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¤fl¡fl¡ 1 ¤fl¡‰¬˘ ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ ø¬ı˛˜±Ú ¸˜±fl¡˘Ú

Ó¬N

·Í¬Ú

1.1 õ∂d¬±¬ıÚ±

1.2 Î¬◊ÀV˙…

1.3 ¸—:±¸˜”˝√√ › ’Ú≈˙œ˘Úœ

1.4 õ∂øÓ¬:± ¸˜”˝√√

1.5 ¸˜±fl¡˘Ú Œ˚±·…Ó¬±¬ı˛ ˙Ó«¬ › ’Ú≈˙œ˘Úœ

1.6 ¸±¬ı˛±—˙

1.7 ¸—Àfl¡Ó¬ ¸˝√√ ¤fl¡fl¡-1 ¤¬ı˛ Î¬◊M√√¬ı˛˜±˘±

1.8 ¸˝√√±˚˛fl¡ ¢∂&Ô

1.1 õ∂d¬±¬ıÚ±

’±¬ÛÚ±¬ı˛± ¸fl¡À˘˝◊√√ fl¡˜À¬ı˙œ ¤fl¡‰¬˘ ¸˜±fl¡˘ÀÚ¬ı˛ ¸±ÀÔ ¬Ûø¬ı˛ø‰¬Ó¬ ’±ÀÂ√Úº ¤‡±ÀÚ ’±˜¬ı˛± ˜”˘Ó¬

¤fl¡‰¬˘ ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ ¸˜±fl¡˘ÀÚ¬ı˛ ø¬ıøˆ¬iß Ò˜« øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº Ó¬±¬ı˛ ’±À· ø¬ıøˆ¬iß ¸—:±

› ø‰¬˝ê·≈À˘±¬ı˛ ¸±ÀÔ ’±¬ÛÚ±À√¬ı˛ ¬Ûø¬ı˛ø‰¬øÓ¬ ‚È¬±ÀÚ± ˝√√À¬ıº

1.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡fl¡ ¬Û±Í¬ fl¡À¬ı˛ ’±¬ÛøÚ ø¬ı˛˜±Ú ¸˜±fl¡˘Ú Ó¬N Œ¬ı±Á¡¬ı±¬ı˛ Î¬◊¬ÛÀ˚±·œ øfl¡Â≈√ Ò˜« › ¸—:± Ê√±ÚÀÓ¬

¬Û±¬ı˛À¬ıÚº ¤Â√±Î¬ˇ±› ÿÒ« › øÚ•ß ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ ø¬ıøˆ¬iß Ò˜« › ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ ’ød¬Q-¤¬ı˛ ¸—:±

Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº

Ã ¤fl¡‰¬˘ ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ ø¬ı˛˜±Ú ¸˜±fl¡˘Ú Ó¬N Ã
[Œ˚‡±ÀÚ f : [a, b] → R) a, b ∈ R, a ≤ b

1.3 ¸—:±¸˜”˝√√

¤˝◊√√ õ∂¸Àe· ’±À˘±‰¬Ú±¬ı˛ ˙≈¬ı˛≈ÀÓ¬˝◊√√ fl¡À˚˛fl¡øÈ¬ ¸—:± Ê√±Ú± õ∂À˚˛±Ê√Ú, ˚Ô±ñ

1. ¬ıX ’z¬À¬ı˛¬ı˛ ø¬ıˆ¬±Ê√Ú › Î¬◊¬Û’z¬¬ı˛, (interval–’z¬¬ı˛±˘]
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2. ˘ø‚á¬ ÿÒ«¸œ˜± › ·ø¬ı˛á¬ øÚ•ß¸œ˜±, (L.U.B, G.L.B)
3. ¸”Ñ ø¬ıˆ¬±Ê√Ú

4. Ú˜«

1. ¬ıX ’z¬À¬ı˛¬ı˛ ø¬ıˆ¬±Ê√Ú › Î¬◊¬Û’z¬¬ı˛ (a, b∈∈∈∈∈R, a ≤ ≤ ≤ ≤ ≤ b)º

˜ÀÚ fl¡ø¬ı˛ [a, b] ¤fl¡øÈ¬ ¬ıX ’z¬¬ı˛º ¤˝◊√√ ’z¬À¬ı˛ x0, x1, x2, ..... xn ø¬ıμ≈·≈ø˘Àfl¡ [¸¸œ˜ ¸—‡…fl¡

¤˜Úˆ¬±À¬ı ŒÚ›˚˛± ˝√√À˘± Œ˚ a = x0, ≤ x1 ≤ x2 ..... ≤ xn = b ˝√√˚˛º Ó¬±˝√√À˘ [x0, x1, x2 ......

xn] ¤˝◊√√ Œ¸È¬øÈ¬Àfl¡ [a, b] ’z¬À¬ı˛¬ı˛ ø¬ıˆ¬±Ê√Ú ¬ıÀ˘ ¤¬ı— [x0, x1] ; [x1, x2] ; ....., [xn–1, xn] ¤À√¬ı˛

õ∂ÀÓ¬…fl¡øÈ¬Àfl¡ [a, b] ’z¬À¬ı˛¬ı˛ ¤fl¡ ¤fl¡øÈ¬ Î¬◊¬Û’z¬¬ı˛ ¬ıÀ˘º Œ˚˜Ú [xr–1, xr] ˝√√À˘± ‘r’ Ó¬˜ Î¬◊¬Û’z¬¬ı˛º

¶Û©ÜÓ¬˝◊√√ Œ¬ı±Á¡± ˚±À26√ Œ˚ ¤fl¡øÈ¬ ¬ıX ’z¬À¬ı˛¬ı˛ ¤fl¡±øÒfl¡ ø¬ıˆ¬±Ê√Ú õ∂ø√flË¡˚˛± ¸y¬¬ıº ¬ıd¬Ó¬– Œ˚ Œfl¡±ÀÚ±

¬ıX ’z¬À¬ı˛¬ı˛ ’¸—‡… ø¬ıˆ¬±Ê√Ú ’±ÀÂ√º Œ˚˜Ú [0, 1] ¬ıX ’z¬À¬ı˛¬ı˛ fl¡À˚˛fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú ÚœÀ‰¬ Œ√›˚˛±

˝√√À˘±ñ

0 1
2 1  ¤¬ı—

0 1

0 1

’Ú≈̇ œ˘Úœ–1

1. [0, 1] ’z¬À¬ı˛¬ı˛ ’±¬ı˛› øÓ¬ÚøÈ¬ ø¬ıˆ¬±Ê√Ú fl¡œ fl¡œ ˝√√ÀÓ¬ ¬Û±À¬ı˛∑

2. Œfl¡±ÚøÈ¬ øÍ¬fl¡ ¬ı˘≈Ú∑

(a) [a, b] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√ÀÚ a › b ø¬ıμ≈ ≈√øÈ¬ ’¬ı˙…˝◊√√ Ô±fl¡À¬ıº

(b) Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√ÀÚ ¬Û¬ı˛¬Û¬ı˛ ≈√øÈ¬ ø¬ıμ≈¬ı˛ ”¬ı˛Q ¸¬ı ¸˜˚˛ ¸˜±Úº

(c) Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√Ú Œ¸È¬ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¸—‡…±¬ı˛ Œ¸È¬º

(d) Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√Ú Œ¸È¬ ¤fl¡øÈ¬ ˜≈˘ƒ√ ¸—‡…±¬ı˛ Œ¸È¬º

(e) ¬Û±˙±¬Û±ø˙ Œ˚ Œfl¡±Ú ≈√øÈ¬ ¬ıX Î¬◊¬Û’z¬À¬ı˛ ¤fl¡øÈ¬˜±S ¸±Ò±¬ı˛Ì ø¬ıμ≈ Ô±fl¡À¬ı  , ’Ô«±»

[xr–1, xr] ∩ [xr, xr+1] = xr.
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2. ˘ø‚á¬ ÿÒ«¸œ˜± › ·ø¬ı˛á¬ øÚ•ß¸œ˜±

˜ÀÚ fl¡ø¬ı˛ f : [a, b] → R ’À¬Ûé¬fl¡øÈ¬ [a, b] ’z¬À¬ı˛ ¸œ˜±¬ıXº Ó¬±˝√√À˘ ¤˜Ú ≈√øÈ¬ ¬ı±d¬¬ı ¸—‡…±

M › m [¬ı±d¬¬ı ¸—‡…±¬ı˛ ÿÒ√ı«¸œ˜± õ∂fl¡ä ] ¬Û±›˚˛± ˚±À¬ı ˚±ÀÓ¬

f(x) ≤ M ∀ x ∈ [a, b]

øfl¡z≈¬ ‘x’ ¤¬ı˛ ’z¬¬ı˛ ¤fl¡øÈ¬ ˜±ÀÚ¬ı˛ Ê√Ú… f(x) > M – ∈, Œ˚‡±ÀÚ ∈ ¤fl¡øÈ¬ Œ¶§26√±ÒœÚ ÒÚ±Rfl¡

¸—‡…± ’±¬ı±¬ı˛ f(x) ≥ m, ∀ x∈ [a, b] øflz≈¬ ‘x’ ¤¬ı˛ ’z¬Ó¬ ¤fl¡øÈ¬ ˜±ÀÚ¬ı˛ Ê√Ú… f(x) < m + ∈′
Œ¸‡±ÀÚ ∈′ ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± [Œ¶§26√±ÒœÚ]º

¤˝◊√√ ≈√øÈ¬ ¸—‡…± ‘M’ ¤¬ı— ‘m’ Œfl¡ ˚√Ô±√flË¡À˜ [a, b] ’z¬À¬ı˛ ‘f’ ’À¬Ûé¬Àfl¡¬ı˛ ˘ø‚á¬ ÿÒ«¸œ˜±

› ·ø¬ı˛á¬ øÚ•ß¸œ˜± ¬ıÀ˘º ¤‡Ú ŒÔÀfl¡ ’±˜¬ı˛± ¸—Àé¬À¬Û ¤À√¬ı˛ ˘.Î¬◊.¸œ › ·.øÚ.¸œ ¬ıÀ˘ ø‰¬ø˝êÓ¬ fl¡¬ı˛¬ıº

’Ó¬¤¬ı Î¬◊¬ÛÀ¬ı˛¬ı˛ ¤˝◊√√ ¸—:± ŒÔÀfl¡ ¤fl¡Ô± ¬ı˘± ˚±˚˛ Œ˚ ‘f’ ˚ø√ ¤fl¡øÈ¬ ¸œ˜±¬ıX ’À¬Ûé¬fl¡ ˝√√˚˛

Ó¬À¬ı [a, b] Œ˚ Œfl¡±ÀÚ± Î¬◊¬Û’z¬À¬ı˛ ‘f’ ¤¬ı˛ ˘.Î¬◊.¸œ › ·.øÚ.¸œ Ô±fl¡À¬ıº Œ˚˜Ú ‘r’ Ó¬˜ Î¬◊¬Û’z¬À¬ı˛

¤˝◊√√ ¸œ˜± ≈√øÈ¬Àfl¡ ˚√Ô±√flË¡À˜ ‘Mr’ › ‘mr’ ¡Z±¬ı˛± ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˝√√˚˛º ’Ô«±» mr ≤ f(x) ≤ Mr, ∀ x∈
[xr–1, xr]

3. ¸”Ñ ø¬ıˆ¬±Ê√Ú

˜ÀÚ fl¡ø¬ı˛ P : (Q = x0 ≤ x1 ≤ x2 ......... ≤ xn = b), [a, b] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Úº

¤˝◊√√ ø¬ıˆ¬±Ê√ÀÚ ’±¬ı˛› ¤fl¡ ¬ı± ¤fl¡±øÒfl¡ ø¬ıμ≈ [a, b]-¬ı˛ ˜ÀÒ…fl¡±¬ı˛ øfl¡z≈¬ ‘xi’ [i = 0, ....n] ŒÔÀfl¡

’±˘±√±] Ï≈¬øfl¡À˚˛ Œ˚ ø¬ıˆ¬±Ê√Ú ¬Û±›˚˛± ˚±À¬ı Ó¬±Àfl¡ ‘P’ ¤¬ı˛ ¸”Ñ ø¬ıˆ¬±Ê√Ú ¬ıÀ˘º

Œ˚˜ÚñQ : (a = x0 ≤ x1 < y1 < x2 ≤ ...... ≤ xn–1 < yn–1 < xn = b)

¤‡±ÀÚ P ø¬ıˆ¬±Ê√ÀÚ¬ı˛ [x1, x2] › [xn–1, xn] Î¬◊¬Û’z¬À¬ı˛ ≈√øÈ¬ ’øÓ¬ø¬ı˛q¡ ø¬ıμ≈ ˚Ô±√flË¡À˜ y1 ›

yn–1 ŒÏ¬±fl¡±ÀÚ± ˝√√À˚˛ÀÂ√º ’Ó¬¤¬ı ¤øÈ¬ ‘P’ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ ¤fl¡øÈ¬ ¸”Ñ ø¬ıˆ¬±Ê√Úº ’±˜¬ı˛± ¬ıø˘ P, Q -

¤¬ı˛ ¤fl¡øÈ¬ ˚Ô±Ô« Î¬◊¬ÛÀ¸È¬ ’Ô«±» P ⊂ Q. ¤È¬± ˘é¬Ìœ˚˛ Œ˚ñ

(i) ’øÓ¬ø¬ı˛q¡ ø¬ıμ≈ ≈√øÈ¬ ‘P’ ¤¬ı˛ Œ˚ Œfl¡±ÀÚ± Î¬◊¬Û’z¬À¬ı˛ ŒÏ¬±fl¡±ÀÚ± Œ˚ÀÓ¬ ¬Û±À¬ı˛º (ii) ‘P’ ˚ø√

[a, b] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√Ú ˝√√˚˛ Ó¬À¬ı ‘P’ ¤¬ı˛ Œ˚ Œfl¡±ÀÚ± ¸”Ñ ø¬ıˆ¬±Ê√Ú ‹ ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬

ø¬ıˆ¬±Ê√Ú ˝√√À¬ıº

4. Ú «̃

˜ÀÚ fl¡ø¬ı˛, P : (a = x0 ≤ x1 ≤ x2 ...... ≤ xn = b) [a, b] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Úº ‘P’
¤¬ı˛ ¬ı‘˝√√M√√˜ Î¬◊¬Û’z¬¬ı˛Àfl¡ [¤¬ı˛ Δ√‚«…Àfl¡] ¤¬ı˛ Ú˜« ¬ıÀ˘º ¤Àfl¡ || P || ø‰¬˝ê ø√À˚˛ ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˝√√˚˛º ’Ô«±»

|| P || = 

max
r

 (xr – xr–1)º

˘é¬… fl¡¬ı˛≈ÚñP′ ˚ø√ ‘P’-¤¬ı˛ Œfl¡±ÀÚ± ¸”Ñ ø¬ıˆ¬±Ê√Ú ˝√√˚˛ ’Ô«±» P ⊂ P′ Ó¬±˝√√À˘ || P′ || ≤
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|| P || ’±¬ı±¬ı˛ ‘P’ ˚ø√ P1 › P2 ¤˝◊√√ ≈√˝◊√√ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ ¤fl¡øÈ¬ ¸±Ò±¬ı˛Ì ¸”Ñ ø¬ıˆ¬±Ê√Ú ˝√√˚˛ ’Ô«±»

P = P1 ∪ P2 Ó¬±˝√√À˘, || P || ≤ || P1 || ¤¬ı— || P || ≤ || P2 || ˝√√À¬ıº

¤¬ı±¬ı˛ ’±˜¬ı˛± ‰¬À˘ ’±¸¬ı ˜”˘ ’±À˘±‰¬Ú±˚˛ ’Ô«±» ¬ı˛œ˜±Ú ¸˜±fl¡˘Ú õ∂¸Àe·º ¬ı˛œ˜±Ú ¸˜±fl¡˘Ú

¬ı˘ÀÓ¬ ’±˜¬ı˛± øfl¡ ¬ı≈øÁ¡∑ Ò¬ı˛± ˚±fl¡ ‘f’ ¤fl¡øÈ¬ ¤fl¡‰¬˘ ’À¬Ûé¬fl¡ [¬ı±d¬¬ı] [a, b] ¬ıX ’z¬À¬ı˛ ¸—:±Ó¬

› ¸œ˜±¬ıX ¤¬ı— P : (a = x0 ≤ x1 ≤ x2...... ≤ xn = b) [a, b] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Úº

˜ÀÚ fl¡ø¬ı˛ [xi–1, xi] ¤˝◊√√ ¬ıX Î¬◊¬Û±d¬À¬ı˛ ‘f’-¤¬ı˛ ˘ø‚á¬ ÿÒ«¸œ˜± [˘.Î¬◊.¸œ] › ·ø¬ı˛á¬ øÚ•ß¸œ˜± ˚Ô±√flË¡À˜

Mi › miº ¤‡Ú ÚœÀ‰¬ ≈√øÈ¬ ¸˜ø©Ü ·Í¬Ú fl¡¬ı˛± ˝√√À˘± ˚Ô±ñ

Sp = M1 (x1 – x0) + M2 (x2 – x1) + Mn (xn – xn–1)

=  ................................................. (1)

¤¬ı—

sp = m1 (x1 – x0) + m2 (x2 – x1) + .... + mn (xn – xn–1)

= m x xi i i
i

n
− −

=
∑ 1

1
a f .................................................. (2)

¤˝◊√√ ≈√˝◊√√ ¸˜ø©ÜÀfl¡ ‘P’ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ Ê√Ú… [a, b] ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ÿÒ« ¸˜ø©Ü › øÚ•ß ¸˜ø©Ü ¬ı˘±

√̋√̊ º̨

˚ø√ ‘M’ › ‘m’ ‹ ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ˘.Î¬◊.¸œ › ·.øÚ.¸œ ˝√√˚˛ Ó¬À¬ı ¶Û©ÜÓ¬˝◊√√

m (b – a) ≤ sp ≤ Sp ≤ M (b – a) ........................... (3)
‘P’ ¤¬ı˛ ˜ÀÓ¬± [a, b] ’z¬À¬ı˛¬ı˛ ¸fl¡˘ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ Œ¸È¬øÈ¬Àfl¡ ˚ø√ ∆ ¬ıø˘ Ó¬À¬ı (3) Ú— ¸˜œfl¡¬ı˛Ì

ŒÔÀfl¡ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛ {sp : P ∈ ∆} ¤¬ı— {Sp : P ∈ ∆} Œ¸È¬ ≈√øÈ¬ ¸œ˜±¬ıXº ¤‡Ú õ∂ÔÀ˜±q¡

Œ¸ÀÈ¬¬ı˛ ˘.Î¬◊.¸œ ¤¬ı— ø¡ZÓ¬œ˚˛ Œ¸ÀÈ¬¬ı˛ ·.øÚ.¸œ ˚ø√ ˚Ô±√flË¡À˜ ‘L’ › ‘U’ ˝√√˚˛ Ó¬À¬ı ‘L’ Œfl¡ [a, b]
’z¬À¬ı˛ ‘f’ ¤¬ı˛ øÚ•ß ¬ı˛œ˜±¬ı˛ ¸˜±fl¡˘ › ‘U’ Œfl¡ ÿÒ« ¬ı˛œ˜±Ú ¸˜±fl¡˘ ¬ı˘± ˝√√˚˛º ¤¬ı— ’±˜¬ı˛± ø˘ø‡

L f x dx
a

b

= ( )z  ¤¬ı—  ................................. (4)

˚ø√ L = U = I ˝√√˚˛ Ó¬À¬ı ’±˜¬ı˛± ¬ıø˘ [a, b] ’z¬À¬ı˛ ‘f’ ’À¬Ûé¬fl¡øÈ¬ ¬ı˛œ˜±Ì ˜ÀÓ¬ ¸˜±fl¡˘ÚÀ˚±·…

¤¬ı— ’±˜¬ı˛± ø˘ø‡

 .................................................................. (5)

’±¬ı±¬ı˛ (3) Ú— ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛

m (b – a) ≤ I ≤ M (b – a) ...................................... (6)
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’Ú≈̇ œ˘Úœ–2

Î¬◊øq¡·≈ø˘ øÍ¬fl¡ Ú± ˆ≈¬˘∑ [¸¬ıÀé¬ÀS˝◊√√ ‘f’ ¤fl¡øÈ¬ ¬ı±d¬¬ı ’À¬Ûé¬fl¡]

(i) [a, b] ’z¬À¬ı˛ ¸—:±Ó¬ ¸fl¡˘ ¸œ˜±¬ıX ’À¬Ûé¬fl¡˝◊√√ ¸˜±fl¡˘Ú Œ˚±·…º

(ii) Œ˚ Œfl¡±ÀÚ± ’z¬À¬ı˛ Œ˚ Œfl¡±ÀÚ± ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ ÿÒ« ¬ı± øÚ•ß¸˜ø©Ü ¤fl¡øÈ¬ ø¬ıÀ˙¯∏ ø¬ıˆ¬±Ê√ÀÚ¬ı˛

Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º

(iii) Œ˚ Œfl¡±ÀÚ± ¬ıX ’z¬À¬ı˛ Œ˚ Œfl¡±ÀÚ± ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ ÿÒ« ¬ı± øÚ•ß ¸˜±fl¡˘ Œfl¡±ÀÚ± ø¬ıÀ˙¯∏

ø¬ıˆ¬±Ê√ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛ Ú±º

(iv) Œ˚ Œfl¡±ÀÚ± ¬ıX ’z¬À¬ı˛ Œ˚ Œfl¡±ÀÚ± ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ ÿÒ« ¬ı± øÚ•ß ¸˜±fl¡À˘¬ı˛ ’ød¬Q ‹

’z¬À¬ı˛ ‹ ’À¬Ûé¬Àfl¡¬ı˛ ¸˜±fl¡˘Ú Œ˚±·…Ó¬± ¸≈øÚø(Ó¬ fl¡À¬ı˛º

(v) ¸˜±fl¡˘Ú Œ˚±·… Œ˚ Œfl¡±ÀÚ± ’À¬Ûé¬Àfl¡¬ı˛ Œé¬ÀS (a, b) ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√ÀÚ¬ı˛ Ê√Ú…

Î¬◊Ò« › øÚ•ß¸˜ø©Ü ¸˜±Ú ˝√√À¬ıº

(vi) P › Q ˚ø√ [a, b] ’z¬À¬ı˛¬ı˛ ¤˜Ú ≈√øÈ¬ ø¬ıˆ¬±Ê√Ú ˝√√˚˛ Œ˚ P ⊂ Q Ó¬±˝√√À˘ || P || ≤
|| Q || ˝√√À¬ıº

1.4 ø¬ıøˆ¬iß õ∂øÓ¬:± ¸˜”˝√√

õ∂øÓ¬:± 1 – ø¬ıˆ¬±Ê√Ú ¸”Ñ ˝√√À˘ øÚ•ß ¸˜ø©Ü √flË¡˜˙– ¬ı±Î¬ˇÀ¬ı ¤¬ı— ÿÒ« ¸˜ø©Ü √flË¡˜˙– fl¡˜À¬ıº

‘P’ › ‘Q’ ˚ø√ [a, b] ’z¬À¬ı˛¬ı˛ ¤˜Ú ≈√øÈ¬ ø¬ıˆ¬±Ê√Ú ˝√√˚˛ ˚±ÀÓ¬ P ⊂ Q Ó¬±˝√√À˘ õ∂˜±Ú fl¡¬ı˛ÀÓ¬

˝√√À¬ı Œ˚ sp ≤ sQ ¤¬ı— SP ≥ SQ.
õ∂˜±Ì – ˜ÀÚ fl¡¬ı˛≈Ú P. (a = x0 ≤ x1 ≤ x2..... ≤ xn = b) [a, b] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú

¤¬ı— ¤˝◊√√ ø¬ıˆ¬±Ê√ÀÚ ’±¬ı˛ ¤fl¡øÈ¬ ÚÓ≈¬Ú ø¬ıμ≈ 

x

 Ï≈¬øfl¡À˚˛ ‘Q’ ¬Û±›˚˛± Œ·˘º 

x

 ø¬ıμ≈øÈ¬ ‘P’ ¤¬ı˛ Œ˚

Œfl¡±ÀÚ± Î¬◊¬Û’z¬À¬ı˛˝◊√√ ŒÏ¬±fl¡±ÀÚ± Œ˚ÀÓ¬ ¬Û±À¬ı˛º ˚ø√ x0 < 

x

 < x1 ˝√√˚˛, Ó¬±˝√√À˘ ˜”˘ Î¬◊¬Û¬Û±À√…¬ı˛ ¸±˜ø¢∂fl¡

˚Ô±Ô«Ó¬± ø¬ıø‚ÆÓ¬ ˝√√˚˛ Ú±º 

′ ′M m1 1,

 › 

′′ ′′M m1 1,

 [x0, 

x

] ¤¬ı— [

x

, x1] ’z¬À¬ı˛ ˚ø√ ˚Ô±√flË¡À˜ ‘f’ ¤¬ı˛

˘.Î¬◊.¸œ › ·.øÚ.¸œ ˝√√˚˛, Ó¬±˝√√À˘ ‘Q’ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ Ê√Ú… ‘f’ ¤¬ı˛ ÿÒ« ¸˜ø©Ü

SQ = 

′ − + ′′ − + − −
=
∑M x x M x x M x xi i i
i

n

1 0 1 1 1
2

a f a f a f

≤ − − + − −
=
∑M x x M x x M x xi i i
i

n

1 0 1 1 1
2

a f a f a f [∵ ′ ≤M M1 1 ¤¬ı— 

′′ ≤M Mi1

]

= 

M x x M x xi i i
i

n

1 1 0 1
2

− + − −
=
∑a f a f
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= M x x Si i i P
i

n
− =−

=
∑ 1

1
a f

∴ SP ≥ SQ.

’±¬ı±¬ı˛ ‘Q’ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ Ê√Ú… ‘f’ ¤¬ı˛ øÚ•ß ¸˜ø©Ü

sQ = ′ − + ′′ − + − −
=
∑m x x m x x m x xi i i
i

n

1 0 1 1 1
2

a f a f a f

  ≥ − + − + − −
=
∑m x x m x x m x xi i i
i

n

1 0 1 1 1
2

a f a f a f [∵ ′ ≥m m1 1 ¤¬ı— ]

= 

= m x x si i i p
i

n
− =−

=
∑ 1

1
a f

∴ sp ≤ sQ.

¤‡Ú ˚ø√ ‘P’ ø¬ıˆ¬±Ê√ÀÚ ¤fl¡øÈ¬¬ı˛ ¬Û¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ Ï≈¬øfl¡À˚˛ ¬Û¬ı˛¬Û¬ı˛ Q1, Q2 .... Qm = Q ø¬ıˆ¬±Ê√Ú

·≈ø˘ ¬Û±›˚˛± ˚±˚˛ Ó¬±˝√√À˘ ’±À·¬ı˛ õ∂˜±Ì ’Ú≈¸±À¬ı˛

s s s s sp Q Q Q Qm
≤ ≤ ≤ ≤ =

1 2
.. . .. .

¤¬ı— 

’Ô«±» ’±˜¬ı˛± ¤˝◊√√ ø¸X±Àz¬ Î¬◊¬ÛÚœÓ¬ ˝√√ÀÓ¬ ¬Û±ø¬ı˛ ¸±Ò±¬ı˛Ìˆ¬±À¬ı ‘P’ ¤¬ı˛ Œ˚ Œfl¡±ÀÚ± ¸”Ñ ø¬ıˆ¬±Ê√Ú

‘Q’ ¤¬ı˛ Ê√Ú… sp ≤ sQ ¤¬ı— SP ≥ SQº

õ∂Ô˜ õ∂øÓ¬:± ŒÔÀfl¡ ’±¬ÛÚ±¬ı˛± ¤˝◊√√ ø¸X±Àz¬ Î¬◊¬ÛÚœÓ¬ ˝√√À˚˛ÀÂ√Ú Œ˚ ¸”Ñ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ Ù¬À˘ Î¬◊Ò«

¸˜ø©Ü √flË¡˜˙– fl¡˜À¬ı ¤¬ı— øÚ•ß ¸˜ø©Ü √flË¡˜˙– ¬ı±Î¬ˇÀ¬ıº ¬ÛÀ¬ı˛¬ı˛ ≈√øÈ¬ õ∂øÓ¬:± ŒÔÀfl¡ ¤˝◊√√ ˝√}√√±¸ ¬ı± ¬ı‘øX¬ı˛

¸œ˜± øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚº

õ∂øÓ¬:±–2 – ˜ÀÚ fl¡¬ı˛≈Ú P : (a = x0 ≤ x1 ≤ x, ..... ≤ xn = b) [a, b] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Úº

Q1 ˚ø√ P ¬¤¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ¸”Ñ ø¬ıˆ¬±Ê√Ú ˝√√˚˛ ˚± ¤fl¡øÈ¬ ˜±S ’øÓ¬ø¬ı˛q¡ ø¬ıˆ¬±Ê√fl¡ ø¬ıμ≈ Ï≈¬øfl¡À˚˛ ¬Û±›˚˛±

Œ·ÀÂ√, Ó¬À¬ı

 Œ˚‡±ÀÚ δ = || P ||
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õ∂˜±Ì – ¸±ø¬ı«fl¡ ˚Ô±Ô«Ó¬± é≈¬J Ú± fl¡À¬ı˛ ’±˜¬ı˛± ¤fl¡øÈ¬ ÚÓ≈¬Ú ø¬ıˆ¬±Ê√fl¡ ø¬ıμ≈ x  Œfl¡ õ∂Ô˜ Î¬◊¬Û±˚˛z¬À¬ı˛˝◊√√

àÔ±¬ÛÚ fl¡¬ı˛˘±˜º Òø¬ı˛ 

′M1

 › 

′′M1

 ˝√√˘ 

x x, 0

 ¤¬ı— x x1,  ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ˘.Î¬◊.¸œ ¤¬ı— ′m1 ›

′′m1

 ˝√√˘ ‹ ≈√˝◊√√ ’z¬À¬ı˛¬ı˛ ‘f’ ¤¬ı˛ ¬·.øÌ.¸œº

∴

S S M x x M x x M x x M x xP Q i i i
i

n

i i i
i

n
− = − − ′ − − ′′ − − −−

=
−

=
∑ ∑1 1 1

1
0 1 1 1

2
a f a f a f a f

= M x x M x x M x x1 1 0 1 0 1 1− − ′ − − ′′ −a f a f a f
= 

M x x M x x M x x M x x1 1 1 0 1 0 1 1− + − − ′ − − ′′ −a f a f a f a f

= 

M M x x M M x x1 1 0 1 1 1− ′ − + − ′′ −a fa f a fa f≤ − − + − − − ′ ≤ −( ) ( )M m x x M m x x M M M m0 1 1 1a f a f ∵

= 

M m x x− −( ) 1 0a f

  

≤ − − ≤( )M m x xδ δ∵ 1 0a f
’±¬ı±¬ı˛

s s m x x m x x m x x m x xQ P i i i i i i
i

n

i

n

1 1 0 1 1 1 1
12

− = ′ − + ′′ − + − − −− −
==
∑∑a f a f a f a f= ′ − + ′′ − − −m x x m x x m x x1 0 1 1 1 1 0a f a f a f

= 

′ − − + −( ) −m m x x M m x x1 1 0 1a fa f a f≤ −( ) − + −( ) − ′ − ≤ −M m x x M m x x m m M m0 1 1 1a f a f ∵

= 

M m x x− −( ) 1 0a f

  

≤ − − ≤( )M m x xδ δ∵ 1 0a f

õ∂øÓ¬:±–3 – ˜ÀÚ fl¡ø¬ı˛ P : (a = x0 ≤ x1 ≤ x2 .... ≤ xn = b) [a, b] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬

ø¬ıˆ¬±Ê√Úº QP ˚ø√ ‘P’ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ¸”Ñ ø¬ıˆ¬±Ê√Ú ˝√√˚˛ ˚± ‘p’ ¸—‡…fl¡ ÚÓ≈¬Ú ø¬ıˆ¬±Ê√fl¡

ø¬ıμ≈ Ï≈¬øfl¡À˚˛ ¬Û±›˚˛± Œ·ÀÂ√, Ó¬±˝√√À˘ñ

SP – SQ ≤ (M – m)δ.p Œ˚‡±ÀÚ δ = || P || ¤¬ı— M › m [a, b] ’z¬À¬ı˛

¤¬ı— ‘f’ ¤¬ı˛ ˚Ô±√flË¡À˜ ˘.Î¬◊.¸œ › ·. øÌ. ¸œ

õ∂˜±Ì – ˜ÀÚ fl¡ø¬ı˛ ‘P’ ø¬ıˆ¬±Ê√ÀÚ ¤fl¡øÈ¬¬ı˛ ¬Û¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ Ï≈¬øfl¡À˚˛ ˚Ô±√flË¡À˜ Q1, Q2....Qn ’Ú≈√flË¡˜øÈ¬

¬Û±›˚˛± Œ·˘º
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’±À·¬ı˛ õ∂øÓ¬:± ’Ú≈¸±À¬ı˛

––––––––––––––––––––––

¤˝◊√√ ‘p’ ¸—‡…fl¡ Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸•Ûfl«¡·≈ø˘ Œ˚±· fl¡¬ı˛À˘ ¬Û±˝◊√√

øÍ¬fl¡ ¤fl¡˝◊√√ˆ¬±À¬ı õ∂˜±Ì fl¡¬ı˛± ˚±˚˛

õ∂øÓ¬:±–4 – Œfl¡±ÀÚ± ’z¬À¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√ÀÚ¬ı˛ ÿÒ«¸˜ø©Ü ’Ú… Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√ÀÚ¬ı˛ øÚ•ß¸˜ø©Ü

ŒÔÀfl¡ ¬ıÎ¬ˇº ’Ô«±» ‘P’ › ‘Q’ ˚ø√ [a, b] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ≈√øÈ¬ ø¬ıˆ¬±Ê√Ú ˝√√˚˛ Ó¬À¬ı õ∂˜±Ì fl¡¬ı˛ÀÓ¬

˝√√À¬ı Œ˚

SP ≥ sQ ¤¬ı— SQ ≥ sp.

õ∂˜±Ì – ˜ÀÚ fl¡¬ı˛≈Ú R = PUQ, [a, b] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Úº ’Ô«±» P › Q ¤¬ı˛ ¸fl¡˘

ø¬ıˆ¬±Ê√fl¡ ø¬ıμ≈¬ı˛ ¸˜i§À˚˛ ‘R’ ·øÍ¬Ó¬º ’Ô«±» P ⊂ R, Q ⊂ R Ó¬±˝√√À˘ R, P ¤¬ı˛ ¤fl¡øÈ¬ ¸”Ñ ø¬ıˆ¬±Ê√Ú

’±¬ı±¬ı˛ ‘Q’ ¤¬ı˛› ¤fl¡øÈ¬ ¸”Ñ ø¬ıˆ¬±Ê√Úº Ó¬±˝√√À˘ õ∂øÓ¬:±–1 ŒÔÀfl¡ ¬ı˘± ˚±˚˛ñ

sP ≤ sR ≤ SR ≤ SQ  ’±¬ı±¬ı˛ sQ ≤ sR ≤ SR ≤ SP

∴ SP ≥ sQ ¤¬ı— SQ ≥ sP.

õ∂øÓ¬:±–5 – ‘U’ › ‘L’ ˚ø√ [a, b] ’z¬À¬ı˛ ‘f’ ¤¬ı˛ Î¬◊Ò« ¸˜±fl¡˘ › øÚ•ß ¸˜±fl¡˘ ˝√√˚˛ Ó¬À¬ı

L ≤ U.

õ∂˜±Ì – ˜ÀÚ fl¡¬ı˛≈Ú P[a, b] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Úº Ó¬±˝√√À˘ ’Ú… Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√Ú

‘Q’ ¤¬ı˛ Ê√Ú…

sp ≤ SQ [ õ∂øÓ¬:± ‘4’ ’Ú≈¸±À¬ı˛ ]

øfl¡z≈¬ ’±˜¬ı˛± Ê√±øÚ Î¬◊Ò«¸˜ø©Ü Œ¸È¬ (S) ¸œ˜±¬ıX ¤¬ı— ‘U’ Ó¬±¬ı˛ ·.øÌ.¸œº

∴ sp ≤ U, ∀ P [Î¬◊ˆ¬˚˛¬ÛÀé¬ Q ¤¬ı˛ ¶§±À¬ÛÀé¬ ·.øÌ.¸œ. øÚÀ˚˛ ¤¬ı— P Œfl¡ øàÔ¬ı˛ Œ¬ı˛À‡]

Œ˚À˝√√Ó≈¬ øÚ•ß¸˜ø©Ü Œ¸È¬ (s) ¸œ˜±¬ıX ¤¬ı— ‘L’ Ó¬±¬ı˛ ˘.Î¬◊.¸œ

∴ L ≤ U



15

1.5 ¸˜±fl¡˘Ú Œ˚±·…Ó¬±¬ı˛ ˙Ó«¬

ø¬ı˛˜±Ú ¸˜±fl¡˘ÀÚ¬ı˛ ¸—:± ŒÔÀfl¡ ¤˝◊√√ ¸ÀÓ¬… Î¬◊¬ÛÚœÓ¬ ˝√√›˚˛± ˚±˚˛ñ¸fl¡˘ ¸—:±õ∂±5 ¸œ˜±¬ıX

’À¬Ûé¬fl¡˝◊√√ ¸˜±fl¡˘Ú Œ˚±·… Ú˚˛º

¶§ˆ¬±¬ıÓ¬˝◊√√ õ∂ùü ›ÀÍ¬ñŒfl¡±Ú ˙Ó«¬ ¬Û”¬ı˛Ì fl¡¬ı˛À˘ ’À¬Ûé¬fl¡ ¸˜±fl¡˘Ú Œ˚±·… ˝√√À¬ıº ÚœÀ‰¬¬ı˛ Î¬◊¬Û¬Û±√…øÈ¬

¤˜Ú˝◊√√ ¤fl¡øÈ¬ ˙Ó«¬º

Î¬◊¬Û¬Û±√…–1

˜ÀÚ fl¡ø¬ı˛ ‘f’ [a, b] ’z¬À¬ı˛ ¤fl¡øÈ¬ ¸—:±õ∂±5 ¸œ˜±¬ıX ’À¬Ûé¬fl¡º ‘f’ ¤¬ı˛ ¸˜±fl¡˘Ú Œ˚±·…Ó¬±˚˛

¤fl¡øÈ¬ ’¬Ûø¬ı˛˝√√±˚« › ¬Û˚«±5 ˙Ó«¬ñ

Œ˚ Œfl¡±Ú ∈ > 0 ¤¬ı˛ Ê√Ú… [a, b] ’z¬À¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú P-¤¬ı˛ ’ød¬Q ¬Û±›˚˛± ˚±À¬ı

Œ˚‡±ÀÚ SP – sP < ∈ ˙Ó«¬øÈ¬ ¸Ó¬…º

¤fl¡Ô± ’¬ı˙…˝◊√√ ˜ÀÚ ¬ı˛±‡ÀÓ¬ ˝√√À¬ı Œ˚ ˙Ó«¬øÈ¬ ’¬Ûø¬ı˛˝√√±˚« ¤¬ı— ¬Û˚«±5º ’Ô«±» ‘f’ ’À¬Ûé¬fl¡øÈ¬

¸˜±fl¡˘ÚÀ˚±·… ˝√√À˘ ˙Ó«¬øÈ¬ ø¸X ˝√√À¬ıº ’±¬ı±¬ı˛ ˙Ó«¬øÈ¬ ø¸X ˝√√À˘ f ¸˜±fl¡˘Ú Œ˚±·… ˝√√À¬ıº õ∂˜±ÌøÈ¬ ’±˜¬ı˛±

¤˝◊√√ ≈√˝◊√√ Ò±À¬Û fl¡¬ı˛¬ıº

(a) õ∂Ô˜ ¬Û˚«±˚˛ ’±˜¬ı˛± ÒÀ¬ı˛ øÚ˝◊√√ ˙Ó«¬øÈ¬ ’¬Ûø¬ı˛˝√√±˚« ’Ô«±» ‘f’ ¸˜±fl¡˘Ú Œ˚±·…, ’±˜±À√¬ı˛ õ∂˜±Ì

fl¡¬ı˛ÀÓ¬ ˝√√À¬ı ˙Ó«¬øÈ¬ ø¸X ˝√√À26√º

Œ˚À˝√√Ó≈¬ ‘f’ ¸˜±fl¡˘Ú Œ˚±·…, ˜ÀÚ fl¡¬ı˛≈Úf x dx f x dx f x dx
a

b

a

b

a

b

( ) = ( ) = ( ) =zzz 1

Œ˚À˝√√Ó≈¬ 1 øÚ•ß¸˜ø©Ü Œ¸øÈ¬ (s) ¤¬ı˛ ˘.Î¬◊.¸œ, Œ˚ Œfl¡±ÀÚ± ÒÚ±Rfl¡ ¸—‡…± ‘∈’ ¤¬ı˛ Ê√Ú… ¤˜Ú

¤fl¡øÈ¬ ø¬ıˆ¬±Ê√ÀÚ ‘Q’ ¬Û±›˚˛± ˚±À¬ı Œ˚ñ

sQ > − ∈1 2

’±¬ı±¬ı˛ I Œ˚À˝√√Ó≈¬ ÿÒ«¸˜ø©Ü Œ¸È¬ (S) ¤¬ı˛ ·.øÌ.¸œ ¤˜Ú ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú ‘R’ ¬Û±›˚˛± ˚±À¬ı

SR < + ∈1 2

˜ÀÚ fl¡¬ı˛≈Ú ‘P’ ø¬ıˆ¬±Ê√ÚøÈ¬ ‘Q’ › ‘R’ ¤¬ı˛ ¸¬ıfl¡øÈ¬ ø¬ıˆ¬±Ê√fl¡ ø¬ıμ≈ ø√À˚˛ ΔÓ¬¬ı˛œ ’Ô«±» P = QUR

∴ ‘P’, ‘Q’ ¤¬ı˛ ¤fl¡øÈ¬ ¸≈Ñ ø¬ıˆ¬±Ê√Ú ’±¬ı±¬ı˛ ‘R’ ¤¬ı˛› ¤fl¡øÈ¬ ¸”Ñ ø¬ıˆ¬±Ê√Úº

∴ ‘Q’ › ‘R’ ¤¬ı˛ Ó≈¬˘Ú±˚˛ ‘P’ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ øÚ•ß¸˜ø©Ü ¬ı±Î¬ˇÀ¬ı ¤¬ı— ÿÒ«¸˜ø©Ü fl¡˜À¬ıº
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’Ô«±»  sQ ≤ sP ≤ SP ≤ SR

∴

∴ SP – sP < ∈
’Ô«±» ˙Ó«¬øÈ¬ ’¬Ûø¬ı˛˝√√±˚«º

(b) ˙Ó«¬øÈ¬ ¬Û˚«±5 –

’Ô«±» ¤¬ı±¬ı˛ ’±˜¬ı˛± ÒÀ¬ı˛ øÚø26√ ˙Ó«¬øÈ¬ ø¸X ˝√√À26√º õ∂˜±Ì fl¡¬ı˛ÀÓ¬ ˝√√À¬ı ‘f’ ’À¬Ûé¬fl¡øÈ¬ ¸˜±fl¡˘Ú

Œ˚±·…º

˙Ó«¬±Ú≈¸±À¬ı˛ Œ˚ Œfl¡±ÀÚ± ÒÚ±Rfl¡ ¸—‡…± ‘∈’ ¤¬ı˛ Ê√Ú… [a, b] ’z¬À¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú ‘P’
¬Û±›˚˛± ˚±À¬ı ˚±ÀÓ¬ SP  – sp < ∈ ˝√√˚˛º

∴ ‘L’, ‘s’ Œ¸ÀÈ¬¬ı˛ ˘.ÿ.¸œ ’Ó¬¤¬ı sp ≤ L

’±¬ı±¬ı˛,  ‘U’ Œ˚À˝√√Ó≈¬ ‘S’ Œ¸ÀÈ¬¬ı˛ ·.øÌ.¸œ SP ≥ U.
∴ O ≤ U – L ≤ SP – sp < ∈
Œ˚À˝√√Ó≈¬ ‘∈’ Œ˚ Œfl¡±ÀÚ± ÒÚ±Rfl¡ ¸—‡…±, U = L

’Ó¬¤¬ı ‘f’ ¸˜±fl¡˘Ú Œ˚±·…

Î¬◊√± √̋√¬ı˛Ì–1

¸—:±¬ı˛ ¸±˝√√±À˚… õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ øÚ•ßõ∂√M√√ ’À¬Ûé¬fl¡øÈ¬ ø¬ı˛˜±Ú ˜ÀÓ¬ ¸˜±fl¡˘Ú Œ˚±·… Ú˚˛º

f : [0, 1] → R

f(x) = 0 ˚‡Ú x ˜”˘√º

f(x) = 1 ˚‡Ú x ’˜”˘√º (Dirichlet function) øÎ¬ø¬ı˛˙ƒÀ˘¬ı˛ ’À¬Ûé¬fl¡

¸˜±Ò±Ú – ˜ÀÚ fl¡¬ı˛± ˚±fl¡ P : (a = x0 < x1 < x2 .... < xn = x = 1[0, 1] ’z¬À¬ı˛¬ı˛

¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Úº Òø¬ı˛ Mi › mi [xi–1, xi] Î¬◊¬Û±˚˛z¬À¬ı˛ ‘f’ ¤¬ı˛ ˚Ô±√flË¡À˜ ˘. Î¬◊. ¸œ. › ·.øÌ.¸œº

Œ˚À˝√√Ó≈¬ õ∂øÓ¬ Î¬◊¬Û±z¬À¬ı˛˝◊√√ ˜”˘√ › ’˜”˘√ ¸—‡…± ’±ÀÂ√ ¸≈Ó¬¬ı˛±— ¸fl¡˘ ‘i’ ¤¬ı˛ Ê√Ú… Mi = 1 ¤¬ı—

mi = 0

∴

s m x xP i i i
i

n
= − =−

=
∑ 1

1
0a f .

Œ˚À˝√√Ó≈¬ ‘P’ Œfl¡±ÀÚ± ø¬ıÀ˙¯∏ ø¬ıˆ¬±Ê√Ú Ú˚˛ ¸≈Ó¬¬ı˛±—

L f x dx= ( ) =z 0
0

1

 ¤¬ı—
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U f x dx= ( ) =z 1
0

1

 ’Ô«±» L ≠ U

∴ [0, 1] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·… Ú˚˛º

Î¬◊√± √̋√¬ı˛Ì–2
Ò¬ı˛± ˚±fl¡ [0, 1] ’z¬À¬ı˛¬ı˛ ¸fl¡˘ ˜”˘√ ¸—‡…±¬ı˛ ¤fl¡øÈ¬ ø¬ıÚ…±¸ ˝√√˘ x1, x2, x3......xn.... ¤¬ı—

f x
nna f = 1

2  (n = 1, 2, 3,......) › f(x) = 0 ˚‡Ú x = ’˜”˘√º õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ ‘f’ ¸˜±fl¡˘Ú

Œ˚±·…º

∴ ¸˜±Ò±Ú – ¤‡±ÀÚ f : [0, 1] → R

f x
iia f = 1
2 , Œ˚‡±ÀÚ {xi : i ← N} = [10, 1] ∩ Q

 = 0, ’Ú…Ô±˚˛º

Œ˚ Œfl¡±Ú ø¬ıˆ¬±Ê√Ú P ¤¬ı˛ Ê√Ú…

sP = 0 [∴ m = 0, Œ˚ Œfl¡±Ú Î¬◊¬Û’z¬À¬ı˛˝◊√√ ¤fl¡øÈ¬ ’˜”˘√ ¸—‡…± ’±ÀÂ√ ]

∴ L = 0

Ò¬ı˛± ˚±fl¡ ε > 0 Œ¶§26√±ÒœÚ ¤¬ı—

N S> ε    

⎥
⎦

⎤
⎢
⎣

⎡
= ∑

∞

=1
2

1

n n
Sïïïïïï

[0, 1]-¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú PN øÚÚ Œ˚‡±ÀÚ õ∂ÀÓ¬…fl¡ Î¬◊¬Û’z¬À¬ı˛¬ı˛ Δ√‚«… 
1
Ne j

∴

S N MP i
i

N

N
=

=
∑1

1

= 
1 1

2
1N ijj

N

=
∑  [ ij = xn-¤¬ı˛ ¸¬ı«øÚ•ß ¸±¬ıøàflË¬õI◊ Œ˚‡±ÀÚ xn, jth ’z¬À¬ı˛ ’±ÀÂ √]

<
=

∞
∑1 1

2
1N nn

< =ε εS S.

∴ ε > 0 Œ√›˚˛± Ô±fl¡À˘, ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú PN ¬Û±›˚˛± ˚±À26√, ˚±¬ı˛ Ê√Ú…
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S L S SP P P PN N N N
− = − = <0 ε

∴ [0, 1] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘ÚÀ˚±·…º

’Ú≈̇ œ˘Úœ–3

1. (a) [a, b] ¬ıX ’z¬À¬ı˛ ¸fl¡˘ ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ Œ¸È¬ ‘B’ ¤¬ı— ‹ ’z¬À¬ı˛ ø¬ı˛˜±Ú ˜ÀÓ¬

¸˜±fl¡˘Ú Œ˚±·… ¸fl¡˘ ’À¬Ûé¬Àfl¡¬ı˛ Œ¸È¬ ‘R’º ¤˝◊√√ ≈√˝◊√√ Œ¸ÀÈ¬¬ı˛ ˜ÀÒ… øfl¡ ¸•Ûfl«¡ øÚÌ«˚˛ fl¡¬ı˛≈Úº

(b) ÚœÀ‰¬ [0, 1] ¬ı&Ò ’z¬À¬ı˛¬ı˛ ≈√øÈ¬ ø¬ıˆ¬±Ê√Ú Œ√›˚˛± ˝√√À˘±ñ

‘Q’ Œfl¡ ‘P’ ¤¬ı˛ ¸”Ñ ø¬ıˆ¬±Ê√Ú ¬ı˘± ˚±˚˛ øfl¡∑

2. ˜ÀÚ fl¡ø¬ı˛ f : [a, b] → R. ‘C’ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¸—‡…± ¤¬ı— f(x) = C, ∀ x ∈ [a, b]º
õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ ‘f’ ¸˜±fl¡˘Ú Œ˚±·…º

3. ˜ÀÚ fl¡¬ı˛≈Ú f : [0, 1] → R øÚ•ß¬ı˛”À¬Û ¸—:±ø˚˛Ó¬

f(x) = 0 ˚‡Ú x ’˜”˘√

 ˚‡Ú  (Thomae-¬ı˛ ’À¬Ûé¬fl¡]

Œ˚‡±ÀÚ p, q ÒÚ±Rfl¡ ¬Û”Ì«¸—‡…± ¤¬ı— (p, q) = 1
f(0) = 0, f(1) = 1

Œ√‡±Ú Œ˚ [0, 1] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·…º

4. f(x) = x, x∈ [a, b]
Œ√‡±Ú Œ˚ ‹ ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·…

5. f(x) = 1 ˚‡Ú x ”̃̆ √

= – 1 ,, x ’˜”˘√

õ∂˜±Ì fl¡¬ı˛≈Ì Œ˚ (–1, 1) ’z¬À¬ı˛ f ¸˜±fl¡˘ÚÀ˚±·… Ú˚˛ øfl¡z≈¬ | f | ¸˜±fl¡˘ÚÀ˚±·…º

õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ ¸”Ñ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ Ù¬À˘ øÚ•ß¸˜ø©Ü ¬ı±ÀÎ¬ˇ ¤¬ı— ÿÒ«¸˜ø©Ü fl¡À˜º ¸”Ñ ø¬ıˆ¬±Ê√ÀÚ¬ı˛

’øÓ¬ø¬ı˛q¡ ø¬ıμ≈·≈ø˘¬ı˛ ¸—‡…±¬ı˛ ¸±ÀÔ ¤˝◊√√ ˝√}√√±¸ ¬ı± ¬ı‘øX¬ı˛ ¸•Ûfl«¡ øfl¡∑

6. [0, 1] ’z¬¬ı˛øÈ¬Àfl¡ õ∂ÔÀ˜ øÓ¬ÚøÈ¬ ¸˜±Ú ˆ¬±À· ¬ÛÀ¬ı˛ Â√˚˛øÈ¬ ¸˜±Ú ˆ¬±À· ˆ¬±· fl¡À¬ı˛ Œ˚ ≈√øÈ¬

ø¬ıˆ¬±Ê√Ú ¬Û±›˚˛± ˚±À¬ı Ó¬±À√¬ı˛ ¸±À¬ÛÀé¬

f(x) = x, 0 ≤ x ≤ 1
’À¬Ûé¬fl¡øÈ¬¬ı˛ [0, 1] ’z¬À¬ı˛ ≈√øÈ¬ Î¬◊Ò«¸˜ø©Ü › ≈√øÈ¬ øÚ•ß¸˜ø©Ü øÚÌ«˚˛ fl¡¬ı˛≈Úº ˘é¬… fl¡¬ı˛≈Ú õ∂ÀÓ¬…fl¡
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Œé¬ÀS ≈√øÈ¬ Î¬◊Ò«√ ¸˜±fl¡˘ › ≈√øÈ¬ øÚ•ß ¸˜±fl¡À˘¬ı˛ ˜ÀÒ… õ∂Ó¬…±ø˙Ó¬ ¸•Ûfl«¡ ¬ıÊ√±˚˛ ’±ÀÂ√ øfl¡Ú±∑

7. [0, 1] ’z¬À¬ı˛¬ı˛ ø¬ıˆ¬±Ê√ÚøÈ¬Àfl¡ ˚ø 0, 1 2
n n

n
n, , . .. . . ,e j √ ¤˝◊√√ˆ¬±À¬ı ŒÚ›˚˛± ˝√√˚˛ Ó¬À¬ı f(x)

= x2 ’À¬Ûé¬fl¡øÈ¬¬ı˛ ÿÒ« › øÚ•ß ¸˜±fl¡˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº

1.6 ¸±¬ı˛±—˙

¤fl¡fl¡-1-¤ ’±˜¬ı˛± 1.3-¤ ˘.Î¬◊.¸œ, ·.Ìœ.¸œ. ø¬ıˆ¬±Ê√Ú › Ú˜«-¤¬ı˛ ¸—:± ¬Û±ø26√º

1.4-¤ ¬Û±ø26√ ¤˝◊√√ ¸—√flË¡±z¬ ø¬ıøˆ¬iß õ∂øÓ¬:± ¸˜”˝√√º ’±¬ı˛ ¸¬ıÀ˙À¯∏ 1.5-¤ ¸˜±fl¡˘Ú Œ˚±·…Ó¬±¬ı˛ ˙Ó«¬

¬Û±ø26√, ˚± øfl¡Ú± ¸˜±fl¡˘Ú [ø¬ı˛˜±Ú] ø¬ı√…±¬ı˛ ˜”˘ øˆ¬øM√√º ¤Â√±Î¬ˇ±› ø¬ıøˆ¬iß Î¬◊√±˝√√¬ı˛Ì › ’Ú≈˙œ˘Úœ ’±¬ÛÚ±À√¬ı˛

¤˝◊√√ ¤fl¡fl¡ ¸•§À&Ò Ò±¬ı˛Ì± ’±¬ı˛› ¶§26√ fl¡¬ı˛À¬ıº

1.7 ¤fl¡fl¡-1 ¤¬ı˛ ¸—Àfl¡Ó¬ ¸˝√√ Î¬◊M√√¬ı˛˜±˘±

’Ú≈˙œ˘Úœ–1
1. 1.3 ¤¬ı˛ 1 ¤¬ı˛ ¸±˝√√±˚… øÚÚ

2. (a) øÍ¬fl¡, (b) ˆ≈¬˘, (c) øÍ¬fl¡, (d) ¬ˆ≈¬˘, (e) øÍ¬fl¡º

’Ú≈˙œ˘Úœ–2
(i) ˆ≈¬˘,  (ii) øÍ¬fl¡,  (iii) øÍ¬fl¡,  (iv) ˆ≈¬˘,  (v) ˆ≈¬˘º

’Ú≈˙œ˘Úœ–3
1. (a) ¶Û©ÜÓ¬–˝◊√√ R ⊂ B, R ≠ B [Œfl¡Ú∑]

(b) øÚÀÊ√ ˆ¬±¬ı≈Úº

2. Œ√‡±Ú Œ˚ L = U

3. 3.4-¤¬ı˛ 4 Œ√‡≈Úº

4. Œ˚ Œfl¡±Ú ε > 0-¬ı˛ Ê√Ú… ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú Pε ¬ı±¬ı˛ fl¡¬ı˛≈Ú ˚±¬ı˛ Ê√Ú… SP – sP < ε ˝√√˚˛, Œ˚‡±ÀÚ

P ⊇ Pε.
5. 1.5-¤¬ı˛ Î¬◊√±-1 ¤¬ı˛ ˜Ó¬ fl¡À¬ı˛ ˆ¬±¬ı≈Ú ¤¬ı— ˘é¬… fl¡¬ı˛≈Ú | f | = 1 ∀ x ∈ (–1, 1).
6. ÿÒ«√ › øÚ•ß ¸˜ø©Ü øÚÌ«À˚˛¬ı˛ ¬ÛXøÓ¬ Œ√‡≈Úº

7. ˘é¬ fl¡¬ı˛≈Ú f(x) = x2 ¤fl¡øÈ¬ ’±À¬ı˛±˝√√œ ’À¬Ûé¬fl¡º

¤¬ı±¬ı˛ õ∂ÀÓ¬…fl¡ Î¬◊¬Û’z¬À¬ı˛ ¤¬ı˛ ˘.Î¬◊.¸œ › ·.øÌ.¸œ. ¬ı±¬ı˛ fl¡¬ı˛≈Úº

1.8 ¸˝√√±˚˛fl¡ ¢∂&Ô

1. W. Rudin : Principles of Mathematical Analysis (3rd edition, Mcgraw Hill)
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¤fl¡fl¡ 2 ¸˜±fl¡˘Ú ø¬ı√…±˚˛ √±À¬ı«±¬ı˛ Î¬◊¬Û¬Û±√…

·Í¬Ú

2.1 õ∂d¬±¬ıÚ±

2.2 Î¬◊ÀV˙…

2.3 √±À¬ı«±¬ı˛ Î¬◊¬Û¬Û±√…

2.4 ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ ø¬ıfl¡ä ¸—:±

2.5 ’Ú≈˙œ˘Úœ

2.6 ¸±¬ı˛±—˙

2.7 ¸—Àfl¡Ó¬ ¸˝√ Î¬◊M√√¬ı˛˜±˘±√ [¤fl¡fl¡-2 ¤¬ı˛]

2.8 ¸˝√√±˚˛fl¡ ¢∂&Ô

2.1 õ∂d¬±¬ıÚ±

¤fl¡fl¡-1 ¤ ’±¬ÛÚ±¬ı˛± ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ ø¬ıøˆ¬iß Ò˜« ¸•§À&Ò :±Ó¬ ˝√√À˚˛ÀÂ√Úº

¤‡±ÀÚ ’±¬ÛÚ±¬ı˛ ÿÒ√ı«̊ øÚ•ß ¸˜±fl¡˘ øÚÌ«À˚˛¬ı˛ ¬ÛXøÓ¬ › ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ ø¬ıfl¡ä ¸—:± ¸•§À&Ò Ê√±ÚÀ¬ıÚº

2.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡Àfl¡¬ı˛ Î¬◊ÀV˙… ˝√√˘ √±À¬ı«±¬ı˛ Î¬◊¬Û¬Û±√… ¸˝√√À˚±À· ÿÒ√ı«˚øÚ•ß ¸˜±fl¡˘ øÚÌ«˚˛º ¤Â√±Î¬ˇ±› ø¬ı˛˜±Ú

¸˜±fl¡À˘¬ı˛ ¤fl¡øÈ¬ ø¬ıfl¡ä ¸—:± › ≈√˝◊√√ ¸—:±¬ı˛ Ó≈¬˘Ú±¬ı˛ ˚Ô±Ô«Ó¬± ø¬ı‰¬±¬ı˛º

2.3 √±À¬ı«±¬ı˛ Î¬◊¬Û¬Û±√…

˜ÀÚ fl¡¬ı˛≈Ú [a, b] ’z¬À¬ı˛ ‘f’ ¤fl¡øÈ¬ ¸œ˜±¬ıX ’À¬Ûé¬fl¡ ¤¬ı— ‘P’ ‹ ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ¤fl¡øÈ¬

ø¬ıˆ¬±Ê√Úº Ó¬±˝√√À˘ñ

 ¤¬ı— lim
P P

a

b

S f x dx
→

= ( )z0
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õ∂˜±Ì –ñ

˜ÀÚ fl¡¬ı˛≈Ú L f x dx
a

b

= ( )z  ¤¬ı— 

U f x dx
a

b

= ( )z

Œ˚ Œfl¡±ÀÚ± ÒÚ±Rfl¡ ¸—‡…± ε øÚÀ˘, Œ˚À˝√√Ó≈¬ {SP} ¬ı˛ ·.øÌ.¸œ U ¤¬ı— {sP} ¬ı˛ ˘.Î¬◊.¸œ L,
[a, b] ¤˜Ú ¤fl¡È¬± ø¬ıˆ¬±Ê√Ú

P1 : (a = x0 < x1, < x2 ........ < xp = b) ¬Û±›˚˛± ˚±À¬ı Œ˚

L s S UP P− < < < +ε ε
2 21 1

 ..................... (1)

˜ÀÚ fl¡¬ı˛≈Ú K = | f(x)| ¤¬ı˛ ˘.Î¬◊.¸œ ¤¬ı— δ ε
4kp

º P, [a, b]-¬ı˛ ¤fl¡øÈ¬ Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√Ú

Œ˚‡±ÀÚ || P || < δº ¤‡Ú P ¤¬ı— P1 Î¬◊ˆ¬˚˛ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ ø¬ıˆ¬±Ê√fl¡ ø¬ıμ≈·≈ø˘ ø√À˚˛ [a, b]-¬ı˛ Œ˚

ø¬ıˆ¬±Ê√ÚøÈ¬ ΔÓ¬¬ı˛œ ˝√√À˘± Œ¸øÈ¬ ˜ÀÚ fl¡¬ı˛≈Ú P2 Ó¬±˝√√À˘ õ∂øÓ¬:± (3) ŒÔÀfl¡ ¬Û±˝◊√√ñ

s s kp sP P P2
2 2< + = +δ ε

¤¬ı—

S S kp SP P P2
2 2> − = −δ ε

  ........................... (2)

’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬ P2, P1 ¤¬ı˛ ¤fl¡øÈ¬ ¸”Ñ ø¬ıˆ¬±Ê√Ús s S SP p P P1 2 2 1
≤ ≤ ≤

........................... (3)

(1), (2) › (3) ¸˜œfl¡¬ı˛Ì ¸˝√√À˚±À· ¬Û±˝◊√√

L s s s L LP P P− < − ≤ − < < < +ε ε ε ε
1 22 2U U S S S UP P P− < ≤ ≤ + ≤ + < +ε ε ε ε

2 12 2

∴

L sP− < ε

 ¤¬ı— U SP− < ε ˚‡Ú P < δ

¸≈Ó¬¬ı˛±—  

lim
P Ps L

→
=

0

 ¤¬ı— lim
P PS U

→
=

0

È¬œfl¡±–1

˜ÀÚ fl¡¬ı˛≈Ú [a, b] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·…º

Ó¬±˝√√À˘ L U f x dx
a

b

= = ( )z

}
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∴ .......................... (4)

È¬œfl¡±–2

˜ÀÚ fl¡¬ı˛≈Ú [a, b] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·… ¤¬ı— ‘k’ Œ˚ Œfl¡±ÀÚ± ¬ı±d¬¬ı ¸—‡…± Ó¬±˝√√À˘ [a,
b] ’z¬À¬ı˛ ‘kf’ ¸˜±fl¡˘Ú Œ˚±·… ¤¬ı—

kf x dx k f x dx
a

b

a

b

( ) = ( )zz .......................... (5)

(õ∂˜±Ì – ¤fl¡fl¡-4 ¤¬ı˛ Î¬◊¬Û¬Û±√…-5 Œ√‡≈Ú]

¤Ó¬é¬Ì Œ˚ ¸˜±fl¡˘ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√˘ Œ¸‡±ÀÚ ¸˜±fl¡˘Àfl¡ Œfl¡±ÀÚ± ¬ıX ’z¬À¬ı˛ Œfl¡±ÀÚ±

’À¬Ûé¬Àfl¡¬ı˛ øÚ•ß¸˜ø©Ü¬ı˛ ˘.Î¬◊.¸œ ’Ô¬ı± ÿÒ√ı«¸˜ø©Ü¬ı˛ ·.øÌ.¸œ ø˝√√¸±À¬ı ¸—:±ø˚˛Ó¬ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ø¬ı˛˜±Ú

¸˜±fl¡À˘¬ı˛ ’Ú… ¸—:±øÈ¬ ’±¬ÛÚ±¬ı˛± ¤¬ı˛ ’±À·˝◊√√ ’Ò…˚˛Ú fl¡À¬ı˛ÀÂ√Úº

2.4 ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ ø¬ıfl¡ä ¸—:±

˜ÀÚ fl¡¬ı˛≈Ú f : [a, b] → R ¤fl¡øÈ¬ ¸œ˜±¬ıX ’À¬Ûé¬fl¡º [a, b] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√Ú

P : (a = x0 ≤ x1 ≤ x2 ≤ ........ ≤ xn = b) øÚ˘±˜º ˜ÀÚ fl¡¬ı˛± ˚±fl¡ [xi–1, xi] Î¬◊¬Û±z¬À¬ı˛ ξi

(i = 1, 2, ....... n) ¤fl¡øÈ¬ Œ˚ Œfl¡±ÀÚ± ø¬ıμ≈º ¤¬ı±¬ı˛ ¤fl¡øÈ¬ ¸˜ø©Ü ·Í¬Ú fl¡¬ı˛≈Ú ˚Ô±ñ

¤¬ı±¬ı˛ ˚ø√ [a, b] ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ˘.Î¬◊.¸œ › ·.øÌ.¸œ ˚Ô±√flË¡À˜ ‘M’ › ‘m’ ˝√√˚˛ Ó¬À¬ıñ

m(b – a) ≤ σp ≤ M (b – a)
’Ó¬¤¬ı ’±˜¬ı˛± ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛ [a, b] ¤¬ı˛ ¸˜d¬ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ Ê√Ú… σp Œ¸È¬øÈ¬ ¸œ˜±¬ıXº ¤‡Ú ξ1,

ξ2, .......... ξn ø¬ıμ≈·≈ø˘ Œ˚ˆ¬±À¬ı˝◊√√ øÚ¬ı«±‰¬Ú fl¡¬ı˛± Œ˝√√±fl¡ Ú± Œfl¡Ú || P || → 0 fl¡¬ı˛À˘ σp ˚ø√ Œfl¡±ÀÚ±

øÚø«√©Ü ¸œ˜±àÔ ˜±ÀÚ Œ¬ÛÃ“√Â√˚˛ Ó¬À¬ı ¬ı˘± ˝√√˚˛ [a, b] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·… ¤¬ı— ‹ ¸œ˜±àÔ˜±Ú˝◊√√

‘f’ ¬ı˛ ¸˜±fl¡˘º øÚø«√©Ü ¸œ˜±àÔ˜±ÚÀfl¡ ‘I’ ’é¬¬ı˛ ¡Z±¬ı˛± ¸”ø‰¬Ó¬ fl¡¬ı˛À˘, ’±˜¬ı˛± ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛ñ

I f x dx f x x
P i i i

i

n

a

b

= ( ) = −
→ −

=
∑z lim

0 1
1

ξa fa f
¶§ˆ¬±¬ıÓ¬˝◊√√ õ∂ùü ›ÀÍ¬ ›˝◊√√ ≈√˝◊√√ Ò¬ı˛ÀÚ¬ı˛ ¸—:±¬ı˛ Ù¬À˘ ¤fl¡˝◊√√ ’z¬À¬ı˛ ¤fl¡˝◊√√ ’À¬Ûé¬Àfl¡¬ı˛ ≈√øÈ¬ øˆ¬iß ¸˜±fl¡˘

¬Û±›˚˛± ˚±À¬ı øfl¡Ú±∑ ’¬ı˙…˝◊√√ Ó¬± Ú˚˛º ¤˝◊√√ ≈√˝◊√√ Ò¬ı˛ÀÚ¬ı˛ ¸—:±¬ı˛ Ó≈¬˘Ú± fl¡¬ı˛À˘ Œ√‡± ˚±À¬ı Œ˚ ≈√øÈ¬ ¸—:±˝◊√√

Œ˙¯∏ ¬Û˚«…z¬ ¤fl¡øÈ¬ ¸˜±fl¡À˘ Î¬◊¬ÛÚœÓ¬ ˝√√˚˛º



23

≈√˝◊√√ ¸—:±¬ı˛ Ó≈¬˘Ú±

˜ÀÚ fl¡¬ı˛≈Ú [a, b] ’z¬À¬ı˛ ‘f’ ’À¬Ûé¬fl¡ õ∂Ô˜ ¸—:± ’Ú≈¸±À¬ı˛ ¸˜±fl¡˘Ú Œ˚±·…º Ó¬±˝√√À˘

f x dx f x dx f x dx I
a

b

a

b

a

b

( ) = ( ) = ( ) =zzz  Ò¬ı˛≈Ú

˚ø√ P : (a = x0 ≤ x1 ≤ x2 ≤ ..... ≤ xn = b), [a, b] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√Ú

› [xi–1, xi] Î¬◊¬Û±z¬À¬ı˛ ‘f’ ¤¬ı˛ ˘.Î¬◊.¸œ › ·.øÌ.¸œ ˚Ô±√flË¡À˜ Mi › mi ˝√√˚˛ ¤¬ı— ˚ø√ xi–1 ≤ ξi

≤ xi Ó¬±˝√√À˘ ÚœÀ‰¬¬ı˛ ¸˜ø©Ü·≈ø˘ ΔÓ¬¬ı˛œ fl¡¬ı˛± ˚±À¬ıº

s m x x S M x xP i i i P i i i
i

n

i

n
= − = −− −

==
∑∑ 1 1

11
a f a f,

¤¬ı— σ ξp f x xi i i
i

n
= − −

=
∑ a fa f1

1

Œ˚À˝√√Ó≈¬ m f M i ni i i≤ ≤ =ξa f , , . .. . .1 2, 3

’Ó¬¤¬ı s p Sp p≤ ≤σ

’±¬ı±¬ı˛  

s I SP P≤ ≤ ∴I p S sP P− ≤ −σ ........................ (6)

Œ˚À˝√√Ó≈¬ √±À¬ı«…¬ı˛ Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·… ˝√√À˘

lim lim
P P P PS s

→ →
=

0 0

’Ó¬¤¬ı Î¬◊ˆ¬˚˛¬ÛÀé¬ || P || → 0 fl¡À¬ı˛ ¬Û±˝◊√√

lim
P

a

b

p I f x dx
→

= = ( )z0
σ ........................ (7)

’Ô«±» ø¬ıfl¡ä ¸—:± ’Ú≈¸±À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·…º

¤¬ı±¬ı˛ ÒÀ¬ı˛ øÚ˝◊√√ ø¬ıfl¡ä ¸—:± ’Ú≈¸±À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·… Ó¬±˝√√À˘, ˚ø√

lim
P

a

b

p f x dx I
→

= ( ) =z0
σ  Òø¬ı˛º

Œ˚ Œfl¡±ÀÚ± ÒÚ±Rfl¡ ¸—‡…± ε ¤¬ı˛ Ê√Ú… ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± δ ¬Û±›˚˛± ˚±À¬ı ˚±ÀÓ¬

I p I− < < +1
4

1
4ε σ ε ˚‡Ú || P || < δ ............. (8)
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Mi › mi ˚ø√ [xi–1, xi] Î¬◊¬Û±z¬À¬ı˛ f-¬ı˛ ˘.Î¬◊.¸œ › ·.øÌ.¸œ ˝√√˚˛ Ó¬±˝√√À˘ ¤˝◊√√ Î¬◊¬Û±Àz¬À¬ı˛ ξi ›

ni ≈√øÈ¬ ø¬ıμ≈ ’¬ı˙…˝◊√√ ¬Û±›˚˛± ˚±À¬ı ˚±¬ı˛ Ê√Ú…

f m
b aiξ ε

1 4
a f < + −( )  ¤¬ı—

f n M
b ai ia f > − −( )

ε
4

∴ σ ξ′ = − −
=
∑p f x xi i i
i

n
a fa f1

1

< − + < +−
=
∑ m x x si i i
i

n

p1
1 4 4a f ε ε

............................. (9)

’±¬ı±¬ı˛,  σ ε εp f n x x M x x Si i i i i i P
i

n

i

n
= − > − − > −− −

==
∑∑ a fa f a f1 1

11 4 4 ......... (10)

Œ˚À˝√√Ó≈¬ || P || < δ ’Ó¬¤¬ı σp′ ¤¬ı— σp′′ Î¬◊ˆ¬˚˛¸˜ø©Ü˝◊√√ (8) Ú— ¸˜œfl¡¬ı˛ÌøÈ¬ Œ˜ÀÚ ‰¬˘À¬ıº

’Ô«±»

I p− < ′ < +ε σ ε
4 1 4

¤¬ı— ............................. (11)

¸˜œfl¡¬ı˛Ì (9) › (11)  ¸˝√√À˚±À· ¬Û±˝◊√√

............................. (12)

¤¬ı— ¸˜œfl¡¬ı˛Ì (10) ›  (11) ¸˝√√À˚±À· ¬Û±˝◊√√

............................. (13)

¸˜œfl¡¬ı˛Ì (12) › (13) ¤fl¡øSÓ¬ fl¡À¬ı˛ ¬ı˘± ˚±˚˛

Œ˚À˝√√Ó≈¬ ε ¤¬ı˛ ˜±Ú Œ˚˜Ú ‡≈ø˙ ŒÚ›˚˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛

’Ó¬¤¬ı L = U = I

’Ô«±» [a, b] ’z¬À¬ı˛ ‘f’ õ∂Ô˜ ¸—:± ’Ú≈¸±À¬ı˛ ¸˜±fl¡˘Ú Œ˚±·… ¤¬ı— Î¬◊ˆ¬˚˛ Œé¬ÀS˝◊√√ ¸˜±fl¡˘ÀÚ¬ı˛

˜±Ú ¸˜±Úº

}
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Î¬◊√± √̋√¬ı˛Ì–1

f(x) = x2, x∈ [a, b] ’À¬Ûé¬Àfl¡¬ı˛ Ê√Ú… ÿÒ√ı« › øÚ•ß ¸˜±fl¡˘ øÚÌ«˚˛ fl¡¬ı˛≈Ú ¤¬ı— õ∂˜±Ì fl¡¬ı˛≈Ú

Œ˚ [a, b] ’z¬À¬ı˛ ‘f’ ’À¬Ûé¬fl¡øÈ¬ ¸˜±fl¡˘Ú Œ˚±·…º

¸˜±Ò±Ú – ˜ÀÚ fl¡¬ı˛≈Ú [a, b] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú

P a a h a h a nh bn: , , , . . .. ,+ + + ={ }2

Œ˚‡±ÀÚ 

h b a
n= −

 Ó¬±˝√√À˘ Pn ø¬ıˆ¬±Ê√ÀÚ¬ı˛ ¸˜d¬ Î¬◊¬Û±z¬¬ı˛·≈ø˘ Δ√À‚«…¬ı˛ ¤¬ı— 

P b a
nn = − → 0

˚‡Ú n → ∞

Mr › mr ˚ø√ ˚Ô±√flË¡À˜ ‘r’ Ó¬˜ Î¬◊¬Û±z¬À¬ı˛ ‘f’ ¬ı˛ ˘.Î¬◊.¸œ › ·.øÌ.¸œ ˝√√˚˛, Ó¬±˝√√À˘

M a rh m a r hr r= +( ) = + −2 2
1, b g

∴

S h a h a h a nhpn
= +( ) + +( ) + +( )2 2 22 ... .

= h na ah n h n2 2 2 2 22 1 2 3 1 2+ + + + +( ) + + + +. .. . . .. .a f

= 

h na ah
n n

h
n n n2 22

1
2

1 2 1
6+ +( ) + +( ) +( )L

NM
O
QP= nha a nh nh h

nh nh h nh h2 2
6+ +( ) + +( ) +( )

.

∴ lim lim .
P P

nh b an
n h

S nha a nh nh h nh nh h nh h
→ = −

= + +( ) + +( ) +( )
→0

2
0

1
6 2

= a b a a b a b a2 2 31
6 2−( ) + −( ) + −( ) .

= b a a a b a b a−( ) −( ) + −( )2 21
3_

= 1
3

1
3

2 2 3 3b a b a ab b a−( ) + + = −a f
’Ú≈¬ı”̨¬Ûˆ¬±À¬ı

S h a a h a h a n hPn
= + +( ) + +( ) + + −2 2 2 2

2 1b g

= 

h na ah n h n2 2 2 2 2
2 1 2 1 1 2 1+ + + + − + + + + −. .. . . . . ..b g b g
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= 

∴
lim
n P
h

nh b a

n
S a b a a b a b a

→
→
= −

= −( ) + −( ) + −( )
0

2 2 3

0

1
3

= b a a a b a b a−( ) + −( ) + −( )2 21
3

= b a a a b b−( ) + +1
3

1
3

1
3

2 2.

= 1
3

2 2b a b ab b−( ) + +a f
= 

∴

¤¬ı— L x dx b a
a

b

= = −z 2 3 31
3 a f

Œ˚À˝√√Ó≈¬ L = U õ∂√M√√ ’À¬Ûé¬fl¡øÈ¬ ¸˜±fl¡˘Ú Œ˚±·…

¤¬ı— x dx b a
a

b
2 3 31

3= −z a f
Î¬◊√± √̋√¬ı˛Ì–2

˜ÀÚ fl¡¬ı˛≈Ú f : [a, b] → R ¬ı˛”À¬Û ¸—:±ø˚˛Ó¬ ˝√√À˚˛ÀÂ√º

f x e x a b f x dxx

a

b

( ) = ∈ ( )z, ,  ¤¬ı—  f x dx
a

b

( )z ¤˝◊√√ ≈√˝◊√√ ¸˜±fl¡˘ÀÚ¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú ¤¬ı—

õ∂øÓ¬¬Ûiß fl¡¬ı˛≈Ú [a, b] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·…º

¸˜±Ò±Ú – [a, b] ¬ıX ’z¬À¬ı˛¬ı˛ Ò¬ı˛≈Ú ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú

P : [a, a + h, a + 2h ...... a + nh = b] Œ˚‡±ÀÚ õ∂ÀÓ¬…fl¡øÈ¬ Î¬◊¬Û±z¬¬ı˛ ‘h’ Δ√À‚«…¬ı˛ ¤¬ı—

nh = b – a.
Ó¬±˝√√À˘ Mr = r Ó¬˜ Î¬◊¬Û’z¬À¬ı˛ ex ¤¬ı˛ ˘.Î¬◊.¸œ

 = ea + rh

¤¬ı— mr = ‘r’ Ó¬˜ Î¬◊¬Û’z¬À¬ı˛ ex ¤¬ı˛ ·.øÚ.¸œ
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= 

ea r h+ −1

∴ Sp = h e e ea h a h a nh+ + ++ + +2 . .. . .. . ..

= he e e ea h h h n h+ −+ + + +1 2 1. .. . .

= he e
e

a h
nh

n
+ −

−
. 1

1

lim lim .
P P h

h

h
a b aS he

e
e e

→ →
−=

−
−

0 0 1
1a f

= eb – ea.
’Ú≈¬ı”̨¬Ûˆ¬±À¬ı

s h e e e eP
a a h a h a n h= + + + ++ + + −2 1.. . .. .

= he e e ea h h n h1 2 1+ + + + −. .. . ..

= he e
e

a
nh

h
−
−

1
1

∴

lim lim .
P p h h

a b as h
e

e e
→ →

−=
−

−
0 0 1

1a f = eb – ea

∴

e dx s ex
p p

b a

a

b

= =
→

−z lim
0

¤¬ı—  e dx S ex
p p

b a

a

b

= =
→

−z lim
0

Œ˚À˝√√Ó≈¬ ¤˝◊√√ ≈√˝◊√√ ¸˜±fl¡À˘¬ı˛ ˜±Ú ¸˜±Ú, ’Ó¬¤¬ı [a, b] ’z¬À¬ı˛ ’À¬Ûé¬fl¡øÈ¬ ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı—

e dx e ex b a

a

b

= −z
Î¬◊√± √̋√¬ı˛Ì–3

f : [0, 1] → R øÚ•ßø˘ø‡Ó¬ˆ¬±À¬ı ¸—:±ø˚˛Ó¬ ˝√√À˘ñ

f(x) = x, x ∈ [0, 1] ∩ Q

= 0 ’Ú…Ô±˚˛
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 ¤¬ı—  ¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú ¤¬ı— [0, 1] ’z¬À¬ı˛ f(x) ¸˜±fl¡˘ÚÀ˚±·… øfl¡Ú±

¬ı ≈̆Úº

¸˜±Ò±Ú – ¶Û©ÜÓ¬˝◊√√ [0, 1] ¬ıX ’z¬À¬ı˛ ‘f’ ¸œ˜±¬ıX

Ò¬ı˛± ˚±fl¡ P = 0, 1 2
n n

n
n, .. . .. .{ } ‹ ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Úº

Ó¬±˝√√À˘ Mr = ‘r’ Ó¬˜ Î¬◊¬Û’z¬À¬ı˛ ‘f’ ¤¬ı˛ ˘.Î¬◊.¸œ

= 

¤¬ı— mr = ‘r’ Ó¬˜ Î¬◊¬Û’z¬À¬ı˛ ‘f’ ¤¬ı˛ ·.øÚ.¸œ

= 0 [∵ õ∂ÀÓ¬…fl¡ Î¬◊¬Û’z¬À¬ı˛˝◊√√ ˜”˘√ ¤¬ı— ’˜”˘√ ¸—‡…± ¬ıÓ«¬˜±Ú]

∴

= 
r
n n n

r
n

n n n
nr

n

r

n
. .1 1 1 1

2
1

22 2
11

= = +( ) = +
==
∑∑

= 
1
2 1 1+ ne j

∴  ’Ô«±»  

’±¬ı±¬ı˛,  s m nP r
r

n
= =

=
∑ . 1 0

1

∴

Œ˚À˝√√Ó≈¬ ÿÒ« › øÚ•ß ¸˜±fl¡˘ ¬Û¬ı˛¶Û¬ı˛ ¸˜±Ú Ú˚˛ ’Ó¬¤¬ı [0, 1] ¬ıX ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·…

Ú˚˛º

Î¬◊√± √̋√¬ı˛Ì–4
‘f’ ¤¬ı˛ ¸—:± øÚ•ß¬ı˛”¬Û ˝√√À˘

f(x) = x, ˚‡Ú x ˜”˘√ ¸—‡…±

= x2, ˚‡Ú x ’˜”˘√ ¸—‡…± x ∈ [0, 1]}
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f x dx( )z
01

 › f x dx( )z
0

1

 øÚÌ«˚˛ fl¡¬ı˛≈Ú ¤¬ı— Œ√‡±Ú Œ˚ [0, 1] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·… Ú˚˛º

¸˜±Ò±Ú – ‘f’ ¸œ˜±¬ıX ¤¬ı— [0, 1] ¤¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ ‘x’ ¤¬ı˛ Ê√Ú… x ≥ x2

˜ÀÚ fl¡¬ı˛≈Ú [0, 1] ¤¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú ˝√√˘

P n n
r
n

n
n: . , . .. . , . . ..0 1 2 1=

Ó¬±˝√√À˘ M r
n

r
nr = − 1 ,  Î¬◊¬Û’z¬À¬ı˛ f ¤¬ı˛ ˘.Î¬◊.¸œ

= r
n

¤¬ı— 

m r
n

r
nr = − 1.

 Î¬◊¬Û’z¬À¬ı˛ f ¤¬ı˛ ·.øÚ.¸œ

= r
n
− 1 2

e j      
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎠
⎞⎜⎝

⎛ −≠⎟⎠
⎞⎜⎝

⎛ −
ïïïïïïïïï ,11

2

n
rf

n
r

∴ S n
r
n

n n
n

n
n nP

r

n
= = + = + = +( )

−
∑ 1 1

2
1

2
1
2 1 1

2
1

. e j

∴ f x dx S
n P

t

( ) = =
→∞z lim 1

2
0

’Ú≈¬ı”̨¬Ûˆ¬±À¬ı

s n
r

n n
nP

r

n
= − = + + + −( )

=
∑ 1 1 1 1 2 1

2

3
2 2 2

1
e j . .. .

= 
n n n

n
−( ) −( )1 2 1

6 3

= 
1
6 1 1 2 1− −n ne je j

∴

f x dx s
n P( ) = = =

→∞z lim .1
6 2 1

3
0

1
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Œ˚À˝√√Ó≈¬  

’Ó¬¤¬ı [0, 1] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·… Ú˚˛º

’Ú≈̇ œ˘Úœñ2.5

1. [0, 1] ’z¬À¬ı˛ ‘f’ øÚ•ß¬ı˛”À¬Û ¸—:±ø˚˛Ó¬

f(x) = 1 ˚‡Ú x ”̃̆ √

= –1 ˚‡Ú x ’˜”˘√

Œ√‡±Ú Œ˚ | f | ’À¬Ûé¬fl¡øÈ¬ ‹ ’z¬À¬ı˛ ¸˜±fl¡˘Ú Œ˚±·…

øfl¡z≈¬ ‘f’ ¸˜±fl¡˘Ú Œ˚±·… Ú˚˛º

2. f(x) = x, x ˚ø√ ˜”˘√ ˝√√˚˛

= 1 – x, x ˚ø√ ’˜”˘√ ˝√√˚˛

Œ√‡±Ú Œ˚ [0, 1] ’z¬À¬ı˛ f ¸˜±fl¡˘Ú Œ˚±·… Ú˚˛º

3. ¸˜±fl¡À˘¬ı˛ ¸±˝√√±À˚… ÚœÀ‰¬¬ı˛ ¬ı˛±ø˙·≈ø˘¬ı˛ ¸œ˜±z¬ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

a. lim ... .
n n n n n→∞ + + + + + +

1
1

1
2

1

b.

c. lim .. ..
n n e e en n

n
n

→∞
+ +1 2 4 2

d. lim ... .
n n n n

n
n

n

→∞
+FH IK +FH IK +FH IK+ +FH IKRST

UVW1 1 1 2 1 3 1
2

2

2

2

2

2

2

2

1

e.

4. ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ ø¬ıfl¡ä ¸—:± ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ Œ√‡±Ú Œ˚ 

’Ú≈˙œ˘Úœ 3-¤¬ı˛ 7 Ú•§¬ı˛ ’efl¡øÈ¬¬ı˛ ¸±ÀÔ ¤øÈ¬ Ó≈¬˘Ú± fl¡¬À¬ı˛ Œ√‡≈Ú ¤À√¬ı˛ ˜ÀÒ… Œfl¡±ÀÚ± ¸•Ûfl«¡

’±ÀÂ√ øfl¡Ú±∑
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5. √±À¬ı«±¬ı˛ Î¬◊¬Û¬Û±√… ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ ÚœÀ‰¬¬ı˛ ’À¬Ûé¬fl¡·≈ø˘¬ı˛ Î¬◊ø~ø‡Ó¬ ’z¬À¬ı˛ ¸˜±fl¡˘Ú Œ˚±·… øfl¡Ú±

ø¬ı‰¬±¬ı˛ fl¡¬ı˛≈Ú ¤¬ı— ˝√√À˘ Œ¸˝◊√√ ¸˜±fl¡˘·≈ø˘¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

a. f(x) = ex, a ≤ x ≤ b

b. f(x) = x, ˚ø√ x ˜”˘√ ˝√√˚˛

= 0 ˚ø√ x ’˜”˘√ ˝√√˚˛ 0 ≤ x ≤ 1
c. f(x) = x, ˚ø√ x ˜”˘√ ˝√√˚˛

= x2, ˚ø√ x ’˜”˘√ ˝√√˚˛ 0 ≤ x ≤ 1
d. Œfl¡±ÀÚ± ¬ıX ’z¬À¬ı˛ Œfl¡±ÀÚ± ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ ¸˜±fl¡À˘¬ı˛ ¸—:± fl¡Ó¬¬ı˛fl¡˜ ˆ¬±À¬ı

Œ√›˚˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛∑ ¤À√¬ı˛ ˜ÀÒ… Ó≈¬˘Ú± fl¡¬ı˛≈Úº

2.6 ¸±¬ı˛±—˙

¤fl¡fl¡-2 ¤¬ı˛ 1.3 ¤ ’±˜¬ı˛± √±À¬ı«±¬ı˛ Î¬◊¬Û¬Û±√… õ∂˜±Ì fl¡À¬ı˛øÂ√º

2.4 ¤ ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ ø¬ıfl¡ä ¸—:± Œ√›˚˛± ˝√√À˚˛ÀÂ√º ¤Â√±Î¬ˇ±› ’Ú≈˙œ˘Úœ › Î¬◊√±˝√√¬ı˛Ì ¸˜”˝√√

’±¬ÛÚ±À√¬ı˛ Ò±¬ı˛Ì±Àfl¡ ¶§26√Ó¬¬ı˛ fl¡¬ı˛À¬ıº

2.7 ¸—Àfl¡Ó¬¸˝√√ ¤fl¡fl¡-2 ¤¬ı˛ Î¬◊M√√¬ı˛˜±˘±

’Ú≈˙œ˘Úœ-2.5
1. ’±À·¬ı˛ ’Ò…±À˚˛ ’Ú≈˙œ˘Úœ-3 ¤¬ı˛ ‘5’ Œ√‡≈Úº

2. ¤fl¡fl¡-2 ¤¬ı˛ Î¬◊√±˝√√¬ı˛Ì-4 ¤¬ı˛ ˜Ó¬ fl¡À¬ı˛ ˆ¬±¬ı≈Úº

3. (a), (b), (c), (d), (e) Œfl¡ 

1
0

1

n f K
nk

n

e j
=

−
∑

 ’±fl¡±À¬ı˛ ø˘À‡ n → ∞ fl¡À¬ı˛ Œ‰¬©Ü± fl¡¬ı˛≈Úº

4. 0, 1 2
n n

n
n, , . .. . . ,{ }-¤˝◊√√ ø¬ıˆ¬±Ê√ ¤øÈ¬ øÚÀ˚˛ n → ∞ fl¡À¬ı˛ ˆ¬±¬ı≈Úº

5. (a), (b), (c)-¤¬ı˛ Ê√Ú… ‘P’ ¤fl¡øÈ¬ ¸≈¸˜?¸ ø¬ıˆ¬±Ê√Ú øÚÀ˚˛ || P || → 0 fl¡À¬ı˛ Œ‰¬©Ü± fl¡¬ı˛≈Úº

˘é¬… ¬ı˛±‡≈Ú L = U ˝√√˚˛ øfl¡Ú±º

(d) ˝◊√√øÓ¬˜ÀÒ…˝◊√√ ≈√-¬ı˛fl¡À˜¬ı˛ ¸—:± Œ√›˚˛± ˝√√À˚˛ÀÂ√º ¤fl¡fl¡-2 ŒÔÀfl¡ › ¸˝√√±˚˛fl¡ ¢∂&Ô ŒÔÀfl¡

’±¬ı˛ øfl¡ øfl¡ ˝√√ÀÓ¬ ¬Û±À¬ı˛ øÚÀÊ√ ‡“≈√ÀÊ√ ¬ı±¬ı˛ fl¡¬ı˛≈Úº

2.8 ¸˝√√±˚˛fl¡ ¢∂&Ô

1. T. M. Apostol : Mathematical analysis (2nd edition, Narosa)

}
}
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¤fl¬fl¬ 3 ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ ø¬ıøˆ¬iß Ò˜«

·Í¬Ú

3.1 √õ∂d¬±¬ıÚ±

3.2 Î¬◊ÀV˙…

3.3 ¸˜±fl¡˘ÚÀ˚±·… ’À¬Ûé¬fl¡¸˜”˝√√

3.4 Î¬◊√± √̋√¬ı˛Ì˜±˘±

3.5 ’Ú≈˙œ˘Úœ

3.6 ¸±¬ı˛±—˙

3.7 ¸—Àfl¡Ó¬ ¸˝√√ Î¬◊M√√¬ı˛˜±˘±

3.8 ¸˝√√±˚˛fl¡ ¢∂&Ô

3.1 √õ∂d¬±¬ıÚ±

¤fl¡fl¡-3 ¤ ’±¬ÛÚ±¬ı˛± ¸z¬Ó¬ ’À¬Ûé¬Àfl¡¬ı˛ ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ ø¬ı˛˜±Ú ¸˜±fl¡˘Ú ¸•§À&Ò :±Ó¬ ˝√√À¬ıÚº

¤Â√±Î¬ˇ±› Œ˘À¬ıÀ·¬ı˛ ¤fl¡øÈ¬ Î¬◊¬Û¬Û±√… ’±¬ÛÚ±¬ı˛± ¤ÀÓ¬ ¬Û±À¬ıÚ, ˚± øfl¡Ú± ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ ø¬ı˛˜±Ú

¸˜±fl¡˘Ú ¸•ÛÀfl«¡ Œ˙¯∏ fl¡Ô±º

3.2 √Î¬◊ÀV˙…

3.3 ¤ ’±¬ÛÚ±¬ı˛± ¸z¬Ó¬, ’±À¬ı˛±˝√√œ õ∂ˆ‘¬øÓ¬ ’À¬Ûé¬Àfl¡¬ı˛ ¸˜±fl¡˘Ú ¸•§À&Ò Ê√±ÚÀ¬ıÚº Œ˘À¬ıÀ·¬ı˛

·≈¬ı˛≈Q¬Û”Ì« Î¬◊¬Û¬Û±√…-3, ¤˝◊√√ ø¬ıˆ¬±À·¬ı˛ ¸¬ıÀ‰¬À˚˛ ·≈¬ı˛≈Q¬Û”Ì« ¬ı…±¬Û±¬ı˛º ¤Â√±Î¬ˇ± ÚÓ≈¬Ú Ò±¬ı˛Ì± ¬Ûø¬ı˛˜±¬Û (Measure)

¸•§À&Ò Ê√±ÚÀ¬ıÚº ø¬ıøˆ¬iß Î¬◊√±˝√√¬ı˛Ì¸˜”˝√√ ’±¬ÛÚ±À√¬ı˛ ¤˝◊√√ ¤fl¡Àfl¡¬ı˛ Ò±¬ı˛Ì±Àfl¡ ’±¬ı˛› ¸—˝√√Ó¬ fl¡¬ı˛À¬ıº

3.3 √̧ ˜±fl¡˘Ú Œ˚±·… ’À¬Ûé¬fl¡¸˜”˝√√

Î¬◊¬Û¬Û±√…-1 – ˚ø√ [a, b] ¬ıX ’z¬À¬ı˛ ’À¬Ûé¬fl¡ ‘f’ ’ø¬ıø26√iß ˝√√˚˛ Ó¬±˝√√À˘ f, [a, b] ’z¬À¬ı˛

¸˜±fl¡˘ÚÀ˚±·…º

õ∂˜±Ì – Œ˚À˝√√Ó≈¬ [a, b] ’z¬À¬ı˛ ‘f’ ’ø¬ıø26√iß ¸≈Ó¬¬ı˛±— ‹ ’z¬À¬ı˛ ‘f’ ¸˜ø¬ıø26√ißº Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…±

‘ε’ øÚÀ˘ ¤˜Ú ¤fl¡øÈ¬ ÒÚ¸—‡…± ‘δ’ ¬Û±›˚˛± ˚±À¬ı ˚±ÀÓ¬
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| ( ) ( )| , [ , ]f x f x b a x x a b′ − ′′ < − ∀ ′ ′′ε ε

˚‡Ú |x′ – x′′] < δ
˜ÀÚ fl¡¬ı˛˘±˜ P : (a = x0 < x) < .... < xn = b), [a, b] ’z¬À¬ı˛¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú

˚±¬ı˛ Ê√Ú… || P || < δº

Ò¬ı˛± ˚±fl¡ [xi – 1, xi] Î¬◊¬Û±z¬À¬ı˛ ‘f’ ¤¬ı˛ ˘.Î¬◊.¸œ ¤¬ı— ·.øÌ.¸œ ˚Ô±√flË¡À˜ Mi › mi ¸≈Ó¬¬ı˛±—

Ó¬±˝√√À˘ S s M m x xP P i i i i
i

n
− = − − −

=
∑ ( )( )1

1

< − − −
=
∑ε

b a x xi i
i

n
( )1

1
= ε

∴  [a, b], ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘ÚÀ˚±·…º

Î¬◊¬Û¬Û±√…-2

˚ø√ [a, b] ¬ıX ’z¬À¬ı˛ ‘f’ √flË¡˜˜±Ú ˝√√˚˛ Ó¬À¬ı ‹ ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘ÚÀ˚±·…º

õ∂˜±Ì – Ò¬ı˛± ˚±fl¡ [a, b] ’z¬À¬ı˛ ‘f’ √flË¡˜¬ıÒ«˜±Úº Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ε øÚ˘±˜ ¤¬ı— ˜ÀÚ fl¡ø¬ı˛

P : (a = x0 ≤ x1 ≤ x2 ≤ ..... ≤ xn = b), [a, b] ’z¬À¬ı˛¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú ˚±¬ı˛ Ê√Ú…

|| P || < ε/[f(b) – f(a) + 1] ø¸X ˝√√ ˛̊º

Ò¬ı˛≈Ú [xi – 1, xi] Î¬◊¬Û±z¬À¬ı˛ ‘f’ ¤¬ı˛ ˘.ÿ.¸œ › ·.øÌ.¸œ ˚Ô±√flË¡À˜ Mi › mi Œ˚À˝√√Ó≈¬ ‘f’ √flË¡˜¬ıÒ«˜±Ú

Mi = f(xi) › mi = f(xi – 1)

’Ó¬¤¬ı S s M m x xP P i i i i
i

n
− = − − −

=
∑ ( )( )1

1

≤ − −
=
∑P f x f xi i
i

n
[ ( ) ( )]1

1

≤ −
− + <f b f a

f b f a
( ) ( )

( ) ( ) .1 ε ε

¸≈Ó¬¬ı˛±— [a, b] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘ÚÀ˚±·…º ¤¬ı±¬ı˛ [a, b] ’z¬À¬ı˛ ‘f’ √flË¡˜˝√}√√±¸˜±Ú ÒÀ¬ı˛ øÚÀ˚˛ øÍ¬fl¡

’±À·¬ı˛ ˜Ó¬ fl¡À¬ı˛ õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ ‘f’ ‹ ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…º

˙”Ú… ¬Ûø¬ı˛˜±À¬Û¬ı˛ Œ¸È¬ –

Œfl¡±Ú Œ¸È¬ ‘E’ ˚ø√ ¤˜Ú ˝√√˚˛ Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ε ¤¬ı˛ Ê√Ú… ¤˜Ú ¤fl¡øÈ¬ ·˜ÚÀ˚±·… Î¬◊ij≈q¡

’z¬À¬ı˛¬ı˛ ¬Ûø¬ı˛¬ı±¬ı˛ In ¬Û±›˚˛± ˚±À¬ı ˚±ÀÓ¬
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E < UnIn ¤¬ı— | |In
n

<∑ ε ˝√√ ˛̊

Ó¬±˝√√À˘ ‘E’ Œ¸È¬øÈ¬Àfl¡ ¤fl¡øÈ¬ ˙”Ú… ¬Ûø¬ı˛˜±À¬Û¬ı˛ Œ¸È¬ ¬ıÀ˘º

õ∂±˚˛ ¸¬ı«S ’ø¬ıø26√iß –

[a, b] ’z¬À¬ı˛ ¸—:±Ó¬ Œfl¡±ÀÚ± ’À¬Ûé¬Àfl¡¬ı˛ ø¬ıø26√ißÓ¬±¬ı˛ ø¬ıμ≈ ¸˜”À˝√√¬ı˛ Œ¸È¬øÈ¬ ˚ø√ ˙”Ú… ¬Ûø¬ı˛˜±À¬Û¬ı˛

˝√√˚˛ Ó¬À¬ı ‹ ’z¬À¬ı˛ ’À¬Ûé¬fl¡øÈ¬Àfl¡ ëõ∂±˚˛ ¸¬ı«S ’ø¬ıø26√ißí ¬ıÀ˘º

Î¬◊¬Û¬Û±√…-3 – [Œ˘À¬ı·, 1900]

[a, b] ’z¬À¬ı˛ ’À¬Ûé¬fl¡ ‘f’ ˚ø√ ¸œ˜±¬ıX ¤¬ı— õ∂±˚˛ ¸¬ı«S ’ø¬ıø26√iß ˝√√˚˛ Ó¬±˝√√À˘ ‹ ’z¬À¬ı˛ ‘f’

¸˜±fl¡˘Ú Œ˚±·… ˝√√À¬ıº

õ∂˜±Ì – ˚ø√ [a, b] ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ¸fl¡˘ ø¬ıø26√ißÓ¬± ø¬ıμ≈¬ı˛ Œ¸È¬øÈ¬Àfl¡ ‘E’ Òø¬ı˛, Ó¬±˝√√À˘ ‘E’

Œ¸ÀÈ¬¬ı˛ ¬Ûø¬ı˛˜±¬Û ˙”Ú…º M › m ˜ÀÚ fl¡¬ı˛≈Ú ‹ ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ˚Ô±√flË¡À˜ ˘.ÿ.¸œ › ·.øÚ.¸œº Ò¬ı˛≈Ú

ε ¤fl¡øÈ¬ Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ¤¬ı— 

¤‡Ú ‘E’ Œ¸ÀÈ¬¬ı˛ Œ˚ ¸¬ı ø¬ıμ≈ÀÓ¬ [õ∂˜±ÀÌ¬ı˛ Ê√Ú… Apostol (¬Û‘á¬±-171 Œ√‡≈Ú]] ‘f’ ¤¬ı˛ Œ√±˘Ú

‘η’ ¤¬ı˛ Œ‰¬À˚˛ ŒÂ√±È¬ Ú˚˛ Ó¬±À√¬ı˛ Œ¸È¬øÈ¬ ˜ÀÚ fl¡¬ı˛≈Ú F. Ó¬±˝√√À˘ ‘F’ ¤fl¡øÈ¬ ¬ıX Œ¸È¬º Œ˚À˝√√Ó≈¬ F ⊂
E, F ¤¬ı˛ ¬Ûø¬ı˛˜±¬Û ˙”Ú…º fl¡±ÀÊ√˝◊√√ ¤fl¡˝◊√√ ·˜ÚÀ˚±·… Î¬◊˜≈q¡ ’z¬¬ı˛ ¬Ûø¬ı˛¬ı±¬ı˛ [In : n = 1, 2, 3 ....]

¬Û±À¬ıÚ ˚±¬ı˛ Ê√Ú…

(i) F ⊂ UnIn ¤¬ı—

(ii)  ø¸X ˝√√ ˛̊º

’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬ F ¤fl¡øÈ¬ ¬ıX › ¸œ˜±¬ıX Œ¸È¬, ˝√√±˝◊√√ÀÚ Œ¬ı±À¬ı˛À˘¬ı˛ Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛ ¤˜Ú ¤fl¡øÈ¬

¬Û”Ì«¸—‡…± ‘N’ ¬Û±›˚˛± ˚±À¬ı ˚±¬ı˛ Ê√Ú…

F ⊂ I1UI2U .... UIN.

Ò¬ı˛± ˚±fl¡ I, I2 ..... IN ’z¬¬ı˛·≈ø˘ ¬Û¬ı˛¬Û¬ı˛ ø¬ıø26√iß ¤¬ı— ¤À√¬ı˛ ø¬ıˆ¬±Ê√fl¡ ø¬ıμ≈·≈ø˘ ÿÒ«√flË¡À˜ ’±ÀÂ√º

˜ÀÚ fl¡¬ı˛≈Ú 

Ó¬±˝√√À˘ 

¤¬ı— 

Î¬◊¬Û¬Û±À√… õ∂√M√√ ˙Ó«¬ ’Ú≈¸±À¬ı˛ ′′ ′+a ai i, 1  ’z¬¬ı˛·≈ø˘ ¤¬ı— (UIn)C-¤¬ı˛ õ∂øÓ¬ø¬ıμ≈ÀÓ¬ ‘f’ ¤¬ı˛ Œ√±˘Ú

‘η’ ¤¬ı˛ Œ‰¬À˚˛ ŒÂ√±È¬º fl¡±ÀÊ√˝◊√√ ¤˝◊√√ ’z¬À¬ı˛¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú P a x xi
i

i i:( ′′ = <0 1
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< < = ′+"" x an
i

i 1)

 ¬Û±¬ı Œ˚ x xr
i

r
i

−1,  ¤¬ı˛”¬Û õ∂ÀÓ¬…fl¡ Î¬◊¬Û±z¬À¬ı˛ ‘f’ ¤¬ı˛ Œ√±˘Ú ‘η’ ¤¬ı˛ Œ‰¬À˚˛

ŒÂ√±È¬º ¤‡Ú xr
i
 ø¬ıμ≈·≈ø˘ ø√À˚˛ ΔÓ¬¬ı˛œ [a, b] ¬ı˛ ø¬ıˆ¬±Ê√ÚøÈ¬Àfl¡ ˚ø√ ‘p’ Òø¬ı˛º Ó¬±˝√√À˘,

S s M m a aP P i i i i
i

N
− = − ′′− ′

=
∑ ( )( )

1

+ − −
=

−
=

∑∑ ( )( )M m x xr
i

r
i

r

n

r
i

r
i

i

N

1
1

1

< − ′′− ′ +
=

−
==

∑ ∑∑( ) ( ) ,M m a a x xi i
i

N

r
i

r
i

r

n

i

N

1
1

11
η b g

< (M – m) η + (b – a) η

= (M – m + b – a) η < ε

∴ [a, b] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘ÚÀ˚±·…º

˚ø√ a, b ∈ E Ó¬À¬ı ¤˜Ú≈√øÈ¬ ¬ı±d¬¬ı¸—‡…± α, β Ò¬ı˛± ˚±fl¡ Œ˚ α < a ¤¬ı— b < β ˝√√˚˛º

˜ÀÚ fl¡ø¬ı˛ [α, a] ¤¬ı— [b, β] ’z¬À¬ı˛ f(x) øÚ•ß¬ı˛”À¬Û ¸—:±ø˚˛Ó¬ ˝√√˘º

f(x) = f(a) α ≤ x < a

= f(b) b < x ≤ β

∴ ‘E’ Œ¸È¬˝◊√√ [α, β] ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ø¬ıø26√ißÓ¬± ø¬ıμ≈ ¸˜”À˝√√¬ı˛ Œ¸È¬ ¤¬ı— E ⊂ [α, β]º fl¡±ÀÊ√˝◊√√

Î¬◊¬ÛÀ¬ı˛¬ı˛ õ∂˜±Ì ’Ú≈¸±À¬ı˛ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛ [α, β] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·…º ¸≈Ó¬¬ı˛±— [a, b] ’z¬À¬ı˛›

‘f’ ¸˜±fl¡˘ÚÀ˚±·…º ¤fl¡˝◊√√ ¬ı˛fl¡˜ˆ¬±À¬ı ˚ø√ a ∈ E, b ∉ E Ó¬±˝√√À˘ [a, b] ’z¬¬ı˛ ¤¬ı— ˚ø√ a ∉ E

¤¬ı— b ∈ E Ó¬±˝√√À˘ [a, β] ’z¬¬ı˛ ·Ì… fl¡À¬ı˛ õ∂˜±Ì √fl¡¬ı˛± ˚±˚˛ Œ˚ [a, b] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·…º

Î¬◊¬Û¬Û±√…-4

˚ø√ [a, b] ’z¬À¬ı˛ ‘f’ ¤fl¡øÈ¬ ¸œ˜±¬ıX ’À¬Ûé¬fl¡ ˝√√˚˛ ˚±¬ı˛ ¸¸œ˜ ¸—‡…fl¡ ø¬ıø26√ißÓ¬± ø¬ıμ≈ ’±ÀÂ√

Ó¬±˝√√À˘ ‹ ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘ÚÀ˚±·… ˝√√À¬ıº

õ∂˜±Ì – Œ˚À˝√√Ó≈¬ ‘f’ ¤fl¡øÈ¬ ¸œ˜±¬ıX ’À¬Ûé¬fl¡, ¤˜Ú ¤fl¡øÈ¬ ÒÚ¸—‡…± ‘K’ Ô±fl¡À¬ı ˚±ÀÓ¬ |f(x)|

≤ K ˝√√˚˛º ˜ÀÚ fl¡¬ı˛≈Ú ‘f’ ¤¬ı˛ ø¬ıø26√ißÓ¬± ø¬ıμ≈ ¸˜”À˝√√¬ı˛ Œ¸È¬øÈ¬ ˝√√˘

E : {x1, x2 ..... xn} ¤¬ı—

a ≤ a1 < a2 < ...... < an ≤ b

¤‡Ú fl¡Ó¬fl¡·≈ø˘ ¬ı±d¬¬ı¸—‡…± ′ ′′ ′ ′′ ′ ′′a a a a a aN N1 1 2 2, , , ,…  fl¡äÚ± fl¡¬ı˛≈Ú Œ˚Ú xr ∈ 

( , )′ ′′a ar r

 ¤¬ı—
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Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ε ¤¬ı˛ Ê√Ú…  ˝√√˚˛º 

x x

a a a a a

r r

r r r r b

+

+ +

−−− −−•−− −−−−−−− −−•−− −−−
′ ′′ ′ ′′

1

1 1

[ ( ) ( ) ]

˜ÀÚ fl¡¬ı˛≈Ú Mr, mr ˝√√À26√ ˚Ô±√flË¡À˜ ( , )′ ′′a ar r  ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ˘.ÿ.¸œ › ·.øÚ.¸œº

∴ Mr – mr < 2k, r = 1, 2 ...... N.  (∵  | f(x) | ≤ k)

’±¬ı˛› ˘é¬… fl¡¬ı˛≈Ú a < a1 ¤¬ı— aN < b ˝√√À˘  ¤˝◊√√ N + 1

¸—‡…fl¡ Î¬◊ij≈q¡ ’z¬À¬ı˛ ‘f’ ’ø¬ıø26√ißº fl¡±ÀÊ√˝◊√√ ¤˝◊√√ ’z¬¬ı˛·≈ø˘¬ı˛ Ê√Ú… ˚Ô±√flË¡À˜ P1, P2 .... PN + 1 ø¬ıˆ¬±Ê√Ú

¬Û±›˚˛± ˚±À¬ı ˚±ÀÓ¬

¶Û©ÜÓ¬ ◊̋√√ P = P1UP2U ...... UPN + 1, [a, b] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Úº

¤‡Ú S s S s M m a aP p P P r r
r

N

k

N

r rk k
− = − + − ′′ ′

==

+
∑∑ e j ( )( )

11

1
…

< + + + ∈ = ∈ε
2 1 1 2 4( ) ( ) .N N k k

¸≈Ó¬¬ı˛±— [a, b] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·…º

È¬œfl¡± – ˚ø√ a = a1 ’Ô¬ı± aN = b ’Ô¬ı± ≈√˝◊√√-˝◊√√ ˝√√˚˛ Ó¬À¬ı ‘f’ ¤¬ı˛ ø¬ıø26√ißÓ¬±¬ı˛ ø¬ıμ≈¸˜”˝√√Àfl¡

ø‚À¬ı˛ Œ˚ ’z¬¬ı˛·≈ø˘ ·Ì… fl¡¬ı˛ÀÓ¬ ˝√√À¬ı, Œ¸·≈ø˘ ˝√√˘ ( , ), ( , ) .. . .. ( , )a a a a a aN N1 1 2 2′′ ′′ ′ ′′

’Ô¬ı±, 

’Ô¬ı±, º

Ó¬±¬ı˛¬Û¬ı˛ ¤fl¡˝◊√√ ¬ı˛fl¡˜ ˚≈øq¡ õ∂À˚˛±· fl¡À¬ı˛ õ∂˜±Ì fl¡¬ı˛± ˚±À¬ı Œ˚, ‘f’ ¸˜±fl¡˘Ú Œ˚±·…º

Î¬◊¬Û¬Û±√…-5

[a, b] ’z¬À¬ı˛ ‘f’ ˚ø√ ¤fl¡øÈ¬ ¸œ˜±¬ıX ’À¬Ûé¬fl¡ ˝√√˚˛ ˚±¬ı˛ ø¬ıø26√ißÓ¬±¬ı˛ ø¬ıμ≈¸˜”À˝√√¬ı˛ Œ¸ÀÈ¬¬ı˛ ¸¸œ˜

¸—‡…fl¡ ¬Ûø¬ı˛Ì±˜ ø¬ıμ≈ ’±ÀÂ√ Ó¬±˝√√À˘ f[a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ˝√√À¬ıº

õ∂˜±Ì – Œ˚À˝√√Ó≈¬ ‘f’ ¤fl¡øÈ¬ ¸œ˜±¬ıX ’À¬Ûé¬fl¡, ¤‡Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± ‘k’ ¬Û±›˚˛± ˚±À¬ı

˚±ÀÓ¬ | f(x) | < k, ∀x∈ [a, b]

Ò¬ı˛≈Ú f-¤¬ı˛ ø¬ıø26√ißÓ¬±¬ı˛ ø¬ıμ≈·≈ø˘¬ı˛ Œ¸È¬øÈ¬ ˝√√˘ ‘E’ ˚±¬ı˛ ‘m’ ¸—‡…fl¡ ¬Ûø¬ı˛Ì±˜ ø¬ıμ≈ ˝√√˘ x1 < x2

< ... < xm ¤¬ı— E′ = {x1, x2 .... xm}
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Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ε ¤¬ı— 2m ¸—‡…fl¡ ¬ı±d¬¬ı ¸—‡…±

′ < ′′ < ′ < ′′ < ′ < ′′a a a a a am m1 1 2 2 . . .. .

fl¡äÚ± fl¡¬ı˛≈Ú Œ˚Ú 

x a ar r r∈ ′ ′′,b g

 ¤¬ı— 

( )′′ − ′ <
=
∑ a a

kr r
r

m

1 4
ε

 ˝√√˚˛º

Ò¬ı˛± ˚±fl¡ Mr › mr ˝√√˘ ( )′ − ′a ar π  ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ˘.ÿ.¸œ › ·.øÚ.¸œº

Ó¬±˝√√À˘ Mr – mr < 2k, r = 1, 2, ... m,   ∵  | f(x) | < k

¤Â√±Î¬ˇ± ¬ı±øfl¡ ‘m + 1’ ¸—‡…fl¡ ˚Ô±

( , ), , . . .. . , , ,a a a a a a a bm m m′ ′′ ′ ′′ ′ ′′−1 1 2 1b g b g b g

[˚ø√ a < x1 ¤¬ı— b > xm ˝√√˚˛] Î¬◊¬Û’z¬À¬ı˛ ‘f’ ˝√√ ˛̊

’ø¬ıø26√iß ’Ô¬ı± fl¡À˚˛fl¡øÈ¬ ¸¸œ˜ ¸—‡…fl¡ ø¬ıø26√ißÓ¬± ø¬ıμ≈ ’±ÀÂ√ fl¡±ÀÊ√˝◊√ õ∂ÀÓ¬…fl¡øÈ¬ Î¬◊¬Û’z¬À¬ı˛ ‘f’

¸˜±fl¡˘ÚÀ˚±·… [Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛]º ¸≈Ó¬¬ı˛±— õ∂øÓ¬øÈ¬ Î¬◊¬Û’z¬À¬ı˛¬ı˛ Ê√Ú… ˚Ô±√flË¡À˜ P1, P2 ....

Pm + 1 ø¬ıˆ¬±Ê√Ú ¬Û±›˚˛± ˚±À¬ı ˚±ÀÓ¬

S s mP Pr r
− < +

ε
2 1( ) ,

 r = 1, 2 .... (m + 1)

¬Ûø¬ı˛©®±¬ı˛ Œ¬ı±Á¡± ˚±À26√ Œ˚ P1, P2 ..... Pm + 1 Î¬◊¬Û’z¬¬ı˛·≈ø˘ ¬Û¬ı˛¶Û¬ı˛ ø¬ıø26√ißº

¸≈Ó¬¬ı˛±— P = P1 ∪ P2 ..... ∪ Pm + 1, [a, b] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú ¤¬ı—

S s S s S sP p P P P Pm m
− = − + −

+ +
( ) .. . . . ( )

1 1 1 1

+ − ′′ ′
=
∑ ( ) ,M m a ar r
r

m

r r
1

b g

< + + + =ε ε ε2 1 1 2 2( ) . ( ) .m m k k

∴ ‘f’ [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘Ú Œ˚±·…º

È¬œfl¡± – Î¬◊¬Û¬Û±√… 4 › Î¬◊¬Û¬Û±√… 5 Œfl¡ Î¬◊¬Û¬Û±√… 3-¤¬ı˛ ¤fl¡ ¤fl¡øÈ¬ ø¬ıÀ˙¯∏ õ∂fl¡±¬ı˛ ø˝√√À¸À¬ı› ·Ì…

fl¡¬ı˛± ˚±˚˛º fl¡±¬ı˛Ì Œfl¡±ÀÚ± ’À¬Ûé¬Àfl¡¬ı˛ ˚ø√ ¸¸œ˜ ¸—‡…fl¡ ø¬ıø26√ißÓ¬± ø¬ıμ≈ Ô±Àfl¡ Ó¬À¬ı Œ¸˝◊√√ ’À¬Ûé¬fl¡

õ∂±˚˛ ¸¬ı«S ’ø¬ıø26√iß ˝√√À¬ı ’±¬ı±¬ı˛ Œfl¡±ÀÚ± ’À¬Ûé¬Àfl¡¬ı˛ ˚ø√ ø¬ıø26√ißÓ¬± ø¬ıμ≈ ¸˜”À˝√√¬ı˛ ¸¸œ˜ ¸—‡…fl¡ ¬Ûø¬ı˛Ì±˜

ø¬ıμ≈ Ô±Àfl¡ Ó¬À¬ı Œ¸·≈ø˘› õ∂±˚˛ ¸¬ı«S ’ø¬ıø26√iß ˝√√À¬ıº
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3.4 √Î¬◊√±˝√√¬ı˛Ì˜±˘±

1. [–1, 1] ’z¬À¬ı˛ f(x) ¤¬ı˛ ¸—:± ˝√√˘

f x x x x( ) sin ,= ≠1 0

    = 0  x = 0

f(x), [–1, 1] ’ø¬ıø26√iß, fl¡±ÀÊ√˝◊√√ ¸˜±fl¡˘Ú Œ˚±·…º

2. [0, 1] ’z¬À¬ı˛ f(x) Œfl¡ ¤˝◊√√ˆ¬±À¬ı ¸—:± Œ√›˚˛± ˝√√˘

f(x) = 0, x = 0

    = < ≤1 1
2 1, x

    

= < ≤

=================

= < ≤− −

1
2

1
2

1
2

1
2

1
2

1
2

2

1 1

,

,

x

xn n n

Ó¬±˝√√À˘ f(x)- √flË¡˜¬ıÒ«˜±Ú, ¸≈Ó¬¬ı˛±— ¸˜±fl¡˘ÚÀ˚±·…º

3. [0, 1] ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ¸—:± ˝√√˘

f x r x r rr( ) ( ) , , , .. . .. .= − + < ≤ 1 =−1 1
1 1 2, 31

    = 0,  x = 0.

¤‡Ú f(x) ¤¬ı˛ ø¬ıø26√ißÓ¬±¬ı˛ ø¬ıμ≈·≈ø˘ ˝√√˘ 0, 1
2

1
3, " ˚±À√¬ı˛ ¤fl¡øÈ¬ ˜±S ¬Ûø¬ı˛Ì±˜ ø¬ıμ≈ ˝√√˘ 0,

∴ f(x) ‹ ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…º

4. [0, 1] ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ¸—:±

f(x) = 0, ˚ø√ x ’˜”˘√ ˝√√˚˛

    = 1
q  ˚ø√ x ˜”˘√¸—‡…± 

p
q  ˝√√˚˛º

¤¬ı— f(0) = 0

’±˜¬ı˛± õ∂˜±Ì fl¡¬ı˛¬ı Œ˚ f [0, 1] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…º

õ∂˜±Ì – Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ÒÚ¸—‡…± ε fl¡äÚ± fl¡¬ı˛≈Ú ¤¬ı— ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¬Û”Ì«¸—‡…± N øÚÒ«±¬ı˛Ì

fl¡¬ı˛≈Ú ˚±ÀÓ¬
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N N≤ < +1 1ε   [‘N’ ¤ˆ¬±À¬ı øÚ¬ı«±‰¬Ú fl¡¬ı˛± ¸y¬¬ı ˝√√˘ ’±øfl«¡ø˜øÎ¬˚˛±Ú ÚœøÓ¬¬ı˛ Ê√Ú…]

¤¬ı±¬ı˛ [0, 1] ’z¬À¬ı˛¬ı˛ ˜”˘√ ¸—‡…±·≈ø˘Àfl¡ ÚœÀ‰¬¬ı˛ ¬ÛXøÓ¬ÀÓ¬ ¸±øÊ√À˚˛ øÚÚñ

1
2

1
3

2
3

1
4

3
4

1
5

2
5

3
5

4
5, , , , , , , , "

1 2 1
N N

N
N, , .. . .. . , . . .. .. .−

Ò¬ı≈̨Ú ‘E’ ˝√√˘ 

0, 1 1
2

1
3

2
3

1
4

3
4

1 1, , , , , . .. .. . . .. . ,N
N

N
−

¤ ◊̋√√ ¸¸œ˜ ¸—‡…fl¡ ”̆̃ √ ¸—‡…±·≈ø˘¬ı̨ Œ¸È¬º ¤‡Ú ‘E’ Œfl¡ ¤˜Ú ˆ¬±À¬ı ¸±øÊ√À˚̨ øÚÚ ˚±ÀÓ¬ Ó¬±À√¬ı̨ ˜±Ú·≈ø˘

√flË¡˜˙– ¬ı±Î¬̌ÀÓ¬ Ô±Àfl¡ ¤¬ı— ÚÓ”¬Ú fl¡À¬ı̨ Ó¬±À√¬ı̨ Ú±˜fl¡¬ı̨Ì fl¡¬ı̨± √̋√À˘± 

ξ ξ ξ1 2, . .. . .. n

 ¤ ◊̋√√ ‘n’ √̋√À˘± ‘E’ Œ¸ÀÈ¬¬ı̨

Œ˜±È¬ ¸√̧ … ¸—‡…±º ¤¬ı±¬ı̨ ξ1, ξ2, ..... ξn ø¬ıμ≈·≈ø˘Àfl¡ ˚Ô±√flË¡À˜ 

′ ′′ ′ ′′ ′ ′′a a a a a an n1 1 2 2. . .""

 ¬ıX

’z¬À¬ı̨ ’±¬ıX fl¡¬ı̨≈Ú ˚±ÀÓ¬ O = 

′ < < ′′ < ′ < < ′′a a a a1 1 1 2 2 2ξ ξ

 ........ 

< ′ < = ′′ =a an n nξ 1

 ¤¬ı—

( )′′− ′ <
=
∑ a ai i
i

n

1
ε

 ˙Ó«¬ ≈√øÈ¬ ø¸X ˝√√˚˛º

¤‡Ú ˚ø√ x a ai i∈ ′′ ′+, 1  Ó¬±˝√√À˘ x ˜”˘√ ¸—‡…± ˝√√À˘ Ó¬±¬ı˛ ˝√√¬ı˛ ‘N + 1’ ŒÔÀfl¡ ¬ıÎ¬ˇ ¬ı± ¸˜±Ú

’±¬ı˛ ’˜”˘√ ˝√√À˘ f(x) = 0 ′′ ′+a ai i, 1b g ’z¬À¬ı˛¬ı˛ ¸¬ı«S˝◊√√ f x N( ) ≤ + <1
1 ε

¤¬ı±À¬ı˛ [O1] ’z¬À¬ı˛¬ı˛  

′ ′′ ′ ′′
−−−−− −−•−− −−−−− −−•−− −−−−−−−

+ +

+

a a a ai i i i

i i

1 1

10 1
[ ( ) ( ) ]

ξ ξ

P a a a a a an n: ( )0 11 1 2 2= ′ < ′′ < ′ < ′′ ′ < ′′ =""

ø¬ıˆ¬±Ê√ÚøÈ¬ ø¬ıÀ¬ı‰¬Ú± fl¡¬ı˛≈Úº ˜ÀÚ fl¡¬ı˛≈Ú 

′ ′′a ai i,

 ’z¬À¬ı˛ f(x) ¤¬ı˛ ˘.ÿ.¸œ › ·.øÌ.¸œ ˝√√˘ Mi,

mi ¤¬ı— ′′ ′+a ai i, 1  ’z¬À¬ı˛ ‹ ¸œ˜±·≈ø˘ ˚Ô±√flË¡À˜ ′ ′M mi i,  Ó¬±˝√√À˘

S s M m a a M m a aP P i i i i
i

n

i i i i

n
− = − ′′− ′ + ′ − ′ − ′′

=
+

−
∑ ∑( )( ) ( )( )

1
1

0

1
< ′′− ′ + ′ − ′′

=
+

−
∑ ∑1

1
1

0

1
( ) ( )a a a ai i

i

n

i i

n
ε

< ε + ε = 2ε   [ ∵ ′ ′′+a ai i, 1  ’z¬¬ı˛·≈ø˘ÀÓ¬ f(x) ¤¬ı˛ Œ√±˘Ú fl¡‡Ú˝◊√√
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1-¤¬ı˛ Œ‰¬À˚˛ Œ¬ıø˙ Ú˚˛º ]

∴ [0, 1] ’z¬À¬ı˛ f(x) ¸˜±fl¡˘ÚÀ˚±·…º

5. ˜ÀÚ fl¡¬ı˛≈Ú [a, b] ’z¬À¬ı˛ φ › ψ ≈√øÈ¬ ’ø¬ıø26√iß ’À¬Ûé¬fl¡º ¤¬ı— φ(x) ≤ ψ (x) ∀x∈[a,

b]º ‹ ’z¬À¬ı˛ ˚ø√ ¤fl¡øÈ¬ ’À¬Ûé¬fl¡ ‘f’ Œfl¡ ¤ˆ¬±À¬ı ¸—:± Œ√›˚˛± ˚±˚˛ Œ˚

f(x) = φ(x) ˚‡Ú x ”̃̆ √

 = ψ(x)  ,,  x ’˜”˘√

Ó¬±˝√√À˘ Œ√‡±Ú Œ˚

f x dx x dx
a

b

a

b

( ) ( )z z= ψ

¤¬ı— f x dx x dx
a

b

a

b

( ) ( )z z= φ

¤¬ı±¬ı˛ ¬ı˘≈Ú f(x) [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘Ú Œ˚±·… øfl¡Ú±∑

¸˜±Ò±Ú –

Ò¬ı˛± ˚±fl¡ P(a = x0 < x1 < x2 < ..... < xn = b) [a, b] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Úº

Mr, mr ˜ÀÚ fl¡¬ı˛≈Ú [xr – 1, xr] ’z¬À¬ı˛ ˚Ô±√flË¡À˜ ψ-¤¬ı˛ ˘.ÿ.¸œ › φ-¤¬ı˛ ·.øÌ.¸œº Ó¬±˝√√À˘ Mr

› mr ˚Ô±√flË¡À˜ ‘f’ ¤¬ı˛ ˘.ÿ.¸œ. › ·.øÌ.¸œº

∴ S f M x xP r r r
r

n
( ) ( )= − −

=
∑ 1

1

= SP (ψ)

¤¬ı— 

Œ˚À˝√√Ó≈¬ φ › ψ ’ø¬ıø26√iß [a, b] ’z¬À¬ı˛ ¤¬ı˛± ¸˜±fl¡˘ÚÀ˚±·… ¸≈Ó¬¬ı˛±— √±¬ı˛À¬ı±¬ı˛ Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛

ψ ψ
a

b

P P P P
a

b

x dx S S f f x dxz z= = =
→ →

( ) lim ( ) lim ( ) ( )
0 0

’±¬ı±¬ı˛, φ φ
a

b

P P P P
a

b

x dx s s f f x dxz z= = =
→ →

( ) lim ( ) lim ( ) ( )
0 0
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õ∂fl¡±¬ı˛ (Case)-I
φ(x) < ψ(x)

f x dx f x dx
a

b

a

b

z z≠( ) ( )

∴ f(x), [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… Ú˚˛º

Case-II

φ(x) = ψ(x)

øfl¡z≈¬ ˚ø√ φ(x) = ψ(x) ˝√√˚˛ ∀x∈ [a, b]

Ó¬±˝√√À˘ ¸˜¸…±øÈ¬ √“√±Î¬ˇ±˚˛ [a, b] ’z¬À¬ı˛ f(x) ¤fl¡øÈ¬ ’ø¬ıø26√iß ’À¬Ûé¬fl¡ fl¡±ÀÊ√˝◊√√ ’¬ı˙…˝◊√√

¸˜±fl¡˘ÚÀ˚±·…º

’Ú≈˙œ˘Úœ-3.5

1. Œ√‡±Ú Œ˚ Œfl¡±ÀÚ± ¸¸œ˜ Œ¸È¬ ˙”Ú… ¬Ûø¬ı˛˜±À¬Û¬ı˛º

2. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ R-¤¬ı˛ Œ˚ Œfl¡±ÀÚ± ·ÚÚÀ˚±·… Î¬◊¬ÛÀ¸È¬ ˙”Ú… ¬Ûø¬ı˛˜±À¬Û¬ı˛º

3. f(x) Œfl¡ [0, 1] ’z¬À¬ı˛ ˚ø√ ¤˝◊√√ˆ¬±À¬ı ¸—:± Œ√›˚˛± ˚±˚˛º

f x n
n( ) = + 2  ˚‡Ú 

1
1

1
n x n+ < ≤

    = 1.  ,,    x = 0

Ó¬±˝√√À˘ Œ√‡±Ú Œ˚ [0, 1] ’z¬À¬ı˛ f ¸˜fl¡˘ÚÀ˚±·… ¤¬ı— f x dx( )
0

1
1
2z =

4. [0, 1] ’z¬À¬ı˛ f(x)-¤¬ı˛ ¸—:± ˝√√˘

f x n( ) = 1
 ˚‡Ú 

1
1

1
n x n+ < ≤

= 0 ˚‡Ú x = 0

Œ√‡±Ú Œ˚, [0, 1] ’z¬À¬ı˛ f ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı— f x dx( )
0

1

z -¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

5. ˜ÀÚ fl¡¬ı˛≈Ú a > 1 Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± [0, 1] ’z¬À¬ı˛ f(x)-¤¬ı˛ ¸—:± ˝√√˘

f x
an( ) = −

1
1

 ˚‡Ú 
1 1 1 21a

x
a

nn n< ≤ =− , ,  ........
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     = 0   ˚‡Ú  x = 0

Œ√‡±Ú Œ˚ [0, 1] ’z¬À¬ı˛ f ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı— f x dx a
a

a

( ) = +z 1

1

6. [1, 3] ’z¬À¬ı˛ f(x) Œfl¡ ¤ˆ¬±À¬ı ¸—:± Œ√›˚˛± ˝√√˘º

f(x) = 1 1 ≤ x ≤ 2

    = 2 2 ≤ x ≤ 3

(i) [1, 3] ’z¬À¬ı˛ f(x) ¸˜±fl¡˘ÚÀ˚±·… øfl¡Ú± fl¡±¬ı˛Ì¸À˜Ó¬ Î¬◊M√√¬ı˛ ø√Úº

(ii) ˚ø√ ¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛ Ó¬À¬ı Ó¬±¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

(iii) 

¤˝◊√√ ¸•Ûfl«¡øÈ¬ ¤Àé¬ÀS ‡±È¬ÀÂ√ øfl¡∑ ¸¬ÛÀé¬ ¬ı± ø¬ı¬ÛÀé¬ fl¡±¬ı˛Ì Œ√‡±Úº

3.6 √¸±¬ı˛±—˙

¤fl¡fl¡ 3-¤¬ı˛ 3.3-¤ ø¬ıøˆ¬iß ÒÀ˜«¬ı˛ ’À¬Ûé¬Àfl¡¬ı˛ ¸˜±fl¡˘Ú Ó¬ÀN¬ı˛ Î¬◊¬Û¬ı˛ ŒÊ√±¬ı˛ Œ√›˚˛± ˝√√À˚˛ÀÂ√º ’±ÀÂ√

Œ˘À¬ıÀ·¬ı˛ Î¬◊¬Û¬Û±√… › Ó¬±¬ı˛ ø¬ıμ≈ ·≈¬ı˛≈Q¬Û”Ì« ø¸X±z¬¸˜”˝√√º

3.4 › 3.5-¤ ’±ÀÂ ˚Ô±√flË¡À˜ Î¬◊√±˝√√¬ı˛Ì˜±˘± › ’Ú≈˙œ˘Úœº

3.7 √̧ —Àfl¡Ó¬¸˝√√ Î¬◊M√√¬ı˛˜±˘±

’Ú≈̇ œ˘Úœ-3.5

(1) ˚ø√ ‘n’ ¸—‡…fl¡ ¬Û√ Œ¸È¬øÈ¬ÀÓ¬ Ô±Àfl¡ Ó¬±˝√√À˘ õ∂ÀÓ¬…fl¡ ¬Û√Àfl¡ øÚÀ˚˛  Δ√À‚«…¬ı˛ ’z¬¬ı˛ øÚÚº

[ε > 0 Œ¶§26√±ÒœÚ] Ó¬±˝√√À˘ Œ¸È¬øÈ¬¬ı˛ ¬Ûø¬ı˛˜±¬Û .

