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(Differential Equations—Genesis, Order and Degree)
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7.2 Srep

7.3 TCwraafaare a g afliwaw At

T4 e g/ fewrhie A e e
7.5 fewnaafiare wiearm s

7.6 A 3 fafifts

7.7 A@e

7.8 owEe

7.9 Teawe

7.1 o

wried e e aRd e o 3 e AR @ — s e SR
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7.3 Cwaatiaia wwad (Differential Equation)
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(ix) ax? + dy? + 22 =0

e ox?
Tz BrigateH T @R A @, feeeatie e B W smeisfH

YL GIFA TS T 27, TR TFHF e 60 Z0w AN |

7.3.1 e fewmaafrae wfw=d 3 (Ordinary Differential
Equation)
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Differential Equatlons)
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7.3.4 AR e wiafyz wywd wyTew FNeAY (Linear and
‘Nonlinear Ordinary Differential Equations)

@ g /fewraniimm TR oliv 5 g O RS (W) off @@ auw
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7. 436 TFPN FAITMINT 7 FASTS (Simple harmonic motion) -(S &TE, t AN
B 799 x T x=a cos @t+b sin @, I w/2 £ PNDA frequency. a, b IR LHIF 17
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RS REH AN Bia w7 | G0Es SpfbE 7% 1w nefi s aliwae
(o3 F0R) NG A | G4 TIHHR Tl 71, 43 T3 ARFALAT AL I2T0S Wl
5 I 2 1T T3 (RTHE IO OMER, O G | QIS ST QISE, SITHE WOty (P ol

I6




e [t 9bre SRmwd [FEsT R w9 @ (W SRS TR A AES O 9

GEIRICR IR
2
(9?1] +1=0
dx /) -

. . d 2
GE FAFATIR (e ANGE AN A T T (TR, QA (d—i) W AT

82 Trwed] _
ﬂ%\ﬂw@w-ﬂﬁ*maﬁﬁwmwm,wmwﬁsm%,%ﬁwmw

ARFACT TR, AR SmE FgE T, AR waiiaen weR e auran 8, R
i e S sl Tenf s =

83 (b Ay ARSAC FNYA
Integral of an Ordinary Differential Equation

, dy d?y dvy
ek w& F(X, Y -&;,‘(—1;2—,‘&;—“-

QYT T y = (x) ﬁﬂ‘:m@mam@cﬂ;xnﬂwﬁw% ...... g% qefEry afee
X X

s G & TEAER eq RS F(x,0(x), ¢°(x),.... 0™ (x))= 0...2)

TSI, y=§{x) & (1) 9T 90 W4 (Solution T Integral) I s I TR |
e v ¢ -

d?y

1) S5y =0 (3)
dx
«8 Filwaaiy @l T
Y= COSX

@R S GF0 A y = sin x.
4 3 p; '
(2) x4dy+x3dy_x2d_y+ g
dx4 dx? dx? dx
% Tod TNF T2 ANFICET G TN T y = 2x, W 4T FgE FrRrs o

y=x"+2x

I3 AT TS AN HE |
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| WRI (3) 7 RPN G0 SN G WH y = A cosx + B sinx ... (5) @A, A 8B
(T PIRe Tl &< | Gl Wl orafR G, (3) b Tt o STt T e T ()
7o B I TR TS A € B (3 (3 126 47T TAE AT I |

n- TPTIH SAE AALATHE (nth order ordinary differential equation) AYA FHAHR
(General Solution)

G IV n-- TP A S ANSIET MGF TR TR T T4 |

¥ = 9(X: 1,050 Cp ) creeerne (6) G (1) 5 TR AN 2 4w, §7(x), -+ 6 (x)
QBT x O 3B g SN 17 g & TR (1) 7 TR AE NS Pra zm )
G ¢,,C,,......C, DGR n- YE FIF IR I3 £IPIFR Riex Wz oo a2 Fra 1

THIZATI, (5) TOR (3) R GTHANIRC SNYE TR, GG (5) 4 Kb 353 I 93¢
(3) R TARATEAHT T 4 | TSN W] @S A
dy _
dx-\E ................ G
- B ARNTATRT YA A
. .
2y3 mx 4G (8)

@A ¢ B IPoR &3 | ( (T 9T (7)@45% A3 TG AR 632 STALR (8) 49
WP I $AT AN |

diy : CLE X
SRz 1 s —'\—-)'=0. % ANFAT y=Ce*+C,e 2 cos‘—/_—3—x+C e 2_sin£x

dx3 : 2 ? 2
SN C, C,, €, Foailb Ifpr 2 W= | ©rod, @ff SAyaraet F14i |

dly 2dy a
—2 + 222 = 0 wiigar, y=;+bWWﬁWﬁWWﬂﬁWﬂW@-

2='dx2 x dx

R y =+ b S e
R [

I8



84 FUEe STANTA T W0 TAB =S

(Sufficient condition for solution of an ordinary
differential equation) |

4D 2w TR AR TR 7 % = f(X,¥) . (1) G, £(x, y),geym
TIRA | _
wEE (1) 97 G G0 AL y = ¢ (x) CWFE,'ﬂTx:XDﬁ"INY:Yo@W ol

O, (x, ) ST I (x,, y,) B2 ety (1) T30S =181 300 T3 1«9 ey =t
93 B * 7e 7971 °F 7 =S 7o T et T W 9

feifi5a =< (Lipschitz’s condition)
D SIeeTE RS BICT £ (x,y) 0 R M (xy,) €D, (x,y,) € D RFA T @0 @ ooy

(%, y1) = £(x,y2)| < Ky, - y3| T2, QA K «FHR{B TR SRR, O £(x,y) Toreifis
*6 AT R I 2L, | T T (1) 2 AT TN AR LB A0 Ryo =221

Prrda ety

-g-Z:f(x,y)”...(l) .
x' .

e A oreml A @, x = x, R y = y, O (1) AMSNAT (x,, y,) Regonl
AT AYS AN y=¢(x) AINT WA #E 2 (x, y,) T wifesy (wlie
Xp =8, <X<Xg+8,, 7,8, <y <y, +9d, SR NS CRAI SSTT)

B f(x y)HES _
@ & G K >0 TR R @ & QWA (%, y,), (%, y,) R WP g oy
6031} = £ O, y2)| < Kly, =y} =01 (Fetfies =)
(4% TorNTHA e G GIE el 28 )|
ferer P & Trrer wara TRATATR T IS AT

841 FSW TIFE AZANSACIE ANYH
G IR THRATON FEARG 2N TR TG AN o719 |

dx

=f(1,x,y,2
at 1 (1,%,Y,2)
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dy

- = f t, \
5t 2{t.X.y,2)
: di

— = fi(t,x,
dt 3( KYZ)

areeca i ghew @,

t=toﬁﬂmx:xn,yzyo,z=znw@mﬂ§ﬁamqwmmmwéﬁw
AR 2 R TR FAGT ST Ty W] G WA A€ Trww paAfm—

T (x,y.z,1) @2 syHfes oo (x,, y,. 2z, t,) T @@ Ay (W @A
(x=x0)? +(y~yo) +(z-29) +{t=1o)} <B. TN 54l wwmgr ) £, €, F, 4% P
ME X, y, z 7 FACF FTARGA € oA ww a7 £, £, f, TS 27, T SAET 2
et T @7 T TR e, x=0,(t), y = 0(1), z=0,(t) ¥Tm waT
01, b5, 0 FIHNCR <2 oA (1, - 5,,t, + §,) @ AT

Tz ¢ %=X+y

d—y =tx
dt
@A, x =%, y =y, T, t =1, | QAR @ @, f(Lxy) =x +y € f=ix 78S

R (g y ) = 68 %0, ¥
=[x+ —(xz+y2)i
SRy = Xq [y = Yo woeen (i.)"
R, 1658 1, 93) ~ Falt %.3)
=%y = =% = Xl (i)
lt—t,l< 8 T (R § T KT S % 2 T ST T (RG] ) W
AR, Jt] = [t~ to +to|S|to| +]t = to] <[t +8=K (T A=)

WOGT, W FR @ ¢ f, TG et S | Tedy G Saen SRS S
A ST |
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d .
TR ¢ —d-iw+f(x)y=0 T forefy 90 203, ARG (RGN GE x = 0 A y = 0

Wsﬂﬂ ARFA x = 0, yuow(dyJ =0 | AR x ANATE e ot
x=0

dx

2 dy 25y
-j—% £ () y + 1) Y = 0 @urm, x = y*ax=03${rﬁﬁﬁ(d—y]‘ =0 I3, W
X x={)

dx X

2 n
GBIEd #ifE x = 0 e y ;iy;l ..... jf: ..... =0 TSGR, x = 0 ANATHE otz g
X X ax

AR TS 2 T m,yzowﬁw(wqfw@mwmwmw)

84.2 n-TGR R AT TG AT

few b FRTE n e 99 TR &
b)Y 4 p ) Sy p )y =0 @
0 dx® 1 dxn—l """ n

ﬁiﬁmmnﬂawmmmﬂﬁaﬁwmi

dy _

FiaRd (.1

dy, _

dx Y2 : (3.2)

d

_dY__z =Y; (3.3)

X
dYn-Z —
. dx =¥
ST (2) (ATE,
dy,.

Py Zx FP,(X) Vos + D20X) Yoz +ooot Doy (%) ¥y + P, (K)y =02 (3.1)
wefie,

dYn-l

!
dx _E[Pl(nyn-p*Pz (X)¥n—s +t (0]

=f{X, ¥, ¥, ¥2 > Yot) B0 T e (3.n")
21



BOTEA (3.1) (/T (3.n) AL 1 ST QAU TG WA RAGACN (GRS FATIER Botofmy
ST (R, £ (X, V. ¥,, VooV, ) R FWG 7S % oA a3 =Sy, v v,y , @0

AToTH o) | aefte, =& &=

‘f(x,y(l}y{.l),yizl) ______ y&lll)—f(x’y{z)’ygz)my(ni’_]l)’
<k(y® -y @y, -y, P +|y£.3_,)—yff_}11)

, @AM k 9F &35
Totoiteg ¢
3.1 (9T 3.0 R AT oF | |
SR x=x, TS y=y,, Y =¥1,.¥: =y20,l.... Y-1% Yin-n, G e Al AR @

R e iy oo =é e =7 |
&M QRATA (ReT 1 A | Ince : Treatise on Differential Equation @83 |
dy '
Ewizast d—x_=xy Ay =179, x = 0,
I £(x, y) = xy*
B3, |f(x,y1)-—f(x,y2)|

=|xjly; = ¥,lly, + ¥,
Wl ~a<x <a, —b<y—1< b WAECEAD WA A [x|< a.ly, +y,l< |y, - ]

f(x.y1) - f{x,yo )< kly; ~ya| - (4)

+Hly, - +2<52b+2 IR,

(AT k = a (2b+2)
(4) CoT (T AR (A, T (x, y,) (x, y,) 7% 2 SoARE iareratas Tered A, 934
f(x, y) FEroiRi5o1 28 7w 38 | oL, & SITSTHy SNSAHna (O AafEE WA (mitial value)

x 2

- 1
x=0,y=1=ﬁ)ﬂmumwmwmwmﬁﬁ—=l—? |
y
d .
iz s d—i=x2y2 AR x = 0 A y = 1. TRFANBZ S 417 W10z o) A3t awwe |

dx

2 ,
Turgad s ao’:‘%*a; dy+a3y=0(Cﬂ‘Wﬂ a,a,a $3F) I a, =0
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o dy
AIA, x=x, Ty =y, a'_')’m
TALIA RS Sy TR S, B 1 o5 |

dax
dz (alz-!-azy)
.___=f
dx a, (v.2)
.1z +a
’_f(YU_ZI)'-f(YZ‘ZQ)I=' I( - ,a I2 y )I
(]
ol
< Iz] Zz|+ ‘}’2 Yll
2ol 2|
a,|+(a
<k(|z,—22|+ly|-y2|), @W L‘llla‘*lr‘z_l k
} 0

TEGY mw-m,@wﬁawwmwmmm mfﬂpxm Y"=3’o~

WYY 1§ TTEE TITS AR WWR @, 3% 727 RS n-wowm Brferara s afiwaeme
gt FEH g |

’ dn-l :

TEI 28 P, (x) M__’l’ Fo P (Y =0
% ARSI NG A

dy_, %, S

dx 1 d r A RAARRREE d n-1

dz,. _
Gz, Po(%) xl + Pi(X) 2y + P2(X) 2,3 .. PoyZy + Py =0
R 2y 1 (P1Zyoy + P2Zy3 + -t PpsyZy + PoY)

' dx 00 (X) PiZpa T P2Zp 3 .. Po-1Z1 T PaY¥

a2= 7w xR @eme Ay PR émmmmmwmm



YT Al k AUFW@ G Ew <k - @Ix T T

Po

0

AN + Doy -
f(X,¥,2....... z,,)= _{pizns . ),éﬁi‘iﬁi‘lﬂﬁ x, feoa @ ety v
0

W& oA I | e, T x = x, RS v, 2), 2. 2,22, 2, @3 TR A0S A @

AT Y0 g, Zo. T 90T (Xg, ¥, 2050 o Z)1) “ﬂaﬂﬁvﬂ@wmm

AR | TSGR el (o 3, 2 e Ffermr e e

n 'l'l—ll
dy __[(p 8Ty, Py
dxn Do dX“_l Pn

X=X, G A %,%3‘. """ ‘Eﬁ‘ ofF Twe A, SR y, ¥, y "D ARNE x =X,
o Po 0 : '

e (reTl AR 2E ARISALTE ) SO TN y = ¢ (x) LI

85 fafrais (tafR®) M wraaet 7Read ¢ BF TG |
(Ordinary linear differential equation)
S < (AR (7, 9 1 @ Foferarar et R FAFCR A %

dnly d
dx,,_’{+--—+p1(x)d—i+po(x)y=f(x) ...... )

AT, py(x), Pr(x),-..... pu(x) FOGE x T TR €3¢ £ (x) f5 x g2 o

Pn (x):Lf: + a1 (X)
X

fi (ime RTE O £ (x) = 0 28, T4 (1) (a9 SR 1035991 <11 28 | (homogeneous
differential equation) { & py(x),..... p,(x) wale T &9 77, w7 ANe2bos 70 25 oo
st faf*R Cafies s 7Ea9l (Linear differential equation with constant coefficients) |

TAIZI 77 § 8.3 (B (3) 7R A0 G &< el KRG i)
851 Al s ot AR TN A W
(A property of solutions of a linear homogeneous differential
equation)

SEIRICON



G FHN RS AR RIS TN, @A

1} n-1

d d .
LEpn(X)a;-'l' pn_l(X)F‘l‘....'.ﬂ‘ p]‘a;'!'po(X), ..... (3)

QR QAT y=y)(x),y=y,(x), TR, y,(x),y, (x) ¥ FRAT IR 0-TH
cefrelbe Wity e AT 20T (2) @ P

L{,00) =00 @)
@8 LYy (0) =0 G s (5)
gdfie, y=y, (x), y =y, (x) (2) TR TSI G0 TG |
GG y(x) = ¢ ¥1{X) + C¥2(X) ccovvriervermrireornane. 6)

(G ¢, ¢, T2 190 $TF) |
98 I (2) 9 FNATE A TG (R TGS y, @ y, 97 (2w Awanst 2 o)

(6) (RTF G A _
¥ = {9+ exyitx) D

v (x) = o yi™x) + 0y XY | o {T)
(6) € (7) (F(2) I Sl AR |
L(y(x) = eipy () ¥1” ()4 20} ()5 (%)
+ o4 Py (K) Y] (X)+ 5Py (X y7 ()4 €4pg (XD y((X)+ €, Po{(X) Y, (%)

=¢,L{y,(x)}+c,L{y, (x)) = 0. [(4) 8(5) T=F]....(8)]

TS, (8) (T WA o (T, [(6) €] ¥ (x) = ¢y, (x) + ¢y, (x) 1 400€ (2) FANTTCR
GO TR | '

TS WY Moz (@, (So1eig) 2
Y=y, (XY = y,(x) T @ Gl Anae s Aewen Fna o, Oy (x) R

y,(x) 99 (T € TR A (linear combination) B, y (x) = ¢,y, (x) + ¢.,y.(x) (T
¢,. ¢, il &3F) & NI 9D HNYI |
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BRI & 779 1 § 83 (T (3) 7R AANPICIT AMYINGE y = cos X 6 y = sin x AW (A%
ATty = A cos x + B sinx (3) 1 ARBILR A4 |

AT AT (AT R TS #1737 2 7R W TN y = y,(x),y = y,(x),
y = y;(x) @&t foal smram 2, o _

y =cqy(x) + ey () + Cay3(X) v (9) (A ¢, c,, ¢, I &IF)

3 TICHADG (2) 7 SREGTNFALT T4 | T, T 2 (x) = ¢y, (x) + ¢y, (x) TR, <2
2(x) TA (2) 9 N

R (9) (T, AR y=2(x)+¢,y, (%)
o LLy) = L{2(x) + c3y5(x))
= L{z(0) + L (y5(0) (8 7 *3)
=0+cy0 (o z (x) 9R y,(x) (3) 9T TR
=0
TSI (A O, y = ¢,y,(X) + €, (X) + C3y5(x) T1(2) T I | IS AIRTSTI

W e (T T sifg, W y =y, (x),y = yo(x),....... ¥y =yg{x) ﬁt@]@i TG TN
AR wraae AR K AT ST T8 SR :

¥ = 6y (X) + 6, (X) # ...+ ey vy (x) MR WFRT wiafl & A afie www
HMFALIT T | |

Y & TATZ (3) aL (y) a7 AT G (8) M (AT L (cly, +c2y2) clL(ylj +¢;L (y,)
L @3 92 oz Bfar wf wn

852 Zaﬁz:mmwﬁwzaﬁam%w

(linearly mdepende_nt solutions of a linear ordinary differential
equation)
LR

d'l'l dl‘l—] d
Ly)=p, y+ y+ ,,,,, +p,E¥x-+p0(x)y=O_

R AR 711111'4‘1 &N ﬁ?ﬁl’t‘ﬁ igafE 1aE SwBS (linear independence)
3w 37|

RN FAIG WPHS (PCT! Y[ TR (3T WHAS! R SEhTel I ¥ @Ry =
B T TR
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WWW (linear dependence)

