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õ∂±flƒ¡fl¡ÔÚ

ŒÚÓ¬±øÊ√ ¸≈ˆ¬±¯∏ ˜≈q¡ ø¬ıù´ø¬ı√…±˘À˚˛¬ı˛ ¶ß±Ó¬fl¡ Œ|øÌ¬ı˛ Ê√Ú… Œ˚ ¬Û±Í¬√flË¡˜ õ∂¬ıøÓ«¬Ó¬ ˝√√À˚˛ÀÂ√, Ó¬±¬ı˛

˘é¬Ìœ˚˛ Δ¬ıø˙©Ü… ˝√√í˘ õ∂øÓ¬øÈ¬ ø˙é¬±Ô«œÀfl¡ Ó¬“√±¬ı˛ ¬ÛÂμ˜Ó¬ Œfl¡±ÀÚ± ø¬ı¯∏À˚˛ ¸±•ú±øÚfl¡

(Honours) d¬À¬ı˛ ø˙é¬±¢∂˝√√ÀÌ¬ı˛ ¸≈À˚±· fl¡À¬ı˛ Œ√›˚˛±º ¤Àé¬ÀS ¬ı…øq¡·Ó¬ˆ¬±À¬ı Ó¬“√±À√¬ı˛

¢∂˝√√Ìé¬˜Ó¬± ’±À· ŒÔÀfl¡˝◊√√ ’Ú≈˜±Ú fl¡À¬ı˛ Ú± øÚÀ˚˛ øÚ˚˛Ó¬ ˜”˘…±˚˛ÀÚ¬ı˛ ˜Ò… ø√À˚˛ Œ¸È¬± øàÔ¬ı˛

fl¡¬ı˛± ◊̋√√ ≈̊øq¡ ≈̊q¡º Œ¸ ◊̋√√ ’Ú≈̊ ± ˛̊œ ¤fl¡±øÒfl¡ ø¬ı ∏̄À ˛̊ ¸±•ú±øÚfl¡ ˜±ÀÚ¬ı˛ ¬Û±Í¬-Î¬◊¬Ûfl¡¬ı˛Ì ¬ı˛ø‰¬Ó¬ √̋√À ˛̊ÀÂ√

› ˝√√À26√ñ ˚±¬ı˛ ˜”˘ fl¡±Í¬±À˜± øàÔ¬ı˛œfl‘¡Ó¬ ˝√√À˚˛ÀÂ√ ¤fl¡øÈ¬ ¸≈ø‰¬øz¬Ó¬ ¬Û±Í¬√flË¡À˜¬ı˛ øˆ¬øM√√ÀÓ¬º Œfl¡f

› ¬ı˛±ÀÊ√…¬ı˛ ’¢∂·Ì… ø¬ıù´ø¬ı√…±˘˚˛ ¸˜”À˝√√¬ı˛ ¬Û±Í¬√flË¡˜ ’Ú≈¸¬ı˛Ì fl¡À¬ı˛ Ó¬±¬ı˛ ’±√˙« Î¬◊¬Ûfl¡¬ı˛Ì·≈ø˘¬ı˛

¸˜i§À˚˛ ¬ı˛ø‰¬Ó¬ ˝√√À˚˛ÀÂ√ ¤˝◊√√ ¬Û±Í¬√flË¡˜º Œ¸˝◊√√¸Àe· ˚≈q¡ ˝√√À˚˛ÀÂ√ ’ÒœÓ¬¬ı… ø¬ı¯∏À˚˛ ÚÓ≈¬Ú Ó¬Ô…,

˜ÚÚ › ø¬ıÀù≠¯∏ÀÌ¬ı˛ ¸˜±À¬ı˙º

”√¬ı˛-¸=±¬ı˛œ ø˙é¬±√±ÀÚ¬ı˛ ¶§œfl‘¡Ó¬ ¬ÛXøÓ¬ ’Ú≈¸¬ı˛Ì fl¡À¬ı˛˝◊√√ ¤˝◊√√¸¬ı ¬Û±Í¬-Î¬◊¬Ûfl¡¬ı˛Ì Œ˘‡±¬ı˛

fl¡±Ê√ ‰¬˘ÀÂ√º ø¬ıøˆ¬iß ø¬ı ∏̄À ˛̊¬ı˛ ’øˆ¬: ¬ÛøG¬Ó¬˜G¬˘œ¬ı˛ ¸± √̋√±˚… ¤-fl¡±ÀÊ√ ’¬Ûø¬ı˛̋ √√± «̊ ¤¬ı— “̊√±À√¬ı˛

øÚ¬ı˛˘¸ ¬Ûø¬ı˛|À˜ Œ˘‡±, ¸•Û±√Ú± Ó¬Ô± ø¬ıÚ…±¸fl¡˜« ¸≈¸•Ûiß ˝√√À26√ Ó¬“√±¬ı˛± ¸fl¡À˘˝◊√√ ÒÚ…¬ı±À√¬ı˛

¬Û±Sº ’±¸À˘, ¤“√¬ı˛± ¸fl¡À˘˝◊√√ ’˘Àé¬… ŒÔÀfl¡ ”√¬ı˛¸=±¬ı˛œ ø˙é¬±√±ÀÚ¬ı˛ fl¡±˚«√flË¡À˜ ’—˙

øÚÀ26√Ú  , ˚‡Ú˝◊√√ Œfl¡±Ú ø˙é¬±Ô«œ› ¤˝◊√√ ¬Û±Í¬…¬ıd≈¬øÚ‰¬À˚˛¬ı˛ ¸±˝√√±˚… ŒÚÀ¬ıÚ, Ó¬‡Ú˝◊√√ øÓ¬øÚ fl¡±˚«Ó¬

¤fl¡±øÒfl¡ ø˙é¬fl¡˜G¬˘œ¬ı˛ ¬ÛÀ¬ı˛±é¬ ’Ò…±¬ÛÚ±¬ı˛ Ó¬±¬ı» ¸≈ø¬ıÒ± Œ¬ÛÀ˚˛ ˚±À26√Úº

¤ ◊̋√√̧ ¬ı ¬Û±Í¬-Î¬◊¬Ûfl¡¬ı˛ÀÌ¬ı˛ ‰¬‰«¬± › ’Ú≈̇ œ˘ÀÚ ˚Ó¬È¬± ˜ÀÚ±øÚÀ¬ı˙ fl¡¬ı˛À¬ıÚ Œfl¡±Ú› ø˙é¬±Ô«œ,

ø¬ı ∏̄À ˛̊¬ı˛ ·ˆ¬œÀ¬ı˛ ˚±› ˛̊± Ó¬“√±¬ı˛ ¬ÛÀé¬ Ó¬Ó¬ ◊̋√√ ¸˝√√Ê√ ˝√√À¬ıº ø¬ı ∏̄̊ ˛¬ıd≈¬ ˚±ÀÓ¬ øÚÀÊ√¬ı˛ Œ‰¬©Ü± ˛̊ ’øÒ·Ó¬

˝√√˚˛, ¬Û±Í¬-Î¬◊¬Ûfl¡¬ı˛ÀÌ¬ı˛ ˆ¬±¯∏± › Î¬◊¬ÛàÔ±¬ÛÚ± Ó¬±¬ı˛ Î¬◊¬ÛÀ˚±·œ fl¡¬ı˛±¬ı˛ ø√Àfl¡ ¸¬ı«d¬À¬ı˛ ÚÊ√¬ı˛ ¬ı˛±‡±

