ÙˆÏl Ó˚yáy òÓ˚Ü˛yÓ˚≠

a) Î!ò A≠B •Î˚ !Ü˛ÇÓy ˆÜ˛yˆÏly ~Ü˛!ê˛ ˆ§ê˛ ¢)lƒ ly •Î˚ñ ï˛ˆÏÓ A×B ≠ B×A

b) Î!ò A ˆ§ê˛!ê˛Ó˚ m!ê˛ ˛õò ~ÓÇ B ˆ§ˆÏê˛Ó˚ n!ê˛ ˛õò ÌyˆÏÜ˛ñ ï˛ˆÏÓ AB ˆ§ê˛!ê˛Ó˚ mn !ê˛ ˛õò ÌyÜ˛ˆÏÓ–

c) A×B ˆ§ê˛!ê˛ ¢)lƒ ˆ§ê˛ •ˆÏÓ ˆÜ˛Ó°Ùye Î!ò A xÌÓy B ˆ§ê˛ ¢)lƒ ˆ§ê˛ •Î˚–

1.9.3 §¡∫¶˛ ≠

ò%!ê˛ ˆ§ê˛ A G B ~Ó˚ ˆÜ˛yˆÏly!ê˛•z ¢)lƒ ˆ§ê˛ ly •ˆÏ°ñ A×B ~Ó˚ ˆÎ ˆÜ˛yˆÏly í˛z˛õˆÏ§ê˛ ˆÜ˛ A ˆÌˆÏÜ˛ B ~Ó˚ ~Ü˛!ê˛
§¡∫¶˛ Ó°y •Î˚– §¡∫¶˛!ê˛ˆÏÜ˛ R myÓ˚y !ã˛!•´ï˛ Ü˛Ó˚y •Î˚–

xÌ≈yÍñ R = {(x, y); x∈A, y∈B G xRy}

í˛zòy•Ó˚î≠ ÙˆÏl Ü˛!Ó˚ñ A = {1, 2} G B = {2, 3, 4}

∴ A×B = {(1, 2), (1, 3), (1, 4), (2, 2), (2, 3), (2, 4)}

ˆÎˆÏ•ï%˛ñ A×B ˆ§ê˛!ê˛Ó˚ ˛õò§Çáƒy 6 ˆ§ˆÏ•ï%˛ A×B ~Ó˚ 26 xÌ≈yÍ 64!ê˛ í˛z˛õˆÏ§ê˛ ÌyÜ˛ˆÏÓ– §%ï˛Ó˚yÇ A ˆ§ê˛ ˆÌˆÏÜ˛
B ˆ§ˆÏê˛ ˆÙyê˛ 64!ê˛ !Ó!Ë˛ß¨ ≤ÃÜ˛yÓ˚ §¡∫¶˛ •ˆÏï˛ ˛õyˆÏÓ˚–

ÙˆÏl Ü˛!Ó˚ R = {(1, 2), (1, 4), (2, 3)} ~Ó˚*˛õ ~Ü˛!ê˛ §¡∫¶˛– ~ál (1, 2) ∈R ÓˆÏ° xyÙÓ˚y !l!á 1R2; !Ü˛v
(2, 4) ∈R ÓˆÏ° ˆ°áy •Î˚ 2/4 xÌÓy 24

!ï˛Ó˚ !ã˛ˆÏ•´Ó˚ §y•yˆÏÎƒ ~Ü˛!ê˛ §¡∫¶˛ˆÏÜ˛ ≤ÃÜ˛y¢ (Representation of a Relation by Arrow Diagram)≠
!ï˛Ó˚ !ã˛ˆÏeÓ˚ §y•yˆÏÎƒ A ˆ§ê˛ ˆÌˆÏÜ˛ B ˆ§ˆÏê˛ ~Ü˛!ê˛ §¡∫¶˛ RüÈˆÜ˛ ≤ÃÜ˛y¢ Ü˛Ó˚ˆÏï˛ •ˆÏ° ≤ÃÌˆÏÙ ò%!ê˛ Ók˛ xMÈ˛ˆÏ°Ó˚ ÙˆÏôƒ
!Ó®%Ó˚ §y•yˆÏÎƒ A G B ˛õò=!°ˆÏÜ˛ ˆòáyˆÏly •Î˚– ï˛yÓ˚˛õÓ˚ñ AÈüÈ~Ó˚ ˆÎ §Ó ˛õòñ BüÈ~Ó˚ ˆÎ §Ó ˛õˆÏòÓ˚ §ˆÏD §¡∫¶˛Î%_´ñ
ï˛yˆÏòÓ˚ !ï˛Ó˚ÈüÈ!ã˛ˆÏ•´Ó˚ §y•yˆÏÎƒ Î%_´ Ü˛Ó˚y •Î˚–

í z̨òy•Ó˚î ≠ A = {2, 4, 5, 6}, B= {8, 10, 12, 15, 17} ~ÓÇ A ˆÌˆÏÜ˛ B ~Ü˛!ê˛ §¡∫¶˛ •ˆÏ°y R ˆÎáyˆÏl
(x, y)∈R⇒x •ˆÏ°y y ~Ó˚ ~Ü˛!ê˛ í˛zÍ˛õyòÜ˛– §¡∫¶˛!ê˛ˆÏÜ˛ !ï˛Ó˚ !ã˛ˆÏ•´Ó˚ §y•yˆÏÎƒ ≤ÃÜ˛y¢ Ü˛Ó˚–
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§Ùyôyl ≠ R = {(2, 8), (2, 10), (2, 12), (4, 8), (4, 12), (5, 10), (5, 15), (5, 12)} ~Ë˛yˆÏÓ e´!Ùï˛
ˆçyí˛¸ (Ordered pair) !•§yˆÏÓ ˆòáyˆÏly ˆ•yˆÏ°y

~Ü˛!ê˛ §¡∫ˆÏ¶˛Ó˚ ˆ«˛e Óy xMÈ˛° ~ÓÇ ˛õyÕ‘y Óy ≤Ã§yÓ˚ (Domain and Range of a Relation) ≠

ÙˆÏl Ü˛!Ó˚ A G B ¢)lƒ lÎ˚ ~Ùl ò%!ê˛ ˆ§ê˛ ~ÓÇ R, A ˆÌˆÏÜ˛ B ˆï˛ ~Ü˛!ê˛ §¡∫¶˛– ï˛y•ˆÏ° RÈüÈ~Ó˚ xhs˝à≈ï˛ e´!Ùï˛
ˆçyí˛¸=!°Ó˚ ≤ÃÌÙ ˛õò=!° !lˆÏÎ˚ à!ë˛ï˛ ˆ§ê˛ˆÏÜ˛ RÈüÈ~Ó˚ xMÈ˛° (Domain) ~ÓÇ !mï˛#Î˚ ˛õò=!° !lˆÏÎ˚ à!ë˛ï˛ ˆ§ê˛ˆÏÜ˛
RÈüÈ~Ó˚ ≤Ã§yÓ˚ (Range) ÓˆÏ°– xÌ≈yÍ R §¡∫ˆÏ¶˛Ó˚ ˆ«˛e Óy xMÈ˛° = Dom (R) = {x : (x, y) ∈ R} ~ÓÇ R ~Ó˚
≤Ã§yÓ˚ = Range(R) = {y : (x, y) ∈ R} °«˛î#Î˚ ˆÎ R §¡∫ˆÏ¶˛Ó˚ ˆ«˛e •ˆÏ°y AüÈ~Ó˚ ~Ü˛!ê˛ í˛z˛õˆÏ§ê˛ ~ÓÇ R

§¡∫ˆÏ¶˛Ó˚ ≤Ã§yÓ˚ •ˆÏ°y B ~Ó˚ ~Ü˛!ê˛ í˛z˛õˆÏ§ê˛– ˆ§ê˛ B ˆÜ˛ R §¡∫ˆÏ¶˛Ó˚ í˛z˛õxMÈ˛° (Co-domain) Ó°y •Î˚–

1.9.4  xˆÏ˛õ«˛Ü˛ ≠

ôÓ˚y ÎyÜ˛ A G B ò%!ê˛ x¢)lƒ ˆ§ê˛– Î!ò A G B ~Ó˚ ÙˆÏôƒ ~Ó˚*˛õ !lÎ˚Ù •Î˚
ˆÎñ ÎyˆÏï˛ AÈüÈ~Ó˚ ≤ÃˆÏï˛ƒÜ˛!ê˛ §ò§ƒ x, B ~Ó˚ ˆÜ˛yˆÏly ly ˆÜ˛yˆÏly ~Ü˛Ü˛ §ò§ƒ
yüÈ~Ó˚ §ˆÏD ˆÎyàyˆÏÎyà §,!‹T Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ ~•z !lÎ˚ÙˆÏÜ˛ xˆÏ˛õ«˛Ü˛ ÓˆÏ°– í˛zˆÏÕ‘áƒñ
A ˆ§ˆÏê˛Ó˚ ~Ü˛!ê˛ §òˆÏ§ƒÓ˚ çlƒ B ˆ§ˆÏê˛ ˆÜ˛Ó°Ùye ~Ü˛!ê˛ §ò§ƒ ÌyÜ˛ˆÏÓ ~ÓÇ
~Ü˛y!ôÜ˛ §ò§ƒ ÌyÜ˛ˆÏï˛ ˛õyÓ˚ˆÏÓñ ï˛ˆÏÓ A ˆ§ˆÏê˛Ó˚ ~Ü˛y!ôÜ˛ §òˆÏ§ƒÓ˚ çlƒ B

ˆ§ˆÏê˛ ~Ü˛!ê˛ §ò§ƒ ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚– A ˆ§ˆÏê˛Ó˚ x §ò§ƒ B ˆ§ˆÏê˛Ó˚ ˆÎ §òˆÏ§ƒÓ˚
§ˆÏD §¡õ!Ü≈˛ï˛ ï˛yˆÏÜ˛ §yôyÓ˚îï˛ f(x) myÓ˚y §)!ã˛ï˛ Ü˛Ó˚y •Î˚ ~ÓÇ ≤Ãï˛#ˆÏÜ˛Ó˚
§y•yˆÏÎƒ f : A→B ~Ë˛yˆÏÓ ˆ°áy ÎyÎ˚– ~Ü˛!ê˛ ˆË˛l!ã˛e !lˆÏ¡¨ ˆòáyˆÏly •°≠
~•z !ã˛ˆÏe ˆòáy ÎyˆÏFSÈ 2→3, 2→4, 3→6, 4→7 ~ÓÇ 5→4, A ˆ§ˆÏê˛Ó˚ §ò§ƒ 2, B ˆ§ˆÏê˛Ó˚ ò%•z!ê˛ §ò§ƒ 3 G
4 ~Ó˚ §yˆÏÌ Î%_´ •ˆÏÎ˚ˆÏSÈ Óy Ùƒy!˛õÇ •ˆÏÎ˚ˆÏSÈ– §ÇK yl%§yˆÏÓ˚ ~•z §¡õÜ≈˛!ê˛ xˆÏ˛õ«˛Ü˛ lÎ˚– Ü˛yÓ˚î §ÇK yl%§yˆÏÓ˚ A ˆ§ˆÏê˛Ó˚
~Ü˛!ê˛ §òˆÏ§ƒÓ˚ çlƒ B ˆ§ˆÏê˛ ˆÜ˛Ó°Ùye ~Ü˛!ê˛ §ò§ƒ ÌyÜ˛ˆÏÓ– §%ï˛Ó˚yÇ Ó°y •Î˚ ˆÎ ÚÚ≤ÃˆÏï˛ƒÜ˛ xˆÏ˛õ«˛Ü˛•z ~Ü˛!ê˛ §¡∫¶˛ñ
ï˛ˆÏÓ ≤ÃˆÏï˛ƒÜ˛ §¡∫¶˛ xˆÏ˛õ«˛Ü˛ lÎ˚–ÛÛ

A B
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ˆÜ˛yˆÏly Ó›Ó˚ ã˛y!•òy ˆ§•z Ó›Ó˚ òyˆÏÙÓ˚ í˛z˛õÓ˚ !lË≈˛Ó˚¢#°ÈüüüÈ~•z Ó_´Óƒ!ê˛ˆÏÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛Ó˚ˆÏ°
!°áˆÏï˛ •ˆÏÓ D = f(P) ˆÎáyˆÏl D ˆ•yˆÏ°y ã˛y!•òyÓ˚ ˛õ!Ó˚Ùyî ~ÓÇ P ˆ•yˆÏ°y ˆÎ oÓƒ!ê˛ e´Î˚ Ü˛Ó˚yÓ˚ •zFSÈy ï˛yÓ˚ Ù)°ƒ–
ˆ§Ë˛y Ï̂Ó•z ˆÜ˛y Ï̂ly Ó›Ó˚ í z̨̨ õ Ï̂Îy!àï˛y (U) Îál ˆ§•z Ó›Ó˚ ˆË˛y Ï̂àÓ˚ ˛õ!Ó˚Ùy Ï̂îÓ˚ (q) í z̨̨ õÓ˚ !lË≈̨ Ó˚ Ü˛ Ï̂Ó˚ ï˛ál x Į̈̂ õ«˛ Ï̂Ü˛Ó˚
ÙyôƒˆÏÙ ï˛yÓ˚ ≤ÃÜ˛y¢ •Î˚ ≠ U = f(q)

í˛zòy•Ó˚î≠ !lˆÏã˛Ó˚ ˆÜ˛yl‰ §¡∫¶˛!ê˛ xˆÏ˛õ«˛Ü˛ lÎ˚⁄ Î%!_´ òyG–

§Ùyôyl ≠ ‘a’ ˆ•yˆÏ°y xˆÏ˛õ«˛Ü˛ G ‘b’ xˆÏ˛õ«˛Ü˛ lÎ˚ ÷ô%•z §¡∫¶˛– Ü˛yÓ˚î ‘b’ ˆÜ˛ 2→3 G 2→6ñ

xˆÏ˛õ«˛Ü˛ ˆ«˛e G ≤Ã§yÓ˚ ≠ ˆÎˆÏ•ï%˛ ≤ÃˆÏï˛ƒÜ˛ xˆÏ˛õ«˛Ü˛ ~Ü˛!ê˛ §¡∫¶˛ñ §%ï˛Ó˚yÇ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆ«˛e Óy ≤Ã§yÓ˚ Ó°ˆÏï˛
§¡∫¶˛ !•ˆÏ§ˆÏÓ ~Ó˚ ˆ«˛e ~ÓÇ ≤Ã§yÓ˚•z ˆÓyV˛yÎ˚– A ˆ§ê˛ ˆÌˆÏÜ˛ B ˆ§ˆÏê˛ f Î!ò ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ •Î˚ ï˛ˆÏÓ ˆ«˛e f =
A ~ÓÇ B ˆ§ˆÏê˛Ó˚ ˆÎ §Ü˛° í˛z˛õyòyl a∈A ~Ó˚ SÈ!ÓÓ˚*ˆÏ˛õ ˛õyGÎ˚y ÎyÎ˚ ˙ í˛z˛õyòyl =!° f ~Ó˚ ≤Ã§yÓ˚– §%ï˛Ó˚yÇ ≤Ã§yÓ˚
f ⊂ B Î!ò f ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ •Î˚ ~ÓÇ ˆ«˛e f=A G ≤Ã§yÓ˚ f⊂B •Î˚ñ ï˛ˆÏÓ f ˆÜ˛ A ˆÌˆÏÜ˛ B ~ Ó!ô≈ï˛ xˆÏ˛õ«˛Ü˛
Ó°y •Î˚ ~ÓÇ f : A→B !°ˆÏá ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– Î!ò f xˆÏ˛õ«˛Ü˛ •Î˚ ~ÓÇ (x, y) ∈ F •Î˚ñ ï˛ˆÏÓ y ˆÜ˛ f ~Ó˚ xô#ˆÏl
SÈ!Ó (image) Ó°y •Î˚ ~ÓÇ y = f(x) ˆ°áy •Î˚– xlƒË˛y Ï̂Ó Ó°y ÎyÎ˚ y = f(x) ~•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆ«˛e ˆ•yˆÏ°y x
~Ó˚ ~Ùl ~Ü˛!ê˛ ˆ§ê˛ ˆÎáyˆÏl §ÙhflÏ x ~Ó˚ çlƒ f(x) ~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚y §Ω˛Óñ ÎyˆÏòÓ˚ §Ç@˝Ã•ˆÏÜ˛ ~Ó˚ ≤Ã§yÓ˚ Ó°y
•Î˚–

í˛zòy•Ó˚î ≠ f : x → 3x2+2 ~Ó˚ ˆ«˛e D={1, 2, 3} •ˆÏ° ~Ó˚ ≤Ã§yÓ˚ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ≠ f ~Ó˚ xô#y Ï̂l 1ÈüÈ~Ó˚ •zˆÏÙç Óy SÈ!Ó ˆ•yˆÏ°y

1→3×12+2 ⇒ f(1) = 5

f ~Ó˚ xô#ˆÏl 2 ~Ó˚ •zˆÏÙç≠ 2 → 3×22+2 ⇒ f(2)=14

ˆ§Ë˛yˆÏÓ f(3) = 29

∴ ~•z xˆÏ˛õ«˛Ü˛!ê˛Ó˚ ≤Ã§yÓ˚ R={5, 14, 17}

f : D → R

A A
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í z̨òy•Ó˚î 2 ≠ g x xb g = +2 4 ÈüÈ~Ó˚ ˆ«˛e G ≤Ã§yÓ˚ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ≠ 2 4x x+ ;  ÈüÈ~Ó˚ §Ü˛° Ùy Ï̂l çlƒ ~Ë˛y Ï̂Ó•z §Ç!çï˛ ˆÎáy Ï̂l 2x+4 • Ï̂°y x}îydÜ˛ Óy ll‰ÈüÈˆl Ï̂à!ê˛Ë˛

(non-negative) ~ál 2x + 4≥ ⇒ x ≥ –2. ∴ g ~Ó˚ ˆ«˛e ˆ•yˆÏ°y [–2, ∞) ~ál ≤Ã§yÓ˚ !lî≈Î˚ Ü˛Ó˚ˆÏï˛ •ˆÏ°

ˆòáˆÏï˛ •ˆÏÓ x Îál [–2, ∞) ~•z §#ÙyÓ˚ ÙˆÏôƒ ÌyˆÏÜ˛ ï˛ál 2 4x +  ~Ó˚ §Ω˛yÓƒ Ùyl=!° Ü˛# Ü˛#⁄ x = –2 •ˆÏ°

2 4 0x + =  ~ÓyÓ˚ y
0
 ≥ 0ñ ˆÎáyˆÏl y

0
 ˆÎ ˆÜ˛yˆÏly ~Ü˛!ê˛ §ÇáƒyÓ˚ çlƒ x˛õÓ˚ §Çáƒy x

0
 ˛õyGÎ˚y ÎyÎ˚ ˆÎáyˆÏl

2 40 0x y+ = –

∴ 2x
0
 + 4 = y2

0
 ⇒ 2x = y2

0 
– 4 ⇒ x

0
 = ½ (y2

0 
– 4)

∵ y2

0 
≥ 0 ∴ x

0 
= ½ (y2

0 
– 4) ≥ ½ (– 4) = –2

§%ï˛Ó˚yÇ ˆÎÈüÈˆÜ˛yˆÏly §Çáƒy y
0
 ≥ 0, ~Ó˚ çlƒ x

0
 ≥ –2 §Çáƒy ˛õyGÎ˚y ÎyÎ˚ ÎyˆÏï˛ g (x

0
) = y

0
– xï˛~Ó g ~Ó˚

≤Ã§yÓ˚ Óy §#Ùy ˆ•yˆÏ°y [0, ∝)

1.10 §yÓ˚yÇ¢

~•z xôƒyˆÏÎ˚ xÌ≈l#!ï˛Ó˚ ˆ«˛ˆÏe à!îˆÏï˛Ó˚ =Ó˚&c G ÓƒÓ•yÓ˚ !Ó¢òË˛yˆÏÓ ˆòáyˆÏly •ˆÏÎ˚ˆÏSÈ– ~•z ≤Ã§ˆÏD ã˛°Ü˛ñ ô &ÓÜ˛ñ
˛õ)î≈Ü˛yB˛Ó˚ ôyÓ˚îyñ ã˛°Ó˚y!¢Ó˚ ôÓ˚î G ˆ◊î#!ÓË˛yà Óƒyáƒy Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– ÓyhflÏÓ §Çáƒy §¡õˆÏÜ≈˛ !ÓhflÏy!Ó˚ï˛ xyˆÏ°yã˛ly Ü˛Ó˚y
•ˆÏÎ˚ˆÏSÈ– Î%!_´ G ày!î!ï˛Ü˛ ≤ÃÙyî !Ó£ÏÎ˚Ü˛ ôyÓ˚îy ≤Ãòyl Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– xÌ≈l#!ï˛Ó˚ !Ó!Ë˛ß¨ ˆ«˛ˆÏe xyÓ¢ƒÜ˛ G ÎˆÏÌ‹T
xÓfliyÓ˚ ÙyôƒˆÏÙ ã)˛í˛¸yhs˝ Ùyl !lî≈Î˚ Ü˛Ó˚y ~Ü˛!ê˛ =Ó˚&c˛õ)î≈ §Ù§ƒy– ˆ§ !Ó£ÏˆÏÎ˚ !Ó¢òË˛yˆÏÓ xyˆÏ°yã˛ly Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– ˆ§ê˛
ï˛_¥ G ï˛yÓ˚ ôÙ≈ñ §¡∫¶˛ G xˆÏ˛õ«˛Ü˛ Óƒyáƒy Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ–Èü

1.11 xl%¢#°l#

1. Î!ò S
1
 = {a

1
, a

2
, a

3
}, S

2
 = {2, 3} •Î˚ ï˛ˆÏÓ S

1∪S
2
 G S

1∪S
2
 !Ü˛ •ˆÏÓ⁄

2. S = {1, 2, 3, 4} ~•z ˆ§ˆÏê˛Ó˚ Ü˛ï˛=!° í˛z˛õˆÏ§ê˛ xyˆÏSÈ⁄

3. ~Ü˛!ê˛ §¡∫¶˛ ˆòGÎ˚y ˆ•yˆÏ°y≠

R = {(7, 3), (3, 3), (4, 7), (3, 7)}– ~!ê˛ˆÏÜ˛ !Ü˛ xˆÏ˛õ«˛Ü˛ Ó°y ÎyÎ˚⁄
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4. xyÓ!¢ƒÜ˛ G ÎˆÏÌ‹T ¢ˆÏï≈˛Ó˚ ÙˆÏôƒ Ü˛# ˛õyÌ≈Ü˛ƒ⁄

5. ˛õ!Ó˚§Ó˚ ÓyÓ˚ Ü˛ˆÏÓ˚y ≠ f x
x

b g =
+

1

1
2

6. ≤Ã§yÓ˚ !lî≈Î˚ Ü˛ˆÏÓ˚y ≠ f(x) = x2+2x+3, Î!ò x2 ≤ 4 •Î˚–
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~Ü˛Ü˛ 2 ppppp ÓyhflÏÓ ã˛°Ó˚y!¢Ó˚ ~Ü˛Ùy!eÜ˛ xˆÏ˛õ«˛Ü˛

àë˛l

2.1 í˛zˆÏj¢ƒ

2.2 ≤ÃhflÏyÓly

2.3 ˆ°á!ã˛e

2.4 xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ≤ÃyÌ!ÙÜ˛ ôÓ˚l

2.5 ôyÓ˚yÓy!•Ü˛ï˛y §Çáƒy ~ÓÇ ˆ◊!î

2.5.1 ôyÓ˚yÓy!•Ü˛ §Çáƒy=FSÈ

2.5.2 ˆ◊!î Óy e´Ù

2.6 §hs˝ï˛ Óy x!Ó!FSÈß¨ xˆÏ˛õ«˛Ü˛

2.6.1 x!Ó!FSÈß¨ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆÙÔ!°Ü˛ ôÙ≈§Ù)•

2.7 §yÓ˚yÇ¢

2.8 xl%¢#°l#

2.9 @˝Ãsi˛õ!O

2.1 í ẑ̨ Ïj¢ƒ

~•z ~Ü˛Ü˛!ê˛ ˛õyë˛ Ü˛Ó˚ˆÏ° SÈyeSÈye#Ó˚y çylˆÏï˛ ˛õyÓ˚ˆÏÓl

l ˆ°á!ã˛ˆÏeÓ˚ ÓƒÓ•yÓ˚

l xˆÏ˛õ«˛ˆÏÜ˛Ó˚ !Ó!Ë˛ß¨ ôÓ˚l

l ôyÓ˚yÓy!•Ü˛ §Çáƒy ~ÓÇ ˆ◊!î Ó°ˆÏï˛ Ü˛# ˆÓyV˛yÎ˚

2.2 ≤ÃhflÏyÓly

à!îˆÏï˛ xˆÏ˛õ«˛Ü˛ ˆ•yˆÏ°y ~Ü˛!ê˛ ˆÙÔ!°Ü˛ ôyÓ˚îy ~ÓÇ ày!î!ï˛Ü˛ xÌ≈l#!ï˛ˆÏï˛G ~Ó˚ =Ó˚&c x˛õ!Ó˚§#Ù– ˆÎÙl
ày!î!ï˛Ü˛ xÌ≈l#!ï˛ˆÏï˛ í˛z˛õˆÏÎy!àï˛y xˆÏ˛õ«˛Ü˛ñ ˆË˛yà xˆÏ˛õ«˛Ü˛ñ ÓƒÎ˚ xˆÏ˛õ«˛Ü˛ñ í˛zÍ˛õyòl xˆÏ˛õ«˛Ü˛ñ Ù%lyÊ˛y xˆÏ˛õ«˛Ü˛
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•zï˛ƒy!ò !Ó!Ë˛ß¨ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ôyÓ˚îyñ ≤ÃÜ,˛!ï˛ñ fliy!Î˚cñ ã˛Ó˚Ù Óy xÓÙ Ùyl §¡õˆÏÜ≈˛ xyˆÏ°yã˛ly Ü˛Ó˚y •Î˚– ~•z ~Ü˛ˆÏÜ˛
ˆÜ˛Ó°Ùye ~Ü˛!ê˛ ã˛°Ó˚y!¢ §Çe´yhs˝ !Ó!Ë˛ß¨ ôÓ˚ˆÏlÓ˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ~Ü˛!ê˛ §yôyÓ˚î xyˆÏ°yã˛ly Ü˛Ó˚y •ˆÏ°y–

2.3 ˆ°á!ã˛e

Ü˛yˆÏê≈˛ç#Î˚ fliylyB˛ ˛õk˛!ï˛ˆÏï˛ ò%!ê˛ ˛õÓ˚flõÓ˚ °¡∫ ˆÓ˚áy ≤Ã!ï˛fliy!˛õï˛ Ü˛Ó˚y •Î˚ñ ÎyˆÏòÓ˚ fliylyB˛ x«˛ Ó°y •Î˚– ~•z ò%•z
x«˛ Ï̂Ü˛ x x«˛ Óy xl%Ë)̨ !ÙÜ˛ x«˛ G y x«˛ Óy í˛zÕ‘¡∫ x«¯˛ Ó°y •Î˚– ~•z ò%•zÈüÈ~Ó˚ ˆSÈò!Ó®%ˆÏÜ˛ Ù)°!Ó®% (0) Ó°y •Î˚–
~•z ò%•z ˆÓ˚áyˆÏÜ˛ ÓyhflÏÓ §Çáƒy ˛õ!Ó˚Ùy˛õ Ü˛Ó˚y •Î˚ñ ~ÓÇ !ã˛e 1 ~Ó˚ §y•yˆÏÎƒ ~ê˛y ˆòáyˆÏly ÎyÎ˚– x xˆÏ«˛Ó˚ ≤Ã!ï˛!ê˛ !Ó®%Ó˚
~Ü˛Ü˛ ò)Ó˚c y xˆÏ«˛Ó˚ ≤Ã!ï˛!ê˛ !Ó®%Ó˚ ~Ü˛Ü˛ ò)Ó˚ˆÏcÓ˚ §ˆÏD lyG !Ù°ˆÏï˛ ˛õyˆÏÓ˚–

                   !ã˛e ≠ 1                                               !ã˛e ≠ 2

!ã˛e 1ÈüÈ~Ó˚ xyÎ˚ï˛yÜ˛yÓ˚ fliylyB˛ ˛õk˛!ï˛ˆÏÜ˛ Ó°y •Î˚ xy §Ùï˛° (xy plane)– fliylyB˛ x«˛ ò%!ê˛ ï˛°ˆÏÜ˛ ã˛yÓ˚!ê˛ ˛õyˆÏò
(quadrant) !ÓË˛_´ Ü˛ˆÏÓ˚ˆÏSÈ– ~•z ï˛ˆÏ° xÓ!fliï˛ ˆÎ ˆÜ˛yˆÏly !Ó®% P ˆÜ˛ (a, b) ~•z ÓyhflÏÓ §ÇáƒymˆÏÎ˚Ó˚ ˆçyí˛¸ (unique

pair) !•§yˆÏÓ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ (a, b) ~•z §ÇáƒymÎ˚ myÓ˚y !lˆÏò≈!¢ï˛ !Ó®%ˆÏÜ˛ x = a ~•z í˛zÕ‘¡∫ §Ó˚°ˆÏÓ˚áy G y = b

~•z xl%Ë)˛!ÙÜ˛ §Ó˚°ˆÏÓ˚áyÓ˚ ˆSÈò!Ó®%Ó˚ í˛z˛õÓ˚ xÓfliyl !•ˆÏ§ˆÏÓ ˆòáyˆÏly •Î˚–

!ã˛e 2 ˆï˛ ˆòáy ÎyÎ˚ ˆÎ Î!ò (3, 4) ~•z e´!ÙÜ˛ ˆçyí˛¸ ≤Ãò_ ÌyˆÏÜ˛ ï˛ˆÏÓ ï˛yÓ˚ myÓ˚y !lˆÏò≈!¢ï˛ !Ó®% P ~Ó˚ xÓfliyl
•ˆÏÓ x = 3 G y = 4 ~•z §Ó˚°ˆÏÓ˚áy ò%!ê˛Ó˚ ˆSÈò!Ó®%Ó˚ í˛z˛õÓ˚– xï≈˛yÍ P ~Ó˚ xÓfliyl •ˆÏÓ y x«˛Ó˚ G ~Ü˛Ü˛ ò!«˛ˆÏî
G 4 ~Ü˛Ü˛ x xˆÏ«˛Ó˚ í˛z˛õˆÏÓ˚ (3, 4) ˆÜ˛ P ~Ó˚ fliylyB˛ Ü˛Ó˚y •Î˚– xl%Ó˚*˛õË˛yˆÏÓ Q ~Ó˚ xÓfliyl y xˆÏ«˛Ó˚ 5 ~Ü˛Ü˛
ÓÑyÈüÈ!òˆÏÜ˛ ~ÓÇ x xˆÏ«˛Ó˚ 2 ~Ü˛Ü˛ l# Ï̂ã˛– xï˛~Ó Q ~Ó˚ fliylyB˛ ˆ•yˆÏ°y (–5, –2) ˆÜ˛yˆÏly ~Ü˛!ê˛ ã˛°Ó˚y!¢Ó˚ ≤ÃˆÏï˛ƒÜ˛
xˆÏ˛õ«˛Ü˛ˆÏÜ˛•z ~Ë˛yˆÏÓ xyÎ˚ï˛yÜ,˛!ï˛ fliylyB˛ ˛õk˛!ï˛ˆÏï˛ ˆ°á!ã˛ˆÏeÓ˚ xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y §Ω˛Ó–

§%ï˛Ó˚yÇ f xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆ°á!ã˛e ˆ•yˆÏ°y §•ç Ë˛y£ÏyÎ˚ {x, f(x)} ~Ó˚ §Ü˛° !Ó®%=!°Ó˚ ˆ§ê˛ ˆÎáy Ï̂l x; f ~Ó˚
ˆí˛yˆÏÙ•zˆÏlÓ˚ (domain) ÙˆÏôƒ xÓfliyl Ü˛ˆÏÓ˚–

!mï˛#Î˚ ã˛ï%˛Ì≈yÇ¢
(Second Quadrant)

≤ÃÌÙ ã˛ï%˛Ì≈yÇ¢
(First Quadrant)

ï,˛ï˛#Î˚ ã˛ï%˛Ì≈yÇ¢
(Third Quadrant)

ã˛ï%˛Ì≈ ã˛ï%˛Ì≈yÇ¢
(Fourth Quadrant)

x'
x

y

1

1

y'

R=(–3, +6)

(–, +)

y

y'

x'

4

1

P=(+3, +4)

(+,+)

1 3
x

Q=(–5, –2)

(–, –)
S (+5, –6)

(+, – )
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í z̨òy•Ó˚î 1≠ f(x) = x2 – 4x + 3, ~•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xÈüÈ~Ó˚ Ùyl=!° !lˆÏ¡¨ ≤Ãò_ ˆ•yˆÏ°y–

Table-1 : f(x)ÈüÈ~Ó˚ Ùyl ≠

x 0 1 2 3 4

f(x) 3 0 –1 0 3

(x, y) ï˛ˆÏ° fliylyB˛=!° Ó!§ˆÏÎ˚ ˆ°á!ã˛e xB˛l Ü˛ˆÏÓ˚y–

      !ã˛e 1 : f(x) = x2 – 4x + 3 ~Ó˚ ˆ°á!ã˛e                    !ã˛e 2 : g(x) = 2x – 1ÈüÈ~Ó˚ ˆ°á!ã˛e

f(x) = x2 – 4x + 3 ~Ó˚ ˆ°á!ã˛e 1 ~ ˆòáyˆÏly •ˆÏ°y– ~•z ˆ°á!ã˛e!ê˛ˆÏÜ˛ Ó°y •Î˚ x!ôÓ,_ (Parabola))

í z̨òy•Ó˚î 2 : g(x) = 2x – 1ÈüÈ~Ó˚ ˆ°á!ã˛e xB˛l Ü˛ˆÏÓ˚y !l!ò≈‹T !Ü˛S%È fliylyB˛Ó˚ !Ë˛!_ˆÏï˛–
§Ùyôyl ≠ x ~Ó˚ Ùyl –1, 0, 1, 2 !l Ï̂° g(x) ~Ó˚ Ùyl=!° •ˆÏÓ g(–1) = 2(–1) –1 = 3;

g(0) = 2×0 = 1 = – 1, g(1) = 2×1 – 1 = 1, g(2) = 2 × 2 – 1 = 3. ~Ë˛yˆÏÓ x ~Ó˚ !Ó!Ë˛ß¨ Ùyl Ó§yˆÏ°
!Ó!Ë˛ß¨ g(x) e´Ùyl%§yˆÏÓ˚ •ˆÏÓñ Î!ò (–1, –3); (0, –1), (1, 1) G (2, 3) fliylyB˛=!° (x, y) ï˛ˆÏ° Ó§yˆÏly •Î˚ ï˛y•ˆÏ°
≤ÃyÆ ˆ°á!ã˛e!ê˛ •ˆÏÓ §Ó˚°ˆÏÓ˚áy– ~!ê˛ !ã˛e 2 ˆï˛ ˆòáyˆÏly •ˆÏ°y–

2.4 xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ≤ÃyÌ!ÙÜ˛ ôÓ˚l ≠

3a(a) y=f(x) •° ~Ü˛!ê˛ §yôyÓ˚î !ÓÓ,!ï˛– ~!ê˛ ÷ô% Ó° Ï̂SÈ ˆÎñ x ~ÓÇ y §¡õÜ≈˛Î%_´– !Ü˛v ˆ§•z §¡õˆÏÜ≈˛Ó˚ ≤ÃÜ,˛!ï˛!ê˛
flõ‹TË˛yˆÏÓ Ó°y •Î˚!l– ˆ§•z §¡õˆÏÜ≈˛Ó˚ ≤ÃÜ,˛!ï˛ xl%ÎyÎ˚# !Ó!Ë˛ß¨ ôÓ˚ˆÏlÓ˚ xˆÏ˛õ«˛Ü˛ ˛õyGÎ˚y ÎyÎ˚– xyÙÓ˚y ≤Ãôyl Ü˛ˆÏÎ˚Ü˛!ê˛
ôÓ˚l l#ˆÏã˛ í˛zˆÏÕ‘á Ü˛Ó˚!SÈ–

1. ô &ÓÜ˛ xˆÏ˛õ«˛Ü˛ (Constant Function) ≠ ˆÎ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ÷ô% ~Ü˛!ê˛•z Ùyl xyˆÏSÈ ˆ§•z xˆÏ˛õ«˛Ü˛ˆÏÜ˛ Ó°y
•ˆÏÓ ô &ÓÜ˛ xˆÏ˛õ«˛Ü˛– í˛zòy•Ó˚îfl∫Ó˚*˛õñ y = f(x) = 10 •° ~Ü˛!ê˛ ô &ÓÜ˛ xˆÏ˛õ«˛Ü˛ 1 ~Ó˚ xÌ≈ •Î˚ñ xÈüÈ~Ó˚ Ùyl Îy•z

y

4

3

2

1

-1

- 2

- 3

- 4

- 4 -3 -2 -1  1    2    3     4    5

4

3

2

1

-1

- 2

- 3

- 4

- 4 -3 -2 -1  1    2    3     4    5
x
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ˆ•yÜ˛ ly ˆÜ˛lñ y §Ó≈òy•z 10üÈ~Ó˚ §Ùyl– §yôyÓ˚îË˛yˆÏÓñ y = y
0
 Óy y=a

0
 •° ~Ü˛!ê˛ ô &ÓÜ˛ xˆÏ˛õ«˛Ü˛– fliylyB˛ çƒy!Ù!ï˛Ó˚

§Ùï˛ˆÏ° xˆÏ˛õ«˛Ü˛!ê˛ ~Ü˛!ê˛ xl%Ë)˛!ÙÜ˛ §Ó˚°ˆÏÓ˚áyÓ˚ ÙˆÏï˛y ˆòáˆÏï˛ •ˆÏÓ– ~Ó˚ í˛zÕ‘¡∫ ˆSÈòyB˛ •ˆÏÓ a
0
 Óy y

0
 å!ã˛e 3.1ä

!ã˛e 3.1

§yôyÓ˚îË˛y Ï̂Ó Ó° Ï̂ï˛ ˆà Ï̂°ñ ~Ü˛ ã˛°Ó˚y!¢Ó˚ Ó‡˛õò!Ó!¢‹T x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ §yôyÓ˚î Ó˚*˛õ!ê˛ •° ≠ y = a
0
+a

1
x+a

2
x2+...+a

n
xn

ˆÎáyˆÏl n •° ~Ü˛!ê˛ ˛õ)î≈§Çáƒy– ~•z nüÈ~Ó˚ Ùyl xl%ÎxÎ˚# xyÙÓ˚y Ó‡˛õò!Ó!¢‹T xˆÏ˛õ«˛ˆÏÜ˛Ó˚ !Ó!Ë˛ß¨ Ó˚Ü˛ÙˆÏË˛ò ˆ˛õˆÏÎ˚
Ìy!Ü˛–

Î!ò n = 0 •Î˚ñ ï˛y•ˆÏ° y = a
0
 åô &ÓÜ˛ xˆÏ˛õ«˛Ü˛ä

Î!ò n = 1 •Î˚ñ ï˛y•ˆÏ° y = a
0 

+ a
1
x å˜Ó˚!áÜ˛ xˆÏ˛õ«˛Ü˛ñ linear functionä

Î!ò n = 2 •Î˚ñ ï˛y•ˆÏ° y = a
0 

+ a
1
x + a

2
x2 å!mâyï˛ xˆÏ˛õ«˛Ü˛ñ Quadratic functionä

Î!ò n = 3 •Î˚ñ ï˛y•ˆÏ° y = a
0 

+ a
1
x + a

2
x2 + a

3
x3 å!eâyï˛ xˆÏ˛õ«˛Ü˛ñ Cubic functionä •zï˛ƒy!ò–

2. ˜Ó˚!áÜ˛ Óy §Ó˚°˜ÏÓ˚!áÜ˛ xˆÏ˛õ«˛Ü˛ (Linear Function)≠

˜Ó˚!áÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §yôyÓ˚î §Ù#Ü˛Ó˚î!ê˛ •°≠ y = a
0
+a

1
x– ~•z §Ù#Ü˛Ó˚ˆÏî a

0
 •° í˛zÕ‘¡∫ ˆSÈòyÇ¢ ~ÓÇ a

1
 •°

ˆÓ˚áy!ê˛Ó˚ ≤ÃÓîï˛y Óy ì˛y°– a
0
>0 ~ÓÇ a

1
>0 ôˆÏÓ˚ xyÙÓ˚y 3.2 lÇ !ã˛ˆÏe §Ó˚°ˆÏÓ˚áy!ê˛ ~ÑˆÏÜ˛!SÈ– xyÓyÓ˚ñ a

1
< 0 •ˆÏ°

ˆÓ˚áy!ê˛ !l¡¨Ù%á# •ˆÏÓ– 3.3 lÇ !ã˛ˆÏe a
0
>0 ~ÓÇ a

1
<0 ôˆÏÓ˚ xyÙÓ˚y ~Ü˛ê˛y §Ó˚°ˆÏÓ˚áy ~ÑˆÏÜ˛!SÈ–

y

o

a
0

x
xx

a
0

y

y =
 a 0

+a 1
x

å~áyˆÏl a 0
>0 a 1

<0)

åa
0
> 0 a

1
< 0)

y = a
0
+a

1
x

!ã˛e 3.2
!ã˛e 3.3

y

y = y
0

x1

0

y
0

x
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3É !mâyï˛ xˆÏ˛õ«˛Ü˛ (Quadratic Function) ≠ ˆÎ xˆÏ˛õ«˛ˆÏÜ˛ fl∫yô#l ã˛°Ó˚y!¢Ó˚ âyˆÏï˛ í˛zFã˛ï˛Ù Ùyl 2ñ ï˛yˆÏÜ˛
!mâyï˛ xˆÏ˛õ«˛Ü˛ Ó°y •Î˚–

í z̨òy•Ó˚î ≠1) ax2 + 2hxy + by2 + 2gx + 2fy + c = 0

2) y = ax2 + bx + c

3) y = 3x2 + 4x + 5 •zï˛ƒy!ò
xÌ≈l#!ï˛ˆÏï˛ ≤Ãy!hs˝Ü˛ ÓƒÎ˚ ˆÓ˚áyñ àí˛¸ ÓƒÎ˚ ˆÓ˚áyñ ≤Ãy!hs˝Ü˛ G àí˛¸ í˛zÍ˛õyòl ˆÓ˚áy •zï˛ƒy!ò §yôyÓ˚îË˛yˆÏÓ !mâyï˛ ôÓ˚ˆÏlÓ˚

•Î˚–

4. Ó‡˛õò!Ó!¢‹T xˆÏ˛õ«˛Ü˛ (Polynomial Function) ≠
Î!ò x G y ã˛°Ó˚y!¢Ó˚ ˛õyÓ˚flõ!Ó˚Ü˛ §¡õÜ≈˛ˆÏÜ˛ Óî≈ly Ü˛Ó˚y ÎyÎ˚ ~Ë˛yˆÏÓ ˆÎ y = a

0
xn + a

1
xn–1 + ...+a

n
 ˆÎáyˆÏl

a
0
(≠ 0); a

1
, a

2
..., a

n
 §Ü˛ˆÏ°•z ÓyhflÏÓ §Çáƒy xÌ≈yÍ ô &ÓÜ˛ ~ÓÇ n ~Ü˛!ê˛ ôlydÜ˛ ˛õ)î≈§Çáƒyñ ï˛y•ˆÏ° y ˆÜ˛ Ó°y • Ï̂Ó

x ~Ó˚ ~Ü˛!ê˛ nÈüÈâyï˛ Ó‡˛õò!Ó!¢‹T xˆÏ˛õ«˛Ü˛– ~áyˆÏl xˆÏ˛õ«˛Ü˛!ê˛Ó˚ ˛õ!Ó˚§Ó˚ •ˆÏ°y R–
í˛zòy•Ó˚îfl∫Ó˚*˛õñ y = x–1 G y = x2 + x + 1 Îál x∈R ÎÌye´ˆÏÙ x-~Ó˚ ~Ü˛âyï˛ G !mâyï˛ Ó‡˛õò!Ó!¢‹T

xˆÏ˛õ«˛Ü˛–
xl%Ó˚*ˆÏ˛õñ f(x) = ax3 + bx2 + cx + d ˆÎáyˆÏl a, b, c, d ˆ•yˆÏ°y ô &ÓÜ˛ G a ≠ 0 ˆÜ˛ Ó°y •Î˚ !eâyï˛ xˆÏ˛õ«˛Ü˛–

~•z ôÓ˚ˆÏlÓ˚ xˆÏ˛õ«˛Ü˛=!°Ó˚ ˆ°á!ã˛e a, b, c, dÈüÈÓ˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ Ê˛ˆÏ° ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚– xÌ≈l#!ï˛ˆÏï˛ ˆÙyê˛ ÓƒÎ˚ ˆÓ˚áy
c(Q) = aQ3+bQ2+cQ+ d(a > 0, b < 0, c > 0, d > 0 G 3ac > b2ä ~•z !eâyï˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ò,‹Tyhs˝– ~Ó˚ !ã˛e
ˆ•yˆÏ°yñ å!ã˛e 3.4ä xyÓyÓ˚ñ f(x) = –x3 + 4x2–x – 6 ~•z xˆÏ˛õ«˛Ü˛!ê˛Ó˚ ˆ«˛ˆÏe !ã˛e •ˆÏÓ 4 lÇÈüÈ~Ó˚ lƒyÎ˚–

!ã˛e 3.4

3. âyï˛!Ó!¢‹T xˆÏ˛õ«˛Ü˛ (Power Functions) ≠

Î!ò ˆÜ˛yˆÏly xˆÏ˛õ«˛Ü˛ˆÏÜ˛ f(x) = Axr åx > 0,r ~ÓÇ A ˆÎÈüÈˆÜ˛yˆÏly ô &ÓÜ˛ä !•§yˆÏÓ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ ï˛ál ï˛yˆÏÜ˛
¢!_´ xˆÏ˛õ«˛Ü˛ Ó°y •Î˚– çyï˛#Î˚ xyÎ˚ Ó,!k˛Ó˚ ˛õ!Ó˚ÙyˆÏ˛õÓ˚ çlƒ ˆÎ Ê˛Ù≈)°y ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚ ˆ§áyˆÏl Ë˛@¿yÇ!¢Ü˛ §)ã˛Ü˛
§Ù!ß∫ï˛ ¢!_´ xˆÏ˛õ«˛Ü˛ ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚– ˆÎÙl y =2.73K0.25 L0.75 (1.02)t ˆÎáyˆÏl y ˆ•yˆÏ°y l#ê˛ çyï˛#Î˚ xyÎ˚ñ
K ˆ•y Ï̂°y Ù)°ôl G L ˆ•yˆÏ°y ◊Ù–

Q

y y=c(Q)
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!ã˛e 4

l#ˆÏã˛Ó˚ !ã˛e=!°ˆÏï˛ f(x) = xr ~Ó˚ ˆ°á!ã˛e=!° ˆòáyˆÏly •ˆÏ°yñ r ~Ó˚ !Ó!Ë˛ß¨ §#ÙyÓ˚ í˛z˛õÓ˚ !Ë˛!_ Ü˛ˆÏÓ˚– !ã˛e 8 ˆÌˆÏÜ˛
ˆÓyV˛y ÎyÎ˚ r ~Ó˚ ôlydÜ˛ §)ã˛Ü˛ ˛õ!Ó˚Ó!ï≈˛ï˛ •GÎ˚yÓ˚ §ˆÏD §ˆÏD ˆ°á!ã˛e!ê˛Ó˚ ôÓ˚l Ü˛#Ë˛yˆÏÓ ˛õyˆÏŒê˛ ÎyÎ˚–

!ã˛e 5 !ã˛e 6 !ã˛e 7 !ã˛e  8

4. §)ã˛Ü˛ xˆÏ˛õ«˛Ü˛ (Exponential function) ≠ ô!Ó˚ f : R→R ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ ˆÎáyˆÏl f(x) = a2; x∈R

G x ~Ü˛!ê˛ ôlydÜ˛ ÓyhflÏÓ §Çáƒyñ ï˛y•ˆÏ° f xˆÏ˛õ«˛Ü˛ˆÏÜ˛ Ó°y •Î˚ §)ã˛Ü˛ xˆÏ˛õ«˛Ü˛– Îál a = 1, ~ál §Ó x∈R

~Ó˚ çlƒ f(x) = 1 ï˛ál §Ó x∈R ~Ó˚ çlƒ f(x) = 1 xÌ≈yÍ f ~Ü˛!ê˛ ô &ÓÜ˛ xˆÏ˛õ«˛Ü˛– Îál a>1 §)ã˛Ü˛
xˆÏ˛õ«˛Ü˛!ê˛ ï˛ál R =ˆÏFSÈÓ˚ í˛z˛õÓ˚ ~Ü˛!ê˛ ÎÌyÌ≈ xyˆÏÓ˚y•# Óy |ôÁ≈° xˆÏ˛õ«˛Ü˛ (strictly monotonically

increasing function) G ï˛yÓ˚ ≤Ã§yÓ˚ •Î˚ (0, ∝) Îy ~Ü˛!ê˛ x§#ÙyÓk˛ Ù%_´ xhs˝Ó˚y° (unbounded open

interval)– Îál 0 < a < 1 ï˛ál §)ã˛Ü˛#Î˚ xˆÏ˛õ«˛Ü˛!ê˛ R =ˆÏFSÈÓ˚ (set) í˛z˛õÓ˚ ~Ü˛!ê˛ ÎÌyÌ≈ xÓˆÏÓ˚y•# Óy !l¡¨à
xˆÏ˛õ«˛Ü˛ (strictly monotonically decreasing function) G ï˛yÓ˚ ≤Ã§yÓ˚ •° (0, ∝), Îál a = e xÌ≈yÍ
2 G 3 ~Ó˚ ÙôƒÓï≈˛# ~Ü˛!ê˛ !ÓˆÏ¢£Ï xÙ)°ò §Çáƒy ï˛ál f(x) = ex, x∈R §)ã˛Ü˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ~Ü˛!ê˛ !ÓˆÏ¢£Ï Ó˚*˛õ–
ˆÎˆÏ•ï%˛ 2 > 1, §%ï˛Ó˚yÇ ex §)ã˛Ü˛ xˆÏ˛õ«˛Ü˛!ê˛ (0, ∝) =ˆÏFSÈÓ˚ í˛z˛õÓ˚ ÎÌyÎÌË˛yˆÏÓ xyˆÏÓ˚y•# xˆÏ˛õ«˛Ü˛ G ï˛yÓ˚ ≤Ã§yÓ˚

y

x

y = f(x)