BB It ¢ (x), ¥ (x) (8 AR SR <ot g i, e o 89 ¢, c, (TR S =l
M JT) AN T TR G ¢,0(x) +¢,W(x) = 0 ZH | (W, ooy Rfew x 97 wy)

Targa< ¢ ¥, ¢ (x) =sin x - cos x
W {x}=2cosx—2sin x
@R, 20 (x}+ 1y (x)=0
TOMT sinx — cosx @ 2cosx —2sinx TR TR SR TR |
VR 93 W3S PR AT wEwoR el i—

A Q) (%), 05(x), ... Oy () s M FRAE TRA ATE IR TLE GG X0 7 5 m- FYGS
4B ¢ .0, c_ A (F, -

010, (x) + caa(x) + ... +Cply (x)=0
(Rfeg x 97 &= y)

B, O,(x),F,(x)...... 0,,(x) & RS (linearly dependent) =7 T |
THIZAY § (AN (A, sin X, cos X, sin X + cos x foaf B e o ie o —
[1.sin x +1.cosx ~1(sin x + cos x)] = 0 | |
TR 9XA, ¢, =1,¢, =1, ¢;=—1

TR ¢ IR (@ e, e-x 4% 75 IR T4 O W& 14 |

o 3191 T W, ¢t +e,e E..O, ffen x 97 o | éie" +e,e =0,
GRS x =0, x.= 1,
A ‘cl +¢, =0

¢
cle+—2:O
e

g TS 7} TCT (1, ¢, =, =0 T0C T UG-Gl O, cie¥ +cpe* =0 TS
T =c,=0 |WS e* 6 e~ T Yo (ARTOT WH 7 |
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ST WE a3 SHRTOIg WEw! (79

B, (X), §(x), .......0,, (%) 9% -m FHTEET (aFER WHEH (linearly independent) TR
R & e AP S8 71 20 | (T, CirEs Srgaaibees Sl (A @, e, e e
i Cafdes sl |

BRITAY ¢ (R (T, sin x '8 cos x TR G5 LA wwEm |
oRIT2 SR ¢, ¢, TR 9 et T (5B w9 W W
¢ sinx+c,cosx=0 A

oW i 71 W, S x = 0, x =L IR 2, ¢,= 0, ¢, = 0| TG (! (9%, 9GS GF

T ¢, ¢, “INSH FIITH A G ¢, sinx + ¢, cosx =0 | TEIT, 5in X € cos x WRFSII
T2 | |

TARGRS 2 (AR (3, & @ gbx (a b) IO YIB CAfTera wediat
- q;W, g™t =0

®J, ¢, +¢,= 0 (x = 0 )
¢t +c,e’ =0 (x=13Fm)
FAMA WA ¢, = ¢, = 01TOET, ™ eb¥ (g2 b) ART ST G |
TAIZAS 2 1AM (@ e*, e, cos x 3 foaTB Feew Zﬁﬁ?ﬁ@ﬁwaﬂ!
A, e +ce™ +cycosx=0 | |
x=0,x=1, x=2 = I

Ci+Cy+ecy =0

cie+cel +¢yco51=0

cie? +¢,et +¢yc082=0

% f¥af% homogeneous TRkl 1 7281 Tt fAelia (determinant)

1 1 1
e ef cosli=0
e? e* cos2

WG, ¢,= ¢, = ¢, = 0 WG WA S N F72|
BT, ¢°, e, cos x TN &0 @l orm wwEe |
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853 (ERETHRTT AT € AR HE

G ] D TR TR AT W TSR € WYY XS Brad Y (20 (ReH
T o)

0, (%), & (X) ..., 0, (x) B k SRAT Fo FRTERTAL &, T 492 =g T

0; () 03 (X)s O3 ()
O (X0 ) (X)seorrenn, q)k (x)}
A0y, 0z, )=l SR #0. (1)

o () 0500, o ()
A (0. @, ) -CP T N @l T9FAE (Wronskian) <1 2 |

TWIZES § A @0, (x), ... b, (x) 97 WG T FEG A0 T W 2, R
Or. Oy ... 0, (x) @ SHR %97

(7 o (x) =0 (FFF x- 43 ) T, O C =1 &% C,=C,-=C_,=C,, == C, =
0 43T (A WETEE WE AT 27 | ' '

TG 3 0,0, .0, G FW TR @D GEW Q6T T RGN G WD 2 L
¥ 6 e FAfETE = 0 (S AP Ifege)

THTZHA ¢ sin x, cos x 9% T w6 (7 (e Tede, @t SR #S (1) TR e 5647 |

&6 956 Hfam forre Mg ANsaer @i A

MY (linearly independent solutions of a linear
second order differential equation)

Gl 49 G o fo-wrerg @i gger sEiage

d* dy _
D, (x)——}i +p(x)—+p,(x)y=0.....(1)
dx dx

(p,z0)
G T4 SR TR QA T |

GANTF, y =y (x) 93y = y,(x) TARE (1) AAFA0T 7B FANLH R 4= F, y (%), y,(%)
ATF (ZIE Al EEaT, v, (x) = ky,(X) (@ (SR 4T §7F k 93 & |
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(VQy=y SRy =y, I = 4R
DYDY Py =0 2)

P2Yz +PY2+Poy2 =0 3)
ST WA AR (A,

Tt & ’Iﬁy y, (x), y =y (x) Ry = y(x)(l)‘ﬂ?wmﬁ N\ﬂﬁy(x)y
Zﬁﬁﬁiwaﬂﬂ,@cﬂy(x) ¢,y,(x) + ¢y, (x) LI @, ¢, ¢, b &3 |

A ¢ (RET BT (', (%), ¥,(X), ¥,(x) BAT (1) 7 FARCIT AL, WS

PaY + DY+ Po¥ =0 won{2)
PaYy +PYs + Poyz =0 (3)
Po¥s +P1Ya+Po¥a =0 (4)

WA ST 8.5.3 & (1) @ e FfFwA a(yl,yz,y_;)_ 9g I 17 T4 |

nilx) v2(x) y3(x)
Aly1 V2, ¥3) =] ¥i(x) ¥3 (x) ¥5(%)
yi(x) y7(x} y3(x)
y,(x) y2(x) - yi(x)
= yi{x) y2(x) y3(x)
;o - _
P o Po PPy _Po | _Pr._Pe
P pzy‘]{ P, pzyz][ .t Pz &

Yl(x) y,(x) y3(x)
=y (x) oy (x) y3(x)
~ Py -—piyg Py

P2 P2 P2
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V(%) ¥2() v; (%)
Hy () ya (x) y3 (%)
Po. Po Po

YT YT |
P P2 P

v Y2 Y3 Yi Y2 Y3
=—§1-. Y. v, ¥ —§9~ i ¥h ¥
iyt ve oval iy v2 vs

=0, TRg BetzTs el (detrminant) HBTER 1S @sR AR (row) W)
HSALR, ST LA @, y, (%), ¥,(x), ¥,(x) 9% T Fomfb it smla @z =8 stem
FA T WGGT, y |y, y, TR SR | R QRG, Y, ¥, ¥, TEA G, G315 T 865 a,
a,, 2, NG AT (T MG TCS 40 0 T IR a, y,(x) +a,,(x) + a,y,(x) =0.....(5) |,
G 3, A T06 A V], (@0 T A (5) ToPIR a,y,(x) + 8,y,(x) = 0...(6) @A, 2,
47 T GG Wy | [ (6) TS AT A G MO UM (A, y,, y, (AT TWET | GT4T,
a,# 0 [ 93 (5) G a, TAey ©19) e ey #i1
y3(x) = - 2Ly, () - 22 y(x)
a3 a3
=Cyy,(x) + Cpy,{X)
w3, Bovm emiide =

T 2 SAR ool Qe S ot (¥, b e ey s e
7fbx wifes (afiT waln FRE A AR F R0 @RE SHlin TR T LR S
ST AWML & 757 (98 (linear combination) (2R FREAts! wigt ohewt R | T | y,(x),
y,(x) T @3 e fafram s szt 46 FRE Wi Fams @ o,
y (x) =Cy,(x) + C;y,(x) FE AN ¥R C,, C, -4 ATE A Ty |

oI, ARG HFt A
y=Cy (x}+ Cy, (x)

TG 2 TALR ANE NG FURCISI 1T T GRS ANFI (FLAS LA A |
Geie, n B FEad TR e R (§ 8 5.1 @ (2) w1k ARRER) 3 n RAE RS
AR TR y = y,(X), Y = Y5 (K)o, y =y, (x) AN, TR & ABICR Ao g
LGl

y=Cy @+ Cy, (x}+....+Cy (x)
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Tt 2 (U G,

x2y" + xy’ =4y

1

ﬁiﬁ@tﬁawmwmmﬁmmmyﬂ;x”%;
@ ¢, ¢, (F @S 720 $33| N

| 1 1
[@zmmm,quﬁay=;;x§%mm:wwmmxie§;‘@%

GBI ; TS AT Bl AT 61

BRI ¢ ¥ xy’ +y = 0 OB AN G A y = x (ET WF | WoAF AL

) y=v(x)x I v mwﬁmﬁﬁﬁwrﬂawmmﬁ@mmm
X, xv(x) (AR SR |

d? dy
TwrgE ¢ R (@ L -2 -~0a3ﬁwm§%maﬁw—e y = xe', GAF

dx?2 T dx
@ (F wigmalE aie s |

BwIZAd ¢ (T (T, sin x + cos X, sinx—.cosx,2sirix+3cosx.@ﬁiﬁswﬁﬁl
[C, (sinx+cosx)+C, (sinx—cosx)+C; (2sin x + 3cosx) =0
4@ x @7 s ww B ¢, ¢, ¢, a7 Fowfo T hee i Ao GG AL
€, =C,=C,=0) I, 7 [y T3 (R (& T8 L F7ati=1] |

Twrzae 2 3232, = 4y AT D FR 2 >
(i) (e +2e-2x) s AR iR ST T 7
(if) wraEet-Sael bR 7 @ S el e |

[S:91, Ae>+ Be ]

87 =l fofemm s SR fReas s
(Parti_cular Integral)
d ‘y

Po(X)—+p,(X)——+ ....... +p, (Xy=1(x).....(1)

&%mﬁa‘%ﬁm n-wﬁwﬁ, (RATA IR AT £ (x) <TG 2% ST T Y x 97 TR |
T, (1) IR T N L 7 F0S QA , y 7 T (1) 49 0 AT T4 = £ (x)
o | ] (TR @, 99T n- SR W FRBAET FHR TN n TRAST IS ATF | O
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R (1) 97 T A0 FALW “NGT T TS $IT miwﬁw@mwwﬁwswm
(Particular integral) IS 2 (
+ ..+ p(x)z=f(x)
@ (1) awmwﬁﬂwvfﬁa@w}r(@ =z (x) + u (x)....(2) T

ARG (1) 930 T s Fhwad weas,

1z

[pg(x} +pl()d“ o +Pn'(X)ZJ

[po(x) +p()d“' — +pn(x)u]=f(x)......(3)

AES.y = z (x) <76 R Fam, weas (3) K ANFRER 2% 96l £ (x) 47 5w |
O, (3) (AE G AR

dmu dry
+ +. +pu=0
PG P g PaU=0 ... (4)

WS, T (é)ﬂﬂ‘mﬁu, (1) TH HAIIER 5T (homogeneous) AT TNIAEE HAA |
BoTRE SAITAGA] (AT Sl AT,

T+t @3B SPIER (non homogeneous) fHiferra sreess =&fiasanad Liy) = f{x) TR 26
YX)=u(x)+2(x) -
@A, v =z (x) T L (y) = f (x) 9% G376 e s19tuia @32 u (x) T L (y) = 0 9% 5/
TR AR LS TN |
‘88 a8 w¥= (Singular Solution)
G TIIE ANTA

y= x9¥+(“”)
dx - \dx

d _
mﬁiﬂ‘lﬁ!iﬁﬁ%;}ﬁ%
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: d
Wz 4, -d—i(x+2p)=o

d _ S
W& ﬁ=0mp=w=c(wm¢) ;ﬂﬁ{,y:cx.;.cz’ (])m‘ (“)
_ _ x
WL X+ 2p =0 A, P=-
| x? x? X2
WO, (i) (MR Y= =

2 . 2
1 (i) ¢ 93 GG T R Y = = AR T AT | O o T, y=--% a5
@25 LA B! (i) (TS ST T A |

(i) ST TR x-y TS FoefH SRR @b @27 & FHIAF WA envelope
7T T | '

y=cx+c*

2 2
UL (y—cx—¢c*)=0
_ dc

| - 2
@B 9 FHEA (UTF ¢ WHTEA AT Envelope 43 HNFIS 21 y =~ %— | TSGR (97T,

TR FNY 7R Envelope W3E Gifbe G satar =0 | 932 92 RXE sw1g (singular
solution) ARl YR (ATH NG FTI A1

TG ¢ B sTaw s=e wag= ARNTAET A 7t

dy _ 4y
dx  +/x
g ANIYE 2

J§=J';+c_
g @2 TumeRy (FIRe envelope 12|

-]
@

dy
dx

BAEAA 2y = px + f(p) | 2 TRFATI I T Fefn 7=eer @ Rf® smnrugra mot foefa
%o |

[€5y=cx+flc)

_ "
BRI y = px+(p2 + 1), RAF P == | 7 RE 7= Fifa et 1 [ B2 y=1---]
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o3} T A
x+f'(c)=09¢ y=cx+f(c)
7 A ¢ WATHEF(eliminant)]

oY ¢ FFTe e AAeare RS AR Qs o Al 97 @, 9@ ey

AN AT FAGM (7 PP AF, OIS IS 4= (one) | TOI, AU ST
envelope 4 (3 |

TS A i i e G, A |

89 {3 TN T A BN TTE TR G
Y

FoAwim 2 ol Frferara n-eea e AR @l T T i e S
(n- 1 )-TFIATE SR SN AT W St I |

CEIRUCN

pﬂ(x)ggl—' +py(x) gx'f Fotp, (y=0..(1)
Wﬁwq;ﬂﬁwmy= u(x) STl I |

472, y (%) = u (x) v{x) AT v(x) 4375 wera e |

y'(x) = w'(x) v(x) + u(x) v'(x)

Y () = u () V(XD + "eult () V(R e, u D (K) VO (x) 4ot
u(x) v (x)

(1) ~€ Boigag wimal <G %
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(AT 1 (x) G AT TN, T 2L %% ([ ] 07 3055 Al = 0 | wewm, (2) o
v'(x) = w(x) Temet st o

w‘"“”(k)u(x)po (x)+ w(n-z)(x)_['n Cooy P’ (X)+pu(x)H+..... +w(x)
[, pou™ V(X)+.... AP, (u(x)] = 0. 3)
W, (3)-7 TN (AL AT FIGT ANGH] A |

2
LLEEL s xg—%+(l~x)d—y—y=0
dx dx
% TR VAN T y = ex | 9o (3 werler svmater fefay <meer |

TER ¢ W T [SefT Fare WA 47 y(x):ex v(x). CIARA V(X) ﬁ‘ﬁrmml

x{e“v” +2e™v & e"v} +(1-x) (e +e*v)-e*v=0

T, xv' + v  (2x+1-x)=0
A, xv'+ (x+Dv'=0
V=w O

xw'+ (x+ D) w=0

A, log, w=-x-logx+c
A, log wx = ¢ —x
qA, wx =g

ec—x e"'.\'
2”, W= = gr ——
X X

dv e X
qA, =€l
dx X

-X

T, u =¢e° je dx = e°'[+e““logx+je*‘Iogkdx]

X
UG Tl A B,

y= {+e"‘ logx + Ie'x Iogxdx)e"

=+ logx + exje““logxdx
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2

Twizad 3 aau+axi}i+azy=0 (a,a,a &)
dx? dx "

% R FRFAER y = u (X) GFD AN S DHE WAL T g e |

WA a,u?(x) +au’(x)+au(x)=0.....0(1)

T AT AT y(x)=u(x) v(x) YA v(x) ﬁcﬁrmmmﬁwaﬁmﬁfi

ag '(ﬁ’iv(x)-irzu’v’ +uv”)+a; (u'v+uv) +a; (uv)=0

ST, (i) ATAIS FH V97 TS *77 | WS AT N7,

aquv”+v’'(2u'a, +au) =0

v 2u’a, +a,u
oy, = 20T
' v agu
_ u’ ay

u 3,

TOAT, X 4 ATATE FANT] I 2%

10gV’= -2 l()g u —ﬁx+ T
4,

a
TEaT, log vul = - ~Lx+ ¥IF
a

[:}
1N

A vul=Ae . @I, A 9F0 FAF

a
Ay

TG, V:Aje ; dx+ BIF
u .

| L

A, TRY HAY T uv = Auje 2" dx |
u
810 I
IR AT AT 22 F[x,y,gl, ..... 'g—ui}=o AREIUT AT AT
X xll

yzq)(.xsc],cz,‘”,cn,) ¥ ﬂﬂ‘{%mm[

_3?



| _%ﬁ(_x{y) FRFAET T AN TE qd® _*161% formnga Botomwz WS

e watz|

nm%ﬁmﬁmq pn + Pt ’:y+ ------- + ppy = 0 @7 Fur7et Wt ;TS
=& Rge zom |

e Frone T w BN, waBiwe! s AT G T ¢, (x), 05(x)..... 0, (x)
o ofd [aRe wwie =E ﬁwféﬁ'ﬂ‘e % 6 T TR R A, 9,,....0,) # 0

(W AR L{y) =p,(x ): -

Wwﬁwwnﬁnwwa%wm Uy, Uy, ... U, ARG y = cu; +Cyu, +
+ ¢, u, T4 ARNZIHI A4 A |

+p,_ 1(x) +;....+p0(x)y=0 <% oo sjas R

L(y)= p,.(x)d-‘?,’+ ....... R U S S

y =2 (%) + u (x) CIRIT z (x) T aeiBa v sym @

u(x) T L(y)= 0 T ARIaeBa FaRe STt | (77w LR, (P Sy A 43
FTMYIA T, LA AW (T @A oS I O envelope | TZT 1 FAT TACZ (A n
T foferars S GG TR S QR W TG -1 S SR AR