˝√√À˚˛ÀÂ√º ¤¬ı˛¬Û¬ı˛ Œ˚‡±ÀÚ ˚Ó¬È≈¬fl≈¡ ’¶Û©ÜÓ¬± Œ√‡± Œ√À¬ı, ø¬ıù´ø¬ı√…±˘À˚˛¬ı˛ ø¬ıøˆ¬iß ¬Û±Í¬Àfl¡Àf

øÚ˚≈q¡ ø˙é¬±-¸˝√√±˚˛fl¡·ÀÌ¬ı˛ ¬Û¬ı˛±˜À˙« Ó¬±¬ı˛ øÚ¬ı˛¸Ú ’¬ı˙…˝◊√√ ˝√√íÀÓ¬ ¬Û±¬ı˛À¬ıº Ó¬±¬ı˛ ›¬Û¬ı˛ õ∂øÓ¬

¬Û˚«±À˚˛¬ı˛ Œ˙À¯∏ õ∂√M√√ ’Ú≈˙œ˘Úœ › ¬’øÓ¬ø¬ı˛q¡ :±Ú ’Ê«√ÀÚ¬ı˛ Ê√Ú… ¢∂&Ô-øÚÀ«√˙ ø˙é¬±Ô«œ¬ı˛

¢∂˝√√Ìé¬˜Ó¬± › ø‰¬z¬±˙œ˘Ó¬± ¬ı‘øX¬ı˛ ¸˝√√±˚˛fl¡ ˝√√À¬ıº

¤˝◊√√ ’øˆ¬Ú¬ı ’±À˚˛±Ê√ÀÚ¬ı˛ Œ¬ı˙øfl¡Â≈√ õ∂˚˛±¸˝◊√√ ¤‡Ú› ¬Û¬ı˛œé¬±˜”˘fl¡ñ’ÀÚfl¡ Œé¬ÀS

¤Àfl¡¬ı±À¬ı˛ õ∂Ô˜ ¬Û√Àé¬¬Ûº ¶§ˆ¬±¬ıÓ¬˝◊√√ S≈øÈ¬-ø¬ı‰≈¬…øÓ¬ øfl¡Â≈√ øfl¡Â≈√ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛, ˚± ’¬ı˙…˝◊√√

¸—À˙±ÒÚ › ¬Ûø¬ı˛̃ ±Ê«√Ú±¬ı˛ ’À¬Ûé¬± ¬ı˛±À‡º ¸±Ò±¬ı˛Ìˆ¬±À¬ı ’±˙± fl¡¬ı˛± ˚± ˛̊, ¬ı…±¬Ûfl¡Ó¬¬ı˛ ¬ı…¬ı˝√√±À¬ı˛¬ı˛

˜Ò… ø√À˚˛ ¬Û±Í¬-Î¬◊¬Ûfl¡¬ı˛Ì·≈ø˘ ¸¬ı«S ¸˜±‘√Ó¬ ˝√√À¬ıº
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Œ‚±¯∏Ì±

¤˝◊√√ ¬Û±Í¬ ̧ —fl¡˘ÀÚ¬ı˛ ̧ ˜≈√˚˛ ¶§Q ŒÚÓ¬±øÊ√ ̧ ≈ˆ¬±¯∏ ̃ ≈q¡ ø¬ıù´ø¬ı√…±˘À˚˛¬ı˛ ¡Z±¬ı˛± ̧ —¬ı˛øé¬Ó¬º ø¬ıù´ø¬ı√…±˘˚˛ fl¡Ó«‘¬¬ÛÀé¬¬ı˛

ø˘ø‡Ó¬ ’Ú≈˜øÓ¬ Â√±Î¬ˇ± ¤¬ı˛ Œfl¡±Ú ’—À˙¬ı˛ ¬Û≈Ú˜«≈^Ì ¬ı± Œfl¡±Úˆ¬±À¬ı Î¬◊X‘øÓ¬ ¸•Û”Ì« øÚø¯∏Xº

������� 	
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øÚ¬ı&Òfl¡

¬Ûø¬ı˛ø‰¬øÓ¬

ø¬ı¯∏˚˛ : ·øÌÓ¬ø¬ı√…±  ¸±•ú±øÚfl¡ ô¶¬ı˛

¬Û±Í¬√flË¡˜ : ¬Û˚«±˚˛ : EMT 09 : 1 & 2

 Û˚«±˚˛

1                   ¬ı˛‰¬Ú±       ¸•Û±√Ú±

¤fl¡fl¡ 1-10 ’Ò…±¬Ûfl¡ ’ø˜Ó¬±ˆ¬ ‰¬√flË¡¬ıÓ«¬œ Î¬. ¬ı˛ÌøÊ√» Ò¬ı˛

 Û˚«±˚˛

2  ¬ı˛‰¬Ú±  ¸•Û±√Ú±

¤fl¡fl¡ 11-18 Î¬. ˙¬ı«±Ìœ ‰¬√flË¡¬ıÓ«¬œ Î¬. ¬ı˛ÌøÊ√» Ò¬ı˛
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ŒÚÓ¬±øÊ√ ¸≈ˆ¬±¯∏ ˜≈q¡ ø¬ıù´ø¬ı√…±˘˚˛

EMT – 09

Δ¬ıÀù≠¯øÌ∏fl¡ ·øÓ¬ø¬ı√…±

Û˚«±˚˛

1

fl¡Ì± ·øÓ¬ø¬ı√…±

¤fl¡fl¡ 1 � ¸‘øÓ¬ø¬ı√…± › ·øÓ¬ø¬ı√…± 7–23

¤fl¡fl¡ 2 � ¬¬ı˘±ÒœÚ ·øÓ¬ø¬ı√…± 24–45

¤fl¡fl¡ 3 � ¸¬ı˛˘ ¸˜?¸ ·øÓ¬ 46–66

¤fl¡fl¡ 4 � ¸˜Ó¬˘œ˚˛ ·øÓ¬ 67–95

¤fl¡fl¡ 5 � Œfl¡fœ˚˛ ¬ı˘±ÒœÚ ·øÓ¬¬ÛÔ 96–108

¤fl¡fl¡ 6 � ø¬ı¬Û¬ı˛œÓ¬ ¬ı·« øÚ˚˛˜±ÒœÚ ¢∂˝√√¸˜”À˝√√¬ı˛ ·øÓ¬ 109–114

¤fl¡fl¡ 7 � Î¬◊¬Û^≈øÓ¬ Œ˝√√Ó≈¬ Î¬◊¬Û¬ı‘M√√ ¬ÛÀÔ¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú 115–122

¤fl¡fl¡ 8 � õ∂øÓ¬À¬ı˛±Òœ ¬ÛÀÔ fl¡Ì±¬ı˛ ·øÓ¬ 123–128

¤fl¡fl¡ 9 � ¸¬ı±Ò ·øÓ¬ 129–141

¤fl¡fl¡ 10 � ¬ˆ¬¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ¸—√flË¡±z¬ ·øÓ¬ 142–144



NSOU

Û˚«±˚˛

2

‘√Ï¬ˇ·øÓ¬ø¬ı√…±

¤fl¡fl¡ 11 � fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬ 147–165

¤fl¡fl¡ 12 � ¬‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬ Ê√…±ø˜øÓ¬ 166–172

¤fl¡fl¡ 13 � ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ 173–196

¤fl¡fl¡ 14 � Î¬±˘±•§±À¬ı˛¬ı˛ ÚœøÓ¬ › Ó¬»õ∂À˚˛±À· ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬¸”S±ø√ 197–208

¤fl¡fl¡ 15 � øàÔ¬ı˛ ’é¬ ¸±À¬ÛÀé¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ·øÓ¬ 209–223