– 2  – 1 1    2   3
1 –

15

10

5

y

1

1 x

y = xr  (0 < r < 1)

y

1

1 x

y = xr  (r >1)

y

1

1 x

y = xr  (r=–1)

y

1

1 x

y = x3
y = x2

y=x

y=x y2

y=x y3
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=FSÈ– xÌ≈l#!ï˛ˆÏï˛ñ xÌ≈˜Ïl!ï˛Ü˛ Ó,!k˛ñ çl§Çáƒy Ó,!k˛ñ e´Ù•…y§Ùyl x!¢«˛y •zï˛ƒy!ò ˛õ!Ó˚ÙyˆÏ˛õÓ˚ ˆ«˛ˆÏe ~•z ôÓ˚ˆÏlÓ˚
xˆÏ˛õ«˛Ü˛ ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚–

~ÓyÓ˚ Î!ò f(x) = ax G g(x) = xa ~•z ò%•z ôÓ˚ˆÏlÓ˚ xˆÏ˛õ«˛Ü˛ ˆáÎ˚y° Ü˛Ó˚y ÎyÎ˚ ï˛y•ˆÏ° ≤ÃÌÙ!ê˛Ó˚ ˆ«˛ˆÏe §)ã˛Ü˛
x ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚ G a ô &ÓÜ˛ ÌyˆÏÜ˛ ~ÓÇ ~!ê˛ §)ã˛Ü˛#Î˚ xˆÏ˛õ«˛Ü˛ lÎ˚– xyÓyÓ˚ !mï˛#Î˚!ê˛Ó˚ ˆ«˛ˆÏe §)ã˛Ü˛!ê˛ ô &ÓÜ˛ ÌyˆÏÜ˛
G x ˛õ!Ó˚Óï≈˛l¢#° •Î˚ ï˛ál ˆ§!ê˛ ¢!_´ xˆÏ˛õ«˛Ü˛ lÎ˚–

~Ó˚*˛õ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ !ã˛e !lˆÏ¡¨ ≤Ãò!¢≈ï˛ •ˆÏ°y≠

         !ã˛e 9 : f(t) = Aat(a>1) ÈüÈÓ˚ ˆ°á!ã˛e           !ã˛e 10 : f(t) = Aat(0<a<1) ÈüÈÓ˚ ˆ°á!ã˛e

°ày!Ó˚ò‰Ù#Î˚ xˆÏ˛õ«˛Ü˛ (logarithmic function) ≠

f(0, ∝)→R xyˆÏ˛õ«˛Ü˛!ê˛ f(x) = log
a
x, x>0 (a ~Ü˛!ê˛ ôlydÜ˛ ÓyhflÏÓ §ÇáƒyäÈüÈ~•z §¡õÜ≈˛ myÓ˚y Ó!î≈ï˛ •ˆÏ° ï˛yˆÏÜ˛

°ày!Ó˚ò‰Ù#Î˚ xyˆÏ˛õ«˛Ü˛ Ó°y •Î˚– ôlydÜ˛ ÓyhflÏÓ §Çáƒy a ˆÜ˛ °ày!Ó˚òÙ#Î˚ !lôyl (base) Ó°y •Î˚– a>1 •ˆÏ° (0, ∝)

xhs˝Ó˚y Ï̂° log
a
x ~Ü˛!ê˛ ÎÌyÎÌË˛y Ï̂Ó xy Ï̂Ó˚y•# x Į̈̂ õ«˛Ü˛ ~ÓÇ 0<a<1 • Ï̂° (0, ∝) xhs˝Ó˚y Ï̂° log

a
x ~Ü˛!ê˛ ÎÌyÎÌË˛y Ï̂Ó

xÓˆÏÓ˚y•# xˆÏ˛õ«˛Ü˛ •Î˚– Îál a = e, ï˛ál log
e
x xˆÏ˛õ«˛Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ °ày!Ó˚ò‰Ù#Î˚ xˆÏ˛õ«˛Ü˛ (natural logarith-

mic function) Ó°y •Î˚ ÎyÓ˚ ˛õ!Ó˚§Ó˚ (domain) (0, ∝) G ≤Ã§yÓ˚ R Îál a=0; ï˛ál log
10

x xˆÏ˛õ«˛Ü˛!ê˛ˆÏÜ˛
§yôyÓ˚î °ày!Ó˚ò‰Ù#Î˚ xˆÏ˛õ«˛Ü˛ (common logarithnic function) Ó°y •Î˚– §%ï˛Ó˚yÇ !ÓˆÏ¢£ÏË˛yˆÏÓ í˛zˆÏÕ‘á ly ÌyÜ˛ˆÏ°
log x Ó° Ï̂ï˛ xyÙÓ˚y log

a
x ˆÜ˛•z ˆÓyV˛yˆÏÓy–

 !ã˛e : 11

A

o t

f(t) = Aat

(a > 1)

f(t)
f(t)

o t

A
f(t) = Aat

(0< a<1)

g(x)

0

1

– 1

1
x

g(x) = l–x
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!lˆÏ¡¨ fl∫yË˛y!ÓÜ˛ °ày!Ó˚ò‰Ù#Î˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ !ã˛e Ó!î≈ï˛ ˆ•yˆÏ°y– Ù%oy!fl≥˛!ï˛Ó˚ •yÓ˚ñ çl§Çáƒy Ó,!k˛Ó˚ •yÓ˚ •zï˛ƒy!ò
˛õ!Ó˚ÙyˆÏîÓ˚ çlƒ fl∫yË˛y!ÓÜ˛ °ày!Ó˚òÙ#Î˚ xˆÏ˛õ«˛Ü˛ g(x) = l~x ÓƒÓ•*ï˛ •Î˚–

2.5 ôyÓ˚yÓy!•Ü˛ï˛y ~ÓÇ ˆ◊!î

2.5.1 ôyÓ˚yÓy!•Ü˛ §Çáƒy=FSÈ ≠

Ó#çà!îˆÏï˛ ˛õÓ˚ ˛õÓ˚ xÓ!fliï˛ §Çáƒy§Ù)ˆÏ•Ó˚ ≤ÃÌÙ §ÇáƒyÓ˚ ˛õÓ˚Óï≈˛# ≤Ã!ï˛!ê˛ §Çáƒy ˆÜ˛yˆÏly !l!ò≈‹T !lÎ˚Ùyl%§yˆÏÓ˚ à!ë˛ï˛
•ˆÏ° G•z §Çáƒy§Ù)•ˆÏÜ˛ ~Ü˛!ê˛ xl%e´Ù Óy ôyÓ˚yÓy!•Ü˛ §Çáƒy=FSÈ (sequence of numbers) Ó°y •Î˚– ~Ü˛!ê˛
ôyÓ˚yÓy!•Ü˛ Óy xl%e´Ù §§#Ù (finite) Óy x§#Ù (infinite) ò%•z ≤ÃÜ˛yˆÏÓ˚Ó˚ •ˆÏï˛ ˛õyˆÏÓ˚–

í z̨òy•Ó˚î ≠ 3, 8, 13, 18, 23ÈüüüÈ~!ê˛ 5!ê˛ ˛õˆÏòÓ˚ §§#Ù xl%e´Ù ÎyÓ˚ ˆÎ ˆÜ˛yˆÏly ˛õˆÏòÓ˚ §ˆÏD 5 ˆÎyà Ü˛Ó˚ˆÏ° ˛õÓ˚Óï≈˛#
˛õò!ê˛ ˛õyGÎ˚y ÎyÎ˚–

í˛zòy•Ó˚î ≠ 2, 6, 18, 54, 162....ÈüÈ~!ê˛ ~Ü˛!ê˛ x§#Ù xl%e´Ùñ ÎyÓ˚ ˆÎÈüÈˆÜ˛yˆÏly ˛õòˆÏÜ˛ 3 !lˆÏÎ˚ =î Ü˛Ó˚ˆÏ° ˛õÓ˚Óï≈˛#
˛õò!ê˛ ˛õyGÎ˚y ÎyÎ˚–

~Ü˛!ê˛ xl%e´ˆÏÙÓ˚ ˛õò=!°ˆÏÜ˛ u
1
, u

2
, u

3
..., u

n
,... myÓ˚y §)!ã˛ï˛ Ü˛Ó˚y •Î˚– u

n
 xÌ≈yÍ nÈüÈï˛Ù ˛õò!ê˛ˆÏÜ˛ xl%e´ˆÏÙÓ˚

§yôyÓ˚î ˛õò (general term) ÓˆÏ°– ~Ü˛!ê˛ xl%e´ÙˆÏÜ˛ {u
n
} Óy < u

n
> !ã˛•´ myÓ˚y ˆ°áy •Î˚– u

n
 xÌ≈yÍ §yôyÓ˚î ˛õò

çyly ÌyÜ˛ˆÏ° n ~Ó˚ fliˆÏ° 1, 2, 3... Ó!§ˆÏÎ˚ xl%e´Ù!ê˛Ó˚ ≤ÃÌÙñ !mï˛#Î˚ñ ï,˛ï˛#Î˚ ˛õò=!° !lî≈Î˚ Ü˛Ó˚y •Î˚–

í z̨òy•Ó˚î ≠ 
n

n +
RST

UVW =
1

1

2

2

3

3

4
, , , ...;  {Zn–1}=1, 2, 4, 8...;{(–1)n(n2–1)}=0, 3, –8, 15,....

2.5.2 ˆ◊!î Óy e´Ù ≠ ˆÜ˛yˆÏly xl%e´ˆÏÙÓ˚ ˛õò=!°ˆÏÜ˛ ˆÎyà xÌÓy !ÓˆÏÎ˚yà !ã˛•´ myÓ˚y Î%_´ Ü˛Ó˚ˆÏ° ï˛yˆÏÜ˛ e´Ù Ó°y
•Î˚– Î!ò {u

n
} ~Ü˛!ê˛ xl%e´Ù •Î˚ñ ï˛ˆÏÓ u

1
+u

2
+u

3
+... xÌ≈yÍ ∑u

n
 ˆÜ˛ ~Ü˛!ê˛ e´Ù Ó°y • Ï̂Ó– ~Ü˛!ê˛ e´Ù §§#Ù G

x§#Ù ò%•z ≤ÃÜ˛yˆÏÓ˚Ó˚•z •ˆÏï˛ ˛õyˆÏÓ˚– u
1
,u

2
,u

3
... ˆÜ˛ ÎÌye´ˆÏÙ e´Ù!ê˛Ó˚ ≤ÃÌÙñ !mï˛#Î˚ñ ï,˛ï˛#Î˚ñ ˛õò ÓˆÏ°–

í˛zòy•Ó˚î ≠ §§#Ù ˆ◊!î ≠ 1) 1+2+3+....+10; 2) 1+y
2
+y

3
+y

4
+y

5

x§#Ù ˆ◊!î ≠ 1) 13+23+33+... 2) 1+y
3
+y

a
+...

ˆÜ˛yˆÏly x§#Ù ˆ◊!îÓ˚ ≤ÃÌÙ n ˛õˆÏòÓ˚ ˆÎyàÊ˛°ˆÏÜ˛ nÈüÈï˛Ù xyÇ!¢Ü˛ ˆÎyàÊ˛° ÓˆÏ° ~ÓÇ •z•yˆÏÜ˛ S
n
 myÓ˚y !ã˛!•´ï˛

Ü˛Ó˚y •Î˚– §%ï˛Ó˚yÇ ∑u
n
 x§#Ù ˆ◊!îÓ˚ ˆ«˛ˆÏe nüÈï˛Ù xyÇ!¢Ü˛ ˆÎyàÊ˛° •°≠ 

n

n n i

i

S u u ... u u
=

= + × + =∑1 2

1

2.6 §hs˝ï˛ Óy x!Ó!FSÈß¨ xˆÏ˛õ«˛Ü˛

(a, b) ÓƒÓ!ôˆÏï˛ f(x) Ê˛yÇ¢ˆÏlÓ˚ ˆ°á!ã˛ˆÏe ÓƒÓ!ôÓ˚ ÙôƒÓï≈˛# ˆÜ˛yˆÏly !Ó®%ˆÏï˛ Î!ò ÊÑ˛yÜ˛y ly ÌyˆÏÜ˛ ï˛ˆÏÓ ˙ ÓƒyÓ!ôˆÏï˛
f(x) xˆÏ˛õ«˛Ü˛!ê˛ˆÏÜ˛ x!Ó!FSÈß¨ xˆÏ˛õ«˛Ü˛ Ó°y •Î˚– xÌ≈yÍ x!Ó!FSÈß¨ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆ°á!ã˛e xB˛ˆÏlÓ˚ ˆ«˛ˆÏe ˆ˛õ!™° ly
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ï%˛ˆÏ° ~Ü˛ ê˛yˆÏl ˆ°á!ã˛e xB˛l Ü˛Ó˚y ÎyÎ˚– ˆÎÈüÈˆÜ˛yˆÏly !Ó®% x=a ˆï˛ f(x) Ê˛yÇ¢lˆÏÜ˛ x!Ó!FSÈß¨ Ó°y •ˆÏÓ Î!ò

lim ( ) lim ( ) ( )
x a x a

f x f x f a
→ + = −

= =  •Î˚–

§%ï˛Ó˚yÇ x=a ˆï˛ f(x) xˆÏ˛õ«˛Ü˛ˆÏÜ˛ x!Ó!FSÈß¨ Ó°y •ˆÏÓ Î!ò f(a) §ÇK y!Î˚ï˛ •Î˚ ~ÓÇ lim ( ) ( )
x a

f x f a
→

=  •Î˚ xÌ≈yÍ

lim ( ) lim ( ) ( )
x a x a

f x f x f a
→ + → −

= =  xyÙÓ˚y lim ( ) lim ( ) ( )
h h

f a h f a h f a
→ →

+ = − =
0 0

 •Î˚–

       !ã˛e 12 : f(x) = x2+3             !ã˛e 13 :  f(x) = |x|              !ã˛e 13   f(x) = x

!ã˛e 12 ~ f(x) = x2+3 xˆÏ˛õ«˛Ü˛!ê˛ñ  !ã˛e 13 ˆï˛ f(x) = |x| ~ÓÇ ï,̨ ï˛#Î˚ !ã˛ˆÏe f(x) = x xˆÏ˛õ«˛Ü˛!ê˛ (–2, 2)

ÓƒÓ!ôˆÏï˛ x!Ó!FSÈß¨–

xÌ≈yÍ x!Ó!FSÈß¨ xˆÏ˛õ«˛Ü˛ˆÏÜ˛ !l¡¨!°!áï˛Ë˛yˆÏÓ §ÇK y!Î˚ï˛ Ü˛Ó˚y ÎyÎ˚ÈüüüÈ

~Ü˛!ê˛ Ù%_´ xhs˝Ó˚y Ï̂° x=a !Ó®%ˆÏï˛ f(x) xˆÏ˛õ«˛Ü˛!ê˛ x!Ó!FSÈß¨ •ˆÏÓ Î!ò δ>0 ~Ó˚Ü˛Ù !Ü˛S%È !Ó®% ÌyˆÏÜ˛ ˆÎáyˆÏl
|f(x)–f(a)|<∈, Îál•z |x–a| < δ, ˆÎ ˆÜ˛yˆÏly ∈>0ÈüÈÓ˚ çlƒñ •ˆÏÓ–

í z̨òy•Ó˚î≠ 2.4.1: ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎ y =|x| xˆÏ˛õ«˛Ü˛!ê˛ §Ó≈e x!Ó!FSÈß¨–

y =|x| xˆÏ˛õ«˛Ü˛!ê˛Ó˚ ˆ°á!ã˛e !ã˛e 13ÈüÈˆï˛ Ó!î≈ï˛ xyˆÏSÈ– xyÙÓ˚y çy!l |x| = x Îál x>0  |x| ~Ó˚ –x Îál
x < 0

ˆ°á!ã˛e ˆÌˆÏÜ˛ ˆòáy ÎyÎ˚ ˆÎ (–∝, ∝) ÓƒÓ!ôˆÏï˛ |x| §Ó≈e•z x!Ó!FSÈß¨– §%ï˛Ó˚yÇ x=0 !Ó®%ˆÏï˛ ~Ó˚ x!Ó!FSÈß¨ï˛y
!Óã˛yÓ˚ Ü˛Ó˚ˆÏ°•z ã˛°ˆÏÓ–

~ál x=0 !Ó®%ˆÏï˛ lim ( ) lim( )
x x

f x x
→ →+ −

= − =
0 0

0

lim ( ) lim
x x

f x x
→ →+ +

= =
0 0

0

f(0) = 0

 – 2  –1         1     2         – 2  –1         1     2      – 2  –1         1     2
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!ã˛e 13

§%ï˛Ó˚yÇ lim ( ) lim ( ) ( )
x x

f x f x f
→ →+ −

= =
0 0

0

xÌ≈yÍ x=0 !Ó®%!ê˛ˆÏï˛ xˆÏ˛õ«˛Ü˛!ê˛ x!Ó!FSÈß¨–

xÌ≈yÍ y=|x| xˆÏ˛õ«˛Ü˛!ê˛ §Ó≈e•z x!Ó!FSÈß¨–

í˛zòy•Ó˚î ≠ 2.4.2 : ˆòáyG ˆÎ f(x) = 2x xˆÏ˛õ«˛Ü˛!ê˛ ~Ü˛!ê˛ x!Ó!FSÈß¨ xˆÏ˛õ«˛Ü˛–

!ã˛e  14

ôÓ˚y ÎyÜ˛ x=3 ~Ü˛!ê˛ !Ó®% ÎyÓ˚ xˆÏ˛õ«˛Ü˛ Ùyl f(3) = 6 ~ál ≤Ãò_ xˆÏ˛õ«˛Ü˛!ê˛ ~•z !Ó®%ˆÏï˛ x!Ó!FSÈß¨ •ˆÏ° Î!òñ
ˆÜ˛yˆÏly §Çáƒy ∈>0 Îï˛ ˆSÈyˆÏê˛y•z ˆ•yÜ˛ ly ˆÜ˛l ï˛yÓ˚ çlƒ δ>0 !Ü˛S%È Ùylñ •ˆÏï˛ ˛õyˆÏÓ˚ á%Ó•z ˆSÈyˆÏê˛yñ ˆ§ê˛y ˛õyGÎ˚y
ÎyˆÏÓñ ÎyÓ˚ Ê˛ˆÏ° (3–δ, 3+δ) ÙˆÏôƒÓ˚ x ˆ§ˆÏê˛Ó˚ §Ü˛° ÙyˆÏlÓ˚ çlƒ §ÙhflÏ xˆÏ˛õ«˛Ü˛Ùyl (6–∈, 6+∈) myÓ˚y Ó!î≈ï˛
ˆ§ˆÏê˛ xÓfliyl Ü˛Ó˚ˆÏÓ– xÌ≈yÍ x=3 ~Ó˚ !lÜ˛ê˛Óï≈˛# !Ó®%=!°Ó˚ xˆÏ˛õ«˛Ü˛Ùyl Ùyl=!° f(3) ~Ó˚ Ü˛ySÈyÜ˛y!SÈ xÓfliyl
Ü˛Ó˚̂ ÏÓ– Î!ò ∈= 0.01 G δ= 0.002 ôÓ˚y •Î˚ñ ï˛y•ˆÏ° x∈(3–0.002, 3+0.002) í˛z˛õÓ˚ §Ç!Oï˛ f(x) ~Ó˚ Ùyl=!°
f(3) ~Ó˚ ∈ ò)Ó˚ˆÏcÓ˚ ÙˆÏôƒ xÓfliyl Ü˛Ó˚ˆÏÓ– xÌ≈yÍ f(x)∈(f(3–0.002, 3+.002)) ˆÓyV˛yÎ˚ f(x)∈(6–0.004,

y = – x y=f(x)

y=|x|

xo

y = f(x)
y = 2(x)

6+6

6

6–6

x

3+δ
3–δ
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6+0.004) ~•z §ÓÜ˛!ê˛ ÙyˆÏlÓ˚ xÓfliyl f(3) = 6 ~Ó˚ ˆÌ Ï̂Ü˛ ∈ = 0.001 ò)Ó˚ˆÏcÓ˚ ÙˆÏôƒ δ ~Ó˚ Ùyl Î!ò ôÓ˚y •Î˚
δ≤0.005 ï˛y•ˆÏ° ~!ê˛ §ï˛ƒ •ˆÏÓ– xÌ≈yÍ §yôyÓ˚îË˛yˆÏÓ ~ê˛y Ó°y Î˚yÎ˚ ˆÎ x=a ~•z ôÓ˚ˆÏlÓ˚ ˆÎÈüÈˆÜ˛yˆÏly ÙyˆÏlÓ˚ ˆ«˛ˆÏe
f(x); f(a) ÈüÈÓ˚ ∈ ò)Ó˚ˆÏc ÙˆÏôƒ xÓfliyl Ü˛Ó˚ˆÏÓ Îï˛«˛î δ<∈/2 • Ï̂Ó– x∈(a–∈/2, a+∈/2)ÈüÈ~Ó˚ çlƒ f(x)∈(2a–

∈, 2a+∈) •ˆÏÓ– f(x) = 2x ~•z xˆÏ˛õ«˛Ü˛!ê˛ x∈R ~Ó˚ ≤ÃˆÏï˛ƒÜ˛!ê˛ !Ó®%ˆÏï˛ x!Ó!FSÈß¨–

í z̨òy•Ó˚î 2.4.3 ≠ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ f : R→R Ó!î≈ï˛ •Î˚ ~Ë˛yˆÏÓ ˆÎ

f x
x a

x a
b g =

−

−

15 15

12 12  Îál x≠a

=
a3

4
 Îál x=a

~ˆÏ«˛ˆÏe R ~Ó˚ G˛õÓ˚ f ~Ó˚ x!Ó!FSÈß¨ï˛y ˛õÓ˚#«˛y Ü˛Ó˚&l–

§Ùyôyl ≠ ô!Ó˚ x∈R ~ÓÇ x≠a– ï˛y•ˆÏ° f x
x a

x a
b g =

−

−

15 15

12 12
 ~Ü˛!ê˛ Ó#çày!î!ï˛Ü˛ xˆÏ˛õ«˛Ü˛ ˆ§!ê˛ a Óƒï˛#ï˛

RÈüÈ~Ó˚ §Ó x ~Ó˚ çlƒ x!Ó!FSÈß¨–

~álñ 
lim ( ) lim limf x

x a

x a

x a

x a

x a

x a

x a
x a x a x a→ → →

=
−

−
=

−
−
−
−

− ≠
15 15

12 12

15 15

12 12
0∵

=
−

−
=

L
NM

O
QP

−

− →

−15

12

15 1

12 1

1a

a

x a

x a
na

x a

n n
n

∵ lim ,

=
5

4

3
a  !Ü˛v f a a f x t a

x a
( ) lim ( ) ( )= ∴ ≠

→

1

4

3

§%ï˛Ó˚yÇ n = a !Ó®%ˆÏï˛ f x!Ó!FSÈß¨ lÎ˚– xï˛~Óñ R ~Ó˚ í z̨̨ õÓ˚ f x!Ó!FSÈß¨ lÎ˚–

2.6.1 x!Ó!FSÈß¨ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆÙÔ!°Ü˛ ôÙ≈§Ù)• ≠

(i) ~Ü˛!ê˛ ô &ÓÜ˛ xˆÏ˛õ«˛Ü˛ §Ó≈òy•z x!Ó!FSÈß¨ xˆÏ˛õ«˛Ü˛–

(ii) ~Ü˛•z ˛õ!Ó˚§ˆÏÓ˚ §ÇK˛yï˛ ò%•z!ê˛ x!Ó!FSÈß¨ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆÎyàÊ˛° Óy !ÓˆÏÎ˚yàÊ˛° x!Ó!FSÈß¨ xˆÏ˛õ«˛Ü˛ •Î˚–

(iii) ~Ü˛•z ˛õ!Ó˚§ˆÏÓ˚ §ÇK yï˛ ò%•z!ê˛ x!Ó!FSÈß¨ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ =îÊ˛° ~Ü˛!ê˛ x!Ó!FSÈß¨ xˆÏ˛õ«˛Ü˛–

(iv) ~Ü˛•z ˛õ!Ó˚§ˆÏÓ˚ §ÇK yï˛ ò%•z!ê˛ x!Ó!FSÈß¨ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ë˛yàÊ˛° ~Ü˛!ê˛ x!Ó!FSÈß¨ xˆÏ˛õ«˛Ü˛ •ˆÏÓ Î!ò xÓ!¢‹T
xˆÏ˛õ«˛Ü˛!ê˛ ˛õ!Ó˚§ˆÏÓ˚Ó˚ ˆÜ˛yˆÏly xÇˆÏ¢ ¢)lƒ ly •Î˚–

Îál n ôlydÜ˛ ˛õ)î≈§Çáƒy
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(v)  ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ ˆÜ˛yˆÏly Ók˛ G §#ÙyÓk˛ ≤ÃyˆÏhs˝ (close-end) x!Ó!FSÈß¨ •ˆÏ° ˆ§!ê˛ §#ÙyÓk˛ xˆÏ˛õ«˛Ü˛ •ˆÏÓ
!Ü˛v ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ ˆÜ˛yˆÏly Ù%_´ ≤ÃyˆÏhs˝ (open end) x!Ó!FSÈß¨ •ˆÏ° ˆ§!ê˛ §#ÙyÓk˛ •ˆÏï˛G ˛õyˆÏÓ˚ Óy lyG •ˆÏï˛ ˛õyˆÏÓ˚–

2.7 §yÓ˚yÇ¢

~•z ~Ü˛ˆÏÜ˛ !Ó!Ë˛ß¨ ôÓ˚ˆÏlÓ˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆ°á!ã˛e Óî≈ly G xB˛l ˛õk˛!ï˛ xyˆÏ°y!ã˛ï˛ •ˆÏÎ˚ˆÏSÈ– e´Ù G xl%e´Ù ~ÓÇ
x!Ó!FSÈß¨ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ôÓ˚l G ˜Ó!¢‹TƒG xyˆÏ°y!ã˛ï˛ •ˆÏÎ˚ˆÏSÈ–

2.8 xl%¢#°l#

1. §)ã˛Ü˛ xˆÏ˛õ«˛Ü˛ ~ÓÇ °ày!Ó˚ò‰Ù#Î˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ÙˆÏôƒ ˛õyÌ≈Ü˛ƒ Ü˛Ó˚&l–

2. !lˆÏ¡¨Ó˚ xˆÏ˛õ«˛Ü˛=!° Ü˛# ôÓ˚ˆÏlÓ˚ xˆÏ˛õ«˛Ü˛⁄

a) y = 2x3–30x2+126x+59 b) y= x2+6x+15

3. f(x) = x2–3x–4ÈüÈ~Ó˚ ˆ°á!ã˛e xB˛l Ü˛Ó˚&l–

4. ôyÓ˚yÓy!•Ü˛ï˛y G ˆ◊!îÓ˚ ÙˆÏôƒ ˛õyÌ≈Ü˛ƒ Ü˛Ó˚&l–

5. f(x) = |x+1| !Ü˛ x!Ó!FSÈß¨ xˆÏ˛õ«˛Ü˛⁄ ˛õÓ˚#«˛y Ü˛ˆÏÓ˚ ˆòáyl–
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~Ü˛Ü˛ 3 ppppp ~Ü˛ ã˛°Ó˚y!¢ !Ó!¢‹T xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°l Óy xÓÜ˛°l

àë˛l

3.1 í˛zˆÏj¢ƒ

3.2 ≤ÃhflÏyÓly

3.3 ˆÜ˛yˆÏly ˆÓ˚áyÓ˚ l!ï˛

3.4 flõ¢≈ˆÏÜ˛Ó˚ l!ï˛ G ï˛yÓ˚ xÓÜ˛° Óy xhs˝Ó˚ç

3.5 ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚ G ï˛yÓ˚ xÌ≈˜Ïl!ï˛Ü˛ ï˛yÍ˛õÎ≈

3.6 xhs˝Ó˚Ü˛°ˆÏçÓ˚ §Ó˚° !lÎ˚ÙyÓ!°

3.7 ˆÎyàñ =î G Ë˛yàÊ˛ˆÏ°Ó˚ xÓÜ˛°l

3.8 !mï˛#Î˚ G í˛zFã˛ï˛Ó˚ ÙyeyÓ˚ xhs˝Ó˚Ü˛°ç G ï˛yÓ˚ ≤ÃˆÏÎ˚yà

3.9 §yÓ˚yÇ¢

3.10 xl%¢#°l#

3.11 @˝Ãsi˛õ!O

2.1 í ẑ̨ Ïj¢ƒ

~•z ~Ü˛Ü˛!ê˛ ˛õyë˛ Ü˛Ó˚ˆÏ° SÈyeSÈye#Ó˚y çylˆÏï˛ ˛õyÓ˚ˆÏÓl

l ˆÜ˛yˆÏly xˆÏ˛õ«˛ˆÏÜ˛Ó˚ l!ï˛

l ˆÜ˛yˆÏly xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ˆÏlÓ˚ !lÎ˚ÙyÓ!°

l ò%•z Óy ï˛ˆÏï˛y!ôÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆÎyàñ =î G Ë˛yàÊ˛ˆÏ°Ó˚ ˆ«˛ˆÏe xÓÜ˛°l

l !mï˛#Î˚ G í˛zFã˛ï˛Ó˚ ÙyeyÓ˚ xÓÜ˛°l !lî≈Î˚ G ï˛yˆÏòÓ˚ ≤ÃˆÏÎ˚yà

3.2 ≤ÃhflÏyÓly

xÌ≈l#!ï˛Ó˚ ~Ü˛!ê˛ =Ó˚&c˛õ)î≈ !Ó£ÏÎ˚ ˆ•yˆÏ°y ˆÜ˛yˆÏly Ó˚y!¢ Ü˛ï˛ o&ï˛ §ÙˆÏÎ˚Ó˚ §ˆÏD ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚– ~•z ˛õ!Ó˚Óï≈˛ˆÏlÓ˚
•yÓ˚ Óy Ó,!k˛ çylyÓ˚ çlƒ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ ˆÎ ôÙ≈ Óy ˛õk˛!ï˛ §Çe´yhs˝ xyˆÏ°yã˛ly ï˛yˆÏÜ˛•z Ó°y •Î˚ xhs˝Ó˚Ü˛°l– xÌ≈l#!ï˛Ó˚
ˆ«˛ˆÏe ˆÎÙl í˛zÍ˛õyòl Ó,!k˛Ó˚ §ˆÏD Ù%lyÊ˛y Ó,!k˛Ó˚ •yÓ˚ñ xyˆÏÎ˚Ó˚ •…y§ Ó,!k˛Ó˚ §ˆÏD §ˆÏD ç#ÓlÎyeyÓ˚ ÙyˆÏlÓ˚ ˛õ!Ó˚Óï≈˛l
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•zï˛ƒy!ò çylyÓ˚ ≤ÃˆÏÎ˚yçl •Î˚– y = f(x) xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ~•z x ã˛°Ó˚y!¢Ó˚ ˛õ!Ó˚Óï≈˛lÓ˚ §ˆÏD y ~Ó˚ ˛õ!Ó˚Óï≈˛l °«˛ Ü˛Ó˚y
ÎyˆÏÓ ï˛y•z !lˆÏÎ˚•z xyˆÏ°yã˛ly Ü˛Ó˚y ÎyÎ˚ xhs˝Ó˚Ü˛°ˆÏlÓ˚ ÙyôƒˆÏÙ–

2.3 ˆÜ˛yˆÏly ˆÓ˚áyÓ˚ l!ï˛

xÌ≈l#!ï˛Ó˚ ˛õyˆÏë˛Ó˚ ~Ü˛!ê˛ =Ó˚&c˛õ)î≈ ˆ«˛ˆÏe ˆ•yˆÏ°y !Ü˛S%È !Ó£ÏÎ˚ ˆÎÙl §ÙˆÏÎ˚Ó˚ §ˆÏD §ˆÏD í˛zÍ˛õyòˆÏlÓ˚ ˛õ!Ó˚ÙyˆÏîÓ˚
˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚ˆÏÜ˛ ˆÙˆÏ˛õ ˆòáy Óy çyï˛#Î˚ xyÎ˚ Ó,!k˛Ó˚ à!ï˛ ≤ÃÜ,˛!ï˛ °«˛ Ü˛Ó˚y •zï˛ƒy!ò– ~ál y = f(x) ~Ó˚ ÙyôƒˆÏÙ
Îál y G x ~Ó˚ ÙˆÏôƒ §¡õÜ≈˛ °«˛ƒ Ü˛Ó˚y •Î˚ ï˛ál ~•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆ°á!ã˛eÓ˚ ì˛y° ~•z ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ Ùyey G !òÜ˛
§¡õˆÏÜ≈˛ ôyÓ˚îy ˆòÎ˚– y = ax+b !òˆÏÎ˚ ≤ÃÜ˛y!¢ï˛ §Ó˚°ˆÏÓ˚áy!ê˛Ó˚ ˆ«˛ˆÏe ‘a’ÈüÈÓ˚ ÙyôƒˆÏÙ ì˛y° Óy l!ï˛ ~ÓÇ ‘b’ÈüÈÓ˚ ÙyôƒˆÏÙ
ˆSÈòÜ˛ ˆÓyV˛yˆÏly •Î˚– Î!ò ‘a’üÈÓ˚ Ùyl ôlydÜ˛ ~ÓÇ ÓˆÏí˛¸y •Î˚ ï˛y•ˆÏ° ˆÓ˚áy!ê˛ ÓÑyÈüÈ!òÜ˛ ˆÌˆÏÜ˛ í˛yl !òˆÏÜ˛ }ç% (steep)

Ë˛yˆÏÓ ÓyˆÏí˛¸ Óy í˛zôÁ≈Ù%á# •Î˚ ~ÓÇ ‘a’ Î!ò ÓˆÏí˛¸y G }îydÜ˛ •Î˚ ï˛y•ˆÏ° ˆÓ˚áy!ê˛ !l¡¨y!Ë˛Ù%á# •Î˚– ~ÓyÓ˚ ~•z }ç%ï˛y
Ó°ˆÏï˛ ˆÓyV˛yÎ˚ ˆÎ ˆÜ˛yˆÏly ˆÓ˚áyÓ˚ ˆÎ ˆÜ˛yˆÏly !l!ò≈‹T !Ó®%ˆÏï˛ ˆÎ flõ¢≈Ü˛ xÑyÜ˛y ÎyÎ˚ ï˛yÓ˚ ì˛y° Óy l!ï˛ˆÏÜ˛ñ ˆ°á!ã˛ˆÏeÓ˚
ˆÎ ˆÜ˛yˆÏly !l!ò≈‹T !Ó®%ˆÏï˛ x!B˛ï˛ flõ¢≈ˆÏÜ˛Ó˚ ì˛y°ˆÏÜ˛•z ‘f’ÈüÈ~Ó˚ G•z !Ó®%ˆÏï˛ xhs˝Ó˚ç Ó°y •Î˚– ~ˆÏÜ˛ f /(a) !•§yˆÏÓ
≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– §%ï˛Ó˚yÇ f /(a) ˆ•yˆÏ°y y = f(x) xˆÏ˛õ«˛ˆÏÜ˛Ó˚ (a, f(a)) !Ó®%ˆÏï˛ x!B˛ï˛ flõ¢≈ˆÏÜ˛Ó˚ l!ï˛–

ôÓ˚y ÎyÜ˛ñ AB Óe´ˆÏÓ˚áy!ê˛ y=f(x) x!Ó!FSÈß¨ Óy §hs˝ï˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ~Ü˛!ê˛ xÇ¢ ~ÓÇ P(x, y) G Q(x+δx,

y+δy) ~•z ˆÓ˚áyÓ˚ í˛z˛õÓ˚ Ü˛ySÈyÜ˛y!SÈ ò%•z!ê˛ !Ó®%– ôÓ˚y ÎyÜ˛ QP §Ó˚°ˆÏÓ˚áyˆÏÜ˛ Ó!ô≈ï˛ Ü˛Ó˚ˆÏ° ï˛y x xˆÏ«˛Ó˚ ôlydÜ˛
!òˆÏÜ˛Ó˚ §ˆÏD θ ˆÜ˛yî í˛zÍ˛õß¨ Ü˛ˆÏÓ˚– xÌ≈yÍ ∠XRP = θ– P G Q §ˆÏD x xˆÏ«˛Ó˚ í˛z˛õÓ˚ PM G QN °¡∫ xB˛l
Ü˛Ó˚y ˆ•yˆÏ°y– xyÓyÓ˚ P ˆÌˆÏÜ˛ QN ~Ó˚ í˛z˛õÓ˚ PS °¡∫ xÑyÜ˛y ˆ•yˆÏ°y– ï˛y•ˆÏ° PS = MN = ON – OM = x +δx

– x = δx ~ÓÇ δQ = QN – SN = y + δy – y = δy ∠SPQ = θ = ∠XRP;

∴ = =tanθ
δ
δ

QS

PS

y

x

Î!ò AB Óe´ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚ !òˆÏÎ˚ e´Ù Q→P •Î˚ñ xÌ≈yÍ P G Q á%Ó Ü˛ySÈyÜ˛y!SÈ •Î˚ ï˛ˆÏÓ PQ çƒy PT flõ¢≈ˆÏÜ˛Ó˚
§ˆÏD §Ùy˛õ!ï˛ï˛ •ˆÏÓ– ˆ§ˆÏ«˛ˆÏe δx→0, ~ÓÇ θ→φ •ˆÏÓ ˆÎáyˆÏl φ =∠XTP

 y B

Q(x+δx, y+δy)

P(x, y) θ
S

 A
φ

θ

O    T    R   M    N               X
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∴ = = =
→ →

tan lim tan limθ θ
δ
δδQ P x

y

x

dy

dx0

§%ï˛Ó˚yÇ AB Óe´ˆÏÓ˚áyÓ˚ P(x, y) !Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛Ó˚ ì˛y° ˆ•yˆÏ°y 
dy

dx

3.4 flõ¢≈ˆÏÜ˛Ó˚ l!ï˛ G ï˛yÓ˚ xÓÜ˛° Óy xhs˝Ó˚ç

ôÓ˚y ÎyÜ˛ xy ˆ«˛ˆÏe (plane) ~Ü˛!ê˛ Óe´ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚ P ~Ü˛!ê˛ !Ó®%– G•z ˆÓ˚áyÓ˚ í˛z˛õÓ˚ x˛õÓ˚ ~Ü˛!ê˛ !Ó®% Q !lˆÏÎ˚
~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ ÙyôƒˆÏÙ PQ Î%_´ Ü˛Ó˚y •°

            Fig. : 4.1                        Fig.  4.2                          Fig.  4.3

~•z PQ §Ó˚°ˆÏÓ˚áyˆÏÜ˛ ÓˆÏ° Ü˛ï≈˛Ü˛ (secart) ~•z Ü˛ï≈˛Ü˛ˆÏÜ˛ Î!òñ P ˆÜ˛ !fliÓ˚ ˆÓ˚ˆÏá ï˛yÓ˚ Q !Ó®%ˆÏÜ˛ P ~Ó˚ !òˆÏÜ˛
â%!Ó˚ˆÏÎ˚ xyly •ˆÏï˛ ÌyˆÏÜ˛ ï˛y•ˆÏ° PT !•ˆÏ§ˆÏÓ ˆÎ §#Ùy!Î˚ï˛ (limiting) Ü˛ï≈˛Ü˛ ˛õyGÎ˚y ÎyÎ˚ ï˛yˆÏÜ˛ Ó°y •Î˚ åPÈüÈ~Ó˚
§yˆÏ˛õˆÏ«˛ä ~•z Ü˛ï≈˛Ü˛ ˆÌˆÏÜ˛ P !Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛Ó˚ ≤Ã!e´Î˚y í˛z˛õˆÏÓ˚y_´ 4.1–4.3 ˆï˛ ˆòáyˆÏly xyˆÏSÈ–

P !Ó®%Ó˚ fliylyB˛ [a, f(a)]– ~ál f ~Ó˚ ˆ°á!ã˛eÓ˚ í˛z˛õÓ˚ xÓ!fliï˛ P ~Ó˚ !lÜ˛ê˛Óï≈̨ # Q ~Ó˚ x xˆÏ«˛Ó˚ fliylyB˛ ôÓ˚y
ÎyÜ˛ a+h ˆÎáyˆÏl h ˆ•yˆÏ°y ~Ü˛!ê˛ «%˛o §Çáƒy G h ≠ 0 xÌ≈yÍ Q ~Ó˚ x xˆÏ«˛Ó˚ fliylyB˛ a lÎ˚ !Ü˛v a ~Ó˚ !lÜ˛ê˛Óï≈̨ #
Ü˛yÓ˚î Q ≠ P ˆÎˆÏ•ï%˛ Q f ~Ó˚ ˆ°á!ã˛ˆÏe xyˆÏSÈ §%ï˛Ó˚yÇ ï˛yÓ˚ y xˆÏ«˛Ó˚ fliylyB˛ f(a+h) xï˛~Ó P G Q Ó˚ fliylyB˛

ÎÌye´ˆÏÙ P=(a,f(a)) G Q=(a+h, f(a+w)). PQ Ü˛ï≈˛Ü˛!ê˛Ó˚ ì˛y° •ˆÏ°y m
f a h f a

h
=

+ −b g b g
....( )1  à!îˆÏï˛ ~•z

Ë˛@¿yÇ¢!ê˛ˆÏÜ˛ füÈ~Ó˚ !lí˛zê˛l Ë˛yàÊ˛° Óy xhs˝Ó˚Ü˛°l Ë˛yàÊ˛° Ó°y •Î˚– (Newton quotient or differential

quotient)– Î!ò h=0 •Î˚ ï˛ Ï̂Ó m x§ÇK yï˛ • Ï̂Ó Ü˛yÓ˚î m =
0

0
 • Ï̂Ó– !Ü˛v Îál Q e´Ù¢/ P ~Ó˚ !lÜ˛ê˛Óï≈˛# •ˆÏï˛

ÌyˆÏÜ˛ (Q tends to P), f ˆ°á!ã˛e ÓÓ˚yÓÓ˚ ï˛ál Q ~Ó˚ x fliylyB˛ a+h, aÈüÈÓ˚ !òˆÏÜ˛ x@˝Ã§Ó˚ •ˆÏï˛ ÌyˆÏÜ˛ G h, 0ÈüÈÓ˚

y t

Q

P

O x O

P

T

Q

T

P

Qf

Q=(a+h,

f(a+h)

f(a+h)

-f(h)P=(a,f(a))

y
y

x x
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!òˆÏÜ˛ Óy 0ÈüÈÓ˚ Ü˛ySÈyÜ˛y!SÈ •ˆÏï˛ ÌyˆÏÜ˛ (h tends to zero)– ~Ü˛•z §ˆÏD PQ Ü˛ï≈˛Ü˛ñ P !Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛ ˛õ!Ó˚îï˛ •Î˚–
xÌ≈yÍ h Îál ¢)lƒ •ˆÏï˛ ÌyˆÏÜ˛ ˆ§•z xÓfliyÎ˚ (i) ~ m ~Ó˚ §Çáƒy•z ˆ•yˆÏ°y P flõ¢≈ˆÏÜ˛Ó˚ ì˛y°– §%ï˛Ó˚yÇ Ó°y ÎyÎ˚

′ =
+ −

→
f a

f a h f a

hh
( ) lim

( ) ( )

0

f/(a) ˆ•yˆÏ°y f ˆ°á!ã˛eÓ˚ a !Ó®%ˆÏï˛ xÓÜ˛°ñ (Derivative)

f(x) ˆ°á!ã˛ˆÏe flõ¢≈ˆÏÜ˛Ó˚ §Ù#Ü˛Ó˚î ˆ•yˆÏ°y (a, f(a)) !Ó®%Ó˚ §yˆÏ˛õˆÏ«˛ y–f(a)=f /(a)(x–a)

í˛zòy•Ó˚î ≠ 3.2.1 §)e 2 xl%§yˆÏÓ˚ f(x) = x2 ~•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §yˆÏ˛õˆÏ«˛ f /(a) !lî≈Î˚ Ü˛ˆÏÓ˚y– ′
F
HG

I
KJ ′f f

1

2
0, ( )  G

′ −f 1b g  ~Ó˚ Ùyl=!° !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ≠ f(x) = x2 ~Ó˚ ˆ«˛ˆÏe f(a+h) = (a + h)2 = a2 + 2ah + h2

\ f(a+h) –f(a) = (a2 + 2ah + h2) – a2 = 2ah + h2

§%ï˛Ó˚yÇ §Ü˛° f ≠ 0ÈüÈÓ˚ çlƒ

f a h f a

h

ah h

h

h a h

h
a h

+ −
=

+
=

+
= +

b g b g( ) 2 2
2

2

2

∴ ′ =
+ −

= + =
→ →

f a
f a h f a

h
a h a

h h
b g b g b glim

( )
lim

0 0
2 2

Îál a = y
2
 ï˛ál ′

F
HG

I
KJ = − =f

1

2
2

1

2
1

Îál a = 0 ï˛ál f /(0) = 2 × 0 = 0

Îál a = –1 ï˛ál f /(–1) = 2 × (–1)= –2

à!îˆÏï˛Ó˚ ÓƒÓ•y!Ó˚Ü˛ ˆ«˛ˆÏe xÓÜ˛ˆÏ°Ó˚ ˆ«˛ˆÏe (derivative) ˆÎ xhs˝Ó˚Ü˛°l !ã˛•´ (differential notation)

ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚ ï˛y !°Ó!lç (Lebnitz) ≤Ãî#ï˛– Î!ò x Į̈̂ õ«˛Ü˛!ê˛ y = f(x) •° ï˛y•ˆÏ° ï˛yÓ˚ f /(x) •ˆÏÓ 
dy

dx
 Óy

df x

dx

( )

xÌ≈yÍ y = x2 ~Ó˚ ˆ«˛ˆÏe 
dy

dx
x= 2



42

Î!ò §#ÙyÓ˚ x!hflÏc ÌyˆÏÜ˛ ï˛ál ′ =f x
dy

dx
b g

= −
= −

= −
+ −

→ →
lim lim ,

∆

∆

∆x h

x x f x

x

x h f x

h0 0

b g b g b g b g
ˆÜ˛ ≤ÃÌÙ l#!ï˛ ˆÌˆÏÜ˛ xhs˝Ó˚Ü˛°ç Ó°y •Î˚–

I xhs˝Ó˚yˆÏ°Ó˚ Î!ò x = x + h∈I •Î˚ ï˛ál ′ =
−

−→
f c

f x f c

x ch
b g b g b g

lim
0

 åÎ!ò §#ÙyÓ˚ x!hflÏc ÌyˆÏÜ˛ä

°«˛î#Î˚ ˆÎ ˆÎˆÏ•ï%˛ x = c + h, §%ï˛Ó˚yÇ x→c Îál h→0,– flõ‹Tï˛•z x = c !Ó®%ˆÏï˛ f ′(x) ~Ó˚ Ùyl f ′(c)

~ÓÇ xyÙÓ˚y !°!á ′ = ′ =f c f x x cb g b g
f xˆÏ˛õ«˛Ü˛ˆÏÜ˛ I xhs˝Ó˚yˆÏ°Ó˚ c !Ó®%ˆÏï˛ xÓÜ˛°lˆÏÎyàƒ (differentiable of deriable) Ó°y • Ï̂Ó Î!ò f ′(c) ~Ó˚

x§#Ù x!hflÏc ÌyˆÏÜ˛ ~ÓÇ x !Ó®%ˆÏï˛ f xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç !lî≈ˆÏÎ˚Ó˚ ≤Ã!e´Î˚yˆÏÜ˛ xÈüÈ~Ó˚ §yˆÏ˛õˆÏ«˛ f  xˆÏ˛õ«˛ˆÏÜ˛Ó˚
xÓÜ˛°l ≤Ã!e´Î˚y Ó°y •Î˚–

ê˛#Ü˛y ≠ i) x∈I •ˆÏ° G•z !Ó®%ˆÏï˛ xˆÏ˛õ«˛Ü˛ f : I→R ~Ó˚ xhs˝Ó˚Ü˛°ˆÏçÓ˚ §§#Ù x!hflÏc ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚ Óy lyG
ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚– ˆ§ˆÏ•ï%˛ xÓÜ˛!°ï˛ xˆÏ˛õ«˛Ü˛ (derived function) f ′ ~Ó˚ ˛õ!Ó˚§Ó˚ §Ó≈òy•z I ~Ó˚ í˛z˛õôfli (subset)

•ˆÏÓ–

ii) I xhs˝Ó˚yˆÏ°Ó˚ ˆÜ˛yˆÏly !Ó®% x ~ f ′(x) ~Ó˚ Ùyl +∝ Óy –∝ •ˆÏï˛ ˛õyˆÏÓ˚– ˆ§ˆÏ«˛ˆÏeñ x !Ó®%ˆÏï˛ f xˆÏ˛õ«˛ˆÏÜ˛Ó˚
xhs˝Ó˚Ü˛°ç x§#Ù ôÓ˚y •ˆÏÓ–

iii) 
dy

dx
 myÓ˚y ~Ü˛!ê˛ §#ÙyÜ˛Ó˚î ≤Ã!e´Î˚yÓ˚ !ã˛•´ 

d

dx
yb g  ˆÓyV˛yˆÏly

xï˛~Óñ ~!ê˛ Ë˛yàÊ˛° dy÷dx !•§yˆÏÓ àîƒ Ü˛Ó˚y ÎyˆÏÓ lyñ ~ˆÏÜ˛ ˛õí˛¸y •ˆÏÓ !í˛y !í˛x xÌÓy ‘y ~Ó˚ !í˛ !í˛ x’–
ÓyÙ xhs˝Ó˚Ü˛°ç (left hand derivative) ~ÓÇ í˛yl xhs˝Ó˚ Ü˛°ç (Right hand derivative) ≠