LTI ST Tr! T |

811 0T 2T

dy 2
~i b we =()

a2 e Fo s ¢
«Z #2A 3 (homogeneous) ?
© ¢ fefm =g, JEw )

dly . ' -
2. xzd—lzi-—-6y=0 7wl R A e oew, @ T W @y = X
X
9B Y |
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e et S e —_—

Stowt
9.1 =
9.2 T
9.3 #eE
9.4  BF AAIHA ofS
9.5 i (homogenéous) TP AR AW
9.6 3% A qAL (Exact) T3 RASICR FAH
9.7 FNTE @49F (Integrating factor)
9.8 2% FHR @T TP ANFR
9.9 o TN @ 4TNTS R SR v
9.10 Clairaut’s A9 |

9.11 A

0.1 ogia

wmﬁmwﬁwﬁwmmim,m'w a'{%ﬁwm
ffem freiat At e ARG WRER AR G g | W1 w7 ARwa ey
@,wﬁmﬁﬂmwﬁﬁammammmmmwmmx

mwwaﬁaﬁmwwﬁi@wﬁsﬁmwmmmﬁml

AT (TN T, WL FRFACNT AN 670 N @RIW | 431 I, y , x T8 507 €7)
| ) | |
frrdeier «=ib 5o @y §=3 b TR AP | VL, y=3x +c, @A c LI
5, TR0 1% TR WRdR, y = 3x + ¢ AN FUTIe AR SR, ¢~ FAT
IS Wiw, @l ¢ = | 40, y = 3x + 1 TSRO0 i o0 1 y = 3x +1 G375 foes smms)

oI, T FAFA TIFA FH(ES Hiel ARG W Frdasie sos ol oo o et
FAF TN AN ANt = |
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9.2 Trwp]

A T T FREAAR T 2GS SEGR Eo AFEF NF Ry | 4% G
2T Be1 AT MG @ AT WA ST T fref fafe @neiee e

A5 (A1 TRI) TR T GO W GE TR 98 (ATF 9710 Wi 2w
Ty Lafis #Rd, «ifes wre % AR ¢ Clairaut's @IS ISR RFTE TTD

& TLAR
9.3 e

G QY FLHA S I T [afom «iwfe fomz s wnese awa

ISR QL5 AR (8, (0 SaEe SISare Wade] AL (PITHIA AW TN TEFT AT,
TILE AN TR VA2 WIS A0 |

@&, Ej}i'-—-sm d—x=2 9y

+2y =
dx ot xS

O] AL ST TS I A |

9.4 vel AT “whe
fix)dx+g(y)dy=0
wefie, dx AT MY (@I W x- G GLATE IR dy I ALY (AN y 49 WA A |

«% (wE, TOY 2T MRS arA1e [ ey ANlER e AW | W QI HEER 07 99
A TR T ¢ T, IR ¢ 47 ST 0 | B3R FRTA0 9= %3,

| f(x)dx +gly) dy =c, c=&TF

d .
w83 ¢ E§= f(x). g(y) 70 e qATF <F

( ) f(x) dx wafie, b1 ofairae) i et e

TwrRd 2 Wm TWETE

' de' ydy 20
D V1-x2 ‘/l—yA

40



xdx ydy
s 1) s yz_
@WWWWa
I xdx I ydy _
Jléxz \/
, -—2xdx
1
A, 1=x2 +1-y2 +¢=0,

2

2y L ayiosyrs

GBIR YIRS AN |

x2 £Z=y2—5y+-6 '

dx

51 AR I

= log [F——

—2ydy

c%m

41



c=logk (k >0) &, _lzlog[kIY__?’) \
_ X : y-2

1
A, e hk]%‘ T, (y-2) =k (y-3) e, k=

FOY ¢ TNHIE AT SR 2 T T | OF BN FIASS WHH (Simplest form)
AR, SR

R AR T [T T |
et 1)cosydx+sinxdy=0

dy 1—.y2
~ 4 1’-«--—«- =0
2) xdx 1—x2

3) J(l-—xz) (1-y*) dx+sin'ydy=0

Bae 1 secy+tany=ccot-;—

2) 1 -x2 +cxe™ V=1
3) xy1- x?+sin!x + (sin‘l y)2 =c
95 sife® (homogeneous) SRF# HRIFATH FIH

2T e TII, GFH AT, ¢ (x, y) q@irnfefvs fan § 2 @ty (3w x-a3
A xt R y GG yt PG £ (xt, yt) = tf {x,y) G f(x, y) QTR g ek
@RI wtormsha 9% (degree) TR !
3, Mdx + Ndy = 0 435 % TG W39 AN | 90 I M ¢ N TSR x, y 5T
FAAISYE RIGIINA o= 18, O s Neeifoee cmnfefaams w1 g3,

T SIE T T, M € N Sormag &ffS «ithg are siwie & STaiaaeiiG cafEfems g'a |

(). k TR, 0(c) = 4o 2]
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Y RS

y=vx aﬁaﬂmwmﬁﬁﬂmwﬁaﬂmﬁw PRI o Tt
RN T e, M, N TS 230 76 WA R k WS & qinferiaary wefe,

wnen(2) wesefl)
X X

= v A, 7w 1@

* [

¢1(‘_’)'+ 02(v) (v+ xj—l]: 0

dx | §p{v)dv
e X ¥ ‘PI(V) + v¢;(v) -

m;vﬁfmmww:mmﬁww{

BHIZAS ¢ 1. SN I (4y+3x)%+(y—2x)=0

FAT ¢ FRAMF wmet (y - 2x) dx + (dy +3x) dy = 0 | 3o 721 wrare
Rive couffmm '

_ b
Wy=v TV
ARG AT T TA T

(4vx + 3x)(v+ x%) +{vx-2x)=0

vix o ¥=2
4, dx 4v +3
dv |: v~2] 4v? 4 4v -2
A, X =
’ dx 4v+3 4v+3
at ALY 541 j%% 41
’ X Avi+4v-2 [om R el = ]

43



ToT 2IrFS ANE e,

dx _t 4v+3
= IZ(ZV’ +2v-1) dve

- (4v+2)+1
~logx == | ——r—dv+c
T clewxsg i
| logl=ljidv+ij ! sdvi+c
x 272vI+2v-1 4 % J3
' o] =t =
IRt
=—log(2vi+2v-1}+ lo +c
> 08( J+— e
2— V-t —
2 22

1 2v+1- J_
=logV2vi+2v-1+ log
8 B Eaveieds

2y+x(l—\f3—)' 5

a3
2vi+2 =X [W c=lo k,}-(-=V«>
J Y Xy L2Y+x(l+‘/§):l , 2 « K>0

]
F Yo

2y+x(l+J§}

oy e Lok (22 $ 2xy - 22J§,kf=k4ﬁ

SBTR YIRS TR §
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QT e Sy S
TEREN ¢
dy
X+y)—L=y-
1( y)dx y-x
2 dy
+y) = xy—=
2. (x+y) o
2d_y::.¥..+_)i
dx x x2
. dy dy.
2+ 2._..... — —
4 yrEx dx xde

5 (x2-=y? + xy) dy + (2xy -3y2}dx=0

6. (2x-3y)dx+ (y—ﬁx) dy=0

T (-3 dx=(y? - 3xPy) dy

dy
dx

10, x2ydx -(x*+y*}dy =0

9 xy

=y  +(x+y)ye™

[@‘Eﬁ' : 1 Ztan*l(i)+-lo,g(x.2 +y2)=¢

x
2. x*(2y+x) = ce¥?
3. xy*=c(y-x)’
4. y=ce™

Sy y+30M =e(y - x)?

6. (y-oax)*(y-Px)f=c, @MI A =_4——, p=—-—o

s M7 5 17
2 2 2 2
i 11
A=—+ Bo—e—
2417 2 217



7. (y?+xP)=c(y?~x?)

B xy:c(y+-\}y2¥x2}

9. xe¥* =(x+y)log(cx)
10. y=c e""’-”y3

dy ax+by+c
dx a%+by+¢’

9.5.1 ST T A

9.5.1.1 c=0, ¢’ =0 427F, AR EIRAED T | O, 95 ToraT SEngley Caist |

a_b_1 dy _ (ax +by) + ¢ |
9.5.1.2 ?——“'“‘Wsm!“”j@ dx k{ax+by)+c’

bk
AT ax + by = v 4 5a1 o Paaet a1 STNEW oy |

AL E o (R a+t -d—y—=£‘i‘<n EXr---(-—-—-—a)
TR A AT, o ax P ax b

(ax+by)+c  vac
k(ax+by)+¢ “kvre o

9513 ' 4p=0TA &' =~b

.dy ax+by+c
Tdx  -bx+by+c’

4, (aX'!‘C)dx._ (b'}'+¢')dy+b(ydx+xdy)=0
A [(ax+c)dx - J(by+c)dy +b fd(xy)=¢

[~ d(xy)=ydx +xdy]
AR T LR TN NG (5% |

_ a b - -
9514 AMFIGLT 5# 5 T, x=x"+hy=y +k 73 ARG A T T

dy _dy’_ ax"+by’+(ah+bk+c)

MW Gx dx' ax +by +(ah+bk+c)
» |




nﬂ%(h,k)mﬂm'afiqwﬁmm,ah#bkﬂw, a’h+b’k + ¢'=0 TH | R AT 4D
T R (h, k) €T WA ST IR, 9] T i’—”—=4‘3‘—_‘ﬁ-"-¥-_m| wdte, STRwe

dx’ a'x'+bly’
RITATEfR 273 | WS¢, S oy |
(h, k) @7 N T I X =x—h,y = y—k, (T S S FACH TR ofreH
A | |
7 e, ooy FAsaef Fen e w31 wwem)

BAGAAS L (x+y+1)dx=(2x+2y+1)dy

dy _ (x+y)+!
AL 2{x+y)+1

dy _dv | dy dv
. = Sl = —_ =
«f3, X+y=v i dx T ax  dx
Mﬂﬂ@q,-(ll*l: vrl
dx 2v+1
(_11 _3v+2
Tdv 2v+t
2v+1
dv=4d
TN EE
2v+1i ,
Waﬁmj dv=_[dx+c
3v
(3v+2)-—
?11.2'[ dv=x+¢
3 3v+2
, 2 1 dv
+¢ == v-—
W xee =2 V=333
A, =—21——log[3v+2)

='1§- {x+y) -% log (3x + 3y +2)

A, log (3x +3y +2) +3 (x-2y) =¢,c=-9¢
47



TRIZAA 2, ST T4, (x+2y-3) dy = (2x-y+1)dx

Sdy _ 2x-y+1
G, dx  x+2y-3 [a+a'=-1+1=0]
-, AR TSI AT T,

(xdy +ydx} + {2y — 3)dy = (2x+1)dx
d (xy) +(2y-3) dy = (2x+1) dx

AT TR,

a1,

xy +y:-3y=x*+x+¢

41, xz—yzv—xy+x+3y'+c=0

el it w1 |
TWIER 3, NG &9, (2x—y +1) dx—(6x-5y+4)dy =0

e Leb 2,7
Tal b 6 =S

43, x=x"+h,y=y"+k

Jdy _dy’_ 2x'-y’+2h-k+!

Tdx dx’ 6%’ -5y’ +6h~Sk+4

2h~k+1=043¢ 6h -5k +4 =0 ¥, h=-

1 1
_’k:-_'___
P 2@“
dy” 2x’-y’ , 1
Tax T ex sy’ a%, X'=x-h=x+
1
sy—k=yo—
y =y y 2
’ ’ d}" -Idv
= VX =vV+X
s, ¥ dx’ dx’
,dv 2-v
v —_—
dx! 6-5v
- ,dv Svi-Tv$2
dx! 6-5v



L pdx’

r

T X

~logx’

3, 6log x’=—3log(5l,—'2
X

b,

A,

qL
e At =R
SrepRear &

1.

3.

-(

-1

2

“10v -7
Svi-Tv+2

J

~'lt—lo
5 /'

50 dv
dv+~£J.-('V__:i5-(_5—V_:-2-)'+I FqH

()

=--;.log(sv-z)(v—:)+§:og v o

51
Sv=2){v~1)+=—
(Sv=-2)v~-1) 33

1
—-
v-1
Sv-2

5
Sv-2

r r L4

Y

¥

Y

—x‘
-2x’

y

I

Es

+ R

wl)-l-SIog

= (x'}s lo y'-x’ 5 +logk?
(Syr = 2xa)3 (y: _ x;)J i Sy’ _ zxr. - 108
s )y -x)
X = - = 2
( ) (Syf - 2xr)8 (y: - x:)3 [ W log k ]
, 1
. X =X+—
(sy’-2x')* = ki (y'~ x’) , ?
S y =Yy )

(5y-2x~3)" = (4y-4x+3)

4x+6y+5
3y+2x+4

-
dx
(2x-3y+5)dx+(4x—6y+7)dy=0
dy _5x-3y+2

dx 3x+5y+1

(14x+21y +22)° = c €7 (¥¥)

(14x-21y +29)’ = ce~7(x+2¥)

5(x2-y2)+2(2x~y)-6xy=¢

=fe; 9.3.3.3 JIQIFFA )
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9.6 wﬁamw_(maat}wﬁmwa

oo (Pt T FY S ANA LTS AL 3 A |

o3 Mesefs Mdx + Ndy = 0 I &IT% @3 M '@ N TSR x, y 50T westsss | aft Mdx
+Ndy @] G0 TLAFS u(x,y) 99 Feime e oo 331 3w, wdie Mdx + Ndy = du
T, SR SREE FAFIOE AlGE T 319 (exact) T T 1 ITRRATT MRS AN TR u=c
(833); |

@, x dy +y dx = 0 9zt T AAFTA, FRA x dy + y dx = d(xy) | 94, u=xy |

Rl CPITT (R QY YA BT 21 WY O3 T& A (expression) A
(T e =t a1 o, -

(@ xdy+ydx=d(xy)

() xdxiy'dy'=d[%(x2:ty2)]

o) xdy _ydx _4 (1)

X:z X

y? y
x dy - ydx (y]
—_—iemeee = d tan—1i 2
© X2 4 y2 ! x
2xy dy - y2dx y?
o T d(? o

Wl 3 Y A xdy—de=1}x2+y2 dx

: - 2
WWg.M:l +_¥_dx .
x2 x\’ - x2
().,
Nk

y? X

143
x?

TR P, (DG 51 AR TAR)

y y?
log| =+ I+=i=log x +log k,n>0
X X : )

ooy 4 Xy = x2%k
«BfE Toefa sanae syt |

4,
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9.6.1 Mdx+Ndy=0 Wﬁwﬁwﬁﬁm%

_ oM N
W 7, MNWWWWW AT | T @R (3, '57-*8,( A,

et R 7RI 703 | 16 SR (necessary) G ARG (sufficient) 0B | G TG
3 5. @, M, N 92 SitnR Rfer sk weeeeal sws |

f¥, ez Rl T ) e, @ o0 BiE WS
A Mdx+ Ndy=du, u=u(x,y)

du du
g, d —d +—d
e, du= . X 3y y
: de+Ndy=§~—dx+—a~Edy
dy
du du
M:—— N=—
., ox’ dy

au_a (i) o
dy dyiodx) dydx

ON _ 0 {ou)_ dn
S ox By Bxay

dM _oN dlu _ d%u '
3y " ox L7 Sy3e " Gy TR O e R T weet 427 )

IO WEH SRHTF |

M oN
=S @ WA T 2 T T 4R TS, oy ox AR FRFRNG AR (I

WA T, P = [Mdx, (M AT y 65 )
oP

S M=—
oax

. ON _oM _ a(ap) 3 (aP
- ay Ty iox % By

ar
N=§y——+f(y), f(y)=y «z wremsa;
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G, MM+Ndy-?dx+B—y-+ f(y)]dy

dP dP
--é-—d X + -a—dy + dF{y)

=dp+dF(y), dF (y)=f(y) dy (4/)
=d[P+F(y)]
~ du, u=P +F(y)

- e N (R Y

7391 3 413, Mdx + Ndy = 0 W=t A93i5 7e1ef)
~ Mdx 4+ Ndy =du, u=u(x,y)

=d{P+F(y)]

~u=P+F(y)=P+ [f(y)dy, dF(y)=f(y)dy

oPY .-
P+ I(N——de (9.6.1) (=

Ay
= [Mdx+ j[ [ J] ...... (@)
v ==Const
oP _ MY, _ N
2, gﬂpgmﬂ(ay}dx mﬂax = dx =N (N 97 x TG “P0E)

- (a) (4TS %

u= Ide+_[ (N@x‘[ﬂj"!ﬁﬂqi)dy < ¢
y = $3@

WS, T S AP NI AN o 2 y 4 4T x 3 HACE M G T
% TS TR0 N R x- *50) #RGTNS y G HoTP W%wqwm CAISTTE GG
25T T Pree  |
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TRIZAY 8 I 4 (2ax + by + g) dx + (2ay + bx +e) dy =0
TR 3 AR Mdx + Ndy = 0 47,
- M=2ax+tbytg
N=Zay+bx+e
JOM_ N
dy Jx
HALH, j(Zax+by+g)dx+j(2&y+e) dy=c
' y = $5F [ 81w shrzeetst x afef® N eres 2 )
1, ax3+bxy+gx+ay’+ey=c(cﬂ‘iﬁiéﬂ$),mﬁ'c:‘fﬂwml

AT § SR T

L (3-2xy-y?)dx~(x+y)'dy=0

-, O3 ANSRdD T |

2. (x*+3xy?)dx+(y? +3x2y}dy = 0

3. 3x2ydx+{x3+y3)dy =0
Tew e
1. y}-9x+3x?y+3xyZ=c¢
e ¢ [(3-2xy-y?)dx + [y2dy =&z
y = &%
2. x41;6x2y2+y4=c '

aM__ _dN

B ¢ 3y bxy=—=- . el 7o)

3. Ady+yi=c

9.7 %% ¢9% (Integrating factor)

Mdx + Ndy = 0 ST SIIET FANFI AN 1 ZLF FING TG R TR A (x,y)
frra S Qieeftre o T oS T SREE RS ARNS T AW ), @ T W W
TR LA, T I QO | (I, xdy — ydx = 0 FRFRAB e 7

v, ;]—;(xdy-ydx) = 0 93 7w e | ;1-2— 2 o AR TR e |
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9.7.1 FITATZINE SRAMTF (T ANFETA QATIT) TR SR
3, A=A (x,y), Mdx+Ndy =0 a9 <5 T QoI |