¤fl¡fl¡ 16 � ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬¸—¬ı˛é¬Ì ÚœøÓ¬¸˜”˝√√ 224–244

¤fl¡fl¡ 17 � ø¡Z˜±øSfl¡ ·øÓ¬ 245–266

¤fl¡fl¡ 18 � ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¸˝√√¸±·øÓ¬ › ‚±Ó¬Ê√·øÓ¬ 267–280
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¤fl¬fl¬ 1 � ¸‘øÓ¬ø¬ı√…± › ·øÓ¬ø¬ı√…± [Kinematics and
Kinetics)

·Í¬Ú

1.1 ¬√õ∂d¬±¬ıÚ±

1.2 ¬Î¬◊ÀV˙…

1.3 ‘̧øÓ¬ø¬ı√…±

1.4 ^≈øÓ¬ ¬¤¬ı— Œ¬ı· [Œˆ¬"√√À¬ı˛¬ı˛ õ∂À˚˛±·]

1.5 fl¡±ÀÓ«¬Ê√œ˚˛ àÔ±Ú±—fl¡ ¡Z±¬ı˛± Œˆ¬"√√À¬ı˛¬ı˛ ¬ı…¬ı˝√√±¬ı˛

1.6 Œˆ¬"√√¬ı˛ fl¡˘Ú

1.7 ¸¬ı˛Ì Œ¬ı· › Q¬ı˛Ì, ’±À¬Ûøé¬fl¡À¬ı·, ·Î¬ˇ ^≈øÓ¬ ¤¬ı— ·Î¬ˇ Œ¬ı·

1.8 Œˆ¬"√√À¬ı˛¬ı˛ Î¬◊¬Û±—˙ ¤¬ı— Œˆ¬"√√¬ı˛ ¸˜”À˝√√¬ı˛ ˘øt

1.9 ’Ú≈̇ œ˘Úœ

1.10 ¸±¬ı̨±—˙

1.11 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘ [Î¬◊M√√¬ı˛ ¸•§ø˘Ó¬]

1.1 ¬√õ∂d¬±¬ıÚ±

1Ú— ¤¬ı— 2Ú— ≈√øÈ¬ ¤fl¡Àfl¡ ’±˜±¬ı˛ ¬ıd≈¬¬ı˛ ˆ¬¬ı˛ (mass) ¤¬ı— Ó¬±¬ı˛ ·øÓ¬¸—√flË¡±z¬ Ê√…±ø˜øÓ¬fl¡ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

¬ÛÀ¬ı˛ ¬ıd≈¬¬ı˛ ¸¬ı˛Ì (displacement), ^≈øÓ¬ (Speed) Œ¬ı· (Velocity) Q¬ı˛Ì (acceleration), ’±À¬Ûøé¬fl¡

Œ¬ı· (relative velocity), ·Î¬ˇ Œ¬ı· (average velocity) ˝◊√√Ó¬…±ø√ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ı ¤¬ı— ¤˝◊√√ ¸¬ı

Œé¬ÀS Œˆ¬"√√À¬ı˛¬ı˛ õ∂À˚˛±· Œ√‡±Ú ˝√√À˚˛ÀÂ√º

1.2 Î¬◊ÀV˙…

õ∂Ô˜ ¤¬ı— ø¡ZÓ¬œ˚˛ ¤fl¡fl¡¡Z˚˛ ¬Û±Í¬ fl¡¬ı˛À˘ ’±¬ÛøÚ ·øÓ¬ø¬ı√…±˚˛ ¸¬ı˛˘À¬ı˛‡±˚˛ ¬ıd≈¬¬ı˛ ·øÓ¬¬ÛÀÔ Ó¬±¬ı˛ ¸¬ı˛Ì, Œ¬ı·

› Q¬ı˛Ì øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚ ¤¬ı— Œˆ¬"√√À¬ı˛¬ı˛ ¸±˝√√±À˚… Ó¬±À√¬ı˛ ¬ı…±‡…± fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚº



8

NSOU

1.3 ¸‘øÓ¬ ø¬ı√…± (Kinematics)

·øÓ¬ø¬ı:±Ú ¬ı˘ø¬ı√…±¬ı˛ ¤fl¡øÈ¬ ˙±‡± ø¬ıÀ˙¯∏, ’±˜¬ı˛± Ê√±øÚ Œ˚ ø¬ıù´¬ıËp±G¬ ·øÓ¬˙œ˘  , ¸”˚«, ¢∂˝√√, ¬Û‘øÔ¬ıœ ˝√√ÀÓ¬

’±¬ı˛y¬ fl¡À¬ı˛ ’øÓ¬é≈¬^ ’Ì≈, ¬Û¬ı˛˜±Ì≈ [˝◊√√À˘fl¡√√√∏CÚ ˝◊√√Ó¬…±ø√] ¸fl¡À˘˝◊√√ ¶§ ¶§ ·øÓ¬ÀÓ¬ ’±¬ıÓ«¬Ú fl¡À¬ı˛º

’±˜¬ı˛± ¤˝◊√√ ¬Û±Í¬√flË¡À˜ Œfl¡¬ı˘˜±S fl¡Ì±¬ı˛ ·øÓ¬¸—√flË¡±z¬ øÚ˚˛˜±¬ı˘œ ¤¬ı— ‹ ø¬ı¯∏À˚˛ Œ˚ ¸fl¡˘ ¸˜¸…± Î¬◊æ”√Ó¬

˝√√ÀÓ¬ ¬Û±À¬ı˛ Ó¬± øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

fl¡Ì±Àfl¡ ’øÓ¬é≈¬^ ¬ıd≈¬ ø˝√√¸±À¬ı ’±˜¬ı˛± ø‰¬ø˝êÓ¬ fl¡¬ı˛¬ı  , ¤¬ı˛ Œfl¡±Ú ˜±S± ŒÚ˝◊√√ øflz≈¬ ˆ¬¬ı˛ (m) ’±ÀÂ√º ¬ıd≈¬¬ı˛

ˆ¬À¬ı˛¬ı˛ Œfl¡±Ú› ¶§±ÒœÚ ¸—:± ŒÚ˝◊√√  , Œfl¡¬ı˘˜±S ≈√øÈ¬ ¬¬ıd≈¬¬ı˛ ˆ¬À¬ı˛¬ı˛ Ó≈¬˘Ú± fl¡¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

õ∂ÔÀ˜ ’±˜¬ı̨± ·øÓ¬¸—√flË¡±z¬ Œfl¡¬ı˘˜±S Ê√…±ø˜øÓ¬fl¡ ’±À˘±‰¬Ú± fl¡¬ı̨¬ı  , ¤Àfl¡ ‘̧øÓ¬ ø¬ı√…± (Kinematics) ¬ı˘±

√̋√̊ º̨ ¬ÛÀ¬ı̨ ’±˜¬ı̨± ø¬ıøˆ¬iß ¬ıÀ˘¬ı̨ õ∂ˆ¬±À¬ı fl¡Ì±˚̨ ·øÓ¬ øÚÀ˚̨ ’±À˘±‰¬Ú± fl¡¬ı̨¬ı  , Ó¬±Àfl¡ ·øÓ¬ø¬ı√…± (Kinetics) ¬ı˘± √̋√̊ º̨