ôÓ˚y ÎyÜ˛ñ f : [a, b]→R xˆÏ˛õ«˛Ü˛!ê˛ [a, b] ~•z Ók˛ G §#ÙyÓk˛ xhs˝Ó˚yˆÏ° §ÇKyï˛– ôÓ˚y ÎyÜ˛ñ c∈[a, b] Î!ò

lim
( ) ( )

h

f c h f c

h→
−

+ −
0

 ~Ó˚ §§#Ù x!hflÏc ÌyˆÏÜ˛ ï˛ˆÏÓ Ó°y ÎyÎ˚ñ c !Ó®%ˆÏï˛ f xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ÓyÙ xhs˝Ó˚Ü˛°ç Óï≈˛Ùyl

~ÓÇ ~•z §#Ùyfli ÙylˆÏÜ˛ Lf ′(c) myÓ˚y !ã˛!•´ï˛ Ü˛Ó˚y •Î˚– §%ï˛Ó˚yÇ Lf c
f c h f c

hh
′ = −

+ −
→

b g lim
( ) ( )

0
–

x=c !Ó®%ˆÏï˛ f xˆÏ˛õ«˛ˆÏÜ˛Ó˚ í˛yl xhs˝Ó˚Ü˛°ˆÏçÓ˚ x!hflÏc ÌyÜ˛ˆÏÓ Î!ò lim
( ) ( )

h

f c h f c

h→ +

+ −

0
 ~Ó˚ §§#Ù x!hflÏc

ÌyˆÏÜ˛ ~ÓÇ ˆ§!ê˛ Rf ′(c) myÓ˚y !ã˛!•´ï˛ Ü˛Ó˚y ÎyÎ˚–
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§%ï˛Ó˚yÇ Rf c
f c h f c

hh
′ = +

+ −
→

b g lim
( ) ( )

0

xï˛~Ó x = c !Ó®%ˆÏï˛ f xˆÏ˛õ«˛Ü˛ xÓÜ˛°lˆÏÎyàƒ •ˆÏ° Î!ò Lf ′(c) G Rf ′(c) í˛zË˛ˆÏÎ˚Ó˚•z §§#Ù x!hflÏc ÌyˆÏÜ˛
~ÓÇ ï˛yˆÏòÓ˚ Ùyl §Ùyl •Î˚– ï˛y•ˆÏ° Î!ò c !Ó®%ˆÏï˛ f xˆÏ˛õ«˛Ü˛ xÓÜ˛°lˆÏÎyàƒ •Î˚ ï˛ˆÏÓ Lf ′(c) = Rf ′(c) = f′(c),

[a, b] xhs˝Ó˚yˆÏ°Ó˚ ≤Ãyhs˝ !Ó®%ˆÏï˛ xhs˝Ó˚Ü˛°ç (Derivative at the end point of the interval [a, b])

c = a •ˆÏ° c !Ó®%ˆÏï˛ f xÓÜ˛°lˆÏÎyàƒ •ˆÏÓ Î!ò Rf(c) ~Ó˚ §§#Ù x!hflÏc ÌyˆÏÜ˛ ~ÓÇ ï˛y•ˆÏ° xyÙÓ˚y !°!á f ′(c)

= Lf ′(c)–

[a, b] xhs˝Ó˚yˆÏ°Ó˚ ˆÜ˛ylG !Ó®% c ˆï˛ xˆÏ˛õ«˛Ü˛ [a, b]→R xÓÜ˛°lˆÏÎyàƒ •ˆÏÓ Î!ò f ′(c) ~Ó˚ §§#Ù x!hflÏc
ÌyˆÏÜ˛ ~ÓÇ ˆ§ˆÏ«˛ˆÏe

f ′(x)| 
x = c

= f ′(c) Îál a < b < c

= Rf ′(c) Îál c = a

= Lf ′(c) Îál c = b

xÓÜ˛° (Differential) ≠

f(x) Î!ò f(x) ~Ó˚ xhs˝Ó˚Ü˛°ç •Î˚ ~ÓÇ x ~Ó˚ Ó,!k˛ ∆x •Î˚ñ ï˛ˆÏÓ f(x) ~Ó˚ xÓã˛° df(x) §ÇK!ï˛ •Î˚ df(x)

= f (x) ∆x...(1) ~•z §¡õˆÏÜ≈˛Ó˚ ÙyôƒˆÏÙ– Î!ò f (x) = x ï˛ál f ′(x) = 1 ~ÓÇ ˆ§ˆÏ«˛ˆÏe (1) lÇ §Ù#Ü˛Ó˚î ˆÌˆÏÜ˛
˛õy•z dx=∆x– xï˛~Óñ Îál x ~Ü˛!ê˛ fl∫yô#l ã˛°Ó˚y!¢ ï˛ál x ~Ó˚ xÓÜ˛° xÌ≈yÍ dx ~Ó˚ Ùyl ∆x ~Ó˚ §ˆÏD ~Ü˛
Óy x!Ë˛ß¨ •Î˚– §%ï˛Ó˚yÇ Î!ò y= f (x) •Î ï˛ Ï̂Ó (1) lÇ §Ù#Ü˛Ó˚î ˆÌˆÏÜ˛ ˛õy•zñ dy = f ′(x) dx– xÌ≈yÍ ~Ü˛!ê˛
xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xÓÜ˛ˆÏ°Ó˚ Ùyl G•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç G fl∫yô#l ã˛°Ó˚y!¢Ó˚ xÓÜ˛ˆÏ°Ó˚ =îÊ˛ˆÏ°Ó˚ §Ùyl–

í˛zòy•Ó˚î 3.2.2 ≠ xhs˝Ó˚Ü˛°ˆÏçÓ˚ ≤ÃÌÙ l#!ï˛ xl%§yˆÏÓ˚ ˆ°áyG ˆÎ ô &ÓˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç ¢)lƒ–

§Ùyôyl ≠ ô!Ó˚ f (x) = c; ˆÎáyˆÏl x∈R, ~Ü˛!ê˛ ô &ÓÜ˛– ï˛y•ˆÏ°ñ c

lim
( ) ( )

h

f c h f c

h→

+ −
0

=
−

→
lim
h

c c

h0
 [ , ]∵ f x c x Rb g = ∈

= 0  ∴ f(x+h)=c, x+h∈R

í˛zòy•Ó˚î 3.2.3 ≠ xhs˝Ó˚Ü˛°ˆÏçÓ˚ ≤ÃÌÙ l#!ï˛Ó˚ §y•yˆÏÎƒ ˆòáyG ˆÎ (ax2+bx+c) xˆÏ˛õ«˛Ü˛!ê˛Ó˚ xhs˝Ó˚Ü˛°ç !Ü˛
•ˆÏÓñ ~áyˆÏl a, b G c ¢)lƒ Óƒï˛#ï˛ ô &ÓÜ˛–

§Ùyôyl ≠ ô!Ó˚ f(x) = ax2+bx+c; x∈R ï˛y•ˆÏ° xhs˝Ó˚Ü˛°ˆÏçÓ˚ ≤ÃÌÙ l#!ï˛Ó˚ §y•yˆÏÎƒ ˛õy•z ˆÎñ



44

lim lim
{ ( ) ( ) } ( )

h h

f x h f x

h

a x h b x h c ax bx c

h→ →

+ −
=

+ + + + − + +
0 0

2 2b g b g

=
+ + + + + − − =

→
lim
h

ax axh ah bx bh c ax bx c

h0

2 2 22

=
+ +

= + + → ∴ ≠
→ →

lim lim ;
h h

h ax ah b

h
ax ah b h h

0 0

2
2 0 0

b g b g ∵

= + + = + × + = +
→ → →

lim lim lim
h h h

ax ah b ax a b ax b
0 0 0

2 2 0 2

§%ï˛Ó˚yÇ ′ = + + = +f x
d

dx
ax bx c ax b( ) 2 2d i

í˛zòy•Ó˚î 3.2.4 ≠ f(x) = |x|; x∈R •ˆÏ° xhs˝Ó˚Ü˛°ˆÏçÓ˚ ≤ÃÌÙ l#!ï˛Ó˚ §y•yˆÏÎƒ ˆòáyG ˆÎ x=0 !Ó®%ˆÏï˛ f

xˆÏ˛õ«˛Ü˛ xÓÜ˛°lˆÏÎyàƒ lÎ˚–

§Ùyôyl ≠ ˆÎˆÏ•ï%˛ñ f(x) = |x|; x∈R §%ï˛Ó˚yÇ

f(x) = –x x<0

= 0 x=0

= x x>0

~ál lim
( )

lim
h h

f h f

h

f h

h→ →
−

+ −
= −

−
0 0

0 0 0b g b g

=
−

= − → ∴ ≠
→ − → −

−lim lim ,
h h

h

h
h h

0 0

1 0 0b g ∵

= –1

∴ ′ = −f 0 1b g

xyÓyÓ˚ lim
( ) ( )

lim
( )

h h

f h f

h

f h

h→ + → +

+ −
=

−

0 0

0 0 0

= → ∴ ≠
→ +

+lim ,
h

h

h
h h

0

0 0∵
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= = ∴ ′ =
→ +
lim

h

R f
0

1 1 0 1b g b g

ˆÎˆÏ•ï%˛ñ Lf ′(0) ≠ R f ′(0), §%ï˛Ó˚yÇñ x = 0 !Ó®%ˆÏï˛ f xÓÜ˛°lˆÏÎyàƒ lÎ˚–

3.5 ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚ G ï˛yÓ˚ xÌ≈˜Ïl!ï˛Ü˛ ï˛yÍ˛õÎ≈

xÌ≈l#!ï˛ˆÏï˛ 
f a h f a

h

+ −b g b g
 ~•z Ó˚y!¢!ê˛ˆÏÜ˛ Ó°y •Î˚ a ˆÌˆÏÜ˛ a+h ~•z xhs˝Ó˚yˆÏ° f ~Ó˚ àí˛¸ ˛õ!Ó˚Óï≈˛l •yÓ˚–

°«˛î#Î˚ ˆÎ ~•z Ë˛@¿ƒyÇ¢!ê˛•z füÈ~Ó˚ !lí˛zê˛l#Î˚ Ë˛yàÊ˛°– h→0 ~•z §#Ùy !lˆÏ°•z a !Ó®%ˆÏï˛ f ~Ó˚ xÓÜ˛° ˛õyGÎ˚y ÎyÎ˚–
xÌ≈yÍ ‘a’ !Ó®%ˆÏï˛ f ~Ó˚ x!ÓÓ˚yÙ ˛õ!Ó˚Óï≈˛l •yÓ˚ ˆ•yˆÏ°y f ′(a)–

xÌ≈˜Ïl!ï˛Ü˛ ˆ«˛ˆÏe xyl%˛õy!ï˛Ü˛ •yÓ˚ !lî≈Î˚ Ü˛Ó˚yG =Ó˚&c˛õ)î≈ !Ó£ÏÎ˚– ˆÎÈüÈˆÜ˛yˆÏly ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ xyl%˛õy!ï˛Ü˛ •yÓ˚
!lî≈ˆÏÎ˚Ó˚ ˆ«˛ˆÏe f ′(a)/f(a) §)e!ê˛ ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚–

ôÓ˚y ÎyÜ‰˛ ˆÜ˛yˆÏly ~Ü˛!ê˛ Ê˛yÙ≈ ˆÜ˛yˆÏly !l!ò≈‹T §ÙˆÏÎ˚ !Ü˛S%È oÓƒ ≤Ã›ï˛ Ü˛ˆÏÓ˚–

C(x) = x ~Ü˛Ü˛ oÓƒ ≤Ã›!ï˛Ó˚ ÓƒÎ˚

R(x) = x ~Ü˛Ü˛ oˆÏÓƒÓ˚ !Óe´Î˚°∏˛ xyÎ˚

π(x) = R(x) – C(x) = x ~Ü˛Ü˛ oÓƒ ˆÌˆÏÜ˛ ≤ÃyÆ °yˆÏË˛Ó˚ ˛õ!Ó˚Ùyî–

~ ˆ«˛ Ï̂e C′(x) ˆ•yˆÏ°y x ~Ó˚ ≤Ãy!hs˝Ü˛ ÓƒÎ˚ñ R′(x) ˆ•yˆÏ°y ≤Ãy!hs˝Ü˛ xyÎ˚ G π′(x) ˆ•yˆÏ°y ≤Ãy!hs˝Ü˛ °yË˛–
xÌ≈l#!ï˛!Óòàî ≤ÃyÎ˚¢•z xÓÜ˛° ˆÓyV˛yˆÏï˛ ≤Ãy!hs˝Ü˛ ôyÓ˚îyˆÏÜ˛ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚l– ˆÎÙl≠

≤Ãy!hs˝Ü˛ ÓƒÎ˚ = ′ =
+ −

→
C x

C x h C x

hh
b g b g b g

lim
0

≤Ãy!hs˝Ü˛ ÓƒÎ˚ G àí˛¸ ÓƒˆÏÎ˚Ó˚ ÙˆÏôƒ §¡õÜ≈˛ ≤Ã!ï˛¤˛y Ü˛Ó˚y ÎyÎ˚– ~Ü˛!ê˛ Ê˛yˆÏÙ≈Ó˚ ˆÙyê˛ ÓƒÎ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚ ˆ§ Ü˛ï˛ê˛y í˛zÍ˛õyòl
Ü˛ˆÏÓ˚ ï˛yÓ˚ í˛z˛õÓ˚– §%ï˛Ó˚yÇ c = c(x) ˆ•yˆÏ°y ˆÙyê˛ ÓƒÎ˚ xˆÏ˛õ«˛Ü˛–

àí ¸̨ ÓƒÎ˚ (Averagi cost) =
c x

x

b g
 ~ÓÇ ≤Ãy!hs˝Ü˛ ÓƒÎ˚ (Marginal cost) =

dc x

dx

b g

d

dx

c

x

dc

dx
x c

x x

dc

dx

c

x x
MC AC

F
HG

I
KJ =

⋅ −
= −L

NM
O
QP = −

2

1 1 b g

Î!ò AC ˆÓ˚áy (AC=Average Cost) !l¡¨y!Ë˛Ù%á# •Î˚ ï˛y•ˆÏ° 
d

dq

c

x

F
HG

I
KJ < 0  xÌÓy 

1
0

x
MC AC= <b g  Óy
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MC AC<  xÌ≈yÍ MC ˆÓ˚áy AC ˆÓ˚áyÓ˚ l#ˆÏã˛ xÓfliyl Ü˛ˆÏÓ˚ Îál AC •…y§ ˆ˛õˆÏï˛ ï˛yˆÏÜ˛– ~Ë˛yˆÏÓ•z Îál AC

ˆÓ˚áy í˛zk≈˛y!Ë˛Ù%á# •Î˚ ï˛ál MC ˆÓ˚áy AC ˆÓ˚áyÓ˚ í˛zˆÏk≈˛ xÓfliyl Ü˛ˆÏÓ˚– Îál ˆÓ˚áyÓ˚ l!ï˛ ¢)îƒñ AC ˆÓ˚áy MC

ˆÓ˚áyˆÏÜ˛ ˆSÈò Ü˛ˆÏÓ˚– xyÓ˚ ~Ü˛!ê˛ ˆ«˛e ˆòáy ÎyÜ˛– xÌ≈l#!ï˛ˆÏï˛ ã˛y!•òyÓ˚ !fli!ï˛fliy˛õÜ˛ï˛y ˛õ!Ó˚Ùy˛õˆÏlÓ˚ ˆ«˛ˆÏe xÓÜ˛°ˆÏlÓ˚
ÓƒÓ•yÓ˚ °«˛ Ü˛Ó˚y ÎyÎ˚–

ã˛y!•òy ~Ü˛!ê˛ Ó‡ã˛°Ó˚y!¢!Ë˛!_Ü˛ xˆÏ˛õ«˛Ü˛ (Multi-Variate Function)– Î!ò ~ˆÏòÓ˚ ÙˆÏôƒ ˆÌˆÏÜ˛ ÷ô% oˆÏÓƒÓ˚
òyÙˆÏÜ˛ àîƒ Ü˛Ó˚y ÎyÎ˚ ï˛y•ˆÏ° ã˛y!•òy xˆÏ˛õ«˛Ü˛ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ q=f(p) ˆÎáy Ï̂l p ˆ•yˆÏ°y oˆÏÓƒÓ˚ òyÙ G q ˆ•yˆÏ°y
ã˛y!•òyÓ˚ ˛õ!Ó˚Ùyî– ã˛y!•òyÓ˚ !fli!ï˛fliy˛õÜ˛ï˛y Ó°ˆÏï˛ ˆÓyV˛yÎ˚– oˆÏÓƒÓ˚ òyˆÏÙÓ˚ ¢ï˛Ü˛Ó˚y ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ §ˆÏDñ oˆÏÓƒÓ˚ ã˛y!•òyÓ˚
˛õ!Ó˚ÙyˆÏîÓ˚ ˛õ!Ó˚Óï≈˛l •yÓ˚–

xÌ≈yÍ e
q q

p p

q

p

p

q
p =

×

×
= ⋅

∆

∆

∆

∆

/

/

100

100
 ˆÎáy Ï̂l ∆p G ∆q ˆ•y Ï̂°y òy Ï̂ÙÓ˚ ˛õ!Ó˚Óï≈̨ l G ã˛y!òyÓ˚ ˛õ!Ó˚Ùy Ï̂îÓ˚ ˛õ!Ó˚Óï≈̨ l–

~ál ∆p Î!ò á%Ó•z «%˛o •Î˚ xÌ≈yÍ

e
q

p

p

q

p

q

dq

dp
p

p
= ⋅ =

→
lim
∆

∆
∆0

 ~ˆÏÜ˛ Ó°y •Î˚ ã˛y!•òyÓ˚ !Ó®%àï˛ òyÙ !fli!ï˛fliy˛õÜ˛ï˛yñ ˆÎˆÏ•ï%˛ ã˛y!•òy xˆÏ˛õ«˛Ü˛

}îydÜ˛ ì˛y°§¡õß¨ •Î˚ §%ï˛Ó˚yÇ 
dq

dp
< 0  ~ÓÇ §yôyÓ˚îË˛yˆÏÓ ã˛y!•òyÓ˚ òyÙàï˛ !fli!ï˛fliy˛õÜ˛ï˛y }îydÜ˛ •Î˚–

3.6 xhs˝Ó˚Ü˛°ˆÏçÓ˚ §Ó˚° !lÎ˚ÙyÓ!°

Î!ò (a, b) Ù%_´ xhs˝Ó˚yˆÏ°Ó˚ ˆÜ˛yˆÏly !Ó®% xÈüÈ~ u : (a, b)→R G v : (a, b)→R xˆÏ˛õ«˛Ü˛ ò%•z!ê˛Ó˚ §§#Ù
xhs˝Ó˚Ü˛°ˆÏçÓ˚ x!hflÏc ÌyˆÏÜ˛ ï˛ˆÏÓ

(i) 
d

dx
cu c

du

dx
b g = ⋅ ,  ˆÎáyˆÏl c ~Ü˛!ê˛ ô &ÓÜ˛

(ii) 
d

dx
u v

du

dx

dv

dx
± = ±b g

(iii) 
d

dx
uv u

du

dx
v

du

dx
b g = + ⋅

(iv) 
d

dx

u

v

v
du

dx
u

dv

dx

v

F
HG

I
KJ =

−

2
,  Î!ò (a, b) xhs˝Ó˚yˆÏ°Ó˚ §Ó !Ó®% x ~Ó˚ çlƒ v ≠ 0 •Î˚–

í˛zòy•Ó˚î 3.4.1 ≠ ôÓ˚y ÎyÜ˛ u=x3, v = log
e
x G w = ex ï˛y•ˆÏ° !l¡¨!°!áï˛ ˆ«˛ˆÏe xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚y–
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i)
d

dx
w5b g ii)

d

dx
u v±b g iii)

d

dx
u w,b g

iv)
d

dx
uvb g v)

d

dx

u

v

F
HG

I
KJ

i)
d

dx
w

d

dx
e

d

dx
e ex x x5 5 5 5b g c h c h= = =  [(v) lÇ !lÎ˚Ùyl%§yˆÏÓ˚]

ii)
d

dx
u v

d

dx
x e

x± = ±b g e j3 log

= ±
d

dx
x

d

dx
e

x3d i e jlog  [(ii) lÇ !lÎ˚Ùyl%§yˆÏÓ˚]

= ±3
12x
x

iii)
d

dx
uw

d

dx
x exb g d i= 3

= +x
d

dx
e e

d

dx
xx x3 3d i d i  [(iii) lÇ !lÎ˚Ùyl%§yˆÏÓ˚]

= + = +x e e x e x xx x x3 2 3 23 3d i

iv)
d

dx
uv

d

dx
x e

xb g e j= 3
log

= +x
d

dx

d

dx
xe

x

e

x3 3log loge j d i  [!lÎ˚Ù (iii) xl%§yˆÏÓ˚]

= + ⋅x
x

xe

x3 21
3log

= +x x e

x2 23 log
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v)
d

dx

u

v

d

dx

x

e

e
d

dx
x x

d

dx
e

e
x

x x

x

F
HG

I
KJ =

F
HG

I
KJ =

−3
3 3

2

d i d i
d i

=
−

=
e x x e

e
e x

x x

x

x3
3

2 3

2

2

d i
d i

=
−3 2 3x x

ex

í˛zòy•Ó˚î ≠ 3.4.2 ≠ y = log
a
x •ˆÏ°ñ ˆÎáyˆÏl a ˆÎ ˆÜ˛yˆÏly ôlydÜ˛ §Çáƒyñ 

dy

dx
 ~Ó˚ Ùyl Ü˛ï˛ • Ï̂Ó⁄

§Ùyôyl ≠ y= log
e
x = (log

e
x) (log

a
e) [∵ log

n
m = log

p
m log

n
p m, n, p>0]

∴ =
dy

dx

d

dx
x ee alog logb g b gm r

[∵ log
a
e ~Ü˛!ê˛ ô &ÓÜ˛]

= = =L
NM

O
QPlog log log loga e x ee

d

dx
x

x
e

d

dx
x

x

1 1
∵

f ~Ü˛!ê˛ ô &ÓÜ˛ x Į̈̂ õ«˛Ü˛ f(x) = A •Î˚ñ ï˛y•ˆÏ° f ′(x) = 0 xÌ≈yÍ f(x) = A→f ′(x) = 0

!lÎ˚Ù vi :

Î!ò y=f(x) ~ ˆÜ˛yˆÏly ô &ÓÜ˛ ˆÎyà Ü˛Ó˚y ÎyˆÏÜ˛ ï˛y•ˆÏ° xhs˝Ó˚Ü˛°ˆÏl ˆ§!ê˛ xÓ°%Æ •Î˚– xÌ≈yÍ

y = A + f(x) → y′ = f ′(x)

!lÎ˚Ù vii :

y = f(x) ˆÜ˛ Î!ò ˆÜ˛yˆÏly =îÜ˛ ÌyˆÏÜ˛ (Multiplicative constant) xÓÜ˛°ˆÏl ˆ§!ê˛ Ó˚!«˛ï˛ •Î˚–

xÌ≈yÍ y = A f(x) → y′ = Af ′(x)

!lÎ˚Ù viii :

âyï˛ !lÎ˚Ù (Power Rule) : f(x) = xa → f ′(x) = axa–1

[ˆÎáyˆÏl a ~Ü˛!ê˛ ˛õSÈ®ÙˆÏï˛y (arbitrary) ô &ÓÜ˛]
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3.7 ˆÎyàñ =î G Ë˛yàÊ˛ˆÏ°Ó˚ xÓÜ˛°l

ôÓ˚y ÎyÜ˛ f G g, A ˆ«˛eÓ˚ í˛z˛õÓ˚ ÓyhflÏÓ §Çáƒy myÓ˚y §ÇK yï˛ ò%!ê˛ xˆÏ˛õ«˛Ü˛ñ ï˛y•ˆÏ° F(x) = f(x) + g(x) ~•z
§)e myÓ˚y §ÇK!ï˛ F xˆÏ˛õ«˛Ü˛ ˆÜ˛ f G güÈÓ˚ ˆÎyàÊ˛° Ó°y •Î˚ xÌ≈yÍ f = f + g– xyÓyÓ˚ G(x) = f(x) – g(x)

~•z §)e myÓ˚y §ÇKyï˛ G xˆÏ˛õ«˛Ü˛ˆÏÜ˛ Ó°y •Î˚ f G GÈüÈÓ˚ ˛õyÌ≈Ü˛ƒ G ï˛y ˆ°áy •Î˚ G = f – g xl%§yˆÏÓ˚–

Î!ò x !Ó®%ˆÏï˛ f G g xÓÜ˛°lˆÏÎyàƒ •Î˚ ï˛y•ˆÏ° F=f+g G G=f–gG x !Ó®%ˆÏï˛ xÓÜ˛°lˆÏÎyàƒ •ˆÏÓ–

§%ï˛Ó˚yÇñ f(x)=f(x)+g(x) → F′(x) = f ′(x) + g′(x)...(i)

G(x) = f(x)–g(x) → G′(x)=f ′(x) –g′(x)...(ii)

!°Ó!lˆÏçÓ˚ !ã˛•´yl%§yˆÏÓ˚ ≠

d

dx
f x g x

d

dx
f x

d

dx
g xb g b g b g b g+ = +

d

dx
f x g x

d

d x
f x

d

dx
g xb g b g b g b g b g+ = −

≤ÃÙyî≠ (i) ~ F ~Ó˚ !lí z̨ê˛l#Î˚ Ë˛yàÊ˛° ≠

F x h F x

h

f x h g x h f x g x

h

+ −
=

+ + + − +b g b g b g b g b g b g

=
+ −

−
+ −f x h f x

h

g x h g x

h

b g b g b g b g

Îál h→0 ï˛ál ˆ¢£Ï ò%•z Ë˛@¿yÇ¢ ÎÌye´ˆÏÙ f ′(x) G g′(x) ~Ó˚ !òˆÏÜ˛ x@˝Ã§Ó˚ •ˆÏï˛ ï˛yˆÏÜ˛– §%ï˛Ó˚yÇ

′ =
+ −

= ′ + ′
→

F x
F x h F x

h
f x g x

h
b g b g b g b g b glim

0

í˛zòy•Ó˚î !•§yˆÏÓ Ó°y ÎyÎ˚ Î!ò π(x) •Î˚ °yË˛ xˆÏ˛õ«˛Ü˛ñ R(x) G C(x) ÎÌye´ˆÏÙ xyÎ˚ G ÓƒÎ˚ xˆÏ˛õ«˛Ü˛ •Î˚
ï˛y•ˆÏ° π(x) = R(x)–C(x) !ÓˆÏ¢£Ïï˛ π′(x) = R′(x)–C′(x) ~ÓÇ π′(x) Óy ≤Ãy!hs˝Ü˛ °yË˛ ¢)lƒ •Î˚ Îál R′(x)

= C′(x) •Î˚ Óy ≤Ãy!hs˝Ü˛ xyÎ˚ñ ≤Ãy!hs˝Ü˛ ÓƒˆÏÎ˚Ó˚ §Ùyl •Î˚–

ˆÜ˛yˆÏly ˆÎyàÊ˛ˆÏ°Ó˚ xÓÜ˛°l ï˛yˆÏòÓ˚ xÓÜ˛°ˆÏlÓ˚ ˆÎyàÊ˛° •Î˚– xÌ≈yÍ

d

dx
f x f x

d

dx
f x

d

dx
f xn n1 1( ) ... ( ) ( ) ... ( )+ + = + +
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í z̨òy•Ó˚î 3.5.1: n âyï˛ §¡õß¨ ˆÜ˛yl Ó‡˛õˆÏòÓ˚ n–th degree polynomial) xÓÜ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y

§Ùyôyl ≠ 
d

dx
a x a x a x a x an

n
n

n+ + + + +−
−

1
1

2
2

1 0...d i

= + − + +−
−

−
na x n a x an

x
n

n1
1

2
11b g ...

Î!ò ˆ«˛e AÈüÈÓ˚ í˛z˛õÓ˚ §ÇK yï˛ f G g ò%!ê˛ xˆÏ˛õ«˛Ü˛ •Î˚ñ ï˛y•ˆÏ° F(x) = f(x).g(x) ˆÜ˛ f G gÈüÈÓ˚ =îÜ˛ xˆÏ˛õ«˛Ü˛
(Product) Ó°y •Î˚– G F=f .g •ˆÏÓ– Î!ò f(x)=x G g(x)=x2 •Î˚ñ ï˛y•ˆÏ° (f . g)x = x3 ~áyˆÏl f ′(x)=1 G
g′(x)=2x G (f . g)′x=3x2 xÌ≈yÍ (f . g)x ~Ó˚ xÓÜ˛° f′(x) .  g′(x)=2x ~Ó˚ §ˆÏD §Ùyl •ˆÏÓ ly–

Î!ò f G g í˛zË˛ˆÏÎ˚•z x !Ó®%ˆÏï˛ xÓÜ˛°lˆÏÎyàƒ •Î˚ ï˛y•ˆÏ° F= f.g G x !Ó®%ˆÏï˛ xÓÜ˛°lˆÏÎyàƒ •ˆÏÓ–

F x f x g x F x f x g x f x g x( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )= ⋅ → ′ = ′ ⋅ + ⋅ ′

!°Ó!lˆÏçÓ˚ !ã˛•´yl%§yˆÏÓ˚ ≠ 
d

dx
f x g x

d

dx
f x g x f x

d

dx
g xb g b g b g b g b g b g⋅ = ⋅ + ⋅

ôÓ˚y ÎyÜ˛ f G g !Ó®%ˆÏï˛ xÓÜ˛°lˆÏÎyàƒ ÎyÓ˚ !lí˛zê˛l#Î˚ Ë˛yàÊ˛°≠

f x h f x

h

+ −b g b g
 ~ÓÇ 

g x h g x

h

+ −b g b g
,  ...(1) Îál h→0 •Î˚ ï˛ál f′(x) G g′(x) ~ §#Ùy!Î˚ï˛ •Î˚– ~ál

F ~Ó˚ !lí˛zê˛l#Î˚ Ë˛yàÊ˛° ˆ•yˆÏ°y

F x h F x

h

f x h g x h f x g x

h

+ −
=

+ + −b g b g b g b g b g b g
...( )2 – ~ál (2) ~Ó˚ í˛yl!ò Ï̂Ü˛ f(x) g(x+h) §Çáƒy!ê˛

!ÓˆÏÎ˚yà ~ÓÇ ˛õˆÏÓ˚ ˆÎyà Ü˛ˆÏÓ˚ ˆòGÎ˚y ÎyÎ˚– §%ï˛Ó˚yÇ

F x h F x

h

f x h g x h f x g x h f x g x h f x g x

h

+ −
=

+ + − ⋅ + + ⋅ + −b g b g b g b g b g b g b g b g b g b g
...( )3

=
+ −L

NM
O
QP

+ +
+ −L

NM
O
QP

f x h f x

h
g x h f x

g x h g x

h

b g b g b g b g b g b g
...( )3

Î!ò h→0 •Î˚ ï˛ál ï,˛ï˛#Î˚ Ó¶˛l#mˆÏÎ˚Ó˚ !lí˛zê˛l#Î˚ Ë˛yàÊ˛° f′(x) G g′(x) ~ §#Ùy!Î˚ï˛ •Î˚– xÌ≈yÍ h≠0 çlƒ

g x h
g x h g x

h
h g x+ =

+ −L
NM

O
QP

+b g b g b g b g•ˆÏÓ–
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∴ g′(x) . 0 + g(x) = g(x) •ˆÏÓñ Îï˛ h→0 •ˆÏÓ– xÌ≈yÍ ~Ë˛yˆÏÓ (3) ~Ó˚ !lí˛zê˛l#Î˚ Ë˛yàÊ˛° F, Îï˛ h→0

ï˛ï˛ f′(x) . g(x) + f(x) . g′(x) ~ §#Ùy!Î˚ï˛ •ˆÏÓ–

í˛zòy•Ó˚î≠ 3.5.1: Î!ò h(x) = (x3–x) . (5x4+x2) •Î˚ ï˛y•ˆÏ° h′(x) Ü˛ï˛ •ˆÏÓ⁄

§Ùyôyl ≠ h(x) = f(x) . g(x) ˆÎáyˆÏl f(x) = x3–x ~ÓÇ g(x) = 5x4+x2 ~áy Ï̂l f ′(x) = 3x2–1 ~ÓÇ g′(x)

= 20x3+2x, xï˛~Ó

h′(x) = f′(x) . g(x) + f(x) . g′(x)

= (3x2–1) . (5x4+x2) + (x3–x) . (20x3+2x)

xÌ≈yÍ h′(x) = 35x6 – 20x4 –3x2

Ë˛yàÊ˛°≠ ôÓ˚y ÎyÜ˛ f G g ˆ•yˆÏ°y x !Ó®%ˆÏï˛ xÓÜ˛°lˆÏÎyàƒ ò%!ê˛ xˆÏ˛õ«˛kÜ˛ñ ~ÓÇ f(x)=f(x) | g(x)

ôÓ˚y ÎyÜ˛ g(x) ≠ 0 ÎyˆÏï˛ F, x !Ó®%ˆÏï˛ §ÇKyï˛ •Î˚– F ˆÜ˛ f G gÈüÈÓ˚ Ë˛yàÊ˛° Ó°y •Î˚ ~ÓÇ ~ˆÏÜ˛ ˆ°áy •Î˚

F=fg | F′(x) ~Ó˚ §)e !lî≈Î˚ Ü˛Ó˚yÓ˚ çlƒ ôÓ˚y ÎyÜ˛ F(x)ñ xÓÜ˛°l Ï̂Îyàƒ ~ÓÇ F x
f x

g x
b g b g

b g=  ~ÓÇ f(x) = F(x)

. g(x)– §%ï˛Ó˚yÇ =ˆÏîÓ˚ !lÎ˚Ùyl%§yˆÏÓ˚ f′(x) = F′(x) . g(x) + F(x) . g′(x)

∴ ′ =
′ − ⋅ ′

=

′ −
L
NM

O
QP

⋅ ′

F x
f x F x g x

g x

f x
f x

g x
g x

g x
b g b g b g b g

b g

b g b g
b g b g

b g

°Ó G •Ó˚̂ ÏÜ˛ g(x) !òˆÏÎ˚ =î Ü˛ˆÏÓ˚ ˛õy•z ≠

F x
f x g x f x g x

g x
b g b g b g b g b g

b g
=

′ ⋅ − ⋅ ′
2

xÌ≈yÍ Î!ò f G g, x !Ó®%ˆÏï˛ xÓÜ˛°lˆÏÎyàƒ •Î˚ ~ÓÇ g(x) ≠ 0 •Î˚ ï˛y•ˆÏ° F
f

g
x= ,  !Ó®%ˆÏï˛ xÓÜ˛°lˆÏÎyàƒ

~ÓÇ F x
f x

g x
F x

f x g x f x g x

g x
b g b g

b g b g b g b g b g b g
b g

= → ′ =
⋅ − ⋅ ′

2
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í˛zòy•Ó˚î ≠ 4.5.2 : F x
x

x
b g =

−
−

3 5

2
 •ˆÏ° F(x) G F(b) ~Ó˚ Ùyl Ü˛ï˛ • Ï̂Ó⁄

§Ùyôyl ≠ f(x) = 3x–5, g(x) = x–2, ∴ f′(x) = 3, g′(x) =1

§%ï˛Ó˚yÇ x≠2 ~Ó˚ çlƒ

′ =
− − − ×

−
=

− − +

−
F x

x x

x

x x

x
b g b g b g

b g b g
3 2 3 5 1

2

3 6 3 5

2
2 2

x = 6 Ó§ Ï̂° ′ =
−

= −F 6
1

6 2

1

162b g b g

3.8 !mï˛#Î˚ G í˛zFã˛ï˛Ó˚ ÙyeyÓ˚ xhs˝Ó˚Ü˛°ç G ï˛yÓ˚ ≤ÃˆÏÎ˚yà

ôÓ˚y ÎyÜ˛ñ D⊂R ~ÓÇ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ f: D→R, =a D ~Ó˚ ~Ü˛!ê˛ í z̨̨ õ=FSÈ D ~Ó˚ G˛õÓ˚ xÓÜ˛°lˆÏÎyàƒ xÌ≈yÍ
f′(x) ~Ó˚ x!hflÏc ÌyÜ˛ Ï̂Ó Îál x∈D– ~•z xˆÏ˛õ«˛Ü˛ f ′ ˆÜ˛ x∈D ~Ó˚ çlƒ y=f(x) ~Ó˚ ≤ÃÌÙ e´ˆÏÙÓ˚ xhs˝Ó˚Ü˛°ç
(first order derivative) Ó°y •Î˚–

~Ü˛•zË˛yˆÏÓ ˆÜ˛ylG !Ó®% x∈Dñ ~Ó˚ çlƒ x Į̈̂ õ«˛Ü˛ f′ xÓÜ˛°lˆÏÎyàƒ •Î˚ ï˛ˆÏÓ 
d

d
f x

x
′b g  •ˆÏÓ f ′ ~Ó˚ åä •ˆÏÓ

f ′ ~Ó˚ ≤ÃÌÙ e´ˆÏÙÓ˚ xhs˝Ó˚Ü˛°ç ~ÓÇ ~!ê˛ˆÏÜ˛ x !Ó®%ˆÏï˛ y=f(x) ~Ó˚ !mï˛#Î˚ e´ˆÏÙÓ˚ xhs˝Ó˚Ü˛°ç (second order

derivative) Ó°y •Î˚– x∈Dñ ~Ó˚ çlƒ y=f(x) ~Ó˚ !mï˛#Î˚ e´ˆÏÙÓ˚ xhs˝Ó˚Ü˛°ç f″(x) Óy 
d y

dx

2

2
 Óy 

d

d
f x

x
′b g

myÓ˚y !ã˛!•´ï˛ Ü˛Ó˚y •Î˚– x !Ó®%̂ Ïï˛ y=f(x) ~Ó˚ !mï˛#Î˚ e´ Ï̂ÙÓ˚ xhs˝Ó˚Ü˛° Ï̂çÓ˚ x!hflÏc • Ï̂Ó Î!ò lim
h

f x h f x

h→ +

′ + − ′

0

b g b g

~ÓÇ lim
h

f x h f x

h→ −

′ + − ′

0

b g b g
 ~•z í˛zË˛Î˚ §#Ùyfli ÙyˆÏlÓ˚ §§#Ù x!hflÏc ÌyˆÏÜ˛ G ï˛yÓ˚y §Ùyl •Î˚–

xï˛~Ó 
d y

dx

d

dx

dy

dx

f x h f x

hh

2

2 0
= F

HG
I
KJ =

′ + − ′
→

lim ,
b g b g

Î!ò §#Ùyfli ÙyˆÏlÓ˚ x!hflÏc ÌyˆÏÜ˛–

í z̨òy•Ó˚î 4.6.1: y = x(x+1) (x+2) •ˆÏ° 
d y

dx

2

2  Ü˛ï˛ •ˆÏÓ⁄
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§Ùyôyl ≠ ˆÎˆÏ•ï%˛ y = x(x+1) (x+2)

dy

dx
x x

d

dx
x x x

d

dx
x x x

d

dx
x= + + + + + + + +1 2 2 1 1 2b gb g b g b g b g b g b g

= (x+1)(x+2) + x(x+2) +x(x+1)

ï˛y•ˆÏ°ñ 
d y

dx

d

dx

dy

dx

2

2
= F

HG
I
KJ

= + + + + + +
d

dx
x x

d

dx
x x

d

dx
x x1 2 2 1b gb gm r b gm r b gm r

= + + + + + + + + + + + + +x
d

dx
x x

d

dx
x x

d

dx
x x

d

dx
x x

d

dx
x x

d

dx
x2 1 1 2 2 2 1 1b g b g b g b g b g b g b g b g b g b g

= (x+2) + (x+1) + (x + 2) + x+(x+1) + x

= 6x+6 = 6(x+1)

í˛zòy•Ó˚î 4.6.2: (x+4)y = x •ˆÏ° (x+1) ~ 
d y

dx

2

2  ~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚–

§Ùyôyl ≠ ≤Ãò_ (x+4) y = x

∴ =
+

∴ =
+ − +

+
y

x

x

dy

dx

x
d

dx
x x

d

dx
x

x4

4 4

4
2

b g b g b g
b g

=
+ −

+
=

+

x x

x x

4

4

4

4
2 2b g b g

d y

dx

d

dx x

d

dx x

2

2 2 2

4

4
4

1

4
=

+

L
N
M
M

O
Q
P
P

=
+

L
N
M
M

O
Q
P
Pb g b g

= × − ⋅
+

= −
+

4 2
1

4

8

4
3 3b g b g b gx x

Îál x
d y

dx
= = −

+
= − = −1

8

1 4

8

5

8

125

2

2 3 3
,

b g
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í˛zòy•Ó˚î 4.6.2 : Î!ò y=AKα, KÈüÈÓ˚ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ •Î˚ (K>0), ˆÎáyˆÏl A G α •ˆÏ°y ô &ÓÜ˛ñ ˆ§áyˆÏl y″
Ü˛ï˛ •ˆÏÓ⁄

y = AKα → y ′=A α Kα–1

y″ = A α (α–1)Kα–2

í˛zFã˛ï˛Ó˚ xÓÜ˛°l (Higher Order Differentiation)

y″ = f″(x) ~Ó˚ xÓÜ˛°lˆÏÜ˛ Ó°y •Î˚ ï,̨ ï˛#Î˚ e´ˆÏÙÓ˚ xÓÜ˛°l ~ÓÇ ˆ°áy •Î˚ y″′ = f″′(x) ~•z xl%§yˆÏÓ˚–
~Ë˛yˆÏÓ ã˛ï%˛Ì≈ e´ˆÏÙÓ˚ xÓÜ˛°lˆÏÜ˛ ˆ°áy •ˆÏÓ y(4) = f(4)x, ~ÓÇ n e´ˆÏÙÓ˚ xÓÜ˛°lˆÏÜ˛ ˆ°áy •ˆÏÓ y(n) = f(n)x–

í z̨òy•Ó˚î 4.6.4 : f(x) = 3x–1+6x3–x2 (x ≠ 0) ~Ó˚ ã˛ï%˛Ì≈ e´Ù ˛õÎ≈hs˝ §ÓÜ˛!ê˛ xÓÜ˛°l !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ≠ f ′(x) = –3x–2+18x2–2x

f″(x) = 6x–3 + 36x – 2

f″′(x) = –18x–4 + 36

f(4)(x) = 72x–5

í˛zòy•Ó˚î 4.6.5 : f x x( ) = 3
11

3  ˆÜ˛ ã˛ï%˛Ì≈ e´Ù ˛õÎ≈hs˝ xÓÜ˛°l Ü˛ˆÏÓ˚y–

§Ùyôyl ≠ ′ =f x x( ) 11
8

3

′′ =f x x( )
88

3

5
3

′′′ =f x x( )
440

9

2
3

f x x
4

1
3

880

27

b g
( ) =

−

!Ü˛v °«˛î#Î˚ ˆÎ f ′(0) = f ″(0)= f ′″(0)ñ !Ü˛v f(4)(0)ÈüÈÓ˚ x!hflÏc ˆl•z– §%ï˛Ó˚yÇ f  §Ó≈e ï,˛ï˛#Î˚ e´Ù ˛õÎ≈hs˝
xÓÜ˛°l Ï̂Îyàƒ !Ü˛v ‘0’ ˆï˛ ~Ó˚ ã˛ï˛Ì≈ e´ˆÏÙÓ˚ xÓÜ˛°ˆÏlÓ˚ x!hflÏc ˆl•z–

≤ÃˆÏÎ˚yà ≠ ≤ÃÌÙ e´ˆÏÙÓ˚ xÓÜ˛°l xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ì˛y° ~ÓÇ ï˛yÓ˚ Ùyl !lˆÏò≈¢ Ü˛ˆÏÓ˚ ˆ§•z ì˛yˆÏ°Ó˚ ã˛°l– ˆÎÙl Î!ò f ′(0)

> 0 •Î˚ ï˛ˆÏÓ xˆÏ˛õ«˛Ü˛!ê˛ e´Ùyàï˛ Óyí˛¸ˆÏï˛ ÌyÜ˛ˆÏÓ (monotonically increasing) ~ÓÇ f ′(x) < 0 Î!ò §Ü˛° x
~Ó˚ çlƒ •Î˚ ï˛ˆÏÓ xˆÏ˛õ«˛Ü˛!ê˛ e´Ùyàï˛ Ü˛ÙˆÏï˛ ÌyÜ˛ˆÏÓ (monotonically decreasing)
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 } }

 } }

~ál =Ó˚&c˛õ)î≈ ≤ÃŸ¿ ˆ•yˆÏ°yñ x ~Ó˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ §ˆÏD §ˆÏD f(x) ~Ó˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ ≤ÃÜ,˛!ï˛ !lô≈yÓ˚î Ü˛Ó˚y– xÌ≈yÍ
Î!ò f(x) í˛zk≈˛Ù%á# •Î˚ ï˛y•ˆÏ° ï˛y !Ü˛ Óyí˛¸ˆÏSÈ e´ÙÓô≈Ùyl •yˆÏÓ˚ (increasing at an incresing rate) ly !Ü˛ Óyí˛¸ˆÏSÈ
e´Ù•…y§Ùyl •yˆÏÓ˚ (increasing at a decreasing rate) ~•z ˆ«˛ˆÏe !mï˛#Î˚ e´ˆÏÙÓ˚ xÓÜ˛°ˆÏlÓ˚ =Ó˚&c xˆÏlÜ˛–

ˆÜ˛yˆÏly ˆÓ˚áyÓ˚ Óe´ï˛y (curvature) Ùy˛õy •Î˚ ï˛yÓ˚ ì˛y° Óy f ′(x) ~Ó˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yˆÏÓ˚Ó˚ ÙyôƒˆÏÙ– Î!ò ~•z ì˛yˆÏ°Ó˚
˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚ ôlydÜ˛ •Î˚ Óy f″(x) > 0 ï˛ál Ó°y •Î˚ Óe´ˆÏÓ˚áy!ê˛ í˛z_° (convex)– ~•z í˛z_° ˆÓ˚áyÓ˚ ˆ«˛ˆÏe
f(x) Ü˛ˆÏÙ Óy ÓyˆÏí˛¸ e´ÙÓô≈Ùyl •yˆÏÓ˚– xyÓyÓ˚ Î!ò f″(x) < 0 •Î˚ ï˛ál Óe´ˆÏÓ˚áy!ê˛ Ü˛ˆÏÙ Óy ÓyˆÏí˛¸ e´Ù•…y§Ùyl •yˆÏÓ˚–
~•z ôÓ˚ˆÏlÓ˚ Óe´ˆÏÓ˚áyˆÏÜ˛ ÓˆÏ° xÓï˛° ˆÓ˚áy– Î!ò Óe´ˆÏÓ˚áy!ê˛ Ü˛ˆÏÙ Óy ÓyˆÏí˛¸ ô &ÓÜ˛ •yˆÏÓ˚ ï˛ál f″(x) = 0 •Î˚ G
Óe´ˆÏÓ˚áy!ê˛ §Ó˚°ˆÏÓ˚áy •Î˚– !l¡¨!°!áï˛ !ã˛ˆÏe í˛z_° G xÓï˛° ˆÓ˚áy ˆòáyˆÏly •ˆÏ°y–

~Ü˛!ê˛ SÈ Ï̂Ü˛ y = f(x) xˆÏ˛õ«˛Ü˛!ê˛ f ′(x) G f″(x) ~Ó˚ ÙyˆÏlÓ˚ í˛z˛õÓ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚ ≤ÃÜ,˛!ï˛ !lô≈yÓ˚î ˛õ!Ó˚ˆÏÓ!¢ï˛ •ˆÏ°y–

Î!ò x=a ˆÌˆÏÜ˛ Óe´ˆÏÓ˚áy!ê˛ ÓyˆÏí˛¸ Óe´ˆÏÓ˚áyÓ˚ flõ¢≈Ü˛
(If) (As x increases through a, (the tangent to the curve)

the curve at x=a

f′(a) > 0 í˛zôÁ≈Ù%á# ~ÓÇ ÓyˆÏí˛¸ ˆÓ˚áy!ê˛ â!í˛¸Ó˚ ÜÑ˛yê˛yÓ˚ !Ó˛õÓ˚#ˆÏï˛ ˆâyˆÏÓ˚

f″(a) > 0 í˛z_° (turns anti-clockwise)

f′(a) > 0 í˛zôÁ≈Ù%á# Óô≈Ùyl ˆÓ˚áy!ê˛ ˆâyˆÏÓ˚ ly

f″(a) = 0 §Ó˚° ˆÓ˚áy

y = f(x)

y = f(x)

o                                x

y = f(x)

y = f(x)

 x

 } }
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 } }

 } }
 } }

 } }

f′(a) > 0 í˛zôÁ≈Ù%á# Óô≈Ùyl â!í˛¸Ó˚ ÜÑ˛yê˛yÓ˚ x!Ë˛Ù%ˆÏá ˆâyˆÏÓ˚

f″(a) < 0 xÓï˛°

f′(a) < 0 !l¡¨y!Ë˛Ù%á# â!í˛¸Ó˚ ÜÑ˛yê˛yÓ˚ !Ó˛õÓ˚#ï˛ Ù%á#

f″(a) > 0 í˛z_°

f′(a) < 0 !l¡¨y!Ë˛Ù%á# ˆÓ˚áy!ê˛ ˆâyˆÏÓ˚ ly–

f″(a) = 0 §Ó˚°ˆÏÓ˚áy

f ′(a) > 0 !l¡¨y!Ë˛Ù%á# â!í˛¸Ó˚ ÜÑ˛yê˛yÓ˚ x!Ë˛Ù%ˆÏá ˆâyˆÏÓ˚

f″(a) < 0 xÓï˛°

í˛zòy•Ó˚î 4.7.1 : y = 5x2+6 xˆÏ˛õ«˛Ü˛!ê˛Ó˚ Óe´ï˛y !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ≠ f ′(x) = 10x, f″(x) = 10 > 0