. MMdx+Ndy]=du=0,u=u(x,y)
IR I u=1¢
43, f(u), (u) 7 G
@, Af (u) (Mdx+ Ndy) = £ (u) du = d¢’ (4R @RI ¢'(u) = flw)
v hf(u) 6 @ TR ¢1F|

TS £ (u) AfAMS 77 |
-, TSRS S (W—vsm) AP T )

9.7.2 I i el el B o)

m

[ G wTeH ¢ al+bm:-;-[(axwy)(J£+~?)+(ax—b>')[;l;—*};ﬂ

WFA & AT AAEAS FFeT @5 41 Integrating factor (& [F I }
9.7.2.1 W Mx+Ny#0 T <R Mdx + Ndy = 0 3aifas s@ae 719 W, ©1
i

Mx_}_NyW@‘ﬁi'ﬁ"ﬁl
1 dx dy | dx dy
¢ Mdx+ Ndy =—| [Mx+Ny)| —+—+{Mx—Ny) — ——
ertet s Mdx + Ndy 2,[( X })[x yJ (Mx }’)[x yH[W]
Mdx + Ndy =l dlog (xy) + Mx -~ Ny dlog X
Mx+Ny 2 Mx + Ny y
- l[d tog(xy) + F, [i) dlog [iﬂ
2 y y
| \“Mx-Ny
[ " Mx+Ny ""“”&'a‘l
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% [d log(xy) + F, {log(-;i)}d log [ﬂ] [3 =_e.og§f]

=du (4f)

1
" MxrNy G I VO |

9.7.2.2 = Mx-Ny#0 T8 9% 3 Mdx + Ndy = 0 &I3%1 FHFIUMBTS

1 |
M = yfy(xy), N = %, (xy) T4 F, TR — FRFAeBA IR 0T T

Mx - Ny
ﬁ:ﬂ“[ 2 MdX"'Ndy = %[(MX'{'N)’) (E’..‘..]._@X.)_{_(MX_NY) [i’s_gi]]( )

Mdx+Ndy | er+Ny X
- = dlog (xy) + dlog| X
Mx-Ny 2| Mxoy © o8]+ dleg (y)]

_ l -xy {fl(XY) +f2(XY)} dlog (xy) +'d log[i]]
: y

2| xy {f{xy)-f,(xy)}

—F,(xy) d log (xy) +d log (?ﬂ

= % I-F, {log (xy)} d log{xy} +d logri)]

= du (4fR)

1
" Mx~Ny

GG TS GO |
M oN |
9.7.2.3 Mdx + Ndy = 0 wRe e i 5= = Nf(x)}em 13, ofr(xpx ORI
T TF T | |
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oM oN
I 2 AFE *E jg-a—+Nf( ).....(a)

ol f(x)dx STRIRET-STRITS Beoiw T T,
Me! TxMx dx + Ngelf(dxdy = 0........ (o) 3=

d e} = M fengox
a3, E[hAle[ M ]—-ge”{ o (c)

..9.. jf{")“"] = _@,Ii f(x)dx s
ox [Ne T Ix el +Ne £(x)

- le(x)dx[aaN +NE(x )]

X

oM | |
= ge““’"" ....... (d) [(a) (AT |

o e ORR (d) (o et 9 (b) B 1 e HAGe |
- el f(x)ax IFD AT o |

ON oM '
9.7.2.4 Mdx + Ny = owﬁwwﬁ*“*a;——w() OTR, o fly)dy STRRE

@ T
oI s [ (3) G2 LR SR |
9.7.2.5 WF@ ¢ xayB(mydx + nxdy) =0

xmk—a—lynk—ﬂ—l

kT (A (FAG AT Tel), TR0 H9T 895, [ LF,
e 2 TSR A0 LF 90 09 I AR,
Max+2dy=0
X y

3, d{mlogx+nlogy)=
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«fS g w2 Perfect differential.
RSE x&yﬁ(mydx +nxdy) + x*y¥ (m’ydx +nxdy) =0
SR, AT xmk-o-lynk-B-1 TR TREN RO T xmk-o'-1 ok’ ~F-1 IF. 4l
Qe
A SRE-ARNEIER 3 W LF, T 1%,
mk-o—-1=mk’-a’ -1
nk-B-1=n'k" - p'~1 i
AT 4G e w0 ke k’ @7 R I shem Ty |
. SRR ARTRAOT LF, TR xmk-a-1 ynk-p=1 I k-3 W @IS @@ |
St s T B ¢ (2 +2xy)dx+(2x% ~xy)dy =0
TRIE AN 2x2(ydx+ xdy)+y(ydx—xdy}=0 .WTEM'C?J AT TR |
% WWNF LF, xmk-o-lynk=P-1 @3 & =2, =0, m=1n=1
f@dlw sike LE. xm'k -0 -1y 0¥ P -1qq e+ o' = 0, ' =1, m’ = 1,0’ = ~1
G 1L F SWter T®@
T k-2-1=k-1, k-0-1=-k"-1-1

-5

3

Te, k=l,k’=—- |
2 2

-, T8 AN LE. I xV2-2-1 ),11_2-0-1' A, xSy 2
o X2 y'”z[(y2 +2x2y) dx;'-i- (2x3 - xy) dy].: 0

«3f5 7 (Exact) O3 RAA | RPN, 2 7HF24Hd T I |

_ ' 2 '
Y2 | x2dx +yV2 | —=dx+0+0=¢
Y Y .[.J; 1

T, 6%y — x—332y352'= c (c= Wm
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SRR $ TR T 2
1. (x2+y?+2x)dx+2ydy=0
2. y(xy+2x?v?)dx+x(xy—x2y2)dy =0
3. (y2+2x?%y)dx+(2x3—xy)dy =0
Wt. L eX{x?+y?)=c | |
e e, 9.7.23, LF. = ¢

2 log—|=c+—
y Xy

fore s o, 9.7.2.2, LF. =

3x3y3

X

) 3/2
3. 4156;““5[?{) =C

' 5 t
B s o, 9725, IF=x 2y 2

0.8 SINETI (AE ST |

(Linear differential Equation)

d
S ¢ D 4Py = Qunn(1)
- dx
G, PO x ST SIS /AT 63 | (B SR O ANPINE RN TR ERT

I AN A |

dy
=0 4@, ~=+Py=0
Q=0 e, dx :

dy

, ~== — Pdx
y
T, '!og[g‘—) == Ide
c
W, oyl ™o
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d ejmx =0
™)
a ;m(dy Py)

WedR, [F.=el " 40, 7w (1) 70 (exact) T, &% 790 ﬁwwmaﬁm
ST 41 A |

FiH A, TR (1) & o I AR
I"d‘(jy +Py] = Qel™

a, :_x[yejpde___Qe]de
@, d(yefm"] _ erpdx dx
T, yejpdx l=--'UQefpd.xcixi-c]

TOq ATHT FARER 917, yejm =J‘ermdx+.c

AfBR (1) FRRERIT AR AR 1§ TN I3 TS R = I

Twrgad s SEnYE e ¢ cos’x-g-z-t-y:tanx
: X

ST 3 ﬁawqfaw +ysec x=tanx sec? x

wﬂ‘ig %+Py=Q IR AT A "
GTA, P=sec? x, Q=tanxsec? x
~ LF, =ej”°2"d"=e““"_
o e FREAB TR
e (dy +y sec? dx)=e"™* tan x sec? x dx
a, d(ye‘““") = ¢™* tan x sec? x dx
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5oyetar o je““"tanxseczxdx+c
tan x = z #9091 sec’ x dx = dz
. yeldnX = [aZzdy 4 ¢
zeZ (z—1D+¢,z=tanx
., Tereefa e s
y=(fanx¥1)+ce_“'°“", ¢ = WG FIF
Tzg gl 2 IF. = etanx

S AR, TR TI ye ot = _[e‘-““" tan x sec? x dx
FAETH T ye™ * = (tanx ~ 1) + Ce™%
9.8.1 @ (FITN ANTANE TLLRL, (AT WA &0 T2 I

y +Py = Qy®, n= &<, B TG WRE 71 zeve WRT W gwm e
ﬁﬁ‘fﬁﬁmﬁﬁﬁﬁ?ﬁ (Bemoulli’s equation) TR A1E | G2 mw%maﬁmwﬁ?
T e e S|

Ton A y * (U 1ol FF AR,

_n dy

+Pyl "=
dx y

."

qﬁ"' y]—n =z (1 n) - dy dZ

y

Tdx
ﬂﬁ’r@qﬁaﬁﬂmﬁ@wm
1 dz
— Zips
1-n dx =Q

1, gi--i-(l-n) P.z=(l-n)QI

 LF=el ™"
&0}



YA T 4

Zel - P IQC“_n}j-m‘dx+c

g, oyl =I_Qe("“)fm‘dx+c

_ | o
UEEC R \Wwwzxﬁ+y=x5ﬂ

dy '
Y 5 X—+y = xy?
-dx
dy , 1 ) - |
AU PR £ [ e, n=2]
1dy 11,
Toy? dx x\y
1 1 dy dz
s, Y_ v dx  dx
LI
dx x
dz 1 _
o= [ )
dx
1
IF‘“e—J.; —glogx o _
X
A T,
z’i=_|l-—1.-]~dx+c
X X
=-logx+c
josxee <o)
7y, -——+logx=c|vz=—
Xy ) y

A, xylogx+1=cxy.
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e TS T —

dy  1-2x
4 =1
L dx  x? Y
dy

2. cosfx——+y=tanx
dx

dy
x2 4+ 1) — + 2xy = 4x?
3. | )dx y
Teae
1. y=x2(1+ce‘i)

[TPE [Fax? 7]

2. y+l=tanx+ce1anx

[LF. =e=x]
3. 3y(x?+1)=4x3+c
[LE =x+1]

9.8 & oA

NN T2
1. x{eY+4)dx+ex*ydy=0

2. x’jx—y+3y’-=xy’

3. xJT-y2 dx+yVi-x2dy=0

dy dy
4 yl4xl-=xy—=>
4.y dx ydx

5. (sinxcosy + ) dx +(cosxsiny + tan y)dy =0
6. (2xy+y-tany}dx+(x?~xtan?y +sec’y)dy =0

7. xy?(2y+x?)dx+x%y(x2~y)dy=0
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10,
11,
12,
13.

4.

16.
17.
18.

19.

20.

22

(3x

2y4 +2xy) dx -1;(2x3y3 -x%)dy =0 |

{xey? ~3x +2y)dx + (x?yex ~ 2} dy = 0

, 3
dx- x+1 y?2
dy o1
x—— =2y =x? +sin—
dx y R
dy__, . P )
~ dx——y ¢

Je¥tany dx +(1-e%)sec’ y dy =0

xRy

dx
dy Y
xy—lz y? +(x+y)2 g x
dx

Xy dx—{x3£y3)dy=0

(x

—y? +xy)dy +(2xy = 3y2) dx =0

(2x2y2 +y)dx — (x3y ~3x} dy =0

(y?

- 2x2y) dx + (2xy2~x3)dy =0

x(l—xz)gy—+(2x_2-—l)y="ax"

2cosx —=+ 4y sinx =sin 2X, (x=A/3 TA, y=0 W)

o
X

dy

dx

X

dy
dx

=(4x+y+1)2, (4x+y+1=v &)

=y$ecx, (x: /6 w’y=1{§)
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24, (x3-3xy?)dx=(y3 -3x%y) dy
25. .x3%y-:y3+y2\/y"’—x2
X
26. (2x-3y)dx+(y-2x)dy=0
27. (x?-2xy+5y?}dx +(2y? = Txy + x?)dy =0
2% ¥+ (logy) = L (logy)’
Cdx o x x?
dy .
29 xcosx— +(xsinx+cosx)y=1
dx
E}i.;. 4x _ 1
30. dx PR (xz+1)3
9.8 @7 eufiaa Teasien
SR 2o g 2
1. log(ev+4)=c+(x+1)e [ st s 9.4)
2. 2x% - 2xy +3y =cxly [ fas 2 9.4]
3. Ml-x2+fI-y2=c  [FEW:94]
4. y=ce¥s - [V = VX &5 |
5. log{sec’y)—2cosxcasy +e™=c [T % 53 O |
6. x?y+xy-xtanyttany=c¢ [‘Hﬁﬁsﬂ%ﬁ‘f]
7. x2log(xy)=y+ex? |
[ 9.725 O k=-1 k' =¢, 1 F.=x™y?]
: ’ I
8 cy=x3y3+x? [fraws9.7.2.4, If;}‘{]
9. e¥(x%yl+c)=4y—6x-6 [FE29.723, LF.=¢e¥]
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10.

11.

12.

15.

16.

17.

18.

19.

60y (x+1)% = 10x° 4+ 245 + 15x* +¢

[v*=t & g-t-+~—2~t—-x3ﬁ‘w%§1 19 62 o7 |
_ VIELE dx x4 - 17 62 Cri
' 1
y =x*logx +3x* cosL-+ cx? [ frme: 9.8, LF_=;2_]
) 1.
ax- = y2{2x+c) "';’?—t W, I_F_=e-“2]
tany = ¢ (1-ex)’ [ Fraw 2 9.4)

xsinh(x+c)-=y

&

i g (o

1+(1}2 MWIJW x=sinh - ?]
X .

x eV =(x + y)log (¢ x)

fdx =

[ Y= VX 475 9.4 q=25d 964 |

Je"[f(x)+ f'(x}]dx = e* f(x)za ]

¥
y=Ce Y= V% ]
y+3%)" yi=c(y-x)" [y=vx &)

4 1z
Ax?y =S+cxTy?

119
5

[B9.72.5 1 k=2 k'=—?;,1.1=.=x'?y‘?]

7’

xzyz(xi’- -—yz) =

| MxeNy  axy(y7-x?)
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20.

2.
22.

24.

25.

26:

27.

28

29.

30.

(y- a:«z)2 =c2x2 (x2 1)

.
(& 9. 60 W, I-F--;‘*ﬁ-_—]]

y sec’ x + 2 =sec x [LF. = Sec’x]
2tan (2x+ c) = 4x+y+] |

[4x+y+1=v 4z, Faws9.43ed]

=tanl T4+ X R
' ﬁy_m(“z) . [tan > =2-V3]

(x2+y2)’ =c(y2-x?)
1 1

L= TNy ~ X =y )
y2(Cx-1)'=y2-x> [¥=VvXaFa]
C=Iog(yz-5xy+2x2)+-—\/i—_7—log[zi:gtg; i]

[ y=vx &)
C= 25 jgij*%‘“g|"2‘2yzl-1°gl <=y

. [ y=vxu&Fd] |
2x = (1+2cx?}logy
1
[ gy ~ 28 LE=—

Xy = §ift X + € CO$ X
[I‘F.=ejde =xsecx]
y(xz-i-l)2 =tan~t x +¢ [LF = efPx TIRY |
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9.9 2N T I29S [AS ST

A} AT T4 (BT, (FIRE SRIF-HAFAC S FHL AN Gooon ot Aneaos
W A | WA, SRR A TN rational G2R integral W AR A7 S
THI I YL AR W T W |

Twizaaei o )

- d?y (dy)z

— 4 +y=x
) dx? dx y

AT, THEH T 2 R TR TS 1 § A3 B oo a3k e Qive |

Ratrional integral SH<EC3 AT,

6 -]

AEAR, > ST T 2 Béw e | —— dy

dx
G TS} A Sloa @ 6 G (@ S @ ST TSI A |

eﬁ‘m@ﬂwﬁwr{— wmwwaﬁmwmﬂmwﬁm
e fon (=SiTe 1% 374
(1) p -CS WA @I |
(2) y -C% ST 195 |
(3)-x-u‘i“i|ﬁi’d1?{‘cil‘{91]l

9.9,1 p-wwmmﬂmﬁlwa
¥, R AR e e

m%@ﬁmemmlWWWI

d |
<, p—-az 4RP. P, P, xﬁyﬂ%ﬁﬁl(l)ﬂﬁﬂﬁpﬂn‘%ﬁﬁ%

polynomial ST SIBIHA 2
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e B Rogae w03 ot T,

(PR} {p=Ry)..c... (p~R,)=0
R, R,,..R, X8y SATS| @ N I A «@ifiias e 4 2re e
fora = |

ai%%@é%*ﬁ}m(w%=& Yo ) S w3,

fi (%,y,¢)=0,f; (x,y,6,)=0....... f,(x,y,c,})=0

mmqwmm% faT (o |
i e maﬁwmﬁaﬁq (1) &R TR T | TG4, (1) TSR TN

TSN FRIAA ) (x,y.0)} f (x,¥,65) ... f, (x,y,6,)=0......(2)

(1) R 2w TR A O A HNH 43I A parameter ¢ A | TR
G =C, = .....c, = ¢ 4TF (1) ANFCTH MR A I

£ (x,9,¢) £ (%,,0) ..., (x,7,6) =0
BwIEAd ¢ 1. TG T, p2-3p-10=0
Tl § p2 —3p-10=0 |

o (p+2)(p-9)=0

A, ﬁ:—z, p=5
T, p=—2, d—i=_—2 r,.'.y-!-2x+c1=0

d

qﬁ;[, p=5, %-:5 | SLy-Sx+c,=0
¢, =¢, =¢ W,
WWWWWWW (y-_i_—2x+c)(y—5x+c)=.0.
BAIZA & 2 S T, xp? + (y - x)p-y =0
I 2 xp? +(y - X)p-y =0

a1, pix+py—px—-y=0

3, (p-1{px+y)=0
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T, p.—~1=0,—q—)£=l ny-x+¢, =0
dx

d dx d
U, pX+y =0, &y__2 .'.I-—y~=—
hd X Y

. logy=-logx +logc,

dx
J—+ log ¢,
X

S Xy —=¢, =0
¢, =¢, =c ¥,
B et Fm
(y=x+e) (xy=c)=0
BT § 3 TR T, pd - p(x+xy+y?)+ xy(x+y)=0

T, p3—p(x2+xy+y?)+ xy(x+y)=0
A, p3—pix+p2x—px? —p(xy+y?)+ xy(x+y}=0
a, p2p-x)+px{p—x)- (xy +y?){p-x)=0
A, (p-x)(p?+px—xy-y?)=0

. (p-x)(p-y){(p+x+y)=0

wm, p-x =0, =x LyEaxldo A, x2-2y+o=0
' " dx 2 b yre=
dy
WA, Py =0, =Y logy=x+c¢, A, y-cex=0
dy _
wq,p+x+y=0,d—=—(x+y),.afﬁq X+y=v
X
Sy
dx dx .
dv Cdv
— 1=y 3 -——=—(v=1
dx ade ( )

?I’ _108("’—1)=x+c, T y=l=eCsx
ﬁT,- y+x—l=eCs e A y+x—1-ce =0

-, Weefn T, (x2 ~2y+ c) (y - ce>,~') (}’ +x—1 _-ce_—x) =0
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WA & S mwz[ﬁj—i] .
. p*+2p—-8=0

2. pAl-x2)=1-y2

3. pt+2peot2x—1=0

T ¢

I (y+4x—c)(y-2x-¢)=0

2 (c+-sir1'1 y)z = (sin™! x)z

3. (y-c—logsecx)(y~c+logsinx)=0
9.9.2 y-(5 ANIYIN (Xisly FR2A
11 P, AL 22 T TN (AF y = £ (x,p) e o |

TEYATH x- I ANACH [ [T AR

._d_yzi-}-?i@
A 1 T, uﬂiﬁrwtﬁ‘ p @ X BTATF 2O Ui G Z%w T Tl | widfe, AReqetita

@smfmmwﬁ P afefs (e stieT 3 (79, @ Welte @ w9 TR A
@Wﬁﬁ@ A (Smgular solution) RSNt &aret Faraiza favgs SIaTsw! <8 414 |

d
-&E RS TeATRR AR TS T F1 4 ¢ (,p,¢) =0

@H y = f(x,p) R o(x,p,¢) =0 TR (A0 p GoieTa A Fcfa @ T

SINGT (AT | T2 HIE SR p WA T AR A, T y = £ (x,p) € ¢ (x,p,¢) = 0 A=A
(TS p Teleraa FATEt el Fne otz Im—azmet e 23 '
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THIEAS 3 1. TR I 2
4y =x% +p?
X —&3 FAATS ST I AR,

4_@_3[___ 2x + 2[;-(-1—11
dx dx
']
dx

B2 p @ x HETR SIS Gaae RME |

4, 2p=x+p

dp dv
P=VX @, = =v+x-—
dx dx

dv.

v {2 _ =
s (v 2v+1) vxdx

X
. ¢~——+log
p—x

x(g—l}i =0
X
B 4

]J—X
_m’«m TR =

W loglp—x=—~c
4y = x2 4+ p?