(2) ¤fl¡˝◊√√ˆ¬±À¬ı (1) ¤¬ı˛ ˜Ó¬ øfl¡z≈¬º

ε ε
i i=

2  [i = 1, 2, ... ]  [ ε > 0 Œ√›˚˛± ’±ÀÂ√ ] øÚÚº

(3) õ∂ÔÀ˜ f(x) ¤¬ı˛ ø¬ıø26√ißÓ¬±¬ı˛ Œ¸È¬ƒøÈ¬ ˘é¬…fl¡¬ı˛≈Úº

¤¬ı±¬ı˛ Î¬◊Ò« ¬ı± øÚ•ß Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ¸˜±fl¡˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº

(4) (3) ¤¬ı˛ ˜Ó¬º



43

(5) (3), (4) ¤¬ı˛ ˜Ó¬, ˙≈Ò≈ ø¬ıˆ¬±Ê√ÚøÈ¬ ¤‡±ÀÚ 

P
a

nn= =RST
UVW

1 0, 1, , . . .. .

a > 1, ‘P’ ø¬ıˆ¬±Ê√ÚøÈ¬ ¸—:±Ó¬º

[˘é¬… fl¡¬ı˛≈Ú, ¤øÈ¬¤fl¡øÈ¬ ’¬ıÀ¬ı˛±˝√√œ ’À¬Ûé¬fl¡º

(6) (i) ˘é¬… fl¡¬ı˛≈Ú ¤fl¡øÈ¬ ˜±S ø¬ıø26√ißø¬ıμ≈ x = 2 ŒÓ¬ ’±ÀÂ√º

(ii) f x dx f x dx f x dx( ) ( ) ( )= +z z z
1

3

1

2

2

3

 fl¡À¬ı˛ Œˆ¬Àe· øÚÀ˚˛ fl¡¬ı˛≈Úº

Î¬◊– –3

(iii) øÚÀÊ√ Œ‰¬©Ü± fl¡¬ı˛≈Úº

3.8 √̧ ˝√√±˚˛fl¡ ¢∂&Ô

(1) T. M. Apostol : Mathematical analysis (2nd edition, Narosa)
(2) S. K. Berberian : A first course in Real analysis (1994, Springer)
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¤fl¬fl¬ 4 ø¬ı˛˜±Ú ¸˜±fl¡˘ÚÀ˚±·… ’À¬Ûé¬fl¡¸˜”˝√√

·Í¬Ú

4.1 √õ∂d¬±¬ıÚ±

4.2 Î¬◊ÀV˙…

4.3 ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ ø¬ıøˆ¬iß Ò˜«

4.4 fl¡˘Úø¬ı√…±¬ı˛ ˜”˘ Î¬◊¬Û¬Û±√…

4.5 ’¸˜Ó¬± ¸—√flË¡±z¬ fl¡À˚˛fl¡øÈ¬ Î¬◊¬Û¬Û±√…

4.6 ø¬ı˛˜±Ú-Œ˘À¬ıÀ·¬ı˛ Î¬◊¬Û¬Û±√…

4.7 Î¬◊√±˝√√¬ı˛Ì˜±˘± › ’Ú≈˙œ˘Úœ

4.8 ¸±¬ı˛±—˙

4.9 ¸—Àfl¡Ó¬ ¸˝√√ Î¬◊M√√¬ı˛˜±˘±

4.10 ¸˝√√±˚˛fl¡ ¢∂&Ô

4.1 √õ∂d¬±¬ıÚ±

’±À·¬ı˛ ’Ò…±À˚˛ ’±¬ÛÚ±¬ı˛± ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ ø¬ıøˆ¬iß Ò˜« ¸•§À&Ò :±Ó¬ ˝√√À˚˛ÀÂ√Úº ¤˝◊√√ ’Ò…±À˚˛’±¬ÛÚ±¬ı˛±

’±¬ı˛› øfl¡Â≈√ Ò˜« ¸•§À&Ò Ê√±ÚÀ¬ıÚº ¤Â√±Î¬ˇ±› Ê√±ÚÀ¬ıÚ ø¬ıøˆ¬iß ’¸˜Ó¬± › Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ¤fl¡øÈ¬ ø¬ıÀ˙¯∏

Î¬◊¬Û¬Û±√… ˚± ø¬ı˛˜±Ú-Œ˘À¬ı· Î¬◊¬Û¬Û±√… Ú±À˜ ¸˜øÒfl¡ ¬Ûø¬ı˛ø‰¬Ó¬º

4.2 √Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡fl¡¬Û±Í¬ fl¡À¬ı˛ ’±¬ÛøÚ ¸˜±fl¡˘Ú ø¬ı√…±¬ı˛ ˜”˘ Î¬◊¬Û¬Û±√…, øfl¡Â≈√ ’¸˜Ó¬± [¸˜±fl¡˘Ú ¸—√flË¡±z¬]

Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº ¤Â√±Î¬ˇ± ¬ı˛œ˜±Ú-Œ˘À¬ıÀ·¬ı˛ Î¬◊¬Û¬Û±√…-¤¬ı˛ õ∂˜±Ì Œ√›˚˛± ˝√√À¬ıº

4.3 √¬ı˛œ˜±Ú ¸˜±fl¡À˘¬ı˛ ø¬ıøˆ¬iß Ò˜«

Î¬◊¬Û¬Û±√…-1 – ˜ÀÚ fl¡ø¬ı˛ f : [a, b] → R ¤¬ı— [α, β] ⊂ [a, b] ˚ø√ [a, b] ’z¬À¬ı˛ f ¸˜±fl¡˘Ú

Œ˚±·… ˝√√˚˛. Ó¬À¬ı [α, β] ’z¬À¬ı˛› ‘f’ ¸˜±fl¡˘Ú Œ˚±·…º
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õ∂˜±Ì – Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ε øÚ˝◊√√º Œ˚À˝√√Ó≈¬ [a, b] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘Ú Œ˚±·…, ‹ ’z¬À¬ı˛¬ı˛

¤˜Ú ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú P1 ¬Û±›˚˛± ˚±À¬ı ˚±¬ı˛ Ê√Ú…

S sP P1 1
− < ε

 ........... (1)

˜ÀÚ fl¡ø¬ı˛, P2 : [P1 ø¬ıˆ¬±Ê√ÀÚ¬ı˛ ¸fl¡˘ ø¬ıμ≈, α, β ]

Ó¬±˝√√À˘ õ∂øÓ¬:± (1) ŒÔÀfl¡ ¬Û±˝◊√√

s s S SP P P P1 2 2 1
≤ ≤ ≤

 ........... (2)

∴

S s s sP P P P2 2 1 1
− ≤ − < ∈

 ......... (3)

[¸˜œfl¡¬ı˛Ì 1 ŒÔÀfl¡]

˚ø√ P = P2 ∩ [α, β] ˝√√˚˛ ’Ô«±» P ˝√√˘ [α, β] ’z¬À¬ı˛¬ı˛ ø¬ıˆ¬±Ê√Ú ¤¬ı— P2 ˝√√˘ [a, b]

’z¬À¬ı˛¬ı˛ ø¬ıˆ¬±Ê√Úº Ò¬ı˛± ˚±fl¡ 

′ ′S sP P,

 ˝√√˘ [α, β] ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ÿÒ« › øÚ•ß ¸˜ø©Ü, Ó¬±˝√√À˘

′ − ′ ≤ − <S s S sP P P P2 2
ε

 [ ¸˜œfl¡¬ı˛Ì (3) ŒÔÀfl¡]

∴ f, [α, β] ’z¬À¬ı˛¬ı˛ ¸˜±fl¡˘Ú Œ˚±·…º

¸—:± – ¬ı˛œ˜±Ú ˜ÀÓ¬ Œfl¡±ÀÚ± ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ Ê√Ú… 

f x dx
a

b

( )z

 ¤¬ı˛ ¸—:± ’±˜¬ı˛± Œ¬ÛÀ˚˛øÂ√

¤¬ı— Œ¸‡±ÀÚ ÒÀ¬ı˛ ŒÚ›˚˛± ˝√√À˚˛ÀÂ√ a < b, ¤‡Ú ¤fl¡˝◊√√ ’À¬Ûé¬fl¡ ‘f’ ¤¬ı˛ Ê√Ú…

f x dx
b

a

( )z
 ¤¬ı˛ ¸—:± ˝√√˘

f x dx f x dx
b

a

a

b

( ) ( )z z= −

 ....... (4)

Î¬◊¬Û¬Û±√…-2
˜ÀÚ fl¡ø¬ı˛ [a, b] ’z¬À¬ı˛ ‘f’ ¤fl¡øÈ¬ ¸˜±fl¡˘Ú Œ˚±·… ’À¬Ûé¬fl¡ ¤¬ı— a < c < b. Ó¬±˝√√À˘

[a, c] › [c, b] ¤˝◊√√ ≈√˝◊√√ ¬ıX Î¬◊¬Û±z¬À¬ı˛› ‘f’ ¸˜±fl¡˘ÚÀ˚±·… ˝√√À¬ı ¤¬ı—

f x dx f x dx f x dx
a

b

a

c

c

b

( ) ( ) ( )z z z= +

õ∂˜±Ì – Œ˚À˝√√Ó≈¬ [a, c] ⊂ [a, b] ’±¬ı±¬ı˛ [c, b] ⊂ [a, b] Î¬◊¬Û¬Û±√… (1) ŒÔÀfl¡ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛

[a, c] › [c, b] Î¬◊ˆ¬˚˛ Î¬◊¬Û±z¬À¬ı˛˝◊√√ ‘f’ ¸˜±fl¡˘ÚÀ˚±·…º

¬ÛÀ¬ı˛¬ı˛ ’—˙ õ∂˜±Ì fl¡¬ı˛±¬ı˛ Ê√Ú… ¬Òø¬ı˛

I f x dx I f x dx I f x dx
a

b

a

c

c

b

= ′ = ′′ =z z z( ) , ( ) , ( )



46

Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ε øÚ˝◊√√º Ó¬±˝√√À˘ [a, b] ’z¬À¬ı˛¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú ‘P’ ¬Û±¬ı ˚±¬ı˛ Ê√Ú…

I – ε < sP ≤ SP < I + ε ........... (5)

¤‡Ú ˜ÀÚ fl¡ø¬ı˛ P1 : {P ¤¬ı˛ ¸¬ı ø¬ıˆ¬±Ê√fl¡ ø¬ıμ≈, c}

′ ∩ ′′ ∩P P a c P P c b1 1 1 1: [ , ], : [ , ]

Ó¬±˝√√À˘

  ......... (6)
¤¬ı— S S S S I IP P P P≥ = + ≥ ′ + ′′′ ′′1 1 1

∴  sP ≤ I′ + I′′ ≤ SP .......... (7)

¸˜œfl¡¬ı˛Ì (5) › (7) ŒÔÀfl¡ ¬Û±˝◊√√

Œ˚À˝√√Ó≈¬ ‘ε’ ¤¬ı˛ ˜±Ú Œ˚˜Ú ˝◊√√À26√ ŒÚ›˚˛± ˚±˚˛

’Ó¬¤¬ı I = I′ + Ι′′ ......... (9)

’Ô«±» 

Î¬◊¬Û¬Û±√…-3

˜ÀÚ fl¡¬ı˛˘±˜ f : [a, b] → R ¤fl¡øÈ¬ ¸œ˜±¬ıX ’À¬Ûé¬fl¡ ¤¬ı— a < c < b ˚ø√ [a, c] ›

[c, b] Î¬◊¬Û’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛ Ó¬À¬ı [a, b] ’z¬À¬ı˛› ‘f’ ¸˜±fl¡˘ÚÀ˚±·… ˝√√À¬ıº

õ∂˜±Ì – Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ‘ε’ øÚ˝◊√√º Œ˚À˝√√Ó≈¬ [a, c] › [c, b] Î¬◊¬Û’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘ÚÀ˚±·…

fl¡±ÀÊ√˝◊√√ [a, c]-¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú P1 ¤¬ı— [c, b]-¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú P2 ¬Û±›˚˛± ˚±À¬ı

˚±¬ı˛ Ê√Ú…

S sP P1 1 2− < ε  ¤¬ı—  ˝√√˚˛º

Ò¬ı˛± ˚±fl¡ P : P1 ∪ P2 Ó¬±˝√√À˘ P[a, b] í¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Úº ˚ø√ SP › sp ˚Ô±√flË¡À˜

[a, b] ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ˘.ÿ.¸œ › ·.øÚ.¸œ ˝√√˚˛ Ó¬±˝√√À˘

 

 < + =ε ε ε2 2
∴ [a, b] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘ÚÀ˚±·…º



47

Î¬◊¬Û¬Û±√…-4

˜ÀÚ fl¡ø¬ı˛

f : [a, b] → R ¤¬ı— g : [a, b] → R ≈√øÈ¬ ¸œ˜±¬ıX ’À¬Ûé¬fl¡º ˚ø√ [a, b] ’z¬À¬ı˛ f ›

g Î¬◊ˆ¬˚˛˝◊√√ ¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛ Ó¬±˝√√À˘ f + g ’À¬Ûé¬fl¡øÈ¬› ‹ ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ˝√√À¬ı ¤¬ı—

[ ( ) ( )] ( ) ( )f x g x dx f x dx g x dx
a

b

a

b

a

b

z z z+ = +

õ∂˜±Ì : Òø¬ı˛ φ(x) = f(x) + g(x) + ∀x∈ [a, b]

′ = zI f x dx
a

b

( )  ¤¬ı— ′′ = zI g x dx
a

b

( )

[a, b] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√Ú Òø¬ı˛

P : (a = x0 < x1 < x2 < ....... < xn = b)

[xr – 1, xr] Î¬◊¬Û±z¬À¬ı˛ f, g › φ ¤¬ı˛ ˘.ÿ.¸œ › ·.øÚ.¸œ ˚Ô±√flË¡À˜ ′ ′ ′′ ′′M m M mr r r r, ,  ¤¬ı—

Mr ; mr

Œ˚À˝√√Ó≈¬ 

φ( ) ( ) ( )
[ , ]

x f x g x
M M x x x

r r
r r

= +
≤ ′ + ′′

UVW ∀ ∈ −1¤¬ı— φ( ) , ,x m m x x xr r r r≥ ′ + ′′ ∀ ∈ −1

’Ó¬¤¬ı M M Mr r r≤ ′ + ′′  ¤¬ı— 

m m mr r r≥ ′ + ′′

∴

′ + ′′ ≤ ≤ ≤ ′ + ′′m m m M M Mr r r r r r

¤‡Ú 

s m x xP r r r
r

n
( ) ( )φ = − −

=
∑ 1

1
≥ ′ + ′′ − −

=
∑ ( )( )m m x xr r r r
r

n

1
1

= ′ − + ′′ −−
=

−
=

∑ ∑m x x m x xr r r
r

n

r r r
r

n
( ) ( )1

1
1

1

= sP (f) + sP (g)

∴ sP (φ) ≤ sP (f) + sP (g)

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı ¬Û±˝◊√√

SP (φ) ≤ SP (f) + SP (g)
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˚ø√ [a, b] ’z¬À¬ı˛ φ ¤¬ı˛ øÚ•ß › ÿÒ« ¸˜±fl¡˘ ˚Ô±√flË¡À˜ L › U ˝√√˚˛ Ó¬À¬ı √±À¬ı«±¬ı˛ Î¬◊¬Û¬Û±√…

’Ú≈¸±À¬ı˛ 

= I′ + I′′ ( ∴ f › g ¸˜±fl¡˘ÚÀ˚±·…] ... (10)

’±¬ı±¬ı˛ 

= I′ + I′ ... (11)

¸˜œfl¡¬ı˛Ì (10) › (11) ¸˝√√À˚±À· ¬Û±˝◊√√

I′ + I′′ ≤ L ≤ U ≤ I′ + I′′ ... (12)

∴ L = U = I′ + I′′  ¸≈Ó¬¬ı˛±— [a, b] ’z¬À¬ı˛ φ ¸˜±fl¡˘ÚÀ˚±·…

¤¬ı— 

È¬œfl¡±

Î¬◊¬ÛÀ¬ı˛¬ı˛ Î¬◊¬Û¬Û±√… ŒÔÀfl¡ ¸˝√√ÀÊ√˝◊√√ Œ¬ı±Á¡± ˚±˚˛ Œ˚ fl¡À˚˛fl¡øÈ¬ ¸¸œ˜ ¸—‡…fl¡ ’À¬Ûé¬fl¡ f1, f2 .....

fn õ∂ÀÓ¬…Àfl¡˝◊√√ ˚ø√ [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛, Ó¬±˝√√À˘ Ó¬±À√¬ı˛ ¸˜ø©Ü ’À¬Ûé¬fl¡øÈ¬› ‹ ’z¬À¬ı˛

¸˜±fl¡˘ÚÀ˚±·… ˝√√À¬ı ¤¬ı—

[ ( ) ( ) . . .. ( )] ( ) ( ) . .. ( )f x f x f x dx f x dx f x dx f x dx
a

b

n
a

b

a

b

n
a

b

1 2 1 2z z z z+ + + = + + +

[·±øÌøÓ¬fl¡ ’±À¬ı˛±˝√√œ (Mathematical induction) ¬ÛXøÓ¬¬ı˛ ¸±˝√√±À˚… Œ˚ Œfl¡±Ú n∈N ¤¬ı˛ Ê√Ú…

Î¬◊¬ÛÀ¬ı˛¬ı˛ È¬œfl¡±øÈ¬ ¸Ó¬…]

Î¬◊¬Û¬Û±√…-5
˚ø√ f : [a, b] → R[a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛ ¤¬ı— k∈R ¤fl¡øÈ¬ ÒË≈¬ıfl¡ ¸—‡…±, Ó¬±˝√√À˘

[a, b] ’z¬À¬ı˛ kf ’À¬Ûé¬fl¡øÈ¬› ¸˜±fl¡˘ÚÀ˚±·… ˝√√À¬ı ¤¬ı—

kf x dx k f x dx
a

b

a

b

z z=( ) ( )

õ∂˜±Ì – K = 0 ¬ı˛ Ê√Ú… ˝◊√√˝√√± ¸Ó¬… ¤¬ı— õ∂˜±Ì fl¡¬ı˛±¬ı˛ øfl¡Â≈√ ŒÚ˝◊√√, K ≠ 0-¬ı˛ Ê√Ú… õ∂˜±ÌøÈ¬ ≈√øÈ¬

¬Û˚«±À˚˛ fl¡¬ı˛± ˝√√˘º

¬Û «̊± ˛̊-I
K < 0

Ò¬ı˛± ˚±fl¡ P = {a = x0 < x1 < x2 ... <xn = b} ¤fl¡øÈ¬ [a, b] ’z¬À¬ı˛¬ı˛ ø¬ıˆ¬±Ê√Úº
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Œ˚À˝√√Ó≈¬ K < 0,

∴ inf{kf(x) : x∈[xn1, xr]} = K sup{f(x) : x∈[xr – 1, xr]} r = 1, 2, ..., n

Î¬◊ˆ¬˚˛¬ÛÀé¬ (xr – xr – 1) ø√À˚˛ ·≈Ì fl¡À¬ı˛ ¤¬ı— r = 1, 2, ..., n ¤¬ı˛ Ê√Ú… Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√

sP(kf) = KsP(f)   [P = [a, b] ¤¬ı˛ ¸fl¡˘ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ ¸—fl¡˘Ú ]

Œ˚À˝√√Ó≈¬ K < 0,

L(kf) = sup (sP(kf) : p∈P([a, b])} = k inf {Sp(f) : p∈P} = KU(f) .... (i)

¤fl¡˝◊√√ˆ¬±À¬ı Sp(kf) = Ksp(f)

¤¬ı— U(kf) = inf{Sp(kf) : p∈P} = k sup{sp(f) : p∈P} = KL(f) .... (ii)

Œ˚À˝√√Ó≈¬ ‘f’ ¸˜±fl¡˘ÚÀ˚±·… U(f) = L(f), Ó¬±˝◊√√ (i) › (ii) ŒÔÀfl¡ ¬ı˘± ˚±˚˛ L(kf) = KU(f)

= KL(f) = U(kf)

∴ kf ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı— kf x dx K f x dx
a

b

a

b

z z=( ) ( )

¬Û «̊± ˛̊-II

K > 0, ¤fl¡˝◊√√ˆ¬±À¬ı øfl¡z≈¬ ¬Û˚«±˚˛-I ¤¬ı˛ Œ‰¬À˚˛ ¸˝√√Ê√Ó¬¬ı˛

’Ú≈ø¸X±z¬ – ‘f’ › ‘g’ ≈√øÈ¬ ’À¬Ûé¬fl¡ ˚ø√ [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛ Ó¬À¬ı ‘f – g’

’À¬Ûé¬fl¡øÈ¬› ‹ ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ˝√√À¬ı ¤¬ı—

[ ( ) ( )] ( ) ( )f x g x dx f x dx g x dx
a

b

a

b

a

b

z z z− = −

õ∂øÓ¬:±-1

˜ÀÚ fl¡ø¬ı˛ f : [a, b] → R ¤fl¡øÈ¬ ¸œ˜±¬ıX ’À¬Ûé¬fl¡º M › m ˚ø√ ˚Ô±√flË¡À˜ ‹ ’z¬À¬ı˛ f

¤¬ı˛ ˘.ÿ.¸œ › ·.øÌ.¸œ ˝√√˚˛ Ó¬±˝√√À˘ {|f(α) – f(β)| : α∈[a, b], β∈[a, b]} Œ¸È¬øÈ¬¬ı˛ ˘.ÿ.¸œ.

˝√√À¬ı M – m.

õ∂˜±Ì – Ò¬ı˛± ˚±fl¡

H = {|f(α) – f(β)| : α∈ [a, b], β∈[a, b]} Œ˚À˝√√Ó≈¬ {f(a) – f(a)| = 0∈H ’Ó¬¤¬ı ‘H’

Œfl¡±ÀÚ± ˙”Ú… Œ¸È¬ Ú˚˛º

’±¬ı±¬ı˛ m ≤ f(α) ≤ M ¤¬ı— m ≤ f(β) ≤ M, ∀α, β∈ [a, b]

∴ m – M ≤ f(α) – f(β) ≤ M – m

’Ô¬ı±, |f(α) – f(β)| ≤ M – m
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¤ ŒÔÀfl¡ Œ¬ı±Á¡± ˚±˚˛ Œ˚ H ¤fl¡øÈ¬ ¸œ˜±¬ıX Œ¸È¬º ¤¬ı— M – m ¤˝◊√√ Œ¸ÀÈ¬¬ı˛ ¤fl¡øÈ¬ ÿÒ«¸œ˜±º

’±˜¬ı˛± Œ√‡±¬ı Œ˚ M – m ‹ Œ¸ÀÈ¬¬ı˛ ˘.ÿ.¸œº

Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ε øÚ˝◊√√º

Œ˚À˝√√Ó≈¬ ‘M’ ˝√√˘ f(x), x∈ [a, b] ¤¬ı˛ ˘.ÿ.¸œ

’Ó¬¤¬ı ¤˜Ú ¤fl¡øÈ¬ ø¬ıμ≈ x0∈ [a, b] ¬Û±¬ı ˚±¬ı˛ Ê√Ú…

M f x M− < <ε
2 0( )

’Ú≈¬ı”̨¬Ûˆ¬±À¬ı

M f y m y a b< < + ∈( ) , [ , ]0 02
ε

∴ M – m – ε < f(x0) – f(y0) < M – m, x0, y0 ∈ [a, b]

∴ M – m = ˘.ÿ.¸œ {|f(α) – f(β)|, α∈[a, b], β∈[a, b]}

Î¬◊¬Û¬Û±√…-6

˚ø√ f : [a, b] → R ¤fl¡øÈ¬ ¸˜±fl¡˘ÚÀ˚±·… ’À¬Ûé¬fl¡ ˝√√˚˛ Ó¬À¬ı | f | ‹ ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…

˝√√À¬ı ¤¬ı—

.

õ∂˜±Ì – Œ˚À˝√√Ó≈¬ f, [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ’Ó¬¤¬ı ‘f’ ‹ ’z¬À¬ı˛ ¸œ˜±¬ıX fl¡±ÀÊ√˝◊√√ | f |

’À¬Ûé¬fl¡› [a, b] ’z¬À¬ı˛ ¸œ˜±¬ıX ˝√√À¬ıº Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ε øÚ˝◊√√º õ∂√M√√ ˙Ó«¬ ’Ú≈¸±À¬ı˛ [a, b]

’z¬À¬ı˛¬ı˛ ¤˜Ú ¤fl¡È¬± ø¬ıˆ¬±Ê√Ú P : (a = x0 < x1 < x2 .... < xn = b) ¬Û±¬ı ˚±¬ı˛ Ê√Ú…

Sp(f) – sP(f) > ε ......   (13)

˜ÀÚ fl¡¬ı˛± ˚±fl¡ ‘P’ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ ‘r’ Ó¬˜ Î¬◊¬Û’z¬¬ı˛ [xr–1, xr] ¤ f(x) ¤¬ı˛ ˘.ÿ.¸œ › ·.øÌ.¸œ

˚Ô±√flË¡À˜ Mr › mr ¤¬ı— |f(x)| ¤¬ı˛ ˘.ÿ.¸œ › ·.øÌ.¸œ ˚Ô±√flË¡À˜ M′r, m′r
¤‡Ú [xr – 1, xr] Î¬◊¬Û’z¬À¬ı˛ Œ˚ Œfl¡±ÀÚ± ≈√øÈ¬ ø¬ıμ≈ α, β ¤¬ı˛ Ê√Ú…

|| f | (α) – | f | (β) | = || f (α)| – | f(β) || ≤ | f (α) – (β)|

≤ Mr – mr  [ õ∂øÓ¬:± (1) ŒÔÀfl¡ ]

∴ Mr – mr, {|| f + (α) – | f | (β) | : α, β∈ [xr – 1, xr]}

Œ¸È¬øÈ¬¬ı˛ ¤fl¡øÈ¬ ÿÒ«¸œ˜±º

Œ˚À˝√√Ó≈¬ ’±À·¬ı˛ õ∂øÓ¬:± ŒÔÀfl¡ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛

′ − ′M mr r  ˝√√À26√ {|| f |(α) – | f | (β) | : α, β∈ [xr – 1, xr]}
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Œ¸È¬øÈ¬¬ı˛ ˘.ÿ.¸œ ’Ó¬¤¬ı

′ − ′M mr r

 ≤ Mr – mr, r = 1, 2 ....... n.

∴

S f s f M m x xP P
r

n

r r r r| | | | ( )( )− = ′ − ′ −
=

−∑
1

1

≤ − −
=

−∑ ( )( )
r

n

r r r rM m x x
1

1

= SP(f) – sP(f)
< ε ......... (14)

∴ | f | ’À¬Ûé¬fl¡øÈ¬ [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… Ó¬±¬ı˛ ˚ÀÔ©Ü ˙Ó«¬ ¬Û”¬ı˛Ì fl¡À¬ı˛º

’Ô«±» | f | [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…º

Òø¬ı˛, I f x dx
a

b

= z ( )  ¤¬ı— I f x dx
a

b

′ = z | ( )| .

Œ˚À˝√√Ó≈¬ − ≤ ≤ ∀ ∈ −| ( )| ( ) | ( )| , [ , ]f x f x f x x x xr r1

∴

− ′ ≤ ≤ ′m M Mr r r

  [∵ sup [–x] = – inf{x}]

’Ô¬ı±, – sP (| f |) ≤ SP (f) ≤ SP (| f |)

¤‡Ú || P || → 0 fl¡À¬ı˛ √±À¬ı«±¬ı˛ Î¬◊¬Û¬Û±√… ŒÔÀfl¡ ¬Û±˝◊√√,

– I′ ≤ I ≤ I′
’Ô¬ı± | I | ≤ I′

’Ô«±» 

f x dx f x dx
a

b

a

b

( ) | ( )|z z≤

’Ú≈ø¸X±z¬ – | f(x) | ≤ M, ∀x∈ (a, b) ˝√√À˘

f x dx f x dx M b a
a

b

a

b

( ) | ( )| ( )z z≤ ≤ −

È¬œfl¡± – ˜ÀÚ ¬ı˛±‡ÀÓ¬ ˝√√À¬ı ø¬ı¬Û¬ı˛œÓ¬ˆ¬±À¬ı ¤˝◊√√ Î¬◊¬Û¬Û±√… øfl¡z≈¬ õ∂À˚±Ê√… Ú˚˛º ’Ô«±» | f | ’À¬Ûé¬fl¡øÈ¬

Œfl¡±ÀÚ± ’z¬À¬ı˛ ˚ø√ ¸˜±fl¡˘Ú Œ˚±·… ˝√√˚˛ Ó¬À¬ı ‘f’ ’À¬Ûé¬fl¡øÈ¬Œ¸˝◊√√ ’z¬À¬ı˛ ¸˜±fl¡˘Ú Œ˚±·… Ú±› ˝√√ÀÓ¬

¬Û±À¬ı˛º

Î¬◊√±˝√√¬ı˛Ì – ˜ÀÚ fl¡ø¬ı˛ [0, 1] ’z¬À¬ı˛ ‘f’ Œfl¡ ¤˝◊√√ˆ¬±À¬ı ¸—:± Œ√›˚˛± ˝√√À˘±ñ

f(x) = 1 ˚‡Ú x ˜”˘√º

    = –1  ,,  x ’ ”̃̆ √º



52

’˜¬ı˛± Œ√‡±¬ı Œ˚ [0, 1] ’z¬À¬ı˛ | f | ¸˜±fl¡˘ÚÀ˚±·… ˝√√À˘› ‘f’ ‹ ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… Ú˚˛º

¸˜±Ò±Ú – [0, 1] ’z¬À¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıμ≈ ‘x’ ¤¬ı˛ Ê√Ú… ¬Û±˝◊√√

| f | (x) = | f (x)| = 1

∴ [0, 1] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√Ú ‘P’ ¤¬ı˛ Ê√Ú…

SP (| f |) – sP (| f |) = 0

∴ Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ε ¤¬ı˛ Ê√Ú…

Sp (| f |) – sP (| f |) < ε
’Ô«±» | f | [0, 1] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…º

øflz≈¬ S f m x xp r r r
r

n
( ) ( )= − −

=
∑ 1

1

= 1

’±¬ı±¬ı˛ 

∴ SP(f) – sP(f) = 2

fl¡±ÀÊ√˝◊√√ ‘2’ ¤¬ı˛ ŒÂ√±È¬ Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ε ¤¬ı˛ Ê√Ú… ¸˜±fl¡˘Ú Œ˚±·…Ó¬±¬ı˛ ’¬Ûø¬ı˛˝√√±˚« ˙Ó«¬

SP – sP < ε ø¸X ˝√√˚˛ Ú±º

∴ [0, 1] ’z¬À¬ı˛ f ¸˜±fl¡˘ÚÀ˚±·… Ú˚˛º

Î¬◊¬Û¬Û±√…-7

˜ÀÚ fl¡ø¬ı˛ ‘f’ › ‘g’ ≈√øÈ¬ ’À¬Ûé¬fl¡ [a, b] ’z¬À¬ı˛ ¸—:±Ó¬ ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·…º Ó¬±˝√√À˘ Ó¬±À√¬ı˛

·≈ÌÙ¬˘ fg ’À¬Ûé¬fl¡øÈ¬› ‹ ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ˝√√À¬ıº

õ∂˜±Ì – Ò¬ı˛± ˚±fl¡

φ(x) = f(x) g (x), ∀x∈ [a, b]

¤¬ı— A › B ˚Ô±√flË¡À˜ [a, b] ’z¬À¬ı˛ | f | › | g | ’À¬Ûé¬fl¡¡ZÀ˚˛¬ı˛ ˘.ÿ.¸œº Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√Ú

P : (a = x0 < x1 < x2 < ....... < xn = b) øÚ ◊̋√√º

Mr, mr ; ′ ′M mr r,  ¤¬ı—  ‘r’ Ó¬˜ Î¬◊¬Û’z¬À¬ı˛ ˚Ô±√flË¡À˜ φ, f › g ¤¬ı˛ ˘.ÿ.¸œ ›

·.øÚ.¸œº

[xr – 1, xr] Î¬◊¬Û ’z¬À¬ı˛ Œ˚ Œfl¡±ÀÚ± ≈√øÈ¬ ø¬ıμ≈ α › β−¬ı˛ Ê√Ú… ¬Û±˝◊√√

| φ(α) – φ(β)| = |f(α) g(α) – f(β) g(β) |

= |{f(α) – f(β)} g(α) + {g(α) – g(β)} f(β)|
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≤ |f(α) – f(β)||g(α) | + | g(α) – g(β)|| f(β)

≤ 

B M m A M mr r r r( ) ( )′ − ′ + ′′ − ′′

∴

M m B M m A M mr r r r r r− ≤ ′ − ′ + ′′ − ′′( ) ( )

¤‡Ú Î¬◊ˆ¬˚˛¬Ûé¬Àfl¡ (xr – xr – 1) ø√À˚˛ ·≈Ì fl¡À¬ı˛ ·≈ÌÙ¬˘Àfl¡ ˚ø√ r = 1 ŒÔÀfl¡ n ¬Û «̊z¬ ¸˜d¬

¬Û”Ì« ¸—‡…±¬ı˛ Ê√Ú… Œ˚±· fl¡¬ı˛± ˚±˚˛ Ó¬±˝√√À˘ ¬Û±›˚˛± ˚±À¬ıº

SP(φ) – sP(φ) ≤ B{SP(f) – sP(f)} + A{SP(g) – sP(g)}

˚ø√ L › U ˚Ô±√flË¡À˜ [a, b] ’z¬À¬ı˛ φ ¤¬ı˛¬ øÚ•ß › ÿÒ«¸˜±fl¡˘ ˝√√˚˛ Ó¬À¬ı ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛

0 ≤ U – L ≤ SP(φ) – sP(φ) ≤ B{SP(f) – sP(f)} + A{SP(g) – sP(g)}

Œ˚À˝√√Ó≈¬ [a, b] ’z¬À¬ı˛ f › g ¸˜±fl¡˘ÚÀ˚±·… Ó¬±˝√√À˘

lim ( ) lim ( )
P P P PS f s f

→ →
=

0 0

’±¬ı±¬ı˛ lim ( ) lim ( )
P P

Sp g Sp g
→ →

=
0 0

¸≈Ó¬¬ı˛±— Î¬◊ˆ¬˚˛¬ÛÀé¬ || P || → 0 √fl¡À¬ı˛ ¬Û±˝◊√√

0 ≤ U – L ≤ 0

’Ô«±» U = L

fl¡±ÀÊ√˝◊√√ φ ’À¬Ûé¬fl¡øÈ¬ [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…º

’Ô«±» Œfl¡±ÀÚ± ≈√øÈ¬ ’À¬Ûé¬fl¡ Î¬◊ˆ¬˚˛˝◊√√ Œfl¡±ÀÚ± ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ˝√√À˘ Ó¬±À√¬ı˛ ·≈ÌÙ¬˘

’À¬Ûé¬fl¡øÈ¬› ‹ ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ˝√√À¬ıº

Î¬◊¬Û¬Û±√…-8

≈√˝◊√√øÈ¬ ¸˜±fl¡˘ÚÀ˚±·… ’À¬Ûé¬Àfl¡¬ı˛ ˆ¬±·Ù¬À˘¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…Ó¬±º

˜ÀÚ fl¡¬ı˛≈Ú ‘f’ › ‘g’ ’À¬Ûé¬fl¡¡Z˚˛ [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı— [a, b] ’z¬À¬ı˛¬ı˛ õ∂ÀÓ¬…fl¡øÈ¬

ø¬ıμ≈ ‘x’ ¤¬ı˛Ê√Ú… | g(x) | ≥ a > 0 ˙Ó«¬øÈ¬ ø¸X ˝√√˚˛ Ó¬À¬ı ‘f/g’ ’À¬Ûé¬fl¡øÈ¬› ‹ ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…

√̋√À¬ıº

õ∂ÔÀ˜˝◊√√ ¤fl¡øÈ¬ øÊ√øÚ¸ ˘é¬… fl¡¬ı˛≈Ú Œ˚ | g(x) | > 0 ˙Ó«¬øÈ¬ ¤¬ı˛ ’±À· ¸˜ø©Ü, ’z¬¬ı˛Ù¬˘ ¬ı± ·≈ÌÙ¬À˘¬ı˛

¸˜±fl¡˘Ú Œ˚±·…Ó¬± õ∂˜±ÀÌ¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Ú ˝√√˚˛øÚ øfl¡z≈¬ ¤‡±ÀÚ õ∂À˚˛±Ê√Ú ˝√√À26√ |g(x)| = 0 ˝√√À˘

f/g ’À¬Ûé¬fl¡øÈ¬ ’¸—:±Ó¬ ŒÔÀfl¡ ˚±˚˛º ŒÓ¬˜øÚ fl¡À¬ı˛ ’±¬ÛøÚ ˚ø√ g/f ’À¬Ûé¬fl¡øÈ¬ ·Ì… fl¡¬ı˛ÀÓ¬Ú Ó¬À¬ı

[a, b] ’z¬À¬ı˛¬ı˛ ¸¬ı«S | f(x) | ≠ 0 ˙Ó«¬øÈ¬õ∂À˚˛±Ê√Ú ˝√√Ó¬º

õ∂˜±Ì – Òø¬ı˛  ¤¬ı— A › B ˝√√˘ [a, b] ’z¬À¬ı˛ ˚Ô±√flË¡À˜ | f | › | g | ’À¬Ûé¬Àfl¡¬ı˛

˘.ÿ.¸œº [a, b] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√Úº
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P : (a = x0 < x1 < x2 < ..... < xn = b) ŒÚ›˚˛± ˝√√˘ [xr – 1, xr] Î¬◊¬Û±z¬À¬ı˛ φ, ‘f’ ›

‘g’ ’À¬Ûé¬fl¡ øÓ¬ÚøÈ¬¬ı˛ ˘.ÿ.¸œ › ·.øÚ.¸œ ˝√√˘ ˚Ô±√flË¡À˜ Mr, mr ; ′ ′M mr r,  › º ¤˝◊√√

Î¬◊¬Û±z¬À¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıμ≈ ŒÊ√±Î¬ˇ (α, β)-¬ı˛ Ê√Ú… ¬Û±˝◊√√

= −| ( ) ( ) ( ) ( )|
| ( ) ( )|

f g f g
g g

α β β α
α β

[ ’±˜¬ı˛± Ê√±øÚ | a – b | ≤ | a | + | b |]

≤ ′ − ′ + ′′ − ′′1
2a

B M m A M mr r r r[ ( ) ( )]

Œ˚À˝√√Ó≈¬ | ( ) ( )| ( ) ( )φ α φ β− ≤ ′ − ′ + ′′ − ′′1
2a

B M m A M mr r r r

¤˝◊√√ ¸•Ûfl«¡øÈ¬ [xr, xr – 1] Î¬◊¬Û±z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıμ≈ ŒÊ√±Î¬ˇ (α, β)-¬ı˛ Ê√Ú… õ∂À˚±Ê√… ’Ó¬¤¬ı

M m
a

B M m A M mr r r r r r− ≤ ′ − ′ + ′′ − ′′1
2 [ ( ) ( )]

Ó¬±¬ı˛¬Û¬ı˛ øÍ¬fl¡ ’±À·¬ı˛ ˜ÀÓ¬± Î¬◊ˆ¬˚˛¬ÛÀé¬ (xr – xr – 1) ø√À˚˛ ·≈Ì fl¡À¬ı˛ r = 1 ŒÔÀfl¡ n-¤¬ı˛ Ê√Ú…

Œ˚±· fl¡¬ı˛À˘ ¬Û±˝◊√√,

S s
a

B S f s f A S g s gP P p P P P( ) ( ) { ( ) ( )} { ( ) ( )}φ φ− ≤ + −1
2

¤¬ı±¬ı˛ ≈√ø√Àfl¡ || P || → 0 fl¡À¬ı˛ √±À¬ı«±¬ı˛ Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛

0 ≤ U – L ≤ 0  ∵ lim ( ) lim ( )
P P P PS f s f

→ →
=L

NM 0 0

’Ô«±» l = L ¤¬ı— ∵ lim ( ) lim ( )
P P P PS g s g

→ →
= O

QP0 0

Œ˚‡±ÀÚ l › L ˝√√˘ [a, b] ’z¬À¬ı˛ φ ¤¬ı˛ ˚Ô±√flË¡À˜ ÿÒ« › øÚ•ß ¸˜±fl¡˘º

’Ó¬¤¬ı φ ¸˜±fl¡˘Ú Œ˚±·… ’Ô«±» f/g ¸˜±fl¡˘Ú Œ˚±·…º

’Ú≈ø¸X±z¬ –

¤‡Ú f = 1 ˝√√À˘, ‘f’ ’¬ı˙… ◊̋√√ [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ˝√√À¬ıº ’±¬ı±¬ı˛ ‘g’ ˚ø√ ’Ú≈¬ı˛”¬Û
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¤fl¡øÈ¬ ¸˜±fl¡˘ÚÀ˚±·… ’À¬Ûé¬fl¡ ˝√√˚˛ ¤¬ı— | g(x) | ≥ a > 0, ∀x∈ [a, b] ˝√√˚˛ Ó¬±˝√√À˘ 
1
g  ’À¬Ûé¬fl¡øÈ¬

‹ ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ˝√√À¬ıº

¤Ó¬é¬Ì ’±¬ÛÚ±¬ı˛± Œ√‡À˘Ú ¤fl¡±øÒfl¡ ’À¬Ûé¬Àfl¡¬ı˛ ¸±˝√√±À˚… ·øÍ¬Ó¬ øfl¡Â≈√ øfl¡Â≈√ ’À¬Ûé¬Àfl¡¬ı˛

¸˜±fl¡˘ÚÀ˚±·…Ó¬±º ¤¬ı±¬ı˛ ’±˜¬ı˛± ¤fl¡È≈¬ ’Ú… Ò¬ı˛ÀÚ¬ı˛ Ò˜« øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº Œ˚˜Ú ¤fl¡øÈ¬ ’À¬Ûé¬Àfl¡¬ı˛

¸˜±fl¡˘ÀÚ¬ı˛ Ù¬À˘ Î¬◊»¬Ûiß ’À¬Ûé¬fl¡øÈ¬ øfl¡ øfl¡ Ò˜« ¬Û±˘Ú fl¡À¬ı˛º

Î¬◊¬Û¬Û±√…-9

˜ÀÚ fl¡ø¬ı˛ [a, b] ’z¬À¬ı˛ ‘f’ ¤fl¡øÈ¬ ¸˜±fl¡˘ÚÀ˚±·… ’À¬Ûé¬fl¡ ¤¬ı— φ
α

( ) ( ) [ , ]x f t dt x a b
a

= ∀ ∈z
Ó¬±˝√√À˘ φ(x), (a, b) ˜≈q¡ ’z¬À¬ı˛ ¸z¬Ó¬ ˝√√À¬ıº

õ∂˜±Ì –  

−−−−−− −−−−−−− −−−−−−| |
a x bα

Ò¬ı˛≈Ú α∈ [a, b] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± [’z¬ø¬ı«μ≈ interior point) ¤‡Ú h ≠ 0 ¤fl¡øÈ¬ ¬ı±d¬¬ı

¸—‡…± ¤˜Úˆ¬±À¬ı ŒÚ›˚˛± ˝√√˘ Œ˚ α + h ∈ [a, b]

Ó¬±˝√√À˘ φ(α + h) – φ(α) = −
+

z zf t dt f t dt
a

h

a

( ) ( )
α α

=
+

z f t dt
h

( )
α

α

‘M’ ˚ø√ [a, b] ’z¬À¬ı˛ | f | ’À¬Ûé¬Àfl¡¬ı˛ ˘.ÿ.¸œ. ˝√√˚˛

| ( ) ( )| ( ) | ( )|φ α φ α
α

α

α

α
+ − = ≤

+ +

z zh f t dt f t dt
h h

≤ M (α + h – α) = M.h.

¤‡Ú ‘h’ → 0 fl¡¬ı˛À˘ ’±¬ÛøÚ ¬ı˘ÀÓ¬ ¬Û±À¬ı˛Ú

lim
h→0 | φ(α + h) – φ(α)| = 0

’Ô«±» 

lim
h→0

 φ(α + h) = φ(α)

¸≈Ó¬¬ı˛±—, ‘α’ ø¬ıμ≈ÀÓ¬ φ ¸z¬Ó¬º ¤‡Ú α Œ˚À˝√√Ó≈¬ (a, b) ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıμ≈ ’Ó¬¤¬ı ¬ı˘ÀÓ¬

¬Û±À¬ı˛Ú (a, b) ˜≈q¡ ’z¬À¬ı˛¬ı˛ ¸fl¡˘ ø¬ıμ≈ÀÓ¬˝◊√√ φ ¸z¬Ó¬º ¤‡±ÀÚ f(x) a, b ø¬ıμ≈ÀÓ¬ ˚Ô±√flË¡À˜ Î¬±Ú˝√√±Ó¬

› ¬ı“√±˝√√±ÀÓ¬¬ı˛ ø√fl¡ ŒÔÀfl¡ ¸z¬Ó¬º
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Ó¬±˝√√À˘ Œ√‡± Œ·˘ Œfl¡±ÀÚ± ’z¬À¬ı˛ ¸˜±fl¡˘ÀÚ¬ı˛ ¸±˝√√±À˚… ¸—:±Ó¬ ’À¬Ûé¬fl¡øÈ¬ ‹ ’z¬À¬ı˛¬ı˛ ¸¬ı«S

¸z¬Ó¬ ˝√√À¬ıº ¬ÛÀ¬ı˛¬ı˛ õ∂ùü˝◊√√ ˝√√˘ ‹ ’z¬À¬ı˛ ’À¬Ûé¬fl¡øÈ¬ ’¬ıfl¡˘Ú Œ˚±·… ˝√√À¬ı øfl¡Ú±∑ ¬ÛÀ¬ı˛¬ı˛ Î¬◊¬Û¬Û±À√… Œ¸˝◊√√

õ∂Àùü¬ı˛˝◊√√ Î¬◊M√√¬ı˛¬Û±À¬ıÚº

Î¬◊¬Û¬Û±√…-10

˜ÀÚ fl¡¬ı˛˘±˜ ‘f’ ’À¬Ûé¬fl¡ [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı—

˚ø√ [a, b] ’z¬À¬ı˛¬ı˛ Œfl¡±ÀÚ± ø¬ıμ≈ ‘α’-ŒÓ¬ ¸z¬Ó¬ ˝√√˚˛ Ó¬±˝√√À˘ ‘α’ ø¬ıμ≈ÀÓ¬ φ ’¬ıfl¡˘ÚÀ˚±·… ¤¬ı—

φ′(α) = f(α)

õ∂˜±Ì – φ ’À¬Ûé¬Àfl¡¬ı˛ ¸—:± ŒÔÀfl¡˝◊√√ ’±¬ÛÚ±¬ı˛± ø˘‡ÀÓ¬ ¬Û±À¬ı˛Ú

φ(α + h) – φ(α) 

    

∴

  = −
+

z1
h f t dt f dt

h

{ ( ) ( )}
α

α
α

Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ε Ò¬ı˛≈Úº Œ˚À˝√√Ó≈¬ α ø¬ıμ≈ÀÓ¬ f ¸z¬Ó¬ ¤˜Ú ¤fl¡È¬± ÒÚ¸—‡…± δ ¬Û±›˚˛± ˚±À¬ı

˚±¬ı˛ Ê√Ú…

| f(x) – f(α) | < ε ˚‡Ú x ∈ (α – δ, α + δ) ∩ [a, b]

Ó¬±˝√√À˘ Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬Û±›˚˛± ˚±À26√

φ α φ α α ε ε( ) ( )
( ) _ | | | |

+ − − =h
h f h h

’Ô«±» lim
( ) ( )

( )
h

h
h f

→
+ − −

0

φ α φ α α

∴ φ′ (α) = f(α).
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’Ú≈ø¸X±z¬ – ‘f’ ˚ø√ [a, b] ’z¬À¬ı˛¬ı˛ ¸¬ı«S ¸z¬Ó¬ ˝√√˚˛ Ó¬±˝√√À˘ φ ’À¬Ûé¬fl¡øÈ¬ ‹ ’z¬À¬ı˛¬ı˛ ¸¬ı«S

’¬ıfl¡˘ÚÀ˚±·… ˝√√À¬ı ¤¬ı—

φ′(x) = f(x), ∀x∈ [a, b]

¸—:± –

õ∂Ó¬…¬ıfl¡˘Ê√ – Î¬◊¬ÛÀ¬ı˛¬ı˛ ’Ú≈ø¸X±z¬ ŒÔÀfl¡ ’±¬ÛÚ±¬ı˛± õ∂Ó¬…¬ıfl¡˘ÀÊ√¬ı˛ Ò±¬ı˛Ì± ¬Û±À¬ıÚº ˜ÀÚ fl¡¬ı˛≈Ú

[a, b] ’z¬À¬ı˛ f(x) ¤fl¡øÈ¬ ¬ı±d¬¬ı ˜±Ú ø¬ıø˙©Ü ’À¬Ûé¬fl¡º ‹ ’z¬À¬ı˛ ’¬ıfl¡˘ÚÀ˚±·… ¤˜Ú Œfl¡±ÀÚ± ’À¬Ûé¬fl¡

φ ¤¬ı˛ ˚ø√ ’ød¬Q Ô±Àfl¡ ˚±ÀÓ¬ [a, b] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıμ≈ÀÓ¬ φ′(x) = f(x) ˝√√˚˛ Ó¬±˝√√À˘ φ
Œfl¡ ‘f’ ¤¬ı˛ õ∂Ó¬…¬ıfl¡˘Ê√ ¬ıÀ˘º ¤‡Ú Ò¬ı˛≈Ú ‘k’ ˚ø√ ¤fl¡øÈ¬ ÒË≈¬ıfl¡ ˝√√˚˛ ¤¬ı— ψ(x) = φ(x)

+ k, ∀x∈[a, b] Ó¬±˝√√À˘ ψ′(x) = φ′(x) = f(x)º ’Ô«±», f(x) ¤¬ı˛ ’±¬ı˛ ¤fl¡øÈ¬ õ∂Ó¬…¬ıfl¡˘Ê√ ψ(x)º

fl¡±ÀÊ√˝◊√√ ¤fl¡øÈ¬ ’À¬Ûé¬Àfl¡¬ı˛ ’¸œ˜ ¸—‡…fl¡ õ∂Ó¬…¬ıfl¡˘Ê√ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛º

Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸—:± ŒÔÀfl¡ øÚ(˚˛˝◊√√ ¬ı≈Á¡ÀÓ¬ ¬Û±¬ı˛ÀÂ√Ú Œ˚ Œ˚ Œfl¡±ÀÚ± ’À¬Ûé¬fl¡ ‘f’ Ó¬±¬ı˛ ’±˝‘√√Ó¬Àfl¡¬ı˛ (f′)
õ∂Ó¬…¬ıfl¡˘Ê√º ¤ÀÔÀfl¡ ¤˜Ú ’Ú≈˜±Ú fl¡¬ı˛± ‡≈¬ı ¶§±ˆ¬±ø¬ıfl¡ Œ˚ õ∂Ó¬…¬ıfl¡˘Ê√ Ô±fl¡ÀÓ¬ Œ·À˘ ’À¬Ûé¬fl¡øÈ¬Àfl¡

¸˜±fl¡˘ÚÀ˚±·… ˝√√ÀÓ¬ ˝√√À¬ıº øfl¡z≈¬ ÚœÀ‰¬¬ı˛ ¤˝◊√√ Î¬◊√±˝√√¬ı˛Ì ŒÔÀfl¡ ¬ı≈Á¡ÀÓ¬¬Û±¬ı˛À¬ıÚ Œ˚ ¸˜±fl¡˘ÚÀ˚±·… Ú˚˛

¤˜Ú ’À¬Ûé¬Àfl¡¬ı˛› õ∂Ó¬…¬ıfl¡˘Ê√ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛º ’Ô«±» Î¬◊¬ÛÀ¬ı˛¬ı˛ ¬ı±fl¡…øÈ¬ ¸±Ò±¬ı˛Ìˆ¬±À¬ı ¸Ó¬… Ú˚˛º

Î¬◊√±˝√√¬ı˛Ì : [0, π] ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ¸—:± ˝√√À˘±

f(x) = < ≤x x3 2
2 0/ sin ,π π

    = 0   ˚‡Ú x = 0

f x x x x x
x′ = − < ≤( ) sin cos . ,/3

2 2 03 2
2

π π π π

= − < ≤3
2 0x x x x xsin cos ,π π π π

x = 0 ˝√√À˘

f x
x x

x x xx x
′ = = =

→ + → +
( ) lim

sin
lim sin

/

0

3 2

0
0

π
π

¤‡Ú f′(x)-¤¬ı˛ ¬ı˛±ø˙˜±˘±˚˛ ø‰¬ø˝êÓ¬ ’—˙øÈ¬ 

’Ô«±» 
π π α
x xcos →  ˚‡Ú x → 0+

¸≈Ó¬¬ı˛±— ’À¬Ûé¬fl¡øÈ¬ ¸œ˜±¬ıX Ú˚˛ fl¡±ÀÊ√˝◊√√ ¸˜±fl¡˘ÚÀ˚±·… Ú˚˛º øfl¡z≈¬ ‘f’ Œfl¡ ’¬ıfl¡˘Ú fl¡À¬ı˛˝◊√√ ‘f′’
¬Û±›˚˛± Œ·ÀÂ√º fl¡±ÀÊ√˝◊√√ ‘f′’ ¤¬ı˛ õ∂Ó¬…¬ıfl¡˘Ê√ ˝√√˘ ‘f′’º
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Ó¬±˝√√À˘ Œ√‡ÀÓ¬ ¬Û±À26√Ú ¤ ø¬ı¯∏À˚˛ ¸øÍ¬fl¡ ø¸X±z¬ ˝√√˘ ¸˜±fl¡˘ÚÀ˚±·… Œ˚ Œfl¡±ÀÚ± ’À¬Ûé¬fl¡¬ı˛˝◊√√

õ∂Ó¬…¬ıfl¡˘Ê√ ’±ÀÂ√ øflz≈¬ ¸˜±fl¡˘ÚÀ˚±·… Ú˚˛ ¤˜Ú ’À¬Ûé¬fl¡¬ı˛› õ∂Ó¬…¬ıfl¡˘Ê√ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛º ’±¬ÛÚ±¬ı˛±›

Œ‰¬©Ü± fl¡À¬ı˛ Œ√‡≈Ú ¤¬ı˛fl¡˜ Î¬◊√±˝√√¬ı˛Ì ’±¬ı˛› ΔÓ¬¬ı˛œ fl¡¬ı˛ÀÓ¬ ¬Û±À¬ı˛Ú øfl¡Ú±º

4.4 √¬fl¡˘Úø¬ı√…±¬ı˛ ˜”˘ Î¬◊¬Û±√±Ú (Fundamental theorem of Calculus)

Î¬◊¬Û¬Û±√…-11

˜ÀÚ fl¡ø¬ı˛ [a, b] ’z¬À¬ı˛ ‘f’ ¤fl¡øÈ¬ ’¬ıfl¡˘ÚÀ˚±·… ’À¬Ûé¬fl¡º ˚ø√ f′ ‹ ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…

˝√√˚˛ Ó¬À¬ı

f x dx f b f a
a

b

′ = −z ( ) ( ) ( )

õ∂˜±Ì – Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ε fl¡äÚ± fl¡¬ı˛≈Úº ˜ÀÚ fl¡ø¬ı˛

I f x dx
a

b

= ′z ( )  ¤¬ı— [a, b] ¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√Ú

P : (a = x0 < x1 < x2 < ..... < xn = b)º

Œ˚À˝√√Ó≈¬ f′, [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… Ó¬±˝√√À˘ ¤˜Ú ¤fl¡È¬± ÒÚ¸—‡…± ‘δ’ ¬Û±¬ı ˚±¬ı˛ Ê√Ú… || P ||

< δ ˝√√À˘

I f x x
r

n

r r r− ′ − <
=

−∑
1

1( )( )ξ ε  ˝√√À¬ı ...... (15)

Œ˚‡±ÀÚ xr – 1 ≤ ξr ≤ xr  (r = 1, 2, ...... n)

’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬ [a, b] ’z¬À¬ı˛ ‘f’ ’¬ıfl¡˘ÚÀ˚±·… ‹ ’z¬À¬ı˛ ‘f’ øÚ(˚˛ ¸z¬Ó¬º ’Ó¬¤¬ı ˘±¢∂±À?¬ı˛

˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛ ¬Û±˝◊√√

f(xr) – f(xr – 1) = f′ (ηr) (xr – xr – 1)

Œ˚‡±ÀÚ xr – 1 ≤ ηr ≤ xr

’Ô¬ı±, { ( ) ( )} ( )( )f x f x f x x
r

n

r r
r

n

r r r
=

−
=

−∑ ∑− = ′ −
1

1
1

1η

f x x f x f x f x
r

n

r r r
=

−∑ ′ − = − +
1

1 1 0 2( )( )} ( ) ( ) ( )η
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– f(x1) + ..... + f(xn) – f(xn – 1)

= f(b) – f(a).

∴ (15) Ú•§¬ı˛ ’¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬Û±˝◊√√,

| I – {f(b) – f(a)}| < ε
Œ˚À˝√√Ó≈¬ ε ¤¬ı˛ ˜±Ú ’±¬ÛÚ±¬ı˛± Œ˚˜Ú ‡≈ø˙ Œ¬ıÀÂ√ øÚÀÓ¬ ¬Û±À¬ı˛Ú ’Ó¬¤¬ı ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛

I = f(b) – f(a)

’Ô«±» f x dx f b f a
a

b

′ = −z ( ) ( ) ( )

¤˝◊√√ Î¬◊¬Û¬Û±À√… ‘b’ ø¬ıμ≈Àfl¡ ˚ø√ Œ˚ Œfl¡±ÀÚ± ‰¬˘˜±Ú ø¬ıμ≈ ‘x’ ø√À˚˛ õ∂øÓ¬àÔ±ø¬ÛÓ¬ fl¡ø¬ı˛ Ó¬±˝√√À˘

¬Û±˝◊√√ [Œ˚‡±ÀÚ x∈{a, b]]

f t dt f b f a
a

x

′ = −z ( ) ( ) ( )

’Ô¬ı± f(x) = f(a) + f t dt
a

x

′z ( )

’Ú≈ø¸X±z¬ – [a, b] ’z¬À¬ı˛ ‘f’ ˚ø√ ¤fl¡øÈ¬ ’¬ıfl¡˘ÚÀ˚±·… ’À¬Ûé¬fl¡ ˝√√˚˛ ¤¬ı— f′ ˚ø√ ‹ ’z¬À¬ı˛

¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛ Ó¬À¬ı [a, b] ’z¬À¬ı˛¬ı˛ ¸˜d¬ ø¬ıμ≈ ‘x’ ¤¬ı˛ Ê√Ú…

f x f a f t dt
a

x

( ) ( ) ( )= + ′z

4.5 ’¸˜Ó¬± ¸—√flË¡±z¬ fl¡À˚˛fl¡øÈ¬ Î¬◊¬Û¬Û±√…

Î¬◊¬Û¬Û±√…-12

‘f’ ˚ø√ [a, b] ’z¬À¬ı˛ ¸—:±Ó¬ › ¸˜±fl¡˘ÚÀ˚±·… ’À¬Ûé¬fl¡ ˝√√˚˛ ¤¬ı— ˚ø√ f(x) ≥ 0, ∀x∈

[a, b] Ó¬±˝√√À˘ 

f x dx
a

b

( ) ≥z 0

õ∂˜±Ì – Œ˚À˝√√Ó≈¬ [a, b] ‘f’ ¸˜±fl¡˘ÚÀ˚±·…º ’Ó¬¤¬ı ‹ ’z¬À¬ı˛ ‘f’ ¸œ˜±¬ıXº Ò¬ı˛± ˚±fl¡º

P : (a = x0 < x1 < ..... < xn = b) [a, b] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú ¤¬ı— Mr › mr

˚Ô±√flË¡À˜ [xr – 1, xr] Î¬◊¬Û±z¬À¬ı˛ ‘f’ ¤¬ı˛ ˘.Î¬◊.¸œ › ·.øÚ.¸œº
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Œ˚À˝√√Ó≈¬ f(x) ≥ 0, ∀x∈ [a, b]

’Ó¬¤¬ı mr ≥ 0

∴ sP(f) = m x x Pr r r
r

n
( )− ≥ ∀ ∈−

=
∑ 1

1
0 ∆

Œ˚‡±ÀÚ ∆[a, b] ’z¬À¬ı˛¬ı˛ ¸fl¡˘ ¸y¬±¬ı… ø¬ıˆ¬±Ê√ÀÚ¬ı˛ Œ¸È¬º

∴ ˘.ÿ.¸œ sP (f) ≥ 0

’Ô«±» f x dx
a

b

z ≥( ) 0

Œ˚À˝√√Ó≈¬ ‘f’ [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ’Ó¬¤¬ı

f x dx f x dx
a

b

a

b

z z= ≥( ) ( ) 0

Î¬◊¬Û¬Û±√…-13

˚ø√ ‘f’ › ‘g’ ≈√øÈ¬ ’À¬Ûé¬fl¡ [a, b] ’z¬À¬ı˛ ¸—:±Ó¬ › ¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛ ¤¬ı— ˚ø√

f(x) ≥ g(x) ˝√√˚˛ ∀x∈ [a, b]

Ó¬±˝√√À˘ f x dx g x dx
a

b

a

b

z z≥ ≥( ) ( ) 0 ˝√√À¬ıº

õ∂˜±Ì – ˜ÀÚ fl¡ø¬ı˛ φ : [a, b] → R ¤˝◊√√ˆ¬±À¬ı ¸—:± Œ√›˚˛± ˝√√˘ –

φ(x) = f(x) – g(x) ∀x∈ [a, b]

∴ φ(x) ≥ 0   ∀x∈ [a, b]

Œ˚À˝√√Ó≈¬ f(x) › g(x) Î¬◊ˆ¬À˚˛˝◊√√ [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…

’Ó¬¤¬ı φ(x) › ‹ ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…º [Î¬◊¬Û¬Û±√…-4 › 5 Œ√‡≈Ú]

’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬ φ(x) ≥ 0 Î¬◊¬Û¬Û±√…-12 ŒÔÀfl¡ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛

φ
a

b

x dxz ≥( ) 0

∴ f x dx g x dx
a

b

a

b

( ) ( )− ≥zz 0

’Ô¬ı±, f x dx g x dx
a

b

a

b

( ) ( )≥ zz
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’Ú≈ø¸X±z¬ : ˜ÀÚ fl¡ø¬ı˛ ‘f’ ¤fl¡øÈ¬ ’À¬Ûé¬fl¡ ˚± [a, b] ’z¬À¬ı˛ ¸—:±Ó¬ ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·…º

˚ø√ ‹ ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ˘. ÿ. ¸œ › ·. øÚ. ¸œ ˚Ô±√flË¡À˜ M › m ˝√√˚˛ Ó¬À¬ı

m b a f x dx M b a
a

b

( ) ( ) ( )− ≤ ≤ −z

[ øÚÀÊ√ õ∂˜±Ì fl¡¬ı˛±¬ı˛ Œ‰¬©Ü± fl¡¬ı˛≈Ú ]

’Ú≈ø¸X±z¬ÀÓ¬ ’±˜¬ı˛± ˚± Œ¬Û˘±˜ Ó¬±Àfl¡ ¤˝◊√√ˆ¬±À¬ı ¬ı˘± Œ˚ÀÓ¬¬Û±À¬ı˛ Œ˚ ë˚ø√ Œfl¡±ÀÚ± ’À¬Ûé¬fl¡ Ú˚˛

¸˜±fl¡˘ÚÀ˚±·…Ó¬±¬ı˛ ’=À˘ Ÿ¬Ì±Rfl¡ Ú± ˝√√˚˛ Ó¬À¬ı Ó¬±¬ı˛ ¸˜±fl¡À˘¬ı˛ ˜±Ú › Ÿ¬Ì±Rfl¡ ˝√√À¬ı Ú±º

¤‡Ú ’±˜¬ı˛± Œ˚ Î¬◊¬Û¬Û±√…øÈ¬ õ∂˜±˜ fl¡¬ı˛¬ı Œ¸‡±ÀÚ ˙Ó«¬øÈ¬Àfl¡ ¸±˜±Ú… ¬Û±ÀåÈ¬ Œ√›˚˛± ˝√√À˘±º

˚ø√ Œfl¡±ÀÚ± ’À¬Ûé¬fl¡ Ó¬±¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…Ó¬±¬ı˛ ’=À˘ Ÿ¬Ì±Rfl¡ Ú± ˝√√˚˛ ¤¬ı— ‹ ’z¬À¬ı˛ Œfl¡±ÀÚ±

¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ ’À¬Ûé¬fl¡øÈ¬ ˚ø√ ÒÚ±Rfl¡ › ¸z¬Ó¬ ˝√√˚˛ Ó¬À¬ı Ó¬±¬ı˛ ¸˜±fl¡À˘¬ı˛ ˜±Ú ÒÚ±Rfl¡ ˝√√À¬ıº

˙ÀÓ«¬¬ı˛ ¤˝◊√√ ¬Ûø¬ı˛¬ıÓ«¬ÚÈ≈¬fl≈¡ ˆ¬±À˘± fl¡À¬ı˛ ˘é¬… fl¡¬ı˛À¬ıÚº

Î¬◊¬Û¬Û±√…-14

˜ÀÚ fl¡¬ı˛≈Ú f : [a, b] → R Ó¬±¬ı˛ ¸—:±¬ı˛ ’=À˘ ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı—

f(x) ≥ 0 ∀x∈ [a, b]

f(c) > 0, c ∈ [a, b]

f(x), x = c ø¬ıμ≈ÀÓ¬ ¸z¬Ó¬, Ó¬±˝√√À˘

f x dx
a

b

( ) >z 0

õ∂˜±Ì : [a, b] ’z¬À¬ı˛ ‘c’ ¤¬ı˛ ’¬ıàÔ±Ú ’Ú≈˚±˚˛œ ¤˝◊√√ õ∂ø√flË¡˚˛±Àfl¡ ’±˜¬ı˛± fl¡À˚˛fl¡øÈ õ∂fl¡±À¬ı˛ ˆ¬±·

fl¡À¬ı˛ ŒÚ¬ıº

õ∂Ô˜ õ∂fl¡±¬ı˛ –

a < c < b, ’Ô«±» c ∈ (a, b)

Òø¬ı˛ ∈= >1
2 0f c( )

Œ˚À˝√√Ó≈¬ ‘c’ ø¬ıμ≈ÀÓ¬ f(x) ¸z¬Ó¬ ¤fl¡È¬± ÒÚ±Qfl¡ ¸—‡…± ‘δ’ ’¬ı˙…˝◊√√ Ô±fl¡À¬ı ˚±¬ı˛ Ê√Ú…

f(c) – ε < f(x) < f(c) + ε, ∀x (c – δ, c + δ) ∩ [a, b]

¤ ŒÔÀfl¡ ¬Û±˝◊√√ f(x) > 1
2  f(c), ∀x∈ (c – δ, c + δ) ∩ [a, b]

¤‡Ú 

f x dx f x dx f x dx f x dx
a

b

a

c

c

b

c

b

( ) ( ) ( ) ( )z z z z= + +
−

− +

δ

δ δ
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Œ˚À˝√√Ó≈¬ f(x) ≥ 0, ∀ x ∈ [a, c + δ}

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı 

øfl¡z≈¬ f x dx f c
c

c

( ) ( ).≥
−

+

z
δ

δ
δ1

2 2

[ ∵ ¤‡±ÀÚ f x f c( ) ( )> 1
2 ]

= f(c).δ > 0

∴

ø¡ZÓ¬œ˚˛ õ∂fl¡±¬ı˛ –

c = a

Òø¬ı˛ ε = >1
2 0f a( )

Œ˚À˝√√Ó≈¬ f(x), x = a ø¬ıμ≈ÀÓ¬ ¸z¬Ó¬ Ó¬±˝√√À˘ ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± ‘δ’ ¬Û±¬ı Œ˚‡±ÀÚ

f(a) – ε < f(x) < f(a) + ε, ∀ x∈ [a, a + δ] ∩ [a, b]

∴ f x f a( ) ( )> >1
2 0

¸≈Ó¬¬ı˛±— ’±˜¬ı˛± ø˘‡ÀÓ¬ ¬Û±ø¬ı˛

f x dx f x dx f x dx f a
a

b

a

a

a

b

z z z= + > >
+

+
( ) ( ) ( ) . ( )

δ

δ
δ 1

2 0

Ó‘¬Ó¬œ˚˛ õ∂fl¡±¬ı˛ –

c = b

Òø¬ı˛ ε = >1
2 0f b( )

Œ˚À˝√√Ó≈¬ f(x), b ø¬ıμ≈ÀÓ¬ ¸z¬Ó¬ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± ‘δ’ ¬Û±¬ı Œ˚‡±ÀÚ

f(b) – ε < f(x) < f(b) + ε, ∀x ∈ [b – δ, b] ∩ [a, b]

¤‡Ú f x dx f x dx f x dx
a

b

a

b

b

b

z z z= +
−

−
( ) ( ) ( )

δ

δ
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Œ˚À˝√√Ó≈¬ f(x) ≥ 0 ∀ x ∈ [a, b – δ] ¤¬ı—

f(x) > 

1
2

 f(b) > 0, ∀ x ∈ [b – δ, b]

’Ó¬¤¬ı 

f x dx
a

b

z >( ) 0

Ó¬±˝√√À˘ Œ√‡ÀÓ¬ ¬Û±À26√Ú [a, b] ’z¬À¬ı˛ ‘c’ ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú Œ˚‡±ÀÚ˝◊√√ Œ˝√√±fl¡ Ú± Œfl¡Ú ’Ÿ¬Ì±Rfl¡

Œfl¡±ÀÚ± ’À¬Ûé¬fl¡ ˚ø√ ‹ ø¬ıμ≈ÀÓ¬ ¸z¬Ó¬ ¤¬ı— ÒÚ±Rfl¡ ˝√√˚˛ Ó¬À¬ı [a, b] ’z¬À¬ı˛ Ó¬±¬ı˛ ¸˜±fl¡À˘¬ı˛ ˜±Ú

› ÒÚ±Rfl¡ ˝√√À¬ıº

’Ú≈ø¸X±z¬

˚ø√ f, g : [a, b] → R Î¬◊ˆ¬˚˛˝◊√√ ¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛ ¤¬ı— [a, b] ’z¬À¬ı˛¬ı˛ Œfl¡±ÀÚ± ¤fl¡øÈ¬ ø¬ıμ≈

‘c’ ŒÓ¬ ˚ø√ Î¬◊ˆ¬˚˛ ’À¬Ûé¬fl¡˝◊√√ ¸z¬Ó¬ ˝√√˚˛ ’±¬ı˛› ˚ø√

f(c) > g(c) ¤¬ı—

’Ú…S f(x) ≥ g(x) ˝√√˚˛ Ó¬À¬ı

f x dx g x dx
a

b

a

b

z z>( ) ( )  ˝√√À¬ıº

õ∂˜±Ì – Òø¬ı˛ φ(x) = f(x) – g(x), x ∈ [a, b]

Ó¬±˝√√À˘ φ(x) Î¬◊¬ÛÀ¬ı˛±q¡ Î¬◊¬Û¬Û±À√…¬ı˛ ¸˜d¬ ˙Ó«¬˝◊√√ ¬Û”¬ı˛Ì fl¡À¬ı˛ fl¡±ÀÊ√˝◊√√

φ
a

b

x dxz >( ) 0  ’Ô«±» f x dx g x dx
a

b

a

b

z z>( ) ( )

Î¬◊¬Û¬Û±√…-15
˜ÀÚ fl¡¬ı˛≈Ú [a, b] ’z¬À¬ı˛ ‘f’ ¸œ˜±¬ıX › ¸˜±fl¡˘ÚÀ˚±·… Ó¬±˝√√À˘ ‘f’ ‹ ’z¬À¬ı˛ õ∂±˚˛ ¸¬ı«S ’ø¬ıø26√ißº

õ∂˜±Ì – [a, b] ’z¬À¬ı˛ Œ˚ ¸¬ıø¬ıμ≈ÀÓ¬ ‘f’ ø¬ıø26√iß Ó¬±À√¬ı˛ Œ¸È¬øÈ¬ ˜ÀÚ fl¡¬ı˛≈Ú ‘E’º ¤¬ı±¬ı˛ õ∂ÀÓ¬…fl

’‡G¬ ÒÚ¸—‡…± ‘n’ ¤¬ı˛ Ê√Ú… ‘E’ ¤¬ı˛ Œ˚ ¸¬ıø¬ıμ≈ÀÓ¬ ‘f’ ¤¬ı˛ Œ√±˘Ú 
1
n  ¤¬ı˛Œ‰¬À˚˛ fl¡˜ Ú˚˛ Œ¸˝◊√√

Œ¸È¬øÈ¬ ˜ÀÚ fl¡¬ı˛≈Ú En. Ó¬±˝√√À˘ E1, E2, E3.... En ˝◊√√Ó¬…±ø√ Œ¸È¬·≈ø˘ ‘E’ ¤¬ı˛ ¤fl¡ ¤fl¡øÈ¬ Î¬◊¬ÛÀ¸È¬

¤¬ı— 

E U En n= =1
α

. ¤fl¡øÈ¬ øÚø«√©Ü ’‡G¬ ÒÚ¸—‡…± ‘n’ ¤¬ı— Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ε øÚ˝◊√√º Œ˚À˝√√Ó≈¬

[a, b] ’z¬À¬ı˛ ‘f’¸˜±fl¡˘… [a, b]-¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú P : (a = x0 < x1 < x2 ...... < xn

= b) ¬Û±¬ı Œ˚‡±ÀÚ  SP – sP 

< 1
2n . ε

.

¤‡Ú En Œ¸ÀÈ¬¬ı˛ Œ˚ ¸¬ı ø¬ıμ≈ ‘P’ ¤¬ı˛ ø¬ıˆ¬±Ê√fl¡ ø¬ıμ≈ Ó¬±À√¬ı˛ Œ¸È¬øÈ¬ Òø¬ı˛ En
* ¤¬ı— 

E E En n n− =* **
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Ó¬±˝√√À˘  Œ¸È¬øÈ¬ ’¬ı˙…˝◊√√ ¤fl¡øÈ¬ ¸¸œ˜ Œ¸È¬º ’±¬ı˛› Œ¬ı±Á¡± ˚±À26√ Œ˚  ¤¬ı˛¬Û Œfl¡±Ú› ¸√¸…˝◊√√

‘P’ ¤¬ı˛ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√fl¡ ø¬ıμ≈ Ú˚˛º Ó¬±˝√√À˘  ¸√¸…¬ı˛± øÚ(˚˛˝◊√√ (x0, x1)  , (x1, x2) .... ˝◊√√Ó¬…±ø√

Î¬◊ij≈q¡ ’z¬¬ı˛·≈ø˘¬ı˛ fl¡À˚˛fl¡øÈ¬ÀÓ¬ ’¬ıøàÔÓ¬º ¤˝◊√√¬ı˛fl¡˜ Œ˚ ¸¬ı ’z¬À¬ı˛  ¸√¸…¬ı˛± ’¬ıøàÔÓ¬ Ó¬±¬ı˛± ˜ÀÚ

fl¡ø¬ı˛ I1, I2 ..... IP Ó¬±˝√√À˘

 ⊂ I1UI2U .... UIP.

¤¬ı—  (| I′2 | + | I′2 | + ...... | I′P |)

≤ − − −
=
∑ ( )( )M m x xr r r r
r

n

1
1

= SP – sP

∴ + + <| | | | .. . .. | |I I IP2 2 2
ε

Œ˚À˝√√Ó≈¬  ¤fl¡øÈ¬ ¸¸œ˜ Œ¸È¬ ¤Àfl¡ ¸¸œ˜ ¸—‡…fl¡ Î¬◊ij≈q¡ ’z¬¬ı˛˜±˘± J1, J2 ..... Jq ø√À˚˛ ’±¬ı‘Ó¬

fl¡¬ı˛± ˚±À¬ı ˚±¬ı˛ Ê√Ú…

| J1 | + | J2 | + ..... | Jq | 

∴ EnCI1UI2U....IpUJ1UJ2U.....UJq

¤¬ı— | I′1 | + | I′2 | + ..... + | I′p | + | J1 | + ...... + | Jq | 

’Ó¬¤¬ı ‘En’ ¤fl¡øÈ¬ ˙”Ú… ¬Ûø¬ı˛˜±À¬Û¬ı˛ Œ¸È¬, ’Ó¬¤¬ı ‘E’ ¤fl¡øÈ¬ ˙”Ú… ¬Ûø¬ı˛˜±À¬Û¬ı˛Œ¸È¬, ’Ô«±»

[a, b] ’z¬À¬ı˛ ‘f’ õ∂±˚˛ ¸¬ı«S ’ø¬ıø26√ißº

’Ú≈ø¸X±z¬ – ˜ÀÚ fl¡¬ı˛≈Ú [a, b] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘…, ¤¬ı— .

Ó¬±˝√√À˘, [a, b] ’z¬À¬ı˛¬ı˛ õ∂±˚˛ ¸¬ı«S F′(x) = f(x) ˝√√À¬ıº

Î¬◊¬Û¬Û±√… (10) › (16) ŒÔÀfl¡ ¤¬ı˛ õ∂˜±Ì ¸˝√√ÀÊ√˝◊√√ Œ¬ı±Á¡± ˚±À26√º

Î¬◊¬Û¬Û±…√-16

˜ÀÚ fl¡ø¬ı˛ [a, b] ’z¬À¬ı˛ ’À¬Ûé¬fl¡ ‘f’ ¸˜±fl¡˘… › ’Ÿ¬Ì±Rfl¡ ˚ø√
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f x dx
a

b

( ) =z 0

 ˝√√ ˛̊

Ó¬À¬ı [a, b] ’z¬À¬ı˛¬ı˛ õ∂±˚˛ ¸¬ı«S f(x) = 0 ˝√√À¬ıº

õ∂˜±Ì – [a, b] ’z¬À¬ı˛ ‘f’ ˚ø√ ¸¬ı«S ’ø¬ıø26√iß Ú± ˝√√˚˛ Ó¬±˝√√À˘ ø¬ıø26√ißÓ¬±¬ı˛ ø¬ıμ≈¸˜”À˝√√¬ı˛ Œ¸È¬øÈ¬

˜ÀÚ fl¡ø¬ı˛ ‘E’º ¸≈Ó¬¬ı˛±— Î¬◊¬Û¬Û±√… 16 ’Ú≈¸±À¬ı˛ ‘E’ Œ¸È¬øÈ¬ ˙”Ú… ¬Ûø¬ı˛˜±À¬Û¬ı˛º ¤‡Ú ‘[a, b] – E’

Œ¸ÀÈ¬¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıμ≈ Òø¬ı˛ α Œ˚‡±ÀÚ f(α) > 0. Œ˚À˝√√Ó≈¬ α∈ (a, b). ¤˜Ú ¤fl¡È¬± ÒÚ¸—‡…±

δ ¬Û±¬ı Œ˚ (α – δ ; α + δ) ⊂ (a, b) ¤¬ı—

f x f x( ) ( ), ( , )> ∀ ∈ − +1
2 α α δ α δ

∴ f x dx f x dx f x dx f x dx
a

b

a

b

( ) ( ) ( ) ( )z z z z= + + −
−

−

+

+

α δ

α δ

α δ

α δ
α .

≥
−

+

z f x dx
α δ

α δ
( ) .

> 1
2 2f ( ).α δ

 = δ.f(α)
> 0

’Ô«±» f x dx
a

b

z >( ) 0

’±¬ı±¬ı˛ ˚ø√ α = a ˝√√˚˛, Ó¬À¬ı

f x dx f x dx f x dx
a

b b

z z z= +
+

+
( ) ( ) ( )

α

α δ

α δ

≥
+

z f x dx
α

α δ
( )

.

> 1
2 f ( )α δ

= 0

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı α = b ˝√√À˘› Œ√‡±ÀÚ± ˚±˚˛ Œ˚

f x dx
a

b

z >( ) 0
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øfl¡z≈¬ ¤È¬± õ∂√M√√ ˙Ó«¬ ø¬ıÀ¬ı˛±Òœ

’Ó¬¤¬ı f(α) Ý 0 ’Ô«±» f(α) = 0

Œ˚À˝√√Ó≈¬ α, [a, b] – E Œ¸ÀÈ¬¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıμ≈ ¸≈Ó¬¬ı˛±—

f(x) = 0, ∀x∈ [a, b] – E

Œ˚À˝√√Ó≈¬ ‘E’ Œ¸È¬øÈ¬ ˙”Ú… ¬Ûø¬ı˛˜±À¬Û¬ı˛ fl¡±ÀÊ√˝◊√√ [a, b] ’z¬À¬ı˛¬ı˛ õ∂±˚˛ ¸¬ı«S f(x) = 0

‰¬À˘¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ¸˜±fl¡À˘¬ı˛ ¬ı˛”¬Û±z¬¬ı˛ –

˜ÀÚ fl¡¬ı˛≈Ú ’À¬Ûé¬fl¡ ‘f’ [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı— ’¬Û¬ı˛ ¤fl¡øÈ¬ ’À¬Ûé¬fl¡ φ′[α, β]

’z¬À¬ı˛ ’¬ıfl¡˘ÚÀ˚±·… ¤¬ı— φ(α) = a, ϕ (β) = b. ¤Â√±Î¬ˇ± (α, β) ’z¬À¬ı˛ φ′(t) ≠ 0.

¤‡Ú ˚ø√ [α, β] ’z¬À¬ı˛¬ı˛ ’À¬Ûé¬fl¡ f[φ(t)] › φ′(t) ¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛ Ó¬±˝√√À˘

f x dx f t t dt
a

b

z z= ′( ) [ ( )] ( )
α

β
φ φ

õ∂˜±Ì – Œ˚À˝√√Ó≈¬ (α, β) ’z¬À¬ı˛¬ı˛ õ∂ÀÓ¬…fl¡ ø¬ıμ≈ ‘t’ ŒÓ¬ φ′(t) ≠ 0 ’Ó¬¤¬ı φ′(t) ‹ ’z¬À¬ı˛ ¤fl¡˝◊√√

ø‰¬˝ê˚≈q¡º Ò¬ı˛± ˚±fl¡ φ′(t) > 0, ∀t∈ [α, β] Ó¬±˝√√À˘ [α, β] ’z¬À¬ı˛ φ ¸øÍ¬fl¡ˆ¬±À¬ı √flË¡˜¬ıÒ«˜±Úº

P : (α = t0 < t1 < t2 ..... < In = β), [α, β] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√Úº ˚ø√

φ(tr) = xr Ò¬ı˛± ˝√√˚˛ Ó¬À¬ı

Q : (a = x0 < x1 < x2 ....< xn = b) [a, b] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Úº

˚ø√ || P || → 0 Ó¬À¬ı || Q || → 0 ˝√√À¬ıº

˘±¢∂±À?¬ı˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛

xr – xr – 1 = φ(tr) – φ(tr – 1)
= (tr, –tr – 1)φ′ (ξr)

Œ˚‡±ÀÚ tr – 1 < ξr < tr.

˜ÀÚ fl¡¬ı˛≈Ú ηr = φ(ξr) Œ˚À˝√√Ó≈¬ φ ¸øÍ¬fl¡ˆ¬±À¬ı √flË¡˜¬ıÒ«˜±Ú Ó¬±˝√√À˘

φ(tr – 1) < φ(ξr) < φ(tr)
’Ô«±» xr – 1 < ηr < xr

∴ f x xr r r
r

n
( )( )η − −

=
∑ 1

1

= ′ −
=

−∑ f t t
r

n

r r r r[ ( )] ( )( )φ ξ φ ξ
1

1
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Œ˚À˝√√Ó≈¬ [a, b] ’z¬À¬ı˛ ‘f’ ¤¬ı— [α, β] ’z¬À¬ı˛ f[φ(t)]φ′(t) ¸˜±fl¡˘ÚÀ˚±·…, || P || → 0 ˝√√À˘

f x dx f t t dt
a

b

z z= ′( ) [ ( )] ( )
α

β
φ φ

’±¬ı±¬ı˛ φ′(t) < 0 ÒÀ¬ı˛ ¤fl¡˝◊√√ Ò¬ı˛ÀÚ¬ı˛ ˚≈øq¡¬ı˛ ¸±˝√√±À˚… Î¬◊¬Û¬Û±√… ø¬ı¯∏˚˛øÈ¬ õ∂˜±Ì fl¡¬ı˛±¬ı˛ Œ‰¬©Ü± fl¡¬ı˛≈Úº

Î¬◊¬ÛÀ¬ı˛¬ı˛ Î¬◊¬Û¬Û±√…øÈ¬¬ı˛ ˙Ó«¬±¬ı˘œ ˆ¬±À˘± fl¡À¬ı˛ ˘é¬… fl¡¬ı˛≈Úº Œ√‡≈Ú õ∂˜±ÀÌ¬ı˛ õ∂ø√flË¡˚˛±ÀÓ¬ õ∂ÀÓ¬…fl¡øÈ¬ ˙Ó«¬

¬ı…¬ı˝√√±¬ı˛ fl¡¬ı˛± ˝√√À˚˛ÀÂ√ øfl¡Ú±º ˚ø√ Œfl¡±ÀÚ±øÈ¬ ¬ı…¬ı˝√√±¬ı˛ Ú± fl¡¬ı˛± ˝√√À˚˛ Ô±Àfl¡ Ó¬±˝√√À˘ ¬ı≈Á¡ÀÓ¬ ˝√√À¬ı ˙Ó«¬øÈ¬ ¤˝◊√√

Î¬◊¬Û¬Û±À√… ’õ∂À˚˛±Ê√Úœ˚˛º Î¬◊ÀåÈ¬±ø√fl¡ ŒÔÀfl¡ Œ√‡≈Ú Œfl¡±ÀÚ± ¤fl¡øÈ¬ ˙Ó«¬› ˚ø√ ’¬Û”Ì« Ô±fl¡Ó¬ Ó¬±˝√√À˘

Î¬◊¬Û¬Û±√…øÈ¬ õ∂˜±Ì fl¡¬ı˛± Œ˚Ó¬ øfl¡Ú±∑

Œ˚ Œfl¡±ÀÚ± Î¬◊¬Û¬Û±√… õ∂˜±ÀÌ¬ı˛ ¸˜˚˛ ¤˝◊√√ øÊ√øÚ¸·≈ø˘ ˘é¬…fl¡¬ı˛± ø¬ıÀ˙¯∏ˆ¬±À¬ı ¬ı±>Úœ˚˛ fl¡±¬ı˛Ì Î¬◊¬Û¬Û±À√…¬ı˛

˙Ó«¬ ˚Ó¬fl¡˜ ˝√√À¬ı Ó¬±¬ı˛ ¬ı…¬ı˝√√±À¬ı˛¬ı˛ õ∂¸±¬ı˛Ó¬± Ó¬Ó¬ ¬ı±Î¬ˇÀ¬ıº

’—˙±fl¡±À¬ı˛ ¸˜±fl¡˘Ú –

˜ÀÚ fl¡¬ı˛≈Ú [a, b] ’z¬À¬ı˛ ‘f’ › ‘g’ ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı— Ò¬ı˛± ˚±fl¡

F x f t dt
a

x

( ) ( )= z  › 

G x g t dt x a b
a

x

( ) ( ) [ , ]= ∀ ∈z
Ó¬±˝√√À˘ 

F x g x dx F b G b F a G a G x f x dx
a

b

a

b

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )z z= − −

õ∂˜±Ì – Ò¬ı˛≈Ú I F x g x dx
a

b

1 = z ( ) ( )

   I G x f x dx
a

b

2 = z ( ) ( )

¤¬ı— K f x dx
a

b

= z | ( )|  › | ( )|g x dx
a

b

z  ¬ı˛ ˜ÀÒ… Œ˚øÈ¬ ¬ıÎ¬ˇº

Œ˚À˝√√Ó≈¬ [a, b] ’z¬À¬ı˛ ‘f’ › ‘g’ ¸˜±fl¡˘ÚÀ˚±·… ’Ó¬¤¬ı F(x) › G(x) ’ø¬ıø26√iß fl¡±ÀÊ√˝◊√√

¸˜±ø¬ıø26√ißº Œ˚ Œfl¡±ÀÚ± ÒÚ±Rfl¡ ¸—‡…± ε øÚÚº Ó¬±˝√√À˘ ¤fl¡øÈ¬ ÒÚ¸—‡…± δ ¬Û±›˚˛± ˚±À¬ı ˚±¬ı˛ Ê√Ú…ñ

| ( ) ( )|F x F x
k

′ − ′′ < +
ε

2 1

 ¤¬ı— 

| ( ) ( )|G x G x
k

′ − ′′ < +
ε

2 1

 ˚‡Ú x′, x′′ ∈ [a, b] ¤¬ı—

|x′′ – x′| < 0

[a, b] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıˆ¬±Ê√Ú

P : (a = x0 < x1 < x2 < ...... < xn = b)
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ø¬ıÀ¬ı‰¬Ú± fl¡¬ı˛≈Ú Œ˚Ú || P || < δ ˝√√ ˛̊

Ó¬±˝√√À˘ F(b) G(b) – F(a) G(a)

= − +
=

− − −
=

∑ ∑F x G x G x G x F x F xr
r

n

r r r r r
r

n
( )[ ( ) ( )] ( )[ ( ) ( )]

1
1 1 1

1

=
L
N
MM

O
Q
PP− −

z z∑ −
=

F x g x dx G x f x dxr
x

x

r
x

x

r

n

r

r

r

r

( ) ( ) ( ) ( )
1 1

1
1

’±¬ı±¬ı˛ I I F x g x dx G x f x dx
x

x

x

x

r

n

r

r

r

r

1 2
1

1 1

+ =
L
N
MM

O
Q
PP− −

z z∑
=

( ) ( ) ( ) ( )

∴ | F(b)G(b) – F(a) G(a) – (I1 + I2)|

= − + −−
== −−

z∑z∑ [ ( ) ( )] ( ) [ ( ) ( )] ( )F x F x g x dx G x G x f x dxr r
x

x

r

n

x

x

r

n

r

r

r

r

1
11

11

≤ − + −
−

z ∑ z∑
=

+

−
=

| ( ) ( )| | ( )| | ( ) ( )| | ( )|F x F x g x dx G x G x f x dxr
x

x

r

n

r
r

n

r

r

1
1

1
1 α

α δ

≤ + +
R
S|
T|

U
V|
W|− −

z∑ z∑
= =

ε
2 1

1 1
1 1k g x dx f x dx

x

x

r

n

x

x

r

n

r

r

r

r

| ( )| | ( )|

≤ + +
RST

UVWz zε
2 1k g x dx f x dx

a

b

a

b

| ( )| | ( )|

≤ + <2
2 1

k
k

ε ε

Œ˚À˝√√Ó≈¬ ε ¤¬ı˛ ˜±Ú Œ˚˜Ú ˝◊√√26√± ŒÚ›˚˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛

I1 + I2 = F(b) G(b) – F(a) G(a)
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4.6 ¬ı˛œ˜±Ú Œ˘À¬ı·ƒ Î¬◊¬Û¬Û±√… (Riemann Labesgue Lemma)

˜ÀÚ fl¡¬ı˛≈Ú [a, b] ’z¬À¬ı˛ ‘f’ ¸œ˜±¬ıX › ¸˜±fl¡˘ÚÀ˚±·…

Ó¬±˝√√À˘ñ

lim ( ) sin
λ

λ
→±∝ z =f x x dx

a

b

0

¤¬ı— lim ( ) cos
λ

λ
→±∝ z =f x x dx

a

b

0

õ∂˜±Ì – Œ˚ Œfl¡±ÀÚ± ÒÚ¸—‡…± ε fl¡äÚ± fl¡¬ı˛≈Úº Œ˚À˝√√Ó≈¬ [a, b] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘ÚÀ˚±·… ‹

’z¬À¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú ‘P’ : (a = x0 < x1 < ....... < xn = b) ¬Û±›˚˛± ˚±À¬ı ˚±ÀÓ¬

( )( )M m x xr r
r

n

r r− − <
=

−∑
1

1 2
ε

 ø¸X ˝√√˚˛,

Œ˚‡±ÀÚ Mr › mr ˝√√À˘± ˚Ô±√flË¡À˜ [xr – 1, xr] ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ˘. Î¬◊. ¸œ › ·. øÚ. ¸œº

Ó¬±˝√√À˘ f x xdx f x x dx
a

b

x

x

r

n

r

r

z z∑=
−=

( ) sin ( )sinλ λ
1

1

= − +
− −

z∑ z∑
= =

{ ( ) ( )}sin ( ) sinf x f x x f x x dx
x

a

r

n

r
x

x

r
r

n

r

r

r

r

1 1
1 1

λ λ

= S1 + S2 Òø¬ı˛

¤‡Ú | | | ( ) ( )|S f x f x dx
x

x

r
r

n

r

r

1
1

1

≤ −
−

z∑
=

≤ − − −
=
∑ ( )( )M m x xr r r r
r

n

1
1

< ε
2

’±¬ı±¬ı˛ 

| | ( )
cos cos

S f x
x x

r
r r

r

n

2
1

1
= +

− −

=
∑ λ λ

λ

≤ →
2

0
| ( )|

| |
f xr
λ  Œ˚À˝√√Ó≈¬ | λ | → ∞
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∵ | cos λ xr – cos λ xr – 1 | ≤ 2

fl¡±ÀÊ√˝◊√√ ¤˜Ú ¤fl¡øÈ¬ ÒÚ¸—‡…± λ0 ¬Û±›˚˛± ˚±À¬ı Œ˚Ú

 ˝√√˚˛ ˚‡Ú | λ | > λ0

∴ | λ | > λ0 ˝√√À˘

< + =ε ε ε2 2

∴

øÍ¬fl¡ ¤fl¡˝◊√√ˆ¬±À¬ı õ∂˜±Ì fl¡¬ı˛≈Ú lim ( ) cos
λ

λ
→±∞ z =f x xdx

a

b

0

4.7 Î¬◊√±˝√√¬ı˛Ì˜±˘± › ’Ú≈˙œ˘Úœ

Î¬◊√± √̋√¬ı˛Ì-1
˚‡Ú 0 < x < 2 Œ√‡±Ú Œ˚

1

1 1
3

1

1 6
2 2+

< <
+x

x
hx xsin

¤¬ı— ¤¬ı˛ ŒÔÀfl õ∂˜±Ì fl¡¬ı˛≈Ú

π π
4

1
3 2 20

2

< <z x dx
hxsin

õ∂˜±Ì : x > 0 ˝√√À˘

sin ! ! .. .hx x x x x x= + + + > +
3 5 3

3 5 6

¬fl¡±ÀÊ√˝◊√√ 

’±¬ı±¬ı˛, 0 < x < 2 ˝√√À˘
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sin ! ! ! . . .. .hx x x x x= + + + +
3 5 7

3 5 7

< + + + +x x x3 3

3 3
2
4

2
5

2
4

2
5

2
6

2
7! ! . . . . "

< + + + + +L
NM

O
QPx x x3 3 2 3

6 6
1
4

1
4

1
4e j e j "

[ ∵ 2
4

2
5,  ˝◊√√Ó¬…±ø√ ¸—‡…±·≈ø˘ 

1
2 -¤¬ı˛ Œ‰¬À˚˛ ŒÂ√±È¬º ]

= + + + +L
NM

O
QPx x3

26 1 1
4

1
4

"

= +
−

x x3

6
1

1 1
4

.

= +x x3

6
4
3.

= + < +x x x x2
9 3

3
3

∴ 
x
hx xsin >

+

1

1 3

2

fl¡±ÀÊ√˝◊√√ 0 < x < 2 ¤¬ı˛ Ê√Ú…

1

1 3

1

1 6

2 2
+

< <
+x

x
hx xsin

Œ˚À˝√√Ó≈¬ Î¬◊¬ÛÀ¬ı˛¬ı˛ ’¸˜Ó¬±¬ı˛ õ∂øÓ¬øÈ¬ ’À¬Ûé¬fl¡˝◊√√ ¸˜±fl¡˘ÚÀ˚±·… [0, 2] ’z¬À¬ı˛ ¤À√¬ı˛ ¸˜±fl¡˘Ú fl¡À¬ı˛

Î¬◊¬Û¬Û±√…-14 ’Ú≈¸±À¬ı˛ ¬Û±›˚˛± ˚±À¬ıº

dx
x

x dx
hx

dx
x1 3 1 6

2
0

2

2
0

2

0

2

+
< <

+
z zz sin

¤‡Ú 3
3

3 1
3 32

1

0

2

0

2
dx

x
x

+
= −z . tan
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= >− −3 2
3

3 11 1tan tan

= 3 4. π

’±¬ı±¬ı˛ 

= <− −6 2
6

6 11 1tan tan

= =6 4 3
2 2

. π π

≈√øÈ¬Àfl¡ ¤fl¡¸±ÀÔ fl¡À¬ı˛ ¬Û±˝◊√√

Î¬◊√± √̋√¬ı˛Ì-2

‰¬À˘¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú fl¡À¬ı˛ ¸˜±fl¡˘øÈ¬¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú

x x dx2 3

1

2

2+z
¸˜±Ò±Ú – ˜ÀÚ fl¡¬ı˛≈Ú φ(x) = x3 + 2 ¤¬ı— f(t) = 

∴ f x x[ ( )]φ = +3 2

x = 1 ˝√√À˘ φ(x) = 3 ’±¬ı±¬ı˛ x = 2 ˝√√À˘ φ(x) = 10

¬ı˛”¬Û±z¬À¬ı˛¬ı˛ Ù¬À˘ ¸˜±fl¡˘øÈ¬ √“√±Î¬ˇ±˚˛

1
3

3

10

f x x dxz ′[ ( )] ( )φ φ

= z1
3

3

10

f t dt( )
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= =z1
3

1
3

2
3

3

10
3 2

3

10
tdt t. /

  = −2
9 10 33 2 3 2/ /c h

Î¬◊√± √̋√¬ı˛Ì-3

Œ√‡±Ú Œ˚ 

4 3 4 32

1

3

< + <z x dx

¸˜±Ò±Ú – x ˚ø√ [1, 3] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ‰¬˘¬ı˛±ø˙ ˝√√˚˛, Ó¬±˝√√À˘ ’¬ı˙…˝◊√√

2 3 2 32< + <x  ˝√√À¬ı

Ò¬ı˛± ˚±fl¡ f x x x( ) , ( )= + =3 22 φ  ¤¬ı— ψ(x) = 2 3 , ∀x∈ [1, 3] Ó¬±˝√√À˘ ø¬ıÀ¬ı‰¬…

’z¬À¬ı˛ x ¤¬ı˛ ¸fl¡˘ ˜±ÀÚ¬ı˛ Ê√Ú…˝◊√√ ’À¬Ûé¬fl¡ øÓ¬ÚøÈ¬ ¸œ˜±¬ıX ¤¬ı— Œ˚À˝√√Ó≈¬ ’ø¬ıø26√iß Ó¬±˝◊√√ ¸˜±fl¡˘ÚÀ˚±·…º

¤Â√±Î¬ˇ± φ(2) < f(2) < ψ(2)

∴ φ ψ
1

3

1

3

1

3

z z z< <( ) ( ) ( )x dx f x dx x dx

’Ô«±» 4 3 4 32

1

3

< + <z x dx

Î¬◊√± √̋√¬ı˛Ì-4
Œfl¡±ÀÚ± ¤fl¡øÈ¬ ’À¬Ûé¬fl¡ f(x) ¤¬ı˛ ¸—:± ˝√√˘

f(x) = 0 – 1 ≤ x ≤ 0

= 1   0 < x ≤ 1

õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ f(x) ’À¬Ûé¬fl¡øÈ¬ (–1, 1) ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı— F(x) = f t dt
x

−
z
1

( )

’À¬Ûé¬fl¡øÈ¬ ‹ ’z¬À¬ı˛ ’ø¬ıø26√ißº

¸˜±Ò±Ú – ¶Û©ÜÓ¬˝◊√√ Œ√‡± ˚±À26√ Œ˚ [–1, 1] ’z¬À¬ı˛, f(x) ¸œ˜±¬ıX ¤¬ı— x = 0 Â√±Î¬ˇ± ’±¬ı˛

¸fl¡˘ø¬ıμ≈ÀÓ¬˝◊√√ f(x) ’ø¬ıø26√ißº fl¡±ÀÊ√˝◊√√ f(x) ‹ ’z¬À¬ı˛ ’¬ı˙…˝◊√√ ¸˜±fl¡˘ÚÀ˚±·…

˚ø√ – 1 ≤ x ≤ 0 ˝√√˚˛, Ó¬À¬ı

F x f t dt
x

( ) ( )= =
−
z
1

0 ¤¬ı—
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0 < x ≤ 1 ˝√√À˘ F x f t dt f t dt f t dt
x x

( ) ( ) ( ) ( )= = + +
− −
z z z
1 1

0

0

= x[f(x) ¤¬ı˛ ¸—:± ˘é¬… fl¡¬ı˛≈Ú]

Ó¬±˝√√À˘ F(x) ¤¬ı˛ ¸—:± √“√±Î¬ˇ±˘

F(x) = 0, – 1 ≤ x ≤ 0

 = x, 0 < x ≤ 1

fl¡±ÀÊ√˝◊√√ F(x) [–1, 1] ’z¬À¬ı˛ ’ø¬ıø26√ißº

Î¬◊√± √̋√¬ı˛Ì-5

 ¤¬ı˛ ¸œ˜±àÔ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú

˚‡Ú x → 0.

¸˜±Ò±Ú –

˜ÀÚ fl¡¬ı˛≈Ú y e dt F x e dtt
x

t
x

= =+ +z z1

0

1

0

2

, ( )

u = x2 ¤¬ı— f t e t( ) = +1

∴ y = F(u) fl¡±ÀÊ√˝◊√√ 
dy
dx xF u= ′2 ( )

Œ˚À˝√√Ó≈¬ [0, x] ’z¬À¬ı˛ f(t) ’ø¬ıø26√iß

F′(x) = f(x) = +e x1

L′ Hospital ¤¬ı˛ øÚ˚˛˜±Ú≈¸±À¬ı˛

lim
( )

lim
x x

y x
x

dy
dx

x→ →
=

0 2 0 2

= ′ = =
→ →

+lim ( ) lim
x x

xF u e e
0 0

1 2
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’Ú≈˙œ˘Úœ

1. Œ√‡±Ú Œ˚

a. π π
π

π
2 2

6

2

9
2

9< <z x
x dxsin

b. 1
2 4 62 3

0

1

<
− +

<z dx

x x

π

c.
x x

x
x

2 2
2

2 1
≤

+
≤  ˚‡Ú 0 1≤ ≤x .

¤ ŒÔÀfl¡ õ∂˜±Ì fl¡¬ı˛≈Ú

1
3 2 1

1
3

2

0

1

≤
+

≤z x
x

dx

d. ⋅ <
− +

< ⋅z573
4 3

5953
1

2
dx
x x

e. 1

1 9

1

1 6

2 2
−

< <
−x

x
x xsin

 ¤ ŒÔÀfl¡ Œ√‡±Ú Œ˚,

3
2 5 6 3 2

0

2

log sin log< < +z xdx
x c h

2. a. Œfl¡±ÀÚ± ¤fl¡øÈ¬ ’À¬Ûé¬fl¡ [a, b] ’z¬À¬ı˛ ’ø¬ıø26√iß › ’Ÿ¬Ì±Rfl¡ ¤¬ı— f x dx
a

b

z =( ) 0

Ó¬±˝√√À˘ Œ√‡±Ú Œ˚ ‹ ’z¬À¬ı˛ f(x) = 0 ¤fl¡øÈ¬ ’Àˆ¬√º

b. ˜ÀÚ fl¡¬ı˛≈Ú [a, b] ’z¬À¬ı˛ f(x) R-¸˜±fl¡˘ÚÀ˚±·…º ˚ø√ f x dx
a

b
2 0z =( )  ˝√√˚˛ Ó¬À¬ı õ∂˜±Ì

fl¡¬ı˛≈Ú Œ˚ [a, b] ’z¬À¬ı˛¬ı˛ õ∂±˚˛ ¸¬ı«S f(x) = 0.

c. ˜ÀÚ fl¡¬ı˛≈Ú [a, b] ’z¬À¬ı˛ f, R-¸˜±fl¡˘ÚÀ˚±·… ¤¬ı— f t dt
a

x

( )z = 0, ∀x∈ [a, b] Œ√‡±Ú

Œ˚ [a, b] ’z¬À¬ı˛¬ı˛ õ∂±˚˛ ¸¬ı«S f(x) = 0.

3. [0, 2] ’z¬À¬ı˛ ¤fl¡øÈ¬ ’À¬Ûé¬Àfl¡¬ı˛ ¸—:±˝√√˘
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f(x) = 1 0 ≤ x ≤ 1

= x 1 < x ≤ 2

¬Û¬ı˛œé¬± fl¡À¬ı˛ Œ√‡≈Ú Œ˚

F x f t dt x
x

( ) ( ) [ ]= ∈z
0

0, 2

’À¬Ûé¬fl¡øÈ¬ [0, 2] ’z¬À¬ı˛ ’¬ıfl¡˘ÚÀ˚±·… ¤¬ı—

F(x) = f(x)

4. [0, 3] ’z¬À¬ı˛ f(x) = [x] Œ√‡±Ú Œ˚ ‹ ’z¬À¬ı˛ f(x) ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı— f x dx( )
0

3

z
¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº ’±¬ı˛› Œ√‡±Ú Œ˚ ‹ ’z¬À¬ı˛ ‘f’ ¤¬ı˛ Œfl¡±ÀÚ± õ∂Ó¬…¬ıfl¡˘Ê√ ŒÚ˝◊√√º

5.

f′(2) ¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

6. ‰¬À˘¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú fl¡À¬ı˛ÚœÀ‰¬¬ı˛ ¸˜±fl¡˘Ú·≈ø˘¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

a. ( sin cos sin )x x x x x dx2

0

2
2

π

z +

b. te dtt2

0

2

z

c.

d. t t dt2

0

2
31z +    e. 

dx
x1 2

1

1

+−
z    f. 

g.

7. [0, 2] ’z¬À¬ı˛ f(x) ¤¬ı˛ ¸—:± ˝√√˘

f(x) = x2, 0 ≤ x ≤ 1

= , 1 ≤ x ≤ 2
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f x dx( )
0

2

z  ¸˜±fl¡˘øÈ¬¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

8. ¸˜±fl¡À˘¬ı˛ ø¬ıøˆ¬iß Ò˜« ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ ÚœÀ‰¬¬ı˛ ¸˜±fl¡˘·≈ø˘¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

(i) 

| |1
0

2

−z x dx

(ii) f x dx( )
0

3

z  Œ˚‡±ÀÚ

f(x) = 2x ˚‡Ú 0 ≤ x ≤ 2

= x2 ˚‡Ú 2 ≤ x ≤ 3

(iii)

{ | |}x x dx+
−
z
1

1

(iv)

| cos |11 2
0

2

+z x dx
π

(v)

{ [ ]}x x dx−z
0

3
9. Œfl¡±ÀÚ± ’À¬Ûé¬fl¡¬ ˚ø√ [a, b] ’z¬À¬ı˛¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛ Ó¬À¬ı øfl¡ Ó¬±Àfl¡ ‹ ’z¬À¬ı˛ ’ø¬ıø26√iß

˝√√ÀÓ¬˝◊√√ ˝√√À¬ı∑ Î¬◊√±˝√√¬ı˛Ì ¸˝√√À˚±À· ’±¬ÛÚ±¬ı˛ ¬ıq¡¬ı… õ∂øÓ¬øá¬Ó¬ fl¡¬ı˛≈Úº

10. ˜ÀÚ fl¡¬ı˛≈Ú

f(x) = 0 ˚ø√ x ≠ 0 ˝√√ ˛̊

= 1 ˚ø√ x = 0 ˝√√ ˛̊

Œ√‡±Ú Œ˚ [–1, 1] ’z¬À¬ı˛ f(x) ¸˜±fl¡˘ÚÀ˚±·… øfl¡z≈¬ ‹ ’z¬À¬ı˛ f(x) ¤¬ı˛ Œfl¡±ÀÚ± õ∂Ó¬…¬ıfl¡˘Ê√

ŒÚ˝◊√√º ¤¬ı˛ fl¡±¬ı˛Ì øfl¡∑

11. Î¬◊√±˝√√¬ı˛ÀÌ¬ı˛ ¸±˝√√±À˚… Œ√‡±Ú Œ˚ ¬ıX ’z¬À¬ı˛ ¸—:±ø˚˛Ó¬ Œfl¡±ÀÚ± ’À¬Ûé¬Àfl¡¬ı˛ õ∂Ó¬…¬ıfl¡˘Ê√ ’±ÀÂ√

øfl¡z≈¬ ¸˜±fl¡˘ ŒÚ˝◊√√º

12. a. [a, b] ’z¬À¬ı˛ f(x) ˚ø√ ’ø¬ıø26√iß › ÒÚ±Rfl¡ ˝√√˚˛ Ó¬±˝√√À˘ Œ√‡±Ú Œ˚

F x f t dt a b
a

x

( ) ( ) . [ , ]= z

 ’z¬À¬ı˛ ¸øÍ¬fl¡ˆ¬±À¬ı √flË¡˜¬ıÒ«˜±Úº

b. Î¬◊¬Û¬Û±√… 16 ’Ú≈¸¬ı˛Ì fl¡À¬ı˛ Œ√‡±Ú Œ˚ [a, b] ’z¬À¬ı˛ ‘f’ ¸˜±fl¡˘… ¤¬ı— ‹ ’z¬À¬ı˛

õ∂ÀÓ¬…fl¡ ø¬ıμ≈ ‘x’ ¤¬ı˛ Ê√Ú… 

f t dt
a

x

( ) =z 0

 ˝√√À˘ ‹ ’z¬À¬ı˛ õ∂±˚˛ ¸¬ı«S f(x) = 0 ˝√√À¬ıº
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13. ÚœÀ‰¬¬ı˛ ¸œ˜±àÔ ˜±Ú·≈ø˘ øÚÌ«˚˛ fl¡¬ı˛≈Ú –

a. lim
x

t
x

x e dt
→

+
− z3

1

3

1
3

2

b. lim sin
x

x

x
tdt

x→ − z0 3
0

1
3

2

14. f x x x x( ) sin cos ,= −2 π π π
 ˚‡Ú x ≠ 0

 = 0 ˚‡Ú x = 0

Œ√‡±Ú Œ˚ [–3, 3] ’z¬À¬ı˛ f(x) ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı— ¤¬ı˛ õ∂Ó¬…¬ıfl¡˘Ê√ ’±ÀÂ√ ˚ø√› x =

0 ø¬ıμ≈ÀÓ¬ f(x) ø¬ıø26√ißº  ¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

15. ˜ÀÚ fl¡¬ı˛≈Ú

f(x) = k ˚‡Ú x ¤fl¡øÈ¬ ¬Û”Ì«¸—‡…±

= k ˚‡Ú x Œfl¡±ÀÚ± ¬Û”Ì«¸—‡…± Ú˚˛

õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ Œ˚Àfl¡±ÀÚ± ¸œ˜±¬ıX ’z¬¬ı˛ [0, b] ŒÓ¬ ’À¬Ûé¬fl¡øÈ¬ ¸˜±fl¡˘ÚÀ˚±·…º

16. dx
x1 2

1

1

+−
z  ¤¬ı˛ ˜±Ú ’±¬ÛÚ±¬ı˛± ’±À·˝◊√√ Œ¬ÛÀ˚˛ÀÂ√Úº

¤‡Ú x ¤¬ı˛ ¬Ûø¬ı˛¬ıÀÓ«¬  Ò¬ı˛À˘ ¸˜±fl¡À˘¬ı˛ ˜±Ú ¤fl¡˝◊√√ Ô±fl¡ÀÂ√ øfl¡Ú± Œ√‡≈Ú ¤¬ı— Ú± Ô±fl¡À˘

Ó¬±¬ı˛ fl¡±¬ı˛Ì ¬ı…±‡…± fl¡¬ı˛≈Úº

4.8 ¸±¬ı˛±—˙

¤˝◊√√ ¤fl¡Àfl¡¬ı˛ 4.3 ¤ ø¬ıøˆ¬iß ¸˜±fl¡À˘¬ı˛ Ò˜« Œ√›˚˛± ’±ÀÂ√º ¤Â√±Î¬ˇ± ¬Û±À¬ıÚ ≈√øÈ¬ ¸˜±fl¡˘ÚÀ˚±·…

’À¬Ûé¬Àfl¡¬ı˛ ·≈ÌÙ¬À˘¬ı˛ ¸˜±fl¡˘Ú Œ˚±·…Ó¬±¬ı˛ õ∂˜±Ìº

4.4-¤ ¬Û±À¬ıÚ fl¡˘Úø¬ı√…±¬ı˛ ˜”˘ Î¬◊¬Û¬Û±À√…¬ı˛ õ∂˜±Ìº

4.5-¤ ’¸˜Ó¬± ¸—√flË¡±z¬ øfl¡Â≈√ Î¬◊¬Û¬Û±√… ’±ÀÂ√º

’±¬ı˛ 4.6-¤ ·≈¬ı˛≈Q¬Û”Ì« ø¬ı˛˜±Ú-Œ˘À¬ıÀ·¬ı˛ Î¬◊¬Û¬Û±√… ¸•ÛÀfl«¡ ¬Ûø¬ı˛ø‰¬Ó¬ ’±ÀÂ√º

¸¬ıÀ˙À¯∏ Î¬◊√±˝√√¬ı˛Ì › ’Ú≈˙œ˘ÚœÀÓ¬ ’±¬ÛøÚ ¤˝◊√√ ¤fl¡Àfl¡¬ı˛ ¤fl¡øÈ¬ ¬Û”Ì« õ∂øÓ¬26√ø¬ı ¬Û±À¬ıÚº
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4.9 ¸—Àfl¡Ó¬¸˝√√ Î¬◊M√√¬ı˛˜±˘±

1. (a) (b), (c), (d), (e) Î¬◊√±˝√√¬ı˛Ì 1 (4.7) ¤¬ı˛ ˜Ó¬ fl¡À¬ı˛ ˆ¬±¬ı≈Úº

2. (a) Î¬◊¬Û¬Û±√…-14 ¤¬ı˛ ¸±˝√√±˚… øÚÚº

(b) ’±À·¬ı˛ Î¬◊√±˝√√¬ı˛Ì › Œ˘À¬ıÀ·¬ı˛ Î¬◊¬Û¬Û±√…ñ¤˝◊√√ ≈√øÈ¬¬ı˛ ¸±˝√√±˚… øÚÚº

(c) ¤‡±ÀÚ ‘f’ õ∂±˚˛ ¸¬ı«S ¸z¬Ó¬º ¤¬ı˛ ¸z¬Ó¬±¬ı˛ Œ¸Èƒ¬øÈ¬ Ò¬ı˛≈Ú S

¤¬ı±¬ı˛ x ∈ S ¤¬ı˛ Ê√Ú… f(x) ≥ 0 [ ¬ı±, f(x) < 0 ⇒ –f(x) > 0]

x ¤¬ı˛ ¤fl¡øÈ¬ ¸±˜œÀ¬Û… f(x) ≥ 0, ¤‡Ú ŒÔÀfl¡ ’±À·¬ı˛ ¸˜¸…± (a) ¤¬ı˛ ¸±˝√√±À˚… õ∂˜±Ì

fl¡¬ı≈̨Úº

3. x = 1 ø¬ıμ≈øÈ¬ÀÓ¬˝◊√√ ø¬ıÀ˙¯∏ˆ¬±À¬ı ŒÊ√±¬ı˛ ø√Úº

õ∂ÔÀ˜ Œ√‡±Ú x = 1 ¤ f(x) ¸z¬Ó¬º

¤¬ı±¬ı˛ Î¬◊¬Û¬Û±√…-10 Œ√‡≈Úº

4. x = 1, x = 2, x= 3, [x] ¤¬ı˛ ’¸z¬øÓ¬¬ı˛ ø¬ıμ≈S˚˛ [’¬ı˙…˝◊√√ [0, 3]-¤}

∴ [0, 3] ŒÓ¬ f(x) = [x] ¸˜±fl¡˘ÚÀ˚±·…º [¶Û©Ü–Ó¬˝◊√√ [x] [0, 3]-¤ ¸œ˜±¬ıX]

¤¬ı±¬ı˛ 

[ ] [ ] [ ] [ ]
0

3

0

1

1

2

2

3

z z z z= + +x dx x dx x dx x dx

 fl¡¬ı˛≈Úº

= 0 + 1 + 2 = 3  ∴ Î¬◊M√√¬ı˛ = 3

¸—:±Ú≈¸±À¬ı˛ F(x) = f x dx c
x

0
z +( )  ˝√√˘ f(x) ¤¬ı˛ [0, 3] ŒÓ¬ õ∂Ó¬…¬ıfl¡˘Ê√

Œ˚‡±ÀÚ x∈ [0, 3], Œ˚À˝√√Ó≈¬ x = 1, 2, 3 ŒÓ¬ ’¸z¬øÓ¬ ’±ÀÂ√ ’Ó¬¤¬ı F(x) Œfl¡ x

= 1, 2, 3-¤ ’z¬¬ı˛fl¡˘Ú fl¡¬ı˛± ˚±À¬ı Ú±º

5. (a) Î¬◊¬Û¬Û±√…-10-¤¬ı˛ ¸±˝√√±˚… øÚÚº

6. (a)—(e) ‰¬À˘¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú fl¡¬ı˛≈Úº Î¬◊√±˝√√¬ı˛ÀÌ fl¡¯∏± ’efl¡·≈ø˘ Œ√‡≈Úº ’Ô¬ı± Hardy, Courant-

¤¬ı˛ ¬ı˝◊√√ ≈√øÈ¬ ŒÔÀfl¡ ¸±˝√√±˚… øÚÚº

7. ˘é¬… fl¡¬ı˛≈Ú f(x) = x2, x ∈ [0, 1] ¸z¬Ó¬ ¤¬ı— f x x x( ) , [ , ]= ∈ 1 2  ¸z¬Ó¬º

f x dx x dx x dx
0

2
2

1

2

0

1

z zz= +( )

= + = + −1
3

2
3

1
3

2
3 8 13 2

1

2
x / c h

= + − = −1
3 1 2 8 2 1

3 4 2 1c h
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8. (i) 

= 1

(ii), (iii), (iv), (v) ¤fl¡˝◊√√ˆ¬±À¬ı øÚÀÊ√ Œ‰¬©Ü± fl¡¬ı˛≈Úº

9. Î¬◊M√√¬ı˛ – Ú±º Î¬◊√±˝√√¬ı˛Ì Thomae ’À¬Ûé¬fl¡ ’¸z¬Ó¬, øfl¡z≈¬ ¸˜±fl¡˘ÚÀ˚±·…º

10. f(x) ¤¬ı˛ ¤fl¡˜±S ’¸z¬øÓ¬ x = 0 ŒÓ¬º

Ó¬±˝◊√√ [–1, 1]-¤ Œ˘À¬ı· Î¬◊¬Û¬Û±√…Ú≈¸±À¬ı˛ f(x) ¸˜±fl¡˘ÚÀ˚±·…º

x = 0 ¤fl¡øÈ¬ ’¸z¬øÓ¬¬ı˛ ¤¬ı˛ õ∂Ó¬…¬ıfl¡˘Ê√ ŒÚ˝◊√√ ([–1, 1]-¤]

11. ¤fl¡fl¡-4 ¤¬ı˛ ëõ∂Ó¬…¬ıfl¡˘Ê√í ¤¬ı˛ ¬ÛÀ¬ı˛¬ı˛ Î¬◊√±˝√√¬ı˛ÌøÈ¬ Œ√‡≈Úº

12. (a) x > y-¤¬ı˛ Ê√Ú… F(x) > F(y) ¬ı±, F(x) – F(y) > 0 Œ√‡±Úº

 (b > x > y > a)

’Ô«±» f t dx
y

x

( ) >z 0

¤¬ı±¬ı˛ Î¬◊¬Û¬Û±√…-14 [¤fl¡fl¡-4] ¤¬ı˛ ¸±˝√√±À˚… ¤øÈ¬ Œ√‡±ÀÚ± Œ‰¬©Ü± fl¡¬ı˛≈Úº

13. (a) Î¬◊– e 10  [˘íø¬ÛÓ¬±¬ı˛ ¸”S]

(b) (a)-¤¬ı˛ ˜Ó¬ fl¡À¬ı˛ ˆ¬±¬ı≈Úº

14. ¤fl¡fl¡-4 ¤¬ı˛ õ∂Ó¬…¬ıfl¡˘Ê√ ¤¬ı˛ ¸—:±¬ı˛ ¬ÛÀ¬ı˛ Œ√›˚˛± Î¬◊√±˝√√¬ı˛ÌøÈ¬ ˘é¬… fl¡¬ı˛≈Úº

[–3, 3] ŒÓ¬ f(x) ¸œ˜±¬ıX ¤¬ı— x = 0 ŒÓ¬˝◊√√ ¤¬ı˛ ¤fl¡˜±S ’ÚÚ…Qº

∴ f(x) ¸˜±fl¡˘ÚÀ˚±·….

15. ˘é¬… fl¡¬ı˛≈Ú ¬Û”Ì«¸—‡…±¬ı˛ Œ¸ÀÈ¬¬ı˛ ¬Ûø¬ı˛˜±¬Û ¸¬ı¸˜˚˛˝◊√√ ˙”Ú…º

16. ¤‡±ÀÚ 0 ∈ [–1, 1]

Ó¬±˝◊√√  ø¬ıμ≈ÀÓ¬ ’¸—:±Ó¬ › ’z¬¬ı˛fl¡˘ÚÀ˚±·… Ú˚˛º

4.10 ¸˝√√±˚˛fl¡ ¢∂&Ô

1. G.H. Hardy : A course in Pure mathematics (10th edition, Cambridge
University Press)

2. T.M. Apostol : Mathematical Analysis (2nd edition, Narosa)
3. R. Couraud, H. Robbins, I. Stewart : What is mathematics ? (2nd edition,

Oxford University Press)
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¤fl¡fl¡ 5 ¬ø¬ı̨˜±Ú ¸˜±fl¡À˘¬ı̨ ˜Ò…˜±Ú ¸—√flË¡±z¬ Î¬◊¬Û¬Û±√…¸ ”̋̃ √√

·Í¬Ú

5.1 õ∂d¬±¬ıÚ±

5.2 Î¬◊ÀV˙…

5.3 õ∂±¸øe·fl¡ Ò±¬ı˛Ì±¸˜”˝√√

5.4 ¸˜±fl¡˘Úø¬ı√…±¬ı˛ õ∂Ô˜ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√…

5.5 ø¡ZÓ¬œ˚˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√…

5.6 ¸±¬ı˛±—˙

5.7 ¸—Àfl¡Ó¬ ¸˝√√ ’Ú≈˙œ˘Úœ¬ı˛ Î¬◊M√√¬ı˛˜±˘±

5.8 ¸˝√√±˚˛fl¡ ¢∂&Ô

5.1 õ∂d¬±¬ıÚ±

¤¬ı˛ ’±À· ’¬ıfl¡˘Ú ø¬ı√…±˚˛ ’±¬ÛÚ±¬ı˛± øÚ(˚˛˝◊√√ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√… Œ¬ÛÀ˚˛ÀÂ√Ú, Œ˚˜Úñ˘±¢∂±À?¬ı˛

˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√… ¤¬ı— ŒÈ¬˘À¬ı˛¬ı˛ Î¬◊¬Û¬Û±√… ¬˚± ŒÔÀfl¡ Œfl¡±ÀÚ± ’À¬Ûé¬Àfl¡¬ı˛ ¸¸œ˜ ’±fl¡±À¬ı˛ ŒÈ¬˘¬ı˛

Œ|ÌœÀÓ¬ ø¬ıd‘¬øÓ¬ ¬Û±›˚˛± ˚±˚˛º øÍ¬fl¡ ŒÓ¬˜øÚ ¸˜±fl¡˘Úø¬ı√…±¬ı˛ fl¡À˚˛fl¡øÈ¬ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√… ’±˜¬ı˛±

’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

5.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡fl¡øÈ¬ ¬Û±Í¬ fl¡À¬ı˛ ’±¬ÛøÚñ

(i) Œfl¡±ÀÚ± ¸˜±fl¡À˘¬ı˛ ˜±Ú ¸•Û”Ì« øÚÌ«˚˛ Ú± fl¡À¬ı˛› Ó¬±¬ı˛ ÿÒ«¸œ˜± › øÚ•ß¸œ˜± øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬

¬Û±¬ı˛À¬ıÚº

(ii) ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı ≈√˝◊√√øÈ¬ ¸˜±fl¡˘ÚÀ˚±·… ’À¬Ûé¬Àfl¡¬ı˛ ·≈ÌÙ¬À˘¬ı˛ ¸˜±fl¡˘Àfl¡ ¤fl¡øÈ¬ ’À¬Ûé¬Àfl¡¬ı˛

¸˜±fl¡À˘¬ı˛ ¸±À¬ÛÀé¬ õ∂fl¡±˙ fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚº
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5.3 õ∂±¸øe·fl¡ Ò±¬ı˛Ì±¸˜”˝√√

’±¬ÛÚ±¬ı˛± Ê√±ÀÚÚ Œ˚ øÚø«√©Ü ¸œ˜±¬ı˛ ˜ÀÒ… ¤fl¡øÈ¬ ¸˜±fl¡À˘¬ı˛ ˜±Ú ¤fl¡øÈ¬ ø¬ıÀ˙¯∏ Œé¬SÙ¬À˘¬ı˛ ˜±ÚÀfl¡

õ∂fl¡±˙ fl¡À¬ı˛º ¤˝◊√√ Œé¬SøÈ¬Àfl¡ ˚ø√ ’±˚˛Ó¬±fl¡±¬ı˛ Œé¬S ø˝√√¸±À¬ı ·Ì… fl¡À¬ı˛Ú ˚±¬ı˛ ¤fl¡øÈ¬ ¬ı±˝≈√√ x-’Àé¬¬ı˛ Î¬◊¬Û¬ı˛

¸˜±fl¡À˘¬ı˛ øÚø«√©Ü ¸œ˜±¬ı˛ ˜ÀÒ… ’¬ıøàÔÓ¬ ¤¬ı— ’¬Û¬ı˛ ¬ı±˝≈√√øÈ¬ y-’Àé¬¬ı˛ ø√Àfl¡, Ó¬À¬ı y-’Àé¬¬ı˛ ¸˜±z¬¬ı˛±˘

¬ı±˝≈√√¬ı˛ Δ√‚«…øÈ¬˝◊√√ ¸˜±fl¡À˘¬ı˛ ’À¬Ûé¬Àfl¡¬ı˛ ˜Ò…˜˜±Úº

15.4 ¸˜±fl¡˘Úø¬ı√…±¬ı˛ õ∂Ô˜ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√…

‘f’ › ‘g’ ≈√øÈ¬ ’À¬Ûé¬fl¡ [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…º M › m ˚ø√ ‹ ’z¬À¬ı˛ ‘f’ ¤¬ı˛ ˚Ô±√flË¡À˜

˘. ÿ. ¸œ › ·. øÚ. ¸œ ˝√√˚˛ ¤¬ı— ‹ ’z¬À¬ı˛ ‘g’ ¤¬ı˛ ø‰¬À˝ê¬ı˛ ˚ø√ Œfl¡±ÀÚ± ¬Ûø¬ı˛¬ıÓ«¬Ú Ú± ‚ÀÈ¬ Ó¬À¬ı

¤˜Ú ¤fl¡øÈ¬ ¬ı±d¬¬ı ¸—‡…± μ ¬Û±›˚˛± ˚±À¬ı ˚±ÀÓ¬ñ

f x g x dx g x dx
a

b

a

b

( ) ( ) ( )= zz μ

õ∂˜±Ì – Œ˚À˝√√Ó≈¬ [a, b] ’z¬À¬ı˛ ‘f’ › ‘g’ Î¬◊ˆ¬À˚˛˝◊√√ ¸˜±fl¡˘ÚÀ˚±·… ¤À√¬ı˛ ·≈ÌÙ¬˘ ‘fg’ ’À¬Ûé¬fl¡øÈ¬›

‹ ’z¬À¬ı˛ ¸˜±fl¡˘ÚÀ˚±·…º Œ˚À˝√√Ó≈¬ g(x) ¤¬ı˛ ø‰¬˝ê ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬, õ∂˜±ÀÌ¬ı˛ ¸≈ø¬ıÒ±¬ı˛ Ê√Ú… ÒÀ¬ı˛ øÚÚº

g(x) ≥ 0, ∀ x ∈ [a, b]  [˚ø√ g(x) < 0 ˝√√˚˛ Ó¬±˝√√À˘ –g(x) ÒÀ¬ı˛ õ∂˜±ÌøÈ¬ ¤fl¡˝◊√√ ¬ı˛fl¡˜

˝√√À¬ı ]
P : (a = x0 < x1 < ... < xn = b) ˚ø√ [a, b] ’z¬À¬ı˛¬ı˛ Œ˚Àfl¡±ÀÚ± ø¬ıˆ¬±Ê√Ú ˝√√˚˛ ¤¬ı—

ξr r rx x∈ −[ , ]1  Ó¬±˝√√À˘ 

’Ô¬ı±,

’Ô¬ı±, 

¤‡Ú || P || → 0 fl¡¬ı˛À˘ √±À¬ı«±¬ı˛ Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛ ¬Û±›˚˛± ˚±À¬ı

.

Œ˚‡±ÀÚ m ŒÔÀfl¡ M ¤¬ı˛ ˜ÀÒ… μ ¤fl¡øÈ¬ øÚø«√©Ü ¸—‡…±º
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È¬œfl¡± – g x dx
a

b

( ) =z 0 √̋√À˘  f x g x dx
a

b

( ) ( )z  ¤¬ı̨ ˜±Ú› ”̇Ú… √̋√À¬ıº Ó¬‡Ú ¤øÈ¬ μ ¤¬ı̨ Î¬◊¬Û¬ı̨ øÚ «̂¬¬ı̨

fl¡¬ı̨À¬ı Ú± ’Ô«±» μ ¤¬ı˛ m ŒÔÀfl¡ M ¬Û «̊…z¬ (m ≤ μ ≤ M) ¸fl¡˘ ¬ı±d¬¬ı ˜±ÀÚ¬ı̨ Ê√Ú… Î¬◊¬Û¬Û±√…øÈ¬ ¸Ó¬…º

’Ú≈ø¸X±z¬ñ1 : Î¬◊¬Û¬Û±À√… ˚± ˚± ˙Ó«¬ ’±À¬ı˛±¬Û fl¡¬ı˛± ˝√√À˚˛ÀÂ√ Ó¬± Â√±Î¬ˇ±› ˚ø√ [a, b] ’z¬À¬ı˛

‘f’ ’ø¬ıø26√iß ˝√√˚˛ Ó¬À¬ı ‹ ’z¬À¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ø¬ıμ≈ ξ ¬Û±›˚˛± ˚±À¬ı ˚±ÀÓ¬ μ = f(ξ) ˝√√À¬ı .... [ ’ø¬ıø26√iß

’À¬Ûé¬Àfl¡¬ı˛ Ò˜«±Ú≈¸±À¬ı˛ ] ¸≈Ó¬¬ı˛±— Ó¬‡Ú ¸•Ûfl«¡øÈ¬ √“√±Î¬ˇ±˚˛

f x g x dx f g x dx
a

b

a

b

( ) ( ) ( ) ( )= zz ξ

’Ú≈ø¸X±z¬ñ2 : [a, b] ’z¬À¬ı˛ ‘f’ ˚ø√ ¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛ Ó¬À¬ı ‘f’ ¤¬ı˛ ¸œ˜±¡ZÀ˚˛¬ı˛ ˜ÀÒ… ¤˜Ú

¤fl¡øÈ¬ ¸—‡…± ‘μ’ ¬Û±›˚˛± ˚±À¬ı Œ˚,

f x dx b a
a

b

( ) ( )= −z μ

¤‡±ÀÚ› ’±¬ı±¬ı˛ ˚ø√ ‘f’ ’ø¬ıø26√iß ˝√√˚˛ Ó¬À¬ı ¤˜Ú ¤fl¡øÈ¬ ø¬ıμ≈ ξ ∈ [a, b] ¬Û±›˚˛± ˚±À¬ı Œ˚

f x dx b a f
a

b

( ) ( ) ( )z = − ξ

õ∂±¸øe·fl¡ Ò±¬ı˛Ì± ’Ú≈˚±˚˛œ ¤˝◊√√ ‘μ’ ¬ı± ‘f(ξ)í ¸˜±fl¡À˘¬ı˛ ’À¬Ûé¬fl¡ ‘f(x)’ ¤¬ı˛ ˜Ò…˜˜±Úº

5.5 ø¡ZÓ¬œ˚˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√…

¤˝◊√√ Î¬◊¬Û¬Û±√… øÚÀ˚˛ ’±À˘±‰¬Ú±¬ı˛ Ê√Ú… ’±¬ÛÚ±À√¬ı˛ ¤fl¡øÈ¬ ø¬ıÀ˙¯∏ ’¸˜Ó¬± Ê√±Ú± õ∂À˚˛±Ê√Úº ¤˝◊√√

’¸˜Ó¬±øÈ¬¬ı˛ Ú±˜ ’±À¬ıÀ˘¬ı˛ õ∂øÓ¬:±º ’±˜¬ı˛± õ∂Ô˜ ¤˝◊√√ ’±À¬ıÀ˘¬ı˛ õ∂øÓ¬:±øÈ¬˝◊√√ õ∂˜±Ì fl¡¬ı˛¬ıº

’±À¬ıÀ˘¬ı˛ õ∂øÓ¬:±ñ

{a1, a2, ... an} › {v1, v2, ..., vn} ˚ø√ ≈√øÈ¬ ¸¸œ˜ ¬ı±d¬¬ı ¸—‡…±¬ı˛ Œ¸È¬ ˝√√˚˛ ˚± ÚœÀ‰¬¬ı˛ ¤˝◊√√

˙Ó«¬·≈ø˘Àfl¡ ¬Û”¬ı˛Ì fl¡À¬ı˛ñ

(i) a1 ≥ a2 ≥ a3 ≥ ... an ≥ 0
¤¬ı— (ii) A › B ¤˜Ú ≈√øÈ¬ ¬ı±d¬¬ı ¸—‡…± Œ˚

A ≤ v1 + v2 + ... vp ≤ B (p = 1, 2, ... n)
Ó¬±˝√√À˘ Aa1 ≤ a1v1 + a2v2 + ... + anvn ≤ Ba1 ˝√√À¬ıº

õ∂˜±Ì – ˜ÀÚ fl¡¬ı˛≈Ú Sp = v1 + v2 + ... + vp (p = 1, 2, ... n) Ó¬±˝√√À˘ v1 = s1

v2 = s2 – s1, v3 = s3 – s2 ... ¤¬ı— vn = sn – sn–1
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’±¬ı±¬ı˛, S = a1v1 = a2v2 + ... + anvn

= a1s1 + a2(s2 – s1) + ... + an(sn – sn–1)
= s1(a1 – a2) + s2(a2 – a3) + ... +
   sn–1 (an–1 – an) + snan.

õ∂√M√√ ˙Ó«¬·≈ø˘¬ı˛ õ∂Ô˜øÈ¬ ŒÔÀfl¡ ¬ı˘± ˚±˚˛ ¤˝◊√√ ¬ı˛±ø˙øÈ¬ ’Ÿ¬Ì±Rfl¡ ¤¬ı— Œ˚À˝√√Ó≈¬ p = 1, 2, ...,
n õ∂ˆ‘¬øÓ¬ ¸fl¡˘ ˜±ÀÚ¬ı˛ Ê√Ú…

A ≤ SP ≤ B
’Ó¬¤¬ı, S ≥ A[(a1 – a2) + (a2 – a3) + ... (an–1 – an) + an]

≥ Aa1.
’Ú≈¬ı˛”¬Ûˆ¬±À¬ı, S ≥ B[(a1 – a2) + (a2 – a3) + ... (an–1 – an) + an]

≥ Ba1.
Î¬◊ø~ø‡Ó¬ ≈√øÈ¬ ’¸˜œfl¡¬ı˛ÌÀfl¡ ¤fl¡¸±ÀÔ Œ˘‡± ˚±˚˛

Aa1 ≤ S ≤ Ba1

’Ô«±», Aa1 ≤ a1v1 + a2v2 + ... + anvn ≤ Ba1

¤¬ı±¬ı˛ ø¡ZÓ¬œ˚˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√…øÈ¬ õ∂˜±Ì fl¡¬ı˛± ˝√√À¬ıº

ø¬ı¬ı‘øÓ¬ñ[a, b] ’z¬À¬ı˛ ’À¬Ûé¬fl¡ ‘f’ ˚ø√ ¸˜±fl¡˘… ¤¬ı— ‘g’ ˚ø√ √flË¡˜˜±Ú ˝√√˚˛ Ó¬±˝√√À˘ ‹ ’z¬À¬ı˛

¤˜Ú ¤fl¡øÈ¬ ø¬ıμ≈ ξ ¬Û±›˚˛± ˚±À¬ı ˚±¬ı˛ Ê√Ú…

f x g x dx g a f x dx g b f x dx
a

b

a

b

( ) ( ) ( ) ( ) ( ) ( )= +z z z
ξ

ξ
õ∂ÔÀ˜, Ò¬ı˛± ˚±fl¡ [a, b] ’z¬À¬ı˛ φ ¤fl¡øÈ¬√ flË¡˜˝√}√√±¸˜±Ú ’Ÿ¬Ì±Rfl¡ ’À¬Ûé¬fl¡º Ó¬±˝√√À˘ ‹ ’z¬À¬ı˛

fφ ’À¬Ûé¬fl¡øÈ¬ ’¬ı˙…˝◊√√ ¸˜±fl¡˘… ˝√√À¬ıº

Ò¬ı˛≈Ú (P : a = x0 < x1 < ..... < xn = b) [a, b] ’z¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ø¬ıˆ¬±Ê√Ú ξr,
[xr – 1, xr] Î¬◊¬Û±z¬À¬ı˛ ¤fl¡øÈ¬ Œ˚ Œfl¡±ÀÚ± ø¬ıμ≈ ¤¬ı— ξ1 = a

Mr › mr ˚ø√ ‹ Î¬◊¬Û±z¬À¬ı˛ ‘f’ ¤¬ı˛ ˚Ô±√flË¡À˜ ˘.ÿ.¸œ › ·.øÌ.¸œ ˝√√˚˛ Ó¬À¬ı

mr ≤ f(x) ≤ Mr, ∀x∈[xr – 1, xr]

’Ô«±» mr (xr – xr – 1) ≤ f x dx M x x
x

x

r r r
r

r

( ) ( )
−

z ≤ − −
1

1

r = 1, 2, ..... μ(μ < n) õ∂ˆ‘¬øÓ¬ ˜±ÀÚ¬ı˛ Ê√Ú… ¸˜ø©Ü fl¡À¬ı˛ ¬Û±˝◊√√

m x x f x dx M x xr r r
r a

x

r r r
r

( ) ( ) ( )− ≤ ≤ −−
=

−
=

∑ z ∑1
1

1
1

μ μμ

... (1)

’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬

mr ≤ f(ξr) ≤ Mr
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m x x f x x M x xr r r
r

r r r
r

r r r
r

( ) ( )( ) ( )− ≤ − −−
=

−
=

−
=

∑ ∑ ∑1
1

1
1

1
1

μ μ μ
ξ ... (2)

(1) › (2) ’¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬Û±˝◊√√,

f x dx f r x xr r
r

( ) ( )( )
0

1
1

μ

ξ
μ

z ∑− − −
=

≤ − − ≤ − −−
=

−
=

∑ ∑( )( ) ( )( )M m x x M m x xr r r r
r

r r r r
r

n

1
1

1
1

μ

= σP Ò¬ı˛≈Ú

’Ô«±» 

f x dx f x x
a

r r r
r

P( ) ( )( )
μ

ξ σ
μ

z ∑− − ≤−
=

1
1

’Ô«±» f x dx f x x
a

P r r r
r

( ) ( )( )
μ

σ ξ
μ

z ∑− ≤ − −
=

1
1

≤ +z f x dx
a

x

P

p

( ) σ ...(3)

¤‡Ú ‘f’ Œ˚À˝√√Ó≈¬ [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘…, f x dx
a

x

( )z  ¤fl¡øÈ¬ ’ø¬ıø26√iß ’À¬Ûé¬fl¡, fl¡±ÀÊ√˝◊√√

[a, b] ¸œ˜±¬ıXº ˜ÀÚ fl¡¬ı˛≈Ú A › B ˚Ô±√flË¡À˜ 

f x dx
a

x

( )z

 ·.øÌ.¸œ › ˘.ÿ.¸œ Ó¬±˝√√À˘ (3) Ú— ’¸˜œfl¡¬ı˛Ì

ŒÔÀfl¡ ¬Û±˝◊√√

A – σp ≤ 

f x x Br r r
r

P( )( )ξ σ
μ

− ≤ +−
=
∑ 1

1

Ò¬ı˛≈Ú ar = φ(ξr) ¤¬ı— vr = f(ξr) (xr – xr – 1)
Ó¬±˝√√À˘ a1 ≥ a2 ≥ a3 ≥ ...... ≥ an ≥ 0.
¤¬ı— A – σp ≤ v1 + v2 + ..... + vμ ≤ B + σp, μ = 1, 2 ...... n.
¸≈Ó¬¬ı˛±— ’±À¬ıÀ˘¬ı˛ õ∂øÓ¬:± ’Ú≈¸±À¬ı˛ ¬Û±˝◊√√

(A – σp) a1 ≤ a1v1 + a2v2 + ... + anvn.
≤ (B + σp) a1
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’Ô«±» (A – σp) φ(a) ≤ 

≤ (B + σp) φ(a)

¤‡Ú Œ˚À˝√√Ó≈¬ [a, b] ’z¬À¬ı˛ f › fφ ¸˜±fl¡˘…

’Ô«±» Aφ(a) ≤ f
a

b

z (x) φ (x) dx ≤ Bφ(a) [ σP → 0 ˚‡Ú || p || → 0]

∴ (x) φ(x) dx = λφ(a)

Œ˚‡±ÀÚ A ≤ λ ≤ B

Œ˚À˝√√Ó≈¬ [a, b] ’z¬À¬ı˛ (x) dx ’ø¬ıø26√iß ’Ó¬¤¬ı ¤˜Ú ¤fl¡øÈ¬ ø¬ıμ≈ ‘ξ’ ¬Û±›˚˛± ˚±À¬ı ˚±ÀÓ¬

.

∴ f x x dx a f x dx
a a

ξ ξ
φ φz z=( ) ( ) ( ) ( ) ... (4)

¤øÈ¬ ˝√√˘ ¬ıÀÚÀÈ¬¬ı˛ ø¡ZÓ¬œ˚˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√…º

¤‡Ú Ò¬ı˛≈Ú [a, b] ’z¬À¬ı˛ g, √flË¡˜˝√}√√±¸˜±Úº [a, b] ’z¬À¬ı˛ õ∂ÀÓ¬…fl¡ ø¬ıμ≈ ‘x’ ¤¬ı˛ Ê√Ú… φ ’À¬Ûé¬fl¡øÈ¬Àfl¡

˚ø√ ¤ˆ¬±À¬ı ¸—:±ø˚˛Ó¬ fl¡¬ı˛± ˚±˚˛

φ(x) = g(x) – g(b)
Ó¬±˝√√À˘ φ √flË¡˜˝√}√√±¸˜±Ú › ’Ÿ¬Ì±Rfl¡ ’À¬Ûé¬fl¡ ˝√√˚˛º

’Ó¬¤¬ı ¸˜œfl¡¬ı˛Ì (4) ¬ı…¬ı˝√√±¬ı˛ fl¡¬ı˛À˘, ¬ı˘ÀÓ¬ ¬Û±À¬ı˛Ú,

f x x dx a f x dx
a

b

a
z z=( ) ( ) ( ) ( )φ φ

ξ

’Ô«±» .