1.4 ^≈øÓ¬ ¤¬ı— Œ¬ı·

Œfl¡±Ú› Œ˘±fl¡ ˚ø√ ¤fl¡‚∞I◊±˚˛ 2 øfl¡À˘±ø˜È¬±¬ı˛ ’øÓ¬√flË¡˜ fl¡À¬ı˛, ’±˜¬ı˛± ¬ı˘¬ı Œ˚ Œ˘±fl¡øÈ¬¬ı˛ ^≈øÓ¬ (Speed)

‚∞I◊± ˛̊ 2 øfl¡À˘±ø˜È¬±¬ı˛, Œ˘±fl¡øÈ¬ Œfl¡±Úø√Àfl¡ ø·À ˛̊øÂ√˘ ’±˜¬ı˛± ø‰¬z¬± fl¡¬ı˛¬ı Ú± øflz≈¬ ˚ø√ ’±˜¬ı˛± Ê√±øÚ Œ˘±fl¡øÈ¬ Î¬◊M√√¬ı˛ø√Àfl¡

¤fl¡‚∞I◊±˚˛ ≈√˝◊√√ øfl¡À˘±ø˜È¬±¬ı˛ ’øÓ¬√flË¡˜ fl¡À¬ı˛øÂ√˘ ’±˜¬ı˛± ¬ı˘¬ı Œ˚ Ó¬±¬ı˛ Œ¬ı· (Velocity) Î¬◊M√√¬ı˛ø√Àfl¡ ‚∞I◊±˚˛ ≈√˝◊√√

øfl¡À˘±ø˜È¬±¬ı˛º

Œ¶®˘±¬ı˛ ¤¬ı— Œˆ¬"√√¬ı˛ – Œ˚ ¸fl¡˘ ¬ı˛±ø˙¬ı˛ ˙≈Ò≈ ¬Ûø¬ı˛˜±Ì (magnitude) Ô±Àfl¡ Ó¬±Àfl¡ Œ¶®˘±¬ı˛ ¬ı˛±ø˙ (Scalar)

¬ı˘± ˝√√˚˛  , ’Ú…ø√Àfl¡ Œ˚ ¸fl¡˘ ¬ı˛±ø˙¬ı˛ ¬Ûø¬ı˛˜±Ì ¤¬ı— øÚø«√©Ü ø√˙± (direction) Î¬◊ˆ¬˚˛˝◊√√ ’±ÀÂ√ Ó¬±À√¬ı˛Àfl¡ Œˆ¬"√√¬ı˛

¬ı˛±ø˙ (vector) ¬ı˘± ˝√√ ˛̊º

� Î¬◊¬ÛÀ¬ı˛¬ı˛ ‘√©Ü±z¬ ¡Z±¬ı˛± Œ√‡± ˚±À26 Œ˚ ^≈øÓ¬ ¤fl¡øÈ¬ Œ¶®˘±¬ı˛ ¬ı˛±ø˙ øflz≈¬ Œ¬ı· ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛ ¬ı˛±ø˙º ¬¬ıd≈¬Ó¬–

¬ı˘ø¬ı√…±˚˛ Œˆ¬"√√À¬ı˛¬ı˛ ¬ı…¬ı˝√√±À¬ı˛¬ı˛ ·≈¬ı˛≈Q¬Û”Ì« ˆ”¬ø˜fl¡± ’±ÀÂ√º ’±˜±À√¬ı˛ õ∂À˚˛±Ê√Ú±Ú≈¸±À¬ı˛ ’±˜¬ı˛± ¤˝◊√√ ¬Û±Í¬√flË¡À˜ Œˆ¬"√√¬ı˛

¬ıœÊ√·øÌÓ¬ ¤¬ı— Œˆ¬"√√¬ı˛ fl¡˘ÀÚ¬ı˛ ¸—øé¬5 ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº Œˆ¬"√√¬ı˛ ¸•§À&Ò ø¬ıd‘¬Ó¬ ’±À˘±‰¬Ú±¬ı˛ Ê√Ú… ’Ú… ¬Û≈d¬fl¡±ø√

¬Û±Í¬fl¡Àfl¡ ¬ÛÎ¬ˇÀÓ¬ ˝√√À¬ıº

ø‰¬ÀS OP ¸¬ı˛˘À¬ı˛‡±¬ı˛ ¡Z±¬ı˛± Œˆ¬"√√¬ı˛Àfl¡ ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˚±˚˛º OP ‡øG¬Ó¬ ¸¬ı˛˘À¬ı˛‡± ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛º Ò¬ı˛± ˚±fl¡

P

O
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a ; ¤¬ı˛ ˜±Ú OP Œ¬ı˛‡±—À˙¬ı˛ Δ√À‚«…¬ı˛ ˜±Ú ¤¬ı— ø√˙± O ø¬ıμ≈ ŒÔÀfl¡ P ø¬ıμ≈¬ı˛ ø√Àfl¡ ˝√√À¬ıº ’±˜¬ı˛± ¤˝◊√√¬ı˛”À¬Û

ø˘ø‡ OP a
�� �

� º

¸±Ò±¬ı˛ÌÓ¬– Œ¶®˘±¬ı˛ ˝√√ÀÓ¬ õ∂Àˆ¬√ Œ¬ı±Á¡±ÀÓ¬ Œˆ¬"√√À¬ı˛¬ı˛ ›¬Û¬ı˛ Ó¬œ¬ı˛ ø‰¬˝ê Œ√›˚˛± ˝√√˚˛º a
�

 Œˆ"√√À¬ı˛¬ı˛ ˜±Ú OP-

¤¬ı˛ Δ√À‚«…¬ı˛ ¸˜±Ú ¤¬ı— OP
�

 ’Ô¬ı± a
�

 Œˆ¬"√√À¬ı˛¬ı˛ ˜±ÚÀfl¡ | | | |OP a
� �

�  ¬ı˛”À¬Û ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˝√√˚˛º ˚ø√ m ¤fl¡øÈ¬

Œ¶®˘±¬ı˛ ¸—‡…± ˝√√ ˛̊ Ó¬± ˝√√À˘ ma
�

 ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛ ˝√√À¬ı  , ma
�

 Œˆ¬"√√¬ı˛ a
�

 Œfl¡ m [Œ¶®˘±¬ı˛] ¡Z±¬ı˛± ·≈Ì fl¡¬ı˛± ˝√√˚˛

¤¬ı— ˘t ·≈ÌÙ¬˘ ma
�

 ¤¬ı— a
�

 Œˆ¬"√√¬ı˛¡ZÀ˚˛¬ı˛ ø√˙± ’øˆ¬iß Ô±fl¡À¬ı ¤¬ı— ma
�

 Œˆ"√√À¬ı˛¬ı˛ ˜±Ú m a| |
�

 ˝√√À¬ıº ¤‡Ú

m
a

�
�

1

| |
 ˝√√À˘ Œ√‡± ˚±À¬ı Œ˚ 

�

a

a| |
�

 ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛ ˚±¬ı˛ ˜±Ú ¤fl¡ ¤fl¡fl¡ ¤¬ı— ø√˙± a
�

-¬ı˛ ¸Àe· ’øˆ¬ißº a
�

¤¬ı— b
�

 ≈√˝◊√√øÈ¬ Œˆ¬"√√À¬ı˛¬ı˛ ˜±Ú ¤¬ı— ø√˙± ’øˆ¬iß ˝√√À˘ ’±˜¬ı˛± ø˘ø‡ a b a
� � �

� ;  ¤¬ı— b
�

 ¡Z±¬ı˛± ø‰¬ø˝êÓ¬ ‡øG¬Ó¬

¸¬ı˛˘À¬ı˛‡±¡Z˚˛ ˝√√˚˛ ¸˜±z¬¬ı˛±˘ ˝√√À¬ı ÚÓ≈¬¬ı± ¤fl¡˝◊√√ ¸¬ı˛˘À¬ı˛‡±ÀÓ¬ Ô±fl¡À¬ıº

a
�

 Œˆ¬"√√¬ı˛øÈ¬¬ı˛ ˜±Ú a
�

 Œˆ¬"√√À¬ı˛¬ı˛ ¸˜±Ú øflz≈¬ Ó¬±À√¬ı˛ ø√˙± ¸•Û”Ì« ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ˝√√À¬ıº Œ˚˜Ú OP a
� �

�

˝√√À˘ PO a
� �

� �  ˝√√À¬ıº

Œˆ¬"√√¬ı˛¸˜”À˝√√¬ı˛ Œ˚±·Ù¬˘ –

a
�

 ¤¬ı— b
�

 ≈√øÈ¬ Œˆ¬"√√À¬ı˛¬ı˛ Œ˚±·Ù¬˘ a
�

 + b
�

 ¬ı˛”À¬Û ø‰¬ø˝êÓ¬ ˝√√À˚˛ Ô±Àfl¡  , a
�

 – b
�

 ¡Z±¬ı˛± a
�

 ¤¬ı—

– b
�

-¤¬ı˛ Œ˚±·Ù¬˘ ¬ı≈Á¡± ˛̊º

˘é¬… fl¡¬ı˛ Œ˚, m a b ma mb
� � � �

���
�
� � �

m a b ma mb
� � � �

���
�
� � �   [¤‡±ÀÚ m ¤fl¡øÈ¬ Œ¶®˘±¬ı˛ ¸—‡…±]

a a
� �

�  = O ˝√√À¬ı ¤¬ı— 0-Œfl¡ ˙”Ú… Œˆ¬"√√¬ı˛ ¬ı˘± ˝√√˚˛,

˘é¬… fl¡¬ı˛ Œ˚, a
�

 + O = O + a
�

 = a
�

 ˝√√À¬ıº

ø¡Z˜±øSfl¡ Ê√…±ø˜øÓ¬ÀÓ¬ a
�

 ¤¬ı— b
�

-¤¬ı˛ Œ˚±·Ù¬˘ a
�

 + b
�

-¤¬ı˛ øÚÌ«˚˛º

a
�

 ¤¬ı— b
�

 ≈√øÈ¬ Œˆ¬"√√¬ı˛ ˚ø√ OACB ¸±˜±z¬ø¬ı˛Àfl¡¬ı˛ ≈√øÈ¬ ¸øißø˝√√Ó¬ ¬ı±˝≈√√¡Z˚˛ OA a
�� ��
�
�
�  ¤¬ı— OB b

�� ��
�
�
�  ¬ı˛”À¬Û

õ∂√ø˙«Ó¬ ˝√√˚˛ Ó¬± Ó¬±À√¬ı˛ Œ˚±·Ù¬˘ a
�

 + b
�

 ¸±˜±z¬ø¬ı˛fl¡øÈ¬¬ı˛ fl¡Ì« OC
��

 ¡Z±¬ı˛± ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˚±˚˛º
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)

A
C

B
O

OA a
��

�
�

OC
a

b

�
� �

��

�

OB b
��

�
�

�

¸±˜±z¬ø¬ı˛Àfl¡¬ı˛ Ò˜« ’Ú≈˚±˚˛œ OA ¤¬ı— ø¬ı¬Û¬ı˛œÓ¬ ¬ı±˝≈√√ BC-¤¬ı˛ ˜±Ú ¸˜±Ú ¤¬ı— Ó¬±À√¬ı˛ ø√˙±› ’øˆ¬iß  ,

¤Ê√Ú… BC OA a
�� �� �

� �

’Ó¬¤¬ı, OB OA OB BC OC
�� �� �� �� ��

� � � �

’Ô«±» b
�

 + a
�

 = a
�

 + b
�

 .............. (i)

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı õ∂˜±Ì fl¡¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛ Œ˚ñ a b c a b c
� � � � � �

� � � � �( ) ( )  .............. (ii)

(i)-Œfl¡ Œˆ¬"√√¬ı˛¡ZÀ˚˛ Œ˚±·Ù¬À˘¬ı˛ ø¬ıøÚ˜˚˛ øÚ˚˛˜ ¤¬ı— (ii)-Œfl¡ øÓ¬ÚøÈ¬ Œˆ¬"√√À¬ı˛¬ı˛ Œ˚±·Ù¬À˘¬ı˛ ¸—À˚±· øÚ˚˛˜

¬ı˘± ˝√√ ˛̊º

Î¬◊¬ÛÀ¬ı˛ ’±À˘±ø‰¬Ó¬ ¸±˜±z¬ø¬ı˛fl¡øÈ¬¬ı˛ ¬ı±˝≈√√¡Z˚˛ OA ¤¬ı— OB-¤¬ı˛ ˜Ò…àÔ Œfl¡±Ì ˚ø√ �� ˝√√ ˛̊ ¤¬ı— fl¡Ì« OC ¤¬ı—

¬ı± ≈̋√√ OB -¤¬ı˛ ˜Ò…àÔ Œfl¡±Ì ˚ø√ 	� ˝√√ ˛̊ Ó¬± ˝√√À˘ Œ√‡±Ú ˚± ˛̊ Œ˚, c2 = a2 + b2 + 2ab cos �

¤¬ı— tan sin
cos



�
�

�
�
a

b a

a
�

 ¤¬ı— b
�

-¤¬ı˛ ˜±Ú ˚Ô±√flË¡À˜ a ¤¬ı— b ’Ô«±» | a
�

| = a ¤¬ı— | b
�

| = b ;

¸±˜±z¬ø¬ı˛fl¡ ¸”S ’Ú≈˚±˚˛œ Œfl¡±Ú› fl¡Ì±¬ı˛ O ø¬ıμ≈ÀÓ¬ ˚ø√ ≈√øÈ¬ Œ¬ı· OA
��

 ¤¬ı— OB
��

 ¡Z±¬ı˛± ø‰¬ø˝êÓ¬ ˝√√˚˛ Ó¬±

˝√√À˘ ‹ ≈√øÈ¬ Œ¬ıÀ·¬ı˛ Œ˚±·Ù¬˘ OC
��

 ˝√√À¬ıº

Œ¶®˘±¬ı˛ ¤¬ı— Œˆ¬"√√¬ı˛ ·≈Ì –

a
�

 ¤¬ı— b
�

 ≈√˝◊√√øÈ¬ Œˆ¬"√√À¬ı˛¬ı˛ Œ¶®˘±¬ı˛ ·≈Ì ¸±Ò±¬ı˛ÌÓ¬– a
�

. b
�

 ¬ı˛”À¬Û ø‰¬ø˝êÓ¬ ˝√√˚˛  , ¤øÈ¬ ¤fl¡øÈ¬ Œ¶®˘±¬ı˛ ¬ı˛±ø˙

¤¬ı— Ó¬±¬ı˛ ˜±Ú | a | | b | cos �� ˚ø√ Œˆ¬"√√¬ı˛¡Z ˛̊ a
�

 ¤¬ı— b
�

 ˜Ò…¬ıÓ¬π Œfl¡±Ì �� ˝√√˚˛º ’ÀÚfl¡ ¸˜˚˛ Ó¬±Àfl¡

Œˆ¬"√√¬ı˛¡ZÀ˚˛¬ı˛ Î¬Èƒ¬ ·≈ÌÙ¬˘› ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º
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¸˝√√ÀÊ√ ◊̋√√ Œ√‡± Œ˚ÀÓ¬ ¬Û±À¬ı˛ Œ˚ a
�

. b
�

 = b
�

. a
�

� ; ¤¬ı— a
�

. b
�

 = 0 ˚‡Ú �
�

�
2  ’Ô¬ı± 

3
2
�

 ’Ô«±»

Œˆ¬"√√¬ı˛ ≈√øÈ¬¬ı˛ ø√˙±¡Z˚˛ ¸˜Àfl¡±ÀÌ ’¬ıøàÔÓ¬º a
�

 = b
�

 ˝√√À˘ ’±˜¬ı˛± a
�

. a
�

-Œfl¡ a2 ¬ıÀ˘ ø‰¬ø˝êÓ¬ fl¡À¬ı˛ Ô±øfl¡º a
�

¤¬ı— b
�

 ≈√øÈ¬ Œˆ"√√À¬ı˛¬ı˛ Œˆ¬"√√¬ı˛ ·≈ÌÙ¬˘ a
�

 × b
�

 ¬ı˛”À¬Û ø‰¬ø˝êÓ¬ ˝√√À˚˛ Ô±Àfl¡  , ¤øÈ¬ ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛ ˚±¬ı˛ ˜±Ú ˝√√À¬ı

| a | | b | sin �� [˚‡Ú a
�

 ¤¬ı— b
�

-¤¬ı˛ ˜Ò…¬ıM√√π Œfl¡±Ì �� ˝√√ ˛̊] ¤¬ı— a
�

 × b
�

-¤¬ı˛ ø√˙± ˝√√À¬ı  a
�

 ¤¬ı—

b
�

 Œ˚ ¸˜Ó¬À˘ ’¬ıøàÔÓ¬ Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ ˘•§º ›˝◊√√ ˘À•§¬ı˛ ≈√øÈ¬ ø√˙± ’±ÀÂ√, øfl¡z≈¬ a
�

 Œˆ¬"√√¬ı˛ ˝√√ÀÓ¬ b
�

 Œˆ¬"√√À¬ı˛ Œ˚ÀÓ¬

‚øÎ¬ˇ¬ı˛ fl¡“√±È¬±¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ø√Àfl¡ ‚≈¬ı˛À˘ a
�

 ¤¬ı— b
�

 ’¬ıøàÔÓ¬ ¸˜Ó¬˘øÈ¬¬ı˛ Œ˚ ˘•§ ¬ı¬ı˛±¬ı¬ı˛ ¤fl¡øÈ¬ Î¬±Ú˝√√±øÓ¬ àflË≈¬-¤¬ı˛

¸¬ı˛Ì ˝√√˚˛ Ó¬±¬ı˛ ø√˙±˝◊√√ a
�

 × b
�

-¤¬ı˛ ø√˙± ˝√√À¬ıº ¸˝√√ÀÊ√ ◊̋√√ Œ√‡± ˚±À26√ a
�

 × b
�

 = – ( b
�

 × a
�

) ’Ô«±» a
�

× b
�

 ¤¬ı— b
�

 × a
�

-¤¬ı˛ ˜±Ú | a | | b | sin �� ¤fl¡˝◊√√ ˝√√À˘› Ó¬±À√¬ı˛ ø√˙± ¸•Û”Ì« ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ  , Œ√‡± ˚±À26√

Œ˚ �� = 0 ’Ô¬ı± �� ˝√√À˘ sin �� = 0 ; a
�

 × b
�

 = 0 ’Ô«±» ˙”Ú… Œˆ¬"√√¬ı˛º ¤àÔÀ˘ a
�

 ¤¬ı— b
�

-¬ı˛

ø√˙± ’øˆ¬iß ¬ı± ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ˝√√˚˛º Ó¬±¬ı˛± ¤fl¡˝◊√√ ¸¬ı˛˘À¬ı˛‡±¬ı˛ ‡G¬±—˙ ’Ô¬ı± ¸˜±z¬¬ı˛±˘ ¸¬ı˛˘À¬ı˛‡±¡ZÀ˚˛¬ı˛ ‡G¬±—˙º

1.5 ¬fl¡±ÀÓ«¬Ê√œ˚˛ àÔ±Ú±—fl¡ ¡Z±¬ı˛± Œˆ¬"√√À¬ı˛¬ı˛ ¬ı…¬ı˝√√±¬ı˛

˜ÀÚ fl¡¬ı˛± ˚±fl¡ O ˜”˘ø¬ıμ≈·±˜œ øÓ¬ÚøÈ¬ √øé¬Ì˝√√d¬œ˚˛ [‚øÎ¬ˇ¬ı˛ fl¡“√±È¬±¬ı˛ ·øÓ¬¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ø√Àfl¡] ¬Û¬ı˛¶Û¬ı˛ ˘•§

øÓ¬ÚøÈ¬ ˚Ô±√flË¡À˜ ox, oy, oz ¡Z±¬ı˛± ¸”ø‰¬Ó¬ ¤¬ı— Î¬◊˝√√±¬ı˛± ˚Ô±√flË¡À˜ x, y, z ’é¬¬ı˛”À¬Û ø‰¬ø˝êÓ¬ ˝√√˘º

¸±Ò±¬ı˛ÌÓ¬– i, j, k ˚Ô±√flË¡À˜ ox, oy, oz-¤¬ı˛ ø√Àfl¡ ¤fl¡fl¡ Œˆ¬"√√¬ı˛ ¬ı˘± ˝√√˚˛º ‹ ’é¬·≈ø˘¬ı˛ ¸±À¬ÛÀé¬ P(x,

y, z) ¤fl¡øÈ¬ Œ˚ Œfl¡±ÀÚ± ø¬ıμ≈ ˝√√À˘ ¸±˜±z¬ø¬ı˛fl¡ ¸”S ’Ú≈˚±˚˛œ OP
��

 Œˆ¬"√√¬ı˛Àfl¡ ix + jy + kz ¬ı˛”À¬Û õ∂fl¡±˙

fl¡¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º OP r
�� �

� � = ix + jy + kz-Œfl¡ P ø¬ıμ≈¬ı˛ ’¬ıøàÔøÓ¬ Œˆ¬"√√¬ı˛ (Position Vector) ¬ı˘±

√̋√̊ º̨

Z

X Y

O

P (x, y, z)
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¬Û”À¬ı« ’±À˘±ø‰¬Ó¬ Œˆ¬"√√À¬ı˛¬ı˛ Ò˜« ’Ú≈˚±˚˛œ,

Œ˚À˝√√Ó≈¬, i, j, k ¬Û¬ı˛¶Û¬ı˛ ¸˜Àfl¡±ÀÌ ’¬ıøàÔÓ¬ ¤¬ı— Ó¬±À√¬ı˛ ¬Ûø¬ı˛˜±Ì ¤fl¡ (unity), ¤Ê√Ú… i.i = i2 =

1 ; j.j = j2 = 1 ; k.k = k2 = 1 ; j.i = i.j = 0, j.k = kj = 0 ¤¬ı— k.i = i.k = 0 ;

i × j = –j × i = k ; j × k = –k × j = i

¤¬ı— k × i = –i × k = j ;

’±¬ı±¬ı˛ i × j = j × j = k × k = 0.