X
p—-X

log|p~x|= -c p = parameter (*5iRlR)
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BRI 2 2. T O LR, x2pt +2px—y = 0...(1) G HAF (U,

y =x?p* +2px
- X 9F FHATF SR T AR |
dp

dy dp .
=—==2xp? +4x?p? L +2p+2x—F
P dx *P *°p dx - P xdx

a, .(I +2x p?) [ZXE—R + p) =0
dx -

d . .
1+2xp* =0, P s age, wrwanfs 7 =)
| e

QAT TeAWRD (AT, 2xa~£

_pdp _dx

P X

A, —2log(Y)=1togx
2

S §?=" @, px =K Say ... (2)

+p=0

b

(1)8(2) (YT p WoNTA T,

(x2pt-y)’ = 4p2x?

A, (K2-y)’ = 4Kx, K= parameter.
(et ST 1)
erphed ¢ Frw TEm =
1.  y=px+px

2. y=2px+p?
3. y=x+atan!p.

Teas

1
- 1 1
1. x=cpler,y=cp'(l+p)eP

2. - xy_)?' = 4(x2 + y) (cx + yz)

-1
3 c+2x=a|log p ~tan'ply=x+atan~'p.
‘ p?+1

T2



9.9.3  x-& I AN AR
W T, 2 I e A RS TN x = £ (p.y) ORI I TH | 2B, y-a7
dx 1 |
HCATE G FAC Jfce £=; F(A G, I FNTHND (T AT R

Y (y.p,c)=0
W’Jﬁf&ﬂﬂ'x=f{py)\e W(y,p,c) =0 (U p Solevms Wz e i el

A | p 7aH SiUE T, p (F parameter X3 'ﬁﬁ?ﬁﬂ Eﬁ)‘ GTTQJCTR X = f(p y) TR
e wmww—umﬁﬁm—@

A gEe x = f(p,y) @yﬂﬁﬂﬁ%%@?ﬂﬂﬁ%m@‘&mw,w-
(T 2N ST [T AMAE ST R T 591 T
N ANLTSE 7% I | |
TRZAA ¢ | AN FEA, x =y + sinip, p = :i
A 5 x =y + sin'p, .......(1)
@wmy-aamﬂwmww
dx

1}l—p2 dy
_] 1 . dp

T, ,I]—- dy

. (1-p)1-p2  (1-p)yi-p?

73



.,-sin“p+f dv +c
JZV-—[

=-sin"'p+v2v-1+c

=—sintpt TPy @ v=——]
I-p 1-p

(1) 3R (2) (T p BoTT T, [p = sin (x - y)]

b+sin (x-y)

y=+ly—x)+ I-sin(x-y)

+¢
_ 1+sin(x-y)
cos{x-y)
BT &G AMBACTA AR HNYH |
BRIGAY 3 (2) ITWIYH T4 ¢ x = py — p?
AN ¢ x = py - p?

qi +C

y 7 AATH WA I,
1 dx d
p dy dy d
1 dp
A, (oopi=ly-2p) =
(3-0)-0-202
dy__p 20 .
A, dp 1—p2y 1= p3 (s s
' S et SR (1-0%) -
LF=¢ 7 =P )= f1-p?
2
Soyfl-p -—;—2jlfp2 Jl-ptdp+ec
p2
=".2.[ 1-p? dlp+c p =sin g 4%, .. dp = cos0 df
| =~2Isin28d6+c

74



-J(]—c0529)d8+c

_[9_ sin 26]+‘c
2

=—sin"lp+pyl-p2 +c

fezefa stiarel S, x = py - p?
y: ]'-—_p2 +sin”' p= p_.]—p2 +C }
SR S
L xpi+py-y4=0

20 y=2px-ply’
[Ceg
1. Xy +c=cly
2. yI=2¢x-¢]
994 M@wewwwmﬂ@:ﬁmmwﬁmmi
GG ANFICIT IR AT 74 |
9941 R R x (21 4R, TR £(y, p) = 0 T el y-co
(Y T, BT 9.9.2" ATOTS I #SA A |
- GRE, 3w TN p 6 TN WP W, TR 9.9.1 FIET THEE I R

9.9.4.2 o> P y ¢GRI 4R, ARl yix,p) =
dy

i B x-a TR 19 2, O 9.9.3 A 4 2 p (0 T 1 T O == p
I 9.4 TPICA AN (39 &4 YA |

9.9.4.3 ( FRTE x K y-CO TS| GO A -0 TR T (N, 9.5
SR AR Y |

I, %@_mmw G

3

{*=f(p) Ay =xf(p) T
2R, 9.2 FETE TR T T /A |

15



RtERd & 1, e 3, y? =ad(14 p?)

TR : y2 =a(l+p?) [TPR x GR]..(1)
o y=tayl+p?

P=03,y=c AN y2 =a2(1+p?) @& & B, I c = a| O, y = ¢ ALK
HAA 5T

1 dp

‘. 1=ia m——
1+p2 dx

q x=ia_[. dp +c
o 1+p?

l, x:talog(p+,/l+p2)+c ........ (2)
footn s, yziam }
x=:|:a_log(p+,ﬁ:;2.)+c

THIERS 2 A I, x = 4p(1+p2)
TR x=4(p+p’)

bodx . dp
oo—~=—=4{1+3p?)—
p dy ( )dy_

o dy=4p(1+3p?)dp
S y=2p+3pttc
foresfa st x=4(p+p’)

y=2p2+3pt+c

76



@WGTU.WWW Yy=yp?+2px......... (1)

S 3 y =yp? +2px
2
x X :
2
. y= P
1-p?
1-p?)2+2p2
oy 2 (1-07)2+2p2p gp
dx 1-p? (1-p2Y’
2p _ 242p? dp

] 2
(1+p )=2x(l+p )@ 1-p*#0, p?+120

q, P
I-p (1-p) dx

| | &

a, p(1-p?) X,

dx

L Ox _ 2dp 1
o 2[p(pﬂ)(p-l)]dp

x  p{p?-1)
-1 i i _
<. log¥ = 2][-; + ;ﬁ + —pi—l]dp

=2 [log p!+ %’lo_g (p? -'1)]

p2
(1) € (2) (¥TF p* HopeTsm FIE

(y-ply)’ =4p2x2,p? =

A, y? =4dc(c~ x) e e smm

71
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9.9 93 2MIFAT

==

p?+2px—-3x2=0

2. y=px+pix

3. pily+2px=y

4. x+piy=p(l+xy)

5. y=2px+4pix

6. | X2p? + xyp-6y? =0

7. p?—ﬁ(x3+xy+y3)+xy(x+y)=0
8. y=2px+tan-t{xp?)

9. ayp*+{2x-b)p-y=0,a>0
10. y=xp? +Ip

1. y=2px+y?p}

12. xp?-2yp+ax=0

13. 3ply2 -2 xyp + 4y? —.xz_ =0
4. p?y=2px—x?

15. ayp?+(2x-b)p-y=0

9.9 @7 TENE | st 3frs 7z |

1. (2y-x?-c){2y+3x2—¢}=0

[®HL. 3 %2 70 (73 |

L

2 expl=e®, y= px +px

[ y-5U=1 & ({197 |
78



10

11.

12,

14.

y2 =c?+2¢x [ x-9 &M 54 |

{2y -x2—c){y?~2x-c)=0

[ Be2tmi 2 (py-1) (p-x) = 0]

(y-4c) =4cx  [TAL1,9.92 7@ |
(x*y —c)fy - ex?) =0

[ Beotwd s (px+3y) (px—2y) =01
(2 - x2-6) (y- ce) (xy - 1-ce) =0

[Ceor@ s (p-x)(p-y)(p+x+y)=0]
y = 23/ex + tan~{c)

[ BwZRs 1.9.92 <A TS)
ac?+c(2x-b)=y?

[BWER s 1, 9.9.3 93 TS|
x{l—p)2=logp—p+c,y=xp2+p _
y2=2cx+¢d  [GHEET31,9.93 43 TG
¢2x2 —2cy +a=90

[ BWiEe 2 1, 9.9.2 GI NS ]

3 -dex+{x2+y2)=0

dy |
[ p S G R T2, 3}'d—i=x12\}x2~3y2.@tw,

d ,
X2 = 3y? =2 A, = =2 ANGHI R | v ST TS U]
X

9(2c+2y-x2)* =16(1-y)’

[ p &% ) TR AR, v = -y HACE, TN AT |
79 |



I5. al?+A(2x~b}-y2=0

[p “F LA FCF, v2 =day? +(2x - b)? W | T + BT
73, v2=(c+2x)? *NSH WA ¢ 99 T 234 - b LR
YT AT T | ), = 2TGA )

9.10 Clairaut-ad SR RAAS @@/ |

y = px -+ f{p) WL FNFAHS Claivaut I3 W Y& TS I | B WPFE A NF0
X, y SR AN IS TG I | 2 SRS I8 2 iR I0F, G067 FMLTER [T SrEina)
AT |

9.10.1 Clairaut-SFE AN TALH
4,y =px +f(p)...(1)

X T FTATH WA T,
dy dp
=—_=p+ +f
Peax P xdx (P )dx

’ d :
A, [-x+f(p)]§:0. £'(p)=p T AT £ (p) 4 Wt

dp _ . ,
=0,/ x+{(p)=0

d ¥
ffa, L=0 . p=c (559
dx

Q) RF y=cx+f(c)...... (2)
58 Clairaut FIEACTR A1zl T |
e, 4, x4 f(p)=0 ....(3)
(1)@(3)mpwwmwaﬁwm HNGTT AN | TS 2RAAGE ¢ AR A, T ¢
GH (I A &) (2) (VPG NG T 71 | Gt TGS BEETR (Singular) F1417 757 22 )
eER A R A3 s S 3= TA
' ©i% Clairaut HRITIR (2) WA AN T SR 775 |
80



9.10.2 me?{m (Lagrange) Aaaas

y=£ (px+1(p) ..o (1)

| I TN A FNR 90 | AR, £, (p) = p T, «ifb Clairaut LA wIH
YRS I

X G S ST A (1) (AT AR,
! T . d
p=f,(p)+[xf; (o) + £ (P)} 3

& _ ), )
dp p-filp) p~fi(p)

4,

<1 x,p BUERI (3% (Linear) SR3%1 ARFAT IR x = ¢ (p, c) SR FHU oG ..(2) |
(1)'6 (2) (AF p WAI A Lagrange -3 SRS S04 ST T |
BArEe 3 1 Tde

y=px+p{l-p)....(1)
x G AATE WIET ¥ A,

dp dp
=p+x—+{i-2p)—
P=P xdx.( p)dx
dp
+1-2p)-- =0
A, (x+1-2p)o-

mmd—p=0.p=c
dx

sy =cx+c(l-c) AR A |
T4 x+1—2p=0, p=%(x+1) ...... o (2)
(1)€ (2) ("7, p QARTS T,

81



1 1, 1 2
= — +1J+—(x+1)-—=(x+1

@, dy=(x+ 1) B Singular A |
TRITAY § 2 L I y = — px + p°
M &y = - px + p°
315 Lagrangian ST Qg |

X A FALATH HIFH F0,

dy dp) dp
=2 =-|p+x—|+2p—
P dx (p dx dx

I}‘dP
“ LF =e"p —e’“g'ﬂf"*\/;

x,j— jfdp+c--—p +c

x=3p+—(—;—
91, 3 \/’5

aqe, ¥ = PZ-P[ —c}
J—
1
=§p’—wp
ﬁ(‘ﬁ X=g—p+-—E—
T T 3 (*p
1
y=592‘0\/P

32



9,10.3 9 Q3G SrIgALeY STRIEY SN (TR TSR 57 A (Change of Variable)
T g R AR Clairaut IF ST W1 T 7 ST R 331 T3

THIZAA S | X =1, y2 =v 55 Higeda gl yp2m2xp+y=0'ﬁ'§'@m€lairaut@
I LB T 7% AR T el 726 |

TG E yp2 =2px+y =0 ... (1)

dv 2y dy
= S — = =7
Hex du 1 dx Py
1 (dv) )
v= o | e |
y P 2y Ldu
(1)€(2) @,

1{dv) dv
QA ——| —u=[+v=0 iy = -
4(du) u(duJ+v [wx=u,y=v]
dv 1{dv :
T, V“u'clu 4(du)
2T v, u 5T Clairaut <% SIFE |
d
@qmmmﬂ—\iﬂ
du

._'.v:cu—lc2
4

STRelfba At T
1
2=C _— 2 U= =y2
y'=ex-2c (vu=x,v=y?)
73 2 &M W, ANS¢iTH4 Singular FINING 2careH | 473, q=$
1

- ﬁﬁcfﬁq ﬁ%ﬁ%ﬁﬂ', V= uq_i_qZ

83



_dv_.,,d9 1 dg
T T 2%
1 Ydq
-—q|2=0
(u Zq)du

1 |
Singular YR &G u-29= 0d1,q=2u
o v=u(2u)-+ (20)?
4
q, v=u?
A, y2 =x2 BR Singular 0 |

9.10 @ SHRAT s (I Y AN (T F9670)

3
1. y=p(x-2)+=
p

2. ysz+p(1-~p)
3. sinpxcosy=cospxsiny+p
4 y= px+sin"' p

R T G Singular TR @ 9 ¢

5. 'y = px+.1/1+p2
6. y= px+,/a2p2%b2
7. px-y=eP
m.
8 y=pxt+—
P

Ao S bet ARG AT AR FAY @A T 2
9. xyp>-(x2+y?-1)p+xy=0  [¥=uy=v]

84



10, yp?2-2xp+y=0

1L (y+px)" =py?
12. x2p2+py(2x+y)+y?=0

13, p2x-2py+x+2y=0
14, x3p2+4x?py+a’?=0

2 2 - 2
15. (.x p+y )(px+y)—(l+p)

16.  y2(y-px)=x*p?

9.10 7 T 3 (FAYIF 7 7R)

[x=u,5r2 =v] :
[u=x"y,.v='.y] )
[y=uv=x]

Ix2_=u,y-x=v]

peese]]
Yy=U,X=—
v.

[u=xy,v=_'x+y]

u=—, v=—
X y

- FYIE FT Singular s
3 .