’Ô¬ı± .
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’Ô¬ı± 

f x g x dx g a f x dx g b f x dx
a

b

a

b

z z z= +( ) ( ) ( ) ( ) ( ) ( )
ξ

ξ

Ó¬±˝√√À˘ ‘g’ ’À¬Ûé¬fl¡øÈ¬Àfl¡ √flË¡˜˝√}√√±¸˜±Ú ÒÀ¬ı˛ ø¡ZÓ¬œ˚˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±À√…¬ı˛ ¸Ó¬…Ó¬± õ∂˜±øÌÓ¬ ˝√√˘º

øfl¡z≈¬ Î¬◊¬Û¬Û±À√…¬ı˛ ø¬ı¬ı‘øÓ¬ÀÓ¬ ¬ı˘± ’±ÀÂ√ Œ˚ g(x) √flË¡˜˜±Ú ˝√√À˘˝◊√√ Î¬◊¬Û¬Û±√…øÈ¬ ¸Ó¬… ˝√√À¬ıº fl¡±ÀÊ√˝◊√√ ¤‡Ú

Ò¬ı˛≈Ú [a, b] ’z¬À¬ı˛ g(x) √flË¡˜¬ıÒ«˜±Úº Ó¬±˝√√À˘ ‹ ’z¬À¬ı˛ g(x) √flË¡˜˝√}√√±¸˜±Úº

¸≈Ó¬¬ı˛±— ’±À·¬ı˛ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬ı˘ÀÓ¬ ¬Û±À¬ı˛Ú

   f x g x dx g a f x dx g b f x dx
a

b

a

b

z z z− = − + −( )[ ( )] [ ( ) ( ) [ ( )] ( )
ξ

ξ

¬ı±, f x g x dx g a f x dx g b f x dx
a

b

a

b

z z z= +( ) ( ) ( ) ( ) ( ) ( )
ξ

ξ

¤˝◊√√ ¸˜œfl¡¬ı˛ÌøÈ¬˝◊√√ ˆ¬±˚˛±¬ı˛©Ü™±À¸¬ı˛ ø¡ZÓ¬œ˚˛ ˜Ò…˜±Ú Î¬◊¬Û¬Û±√… Ú±À˜ ¬Ûø¬ı˛ø‰¬Ó¬º

Î¬◊√± √̋√¬ı˛Ì-1.

[–1, 1] ’z¬À¬ı˛ xex ¤¬ı˛ Ê√Ú… ¸˜±fl¡˘ÀÚ¬ı˛ õ∂Ô˜ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±À√…¬ı˛ ¸Ó¬…Ó¬± õ∂˜±Ì fl¡¬ı˛≈Úº

¸˜±Ò±Ú –

˜ÀÚ fl¡¬ı˛≈Ú

¤¬ı— 

f x x
g x e

xx
( )

( )
[ , ]

=
=
UVW ∈ −1 1

’Ó¬¤¬ı ≈√øÈ¬ ’À¬Ûé¬fl¡˝◊√√ ¸z¬Ó¬ fl¡±ÀÊ√˝◊√√ ¸˜±fl¡˘Ú Œ˚±·…º ‘f’ ¤¬ı˛ ÿÒ« › øÚ•ß¸œ˜± ˝√√˘ ˚Ô±√flË¡À˜

1 › –1

¤‡Ú xe dx xe ex x x

1

1

1

1z = −
−

= −
−

( )x ex1
1

1

= 2
e

’±¬ı±¬ı˛ 

e dx e e e
x x

−
−z = = −

1

1

1

1 1

õ∂Ô˜ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ¬ı±d¬¬ı ¸—‡…± ξ ¬Û±›˚˛± ˚±À¬ı ˚±ÀÓ¬

xe dx e dxx x

− −
z z=
1

1

1

1

ξ  ˝√√˚˛
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’Ô«±» 
2 1 12
e e e e e= − = −ξ ξe j ( )

¬ı±, ξ =
−

2
12e

’±¬ÛÚ±¬ı˛± øÚ(˚˛ Ê√±ÀÚÚ ‘e’ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¸—‡…± ˚±¬ı˛ ˜±Ú 2 ¤¬ı˛ Œ‰¬À˚˛ ¬¬ıÎ¬ˇ

∴ e2 > 4.

¬ı±, e2 – 1 > 3 > 0

∴

fl¡±ÀÊ√˝◊√√ 0 2
1

12< =
−

<ξ
e

’Ô«±» – 1 < ξ < 1.

fl¡±ÀÊ√˝◊√√ Î¬◊¬ÛÀ¬ı˛±q¡ ≈√øÈ¬ ’À¬Ûé¬Àfl¡¬ı˛ Ê√Ú… õ∂Ô˜ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±À√…¬ı˛ ¸Ó¬…Ó¬± õ∂˜±Ì ˝√√˘º

Î¬◊√± √̋√¬ı˛Ì-2.

˚ø√ 0 < a < b Ó¬À¬ı Œ√‡±Ú Œ˚

Œ˚À˝√√Ó≈¬ 
1
x  ¤fl¡øÈ¬√ √flË¡˜˝√}√√±¸˜±Ú ’À¬Ûé¬fl¡ ¤¬ı— sin x [a, b] ’z¬À¬ı˛ ¸˜±fl¡˘… ’Ó¬¤¬ı ¬ıÀÚÈ¬ ’±fl¡±À¬ı˛

ø¡ZÓ¬œ˚˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛ñ

∴ 
sin | cos cos | [| cos | | cos | ]x

x dx a a a a
a

b

z = − ≤ +1 1ξ ξ

≤ 2/a.
Î¬◊√± √̋√¬ı˛Ì-3
[π, 2π] ’z¬À¬ı˛ x sin x ¤¬ı˛ Ê√Ú… Î¬±˚˛±¬ı˛©Ü™±À¸¬ı˛ ø¡ZÓ¬œ˚˛ ˜Ò…˜±Ú Î¬◊¬Û¬Û±À√…¬ı˛ ¸Ó¬…Ó¬± õ∂˜±Ì fl¡¬ı˛≈Úº

¸˜±Ò±Ú –

˜ÀÚ fl¡¬ı˛≈Ú f(x) = sin x, g(x) = x, x∈ [π, 2π]
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Ó¬±˝√√À˘ [π, 2π] ’z¬À¬ı˛ g(x) ¤fl¡øÈ¬ √flË¡˜˜±Ú ’À¬Ûé¬fl¡ ¤¬ı— f(x) ‹ ’z¬À¬ı˛ ¸˜±fl¡˘…º

’Ó¬¤¬ı ¬Î¬±˚˛±¬ı˛©Ü™±À¸¬ı˛ ø¡ZÓ¬œ˚˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±À√…¬ı˛ ¸fl¡˘ ˙Ó«¬˝◊√√ ¬Û”¬ı˛Ì ˝√√À26√º

¤‡Ú x x dx x x x dxsin [ cos ] cos
π

π

π
π

π

π2
2

2

z z= − +

= − − = − =
L
NM

O
QPz2 3 0

2

π π π
π

π
∵ cos x dx

’±¬ı±¬ı˛ g f x dx g f x dx( ) ( ) ( ) ( )π π
π

ξ

ξ

π

z z+ 2
2

.

= +z zπ π
π

ξ

ξ

π
sin sinxdx x dx2

2

.

= π (cos π – cos ξ) + 2π (cos ξ – cos 2π)

= – π – 2π + π cos ξ = – 3π + π cos ξ

ø¡ZÓ¬œ˚˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛

x x dx x dx x dxsin sin sin
π

π

π

ξ

ξ

π
π π

2 2

2z z z= +

’Ô«±» – 3π = – 3π + π cos ξ

¤øÈ¬ Ó¬‡Ú ¸y¬¬ı ˚ø√ ξ π π π= + =2
3
2  ˝√√˚˛º

fl¡±ÀÊ√˝◊√√ [π, 2π] ’z¬À¬ı˛ ξ ¤¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ˜±Ú ’±ÀÂ√ ˚±¬ı˛ Ê√Ú… Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸˜œfl¡¬ı˛ÌøÈ¬ ¸Ó¬…º

’Ú≈˙œ˘Úœ

1. ¸˜±fl¡À˘¬ı˛ õ∂Ô˜ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±À√…¬ı˛ ¸±˝√√±À˚… Œ√‡±Ú Œ˚

(i) 

x
x1 +

 < log (1 + x) < x, x > 0

(ii) 

x x
x

x< − < −log ,1
1 1

 0 < x < 1
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2.  ’z¬À¬ı˛ x2 cos x ¤¬ı˛ Ê√Ú… ¬ıÀÚÀÈ¬¬ı˛ ø¡ZÓ¬œ˚˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√… øfl¡ ø¸X ˝√√˚˛∑

Î¬◊M√√À¬ı˛¬ı˛ ¸˜Ô«ÀÚ ˚≈øq¡ Œ√‡±Úº

3. ˚ø√ [a, b] ’z¬À¬ı˛ f(x) = 2x + k ˝√√˚˛ Œ˚‡±ÀÚ ‘k’ ¤fl¡øÈ¬ ÒË≈¬ıfl¡ Ó¬À¬ı

f x dx
a

b

( )z  = (b – a) f(a + θ(b – a))

¤˝◊√√ ¸•Ûfl«¡øÈ¬ ŒÔÀfl¡ ‘θ’-¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛º

4. ˜ÀÚ fl¡¬ı˛≈Ú ‘k’ ¤fl¡øÈ¬ ¬ı±d¬¬ı¸—‡…± ˚±ÀÓ¬ 0 < k2 < 1 ˝√√˚˛, õ∂Ô˜ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±À√…¬ı˛

¸±˝√√±À˚… Œ√‡±Ú Œ˚

¤ ŒÔÀfl¡ õ∂˜±Ì fl¡¬ı˛≈Ú

π π
6 1 1 3

1

42 2 2
0

1 2

2
≤

− −
≤

−
z dx

x k x k( )( )
.

/

5. ˆ¬±˚˛±¬ı˛©Ü™±¸ ’±fl¡±À¬ı˛ ø¡ZÓ¬œ˚˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√… ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ Œ√‡±Ú Œ˚ñ

6. ¸˜±fl¡˘ÀÚ¬ı˛ ¸±˝√√±À˚… õ∂√M√√ ’z¬À¬ı˛ ÚœÀ‰¬¬ı˛ ’À¬Ûé¬fl¡·≈ø˘¬ı˛ ˜Ò…˜˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú – [a, b

≠ 0]

(i) f(x) = a + b cos x : – π ≤ x ≤ π

(ii) f(x) = x2  : 0 ≤ x ≤ 1

5.6 ¬¸±¬ı˛±—˙

¤‡±ÀÚ 5.4-¤ ¸˜±fl¡˘Úø¬ı√…±¬ı˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√… Œ√›˚˛± ˝√√˘º 5.5-¤ ’±ÀÂ√ ø¡ZÓ¬œ˚˛ ˜Ò…˜˜±Ú

Î¬◊¬Û¬Û±√…º ¤¬ı˛ ≈√øÈ¬ ·Í¬Ú ˆ¬±˚˛±¬ı˛à√∏C±¸ › ¬ıÀÚÈ¬ ’±¬ÛÚ±¬ı˛± ¤ÀÓ¬ ¬Û±À¬ıÚº
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5.7 ¬¸—Àfl¡Ó¬¸˝√√ ’Ú≈˙œ˘Úœ¬ı˛ Î¬◊M√√¬ı˛˜±˘±

2. Î¬◊M√√¬ı˛  . − π π
2 2,  ’z¬À¬ı˛ x2 › cos x Î¬◊ˆ¬˚˛ ’¬ÛÀé¬fl¡˝◊√√ ’ø¬ıø26√iß fl¡±ÀÊ√˝◊√√ ¸˜±fl¡˘…º øfl¡z≈¬

Œfl¡±Ú ’À¬Ûé¬fl¡˝◊√√ √flË¡˜˜±Ú Ú˚˛º ¬ıÀÚÀÈ¬¬ı˛ Î¬◊¬Û¬Û±À√…¬ı˛ Ê√Ú… ¤fl¡øÈ¬ ’À¬Ûé¬fl¡ √flË¡˜˝√}√√±¸˜±Ú ˝√√›˚˛±

√¬ı˛fl¡±¬ı˛º

∴ ¬ıÀÚÀÈ¬¬ı˛ ø¡ZÓ¬œ˚˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√… ¤Àé¬ÀS õ∂À˚±Ê√… Ú˚˛º

3. θ = 1
2

4. õ∂Ô˜ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√…øÈ¬ ¬ÛÎ¬ˇ√√≈Úº ¤¬ı±¬ı˛ Œ‰¬©Ü± fl¡¬ı˛≈Úº

5. Î¬◊√±˝√√¬ı˛Ì-2 [¤fl¡fl¡-5)-¤¬ı˛ ˜Ó¬ fl¡À¬ı˛ ˆ¬±¬ı≈Úº

6. (i) μ = a = f 

± π
2e j

(ii) 

μ = = FHG
I
KJ

1
3

1
3

f 5.8 ¬¸˝√√±˚˛fl¡ ¢∂&Ô

1. S.M. Nikolskii : A course in mathematical analysis, Vol-I (Mir Publisher,
Moscow)
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¤fl¡fl¡ 6 ¬¬ı˝≈√√‰¬˘ ’À¬Ûé¬Àfl¡¬ı˛ ø¬ı˛˜±Ú ¸˜±fl¡˘

·Í¬Ú

6.1 õ∂d¬±¬ıÚ±

6.2 Î¬◊ÀV˙…

6.3 õ∂±¸øe·fl¡ Ò±¬ı˛Ì±¸˜”˝√√

6.4 ø¡Z‰¬˘ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ ¸˜±fl¡À˘¬ı˛ ¸—:±

6.5 ø¡Z‰¬˘ ¸˜±fl¡À˘¬ı˛ Ò˜«±¬ı˘œ

6.6 ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√…

6.7 ø¡Z‰¬˘ ¸˜±fl¡˘Àfl¡ Δ¬ı˛ø‡fl¡ ¸˜±fl¡À˘ ¬ı˛”¬Û±z¬¬ı˛

6.8 ø¡ZÓ¬˘ ¸˜±fl¡À˘¬ı˛ Ê√…±ø˜øÓ¬fl¡ Ó¬±»¬Û˚«

6.9 ¸˜±fl¡À˘¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ õ∂ø√flË¡˚˛±

6.10 Œ¬Û±˘±¬ı˛ àÔ±Ú±Àefl¡ ø¡ZÓ¬˘ ¸˜±fl¡˘

6.11 ¸±¬ı˛±—˙

6.12 ¸—Àfl¡Ó¬ ¸˝√√ ’Ú≈˙œ˘Úœ¬ı˛ Î¬◊M√√¬ı˛˜±˘±

6.13 ¸˝√√±˚˛fl¡ ¢∂&Ô

6.1 õ∂d¬±¬ıÚ±

¤fl¡‰¬˘ ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ Œé¬ÀS ¸˜±fl¡˘ÀÚ¬ı˛ ¸—:± › Ó¬±¬ı˛ ø¬ıøˆ¬iß Ò˜«±¬ı˘œ ¸•§À&Ò ’±¬ÛÚ±¬ı˛±

’±À·¬ı˛ ¬Û±Í¬…±—˙ ŒÔÀfl¡ Ê√±ÚÀÓ¬ Œ¬ÛÀ¬ı˛ÀÂ√Úº ¬ı˝≈√√‰¬˘ ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ Œé¬ÀS ¤˝◊√√ ¸—:± ¤¬ı— Ó¬±¬ı˛

Ò˜«±¬ı˘œ ¸•§À&Ò ¤‡±ÀÚ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À¬ıº

6.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡fl¡ ¬Û±Í¬ fl¡À¬ı˛ ’±¬ÛøÚ

Œfl¡±ÀÚ± ¬ıX ’z¬¬ı˛±À˘ Œfl¡±ÀÚ± ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ ø¬ı˛˜±Ú ˜ÀÓ¬ ¸˜±fl¡˘ÀÚ¬ı˛ Ò±¬ı˛Ì± Œfl¡˜Ú



93

fl¡À¬ı˛ Œfl¡±ÀÚ± ¬ıX ’=À˘ ¬ı± ¬ıX ’±˚˛Ó¬ÀÚ ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ ¸˜±fl¡˘ÀÚ¬ı˛ Œé¬ÀS Î¬◊ißœÓ¬

fl¡¬ı˛± ˚±˚˛ Ó¬± Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº

Œfl¡˜Ú fl¡À¬ı˛ Œfl¡±ÀÚ± ¬ıX ’=À˘, ¬ıX ’±˚˛Ó¬ÀÚ ¬ı± Œfl¡±ÀÚ± ¬ı˝≈√√˜±øSfl¡ ¬ıX àÔ±ÀÚ ¸œ˜±¬ıX

Œfl¡±ÀÚ± ’À¬Ûé¬Àfl¡¬ı˛ ¸˜±fl¡˘ÚÀfl¡ fl¡À˚˛fl¡øÈ¬ Δ¬ı˛ø‡fl¡ ¸˜±fl¡À˘¬ı˛ ¬Û¬ı˛•Û¬ı˛±˚˛ ¬Ûø¬ı˛ÌÓ¬ fl¡¬ı˛± ˚±˚˛

Ó¬±› Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº

6.3 õ∂±¸øe·fl¡ Ò±¬ı˛Ì± ¸˜”˝√√

’±¬ÛÚ±¬ı˛± ˜ÀÚ fl¡À¬ı˛ Œ√‡≈Ú Œfl¡±ÀÚ± ¬ıX ’z¬À¬ı˛ Œfl¡±ÀÚ± ¸œ˜±¬ıX ’À¬Ûé¬Àfl¡¬ı˛ ¸˜±fl¡˘ÀÚ¬ı˛ Ù¬À˘

¤fl¡øÈ¬ ø¬ıÀ˙¯∏ Œé¬ÀS¬ı˛ Œé¬SÙ¬˘ ¬Û±›˚˛± ˚±˚˛º øÍ¬fl¡ ŒÓ¬˜øÚ Œfl¡±ÀÚ± ¬ø¡Z‰¬˘ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ Œé¬ÀS

’Ú≈¬ı˛”¬Û ¸˜±fl¡˘ÀÚ¬ı˛ Ù¬À˘ ¤fl¡øÈ¬ ø¬ıÀ˙¯∏ ’±˚˛Ó¬ÀÚ¬ı˛ ¬Ûø¬ı˛˜±¬Û ¬Û±›˚˛± ˚±À¬ıº

’±À˘±‰¬Ú± ˚±ÀÓ¬ ’À˝√√Ó≈¬fl¡ Ê√øÈ¬˘ Ú± ˝√√À˚˛ ¬ÛÀÎ¬ˇ Œ¸Ê√Ú… õ∂ÔÀ˜ ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ¸˜±fl¡˘˝◊√√ ·Ì…fl¡¬ı˛±

˝√√À¬ıº ’Ô«±» ÒÀ¬ı˛ ŒÚ›˚˛± ˝√√À¬ı ’À¬Ûé¬fl¡øÈ¬ ø¡Z‰¬˘ø¬ıø˙©Üº

6.4 ø¡Z‰¬˘-ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ ¸˜±fl¡À˘¬ı˛ ¸—:±

˜ÀÚ fl¡¬ı˛≈Ú x › y ≈√øÈ¬ ¶§±ÒœÚ ¬ı±d¬¬ı ‰¬˘¬ı˛±ø˙ ¤¬ı— D, xy Ó¬À˘ ¤fl¡øÈ¬ ¬ıX ’=˘º ¤‡Ú

f(x, y) Œfl¡ ¸—:±ø˚˛Ó¬ fl¡¬ı˛± ˝√√˘ñ

f : D → R

¤¬ı±¬ı˛ D ’=˘øÈ¬Àfl¡ fl¡À˚˛fl¡øÈ¬ øÚø«√©Ü¸—‡…fl¡ ø¬ıø26√iß ¸œ˜±¬ıX ’=À˘ ˆ¬±· fl¡¬ı˛± ˝√√˘º Ò¬ı˛≈Ú ¤˝◊√√

’=˘·≈ø˘ ˝√√˘º D1, D2 ...... DNº ˜ÀÚ fl¡¬ı˛≈Ú ‘f’ ¤fl¡øÈ¬ ¸œ˜±¬ıX

’À¬Ûé¬fl¡ ¤¬ı— ˚ø√ Mi › mi ˚Ô±√flË¡À˜ Di ’=À˘ ‘f’ ¤¬ı˛ ÿÒ√ı«

› øÚ•ß¸œ˜± ˝√√˚˛ Ó¬À¬ı miA(Di) ˝√√˘ ¤fl¡øÈ¬ Œ‰¬±„√√±fl‘¡øÓ¬ ‡ÀG¬¬ı˛

’±˚˛Ó¬Ú Œ˚ Œ‰¬±À„√√¬ı˛ ˆ”¬ø˜¬ı˛ Œé¬SÙ¬˘ A(Di) ¤¬ı— Î¬◊2‰¬Ó¬± miº

¶Û©ÜÓ¬˝◊√√ ¬ı≈Á¡ÀÓ¬ ¬Û±¬ı˛ÀÂ√Ú ‘i’ ¤¬ı˛ ø¬ıøˆ¬iß ˜±ÀÚ¬ı˛ Ê√Ú… Œ˚ ø¬ıøˆ¬iß

Œ‰¬±„√√±fl‘¡øÓ¬ ‡G¬·≈ø˘ ¬Û±›˚˛± ˚±À¬ı Ó¬±¬ı˛± ¬Û¬ı˛¶Û¬ı˛ ø¬ıø26√ißº ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı

¤fl¡˝◊√√ ˆ”¬ø˜ Di ¤¬ı˛ Î¬◊¬Û¬ı˛ ’¬ıøàÔÓ¬ ˚ø√ Mi Î¬◊2‰¬Ó¬± ø¬ıø˙©Ü Œ‰¬±„√√±fl‘¡øÓ¬

‡G¬ fl¡äÚ± fl¡À¬ı˛Ú Ó¬À¬ı Ó¬±¬ı˛ ’±˚˛Ó¬Ú ˝√√˘ MiA(Di) ¤¬ı— ¤¬ı˛±›

ø¬ıø26√iß, ¤‡Ú ‘i’ ¤¬ı˛ ¸fl¡˘ ¸y¬±¬ı… ˜±ÀÚ¬ı˛ Ê√Ú… ¤˝◊√√ ≈√øÈ¬ ¸˜ø©Ü m A Di i
i

N
( )

=
∑

1
 ¤¬ı— M A Di i

i

N
( )

=
∑

1

øÚÌ«˚˛ fl¡¬ı˛≈Úº
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˘é¬… fl¡¬ı˛≈Ú z = f(x, y) ¤fl¡øÈ¬ Ó¬À˘¬ı˛ ¸˜œfl¡¬ı˛Ì øÚÀ«√˙ fl¡À¬ı˛ ¤¬ı— VD ˚ø√ z = f(x, y) ¤¬ı—

z = 0 Ó¬˘≈√øÈ¬ ¡Z±¬ı˛± ’±¬ıXàÔ±ÀÚ¬ı˛ ’±˚˛Ó¬Ú Œ¬ı±Á¡±˚˛ Ó¬±˝√√À˘

m A D V M A Di i
i

N

D i i
i

N
( ) ( )

= =
∑ ∑≤ ≤

1 1

D ¤¬ı˛ ø¬ıˆ¬±Ê√ÚÀfl¡ √flË¡˜˙– ¸”Ñ ŒÔÀfl¡ ¸”ÑÓ¬¬ı˛ fl¡À¬ı˛ ’Ô«±» ‘t’ ¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ Ê√Ú… ‘Di’ ¤¬ı˛

¸¬ıÀ‰¬À˚˛ ¬ıÎ¬ˇ ¬ı…±¸±X« ˚ø√ ˙”ÀÚ…¬ı˛ ø√Àfl¡ ¤À·±˚˛ Ó¬À¬ı

max (Mi – mi) → 0
Œ˚À √̋√Ó≈¬

M A D m A Di i
i

N

i i
i

N
( ) ( )

= =
∑ ∑−

1 1

= −
=
∑ ( ) ( )M m A Di i i
i

N

1

≤ −
=
∑max ( ) ( )

i i i i
i

N
M m A D

1

= −max ( ) ( )
i i iM m A D

→ 0

∴  ¤˝◊√√ ≈√øÈ¬ ¸˜ø©Ü¬ı˛ ¸œ˜±àÔ˜±Ú ¸˜±Úº

∴ V m A D M A DD i i
i

n

i i
i

N

i i

= =
→ = → =

∑ ∑lim ( ) lim ( )
max maxδ δ0 1 0 1

... (1)

Œ˚‡±ÀÚ δ1, Di ¤¬ı˛ ¬ı‘˝√√M√√˜ ¬ı…±¸±X«º

’±¬ı±¬ı˛ Œ√‡≈Ú M A Di i
i

N
( )

=
∑

1
 ¤¬ı— m A Di i

i

N
( )

=
∑

1
 ¤˝◊√√ ¸˜ø©Ü¡ZÀ˚˛¬ı˛ ˜±Ú ’¬ı˙…˝◊√√ ‘D’ ’=À˘¬ı˛

ø¬ıˆ¬±Ê√ÀÚ¬ı˛ Ò¬ı˛ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘º Î¬◊¬ÛÀ¬ı˛ ¬ıøÌ«Ó¬ ‹ ø¬ıÀ˙¯∏ ø¬ıˆ¬±Ê√ÚøÈ¬Àfl¡ ˚ø√ ‘P’ ¬ıÀ˘Ú ¤¬ı— ‘D’

’=À˘¬ı˛ ¸fl¡˘ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ Œ¸È¬øÈ¬Àfl¡ ˚ø√ ∆ ¬ıÀ˘Ú Ó¬±˝√√À˘ s m A DP i i
i

N
=

=
∑ ( )

1
 ¤¬ı—

S M A DP i i
i

N
=

=
∑ ( )

1
 ˝√√À˘± ‘D’ ’=À˘¬ı˛ ‘P’ ø¬ıˆ¬±Ê√ÀÚ¬ı˛ Ê√Ú… ˚Ô±√flË¡À˜ ‘f’ ¤¬ı˛ øÚ•ß › ÿÒ«¸˜ø©Üº

˚ø√ M › m ‹ ’=À˘ ‘f’ ¤¬ı˛ ˘.ÿ.¸œ › ·.øÌ.¸œ ˝√√˚˛ Ó¬À¬ı ¶Û©ÜÓ¬˝◊√√º



95

mA (D) ≤ sp ≤ Sp ≤ MA (D)
(2) Ú— ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ Œ¬ı±Á¡± ˚±À26√ ... (2)
{sp : P∈∆} ¤¬ı— {Sp : P∈∆] Œ¸È¬ ≈√øÈ¬ ¸œ˜±¬ıXº

sp Œ¸ÀÈ¬¬ı˛ ˘.ÿ.¸œ˜± › SP Œ¸ÀÈ¬¬ı˛ ·.øÌ.¸œ˜±Àfl¡ ˚ø√ L › U Ú±À˜ ’øˆ¬ø˝√√Ó¬ fl¡¬ı˛± ˝√√˚˛ Ó¬À¬ı

L Œfl¡ D ’=À˘ ‘f’ ¤¬ı˛ øÚ•ß ¸˜±fl¡˘ ¤¬ı— ‘U’ Œfl¡ ‹ ¤fl¡˝◊√√ ’=À˘ ‘f’ ¤¬ı˛ ÿÒ√ı« ¸˜±fl¡˘ ¬ı˘±

√̋√̊ º̨

¤fl¡‰¬˘ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ ¸±ÀÔ ¸±‘√˙… Œ¬ı˛À‡ ¤fl¡˝◊√√¬ı˛fl¡˜ ˆ¬±À¬ı ¬ı˘ÀÓ¬ ¬Û±À¬ı˛Ú

L f x y dD
D

= zz ( , )  ¤¬ı— U f x y dD
D

= zz ( , ) .

˚ø√ L = U = 1 ˝√√˚˛ Ó¬À¬ı ¬ı˘± ˝√√˚˛ ‘D’ ’=À˘ ‘f’ ’À¬Ûé¬fl¡øÈ¬ ø¬ı˛˜±Ú ˜ÀÓ¬ ¸˜±fl¡˘Ú Œ˚±·…

¤¬ı— I f x y dD
D

= zz ( , ) ... (3)

(1) Ú— ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ’±¬ı˛› ¬ı˘± ˚±˚˛

mA(D) ≤ 1 ≤ MA(D)
¸—:± Œ√¬ı±¬ı˛ ¤˝◊√√ õ∂ø√flË¡˚˛± ŒÔÀfl¡˝◊√√ ¬ı≈Á¡ÀÓ¬ ¬Û±¬ı˛ÀÂ√Ú f ¤¬ı˛ ’z¬·«Ó¬ ‰¬˘¬ı˛±ø˙¬ı˛ ¸—‡…± ’±¬ı˛› Œ¬ıø˙

˝√√À˘› ¤fl¡˝◊√√ˆ¬±À¬ı ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ Ò±¬ı˛Ì±Àfl¡ Î¬◊ißœÓ¬ fl¡¬ı˛± ˚±À¬ıº Œ˚˜Ú f(x, y, z) ¤˝◊√√ ¸œ˜±¬ıX

’À¬Ûé¬fl¡øÈ¬¬ı˛ Ê√Ú… ¬ı˘ÀÓ¬ ¬Û±À¬ı˛Ú

I f x y dD
D

= zzz ( , )

øfl¡z≈¬ ˜ÀÚ ¬ı˛±‡ÀÓ¬ ˝√√À¬ı Œ˚ ¤‡±ÀÚ ‘D’ ¤fl¡øÈ¬ øSÀ√˙œ˚˛ ’=˘ ¤¬ı— ¸˜±fl¡˘ÀÚ¬ı˛ õ∂ø√flË¡˚˛± ‚È¬±ÀÚ±

˝√√À26√ ‘D’ ’±˚˛Ó¬ÀÚ¬ı˛ Î¬◊¬Û¬ı˛º ¤˝◊√√ˆ¬±À¬ı ’±¬ÛÚ±¬ı˛± Œ˚ Œfl¡±ÀÚ± ¸¸œ˜ ¸—‡…fl¡ ‰¬˘¬ı˛±ø˙ ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛

Œé¬ÀS ø¬ı˛˜±Ú ¸˜±fl¡˘ÀÚ¬ı˛ Ò±¬ı˛Ì±Àfl¡ Î¬◊ißœÓ¬ fl¡¬ı˛ÀÓ¬ ¬Û±À¬ı˛Úº

¤fl¡‰¬˘ ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ Œé¬ÀS Œ˚˜Ú √±À¬ı«±¬ı˛ Î¬◊¬Û¬Û±√… õ∂˜±Ì fl¡À¬ı˛ÀÂ√Ú øÍ¬fl¡ ¤fl¡˝◊√√¬ı˛fl¡˜ˆ¬±À¬ı

¤‡±ÀÚ› õ∂˜±Ì fl¡¬ı˛ÀÓ¬ ¬Û±À¬ı˛Ú

f x y dD m A D M A D
D

i i
i

N

i i
i

N

i i
z ∑z ∑= =

→ = → =
( , ) lim ( ) lim ( )

max maxδ δ0 1 0 1
... (4)

Ó¬±˝√√À˘ ¸˜œfl¡¬ı˛Ì (1) › (4) ¤fl¡S fl¡À¬ı˛ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛

V f x y dDD
D

= zz ( , )
... (5)

’±¬ı±¬ı˛ ‘D’ ’=À˘ ø¡Z‰¬˘ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ ¸˜±fl¡˘Àfl¡ f x y dxdy
D

( , )zz  ø√À˚˛› ø‰¬ø˝êÓ¬ fl¡¬ı˛±
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˚±˚˛º Œ˚À˝√√Ó≈¬ ¸˜±fl¡˘ÀÚ ‰¬˘¬ı˛±ø˙Àfl¡ ’Ú… Œ˚ Œfl¡±ÀÚ± ‰¬˘¬ı˛±ø˙ ø√À˚˛ õ∂øÓ¬àÔ±ø¬ÛÓ¬ fl¡¬ı˛± ˚±˚˛, Ó¬±˝◊√√ ¬ı˘ÀÓ¬

¬Û±À¬ı˛Úñ

6.5 ø¡Z‰¬˘ ¸˜±fl¡À˘¬ı˛ Ò˜«±¬ı˘œ

¤fl¡‰¬˘ ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ ˜ÀÓ¬± ø¡Z‰¬˘ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ Œé¬ÀS› ÚœÀ‰¬¬ı˛ øÚ˚˛˜·≈ø˘ õ∂À˚±Ê√…º

1.   ¤fl¡øÈ¬ ÒË≈¬ıfl¡

2. [ ( , ) ( , )] ( , ) ( , )Af x y B x y dxdy A f x y dxdy B x y dxdy
D D D

+ = +zz zz zzφ φ  [Δ¬ı˛ø‡fl¡ Ò˜«]

3. f x y dxdy f x y dxdy f x y dxdy
D DD

( , ) ( , ) ( , )zz zzzz= +
′′

Œ˚‡±ÀÚ D = D′ ∪ D′′

4. f(x, y) ¤¬ı— φ(x, y) Î¬◊ˆ¬˚˛ ’À¬Ûé¬fl¡˝◊√√ ˚ø√ ‘D’ ’=À˘ ¸˜±fl¡˘Ú Œ˚±·… ˝√√˚˛ Ó¬À¬ı

f(x, y) φ(x, y) ’À¬Ûé¬fl¡øÈ¬› ‘D’ ’=À˘ ¸˜±fl¡˘ÚÀ˚±·…º

5. ‘D’ ’=À˘¬ı˛ ¸¬ı ø¬ıμ≈¬ı˛ Ê√Ú… ˚ø√ f(x, y) ≥ φ(x, y) ˝√√˚˛ Ó¬±˝√√À˘

.

Î¬◊¬ÛÀ¬ı˛¬ı˛ Ò˜«øÈ¬Àfl¡ ’±¬ı±¬ı˛ ’Ú…ˆ¬±À¬ı› ¬ı˘± Œ˚ÀÓ¬ ¬Û±À¬ı˛  , ˚Ô±ñ

˚ø√ ‘D’ ’=À˘¬ı˛ ¸¬ı ø¬ıμ≈ f(x, y) – φ(x, y) ≥ 0 √̋√̊ ˛ Ó¬À¬ı [ ( , ) ( , )]f x y x y dxdy
D

− ≥zz φ 0

√̋√À¬ıº

¤fl¡øÈ¬ ø¬ıÀ˙¯∏ Î¬◊√±˝√√¬ı˛Ìñ

˚ø√ ‘D’ ’=À˘¬ı˛ ¸¬ı«S f(x, y) = 1 ˝√√˚˛ Ó¬À¬ı

f x y dxdy A D
D

( , ) ( )−zz
¤Àé¬ÀS ¸˜±fl¡À˘¬ı˛ ˜±Ú ‘D’ ˆ”¬ø˜ø¬ıø˙©Ü ¤fl¡fl¡ Î¬◊2‰¬Ó¬±¬ı˛ ¤fl¡øÈ¬ Œ‰¬±À„√√¬ı˛ ’±˚˛Ó¬ÚÀfl¡ øÚÀ«√˙ fl¡À¬ı˛º

Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸¬ı Ò˜«·≈ø˘Àfl¡ Δ¬ı˛ø‡fl¡ ¸˜±fl¡À˘¬ı˛ ˜Ó¬ øÍ¬fl¡ ¤fl¡˝◊√√ˆ¬±À¬ı õ∂˜±Ì fl¡¬ı˛± ˚±˚˛º Ó¬±˝◊√√ ¤˝◊√√ õ∂˜±Ì·≈ø˘

¤‡±ÀÚ ÚÓ≈¬Ú fl¡À¬ı˛ Œ√¬ı±¬ı˛ õ∂À˚˛±Ê√Ú ŒÚ˝◊√√º
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6.6 ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√…

1. m › M ˚ø√ ‘D’ ’=À˘ f(x, y) ¤¬ı˛ ˘ø‚á¬ › ·ø¬ı˛á¬ ˜±Ú ˝√√˚˛, Ó¬À¬ı

mA D f x y dxdy MA D
D

( ) ( , ) ( )≤ ≤zz

’Ô«±», 

f x y dxdy A D
D

( , ) ( )zz ≤ μ

.............(6)

Œ˚‡±ÀÚ,  m ≤ μ ≤ m
¤‡Ú f(x, y) ˚ø√ ¸z¬Ó¬ ˝√√˚˛ Ó¬À¬ı ‘D’ ’=À˘ ¤˜Ú ¤fl¡øÈ¬ ø¬ıμ≈ ξ, n Ô±fl¡À¬ı ˚±ÀÓ¬

f x y dxdy f A D
D

( , ) ( , ) ( )=zz ξ η  ˝√√˚˛

f ( , )ξ η  ¸—‡…±øÈ¬Àfl¡ D ’=À˘ f(x, y) ¤¬ı˛ ˜Ò…˜˜±Ú ¬ıÀ˘º

6.7 ø¡Z‰¬˘ ¸˜±fl¡˘Àfl¡ Δ¬ı˛ø‡fl¡ ¸˜±fl¡À˘ ¬ı˛”¬Û±z¬¬ı˛

Ò¬ı˛≈Ú xy ¸˜Ó¬À˘¬ı˛ ‘D’ ’=À˘ f(x, y) ¤fl¡øÈ¬ ¸˜±fl¡˘ÚÀ˚±·… ’À¬Ûé¬fl¡º ’±¬ı˛› ˜ÀÚ fl¡¬ı˛≈Ú ‘D’
’=˘øÈ¬Àfl¡ ¤fl¡øÈ¬ ’±˚˛Ó¬±fl¡±¬ı˛ Œé¬ÀS (a ≤ x ≤ b), (c ≤ y ≤ d) ’±¬ıX fl¡¬ı˛± ˝√√˘º a, b ˚Ô±√flË¡À˜

‘D’ ’=À˘ ‘x’ ¤¬ı˛ ¤¬ı— c, d, y ¤¬ı˛ ˘ø‚á¬ › ·ø¬ı˛á¬

˜±Úº [¬Û±À˙¬ı˛ Â√ø¬ıøÈ¬ ˘é¬… fl¡¬ı˛≈Ú] ¤‡Ú ‘x’ ¤¬ı˛ Œfl¡±ÀÚ±

ø¬ıÀ˙¯∏ ˜±ÀÚ¬ı˛ Ê√Ú… f(x, y) Œfl¡ ˙≈Ò≈˜±S ‘y’ ¤¬ı˛ ’À¬Ûé¬fl¡

¬ıÀ˘ ·Ì… fl¡¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º Œ¸˝◊√√ ¤fl¡‰¬˘ø¬ıø˙©Ü ‘y’ -¤¬ı˛

’À¬Ûé¬fl¡øÈ¬ ˚ø√ [c, d] ’z¬À¬ı˛ ø¬ı˛˜±Ú ˜ÀÓ¬ ¸˜±fl¡˘ÚÀ˚±·…

˝√√˚˛ Ó¬À¬ı,

f x y dy g x
y x

y x

( , ) ( )
( )

( )

=z
1

2

. Ò¬ı˛≈Ú

¤¬ı±¬ı˛, g x dx
a

b

( )z  ¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛À˘˝◊√√ 

f x y dxdy
D

( , )zz

 ¤¬ı˛ ˜±Ú ¬Û±›˚˛± ˚±À¬ıº

’Ô«±», 

f x y dxdy dx f x y dy
a

b

y x

y x

D

( , ) ( , )
( )

( )

= z zzz
1

2



98

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı f(x, y) Œfl¡ y-¤¬ı˛ ø¬ıÀ˙¯∏ ˜±ÀÚ¬ı˛ Ê√Ú… ˙≈Ò≈˜±S ‘x’ ¤¬ı˛ ’À¬Ûé¬fl¡ ø˝√√¸±À¬ı ·Ì… fl¡¬ı˛À˘

¬ı˘ÀÓ¬ ¬Û±À¬ı˛Ú

f x y dxdy dy f x y dx
c

d

x y

x y

D
( , ) ( , ) .

( )

( )

= z zzz
1

2

Œ˚‡±ÀÚ y = y1(x) ABC Œ¬ı˛‡±¬ı˛, y = y2(x) ADC Œ¬ı˛‡±¬ı˛ x = x1(y) BAD Œ¬ı˛‡±¬ı˛ ¤¬ı—

x2 = x2(y) BCD Œ¬ı˛‡±¬ı˛ ¸˜œfl¡¬ı˛Ìº

¤˝◊√√ˆ¬±À¬ı ¤fl¡øÈ¬ ø¡ZÓ¬˘ ¸˜±fl¡˘Àfl¡ ≈√øÈ¬ Δ¬ı˛ø‡fl¡ ¸˜±fl¡À˘¬ı˛ ¬Û¬ı˛•Û¬ı˛±˚˛ ¬ı˛”¬Û±z¬ø¬ı˛Ó¬ fl¡¬ı˛± ˚±˚˛º

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı ¤fl¡øÈ¬ øSÓ¬˘ ¸˜±fl¡˘Àfl¡ õ∂ÔÀ˜ ¤fl¡øÈ¬ Δ¬ı˛ø‡fl¡ › ¤fl¡øÈ¬ ø¡ZÓ¬˘ ¬ÛÀ¬ı˛ ø¡ZÓ¬˘øÈ¬Àfl¡ ≈√øÈ¬

Δ¬ı˛ø‡fl¡ ¸˜±fl¡À˘ ¬ı˛”¬Û±z¬ø¬ı˛Ó¬ fl¡À¬ı˛ ’¬ıÀ˙À¯∏ øSÓ¬˘ ¸˜±fl¡˘Àfl¡ øÓ¬ÚøÈ¬ Δ¬ı˛ø‡fl¡ ¸˜±fl¡À˘¬ı˛ ¬Û¬ı˛•Û¬ı˛±˚˛

¬ı˛”¬Û±z¬ø¬ı˛Ó¬ fl¡¬ı˛± ˚±˚˛º

’Ô«±», f x y z dxdydz f x y z dz dy dx
z x y

z x y

y x

y x

a

b

V
( , , ) [ [ ( , , ) ] ]

( , )

( , )

( )

( )

= zzzzzz
1

2

1

2

6.8 ¬ø¡ZÓ¬˘ ¸˜±fl¡À˘¬ı˛ Ê√…±ø˜øÓ¬fl¡ Ó¬±»¬Û˚«

¤fl¡‰¬˘ ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ ¸˜±fl¡˘ ¬ı± Δ¬ı˛ø‡fl¡ ¸˜±fl¡˘ Œ˚˜Ú f x dx y f x x a
a

b

( ) , ( ),= =z
› x = b Œ¬ı˛‡± ¡Z±¬ı˛± Œ¬ıø©ÜÓ¬ Œé¬ÀS¬ı˛ Œé¬SÙ¬˘Àfl¡ øÚÀ«√˙

fl¡À¬ı˛ ¤fl¡Ô± ’±¬ÛÚ±¬ı˛± ’±À·˝◊√√ ŒÊ√ÀÚÀÂ√Úº ŒÓ¬˜øÚ

 ¤˝◊√√ ø¡ZÓ¬˘ ¸˜±fl¡˘øÈ¬ ‘D’ ˆ”¬ø˜ø¬ıø˙©Ü

¤fl¡øÈ¬ Œ‰¬±À„√√¬ı˛ ’±˚˛Ó¬ÚÀfl¡ øÚÀ«√˙fl¡À¬ı˛ ˚±¬ı˛ Î¬◊¯∏ÆÓ¬± (x, y)
ø¬ıμ≈ÀÓ¬ f(x, y)º ¤˝◊√√ ’±˚˛Ó¬Ú ˚ø√ ‘D’ ˆ”¬ø˜ø¬ıø˙©Ü Œfl¡±ÀÚ±

¸À˜±2‰¬ Œ‰¬±À„√√¬ı˛ ’±˚˛Ó¬ÀÚ¬ı˛ ¸˜±Ú ˝√√˚˛ Ó¬À¬ı Œ¸˝◊√√ Î¬◊2‰¬Ó¬±Àfl¡

‘D’ ’=À˘ f(x, y) ¤¬ı˛ ˜Ò…˜˜±Ú ¬ıÀ˘º Œ˚˜Ú ¸˜œfl¡¬ı˛Ì

6-¤ ‘μ’ ˝√√˘ D ’=À˘ f(x, y) ¤¬ı˛ ˜Ò…˜˜±Úº

6.9 ¬¸˜±fl¡À˘¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ õ∂ø√flË¡˚˛± (Transformation of areas & integrals)

¸˜±fl¡À˘¬ı˛ ¸≈ø¬ıÒ±ÀÔ« ’ÀÚfl¡ ¸˜˚˛ ’À¬Ûé¬Àfl¡¬ı˛ ¶§±ÒœÚ ‰¬˘¬ı˛±ø˙Àfl¡ ’Ú… Œfl¡±Ú ‰¬˘¬ı˛±ø˙ ¡Z±¬ı˛±
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õ∂øÓ¬àÔ±ø¬ÛÓ¬ fl¡¬ı˛ÀÓ¬ ˝√√˚˛º Δ¬ı˛ø‡fl¡ ¸˜±fl¡À˘¬ı˛ Œé¬ÀS ¤˝◊√√ ¬Ûø¬ı˛¬ıÓ«¬ õ∂ø√flË¡˚˛±¬ı˛ ¸±ÀÔ ’±¬ÛÚ±¬ı˛± ’±À·˝◊√√ ¬Ûø¬ı˛ø‰¬Ó¬

˝√√À ˛̊ÀÂ√Úº

˜ÀÚ fl¡¬ı˛≈Ú (x, y) Ó¬˘ ŒÔÀfl¡ (ξη) Ó¬À˘ ¤fl¡øÈ¬ ˜…±ø¬Û— ˝√√˘ñ

T : ξ = f(x, y), η = g(x, y)
Œ˚‡±ÀÚ (i) ‘f’ › ‘g’ ’À¬Ûé¬fl¡ ≈√øÈ¬ ‘D’ ’=À˘ ¸z¬Ó¬ ¤¬ı— Ó¬±À√¬ı˛ õ∂Ô˜ Ò±¬Û ’±—ø˙fl¡ ’¬ıfl¡˘

’Ô«±» fx, fy, gx, gy ¤¬ı˛±› ‹ ’=À˘ ¬¸z¬Ó¬º

(ii) ‘T’-¬ı˛ Ê√±Àfl¡±ø¬ı˚˛±Ú ’Ô«±» 

δ ξ η
δ

δξ
δ

δξ
δ

δη
δ

δη
δ

( , )
( , )x y

x y

x y

= ≠ 0

(iii) ‘T’ ¤fl¡øÈ¬ 1-1 ˜…±ø¬Û—º

Î¬◊¬ÛÀ¬ı˛¬ı˛ ˙Ó«¬·≈ø˘ ŒÔÀfl¡ õ∂˜±Ì fl¡¬ı˛± ˚±˚˛ ø¬ı¬Û¬ı˛œÓ¬ ˜…±ø¬Û— T–1-¤¬ı˛ ’ød¬Q ’±ÀÂ√ ¤¬ı— ¤¬ı˛

Ê√±Àfl¡±ø¬ı˚˛±˜

δ
δ ξ η

( , )
( , )
x y ≠ 0

¤˝◊√√¸¬ı ¶§œfl¡±À˚«¬ı˛ Î¬◊¬Û¬ı˛ øˆ¬øM√√ fl¡À¬ı˛ ¬ı˘ÀÓ¬ ¬Û±À¬ı˛Ú

F x y dxdy G
x y

d d
T DD

( , ) ( , )
( , )
( , )( )

= zzzz ξ η δ
δ ξ η ξ η

Œ˚‡±ÀÚ G(ξ, η) ˝√√˘ ‘T’ ˜…±ø¬ÛÀ„√√ ‘F’ ¤¬ı˛ õ∂øÓ¬26√ø¬ı ¤¬ı— T(D) ˝√√˘ ‘D’ ¤¬ı˛ õ∂øÓ¬26√ø¬ıº

6.10 ¬Œ¬Û±˘±¬ı˛ àÔ±Ú±Àefl¡ ø¡ZÓ¬˘ ¸˜±fl¡˘

fl¡±ÀÓ«¬¸œ˚˛ àÔ±Ú±efl¡ ŒÔÀfl¡ Œ¬Û±˘±¬ı˛ àÔ±Ú±Àefl¡ õ∂øÓ¬àÔ±¬ÛÀÚ¬ı˛ ¸”SøÈ¬ ˝√√˘ñ

x = r cos θ,   y = r sin θ
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¤˝◊√√ õ∂øÓ¬àÔ±¬ÛÀÚ¬ı˛ Ê√±Àfl¡ø¬ı˛˚˛±¸øÈ¬ ˝√√˘ñ

δ
δ

δ
δθ

δ
δ

δ
δθ

θ θ
θ θ

x
r

x

y
r

y
r

r
r= − =cos sin

sin cos

∴ = zzzz F x y dxdy G r r dr d
T DD

( , ) ( , )
( )

θ θ

Î¬◊√±˝√√¬ı˛Ì –

1. ÚœÀ‰¬¬ı˛ ¸˜±fl¡˘·≈ø˘¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú

(a) ( ) ,x y z dx dy dz
r

+ +zzz  Œ˚‡±ÀÚ Ω ˝√√˘

x = 0, y = 0, z = 0 õ∂ˆ‘¬øÓ¬ àÔ±Ú±efl¡ Ó¬˘ ¤¬ı— x + y +z = 1 ¸˜Ó¬˘øÈ¬ ¡Z±¬ı˛± Œ¬ıø©ÜÓ¬

’=˘º

(b)  [¸˜±fl¡˘ÀÚ¬ı˛ ’=˘øÈ¬ Î¬◊À~‡ fl¡¬ı˛≈Úº]

¸˜±Ò±Ú – 1a.
Ω ’=À˘ xy ¸˜Ó¬À˘ ¤fl¡øÈ¬ Œé¬S dxdy Œfl¡ ˆ”¬ø˜ ÒÀ¬ı˛ ¤fl¡øÈ¬ Œ‰¬±„√√ fl¡äÚ± fl¡¬ı˛À˘ Ó¬±¬ı˛ Î¬◊2‰¬Ó¬±

˝√√À¬ı z = 1 – x – y.
∴ Ω ’=À˘ ‘z’ ¤¬ı˛ ˜±Ú (x, y)-¤¬ı˛ Œfl¡±ÀÚ± øÚø«√©Ü

˜±ÀÚ¬ı˛ Ê√Ú… ‘0’ ŒÔÀfl¡ (1 – x – y) ¤¬ı˛ ˜ÀÒ… Ô±fl¡À¬ıº

 Ω ’=˘Àfl¡ xy ¸˜Ó¬À˘ õ∂Àé¬¬Û fl¡¬ı˛À˘

 ( ) ( )x y z dx dy dz dxdy x y z dz
D

x y

+ + = + +zzzzz z
− −

Ω 0

1

˝√√À¬ı, Œ˚‡±ÀÚ ‘D’, ‘xy’ ¸˜Ó¬À˘ Ω ’=À˘¬ı˛ õ∂Àé¬¬ÛÌ,

’Ô«±» x = 0, y = 0 ¤¬ı— x + y = 1 ¸¬ı˛˘À¬ı˛‡±·≈ø˘

¡Z±¬ı˛± Œ¬ıø©ÜÓ¬ øSˆ≈¬Ê√º

∴ øÚÀÌ«˚˛ ¸˜±fl¡˘

= + − + + − + + +zz ( ) ( ) [ ( ) ( ) ]x y x y x y x y dx dy
D

2 21
2 1 2
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= − +zz 1
2

1
2

2( )x y dx dy
D

= − +z z
−

1
2 1

0

1
2

0

1

dx x y dy
x

[ ( ) ]

       [ Œ˚À˝√√Ó≈¬ D ’=À˘ y ¤¬ı˛ ˜ƒ±Ú x ¤¬ı˛ Œfl¡±ÀÚ± øÚø«√©Ü

 ˜±ÀÚ¬ı˛ Ê√Ú… 0 ŒÔÀfl¡ 1 – x) ¤¬ı˛ ˜ÀÒ… Ô±fl¡À¬ı ]

= − +
−z12 1

3
3

0

1

0

1

y x y dx
x

( )

= − − −z12 1 1
3 1 3

0

1

[( ) ( )]x x dx

= − +z12 2
3

1
3

3

0

1

x x dxe j

= − + = − + =1
2

2
3

1
2

1
12

1
2

2
3

1
2

1
12

1
8

2 4

0

1
x x x e j .

¸˜±Ò±Ú – 1b.

¤Àé¬ÀS D : ’Ô«±» ¸˜±fl¡À˘¬ı˛ ’=˘øÈ¬ ˝√√À˘± x2 + y2 = 1 ¬ı‘M√√øÈ¬¬ı˛ ÒÚ±Rfl¡ ‰¬Ó≈¬Ô«±—˙º

y dxdx
x

2

0

1

0

1 2−

zz
= −z13 1 2 3

2

0

1

( )x dx .

= z13 4

0

2
cos ,θ θ

π

d  Œ˚‡±ÀÚ x = sin θ

= =1
3

3
4

1
2 2 16. . . π π

.

2. xy Ó¬À˘ y = 2x ¤¬ı— y = 2x2 Œ¬ı˛‡±¡Z˚˛¡ ¡Z±¬ı˛± Œ¬ıø©ÜÓ¬ àÔ±ÀÚ¬ı˛ Î¬◊¬Ûø¬ı˛ˆ¬±À· z = 7 – 3x2 –y2

Ó¬˘ ¡Z±¬ı˛± ’±¬ıX ’=À˘¬ı˛ ’±˚˛Ó¬Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – ø¡ZÓ¬˘ ¸˜±fl¡À˘¬ı˛ Ê√…±ø˜øÓ¬fl¡ Ó¬±»¬Û˚« ŒÔÀfl¡ ¤fl¡Ô± øÚ(˚˛˝◊√√ ¬ı≈Á¡ÀÓ¬ ¬Û±¬ı˛ÀÂ√Ú Œ˚ øÚÀÌ«˚˛

’±˚˛Ó¬ÚøÈ¬ ˝√√À¬ıñ
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¬Û±À˙¬ı˛ Â√ø¬ıÀÓ¬ xy Ó¬À˘ y = 2x ¤¬ı— y = 2x2 ¡Z±¬ı˛±
Œ¬ıø©ÜÓ¬ àÔ±ÚøÈ¬ ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

¤‡Ú 

= − − + + +14 14 6 8
3 6 8

3
2 3 4 6x x x x xe j

’±¬ı±¬ı˛, 

= − − + +7 14
3

26
12

6
5

8
21

2 3 4 5 7

0

1
x x x x x

= + + − +7 6
5

8
21

14
3

13
6e j e j

∴ øÚÀÌ«˚˛ ’±˚˛Ó¬Ú  ¤fl¡fl¡º

3. ÚœÀ‰¬¬ı˛ ¸˜±fl¡˘·≈ø˘ øÚÌ«˚˛ fl¡¬ı˛≈Ú ¤¬ı— õ∂øÓ¬ Œé¬ÀS ¤˝◊√√ ˜±ÀÚ¬ı˛ Ê√…±ø˜øÓ¬fl¡ ¬ı…±‡…± ø√Úº

(i) D : y = x2, y = 3x ; f(x, y) = x + y

(ii) D : y = 2x2 – 2, y = x2 + x, f(x, y)
= 2xy

(iii) D : y2 = x, x2 = y, f(x, y) = x2 + 4y2

¸˜±Ò±Ú – (i) ¬Û±À˙¬ı˛ Â√ø¬ıøÈ¬ ˘é¬… fl¡¬ı˛≈Úº xy Ó¬À˘

y = x2, y = 3x Œ¬ı˛‡±¡Z˚˛¡ ¡Z±¬ı˛± Œ¬ıø©ÜÓ¬ àÔ±ÚøÈ¬ ‘D’ ø‰¬ø˝êÓ¬ fl¡¬ı˛± ’±ÀÂ√º ¤‡Ú ‘x’ ¤¬ı˛ Œfl¡±ÀÚ±
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øÚø«√©Ü ˜±ÀÚ¬ı˛ Ê√Ú… ‘y’ ¤¬ı˛ ˜±Ú x2 ŒÔÀfl¡ 3x ¬Û˚«…z¬ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√˚˛ ¤¬ı— ‘D’ ’=À˘ ‘x’ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬

˝√√ÀÓ¬ ¬Û±À¬ı˛ 0 ŒÔÀfl¡ 3 ¬Û «̊…z¬º

∴

f x y dxdy x y dy dx

x

x

D
( , ) ( )= +

L

N
MMM

O

Q
PPP

zzzz
2

3

0

3

.

= +z xy y dx
x

x1
2

2
3

0

3

2

= − + −z x x x x x dx( ) ( )3 1
2 92 2 4

0

3

= − −z 15
2

1
2

2 3 4

0

3

x x x dxe j

= − −5
2

1
4

1
10

3 4 5

0

3
x x x

= − −5
2 27 81

4
243
10.

= − −1350
20

405
20

486
20

= − =1350 891
20

459
20

(ii) › (iii) ’Ú≈˙œ˘Úœ ø˝√√¸±À¬ı Œ√›˚˛± Ô±fl¡˘º

Î¬◊M√√¬ı˛ – (ii) 

189
20

 (iii) 

3
7 .

4. ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úñ

zdv
Ω
zzz
Ω : z = x2 + y2 ’øÒ¬ı‘M√√fl¡ ¤¬ı— x2 + y2 + z2 = 6 Œ·±˘fl¡ ¡Z±¬ı˛± Œ¬ıø©ÜÓ¬ àÔ±Úº

¸˜±Ò±Ú – ¤‡±ÀÚ Œ¬ı˘Ú±fl¡±¬ı˛ àÔ±Ú±efl¡ (r, θ, z) ¬ı…¬ı˝√√±¬ı˛ fl¡¬ı˛À˘ ¸≈ø¬ıÒ± ˝√√À¬ıº ‹ àÔ±Ú±Àefl¡ ’øÒ¬ı‘M√√fl¡

¤¬ı— Œ·±˘fl¡øÈ¬¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√˘ñ

z = r2  ... (1)
¤¬ı— r2 + z2 = 6 ... (2)
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¤À√¬ı˛ ŒÂ√√Ó¬À˘¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√˘ñ

z2 + z – 6 = 0
or, (z + 3) (z – 2) =0
∴ z = 2   (∵ ’øÒ¬ı‘M√√À√¬ı˛ Î¬◊¬Û¬ı˛ ‘z’ fl¡‡Ú˝◊√√ Ÿ¬Ì±Rfl¡ Ú˚˛]

¤‡Ú (1) ¤¬ı— (2) Ú— ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬ı˘ÀÓ¬ ¬Û±À¬ı˛Ú r2 = 2
’Ô«±», z = 2 ¸˜Ó¬À˘ r2 = 2 ¤˝◊√√ ¬ı‘M√√±fl¡±¬ı˛ Œ¬ı˛‡±˝◊√√ ˝√√˘

(1) › (2) ¤¬ı˛ ŒÂ√√Ó¬˘º ¤¬ı±¬ı˛ ¸˜±fl¡À˘ r, θ, z ¤¬ı— ¸œ˜±·≈ø˘

øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ Ê√Ú… ˘é¬… fl¡¬ı˛≈Ú ‘r’ ¤¬ı˛ Œfl¡±ÀÚ± ø¬ıÀ˙¯∏ ˜±ÀÚ¬ı˛ Ê√Ú…

‘z’ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√À26√ r2 ŒÔÀfl¡  ¬Û˚«…z¬º θ – 0 ŒÔÀfl¡

2π, r – 0 ŒÔÀfl¡ 2

= − −zz1
2 6 2 4

0

2

0

2

d r r r drθ
π

( ) .

= − −zπ ( )6 3 5

0

2

r r r dr

= − −π 3 1
4

1
6

2 4 6

0

2
r r r

= − −π 6 1 8
6

= 11
3 π.

5. x2 + y2 + z2 ≤ R2, z ≥ 0 ¤˝◊√√ ’Ò«À·±˘fl¡øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – ¤‡±ÀÚ Œ·±˘fl¡±fl¡±¬ı˛ àÔ±Ú±efl¡ (r, θ, φ) ¬ı…¬ı˝√√±¬ı˛ fl¡¬ı˛± ¸≈ø¬ıÒ±Ê√Úfl¡º

x = r sin θ cos φ  y = r sin θ sin φ   z = r cos θ.
’=˘øÈ¬¬ı˛ õ∂øÓ¬¸±˜… ŒÔÀfl¡ øÚ(˚˛ ¬ı≈Á¡ÀÓ¬ ¬Û±¬ı˛ÀÂ√Ú Œ˚ ˆ¬¬ı˛Àfl¡Àf¬ı˛ x › y àÔ±Ú±efl¡ ‘0’ ˝√√À¬ıº

‘z’ àÔ±Ú±efl¡ ˝√√À¬ı

Z
zdv

V= zzz  [Œ˚‡±ÀÚ V Î¬◊q¡ ’Ò«À·±˘Àfl¡¬ı˛ ’±˚˛Ó¬Ú]
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= zzz3
2 3

00

2

0

2

π
θ θ θ φ

π
π

R
r r r dr d d

R

cos sin

  = zzz3
2 3

3

00

2

0

2

π
φ θ θ θ

π
π

R
d d r dr

R

sin cos

  = =3
2

2 1
2

1
4

3
83

4

π
π

R
R R. . .

’Ú≈˙œ˘Úœ

1. ø‰¬S¸˝√√ ¸˜±fl¡À˘¬ı˛ ’=˘ Î¬◊À~‡ fl¡À¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

(a) xy x y dy dx
ba

( )2 2

00
−zz

(b) 

x
y

dy dx
2

2
0

1

0

1

1 +zz

(c) 

1 2 2

0

1

0

1 2

− −
−

zz x x dy dx
x

(d) ( )x y dx dy
y

y

+zz
0

1

2. ‘xy’ ¸˜Ó¬˘ › z = 2 – x2 – y2 ’øÒ¬ı‘M√√fl¡ ¡Z±¬ı˛± Œ¬ıø©ÜÓ¬ àÔ±ÀÚ¬ı˛ ’±˚˛Ó¬Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

3. Œfl¡f ŒÔÀfl¡ ‘h’ ”√¬ı˛ÀQ ’¬ıøàÔÓ¬ Œfl¡±ÀÚ± ¸˜Ó¬˘ a (> h) ¬ı…±¸±ÀÒ«¬ı˛ ¤fl¡øÈ¬ Œ·±˘fl¡Àfl¡ Œ˚

≈√øÈ¬ ’—À˙ ˆ¬±· fl¡À¬ı˛ Ó¬±¬ı˛ é≈¬^Ó¬¬ı˛ ’—˙øÈ¬¬ı˛ ’±˚˛Ó¬Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº
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4. ‘xy’ ¸˜Ó¬˘ › z = 1 – 4x2 – y2 Ó¬˘ ¡Z±¬ı˛± Œ¬ıø©ÜÓ¬ àÔ±ÀÚ¬ı˛ ’±˚˛Ó¬Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

5. ÚœÀ‰¬¬ı˛ ¸˜±fl¡˘øÈ¬ÀÓ¬ Î¬◊ˆ¬˚˛√flË¡˜ ’Ú≈¸±À¬ı˛ ¸˜±fl¡À˘¬ı˛ ¸œ˜± øÚÌ«˚˛ fl¡¬ı˛≈Ú

f x y dx dy
D

( , )zz
(i) D : ¤fl¡øÈ¬ ’±˚˛Ó¬Àé¬S ˚±¬ı˛ ˙œ¯∏«ø¬ıμ≈·≈ø˘ ˝√√˘ O (0, 0); A (2, 0) ; B (2, 1)

; C (0, 1).
(ii) D ¤fl¡øÈ¬ ¬ı‘M√√±—˙ ˚±¬ı˛ Œfl¡f ˜”˘ ø¬ıμ≈ÀÓ¬ ¤¬ı— ‰¬±À¬Û¬ı˛ õ∂±z¬ ø¬ıμ≈¡Z˚˛ ˝√√˘ (–1, 1) ¤¬ı—

(1, 1)
(iii) ‘D’ ¤fl¡øÈ¬¬ ¬ı‘M√√±fl¡±¬ı˛ ¬ı˘˚˛ ˚±¬ı˛ ¸±Ò±¬ı˛Ì Œfl¡f ˜”˘ø¬ıμ≈ÀÓ¬ ¤¬ı— ¬ı…±¸±Ò«¡Z˚˛ 1, 2.

6. ÚœÀ‰¬¬ı˛ ¸˜fl¡˘·≈ø˘ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ √flË¡˜ ’Ú≈¸±À¬ı˛ ø˘‡≈Úñ

(i) 

(ii) dy f x y dx
y

y

0

1

1

1

2

2

z z
− −

−

( , )

(iii) dx f x y dy
x

0 0

π

z z ( , )
sin

7. Œ¬Û±˘±¬ı˛ àÔ±Ú±Àefl¡ ¬Ûø¬ı˛¬ıÓ«¬Ú fl¡À¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú

(i)

(ii) y dx dy
S

;zz   S : ‘a’ ¬ı…±¸ø¬ıø˙©Ü ’Ò«¬ı‘M√√±fl¡±¬ı˛ ’=˘ ˚±¬ı˛ Œfl¡f  ø¬ıμ≈ÀÓ¬º

(iii)

S : x2 + y2 = 2ax ¬ı‘M√√øÈ¬ ¡Z±¬ı˛± Œ¬ıø©ÜÓ¬ ’=˘º

8. õ∂√M√√ õ∂øÓ¬àÔ±¬ÛÚ ¸”S ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ ÚœÀ‰¬¬ı˛ ¸˜±fl¡˘·≈ø˘¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú

(i)

S x
a

y
b

:
2

2

2

2 1+ =  Î¬◊¬Û¬ı‘M√√ ¡Z±¬ı˛± Œ¬ıø©ÜÓ¬ ’=˘º
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(ii) xy x y dx dy x y u
S

( ) ,1 − − + =zz  ¤¬ı— x = uv.

S : x = 0, y = 0, x + y = 1 ¸¬ı˛˘À¬ı˛‡±·≈ø˘ ¡Z±¬ı˛± Œ¬ıø©ÜÓ¬ øSˆ≈¬Ê√º

9. ¤fl¡øÈ¬ ‚Ú¬ıd≈¬, x2 + z2 = a2 Œ‰¬±„√√ ¤¬ı— y = 0, z = 0, y = x ¸˜Ó¬˘ ·≈ø˘ ¡Z±¬ı˛± ’±¬ıXº

‹ ‚Ú¬ıd≈¬øÈ¬¬ı˛ ’±˚˛Ó¬Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

10. ¤fl¡øÈ¬ Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ ’øÒ¬ı‘M√√fl¡ z = 2x2 + y2 + 1
x + y = 1 ¸˜Ó¬˘ ¤¬ı— àÔ±Ú±efl¡Ó¬˘ ·≈ø˘ ¡Z±¬ı˛± Œ¬ıø©ÜÓ¬º ¤¬ı˛ ’±˚˛Ó¬Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

11. x = sin φ cos θ y = sin φ sin θ.
õ∂øÓ¬àÔ±¬ÛÚ ¸”S ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ ÚœÀ‰¬¬ı˛ ¸˜±fl¡˘øÈ¬Àfl¡ fl¡±ÀÓ«¬¸œ˚˛ àÔ±Ú±Àefl¡ ¬ı˛”¬Û±z¬ø¬ı˛Ó¬ fl¡¬ı˛≈Úº

sin
sin

φ
θ φ θ

ππ

d d
0

2

0

2

zz

12. z = mx ¤¬ı— z = nx Ó¬˘ ≈√øÈ¬¬ı˛ ˜ÀÒ… ’¬ıøàÔÓ¬ x2 + y2 = a2 Œ‰¬±À„√√¬ı˛ ¬¬Û‘á¬Ó¬À˘¬ı˛ Œé¬SÙ¬˘

øÚÌ«˚˛ fl¡¬ı˛≈Úº (m > n > 0).
13. x2 – y2 = z2 ˙efl≈¡øÈ¬¬ı˛ ¬Û‘á¬Ó¬À˘¬ı˛ Œ˚ ’—˙ õ∂Ô˜ ’©ÜÀfl¡ ’¬ıøàÔÓ¬ ¤¬ı— y + z = a

¸˜Ó¬˘ ¡Z±¬ı˛± ’±¬ıX Ó¬±¬ı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº [ ˝◊√√øe·Ó¬ – yz Ó¬À˘ õ∂Àé¬¬Û fl¡À¬ı˛ ¸˜±fl¡˘

fl¡¬ı˛≈Úº ]
14. a ¬ı…±¸±Ò«ø¬ıø˙©Ü ¤fl¡øÈ¬ ¬ı‘M√√±fl¡±¬ı˛ Ó¬À˘¬ı˛ ˆ¬¬ı˛ øÚÌ«˚˛ fl¡¬ı˛≈Ú ˚±¬ı˛ ‚ÚQ Œfl¡f ŒÔÀfl¡ ”√¬ı˛ÀQ¬ı˛ ¸±ÀÔ

¸˜±Ú≈¬Û±Ó¬œ ¤¬ı— ¬Ûø¬ı˛øÒÀÓ¬ σº

15. r = a (1 + cos θ) ¬ı√flË¡À¬ı˛‡±øÈ¬ ¡Z±¬ı˛± ’±¬ıX Œé¬ÀS¬ı˛ ˆ¬¬ı˛Àfl¡f øÚÌ«˚˛ fl¡¬ı˛≈Úº

16. x = 2, y = 2 ¤¬ı— x + y = 2 ¸¬ı˛˘À¬ı˛‡± øÓ¬ÚøÈ¬ ¡Z±¬ı˛± ·øÍ¬Ó¬ øSˆ≈¬ÀÊ√¬ı˛ x-’é¬ ¸±À¬ÛÀé¬

Ê√±ˆ¬… √w¬±˜fl¡ øÚÌ«˚˛ fl¡¬ı˛≈Úº

6.11 ¬¸±¬ı˛±—˙

¤˝◊√√ ¤fl¡Àfl¡¬ı˛ 6.4-¤ ’±¬ÛøÚ ø¡Z‰¬˘ ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ ¸˜±fl¡˘Ú ¸•§À&Ò :±Ó¬ ˝√√À26√Úº 6.5-6.6-
¤ øfl¡Â≈√ Ò˜«±¬ı˘œ Œ√›˚˛± ˝√√˘º 6.7-¤ ø¡Z‰¬˘ ¸˜±fl¡À˘¬ı˛ Δ¬ı˛ø‡fl¡ ¬ı˛”À¬Û ¸˜±Ò±Ú fl¡¬ı˛±¬ı˛ ¬ÛXøÓ¬ Œ√›˚˛±

’±ÀÂ√º 6.9-¤ Ê√…±Àfl¡±ø¬ı˚˛±ÀÚ¬ı˛ ¸±˝√√±À˚… ¬Ûø¬ı˛¬ıÓ«¬ õ∂ø√flË¡˚˛± Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº ¤Â√±Î¬ˇ± ’±ÀÂ√ Î¬◊√±˝√√¬ı˛Ì ›

’Ú≈˙œ˘Úœº

6.12 ¬¸—Àfl¡Ó¬¸˝√√ ’Ú≈˙œ˘Úœ¬ı˛ Î¬◊M√√¬ı˛˜±˘±

1. (a) a b a b
2 2

2 2
8 ( )−
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(b) π
12

(c) 

(d) 

2. 2π

3.

4. π
4

5. (i) (a) 

(b) 

(ii) (a) 

(b) dx f x y dy dx f x y dy
x

x

x

x

0

1

1

02 22 2

z zz z+
−

−

−

−
( , ) ( , )

(iii) (a) dy f x y dx dy f x y dx
y

y

y

y

( , ) ( , )−
− −

−

−− −

−

−
zzzz

1

1

1

1

4

4

2

2

2

2

2

2

(b) dx f x y dy dx f x y dy

y

y

x

x

( , ) ( , )−
− −

−

−− −

−

−
zzzz

1

1

1

1

4

4

2

2

2

2

2

2

6. (i) dy f x y dx dy f x y dx
yy

y

( , ) ( , )
//

+ zzzz
2

1

1

2

20

1

(ii) dx f x y dy
x

−

−

z z
1

1

0

1 2

( , )
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(iii) dy f x y dx
P

P

( , ) ,
π−

zz
0

1

 P = sin–1y ¤¬ı˛ ˜≈‡… ˜±Úº

7. (i)

d r dr d r drθ π θ θ φ θ
π

π

π θθ

0

4

4

2

00

/

/

/ cosecsec

( , )z z zz +

(ii) a3

12

(iii)

3
2

4πa

8. (i) 2
3 πab

(ii) 2
105

π

9.

a3

3

10.

3
4

11. ¸—Àfl¡Ó¬ – Ê√…±Àfl¡±ø¬ı˚˛±Ú √√√∏C±kÙ¬¬ı˛À˜˙ÀÚ¬ı˛ ¸±˝√√±˚… øÚÚº

12. 4(m – n)a2

13.a2

2

14.

2
3

2πσa

15. ˆ¬¬ı˛Àfl¡Àf¬ı˛ ¸—:± – x y
xdm

dm

ydm

dm
, ,a f = F
HG

I
KJ

z
z
z
z  Î¬◊M√√¬ı˛ – 

5
6 0a ,e j

16. Î¬◊M√√¬ı˛ – 4 [Ê√±Î¬… √w¬±˜Àfl¡¬ı˛ ¸—:± Ayres ¤ Œ√‡≈Ú]

6.13 ¬¸˝√√±˚˛fl¡ ¢∂&Ô

(1) N. Piscunov : Calculus (vol-I & II), (Mir Publisher, Moscow)
(2) F. Ayres, Mendelson : Calculus (Schaum’s series, Mc'graw Hill)
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¤fl¡fl¡ 7 õ∂±‰¬˘ ¶§±À¬ÛÀé¬ ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ ’z¬¬ı˛fl¡˘Ú

› ¸˜±fl¡˘Ú

·Í¬Ú

7.1 õ∂d¬±¬ıÚ±

7.2 Î¬◊ÀV˙…

7.3 õ∂±¸øe·fl¡ Ò±¬ı˛Ì±¸˜”˝√√

7.4 ¸—:± › Î¬◊¬Û¬Û±√…¸˜”˝√√

7.5 ¸±¬ı˛±—˙

7.6 ¸—Àfl¡Ó¬¸˝√√ Î¬◊M√√¬ı˛˜±˘±

7.7 ¸˝√√±˚˛fl¡ ¢∂&Ô

7.1 õ∂d¬±¬ıÚ±

¤fl¡‰¬˘ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ Œ¸˝◊√√ ‰¬˘¬ı˛±ø˙ ¸±À¬ÛÀé¬ ¸˜±fl¡˘ÀÚ¬ı˛ Ò±¬ı˛Ì± ¤¬ı— Ó¬±¬ı˛ ˜±Ú øÚÌ«À˚˛¬ı˛

õ∂ø√flË¡˚˛±¬ı˛ ¸±ÀÔ ’±¬ÛÚ±¬ı˛± ’±À·˝◊√√ ¬Ûø¬ı˛ø‰¬Ó¬ ˝√√À˚˛ÀÂ√Úº ¤fl¡±øÒfl¡ ‰¬˘ø¬ıø˙©Ü ’À¬Ûé¬fl¡Àfl¡ ’Ú≈¬ı˛”¬Û ’=À˘

¸˜±fl¡À˘¬ı˛ Ò±¬ı˛Ì±› ’±¬ÛÚ±¬ı˛± ’±À·¬ı˛ ¤fl¡Àfl¡ ŒÊ√ÀÚÀÂ√Úº Œfl¡±ÀÚ± ’À¬Ûé¬Àfl¡ ¸˜±fl¡À˘¬ı˛ ‰¬˘¬ı˛±ø˙ Â√±Î¬ˇ±

˚ø√ ’Ú… Œfl¡±ÀÚ± ‰¬˘¬ı˛±ø˙ Ô±Àfl¡ Ó¬À¬ı Œ¸˝◊√√ ‰¬˘¬ı˛±ø˙ ¸±À¬ÛÀé¬ ¸˜±fl¡˘ÀÚ±M√√¬ı˛ ’À¬Ûé¬fl¡øÈ¬Àfl¡ ’z¬¬ı˛fl¡˘ÀÚ¬ı˛

Ò±¬ı˛Ì± ¸•§À&Ò ¤‡±ÀÚ ’±À˘±‰¬Ú±fl¡¬ı˛± ˝√√À¬ıº

7.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡fl¡øÈ¬ ¬Û±Í¬ fl¡À¬ı˛ ’±¬ÛøÚ Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚñ

Œfl¡±Ú ˙Ó«¬ ¸±À¬ÛÀé¬ ¸˜±fl¡ø˘Ó¬ ’À¬Ûé¬fl¡øÈ¬Àfl¡ õ∂±‰¬˘ ¸±À¬ÛÀé¬ ’z¬¬ı˛fl¡˘Ú ¬ı± ¸˜±fl¡˘Ú fl¡¬ı˛±

˚±˚˛º

Œ¸˝◊√√ ˙Ó«¬·≈ø˘ ¬Û”¬ı˛Ì ˝√√À˘ Œfl¡˜Ú fl¡À¬ı˛ Î¬◊ø~ø‡Ó¬ ’z¬¬ı˛fl¡˘Ú ¬ı± ¸˜±fl¡˘Ú õ∂ø√flË¡˚˛± ¸•Ûiß fl¡¬ı˛±

√̋√̊ º̨

7.3 õ∂±¸øe·fl¡ Ò±¬ı˛Ì±¸˜”˝√√

¸˜±fl¡˘ÀÚ¬ı˛ ‰¬˘¬ı˛±ø˙ Â√±Î¬ˇ± ’Ú… Œfl¡±ÀÚ± ‰¬˘¬ı˛±ø˙ ˚ø√ ¸˜±fl¡À˘… Ô±Àfl¡ Ó¬À¬ı ¸˜±fl¡ø˘Ó¬
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’À¬Ûé¬fl¡øÈ¬Àfl¡ ‹ ‰¬˘¬ı˛±ø˙¬ı˛ ’À¬Ûé¬fl¡ ø˝√√¸±À¬ı ·Ì… fl¡¬ı˛± ˚±˚˛º ¤˝◊√√ ‰¬˘¬ı˛±ø˙øÈ¬Àfl õ∂±‰¬˘ ¬ıÀ˘º õ∂À˚˛±Ê√Úœ˚˛

˙Ó«¬-’±À¬ı˛±¬Û fl¡À¬ı˛ ¸˜±fl¡ø˘Ó¬ ’À¬Ûé¬fl¡øÈ¬Àfl¡ õ∂±‰¬˘ ¸±À¬ÛÀé¬ ’z¬¬ı˛fl¡˘Ú ¬ı± ¸˜±fl¡˘Ú fl¡¬ı˛± ˝√√˚˛º

7.4 ¸—:± › Î¬◊¬Û¬Û±√…¸˜”˝√√

¸—:± – ˜ÀÚ fl¡¬ı˛≈Ú a, b (a < b) ¤¬ı— c, d (c < d) fl¡À˚˛fl¡øÈ¬ ¬ı±d¬¬ı¸—‡…± Ó¬±˝√√À˘ (x, y)
¤¬ı˛ ¤˝◊√√ Œ¸È¬øÈ¬ {(x, y) : a < x < b, c < y < d} Œfl¡ R × R ’Ô¬ı± R2 ŒÓ¬ ¤fl¡øÈ¬ Î¬◊ij≈q¡

’±˚˛Ó¬Àé¬S ¬ı˘± ˝√√˚˛ ¤¬ı— ¤Àfl¡ R(a, b ; c, d) ¡Z±¬ı˛± ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˝√√˚˛º

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı (x, y) ¤¬ı˛ Œ¸È¬

{(x, y) : a ≤ x ≤ b ; c ≤ y ≤ d) Œfl¡ R2 ŒÓ¬ ¤fl¡øÈ¬ ¬ıX ’±˚˛Ó¬Àé¬S ¬ı˘± ˝√√˚˛ ¤¬ı— R[a,
b ; c, d] ¡Z±¬ı˛± ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˝√√˚˛º

Î¬◊¬Û¬Û±√…-1

˜ÀÚ fl¡¬ı˛≈Ú a, b, c, d ¬ı±d¬¬ı ¸—‡…±¬ı˛ Ê√Ú… ‘E’ Œ¸È¬øÈ¬ ˝√√˘ {(x, y) : a ≤ x < b, c ≤ y

≤ d} ’±¬ı˛› ˜ÀÚ fl¡¬ı˛≈Ú f : E → R ¤fl¡øÈ¬ ¸z¬Ó¬ ’À¬Ûé¬fl¡º Ó¬±˝√√À˘

φ( ) ( , ) ,y f x y dx c y d
a

b

= ≤ ≤z
 ’Àé¬fl¡øÈ¬› ¸z¬Ó¬ ˝√√À¬ıº

õ∂˜±Ì – Ò¬ı˛± ˚±fl¡ y0∈[c, d] h ≠ 0 ¤˜Ú ¤fl¡øÈ¬ ¬ı±d¬¬ı ¸—‡…± Œ˚ y0 + h∈ [c, d] Ó¬±˝√√À˘

φ(y0 + h) – φ(y0) 

= + −z [ ( , ) ( , )]f x y h f x y dx
a

b

0 0

.

Ò¬ı˛± ˚±fl¡ ε ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…±º ¤‡Ú Œ˚À˝√√Ó≈¬ E ¬ıX ’±˚˛Ó¬Àé¬ÀS ‘f’ ¸z¬Ó¬ fl¡±ÀÊ√˝◊√√ ‹

’±˚˛Ó¬Àé¬S ‘f’ ¸˜¸z¬Ó¬º ¸≈Ó¬¬ı˛±— ε ¤¬ı˛ ˜±Ú ’Ú≈¸±À¬ı˛ ¤˜Ú ¤fl¡øÈ¬ δ ’¬ı˙…˝◊√√ ¬Û±›˚˛± ˚±À¬ı ˚±ÀÓ¬,

| ( , ) ( , )|f x y f x y b a′ ′ − ′′ ′′ < −
ε  ˚‡Ú

| | , | |′ − ′′ < ′ − ′′ <x x y yδ δ

¤‡Ú h ¤¬ı˛ ˜±Ú ˚ø√ ¤˜Ú fl¡À¬ı˛ ‰¬˚˛Ú fl¡À¬ı˛Ú ˚±ÀÓ¬ | h | < δ ˝√√˚˛ Ó¬±˝√√À˘

| φ(y0 + h) – φ(y0)|

= + −z{ ( , ) ( , )}
a

b

f x y h f x y dx0 0

< − − =ε εb a b a( )
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¤ ŒÔÀfl¡ õ∂˜±Ì ˝√√˚˛ φ(y), y0 ø¬ıμ≈ÀÓ¬ ¸y¬¬ıº øfl¡z≈¬ Œ˚À˝√√Ó≈¬ y0 [c, d] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıμ≈

’Ó¬¤¬ı ¸˜¢∂ [c, d] ’z¬À¬ı˛ φ(y) ¸z¬Ó¬º

Î¬◊¬Û±¬Û√…-2
˜ÀÚ fl¡¬ı˛≈Ú f : E → R ¤fl¡øÈ¬ ¸z¬Ó¬ ’À¬Ûé¬fl¡ ¤¬ı— fy(x, y) ’À¬Ûé¬fl¡øÈ¬› E : [a ≤ x ≤

b ; c ≤ y ≤ d] ¬ıX ’±˚˛Ó¬Àé¬ÀS ¸z¬Ó¬º Ó¬±˝√√À˘ φ( ) ( , )y f x y dx
a

b

= z  ’À¬Ûé¬fl¡øÈ¬ [c, d] ’z¬À¬ı˛

‘y’ ¤¬ı˛ ¸fl¡˘ ˜±ÀÚ¬ı˛ Ê√Ú… ’z¬¬ı˛fl¡˘ÚÀ˚±·… ¤¬ı—

õ∂˜±Ì – ˜ÀÚ fl¡¬ı˛≈Ú y0∈ [c, d], h ≠ 0 ¤˜Ú ¤fl¡øÈ¬ ¬ı±d¬¬ı ¸—‡…± Œ˚ y0 + h∈[c, d]
Ó¬±˝√√À˘ φ(y0 + h) – φ(y0)

.

Œ˚À˝√√Ó≈¬ fy(x, y) R[a, b, c, d] ŒÓ¬ ¸z¬Ó¬º

∴ ψ(y) = z f x y dxy
a

b

( , )  ¤¬ı˛ ¸¸œ˜ ’±fl¡±À¬ı˛ ˜±Ú ’±ÀÂ√º

¤‡Ú f(x, y0 + h) – f(x, y0)
= hfy(x, y0 + θh), 0 < θ < 1

∴ φ φ
ψ

( ) ( )
( )

y h y
h

y0 0
0

+ −
−

= + −z [ ( , ) ( , )}f x y h f x y dxy y
a

b

0 0θ

˙Ó«¬ ’Ú≈¸±À¬ı˛ fy(x, y)E ŒÓ¬ ¸z¬Ó¬¸≈Ó¬¬ı˛±— ¸˜¸z¬Ó¬º fl¡±ÀÊ√˝◊√√ Œ˚ Œfl¡±ÀÚ± ÒÚ±Rfl¡ ¸—‡…± ε ¤¬ı˛

Ê√Ú… ¤˜Ú ¤fl¡øÈ¬ δ ’¬ı˙…˝◊√√ ¬Û±›˚˛± ˚±À¬ı Œ˚

f x y f x y b ay y( , ) ( , )′ ′ − ′′ ′′ < −
ε

˚‡Ú | x′ – x′′ | < δ ¤¬ı— | y′ – y′′ | < δ.

’Ó¬¤¬ı  ˚‡Ú | h | < δ

¤ ŒÔÀfl¡ Œ¬ı±Á¡± ˚±À26√ φ′(y0) ¤¬ı˛ ’ød¬Q ’±ÀÂ√ ¤¬ı—

φ′(y0) = ψ(y0).
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Œ˚À˝√√Ó≈¬ y0 [c, d] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıμ≈ ’Ó¬¤¬ı ¬ı˘ÀÓ¬ ¬Û±À¬ı˛Ú

φ ψ′ = z( ) ( ) ( , )y y f x y dxy
a

b

˚‡Ú y ∈ [c, d]
È¬œfl¡± – Î¬◊¬Û¬Û±√… ‘2’ ŒÔÀfl¡ ’±¬ÛÚ±¬ı˛± Ê√±ÚÀÓ¬ ¬Û±¬ı˛À˘Ú Œfl¡±Ú ˙Ó«¬±ÒœÀÚ ¤¬ı— Œfl¡˜Ú fl¡À¬ı˛ ¸˜±fl¡ø˘Ó¬

’À¬Ûé¬fl¡øÈ¬Àfl¡ õ∂±‰¬˘ ¸±À¬ÛÀé¬ ’z¬¬ı˛ fl¡˘Ú fl¡¬ı˛± ˚±˚˛º ¤¬ı˛ ¬ÛÀ¬ı˛¬ı˛ Î¬◊¬Û¬Û±À√… Œ√‡À¬ıÚ ¸˜±fl¡˘… Â√±Î¬ˇ±›

¸˜±fl¡À˘¬ı˛ ¸œ˜±¡Z˚˛› ˚ø√ õ∂±‰¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ˝√√˚˛Ó¬À¬ı Œfl¡˜Ú fl¡À¬ı˛ ¤˝◊√√ ’z¬¬ı˛fl¡˘Ú õ∂ø√flË¡˚˛± ¸•Ûiß

fl¡¬ı˛± ˚±˚˛º

Î¬◊¬Û¬Û±√…-3

˜ÀÚ fl¡¬ı˛≈Ú f(x, y) ¤¬ı— fy(x, y), E = R[a, b, c, d] ¬ıX ’±˚˛Ó¬Àé¬ÀS ¸z¬Ó¬º ’±¬ı˛› ˜ÀÚ

fl¡¬ı≈̨Ú g1(y), g2(y) [c, d] ’z¬À¬ı˛ ’z¬¬ı˛fl¡˘ÚÀ˚±·… ¤¬ı— (g1, (y), y) › (g2(y), y)E ¤¬ı˛ ¸√¸…

Ó¬À¬ı

φ( ) ( , ) . [ , ]
( )

( )

y f x y dx c d
g y

g y

= z
1

2

 ’z¬À¬ı˛ ’z¬¬ı˛fl¡˘ÚÀ˚±·…

¤¬ı— ′ = + ′ × − ′zφ ( ) ( , ) ( ) [ ( ), ] ( ) [ ( ), ]
( )

( )

y f x y dx g y f g y y g y f g y yy
g y

g y

1

2

2 2 1 1

õ∂˜±Ì – ˜ÀÚ fl¡¬ı˛≈Ú k > 0 ¤fl¡øÈ¬ ¬ı±d¬¬ı ¸—‡…±

Ó¬±˝√√À˘ φ(y + k) – φ(y)

= + −
+

+

z zf x y k dx f x y dx
g y k

g y k

g y

g y

( , ) ( , )
( )

( )

( )

( )

1

2

1

2

|——————•————————•—————————•
g1(y)   g1(y + k)         g2(y)         g2(y + k)

= + + + − +
+

+

+ +

z z zf x y k dx f x y k dx f x y k dx
g y

g y k

g y k

g y k

g y

g y k

( , ) ( , ) ( , )
( )

( )

( )

( )

( )

( )

1

1

1

2

1

2

− + + + −
+ + +

z z zf x y k dx f x y k dx f x y dx
g y

g y k

g

g y k

g y

g y k

( , ) ( , ) ( , )
( )

( ) ( )

( )

( )

1

1

1

2

1

2
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= +z [ ( , )
( )

( )

f x y k
g y

g y

1

2

 – f(x, y)]dx – [g1(y + k) – g1(y)]f(ξ, y + k)

+ [g2(y + k) – g2(y)] f(η, y + k)
[ Œ˚‡±ÀÚ ξ › η ˚Ô±√flË¡À˜ g1(y + k) › g1(y) ¤¬ı˛ ˜ÀÒ… ¤¬ı— g2(y) ŒÔÀfl¡ g2(y + k)

¤¬ı˛ ˜ÀÒ… ≈√øÈ¬ ø¬ıμ≈ ]
≈√ø√Àfl¡ ‘k’ ø√À˚˛ ˆ¬±· fl¡¬ı˛À˘ ¬Û±›˚˛± ˚±˚˛ñ

φ φ ξ( ) ( ) ( , ) ( , ) ( ) ( )
( , )

( )

( )
y k y

k
f x y k f x y

k dx
g y k g y

k f y k
g y

g y
+ − = + − −

+ −
+z

1

2
1 1

+
+ −

+
g y k g y

k
f y k2 2( )
( , )η

¤¬ı±¬ı˛ k → 0 fl¡¬ı˛À˘ ¬Û±À¬ıÚ

φ′ = − ′ + ′z( ) ( , ) ( ) ( , ) ( ) ( , )
( )

( )

y f x y dx g y f x y g y f x y
g y

g y

y
1

2

1 2

Î¬◊¬Û¬Û±√…-4

f(x, y) ’À¬Ûé¬fl¡øÈ¬ ˚ø√ R[a, b : c, d] ¬ıX ’±˚˛Ó¬Àé¬ÀS ¸z¬Ó¬ ˝√√˚˛ Ó¬±˝√√À˘ñ

c

d

a

b

c

d

a

b

f x y dx dy f x y dy dxz z zzRST
UVW

=
RST

UVW
( , ) ( , )

’Ô«±» Δ¬ı˛ø‡fl¡ ¸˜±fl¡À˘¬ı˛ ¬Û¬ı˛•Û¬ı˛±˚˛ ¸˜±fl¡˘ ‰¬À˘¬ı˛ √flË¡˜ ¬Ûø¬ı˛¬ıÓ«¬Ú fl¡¬ı˛± ˚±˚˛º

õ∂˜±Ì – Œ˚À˝√√Ó≈¬ f(x, y) ’À¬Ûé¬fl¡øÈ¬ F[a,b ; c, d] ŒÓ¬ ¸z¬Ó¬ fl¡±ÀÊ√˝◊√√ ‘y’ ¤¬ı˛ Œfl¡±ÀÚ± øÚø«√©Ü

˜±ÀÚ¬ı˛ Ê√Ú… ¤øÈ¬ [a, b] ’z¬À¬ı˛ ¸z¬Ó¬ ’±¬ı±¬ı˛ ‘x’ ¤¬ı˛ Œfl¡±ÀÚ± øÚø«√©Ü ˜±ÀÚ¬ı˛ Ê√Ú… [c, d] ’z¬À¬ı˛

¸z¬Ó¬º

¸≈Ó¬¬ı˛±— Î¬◊¬Û¬Û±À√… Î¬◊ø~ø‡Ó¬ ≈√øÈ¬ ¬ı˝≈√√¸˜±fl¡À˘¬ı˛˝◊√√ ’ød¬Q ’±ÀÂ√º

Ò¬ı˛≈Ú φ(t) ¤¬ı— ψ(t) ≈√øÈ¬ ’À¬Ûé¬fl¡Àfl¡ ¤ˆ¬±À¬ı ¸—:±ø˚˛Ó¬ fl¡¬ı˛± ˝√√À˘±

φ

ψ

( ) ( , )

( ) ( , )

.

t f x y dx dy

t f x y dy dx

c t da

b

c

t

c

t

a

b

=
RST

UVW
=
RST

UVW

U

V
||

W
||

≤ ≤
zz
zz
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’¬ı˙… ◊̋√√ φ(c) = ψ(c) = 0

φ′ = z( ) ( , )t f x t dx
a

b

ψ δ
δ′ =
RST

UVWzz( ) ( , )t
t

f x y dy dx
c

t

a

b

= z f x t dx
a

b

( , )

∴ [c, d] ’z¬À¬ı˛¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıμ≈ ‘t’ ¤¬ı˛ Ê√Ú… φ′(t) = ψ′(t)
fl¡±ÀÊ√˝◊√√ φ › ψ ’À¬Ûé¬fl¡ ≈√øÈ¬¬ı˛ ˜ÀÒ… ¬ıÎ¬ˇÀÊ√±¬ı˛ ¤fl¡øÈ¬ ÒË≈¬ıÀfl¡¬ı˛ Ó¬Ù¬±» Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛º

øfl¡z≈¬ φ(c) = ψ(c)
∴ φ(t) = ψ(t), t∈[c, d]
¤‡Ú t = d Ò¬ı˛À˘

c

d

a

b

c

d

a

b

f x y dx dy f x y dy dxz z zzRST
UVW

=
RST

UVW
( , ) ( , )

Î¬◊√±˝√√¬ı˛Ì –

1. | a | < 1 ˝√√À˘ Œ√‡±Ú Œ˚

log( cos )
cos sin

1

0

1+ =z −a x
x dx a

π
π

¸˜±Ò±Ú –

Ò¬ı˛≈Ú f x a
a x

x( , )
log( cos )

cos= +1

˚‡Ú 

0 2 1 1≤ ≤ ≠ − < <x x aπ π, ,

˘é¬… fl¡¬ı˛≈Ú ˚‡Ú x → π
2

f(x, a) → a

fl¡±ÀÊ√˝◊√√ 

f aπ
2 ,e j

 = a ¸—:± Ò¬ı˛À˘ f(x, a) ’À¬Ûé¬fl¡øÈ¬ R[0, π ; –k, k], k < 1. ¤˝◊√√ ¬ıX

’±˚˛Ó¬Àé¬S ¸z¬Ó¬º

’±¬ı±¬ı˛ 

δ
δ

f
a a x= +

1
1 cos

 ¤˝◊√√ ’±˚˛Ó¬Àé¬S ¸¬ı«S ¸z¬Ó¬º
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¤‡Ú  ˝√√À˘

 [¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±›˚˛± ˚±˚˛]

˚‡Ú | a | ≤ k

∴ φ(a) = π sin–1a + c,

c = ¸˜±fl¡˘Ú ÒË≈¬ıfl¡º

øfl¡z≈¬ φ(a)′¬ı˛ ¸—:± ŒÔÀfl¡ Œ¬ı±Á¡± ˚±˚˛ Œ˚ φ′(0) = 0

∴ C = 0

∴ φ
π

( )
log( cos )

cosa
a x

x dx= +z 1

0

= π sin–1a

2. a > 0 ˝√√À˘ Œ√‡±Ú Œ˚

¸˜±Ò±Ú – Ò¬ı˛≈Ú 

˚‡Ú 0 ≤ x ≤ k, 0 ≤ a ≤ k, k ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…±º

∴ f(x, a), R[0, k ; 0, k] ¬ıX ’±˚˛Ó¬Àé¬ÀS ¸z¬Ó¬º

’±¬ı±¬ı˛, 

δ
δ

f
a

x
ax x

=
+ +( )( )1 1 2  ’À¬Ûé¬fl¡øÈ¬› ‹ ’±˚˛Ó¬Àé¬ÀS¬ı˛ ¸¬ı«S ¸z¬Ó¬º

fl¡±ÀÊ√˝◊√√ φ( )
log( )

a
ax

x
dx

a

= +
+z
1

1 2
0

..........(1)

˝√√À˘ ..........(2)

[ Î¬◊¬Û¬Û±√… 3 ’Ú≈¸±À¬ı˛ ]

¤‡Ú  ’À¬Ûé¬fl¡øÈ¬ ’±—ø˙fl¡ ˆ¬¢ü±—À˙ ˆ¬±e·À˘ Œ˘‡± ˚±˚˛
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x
ax x

a
a ax a

x
x

a
a x( )( )

. . .
1 1 1

1
1

1
1 1 1 12 2 2 2 2 2+ +

= −
+ + +

+ +
+

+
1

+

∴ ¸˜œfl¡¬ı˛Ì (2) ŒÔÀfl¡ ¬ı˘ÀÓ¬ ¬Û±À¬ı˛Ú

φ′ = −
+ + +

+ +
+

+ +
+ +

+z z z( )
log( )

a
a

a
ax dx

a
x
x

dx a
a

dx
x

a
a

a a a
1

1 1
1

1 1 1 1
1

12
0

2 2
0

2 2
0

2

2

 = − +
+

+ +
+

+
+

+ +
+

−log( ) log( ) tan log( )1
1

1
2

1
1 1

1
1

2

2

2

2

1

2

2

2
a

a
a

a
a a

a
a

a

 

= +
+

+
+

−1
2

1
1 1

2

2

1

2
log( ) tana

a
a a

a

¸˜±fl¡˘ÀÚ¬ı˛ ¸±˝√√±À˚… ¬Û±À¬ıÚ

φ( )
log( ) tana

a
a

da a
a

da c= 1 +
+

+
+

+z z −

2
1

1 1

2

2

1

2

= 1 +
+

+ +z −
2

1
1

1
2 1

2

2
2 1log( )

log( ) tan
a

a
da a a

− 1 +
+

+z2 1
1

2

2
log( )a

a
da c  [’—˙±fl¡±À¬ı˛ ¸˜±fl¡˘Ú]

= 1 + +−
2 1 2 1log( ) tana a c

¸˜œfl¡¬ı˛Ì (1) ¤ Œ√‡≈Ú φ(0) = 0.

∴ c = 0

fl¡±ÀÊ√˝◊√√ φ( ) log( ) tana a a= + −1
2 1 2 1

’Ú≈˙œ˘Úœ

1. Œ√‡±Ú Œ˚

log( )
log( ) tan

1
1

1
2 12

0

2 1+
+

= +z −ax
x

dx a a
a
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¤ÀÔÀfl¡ ¬’±¬ı˛› õ∂˜±Ì fl¡¬ı˛≈Ú

2. õ∂˜±Ì fl¡¬ı˛≈Ú–

(i)
log( cos cos )

cos ,
/ 1 4

8 0
0

2 2 2+ = − < <z α π α α π
π x

x dx

(ii)
log( sin )

sin
,

/ 1
1 1 0

2

2
0

2 + = + − >z y x
x

dx r y y
π

3. õ∂˜±Ì fl¡¬ı˛≈Ú –

(i)

(ii) a > b > 0 ˝√√À˘

4.  õ∂˜±Ì fl¡¬ı˛≈Úº

7.5 ¸±¬ı˛±—˙

¤˝◊√√ ¤fl¡Àfl¡ õ∂±‰¬˘ ¸±À¬ÛÀé¬ ¤fl¡øÈ¬ ¸˜±fl¡À˘¬ı˛ ’z¬¬ı˛fl¡˘Ú øfl¡ fl¡À¬ı˛ fl¡¬ı˛ÀÓ¬ ˝√√˚˛ Ó¬± ’±˜¬ı˛± Ê√±ÚøÂ√º

’±¬ı˛ ¬Û±ø26√ ø¡Z‰¬˘ ¸˜±fl¡À˘¬ı˛ ‰¬À˘¬ı˛ √flË¡˜¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ÚœøÓ¬º

7.6 ¸—Àfl¡Ó¬¸˝√√ Î¬◊M√√¬ı˛˜±˘±

(1) Î¬◊√±˝√√¬ı˛Ì-1 [¤fl¡fl¡-7) ¤¬ı˛ ¸±˝√√±˚… øÚÚº

(2) (i), (ii) ≈√øÈ¬ Œé¬ÀS˝◊√√ Î¬◊√±˝√√¬ı˛Ì-1, 2 [¤fl¡fl¡-7) ¤¬ı˛ ˜Ó¬ fl¡À¬ı˛ ˆ¬±¬ı≈Úº

7.7 ¸˝√√±˚˛fl¡ ¢∂&Ô

(1) Robert G. Bartle : Elements of Real Analysis (2nd edition, John Wiley)
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EMT–08
Block–2
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¤fl¡fl¡ 8 ’˚Ô±Ô« ø¬ı˛˜±Ú ¸˜±fl¡˘ (Improper Riemann
Integrals)

·Í¬Ú

8.1 õ∂d¬±¬ıÚ±

8.2 Î¬◊ÀV˙…

8.3 ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ¸—:± › Œ|Ìœø¬ıˆ¬±·

8.4 ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ˜±Ú øÚÌ«À˚˛¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ ¤fl¡øÈ¬ Î¬◊¬Û¬Û±√…

8.5 õ∂Ô˜ õ∂ùü±¬ı˘œ

8.6 ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬

8.7 ø¡ZÓ¬œ˚˛ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛Ì

8.8 ‘√©Ü±z¬˜”˘fl¡ Î¬◊√±˝√√¬ı˛Ì±¬ı˘œ

8.9 ¸±¬ı˛±—˙

8.10 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

8.1 õ∂d¬±¬ıÚ±

Œfl¡±ÀÚ± ’À¬Ûé¬Àfl¡¬ı˛ ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ ’ød¬ÀQ¬ı˛ ’Ú…Ó¬˜ ˙Ó«¬ ˝√√À26√, ‹ ’À¬Ûé¬fl¡øÈ¬Àfl¡ ¤fl¡øÈ¬ ¬ıX

’z¬¬ı˛±À˘ ¸œ˜±¬ıX ˝√√ÀÓ¬ ˝√√À¬ı (bounded in a closed interval)º ’Ô«±» f x dx
a

b

( )z , ’À¬Ûé¬fl¡ f(x)

¤¬ı˛ ø¬ı˛˜±Ú ¸˜±fl¡˘ ˝√√À˘, (i) ¸˜±fl¡˘ f(x) ¤¬ı˛ [a, b] ¬ıX ’z¬¬ı˛±À˘¬ı˛ Œfl¡±Ô±› ’¸œ˜ ’¸±z¬Ó¬± (infinite
discontinuity) ŒÚ˝◊√√ ’Ô¬ı± (ii) ¸˜±fl¡À˘¬ı˛ Î¬◊Ò√ı«¸œ˜± b øfl¡—¬ı± øÚ•ß¸œ˜± a Œfl¡±ÚøÈ¬˝◊√√ ’¸œ˜ Ú˚˛º

(i) ’Ô¬ı± (ii) ˙ÀÓ«¬¬ı˛ Œfl¡±Ú ¤fl¡øÈ¬ ˘øe∏‚Ó¬ ˝√√À˘˝◊√√ f x dx
a

b

( )z , ø¬ı˛˜±Ú ¸˜±fl¡˘øÈ¬Àfl¡ ’˚Ô±Ô« ¬ı˘± ˝√√À¬ıº

’˚Ô±Ô« ø¬ı˛˜±Ú ¸˜±fl¡˘ ’øˆ¬¸±¬ı˛œ ˝√√À˘ ¤¬ı˛ ˜±Ú øÚÌ«˚˛ ¸y¬¬ıº Î¬◊2‰¬Ó¬¬ı˛ ·øÌÓ¬ › ·±øÌøÓ¬fl¡ ¬Û√±Ô«ø¬ı√…±¬ı˛

ø¬ıøˆ¬iß ˙±‡±˚˛ ’˚Ô±Ô« ’Ô‰¬ ’øˆ¬¸±¬ı˛œ ø¬ı˛˜±Ú ¸˜±fl¡À˘¬ı˛ ¬ı˝≈√√˘ õ∂À˚˛±· Œ√‡± ˚±˚˛º
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8.2 Î¬◊ÀV˙…

ø¬ıøˆ¬iß Ò¬ı˛ÀÚ¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘, ¤À√¬ı˛ ’øˆ¬¸¬ı˛Ì ¤¬ı— ˜±Ú øÚÌ«À˚˛¬ı˛ ¬ÛXøÓ¬ Î¬◊√±˝√√¬ı˛Ì ¸˝√√À˚±À·

’±À˘±‰¬Ú± fl¡¬ı˛± ¤˝◊√√ ¤fl¡fl¡øÈ¬¬ı˛ Î¬◊ÀV˙…º

8.3 ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ¸—:± › Œ|Ìœø¬ıˆ¬±·

f x dx
a

b

( )z  øÚø«√©Ü ¸˜±fl¡˘øÈ¬ õ∂Ò±ÚÓ¬ ≈√øÈ¬ fl¡±¬ı˛ÀÌ ’˚Ô±Ô« ˝√√ÀÓ¬ ¬Û±À¬ı˛º

I. øÚ•ß¸œ˜± a ’Ô¬ı± Î¬◊Ò√ı«¸œ˜± b ’Ô¬ı± Î¬◊ˆ¬À˚˛˝◊√√ ’¸œ˜ ˝√√À˘º

II. f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ [a, b] ’z¬¬ı˛±À˘ ¸œø˜Ó¬ ¸—‡…fl¡ ’¸œ˜ ’¸±z¬Ó¬± (finite number of
infinite discontinuities) Ô±fl¡À˘º

8.3.1 I. (a) ÿÒ√ı«¸œ˜± b ’¸œ˜º -¤¬ı˛ ¸—:±º

˚ø√ -¤¬ı˛ ’ød¬Q Ô±Àfl¡ Ó¬±˝√√À˘ ¤˝◊√√ ¸œ˜±àÔ ˜±ÚÀfl¡ [a, ∞] ’z¬¬ı˛±À˘ f(x)-

¤¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘ ¬ı˘± ˝√√˚˛ ¤¬ı—  Œ˘‡± ˝√√˚˛º ¤Àé¬ÀS f x dx
a

( )
∞

z
’˚Ô±Ô« ¸˜±fl¡˘øÈ¬Àfl¡ ’øˆ¬¸±¬ı˛œ (convergent) ¬ı˘± ˝√√˚˛º ˚ø√ -¤¬ı˛ ’ød¬Q Ú± Ô±Àfl¡

Ó¬±˝√√À˘  ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬Àfl¡ ’¬Û¸±¬ı˛œ (divergent) ¬ı˘± ˝√√˚˛º

(b) øÚ•ß¸œ˜± a ’¸œ˜º -¤¬ı˛ ¸—:±º

¤˝◊√√ ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ˝√√À¬ı ˚ø√ Î¬±Úø√Àfl¡¬ı˛ øÚø«√©Ü ¸˜±fl¡˘øÈ¬¬ı˛ ¸œ˜±àÔ˜±ÀÚ¬ı˛ ’ød¬Q

Ô±Àfl¡º ’Ú…Ô±˚˛ ¤øÈ¬ ˝√√À¬ı ’¬Û¸±¬ı˛œº
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(c) Î¬◊Ò√ı«¸œ˜± › øÚ•ß¸œ˜± Î¬◊ˆ¬À˚˛˝◊√√ ’¸œ˜º f x dx( )
−∞

∞

z -¤¬ı˛ ¸—:±º

f x dx f x dx f x dx
C

C

( ) = ( ) + ( )
∞

−∞−∞

∞

zzz

Œ˚‡±ÀÚ C ¤fl¡øÈ¬ ˚‘√26√ ¸—‡…±º 

f x dx( )
−∞

∞

z

 ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬Àfl¡ ’øˆ¬¸±¬ı˛œ ¬ı˘± ˝√√À¬ı ˚ø√

Î¬±Úø√Àfl¡¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘ ≈√øÈ¬¬ı˛ õ∂ÀÓ¬…Àfl¡˝◊√√ ’øˆ¬¸±¬ı˛œ ˝√√˚˛º

Î¬◊√±˝√√¬ı˛Ì 1 : 

dx
x1 2

0 +

∞

z

 ¤˝◊√√ ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : 

dx
x1 2

0 +

∞

z

 = 

lim
B

B
dx

x→∞ +z 1 2
0

= 

lim tan lim tan
B

B

B
x B

→∞
−

→∞
−= =1

0
1

2
π

Î¬◊√±˝√√¬ı˛Ì 2 : 

e dxx

0

∞

z
 ¸˜±fl¡˘øÈ¬ øfl¡ ’øˆ¬¸±¬ı˛œ∑

¸˜±Ò±Ú : 

e dxx

0

∞

z
 = 

lim lim lim
B

x
B

B
x B

B
Be dx e e

→∞ →∞ →∞z = − = ∞
0

0
1a f

fl¡±ÀÊ√˝◊√√ ¸˜±fl¡˘øÈ¬¬ı˛ ’ød¬Q ŒÚ˝◊√√º ¸≈Ó¬¬ı˛±— ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ Ú˚˛, ’¬Û¸±¬ı˛œº

Î¬◊√±˝√√¬ı˛Ì 3 : dx

x1 2 2

0

−( )−∞
z -¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : 

dx

x1 2 2

0

−( )−∞
z

 = 

lim
a

a

dx

x→−∞ −( )z 1 2 2

0

(1)

¤‡Ú

dx

xa 1 2 2

0

−( )z

 ¸˜±fl¡˘øÈ¬ÀÓ¬ 1 – 2x = u ¬ıø¸À˚˛ ¬Û±˝◊√√

dx du= − 1
2

x u

a a1 2
0 1

−
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’Ó¬¤¬ı
dx

x

du
u

aa 1 2
1
22 2

1 2

10

−( )
= −

−
zz

  = 

⇒ lim lim
a a

a

dx

x a→−∞ →−∞−( )
= − − =z 1 2

1
2 1 1

1 2
1
22

0

’Ó¬¤¬ı  ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ ˜±Ú 

Î¬◊√±˝√√¬ı˛Ì 4 :  ¸˜±fl¡˘øÈ¬¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú :  = 

= lim
A

A

B

B

dx
x→−∞

→∞
+z 1 2

= lim [tan tan ]
A

B

B A
→−∞

− −

→∞

−1 1

= 

Î¬◊√±˝√√¬ı˛Ì 5 : Œ√‡±Ú Œ˚, 

¸˜±Ò±Ú :  
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¤‡Ú 
x dx

x
A

B

4 1+z  ¸˜±fl¡˘øÈ¬ÀÓ¬ x2 = t ¬ıø¸À˚˛ ¬Û±˝◊√√

xdx dt= 1
2

x t

A A

B B

2

2

xdx
x

dt
t

A

B

A

B

4 21
1
2 12

2

+
=

+zz
= 

1
2

1
2

1 1 2 1 2
2

2
tan tan tan− − −= −t B A

A

B

’Ó¬¤¬ı õ∂√M√√ ’˚Ô±Ô« ¸˜±fl¡˘ = 
x dx

x4 1+−∞

∞

z
= 

lim tan tan
B
A

B A
→+∞

− −

→−∞

−1
2

1 2 1

= 
1
2 2 2 0π π− =

8.3.2 ø¡ZÓ¬œ˚˛ ¬ı˛fl¡À˜¬ı˛ (Type II) ’˚Ô±Ô« ¸˜±fl¡˘º ¤Àé¬ÀS ¸˜±fl¡˘… ’À¬Ûé¬fl¡

f(x)-¤¬ı˛ [a, b] ’z¬¬ı˛±À˘ ¸œø˜Ó¬ ¸—‡…fl¡ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º

(a) ˚ø√ ’À¬Ûé¬fl¡ f(x)-¤¬ı˛, øÚ•ß¸œ˜± a ø¬ıμ≈ÀÓ¬ ¤fl¡˜±S ’¸œ˜ ’¸±z¬Ó¬… Ô±Àfl¡, Ó¬±˝√√À˘ ’˚Ô±»«

¸˜±fl¡˘ f x dx
a

b

( )z -¤¬ı˛ ¸—:± Œ˘‡± ˝√√À¬ı

f x dx f x dx
a

b

a

b

( ) = ( )
→ + +
zz lim ,

λ λ0

0 < λ < b – a

(b) ˚ø√ ’À¬Ûé¬fl¡ f(x)-¤¬ı˛ ¤fl¡˜±S ’¸œ˜ ’¸±z¬Ó¬… ¬ıX ’z¬¬ı˛±À˘¬ı˛ Œ˙¯∏õ∂±z¬ b ø¬ıμ≈ÀÓ¬ Ô±Àfl¡,

Ó¬±˝√√À˘ ’˚Ô±Ô« ¸˜±fl¡˘ f x dx
a

b

( )z  ¤¬ı˛ ¸—:± Œ˘‡± ˝√√À¬ı

f x dx f x dx
a

b

a

b

( ) = ( )
→ +

−

zz lim
μ

μ

0
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(c) ˚ø√ [a, b] ¬ıX ’z¬¬ı˛±À˘¬ı˛ Œfl¡±Ú ’z¬–àÔ ø¬ıμ≈ c, (a < c < b) f (x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ ’¸œ˜

’¸±z¬Ó¬± Ô±Àfl¡, Ó¬±˝√√À˘ f x dx
a

b

( )z -¤¬ı˛ ¸—:± Œ˘‡± ˝√√À¬ı

˚ø√ Î¬±Úø√Àfl¡¬ı˛ Œfl¡±Ú ¤fl¡øÈ¬ ¸˜±fl¡À˘¬ı˛ ¸œ˜±àÔ ˜±Ú Ú± Ô±Àfl¡ Ó¬±˝√√À˘ ’˚Ô±Ô« ¸˜±fl¡˘ f x dx
a

b

( )z
˝√√À¬ı ’¬Û¸±¬ı˛œº ’±¬ı±¬ı˛ λ = μ ¬ıø¸À˚˛ ¬˚ø√ Î¬±Úø√Àfl¡¬ı˛ ¸˜±fl¡˘ ≈√øÈ¬¬ı˛ Œ˚±·Ù¬À˘¬ı˛ ¸œ˜±àÔ ˜±Ú ¬Û±›˚˛±

˚±˚˛ Ó¬±˝√√À˘ ¤˝◊√√ ˜±ÚøÈ¬Àfl¡ -¤¬ı˛ Œfl¡±ø˙ ˜≈‡…˜±Úí (Cauchy Principal Value) ¬ı˘± ˝√√À¬ıº

Î¬◊√±˝√√¬ı˛Ì 1 : ¸y¬¬ı ˝√√À˘ øÚÀ‰¬¬ı˛ ¸˜±fl¡˘øÈ¬¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú

¸˜±Ò±Ú : ¤Àé¬ÀS  ’À¬Ûé¬fl¡øÈ¬¬ı˛ x = 2 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√ ¤¬ı— x = 2

ø¬ıμ≈øÈ¬ ¤˝◊√√ ¸˜±fl¡˘øÈ¬¬ı˛ Î¬◊Ò√ı«¸œ˜±º

’Ó¬¤¬ı, = 

= lim log
μ

μ
→ +

−− −( )
0 0

22 x

= lim log log
μ

μ
→ +

−
0

2

¤˝◊√√ ¸œ˜±àÔ ˜±ÀÚ¬ı˛ ’ød¬Q ŒÚ˝◊√√º Ù¬À˘ õ∂√M√√ ¸˜±fl¡˘øÈ¬ ’¬Û¸±¬ı˛œº

Î¬◊√±˝√√¬ı˛Ì 2 : ¸y¬¬ı ˝√√À˘ 
1
2

0

1

x
dxz -¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : ¤Àé¬ÀS  ’À¬Ûé¬fl¡øÈ¬¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º
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’Ó¬¤¬ı,

1
2

0

1

x
dxz

= 

lim
ε ε→ + z0 2

1
1
x

dx

= lim lim
ε ε ε ε→ + → +

− = −
0

1

0

1 1 1
x

¤‡Ú lim
ε ε→ +

= +∞
0

1
 fl¡±ÀÊ√˝◊√√ 

lim
ε ε→ + z0 2

1
1
x

dx

 ¸˜±fl¡˘øÈ¬ ’¬Û¸±¬ı˛œ ¤¬ı— ¤¬ı˛ ˜±Ú øÚÌ«˚˛ ¸y¬¬ı

Ú˚˛º

Î¬◊√±˝√√¬ı˛Ì 3 : õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, ¸˜±fl¡˘øÈ¬¬ı˛ ëŒfl¡±ø˙ ˜≈‡…˜±Úí ¬ıÓ«¬˜±Ú, ˚ø√› ¸—:±Ú≈˚±˚˛œ ¸˜±fl¡˘øÈ¬

’¬Û¸±¬ı˛œº

¸˜±Ò±Ú : 
1
3x

 ’À¬Ûé¬fl¡øÈ¬¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º Ù¬À˘

1
3

1

1

x
dx

−
z

= 

lim lim
μ λ λ

μ

→ + → +−

−
+ zz0 3 0 3

1

1

1 1
x

dx
x

dx
= lim lim

μ

μ

λ λ→ + −

−

→ +
− + −

0 2
1 0 2

11
2

1
2x x

= lim lim
μ λμ λ→ + → +

−LNM
O
QP + − +

0 2 0 2
1
2

1
2

1
2

1
2

Œ˚À˝√√Ó≈¬ lim
μ μ→ +0 2

1
2

 ¤¬ı— lim
λ λ→ +0 2

1
2

 ¸œ˜± ≈√øÈ¬¬ı˛ ’ød¬Q ŒÚ˝◊√√, õ∂√M√√ ¸˜±fl¡˘øÈ¬ ’¬Û¸±¬ı˛œ ¤¬ı—

¤¬ı˛ ˜±Ú øÚÌ«˚˛ ¸y¬¬ı Ú˚˛º

ëŒfl¡±ø˙ ˜≈‡…˜±Úí-¤¬ı˛ Ê√Ú… ’±˜¬ı˛± ¬Û±˝◊√√

1
3

1

1

x
dx

−
z

= 

lim
μ μ

μ

→ + −
+

L
NM

O
QPzz0 3 3

1

1

1 1
x

dx
x

dx

= lim
μ μμ→ +

− +
L
NM

O
QP

=zz0 3 3

11
1 1 0
x

dx
x

dx
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Î¬◊√±˝√√¬ı˛Ì 4 : ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú 
dx

x x2
1 1−

∞

z
¤˝◊√√ ¸˜±fl¡˘øÈ¬ ≈√øÈ¬ fl¡±¬ı˛ÀÌ ’˚Ô±Ô«º õ∂Ô˜ fl¡±¬ı˛Ì ¤¬ı˛ Î¬◊Ò√ı«¸œ˜± ’¸œ˜ ¤¬ı— ø¡ZÓ¬œ˚˛ fl¡±¬ı˛Ì ¸˜±fl¡˘…

’À¬Ûé¬fl¡øÈ¬¬ı˛ x = 1 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º

’Ó¬¤¬ı

= lim
B

B
dx

x x→∞
+→ + −z

λ λ0
2

1 1

= lim sec
B

B
x

→∞
−

+
→ +λ

λ
0

1
1

= lim sec sec
B

B
→∞

− −

→ +

− +
λ

λ
0

1 1 1a f

= 

Î¬◊√±˝√√¬ı˛Ì 5 : Œ√‡±Ú Œ˚ øÚÀ‰¬ Œ˘‡± ’˚Ô±Ô« ¸˜±fl¡˘ 
dx

x c
a c b

a

b

− < <z ,  ’¬Û¸±¬ı˛œº øfl¡z≈¬ ¤¬ı˛

ëŒfl¡±˙œ ˜≈‡…˜±Úí ’±ÀÂ√º Œ¸øÈ¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : I = 
dx

x c
a c b

a

b

− < <z ,

= lim
λ λ

μ

μ
→ + +

−

→ +
− + −

RST
UVWzz0

0

dx
x c

dx
x c

c

b

a

c

=  

= 
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= 

In b c
c a

In−
− +

→ +
→ +

lim
λ
μ

λ
μ0

0

Œ˚À˝√√Ó≈¬ lim
λ
μ

λ
μ→ +

→ +
0
0

In -¤¬ı˛ ’ød¬Q ŒÚ˝◊√√, ¬õ∂√M√√ ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬ ’¬Û¸±¬ı˛œº ëŒfl¡±ø˙ ˜≈‡…˜±Úí ¤¬ı˛

Ê√Ú… λ = μ ¬ıø¸À˚˛ ¬Û±˝◊√√ ( ) ,. .I In b c
c a

a c bp v = −
− < <

8.4 ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ˜±Ú øÚÌ«À˚˛¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ ¤fl¡øÈ¬ Î¬◊¬Û¬Û±√…

Î¬◊¬Û¬Û±√… : (i) ¤fl¡øÈ¬ ¸˜±fl¡˘… ’À¬Ûé¬fl¡ f(x), 0 < x ≤ a ’z¬¬ı˛±À˘ ¸œ˜±¬ıX › ¸˜±fl¡˘ÚÀ˚±·…

˝√√˚˛ ¤¬ı— x → 0+ ˝√√À˘˝◊√√ ¤fl¡˜±S f(x) → ∞ ˝√√˚˛ ’Ô¬ı± f(x), 0 ≤ x < a ’z¬¬ı˛±À˘ ¸œ˜±¬ıX

¤¬ı— ¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛ ¤¬ı— x → a – ˝√√À˘˝◊√√ ¤fl¡˜±S f(x) → ∞ ˝√√˚˛ ¤¬ı—

(ii) f x dx
a

( )z
0

 ’øˆ¬¸±¬ı˛œ ˝√√˚˛, Ó¬±˝√√À˘

f x dx f a x dx
aa

( ) = −( )zz
00 õ∂˜±Ì : Òø¬ı˛ f(x) → ∞ ˚‡Ú x → a – ¤¬ı— 

f x dx
a

( )z
0  ’øˆ¬¸±¬ı˛œº fl¡±ÀÊ√˝◊√√ ¸—:± ŒÔÀfl¡

¬Û±˝◊√√, 

lim
μ

μ

→ +

−
( )z0

0
f x dx

a

-¤¬ı˛ ’ød¬Q ’±ÀÂ√ ¤¬ı— ¤¬ı˛ ˜±Ú ¸œø˜Ó¬º ¤˝◊√√ ¸˜±fl¡À˘ x = a – z ¬ıø¸À˚˛

¬Û± ◊̋√√

lim
μ

μ

→ +

−
( )z0

0
f x dx

a

 = 

lim
μ μ→ +

−( )z0
f a x dx

a

⇒

f x dx
a

( )z
0

   = 

f a x dx
a

−( )z
0

8.4.1 ˜z¬¬ı…

f x dx f x f a x dx
aa

( ) = ( ) + −( )zz 2
00

2
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Î¬◊¬Û¬Û±√…øÈ¬ ’˚Ô±Ô« › ’øˆ¬¸±¬ı˛œ ¸˜±fl¡˘ -¤¬ı˛ Œé¬ÀS› õ∂À˚±Ê√…º ˚ø√ f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛

Œfl¡¬ı˘˜±S ÿÒ√ı«¸œ˜± x = 2a ’Ô¬ı± øÚ•ß¸œ˜± x = 0 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… Ô±Àfl¡º

8.4.2 Î¬◊√±˝√√¬ı˛Ì

1. øÚÀ‰¬¬ı˛ ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ÒÀ¬ı˛ øÚÀ˚˛ Œ√‡±Ú Œ˚

¸˜±Ò±Ú : ¤‡±ÀÚ

log (1 + cos θ) → – ∞ ˚‡Ú θ → π
¤¬ı—

log cos lim log cos1 1
0

00
+( ) = +( )

→ +

−

zz θ θ θ θ
μ

π μπ
d d

Ù¬À˘

f d f f a d
a a

θ θ θ θ θ( ) = ( ) + −( )z z
0

2

0
2

Î¬◊¬Û¬Û±√…øÈ¬ õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

log( cos ) log cos log cos1 1 1
0

2

0
+ = +( ) + −( )zz θ θ θ θ θ

ππ
d d

= log cos1 2

0

2

−z θ θ
π

a fd

= 2
0

2

log sin θ θ
π

dz
= 2l [Òø¬ı˛]

Œ˚‡±ÀÚ   I = 

= 
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= log cos θ θ
π

d
0

2

z

⇒ 2l = 

log sin log cosθ θ θ
π

+( )z d
0

2

= 

log sin cosθ θ θ
π

d
0

2

z

[Œ˚À˝√√Ó≈¬ Î¬◊ˆ¬˚˛ ¸˜±fl¡˘ ’øˆ¬¸±¬ı˛œ]

= 

log sin 2
2

0

2
θ θ

π
dz

= 

log logsin1
2 2

0

2

0

2

d dθ θ θ
ππ

+ zz

= 

π θ θ
π

2
1
2 2

0

2

log log sin+ z d¤¬ı±¬ı˛ log sin 2
0

2

θ θ
π

dz  ¤˝◊√√ ’øˆ¬¸±¬ı˛œ ¸˜±fl¡˘øÈ¬¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛± ˝√√À¬ıº ¤Àé¬ÀS ˘é¬…Ìœ˚˛ Œ˚,

logsin2θ ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸˜±fl¡˘øÈ¬¬ı˛ ÿÒ√ı«¸œ˜± › øÚ•ß¸œ˜± Î¬◊ˆ¬À˚˛ Œé¬ÀS˝◊√√ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º

’Ó¬¤¬ı

log sin lim log sin2 2
0

1

0

2

0

θ θ θ θ
λ λ

π μπ

μ

d d=
→ +

−

→ +
zz

2θ = z ¬ıø¸À˚˛ ¬Û±˝◊√√,

logsin lim log sin2 1
20

2

2

0

2

0

θ θ
λ λ

π μπ

μ

d z dz=
→ +

−

→ +
zz

⇒

log sin log sin2 1
2

00

2

θ θ θ θ
ππ

d d= zz

⇒   2I  = 

π θ θ
π

2
1
2

1
2

0
log log sin+ z d
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 = 
π θ θ θ

π

2
1
2

1
2

0
log logsin log cos+ +z k pd

 = π
2

1
2

1
2 2log + I

∴ I  = 
π
2

1
2log

⇒ øÚÀÌ«˚˛ ¸˜±fl¡˘ 2I = π log 1
2

2 : õ∂√M√√ ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ÒÀ¬ı˛ øÚÀ˚˛ Œ√‡±Ú Œ˚

I = 

¸˜±Ò±Ú : x x
x x

f xtan
sec cos ( )+ =  ’À¬Ûé¬fl¡øÈ¬¬ı˛ x = π

2  ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º

’Ó¬¤¬ı

  I = 

= lim tan
sec cos lim tan

sec cosμ λ π λ

π
π μ

→ + → +
+

−

+ + +zz0 0

2
0

2
x x
x x

dx x x
x x

dx

= lim sin
cos

lim sin
cosμ λ π λ

π
π μ

→ + → +
+

−

+
+

+zz0 2 0 2

2
0

2

1 1
x x

x
dx x x

x
dx

õ∂Ô˜ ¸˜±fl¡˘øÈ¬ÀÓ¬ x = π – z ¤¬ı— ø¡ZÓ¬œ˚˛øÈ¬ÀÓ¬ x = π – t ¬ıø¸À˚˛ ¬Û±˝◊√√

  I =  
lim lim

μ λ

π λ

π μ

π
φ π φ π

→ + → +

−

+

−( ) + −( )zz0 0 0

2

2

z dz t dt
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= lim ( ) lim ( )
λ μ π μ

ππ λ
φ π φ π

→ + → + +
−

− + −zz0 0 2
0
2 x dx x dx

= φ π
π

−( )z x dx
0

Œ˚‡±ÀÚ 

φ x x x
x

( ) =
+

sin
cos1 2

’Ô«±»  
x x dx

x x
x x dx

x

x x

x

tan
sec cos

sin
cos

sin
cos+ =

+
= −( )

+zzz 1 12 2
000

ππππ

’Ó¬¤¬ı  2I = 

π
π

sin
cos

x
x

dx
1 2

0 +z

  I = 

π
π

2 1 2
0

sin
cos

x
x

dx
+

=z

 ¤fl¡øÈ¬ ˚Ô±Ô« ¸˜±fl¡˘º

= 

π π
π

π

2 1 12 2
0

2
sin
cos

sin
cos

x
x

x

x
dx

+
+ −( )

+ −( )
L
NM

O
QPz

= 

π
π

2 2
1 2

0

2

×
+z sin

cos
x

x
dx

= π ×
+z dz

z1 2
0

1

z = cos x

= 

π π π π× = × =−tan 1
0
1 2

4 4z

3 : a + b > 0 ˝√√À˘ Œ√‡±Ú Œ˚,

dx

x a x b a bb +( ) −
=

+

∞

z π

¸˜±Ò±Ú : ¤‡±ÀÚ I dx

x a x bb

=
+( ) −

∞

z  ¸˜±fl¡˘øÈ¬¬ı˛ Î¬◊Ò√ı«¸œ˜± ’¸œ˜ ¤¬ı— ¸˜±fl¡˘ ’À¬Ûé¬fl¡øÈ¬¬ı˛
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x = b ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º ’Ó¬¤¬ı ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¸—:±Ú≈¸±À¬ı˛ ¸˜±fl¡˘

I ’øˆ¬¸±¬ı˛œ ˝√√À¬ı, ˚ø√

¸œø˜Ó¬ ˝√√˚˛ ¤¬ı— Œ¸Àé¬ÀS

I = Œ˚‡±ÀÚ 

¤‡Ú J ¸˜±fl¡˘øÈ¬ÀÓ¬ x – b = t2 ¬ıø¸À˚˛ ¬Û±˝◊√√

  J = 2

= [∵ a + b ≠ 0]

= 

’Ó¬¤¬ı
lim

λ
π π

→ +
→∞

=
+

=
+0

2
2

B

J
a b a b

⇒ õ∂√M√√ ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ ˜±Ú 
π

a b+

8.5 õ∂Ô˜ õ∂ùü±¬ı˘œ

1. Œ√‡±Ú Œ˚,  ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ ˜±Ú 0

2. Œ√‡±Ú Œ˚, 
dx

x1 2
0

1

−z  ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ ˜±Ú 
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3. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚  

x dx
x a x b a b

2

2 2 2 2
0

2+ +
= +( )

∞

z a fa f
π

;  a, b > 0

4. Œ√‡±Ú Œ˚  e bx dx b
a b

ax−
∞

=
+z sin 2 2

0
;   a > 0

5. Œ√‡±Ú Œ˚  

dx
a b x a b+ =

−z cos
π

π

2 2
0

; a > b

6. Œ√‡±Ú Œ˚ 0 < α < π   

dx
x x2

0 2 1+ +
=

∞

z cos sinα
α

α

 ;

7. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚  
dx

a x b x ab2 2 2 2
0

2

2cos sin
;

+
=z π

π

   a, b > 0

8. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ 

x x xdx

a x b x ab a b
sin cos

cos sin2 2 2 2 2 2
0

2

4+
=

+( )z a f
π

π
;    a, b > 0

9. Œ√‡±Ú Œ˚   

dx

x x2 9 2
3 9 1

31 3
1

0

1
2

+
= −

( )
−z m r tan

10. øÚÀ‰¬¬ı˛ ¸˜±fl¡˘·≈À˘± ’øˆ¬¸±¬ı˛œ ÒÀ¬ı˛ øÚÀ˚˛ Œ√‡±Ú Œ˚

(i) log cos log1 2
0

−( ) = −z x dx π
π

(ii)

log
log

x

x
dx

1 2
1
22

0

1

−
=z π

(iii)
x dx

x ec xsec cos log+ = + +z π
π

4 1 2 1
0

2

c h
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(iv) log tan cot logx x dx+( ) =z π
π

2
0

2

(v)

(vi)

11. Œ√‡±Ú Œ˚

(i)

(ii)

(iii)

12. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, n ÒÚ±Rfl¡ ˚≈¢¨ ’‡G¬ ¸—‡…± ˝√√À˘  

øfl¡z≈¬ n ’˚≈¢¨ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…± ˝√√À˘ In = π

13. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, ¸fl¡˘ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…± n-¤¬ı˛ Ê√Ú… 

14. In =  ˝√√íÀ˘ Œ√‡±Ú Œ˚,   ¤¬ı— 
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15. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ (i) 

lim ... . .
n n n n n→∞

+
−

+ +
− −( )

R
S|
T|

U
V|
W|

=1 1
1

1

1 22 2 2 2

π

(ii) lim
n r

n

n
n r
n r→∞ =

− +
− = +∑1

2 1
1

1 π

8.6 ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬

õ∂Ô˜ ¬ı˛fl¡À˜¬ı˛ (Type I) ’˚Ô±Ô« ¸˜±fl¡˘º ¸˜±fl¡˘… ’À¬Ûé¬fl¡ ¸œ˜±¬ıX ’z¬¬ı˛±˘ ’¸œ˜º

f x dx
a

( )
∞

z -¤¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬º

F x f t dt
a

x

( ) = ( )z

 ¬ıø¸À˚˛ ’±˜¬ı˛± Œ√ø‡ Œ˚, ’˚Ô±Ô« ¸˜±fl¡˘ 

f t dt
a

( )
∞

z

-¤¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ˙Ó«¬

¤¬ı— x → ∞ ˝√√À˘, F (x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸œ˜±àÔ ˜±ÀÚ¬ı˛ ’ød¬ÀQ¬ı˛ ˙Ó«¬ ’øˆ¬ißº Ó¬±˝◊√√ ’±˜¬ı˛± 

f t dt
a

( )
∞

z ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ øÚÀ‰¬ Œ˘‡± ¸—:± ¬Û±˝◊√√º

8.6.1 ¸—:±

’˚Ô±Ô« ¸˜±fl¡˘ 

f t dt
a

( )
∞

z

 ’øˆ¬¸±¬ı˛œ ˝√√À¬ı ¤¬ı— ¤¬ı˛ ˜±Ú ˝√√À¬ı I ˚‡Ú Œfl¡±Ú ¬Û˚«…±5 é≈¬^ ÒÚ±Rfl¡

¸—‡…± ε Œ√›˚˛± Ô±fl¡À˘ ’±˜¬ı˛± ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± X ¬Û±¬ı ˚±ÀÓ¬ fl¡À¬ı˛ x > X ˝√√À˘˝◊√√

I f t dt
a

x

− ( ) <z ε

’¸˜Ó¬±øÈ¬ ø¸X ˝√√˚˛º

x → ∞ ˝√√À˘ F x f t dt
a

x

( ) = ( )z  ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸œ˜±àÔ ˜±Ú øÚÌ«À˚˛¬ı˛ Ê√Ú… ëŒfl¡±ø˙ øÚÒ«±¬ı˛fl¡í

(Cauchy criterion) õ∂À˚˛±· fl¡À¬ı˛ ’±˜¬ı˛± ¬ÛÀ¬ı˛¬ı˛ ¬Û±Ó¬±¬ı˛ Î¬◊¬Û¬Û±√…øÈ¬ ¬Û±˝◊√√º
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8.6.2 Î¬◊¬Û¬Û±√…

 ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ õ∂À˚˛±Ê√Úœ˚˛ ¤¬ı— ˚ÀÔ©Ü ˙Ó«¬ ˝√√À26√ Œ˚, Œ˚-

Œfl¡±Ú ¬Û˚«…±5 é≈¬^ ÒÚ±Rfl¡ ¸—‡…± ε-¤¬ı˛ ’Ú≈¸e·œ ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± X ¬Û±›˚˛± ˚±À¬ı, ˚±ÀÓ¬ fl¡À¬ı˛

’¸˜Ó¬±øÈ¬ x′, x′′-¤¬ı˛ Œ¸˝◊√√¸¬ı ˜±ÀÚ¬ı˛ Ê√Ú… ø¸X ˝√√˚˛ ˚±À¬ı˛ Ê√Ú… x′′ > x′ ≥ X ; ’Ô«±»

f x dx
x

x

( )
′

′′

z  → 0 ˚‡Ú  x′, x′′ → ∞

˜z¬¬ı… : Œ˚À˝√√Ó≈¬

(b = – a ¤¬ı— φ (t) = f (–t) ¬ıø¸À˚˛]

Î¬◊¬ÛÀ¬ı˛¬ı˛ Î¬◊¬Û¬Û±√…øÈ¬Àfl¡ f x dx
a

( )
−∞
z  ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ Œé¬ÀS› ¸•√x¸±ø¬ı˛Ó¬ fl¡¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

8.6.3 øÚ–˙Ó«¬ ’øˆ¬¸¬ı˛Ì ¬ı± ¬Û¬ı˛˜ ’øˆ¬¸¬ı˛Ì

¸—:± – ’˚Ô±Ô« ¸˜±fl¡˘  øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ¬ı˘± ˝√√À¬ı ˚‡Ú,

(i) f(x) ’À¬Ûé¬fl¡øÈ¬ Œ˚-Œfl¡±Ú ’z¬¬ı˛±˘ (a, b) ŒÓ¬ ¸œ˜±¬ıX ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı—

(ii)  ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº

˜z¬¬ı… : Œfl¡±Ú ’˚Ô±Ô« ¸˜±fl¡˘  øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√À˘ ¤øÈ¬ ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº

øfl¡z≈¬ ¤¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ õ∂øÓ¬:±øÈ¬ ¸Ó¬… Ú˚˛º
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Î¬◊√±˝√√¬ı˛Ì : õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

(i) 

sin x
x

dx
0

∞

z

 ’øˆ¬¸±¬ı˛œ

(ii)

sin x
x

dx
0

∞

z

 ’¬Û¸±¬ı˛œ

¸˜±Ò±Ú :

(i) 

sin x
x

dx
0

∞

z

 ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬¬ı˛ ¸˜±fl¡˘… 

sin x
x

-¤¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬ ¤fl¡øÈ¬ ”√¬ı˛œfl¡¬ı˛ÌÀ˚±·…

’¸±z¬Ó¬… ’±ÀÂ√º ’±˜¬ı˛± ˚ø√ ¤˝◊√√ ’À¬Ûé¬fl¡øÈ¬¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬ ˜±Ú 1 ÒÀ¬ı˛ øÚ˝◊√√, Ó¬±˝√√À˘ ¤˝◊√√ ’À¬Ûé¬fl¡øÈ¬Àfl¡

¸z¬Ó¬ ’À¬Ûé¬fl¡ ¬ı˘± Œ˚ÀÓ¬ ¬Û±À¬ı˛º ’±—ø˙fl¡ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√

sin x
x

dx
x

x

′

′′

z

 = 

− + −
′

′′

′

′′

zcos cosx
x

x dx
x

x

x

x

2

 = 
cos cos cos′

′ − ′′
′′ −

′

′′

zx
x

x
x

x
x

dx
x

x

2

’Ó¬¤¬ı 
sin cos cos cosx

x
dx x

x
x

x
x

x
dx

x

x

x

x

′

′′

′

′′

z z= ′
′ − ′′

′′ − 2

≤ ′
′ + ′′

′′ +
′

′′

zcos cos cosx
x

x
x

x

x
dx

x

x

2

’Ô«±» ≤ ′ + ′′ +
′

′′

z1 1
2x x

dx
x

x

x

≤ ′ + ′′ + ′ + ′′ = ′ + ′′
1 1 1 1 2 2
x x x x x xe j e j

’Ô«±»

sin x
x

dx
x x

x

x

′

′′

z ≤ ′ + ′′ →2 2 0

  ˚‡Ú  ′ ′′ → ∞x x,

’Ó¬¤¬ı ’˚Ô±Ô« ¸˜±fl¡˘ 

sin x
x

dx
0

∞

z

 ’øˆ¬¸±¬ı˛œº
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(ii) ¤¬ı±¬ı˛ ’±˜¬ı˛± Œ√‡±À¬ı± Œ˚,  ’¬Û¸±¬ı˛œ