§%ï˛Ó˚yÇ Óe´ˆÏÓ˚áy!ê˛ í˛z_° •ˆÏÓ–

5.7.1 ˆÜ˛yˆÏly ~Ü˛!ê˛ ã˛y!•òy xˆÏ˛õ«˛Ü˛ ˆ•yˆÏ°y p = aq6(a, b > 0) ~Ó˚ ≤Ãy!hs˝Ü˛ xyˆÏÎ˚Ó˚ àë˛l ˆÜ˛Ùl •ˆÏÓ⁄

R = pq = aqb+1 xï˛~Ó MR
dR

dq
a b x= = + >1 06b g  Îál q > 0

ˆÎˆÏ•ï%˛ MR > 0 §%ï˛Ó˚yÇ MR ˆÓ˚áy í˛zôÁ≈Ù%á#–

~ál 
d R

dq
ab b q a b qb

2

2

11 0 0= + > >−b g b g∵ , ,

§%ï˛Ó˚yÇ MR ˆÓ˚áy í˛z_°–

3.9 §yÓ˚yÇ¢

~•z ~Ü˛ˆÏÜ˛ ˆòáyˆÏly •ˆÏ°y ì˛y° Ü˛yˆÏÜ˛ ÓˆÏ° ~ÓÇ ï˛yÓ˚ =Ó˚&c•z Óy !Ü˛– ˆÜ˛yˆÏly xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ~Ü˛!ê˛ !l!ò≈‹T !Ó®%ˆÏï˛

x!B˛ï˛ flõ¢≈ˆÏÜ˛Ó˚ ì˛y° ˛õ!Ó˚Ùy˛õl ~ÓÇ ~ˆÏÜ˛ !Ü˛Ë˛yˆÏÓ 
dy

dx
 ~Ó˚ ÙyôƒˆÏÙ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ ï˛yÓ˚ ày!î!ï˛Ü˛ G çƒy!Ù!ï˛Ü˛
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Óƒyáƒy ˆòGÎ˚y •ˆÏÎ˚ˆÏSÈ– xhs˝Ó˚ Ü˛°ç ~ÓÇ ï˛yÓ˚ l#!ï˛Ó˚ xl%§Ó˚ˆÏî !Ó!Ë˛ß¨ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚ç !lî≈Î˚ ˛õk˛!ï˛G xyˆÏ°y!ã˛ï˛
•ˆÏÎ˚ˆÏSÈ– ~•z ˆ«˛ˆÏe xÓÜ˛°lˆÏÜ˛ Ü˛yˆÏç °y!àˆÏÎ˚ !Ü˛Ë˛yˆÏÓ xÌ≈l#!ï˛Ó˚ ã˛°Ó˚y!¢Ó˚ ÙˆÏôƒ §¡õÜ≈˛ !lô≈yÓ˚î Ü˛Ó˚y ÎyÎ˚ ï˛yG
˛õ!Ó˚ˆÏÓ!¢ï˛ •ˆÏÎ˚ˆÏSÈ– ˛õ!Ó˚ˆÏ¢ˆÏ£Ïñ í˛zFã˛ï˛Ó˚ xÓÜ˛°ˆÏlÓ˚ ÙyôƒˆÏÙ ˆÜ˛yˆÏly xˆÏ˛õ«˛ˆÏÜ˛Ó˚ l!ï˛Ó˚ ˛õ!Ó˚Óï≈˛l Óy ï˛yÓ˚ Óe´ï˛yÓ˚
≤ÃÜ,˛!ï˛ G ˛õ!Ó˚Óï≈˛l Óy ï˛yÓ˚ Óe´ï˛yÓ˚ ≤ÃÜ,˛!ï˛ G ˛õ!Ó˚Óï≈˛l §¡õˆÏÜ≈˛ ôyÓ˚îy ˆòˆÏÓ ï˛y Óƒyáƒy Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ !ã˛ˆÏeÓ˚ ÙyôƒˆÏÙ–

3.10 xl%¢#°l#

1. xhs˝Ó˚Ü˛°ˆÏçÓ˚ §y•yˆÏÎƒ ˆòáyG ˆÎ ô &ÓˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç ¢)lƒ–

2. xhs˝Ó˚Ü˛°ˆÏçÓ˚ ≤ÃÌÙ l#!ï˛Ó˚ §y•yˆÏÎƒ (3x3+4)ÈüÈ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛Ó˚&l–

3. Î!ò f(x) = 2+5x Îál − < ≤
2

5
0x

= 2 – 5x Îál 0
2

5
< <x  •Î˚

ï˛y•ˆÏ° xhs˝Ó˚Ü˛°ˆÏçÓ˚ ≤ÃÌÙ l#!ï˛Ó˚ ÙyôƒˆÏÙ !Óã˛yÓ˚ Ü˛ˆÏÓ˚y ˆÎ x = 0 !Ó®%ˆÏï˛ f ′(x) ~Ó˚ x!hflÏc ÌyÜ˛ˆÏÓ !Ü˛ly–

4. y = (4x2–3) (2x5) ~Ó˚ xhs˝Ó˚Ü˛°ç =ˆÏîÓ˚ !lÎ˚ˆÏÙ !lî≈Î˚ Ü˛Ó˚&l–

5. ˆÜ˛yˆÏly Ê˛yˆÏÙ≈Ó˚ ˆÙyê˛ !Óe´Î˚°∏˛ xˆÏ˛õ«˛Ü˛ ˆ•yˆÏ°y ≠ R=100Q – Q2 ~ˆÏ«˛ˆÏe ï˛yÓ˚ ≤Ãy!hs˝Ü˛ xyÎ˚ !lî≈Î˚ Ü˛ˆÏÓ˚y
G í˛zÍ˛õyòl Óyí˛¸yÓ˚ §ˆÏD §ˆÏD ≤Ãy!hs˝Ü˛ xyˆÏÎ˚Ó˚ ˛õ!Ó˚Óï≈˛l ˆòáyl–
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~Ü˛Ü˛ 4 ppppp ~Ü˛ ã˛°Ó˚y!¢ !Ó!¢‹T xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ü˛yÙƒÜ˛Ó˚î

àë˛l

4.1 í˛zˆÏj¢ƒ

4.2 ≤ÃhflÏyÓly

4.3 !Ü˛S%È ˆÙÔ!°Ü˛ §ÇK y

4.4 ã)˛í˛¸yhs˝ Óy ≤Ãyhs˝!Ó®% !lô≈yÓ˚ˆÏîÓ˚ Ó˚ÌÙ ˛õÎ≈yˆÏÎ˚Ó˚ xÓÜ˛°l

4.5 §ˆÏÓ≈yFã˛ G §Ó≈!l¡¨ Ùyl !lô≈yÓ˚î

4.6 fliyl#Î˚ §ˆÏÓ≈yFã˛ ~ÓÇ fliyl#Î˚ §Ó≈!l¡¨ Ùyl§Ù)•

4.7 í˛z_° G xÓï˛° xˆÏ˛õ«˛Ü˛ ~ÓÇ ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®%

4.7.1 í˛z_° ~ÓÇ xÓï˛° xˆÏ˛õ«˛ˆÏÜ˛Ó˚ çƒy!Ù!ï˛Ü˛ Óƒyáƒy

4.8 §Ó≈y!ôÜ˛ G §Ó≈!l¡¨Ü˛Ó˚ˆÏîÓ˚ çlƒ ≤ÃˆÏÎ˚yçl#Î˚ ¢ï≈˛yÓ!°

4.9 §yÓ˚yÇ¢

4.10 xl%¢#°l#

4.11 @˝Ãsi˛õ!O

4.1 í ẑ̨ Ïj¢ƒ

~•z ~Ü˛Ü˛!ê˛ ˛õyë˛ Ü˛Ó˚ˆÏ° SÈyeSÈye#Ó˚y çylˆÏï˛ ˛õyÓ˚ˆÏÓl

l ˆÜ˛yˆÏly xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ã)˛í˛¸yhs˝ !Ó®% !lô≈yÓ˚ˆÏî xÓÜ˛°ˆÏlÓ˚ Ë)˛!ÙÜ˛y

l ˆÜ˛yˆÏly xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §ˆÏÓ≈yFã˛ G §Ó≈!l¡¨ Ùyl !lô≈yÓ˚ˆÏîÓ˚ ˛õk˛!ï˛

l fliyl#Î˚ §ˆÏÓ≈yFã˛ G fliyl#Î˚ §Ó≈!l¡¨Ó˚ ôyÓ˚îy

l í˛z_° G xÓï˛° xˆÏ˛õ«˛Ü˛ ~ÓÇ ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®%–

4.2 ≤ÃhflÏyÓly

à!îï˛ ~ÓÇ xÌ≈l#!ï˛Ó˚ ˆ«˛ˆÏe ã˛°Ó˚y!¢ ˆÜ˛yl !Ó®%ˆÏï˛ §ˆÏÓ≈yFã˛ Óy §Ó≈!l¡¨ Ùyl @˝Ã•î Ü˛Ó˚ˆÏÓ ï˛y !lô≈yÓ˚î Ü˛Ó˚y xï˛ƒhs˝
=Ó˚&c˛õ)î≈– à!îˆÏï˛Ó˚ !Ó!Ë˛ß¨ ˛õk˛!ï˛Ó˚ xl%§Ó˚ˆÏîñ xÌ≈˜Ïl!ï˛Ü˛ ã˛°Ó˚y!¢=!°Ó˚ ï˛yÓ˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ôÓ˚î G ≤ÃÜ,˛!ï˛Ó˚ §yˆÏ˛õˆÏ«˛
ã˛Ó˚ÙyÓfliy !lô≈yÓ˚î Ü˛Ó˚yÓ˚ ˆÌ Ï̂Ü˛ !Ó!Ë˛ß¨ xÌ≈̃ Ïl!ï˛Ü˛ G ày!î!ï˛Ü˛ Ù Ï̂í˛ Ï̂°Ó˚G §,!‹T Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈ– ˆÎÙl !Ó!Ë˛ß¨ í z̨Í˛õyò Ï̂lÓ˚
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§y•yˆÏÎƒ Óy ï˛yˆÏòÓ˚ ˆÜ˛yl §Ùfl∫ˆÏÓ˚ ˆÜ˛yˆÏly !l!ò≈‹T í˛zÍ˛õyòl ≤Ã›ï˛ Ü˛Ó˚ˆÏ°ñ Ù%lyÊ˛y §ˆÏÓ≈yFã˛ •ˆÏÓ Óy ò%!ê˛ oÓƒ !Ü˛ §Ùfl∫ˆÏÓ˚
e´Î˚ Ü˛Ó˚ˆÏ° ˆÜ˛yˆÏly ˆË˛y_´yÓ˚ Ùyl ï,˛!Æ §ˆÏÓ≈yFã˛ •ˆÏÓ– xÌ≈yÍ ã˛°Ó˚y!¢=!°Ó˚ ~•z ã˛Ó˚Ù ÙyˆÏl ˆ˛õÔÑSÈˆÏlyÓ˚ ¢ï≈˛ !lˆÏÎ˚ ~•z
~Ü˛ˆÏÜ˛ xyˆÏ°yã˛ly Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ–

~•z xôƒyˆÏÎ˚ ã˛Ó˚Ù Ùyl Ó°ˆÏï˛ !Ü˛ ˆÓyV˛yÎ˚ ï˛yÓ˚ §¡õˆÏÜ≈˛ ày!î!ï˛Ü˛ ~ÓÇ !ã˛e§• Óî≈ly Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ ~•z ã˛Ó˚Ù !Ó®%ˆÏï˛
xÌ≈yÍ ˆÜ˛yˆÏly Ó˚y!¢Ó˚ §ÇÜ˛ê˛ ÙyˆÏlñ ï˛yÓ˚ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ ã˛Ó˚ÙyÓfliy (Extreme Point) §ˆÏÓ≈yFã˛ ly §Ó≈!l¡¨ ï˛y Ü˛# Ü˛ˆÏÓ˚
ˆÓyV˛y ÎyˆÏÓ ï˛yÓ˚ çlƒ xyÓ!¢ƒÜ˛ ~ÓÇ ÎˆÏÌ‹T ¢ï≈˛ Óƒyáƒy Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– ~•z ã˛Ó˚Ù !Ó®%!ê˛ fliyl#Î˚ ly §y!Ó≈Ü˛ (Local and

Global Extreme Point) à!Ó˚¤˛ Ùyl ~ÓÇ ˆ§ê˛y Ü˛#Ë˛yˆÏÓ !lô≈yÓ˚î Ü˛Ó˚y ÎyˆÏÓ ï˛y ˆòáyˆÏly •ˆÏÎ˚ˆÏSÈ–

4.3 !Ü˛S%È ˆÙÔ!°Ü˛ §ÇK y

Î!ò f(x) ~Ó˚ ˛õ!Ó˚§Ó˚ D •Î˚ ï˛y•ˆÏ°

C∈D §ˆÏÓ≈yFã˛ !Ó®% •ˆÏÓ f ~Ó˚ çlƒ ⇔ f(x) ≤ f(c), §Ü˛° x∈D ~Ó˚ çlƒ ...(1)

d∈D §Ó≈!l¡¨ !Ó®% •ˆÏÓ f ~Ó˚ çlƒ ⇔ f(x) ≥ f(d), §Ü˛° x∈D ~Ó˚ çlƒ ...(2)

(1) ~ f(c) •ˆÏ°y §ˆÏÓ≈yFã˛ Ùyl G (2) ~ f(d) •ˆÏ°y §Ó≈!l¡¨ Ùyl– Î!ò c !Ó®%ˆÏï˛ f ~Ó˚ Ùylñ D ~Ó˚ x˛õÓ˚ !Ó®%=!°
xˆÏ˛õ«˛y Óí˛¸ •Î˚ (strictly larger), ï˛y•ˆÏ° c ˆÜ˛ Ó°y •ˆÏÓ Ü˛ˆÏë˛yÓ˚ §ˆÏÓ≈yFã˛ !Ó®% (strict maximum point)–
xl%Ó˚*˛õË˛yˆÏÓ d •ˆÏÓ Ü˛ˆÏë˛yÓ˚ §Ó≈!l¡¨ !Ó®% (strict minimum point) Î!ò f(x)>f(d) •Î˚É §Ü˛° x∈D, x≠d ~Ó˚
çlƒ– ~=!° Ï̂Ü˛ ~Ü˛Ü˛ Ü˛ Ï̂Ó˚ Ó°y •Î˚ ã˛Ó˚Ù !Ó®% Óy ˛õÓ˚Ù !Ó®% Óy ã˛Ó˚Ù Ùyl (optional points and values or

extreme points and values)–

Î!ò D ˛õ!Ó˚§ˆÏÓ˚ f ˆÜ˛yˆÏly xˆÏ˛õ«˛Ü˛ •Î˚ ï˛y•ˆÏ° D ˛õ!Ó˚§ˆÏÓ˚ –f ˆÜ˛ §ÇKyï˛ Ü˛Ó˚y ÎyˆÏÓ ~Ë˛yˆÏÓ ˆÎ (–f) (x) =

–f(x)– °«˛î#Î˚ ˆÎ f(x) ≤ f(c) •ˆÏÓ §Ü˛° x∈D ~Ó˚ çlƒñ Î!ò ~ÓÇ ˆÜ˛Ó°Ùye –f(x) ≥ f(c) •Î˚ §Ü˛° x∈D

~Ó˚ çlƒ– xï≈˛yÍ c, D ˛õ!Ó˚§ˆÏÓ˚ f xˆÏ˛õ«˛Ü˛ˆÏÜ˛ §ˆÏÓ≈yFã˛ Ü˛ˆÏÓ˚ Î!ò ~ÓÇ ˆÜ˛Ó°Ùye c, D ˛õ!Ó˚§ˆÏÓ˚ –f ˆÜ˛ §Ó≈!l¡¨
Ü˛ˆÏÓ˚– !ã˛e 4.1 ~ ~•z ï˛ˆÏÌƒÓ˚ ˛õ!Ó˚ˆÏÓ¢ly Ü˛Ó˚y •ˆÏ°yÈüüüÈ

!ã˛e ≠ 1

y = f(x)

y = - f(x)

c
x

y

–y
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f xˆÏ˛õ«˛ˆÏÜ˛Ó˚ !lŸã˛° !Ó®% (stationary point) x
0
 • Ï̂Ó Î!ò f

'
(x

0
) = 0 •Î˚– çƒy!Ù!ï˛Ü˛ Ë˛yˆÏÓñ ˆÜ˛yˆÏly

xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆ°á!ã˛eÓ˚ flõ¢≈Ü˛ x xˆÏ«˛Ó˚ Îál §Ùyhs˝Ó˚y° •Î˚ ï˛ál ˆ§•z !Ó®%•z •Î˚ !lŸã˛° !Ó®%–

!ã˛e 2ÈüÈ~ ˆ°á!ã˛e!ê˛Ó˚ ò%!ê˛ !lŸã˛° !Ó®%ñ c G d ˆÎáyˆÏl c !Ó®%!ê˛ §ˆÏÓ≈yFã˛ G d !Ó®%!ê˛ §Ó≈!l¡¨ !Ó®% !lˆÏò≈¢ Ü˛ˆÏÓ˚–

!ã˛e 3ÈüÈ~Ó˚ ˆ°á!ã˛e!ê˛Ó˚ ˆÜ˛yˆÏly !lŸã˛° !Ó®% ˆl•z– !Ü˛v ˆ°á!ã˛e!ê˛Ó˚ ≤Ãyhs˝Ë˛yà b ˆï˛ §ˆÏÓ≈yFã˛ !Ó®% G d ˆï˛
§Ó≈!l¡¨ !Ó®% •ˆÏÓ– dÈ !Ó®%ˆÏï˛ xˆÏ˛õ«˛Ü˛!ê˛ xÓÜ˛°lˆÏÎyàƒ lÎ˚ xyÓyÓ˚ b !Ó®%̂ Ïï˛ xÓÜ˛°l 0 lÎ˚–

!ê˛e 3üÈ~ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ x
0
, x

1
, x

2
 !ï˛!l!ê˛ !lŸã˛° !Ó®% ˆòáy ÎyÎ˚– xˆÏ˛õ«˛Ü˛!ê˛ ˆàyí˛¸yÓ˚ !òˆÏÜ˛Ó˚ ≤Ãyhs˝Ë˛yà ‘a’ ˆï˛

§Ó≈!l¡¨ !Ó®%ñ !Ü˛v xˆÏ˛õ«˛Ü˛!ê˛Ó˚ §ˆÏÓ≈yFã˛ !Ó®% ˛õyGÎ˚y ÎyÎ˚ ly Ü˛yÓ˚î Îï˛ x b ~Ó˚ !òˆÏÜ˛ §#Ùy!Î˚ï˛ •ˆÏÓ ï˛ï˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚

Ùyl ‘∝’ÈüÈÓ˚ !òˆÏÜ˛ ÎyˆÏÓ– !Ü˛v ˆÎˆÏ•ï%˛ x
0
 !Ó®%ˆÏï˛ xˆÏ˛õ«˛Ü˛!ê˛ ï˛yÓ˚ !lÜ˛ê˛Óï≈˛#ñ ≤Ã!ï˛ˆÏÓ˚yô !Ó®%=!° xˆÏ˛õ«˛y §ˆÏÓ≈yFã˛

!Ó®% •ˆÏï˛ ˆòáy ÎyˆÏFSÈ ï˛y•z ~ˆÏÜ˛ Ó°y •Î˚ °«˛î#Î˚ §ˆÏÓ≈yFã˛ !Ó®%– ˆ§•zË˛yˆÏÓ x
1
 ~ xˆÏ˛õ«˛Ü˛!ê˛ fliyl#Î˚ §Ó≈!l¡¨ Ùyl

• Ï̂Ó– !Ü˛v x
2
 xyÓyÓ˚ ~Ùl ~Ü˛!ê˛ !lŸã˛° !Ó®% Îy fliyl#Î˚ §ˆÏÓ≈yFã˛ Óy fliyl#Î˚ §Ó≈!l¡¨ ˆÜ˛yˆÏlyê˛y•z lÎ˚– ~•z x

2
 ˆÜ˛ Ó°y

•Î˚ ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®% (inflection point)–

4.4 ã)˛í˛¸yhs˝ Óy ≤Ãyhs˝!Ó®% !lô≈yÓ˚ˆÏîÓ˚ ≤ÃÌÙ ˛õÎ≈yˆÏÎ˚Ó˚ xÓÜ˛°l

≤ÃÌÙ ˛õÎ≈yˆÏÎ˚Ó˚ xÓÜ˛°ˆÏlÓ˚ !ã˛•´Ó˚ í˛z˛õÓ˚ !Ë˛!_ Ü˛ˆÏÓ˚ §ˆÏÓ≈yFã˛ G §Ó≈!l¡¨ Ùyl !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚– ôÓ˚y ÎyÜ˛ I xhs˝Ó˚yˆÏ°

f(x) xÓÜ˛°l Ï̂Îyàƒ ~ÓÇ f(x) ~Ó˚ ˆÜ˛Ó°Ùye ~Ü˛!ê˛ !lŸã˛° !Ó®% xy Ï̂SÈ x=c ˆï˛– Î!ò §Ü˛° x∈I ~Ó˚ çlƒ f ′(x)

≥ 0 •Î˚ñ ÎyˆÏï˛ x ≤ c •Î˚ñ ~ÓÇ f ′(x) ≤ 0 •Î˚ §Ü˛° x∈I ~Ó˚ çlƒ ~ÙlË˛yˆÏÓ ÎyˆÏï˛ x≥c •Î˚ ï˛y•ˆÏ° f(x), c

~Ó˚ ÓÑy ˛õyˆÏ¢ Óyí˛¸ˆÏï˛ ÌyÜ˛ˆÏÓ G c ~Ó˚ í˛yl˛õyˆÏ¢ Ü˛ÙˆÏï˛ ÌyÜ˛ˆÏÓ–

!ã˛e ≠ 2 !ã˛e ≠ 3 !ã˛e ≠ 4

y
y

y

x
a   x

0
     x

1
      x

2
 b  xa d c  b  a        d           b     x
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xÌ≈yÍ f (x) ≤ f(c) •ˆÏÓ §Ü˛° x ≤ c ~Ó˚ çlƒ G f (c) ≥ f(x) •ˆÏÓ §Ü˛° x ≥ c ~Ó˚ çlƒ– xÌ≈yÍ x=c •ˆÏ°
I xhs˝Ó˚yˆÏ° f ~Ó˚ §ˆÏÓ≈yFã˛ !Ó®%– ~!ê˛ !ã˛e 5 ~ ˆòáyˆÏly •ˆÏ°y– ~Ü˛•zË˛yˆÏÓ d !Ó®%ˆÏï˛ f ~Ó˚ §Ó≈!l¡¨ Ùyl ≤Ãò!¢≈ï˛ •ˆÏ°y
!ã˛e 6 ~–

4.5 §ˆÏÓ≈yFã˛ G §Ó≈!l¡¨ Ùyl !lô≈yÓ˚î

˛õ)ˆÏÓ≈y_´ xyˆÏ°yã˛lyÎ˚ ~ê˛y flõ‹T •ˆÏÎ˚ˆÏSÈ ˆÎñ ~Ùl !Ó®%ˆÏï˛ f(x) xˆÏ˛õ«˛ˆÏÜ˛Ó˚ fliyl#Î˚ §ˆÏÓ≈yFã˛ åfliyl#Î˚ §Ó≈!l¡¨ä Ùyl
!lô≈y!Ó˚ï˛ •Î˚ ˆÎáyˆÏl G•z !Ó®%Ó˚ ~Ü˛òÙ !lÜ˛ê˛fli §Ü˛° ÙyˆÏlÓ˚ ï%˛°lyÎ˚ f(x) ~Ó˚ Ùyl ˆÓ!¢ åÜ˛Ùä •Î˚– xˆÏ˛õ«˛ˆÏÜ˛Ó˚
fliyl#Î˚ ã˛Ó˚Ù Ùyl (local extreme values) Ó°ˆÏï˛ ˆÓyV˛yÎ˚ ~•z fliyl#Î˚ §ˆÏÓ≈yFã˛ G fliyl#Î˚ §Ó≈!l¡¨ Ùyl§Ù)•ˆÏÜ˛ ~Ü˛
§yˆÏÌ Ó°y– ~•z !ÓˆÏŸ’£ÏˆÏîÓ˚ ˆ«˛ˆÏe xl%Ùyl Ü˛Ó˚y •Î˚ ˆÎñ ~•z xˆÏ˛õ«˛Ü˛ G ï˛yÓ˚ xhs˝Ó˚Ü˛°ç §Ü˛° !Ó®%ˆÏï˛ §§#Ù
(finite) ~ÓÇ §hs˝ï˛ (continuous) ÌyˆÏÜ˛– Ê˛ˆÏ° ~Ó˚ §ˆÏD §¡õ!Ü≈˛ï˛ ˆÓ˚áy!ê˛G Ù§,î (smooth) xyÜ˛yÓ˚ ˆlÎ˚ñ xÌ≈yÍ
~•z ˆÓ˚áyÎ˚ ˆÜ˛yˆÏly ï˛#«¯˛ôyÓ˚ !Ó®% ÌyˆÏÜ˛ ly ~ÓÇ ˆÓ˚áyÎ˚ ˆÜ˛yˆÏly !Ó!FSÈß¨ï˛y ÌyˆÏÜ˛ ly–

                          !ã˛e ≠ 5                                    !ã˛e ≠ 6

y
y

o c
x

o d
x

I I

y = f (x)

y = f (x)

 !ã˛e ≠ 7

E

F

G

H

I

f(x)
f(x)

x
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~áyˆÏl ~Ü˛!ê˛ !Ó£ÏÎ˚ fløÓ˚ˆÏî Ó˚yáy xyÓ¢ƒÜ˛ ˆÎñ ˆÜ˛yˆÏly xˆÏ˛õ«˛ˆÏÜ˛Ó˚ fliyl#Î˚ §ˆÏÓ≈yFã˛ Ùyl!ê˛•z ˆÎ xˆÏ˛õ«˛ˆÏÜ˛Ó˚
§Ó≈yˆÏ˛õ«˛y Ó,•Í (greatest) Ùyl •ˆÏÓ ï˛yÓ˚ ˆÜ˛yˆÏly !lŸã˛Î˚ï˛y ˆl•z– xÌ≈yÍ fliyl#Î˚Ë˛yˆÏÓ !lÜ˛ê˛fli xlƒylƒ Ùyl ~Ó˚
ï%˛°lyÎ˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ~Ü˛!ê˛ Ùyl §ˆÏÓ≈yFã˛ •ˆÏï˛ ˛õyˆÏÓ˚ !Ü˛v ò)Ó˚Óï≈˛# ˆÜ˛yˆÏly !Ó®%ˆÏï˛ ~•z Ùyl xyÓ˚G ˆÓ!¢ •ˆÏï˛ ˛õyˆÏÓ˚
å!ã˛e 7ä– !ã˛e 7 ~ ˆòáy ÎyˆÏFSÈ ˆÎñ E !Ó®%!ê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ~Ü˛!ê˛ fliyl#Î˚ à!Ó˚¤˛ Ùyl !lˆÏò≈¢ Ü˛Ó˚ˆÏ°G H !Ó®%!ê˛
xˆÏ˛õ«˛ˆÏÜ˛Ó˚ x˛õÓ˚ ~Ü˛!ê˛ fliyl#Î˚ à!Ó˚¤˛ Ùyl !lˆÏò≈¢ Ü˛ˆÏÓ˚–

xl%Ó˚*˛õË˛yˆÏÓñ ˆÜ˛yˆÏly xˆÏ˛õ«˛ˆÏÜ˛Ó˚ fliyl#Î˚ °!â¤˛ Ùyl ˆÎ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ §Ó≈!l¡¨ Ùyl !lˆÏò≈¢ Ü˛Ó˚ˆÏÓ•z ï˛yÓ˚ xÌ≈
ˆl•z– ~!ê˛ ˆÜ˛Ó° G•z !Ó®%Ó˚ !lÜ˛ê˛Óï≈˛# xlƒylƒ !Ó®%ˆÏï˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ÙyˆÏlÓ˚ ï%˛°lyÎ˚ fl∫“ ÙylˆÏÜ˛•z !lˆÏò≈¢ Ü˛ˆÏÓ˚– ˆÎÙl
!ã˛e 7 ~ F G J í˛zË˛Î˚ !Ó®%ˆÏï˛•z xˆÏ˛õ«˛Ü˛!ê˛Ó˚ fliyl#Î˚ °!â¤˛ Ùyl !lˆÏò≈¢ Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– ~áyˆÏl G !Ó®%!ê˛ xˆÏ˛õ«˛Ü˛!ê˛Ó˚
ÓÑy!òÜ˛ ÓòˆÏ°Ó˚ !Ó®%–

§%ï˛Ó˚yÇ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ F : D→R ~Ó˚ Ùyl §y!Ó≈Ü˛ à!Ó˚¤˛ Óy Global maximum å§y!Ó≈Ü˛ °!â¤˛ Global

Minimumä •Î˚ ~Ü˛!ê˛ !Ó®%ˆÏï˛ c∈Dñ Î!ò D ~Ó˚ ÙˆÏôƒ §Ü˛° x ~Ó˚ çlƒ f(x) ≤ f(c) [f(x) ≥ f(c)] •Î˚–

4.6 fliyl#Î˚ §ˆÏÓ≈yFã˛ ~ÓÇ fliyl#Î˚ §Ó≈!l¡¨ Ùyl§Ù)•

˛õ)Ó≈Óï≈˛# xyˆÏ°yã˛lyÓ˚ !Ë˛!_ˆÏï˛ fliyl#Î˚ §ˆÏÓ≈yFã˛ ~ÓÇ fliyl#Î˚ §Ó≈!l¡¨ Ùyl§Ù)ˆÏ•Ó˚ !lˆÏò≈¢ Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚–
(a) ~Ü˛!ê˛ ÙylÎ%_´ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §Ü˛° §ˆÏÓ≈yFã˛ G §Ó≈!l¡¨ Ùyl•z !lŸã˛° Ùyl– Î!ò f ′(x) ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ï˛ˆÏÓ

~•z Ùyl ˛õyGÎ˚y ÎyÎ˚ Îál f ′(x) = 0 •Î˚–
(b) (i) Îál x ~Ó˚ Ùyl e´Ù¢ Ó,!k˛ ˆ˛õˆÏï˛ ÌyˆÏÜ˛ ~ÓÇ x=a •ˆÏ° f ′(a) = 0 •Î˚ ~ÓÇ f ′(x) ~Ó˚ Ùyl ôlydÜ˛

ˆÌˆÏÜ˛ }îydÜ˛ •ˆÏÎ˚ ˛õˆÏí˛¸ñ ï˛ál f (x) xˆÏ˛õ«˛ˆÏÜ˛Ó˚ f (a) ÙylˆÏÜ˛ §ˆÏÓ≈yFã˛ Ùyl Ó°y •Î˚–
(ii) Îál x ~Ó˚ Ùyl e´Ù¢/ Ó,!k˛ ˆ˛õˆÏï˛ ÌyˆÏÜ˛ ~ÓÇ x=a •ˆÏ° f ′(a) = 0 •Î˚ ~ÓÇ f ′(x) ~Ó˚ Ùyl ~èîydÜ˛

ˆÌˆÏÜ˛ ôlydÜ˛ •ˆÏÎ˚ ˛õˆÏí˛¸ñ ï˛ál f (x) xˆÏ˛õ«˛ˆÏÜ˛Ó˚ f (a) ÙylˆÏÜ˛ §Ó≈!l¡¨ Ùyl Ó°y •Î˚–
(iii) í˛z˛õ!Ó˚í˛z_´ xÓfliyÓ˚ ˆ≤Ã!«˛ˆÏï˛ Îál f ′(x) ~Ó˚ !ã˛•´ ˆÜ˛yˆÏly ˛õ!Ó˚Óï≈˛l ly •Î˚ ï˛ál f (a) ÙylˆÏÜ˛ §ˆÏÓ≈yFã˛

xyÙÓ˚y §Ó≈!l¡¨ Ùyl Ó°y ÎyÎ˚ ly– ï˛ál x=a !Ó®%ˆÏï˛ f (x) xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xyÓ˚*ì˛¸ !Ó®% (saddle point) !lô≈y!Ó˚ï˛ •Î˚–
~áyˆÏl ò%!ê˛ ¢ï≈˛ í˛zˆÏÕ‘á Ü˛Ó˚y ÎyÎ˚ ≠
í˛z˛õˆÏÓ˚ í˛z!Õ‘!áï˛ (a) !lî≈yÎ˚Ü˛!ê˛ ˆÜ˛yˆÏly ã˛Ó˚Ù Ùyl (extreme value) !lô≈yÓ˚ˆÏîÓ˚ ≤ÃˆÏÎ˚yçl#Î˚ ¢ï≈˛ (necessary

condition) !lˆÏò≈¢ Ü˛ˆÏÓ˚– xlƒ!òˆÏÜ˛ (b) !lî≈yÎ˚Ü˛!ê˛ ÎˆÏÌ‹T ¢ï≈˛ (sufficient condition) !lˆÏò≈¢ Ü˛ˆÏÓ˚ ÎyÓ˚ §y•yˆÏÎƒ
fliyl#Î˚ à!Ó˚¤˛ñ åfliyl#Î˚ä °!â¤˛ ~ÓÇ xlƒylƒ !lŸã˛° ÙyˆÏlÓ˚ ÙˆÏôƒ ˛õyÌ≈Ü˛ƒ Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚–

!mï˛#Î˚ xhs˝Ó˚Ü˛°ˆÏçÓ˚ ≤ÃˆÏÎ˚yà ≠ (Application of Second Order Derivative) :

f ′(x) ~Ó˚ Ó,!k˛ Óy •…yˆÏ§Ó˚ Ùyey !mï˛#Î˚ xhs˝Ó˚Ü˛°ˆÏçÓ˚ Óy f″(x) ~Ó˚ §y•yˆÏÎƒ ˛õ!Ó˚Ùy˛õ Ü˛Ó˚y •Î˚–

~áyˆÏl ′′ =
′

= L
NM

O
QP =f x

d f x

dx

d

dx

dy

dx

d y

dx
b g b g 2

2  ~!ê˛ y = f (x) ˆÓ˚áyÓ˚ ˆÜ˛yˆÏly !Ó®%ˆÏï˛ x!B˛ï˛ flõ¢≈ˆÏÜ˛Ó˚ l!ï˛Ó˚

Ó,!k˛ Óy •…yˆÏ§Ó˚ Ùyey !lˆÏò≈¢ Ü˛ˆÏÓ˚–
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Î!ò x=a ~ÓÇ f″(a) > 0 •Î˚ñ ï˛ˆÏÓ ï˛yÓ˚ xÌ≈ ˆ•yˆÏ°y x ~Ó˚ Ùyl aüÈÓ˚ Ùôƒ !òˆÏÎ˚ Îál e´Ù¢ Ó,!k˛ ˆ˛õˆÏï˛ ÌyˆÏÜ˛
ˆÎÙl f(x) ~Ó˚ e´ÙÓô≈Ùyl •yˆÏÓ˚ ˛õ!Ó˚Óï≈˛l âˆÏê˛ñ ~ÓÇ Îál y=f(x) ˆÓ˚áyÓ˚ G˛õÓ˚ a Ë%˛ç §¡õß¨ !Ó®%Ó˚ Ùôƒ !òˆÏÎ˚
x@˝Ã§Ó˚ •GÎ˚y ÎyÎ˚ ï˛ál G•z ˆÓ˚áyÓ˚ !Ó!Ë˛ß¨ !Ó®%ˆÏï˛ x!B˛ï˛ flõ¢≈ˆÏÜ˛Ó˚ l!ï˛ e´Ù¢ Ó,!k˛ ˛õyÎ˚–

xl%Ó˚*˛õË˛yˆÏÓñ Î!ò x = a ~ÓÇ f″(a) < 0 •Î˚ñ ï˛ˆÏÓ ï˛yÓ˚ xÌ≈ ˆ•yˆÏ°y x ~Ó˚ Ùyl aÈüÈÓ˚ Ùôƒ !òˆÏÎ˚ Îál e´Ù¢
Ó,!k˛ ˛õyÎ˚ñ ï˛ál f(x) ~Ó˚ e´Ù•…y§Ùyl •yˆÏÓ˚ ˛õ!Ó˚Óï≈˛l âˆÏê˛– xÌ≈yÍ f″(a) ~Ó˚ ày!î!ï˛Ü˛ Ùyl !lˆÏò≈¢ Ü˛ˆÏÓ˚ Ü˛ï˛ o&ï˛
f(x) ~Ó˚ Ùyl x = a ~Ó˚ xÓfliyÎ˚ ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚– ~!ê˛ x = a xÓfliyÎ˚ y=f(x) ˆÓ˚áyÓ˚ Óe´ï˛yÓ˚ xÓfliyG !lˆÏò≈¢ Ü˛ˆÏÓ˚–

~ál f″(a) > 0 •GÎ˚yÓ˚ xÌ≈ ˆ•yˆÏ°y x ~Ó˚ Ùyl Îál aüÈÓ˚ Ùôƒ !òˆÏÎ˚ Ó,!k˛ ˆ˛õˆÏï˛ ÌyˆÏÜ˛ ï˛ál f(x) xˆÏ˛õ«˛ˆÏÜ˛Ó˚
Ùyl e´ÙÓô≈Ùyl •yˆÏÓ˚ ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚ ~ÓÇ y=f(x) ˆÓ˚áy!ê˛ x=a ˆï˛ l#ˆÏã˛Ó˚ !òÜ˛ ˆÌˆÏÜ˛ í˛z_° (Convex from

below) •Î˚ å!ã˛e 8ÈüüüÈ!ã˛e 10ä

               !ã˛e ≠ 11                          !ã˛e ≠ 12                       !ã˛e ≠ 13

xyÓyÓ˚ Î!ò f(a)<0 •Î˚ñ ï˛ˆÏÓ ï˛yÓ˚ xÌ≈ ˆ•yˆÏ°y x ~Ó˚ Ùyl Îál aÈüÈÓ˚ Ùôƒ !òˆÏÎ˚ e´Ù¢ Ó,!k˛ ˆ˛õˆÏï˛ ÌyˆÏÜ˛ ï˛ál
f″(x) xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ùyl e´Ù•…y§Ùyl à!ï˛ˆÏï˛ ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚– ~áyˆÏl x=a !Ó®%ˆÏï˛ y = f(x) ˆÓ˚áy!ê˛ l#ã˛ ˆÌˆÏÜ˛
xÓï˛° •Î˚ å!ã˛e 11üüüÈ!ã˛e 13ä

            !ã˛e ≠ 8                            !ã˛e ≠ 9                         !ã˛e ≠ 10

y
f (x)

y
f (x)

y

a a a f (x)

o x o x o x

y y y

o x o x o x

f (x)

f (x)
f (x)

a a a

 f ' (a) > 0,  f ″ (a) < 0          f ' (a) = 0, f ″ (a) < 0        f ' (a) > 0,  f ″ (a) < 0
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4.7 í˛z_° G xÓï˛° xˆÏ˛õ«˛Ü˛ ~ÓÇ ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®%

ˆÜ˛yˆÏly ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ f(x), x = a ˆï˛ í˛z_° •ˆÏÓñ Î!ò [a, f(a)] á%Ó !lÜ˛ê˛Óï≈˛# ˆÜ˛yˆÏly xMÈ˛ˆÏ°ñ xˆÏ˛õ«˛Ü˛!ê˛Ó˚
ˆ°á!ã˛e §¡õ)î≈Ë˛yˆÏÓñ ˆ°á!ã˛e!ê˛Ó˚ flõ¢≈ˆÏÜ˛Ó˚ l#ˆÏã˛ xÓfliyl Ü˛ˆÏÓ˚– ˛õ)ˆÏÓ≈ í˛z!Õ‘!áï˛ xyˆÏSÈ ˆÎ x=a ˆï˛ !mï˛#Î˚ xhs˝Ó˚Ü˛°ç
ôlydÜ˛ •ˆÏ°ñ ˙ !Ó®%ˆÏï˛ xˆÏ˛õ«˛Ü˛!ê˛ í˛z_° •ˆÏÓ– xyÓyÓ˚ x=a !Ó®%ˆÏï˛ Î!ò !mï˛#Î˚ xhs˝Ó˚Ü˛°ç }îydÜ˛ •Î˚ ï˛ál a
!Ó®%ˆÏï˛ xˆÏ˛õ«˛Ü˛!ê˛ xÓï˛° •ˆÏÓ– xÌ≈yÍ f″(a) > 0 • Ï̂° f(x); x=a !Ó®%ˆÏï˛ í˛z_° G f″(a)<0 •ˆÏ° f (x) ; x=a

!Ó®%ˆÏï˛ xÓï˛°–

Î!ò f″(a) > 0 ~Ü˛!ê˛ !l!ò≈‹T ˛õ!Ó˚§ˆÏÓ˚ §Ü˛° x ~Ó˚ çlƒ ï˛ál ï˛y Ü˛ˆÏë˛yÓ˚Ë˛yˆÏÓ í˛z_° (strictly Concave)

xyÓyÓ˚ Î!ò f″(x) < 0 •Î˚ ~Ü˛!ê˛ !l!ò≈‹T ˛õ!Ó˚§ˆÏÓ˚ §Ü˛° x ~Ó˚ çlƒ ï˛ál ï˛y Ü˛ˆÏë˛yÓ˚Ë˛yˆÏÓ xÓï˛° •Î˚ (strictly

Concave) å!ã˛e 14üüüÈ!ã˛e 19ä

~ï˛ò)Ó˚ xyˆÏ°yã˛lyÓ˚ §yÓ˚ÙÙ≈ •ˆÏ°y ~•z ˆÎÈüüü

Îál ˆÜ˛yˆÏly ~Ü˛!ê˛ xÓÜ˛°lˆÏÎyàƒ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xy˛õyï˛ §ˆÏÓ≈yFã˛ Óy xy˛õyï˛ §Ó≈!l¡¨ Ùyl !lî≈Î˚ Ü˛Ó˚y •Î˚ ï˛ál ò%!ê˛
!Ó£ÏÎ˚ ˆáÎ˚y° Ó˚yáy ≤ÃˆÏÎ˚yçl–

1. ≤ÃÌÙ ˛õÎ≈yˆÏÎ˚Ó˚ xÓÜ˛°lˆÏÜ˛ ¢)lƒÓ˚ §ˆÏD §Ùyl Ü˛ˆÏÓ˚ !lŸã˛° Ùyl !lî≈Î˚ Ü˛Ó˚y •Î˚– ~•z Ùyl Óy Ùyl=!°ˆÏï˛
xˆÏ˛õ«˛Ü˛!ê˛ ÓyˆÏí˛¸ ly ~ÓÇ Ü˛ˆÏÙ ly– ~•z x ~Ó˚ Ùyl=!° ï˛ál §ˆÏÓ≈yFã˛ ly xy˛õyï˛ §Ó≈!l¡¨ ï˛y !Óã˛yˆÏÓ˚Ó˚ çlƒ ˆòáy
•ˆÏÓ !mï˛#Î˚ ˛õÎ≈yˆÏÎ˚–

!ã˛e 14üüüÈ!ã˛e 19

y

y

y

y

y

y

xa
o

o x

o a

a

x x

x

x
a

a

ao

o

o

ì˛y° >0 e´ÙÓô≈Ùyl

xˆÏ˛õ«˛Ü˛ x=a ˆï˛

fx=a ˆÏï˛ í˛z_°"

f '(a)>0 f″(a)>0

x=a !Ó®%ˆÏï˛
fxÓï˛°"

f '(a)>0 f″(a)>0

ì˛y° < 0

x=a !Ó®%ˆÏï˛
e´Ù•…y§Ùyl xˆÏ˛õ«˛Ü˛!ã˛e 14

!ã˛e 15

!ã˛e 16

!ã˛e 17

!ã˛e 18

!ã˛e 19

f '(a) < 0

f″(a) > 0

f '(a) < 0

f″(a) < 0
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2. !lŸã˛° !Ó®%!ê˛ˆÏï˛ !mï˛#Î˚ xhs˝Ó˚Ü˛°ˆÏçÓ˚ !ã˛•´yl%§yˆÏÓ˚ !ï˛l!ê˛ !§k˛yhs˝ ˆlGÎ˚y ÎyÎ˚– Î!ò !lŸã˛° Óy ã˛Ó˚Ù !Ó®% a
ˆï˛

i) f″(a) < 0 ; xˆÏ˛õ«˛Ü˛!ê˛ a ˆï˛ xÓï˛° ~ÓÇ xy˛õyï˛ §ˆÏÓ≈yFã˛ •Î˚

ii) f″(a) > 0 ; x Į̈̂ õ«˛Ü˛!ê˛ a ˆï˛ í˛z_° ~ÓÇ xy˛õyï˛ §Ó≈!l¡¨

iii) f″(a) = 0 ; ˛õÓ˚#«˛y!ê˛ !§k˛yhs˝!Ó•#l (inconclusive)

~Ùl Î!ò xˆÏ˛õ«˛Ü˛!ê˛ Ü˛ˆÏë˛yÓ˚Ë˛yˆÏÓ xÓï˛° Óy í˛z_° •Î˚ñ ï˛y•ˆÏ° ï˛yÓ˚ ÎÌye´ˆÏÙ ~Ü˛!ê˛Ùye §ˆÏÓ≈yFã˛ !Ó®% Óy ~Ü˛!ê˛
Ùye §Ó≈!l¡¨ !Ó®% ÌyÜ˛ˆÏÓ ÎyˆÏÜ˛ ÎÌye´ˆÏÙ §y!Ó≈Ü˛ à!Ó˚¤˛ Óy §y!Ó≈Ü˛ °!â¤˛ Ó°y •Î˚–

ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®% ≠ ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®% (inflection point) Ó°ˆÏï˛ ˆ§•z !Ó®%ˆÏÜ˛ ˆÓyV˛yÎ˚ ˆÎáyˆÏl xˆÏ˛õ«˛Ü˛!ê˛ ï˛yÓ˚
flõ¢≈Ü˛ˆÏÜ˛ ˆSÈò Ü˛ˆÏÓ˚ Óy Ü˛ï≈˛l Ü˛ˆÏÓ˚ ~ÓÇ xˆÏ˛õ«˛Ü˛!ê˛ ï˛yÓ˚ Óe´ï˛y ˛õ!Ó˚Óï≈˛l Ü˛ˆÏÓ˚ •Î˚ í˛z_° ˆÌˆÏÜ˛ xÓï˛° Óy í˛zˆÏŒê˛y
Ó˚Ü˛Ù Ë˛yˆÏÓ– ~ˆÏ«˛ˆÏe ≤ÃÌÙ xhs˝Ó˚Ü˛°ˆÏçÓ˚ !ã˛•´Ó˚ =Ó˚&c ÌyˆÏÜ˛ ly– ‘a’ Î!ò ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®% •Î˚ ï˛y•ˆÏ° !ï˛l!ê˛ ¢ï≈˛
xyÓ¢≈Ü˛ ≠

1. f″(a) = 0  Óy x§ÇK yï˛

2. x=a ˆï˛ Óe´ï˛yÓ˚ ˛õ!Ó˚Óï≈˛l

3. x=a ˆï˛ ˆ°á!ã˛e!ê˛ flõ¢≈Ü˛ˆÏÜ˛ x!ï˛e´Ù Ü˛ˆÏÓ˚–

xÌ≈yÍ ~Ü˛!ê˛ ò%•zÓyÓ˚ xÓÜ˛°lˆÏÎyàƒ xˆÏ˛õ«˛Ü˛ f ~Ó˚ (a, b) §#ÙyÓ˚ ÙˆÏôƒ ‘c’ ~Ü˛!ê˛ ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®% •ˆÏÓ Î!ò
!l¡¨!°!áï˛ ò%•z xÓfliyÓ˚ ˆÜ˛yˆÏly ~Ü˛!ê˛ §!ï˛ƒ •Î˚–

a) f″(x) ≥ 0  Î!ò a < x < c G f″(x) ≤ 0  Î!ò c < x < b

xÌÓy

b) f″(x) ≤ 0 Î!ò a < x < c G f″(x) ≥ 0  Î!ò c < x < b

§%ï˛Ó˚yÇ x=c ˆï˛ ÓÑyÜ˛ Óò° •ˆÏÓ Î!ò c ˆï˛ f″(x) !ã˛•´ ˛õ!Ó˚Óï≈˛l Ü˛ˆÏÓ˚– ˆ§ˆÏ«˛ˆÏe ˆ°á!ã˛e!ê˛Ó˚ ÓÑyÜ˛ÓòˆÏ°Ó˚ !Ó®%
•ˆÏÓ (c, f(c)), å!ã˛e 20ä–

ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®% !lî≈ˆÏÎ˚Ó˚ ˛õÓ˚#«˛y≠

ôÓ˚y ÎyÜ˛ f  ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ ÎyÓ˚ I xhs˝Ó˚yˆÏ° !Ó!FSÈß¨ !mï˛#Î˚ xhs˝Ó˚Ü˛°ç xyˆÏSÈ ~ÓÇ IüÈ~Ó˚ !Ë˛ï˛Ó˚ c ~Ü˛!ê˛ !Ó®%–

a) c ~Ü˛!ê˛ ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®% •ˆÏÓ Î!ò f″(c) = 0 •Î˚

b) Î!ò f″(c) = 0 ~ÓÇ f″; c ˆï˛ ï˛yÓ˚ !ã˛•´ ˛õ!Ó˚Óï≈˛l Ü˛ˆÏÓ˚ñ ï˛y•ˆÏ° c •ˆÏÓ ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®%–
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!ã˛e 20 : P ˆ•yˆÏ°y ÓÑyÜ˛ Óò° !Ó®% ˆ°á!ã˛eÓ˚ í˛z˛õÓ˚ G xˆÏ˛õ«˛Ü˛!ê˛Ó˚ ÓÑyÜ˛ Óò° !Ó®% x = c