=c(x—-2)+—
L y=c(x=2)+~
2. y=cx+c(l-¢)
3. y=cx-sinlc
4 ymcx+sinle

5 y=cx+4l+¢? x2+y?=1

: x2 2
6. y=cx++/akct+b2 Y 'E";=

7. y=cx-—ee

: m
8, y=&x+—

y = x (log, x - 1)

c y2 =4mx
3 . 2 c
9 y-:cx-—_
c—-1
_ dv
x dv dv du :
du=2xdx = p=—— . v=py——_Gu : 2
p s VT E W 2T Clairaut XL I |
du

85



10. 4y? =dcx—¢?
1 _dv .,
[P_'qu'q.—du’v-uq 4q]

I c?+cy+xy=90

D A -\ ;
[]:i--(_:IE“X,.ﬁv--udu+EX (Clairaut ®I¥1) )
dv du

2. xy=cy+c

13, 2e2x2-2¢(y—x)+1=0

du 1/{du
=2x—+1= —_———i | T
[p=2x Vdv Z(dvj ]
14, exy—adc?x =1
dy =du dx*-—idv
[dy = du, v
du
= - 2-—
p==v dv
dv 4 dv ? .
TR (F, v=u-— — a’] — | (Clairaut)]
_ du du,
15, x+y=cxy+c?
' du
"_dﬂ_pX-i-}/ . p_d_V y
dv 1+p x-—gL—l-
dv

2 .
FEF (AT, v = u2 + (d_v] {Clairaut)]
du du
16. cixy+ey—x=0

y? dv

[P a

2
IR (R, V= A (E‘iJ (Clairaut)]
du du

26



9.11 A™

d .
a_-;i:f(x,y] AR SAT-FLHG FARANMDTE £(x) dx + g (y) dy = 0 QIR FTea 55

AL T G (TN AT FA0F, oG T g fofdfs =z
Mdx + Ndy = 0 FRF8f50 M @ N, SRIHeq@ x, y 7 ST 503, HRSA0rs e
fafz =@z 78 Ay = vx TAGEE 55 IR GRS AT FF AW T Fa1 e

M {x.y)dx + N(x,y)}dy =0 st #foE (?IQITQG TR XS TF
dM _IN
dy  dx .
Mdx + Ndy = 0 ST1e=0efa &% @41 (Integrating factor) IF feftas ofmfe &= ¢
!
Mx + Ny
1 :
Mx — Ny =

() Mx+Ny=#0 0 @R M ¢ N F0f@S A JF =

(i) Mx—Ny#0 4R M= Yfl(x)'), N = xfz(x,y) G| iF

iy b 5= =N @ SR IF 1 _frn

(1v} “5;_‘[? = Mf(Y) A, IF 23 gffiy)dx

(v) x%yP(mydy+ nxdx) = STHFIIE [F 1 o mk-a-t y k-1
dy -

by = QUx) T ST e TR 2
yeirds = [Qelrd dx + ¢

fafay g TEafe TSI ALY Aais TEDs | y=px+f(p)[P=a%] z& Clanaut’s
AT T AL ZF, y = ox + £(c) | grgre %G Fmam am 3793)
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@3 10 0 &8 55041 (Singular Solution)

o
101 g
10.2 ST
10.3  Singular FTHs
10.4 OIS, @S, FrA
105 Agpe Af
10.6 I afY
.10.7 TRITY
10.8 ™
10.9  eerg S
10.10 EgATEA

10.1 &R

AR A SR FNIA 2B (el e g WA 3R | Bt LA
9.10.1-4 WA Singular S AR IR T Fewne TR | |6 R Sia G¥anet S
WA G4 SN F29| Singular TR I T 1 T8 | ALRESIR
(! KT WA WA (1 | oA e e Fefa 2331 799, ©f wienve 3|

102 Ty

% T 2O TR TR RS a R wee wite | 38 wmoem
(Singular->19141) oS W N R O W A7 WA G FYH FA @Al w1 T @R
o Fffe TS M@, O WA FER | TN GRS Clairaut STRNSF TS (G TR
Singular FINIRR 2FT GTfRE1— oI BTs! G161 CFENTRs | Clairaut TR TENE TG
TR CovEe B Singular IR S ACAOS 27 | wmigt ¢ R smnetcr wpfafes
Irgte TS =

38



103 Singular T4 F ?

A 1A, f(x,y,p) = 0 G TR FAFI R 0(x,y,c)=0 SR HUR Tl |
f(x,y,p) = 0 FFACIT Singular SN 4T LHT FOLW, -

(1) s ¢ AnafibE (Parameter) 9 A1 | |
(2) Wl ¢ 47 (Tine ROT MTE T 9(x,y,c) = 0 TR TR (A NER AR
(3) A f(x,y,p)= 0 AN Fra w22 |

104 «TTsae, e, Fist )
Singular AT SACBAI T ST L § G55 TR S iRy wm | (e
(1) @4%+fd3 (family of curves)

AT & (Curve) LTS G T, IR L T/ | x,y IR @ (0 AR
(IR Parameter AR, B x, y FETHA cadi-faag @RS |

@, o(x,y,¢) = omaﬁwmﬂmwa@wwmmaﬁw
@S q0E @A AT 4R 9T 430 @41 @ AR TG (member) @A

@, y2 =4ax, aaaﬁﬁeiwwmﬁwfwwmwmww«
Parameter I% (FI-IHA26 TS 1A |

S TSI FUIIS LR 9, y,c) =0 9o @41 AR

(2) TS (Envelope)
e @ ARRIER (e, wmﬁmmwﬁm T oS Fejre @

@R AT RS T (TN TG AT =~ | T 7 (@4t ARRARR (7 gareaet
QIRTI GI 7 |

¢ 4T Y6 RS TWehg W ¢, ¢~
(TR P (8 (7 2P S O AP ST
@ oS grq |

SR GAreHATE (AR AFANIT 12
oAt (Cosecutive) STTSIR (AT ALIT 493
<& 9Ty |

39



(3) &S TS9 (Double Point), - FIS(Node), T (Cusp)

& @AF A A T i g s _
T e & e tws fp a mfmae e P
fere (ve-fore) @R aefem ~ife ame ¢
fsg ww ffdre @& 3wE
C @49 Bom p &b (g | taefaeares @y S
WM~ 120 A e wien T [t T
I C @E Q 9B T |

1041 TEF:
TR AT G AR 7o GG A, T GAISACAD e S Feaeloes
Pt 2973 W2 O Singular TN 2 | F[A —
TSR BT (IRE (x,y) RIS, ARA-Tne-(731 ARG @R 7] @ G E

dy
— | o= | €%

oo | o R (xy) RIS GCSETAT K (R AR TSR p[:’ dx

GHTESTCAT TN £(x,y,p) =0 (F P& FICI 92 Singular T T3 |
105 c-discriminant (A ¢ )'8 p-discriminant (A, )-49
AR

¥, £(x,y,p)=0 2@ THRT ANFAT IR §(x,y,¢) =0 Y FTL {

of
f s Y =0, —=0
@, f(x,y,p) ™

% S SN (AT p WoATI WA p-discriminant 31 A, = 0 ST T | G7 SANIFR
g, 9(x,y,c) = 0 U ARANR & 3771 Reee p 7 Oiea el #i A £ =0

| %
w1 =0, =X =0
1, ¢(x,y.c)=0, 5

4R B AT (T ¢ AT T c-discriminant 1 Ac¢ = 0 G T | G AT
Y, o(x,y,c) =0 @I-IFRRIA (77 ReTe ¢ 7, S sieeta A2 A ¢ =0

20



106 NG e

51O faTara=T (analytical) SIS 1 {903 IR SIS hmgular T ﬁrwer e
T7H, GO TR SrEead e |

ORI (TR, R R FRE A € Af — (T ISR AET] AW (90 R
ey T )

G E, N, CﬂTaf@mtmﬁ
i. Eﬂmmﬁaﬁ%mﬁ%(l)mmwmm OSmgulaerW éﬂ%
f(x,y,p) = 0 & 5% =)
2. N mmﬁmaﬁmmu)ﬂsw,wzwm1
N = R P T | eaik N = 0 Taprg g a3
N =0 (& (% AEF 219 BT A |

3. C FC%E e8w (1) 9 b7 98 3 € C = 0-(F ITT TR AL I | AAATS
WW%Wml*ﬁme (Singular solution) ¥q | '

4. T 75 Tac S/ 7R A |
o3 2 wre g o T (I WE (2)~4 A | T = 0~ Tac FT 942 90711
afte TR B o 91| R AT T, OI, A € A G TR TS TE
B TR Singular FNA | '
TG 3
&(x,y,c)= 0 & Parameter cmﬁﬂmﬁ?ﬁ“{ W, X g2 Act +Bc+C= 0

d p
RO £= 0 (2T ¢ AT FAT - 93 N T TG 1S AT WA 1T B2 4AC = 0

TRITE 3 @, ¢x,y,c)=c?—cxy+x+y =0

q)— —-ﬂ 1,2 ; N :
4% 5 ~=0 ), 0= =7 (AF ¢ SR 7 x2y? ~4(x+y)=0 9]

3312l c-discriminant A ¢ =0
9]



107 TWiERd @ FY

2D Tz T W
TBHTEAS 2 AN ARG YIKCA, Singular FNLSE (@ 35 £

—

xp® - 2yp+ax=0

=~

Y = ¥p +2px

3. xpi+py=y?

o

xp+y(2x+y)p+y: =0 [y=u,xy=y 4]
T ¢

1 Xp- -2yp+ax =0
. 2y=§i+xp
P

X <IF FTAHTHF WIFT WY,

(p-..g. = ]-.._?... XE‘E
P p2) dx

d ' '
zn,p-xd—:= [~ p*=a R fg =gz o )

Lop=cx
-, TS Haw o(x,yse) =cix2-2cy+a=0.. (1)

e R, f(x,y,p) = pix-2py+ax =0 ... (2)

Y
—L ={) ==
= S0@me== . .03)
ot
55" &FE p==_ .. (4)

(1) € (3) (W ¢ WoATa= T y2 —ax? = 0; (A9 =0)

(2) € (4) (T pUATIA FAE y2 —ax? = 0;

L

[Apf: 0)
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vi-axs =00 A€ A 97 4507 YR GAME | . y2 = ax? Singular AL |
SO TS AT D et - 2ev a0

SIT]:_",UIEU WTW : _\": =l ‘dx:

)

¥ S ypl b Ipx
TEE YR TN (9.9 4 3 THLI)
v =4c{e~x}
Ch(xyelEdet —dex~vi =0
F{x,y,pl=py +2px~y =0
Ap=0 F xI+yi=0
AL=0 AF x4y =0
Z x2ryl Acp € A fre e ioy, x2 4y =0 (B AR (YA
-, AREREoR FAE AR y2 = 4 (¢~ x) € I Singular FNLH R
Sooxprepy=ylo
y G AT G

dp .
(2},1 - p)—{-{g =2 (2)/" - p)

ﬂ?éﬁq FHIEE 2 xy +c=cly

~o(xy,c)=cly—c—xy=0
f{x.y.p)=pix+py-y*=0

SoAh=0 (0T (4xyr+1)=0

A =0 (40F y24xy2+1)=0 .
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Frargel BeoAWE (4xy? +1) = 0 Singular SN &R y2 @FANig A f - qrrm ¢ faare
faf*® 26T v = 0 Tac TR TA| '

4  x2p2+y{2x+y)p+y?=0...... (D
y=u, Xy=v
oo dy y
-P_dx d_\e’__x
du

dv (dvy
.‘;(]) (T, V—Ua:'i‘[a) ........ (2)

475 Clairaut-97 S TF |

dv
;. TR SICT Ty = =
- YRS HHa
v = cudcd 3

A xy=cy+c?

dv
— = q 447H,(2) (Y,
du

~f%E 2 (3) TR (4) (AT,
Acv=0and A f =0 43R %A
[ERMA p=v~—cu-c*, F=v-ug-q°}
-, TFE TS T, ul + 4y
ul+4v=0 3, y(y+4x)=0 Ady=0 y+4x=0
c=o,y=omamqwmﬁﬁwr
y = 0 9= far=i7 (Particular) 4 |

sy +4x =0 OFNE Singular FHY |
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F(x,y,p}=0....(1) RS SN2 TAMGT ¢(x,y,0) = 0....(2) T, (1) 9% Singular
TR B AN TR F1, ¢ OF (TS T T (2) (UE AT A ot g, (1)-< B w2

x,y €7 TR Parameter T& H © x-y HAOT (@l AR (AR | @r- AR
CRUE ISR, GIRE, I B 61 957 LT 10.9.4 S |

¢ =0 I 3§=0 (/CF ¢ GATTA FF A ¢ =0 NEA A |

of
f= 093¢ 55=0 (R p ST FE A =0 AN TN

Ab=0 (AF ¢=0 @ AT GTTSTA, FIT, T, At A e w1 S A
Af=0 (T, ¢=0 @ ARAN 9ACETl, Tac A e, T, fHefy w1 WS =M1

A0 € Af OF GERE] MU BTG E (x,y) € E (x,y) = 0 &1 GHEeH 9 <62 o
T s | o

109 F&reg e

o e STSaealEE AgrEe s G2k Singular mmaﬁmwﬁcﬁw
1, y:px+\[,l+—p?

2 y=px+ APt rb?

3 y=px+p(l-p)

4. y=px-p?

' -t N2
5. y=px—pcos pt+4i-p
6. yv=-px+xip?

7 yi{l+p?}=a |
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8 xpi-2py+4x=0 .
9 plepx-y=0
10, x3p? +x?yp+at=0
1. x2(y-px)+yp? =0
12 p?+2px =3%2

13. x2 .+2xyp+(l— x2)p?=0

14. 4p? =9x
1010 T
AlYrA A Singularm'ﬁaewmmﬁw |
- y=cx+lrct x4yt =|
_ . xZ y?

2. y=cx++alel+b? ;"{"'E{"’l

3. y=cx+c{l-c). 4y=(x+1)2

4 y=cx-c? x? = 4y

5. y=cx-ccos"'(3+\'/i~vcz y = 8inx

6. xy=c+cix.

7. (x—c)2=a2—y1.'
8 ¢ix?-2cy+4=0,
9 y=cl+cx,

10, adx+coxy+c? =0,

1. c*-cx?+y?=0.

96

4x2y +1=0, =0, Tac A%EA #Y
y=t%a

yi-4%x2 =0

4x¥+27y? =0

xy? —4a® =0, x = 0FRFR smw=

x? ~4y?=



4e2 - 2¢ (dy +2x2) + 4 (y2 + x2y) - 3x* = 0, Singular = 1%
[ x= 0 R fmmaa)

242y —x2+1=0 xP+y® =1 x =0, Tac ST A< |
Singular 1 1% '

-
-

{y+c)” =x} _ x = 0, Cusp 3%17 ¢



9% 11 O 3% 755! AR (el saasa wSitead

1.1
11,2
1.3
11.4
1.5
11.6
11,7
11.8
11.9
11.10

11.11
11.12
11.13

11.14

ger

g

TP

Rkl

A TRIREs o4Es L( D)
fana-smesa o w<feg-=mf$ (Short-Cut Methods)
wrag fafER afis sragaea s Tz
(Simultaneous linear Differential Equations with censtant Coefficients)
81 o7 SRIZAA

Ao

FEv oA

Toara

i1

ARl

—

(@ AR WG] TR WA GAG G Few wre wwgesmeals gemE adw are
QITF G4 ALY GITE B o7, TIAA (T TWAFT AN A G5 L3l | A Gl (AT S
AAEAO Wi v |

dy, P(x)y=0Q(x)
dx

= d - =, .
S IRl TreAa omas ——. 97 2fare D el aeEe w e A

dx
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Dy + P(x)y =Q(x)
7, (D+Ply=Q
q, - L(D)y=Q @E, L(D)=D+P

7z, Q4G (R 41T | n- TR @ (PR RS wgaaw AR L(D)y = Q Wt

EArAE ((@WE L(D)=Dv+PDeT 4+ +P,_D+P, SR P, P,....., P, Q T x9F
TLAIE) | ST 8- GHE YT AT AL mrcasmmw TR | IS
s Tgs 7T ERIGT FIeTioe e | e HAwrer e o oo avnemts, o
L{D} = Q(x) & n- TR #3% FLE TR AR T4 A6 At ewgayef

112 S

B s g R[S @fwwﬁwwwm AFE WG 0 G2 GWIH
2T TR | .

B fafen o wiue ueaes e A e T IR L (D) @ieida i
TTESA FE (A TR | 676 130 (34S geas |

B W (AR 993 AN L(D)y =0 47 FRIgE e B S 9] QiR
L{D)y = OQﬁn—ﬂmm@%Wﬂﬁmﬁm,W@fW@mﬁhﬂmﬁ
YD T 0 97 (BT (IR A A

N Rz S Tamel Fem e e T@E

N ST n TR AR SEAE ARSI AV zﬁ‘;‘w\m m@“ﬂ% L(D)y =0

TR <4l T I quﬁ?mﬂwwzmﬁwm% L(D)y = q)( ) TRetT as
TR, O T 50 v s | |
B (17 A Eeem s e KR e uvaen mHea ous e

ferefare 211 fage 221 | % el @ (e g aedre-71ze! IR talie sreaem wflisars@
ARE QAR fAsfraa mmﬁwﬁmm1

= WW&L(D)W%?@TW 4 G (T T 43K

L(D)
1

o SFRT0 A (A (B T I 72s] S taﬂ? G FATCT RO AN

feiram Aafe siEnfte =)
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B Fer-oTgs R R aewes sWeed L(D)y =(x) 97 fapex e wfeqm
R ¢(x) @7 oo SKfeg srafers fefn =1 @ 1.9 ey 02 afes Srzare
S =) |

B 1110 wHfarvem saessims RS el s sz SR sz Tme Aate Swigad
7R e am | o

113 &

@ R T W 5 02 TR AR T T3 ST 4R IS WG
T R AT S T A, LE (A T GG eI AT I |

e wEIE AR WA formamet |

W, P_l" Pz, ........ Ptl—l N P“ \ﬂﬁa ¢ y x—&ﬂa ma‘m |
353 Tl AR taftre ayaes wiread

T (1)~ R[fer For agrareain sl 53 30, o o st TR afe
T FARE %R -

I ERPRIT A A AT e EFE TNEA4 ¢ (Homogeneous Linear Differential Equation)
AR (1)<4 ¢(x) = 0 T FTFIDF JW 4TS 3 oW @RS TEITA T

@ A, T 2 FAABY A o y G -7 UEIETH SR wren T 9%
Barget | fArsa AR o Tt 3w |

——+Py=0
X

G n = 1, ¢ (x) = 0 TSR, 6 G3H AT FFW ARG TGIFH A F4T | ANELADF
bk & Pdx ﬁ'(.?l @ ]

o] PO dy +P ej PSSy

dx
a, = [ye JP“‘"“] =0
dx
TET HHE FuEwE FE AR

yel PO _ o AT ¢ 03T TR 7|
wdle, y = go ] PO Zo AT AR A |
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114 @R wg3za 2@@s LD) : D 28ea e

d
D &G e w SRFEIFTEOIE (Operator) ot =41 1,

n -}
dry +P, arly +
dK“ dX"_]

D'y + P D™y + P,D"2y+. . +P,_Dy+P,y=0

A, [Dr+PD™ +P,D™2+ . +P,_D+P ly=0. (2)
TR AT TR (ATS 20 |

Dt +P,Dr-1 4+ P, D2+ 4P _D+P, %
SRFRFDY RS L(D) e s s (2) @
L(D)y=0.... 3)
g% Ffere o frre w7

L(D)=D"+PD™ +P,D* 2+ .. +P _D+P,

D eSrela smos n-E¥ AT G0 Teofnt A1 (I 8 43 (Unit 8) o

OTf% (&, y = ey, +e.y +oAc,y, TE, QU y,y, .y, G x G GAEE)
LD}y =CL(D) y, + C, L{D) y,+....+C,L(D)y, T3