õ∂ÔÀ˜ ’±˜¬ı˛±  Œ˚‡±ÀÚ n ¤fl¡øÈ¬ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…±º ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬¬ı˛

’øˆ¬¸¬ı˛Ì øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛øÂ√º

 = 

= 
sin x

x
dx

r

rn

−( )
z∑
11 π

π

øfl¡z≈¬   = 

= 

[ ∵ | sin {(r – 1) π + t}|

     = | (–1)r–1 sin t | = sin t

        Œ˚À˝√√Ó≈¬ 0 ≤ t ≤ π ]

Œ˚À √̋√Ó≈¬ 0 ≤ t ≤ π

∴ (r – 1) π ≤ (r – 1) π + t ≤ rπ

’Ô«±»

Ù¬À˘

sin sin
sin

x
x

dx
t dt

r t r
t dt

r
r

r

= −( ) + ≥ =zzz
−( ) 1

1 2

001
π π π

ππ

π

π

’Ó¬¤¬ı,

øfl¡z≈¬ Î¬±Úø√Àfl¡¬ı˛ Œ|ÌœøÈ¬, [˚‡Ú n → ∞) ’¬Û¸±¬ı˛œº
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Ù¬À˘,

lim
sin

n

n
x

x
dx

→∞
= ∞z

0

π

˚‡Ú

x n
x

x
dx

x
x

dx
nx

> = zzπ
π

,
sin sin

00

’Ó¬¤¬ı

lim
sin

x

x
x

x
dx

→∞
= ∞z

0

’Ô«±»

sin x
x

dx
0

∞

z

 ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬ ’¬Û¸±¬ı˛œº

8.6.4  ¸—:± : ˙Ó«¬±ÒœÚ ’øˆ¬¸¬ı˛Ì

Œfl¡±Ú ’˚Ô±Ô« ¸˜±fl¡˘ ’øˆ¬¸±¬ı˛œ ’Ô‰¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ Ú± ˝√√À˘ ‹ ¸˜±fl¡˘øÈ¬Àfl¡ ˙Ó«¬±ÒœÚ

[ˆ¬±À¬ı] ’øˆ¬¸±¬ı˛œ ¬ı˘± ˝√√À¬ıº

8.6.5  Î¬◊¬Û¬Û±√…

f x dx
a

( )
∞

z
 ¸˜±fl¡˘øÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√À˘, ¤øÈ¬ ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº

õ∂˜±Ì : 

f x dx
a

( )
∞

z
 ¸˜±fl¡˘øÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√À¬ı, ˚ø√ 

f x dx
a

( )
∞

z
 ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ

√̋√̊ º̨

Òø¬ı˛, 

f x dx
a

( )
∞z

 ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº ¬Ù¬À˘ Œ˚-Œfl¡±Ú ÒÚ±Rfl¡ ¸—‡…± ε-¤¬ı˛ ’Ú≈¸e·œ B(ε)

¬Û±›˚˛± ˚±À¬ı, ˚±¬ı˛ Ê√Ú… 

f x dx
B

B
( )

′
′′z < ε

 ’¸˜Ó¬±øÈ¬ ø¸X ˝√√À¬ı B′, B′′ > B(ε) ˝√√À˘º

øfl¡z≈¬ f x dx f x dx
B

B

B

B

( ) ≤ ( )
′

′′

′

′′

z z
’¸˜Ó¬±øÈ¬ ¸¬ı«√± ¸Ó¬…º

¤¬ı˛ Ù¬À˘ ¬Û±˝◊√√

f x dx f x dx
B

B

B

B

( ) ≤ ( ) <
′

′′

′

′′

z z ε

 ˚‡Ú B′ > B′′ > B (ε)
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’Ó¬¤¬ı, f x dx
a

( )
∞

z  ¸˜±fl¡˘øÈ¬ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ Ê√Ú… ëŒfl¡±ø˙ øÚÒ«±¬ı˛fl¡í (Cauchy criterion)-¤¬ı˛

˙Ó«¬¸˜”˝√√ ø¸X fl¡À¬ı˛º Ù¬À˘, ¤˝◊√√ ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— Î¬◊¬Û¬Û±√…øÈ¬ õ∂˜±øÌÓ¬ ˝√√˘º

8.6.6  ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ Ó≈¬˘Ú± ¬Û¬ı˛œé¬±

Î¬◊¬Û¬Û±√… 1. x ≥ a ˝√√À˘, ˚ø√ f(x) ¤fl¡øÈ¬ ’Ÿ¬Ì±Rfl¡ ¸˜±fl¡˘À˚±·… ’À¬Ûé¬fl¡ ˝√√˚˛ ¤¬ı— 

B > a ˝√√À˘ Î¬◊Ò√ı«¸œ˜±¬ıX ˝√√˚˛ Ó¬À¬ı  ’øˆ¬¸±¬ı˛œ ˝√√À¬ı  , ’Ú…Ô±˚˛ ¤øÈ¬ ’¸œÀ˜ ’¬Û¸‘Ó¬

˝√√À¬ı (diverges to ∞)º

õ∂˜±Ì : 

õ∂√M√√ ˙Ó«¬±Ú≈¸±À¬ı˛ F(B) ¤fl¡øÈ¬ ÿÒ√ı«¸œ˜±¬ıX ÒÚ±Rfl¡ √flË¡˜¬ıÒ«˜±Ú ’À¬Ûé¬fl¡º fl¡±ÀÊ√˝◊√√ -

¤¬ı˛ ’ød¬Q Ô±fl¡À¬ı ¤¬ı—  ˝√√À¬ı ’øˆ¬¸±¬ı˛œº

øfl¡z≈¬ F(B) ÿÒ√ı«¸œ˜± Ú± ˝√√À˘, ’¸œÀ˜ ’¬Û¸‘Ó¬ ˝√√À¬ıº Ù¬À˘  ¸˜±fl¡˘øÈ¬› ’¸œÀ˜

’¬Û¸‘Ó¬ ˝√√À¬ıº

Î¬◊¬Û¬Û±√… 2 : x ≥ a ˝√√À˘ ˚ø√ f(x) ¤¬ı— g(x) ¸˜±fl¡˘ÚÀ˚±·… ¤˜Ú ’À¬Ûé¬fl¡ ˝√√˚˛ Œ˚, 0 ≤
f(x) ≤ g (x), Ó¬±˝√√À˘

(i)  ’øˆ¬¸±¬ı˛œ ˝√√À¬ı, ˚ø √ ’øˆ¬¸±¬ı˛œ ˝√√˚˛º

(ii)  ’¬Û¸±¬ı˛œ ˝√√À¬ı, ˚ø√  ’¬Û¸±¬ı˛œ ˝√√˚˛º

õ∂˜±Ì :

(i)
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¤Àé¬ÀS 

g x dx
a

( )
∞

z

 ’øˆ¬¸±¬ı˛œº Ò¬ı˛± ˚±fl¡ 

g x dx
a

( )
∞

z

 = k, Ù¬À˘ Î¬◊¬Û¬Û±√… 1 ŒÔÀfl¡ 

f x dx
a

( )
∞

z

-

¤¬ı˛ ’øˆ¬¸±¬ı˛œ õ∂˜±øÌÓ¬ ˝√√˘º

(ii)

g x dx f x dx
a

x

a

x

( ) ≥ zz ( )

øfl¡z≈¬ f x dx
a

x

( ) → ∞z  ˚‡Ú x → ∞ Ù¬À˘ 

g x dx
a

( )
∞

z

 ’¸œÀ˜ ’¬Û¸‘Ó¬ ˝√√À¬ıº

8.6.7  ¤fl¡øÈ¬ õ∂À˚˛±Ê√Úœ˚˛ Ó≈¬˘Ú±-¸˜±fl¡˘ (An Useful Comparison Integral)

Œ√‡±Ú Œ˚, ’˚Ô±Ô« ¸˜±fl¡˘ 

dx
x

a
a

μ >( )
∞

z 0

 ’øˆ¬¸±¬ı˛œ ˚‡Ú μ > 1 ¤¬ı— ’¬¬Û¸±¬ı˛œ ˚‡Ú μ

≤ 1
õ∂˜±Ì : ’±˜¬ı˛± Œ√ø‡ Œ˚

dx
x

B a
a

B

μ
μ μ

μ= − −− −z 1
1

1 1l q, ˚‡Ú μ ≠ 1

¤¬ı—
dx
x

B a
a

B

μ = −z log log , ˚‡Ú μ = 1

¤¬ı±¬ı˛ B Œfl¡ ’¸œÀ˜ ‰¬±˘Ú± fl¡À¬ı˛ (Making B tend to infinity) ¬Û±˝◊√√

dx
x

a

a
μ

μ

μ= −
−∞

z 1

1 ; ˚‡Ú μ > 1

= ∞ ˚‡Ú μ ≤ 1

⇒ ’˚Ô±Ô« ¸˜±fl¡˘ 
dx
x

a
μ

∞

z   ’øˆ¬¸±¬ı˛œ, ˚‡Ú μ > 1

’¬Û¸±¬ı˛œ, ˚‡Ú μ ≤ 1
‘©Ü±z¬˜”˘fl¡ Î¬◊√±˝√√¬ı˛Ì :

1. 

dx

x xa 1 2+

∞

z

 ’øˆ¬¸±¬ı˛œº fl¡±¬ı˛Ì 

1
1

1
2 2

x x x+
<

 ˚‡Ú x ≥ a > 0 ¤¬ı— 
1
2x

dx
a

∞

z
’øˆ¬¸±¬ı˛œº
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2.  ’¬Û¸±¬ı˛œº fl¡±¬ı˛Ì  ˚‡Ú x ≥ 2 ¤¬ı— 
dx
x

2

∞

z  ’¬Û¸±¬ı˛œº

3.  ’øˆ¬¸±¬ı˛œº fl¡±¬ı˛Ì  ˚‡Ú x ≥ a > 0 ¤¬ı— 
1
2x

dx
a

∞

z  ’øˆ¬¸±¬ı˛œº

8.6.8 -¤¬ı̨ ’øˆ¬¸¬ı̨ÀÌ¬ı̨ μμμμμ-¬Û¬ı̨œé¬± (The μμμμμ-Test for the covergence of  )

(i) Òø¬ı˛ f(x) ’À¬Ûé¬fl¡øÈ¬ Œfl¡±Ú ˝◊√√26√±ÒœÚ (a, b), (a > 0) ’z¬¬ı˛±À˘ ¸œ˜±¬ıX ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·…º

˚ø√ 1 ’À¬Ûé¬± ¬ı‘˝√√M√√¬ı˛ Œfl¡±Ú ¸—‡…± μ-¤¬ı˛ Ê√Ú… xμ f(x) ¸œ˜±¬ıX ˝√√˚˛, ˚‡Ú x ≥ a, Ó¬±˝√√À˘ 

øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº

õ∂˜±Ì : ¤‡±ÀÚ | xμf(x) | < A, A ¤fl¡øÈ¬ øÚø«√©Ü ÒÚ±Rfl¡ ¸—‡…± ¤¬ı— x ≥ a > 0

’Ó¬¤¬ı

øfl¡z≈¬, ’±˜¬ı˛± Ê√±øÚ Œ˚, 
dx
x

a
μ

∞

z  ’øˆ¬¸±¬ı˛œº

Ù¬À˘, ’±˜¬ı˛± Œ√ø‡ Œ˚,  ’øˆ¬¸±¬ı˛œº

’Ó¬¤¬ı,  ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤˝◊√√ ’øˆ¬¸¬ı˛Ì øÚ–˙Ó«¬º

(ii) Òø¬ı˛ f(x) ’À¬Ûé¬fl¡øÈ¬ ˝◊√√26√±ÒœÚ ’z¬¬ı˛±˘ (a, b) ŒÓ¬ ¸œ˜±¬ıX ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·…, Œ˚‡±ÀÚ,

a > 0º 1 ¤¬ı˛ ¸˜±Ú ’Ô¬ı± 1 ’À¬Ûé¬± é≈¬^Ó¬¬ı˛ Œfl¡±Ú ¸—‡…± μ-¤¬ı˛ Ê√Ú… ˚ø√ xμf(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛

ÒÚ±Rfl¡ øÚ•ß¸œ˜± Ô±Àfl¡, ˚‡Ú x ≥ a, Ó¬±˝√√À˘  ’¸œÀ˜ ’¬Û¸‘Ó¬ ˝√√À¬ıº ’Ô«±»
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¬õ∂˜±Ì : ¤‡±ÀÚ ˙Ó«¬±Ú≈¸±À¬ı˛ xμf(x) ≥ A > 0, ˚‡Ú x ≥ a,

Ù¬À˘,   

A
x

f xμ ≤ ( )

øfl¡z≈¬ 
dx
x

a
μ

∞

z  ’¸œÀ˜ ’¬Û¸‘Ó¬ ˝√√˚˛, ˚‡Ú μ ≤ 1

’Ó¬¤¬ı 

f x dx
a

( )
∞z

’¸œÀ˜ ’¬Û¸‘Ó¬ ˝√√À¬ıº ’Ô«±»

f x dx
a

( ) → ∞
∞

z

(iii) Òø¬ı˛ f(x) ’À¬Ûé¬fl¡øÈ¬ ¤fl¡øÈ¬ ˝◊√√26√±ÒœÚ ’z¬¬ı˛±˘ [a, b] ŒÓ¬ ¸œ˜±¬ıX ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·…

Œ˚‡±ÀÚ, a > 0º ˚ø√ 1 ŒÔÀfl¡ ŒÂ√±È¬ ’Ô¬ı± 1 ¤¬ı˛ ¸˜±Ú Œfl¡±Ú ¸—‡…± μ-¤¬ı˛ Ê√Ú… xμf(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛

Ÿ¬Ì±Rfl¡ ÿÒ√ı«¸œ˜± Ô±Àfl¡, ˚‡Ú x ≥ a, Ó¬±˝√√À˘ 

− ( )
∞

z f x dx
a

 ’¸œÀ˜ ’¬Û¸‘Ó¬ ˝√√À¬ıº ’Ô«±»

f x dx
a

( ) → − ∞
∞

z
õ∂˜±Ì : ¤‡±ÀÚ –xμf(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ ÒÚ±Rfl¡ øÚ•ß¸œ˜± ’±ÀÂ√, ˚‡Ú x ≥ a ’Ó¬¤¬ı, ˙Ó«¬±Ú≈¸±À¬ı˛

–xμf(x) ≥ A > 0, ˚‡Ú x ≥ a,

Ù¬À˘,

A
x

f xμ ≤ − ( )

øfl¡z≈¬ 
dx
x

a
μ

∞

z  ’¸œÀ˜ ’¬Û¸‘Ó¬ ˝√√˚˛, ˚‡Ú μ ≤ 1

’Ó¬¤¬ı 

− ( )
∞

z f x dx
a

 ’¸œÀ˜ ’¬Û¸‘Ó¬ ˝√√À¬ı ’Ô«±»

f x dx
a

( ) → − ∞
∞

z

øfl¡z≈¬ 

lim
x

x f x
→∞

( )μa f

-¤¬ı˛ ’ød¬Q Ô±fl¡À˘ 

x f x x aμ ( ) ≥,

-¤¬ı˛ Ê√Ú… ¸œ˜±¬ıX ˝√√À¬ıº

Òø¬ı˛, lim ( )
x

x f x l
→∞

=μ
 ¤‡Ú l ÒÚ±Rfl¡ ˝√√À˘ xμf(x)-¤¬ı˛ ÒÚ±Rfl¡ øÚ•ß¸œ˜± Ô±fl¡À¬ı, ˚‡Ú x

≥ X ; [Œ˚‡±ÀÚ X ¤fl¡øÈ¬ ¬Û˚«±5 ÒÚ±Rfl¡ ¸—‡…±] ’±¬ı±¬ı˛ l Ÿ¬Ì±Rfl¡ ˝√√À˘ xμf(x)-¤¬ı˛ Ÿ¬Ì±Rfl¡ ÿÒ√ı«¸œ˜±

Ô±fl¡À¬ı ˚‡Ú x ≥ X
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Î¬◊¬ÛÀ¬ı˛¬ı˛ (i) ŒÔÀfl¡ (iii) ¬Û˚«z¬ Î¬◊¬Û¬Û±√…·≈ø˘ ŒÔÀfl¡ ¬Û¬ı˛¬ıÓ«¬œ Î¬◊¬Û¬Û±√…øÈ¬¬¬ı˛ õ∂˜±Ì ø¸X ˝√√˚˛º

Î¬◊¬Û¬Û±√… : Òø¬ı˛ f(x) ’À¬Ûé¬fl¡øÈ¬ ¤fl¡øÈ¬ ˝◊√√26√±ÒœÚ ’z¬¬ı˛±˘ [a, b] ŒÓ¬ ¸œ˜±¬ıX ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·…,

˚‡Ú a > 0

1 ’À¬Ûé¬± ¬ı‘˝√√M√√¬ı˛ Œfl¡±Ú ¸—‡…± μ ˚ø√ ¤˜Ú ˝√√˚˛ Œ˚,  ø¬ı√…˜±Ú, Ó¬±˝√√À˘ 

’øˆ¬¸±¬ı˛œ ˝√√À¬ıº

1 ’À¬Ûé¬± ¬é≈¬^Ó¬¬ı˛ ’Ô¬ı± 1-¤¬ı˛ ¸˜±Ú Œfl¡±Ú ¸—‡…± μ ˚ø√ ¤˜Ú ˝√√˚˛ Œ˚,  ø¬ı√…˜±Ú,

øfl¡z≈¬ ¸œ˜±àÔ ˜±ÚøÈ¬ ˙”Ú… Ú˚˛, Ó¬±˝√√À˘  ’¬Û¸±¬ı˛œº

 ˝√√À˘›  ’¬Û¸±¬ı˛œ ˝√√À¬ıº

8.6.9  ‘©Ü±z¬˜”˘fl¡ Î¬◊√±˝√¬ı˛Ì±¬ı˘œ

1.  ’øˆ¬¸±¬ı˛œ, fl¡±¬ı˛Ì

lim
x

x x

a x→∞
×

+

F
HG

I
KJ

=2
2

2 2 2 1a f

2. 
x

a x
dx

3

2 2 2
0 +

∞

z a f  ’¬Û¸±¬ı˛œ, fl¡±¬ı˛Ì

lim
x

x x

a x→∞
×

+

F
HG

I
KJ

=
3

2 2 2 1a f

3. 
x

b x c
dx

3 2

2 2 2
0 +

∞

z  ’¬Û¸±¬ı˛œ, fl¡±¬ı˛Ì
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lim
x

x x
b x c→∞

×
+

FH IK =1 2
3 2

2 2 2 1

4. e dxx−
∞

z 2

0
 ’øˆ¬¸±¬ı˛œ, fl¡±¬ı˛Ì

lim lim
x

x
x x

x e x

e→∞
−

→∞
= FH IK =2

22
2 0c h

 ¤‡±ÀÚ μ = 2 > 1

5.  

log x

x
dx2

1

∞

z

 ’øˆ¬¸±¬ı˛œ, fl¡±¬ı˛Ì

lim
log

lim
log

x x
x

x

x

x

x→∞ →∞
FH IK = =3 2

2 1 2 0

 ¤‡±ÀÚ μ = >3
2 1

6. 
x

x
dx n

m

n1
0

1 +
>

∞

z ,  ¸˜±fl¡˘øÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬± fl¡¬ı˛≈Úº

Î¬◊M√√¬ı˛ : ¤‡±ÀÚ

x
x

x
x x x

g x
m

n

m

n n n m1
1

1
1

+
=

+
=− − ( )

g x
x n

( ) =
+ −

1
1  ¤¬ı— 

1
2 1≤ ( ) ≤g x

 ¤¬ı— x ≥ 1

Ù¬À˘  lim lim ( )
x

n m
m

n x
x x

x
g x

→∞
−

→∞+
FH IK = =

1
1

’Ó¬¤¬ı, õ∂√M√√ ¸˜±fl¡˘, n – m > 1 ˝√√À˘ ’øˆ¬¸±¬ı˛œ ’Ú…Ô± ’¬Û¸±¬ı˛œº

7. 

x dx

x

2

7
2 1+

∞

z

 ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ, fl¡±¬ı˛Ì

lim .
x

x x

x→∞ +
F
HG

I
KJ =3 2

2

7 1
1

 ¤¬ı— 

μ = >3
2 1
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8. 
dx

x x11 +( )

∞

z

¤‡±ÀÚ 

¤¬ı— x x
x

3 2 1 2 1
1

−
+e j   ˚‡Ú x → ∞

¤‡±ÀÚ μ = >3
2 1

’Ó¬¤¬ı, 
dx

x x11 +( )

∞

z  ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº

8.6.10  ’˚Ô±Ô« ¸˜±fl¡˘ -¤¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’Ú… ¬Û¬ı˛œé¬±¸˜”˝√√

1. Î¬◊¬Û¬Û±√… : ˚ø√ φ(x) ’À¬Ûé¬fl¡øÈ¬ x ≥ a ˝√√À˘ ¸œ˜±¬ıX ¤¬ı— ˝◊√√26√±ÒœÚ [a, b] ’z¬¬ı˛±À˘

¸˜±fl¡˘ÚÀ˚±·… √̋√̊ ˛ ¤¬ı— ’˚Ô±Ô« ¸˜±fl¡˘  øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ √̋√̊ ˛, Ó¬± √̋√À˘ 

øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº

õ∂˜±Ì : x ≥ a ˝√√À˘ φ(x) ¸œ˜±¬ıXº

’Ó¬¤¬ı | φ(x) | < A, Œ˚‡±ÀÚ A ¤fl¡øÈ¬ øÚø«√©Ü ÒÚ±Rfl¡ ¸—‡…± ¤¬ı— x ≥ a

’±¬ı±¬ı˛ φ ψ φ ψx x dx x x dx
x

x

x

x

( ) ( ) = ( ) ( )
′

′′

′

′′

zz

 ˚‡Ú ′′ > ′ >x x a .............(1)
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øfl¡z≈¬ 

ψ x dx
a

( )
∞

z

 øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ

⇒

ψ x dx
a

( )
∞

z

 ’øˆ¬¸±¬ı˛œ

⇒

ψ x dx
x

x

( ) →
′

′′

z 0

  ˚‡Ú  ′ ′′ → ∞x x,

[ëŒfl¡±ø˙ øÚÒ«±¬ı˛fl¡í ’Ú≈˚±˚˛œ]

Ù¬À˘ (1) ŒÔÀfl¡ ¬Û±˝◊√√

φ ψx x dx
x

x

( ) ( ) →
′

′′

z 0

˚‡Ú  ′ ′′ → ∞x x,

’Ô«±»φ ψx x dx
a

( ) ( )
∞

z  ’øˆ¬¸±¬ı˛œº

⇒

φ ψx x dx
a

( ) ( )
∞

z

 øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ

Î¬◊√±˝√√¬ı˛Ì 1. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

sin x
x

dx
n

a
1+

∞

z

 ¤¬ı—  

cos x
x

dx
n

a
1+

∞

z

¸˜±fl¡˘ ≈øÈ¬ n ¤¬ı— a ÒÚ±Rfl¡ ¸—‡…± ˝√√À˘, øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

õ∂˜±Ì : ¤‡±ÀÚ sinx ¤¬ı— cosx, x-¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ Ê√Ú…˝◊√√ ¸œ˜±¬ıXº Ó¬±˝◊√√ sinx ¤¬ı— cosx,

x ≥ a ˝√√À˘ ¸œ˜±¬ıX ˝√√À¬ıº ¤¬ı— ¤˝◊√√ ’À¬Ûé¬fl¡ ≈√øÈ¬ Œ˚-Œfl¡±Ú ¸œø˜Ó¬ ’z¬¬ı˛±À˘ ¸˜±fl¡˘ÚÀ˚±·…º
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’±¬ı±¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¬Û¬ı˛œé¬± (μ-Test for Convergence) ŒÔÀfl¡ ¬Û±˝◊√√ õ∂√M√√ ˙ÀÓ«¬ ’Ô«±»

a > 0, n > 0 ˝√√À˘  øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

Ù¬À˘ õ∂√M√√ ¸˜±fl¡˘ ≈√øÈ¬ Î¬◊¬ÛÀ¬ı˛¬ı˛ Î¬◊¬Û¬Û±√… ’Ú≈˚±˚˛œ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

Î¬◊√±˝√√¬ı˛Ì 2 : õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, a ÒÚ±Rfl¡ ˝√√À˘

 øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

õ∂˜±Ì : cos bx, x-¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ Ê√Ú…˝◊√√ ¸œ˜±¬ıX Ó¬±˝◊√√ ¤˝◊√√ ’À¬Ûé¬fl¡øÈ¬ x ≥ a ˝√√À˘ ¸œ˜±¬ıX

˝√√À¬ı ¤¬ı— ¤øÈ¬ ˝◊√√26√±ÒœÚ [a, b] ’z¬¬ı˛±À˘ ¸˜±fl¡˘ÚÀ˚±·…º

’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¤¬ı˛ ¬Û¬ı˛œé¬± ŒÔÀfl¡ ¬Û±˝◊√√,

lim lim
x

ax
x ax

x e x
e

a
→∞

−
→∞

= = >( )2
2

0 0  [¤‡±ÀÚ, μ = 2 > 1]

⇒ e dxax

a

−
∞

z a > 0 ˝√√À˘ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

⇒  øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

Î¬◊√±˝√√¬ı˛Ì 3 : õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

cos mx
a x

dx2 2
0 +

∞

z   øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ

Î¬◊√±˝√¬ı˛Ì (1) ¤¬ı— (2) ¤¬ı˛ ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı øÚÀÊ√ fl¡¬ı˛≈Úº

II. Î¬◊¬Û¬Û±√…

Òø¬ı˛, (i) x ≥ a ˝√√À˘ φ (x) ¸œ˜±¬ıX ¤¬ı— ¸˜√flË¡˜œº
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(ii) ψ(x) ˝◊√√26√±ÒœÚ [a, b] ’z¬¬ı˛±À˘ ¸œ˜±¬ıX ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı— ‹ ’z¬¬ı˛±À˘ ¸œø˜Ó¬

¸—‡…fl¡¬ı±¬ı˛ ø‰¬˝ê ¬Ûø¬ı˛¬ıÓ«¬Ú fl¡À¬ı˛º

(iii) 

ψ x dx
a

( )
∞

z

 ’øˆ¬¸±¬ı˛œ

Ó¬±˝√√À˘ 

φ ψx x dx
a

( ) ( )
∞

z

 ’øˆ¬¸±¬ı˛œº

õ∂˜±Ì : ø¡ZÓ¬œ˚˛ ˜Ò…˜-˜±Ú Î¬◊¬Û¬Û±√… ŒÔÀfl¡ ¬Û±˝◊√√

φ ψ φ ψ φ ψx x dx x x dx x x dx
c

x

x

c

x

x

( ) ( ) = ′( ) ( ) + ′′( ) ( )
′′

′′

′′

zzz

(1)

Œ˚‡±ÀÚ a < x′ ≤ c ≤ x′′

x ≥ a ˝√√À˘ φ (x) ¸œ˜±¬ıX Ó¬±˝◊√√ ¤˜Ú ÒÚ±Rfl¡ ¸—‡…± M ¬Û±›˚˛± ˚±À¬ı Œ˚,

| φ (x) | < M ˚‡Ú x ≥ a

’Ó¬¤¬ı

| φ (x′) | < M  ¤¬ı— | φ (x′′) | < M (2)

’±¬ı±¬ı˛ 

ψ x dx
a

( )
∞

z

 ’øˆ¬¸±¬ı˛œ, ¤¬ı˛ Ù¬À˘ ’±˜¬ı˛± ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± X(ε) ¬Û±¬ı Œ˚,

ψ εx dx
M

x

x

( ) <
′

′′

z 2 ,

˚‡Ú ′′ > ′ >x x X

¤¬ı±À¬ı˛ ’±˜¬ı˛± (1) Ú— ¸•ÛÀfl«¡¬ı˛ x′, x′′ ¸—‡…± ≈√øÈ¬Àfl¡ ¤˜Úˆ¬±À¬ı øÚ˝◊√√ Œ˚, 

′′ > ′ >x x X

Ó¬±˝√√À˘

ψ εx dx
M

x

c

( ) <
′
z 2

¤¬ı— ψ εx dx
M

c

x

( ) <
′′

z 2 (3)
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¤¬ı±¬ı˛ (1), (2) ¤¬ı— (3) ŒÔÀfl¡ ¬Û±˝◊√√

φ ψ ε ε εx x dx M
M

M
M

x

x

( ) ( ) ≤ + =
′

′′

z . . ,2 2 ˚‡Ú  ′′ > ′ > ( )x x X ε

’Ô«±» ˚‡Ú  ′′ > ′ > ( )x x X ε

’Ó¬¤¬ı ëŒfl¡±ø˙ øÚÒ«±¬ı˛fl¡í ’Ú≈˚±˚˛œ õ∂˜±øÌÓ¬ ˝√√˘ Œ˚,  ’øˆ¬¸±¬ı˛œº

Î¬◊√±˝√√¬ı˛Ì 1 : õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚,  ’øˆ¬¸±¬ı˛œº

¤‡±ÀÚ e–x ¸˜√flË¡˜œ ’À¬Ûé¬fl¡º ¤¬ı—  ’øˆ¬¸±¬ı˛œ [’±À· õ∂˜±Ì fl¡¬ı˛± ˝√√À˚˛ÀÂ√]

’Ó¬¤¬ı  ’øˆ¬¸±¬ı˛œº

Î¬◊√±˝√√¬ı˛Ì 2 : Œ√‡±Ú Œ˚  ˝√√À˘ ’øˆ¬¸±¬ı˛œº

8.7 ø¡ZÓ¬œ˚˛ ¬ı˛fl¡À˜¬ı˛ (Type II) ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛Ì (Convergence
of Improper Integrals of Type II)

Œ˚ ¸˜d¬ ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ¸˜±fl¡À˘…¬ı˛ ¸œø˜Ó¬ ¸—‡…fl¡ ’¸œ˜ ’¸±z¬Ó¬… Ô±Àfl¡ ‰¬À˘¬ı˛ õ∂øÓ¬àÔ±¬ÛÚ

¡Z±¬ı˛± Œ¸˝◊√√ ¸˜±fl¡˘·≈À˘±Àfl¡ ’±˜¬ı˛± ’¸œ˜ ¸œ˜±ø¬ıø˙©Ü ’˚Ô±Ô« ¸˜±fl¡À˘ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º ’Ô«±»

‰¬À˘¬ı˛ õ∂øÓ¬àÔ±¬ÛÚ ¡Z±¬ı˛± ø¡ZÓ¬œ˚˛ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘Àfl¡ õ∂Ô˜ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡À˘ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬

fl¡¬ı˛± ˚±˚˛ ¤¬ı— ’±˜±À√¬ı˛ ˙≈Ò≈ ¸˜±fl¡˘Ú-’z¬¬ı˛±À˘¬ı˛ Œfl¡±Ú õ∂±z¬ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… Ê√øÚÓ¬ ’˚Ô±Ô«

¸˜±fl¡À˘¬ı˛ ’±À˘±‰¬Ú± fl¡¬ı˛À˘˝◊√√ ‰¬˘À¬ıº
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Òø¬ı˛ f x dx
a

b

( )z  ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬¬ı˛ x = a ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º

Ó¬±˝√√À˘, ¸—:±Ú≈¸±À¬ı˛

f x dx f x dx
a

b

a

b

( ) = ( )z z→ + +
lim ,

λ λ0

0 < λ < b – a

Î¬±Úø√Àfl¡¬ı˛ ¸˜±fl¡À˘ x a
u

− = 1
 ¬ıø¸À˚˛ ¬Û±˝◊√√

f x dx
u

f a
u

du

b aa

b

( ) = +
→ +

−( )−

−

zz lim
λ

λ

0 2
1 1

1

1

e j

= 
1 1
2

1 u
f a

u
du

b a

+
−( )

∞

z e j
/

˚ø√ ¸˜±fl¡˘øÈ¬¬ı˛ ’ød¬Q Ô±Àfl¡º

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı, ˚ø√  f(b – 1) = ∞ ˝√√˚˛, Ó¬±˝√√À˘

x b
u

= − 1
 ¬ıø¸À˚˛ ¬Û±˝◊√√

f x dx
u

f b
u

du
b aa

b

( ) = − −
−

∞

( )
zz 1 1 1

2 e j

Î¬◊√±˝√√¬ı˛Ì : øÚÀ‰¬¬ı˛ ø¡ZÓ¬œ˚˛ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘·≈ø˘Àfl¡ õ∂Ô˜ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡À˘

¬Ûø¬ı˛¬ıøÓ«¬Ó¬ fl¡À¬ı˛ ¤·≈ø˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬± fl¡¬ı˛≈Ú :

(i)
dx

x x+z0
1
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(ii)

(iii)  

(iv)  

¸˜±Ò±Ú :

(iii)   ¤‡±ÀÚ  ’À¬Ûé¬fl¡øÈ¬¬ı˛ x = 0 ¤¬ı— x = 1 Î¬◊ˆ¬˚˛¸œ˜±ÀÓ¬˝◊√√ ’¸œ˜

’¸±z¬Ó¬… ’±ÀÂ√º

Ó¬±˝◊√√  
dx

x x10

1

−( )z  =  ’±fl¡±À¬ı˛ ø˘ø‡º

¤¬ı—   = 

Î¬±Úø√Àfl¡¬ı˛ õ∂Ô˜ ¸˜±fl¡À˘ x
u

= 1
 ¤¬ı— ø¡ZÓ¬œ˚˛ ¸˜±fl¡À˘  ¬ıø¸À˚˛ ¬Û±˝◊√√

= 

= 
1

1
1

122 u u
du

v v
dv

−
+

−

∞∞

zz
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= 

2 1

1 13 22 u
u

du

−

∞

z

Œ˚À˝√√Ó≈¬ 

lim
u

u

u
u

→∞
−

L

N
MMM

O

Q
PPP

=3 2

3 2

2

1 1
2

 ¤¬ı— 
3
2 1>

’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¬Û¬ı˛œé¬± ŒÔÀfl¡ ¬Û±˝◊√√ ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº

(iv) ¤‡±ÀÚ ¸˜±fl¡˘…øÈ¬¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬± ’±ÀÂ√ ¤¬ı—

dx
x x1

0

1

+( )z = 

lim
λ λ→ + +( )z0

1

1
dx

x x

= lim
λ

λ

→ + +
z0 2
1

1
1

1 1 1u
du

u ue j
  [ x

u
= 1

 ¬ıø¸À˚˛ ]

= 

du
u +

∞

z 1
1

¤‡Ú 

lim .
u

u
u→∞ +

1
1e j

 = 1 ¤¬ı— μ = 1

Ù¬À˘, ’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¬Û¬ı˛œé¬± ¡Z±¬ı˛± ¬Û±˝◊√√ Œ˚ õ∂√M√√ ¸˜±fl¡˘øÈ¬ ’¬Û¸±¬ı˛œº

(i) › (ii) øÚÀÊ√ fl¡¬ı˛≈Úº

8.7.1 ø¡ZÓ¬œ ˛̊ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¸—e·±, ëŒfl¡±ø˙ øÚÒ«±¬ı˛fl¡í ¤¬ı— ’Ú…±Ú…

Î¬◊¬Û¬Û±√…

¸—:± : Òø¬ı˛ f(x) ’À¬Ûé¬fl¡øÈ¬ [a, b], a < x ≤ b ’z¬¬ı˛±À˘ ¸œ˜±¬ıX ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·…
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¤¬ı— ¤¬ı˛ ¤fl¡˜±S x = a ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º ’˚Ô±Ô« ¸˜±fl¡˘  ’øˆ¬¸±¬ı˛œ

˝√√À¬ı ¤¬ı— ¤¬ı˛ ˜±Ú ˝√√À¬ı, I, ˚ø√ Œ˚-Œfl¡±Ú õ∂√M√√ é≈¬^¸—‡…± ε-¤¬ı˛ Ê√Ú… ¤¬ı˛”¬Û ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…±

δ = δ (ε) øÚÌ«˚˛ fl¡¬ı˛± ¸y¬¬ı ˚±ÀÓ¬ fl¡À¬ı˛

˚‡Ú 0 < λ < δ (ε)

Œfl¡±ø˙-øÚÒ«±¬ı˛fl¡ : ’˚Ô±Ô« ¸˜±fl¡˘ f x dx
a

b
( )z -¤¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬

˝√√À26√, Œfl¡±Ú õ∂√M√√ ÒÚ±Rfl¡ ¸—‡…± ε-¤¬ı˛ Ê√Ú… ¤¬ı˛”¬Û ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± δ = δ(ε) øÚÌ«˚˛ fl¡¬ı˛± ¸y¬¬ı

˚±ÀÓ¬ fl¡À¬ı˛

˚‡Ú 0 < λ < μ < δ (ε)

Î¬◊√±˝√√¬ı˛Ì : 
sin 1

0

1
x

x
dx

e jz -¤¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬± fl¡¬ı˛≈Úº

Î¬◊M√√¬ı˛ : (0, 1) ’z¬¬ı˛±À˘

sin sin1 1
1x

x

x

x x
= ≤
e j

¤¬ı—

= 

= lim
ε

ε
→ +

− =
0

2 2 2
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’Ô«±»  
1

0

1

x
dxz  ’øˆ¬¸±¬ı˛œ

∴

sin 1

0

1
x

x
dxz

 ’øˆ¬¸±¬ı˛œ ¤¬ı— 

sin 1

0

1
x

x
dxz  øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

8.7.2 ø¡ZÓ¬œ˚˛ Ó≈¬˘Ú±-¸˜±fl¡˘ [õ∂Ô˜ Ó≈¬˘Ú±-¸˜±fl¡˘ 8.6.7-¤ ¬ıøÌ«Ó¬ ˝√√À˚˛À¬Â√]

dx

x a P
a

b

−( )+
z  ¸˜±fl¡˘øÈ¬ 0 < p < 1, ˝√√À˘ ’øˆ¬¸±¬ı˛œ

1 ≤ p < ∞ ˝√√À˘ ’¬Û¸±¬ı˛œ

– ∞ < p ≤ 0 ˝√√À˘ ˚Ô±Ô«

õ∂˜±Ì : p ≠ 1 ˝√√À˘ dx

x a p
b a

p
p p

a

b

−( )
= − −( ) −− −

+
z 1

1
1 1ε

ε
n s

¤¬ı— p = 1 ˝√√À˘  
dx

x a
b a

a

b

− = −( ) −
+
z log log ε

ε

’Ó¬¤¬ı 

dx

x a P
a

b

−( )+
z

 = 

lim ,
ε ε→ +

−

+ −( )
= −( )

−z0

1

1
dx

x a

b a
pp

p

a

b

  ˚‡Ú 0 < p < 1

= ∞      ,   ˚‡Ú p ≥ 1

¤¬ı— p ≤ 0 ˝√√À˘ ¸˜±fl¡˘øÈ¬ ˚Ô±Ô«º

øÚ–˙Ó«¬ ¤¬ı— ˙Ó«¬±ÒœÚ ’øˆ¬¸¬ı˛Ì :

¸—:± : Òø¬ı˛ ¤fl¡øÈ¬ ¸œø˜Ó¬ ’z¬¬ı˛±˘ (a, b)-¤¬ı˛ ¤fl¡˜±S a ø¬ıμ≈ÀÓ¬ f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ ’¸œ˜
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’¸±z¬Ó¬… ’±ÀÂ√º  ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬Àfl¡ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ¬ı˘± ˝√√À¬ı ˚ø√ ’À¬Ûé¬fl¡øÈ¬

Œ˚ Œfl¡±Ú ˝◊√√26√±ÒœÚ ’z¬¬ı˛±˘ [ a + λ, b] ŒÓ¬ ¸œ˜±¬ıX ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛, Œ˚‡±ÀÚ 0 < λ

< b – a ¤¬ı—  ’øˆ¬¸±¬ı˛œ ˝√√˚˛º øfl¡z≈¬ ˚ø√  ’øˆ¬¸±¬ı˛œ ˝√√˚˛ ’Ô‰¬ 

’¬Û¸±¬ı˛œ ˝√√˚˛ Ó¬±˝√√À˘ ¬ı˘± ˝√√À¬ı  ˙Ó«¬±ÒœÚˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

Î¬◊¬Û¬Û±√… : ’˚Ô±Ô« ¸˜±fl¡˘  ˚±¬ı˛ ¸˜±fl¡˘… f(x)-¤¬ı˛ ¤fl¡˜±S a ø¬ıμ≈ÀÓ¬˝◊√√ ’¸œ˜ ’¸±z¬Ó¬…

’±ÀÂ√, øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬±¸¬ı˛œ ˝√√À˘ ‹ ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº

õ∂˜±Ì : Œ˚À˝√√Ó≈¬  ’øˆ¬¸±¬ı˛œ, Œfl¡±ø˙ øÚÒ«±¬ı˛fl¡ ’Ú≈¸±À¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…±

δ(ε) ¬Û±›˚˛± ˚±À¬ı Œ˚

˚‡Ú 0 < λ < μ < δ (ε)

’±¬ı±¬ı˛ ’±˜¬ı˛± Ê√±øÚ Œ˚

f x dx f x dx
a

a

a

a

( ) ≤ ( )
+

+

+

+

z z
λ

μ

λ

μ

Ù¬À˘ ˚‡Ú 0 < λ < μ < δ (ε)

⇒ f x dx
a

b

( )z  ’øˆ¬¸±¬ı˛œº

8.7.3 Ó≈¬˘Ú± ¬Û¬ı˛œé¬±¸˜”˝√√

ø¡ZÓ¬œ˚˛ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬±·≈ø˘¬ı˛ õ∂Ô˜ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛

’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬±·≈ø˘¬ı˛ ¸Àe· ‡≈¬ı˝◊√√ ¸±‘√˙… ’±ÀÂ√º ¤˝◊√√ ’Ú≈À26√À√ ¬Û¬ı˛œé¬±·≈ø˘ ¬ıøÌ«Ó¬ ˝√√À26√º
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Î¬◊¬Û¬Û±√… 1 : Òø¬ı˛, f(x) ’À¬Ûé¬fl¡øÈ¬ ˝◊√√26√±ÒœÚ ’z¬¬ı˛±˘ (a + λ. b) ŒÓ¬ ¸œ˜±¬ıX ¤¬ı—

¸˜±fl¡˘ÚÀ˚±·…º Œ˚‡±ÀÚ, 0 < λ < b – a. ˚ø√ 0 < μ < 1 ˝√√À˘, (x – a)μ f(x) ’À¬Ûé¬fl¡øÈ¬

¸œ˜±¬ıX ˝√√˚˛, ˚‡Ú a < x ≤ b Ó¬±˝√√À˘ 

f x dx
a

b

( )z

 øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº

Î¬◊¬Û¬Û±√… 2 : Òø¬ı˛, f(x) ’À¬Ûé¬fl¡øÈ¬ ˝◊√√26√±ÒœÚ ’z¬¬ı˛±˘ (a + λ. b) ŒÓ¬ ¸œ˜±¬ıX ¤¬ı—

¸˜±fl¡˘ÚÀ˚±·…º Œ˚‡±ÀÚ, 0 < λ < b – aº 1 ’À¬Ûé¬± ¬ı‘˝√√M√√¬ı˛ øfl¡—¬ı˛± 1-¤¬ı˛ ¸˜±Ú Œfl¡±Ú ¸—‡…±

μ-¤¬ı˛ Ê√Ú… ˚ø√ (x – a)μ f(x)-¤¬ı˛ ¤fl¡øÈ¬ ÒÚ±Rfl¡ øÚ•ß¸œ˜± Ô±Àfl¡, ˚‡Ú a < x ≤ b Ó¬±˝√√À˘

f x dx
a

b

( ) → ∞z

 ’±¬ı±¬ı˛ ¤Àé¬ÀS ˚ø√ 

( ) ( )x a f x− μ

 -¤¬ı˛ ¤fl¡øÈ¬ Ÿ¬Ì±Rfl¡ ÿÒ√ı«¸œ˜± Ô±Àfl¡

Ó¬±˝√√À˘ 

f x dx
a

b

( ) → − ∞z

Î¬◊¬Û¬Û±√… 3 : Òø¬ı˛, f(x) ’À¬Ûé¬fl¡øÈ¬ ˝◊√√26√±ÒœÚ ’z¬¬ı˛±˘ (a + λ. b) ŒÓ¬ ¸œ˜±¬ıX ¤¬ı—

¸˜±fl¡˘ÚÀ˚±·…º Œ˚‡±ÀÚ, 0 < λ < b – aº 1 ŒÔÀfl¡ ŒÂ√±È¬ Œfl¡±Ú ÒÚ±Rfl¡ ¸—‡…± μ-¤¬ı˛ Ê√Ú… ˚ø√

lim
x a

x a f x
→ +

−( ) ( )μ

-¤¬ı˛ ’ød¬Q Ô±Àfl¡, Ó¬±˝√√À˘ 

f x dx
a

b

( )z
 øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº ¤Àé¬ÀS,

μ ≥ 1 ˝√√À˘ ¤¬ı— 

lim
x a

x a f x
→ +

−( ) ( ) ≠μ 0

 ˝√√À˘ f x dx
a

b

( )z  ’¬Û¸±¬ı˛œ ˝√√À¬ıº

˚ø√  

x a x a f x→ + ⇒ −( ) → +∞0 μ ( )

μ ≥ 1

’Ô¬ı±  (x – a)μ f(x) → ∞

Ó¬±˝√√À˘› f x dx
a

b

( )z  ’¬Û¸±¬ı˛œ ˝√√À¬ıº

x = a ø¬ıμ≈ÀÓ¬ f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ ’¸œ˜ ’¸±z¬Ó¬… Ô±fl¡À˘, ¤˝◊√√ ¬Û¬ı˛œé¬±øÈ¬Àfl¡ 

f x dx
a

b

( )z

 ’˚Ô±Ô«

¸˜±fl¡˘øÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¬Û¬ı˛œé¬± ¬ı˘± ˝√√˚˛º

Î¬◊√±˝√√¬ı˛Ì 1. 

log x

x
dx

0

1

z

 ’øˆ¬¸±¬ı˛œº

¤‡±ÀÚ 

log x

x

 ’À¬Ûé¬fl¡øÈ¬¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º
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¤¬ı—

= lim
log

x

x

x→ + −0 1 4
 ⎟⎠

⎞⎜⎝
⎛

∞
∞

ïïïïïïïï

= lim
x

x

x→ + −−0 5 4

1

1
4

= 

¤‡±ÀÚ 

Ù¬À˘, õ∂√M√√ ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº

Î¬◊√±˝√√¬ı˛Ì 2. 
x
x

dxlog
1

2

z  ’¬Û¸±¬ı˛œº

¤‡±ÀÚ  ’À¬Ûé¬fl¡øÈ¬¬ı˛ x = 1 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º

¤¬ı— lim logx

x x
x→ +

−( )
1

1 μ
  

= lim
x

x x
x

x

x
→ +

−−( ) + −( )

1

11 1
2

1

1

μ μ μ

10
11

≥μ=
=μ=

ïïï

ïïï
   ⇒ 

x
x

dxlog
1

2

z  ¸˜±fl¡˘øÈ¬ ’¬Û¸±¬ı˛œº
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8.8 ‘√©Ü±z¬˜”˘fl¡ Î¬◊√±˝√√¬ı˛Ì±¬ı˘œ

1. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, øÚ•ßø˘ø‡Ó¬ ’˚Ô±Ô« ¸˜±fl¡˘·≈ø˘ ’øˆ¬¸±¬ı˛œ Ú˚˛º

(i)

dx
x1

0
−z cos

π

(ii)

x
x

dxsin
0

π

z

(iii)

dx

x a b xa

b

−( ) −z

(iv)

dx

x x2 3
0

1

1 +( )z õ∂˜±Ì : (i)dx
x1

0
−z cos

π
 x = 0 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º

’±¬ı±¬ı˛

lim cosx

x
x→ −0

2

1

= 

lim
sinx

x
x→0

2

22 2

= 

2 2

2

2
0

2

lim
sinx

x

x→

L

N
MMM

O

Q
PPP

=
e j

’Ó¬¤¬ı, ø¡ZÓ¬œ˚˛ ¬ı˛fl¡˜ ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¬Û¬ı˛œé¬± ’Ú≈˚±˚˛œ (μ = 2 > 1) õ∂√M√√

¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ Ú˚˛º

(ii)
x
x

dxsin
0

π

z , x = 0 ø¬ıμ≈ÀÓ¬ ¤¬ı— x = π ø¬ıμ≈ÀÓ¬ ¸˜±fl¡À˘…¬ı˛ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º
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Ó¬± ◊̋√√

= I1 + I2

Œ˚‡±ÀÚ

I x
x

dx1
0

2

=
+
z sin

π

¤¬ı—

Ù¬À˘, ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¬Û¬ı˛œé¬± ŒÔÀfl¡ ¬Û±˝◊√√ I1 ’øˆ¬¸±¬ı˛œ [Œ˚À˝√Ó≈¬ ]

’±¬ı±¬ı˛

I x
x

dx2
2

=
−

z sin
π

π

x = π ø¬ıμ≈ÀÓ¬ ¸˜±fl¡À˘…¬ı˛ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º

¤¬ı—

⎟⎠
⎞⎜⎝

⎛
ïïïïïïïï

0
0

= lim cosx

x
x

x

x→ −

−( ) −
=

π

π
π

1
2

’Ó¬¤¬ı, ’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¬Û¬ı˛œé¬± ŒÔÀfl¡ ¬Û±˝◊√√ I2 ’¬Û¸±¬ı˛œ (μ = 1)

Ù¬À˘ I = I1 + I2 ’¬Û¸±¬ı˛œº
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(iii)
dx

x a b xa

b

−( ) −z  ¤‡±ÀÚ ¸˜±fl¡˘… 

1
x a b x−( ) −

-¤¬ı˛ x – a ¤¬ı— x = b Î¬◊ˆ¬˚˛

ø¬ıμ≈ÀÓ¬˝◊√√ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º

Ó¬± ◊̋√√

I dx

x a b xa

b

=
−( ) −z  Œfl¡ ø˘ø‡

I dx

x a b x

dx

x a b xc

b

a

c

=
−( ) −

+
−( ) −zz

Œ˚‡±ÀÚ a < c < b, c, [a, b] ’z¬¬ı˛±À˘¬ı˛ ¤fl¡øÈ¬ ’z¬–àÔ ø¬ıμ≈º

Òø¬ı˛

I dx

x a b x
x a

a

c

1 =
−( ) −

=z ,  ø¬ıμ≈ÀÓ¬ ¸˜±fl¡À˘…¬ı˛ ’¸œ˜ ’¸±z¬Ó¬…º

¤¬ı—

lim
x a

x a
x a b x b a→ +

−( )
−( ) −

=
−

1 1

’Ó¬¤¬ı, ’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ¬-¬Û¬ı˛œé¬± ŒÔÀfl¡ ¬Û±˝◊√√,  I1 ’¬Û¸±¬ı˛œ

’±¬ı±¬ı˛

dx

x a b x
I

c

b

−( ) −
=z 2

 ÒÀ¬ı˛ Œ√ø‡

I2 ¸˜±fl¡À˘¬ı˛ ¸˜±fl¡À˘…¬ı˛ x = b ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º
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¤‡±ÀÚ

lim ;
x b

b x
x a b x b a→ −

−( )
−( ) −

= − =1 2 1 1 1
2μ

⇒ I2 ’øˆ¬¸±¬ı˛œº

Ù¬À˘,  I + I1 + I2 = ’¬Û¸±¬ı˛œº

(iv)
dx

x x2 3
0

1

1 +( )z , x = 0 ¸˜±fl¡À˘…¬ı˛ ø¬ıø˙©Ü ø¬ıμ≈

¤¬ı—

 (¤‡±ÀÚ μ = 2 > 1)

⇒ õ∂√M√√ ¸˜±fl¡˘ ’¬Û¸±¬ı˛œº

2. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, x x dxm n− −−( )z 1 1

0

1

1 , m > 0, n > 0 ˝√√À˘ ’øˆ¬¸±¬ı˛œº

õ∂˜±Ì : m ≥ 1, n ≥ 1 ˝√√À˘ ¸˜±fl¡˘øÈ¬ ˚Ô±Ô«º

x = 0 ø¬ıμ≈øÈ¬ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√ ˚‡Ú m < 1

’±¬ı±¬ı˛ x = 1 ø¬ıμ≈øÈ¬ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… Ô±fl¡À¬ı ˚‡Ú n < 1

Òø¬ı˛, m < 1 ¤¬ı— n < 1, ’±˜¬ı˛± õ∂√M√√ ¸˜±fl¡˘øÈ¬Àfl¡ øÚÀ‰¬¬ı˛ ≈√øÈ¬ ¸˜±fl¡À˘À¬ı˛ Œ˚±·Ù¬˘ ’±fl¡±À¬ı˛

ø˘ø‡

x x dxm n− −−( )z 1 1

0

1

1

= x x dx x x dxm n m n− − − −−( ) + −( )zz 1 1 1 1

1 2

1

0

1 2

1 1

’Ô«±» I = I1 + I2

Œ˚‡±ÀÚ I1 = x x dxm n− −−( )z 1 1

0

1 2

1

¤¬ı— I2 = x x dxm n− −−( )z 1 1

1 2

1

1
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I1-¤¬ı˛ 0 ø¬ıμ≈ÀÓ¬ ¤¬ı— I2-¤¬ı˛ 1 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º

0 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ Ê√Ú…

lim. .
x

m nx x x
→

− −−( )μ 1 11  øÚÌ«˚˛ fl¡¬ı˛± ˚±fl¡º

= lim
x

m nx x
→

+ − −−( )
0

1 11μ
-¤¬ı˛ ’ød¬Q Ô±fl¡À¬ı

˚‡Ú, μ + m – 1 > 0 ⇒ μ > 1 – m

⇒ 1 – m < μ

’±¬ı±¬ı˛,  I1 ’øˆ¬¸±¬ı˛œ ˝√√À¬ı, ˚‡Ú  μ < 1

’Ó¬¤¬ı,  I1 ’øˆ¬¸±¬ı˛œ ˝√√À¬ı, ˚‡Ú 1 – m < μ < 1 ⇒ m > 0

1 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬±¬ı˛ Ê√Ú…

lim
x

m nx x
→ −

− − +−( )
1

1 11 μ
 øÚÌ«˚˛ fl¡¬ı˛± ˚±fl¡º

¤¬ı˛ ¸œ˜±àÔ ˜±ÀÚ¬ı˛ ’ød¬Q Ô±fl¡À¬ı ˚‡Ú n – 1 + μ > 0

’Ô«±» ˚‡Ú μ > 1 – n

˚‡Ú 1 – n < μ

’±¬ı±¬ı˛, ’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¬Û¬ı˛œé¬±¬ı˛ ˙Ó«¬ ŒÔÀfl¡ ¬Û±˝◊√√

I2 ’øˆ¬¸±¬ı˛œ ˝√√À¬ı ˚ø√ μ < 1 ˝√√ ˛̊

’Ô«±» 1 – n < μ < 1 ˝√√˚˛   ⇒ n > 0 ˝√√ ˛̊

Ó¬±˝√√À˘ õ∂˜±Ì ˝√√˘ Œ˚, õ∂√M√√ ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ˚‡Ú m > 0 ¤¬ı— n > 0

˜z¬¬ı… : m > 0, n > 0 ˝√√À˘ ’øˆ¬¸±¬ı˛œ ¸˜±fl¡˘

x x dxm n− −−( )z 1 1

0

1

1

 Œfl¡ ø¬ıÈ¬± ’À¬Ûé¬fl¡ ¬ı˘± ˝√√˚˛º

¤¬ı— Œ˘‡± ˝√√˚˛

B m n x x dxm n, ,( ) = −( )− −z 1 1

0

1

1 m > 0, n > 0
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3. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, x e dxa x− −
∞

z 1

0
 ’øˆ¬¸±¬ı˛œ ˚ø√ ¤¬ı— ¤fl¡˜±S ˚ø√ a > 0 ˝√√˚˛º

õ∂˜±Ì : Òø¬ı˛ f(x) = xa–1, e–x, ¤‡±ÀÚ f(x)-¤¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… Ô±fl¡À¬ı ˚ø√

a < 1 ˝√√˚˛º ’±¬ı±¬ı˛ ¸˜±fl¡˘øÈ¬¬ı˛ Î¬◊Ò√ı«¸œ˜± ’¸œ˜º ¤Àé¬ÀS ’±˜¬ı˛± õ∂√M√√ ¸˜±fl¡˘øÈ¬Àfl¡ ≈√øÈ¬ ¸˜±fl¡À˘¬ı˛

Œ˚±·Ù¬˘ ’±fl¡±À¬ı˛ ø˘À‡ ¬Û±˝◊√√,

= 

= I1 + I2

Œ˚‡±ÀÚ, I1 = -¤¬ı˛ ¸˜±fl¡À˘…¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º ¤˝◊√√ ø¬ıμ≈ÀÓ¬

’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¬Û¬ı˛œé¬± õ∂À˚˛±· fl¡ø¬ı˛º

 ˚ø√ ¤¬ı— ¤fl¡˜±S ˚ø√ μ + a – 1 > 0 ˝√√ ˛̊

⇒ 1 – a < μ ˝√√ ˛̊

’±¬ı±¬ı˛, ø¡ZÓ¬œ˚˛ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¬Û¬ı˛œé¬±¬ı˛ ˙Ó«¬ ŒÔÀfl¡ ¬Û±˝◊√√ I1 ’øˆ¬¸±¬ı˛œ

˝√√À¬ı ˚ø√ ¤¬ı— ¤fl¡˜±S ˚ø√ μ < 1 ˝√√˚˛º

’Ó¬¤¬ı, I1 ’øˆ¬¸±¬ı˛œ ˝√√À¬ı ˚ø√ ¤¬ı— ¤fl¡˜±S ˚ø√ 1 – a < μ < 1 ⇔ a > 0

I2 =  ¸˜±fl¡˘øÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬±

’±˜¬ı˛± Ê√±øÚ Œ˚

ex > xa+1  a-¤¬ı˛ Œ˚-Œfl¡±Ú ˜±ÀÚ¬ı˛ Ê√Ú…

⇒

⇒ e x
x

x a− − <1
2

1

⇒ x-¤¬ı˛ ¸fl¡˘ ˜±ÀÚ¬ı˛ Ê√Ú…

∴ 0 11
2< <− −e x

x
x a ˚‡Ú x ≥ 1
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’±¬ı±¬ı˛,  
1
2

1 x
dx

∞

z  ’øˆ¬¸±¬ı˛œº

’Ó¬¤¬ı, 

e x dxx a− −
∞

z 1

1

 ’øˆ¬¸±¬ı˛œ ˝√√À¬ı (8.6.6 ¬Ûø¬ı˛À26√À√ Ó≈¬˘Ú± ¬Û¬ı˛œé¬±, Î¬◊¬Û¬Û±√… 2 ^©Ü¬ı…] a-

¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ Ê√Ú…º

’Ó¬¤¬ı, 

x e dxa x− −
∞

z 1

0

 ’øˆ¬¸±¬ı˛œ ˝√√À¬ı, ˚ø√ ¤¬ı— ¤fl¡˜±S ˚ø√ a > 0 ˝√√˚˛º

4. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, 

sin x
x

dx
n1

0

2

+z
π

 ¸˜±fl¡˘øÈ¬ 0 < n < 1 ˝√√À˘ ’øˆ¬¸±¬ı˛œº

õ∂˜±Ì : n = 0 ˝√√À˘ ¸˜±fl¡˘… 

sin sinx
x

x
xn1+ =

Œ˚À˝√√Ó≈¬, lim sin
x

x
x→

=
0

1

x = 0 ø¬ıμ≈ÀÓ¬ ¸˜±fl¡À˘…¬ı˛ ”√¬ı˛œfl¡¬ı˛ÌÀ˚±·… ’¸±z¬Ó¬… ’±ÀÂ√º

Ù¬À˘, ¤Àé¬ÀS 
sin x
x

dx
n1

0

2

+z
π

 ¸˜±fl¡˘øÈ¬ ˚Ô±Ô«º

’±¬ı±¬ı˛, n < 0 ˝√√À˘ Ò¬ı˛± ˚±fl¡, n = – m Œ˚‡±ÀÚ m > 0

¤Àé¬ÀS, ¸˜±fl¡˘… = 

sin sinx
x

x x
xm

m
1− =

¤¬ı—  lim sin lim sin
x m x

mx
x

x x
x→ − →

= =
0 1 0

0

’Ó¬¤¬ı, f x x
x n

( ) = +
sin

1  ’À¬Ûé¬fl¡øÈ¬ ¤Àé¬ÀS x = 0 ø¬ıμ≈ÀÓ¬ ¸z¬Ó¬º Ó¬±˝◊√√ Œ√‡± ˚±À26√ ¸˜±fl¡˘øÈ¬

n ≤ 0 ˝√√À˘ ˚Ô±Ô«º

’±¬ı±¬ı˛, Œ˚À˝√√Ó≈¬  lim sin
x

n
n

x x
x→ + =

0 1 1
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’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¬Û¬ı˛œé¬± ŒÔÀfl¡ ¬Û±˝◊√√, 0 < n < 1 ˝√√À˘ ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— n ≥ 1 ˝√√À˘

¤øÈ¬ ’¬Û¸±¬ı˛œº

5. Œ√‡±Ú Œ˚

cos log sin2
0

2

nx x dx
π

z

¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ ˜±Ú = – 

õ∂˜±Ì : ¸˜±fl¡˘… f(x) cos 2nx log sinx-¤¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬˝◊√√ ¤fl¡˜±S ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º

ø¡ZÓ¬œ˚˛ ¬ı˛fl¡˜ (Type II) ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¬Û¬ı˛œé¬±¬ı˛ õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

  =   ⎟⎠
⎞⎜⎝

⎛
∞
∞

ïïïïïïïïïïïïïïïïï  ˚‡Ú μ > 0

¤‡Ú, lim
log sin

x

x

x→ + −0 μ  ⎟⎠
⎞⎜⎝

⎛
∞
∞

ïïïïïïïï

  = lim sin cos
x x

x x
→ +

− −−
0

11e j μ μ

  = −
→ +

+
lim sin cos

x

x
x

x
0

1μ

  = – 

  = −
→ → + → +

lim sin . lim . lim cos
x x x

x
x

x x
0 0 0

μ

  = 0 ˚‡Ú μ > 0
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’Ó¬¤¬ı, lim cos
logsin

x
nx

x

x→ + −0
2 μ

  = lim cos . lim
log sin

x x
nx

x

x→ + → + −0 0
2 μ

  = 1·0 = 0

Ù¬À˘, ÒÚ±Rfl¡ ’Ô‰¬ 1 ’À¬Ûé¬± é≈¬^Ó¬¬ı˛ ¤˜Ú ¸—‡…± μ ¬Û±›˚˛± ˚±À26√ Œ˚,

lim
x

x f x
→

( ) =
0

0μ

⇒ õ∂√M√√ ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº

¤‡Ú ’±—ø˙fl¡ ¸˜±fl¡˘ fl¡À¬ı˛ ¬Û±˝◊√√

log sin cosx nx dx2
0

2π

z

= 

1
2 2 1

2
2

0

2

0

2

n
nx x

m
nx x

x
dxsin log sin sin cos

sin

π π
− z = − z1

2
2

0

2
sin cos

sin
nx x

x
dx

π

⎥⎦
⎤

⎢⎣
⎡ =

+→
0sinlog2sinlim

0
xnx

x
ïïïïïïïïïïïïïïïïï

= ( ) ( )
∫

π −++−
2

0
sin

12sin12sin
4
1 dx

x
xnxn

n
(A)

Œ˚À˝√√Ó≈¬,

sin sin sin sin2 1 2 1 2 1
1

m x x r x r x
m

+( ) − = +( ) − −( )∑

  = 2 2
1

cos sinrx x
m

∑
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’Ó¬¤¬ı

sin
sin cos
2 1

1 2 2
1

m x
x

rx
m+( ) = + ∑

⇒ sin
sin

sin
sin

2 1 2 1n x
x

n x
x

+( ) + −( )

= 

¸˜±fl¡À˘…¬ı˛ ¤˝◊√√ ˜±Ú (A) ŒÓ¬ ¬ıø¸À˚˛ ¤¬ı— ¸˜±fl¡˘ fl¡À¬ı˛ ¬Û±˝◊√√

cos log sin2 2
4 2 4

0

2

nx xdx
n n

= − = −z π π
π

[ ˘é¬… fl¡¬ı˛≈Ú Œ˚

= 0]

6.  ¸˜±fl¡˘øÈ¬ ’øˆ¬¸¬ı˛Ì ¬ı± ’¬Û¸¬ı˛Ì ø¬ı¯∏À˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛≈Úº

õ∂˜±Ì : Œ˚À˝√√Ó≈¬   lim log
x

rx x
→ +0 =          (r > 0)

= lim
x rx r x→ + − −−( )0 1

1

= –      ˚‡Ú r > 0

∴ õ∂√M√√ ¸˜±fl¡˘øÈ¬ n > 1 ˝√√À˘ ¤fl¡øÈ¬ ˚Ô±Ô« ¸˜±fl¡˘º

’±¬ı±¬ı˛ ’±˜¬ı˛± Ê√±øÚ Œ˚

log log logt dt t t x x
x

x

= −( ) = −( ) −z 1 1 11
1
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’Ó¬¤¬ı

log lim logx dx x x
x

= −( ) − = −
→z 0

0

1

1 1 1

’±¬ı±¬ı˛

lim . log
x

nx x x
→ +

−
0

1μ

= 

lim log
x

nx x
→ +

+ − =
0

1 0μ

 ˚‡Ú μ > 1 – n

¤¬ı— ˚‡Ú 0 < n < 1, ’±˜¬ı˛± ¤fl¡øÈ¬ ÒÚ±Rfl¡ ’Ô‰¬ 1 ’À¬Ûé¬± ¬ı‘˝√√M√√¬ı˛ ¤fl¡øÈ¬ ¸—‡…± μ ¬Û±À¬ı±

Œ˚øÈ¬ μ > 1 – n ˙Ó«¬øÈ¬Àfl¡ ø¸X fl¡¬ı˛À¬ıº

’Ó¬¤¬ı,  0 < n ≤ 1 ˝√√À˘ 

x x dxn−z 1

0

1

log

 ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº

¸¬ı«À˙À¯∏ lim . log lim log
x

n
x

nx x x x x
→ +

−
→ +

= = ∞
0

1
0

a f  ˚‡Ú n ≤ o

’Ó¬¤¬ı

x x dxn−z 1

0

1

log
 ¸˜±fl¡˘øÈ¬ n ≤ 0 ˝√√À˘ ’¬Û¸±¬ı˛œº

’¬Û¸±¬ı˛œ ’øˆ¬¸±¬ı˛œ ˚Ô±Ô«

]( ](
0 1 n

7. log 1

0

1 2

x
dxe j

α

+
z  ¸˜±fl¡˘øÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬± fl¡¬ı˛≈Úº

õ∂˜±Ì : Òø¬ı˛

f x
x

x( ) = < ≤log ,1 0 1
2e j

α

f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬± ’±ÀÂ√º

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→
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¤‡Ú,

= 0 ˚‡Ú α < 0

¤¬ı— f(x) = 1, ˚‡Ú α = 0

’Ó¬¤¬ı, õ∂√M√√ ¸˜±fl¡˘øÈ¬ α ≤ 0 ˝√√À˘ ˚Ô±Ô«º

’±¬ı±¬ı˛,

= lim
log

x

x
x→ + −0

1e j
α

μ

= lim
log

u

u

u→∞

( )α

μ
∞
∞  ˚‡Ú α > 0, μ > 0

   ˚‡Ú 0 < α < 1

α > 1 ˝√√À˘

lim lim
log

x u
x f x

u

u→ + →∞

−
( ) = ( )

0

1
μ

α

μ
α

μ  
∞
∞

=    ˚‡Ú α < 2

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı õ∂˜±Ì fl¡¬ı˛± ˚±˚˛ Œ˚ α, Œ˚-Œfl¡±Ú ÒÚ±Rfl¡ ¸—‡…± ˝√√À˘

lim
x

x f x
→ +

( ) =
0

0μ
˚‡Ú μ > 0
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’Ó¬¤¬ı 1 ’À¬Ûé¬± é≈¬^Ó¬¬ı˛ ¤˜Ú ÒÚ±Rfl¡ ¸—‡…± μ ¬Û±›˚˛± ˚±À¬ı Œ˚,

lim
x

x f x
→ +

( ) =
0

0μ

˚‡Ú α > 0

Ù¬À˘, õ∂√M√√ ¸˜±fl¡˘øÈ¬ α > 0 ˝√√À˘ ’øˆ¬¸±¬ı˛œº ’Ô«±» α ≤ 0 ˝√√À˘ ¸˜±fl¡˘ ˚Ô±Ô« ¤¬ı—

α > 0 ˝√√À˘ ’øˆ¬¸±¬ı˛œº

8. 

log log 1

0

1 3

xe j
α

+
z

dx ¸˜±fl¡˘øÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬± fl¡¬ı˛≈Úº

õ∂˜±Ì : Òø¬ı˛  

f x
x

( ) = log log 1e j
α

f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬˝◊√√ ¤fl¡˜±S ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º

¤‡Ú,  

lim
x

f x
→ +

( )
0

= lim log log
x x→ +0

1e j
α

= lim log log
u

u
→∞

( ) α

= 0 ˚‡Ú α < 0

¤¬ı— f(x) = 1 ˚‡Ú α = 0

’Ó¬¤¬ı, õ∂√M√√ ¸˜±fl¡˘øÈ¬ α ≤ 0 ˝√√À˘ ¬˚Ô±Ô«º

’±¬ı±¬ı˛

lim
x

x f x
→ +

( )
0

μ

= 

lim log log
x

x
x→ +0
1μ

α
e j

= lim
log log

u

u

u→∞

( ) α

μ   
∞
∞   ˚‡Ú α > 0, μ > 0

= 

lim
log log

logu

u

u u u→∞

−

−
( )α

μ

α

μ

1

1

⎯⎯⎯⎯⎯⎯⎯⎯→⎯⎯⎯⎯⎯⎯⎯⎯→⎯⎯⎯⎯⎯⎯⎯⎯→⎯⎯⎯⎯⎯⎯⎯⎯→⎯⎯⎯⎯⎯⎯⎯⎯→]
˚Ô±Ô« ’øˆ¬¸±¬ı̨œ→→→→→→→→→→

0 α
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= lim
log log

logu

u

u u→∞

−( )α
μ

α

μ

1

= 0 ˚‡Ú  α ≤ 1, μ > 0

α > 1 ˝√√À˘

=   

= 

= 0 ˚‡Ú  α ≤ 2, μ > 0

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı Œ√‡±ÀÚ± Œ˚ÀÓ¬ ¬Û±À¬ı˛ Œ˚

˚‡Ú  α > 0, ¤¬ı— μ > 0

’Ó¬¤¬ı, ˚‡Ú α > 0, ’±˜¬ı˛± ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ’Ô‰¬ 1 ’À¬Ûé¬± ¬é≈¬^Ó¬¬ı˛ ¸—‡…± μ ¬Û±À¬ı±

Œ˚

’Ô«±» õ∂√M√√ ¸˜±fl¡˘øÈ¬ α > 0 ˝√√À˘ ’øˆ¬¸±¬ı˛œº

˚Ô±Ô« ’øˆ¬¸±¬ı˛œ

](
0 α

9. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ ˜±Ú ˝√√À26√ 

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→
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õ∂˜±Ì : ¤‡±ÀÚ ¸˜±fl¡˘… ’À¬Ûé¬fl¡ sin x log sin x-¤¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º

¤‡Ú,  

I x x dxλ
λ

π

a f = z sin log sin
2

¸˜±fl¡˘øÈ¬Àfl¡ ’±—ø˙fl¡ ¸˜±fl¡˘Ú ¬ÛXøÓ¬ÀÓ¬ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√

I (λ) = 

− + zcos log sin cos cotx x x x dxλ
π

λ

π
2

2

= 

cos log sin cos logsin sin
sinλ λ π π

λ

π
− + −z2 2

1 22
x

x
dx

= cos log sin cos sinλ λ
λ

π
+ −( )z ec x x dx

2

= 
cos log sin cos log tanλ λ

λ

π
+ +x x

2

2

= 

cos log sin cos log tan cos log tanλ λ π π λ λ+ + − +FH IKL
NM

O
QP2 2 2e j

= 

cos log sin cos log tanλ λ λ λ− − 2

= 

cos log sin cos cos log
sin

cos
λ λ λ λ

λ

λ2 2 2
2

2

FH IK − −

= cos log log sin log cos cos log sin log cosλ λ λ λ λ λ2 2 2 2 2+ + − − +{ }

= 

cos log log sin cos log cos cosλ λ λ λ λ2 1 2 1 2 1−( ) + − + +a f a f
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’Ô«±»

I(λ) = 

¤‡Ú

lim
λ

λ
→ +0

Ia f=

= 

= 

’±¬ı±¬ı˛

lim
log sin

cosλ

λ

λ→ +0 2

2

2ec
   

∞
∞e j

= 

= lim
cosλ λ→ +

−
0 2

1
2

1

2ec

= − =
→

1
2 2 0

0
2lim sin

λ
λ
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’Ó¬¤¬ı

lim log
λ

λ
→ +

=
0

2I
e

a f

’Ó¬¤¬ı, õ∂√M√√ ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ ˜±Ú 

log 2
e

˜z¬¬ı… : ø¡ZÓ¬œ˚˛ ¬ı˛fl¡˜ (Type II) ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¬Û¬ı˛œé¬± ¡Z±¬ı˛±› ¸˜±fl¡˘øÈ¬¬ı˛

’øˆ¬¸¬ı˛Ì õ∂˜±Ì fl¡¬ı˛± ˚±˚˛º

10. ’±—ø˙fl¡ ¬ÛXøÓ¬ÀÓ¬ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±›˚˛± ˚±˚˛

cos log sin log sint tdt x x t
t

dt
xx

= − zz
11

õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

cos logx x dx
1

∞

z

¸˜±fl¡˘øÈ¬¬ı˛ ’¸œ˜ Œ√±˘Ú (Infinite oscillation) ’±ÀÂ√º

’±À¬ı˛± Œ√‡±Ú Œ˚,

cos logx x dx
o

1

z  ’øˆ¬¸±¬ı˛œ ¤¬ı—cos log sinx x dx x
x

dx= −zz
0

1

0

1

õ∂˜±Ì :

cos log lim cos logx x dx t t dt
x

x

=
∞

→∞z z
1 1

= 

lim sin log sin
x

x

x x t
t

dt
→∞

−
L
NM

O
QPz

1

øfl¡z≈¬
sin lim sint

t
dt t

t
dt

x

x

1 1

∞

→∞z z=  ’øˆ¬¸±¬ı˛œ

[8.6.3 ¬Ûø¬ı˛À26√√ Œ√‡≈Ú]
¤¬ı— sin x log x ’À¬Ûé¬fl¡øÈ¬ x → ∞ ˝√√À˘ ’¸œ˜ˆ¬±À¬ı Œ√±≈√˘…˜±Ú ˝√√˚˛º
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[ Òø¬ı˛ x ‰¬˘øÈ¬ 2 1 2 1
n −( )

∞π{ }  ’Ú≈√flË¡˜øÈ¬ ’¬ı˘•§Ú fl¡À¬ı˛ ’¸œÀ˜ ’¬Û¸¬ı˛Ì fl¡À¬ı˛ (x → ∞ over

the sequence 2 1 2n −( ) π{ })
Ó¬±˝√√À˘

= 

= 

¤ ŒÔÀfl¡ Œ√‡± ˚±À26√ Œ˚, sinx logx ’À¬Ûé¬fl¡øÈ¬ – ∞ ŒÔÀfl¡ + ∞-¤¬ı˛ ˜ÀÒ… Œ√±≈√˘…˜±Ú ˝√√À26√º]

’Ó¬¤¬ı,  ¸˜±fl¡˘øÈ¬¬ı˛ ’¸œ˜ Œ√±˘Ú ’±ÀÂ√º

ø¡ZÓ¬œ˚˛ ’—˙

= 

’Ó¬¤¬ı,

   (1)

øfl¡z≈¬

lim sin log
x

x x
→ +0 =   ⎥⎦

⎤
⎢⎣
⎡

∞
∞

ïïïïïïïï

= lim cos cotx

x
x x→ +

−
0

1

ec

= − ( )
→ +
lim sin tan

x

x
x

x
0 e j

= 
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= × =1 0 0

¤¬ı— 

lim sin sin
x

x

t
t

dt t
t

dt
→ z z= =

0

1

0

1

 ¤fl¡øÈ¬ ˚Ô±Ô« ¸˜±fl¡˘º

’Ó¬¤¬ı, (1) ŒÔÀfl¡ ¬Û±˝◊√√, 

cos logt t dt
0

1

z

¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ ˜±Ú = 

−z sin t
t

dt
0

1

8.9 ¸±¬ı˛±—˙

õ∂Ò±ÚÓ¬– ≈√øÈ¬ fl¡±¬ı˛ÀÌ Œfl¡±Ú ¸˜±fl¡˘ ’˚Ô±Ô« ˝√√ÀÓ¬ ¬Û±À¬ı˛ :
(1) ¸˜±fl¡˘øÈ¬¬ı˛ ’z¬¬ı˛±˘ ’¸œ˜ ˝√√À˘º

(2) ¸˜±fl¡˘øÈ¬¬ı˛ ¸˜±fl¡À˘…¬ı˛ ¸œø˜Ó¬ ¸—‡…fl¡ ’¸œ˜ ’¸±z¬Ó¬… Ô±fl¡À˘º

õ∂Ô˜ ¬¬ı˛fl¡À˜¬ı˛ (Type I) ’˚Ô±Ô« ¸˜±fl¡˘ :

(i)

f x dx
a

( )
∞

z
 ¤‡±ÀÚ Î¬◊Ò√ı«¸œ˜± ’¸œ˜º

(ii)

f x dx
b

( )
−∞
z

 ¤‡±ÀÚ øÚ•ß̧ œ˜± ’¸œ˜º

(iii)

f x dx( )
−∞

∞

z

 Î¬◊ˆ¬˚˛ ¸œ˜±˝◊√√ ’¸œ˜º

¤À√¬ı˛ ¸—:± :

f x dx
a

( )
∞

z

 = 

lim
b

a

b

f x dx
→∞

( )zf x dx
b

( )
−∞
z

 = 

lim
a

a

b

f x dx
→−∞

( )zf x dx( )
−∞

∞

z

 = 

lim lim
a b

c

b

a

c

f x dx f x dx
→−∞ →+∞

( ) + ( )zz

(c ¤fl¡øÈ¬ ˚‘√26√ ¸—‡…±]
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ø¡ZÓ¬œ˚˛ ¬¬ı˛fl¡À˜¬ı˛ (Type II) ’˚Ô±Ô« ¸˜±fl¡˘ :

(i)  ¤‡±ÀÚ f (a–) = ± ∞

(ii) f x dx f x dx
a

b

a

b

( ) = ( )
→ +

−−

zz lim
μ

μ

0
 ¤‡±ÀÚ f (b–) = ± ∞

Î¬◊¬ÛÀ¬ı˛¬ı˛ Œé¬S≈√øÈ¬ÀÓ¬ ¸˜±fl¡À˘…¬ı˛ ÿÒ√ı«¸œ˜± ’Ô¬ı± øÚ•ß¸œ˜±˚˛ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º ˚ø√ Î¬◊ˆ¬˚˛

¸œ˜±ÀÓ¬˝◊√√ ’¸œ˜ ’¸±z¬Ó¬… Ô±Àfl¡, Ó¬±˝√√À˘

f x dx f x dx f x dx
c

b

a

c

a

b

( ) = ( ) + ( )
→ + → +

−

+
zzz lim lim

λ μ

μ

λ0 0

(c ¤fl¡øÈ¬ ˚‘√26√ ¸—‡…±]

’±¬ı±¬ı˛ ˚ø√ (a, b) ’z¬¬ı˛±À˘¬ı˛ Œfl¡±Ú ’z¬–àÔ ø¬ıμ≈ c ŒÓ¬ ¸˜±fl¡À˘…¬ı˛ ’¸œ˜ ’¸±z¬Ó¬… Ô±Àfl¡

Ó¬±˝√√À˘

f x dx f x dx f x dx
c

b

a

c

a

b

( ) = ( ) + ( )
→ + → + +

−

zzz lim lim
μ λ λ

μ

0 0

’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬

õ∂Ô˜ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ëŒfl¡±ø˙ øÚÒ«±¬ı˛fl¡í f t dt
a

( )
∞

z  ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛

’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ õ∂À˚˛±Ê√Úœ˚˛ ¤¬ı— ˚ÀÔ©Ü ˙Ó«¬ ˝√√À26√, Œ˚-Œfl¡±Ú ¬Û˚«…±5 ÒÚ±Rfl¡ é≈¬^ ¸—‡…± ε-¤¬ı˛

’Ú≈¸e·œ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± X(ε) ¬Û±›˚˛± ˚±À¬ı Œ˚

˚‡Ú ′′ > ′ ≥ ( )x x X ε

’Ô«±» ˚‡Ú ′ ′′ → ∞x x,
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ø¡ZÓ¬œ˚˛ ¬ı˛fl¡À˜¬ı˛ (Type II) ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ëŒfl¡±ø˙ øÚÒ«±¬ı˛fl¡í

f x dx
a

b

( )z

 Œ˚‡±ÀÚ 

lim
x a

f x
→ +

( ) = ±∞

¸˜±fl¡˘øÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√À26√, Œ˚-Œfl¡±Ú ¬Û˚«…±5 ÒÚ±Rfl¡

é≈¬^¸—‡…± ε-¤¬ı˛ ’Ú≈¸e·œ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± δ ≡ δ (ε) øÚÌ«˚˛ fl¡¬ı˛± ¸y¬¬ı Œ˚,

f x dx
a

a

( ) <
+

+

z
λ

μ
ε

˚‡Ú 0 < λ < μ < δ (ε)

’Ô«±» f x dx
a

a

( ) →
+

+

z
λ

μ
0 ˚‡Ú λ, μ → 0

øÚ–˙Ó«¬ › ˙Ó«¬±ÒœÚ ’øˆ¬¸¬ı˛Ì

A. f x dx
a

( )
∞

z  ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√À¬ı ˚‡Ú

(1) f(x) ’À¬Ûé¬fl¡øÈ¬ ¸œ˜±¬ıX ¤¬ı— Œ˚-Œfl¡±Ú ’z¬¬ı˛±˘ (a, b) ŒÓ¬ ¸˜±fl¡˘ÚÀ˚±·…, ¤¬ı—

(2)

f x dx
a

( )
∞

z

 ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº

B. ’˚Ô±Ô« ¸˜±fl¡˘ 

f x dx
a

b

( )z ,

 Œ˚‡±ÀÚ lim
x a

f x
→ +

( ) = ± ∞  ¸˜±fl¡˘øÈ¬Àfl¡ øÚ–˙Ó«¬ˆ¬±À¬ı

’øˆ¬¸±¬ı˛œ ¬ı˘± ˝√√À¬ı ˚ø√ f(x) ’À¬Ûé¬fl¡øÈ¬ ¸œ˜±¬ıX ¤¬ı— Œ˚-Œfl¡±Ú ˝◊√√26√±ÒœÚ ’z¬¬ı˛±˘ (a + λ, b)-

ŒÓ¬ ¸˜±fl¡˘ÚÀ˚±·… ˝√√˚˛, Œ˚‡±ÀÚ 0 < λ < b – a ¤¬ı— 

f x dx
a

b

( )z

 ’øˆ¬¸±¬ı˛œ ˝√√˚˛º

˙Ó«¬±ÒœÚ ’øˆ¬¸¬ı˛Ì

Œfl¡±Ú ’˚Ô±Ô« ¸˜±fl¡˘ ’øˆ¬¸±¬ı˛œ ’Ô‰¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ Ú± ˝√√À˘ ‹ ¸˜±fl¡˘øÈ¬Àfl¡

˙Ó«¬±ÒœÚˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ¬ı˘± ˝√√À¬ıº
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’¬Û¸¬ı˛Ì (Divergence)

Œfl¡±Ú ’˚Ô±Ô« ¸˜±fl¡˘ ’øˆ¬¸±¬ı˛œ Ú± ˝√√À˘ ’¬Û¸±¬ı˛œ ˝√√À¬ıº [ ‹ ¸˜±fl¡˘øÈ¬¬ı˛ ¸œø˜Ó¬ Œ√±˘Ú (Finite
oscillation) ¬ı± ’¸œ˜ Œ√±˘Ú (Infinite oscillation) Ô±fl¡À˘› ›øÈ¬ ’¬Û¸±¬ı˛œ ˝√√À¬ıº]

’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ Ó≈¬˘Ú± ¬Û¬ı˛œé¬±

A. õ∂Ô˜ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘ 

x ≥ a ˝√√À˘ ˚ø√ f(x) ¤¬ı— g(x) ¸˜±fl¡˘ÚÀ˚±·… ¤˜Ú ’À¬Ûé¬fl¡ ˝√√˚˛ Œ˚,

0 ≤ f(x) ≤ g(x)

Ó¬±˝√√À˘

(i)  ’øˆ¬¸±¬ı˛œ ˝√√À¬ı ˚ø√  ’øˆ¬¸±¬ı˛œ ˝√√˚˛º

(ii)  ’¬Û¸±¬ı˛œ ˝√√À¬ı ˚ø √ ’¬Û¸±¬ı˛œ ˝√√˚˛º

B. ø¡ZÓ¬œ˚˛ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘ 

[Òø¬ı˛ f(x) ¤¬ı— g(x) ’À¬Ûé¬fl¡ ≈√øÈ¬¬ı˛ ¤fl¡˜±S a ø¬ıμ≈ÀÓ¬˝◊√√ ’¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√]

˚ø√ f(x) ¤¬ı— g(x) (a, b) (a < x ≤ b) ’z¬¬ı˛±À˘ ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı˛”¬Û ’À¬Ûé¬fl¡ ˝√√˚˛ Œ˚

0 ≤ f(x) ≤ g(x)

Ó¬±˝√√À˘

 ’øˆ¬¸±¬ı˛œ ˝√√À¬ı ˚ø√  ’øˆ¬¸±¬ı˛œ ˝√√˚˛º

¤¬ı—  ’¬Û¸±¬ı˛œ ˝√√À¬ı ˚ø √ ’¬Û¸±¬ı˛œ ˝√√˚˛º
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’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ μμμμμ-¬Û¬ı˛œé¬±

A. õ∂Ô˜ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘ 

f x dx
a

( )
∞

z

øÚ–˙Ó«¬ ’øˆ¬¸¬ı˛Ì

lim ,
x

x f x A
→∞

( ) =μ

      μ > 1

Β. ø¡ZÓ¬œ˚˛ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘ 

f x dx
a

b

( )
+
z

øÚ–˙Ó«¬ ’øˆ¬¸¬ı˛Ì

lim ,
x a

x a f x A
→ +

−( ) ( ) =μ

     0 < μ < 1

’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’¬Û¸¬ı˛ÀÌ¬ı˛ (Divergence) μμμμμ-¬Û¬ı˛œé¬±

A. õ∂Ô˜ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘ 

f x dx
a

( )
∞

zlimx
x f x A

→∞
( ) = ≠μ 0

   [’Ô¬ı± A = ± ∞) μ ≤ 1

B. ø¡ZÓ¬œ˚˛ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘ f x dx
a

b

( )
+
z

lim
x a

x a f x A
→ +

−( ) ( ) = ≠μ 0

  [’Ô¬ı± A = ± ∞) μ ≥ 1

8.10 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1. Œ√‡±Ú Œ˚

1
2

0

−
∞

z cos x
x

dx

¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº



184

2. Œ√‡±Ú Œ˚

x
x

dx
m−∞

+z 1

1
1

¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ˚‡Ú m < 1

3. Œ√‡±Ú Œ˚

log x

x
dx2

1

∞

z
¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº

4. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ˚ø√ ¤¬ı— ¤fl¡˜±S ˚ø√ n < m + 1 ˝√√˚˛º

5. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, 0 < p < 1 ˝√√À˘

¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº

6. Œ√‡±Ú Œ˚, 2n > 2m + 1 ˝√√À˘

I x
x

dx
m

n
=

+

∞

z 2

2
0 1

¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº
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7. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

cos x

x
dx

0

π

z
’øˆ¬¸±¬ı˛œº

8. Œ√‡±Ú Œ˚

sin x
x

dx5
1

∞

z

¸˜±fl¡˘øÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

9. Œ√‡±Ú Œ˚

sec x
x

dx
0

1

z

¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ Ú˚˛º

10. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

cos sinx x dxI m( ) ( )z
0

2π

¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ˚ø√ ¤¬ı— ¤fl¡˜±S ˚ø√ I > - 1, m > – 1 ˝√√˚˛º

11. Œ√‡±Ú Œ˚

log x

x
dx

20

2

−z

¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº

12. x = e–u ¬ıø¸À˚˛ Œ√‡±Ú Œ˚

x x dxm n− ( )z 1

0

1

log

’øˆ¬¸±¬ı˛œ ˚ø√ m > 0 ¤¬ı— n > – 1 ˝√√˚˛º



186

¤¬ı— ’Ú≈¬ı˛”¬Û ¤fl¡øÈ¬ õ∂øÓ¬àÔ±¬ÛÚ ¡Z±¬ı˛± Œ√‡±Ú Œ˚

x x dxm n−
∞

( )z 1

1
log

’øˆ¬¸±¬ı˛œ ˝√√À¬ı ˚ø√ m < 0 ¤¬ı— n >  – 1 ˝√√˚˛º

13. ’±—ø˙fl¡ ¬ÛXøÓ¬ÀÓ¬ ¸˜±fl¡˘Ú fl¡À¬ı˛ Œ√‡±Ú Œ˚

cos sin sin sinx dx
x

x
x

x x
x

dx
x

x

x

x
2 2 2

2

2
1

2
1

2
1
2= ′′ ′′ − ′ ′ + −

′

′′

′

′′

zz
˚‡Ú  ¤ ŒÔÀfl¡ õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

 ’øˆ¬¸±¬ı˛œº

14. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

’øˆ¬¸±¬ı˛œº

15. Œ√‡±Ú Œ˚

’øˆ¬¸±¬ı˛œ Ú˚˛º

16. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

¸˜±fl¡˘øÈ¬ a > 0 ’øˆ¬¸±¬ı˛œº

[ ÷øe·Ó¬ :

õ∂√M√√ ¸˜±fl¡˘ = 
cos cosx

x
dx e x

x
dxx

aa
2 2− −

∞∞

zz
≡ I1 + I2

¤‡Ú
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i.e. ≤ =
∞

z 1 1
2x

dx
a

a

⇒

I
a

a1
1 0≤ >( )∵

’±¬ı±¬ı˛ I e x
x

dxx

a
2 2= − −

∞

z cos

¤‡Ú e–x √flË¡˜˝√}√√±¸˜±Ú ’À¬Ûé¬fl¡ ¤¬ı— 
cos x

x
dx

a
2

∞

z  ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº Ó¬±˝◊√√ I2 ’øˆ¬¸±¬ı˛œº ]

17. Œ√‡±Ú Œ˚

cos x

x
dx

1 3
0 +

∞

z

¸˜±fl¡˘øÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

[ ÷øe·Ó¬ : ’øˆ¬¸¬ı˛ÀÌ¬ı˛ μ-¬Û¬ı˛œé¬± õ∂À˚˛±· fl¡¬ı˛≈Úº 

μ = 5
4

 ]

¸˝√√±˚˛fl¡ ¬Û±Í¬…¬Û≈d¬fl¡±¬ı˘œ :

1. Introduction to the Theory of Fourier Series and Integrals, H. S., Carslaw,
Dover Publication, 1930.

2. Advanced Calculas, David V. Widder, Prentice Hall of India Private Limited,
1974.

3. A Course of Mathematical Analysis, Shanti Narayan, S. Chand & Co.,
1958.

4. Integral Calculus—An Introduction to Analysis, Maity and Ghosh. Central
Educational Enterprise. 1989

5. Integral Calculus, Dr. J. C. Chaturvedi, Students’ Friends & Co.,
1961

6. Multiple Integrals, Field Theory and Series—An Advanced Course in Higher

Mathematics, Budak and Fomin. Mir Publishers. Moscow, 1973.
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¤fl¬fl¬ 9  √õ∂±‰¬˘ ¸±À¬ÛÀé¬ ’¸œ˜ ¸˜±fl¬À˘¬ı˛ ’ôL√¬ı˛fl¬˘Ú

› ¸˜±fl¬˘Ú (Differntiation and Integra-
tion of an Infinite Integrals with Respect
to a parameter)

·Í¬Ú

9.1 √õ∂d¬±¬ıÚ±

9.2 Î¬◊ÀV˙…

9.3 √√õ∂±‰¬À˘¬ı˛ ’À¬Ûé¬fl¬¬ı˛”À¬Û øÚø«©Ü ¸˜±fl¬˘

9.4 √õ∂±‰¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ¬«¬ı˛˙œ˘ ’˚Ô±Ô« ¸˜±fl¬˘

9.5 ¸˜-’øˆ¬¸¬ı˛ÀÌ¬ı˛ √õ∂À˚˛±· (Applications of Uniform Convergence)

9.6 √√¸±¬ı˛±—˙

9.7 ¸¬ı«À˙¯∏ √õ∂ùü±¬ı˘œ

9.1 √õ∂d¬±¬ıÚ±

ƒ(x, y) ¤fl¬øÈ¬ ø¬Z‰¬˘ ’À¬Ûé¬fl¬ ˝À˘, ¤¬ı˛ ¸˜±fl¬˘ f x y dx
a

b
( , )z  Œfl¬ y-√õ∂±‰¬À˘¬ı˛ ’À¬Ûé¬fl¬ ¬ı˘±

˚±˚˛º ’ÀÚfl¬ ¸˜˚˛ ¸˜±fl¬˘øÈ¬¬ı˛ ˜±Ú √õ∂±Ôø˜fl¬ ’À¬Ûé¬fl¬·≈ø˘¬ı˛ ¸±˝±À˚… øÚÌ«˚˛ fl¬¬ı˛± ¸y√√¬ı

˝˚˛ Ú±º ’Ô‰¬ ÒÀ¬ı˛, Î¬◊ˆ¬˚˛¬ÛÀé¬ y-¸±À¬ÛÀé¬ ’ôL√¬ı˛fl¬˘Ú fl¬À¬ı˛ [˙Ó«¬ ¸±À¬ÛÀé¬] ¬Û±˝◊

º ¤‡Ú Î¬±ÚøÀfl¬¬ı˛ ¸˜±fl¬˘øÈ¬¬ı˛ ˜±Ú øÚÌ«˚˛ ¸y√√¬ı ˝À˘ F′(y) ¬Û±›˚˛± Œ·˘º

¤¬ı±À¬ı˛ F′(y) Œfl¬ ¸˜±fl¬˘Ú fl¬À¬ı˛ øÚÀ˘ F y f x y dx
a

b
( ) ( , )≡ z -¤¬ı˛ ˜±Ú ¬Û±›˚˛± ¸y√√¬ıº ¤‡±ÀÚ ë¸˜±fl¬˘Ú

ø‰¬À˝ê¬ı˛ øˆ¬Ó¬À¬ı˛í ’ôL√¬ı˛fl¬˘Ú fl¬¬ı˛±¬ı˛ fl¬Ô± ¬ı˘± ˝˘º ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı ˙Ó«¬¸±À¬ÛÀé¬ ë¸˜±fl¬˘Ú ø‰¬À˝ê¬ı˛ øˆ¬Ó¬À¬ı˛í

¸˜±fl¬˘Ú fl¬¬ı˛±› ¸y√√¬ıº
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f x y dx
a

b
( , )z

 ’˚Ô±Ô« ¬ı± ’¸œ˜ ¸˜±fl¬˘ ˝À˘› ’Ú≈¬ı˛”¬Û ¬ÛXøÓ¬ √õ∂À˚˛±À· [˙Ó«¬¸±À¬ÛÀé¬] ¸˜±fl¬˘Ú

ø‰¬À˝ê¬ı˛ øˆ¬Ó¬À¬ı˛ ¸˜±fl¬˘Ú ¤¬ı— ’ôL√¬ı˛fl¬˘Ú fl¬¬ı˛± ¸y√√¬ıº

9.2 Î¬◊ÀV˙…

¤˝◊ ¤fl¬fl¬øÈ¬ÀÓ¬ Œ˚ ˙Ó«¬·≈ø˘ ¬Û±ø˘Ó¬ ˝À˘ Œfl¬±ÀÚ± ’¸œ˜ ¸˜±fl¬˘Àfl¬ ¸˜±fl¬˘Ú ø‰¬À˝ê¬ı˛ øˆ¬Ó¬À¬ı˛

’ôL√¬ı˛fl¬˘Ú › ¸˜±fl¬˘Ú fl¬¬ı˛ÀÓ¬ ¬Û±¬ı˛± ˚±˚˛ Œ¸˝◊ ˙Ó«¬·≈ø˘¬ı˛ ’±À˘±‰¬Ú± fl¬¬ı˛± ˝À¬ıº

9.3 √õ∂±‰¬À˘¬ı˛ ’À¬Ûé¬fl¬¬ı˛”À¬Û øÚø«©Ü ¸˜±fl¬˘

Òø¬ı˛  u= f(x,y), R[a, b; c, d] ≡  a ≤ x ≤ b, c ≤ y ≤ d ’±˚˛Ó¬Àé¬ÀS ¸—ø:Ó¬ x ¤¬ı—

y ‰¬À˘¬ı˛ ’À¬Ûé¬fl¡ ¤¬ı— ¤˝◊ ’À¬Ûé¬fl¬øÈ¬  0 ≤ y ≤ d ’ôL√¬ı˛±À˘ ’¬ıøàÔÓ¬ y-¤¬ı˛ √õ∂ÀÓ¬…fl¬ ˜±ÀÚ¬ı˛ ÊÚ…

x ‰¬˘ ¸±À¬ÛÀé¬ a ≤ x ≤ b ’ôL√¬ı˛±À˘ ¸˜±fl¬˘ÚÀ˚±·…º Ó¬±˝À˘ 

J y f x y dx
a

b
( ) ( , )= z

¸˜±fl¬˘øÈ¬Àfl¬  c ≤ y ≤ d ’ôL√¬ı˛±À˘ √õ∂±‰¬˘  y-¤¬ı˛ ’À¬Ûé¬fl¬ ¬ı˘± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

9.3.1 Î¬◊¬Û¬Û±…

f (x, y)’À¬Ûé¬fl¬øÈ¬ ¬ıX ’± ˛̊Ó¬Àé¬S R[a, b; c, d]-ŒÓ¬ ¸ôL√Ó¬ ˝À˘ 
J y f x y dx

a

b
( ) ( , )= z ¸˜±fl¬˘øÈ¬

[c. d] ’ôL√¬ı˛±À˘ √õ∂±‰¬˘ y-¤¬ı˛ ¸ôL√Ó¬ ’À¬Ûé¬fl¬ ˝À¬ıº

√õ∂˜±Ì – Òø¬ı˛ y, y + k [c, d] ’ôL√¬ı˛±À˘ ’¬ıøàÔÓ¬ ≈øÈ¬ ø¬ıμ≈º Ó¬±˝À˘

J y k J y f x y k f x y dx
a

b
( ) ( ) [ ( , ) ( , )] ........ ( )+ − = + −z 1

Òø¬ı ̨ ε > 0 ¤fl¬øÈ¬ √õ∂M√√ ¸—‡…±º

f (x, y) ’À¬Ûé¬fl¬øÈ¬ R ’±˚˛Ó¬ÚÀé¬ÀS ¸ôL√Ó¬, ’Ó¬¤¬ı ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¸—‡…± δ ¬Û±›˚˛± ˚±À¬ı

Œ˚

f x y f x y b a( , ) ( , )2 2 1 1− < −
ε

 ˚‡Ú 

x x2 1− ≤ δ

¤¬ı— y y2 1− ≤ δ

Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸•§KÒøÈ¬ÀÓ¬ x1 = x2 = x
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¤¬ı— y2 = y + k, y1 = y ¬ıø¸À˚˛ ¬Û±˝◊

f x y k f x y
b a

( , ) ( , )+ − <
−
ε

 ˚‡Ú k ≤ δ

’Ó¬¤¬ı (1) ŒÔÀfl¬ ¬Û±˝◊

J y k J y f x y k f x y dx
a

b
( ) ( ) [ ( , ) ( , )]+ − = + −z

   

   ≤
−
L
NM
O
QP − =ε ε

b a
b a( )  ˚‡Ú k ≤ δ

’Ó¬¤¬ı J(y) [c, d] ’ôL√¬ı˛±À˘ y-√õ∂±‰¬À˘¬ı˛ ¤fl¬øÈ¬ ¸ôL√Ó¬ ’À¬Ûé¬fl¬º

’Ú≈ø¸X±ôL √–

J y J y f x y dx f x y dx
y y y y y ya

b

a

b
( ) lim ( ) lim ( , ) lim ( , )0

0 0 0
= = =

→ → →zz

c y d≤ ≤0

9.3.2 Î¬◊¬Û¬Û±…

√õ∂±‰¬À˘¬ı˛ ’À¬Ûé¬fl¬¬ı˛”À¬Û øÚø«©Ü ¸˜±fl¬À˘¬ı˛ ‹ √õ∂±‰¬˘ ¸±À¬ÛÀé¬ ’ôL√¬ı˛fl¬˘Ú (On Differentiation
of an Integral Dependent on a Parameter with respect to the Parameter)

˚ø f (x, y) ¤¬ı— fy (x, y) R[a, b; c, d] ¬ıX ’± ˛̊Ó¬Àé¬ÀS √̧ ôL√Ó¬ ˝ ˛̊ Ó¬±˝À˘ J y f x y dx
a

b
( ) ( , )= z

¸˜±fl¬˘øÈ¬  c ≤ y ≤ d ’ôL√¬ı˛±À˘ y-¤¬ı˛ ¤fl¬øÈ¬ ’ôL√¬ı˛fl¬˘ÚÀ˚±·… ’À¬Ûé¬fl¬

¤¬ı—

¸•§KÒøÈ¬ [c, d] ’ôL√¬ı˛±À˘ y-¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ ÊÚ…˝◊ ø¸Xº
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√õ∂˜±Ì – ’±˜¬ı˛± Œ‡±À¬ı± Œ˚

lim
( ) ( )

( , )
∆

∆
∆y ya

bJ y y J y
y f x y dx

→
+ − = z0

˘±·ƒ¬ı˛±À?¬ı˛ ˜Ò…˜ ˜±Ú Î¬◊¬Û¬Û±… √õ∂À˚˛±· fl¬À¬ı˛ ¬Û±˝◊

J y y J y
y

f x y y f x y dx
a

b( ) ( )
[ ( , ) ( , )]

+ − = + −z∆
∆

∆

= +z f x y y dxya

b
( , ) ,θ∆  Œ˚‡±ÀÚ 0 < θ < 1

’Ô«±» 
J y y J y

y
f x y dxya

b( ) ( ) ( , )+ − − z∆
∆

= + −z [ ( , ) ( , )]f x y y f x y dxy ya

b
θ∆ ...............(1)

¤‡Ú fy 
(x, y) ¬ıX ’±˚˛Ó¬Àé¬S R[a, b; c, d ] ŒÓ¬ ¸ôL√Ó¬ ˝›˚˛±˚˛ ¤øÈ¬ ‹ ’±˚˛Ó¬Àé¬ÀS ¸˜¸ôL√Ó¬

(uniformly continuous) ˝À¬ı ¤¬ı— Ù¬À˘ Œfl¬±ÀÚ± ÒÚ±Rfl¬ ¸—‡…± ε √õ∂M ˝À˘ Ó¬±¬ı˛ ’Ú≈¸e·œ ¤˜Ú

¤fl¬øÈ¬ ÒÚ±Rfl¬ ¸—‡…± δ(ε) ¬Û±›˚˛± ˚±À¬ı Œ˚, ˚‡Ú ∆( ) ( )y < δ ε

f x y y f x y
b ay y( , ) ( , )+ − <

−
∆ ε

’¸˜Ó¬±øÈ¬ x∈[a, b] ¤¬ı— y, y + ∆y ∈[c, d] ˝À˘ ø¸X ˝À¬ıº Œ˚À˝Ó≈¬ 0 < θ < 1,
y+ ∆ε ∈[c, d] ˝À˘ y + θ ∆y ∈ [ c, d]  ˝À¬ı ¤¬ı—

f x y y f x y
b ay y( , ) ( , )+ − < −∆ ε

’¸˜Ó¬±øÈ¬ ø¸X ˝À¬ıº

’Ó¬¤¬ı (1) ŒÔÀfl¬ ¬Û±˝◊

J y y J y
y

f x y dxya

b( ) ( )
( , )

+ − − z∆
∆

= + −z [ ( , ) ( , )]f x y y f x y dxy ya

b
θ∆
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≤ + −z f x y y f x y dxy ya

b
( , ) ( , )∆

<
−

− =ε ε
b a

b a.( )

˚‡Ú ∆y < δ ε( ) º ’Ó¬¤¬ı Î¬◊¬Û¬Û±…øÈ¬ √õ∂˜±øÌÓ¬ ˝˘º

9.3.3 Î¬◊¬Û¬Û±…

√õ∂±‰¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ Œfl¬±ÀÚ± ¸˜±fl¬À˘¬ı˛ ‹ √õ∂±‰¬˘ ¸±À¬ÛÀé¬ ¸˜±fl¬˘Ú (On Integration
of an Internal Dependent on a Parameter with respect to the Parameter)

˚ø f (x, y) ’À¬Ûé¬fl¬øÈ¬ R : [ a, b; c, d] ¬ıX ’±˚˛Ó¬Àé¬ÀS ¸ôL√Ó¬ ˝˚˛ Ó¬±˝À˘

J y dy dy f x y dx dx f x y dy
c

b

c

d

a

b

c

d

a

b
( ) ( , ) ( , )= =z z z zz

’Ô«±» J(y) ¸˜±fl¬˘øÈ¬Àfl¬ y-¤¬ı˛ ¸±À¬ÛÀé¬ ¸˜±fl¬˘Ú fl¬¬ı˛ÀÓ¬ ˝À˘ ’±˜¬ı˛±  ¸˜±fl¬À˘¬ı˛

¸˜±fl¬˘… f(x, y) Œfl¬ [c,d] ’ôL√¬ı˛±À˘ y-¤¬ı˛ ¸±À¬ÛÀé¬ ¸˜±fl¬˘Ú fl¬¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º

√õ∂˜±Ì – f(x,y) ’À¬Ûé¬fl¬øÈ¬ R[a, b; c, d] ¬ıX ’±˚˛Ó¬Àé¬ÀS x, y ‰¬˘ ≈øÈ¬¬ı˛ ¸ôL√Ó¬ ’À¬Ûé¬fl¬º

Ù¬À˘ ¤øÈ¬ [a, b] ’ôL√¬ı˛±À˘ x-¤¬ı˛ ¸ôL√Ó¬ ’À¬Ûé¬fl¬ ¤¬ı— [c, d] ’ôL√¬ı˛±À˘ y-¤¬ı˛ ¸ôL√Ó¬ ’À¬Ûé¬fl¬ ¤¬ı—

Î¬◊¬Û¬Û±… 9.3.1 ŒÔÀfl¬ ¬Û±˝◊ Œ˚ ¤¬ı—  ¸˜±fl¬˘ ≈øÈ¬ ¸ôL√Ó¬º ¤ÊÚ… Î¬◊¬ÛÀ¬ı˛¬ı˛

ø¬Z-¸˜±fl¬˘ ≈øÈ¬¬ı˛ ’ød¬Q ¬ıÓ«¬˜±Úº

Òø¬ı˛ ¤¬ı—  

Ó¬±˝À˘ φ(c) = ψ(c) = 0

¤‡Ú 

¤¬ı— ′ = zzψ ∂
∂( ) ( , )t
t

f x y dy dx
c

t

a

b{ }  [Î¬◊¬Û¬Û±… 9.3.2 ŒÔÀfl¬]

’Ó¬¤¬ı φ′ (t) = ψ′ (t) ⇒ φ(t) = ψ(b) + A, A ÒË≈¬ıfl¬º

’±¬ı±¬ı˛ Œ˚À˝Ó≈¬ φ(c) = ψ (c) = 0



193

∴ A = 0

¤¬ı— φ(t) = ψ(t) ⇒ φ (d) = ψ(d)

’Ô«±» dy f x y dx dx f x y dy
a

b

a

b

c

d

c

d
( , ) ( , )z z zz =

9.3.4 Î¬◊¬Û¬Û±…

1. a b a> ≤0,  ˝À˘

dx
a b x( cos )+z0π

¸˜±fl¬˘øÈ¬¬ı˛ ˜±Ú øÚÌ«˚˛ fl¬¬ı˛≈Ú ¤¬ı— ¤¬ı˛ ŒÔÀfl¬ Œ‡±Ú Œ˚

dx

a b x

a

a b( cos ) ( )+
=

−z 2 2 2 3 20

ππ
 ¤¬ı— 

cos

( cos ) ( )

xdx

a b x

b

a b+
= −

−z 20 2 2 3 2

π π

¸˜±Ò±Ú –

I
dx

a b x
dx

a b x
dx

a b x
=

+
=

+
+

−z z zcos cos cos0 0

2

0

2π π π

√õ∂Ô˜øÈ¬ÀÓ¬ u = tan (x / 2) ¤¬ı— ø¬ZÓ¬œ˚˛øÈ¬ÀÓ¬ v = tan (x / 2) ¬ıø¸À˚˛ ¬Û±˝◊

I du
u a b a b

dv
v a b a b

=
− + +

+
+ + −z z2 2

20

1
20

1

( ) ( ) ( ) ( )

=
− + +

−

+
+ + −

+
zz2 2

2 20

1

0

1

( )a b
du

u
a b
a b

a b
dv

v
a b
a b

=
−

−
+

L
NM

O
QP +

−
+
−

L
NM

O
QP

− −2 2
2 2

1

0

1

2 2
1

0

1

a b

a b
a b

u
a b

a b
a b

vtan tan

=
−

−
+ + +

−
L
NM

O
QP

− −2
2 2

1 1

a b

a b
a b

a b
a b

tan tan

=
−

=
−

2
22 2 2 2a b a b

π π
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’Ó¬¤¬ı

         (1)

Î¬◊ˆ¬˚˛¬ÛÀé¬ a-¤¬ı˛ ¸±À¬ÛÀé¬ ’ôL√¬ı˛fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

dI
da

dx

a b x
a b a= −

+
= − −z −

( cos )
( ) (2 )

20
2 2 3 21

2
π

π

= −
−
πa

a b( ) /2 2 3 2

’Ô«±»

dx
a b x

a
a b( cos ) ( )+

=
−z 20 2 2 3 2

π π

Î¬◊¬ÛÀ¬ı˛¬ı˛ (1) ¸•§KÒøÈ¬Àfl¬ b ¸±À¬ÛÀé¬ ’ôL√¬ı˛fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

2. √õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚

log( cos sin ) loga b d a b2 2 2 2
0

2

2
θ θ θ π

π
+ = +F

H
I
Kz

Òø¬ı˛ 

’Ó¬¤¬ı

∂
∂ φ θ

θ θ
θ

π

a
a b

a

a b
d( , )

cos

cos sin
=

+z 2 2

2 2 2 20

2
(1)

=
+ +

∞z2
1 2 2 2 20

a dt
t a b t( )( )        (t = tan θ ¬ıø¸À˚˛]
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=
+ +

=
F
HG

I
KJ→∞ z

2

12 2 2 2
2

2

20

a

b

dt

t t k
k

a

bB

B
lim

( )( )
,

=
− +

−
+

F
HG

I
KJ→∞ z2 1

1

1

1

1
2 2 2 2 20

a

b k t t k
dt

B

B
lim

=
−

−L
NM

O
QP→∞

− −2
1

1
2

2

2
1 1

0

a

b

b

a
t

k
t
kB

B

lim tan tan

=
−

−L
NM

O
QP→∞

− −2

1

1
2

1 1a

a
B

k
B
kB

lim tan tan

=
−

−FH
I
K

2

1 2
1 1

2
a

a k
π

=
−

− =
+

π πa

a

a b
a a b2 1

(1) Ú— ¸˜œfl¬¬ı˛ÀÌ b = a ¬ıø¬ı˛À˚˛ ¬Û±˝◊

∂
∂

φ θ θ
π

a
a b b a

a
d[ ( , )] cos= = z2 2

0

2

= +F
H

I
Kz2 1 2

20

2

a
d

cos θ θ
π

= =1
2 2a a

.
π π

’Ó¬¤¬ı Œ‡± ˚±À2Â Œ˚

∂
∂

φ π
a

a b
a b

( , ) =
+

¸•§KÒøÈ¬ a, b ¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ ÊÚ…˝◊ ¸Ó¬…º a-¤¬ı˛ ¸±À¬ÛÀé¬ ¸˜±fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

φ π( , ) log( ) ,a b a b c= + +

(c ÒË≈¬ıfl¬øÈ¬ a øÚ¬ı˛À¬Ûé¬] (2)



196

’±¬ı¬ı˛

= −FH
I
K + −FH

I
K

L
NM

O
QPz log cos sin

0

2 2 2 2 2
2 2

π π θ π θ θa b d

= +z log[ sin cos ]
0

2 2 2 2 2π
θ θ θa b d

= φ (b, a)

¤ ŒÔÀfl¬ √õ∂˜±Ì ˝À2Â ¸˜œfl¬¬ı˛Ì (2) ŒÓ¬ c ÒË≈¬ıfl¬øÈ¬ b øÚ¬ı˛À¬Ûé¬º ’Ô«±» c ÒË≈¬ıfl¬øÈ¬ a ¤¬ı— b øÚ¬ı˛À¬Ûé¬º

¤‡Ú φ θ θ θ
π

( , ) log (cos sin )11 2
0

2
2= +z d

= 0

’±¬ı±¬ı˛ ¸˜œfl¬¬ı˛Ì (2) ŒÓ¬ a = 1 = b ¬ıø¸À˚˛ ¬¬Û±˝◊

φ π( , ) log11 2 0= +

⇒ 0 = π log 2 + c ¬ı±, c = – π log 2

’Ó¬¤¬ı 

3. a > b ˝À˘ Œ‡±Ú Œ˚

log sin
sin cos sina b

a b ec d b
a

+
− = −z θ

θ θ θ π
π e j 1
0

2

Òø¬ı˛, φ θ
θ θ θ

π
( , ) log sin

sin cosa b a b
a b ec d= +

−z0 2 e j
¤‡±ÀÚ φ (a, b) ¸˜±fl¬˘øÈ¬¬ı˛ ¸˜±fl¬À˘±¬ı˛ θ  = 0 ø¬ıμ≈ÀÓ¬ ¤fl¬øÈ¬ ”¬ı˛œfl¬¬ı˛ÌÀ˚±·… ’¸±ôL√Ó¬… ’±ÀÂ√

fl¬±¬ı˛Ì

 (
0
0

 ’±fl¬±¬ı˛]
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=

−
+

− + +
−

→ +
lim

sin
sin

( sin ) cos ( sin ) cos
( sin )

cosθ

θ
θ

θ θ θ θ
θ

θ0

2
a b
a b

a b b a b b
a b

=
−

=
→ +
lim

cos

sin cosθ

θ
θ θ0 2 2 2

2
2

ab

a b

b
ad i

’Ó¬¤¬ı φ ( a, b ¸˜±fl¬˘øÈ¬ ¤fl¬øÈ¬ ˚Ô±Ô« ¸˜±fl¬˘º

b-¤¬ı˛ ¸±À¬ÛÀé¬ ’ôL√¬ı˛fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

∂
∂

φ
θ

θ
θ

θ
θ

θ
π

b
a b

a b a b
d( , )

sin
sin

sin
sin

sin
=

+
+

−
L
NM

O
QPz 1

0

2

=
−z 2

2 2 20

2 ad

a b

θ
θ

π

sin

=
+ −z2

2

2 2 2 20

2
a

d
a a b

sec
( ) tan

θ θ
θ

π

=
+ −

∞z2 2 2 2 20
a du

a a b u( )

=
− +

−

∞z2
2 2

2
2

2 2

0

a

a b

du

u
a

a b

=
−

−2
22 2

2 2a

a b

a b
a

π

=
−

π

a b2 2

b ¸±À¬ÛÀé¬ ¸˜±fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

φ π( , ) sina b
b
a

A= +−1  (b øÚ¬ı˛À¬Ûé¬ ÒË≈¬ıfl¬]

˚‡Ú b = 0, φ (a, b) = 0 π × 0 + A
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⇒ A = 0

’Ó¬¤¬ı  φ π( , ) sina b
b
a

= −1

4. Œ‡±Ú Œ˚

log( sin )
sin

[ ]
1

1 1
2

2
0

2 + = + −z y x
x

dx yπ
π

¸˜±Ò±Ú – ¤‡±ÀÚ ¸˝ÀÊ˝◊ Œ‡±ÀÚ± ˚±˚˛ Œ˚ x = 0 ø¬ıμ≈ÀÓ¬ ¸˜±fl¬À˘¬ı˛ ’¸±ôL√Ó¬…øÈ¬ ”¬ı˛œfl¬¬ı˛ÌÀ˚±·…º

’Ó¬¤¬ı √õ∂M ¸˜±fl¬˘øÈ¬ ¤fl¬øÈ¬ ˚Ô±Ô« ¸˜±fl¬˘º

Òø¬ı˛

y-¤¬ı˛ ¸±À¬ÛÀé¬ ’ôL√¬ı˛fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

′ =
+zφ

π
( )

sin
y

dx

y x1 20

2

=
dt

y t
t x

( )
, ( tan )

1 120 + +
=

∞z

’Ó¬¤¬ı φ π
( )

( )
y

y
c= +

− +
+

− +

2
1

1 2 1

1 2 1

= + +π 1 y c

’±¬ı±¬ı˛ φ
π

(0)
log( .sin )

sin
= + = =z 1 0

0
2

20

2 x

x
dx

∴ 0 = φ(0) = π+ c ⇒ c = – π

Ù¬À˘ φ π π( )y y= + −1

  = + −π 1 1y
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9.3.5 Î¬◊¬Û¬Û±…

Œfl¬±ÀÚ± øÚø«©Ü ¸˜±fl¬˘ ¤¬ı— ¤¬ı˛ ¸œ˜± ≈øÈ¬ ¤fl¬øÈ¬ √õ∂±‰¬À˘¬ı˛ ’À¬Ûé¬fl¬ ˝À˘, ‹ √õ∂±‰¬˘ ¸±À¬ÛÀé¬

¸˜±fl¬˘øÈ¬¬ı˛ ’ôL√¬ı˛fl¬˘Úº

˚ø R[a, b; c, d] ¬ıX ’±˚˛Ó¬Àé¬ÀS f (x, y) ¤¬ı— f
y
 (x, y) ¸ôL√Ó¬ ˝˚˛ ¤¬ı— x

1
(y), x

2
(y)

[ c, d] ’ôL√¬ı˛±À˘ ’ôL√¬ı˛fl¬˘ÚÀ˚±·… ¤˜Ú ≈øÈ¬ ’À¬Ûé¬fl¬ ˝˚˛ Œ˚ [c, d] ’ôL√¬ı˛±À˘ ’¬ıøàÔÓ¬ y-¤¬ı˛ ¸fl¬˘

˜±ÀÚ¬ı˛ ÊÚ… (x
1
(y), y) ¤¬ı— (x

2
(y), y) ø¬ıμ≈ ≈øÈ¬ ‹ ¬ıX ’±˚˛Ó¬Àé¬ÀS ’¬ıøàÔÓ¬ ˝˚˛ Ó¬±˝À˘

J y f x y dx
x y

x y
( ) ( , )

( )

( )
= z

1

2

y-¤¬ı˛ ¸±À¬ÛÀé¬ [c, d] ’ôL√¬ı˛±˘ ’ôL√¬ı˛fl¬˘ÚÀ˚±·… ¤¬ı—

′ = + −zJ y f x y dy f x y y
dx
dy

f x y y
dx
dyyx y

x y
( ) ( , ) ( ( ), ) ( ( ), )

( )

( )
2

2
1

1

1

2

√õ∂˜±Ì –  J(y) ’À¬Ûé¬fl¬øÈ¬Àfl¬ ’±˜¬ı˛± øÚÀ‰¬¬ı˛ ’±fl¬±À¬ı˛ ø˘‡ÀÓ¬ ¬Û±ø¬ı˛º

J(y) = F (x
1
(y),x

2
(y), y)

≡  F (u, v, y)  Œ˚‡±ÀÚ  u = x1(y), v ≡ x2(y)

= f x y dx
u

v
( , )z

¤‡±ÀÚ F (u, v, y) ’À¬Ûé¬fl¬øÈ¬¬ı˛ (a ≤ u ≤ b, a ≤ v ≤ b, c ≤ y ≤ d) ’±—ø˙fl¬ ’ôL√¬ı˛fl¬˘·≈ø˘

˝˘

∂
∂
F
y

f x y dxya

v
= z ( , )

√õ∂M ˙Ó«¬±Ú≈¸±À¬ı˛ ¤fl¬øÈ¬ ’ød¬Q ’±ÀÂ√ ¤¬ı— ¤øÈ¬ ¸ôL√Ó¬º

∂
∂

∂
∂

F
v v

f x y dx f v y
u

v
= =z ( , ) ( , )

∂
∂

∂
∂

F
u u

f x y dx f u y
u

v
= = −z ( , ) ( , )

¤‡Ú ¸—À˚±Êfl¬-’À¬Ûé¬Àfl¬¬ı˛ ’ôL√¬ı˛fl¬˘ÀÚ¬ı˛ ¸”S √õ∂À˚˛±· fl¬À¬ı˛ ¬Û±˝◊

′ = + +J y
F
u

u
dy

F
v

dv
dy

F
y

( ) ∂
∂

∂ ∂
∂

∂
∂

[ ∵ √õ∂M ˙Ó«¬±Ú≈¸±À¬ı˛ u, v ’À¬Ûé¬fl¬ ≈øÈ¬ ’ôL√¬ı˛fl¬˘ÚÀ˚±·…º]
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= + +∂
∂

∂
∂

∂
∂

F
y

F
v

dv
dy

F
u

du
dy

= + −z f x y dx f v y
dv
dy

f u y
du
dyu

v
( , ) ( , ) ( , )

= + −z f x y dx f x y y
dx
dy f x y y

dx
dyx y

x y
( , ) ( ( ), ) ( ( ), )

( )

( )
2

2
1

1

1

2

Î¬◊±˝¬ı˛Ì – Œ‡±Ú Œ˚

log( )
log( ) tan

1
1

1
2 120

2 1+
+

= +z −ax
x

dx a a
a

’Ó¬–¬Û¬ı˛ Œ‡±Ú Œ˚

log( )
log

1
1 82

2
0

1 +
+

=z x
x

dx π

 ¸˜±fl¬˘øÈ¬Àfl¬ φ(a) ø˘À‡ ’ôL√¬ı˛fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

′ +
+

F
HG

I
KJ + +

+zφ ∂
∂

( )
log( ) . log ( . )

a
a

ax

x
dx

a a

a

a 1

1

1 1

120 2

=
x

ax x
dx

a

a

a

( )( )

log( )

1 1

1

12

2

20 + +
+ +

+z

¤‡Ú 

’Ó¬¤¬ı ′ = −
+

+ +
+

+φ ( )
( )

[log( )]
( )

[log( )]a
a

ax
a

xa a1

1
1

1

2 1
1

2 0 2
2

0

+
+

+ +
+

−a

a
x

a

a
a

1

1

12
1

0

2

2
[tan ]

log( )
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= −
+

+ +
+

+1

1
1

1

2 1
1

2
2

2
2

a
a

a
a

)
log( )

( )
log( )

+
+

+ +
+

−1
1

1
12

2
2

1

( )
log ( ) tan

a
a a

a
a

=
+

+ +
+

−1

2 1
1

12
2

2
1

( )
log( ) tan

a
a a

a
a

Î¬◊ˆ¬˚˛¬ÛÀé¬ a-¤¬ı˛ ¸±À¬ÛÀé¬ ¸˜±fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

φ( ) tan log( ) . tana a a
a

a a da= + −
+

− −z1
2

1
1
2

1

1
21 2

2
1

 +
+

+−z a

a
a da c

1 2
1tan

= + +−1
2

11 2tan log( )a a c

¤‡Ú  φ(0) tan .log= = + ⇒ =−0
1
2

0 1 01 c c

’Ó¬¤¬ı φ( ) tan log( )a a a= +−1
2

11 2

Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸•§KÒøÈ¬ÀÓ¬ a = 1 ¬ıø¸À˚˛ ¬Û±˝◊

φ π
( ) log1

8
2=

’Ú…øÀfl¬ φ( )
log( )

1
1

1 20

1
= +

+z
x

x
dx

’Ó¬¤¬ı 
log( )

log
1

1 8
2

20

1 +
+

=z x

x
dx

π

9.4 √õ∂±‰¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ’˚Ô±Ô« ¸˜±fl¬˘

Òø¬ı˛ u = f(x, y) ’À¬Ûé¬øÈ¬ 0 ≤ x < ∞, c ≤ y ≤ d ˝À˘ ¸—ø:Ó¬ ¤¬ı— [ c, d] ’ôL√¬ı˛±À˘

øàÔÓ¬ y-¤¬ı˛ √õ∂ÀÓ¬…fl¬ ˜±ÀÚ¬ı˛ ÊÚ… 

f x y dx
a

( , )
∞z

¸˜±fl¬˘øÈ¬ ’øˆ¬¸±¬ı˛œº Ó¬±˝À˘ 

J y f x y dx
a

( ) ( , )≡
∞z
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¸˜±fl¬˘øÈ¬ [c, d] ’ôL √ ¬ı ˛ ±À˘ ¸—ø:Ó¬ y-¤¬ı ˛ ¤fl¬øÈ¬ ’À¬Ûé¬fl¬ ¤¬ı— ¤Àé¬ÀS

’±¬ı±¬ı˛ ˚ø u = f(x, y) ’À¬Ûé¬fl¬øÈ¬, a < x ≤ b, c ≤ y ≤ d ¬ıX ’±˚˛Ó¬Àé¬ÀS ¸—ø:Ó¬

¤¬ı— f(x, y) → ∞ ˚‡Ú x → a + ¤¬ı— [c, d] ’ôL√¬ı˛±À˘ øàÔÓ¬ y-¤¬ı˛ √õ∂ÀÓ¬…fl¬ ˜±ÀÚ¬ı˛ ÊÚ… ˚ø

J y f x y dx f x y dx
a

b

a

b
* ( ) ( , ) lim ( , )= =

→ + ++ zz λ λ0

¸˜±fl¬˘øÈ¬ ’øˆ¬¸±¬ı˛œ ˝˚˛ Ó¬±˝À˘ J* (y), [c, d] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ y-¤¬ı˛ ¤fl¬øÈ¬ ’À¬Ûé¬fl¬º

√õ∂±‰¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ’˚Ô±Ô« ¸˜±fl¬˘·≈ø˘Àfl¬ √õ∂±‰¬˘ ¸±À¬ÛÀé¬ ’ôL√¬ı˛fl¬˘Ú › ¸˜±fl¬˘Ú fl¬¬ı˛ÀÓ¬

˝À˘ Œ‡ÀÓ¬ ˝À¬ı ¤¬ı˛± ¸˜’øˆ¬¸±¬ı˛œ (uniformal convergent) øfl¬Ú±, ¤¬ı— ¤fl¬˜±S Œ¸Àé¬ÀS˝◊ ¤˝◊

’À¬Ûé¬fl¬·≈ø˘Àfl¬ ˚Ô±Ô« ¸˜±fl¬À˘¬ı˛ ˜Ó¬ √õ∂±‰¬˘ ¸±À¬ÛÀé¬ ’ôL√¬ı˛fl¬˘Ú › ¸˜±fl¬˘Ú fl¬¬ı˛ÀÓ¬ ¬Û±¬ı˛± ˚±˚˛º

9.4.1 ’˚Ô±Ô« ¸˜±fl¬À˘¬ı˛ ¸˜’øˆ¬¸¬ı˛Ì (Uniform Convergence of Improper
Integrals)

√õ∂Ô˜ ¬ı˛fl¬À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¬˘ f x y dx
a

( , )
∞z

Òø¬ı˛, Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸˜±fl¬˘øÈ¬ [c, d] ’ôL√¬ı˛±À˘ øàÔÓ¬ y-¤¬ı˛ ¸fl¬˘ ˜±ÀÚ¬ı˛ ÊÚ… ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛

˜±Ú F(y); ¤¬ı— 

¸—:± 1 – ¸˜±fl¬˘øÈ¬ [c, d] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ F(y) ’À¬Ûé¬fl¬øÈ¬ÀÓ¬ ¸˜ˆ¬±À¬ı

’øˆ¬¸±¬ı˛œ ˝À¬ı, ˚ø ¤¬ı— ¤fl¬˜±S ˚ø, Œfl¬±ÀÚ± ˚‘2Â ÒÚ±Rfl¬ ¸—‡…± s-¤¬ı˛ ’Ú≈¸e·œ ¤¬ı— c ≤ y
≤ d ŒÓ¬ ’¬ıøàÔÓ¬ y-¤¬ı˛ Î¬◊¬Û¬ı˛ ’øÚˆ«¬¬ı˛˙œ˘ ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¸—‡…± Q ¬Û±›˚˛± ˚±˚˛ Œ˚

˚‡Ú R > Q Ó¬‡Ú 

ø¬ZÓ¬œ˚˛ ¬ı˛fl¬À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¬˘ f x y dx c y d
a

b
( , ) ; ≤ ≤

+z
Òø¬ı˛, Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸˜±fl¬˘øÈ¬ [c, d] ’ôL√¬ı˛±À˘ øàÔÓ¬ y-¤¬ı˛ ¸fl¬˘ ˜±ÀÚ¬ı˛ ÊÚ… ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛

˜±Ú F(y) ¤¬ı— 
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¸—:± 2 – 

f x y dx
a

b
( , )

+z

¸˜±fl¬˘øÈ¬ [c, d] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ F(y) ’À¬Ûé¬fl¬øÈ¬ÀÓ¬ ¸˜ˆ¬±À¬ı

’øˆ¬¸±¬ı˛œ ˝À¬ı, ˚ø ¤¬ı— ¤fl¬˜±S ˚ø, Œfl¬±ÀÚ± ˚‘2Â ÒÚ±Rfl¬ ¸—‡…± ε-¤¬ı˛ ’Ú≈¸e·œ ¤¬ı— c ≤  y≤
d ŒÓ¬ ’¬ıøàÔÓ¬ y-¤¬ı˛ Î¬◊¬Û¬ı˛ ’øÚˆ«¬¬ı˛˙œ˘ ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¸—‡…± q ¬Û±›˚˛± ˚±˚˛ Œ˚

˚‡Ú 

a r q< <

 Ó¬‡Ú 

F y S y c y dr( ) ( ) ;− < ≤ ≤ε

Î¬◊±˝¬ı˛Ì 1 – Œ‡±Ú Œ˚ e dxxy−∞z0 ’˚Ô±Ô« ¸˜±fl¬˘øÈ¬ 
1 1 2
y

y, ≤ ≤  ’À¬Ûé¬Àfl¬ ¸˜ˆ¬±À¬ı

’øˆ¬¸±¬ı˛œº

¸˜±Ò±Ú – e dx e dx e
y y F yxy

l
xy

l

xy l
−

→∞
−

→∞

−∞
= = −

L
NM
O
QP = ≡zz lim lim ( )

00

1

0
1

¤¬ı—  S y e dx y
e

yR
xy

o

r Ry
( ) = = −− −z 1

Ù¬À˘, F y S y
y y

e
y

e
yR

Ry Ry
( ) ( )− = − −

F
HG

I
KJ =

− −1 1

¤‡Ú Œ˚À˝Ó≈¬ 1 ≤ y ≤ 2

∴ ≤ ⇒ ≤− −e e e eR Ry Ry R  ¤¬ı— 
1

1
y

≤

Ù¬À˘ 
e

y
e

Ry
R

−
−≤

’Ó¬¤¬ı F y S y eR
R( ) ( )− < ⇒ <−ε ε

¤¬ı— e–R < ε ˚‡Ú R Q> =log
1
ε

’Ó¬¤¬ı ε > 0 √õ∂M ˝À˘ ’±˜¬ı˛± y-¤¬ı˛ Î¬◊¬Û¬ı˛ ’øÚˆ«¬¬ı˛˙œ˘ ¤˜Ú ÒÚ±Rfl¬ ¸—‡…± Q ¬Û±ø2Â Œ˚

F y S yR( ) ( )− < ε

˚‡Ú R > Q

’Ô«±» e dxxy−∞z0  ¸˜±fl¬˘øÈ¬

1
1 2

y
y, ( )≤ ≤  ’À¬Ûé¬Àfl¬ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº
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Î¬◊±˝¬ı˛Ì 2 – Œ‡±Ú Œ˚ xe dtxt−∞z0  ¸˜±fl¬˘øÈ¬ 0 ≤ x ≤ 1 ’ôL√¬ı˛±˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸¬ı˛Ì fl¬À¬ı˛

Ú±, ˚ø› ¤øÈ¬ √õ∂M ’ôL√¬ı˛±À˘¬ı˛ √õ∂øÓ¬ ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œº

¸˜±Ò±Ú – ¤‡±ÀÚ S x xe dtR
xtR

( ) = −z0
= −z e duuxR

,
0

 ( u = xR ¬ıø¸À˚˛]

[˘é¬… fl¬¬ı˛≈Ú Œ˚ x > 0 ¤¬ı— R > 0 ˝À˘ u > 0)

= − = −− −[ ]e eu xR xR
0 1

¤¬ı— = = =
∞ −

→∞
−z zF x xe dt xe dt

xt

R

xtR
( ) lim

0 0

= − =
→

−lim [ ]
R

xRe
0

1 1 ˚‡Ú 0 < x ≤ 1

¤¬ı— F(x) = 0 ˚‡Ú x = 0

’Ó¬¤¬ı F x S x eR
xR( ) ( )− = − 0 < x ≤ 1

= 0 x = 0

 Ò¬ı˛± ˚±fl¬º ˚ø √õ∂Ô˜ ¸—:±˚˛ ¬ıøÌ«Ó¬ Q ¸—‡…±øÈ¬¬ı˛ ’ød¬Q Ô±Àfl¬ Ó¬±˝À˘ R > Q ˝À˘

 ’¸˜Ó¬±øÈ¬ 0 < x ≤ 1 ’ôL√¬ı˛±À˘ ø¸X ˝›˚˛± Î¬◊ø‰¬Ó¬º øfl¬ôL≈√ R-

¤¬ı˛ ¸fl¬˘ ÒÚ±Rfl¬ ˜±ÀÚ¬ı˛ ÊÚ…  ˝›˚˛±¬ı˛ Ù¬À˘ Î¬◊¬ÛÀ¬ı˛¬ı˛ ’¸˜Ó¬±øÈ¬   0 < x ≤ 1

’ôL√¬ı˛±À˘ ø¸X Ú˚˛º

˜ôL√¬ı… – 0 ≤ x ≤ 1 ’ôL√¬ı˛±˘øÈ¬Àfl¬ ˚ø 0 < δ ≤ y ≤ 1 ’ôL√¬ı˛±À˘ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ fl¬¬ı˛± ˝˚˛ Œ˚‡±ÀÚ

δ < 1, Ó¬±˝À˘  F x xe dtxt( ) = −∞z0  ¸˜±fl¬˘øÈ¬ 0 < δ ≤ y ≤ 1 ’ôL√¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ

˝À¬ıº
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fl¬±¬ı˛Ì, ¤‡Ú e exR xR− < ⇒ >ε
ε
1

⇒ >R
x

n
1

1
1
ε

⇒ >R n
1

1
1

δ ε

   ˚‡Ú 0 < δ ≤ x ≤ 1

’Ó¬¤¬ı  ε > 0 ˝À˘ ’±˜¬ı˛± x-¤¬ı˛ Î¬◊¬Û¬ı˛ ’øÚˆ«¬¬ı˛˙œ˘ ¤˜Ú ÒÚ±Rfl¬ ¸—‡…± 

Q n= 1
1

1
δ ε

 ¬Û±ø2Â

Œ˚ 

F x S xR( ) ( )− < ε

 ˚‡Ú   R > Q ¤¬ı— 0 < δ ≤ x ≤ 1

’Ó¬¤¬ı F x xe dtxt( ) = −∞z0  ¸˜±fl¬˘øÈ¬ ¤˝◊ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ’ôL√¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

Î¬◊±˝¬ı˛Ì  3 – J y yx dxy( ) = −z 1
0

1
 ¸˜±fl¬˘øÈ¬  0 ≤ y ≤ 1 ’ôL√¬ı˛±À˘¬ı˛ √õ∂ÀÓ¬…fl¬ ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ

øfl¬ôL≈√ ¤øÈ¬ ¤˝◊ ’ôL√¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ Ú˚˛  , √õ∂˜±Ì fl¬¬ı˛≈Úº

√õ∂˜±Ì – J(y) ¸˜±fl¬˘øÈ¬¬ı˛ ¸˜±fl¬À˘…¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±ôL√Ó¬… ’±ÀÂ√º

’Ó¬¤¬ı J y yx dxy( ) lim
λ λ→ +

−z
0

11

= = −
→ + → +
lim [ ] lim [ ]

λ λ λ
λ

0

1

0
1x y y

= −
→ +

1
0

lim
λ

λy

= 1 – 0 = 1 ˚‡Ú 0 < y ≤  1

¤¬ı— J(y)) = 0  ˚‡Ú y = 0

’Ó¬¤¬ı √õ∂˜±øÌÓ¬ ˝˘ Œ˚ J(y) ¸˜±fl¬˘øÈ¬ 0 ≤ y ≤ 1 ’ôL√¬ı˛±À˘¬ı˛ √õ∂ÀÓ¬…fl¬ ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œº

’±¬ı±¬ı˛ S y yx dxr
y

r
( ) ,= −z 11

    0 < r ≤  1

       = 1 – ry
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’Ó¬¤¬ı J y S y rr
y( ) ( ) ,= − =    0 < y ≤  1

        = 0            y = 0

ε = 1
2

 Ò¬ı˛± ˚±fl¬º ˚ø ø¬ZÓ¬œ˚˛ ¸—:±˚˛ ¬ıøÌ«Ó¬ q ¸—‡…±øÈ¬¬ı˛ ’ød¬Q Ô±Àfl¬ Ó¬±˝À˘  0 < r < q