§%ï˛Ó˚yÇ ~Ü˛!ê˛ xy˛õyï˛ (relative) ã˛Ó˚ÙÙylˆÏÜ˛ !lŸã˛° Ùyl •ˆÏï˛•z •ˆÏÓ ˆÎ!ê˛ •Î˚ §ˆÏÓ≈yFã˛ Óy §Ó≈!l¡¨ñ xÌÓy ÓÑyÜ˛
ÓòˆÏ°Ó˚ !Ó®% •ˆÏÓ– Î!ò f″(a) = 0 •Î˚ xÌ≈yÍ ˛õÓ˚#«˛y!ê˛ !§k˛yhs˝!Ó•#l •Î˚ñ ï˛y•ˆÏ° ï˛yÓ˚ §Ç°@¿ §ÇÜ˛ê˛ !Ó®%ˆÏï˛
(critical value) Óy f″(x) = 0 ˆï˛ x ~Ó˚ ˆÎ Ùyl ~ˆÏ§ˆÏSÈ ï˛yˆÏï˛ Î!ò ≤ÃÌÙ í˛zFã˛ï˛Ó˚ ¢)lƒÓƒï˛#ï˛ xhs˝Ó˚Ü˛°ç (first

non-zero value of a higher order derivative) !ÓˆÏçyí˛¸ e´ˆÏÙÓ˚ (odd order) •Î˚ ï˛ál xˆÏ˛õ«˛Ü˛!ê˛Ó˚ ÓÑyÜ˛
Óò° !Ó®% ÌyÜ˛ˆÏÓ– !Ü˛v Î!ò ≤ÃÌÙ í˛zFã˛ï˛Ó˚ ¢)lƒÓƒï˛#ï˛ xhs˝Ó˚Ü˛°ç ˆçyí˛¸ ~Ü˛!Ó!¢‹T •Î˚ ï˛ˆÏÓ xˆÏ˛õ«˛Ü˛!ê˛ ˆ§•z
xhs˝Ó˚Ü˛°ˆÏçÓ˚ !ã˛•´yl%§yˆÏÓ˚ xy˛õyï˛ ã˛Ó˚Ù Ùyl ÌyÜ˛ˆÏÓ–

4.7.1 í˛z_° ~ÓÇ xÓï˛° xˆÏ˛õ«˛ˆÏÜ˛Ó˚ çƒy!Ù!ï˛Ü˛ Óƒyáƒy

ˆÜ˛yˆÏly ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ xÓï˛° åí˛z_°ä •Î˚ Î!ò ÎyÓ˚ ˆ°á!ã˛ˆÏeÓ˚ í˛z˛õÓ˚ ˆÎ ˆÜ˛yˆÏly ò%!ê˛ !Ó®% §ÇˆÏÎyàÜ˛y!Ó˚
§Ó˚°ˆÏÓ˚áyñ Óe´ˆÏÓ˚áy!ê˛Ó˚ §¡õ)î≈ l#ˆÏã˛ åí˛z˛õˆÏÓ˚ä xÓfliyl Ü˛ˆÏÓ˚ Óy Ü˛álG í˛z˛õˆÏÓ˚ ål#ˆÏã˛ä xÓfliyl Ü˛ˆÏÓ˚ ly–

           !ã˛e 21  : f xy Į̈̂ õ!«˛Ü˛ í z̨_°                 !ã˛e 22  : f xyˆÏ˛õ!«˛Ü˛ xÓï˛°

y

p

y=f(x)

f″(x) > 0 f″(x) < 0o x

y

o

y

o
x x

f″(x)

f″(x)

c



68

í˛z˛õˆÏÓ˚y_´ §ÇK y ò%!ê˛ !ã˛e 21-22 ~ Ó!î≈ï˛ Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ ôÓ˚y ÎyÜ˛ [a, b] xhs˝Ó˚yˆÏ° x ~Ü˛!ê˛ !Ó®% ˆÎáyˆÏl a<b–
~ Ï̂Ü˛ ˆ°áy ÎyÎ˚≠

!ã˛e 23

x = (1-λ)a + λb

= a+λ(b–a) å!Ü˛S%È λ∈[0, 1]ÈüÈÓ˚ çlƒ–

~ál Î!ò b > a, G 0 ≤ λ ≤ •Î˚ ï˛y•ˆÏ° a ≤ a + λ(b–a) ≤ b

xyÓyÓ˚ Î!ò x∈[a, b] •Î˚ ~ÓÇ λ =
−
−

x a

b a
 ï˛y•ˆÏ° 0 ≤ λ ≤ 1 G

1 1
1

− + = −
−
−

F
HG

I
KJ +

−
−

⋅λ λb ga b
x

b a
a

x a

b a
b

=
− − + + −

−
=

ba a xa a xb ab

b a
x

2 2

~ˆÏ«˛ˆÏe λ ˆ•yˆÏ°y x ˆÌˆÏÜ˛ aÈüÈÓ˚ ò)Ó˚c xyÓ˚ a ˆÌˆÏÜ˛ b ~Ó˚ ò)Ó˚ˆÏcÓ˚ xl%˛õyï˛–

∴ =
−
−

λ
x a

b a

!ã˛e 23ÈüÈ~ s ~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚y ˆòáyˆÏly •°– (a, f(c)) G (b, f(b)) ÈüÈÓ˚ §ÇˆÏÎyàÜ˛yÓ˚# §Ó˚°ˆÏÓ˚áyÓ˚ §Ù#Ü˛Ó˚î
ˆ•yˆÏ°y≠

a

y

(a, f(a)

y=f(x)

(b, f (b))

x = (1-λ)a + λb

x = (1-λ)a + λb

s

b
x
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y f c
b b f a

b a
x a− =

−
−

−( )
( ) ( )

( )

Ü˛yÓ˚î (x
1
, y

1
) G (x

2
, y

2
) !Ó®%Ó˚ §ÇˆÏÎyàÜ˛yÓ˚# ˆÓ˚áyÓ˚ ì˛y° = =

−
−

a
y y

x x

2 1

2 1

 G §Ù#Ü˛Ó˚î≠

y y
y y

x x
x x− =

−
−

−1
2 1

2 1

1b g

ôÓ˚y ÎyÜ˛ x = (1–λ) a + λb ï˛y•ˆÏ° y = s

§%ï˛Ó˚yÇ s f a
f b f a

b a
a b a− =

−

−
− + −b g b g b g b g1 λ λ

= −λ f b f ab g b g
xÌ≈yÍ s = (1–λ) f(a)+λf(b)– ~ál Î!ò λ; [0, 1] §#ÙyÓ˚ ÙˆÏôƒ §Ó Ùyl=!° @˝Ã•î Ü˛ˆÏÓ˚ñ ï˛y•ˆÏ° (1–λ)a

+ λb G [a, b] §#ÙyÓ˚ ÙˆÏôƒ §ÓÜ˛!ê˛ Ùyl @˝Ã•î Ü˛Ó˚ˆÏÓ– §%ï˛Ó˚yÇ (a, f(a)) G (b, f(b) §ÇˆÏÎyàÜ˛yÓ˚# §Ó˚°ˆÏÓ˚áy §Ó≈òy

f ~Ó˚ ˆ°á!ã˛eÓ˚ l#ˆÏã˛ Óy ˆ°á!ã˛eÓ˚•z í˛z˛õÓ˚ xÓfliyl Ü˛Ó˚ˆÏÓ Ó°ˆÏ° ˆÓyV˛yˆÏÓ s ≤ f((1–λ)a + λb) §Ü˛° λ∈[0,

1]ÈüÈÓ˚ çlƒ–

xÌ≈yÍ f Î!ò xÓï˛° •Î˚ I xhs˝Ó˚yˆÏ° ˆÎáyˆÏl a, b∈I G λ∈ (0, 1) ï˛ Ï̂Ó f((1–λ) a+λb) ≥ (1–λ) f(a)

+ λf(b) Óy §Ó˚°ˆÏÓ˚áy!ê˛Ó˚ í˛zFã˛ï˛yñ ã˛yˆÏ˛õÓ˚ í˛zFã˛ï˛y xˆÏ˛õ«˛y Ü˛Ù •ˆÏÓ– Î!ò f xÓï˛° •ˆÏÓ ï˛y•ˆÏ° –f í˛z_° •ˆÏÓ–

f í˛z_° •ˆÏÓ I xhs˝Ó˚y Ï̂° §Ü˛° a, b ∈ I ~ÓÇ λ∈ (0, 1) Î!ò

f((1–λ) a+λb) ≤ (1–λ) f(a) + λf(b)  xÌ≈yÍ §Ó˚°ˆÏÓ˚áyÓ˚ í˛zFã˛ï˛yñ ã˛yˆÏ˛õÓ˚ í˛zFã˛ï˛y xˆÏ˛õ«˛y ˆÓ!¢ •ˆÏÓ–

!Ó!Óô í˛zòy•Ó˚î (Miscellaneous Examples)

1. ôÓ˚y ÎyÜ˛ ~Ü˛!ê˛ ã˛y!•òy xˆÏ˛õ«˛Ü˛ P = 100 – 2Q– ~•z xˆÏ˛õ«˛Ü˛!ê˛ !Ü˛ e´ÙÓk≈˛Ùyl⁄

§Ùyôyl≠ P = 100 – 2Q ; 
dP

dQ
= − <2 0

ã˛y!•òy xˆÏ˛õ«˛Ü˛!ê˛ }îydÜ˛ ì˛y°§¡õß¨ ~ÓÇ 
d P

dQ

2

2
0=  §%ï˛Ó˚yÇ ~•z xˆÏ˛õ«˛Ü˛ ~Ü˛!ê˛ !l!ò≈‹T •yˆÏÓ˚ •…y§

ˆ˛õˆÏÎ˚ˆÏSÈ– å!ã˛e 24ä–
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!ã˛e 24

2. ã˛y!•òy xˆÏ˛õ«˛Ü˛ ≠ p
a

Q b
c=

+
F
HG

I
KJ −  ˆÎáyˆÏl a, b, c ˆ•yˆÏ°y ôlydÜ˛ ô &ÓÜ˛– ã˛y!•òy ˆÓ˚áy!ê˛Ó˚ Óe´ï˛y

(curvature) !lî≈Î˚ Ü˛ˆÏÓ˚y

P
a

Q b
c=

+

F
HG

I
KJ −

dP

dQ

a

a b
= −

+
<

b g2
0

å∵a > 0  ~ÓÇ •Ó˚ > 0ä

xÌ≈yÍ xˆÏ˛õ«˛Ü˛!ê˛ e´Ù•…y§Ùyl–

d P

dQ

a

Q b
a Q b

2

2 3

2
0 0=

+
> >

b g b g, ,

§%ï˛Ó˚yÇ xˆÏ˛õ«˛Ü˛!ê˛ e´ÙÓô≈Ùyl •yˆÏÓ˚ •…y§ ˛õyˆÏFSÈ– xÌ≈yÍ ã˛y!•òyˆÏÓ˚áy!ê˛ Ù)°!Ó®%Ó˚ !òˆÏÜ˛ í˛z_° •ˆÏÓ– å!ã˛e 25ä–

3. ôÓ˚y ÎyÜ˛ñ Ê˛yˆÏÙ≈Ó˚ ˆÙyê˛ ÓƒÎ˚ (TC) xˆÏ˛õ«˛Ü˛ ˆ•yˆÏ°y TC Q Q Q= − +300 10
1

3

2 3 – ˆÜ˛yl í˛zÍ˛õyòl hflÏˆÏÓ˚

AC G MC §Ó≈!l¡¨ •Î˚ ï˛y !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl

TC Q Q Q= − +300 10
1

3

2 3

AC
TC

Q

Q Q y Q

Q
Q Q= =

− +
= − +

300 10
300 10

1

3

2
3

3
2

p

o Q

p = 100 - 2Q

p

o Q

P
a

Q b
c=

+

F
HG

I
KJ −

!ã˛e 25
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AC ˆÎáyˆÏl §Ó≈!l¡¨ •ˆÏÓ ˆ§áyˆÏl 
dAC

dQ
= 0  ~ÓÇ 

d AC

dQ

2

2
0>  •ˆÏÓ

∴ = − + = ⇒ =
dAC

dQ
Q Q10

3

3
0

2

3
10

⇒ 2Q = 30   ⇒ Q = 15

xyÓyÓ˚ 
d AC

dQ

2

2

2

3
0= > – xÌ≈yÍ Q Îál 15 ï˛ál Ê˛yˆÏÙ≈Ó˚ AC §Ó≈!l¡¨ •ˆÏÓ–

ACüÈÓ˚ §Ù#Ü˛Ó˚ˆÏî Q = 15 Ó!§ˆÏÎ˚ §Ó≈!l¡¨ AC ÈüÈÓ˚ Ùyl ˛õyGÎ˚y ÎyˆÏÓ–

§Ó≈!l¡¨ AC Q Q= − + = − × + × ×300 10
1

3
300 10 15

1

3
15 152

= 300 + 75 – 150 = 225

MC
MTC

dQ
Q Q= = − +300 20 2

MC Îál §Ó≈!l¡¨ •ˆÏÓ ï˛ál 
dMC

dQ
= 0  ~ÓÇ 

d MC

dQ

2

2
0>  •ˆÏÓ–

∴ = − + =
dMC

dQ
Q20 2 0

⇒ =Q 10

d MC

dQ

2

2
2 0= >  xÌ≈yÍ Q = 10 ~Ü˛Ü˛ • Ï̂° MC §Ó≈!l¡¨ •ˆÏÓ–

MCÈüÈÓ˚ §Ù#Ü˛Ó˚î Q = 10 Ó§yˆÏ° §Ó≈!l¡¨ MCÈüÈÓ˚ Ùyl ˛õyGÎ˚y ÎyˆÏÓ–

§Ó≈!l¡¨ MC=300 – 20Q+Q = 300 – 20×10 + 10×10 = 300+100–200=200

4. ~Ü˛!ê˛ Ê˛yÙ≈ ~Ü˛!ê˛ !fliÓ˚ òyˆÏÙ (P) oÓƒ !Óe´Î˚ Ü˛ˆÏÓ˚ ˆÎáyˆÏl P = Rs 2– Ê˛yÙ≈!ê˛Ó˚ ˆÙyê˛ ÓƒÎ˚ xˆÏ˛õ«˛Ü˛ ˆ•yˆÏ°y

TC
Q

= + F
HG

I
KJ1000

1

2 50

2

– Ê˛yÙ≈!ê˛Ó˚ Ù%lyÊ˛y (π) xˆÏ˛õ«˛Ü˛ !lî≈Î˚ Ü˛ˆÏÓ˚y ~ÓÇ ˆÎ í˛zÍ˛õyòlhflÏˆÏÓ˚ Ù%lyÊ˛y §ˆÏÓ≈yFã˛ •Î˚ ï˛y

!lˆÏò≈¢ Ü˛ˆÏÓ˚y–
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§Ùyôyl ≠ π = TR – TC; TR = PQ = 2Q

π = − = − + F
HG

I
KJ

L
N
MM

O
Q
PP

TR TC Q
Q

2 1000
1

2 50

2

= − − F
HG

I
KJ2 1000

1

2 50

2

Q
Q

ˆÎ í˛zÍ˛õyòl hflÏˆÏÓ˚ Ù%lyÊ˛y §ˆÏÓ≈yFã˛ •Î˚ ˆ§áyˆÏl 
d

dQ

π
= 0  ~ÓÇ 

d

dQ

2

2
0

π
<  •ˆÏÓ–

~áy Ï̂l 
d

dQ

Q
Q

π
= − = ⇒ =2

50
0 100

xyÓyÓ˚ 
d

dQ

2

2

1

50
0

π
= − <

§%ï˛Ó˚yÇ Q = 100 •ˆÏ° Ê˛yˆÏÙ≈Ó˚ Ù%lyÊ˛y §ˆÏÓ≈yFã˛ •ˆÏÓ–

5. !l¡¨!°!áï˛ xˆÏ˛õ«˛Ü˛=!°Ó˚ (1) =Ó˚&c˛õ)î≈ Óy §ÇÜ˛ê˛ Ùyl (Critical Value) !lô≈yÓ˚î Ü˛Ó˚ (2) xˆÏ˛õ«˛Ü˛=!°Ó˚
=Ó˚&c˛õ)î≈ Ùyl xˆÏ˛õ«˛Ü˛=!°Ó˚ xy˛õyï˛ ã˛Ó˚Ù xÓfliy xÌÓy ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®% !lî≈Î˚ Ü˛ˆÏÓ˚y–

a) y = – (x – 8)4  b) y = (5 – x)3  c) y = –2(x – b)6

a) y = –(x – 8)4

′ = = − −y
dy

dx
x4 8

3b g

dy

dx
= 0  Ó§yˆÏ° x ~Ó˚ §ÇÜ˛ê˛ Ùyl ˆÓˆÏÓ˚yÎ˚–

y = – 4(x–8)3 = 0

⇒ x – 8 = 0  ⇒ x = 8 ˆ•yˆÏ°y §ÇÜ˛ê˛ Ùyl–

d y

dx
y x y

2

2

2
12 8 8 0= ′′ = − − ′′ =b g b g;

∴ ˛õÓ˚#«˛y!ê˛ ˆÌˆÏÜ˛ !§k˛yhs˝ ˆlGÎ˚y ÎyˆÏÓ ly (The test is inconclusive)–
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∴ í˛zFã˛ï˛Ó˚ xhs˝Ó˚Ü˛°l !lî≈Î˚ Ü˛Ó˚y ÎyÜ˛–

y′″ = –24(x – 8) ⇒ y′″(8) = – 24(8–8) = 0

∴ ˛õÓ˚#«˛y!ê˛ xyÓyÓ˚ !§k˛yhs˝!Ó•#l–

y(4) = –24 ⇒ y4 (8) = 24 < 0

∴ x Į̈̂ õ«˛Ü˛!ê˛ xÓï˛° ~ÓÇ x = 8 ~•z =Ó˚&c˛õ)î≈ !Ó®%ˆÏï˛ §ˆÏÓ≈yFã˛ •Î˚–

b) y = (5 – x)3

1) y′ = 3(5 – x)2 (–1) = – 3(5 – x)2 = 0

5 = x ˆ•yˆÏ°y =Ó˚&c˛õ)î≈ Ùyl–

2) y″ = 6(5 – x) ⇒ y″ (5) = 6(5–5) = 0 ∴ !mï˛#Î˚ xhs˝Ó˚Ü˛°ç ˛õÓ˚#«˛y !§k˛yhs˝!Ó•#l–

y′″ = – 6 ⇒ y′″ (5) = – 6 < 0

xÌ≈yÍ y ~Ü˛!ê˛ ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®%ˆÏï˛ xÓfliyl Ü˛Ó˚ˆÏSÈ x=5ÈüÈ~ Îy ã˛Ó˚Ù !Ó®% lÎ˚–

c) y = –2(x–6)6

1) y′ = – 12(x–6)5 = 0  ⇒  x=6 §ÇÜ˛ê˛ !Ó®%–

2) y″ = – 60(x–6)4

y″(6) = – 60 × 04 = 0 ∴ ˛õÓ˚#«˛y!ê˛ !§k˛yhs˝!Ó•#l–

y′″ = –240 (x–6)3 ⇒  y′″ (6) = 0 ∴ ˛õÓ˚#«˛y!ê˛ !§k˛yhs˝!Ó•#l–

y(4) = –720 (x–6)2 ⇒ y4(6) = 0 ∴ ˛õÓ˚#«˛y!ê˛ !§k˛yhs˝!Ó•#l–

y(5) = –1440(x–6)  ⇒ y5 (6) = 0 ∴ ˛õÓ˚#«˛y!ê˛ !§k˛yhs˝!Ó•#l–

y(6) = –1440 ⇒ y6(6) = –1440 < 0

∴ y ˆ•yˆÏ°y xÓï˛° ~ÓÇ ~Ó˚ §ˆÏÓ≈yFã˛ Ùyl xyˆÏSÈ–

4.8 §Ó≈y!ôÜ˛ G §Ó≈!l¡¨Ü˛Ó˚ˆÏîÓ˚ çlƒ ≤ÃˆÏÎ˚yçl#Î˚ ¢ï≈˛yÓ!°

xyÙyˆÏòÓ˚ !ã˛ˆÏe ˆòáy ÎyˆÏFSÈ ˆÎñ y = f(x) xˆÏ˛õ«˛Ü˛!ê˛ A !Ó®%ˆÏï˛ §Ó≈y!ôÜ˛ñ B !Ó®%ˆÏï˛ §Ó≈!l¡¨ ~ÓÇ C !Ó®%!ê˛
•° ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®% (Point of inflexion) ˆÎáyˆÏl xˆÏ˛õ«˛Ü˛!ê˛ §Ó≈y!ôÜ˛G lÎ˚ñ xyÓyÓ˚ §Ó≈!l¡¨G lÎ˚– !Ü˛v !ï˛l!ê˛

!Ó®%ˆÏï˛•z 
dy

dx
= 0  ~ÓÇ ~!ê˛•z •° ˆÜ˛yl xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §Ó≈y!ôÜ˛ Óy §Ó≈!l¡¨ Ùyl •GÎ˚yÓ˚ ≤ÃÌÙ e´ˆÏÙÓ˚ Óy ≤ÃˆÏÎ˚yçl#Î˚
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¢ï≈˛– xÓ¢ƒ ~•z ¢ï≈˛ ˛õÎ≈yÆ lÎ˚– §Ó≈y!ôÜ˛ Óy §Ó≈!l¡¨ Ùyl ˆ˛õˆÏï˛ ˆàˆÏ° ~Ü˛!ê˛ ˛õÎ≈yÆ Óy !mï˛#Î˚ e´ˆÏÙÓ˚ ¢ï≈˛G ˛õ)Ó˚î

•GÎ˚y òÓ˚Ü˛yÓ˚– §Ó≈y!ôÜ˛Ü˛Ó˚ˆÏîÓ˚ çlƒ !mï˛#Î˚ e´ˆÏÙÓ˚ ¢ï≈˛!ê˛ •°ñ 
d y

dx

2

2
0<  ~ÓÇ §Ó≈!l¡¨Ü˛Ó˚ˆÏîÓ˚ çlƒ !mï˛#Î˚ e´ˆÏÙÓ˚

¢ï≈˛!ê˛ •°ñ 
d y

dx

2

2
0> – §Ç!«˛Æ§yÓ˚ !•§yˆÏÓ Ó°ˆÏï˛ ˆàˆÏ°≠

§Ó≈y!ôÜ˛Ü˛Ó˚ˆÏîÓ˚ çlƒ ¢ï≈˛ •° ≠ 
dy

dx

d y

dx
= <0 0

2

2
,

§Ó≈!l¡¨Ü˛Ó˚ˆÏîÓ˚ çlƒ ¢ï≈˛ •° ≠ 
dy

dx

d y

dx
= >0 0

2

2
,

ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®%Ó˚ çlƒ ≤ÃˆÏÎ˚yçl ≠ 
d y

dx

d y

dx

2

2

3

3
0 0= ≠,

ï˛y•ˆÏ° ˆòáy ÎyˆÏFSÈñ §Ó≈y!ôÜ˛ G §Ó≈!l¡¨ !Ó®%˛=!° •° !lŸã˛°
(stationary) !Ó®%ñ !Ü˛v !lŸã˛° !Ó®% §Ó≈y!ôÜ˛ Óy §Ó≈!l¡¨ !Ó®% lyG
•ˆÏï˛ ˛õyˆÏÓ˚ñ ˆÜ˛lly ˆ§!ê˛ ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®%G •ˆÏï˛ ˛õyˆÏÓ˚– ˆÜ˛yl
xˆÏ˛õ«˛Ü˛ f(x)ÈüÈ~Ó˚ !lŸã˛° !Ó®%ˆÏï˛ ÙylˆÏÜ˛ !lŸã˛° Ùyl (Stationary

Value) Ó°y •Î˚–

í˛zòy•Ó˚î ≠ l#ˆÏã˛Ó˚ Ó˚y!¢Ùy°yÓ˚ §Ó≈y!ôÜ˛ G §Ó≈!l¡¨ Ùyl !lî≈Î˚ Ü˛Ó˚–

í˛z_Ó˚ ≠ ÙˆÏl Ü˛!Ó˚ñ y = x3 – 3x2 – 9x + 27

∴ = − −
dy

dx
x x3 6 92  ~álñ y ˆÜ˛ §Ó≈y!ôÜ˛ Óy §Ó≈!l¡¨ •ˆÏï˛

ˆàˆÏ° 
dy

dx
= 0  •ˆÏï˛ •ˆÏÓ–

∴ 3x2 – 6x – 9 = 0 or, x2 – 2x – 3 = 0 or, (x+1) (x–3) = 0

∴ x = –1, 3 ~ál 
d y

dx
x

2

2
6 6= −

x = –1 •ˆÏ°ñ 
d y

dx

2

2
12 0= − <  §%ï˛Ó˚yÇ x = –1 •ˆÏ° y §Ó≈y!ôÜ˛ •ˆÏÓ–

§Ó≈y!ôÜ˛ y = (–1)3 – 3(–1)2 –9(–1) + 27 = 27 + 9 – 3 – 1 = 32

y

y = f(x)

y
y = f(x)

y = f(x)
y

o x

x

x
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xyÓyÓ˚ñ x = 3 • Ï̂°ñ 
d y

dx
x

2

2
6 6 6 3 6 12 0= − = × − = >

∴ x = 3 •ˆÏ° y §Ó≈!l¡¨ •ˆÏÓ–

yÈüÈ~Ó˚ §Ó≈!l¡¨ Ùyl = 33– 3(3)2 – 9(3) = 27 – 27 – 27 + 27=0

í˛zòy•Ó˚î ≠ y = 8x5 – 15x4 + 10x2 ~•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §Ó≈y!ôÜ˛ G §Ó≈!l¡¨ Ùyl ˆÓÓ˚ Ü˛Ó˚–

í˛z_Ó˚ ≠ ô!Ó˚ñ y = f(x) = 8x5 – 15x4 + 10x2

dy

dx
f x x x x= ′ = − +b g 40 60 20

4 3

§Ó≈y!ôÜ˛ Óy §Ó≈!l¡¨ y ˆ˛õˆÏï˛ ˆàˆÏ° f ′(x) = 0 •ˆÏï˛ •ˆÏÓ–

xÌ≈yÍ 40x4 – 60x3 + 20x = 0 Óy 20x(2x3 – 3x2 + 1) = 0

§%ï˛Ó˚yÇ •Î˚ x = 0 Óyñ 2x3 – 3x2 + 1 = 0

Óyñ 2x3 – 2x2 + x2 + x – x + 1 = 0

Óyñ 2x2 (x–1) – x(x–1) –1(x–1) = 0

Óyñ (x–1) (2x2–x–1) = 0– ï˛y•ˆÏ° •Î˚ x=1 !Ü˛ÇÓy

2x2 – x – 1 = 0 Óyñ 2x2 – 2x + x– 1 = 0

Óyñ 2x (x – 1) +1 (x–1) = 0

Óyñ (x – 1)(2x+1) = 0  ∴ x = 1 Óy −
1

2

xÈüÈ~Ó˚ ~•z §ÙhflÏ ÙyˆÏl xˆÏ˛õ«˛Ü˛!ê˛Ó˚ §Ó≈y!ôÜ˛ xÌÓy §Ó≈!l¡¨ Ùyl ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚–

~ál 
d y

dx
f x x x

2

2

3 2160 180 20= ′′ = − +( )

~álñ f″(0) = 20 > 0 §%ï˛Ó˚yÇ x = 0 !Ó®%ˆÏï˛ yÈüÈ~Ó˚ ~Ü˛!ê˛ §Ó≈!l¡¨ Ùyl ˛õyGÎ˚y ÎyˆÏÓ– §Ó≈!l¡¨ y = f(0) =

0– xyÓyÓ˚ f″(1) = 160 – 180 + 20 = 0, §%ï˛Ó˚yÇñ ~•z hflÏˆÏÓ˚ xyÙÓ˚y !l!ò≈‹T Ü˛ˆÏÓ˚ !Ü˛S%È Ó°ˆÏï˛ ˛õyÓ˚!SÈ ly– xyÙyˆÏòÓ˚
f ′″(x)ÈüÈ~Ó˚ Ùyl ˆòáˆÏï˛ •ˆÏÓ– ~áyˆÏlñ f ′″(x) = 480x – 360x

~álñ f ′″(1) = 480 – 360= 120 ≠ 0, §%ï˛Ó˚yÇ x = 1 !Ó®%ˆÏï˛ y §Ó≈y!ôÜ˛ Óy §Ó≈!l¡¨ ˆÜ˛yˆÏlyê˛y•z lÎ˚– ˙
!Ó®%!ê˛ ~Ü˛!ê˛ ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®%– f(1) = 8(1)5 – 15(1)4 + 10(1)2 = 8–15+10=3

§%ï˛Ó˚yÇ ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®%Ó˚ fliylyB˛ •° (1, 3)–
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xyÓyÓ˚ñ x = −
1

2
 • Ï̂°ñ ′′ −FHG

I
KJ = −FHG

I
KJ − −FHG

I
KJ +f

1

2
160

1

2
180

1

2
20

3 2

= –20 – 45 + 20 = – 45 < 0

§%ï˛Ó˚yÇñ x = – 
1
2

 • Ï̂° y §Ó≈y!ôÜ˛ •ˆÏÓ–

§Ó≈y!ôÜ˛ y = −FHG
I
KJ − −FHG

I
KJ + −FHG

I
KJ8

1

2
15

1

2
10

1

2

5 4 2

= − − + =
− −

=
1

4

15

16

5

2

40 15 4

16

21

16

xÌ≈l#!ï˛ ˆÌˆÏÜ˛ í˛zòy•Ó˚î (Example from Economics)

§Ó≈y!ôÜ˛Ü˛Ó˚ˆÏîÓ˚ ≤ÃÌÙ G !mï˛#Î˚ e´ˆÏÙÓ˚ ¢ˆÏï≈˛Ó˚ í˛zòy•Ó˚î xyÙÓ˚y ˛õ)î≈ ≤Ã!ï˛ˆÏÎy!àï˛y G ~Ü˛ˆÏã˛!ê˛Î˚y ÓyçyˆÏÓ˚Ó˚ Ë˛yÓ˚§yÙƒ
xÓfliy ˆÌˆÏÜ˛ !òˆÏï˛ ˛õy!Ó˚– Ù%lyÊ˛y §Ó≈y!ôÜ˛ Ü˛Ó˚ˆÏîÓ˚ ≤ÃÌÙ e´ˆÏÙÓ˚ ¢ï≈˛ •°ñ MR=MC– ~•z ¢ï≈˛ A G B í˛zË˛Î˚ !Ó®%ˆÏï˛
˛õ)Ó˚î •ˆÏÎ˚ˆÏSÈ– Ù%lyÊ˛y §Ó≈y!ôÜ˛Ü˛Ó˚ˆÏîÓ˚ !mï˛#Î˚ e´ˆÏÙÓ˚ ¢ï≈˛ •°ñ MC ˆÓ˚áyÓ˚ ì˛y° > MR ˆÓ˚áyÓ˚ ì˛y°– ~•z ¢ï≈˛ ˛õ)Ó˚î
•ˆÏÎ˚ˆÏSÈ ˆÜ˛Ó° B !Ó®%ˆÏï˛– §%ï˛Ó˚yÇñ A !Ó®% Ù%lyÊ˛y §Ó≈y!ôÜ˛Ü˛yÓ˚# !Ó®% lÎ˚– !Ü˛v B !Ó®%ˆÏï˛ ˆÎˆÏ•ï%˛ ≤ÃÌÙ G !mï˛#Î˚
í˛zË˛Î˚ e´ˆÏÙÓ˚ ¢ï≈˛•z ˛õy!°ï˛ •ˆÏFSÈñ ï˛y•z B !Ó®% •° Ù%lyÊ˛y §Ó≈y!ôÜ˛Ü˛yÓ˚# !Ó®%–

ày!î!ï˛Ü˛ §Ù§ƒy G ï˛yÓ˚ §Ùyôyl (Mathematical Problems & Solutions)

(1) í˛zÍ˛õyòl xˆÏ˛õ«˛Ü˛!ê˛ •°≠ q L L
L

= + −40 3
3

2
3

(i) L üÈ~Ó˚ ˆÎ ÙyˆÏl q §Ó≈y!ôÜ˛ñ ˆ§•z Ùyl ˆÓÓ˚ Ü˛Ó˚– qÈüÈ~Ó˚ §Ó≈y!ôÜ˛ Ùyl Ü˛ï˛⁄

(ii) §Ó≈y!ôÜ˛ APÈüÈÓ˚ Ùyl !lî≈Î˚ Ü˛Ó˚–

(iii) ˆòáyG ˆÎ Îál AP §Ó≈y!ôÜ˛ñ ï˛ál AP = MP

q

å˛õ)î≈ ≤Ã!ï˛ˆÏÎy!àï˛yä

B
A

MR

B

q

å~Ü˛ˆÏã˛!ê˛Î˚y ÓyçyÓ˚ä

MC

MR

MCMC

MR

MC

MR



77

í˛z_Ó˚ ≠ i q L L
Lb g = + −40 3
2

2
3

∴ = + =
dq

dL
L L40 6 2 – ~ál q ˆÜ˛ §Ó≈y!ôÜ˛ Ü˛Ó˚yÓ˚ ≤ÃÌÙ e´ˆÏÙÓ˚ ¢ï≈˛ •°ñ 

dq

dL
= 0

Óyñ 40 + 6L – L2 = 0

Óyñ L2 – 6L – 40 = 0 Óyñ (L+4) (L–10) = 0, ∴ L= – 4, 10.

q ˆÜ˛ §Ó≈y!ôÜ˛ Ü˛Ó˚yÓ˚ !mï˛#Î˚ e´ˆÏÙÓ˚ ¢ï≈˛ñ 
d q

dL

2

2
0<

~áyˆÏlñ ∴ = −
d q

dL
L

2

2
6 2 – Îál L

d q

dL
= − = − <4 14 0

2

2
,

Îál L
d q

dL
= = − <10 14 0

2

2
,

§%ï˛Ó˚yÇñ Îál L = 10 ï˛ál q §Ó≈y!ôÜ˛– q ~Ó˚ §Ó≈y!ôÜ˛ Ùyl •°

= × + × − = − = =40 10 3 10
10

3
700

1100

3

1100

3
3672

3

( .)Ans

( )ii MP
dq

dL
L L= = + −40 6 2

~ál MP §Ó≈y!ôÜ˛ •ˆÏï˛ ˆàˆÏ° 
dMP

dL
or L= − =0 6 2 0,  ∴ L=3

~áyˆÏl 
d MP

dL

2

2
2 0= − >  §%ï˛Ó˚yÇ L=3 •ˆÏ° MP §Ó≈y!ôÜ˛ •ˆÏÓ–

§Ó≈y!ôÜ˛ MP = 40 + 6 × 3 – 3 = 55

(iii) AP
q

L
L

L
= = + −40 3

3

2

 ~álñ AP ˆÜ˛ §Ó≈y!ôÜ˛ •ˆÏï˛ ˆàˆÏ° 
dAP

dL
= 0  ~ÓÇ 

d AP

dL
<

2

2
0  •ˆÏï˛

•ˆÏÓ–

~ál 
dAP

dL

L
LL = − = ∴ =3

2

3
0

9

2
– ~áy Ï̂l 

d AP

dL

2

2

2

3
0= − <
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§%ï˛Ó˚yÇñ Îál L = 9
2

,  ï˛ál AP §Ó≈y!ôÜ˛–

§Ó≈y!ôÜ˛ AP L
L

= + −40 3
3

2

= + × − × = + −40 3
9

2

1

3

81

4
40

22

2

27

4

= + = = ⋅40
27

4
46

3

4
46 75

Îál L MP L L= = + −9
2

40 4 2,

= + × − +40 6
9

2

81

4
40

27

4

= 46.75

ˆòáy ÎyˆÏFSÈñ Îál L = 9
2  ï˛ál AP §Ó≈y!ôÜ˛ ~ÓÇ

˙ !Ó®%ˆÏï˛ §Ó≈y!ôÜ˛ AP=MP ˛

4.9 §yÓ˚yÇ¢

~•z xôƒyˆÏÎ˚ ˆÜ˛yˆÏly ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ f(x) ˆÎ !Ó®%ˆÏï˛ §ˆÏÓ≈yFã˛ Óy §Ó≈!l¡¨ •Î˚ñ ≤ÃÌÙ Ùyey G !mï˛#Î˚ ÙyeyÓ˚
xhs˝Ó˚Ü˛°ˆÏçÓ˚ !ã˛•´yl%§yˆÏÓ˚ ï˛yÓ˚ !lô≈yÓ˚î ˛õk˛!ï˛ !Ó¢òË˛yˆÏÓ Óƒyáƒy Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– ~ˆÏ«˛ˆÏe f ′(x) = 0 •ˆÏ° f(x) ~Ó˚
!lŸã˛° Ùyl •GÎ˚yÓ˚ ôyÓ˚îy Óƒyáƒy Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– ˆ§•z §)ˆÏe f(x) xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §Ü˛° §ˆÏÓ≈yFã˛ G §Ó≈!l¡¨ ÙyˆÏlÓ˚ ˆ«˛ˆÏe
f ′(x) = 0 •Î˚ñ ï˛y ò!¢≈ï˛ •ˆÏÎ˚ˆÏSÈ– Î!ò f ′(a) = 0 ~ÓÇ f ″(a) = 0 •Î˚ ï˛y•ˆÏ° f(a) ÙylˆÏÜ˛ x=a !Ó®%ˆÏï˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚
§ˆÏÓ≈yFã˛ Ùyl !lô≈y!Ó˚ï˛ •ˆÏÓñ ~ÓÇ f ′(a) = 0 ~ÓÇ f ″(a) > 0 •ˆÏ°ñ f(a) Ùyl Ï̂Ü˛ x=a !Ó®%ˆÏï˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §Ó≈!l¡¨
Ùyl !lô≈y!Ó˚ï˛ •ˆÏÓñ ˆ§ê˛y ˆòáyˆÏly •Î˚– ˆÜ˛yˆÏly xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Óe´ï˛yÓ˚ ôÓ˚l í˛z_° ly xÓï˛°ñ ~ÓÇ ï˛yÓ˚ ˆÜ˛yˆÏly ÓÑyÜ˛
ÓòˆÏ°Ó˚ !Ó®% xyˆÏSÈ !Ü˛ly ˆ§ê˛yÓ˚ !lî≈Î˚ ˛õk˛!ï˛ !lˆÏÎ˚G xyˆÏ°yã˛ly Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ–

4.10 xl%¢#°l#

1. !l¡¨!°!áï˛ xˆÏ˛õ«˛Ü˛=!° x=4ÈüÈ~ e´ÙÓô≈Ùyl ly e´Ù•…y§Ùyl⁄⁄

a) y = 3x2–14x+5 b) y = (5x2–8)2

q

367

q=f(L)

30 10
L

9/2

AP

MP

49
46.75

0 3 9/2 10

AP
L

MP



79

2. f(x) = –7x2 + 126x–23 xˆÏ˛õ«˛Ü˛!ê˛Ó˚ xy˛õyï˛ ã˛Ó˚ÙyÓfliy !lô≈yÓ˚î Ü˛Ó˚&l–

3. ˆòáyG ˆÎ !mâyï˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆÜ˛yˆÏly ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®% ˆl•z !Ü˛v !eâyï˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®%
xyˆÏSÈ–

4. Î!ò ˆÙyê˛ ÓƒÎ˚ xˆÏ˛õ«˛Ü˛ C = 4q2+10 G ˆÙyê˛ !Óe´Î˚°∏˛ xyÎ˚ R = –2q2+6q •Î˚ ï˛y•ˆÏ° ˆÜ˛yl‰ í˛zÍ˛õyòˆÏlÓ˚
˛õ!Ó˚ÙyˆÏî Ù%lyÊ˛y §ˆÏÓ≈yFã˛ •ˆÏÓ⁄

5. ˆÜ˛yˆÏly ~Ü˛!ê˛ í˛zÍ˛õyòl xˆÏ˛õ«˛Ü˛ ˆ•yˆÏ°y q = –3L3+18L2+L ˆòáyl ˆÎ ÓÑyÜ˛ ÓòˆÏ°Ó˚ !Ó®%ˆÏï˛ ≤Ãy!hs˝Ü˛
í˛zÍ˛õyòl¢#°ï˛y (MP) §ˆÏÓ≈yFã˛ •Î˚– ˆòáyl ˆÎ àí˛¸ í˛zÍ˛õyòl¢#°ï˛y (AP) Îál §ˆÏÓ≈yFã˛ •Î˚ åL ~Ó˚ ˆÎ ÙyˆÏlä
ˆ§áyˆÏl MP = AP • Ï̂Ó–

6. y = –2x3+4x2+9x–15 xˆÏ˛õ«˛ˆÏÜ˛Ó˚ x=3 ~ Óe´ï˛y Ü˛# • Ï̂Ó⁄
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~Ü˛Ü˛ 5 ppppp §ÙyÜ˛°l G ï˛yÓ˚ xÌ≈˜Ïl!ï˛Ü˛ ≤ÃˆÏÎ˚yà

àë˛l

5.1 í˛zˆÏj¢ƒ

5.2 ≤ÃhflÏyÓly

5.3 §ÙyÜ˛°l

5.3.1 §ÇK y

5.3.2 !Ó˛õÓ˚#ï˛ xÓÜ˛° Óy xhs˝Ó˚Ü˛°l !•ˆÏ§ˆÏÓ §ÙyÜ˛°l

5.3.3 §ÙyÜ˛°l#Î˚ ô &ÓÜ˛

5.3.4 §ÙyÜ˛°ˆÏlÓ˚ !lÎ˚ÙyÓ°#

5.3.5 ˛õ!Ó˚Óï≈˛ Óy ≤Ã!ï˛fliy˛õl ˛õk˛!ï˛ˆÏï˛ §ÙyÜ˛°l

5.3.6 xÇ¢!Ë˛!_Ü˛ §ÙyÜ˛°l

5.3.7 xyÇ!¢Ü˛ Ë˛@¿yÇˆÏ¢Ó˚ §y•yˆÏÎƒ §ÙyÜ˛°l

5.4 !l!ò≈‹T §ÙyÜ˛°

5.4.1 §ÇK y

5.4.2 ˆÎyàÊ˛ˆÏ°Ó˚ §#ÙyÓ˚*ˆÏ˛õ !l!ò≈‹T §ÙyÜ˛ˆÏ°Ó˚ §ÇK y

5.4.3 §ÙyÜ˛ˆÏ°Ó˚ ˆÙÔ!°Ü˛ í˛z˛õ˛õyòƒ

5.4.4 !l!ò≈‹T §ÙyÜ˛ˆÏ°Ó˚ ôÙ≈§Ù)•

5.4.5 Óe´ˆÏÓ˚áy=!°Ó˚ xhs˝Óï≈˛# ˆ«˛eÊ˛ˆÏ°Ó˚ ˛õ!Ó˚Ùy˛õ

5.4.6 §D!ï˛!Ó•#l Óy x§Çàï˛ §ÙyÜ˛°

5.4.7 °y•z!˛õê˛yˆÏ°Ó˚ !lÎ˚Ù

5.5 xÌ≈l#!ï˛ˆÏï˛ §ÙyÜ˛°ˆÏlÓ˚ ÓƒÓ•yÓ˚

5.5.1 ≤Ãy!hs˝Ü˛ xˆÏ˛õ«˛Ü˛ ˆÌˆÏÜ˛ ˆÙyê˛ xˆÏ˛õ«˛Ü˛ !lî≈Î˚

5.5.2 §ÙyÜ˛°ˆÏlÓ˚ !fliÓ˚ Ó˚y!¢Ó˚ xÌ≈˜Ïl!ï˛Ü˛ Óƒyáƒy

5.5.3 ã˛y!•òyÓ˚ !fli!ï˛fliy˛õÜ˛ï˛y ˆÌˆÏÜ˛ ã˛y!•òy xˆÏ˛õ«˛Ü˛ !lî≈Î˚
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5.5.4 ≤Ãy!hs˝Ü˛ ˛õ!Ó˚Óï≈˛ï˛yÓ˚ •yÓ˚ ˆÌˆÏÜ˛ í˛z˛õˆÏÎy!àï˛y xˆÏ˛õ«˛Ü˛ !lî≈Î˚ Ü˛Ó˚y

5.5.5 ˆË˛yàí˛zk,˛_ G í˛zÍ˛õyòl í˛zm,_Ó˚ ˛õ!Ó˚Ùy˛õ

5.6 §yÓ˚yÇ¢

5.7 xl%¢#°l#

5.8 @˝Ãsi˛õ!O

5.1 í ẑ̨ Ïj¢ƒ

~•z ~Ü˛Ü˛!ê˛ ˛õyë˛ Ü˛Ó˚ˆÏ° SÈyeSÈye#Ó˚y çylˆÏï˛ ˛õyÓ˚ˆÏÓv

l §ÙyÜ˛°ˆÏlÓ˚ ï˛yÍ˛õÎ≈ G !lÎ˚ÙyÓ°#

l §ÙyÜ˛ˆÏ°Ó˚ ôÙ≈§Ù)•

l xÌ≈l#!ï˛ˆÏï˛ §ÙyÜ˛°ˆÏlÓ˚ ÓƒÓ•yÓ˚–

5.2 ≤ÃhflÏyÓly

xhs˝Ó˚Ü˛° Ï̂lÓ˚ !Ó˛õÓ˚#ï˛ ≤Ã!e´Î˚y Ï̂Ü˛ §ÙyÜ˛°l Ó Ï̂°– xÌ≈yÍ xhs˝Ó˚Ü˛° Ï̂lÓ˚ Ùyôƒ Ï̂Ù ≤ÃyÆ Ê˛°yÊ˛° ˆÌ Ï̂Ü˛ Ù)° x Į̈̂ õ«˛Ü˛
!lî≈Î˚ Ü˛Ó˚y •Î˚ §ÙyÜ˛°ˆÏlÓ˚ ÙyôƒˆÏÙ– §ÙyÜ˛°l ˆÙÔ!°Ü˛Ë˛yˆÏÓ ˛õòyÌ≈ !ÓK yl G xÌ≈l#!ï˛Ó˚ ˆ«˛ˆÏe =Ó˚&c˛õ)î≈– xÌ≈l#!ï˛Ó˚
!Ó!Ë˛ß¨ ≤Ãy!hs˝Ü˛ ôyÓ˚îy§Ù)• ˆÎÙl ≤Ãy!hs˝Ü˛ xyÎ˚ñ ≤Ãy!hs˝Ü˛ ÓƒÎ˚ •zï˛ƒy!ò ˆÌˆÏÜ˛ ˆÙyê˛ ôyÓ˚îy ˆÎÙl ˆÙyê˛ xyÎ˚ñ ˆÙyê˛ ÓƒÎ˚
•zï˛ƒy!ò !lî≈Î˚ Ü˛Ó˚y •Î˚ §ÙyÜ˛°ˆÏlÓ˚ ÙyôƒˆÏÙ–

5.3 §ÙyÜ˛°l

5.3.1  §ÇK y

x ã˛ˆÏ°Ó˚ ~Ü˛!ê˛ ≤Ãò_ xyˆÏ˛õ«˛Ü˛ f(x) ~Ó˚ çlƒ Î!ò x ã˛ˆÏ°Ó˚ x˛õÓ˚ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ F(x) ~ÙlË˛yˆÏÓ !lî≈Î˚
Ü˛Ó˚y ÎyÎ˚ ˆÎñ x ~Ó˚ §yˆÏ˛õˆÏ«˛ F(x) ~Ó˚ xhs˝Ó˚Ü˛°ç f(x) ~Ó˚ §Ùyl Óy F(x) ~Ó˚ xÓÜ˛° f(x)dx ~Ó˚ §Ùylñ
ï˛y•ˆÏ° F(x) ˆÜ˛ (x) ~Ó˚ §yˆÏ˛õˆÏ«˛ f(x) ~Ó˚ ~Ü˛!ê˛ x!l!ò≈‹T §ÙyÜ˛° (indifinite integral) Ó°y •Î˚ ~ÓÇ ï˛yˆÏÜ˛
If(x)dx=F(x) ≤Ãï˛#Ü˛ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ ~ˆÏ«˛ˆÏeñ F(x) !lî≈Î˚ Ü˛Ó˚yÓ˚ ˛õk˛!ï˛ˆÏÜ˛ §ÙyÜ˛°l (integration) ~ÓÇ
f(x) ˆÜ˛ §ÙyÜ˛°ƒ (integrand) Ó°y •Î˚– §ÙyÜ˛°l ≤ÃÜ˛y¢ Ü˛Ó˚yÓ˚ çlƒ ‘I’ ≤Ãï˛#Ü˛ˆÏÜ˛ §ÙyÜ˛°ˆÏlÓ˚ !ã˛•´ ~ÓÇ dx

xÓÜ˛° myÓ˚y ˆÓyV˛yˆÏly •Î˚ ˆÎñ §ÙyÜ˛°ˆÏlÓ˚ ã˛°Ó˚y!¢ •ˆÏ°y x; If(x)dx ≤Ãï˛#Ü˛!ê˛ˆÏÜ˛ f(x)dx ~Ó˚ §ÙyÜ˛°üüüÈÈ~Ë˛yˆÏÓ
˛õí˛¸y ÎyÎ˚ •Î˚–