T & Toita Al LA (AT @RI T @, L (D) 9T (Al e (Linear Operator),
6571 L (D)-(F (3 SgaaT & (Linear Differential Operator) I € |

115 sp-tafie sgaee AR SR o

R L(D)=D"+PD1 4+, +P, _D+P, 9
L(D)y=0
B 7w (i R e | WA 11 4 AR omafe, (D) 9 ik vz
BRI | AT PR BT Sy w97 | Praeet o 8 -8 gwE wieee mate
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1151 e

Y=Y ¥ =Y, ey =¥, LAD)y = 0 I RS A2 n A A4 21 G
caf=s srEma -

y=Ciy,+Ca¥y # ... +C,y, (@R C,, C,. .. C, T8 H7)
-@ﬁwwwmu

W {y=y,y=yu...y=y.} L(D )y = oﬁmﬁaﬁwmcﬂmﬁmﬁ
afiTei e ie : _

y=Cy,+Cyy,+.......+C.y,
Safre L(D)y =0 FRaeba srarae e <=1 €3 |

1152 Prae

44, y= Y1 Y= Yaaere y=Y,, L(D)y = 0 %353 wrezes 7 n s

ARy, Y, ...... y. ST S8 o0 i @3 (g 2
i Yz ¥a
W = ¥i Y2-oeoons ¥Yn £0 S
y(lf' 1) (“ 2) E‘n—-l)

W @M y,,y,......y, Tk wEwmm
TWigad ¢

a2y d |
rITe (%, d_¥+-di 6y = Gﬂfﬂw‘iﬁ?ay e R WS LAIRRSIA SaR F
W | G (ACF FAReba =il sl FrE
. 2
%@'2 Y_=cmx_§ﬁ,',g—.-y-=mem\ i ~g_§_m2em\

m@% gi ~ 6y = 0 e 77w #iiE

(m2+m-6)e"""=0 = m+m-6=0
m=2-3
T AL GO T y=eP, y=e™
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OTR FAFAAG

ezx e—‘jx )
287 =3ex

IR I S ARSIy SR | O AR A T TR
y =Ce?s + Cye-3y @ C,, C, 9 9o &35

W= =-5¢%#(

vz ¢

| o (3, a—-y—ﬂ Oﬁmﬁﬁay emxmwiﬁ?hﬁlwzwmﬁﬂﬁ%wm
I | TR A g e 4o fe |

2
B ¢ y =em 20 *3;%=mze““

«ﬂiwﬁ? +y Oﬂﬂ‘rﬂmaﬁmﬂﬁ

(m2+1)_e'““=0;~'» m?+1=0=> m=1,-1

elk e—lx .

iees —jezex| = T2#0,

-, ERATAD G y, =el® R y, =e | AT TAHEA =
T S 45 ARSI SRR | WRE e = cosx +i sin x o€ SRS TR 26717
NG BT S DT W FHICR TN T y = cos x SR y = sin x TSR FRZ7B7 w1
(ARG €os x, sin x OF FHAFANG Sy, 42 TG FRFSNT SHE ISR ST |

1153 Frarg
W, @ y=y.y=y, a'n(x)y”+a'l(x)y'+a2(x)y =0 (D
TR S e 2, |
@) a,a,.a, (TG % TG [a,b]- (T TS T, 4%
@) a, (x) & mwmm@

ali\)

Wlyi(x). y2()] = ce 0™

WM L y =y, y=y, FNFAY (i) G AL, ©F
a(x)yy+a,(x) y7 + a,(x)y, =0 €
a,(x)yy +a,(x)ys +ay(x}y, =0
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Yi ¥

g azg, Wy (x). v, (x)]=

Y Y3
woas, T =| Y1 V2 [yl o
dx Yi Y2 Y1 Y2 Yiv ¥z
¥, y- E
=1 a(x) PO CO NV € QPN in
207 007" a0 a0
!
a(x Y! YE a.1x
_ Ak == 20 gy v,
alﬁl(x) y; y; n( )
dw a, —jil—d_\'
wfie == LW = Wece ' [ e e 4%
(]

T ¢ 11.5.3 Afrmea Framsiore n-ow Fsm (Al Sreges FNarid oW ebifes
T GA, T Y=y, Y=y, Y= Y., 0% BT T 2 SgeH vhend

ay™ +ayl=l4 +a_,y +ay=095

n FATSF TR Y GRLEA

Wyh Yo, Ya)=ce 5
116 sy ARS Sgas= 7Fa9 (Non-Homogeneous
Linear Differential Equations)
Tt wgaE AR

dy

ooody
I( i S HRL )+ (DY =0(x)




8- Gad Eeel e Awag % =)

161 Fag

W y =y, (x) TR (1) T, L (D)y =0 (x) 7 (RS TR T8 4K u (x) TR
(2) A7 A A T €4, y =y, (x) + u (x) A

L(D)y = ¢(x)

43 Tafe Swwen AN ba A TR |
WBH 2 L (D) y = o x)TRae Aarel T4 qio et

(i) /7% Tors< (Complementary function
SsgerfoR FAKe FATIL

= CF) @=L Dy=0
pos

(it) Fverg 3 (Particular Integral = PI) @z L (D) y = ¢(x) s™iezeiba
@FRE ANGH—ITS ([FHE TE 5 (3|
THIZL

d2y

?&z-ﬂrwx ........ (1)

ﬁﬁmﬁamwmy-—-xlwnszﬁmwfmwmm&cwawﬁ‘v
Wm‘?nam

+y 0 7 ¥ib ivaeI Smde FYE y = cos x G y = sin x & | Sidie,

aammqwmy Acosx+Bsmx'ﬂﬁﬂﬁ’lﬂﬁ(l)ﬂﬂﬁﬁmqwmﬁy Acosx +
B sin x +x

117 &< sre Rfe o ema e sgaee #@ied
FNMYEF ofGTe

AR 4R G S9N TR ] SRR ST S (G | SR SN o

TR AT SaF AR (WW’TW)WWWWWiW 11.8 SE0ETH
N-FPTRE TR TG ToAERE S T4 |
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e w1ze) [APE oo wwe IiRiT wreaes i W el
d2%y ﬂy
—L PPy =0(x) i
s + . + Py =¢(x) (1)

d
o RS0 Ty D &) LT FD AR

(D2+ PD+P,)y =0 (x) [ 9 P, -ﬂ?&tpgmj
M, D)y = 6 (x) | L{(D)=D?+P,D+P,
OF FRAAT 75 W | 9T
(i) *9<F T %F (Complementary function =C.F) 146 L (D) y = 0 Swaeifo 2l
ST |
3R TG _
(i) farara 31312 (Particular Integral=P1) |96 L{D)y = 9 (x) ST T95% £33
Afere @Re AT |
17,1 s seorss Mde el

dZ ' d .
~—--+P,EZ+P2y 0(x) ... (1)
X

dx?
ﬁmwwmwmmﬁwwmﬁwﬂwﬂ%w)

d- d?y dy

v +Pd +Py 0.2

T T FAE | D eFRRDT AL AN (2) &
LD)y=0.....3)

R G TR, A L(D) = D2+ PD+P,

2N T AN (AR SRR

TATIYA TS y = ce-sx (AR, ¢ VPR EIF | qfie, AR (4) I7 T y = e™ TFIEH |
43 P A TR (3) @Ay = e“*wmﬁmmcmwﬁmﬂfﬂmm)—em
fE A% |

L(m)e™ =0
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RLG g G T F S, Lim) =0 welie, m2 + Bm+P, ... (5)

AN (S) ~(F 42N T ANTA (3) 47 FLTS FRFA o m, . m, THL IR (5) 99 95
Iz | oA y=em*, y=ema TR (3) AT HB AN | GTHR

e &=

mx max |
W[em]\em;x]= et | e :E: (mz_ml)e(nnnng "
| me™* mlem;\ I
FARAY (3) 97 Ao ergpfie wepardl foee fom farams v 1% |

2 CFA T M, = m, ST TG ST 1 T ™Y IR gty SRR D (AIREER
Y8 | TF (2) T TASICAT TYFY FAS A1 (1) [ AAGALAT 47E GLATE 270%

Yo = ciem’x +clem"’¥

8w wa s m = m, TR (5) (AF AT

2m] =-P

GRR ORCE, y =g AR (5) 0¥ GG AR [ 4fy =y, ey o v
T (1153 cfrwvrﬁaw[emlx,yz]:e*f?dﬂ;e—ﬁx _ eZms :

Tefig, ems v, —m,y, emr-\.= g2 s

Ay, -my, =emn

- TolEd AATHR BT IR ANFACE 9F6 A HAW R y, = xe™

y = xe"™s ST (2) 9 TS STRAM | (TEE gmix 43K xe™ WA UG TafReT T,
ATFLE AR (1) G PE GRS YA y_ = ¢ ™™ + ¢ xe™

=e"* [¢, +¢yx]

SO (o TS HRTAe (5) 9% oo woa 1 o +ip (o p IR 9l G 7,
&) T TR 0 - if ARG TS 70H, y = ol0iB)s =K y = gle-) T BfG (afareTE
AR AT | TEAT, R T

y=AelttiB)x 4 Be(u-.‘mx
=e% (A + Be ™)
=™ [(A + B} cos fix + Pi(A - B) sin Bx]'
= ™ [C, cos Px + C, sin Px]
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EE, ¢, =A+B
Cz=i(A"'B)

[ STTEE AU T (T y=e“ cosPx 42 y=¢% sin Px i T T ]

2 11.7.1 e fc METaeR @ 59 525 7o YU SRR 445

mmﬁcfmmﬁs% m@mcmmmﬂqvhﬁwﬁww ¥ e @
QCE A |

11.7.2  Twggd
fipa sraerefor e Fifs a1
@  y 4y +4y=0 @ y +4y=0
@ y"-y=0 | ) y'-2y'-3y=0
FRTT
0 y'+4y +4y=0 | 91, dy+4 +4y=0
dx-: dx
A, (D2+4D+4)y=0 (AR, _'D=di
- ax

. TR AR T 2 4 4m 44 =0 I (m+2) =0
;. @A el m= -2, -2
TCA, AFE FRSINBA YL T T

y=ce 3 +e,xe N = e-35(c, +c,x)
() y"+4y=0 q, o +4y=0

aq, (D*+4)y=0, D=_-—c-l~
-, TS AN T 2 4420
[ @I m = 2i, - 2i.
e, AWE FRIFRND TR A 2
y:C,‘Cos2x+Czsin2x
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| d’y
"o = 0 1, —y = 0
m y” -y | ooga Y

@, (D-ly=0, D=2S

dx

A, (D-1)(D2+D+1}y=0
ﬂawmﬁm(m—l)(m3+m+])=0

S AR Aweli T m =1, -%+?i, —%——‘-/;ii

CGIT, ANG FASIE IR S %D
oS3 1 . A3

Y

y=cet +c,ex c0s =X + cse -"-sin—z-x

(v) y"-2y'-3y=0

i _q"_y..zd_Y_?,y:o
dx? dx

A, (D*-2D-3)y=0, D=de—
A, (D-3)(D+1)y=0
SRS AR %, (m-3) (m+1) =0
| A TS T m=-1,3
WO, SNE AN FNLI FAI L

y =Ces +¢,e3

11.8 % FHR $IT TOE AT oy e

L{D)y=¢(x)
@ fRe19 @ (Particular Integral P1.) <@g »r&fe |
@R L(D)=Dr +PD~14....+P_D+P &% P P.,... P aaf 5%

11.8.1 A<E
L(D)=D"+PD'+P,D"2+ .. +P,_ D+P,
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(P.P,, ... P, %)

|
-Jb"j‘b(x)

(R O B B y T G

L(D)y=0(x)
ARG | T )

1 . |
wele, —L*(ﬁ“)“ﬂ’(X) TR &7 S - 9F TR, T2 TR L (D) 2T Remie

W1 ¢ (x) SRR e A wdfe, L (D) {ﬁ‘b (X)} =0(x)

WWM"]_—(ID—)‘P(.") PRS-

11.8.1.1 L (D)=D 7, wdie 510 4 0= L [ Dy = ¢ (x) ]

Dy=0(x)= dy:@(x)dx;ay:jq,(x)dx TER, y=%¢(x)_=_[¢(x)dx (‘trifss
T Tl FACE YR) | AR DY TR FI AR : _

—612— o(x)= JU ¢(x)dx) dx
- 11.81.2 L(D)=D-w ﬂ‘ﬁl,ﬁﬂ’(?():}’W(D—G)y=¢(x)_tﬂﬁtﬂﬁm
FER (AT 9¥TF ANEe [ e A= %-Gy:@(xnﬂmmwww

y=en[e-= ¢ (x]dx

=1 (x) = e g (x) dx = em g (1)

. o e -
e 5in fx =™ 5 e "™ e® gin Bx

T4,

5 'D-—a

= g 1 sin fx
= g™ fsian dx

o gl cosPx

B
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11.8.1.3 L (D) 2= son wibaes oo st frafifae uib Setenmra A s
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= 8e?* — x? sin 2x
D2
=8 2‘_ ! D‘ D-I L 2
=8e x-—~—1,—.2 X—— 2 5 sin 2x
= 8e2* [ x——= 2D [x———.ZD sin 2x
| z N D? ] -4
" 1 "o ]
=—2Ze [ x—— 2D i xsin 2x — —4 cos 2x
D? ] D?
= 2e ! ZD- i
=-2e x—_ﬁ‘ [xsm2x+cos2x]
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== 2g% [xz sin 2x + X cos 2x -—]51-2-.2D(x sin 2x) - gin Zx]

=— 2" [x? sin 2x + x cos 2x ~ sin 2x] + 4¢%* —[1;(7( sin 2x)

1 1
= - 2628 {x? sin2x + 2% ~ sin 2x|+4€** | x —— .1 sin 2x
[+ [X SIN ZX + X COS 2X sin !C] € [x D ]D

sin Zx]

=~ 2e** [x2 sin 2x + x €os 2x ~ sin 2'x] +4e® I:—i;- cos 2x +
=g’ [(3—2x2)sin 2X — 4% cos 2x]

. dly _dy <
V) = +3-—=+2y=¢°
e

< off D <o
(D2 +3D+2)y =¢’
o3 o el oo et @

mZ+3m+2=0

43 Arare SReI AT B BT m=~1, -2
wWEAq m‘?{w Ye =c!e—¥. +cze—2x

D?+3d+2
1 %
eL
(D+1){D+2}

1 1 x

_ _ et
D+1 D+2

—-}. e 2x .fe2x e dx
D+1

o e v, =

It

e~ix Ie’ zdz, z=e*
D+1 '

= —ﬁlﬁ e 2x (ex - 1) .ee"
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=g~ _é_e—x (ex _ l) e¢x

e fon et e

1 dz
=e‘x . Z"'"l _ez e
Z( )Z F4
||
=g X f ol ____)dz
'[ (z z?
=e Nl —
FA

= e-.'( eeﬁ ) _1\_ - e_zx . ecs
e’

. YRS MY y =67 +¢,6 %+, e(*’“)

dx dy dz
i —=2 —_— =2z —=2x
M TV R
2
9_§=2£¥_=4Z
dt?. dt
3
Ex_,dz_g
dt? dt
D’ o
= x-8x=0 &

3, (D*-8)x =0
3, (D-2)(D?*+2D+4)x=0
a, (D—2)[(D+l)2+3]x=o

= x= Ae¥l +e! [B,cosﬁt+C, sin 3t]

= Ae?' 4+ Be™! [cos(ﬁ t --(1)], (B] =Bcosq AR

C, = Bsin o 3 )
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HOTE 1
» ¥ 2 dt

! B _ | d
526+ e ‘(le)cos(ﬁt—a),l)—a;

=

= Ae®' +Be™! ~—~§— cQs(@t - a) - —-‘/2—-3— sin (ﬁt - a) ]

s

= Ael + Be " -COS ZTu cos (ﬁt - a) — sin 2%: sin (Jit - 'a]]

= Ae?!' + Be™ cos(JB—ut - a) + 2?“]

= Ae?' + Be™t cos(ﬁt -—a+2§£}

dy

t

B3| —

aqL Z
= Ae?! +% Be™ (D-l}cos(ﬁt—a+%’£)

= Ae® + Be™' cos (-Jit -0+ 4%)

11,12 HAI™

- TN (AT T AR

dry
dxr

R0 T4t P By =800 ..o (1)

LA FHFTILE y =y . +Y,
TR Yo W=

d“y dn—ly
dx” dx"!