øÚø«√©Ü ø√Àfl¡ Œˆ¬"√√À¬ı˛¬ı˛ Î¬◊¬Û±—˙ (Component) –

Ò¬ı˛± ˚±fl¡ OA a
�� �

�  ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛  , Œfl¡±Ú› øÚø«√©Ü ø√Àfl¡ Œ˚˜Ú PQ
��

 ø√Àfl¡ Ó¬±¬ı˛ Î¬◊¬Û±—˙ ˝√√À¬ı a
�

cos �� ˚‡Ú ��� OA
��

 ¤¬ı— PQ
��

-¤¬ı˛ ˜Ò…¬ıÓ¬π Œfl¡±Ìº ˚‡Ú �
�

�
2  ˝√√˚˛ ’Ô«±» OA

��
 ¤¬ı— PQ

��
 ¬Û¬ı˛¶Û¬ı˛

¸˜Àfl¡±ÀÌ Ô±Àfl¡ Ó¬± ˝√√À˘ ›˝◊√√ Î¬◊¬Û±—˙ ˙”Ú… Œˆ¬"√√¬ı˛ ˝√√À¬ıº

1.6 ¬√Œˆ¬"√√¬ı˛ fl¡˘Ú

A
�

 Œfl¡±Ú› Œˆ¬"√√¬ı˛ t-¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ˝√√À˘ 
dA
dt

�

 [˚ø√ Ó¬±¬ı˛ ’ød¬Q Ô±Àfl¡], A
�

 Œˆ¬"√√À¬ı˛¬ı˛ ¸˜˚˛ ¸±À¬ÛÀé¬  ,

’¬ıfl¡˘ (vector derivative) ¸˝√√·º

A
�

 = ix + jy + kz ; (i, j, k ˚Ô±√flË¡À˜ x, y, z ø√Àfl¡ ¤fl¡fl¡ Œˆ¬"√√¬ı˛] ˝√√À˘ñ

dA
dt

i dx
dt

j
dy
dt

k dz
dt

�

� � �  ˝√√À¬ı  ,

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı, 
d A
dt

i d x
dt

j
d y
dt

k d z
dt

2

2

2

2

2

2

2

2

�

� � �  ˝◊√√Ó¬…±ø√º

[Œ˚‡±ÀÚ Ò¬ı˛± ˝√√À˘ i, j, k Œˆ¬"√√¬ı˛¡Z˚˛ t-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ Ú˚˛]º

√Œˆ¬"√√¬ı˛ ¸˜±fl¡˘Ú – Ò¬ı˛± ˚±fl¡ A u
�

( ) ¤¬ı— B u
�

( ) �˚±¬ı˛± Î¬◊ˆ¬˚˛˝◊√√ u Œ¶®˘±À¬ı˛¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘, ¤¬ı— 
dA
du

B

�

�

� �

Ó¬‡Ú A B u du
� �

� � ( )  ¬ı˛”À¬Û õ∂fl¡±˙ fl¡¬ı˛± ˚±˚˛  , ’Ô«±» A B
� �

,  Œˆ¬"√√À¬ı˛¬ı˛ u ¸±À¬ÛÀé¬ ¸˜±fl¡˘º
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¤‡±ÀÚ B u iB u jB u kB u
�

� � �( ) ( ) ( ) ( )1 2 3
�˝√√À˘  A u i B u du j B u du k B u du

�

� � �� ��( ) ( ) ( ) ( )1 2 3

√̋√À¬ıº

1.7 ¸¬ı˛Ì, Œ¬ı· › Q¬ı˛Ì (displacement, velocity, acceleration)

O-Œfl¡ ˜”˘ø¬ıμ≈ ÒÀ¬ı˛ Œfl¡±Ú› ·øÓ¬˙œ˘ fl¡Ì± ˚ø√ P ø¬ıμ≈ ˝√√ÀÓ¬ Q ø¬ıμ≈ÀÓ¬ ( OP r
�� �

�  ¤¬ı— OQ r d r
�� � �

� � )

’øÓ¬é≈¬^ ¸˜À˚˛ ˚±˚˛º

Ó¬± ˝√√À˘ PQ d r
�� �

� -Œfl¡ ‹ ·øÓ¬˙œ˘ fl¡Ì±øÈ¬¬ı˛ ¸¬ı˛Ì ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º

Ò¬ı˛± ˚±flƒ¡ Œ˚, t ¸˜À ˛̊ fl¡Ì±øÈ¬ P ø¬ıμ≈ ˝√√ÀÓ¬ Q ø¬ıμ≈ÀÓ¬ ˚±˚˛º

¤‡Ú lim
( )

�

�
�t

r r r
t

d r
dt�

� �� � �

� �
�

0
-Œfl¡ fl¡Ì±øÈ¬¬ı˛ Œ¬ı· ¬ı˘± ˝√√À˚˛ Ô±Àfl¡  , ¤øÈ¬ ¸˜˚˛ ¸±À¬ÛÀé¬ fl¡Ì±øÈ¬¬ı˛

¸¬ı˛ÀÌ¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ ˝√√±¬ı˛º

¸±Ò±¬ı˛ÌÓ¬– V
�

 ¬ı± u
�

 ¡Z±¬ı˛± Œ¬ı· ¸”ø‰¬Ó¬ ˝√√˚˛º

Œ¬ı· V
�

 ¤¬ı˛ ¸˜˚˛ ¸±À¬ÛÀé¬ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛ 
dV
dt

�

 Q¬ı˛Ì ¬ı˘± ˝√√À ˛̊ Ô±Àfl¡º

fl¡±ÀÓ«¬Ê√œ˚˛ àÔ±Ú±—Àfl¡, r
�

 = i . x (t) + j . y(t) Ò¬ı˛À˘

O

Q

r
dr

�

�

dr
�

� r

P



14

NSOU

Œ¬ı· V i dx
dt

j
dy
dt

d r
dt

�

�

� � �  ¤¬ı— Q¬ı˛Ì 
dV
dt

i d x
dt

j
d y
dt

d r
dt

� �

� � �

2

2

2

2

2

2

Œfl¡±Ú› øÚø«√©Ü ¸¬ı˛˘À¬ı˛‡±˚˛ Ò¬ı˛± ˚±flƒ¡ x ’Àé¬¬ı˛ ø√Àfl¡ ·øÓ¬˙œ˘ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Œ¬ı· V
�

 ˝√√À˘, Ó¬±¬ı˛ Q¬ı˛Ì

dV
dt

�

º

’Ô¬ı±, 
dV
dx

dx
dt

V dV
dx

�  ¬ı˛”À¬Û õ∂fl¡±˙ fl¡¬ı˛± ˚±˚˛º

’Ò≈Ú± õ∂‰¬ø˘Ó¬ ø¸. øÊ√. ¤¸ƒ (C. G. S) ¬ÛXøÓ¬ÀÓ¬ ¸˜À˚˛¬ı˛ ¤fl¡fl¡ ¤fl¡ Œ¸Àfl¡`¬ (second) ¤¬ı— Δ√À‚«…¬ı˛

¤fl¡fl¡ ¤fl¡ Œ¸øKI◊ø˜È¬±¬ı˛ (cm) ; ’ÀÚfl¡ ¸˜˚˛ ’±˜¬ı˛± ¤˜. Œfl¡. ¤¸ƒ (M.K.S.) ¬ÛXøÓ¬ ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ Ô±øfl¡  ,

Ó¬‡Ú ¸˜À˚˛¬ı˛ ¤fl¡fl¡ ¤fl¡ Œ¸Àfl¡`¬ ¤¬ı— Δ√À‚«…¬ı˛ ¤fl¡fl¡ ¤fl¡ ø˜È¬±¬ı˛ (m) Ò¬ı˛± ˝√√˚˛º

fl¡±ÀÊ√˝◊√√ ø¸.øÊ√.¤¸ƒ ¬ÛXøÓ¬ÀÓ¬ Δ√À‚«…¬ı˛ ¬ı± ¸¬ı˛ÀÌ¬ı˛ ¤fl¡fl¡ 1 cm [¤fl¡ Œ¸øKI◊ø˜È¬±¬ı˛]

Œ¬ıÀ·¬ı˛ ¤fl¡fl¡ 1 cm/sec

¤¬ı— Q¬ı˛ÀÌ¬ı˛ ¤fl¡fl¡ 1 cm/sec2

’±¬ı±¬ı˛ ¤˜ƒ. Œfl¡. ¤¸ƒ ¬ÛXøÓ¬ÀÓ¬ Δ√À‚«…¬ı˛ ¬ı± ¸¬ı˛ÀÌ¬ı˛ ¤fl¡fl¡ 1 m [¤fl¡ ø˜È¬±¬ı˛] Œ¬ıÀ·¬ı˛ ¤fl¡fl¡ 1 m/sec.