82

5.3.2  !Ó˛õÓ˚#ï˛ xÓÜ˛°l Óy xhs˝Ó˚Ü˛°l !•ˆÏ§ˆÏÓ §ÙyÜ˛°l

§ƒyÓ˚ xy•zçyÜ˛ !lí˛zê˛l§• xyÓ˚G Ü˛ˆÏÜ˛çl à!îï˛K ~Ü˛!ê˛ ≤ÃˆÏŸ¿Ó˚ í˛z_Ó˚ !òˆÏÎ˚!SÈˆÏ°lÈüüüÈÚÚˆÜ˛ylG Ùôƒyhs˝Ó˚ (inter-

val) [a, b] ÈüÈˆï˛ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ f §ÇKyï˛ •ˆÏ° G•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §Ü˛° !Ó®% x ~Ó˚ çlƒ !Ü˛ G•z Ùôƒyhs˝ˆÏÓ˚ ~Ùl
xˆÏ˛õ«˛Ü˛ fÈüÈ~Ó˚ x!hflÏc ÌyÜ˛ˆÏÓ ˆÎáyˆÏl F′(x) = f(x) •ˆÏÓ⁄ ~ÓÇ Î!ò ~Ùl xˆÏ˛õ«˛Ü˛ F ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ï˛ˆÏÓ
F !Ü˛ x!mï˛#Î˚ •ˆÏÓ⁄

à!îï˛KÓ˚y ~•z !§k˛yˆÏhs˝ í˛z˛õl#ï˛ •ˆÏÎ˚!SÈˆÏ°l ˆÎ [a, b] ~•z §#Ùy G Ùôƒyhs˝ˆÏÓ˚ f xˆÏ˛õ«˛Ü˛ §ÇKyï˛ •ˆÏ° G•z §#ÙyÓ˚
§Ü˛° !Ó®% x ~Ó˚ çlƒ §Ó§ÙÎ˚ ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ f ˛õyGÎ˚y ÎyˆÏÓ ly ˆÎáyˆÏl F′(x)=f(x) •ˆÏÓ– !Ü˛v Î!ò f xˆÏ˛õ«˛Ü˛!ê˛
[a, b] Ùôƒyhs˝Ó˚ Óy §#ÙyÎ˚ §hs˝ï˛ •Î˚ñ ï˛ˆÏÓ ˆ§ˆÏ«˛ˆÏe [a, b] Ùôƒyhs˝ˆÏÓ˚Ó˚ §Ü˛° !Ó®% x ~Ó˚ çlƒ F xˆÏ˛õ«˛ˆÏÜ˛Ó˚ x!hflÏc
ÌyÜ˛ˆÏÓ ˆÎáyˆÏl F′(x)=f(x) •ˆÏÓ–

Îál [a, b] ÙôƒyMÈ˛ˆÏ° ~Ó˚*˛õ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ F ~Ó˚ x!hflÏc ÌyÜ˛ˆÏÓ ï˛ál xyÙÓ˚y f xˆÏ˛õ«˛Ü˛ ˆÌˆÏÜ˛ F xˆÏ˛õ«˛Ü˛
!lî≈Î˚ Ü˛Ó˚yÓ˚ ˛õk˛!ï˛ˆÏÜ˛•z xÓÜ˛°ˆÏlÓ˚ !Ó˛õÓ˚#ï˛ ˛õk˛!ï˛ !•§yˆÏÓ àîƒ Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚– xÓÜ˛°ˆÏlÓ˚ ~•z !Ó˛õÓ˚#ï˛ ˛õk˛!ï˛
ˆÌˆÏÜ˛•z §ÙyÜ˛°l ˛õk˛!ï˛Ó˚ §)e˛õyï˛ •Î˚– [a, b] Ùôƒyhs˝ˆÏÓ˚ §ÇKyï˛ ˆÜ˛ylG xˆÏ˛õ«˛Ü˛ f ~Ó˚ çlƒ Î!ò ~Ùl ~Ü˛!ê˛
xˆÏ˛õ«˛Ü˛ FÈüÈ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ˆÎáyˆÏl [a, b] xhs˝Ó˚yˆÏ°Ó˚ §Ü˛° !Ó®% xÈüÈ~Ó˚ çlƒ F′(x)=f(x) •Î˚ñ ï˛ˆÏÓ F ˆÜ˛ [a,

b] xhs˝Ó˚yˆÏ° f ~Ó˚ x!l!ò≈‹T §ÙyÜ˛° Óy !Ó˛õÓ˚#ï˛ xhs˝Ó˚Ü˛°ç (anti derivative) Ó°y •° ~ÓÇ ˆ°áy •Î˚ F(x) =

If(x)dx, x∈[a, b]– xÌ≈yÍñ F(x) = IdF(x)– ï˛y•ˆÏ° ˆòáy ˆà° ˆÎ f xˆÏ˛õ«˛Ü˛ ˆÌˆÏÜ˛ F xˆÏ˛õ«˛Ü˛ !lî≈ˆÏÎ˚Ó˚
˛õk˛!ï˛•z ˆ•yˆÏ°y §ÙyÜ˛°l ˆÎáyˆÏl f xˆÏ˛õ«˛Ü˛ ˆ•yˆÏ°y §ÙyÜ˛°ƒ– ‘I’ ~•z !ã˛•´!ê˛ •zÇÓ˚y!ç Óî≈Ùy°yÓ˚ S x«˛Ó˚ ˆÌˆÏÜ˛
~ˆÏ§ˆÏSÈ Ü˛yÓ˚î §ÙyÜ˛°ˆÏlÓ˚ ï˛ˆÏ_¥Ó˚ ≤ÃyÌ!ÙÜ˛ Óî≈lyÎ˚ ˆÎyàÊ˛° (Summation) ˆÓyV˛yˆÏï˛ S x«˛Ó˚!ê˛ ÓƒÓ•*ï˛ •ˆÏÎ˚!SÈ°–
§ÙyÜ˛° Ï̂lÓ˚ ~•z !ã˛•´!ê˛ •zÇÓ˚y!ç S x«˛ Ï̂Ó˚Ó˚ ò#â≈y!Î˚ï˛ Ó˚*˛õ (elongated form)– !Ó˛õÓ˚#ï˛ xÓÜ˛°l !•§y Ï̂Ó §ÙyÜ˛° Ï̂lÓ˚
ôyÓ˚îy!ê˛ Óî≈ly Ü˛Ó˚ˆÏï˛ !Ü˛S%È í˛zòy•Ó˚î ˆòGÎ˚y ˆ•yˆÏ°y ≠

í˛zòy•Ó˚î 1: ˆÎˆÏ•ï%˛ 
d

dx

x

n
x n

n
nF

HG
I
KJ = ≥−1 1b g

∴ =−z x dx
x

n

n
n

1

~áy Ï̂l f(x) = xn–1; (n≥1) ˆÜ˛ §ÙyÜ˛°ƒ ~ÓÇ F x
x

n

n

b g =  ˆÜ˛ xn–1, (n≥1) ~Ó˚ x!l!ò≈‹T §ÙyÜ˛° Ó°y •Î˚–

í˛zòy•Ó˚î 2: 
d

dx
x

x
xelog ;b g = >

1
0  ˆÎˆÏ•ï%˛ ( )x xd

e e
dx

= ~ÓÇ
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d

dx
x

x x
xelog , ;− = −

−
= <b gm r 1 1

0

∴ = ≠
d

dx
x

x
xelog ;m r 1

0

§%ï˛Ó˚yÇ 
1

0
x

dx x xez = ≠log ;

~áy Ï̂l §ÙyÜ˛°ƒ f x
x

xb g = ≠
1

0;  ~ÓÇ 
1

x
 ~Ó˚ (x≠0) x!l!ò≈‹T §ÙyÜ˛° F(x) = log

e 
|x|

5.3.3 §ÙyÜ˛°l#Î˚ ô &ÓÜ˛

!mï˛#Î˚ ˆÎ ≤ÃŸ¿!ê˛ ˛õ)ˆÏÓ≈y_´ xyˆÏ°yã˛lyÎ˚ !SÈ° xÌ≈yÍ [a, b] ÙôƒyMÈ˛ˆÏ° f xˆÏ˛õ«˛ˆÏÜ˛Ó˚ x!l!ò≈‹T §ÙyÜ˛° ÌyÜ˛ˆÏ° ï˛y
x!mï˛#Î˚ •ˆÏÓ !Ü˛lyñ ï˛yÓ˚ í˛z_ˆÏÓ˚ ˆòáy ÎyˆÏÓ ˆÎ [a, b] ÙôƒyMÈ˛ Ï̂° f xˆÏ˛õ«˛ˆÏÜ˛Ó˚ x!l!ò≈‹T §ÙyÜ˛° F •ˆÏ° G•z
xhs˝Ó˚yˆÏ° (x) = f(x) •ˆÏÓ ~ÓÇ ˆÎ ˆÜ˛ylG ÓyhflÏÓ ô &ÓÜ˛ c ~Ó˚ çlƒ

d

dx
F x c F x

dc

dx
b gm r b g+ = ′ +

= ′ =F
HG

I
KJF x

dc

dx
b g ∵ 0

= f(x) ; x ∈ [a, b]

flõ‹Tï˛•zñ c ~Ó˚ ˆÎ ˆÜ˛ylG ÓyhflÏÓ ÙyˆÏlÓ˚ çlƒ f(x) ~Ó˚ x!l!ò≈‹T §ÙyÜ˛° •ˆÏÓ F(x)+c– §%ï˛Ó˚yÇñ f xˆÏ˛õ«˛ˆÏÜ˛Ó˚
Î!ò ~Ü˛!ê˛ x!l!ò≈‹T §ÙyÜ˛° ˛õyGÎ˚y ÎyÎ˚ ï˛ˆÏÓ ï˛yÓ˚ x§Çáƒ x!l!ò≈‹T §ÙyÜ˛° ÌyÜ˛ˆÏÓñ xï≈˛yÍ ˆÜ˛ylG xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Î!ò
x!l!ò≈‹T §ÙyÜ˛ˆÏ°Ó˚ x!hflÏc ÌyˆÏÜ˛ñ ï˛ˆÏÓ ï˛y Ü˛ál•z x!mï˛#Î˚ (unique) lÎ˚–

í˛zòy•Ó˚îfl∫Ó˚*˛õ ≠ 
d

dx
x c x3 23+ =d i

∴ ƒ3x2dx = x3+c

(ii) 
d

dx
e c

e e
e cx

x x
x5

5 5
5

5 5
+ = ∴ = +zd i

xï˛~Ó ≤Ã!ï˛!ê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ x!l!ò≈‹T §ÙyÜ˛ˆÏ° ˆÎ ô &ÓÜ˛ c ÌyÜ˛ˆÏSÈñ ï˛yˆÏÜ˛ §ÙyÜ˛°l ô &ÓÜ˛ Ó°y •Î˚–

ï˛y•ˆÏ° ˆòáy ˆà° ˆÎ c Î!ò x !lÓ˚ˆÏ˛õ«˛ ~Ü˛!ê˛ x!l!ò≈‹T ô &ÓÜ˛ (arbitrary constant) •Î˚ñ ï˛ˆÏÓ
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d

dx
F x f xb g b g=  •ˆÏ°

d

dx
F x c f xb g b g+ =  •ˆÏÓ–

§ÙyÜ˛°ˆÏlÓ˚ §ÇK yl%§yˆÏÓ˚ ≠ If(x) dx = F(x) + c

~ˆÏ«˛ˆÏe If(x) dx ~Ó˚ §yôyÓ˚î §Ùyôyl [F(x) + c] ˆ•yˆÏ°y ~Ü˛!ê˛ x!l!ò≈‹T §ÙyÜ˛° ~ÓÇ x !lÓ˚ˆÏ˛õ«˛ x!l!ò≈‹T
ô &ÓÜ˛ c ˆÜ˛ §ÙyÜ˛°l ô &ÓÜ˛ Ó°y •Î˚–

ˆÎˆÏ•ï%˛ 
d

dx
F x f xb g b g= ,  §%ï˛Ó˚yÇ ˆÓyV˛y ˆà° ˆÎ Îál F(x) xˆÏ˛õ«˛Ü˛ˆÏÜ˛ x ~Ó˚ §yˆÏ˛õˆÏ«˛ xhs˝Ó˚Ü˛°l Ü˛Ó˚y

•Î˚ñ ï˛ál ˆÜ˛Ó° ~Ü˛!ê˛ !l!ò≈‹T §Ùyôyl ˛õyGÎ˚y ÎyÎ˚ó !Ü˛v If(x) dx = F(x) + c ÓˆÏ° f(x) xˆÏ˛õ«˛ˆÏÜ˛Ó˚ x ~Ó˚
§yˆÏ˛õˆÏ«˛ §ÙyÜ˛°l Ü˛Ó˚y •ˆÏ° F(x)+c xyÜ˛yˆÏÓ˚ x§Çáƒ §Ùyôyl ˛õyGÎ˚y §Ω˛Ó åx!l!ò≈‹T ô &ÓÜ˛ c ~Ó˚ !Ó!Ë˛ß¨ Ùyl
!lˆÏÎ˚ä– ~çlƒñ If(x) dx ˆÜ˛ x ~Ó˚ §yˆÏ˛õˆÏ«˛ f(x) ~Ó˚ x!l!ò≈‹T §ÙyÜ˛° Ó°y •Î˚– xÓ¢ƒ ˆÜ˛yˆÏly ≤Ãò_ ¢ˆÏï≈˛Ó˚
˛õ!Ó˚ˆÏ≤Ã!«˛ˆÏï˛ Î!ò c ~Ó˚ ~Ü˛!ê˛ !l!ò≈‹T Ùyl ˛õyGÎ˚y ÎyÎ˚ñ ï˛ˆÏÓ ˆ§ˆÏ«˛ˆÏe §ÙyÜ˛ˆÏ°Ó˚ ~Ü˛!ê˛ !l!ò≈‹T Ùyl ˛õyGÎ˚y ÎyˆÏÓ–

xÌ≈yÍ °«˛î#Î˚ ˆÎ c Î!ò x !lÓ˚ˆÏ˛õ«˛ x!l!ò≈‹T ô &ÓÜ˛ ~ÓÇ 
d

dx
F x c f xb g b g+ = •Î˚ ï˛ˆÏÓ §ÇKyl%§yˆÏÓ˚ñ If(x)

dx = F(x) + c

∴ = + =zd

dx
f x dx

d

dx
F x c f xb g b g b g

!Ü˛v 
d

dx
f x dx f x dxb g b gRST

UVW = ′zz
= f(x) + ~Ü˛!ê˛ x!l!ò≈‹T ô &ÓÜ˛

§%ï˛Ó˚yÇ §•ˆÏç•z ˆÓyV˛y ÎyÎ˚ ˆÎñ 
d

dx
f x dxb gz  ~ÓÇ 

d

dx
f x dxb gL

NM
O
QPz  ~•z ò%!ê˛Ó˚ Ùyl §yôyÓ˚îË˛yˆÏÓ §Ùyl lyG

•ˆÏï˛ ˛õyˆÏÓ˚–

f(x) G φ(x) xˆÏ˛õ«˛Ü˛ ò%!ê˛ ~Ùl •Î˚ ˆÎ 
d

dx
f x

d

dx
xb g b g= φ  ï˛y•ˆÏ°ñ f(x) – φ(x) = c •ˆÏÓ ˆÎáyˆÏl c ~Ü˛!ê˛

x!l!ò≈‹T ô &ÓÜ˛–
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≤ÃÙyî ≠ ˆÎˆÏ•ï%˛ñ 
d

dx
f x

d

dx
xb g b g= φ

∴ =z zd

dx
f x dx

d

dx
x dxb g b gφ

or, f(x) + c
1
 = φ(x) + c

2
  [c

1
 G c

2
 x!l!ò≈‹T ô &ÓÜ˛]

or, f(x) – φ(x) = c
2 

– c
1 

= c

åˆÎáyˆÏl c = c
2 

– c
1
 •ˆÏ°y x!l!ò≈‹T ô &ÓÜ˛ä

~•z Ê˛° ˆÌˆÏÜ˛ ˆÓyV˛y ÎyÎ˚ ˆÎñ ~Ü˛!ê˛ xˆÏ˛õ«≈˛xˆÏÜ˛Ó˚ §ÙyÜ˛° !Ó!Ë˛ß¨ xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y!¢ï˛ •ˆÏï˛ ˛õyˆÏÓ˚ñ !Ü˛v ˆÎ
ˆÜ˛yˆÏly ò%!ê˛ xyÜ˛yˆÏÓ˚Ó˚ !ÓˆÏÎ˚yàÊ˛° §Ó≈òy•z ~Ü˛!ê˛ x!l!ò≈‹T ô &ÓÜ˛ •ˆÏÓ–

5.3.4 §ÙyÜ˛°ˆÏlÓ˚ !lÎ˚ÙyÓ!°

≤ÃÌÙ !lÎ˚Ù ≠ K ô &ÓˆÏÜ˛Ó˚ §ÙyÜ˛° •ˆÏÓ IKdx = Kx+c

!mï˛#Î˚ !lÎ˚Ù ≠ ‘1’ ~Ó˚ §ÙyÜ˛° ˆ°áy • Ï̂Ó dx !•§yˆÏÓ 1dx !•ˆÏ§ˆÏÓ lÎ˚ xÌ≈yÍ Idx = x+c

ï,˛ï˛#Î˚ !lÎ˚Ù ≠ ¢!_´ xˆÏ˛õ«˛Ü˛ xn ~Ó˚ §ÙyÜ˛°ñ ˆÎáyˆÏl n ≠ –1 ≤ÃÜ˛y!¢ï˛ •ˆÏÓ ¢!_´Ó˚ !lÎ˚Ùyl%§yˆÏÓ˚ ≠

x dx
n

x c nn n=
+

+ ≠ −+z 1

1
11 ;

ã˛ï%˛Ì≈ !lÎ˚Ù ≠ x–1 Óy 
1

x
 ~Ó˚ §ÙyÜ˛° •ˆÏÓ

x dx
x

dx x c x c− = = + >zz 1 1
ln ;

~áyˆÏl x > 0 ~•z ¢ï≈˛!ê˛ xyˆÏÓ˚y˛õ Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ ï˛yÓ˚ Ü˛yÓ˚î ˆÜ˛Ó°Ùye ôlydÜ˛ §ÇáƒyÓ˚•z °ày!Ó˚òÙ‰ •Î˚– §Çáƒy
Î!ò }îydÜ˛ •Î˚ ï˛ál

Ix1 dx = ln |x| + c; x ≠ 0

˛õMÈ˛Ù !lÎ˚Ù ≠ §)ã˛Ü˛#Î˚ xˆÏ˛õ«˛Ü˛ ~Ó˚ §ÙyÜ˛° •ˆÏ°y ≠

a dx
a

K a
cKx

Kx

= +z
log

£Ï¤˛ !lÎ˚Ù ≠ fl∫yË˛y!ÓÜ˛ §)ã˛Ü˛#Î˚ §ÇáƒyÓ˚ §ÙyÜ˛° ˆ•yˆÏ°y
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e dx
e

K
c ekx

kx

= + =z ∵ ln 1

§ÆÙ !lÎ˚Ù ≠ Î!ò ˆÜ˛yˆÏly í˛zˆÏ˛õ«˛Ü˛ˆÏÜ˛ ô &ÓÜ˛ !òˆÏÎ˚ =î Ü˛Ó˚y •Î˚ ï˛ál ï˛yÓ˚ §ÙyÜ˛° •ˆÏÓñ ˆ§•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚
§ÙyÜ˛° =!îï˛ ô &ÓÜ˛– xÌ≈yÍ

IKf(x) dx = KIf(x) dx

x‹TÙ !lÎ˚Ù ≠ ò%!ê˛ Óy ï˛yÓ˚ x!ôÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆÎyàÊ˛° Óy xhs˝ˆÏÓ˚Ó˚ §ÙyÜ˛°ñ ï˛yˆÏòÓ˚ §ÙyÜ˛ˆÏ°Ó˚ ˆÎyàÊ˛° Óy
xhs˝Ó˚ •Î˚–

xÌ≈yÍó I[f(x) + g(x)] dx = If(x) dx + Ig(x)dx

lÓÙ !lÎ˚Ù ≠ ˆÜ˛yˆÏly xˆÏ˛õ«˛ˆÏÜ˛Ó˚ }îydÜ˛ ÙyˆÏlÓ˚ §ÙyÜ˛°ñ ˆ§•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §ÙyÜ˛ˆÏ°Ó˚ }îydÜ˛ •ˆÏÓ–

xÌ≈yÍñ I– f(x) dx = –If(x) dx

~•z !lÎ˚Ù=!°Ó˚ ≤ÃˆÏÎ˚yà !•§yˆÏÓ !Ü˛S%È í˛zòy•Ó˚î ˆlGÎ˚y •ˆÏ°y–

í˛zòy•Ó˚î 3 : I3 dx = 3x + c [!lÎ˚Ù 1]

í z̨òy•Ó˚î 4 : x dx x c x c4 4 1 51

4 1

1

5
=

+
+ = ++z  [!lÎ˚Ù 3]

í˛zòy•Ó˚î 5 : 12 125 5x dx x dx= zz

                     = × +
L
NM

O
QP

= +12
6

2
6

1
6x

c x c   [!lÎ˚Ù 7 G !lÎ˚Ù 3]

ˆÎáyˆÏl c
1
 G c ˆ•yˆÏ°y x!l!ò≈‹T ô &ÓÜ˛ ~ÓÇ 5c

1 
= c

1
 ˆÎˆÏ•ï%˛ c ˆ•yˆÏ°y x!l!ò≈‹T ô &ÓÜ˛ñ §%ï˛Ó˚yÇ ≤ÃyÌ!ÙÜ˛ àîlyÎ˚

~ˆÏÜ˛ ly ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ˆÜ˛Ó°Ùye §Ó≈ˆÏ¢£Ï §ÙyôyˆÏlG ~ˆÏÜ˛ ˆòáyˆÏly ÎyˆÏÓ–

í˛zòy•Ó˚î 6 : I(3x3 – x + 1) dx

= 3Ix3dx – Ix dx + Idx [!lÎ˚Ù 7, 8, 9]

=
L
NM

O
QP

− + +3
4

1

2

4
2x

x x c  [!lÎ˚Ù 2, 3]

= − + +3
4

1

2

4 2
x x x c
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í z̨òy•Ó˚î 7 : I3x–1 dx = ƒ3x–1 dx [!lÎ˚Ù 7]

                      = 3 ln |x| + c [!lÎ˚Ù 4]

í z̨òy•Ó˚î 8 : 2
2

3 2

3
3

x
x

dx c= +z
ln

 [!lÎ˚Ù 1]

í z̨òy•Ó˚î 9 : 9
9

3

3
3

e dx
e

cx
x

−
−

=
−

+z  [!lÎ˚Ù 1]

                     = –3e–3x +c

5.3.5 ˛õ!Ó˚Óï≈˛ Óy ≤Ã!ï˛fliy˛õl ˛õk˛!ï˛ˆÏï˛ §ÙyÜ˛°l

ÙˆÏl Ü˛Ó˚y ÎyÜ˛ If(x) dx !lî≈Î˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓñ ˆÎáyˆÏl f(x) xï≈˛yÍ §ÙyÜ˛°ƒ xyò¢≈ xyÜ˛yˆÏÓ˚ ≤Ãò_ lÎ˚– ˛õ!Ó˚Óï≈˛
˛õk˛!ï˛Ó˚ §y•yˆÏÎƒ ã˛ˆÏ°Ó˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ ÙyôƒˆÏÙ §ÙyÜ˛°ƒˆÏÜ˛ xyò¢≈ §ÙyÜ˛ˆÏ°ƒ ˛õ!Ó˚îï˛ Ü˛Ó˚y ÎyÎ˚–

Ù Ï̂l Ü˛Ó˚y ÎyÜ˛ñ If(x) dx = I

ï˛y•ˆÏ° §ÇKyl%§yˆÏÓ˚ñ 
dI

dx
f x= b g ;

~ál x = φ(Z) • Ï̂° 
dx

dZ
Z= ′φ b g

∴ =
dI

dZ

dI

dx

dx

dZ
.

= ⋅ ′f x Zb g b gφ

Óyñ 
dI

dZ
f Z Z dZ= ′φ φb gm r b g

§ÇK yl%§yˆÏÓ˚ñ I = If{φ (Z)} φ′(Z) dZ

Óyñ If(x)dx = If{φ (Z)} φ′(Z) dZ

xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ü˛ˆÏÎ˚Ü˛!ê˛ =Ó˚&c˛õ)î≈ xyÜ˛yÓ˚ ~ÓÇ ï˛yˆÏòÓ˚ §ÙyˆÏ°yã˛ly

(i) If(ax+b) dx ~Ó˚ §ÙyÜ˛° ≤Ã!ï˛fliy˛õl ≤Ã!e´Î˚yÎ˚ !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚ó ~ˆÏ«˛ˆÏe ã˛ˆÏ°Ó˚ ≤Ã!ï˛fliy˛õl §Ù#Ü˛Ó˚î •Î˚
ax + b = Z

í z̨òy•Ó˚î 10: §ÙyÜ˛°l Ü˛ˆÏÓ˚y ≠ I(ax+b)7 dx
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ôÓ˚y ÎyÜ˛ ax + b = Z  ∴ adx = dZ

⇒ =dx
a

dZ
1

∴ + = = = ⋅ +zzz ax b dx Z
dZ

a a
Z dZ

a

Z
cb g7 7 7

81 1

8

=
+

+ = +
ax b

a
c Z ax b

b g8

8
∵

(ii) I[f(x)n f ′(x) dx] ~Ó˚ §ÙyÜ˛° ˛õ!Ó˚Óï≈˛l ≤Ã!e´Î˚yÎ˚ !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚ó ~ˆÏ«˛ˆÏe ˆ°Ó˚ ≤Ã!ï˛fliy˛õl  §Ù#Ü˛Ó˚îñ
f(x)=Z ôÓ˚y •Î˚–

f(x) = Z ôÓ˚ˆÏ°ñ f ′(x) dx = dZ •Î˚–

∴ I[f(x)]n f ′(x) dx = IZndZ [∵ f(x) = Z G f ′(x)dx = dz]

=
+

+
+Z

n
c

n 1

1
 [Îál n ≠ –1] =

+
+

+
f x

n
c

xb g 1

1

~ÓÇ I[f(x)]n f ′(x) dx = log |Z| + K [Îál n = –1] =log|f(x)|+K

xÌ≈yÍ f x f x dx
f x

n
c

n

n

b g b g b g
′ =

+
+

+

z
1

1
  [Îál n ≠ –1]

~ÓÇ 
′

= +z f x

f x
dx f x K

b g
b g b glog  [Îál n = –1]

í z̨òy•Ó˚î 11: §ÙyÜ˛°l Ü˛ Ï̂Ó˚y ≠ 
x

x
dx

2

32 +z
ôÓ˚y ÎyÜ˛ 2 + x3 = Z ⇒ 3x2dx = dZ

∴
+

= zz x

x
dx

x

dZ2

32

1

3
        [∵x dx dZ

2 1

3
=  G 2 + x3 = Z]

= +
1

3
log Z c
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= + +
1

3
2 3log x c

˛õ!Ó˚Óï≈˛ ˛õk˛!ï˛ˆÏï˛ §ÙyÜ˛°ˆÏlÓ˚ !Ó!Óô í˛zòy•Ó˚î ≠

í˛zòy•Ó˚î 12: §ÙyÜ˛° Ü˛ Ï̂Ó˚y≠

(i)

x

x
dx

2

3
2

4 7+
z
d i (ii) 24 3 2

xe dxxz

(iii)
xe dx

x

x

+ 1
2b g (iv) x dx−z 9

7
4b g

(i) 

x

x
dx x x dx

2

3
2

2 3
2

4 7
4 7

+
⇒ +z z −

d i
d i

ôÓ˚y ÎyÜ˛ u x
du

dx
x= + =4 7 123 2;

∴ =dx
du

x12 2

≤Ã!ï˛fliy˛õl Ü˛ˆÏÓ˚ ˛õy•z≠

x u
du

dx
u du2 2

2

21

12

− −= zz

§ÙyÜ˛°ˆÏl ˛õy•z ≠ 
1

12

1

12

2 1
u du u c

− −= − +z

⇒ −
+

+
1

12 4 73x
c

d i

(ii) 24 3 2

xe dxxz
ôÓ˚y ÎyÜ˛ u x

du

dx
x dx

du

x
= = =3 6

6

2
, ;
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≤Ã!ï˛fliy˛õl Ü˛ˆÏÓ˚ ≠ 24 4 4 4 3 2

xe
du

dx
e du e c e cu u u xz z= ⇒ + ⇒ +

(iii)
xe dx

x

x

+ 1
2b g

ôÓ˚y ÎyÜ˛ I
xe

x
dx

x

x
e dx

x
x=

+
⇒

+ −

+
z z

1

1 1

1
2 2b g b g

⇒
+

−
+

L
N
M
M

O
Q
P
Pz e

x x
dxx 1

1

1

1
2b g  ôÓ˚y ÎyÜ˛  e

x
Z

x ⋅
+

=
1

1

⇒
+

+ −
+

L
N
M
M

O
Q
P
P

R
S|
T|

U
V|
W|

=e
x

e
x

dx dzx x1

1

1

1
2b g

⇒
+

−
+

L
N
M
M

O
Q
P
P

=e
x x

dx dzx 1

1

1

1
2b g

∴ =
+

−
+

L
N
M
M

O
Q
P
PzI e

x x
dxx 1

1

1

1
2b g

⇒ = + = ⋅
+

+z dZ Z c e
x

cx 1

1

∵Z e
x

x=
+

L
NM

O
QP

1

1

(iv) x dx−z 9
7

4b g

ôÓ˚y ÎyÜ˛  u x
du

dx
dx du= − ∴ = =9 1,

≤Ã!ï˛fliy˛õl Ü˛ˆÏÓ˚ ≠ x dx u du− = zz 9
7

4
7

4b g
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§ÙyÜ˛°l Ü˛ˆÏÓ˚ u du u c
7

4
11

4
4

11
z = +

⇒ − +
4

11
9

11
4x cb g

5.3.6 xÇ¢!Ë˛!_Ü˛ §ÙyÜ˛°l

≤ÃÌÙ ˛õk˛!ï˛ ≠ §ÙyÜ˛°ˆÏlÓ˚ ˆ«˛ˆÏe ò%!ê˛ xˆÏ˛õ«˛Ü˛ =îl xyÜ˛yˆÏÓ˚ í˛z˛õ!fliï˛ ÌyÜ˛ˆÏ° ~ ˛õk˛!ï˛ˆÏï˛ ï˛yÓ˚ §ÙyÜ˛!°ï˛
Ùyl !lî≈Î˚ Ü˛Ó˚y •Î˚– =îlÜ,˛ï˛ ò%ˆÏê˛y xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §ÙyÜ˛!°ï˛ Ùyl !lî≈ˆÏÎ˚Ó˚ ˆ«˛ˆÏe !lˆÏ¡¨y_´ §)e!ê˛ ÓƒÓ•*ï˛ •Î˚– Î!ò
u ~ÓÇ v ò%!ê˛ xˆÏ˛õ«˛Ü˛ •Î˚ ï˛ˆÏÓñ

uvdx u udx
d

dx
u vdx dx= − RST

UVWzzzz b g

xÌÓy ≤ÃÌÙ xˆÏ˛õ«˛Ü˛ ×I !mï˛#Î˚ xˆÏ˛õ«˛Ü˛ dx – {
d

dx
z ≤ÃÌÙ xˆÏ˛õ«˛Ü˛ ×I !mï˛#Î˚ xˆÏ˛õ«˛Ü˛ dx dx}

í˛zòy•Ó˚î 13 : Ix2ex dx

§Ùyôyl ≠ I x e dx
d

dx
x e dx dx

x x= − RST
UVWzzz2 2d i

= x2ex – I2xex dx

= − − RST
UVW

L
NM

O
QPzzzx e x e dx

d

dx
x e dx dxx x x2 2 b g

= − − zx e xe e dxx x x2 2

= x2ex – 2 [xex – ex]+c

= x2ex – 2xex + 2ex + c

= ex (x2 – 2x + 2) + c

!mï˛#Î˚ ˛õk˛!ï˛ ≠ u ~Ó˚ §¡õ Ï̂Ü≈̨  v ~Ó˚ §ÙyÜ˛°l ˛õyGÎ˚y ÎyÎ˚ñ uv ˆÌ Ï̂Ü˛ v ~Ó˚ §¡õÜ≈̨  u ~Ó˚ §ÙyÜ˛!°ï˛ Ùyl
!ÓˆÏÎ˚yà Ü˛ˆÏÓ˚ xÌ≈yÍ Ivdx = uv – Iudv.
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í˛zòy•Ó˚î 14 ≠ x x dx+z 1
1
3b g

§Ùyôyl ≠ í˛zˆÏÕ‘áƒ ˆÎ ~ˆÏ«˛ˆÏe ≤Ã!ï˛fliy˛õl Óy xlƒ ˆÜ˛yˆÏly !lÎ˚ˆÏÙ §ÙyÜ˛!°ï˛ Ùyl !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚ ly– ~ Ü˛yÓ˚ˆÏî
í˛z˛õ!Ó˚í˛z_´ !mï˛#Î˚ ˛õk˛!ï˛ xl%§yˆÏÓ˚ í˛z_´ §Ù§ƒyˆÏÜ˛ Ivdu xyÜ˛yˆÏÓ˚ §y!çˆÏÎ˚ §ÙhflÏ §ÙyÜ˛°l ˛õk˛!ï˛ˆÏï˛ Ùyl ˆÓÓ˚ Ü˛Ó˚yÓ˚
ˆã˛‹Ty Ü˛Ó˚y •Î˚–

ÙˆÏl Ü˛!Ó˚ v = x, Ê˛ˆÏ° dv = dx ~ÓÇ

ÙˆÏl Ü˛!Ó˚ u x= +
3

4
1

3
2b g

ÎyˆÏï˛ du x dx= +1
1
3b g  •Î˚–

∴ + = zz x x dx vdu1
1
3b g

= − = F
HG

I
KJ + ⋅ − +zzvu udx x x x dx

3

4
1

3

4
1

4
3

4
3b g b g

= + − + +
3

4
1

9

28
1

4
3

7
3x x x cb g b g

í z̨òy•Ó˚î 15 : Ixex dx

§Ùyôyl≠ ~ˆÏ«˛ˆÏe ÙˆÏl Ü˛!Ó˚ v=x ~ÓÇ u=ex ÎyˆÏï˛ dv = dx ~ÓÇ du = e2dx– §%ï˛Ó˚yÇ

Ixex dx = Ivdu = uv = Iu dv

= ex . x – Iex dx

= ex . x – ex + c = ex(x–1) + c

§ÙyÜ˛!°ï˛ Ùyl §!ë˛Ü˛ •ˆÏÎ˚ˆÏSÈ !Ü˛ly Îyã˛y•z Ü˛Ó˚yÓ˚ çlƒ í˛z_´ Ê˛°yÊ˛ˆÏ°Ó˚ xhs˝Ó˚Ü˛°l Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚ ˆòáˆÏï˛ •ˆÏÓ
ˆÎ ˆ§ê˛y Integrand Óy §ÙyÜ˛ˆÏ°ƒÓ˚ §Ùyl !Ü˛ly–

5.3.7  xyÇ!¢Ü˛ Ë˛@¿yÇˆÏ¢Ó˚ §y•yˆÏÎƒ §ÙyÜ˛°l

Îál •Ó̊ í z̨Fã˛ï˛Ó̊ e´ Ï̂ÙÓ̊ •Î̊ ~ÓÇ ï˛yÓ̊ í z̨Í˛õyòÜ˛ !lî≈Î̊ §Ω˛Ó •Î̊ ï˛ál §yôyÓ̊îï˛/ xyÇ!¢Ü˛ Ë˛@¿yÇ¢ ≤Ã Ï̂Î̊yà Ü˛Ó̊y •Î̊–
≤Ãò_ Ë˛@¿yÇ Ï̂¢Ó̊ • Ï̂Ó̊Ó̊ í z̨Í˛õyòÜ˛=!°Ó̊ ≤ÃÜ,̨ !ï˛ !Ó Ï̂Óã˛ly Ü˛ Ï̂Ó̊ xyÇ!¢Ü˛ Ë˛@¿yÇ Ï̂¢Ó̊ !Ó!Ë˛ß̈ ˛õk˛!ï˛ xy Ï̂°yã˛ly Ü˛Ó̊y • Ï̂°y–

≤ÃÌÙ ˛õk˛!ï˛ ≠ Îál •ˆÏÓ˚ ÓyhflÏÓ ~ÓÇ ~Ü˛ âyï˛ !Ó!¢‹T í˛zÍ˛õyòÜ˛ ÌyˆÏÜ˛ !Ü˛v ˆÜ˛yˆÏly í˛zÍ˛õyòˆÏÜ˛Ó˚•z ˛õ%lÓ˚yÓ,!_ •Î˚
lyñ ~•z ˛õk˛!ï˛!ê˛ !lˆÏ¡¨y_´ í˛zòy•Ó˚ˆÏî ˆòáyˆÏly •ˆÏ°y–
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í˛zòy•Ó˚î 16:  
x x

x x x
dx

2

3 2

1

6

+ −
+ −z

§Ùyôyl ≠

~Ó˚*˛õ §Ù§ƒyÓ˚ ˆ«˛ˆÏe •Ó˚ xÇ¢ˆÏÜ˛ ~Ü˛âyï˛ !Ó!¢‹T Ü˛ˆÏÎ˚Ü˛!ê˛ í˛zÍ˛õyòˆÏÜ˛ ≤ÃÜ˛y¢ Ü˛Ó˚ˆÏï˛ •Î˚– ˆÎÙlñ

x3 + x2 – 6x = x(x2 + x – 6)

= x(x–2) (x+3)

ÙˆÏl Ü˛!Ó˚ 
x x

x x x

A

x

B

x

C

x

2

3 2

1

6 2 3

+ −
+ −

= +
−

+
+b g

í˛zË˛Î˚ ˛õ«˛ˆÏÜ˛ x(x–2) (x+3) myÓ˚y =î Ü˛ˆÏÓ˚ ˛õy•z

x2+x–1 = A(x–2)(0+3) + B . x (x+3) + C . x (x–2) ...(1)

(1) lÇ xˆÏË˛ˆÏò ˛õÎ≈yÎ˚e´ˆÏÙ x = 0, 2, –3 Ó!§ˆÏÎ˚ ˛õy•z

− = − + ⇒ − = − ⇒ =1 0 2 0 3 1 6
1

6
A A Ab gb g

4 2 1 2 2 3 5 10
1

2
+ − = × + ⇒ = ⇒ =B B Bb g ;

9 3 1 3 3 2 5 15
1

3
− − = − − − ⇒ = ⇒ =C C Cb gb g

∴
+ −

− +
= +

−
+

+
x x

x x x x x x

2
1

2 3

1
6

1
2

2

1
3

3b gb g b g b g

∴
+ −

+ −
= +

−
+

+zzz x x

x x x

dx

x

dx

x

dx

x

2

3 2

1

6

1

6

1

2 2

1

3 3

= + − + + +
1

6

1

2
2

1

3
3log log logx x x C

!mï˛#Î˚ ˛õk˛!ï˛

Îál °ˆÏÓÓ˚ âyï˛ •ˆÏÓ˚Ó˚ âyï˛ xˆÏ˛õ«˛y Ó,•_Ó˚ Óy §Ùylñ ï˛ál °ÓˆÏÜ˛ •Ó˚ myÓ˚y Ë˛yà Ü˛ˆÏÓ˚ °ˆÏÓÓ˚ âyï˛ˆÏÜ˛ •ˆÏÓ˚Ó˚
âyï˛ xˆÏ˛õ«˛y «%˛oï˛Ó˚ Ü˛ˆÏÓ˚ !lˆÏ¡¨y_´ ˛õk˛!ï˛ˆÏï˛ §ÙyÜ˛°l Ü˛Ó˚y •Î˚–
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í˛zòy•Ó˚î 17 :  
x

x
dx

2

2+z

ÙˆÏl Ü˛!Ó˚ I x
x

dx= − +
+

L
N
M

O
Q
Pz 2

4

2
b g b g

= − +
+zz x dx

x
dx2

4

2
b g

= − + + +
x

x x C
2

2
2 4 2log b g

ï,˛ï˛#Î˚ ˛õk˛!ï˛ ≠

Îál •ˆÏÓ˚ ÓyhflÏÓ ~ÓÇ ~Ü˛âyï˛ !Ó!¢‹T í˛zÍ˛õyòÜ˛ ÌyˆÏÜ˛ ~ÓÇ ~ˆÏòÓ˚ ÙˆÏôƒ ˛õ%lÓ˚yÓ,!_ ÌyˆÏÜ˛–

í˛zòy•Ó˚î 18 : 
x

x x
dx

− +
z

1 2
2b g b g

§Ùyôyl ≠ ÙˆÏl Ü˛!Ó˚ñ 
x

x x

A

x

B

x

C

x− +
=

−
+

−
+

+1 2 1 1 22 2b g b g b g
í˛zË˛Î˚ ˛õ«˛ˆÏÜ˛ (x–1)2 (x+2) !òˆÏÎ˚ =î Ü˛ˆÏÓ˚ ˛õy•z ≠

x = A(x–1) (x+2) +B(x+2) + C(x–1)2....(1)

(1) lÇ xˆÏË˛ˆÏò ˛õÎ≈yÎ˚e´ˆÏÙ x = 1, –2 Ó!§ˆÏÎ˚ ˛õy•z

1 1 2
1

3
= + ⇒ =B Bb g

− = − − ⇒ = −2 2 1
2

9

2
C Cb g

xyÓyÓ˚ 1 lÇ xˆÏË˛ˆÏò x2 ~Ó˚ §•à §Ù#Ü,˛ï˛ Ü˛ˆÏÓ˚ ˛õy•z ≠

0
2

9
0

2

9
= + ⇒ − = ⇒ =A C A A

∴
− +

=
−

+
−

=
+zzzz x

x x
dx

dx

x

dx

x

dx

x1 2

2

9 1

1

3 1

2

9 22 2b g b g b g
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= − − + +
−

−
+

−
2

9
1 2

1

3

1

1

1

log logx x
x

Cm r b g

=
−

+
−

−
+

2

9

1

2

9

3 1
log

x

x x
Cb g

ã˛ï%˛Ì≈ ˛õk˛!ï˛ ≠

Îál •ˆÏÓ˚ ÓyhflÏÓ G !mâyï˛ !Ó!¢‹T í˛zÍ˛õyòÜ˛ ÌyˆÏÜ˛ !Ü˛v ˆÜ˛yˆÏly í˛zÍ˛õyòˆÏÜ˛Ó˚•z ˛õ%lÓ˚yÓ,!_ •Î˚ ly–

í˛zòy•Ó˚î 19 : 

dx

x x− +
z

1 42b gd i

§Ùyôyl≠ ÙˆÏl Ü˛!Ó˚ 
x

x x

A

x

Bx C

x− +
=

−
+

+

+1 4 1 42 2b gd i
í˛zË˛Î˚ ˛õ«˛ˆÏÜ˛ (x–1)(x2+4) !òˆÏÎ˚ =î Ü˛ˆÏÓ˚ ˛õy•z ≠

x = A (x2 + 4) + (Bx + C) (x – 1) ...(1)

(1) lÇ xˆÏË˛ˆÏò x2 ~ÓÇ x ~Ó˚ §•à §Ù#Ü,˛ï˛ Ü˛ˆÏÓ˚ ˛õy•z

A + B = 0....(2)        C – B = 1 ....(3)

(1) lÇ xˆÏË˛ˆÏò x = 1 Ó§y Ï̂° A =
1

5
 • Ï̂Ó

∴ (2) G (3) ˆÌˆÏÜ˛ A =
1

5
 Ó§yˆÏ° B = −

1

5
 G C =

4

5
 •ˆÏÓ–

∴
− +

=
−

−
−

+zzz x dx

x x

dx

x

x

x1 4

1

5 1

1

5

4

42 2b gd i

=
−

−
+

+
+zzz1

5 1

1

10

2

4

4

5 22 2 2

dx

x

x dx

x

dx

x

= − − + + +−1

5
1

1

10
4

2

5 2

2 1log log tanx x
x

C
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˛õMÈ˛Ù ˛õk˛!ï˛ ≠

Îál •Ó˚ ÓyhflÏÓ ~ÓÇ ˛õ%lÓ˚yÓ,!_§• !mâyï˛ !Ó!¢‹T í˛zÍ˛õyòÜ˛ ÌyˆÏÜ˛ ï˛ál !lˆÏ¡¨y_´ !lÎ˚ˆÏÙ xyÇ!¢Ü˛ Ë˛@¿yÇˆÏ¢ Ó˚*˛õyhs˝Ó˚
Ü˛ˆÏÓ˚ §ÙyÜ˛°l Ü˛Ó˚y •Î˚– ˆÎÙlÈüüüÈ

í˛zòy•Ó˚î 20 : 

2

1 12
2

x dx

x x+ +
z b gd i

§Ùyôyl ≠ 
2

1 1 1 1 1
2

2 2
2

2

x

x x

A

x

Bx C

x

Dx E

x+ +
=

+
+

+

+
+

+

+b gd i d i

⇒ 2x = A (x2 + 1)2 + (Bx + C) (x + 1) (x2 + 1) + (Dx + E) (x + 1) ...(1)

⇒ A (x4 + 2x2 + 1) + (Bx + C) (x3 + x2 + x + 1) + (Dx2 + Dx + Ex + E) x

(A + B) x4 + (B + C) x3 + (2A + B + C + D) x2 + (B + C + D + E) x+ (A + C + E)...(1)

í˛z˛õˆÏÓ˚y_´ (1) lÇ xˆÏË˛ˆÏò x = –1 Ó!§ˆÏÎ˚ A = −
1

2
 ˛õyGÎ˚y ÎyÎ˚– xyÓyÓ˚ x4, x3, x2, x ~Ó˚ §•à §Ù#Ü,˛ï˛

Ü˛ˆÏÓ˚

A + B = 0  . . . (2)

B + C = 0 . . . (3)

2A + B + C + D = 0 . . . (4)

B+C+D+E = 2 . . . (5)

(2) lÇ ~ A = −
1

2
 Ó!§ˆÏÎ˚ ˛õy•z B =

1

2
;  (3) ~ B =

1

2
Ó§yˆÏ°ó C =

−1

2
 ˛õyGÎ˚y ÎyÎ˚ó (5) ~

A B y C= − = = −
1

2

1

2
2, ,  Ó§yˆÏ° D = 1 G (5) ~ B = y

2
, C = y

2
, D = 1 Ó§yˆÏ° E = 1 ˛õyGÎ˚y

ÎyÎ˚–

∴
+ +

=
−

+
+

−

+
+

+

+
zzzz 2

1 1 1 1

1

12
2

2 2 2

2 2
2

x

x x

y dx

x

y x y dx

x

x dx

xb gd i b g
b g

d i
b g
d i
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= −
+

+
+

−
+

+
+

+
+

z zzz1

2 1

1

2 1

1

2 1 1 1
2

2
2

2
2

dx

x

dx

x

dx

x

dx

x

dx

xd i d i

= − + + + − −
+

+ +
+

+− −1

2
1 1

1

2

1

2 1

1

2 2 1
4

2 1

2

1

2
log log tan tanx y x x

x
x

x

x
Cd i d i d i

=
+

+
+

−

+
+

1

4

1

1

1

2 1

2

2 2
log

x

x

x

x
C

b g
b g
d i

5.4 !l!ò≈‹T §ÙyÜ˛°

5.4.1 §ÇK y

ày!î!ï˛Ü˛ §Ù§ƒyÓ˚ xhs˝à≈ï˛ ˆÜ˛yˆÏly Ó˚y!¢ˆÏÜ˛ Î!ò !ÓˆÏ¢£Ï !lÎ˚ˆÏÙ Ü˛ï˛=!° xÇˆÏ¢ Ë˛yà Ü˛Ó˚y •Î˚ñ ~ÓÇ ~Ùl ~Ü˛!ê˛
ˆ◊!îÓ˚ xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ ˆÎñ ˆ◊!î!ê˛Ó˚ ˛õò§Çáƒy ÎˆÏÌFSÈË˛yˆÏÓ Ó,!k˛ Ü˛Ó˚y ÎyÎ˚ ~ÓÇ ~Ü˛•z §ˆÏD ≤Ã!ï˛!ê˛ ˛õˆÏòÓ˚
Ùyl e´Ù¢/ «%˛o ˆÌˆÏÜ˛ «%˛oï˛Ó˚ Ü˛Ó˚y §Ω˛Ó •Î˚ñ ï˛ˆÏÓ ~•z çyï˛#Î˚ ˆ◊!îÓ˚ ˆÎyàÊ˛ˆÏ°Ó˚ §#ÙyˆÏÜ˛ !l!ò≈‹T §ÙyÜ˛° Ó°y
•Î˚– í˛zòy•Ó˚îfl∫Ó˚*˛õ ÙˆÏl Ü˛Ó˚y ÎyÜ˛ñ y = x2 §hs˝ï˛ xˆÏ˛õ«˛Ü˛ñ x x«˛ ~ÓÇ x = 1 G x = 4 !Ó®% ò%!ê˛ˆÏï˛ x!B˛ï˛ ˆÜ˛y!ê˛
myÓ˚y §#ÙyÓk˛ ˆ«˛ˆÏeÓ˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓ– å!ã˛e 1ä ~ˆÏ«˛ˆÏe 1 ≤ x ≤ 4

