
   

   

NETAJI SUBHAS OPEN UNIVERSITY 
ÿoˆÁTˆ„EıÁw¯Ã[˝ YÁPˆy‘] ( P. G.) 

%X«`›_X Yy (Assignment) : L«X, 2020/ ◊Qˆ„a∂ëˆÃ[˝, 2020 (June-2020/Dec.-2020) 
MATHEMATICS 

Paper - 1B : Linear Algebra 
Y…SÔ]ÁX : 50   QUESTION PAPER CUM ANSWER BOOKLET  ]Á„XÃ[˝ mÃ[˝”±ºˆ : 20% 
(Full Marks : 50)  (Weightage of Marks : 20%) 
Y◊Ã[˝◊]Tˆ C ^UÁ^U =w¯„Ã[˝Ã[˝ LXÓ ◊[˝„`b ]…_Ó ÂVCÃ^Á c˜„[˝* %£à˘ [˝ÁXÁX, %Y◊Ã[˝¨K˜~TˆÁ A[˝e %Y◊Ã[˝õıÁÃ[˝ c˜ÿôˆÁl˘„Ã[˝Ã[˝ 

Âl˘‰y X∂ëˆÃ[˝ ÂEı‰ªRÙO ÂXCÃ^Á c˜„[˝* =YÁ„‹ôˆ Y“‰`¬Ã[˝ ]…_Ó]ÁX a…◊ªJÙTˆ %Á‰ªK˜* 
Special credit will be given for precise and correct answer. Marks will be  

deducted for spelling mistakes, untidiness and illegible handwriting.  
The figures in the margin indicate full marks. 

Name (in Block Letter) : ........................................................................................................... 
 

Enrolment No.             

 
Study Centre Name : .............................................................................. Code : ..................... 

To be filled 
by the 

Candidate 

Serial No. of 
question 
answered 

             TOTAL 

For 
Evaluator's 

only 

Marks 
awarded               

Q.P. Code : PA/4/IB 
 
 PG-Sc.-AP-17098 Signature of Evaluator with Date 

 
 

NETAJI SUBHAS OPEN UNIVERSITY 
 ÿoˆÁTˆ„EıÁw¯Ã[˝ YÁPˆy‘] ( P. G.) STUDENT'S COPY 

%X«`›_X Yy (Assignment) : L«X, 2020/ ◊Qˆ„a∂ëˆÃ[˝, 2020 (June-2020/Dec.-2020) 
MATHEMATICS 

Paper - 1B : Linear Algebra 
 
Name (in Block Letter) : ........................................................................................................... 
 

Enrolment No.             

 
Study Centre Name : .............................................................................. Code : ..................... 

Q.P. Code : PA/4/IB 
 
 PG-Sc.-AP-17098 Received Answer Booklet 
 Signature with seal by the Study-Centre

 



 QP Code : PA/4/IB 2 / 20 PG-Sc.-AP-17098 
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 ( Unexplained Notations and Symbols have their usual meanings ) 
Answer Question No. 1 and any four from the rest. 

1. Answer any five questions :  2 × 5 = 10 

 a) Let T and U be linear operators on IR 2 defined by ),(),( 1221 xxxxT =  and 

)0,(),( 121 xxxU = . Describe T & U geometrically. 

 b) Let T be a linear transformation from IR 3 to IR 2 and U be a linear transformation 

from IR 2 to IR 3. Prove that the linear transformation UT is not invertible. Generalize 
this result. 

 c) Let T : IR 2 → IR 2 be the linear operator on IR 2 defined by ),(),( 1221 xxxxT −= . Prove 

that for any real number C the operator (T – CI ) is invertible.  

 d) Let 
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

=

30000
13000
00200
40220
30012

A  5M∈  (IR ). 

  Find the algebraic multiplicities and geometric multiplicities of the eigenvalues of A. 

 e) Let 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

na

a
a

1
 be IR n be a unit vector. Find the minimal polynomial of the matrix 

Taa  and hence discuss its diagonalizability. 
 f) Let V be a vector space over a field F. Define (i) a symmetric bilinear form on V,       

(ii) a quadratic form on V. 
 g) Suppose V and W are two vector spaces over a field F and T : V → W is a linear 

transformation. Prove that if V is finite dimensional then rank T is finite. 