˝À˘  ’¸˜Ó¬±øÈ¬  0 < y ≤  1 ’ôL√¬ı˛±À˘ ø¸X ˝›˚˛± Î¬◊ø‰¬Ó¬º øfl¬ôL≈√ r-

¤¬ı˛ 1 ŒÔÀfl¬ ŒÂ√±È¬ ¸¬ı ÒÚ±Rfl¬ ˜±ÀÚ¬ı˛ ÊÚ…  ˝›˚˛±¬ı˛ Ù¬À˘ Î¬◊¬ÛÀ¬ı˛¬ı˛ ’¸˜Ó¬±øÈ¬

0 < y ≤  1 ’ôL√¬ı˛±À˘ ø¸X Ú˚˛º

˜ôL√¬ı… – 0 ≤ y ≤  1 ’ôL√¬ı˛±À˘¬ı˛ ¬Ûø¬ı˛¬ıÀÓ«¬ ˚ø  0 1 10 0< ≤ ≤ <δ δy ,  ’ôL√¬ı˛±˘øÈ¬ ŒÚ›˚˛±

˝˚˛, Ó¬±˝À˘

J y yx dxy( ) = −z 1
0

1
 ¸˜±fl¬˘øÈ¬ 0 < δ0 ≤  y ≤  1 ’ôL√¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝À¬ıº

fl¬±¬ı˛Ì, ¤Àé¬ÀS J y S y rr
y( ) ( )− =

¤¬ı— 0 < ε <1 √õ∂M ˝À˘, xy < ε

⇒ < <r yε ε δ1 1 0   ˚‡Ú 0 < δ0 ≤  y ≤  1

’Ó¬¤¬ı 0 < ε <1 √õ∂M ˝À˘ ’±˜¬ı˛± y-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ Ú˚˛ ¤˜Ú ÒÚ±Rfl¬ ¸—‡…± q = ε δ1 0

¬Û±ø2Â Œ˚ J y S yr( ) ( )− < ε  ’¸˜Ó¬±øÈ¬ ø¸X ˝À2Â ˚‡Ú  0 < r < q ¤¬ı— 0 < δ0 ≤  y ≤ 1

’Ó¬¤¬ı yx dxy−
+z 1

0

1
 ¸˜±fl¬˘øÈ¬ ¤˝◊ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ’ôL√¬ı˛±À˘ ¸˜’øˆ¬¸±¬ı˛œº

9.4.2 ¸˜-’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬±¸˜”˝ (Tests for Uniform Convergence)

1. ¬ı±˚˛±¬ı˛àÈò¬±À¸¬ı˛ M-¬Û¬ı˛œé¬± (The Weirstrass M-Test)

Î¬◊¬Û¬Û±… 1 – ˚ø

1. f (x,y) a ≤ x < ∞, c ≤ y ≤ d ˝À˘ ¸ôL√Ó¬ ˝˚˛

2. M(x) a ≤ x < ∞ ’¸œ˜ ’ôL√¬ı˛±À˘ ¸ôL√Ó¬ ˝˚˛
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3. f x y M x( , ) ( )≤  ˚‡Ú a ≤ x < ∞, c ≤ y ≤ d

4. M x dx
a

( )
∞z  ’øˆ¬¸±¬ı˛œ ˝˚˛

Ó¬±˝À˘ 

f x y dx c y d
a

( , ) ≤ ≤
∞z

 ’ôL√¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ˝À¬ıº

√õ∂˜±Ì – 

J y f x y dx( ) ( , )≡
∞z0

 ¤¬ı— S y f x y dxR a

R
( ) ( , )≡ z  ÒÀ¬ı˛ ¬Û±˝◊

J y S y f x y dx M x dxR RR
( ) ( ) ( , ) ( )− ≤ ≤

∞∞ zz

Œ˚À˝Ó≈¬, Œ˙À¯∏¬ı˛ ¸˜±fl¬˘øÈ¬ c ≤ y ≤ d ’ôL√¬ı˛±˘øàÔÓ¬ y-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ Ú˚˛ ¤¬ı— R → ∞
˝À˘, ¤¬ı˛ ¸œ˜±àÔ˜±Ú 0 ’Ó¬¤¬ı √õ∂Ô˜ ¬ı˛fl¬À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¬À˘¬ı˛ ¸˜-’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¸—:± ŒÔÀfl¬ ¬Û±›˚˛±

˚±˚˛ Œ˚ J(y) ¸˜±fl¬˘øÈ¬ c ≤ y ≤ d ’ôL√¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

Î¬◊¬Û¬Û±… 2 – ˚ø

1. f (x,y) a < x ≤ b, c ≤ y ≤ d ˝À˘ ¸ôL√Ó¬ ˝˚˛

2. M(x)    a < x ≤ b  ’ôL√¬ı˛±˘ ¸ôL√Ó¬ ˝˚˛

3.

f x y M x( , ) ( )≤

 ˚‡Ú a < x ≤ b,    c ≤ y ≤ d

4. M x dx
a

b
( )

+z  ’øˆ¬¸±¬ı˛œ ˝˚˛

Ó¬±˝À˘ 

f x y dx
a

b
( , )

+z

  c ≤ y ≤ d ’ôL√¬ı˛±À˘ ¸˜’øˆ¬¸±¬ı˛œ ˝À¬ıº

¤˝◊ Î¬◊¬Û¬Û±À…¬ı˛√ õ∂˜±ÌøÈ¬ õ∂Ô˜ Î¬◊¬Û¬Û±À…¬ı˛ √õ∂˜±ÀÌ¬ı˛ ’Ú≈¬ı˛”¬Û ˝›˚˛±ÀÓ¬ ¤‡±ÀÚ ¬ıøÊ«Ó¬ ˝˘º

Î¬◊±˝¬ı˛Ì 1– √õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚ 

e xy dx yx−∞z − ∞ < < ∞
2

0
cos

’ôL√¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

√õ∂˜±Ì – ¤‡±ÀÚ e yx ex x− −≤
2 2

cos , y-¤¬ı˛ ¸fl¬˘ ˜±ÀÚ¬ı˛ ÊÚ… ¤¬ı— e dxx−∞z 2

0
 ’øˆ¬¸±¬ı˛œº

’±¬ı±¬ı˛ f (x,y) ≡ e x− 2  cos xy, 0 ≤ x ≤ ∞, – ∞ < y < ∞ ˝À˘ ¸ôL√Ó¬
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¤¬ı— ’z¬¬ı˛±À˘ ¸z¬Ó¬

’Ó¬¤¬ı  e yxdx yx−∞z − ∞ < < ∞
0

2
cos  ’ôL√¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

Î¬◊±˝¬ı˛Ì 2 – Œ‡±Ú Œ˚ 

cos yx

x
dx y

1 21

1

−
− ∞ < < ∞

−z  ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œº

¤‡±ÀÚ  ¤¬ı— 

1

1 21

1

−−z x
dx

’øˆ¬¸±¬ı˛œº

’±¬ı±¬ı˛ f(x,y) – ∞  < y < ∞ , – 1 ≤ x ≤ 1 ˝À˘ ¸ôL√Ó¬

¤¬ı— M x
x

x( ) =
−

− < <1

1
1 1

2
 ’ôL√¬ı˛±À˘ ¸ôL√Ó¬º

’Ó¬¤¬ı 

cos yx

x
dx y

1 21

1

−
− ∞ < < ∞

−z  ’ôL√¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œº

11. √õ∂±‰¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ’˚Ô±Ô« ¸˜±fl¬À˘¬ı˛ ¸˜-’øˆ¬¸¬ı˛ÀÌ¬ı˛ Œfl¬±ø˙ øÚÒ«±¬ı˛fl¬º (Cauchy
criterion for the uniform Convergence of an lmproper integral Dependent
on a parameter)

A. √õ∂Ô˜ ¬ı˛fl¬À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¬˘ 

Î¬◊¬Û¬Û±… 1 – y-√õ∂±‰¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ’˚Ô±Ô« ¸˜±fl¬˘  ¤¬ı˛ [c, d] ’ôL√¬ı˛±À˘

¸¬˜-’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¤fl¬øÈ¬ √õ∂À˚˛±ÊÚœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝À2Â Œ˚, ¬Û”¬ı«øÚø«©Ü ÒÚ±Rfl¬ ¸—‡…± ε-¤¬ı˛ ’Ú≈̧ e·œ

¤¬ı— [c, d] ’ôL√¬ı˛±À˘ y-¤¬ı˛ Î¬◊¬Û¬ı˛ ’øÚˆ«¬¬ı˛˙œ˘ ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¸—‡…± X ≡ X(ε) ¬Û±›˚˛± ˚±À¬ı

Œ˚  ˝√√À˘

(1)  ’¸˜Ó¬±øÈ¬ ø¸X ˝À¬ıº

√õ∂˜±Ì – √õ∂À˚˛±ÊÚœ˚˛Ó¬± Òø¬ı˛, ¸˜±fl¬˘øÈ¬ [c, d] ’ôL√¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ¤¬ı— ÒÚ±Rfl¬ ¸—‡…±

ε √õ∂Mº Ó¬±˝À˘ [c, d] ’ôL√¬ı˛±À˘ y-¤¬ı˛ Î¬◊¬Û¬ı˛ ’øÚˆ«¬¬ı˛˙œ˘ ¤˜Ú ¤fl¬øÈ¬ ¸—‡…± X(ε) ¬Û±›˚˛± ˚±À¬ı

Œ˚
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x′ > X(ε) ¤¬ı— x′′ > X (ε) ˝À˘

f x y dx
x

( , )
′

∞z < ε
2  ¤¬ı— f x y dx

x
( , )

′′

∞z < ε
2

’¸˜Ó¬± ≈øÈ¬ ø¸X ˝˚˛º

’Ó¬¤¬ı ′′ > ′ >x x X( )ε  ˝À˘

f x y dx f x y dx f x y dx
x

x

xx
( , ) ( , ) ( , )

′′
′

′′

∞

′

∞z zz= −

 ≤ +
′

∞

′′

∞z zf x y dx f x y dx
x x

( , ) ( , )

’Ô«±»

f x y dx f x y dx f x y dx
x

x

x x
( , ) ( , ) ( , )

′
′′

′

∞

′′

∞z z z≤ + < + =ε ε ε
2 2

¬Û˚«±5Ó¬±º ˙Ó«¬øÈ¬ ˚ÀÔ©Üº

˚ø f x y dx
x

x
( , )

′

′′z < ε  ˙Ó«¬øÈ¬ ′ > ′′ >x X x X( ), ( )ε ε  ˝À˘ ø¸X ˝˚˛, Œ˚‡±ÀÚ X(ε) [c,

d] ’ôL√¬ı˛±À˘ y-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ Ú˚˛ Ó¬±˝À˘ 

f x y dx
a

( , )
∞z

 ¸˜±fl¬˘øÈ¬ [c,d] ’ôL√¬ı˛±À˘ y-¤¬ı˛

¸¬ı ˜±ÀÚ¬ı˛ ÊÚ…˝◊ ’øˆ¬¸±¬ı˛œ ˝À¬ıº [’˚Ô±Ô« ¸˜±fl¬À˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ëŒfl¬±ø˙-øÚÒ«±¬ı˛fl¬í ^©Ü¬ı…]

’Ó¬¤¬ı 

f x y dx
x

x
( , )

′
′′z < ε

 ’¸˜Ó¬±øÈ¬ÀÓ¬ x′ Œfl¬ ’¸œÀ˜ ’¬Û¸‘Ó¬ fl¬À¬ı˛ ¬Û±˝◊

f x y dx
x

( , )
′

∞z < ε

¤¬ı— ¤øÈ¬ ø¸X ˝À2Â ˚‡Ú x′ > X(ε) ¤¬ı—  X(ε) [c, d] ’ôL√¬ı˛±À˘ y-¤¬ı˛ Î¬◊¬Û¬ı˛ ’øÚˆ«¬¬ı˛˙œ˘º

Ù¬À˘ √õ∂˜±øÌÓ¬ ˝˘ Œ˚ ’˚Ô±Ô« ¸˜±fl¬˘øÈ¬ [c, d] ’ôL√¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

B. ø¬ZÓ¬œ˚˛ ¬ı˛fl¬À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¬˘ f x y dx c y d
a

b
( , ) , ≤ ≤

+z  ¤‡±ÀÚ 

f x y( , ) → ± ∞

 ˚‡Ú

x → a +
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Î¬◊¬Û¬Û±√… 2 : y-õ∂±‰¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘, ø¡ZÓ¬œ˚˛ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘ f x y dx
a

b

,( )
+
z -¤¬ı˛

[c, d] ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√À26√ Œ˚ ¬Û”¬ı«øÚø«©Ü ÒÚ±Rfl¡ ¸—‡…±

ε-¤¬ı˛ ’Ú≈¸e·œ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± δ(ε) ¬Û±›˚˛± ˚±À¬ı [Œ˚øÈ¬ [c, d] ’z¬¬ı˛±À˘ y-¤¬ı˛ Î¬◊¬Û¬ı˛

øÚˆ«¬¬ı˛˙œ˘ Ú˚˛] Œ˚

 < ε ’¸˜Ó¬±øÈ¬ 0 < λ < μ < δ ˝√√À˘ ø¸X ˝√√˚˛º

¤¬ı˛ õ∂˜±ÌøÈ¬ Î¬◊¬Û¬Û±√… 1-¤¬ı˛ ’Ú≈¬ı˛”¬Û ˝√√›˚˛±˚˛ ¬ıøÊ«√Ó¬ ˝√√˘º

III. Òø¬ı˛ φ (x, y) ’À¬Ûé¬fl¡øÈ¬ x ≥ a, c ≤ y ≤ d ˙ÀÓ«¬ ¸œ˜±¬ıX ¤¬ı— [c, d] ’z¬¬ı˛±À˘

y-¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ Ê√Ú… x-¤¬ı˛ ¤fl¡øÈ¬ ¸˜√√flË¡˜œ ’À¬Ûé¬fl¡ ¤¬ı— ψ(x) ’À¬Ûé¬fl¡øÈ¬ Œfl¡±Ú ˚‘√26√ ’z¬¬ı˛±˘

(a, a′) ŒÓ¬ ¸œ˜±¬ıX ¤¬ı— ¸œø˜Ó¬ ¸—‡…fl¡ ¬ı±À¬ı˛fl¡ Œ¬ı˙œ ø‰¬˝ê ¬Ûø¬ı˛¬ıÓ«¬Ú fl¡À¬ı˛ Ú± ¤¬ı— 

-¤¬ı˛ ’ød¬Q ¬ıÓ«¬˜±Ú, Ó¬±˝√√À˘  ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬ [c, d] ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı

’øˆ¬¸±¬ı˛œº

õ∂˜±Ì : Î¬◊¬ÛÀ¬ı˛¬ı˛ Î¬◊¬Û¬Û±À√… ¬ıøÌ«Ó¬ ˙ÀÓ«¬ ø¡ZÓ¬œ˚˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√… õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

 Œ˚‡±ÀÚ λ øÚÀ‰¬¬ı˛

’¸˜Ó¬±øÈ¬ ø¸X fl¡À¬ı˛

a < x′ < λ < x′′

øfl¡z≈¬ x ≥ a ¤¬ı— c ≤ y ≤ d ˝√√À˘ φ(x, y) ¸œ˜±¬ıX ¤¬ı—  ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº

Ó¬± ◊̋√√

¸•§&ÒøÈ¬ ŒÔÀfl¡ ¬Û±˝◊√√ Œ˚

 ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬ [c, d] ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº
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Î¬◊√±˝√√¬ı˛Ì : øÚÀ‰¬¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘·≈ø˘¬ı˛ ¸˜’øˆ¬¸¬ı˛Ì õ∂øÓ¬¬Û±√Ú fl¡¬ı˛≈Úº

(i)

ydx
x y2 2

0 +

∞

z ,

(0 < c ≤ y ≤ d)

(ii) e x dxyx−
∞

z sin ,
0

(y ≥ k > 0)

(iii)

e dxxy−
∞

z ,
0

(y ≥ k > 0)

(iv)

e dxx y−
∞

z / ,
0

0 < y ≤ Y, (Y ¤fl¡øÈ¬ ˝◊√√26√±ÒœÚ ÒÚ±Rfl¡ ¸—‡…±]

(v)

log x
t dt

0

1

z

a ≤ x ≤ b, a > 0, b < + ∞

¸˜±Ò±Ú :

(i)

y
x y

c
x d

M x2 2 2 2+
≤

+
= ( )

 ¤¬ı— M x dx c
x d

dx( ) =
+

∞∞

zz 2 2
00

¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº ’±¬ı±¬ı˛

f x y
y

x y
,( ) =

+2 2

0 ≤ x < ∞,  c ≤ y ≤ d

˝√√À˘ ¸z¬Ó¬º ¤¬ı—

M x c
x d

( ) =
+2 2 0 < x < ∞ ’z¬¬ı˛±À˘ ¸z¬Ó¬º

’Ó¬¤¬ı õ∂√M√√ ¸˜±fl¡˘øÈ¬ 0 < c ≤ y ≤ d ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

(ii) e x e xyx kx− −≤sin sin

Œ˚À˝√√Ó≈¬ y ≥ k > 0, ≤ e–kx = M(x) ¤¬ı— e dxkx−
∞

z
0

 ’øˆ¬¸±¬ı˛œº
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’±¬ı±¬ı˛ e–xy sin x 0 < x < ∞, 0 < k < y ˝√√À˘ ¸z¬Ó¬ ¤¬ı— M(x) = e–kx,
0 < x < ∞ ’z¬¬ı˛±À˘ ¸z¬Ó¬º

’Ó¬¤¬ı õ∂√M√√ ¸˜±fl¡˘øÈ¬ 0 < k < y ’z¬¬ı˛±À˘ ¸˜’øˆ¬¸±¬ı˛œº

(iii) (ii)-¤¬ı˛ ’Ú≈¬ı˛”¬Û

(iv) 0 < y ≤ Y

¤¬ı—  ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº

’Ó¬¤¬ı ¬ı±˚˛±¬ı˛à√∏C±À¸¬ı˛ M-¬Û¬ı˛œé¬± ŒÔÀfl¡ õ∂√M√√ ¸˜±fl¡˘øÈ¬¬ı˛ ¸˜’øˆ¬¸¬ı˛Ì õ∂øÓ¬¬Û±ø√Ó¬ ˝√√˘º

(v) ¤‡±ÀÚ  a ≤ x ≤ b,  a > 0, b < + ∞, 0 < t ≤ 1

’Ó¬¤¬ı f x t b
t M t, log( ) ≤ = ( )

¤¬ı— M t dt( )z
0

1

 = 

= lim log log
ε ε→ +

− −( )
0

1b t t t

= lim log log
ε

ε ε ε
→ +

+( ) + −
0

1b

= log lim logbe( ) + −( )
→ +ε

ε ε ε
0

= log lim
log

be( ) +
→ +ε

ε
ε0 1

= log lim
/

be( ) +
→ +ε

ε
ε0 2

1
1

= log be
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’Ô«±» M t dt( )z
0

1

 ’øˆ¬¸±¬ı˛œº

¤¬ı— f(x, t) = log x/t, 0 < t ≤ 1 a ≤ x ≤ b, a > 0, b < + ∞ ˝√√À˘ ¸z¬Ó¬º

M(t) = log b/t,  0 < t < 1 ’z¬¬ı˛±À˘ ¸z¬Ó¬º

Ù¬À˘ ¬ı±˚˛±¬ı˛à√∏C±À¸¬ı˛ M-¬Û¬ı˛œé¬± ŒÔÀfl¡ ¤˝◊√√ ¸˜±fl¡˘øÈ¬¬ı˛ ¸˜-’øˆ¬¸¬ı˛Ì õ∂øÓ¬¬Û±ø√Ó¬ ˝√√˚˛º

9.5 ¸˜-’øˆ¬¸¬ı˛ÀÌ¬ı˛ õ∂À˚˛±· (Applications of Uniform Convergence)

¤˝◊√√ ¬Ûø¬ı˛À26√À√ õ∂±‰¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ’˚Ô±Ô« ¸˜±fl¡˘ ¡Z±¬ı˛± ¸—ø:Ó¬ ’À¬Ûé¬Àfl¡¬ı˛ ¸±z¬Ó¬…,

’z¬¬ı˛fl¡˘ÚÀ˚±·…Ó¬± ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·…Ó¬± øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À¬ıº

9.5.1 ¸±z¬Ó¬… (Continuity)

Î¬◊¬Û¬Û±√… 1 : ¸z¬Ó¬ ’À¬Ûé¬Àfl¡¬ı˛ ¸˜-’øˆ¬¸±¬ı˛œ ’˚Ô±Ô« ¸˜±fl¡˘ øÚÀÊ√˝◊√√ ¸z¬Ó¬ ’À¬Ûé¬fl¡º

Òø¬ı˛ (1) J(y) = 

f x y dx
a

, ,( )
∞

z

 Œ˚‡±ÀÚ f(x, y) ’À¬Ûé¬fl¡øÈ¬ R : [a, B; c, d] ¬ıX ’±˚˛Ó¬Àé¬ÀS

¸z¬Ó¬ ¤¬ı— B ˝◊√√26√±ÒœÚ ¸—‡…±º

¤¬ı— (2) 
f x y dx

a

,( )
∞

z
 [c, d] ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº Ó¬±˝√√À˘ õ∂˜±Ì fl¡¬ı˛ÀÓ¬ ˝√√À¬ı Œ˚ J(y)

[c, d] ’z¬¬ı˛±À˘ y-¤¬ı˛ ¤fl¡øÈ¬ ¸z¬Ó¬ ’À¬Ûé¬fl¡º

õ∂˜±Ì : Òø¬ı˛ ε ¤fl¡øÈ¬ õ∂√M√√ ÒÚ±Rfl¡ ¸—‡…±º Ó¬±˝√√À˘ 

1
3 ε

 ¸—‡…±øÈ¬¬ı˛ ’Ú≈¸e·œ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡

¸—‡…± X ¬Û±›˚˛± ˚±À¬ı Œ˚

(1) f x y dx J y f x y dx
B a

B

, ,( ) = ( ) − ( ) <
∞

z z 1
3 ε ˚‡Ú B > X

¤¬ı— X ¸—‡…±øÈ¬ [c, d] ’z¬¬ı˛±À˘ y-¤¬ı˛ Î¬◊¬Û¬ı˛ ’øÚˆ«¬¬ı˛˙œ˘º ¤‡Ú, õ∂√M√√ ˙Ó«¬ ŒÔÀfl¡ ¬Û±˝◊√√

f x y dx
a

B

,( )z  ’Ô¬ı±  

f x y dx
a

X

,( )z

[c, d] ’z¬¬ı˛±À˘ y-¤¬ı˛ ¸z¬Ó¬ ’À¬Ûé¬fl¡ [Î¬◊¬Û¬Û±√… 9.3.1 ^©Ü¬ı…]º ’Ó¬¤¬ı 

1
3 ε

 ¸—‡…±øÈ¬ õ∂√M√√

˝√√À˘ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± δ ¬Û±›˚˛± ˚±À¬ı Œ˚
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(2) f x y y dx f x y dx
a

X

a

X

, ,+( ) − ( ) <zz ∆ 1
3 ε ˚‡Ú ∆y < δ

’±¬ı±¬ı˛ 

’Ó¬¤¬ı J y y J y+( ) − ( )∆

= 

+ +( ) − ( )
RST

UVW
∞∞

zz f x y y dx f x y dx
XX

, ,∆

⇒ J y y J y+( ) − ( )∆  {(1) ¤¬ı— (2) ŒÔÀfl¡ ¬Û±˝◊√√ }

+ +( ) + ( )
∞ ∞

z zf x y y dx f x y dx
X X

, ,∆

’Ô«±» ≤ + + =ε ε ε ε3 3 3 ˚‡Ú 

’Ô«±» ˚‡Ú 

’Ó¬¤¬ı J(y) [c, d] ’z¬¬ı˛±À˘ y-¤¬ı˛ ¤fl¡øÈ¬ ¸z¬Ó¬ ’À¬Ûé¬fl¡º

9.5.2 ¸˜±fl¡˘ÚÀ˚±·…Ó¬± (Integrability)

Î¬◊¬Û¬Û±√… 2 : ˚ø√ (1) R : [a, B ; c, d] ¬ıX ’±˚˛Ó¬Àé¬ÀS f(x, y) ¤fl¡øÈ¬ ¸z¬Ó¬ ’À¬Ûé¬fl¡

˝√√˚˛ [B ˝◊√√26√±ÒœÚ ¸—‡…±] ¤¬ı— (2) ’˚Ô±Ô« ¸˜±fl¡˘ J(y) =  [c, d] ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı

’øˆ¬¸±¬ı˛œ ˝√√˚˛, Ó¬±˝√√À˘ J(y) ’À¬Ûé¬fl¡øÈ¬Àfl¡ ë¸˜±fl¡˘Ú ø‰¬À˝ê¬ı˛ øˆ¬Ó¬À¬ı˛í ¸˜±fl¡˘Ú fl¡¬ı˛± ¸y¬¬ıº ’Ô«±»
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õ∂˜±Ì : Òø¬ı˛, Œfl¡±Ú ÒÚ±Rfl¡ ¸—‡…± ε õ∂√M√√º Ó¬±˝√√À˘ 

ε
d c−

 ÒÚ±Rfl¡ ¸—‡…±øÈ¬¬ı˛ ’Ú≈¸e·œ ¤˜Ú

¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± X(ε) ¬Û±›˚˛± ˚±À¬ı Œ˚

f x y dx J y f x y dx d c
B a

B

, ,( ) = ( ) − ( ) < −

∞

z z ε

˚‡Ú B > X(ε)

Ó¬±˝√√À˘

f x y dx dy f x y dx dy
B Bc

d

c

d

, ,( )
RST

UVW
≤ ( )
F
HG

I
KJ

∞ ∞

z zzz

< − = − × −( ) =z ε ε εd c dy d c d c
c

d

’Ó¬¤¬ı

J y dy
c

d

( )z

= 

f x y dx dy f x y dx dy
a

B

Bc

d

c

d

, ,( )
F
HG

I
KJ + ( )

F
HG

I
KJz zzz

∞
= f x y dy dx f x y dx dy

c

d

Bc

d

a

B

, ,( )
F
HG

I
KJ + ( )

F
HG

I
KJz zzz

∞

Î¬±Úø√Àfl¡¬ı˛ õ∂Ô˜ ø¡Z-¸˜±fl¡˘øÈ¬ ˚Ô±Ô« ¬ıÀ˘ ¤øÈ¬ÀÓ¬ ¸˜±fl¡˘ÀÚ¬ı˛ √flË¡˜ ¬ı√˘ fl¡¬ı˛± ¸y¬¬ı ¤¬ı— fl¡¬ı˛±

˝√√À˚˛ÀÂ√º Ù¬À˘,

J y dy f x y dy dx f x y dx dy
c

d

a

B

c

d

Bc

d

( ) − ( )
F
HG

I
KJ = ( )

F
HG

I
KJzzz zz

∞
, ,

≤ ( )
F
HG

I
KJ

∞

zz f x y dx dy
Bc

d

,

< ε ˚‡Ú B > X (ε)
∴ õ∂˜±ÌøÈ¬ ¸•Û”Ì« ˝√√˘º

9.5.3 ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ’z¬¬ı˛fl¡˘Ú

Î¬◊¬Û¬Û±√… 3. ˚ø√ (i) R : [a, B; c, d] ¬ıX ’±˚˛Ó¬Àé¬ÀS f(x, y) ¤¬ı— fy(x, y) ¸z¬Ó¬ ˝√√˚˛
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[B ˚‘√26√], (ii) J(y) = f x y dx
a

,( )
∞

z  [c, d] ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ˝√√˚˛ ¤¬ı— (iii) 

[c, d] ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ˝√√˚˛ Ó¬±˝√√À˘

õ∂˜±Ì : Òø¬ı˛, φ y f x y dxy
a

( ) = ( )
∞

z ,

Ó¬±˝√√À˘ 9.5.1 ’Ú≈À26√À√ ¬ıøÌ«Ó¬ Î¬◊¬Û¬Û±√… ŒÔÀfl¡ ¬Û±˝◊√√, φ(y) c ≤ y ≤ d ’z¬¬ı˛±À˘ ¸z¬Ó¬ ¤¬ı—

9.5.2 Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛ ¬Û±˝◊√√

φ y dy
c

h

( )z = c ≤ h ≤ d

= 

= 

= J (h) – J(c)

⇒ J′ (h) = φ(h) c ≤ h ≤ d

’Ô«±» 

Î¬◊√±˝√√¬ı˛Ì 1 : õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

e e
t dt

q
p

pt qt−∞
− =z

0
log , 0 < p < q

õ∂˜±Ì : e dtxt−
∞

z
0

 ¸˜±fl¡˘øÈ¬ p ≤ x ≤ q ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº fl¡±¬ı˛Ì

p ≤ x ⇒  ¤¬ı— e dtpt−
∞

z
0

 ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº
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’±¬ı±¬ı˛ e–xt ’À¬Ûé¬fl¡øÈ¬ p ≤ x ≤ q, 0 ≤ t < ∞ ˝√√À˘ ¸z¬Ó¬ ¤¬ı— e–pt ’À¬Ûé¬fl¡øÈ¬

0 ≤ t < ∞ ’¸œ˜ ’z¬¬ı˛±À˘ ¸z¬Ó¬º

¤‡Ú

log
q
p x dx

p

q

= =z 1

e dt dxxt

p

q
−

∞

zz FHG
I
KJ0

  = e dx dtxt

p

q

o

−
∞

zz FHG
I
KJ

  = e e
t dt

xp xq−∞
−z

0

Î¬◊√±˝√√¬ı˛Ì 2 : Œ√‡±Ú Œ˚

d
dx e dt e t dtxt xt−

∞
−

∞

z z= −
0 0

0 < x < ∞

¸˜±Ò±Ú : x0 ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± ˝√√À˘ ’±À¬ı˛± ¤˜Ú ≈√øÈ¬ ÒÚ±Rfl¡ ¸—‡…± A, B ¬Û±›˚˛± ¸y¬¬ı

Œ˚ 0 < A < x0 < B ˝√√˚˛º Ó¬±˝√√À˘ 

e dtxt−
∞

z
0

 ¸˜±fl¡˘øÈ¬ A ≤ x ≤ B ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œº

[Î¬◊√˝√√±¬ı˛Ì 1 Œ√‡≈Ú] ¤¬ı— 

e t dtxt−
∞

z
0

 ¸˜±fl¡˘øÈ¬› ‹ ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº fl¡±¬ı˛Ì,

e t te M txt At− −≤ = ( )

 ¤¬ı— M t dt te dt
A

te dtAt At( ) = = ⇒− −
∞∞∞

zzz 1
2

000

¸˜±fl¡˘øÈ¬ A ≤ x ≤ B ’z¬¬ı˛±À˘ ’øˆ¬¸±¬ı˛œº

’Ó¬¤¬ı Î¬◊¬Û¬Û±√… 3 õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

d
dx e dt d

dx e dtxt xt− −
∞∞

= zz a f
00

= 

− −
∞

z te dtxt

0

A ≤ x ≤ B

øfl¡z≈¬ ¤‡±ÀÚ x0, A, B ˚‘√26√ ÒÚ±Rfl¡ ¸—‡…±º

’Ó¬¤¬ı Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸•§&ÒøÈ¬ 0 < x < ∞ ˝√√À˘› ø¸X ˝√√À¬ıº
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Î¬◊√±˝√√¬ı˛Ì 3 : dx ˝√√À˘ Œ√‡±Ú Œ˚ F(x) ’À¬Ûé¬fl¡øÈ¬ A < x < B ’z¬¬ı˛±À˘

¸z¬Ó¬ Œ˚‡±ÀÚ, A, B ≈√øÈ¬ ˝◊√√26√±ÒœÚ ÒÚ±Rfl¡ ¸—‡…±º

õ∂˜±Ì : ¤‡±ÀÚ  ’À¬Ûé¬fl¡øÈ¬ A < x < B, 0 ≤ t < ∞ ˝√√À˘ ¸z¬Ó¬º

’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬ e ext At− −<2 2 , (0 < A < x ˝√√›˚˛±ÀÓ¬] ¤¬ı— e dtAt−
∞

z 2

0

 ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ,

’Ó¬¤¬ı  ¸˜±fl¡˘øÈ¬ 0 < A < x < B ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ⇒ õ∂√M√√ ¸˜±fl¡˘øÈ¬

A < x < B ’z¬¬ı˛±À˘ ¸z¬Ó¬º

˜z¬¬ı… : ¤‡±ÀÚ A, B ≈√øÈ¬ ˝◊√√26√±ÒœÚ ÒÚ±Rfl¡ ¸—‡…± Ù¬À˘ ’±˜¬ı˛± ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛ Œ˚ 

¸˜±fl¡˘øÈ¬ 0 < x < ∞ ’z¬¬ı˛±À˘ ¸z¬Ó¬º

Î¬◊√±˝√√¬ı˛Ì 4 :  ˝√√À˘  øÚÌ«˚˛ fl¡¬ı˛≈Úº

Î¬◊√±˝√√¬ı˛Ì 3 ŒÔÀfl¡ ¬Û±˝◊√√  1 ≤ x ≤ 2 ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ¤¬ı—  ’À¬Ûé¬fl¡øÈ¬

0 ≤ t < ∞, 1 ≤ x ≤ 2 ˝√√À˘ ¸z¬Ó¬º Ù¬À˘ 9.5.2 -¤¬ı˛ Î¬◊¬Û¬Û±√… 2 ŒÔÀfl¡ ¬Û±˝◊√√

F x dx( )z
1

2

= 

= e e tt t dt− −
∞

−z 2 22
1
2

0
c h

Î¬◊√±˝√√¬ı˛Ì 5 : õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

J e x
x dxxα βα( ) = −

∞

z sin

0

¸˜±fl¡˘øÈ¬ α ≥ 0 ¤¬ı— β ≠ 0 [¤fl¡øÈ¬ øÚø«√©Ü ¸—‡…± ˝√√À˘] ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº
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õ∂˜±Ì : Òø¬ı˛, 

S e x
x dxR

x
R

α βα( ) = −z sin

0

 ¤‡Ú

¤‡Ú, 

J S e x
x dxR

x

R

α α βα( ) − ( ) = −
∞

z sin ,

R > 0

¤¬ı— e x
x dxx

R

−
∞

z α βsin
 Œfl¡ ’±—ø˙fl¡ ¬ÛXøÓ¬ÀÓ¬ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√

J S e x
x

x x e
x

dxR

x

R

ax

R

α α β
β

β
β

αα
( ) ( )

( )− = − O
QP − +− ∞ −∞

zcos cos 1
2

J S e x
x

e R
R

e x x
x

dxR x

x R x

R

α α β
β

β
β

α β
β

α α α
( ) − ( ) = − + − +( )

→∞

− − −∞

zlim cos cos cos1
2

= − FH IK +
→∞

−
−1

β
β β

β
α

α
lim cos cos

x
x

Rx
x e e R

R

− +( )−∞

z e x x
x

dx
x

R

α α β
β

1
2

cos

= 
e R

R
e x x

x
dx

R x

R

− −∞
− +( )zα αβ

β
α β

β
cos cos1

2

’Ó¬¤¬ı  J S e R
R

e x x
x

dxR
R

x

R

α α β
β

α β
β

α
α

( ) ( )
( )− ≤ + +−

−∞

zcos cos1
2

Œ˚À √̋√Ó≈¬ e R− <α 1

cosβR < 1

¤¬ı—  e x x e xx x− −+( ) ≤ +( )α αα β α1 1cos

< =−e ex xα α. 1

’Ó¬¤¬ı 

J S
R

dx
xR

R

α α
β β

( ) − ( ) < +
∞

z1
2

’Ô«±»,  < 1
2R β
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Ù¬À˘ J SRα α ε( ) − ( ) <  ˝√√À¬ı ˚‡Ú R Q> =2
ε β  [Òø¬ı˛]

’Ó¬¤¬ı Œfl¡±Ú ÒÚ±Rfl¡ ¸—‡…± ε õ∂√M√√ ˝√√À˘ ’±˜¬ı˛± ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± Q = 2
ε β

 ¬Û±ø26√ Œ˚

J SRα α ε( ) − ( ) <  ˚‡Ú R > Q

¤¬ı— Q ¸—‡…±øÈ¬ α-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ Ú˚˛º

’Ó¬¤¬ı J(α) ¸˜±fl¡˘øÈ¬ α ≥ 0 ˝√√À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

Î¬◊√±˝√√¬ı˛Ì 6 : Œ√‡±Ú Œ˚ J e x dxxα βα( ) = −
∞

z sin
0

 ¸˜±fl¡˘øÈ¬ α ≥ 0 ˝√√À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

(β ≠ 0, øÚø«√©Ü ¸—‡…±]

õ∂˜±Ì :  ˚‡Ú α ≥ α0 > 0 ¤¬ı— e dxx−∞z α 0
0

 ’øˆ¬¸±¬ı˛œº

Ù¬À˘ J(α) ¸˜±fl¡˘øÈ¬ 0 < α0 ≤ α ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

Î¬◊√±˝√√¬ı˛Ì 7 :  α ≥ 0, β ≠ 0 øÚø«√©Ü ¸—‡…± ˝√√À˘, J′(α) øÚÌ«˚˛

fl¡¬ı˛≈Úº ’Ó¬–¬Û¬ı˛ J'(α) Œfl¡ ¸˜±fl¡˘Ú fl¡À¬ı˛ J(α) øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : Î¬◊√±˝√√¬ı˛Ì 5-¤ Œ√‡±ÀÚ± ˝√√À˚˛ÀÂ√ α ≤ 0 ˝√√À˘ J (α) ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ¤¬ı— Î¬◊√±˝√√¬ı˛Ì

6 ŒÔÀfl¡ ¬Û±˝◊√√

α ≥ 0 ˝√√À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

’Ó¬¤¬ı

øfl¡z≈¬

= 

= –

’Ó¬¤¬ı  e xdxx−
∞

z α β
0

sin = −
+

+L
NM

O
QP

−
∞

1
2 2

0α β
β β α βαe x xx cos sina f
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= 
β

α β2 2+

⇒ ′( ) = −
+

J α β
α β2 2

Î¬◊ˆ¬˚˛ø√Àfl¡ α ¸±À¬ÛÀé¬ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√

J cα α
β( ) = − +−tan 1

Œ˚À˝√√Ó≈¬ lim ( )
α

α
→ + ∞

=J 0 ¤¬ı— (2) ŒÔÀfl¡

lim
α

α
→+∞

( )J

= –

π
2 + c

˚‡Ú β > 0

= 
π
2 + c ˚‡Ú β < 0

’Ó¬¤¬ı c = π
2 ˚‡Ú β > 0

= – 

π
2

˚‡Ú β < 0

Ù¬À˘

J e x
x dx

x
α β β

α
( ) = ≠

−∞

z sin , 0
0 = 

π α
β β2 01− >−tan

= – 
π α

β β2 01− <−tan

Î¬◊√±˝√√¬ı˛Ì 8 : õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ 
sin x

x dx
0

2

∞

z = π

õ∂˜±Ì : Î¬◊√±˝√√¬ı˛Ì 7-¤¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘

J
e x

x dx
x

α βα
( ) =

−∞

z sin

0
 ¤¬ı˛ ¸˜±fl¡˘…

e x
x

x−α βsin

 ¸z¬Ó¬, ˚‡Ú 0 ≤ x < ∞, 0 ≤ α < ∞ ¤¬ı— ¸˜±fl¡˘ J(α) 0 ≤ α < ∞

’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº ’Ó¬¤¬ı 9.5.1 ’Ú≈À26√À√¬ı˛ Î¬◊¬Û¬Û±√… 1 ŒÔÀfl¡ ¬Û±˝◊√√ Œ˚ ’˚Ô±Ô« ¸˜±fl¡˘

J(α) 0 ≤ α < ∞ ’z¬¬ı˛±À˘ ¸z¬Ó¬º Ù¬À˘
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J J0
0

( ) = ( ) ⇒
→

lim
α

α

˚‡Ú β > 0

= π
2 ˚‡Ú β > 0

¤¬ı— ˚‡Ú β < 0

= – π
2 ˚‡Ú β < 0

’Ó¬¤¬ı õ∂˜±øÌÓ¬ ˝√√˘ Œ˚  

Î¬◊√±˝√√¬ı˛Ì 9 :  ¸˜±fl¡˘øÈ¬¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú ¤¬ı— Œ√‡±Ú Œ˚ ¤øÈ¬ x = 0 ø¬ıμ≈ÀÓ¬

’¸z¬Ó¬º

¸˜±Ò±Ú : Òø¬ı˛  

Ó¬±˝√√À˘ Œ√‡± ˚±À26√ f(0) = 0 ’±¬ı±¬ı˛ Î¬◊√±˝√√¬ı˛Ì 8-¤ õ∂˜±øÌÓ¬ ˝√√À˚˛ÀÂ√ Œ˚

˚‡Ú β > 0

= – ˚‡Ú β < 0

’Ô«±»   ˚‡Ú β > 0

= – ˚‡Ú β < 0
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’Ô«±»

f x( ) = π
2

˚‡Ú x > 0

 = 0 ˚‡Ú x = 0  = 

π
2

 sin x

  = – 

π
2

˚‡Ú x < 0

¤¬ı— ¤øÈ¬ x = 0 ø¬ıμ≈ÀÓ¬ ’¸z¬Ó¬º

Î¬◊√±˝√√¬ı˛Ì 10 : 

e bx dx b
a b

ax−
∞

=
+z sin 2 2

0

 (a > 0) ÒÀ¬ı˛ øÚÀ˚˛ Œ√‡±Ú Œ˚

e e
x bx dx

g
b

f
b g f

fx gx− −
− −

∞
− = − > >z sin tan tan ,1 1

0
0

¸˜±Ò±Ú : J a e bx dxax( ) = −
∞

z sin
0

 ¸˜±fl¡˘øÈ¬¬ı˛ ¸˜±fl¡˘… e–ax sin bx R : [0, B; f, g]

¬ıX ’±˚˛Ó¬Àé¬ÀS ¸z¬Ó¬, Œ˚‡±ÀÚ B ˝◊√√26√±ÒœÚ ÒÚ±Rfl¡ ¸—‡…± ¤¬ı— 0 < f ≤ a ≤ g

Œ˚À √̋√Ó≈¬

e bx e e M xax ax fx− − −≤ ≤ =sin ( )
¤¬ı— M x dx e dxfx( ) = −

∞∞

zz
00

 ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ’Ó¬¤¬ı 
e bx dxax−

∞

z sin
0

 ¸˜±fl¡˘øÈ¬

f ≤ a ≤ g ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº Ó¬±˝√√À˘ 9.5.2 ’Ú≈À26√À√¬ı˛ Î¬◊¬Û¬Û±√… 2 õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

J a da
f

g

( )z

= 

e bx dx daax

f

g
−

∞

zz RST
UVW

sin
0

= e bx da dxax

f

g
−

∞

zz RS|T|
UV|
W|

sin
0

’Ô«±» 
b

a b
da

f

g

2 2+z = 

e bx
x dx

ax

f

g−∞

−
L
NM

O
QPz sin

0

’Ô«±»  
e e

x bx dx
g
b

f
b

fx gx− − − −
∞

− = −z sin tan tan1 1

0

}
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Î¬◊√±˝√√¬ı˛Ì 11. Œ√‡±Ú Œ˚

(i)

(ii) cos cos ; ,ax bx
x

dx b a a b− = −( ) >
∞

z 2
0

2 0π

(iii) sin sin ,ax x
x

dx a2
0

2 1= ≥
∞

z π
¤¬ı— = πa a2 0 1, ≤ <

¸˜±Ò±Ú :

(i) Œ˚À˝√√Ó≈¬  lim sin lim sin sin lim sin . lim sin
x x x x

x
x

x
x

x
x

x
x

x
x→ → → →

= = =
0

2

2 0 0 0
1e j e j e j e j

x = 0 ø¬ıμ≈ÀÓ¬ ¸˜±fl¡À˘…¬ı˛ ”√¬ı˛œfl¡¬ı˛ÌÀ˚±·… ’¸±z¬Ó¬… ’±ÀÂ√º Ó¬±˝◊√√ ¤øÈ¬ ¤fl¡øÈ¬ ¬õ∂Ô˜ ¬ı˛fl¡À˜¬ı˛ (Type

I) ’˚Ô±Ô« ¸˜±fl¡˘º

¤‡Ú, ’±—ø˙fl¡ ¬ÛXøÓ¬ÀÓ¬ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√

= − + ( )zsin sin2

0

2
2 2R

R
x

x d x
R

= 

’Ó¬¤¬ı   I = 

= 0 +  [Î¬◊√±˝√√¬ı˛Ì 8 Œ√‡≈Ú]
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(ii)  lim cos cos
x

ax bx
x→
−

0 2  ⎟⎠
⎞⎜⎝

⎛
ïïïïïïïï

0
0

= lim sin sin
x

a ax b bx
x→

− +
0 2  

⎟⎠
⎞⎜⎝

⎛
ïïïïïïïï

0
0

= lim cos cos
x

a ax b bx
→

− +
0

2 2

2

= 

b a2 2

2
−

’Ó¬¤¬ı õ∂√M√√ ¸˜±fl¡˘øÈ¬ õ∂Ô˜ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘º ’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬

cos cos cos cosax bx
x

ax
x

bx
x x

− ≤ + ≤2 2 2 2
2

 ¤¬ı— 
2
2

0 x
dx

∞

z  ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº

õ∂√M√√ ¸˜±fl¡˘øÈ¬› ’øˆ¬¸±¬ı˛œº ¤‡Ú, ’±—ø˙fl¡ ¬ÛXøÓ¬ÀÓ¬ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√

cos cos cos cos sin sinax bx
x

dx ax bx x
b bx a ax

x dx− = −( ) −
O
QP

+ −
∞ ∞ ∞

z z2
0 0 0

1e j

Œ˚À˝√√Ó≈¬,  cos cos cos cosax bx x
ax

x
bx

x x
−( ) − ≤ + ≤1 2e j

¤¬ı— 

2 0
x

→

 ˚‡Ú x → ∞

’Ó¬¤¬ı  lim cos cos
x

ax bx x→∞
−( ) − =1 0e j

¤¬ı— 

lim cos cos
x

ax bx
x→
−

0

 

⎟⎠
⎞⎜⎝

⎛
ïïïïïïïï

0
0

= lim sin sin
x

b bx a ax
→

− =
0 1 0
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Ó¬± ◊̋√√
cos cosax bx

x
dx−

∞

z 2
0

= 

= 

= 

= 

(iii)  ¤‡±ÀÚ ¸˜±fl¡˘…øÈ¬¬ı˛ ”√¬ı˛œfl¡¬ı˛ÌÀ˚±·… ’¸±z¬Ó¬… ’±ÀÂ√º x = 0 ø¬ıμ≈ÀÓ¬

¤¬ı— Œ˚À˝√√Ó≈¬  ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº ’±—ø˙fl¡ ¬ÛXøÓ¬ÀÓ¬

¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√

sin sin sin sin cos sin sin cosax x
x

dx x ax x x x ax a x ax dx2
0 0 0

1 1= −
O
QP

+ +{ }
∞ ∞ ∞

z z

= 
1
2

1 1 1 1

0

sin sin sin sina x a x a a x a x
x dx

+( ) + −( ) + +( ) − −( )∞

z k p k p

= 

= 1
2 1 1 2a a+( ) − −( ) π

˚‡Ú  a > 1

= ˚‡Ú  a < 1



227

’Ó¬¤¬ı

sin sinax x
x

dx2
0

2=
∞

z π

˚‡Ú  a > 1

  = aπ
2 ˚‡Ú  a < 1

Î¬◊√±˝√√¬ı˛Ì 12 : õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

(i)

cos sinxy
x

dx e
x xy

x
dxy

1 2 12 2
00 +

= =
+

−
∞∞

zz a f
π

˚‡Ú  y > 0

(ii)
sin xy

x x
dx e y

1 2 1
2

0 +
= − −

∞

z a f a fπ

õ∂˜±Ì :

(i) (a) Òø¬ı˛ f y
xy
x

dx( ) =
−

∞

z cos
1 2

0 a f

Œ˚À˝√√Ó≈¬ 
cos

( )
xy
x x

M x
1

1
12 2+

≤
+

=  ¤¬ı— M x dx( )
0

∞

z  ’øˆ¬¸±¬ı˛œ, ’˚Ô±Ô« ¸˜±fl¡˘ f(y), y-

¤¬ı˛ õ∂ÀÓ¬…fl¡ ˜±ÀÚ¬ı˛ Ê√Ú… ¸˜-’øˆ¬¸±¬ı˛œº

’±¬ı±¬ı˛ 

f y
xy
x

( )
+

,
cos
1 2

 ¤˝◊√√ ¸z¬Ó¬ ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸˜-’øˆ¬¸±¬ı˛œ ’˚Ô±Ô« ¸˜±fl¡˘ ˝√√¬ı±¬ı˛ Ù¬À˘ y-

¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ Ê√Ú… ¸z¬Ó¬ ¤¬ı— Ó¬±˝◊√√ f(y) ë¸˜±fl¡˘Ú ø‰¬À˝ê¬ı˛ øˆ¬Ó¬À¬ı˛í ¸˜±fl¡˘ÚÀ˚±·…º

(b) Òø¬ı˛ φ y f y dy
y

( ) = ( )z ,
0

Ó¬±˝√√À˘ φ(y), y-¤¬ı˛ ˜±ÀÚ¬ı˛ Ê√Ú… y-¤¬ı˛ ¤fl¡øÈ¬ ¸z¬Ó¬ ’À¬Ûé¬fl¡º

’±¬ı±¬ı˛, 

φ y
xy
x

dy dx
y

( ) =
+

RS|T|
UV|W|zz

∞ cos
1 2

00

= 
sin xy

x x
dx

1 2
0 +

∞

z a f
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(c) f y
xy
x

dx( ) =
+

∞

z cos
1 2

0
 ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬ ’z¬¬ı˛fl¡˘ÚÀ˚±·… ˝√√À¬ı

˚ø√  ¸˜±fl¡˘øÈ¬ ¸˜’øˆ¬¸±¬ı˛œ ˝√√˚˛º

’Ô«±» ˚ø√  ¸˜±fl¡˘øÈ¬ ¸˜’øˆ¬¸±¬ı˛œ ˝√√˚˛º

¤‡Ú  ’À¬Ûé¬fl¡øÈ¬ x > 1 ˝√√À˘ √flË¡˜ ˝√}√√±¸˜±Ú ¤¬ı—  

’Ó¬¤¬ı ˚‡Ú ′′ > ′ >x x 1, Ó¬‡Ú, ø¡ZÓ¬œ˚˛ ˜Ò…˜˜±Ú Î¬◊¬Û¬Û±√… õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

[Œ˚‡±ÀÚ x′ < c < x′′)

= 
′

+ ′
+ ′′

+ ′′ ′′
zzx

y x
x dx x

y x
x dx

yx

yc

yx

yc

1 12 2a f a fsin sin

’Ó¬¤¬ı  
x
x

yx dx x
y x

x
y xx

x

1
4

1
4

12 2
0

2+
≤ ′

+ ′
≤ ′

+ ′′

′′

z sin a f a f   [˚‡Ú y ≥ y0 ≥ 0]

’Ó¬¤¬ı Œfl¡±Ú ÒÚ±Rfl¡ ¸—‡…± ε õ∂√M√√ ˝√√À˘ y-¤¬ı˛ Î¬◊¬Û¬ı˛ ’øÚˆ«¬¬ı˛˙œ˘ ¤˜Ú ’±¬ı˛ ¤fl¡øÈ¬ ÒÚ±Rfl¡

¸—‡…± X(ε) ¬Û±›˚˛± ˚±À¬ı Œ˚

x
x

yx dx
x

x

1 2+
<

′

′′

z sin ε ˚‡Ú  x′′ > x′ > X (ε)

’Ô«±»  
x xy

x
sin

1 2
0 +

∞

z dx ¸˜±fl¡˘øÈ¬ ¸˜’øˆ¬¸±¬ı˛œ ˚‡Ú y ≥ y0 ≥ 0

¤¬ı— 
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(d) ¤‡Ú φ(y) = f y dy y f y
y

( ) ⇒ ′( ) = ( )z φ
0

¤¬ı—  

′′( ) = + ′( )φ y f y

= 

−
+

∞

z x
x

xy dx
1 2

0
sin

= − −
+

∞

z 1 1
1 2

0 x
xy

x dxe j sin

’Ô«±»  ′′( ) =φ y

−
+

∞∞

zz sin sinxy
x dx

xy
x x

dx
1 2

00 a f

= − + ( )π φ2 y ˚‡Ú y > 0

(e) Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬Û±˝◊√√

′′( ) − ( ) = −φ φ πy y 2

¤øÈ¬ ¤fl¡øÈ¬ ø¡ZÓ¬œ˚˛ √flË¡À˜¬ı˛ Δ¬ı˛ø‡fl¡ ’z¬¬ı˛fl¡˘ ¸˜œfl¡¬ı˛Ìº ¤¬ı˛ ¸˜±Ò±ÀÚ
φ πy Ae Bey y( ) = + +−

2
˚‡Ú y > 0

øfl¡z≈¬ φ(y), y ≥ 0 ’z¬¬ı˛±À˘ ¸z¬Ó¬ ¤¬ı— φ(0) = 0

’Ó¬¤¬ı 

lim
y

y
→

( ) = ⇒
0

0φA B+ + =π
2 0

 ...........(i)

’±¬ı±¬ı˛ φ′(y) = f(y) y-¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ Ê√Ú… ¸z¬Ó¬º

¤¬ı— φ′(0) = f(0) = π
2  ⇒ A – B – 

π
2

 = 0 .......... (ii)

(i) ¤¬ı— (ii) ŒÔÀfl¡ ¬Û±˝◊√√ A = 0 ¤¬ı— B = – 

π
2

’Ó¬¤¬ı φ(y) = 

π
2

 (1 – e–y)

¤¬ı—  

f y y e y( ) = ′( ) = −φ π
2
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¤¬ı— 

’Ó¬¤¬ı 12 ( ii) õ∂˜±øÌÓ¬º

Î¬◊√±˝√√¬ı˛Ì 13 : ¸˜±fl¡˘Ú ø‰¬À˝ê¬ı˛ øˆ¬Ó¬À¬ı˛ ’z¬¬ı˛fl¡˘Ú fl¡¬ı˛±¬ı˛ ˙Ó«¬±¬ı˘œ ¬Û”Ì« ˝√√À26√ ÒÀ¬ı˛ øÚÀ˚˛ Œ√‡±Ú

Œ˚,

log
log ,

1
1

0
2 2

2 2
0

+
+

= + ≠
∞

z a x
b x b

a b
b b

a f e jπ

¸˜±Ò±Ú : Òø¬ı˛ I a
a x

b x
( ) =

+
+

∞

z log 1
1

2 2

2 2
0

a f
 ¸˜±fl¡˘øÈ¬ a-¤¬ı˛ õ∂ÀÓ¬…fl¡ ˜±ÀÚ¬ı˛ Ê√Ú… ¸˜ˆ¬±À¬ı

’øˆ¬¸±¬ı˛œ ¤¬ı—  ¸˜±fl¡˘øÈ¬› a-¤¬ı˛ õ∂ÀÓ¬…fl¡ ˜±ÀÚ¬ı˛ Ê√Ú… ¸˜-’øˆ¬¸±¬ı˛œº

Ó¬±˝√√À˘  = 

= 2
1 12 2 2 2

0
2 2

0

a
a b

dx
b x

dx
a x− +

−
+

L
NM

O
QP

∞ ∞

z z

= 

= 

= Œ˚À √̋√Ó≈¬ b ≠ 0

⇒
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’±¬ı±¬ı˛ I I b b c0 0 0 0( ) ( )= ⇒ = = +π log

⇒ – π
b b clog =

’Ó¬¤¬ı  I a b
a b

b
( ) = +π loge j

Î¬◊√±˝√√¬ı˛Ì 14 : ¸˜±fl¡˘Ú ø‰¬À˝ê¬ı˛ øˆ¬Ó¬À¬ı˛ ’z¬¬ı˛fl¡˘Ú fl¡À¬ı˛ Œ√‡±Ú Œ˚

e dx ex a x a− − −
∞

=z 2 2 2 1
2

2

0

/ π

¸˜±Ò±Ú : Òø¬ı˛, I a e dxx a x( ) = − −
∞

z 2 2 2

0

/

∴
dI
da a

e dxx a x= − −
∞

z ∂
∂

2 2 2

0

/c h

= e a
x

dxx a x− −
∞

−z 2 2 2 2
2

0

/ e j

z
a
x=  ¬ıø¸À˚˛ ¬Û±˝◊√√

x z
0

0
∞

∞

dI
da e dza z z= − − −

∞

z2 2 2 2

0

/

= − ⇒ = −2 2I dI
I a

∴ I Ce a= −2

˚‡Ú a = 0

I e dxx= =−
∞

z 2

2
0

π

∴ c = π
2

 ¤¬ı—

I e a= −π
2

2
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9.6 ¸±¬ı˛±—˙

 A. õ∂±‰¬À˘¬ı˛ ’À¬Ûé¬fl¡¬ı˛”À¬Û øÚø«√©Ü ¸˜±fl¡˘º

u = f(x, y) ’À¬Ûé¬fl¡øÈ¬ a ≤ x ≤ b, c ≤ y ≤ d ’±˚̨Ó¬Àé¬ÀS ¸—ø:Ó¬ ¤¬ı— x ‰¬˘-¸±À¬ÛÀé¬

a ≤ x ≤ b ’z¬¬ı̨±À˘ ¸˜±fl¡˘ÚÀ˚±·… √̋√À˘ J y f x y dx
a

b

( ) = ( )z ,  ¸˜±fl¡˘øÈ¬Àfl¡ c ≤ y ≤

d ’z¬¬ı̨±À˘ õ∂±‰¬˘ y-¤¬ı̨ ’À¬Ûé¬fl¡ ¬ı˘± ˚±˚̨º ˚ø√ f(x, y) ’À¬Ûé¬fl¡øÈ¬ R : [a, b; c, d]

¬ıX ’±˚̨Ó¬Àé¬ÀS ¸z¬Ó¬ √̋√̊  ̨ Ó¬± √̋√À˘ J y f x y dx
a

b

( ) = ( )z ,  ¸˜±fl¡˘øÈ¬ [c, d] ’z¬¬ı̨±À˘ õ∂±‰¬˘

y-¤¬ı̨ ¸z¬Ó¬ ’À¬Ûé¬fl¡ √̋√À¬ıº ¤Àé¬ÀS J(y) [c, d] ’z¬¬ı̨±À˘ y-¸±À¬ÛÀé¬ ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı—

J y dy
c

d

( )z  = 

 =  

’±¬ı±¬ı˛, ˚ø√ f(x, y) ¤¬ı— fy (x, y) ’À¬Ûé¬fl¡ ≈√øÈ¬ R : [a, b; c, d] ¬ıX ’±˚˛Ó¬Àé¬ÀS

¸z¬Ó¬ ˝√√˚˛ Ó¬±˝√√À˘ J(y) [c, d] ’z¬¬ı˛±À˘ y-¤¬ı˛ ¤fl¡øÈ¬ ’z¬¬ı˛fl¡˘ÚÀ˚±·… ’À¬Ûé¬fl¡ ˝√√À¬ı ¤¬ı—

¤¬ı˛ ’z¬¬ı˛fl¡˘Ê√ ˝√√À¬ı

B. õ∂±‰¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚ «̂¬¬ı˛̇ œ˘ ’˚Ô±Ô« ¸˜±fl¡À˘¬ı˛ ¸±z¬Ó¬±, ’z¬¬ı˛fl¡˘ÚÀ˚±·…Ó¬± ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·…Ó¬±,

¸˜±fl¡˘øÈ¬¬ı˛ ¸˜-’øˆ¬¸¬ı˛ÀÌ¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º Œfl¡±Ú õ∂±‰¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ’˚Ô±Ô«

¸˜±fl¡˘ ¸˜-’øˆ¬¸±¬ı˛œ øfl¡Ú± øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À˘ øÚÀ‰¬¬ı˛ ¬Û¬ı˛œé¬±·≈ø˘¬ı˛ õ∂À˚˛±· fl¡¬ı˛ÀÓ¬ ˝√√˚˛º

I. Œfl¡±ø˙ øÚÒ«±¬ı˛fl¡ (Cauchy criterion)

(a) õ∂Ô˜ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘ f x y dx c y d
a

, ,( ) ≤ ≤
∞

z  ¤¬ı˛ [c, d] ’z¬¬ı˛±À˘ ¸˜-

’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√À26√ Œ˚, ¬Û”¬ı«øÚø«©Ü ÒÚ±Rfl¡ ¸—‡…± ε ¤¬ı˛
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’Ú≈¸e·œ ¤¬ı— [c, d] ’z¬¬ı˛±À˘ y-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± X

≡ X (ε) ¬Û±›˚˛± ˚±À¬ı Œ˚ x′′ > x′ > X (ε) ˝√√À˘ 

f x y dx
x

x

,( )
′

′′

z

 < ε ’¸˜Ó¬±øÈ¬

ø¸X ˝√√À¬ıº

(b) y õ∂±‰¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘, ø¡ZÓ¬œ˚˛ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘ ¤¬ı˛ 

f x y dx
a

b
( , )

+z

[c, d] ’z¬¬ı˛±À˘ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√À26√ Œ˚, ¬Û”¬ı«øÚø«√©Ü ÒÚ±Rfl¡

¸—‡…± ε-¤¬ı˛ ’Ú≈¸e·œ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± δ(ε) ¬Û±›˚˛± ˚±À¬ı (δ(ε), [c, d]

’z¬¬ı˛±À˘ y-¤¬ı˛ Î¬◊¬Û¬ı˛ ’øÚˆ«¬¬ı˛˙œ˘] Œ˚, 0 < λ < μ < δ ˝√√À˘ 

f x y dx
a

a

,( ) <
+

+

z
λ

μ
ε

’¸˜Ó¬±øÈ¬ ø¸X ˝√√˚˛º

II. ¬ı±˚˛±¬ı˛à√∏C±À¸¬ı˛ M-¬Û¬ı˛œé¬± (The Weirstrass M-Test)

(a) R : [a, B ; c, d] ¬ıX ’±˚˛Ó¬Àé¬ÀS [Œ˚‡±ÀÚ B ˝◊√√26√±ÒœÚ ÒË≈¬ıfl¡] ¸z¬Ó¬ ’À¬Ûé¬fl¡

f(x, y)-¤¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘ f x y dx
a

,( )
∞

z   [c, d] ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√À¬ı

˚ø√ y-øÚ¬ı˛À¬Ûé¬ ¤˜Ú ¤fl¡øÈ¬ ’À¬Ûé¬fl¡ M(x) ¬Û±›˚˛± ˚±˚˛ Œ˚

(i) M(x) ≥ 0 ˚‡Ú x ≥ a

(ii)

f x y M x,( ) ≤ ( )

 ˚‡Ú x ≥ a ¤¬ı— c ≤ y ≤ d

(iii)

M x dx
a

( )
∞

z

 ’øˆ¬¸±¬ı˛œº

(b) ˚ø√

(i) f(x, y) ’À¬Ûé¬fl¡øÈ¬ ¸z¬Ó¬ ˝√√˚˛, ˚‡Ú a < x ≤ b ¤¬ı— c ≤ y ≤ d

(ii) y-øÚ¬ı˛À¬Ûé¬ ’À¬Ûé¬fl¡ M(x), a < x ≤ b ’z¬¬ı˛±À˘ ¸z¬Ó¬ ˝√√˚˛

(iii)

f x y M x,( ) ≤ ( )

 ˚‡Ú a < x ≤ b,  c ≤ y ≤ d

(iv)

M x dx
a

b

( )
+
z

 ’øˆ¬¸±¬ı˛œ ˝√√˚˛

Ó¬±˝√√À˘ 

f x y dx
a

b

,( )
+
z

 ¤˝◊√√ ø¡ZÓ¬œ˚˛ ¬ı˛fl¡À˜¬ı˛ ’˚Ô±Ô« ¸˜±fl¡˘øÈ¬ c ≤ y ≤ d ’z¬¬ı˛±À˘

¸˜-’øˆ¬¸±¬ı˛œ ˝√√À¬ıº
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(c) õ∂±‰¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ’˚Ô±Ô« ¸˜±fl¡˘ ¡Z±¬ı˛± ¸—ø:Ó¬ ’À¬Ûé¬Àfl¡¬ı˛ ¸±z¬Ó¬…, ¸˜±fl¡˘Ú

¤¬ı— ’z¬¬ı˛fl¡˘Úº

(i) ˚ø√

(a) R : [a, B ; c, d] ¬ıX ’±˚˛Ó¬Àé¬ÀS [B ˝◊√√26√±ÒœÚ ¸—‡…±] f(x, y) ¤fl¡øÈ¬

¸z¬Ó¬ ’À¬Ûé¬fl¡ ˝√√˚˛ ¤¬ı—

(b)  ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√˚˛ Ó¬±˝√√À˘ J(y)

’À¬Ûé¬fl¡øÈ¬ [c,d] ’z¬¬ı˛±À˘ y-¤¬ı˛ ¤fl¡øÈ¬ ¸z¬Ó¬ ’À¬Ûé¬fl¡ ¤¬ı— ¤øÈ¬ ‹ ’z¬¬ı˛±À˘

¸˜±fl¡˘ÚÀ˚±·… ¤¬ı—

(ii) ˚ø√

(1) f(x, y) ¤¬ı— fy(x, y) ’À¬Ûé¬fl¡ ≈√øÈ¬ ¸z¬Ó¬ ˝√√˚˛, ˚‡Ú a ≤ x < ∞, c ≤ y
≤ d

(2) f x y dx
a

,( )
∞

z  ’øˆ¬¸±¬ı˛œ ˝√√˚˛, ˚‡Ú c ≤ y ≤ d

(3)  [c, d] ’z¬¬ı ˛ ±À˘ ¸˜-’øˆ¬¸±¬ı ˛ œ ˝ √ √˚ ˛  Ó¬±˝ √ √À˘

 

9.7 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1. Œ√‡±Ú Œ˚

(i)

(ii)  Œ˚‡±ÀÚ a > 0

¤¬ı— ë¸˜±fl¡˘Ú ø‰¬À˝ê¬ı˛ øˆ¬Ó¬À¬ı˛í ’z¬¬ı˛fl¡˘Ú fl¡À¬ı˛ Œ√‡±Ú Œ˚
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(iii)

e x mx dx
n n

a m

ax n
n

−
+

∞
= +( )

+
z cos

!cos 1

2 2
1

20

θ

a f

(iv) e x mx dx n n

a m

ax n
n

−
+

∞
= +

+

( )z sin !sin 1

2 2
1

20

θ

b g
Œ˚‡±ÀÚ  m = a tan θ

2. Œ√‡±Ú Œ˚ e mx dx a
a m

ax−
∞

=
+z cos 2 2

0

 ¤¬ı— 

e mx dx m
a m

ax−
∞

=
+z sin ,2 2

0

a > 0 ’˚Ô±Ô« ¸˜±fl¡˘ ≈√øÈ¬Àfl¡ a ¤¬ı— m Î¬◊ˆ¬˚˛ õ∂±‰¬˘ ¸±À¬ÛÀé¬˝◊√√ ’z¬¬ı˛fl¡˘Ú fl¡¬ı˛± ¸y¬¬ıº

3. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ 

e
x e dx y y

x
xy

− −
∞

− = +( ) > −z 1 1 1
0
a f log ,

4. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ 
e

x xy dx y y
x−∞

−( ) = − − ∞ < < ∞z 1 1
2 1 2

0
cos log ,a f

5. f y e xy dxx( ) = −
∞

z 2 2
0

cos  ˝√√À˘ Œ√‡±Ú Œ˚

′( ) = − − ∞ < < ∞−
∞

zf y xe xy dx yx2 22

0
sin ,

’±—ø˙fl¡ ¬ÛXøÓ¬ÀÓ¬ ¸˜±fl¡˘Ú fl¡À¬ı˛ Œ√‡±Ú Œ˚ f′(y) + 2y f(y) = 0 ¤˝◊√√ ¸•§&ÒøÈ¬ ŒÔÀfl¡

Œ√‡±Ú Œ˚ f y e y( ) = −1
2

2π (Γ 1
2 = π  õ∂√M√√]

’±À¬ı˛± Œ√‡±Ú Œ˚ dx e xy dy f y dyx
yy

−
∞

= ( )zzz 2 2
000

cos

’Ó¬–¬Û¬ı˛ Œ√‡±Ú Œ˚ e
xy

x dx e dyx y
y

− −
∞

= zz 2 22

00

sin π

6. õ∂±‰¬˘ ¸±À¬ÛÀé¬ ’z¬¬ı˛fl¡˘ÀÚ¬ı˛ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú :

(i) 
e e

x dx
x x− −∞

−z α β

0
 (α > 0, β > 0) [Î¬◊M√√¬ı˛ : 

log β
α

]
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(ii) [Î¬◊M√√¬ı˛ : π α2 1log +( )]

(iii) 
log

,
1

1

2 2

2 2
0

1 −
−z α x

x x
dx

a f
 | α | < 1 [Î¬◊M√√¬ı˛ : ]

7. Œ√‡±Ú Œ˚

 (α > 0, ÒË≈¬ıfl¡]

    = 1
2

2 4π
α

β αe− /

8. Œ√‡±Ú Œ˚

sin cosx dx x dx2 2

00

1
2 2a f a f= =

∞∞

zz π

¸˝√√±˚˛fl¡ ¬Û±Í¬…¬Û≈d¬fl¡±¬ı˘œ :
1. Advanced Calculus, David V. Widder, Prentic Hall of India Private Limited,

1974.

2. A Course of Mathematical Analysis, Shanti Narayan S. Chand and Co., 1958.

3. Multiple Integrals, Field Theory and Series—An Advanced Course in Higher

Mathematics, B. M. Budak and S. V. Fomin, Mir Publishers, Moscow, 1973.

4. Introduction to the Theory of Fourier Series and Integrals, H. S. Carslaw,
Dover Publications Inc., 1930.

5. Integral Calculus An Introduction to Analysis, Maitry and Ghosh, Central
Educational Enterprise. 1989.
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¤fl¡fl¡ 10 ø¬ıÈ¬±, ·±˜± ’À¬Ûé¬fl¡ › Ó¬»¸•Ûøfl«¡Ó¬ ’Ú…±Ú…

’˚Ô±Ô« ¸˜±fl¡˘ (Beta, Gamma Functions
and other Related Improper Integrals)

·Í¬Ú

10.1 õ∂d¬±¬ıÚ±

10.2 Î¬◊ÀV˙…

10.3 ·±˜± ’À¬Ûé¬fl¡ (Gamma Function)

10.4 ø¬ıÈ¬± ’À¬Ûé¬fl¡ (Beta Function)

10.5 ø¬ıÈ¬± ¤¬ı— ·±˜± ’À¬Ûé¬Àfl¡¬ı˛ ˜ÀÒ… ¸•Ûfl«¡

10.6 ‘©Ü±z¬˜”˘fl¡ Î¬◊√±˝√√¬ı˛Ì±¬ı˘œ

10.7 ¸±¬ı˛±—˙

10.8 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

10.9 Î¬◊M√√¬ı˛̃ ±˘±

10.1 õ∂d¬±¬ıÚ±

Œfl¡±ÀÚ± øÚø«√©Ü ¸˜±fl¡˘ f x dx
a

b

( )z  ’˚Ô±Ô« ˝√√ÀÓ¬ ¬Û±À¬ı˛ øÚ•ßø˘ø‡Ó¬ ≈√øÈ¬¬ı˛ Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ fl¡±¬ı˛ÀÌº

(1) a ’Ô¬ı± b ’Ô¬ı± Î¬◊ˆ¬À˚˛˝◊√√ ’¸œ˜ ˝√√À˘º

(2) [a, b] ¬ıX ’z¬À¬ı˛¬ı˛ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ¸˜±fl¡˘… ’À¬Ûé¬fl¡øÈ¬¬ı˛ ’¸œ˜ ’¸±z¬Ó¬… (Infinite
discontinuity) Ô±fl¡À˘º

’˚Ô±Ô« ’Ô‰¬ ’øˆ¬¸±¬ı˛œ ¸˜±fl¡˘·≈ø˘¬ı˛ ˜ÀÒ… ø¬ıÈ¬± › ·±˜± ’À¬Ûé¬fl¡ ≈√øÈ¬¬ı˛ Î¬◊2‰¬Ó¬¬ı˛ ·øÌÀÓ¬ ›

˝◊√√ø?Úœ˚˛±ø¬ı˛— ø¬ı√…±¬ı˛ ø¬ıøˆ¬iß ˙±‡±˚˛ ¬ı˝≈√√˘ õ∂À˚˛±· ’±ÀÂ√º

10.2 Î¬◊ÀV˙…

ø¬ıÈ¬± › ·±˜± ’À¬Ûé¬Àfl¡¬ı˛ ¸—:±, ¤À√¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬±, ¬ø¬ıÈ¬± › ·±˜± ’À¬Ûé¬fl¡ ≈√øÈ¬¬ı˛ ˜ÀÒ…

¸•Ûfl«¡ ¤¬ı— ¤˝◊√√ ≈√˝◊√√ ’À¬Ûé¬Àfl¡¬ı˛ õ∂À˚˛±· øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛±ñ¤˝◊√√ ¤fl¡fl¡øÈ¬¬ı˛ Î¬◊ÀV˙…º
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10.3 ·±˜± ’À¬Ûé¬fl¡ (Gamma Function)

10.3.1 ¸—:±

0 < x < ∞

¤˝◊√√ ’À¬Ûé¬fl¡øÈ¬ x > 0 ˝√√À˘ ’øˆ¬¸±¬ı˛œº ¤¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬± øÚÀ•ß ¬ıøÌ«Ó¬ ˝√√À26√º

Γx e t dt e t dt e t dt I It x t x t x= = + = +− − − − − −
∞

++

∞

zzz 1 1 1
1 2

10

1

0
 Òø¬ı˛

 ¸˜±fl¡˘øÈ¬ x ≥ 1 ˝√√À˘ ˚Ô±Ô«º 0 < x < 1 ˝√√À˘ ¤øÈ¬ ’˚Ô±Ô« øfl¡z≈¬ ’øˆ¬¸±¬ı˛œº

õ∂˜±Ì : Òø¬ı˛, f(t) = e–ttx–1 ¤¬ı— 

Ó¬±˝√√À˘ lim lim
t t

tf t
t

e
→ →

−( )
( ) = =

0 0
1φ  ¤¬ı— φ t dt

t
dtx( ) = −

++
zz 1

1
0

1

0

1

,  ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ˚‡Ú 0

< x < 1. ¬Ù¬À˘ I1 ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œ ˚‡Ú 0 < x < 1.

I e t dtt x
2

1

1
= − −

∞

z  ¸˜±fl¡˘øÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬± :

¤Àé¬ÀS,  ¤¬ı—  Òø¬ı˛,

Ó¬±˝√√À˘ lim lim lim
t t

t x
t

x

t
f t

t
e t t

e
x

→∞ →∞
− +

→∞

+( )
( ) = = =φ

1
1

0, -¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ Ê√Ú…º

’±¬ı±¬ı˛ 
1
2

1 t
dt

∞

z  ¸˜±fl¡˘øÈ¬ ’øˆ¬¸±¬ı˛œº

Ù¬À˘ I2 ¸˜±fl¡˘øÈ¬ x-¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ Ê√Ú… ’øˆ¬¸±¬ı˛œº I1 ¤¬ı— I2 ¸˜±fl¡˘ ≈√øÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛

¸Ó«¬ ¬Û˚«…±À˘±‰¬Ú± fl¡À¬ı˛ ¬Û±˝◊√√  ˝√√À˘ ’øˆ¬¸±¬ı˛œº
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10.3.2 Î¬◊¬Û¬Û±√…

Γ(x + 1) = xΓx, x > 0

õ∂˜±Ì : Γx = e t dtt x− −

+

∞

z 1

0

= 

lim
ε ε→ +

− −

→∞
z0

1

B

e t dtt x
B

øfl¡z≈¬ 

e t dtt x
B

− −z 1

ε

= 

e t
x x e t dtt
x B

t x
B

− −L
NM
O
QP + z

ε ε

1

= 
1 1
x

B
e e x e t dt

x

B

x
t x

B

−LNM
O
QP +

−zε
ε

ε

’Ó¬¤¬ı 

lim lim
ε ε ε ε→ +

− −
→ +

−

→∞ →∞
z z=

0
1

0

1

B B

e t dt x e t dtt x
B

t x
B

⇒
e t dt x e t dtt x t x− − −

+

∞

+

∞
= zz 1

00

1

’Ô«±» Γx = 1
x  Γ(x + 1) ⇒  Γ(x + 1) = xΓx, x > 0

10.3.3 ’Ú≈ø¸X±z¬ 1

p ÒÚ±Rfl¡ ’‡G¬ ¸—‡…± ¤¬ı— x > 0 ˝√√À˘,

Γ(x + p) = (x + p –1) (x + p – 2) ....xΓx

õ∂˜±Ì : Γ(x + p) = Γ{(x + p – 1) + 1)

= (x + p – 1) (x + p – 1) [Î¬◊¬Û¬Û±√… 1 õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√]

= (x + p – 1) Γ{(x + p – 2) + 1}

= (x + p – 1)(x + p – 2) Γ(x + p – 2) [Î¬◊¬Û¬Û±√… 1 õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√]

= ....................
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= (x + p –1)(x + p – 2)......xΓx

  (p ¸—‡…fl¡ ¬ı±¬ı˛ Î¬◊¬Û¬Û±√… 1 õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√]

10.3.4 Î¬◊¬Û¬Û±√… 2

Γ(n + 1) = n!, n ÒÚ±Rfl¡ ’‡G¬ ¸—‡…±º

’Ú≈ø¸X±z¬ 1 ¤ x = 1 ¤¬ı— p = n ¬ıø¸À˚˛ ¬Û±˝◊√√

Γ(n + 1) = n(n – 1) ......1Γ1 = n!Γ1

Γ1 = 

Ù¬À˘ Γ(n + 1) = n!, n ÒÚ±Rfl¡ ’‡G¬ ¸—‡…±º

[’±¬ı±¬ı˛, Œ˚À˝√√Ó≈¬  Ò¬ı˛± ˝√√˚˛, Î¬◊¬ÛÀ¬ı˛¬ı˛ Î¬◊¬Û¬Û±√…øÈ¬ n = 0 ˝√√À˘› ¸Ó¬…º]

10.3.5 Î¬◊¬Û¬Û±√… 3

Γ(0+) = + ∞

Γx-¤¬ı˛ ¸—:± ŒÔÀfl¡ ¬Û±˝◊√√,

 

 0 < x < ∞

’Ô«±»,  Γx ex> 1

∴

⇒ Γ0+ = + ∞
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ΓΓΓΓΓx Œfl¡ ’Ú…±Ú… ’±fl¡±À¬ı˛ õ∂fl¡±˙

10.3.6 Î¬◊¬Û¬Û±√… 4

Γx e t dtx t x= − −

+

∞

zγ γ 1

0
0 < γ, 0 < x

õ∂˜±Ì : γt = y ¬ıø¸À˚˛ ¬Û±˝◊√√

γ γ
γ γ

γ

γε

γ

ε

x t x t x y
x

x

BB

e t dt e
y dy− − −

−

−= zz 1

1 ,

t y

B B
ε γε

γ

  = e y dyy x
B

− −z 1

γε

γ

  → 

e y dyy x− −

+

∞

z 1

0
,

 ˚‡Ú ε → 0 + ¤¬ı— B → ∞,

’Ô«±», γ γx t x y xe t dt e y dy x− − − −

+

∞

+

∞
= =zz 1 1

00
Γ

10.3.7 Î¬◊¬Û¬Û±√… 5

Γx e t dtt x= − −

+

∞

z2 2 2 1

0
0 < x < ∞

õ∂˜±Ì : 

I e t t dt
B

x= − −z2 2 2 1 ,

ε

  ¸˜±fl¡˘øÈ¬ÀÓ¬ t2 = y ¬ıø¸À˚˛ ¬Û±˝◊√√

 = 

e y dyy x
B

− −z 1

2

2

ε

’Ó¬¤¬ı  

lim
ε ε→ +

− − − −
∞

→∞

= =zz0
2 1 1

0
2 2

B

e t dt e y dy xt x y x
B

Γ

’Ô«±»  Γx e t dtt x= − −

+

∞

z2 2 2 1

0
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10.3.8 Î¬◊√±˝√√¬ı˛Ì : ·±˜± ’À¬Ûé¬Àfl¡¬ı˛ ¸—:± õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ¸˜±fl¡˘·≈ø˘¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú

1. Î¬◊M√√¬ı˛ 

2. e t dtst−
∞

z 23

0
Î¬◊M√√¬ı˛ [Î¬◊¬Û¬Û±√… 4 õ∂À˚˛±· fl¡¬ı˛≈Ú]

3. Î¬◊M√√¬ı˛ [Î¬◊¬Û¬Û±√… 5 õ∂À˚˛±· fl¡¬ı˛≈Ú]

4. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, x, y > 0

õ∂˜±Ì : Òø¬ı˛ I = t t dtx
y

−
−z 1

1

0

1
1log ,e j

log 1
t ue j =  ¬ıø¸À˚˛ ¬Û±˝◊√√,

t u
0
1 0

∞

u = – log t ⇒ t = e–u

dt = –e–u du

’Ó¬¤¬ı  I e u e duu x y u= − −( ) −
∞

−z 1 1

0

= 

= [Î¬◊¬Û¬Û±√… 4 õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√]

= Γy x–y

10.3.9 õ∂ùü±¬ı˘œ

1. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ Γx t dt
x

=
−

+

−

z log 1 1

0

1

e j 0 < x < ∞
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2. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ log !x dx nn n( ) = −( )z 1
0

1

3. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ 

log 1 1
2

1
2

1
2

0

1

x dxe j =z Γ

4. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ log 1 1
2

1
2

0

1

x dxe j =z Γ

5. ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú 
dx

x xlog 10

1

+

−

z [Î¬◊M√√¬ı˛ 

2 1
2Γ

]

6. Œ√‡±Ú Œ˚ 
x
c

dx c
c
cx c

3

1
0

1
1

,
log

> = +
( )

( )
( )

+

∞

z Γ

10.4 ¬ø¬ıÈ¬± ’À¬Ûé¬fl¡ (Beta Function)

10.4.1 ¸—:±

B(x, y) = t t dtx y− −

+

−
−( )z 1 1

0

1

1 0 < x, 0 < y

¤¬ı±¬ı˛ ’±˜¬ı˛± Œ√‡±À¬ı± Œ˚, ø¬ıÈ¬± ’À¬Ûé¬fl¡ B (x, y), [˚±¬ı˛ ¸—:± Î¬◊¬ÛÀ¬ı˛ Œ√›˚˛± ˝√√À˚˛ÀÂ√]

x > 0 ¤¬ı— y > 0 ˝√√À˘ ’øˆ¬¸±¬ı˛œº

B(x, y) = t t dt t t dt t t dtx y x y x y− − − − − −
−

++

−
−( ) = −( ) + −( )zzz 1 1 1 1 1 1

1

00

1

1 1 1
1

2

1
2

= I1 + I2 [Òø¬ı˛]

¤‡Ú, I t t dtx y
1

1 1

0

1

1
2

= −( )− −

+
z , ¤˝◊√√ ¸˜±fl¡˘øÈ¬¬ı˛ ¸˜±fl¡˘… f t t tx y( ) = −( )− −1 11 -¤¬ı˛

t = 0 ø¬ıμ≈ÀÓ¬ ’¸œ˜ ’¸±z¬Ó¬… (infinite discontinuity) ’±ÀÂ√º f(t) Œfl¡ ’±˜¬ı˛± øÚÀ‰¬¬ı˛ ’±fl¡±À¬ı˛

ø˘ø‡º
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f t
t

t

y

x( ) = −( ) −

−
1 1

1  ¤¬ı— φ t
t x( ) = −

1
1  øÚ˝◊√√, Ó¬±˝√√À˘ 

f t
t

t y( )
( ) = −( ) →−

φ 1 11
 ˚‡Ú t → 0 +

Œ˚À˝√√Ó≈¬ φ t dt
t

dtx( ) = −
++
zz 1

1
00

1
2

1
2

 ¸˜±fl¡˘øÈ¬ t = 0 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ ˚ø√ ¤¬ı— ¤fl¡˜±S ˚ø√

1 – x < 1 ’Ô«±» 0 < x

Ù¬À˘ ’±˜¬ı˛± ¤˝◊√√ ø¸X±Àz¬ Î¬◊¬ÛÚœÓ¬ ˝√√ø26√ Œ˚, t t dtx y− −

+
−( )z 1 1

0

1

1
2

 ¸˜±fl¡˘øÈ¬ t = 0 ø¬ıμ≈ÀÓ¬

’øˆ¬¸±¬ı˛œ, ˚ø√ ¤¬ı— ¤fl¡˜±S ˚ø√, 0 < x

t = 1 ø¬ıμ≈ÀÓ¬ B(x, y)-¤¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬±

I2 = t t dtx y− −
−

−( )z 1 1
1

1
1

2

 ¸˜±fl¡˘øÈ¬¬ı˛ ¸˜±fl¡˘… f t t tx y( ) ≡ −( )− −1 11 -¤¬ı˛ t = 1 ø¬ıμ≈ÀÓ¬

’¸œ˜ ’¸±z¬Ó¬± ’±ÀÂ√º f t t
t

x

y( ) =
−( )

−
−

1

11
 ’±fl¡±À¬ı˛ ø˘ø‡ ¤¬ı— φ t

t y( ) =
−( ) −

1
1 1  Òø¬ı˛º Ó¬±˝√√À˘

f t
t

t x( )
( ) = →−

φ
1 1,  ˚‡Ú t → 1– Œ˚À˝√√Ó≈¬ φ t dt

t
dty( ) =

−( ) −

−−

zz 1
1 1

11

1
2

1
2

 t = 1 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ

˚ø√ ¤¬ı— ¤fl¡˜±S ˚ø√ 1 – y < 1 ’Ô«±» 0 < y; ¬Ù¬À˘ ’±˜¬ı˛± ¤˝◊√√ ø¸X±Àz¬ Î¬◊¬ÛÚœÓ¬ ˝√√˝◊√√ Œ˚,

t t dtx y− −
−

−( )z 1 1
1

1
1

2

 ¸˜±fl¡˘øÈ¬ t = 1 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ, ˚ø√ ¤¬ı— ¤fl¡˜±S ˚ø√ 0 < y, I1

¤¬ı— I2-¤¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ˙Ó«¬ ŒÔÀfl¡ ’±˜¬ı˛± Œ√ø‡ Œ˚, B x y t t dtx y,( ) = −( )− −

+

−

z 1 1

0

1

1  x < 0,

y > 0 ˝√√À˘ ’øˆ¬¸±¬ı˛œº

10.4.2 ø¬ıÈ¬± ’À¬Ûé¬Àfl¡¬ı˛ Ò˜« (Properties of Beta Function)

(a) B(x, y) = B(y, x) 0 < x < ∞, 0 < y < ∞

õ∂˜±Ì : B(x, y) = t t dtx y− −−( )z 1 1

0

1

1
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1 – t = u ¬¬ıø¸À˚˛ ¬Û±˝◊√√, dt = – du

t u
0 1
1 0

Ù¬À˘, B(x, y) = – u u duy x− −−( )z 1 1

1

0

1

= u u duy x− −−( )z 1 1

1

0

1 = B(y, x)

(b) B(x, y) = 2 2 1 2 1

0

2

sin cost t dtx y( ) ( )− −z
π

0 < x < ∞, 0 < y < ∞

õ∂˜±Ì : B(x, y) = 

t t dtx y− −−( )z 1 1

0

1

1

¤˝◊√√ ¸˜±fl¡˘øÈ¬ÀÓ¬ t = sin2u ¬ıø¸À˚˛ ¬Û±˝◊√√,

1 – t = cos2u ¤¬ı— dt = 2 sinu cos u du

Ù¬À˘, B(x, y) = 2 2 1

0

2
2 1sin cos sin cosu u u u dux ya f a f− −z

π

= 
2 2 1 2 1

0

2

sin cosx y u du− −z
π

= 

2 2 1 2 1

0

2

sin cosx yt t dt− −z
π

(c) B(x, y) = 

t
t

dt
x

x y

−
+

+

∞

+( )z
1

0 1

0 < x < ∞, 0 < y < ∞

õ∂˜±Ì : B(x, y) = u u dux y− −

+

−
−( )z 1 1

0

1

1  ¤˝◊√√ ¸˜±fl¡˘øÈ¬ÀÓ¬

u t= +
1

1  ¬ıø¸À˚˛ ¬Û±˝◊√√,

t u
u= −1du

t
du= −

+( )
1

1 2

t u
0 1

0
+ −

+∞ +

t u
0 0
1 2

π
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Ù¬À˘,  B(x, y) = – t
t t t

dt
y

y x

−
− −

+∞

+

+( ) +( ) +( )z 1

1 1 2

0

1
1

1
1

1

= 
t

t
dt

y

x y

=
+

+

∞

+( )z
1

0 1
.. . .. .

Œ˚À˝√√Ó≈¬ B(x, y) = B(y, x) Ó¬±˝◊√√ Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸•Ûfl«¡ ŒÔÀfl¡ ¬Û±˝◊√√

B(x, y) = 
t

t
dt t

t
dt

y

x y

x

x y

−

+

−

+

∞∞

+
=

+( ) ( )zz 1 1

00 1 1

10.5 ¬ø¬ıÈ¬± ¤¬ı— ·±˜± ’À¬Ûé¬Àfl¡¬ı˛ ˜ÀÒ… ¸•Ûfl«¡

ø¬ıÈ¬± ¤¬ı— ·±˜± ’À¬Ûé¬Àfl¡¬ı˛ ˜ÀÒ… ¸•Ûfl«¡øÈ¬ øÚÀ‰¬ Œ˘‡± ˝√√À26√º ¤øÈ¬ õ∂˜±Ì fl¡¬ı˛ÀÓ¬ ø¡Z-¸˜±fl¡˘

(Double Integral)-¤¬ı˛ Ò±¬ı˛Ì± õ∂À˚˛±Ê√Úº Ó¬±˝◊√√ ¤¬ı˛ õ∂˜±ÌøÈ¬ ¤‡±ÀÚ ¬ıøÊ«√Ó¬ ˝√√˘º

B(x, y) = 
Γ Γ

Γ
x y
x y+( ) , x > 0, y > 0

10.5.1 Î¬◊√±˝√√¬ı˛Ì

õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ Γ 1
2 = π

õ∂˜±Ì : B x y t t dtx y( , ) sin cos ,= ( ) ( )− −z2 2 1 2 1

0

2π
x > 0, y > 0

¤˝◊√√ ¸•ÛÀfl«¡ x = y =  ¬ıø¸À˚˛ ¬Û±˝◊√√

(i)

’±¬ı±¬ı˛  ¤˝◊√√ ¸•Ûfl«¡øÈ¬ÀÓ¬ x = y = 1
2  ¬ıø¸À˚˛ ¬Û±˝◊√√

(ii)

(i) › (ii) ŒÔÀfl¡ ¬Û±˝◊√√  Γ 1
2

2a f = π

’Ô«±» Γ 1
2 = π
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10.5.2 Î¬◊√±˝√√¬ı˛Ì

õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, sin cos ,p q d

p q

p q
θ θ θ

π
=

+FH IK
+FH IK

+ +FH IK
z 1

2

1
2

1
2

2
2

0

2 Γ Γ

Γ
p, q > – 1

õ∂˜±Ì : B x y t t dtx y, sin cos ,( ) = ( ) ( )− −z2 2 1 2 1

0

2π
x > 0, y > 0

¸•Ûfl«¡øÈ¬ÀÓ¬  2x – 1 = p ¤¬ı— 2y – 1 = q

’Ô«±»  

x
p

y
q= + = +1

2
1

2,

 ¬ıø¸À˚˛ ¬Û±˝◊√√

2
1

1
1

2
0

2

sin cos , ,p qt t dt B
p q= + +FH IKz

π

p > –1, q > –1

 = 

Γ Γ

Γ

p q

p q

+FH IK
+FH IK

+ +FH IK

1
2

1
2

2
2

⇒ sin cosp q d

p q

p q
θ θ θ

π
=

+FH IK
+FH IK

+ +FH IK
z 1

2

1
2

1
2

2
2

0

2 Γ Γ

Γ

10.5.3 Î¬◊√±˝√√¬ı˛Ì

õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, Γ Γ Γx x xx+ = ( )−
1

2 2 12
2a f π

õ∂˜±Ì : B x y t t dtx x, ,( ) = −( )− −z 1 1

0

1

1 x > 0

  = 2 11 1

0

1
2

t t dtx x− −−( )z
[ f t dt f t f a t dt

aa

( ) = ( ) + −( )zz 2
00

2

k p  ¸”ÀS¬ı˛ õ∂À˚˛±· fl¡À¬ı˛ ]
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= 221

0

1
2

ttdt x −− zaf

t – t2 = u ¬ıø̧À̊ ̨¬Û±̋◊√√, tu ==− 1
2

14
2

’Ó¬¤¬ı Bxu
u

du
x

,, γ ()=
−

− z 214

1

0

1
4

4u = v ¬ıø̧À̊ ̨¬Û±̋◊√√

Bxxvv
dv

x

x , ()
() =− −

−

− z 24
1

4
1

1

1

0

11
2

= 
2
2

1 11

0

1
1

2
x

x vvdv −− − () z
= 

 ̧”S õ∂À̊±̨· fl¡À¬ı ̨¬Û±̋◊√√

ΓΓ
Γ

ΓΓ
Γ

xx
x

x
x

x
2

212
1

2
1

2 ()=
+

−af
’Ô«±»,  

¬ı±,

¬ı±,

Î¬◊¬ÛÀ¬ı¬̨ı ̧̨”SøÈ¬Àfl¡ Δ¡ZÓ¬fl¡¬ıĮ̀ ̧”S  (Duplication formula) ¬ı̆± ˝√√̊º̨
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10.6 ¬‘√©Ü±z¬˜”˘fl¡ Î¬◊√±˝√√¬ı˛Ì±¬ı˘œ

10.6.1 ≈√øÈ¬ øˆ¬iß Î¬◊¬Û±À˚˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú

t t dt3 3

0

1

1 −( )z
¸˜±Ò±Ú :

t t dt B3 3

0

1 2
1 4 4 4 4

8
3
7−( ) = = = ( )z ( , )
!
!

Γ Γ
Γ

= 6 6
7 6 5 4 6

1
7 5 4

1
140

×
× × × × = × × =

ø¡ZÓ¬œ˚˛ ¬ÛXøÓ¬ : t t dt B t t dt3 3 7 7

0

2

0

1

1 4 4 2−( ) = ( ) = zz , sin cos
π

= 2 17 2 3

0

2

sin sin sint t d t− ( )z a f
π

= 

2 17 2 3

0

1

u u du−z a f

= 2 1 3 37 2 4 6

0

1

u u u u du− + −z a f

= 2 3 37 9 11 13

0

1

u u u u du− + −z b g

= 2 1
8

3
10

3
12

1
14+ + −

= 1
4

3
5

1
2

1
7

1
140− + − =
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10.6.2 ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú

1
10 t t

dt
+( )+

∞

z
¸˜±Ò±Ú :

 ”̧ÀS x y= =1
2

1
2,  ¬ıø¸À˚˛ ¬Û±˝◊√√

B t
t

dt1
2

1
2

0

1
2

1
,a f = +( )

−

+

∞

z
∴ õ∂√M√√ ¸˜±fl¡˘ = 

10.6.2 ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú

sin cos3 6

0

2

θ θ θ
π

z d

¸˜±Ò±Ú :

õ∂Ô˜ ¸˜±fl¡˘ = sin cos3 6

0

2

θ θ θ
π

z d

= 
Γ Γ

Γ

3 1
2

6 1
2

2 3 6 1
2

+ +

+ +
e j e j
e j

= 
Γ Γ

Γ

2 7
2

2 11
2

( ) e j
e j

= 
1 7

2

2 9
2

7
2

7
2

2
63

.

. . .

Γ

Γ

e j
e j

=
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10.6.4 ≈√øÈ¬ øˆ¬iß Î¬◊¬Û±À˚˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú

t
t

dt
1 3

0 +( )

∞

z
¸˜±Ò±Ú :

õ∂√M√√ ¸˜±fl¡˘ = 

t
t

dt B
1

2,1 2 1
3

1
23

0 +
= = =

( )
( )

∞

z Γ Γ
Γ

ø¡ZÓ¬œ˚˛ ¬ÛXøÓ¬ : t
t

dt B t t dt
1

2,1 13
2 1 1 1

0

1

0 +
= = −

( )
( ) ( )− −

∞

zz
= 

tdt t= LNM
O
QP =z 2

0

1

0

1

2
1
2

10.6.5 õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

x x

x
dx

8 6

24
0

1

1
0

−
+( )

=
∞

z a f

õ∂˜±Ì :

õ∂√M√√ ¸˜±fl¡˘ 

I x dx
x

x dx
x

=
+( )

−
+( )

∞∞

zz 8

24

14

24
00 1 1

 = 
x dx

x
x dx

x

9 1

9 15

15 1

15 9
00 1 1

−
+

−
+

∞∞

+( )
−

+( )zz
 = B(9, 15) – B(15, 9)

 = B(9, 15) – B(9, 15) = 0

10.6.6 ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú

x x dx4 3 1 3

0

2

8 − −z a f /
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¸˜±Ò±Ú :

õ∂√M√√ ¸˜±fl¡˘ I x x dx= − −z 4 3 1 3

0

2

8a f /

 = x x dx4 1 3
3

1
3

0

2

8 1 2
( ) −LNM

O
QP

−
−

z / e j

 = 1
2 1 2

4
3

1
3

0

2

x x dx−LNM
O
QP

−

z e j

x u2

3

e j =  ¬ıø¸À˚˛ ¬Û±˝◊√√  x3 = 8u

x u
0 0
2 1

⇒ 3x2dx = 8du

⇒ dx x du= −8
3

2

= 8
3 8

2
3u du( )−

’Ó¬¤¬ı I = 1
2 8 1 8

3 8
4
3

1
3

2
3

0

1

u u u du( ) − ( )− −z .

= 4
3 8 1

2
3

1
3

0

1

u u du( ) − −z

= 

= 
16
3

5
3

2
3B ,e j
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10.6.7 ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú

x x dx3
3
2

0

1

1 −( )z

¸˜±Ò±Ú :

õ∂√M√√ ¸˜±fl¡˘ 

I x x dx= −( )z 3
3
2

0

1

1

x = sin2 θ ¬ıø¸À˚˛ ¬Û±˝◊√√,  dx = 2sinθ cosθ dθ ¤¬ı—

I d= z sin cos sin cos6 3

0

2

2θ θ θ θ θ
π

 

= z2 7 4

0

2

sin cosθ θ θ
π

d

=
+ +

+ +2

7 1
2

4 1
2

2 7 4 1
2

Γ Γ

Γ

e j e j
e j

=
( )

( ) =
( )

( ) =
Γ Γ

Γ

Γ Γ

Γ

4 5
2

6

4 3
2

1
2

1
2

5 4 4
3
80

e j e j. .

. .
π

10.6.8 Œ√‡±Ú Œ˚

x p x dx P
q B n m

q
m q q n qn m

p

− = + +FH IK
+ +z a f 1

0
1 1,

˚‡Ú  p > 0, q > 0, m + 1 > 0, n + 1 > 0

¸˜±Ò±Ú :

õ∂√M√√ ¸˜±fl¡˘ I x p x dx x p x
p dxm q q n m nq

q npp

= − = − FH IK
L
NM

O
QPzz a f 1

00
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 ¬ıø¸À˚˛ ¬Û±˝◊√√,

x pu q=
1

dx
p
q u duq=

−1 1

’Ó¬¤¬ı I p u p u
p
q u dum

m
q nq n q= −

−z 1
1 1

0

1

= 

= 
p

q B m
q n

m nq+ + + +FH IK
1 1 1,

= 
p

q B n m
q

qn m+ +
+ +FH IK

1
1 1,

10.6.9

I x a b x dxl m

a

b

= −( ) −( )− −z 1 1
l > 0, m > 0

¸˜±fl¡˘øÈ¬¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : x = py + q ¬ı¸±Ú ¤¬ı— p, q-¤¬ı˛ ˜±Ú ¤˜Úˆ¬±À¬ı øÚÌ«˚˛ fl¡¬ı˛≈Ú ˚±ÀÓ¬ fl¡À¬ı˛ ˚‡Ú

x = a Ó¬‡Ú y = 0 ¤¬ı— ˚‡Ú x = b Ó¬‡Ú y = 1 ˝√√˚˛º

’¬Ô«±» x = (b – a) y + a

⇒ x – a = (b – a) y

¤¬ı— dx = (b – a) dy

Ù¬À˘ I b a y b a y b a dyl l m m= − − −( ) −( ) ( ) ( )− − − −z 1 1 1 1

0

1

1
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= b a y y dyl m l m−( ) −( )+ − − −z1 1 1

0

1

1

= b a B l ml m−( ) ( )+ −1 ,

10.6.10 õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

x x
x

dx B m n
m n

m n

− −
+

+
+( )

=z 1 1

0

1

1
( , )

õ∂˜±Ì     :

B m n x
x

dx x dx
x

x
x

dx
m

m n

m

m n

m

m n,( ) =
+( )

=
+( )

+
+( )

−
+

−
+

−
+

∞∞

zzz 1 1 1

10

1

0 1 1 1

= I1 + I2 [Òø¬ı˛]

I2 = 
x

x
dx

m

m n

−
+

∞

+( )z 1

1 1
, ¤˝◊√√ ¸˜±fl¡À˘, x t= 1

 ¬ıø¸À˚˛ ¬Û±˝◊√√

= 

t

t
t

dt
m

m n

1

2
1

0

1 1
1−

+
+

−z
e j

e j

= −
+( )
− + +

+z t t t
dt

m m n

m n

1

2
1

0

1
1

= 
t

t
dt

n

m n

−
++( )z

1

0

1

1

= 
x

x
dx

n

m n

−
++( )z 1

0

1

1

’Ó¬¤¬ı, B m n I I x x
x

m n

m n( , ) = + = +
+( )
− −

+z1 2
1 1

0

1

1
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10.6.11 Œ√‡±Ú Œ˚

sin
cos

, ,
n

n

n

n
xdx

a b x a b
B n n

− −

+
=

−( )z 1 1

2 2 20

2 1
2

1
2b g

e j
π

 Œ˚‡±ÀÚ a2 > b2

¸˜±Ò±Ú :

õ∂˜M√√ ¸˜±fl¡˘ 

= 
2 2 2

2 2 2 2

1
1 1

2 2 2 20

n
n n

n

x x dx

a x x b x x

−
− −

+ + −
z

sin cos

cos sin cos sin

e j e j
e j e j

π

= 
2 2 2

2 2

1
1 1

2 20

n
n n

n

x x dx

a b x a b x

−
− −

+( ) + −( )
z

sin cos

cos sin

e j e jπ

= 
2 1 1

2 20

2 n n n

n
u u du

a b u a b u

sin cos

cos sin
,

( ) ( )
+( ) + −( )

− −z
π

= 

= 
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(a – b) tan2 u = (a + b)v ¬ıø¸À˚˛ ¬Û±˝◊√√

u v
0 0

2
π ∞

2(a – b) tan u sec2 udu = (a + b) dv ;

¤¬ı— tan ,u a b
a b v= +

−e j
1

2 1
2 ∵ a b2 2>a f

∴

I

a b
a b v

a b v
a b
a b

dv
n

n n

n n=
+
−

+( ) +
+( )
−( )

−
−( ) −

∞

z
2

1

1
2 2 2

2

0

e j
/

= 2 1
1

1
2 2

1

0

n
n

n

n

n
a b
a b a b

v
v

dv−
−∞

+
− +( ) +( )ze j

/

= 2 1
2 2

1
2 2 2

n
na b

B n n−

−a f e j/ ,

10.6.12 õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

cos sin
cos sin

2 1 2 1

2 20

2

2

m n

m n m m
a b

m n
a b m n

− −
++

=
+( )z θ θ

θ θ

π

a f
Γ Γ

Γ

õ∂˜±Ì :

˘¬ı › ˝√√¬ı˛Àfl¡ cos2(m+n) θ ø√À˚˛ ˆ¬±· fl¡À¬ı˛ ¬Û±˝◊√√

õ∂√M√√ ¸˜±fl¡˘ I
d

a b

m

m n=
+

−

+z tan sec

tan

2 1 2

20

2 θ θ θ
θ

π

a f
¤¬ı±¬ı˛ b tan2θ = au ¬ıø¸À˚˛ ¬Û±˝◊√√, 2bsec2 θ tanθ dθ = adu
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I =  

a
b du a

b u

a u

m

m n m n
2

1

1

0

e j
−

+ +

∞

+( )z

= 
1
2

1
1

1

0a b
u

u
dun m

m

m n

−
+

∞

+( )z
= 

= 
1
2

1.
a b

m n
m nn m

Γ Γ
Γ +( )

10.6.13

x
x dx

n−∞

+z 1

0
1  ¸˜±fl¡˘øÈ¬¬ı˛ ˜±Ú 

π
πsin ,n n0 1< <  õ∂√M√√º ¤ ŒÔÀfl¡ õ∂˜±Ì fl¡¬ı˛≈Ú Γ Γn n1 −( )

 ’Ó¬–¬Û¬ı˛  ¸˜±fl¡˘øÈ¬¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú :

0 < x < ∞, 0 < y < ∞

”̧ÀS x = n, y = 1 – n ¬ıø¸À˚˛ ¬Û±˝◊√√

B n l n t
t

dt
n

, ,−( ) = +( )
−∞

z 1

0
1 0 < n < 1

⇒
x

x dx B n n
n n

n n
n−∞

+ = −( ) = −( ) = −( )z 1

0
1 1

1
1

1,
Γ Γ

Γ Γ Γ

’Ó¬¤¬ı  Γ Γn n x
x dx n

n
1 1

1

0
−( ) = + =

−∞

z π
πsin , 0 < n < 1
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I = 
dy

y
y t

1 4
4

0 +
=

∞

z  ¬ıø¸À˚˛ ¬Û±˝◊√√

4y3dy = dt

y t
0 0
∞ ∞

⇒ dy y dt= −1
4

3

= 1
4

3
4t dt

−

’Ó¬¤¬ı  I t
t dt= +

−∞

z1
4 1

3
4

0

= 

1
4 1

1
4

1

0

t
t dt

−∞

+z = = = =π
π

π π π
4

1

4
4

1
1 2

2 4 2 2
.
sin

.
/

10.7 ¸±¬ı˛±—˙

10.7.1 ·±˜± ’À¬Ûé¬Àfl¡¬ı˛ ¸—:±

x > 0 ˝√√À˘ Γx e t dtt x= − −
∞

z 1

0

10.7.2 ·±˜± ’À¬Ûé¬fl¡ ¸—√flË¡±z¬ ¬fl¡øÓ¬¬Û˚˛ õ∂À˚˛±Ê√Úœ˚˛ ¸”S

(i) Γ(x + 1) = xΓx

(ii) 

Γ 1
2 = π

(iii) e dxx−
∞

=z 2 1
2

1
2

0
Γ
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10.7.3 ø¬ıÈ¬± ’À¬Ûé¬Àfl¡¬ı˛ ¸—:±

(i) x > 0, y > 0 ˝√√À˘ B(x, y) = t t dtx y− −−( )z 1 1

0

1

1

(ii) x > 0, y > 0 ˝√√À˘ B(x, y) = 
t

t
dt

x

x y

−
+

∞

+( )z
1

0 1

(iii) x > 0, y > 0 ˝√√À ˛̊ B(x, y) = 2 2 1 2 1

0

2

cos sinx y d− −z θ θ θ
π

10.7.4 ø¬ıÈ¬± › ·±˜± ’À¬Ûé¬Àfl¡¬ı˛ ˜ÀÒ… ¸•Ûfl«¡ › fl¡øÓ¬¬Û˚˛ õ∂À˚˛±Ê√Úœ˚˛ ¸”S

(i) B(x, y) = x > 0, y > 0

(ii) B(x, x) =  21 2 1
2

− x B x, ,a f x > 0

(iii) B(x, 1– x) = 0 < x < 1

(iv) 

10.8 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1. ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú :

a. Γ(–3·5)

b. Γ(4·5)

2. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ cot θ θ
π

d =z 1
2

0

2
1
4

3
4Γ Γe j e j

3. Œ√‡±Ú Œ˚ tan secθ θ θ π
π

+ = +L
NM

O
QPz d 1

2
1

4
3

4 3
40

2

Γ Γ
Γ

a f a f a f
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4. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ sin
sin

θ θ θ
θ

π
ππ

d d× =zz
0

2

0

2

5. Œ√‡±Ú Œ˚ 

dx

x

dx
x1

3
2 1

1
2

1
36 3 7

3

3

0

1

0

1

−
=

−
=zz a f e j{ }π Γ

6. Œ√‡±Ú Œ˚ 

x x

x
dx

4 5

15
0

1

1
1

5005
+

+( )
=

∞

z b g

7. Œ√‡±Ú Œ˚ 

x x
b cx

dx
B l m

b c b

l m

l m l m

− −

+
−

+
=

+
( )

( )

( )

( )z 1 1

0

1
1 ,

8. Œ√‡±Ú Œ˚ 1 1 2 1 11

1

1

+( ) −( ) = + +( )+ +

−
z x x dx B p qp q p q , p, q > – 1

9. Œ√‡±Ú Œ˚

a. dx
a x n n

n n n

a

−
=z a f e j1

0
/

sin

π
π

b. x dx
x n m

n

m

n m n

−

−
=z 1

0

1

1a f e j/
sin

π
π

10. Œ√‡±Ú Œ˚ 
x dx
ax x a n

n

n n

−

+( ) −( )
=

+( )z 1

0

1

1 1
1

1
π

πsin

11. Œ√‡±Ú Œ˚ 

e e
e e

dx B n m n m
mx mx

x x n

2 2

2
0

1
2

+
+

= + −( )
−

−

∞

z a f ,

12. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ 
x x

x
dx x x

x x
dx
x

nn n n n+
+

= +
+

=
− −

−zz 1 2 22 1
0

1

0

1
π πsec ,   –1 < n < 1
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13. õ∂˜±Ì fl¡¬ı˛≈ Œ˚

a. B m n
m

B m n
n

B m n
m n

+( ) = +( ) = ( )
+

1 1, , ,

b. B(m, n) = B(m + 1, n) + B(m, n + 1)

c. B(m, n), B(m + n, l) = B(n, l) B(n + l, m) = B(l, m) B (l + m, n)

d.

14. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ 

15. Œ√‡±Ú Œ˚

a.

b. e x dxx−
∞

=z 3 2

0

3
4

/ π

16. Œ√‡±Ú Œ˚

a. cos4

0

2
3
16x dx =z π

π

b.

17. Œ√‡±Ú Œ˚

a.

b. x x dx3 2 3 2

0

1

1 3
128

/ /−( ) =z π
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10.9 Î¬◊M√√¬ı˛˜±˘±

1. a. Γ Γ
n

n
n= +( )1

 ¸”ÀS ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ ¬Û±˝◊√√

  

Γ Γ Γ Γ− ⋅( ) = − = − − = = − − − −( ) ×3 5 7
2

2
7

5
2

2
7

2
5

2
3 2 1

2e j e j e j e je je j e j. ..

= 16
105 0 27π − ⋅

b. Γ Γ Γ Γ
Γ4 5 4

2
21

2
1

2 2 1⋅( ) = + + = ( )
−a f a f, x

x
xx

π
 ¸≈S õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

Γ Γπ Γ
Γ4

2
8
4 2

7
3 2

7 6 5 4 105
16 11 631

2 7 7 7+ = = ( ) = = = ⋅a f .
!

! . . . .π π π

5. Òø¬ı˛  I dx
x

=
−z 1 6

0

1

 ¤¬ı— 

J dx
x

=
−z 1 3

0

1

I ¸˜±fl¡À˘ x6 = sin2 θ ’Ô«±» 

sin1
3 θ

 ¬ıø¸À˚˛ ¬Û±˝◊√√

I d d= = × ×− × − × −zz1
3

1
3

1
2 22

3
1

6
1

22 1 2 1

0

2

0

2

sin sin cosθ θ θ θ θ
ππ
a f a f

= 
1
6

1
6

1
2B ,e j

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı  

J B= 1
3

1
3

1
2,e j

’Ó¬¤¬ı 

I
J B B= 1

6
1
6

1
2

1
3

1
3

1
2, ,e j e j

= 

1
2

1
6

1
2

1
3

1
2

5
6
2
3

Γ Γ

Γ Γ

Γ

Γ
.

= 1
2

1
6

5
6

1
3

2
3

1
2

1
2 36

3
. sin /

sin /

Γ Γ

Γ Γ
= =

π
π

π
π



264

⇒ I J= 3
2

¤‡Ú 

Δ¡ZÓ¬fl¡¬ı˛Ì ¸”S (Duplication formula) Γ Γ Γ Γx x xx+ = ( )−1
2

1 2 1
22 2a f a f  õ∂À˚˛±· fl¡À¬ı˛

¬Û± ◊̋√√º

⇒ I = 1
6

1
2 2

1
2

1
3

2
3

2
3

2Γ
Γ Γ

Γ
. .

e j

= 1
6

1
2 2

1
3

1
3

2
3

1
3

2 2
3

2

2Γ
Γ Γ

Γ Γ
e j

e j
e j

.
.

= π
π
π

π
π6 2

1
3

3
6 2 1

3
1 3

4
2 3

3

3
2 3

3

2.

sin /

. ./ /
Γ

Γ
e j
e j

e j= ×

= 1 1
2

1
3

1
2

1
33 2 3

3

7 3

3

π π
. / /− =Γ Γe j { }

7. x
x a t

t1 1− = −  ¬ıø¸À˚˛ ¬Û±˝◊√√  ’øÚÌ«œÓ¬ ÒË≈¬ıfl¡º

t x
a a x

= + −( )1

dx
a dt

t a
=

− −( )1 1 2k p
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b cx b c at
a t

x t
t a

+ = + − −( ) − = −
− −( )1 1

1 1
1 1

  = 
b t b c a b

a t
+ + −

− −
( )

( )
{

1 1

õ∂√M√√ ¸˜±fl¡À˘ ¬ıø¸À˚˛ ¬Û±˝◊√√

I
a t t

a t
a

a t

b t b c a b
dt

l l m

l m

l m

l m= −( )
− −( )

× − −( )
+ +( ) −

− − −

+

+

+z 1 1 1

0

1 1

1 1

1 1

k p

¤‡Ú 

a b
b c= +

 ¬ıø¸À˚˛ ¬Û±˝◊√√

I
a t t a

b
dt

l l m

l m= −( ) ×− − −

+z 1 1 1

0

1 1

   =
+( )

−( )
+

− −z b
b c b

t t dt
l

l l m
l m1 1

0

1

1

=
+( )

−( ) =
+( )

− −z1 1 11 1

0

1

b c b
t t dt

b c b
B l ml m

l m
l m

( , )

9. a. xn = an sin2 θ ¬ı¸±Ú

10. Î¬◊√±˝√√¬ı˛Ì 7-¤¬ı˛ ’Ú≈¬ı˛”¬Û, 
x

x d t
t1 1− = −  ¬ı¸±Ú

11. 

I e e

e
dx

m n x m n x

x n= +
+

−( ) − +( )

−

∞

z 2 2

2 2
0 1a f ,

 e–2x = z ¬ı¸±Ú

I z z
z

dz
z

n m n m

n= +
+( )

− +z12 1 2
0

1

= +
+

= − +
− − + −( ) ( )

( )
( )z12 1

1
2

1 1

2
0

1
z z

z
dz B n m n m

n m n m

n ,
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 [
( )

( , )
z z

z
dz B x y

x y

x y

− −

+
+

+
=z 1 1

0

1

1
¸”S ’Ú≈˚±˚˛œ]

12. Œ‡±Ú Œ˚ I
x x

x
dx

t

t
dt

n n n

= +
+

=
+

− ∞z z1 120

1

20

’Ó¬–¬Û¬ı˛ t2 = u ¬ıø¸À˚˛ Œ‡±Ú I
u

du

n

= +

−
∞z12 1 4

1
2

0

B x y
t

t
dt

x

x y
( , )

( )
=

+

−

+
∞z 1

0 1
¸”S √õ∂À˚˛±À· Œ‡±Ú Œ˚,

I B
n n= + −F
H

I
K

1
2

1
2

1
2

,  Œ˚‡±ÀÚ 0
1

2
1< + <n

⇒ – 1 < n < 1

 ¤¬ı— 0 1
2

1< + <n

’Ô«±» Œ˚‡±ÀÚ p n= +1
2

1
2

¸˝±˚˛fl¬ ¬Û±Í¬…¬Û≈d¬fl¬±¬ı˘œ

1. Integral Calculus–An Introduction  to Analysis, Maity and Ghosh, Central
Educational Enterprises, 1989.

2. Advanced calculus, David V. Widder, Prentice Hall of India Private Limited,
1974.

3. A Course of Mathematical Analysis, Shanti Narayan, S. Chand & Co., 1958.

4. Integral Calculus, Dr. J. C. Chaturvedi, Students’ Friends & Co., 1961.

5. Higher Engineering Mathematics, Dr. B. S. Grewal, Khanna Publishers,
1998.



267

¤fl¬fl¬ 11 ‚±Ó¬À|øÌ¬ı˛ √õ∂øÓ¬¬ÛÀ¬ı˛ ¸˜±fl¬˘Ú › ’ôL√¬ı˛fl¬˘Ú-

Ê±Ó¬ ‚±Ó¬À|øÌ¬ı˛ ’øˆ¬¸¬ı˛Ì (Convergence of Series by
term by term Integration and Differentiation of
Power Series)

·Í¬Ú

11. 1 √õ∂d¬±¬ıÚ±

11. 2 Î¬◊ÀV˙…

11. 3 ¸±—ø‡…fl¬ ’¸œ˜ Œ|øÌ-’øˆ¬¸¬ı˛ÀÌ¬ı˛ ø¬ıøˆ¬iß ¬Û¬ı˛œé¬±

11. 4 ’À¬Ûé¬Àfl¬¬ı˛ ’Ú≈flË¡˜, ’À¬Ûé¬Àfl¬¬ı˛ ’¸œ˜ Œ|øÌ, ¸˜-’øˆ¬¸¬ı˛Ì

11. 5 ‚±Ó¬À|øÌ, √õ∂øÓ¬¬ÛÀ¬ı˛ ¸˜±fl¬˘Ú › ’ôL√¬ı˛fl¬˘Ú-Ê±Ó¬ ‚±Ó¬À|øÌ¬ı˛ ’øˆ¬¸¬ı˛Ì

11. 6 ‘©Ü±ôL√˜”˘fl¬ Î¬◊±˝¬ı˛Ì±¬ı˘œ

11. 7 ¸±¬ı˛±—˙

11. 8 ¸¬ı«À˙¯∏ √õ∂ùü±¬ı˘œ

11. 9 Î¬◊M¬ı˛˜±˘±

11.1 √õ∂d¬±¬ıÚ±

a + ar + ar2 + .. ¤˝◊ ·≈ÀÌ±M¬ı˛ Œ|øÌøÈ¬¬ı˛ ¸Àe· √õ∂ÀÓ¬…fl¬ ·øÌÓ¬ ø˙é¬±Ô«œ˝◊ ¬Ûø¬ı˛ø‰¬Ó¬º

ak = ark ø˘À‡ ’±˜¬ı˛± ¤˝◊ Œ|øÌøÈ¬Àfl¬ ak
k=

∞
∑

0
 ’±fl¬±À¬ı˛ ø˘‡ÀÓ¬ ¬Û±ø¬ı˛º ak

k=

∞
∑

0
 ’¸œ˜ Œ|øÌøÈ¬¬ı˛

¬Û·≈ø˘ ÒË≈¬ıfl¬º Ó¬±˝◊ ¤øÈ¬Àfl¬ ’±˜¬ı˛± ¸±—ø‡…fl¬ ’¸œ˜ Œ|øÌ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛º ’±¬ı±¬ı˛ ’¸œ˜ Œ|øÌøÈ¬¬ı˛ ¬Û·≈ø˘

˚ø Œfl¬±ÀÚ± ¬ı±d¬¬ı ‰¬À˘¬ı˛ ’À¬Ûé¬fl¬ fk(x) ˝˚˛ Ó¬±˝À˘ ∑ fk(x) Œ|øÌøÈ¬ ¬Û±›˚˛± ˚±˚˛º ¤Àfl¬ ’±˜¬ı˛±
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’À¬Ûé¬Àfl¬¬ı˛ ’¸œ˜ Œ|øÌ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛º ¤‡Ú ˚ø f x c xk k
k( ) =  (k = 1, 2, 3, ...)  ˝˚˛ ’Ô«±»

¤¬Ûé¬fl¬·≈ø˘ x ‰¬À˘¬ı˛ ø¬ıøˆ¬iß ‚±ÀÓ¬¬ı˛ ·≈øÌÓ¬fl¬ ˝˚˛ Ó¬±˝À˘ ’±˜¬ı˛± c xk
k

k=

∞
∑

0
 ¬¤˝◊√√ ‚±Ó¬ Œ|øÌøÈ¬ Û±˝◊º

·øÌÀÓ¬¬ı˛ ¬ı…¬ı˝±ø¬ı˛fl¬ √õ∂À˚˛±· fl¬¬ı˛ÀÓ¬ ø·À˚˛ ’±˜¬ı˛± Œfl¬±ÀÚ± ’À¬Ûé¬fl¬Àfl¬ ¤¬ı˛fl¬˜ Œfl¬±ÀÚ± ’À¬Ûé¬Àfl¬¬ı˛

’¸œ˜ Œ|øÌ ’Ô¬ı± ‚±Ó¬À|øÌ¬ı˛ ¸±˝±À˚… √õ∂fl¬±˙ fl¬¬ı˛±¬ı˛ √õ∂À˚˛±ÊÚ ’Ú≈ˆ¬¬ı fl¬ø¬ı˛º Œfl¬±ÀÚ± ’À¬Ûé¬fl¬Àfl¬

¤¬ı˛fl¬˜ˆ¬±À¬ı ’À¬Ûé¬Àfl¬¬ı˛ Œ|øÌ ø˝¸±À¬ı √õ∂fl¬±˙ fl¬¬ı˛± ¸y√√¬ı ˝À˘ ø¬ıøˆ¬iß ’ôL√¬ı˛±˘ ‹ ’À¬Ûé¬fl¬øÈ¬¬ı˛ ˜±Ú

øÚÌ«˚˛ › ¸˜±fl¬˘Ú fl¬¬ı˛±¬ı˛ ¸≈ø¬ıÒ± ˝˚˛º ’±¬ı±¬ı˛, ’ôL√¬ı˛fl¬˘ ¸˜œfl¬¬ı˛ÀÌ¬ı˛ ¸˜±Ò±Ú fl¬¬ı˛ÀÓ¬ ø·À˚˛ ’ÀÚfl¬ ¸˜˚˛

’À¬Ûé¬Àfl¬¬ı˛ Œ|øÌ Ó¬Ô± ‚±Ó¬À|øÌ¬ı˛ ¬ı…¬ı˝±¬ı˛ fl¬¬ı˛± ˝˚˛º

11.2 Î¬◊ÀV˙…

¤˝◊ ¤fl¬fl¬øÈ¬ ¬Û±Í¬ fl¬À¬ı˛ ’±¬ÛøÚ

¸±—ø‡…fl¬ ’¸œ˜ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ø¬ıøˆ¬iß ¬Û¬ı˛œé¬± ¸•§ÀKÒ Ê±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº

’À¬Ûé¬Àfl¬¬ı˛ ’¸œ˜ Œ|øÌ, Ó¬±¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ Œé¬S, ¸˜-’øˆ¬¸¬ı˛Ì › Œ˚±·Ù¬˘-’À¬Ûé¬fl¬ ¸—flË¡±ôL√

’±À˘±‰¬Ú± fl¬¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚº

‚±Ó¬À|øÌ¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı…±¸±Ò«, ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’ôL√¬ı˛±˘, ¸˜-’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’ôL√¬ı˛±˘, Œ˚±·Ù¬˘-

’À¬Ûé¬Àfl¬¬ı˛ ¸±ôL√Ó¬… ¤¬ı— Œfl¬±ÀÚ± ˙Ó«¬ ¸±À¬ÛÀé¬ ‚±Ó¬À|øÌøÈ¬ √õ∂øÓ¬¬ÛÀ ¸˜±fl¬˘Ú › ’ôL√¬ı˛fl¬˘Ú-

Œ˚±·…, ¤˝◊ ø¬ı¯∏˚˛·≈ø˘ ¸•ÛÀfl«¬ ø¬ı˙ Ò±¬ı˛Ì± fl¬¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚº

11.3 ¸±—ø‡…fl¬ ’¸œ˜ Œ|øÌ-’øˆ¬¸¬ı˛ÀÌ¬ı˛ ø¬ıøˆ¬iß ¬Û¬ı˛œé¬±

¤˝◊ ¬Ûø¬ı˛À2ÂÀ ’¸œ˜ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¸—:± ¤¬ı— Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ øfl¬Ú± øÚÌ«À˚˛¬ı˛ ø¬ıøˆ¬iß

¬Û¬ı˛œé¬± øÚÀ˚˛ ’±À˘±‰¬Ú± fl¬¬ı˛± ˝À2Âº

11.3.1 ¸—:±

Òø¬ı˛,  u1, u2, ..., un, ... ¤fl¬øÈ¬ ’¸œ˜ ’Ú≈flË¡˜º Ó¬±˝À˘ u1 + u2 + u3 + ... + un + ..
¬ı˛±ø˙øÈ¬Àfl¬ ¬ı˘± ˝˚˛ ¤fl¬øÈ¬ ’¸œ˜ Œ|øÌ  , ¤¬ı— u1, u2, ..., un, ... ¸—‡…±·≈ø˘Àfl¬ ¬ı˘± ˝˚˛ Œ|øÌøÈ¬¬ı˛

¬Ûº
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11.3.2 ¸—:±

u u uk
k

= + +
=

∞
∑ 2 3

1
...  Œ|ÌœøÈ¬ õ∂Ô˜ n ¸—‡…fl¡ ¬ÛÀ√¬ı˛ ¸˜ø©ÜÀfl¡ Snø√À˚˛ ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˚±fl¡º Ó¬±˝√√À˘

S u u u u nn k
k

n

n= = + + + =
=
∑

1
1 2 1 2,3. . .. . , , .. . .. . .

˚ø  S1, S2, ..., Sn, ... ’¸œ˜ ’Ú≈flË¡˜øÈ¬ ’øˆ¬¸±¬ı˛œ ˝˚˛ ’Ô«±» 
lim S sn

n→∞
=

 ˝˚˛ Ó¬±˝À˘ s

¸—‡…±øÈ¬Àfl¬ √õ∂M ’¸œ˜ Œ|øÌøÈ¬¬ı˛ Œ˚±·Ù¬˘ ¬ı˘± ˝À¬ıº ¤Àé¬ÀS ’¸œ˜ Œ|øÌøÈ¬Àfl¬ ’øˆ¬¸±¬ı˛œ ¬ı˘± ˝À¬ıº

’±¬ı±¬ı˛ ˚ø {Sn} ’Ú≈flË¡˜øÈ¬ ’øˆ¬¸±¬ı˛œ Ú± ˝˚˛ ’Ô«±» ˚ø lim
n

nS
→∞  ¤¬ı˛ ’ød¬Q Ú± Ô±Àfl¬ Ó¬±˝À˘ ’¸œ˜

Œ|øÌøÈ¬Àfl¬ ’¬Û¸±¬ı˛œ ¬ı˘± ˝À¬ıº

Î¬◊±˝¬ı˛Ì – 
1

1 2
1

2 3
1

3 4⋅
+

⋅
+

⋅
+...

Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ Œ˚±·Ù¬˘ 1, fl¬±¬ı˛Ì Œ|øÌøÈ¬¬ı˛ n Ó¬˜ ¬Û ˝À2Â 
1

1
1 1

1n n n n( )+
= −

+

’Ô«±» t
k kk = −

+
1 1

1
, k= 1, 2, 3, ......

’Ó¬¤¬ı, Sn ≡ Œ|øÌøÈ¬¬ı˛ n Ó¬˜ ’±—ø˙fl¬ Œ˚±·Ù¬˘

= = − +
F
H

I
K= =

∑ ∑t
k kk

k

n

k

n

1 1

1 1
1

= −FH
I
K + −FH

I
K+ + −

+
F
H

I
K1

1
2

1
2

1
3

1 1
1

...
n n

= −
+

1
1

1n

11.3.3 ’¸œ˜ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¤fl¬øÈ¬ √õ∂À˚˛±ÊÚœ˚˛ ˙Ó«¬

Î¬◊¬Û¬Û±… 1 – 

uk
k=

∞
∑

1

 ’¸œ˜ Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¤fl¬øÈ¬ √õ∂À˚˛±ÊÚœ˚˛ ˙Ó«¬ ˝À2Â lim
n

nu
→∞

= 0
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√õ∂˜±Ì – Òø¬ı˛, S un k
k

n

=
=

∑
1

Ó¬±˝À˘ {Sn} ˝À2Â ’±—ø˙fl¬ Œ˚±·Ù¬˘·≈ø˘¬ı˛ ’Ú≈flË¡˜º Œ˚À˝Ó≈¬ ’¸œ˜

Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ, ’Ó¬¤¬ı {Sn} ’Ú≈flË¡˜øÈ¬› ’øˆ¬¸±¬ı˛œº Ù¬À˘ 
lim
n

nS
→∞  ¤¬ı˛ ’ød¬Q ’±ÀÂ√º

Òø¬ı˛, lim
n

nS S
→∞

= , øfl¬ôL≈√ ¤Àé¬ÀS lim
n

nS S
→∞ − =1  fl¬±¬ı˛Ì, n – 1 → ∞, ˚‡Ú n → ∞ Ù¬À˘

lim lim
n

n
n

nS S
→∞ →∞ −− =1 0

⇒ − =
→∞ −lim ( )

n
n nS S 1 0

⇒ =
→∞
lim
n

nu 0

’Ó¬¤¬ı uk
k=

∞
∑

1
 ¤fl¬øÈ¬ ’øˆ¬¸±¬ı˛œ Œ|øÌ ˝À˘ 

lim
n

nu
→∞

= 0

˜ôL√¬ı… 1 : lim
n

nu
→∞

= 0  Œfl¬±ÀÚ± ’¸œ˜ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ˚ÀÔ©Ü ˙Ó«¬ Ú˚˛º ’Ô«±» ¤˜Ú ’ÀÚfl¬

’¸œ˜ Œ|øÌ ’±ÀÂ√ Œ˚‡±ÀÚ lim
n

nu
→∞

= 0  ’Ô‰¬ Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œº

˜ôL√¬ı… 2 : lim
n

nu
→∞

≠ 0
 ˝À˘ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˝À¬ı Ú±º

Î¬◊±˝¬ı˛Ì 1 : Œ‡±Ú Œ˚, 
1
2

2
3

3
4

+ + +...  Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ Ú˚˛º

¤‡±ÀÚ u
n

nn =
+1

Œ˚À˝Ó≈¬ lim
n

nu
→∞

≠ 0  ’Ó¬¤¬ı √õ∂M Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œº Ù¬À˘ lim lim
n

n
n

S
n→∞ →∞

= −
+

F
H

I
K =1 1

1
1

’Ô«±» √õ∂M Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ Œ˚±·Ù¬˘ 1
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Î¬◊±˝¬ı˛Ì 2 : 1 + 2+ 3 + 4 + 5 + ... Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œº fl¬±¬ı˛Ì ¤‡±ÀÚ

S n
n n

n = + + + + = +
( ... )

( )
1 2 3

1
2

 ¤¬ı— 

lim
n

nS
→∞

= + ∞

Î¬◊±˝¬ı˛Ì 3 : 1 – 1 + 1 – 1 + ...  ...   ... + (–1)n–1 + ... ...

Œ|ø“ÌøÈ¬¬ı˛ √õ∂Ô˜ n ¬ÛÀ¬ı˛ Œ˚±·Ù¬˘

Sn
0
1{  0 ˚‡Ú n ˚≈¢¨ ¸—‡…±

1 ˚‡Ú n ’ ≈̊¢¨ ¸—‡…±

Ù¬À˘ lim
n

nS
→∞  ¤¬ı˛ ’ød¬Q ŒÚ˝◊º Ó¬±˝◊ Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œº

Î¬◊±˝¬ı˛Ì 4 : ·≈ÀÌ±M¬ı˛ Œ|øÌ

r r r nk

k

= + + + + +
=

∞
∑ 1 2 2

0
... ...