% 77 Tl g SR o R qa y e (1) o b Ro iy,
(F TN TS Ry, Roe-omnes 1

+ Py (x)

dy - .
o, +P,_ (x) o + P“(x)y =0......(2)
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AR (2) 9% AA GG G 0T SF-C M y =y, Y=y, , ..,y =y, 45F
AR (2) G n TGS FRESKT S8 TG L,

(@A ¢,,c,,......C, mm)mﬁwa (2) 4 #fof SISt mwﬁ'rﬁcfm 4% 24
i |

s R tafe weaen sliwars o wrees S 20
N P P,......... P, OO I | 7T AT TR (2) 97 2l X |

D=§; zﬁ@wﬁtﬂq(z)- & L{(D)y=0 mmmrm,

L{D)=D"+PD~+ . .. +P,_D+P,
L{D)y = 0 FRFTCH y = e R T AT Gy AR oA B e Lm)=0
m,, M,,......... m,_ FEE FRAEE T 4R TOF AW T,

Ye =c,émt“+c2e“‘2‘ o +c,eMn

TR TN (1) wefie, L (D)y = ¢(x) FAIFEIT 77 WAFF | L (m) = 0 AR @wine
A9 m,,r AP ARG T & T T r YT @WRESNT WAl AT g
y=e™* y=xe™*, y=xleM¥. .. dR y=x"" g™
L (m) = 0 AR @6 I m, wha wdle, p+ig (p. q ) TRIET LA, 97 I
o 7 TA piq @R G2 e wibw AT Tepml AT FMAW T, y =P cosqx IR
y = e singx |

1575 T R Tl weae siligar R s el o)

worezell 2 L(D)y = ¢ (x)

—==9(x)

i RS Y, =

ve)

(a) T Q(x)=ex,y, = L(‘D) e = L(la) e~.[L{a) = 0]
xKedX

L (D)= (D-a)* (D) T Yp =7 TOR ,fla)=0
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L(D+a)

(b) T4+ 0 (x) = e v(x),y, = e™ v(x)=e™ v (x)

L(D)
{c) T ¢ (x) = cos mx, sin mx 4K L (D)= M_(Dz')

cos mx (sin mx}

i
7» " I(D)

1
= M(Dz) cos mx (sin mx)

= v (—»mz) cos mx (sin mx), M(—mz).;é 0

(@) W 0=V ()., = s xv () = {x T L’(D)} L(})) v(x)

TR () =XV (x), y, =

S R
) x'v(x) = {x ) L (D)} ) v (x)

() d(X)=xm m LI IS TRYT,

= (aU +a,D+...... + amDm) XM

) 1 | -
@A, ag+ D+ +2,D" T [y LB sl TotolTHIa AT D @R WIS
he e fagRe (m + 1) Ay A7 )
() ¢ (x) FIHED &) (IS WHNFR =

ST=0(x) = e S e 6 (x)

= e“-“-[e B tb(x) dx
SED AN I BE |
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1113 S0 R

1. ﬁmaﬁw%ﬁﬁwmﬂm|

2
dyﬂ?dy

+ 12y =e™*
axt a7

6 6

d’y dy .
3 —Z —(a+b}—= 4 aby=e™ +ehk
@ dx? (a )dx s

i) (D2~2D+1)y={1+e>)

dz

(iv) &—-l-‘)y = e —cos2x
2

v} —g——f- + 4y cos2x
2

(v) -j—}; +4y=xsin*x

(vii) (Dz——]]y= X* COs X

2. L(D)wﬁ%tqﬁaw mm el e (T,

(a) L(D\ [XV( )] { L(D) ( )} L(D)

o - - s U O - s Lo o

Toraa o b erms TR
() (D?+4)y=xsin’x &R
(ii) (D? - 1) y =x? cos x
| TN 767 ey Faem facfn )
3. Fupa wfiemacin e wea fady s

@ (D*-7D)y=-35x*+76x* -24x - 42x+6
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@ (D*- 1)y=xex_sinx

@ (D*+ 2) y = x%™ +e¥ cos 2x

4, (a) SN TN (A, y=-:;];f(t) sin p {x~t}dt
k

dly .
@+pzy=f(x)

SEAaGE i e o |
(b) Bomm 7@S arate wd (D? +a?)y = sec ax ARG Faixie f=efy v= |
5. frfis meafierdafin A fAdy == |

. dx
(i) —=5x+vy,

2y—-4x
at y

qay

dt
dx . dy

i) ——+2x+3y=0, 3x+-—=+2y=2e

W g e e T

dx dy
i) ———Tx+y=0, —=—-2x-5y=0
@ g TIXTYES g AT
- ({) (D-1)x+Dy=2t+1, (2D+1)x+2Dy=t

W) _____dzx +y=sint Md?-y +x=cost
\J = ’ =
a7 de? |

1.14 S

3 4
. () y=ae ? +be 3 +e

B y=ae et (oneen)
! am
- : - 9 1 __2- 1 -
@) y=(a+bx)e*+1+—e 4™
9 2
(v) y='acos3x+bsin3x+%e“—10052)(_
v) y=Acos2x+Bsin2x+%xsin2x
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(M) y,=A cos2x+ Bsin2x

) .11
D? +4 2D?+4

1 1 i 1 .
- X-~ X CO82X
2 D44 2D*+4

xeli_\'

—x—-—.Re
8 2 D? +4

LRe—t 1 yeme
8 2 D-21 D+2i

"

h
]
]
]
|

I
I
»
I
}
7
o
[l
4
-l_
| — )
WS
|
[ ¢
| I |

_ 2
lx—-l—Re((:,(:rs2x--f-isiﬂ2x) _XLx
8 8 T2 T

- _
lx-——l—xc(_>s_2x-———-)s12 sin 2x
8 32 16

x? eos x

() Y .=Ae*+Be™, y, = T

=%(1—-x2)cosx+ X sin x
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(i) —;!ge-" {(I(}x+2) cos x + (5x ~14) sin x}

e .

o x? —-2x% 4+ 3x?

e[ . 12x so} 1 ., .
Gi — [xz LR _-_.-]- — e* {4 sin 2x + cos 2x)

It 121 17
{ 'ﬁmfwﬁi-—f(XH : S f(x)
a) D? + p? 2ip{D-ip D+ip

— | |e?=Y £y dt = [e- P00 £ee) dr

lIf‘(t) sin p (x —t) dt
Pi

. | I 1
(by y=Acosax+Bsinax+—xsinax + — cosax log cos ax
_ a a
) x=(c;+cyt)ed, y=e¥ [(1—- 2t) ¢y = 2¢,]

6 8
i) - Xx=ce'+ce e, y=—cel + et - —e?
1 2 7 1 2 :

i) x=¢e [c, cost +¢, Sin t] ; y=e [(c, —¢,)cost+ (e, +¢,) sin t]

i x——t——z- -f-+f‘—£+c
() = 3 ?—2 3

. b
() Xx=cettcet e costdc, smt+zt(smt-cost)

y=—ce' —c,et +¢yco8t+c,sint +% (t+2){sint - cost)
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@712 O S W@WWWM_

s Rfew 4w ¢ (Differential Equa-
 tions of Second and ngher order Methods
of Solutlons) '

12.1
12.2

12.3

12.4

12.5

12.6

12.7

12.3

12.9

12.10

12.11
12.12
12.13
12.14

Cro
2FEA
T

§7=f(x) WX TGAT ARNFA

dl
d%=f(y) ISR SGAFE FAIA

_.__.}_! (_:l..y_x —0
---------------- g )T IR g TR

dxn—z

d" l
—z x]-—O R SEAFA AREA

[ Yy x]:omwﬁ-m

A
FE0TE e

- TErE
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@y @ Tred g SRyAE ANTA AR Jen B
12.1 &Fa|

IV I (unit 11) W1 $9@-orgst RS Gl weaes ARwame T orahe
TS WAL e @ @Re 7 R aRE TeEes FNTAEE AN @FWE HYEd
AFRE (1%t W FEAT AT SIFAA SNFALR ALLS AT HEI | W @A AN
AT ST WS T |

122 Ty

. dn . . dn—l d
* x dT?:+P, '-dx“f;+ AP xRy = (%)
(@4 PP, P W)Wﬁwwwmtﬂwmamﬂﬁmq G

n—-i

(ax+b)'j y~i-P1(ax-|-b)“ ': Y b, +P“_t(ax+b)9y—+ P, (x)=f(x)
<" . .

X! n-1

IR ARETF e (Legendre) TaRE Wﬂ%ﬁﬁ‘lﬂ"ﬂiﬂ 1 ﬁ@waﬁaﬂw
AIYITAD “Tafed STEIoAT 91 SR |

N mwwﬁww&wwwaﬁﬁﬁmmwaﬁwm
ofFere 1 qE, SE 7 WY AN @ W1 Y TeIIE TR AT Awe
wnFfee =

-iﬁﬁwwwwﬁﬁ%ﬁm

: dl\ dz

@) Sr=fe. i) 3=
Gi fé:f .................. g—i—,x]zO

(iv) figi% ................. %{,y}:()

v) \33%?%*}0
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N L L A
(viy ] —-=- :

e x|=0
) k.dxn dxn-l J
TAITHT AN el F TR |
o (T FNT (FLY WTHE (AT TwaFE AREA
d’y . dy

Y i pioy=R
o TPt

G2 FZT TN YR, (3 FNE CHCI GAILA 7% i SeemoaTt w1 1 |

o &l “ifrman yErGeTE BT 93 SRR 3 g3 fawafefies swrad seafes
AR

123 AFAIES @S WF{ ‘aﬁ’:aact'| (The Euler Linear
Equation)

h -1 :
x " QHY.+ A]x“_! d 1—)11 +o +A"_1x'dl + A“}’ = f(x)
dx" dx’ ' dx

(1)

(T @RE A LA, A, A, ¥IF) EET GEIH] TANTENT SN ({0

A AR I ER | ¥ 55 x 07 TS e APirw AN (1) = 4T Spefafs @ik
QR AL AATE FA1 TH | 43K 4R G/ (Unit 11) € T s w21 11 |

I x = f AW 28, ©FF, z = log x a8

xgizxgl.gizxgl:gy—:[)y‘ ]:):i
dx dz dx dz x dz dz
G HACTR,
1y ()
dx? dx \ dx

. ] 2
=x2 E_(El.-\_[-_]_Jz xz _._I,Eil.i._l_.(,i_:\'.’._q_z_.
~ dx\dz x x? dz  x dz® dx

tdy 142
:xz_ __,_y.;.____Y_
[ x? dz x? dz* _
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Cdly dy

TdZ dz
=D(D-hy
i, . Ef_)i = e'ZZ[D2 - D]y L K4 9y =e *Dy
" dx? ©odx
=5 4 =e ‘D
dx

dy _d(dyY ¢ -
2102

= e“z[-*Ze_zz[.Dz - D) + e—z;z.( D'-D* )]}’
=e¥[D’~3D? +2D)y
=g D(D=1)(D -~ 2)y
= xsg—i%‘: D(D-1)(D-2)y

aifies Tan Amfere e =3 T @,

n d " b
x ———

(13

=D(D-1)(D=2).........(D~nky

Tolrad 21) TR R (i)awmwﬁwmﬁﬁ%ﬁwuﬁw CIELE

[D“ +AD '+ _+A._ D+ A,,]y T T (2)
FRGE (2) FARKHS she 28] 93 | 14 =fife wamm)
12.3.1 Sargad
(x*D*+3x°D? + xD)y = 24x” >FAweI W T |
D= i
dx

143



D=d—=—.~—=e"—=_e‘29_, _9=di(‘§f?ﬁﬁ. G g T WA
: Y o)
D? = D D=e7"0(e7"6)

=e7[~e0+e70?]
=e 0’ - 0]
=e 9[0-1]
4R. D*=DD’
= D[e6(0~1)].
= e ?-2e"26(8- 1) + €767 (6- 1))

= VB8(8-1)(0-2)
a3, mﬁmﬁﬁtmw QY A

(80— 1)(8-2)+ 300~ 1) +0ly = 24¢¥
e, [0 - 367 +20.+ 307 - 30.+ 6]y = 24¢™
a, 8y = 24e22

y = A+Bz+CZ +é24eh

= A+Bz+Cz? + 3e¥

. =A+Blogx + C(logx)? +3x?

12.3.2 oo (e wgazd waFw (Legendre’s Equation)

- do de d
(a+bx)’ -&%:r A (a+ px)n—l dxnf]’ botA, (2t bx)—(ﬁ+ Ay=f(x) .1



AAH a, b, AL A,, A S @, G2 AR AETE ARSI W
2= a + bx AP Toitar sTeRebis tras oM Fewars! effeere =1 T

12.3.3 Twigad

2 : '
.(l+2x)2%x—§-6(]+2x)cdl—i+ 16y = 8(1+2x)* wiraaafba waram fadfy e |

S S 14 2x = ¢¢ AP oM

'2=e“'f£ ==.f»£=2e*z
dx dx

: dy dy _ d d

— =2 —=2e "

oA, dx dz dx dz
- d d
= D=2¢""8, D=— 0= —
=TT g

2
LA, —‘»’—-2- =D? =D.(2¢7°0)
dx :

= 2¢7“8.(2¢7%0)
sde7[-e 0 +e 02|
=4e {6’ -0
=4e79(8-1)

2
(1+2x)2:?='49(9—l)

e, (142x)-3-= 28
dx
[48(8 - 1)~ 620+ 16]y =82 T, (9 -2)%y = 2e¥ WHT 4174 T
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e et e,

| y=é2‘(a+ﬂz}fb(9_2)2 2é2z ’(Q’B Wm)

' 2
= e¥ (o +Pz) + 2¢* —%—

=e**(a +Pz+2%) |
= [m-ﬂ log(1+2x) +{log(1 +2X)}2](l+ 2x)’

12.3.4 SRR GARE orgaee wRiwa AaYieR [ &l

Woroitg | 43 D 4R 6 S9N S T TNETH f;aaz xi—mgﬁwﬁaﬁfwﬁ| o

"F(0)=6"+p,0™'+......... +p,,8+p,
@A, PPy P, &35 ¢ n GFHT GIUS e T | SR,
(i) Xx"D" =001 (B—n+1)

(ii) F(@®)x™ = F(m)x™
: T
W F@" T Fm

F(m) # 0

1 1
) Fa X"V = X" Fo+m) Vv, (V, x 5= FRA)
optet 3
(i) e (A AR xD=0=>
xDy =0y=
xD(xDy) =0?y= .
x. Dy + xDly =o'y = |
x’D?y =0% -0y
=0(8~-1)y= x’D* =6(8-1)
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4f, x D"_e(e “1)..er (B — 1+ 1) TR -0 Gl RieeE W k- Ty 31 | weffe,
x*D¥ =0(8-1)......... (O-k+1) (k<n)=
x*Dfy=0(0-1)....... | o (B<k+ 1)y , o (A)

. xD[x*D'y]=6{6(8-1)......... (9—k+’l)y}.—.¢

wdie, xM DKy = 9lO(8 - 1)......... (O-k+1y} -k{B(B-1)....... (9 k+ l)y}
=00-1........0-k+1}O-k)y : - (B)

(A) 93¢ (B) (T® 1%, a6 n = k & &y 779 201 <6 AT OGS A g = k41 9T
T ] | IR MG n = 2 R T A | TR, qu%ﬁwmwﬁwmﬁwﬁm @t @
@G GIE T TR 1< T 7 |

(i) CTRF Bx™ = x - (x™) = mx™

62x™ = 8(6x™) = (mx™) = mB(x™) = m’x™

anm = mnxm
< F(0)x™ = F(m)x™, mﬁ@ﬁ
AR 77E T @, F(m) = 0 T, y=x", F(8) y = oaﬁwawmmr

@) T ?WW@WMT%@@ IS ﬁ « efems A%

F(ﬁ)

1 m_ 1 m :
q, O Rm T, F(m) o <d | s

(iv) u, x BETH TFRHA T

d du
0(x"u) = xa—(x".’u}r- mx"u+x.x" —=mx"u+x"6u
X X

=x" {8 +m)u

147



chq; BZ(xm.u) =x™m e(sxmu).
=8{x" (6 + mu}

=x"(0+m)u
ST, 6" (x™u) = x™(0+m)" u

F(8)x™u=x"F(8 +m)u
@9 F(@+mlu=v 4F iR

1
u-F(9+m)v

. . m R
. F(B){x. F(9+m)v}—x.v

@Wﬁw%;?)ﬁﬁwmmwﬂﬁ

Uom_om 1
F@” N Ferm s e

12.3.5 Swizad

T 12.3.4-9 3 »%fs g

2
'x22-%+ 5xd—y+4y=‘ x*
dx dx

FregaifBa AL 3% |
FHaTH 2

'x%=elaﬁm°{f§

[6(6-1)+50+4]y =x*
3, (07 +40+4)y =x*
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(AZZ F(@)x™ = F(m)x™; y=x"

(62 +40+4)y=0
ANTRABR A T A m? + 4m+4 =0 WL, m=-2,-2
o TR A Y, = x_z[A+Blog,x]

4

R RO =Yy = g X

=—X .
36
., T aiaa y=x"z[A+Blogx]+-;—6-x4

. d d
TEY 2 x = G x-d_x:e:-d_z i, sFFE T R o e AR =,

F(m)=0

97 G A, FARE LA gmiz gomz Wefie, ™ ™ Jog ¢ TR F(B)y = 0GRS
TARIFSTE SRR A |

12.3.6 Twgae

3 2
34 308,

dx dx dx

wReReia st el T |

X

2 xi=9'ﬁﬁt§l g
dx
[9(9—1)(9_—2)-!-39(9—1)+9+1]y=0
A, (@ +ly=0
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y=x™ IPH 4R
m*+1=0>

sidfle, m = —1,%(:1:|:J§i)

B, (ARSI TR AT RS 2

1 . .
q, y= oy y=&cos§logx, y:&sin%logx

- Fresfay wrare A

y= G, x{cz cos{?logx)+c3 sin(%logx}}
X ' '

12.3.7 SR

fersfafine maasfem Fmum fadfy = |

_ 2
(1) x2:—§+y=3x2
X

2
@) x2j—’2’+2x:—y-20y=(x+l)’
X X .
2d2Y dy
3) x Ex—z-—xa-£+y=logx
2
@) xz%—x%w:xlogx
X X
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d’v 1dv

5 -—-H+—-——ﬂ-41: = %
©). de?  rdr P (P )
(6) _t"i?£+y=0; td—y+x=0;

dt

124 W#wﬁw (Exact Differential Equation)

HE .
93 (n-1) X TR Wﬁaﬁq

dn ly dn—l dy
i +c
g(dx" e dx"‘:e dx = Qix)

(@ AFGY CRIGE WG T 4T -0 FOE FEIE] ANSAY

dn dll-—] d .
f[*v**l ------------- %‘Y]=‘Q(x), (@G Q, =Q(x)] ~MeFT I, T
-3 FEY e NS e TBIwH ARG BT -
Twadi
.
Xj—+(2x—l)y cwﬁmﬁwwmﬁx%ﬂxgﬂy 0 1 «fb
75 TFem Twe nand TafiE SeaEe T |

2
T |.x§-{-+2x-§1+2y=oﬁw‘fﬁwwwvfﬁ
X X

Ix%dx+]2x%ﬂx+[2ydxéc
B (xg—):-jld—yde%Z(x y.—flydx)+2_[ydx=c
) dx “dx ' - _
. dy
4, x&—y+2xy—_2_|'ydx+2j'ydx=c

2, x%+ 2x-1)y =c.

@m@wﬁaﬁwwﬁwwwmmw@wﬁwﬁm
1 SEIE A |
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12.4.1 Ay + By, + Cy,=D, (A, B, C, D x 50 FI7) Fiaeio qaite
ZAE el | |

ey TR Gl RO e TS SR SR | R ARt TR w2
QD AU T TEIIE AT ANGH] T B(F WG HNFANHTE I I 23 |

A i dx s YZ_-dxz
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