!ã˛e 1

!ÓhflÏyÓ˚ˆÏÜ˛ x = 1, 1.3, 1.6 •zï˛ƒy!ò !Ó®%§Ù)• myÓ˚y 10 !ê˛ §Ùyl Ë˛yˆÏà Ë˛yà Ü˛ˆÏÓ˚ ≤ÃˆÏï˛ƒÜ˛ !Ó®%ˆÏï˛ ˆÜ˛y!ê˛=!° xB˛l
Ü˛Ó˚y •ˆÏ° §#ÙyÓk˛ ˆ«˛eÊ˛°!ê˛ 10!ê˛ xÇˆÏ¢ !ÓË˛_´ •ˆÏÓ ~ÓÇ ï˛yÓ˚ Ê˛ˆÏ° §#ÙyÓk˛ ˆ«˛eÊ˛°ˆÏÜ˛ 10!ê˛ ˛õˆÏòÓ˚ ~Ü˛!ê˛
ˆ◊!îÓ˚ xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyˆÏÓ– ~•zË˛yˆÏÓ 1 ≤ x ≤ 4 !ÓhflÏyÓ˚ˆÏÜ˛ x = 1, 1.03, 1.06... •zï˛ƒy!ò !Ó®%§Ù)• myÓ˚y
100!ê˛ §Ùyl Ë˛yˆÏà Ë˛yà Ü˛Ó˚y ~ÓÇ ≤ÃˆÏï˛ƒÜ˛ !Ó®%ˆÏï˛ ˆÜ˛y!ê˛§Ù)• xB˛l Ü˛Ó˚y •ˆÏ° §#ÙyÓk˛ ˆ«˛eÊ˛° 100!ê˛ xÇˆÏ¢

y
y = x2

x
41o
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!ÓË˛_´ •ˆÏÓ ~ÓÇ ï˛yÓ˚ Ê˛ˆÏ° ˆ«˛eÊ˛°ˆÏÜ˛ 100!ê˛ ˛õˆÏòÓ˚ ~Ü˛!ê˛ ˆ◊!îÓ˚ xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y §Ω˛Ó •ˆÏÓ– flõ‹Tï˛•z
!ÓhflÏyˆÏÓ˚Ó˚ xhs˝à≈ï˛ !Ó®%§Ù)ˆÏ•Ó˚ §Çáƒy ÎˆÏÌFSÈË˛yˆÏÓ Ó,!k˛ Ü˛ˆÏÓ˚ í˛z_´ ˆ«˛eÊ˛° ≤ÃÜ˛y¢Ü˛ ˆ◊!îÓ˚ ˛õò§ÇáƒyÓ˚ ÙylG e´Ù¢
«%˛o ˆÌˆÏÜ˛ xyÓ˚G «%˛oï˛Ó˚ •Î˚– ~ˆÏ«˛ˆÏe ~•z ≤ÃÜ˛yÓ˚ ˆ◊!îÓ˚ ˆÎyàÊ˛ˆÏ°Ó˚ §#ÙyˆÏÜ˛ !l!ò≈‹T §ÙyÜ˛° Ó°y •Î˚–

5.4.2 ˆÎyàÊ˛ˆÏ°Ó˚ §#ÙyÓ˚*ˆÏ˛õ !l!ò≈‹T §ÙyÜ˛ˆÏ°Ó˚ §ÇK y

ÙˆÏl Ü˛Ó˚y ÎyÜ˛ñ a ≤ x ≤ b §§#Ù !ÓhflÏyˆÏÓ˚ f(x) ~Ü˛!ê˛ §ÇKyï˛ñ ~Ü˛ Ùyl!Ó!¢‹T G §#ÙyÓk˛ xˆÏ˛õ«˛Ü˛– ~ál a,

a + h, a + 2h,..., {a + (n – 1) h}, a + nh !Ó®%=!° myÓ˚y a ≤ x ≤ b !ÓhflÏyÓ˚ˆÏÜ˛ ≤ÃˆÏï˛ƒÜ˛!ê˛ h ˜òˆÏâ≈ƒÓ˚ n §ÇáƒÜ˛
í˛z˛õ!ÓhflÏyÓ˚ (sub-interval) ~ !ÓË˛_´ Ü˛Ó˚y • Ï̂° a + nh = b Óy nh = b – a •ˆÏÓ– ï˛y•ˆÏ°ñ

lim ...
h

h f a f a h f a h f a n h
→

+ + + + + + + −
0

2 1b g b g b g b gm r

xÌÓy §ÇˆÏ«˛ˆÏ˛õ lim
h

r

n

h f a rh
→ =

−

∑ +
0

0

1

b g

§#ÙyˆÏÜ˛ åÎál §#ÙyÓ˚ x!hflÏc ÌyˆÏÜ˛ä a G b §#ÙyÓ˚ ÙˆÏôƒ x ~Ó˚ §yˆÏ˛õˆÏ«˛ f(x) xˆÏ˛õ«˛ˆÏÜ˛Ó˚ !l!ò≈‹T §ÙyÜ˛° Ó°y

•Î˚ ~ÓÇ ï˛yˆÏÜ˛ 
a

b
f x dxb gz  ≤Ãï˛#Ü˛ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– ~áyˆÏl b ˆÜ˛ §ÙyÜ˛ˆÏ°Ó˚ |ôÁ≈§#Ùy (upper or superior

limit) ~ÓÇ a ˆÜ˛ §ÙyÜ˛ˆ Ï°Ó˚ !l¡¨§#Ùy (lower or inferior limit) Ó°y •Î˚– §%ï˛Ó ˚yÇ

a

b

h
r

n

f x dx h f a rhb g b gz ∑= +
→ =

−
lim

0
0

1

 [ˆÎáyˆÏl nh = b – a]

5.4.3 §ÙyÜ˛ˆÏ°Ó˚ ˆÙÔ!°Ü˛ í˛z˛õ˛õyòƒ :

Î!ò a ≤ x ≤ b !ÓhflÏyˆÏÓ˚ f(x) xˆÏ˛õ«˛Ü˛ §ÙyÜ˛°lˆÏÎyàƒ •Î˚ñ ~ÓÇ φ(x) ~Ùl ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ •Î˚ ˆÎñ a ≤ x

≤ b !ÓhflÏyˆÏÓ˚Ó˚ §Ó≈e f(x) = φ′(x) ï˛ˆÏÓñ

a

b
f x dx b ab g b g b gz = −φ φ  •ˆÏÓ–

~ˆÏÜ˛•z ÓˆÏ° §ÙyÜ˛°l!ÓòƒyÓ˚ ˆÙÔ!°Ü˛ í˛z˛õy˛õyòƒ–

5.4.4 !l!ò≈‹T §ÙyÜ˛ˆÏ°Ó˚ ôÙ≈§Ù)• :

1. Î!ò !l!ò≈‹T §ÙyÜ˛ˆÏ°Ó˚ §#Ùy ˛õ!Ó˚Óï≈˛l Ü˛Ó˚y •Î˚ ï˛y•ˆÏ° ï˛yÓ˚ !ã˛•´ ˛õ!Ó˚Óï≈˛l •ˆÏÓ–

xÌ≈yÍ 
a

b

b

a

f x dx f x dxb g b gz z= −
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2. Î!ò !l!ò≈‹T §ÙyÜ˛ˆÏ°Ó˚ |ôÁ≈ G !l¡¨§#ÙyÓ˚ Ùyl ~Ü˛•z •Î˚ ï˛ˆÏÓ §ÙyÜ˛ˆÏ°ƒÓ˚ Ùyl ¢)lƒ •ˆÏÓ–

xÌ≈yÍ 
a

a
f x dx F a F ab gz = − =( ) ( ) 0

3. !l!ò≈‹T §ÙyÜ˛°ˆÏÜ˛ ï˛yÓ˚ í˛z˛õ§ÙyÜ˛°=!°Ó˚ Ë˛yà=!°Ó˚ ˆÎyàÊ˛° !•§yˆÏÓ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

a

c

a

b

b

c
f x dx f x dx f x dx a b cb g b g b gz zz= + ≤ ≤,

4. ò%!ê˛ §Ùyl §#Ùy å|ôÁ≈ G !l¡¨ä §• !l!ò≈‹T §ÙyÜ˛ˆÏ°Ó˚ ˆÎyàÊ˛° Óy xhs˝Ó˚ ˆ•yˆÏ°y ˆ§•z ò%•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆÎyàÊ˛°
Óy xhs˝ˆÏÓ˚Ó˚ !l!ò≈‹T §ÙyÜ˛°–

xÌ≈yÍ 
a

b

a

b

a

b
f x dx g x dx f x g x dxb g b g b gz zz± = ±( )

5. Î!ò ˆÜ˛yˆÏly xˆÏ˛õ«˛Ü˛ˆÏÜ˛ ô &ÓÜ˛ !òˆÏÎ˚ =î Ü˛ˆÏÓ˚ ï˛yÓ˚ !l!ò≈‹T §ÙyÜ˛° ˆlGÎ˚y •Î˚ ï˛y•ˆÏ° ï˛y •ˆÏÓ ˆ§•z ô &ÓÜ˛
=!îï˛ ˆ§•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ !l!ò≈‹T §ÙyÜ˛°–

∴ =z za

b

a

b
Kf x dx K f x dxb g ( )

í˛zòy•Ó˚î 21 : 2 3
5

5
x dx+z b g

= + = + = + − + =z 2 3 3 5 15 5 15 02

5

5

5

5
2 2x dx x xb g

í˛zòy•Ó˚î 22 : 
0

3

2

6

1

x

x
dx

+
z

ôÓ˚y ÎyÜ˛ u x
du

dx
x dx

du

x
= + = =2

1 2
2

; ;

∴
+

= =− −zzz 6

1
6

2
3

2

1 1x

x
dx xu

du

x
u du

= 3ln|u| =3ln [x2+1]

∴
+

=z
0

3

2

6

1
3

x

x
dx ln x

2
1

3

0
+

= 3ln |32+1|– 3 ln| 02+1
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= 3ln 10 – 3 ln 1

= 3ln 10 = 6.9078

xyÓyÓ˚ uÈüÈÓ˚ §#Ùy u = 02 + 1 = 1 ~ÓÇ

u = 32 + 1 = 10

uÈüÈ~Ó˚ §yˆÏ˛õˆÏ«˛ §ÙyÜ˛° Ü˛ˆÏÓ˚ ˛õy•z ≠

3 31

1

10

1

10

u du lu u− =z
= 3ln 10–3ln 1

= 3ln 10 = 6 .9078

∵ ln 1 0=

í˛zòy•Ó˚î 23 : Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y 5 2

1

3
xe dxx+z

ôÓ˚y ÎyÜ˛ f(x) = 5x, f ′(x) = 5, g′(x)=ex+2

g(x) = Ie x+2 dx = ex+2

∴ I5xe x+2dx = 5xe x+2 – Ie x+25 dx

= 5xe x+2 – 5 Ie x+2 dx

= 5xe x+2 – 5e x+2

[xá[˛ §ÙyÜ˛°l ˛õk˛!ï˛ xl%§Ó˚î Ü˛ˆÏÓ˚]

∴ = −+ + +z 5 5 52 2 2

1

3

1

3
xe dx xe ex x x

= (15e5 – 5e5) – (5e3 – 5e3)

= 10e5 = 10×148.4 = 1484

5.4.5 Óe´ˆÏÓ˚áy=!°Ó˚ xhs˝Ó≈ï≈˛# ˆ«˛eÊ˛ˆÏ°Ó˚ ˛õ!Ó˚Ùy˛õ

ò%•z Óy ï˛yÓ˚ ˆÓ!¢ Óe´ˆÏÓ˚áyÓ˚ ÙôƒÓï≈˛# ˆ«˛eÊ˛° !l!ò≈‹T §ÙyÜ˛ˆÏ°Ó˚ ÙyôƒˆÏÙ !lô≈yÓ˚î Ü˛Ó˚y §Ω˛Ó– ~!ê˛ ~Ü˛!ê˛
í˛zòy•Ó˚ˆÏîÓ˚ ÙyôƒˆÏÙ ˆòáyˆÏly ÎyÜ˛–
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í˛zòy•Ó˚î 24 : y
1
 = 7 – x ~ÓÇ y

2
 = 4x – x2 ~•z ò%•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ x = 1 ˆÌˆÏÜ˛ x = 4 ~Ó˚ ÙˆÏôƒ ˆ«˛eÊ˛°

!lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ≠ A x dx x x dx= − − −z z7 4
1

4 2

1

4b g e j

ˆÎáyˆÏl A ˆ•yˆÏ°y xˆÏ˛õ«˛Ü˛mˆÏÎ˚Ó˚ xhs˝Ó≈ï≈˛# ~°yÜ˛y–

!ã˛e  :  2

= − ⋅ +L
NM

O
QP

1

3
2 5 73 2

1

4

x x x

= − ⋅ × + ×L
NM

O
QP − × − ⋅ × + ×L

NM
O
QP

1

3
4 2 5 4 7 4

1

3
1 2 5 1 7 1

3 2 3 2

= 4.5

5.4.6 §D!ï˛!Ó•#l Óy x§Çàï˛ §ÙyÜ˛°

!Ü˛S%È !Ü˛S%È Óe´ˆÏÓ˚áyÓ˚ §Ç°@¿ ˆ«˛e x xˆÏ«˛ x§#Ù Ë˛yˆÏÓ Óyí˛¸ˆÏï˛ ÌyˆÏÜ˛– ~§Ó ˆ«˛ˆÏe ï˛yˆÏòÓ˚ §D!ï˛!Ó•#l §ÙyÜ˛°
˛õk˛!ï˛ˆÏï˛ Ùyl !lî≈Î˚ Ü˛Ó˚y •Î˚– ˆÎ !l!ò≈‹T §ÙyÜ˛ˆÏ° ~Ü˛!ê˛ §#Ùy §§#Ù G x˛õÓ˚!ê˛ x§#Ù ï˛yˆÏòÓ˚•z Ó°y •Î˚ §D!ï˛!Ó•#l

§ÙyÜ˛°ñ ˆÎÙl f x dx
a

b g∞z  ~ÓÇ f x dx
b b g
−∞z  ‘∝’ ˆÜ˛yˆÏly §Çáƒy ˆÎˆÏ•ï%˛ lÎ˚ ï˛yˆÏòÓ˚ñ x ~Ó˚ çlƒ F(x) ~

≤Ã!ï˛fliy˛õl Ü˛Ó˚y ÎyˆÏÓ ly– !Ü˛v ï˛yˆÏòÓ˚ x˛õÓ˚ §Ü˛ˆÏ°Ó˚ §#Ùy!Î˚ï˛ Ó˚*˛õ !•§yˆÏÓ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyˆÏÓ–

ˆÎÙl f x dx f x dx
b a

b

a
b g b g=

→∞

∞ zz lim  ~ÓÇ

y

o

1

y
2

4

y
1

x
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f x dx f x dx
a a

bb b g b g=
→−∞−∞ zz lim

í˛zòy•Ó˚î 25 : 
6

1 x
dx

∞z

=
→∞

zlim
b

b

x
dx

6

1

=
→∞
lim ln
b

b
x6

1

= −
→∞
lim ln ln
b

b6 6 1

=
→∞
lim ln
b

b6  ∵ln 1 0=

ˆÎˆÏ•ï%˛ b →∞; 6ln |b| →∞ ~•z §D!ï˛!Ó•#l §ÙyÜ˛°!ê˛Ó˚ x˛õ§yÓ˚î âê˛ˆÏSÈ (diverge)– §%ï˛Ó˚yÇ ~Ó˚ ˆÜ˛yˆÏly
!l!ò≈‹T Ùyl ÌyÜ˛ˆÏÓ ly– xÌ≈yÍ ~•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §Ç°@¿ ≤Ãò_ ˆ«˛eÊ˛ˆÏ°Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚y ÎyˆÏÓ ly– !Ü˛v Î!ò §#ÙyÓ˚
Ùyl !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚ ï˛ál §ÙyÜ˛°!ê˛ x!Ë˛§,ï˛ •Î˚ (convergent) ~ÓÇ ï˛yÓ˚ §Ç°@¿ ˆ«˛eÊ˛° !lî≈Î˚ §Ω˛Ó •Î˚–

5.4.7 °yÛ•!˛õê˛yˆÏ°Ó˚ !lÎ˚Ù

Îál f(x) = g(x) / h(x) ~Ó˚ x→a ~ §#Ùy!Î˚ï˛ Ùyl !lî≈Î˚ Ü˛Ó˚y ÎyˆÏÓ ly Î!ò (1) °Ó G •Ó˚ ¢)ˆÏlƒÓ˚ !òˆÏÜ˛

§#Ùy!Î˚ï˛ •Î˚ ~ÓÇ 
0

0
 x!lˆÏî≈Î˚ àë˛l (indeterminate form) •Î˚ (2) Îál °Ó G •Ó˚ x§#ˆÏÙÓ˚ !òˆÏÜ˛ §#Ùy!Î˚ï˛

•Î˚ ~ÓÇ 
∞
∞

 x!lˆÏî≈Î˚ àë˛l •Î˚ó ï˛ál °yÛ!˛õê˛yˆÏ°Ó˚ !lÎ˚ˆÏÙ Ùyl !lî≈Î˚ Ü˛Ó˚y •Î˚– §)e!ê˛ ˆ•yˆÏ°y≠

lim lim
x a x a

g x

n x

g x

n x→ →
=

′

′

b g
b g

b g
b g

í˛zòy•Ó˚î 26 : Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ≠ lin
x

xx→

−

−4 2

4

16

§Ùyôyl ≠ Îï˛ x→4 •ˆÏÓñ ï˛ï˛ x – 4; 16 – x2→0 •ˆÏÓ–

lim lim
x x

x

x→ →

−
−

=
−

= −
4 2 4

4

16

1

22

1

8
 å°yÛ!˛õê˛y° §)ˆÏeÓ˚ §y•yˆÏÎƒä

!ã˛e  :  3

f(x)

f(x)

x
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5.5 xÌ≈l#!ï˛ˆÏï˛ §ÙyÜ˛°ˆÏlÓ˚ ÓƒÓ•yÓ˚

x!l!ò≈‹T §ÙyÜ˛°ˆÏlÓ˚ myÓ˚y xÌ≈l#!ï˛ˆÏï˛ ÓƒÓ•*ï˛ xˆÏ˛õ«˛Ü˛=!°Ó˚ ≤Ãy!hs˝Ü˛ àë˛l ˆÌˆÏÜ˛ ˆÙyê˛ àë˛l ˆÓÓ˚ Ü˛Ó˚y ÎyÎ˚–
ˆÎÙlÈüüüÈ

(i) ≤Ãy!hs˝Ü˛ xyÎ˚ ˆÌˆÏÜ˛ ˆÙyê˛ xyÎ˚ ˛õyGÎ˚y ÎyÎ˚–

(ii) ≤Ãy!hs˝Ü˛ ÓƒÎ˚ (MC) ˆÌˆÏÜ˛ ˆÙyê˛ ÓƒÎ˚ ˛õyGÎ˚y ÎyÎ˚–

(iii) ≤Ãy!hs˝Ü˛ ˆË˛yà ≤ÃÓîï˛y (MPC) ˆÌˆÏÜ˛ ˆÙyê˛ ˆË˛yà ≤ÃÓîï˛y !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚–

˛õ«˛yhs˝ˆÏÓ˚ñ §%!l!ò≈‹T §ÙyÜ˛°l myÓ˚y !l¡¨!°!áï˛ !Ó£ÏÎ˚=!° !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚≠

(i) ˆË˛y_´yÓ˚ í˛zm,_

(ii) í˛zÍ˛õyòlÜ˛yÓ˚#Ó˚ í˛zm,_

(iii) Ù)°ôˆÏlÓ˚ §ÙÎ˚˛õÌ (Time Path of Capital)

(iv) xÌ≈ ≤ÃÓyˆÏ•Ó˚ Óï≈˛Ùyl Ù)°ƒ (Present value of cash flow) •zï˛ƒy!ò–

5.5.1 ≤Ãy!hs˝Ü˛ xˆÏ˛õ«˛Ü˛ ˆÌˆÏÜ˛ ˆÙyê˛ xˆÏ˛õ«˛Ü˛ !lî≈Î˚ Ü˛Ó˚y

í˛zòy•Ó˚î 27: ˆÜ˛yˆÏly Ê˛yˆÏÙ≈Ó˚ ≤Ã!hs˝Ü˛ ÓƒÎ˚ C(φ) = 2e0.2φ ~ÓÇ !fliÓ˚ ÓƒÎ˚ ˆ•yˆÏ°y C
F
 = 90; ˆÙyê˛ ÓƒÎ˚ xˆÏ˛õ«˛Ü˛

!lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ≠ 2 2
1

0 2

0 2 0 2e d e C⋅ ⋅= ×
⋅

+z φ φφ

= +⋅10 0 2e Cφ

= +⋅10 0 2e Cφ

!Ü˛v Îál φ = 0, ˆÙyê˛ ÓƒÎ˚ C
F 

= 90

∴ 10e0 + C= 90 ; ⇒ C = 90 – 10 = 80

∴ ˆÙyê˛ ÓƒÎ˚ xˆÏ˛õ«˛Ü˛ : C(φ) = 10e0.2φ + 80

5.5.2 §ÙyÜ˛°ˆÏlÓ˚ !fliÓ˚ Ó˚y!¢Ó˚ xÌ≈˜Ïl!ï˛Ü˛ Óƒyáƒy

x!l!ò≈‹T §ÙyÜ˛°ˆÏlÓ˚ ˆÓ°yÎ˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §ÙyÜ˛ˆÏ°Ó˚ §ˆÏD ~Ü˛!ê˛ !fliÓ˚ Ó˚y!¢ (c) ˆÎyà Ü˛Ó˚y •ˆÏFSÈ– ˆÜ˛yˆÏly ≤Ãy!hs˝Ü˛
xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §ÙyÜ˛°ƒ !lî≈Î˚ Ü˛Ó˚ˆÏ°ñ ≤Ãy!hs˝Ü˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ lyÙyl%§yˆÏÓ˚ ~Ó˚ lyÙÜ˛Ó˚î •Î˚– ˆÎÙlñ ˛õˆÏîƒÓ˚ ≤Ãy!hs˝Ü˛ ÓƒÎ˚
xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §ÙyÜ˛°l !lˆÏ° ˆÙyê˛ ÓƒÎ˚ xˆÏ˛õ«˛Ü˛ ˛õyGÎ˚y ÎyÎ˚– §ÙyÜ˛°ˆÏlÓ˚ !fliÓ˚ Ó˚y!¢ §yôyÓ˚îï˛ xÌ≈l#!ï˛ˆÏï˛ ~Ü˛!ê˛
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fl∫Î˚Ω)˛ï˛ ã˛°Ü˛˘í˛z˛õyòyl !lˆÏò≈¢ Ü˛ˆÏÓ˚– ~Ó˚ lyÙ §ÙyÜ˛°ƒ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ í˛z˛õÓ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚– ˆÎÙl ˆÙyê˛ ÓƒÎ˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚
ˆ«˛ˆÏe !fliÓ˚ Ó˚y!¢!ê˛ ˆÙyê˛ !fliÓ˚ ÓƒÎ˚ !lˆÏò≈¢ Ü˛ˆÏÓ˚– §ÙyÜ˛°ˆÏlÓ˚ !fliÓ˚ Ó˚y!¢Ó˚ ÙyˆÏlÓ˚ ≤ÃyÌ!ÙÜ˛ ¢ï≈˛ (Initial Condition)

xÌÓy xyÓk˛ ¢ˆÏï≈˛Ó˚ (Boundary Condition) í˛z˛õÓ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚– ï˛y•z !fliÓ˚Ó˚y!¢Ó˚ Ùyl ôlydÜ˛ñ }îydÜ˛ñ ly ¢)lƒ
•ˆÏÓ ï˛y Ù)°ï˛ !lË≈˛Ó˚ Ü˛ˆÏÓ˚ ≤ÃyÌ!ÙÜ˛ xÌÓy xyÓk˛ ¢ˆÏï≈˛Ó˚ ≤ÃÜ,˛!ï˛Ó˚ í˛z˛õÓ˚–

xyÓyÓ˚ ~Ü˛!ê˛ í˛zòy•Ó˚î ˆòGÎ˚y ÎyÜ˛ÈüüüÈ

í˛zòy•Ó˚î 28: ˆÜ˛yˆÏly ˆòˆÏ¢ ≤Ãy!hs˝Ü˛ ˆË˛yà ≤ÃÓîï˛y MPC = C′(y) = 0.5 G ˆÙyê˛ xyÎ˚ y = 100 •ˆÏ° ˆÙyê˛
ˆË˛yà ÓƒÎ˚ C(y) = 200 •Î˚– ˆÙyê˛ ˆË˛yà xˆÏ˛õ«˛Ü˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ≠ C(y) = IC′(y) dy = I0.5 dy

  = 0.5 y + C

~áyˆÏl C = fl∫Î˚Ω)˛ï˛ ˆË˛yà ÓƒÎ˚– ~Ó˚ ≤ÃyÌ!ÙÜ˛ ¢ï≈˛

y=100 •ˆÏ° C(y) = 200 ≤ÃˆÏÎ˚yà Ü˛Ó˚ˆÏ°≠

200 = 0.5 × 100 + C ⇒ C = 150

∴ ˆÙyê˛ ˆË˛yà ÓƒÎ˚ ≠ C(y) = 0.5y + 150

5.5.3 ã˛y!•òyÓ˚ !fli!ï˛fliy˛õÜ˛ï˛y ˆÌˆÏÜ˛ ã˛y!•òy xˆÏ˛õ«˛Ü˛ !lî≈Î˚

í˛zòy•Ó˚î 29: ôÓ˚y ÎyÜ˛ ˆÜ˛yˆÏly oˆÏÓƒÓ˚ òyÙàï˛ !fli!ï˛fliy˛õÜ˛ï˛y ˆ•yˆÏ°y e
p

p p
p =

+ −
5

3 2b gb g – ã˛y!•òy xˆÏ˛õ«˛Ü˛

ÓyÓ˚ Ü˛ˆÏÓ˚y– ≤Ãò_ xyˆÏSÈ ˆÎ Îál p = 3, 6 ~Ü˛Ü˛ oÓƒ !SÈ° ã˛y!•òyÓ˚ ˛õ!Ó˚Ùyî–

ôÓ˚y ÎyÜ˛ p ˆ•yˆÏ°y oˆÏÓƒÓ˚ 1 ~Ü˛ˆÏÜ˛Ó˚ òyÙñ ~ÓÇ x ˆ•yˆÏ°y ã˛y!•òyÓ˚ ˛õ!Ó˚Ùyî–

e
dx x

dp p

pdx

xdp

p

p p
p = − ⇒ − =

+ −
5

3 2b gb g

− =
+ −

⇒
−
+

=zz pdx

xdp

p

p p

p

p

c

x

5

3 2

2

3b gb g log log

⇒ =
+

−

F
HG

I
KJx c

p

p

3

2

~ál p = 3 •ˆÏ° x = 6– xÌ≈yÍ 6 = 6C; ∴ C = 1
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∴ ã˛y!•òy xˆÏ˛õ«˛Ü˛ ˆ•yˆÏ°yñ x
p

p
=

+

−

3

2

5.5.4 ≤Ãy!hs˝Ü˛ ˛õ!Ó˚Óï≈˛ï˛yÓ˚ •yÓ˚ ˆÌˆÏÜ˛ í˛z˛õˆÏÎy!àï˛y xˆÏ˛õ«˛Ü˛ !lî≈Î˚ Ü˛Ó˚y

í˛zòy•Ó˚î 30: ôÓ˚y ÎyÜ˛ y G x oˆÏÓƒÓ˚ ≤Ãy!hs˝Ü˛ ˛õ!Ó˚Óï≈˛ï˛yÓ˚ •yÓ˚ ˆ•yˆÏ°y ≠ M
y b

x a
=

+
+

α
β

,  Î!ò α, β, a, b

ô &ÓÜ˛ •Î˚ñ

ï˛y•ˆÏ° í˛z˛õˆÏÎy!àï˛y xˆÏ˛õ«˛Ü˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

M
y b

x a
=

+
+

α
β

,

⇒ − =
+

+
=

L
NM

O
QP

dy

dx

y b

x a
MRS

dy

dx
yx

α

β
∵

⇒
+

=
+

dy

y b

dx

x aα βb g b g

⇒
+

=
−

+
β

dy

y b

adx

x a

í˛zË˛Î˚˛õˆÏ«˛ §ÙyÜ˛°l Ü˛ˆÏÓ˚ ˛õy•z ≠

β αdy

y b

dx

x a+
= −

+zz
⇒ b log (y + b) + log c

1
 = –α log (x + a) + log c

2

⇒ log (y + b)b + log (x+a)α = log c
2
– log c

1

⇒ + ⋅ + = F
H

I
K =log log logy b x a

c
c

ub g b g{ }β α 2

1

⇒ = + +u x a y bb g b gα β

~!ê˛•z •° !lˆÏî≈Î˚ í˛z˛õˆÏÎy!àï˛y xˆÏ˛õ«˛Ü˛–
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5.5.5 ˆË˛yà í˛zm,_ G í˛zÍ˛õyòl í˛zm,_Ó˚ ˛õ!Ó˚Ùy˛õ

ôÓ˚y ÎyÜ˛ ã˛y!•òy xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ôÓ˚l ˆ•yˆÏ°y ≠ P
1
= f

1
(Q) å!ã˛e 4aäñ ˆÎê˛y ˆÌˆÏÜ˛ ˆÓyV˛y ÎyÎ˚ ˆÜ˛yˆÏly oˆÏÓƒÓ˚ !Ó!Ë˛ß¨

˛õ!Ó˚Ùyî e´Î˚ Ü˛Ó˚yÓ˚ çlƒ ˆË˛y_´yÓ˚y ˆÎ !Ó!Ë˛ß¨ òyÙ !òˆÏï˛ ã˛yÎ˚ ï˛yÓ˚ Ó˚*˛õ–  Î!ò (Q
0
, P

0
)ÈüÈˆï˛ §yÙƒyÓfliy •Î˚ ï˛y•ˆÏ°

P
0
ÈüÈÓ˚ ˆÌˆÏÜ˛ ˆÓ!¢ ˆÎ òyÙ !òˆÏï˛ ã˛yÎ˚ ï˛yÓ˚ í˛z˛õÜ˛yÓ˚ •ˆÏÓ– ˆ§ˆÏ«˛ˆÏe ˆÙyê˛ °yË˛ •ˆÏÓñ ˆË˛y_´yÓ˚ ˆ«˛ˆÏeñ Îy ï˛yÓ˚y !òˆÏï˛

˛õyÓ˚ˆÏï˛y ~ÓÇ ˆÎ ˆÙyê˛ ÓƒÎ˚ ~ál Ü˛Ó˚ˆÏï˛ •ˆÏFSÈ ï˛yÓ˚ !ÓˆÏÎ˚yàÊ˛°– xÌ≈yÍ AP
0
B ˆ«˛e !lˆÏò≈¢ Ü˛ˆÏÓ˚ ˆË˛y_´yÓ˚ ˆË˛yà

í˛zm,_–

∴ ˆË˛y_´yÓ˚ ˆË˛yà í˛zm,_ = −z f Q dQ P Q
Q

1 0 00

0 b g

x˛õÓ˚˛õˆÏ«˛ñ Î!ò ˆçyàyl xˆÏ˛õ«˛Ü˛ •Î˚ P
2
= f

2
(Q

2
) å!ã˛e 4bäñ ï˛y !lˆÏò≈¢ Ü˛ˆÏÓ˚ ˆÜ˛yˆÏly oˆÏÓƒÓ˚ !Ó!Ë˛ß¨ òyˆÏÙñ ˆÎ

!Ó!Ë˛ß¨ ˛õ!Ó˚Ùyî !Ó!e´ •Î˚ ï˛yÓ˚ ï˛y!°Ü˛yñ Î!ò (Q
0
, P

0
) ˆï˛ §yÙƒyÓfliy •Î˚ ï˛y•ˆÏ° ˆÎ P

0
ÈüÈÓ˚ ˆã˛ˆÏÎ˚ Ü˛Ù Ù)ˆÏ°ƒ ˆçyàyl

!òˆÏï˛ ˛õyÓ˚ˆ Ï° ˆ§ °yË˛ Ü˛Ó˚ˆ ÏÓ– ï˛y•ˆÏ° í˛ zÍ˛õyòlÜ˛yÓ˚#Ó˚ í˛ zm,_ ˆ•yˆÏ°yñ DP
0
B ˆ«˛e å!ã˛e 4bä Óy

Q P f Q dQ
o

Q

0 0 2
0− z b g

~!ê˛ •° í˛zÍ˛õyòˆÏÜ˛Ó˚ í˛zm,_ (Producer’s Surplus)–

!ã˛e  :  4(a)

!ã˛e  :  Q
o
(b)O

D

P
0

P

B

Q

f
2
(Q)

Q
Q

o

O

P
o

A

P

B

f
1
(Q)
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í˛zòy•Ó˚î 31: Î!ò ã˛y!•òy xˆÏ˛õ«˛Ü˛ P
d 
= 25 – Q2 G ˆçyàyl xˆÏ˛õ«˛Ü˛ P

s
 = 2Q + 1 •Î˚ñ ï˛y•ˆÏ°ñ ˆË˛yà í˛zm,_

G í˛zÍ˛õyòlÜ˛yÓ˚#Ó˚ í˛zm,_ !lî≈Î˚ Ü˛ˆÏÓ˚y– åÓyçyÓ˚!ê˛ ˛õ)î≈ ≤Ã!ï˛ˆÏÎy!àï˛y Ù)°Ü˛ä

§Ùyôyl ≠ ÓyçyˆÏÓ˚Ó˚ Ë˛yÓ˚§yÙƒÓ˚ xÓfliyl%§yˆÏÓ˚ ≠

2Q + 1 = 25 – Q2 (∵ S = D)

⇒ Q + 2Q – 24 = 0

⇒ (Q+6) (Q–4) = 0  ∵Q ≤ 0

∴ Q
0
 = 4 ;   ∴ P

0
 = 9

CS åˆË˛yà í˛zm,_ä = − − ×z 25 9 42

0

4
Q dQe j

= −L
NM

O
QP −25

1

3
363

0

4

Q Q

= × − ×L
NM

O
QP − −25 4

1

3
4 0 36

3

= ⋅42 67

PS åí˛zÍ˛õyòlÜ˛yÓ˚#Ó˚ í˛zm,_ä ≠

= × − + = − + =z9 4 2 1 36 162

0

4

0

4
Q dQ Q Qb g

!Ó!Óô í˛zòy•Ó˚î

í z̨òy•Ó˚î 32: ôÓ˚y ÎyÜ˛ ˆÜ˛yˆÏly í˛zÍ˛õyòÜ˛ x ~Ó˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ §ˆÏD í˛zÍ˛õyòˆÏlÓ˚ (Q) ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚ ˆ•yˆÏ°y
í˛zÍ˛õyòˆÏÜ˛Ó˚ ˛õ!Ó˚Ùyî G í˛zÍ˛õyòˆÏlÓ˚ ˛õ!Ó˚ÙyˆÏ˛õÓ˚ =îÊ˛°– Î!ò Q = 4e2 •Î˚ Îál x = 2 ï˛y•ˆÏ° í˛zÍ˛õyòl xˆÏ˛õ«˛Ü˛
!lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ≠ ≤ÃŸ¿yl%§yˆÏÓ˚ñ 
dQ

dx
Qx

dQ

Q
x dx= ⇒ =

í˛zË˛Î˚˛õˆÏ«˛ §ÙyÜ˛° Ü˛ˆÏÓ˚ ˛õy•z ≠

dQ

Q
x dx Q

x
C= ⇒ = +zz log log

2

2
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⇒ − = ⇒
F
HG

I
KJ =log log logQ C

x Q

C

x2 2

2 2

∴ = ⇒ =
Q

C
e Q Ce

x x2

2

2

2

∴ Îál x = 2,   Q = 4e2  ∴ = = ⇒ =4 4
2

4
2 2

e Ce Ce C

∴ í˛zÍ˛õyòl xˆÏ˛õ«˛Ü˛ Q e
x

= 4

2

2

í˛zòy•Ó˚î 33: Î!ò q = f(p) ~•z ã˛y!•òy xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §yˆÏ˛õˆÏ«˛ ã˛y!•òyÓ˚ òyÙàï˛ !fli!ï˛fliy˛õÜ˛ï˛yÓ˚ Ùyl ô &ÓÜ˛ •Î˚
ï˛ˆÏÓ ã˛y!•òy xˆÏ˛õ«˛Ü˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

e
p

q

dq

dp

dq

q

dp

p
p = − ⋅ = ⇒ = −α α

dq

q

dp

p
q C p C= − ⇒ + = − +zz α αlog log log log1 2

⇒ =
F
HG

I
KJ ⇒ = =

F
HG

I
KJlog logqp

C

C
qp C C

C

C

α αc h 2

1

2

1

∴ =q
C

pα  •ˆÏ°y !lˆÏî≈Î˚ ã˛y!•òy xˆÏ˛õ«˛Ü˛–

í z̨òy•Ó˚î 34: ã˛y!•òy xˆÏ˛õ«˛Ü˛ñ p
x

= −45
2

 ~ÓÇ òyÙ 32.5 •ˆÏ° ˆË˛y_´yÓ˚ í˛zm,ˆÏ_Ó˚ ˛õ!Ó˚Ùyî !lî≈Î˚ Ü˛Ó˚–

í z̨_Ó˚ ≠ òyÙ p = 32.5   ∴ − = ⋅ ∴ = ⋅ ∴ =45
2

32 5
2

12 5 25
x x

x

~álñ ˆË˛y_´yÓ˚ í˛zm,_ = −F
HG

I
KJ − ⋅ ×z 45

2
32 5 25

0

25 x
dx

= −
L
N
MM

O
Q
PP

− ⋅ = × −
×

− ⋅45
4

812 5 45 25
25 25

4
812 5

2

0

25

x
x

ˆÎáyˆÏl
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= 1125 – 156.25 – 812.50 = 1125.00 – 968.75 = 156.25.

í z̨òy•Ó˚î 35 : ã˛y!•òy xˆÏ˛õ«˛Ü˛ñ p
d
 = 4 – x2 ≠ ˆçyàyl xˆÏ˛õ«˛Ü˛ ≠ p

s
 = x + 2,

!láÑ%ï˛ ≤Ã!ï˛ˆÏÎy!àï˛yÓ˚ xÓfliy ôˆÏÓ˚ !lˆÏÎ˚ ˆË˛y_´yÓ˚ í˛zm,_ ~ÓÇ í˛zÍ˛õyòˆÏÜ˛Ó˚ í˛zm,_ !lî≈Î˚ Ü˛Ó˚–

í˛z_Ó˚ ≠ !láÑ%ï˛ ≤Ã!ï˛ˆÏÎy!àï˛yÓ˚ ÓyçyˆÏÓ˚ Ë˛yÓ˚§yÙƒ p
d
 = p

s

∴ 4 – x2 = x+2 Óyñ x2+x–2=0 \ (x+2)(x–1)=0

∴ x = –2, 1 ˆÎˆÏ•ï%˛ x < 0, ∴ x=1 ï˛ál p = 3

∴ ˆË˛y_´yÓ˚ í˛zm,_ = − − × = −
L
N
MM

O
Q
PP

−z 4 3 1 4
3

32
3

0

1

0

1
x dx x

xe j

= − − =
− −

=4
1

3
3

12 1 9

3

2

3

í˛zÍ˛õyòˆÏÜ˛Ó˚ í˛zm,_ = × − + = − +
L
N
MM

O
Q
PPz3 1 2 3

2
2

2

0

1

0

1
x dx

x
xb g

= − − =
− −

=3
1

2
2

6 1 4

2

1

2

í z̨òy•Ó˚î 36 : Ù%lyÊ˛y §Ó≈y!ôÜ˛Ü˛yÓ˚# ~Ü˛ˆÏã˛!ê˛Î˚y Ü˛yÓ˚ÓyÓ˚#Ó˚ ã˛y!•òy xˆÏ˛õ«˛Ü˛!ê˛ •°ñ p = 274 – x2,

MC = 4 + 3x

ˆË˛y_´yÓ˚ í˛zm,_ åË˛yÓ˚§yÙƒ !Ó®%ˆÏï˛ä !lî≈Î˚ Ü˛Ó˚–

í z̨_Ó˚ ≠ p = 274 – x2 ∴ R = px = 274x – x3

∴ = = −MR
dR

dx
x274 3

2
,  ~áy Ï̂l MC = 4+3x

∴ MR = MC Ó!§ˆÏÎ˚ ˛õy•zñ 274–3x2 = 4 + 3x

∴ 3x2 + 3x – 270 = 0, Óyñ x2 + x – 90 = 0

∴ (x+10) (x–9) = 0  ∴ x = –10, 9, !Ü˛v x > 0, ∴ x = 9

ï˛ál p = 274–81 = 193

~ál ˆË˛yàÜ˛yÓ˚#Ó˚ í˛zm,_ = 274 193 9 274
23

2
193 92

0

9
9

− − × = −L
NM

O
QP − ×z x dx x

O
c h
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= 274 × 9 – 81 × 3 – 193 × 9

= 9 (274 – 27 – 193) = 9 × 54 = 486

§ÙyÜ˛°ˆÏlÓ˚ xyˆÏÓ˚y Ü˛ˆÏÎ˚Ü˛!ê˛ xB˛

í z̨òy•Ó˚î 37: MC = 2 + 3eq, TFC = 500, TC xˆÏ˛õ«˛Ü˛ !lî≈Î˚ Ü˛Ó˚–

í z̨_Ó˚ ≠ 
dc

dq
eq= +2 3  ~ál c

dc

dq
dq= ⋅z

∴ = + = + +zc e dq q e kq q2 3 2 3e j
q = 0 Ó!§ˆÏÎ˚ xyÙÓ˚y ˛õy•zñ TFC = 0+3+k !Ü˛v TFC = 500

∴ 3+k = 500 ∴ k = 497 ∴ c = 2q + 3eq + 497

í˛zòy•Ó˚î 38: MR = 16 – q2 •ˆÏ° §Ó≈y!ôÜ˛ TR !lî≈Î˚ Ü˛Ó˚– AR xˆÏ˛õ«˛Ü˛G ˆòáyG– ˆÎáyˆÏl TR §Ó≈y!ôÜ˛ñ
ˆ§•z !Ó®%ˆÏï˛ ã˛y!•òyÓ˚ òyÙàï˛ !fli!ï˛fliy˛õÜ˛ï˛yÓ˚ Ùyl !lî≈Î˚ Ü˛Ó˚–

í˛z_Ó˚ ≠ ˆÙyê˛ ˆÓ˚!Ë˛!lí˛zñ R dR
dR

dq
dq MR dq= = ⋅ = zzz

∴ = = = − +zR q dq q
q

R16 16
3

2
3

e j

Îál q = 0, R = 0  ∴ k = 0 §%ï˛Ó˚yÇñ R q
q

= −16
3

3

AR
R

q

q
= = −16

3

2

 §%ï˛Ó˚yÇ ã˛y!•òy xˆÏ˛õ«˛Ü˛ñ

p
q

= −16
3

2

 ~álñ R §Ó≈y!ôÜ˛ Îál 
dR

dq
MR= = 0

~ÓÇ 
d R

dq

2

2
0<  ~álñ 

2dR
= 0 16 - q = q = ± 4

dq
⇒ ∴

d R

dq
q

2

2
2 0− <  Î!ò q = + 4 •Î˚– ∴ Îál q = + 4
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ˆÙyê˛ ˆÓ˚!Ë˛!lí˛z §Ó≈y!ôÜ˛– §Ó≈y!ôÜ˛ R = × −16 4
4

3

3

= 
64 128

64 = = 42.7
3 3

−

!ÓÜ˛“Ë˛yˆÏÓñ §Ó≈y!ôÜ˛ 
dR

R .dq MR dq
dq

= =∫ ∫
4 4

0 0

= ( )
4 3 3

2

0

4q 4 192 64 128
16 q dq = 16q = 16× 4 = =

3 3 3 3
0

  −− − − 
 

∫

xyˆÏÓ˚y ~Ü˛ Ë˛yˆÏÓ §Ó≈y!ôÜ˛ RüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚–

xyÙÓ˚y çy!lñ R §Ó≈y!ôÜ˛ Îál q = 4, ï˛ál p = − =16
16

3

32

3

∴ §Ó≈y!ôÜ˛ R = p × q = 4 ×
32 128

=
3 3

~ál TR ˆÎáyˆÏl §Ó≈y!ôÜ˛ñ ˆ§•z !Ó®%ˆÏï˛ e
p
ÈüÈÓ˚ Ùyl ˆòáy ÎyÜ˛–

xyÙÓ˚y ˆ˛õˆÏÎ˚!SÈñ p AR
q

= = −16
3

2

∴ = − ∴ = −
dp

dq

q dq

dp q

2

3

3

2

~ál p

p dq p 3 32 3
e = . = × = × = 1

q dp q 2q 3× 4 2×3
− −

§%ï˛Ó˚yÇñ Îál R §Ó≈y!ôÜ˛ñ ï˛ál ep = 1

í z̨òy•Ó˚î 39: MC
q

TC= + +2 3 9
5

5
,  !lî≈Î˚ Ü˛Ó˚ Îál f(1) = 21

í˛z_Ó˚ ≠ TC f q MC dq q q dq= = = + +
F
H
G

I
K
J

−zzb g 2 3 5

1

2

1

2
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= + + + = + + +2
3

3
2

5

1
2

2 2 10

3
2

1
2 3

2

1

2q
q q

k q q q k

Îál q = 1, f(q) = 21

∴ + + + =2 1 2 1 10 1 21
3

2
1

2b g b g b g k

∴ 14+k = 21   ∴ k = 7

∴ = + + +TC q q q2 2 10 7
3

2
1

2 . ~áyˆÏl TFC = 7

í z̨òy•Ó˚î 40 : MR
ab

x b
C=

+
−

b g2
 •ˆÏ° ã˛y!•òy xˆÏ˛õ«˛Ü˛!ê˛ !lî≈Î˚ Ü˛Ó˚–

í˛z_Ó˚ ≠ TR
d TR

dx
dx

ab

x b
C dx= ⋅ =

+
−

L
N
M
M

O
Q
P
Pzz b g2

=
+

−
− + = −

+
− +

−
ab x b

Cx k
ab

x b
cx k

b g 1

1

~álñ Î!ò˛ x = 0, TR = 0

∴− + = ∴ =
ab

b
k k a0

§%ï˛Ó˚yÇñ 
ab ax ab ab ax

TR cx a cx cx
x b x b x b

+ −= − − + = − = −
+ + +

∴ ã˛y!•òy xˆÏ˛õ«˛Ü˛ñ p AR
TR

x

a

x b
c= = =

+
−  åí˛z_Ó˚ä

í z̨òy•Ó˚î 41: !lê˛ !Ó!lˆÏÎ˚yˆÏàÓ˚ •yÓ˚ñ I t tb g = 120
2

3  ~ÓÇ t = 0

≤ÃyÌ!ÙÜ˛ Ù)°ôl Ë˛y[˛yÓ˚ •° 90

Ù)°ôl x Į̈̂ õ«˛Ü˛ K(t) !lî≈Î˚ Ü˛Ó˚–
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í˛z_Ó˚ ≠ K t I t dt t dt
t

c t c( ) ( )= = = + = +zz 120
120

5
3

72
2

3

5
3 5

3

Îál t = 0, K(0) = 90  ∴ c = 90

∴ = +K t t( ) 72 90
5

3  •° Ù)°ôl x Į̈̂ õ«˛Ü˛

(4) ôÓ˚y ÎyÜ˛ñ I t t( ) = 3
1

2  ~ÓÇ t = 0 ˆï˛ ≤ÃyÌ!ÙÜ˛ Ù)°ôl Ë˛y[˛yÓ˚ K(0)– Ù)°ôˆÏlÓ˚ (K) §ÙÎ˚ ˛õÌ !lî≈Î˚ Ü˛Ó˚–

í˛z_Ó˚ ≠ K t I t dt t dt
t

C t cb g b g= = = ⋅ + = +zz 3 3
3

2

2
1

2

3
2 3

2

Îál t = 0, c = K(0), §%ï˛Ó˚yÇ Ù)°ôˆÏlÓ˚ §ÙÎ˚˛õÌ (time path) •° K t K tb g b g= +0 2
3

2

5.6 §yÓ˚yÇ¢

xyˆÏ°yã˛ly ˆÌˆÏÜ˛ !Ó˛õÓ˚#ï˛ xÓÜ˛°l !•§yˆÏÓ §ÙyÜ˛°lˆÏÜ˛ Ü˛#Ë˛yˆÏÓ ˆòáyˆÏly ÎyÎ˚ ï˛y Óƒyáƒy Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– [a, b]

xhs˝Ó˚yˆÏ° §ÇK yï˛ ˆÜ˛ylG xˆÏ˛õ«˛Ü˛ f ~Ó˚ çlƒ Î!ò ~Ùl ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ FüÈ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ˆÎáyˆÏl [a, b]

xhs˝Ó˚y Ï̂°Ó˚ §Ü˛° !Ó®% x ~Ó˚ çlƒ F′(x) = f(x) •Î˚ ï˛ˆÏÓ F ˆÜ˛ [a, b] xhs˝Ó˚yˆÏ° f ~Ó˚ x!l!ò≈‹T §ÙyÜ˛° Ó°y •Î˚–
§ÙyÜ˛°ˆÏlÓ˚ !Ó!Ë˛ß¨ ˛õk˛!ï˛ñ ~ÓÇ ï˛yÓ˚ xl%§Ó˚ˆÏî §Ùyôyl !Ü˛Ë˛yˆÏÓ •ˆÏÓ ï˛y ˆòáyˆÏly •ˆÏÎ˚ˆÏSÈ– §ÙyÜ˛°ˆÏlÓ˚ ˆÙÔ!°Ü˛
í˛z˛õ˛õyòƒ Óƒyáƒy Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– !l!ò≈‹T §ÙyÜ˛ˆÏ°Ó˚ ôyÓ˚îy G ï˛yÓ˚ Óƒyáƒy Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– [a, b] xhs˝Ó˚yˆÏ° Î!ò xˆÏ˛õ«˛Ü˛
f : [a, b]→R §hs˝ï˛ •Î˚ ~ÓÇ §ÙyÜ˛°lˆÏÎyàƒ •Î˚ xÌ≈yÍ [a, b] xhs˝Ó˚y Ï̂° ~Ùl ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ F ˛õyGÎ˚y ÎyˆÏÓ