¤‡±ÀÚ S
r
r r

r
rn

n n

= −
− = − − −

1
1

1
1 1

(A) ˚ø 

r < 1

 ˝˚˛, Ó¬±˝À˘ rn → 0, ˚‡Ú n → ∞ ¤¬ı— ¤¬ı˛ Ù¬À˘ lim
n

nS
r→∞

=
−
1

1  ’Ô«±»,

’¸œ˜ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ Œ˚±·Ù¬˘ 
1

1− r

(B) ˚ø 

r >1

 ˝˚˛, Ó¬±˝À˘ rn → ± ∞, ˚‡Ú n → ∞ Ù¬À˘ ¤Àé¬ÀS ’¸œ˜ Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œº

(C) ˚ø  r = 1 ˝˚˛, Ó¬±˝À˘ Sn = n → ∞, ˚‡Ú n → ∞ Ù¬À˘ ’¸œ˜ Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œº

(D) ˚‡Ú r = – 1Ó¬‡Ú ¤˝◊ Œ|øÌøÈ¬ Î¬◊±˝¬ı˛Ì 3-ŒÓ¬ √õ∂M Œ|øÌ¬ı˛ ¸Àe· ’øˆ¬ißº Ó¬±˝◊ Œ|øÌøÈ¬

’¬Û¸±¬ı˛œº

(A), (B), (C) ¤¬ı— (D) Œé¬S·≈ø˘¬ı˛ ø¸X±ôL√ ŒÔÀfl¬ ¬Û±˝◊

1 + r + r2 + ... Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˚‡Ú r <1¤¬ı—

   ’¬Û¸±¬ı˛œ ˚‡Ú r ≥1

Sn = {
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11.3.4 ’¸œ˜ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ëŒfl¬±ø˙ øÚÒ«±¬ı˛fl¬í

un
n=

∞
∑

1
’¸œ˜ Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¤fl¬øÈ¬ √õ∂À˚˛±ÊÚœ˚˛ ¤¬ı— ˚ÀÔ©Ü ˙Ó«¬ ˝À2Â Œ˚ ¤¬ı˛ ’±—ø˙fl¬

Œ˚±·Ù¬˘·≈ø˘¬ı˛ ’Ú≈flË¡˜ {Sn} ’øˆ¬¸±¬ı˛œ ˝À¬ıº Ó¬±˝◊ Œfl¬±ÀÚ± ’Ú≈flË¡À˜¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ëŒfl¬±ø˙¬ı˛ ¸±Ò±¬ı˛Ì

Ó¬M3í √õ∂À˚˛±· fl¬À¬ı˛ ’¸œ˜ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ øÚÀ‰¬¬ı˛ ¬Û¬ı˛œé¬±øÈ¬ ¬Û±›˚˛± ˚±˚˛º

Î¬◊¬Û¬Û±… 2 : ’¸œ˜ Œ|øÌ un
n=

∞
∑

1
’øˆ¬¸±¬ı˛œ ˝À¬ı ˚ø ¤¬ı— ¤fl¬˜±S ˚ø Œfl¬±ÀÚ± ÒÚ±Rfl¬ ¸—‡…±

ε-¤¬ı˛ ’Ú≈¸e·œ ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± N ≡ N (ε) ¬Û±›˚˛± ˚±˚˛ Œ˚

u u un n n p+ + ++ + + <1 2 ... ε ˚‡Ú n ≥ N (ε) ¤¬ı— p ≥ 1

√õ∂˜±Ì : Œfl¬±ÀÚ± ’Ú≈flË¡À˜¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ Œfl¬±ø˙¬ı˛ ¸±Ò±¬ı˛Ì Ó¬M3 ’Ú≈¸±À¬ı˛ un
n=

∞
∑

1
’¸œ˜ Œ|øÌøÈ¬¬ı˛

’±—ø˙fl¬ Œ˚±·Ù¬˘·≈ø˘¬ı˛ ’Ú≈flË¡˜ {Sn} ’øˆ¬¸±¬ı˛œ ˝À¬ı ˚ø ¤¬ı— ¤fl¬˜±S ˚ø Œfl¬±ÀÚ± ÒÚ±Rfl¬ ¸—‡…±

ε-¤¬ı˛ ’Ú≈¸e·œ ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± N ≡ N (ε) ¬Û±›˚˛± ˚±˚˛ Œ˚

S Sn p n+ − < ε ,  ˚‡Ú n ≥  N(ε) ¤¬ı— p ≥ 1

’Ô«±» u uk k
k

n

k

n p

− <
−=

+

∑∑
11

ε , ˚‡Ú n ≥ N(ε) ¤¬ı— p ≥ 1

’Ô«±» u u un n n p+ + ++ + + <1 2 ... ε  ˚‡Ú n ≥  N(ε) ¤¬ı— p > 1

Î¬◊±˝¬ı˛Ì 1 : Œ‡±Ú Œ˚, 
1
n∑ ’øˆ¬¸±¬ı˛œ Ú˚˛º Òø¬ı˛, ˚ø ¸y√√¬ı ˝˚˛, Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº Ó¬±˝À˘

Œfl¬±ÀÚ± ÒÚ±Rfl¬ ¸—‡…± ε [Òø¬ı˛ ε = 1
4 ) √õ∂M ˝À˘ ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± N ¬Û±›˚˛±

˚±À¬ı Œ˚ 
1

1
1

2
1

n n n p+
+

+
+ +

+
<... ε , ˚‡Ú n ≥ N ¤¬ı— p ≥ 1

øfl¬ôL≈√ n = N ¤¬ı— p = N ¬ıø¸À˚˛ ¬Û±˝◊
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1
1

1
2

1 1
1

1
2

1
2

1
2n n n p N N N

N
N+

+
+

+ +
+

=
+

+
+

+ >... ... .  = >
1

2 ε

’Ó¬¤¬ı ’±˜¬ı˛± ≈øÈ¬ ¬Û¬ı˛¶Û¬ı˛ ø¬ıÀ¬ı˛±Òœ ø¸X±ôL√ ¬Û±ø2Âº Ù¬À˘ Œ‡± ˚±À2Â Œ˚ √õ∂M Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸±¬ı˛œ

˝›˚˛± ¸y√√¬ı Ú˚˛º

˜ôL√¬ı… : ¤‡±ÀÚ Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œ øfl¬ôL≈√ 

lim
n

nu
→∞

= 0

 ¤˝◊ ’¸œ˜ Œ|øÌøÈ¬Àfl¬ ˝¬ı˛±Rfl¬ Œ|øÌ

(Harmonic Series) ¬ı˘± ˝˚˛º

Î¬◊±˝¬ı˛Ì 2 :  ’¸œ˜ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ Œfl¬±ø˙¬ı˛ ¸±Ò±¬ı˛Ì Ó¬M3 √õ∂À˚˛±· fl¬À¬ı˛ Œ‡±Ú Œ˚

1
1
2

1
3

1
4

1
11− + − + + − +−... ( ) ...n

n

’¸œ˜ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº

¸˜±Ò±Ú : ¤‡±ÀÚ 

S
nn

n= − + − + + − −1
1
2

1
3

1
4

1
11( )

¤¬ı— S
n nn p

n n
+

−= − + − + + − + − + +1 1
2

1
3

1
4 1 1 1 1

1
1( ) ( ) . . . + −

+
+ −( )1

11n p

n p

= + −
+

−
+

+ + −
+

L
NM

O
QP

−S
n n n pn

n p( ) ... ( )1
1

1
1

2
1

11

Ù¬À˘, S S
n n n pn p n

p
+

−− =
+

−
+

+ + −
+

1
1

1
2

1
11... ( )

øfl¬ôL≈√,  S S
n n n pn p n

p
+

−− =
+

−
+

+ + −
+

1
1

1
2

1
11( )

=
+

−
+

F
H

I
K + +

−
+

F
H

I
K+ +

+ −
−

+
F
H

I
K

1
1

1
2

1
3

1
4

1
1

1
n n n n n p n p

  ˚‡Ú p ˚≈¢¨
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=
+ +

+
+ +

+ +
+ − +

1
1 2

1
3 4

1
1( )( ) ( )( )

...
( )( )n n n n n p n p

 ˚‡Ú p ˚≈¢¨

¤¬ı—

S S
n n n nn p n+ − = + + + + +

1
1 2

1
3 4( )( ) ( )( )  + + + − + − + +

1
2 1

1
( )( )n p n p n p

˚‡Ú p ˚≈¢¨

’Ô«±» Î¬◊ˆ¬˚˛ Œé¬ÀS˝◊

Sn + p – Sn > 0

Ù¬À˘, S S S Sn p n n p n+ +− = −

=
+

−
+

+ + −
+

−1
1

1
2

1
11

n n n p
p( )

=
+

−
+

−
+

F
H

I
K − +

−
+

F
H

I
K

1
1

1
2

1
3

1
4

1
5n n n n n  − − + − − +

FH IK1
1

1
n p n p

˚‡Ú p ’ ≈̊¢¨

=
+

−
+

−
+

F
H

I
K − −

+ −
−

+ −
F
H

I
K − +

1
1

1
2

1
3

1
2

1
1

1
n n n n p n p n p  ˚‡Ú p ˚≈¢¨

’Ô«±», Î¬◊ˆ¬˚˛ Œé¬ÀS˝◊

S S
nn p n+ − <

−
1

1

’Ó¬¤¬ı, 

¤¬ı—  ’¸˜Ó¬±øÈ¬ ø¸X ˝À¬ı ˚‡Ú ’±˜¬ı˛± N(ε) ÒÚ±Rfl¬ ’‡G¬ ¸—‡…±øÈ¬

N( )ε
ε

> −1
1 ’¸˜Ó¬±øÈ¬ ŒÔÀfl¬ øÚÌ«˚˛ fl¬¬ı˛¬ıº Ù¬À˘ Œfl¬±ÀÚ± ÒÚ±Rfl¬ ¸—‡…± ε √õ∂M ˝À˘ ’±˜¬ı˛± ¤˜Ú

¤fl¬øÈ¬ ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± N(ε) ¬Û±˝◊ Œ˚, S Sn p n+ − < ε , ˚‡Ú n > N(ε) ¤¬ı— p ≥ 1 ⇒

√õ∂M ’¸œ˜ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº
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11.3.5 ÒÚ±Rfl¬ ¬Ûø¬ıø˙©Ü ’¸œ˜ Œ|øÌ

Î¬◊¬Û¬Û±… 1 : ÒÚ±Rfl¬ ¬Ûø¬ıø˙©Ü ’¸œ˜ Œ|øÌ¬ı˛ ’±—ø˙fl¬ Œ˚±·Ù¬À˘¬ı˛ ’Ú≈flË¡˜øÈ¬ flË¡˜¬ıÒ«˜±Úº

√õ∂˜±Ì : Òø¬ı˛ un
1

∞
∑  ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¬Ûø¬ıø˙©Ü ’¸œ˜ Œ|øÌ ¤¬ı— {Sn} ¤¬ı˛ ’±—ø˙fl¬ Œ˚±·Ù¬˘·≈ø˘¬ı˛

’Ú≈flË¡˜º

∴ Sn = u1 + u2 + ... + u2 ≥ 0,    ∀n

⇒ Sn – Sn–1 = un ≥  0

⇒ Sn  ≥ Sn–1, ∀n > 1

’Ô«±» {Sn} ’Ú≈flË¡˜øÈ¬ flË¡˜¬ıÒ«˜±Úº

Î¬◊¬Û¬Û±… 2 : ÒÚ±Rfl¬ ¬Ûø¬ıø˙©Ü ’¸œ˜ Œ|øÌ ’øˆ¬¸±¬ı˛œ ˝À¬ı ˚ø ¤¬ı— ¤fl¬˜±S ˚ø ¤˝◊ Œ|øÌøÈ¬¬ı˛

’±—ø˙fl¬ Œ˚±·Ù¬À˘¬ı˛ ’Ú≈flË¡˜øÈ¬ ÿÒ√ı« ¸œ˜±¬ıX ˝˚˛º

√õ∂˜±Ì : ÒÚ±Rfl¬ ¬Ûø¬ıø˙©Ü ’¸œ˜ Œ|øÌ¬ı˛ ’±—ø˙fl¬ Œ˚±·Ù¬À˘¬ı˛ ’Ú≈flË¡˜ flË¡˜¬ıÒ«˜±Ú [Î¬◊¬Û¬Û±…øÈ¬1)
’±¬ı±¬ı˛ flË¡˜¬ıÒ«˜±Ú ’Ú≈flË¡˜ ’øˆ¬¸±¬ı˛œ ˝À¬ı ˚ø ¤¬ı— ¤fl¬˜±S ˚ø ¤øÈ¬ ÿÒ√ı« ¸œ˜±¬ıX ˝˚˛º ’Ó¬¤¬ı

Î¬◊¬Û¬Û±…øÈ¬ √õ∂˜±øÌÓ¬ ˝˘º

Î¬◊±˝¬ı˛Ì : ¬

√õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚, 1
1
2

1
4

1
8

+ + + +  ’¸œ˜ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº

¤‡±ÀÚ Sn n
= + + + + −1 1

2
1

2

1

22 1

= −
−

= −FH
I
K < ∀1 1 2

1 1 2
2 1

1

2
2

( )n

n
n

¤¬ı— ’¸œ˜ Œ|øÌøÈ¬¬ı˛ ¬Û·≈ø˘ ÒÚ±Rfl¬º ’Ó¬¤¬ı Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº

11.3.6 Ó≈¬˘Ú± ¬Û¬ı˛œé¬±¸˜”˝

Î¬◊¬Û¬Û±… 1 : ˚ø

(a) ∑un  ¤¬ı— ∑vn ≈øÈ¬ ÒÚ±Rfl¬ ¬Ûø¬ıø˙©Ü ’¸œ˜ Œ|øÌ ˝˚˛ ¤¬ı—

(b) k(≠ 0) ¤fl¬øÈ¬ n øÚ¬ı˛À¬Ûé¬ øÚø«©Ü ÒÚ±Rfl¬ ¸—‡…± ˝˚˛ ¤¬ı—
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(c) ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± m ¬ıÓ«¬˜±Ú Œ˚ u kv n mn n≤ ∀ ≥  Ó¬±˝À˘

(i) ∑un ’øˆ¬¸±¬ı˛œ ˝À¬ı ˚ø ∑vn ’øˆ¬¸±¬ı˛œ ˝˚˛ ¤¬ı—

(ii) ∑vn ’¬Û¸±¬ı˛œ ˝À¬ı ˚ø ∑un ’¬Û¸±¬ı˛œ ˝˚˛º

√õ∂˜±Ì : Òø¬ı˛ n ≥ m

          t tn k
k

n

=
=
∑

1

¤‡Ú, S S u u un m m m n− = + + ++ +1 2

= k (tn – tm)

¬ı±,  Sn ≤   ktn + (Sm – ktm)

⇒ Sn ≤  ktn + h ... (1)

Œ˚‡±ÀÚ h = Sm – ktm ¤fl¬øÈ¬ ¸¸œ˜ ¸—‡…±º

(i) ∑vn  ’øˆ¬¸±¬ı˛œ ˝À˘ ¤¬ı˛ ’±—ø˙fl¬ Œ˚±·Ù¬À˘¬ı˛ ’Ú≈flË¡˜ {tn} ÿÒ√ı« ¸œ˜±¬ıX ˝À¬ı, Ù¬À˘

¤˜Ú ¤fl¬øÈ¬ ¸—‡…± B ¬Û±›˚˛± ˚±À¬ı Œ˚

tn ≤ B     

’Ó¬¤¬ı (1) ŒÔÀfl¬ ¬Û±˝◊

Sn ≤ kB + h,  ˚‡Ú n ≥ m

⇒ {Sn} ’Ú≈flË¡˜øÈ¬ ÿÒ√ı« ¸œ˜±¬ıXº

⇒ ∑un ’øˆ¬¸±¬ı˛œº

(ii) ∑un ’øˆ¬¸±¬ı˛œ ˝À˘ ¤¬ı˛ ’±—ø˙fl¬ Œ˚±·Ù¬À˘¬ı˛ ’Ú≈flË¡˜ {Sn} ÿÒ√ı« ¸œ˜±¬ıX Ú˚˛º Ù¬À˘

Œfl¬±ÀÚ± ÒÚ±Rfl¬ ¸—‡…± G [˚Ó¬ ¬ıÎ¬ˇ Œ˝±fl¬ Ú± Œfl¬Ú] √õ∂M ˝À˘, ¤¬ı˛ ’Ú≈¸e·œ ¤˜Ú ¤fl¬øÈ¬

ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± m0 ¬Û±›˚˛± ˚±À¬ı Œ˚

Sn > G    ∀n ≥ m0
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’Ó¬¤¬ı (1) ŒÔÀfl¬ ¬Û±˝◊  ∀n ≥ max (m, m0)

t
k

G h kn ≥ − ≠1 0( ),

⇒ {tn} ’Ú≈flË¡˜øÈ¬ ÿÒ√ı« ¸œ˜±¬ıX Ú˚˛º

⇒ ∑vn ’¬Û¸±¬ı˛œº

Î¬◊¬Û¬Û±… 2 : ˚ø ∑un ¤¬ı— ∑vn ¤˜Ú ≈øÈ¬ ÒÚ±Rfl¬ ¬Ûø¬ıø˙©Ü ’¸œ˜ Œ|øÌ ˝˚˛ Œ˚ lim
n

n

n

u

v
l

→∞
= ,

Œ˚‡±ÀÚ (l ≠ 0) ¤fl¬øÈ¬ ¸¸œ˜ ¸—‡…±, Ó¬±˝À˘ Œ|øÌ ≈øÈ¬ ˝À¬ı ¸˜-’±‰¬¬ı˛Ì˙œ˘ , ’Ô«±» ∑un ’øˆ¬¸±¬ı˛œ

˝À˘ ∑vn ’øˆ¬¸±¬ı˛œ ˝À¬ı ¤¬ı— ∑un ’¬Û¸±¬ı˛œ ˝À˘ ∑vn ’¬Û¸±¬ı˛œ ˝À¬ıº

√õ∂˜±Ì : ¶Û©ÜÓ¬ ◊̋ l > 0. Òø¬ı˛ ε ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¸—‡…± Œ˚ l – ε > 0, Œ˚À˝Ó≈¬ lim
n

n

n

u

v
l

→∞
= ,

’Ó¬¤¬ı ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± m ¬Û±›˚˛± ˚±À¬ı Œ˚

u

v
l n mn

n

− < ∀ ≥ε

⇒ − < < + ∀ ≥l
u

v
l n mn

n

ε ε

⇒ − < < + ∀ ≥( ) ( )l v u l v n mn n nε ε ....... (1)

¤‡Ú, ˚ø ∑vn ’øˆ¬¸±¬ı˛œ ˝˚˛ Ó¬±˝À˘ (1) ŒÔÀfl¬ ¬Û±˝◊

u l v n mn n< + ∀ ≥( )ε

’Ô«±» [Î¬◊¬Û¬Û±… 1 ŒÔÀfl¬ ¬Û±˝◊] ∑un ’øˆ¬¸±¬ı˛œ ’±¬ı±¬ı˛ ˚ø  ∑vn ’¬Û¸±¬ı˛œ ˝˚˛ Ó¬±˝À˘ (1) ŒÔÀfl¬

¬Û±˝◊ un > u(l – ε) vn     ∀ ≥n m

’Ô«±» ∑un ’¬Û¸±¬ı˛œ [Î¬◊¬Û¬Û±… 1 √õ∂À˚˛±· fl¬À¬ı˛]

Î¬◊±˝¬ı˛Ì 1 : Œ‡±Ú Œ˚, 
1
1

1
2

1
3!! !

+ + +  Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº
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¸˜±Ò±Ú : ¤‡±ÀÚ 
1
2

1
2!

=

1
3

1
22! <

1
4

1

23!
<

...  ...  ...

...  ...  ...

1 1

2 1n n!
< −

∴ + + + < + + + +1
1

1
2

1
3!

1 1
2

1

2

1

22 3! !

’Ô«±» √õ∂M Œ|øÌøÈ¬¬ı˛ ¬ÛÀ¬ı˛ ¬Û¬ı˛¬ıÓ«¬œ ¸˜d¬ ¬Û Î¬±ÚøÀfl¬¬ı˛ ’øˆ¬¸±¬ı˛œ ·≈ÀÌ±M¬ı˛ Œ|øÌ¬ı˛ ’Ú≈¬ı˛”¬Û

¬Û ŒÔÀfl¬ é≈¬^Ó¬¬ı˛º ’Ó¬¤¬ı √õ∂Ô˜ Ó≈¬˘Ú± ¬Û¬ı˛œé¬± ŒÔÀfl¬ ¬Û±˝◊ Œ˚ √õ∂M Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº

Î¬◊±˝¬ı˛Ì 2 : Œ‡±Ú Œ˚, 1
1

2

1

3

1

4

1

5
+ + + + +  Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œº

¸˜±Ò±Ú : ¤‡±ÀÚ 1 = 1

1

2

1
2

>

1

3

1
3

>

...  ...   ...

 ...  ...   ...

1 1

n n
>

’Ó¬¤¬ı 1
1

2

1

3
1

1
2

1
3

+ + + > + + +
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’Ô«±» √õ∂M Œ|øÌøÈ¬¬ı˛ √õ∂Ô˜ ¬ÛÀ¬ı˛ ¬Û¬ı˛¬ıÓ«¬œ ¬Û¬ı˛¬ıÓ«¬œ ¸˜d¬ ¬Û Î¬±ÚøÀfl¬¬ı˛ ’¬Û¸±¬ı˛œ ˝¬ı˛±Rfl¬ Œ|øÌ¬ı˛

(Harmonic series) ’Ú≈¬ı˛”¬Û ¬Û·≈ø˘ ’À¬Ûé¬± ¬ı‘˝M¬ı˛º ’Ó¬¤¬ı √õ∂M Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œº

11.3.7 ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬±¸˜”˝ (Convergence Tests)

¤˝◊ ¬Ûø¬ı˛À2ÂÀ ÒÚ±Rfl¬ ¬ı± ’Ÿ¬Ì±Rfl¬ ¬Ûø¬ıø˙©Ü ’¸œ˜ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ fl¬øÓ¬¬Û˚˛ ¬Û¬ı˛œé¬± ¬ıøÌ«Ó¬

˝À2Âº

A. ëŒfl¬±ø˙¬ı˛ ¸˜±fl¬˘ ¬Û¬ı˛œé¬±í (Cauchy’s Integral Test)

Î¬◊¬Û¬Û±… : ˚ø u(x) ¤fl¬øÈ¬ ’Ÿ¬Ì±Rfl¬, flË¡˜˝ò±¸˜±Ú, ¸˜±fl¬˘ÚÀ˚±·… ’À¬Ûé¬fl¬ ˝˚˛ Ó¬±˝À˘ ’˚Ô±Ô«

¸˜±fl¬˘ u x dx( )
1

∞z  ¤¬ı— ’¸œ˜ Œ|øÌ 

u n( )
1

∞
∑

 ’øˆ¬¸¬ı˛Ì ¬ı± ’¬Û¸¬ı˛Ì ø¬ı¯∏À˚˛ ¸˜-’±‰¬¬ı˛Ì˙œ˘ ˝À¬ıº

√õ∂˜±Ì : u(x) ’¬ÛÀé¬fl¬øÈ¬ flË¡˜˝ò±¸˜±Ú ˝›˚˛±˚˛

u(k + 1) ≤ u(x) ≤ u(k)    ˚‡Ú k ≤ x ≤ k + 1

’¸˜Ó¬±·≈ø˘¬ı˛ √õ∂ÀÓ¬…fl¬ ¬ÛÀfl¬ ¸˜±fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

u k dx u x dx u k dx k n
k

k

k

k

k

k
( ) ( ) ( ) , . .. ,+ ≤ ≤ =

+++ zzz 1 1 2,
111

’Ô«±» u k u x dx u x
k

k
( ) ( ) ( )+ ≤ ≤

+z1
1

    (1) k = 1, 2, ... , n

⇒ + ≤ ≤
=

−+

=

−

=

−
∑z∑∑u k u x dx u k
k

n

k

k

k

n

k

n

( ) ( ) ( )1
1

11

1

1

1

1

⇒ ≤ ≤
=

−

=
∑z∑u k u x dx u k
k

nn

k

n

( ) ( ) ( )
1

1

1
2

¤‡Ú u k u u u Sk k k n
k

n

( ) ,≡ = ∑∑
=1

 ¤¬ı—

u x dx In

n
( ) =z1  ¬ıø¸À˚˛ ¬Û±˝◊

Sn – u1 ≤ In ≤ Sn – un

⇒ 0 ≤ un ≤ (Sn – In) ≤ u1
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¤¬ı±¬ı˛, ’±˜¬ı˛± {Sn – In} ’Ú≈flË¡˜øÈ¬ ø¬ıÀ¬ı‰¬Ú± fl¬ø¬ı˛º

¤‡Ú, ( ) ( ) ( ) ( )S I S I S S I In n n n n n n n− − − = − −− − − − −1 1 1 1

    

    ≤ 0              (1) ŒÔÀfl¬ ¬Û±˝◊

’Ó¬¤¬ı {Sn – In} ’Ú≈flË¡˜øÈ¬ flË¡˜˝ò±¸˜±Ú ¤¬ı— ¸œ˜±¬ıX 0 ≤ (Sn – In) ≤ u1

’Ó¬¤¬ı ’Ú≈flË¡˜øÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı—

0 ≤ lim (Sn – In) ≤  u1

⇒
∞
∑un
1

 ’¸œ˜ Œ|øÌøÈ¬ ¤¬ı— u x dx( )
1

∞z  ’˚Ô±Ô« ¸˜±fl¬˘øÈ¬ ’øˆ¬¸¬ı˛Ì ¬ı± ’¬Û¸¬ı˛Ì ø¬ı¯∏À˚˛

¸˜-’±‰¬¬ı˛Ì˙œ˘º

Î¬◊±˝¬ı˛Ì : Œ‡±Ú Œ˚,  ’¸œ˜ Œ|øÌøÈ¬  p > 1 ˝À˘ ’øˆ¬¸±¬ı˛œ ¤¬ı—  p ≤ 1 ˝À˘

’¬Û¸±¬ı˛œº

¸˜±Ò±Ú : Òø¬ı˛, u x
x p

( ) = 1

¤‡±ÀÚ ′ = − <− +u x px p( ) ( )1 0 ,    ˚‡Ú  x ≥ 1

’Ó¬¤¬ı u(x) ’À¬Ûé¬fl¬øÈ¬ ’Ÿ¬Ì±Rfl¬, flË¡˜˝ò±¸˜±Ú ¤¬ı— ¸˜±fl¬˘ÚÀ˚±·… ’À¬Ûé¬fl¬ ˚‡Ú x ≥1

¤¬ı—  u n u
n

n Nn p
( ) = = ∀ ∈1

¸˜±fl¬˘Ú ¬Û¬ı˛œé¬± ŒÔÀfl¬ ¬Û±˝◊ Œ˚

un
1

∞
∑  ¤¬ı— u x dx( )

1

∞z  ¤fl¬¸Àe· ’øˆ¬¸±¬ı˛œ ¬ı± ’¬Û¸±¬ı˛œ ˝À¬ıº

¤‡Ú, 



281

= =
−

−
→∞

−
→∞

−zlim lim ( )
R

p

R

pR
x dx

p
R

1
1

11
1 ˚‡Ú p ≠ 1

     =
→∞

lim log
R

R ˚‡Ú p = 1

∴ = −
∞

R
S|
T|

∞z u x dx p( )
,

1
1

1 ˚‡Ú  p > 1

˚‡Ú  0 < p ≤ 1

’Ó¬¤¬ı u x dx( )
1

∞z   ’øˆ¬¸±¬ı˛œ ˝À¬ı, ˚‡Ú p > 1

¤¬ı— ’¬Û¸±¬ı˛œ ˝À¬ı, ˚‡Ú 0 < p ≤ 1

p < 0 ˝À˘, Œ˚À˝Ó≈¬ 

u x
x

x q p
p

q( ) , ( )= = = − >1
0

 flË¡˜¬ıÒ«˜±Ú ’À¬Ûé¬fl¬, ¤˝◊ ¬Û¬ı˛œé¬±øÈ¬

√õ∂À˚±Ê… ˝À¬ı Ú±º øfl¬ôL≈√ Ó¬‡Ú 
1

n p∑ Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œ fl¬±¬ı˛Ì lim lim
n p n

q

n
n

→∞ →∞
= = ∞1

’Ó¬¤¬ı 
1

n p∑ Œ|øÌøÈ¬  p > 1 ˝À˘ ’øˆ¬¸±¬ı˛œ ¤¬ı—

p ≤  1 ˝À˘ ’¬Û¸±¬ı˛œ ˝À¬ıº

B. …-’±À˘˜¬ı±ÀÈ«¬¬ı˛ ’Ú≈¬Û±Ó¬ ¬Û¬ı˛œé¬± (d’Alembert’s Ratio Test)

Î¬◊¬Û¬Û±… : ˚ø ∑un ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¬Ûø¬ıø˙©Ü ’¸œ˜ Œ|øÌ ˝˚˛ Œ˚, lim
n

n

n

u

u
l

→∞

+
=

1
 Ó¬±˝À˘

Œ|øÌøÈ¬

(i) ’øˆ¬¸±¬ı˛œ ˝À¬ı, ˚‡Ú l < 1

(ii) ’¬Û¸±¬ı˛œ ˝À¬ı, ˚‡Ú l > 1

(iii) ¬Û¬ı˛œé¬±øÈ¬ ¬ı…Ô«, ˚‡Ú l = 1
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√õ∂˜±Ì : √õ∂Ô˜ Œé¬ÀS 0 < l < 1
¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¸—‡…± ε ŒÚ›˚˛± ˝À2Â Œ˚ l + ε < 1

Òø¬ı˛, l + ε = a < 1, α ≠ 0

Œ˚À˝Ó≈¬ lim
n

n

n

u

u
l

→∞
+ =1

 ’Ó¬¤¬ı ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± m ¬Û±›˚˛± ˚±À¬ı Œ˚

u

u
l n mn

n

+ − < ∀ ≥1 ε,

⇒ − < < + ∀ ≥+l
u

u
l n mn

n

ε ε1 ,

⇒ < + = ∀ ≥+u

u
l n mn

n

1 ε α

’±¬ı±¬ı˛ ˚‡Ú n ≥ m

u

u

u

u

u

u

u

u
n

m

m

m

m

m

n

n

n m= <+ +

+ −

−1 2

1 1
. α

⇒ < FHG
I
KJ ∀ ≥ <u

u
mn

m
m

n
nα

α α, , 1

Œ˚À˝Ó≈¬ m ¤fl¬øÈ¬ øÚø«©Ü ’‡G¬ ¸—‡…± ’Ó¬¤¬ı 

um
mα
F
H
I
K  ¤fl¬øÈ¬ øÚø«©Ü ¸¸œ˜ ¸—‡…± = k [Ò¬ı˛±

˚±fl¬]

Ù¬À˘, u k n mn
n< ∀ ≥α ,

øfl¬ôL≈√ ∑αn  
¤fl¬øÈ¬ ’øˆ¬¸±¬ı˛œ ·≈ÀÌ±M¬ı˛ Œ|øÌ [Œ˚À˝Ó≈¬ α < 1)º ’Ó¬¤¬ı Ó≈¬˘Ú± ¬Û¬ı˛œé¬± ŒÔÀfl¬

¬Û±˝◊ Œ˚, ∑un ’øˆ¬¸±¬ı˛œ Œ|øÌº

ø¬ZÓ¬œ˚˛ Œé¬S : l > 1

¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¸—‡…± ε ŒÚ›˚˛± ˚±fl¬ Œ˚ l – ε > 1 ˝ ˛̊º

Òø¬ı˛, l –  ε = β > 1
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Œ˚À˝Ó≈¬ lim
n

n

n

u

u
l

→∞
+ =1

, ’Ó¬¤¬ı ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¸—‡…± m0 ¬Û±›˚˛± ˚±À¬ı Œ˚

l
u

u
l n mn

n

− < < + ∀ ≥+ε ε1
0,

⇒ > − = ∀ ≥+u

u
l n mn

n

1
0ε β,

¤‡Ú, 

u
u

u

u

u

u
u

u
n mn

m

m

m

m

m

n

n

n m

0

0

0

0

0

0
1 1

1 1
0= > ∀ ≥+ +

+ −

−. ,β

⇒ >
F
HG
I
KJ ∀ ≥u

u
n mn

m

m
n0

0 0β
β , .

Œ˚À˝Ó≈¬ m0 ¤fl¬øÈ¬ øÚø«©Ü ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± ’Ó¬¤¬ı 

um

m
0

0β
 ¤fl¬øÈ¬ øÚø«©Ü ¸¸œ˜ ¸—‡…±

= λ [Ò¬ı˛± ˚±fl¬]

Ù¬À˘, u n mn
n> ∀ ≥λβ , 0

øfl¬ôL≈√ βn

1

∞
∑  ¤fl¬øÈ¬ ’¬Û¸±¬ı˛œ Œ|øÌ (β > 1)º ’Ó¬¤¬ı un

1

∞
∑  ˝À¬ı  ¤fl¬øÈ¬ ’¬Û¸±¬ı˛œ Œ|øÌº

˜ôL√¬ı… : l = 1 ˝À˘ ¤˝◊ ¬Û¬ı˛œé¬±øÈ¬ ŒÔÀfl¬ ’¸œ˜ Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı± ’¬Û¸¬ı˛Ì ø¬ı¯∏À˚˛ øfl¬Â√≈˝◊

¬ı˘± ¸y√√¬ı ˝˚˛ Ú±º ¤˝◊ ÊÚ… ¬ı˘± ˝˚˛ l = 1 ˝À˘ ¬Û¬ı˛œé¬±øÈ¬ ¬ı…Ô«º

Î¬◊±˝¬ı˛Ì¶§¬ı˛”¬Û (i) 
1
n∑ ¤¬ı— (ii) 

1
2n

∑  Œ|øÌ ≈øÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì øÚÀ˚˛ ’±À˘±‰¬Ú± fl¬¬ı˛± ˚±˚˛º

Î¬◊ˆ¬˚˛Àé¬ÀS˝◊ l
u

un

n

n

= =
→∞

+lim ,1 1  øfl¬ôL≈√ √õ∂Ô˜ Œ|øÌøÈ¬ ˝¬ı˛±Rfl¬ Œ|øÌ (Harmonic series) ¤¬ı—

’¬Û¸±¬ı˛œº ø¬ZÓ¬œ˚˛ Œ|øÌøÈ¬ 
1

n p∑  Œ|øÌ¬ı˛ ¸Àe· Ó≈¬˘Úœ˚˛ Œ˚‡±ÀÚ p = 2 > 1 Ù¬À˘ ¤øÈ¬ ’øˆ¬¸±¬ı˛œº
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C. Œfl¬±ø˙¬ı˛ ¬ıœÊ-¬Û¬ı˛œé¬± (Cauchy’s Root Test)
Î¬◊¬Û¬Û±… : ˚ø ∑un¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¬Ûø¬ıø˙©Ü ’¸œ˜ Œ|øÌ ˝˚˛ Œ˚

lim
n

n
n u l

→∞
=

Ó¬±˝À˘ Œ|øÌøÈ¬

(i) ’øˆ¬¸±¬ı˛œ ˝À¬ı, ˚‡Ú l < 1

(ii) ’¬Û¸±¬ı˛œ ˝À¬ı, ˚‡Ú l > 1

(iii) ¬Û¬ı˛œé¬±øÈ¬ ŒÔÀfl¬ Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ’Ô¬ı± ’¬Û¸¬ı˛Ì øÚÌ«˚˛ fl¬¬ı˛± ¸y√√¬ı Ú˚˛, ˚‡Ú l = 1
¤¬ı˛ √õ∂˜±ÌøÈ¬ ¬Û”¬ı«¬ıÓ«¬œ Î¬◊¬Û¬Û±À…¬ı˛ ’Ú≈¬ı˛”¬Û ˝›˚˛±˚˛ ¤‡±ÀÚ ¬ıøÊ«Ó¬ ˝˘º

Î¬◊±˝¬ı˛Ì  1 : Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ øfl¬Ú± øÚÌ«˚˛ fl¬¬ı˛≈Úº

1
2 3 4

2

2

2

3
+ + + +x x x

¸˜±Ò±Ú : ¤‡±ÀÚ u
x

n
n un

n

=
+
F
H
I
K > =

1
1 11, ,

’Ó¬¤¬ı u
x

nn
nb g1

1
=

+

 ˚‡Ú x ¸¸œ˜º

Ù¬À˘, Œfl¬±ø˙¬ı˛ ¬ıœÊ-¬Û¬ı˛œé¬± ŒÔÀfl¬ ¬Û±˝◊ Œ˚, x Œfl¬±Ú ¸¸œ˜ (finite) ¸—‡…± ˝À˘ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ

˝À¬ıº

Î¬◊±˝¬ı˛Ì 2 : øÚÀ‰¬¬ı˛ Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬± fl¬¬ı˛≈Úº

1
2

2
3

3
4 1

+ + + +
+

+n
n

¤‡±ÀÚ 
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øfl¬ôL≈√ un +1 > un, ∀n  Ù¬À˘ 
lim
n

nu
→∞

≠ 0

⇒ Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œº

11.3.8 ¤fl¬±ôL√¬ı˛ Œ|øÌ, øÚ–˙Ó«¬ ¤¬ı— ˙Ó«¬±ÒœÚ ’øˆ¬¸¬ı˛Ì

¸—:± 1 :  Òø¬ı˛ ∑un ¤fl¬øÈ¬ ¬ı±d¬¬ı ¸—‡…±¬ı˛ ’¸œ˜ Œ|øÌº Ó¬±˝À˘

(i) Œ|øÌøÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝À¬ı, ˚‡Ú un∑  Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˝˚˛º

(ii) Œ|øÌøÈ¬ ˙Ó«¬±ÒœÚˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝À¬ı, ˚‡Ú 

un∑

 Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œ øfl¬ôL≈√≈ ∑un Œ|øÌøÈ¬

’øˆ¬¸±¬ı˛œ ˝˚˛º

¸—:± 2 : Œfl¬±ÀÚ± ’¸œ˜ Œ|øÌ¬ı˛ ¬Û·≈ø˘ ¤fl¬±ôL√¬ı˛flË¡À˜ ÒÚ±Rfl¬ ¤¬ı— Ÿ¬Ì±Rfl¬ ˝À˘ Œ|øÌøÈ¬Àfl¬

¤fl¬±ôL√¬ı˛ Œ|øÌ ¬ı˘± ˝˚˛º

¤fl¬±ôL√¬ı˛ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ˘œ¬ıøÚ»À¸¬ı˛ ¬Û¬ı˛œé¬± (Leibnitz Test) –

Î¬◊¬Û¬Û±…

˚ø u u u u un
n1 2 3 4

11− + − + − +−( )

¤fl¬±ôL√ Œ|øÌøÈ¬ ¤˜Ú ˝˚˛ Œ˚

(i) u u nn n+ ≤ ∀1 ,

(ii) 

lim
n

nu
→∞

= 0

Ó¬±˝À˘ ¤fl¬±ôL√¬ı˛ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˝À¬ıº

√õ∂˜±Ì : Òø¬ı˛ S u u u u un
n

n= − + − + + − −
1 2 3 4

11( )

Ó¬±˝À˘ S S u u nn n n n2 2 2 2 1 2 2 0+ + +− = − ≥ ∀,

⇒ S2n + 2 ≥ S2n

⇒ {S2n} ’Ú≈flË¡˜øÈ¬ flË¡˜¬ıÒ«˜±Úº

’±¬ı±¬ı˛, S u u u u u u u un n n n2 1 2 3 4 5 2 2 2 1 2= − − − − − − − −− −( ) ( ) ( )
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øfl¬ôL≈√ un+1 ≤  un,    ˝›˚˛±ÀÓ¬ Î¬±ÚøÀfl¬¬ı˛ √õ∂ÀÓ¬…fl¬ ¬ıKÒÚœ¬ı˛ ˜Ò…àÔ ¬Û ÒÚ±Rfl¬ ¤¬ı— Ó¬±¬ı˛

Ù¬À˘ S2n < u1,        ∀n

’Ó¬¤¬ı flË¡˜¬ıÒ«˜±Ú ’Ú≈flË¡˜ {S2n} ÿÒ√ı« ¸œ˜±¬ıX ¤¬ı— {S2n} ’Ú≈flË¡˜øÈ¬ ’øˆ¬¸±¬ı˛œº

Òø¬ı˛, lim
n

nS A
→∞

=2

’±¬ı±¬ı˛ S S un n n2 1 2 2 1+ += +

= +
→∞
lim
n

nS2 0
 [√õ∂M ˙Ó«¬]

= =
→∞
lim
n

nS S2 [Òø¬ı˛]

’Ó¬¤¬ı {S2n} ¤¬ı— {S2n+1} Î¬◊ˆ¬˚˛ ’Ú≈flË¡˜˝◊ ¤fl¬˝◊ ¸œ˜±ÀÓ¬ ’øˆ¬¸±¬ı˛œº ’±˜¬ı˛± ¤¬ı±¬ı˛ Œ‡±À¬ı±

Œ˚ {Sn} ’Ú≈flË¡˜øÈ¬› ‹ ¤fl¬˝◊ ¸œ˜±ÀÓ¬ ’øˆ¬¸±¬ı˛œ (Converges to the same limit)º Œ˚À˝Ó≈¬

lim lim
n

n
n

nS S S
→∞ →∞ += =2 2 1

Œfl¬±ÀÚ± ÒÚ±Rfl¬ ¸—‡…± ε √õ∂M ˝À˘ ¤˜Ú ≈øÈ¬ ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± m1, m2 ¬Û±›˚˛± ˚±À¬ı

Œ˚

S S n mn2 1− < ∀ ≥ε, (1)

¤¬ı— S S n mn2 1 2+ − < ∀ ≥ε, (2)

’Ó¬¤¬ı (1) ¤¬ı— (2) ŒÔÀfl¬ ¬Û±˝◊

S S n m mn − < ∀ ≥ +ε, max{ , }2 2 11 2

⇒{Sn} ’Ú≈flË¡˜øÈ¬ S ¸œ˜±ÀÓ¬ ’øˆ¬¸±¬ı˛œº

⇒ ∑(–1)n–1 un Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº

Î¬◊±˝¬ı˛Ì : Œ‡±Ú Œ˚, 

Œ|øÌøÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ  , øfl¬ôL≈√

1
1
2

1
3

1
4

− + − +

Œ|øÌøÈ¬ ˙Ó«¬±ÒœÚˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ

[øÚÀÊ fl¬À¬ı˛±]º
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Î¬◊¬Û¬Û±… : øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ Œfl¬±Ú ’¸œ˜ Œ|øÌ ’øˆ¬¸±¬ı˛œ ˝À¬ıº

√õ∂˜±Ì : Òø¬ı˛, un
1

∞
∑  Œ|øÌøÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº Ó¬±˝À˘ un

1

∞
∑  Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº ’Ó¬¤¬ı

Œfl¬±ø˙¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¸±Ò±¬ı˛Ì Ó¬M3 ŒÔÀfl¬ ¬Û±˝◊ Œ˚, Œfl¬±ÀÚ± ÒÚ±Rfl¬ ¸—‡…± ε √õ∂M ˝À˘ ¤˜Ú ¤fl¬øÈ¬

ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± m ¬Û±›˚˛± ˚±À¬ı Œ˚

u u u n mn n n p+ + ++ + + ≤ ∀ ≥1 2 ε,  ¤¬ı— p ≥ 1

’Ô«±» u u u n mn n n p+ + ++ + + ≤ ∀ ≥1 2 ε,  ¤¬ı— p ≥ 1

’±¬ı±¬ı˛ p ≥ 1 ¤¬ı— ¸fl¬˘ ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± n-¤¬ı˛ ÊÚ…

u u u u u un n n p n n n p+ + + + + ++ + + ≤ + + + ≤1 2 1 2 ε,  ∀ ≥n m  ¤¬ı— p ≥ 1

⇒ un∑
∞

1
’øˆ¬¸±¬ı˛œº

Î¬◊±˝¬¬ı˛Ì 1 : øÚÀ‰¬¬ı˛ Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬± fl¬¬ı˛≈Úº

sin sin sinα α α
1

2

22 2 2
+ + + +n

n

Œ˚‡±ÀÚ α ¤fl¬øÈ¬ ¬ı±d¬¬ı ¬ı˛±ø˙º

¸˜±Ò±Ú : Òø¬ı˛, u
n

n
n = sin α

2

Ó¬±˝À˘ u
n

n
n = + + + +

∞
∑

sin sin sinα α α
1

2

22 2 2
1

≤ + + + +1

1

1

2

1
2 2 2n

∴ ≤
∞∞
∑∑ u

n
n

1
2

11
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øfl¬ôL≈√ 
1
2

1 n

∞
∑  ’¸œ˜ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº Ù¬À˘ Ó≈¬˘Ú± ¬Û¬ı˛œé¬± ŒÔÀfl¬ ¬Û±˝◊ un

1

∞
∑  Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ

⇒ √õ∂M Œ|øÌøÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤ fl¬±¬ı˛ÀÌ ’øˆ¬¸±¬ı˛œº

Î¬◊±˝¬ı˛Ì 2 : Œ‡±Ú Œ˚, 1
2 3!

2 3
+ + + + + +x

x x x
n

n

! !
 Œ|øÌøÈ¬ x-¤¬ı˛ √õ∂ÀÓ¬…fl¬ ˜±ÀÚ¬ı˛ ÊÚ…

øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ¤¬ı— √õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚, lim
!n

nx
n→∞

= 0 º

¸˜±Ò±Ú : Òø¬ı˛, u
x
n

n un

n

= ≥ =
!

, ,1 10

¤‡Ú, 
lim lim !

( )!

n

n

n n

n

n

u

u

x

n

x

n

→∞ + →∞ +
=

+
1 1

1

= + → ∞ ≠
→∞
lim ( )
n

n
x

x
1 0

’Ó¬¤¬ı  ’Ú≈¬Û±Ó¬ ¬Û¬ı˛œé¬± ŒÔÀfl¬ ¬Û±˝◊ Œ˚ Œ|øÌøÈ¬ x = 0 ¬ı…Ó¬œÓ¬ ’Ú… ¸˜d¬ ˜±ÀÚ¬ı˛ ÊÚ… øÚ–˙Ó«¬ˆ¬±À¬ı

’øˆ¬¸±¬ı˛œº øfl¬ôL≈√ x = 0 ˝À˘ ¶Û©ÜÓ¬˝◊ Œ|øÌøÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº Ó¬±˝◊ x-¤¬ı˛ ¸fl¬˘ ˜±ÀÚ¬ı˛ ÊÚ…˝◊

Œ|øÌøÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

ø¬ZÓ¬œ˚˛ ’—˙, Œ˚À˝Ó≈¬ Œfl¬±ÀÚ± ’øˆ¬¸±¬ı˛œ Œ|øÌ ∑un-¤¬ı˛ n Ó¬˜ ¬ÛÀ¬ı˛ ¸œ˜± ˙”Ú… ˚‡Ú n → ∞
Ó¬±˝◊ ¤Àé¬ÀS

lim lim
!n

n
n

n

u
x
n→∞ →∞

= = 0

Î¬◊±˝¬ı˛Ì 3 : Œ‡±Ú Œ˚, lim ( ) ( )
( )!n

nm m m n
n

x
→∞

− − +
− =1 1

1 0

˚‡Ú  ¤¬ı— m Œ˚-Œfl¬±ÀÚ± ¬ı±d¬¬ı ¸—‡…±º

¸˜±Ò±Ú : Òø¬ı˛, un
1

∞
∑  ’¸œ˜ Œ|øÌøÈ¬¬ı˛ n Ó¬˜ ¬Û
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u
m m m n

n
xn

n= − − +
−

( ) ( )
( )!
1 1

1

¤‡Ú 

lim lim lim
n

n

n n n

u

u

n

m n x

n
m n x→∞ + →∞ →∞

=
−

=
−1

1 1

=
−

=
→∞
lim

n m
n

x x
1

1

1 1

’Ó¬¤¬ı ∑unŒ|øÌøÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ, ˚‡Ú 

x < 1

⇒ ∑un Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ, ˚‡Ú x <1

⇒ =
→∞
lim
n

nu 0  ˚‡Ú x <1

⇒ − − − +
−

=
→∞
lim

( )( ) ( )
( )!n

nm m m m n
n

x
1 2 1

1
0  ˚‡Ú 

x < 1 Î¬◊±˝¬ı˛Ì 4 : øÚÀ‰¬¬ı˛ ˘·±ø¬ı˛˜ƒ Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’±À˘±‰¬Ú± fl¬¬ı˛≈Úº

x
x

x− + −
2

3
2

1
3

¤‡±ÀÚ u
x
n

u
x
nn

n
n

n
n

n

= − = − +
−

+

+
( ) , ( )1 1

1
1

1

1

Ù¬À˘ 

u

u
x

n
n

xn

n

+ = + →1
1 ,  ˚‡Ú n → ∞ ’Ó¬¤¬ı …-’±À˘˜¬ı±ÀÈ«¬¬ı˛ Ó≈¬˘Ú± ¬Û¬ı˛œé¬± ŒÔÀfl¬

¬Û±˝◊ Œ˚ Œ|øÌøÈ¬ x <1  ˝À˘ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ¤¬ı— x > 1 ˝À˘ ’¬Û¸±¬ı˛œº

’±¬ı±¬ı˛, ˚‡Ú 

x x= ⇒ =1 1

’Ô¬ı± –1,

√õ∂Ô˜ Œé¬S x = 1, Œ|øÌøÈ¬ ( )− −

=

∞
∑ 1

11

1

n

n
n  ¤fl¬øÈ¬ ¤fl¬±ôL√¬ı˛ Œ|øÌº ˘œ¬ıøÚ»À¸¬ı˛ ¬Û¬ı˛œé¬± ŒÔÀfl¬

¬Û±˝◊ [Œ˚À˝Ó≈¬ lim un = 0 ¤¬ı— u un n n+ ∀<1 , ) Œ˚ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº
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øfl¬ôL≈√ ( )− =−

=

∞

=

∞
∑∑ 1

1 11

11

n

nn
n n  Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œº ’Ó¬¤¬ı x = 1 ø¬ıμ≈ÀÓ¬ Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì øÚ–˙Ó«¬

Ú˚˛º

ø¬ZÓ¬œ˚˛ Œé¬S  x = – 1,  ¤‡Ú

u
n n

nn
n= − = − ∀−( )1 1 12 1

’Ô«±» Œ|øÌøÈ¬ ˝À2Â

− + + + = + +F
H

I
K1 1

2
1
3

1
n

¤øÈ¬ ¤fl¬øÈ¬ ’¬Û¸±¬ı˛œ Œ|øÌº

11.3.9 øÚ–˙Ó«¬ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¸œ˜±-¬Û¬ı˛œé¬± (Limit Test for Absolute Convergence)

Î¬◊¬Û¬Û±… :  p > 1 ˝À˘ ˚ø lim
n

p
nn u A

→∞
= =  ¤fl¬øÈ¬ ¸¸œ˜ ¸˜‡…± ˝˚˛ Ó¬±˝À˘ un

1

∞
∑  Œ|øÌøÈ¬

øÚ–˙Ó¬«ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝À¬ıº

√õ∂˜±Ì : lim lim
n

p
n

n

p
nn u A n u A

→∞ →∞
= ⇒ =

’Ó¬¤¬ı ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± m ¬Û±›˚˛± ˚±À¬ı Œ˚

n u Ap
n < +1 ˚‡Ú  n ≥ m

⇒ < +−u n An
p ( )1 ˚‡Ú n ≥ m

⇒ < +
=

∞

=

∞
∑∑ u A

n
n p

n mn m

( )1
1

Œ˚À˝Ó≈¬ 
1

n p∑  Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˚‡Ú p > 1, ’Ó¬¤¬ı (1) ŒÔÀfl¬ ¬Û±˝◊ un
1

∞
∑  Œ|øÌøÈ¬›

’øˆ¬¸±¬ı˛œ ˝À¬ı  , ˚‡Ú p > 1, ’Ó¬¤¬ı Î¬◊¬Û¬Û±…øÈ¬ √õ∂˜±øÌÓ¬ ˝˘º
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’¬Û¸¬ı˛ÀÌ¬ı˛ ¸œ˜± ¬Û¬ı˛œé¬± (Limit Test for Divergence)

Î¬◊¬Û¬Û±… :

˚ø 
lim ( )
n

nnu A
→∞

= ≠ 0
’Ô¬ı± A = ± ∞

Ó¬±˝À˘ ∑un ’¬Û¸±¬ı˛œ ˝À¬ıº

A = 0 ˝À˘ ¬Û¬ı˛œé¬±øÈ¬ ¬ı…Ô«º

√õ∂˜±Ì : √õ∂Ô˜ Œé¬S A > 0 [’Ô¬ı± + ∞)

lim
n

nnu A
→∞

=

’Ó¬¤¬ı ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± m ¬Û±›˚˛± ˚±À¬ı Œ˚

nu
A

n >
2

, ˚‡Ú n = m, m + 1, ...

⇒ >u
A

nn 2
1

, ˚‡Ú n = m, m + 1, ...

⇒ >
∞∞
∑∑u

A
nn

mm
2

1

⇒
∞
∑un
m

 ’¬Û¸±¬ı˛œ Œ˚À˝Ó≈¬ 
1
n

m

∞
∑  Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œº

’¸œ˜ ’Ó¬¤¬ı un
1

∞
∑  Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œº

ø¬ZÓ¬œ˚˛ Œé¬S A < 0 [’Ô¬ı± – ∞)

¤‡±ÀÚ ( )−
∞
∑ un
1

Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œ ˝À¬ı Ù¬À˘ un
1

∞
∑  Œ|øÌøÈ¬› ’¬Û¸±¬ı˛œ ˝À¬ıº

A = 0 ˝À˘ ¤˝◊ ¬Û¬ı˛œé¬±øÈ¬ ŒÔÀfl¬ Œfl¬±ÀÚ± ’¸œ˜ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı± ’¬Û¬ı˛¸Ì ø¬ı¯∏À˚˛ øÚø(Ó¬

˝›˚˛± ˚±˚˛ Ú±º

1
2

1 n

∞
∑  ¤¬ı— 

1

2 n nlog

∞
∑  ≈øÈ¬ Œ|øÌ¬ı˛ Œé¬ÀS˝◊ A = 0º øfl¬ôL≈√ √õ∂Ô˜ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ, ’±¬ı˛

ø¬ZÓ¬œ˚˛øÈ¬ ’¬Û¸±¬ı˛œ [Œfl¬±ø˙¬ı˛ ¸˜±fl¬˘ ¬Û¬ı˛œé¬± √õ∂À˚˛±· ¬fl¬¬ı˛≈Ú]º
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11.4 ’À¬Ûé¬Àfl¬¬ı˛ ’Ú≈flË¡˜, ’À¬Ûé¬Àfl¬¬ı˛ ’¸œ˜ Œ|øÌ, ¸˜-’øˆ¬¸¬ı˛Ì

¤˝◊ ¬Ûø¬ı˛À2ÂÀ ’±˜¬ı˛± Œ¸˝◊ ¸˜d¬ ’Ú≈flË¡˜ ¤¬ı— ’¸œ˜ Œ|øÌ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¬¬ı˛¬ı ˚±À¬ı˛ ¬Û·≈ø˘

˝À‰¬Â√ ¬ı±d¬¬ı ‰¬À˘¬ı˛ ’À¬Ûé¬fl¬º

11.4.1 ’øˆ¬¸¬ı˛Ì ¤¬ı— ¸˜-’øˆ¬¸¬ı˛Ì

Òø¬ı˛, { ( )}f xn 1
∞

 ’Ú≈flË¡˜øÈ¬¬ı˛ √õ∂øÓ¬øÈ¬ ¬Û a ≤ x ≤ b ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ ’À¬Ûé¬fl¬º x0, [a, b]

’ôL√¬ı˛±À˘ ¤fl¬øÈ¬ ˝◊2Â±ÒœÚ ø¬ıμ≈ ˝À˘

{ ( )} { ( ), ( ), ( ), }f x f x f x f xn 0 1 1 0 2 0 3 0
∞ ≡

’Ú≈flË¡˜øÈ¬ ˝À¬ı ¤fl¬øÈ¬ ¸±—ø‡…fl¬ (numerical) ’Ú≈flË¡˜º ’À¬Ûé¬Àfl¬¬ı˛ ’Ú≈flË¡˜  x0 ø¬ıμ≈ÀÓ¬

’øˆ¬¸±¬ı˛œ ˝À¬ı ˚ø ¸±—ø‡…fl¬ ’Ú≈flË¡˜ { ( )}f xn 0 1
∞

 ’øˆ¬¸±¬ı˛œ ˝˚˛º ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı ’À¬Ûé¬Àfl¬¬ı˛ ’Ú≈flË¡˜

{ ( )}f xn 1
∞ x0 ø¬ıμ≈ÀÓ¬ ’¬Û¸±¬ı˛œ ˝À¬ı ˚ø ¸±—ø‡…fl¬Ú≈flË¡˜ { ( )}f xn 0 1

∞
 ’¬Û¬ı˛±¸œ ˝˚˛º

Ó¬±˝◊ √õ∂Ô˜ Œé¬ÀS x0 ø¬ıμ≈øÈ¬Àfl¬ { ( )}f xn 1
∞

 ’Ú≈flË¡˜øÈ¬¬ı˛ ¤fl¬øÈ¬ ’øˆ¬¸¬ı˛Ì ø¬ıμ≈ ¬ı˘± ˝À¬ı ¤¬ı— ø¬ZÓ¬œ˚˛

Œé¬ÀS ¤øÈ¬ ˝À¬ı ‹ ’Ú≈flË¡˜øÈ¬¬ı˛ ’¬Û¸¬ı˛Ì ø¬ıμ≈º

{fn(x)} ’Ú≈flË¡˜øÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ø¬ıμ≈·≈ø˘¬ı˛ Œ¸È¬ƒøÈ¬Àfl¬ ‹ ’Ú≈flË¡À˜¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ Œé¬S ¬ı˘± ˝À¬ıº

’À¬Ûé¬Àfl¬¬ı˛ ’Ú≈flË¡˜ [a, b] ’ôL√¬ı˛±˘øàÔÓ¬ √õ∂ÀÓ¬…fl¬ x-ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ ˝À˘ ¬ı˘± ˝À¬ı

’Ú≈flË¡˜øÈ¬ ‹ ’ôL√¬ı˛±À˘ ’øˆ¬¸±¬ı˛œº ˚ø { ( )}f xn 1
∞

 ’Ú≈flË¡˜øÈ¬ [a, b] ’ôL√¬ı˛±À˘ ’øˆ¬¸±¬ı˛œ ˝˚˛ Ó¬±˝À˘

[a, b] ’ôL√¬ı˛±À˘¬ı˛ √õ∂ÀÓ¬…fl¬ ø¬ıμ≈ÀÓ¬ 
lim ( )
n

nf x
→∞ -¤¬ı˛ ’ød¬Q Ô±fl¬À¬ıº ’Ó¬¤¬ı ¤˝◊ ¸œ˜±àÔ ˜±ÚøÈ¬ ˝À¬ı

[a, b] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ x ‰¬À˘¬ı˛ ¤fl¬øÈ¬ ’À¬Ûé¬fl¬ [Ò¬ı˛± ˚±fl¬] f(x) ¤¬ı— ¤Àé¬ÀS ’±˜¬ı˛±

ø˘‡À¬ı±

lim ( ) ( ), [ , ]
n

nf x f x x a b
→∞

= ∈

¸—:± 1 : [a, b] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ f1(x), f2(x), ..., fn(x), ... ’À¬Ûé¬fl¬·≈ø˘¬ı˛ ’Ú≈flË¡˜ [a,
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b] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ ’À¬Ûé¬fl¬ f(x) ¤ ’øˆ¬¸±¬ı˛œ ˝À¬ı ˚ø, [a, b] ’ôL√¬ı˛±˘øàÔÓ¬ √õ∂ÀÓ¬…fl¬ ø¬ıμ≈ x

¤¬ı— √õ∂ÀÓ¬…fl¬ ÒÚ±Rfl¬ ¸—‡…± ε-¤¬ı˛ ÊÚ… ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ’‡G¬ ¸—‡…±

N ≡ N (ε, x) ¬Û±›˚˛± ˚±˚˛

Œ˚ f x f xn ( ) ( )− < ε ˚‡Ú n > N(ε, x)

¸—:± 2 : [a, b] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ f1(x), f2(x), ..., fn(x), ... ’À¬Ûé¬fl¬·≈ø˘¬ı˛ ’Ú≈flË¡˜ { ( )}f xn 1
∞ ,

[a, b] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ ’À¬Ûé¬fl¬ f(x) ¤ ¸˜-’øˆ¬¸±¬ı˛œ ˝À¬ı ˚ø, Œfl¬±ÀÚ± ÒÚ±Rfl¬ ¸—‡…± ε √õ∂M

˝À˘ ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± N ≡ N (ε) ¬Û±›˚˛± ˚±˚˛, [Œ˚øÈ ¬[a, b] ’ôL√¬ı˛±˘øàÔÓ¬ x-
¤¬ı˛ Î¬◊¬Û¬ı˛ ’øÚˆ«¬¬ı˛˙œ˘] Œ˚

f x f xn ( ) ( )− < ε ˚‡Ú n > N(ε,) x∈ [ a, b]

Î¬◊±˝¬ı˛Ì 1 : Òø¬ı˛, fn(x) = xn , 0 ≤ x ≤ 1

¤‡±ÀÚ lim ( ) lim
n

n
n

nf x x
→∞ →∞

= = 0 ˚‡Ú 0 ≤ x ≤ 1

= 1 ˚‡Ú x = 1

Ó¬±˝◊ ¬ı˘± ˚±˚˛ Œ˚, { ( )}f xn 1
∞

 ’Ú≈flË¡˜øÈ¬ [0, 1] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ ’À¬Ûé¬fl¬ f(x) ¤ ’øˆ¬¸±¬ı˛œ

Œ˚‡±ÀÚ

f(x) = 0  ˚‡Ú 0 ≤ x ≤ 1

f(1) = 1

{ ( )}f xn 1
∞

 ’Ú≈flË¡˜øÈ¬ [0, 1] ’ôL√¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ øfl¬Ú± ¬Û¬ı˛œé¬± fl¬¬ı˛± ˚±fl¬º

Òø¬ı˛, x0 ∈ (0, 1),  Ó¬±˝À˘ f x f x xn
n( ) ( )0 0 0− =

˚ø ε > 0 ˝˚˛, Ó¬±˝À˘ f x f xn ( ) ( )0 0− < ε

˚‡Ú 

xn
0 < ε

’Ô«±», ˚‡Ú, n
x

log log
1 1

0
>

ε
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’Ô«±», ˚‡Ú, 
n

x

>
log

log

1

1

0

ε

Òø¬ı˛, 
N

x

=

L

N

MM
MM

O

Q

PP
PP

+
log

log

1

1
1

0

ε

Ó¬±˝À˘ f x f xn ( ) ( )0 0− < ε  ˚‡Ú n ≥ N

’±¬ı±¬ı˛, x0 = 0 ˝À˘, fn( ) ( )x f x0 0 0− = < ε  ˚‡Ú n ≥ 1

’Ó¬¤¬ı, [0, 1] ’ôL√¬ı˛±À˘ ’¬ıøàÔÓ¬ ¸¬ı x-¤¬ı˛ ÊÚ… f x f xn ( ) ( )− < ε ’¸˜Ó¬±øÈ¬ ø¸X ˝˚˛ ˚‡Ú,

n ≥ N, ¤‡±ÀÚ 
N

x

=
L

N
MMM

O

Q
PPP

+
log

log

1

1
1ε

˚‡Ú x ≠ 0

=1 ˚‡Ú x = 0

Ù¬À˘, N ¸—‡…±øÈ¬ ε ¤¬ı— x-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘º ’±¬ı±¬ı˛ ˚‡Ú x → 1 – , N(ε, x) → ∞
’Ó¬¤¬ı Œ‡± ˚±À2Â Œ˚ [0, 1] ’ôL√¬ı˛±À˘ x-¤¬ı˛ Î¬◊¬Û¬ı˛ ’øÚˆ«¬¬ı˛˙œ˘ ¤˜Ú Œfl¬±Ú ÒÚ±Rfl¬ ’‡G¬ ¸—‡…±

N ŒÚ˝◊ Œ˚ f x f xn ( ) ( )− < ε  ’¸˜Ó¬±øÈ¬  n ≥  N ˝À˘ ø¸X ˝˚˛º

¤ ŒÔÀfl¬ √õ∂˜±øÌÓ¬ ˝À2Â Œ˚ { ( )}f xn 1
∞

 ’Ú≈flË¡˜øÈ¬ [0, 1] ’ôL√¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ Ú˚˛º

¤¬ı±À¬ı˛ ’±˜¬ı˛± Œ‡±À¬ı± Œ˚ Î¬◊q¡ ’Ú≈flË¡˜øÈ¬ [0, a] ’ôL√¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˚‡Ú  a < 1.
Òø¬ı˛, [0,a] ’ôL√¬ı˛±À˘ x ¤fl¬øÈ¬ ø¬ıμ≈º

Ó¬±˝À˘ 0
1 1 1 1

1

1

1

1
< ≤ ⇒ ≥ ⇒ ≥ ⇒ ≤x a

x a x a
x a

log log
log

log

log

log

ε ε
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⇒ [0, a] ’ôL√¬ı˛±À˘ 

log

log

1

1
ε

x

 ’À¬Ûé¬fl¬øÈ¬¬ı˛ ·ø¬ı˛á¬ ˜±Ú 

log

log

1

1
ε

a

¤‡Ú N

a

=
L

N
MMM

O

Q
PPP

+
log

log

1

1
1ε

 ŒÚ›˚˛± ˝À˘

f x f xn( ) ( )− < ε  ’¸˜Ó¬±øÈ¬ ø¸X ˝˚˛ ˚‡Ú n ≥ N ¤¬ı—  x ∈ [0, a] Ó¬±˝◊ { ( )}f xn 1
∞

’Ú≈flË¡˜øÈ¬ [0, ∞] ’ôL√¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œº

Î¬◊±˝¬ı˛Ì 2 : Œ‡±Ú Œ˚, g x
x
nx

xn ( ) ,=
+

≤ < ∞
1

0  ˝À˘ { ( )}g xn 1
∞

 ’Ú≈flË¡˜øÈ¬ [ 0, ∞]

’ôL√¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº [Î¬◊±˝¬ı˛Ì 1-¤ ¬ıøÌ«Ó¬ ¬ÛXøÓ¬ ’Ú≈¸±À¬ı˛ øÚÀÊ fl¬¬ı˛≈Ú]

11.4.2 ’À¬Ûé¬Àfl¬¬ı˛ ’¸œ˜ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛Ì ¤¬ı— ¸˜-’øˆ¬¸¬ı˛Ì

¸—:± 1 : Òø¬ı˛, f x f x f x f xk k
k

( ) ( ) ( ) ( )= + + +
=

∞
∑ 1 2

1

¤fl¬øÈ¬ ’¸œ˜ Œ|øÌ Œ˚‡±ÀÚ Œ|øÌøÈ¬¬ı˛ ¬Û·≈ø˘ ’Ô«±»  fk(x) (k = 1, 2 ...) ’À¬Ûé¬fl¬·≈ø˘ √õ∂ÀÓ¬…Àfl¬

[a, b] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬º ¤˝◊ ’À¬Ûé¬Àfl¬¬ı˛ Œ|øÌøÈ¬Àfl¬ ¬ı˘± ˝À¬ı ’øˆ¬¸±¬ı˛œ ˚‡Ú ¤¬ı˛ ’±—ø˙fl¬ Œ˚±·Ù¬˘

S x f xn k
k

n

( ) ( ),=
=
∑

1
 n = 1, 2, ...

·≈ø˘¬ı˛ ’Ú≈flË¡˜   { ( )}S xn 1
∞

 ’øˆ¬¸±¬ı˛œ ˝À¬ıº

¤˝◊ ’Ú≈flË¡˜øÈ¬ ’øˆ¬¸±¬ı˛œ ˝À˘ Sn(x)-¤¬ı˛ ¸œ˜±àÔ ˜±Ú 
lim ( )
n

nS x
→∞  Œ|øÌøÈ¬¬ı˛ Œ˚±·Ù¬˘ ¬ı˘± ˝À¬ıº

f xk
k

( )
=

∞
∑

1
 ’øˆ¬¸±¬ı˛œ ˝À˘ ¤¬ı— ¤¬ı˛ Œ˚±·Ù¬˘ S(x) ˝À˘ ’±˜¬ı˛± ø˘‡À¬ı± S x f xk

k

( ) ( )=
=

∞
∑

1
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¸—:± 2 : Òø¬ı˛, f xk
k

( )
=

∞
∑

1
 Œ|ÌœøÈ¬ ’±øˆ¬¸œ¬ı˛œ ¤¬ı— ¤¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡ (Sum function)

˝√√À26√ S(x); Ó¬±˝√√À˘ ¤˝◊√√ Œ|ÌœøÈ¬Àfl¡ [a, b] ’z¬¬ı˛±À˘ S(x) ’À¬Ûé¬Àfl¡ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ¬ı˘± ˝√√À¬ı

˚ø√ ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ ’±—ø˙fl¡ Œ˚±·Ù¬˘·≈ø˘¬ı˛ ’Ú≈√flË¡˜ S x a bn( ) ,[ , ]l q1∞  ’z¬¬ı˛±À˘ S(x) ’À¬Ûé¬Àfl¡

¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√˚˛º

’Ô«±» Œfl¡±Ú ÒÚ±Rfl¡ ¸—‡…± ε õ∂√M√√ ˝√√À˘ ˚ø√ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…± N ≡ N(ε)
¬Û±›˚˛± ˚±˚˛ Œ˚ Sn(x) ¤¬ı— S(x)-¤¬ı˛ ’z¬¬ı˛ (Difference) øÚÀ‰¬¬ı˛ ’¸˜Ó¬±øÈ¬ ø¸X fl¡À¬ı˛

 ˚‡Ú n > N(ε) ¤¬ı— xε [a, b]

’Ô«±» sup | ( ) ( )| sup | ( )|
a x b

n
a x b

k
k n

S x S x f x
≤ ≤ ≤ ≤ = +

∞
− = →∑ 0

1
 ] ˚‡Ú n → ∞

Î¬◊√±˝√√¬ı˛Ì 1 : Œ√‡±Ú Œ˚,  ’¸œ˜ Œ|ÌœøÈ¬ 0 ≤ x ≥ 1

’z¬¬ı˛±À˘ ’øˆ¬¸±¬ı˛œ øfl¡z≈¬ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ Ú˚˛º

¸˜±Ò±Ú : ¤‡±ÀÚ Sn(x) = nxe nx− 2
0 ≤ x ≥ 1

¤¬ı— = 

= 
∞
∞ ≠x 0e j

=  0 ≤ x ≥ 1

’±¬ı±¬ı˛ Sn (0) = 0

⇒ S(0) = 0

’Ó¬¤¬ı S(x) = lim ( )
n nS x

→∞
= 0 0 ≤ x ≤ 1

’±fl¡±¬ı˛
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Ù¬À˘ 

| ( ) ( )| | ( )|S x S x S x nxen n
nx− = = − 2

0 ≤ x ≤ 1

¤¬ı— 

lim | ( ) ( )| lim
n n n

nxS x S x nxe
→∞ →∞

−− = =2
0

⇒ ’¸œ˜ Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œº

¤‡Ú, sup | ( ) ( )| sup { }
0 1 0 1

2

≤ ≤ ≤ ≤
−− =

x
n

x

nxS x S x nxe

nxe f xnx− =2
( ) ÒÀ¬ı˛ ¬Û±˝◊√√, f' x ne nxnx( ) ( )= −− 2 21 2

⇒ f' x( ) > 0 ˚‡Ú 

x
n

≤ 1
2

⇒ f (x) ’À¬Ûé¬fl¡øÈ¬ 

0 1
2

≤ ≤x
n

 ’z¬¬ı˛±À˘ √flË¡˜¬ıÒ«˜±Úº

∴ 
[ ( )]maxf x= FH IKf

n
1
2

= n
e2

’Ó¬¤¬ı 

sup { }
0 1

2

2≤ ≤
− = → ∞

x

nxnxe n
e

 ˚‡Ú n → ∞ Ó¬±˝◊√√ õ∂√M√√√ ’¸œ˜ Œ|ÌœøÈ¬

0 ≤ x ≥ 1 0≤x≥1

’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ Ú˚˛º

Î¬◊√±˝√√¬ı˛Ì 2 : õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, 

xk

k=

∞
∑

0

 ’¸œ˜ Œ|ÌœøÈ¬ –a ≤ x ≤ a ’z¬¬ı˛±À˘ 
1

1 − x
 ’À¬Ûé¬Àfl¡

¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˚‡Ú 0 ≤ a ≤ 1 [¸—:± ŒÔÀfl¡ øÚÀÊ√ fl¡¬ı˛≈Ú]º
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Î¬◊√±˝√√¬ı˛Ì 3 : Œ√‡±Ú Œ˚,  ’¸œ˜ Œ|ÌœøÈ¬ 0 ≤ x ≥ 1 ’z¬¬ı˛±À˘ øÚ–˙Ó«¬ˆ¬±À¬ı

’øˆ¬¸±¬ı˛œ ˝√√À˘› ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ Ú˚˛º

¸˜±Ò±Ú : S x x x x xn
k k

k

n

k

n

( ) ( ) ( )= − = −
==
∑∑ 1 1

00

= − −
− = −( ) ,1 1

1 1x x
x

x
n

n 0 ≤ x ≤ 1

= 0 x = 1

’Ó¬¤¬ı, S(x) = 1 0 ≤ x ≤ 1

= 0 x = 1

¤‡Ú | ( ) ( )|S x S x xn
n− = 0 ≤ x ≤ 1

= 0 x = 1

’Ó¬¤¬ı Œfl¡±Ú ÒÚ±Rfl¡ ¸—‡…± ε õ∂√M√√ ˝√√À˘

|S(x) – Sn(x)|< ε ⇒ xn < ε 0 ≤ x < 1

⇒ 0 < x < 1

⇒ 0 < x < 1

’Ó¬¤¬ı  Ò¬ı˛± ˚±fl¡º

∴ Œfl¡±Ú ÒÚ±Rfl¡ ¸—‡…± ε õ∂√M√√ ˝√√À˘ ’±˜¬ı˛± ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…± N(ε, x) ¬Û±ø26√

Œ˚, |S(x)–Sn(x)|< ε ’¸˜Ó¬±øÈ¬ ø¸X ˝√√À26√ ˚‡Ú n ≥ N(ε, x); 0 < x < 1

Œ˚À˝√√Ó≈¬ N(ε, x) ¸—‡…±øÈ¬ x-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘, ’Ó¬¤¬ı 0 < x < 1 ’z¬¬ı˛±À˘ Œ|ÌœøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì

¸˜ Ú˚˛º ’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬ Œ|ÌœøÈ¬¬ı˛ ¬Û√·≈ø˘ ÒÚ±Rfl¡, ’Ó¬¤¬ı 0 < x < 1 ’z¬¬ı˛±À˘ Œ|ÌœøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì

øÚ–˙Ó«¬º
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11.4.3 ’¸œ˜ Œ|Ìœ ¸˜-’øˆ¬¸¬ı˛ÀÌ ¬Û¬ı˛œé¬±

¬ı±˚˛±¬ı˛à√∏C±À¸¬ı˛ M-¬Û¬ı˛œé¬±º

’À¬Ûé¬Àfl¡¬ı˛ ’¸œ˜ Œ|Ìœ f xk
k

( )
=

∞
∑

1
 Œfl¡±Ú [a, b] ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı [¤¬ı— øÚ–˙Ó«¬ˆ¬±À¬ı]

’øˆ¬¸±¬ı˛œ ˝√√À¬ı ˚ø√ ¤˜Ú ¤fl¡øÈ¬ ’øˆ¬¸±¬ı˛œ ÒÚ±Rfl¡ ¸—‡…±¬ı˛ Œ|Ìœ Mk
k=

∞
∑

1
 ¬Û±›˚˛± ˚±˚˛ Œ˚

|fk(x)| ≤ Mk, a ≤ x ≤ b, k = 1, 2, ...

õ∂˜±Ì : Œ˚À˝√√Ó≈¬ Mk
k=

∞
∑

1
 ’¸œ˜ Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ, Œfl¡±Ú ÒÚ±Rfl¡ ¸—‡…± ε õ∂√M√√ ˝√√À˘ ¤˜Ú

¤fl¡øÈ¬ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…± N ¬Û±›˚˛± ˚±À¬ı Œ˚ Mk
k n

<
= +

∞
∑ ε

1
 ˚‡Ú n ≥ N

’Ó¬¤¬ı õ∂√M√√ ˙Ó«¬ ŒÔÀfl¡ ¬Û±˝◊√√

| ( )| | | ( )|f x f x Mk
k n

k
k n

k
k n

≤ ≤ <
= +

∞

= +

∞

= +

∞
∑ ∑ ∑

1 1 1
ε  ˚‡Ú n ≥ N ¤¬ı— a ≤ x ≤ b

⇒ | ( )| ,f xk
k n

<
= +

∞
∑ ε

1
 ˚‡Ú n ≥ Ν ¤¬ı— a ≤ x ≤ b

’Ô«±» f xk
k

( )
=

∞
∑

1
 ’¸œ˜ Œ|ÌœøÈ¬ [a, b] ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

’±¬ı±¬ı˛, Œ˚À˝√√Ó≈¬ | ( )| | | ( )|f x f x Mk
k n

k
k n

k
k n

≤ ≤ <
= +

∞

= +

∞

= +

∞
∑ ∑ ∑

1 1 1
ε ,˚‡Ú n ≥ N ¤¬ı— a ≤ x ≤ b

f xk
k

( )
=

∞
∑

1
 ’¸œ˜ Œ|ÌœøÈ¬ a ≤ x ≤ b ’z¬¬ı˛±À˘ øÚ–˙Ó«¬ˆ¬’±À¬ı ’øˆ¬¸±¬ı˛œº

Î¬◊√±˝√√¬ı˛Ì 1 : Œ√‡±Ú Œ˚, 
sin nx

nn
2

1=

∞
∑  ’¸œ˜ Œ|ÌœøÈ¬ −∞ < < ∞x  ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº
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õ∂˜±Ì : Œ˚À˝√√Ó≈¬ ˚‡Ú −∞ < < ∞x  ¤¬ı— n = 1, 2, ...

¤¬ı—  Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œº

’Ó¬¤¬ı 
sin nx

nn
2

1=

∞
∑  ’¸œ˜ Œ|ÌœøÈ¬ −∞ < < ∞x

’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

Î¬◊√±˝√√¬ı˛Ì 2 : õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚,  ’¸œ˜ Œ|ÌœøÈ¬ 0 ≤ < ∞x  ’z¬¬ı˛±À˘ ¸˜ˆ¬±À¬ı

’øˆ¬¸±¬ı˛œ ˝√√À¬ıº

õ∂˜±Ì : Òø¬ı˛ 0 ≤ < ∞x

⇒ ˚‡Ú x
n

= 1
2

⇒ ( ) ( )1 14 2 2 4 2+ = −n x f' x n xn

⇒

⇒
[ ( )]

( )
f' x n x

n xn x
n x

n

= =
= −

+
L
NM

O
QP <1

2

4 2

4 2 2 1
2

2
1

0

’Ó¬¤¬ı, x
n

= 1
2  ˝√√À˘ fn(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ ˜±Ú ¬Û¬ı˛˜ ˝√√À¬ı ¤¬ı— ¤˝◊√√ ¬Û¬ı˛˜ ˜±ÚøÈ¬ ˝√√À26√ 

1
2 2n
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’Ó¬¤¬ı, 

| ( )|f x
nn ≤ 1

2 2

 ˚‡Ú 0 ≤ x ∞  ¤¬ı— n = 1, 2, 3, ... ’±¬ı±¬ı˛, 

1
2

1 n

∞
∑

 [¤¬ı—, Ù¬À˘

1
2 2

1 n

∞
∑  ] Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œº ’Ó¬¤¬ı, ¬ı±˚˛±à√∏C±À¸¬ı˛ M-¬Û¬ı˛œé¬± ŒÔÀfl¡ ¬Û±˝◊√√ Œ˚ õ∂√M√√ Œ|ÌœøÈ¬ 0 ≤

x < ∞ ’z¬±À˘ ¸˜ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œº

11.4.4 ’À¬Ûé¬Àfl¡¬ı˛ ’¸œ˜ Œ|Ìœ¬ı˛ Œ˚±·Ù¬À˘¬ı˛ ¸±z¬Ó¬…, ¸˜±fl¡˘Ú › ’z¬¬ı˛fl¡˘Ú

Î¬◊¬Û¬Û±√… 1 : ˚ø√ 

f xk
k

( )
=

∞
∑

1

 ’¸œ˜ Œ|ÌœøÈ¬ [a, b] ¬ıX ’z¬¬ı˛±À˘ f(x) ’À¬Ûé¬Àfl¡ ¸˜ˆ¬±À¬ı

’øˆ¬¸±¬ı˛œ ˝√√˚˛ ¤¬ı— ¬Û¬ı˛ ¬Û√·≈ø˘ ’Ô«±» fk(x) (k = 1, 2, ...) ‹ ’z¬¬ı˛±˘øÈ¬¬ı˛ Œfl¡±Ú x0 ø¬ıμ≈ÀÓ¬

¸z¬Ó¬ ˝√√˚˛ Ó¬À¬ı f xk
k

( )
=

∞
∑

1
 Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡ f(x) ‹ ø¬ıμ≈ÀÓ¬ ¸z¬Ó¬ ˝√√À¬ıº

õ∂˜±Ì : Œ˚À˝√√Ó≈¬ f xk ( )
1

∞
∑  ’¸œ˜ Œ|ÌœøÈ¬ [a, b] ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ Œ˚±·Ù¬˘

’À¬Ûé¬fl¡ f(x), ’Ó¬¤¬ı Œfl¡±Ú ÒÚ±Rfl¡ ¸—‡…± ε õ∂√M√√ ˝√√À˘ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…± N

¬Û±›˚˛± ˚±À¬ı Œ˚ | ( ) ( )| ( )f x f xk
1

3 1
∞
∑ − < ε  ˚‡Ú n ≥ N ¤¬ı— x∈ [a, b] ¤˝◊√√ ’¸˜Ó¬±øÈ¬ÀÓ¬

x = x0 ¤¬ı— n = N ¬ıø¸À˚˛ ¬Û±˝◊√√º

| ( ) ( )|f x f xk

N

0
1

0 3∑ − < ε (2)

’±¬ı±¬ı˛, Œ˚À˝√√Ó≈¬ f xk

N

( )
1
∑  ¸œø˜Ó¬ ¸—‡…fl¡ ¸z¬Ó¬ ’À¬Ûé¬Àfl¡¬ı˛ ¸˜ø©Ü Ó¬±˝◊√√ ¤øÈ¬ [a, b] ’z¬¬ı˛±À˘

¸z¬Ó¬º ’Ó¬¤¬ı Œfl¡±Ú ε > 0 õ∂√M√√ ˝√√À˘ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± δ ¬Û±›˚˛± ¸y¬¬ı Œ˚

| ( ) ( )|f x f xk k

NN

− <∑∑ 0 3
11

ε (3) ˚‡Ú |x – x0|<δ

’Ó¬¤¬ı ˚‡Ú |x – x0|<δ, Ó¬‡Ú



302

| ( ) ( )| | ( ) ( )| | ( ) ( )||f x f x f x f x f x f xk k k
k

N

K

N

k

N

− ≤ − + −
===
∑∑∑0 0

111

+ −
=

∑| ( ) ( )|f x f xk
k

n

0 0
1

< + + =ε ε ε ε3 3 3 [(1), (2) ¤¬ı— [3] ŒÔÀfl¡]

⇒ f(x) → f(x0) ˚‡Ú x → x0

’Ó¬¤¬ı Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡ f(x) x = x0 ø¬ıμ≈ÀÓ¬ ¸z¬Ó¬º

’Ú≈ø¸X±z¬ : Œ˚À˝√√Ó≈¬ x0 ø¬ıμ≈øÈ¬ [a, b] ’z¬¬ı˛±À˘¬ı˛ ¤fl¡øÈ¬ ˚‘√26√ ø¬ıμ≈ (arbitrary point), Î¬◊¬ÛÀ¬ı˛¬ı˛

Î¬◊¬Û¬Û±√…øÈ¬ [a, b] ’z¬¬ı˛±À˘¬ı˛ ¸¬ı«S ¬õ∂À˚±Ê√… Ó¬±˝◊√√ Î¬◊¬Û¬Û±√…øÈ¬¬ı˛ øÚ¬ı«±‰¬ÚÀfl¡ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ’±fl¡±À¬ı˛ Œ˘‡±

˚±˚˛ñ

ë˚ø√  ’¸œ˜ Œ|ÌœøÈ¬ [a, b] ¬ıX ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ˝√√˚˛ ¤¬ı— ¤¬ı˛ ¬Û√·≈ø˘ ’Ô«±»

fk(x) (k = 1, 2, 3, ...) ‹ ’z¬¬ı˛±À˘ ¸z¬Ó¬ ˝√√˚˛, Ó¬±˝√√À˘ ’¸œ˜ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡ f(x)
‹ ’z¬¬ı˛±À˘ ¸z¬Ó¬ ˝√√À¬ıºí

˜z¬¬ı… 1. : ¤¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ Î¬◊¬Û¬Û±√…øÈ¬ ’¸Ó¬…º ¸z¬Ó¬ ¬Û√ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ ’¸œ˜ Œ|Ìœ¬ı˛ Œ˚±·Ù¬˘

’À¬Ûé¬fl¡ ¸z¬Ó¬ ˝√√À˘› ¸˜-’øˆ¬¸±¬ı˛œ Ú± ˝√√ÀÓ¬ ¬Û±À¬ı˛º

˜z¬¬ı… 2 : øfl¡z≈¬ ¸z¬Ó¬ ¬Û√ø¬ıø˙©Ü ’À¬Ûé¬Àfl¡¬ı˛ ’¸œ˜ Œ|Ìœ¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡øÈ¬ ˚ø√ Œfl¡±Ú

’z¬¬ı˛±À˘ ¸z¬Ó¬ Ú± ˝√√˚˛ Ó¬±˝√√À˘ ‹ ’z¬¬ı˛±À˘ ’¸œ˜ Œ|ÌœøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ’¸˜ (Non-uniform)º

Î¬◊√±˝√√¬ı˛Ì 1 : xk

k=

∞
∑

0
 ’¸œ˜ Œ|ÌœøÈ¬ –a ≤ x ≤ a ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ˚‡Ú 0 < a < 1

¤¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡ 
1

1 - x , | |x a≤  ’z¬¬ı˛±À˘ ¸z¬Ó¬ ˚‡Ú 0 < a < 1, ¤‡±ÀÚ ’¸œ˜ Œ|ÌœøÈ¬¬ı˛

¬Û√·≈ø˘ xk(k = 1, 2, 3, ...), – a ≤ x ≤ a ’z¬¬ı˛±À˘ ¸z¬Ó¬º

Î¬◊√±˝√√Ì 2 : 11.42 ¬Ûø¬ı˛À26√À√ õ∂√M√√ Î¬◊√±˝√√¬ı˛Ì 1 ¤ Œ√‡±Ú ˝√√À˚˛ÀÂ√ Œ˚

[ ( ) ]( )kxe k xekx k x

k

− − −

=

∞
− −∑ 2 2

1 1

1
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’¸œ˜ Œ|ÌœøÈ¬ [0, 1] ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ Ú˚˛º ˚ø√› ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ ¬ÛƒøÓ¬øÈ¬ ¬Û√-¤¬ı˛ Œ˚±·Ù¬˘

’À¬Ûé¬fl¡ [0, 1] ’z¬¬ı˛±À˘ ¸z¬Ó¬º

Î¬◊¬Û¬Û±√… 2 : [a, b] ¬ıX ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ f xk
k

( )
=

∞
∑

1
 Œ|ÌœøÈ¬ õ∂øÓ¬øÈ¬ ¬Û√ [a, b] ’z¬¬ı˛±À˘

¸z¬Ó¬ ˝√√˚˛ ¤¬ı— f x f xk
k

( ) ( )
=

∞
∑ =

1
 ˝√√˚˛, Ó¬±˝√√À˘

b
a

f x dx
b
a

f x dxk
k

( ) ( )= z∑z
=

∞

1

õ∂˜±Ì : f xk
k

( )
=

∞
∑

1
 ’¸œ˜ Œ|ÌœøÈ¬ [a, b] ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ, ’Ó¬¤¬ı ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…±

ε õ∂√M√√ ˝√√À˘, [a, b] ’z¬¬ı˛±˘øàÔÓ¬ x-¤¬ı˛ Î¬◊¬Û ’øÚˆ«¬¬ı˛˙œ˘ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ’‡G¬ ¸—‡… m

¬Û±›˚˛± ˚±À¬ı Œ˚

| ( ) ( )| ,f x S xn b a
− < −

ε
˚‡Ú n ≥ m ¤¬ı— a ≤ x ≤ b

’Ó¬¤¬ı 

| ( ) ( ) | | ( ) ( )|
b
a

f x dx
b
a

S x dx
b
a

f x S x dxn n− ≤ −z zz< − =z ba b a
dxε εe j ,

˚‡Ú n > m

’Ô«±» 
b
a

f x dx
b
a

S x dx
n n( ) lim ( )=

→∞ zz

=
→∞ ∑zlim ( )

n k

nb
a

f x dx
1

=
→∞ =
z∑lim ( )

n k
k

n b
a

f x dx
1

= z∑
=

∞ b
a

f x dxk
k

( )
1
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Î¬◊√±˝√√¬ı˛Ì 3 : Œ√‡±Ú Œ˚, ( )−
=

∞
∑ 1

0

k k

k
x  ’¸œ˜ Œ|ÌœøÈ¬ (i) 0 ≤ x ≤ h, (h < 1) ’z¬¬ı˛±À˘

¸˜-’øˆ¬¸±¬ı˛œ, (ii) ¤¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡ 
1

1 + x
 ¤¬ı—

0 ≤ h < 1

¸˜±Ò±Ú : |(–1)k xk| < |x|k < hk ˚‡Ú 0 ≤ x ≤ h ¤¬ı— hk

k=

∞
∑

0
 Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı—

¤¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡ 
1

1 − h
 ˚‡Ú h<1| ’Ó¬¤¬ı ¬ı±˚˛±¬ı˛à√∏C±À¸¬ı˛ M-¬Û¬ı˛œé¬± õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√ Œ˚

 Œ|ÌœøÈ¬ 0 ≤ x ≤ h (h<1) ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œº

¤¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡ lim ( )
n

k k

k

n

x
→∞ =

−∑ 1
0

= − −
+ = +→∞

lim ( ) ,
n

n nx
x x

1 1
1

1
1 ˚‡Ú 0 ≤ x < 1

’±¬ı±¬ı˛  Œ|ÌœøÈ¬¬ı˛ õ∂ÀÓ¬…fl¡ ¬Û√ 0 ≤ x ≤ h (h<1) ’z¬¬ı˛±À˘ ¸z¬Ó¬º

’Ó¬¤¬ı 
h dx

x
h

x dxk k

k0 1 0
1

0+ = −z z∑
=

∞
( ( ) )

= − +
+

=

∞
∑ ( ) ,1 1

1

0

k
k

k

h
k 0 ≤ h < 1

’Ô«±», log( ) ( ) ,1 1 1
1

0
+ = − +

+

=

∞
∑h h

k
k

k

k
0 ≤ h < 1
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˜z¬¬ı… : õ∂˜±Ì fl¡¬ı˛± ˚±˚˛ Œ˚, Î¬◊¬ÛÀ¬ı˛ ’¸œ˜ Œ|ÌœøÈ¬ 0 ≤ h ≤ 1 ’z¬¬ı˛±À˘ ¸˜- ’øˆ¬¸±¬ı˛œ ¤¬ı—

Î¬◊¬Û¬¬Û±√… 1 ŒÔÀfl¡ ¬Û±˝◊√√ Œ˚ ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡ 0 ≤ h ≤ 1 ’z¬¬ı˛±À˘ ¸z¬Ó¬ ˝√√À¬ıº

Ó¬± ◊̋√√

log( ) ( ) ,1 1 1
1

0
+ = − +

+

=

∞
∑h h

k
k

k

k
 ¸•§&ÒøÈ¬ h = 1 ø¬ıμ≈ÀÓ¬› ø¸X ˝√√À¬ıº

’Ó¬¤¬ı log2 = 1– 1
2

1
3

1
4+ − +.. .

Î¬◊¬Û¬Û±√… 3 : ˚ø√

[1] fk(x), (k =1, 2, 3, ...) ’À¬Ûé¬fl¡·≈ø˘¬ı˛ [a, b] ’z¬¬ı˛±À˘ ¸z¬Ó¬ ’z¬¬ı˛fl¡˘Ê√

Ô±Àfl¡

[2] [a, b] ’z¬¬ı˛±À˘ f' xk
k

( )
=

∞
∑

1
 ˝√√˚˛º

[3] [a, b] ’z¬¬ı˛±À˘ f xk
k

( )
=

∞
∑

1
 ¸˜-’øˆ¬¸±¬ı˛œ ˝√√˚˛ Ó¬±˝√√À˘ [a, b] ’z¬¬ı˛±À˘

f' x f' xk
k

( ) ( )
=

∞
∑ =

1
º

õ∂˜±Ì : F x f' xk
k

( ) ( )=
=

∞
∑

1
 ¬ıø¸À˚˛ ¤¬ı— Î¬◊¬Û¬Û±√… 1 õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√ F(x), [a, b] ’z¬¬ı˛±À˘

¸z¬Ó¬º

¤¬ı±¬ı˛ Î¬◊¬Û¬Û±√… 2 õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

h
a

F x dx
h
a

f x dxk
k

z z∑= ′
=

∞
( ) [ ( ) ],

1
a ≤ h ≤ b
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¤‡Ú, ø¡ZÓ¬œ˚˛ ˙Ó«¬ ŒÔÀfl¡ ¬Û±˝◊√√ Œ˚, Î¬◊¬ÛÀ¬ı˛¬ı˛ Î¬±Úø√Àfl¡¬ı˛ ’¸œ˜ Œ|ÌœøÈ¬ ≈√øÈ¬ ’øˆ¬¸±¬ı˛œ Œ|Ìœ¬ı˛

’z¬¬ı˛º ’Ó¬¤¬ı

h
a

F x dx f h f ak
k

k
k

( ) ( ) ( )z ∑ ∑= −
=

∞

=

∞

1 1

  = f(h) – f(a)

Î¬◊ˆ¬˚˛ ¬¬Ûé¬Àfl¡ h-¤¬ı˛ ¸±À¬ÛÀé¬ ’z¬¬ı˛fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√

F(h) = f' (h) ⇒

f'(h) = f' hk
k

( ),
=

∞
∑

1
a ≤ h ≤ b

Î¬◊√±˝√√¬ı˛Ì : xk

k=

∞
∑

0
 ’¸œ˜ Œ|ÌœøÈ¬ –1< x < 1 ’z¬¬ı˛±À˘ ’øˆ¬¸±¬ı˛œ

¤¬ı— x
x

k

k=

∞
∑ = −0

1
1 , –1 < x < 1

¤˝◊√√ ’¸œ˜ Œ|ÌœøÈ¬Àfl¡ ’z¬¬ı˛fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√

kxk

k

−

=

∞
∑ 1

0

¤‡Ú Œ˚À˝√√Ó≈¬ |kxk–1| ≤ kak–1 , ˚‡Ú –a ≤ x ≤ a ¤¬ı— a < 1

¤¬ı— kak

k

−

=

∞
∑ 1

0
 Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ ˚‡Ú a < 1

[√…-’±À˘˜¬ı±ÀÈ«¬¬ı˛ ’Ú≈¬Û±Ó¬ ¬Û¬ı˛œé¬± õ∂À˚˛±· fl¡¬ı˛≈Ú]

’Ó¬¤¬ı ¬ı±˚˛±¬ı˛à√∏C±À¸¬ı˛ M-¬Û¬ı˛œé¬± ŒÔÀfl¡ ¬Û±˝◊√√ Œ˚ kxk

k

−

=

∞
∑ 1

0
 Œ|ÌœøÈ¬ –a ≤ x ≤ a ’z¬¬ı˛±À˘

¸˜-’øˆ¬¸±¬ı˛œ ˚‡Ú a<1º
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’Ó¬¤¬ı kx d
dx x x

k

k

−

=

∞
∑ = − =

−
1

0
2

1
1

1
1( )

, ˚‡Ú –a ≤ x ≤ a

a = 1 – ε, ε > 0 ¬ıø¸À˚˛ ¬Û±˝◊√√ Œ˚

kx
x

k

k

−

=

∞
∑ =

−
1

0
2

1
1  ¸•§&ÒøÈ¬

[–1 + ε ≤ x ≤ 1 – ε] ’z¬¬ı˛±À˘ ø¸Xº Œ˚À˝√√Ó≈¬ ε > 0 ˚‘√26√ ¸—‡…±, ’Ó¬¤¬ı ‹ ¸•§&ÒøÈ¬

– 1 < x < 1 ’z¬¬ı˛±À˘ ø¸X ˝√√À¬ıº

11.5 ‚±Ó¬-Œ|Ìœ, õ∂øÓ¬¬ÛÀ√¬ı˛ ¸˜±fl¡˘Ú › ’z¬¬ı˛fl¡˘ÚÊ√±Ó¬ ‚±Ó¬ Œ|Ìœ¬ı˛ ’øˆ¬¸¬ı˛Ì

’À¬Ûé¬Àfl¡¬ı˛ ’¸œ˜ Œ|Ìœ ’Ô«±» Œ˚ ¸˜d¬ ’¸œ˜ Œ|Ìœ ¬Û√·≈ø˘ ’À¬Ûé¬fl¡ Ó¬±À√¬ı˛ ¤fl¡øÈ¬ ø¬ıÀ˙¯∏

Œé¬S ˝√√À26√ ‚±Ó¬ Œ|Ìœ , ¤‡±ÀÚ Œ|ÌœøÈ¬¬ı˛ ¬Û√·≈ø˘ ˝√√À26√ Œfl¡±Ú ‰¬À˘¬ı˛ ø¬ıøˆ¬iß ‚±Ó¬º ¤˝◊√√ ¬Ûø¬ı˛À26√À√ ’±˜¬ı˛±

a0 + a1x + a2x2 + ... + anxn + ...

=
=

∞
∑ a xk

k

k 0

’±fl¡±À¬ı˛¬ı˛ ’¸œ˜ Œ|Ìœ¬ı˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

11.5.1 Î¬◊¬Û¬Û±√… 1

a0 + a1x + a2x2| + ... ‚±Ó¬À|ÌœøÈ¬ x = x0 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ ˝√√À˘, ¤øÈ¬ |x|<|x0| ’z¬¬ı˛±À˘

’Ô«±» –|x0|< x < |x0| ’z¬¬ı˛±À˘ øÚ–˙Ó«¬ ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº

õ∂˜±Ì : Œ˚À˝√√Ó≈¬ ‚±Ó¬À|ÌœøÈ¬ x = x0 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ, ’Ó¬¤¬ı lim
n n

na x
→∞

=0 0

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→
–1 –a a I x
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Ù¬À˘ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± M ¬Û±›˚˛± ˚±À¬ı Œ˚ | |a x Mn
n
0 <  ˚‡Ú n ≥ 0

øfl¡z≈¬ | | | | . | |a x a xn
n

n
n x

x
n= 0

0
1

< M b2 Œ˚‡±ÀÚ b x
x

= <| |
| |0

1

˚‡Ú |x| < |x0|

’Ó¬¤¬ı, |a0|+|a1x|+|a2x2|+...

Œ|ÌœøÈ¬¬ı˛ ¬Û√·≈ø˘ M (1 + b + b2 +...)

¤˝◊√√ ’øˆ¬¸±¬ı˛œ Œ|ÌœøÈ¬¬ı˛ ¬Û√·≈ø˘¬ı˛ Œ‰¬À˚˛ é≈¬^Ó¬¬ı˛º Ù¬À˘ Ó≈¬˘Ú± ¬Û¬ı˛œé¬±¬ı˛ õ∂À˚˛±À· ¬Û±˝◊√√ Œ˚ 

‚±Ó¬À|ÌœøÈ¬ | x | < | x0 | ’z¬¬ı˛±À˘ ’øˆ¬¸±¬ı˛œ ’Ô«±» | |a xn
n

0

∞
∑  ‚±Ó¬À|ÌœøÈ¬ |x|<|x0| ’z¬¬ı˛±À˘

øÚ–˙Ó«¬ ’øˆ¬¸±¬ı˛œº

Î¬◊¬Û¬Û±√… 2 : ‚±Ó¬À|ÌœøÈ¬ x = x0 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ Ú± ˝√√À˘ ¤øÈ¬ |x|>|x0| ’z¬¬ı˛±À˘¬ı˛ Œfl¡±Ú

ø¬ıμ≈ÀÓ¬˝◊√√ ’øˆ¬¸±¬ı˛œ Ú˚˛º

õ∂˜±Ì : Òø¬ı˛, õ∂√M√√ ‚±Ó¬ Œ|ÌœøÈ¬ x = x0 ø¬ıμ≈ÀÓ¬ ’¬Û¸±¬ı˛œ øfl¡z≈¬ x = x1 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ

Œ˚‡±ÀÚ |x1| > |x0| ’Ô«±» |x0| < |x1|

Ù¬À˘, Î¬◊¬Û¬Û±√… 1 ŒÔÀfl¡ ¬Û±˝◊√√ Œ˚, Œ|ÌœøÈ¬ x0 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº øfl¡z≈¬ ¤øÈ¬ ¤fl¡øÈ¬ ’¸—·øÓ¬,

fl¡±¬ı˛Ì ’±˜¬ı˛± ÒÀ¬ı˛ øÚÀ˚˛øÂ√ Œ˚ Œ|ÌœøÈ¬ x = x0 ø¬ıμ≈ÀÓ¬ ’¬Û¸±¬ı˛œº ’Ó¬¤¬ı Î¬◊¬Û¬Û±√…øÈ¬ õ∂˜±øÌÓ¬ ˝√√˘º

˜z¬¬ı… : ¤˝◊√√ Î¬◊¬Û¬Û±√… ≈√øÈ¬Àfl¡ ’±À¬ıÀ˘¬ı˛ Î¬◊¬Û¬Û±√… (Abel’s Theorem) ¬ı˘± ˝√√˚˛º
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11.5.2 ‚±Ó¬ Œ|Ìœ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬ı…±¸±Ò« (Radius of Convergence of a Power
Series)

õ∂øÓ¬øÈ¬ ‚±Ó¬À|Ìœ˝◊√√ x = 0 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ, ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ õ∂øÓ¬ ¬ÛÀ√¬ı˛ ¸˝√√· ·≈ø˘ [’Ô«±» a0,
a1, a2, ...) ˚±˝◊√√ Œ˝√√±fl¡ Ú± Œfl¡Ú ’±À¬ıÀ˘¬ı˛ Î¬◊¬Û¬Û±√… ŒÔÀfl¡ ‚±Ó¬À|Ìœ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ Œé¬S (Domain
of Convergence) ø¬ı¯∏À˚˛ ø¬ı‰¬±¬ı˛ fl¡¬ı˛± ¸y¬¬ıº ‚±Ó¬ Œ|Ìœ·≈ø˘ øÓ¬Ú¬ı˛fl¡À˜¬ı˛ ˝√√ÀÓ¬ ¬Û±À¬ı˛º

1. Œ|ÌœøÈ¬ x = 0 ø¬ıμ≈ ¬ı…Ó¬œÓ¬ ’Ú… Œfl¡±Ô±› ’øˆ¬¸±¬ı˛œ Ú˚˛º Î¬◊√±˝√√¬ı˛Ì ¶§¬ı˛”¬Û n xn!
0

∞
∑  ‚±Ó¬

Œ|ÌœøÈ¬ ø¬ıÀ¬ı‰¬Ú± fl¡¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

¤‡±ÀÚ un = n!xn

un+1 = (n+1)!xn+1

⇒ 
u
u

n xn

n

+ = + → ∞1 1( ) ˚‡Ú n → ∞

’Ó¬¤¬ı, x = 0 ø¬ıμ≈ ¬ı…Ó¬œÓ¬ ’Ú… Œfl¡±Ô±› Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ Ú˚˛º

2. Œ|ÌœøÈ¬ x ‰¬À˘¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ Ê√Ú…˝◊√√ ’øˆ¬¸±¬ı˛œº Œ˚˜Ú 
x
n

n

!0

∞
∑

¤Àé¬ÀS 

u
u

x
n

n

n

+ = + →1
1 0, ˚‡Ú n → ∞  ¤¬ı— x ≠ 0

’±¬ı±¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬ õ∂øÓ¬øÈ¬ ‚±Ó¬À|Ìœ˝◊√√ ’øˆ¬¸±¬ı˛œº ’Ó¬¤¬ı ¤˝◊√√ Œ|ÌœøÈ¬ x-¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛

Ê√Ú…˝◊√√ ’øˆ¬¸±¬ı˛œº

3. ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± R ¬Û±›˚˛± ˚±À¬ı Œ˚ |x|<R ˝√√À˘ Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— |x|>R

˝√√À˘ ¤øÈ¬ ’¬Û¸±¬ı˛œº ¤Àé¬ÀS –R< x < R ’z¬¬ı˛±˘øÈ¬ Œ|ÌœøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’z¬¬ı˛±˘ ¤¬ı—

ÒÚ±Rfl¡ ¸—‡…± R ˝√√˘ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬ı…±¸±Ò«º Î¬◊√±˝√√¬ı˛Ì¶§¬ı˛”¬Û 

x x x− + −1
2

1
2

2 3 .. .

 Œ|ÌœøÈ¬

ø¬ıÀ¬ı‰¬Ú± fl¡¬ı˛≈Úº

¤‡±ÀÚ 

| |
| |

| ( ) |

| ( ) |
u
u

x
k

x
k

k

k

k k

k k
+

+

−=
−

+
−

1

1

1

1
1

1
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= + →| | | | ,x k
k

x1 ˚‡Ú 

’Ó¬¤¬ı, |x|<1 ˝√√À˘ Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— |x|>1 ˝√√À˘ ¤øÈ¬ ’¬Û¸±¬ı˛œº

–1<x<1 ˝√√˘ Œ|ÌœøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’z¬¬ı˛±˘ ¤¬ı— 1 ˝√√˘ ¤¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬ı…±¸±Ò«º

Œfl¡±Ú ‚±Ó¬ Œ|Ìœ¬ı˛ ’øˆ¬¸¬ı˛À˜¬ı˛ ¬ı…±¸±Ò« øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À˘ øÚÀ‰¬¬ı˛ Î¬◊¬Û¬Û±√…øÈ¬ õ∂À˚˛±· fl¡¬ı˛± Œ˚ÀÓ¬

¬Û±À¬ı˛º

Î¬◊¬Û¬Û±√… 1 : Òø¬ı˛,  ¤fl¡øÈ¬ ‚±Ó¬À|Ìœº ¤¬ı—

lim sup | |
k k

k a
R→∞

= >1 0

Ó¬±˝√√À˘, a xk
k

k=

∞
∑

0
 ‚±Ó¬À|ÌœøÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√À¬ı ˚‡Ú |x| < R

¤¬ı— a xk
k

k=

∞
∑

0
 ‚±Ó¬À|Ìœ ’¬Û¸±¬ı˛œ ˝√√À¬ı ˚‡Ú |x| > R

õ∂˜±Ì : Òø¬ı˛, lim sup | |
k k

k a
R→∞

= >1 0

’Ó¬¤¬ı ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± ε õ∂√M√√ ˝√√À˘ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…± m ¬Û±›˚˛± ˚±À¬ı

Œ˚

| | ,a
Rk

k < +1 ε
˚‡Ú k > m

= ˚‡Ú k > m

’Ô«±» |akxk| < rk [Œ˚‡±ÀÚ r
R

x= +1 ε | | ), ˚‡Ú k > m

¤‡Ú rk

k m= +

∞
∑

1
 ·≈ÀÌ±M√√¬ı˛ Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ ˚‡Ú | r | < 1
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’Ó¬¤¬ı | r | < 1 ˝√√À˘ a xk
k

k =

∞
∑

0
 Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº

’Ô«±»,  | |a xk
k

k=

∞
∑

0
 Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ ˝√√À¬ı ˚‡Ú | r | < 1

’Ô«±», a xk
k

k=

∞
∑

0
 Œ|ÌœøÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√À¬ı ˚‡Ú

| | | |r
R

x= + <1 1ε

⇒ 

| |x R R< + <1 ε

’Ô«±» 

| |x R<

 ˝√√À˘ 

a xk
k

k=

∞
∑

0

 Œ|ÌœøÈ¬ øÚ–˙Ó«¬ˆ¬’±À¬ı ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº

ø¡ZÓ¬œ˚˛ ’—À˙¬ı˛ õ∂˜±Ì : Òø¬ı˛, a xk
k

0

∞
∑  ‚±Ó¬À|ÌœøÈ¬ x-¤¬ı˛ ¤fl¡øÈ¬ øÚø«√©Ü ˜±ÀÚ¬ı˛ Ê√Ú… ’øˆ¬¸±¬ı˛œ

¤¬ı— x-¤¬ı˛ ¤˝◊√√ ˜±ÚøÈ¬ |x| = R(1+ε) > R ¤˝◊√√ ’¸˜Ó¬±øÈ¬Àfl¡ ø¸X fl¡À¬ı˛º ¤‡Ú a xk
k

0

∞
∑  Œ|ÌœøÈ¬

R(1 + ε) ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±œ ˝√√›˚˛±˚˛ lim ( )
k k

k ka R
→∞

+ =1 0ε º

’Ó¬¤¬ı ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…± m ¬Û±›˚˛± ˚±À¬ı Œ˚

|ak|Rk(1 + ε)k < 1, ˚‡Ú k > m

⇒ |ak|1/kR(1 + ε) < 1, ˚‡Ú k > m

⇒ |ak|1/k<
1

1R( ) ,+ ε ˚‡Ú k > m

⇒

lim sup| | lim sup ( )
/

k k
k

k
a

R→∞ →∞
≤ +

1 1
1 ε
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⇒

⇒ R(1 + ε) ≤ R

øfl¡z≈¬ Î¬◊¬ÛÀ¬ı˛¬ı˛ ø¸X±z¬øÈ¬ ¤fl¡øÈ¬ ’¸—·øÍ¬Ó¬º ¤Ó¬¤¬ı õ∂√M√√ Œ|ÌœøÈ¬ |x| > R ˝√√À˘ ’øˆ¬¸±¬ı˛œ ˝√√ÀÓ¬

¬Û±À¬ı˛ Ú±º Ù¬À˘ ø¡ZÓ¬œ˚˛ ’—˙ õ∂˜±øÌÓ¬ ˝√√˘º

’Ú≈ø¸X±z¬ :

(i)  ˝√√À˘ ‚±Ó¬ Œ|ÌœøÈ¬ ¸¬ı«S ’øˆ¬¸±¬ı˛œº

[ii) lim sup | |
k

k
k a

→∞
= ∞  ˝√√À˘ ‚±Ó¬ Œ|ÌœøÈ¬ x = 0 ¬ı…Ó¬œÓ¬ ¸¬ı«S ’¬Û¸±¬ı˛œº

õ∂˜±Ì :

(i) Òø¬ı˛, x0 ≠ 0 ¤¬ı— ε = 
1

2 0| |x

Œ˚À˝√√Ó≈¬ 
lim sup | |

k
k

k a
→∞

= 0, ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…± m ¬¬Û±›˚˛± ˚±À¬ı Œ˚

| | ,/ak
k1 < ε ˚‡Ú k > m

¬ı±, | | ,a xk
k

k0
1

2
< ˚‡Ú k > m

¬ı±, | |a xk
k

m
k

m
0

1 1

1
2

<
+

∞

+

∞
∑ ∑

Œ˚À˝√√Ó≈¬ 
1

21
k

m+

∞
∑  ·≈ÀÌ±M√√ Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ [Ó≈¬˘Ú± ¬Û¬ı˛œé¬± ŒÔÀfl¡ ¬Û±˝◊√√]º

| |a xk
k

m
0

1+

∞
∑  Œ|ÌœøÈ¬› ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº Ù¬À˘ a xk

k
0

0
|

∞
∑  Œ|ÌœøÈ¬› ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº
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’Ó¬¤¬ı a xk
k
0

0

∞
∑  Œ|ÌœøÈ¬ øÚ–˙Ó«¬ ’øˆ¬¸±¬ı˛œ ¸≈Ó¬¬ı˛±— ’øˆ¬¸±¬ı˛œº Œ˚À˝√√Ó≈¬ x0 ¤fl¡øÈ¬

˝◊√√26√±ÒœÚ ¸—‡…±, a xk
k

0

∞
∑  ‚±Ó¬À|Ìœ ¸¬ı«S ’øˆ¬¸±¬ı˛œº

(ii) ˚ø√ ¸y¬¬ı ˝√√˚˛, Òø¬ı˛ a xk
k

k=

∞
∑

0
 ‚±Ó¬À|ÌœøÈ¬ x= x0 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ (x0 ≠ 0), Ó¬±˝√√À˘

lim
k k

ka x
→∞

=0 0

’Ó¬¤¬ı, { }a xk
k

k0 1∞ =  ’Ú≈√√flË¡˜øÈ¬ ¸œ˜±¬ıX ¤¬ı— ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± B ¬Û±›˚˛± ˚±À¬ı

Œ˚ | | ,a x Bk
k
0 <  õ∂ÀÓ¬…fl¡ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…± k-¤¬ı˛ Ê√Ú…º

∴ | | | | ,/
/

a B
xk

k
k

1
1

0
<  õ∂ÀÓ¬…fl¡ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…± k-¤¬ı˛ Ê√Ú…º

⇒ {| | }/ak
k1  ’Ú≈√flË¡˜øÈ¬ ¸œ˜±¬ıX ¤¬ı— ¤˝◊√√ ø¸X±z¬øÈ¬ 

lim sup( ) /

k

k ka
→∞

= ∞1

 ¤˝◊√√ ø¸X±Àz¬¬ı˛

ø¬ıÀ¬ı˛±Òœº

’Ó¬¤¬ı, 

a xk
k

1

∞
∑

 ‚±Ó¬À|ÌœøÈ¬ x = x0 ø¬ıμ≈ÀÓ¬ ’¬Û¸±¬ı˛œº Œ˚À˝√√Ó≈¬ x0 ¤fl¡øÈ¬ ˝◊√√26√±ÒœÚ ’˙”Ú…

¬ı±d¬¬ı ¸—‡…±, ’Ó¬¤¬ı a xk
k

1

∞
∑  Œ|ÌœøÈ¬ x = 0 ¬ı…Ó¬œÓ¬ ¸¬ı«S ’¬Û¸±¬ı˛œº

Î¬◊√±˝√√¬ı˛Ì : 1
3 3 3

2

2

4

4
5− + − − +x x x x .. .

‚±Ó¬ Œ|ÌœøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’z¬¬ı˛±˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº

Òø¬ı˛, õ∂√M√√ Œ|ÌœøÈ¬ a xk
k

k=

∞
∑

0
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Ó¬±˝√√À˘, a a a a a0 1 2 2 3 4 4
1
3 1 1

3
1 1

3
= = − = = − =, , , ,

’Ó¬¤¬ı, | | , | | , | | , | | , | |a a a a a0 1 2 2 3 4 4
1
3 1 1

3
1 1

3
= = − = = =

⇒ lim sup(| | ) /

k
k

ka
→∞

= >1 1 0

’Ó¬¤¬ı õ∂√M√√ Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı…±¸±Ò« = 1º

’Ó¬¤¬ı Œ|ÌœøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’z¬¬ı˛±˘ (–1, 1)º

Î¬◊¬Û¬Û±√… 2 : Òø¬ı˛, c xk
k

k=

∞
∑

0
 ¤fl¡øÈ¬ ‚±Ó¬À|Ìœ ¤¬ı— lim

| |
| |n

n

n

c
c

l
→∞

+ =1

(i) ˚ø√ l = 0 ˝√√˚˛, Ó¬±˝√√À˘ Œ|ÌœøÈ¬ ¸¬ı«S ’øˆ¬¸±¬ı˛œ

(ii) ˚ø√ 0 < l < ∞ ˝√√˚˛, Ó¬±˝√√À˘ Œ|ÌœøÈ¬ | |x
l

< 1  ’z¬¬ı˛±À˘ øÚ–˙Ó«¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— 

’z¬¬ı˛±À˘ ’¬Û¸±¬ı˛œº

(iii) l = ∞ ˝√√À˘ Œ|ÌœøÈ¬ ¤fl¡˜±S x = 0 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ [’Ô«±» ¸¬ı«S ’¬Û¸±¬ı˛œ]º

õ∂˜±Ì : ’±˜¬ı˛±  ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ¬Û¬ı˛œé¬±¬ı˛ Ê√Ú… ’Ú≈¬Û±Ó¬ ¬Û¬ı˛œé¬± õ∂À˚˛±·

fl¡ø¬ı˛º

Òø¬ı˛, | | | |c x uk
k

k
k

k=

∞

=

∞
∑ ∑=

0 0

Ó¬±˝√√À˘, lim lim
| |
| | | | | |

n

n

n n

n

n

u
u

c
c

x l x
→∞

+
→∞

+= =1 1
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¤¬ı— | | | |c xk
k

k=

∞
∑

0
 Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ ˚‡Ú l| x | < 1 ¤¬ı— ’¬Û¸±¬ı˛œ ˚‡Ú l | x | > 1º

(i) l = 0 ˝√√À˘, lim | |
n

n

n

u
u

x
→∞

+ = = <1 0 0 1, ∀x

⇒ 

| | | |c xk
k

k=

∞
∑

0

 Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ, ∀x

⇒ õ∂√M√√ ‚±Ó¬ Œ|ÌœøÈ¬ øÚ–˙Ó«¬ ’øˆ¬¸±¬ı˛œ, 

∀x

(ii) l|x|<1 ⇒ |x|<

1
l

’Ó¬¤¬ı õ∂√M√√ Œ|ÌœøÈ¬ ¤Àé¬ÀS øÚ–˙Ó«¬ ’øˆ¬¸±¬ı˛œº

(iii) l|x|>1 ⇒ |x|>

1
l

¤Àé¬ÀS 

| | | |c xk
k

k=

∞
∑

0

Œ|ÌœøÈ¬ ’¬Û¸±¬ı˛œ

¤¬ı— lim | |
n

n

n

u
u

l x
→∞

+ = >1 1

⇒ 

{ }un 1
∞

 ’Ú≈√flË¡˜øÈ¬ ¤fl¡øÈ¬ √flË¡˜¬ıÒ«˜±Ú ’Ú≈√flË¡˜

⇒ 

lim
n nu

→∞
≠ 0

⇒

lim | | | |
n n

nc x
→∞

≠ 0

⇒ lim
n n

nc x
→∞

≠ 0

’Ó¬¤¬ı õ∂M√√ Œ|ÌœøÈ¬ ’¬Û¸±¬ı˛œº

Î¬◊√±˝√√¬ı˛Ì : øÚ•ßø˘ø‡Ó¬ ‚±Ó¬ Œ|Ìœ·≈ø˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬ı…±¸±Ò« øÚÌ«˚˛ fl¡¬ı˛≈Úº

1. 1 2
3

2 4
3 5

2 4 6
3 5 7

2

2

2 2

2 2
2

2 2 2

2 2 2
3− + − +x x x.

.
. .
. .

.. .
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2. 1 1 2 2 4 4 8
2

3
4

5
− + − + − +x x x x x

. . . .. .

3.
( ) ( )−

+ +
+

=

∞
∑ 1

1 1
1

0

k
k

k k
x

3.
( )

( )( ) ( )−
+ + −

+

=

∞
∑ 1

1 2 2
1

0

k
k

k k k
x

¸˜±Ò±Ú :

1. õ∂√M√√ Œ|ÌœøÈ¬Àfl¡ c xk
k

k=

∞
∑

0
’±fl¡±À¬ı˛ ø˘À‡ ¬Û±˝◊√√

c c
k

kk
k

0

2 2 2 2

2 2 2 21 1 2 4 6 2
3 5 7 2 1

= = −
+

, ( ) . . . .. ( )
. . . . . ( )

, k = 1, 2, 3, ...

’Ó¬¤¬ı lim
| |
| | lim

n

n

n n

c
c

n
n→∞

+
→∞

= +
+ =1

22 2
2 3 1e j

⇒ õ∂√M√√ Œ|ÌœøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı…±¸±Ò« = 1

2. Òø¬ı˛ õ∂√M√√ Œ|ÌœøÈ¬ a xk
k

k=

∞
∑

0

Ó¬±˝√√À˘ a0 = 1, a1 = − ⋅
1

1 2 , a2 = 1, a3 = − ⋅
1

2 4 , .. .

’Ó¬¤¬ı |a0 | = 1, |a1| = 1
1 2⋅ , |a2| = 1, |a3| = 1

2 4⋅

⇒ 

’Ó¬¤¬ı õ∂√M√√ Œ|ÌœøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı…±¸±Ò« = 1º
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3. x + 1 = u ¤¬ı— 

( )−
+ =

+1
1

1k

kk
c

 ¬ıø¸À˚˛ ¬Û±˝◊√√ c uk
k

k=

∞
∑

0
 ’±fl¡±À¬ı˛ ø˘‡≈Úº

Ó¬±˝√√À˘, lim
| |
| | lim

n

n

n n

c
c

n
n→∞

+
→∞

= +
+ =1 1

2 1º

’Ó¬¤¬ı ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬ı…±¸±Ò« = 1.

Œ˚À˝√√Ó≈¬ 
( )−

+
+

=

∞
∑ 1

1

1

0

k
k

k k
u  Œ|ÌœøÈ¬ u = 1 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— u = –1 ø¬ıμ≈ÀÓ¬ ’¬Û¸±¬ı˛œ

[õ∂˜±Ì fl¡¬ı˛≈Ú]º

’Ó¬¤¬ı Î¬◊q¡ Œ|ÌœøÈ¬ –1< u ≤ 1 ’z¬¬ı˛±À˘ ’øˆ¬¸±¬ı˛œº

Ù¬À˘ õ∂√M√√ Œ|ÌœøÈ¬ –2< u ≤ 0 ’z¬¬ı˛±À˘ ’øˆ¬¸±¬ı˛œº

4. x – 2 = u ¬ıø¸À˚˛ Î¬◊√±˝√√¬ı˛Ì 3-¤ ¬ıøÌ«Ó¬ ¬ÛXøÓ¬ ’Ú≈˚±˚˛œ øÚÀÊ√ fl¡¬ı˛≈Úº ¤‡±ÀÚ› ’øˆ¬¸¬ı˛ÀÌ¬ı˛

¬ı…¸±Ò« 1º

11.5.3 ‚±Ó¬ Œ|Ìœ¬ı˛ ¸˜-’øˆ¬¸¬ı˛Ì (Uniform Convergence of Power Series)

Î¬◊¬Û¬Û±√… : Òø¬ı˛, a xk
k

k=

∞
∑

0
¤fl¡øÈ¬ ‚±Ó¬À|Ìœ ¤¬ı—

(i) lim sup | |
n

k
k a

R→∞
= >1 0

(ii) 0 < S < R

Ó¬±˝√√À˘ a xk
k

k=

∞
∑

0
‚±Ó¬À|ÌœøÈ¬ –S ≤ x ≤ S ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œº
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õ∂˜±Ì : õ∂Ô˜ ˙Ó«¬ ŒÔÀfl¡ ¬Û±˝◊√√ R õ∂√M√√ ‚±Ó¬ Œ|Ìœ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬ı…±¸±Ò«º ’Ó¬¤¬ı Œ|ÌœøÈ¬ |x|<R

’z¬¬ı˛±À˘ øÚ–˙Ó«¬ ’øˆ¬¸±¬ı˛œº ø¡ZÓ¬œ˚˛ ˙Ó«¬ ŒÔÀfl¡ ¬Û±˝◊√√ S, R ’À¬Ûé¬± é≈¬^Ó¬¬ı˛ ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…±º

’Ó¬¤¬ı | |a sk
k

k=

∞
∑

0
Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œº

¤‡Ú ’À¬Ûé¬Àfl¡¬ı˛ ’¸œ˜ Œ|Ìœ¬ı˛ ¬ı±˚˛±¬ı˛à√∏C±À¸¬ı˛ M-¬Û¬ı˛œé¬± õ∂À˚˛±· fl¡¬ı˛± ˚±fl¡

¤‡±ÀÚ | ( )| | | | |f x a x a sk k
k

k
k= ≤  ˚‡Ú | | ,x s M a sk k

k≤ =  ¬ıø¸À˚˛ ¬Û±˝◊√√ Œ˚

Mk
k=

∞
∑

0
 ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¬Û√ø¬ıø˙©Ü ’øˆ¬¸±¬ı˛œ Œ|Ìœ ¤¬ı— |fk(x)| ≤ Mk ˚‡Ú |x| ≤ s ¤¬ı— k

=1, 2, 3, ...º

’Ó¬¤¬ı f x a xk
k

k
k

k
( )

=

∞

=

∞
∑ ∑=

0 0
 Œ|ÌœøÈ¬ |x| ≤ s ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œº

11.5.4 ‚±Ó¬ Œ|Ìœ¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬Àfl¡¬ı˛ ¸±z¬Ó¬…, ¤¬ı— õ∂øÓ¬¬ÛÀ√¬ı˛ ¸˜±fl¡˘Ú

Òø¬ı˛, a xk
k

k=

∞
∑

0
 ¤fl¡øÈ¬ ‚±Ó¬À|Ìœ ˚±¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬ı…±¸±Ò« R ’Ô«±» lim sup | |

k
k

k a
R→∞

= >1 0

¤¬ı— 0 < S < R

Ó¬±˝√√À˘ ¤˝◊√√ Œ|ÌœøÈ¬ –S ≤ x ≤ S ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ (11·5·3 ¬Ûø¬ı˛À26√À√ ¬ıøÌ«Ó¬ Î¬◊¬Û¬Û±√…

Œ√‡≈Ú]º ’Ó¬¤¬ı 11·4·4 ¬Ûø¬ı˛À26√À√¬ı˛ ’Ú≈ø¸X±z¬ 1 ’Ú≈˚±˚˛œ ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡ f(x),
–S ≤ x ≤ S ’z¬¬ı˛±À˘ ¸z¬Ó¬º ’±¬ı±¬ı˛ S ¸—‡…±øÈ¬ [0, R) ’z¬¬ı˛±À˘ ˚‘26√ ø¬ıμ≈ ˝√√›˚˛±˚˛, Œ˚±·Ù¬˘

’À¬Ûé¬fl¡ f(x), –R < x < R ’z¬¬ı˛±À˘ ¸z¬Ó¬ ˝√√À¬ıº

11·4·4 ¬Ûø¬ı˛À26√À√¬ı˛ Î¬◊¬Û¬Û±√… 2 ŒÔÀfl¡ ¬Û±˝◊√√ Œ˚, [a, b] ’z¬±˘øÈ¬ (–R, R) ’z¬¬ı˛±À˘¬ı˛ Œfl¡±Ú

˚Ô±Ô« Î¬◊¬ÛÀ¸Èƒ¬ ˝√√À˘, [a, b] ’z¬¬ı˛±À˘ ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ õ∂øÓ¬¬ÛÀ√¬ı˛ ¸˜±fl¡˘ÚÊ√±Ó¬ ‚±Ó¬À|Ìœ¬ı˛ Œ˚±·Ù¬˘

’À¬Ûé¬fl¡ ¤¬ı— õ∂√M√√ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬Àfl¡¬ı˛ ¸˜±fl¡˘ ’øˆ¬ißº

’Ô«±» 
b
a

f x dx
b
a

a x dxk
k

k
( ) ,=z z∑

=

∞

0
˚‡Ú –R < a < b < R
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11.5.5 ‚±Ó¬ Œ|Ìœ¬ı˛ õ∂øÓ¬¬ÛÀ√¬ı˛ ’z¬¬ı˛fl¡˘Ú

Î¬◊¬Û¬Û±√… 1 : ˚ø√ (1) a xk
k

0

∞
∑  ‚±Ó¬À|ÌœøÈ¬ (–R, R) ’z¬¬ı˛±À˘ ’øˆ¬¸±¬ı˛œ ˝√√˚˛ ¤¬ı—

(2) f x a xk
k( ) =

∞
∑
0

, ˚‡Ú –R < x < R

Ó¬±˝√√À˘ f(x) ’À¬Ûé¬fl¡øÈ¬ [a, b] ¬ıX ’z¬¬ı˛±À˘ ’z¬¬ı˛fl¡˘Ú Œ˚±·…, ˚‡Ú –R < a < b < R

¤¬ı— f' (x) = ka xk
k−

∞
∑ 1

1
a ≤ x ≤ b

õ∂˜±Ì : Òø¬ı˛ S, R ’À¬Ûé¬± é≈¬^Ó¬¬ı˛ ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± ’Ô«±» 0 < S < R ¤‡Ú, |x| ≤ S

˝√√À˘ |anxn| ≤ |an|Snº

Œ˚À˝√√Ó≈¬ õ∂ÀÓ¬…fl¡ ‚±Ó¬À|Ìœ Ó¬±¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’z¬¬ı˛±À˘ øÚ–˙Ó«¬ ’øˆ¬¸±¬ı˛œ ˝√√˚˛ Ó¬±˝◊√√ 

a Sn
n

0

∞
∑

 Œ|ÌœøÈ¬

øÚ–˙Ó«¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ Ù¬À˘ ¬ı±˚˛±¬ı˛à√∏C±À¸¬ı˛ M-¬Û¬ı˛œé¬± ŒÔÀfl¡ ¬Û±›˚˛± ˚±˚˛ Œ˚ a xn
n

0

∞
∑  ‚±Ó¬À|ÌœøÈ¬

[–S, S] ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œº

’Ó¬¤¬ı, Œ|ÌœøÈ¬ [a, b] ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ˝√√À¬ı ˚ø√ –S < a < b < S ˝√√˚˛º

’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬ a xn
n

0

∞
∑  ‚±Ó¬À|ÌœøÈ¬¬ı˛ õ∂øÓ¬¬Û√ (–R, R) ’z¬¬ı˛±À˘ ¸z¬Ó¬ ¤¬ı— ’z¬¬ı˛fl¡˘ÚÀ˚±·…

¤¬ı— a xn
n

0

∞
∑  Œ|ÌœøÈ¬ [–S, S] ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ, ’Ó¬¤¬ı ‹ ‚±Ó¬À|Ìœ¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡

f(x), (–R, R) ’z¬¬ı˛±À˘ ¸z¬Ó¬ ¤¬ı— ’z¬¬ı˛fl¡˘ÚÀ˚±·…º ¤‡Ú a xn
n

0

∞
∑  ‚±Ó¬À|ÌœøÈ¬¬ı˛ õ∂øÓ¬¬ÛÀ√¬ı˛

’z¬¬ı˛fl¡˘Ú Ê√±Ó¬ ‚±Ó¬À|ÌœøÈ¬ ˝√√À26√ na xn
n−

∞
∑ 1

1
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Œ˚À˝√√Ó≈¬ 

   

’Ó¬¤¬ı, ’z¬¬ı˛fl¡˘ÚÊ√±Ó¬ ‚±Ó¬À|Ìœ -¤¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’z¬¬ı˛±˘ R ¤¬ı— ¤øÈ¬›

[–S, S] ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ˝√√À¬ı, ’Ô«±» Œ|ÌœøÈ¬ [a, b] ¬ıX ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ˚‡Ú

–S < a < b < S

’Ó¬¤¬ı, , |x| < R

⇒ , ˚‡Ú a ≤ x ≤ b ¤¬ı— –R< –S < a < b < S < R

Î¬◊√±˝√√¬ı˛Ì 2 : 11·5·5 ¬Ûø¬ı˛À26√À√¬ı˛ Î¬◊¬Û¬Û±√… 1 õ∂À˚˛±· fl¡À¬ı˛

sinx = x – (–∞ < x < ∞)

¸˜œfl¡¬ı˛ÌøÈ¬ ŒÔÀfl¡ õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

cosx = 1 – x x2 4

2 4! ! .. .+ − (–∞ < x < ∞)

¸˜±Ò±Ú : Œ˚À˝√√Ó≈¬ x x x− + −
3 5

3 5! ! ...

Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ õ∂øÓ¬¬ÛÀ√¬ı˛ ’z¬¬ı˛fl¡˘ÚÊ√±Ó¬ Œ|ÌœøÈ¬ ’Ô«±»

1 – x x2 4

2 4! ! .. .+ −

Œ˚Àfl¡±Ú [–R, R] ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ,
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’Ó¬¤¬ı, 
d
dx

x d
dx

x d
dx

x d
dx

x(sin ) ( ) ! ! . . .= − FH IK + FH IK−
3 5

3 5

= − + −1 2 4
2 4x x
! ! .. .

’Ô«±», cosx  = − + −1 2 4
2 4x x
! ! .. .

Î¬◊√±˝√√¬ı˛Ì 2 : 1 1 2
2 4 2

+ + + + +x x x
n

n

! ! .. . ! .. . (–∞ < x < ∞)

Œ|ÌœøÈ¬¬ı˛ ˜±Ú f(x) øÚÌ«˚˛ Ú± fl¡À¬ı˛ õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

f'(x) = 2x f(x) (–∞ < x < ∞)

õ∂˜±Ì : õ∂√M√√ Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ

[¤‡±ÀÚ lim lim ( )!
! lim

( )

n

n

n n

n

n n

u
u

x
n

n
x

x
n→∞

+
→∞

+

→∞
= + = + =1

2 1

2

2

1 1 0, ∀x ]

Òø¬ı˛, f(x) = 1 + 

x x x
n

n2 4 2

1 2! ! . . . ! . . . ,+ + + +

 –∞ < x < ∞

Î¬±Úø√Àfl¡¬ı˛ Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ ˝√√›˚˛±ÀÓ¬ f(x) ’À¬Ûé¬fl¡øÈ¬ ’z¬¬ı˛fl¡˘ÚÀ˚±·… ¤¬ı—

f'(x) = 2x + 4 2 6 2
3 5x x
! ! .. .+ +

= 2 1 1 2 2
2 4

x x x x f x+ + +FH IK =! ! . .. ( )

Î¬◊¬Û¬Û±√… 2 : ˚ø√ [1] a xk
k

k=

∞
∑

0
 ‚±Ó¬À|ÌœøÈ¬ |x| < R ’z¬¬ı˛±À˘ ’øˆ¬¸±¬ı˛œ ˝√√˚˛

¤¬ı— [2] f x a xk
k

k
( ) =

=

∞
∑

0
, –R < x < R

Ó¬±˝√√À˘, f x k k k m a xm
k

k m

k
( ) ( ).. . ( )= − − + −

=

∞
∑ 1 1

0

¤¬ı— f m am
m( ) !0 = (m = 0, 1, 2, ...)
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√õ∂˜±Ì : ¤‡±ÀÚ a xk
k

k=

∞
∑

0
 ‚±Ó¬À|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˝›˚˛±˚˛ ¤øÈ¬¬ı˛ √õ∂øÓ¬¬ÛÀ¬ı˛ ’ôL√¬ı˛fl¬˘Ú ¬Z±¬ı˛± √õ∂±5

‚±Ó¬À|øÌøÈ¬¬ı˛ Œ˚±·Ù¬˘ ¤¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬Àfl¬¬ı˛ ’ôL√¬ı˛fl¬˘ÀÊ¬ı˛ ¸˜±Ú ˝À¬ıº ’Ô«±»

′ = −

=

∞
∑f x ka xk

k

k

( ) 1

1
– R < x < R

Î¬±ÚøÀfl¬¬ı˛ ’ôL√¬ı˛fl¬˘ÚÊ±Ó¬ Œ|øÌøÈ¬, (–R, R) ’ôL√¬ı˛±À˘ ’øˆ¬¸±¬ı˛œº ’Ó¬¤¬ı Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸˜œfl¬¬ı˛ÌøÈ¬Àfl¬

’±¬ı±¬ı˛ ’ôL√¬ı˛fl¬˘Ú fl¬¬ı˛± ˚±˚˛ ¤¬ı— ’±˜¬ı˛± ¬Û±˝◊

′′ = − −

=

∞
∑f x k k a xk

k

k

( ) ( )1 2

2
– R < x < R

¤¬ı˛fl¬˜ fl¬À¬ı˛ m  ¸—‡…fl¬ ¬ı±¬ı˛ ’ôL√¬ı˛fl¬˘Ú fl¬À¬ı˛ ¬Û±›˚˛± ˚±À¬ı

f x k k k m a xm
k

k m

k m

( ) ( ) ( ) ( )= − − + −

=

∞
∑ 1 1

’Ó¬¤¬ı, f m am
m

( ) (0) != (m = 0, 1, 2, ...)

’Ô«±», a
m

fm
m= 1 0! ( )( )

˜ôL√¬ı… : √õ∂M ‚±Ó¬À|øÌøÈ¬¬ı˛ ¸˝··≈ø˘¬ı˛ ¤˝◊ Î¬◊¬Û¬Û±À… √õ∂±5 ˜±Ú ¬ıø¸À˚˛ ¬Û±˝◊

f x
ki

f x f k
k

k k k
k

kk
( ) ( ) ( ) !

( ) ( )= =
=

∞

=

∞
∑∑ 1 0 0

00

¤‡Ú, 
f

k
x

k
k

k

(0)
!=

∞
∑

0
‚±Ó¬À|øÌøÈ¬Àfl¬ f(x) ’À¬Ûé¬Àfl¬¬ı˛ ˜…±flƒ¬˘ø¬ı˛Ú Œ|øÌ ¬ı˘± ˝˚˛º ’Ô«±» ˚ø

f x a x R x Rk
k( ) ( )= − < <

∞
∑
0

 ˝˚˛, Ó¬±˝À˘ ¤˝◊ ‚±Ó¬À|øÌøÈ¬ ’À¬Ûé¬fl¬øÈ¬¬ı˛ ˜…±flƒ¬˘ø¬ı˛Ú Œ|øÌ ˝À¬ıº
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Î¬◊¬Û¬Û±… 3 : ’±À¬ıÀ˘¬ı˛ Î¬◊¬Û¬Û±…

˚ø (1)  a xn
n

0

∞
∑  ‚±Ó¬À|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı…±¸±Ò« R ˝˚˛

(2) a x f xn n =
∞
∑ ( ),
0

 – R < x < R,

¤¬ı— (3) a Rn
n

0

∞
∑ ¸±—ø‡…fl¬ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˝˚˛, Ó¬±˝À˘ a R f xn

n

n x R=

∞

→ −
∑ =

0
lim ( )

√õ∂˜±Ì : ’±˜¬ı˛± Œ‡±À¬ı± Œ˚ ‚±Ó¬ Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı…±¸±Ò« R = 1 øÚÀ˘› ¸±Ò±¬ı˛ÌÀQ¬ı˛ Œfl¬±ÀÚ±

˝±øÚ ˝À¬ı Ú± (No loss of generality)º   x = Ry ¬ıø¸À˚˛ ¬Û±˝◊,

∑anxn = ∑anRnyn   = ∑bnyn,     bn = anRn

¤‡Ú, b yn
n

0

∞
∑  ‚±Ó¬À|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛˜ ¬ı…±¸±Ò« R′ ˝À˘

′ = = = =

→∞ →∞

R
a R R a

R
R

n
n

n
n

n
n

n

1 1
1

1 1
lim sup lim

Ó¬±˝À˘  ’±˜±À¬ı˛ √õ∂˜±Ì fl¬¬ı˛ÀÓ¬ ˝À¬ı Œ˚

˚ø (1) a xn
n

0

∞
∑  ‚±Ó¬À|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı…±¸±Ò« 1 ˝˚˛

(2) a x f xn
n =

∞
∑ ( ),
0

– 1 < x < 1

¤¬ı— (3) an
0

∞
∑  Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˝˚˛, Ó¬±˝À˘ lim ( )

x
nf x a

→ −

∞
= ∑

1 0
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√õ∂˜±Ì : Òø¬ı˛, Sn = a0 + a1 + … + an, S – 1 = 0

¤¬ı— an
0

∞
∑  = S

Ó¬±˝À˘, a xn
n

m

0
∑

= − −
=
∑ ( )S S xn n
n

m
n

1
0

= S x S x x S xn
n

m
m

n
n

n

m

n

m

+ − −
−

==

−
∑∑ 1

1

00

1

= [ Œ˚À˝Ó≈¬ S – 1 = 0]

= − +
=

−
∑( )1

0

1
x S x S xn

n
m

m

n

m

’Ô«±» a x x S x S xn
n

n
n

m
m

n

m

n

m

= − +
=

−

=
∑∑ ( )1

0

1

0

¤‡Ú m Œfl¬ ’¸œÀ˜ ’¬Û¸‘Ó¬ fl¬À¬ı˛ ¬Û±˝◊,

[ Œ˚À˝Ó≈¬ x S Sm< →1,  ¤¬ı— xm → 0]

’Ô«±» f x x S xn
n

n

( ) ( )= −
=

∞
∑1

0
˚‡Ú 0 < x < 1 (1)
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’±¬ı±¬ı˛, Œ˚À˝√√Ó≈¬ S Sn →  ˚‡Ú 

n → ∞,

 Œfl¡±Ú ÒÚ±Rfl¡ ¸—‡…± ε õ∂√M√√ ˝√√À˘ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡

’‡G¬ ¸—‡…± N ¬Û±›˚˛± ˚±À¬ı Œ˚

S Sn − < ε
2 ,

˚‡Ú n N≥ (2)

’øÒfl¡z≈¬, 

( ) ,1 1
0

− =
=

∞
∑x xn

n

x < 1 (3)

’Ó¬¤¬ı, ˚‡Ú 

n N≥

 ¤¬ı— 

0 1< <x
f x S x S x Sn

n

n
( ) ( )− = − −

=

∞
∑1

0

((1) ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛)

= ( ) ( )1
0

− −
=

∞
∑x S S xn

n

n
((3) ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛)

  ≤ − − + −
= +

∞

=
∑∑( ) ( ) ( )1 2 1

10
x S S x x xn

n n

n Nn

N ε
 ((2) ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛)

  ≤ − − +
=
∑( ) ( )1 20

x S S xn
n

n

N ε

øfl¡z≈¬ N ¤fl¡øÈ¬ øÚø«√©Ü ÒÚ±Rfl¡ ’‡G¬ ¸—‡…± ˝√√À˘ ( ) ( )1
0

− −
=
∑x S S xn

n

n

N

 ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸ißÓ¬

’À¬Ûé¬fl¡, x = 1 ø¬ıμ≈ÀÓ¬ ˚±¬ı˛ ˜±Ú ˙”Ú…º ¤Ó¬¤¬ı ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± δ  ¬Û±›˚˛± ˚±À¬ı Œ˚

( ) ,1 20
− − <

=
∑x S S xn

n

n

N ε

˚‡Ú 1 1− < <δ x

∴ − < + =f x S( ) ,ε ε ε2 2

˚‡Ú 

1 1− < <δ x
⇒ = =

→ − =

∞
∑lim ( )

x n
n

f x S a
1 0 0

˜z¬¬ı… 1 – a xn n
n=

∞
∑

0
 ‚±Ó¬À|ÌœøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı…±¸±Ò« R ¤¬ı— a Rn

n

n=

∞
∑

0
 Œ|ÌœøÈ¬› ’øˆ¬¸±¬ı˛œº

’Ó¬¤¬ı ¸˜-’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’±À¬ıÀ˘¬ı˛ ¬Û¬ı˛œé¬± ’Ú≈¸±À¬ı˛ a xn
n

n=

∞
∑

0
 ‚±Ó¬À|ÌœøÈ¬ [ , ]− +R Rε  ’z¬¬ı˛±À˘

¸˜-’øˆ¬¸±¬ı˛œº



326

˜ôL√¬ı… 2 :  ‚±Ó¬À|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı…±¸±Ò« R ¤¬ı— ( )−
=

∞
∑ 1

0

n
n

n

n

a R  Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ

˝À˘ a xn
n

n=

∞
∑

0
 ‚±Ó¬À|øÌøÈ¬ [ –R, R–ε] ’ôL√¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œº

˜ôL√¬ı… 3 : Œ˚À˝Ó≈¬ Œfl¬±ÀÚ± ‚±Ó¬À|øÌ¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı…±¸±Ò« R ˝À˘, ¤¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¬

(–R, R) ’ôL√¬ı˛±À˘ ¸ôL√Ó¬ ˝˚˛, ’Ó¬¤¬ı ’±À¬ıÀ˘¬ı˛ ¬Û¬ı˛œé¬± ŒÔÀfl¬ ¬Û±›˚˛± ˚±˚˛, Œ˚±·Ù¬˘ ’À¬Ûé¬fl¬øÈ¬

(–R, R) ’ôL√¬ı˛±À˘ ¸ôL√Ó¬ ˝À¬ıº

Î¬◊±˝¬ı˛Ì : Œ‡±Ú Œ˚

(i) tan ,− = − + − +1
3 5 7

3 5 7
x x

x x x – 1 ≤ x ≤ 1

(ii) 
π
2

1
1
3

1
5

1
7

= − + − +

¸˜±Ò±Ú : ’±˜¬ı˛± Ê±øÚ Œ˚

(1) (1+ x2)– 1 = 1 – x2 + x4 – x6 + …, x > 1

Î¬±ÚøÀfl¬¬ı˛ ‚±Ó¬À|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˚‡Ú x < 1 ¤¬ı— (– 1, 1) ’ôL√¬ı˛±À˘ ¤øÈ¬ øÚ–˙Ó«¬

’øˆ¬¸±¬ı˛œ ¤¬ı— (–R, R) ¬ı&Ò ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ˚‡Ú º ¤˝◊ Œ|øÌøÈ¬¬ı˛

√õ∂øÓ¬¬ÛÀ¬ı˛ ¸˜±fl¬˘Ú fl¬À¬ı˛ √õ∂±5 ‚±Ó¬À|øÌøÈ¬› (–1, 1) ’ôL√¬ı˛±À˘ øÚ–˙Ó«¬ ’øˆ¬¸±¬ı˛œ ¤¬ı—

[– R, R] ’ôL√¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ˝À¬ı, ˚‡Ú R < 1º

(1) ¸˜œfl¬¬ı˛ÌøÈ¬¬ı˛ Î¬◊ˆ¬˚˛¬ÛÀé¬ ¸˜±fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

tan− = + − + − +1
3 5 7

3 5 7
x c x

x x x
x < 1

Œ˚‡±Ú c ¤fl¬øÈ¬ ¸˜±fl¬˘Ú ÒË≈¬ıfl¬º

Î¬◊ˆ¬˚˛ ¬ÛÀé¬ x = 0 ¬ıø¸À˚˛ ¬Û±˝◊ c = 0

’Ó¬¤¬ı

tan− = − + − +1
3 5 7

3 5 7
x x

x x x
x <1
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¤‡Ú Î¬±ÚøÀfl¬ 1 ¬ıø¸À˚˛ √õ∂±5 Œ|øÌøÈ¬ ˝À2Â

1
1
3

1
5

1
7

− + −

¤øÈ¬ ¤fl¬øÈ¬ ¤fl¬±ôL√¬ı˛ Œ|øÌº ˘œ¬ıøÚ»À¸¬ı˛ ¬Û¬ı˛œé¬± √õ∂À˚˛±À· Œ‡± ˚±À2Â ¤øÈ¬ ¤fl¬øÈ¬ ’øˆ¬¸±¬ı˛œ Œ|øÌº

’Ó¬¤¬ı,

x
x x x− + − +

3 5 7

3 5 7
Œ|øÌøÈ¬ x = 1 ø¬ıμ≈ÀÓ¬ ’øˆ¬¸±¬ı˛œ, ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı Œ‡±ÀÚ± ˚±˚˛ ¤øÈ¬ x = –1 ø¬ıμ≈ÀÓ¬› ’øˆ¬¸±¬ı˛œº

’Ó¬¤¬ı ’±À¬ıÀ˘¬ı˛ Î¬◊¬Û¬Û±… ’Ú≈˚±˚˛œ ¤˝◊ Œ|øÌøÈ¬ [–1, 1] ’ôL√¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œº ¤¬ı˛ Ù¬À˘ ’±˜¬ı˛±

ø˘‡ÀÓ¬ ¬Û±ø¬ı˛ Œ˚,

tan ,− = − + − +1
3 5 7

3 5 7
x x

x x x
x ≤1

x = 1 ø¬ıμ≈ÀÓ¬ [’±À¬ıÀ˘¬ı˛ Î¬◊¬Û¬Û±… √õ∂À˚˛±· fl¬À¬ı˛]

π
4 1 1 1

3
1
5

1
7

1
1

1= = = − + − +−
→ −

−tan lim tan
x

x

Î¬◊¬Û¬Û±… 4 : ≈øÈ¬ ’øˆ¬¸±¬ı˛œ ‚±Ó¬ Œ|øÌ¬ı˛ Œ˚±·Ù¬˘ ¤¬ı— ·≈ÌÙ¬˘ ˚ø

(1) a x f xn
n

n

=
=

∞
∑ ( ),

0
x R<

(2) b x g xn
n

n

=
=

∞
∑ ( ),

0
x r<

¤¬ı— cn = an + bn,     dn = a0 bn + a1bn–1 + ... + anb0

    = a bk n k
k

n

−
=
∑

0

Ó¬±˝À˘ f x g x c xn
n

n

( ) ( )+ =
=

∞
∑

0
x S<

f x g x d xn
n

n

( ) ( ) =
=

∞
∑

0
x S<

Œ˚‡±ÀÚ, S = min{r, R}

[√õ∂˜±Ì ¬ıøÊ«Ó¬ ˝˘º]
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Î¬◊±˝¬ı˛Ì : Œ‡±Ú Œ˚

1
2 2 4 1 1

3 6 1 1
3

1
5

1 2
2 4 6

(tan ) ,− = − + + + + +x x x xe j e j  – 1< x ≤ 1

¸˜±Ò±Ú : ’±˜¬ı˛± Ê±øÚ Œ˚

tan ,− = − + − +1
3 5 7

3 5 7
x x

x x x –1 ≤ x < 1

¤¬ı— (1+ x2)–1 = 1 – x2 + x4 – x6 + ...,–1 < x < 1

Œ˚À˝Ó≈¬ Î¬◊ˆ¬˚˛ ‚±Ó¬À|øÌ˝◊ –1 < x < 1 ’ôL√¬ı˛±À˘ øÚ–˙Ó«¬ ’øˆ¬¸±¬ı˛œ, ’Ó¬¤¬ı ¤À¬ı˛ ·≈ÌÙ¬À˘¬ı˛

Œ|øÌøÈ¬› – 1 < x < 1 ’ôL√¬ı˛±À˘ øÚ–˙Ó«¬ ’øˆ¬¸±¬ı˛œ ˝À¬ı ¤¬ı—

tan .( ) ,− −+ = − +FH
I
K + + +F
H

I
K −1 2 1 3 51 1 1

3
1 1

3
1
5

x x x x x   –1 < x < 1

Î¬◊ˆ¬˚˛ ¬ÛÀé¬¬ı˛ ¸˜±fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

1
2 2

1
1
3 4

1
1
3

1
5 6

1 2
2 4 6

(tan ) ,− = + − +FH
I
K + + +F
H

I
K −x c

x x x
–1 < x < 1

x = 0 ¬ıø¸À˚˛ ¬Û±˝◊, c = 0

’Ó¬¤¬ı

1
2 2

1
1
3 4

1
1
3

1
5 6

1 2
2 4 6

(tan )− = − +FH
I
K + + +F
H

I
K −x

x x x
, –1 < x < 1

Œ˚À˝Ó≈¬ Î¬±ÚøÀfl¬¬ı˛ Œ|øÌøÈ¬ÀÓ¬ x = 1 ¬ıø¸À˚˛ √õ∂±5 Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ √[√õ∂˜±Ì fl¬¬ı˛≈Ú], ’Ó¬¤¬ı

’±À¬ıÀ˘¬ı˛ Î¬◊¬Û¬Û±… √õ∂À˚˛±· fl¬À¬ı˛ ¬Û±˝◊

1
2 2 4

1
1
3 6

1
1
3

1
5

1 2
2 4 6

(tan )− = − +FH
I
K + + +F
H

I
K−x

x x x
,  – 1< x ≤ 1
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Î¬◊¬Û¬Û±… 5 :  ’ÚÚ…Ó¬± Î¬◊¬Û¬Û±… (Uniqueness Theorem)

˚ø, (1) a x f x R x R Rn
n

n

= − < < >
=

∞
∑ ( ), , 0

0

¤¬ı— (2) b x f x R x R Rn
n

n

= − < < >
=

∞
∑ ( ), , 0

0

Ó¬±˝À˘ an = bn, n = 0, 1, 2, ...