  
First Answer : 
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Second Answer : 
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Third Answer : 
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ªFourth Answer : 
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ªFifth Answer : 
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2. a) Let V be a finite dimensional vector space and let T be a linear operator on V such 

that rank 2T  = rank T. Prove that the range and null space of T have only the zero 
vector in common. 

 b) Suppose T is a linear operator on a vector space V such that TT =2   ( i.e., T is 
idempotent). Prove that  
i) TImv ∈  if and only if vTv = , 

ii) TkerTImV ⊕=  
iii) If V is finite dimensional then (i) and (ii) together implies that there exists an 

ordered basis  of V such that the matrix of T with respect to   is 

nn
rI

×
⎟
⎠
⎞

⎜
⎝
⎛

00
0  where rI  is the rr ×  identity matrix and 0's are null matrices of 

suitable orders )( Vdimn = . 4 + ( 2 + 2 + 2 ) 

3. a) Find a linear operator T : IR 3 → IR 3 whose image is spanned by })3,1,2(),1,0,1({ − . 

 b) Does there exist a linear transformation T : IR 3 → IR 2 such that )1,1()0,0,1( =T  ?   

If yes, find such a linear transformation. Is it unique ? Answer with reasons. 
 c) Define an invariant subspace of a vector space V with respect to a linear operator T 

on V. Suppose S and T are two linear operators on a vector space V such that 
STTS = . Prove that Sker  and SIm  are invariant under T. 3 + 3 + 4 

4. a) Let ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=

10
0

1

c
ab

cb
A  where a,b,c are positive real numbers satisfying 122 <<+ acb . 

Prove that all the eigenvalues of A are positive real numbers and hence conclude 
that the matrix is positive definite. 

 b) Let V and W be finite dimensional vector spaces over R. Let 1T  : V → V and               

2T  : W → W be linear transformations whose minimal polynomials are respectively 

given by 1)( 23
1 +++= xxxxf  and 2)( 24

2 −−= xxxf . Let T : V ⊕  W → V ⊕ W be 

the linear transformation defined by 
  ))(),((),( 21 wTvTwvT =  

  ( i.e., )()()( 21 wTvTwvT +=+  for all Vv ∈ , for all Ww∈ ). 

  Find the minimal polynomial of T. 
  Is T diagonalizable ? Answer with reason. 4 + 4 + 2 

5. a) Let A be a real square matrix. Prove that AA∗  is a positive semi-definite matrix. 

Also prove that if A is invertible then AA∗  is positive definite. 
 b) Does there exist an inner product <, > on IR 2 such that 2)1,0(),0,1( −=><  ?           

If exists, find one such inner product. Is it unique ? Answer with reasons. 5 + 5 

6. a) Let A be the companion matrix of the polynomial 45)( 24 +−= xxxf . Find A.  

  Let T : 4M  (IR ) → 4M  (IR ) be the linear transformation defined by ABBT =)(  for all 

4MB ∈ (IR ) ( 4M  (IR ) denotes the vector space of all 4 × 4 real matrices). Prove that 

T is diagonalizable. 
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 b) Find all possible Jordan forms and rational canonical forms of a matrix                

with characteristic polynomial 35 )3()2()( ++= xxxf  and minimal polynomial 
22 )3()2()( ++= xxxm . ( 2 + 2 ) + ( 3 + 3 ) 

7. a) Let V be a subspace of IR ][ x  of real polynomials of degree at most 3. Equip V with 

the inner product ∫=><
1

0

d)()(, ttgtfgf . Apply the Gram-Schmidt process to the    

basis },,,1{ 32 xxx . 

 b) Let W be the subspace of IR 2 spanned by the vector ( 3, 4 ). Using the standard 

inner product, let E be the orthogonal projection of IR 2 onto W.  
  Find  

i) a formula for ),( 21 xxE . 

ii) the matrix of E in the standard ordered basis 

iii) ⊥W  ( i.e., W perpendicular ). 4 + 6 

  
First Answer : 
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Second Answer : 
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Third Answer : 
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ªFourth Answer : 
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