ˆÎáyˆÏl G•z xhs˝Ó˚yˆÏ°Ó˚ §Ó !Ó®%ˆÏï˛ ′ =F x f xb g b g  •ˆÏÓñ ï˛y•ˆÏ° a
b f x dx F b F ab g b g b g= −z – ~Ó˚ a

b f x dxb gz
§ÙyÜ˛°!ê˛ˆÏÜ˛ !l!ò≈‹T §ÙyÜ˛° G a G b ˆÜ˛ ÎÌye´ˆÏÙ !l¡¨§#Ùy G í˛zFã˛§#Ùy ~ÓÇ [a, b] xhs˝Ó˚y°ˆÏÜ˛ §ÙyÜ˛°ˆÏlÓ˚ xMÈ˛°
Ó°y •Î˚– í˛zË˛Î˚ ôÓ˚ˆÏlÓ˚ §ÙyÜ˛°ˆÏlÓ˚•z xÌ≈l#!ï˛Ó˚ ˆ«˛ˆÏe ≤ÃyˆÏÎ˚y!àÜ˛ !Ó£ÏÎ˚ !lˆÏÎ˚ xyˆÏ°yã˛ly Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ–

5.7 xl%¢#°l#

1. ≤Ã!ï˛fliy˛õl ˛õk˛!ï˛ˆÏï˛ §Ùyôyl Ü˛ˆÏÓ˚y ≠ 12 22 3x x dx+z e j

2. §á[˛ §ÙyÜ˛°l ˛õk˛!ï˛ˆÏï˛ 4 1
3

x x dx+z b g  ~Ó˚ §Ùyôyl Ü˛ˆÏÓ˚y–

3. Î!ò ≤Ãy!hs˝Ü˛ ÓƒÎ˚ MC = 25 + 30Q – 9Q2 G !fliÓ˚ ÓƒÎ˚ 55 •Î˚ ï˛y•ˆÏ° àí˛¸ ÓƒÎ˚ !lî≈Î˚ Ü˛Ó˚–
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4. e dxx30

−∞z  ~Ó˚ x!Ë˛§,ï˛ Ùyl (convergence) Ü˛ï˛ •ˆÏÓ⁄

5. Î!ò ˆÎyàyl xˆÏ˛õ«˛Ü˛ •Î˚ P = (Q + 3)2 ï˛y•ˆÏ° P
0 

= 81 ~Ó˚ í˛zÍ˛õyòlÜ˛yÓ˚#Ó˚ í˛zm,_ !lî≈Î˚ Ü˛Ó˚&lÎ
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~Ü˛Ü˛ 6 ppppp xÌ≈l#!ï˛ˆÏï˛ ÓƒÓ•*ï˛ ˛õyÌ≈Ü˛ƒ!Ë˛!_Ü˛ §Ù#Ü˛Ó˚î

àë˛l

6.1 í˛zˆÏj¢ƒ

6.2 ≤ÃhflÏyÓly

6.3 ˛õyÌ≈Ü˛ƒ!Ë˛!_Ü˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ ôyÓ˚îy

6.4 ˛õyÌ≈Ü˛ƒ!Ë˛!_Ü˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl ˛õk˛!ï˛

6.5 §yÙƒyÓfliyÓ˚ àï˛#Î˚ !fli!ï˛¢#°ï˛y

6.6 xÌ≈l#!ï˛ˆÏï˛ ˛õyÌ≈Ü˛ƒ !Ë˛!_Ü˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ ÓƒÓ•yÓ˚≠ Ü˛ÓGˆÏÎ˚Ó ÙˆÏí˛°

6.7 Ùç%ï˛ Ë˛yu˛yˆÏÓ˚Ó˚ ˆ«˛ˆÏe ÓyçyˆÏÓ˚Ó˚ xÓfliyÓ˚ ÙˆÏí˛°

6.8 §yÓ˚yÇ¢

6.9 xl%¢#°l#

6.10 @˝Ãsi˛õ!O

6.1 í˛zˆÏj¢ƒ

~•z ~Ü˛Ü˛!ê˛ ˛õyë˛ Ü˛Ó˚ˆÏ° SÈyeSÈye#Ó˚y çylˆÏï˛ ˛õyÓ˚ˆÏÓl

lllll ˛õyÌ≈Ü˛ƒ!Ë˛!_Ü˛ §Ù#Ü˛Ó˚î Ü˛yˆÏÜ˛ ÓˆÏ°⁄

lllll ˛õyÌ≈Ü˛ƒ!Ë˛!_Ü˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl ˛õk˛!ï˛

lllll ˆÜ˛yˆÏly ã˛°Ó˚y!¢Ó˚ §ÙÎ˚ ˛õˆÏÌÓ˚ ≤ÃÜ,˛!ï˛

lllll Ùç%ï˛ Ë˛yu˛yˆÏÓ˚Ó˚ í˛z˛õ!fli!ï˛ˆÏï˛ ÓyçyˆÏÓ˚Ó˚ Ë˛yÓ˚§yÙƒ ÙˆÏí˛°–

6.2 ≤ÃhflÏyÓly

xÌ≈l#!ï˛ˆÏï˛ ≤ÃyÎ˚¢/•z ã˛°Ó˚y!¢=!°Ó˚ ˆÎÙl çyï˛#Î˚ xyÎ˚ñ xˆÏÌ≈Ó˚ ˆçyàylñ í˛zÍ˛õyòlñ !lˆÏÎ˚yˆÏàÓ˚ ˛õ!Ó˚Óï≈˛l •zï˛ƒy!òÓ˚
ˆ«˛ˆÏe §ÙˆÏÎ˚Ó˚ §ˆÏD §ˆÏD Ó,!k˛ Óy í˛zß¨Î˚ˆÏîÓ˚ •yÓ˚ °«˛ƒ Ü˛Ó˚y •Î˚– ˆ§•z §ÙÎ˚ ~•z ã˛°Ó˚y!¢=!°Ó˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ ≤ÃÜ,˛!ï˛ˆÏÜ˛
Óƒyáƒy Ü˛Ó˚yÓ˚ çlƒ ˆÎ !lÎ˚Ù Óy ˛õk˛!ï˛ xl%§Ó˚î Ü˛Ó˚y •Î˚ ï˛y ~Ü˛ Óy ~Ü˛y!ôÜ˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ ÙyôƒˆÏÙ ≤ÃÜ˛y!¢ï˛ •Î˚– ~ál
~•z §ÙÎ˚ˆÏÜ˛ Î!ò xá[˛ §Çáƒy !•ˆÏ§ˆÏÓ !ÓˆÏÓã˛ly Ü˛Ó˚y •Î˚ ï˛y•ˆÏ° §ÙˆÏÎ˚Ó˚ ÓòˆÏ°Ó˚ §ˆÏD §ˆÏD ã˛°Ó˚y!¢=!°Ó˚ ÙyˆÏlÓ˚
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˛õ!Ó˚Óï≈˛ˆÏlÓ˚ ≤ÃÜ,˛!ï˛ ï˛yÓ˚ §ˆÏD !Ü˛ÓyˆÏÓ §¡õ!Ü≈˛ï˛ •ˆÏFSÈñ ˆÎáyˆÏl §ÙÎ˚ §Ó≈òy•z xá[˛ Óy !Ó!FSÈß¨ Ó˚y!¢ñ ˆ§ê˛y•z ˛õyÌ≈Ü˛ƒ
!Ë˛!_Ü˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ (Difference Equation) Ù)° ≤Ã!ï˛˛õyòƒ !Ó£ÏÎ˚– Óï≈˛Ùyl ~Ü˛Ü˛!ê˛ ≤ÃÌÙ ÙyeyÓ˚ ˛õyÌ≈Ü˛ƒ Ë˛!_Ü˛
§Ù#Ü˛Ó˚ˆÏîÓ˚ ôyÓ˚îy §Ùyôyl ˛õk˛!ï˛ G xÌ≈l#!ï˛ˆÏï˛ ï˛yÓ˚ ÓƒÓ•yÓ˚ §¡õˆÏÜ≈˛ xyˆÏ°yÜ˛˛õyï˛ Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ–

~•z ~Ü˛ˆÏÜ˛Ó˚ Ù)° !Ó£ÏÎ˚ ˆ•yˆÏ°y ˛õyÌ≈Ü˛ƒ !Ë˛!_Ü˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ àë˛l ~ÓÇ §Ùyôyl !lô≈yÓ˚î Ü˛Ó˚y– ã˛°Ó˚y!¢Ó˚ à!ï˛˛õÌ
~ÓÇ àï˛#Î˚ !fli!ï˛¢#°ï˛yÓ˚ ôyÓ˚îy ~ÓÇ ï˛yÓ˚ ≤ÃÜ,˛!ï˛ §¡õˆÏÜ≈˛ xyˆÏ°yÜ˛˛õyï˛ Ü˛Ó˚y ÎyÓ˚ Ê˛ˆÏ° xÌ≈˜Ïl!ï˛Ü˛ ã˛°Ó˚y!¢=!°
§yÙƒyÓfliyÓ˚ ˆÌˆÏÜ˛ xlƒ ˆÜ˛yˆÏly ÙyˆÏl Îál ã˛°l ÷Ó˚& Ü˛ˆÏÓ˚ §ÙÎ˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ §ˆÏD §ˆÏD ï˛ál ˆ§•z à!ï˛˛õÌ x!Ë˛§yÓ˚#
ly x˛õ§yÓ˚# •ˆÏÓ ï˛y çyly ÎyˆÏÓ–

6.3 ˛õyÌ≈Ü˛ƒ!Ë˛!_Ü˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ ôyÓ˚îy

§ÙÎ˚ Îál x!Ó!FSÈß¨ ôÓ˚y •Î˚ ï˛ál ˆÜ˛yˆÏly ã˛°Ó˚y!¢Ó˚ (y) ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚ G ≤ÃÜ,˛!ï˛ xhs˝Ó˚Ü˛°ˆÏlÓ˚ ÙyôƒˆÏÙ y′(t),

y″(t) •zï˛ƒy!ò Ë˛yˆÏÓ ˛õ!Ó˚ˆÏÓ¢l Ü˛Ó˚y •Î˚– ~•z y′(t) Óy 
dy

dt
 ~ÓÇ y″(t) Óy 

d y

dt

2

2  ≤ÃÜ,˛!ï˛ ˛õò ˆÜ˛yˆÏly §Ù#Ü˛Ó˚ˆÏî

ÌyÜ˛ˆÏ° ï˛yˆÏÜ˛ ÓˆÏ° (Differential Equation)– !Ü˛v §ÙÎ˚ Î!ò !Ó!FSÈß¨ ã˛°Ó˚y!¢ (desirete variabe) ôÓ˚y •Î˚ ï˛ál

ˆ§•z ã˛°Ó˚y!¢ t !Ü˛v xá[˛ Ùyl ˆlÎ˚ (integer values)– ï˛ál 
dy

dt
ÈüÈÓ˚ ˛õ!Ó˚ÓˆÏï≈˛ñ y ~Ó˚ §ÙˆÏÎ˚Ó˚ §ˆÏD ˛õ!Ó˚Óï≈˛lˆÏÜ˛

≤ÃÜ˛y¢ Ü˛Ó˚y •ˆÏÓ 
∆
∆

y

t
 Ü˛ˆÏÓ˚– ≤Ãò_ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ ôÓ˚ˆÏlÓ˚ í˛z˛õÓ˚ !Ë˛!_ Ü˛ˆÏÓ˚ñ !Ó!FSÈß¨ §ÙˆÏÎ˚Ó˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ §ˆÏD §ˆÏDñ

ã˛°Ó˚y!¢Ó˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ §ÙÎ˚ ˛õÌ ˆÎ àï˛#Î˚ !ÓˆÏŸ’£ÏˆÏîÓ˚ (dynamic analysis) ÙyôƒˆÏÙ ≤ÃÜ˛y!¢ï˛ •Î˚ ï˛yˆÏÜ˛ Ó°y •Î˚
˛õyÌ≈Ü˛ƒç!lï˛ §Ù#Ü˛Ó˚î (difference equation)–

~ˆÏ«˛ˆÏe ∆y y yt t t≡ −+1  •ˆÏ°y ≤ÃÌÙ ˛õyÌ≈Ü˛ƒ ˆÎáyˆÏl y
t
 ˆ•yˆÏ°y t §ÙˆÏÎ˚ y ~Ó˚ Ùyl ~ÓÇ y

t+1
 ˆ•yˆÏ°y t + 1 §ÙˆÏÎ˚

y ~Ó˚ Ùyl– ~•z xyÜ˛yˆÏÓ˚Ó˚ §Ù#Ü˛Ó˚îˆÏÜ˛ Ó°y •Î˚ ˛õyÌ≈Ü˛ƒç!lï˛ §Ù#Ü˛Ó˚î– ˛õyÌ≈Ü˛ƒç!lï˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ ˆ«˛ˆÏe Ù)° !Ó£ÏÎ˚
ˆ•yˆÏ°y yÈüÈ~Ó˚ §ÙÎ˚ ˛õÌ !lô≈yÓ˚î–

6.4 ˛õyÌ≈Ü˛ƒ!Ë˛!_Ü˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl ˛õk˛!ï˛˛

§Ùyôyl ˛õk˛!ï˛

ôÓ̊y ÎyÜ˛ ≤ÃÌÙ ÙyeyÓ̊ ˛õyÌ≈Ü˛ƒ §Ù#Ü˛Ó̊î ˆ•y Ï̂°y y y ct t+ + =1 1α ... ( )  ˆÎáy Ï̂l α G c ˆ•y Ï̂°y ô &ÓÜ˛– §yôyÓ̊î

§Ùyôyl Ï̂Ü˛ !Ó Ï̂¢£Ï §Ùyôyl (particular solution) G ˛õ!Ó̊˛õ)Ó̊Ü˛ §Ùyôyl (complementary function) ~•z ò%ÛË˛y Ï̂à Ë˛yà
Ü˛Ó̊y ÎyÎ̊– (1) lÇ §Ù#Ü˛Ó̊ Ï̂îÓ̊ ôÓ̊l Ï̂Ü˛ Ó°y •Î̊ x§Ù §_¥ ˛õyÌ≈Ü˛ƒ §Ù#Ü˛Ó̊î (non-homogeneous difference equation).

!ÓˆÏ¢£Ï §Ùyôyl ≠ ôÓ˚y ÎyÜ˛ (1) lÇ §Ù#Ü˛Ó˚ˆÏîÓ˚ ~Ü˛!ê˛ ˛õÓ˚#«˛yÙ)°Ü˛ §Ùyôyl ˆ•yˆÏ°y (trial solution) y
t
 = K

ˆÎáyˆÏl K ˆ•yˆÏ°y ~Ü˛!ê˛ ô &ÓÜ˛– ï˛y•ˆÏ° yñ §ÙÎ˚ ˛õ!Ó˚Óï≈˛l •ˆÏ°G G•z ~Ü˛•z Ùyl ˆlˆÏÓ– xÌ≈yÍ y
t+1

 = K
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p

c
K K c K yα

α
∴ + = ⇒ = =

+1

åα ≠ 1 ~Ó˚ çlƒä

~•z y
p
 ˆ•yˆÏ°y !lŸã˛° §yÙƒyÓfliy (stationary equilibrium)–

˛õ!Ó˚˛õ)Ó˚Ü˛ §Ùyôyl ≠ ~Ó˚ çlƒ (1) lÇ §Ù#Ü˛Ó˚îˆÏÜ˛ ~Ü˛!ê˛ •…y§≤ÃyÆ àë˛ˆÏl (Reduced form equation) ˛õ!Ó˚ˆÏÓ¢l
Ü˛Ó˚y •Î˚ Óy c = 0 Ó!§ˆÏÎ˚ §Ù#Ü˛Ó˚î!ê˛Ó˚ §Ù§_¥ Ó˚*˛õ (homogeneous form) ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚– ˛õÓ˚#«˛yÙ)°Ü˛ §Ùyôyl
ˆ•yˆÏ°y y

t
 = Abt ˆÎáyˆÏl t ≠ 0 Ü˛yÓ˚î ly •ˆÏ° y

t
, t xˆÏ«˛Ó˚ xl%Ë)˛!ÙÜ˛ §Ó˚°ˆÏÓ˚áy •ˆÏÓ–

∴ y
t+1

 = Abt+1    ∴ Abt+1 + αAbt = 0

⇒ b + α = 0  ⇒ b = – α

∴ ˛õ!Ó˚˛õ)Ó˚Ü˛ xˆÏ˛õ«˛Ü˛ ˆ•yˆÏ°y y = A(–α)t

y
c
 G y

p
 ˆÎyà Ü˛ˆÏÓ˚ §yôyÓ˚î §Ùyôyl ˛õyGÎ˚y ÎyÎ˚–

∴ = − +
+

y A
C

t
tα

α
b g

1
 Îál α ≠ –1

!Ü˛v Î!ò α = –1 •Î˚ ï˛ál !ÓˆÏ¢£Ï §Ùyôyl!ê˛ §ÇK yï˛ •Î˚ ly– ˆ§ˆÏ«˛ˆÏe ˛õÓ˚#«˛yÙ)°Ü˛ §Ùyôyl y
t
 = KÈüÈÓ˚ ˛õ!Ó˚ÓˆÏï≈˛

ˆlGÎ˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚ y
t
 = Kt ; ∴ y

t+1
 = K(t+1)

∴ (1) lÇ ˛õyÌ≈Ü˛ƒ §Ù#Ü˛Ó˚îˆÏÜ˛ ˆ°áy ÎyˆÏÓ K(t+1) + α Kt = C

~ÓÇ K
C

t t
C=

+ +
= = −

1
1

α
α∵

∴ y
p
 = Ct

ï˛ál §yôyÓ˚î §Ùyôyl •ˆÏÓ y
t

= A(– α)t + Ct ...(2)

= A + Ct (ˆÎáy Ï̂l α = –1)

‘A’ÈüÈÓ˚ Ùyl !lô≈yÓ˚ˆÏîÓ˚ çlƒ ~Ü˛!ê˛ ≤ÃyÌ!ÙÜ˛ xÓfliy ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚– ôÓ˚y ÎyÜ˛ y
t
 = y

0
 Îál t = 0

∴ = +
+

⇒ = −
+

y A
C

A y
C

0 0
1 1α α

§%ï˛Ó˚yÇ !l!ò≈‹T §Ùyôyl •ˆÏ°y (Definite solution)

y y
C C

t
t= −

+
F
HG

I
KJ − +

+0
1 1α

α
α

b g  Îál α ≠ –1
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xyÓyÓ˚ Îál α = –1 ï˛ál §yôyÓ˚î §Ùyôyl (2) ~ t = 0 Ó§y Ï̂° y
0
 = A •ˆÏÓ–

xï˛~Ó !l!ò≈‹T §Ùyôyl •ˆÏÓ y
t
 = y

0
 + Ct

6.5 §yÙƒyÓfliyÓ˚ àï˛#Î˚ !fli!ï˛¢#°ï˛y

ˆÜ˛yˆÏly ~Ü˛!ê˛ §yÙƒyÓfliy !fli!ï˛¢#° !Ü˛ly ï˛y !lË≈˛Ó˚ Ü˛Ó˚ˆÏÓ t→∞ •ˆÏ° ˛õ!Ó˚˛õ)Ó˚Ü˛ xˆÏ˛õ«˛Ü˛ ¢)lƒÓ˚ !òˆÏÜ˛ §#Ùy!Î˚ï˛
•ˆÏÓ !Ü˛ly ï˛yÓ˚ í˛z˛õÓ˚– ~ˆÏ«˛ˆÏe b ~Ó˚ Ùyl•z ÎˆÏÌ‹T =Ó˚&c˛õ)î≈– b ~Ó˚ Ùyl=!° å§Ω˛yÓƒä (–∞, +∞)ÈüÈÓ˚ ÙˆÏôƒ 7!ê˛
ˆ«˛ˆÏe Ë˛yà Ü˛Ó˚y •°ÈüüüÈ

§yÓ˚!î 1 : b ~Ó˚ §Ω˛yÓƒ ÙyˆÏlÓ˚ ˆ◊î#!ÓË˛yà§• xMÈ˛°

!Ó!Ë˛ß¨ §ÙÎ˚§#ÙyÎ˚ btÈÈüÈ~Ó˚ Ùyl

xMÈ˛° bÈüÈ~Ó˚ bÈüÈ~Ó˚ btÈüÈ~Ó˚ t = 0 t=1 t=2 t=3 t=4

Ùyl Ùyl Ùyl

I b>1 |b|>1 í˛zòy≠ 1 2 4 8 16

(2)t

II b = 1 |b| = 1 (1)t 1 1 1 1 1

III 0 < b < 1 |b| < 1 í˛zòy≠ 1
1
2

1
4

1
8

1
16

1
2d it

IV b = 0 |b| = 0 (0)t 0 0 0 0 0

V -1 < b < 0 |b| < 1 í˛zòy≠ 1 − 1
2

1
4

− 1
8

1
16

− 1
2d it

VI b = –1 |b| = 1 (–1)t 1 –1 1 –1 1

VII b < –1 |b| > 1 í˛zòy≠ 1 –2 4 –8 16

(–2)t

ˆòáy ÎyˆÏFSÈ ˆÎ ≤ÃˆÏï˛ƒÜ˛ xMÈ˛ˆÏ°•z bt ~Ü˛!ê˛ lï%˛l Ó˚Ü˛ˆÏÙÓ˚ §ÙÎ˚ ˛õÌ !lˆÏò≈¢ Ü˛Ó˚ˆÏSÈ– ≤ÃÌÙ xMÈ˛°!ê˛ˆÏÜ˛ xÌ≈yÍ
ˆÎáyˆÏl b>1, t Óyí˛¸yÓ˚ §ˆÏD bt Óyí˛¸ˆÏSÈ e´ÙÓô≈Ùyl •yˆÏÓ˚ !mï˛#Î˚ xMÈ˛ˆÏ° t ~Ó˚ §Ü˛° Ùy Ï̂lÓ˚ çlƒ btÈüÈÓ˚ Ùyl ~ÓÇ ï,˛ï˛#Î˚
xMÈ˛ˆÏ° Îï˛ t Óyí˛¸ˆÏSÈñ bt ï˛ï˛ •…y§ ˛õyˆÏFSÈ !Ü˛v §¡õ)î≈ ôlydÜ˛ ÌyÜ˛ˆÏSÈ– ã˛ï%˛Ì≈ xMÈ˛ˆÏ° t Óyí˛¸yÓ˚ §ˆÏD §ˆÏD bt ¢)îƒ•z
ÌyÜ˛ˆÏSÈ– ï˛y•ˆÏ° ï˛yÓ˚ ˆ°á!ã˛e xl%Ë)˛!ÙÜ˛ xˆÏ«˛Ó˚ §ˆÏD !ÙˆÏ° ÎyˆÏÓ– Îál }îydÜ˛ xMÈ˛°=!° ˆòáy ÎyÎ˚ ï˛ál °«˛î#Î˚
ˆÎ bt, ôlydÜ˛ñ }îydÜ˛ñ ôlydÜ˛ÉÉÉ~Ë˛yˆÏÓ ˛õ!Ó˚Ó!ï≈˛ï˛ •yˆÏÓ˚ (alternate) ã˛°ˆÏï˛ ÌyˆÏÜ˛– ~ÓyÓ˚ ˛õMÈ˛Ù xMÈ˛ˆÏ° §ÙÎ˚
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˛õÌ e´Ù¢/ t Óyí˛¸yÓ˚ §ˆÏD §ˆÏD xl%Ë)˛!ÙÜ˛ xˆÏ«˛Ó˚ !òˆÏÜ˛ VÑ%˛Ü˛ˆÏï˛ ÌyˆÏÜ˛ !Ü˛v §ÆÙ xMÈ˛ˆÏ° bt e´Ù¢/ xl%Ë)̨ !ÙÜ˛ x«˛
ˆÌˆÏÜ˛ §Ó˚ˆÏï˛ ï˛yˆÏÜ˛– £Ï¤˛ xMÈ˛ˆÏ° bt, –1 G +1 ~Ó˚ ÙˆÏôƒ ~Ü˛•zË˛yˆÏÓ e´Ùyàï˛ ˛õ!Ó˚Ó!ï≈˛ï˛ •ˆÏï˛ ÌyˆÏÜ˛– §¡õ)î≈
§ÙÎ˚˛õÌ!ê˛ !ã˛e 1~ ˆòáyˆÏly •ˆÏ°y– xÌ≈yÍ b ~Ó˚ §ÙÎ˚ ˛õÌˆÏÜ˛ ~Ë˛yˆÏÓ Óƒyáƒy Ü˛Ó˚y ÎyÎ˚≠

ˆòyò%°ƒÙyl lÎ˚
Î!ò

b > 0

ˆòyò%°ƒÙyl b < 0

x˛õ§yÓ˚#
(Divergent)

Î!ò
|b| > 1

x!Ë˛§yÓ˚# |b| < 1

(Convergent)

 }  {

 }  {
bt

bt

bt

bt

bt

bt

bt

btÈüÈÓ˚ §ÙÎ˚˛õÌ

b = 1

0 < b < 1

b = 0

–1 < b < 0

b = –1

b = 1

b < –1

t

t

t

t

t

t

tt b > 1
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6.6 xÌ≈l#!ï˛ˆÏï˛ ˛õyÌ≈Ü˛ƒ!Ë˛!_Ü˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ ÓƒÓ•yÓ˚ ≠ Ü˛ÓGˆÏÎ˚Ó ÙˆÏí˛°

È~•z ôÓ˚ˆÏlÓ˚ ÙˆÏí˛ˆÏ° í˛zÍ˛õyòlÜ˛yÓ˚#Ó˚ í˛zÍ˛õyòl §Çe´yhs˝ !§k˛yhs˝ ÎÌyÌ≈ !Óe´ˆÏÎ˚Ó˚ §ÙˆÏÎ˚Ó˚ ˛õ)ˆÏÓ≈•z ˆlGÎ˚y •Î˚– xÌÓy
åäñ Óï≈˛Ùyl Ù)ˆÏ°ƒÓ˚ í˛z˛õÓ˚ !lË≈˛Ó˚ ly Ü˛ˆÏÓ˚ ï˛yÓ˚ !ë˛Ü˛ ˛õ)ˆÏÓ≈Ó˚ í˛z˛õÓ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚– xÌ≈yÍ ˆçyàyl xˆÏ˛õ«˛Ü˛ •ˆÏÓ

Q
s
, t+1 = S(P

t
)

xÌ≈yÍ Q
St
 = S(P

t–1
)

ã˛y!•òy xˆÏ˛õ«˛Ü˛ Q
dt
 = D(P

t
)

§yÙƒyÓfliyÎ˚ ∴ Q
dt
 = Q

st

Q
dt 

= α – β P
t 
(α, β > 0)

Q
st
 = – γ + δP

t–1
 (δ > 0)

~álñ Q
dt
 = Q

st
 Ó!§ˆÏÎ˚ ˛õy•zñ

β Pt + δP
t–1

 = α + γ

⇒ + + =
+

P
t

Pt1
1

δ

β

α γ

β
.... ( )  [t ˆÜ˛ t+1 ~ ~!àˆÏÎ˚ ˛õy•z]

!ÓˆÏ¢£Ï §Ùyôyl (Particular Solution)

ô!Ó˚ P
t
 = P

t+1
 = K

§%ï˛Ó˚yÇ K K+ =
+δ

β

α γ

β

⇒ + =
+F

HG
I
KJK 1

δ

β

α γ

β

⇒
+

=
+

⇒ =
+

+

F
HG

I
KJK K

δ β

β

α γ

β

α γ

δ β

˛õ!Ó˚˛õ)Ó˚Ü˛ §Ùyôyl (Complementary Solution) ≠ ôÓ˚y ÎyÜ˛ Abt = P
t

∴ (1) ˆÜ˛ §Ù§_¥ ˛õyÌ≈Ü˛ƒ §Ù#Ü˛Ó˚î ôˆÏÓ˚ ≠

Ab Ab Ab bt t t+ + = ⇒ +
L
NM

O
QP

=1 0 0
δ

β

δ

β
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⇒ = −b
δ

β

§yôyÓ˚î §Ùyôyl (General Solution) ≠

Pt A

t

= − +
+

+

F
HG

I
KJ

δ

β

α γ

δ β

t = 0 Ó§y Ï̂° P A
0

= +
+

+

α γ

δ β

∴ = −
+

+
A P2

α γ

δ β

∴ !l!ò≈‹T §Ùyôyl ≠ P P

t

t = −
+

+
− +

+

+

L
NM

O
QP
L
NM

O
QP0

α γ

δ β

δ

β

α γ

δ β

α γ

δ β

+

+
= P  ˆÜ˛ Ó°y •Î˚ xhs˝Ó≈ï≈˛# §ÙÎ˚àï˛ §yÙƒyÓfliy (Intertemporal Equilibriuim)–

∴ = − −
L
NM

O
QP

+P P P Pt

t

0

δ
β

ˆÎˆÏ•ï%˛ ~•z §yÙƒyÓfliy P ñ ~Ü˛!ê˛ ô &ÓÜ˛ñ §%ï˛Ó˚yÇ ~!ê˛ !fli!ï˛¢#°– ~ál ~•z A ˆ•yˆÏ°y P P0 − ,  ÎyÓ˚ !ã˛ˆÏ•´Ó˚ xÌ≈
ˆ•yˆÏ°y §ÙÎ˚˛õÌ §yÙƒyÓfliyÓ˚ !òˆÏÜ˛ñ §yÙƒyÓfliyÓ˚ G˛õÓ˚ ˆÌˆÏÜ˛ ly l#ˆÏã˛Ó˚ !òÜ˛ ˆÌˆÏÜ˛ ÷Ó˚& •ˆÏFSÈ– ~ˆÏÜ˛ Ó°y •Î˚ xyÎ˚ly
≤ÃË˛yÓ (mirror effect)– xyÓyÓ˚ AüÈÓ˚ Ùyl !lô≈yÓ˚î Ü˛Ó˚ˆÏÓ §ÙÎ˚˛õÌ !ë˛Ü˛ §yÙƒyÓfliy ˆÌˆÏÜ˛ Ü˛ï˛ê˛y í˛z˛õˆÏÓ˚ Óy Ü˛ï˛ê˛y
l#ˆÏã˛– ~ˆÏÜ˛ Ó°y •ˆÏÓ ˆflÒ° ≤ÃË˛yÓ– (Scale Effect)–

~ál ˆÎˆÏ•ï%˛ β, δ > 0, §%ï˛Ó˚yÇ §ÙÎ˚§#Ùy ˆ•yˆÏ°y ˆòyò%°ƒÙyl– !Ü˛v ~ˆÏ«˛ˆÏe ~•z Ü˛ÓGˆÏÎ˚Ó ÙˆÏí˛° 3 ôÓ˚ˆÏlÓ˚
xÓfliy •ˆÏï˛ ˛õyˆÏÓ˚ñ ˆòyò%°ƒÙyˆÏlÓ˚ ˆ«˛ˆÏe–

!ÓˆÏfl≥˛yÓ˚Ü˛ (Explosive)

~Ü˛•zÓ˚Ü˛Ù (Uniform) Îál δ ≥ β

•…y§≤ÃyÆ (Damped)
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!ã˛e 2a !ã˛e 2b

ˆçyàyl ˆÓ˚áy ã˛y!•òy ˆÓ˚áyÓ˚ ˆçyàyl ˆÓ˚áy ã˛y!•òy ˆÓ˚áy

xˆÏ˛õ«˛y áyí˛¸y (steeper) xˆÏ˛õ«˛y x!ôÜ˛ ì˛y°% (flotter)

!ã˛e 2a ˆÌˆÏÜ˛ ˆÓyV˛y ÎyÎ˚ ˆÎ Îál δ > βñ ã˛y!•òy G ˆçyàyˆÏlÓ˚ âyï˛ÈüÈ≤Ã!ï˛âyˆÏï˛ òyˆÏÙÓ˚ Óy òyÙhflÏˆÏÓ˚Ó˚ §ÙÎ˚˛õÌ

e´Ù¢ §yÙƒyÓfliy ˆÌˆÏÜ˛ !Óã%˛ƒï˛ •ˆÏFSÈ– Î!ò §yÙƒyÓfliyÓ˚ òyÙhflÏÓ˚ ~Ó˚ x!ôÜ˛ òyÙhflÏÓ˚ P
0
 ˆÌˆÏÜ˛ ≤ÃyÌ!ÙÜ˛ òyÙ ÷Ó˚& •Î˚

ï˛y•ˆÏ° ï˛#Ó˚ !ã˛•´ xl%§Ó˚î Ü˛ˆÏÓ˚ ˆòáy ÎyÎ˚ ˆçyàyl ˆÓ˚áy ÓÓ˚yÓÓ˚ ˛õÓ˚Óï≈˛# §ÙˆÏÎ˚ Óy t = 1 ~ ˆçyàyl •ˆÏÓ Q
1
– ~ÓyÓ˚

ÓyçyˆÏÓ˚ §yˆÏÙƒÓ˚ ≤ÃˆÏÎ˚yçˆÏl ã˛y!•òyÓ˚ ˛õ!Ó˚Ùyî •Î˚ Q
1
ñ ˆÎê˛y §Ω˛Ó •ˆÏÓ Î!ò òyÙ P

1
 •Î˚ ï˛ˆÏÓ– xyÓyÓ˚ ~•z òyˆÏÙ ˆçyàyl

ˆÓ˚áy ÓÓ˚yÓÓ˚ ˆçyàyl •ˆÏÓ Q
2
– ~Ë˛yˆÏÓ ˆÎl ÙyÜ˛í˛¸§yÓ˚ çyˆÏ°Ó˚ Ùï˛ âê˛ly âê˛ˆÏï˛ ÌyˆÏÜ˛ ~ÓÇ P

0
, P

1
, P

2
 ~•z òyÙ=!°

°«˛ Ü˛Ó˚ˆÏ° ˆòáy ÎyÎ˚ ï˛yÓ˚y ÷ô% ˆòy°y!Î˚ï˛•z lÎ˚ e´Ù¢/ P ÈüÈ~Ó˚ ˆÌˆÏÜ˛ ò)ˆÏÓ˚ §ˆÏÓ˚ ÎyˆÏFSÈ– xÌ≈yÍ ~ˆÏ«˛ˆÏe òyˆÏÙÓ˚
§ÙÎ˚˛õÌ •ˆÏÓ ˆòyò%°ƒÙyl G !ÓˆÏfl≥˛yÓ˚Ü˛–

xyÓyÓ˚ Îál δ β<  ï˛ál ~•z çy° Î!ò P
0
 ˆÌˆÏÜ˛ !ï˛Ó˚ !ã˛•´ ÓÓ˚yÓÓ˚ °«˛ Ü˛Ó˚y ÎyÎ˚ ï˛y•ˆÏ° ˆòáy ÎyˆÏÓ ï˛y e´Ù¢/

P ÈüÈ~Ó˚ !òˆÏÜ˛ x@˝Ã§Ó˚ •ˆÏFSÈ– xÌ≈yÍ Î!òG P
t
ÈüÈ~Ó˚ §ÙÎ˚˛õÌ ˆòyò%°ƒÙyl !Ü˛v ï˛y x!Ë˛§yÓ˚# (Convergent), x˛õ§yÓ˚#

(Divergent) lÎ˚–

í˛zòy•Ó˚î 1≠ ôÓ˚y ÎyÜ˛ ~Ü˛!ê˛ Ü˛ÓGˆÏÎ˚Ó ÙˆÏí˛ˆÏ° ã˛y!•òy G ˆçyàyl xˆÏ˛õ«˛Ü˛ ÎÌye´ˆÏÙ≠

Q
dt
 = 18 – 3P

t
 ;   Q

st
 = –3 + 4P

t–1

Q

Q
1

Q
2

P
2

p P
1 P

3 P P
2 p P

1

P

Q

p
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xhs˝Ó≈ï˛# §ÙÎ˚àï˛ §yÙƒyÓfliyÓ˚ òyÙ !lî≈Î˚ Ü˛ˆÏÓ˚y ~ÓÇ §yÙƒyÓfliyÓ˚ !fli!ï˛¢#°ï˛y ˛õÓ˚#«˛y Ü˛ˆÏÓ˚y– òyÙhflÏˆÏÓ˚Ó˚ §ÙÎ˚˛õÌ
!lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ≠ §yÙƒyÓfliy Q
dt
 = Q

st

⇒ − = − + −18 3 3 4 1P Pt t

⇒ + = ⇒ + =− +4 3 21 4 3 211 1P P P Pt t t t

⇒ + =+3 4 21 11P Pt t .....( )

!ÓˆÏ¢£Ï §Ùyôyl ≠

ôÓ˚y ÎyÜ˛ P P Kt t+ = =1

∴ 3K + 4K = 21

⇒ 7K = 21   ⇒ K = 3

∴P  §yÙƒyÓfliyÓ˚ Ù)°ƒhflÏÓ˚ = 3

˛õ!Ó˚˛õ)Ó˚Ü˛ §Ùyôyl ≠

ôÓ˚y ÎyÜ˛ ˛õÓ˚#«˛yÙ)°Ü˛ §Ùyôyl ˆ•yˆÏ°y P
t
 = Abt

∴ + = ⇒ + =+3 4 0 3 4 01Ab Ab bt t

⇒ = −b
4

3

§yôyÓ˚î §Ùyôyl ≠ P At

t

= −FHG
I
KJ +

4

3
3

Îál t = 0 ï˛ál P
0
 = A + 3

∴ A = P
0
 – 3

§%ï˛Ó˚yÇ !l!ò≈‹T §Ùyôyl P Pt

t

= − −FHG
I
KJ +0 3

4

3
3b g

~ˆÏ«˛ˆÏe ˆÎˆÏ•ï%˛ b < 0ñ òyÙhflÏˆÏÓ˚Ó˚ §ÙÎ˚˛õÌ ˆòyò%°ƒÙyl– xyÓyÓ˚ ˆÎˆÏ•ï%˛ b = >
4

3
1 ñ í˛z_´ §ÙÎ˚˛õÌ x˛õ§yÓ˚#

(divergent)– xï˛~Ó òyÙhflÏˆÏÓ˚Ó˚ §ÙÎ˚˛õÌ x˛õ§yÓ˚# G ˆòyò%°ƒÙyl–
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6.7 Ùç%ï˛ Ë˛yu˛yˆÏÓ˚Ó˚ ˆ«˛ˆÏe ÓyçyˆÏÓ˚Ó˚ xÓfliyÓ˚ ÙˆÏí˛°

˛õ)ˆÏÓ≈y_´ ÙˆÏí˛ˆÏ° ~Ùl Ë˛yˆÏÓ òyˆÏÙÓ˚ !fliÓ˚#Ü˛Ó˚î •!FSÈ° ÎyˆÏï˛ Óï≈˛Ùyl í˛zÍ˛õyòlñ ≤ÃˆÏï˛ƒÜ˛ §ÙÎ˚ ÓyçyˆÏÓ˚ !Ó!e´ •ˆÏÎ˚

ˆÎˆÏï˛ ˛õyˆÏÓ˚– xÌ≈yÍ oÓƒ!ê˛ ~Ùl ÌyˆÏÜ˛ (stock) Óy Ùç%ï˛ Ü˛Ó˚y ÎyˆÏÓ xÌÓy Ùç%ï˛ Óy inventory Ü˛Ó˚yÓ˚ ≤ÃˆÏÎ˚yçl
˛õˆÏí˛¸ ly–

~ÓyÓ˚ ôÓ˚y ÎyÜ˛ñ

Q
dt
 ~ÓÇ Óï≈̨ Ùy Ï̂l ≤Ã›ï˛ oÓƒ Q

st
 í˛zË˛ˆÏÎ˚•z P

t
ÈüÈÓ˚ xˆÏ˛õ«˛Ü˛ ~ÓÇ ò%!ê˛ xˆÏ˛õ«˛Ü˛•z §Ó˚°˜ÏÓ˚!áÜ˛ G Óï≈˛Ùyl §ÙˆÏÎ˚Ó˚

òyˆÏÙÓ˚ í˛z˛õÓ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚ (Unlagged)–

òyˆÏÙÓ˚ §Ùß∫Î˚§yôl (adjustment of price), ≤ÃˆÏï˛ƒÜ˛ §ÙˆÏÎ˚ ÓyçyˆÏÓ˚Ó˚ ã˛y!•òyÓ˚ÈüÈˆçyàyˆÏlÓ˚ §Ùï˛yÓ˚ (market

clearance) ÙyôƒˆÏÙ âˆÏê˛ lyó ÓÓ˚Ç !ÓˆÏe´ï˛yÓ˚ òyÙ !lô≈yÓ˚î ˛õk˛!ï˛Ó˚ ÙyôƒˆÏÙ âˆÏê˛ ÌyˆÏÜ˛– ≤ÃˆÏï˛ƒÜ˛ §ÙˆÏÎ˚Ó˚ ≤ÃyÓ˚ˆÏΩ˛
!ÓˆÏe´ï˛y ~Ü˛!ê˛ òyÙ !fliÓ˚ Ü˛ˆÏÓ˚ ï˛y˜ÏÓ˚ Ùç%ï˛ Óy •zlˆÏË˛rê˛yÓ˚#Ó˚ xÓfliyÓ˚ í˛z˛õÓ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚– Î!ò ˛õ)Ó≈Óï≈˛# òyˆÏÙÓ˚ çlƒ
•zlˆÏË˛rê˛yÓ˚# çÙy •Î˚ ï˛ˆÏÓ Óï≈˛Ùyl §ÙˆÏÎ˚ òyÙ xyˆÏàÓ˚ ˆã˛ˆÏÎ˚ Ü˛Ù ÙyeyÎ˚ !fliÓ˚ •Î˚ñ xlƒÌyÎ˚ ˆÓ!¢ •Î˚– ≤ÃˆÏï˛ƒÜ˛ §ÙˆÏÎ˚
òyˆÏÙÓ˚ ~•z §Ùß∫Î˚§yôl ï˛yÓ˚ •zlˆÏË˛rê˛yÓ˚# çÙyÓ˚ §ˆÏD ÓƒhflÏyl%˛õyˆÏï˛ âˆÏê˛– ~ÓyˆÏÓ˚ ˆÎÓyˆÏÓ ÙˆÏí˛°!ê˛ ˜ï˛!Ó˚ •ˆÏÓ ï˛y •ˆÏ°y≠

Q Pdt t= − >α β α β, 0b g
Qst P

t
= − + >γ δ γ δ, 0b g

P P Q Qt t st dt+ = − − >1 0σ σb g b g
σ ˆ•yˆÏ°y •zlˆÏË˛rê˛yÓ˚# Óy Ùç%ï˛ çÙy xÓfliyÓ˚ í˛z˛õÓ˚ !Ë˛!_ Ü˛ˆÏÓ˚ òyˆÏÙÓ˚ §Ùß∫Î˚ §yôlÜ˛yÓ˚# §•à (stock induced

price adjustment cofficient)–

≤ÃÌÙ ò%!ê˛ §Ù#Ü˛Ó˚î ï,˛ï˛#Î˚!ê˛ˆÏï˛ Ó§yˆÏ° •ˆÏÓ

P
t

P
t+ = − + = +

1
1 σ β δ σ α γa f a f

~Ó˚ §Ùyôyl •ˆÏ°y Pt P
t

= −
+

+
− + +

+

+

F
HG

I
KJ0

1
α γ

β δ
σ β δ

α γ

β δ
a f

⇒ = − − + +P P P Pt

t

0 1d i b gσ β δ

[˛õ)ˆÏÓ≈y_´ ˛õk˛!ï˛ˆÏï˛ !ÓˆÏ¢£Ïñ ˛õ!Ó˚˛õ)Ó˚Ü˛ G §yôyÓ˚î §Ùyôyl ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚]



125

~áyˆÏl àï˛#Î˚ !fli!ï˛¢#°ï˛y !lË≈˛Ó˚ Ü˛Ó˚ˆÏÓ 1− +σ β δb g ÈüÈÓ˚ í˛z˛õÓ˚ ˆÎáyˆÏl b = − +1 σ β δb g – §yÓ˚!î 2 ˆÌˆÏÜ˛

b ~Ó˚ !Ó!Ë˛ß¨ ÙyˆÏlÓ˚ çlƒ P
t
ÈüÈÓ˚ §ÙÎ˚˛õÌ ˆòáyˆÏly •ˆÏ°y–

§yÓ˚!î 2 ≠ §ÙÎ˚ ˛õˆÏÌÓ˚ ôÓ˚l ≠

xMÈ˛° b ~Ó˚ Ùyl σÈüÈÓ˚ Ùyl P
t
ÈüÈÓ˚ §ÙÎ˚

b = 1– σ (β+δ) ˛õˆÏÌÓ˚ ôÓ˚l

III 0 < b < 1 0
1

< <
+

σ
β δ ˆòyò%°ƒÙyl lÎ˚ ~ÓÇ

x!Ë˛§yÓ˚#

IV b = 0 σ
β δ

=
+

1
§yÙƒyÓfliyÎ˚ ÌyÜ˛y

V –1 < b < 0
1 2

β δ
σ

β δ+
< <

+ e´Ù•…y§Ùyl Gë˛ylyÙy

(with damped oscillation)

VI b = –1 σ
β δ

=
+
2

~Ü˛•z Ó˚Ü˛Ù Gë˛y lyÙy

VII b <–1 σ
β δ

>
+

2
!ÓˆÏfl≥˛yÓ˚Ü˛ Gë˛ylyÙy

í˛zòy•Ó˚î 2 / í˛z˛õˆÏÓ˚y_´ ÙˆÏí˛ˆÏ° Î!ò ˆÜ˛yˆÏly !ÓˆÏe´ï˛y §Ó§ÙÎ˚ •zlˆÏË˛rê˛yÓ˚# •…yˆÏ§Ó˚ åÓ,!k˛Ó˚ä §ˆÏD 10% òyÙ Óyí˛¸yÎ˚
åÜ˛ÙyÎ˚ä ~ÓÇ ã˛y!•òy ˆÓ˚áyÓ˚ ì˛y° Î!ò –1 •Î˚ ~ÓÇ ˆçyàyl ˆÓ˚áyÓ˚ ì˛y° Î!ò 15 •Î˚ñ ï˛y•ˆÏ° P

t
ÈüÈÓ˚ §ÙÎ˚ ˛õÌ !lô≈yÓ˚î

Ü˛ˆÏÓ˚y–

§Ùyôyl ≠ ~áy Ï̂l σ δ
β δ

= ⋅ =
+

=0 1 15
1 1

16
, ,  G 

2 1

8β δ+
=  §%ï˛Ó˚yÇ 

1 2

β δ
σ

β δ+
< <

+  xÌ≈yÍ P
t
ÈüÈÓ˚

§ÙÎ˚˛õÌ •…y§≤ÃyÆ ˆòyò%°ƒÙyl–
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6.8 §yÓ˚yÇ¢

~•z ~Ü˛ˆÏÜ˛ ˛õyÌ≈Ü˛ƒ §Ù#Ü˛Ó˚î §¡õˆÏÜ≈˛ ôyÓ˚îy ˆòGÎ˚y •ˆÏÎ˚ˆÏSÈ G ≤ÃÌÙ ÙyeyÓ˚ ˛õyÌ≈Ü˛ƒ §Ù#Ü˛Ó˚î §¡õˆÏÜ≈˛ xyˆÏ°yã˛ly
Ü˛Ó˚y •ˆÏÎ˚ •ˆÏÎ˚ˆÏSÈ– ≤ÃÌÙ ÙyeyÓ˚ ˛õyÌ≈Ü˛ƒ §Ù#Ü˛Ó˚î §Çe´yhs˝ ò%!ê˛ xÌ≈˜Ïl!ï˛Ü˛ ÙˆÏí˛° / Ü˛ÓGˆÏÎ˚Ó ÙˆÏí˛° G •zlˆÏË˛rê˛yÓ˚#
§• ÓyçyÓ˚ ÓƒÓfliyG !Ó¢òË˛yˆÏÓ xyˆÏ°yã˛ly Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ–

6.9 xl%¢#°l#

1 ôÓ˚y ÎyÜ˛ ˆÜ˛yˆÏly ˛õyÌ≈Ü˛ƒ §Ù#Ü˛Ó˚î ˆ•yˆÏ°y ≠

y t

t

= −FHG
I
KJ +6

1

4
6 – ~Ó˚ §ÙÎ˚˛õˆÏÌÓ˚ ôÓ˚l Ü˛# •ˆÏÓ⁄

2. ˆÜ˛yˆÏly ~Ü˛!ê˛ ˛õyÌ≈Ü˛ƒ §Ù#Ü˛Ó˚î ˆ•yˆÏ°y y
t
 = 7y

t–1
 + 16. ~Ó˚ !ÓˆÏ¢£Ï §Ùyôyl Ü˛# •ˆÏÓ⁄

3. ˛õ!Ó˚˛õ)Ó˚Ü˛ §ÙyôyˆÏlÓ˚ ï˛yÍ˛õÎ≈ Ü˛#⁄

4. Ü˛ÓGˆÏÎ˚Ó ÙˆÏí˛°!ê˛ xyˆÏ°yã˛ly Ü˛Ó˚&l–

5. ≤Ãò_ xy Ï̂SÈ Q
dt
 = 86 – 0.8P

t
 ~ÓÇ Q

st
 = –10 + 0.2P

t–1
 ˆÎáy Ï̂l Q

dt
, Q

st
 G P

t
 ˆ•yˆÏ°y t §ÙˆÏÎ˚ ã˛y!•òyÓ˚

˛õ!Ó˚Ùyîñ ˆçyàyˆÏlÓ˚ ˛õ!Ó˚Ùyî G Ù)°ƒhflÏÓ˚– òyˆÏÙÓ˚ §ÙÎ˚˛õÌ !lô≈yÓ˚î Ü˛Ó˚&l–

6. •zlˆÏË˛rê˛yÓ˚#§• ÓyçyÓ˚ ÓƒÓfliy §Çe´yhs˝ ÙˆÏí˛°!ê˛ xyˆÏ°yã˛ly Ü˛Ó˚&l–
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