√õ∂˜±Ì : f(x) = a0 + a1x + a2x2 + a3x3 + ... + anxn + ...

¤¬ı—  f(x) = b0 + b1x + b2x2 + b3x3 + ... bnxn + ...

–R < x < R

x = 0 ¬ıø¸À˚˛ ¬Û±˝◊,

f (0) = a0 = b0

Î¬◊ˆ¬˚˛ Œ|øÌ¬ı˛ √õ∂øÓ¬¬ÛÀ¬ı˛ ’ôL√¬ı˛fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

′ = + + +f x a a x a x( ) ... ,1 2 3
22 3 x R<

′ = + + +f x b b x b x( ) ,1 2 3
22 3x R<

x  = 0 ¬ıø¸À˚˛ ¬Û±˝◊,       f′ (0) = a1 = b1

’±¬ı±¬ı˛ ’ôL√¬ı˛fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

′′ = + +f x a a x( ) 2 62 3

x R<

′′ = + +f x b b x( ) 2 62 3

x R<

x = 0 ¬ıø¸À˚˛ ¬Û±˝◊

f″ (o) = 2a2 = 2b2 ⇒ a2 = b2

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı ’¢∂¸¬ı˛ ˝À˚˛ Œ‡±Ú ˚±˚˛ Œ˚ an = bn, n = 0, 1, 2 ...

Î¬◊±˝¬ı˛Ì :

Òø¬ı˛, a xn
n

n=

∞
∑

0
 Œ|øÌøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¬ f(x)  ˚‡Ú x R<
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˚ø f x f x x R R( ) ( ) , ( , )+ − = ∀ ∈ −0  ˝˚˛, Ó¬±˝À˘ √õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚

an = 0 ˚‡Ú n ˚≈¢¨ ÒÚ±Rfl¬ ’‡`¬ ¸—‡…±º

√õ∂˜±Ì : √õ∂M ˙Ó«¬±Ú≈¸±À¬ı˛ f x a xn
n

n

( ) =
=

∞
∑

0
x R<

’Ó¬¤¬ı f x a xn
n

n

n

( ) ( ) ,− = −
=

∞
∑ 1

0
x R<

’±¬ı±¬ı˛ f(x) + f(–x) = 0 ⇒

     f(x) = – f(–x) ∀ ∈ −x R R( , )

’Ô«±» a xn
n

n=

∞
∑

0
 ¤¬ı— − − = − +

=

∞

=

∞
∑∑ ( ) ( )1 1 1

00

n
n

n n
n

n

nn

a x a x

Œ|øÌ ≈øÈ¬¬ı˛ Œ˚±·Ù¬˘-’À¬Ûé¬fl¬ ’øˆ¬iß ˚‡Ú      –R < x < R

’Ó¬¤¬ı an = (–1) n+1 an,      n = 0, 1, 2, ........

⇒ an = 0, ˚‡Ú n = 2m, m = 0, 1, 2 ........

’Ô«±» n ˚≈¢¨ ¸—‡…± ˝À˘ an = 0º

11.6 ‘©Ü±ôL√˜”˘fl¬ Î¬◊±˝¬ı˛Ì±¬ı˘œ

1. sin− =
−
z1

20 1
x

dx

t

x

 ¸˜œfl¬¬ı˛ÌøÈ¬ ŒÔÀfl¬ Œ‡±Ú Œ˚

   sin–1x-¤¬ı˛ ‚±Ó¬À|øÌøÈ¬ ˝À2Â

x
x x x+ + ⋅

⋅ + +1
2 3

1 3
2 4 5

1
2

3
4

5
6 7

3 5 7
. . . ..., x < 1

   √õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚ ¤˝◊ ø¬ıd¬‘øÓ¬ x =1  ø¬ıμ≈ ≈øÈ¬ÀÓ¬› Δ¬ıÒº
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¸˜±Ò±Ú : 
1

1 12−
’À¬Ûé¬fl¬øÈ¬Àfl¬ ø¬Z¬Û-Î¬◊¬Û¬Û±… √õ∂À˚˛±À· ø¬ıd¬‘Ó¬ fl¬À¬ı˛ ¬Û±˝◊

1

1
1 1

1
2

1 3
4

1 3 5
2 4 62

2
1
2 2 4 6

−
= − = + + ⋅ + ⋅ ⋅

⋅ ⋅ +
−

t
t t t t( )

 t > 1

¤‡±ÀÚ u
n

n
tn

n= ⋅ ⋅ −
⋅ ⋅

1 3 5 1
2 4 6 2

2(2 )

’Ó¬¤¬ı 

u

u
n

n
n n

n n t
n

n+
= ⋅ ⋅ −

⋅ ⋅
⋅ ⋅ +

⋅ ⋅ − +1
2

1 3 5 2 1
2 4 6 2

2 4 6 2 2
1 3 5 1 1

1. (2 )
(2 )(2 )

.

= +
+

−2 2
1

2n
n

t
(2 )

lim
n

n

n

u

u t→∞ +
=

1
1
2

fl¬±ÀÊ˝◊, …-’…±À˘˜¬ı±ÀÈ«¬¬ı˛ ’Ú≈¬Û±Ó¬ ¬Û¬ı˛œé¬± ŒÔÀfl¬ ¬Û±›˚˛± ˚±À2Â Œ˚, Œ|øÌøÈ¬ t > 1 øÚ–˙Ó«¬

’øˆ¬¸±¬ı˛œº

’±¬ı±¬ı˛ t2 = 1 ˝À˘

lim lim
n

n

n n
n

u

u
n

n
n→∞ →∞

−FHG
I
KJ =

+
+ −F

H
I
K = <1

2 2
2 1

1
1
2

1

’Ó¬¤¬ı ¬ı˛±À¬ı (Raabe’s)-¬ı˛ ¬Û¬ı˛œé¬± √õ∂À˚˛±· fl¬À¬ı˛ ¬Û±ø2Â Œ˚ ø¬ıd¬‘øÓ¬  t = ± 1 ø¬ıμ≈ ≈øÈ¬ÀÓ¬ Δ¬ıÒ

Ú˚˛º

∴’¸œ˜ Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’ôL√¬ı˛±˘ ˝˘ (–1,1)º ’±˜¬ı˛± Ó¬±˝◊ ¤˝◊ Œ|øÌøÈ¬Àfl¬ [0,x] ¬ıX

’ôL√¬ı˛±À˘ ¸˜±fl¬˘Ú fl¬¬ı˛ÀÓ¬ ¬Û±ø¬ı˛, Œ˚‡±ÀÚ  – 1< x < 1

’Ó¬¤¬ı 
1

1
1
2

1
2

1
2

3
4

1
2

3
4

5
62

2 4
0

6
0000 −

= + + + ⋅ +z zzzz
t

dt dt t dt t dt t dt
x xxxx

. . .

⇒ = + + + +−sin . . . . . .1
3 5 71

2 3
1
2

3
4 5

1
2

3
4

5
6 7x x x x x ,   –1 < x < 1
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x = 1 ¬ıø¸À˚˛, √õ∂øÓ¬¬ÛÀ¬ı˛ ¸˜±fl¬˘ÚÊ±Ó¬ Œ|øÌøÈ¬¬ı˛ n Ó¬˜ ¬Û ¬Û±˝◊

u
n
n nn = ⋅ ⋅ −

+
1 3 5 1

2 4 6 2
1

2 1
(2 )

. .
.

⇒ = ⋅ ⋅ − +
⋅ ⋅ + ++u

n n
n n nn 1

1 3 5 1 1
2 4 6 2 2

1
2 3

(2 )(2 )
(2 )

fl¬±ÀÊ˝◊ 

u

u
n

n n
n n n

n n
n

n+
= ⋅ ⋅ −

⋅ ⋅ +
⋅ ⋅ + +
⋅ ⋅ − +1

1 3 5 1
2 4 6 2

1
2 1

4 6 2 3
1 3 5 1 1

(2 )
.

(2 )(2 )(2 )
(2 )(2 )

   = + +( )
+

→2 2 2 3
2 1

12
n n

n

)(
( )

, ˚‡Ú  n → ∞

’±¬ı±¬ı˛, n
u

u
n

n

n
n

n

n

n+
−F

HG
I
KJ =

+
+

=
+

+FH
I
K

→ >
1

2 2
1 6 5

1

6
5

2 1

3
2

1.
(2 )

,  ˚‡Ú  n → ∞

’Ó¬¤¬ı, x = 1 ø¬ıμ≈ÀÓ¬ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº

x = – 1 ø¬ıμ≈ÀÓ¬ Œ|ÌœøÈ¬¬ı˛ õ∂øÓ¬¬Û√ x = 1 ø¬ıμ≈ÀÓ¬ õ∂±5 Œ|Ìœ¬ı˛ õ∂øÓ¬¬ÛÀ√¬ı˛ ø¬ı¬Û¬ı˛œÓ¬

ø‰¬˝ê ˚≈q¡º Ù¬À˘ x = – 1 ø¬ıμ≈ÀÓ¬› Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˝À¬ıº

’Ó¬¤¬ı sin–1x-¤¬ı˛ ø¬ıd¬‘øÓ¬øÈ¬ x =1  ø¬ıμ≈ ≈øÈ¬ÀÓ¬› ¬Δ¬ıÒº

2. Œ‡±Ú Œ˚, 
sin−z 1

0

x
x

dx
x

¸˜±fl¬˘øÈ¬Àfl¬ ’±˜¬ı˛± sin–1x-¤¬ı˛ ø¬ıd¬‘øÓ¬øÈ¬ √õ∂øÓ¬àÔ±¬ÛÚ fl¬À¬ı˛, x <1

’ôL√¬ı˛±À˘, √õ∂øÓ¬¬ÛÀ¬ı˛ ¸˜±fl¬˘Ú fl¬¬ı˛ÀÓ¬ ¬Û±ø¬ı˛, ’±À¬ı˛± Œ‡±Ú Œ˚

sin (2 )
.. (2 )

− ∞
= ⋅ −

⋅ +
∑z 1

2
0

0

1 1 3 1
2 4 2

1

1

x
x

dx
n
n n

’Ó¬–¬Û¬ı˛ 
sin−1 x

x
 ’À¬Ûé¬fl¬øÈ¬Àfl¬ ’±—ø˙fl¬ ¬ÛXøÓ¬ÀÓ¬ ¸˜±fl¬˘Ú fl¬À¬ı˛ Œ‡±Ú Œ˚ Î¬±ÚøÀfl¬¬ı˛ ’¸œ˜

Œ|øÌøÈ¬

¸˜±fl¬˘øÈ¬¬ı˛› ˜±Úº
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¸˜±Ò±Ú – Î¬◊√±˝√√¬ı˛Ì 1 ŒÔÀfl¡ ¬Û±˝◊√√

sin . . . . . . . .. . .− = + + + + − < <1
3 5 71

2 3
1
2

3
4 5

1
2

3
4

5
6 7 1 1x x x x x x

⇒ = + + + + − < <
−sin . . . . . . .. . ..

1 2 4 6
1 1

2 3
1
2

3
4 5

1
2

3
4

5
6 7 1 1x

x
x x x x

Î¬±Úø√Àfl¡¬ı˛ ‚±Ó¬À|ÌœøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’z¬¬ı˛±˘ ˝√√˘ (–1,1) ’±˜¬ı˛± Ó¬±˝◊√√ ¤˝◊√√ Œ|ÌœøÈ¬Àfl¡ [0,x] ¬ıX

’z¬¬ı˛±À˘ ¸˜±fl¡˘Ú fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛, Œ˚‡±ÀÚ –1< x <1º ’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬, 
sin−1

x
 ’À¬Ûé¬fl¡øÈ¬¬ı˛

x = 0 ø¬ıμ≈ÀÓ¬ ”√¬ı˛œfl¡¬ı˛ÌÀ˚±·… ’¸±z¬Ó¬… ’±ÀÂ√ Ó¬±˝◊√√ 

sin−z 1

0
x

x
dx

x

 ¸˜±fl¡˘øÈ¬ ˚Ô±Ô« ¸˜±fl¡˘º Ù¬À˘

sin . . . . .. . . ,
−

= + + + − < <zzzz 1 2 4

0000
1 1

2 3
1
2

3
4 5

1 1x
x

dx dx x dx x dx x
xxxx

= x x x x+ + + − < <1
2 3

1
2

3
4 5

1 1
3

2

5

2.
( )

. .
( )

.. . .. ,

= 
1 3 5 2 1

2 4 6 2
1

2 1 2
2 1

0

⋅ ⋅ −
⋅ ⋅ +

+
∞
∑ . . . ( )

. .. ( )
,n

n n
x n  –1< x < 1

Î¬±Úø√Àfl¡¬ı˛ ‚±Ó¬À|ÌœøÈ¬ÀÓ¬ x = 1 ¬ıø¸À˚˛ øÚÀ‰¬¬ı˛ ¸±—ø‡…fl¡ Œ|ÌœøÈ¬

1 3 5 2 1
2 4 6 2

1
2 1 2

0

⋅ ⋅ −
⋅ ⋅ +

∞
∑ . . . ( )

. .. ( )
n

n n

¬Û±›˚˛± ˚±˚˛º ë¬ı˛±À¬ıí¬ı˛ ¬Û¬ı˛œé¬± õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

lim lim ( ) ( )
( )n

n

n n
n

a
a

n
n n

n→∞ + →∞
−F

H
I
K = + +

+
−L

NM
O
QP = >

1

2

31 2 3 2 2
2 1

1 5
2 1

’Ó¬¤¬ı x = 1 ø¬ıμ≈ÀÓ¬ ‚±Ó¬À|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œº

fl¡±ÀÊ√˝◊√√ ’±À¬ıÀ˘¬ı˛ Î¬◊¬Û¬Û±√… ŒÔÀfl¡ ¬Û±˝◊√√

lim sin ... ( )
.. . ( )x

x x
x

dx
n

n n→ −

− ∞
= ⋅ ⋅ −

⋅ ⋅ +∑z1

1

2
00

1 3 5 2 1
2 4 6 2

1
2 1
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¬ı±,
sin (2 )

.. (2 )

− ∞
= ⋅ ⋅ −

⋅ ⋅ +
∑z 1

2
0

0

1 1 3 5 1
2 4 6 2

1

1

x
x

dx
n

n n

sin
[sin log ] log

−
−= −

−
zz 1

1
0
1

20

1

0

1 1

1

x
x

dx x x
x

x dx (1)

¤‡Ú, lim sin log
x

x x
→ +

−
0

1

= =
→ + → +
lim logsin lim

logsin
θ θ

θ θ θ

θ
0 0 1 [’±fl¬±¬ı˛ 

∞
∞ ]

    

              = −
→ +
lim

sin
. . cos

θ

θ
θ

θ θ
0

              = −
→ + → + → +
lim

sin
. lim . lim cos

θ

θ
θ

θ θ
0 0 0 0 0

              = 0

’Ó¬¤¬ı 
sin log log−

= −
−

=
−zz z1

20

1

0

1

20

1

1 1
x

x
dx

xdx

x

x

x
dx

Ù¬À˘, 
log sin ( )

. . ( )
x

x
dx x

x
dx

n
n n1

1 3 5 2 1
2 4 6 2

1
2 12

1

2
00

1

0

1

−
= = ⋅ ⋅ −

⋅ ⋅ +
− ∞

∑zz

3. (1)

ÒÀ¬ı˛ øÚÀ˚˛ Œ‡±Ú Œ˚

sin
! !

t
t

dt x
x x xx

= − ⋅ + ⋅ − +z 3 5 7

0 3 3! 5 5 7
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¸˜±Ò±Ú : (1) ŒÔÀfl¬ ¬Û±˝◊ 
sin

! !
x

x
x x x= − + − +1
3! 5 7

2 4 6
 ˚‡Ú x ≠ 0

’±¬ı±¬ı˛, Œ˚À˝Ó≈¬ lim sin
x

x
x→

=
0

1

’±˜¬ı˛± 
sin x

x
 ’À¬Ûé¬fl¬øÈ¬¬ı˛ x = 0 ø¬ıμ≈ÀÓ¬ ˜±Ú  1 ¸—ø:Ó¬ fl¬¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º Ó¬±˝À˘ Œ˘‡± ˚±˚˛

sin
! !

x
x

x x x= − + − +1
3! 5 7

2 4 6

¤˝◊ Œ|øÌøÈ¬ x-¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ ÊÚ… ’øˆ¬¸±¬ı˛œº Ó¬±˝◊ Œ˚-Œfl¬±ÀÚ± ¬ıX ’ôL√¬ı˛±À˘ ‚±Ó¬-Œ|øÌøÈ¬¬ı˛

√õ∂øÓ¬¬ÛÀ¬ı˛ ¸˜±fl¬˘Ú fl¬¬ı˛± ¸y√√¬ı ¤¬ı— √õ∂øÓ¬¬ÛÀ¬ı˛ ¸˜±fl¬˘ÚÊ±Ó¬ Œ|øÌøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¬ ˝À¬ı ‹

’ôL√¬ı˛±À˘ ˜”˘ Œ|øÌøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬Àfl¬¬ı˛ ¸˜±fl¬˘º

’Ó¬¤¬ı
sin

! !
t

t
dt dt

t
dt

t
dt

t
dt

x xxxx
= ⋅ − + − +z zzzz 1

3! 5 7

2

0

4 6

0000

        = − ⋅ + ⋅ − ⋅ +x
x x x3 5 7

3 3! 5 5 7 7! !

Î¬±ÚøÀfl¬¬ı˛ Œ|øÌøÈ¬Àfl¬ an
0

∞
∑  ’±fl¬±À¬ı˛ ø˘À‡ ¬Û±˝◊

a
x

n nn
n

n

= −
− −

−
−

( )
(2 )(2 )!

1
1 1

1
2 1

’Ó¬¤¬ı 

a

a

x

n n
n n

x

n

n

n

n

+
+

−
= + +

− −1
2 1

2 11 1
1 1

(2 )(2 )!
(2 )(2 )!

    = −
+ +

2 1
2 1

1
1

2n
n n n

x
(2 )2

⇒ = ∀
→∞

+lim ,
n

n

n

a

a
x1 0

’Ô«±», ¸˜±fl¬˘ÚÊ±Ó¬ Œ|øÌøÈ¬ x-¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ ÊÚ… ’øˆ¬¸±¬ı˛œº
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4 : √õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚, 
du

u
x

x
n

x
nn

n nx

1 1 2 1

1 2 1

0 +
= −

+
+

+
−

+ +z
– 1 < x ≤ 1, n > 0

¤¬ı— n = 2 ¬ıø¸À˚˛ Œ‡±Ú Œ˚

tan− = − + −1
3 5

3 5
x x

x x – 1≤ x ≤ 1

√õ∂˜±Ì : 
1

1
1 11 2 3

+
= + = − + − +−

u
u u u u

n
n n n n( ) ....

¤øÈ¬ ¤fl¬øÈ¬ ·≈ÀÌ±M¬ı˛ Œ|øÌº ¤¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’ôL√¬ı˛±˘ ˝À2Â

– 1 < un < 1  ’Ô«±»  – 1 < u < 1

’Ó¬¤¬ı (–1, 1) ’ôL√¬ı˛±À˘¬ı˛ ’ôL√·«Ó¬ Œ˚-Œfl¬±ÀÚ± ¬ıX ’ôL√¬ı˛±À˘ ¤˝◊ Œ|øÌøÈ¬¬ı˛ √õ∂øÓ¬¬ÛÀ¬ı˛ ¸˜±fl¬˘Ú

fl¬¬ı˛± ¸y√√¬ıº Ó¬±˝◊

du

u
du u dx u dx u dx

n

xx n n nxxx

1
1

00
2 3

000+
= − + − +zz zzz.

–1< x < 1

’Ô«±»
du

u
x

x
n

x
n

x
nn

n n nx

1 1 2 1 3 1

1 2 1 3 1

0 +
= −

+
+

+
−

+
+

+ + +z
– 1 < x < 1, n > 0

Î¬±ÚøÀfl¬¬ı˛ ‚±Ó¬ Œ|øÌøÈ¬ÀÓ¬ x = 1 ¬ıø¸À˚˛

1
1

1
1

2 1
1

3 1
−

+
+

+
−

+
+

n n n

¸±—ø‡…fl¬ Œ|øÌøÈ¬ ¬Û±›˚˛± ˚±˚˛º ˚±¬ı˛ ¸±Ò±¬ı˛Ì ¬Û ˝À2Â

u
knk

k= −
+

−( )1
1

1
1
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¤øÈ¬ ¤fl¬øÈ¬ ¤fl¬±ôL√¬ı˛ Œ|øÌº uk k=
∞

0{ ’Ú≈flË¡˜øÈ¬ flË¡˜˝ò±¸˜±Ú ¤¬ı— 

lim
k

ku
→∞

= 0

 ’Ó¬¤¬ı ˘œ¬ıøÚ»À¸¬ı˛

¬Û¬ı˛œé¬± ’Ú≈˚±˚˛œ ¬Û±›˚˛± ˚±À2Â Œ˚, Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸±—ø‡…fl¬ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº ’Ô«±» ¸˜±fl¬˘ÚÊ±Ó¬ Œ|øÌøÈ¬¬ı˛

’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’ôL√¬ı˛±˘  –1 < x ≤ 1

Ó¬±˝◊, 
du

u
x

x
n

x
n

x
nn

n n nx

1 1 2 1 3 1

1 2 1 3 1

0 +
= −

+
+

+
−

+
+

+ + +z ,           – 1< x ≤ 1, n > 0

ø¬ZÓ¬œ˚˛ ’—˙ :

Î¬◊ˆ¬˚˛ ¬Û±Àù´« n = 2 ¬ıø¸À˚˛ ¬Û±˝◊

dx

u
x

x x xx

1 3 5 72

3 5 7

0 +
= − + − +z , – 1< x ≤ 1

¤‡Ú Î¬±ÚøÀfl¬¬ı˛ Œ|øÌøÈ¬ÀÓ¬ x = –1 ¬ıø¸À˚˛ √õ∂±5 ¸±—ø‡…fl¬ Œ|øÌøÈ¬ ˝À2Â

− − + − +F
H

I
K1 1

3
1
5

1
7

˘œ¬ıøÚ»À¸¬ı˛ ¬Û¬ı˛œé¬± √õ∂À˚˛±À· Œ‡± ˚±À2Â Œ˚, ¤øÈ¬ ¤fl¬øÈ¬ ’øˆ¬¸±¬ı˛œ Œ|øÌº ’Ó¬¤¬ı ¸˜±fl¬˘ÚÊ±Ó¬

Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’ôL√¬ı˛±˘  – 1 ≤ x ≤ 1

’Ó¬¤¬ı

tan− =
+

= − + − +z1
20

3 5 7

1 3 5 7
x

du

u
x

x x xx
– 1 ≤ x ≤ 1

5. x
x x x− + − +

2 3 4

2 3 4

‚±Ó¬À|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’ôL√¬ı˛±À˘ Œ˚±·Ù¬˘ log(1+x) ÒÀ¬ı˛ øÚÀ˚˛ Œ‡±Ú Œ˚

1
1 2

1
2 3

1
3 4

2 2 1
⋅

−
⋅

+ − = −
.

log

¸˜±Ò±Ú : x
x x x− + − +

2 3 4

2 3 4

Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’ôL√¬ı˛±˘ 1 < x ≤ 1
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’Ó¬¤¬ı log( )1
2 3 4

2 3 4
+ = − + − +x x

x x x      – 1 < x ≤ 1

¤‡Ú, ˚ø [0, h], – 1 < x < 1 ’ôL√¬ı˛±À˘¬ı˛ ’ôL√·«Ó¬ ¤fl¬øÈ¬ ¬ıX ’ôL√¬ı˛±˘ ˝˚˛ Ó¬±˝À˘

log( )1
2 3 4

2 3 4

00000
+ = − + − +zzzzz x dx xdx

x
dx

x
dx

x
dx

hhhhh
  – 1 < h < 1

’Ô«±», 
( )log( ) lim log( )1 1 1

0
+ + − + −

→
h h h

ε
ε ε

=
⋅

−
⋅

+
⋅

−
⋅

+h h h h2 3 4 5

1 2 2 3 3 4 4 5
,   – 1 < h < 1

øfl¬ôL≈√  lim log( ) lim
log( )

ε ε
ε ε ε

ε
→ →

+ = +
0 0

1
1
1

(
∞
∞  ’±fl¬±¬ı˛]

’Ó¬¤¬ı ( )log( )1 1
1 2 2 3 3 4 4 5

2 3 4 5
+ + − = ⋅ − ⋅ + ⋅ − ⋅ +h h h

h h h h ,   – 1 < h < 1

¸˜±fl¬˘ÚÊ±Ó¬ Œ|øÌøÈ¬ÀÓ¬  h = 1 ¬ıø¸À˚˛ ¬Û±˝◊

1
1 2

1
2 3

1
3 4

1
4 5⋅

−
⋅

+
⋅

−
⋅

+

¤˝◊ ¸±—ø‡…fl¬ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº ’Ô«±» ¸˜±fl¬˘ÚÊ±Ó¬ Œ|øÌøÈ¬ h =1 ø¬ıμ≈ÀÓ¬› ’øˆ¬¸±¬ı˛œº ’Ó¬¤¬ı

’±À¬ıÀ˘¬ı˛ Î¬◊¬Û¬Û±… ŒÔÀfl¬ ¬Û±˝◊º

lim [( ) log( ) ]
h

h h h
→ −

+ + − =
⋅

−
⋅

+
⋅

−
⋅

+
1

1 1 1
1 2

1
2 3

1
3 4

1
4 5

’Ô«±» 
1

1 2
1

2 3
1

3 4
1

4 5⋅
−

⋅
+

⋅
−

⋅
+  = 2log2–1
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6 : Òø¬ı˛, – ∞ < x < ∞ ’ôL√¬ı˛±À˘

a0 + a1x + a2 x2 + ... ‚±Ó¬À|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡ f(x)º

˚ø√ – ∞ < x < ∞ ’ôL√¬ı˛±À˘  f ′(x) = f(x) ˝˚˛ ¤¬ı— f(0) = 1 ˝˚˛, Ó¬À¬ı √õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚

a
n

nn = =1
1 2 3

!
, , , ........

√õ∂˜±Ì : √õ∂M

f (x) = a0 + a1x + a2x2 ..., – ∞ < x < ∞

Î¬◊ˆ¬˚˛ ¬ÛÀé¬ ’ôL√¬ı˛fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

f ′(x) = a1 + 2a2x + 3a3x2 + ..., – ∞ < x < ∞

√õ∂M ˙Ó«¬±Ú≈¸±À¬ı˛ f ′(x) = f(x), – ∞ < x < ∞

’Ó¬¤¬ı ’ÚÚ…Ó¬± Î¬◊¬Û¬Û±… ŒÔÀfl¬ ¬Û±˝◊

a1 = a0

2a2 = a1

3a3 = a2
................

nan = an–1

.................

’Ô«±» a
n

an n= −
1

1

=
− −

1 1
1 2n n

an

=
− −

1 1
1

1
2

1
2 1n n n

a

= 1
0n

a
!

[Œ˚À˝Ó≈¬ a1 = a0]

Œ˚À˝Ó≈¬ f(0) = 1,  ’Ó¬¤¬ı     a0 = 1

⇒ =a
nn
1
!
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11.7 ¸±¬ı˛±—˙

A. ¸±—ø‡…fl¬ Œ|øÌ  :

¸—:± :

Òø¬ı˛,  ¤fl¬øÈ¬ ’¸œ˜ Œ|øÌ ¤¬ı— S u nn k
k

n

= =
=

∑ , , ,...1 2
1

 Î¬◊q¡ Œ|øÌøÈ¬¬ı˛ √õ∂Ô˜ n ¸—‡…fl¬

¬ÛÀ¬ı˛ Œ˚±·Ù¬˘º ˚ø { }Sn 1
∞

 ’Ú≈flË¡˜øÈ¬ ’øˆ¬¸±¬ı˛œ ˝˚˛, Ó¬±˝À˘ uk
k=

∞
∑

1
Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˝À¬ıº

Œfl¬±ÀÚ± ’¸œ˜ Œ|øÌ ’øˆ¬¸±¬ı˛œ Ú± ˝À˘, Œ|øÌøÈ¬Àfl¬ ’¬Û¸±¬ı˛œ ¬ı˘± ˝À¬ıº

’øˆ¬¸¬ı˛ÀÌ¬ı˛ √õ∂À˚˛±ÊÚœ˚˛ ˙Ó«¬ :

uk
k=

∞
∑

1
¤fl¬øÈ¬ ’øˆ¬¸±¬ı˛œ Œ|øÌ ˝À˘ 

lim
k

ku
→∞

= 0

Œfl¬±ø˙ øÚÒ«±¬ı˛fl¬ :

Œfl¬±Ú ’¸œ˜ Œ|øÌ uk
1

∞
∑  ’øˆ¬¸±¬ı˛œ ˝À¬ı, ˚ø ¤¬ı— ¤fl¬˜±S ˚ø, Œfl¬±ÀÚ± ÒÚ±Rfl¬ ¸—‡…± ε-

¤¬ı˛ ’Ú≈¯∏e·œ ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± N(ε) ¬Û±›˚˛± ˚±˚˛ Œ˚

u u un n n p+ + ++ + + <1 2 ε ˚‡Ú  n ≥  N(ε) ¤¬ı— p ≥ 1

ÒÚ±Rfl¬ ¬Û ø¬ıø˙©Ü ’¸œ˜ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ Ó≈¬˘Ú± ¬Û¬ı˛œé¬± :

˚ø uk
k=

∞
∑

1
 ¤¬ı— vk

k=

∞
∑

1
 ¤˜Ú ≈øÈ¬ ÒÚ±Rfl¬ ¬Û ø¬ıø˙©Ü ’¸œ˜ Œ|øÌ ˝˚˛, Œ˚ lim

n

n

n

u

v
l

→∞
=

[Œ˚‡±ÀÚ l ≠ 0), ¤fl¬øÈ¬ ¸¸œ˜ ¸—‡…± ˝˚˛, Ó¬±˝À˘ uk
1

∞
∑  ¤¬ı— Vk

k=

∞
∑

1
 ˚≈·¬Û» ’øˆ¬¸±¬ı˛œ ’Ô¬ı±

’¬Û¸±¬ı˛œ ˝À¬ıº
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√õ∂Ô˜ Ó≈¬˘Ú± Œ|øÌ, ·≈ÀÌ±M¬ı˛ Œ|øÌ :

rk

0

∞
∑ ’¸œ˜ Œ|øÌøÈ¬ r <1 ˝À˘ ’øˆ¬¸±¬ı˛œ ¤¬ı— r ≥1 ˝À˘ ’¬Û¸±¬ı˛œ ˝À¬ıº

ø¬ZÓ¬œ˚˛ Ó≈¬˘Ú± Œ|øÌ : 
1

1n p
n=

∞
∑ ’¸œ˜ Œ|ø“ÌøÈ¬ p > 1 ˝À˘ ’øˆ¬¸±¬ı˛œ ¤¬ı—  p ≤ 1 ˝À˘ ’¬Û¸±¬ı˛œ

˝À¬ıº

’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’Ú…±Ú… ¬Û¬ı˛œé¬± :

1. Œfl¬±ø˙¬ı˛ ¸˜±fl¬˘ ¬Û¬ı˛œé¬± :

u(x) ¤fl¬øÈ¬ ’Ÿ¬Ì±Rfl¬, flË¡˜ ˝ò±¸˜±Ú, ¸˜±fl¬˘ÚÀ˚±·… ’À¬Ûé¬fl¬ ˝À˘ ’˚Ô±Ô« ¸˜±fl¬˘ u x dx( )
1

∞z
¤¬ı— ’¸œ˜ Œ|øÌ 

un
1

∞
∑

˚≈·¬Û» ’øˆ¬¸±¬ı˛œ ’Ô¬ı± ’¬Û¸±¬ı˛œ ˝À¬ıº

2. …-’±À˘˜ƒ¬ı±ÀÈ«¬¬ı˛ ’Ú≈¬Û±Ó¬ ¬Û¬ı˛œé¬± :

˚ø ∑un ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¬Ûø¬ıø˙©Ü ’¸œ˜ Œ|øÌ ˝˚˛, Œ˚

lim
n

n

n

u

u
l

→∞
+ =1

Ó¬±˝À˘ Œ|øÌøÈ¬

(i)  ’øˆ¬¸±¬ı˛œ ˝À¬ı, ˚‡Ú l < 1

(ii) ’¬Û¸±¬ı˛œ ˝À¬ı, ˚‡Ú l > 1

(iii) ¬Û¬ı˛œé¬±øÈ¬ ¬ı…Ô«, ˚‡Ú l = 1
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3. Œfl¬±ø˙¬ı˛ ¬ıœÊ ¬Û¬ı˛œé¬± :

˚ø ∑un ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¬Ûø¬ıø˙©Ü ’¸œ˜ Œ|øÌ ˝˚˛, Œ˚

lim
n

n
n u

→∞
= 1

Ó¬±˝À˘ Œ|øÌøÈ¬ (i) ’øˆ¬¸±¬ı˛œ ˝À¬ı, ˚‡Ú l < 1
(ii) ’¬Û¸±¬ı˛œ ˝À¬ı, ˚‡Ú l > 1
(iii) l = 1 ˝À˘ ¬Û¬ı˛œé¬±øÈ¬ ŒÔÀfl¬ Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı± ’¬Û¸¬ı˛Ì øÚÌ«˚˛ fl¬¬ı˛±

¸y√√¬ı Ú˚˛º

4. ¬ı˛±À¬ı¬ı˛ ¬Û¬ı˛œé¬± (Raabe’s Test) :

˚ø un
1

∞
∑ ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¬Ûø¬ıø˙©Ü ’¸œ˜ Œ|øÌ ˝˚˛, Œ˚

lim
n

n

n

n
u

u
l

→∞ +
−RST
UVW =1

1  ˝˚˛, Ó¬±˝À˘ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˝À¬ı ˚‡Ú l > 1 ¤¬ı— ’¬Û¸±¬ı˛œ

˝À¬ı ˚‡Ú l < 1º l = 1 ˝À˘ ¬Û¬ı˛œé¬±øÈ¬ ŒÔÀfl¬ Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı± ’¬Û¸¬ı˛Ì øÚÌ«˚˛ fl¬¬ı˛± ¸y√√¬ı

Ú˚˛º

¤fl¬±ôL√¬ı˛ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ˘œ¬ıøÚ»À¸¬ı˛ ¬Û¬ı˛œé¬± :

˚ø ( )− −

=

∞
∑ 1 1

1

k
k

k

u  ¤fl¬±ôL√¬ı˛ Œ|øÌøÈ¬ ¤˜Ú ˝˚˛ Œ˚ { }uk k
∞ =1 ’Ú≈flË¡˜øÈ¬ flË¡˜ ˝ò±¸˜±Ú

¤¬ı— 
lim
k

ku
→∞

= 0
, Ó¬±˝À˘ Î¬◊q¡ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˝À¬ıº

øÚ–˙Ó«¬ ¤¬ı— ˙Ó«¬±ÒœÚ ’øˆ¬¸¬ı˛Ì :

¸—:± : un
1

∞
∑ Œ|øÌøÈ¬Àfl¬ øÚ–˙Ó«¬ ’øˆ¬¸±¬ı˛œ ¬ı˘± ˝À¬ı, ˚‡Ú un

1

∞
∑  Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œº øÚ–˙Ó«¬

’øˆ¬¸±¬ı˛œ ’¸œ˜  Œ|øÌ ’øˆ¬¸±¬ı˛œ ˝˚˛º ’±¬ı±¬ı˛ ˚ø un
1

∞
∑  ’¸œ˜ Œ|øÌøÈ¬ ’¬Û¸±¬ı˛œ ’Ô‰¬ un

1

∞
∑

Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˝˚˛ Ó¬±˝À˘ un
1

∞
∑  Œ|øÌøÈ¬Àfl¬ ˙Ó«¬ÒœÚˆ¬±À¬ı ’øˆ¬¸±¬ı˛œ ¬ı˘± ˝˚˛º
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øÚ–˙Ó«¬ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¸œ˜± ¬Û¬ı˛œé¬± :

˚ø lim
n

p
nn u A

→∞
= [¤fl¬øÈ¬ ¸¸œ˜ ¸—‡…±] ˚‡Ú p > 1 ±¬ı˛À˘ un

1

∞
∑  Œ|øÌøÈ¬ øÚ–˙Ó«¬ˆ¬±À¬ı

’øˆ¬¸±¬ı˛œ ˝À¬ıº

’¬Û¸¬ı˛ÀÌ¬ı˛ ¸œ˜± ¬Û¬ı˛œé¬± : ˚ø lim ( )
n

nnu A
→∞

= ≠ 0  ’Ô¬ı±  A = ± ∞ ˝˚˛, Ó¬±˝À˘ ∑un

’¬Û¸±¬ı˛œ ˝À¬ıº A = 0  ˝À˘ ¬Û¬ı˛œé¬±øÈ¬ ¬ı…Ô«º

B. ’À¬Ûé¬Àfl¬¬ı˛ ’Ú≈flË¡˜, ’À¬Ûé¬Àfl¬¬ı˛ ’¸œ˜ Œ|øÌ, ¸˜-’øˆ¬¸¬ı˛Ì :

¸—:± :1 [a, b] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ f1(x), f2 (x), ..... fn(x), ’À¬Ûé¬fl¬·≈ø˘¬ı˛ ’Ú≈flË¡˜ [a, b]
’ôL√¬ı˛±À˘ ¸—ø:Ó¬ ’À¬Ûé¬fl¬ f(x)-¤ ’øˆ¬¸±¬ı˛œ ˝À¬ı ˚ø [a,b] ’ôL√¬ı˛±˘øàÔÓ¬ √õ∂ÀÓ¬…fl¬ ø¬ıμ≈ x ¤¬ı— √õ∂ÀÓ¬…fl¬

ÒÚ±Rfl¬ ¸—‡…± ε-¤¬ı˛ ÊÚ… ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ’‡`¬ ¸—fl¬…± N ≡ N(ε,x) ¬Û±›˚˛± ˚±˚˛ Œ˚

f x f xn ( ) ( )− < ε     ˚‡Ú     n < N(ε,x)

¸—:± : 2

[a,b] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬  f1(x), f2 (x), ..... fn(x), ’À¬Ûé¬fl¬·≈ø˘¬ı˛ ’Ú≈flË¡˜ [a, b] ’ôL√¬ı˛±À˘

¸—ø:Ó¬ ’À¬Ûé¬fl¬ f(x)-¤ ¸˜-’øˆ¬¸±¬ı˛œ ˝À¬ı ˚ø Œfl¬±Ú ÒÚ±Rfl¬ ¸—‡…± ε √õ∂M ˝À˘ ¤˜Ú ¤fl¬øÈ¬

ÒÚ±Rfl¬ ’‡`¬ ¸—‡…± N ≡ N(ε) ¬Û±›˚˛± ˚±˚˛ Œ˜±È¬ [a,b] ’ôL√¬ı˛±˘øàÔÓ¬ x-¤¬ı˛ Î¬◊¬Û¬ı˛ ’øÚˆ«¬¬ı˛˙œ˘

Œ˚

f x f xn( ) ( )− < ε  ˚‡Ú  n < N(ε) ¤¬ı— x ∈ [a,b]

¸—:± 3 : ’À¬Ûé¬Àfl¬¬ı˛ ’¸œ˜ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛Ì : ¸˜-’øˆ¬¸¬ı˛Ì :

˚ø { ( )}f xk 1
∞  [a,b] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬  fk(x) (k = 1,2, ....) ’À¬Ûé¬fl¬·≈ø˘¬ı˛ ’Ú≈flË¡˜ ˝˚˛,

Ó¬±˝À˘ f xk
k

( )
=

∞
∑

1
 Œ|øÌøÈ¬Àfl¬ ’À¬Ûé¬Àfl¬¬ı˛ ’¸œ˜ Œ|øÌ ¬ı˘± ˝˚˛º ¤˝◊ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˝À¬ı ˚‡Ú

¤¬ı˛ ’±—ø˙fl¬ Œ˚±·Ù¬˘·≈ø˘¬ı˛ ’Ú≈flË¡˜

S x f xn k
k

n

( ) ( )=
RST

UVW=

∞

∑
1 1

 ’øˆ¬¸±¬ı˛œ
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¤˝◊ ’Ú≈flË¡˜øÈ¬ ’øˆ¬¸±¬ı˛œ ˝À˘ 
lim ( )
n

nS x
→∞ -Œfl¬ ¬ı˘± ˝À¬ı Œ|øÌøÈ¬¬ı˛ Œ˚±·Ù¬˘º

f xk
k

( )
=

∞
∑

1
 ’øˆ¬¸±¬ı˛œ ˝√√À˘ ¤¬ı— ¤¬ı˛ Œ˚±·Ù¬˘ S(x) ˝√√À˘ ’±˜¬ı˛± ø˘‡À¬ı±

S x f xk( ) ( )=
∞
∑
1

Œfl¬±ÀÚ ÒÚ±Rfl¬ ¸—‡…± ε √õ∂M ˝À˘ ˚ø ¤˜Ú ¤fl¬øÈ¬ ÒÚ±Rfl¬ ’‡`¬ ¸—‡…± N ≡ N(ε) ¬Û±›˚˛±

˚±˚˛ Œ˚, Sn(x) ¤¬ı— S(x)-¤¬ı˛ ’ôL√¬ı˛ øÚÀ‰¬¬ı˛ ’¸˜Ó¬±øÈ¬ ø¸X fl¬À¬ı˛º

S x S x f xn k
k n

( ) ( ) ( )− = <
= +

∞
∑

1
ε

˚‡Ú  n > N(ε) ¤¬ı—  x ∈[a,b]

’Ô«±» sup ( ) ( ) sup ( )
a x b

n
a x b

k
k n

S x S x f x
≤ ≤ ≤ ≤ = +

∞
− = →∑

1
0 ,    ˚‡Ú n→ ∞

Ó¬±˝À˘ f xk
k

( )
=

∞
∑

1
 ’¸œ˜ Œ|øÌøÈ¬Àfl¬ [a,b] ’ôL√¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ¬ı˘± ˝À¬ıº

¬ı±˚˛±¬ı˛àÈò¬±À¸¬ı˛ M-¬Û¬ı˛œé¬± :

’À¬Ûé¬Àfl¬¬ı˛ ’¸œ˜ Œ|øÌ f xk
k

( )
=

∞
∑

1
 Œfl¬±Ú [a,b] ’ôL√¬ı˛±À˘ ¸˜ [¤¬ı— øÚ–˙Ó«¬] ’øˆ¬¸±¬ı˛œ ˝À¬ı

˚ø ¤˜Ú ¤fl¬øÈ¬ ’øˆ¬¸±¬ı˛œ ÒÚ±Rfl¬ ¸—‡…±¬ı˛ Œ|øÌ Mk
k=

∞
∑

1
 ¬Û±›˚˛± ˚±˚˛ Œ˚

f x Mk k( ) ≤ , a ≤ x ≤ b,  k = 1,2,.........

’À¬Ûé¬Àfl¬¬ı˛ ’¸œ˜ Œ|øÌ¬ı˛ Œ˚±·Ù¬À˘¬ı˛ ¸±ôL√Ó¬…, ¸˜±fl¬˘Ú › ’ôL√¬ı˛fl¬˘Ú :

˚ø f xk
k

( )
=

∞
∑

1
 ’¸œ˜ Œ|øÌøÈ¬ [a,b] ¬ıX ’ôL√¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ˝˚˛ ¤¬ı— ¤¬ı˛ ¬Û·≈ø˘ ’Ô«±»

fk(x), (k = 1,2,.......) ‹ ’ôL√¬ı˛±À˘ ¸ôL√Ó¬ ˝˚˛ Ó¬±˝À˘ ’¸œ˜ Œ|øÌøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¬ S(x)
‹ ’ôL√¬ı˛±À˘ ¸ôL√Ó¬ ˝À¬ıº
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˚ø [a,b] ¬ıX ’ôL√¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ f xk
k

( )
=

∞
∑

1
 ’¸œ˜ Œ|øÌøÈ¬ √õ∂øÓ¬øÈ¬ ¬Û [a,b] ’ôL√¬ı˛±À˘

¸ôL√Ó¬ ˝˚˛ ¤¬ı—

S x f xk
k

( ) ( )=
=

∞
∑

1
 ˝˚˛, Ó¬±˝À˘

S x dx f x dxka

b

k
a

b
( ) ( )= z∑z

=

∞

1

⇒
RST

UVW
=

=

∞

=

∞
∑ z∑z f x dx f x dxk
k

ka

b

k
a

b
( ) ( )

1 1

˚ø

(1) fk(x), (k = 1,2,3,...) ’À¬Ûé¬fl¬·≈ø˘¬ı˛ [a,b] ’ôL√¬ı˛±À˘ ¸ôL√Ó¬ ’ôL√¬ı˛fl¬˘Ê Ô±Àfl¬

(2) [a,b] ’ôL√¬ı˛±À˘ f x f xk
k

( ) ( )=
=

∞
∑

1
 ˝˚˛

(3) [a,b] ’ôL√¬ı˛±À˘  ′
=

∞
∑ f xk
k

( )
1

 ¸˜-’øˆ¬¸±¬ı˛œ ˝˚˛, Ó¬±˝À˘ [a,b] ’ôL√¬ı˛±À˘

′ = ′
=

∞
∑ f x f xk
k

( ) ( )
1

’Ô«±» [a,b] ’ôL√¬ı˛±À˘ 
d
dx

f x d
dx

f xk k
kk

( ) ( )=
=

∞

=

∞
∑∑

11

C. ‚±Ó¬À|øÌ

¸—:± : ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬ı…±¸±Ò«

Òø¬ı˛, a xk
k

k=

∞
∑

0
¤fl¬øÈ¬ ‚±Ó¬À|øÌ ¤¬ı—

lim sup
k

k
k a

R→∞
= >1 0
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Ó¬±˝À˘, a xk
k

k=

∞
∑

0
 ‚±Ó¬À|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ˝À¬ı ˚‡Ú x R<  ¤¬ı— ¤øÈ¬ ’¬Û¸±¬ı˛œ ˝À¬ı  ˚‡Ú

x R> , Ó¬±˝À˘ R Œfl¬ ¬ı˘± ˝À¬ı ‚±Ó¬À|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬ı…±¸±Ò« ¤¬ı— (– R,R) ’ôL√¬ı˛±˘Àfl¬ ¬ı˘±

˝À¬ı ‚±Ó¬À|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’ôL√¬ı˛±˘º  ˝À˘, ‚±Ó¬À|øÌøÈ¬ ¸¬ı«S ’øˆ¬¸±¬ı˛œ (Everywhere

convergent) ’±¬ı±¬ı˛ 
1
R

= ∞  ˝À˘ ‚±Ó¬À|øÌøÈ¬ ¸¬ı«S ’¬Û¸±¬ı˛œ (Nowhere convergent)º

’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬ı…±¸±Ò« øÚÌ«À˚˛¬ı˛ ø¬ZÓ¬œ˚˛ ¬Û¬ı˛œé¬± :

Òø¬ı˛, c xk
k

k=

∞
∑

0
 ¤fl¬øÈ¬ ‚±Ó¬À|øÌ ¤¬ı— lim

n

nc

n R→∞

+
→ ∞

=1 1

(i) R = ∞ ˝À˘ Œ|øÌøÈ¬ ¸¬ı«S ’øˆ¬¸±¬ı˛œº

(ii)  R = 0 ˝À˘ Œ|øÌøÈ¬ ¸¬ı«S ’¬Û¸±¬ı˛œº

(iii) 0
1< < ∞
p  ˝À˘ Œ|øÌøÈ¬ x R<  ’ôL√¬ı˛±À˘ ’øˆ¬¸±¬ı˛œ ¤¬ı— x R>  ’ôL√¬ı˛±À˘ ’¬Û¸±¬ı˛œº

‚±Ó¬À|øÌ¬ı˛ ¸˜-’øˆ¬¸¬ı˛Ì :

Òø¬ı˛,  ¤fl¬øÈ¬ ‚±Ó¬À|øÌ ¤¬ı—

(i) lim sup
k k

k a
R→∞

= >1 0 (ii) 0 < S < R Ó¬±˝À˘ a xk
k

k=

∞
∑

0
 ‚±Ó¬À|øÌøÈ¬ – s ≤ x ≤ s

’ôL√¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œº ’Ô«±» Œfl¬±ÀÚ± ‚±Ó¬À|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬ı…±¸±Ò« R ˝À˘ ¤øÈ¬  [–R + ε,
R– ε] ¬ıX ’ôL√¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ˝À¬ıº ¤‡±ÀÚ ε > 0 ¤fl¬øÈ¬ ˚‘2Â ¸—‡…±º

‚±Ó¬À|øÌ¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬Àfl¬¬ı˛ ¸±ôL√Ó¬…

Òø¬ı˛, a xk
k

k=

∞
∑

0
 ‚±Ó¬À|øÌøÈ¬ (–R,R) ’ôL√¬ı˛±À˘ ’øˆ¬¸±¬ı˛œ ¤¬ı— ¤˝◊ ’ôL√¬ı˛±À˘ ¤¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¬

f(x), Ó¬±˝À˘ ¤˝◊ ’À¬Ûé¬fl¬øÈ¬ ’Ô«±» f(x) (–R,R) ’ôL√¬ı˛±À˘ ¸ôL√Ó¬ ˝À¬ıº
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‚±Ó¬À|øÌ¬ı˛ √õ∂øÓ¬¬ÛÀ¬ı˛ ¸˜±fl¬˘Ú

a xk
k

0

∞
∑  ‚±Ó¬À|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’ôL√¬ı˛±˘ (–R,R) ¤¬ı— ¤˝◊ ’ôL√¬ı˛±À˘ Œ|øÌøÈ¬¬ı˛ Œ˚±·Ù¬˘

’À¬Ûé¬fl¬ f(x) ˝À˘, ¤¬ı— [a,b] (–R,R) ’ôL√¬ı˛±À˘¬ı˛ Œfl¬±Ú ˚Ô±Ô« Î¬◊¬ÛÀ¸Èƒ¬ ˝À˘ [a,b] ¬ıX ’ôL√¬ı˛±À˘

¤˝◊ Œ|øÌøÈ¬¬ı˛ √õ∂øÓ¬¬ÛÀ¬ı˛ ¸˜±fl¬˘ÚÊ±Ó¬ ‚±Ó¬À|øÌøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¬ ¤¬ı— √õ∂M Œ|øÌøÈ¬¬ı˛ Œ˚±·Ù¬˘

’À¬Ûé¬Àfl¬¬ı˛ ¸˜±fl¬˘ ’øˆ¬ißº ’Ô«±»

f x dx a x dxk
k

a

b

k
a

b
( ) = z∑z

=

∞

0

⇒
F
HG

I
KJ = − < < <

=

∞

=

∞
∑ z∑z a x dx a x dx R a b Rk

k

k
k

k

a

b

k
a

b

0 0
,

‚±Ó¬À|øÌ¬ı˛ √õ∂øÓ¬¬ÛÀ¬ı˛ ’ôL√¬ı˛fl¬˘Ú

Œfl¬±Ú ’øˆ¬¸±¬ı˛œ ‚±Ó¬À|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’ôL√¬ı˛±À˘ ¤¬ı˛ √õ∂øÓ¬¬ÛÀ¬ı˛ ’ôL√¬ı˛fl¬˘Ú ¸y√√¬ıº

’Ô«±»

d
dx

a x a d
dx

xk
k

k
k

k0 0

∞

=

∞
∑ ∑F
HG

I
KJ = ( )   – R < x < R

11.8 ¸¬ı«À˙¯∏ √√õ∂ùü±¬ı˘œ

1. øÚ•ßø˘ø‡Ó¬ ’¸œ˜ Œ|øÌ·≈ø˘¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬± fl¬¬ı˛≈Úº

(i) 
k

k
k

3

13=

∞
∑ (ii) 

e

k

k

k

−

=

∞

+
∑

π0

(iii) sin
1
21k=

∞
∑ (iv) 

log k

k p
k=

∞
∑

1

2. (a) …-’±À˘˜¬ı±ÀÈ«¬¬ı˛ ’Ú≈¬Û±Ó¬ ¬Û¬ı˛œé¬±, (b) Œfl¬±ø˙¬ı˛ ¬ıœÊ ¬Û¬ı˛œé¬± ¤¬ı— (c) Œfl¬±ø˙¬ı˛ ¸˜±fl¬˘ ¬Û¬ı˛œé¬±

√õ∂À˚˛±À· 
k
k

k 21=

∞
∑  ’¸œ˜ Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛œé¬± fl¬¬ı˛≈Úº
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3. ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¸œ˜± ¬Û¬ı˛œé¬± √õ∂À˚˛±· fl¬À¬ı˛ 
e

k

k

k

−

=

∞
∑

α

1
 ’¸œ˜ Œ|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ¬Û¬ı˛œé¬±  fl¬¬ı˛≈Úº

4. Œ‡±Ú Œ˚, (i) r nxn cos
1

∞
∑  ¤¬ı— r nxn sin

1

∞
∑  ’¸œ˜ Œ|øÌ ≈øÈ¬ 0 < r < 1 ˝À˘,

x-¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ ÊÚ… ¸˜-’øˆ¬¸±¬ı˛œº

5. √õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚, 
cosnx

n p
1

∞
∑  ’¸œ˜ Œ|øÌøÈ¬ p > 1 ˝À˘, x-¤¬ı˛ ¸fl¬˘ ˜±ÀÚ¬ı˛ ÊÚ… ¸˜-

’øˆ¬¸±¬ı˛œº

6. Œ‡±Ú Œ˚ 
x
k

k

k !=

∞
∑

0
 ’¸œ˜ Œ|øÌøÈ¬ –R ≤ x ≤ R ’ôL√¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œº

7. √õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚, 
x
k

dx e
k

k
!

= −
=

∞
∑z 1

0
0

1

8. ˜±Ú øÚÌ«˚˛ fl¬¬ı˛≈Ú lim
cos
( )x k

kx
k k→ =

∞

+∑
0 2 1

9. [0,1] ’ôL√¬ı˛±À˘ 
x

k

k

k=

∞
∑

1
 ’¸œ˜ Œ|øÌøÈ¬¬ı˛ √õ∂øÓ¬¬ÛÀ¬ı˛ ’ôL√¬ı˛fl¬˘Ú ¸y√√¬ı øfl¬Ú± ø¬ı‰¬±¬ı˛ fl¬¬ı˛≈Úº

10. a a n nn
n n

0 1 1 1= = + ≥, ( ) ,  ˝À˘ a xn
n

0

∞
∑  ‚±Ó¬À|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı…±¸±Ò« øÚÌ«˚˛

fl¬¬ı̨≈Úº

11.
1
2

1 3
2 5

1 3 5
2 5 8

1 3 5 7
2 5 8 11

2 3 4x x x x+ ⋅
⋅

+ ⋅ ⋅
⋅ ⋅

+ ⋅ ⋅ ⋅
⋅ ⋅ ⋅

+....  ‚±Ó¬À|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛Ì ¬ı…±¸±Ò« øÚÌ«˚˛

fl¬¬ı̨≈Úº
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12. ( )
!−

=

∞
∑ 1

1

n
n

n

n

n

n
x  ‚±Ó¬À|øÌøÈ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ’ôL√¬ı˛±˘ øÚÌ«˚˛ fl¬¬ı˛≈Úº

13. (1+x)–1 ¤¬ı— (1–x)–1-¤¬ı˛ ·≈ÀÌ±M¬ı˛ Œ|øÌ ≈øÈ¬ ¬ı…¬ı˝±¬ı˛ fl¬À¬ı˛ Œ‡±Ú Œ˚

log ....1
1

2 1
3

1
5

3 5+
−

= + + +F
H

I
K

x
x

x x x  ˚‡Ú , x < 1

14. √õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚, sin( )x dx2
0

1
0 3103= ⋅z  [’±¸iß ˜±Ú]

15. Œ‡±Ú Œ˚, 

sinh
! !

. .. .x
x

dx x x xx
= + ⋅ + ⋅ +z 3 5

0 3 3 5 5

[÷øe·Ó¬ – 

sinh [ ],x e e ex x x= − −1
2

-¤¬ı˛ ‚±Ó¬À|øÌ ˝À2Â

e x
x xx = + + + +1
2 3!

2 3

!
... ]

11.9 Î¬◊M¬ı˛˜±˘±

1 (i) ’øˆ¬¸±¬ı˛œ, (ii) ’øˆ¬¸±¬ı˛œ (iii) ’øˆ¬¸±¬ı˛œ (iv) ’øˆ¬¸±¬ı˛œ

2. ’øˆ¬¸±¬ı˛œ 3. α > 0  ˝À˘ ’øˆ¬¸±¬ı˛œ, α ≤ 0 ˝À˘ ’¬Û¸±¬ı˛œ

8. 
1
2

    9. ¸y√√¬ı Ú˚˛    10. 

1
2

   11. 

3
2

¬Û±Í¬¸˝± ˛̊fl¬ ¬Û≈d¬fl¬±¬ı˘œ

1. Advanced Calculus, David V. Widder, Prentice Hall of India Private Limited,
2nd Edition, 1974.

2. Methods of Real Analysis, Richard R. Goldberg, Oxford and I.B.H. Publishing
Company, Indian Edition, 1970.

3. Introduction to the Theory of Fourier’s Series and Integrals, H. S. Carslaw,
Dover Publications, Third Revised Edition, 1930.

4. Differential and Integral Calculus, N-Pishkunov, Peace Publishers, Moscow.

5. Introduction to Real Anslysis, S. K. Mapa, Asoke Prakashan, 1997.
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¤fl¬fl¬ 12 ¸œø˜Ó¬ ¬Û˚«±˚˛˚≈q¡ ¸˜±fl¬˘ÚÀ˚±·… ’À¬ÛÀfl¬¬ı˛

Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|øÌ (Fourier Series of Bounded
Integrable and Periodic Functions)

·Í¬Ú

12.1 √õ∂d¬±¬ıÚ±

12.2 √Î¬◊ÀV˙…

12.3 √Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|øÌ¬ı˛ ¸—:±

12.4 Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¸˜¸…±¬ı˛ ¸”S±fl¬±¬ı˛ √õ∂fl¬±˙ (Formulation of Convergence
Problems)

12.5 √Î¬◊±˝¬ı˛Ì

12.6 ¸±¬ı˛±—˙

12.7 ¸¬ı«À˙¯∏ √õ∂ùü±¬ı˘œ

12.8 √Î¬◊M¬ı˛̃ ±˘±

12.1 √√õ∂d¬±¬ıÚ±

’Ô«±» 

a
a kx b kxk k

k

0

12
+ +

=

∞
∑ ( cos sin ) (1)

’±fl¬±À¬ı˛¬ı˛ ’À¬Ûé¬Àfl¬¬ı˛ Œ|øÌÀfl¬ øSÀfl¬±Ìø˜øÓ¬fl¬ Œ|øÌ ¬ı˘± ˝˚˛º

a
a b a b a bk k

0
1 1 2 22 , , , , .. . , , ,

√õ∂ˆ‘¬øÓ¬ ÒË≈¬ıfl¬·≈ø˘Àfl¬ øSÀfl¬±Ìø˜øÓ¬fl¬ Œ|øÌøÈ¬¬ı˛ ¸˝· ¬ı˘± ˝˚˛º ¤˝◊ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ ¬˝À˘ ¤¬ı˛

Œ˚±·Ù¬˘ ’À¬Ûé¬fl¬ f(x) ¤fl¬øÈ¬ 2π ¬Û «̊±À ˛̊¬ı˛ ¬Û «̊±¬ı‘M ’À¬Ûé¬fl¬ ˝À¬ı  , fl¬±¬ı˛Ì sinkx, coskx... ’À¬Ûé¬fl¬·≈ø˘

¬Û˚«±¬ı‘M ’À¬Ûé¬fl¬º ’Ó¬¤¬ı f(x) = f(x + 2π) ˝◊ø?øÚ˚˛±ø¬ı˛— › ·±øÌøÓ¬fl¬ ¬¬Û±Ô«ø¬ı…±¬ı˛ ø¬ıøˆ¬iß ¸˜¸…±¬ı˛

¸˜±Ò±ÀÚ ¤˝◊ Ò¬ı˛ÀÌ¬ı˛ øSÀfl¬±Ìø˜øÓ¬fl¬ Œ|øÌ¬ı˛ √õ∂À˚˛±· Œ‡± ˚±˚˛ Ó¬±¬Û-¬Ûø¬ı˛¬ı˝Ì (Heat-conduction)
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Ó¬ÀM3¬ı˛ ’±À˘±‰¬Ú±˚˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ √õ∂Ô˜ ¤˝◊ Ò¬ı˛ÀÌ¬ı˛ øSÀfl¬±Ìø˜øÓ¬Àfl¬ Œ|Ìœ¬ı˛ √õ∂À˚˛±· fl¬À¬ı˛Úº Ó¬±˝◊ ¤˝◊

øSÀfl¬±Ìø˜øÓ¬fl¬ Œ|Ìœ·≈ø˘Àfl¬ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ ¬ı˘± ˝˚˛º

¤fl¬øÈ¬ 2π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M ’À¬Ûé¬fl¬ f(x) øfl¬ øfl¬ ˙Ó«¬ ¬Û±˘Ú fl¬¬ı˛À˘ ¤fl¬øÈ¬ ’øˆ¬¸±¬ı˛œ øSÀfl¬±Ìø˜øÓ¬fl¬

Œ|øÌ øÚÌ«˚˛ fl¬¬ı˛ÀÓ¬ ¬Û±¬ı˛± ˚±˚˛ Œ˚øÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¬ ˝À¬ı f(x), ¤˝◊ ¸˜¸…±øÈ¬¬ı˛ ¸˜±Ò±Ú˝◊ ˝À¬ı ¤˝◊

¤fl¬fl¬øÈ¬¬ı˛ ˜”˘ ’±À˘±‰¬… ø¬ı¯∏˚˛º

12.2 Î¬◊ÀV˙…

¤˝◊ ¤fl¬fl¬øÈ¬ ¬Û±Í¬ fl¬À¬ı˛ ’±¬ÛÚ±¬ı˛±ñ

Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|øÌ¬ı˛ ¸—:± › Ù≈¬ø¬ı˛˚˛±¬ı˛ ¸˝··≈ø˘ øÚÌ«À˚˛¬ı˛ ¬ÛXøÓ¬ Ê±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº

Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|øÌ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¸˜¸…± ¤¬ı— øø¬ı˛Àflv¬¬ı˛ ˙Ó«¬±¬ı˘œ √õ∂À˚˛±À· ¤˝◊ ¸˜¸…±¬ı˛ ¸˜±Ò±Ú

ø¬ı¯∏À˚˛ ¸˜…fl¬ ’¬ıø˝Ó¬ ˝À¬ıÚº

2π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M ¤¬ı— øø¬ı˛Àflv¬¬ı˛ ˙Ó«¬±¬ı˘œ ¬Û±˘Úfl¬±¬ı˛œ ’À¬Ûé¬Àfl¬¬ı˛ ’øˆ¬¸±¬ı˛œ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|øÌ

øÚÌ«˚˛ fl¬¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚº

12.3 Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|øÌ¬ı˛ ¸—:±

¤˝◊ ¬Ûø¬ı˛À2ÂÀ Œfl¬±Ú ¬ı±d¬¬ı ‰¬À˘¬ı˛ ’À¬Ûé¬Àfl¬

{1, cosx, sinx, cos2x, sin2x, … , coskx, sinkx, ...}
¤˝◊ Œ¸ÀÈ¬¬ı˛ ’À¬Ûé¬fl¬·≈ø˘¬ı˛ ¸±˝±À˚… ø¬ıd¬‘øÓ¬ ø¬ı¯∏À˚˛ ’±À˘±‰¬Ú± fl¬¬ı˛± ˝À¬ıº

12.3.1 Î¬◊¬Û¬Û±…

(i) cos cos ,kx nxdx =
−z 0

π
π

 (k,n = 0,1,2, ...,  k≠ n)

(ii) cos , ( , ,.. )
, ( )

2 1 2
2 0

nxdx
n

n
= =

=
RST−z π

ππ
π

(iii) sin sin ,kx nx dx =
−z 0

π

π
(k,n = 1,2, ...,  k≠ n)

(iv) sin ,2 nx dx =
−z π

π

π
 (n=1,2...)

(v)  cos sin ,kx nx dx =
−z 0

π

π
(k,n = 0,1,2, ...)
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√õ∂˜±Ì : øÚÀ‰¬¬ı˛ øSÀfl¬±Ìø˜øÓ¬fl¬ ’Àˆ¬·≈ø˘ ŒÔÀfl¬

cos cos [cos( ) cos( ) ]kx nx k n x k n x= − + +1
2

[-π,π] ’ôL√¬ı˛±À˘ ¸˜±fl¬˘Ú fl¬À¬ı˛ Î¬◊¬Û¬Û±À…¬ı˛ ø¸X±ôL√·≈ø˘ √õ∂˜±Ì fl¬¬ı˛± ˚±˚˛º Œ˚˜Ú,

ø¬ZÓ¬œ˚˛ ’Àˆ¬øÈ¬ÀÓ¬ k = n ¬ıø¸À˚˛ ¬Û±˝◊

⇒ = − = + =
−− zz sin ( cos ) [ ]2 1

2
1 2

1
2

nxdx nx dx π π π
π

π

π

π

’±¬ı±¬ı˛

sin cos sin( ) sin( )kx nxdx k n xdx k n xdx= + + −
−−− zzz 1

2 π
π

π
π

π
π

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı ’Ú… ø¸X±ôL√·≈ø˘› √õ∂˜±øÌÓ¬ ˝À¬ıº

12.3.2

Ò¬ı˛≈Ú, [–π π] ’ôL√¬ı˛±À˘ ¸—ø¤ûÓ¬ ’À¬Ûé¬fl¬ f Œfl¬

f x
a

a kx b kxk k
k

( ) ( cos sin )= + +
=

∞
∑0

12 ,  (–π ≤ x ≤ π) (1)

’±fl¬±À¬ı˛ √õ∂fl¬±˙ fl¬¬ı˛± ˚±˚˛º

¤‡Ú (1) ¸˜œfl¬¬ı˛ÌøÈ¬¬ı˛ Î¬◊ˆ¬˚˛ ¬Ûé¬Àfl¬ [–π π] ’ôL√¬ı˛±À˘ ¸˜±fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

  f x dx a a kxdx b kxdxk k
k

( ) cos sin= + +RST
UVW−−

=

∞

− zz∑z π
π

π
π

π
π

π
0

1



353

’Ó¬¤¬ı (1) Œ|øÌøÈ¬¬ı˛ √õ∂øÓ¬ ¬ÛÀ¬ı˛ ¸˜±fl¬˘ÀÚ¬ı˛ Δ¬ıÒÓ¬± Òø¬ı˛ øÚÀ˚˛ ¬Û±˝◊

a f x dx0
1=

−zπ π

π
( ) (2)

¤¬ı±À¬ı˛, n ¤fl¬øÈ¬ øÚø«©Ü ÒÚ±Rfl¬ ’‡G¬ ¸—‡…± ÒÀ¬ı˛ (1) ¸˜œfl¬¬ı˛ÌøÈ¬¬ı˛ Î¬◊ˆ¬˚˛¬Ûé¬Àfl¬ cosnx øÀ˚˛

·≈Ì fl¬À¬ı˛, ·≈ÌÙ¬˘Àfl¬ [–π, π] ’ôL√¬ı˛±À˘ ¸˜±fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊

f x nx dx
d

nx dx( )cos cos=
−− zz 0

2 π
π

π
π

+ +FH IK−−
=

∞ zz∑ a kx nxdx b kx nx dxk k
k

cos cos sin cos
π

π
π

π

1

¤‡Ú 12.3.1 ¤¬ı˛ Î¬◊¬Û¬Û±… √õ∂À˚˛±· fl¬À¬ı˛ Œ‡øÂ√ Î¬±ÚøÀfl¬¬ı˛ ˜±S ¤fl¬øÈ¬ ¬Û ’˙”Ú…º Œ¸˝◊ ¬ÛøÈ¬

˝˘

a nx dx an ncos2 =
−z π

π
π

’Ó¬¤¬ı f x nx dx an( )cos =
−z π

π
π

, ’Ô«±»

a f x nx dx nn = =
−z1 1 2,π π
π

( ) cos , , .. . ] (3)

˘é¬… fl¬¬ı˛≈Ú Œ˚ (3) ¸˜œfl¬¬ı˛ÌøÈ¬ÀÓ¬ n = 0 ¬ı¸±À˘ ¸˜œfl¬¬ı˛Ì (2) ¬Û±›˚˛± ˚±˚˛º ¤ÊÚ… ¸˜œfl¬¬ı˛Ì

(1) ¤¬ı˛ Î¬±ÚøÀfl¬¬ı˛ √õ∂Ô˜ ¬ÛøÈ¬ a0 Ú± øÚÀ˚˛ 
a0
2

 ŒÚ›˚˛± ˝˚˛º ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı √õ∂˜±Ì fl¬¬ı˛± ˚±˚˛ Œ˚

b f x nx dxn =
−z1π π

π
( )sin

, n = 1,2, .... (4)

12.3.3 ¸—:±

[–π, π] ¬ıX ’ôL√¬ı˛±À˘ f ¤fl¬øÈ¬ ¸˜±fl¬˘ÚÀ˚±·… ’À¬Ûé¬fl¬ ˝À˘

a
a kx b kxk k

k

0

12
+ +

=

∞
∑ ( cos sin )  (–π ≤ x ≤ π)

Œ|øÌøÈ¬Àfl¬ f ’À¬Ûé¬fl¬øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|øÌ ¬ı˘± ˝À¬ı ˚ø

a f x kx dxk =
−z1π π

π
( )cos , (k = 0,1,2, ...)
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¤¬ı— b f x kx dxk =
−z1π π

π
( )sin ,  (k = 1,2, ...) ˝ ˛̊º

ak ¤¬ı— bk ¸—‡…±·≈ø˘Àfl¬ f ’À¬Ûé¬fl¬øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ ¸˝· ¬ı˘± ˝˚˛º

¤Àé¬ÀS f x
a

a kx b kxk k
k

( ) ~ ( cos sin )0

12
+ +

=

∞
∑  Œ˘‡± ˝À¬ıº ˘é¬… fl¬¬ı˛≈Ú ‘=’ √õ∂Ó¬œfl¬øÈ¬ ¬ı…¬ı˝±¬ı˛

Ú± fl¬À¬ı˛ ë~’ √õ∂Ó¬œfl¬øÈ¬ ¬ı…¬ı˝±¬ı˛ fl¬¬ı˛± ˝À˚˛ÀÂ√º fl¬±¬ı˛Ì, [–π, π] ’ôL√¬ı˛±À˘ ¸˜±fl¬˘ÚÀ˚… f(x) ’À¬Ûé¬Àfl¬¬ı˛

Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|øÌøÈ¬ ’øˆ¬¸±¬ı˛œ øfl¬Ú± ’Ô¬ı± ¤˝◊ Œ|øÌøÈ¬ x ¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ ÊÚ… ¬ı± Œfl¬±Ú ø¬ıÀ˙¯∏ ˜±ÀÚ¬ı˛

ÊÚ… f(x) ’À¬Ûé¬Àfl¬¬ı˛ ’øˆ¬¸±¬ı˛œ øfl¬Ú± ¤‡ÀÚ± Œ‡±Ú ˝˚˛øÚº

Î¬◊±˝¬ı˛Ì : Òø¬ı˛

f(x) = –1,    –π ≤ x ≤ 0

=  1,    0 < x ≤ π
Ó¬±˝À˘

a f x dx dx dx0 0

01 1 1 1 0= = − + =zzz −−π π
π

ππ
π

( ) e j

,  k = 1,2,....

= = = − −z2 2 2
1 1

0 0π π π
π πsin [cos ] [ ( ) ]kxdx

k
kx

k
k

’Ó¬¤¬ı b
kk = 4

π ˚‡Ú  k = 1, 3, 5,...

   = 0  ˚‡Ú  k = 2, 4, 6, ...

¤¬ı—  ak = 0, k = 0, 1, 2, 3, ....

fl¬±ÀÊ˝◊

˘é¬…Ìœ˚˛ Œ˚  x = 0 ø¬ıμ≈ÀÓ¬ f ’À¬Ûé¬Àfl¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|øÌøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬Àfl¬¬ı˛ ˜±Ú ˙”Ú…

’Ô‰¬ f (0) = – 1.
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’Ú≈̇ œ˘Úœ–12.3

1. [–π, π] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ Œfl¬±Ú ’À¬Ûé¬fl¬ f(x) ˚≈¢¨ ’À¬Ûé¬fl¬ ˝À¬ı ˚‡Ú f(–x) = f(x)
(–π ≤ x ≤ π)º (–π, π) ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ Œfl¬±Ú ’À¬Ûé¬fl¬  f(x) Œfl¬ ’˚≈¢¨ ’À¬Ûé¬fl¬ ¬ı˘± ˝À¬ı

˚‡Ú  f(–x) = –f(x),    (–π ≤ x ≤ π) Œ‡±Ú Œ˚

(a) f(x) ˚≈¢¨ ’À¬Ûé¬fl¬ ˝À˘ f x dx f x dx( ) ( )= zz− 2
0

π
π

π

(b) f(x) ’˚≈¢¨ ’À¬Ûé¬fl¬ ˝À˘ f x dx( ) =
−z 0

π
π

(c) f(x) ˚≈¢¨ ¤¬ı— g(x) ’ ≈̊¢¨ ˝À˘ f(x) g(x) ’˚≈¢¨ ’À¬Ûé¬fl¬

(d) f(x),  g(x) Î¬◊ˆ¬À˚˛˝◊ ˚≈¢¨ ’Ô¬ı± Î¬◊ˆ¬À˚˛˝◊ ’˚≈¢¨ ˝À˘ f(x) g(x) ˚≈¢¨ ’À¬Ûé¬fl¬ ˝À¬ı

(e) Ò¬ı˛≈Ú, f(x) ’À¬Ûé¬fl¬øÈ¬ [–π, π] ’ôL√¬ı˛±À˘ ¸˜±fl¬˘ÚÀ˚±·… ¤¬ı—

f x
a

a kx b kxk k
k

( ) ~ ( cos sin )0

12
+ +

=

∞
∑

Œ‡±Ú Œ˚  b1 = b2 = ...... = 0 ˚‡Ú  f(x) ˚≈¢¨ ¤¬ı— a1 = a2 = ........ 0 ˚‡Ú  f(x)
’ ≈̊¢¨ ’À¬Ûé¬fl¬º

2. ˚ø  f(x) ’À¬Ûé¬fl¬øÈ¬ [–π, π] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ ˝˚˛ ¤¬ı—

g(x) = f(x) + f(–x) [–π ≤ x ≤ π]

h(x) = f(x) – f(–x) (–π ≤ x ≤ π)

Ó¬±˝À˘ Œ‡±Ú Œ˚ g(x) ¤fl¬øÈ¬ ˚≈¢¨ ’À¬Ûé¬fl¬ ¤¬ı— h(x) ¤fl¬øÈ¬ ’˚≈¢¨ ’À¬Ûé¬fl¬º ’±À¬ı˛± √õ∂˜±Ì

fl¬¬ı˛≈Ú Œ˚, [–π, π] ’ôL√¬ı˛±À˘ ¸—ø:Ó¬ Œ˚-Œfl¬±ÀÚ± ’À¬Ûé¬fl¬Àfl¬ ¤fl¬øÈ¬ ˚≈¢¨ ¤¬ı— ’¬Û¬ı˛øÈ¬ ’˚≈¢¨ ’À¬Ûé¬Àfl¬¬ı˛

Œ˚±·Ù¬˘ ø˝¸±À¬ı √õ∂fl¬±˙ fl¬¬ı˛± ˚±À¬ıº

3. øÚÀ‰¬¬ı˛ √õ∂ÀÓ¬…fl¬ f(x) ’À¬Ûé¬Àfl¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|øÌ øÚÌ«˚˛ fl¬¬ı˛≈Ú :

(a)  f(x) = – π (–π ≤ x < 0)

= π (0 < x ≤ π)

(b) f(x) = x (–π ≤ x ≤ π)

(c) f x x( ) = (–π ≤ x ≤ π)

(d) f(x) = ex (–π ≤ x ≤ π)

(e) f(x) = sinx + cos2x      (–π ≤ x ≤ π)
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¸˜±Ò±Ú :

(a) ¤‡±ÀÚ f(x) ’À¬Ûé¬fl¡øÈ¬ ’˚≈¢¨ øflz≈¬ cos kx ’À¬Ûé¬fl¡ ˚≈¢¨º Ó¬±˝◊√√ f(x) cos kx ’˚≈¢¨, Ù¬À˘

−z = ⇒ = =
π

π
f x kx dx ak k( ) cos , .. .0 0, 0,1 2,

øfl¡z≈¬ f(x)sin kx ˚≈¢¨º Ó¬±˝◊√√

f x kx dx f x kx dx kx
k k k( ) sin ( )sin cos [ cos ]= = − = −zz− 2 2 2 1

0 0

π
π

π π
π π π

⇒ = − −b
kk

k1 2 1 1π
π. [ ( ) ]

= 4
k  ˚‡Ú k ’˚≈¢¨ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…±

= 0, ˚‡Ú k ˚≈¢¨ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…±º

’Ó¬¤¬ı 

(b) f(x) ’ ”̊≈¢¨ ( ) ( , . . . )− ≤ ≤ ⇒ = =π πx a kk 0, 0,1 2,

= − +LN OQ
2

2
0π
πx

k kx kx
k

cos sin

= − − = − −2 1 2 1 1
π

π
πk

k k( ) ( )

’Ó¬¤¬ı, x x x x~ sin sin sin ...2 1
2

2
3

3− + −

(c) f x x( ) =     

  k = 1, 2, ...

a0 = π
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bk = 0, Œ˚À˝√√Ó≈¬ f(x) ≈̊¢¨ ’À¬Ûé¬fl¡º

’Ó¬¤¬ı

x x x x~ cos cos cos .. .π
2

4
2

3
3

5
52 2− + + +FH IK

[ƒd) f(x) = ex, –π ≤π ≤ π

a e kx dx e
k

kx k kxk
x

x
= =

+
+L

NM
O
QP− −

z1 1
12π ππ

π

π

π
cos (cos sin

= −
+

− −1 1
12π

π π( ) [ ]
k

k
e e

= −
+

2 1
12π πsinh ( ) ,
k

k
     k = 0,1,2 ......

b e kx dx e
k

k kx kxk
x

x
= =

+
− +L

NM
O
QP− −

z1 1
12π ππ

π

π

π
sin ( cos sin )

= − −
+

2 1
12π πsinh ( )k k

k
   k = 1,2,3...

’Ó¬¤¬ı 

f x
a

a kx b kxk k
k

( ) ~ cos sin0

12 + +
=

∞
∑

⇒ + −
+

−
=

∞
∑e

k
dx k kxx

k

k
~ sinh sinh ( ) (cos sin )1 2 1

12
1π π π π

(e) f(x) = sinx + cos 2x

¤‡±ÀÚ

a x x dx0
1 2= +

−zπ π
π

(sin cos )

= 0
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a x x kx dxk = +
−z1 2π π
π

(sin cos ) cos

= +
− −z z1 1 2π ππ
π

π
π

sin cos cos cosx kx dx x kx dx

= + z0 2 2
0π
π
cos cosx kx dx

a k x k x dxk = − + + =z1 2 2 0
0π
π
[cos( ) cos( )]  ˚ø√ k ≠ 2

a dx2 0
1 1= =zπ π

’Ú≈¬ı˛≈¬Ûˆ¬±À¬ı Œ√‡±ÀÚ± ˚±À¬ı Œ˚, bk = 0 ˚ø√ k ≠ 1 ¤¬ı— b1 = 1

’Ó¬¤¬ı sin x + cos 2x ¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ sinx + cos2x.

12.3.4 Î¬◊¬Û¬Û±√…

1.  Œ|ÌœøÈ¬  [−π, π] ’z¬¬ı˛±À˘ f(x) ’À¬Ûé¬fl¡-¤ ¸˜’øˆ¬¸±¬ı˛œ

˝√√À˘ [1] Œ|ÌœøÈ¬ f(x) ’À¬Ûé¬Àfl¡¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ ˝√√À¬ıº

õ∂˜±Ì : õ∂√M√√ ’¸œ˜ Œ|ÌœøÈ¬¬ı˛ õ∂ÀÓ¬…fl¡ ¬Û√Àfl¡ cos mx ø√À˚˛ ·≈Ì fl¡À¬ı˛ ¬Û±˝◊√√ [m ¤fl¡øÈ¬ øÚø«√©Ü

ÒÚ±Rfl¡ ’‡G¬ ¸—‡…±]º

2. 
a

mx a kx mx b kx mxk k
k

0

12 cos ( cos cos sin cos )+ +
=

∞
∑

¤‡Ú ak cos kx + bksinkx = fk(x) ø˘À‡ ¬Û±˝◊√√

3. 
a

mx f x mxk
k

0

12 cos ( ) cos+
=

∞
∑

’±¬ı±¬ı˛ 

a
mx fk x mx f x mx

k

n
0

12 cos ( ) cos ( ) cos+ −
=
∑

4. ≤ + −
=
∑

a
f x f xk

k

n
0

12 ( ) ( )
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¤‡Ú Œ˚À˝√√Ó≈¬ õ∂√M√√ (1) Œ|ÌœøÈ¬ [−π, π] ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡

f(x) ’Ó¬¤¬ı¬ Œfl¡±Ú ÒÚ±Rfl¡ ¸—‡…± ε õ∂√M√√ ˝√√À˘ ¤˜Ú ¤fl¡øÈ¬ ÒÚ±Rfl¡ ’‡G¬ ¸—‡…± [x-¤¬ı˛ Î¬◊¬Û¬ı˛

’øÚˆ«¬¬ı˛˙œ˘] N(ε) ¬Û±›˚˛± ˚±À¬ı Œ˚

a
f x f xk

k

n
0

12 + − <
=
∑ ( ) ( ) ε ˚‡Ú n>N (ε) ¤¬ı— − π ≤ x ≤ π

’Ó¬¤¬ı ’¸˜Ó¬± (4) ŒÔÀfl¡ ¬Û±˝◊√√ Œ˚

a
mx a kx mx b kx mxk k

k

0

12 cos ( cos cos sin cos )+ +
=

∞
∑

Œ|ÌœøÈ¬ √[−√π, √π] ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ¤¬ı— ¤¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡ √f(x) cos mx,
’Ó¬¤¬ı ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ õ∂øÓ¬ ¬ÛÀ√¬ı˛ √[√√-- π,√π] √’z¬¬ı˛±À˘ ¸˜±fl¡˘Ú Δ¬ıÒ ¤¬ı— ¤¬ı˛ Ù¬À˘

f x mx dx
a

mxdx a kx mx dx b kx mxdxk
k

k
k

( )cos cos cos cos sin cos= + +
− − =

∞

− =

∞

−z z ∑ z ∑ z0

1 12π
π

π
π

π
π

π
π

⇒ =
−za f x mx dxm

1
π π

π
( ) cos     √m = 0,1,2,...

’Ú≈¬ı˛≈¬Ûˆ¬±À¬ı, b f x mx dxm =
−z1π π
π

( ) sin    m =1,2,3, ...

’Ó¬¤¬ı õ∂√M√√ [1] Œ|ÌœøÈ¬ f(x) ’À¬Ûé¬Àfl¡¬ı˛ Ù≈¬¬ı˛˚˛±¬ı˛ Œ|Ìœº

12.3.5 Î¬◊¬Û¬Û±√…

˚ø√ [− π, π] ’z¬¬ı˛±À˘ f(x) ¤fl¡øÈ¬ ¸œ˜±¬ıX ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·… ’À¬Ûé¬fl¡ ˝√√˚˛ ¤¬ı— ak, bk

’¬À¬Ûé¬fl¡øÈ¬ı˛ Ù≈¬¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ¸˝√√· ˝√˚˛ Ó¬±˝√√À˘ ( )a bk k
k

2 2

1
+

=

∞
∑  Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œº

õ∂˜±Ì : f x a nx d nxn n
n

m
( ) ( cos sin )− +L
NM

O
QP=

∑
1

2

 ’Ÿ¬Ì±Rfl¡ ˝√√›˚˛±˚˛



360

¤‡Ú, f x a nx b nx dxn n
n

m
( ) ( cos sin− +L
NM

O
QP=− ∑z

1

2

π
π

= + +L
NM

O
QP− −z ∑z[ ( )] ( cos sinf x dx a nx b nx dxn n

m
2

1

2

π
π

π
π

− +
−− zz∑2

1
a f x nx dx b f x nx dxn n

m
( ) cos ( )sin

π
π

π
π

= + + − −
−z ∑ ∑ ∑ ∑f x dx a b a bn

m

n

m

n

m

n

m
( ) 2 2

1

2

1

2

1

2

1
2 2

π

π
π π π π

= − −
−z ∑ ∑f x dx a bn

m

n

m
( ) 2 2

1

2

1π
π

π π

’Ô«±» = − + ≥
−z ∑f x dx a bn

m

n( ) ( )2 2

1

2 0
π

π

⇒ + ≤∑ z−( ) [ ( )]a b f x dxn

m

n
2

1

2 2
π

π

⇒ + ≤
→∞ →∞ −∑ zlim ( ) lim [ ( )]

m n

m

n m
a b f x dx2

1

2 2
π

π

⇒ + ≤
=

∞

−∑ z( ) [ ( )]a b f x dxn
n

n
2

1

2 2
π

π

¤‡Ú f(x) ’À¬Ûé¬fl¡øÈ¬ √[√-- π, √π] ’z¬¬ı˛±À˘ ¸˜±fl¡˘ÚÀ˚±·… fl¡±ÀÊ√˝◊√√ √[f(x)]2 ’À¬Ûé¬fl¡øÈ¬› ‹

’z¬¬ı˛±À˘ ¸˜±fl¡˘ÚÀ˚±·… ¤¬ı— ¤¬ı˛ Ù¬À˘ Î¬◊¬ÛÀ¬ı˛¬ı˛ ’¸˜Ó¬±øÈ¬ ŒÔÀfl¡ ¬Û±˝◊√√ Œ˚ ( )a bn
n

n
2

1

2

=

∞
∑ +  ’¸œ˜

Œ|ÌœøÈ¬¬ı˛ ’øˆ¬¸±¬ı˛œº

˜z¬¬ı… : Î¬◊¬ÛÀ¬ı˛¬ı˛ ’¸˜Ó¬±øÈ¬Àfl¡ Œ¬ıÀ¸À˘¬ı˛ ’¸˜Ó¬± ¬ı˘± ˝√√˚˛º [Bessel’s Inequality)
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’Ú≈ø¸X±z¬ : √[√-- π, √π] ’z¬¬ı˛±À˘ √f(x) ¤fl¡øÈ¬ ¸œ˜±¬ıX ¤¬¬ı— ¸˜±fl¡˘ÚÀ˚±·… ’À¬Ûé¬fl¡ ˝√√À˘

lim ( ) cos lim ( ) sin
k k

f t kt dt f t kt dt
→∞ − →∞ −

= =z zπ
π

π
π

0

õ∂˜±Ì √: 1,2,3,5 Î¬◊¬Û¬Û±√… ŒÔÀfl¡ ¬Û±˝◊√√

a bk k
k

2 2

1
+

=

∞
∑ b g ’¸œ˜ Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ

’Ó¬¤¬ı ¤¬ı˛ ¸±Ò¬ı˛Ì ¬Û√ a bk k
2 2 0+ →  ˚‡Ú k → ∞

⇒ = =
→∞ →∞
lim lim

k k k ka b0

’Ô«±»

lim ( ) cos lim ( ) sin
k k

f t kt dt f t dt
→∞ − →∞ −z z= =

π
π

π
π

0

√12.4 Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ¸˜¸…±¬ı˛ ¸”S±fl¡±¬ı˛ õ∂fl¡±˙ [√Formulation of
Convergence Problems)

12.4.1

[√-- π,√π] ’z¬¬ı˛±À˘ ¸œ˜±¬ıX ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·… ’À¬Ûé¬fl¡ √f(x)-¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ √[√-- π,√π]
’z¬¬ı˛±˘øàÔÓ¬ øÚø«√©Ü Œfl¡±Ú √x ø¬ıμ≈ÀÓ¬ √f(x) ˜±ÀÚ ’øˆ¬¸±¬ı˛œ øfl¡Ú± Ê√±ÚÀÓ¬ ˝√√À˘ Œ√‡ÀÓ¬ ˝√√À¬ı

lim ( ) ( )
n nS x f x

→∞
=  ¸•§&ÒøÈ¬ ø¸X ˝√√À26√ øfl¡Ú±º ¤‡±ÀÚ √Sn(x) = Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ õ∂Ô˜ √n ¸—‡…fl¡ ¬ÛÀ√¬ı˛

Œ˚±·Ù¬˘º ’Ô«±»

S t
a

a kt b ktn k k
k

n
( ) ( cos sin )= + +

=
∑0

12

    [√-- π ≤ t √≤ √π) (1)

ak, bk-¤¬ı˛ ¸—:± ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ ¬Û±˝◊√√

S x f t dt kx f t kt dt kx f t kt dtn
k

n
( ) ( ) cos ( ) cos sin ( ) sin= + +

− −−=
z zz∑1

2
1

1π ππ
π

π
π

π
πe j

= + +L
NM

O
QP− =

z ∑1 1
2 1π π

π
f t kx kt kx kt dt

k

n
( ) (cos cos sin sin )



362

= + −L
NM

O
QP− =

z ∑1 1
2 1π π

π
f t k x t dt

k

n
( ) cos ( )

¤‡Ú sin sin sin cosk k k+ − − =1
2

1
2 2 1

2e j e jθ θ θ θ ’Àˆ¬√øÈ¬ÀÓ¬ √k = 0,1,2,...,n ¬ıø¸À˚˛

¬¤¬ı— Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√

sin sin sin (cos cos cos cos )n n+ − − = + + + +1
2

1
2 2 1

2 0 2e j e jθ θ θ θ θ θ θ"

’Ô«±»

sin sin sin ( cos cos cos )n n+ + = + + + +1
2

1
2 2 1

2 1 2e jθ θ θ θ θ θ"

⇒ + = + + + +sin sin cos cos cosn n1
2 2 1

2
1
2 2e j e jθ θ θ θ θ"

⇒ + =
+

≠
=
∑1

2

1
2

2 1
2

1
2 0

1
cos

sin

sin
sink

n

k

n
θ

θ

θ
θ

e j

[√3) ’Àˆ¬√øÈ¬ [√2] ¸˜œfl¡¬ı˛ÀÌ ¬ıø¸À˚˛ ¬Û±˝◊√√ (3)

¤‡Ú √x–t = u ¬ıø¸À˚˛ ¬Û±˝◊√√

√f(x) ’À¬Ûé¬fl¡øÈ¬ ˚ø√ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ ˝√√˚˛ ¤¬ı— ¤¬ı˛ ¬Û˚«±˚˛ √2√π ˝√√˚˛ ’Ô«±», ˚ø√ √f(u+2√π)=f(u)
˝√√˚˛, Ó¬±˝√√À˘ Œ˚À˝√√Ó≈¬ √Dn(u) ’À¬Ûé¬fl¡øÈ¬› √2√π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡, √f(x+u)Dn(u) √’À¬Ûé¬fl¡øÈ¬›

√2√π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ ˝√√À¬ıº

Òø¬ı˛, f(x+u)Dn(u) √≡ F(u)

˚ø√
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Ó ±˝√√À˘

S x F u dun ( ) ( )=
−z1π π
π

= +
− +

−− −

− zzz1
π π

π

π

π

π

π
F u F u du F u du

x

x

x
( ) ( ) ( )

= − + +
− +

−− −

− zzz1 2π π
π

π

π

π

π

π
F u du F u du F u du

x

x

x
( ) ( ) ( )

= + +
− +

−− − zzz1
π π

π
π

π
π

π
F u du F u du F u du

x

x
( ) ( ) ( )  √[Œ˚À˝√√Ó≈¬ √F(u–2√π) = F(u)]

=
−z1π π
π

F u du( )

= +
−z1π π
π

f x u D u dun( ) ( ) (4)

’Ó¬¤¬ı

S x f x u D u du f x u D u dun n n( ) ( ) ( ) ( ) ( )= + + +zz−1
0

0

π
π

π

= + + + − −zz−1
0

0

π
π

π
f x t D t dt f x t D t dtn n( ) ( ) ( ) ( )

= + + −zz−1
0

0

π
π

π
f x t D t dt f x t D t dtn n( ) ( ) ( ) ( )

√[ Œ˚À˝√√Ó≈¬ √Dn(t) = Dn(–t)]

= + + −z1 0π
π

f x t f x t D t dtn( ) ( ) ( ) √(5)

¤fl¡øÈ¬ ø¬ıÀ˙¯∏ Œé¬ÀS, Òø¬ı˛ √f(x) =1

Ó¬±˝√√À˘

a dx0
1 2= =

−zπ π
π

π
.
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b kx dx kk = = ≥
−z1 0, 1π π
π

sin

∴ = ∀S xn n( ) ,1

’Ó¬¤¬ı, ¸˜œfl¡¬ı˛Ì [√5] ŒÔÀfl¡ ¬Û±˝◊√√, √ (6)

¸˜œfl¡¬ı˛Ì [√6√] ¤¬ı˛ Î¬◊ˆ¬˚˛ ¬Û±Àù´« √f(x) ø√À˚˛ ·≈Ì fl¡À¬ı˛ ¬Û±˝◊√√ [f(x), [– √π, √π] ’z¬¬ı˛±À˘ ¸œ˜±¬ıX

¤¬ı— ¸˜±fl¡˘ÚÀ˚±·… ’À¬Ûé¬fl¡]

f x D t f x dtn( ) ( ) ( )= z2 0π
π

(7)

(5) ŒÔÀfl¡ (7) ø¬ıÀ˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

Ó¬±˝√√À˘ õ∂˜±øÌÓ¬ ˝√√˘ Œ˚

a
a kx b kx f xk k

k

0

12 + + =
=

∞
∑ ( cos sin ) ( ),  ˚ø√ ¤¬ı— ¤fl¡˜±S ˚ø√

lim ( ) ( ) lim ( ) ( ) ( ) ( )
n n n nS x f x f x t f x t f x D t dt

→∞ →∞
− = + + − −L

NM
O
QP =z2 2 0

0π
π

Œ˚‡±ÀÚ 

˜z¬¬ı… √1 :  ’À¬Ûé¬fl¡øÈ¬fl¡¬ı˛  ø¬¬ıμ≈·≈ø˘ÀÓ¬

”√¬ı˛œfl¡¬ı˛ÌÀ˚±·… ’¸z¬øÓ¬ ’±ÀÂ√º fl¡±¬ı˛Ì

...
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’Ó¬¤¬ı, 

t = ± ±0, 2 4π π, ,

 ø¬ıμ≈·≈ø˘ÀÓ¬ 

D t nn( ) = + 1
2

 ¸—ø:Ó¬ fl¡¬ı˛À˘ √Dn(t) ’À¬Ûé¬fl¡øÈ¬

( , )−∞ ∞

 ’z¬¬ı˛±À˘ ¸z¬Ó¬ ˝√√À¬ıº

˜z¬¬ı… 2: f(t) ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸—:±¬ı˛ ŒéS [–π,π] Ò¬ı˛± ˝√√À˚˛øÂ√˘º ¤‡Ú f(t+2π) = f(t) ¤˝◊√√ ¸•Ûfl«¡øÈ¬

¡Z±¬ı˛± ¤¬ı˛ ¸—:±¬ı˛ Œé¬SÀfl¡ t-¤¬ı˛ ¸¬ı ˜±ÀÚ¬ı˛ Ê√Ú… ¸•√x¸±ø¬ı˛Ó¬ fl¡¬ı˛± ˝√√˘º ˚ø√ f(–π) ≠ f(π) ˝√√˚˛ Ó¬±˝√√À˘

’¬ı˙… f(t) ’À¬Ûé¬fl¡øÈ¬ 

t = ± ±3 5π π, , . . .

 ˜±Ú·≈ø˘¬ı˛ Ê√Ú… ¸—ø:Ó¬ ˝√√À¬ı Ú± º ¤˝◊√√¸¬ı ¬ı…øÓ¬√flË¡˜œ Œé¬ÀS

√f(t) Œfl¡ ˚‘√26√ ¸—ø:Ó¬ fl¡¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛, ¤¬ı˛ Ù¬À˘ √f(t) ’À¬Ûé¬fl¡-¸—øù≠©Ü ¸˜±fl¡˘·≈ø˘¬ı˛ ˜±ÀÚ¬ı˛ Œfl¡±Ú

¬Ûø¬ı˛¬ıÓ«¬Ú ‚È¬À¬ı Ú±º

√12.4.2 Î¬◊¬Û¬Û±√…

√2√π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ √f(x) øÚÀ‰¬¬ı˛ ¸•Ûfl«¡·≈ø˘Àfl¡ ø¸X fl¡À¬ı˛ √:

(i)

f x dx f x dx( ) ( )=z z +
+

α
β

α π
β π

2

2

(ii) 

f x dx f x dx( ) ( )=
−

+z zπ
π

α
α π2

(iii) 
f x dx f x dx( ) ( )= +

− −z zπ
π

π
π

γ
(iv) f x dx f x dx( ) ( )=

+z zα
α π π2

0

2

Œ˚‡±ÀÚ α,β,γ ˚‘√26√ ¸—‡…±º

õ∂˜±Ì :

(i) 

f x dx( ) ,
α
βz

 ¸˜±fl¡˘ÚøÈ¬ÀÓ¬ √x=t–2√π ¬ıø¸À˚˛ ¬Û±˝◊√√ √t = x+2√π, dt = dx

f x dx f t dt f t dt f t f t( ) ( ) ( ) ( ) ( )
α
β

α π
β π

α π
β π

π πz z z= − = − =
+
+

+
+

2 2
2

2

2

2
∵

√(ii) f x dx f x dx f x dx f x dx( ) ( ) ( ) ( )= + +
+ −

−
+z z z zα

α π
α

π
π

π
π
α π2 2

√= 

f x dx f x dx f x dx( ) ( ) ( )+ +
−

− −z z zα
π

π
π

π
α

 √[(i) ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛√]

√= 

f x dx( )
−z π
π
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(iii) γ + x = t ¬ıø¸À˚˛ ¬Û±˝◊√√

√[√γ – √π = √α ¬ıø¸À˚√̨]

√[(ii) ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛√]

(iv) 

= +z zf x dx f x dx( ) ( )
α

π α2

0

√12.4.3 ’À¬Ûé¬Àfl¡¬ı˛ fl¡Ó¬fl¡·≈ø˘ flv¡±¸ [√Several Classes of Functions)

’À¬Ûé¬fl¡·≈ø˘Àfl¡  ’z¬¬ı˛±À˘ ¸—ø:Ó¬ Ò¬ı˛± ˝√√À26√º

√1. ’±—ø˙fl¡ˆ¬±À¬ı ¸z¬Ó¬ ’À¬Ûé¬Àfl¡¬ı˛ flv¡±¸ [√class of piecewise continuous functions) D.

Œfl¡±Ú ’À¬Ûé¬fl¡, õ∂ÀÓ¬…fl¡ ¸œø˜Ó¬ ’z¬¬ı˛±À˘ ¸œø˜Ó¬ ¸—‡…fl¡ ø¬ıμ≈ ¬ı…Ó¬œÓ¬ ¸¬ı«S ¸z¬Ó¬ ˝√√À˘ ¤¬ı—

‹ ¬ı…øÓ¬√flË¡˜œ ø¬ıμ≈·≈ø˘ÀÓ¬ ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸±Ò±¬ı˛Ì ’¸±z¬Ó¬… [√ordinary discontinuity) Ô±flÀ˘,

’±—ø˙fl¡ˆ¬±À¬ı ¸z¬Ó¬ ˝√√À¬ıº ¤˝◊√√ ¬ı˛fl¡˜ ’À¬Ûé¬Àfl¡¬ı˛ flv¡±¸øÈ¬Àfl¡ ¬ı˘± ˝√√À¬ı √D.

¤˝◊√√ flv¡±À¸¬ı˛ ’z¬ˆ”«¬q¡ ’À¬Ûé¬fl¡·≈ø˘¬ı˛ Œfl¡±Ú ¬ıX ’z¬¬ı˛±˘ √[a,b] ¤¬ı˛ ’z¬àÔ ø¬¬ıμ≈ÀÓ¬ √øé¬Ì-¬Ûé¬œ˚˛

¸œ˜± ¤¬ı— ¬ı±˜-¬Ûé¬œ¬ı˛ ¸œ˜± ≈√øÈ¬˝◊√√ ¬ıÓ«¬˜±Ú ¤¬ı— ¸œø˜Ó¬º ’Ô«±»

 
¤¬ı—

 

¸œ˜±·≈ø˘ ’¸œ˜ Ú˚˛º √[a,b] ’z¬¬ı˛±À˘¬ı˛ õ∂±z¬ø¬ıμ≈ ≈√øÈ¬ÀÓ¬ √f(a+0) ¤¬ı— √f(b – √0) ¸œ˜±àÔ ˜±Ú

≈√øÈ¬› ¸¸œ˜º √f(x) ’À¬Ûé¬fl¡øÈ¬ Œ˚ ¸˜d¬ ø¬ıμ≈ÀÓ¬ ¸z¬Ó¬ Œ¸·≈ø˘ÀÓ¬ √f(x+0) = f(x–0) = f(x). ˜±S

fl¡Ó¬fl¡·≈ø˘ ¸œø˜Ó¬ ¸—‡…fl¡ ø¬ıμ≈ÀÓ¬ √f(x+0) √≠ f(x–0) ¤¬ı— √f(x+0) – f(x – 0) ¸—‡…±øÈ¬ ¸¸œ˜º

˜z¬¬ı… √: ¸˜d¬ ¸z¬Ó¬ ’À¬Ûé¬Àfl¡¬ı˛ flv¡±¸Àfl¡ √C õ∂Ó¬œfl¡ ø√À˚˛ ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˝√√À¬ıº Œ√‡±Ú Œ˚

√f√∈ C √⇒ f √∈D.
’Ô«±» Œfl¡±Ú ’À¬Ûé¬fl¡ ¸z¬Ó¬ ˝√√À˘ ¤øÈ¬ ’±—ø˙fl¡ˆ¬±À¬ı ¸z¬Ó¬ ˝√√À¬ıº
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√2. ’±—ø˙fl¡ˆ¬±À¬ı ˜¸‘Ì ’À¬Ûé¬Àfl¡¬ı˛ flv¡±¸ [√class of piecewise smooth functions) D'.

f(x) ¤˝◊√√ flv¡±À¸¬ı˛ ’z¬ˆ≈«q¡ ’À¬Ûé¬fl¡ ˝√√À˘ ¤øÈ¬ ’±—ø˙fl¡ˆ¬±À¬ı ¸z¬Ó¬ ˝√√À¬ı ¤¬ı—  Œfl¡±Ú ¬ıX ’z¬¬ı˛±˘

√[a.b] ¤¬ı˛ fl¡øÓ¬¬Û˚˛ ¸œø˜Ó¬ ¸—‡…fl¡ ø¬ıμ≈ ¬ı…Ó¬œÓ¬ ¸¬ı«S √f ′(x)-¤¬ı˛ ’ød¬Q Ô±fl¡À¬ı √; ‹ ¬ı…øÓ¬√flË¡˜œ ø¬ıμ≈·≈ø˘ÀÓ¬

√f′(x)- ¤¬ı˛ √øé¬Ì-¬Ûé¬œ˚˛ ¸œ˜±

f x f x z
z
z

' ( ) lim ' ( )+ = +
→
>

0
0
0

 ¤¬ı— ¬ı±˜-¬Ûé¬œ˚˛ ¸œ˜± 

f x f x z
z
z

' ( ) lim ' ( )− = +
→
<

0
0
0

¸¸œ˜ ˝√√À¬ıº √[a,b] ’z¬¬ı˛±À˘¬ı˛ õ∂±z¬ø¬ıμ≈ ≈√øÈ¬ÀÓ¬ √f ′(a+0) ¤¬ı¬— √f ′(b–0) ¸œ˜± ≈√øÈ¬› ¸¸œ˜º √f(x)
¤fl¡øÈ¬ ’±—ø˙fl¡ˆ¬±À¬ı ˜¸‘Ì ’À¬Ûé¬fl¡ ˝√√À˘, Œfl¡±Ú ¬ıX ’z¬¬ı˛±˘ √[a,b] ¤¬ı˛ √x ø¬ıμ≈ÀÓ¬ ¤¬ı˛ √øé¬Ì-¬Ûé¬œ˚˛

’z¬¬ı˛fl¡˘Ê√ [¸±˜±Ú…œfl‘¡Ó¬]º

f x
f x z f x

z
f t f x

t xR z
z

t x
' ( ) lim

( ) ( )
lim

( ) ( )= + − + = − +
−→

>
→ +0

0

0

¤¬ı— ¸±˜±Ú…œfl‘¡Ó¬ ¬ı±˜-¬Ûé¬œ˚˛ ’z¬¬ı˛fl¡˘Ê√

f x
f x z f x

z
f t f x

t xL z t x
z

' ( ) lim
( ) ( )

lim
( ) ( )= − − −

− = − −
−→ → −

>
0

0

0
≈√øÈ¬ ¸¸œ˜ ˝√√À¬ıº

Œfl¡±Ú ’À¬Ûé¬fl¡ √f,D′ flv¡±À¸¬ı˛ ’z¬ˆ≈«q¡ Œ√‡±ÀÓ¬ ˝√√À˘, Œ√‡±ÀÓ¬ ˝√√À¬ı Œ˚

√(1) f√∈D ¤¬ı—

√(2) 

f x f xR L
' '( ), ( )

 ¸œ˜± ≈√øÈ¬¬ı˛ [√x ¤¬ı˛ õ∂ÀÓ¬…fl¡ ˜±ÀÚ¬ı˛ Ê√Ú…] ’ød¬Q ø¬ı√…˜±Úº

√3. ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬Àfl¡¬ı˛ flv¡±¸ √p

f(x) ’À¬Ûé¬fl¡øÈ¬ ¬Û˚«±¬ı‘M√√ ˝√√À¬ı, ˚ø√ ¤˜Ú ¤fl¡øÈ¬ ¸—‡…± √T ¬Û±›˚˛± ˚±˚˛ Œ˚

√f(x+T) = f(x), –√∞ <x < √∞

Î¬◊√±˝√√¬ı˛Ì ø˝√√¸±À¬ı øSÀfl¡±Ìø˜øÓ¬fl¡ ’À¬Ûé¬fl¡·≈ø˘¬ı˛ Î¬◊À~‡ fl¡¬ı˛± ˚±˚˛º øSÀfl¡±Ìø˜øÓ¬fl¡ ’À¬Ûé¬fl¡·≈ø˘

¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡º ¤À√¬ı˛ ¬Û˚«±˚˛ √2√π. ’±˜¬ı˛± Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ’±À˘±‰¬Ú±˚˛ √p flv¡±¸øÈ¬Àfl¡ ¤ˆ¬±À¬ı ¸—ø:Ó¬

fl¡¬ı˛øÂ√º

√f(x)√∈ p√⇔ f(x + 2 √π) = f(x), – √∞ < √x < √∞
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√12.4.4 Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì √1. f x x x x( ) sin ,= ≠1 0

f(0) = 0

¤‡±ÀÚ, Œ˚À˝√√Ó≈¬ lim ( ) ( )
x

f x f
→

= =
0

0 0  ¤¬ı— √x-¤¬ı˛ ’Ú… ˜±ÀÚ¬ı˛ Ê√Ú… √f(x) ¸z¬Ó¬, ’Ó¬¤¬ı, √f(x)

√∈√C Ù¬À˘ √f(x)√∈D

x = 0 ø¬ıμ≈ÀÓ¬ √f(x)-¤¬ı˛ ’z¬¬ı˛fl¡˘ÀÊ√¬ı˛ ’ød¬Q ŒÚ˝◊√√º

¤¬ı— 

√ √[∵ lim ( )
x

f x
→

=
0

0 √ ’Ó¬¤¬ı √f(0+) = f(0 –√)=0]

øfl¡z≈¬ Î¬±Ú ø√Àfl¡¬ı˛ ¸œ˜±øÈ¬¬ı˛ ’ødQ ŒÚ˝◊√√º Ù¬À˘  ¤¬ı˛ ’ød¬Q ŒÚ˝◊√√º Ó¬±˝◊√√

√f(x)√∈√D′

Î¬◊√±˝√√¬ı˛Ì √2. f x x x x( ) sin= < < ∞1 0

√= 1 – √∞ √<x√≤ 0

¤‡±ÀÚ √x = 0 ø¬ıμ≈ÀÓ¬ ’À¬Ûé¬fl¡øÈ¬ ’¸z¬Ó¬º ’Ú…S ¤øÈ¬ ¸z¬Ó¬º

¤¬ı— lim ( ) lim sin
x x

f x x x→ + → +
= =

0 0

1 0

lim ( )
x

f x
→ −

=
0

1

Î¬◊√±˝√√¬ı˛Ì √1 ¤¬ı˛ ˜Ó¬ ¤‡±ÀÚ›  ¤¬ı˛ ’ød¬Q ŒÚ˝◊√√º Ó¬±˝◊√√

√f(x)√∉C, f(x)√∈D, f(x)√∉D′



369

Î¬◊√±˝√√¬ı˛Ì √3. f(x) = π
4 , 0 < x < π

= − π
4 , – π < x < 0

= 0, x = 0

¤˝◊√√ ’À¬Ûé¬fl¡øÈ¬¬ı˛ Œ˘‡ø‰¬SøÈ¬ ¬Û±À˙ Œ√›˚˛± ˝√√˘º

Œ˚À √̋√Ó≈¬

lim ( ) ( )
x

f x f
→ +

= = +
0 4 0π

lim ( ) ( )
x

f x f
→ −

= − = −
0 4 0π

¤¬ı— f(0) = 0

’Ó¬¤¬ı x = 0 ø¬ıμ≈ÀÓ¬ f(x) ’À¬Ûé¬fl¡øÈ¬ ’¸z¬Ó¬º øfl¡z≈¬ f(0+) – f(0–) 

= π
2

 [¸¸œ˜]º Ù¬À˘

f(x) ∉ C, øfl¡z≈¬ f(x) ∈ D, Œ˚À˝√√Ó≈¬ x = 0 ø¬ıμ≈ÀÓ¬ ’À¬Ûé¬fl¡øÈ¬ ’¸z¬Ó¬ ’Ó¬¤¬ı ¤˝◊√√ ø¬ıμ≈ÀÓ¬ ¤¬ı˛

’z¬¬ı˛fl¡˘Ê√ ŒÚ˝◊√√º

¬ıd≈¬Ó¬ 

lim
( ) ( )

lim
x x

f x f
x x→ + → +
− =

−
= + ∞

0 0

0 4 0π

¤¬ı— 

lim
( ) ( )

lim
x x

f x f
x x→ − → −
− =

− −
= ∞

0 0

0 4 0π

’Ô‰¬ 

′ = + − + =
→
>

f
f z f

zR z
z

( ) lim
( ) ( )

0
0 0 0

0
0

0

¤¬ı— ′ = − − +
− =

→
>

f
f z f

zL z
z

( ) lim
( ) ( )

0
0 0 0

0
0

0

’Ó¬¤¬ı f(x) ∈ D′

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→

⎯
⎯

⎯
⎯

⎯
⎯

⎯
⎯

⎯
⎯

→

⎯⎯⎯⎯→

⎯⎯⎯⎯→

y

xo π

...
...

...

...
...

... –π

y = − π
4

y = − π
4
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Î¬◊√±˝√√¬ı˛Ì 4. Œ√‡±Ú Œ˚, 

¸˜±Ò±Ú : 

=
+ +L
NM

O
QP

+

sin

sin

π

π

n t

t

1
2

2 1
2

e j
e j [ ∵ sinx ∈ P]

=
− +

−

( ) sin

( ) sin

1 1
2

1 2 1
2

n t

t

e j

= Dn(t)

12.4.5

Œ˚À˝√√Ó≈¬ f(x) ∈ D ˝√√À˘, f(x) ’À¬Ûé¬fl¡øÈ¬ Œ˚-Œfl¡±Ú ¬ıX ’z¬¬ı˛±À˘ ¸œ˜±¬ıX ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·…

˝√√À¬ı Ó¬±˝◊√√ ’±˜¬ı˛± 12.3.5 ’Ú≈À26√À√¬ı˛ Î¬◊¬Û¬Û±√… ¤¬ı— ’Ú≈ø¸X±z¬øÈ¬Àfl¡ ¤ˆ¬±À¬ı ø˘‡ÀÓ¬ ¬Û±ø¬ı˛º

Î¬◊¬Û¬Û±√… 1

f(x) ∈D

 Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ
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’Ú≈ø¸X±z¬ 1

f(x) ∈ D

⇒ = =
→∞ − →∞ −z zlim ( ) cos lim ( ) sin

k k
f t kt dt f t kt dt

π
π

π
π

0

Î¬◊¬ÛÀ¬ı˛¬ı˛ ’Ú≈ø¸X±z¬øÈ¬ ŒÔÀfl¡ ’±˜¬ı˛± ø¡ZÓ¬œ˚˛ ’Ú≈ø¸X±z¬øÈ¬ õ∂˜±Ì fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º

’Ú≈ø¸X±z¬ 2

f(x) ∈. D

⇒ +
→∞ −zlim ( )sin

k
f t k t dt

π

π 1
2e j

õ∂˜±Ì : 

sin sin cos cos sink t kt t kt t+ = +1
2

1
2

1
2e j

¤‡Ú, Œ˚À˝√√Ó≈¬ 

cos t C2 ∈

 ¤¬ı— sin t C2 ∈  ¤¬ı— f(t) ∈D

’Ó¬¤¬ı f(t) cos t D2 ∈  ¤¬ı— f t t D( ) sin 2 ∈

Ó¬±˝◊√√ ’Ú≈ø¸X±z¬ 1 ŒÔÀfl¡ ¬Û±˝◊√√

lim ( ) cos sin lim ( ) sin cos
k k

f t t kt dt f t t kt dt
→∞ − →∞ −z z= =

π
π

π
π

2 0 2

⇒ + =
→∞ −zlim ( )sin

k
f t k t dt

π

π 1
2 0e j

12.4.1 ’Ú≈À26√À√ Œ√‡±ÀÚ± ˝√√À˚˛ÀÂ√ Œ˚ [–π, π] ¬ıX ’z¬¬ı˛±À˘ ¸œ˜±¬ıX ¤¬ı— ¸˜±fl¡˘ÚÀ˚±·…

2π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ f(x)-¤¬ı˛ ¬Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ n-Ó¬˜ ’±—ø˙fl¡ Œ˚±·Ù¬˘

S x f x u D u dun n( ) ( ) ( )= +
−z1π π
π

(4Ú— ¸˜œfl¡¬ı˛ÌøÈ¬ Œ√‡≈Ú]

Œ˚‡±ÀÚ 

D u
n u

u
n ( )

sin

sin
=

+ 1
2

2 1
2

e j
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‹ ’Ú≈À26√À√ (6 Ú— ¸˜œfl¡¬ı˛Ì Œ√‡≈Ú] õ∂˜±øÌÓ¬ ˝√√À˚˛ÀÂ√

⇒ = =z z−f x D u f x dx f x D u dun n( ) ( ) ( ) ( ) ( )2 1
0π π
π

π
π

’Ô«±» øÚÀ‰¬¬ı˛ Î¬◊¬Û¬Û±√…øÈ¬ õ∂˜±øÌÓ¬ ˝√√˘º

Î¬◊¬Û¬Û±√… 2
1.  f(x) ∈D

2.  f(x) ∈P

12.4.6 ¬Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ Î¬◊¬Û¬Û±√… (The Convergence Theorem)

Î¬◊¬Û¬Û±√… 1

1. f(x) ∈P

2. f(x) ∈D′

3. f(x) ∈C ˚‡Ú x = x0

= + +
=

∞
∑

a
a kx b kxk k

k

0
0 0

12 ( cos sin )

õ∂˜±Ì : 12.4.5 ’Ú≈À26√À√¬ı˛ Î¬◊¬Û¬Û±√… 2 ŒÔÀfl¡ ¬Û±˝◊√√,

S x f x f x u f x D u dun n( ) ( ) [ ( ) ( )] ( )0 0 0 0
1− = + −

−zπ π
π
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= 1 +
−zπ π
π

g u n u du( )sin 1
2e j

(1)

¤‡±ÀÚ, 

g u
f x u f x

u( )
( ) ( )

sin
=

+ −0 0

2 2

, ’±˜¬ı˛± Œ√‡±À¬ı± Œ˚ g(u) ∈D.

¤‡Ú 

g u
f x u f x

u
( )

( ) ( )

sin
+ =

+ + −

+
2

2

2 2

0 0π
π

πe j

= −
+ −f x u f x

u
( ) ( )

sin
0 0

2 2
  [∵ f(u) ∈ P]

= – g(u)

’Ó¬¤¬ı ¤È¬± Œ√‡±À˘˝◊√√ ˚ÀÔ©Ü ˝√√À¬ı Œ˚ – π ≤ x ≤ π ’z¬¬ı˛±À˘ g(u) ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸œø˜Ó¬ ¸—‡…fl¡

¸¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º øfl¡z≈¬ ‹ ’z¬¬ı˛±À˘ g(u) ¤¬ı— f(u) ’À¬Ûé¬fl¡ ≈√øÈ¬¬ı˛ ’¸±z¬Ó¬…-ø¬ıμ≈·≈ø˘

’øˆ¬iß  , g(u) ¤¬ı˛ u = 0 ø¬ıμ≈ÀÓ¬ ¤fl¡øÈ¬ ’øÓ¬ø¬ı˛q¡ ’¸±z¬Ó¬…±-ø¬ıμ≈ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛º

¤‡Ú

g
f x u f x

u
u

uu u
( ) lim

( ) ( )
. lim

sin
0

2 2
0

0 0
0

+ =
+ −

→ + → +

=
+ −

′
→ +
lim

( ) ( )
. ( )

u R
f x u f x

u f x
0

0 0
0        [ ∵ f(x) ∈ D′ ]

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı g(0–) =
+ −

′
→ −
lim

( ) ( )
. ( )

u L
f x u f x

u f x
0

0 0
0

’Ó¬¤¬ı g(u) ∈ D.

’Ó¬¤¬ı 12.4.5 ’Ú≈À26√À√¬ı˛ ’Ú≈ø¸X±z¬ 2 ŒÔÀfl¡ ¬Û±˝◊√√

 lim ( ) sin
k

g u k u du
→∞ −z + =

π
π 1

2 0e j

’Ô«±» 

lim ( ) sin
n

g u n u du
→∞ −z + =

π
π 1

2 0e j
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’Ô«±»         [1Ú— ¸•Ûfl«¡øÈ¬ Œ√‡≈Ú]

  = + +
=

∞
∑a

a kx b kxk k
k

0
0 0

12 ( cos sin )

Î¬◊√±˝√√¬ı˛Ì : Òø¬ı˛, f x( ) = 1
4 π ˚‡Ú 2nπ < x < (2n + 1)π   (n = 0, ± 1, ±2, ...)

   = − 1
4 π  ˚‡Ú (2n – 1)π < x < 2nπ (n = 0, ± 1, ± 2, ...)

   = 0 ˚‡Ú x = nπ       (n = 0, ± 1, ± 2, ...)

¤‡±ÀÚ

1.  f(x) ∈P

2.  f(x) ∈D′

f(x) ’˚≈¢¨ ’À¬Ûé¬fl¡, –π < x < π

’Ó¬¤¬ı ak = a, (k = 0, 1, 2, ...)

b kx dxk = z2 1
40π π

π
sin

= − = −1
2

1
2 1

0

cos [ cos ]kx
k k k

π
π

= +
1

2 1m ,    (m = 0, 1, 2, ...)

Ó¬±˝◊√√ 
1

2 1 2 1 40 m m x
m + + =

=

∞
∑ sin( ) π

 ˚‡Ú 2nπ < x < (2n + 1)π

= −π
4  ˚‡Ú (2n – 1)π < x < 2nπ

= 0  ˚‡Ú x = nπ

n = 0, ±1, ±2, ...
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12.4.7 ’¸±z¬Ó¬…±-ø¬ıμ≈ÀÓ¬ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ Î¬◊¬Û¬Û±√… (The Convergence
Theorem-Points of Discontinuity)

Î¬◊¬Û¬Û±√… 2

1. f(x) ∈P

2. f(x) ∈D′

⇒ + + −
⋅ = + + − ∞ < < ∞

=

∞
∑f x f x a

a kx b kx xk
k

k
( ) ( )

( cos sin ),2 2
0

1

õ∂˜±Ì : f(x) ’À¬Ûé¬fl¡øÈ¬ x ø¬ıμ≈ÀÓ¬ ¸z¬Ó¬ ˝√√À˘ 
f x f x

f x
( ) ( )

( )
+ + − =2  ¤¬ı— Ó¬‡Ú Î¬◊¬Û¬Û±√…

1 õ∂À˚˛±· fl¡À¬ı˛ Î¬◊¬ÛÀ¬ı˛¬ı˛ ø¸X±z¬øÈ¬ õ∂˜±øÌÓ¬ ˝√√À¬ıº

Òø¬ı˛

g x( ) = π
4

˚‡Ú 0 < x < π

 

= −π
4

˚‡Ú – π < x < 0

 = 0 ˚‡Ú x = 0

¤¬ı— g(x + 2π) = g(x), – ∞ < x < ∞

Ó¬±˝√√À˘ g(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√˘

sin( )2 1
2 10

k x
kk

+
+=

∞
∑

¤‡Ú x = 0 ø¬ıμ≈ÀÓ¬ g(x) ’¸z¬Ó¬º g g( ) , ( )0 4 0 4+ = − = −π π

’Ó¬¤¬ı, 

g g k x
kk x

( ) ( ) sin( )0 0
2 0 2 1

2 10 0

+ + − = = +
+

F
HG

I
KJ=

∞

=
∑

Œ˚À˝√√Ó≈¬ g(x) ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡, ¤¬ı˛ ¸˜d¬ ’¸±z¬Ó¬… ø¬ıμ≈¬ı˛ Ê√Ú…˝◊√√ 
g x g x( ) ( )+ + − =2

sin( )2 1
2 10

k x
kk

+
+

F
HG

I
KJ=

∞
∑

 ¸•Ûfl«¡øÈ¬ ø¸X ˝√√À¬ıº fl¡±ÀÊ√˝◊√√ g(x) ’À¬Ûé¬Àfl¡¬ı˛ Ê√Ú… Î¬◊¬Û¬Û±√… 2 Δ¬ıÒº
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Òø¬ı˛ x = c, f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¤fl¡øÈ¬ ’¸±z¬Ó¬± ø¬ıμ≈º

¤¬ı±À¬ı˛, h x f x J g x c J f c f c( ) ( ) ( ), ( ) ( )= − − = + − −2
π  ’À¬Ûé¬fl¡øÈ¬ x = c ø¬ıμ≈ÀÓ¬ ¸z¬Ó¬

øfl¡Ú± Œ√‡± ˚±fl¡º

¤‡Ú h(c) = f(c)

  

  

¤¬ı— 

  

  

  

’Ó¬¤¬ı h(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ x = c ø¬ıμ≈ÀÓ¬ ¤fl¡øÈ¬ ”√¬ı˛œfl¡¬ı˛ÌÀ˚±·… ’¸z¬øÓ¬ ’±ÀÂ√º Ó¬±˝◊√√ h(x)
’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸—:±øÈ¬ ¬Ûø¬ı˛¬ıÓ«¬Ú fl¡¬ı˛± ˚±fl¡º [¤˝◊√√ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ Ù¬À˘ h(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ ¸˝√√À·¬ı˛

Œfl¡±Ú ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À¬ı Ú±º]

¤¬ı±À¬ı˛ Òø¬ı˛ 

¤¬ı— 

¤‡Ú h(x) ’À¬Ûé¬fl¡øÈ¬ c ø¬ıμ≈ÀÓ¬ ¸z¬Ó¬º ’Ó¬¤¬ı Î¬◊¬Û¬Û±√… 1 õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√ Œ˚, x = c

ø¬ıμ≈ÀÓ¬ h(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ Œ˚±·Ù¬˘ ¤¬ı— h(c) ’øˆ¬ißº ’Ô«±»

h(c) = [x = c ø¬ıμ≈ÀÓ¬ h(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ Œ˚±·Ù¬˘ ]

= [x = c ø¬ıμ≈ÀÓ¬ f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ Œ˚±·Ù¬˘ ]
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+ [x = c ø¬ıμ≈ÀÓ¬ 

− −2J g x cπ ( )

 ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|øÌ¬ı˛ Œ˚±·Ù¬˘ ]

= [x = c ø¬ıμ≈ÀÓ¬ f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ Œ˚±·Ù¬˘] + 0

= + +
=

∞
∑a

a kc b kck k
k

0

12 ( cos sin )

’Ô«±» 
f c f c a

a kc b kck
k

k
( ) ( )

( cos sin )
+ + − = + +

=

∞
∑2 2

0

1

Œ˚À˝√√Ó≈¬ c ø¬ıμ≈øÈ¬ f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ ˚‘√26√ ’¸±z¬Ó¬± ø¬ıμ≈, ’Ó¬¤¬ı Î¬◊¬Û¬Û±√…øÈ õ∂˜±øÌÓ¬ ˝√√˘º

˜z¬¬ı… 1 : Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ˚ÀÔ©Ü ˙Ó«¬·≈ø˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ (Dirichlet’s conditions)
Ú±À˜ ¬Ûø¬ı˛ø‰¬Ó¬º

˜z¬¬ı… 2 : f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡Àfl¡ S(x) Ò¬ı˛± ˝√√À˘ Î¬◊¬Û¬Û±√…

1 ¤¬ı— Î¬◊¬Û¬Û±√… 2 ŒÔÀfl¡ ¬Û±˝◊√√º

S x f x f x( ) [ ( ) ( )]= + + −1
2 0 0  ˚‡Ú – π ≤ x ≤ π

’Ô«±»  S x f x h f x h
h

h

( ) lim [ ( ) ( )]= + + −
→
>

1
2 0

0

’Ó¬¤¬ı  S f h f h
h

( ) lim [ ( ) ( )]π π π= + + −
→

1
2 0

= − + + −
→

1
2 0

lim [ ( ) ( )]
h

f h f hπ π

      [ ∵ f(x) ∈P]

= − + + −1
2 0 0[ ( ) ( )]f fπ π

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı   S f f( ) [ ( ) ( )]− = − + + −π π π1
2 0 0
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12.5 ¬Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1. øÚÀ‰¬ ¸—ø:Ó¬ f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ øÚÌ«˚˛ fl¡¬ı˛≈Ú :
f(x) = 0, – π ≤ x ≤ 0

= x, 0 ≤ x ≤ π
f(x + 2π) = f(x), – ∞ < x < ∞

x = 0, ± π, 4π ¤¬ı— –5π ø¬ıμ≈·≈ø˘ÀÓ¬ ‹ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº

Î¬◊M√√¬ı˛ : ¤‡±ÀÚ, Œ˚À˝√√Ó≈¬ f(x + 2π) = f(x) ’Ó¬¤¬ı f(x) ∈ P ’±¬ı±¬ı˛, õ∂√M√√ ’À¬Ûé¬fl¡øÈ¬

– π < x < π ’z¬¬ı˛±À˘ ¸¬ı«S ¸z¬Ó¬ ’Ó¬¤¬ı f(x) ∈C, ˚‡Ú – π < x < π, x = 0 ø¬ıμ≈ÀÓ¬

’À¬Ûé¬fl¡∏øÈ¬¬ı˛ ’z¬¬ı˛fl¡˘ÀÊ√¬ı˛ ’ød¬Q ŒÚ˝◊√√ øfl¡z≈¬ ′ =fR( )0 1 ¤¬ı— .

Ó¬±˝◊√√ f(x) ∈D′

Ù¬À˘, Î¬◊¬Û¬Û±√… 1 õ∂À˚±Ê√…º

ak, bk ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ¸˝√√· ˝√√À˘

   k = 0, 1, 2, ...

= z1 0π
π
x kx dxcos

= − −L
NM

O
QP

1 1 2
0π

π
x kx

k
kx

k
(sin ) . ( cos )

 k ≠ 0

= −1 1 1
2π π[cos ]k

k

= 0 ˚‡Ú k ˚≈¢¨º

˚‡Ú k ’ ≈̊¢¨º

¤¬ı— 

= − = − +1 1 1

π
π πcos ( )k

k k

k
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’Ó¬¤¬ı

f x
m

m x m mx
m

m

m
( )

( )
cos( ) ( ) sin= −

+
+ + −

=

∞ +

=

∞
∑ ∑π

π4
2

2 1
2 1 1

2
0

1

0

= − + + +RST
UVW

π
π4
2

1
3

3
5

52 2 2
cos cos cosx x x "

+ − + −sin sin sinx x x
1

2
2

3
3 "{ },      – π < x < π

Œ˚À˝√√Ó≈¬ f(x) ∈ C ˚‡Ú x = 0, ’Ó¬¤¬ı

f ( )0 4
2 1

1
1

3
1
52 2 2= − + + +RST
UVW

π
π "

⇒ = −
+=

∞
∑0 4

2 1
2 1 2

0

π
π ( )kk

⇒
+

=
=

∞
∑ 1

2 1 82
0

2

( )kk

π

x = ± π ø¬ıμ≈ÀÓ¬

1
2 0 0[ ( ) ( )] ( )f f Sπ π π− + − + = ±

= −
+

+
=

∞
∑π

π π4
2 1

2 1
2 12

0 ( )
cos( )

m
m

m

= +
+=

∞
∑π

π4
2 1

2 1 2
0 ( )mm

’Ô«±»

1
2 0 4

2 1
2 1 2

0
[ ]

( )
π π

π+ = +
+=

∞
∑

mm

⇒
+

=
=

∞
∑ 1

2 1 82
0

2

( )mm

π
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S(4π) = S(0) = 0

S(–5π) = S(π) = π
2

Î¬◊√±˝√√¬ı˛Ì 2. f(x) = x + x2,     – π < x < π

’À¬Ûé¬fl¡øÈ¬Àfl¡ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : f(x) ’À¬Ûé¬fl¡øÈ¬Àfl¡ (–π, π) ’z¬¬ı˛±À˘¬ı˛ õ∂±z¬ø¬ıμ≈¡ZÀ˚˛ ¸—ø:Ó¬ fl¡¬ı˛± ˝√√˚˛øÚº ’±˜¬ı˛±

¤˝◊√√ ≈√øÈ¬ ø¬ıμ≈ÀÓ¬ ’À¬Ûé¬fl¡øÈ¬Àfl¡ ˚‘√26√ ¸—ø:Ó¬ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º

Ò¬ı˛± ˚±fl¡ f(x) = x + x2,   – π ≤ x ≤ π Ó¬±˝√√À˘ f(x) ∈ C, – π ≤ x ≤ π ¤¬ı— Œ˚À˝√√Ó≈¬

f′(x) = 2x + 1, ¤˝◊√√ ’z¬¬ı˛±À˘ ¸¬ı«S ¸—ø:Ó¬, ’Ó¬¤¬ı f(x) ∈ D′.

