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( Unexplained notations and symbols have their usual meanings )

Answer Question 

1. Answer any five questions :

 a) Find the roots of the minimal polynomial of 

 b) Let 









dc

ba
U

subspaces of 

 c) Let V and W be vector spaces over a field 

linear transformation. Also let 

and 
kk

  21
,

V. Find a basis of 

 d) State true or false

  Norm induced by an inner product satisfies the parallelogram 

law. Justify your answer.

 e) State true or false

  There cannot be any 

Justify. 

 f) Find a basis of the 

less than or equal to 4. Hence find its dimension.

 g) Prove that the quadratic form 

  
2
1321

),,( xxxxq 
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ations and symbols have their usual meanings ) 

Question No. 1 and any four from the rest : 

questions : 2 

Find the roots of the minimal polynomial of 








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31
A . 




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


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d
 and 
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




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






 0: db

dc

ba
W  

. Find )(dim WU  . 

be vector spaces over a field  and VT :

linear transformation. Also let  
k

 ,..,,
21

 be a basis of ker 

V
n


...,,2
such that  

n
 ,...,,

21
 is a basis of 

. Find a basis of .ImT  Justify your answer. 

false : 

Norm induced by an inner product satisfies the parallelogram 

law. Justify your answer. 

false : 

There cannot be any onto linear transformation from 

basis of the vector space of all real polynomials of degree 

less than or equal to 4. Hence find its dimension. 

Prove that the quadratic form  

133221
2
2

2
1

222 xxxxxxx   is indefinite. 
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 5 = 10 

  

 be two 

 

W be a 

be a basis of ker T 

is a basis of 

 

Norm induced by an inner product satisfies the parallelogram 

 to . 

ector space of all real polynomials of degree 
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2. a) Let WVT :  be a linear transformation. Prove that if dim 

finite ( W may be infinite dimensional ) the

 b) Let A be an m 

to show that if n

 c) Let V be a finite dimensional vector space over a field 

,...,,{
21 n



the same field 

distinct) in W

transformation 

   

3. a) Suppose 
1

V  and 

that the subspace 

21
VV U . 

 b) Prove that an ortho

independent. 

 c) If , be two orthogonal vectors in a Eucli

prove that 

 d) Do the vectors 

basis for  ? Justify your answer. If yes, then obtain an 

orthogonal basis using Gram

4. a) Let 

Show that T in invertible and determine 

 b) Prove that two eigen

values of a linear operator defined on a finite dimensional 

space are linearly independent.

 c) Prove that non-

are purely imaginary.

 2 

 PG/TE-2008  

be a linear transformation. Prove that if dim 

ay be infinite dimensional ) then Rank T is finite.

 n matrix over a field . Use rank-nullity theorem 

n > m then AX = 0 has a non-zero solution. 

be a finite dimensional vector space over a field 

}  be a basis for V. Let W be a vector space over 

 and },....,,{
21 n

  be any vectors ( may not be 

W. Prove that there is precisely one

transformation T from V into W such that 
ii

T  )( , i = 1, 2,..., 

3 + 3 + 4

and 
2

V  are two subspaces of a vector space 

that the subspace 
21

VV  is the smallest subspace of V containing 

Prove that an orthogonal set of non-zero vectors is 

be two orthogonal vectors in a Euclidean space 

222  . 

Do the vectors )4,0,3(
1
 , )7,0,1(

2
  and 11,9,2(

3


? Justify your answer. If yes, then obtain an 

orthogonal basis using Gram-Schmidt process. 2 + 2 + 2 + 4

 defined by 2,4,2(),,( xyxxzyxT 

in invertible and determine 
1

T . 

Prove that two eigenvectors corresponding to two distinct eigen 

values of a linear operator defined on a finite dimensional 

space are linearly independent.  

-zero eigenvalues of a real skew-symmetric matrix 

are purely imaginary. 3 + 3 + 4

 

be a linear transformation. Prove that if dim V is 

is finite. 

nullity theorem 

zero solution.  

 and let 

be a vector space over 

y vectors ( may not be 

one linear 

= 1, 2,..., n. 

3 + 3 + 4 

are two subspaces of a vector space V. Prove 

containing 

 linearly 

dean space V, then 

)11 form a 

? Justify your answer. If yes, then obtain an 

2 + 2 + 2 + 4 

)3 zy  . 

  

vectors corresponding to two distinct eigen 

values of a linear operator defined on a finite dimensional vector 

symmetric matrix 

3 + 3 + 4 



 

 

5. a) Is the real 3  3 matrix 

 b) What are the algebraic and geometric multiplicities of the eigen 

value(s) of the matrix 

 c) Find the minimal polynomial of 

6. a) Let V be an n dimensional vector space over the field 

and  be two ordered bases of 

invertible n 

, for every vector 

matrix of the vector 

 b) Let T be a linear operator on 

),(
21

xx . Find 

ordered basis 

 c) Prove that the similarity of matrices in an equivalence relation 

over the set of n

7. a) Define positive, negative indices of inertia and signature in the 

context of a real quadratic form.

 b) Obtain a non

quadratic form 

normal form and hence find its signature.

 c) Show that the quadratic form

  
321

),,( xxxq 
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3 matrix 






















022

122

113

A   diagonalizable ? Justify.

What are the algebraic and geometric multiplicities of the eigen 

value(s) of the matrix 
















200

120

012

 ? 

Find the minimal polynomial of 





















5000

0200

0020

0012

B . 5 + 2 + 3

dimensional vector space over the field  and let 

be two ordered bases of V. Prove that there exists a unique 

 n matrix P with entries in  such that

, for every vector   in V;  being the coordinate 

matrix of the vector   relative to the ordered basis . 

be a linear operator on  defined by ),(
21

xxT

. Find  where  )1,0(),0,1( . Consider the 

 )1,2(,)1,1( . Find  using . 

Prove that the similarity of matrices in an equivalence relation 

n  n matrix over a field . 4 + ( 1 + 3 ) + 2

Define positive, negative indices of inertia and signature in the 

context of a real quadratic form. 

Obtain a non-singular transformation that will reduce the 

quadratic form 
21

2
3

2
2

2
1321

232),,( xxxxxxxxq 

normal form and hence find its signature. 

Show that the quadratic form 

3221
2
3

2
2

2
1

4232 xxxxxxx   is indefinite.

3 + ( 3 + 1 ) + 3
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diagonalizable ? Justify. 

What are the algebraic and geometric multiplicities of the eigen 

5 + 2 + 3 

and let 

. Prove that there exists a unique 

such that  

being the coordinate 

)0,()
1

x , 

. Consider the 

 

Prove that the similarity of matrices in an equivalence relation 

4 + ( 1 + 3 ) + 2 

Define positive, negative indices of inertia and signature in the 

lar transformation that will reduce the 

32
4 xx to 

is indefinite. 

3 + ( 3 + 1 ) + 3 