’±˜¬ı˛± f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸—:±¬ı˛ Œé¬SÀfl¡ f(x) = f(x + 2π) ¸•Ûfl«¡øÈ¬ ¡Z±¬ı˛± – ∞ < x < ∞
’z¬¬ı˛±À˘ ¸•√x¸±ø¬ı˛Ó¬ fl¡ø¬ı˛º Ó¬±˝√√À˘ f(x) ∈ P

’Ó¬¤¬ı Î¬◊¬Û¬Û±√… 1 õ∂À˚±Ê√…º

ak, bk ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ ¸˝√√· ˝√√À˘

= − −F
H

I
K +

−F
H

I
K

L
NM

O
QP ≠2 2 2 1 02

2 3
0

π

π
x kx

k x kx
k

kx
k

ksin cos . sin ,

= = −4 4 12 2π π πcos ( )k
k k

k

 a0

3 22
3

2
3= =π

π π

 b x kx dx x kx
k

kx
kk = = − − −F
H

I
K

L
NM

O
QPz2 2 1

0 2
0

π π
π

π
sin cos . sine j

= − = − +2 2 1 1
k

k
k

kcos ( )π
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’Ó¬¤¬ı f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡ S(x) ˝√√À˘

S x
k

kx k kx
k k

kk
( ) ( ) cos ( ) sin= + − + − +

=

∞

=

∞
∑∑π2

2

1

113 4 1 2 1

= + − + − + −L
NM

O
QP

π2

2 2 23 4 2
2

3
3

4
4

cos cos cos cosx x x x "

+ − + − +2 1
2 2 1

3 3 1
4 4sin sin sin sinx x x x "

= − − + − +L
NM

O
QP

π2

2 2 2 23 4
1

2
2

3
3

4
4

cos cos cos cosx x x x "

+ − + − +2 1
2

2
3

3
4

4
sin sin sin sinx x x x "

Œ˚À˝√√Ó≈¬ f(x) ∈ C ˚‡Ú – π < x < π ’Ó¬¤¬ı f(x) = x + x2 = S(x) ˚‡Ú – π < x < π ¤‡Ú

(–π, π) ’z¬¬ı˛±À˘¬ı˛ õ∂±z¬ø¬ıμ≈ ≈√øÈ¬ÀÓ¬ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ Œ˚±·Ù¬˘

= − + + −1
2 0 0[ ( ) ( )]f fπ π

= − + + + =1
2

2 2 2[ ]π π π π π

’Ô«±» π2 = S(π)

  = + −
2

=

∞
∑π2 2

13 4 1( ) k

k k

⇒ =
=

∞
∑π2

2
16

1
kk

Î¬◊√±˝√√¬ı˛Ì 3. õ∂√M√√ f(x) = x, 0 2≤ ≤x π

 = π – x,

π π2 ≤ ≤x

 = –f(–x), – π ≤ x ≤ 0

Œ√‡±Ú Œ˚, f(x) ’À¬Ûé¬fl¡øÈ¬ [–π, π] ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬·≈ø˘ ¬Û±˘Ú fl¡À¬ı˛º  [– π, π] ’z¬¬ı˛±À˘

¤˝◊√√ ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº
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¸˜±Ò±Ú : y = f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Œ˘‡ø‰¬S¬ ¬Û±À˙ Œ√›˚˛± ˝√√˘º

f(x)-¤¬ı˛ õ∂M√√ ¸—:± ŒÔÀfl¡ ¬Û±˝◊√√

f(x) = – π – x, − ≤ ≤ −π πx 2

= x,

= π – x, π π2 ≤ ≤x

f(x) ’À¬Ûé¬fl¡øÈ¬ [–π, π] ’z¬¬ı˛±À˘ ¤fl¡øÈ¬ ’˚≈¢¨ ’À¬Ûé¬fl¡º ¤øÈ¬ ¤˝◊√√ ’z¬¬ı˛±À˘ ¸z¬Ó¬ ’Ô«±»

f(x) ∈ C, – π < x < π, x = −π
2  ¤¬ı—  ø¬ıμ≈ÀÓ¬ ¤¬ı˛ ’z¬¬ı˛fl¡˘Ê√ ¸—ø:Ó¬ Ú˚˛º øfl¡z≈¬

¤¬ı— ′ − = − ′ − = −f fR L
π π

2 1 2 1e j e j,

’Ô«±» ’À¬Ûé¬fl¡øÈ¬ ¤˝◊√√ ’z¬¬ı˛±À˘ ’±—ø˙fl¡ˆ¬±À¬ı ˜¸‘Ì

⇒ f(x) ∈ D′

’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸—:±¬ı˛ Œé¬SÀfl¡ f(x + 2π) = f(x), ¸•Ûfl«¡ ¡Z±¬ı˛± (–∞, ∞) ’z¬¬ı˛±À˘ ¸•√x¸±ø¬ı˛Ó¬

fl¡¬ı˛± ˝√√À˘ f(x) ∈P

’Ó¬¤¬ı f(x) ’À¬Ûé¬fl¡øÈ¬ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Ú fl¡À¬ı˛º

ak, bk ¤˝◊√√ ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ¸˝√√· ˝√√À˘ ak = 0, Œ˚À˝√√Ó≈¬ f(x) ’ ≈̊¢¨ ’À¬Ûé¬fl¡º

¤¬ı—

b f x kx dxk = z2 0π
π

( ) sin

b x kx dx x kx dxk = + −LNM OQPzz2
20

2

π π
π
ππ

sin ( ) sin
/

/

= + −L
NM

O
QPzz2

0

2

0

2

π π
ππ

x kx dx t k t dtsin sin ( )
//

 [ø¡ZÓ¬œ˚˛ ¸˜±fl¡˘øÈ¬ÀÓ¬ π – x = t ¬ıø¸À˚]̨

= + − +z2 1 1 1
0

2

π
π

x kx dxk{ ( ) }sin
/
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= + − =+ z2 1 1 0,1
0

2

π
π

{ ( ) } sin
/k x kx dx

 ˚‡Ú k ˚≈¢¨º

= z4 0

2

π
π

x kx dxsin ,
/

 ˚‡Ú k ’ ≈̊¢¨º

= − −
−
FH IKL

NM
O
QP

4 1 2
0

2

π
π

x kx
k

kx
k

kcos sin ,
/

e j

 ’ ≈̊¢¨º

= 4
22π
π

k
k ksin ,  ’ ≈̊¢¨º

b
m

mm2 1 2
4 1

2 1
2 1 2+ =

+
+π

π
( )

sin( )

  =
+

−4 1
2 1

1 22π
π

( )
( ) sin

m
m

  = −
+

4 1
2 1 2π
( )

( )

m

m

’Ó¬¤¬ı øÚÀÌ«˚˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ

f x
m

m x
m

( ) ( )
( )

sin( ) ,= −
+

+
∞
∑4 1

2 1
2 12

0π     – π < x < π

Î¬◊√±˝√√¬ı˛Ì 4 : f(x) = 1 − cos x  ’À¬Ûé¬fl¡øÈ¬Àfl¡ (–π, π) ’z¬¬ı˛±À˘ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬

fl¡¬ı˛≈Úº ¤¬ı— Œ√‡±Ú Œ˚ 
1

4 1
1
22

1 nn −
=

=

∞
∑

¸˜±Ò±Ú : f(x) ’À¬Ûé¬fl¡øÈ¬ (–π, π) ’z¬¬ı˛±À˘ ¸¬ı«S ¸z¬Ó¬ ¤¬ı— f ′(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛› ¤˝◊√√ ’z¬¬ı˛±À˘

Œfl¡±Ô±˚˛› ø¬ıø26√ißÓ¬± ŒÚ˝◊√√º Ó¬±˝◊√√ f(x) ’À¬Ûé¬fl¡øÈ¬Àfl¡ ’±—ø˙fl¡ˆ¬±À¬ı ˜¸‘Ì ¬ı˘± Œ˚ÀÓ¬ ¬Û±À¬ı˛º ’Ô«±»

f(x) ∈ D′.

¤‡Ú f(x + 2π) = f(x) ¸•Ûfl«¡øÈ¬ ¡Z±¬ı˛± ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸—:±¬ı˛ Œé¬SÀfl¡ (–∞, ∞) ’z¬¬ı˛±À˘

¸•√x¸±ø¬ı˛Ó¬ fl¡¬ı˛± ˝√√À˘ f(x) ∈ P.

¤¬ı±¬ı˛ Ò¬ı˛≈Ú, an, bn ¤˝◊√√ ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ¸˝√√·º
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a f x nx dx nn = =
−z1 0, 1 2,π π
π

( ) cos , , "

= −
−z1 1π π
π

cos cosx nx dx

= −z2 1
0π
π

cos cosx nx dx        [∵ f(x) cos nx ˚≈¢¨ ’À¬Ûé¬fl¡]

= z2 2
20π

π
sin cosx nx dx

= = + − −L
NM

O
QPzz2 2 2

2 1
2

1
200π π

ππ
cos sin sin sinnx x dx n x n x dxe j e j

=
+

− +
−

−

− +

L

N
MMM

O

Q
PPP

2
1
2
1
2

1
2
1
2 0

π

π
cos cosn x

n

n x

n

e j
e j

e j
e j

=
+

−
−

R
S|
T|

U
V|
W|

−
+

+
−

−

−

R
S|
T|

U
V|
W|

L

N

MM
M

O

Q

PP
P

2 1
1
2

1
1
2

1
2

1
2

1
2

1
2

π

π π

n n

n

n

n

ne j e j
e j e jcos cos

= −
−

2 1
1
4

2π .
n     [ Œ˚À˝√√Ó≈¬ cos cosn n+ = − =1

2
1
2 0e j e jπ π ]

= −
−

=4 2 1
4 1

0, 1 2,2π . , ,
n

n "

  [ Œ˚À˝√√Ó≈¬ f x x( ) cos= −1  ˚≈¢¨ ’À¬Ûé¬fl¡]

’Ó¬¤¬ı øÚÀÌ«˚˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ

1 2 1 2 1
4 12

1
− = 2 −

−
L
NM

O
QP=

∞
∑cos cosx

n
nx

nπ
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¤‡Ú x = 0 ø¬ıμ≈ÀÓ¬ f(x) ¸z¬Ó¬, ’Ó¬¤¬ı

f(0) = S(0) ⇒

0 2 2 1 2 1
4 12

1
= −

−
L
NM

O
QP=

∞
∑π nn

’Ô«±» 
1

4 1
1
22

1 nn −
=

=

∞
∑

12.6 ¬¸±¬ı˛±—˙

{1, cos x, sin x, cos 2x, sin 2x, ..., cos kx, sin kx, ...}
Œ¸È¬ƒøÈ¬¬ı˛ ’À¬Ûé¬fl¡·≈ø˘¬ı˛ ¡Z±¬ı˛± Œfl¡±Ú ’À¬Ûé¬fl¡ f(x) Œfl¡ (–π, π) ’z¬¬ı˛±À˘ ø¬ıd‘¬Ó¬ fl¡¬ı˛± ˝√√À˘,

ø¬ıd‘¬øÓ¬øÈ¬Àfl¡ f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ ¬ı˘± ˝√√˚˛º ¤˝◊√√ ø¬ıd‘¬øÓ¬øÈ¬¬ı˛ ¸˝√√··≈ø˘ ˝√√˘

1
2 0 1 1 2 2a a b a b a bk k, , , , , , ," "{ }

¸˝√√··≈ø˘ øÚÌ«À˚˛¬ı˛ ¸”S ˝√√À26√

a f x kx dx kk = =
−z1 0, 1 2,π π
π

( ) cos ( , )"

b f x kx dx kk = =
−z1 1 2,π π
π

( ) sin ( , )"

Ó¬±˝√√À˘ f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√˘

1
2 0

1
a a kx b kxk

k
k+ +

=

∞
∑ ( cos sin )

¤¬ı— ¤Àé¬ÀS Œ˘‡± ˝√√À¬ı

f x a a kx b kxk k
k

( ) ~ ( cos sin )1
2 0

1
+ +

=

∞
∑

Òø¬ı˛ S x a a kx b kxn k
k

n

k( ) ( cos sin )= + +
=
∑1

2 0
1
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Ó¬±˝√√À˘ Sn(x) ˝√√˘ f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ n-Ó¬˜ ’±—ø˙fl¡ Œ˚±·Ù¬˘º ¤‡Ú S xn ( )m r1
∞

’Ú≈√flË¡˜øÈ¬ ’øˆ¬¸±¬ı˛œ ˝√√À˘ ¤¬ı—  ˝√√À˘

 ¸˜œfl¡¬ı˛ÌøÈ¬ Δ¬ıÒº

f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ Ê√Ú… f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ fl¡Ó¬fl¡·≈ø˘ ˙Ó«¬ ’±À¬ı˛±¬Û

fl¡¬ı˛±¬ı˛ õ∂À˚˛±Ê√Ú ˝√√˚˛º Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ˚ÀÔ©Ü ˙Ó«¬¸˜”À˝√√¬ı˛ Œ¸Èƒ¬·≈ø˘¬ı˛ ˜ÀÒ… ¸¬ıÀ‰¬À˚˛ ·≈¬ı˛≈Q¬Û”Ì«

˝√√À26 √ø√ø¬ı˛Àflv¡¬ı ˙Ó«¬±¬ı˘œ (Dirichlet’s conditions)º

ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬±¬ı˘œ

1. f(x) ’À¬Ûé¬fl¡øÈ¬Àfl¡ 2π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ ˝√√ÀÓ¬ ˝√√À¬ıº

2. (a) f(x) ’À¬Ûé¬fl¡øÈ¬ Œ˚-Œfl¡±Ú ¸œø˜Ó¬ ’z¬¬ı˛±À˘ ˝√√˚˛ ¸z¬Ó¬ ˝√√À¬ı ’±¬ı˛ Ú˚˛Ó¬ ¤˝◊√√ ’z¬¬ı˛±À˘¬ı˛

¸œø˜Ó¬ ¸—‡…fl¡ ø¬ıμ≈ÀÓ¬ ¤¬ı˛ ¸¸œ˜ ’¸±z¬Ó¬… Ô±fl¡À¬ıº

(b) ‹ ’z¬¬ı˛±À˘¬ı˛ õ∂ÀÓ¬…fl¡ ø¬ıμ≈ÀÓ¬

′ = + − +
→
>

f x
f x z f x

zR z
z

( ) lim
( ) ( )

0
0

0

› 

¸œ˜± ≈√øÈ¬¬ı˛ ’ød¬Q Ô±fl¡À¬ıº

’À¬Ûé¬Àfl¡¬ı˛ øÓ¬ÚøÈ¬ flv¡±¸ (Three Classes of Functions)

1. ˙Ó«¬øÈ¬ ¬Û±˘Úfl¡±¬ı˛œ ’À¬Ûé¬fl¡·≈ø˘¬ı˛ flv¡±¸Àfl¡ P ø√À˚˛ ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

2. (a) ˙Ó«¬ ¬Û±˘Úfl¡±¬ı˛œ ’À¬Ûé¬fl¡·≈ø˘¬ı˛ flv¡±¸Àfl¡ D. ¤¬ı—

2. (a), 2 (b) Î¬◊ˆ¬˚˛ ˙Ó«¬ ¬Û±˘Úfl¡±¬ı˛œ ’À¬Ûé¬fl¡·≈ø˘¬ı˛ flv¡±¸Àfl¡ D′ ø√À˚˛ ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ Î¬◊¬Û¬Û±√…

¬Û˚«±˚˛¬ı‘M√√ ’À¬Ûé¬fl¡ f(x) ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬±¬ı˘œ ¬Û±˘Ú fl¡¬ı˛À˘ ¤¬ı˛ ¬Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ’øˆ¬¸±¬ı˛œ ˝√√À¬ı

¤¬ı— Œ˚-Œfl¡±Ú x ø¬ıμ≈ÀÓ¬ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬À˘¬ı˛ ˜±Ú ¤¬ı—  ¤¬ı˛ ˜±Ú ’øˆ¬iß ˝√√À¬ıº
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12.6 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1. f(x) = sin x, 0 < x ≤ π
=  0, – π < x ≤ 0

’À¬Ûé¬fl¡øÈ¬Àfl¡ Ù≈¬ø¬ı˛˚˛±À¬ı˛¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛≈Ú ¤¬ı— ¤øÈ¬ ŒÔÀfl¡ 

1
2 1 2 11( )( )n nn − +=

∞
∑

 Œ|ÌœøÈ¬¬ı˛

Œ˚±·Ù¬˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº

2. f(x) = – π, – π < x < 0

= x, 0 < x < π

’À¬Ûé¬fl¡øÈ¬Àfl¡ Ù≈¬ø¬ı˛˚˛±À¬ı˛¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛≈Ú ¤¬ı— ¤øÈ¬ ŒÔÀfl¡ Œ√‡±Ú Œ˚

1
1

1
3

1
5 82 2 2

2
+ + + =" π

3. Ò¬ı˛≈Ú, f(x) = 0, – π ≤ x ≤ 0

¤¬ı— f(x) = π, 0 < x ≤ π

x = 0, – π ¤¬ı— π ø¬ıμ≈ÀÓ¬ ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ Œ˚±·Ù¬˘ øÚÌ«˚˛ fl¡¬ı˛≈Ú  , ¬ÛÀ¬ı˛, ’À¬Ûé¬fl¡øÈ¬¬ı˛

Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ øÚÌ«˚˛ fl¡À¬ı˛ õ∂±5 Ù¬À˘¬ı˛ ˚±Ô±Ô«… õ∂øÓ¬¬Û±√Ú fl¡¬ı˛≈Úº

4. f(x) = –x2, – π ≤ x ≤ 0

= x2, 0 < x ≤ π

’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ øÚÌ«˚˛ fl¡¬ı˛≈Ú ¤¬ı— x = 0, – π, π ø¬ıμ≈ÀÓ¬ 12.4.7 Î¬◊¬Û¬Û±√… õ∂À˚˛±·

fl¡À¬ı˛ õ∂±5 Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº

5. – π < x < π ’z¬¬ı˛±À˘ eax ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº

6. Œ√‡±Ú Œ˚ – π < x < π ’z¬¬ı˛±À˘

π
π2

1
2 1

11
2sin ( ) cos sin

h e nx n nx
n

x n

n
= + − −

+=

∞
∑

¤‡±Ú ŒÔÀfl¡ Œ√‡±Ú Œ˚

1
1 2

1
22

1 n
h

n +
= −

=

∞
∑ π πcot
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7. Œ√‡±Ú Œ˚, ˚‡Ú – π < x < π

(i) sin sin sin sinmx m x
m

x
m

=
−

−
−

+F
H

I
K

2
1

2 2
22 2 2 2π π

(ii) cos sin cos cosmx m m
m x

m
m x

m
= +

−
−

−
+F

H
I
K

2 1
2 1

2
22 2 2 2π π

(iii)
cosh
sin

cos cosmx
hm m

m x
m

m x
mπ π= −

+
+

+
+FH IK2 1

2 1
2

22 2 2 2

8. ˚ø√

f(x) = C1, ˚‡Ú − < < −π πx 3

= C2, ˚‡Ú

= C3, ˚‡Ú
π π3 < <x

˝√√˚˛ Ó¬±˝√√À˘ õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚,

f x C C C k k( ) ( ) sin= + + + ×
∞
∑1

3
1 1

31 2 3
1π

π

{ ( ) sin sin ( ) cos }2 2 3 23 1 3 1 2C C k kx C C C kx− + − −π

9. ˚ø√

f(x) = –1 ˚‡Ú – π < x < 0

= 0, ˚‡Ú x = 0

= 1, ˚‡Ú 0 < x < π

Ó¬±˝√√À˘ õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚,

10. f(x) = π + x, – π < x < 0

= π + x 0 < x < π

’À¬Ûé¬fl¡øÈ¬Àfl¡ (–π, π) ’z¬¬ı˛±À˘ Ù≈¬ø¬ı˛˚˛±À¬ı˛¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛≈Úº
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12.8 ¬Î¬◊M√√¬ı˛˜±˘±

1.
1 2 2

2 1
1
2

1
22 2

1π π−
−

+
=

∞
∑ cos

( )
sin ;nx

n
x

n

2.
− − + + +F

H
I
K

π
π4
2

1
3

3
5

52 2 2
cos cos cosx x x

+ − + − +3 2
2

3 3
3

4
4sin sin sin sinx x x x

[˝◊√√—ø·Ó¬, x = 0 ø¬ıμ≈ÀÓ¬ f(x) ’¸z¬Ó¬º ’Ó¬¤¬ı 

f f
S

( ) ( )
( )]

0 0 0 0
2 0

+ + − =

3. x ø¬ıμ≈ÀÓ¬ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ Œ˚±·Ù¬˘ S(x) ˝√√À˘

S
f f

( )
( ) ( )

0
0 0

2
0

2 2= + + − = + =π π

S
f f

( )
( ) ( )− = − + + − = + =π π π π π0 0

2
0

2 2S
f f

( )
( ) ( )π π π π= − + + − =0 0

2 2
S x x x x( ) sin sin sin= + + + +1

2 2 1
3 3 1

5 5π { }

4.

a b
k kk k

k k= = − − + −+ +0, 2 1 4 1 1 11 1
3

π
π( ) { ( ) }

’Ó¬¤¬ı

S x x x x x( ) sin sin sin sin= − − + − − +2 4 2 2
3

4
9 3 2 4π π π π π

πe j e j
0, 0, 0
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5. e e e
a n a

a nx n nxax
a a

n

n
= − + −

+
−

RST
UVW

−

=

∞
∑

π π

π
1

2 1 1
1

2 2( ) ( cos sin )

6. f x x x x( ) cos cos cos= + + + +F
H

I
K

π π
2 4

1
1

1
3

3 1
5

52 2 2

¸˝√√±˚˛fl¡ ¬Û±Í¬…¬Û≈d¬fl¡±¬ı˘œ :

1. Advanced Calculus, David V. Widder, Prentice Hall of India Private Limited,
1974.

2. Methods of Real Analysis, Richard R. Goldberg, Oxford and I.B.H
Publishing Company, 1973.

3. Multiple Integrals, Field Theory and Series B. M. Budak, S. V. Fomin,
Mir Publishers, Moscow, 1973.

4. Introduction to the Theory of Fourier Series and Integrals, H. S. Carslaw,
Dover Publications, Inc., 1930.

5. Mathematical Analysis, S. C. Malik and Savita Arora,. Wiley Eastern
Limited, 1991.
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¤fl¡fl¡ 13 ø¬ıøˆ¬iß Ù≈¬ø¬ı˛̊ ˛±¬ı˛ Œ|Ìœ [¸± ◊̋√√Ú, Œfl¡±¸± ◊̋√√Ú ◊̋√√Ó¬…±ø√]

› ’Ú…±Ú… õ∂À˚˛±·˜”˘fl¡ Î¬◊√±˝√√¬ı˛Ì (Different
Types of Fourier Series such as Sine,
Cosine Series, etc., and Other Applicable
Examples)

·Í¬Ú

13.1 õ∂d¬±¬ıÚ±

13.2 Î¬◊ÀV˙…

13.3 ¸±˝◊√√Ú Œ|Ìœ, Œfl¡±¸±˝◊√√Ú Œ|Ìœ

13.4 (–πππππ,πππππ) ¬ı…Ó¬œÓ¬ ’Ú…±Ú… ’z¬¬ı˛±À˘ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ

13.5 Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ Ê√øÈ¬˘ ’±fl¡±¬ı˛, ¬Û±¬ı˛À¸ˆ¬…±À˘¬ı˛ ¸”S

13.6 Î¬◊√±˝√√¬ı˛Ì±¬ı˘œ

13.7 ¸±¬ı˛±—˙

13.8 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

13.1 õ∂d¬±¬ıÚ±

(–π, π) ’z¬¬ı˛±À˘ ’±—ø˙fl¡ˆ¬±À¬ı ˜¸‘Ì ¤¬ı— 2π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ f(x)-¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛

Œ|Ìœ øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ ¬ÛXøÓ¬ ¡Z±√˙ ¤fl¡Àfl¡ ¬ıøÌ«Ó¬ ˝√√À˚˛ÀÂ√º Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ¸˝√√··≈ø˘

a f t kt dtk =
−z1π π
π

( ) cos , (k = 0, 1, 2, ... ) ¤¬ı—

b f t kt dtk =
−z1π π
π

( ) sin , (k = 1, 2, 3, ... )

¸”S ≈√øÈ¬¬ı˛ õ∂À˚˛±À· øÚÌ«˚˛ fl¡¬ı˛± ˝√√˚˛º ’À¬Ûé¬fl¡øÈ¬ ˚≈¢¨ ˝√√À˘ bk = 0, (k = 1, 2, 3, ...) ¤¬ı—

’˚≈¢¨ ˝√√À˘ ak = 0, (k = 0, 1, 2, 3, ...) ˝√√˚˛º Ù¬À˘ ˚≈¢¨ ’À¬Ûé¬Àfl¡¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ¸±˝◊√√Ú

’À¬Ûé¬fl¡ ¬ıøÊ«√Ó¬ ¤¬ı— ’˚≈¢¨ ’À¬Ûé¬Àfl¡¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ Œfl¡±¸±˝◊√√Ú ’À¬Ûé¬fl¡ ¬ıøÊ«√Ó¬ ˝√√À¬ıº
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Ó¬±˝◊√√ (0, π) ’z¬¬ı˛±À˘ ¸—ø:Ó¬ Œfl¡±Ì ’±—ø˙fl¡ˆ¬±À¬ı ˜¸‘Ì ¤¬ı— 2π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡

f(x) Œfl¡ ˝◊√√26√±˜Ó¬ ¸±˝◊√√Ú ’Ô¬ı± Œfl¡±¸±˝◊√√Ú Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛± ˚±˚˛º

’±¬ı±¬ı˛, ‰¬À˘¬ı˛ Î¬◊¬Û˚≈q õ∂øÓ¬àÔ±¬ÛÚ ¡Z±¬ı˛± [a, b], [0, 2π], [–l, l] ’z¬¬ı˛±˘·≈ø˘Àfl¡ [–π, π] ’z¬¬ı˛±À˘

¬Ûø¬ı˛¬ıøÓ«¬Ó¬ fl¡¬ı˛± ˚±˚˛ øfl¡z≈¬ ¤¬ı˛ Ù¬À˘ ’À¬Ûé¬fl¡øÈ¬¬ı˛ Δ¬ıø˙©Ü… (characteristics) ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡ ’Ô«±»

’±—ø˙fl¡ˆ¬±À¬ı ˜¸‘Ì › ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ’z¬¬ı˛±À˘› ’±—ø˙fl¡ˆ¬±À¬ı ˜¸‘Ì › ¬Û˚«±¬ı‘M√√ Ô±Àfl¡º

Ó¬±˝◊√√ (–π, π) ¬ı…Ó¬œÓ¬ ’Ú…±Ú… ’z¬¬ı˛±À˘› Œfl¡±Ú ’À¬Ûé¬fl¡Àfl¡ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛±

˚±˚˛º

13.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡fl¡øÈ¬ ¬Û±Í¬ fl¡À¬ı˛ ’±¬ÛÚ±¬ı˛±

Œfl¡±Ú ’À¬Ûé¬Àfl¡¬ı˛ ’Ò«¬Û±~±¬ı˛ ¸±˝◊√√Ú Œ|Ìœ › Œfl¡±¸±˝◊√√Ú Œ|Ìœ ¸•ÛÀfl«¡ Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº

[–π, π] ’z¬¬ı˛±˘ ¬ı…Ó¬œÓ¬ ’Ú…±Ú… ’z¬¬ı˛±˘, ˚Ô± [a, b], [0, 2π], [–l, l] õ∂ˆ‘¬øÓ¬ ’z¬¬ı˛±À˘

Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ ¸•ÛÀfl«¡ ’¬ıø˝√√Ó¬ ˝√√À¬ıÚ, ¤¬ı—

Ê√øÈ¬˘ ¬ı˛±ø˙¬ı˛ õ∂À˚˛±À· Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀfl¡ ¸—øé¬5 ’±fl¡±À¬ı˛ õ∂fl¡±˙ fl¡¬ı˛±¬ı˛ ¬ÛXøÓ¬ Ê√±ÚÀÓ¬

¬Û±¬ı˛À¬ıÚº

13.3 ¸±˝◊√√Ú Œ|Ìœ › Œfl¡±¸±˝◊√√Ú Œ|Ìœ (The Sine Series and the Cosine
Series)

13.3.1 ¬˚≈¢¨ › ’˚≈¢¨ ’À¬Ûé¬Àfl¡¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ

˚ø√ f(x) ’À¬Ûé¬fl¡øÈ¬ ˚≈¢¨ ’À¬Ûé¬fl¡ ˝√√˚˛, Ó¬±˝√√À˘ f(x) cos nx ˚≈¢¨ ’À¬Ûé¬fl¡ ¤¬ı— f(x) sin nx

’˚≈¢¨ ’À¬Ûé¬fl¡ ˝√√À¬ıº fl¡±ÀÊ√˝◊√√ an, bn ¤˝◊√√ ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ¸˝√√· ˝√√À˘

a f x nx dx f x nx dxn = =
−z z1 2

0π ππ
π π

( ) cos ( ) cos , n = 0, 1, 2, ...

¤¬ı— b f x nx dxn = =
−z1 0,π π
π

( ) sin    n = 1, 2, 3, ...

’Ó¬¤¬ı Œfl¡±Ú ˚≈¢¨ ’À¬Ûé¬Àfl¡¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ ¸±˝◊√√Ú ’À¬Ûé¬fl¡¬ıøÊ«√Ó¬ ˝√√À¬ıº

’±¬ı±¬ı˛, Œ˚À˝√√Ó≈¬ f f h f h f f
h h

( ) lim ( ) lim ( ) ( ) ( )0 0 0
0 0

+ = = − = − =
→ + → +

¤¬ı— 
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’Ó¬¤¬ı x = 0 ø¬ıμ≈ÀÓ¬ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬Àfl¡¬ı˛ ˜±Ú ˝√√À¬ı f(0) ¤¬ı— x = π ø¬ıμ≈ÀÓ¬

Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬Àfl¡¬ı˛ ˜±Ú ˝√√À¬ı f(π – 0)

f(x) ’À¬Ûé¬fl¡øÈ¬ ’˚≈¢¨ ’À¬Ûé¬fl¡ ˝√√À˘, f(x) cos nx ’À¬Ûé¬fl¡øÈ¬ ’˚≈¢¨ ¤¬ı— f(x) sin x ’À¬Ûé¬fl¡øÈ¬

˚≈¢¨ ˝√√À¬ıº ’Ó¬¤¬ı ¤Àé¬ÀS

a f x nx dxn = =
−z1 0π π
π

( ) cos

n =0, 1, 2, ....

¤¬ı— b f x nx dx f x nx dxn = =
−z z1 2

0π ππ
π π

( ) sin ( )sin ,    n = 1, 2, 3, ...

Ó¬±˝◊√√ Œfl¡±Ú ’˚≈¢¨ ’À¬Ûé¬Àfl¡¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ Œfl¡±¸±˝◊√√Ú ’À¬Ûé¬fl¡¬ıøÊ«√Ó¬ ˝√√À¬ıº ’±¬ı±¬ı˛, Œ˚À˝√√Ó≈¬ ’˚≈¢¨

’À¬Ûé¬Àfl¡¬ı˛ Œé¬ÀS

f(–h) = – f(h) ¤¬ı— f(π – h) = – f(– π + h)

’Ó¬¤¬ı f(0–) = – f(0) ¤¬ı— f(π–) = – f(– π +)

⇒ x = 0 ¤¬ı— π ø¬ıμ≈ÀÓ¬ Œ˚±·Ù¬˘ ’À¬Ûé¬Àfl¡¬ı˛ ˜±Ú 0.

Î¬◊√±˝√√¬ı˛Ì 1 – (–π, π) ’z¬¬ı˛±À˘ ¸—ø:Ó¬ ’À¬Ûé¬fl¡

f(x) = | sin x |

¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº ¤¬ı— x = π ø¬ıμ≈ÀÓ¬ õ∂±5 Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬Àfl¡¬ı˛

˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – f(x) = | sin x | ˝√√À˘

f(–x) = | sin (–x) | = | – sin x | = | sin x | = f(x),

’Ó¬¤¬ı, f(x) ’À¬Ûé¬fl¡øÈ¬ ˚≈¢¨ ’À¬Ûé¬fl¡ Ù¬À˘ ¤¬ı˛ ¬Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ¸±˝◊√√Ú ’À¬Ûé¬fl¡ ¬ıøÊ«√Ó¬ ˝√√À¬ı

¤¬ı—

a x nx dxn = z2 0π
π
sin cos

= = + − −z z1 2 1 1 1
0 0π π
π π

sin cos [sin( ) sin( ) ]x nxdx n x n x dx
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= − +
+ + −

− ≠1 1
1

1
1 1

0π
πcos( ) cos( ) ( )n x

n
n x

n n

= + − + − −
1 1 1 1

1
1

1π [ ( ) ]n
n n

= − + −
−

2 1 1 1
12π [ ( ) ]n

n

’Ó¬¤¬ı an = 0 ˚‡Ú n ’˚≈¢¨ ¤¬ı— n ≠ 1

 ˚‡Ú n ˚≈¢¨º

a x xdx x dx x
1 0 0 0

2 1 2 1 2
2 0= = = − =z zπ π π

π π π
sin cos sin cos

’Ó¬¤¬ı

| sin | cosx
k

kx
k

= −
−=

∞
∑2 4 1

4 1
22

1π π

= − + + +
−

+L
NM

O
QP

2 4 2
3

4
15

2
4 12π π

cos cos cosx x kx
k

x = π ø¬ıμ≈ÀÓ¬ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡øÈ¬¬ı˛ ˜±Ú = − + + −f f( ) ( )π π0 0
2

  = f(π – 0)

  = 0

˜z¬¬ı… – x = π ø¬ıμ≈ÀÓ¬ | sin x | ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ Œ˚±·Ù¬˘ = 0, ’Ó¬¤¬ı
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⇒
−

=
=

∞
∑ 1

4 1
1
22

1 kk

Î¬◊√±˝√√¬ı˛Ì 2 : f(x) = – k, – π < x < 0

= k, 0 < x < π

¤¬ı— f(x + 2π) = (x)

Î¬◊¬ÛÀ¬ı˛ ¸—ø:Ó¬ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ øÚÌ«˚˛ fl¡¬ı˛≈Ú ¤¬ı— Œ√‡±Ú Œ˚

( )−
− =

+

=

∞
∑ 1

2 1 4

1

1

n

n n
π

¸˜±Ò±Ú : Œ˚À˝√√Ó≈¬, f(x) ’À¬Ûé¬fl¡øÈ¬ ’˚≈¢¨, ’Ó¬¤¬ı ¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ Œfl¡±¸±˝◊√√Ú ’À¬Ûé¬fl¡ ¬ıøÊ«√Ó¬

˝√√À¬ı  ,

¤¬ı—  b f x nx dxn = z2 0π
π

( )sin

= = −z2 2
0 0π π
π π

k nx dx k nx
nsin cos

 = − −2 1 1k
n

n
π [ ( ) ]

 = 4k
nπ , ˚‡Ú n ’˚≈¢¨

 = 0, ˚‡Ú n ˚≈¢¨º

’Ó¬¤¬ı øÚÀÌ«˚˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√À26√

f x k n x
nn

( ) sin( )= +
+=

∞
∑4 2 1

2 10π

¤‡Ú x = π
2  ø¬ıμ≈ÀÓ¬ ’À¬Ûé¬fl¡øÈ¬ ¸z¬Ó¬º ’Ó¬¤¬ı ¤˝◊√√ ø¬ıμ≈ÀÓ¬ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡øÈ¬¬ı˛ ˜±Ú =

f(π/2) = k



396

’Ô«±»

= − + ⇒
=

∞
∑4 1 1

2 10

k
nn

n
π ( ) ( )

n

n

n

n
n n=

∞

=

∞
+∑ ∑− + = ⇒ − − =

0 1

11 1
2 1 4 1 1

2 1 4( ) ( )π π

13.3.2 ¬Œfl¡±¸±˝◊√√Ú Œ|Ìœ

Òø¬ı˛ [0, π] ’z¬¬ı˛±À˘ ¸—ø:Ó¬ f(x) ’À¬Ûé¬fl¡øÈ¬ ‹ ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬±¬ı˘œ ¬Û±˘Ú fl¡À¬ı˛º

¤‡Ú [–π, π] ’z¬¬ı˛±À˘ ¤˜Ú ¤fl¡øÈ¬ ˚≈¢¨ ’À¬Ûé¬fl¡ F(x) ¸—ø:Ó¬ fl¡¬ı˛± ˝√√˘ Œ˚,

F(x) = f(x), 0 ≤ x ≤ π

¤¬ı— F(x) = F(–x)

 = f(–x) – π ≤ x ≤ 0

Ó¬±˝√√À˘ [–π, π] ’z¬¬ı˛±À˘ ¸—ø:Ó¬ ˚≈¢¨ ’À¬Ûé¬fl¡ F(x) ‹ ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬±¬ı˘œ ¬Û±˘Ú

fl¡¬ı˛À¬ıº ¤‡Ú ˚ø√ F(x + 2π) = F(x) ¸•Ûfl«¡øÈ¬ ¡Z±¬ı˛± F(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸—:±¬ı˛ Œé¬SøÈ¬Àfl¡

(–∞, ∞) ’z¬¬ı˛±À˘ ¸•√x¸±ø¬ı˛Ó¬ fl¡¬ı˛± ˝√√˚˛, Ó¬±˝√√À˘ ¤˝◊√√ ’À¬Ûé¬fl¡øÈ¬Àfl¡ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛±

¸y¬¬ı ˝√√À¬ıº øfl¡z≈¬, ¤Àé¬ÀS

a F t nt dt F t nt dtn = =
−z z1 2

0π ππ
π π

( ) cos ( ) cos

= z2 0π
π

f t nt dt( ) cos   n = 0, 1, 2, ...

¤¬ı— b F t nt dtn =
−z1π π
π

( ) sin

= 0

’Ó¬¤¬ı ¤˝◊√√ ’À¬Ûé¬fl¡øÈ¬¬ı˛ ø¬ıd‘¬øÓ¬ÀÓ¬ ¸±˝◊√√Ú ’À¬Ûé¬fl¡·≈ø˘ Ô±fl¡À¬ı Ú±º
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’±¬ı±¬ı˛, ¤‡±ÀÚ F(x) ˚≈¢¨ ’À¬Ûé¬fl¡ ˝√√›˚˛±˚˛

1
2 0 0 1

2 0 0 0[ ( ) ( )] [ ( ) ( ) ( )F F F F f+ + − = + + + = +

¤¬ı—
1
2 0 0 1

2 0 0 0[ ( ) ( )] [ ( ) ( )] ( )F F F F F− + + − = − + − = −π π π π π

 = f(π – 0)

[˚ø√ f(+0) ¤¬ı— f(π – 0) ¸œ˜± ≈√øÈ¬¬ı˛ ’ød¬Q Ô±Àfl¡]º ’Ó¬¤¬ı ¤Àé¬ÀS x = 0 ø¬ıμ≈ÀÓ¬ Ù≈¬ø¬ı˛˚˛±¬ı˛

Œ|Ìœ¬ı˛ Œ˚±·Ù¬˘ f(+0) ¤¬ı— x = π ø¬ıμ≈ÀÓ¬ ¤øÈ¬ f(π – 0).

’Ó¬¤¬ı øÚÀ‰¬¬ı˛ Î¬◊¬Û¬Û±√…øÈ¬ õ∂˜±øÌÓ¬ ˝√√˘º

˚ø√ Œfl¡±Ú ˚‘√26√ ’À¬Ûé¬fl¡ f(x), [0, π] ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı ˙Ó«¬±¬ı˘œ ¬Û±˘Ú fl¡À¬ı˛ Ó¬±˝√√À˘

1 2
0 1 0π π
π π

f t dt nx f t nt dt( ) cos ( ) cos+z ∑ z∞

Œfl¡±¸±˝◊√√Ú Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À¬ı 

1
2 0 0[ ( ) ( )],f x f x+ + −

 ˚‡Ú 0 < x < π

0 ¤¬ı— π ø¬ıμ≈ÀÓ¬ ¤˝◊√√ Œ˚±·Ù¬˘ ˝√√À¬ı ˚Ô±√flË¡À˜ f(0+) ¤¬ı— f(π – 0)

Î¬◊√±˝√√¬ı˛Ì 3 : 0 < x < π ’z¬¬ı˛±À˘ ¸—ø:Ó¬ f(x) = π – x ’À¬Ûé¬fl¡øÈ¬¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|øÌøÈ¬

øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : – π < x < 0 ’z¬¬ı˛±À˘ f(x) ’À¬Ûé¬fl¡øÈ¬Àfl¡ f(x) = f(–x) = π + x ¸—ø:Ó¬ fl¡¬ı˛À˘

– π < x < π ’z¬¬ı˛±À˘ ÚÓ≈¬Ú fl¡À¬ı˛ ¸—ø:Ó¬ f(x) ’À¬Ûé¬fl¡øÈ¬ ˚≈¢¨ ’À¬Ûé¬fl¡ ˝√√˘º Ó¬±˝◊√√ ¤˝◊√√ ’À¬Ûé¬fl¡øÈ¬¬ı˛

Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ Œfl¡±Ú¸±˝◊√√Ú ’À¬Ûé¬Àfl¡¬ı˛ ¬Û√ Ô±fl¡À¬ı Ú± ¤¬ı— Œ|ÌœøÈ¬¬ı˛ ¸˝√√··≈ø˘ ˝√√À¬ı

a k dx x x
0 0

2

0

2 2
2= − = −LNM
O
QPzπ π π π

π π
( )

= =2
2
2

π
π π.

a x nx dx x nx
n

nx
nn = − = − − − −FH IKL

NM
O
QPz2 2 1

0 2
0π π π π

π π
( ) cos ( ) sin ( ) cose j
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= − 2
2 0π

π
n

nx[cos ]

= − − ≠2 1 1 02πn
nn[ ( ) ],

f(x) ’À¬Ûé¬fl¡øÈ¬ 0 < x < π ’z¬¬ı˛±À˘ ¸z¬Ó¬ ¬ıÀ˘, ’±˜¬ı˛± ø˘‡ÀÓ¬ ¬Û±ø¬ı˛

π π π− = + + + +F
H

I
Kx x x x1

2
4

1
3

3
5

52 2 2
cos cos cos

x = 0 ø¬ıμ≈ÀÓ¬ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À¬ı f(0+) = π ¤¬ı— x = π ø¬ıμ≈ÀÓ¬ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘

˝√√À¬ı f(π–) = 0º Î¬◊ˆ¬˚˛ ¸•Ûfl«¡ ŒÔÀfl¡˝◊√√ ’±˜¬ı˛± øÚÀ‰¬¬ı˛ ¸”SøÈ¬ ¬Û±˝◊√√,

π2

2 2 28 1 1
3

1
5 7

= + + + 1 +

13.3.3 ¬¸±˝◊√√Ú Œ|Ìœ

Òø¬ı˛ [0, π] ’z¬¬ı˛±À˘ ¸—ø:Ó¬ f(x) ’À¬Ûé¬fl¡øÈ¬ ‹ ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬·≈ø˘ ¬Û±˘Ú fl¡À¬ı˛º

¤‡Ú [–π, π] ’z¬¬ı˛±À˘ ¤˜Ú ¤fl¡øÈ¬ ’˚≈¢¨ ’À¬Ûé¬fl¡ F(x) ¸—ø:Ó¬ fl¡¬ı˛± ˝√√˘ Œ˚

F(x) = f(x), 0 ≤ x ≤ π

¤¬ı— F(x) = – F(–x) = – f(–x),  – π ≤ x ≤ 0

Ó¬±˝√√À˘ [–π, π] ’z¬¬ı˛±À˘ ¸—ø:Ó¬ ’˚≈¢¨ ’À¬Ûé¬fl¡ F(x) ‹ ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬·≈ø˘ ¬Û±˘Ú

fl¡¬ı˛À¬ıº ¤¬ı±À¬ı˛ F(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸—:±¬ı˛ Œé¬SÀfl¡ F(x + 2π) = F(x) ¸•Ûfl«¡øÈ¬ ¡Z±¬ı˛± (–∞, ∞)
’z¬¬ı˛±À˘ ¸•√x¸±ø¬ı˛Ó¬ fl¡¬ı˛± ˝√√À˘ ¤øÈ¬Àfl¡ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛± ¸y¬¬ı ˝√√À¬ıº øfl¡z≈¬ F(x) ’˚≈¢¨

’À¬Ûé¬fl¡ ˝√√›˚˛±˚˛ ¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ Œfl¡±¸±˝◊√√Ú ’À¬Ûé¬Àfl¡¬ı˛ ¬Û√·≈ø˘ Ô±fl¡À¬ı Ú± fl¡±¬ı˛Ì, ¤Àé¬ÀS

a F t nt dt nn = = =
−z1 0, 0, 1 2,π π
π

( ) cos ,

¤¬ı—

= =z z2 2
0 0π π
π π
F t nt dt f t nt dt( ) sin ( )sin   n = 1, 2, 3, ...

Œ˚À˝√√Ó≈¬ x = 0 ¤¬ı— π ˝√√À˘

b1 sin x + b2 sin 2x + b3 sin 3x + ...
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Œ|ÌœøÈ¬¬¬ı˛ õ∂ÀÓ¬…fl¡ ¬ÛÀ√¬ı˛ ˜±Ú ˙”Ú…, ¤˝◊√√ ≈√øÈ¬ ø¬ıμ≈ÀÓ¬ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À¬ı ˙”Ú…º

’Ó¬¤¬ı øÚÀ‰¬¬ı˛ Î¬◊¬Û¬Û±√…øÈ¬ õ∂˜±øÌÓ¬ ˝√√˘º

˚ø√ Œfl¡±Ú ˚‘√26√ ’À¬Ûé¬fl¡ f(x), [0, π] ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬·≈ø˘ ¬Û±˘Ú fl¡À¬ı˛ Ó¬±˝√√À˘

2
1 0π

π
sin ( )sinnx f t nt dt

∞
∑ z

¸±˝◊√√Ú Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À¬ı

1
2 0 0[ ( ) ( )],f x f x+ + −

  0 < x < π

¤¬ı— ˚‡Ú x = 0 ’Ô¬ı± x = π, Œ˚±·Ù¬˘øÈ¬¬ı˛ ˜±Ú ˙”Ú…º

Î¬◊√±˝√√¬ı˛Ì 4 : 0 < x < π ’z¬¬ı˛±À˘ ¸—ø:Ó¬ f(x) = π – x ’À¬Ûé¬fl¡øÈ¬Àfl¡ ¬Ù≈¬ø¬ı˛˚˛±À¬ı˛¬ı˛ ¸±˝◊√√Ú

Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : Òø¬ı˛ F(x) = f(x) = π – x, ˚‡Ú 0 < x < π

¤¬ı— F(x) = – F(–x)

  = – f(–x) = π + x, ˚‡Ú – π < x < π

Ó¬±˝√√À˘ F(x) ’À¬Ûé¬fl¡øÈ¬ [–π, π] ’z¬¬ı˛±À˘ ¸—ø:Ó¬ ¤fl¡øÈ¬ ’˚≈¢¨ ’À¬Ûé¬fl¡ ¤¬ı— F(x)
’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ˝◊√√ ˝√√À¬ı øÚÀÌ«˚˛ ¸±˝◊√√Ú Œ|Ìœº F(x) ’˚≈¢¨ ’À¬Ûé¬fl¡ ¬ıÀ˘ ¤¬ı˛ ¬Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬

Œfl¡±Ú Œfl¡±¸±˝◊√√Ú ’À¬Ûé¬Àfl¡¬ı˛ ¬Û√ Ô±fl¡À¬ı Ú± ’Ô«±»

an = 0, n = 0, 1, 2, ...

¤¬ı— b f t nt dtn = z2 0π
π

( ) sin

= −z2 0π π
π
( )sint nt dt

= − − + −F
H

I
K

L
NM

O
QP

2 1 2
0

π π
π

( ) cos sint nt
n

nt
n

e j

= 2
n
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Œ˚À˝√√Ó≈¬ (0, π) ’z¬¬ı˛±À˘ f(x) ’À¬Ûé¬fl¡øÈ¬ ¸z¬Ó¬, ’Ó¬¤¬ı

   0 < x < π

˜z¬¬ı… 1 ; Î¬◊¬ÛÀ¬ı˛¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬¬ı˛ x = 0 ¤¬ı— x = π Î¬◊ˆ¬˚˛ ø¬ıμ≈ÀÓ¬˝◊√√ Œ˚±·Ù¬˘ ˙”Ú…º øfl¡z≈¬

x = 0 ø¬ıμ≈ÀÓ¬ f(0) = π ≠ 0.

˜z¬¬ı… 2 : [0, π] ’z¬¬ı˛±À˘ ¸—ø:Ó¬ ’À¬Ûé¬Àfl¡¬ı˛ Ù≈¬ø¬ı˛˚˛±À¬ı˛¬ı˛ ¸±˝◊√√Ú › Œfl¡±¸±˝◊√√È¬ Œ|Ìœ·≈ø˘Àfl¡

’Ò«-¬Û±~±¬ı˛ (half-range) Œ|Ìœ ¬ı˘± ˝√√˚˛º ’Ò«-¬Û±~±¬ı˛ ¸±˝◊√√Ú › Œfl¡±¸±˝◊√√Ú Œ|øÌ ≈√øÈ¬¬ı˛ Œ˚±·Ù¬˘-’À¬Ûé¬fl¡

2π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡º

13.4 [–πππππ, πππππ] ¬ı…Ó¬œÓ¬ ’Ú…±Ú… ’z¬¬ı˛±À˘¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ

f(x) ’À¬Ûé¬fl¡øÈ¬ [–π, π] ’z¬¬ı˛±˘ ¬ı…Ó¬œÓ¬ ’Ú… Œfl¡±ÀÚ± ¸œø˜Ó¬ ’z¬¬ı˛±À˘ ¸—ø:Ó¬ ˝√√À˘ ¤¬ı—

‹ ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Ú fl¡¬ı˛À˘ ’±˜¬ı˛± Î¬◊¬Û˚≈q¡ õ∂øÓ¬àÔ±¬ÛÚ ¡Z±¬ı˛± ‹ ’z¬¬ı˛±˘øÈ¬Àfl¡ [–π, π]
’z¬¬ı˛±À˘ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º Ó¬±˝◊√√ [–π, π] ’z¬¬ı˛±˘ ¬ı…Ó¬œÓ¬ ’Ú…±Ú… ’z¬¬ı˛±À˘› Œfl¡±Ú ’À¬Ûé¬Àfl¡¬ı˛

Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬øÓ¬ ¸y¬¬ıº

13.4.1 ¬’z¬¬ı˛±˘ [0, 2πππππ]

x = π + y õ∂øÓ¬àÔ±¬ÛÚ fl¡À¬ı˛ ¬Û±˝◊√√ 0 < x < 2π ⇒ – π < y < π, ’Ô«±» x ‰¬˘øÈ¬¬ı˛ ¤˘±fl¡±

0 ŒÔÀfl¡ 2π ˝√√À˘ y ‰¬˘øÈ¬¬ı˛ ¤˘±fl¡± –π ŒÔÀfl¡ π.

Òø¬ı˛ f(x) = f(π + y) = F(y) = ¤fl¡øÈ¬ 2π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡º ¤‡Ú f(x) ’À¬Ûé¬fl¡øÈ¬

[0, 2π] ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬·≈ø˘ ¬Û±˘Ú fl¡¬ı˛À˘ F(y) ’À¬Ûé¬fl¡øÈ¬ [–π, π] ’z¬¬ı˛±À˘ ’Ú≈¬ı˛”¬Û ˙Ó«¬

¬Û±˘Ú fl¡¬ı˛À¬ıº

’Ó¬¤¬ı  Œ|ÌœøÈ¬¬ı˛

[ Œ˚‡±ÀÚ ′ =
−za F y ny dyn

1
π π

π
( ) cos .   n = 0, 1, 2, ...

 ′ =
−zb F y ny dyn

1
π π

π
( ) sin  n = 1, 2, ... ]
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Œ˚±·Ù¬˘ 
1
2 0 0[ ( ) ( )],F y F y+ + −  ˚‡Ú – π < y < π, ¤¬ı— ¤˝◊√√ Œ˚±·Ù¬˘

= − + + −1
2 0 0[ ( ) ( )],F Fπ π  ˚‡Ú y = ± π

øfl¡z≈¬ ′ =
−za F y ny dyn

1
π π

π
( ) cos

= − −z1 0

2

π π π
π

F x n x dx( ) cos ( )

= − −z( ) ( ) cos1
0

2n
F x nx dxπ π

π

= − z( ) ( ) cos1
0

2n
f x nx dxπ

π
  n = 1, 2, 3, ...

′ =
−za F y dy0

1
π π

π
( )

= −z1 0

2

π π
π

F x dx( )

= z1 0

2

π
π

f x dx( )

′ =
−zb F y ny dyn

1
π π

π
( ) sin

= − −z1 0

2

π π π
π

F x n x dx( ) sin ( )

= − z( ) ( ) sin1
0

2n
f x nx dxπ

π

’Ó¬¤¬ı 
1
2 0

1
′ + ′ + ′

∞
∑a a ny b nyn n( cos sin )

= + − −LNM OQPz ∑ z∞1
2

1 1
0

2

1 0

2

π π π
π π

f x dx n x f x nx dxn( ) cos ( ) ( ) ( ) cos

+ − −LNM OQP
∞
∑ z1 1
1 0

2

π π
π

sin ( ) ( ) ( ) sinn x f x nx dxn
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= + +
∞ ∞
∑ ∑1

2 0
1 1

a a nx b nxn ncos sin

Œ˚‡±ÀÚ a f x dx0 0

21= zπ π
( )

a f x nx dxn = z1 0

2

π
π

( ) cos

b f x nx dxn = z1 0

2

π
π

( ) sin

’±¬ı±¬ı˛, 
1
2 0 0 1

2 0 0[ ( ) ( )] [ ( ) ( )]F y F y f y f y+ + − = + + + + −π π

  = + + −1
2 0 0[ ( ) ( )]f x f x

¤¬ı— 
1
2 0 0[ ( ) ( )]F F− + + −π π

= − + + + −1
2 0 0[ ( ) ( )]f fπ π π π

= + + −1
2 0 2 0[ ( ) ( )]f f π

Ó¬±˝√√À˘ õ∂˜±øÌÓ¬ ˝√√˘ Œ˚, ˚ø√ f(x) ¤fl¡øÈ¬ 2π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ ˝√√˚˛ ¤¬ı— (0, 2π)
’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬·≈ø˘ ¬Û±˘Ú fl¡À¬ı˛ Ó¬À¬ı

1
2

1 1 1
0

2

1 0

2

1 0

2
. ( ) cos ( ) cos sin ( ) sinπ π π

π π π
f x dx nx f t nt dt nx f t nt dtz ∑ z ∑ z+ +

∞ ∞

øSÀfl¡±Ìø˜øÓ¬fl¡ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À¬ı  ¤¬ı— Œ˚±·Ù¬˘

1
2 0 2 0[ ( ) ( )]f f+ + −π  ˚‡Ú x = 0 ¤¬ı— x = 2π.

Î¬◊√±˝√√¬ı˛Ì 5 : f(x) = ex, 0 ≤ x ≤ 2π

’À¬Ûé¬fl¡øÈ¬Àfl¡ Ù≈¬ø¬ı˛˚˛±À¬ı˛¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛≈Úº ¤¬ı— ¤øÈ¬ õ∂À˚˛±· fl¡À¬ı˛ 
1

12kl +

∞
∑  Œ|ÌœøÈ¬¬ı˛

Œ˚±·Ù¬˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : 0 ≤ x ≤ 2π ’z¬¬ı˛±À˘ f(x) = ex ¤¬ı— ¤¬ı˛ ’z¬¬ı˛fl¡˘Ê√ f ′(x) = ex Î¬◊ˆ¬À˚˛˝◊√√ ¸z¬Ó¬

¬ıÀ˘ ¤˝◊√√ ’z¬¬ı˛±À˘ ’À¬Ûé¬fl¡øÈ¬ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Ú fl¡¬ı˛ÀÂ√º ¤¬ı±À¬ı˛ f(x + 2π) = f(x) ¤˝◊√√ ¸•Ûfl«¡øÈ¬

õ∂À˚˛±À·¬ı˛ ¸—:±¬ı˛ Œé¬SÀfl¡ –∞ < x < ∞ ’z¬¬ı˛±À˘ ¸•√x¸±ø¬ı˛Ó¬ fl¡¬ı˛± ˝√√˘º Ó¬±˝√√À˘ f(x) ’À¬Ûé¬fl¡øÈ¬Àfl¡
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Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛± ¸y¬¬ıº ¤¬ı— ø¬ıd‘¬øÓ¬øÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡Àfl¡ S(x) ø√À˚˛ øÚÀ«√ø˙Ó¬ fl¡¬ı˛À˘

¬Û±˝◊√√,

S x e dt kx e kt dt kx e kt dtt

k

t

k

t( ) cos cos sin sin= + +z ∑ z ∑ z
=

∞

=

∞1
2

1 1
0

2

1 0

2

1 0

2

π π π
π π π

¤¬ı— S x f x f x( ) [ ( ) ( )]= + + −1
2 0 0  ˚‡Ú 0 < x < 2π

S f f S( ) [ ( ) ( )] ( )0 1
2 0 2 0 2= + + − =π π

¤‡Ú e kt dt
k

e kt k ktt t
0

2
2 0

21
1

π πz =
+

+cos { [cos sin ]}

= −
+

=( ) , .. .e
k

k2
21 1

1
0,1 2,π

¤¬ı— e kt dt e k
k

kt
0

2 2
21

1
1 2,

π πz = − −
+

=sin ( ) , , . ..

’Ó¬¤¬ı 
1
2 0 0[ ( ) ( )] ( )f x f x S x+ − =

⇒ f x S x e e
k

kx( ) ( ) ( ) ( ) cos= = − + −
+

∞
∑1

2 1 1 1 1
1

2 2
2

1π π
π π

+ − −
+

∞
∑1 1

1
2

2
1π

π( ) sin ,e k
k

kx  ˚‡Ú 0 < x < 2π

’±¬ı±¬ı˛ S f f( ) [ ( ) ( )]0 1
2 0 2 0= + + −π  ¸•Ûfl«¡øÈ¬ ŒÔÀfl¡ ¬Û±˝◊√√,

1
2 1 1 1 1

1
1
2 12 2

2
2

1π π
π π π( ) ( ) ( )e e

k
e− + −

+
= +

∞
∑

’Ô«±»
1

1
1
2

1
1

1
22

2

2
1 k

e
e+

= +
−

−
∞
∑ ( )π

π π

   = −π π2
1
2coth

= (π coth π – 1)/2

13.4.2 ¬’z¬¬ı˛±˘ [–l, l]

Òø¬ı˛, f(x), (–l, l) ’z¬¬ı˛±À˘ 2l ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡º
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y x
l

= π  ¬ıø¸À˚˛ ¬Û±˝◊√√

− < < ⇒ − <l x l x
l

π π π
⇒ – π < y < π

¤¬ı— f x f l y F y( ) ( )= =πe j  Òø¬ı˛

  

’Ó¬¤¬ı, f(x) ’À¬Ûé¬fl¡øÈ¬ (–l, l) ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬¬Û±˘Ú fl¡¬ı˛À˘ F(y) ’À¬Ûé¬fl¡øÈ¬

(–π, π) ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Ú fl¡¬ı˛À¬ıº

’±¬ı±¬ı˛ f(x) ’À¬Ûé¬fl¡øÈ¬ 2l ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ ¬ıÀ˘º

⇒ F(y + 2π) = F(y)
’Ô«±» F(y), 2π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡º fl¡±ÀÊ√˝◊√√ F(y) ’À¬Ûé¬fl¡øÈ¬Àfl¡ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬

fl¡¬ı˛± ¸y¬¬ıº

Òø¬ı˛, 

[Œ˚‡±ÀÚ, ′ =
−za F y ny dyn

1
π π

π
( ) cos   n = 0, 1, 2, ...

¤¬ı— ′ =
−za F y ny dyn

1
π π

π
( ) sin  n = 1, 2, 3, ...)

˝√√˘ F(y) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœº

¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ’À¬Ûé¬fl¡Àfl¡ S(y) ø√À˚˛ øÚÀ«√ø˙Ó¬ fl¡À¬ı˛ ¬Û±˝◊√√

S y F y F y( ) [ ( ) ( )]= + + −1
2 0 0      ˚‡Ú – π < y < π

¤¬ı— S S F F( ) ( ) [ ( ) ( )]− = = − + + −π π π π1
2 0 0

øfl¡z≈¬ ′ =
−za F y ny dyn

1
π π

π
( ) cos

=
−z1π π π πF l x n l x dx ll

l e jcos .
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=
−z1l f x n l x dx

l

l
( ) cos ,π

    n = 0, 1, 2, ...

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı 

′ =
−zb l f x n l x dxn l

l1 ( )sin ,π

    n = 1, 2, 3, ...

’Ó¬¤¬ı 

1
2 0

1
′ + ′ + ′

=

∞
∑a a ky b kyk
k

k( cos sin )

= +
− =

∞

−z ∑ z1
2

1
1l f x dx l ky f x k

l x dx
l

l

k l

l
( ) cos ( ) cos π

+
=

∞

−∑ z1
1l ky f x k

l x dx
k l

l
sin ( )sin π

= +
− =

∞

−z ∑ z1
2

1
1l f x dx l k l x f x k

l x dx
l

l

k l

l
( ) cos ( ) cosπ π

+
=

∞

−∑ z1
1l k l x f x k l x dx

k l

l
sin ( ) sinπ π

= + +
∞∞
∑∑

a
a k l x b k l xk k

0

112 cos sinπ π
 [Òø¬ı˛]

Œ˚‡±ÀÚ a l f x dx
l

l
0

1=
−z ( ) ,

a l f x k l x dxk l

l
=

−z1 ( ) cos π
, k = 1, 2, 3, ...

b l f x k l x dxk l

l
=

−z1 ( ) sin π

, k = 1, 2, 3, ...

’±¬ı±¬ı˛, 

1
2 0 0 1

2
0
0

[ ( ) ( )] limF y F y
h

h
+ + − =

>
→ +

 [F(y + h) + F(y – h)]

  = + + −L
NM

O
QP→ +

1
2 0

lim
h

F l x h F l x hπ πe j e j

  

= + + −
→ +

1
2 0

lim ( ) ( )
h

F l x k F l x kπ πe j e j

[Œ˚‡±ÀÚ 

k l h= →π 0

 ˚‡Ú h → 0)
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=
→ +

1
2 0

lim
k

 [f(x + k) + f(x – k)]

 [f(x+) + f(x–)]

 [f(x + 0) + f(x – 0)]

¤¬ı— 

 

Ó¬±˝√√À˘, õ∂˜±øÌÓ¬ ˝√√˘ Œ˚, ˚ø√ f(x) ¤fl¡øÈ¬ 2l ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ ˝√√˚˛ ¤¬ı— (–l, l) ’z¬¬ı˛±À˘

ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Ú fl¡À¬ı˛ Ó¬À¬ı

1
2 1 1l f x dx k l x f t k l t dt k l x f t k l t dt

l

l

k l

l

k l

l
( ) cos ( ) cos sin ( ) sin

− =

∞

− =

∞

−z ∑ z ∑ z+ +π π π π

øSÀfl¡±Ìø˜øÓ¬fl¡ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À¬ı 
1
2 0 0[ ( ) ( )],f x f x+ + −  ˚‡Ú – l < x < l ¤¬ı—

¤˝◊√√ Œ˚±·Ù¬˘øÈ¬ ˝√√À¬ı 
1
2 0 0[ ( ) ( )],f l f l− + + −  ˚‡Ú x = – l ’Ô¬ı± l

Î¬◊√±˝√√¬ı˛Ì 6 : f(x) = 0, – 2 < x < 0

= 1, 0 < x < 2

f(x + 4) = f(x),  – ∞ < x < ∞
Î¬◊¬ÛÀ¬ı˛ ¸—ø:Ó¬ ’À¬Ûé¬fl¡øÈ¬Àfl¡ (–2, 2) ’z¬¬ı˛±À˘ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|øÌ¬ı˛ ø¬ıd‘¬Ó¬ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – õ∂√M√√ ’±À¬Ûé¬fl¡øÈ¬ (–2, 2) ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Ú fl¡À¬ı˛ ¤¬ı— ¤øÈ¬ ¤fl¡øÈ¬ ¬Û˚«±¬ı‘M√√

’À¬Ûé¬fl¡  , ¤¬ı˛ ¬Û˚«±˚˛ 4. ’Ó¬¤¬ı ¤Àfl¡ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛± ¸y¬¬ıº ø¬ıd‘¬øÓ¬øÈ¬¬ı˛ ¸˝√√··≈ø˘

√̋√À¬ı

a l f x n l x dxn l

l
=

−z1 ( ) cos ,π    n = 0, 1, 2, ...

  n = 1, 2, 3, ...

’Ô«±»,
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= 1
2

2
0

cos nu du( ) ×z π
π

⎟⎠
⎞⎜⎝

⎛ =π
ïïïïïïïux

2

= 1
0π
π
cos nu duz

= 

1 0,
0π
πsin nu

n
=

n ≠ 0, n = 1, 2, ....

a0 = 1
2 1 1

0

2
. dx =z

bn = 

1
2 1 20

2
. sin n x dxπz

= 

1
2

2 1
00

× = −zπ π
ππ

sin cosnu du nu
n

= 1 1 1 0,
n

n

π − −( ) = ˚‡Ú n = ≈̊¢¨

= 
2

2 1k −( )π ,   ˚‡Ú n = 2k – 1, k = 1, 2, 3, ....

’Ó¬¤¬ı øÚÀÌ«˚˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√˘

f x
k x

kk
( ) = +

−( )
−=

∞
∑1

2
2 2 1 2

2 11π

πsin

= 
1
2

2 2
1

3 2
3

5 2
5+ + + +

L

N
MM

O

Q
PPπ

π π πsin sin sin
. . ..

x x x

13.4.3 ’Ú≈ø¸X±z¬

(0, l) ’z¬¬ı˛±À˘ ’Ò«-¬Û±~±¬ı˛ ¸±˝◊√√Ú › Œfl¡±¸±˝◊√√Ú Œ|Ìœ (Half-range Sine and Cosine series
in 0, l)]

1. f(x) ’À¬Ûé¬fl¡øÈ¬ (0, l) ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Ú fl¡¬ı˛À˘

1 2
010l

f t dt
l

n
l

x f t n
l

t dt
ll

( ) + ( )z∑z ∞
cos cos ,π π

     0 ≤ x ≤ l
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Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À¬ı 
1
2 0 0f x f x+( ) + −( ) , ˚‡Ú 0 < x < l ¤¬ı— x = 0 › x = l ø¬ıμ≈

≈√øÈ¬ÀÓ¬ ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À¬ı ˚Ô±√flË¡À˜ f(0+) ¤¬ı— f(l–).

2. f(x) ’À¬Ûé¬fl¡øÈ¬ (0, l) ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Ú fl¡¬ı˛À˘

2
01l

n
l

x f t n
l

t dt
l

sin sin ,π π( )z∑
∞

0 ≤ x ≤ l

Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À¬ı  ˚‡Ú 0 < x < l, x = 0 ¤¬ı— x = l ø¬ıμ≈

≈√øÈ¬ÀÓ¬ ¤˝◊√√ Œ˚±·Ù¬˘ ˝√√À¬ı 0. [u = π x
l

 õ∂øÓ¬àÔ±¬ÛÚ fl¡À¬ı˛ (0, l) ’z¬¬ı˛±˘øÈ¬Àfl¡ (0, π) ’z¬¬ı˛±À˘

¬Ûø¬ı˛¬ıøÓ«¬Ó¬ fl¡¬ı˛± ˚±˚˛ ’Ó¬–¬Û¬ı˛ 13·3·2 ¤¬ı— 13·3·3 ¬Ûø¬ı˛À26√À√ õ∂±5Ù¬˘ õ∂À˚˛±· fl¡¬ı˛≈Úº]

Î¬◊√±˝√√¬ı˛Ì 7. f(x) = kx, 0 ≤ x ≤ 

= k (l – x),  ≤ x ≤ l

’À¬Ûé¬fl¡øÈ¬¬ı˛ ’Ò«-¬Û±~±¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœøÈ¬ øÚÌ«˚˛ fl¡¬ı˛≈Ú ¤¬ı—  Œ|ÌœøÈ¬¬ı˛

Œ˚±·Ù¬˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : õ∂√M√√ ’À¬Ûé¬fl¡ (0, l) ’z¬¬ı˛±À˘

¸z¬Ó¬º x = l
2  ø¬ıμ≈ÀÓ¬ f ′(x)-¤¬ı˛ ’ød¬Q ŒÚ˝◊√√º øfl¡z≈¬

‹ ø¬ıμ≈ÀÓ¬ f ′R(x) ≡ ¸±˜±Ú…œfl‘¡Ó¬ √øé¬Ì¬Ûé¬œ˚˛

’z¬¬ı˛fl¡˘Ê√ = –k ¤¬ı— f ′L(x) ≡ ¸±˜±Ú…œfl‘¡Ó¬

¬ı±˜¬Ûé¬œ ˛̊ ’z¬¬ı˛fl¡˘Ê√ = k. ’Ó¬¤¬ı f(x) ¤ ◊̋√√ ’z¬¬ı˛±À˘

ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Ú fl¡¬ı˛ÀÂ√º [¤ ◊̋√√ ’À¬Ûé¬fl¡øÈ¬¬ı˛ Œ˘‡ø‰¬S

¬Û±À˙ Œ√›˚˛± ˝√√˘º]

’Ò«-¬Û±~±¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœøÈ¬ ˝√√À26√
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¤‡Ú

an = 2
0l

n
l

t f t dt
l
cos π ( )z

= 

2
20

2

l
kt n

l
t dt k l t n

l
t dt

l

ll
cos cosπ π+ −( )zz

= 

2
0

2

0

2k
l

t n
l

t dt u n n
l

u du
l l

cos cosπ π πz z+ −e j

[ø¡ZÓ¬œ˚˛ ¸˜±fl¡˘øÈ¬ÀÓ¬ l – t = u ¬ıø¸À˚˛]

= 

2 1 1
0

2k
l

t n
l

t dtn l
+ −( ) z cos π

= 0, ˚‡Ú n ’˚≈¢¨

¤¬ı—  an = a2
m = 

4 2
0

2k
l

t m
l

t dt
l

cos ,πz
˚‡Ú n = 2m

(m = 1, 2, 3, ...)

¤¬ı±¬ı˛ 

2π
l

t = v ¬ıø¸À˚˛ ¬Û±˝◊√√

   a2m = 

4
2

2

0
k
l

l v mv dvπ
πe j cosz

= 

lk v mv
m

mv
mπ

π

2 2
0

1sin . cose j e j− −L
NM

O
QP

= – 
lk
m

m

π2 2 1 1 0,− −( ) =  ˚‡Ú m ≈̊¢¨

= – lk

rπ2 22 1+( )
 ˚‡Ú m [’˚≈¢¨] = 2r + 1, r = 0, 1, 2, ...
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’Ó¬¤¬ı a4r + 2 = – 
8 1

4 22 2
lk

rπ +( )
,
 r = 0, 1, 2, ...

’±¬ı±¬ı˛   
a0
2

= 

= 

= 

’Ó¬¤¬ı øÚÀÌ«˚˛ Œ|ÌœøÈ¬ ˝√√À26√

 
kl kl r x

rr4
8 4 2

4 22 2
0

− +( )
+( )=

∞
∑π

cos

= 
kl kl x x x
4

8 2
2

6
6

10
102 2 2 2− + + +L

NM
O
QPπ

cos cos cos .. .

x = 0 ø¬ıμ≈ÀÓ¬ ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À26√ f(0+)

’Ó¬¤¬ı k l kl

rr4
8 1

4 2
02 2

0
=

+( )
=

=

∞
∑π

⇒ 1
4

2 1
2 1

02 2
0

−
+

=
( )=

∞
∑π rr

⇒
1

2 1 82

2

0 rr +( )
=

=

∞
∑ π

Î¬◊√±˝√√¬ı˛Ì 8 : øÚÀ‰¬¬ı˛ ’À¬Ûé¬fl¡øÈ¬Àfl¡ ¤fl¡øÈ¬ ¸±˝◊√√Ú Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛≈Ú :

f(x) = sinx, ˚‡Ú 0 ≤ x ≤ π
4

= cos x, ˚‡Ú 



411

¸˜±Ò±Ú : f(x) ’À¬Ûé¬fl¡øÈ¬ 0, 2
πe j ’z¬¬ı˛±À˘ ¸z¬Ó¬º 

π
4

 ø¬ıμ≈ƒøÈ¬ÀÓ¬ ¤¬ı˛ ’z¬¬ı˛fl¡˘ÀÊ√¬ı˛ ’ød¬Q

ŒÚ˝◊√√º øfl¡z≈¬ 

′ ′f fR L
π π
4 4e j e j,

 ¸œ˜± ≈√øÈ¬ ø¬ı√…˜±Ú ′ = − ′ =f fR L
π π π π
4 4 4 4e j e jsin , cos  ’Ó¬¤¬ı

’À¬Ûé¬fl¡øÈ¬ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Ú fl¡¬ı˛ÀÂ√º fl¡±ÀÊ√˝◊√√ ¤˝◊√√ ’À¬Ûé¬fl¡øÈ¬¬ı˛ 0, 2
πe j ’z¬¬ı˛±À˘ ’Ò«-¬Û±~±¬ı˛ ¸±˝◊√√Ú

Œ|ÌœøÈ¬ ˝√√À26√

2

2
01

π
π πsin sin ,n
l

x f t n
l

t dt
l

( )z∑
∞

l = π
2

= 

b n
l

x b nxn nsin sinπ =
∞∞
∑∑ 2
11

Œ˚‡±ÀÚ

bn = 

2

2 2
0

2
π π

π πf t n t dt( )z sin
= 4 2

0

2

π
π

f t nt dt( )z sin

= 
4 2 2

4

2

0

4

π π

ππ
sin sin cos sint nt dt t nt dt+ zz

= 

4 2 2 2 20

4

0

4

π
π πππ

sin cos sint nt dt u n u du+ − −zz e j e j

= 

4 1 1 21
0

4

π
π

+ −( ) + zn t nt dtsin sin

= 8 2
0

4

π
π

sin sin ,t nt dtz  ˚‡Ú n ’˚≈¢¨

’Ô«±»,

b2m–1 = 

8 4 2
0

4

π
π

sin sin ,t m t dt−( )z

   n = 2m – 1,  m = 1, 2, 3, ...

= 

4 4 3 4 1
0

4

π
π

cos cosm t m t dt−( ) − −( )z



412

= 

= 
4 1

4 3
3
4

1
4 1 4π π π π π

m
m

m
m− − = − −sin sine j e j

= 

’Ó¬¤¬ı øÚÀÌ«˚˛ ¸±˝◊√√Ú Œ|Ìœ

8
4 1 1

4 1 4 3
4 21

1π
πsin sin−( ) −( ) −( ) −( )+

∞
∑ m

m m
m x

= 
8

4
2

1 3
6

5 7
10

9 11π
πsin sin

.
sin

.
sin

. . .. .x x x− + +

13.4.4 Œ˚-Œfl¡±Ú [a, b] ’z¬¬ı˛±À˘ ¸—ø:Ó¬ ’À¬Ûé¬Àfl¡¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ

Î¬◊¬Û¬Û±√… : f(x) ’À¬Ûé¬fl¡øÈ¬¬ [a, b] ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬·≈ø˘ ¬Û±˘Ú fl¡¬ı˛À˘

1
2

2 2
0

1
a a

n x a b
b a

b
n x a b

b an n
n

+ − −( )
−( )

F
H

I
K +

− −( )
−( )

F
H

I
K

L
NM

O
QP=

∞
∑ cos sin

π π

Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À¬ı

1
2 0 0f x f x−( ) + +( ) , ˚‡Ú a < x < b

¤¬ı—
1
2 f a f b+( ) + −( ) , ˚‡Ú x = a, b

¤‡±ÀÚ

a
b a

f u
n u a b

b a
dun a

b
= − ( ) − −( )

−z2 2
cos ,

π
n = 0, 1, 2, ...
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¤¬ı—

b
b a

f u
n u a b

b a
dun a

b
= − ( ) − −( )

−z2 2
sin ,

π

n = 1, 2, 3, ...

¤¬ı— Œ|ÌœøÈ¬ (b – a) ¬Û˚«±˚˛˚≈q¡ ˝√√À¬ıº

õ∂˜±Ì :

y
x a b
b a

= − −( )
−

π 2

(1) õ∂øÓ¬àÔ±¬ÛÚ fl¡À¬ı˛ ¬Û±˝◊√√

a < x < b ⇒ –π < y < π

fl¡±¬ı˛Ì (1) ŒÔÀfl¡ ¬Û±˝◊√√  

b a y
a b x

−( ) + + =π 2

’Ô«±»
b a y a b x− + + =2 2π

’Ó¬¤¬ı x > a ⇒ 

b a y a b a− + + >2 2π
⇒b a

y a b a
−( ) + +( ) <π 2

⇒ b a y a b− > −π

⇒

y
yπ π> − ⇒ > −1

¤¬ı— ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı  x < b ⇒ b a y a b b− + + <2 2π

⇒ 

b a
y a b b

−( ) + +( ) <π 2

⇒ b a y b a y− < − ⇒ <π π

’Ó¬¤¬ı, a x b y< < ⇒ − < <π π
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’±¬ı±¬ı˛,  [Òø¬ı˛]

’Ó¬¤¬ı f(x) ’À¬Ûé¬fl¡øÈ¬ [a, b] ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬±¬ı˘œ ¬Û±˘Ú fl¡¬ı˛À˘ F(y) ’À¬Ûé¬fl¡øÈ¬

[–π, π] ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬±¬ı˘œ ¬Û±˘Ú fl¡¬ı˛À¬ıº

¤¬ı— f(x) ’À¬Ûé¬fl¡øÈ¬ (b – a) ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ ˝√√˘ F(y) ’À¬Ûé¬fl¡øÈ¬ 2π ¬Û˚«±À˚˛¬ı˛

¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ ˝√√À¬ıº fl¡±¬ı˛Ì, f(x) ’À¬Ûé¬fl¡øÈ¬ (b – a) ¬Û˚«±˚˛ˆ≈¬q¡ ˝√√À˘

f(x + b – a) = f(x)

⇒ f b a y b a b a F y− + − + + = ( )
2 2πe j

⇒

’Ô«±» F(y + 2π) = F(y)

’Ó¬–¬Û¬ı˛ 13.4.2 ¬Ûø¬ı˛À26√À√ ¬ıøÌ«Ó¬ ¬ÛXøÓ¬ÀÓ¬ ’¢∂¸¬ı˛ ˝√√À˘ Î¬◊¬Û¬Û±√…øÈ¬ õ∂˜±øÌÓ¬ ˝√√À¬ıº

13.4.5 [a, b] ’z¬¬ı˛±À˘ ¸—ø:Ó¬ ’À¬Ûé¬Àfl¡¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|Ìœ, ¸±˝◊√√Ú Œ|Ìœ

Òø¬ı˛, y = lx + m õ∂øÓ¬àÔ±¬ÛÚ ¡Z±¬ı˛± a < x < b ’z¬¬ı˛±˘øÈ¬Àfl¡ 0 < y < π ’z¬¬ı˛±À˘ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬

fl¡¬ı˛± ˚±˚˛º

Ó¬±˝√√À˘ 0 = la + m

¤¬ı— π = lb + m ˙Ó«¬≈√øÈ¬ ø¸X ˝√√À¬ıº

Ù¬À˘  ¤¬ı— 

¤¬ı— 

’Ô«±»  [Òø¬ı˛]

’Ó¬¤¬ı [a, b] ’z¬¬ı˛±À˘ f(x) ’À¬Ûé¬fl¡øÈ¬ ¸—ø:Ó¬ ˝√√À˘ [0, π] ’z¬¬ı˛±À˘ F(y) ’À¬Ûé¬fl¡øÈ¬ ¸—ø:Ó¬

√̋√À¬ıº
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Òø¬ı˛, F(y) ’À¬Ûé¬fl¡øÈ¬Àfl¡ Ù≈¬ø¬ı˛˚˛±À¬ı˛¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛± ¸y¬¬ı ¤¬ı— ø¬ıd‘¬øÓ¬øÈ¬ ˝√√˘

a
a kyk

k

0

12 +
=

∞
∑ cos

Œ˚‡±ÀÚ a F y dy0 0
2= ( )zπ π

 ¤¬ı—

a F y ky dyk = ( )z2 0π
π

cos

¤‡Ú y
b a

x a= − −( )π
 ’Ô«±»  

x b a y a= − +π

 ¬ıø¸À˚˛ ¬Û±˝◊√√

a
b a

F
b a

x a dx
b a

f x dx
a

b

a

b

0
2 2= − − −( ) = − ( )zz πe j

¤¬ı—

a
b a

f x k
b a

x a dxk a

b
= − ( ) − −( )z2 cos πe j

’Ó¬¤¬ı [a, b] ’z¬¬ı˛±À˘ f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœøÈ¬ ˝√√À¬ı

1
b a

f x dx
a

b

− ( )z+ −
−( )

− ( ) −( )
−z∑

=

∞2
1b a

k
x a

b a
f t k

t a
b a

dt
a

b

k
cos cos

π π

a ≤ x ≤ b

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı Œ√‡±ÀÚ± ˚±À¬ı Œ˚, ¤˝◊√√ ’z¬¬ı˛±À˘ f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸±˝◊√√Ú Œ|ÌøøÈ¬ ˝√√˘

2
1b a

k x a
b a

f t k t a
b a

dt
a

b

−
−
− ( ) −

−z∑
∞

sin sin ,π πe j e j   a ≤ x ≤ b

Î¬◊√±˝√√¬ı˛Ì 9. 5 < x < 15 ’z¬¬ı˛±À˘ f(x) = 10 – x ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬

fl¡¬ı≈̨Úº

¸˜±Ò±Ú : ’À¬Ûé¬fl¡øÈ¬ (5, 15) ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬·≈ø˘ ¬Û±˘Ú fl¡À¬ı˛º f(x + 10) = f(x)
¸•Ûfl«¡øÈ¬ ¡Z±¬ı˛± ¤˝◊√√ ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸—:±¬ı˛ Œé¬SÀfl¡ (– ∞, ∞) ’z¬¬ı˛±À˘ ¸•√x¸±ø¬ı˛Ó¬ fl¡ø¬ı˛º Ó¬±˝√√À˘ ¤˝◊√√

’À¬Ûé¬fl¡øÈ¬¬ı˛ (5, 15) ’z¬¬ı˛±À˘ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛± ¸y¬¬ı ¤¬ı— Œ|ÌœøÈ¬ ˝√√À¬ı

1
2

2 2
0

11
a a

n x a b
b a

b
n x a b

b an n
n

+ − −( )
−

L
NM

O
QP +

− −( )
−

L
NM

O
QP

∞

=

∞
∑∑ cos sin

π π
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Œ˚‡±ÀÚ, a = 5, b = 15 ¤¬ı—

a
b a

f u
n u a b

b a
dun a

b
= − ( ) − −( )

−
L
NM

O
QPz2 2

cos ,
π

n = 0, 1, 2, ....

n = 1, 2, 3, ....

a ¤¬ı— b-¤¬ı˛ ˜±Ú ¬ıø¸À˚˛ ¬Û±˝◊√√

 ¬ıø¸À˚˛ ¬Û±˝◊√√,

a u nu
u

dun = −
−z15 5 5

ππ

π
cos e j

= n = 0, 1, 2, ...

b u nu dun = −
−z5

2π π
π

sin

= − z10
2 0π

π
u nu dusin

= − − − −L
NM

O
QP

10 12 2
0π

π
u nu

n
nu

n
cos sine j e j

= 
10

2n
n

π
π πcos

= 10 1
π

−( )n

n
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’Ó¬¤¬ı øÚÀÌ«˚˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√˘

10 1 10 51π
π−( ) −( )

∞
∑ n x nsin

= 
10 1 5 2 10 1 511π

π π π
π−( ) − = −( )

∞∞
∑∑ n nn x n n xsin sine j

Î¬◊√±˝√√¬ı˛Ì 10 : øÚÀ‰¬¬ı˛ ’À¬Ûé¬fl¡øÈ¬Àfl¡ 
3
2 3,e j  ’z¬¬ı˛±À˘ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛≈Úº

( )
⎪⎩

⎪
⎨
⎧

<<−
≤<=

32,3

2
2
3,1

xx

x
xf

ïïï

ïïï

¸˜±Ò±Ú : 3
2 3,e j ’z¬¬ı˛±À˘ f(x) ’À¬Ûé¬fl¡øÈ¬ ¸z¬Ó¬º x = 2 ø¬ıμ≈ÀÓ¬ f(x)-¤¬ı˛ ’z¬¬ı˛fl¡˘Ê√ ¸—ø:Ó¬

Ú˚˛º øfl¡z≈¬ ¸±˜±Ú…œfl‘¡Ó¬ ¬ı±˜¬Ûé¬œ˚˛ ’z¬¬ı˛fl¡˘Ê√ f ′L(x) = 0 ¸±˜±Ú…œfl‘¡Ó¬ √øé¬Ì¬Û&Ôœ˚˛ ’z¬¬ı˛fl¡˘Ê√

f ′R(x) = – 1, ’Ó¬¤¬ı ’À¬Ûé¬fl¡øÈ¬ ¤˝◊ √ √ ’z¬¬ı ˛±À˘ ø√ø¬ı ˛Àflv¡¬ı ˛ ˙Ó«¬ ¬Û±˘Ú fl¡À¬ı ˛º

f x f x x+ = ( ) −∞ < < ∞3
2e j ,

 ¸•Ûfl«¡øÈ¬ ¡Z±¬ı˛± ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸—:±¬ı˛ Œé¬SÀfl¡ (–∞, ∞) ’z¬¬ı˛±À˘

¸•√x¸±ø¬ı˛Ó¬ fl¡¬ı˛± ˝√√˘º ’Ó¬¤¬ı f(x) ’À¬Ûé¬fl¡øÈ¬Àfl¡ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛± ¸y¬¬ıº

13.4.5 ¬Ûø¬ı˛À26√À√ õ∂√M√√ ¸”S ’Ú≈¸±À¬ı˛ øÚÀÌ«˚˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœøÈ¬ ˝√√À26√

a
a k x a

b ak
0

12 + −
−

∞
∑ cos πe j

Œ˚‡±ÀÚ a
b a

f x dx
a

b

0
2= − ( )z , a = 3/2, b = 3

¤¬ı— a
b a

f x k x a
b a

dxk a

b
= − ( ) −

−z2 cos ,π e j a = 3/2, b = 3
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’Ó¬¤¬ı

 a0 = 

= 4
3

1
2

4
3 3 2

2

2

3
× + −FH IKx x

= 
2
3

4
3 3 3

2
2
2

2 2
+ − +FH IK

= 

 ak = 

= 
4
3 2 3

4
3 3 2 32

3

3 2

2
cos cosk k x dx x k k x dxπ π π π− + −( ) −zz e j e j

= 

= 4
3 1

2 3
2 3

4
3 1 3

2 3
2 3

2 3

2 32

3

2

2

3

−
L

N
MM

O

Q
PP + − − −

L

N
MMM

O

Q
PPP

( ) ( ) ( )k k
k x

k
x

k x

k

k x

k

sin sin cosπ
π

π
π

π

πe j

= 
2 1

4 3
2 1

3 2 3
3

2 2 3 2

3−( ) − + −( ) −( ) −
k k

k
k k

k
x k x

k
k x

π
π π π π π πsin sin sin cos

= 
2 1

4 3 0
2 1

4 3
3

2 2 3
2 4 3

−( ) − + −( ) − − +
k k

k
k

k
k

k
k

k
kπ

π
π

π
π π π

πsin sin cos cos

= 
2 1 3

2 4 3 2
−( ) × −

k

k k
k kπ π

π πcos cos

= 
3 1

4 3 12 2
−( ) −

k

k
k

π
πcos
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’Ó¬¤¬ı øÚÀÌ«˚˛ Œ|ÌœøÈ¬ ˝√√À26√

2
3

3 1 1 4 3 1 2
32 2

1
+ −( ) − −

∞
∑π

π π πk

k
k k x kcos cose j e j

= 
2
3

3 1 4 3 1 2
32 2

1
+ −

∞
∑π

π π
k

k k xcos cose j e j

13.5 Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ Ê√øÈ¬˘ ’±fl¡±¬ı˛, ¬Û±¬ı˛À¸ˆ¬…±À˘¬ı˛ ¸”S

13.5.1 Ê√øÈ¬˘ ¬ı˛±ø˙¬ı˛ ˜±Ò…À˜ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ (Complex Form of Fourier Series)

2l ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ f(x) ¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√À26√

f x
a

a n
l

x b n
l

xn n
n

( ) + +
=

∞
∑~ cos sin0

12
π πe j (1)

Œ˚‡±ÀÚ a
l

f t n
l

t dtn l

l
= ( )

−z1 cos ,π n = 0, 1, 2, ...
b

l
f t n

l
t dtn l

l
= ( )

−z1 sin ,π

n = 1, 2, 3, ...

¤¬ı±À¬ı˛ 

cos θ θ θ= + −1
2 e ei ib g

 ¤¬ı— 

sin θ θ θ= − −1
2l

e ei ib g

 ¸”S õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

f x
a

a e e b e e
in

in
l

x in
l

x

n

in
l

x in
l

x

n

( ) + +F
H
GG

I
K
JJ +

−F
H
GG

I
K
JJ

R
S|
T|

U
V|
W|

− −

=

∞
∑~ 0

12 2 2

π π π π

= 

a
a ib e a ib en n

in
l

x
n n

in
l

x

n

0

12
1
2

1
2+ − + +RST

UVW=

∞
∑ a f a f

π π

= 

c c e c en
in

l
x

n
in

l
x

n
0

1
+ +RST

UVW−
−

=

∞
∑

π π

(2)
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Œ˚‡±ÀÚ 

c a ib c a ibn n n n n n= − = +−
1
2 a f a f,

¤‡Ú c a ibn n n= −1
2 a f

= 

= 

= 

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı  

c0, cn ¤¬ı— c–n øÚÌ«À˚˛¬ı˛ ¸”S·≈ø˘Àfl¡ ¤fl¡¸Àe·

n = 0, ± 1, ± 2, ...

¸”ÀS¬ı˛ ¸±˝√√±À˚… õ∂fl¡±˙ fl¡¬ı˛± ˚±˚˛º

Ó¬±˝√√À˘, Ê√øÈ¬˘ ¬ı˛±ø˙¬ı˛ ˜±Ò…À˜ 2l ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬Àfl¡¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀfl¡ øÚÀ‰¬¬ı˛ ¸—øé¬5

’±fl¡±À¬ı˛ õ∂fl¡±˙ fl¡¬ı˛± Œ·˘ f x c en
in

l
x

n
( ) =

=−∞

∞
∑

π

Œ˚‡±ÀÚ n = 0, ± 1, ± 2, 3±, ....

Î¬◊√±˝√√¬ı˛Ì 11 : f(x) = cos ax, –π < x < π (a ’‡G¬ ¸—‡…± Ú˚˛] ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛

Œ|ÌœøÈ¬Àfl¡ Ê√øÈ¬˘ ’±fl¡±À¬ı˛ (Complex Form) õ∂fl¡±˙ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : ¤‡±ÀÚ cn = 1
2π π

π
f x e dxinx( ) −

−z
= 

= 
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= 

1
4π π

π
e e dxi a n x i a n x−( ) − +( )

−
+z

= 

1
4π π

π
e
i a n

e
i a n

i a n x i a n x−( ) − +( )

−−( ) − +( )
L
NM

O
QP

= 
1

4π
π π π π

−( ) − − −
FH IK −

−
+

FH IK
L
NM

O
QP

−( ) − −( ) − +( ) +( )
i e

a n
e

a n
e e

a n

i a n i a n i a n i a n

= 
−

− + +
−i e e

a n a n
in ia ia

4
1 1

π
π π πb ge j ,

[ Œ˚À˝√√Ó≈¬ einπ = cos nπ + isin nπ = cos nπ = e–inπ]

= a
a n

e e
i

n ia ia

π
π π1 1 22 2−

−( ) −FH IK
−

a f
= a a

a n
n

π πsin −
−

( )1 1
2 2

’Ó¬¤¬ı øÚÀÌ«˚˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ

f x a a
a n

en inx

n
( ) −( )

−=−∞

∞
∑~ sinπ π 1 1

2 2

= 
a a

a
nx

a n
n

nπ πsin cos1 1 2
2 2 2

1
− −( )

−
L
NM

O
QP=

∞
∑

13.5.2 ¬¬Û±¬ı˛À¸ˆ¬…±À˘¬ı˛ ¸”S (Parseval’s Formula)

Î¬◊¬Û¬Û±√… : ˚ø√ (–l, l) ’z¬¬ı˛±À˘ Œfl¡±Ú ’À¬Ûé¬fl¡ f(x) ¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬

f
a

a k
l

x b k
l

xk k
k

~ cos sin0

12 + +
=

∞
∑ π πe j

‹ ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ˝√√˚˛, Ó¬±˝√√À˘

f x dx l a a b nn
nl

l ( ) = + +RST
UVW=

∞

− ∑z 2
0
2 2 2

1

1
2 a f

õ∂˜±Ì : õ∂√M√√ ¸˜-’øˆ¬¸¬ı˛ÀÌ¬ı˛ ˙ÀÓ«¬¬ı˛ Ê√Ú… ’±˜¬ı˛± ø˘‡ÀÓ¬ ¬Û±ø¬ı˛

(1) f x
a

a k
l

x b k
l

xk k
k

( ) = + +
=

∞
∑0

12 cos sin ,π πe j      − ≤ ≤l x l
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Î¬◊ˆ¬˚˛¬Ûé¬Àfl¡ f(x) ’À¬Ûé¬fl¡ ø√À˚˛ ·≈Ì fl¡À¬ı˛ ¬Û±˝◊√√

(2)

(1) Œ|ÌœøÈ¬ ¸˜-’øˆ¬¸±¬ı˛œ ¬ıÀ˘ (2) Œ|ÌœøÈ¬› ¸˜-’øˆ¬¸±¬ı˛œ ˝√√À¬ıº ’Ó¬¤¬ı ¤¬ı˛ õ∂øÓ¬ ¬ÛÀ√¬ı˛

¸˜±fl¡˘Ú (Term by term Integration) õ∂ø√flË¡˚˛±øÈ¬ Δ¬ıÒº Ó¬±˝◊√√

 (3) f x dx
a

f x dx a f x k
l

x dxk l

l

k
l

l

l

l
( ) = ( ) + ( )

−=

∞

−− z∑zz 2 0

12 cos π

+ ( )
−=

∞ z∑ b f x k
l

x dxk l

l

k
sin π

1

¤‡Ú a
l

f x k
l

x dxk l

l
= ( )

−z1 cos ,π k = 0, 1, 2, ...

¤¬ı— k = 1, 2, 3, ...

¤˝◊√√ ¸”S·≈ø˘ (3) ¸•Ûfl«¡øÈ¬ÀÓ¬ ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ ¬Û±˝◊√√

Î¬◊√±˝√√¬ı˛Ì 12 : f(t) = t,  – π ≤ t ≤ π
’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ øÚÌ«˚˛ fl¡¬ı˛≈Ú ¤¬ı— ¬Û±¬ı˛À¸ˆ¬…±À˘¬ı˛ ¸≈S õ∂À˚˛±· fl¡À¬ı˛ Œ√‡±Ú Œ˚

1
1

1
2

1
3

1
62 2 2 2

2
+ + + + + =

n
π

¸˜±Ò±Ú : f(t) = t ’À¬Ûé¬fl¡øÈ¬ ’˚≈¢¨ ’À¬Ûé¬fl¡ ¬ıÀ˘ ¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ Œfl¡±¸±˝◊√√Ú ’À¬Ûé¬fl¡

¬ıøÊ«√Ó¬ ˝√√À¬ı, ’Ô«±» ak = 0 ¤¬ı—

 bk = 2
0π
π
t kt dtsinz

= 

= 
2 2 1 1
π

π π− = −( ) +
k

k
k

kcos

’Ó¬¤¬ı Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√˘

  t = 2 1
2

2
3

3
4

4
sin sin sin sint t t t− + − +
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¤¬ı±¬ı˛ ¬Û±¬ı˛À¸ˆ¬…±À˘¬ı˛ ¸”S õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

t dt bk
k

2 2

1
=

=

∞

− ∑z π
π

π

= π 4
2

1 k

∞
∑

  ⇒ 2
3

3π = 4 1
2

1
π

k

∞
∑

’Ô«±»
1

62

2

1 k
=

∞
∑ π

  ⇒ 1
1

1
2

1
3 62 2 2

2
+ + + = π

13.6 Î¬◊√±˝√√¬ı˛Ì±¬ı˘œ

Î¬◊√±˝√√¬ı˛Ì 1. f(x) = 
[ ]

⎪⎩

⎪
⎨
⎧ =−

ïïïïïïïïïïïïï

ïïïïïïïïïïïïïïïï ï

x

xxx

0

,
2
1

¤¬ı— [x] = x ’À¬Ûé¬± ¬ı‘˝√√M√√¬ı˛ Ú˚˛ ¤˜Ú ’‡G¬ ¸—‡…±·≈ø˘¬ı˛ ˜ÀÒ… ¬ı‘˝√√M√√˜ ¸—‡…±øÈ¬º

Î¬◊¬ÛÀ¬ı˛ ¬ıøÌ«Ó¬ ’À¬Ûé¬fl¡øÈ¬Àfl¡ − 1
2

1
2,e j ’z¬¬ı˛±À˘ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : 

0 1
2< <x

 ˝√√À˘, [x] = 0, ’Ó¬¤¬ı

f x x( ) = − 1
2 , 0 1

2< <x

¤¬ı— − < <1
2 0x  ˝√√À˘ [x] = – 1 Ù¬À˘

f x x( ) = − −( ) −1 1
2

 

= +x 1
2 ,

− < <1
2 0x

¤¬ı— f(0) = 0

Ó¬±˝√√À˘ − ≤ ≤1
2

1
2x  ’z¬¬ı˛±À˘ f(x) ’À¬Ûé¬fl¡øÈ¬Àfl¡ ¤ˆ¬±À¬ı ¸—ø:Ó¬ fl¡¬ı˛± ˚±˚˛
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f x x( ) = + 1
2 , − ≤ <1

2 0x

 = −x 1
2 , 0 1

2< ≤x

¤‡Ú x > 0 ˝√√À˘

f x f t−( ) = ( )

  

  

  = – f (x) (1)
’Ú≈¬ı˛”¬Ûˆ¬±À¬ı x < 0 ˝√√À˘

  (2)

(1) ¤¬ı— (2) ¸•Ûfl«¡ ≈√øÈ¬ ŒÔÀfl¡ õ∂˜±øÌÓ¬ ˝√√À26√ Œ˚

f (–x) = – f(x)
’Ô«±» f(x) ¤fl¡øÈ¬ ’˚≈¢¨ ’À¬Ûé¬fl¡º

’±¬ı±¬ı˛, Œ˚À˝√√Ó≈¬

f(x + 1) = 

 = 

 = 

 = f(x) ˚‡Ú x ’‡G¬ ¸—‡…± Ú ˛̊

¤¬ı— f(x + 1) = 0 = f(x) ˚‡Ú, ’‡G¬ ¸—‡…±º Ó¬±˝◊√√ f(x) ’À¬Ûé¬fl¡øÈ¬ 1 ¬Û˚«±À˚˛¬ı˛ ¤fl¡øÈ¬ ¬Û˚«±¬ı‘M√√

’À¬Ûé¬fl¡º ’À¬Ûé¬fl¡øÈ¬¬ı˛  ’z¬¬ı˛±À˘ x = 0 ø¬ıμ≈ÀÓ¬ ¤fl¡øÈ¬ ¸¸œ˜ ’¸±z¬Ó¬… ’±ÀÂ√º ¸±˜±Ú…œfl‘¡Ó¬

¬ı±˜¬Ûé¬œ˚˛ ’z¬¬ı˛fl¡˘Ê√ f′L(0) = 1 ¤¬ı— ¸±˜±Ú…œfl‘¡Ó¬ √øé¬Ì¬Û&Ôœ˚˛ ’z¬¬ı˛fl¡˘Ê√ f ′R (0) = 1. Ó¬±˝◊√√

’À¬Ûé¬fl¡øÈ¬ ¤˝◊√√ ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬·≈ø˘ ¬Û±˘Ú fl¡¬ı˛ÀÂ√º ’Ó¬¤¬ı ’À¬Ûé¬fl¡øÈ¬Àfl¡ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬

ø¬ıd‘¬Ó¬ fl¡¬ı˛± ¸y¬¬ıº ’À¬Ûé¬fl¡øÈ¬ ’˚≈¢¨ ¬ıÀ˘ ø¬ıd‘¬øÓ¬øÈ¬ Œfl¡±¸±˝◊√√Ú ’À¬Ûé¬fl¡ ¬ıøÊ«√Ó¬ ˝√√À¬ı ¤¬ı—
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   = 

4 1
2 2

0

1 2
x k x dx−z e j sin π

= 4 1
2

2
2 1 2

4 2 2
0

1 2
x

k x
k

k x
k

− − −
−

L
NM

O
QPe j e jcos

. sinπ
π

π
π

= 4 1
2

1
2

1− = −e j k kπ π
’Ó¬¤¬ı øÚÀÌ«˚˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ

f(x) = 

−( )
=

∞
∑ 1 1 2

1 k
k x

k π πsin

= −
=

∞
∑ 1 2

1 k
k x

k π πe jsin

Î¬◊√±˝√√¬ı˛Ì 2 : f x( ) = π
4  ’À¬Ûé¬fl¡øÈ¬Àfl¡ (0, π) ’z¬¬ı˛±À˘ ¸±˝◊√√Ú Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛≈Úº ¤¬ı—

¤˝◊√√ ø¬ıd‘¬øÓ¬øÈ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚÀ‰¬¬ı˛ (a) ¤¬ı— (b) Œ|Ìœ ≈√øÈ¬¬ı˛ Œ˚±·Ù¬˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº

(a)

1 1
3

1
5− + − (b) 1 1

5
1
7

1
11

1
13− + − + −

¸˜±Ò±Ú : Òø¬ı˛ 

F x f x( ) = ( ) = π
4 ,

˚‡Ú 0 < x < π

¤¬ı— F x F x−( ) = − ( ) = − π
4 , ˚‡Ú – π < x < 0

Ó¬±˝√√À˘ F(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ (–π, π) ’z¬¬ı˛±À˘ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬øÓ¬øÈ¬˝◊√√ øÚÀÌ«˚˛ ø¬ıd‘¬øÓ¬º

ak, bk ¤˝◊√√ ø¬ıd‘¬øÓ¬øÈ¬¬ı˛ ¸˝√√· ˝√À˘ ak = 0, k = 0, 1, 2 ...

¤¬ı— b F x kx dx f x kx dxk = ( ) = ( )zz2 2
00π π
ππ

sin sin

= 
2

4 0π
π π

.
cos−LNM
O
QP

kx
k

= 1
2 1 1

k
k− −( )

’Ó¬¤¬ı bk = 0 ˚‡Ú k ≈̊¢¨ ¸—‡…±

¤¬ı— b b
nk n= = −−2 1
1

2 1  ˚‡Ú k = 2n – 1 = ’ ≈̊¢¨º
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Ó¬±˝◊√√ øÚÀÌ«˚˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√À26√

f x
n

n x S x( ) ( ) ( )− − =
∞
∑~ sin1

2 1 2 1
1

 [Òø¬ı˛]

˚‡Ú 0 < x < π

Ó¬± ◊̋√√ S π π
2 4e j =

’Ô«±»
π π π π π π
4 2

1
1 2

1
3 3 2

1
5 5 2

1
7 7 2= = + + + +Se j sin sin sin sin

 = 1 1
3

1
5

1
7− + − +

’Ó¬¤¬ı (a) Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ 
π
4 .

0 < x < π

¸•Ûfl«¡øÈ¬ÀÓ¬ x = π
3  ¬ıø¸À˚˛ ¬Û±˝◊√√

+ + + +1
9 9 3

1
11 11 3

1
13 13 3sin sin sinπ π π

= 3
2 1 1

5
1
7

1
11

1
13− + − + −

’Ó¬¤¬ı (b) Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ = 
π

2 3
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Î¬◊√±˝√√¬ı˛Ì 3 : õ∂√M√√ f(x) = c, 0 < x < a

 = d, a < x < b

Œ˚‡±ÀÚ f(x + b) = f(x), – ∞ < x < ∞

Î¬◊¬ÛÀ¬ı˛¬ı˛ ¬ıøÌ«Ó¬ ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : õ∂√M√√ ’À¬Ûé¬fl¡øÈ¬¬ı˛ b ¬Û˚«±À˚˛¬ı˛ ¤fl¡øÈ¬ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡º ¤øÈ¬ (0, b) ’z¬¬ı˛±À˘

ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Ú fl¡¬ı˛ÀÂ√º ¤‡Ú 

t
b

x= 2π

 ’Ô«±» 

x b t= 2π

 õ∂øÓ¬àÔ±¬ÛÚ fl¡À¬ı˛ ’±˜¬ı˛±

F t f b t f x( ) ( )≡ =2πe j

 ’À¬Ûé¬fl¡øÈ¬ ¬Û±˝◊√√º

f(x) ’À¬Ûé¬fl¡øÈ¬ b ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ ¬ıÀ˘

f(x + b) = f(x)

’Ó¬¤¬ı

f b t b f b t f b t2 2 2 2π π π π+ = +( ) =e j e j e j
⇒ F(t + 2π) = F(t)

’Ô«±» F(t) ’À¬Ûé¬fl¡øÈ¬ 2π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ ˝√√À¬ıº

’±¬ı±¬ı˛ F(t) = c,

0 2< <t
b

aπ

= d,

2 2π π
b

a t< <

’À¬Ûé¬fl¡øÈ¬ (0, 2π) ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Ú fl¡¬ı˛ÀÂ√º ’Ó¬¤¬ı ’À¬Ûé¬fl¡øÈ¬Àfl¡ (0, 2π)
’z¬¬ı˛±À˘ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛± ¸y¬¬ıº

¤˝◊√√ ø¬ıd‘¬øÓ¬øÈ¬ ˝√√À26√

F t a a kt b ktk k
k

( ) + +
=

∞
∑~ cos sin1

2 0
1
b g
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Œ˚‡±ÀÚ

a0 = 1
0

2

π
π

f t dt( )z

= 

= 

= 

ak = 
1 1

2

2 2

0π π π

π π
c kt dt d kt dt

b

b

a

a
cos cos+ zz

= 

= 1 2π πc d a
b

k−( )sin

¤¬ı— bk = 
1 1

2

2

0

2

π π π
ππ

c kt dt d kt dta
b

b
a

sin sin+ zz

= 

= − − + −c d
k b

ak c d
kπ

π
πe j e jcos 2 1

= 
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’Ó¬¤¬ı F t c d a
b

d c d
k

k
b

a kt( ) ( )− + + − ∞
∑~ sin cosπ

π1 2
1

+ − −
∞
∑c d

k
a
b

k ktπ π1 1 2
1

cos sine j

’Ô«±» f x c d a
b

d c d
k

k
b

a k
b

x( ) −( ) + + − ∞
∑~ sin cosπ

π π1 2 2
1

+ − −
∞
∑c d

k
k a

b
k

b
xπ π π1 1 2 2

1
cos sine j

Î¬◊√±˝√√¬ı˛Ì 4 : õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ 0 < x < l, ’z¬¬ı˛±À˘ f(x) = x ’À¬Ûé¬Àfl¡¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœøÈ¬

√̋√À26√

x l l x
l l

x
l

x= − + + +2
4 1

3
3 1

5
52 2 2π

π π πcos cos cos .. .. .e j

¤¬ı— ¬Û±¬ı˛À¸ˆ¬…±À˘¬ı˛ ¸”S õ∂À˚˛±· fl¡À¬ı˛ Œ√‡±Ú Œ˚

1
1

1
3

1
5 964 4 4

4
+ + + =.. . . π

¸˜±Ò±Ú : (0, l) ’z¬¬ı˛±À˘ f(x) ’À¬Ûé¬Àfl¡¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœøÈ¬ ˝√√À26√

a
a k

l
xk

0

12 +
∞
∑ cos π

Œ˚‡±ÀÚ

ak = 2
0

1

l
f x k

l
x dx( )z cos ,π k = 0, 1, 2, ...

= 

2
0l

f l t kt l dtπ π
π e j e jcos ,zπl x t=e j

= 

2
0π π
π t t kt dtcosz
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= 

= 
− − =2 1 02 2

l k
kπ

π. cos
˚‡Ú k ˚≈¢¨º

= ˚‡Ú k ’ ≈̊¢¨º

’Ô«±»  a2n = 0, n = 1, 2, 3, ....

¤¬ı— a l t0 2
2

0

2 1
2=

π
π

e j
  = l

’¤Ó¬¬ı øÚÀÌ«˚˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœøÈ¬ ˝√√À26√

x l l n x

nn
~

cos
2

4 2 1
2 12 2

1
− −( )

−( )=

∞
∑π

√øé¬Ì-¬ÛÀé¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ (0, l) ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ÒÀ¬ı˛ øÚÀ˚˛ ’±˜¬ı˛± ¬Û±¬ı˛À¸ˆ¬…±À˘¬ı˛

¸”S õ∂À˚˛±· fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛ ¤¬ı— ¤¬ı˛ Ù¬À˘

x dx l l l

nn

l 2
2 2

4 4
10 2

16 1
2 1

= −
−

RST
UVW( )=

∞
∑z π (1)

¤˝◊√√ ¸˜œfl¡¬ı˛ÌøÈ¬ ¬Û±˝◊√√º

’Ô«±»
l l

n

3
3

4 4
13

1
2

16 1
2 1

= −
−( )

RST
UVW

∞
∑π

⇒ − = −
−( )

∞
∑1

6
16 1

2 14 4
1π n

⇒ 1
2 1 964

4

1 n −( )
=

∞
∑ π

’Ô«±»
1

1
1
3

1
2 1 964 4 4

4
+ + +

−( )
+.. . .. .

n

π
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Î¬◊√±˝√√¬ı˛Ì 5 : f(x) = 

⎩
⎨
⎧

<<
<<

lxla
lx

2,
0,0

ïïï

ïïï

’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ¸˝√√· øÚÌ«À˚˛ Ê√øÈ¬˘¬ı˛±ø˙ õ∂À˚˛±· fl¡À¬ı˛ Œ√‡±Ú Œ˚

f x a a
m

m
l

x
m

( ) − −( ) −( )
=

∞
∑~ sin2

2 1
2 1

2 1
1π

π

¸˜±Ò±Ú : f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√˘

f x c en
in

l
x

n

( )
=−∞

∞
∑~

π

Œ˚‡±ÀÚ

c
l

f x e dxn
in

l
xl

= ( ) −z1
2 0

2 π
,

n = 0, ± 1, ± 2, ± 3, ....

¤‡Ú c
l

f x dx
l

dx
l

a dx
l

ll

l

l

0
2

0

21
2

1
2 0 1

2= = + zzz ( )

  = a
2

¤¬ı—

c
l

dx
l

ae dxn
in

l
x

l

ll
= + −zz1

2 0 1
2

2

0
.

π

  = 

−
L

N
MM

O

Q
PP

−
a
l

e

in
l

in
l

x

l

l

2

2π

π

  = − −− −a
n i

e en i in i
2

2
π

π π

  = – a
n i

n2 1 0,π π− =cos ˚‡Ú n ≈̊¢¨

  = − −( )
a

m i2 1 π , ˚‡Ú n = 2m – 1 = ’ ≈̊¢¨º

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı  c a
m in− = −( )2 1 π , ˚‡Ú n = 2m – 1
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’Ó¬¤¬ı Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√À26√

c c e c en
in

l
x

n
in

l
x

n
0

1
+ +L
NM

O
QP−

−

=

∞
∑

π π

= 

= 

= a a m
l

x

mm2
2 2 1

2 11
−

−
−

( )

( )=

∞
∑π

πsin

Î¬◊√±˝√√¬ı˛Ì 6 : f(x) = x ’À¬Ûé¬fl¡øÈ¬¬ o < x < 2 ’z¬¬ı˛±À˘

(a) ’Ò«-¬Û±~±¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœÀÓ¬

(b) ’Ò«-¬Û±~±¬ı˛ ¸±˝◊√√Ú Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : (i) Òø¬ı˛, F(x) = f(x) = x, ˚‡Ú 0 < x < 2

¤¬ı— F(x) = F(–x) = f(–x) = –x, ˚‡Ú –2 < x < 0

Ó¬±˝√√À˘ [–2, 2] ’z¬¬ı˛±À˘ F(x) ’À¬Ûé¬Àfl¡¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬øÓ¬øÈ¬˝◊√√ ˝√√À¬ı õ∂√M√√ ’À¬Ûé¬Àfl¡¬ı˛

[0, 2] ’z¬¬ı˛±À˘ ’Ò«-¬Û±~±¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœÀÓ¬ ø¬ıd‘¬øÓ¬º

ak, bk øÚÀÌ«˚˛ Œ|ÌœøÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ ¸˝√√· ˝√√À˘ bk = 0, (k = 1, 2, 3, ......)

¤¬ı— a x k x dxk = z22 20

2
cos π

= 

= 
4 12 2k

k
π

πcos ,−( ) k ≠ 0

= – 
8

2 2k π
, ˚‡Ú k ’ ≈̊¢¨º

a x dx0 0

22
2 2= =z
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Ù¬À˘ øÚÀÌ«˚˛ Œ|ÌœøÈ¬ ˝√√À26√

1 8 2 1 2
2 12

1
−

−( )
−=

∞
∑π

πcos m x

mm

(ii) Òø¬ı˛ G(x) = f(x) = x, ˚‡Ú 0 < x < 2

¤¬ı— G(x) = – G(–x) = –f(–x)

 = x, –2 < x < 0

Ó¬±˝√√À˘ G(x) ¤fl¡øÈ¬ ’˚≈¢¨ ’À¬Ûé¬fl¡º G(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ –2 ≤ x ≤ 2 ’z¬¬ı˛±À˘ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ˝◊√√

˝√√À¬ı øÚÀÌ«˚˛, õ∂√M√√ ’À¬Ûé¬fl¡øÈ¬¬ı˛ (0, 2) ’z¬¬ı˛±À˘ ’Ò«-¬Û±~±¬ı˛ ¸±˝◊√√Ú Œ|ÌœÀÓ¬ ø¬ıd‘¬øÓ¬º ak, bk ¤˝◊√√

Œ|ÌœøÈ¬ ¸˝√√· ˝√√À˘

ak = 0, (k = 0, 1, 2, ...) ¤¬ı—

bk = 
2
2 2

4
2 00

2
x k x dx u ku dusin sinπ

π
π

= zz

= 

4 1
2 2

0π
π

− +u ku
k k

kucos sin

= 
4
2π

π π− cos k
ke j

= 

− −( )4 1
π

k

k

’Ó¬¤¬ı øÚÀÌ«˚˛ ø¬ıd‘¬øÓ¬øÈ¬ ˝√√À26√

4
2

2 2
2

3 2
3

4 2
4π

π
π π π

sin
sin sin sin

x

x x x

− + − +
L

N
MM

O

Q
PP
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Î¬◊√±˝√√¬ı˛Ì 7 : f(x) = sin x
2  ’À¬Ûé¬fl¡øÈ¬¬ı˛ (0, π) ’z¬¬ı˛±À˘ ¸±˝◊√√Ú Œ|ÌœÀÓ¬ ø¬ıd‘¬øÓ¬øÈ¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : Òø¬ı˛ g(x) = f(x), ˚‡Ú 0 ≤ x ≤ π

¤¬ı— g(x) = – g (–x)

 = – f(–x), ˚‡Ú –π ≤ x ≤ 0

Ó¬±˝√√À˘ –π ≤ x ≤ π ’z¬¬ı˛±À˘ g(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬øÓ¬øÈ¬˝◊√√ ˝√√À¬ı øÚÀÌ«˚˛

ø¬ıd‘¬øÓ¬º

ak, bk ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ ¸˝√√· ˝√√À˘ ak = 0 (k = 0, 1, 2, ....)

¤¬ı— bk = (k = 1, 2, 3, ....)

= 

bk = 

= 1
1
2

1
2

1
2

1
2

π
π π πsin sink

k

k

k

−

−
−

+

+

L

N
MMM

O

Q
PPP

e j e j

= 

= 
8 1

4 1
1

2π −( )
−

+k k
k

’Ó¬¤¬ı øÚÀÌ«˚˛ ø¬ıd‘¬øÓ¬
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Î¬◊√±˝√√¬ı˛Ì 8 : f(x) = sin x, 0 ≤ x ≤ π
4

= cos x,

π
4

 ≤ x ≤ 

π
2

¤¬ı— 

f x f x+ = ( )π
2e j ,

– ∞ < x < ∞

Î¬◊¬ÛÀ¬ı˛¬ı˛ ¬ıøÌ«Ó¬ ’À¬Ûé¬fl¡øÈ¬Àfl¡ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœÀÓ¬ ø¬ıd‘¬Ó¬ fl¡¬ı˛≈Úº

¸˜±Ò±Ú : 13.4.4 ¬Ûø¬ı˛À26√À√ [a, b] ’z¬¬ı˛±À˘ ¸—ø:Ó¬ b – a ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬Àfl¡¬ı˛

Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ øÚÌ«À˚˛¬ı˛ ¬ÛXøÓ¬ ¬ıøÌ«Ó¬ ˝√√À˚˛ÀÂ√º

¤‡±ÀÚ a = 0, b = π
2

’Ó¬¤¬ı øÚÀÌ«˚˛ Œ|ÌœøÈ¬ ˝√√À¬ı

1
2

2 2

2

2 2

2
0

11
a a

n x
b

n x

n n
nn

+
−F

H
G
G

I

K
J
J +

−F

H
G
G

I

K
J
J=

∞

=

∞
∑∑ cos sin

π π

π
π π

π
e j e j

’Ô«±»

1
2 4 40

11
a a nx b nxn n

nn
+ −( ) + −( )

=

∞

=

∞
∑∑ cos sinπ π

Œ˚‡±ÀÚ
a f u nu dun = ( ) −( )z2 4

2
0

2
π

π
πcos , (n = 1, 2, 3, ...)

a f u du0 0

24= ( )zπ π

b f u nu dun = ( ) −( )z4 4
0

2

π π
π

sin ,

(n = 1, 2, 3, ...)

’Ô«±» a f u nu dun = − ( )z4 4
0

2

π
π

cos

¤¬ı— b f u nu dun = − ( )zπ π
4 4

0

2
sin (n = 1, 2, 3, ...)
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’Ó¬¤¬ı

a f u du u du u du0 4

2

0

4

0

24 4 4= ( ) = + zzzπ π π π
πππ

sin cos

= 4 4
20

4

0

4

π π
πππ

sin cosu du u du+ −zz e j

= 4 2 2π −

a f u nu du u nu du u nu dun = − ( ) = − −z zz4 4 4 4 4 4
0

2

4

2

0

4

π π π
π

π

ππ
cos sin cos cos cos

= − − − −zz4 4 4
2 4 20

4

0

4

π π
π πππ

sin cos cos cosu nu du t n t dte j e j

= 

= − +( ) − −( )z4 4 1 4 1
0

4

π
π

sin sinn u n u du

= − −( )
−( ) − +( )

+
L
NM

O
QP

4 4 1
4 1

4 1
4 1 0

4

π

π
cos cosn u

n
n u

n

= − − − − +
4

4 1 1
4 1

1
4 1π π πcos cosn

n n

= −
−

−8 1
16 1 4 12π π π

n
ncos cos

= −
−

−( ) −4 2 1
16 1

1 22π n
n
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¤¬ı— bn = − − zz4 4 4 4
4

2

0

4

π π π
ππ

sin sin cos sinu nu du u nu du

= − − − −( )zz4 4 4
2 2 4

0

4

0

4

π π
π π

ππ
sin sin cos sinu nu du t n nt dte j

= 

− −( ) =z4 4 4 0
0

4

π
π

sin sin sinu nu nu du

fl¡±ÀÊ√˝◊√√ øÚÀÌ«˚˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√À26√

4 2 2 4 2 1 2
16 1

42
1

− + −( ) −
−

L
NM

O
QP=

∞
∑π π

n

n n
nxcos

Î¬◊√±˝√√¬ı˛Ì 8 : ø¬ıfl¡ä ¬ÛXøÓ¬ : ¤‡±ÀÚ f(x) ’À¬Ûé¬fl¡øÈ¬ 0 2≤ ≤x π
 ’z¬¬ı˛±À˘ ¸—ø:Ó¬º ’±˜¬ı˛±

‰¬À˘¬ı˛ õ∂øÓ¬àÔ±¬ÛÚ ¡Z±¬ı˛± ¤fl¡øÈ¬ ÚÓ≈¬Ú ’À¬Ûé¬fl¡ ·Í¬Ú fl¡ø¬ı˛ ˚±¬ı˛ ¸—:±¬ı˛ Œé¬S ˝√√À¬ı [–π, π] ’z¬¬ı˛±˘º

Òø¬ı˛ t = Ax + B ; A, B ÒË≈¬ıfl¡ ≈√øÈ¬ øÚÌ«˚˛ fl¡¬ı˛± ˝√√À¬ı øÚÀ‰¬¬ı˛ ˙Ó«¬¸±À¬ÛÀé¬º

t = – π, ˚‡Ú x = 0 ¤¬ı— t = π, ˚‡Ú x = 

π
2

 Ó¬±˝√√À˘ t = 4x – π ’Ô«±» 

x t= +4 4
π Ù¬À˘ f x f t F t( ) = + =4 4

πe j ( )

¤¬ı— F(t) = sinx = sin 
t + π

4e j,  ˚‡Ú –π ≤ t ≤ 0

= cos cos ,x t= + π
4e j ˚‡Ú  0 ≤ t ≤ π

’Ô«±»

F t t t( ) = +cos sin ,4 4
1
2

˚‡Ú –π ≤ t ≤ 0

= 

cos sin ,t t
4 4

1
2

−

˚‡Ú  0 ≤ t ≤ π

Œ√‡± ˚±À26√ Œ˚, F(–t) = F(t) ’Ô«±» F(t) ’À¬Ûé¬fl¡øÈ¬ ˚≈¢¨ ’À¬Ûé¬fl¡º Ù¬À˘ F(t) ’À¬Ûé¬Àfl¡¬ı˛

ø¬ıd‘¬øÓ¬ÀÓ¬ ¸±˝◊√√Ú ’À¬Ûé¬fl¡ Ô±fl¡À¬ı Ú± ¤¬ı— ø¬ıd‘¬øÓ¬øÈ¬ ˝√√À¬ı

a
a kxk

0

12 +
∞
∑ cos
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Œ˚‡±ÀÚ a0 = 
2 2 1

2 4 400π π
ππ

F t dt t t dt( ) = −zz cos sine j

= 

= 4 2
4 4 1π
π πsin cos+ −

= 4 2 2 1π −

ak = 2
0π
π
F t kt dt( )z cos

= 
2

4 40π
ππ

cos cost kt dt+z e j

= 

= 

= 1 2
1
4

2
1
4

4
1

1
4

1
1
4

π
π π π π

πsin sin
sin

k

k

k

k k k

+

+
+

−

−

R
S|
T|

U
V|
W|

−
+

−
−

R
S|
T|

U
V|
W|

L

N
MMM

O

Q
PPP

e j
e j

e j

ak = 

= 1
4

1
2

1
16

2π π πcos sink
k

−
−

−
e j
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= − −( ) −L
NM

O
QP −

8 1 1
2

1
16 12π

k

k

= 4 2 2 1 1 1
16 12π − −

−
( )k

k

’Ó¬¤¬ı øÚÀÌ«˚˛ ø¬ıd‘¬øÓ¬øÈ¬ ˝√√À26√

F t
k

ktk

k

( ) = − + −( ) −
−=

∞
∑4 2 2 4 2 2 1 1 1

16 12
1π π n s cos

’Ô«±» f x
k

kx kk

k

( ) ( ) ( )= − + − −
−

−
=

∞
∑4 2 2 4 2 2 1 1 1

16 1
42

1π π πm r cos

 = 
4 2 2 4 2 2 1 1

16 1
42

1

− + − −( )
−=

∞
∑π π

k

k k
kxn s cos

13.7 ¸±¬ı˛±—˙

A. ˚≈¢¨ ¤¬ı— ’˚≈¢¨ ’À¬Ûé¬Àfl¡¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ

f(x) ¤fl¡øÈ¬ ˚≈¢¨ ’À¬Ûé¬fl¡ ˝√√À˘ (–π, π) ’z¬¬ı˛±À˘ ¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ¬Û√·≈ø˘ ¸±˝◊√√Ú ’À¬Ûé¬fl¡

¬ıøÊ«√Ó¬ ˝√√À¬ı ¤¬ı— ¤Àé¬ÀS Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√À¬ı

1 2
010π π
ππ

f t dt f t kt dt kx
k

( ) + ( )z∑z
=

∞
cos cose j

¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘Àfl¡ S(x) ø˘À‡ ¬Û±˝◊ S x f x f x( ) = +( ) + −( )1
2 0 0 , √√ ˚‡Ú

0 < x < π ¤¬ı— S(0) = f(0), S(π) = f(π – 0).

’±¬ı±¬ı˛, f(x) ¤fl¡øÈ¬ ’˚≈¢¨ ’À¬Ûé¬fl¡ ˝√√À˘ (–π, π) ’z¬¬ı˛±À˘ ¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ¬ı˛ ¬Û√·≈ø˘ Œfl¡±¸±˝◊√√Ú

’À¬Ûé¬fl¡ ¬ıøÊ«√Ó¬ ˝√√À¬ı ¤¬ı— ¤Àé¬ÀS Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√À¬ı

2
01π
π

sin sinkx f t kt dt
k

( )z∑
=

∞
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S(x) ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À¬ı

¤¬ı— S(0) = S(π) = 0.

B. ¸±˝◊√√Ú Œ|Ìœ ¤¬ı— Œfl¡±¸±˝◊√√Ú Œ|Ìœº ’Ò«¬Û±~±¬ı˛ Œ|Ìœ ¬ı± ’¸•Û”Ì« Œ|Ìœ (Half Range
or Incomplete Series)

[0, π] ’ôL¬ı˛±À˘ ¸—ø:Ó¬, ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Úfl¡±¬ı˛œ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ f(x)-¤¬ı˛ ¸±˝◊√√Ú Œ|ÌœøÈ¬

√̋√̆

2
01π
π

sin sinnx f t nt dt( )z∑
∞

S(x) ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À˘

˚‡Ú 0 < x < π

¤¬ı— S(0) = S(π) =0

’Ú≈¬ı˛≈¬Û ŒéÀS ‹ ’À¬Ûé¬fl¡øÈ¬¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœøÈ¬ ˝√À¬ı

1 2
0 1 0π π
π π

f t dt kx f t kt dt( ) cos ( ) cosz ∑ z∞

¤˝◊√√ Œ|ÌœøÈ¬¬ı˛¬ Œ˚±·Ù¬˘Àfl¡ S(x) ø√À˚˛ øÚÀ«√ø˙Ó¬ fl¡¬ı˛À˘

˚‡Ú 0 < x < π

¤¬ı— S(0) = f(0+), S(π) = f(π – 0).

C. (−π, π) −π, π) −π, π) −π, π) −π, π) ¬ı…Ó¬œÓ¬ ’Ú…±Ú… ’z¬¬ı˛±À˘ Ù≈¬¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ

1. ’z¬¬ı˛±˘ (0,2π)

(0,2π) ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Úfl¡±¬ı˛œ 2π ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ f(x) ¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬

√̋√̆
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1
2

1 1
0

2

1 0

2

1 0

2

π π π
π π π

f t dt nx f t nt dt nx f t dt( ) cos ( ) cos sin ( ) sinz ∑ z ∑ z∞ ∞
+

S(x) ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À˘

S x f x f x( ) ( ) ( ) ,= + + −1
2 0 0 ˚‡Ú 0 < x < 2π

¤¬ı— S f f S( ) ( ) ( ) ( ).0 1
2 0 2 2= + − =+ π π

2. ’z¬¬ı˛±˘ [a,b]

[a,b] ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Úfl¡±¬ı˛œ [b – a) ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ f(x) ¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛

Œ|ÌœøÈ¬ ˝√√À¬ı

1
2 2 20

1 1
a a n

b a
x a b b n

b a
x a bn

n
n

n
+ − − − + − − −

=

∞

=

∞
∑ ∑cos ( ) sin ( )π πe j e j

Œ˚‡±ÀÚ a
b a

f u n
b a

u a b du nn a

b
= − − − − =z2 2 0,1 2( ) cos ( , , . . .πe j

¤¬ı—b
b a

f u n
b a

u a b du nn a

b
= − − − − =z2 2 1 2,3( ) sin ( ) , . ..πe j

S(x) ¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ ˝√√À˘

S x f x f x( ) ( ) ( ) ,= − + +1
2 0 0

˚‡Ú a < x < b

¤¬ı— S a S b f a f b( ) ( ) ( ) ( )= = + + −1
2

[a,b] ’z¬¬ı˛±À˘ ¸—ø:Ó¬ ’À¬Ûé¬Àfl¡¬ı˛ ¸±˝◊√√Ú Œ|Ìœ, Œfl¡±¸±˝◊√√Ú Œ|Ìœº

[a,b] ’z¬¬ı˛±À˘ f(x) ’À¬Ûé¬Àfl¡¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœøÈ¬ ˝√√À26√

1 2
1b a

f t dt
b a

k
x a
b a

f t k
t a
b a

dt
a

b

k
a

b

− + −
−
−

−
−z ∑ z

=

∞
( ) cos ( ) ( ) cos ( )π π

¤¬ı— ¸±˝◊√√Ú Œ|ÌœøÈ¬ ˝√√À26√

2
1b a

k
x a
b a

f t k
t a
b a

dt
k

a

b

−
−
−

−
−=

∞
∑ zsin ( ) ( ) sin ( )π π
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3. ’z¬¬ı˛±˘ (– l, l)
[a,b] ’z¬¬ı˛±À˘ ¬ıøÌ«Ó¬ Ù¬˘·≈ø˘ÀÓ¬ a = – l ¤¬ı— b = l ¬ıø¸À˚˛ ¬Û±˝◊√√

[–l, l] ’z¬¬ı˛±À˘ ø√ø¬ı˛À√flv¡¬ı˛ ˙Ó«¬ ¬Û±˘Úfl¡±¬ı˛œ 2l ¬¬¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ f(x) ¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬

√̋√À¬ı

1
2 0

1
a a n

l
x b n

l
xn n

n
+ +

=

∞
∑ cos sinπ πe j

Œ˚‡±ÀÚ a
l

f u n
l

u du nn l

l
= =

−z1 0,1 2( ) cos . , . . .π

¤¬ı—

¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ S(x) ˝√√À˘

S x f x f x( ) ( ) ( ) ,= + + −1
2 0 0 ˚‡Ú –l < x < l

¤¬ı— S l f l f l s l( ) ( ) ( ) ( )− = − + + − =1
2 0 0

(0,l) ’z¬¬ı˛±À˘ ’Ò«-¬Û±~±¬ı˛ ¸±˝◊√√Ú › Œfl¡±¸±˝◊√√Ú Œ|Ìœº (0,l) ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Úfl¡±¬ı˛œ

2l ¬Û˚«±À˚˛¬ı˛ ¬Û˚±«¬ı‘M√√ ’À¬Ûé¬fl¡ f(x) ¤¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœøÈ¬ ˝√√À26√

1 2
0 0l

f t dt
l

n
l

x f t n
l

t dt
l

l

l
( ) cos ( ) cos+z ∑ z∞ π π

˚‡Ú 0 ≤ x ≤ l

¤¬ı˛ Œ˚±·Ù¬˘ S(x) ˝√√À˘, S x f x f x( ) [ ( ) ( ],= + + −1
2 0 0 ˚‡Ú 0 < x < l

¤¬ı— S(0) = f(0+), S(l) = f(l–)
(0, l) ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Úfl¡±¬ı˛œ, 2l ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’À¬Ûé¬fl¡ f(x) ¤¬ı˛ ¸±˝◊√√Ú Œ|ÌœøÈ¬

¬˝À26√

2
0l

n
l

x f t n
l
t dt

l

l
sin ( ) sinπ π∞

∑ z ˚‡Ú 0 ≤ x ≤ l

¤˝◊√√ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ S(x) ˝√√À˘

˚‡Ú 0 < x < l

¤¬ı— S(0) = S(l) = 0
D.  Ê√øÈ¬˘ ¬ı˛±ø˙¬ı˛ ˜±Ò…À˜ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœº [Complex Form of Fourier Series)
(–l, l) ’z¬¬ı˛±À˘ ø√ø¬ı˛Àflv¡¬ı˛ ˙Ó«¬ ¬Û±˘Úfl¡±¬ı˛œ 2l ¬Û˚«±À˚˛¬ı˛ ¬Û˚«±¬ı‘M√√ ’¬À¬Ûé¬Àfl¡¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬Àfl¡

øÚÀ‰¬¬ı˛ ¸—øé¬5 ’±fl¡±À¬ı˛ õ∂fl¡±˙ fl¡¬ı˛± ¸y¬¬ıº
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f x c en

in
l

x

n
( ) ~

π

=−∞

∞
∑

Œ˚‡±ÀÚ c
l

f x e dx nn

in
l

x

l

l
= = ± ±−

−z1
2 0, 1 2,( ) , , . . .

π

E. ¬Û±¬ı˛À¸ˆ¬…±À˘¬ı˛ ¸”Sº [Parseval’s Formula)

˚ø√ (–l,l) ’z¬¬ı˛±À˘ ¸—ø:Ó¬ Œfl¡±Ú ’À¬Ûé¬fl¡ f(x) ¤¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ

1
2 0

1
a a k

l
x b k

l
xk k

k
+ +

=

∞
∑ cos sinπ πe j

‹ ’z¬¬ı˛±À˘ ¸˜-’øˆ¬¸±¬ı˛œ ˝√√˚˛, Ó¬±˝√√À˘

f x dx l a a b
l

l

n n
n

( ) ( )2
0
2 2 2

1

1
2− =

∞z ∑= + +RST
UVW

13.8 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1. 0 < x < π ’z¬¬ı˛±À˘ f(x) ’À¬Ûé¬fl¡øÈ¬¬ı˛ õ∂øÓ¬¬ı˛≈¬Û, x ¤¬ı˛ ·≈øÌÓ¬fl¡ ¤¬ı˛ ¸±˝◊√√Ú Œ|ÌœøÈ¬ øÚÌ«˚˛

fl¡¬ı≈̨Ú

f x x( ) ,= < <1
3 0 3π π= < <0, 1

3
2
3π πx

= − < <1
3

2
3π π π, x

x = 2 3
π   ¤¬ı— x = π ø¬ıμ≈ÀÓ¬ õ∂±5 Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº

[ cosb
m

m
mm2

2
3 1 2 3

1= − =π

 ˚‡Ú m, 3 ¤¬ı˛ ·≈øÌÓ¬fl¡ Ú˚˛º

sin sin sin sin sin .. .2 4
2

8
4

10
5

14
7x x x x x+ + + + +

S s2
3

1
6 0π π πe j = − =, ( ) ]

2. Œ√‡±Ú Œ˚ 0 < x < π ’z¬¬ı˛±À˘ ex ¤¬ı˛ ’Ò«¬Û±~±¬ı˛ ¸±˝◊√√Ú › Œfl¡±¸±˝◊√√Ú Œ|Ìœ ≈√øÈ¬ ˝√√˘ ˚Ô±√flË¡À˜

2 1 1
11

2π
π( ( ) ) sin− −

+

∞
∑ n e n nx

n
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¤¬ı—
e e nx

n
n

π π
π π
− − − −

+

∞
∑1 2 1 1

11
2( ( ) ) cos

3. õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ 0 < θ < 2π ’z¬¬ı˛±À˘ 
1
2 ( )π θ−  ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√˘

sin n
nn

θ
=

∞
∑

1

θ = 0 ¤¬ı— θ = 2π ø¬ıμ≈ ≈√øÈ¬ÀÓ¬ Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ øÚÌ«˚˛ fl¡¬ı˛”≈Úº

4. − < <1
2

1
2l x l  ’z¬¬ı˛±À˘ f(x) = x2 ’À¬Ûé¬fl¡øÈ¬¬ı˛ Œfl¡±¸±˝◊√√Ú Œ|ÌœøÈ¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº

l l m
l

x

m
m

m

2

2

2

2
11

1
2

+ −
F
H
GG

I
K
JJ=

∞
∑π

π
( )

cos

5. φ(x) = 0 ˚‡Ú 0 < x < 1
= x – 1, ˚‡Ú 1 ≤ x < 2

 φ (2) = 0
¤¬ı— φ (x + 4) = φ(x), – ∞ < x < ∞
Î¬◊¬ÛÀ¬ı˛ ¬ıøÌ«Ó¬ ’À¬Ûé¬fl¡øÈ¬¬ı˛ ¸±˝◊√√Ú Œ|ÌœøÈ¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº

: ( ) sin sin2 1 4
2 2

1

2 2
1

− −L
NM

O
QP

F
HG

I
KJ

−

=

∞
∑

k

k k k
k k xπ π

π π

6. ¬Û±ù´¬ıÓ«¬œ Œ˘‡ø‰¬ÀS OAB Œ¬ı˛‡±‡G¬ ≈√øÈ¬ ¡Z±¬ı˛± ¸—ø:Ó¬ ’À¬Ûé¬fl¡øÈ¬¬ı˛ ’Ò«-¬Û±~±¬ı˛ ¸±˝◊√√Ú Œ|ÌœøÈ¬

øÚÌ«˚˛ fl¡¬ı˛≈Ú

[ ˝◊√√—ø·Ó¬ : f x h
a

x x a( ) ,= ≤ ≤0

= − − ≤ ≤h
a

x l a x l1 ( ),

Î¬◊M√√¬ı˛ b hl
n a l a

n
l

an = −
2 12

2 2π
π

( ) sin

f x hl
a l a

n
l

a n
l

x n
n

( ) ( ) sin sin /= −=

∞
∑ 2 12

2
1

2

π
π π

]
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7. Œ√‡±Ú Œ˚

1
96 2 2 3

3
5

5
2 2

2 4π π π π( )( ) cos cos cos . . .− + − = + + +x x x x x x
  ˚‡Ú 

0 ≤ ≤x π.

8. Œ√‡±Ú Œ˚ 

f t t t( ) , ( )= − ≤ ≤
2

4 π π

’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|ÌœøÈ¬ ˝√√À26√

S t
nt

n

n

n
( ) ( ) cosπ2 1

2
112

1− − +

=

∞
∑

’±À¬ı˛± Œ√‡±Ú Œ˚, S(0) Œ|ÌœøÈ¬ f(0) ˜±ÀÚ ’øˆ¬¸±¬ı˛œº

[S(0) converges to f(0)]

’Ó¬–¬Û¬ı˛ õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

π
12

1
1

1
2

1
3

1
4

2

2 2 2 2= − + − +. ..

¤¬ı±¬ı˛ ¬Û±¬ı˛À¸˘ˆ¬…±À˘¬ı˛ ¸”S õ∂À˚˛±· fl¡À¬ı˛ Œ√‡±Ú Œ˚

1
904

1

4

nn
=

=

∞
∑ π

9. (a) f(t) = | t | (–π ≤ t ≤ π ) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛

1
1

1
3

1
5

1
72 2 2 2− + − +. ..

Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº [Î¬◊M√√¬ı˛ : π2

8
)

(b)

1
1

1
3

1
5

1
74 4 4 4− + − +. ..

Œ|ÌœøÈ¬¬ı˛ Œ˚±·Ù¬˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº [Î¬◊M√√¬ı˛ : π
96

4
)
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10. f(t) = t (–π ≤ t ≤ π) ’À¬Ûé¬fl¡øÈ¬¬ı˛ Ù≈¬ø¬ı˛˚˛±¬ı˛ Œ|Ìœ ¤¬ı— Œ¬ıÀ¸À˘¬ı˛ ’¸˜Ó¬± (Bessel’s

Inequality) ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ Œ√‡±Ú Œ˚ 1+2–2 + 3–2 + ... + n–2 ≤ 

¸˝√√±˚˛fl¡ ¬Û±Í¬…¬Û≈d¬fl¡±¬ı˘œ
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