¤¬ı— Q¬ı˛ÀÌ¬ı˛ ¤fl¡fl¡ 1m/sec2.

’±À¬Ûøé¬fl¡ Œ¬ı· (Relative Velocity) –

Ò¬ı˛± ˚±flƒ¡ Œ˚ A ø¬ıμ≈¬ı˛ Œ¬ı· VA

�
 ¤¬ı— B ø¬ıμ≈¬ı˛ Œ¬ı· VB

�
, Ó¬‡Ú A ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ B ø¬ıμ≈¬ı˛ ’±À¬Ûøé¬fl¡

Œ¬ı· VBA
�

 Œˆ¬"√√¬ı˛ ¬ı˛”À¬Û ¸”ø‰¬Ó¬ ˝√√˚˛ ¤¬ı— V V VB A BA

� � �
� �  ’Ô«±» V V VBA B A

� � �
� 	  ˝√√À¬ıº

˜μÚ (Retardation) –

Œfl¡±Ú› ‰¬˘˜±Ú fl¡Ì±¬ı˛ Q¬ı˛ÀÌ¬ı˛ ø¬ı¬Û¬ı˛œÓ¬Àfl¡ ‹ fl¡Ì±¬ı˛ ˜μÚ ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º

·Î¬ˇ ^≈øÓ¬ (Average Speed) –

˚ø√ Œfl¡±Ú› fl¡Ì± ¸˜^≈øÓ¬ÀÓ¬ a ø˜È¬±¬ı˛ ¬ÛÔ t1 Œ¸Àfl¡À`¬ ’øÓ¬√flË¡˜ fl¡À¬ı˛ ¤¬ı— ¬ÛÀ¬ı˛ ¸˜^≈øÓ¬ÀÓ¬ b ø˜È¬±¬ı˛

¬ÛÔ t2 Œ¸Àfl¡`¬ ’øÓ¬√flË¡˜ fl¡À¬ı˛ Ó¬± ˝√√À˘ fl¡Ì±øÈ¬¬ı˛ ·Î¬ˇ ^≈øÓ¬ ˝√√À¬ı 
a b
t t

�
�1 2

 ø˜È¬±¬ı˛/Œ¸Àfl¡`¬º
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B

C

A
x

O

�

�
�

2
� a

�

|a|sin�

·Î¬ˇ Œ¬ı· (Average Velocity) –

˚ø√ Œfl¡±Ú› fl¡Ì± t Œ¸Àfl¡`¬ Œfl¡±Ú› øÚø«√©Ü ø√Àfl¡ a ø˜È¬±¬ı˛ ¬ÛÔ ’ø√flË¡˜ fl¡À¬ı˛ Ó¬± ˝√√À˘ ‹ ø√Àfl¡ fl¡Ì±øÈ¬¬ı˛

·Î¬ˇÀ¬ı· ˝√√À¬ı 
a
t  ø˜È¬±¬ı˛/Œ¸Àfl¡`¬º

1.8 Î¬◊¬Û±—˙ ¤¬ı— ˘øt

¬Û”À¬ı«˝◊√√ ’±˜¬ı˛± ¬ıÀ˘øÂ√ Œ˚, Œfl¡±Ú› øÚø«√©Ü ø√Àfl¡ Œfl¡±Ú› Œˆ¬"√√À¬ı˛¬ı˛ Î¬◊¬Û±—˙ ‹ ø√Àfl¡˝◊√√ ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛ ˚±¬ı˛ ˜±Ú

‹ Œˆ¬"√√À¬ı˛¬ı˛ ˜±Ú ¤¬ı— cos �� ¤fl¡ ·≈ÌÙ¬˘, Œ˚‡±ÀÚ �� ‹ Œˆ¬"√√À¬ı˛¬ı˛ ø√˙± ¤¬ı— ‹ ø√flƒ¡øÈ¬¬ı˛ ˜Ò…¬ıM√√π Œfl¡±Ìº

¤‡Ú ˚ø√ Œfl¡±Ú› Œˆ¬"√√¬ı˛ a
�

 ¤¬ı— x ’Àé¬¬ı˛ ˜Ò…¬ıÓ¬π Œfl¡±Ì �� ˝√√ ˛̊ Ó¬± ˝√√À˘ a
�

 ¤¬ı— y ’Àé¬¬ı˛ ˜Ò…¬ıM√√π

Œfl¡±Ì 
�

�
2

�  ; ’Ó¬¤¬ı y ’Àé¬¬ı˛ ø√Àfl¡ a
�

 vector-¤¬ı˛ Î¬◊¬Û±—˙ ˝√√À¬ı a a
� �

� �cos sin�
� �

2� � .

¸øißø˝√√Ó¬ ø‰¬ÀS OA = | a | cos 0 OB = | a | sin �� ¤¬ı— fl¡Ì« OC a
�� �

�  ¤¬ı— OC2 = OA2

+ OB2º

¸±˜±z¬ø¬ı˛fl¡ ¸”S õ∂À˚˛±· fl¡À¬ı˛ Œ√‡±Ú Œ˚ÀÓ¬ ¬Û±À¬ı˛ ˚ø√ a a an1 2

� � �
, . .. ...  Œˆ¬"√√¬ı˛¸˜”˝√√ ¤¬ı— x ’Àé¬¬ı˛ ˜Ò…¬ıM√√π

Œfl¡±Ì¸ ”̃̋ √√ ˚ø√ ˚Ô±√flË¡À˜ �1, �2 ..... �n ˝√√ ˛̊ ¤¬ı— Ó¬±À√¬ı˛ ˘øt A a a an

� � � �
� � � � �1 2 ..... .  Œˆ¬"√√¬ı˛ ¤¬ı—

x ’Àé¬¬ı˛ ˜Ò…¬ıM√√π Œfl¡±Ì �� ˝√√ ˛̊ Ó¬± ˝√√À˘ A a a an n

� � � �
� � � �cos cos cos ...... cos� � � �1 1 2 2

� ˝√√À¬ı  ,

| a
�

| cos�
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’Ú≈¬ı˛”¬Ûˆ¬±À¬ı a a an1 2

� � �
, .. ... .  Œˆ¬"√√¬ı˛¸˜”˝√√ y ’Àé¬¬ı˛ ˜Ò…¬ıM√√π Œfl¡±Ì¸˜”˝√√ 

�
�

�
�

�
�

2 2 21 2� � �, . .. ... n  ˝√√À¬ı

¤¬ı— A a a an n

� � � �
� � � �sin sin sin ..... .. sin0 1 1 2 2� � �  ˝√√À¬ıº

¸˝√√ÀÊ√ ◊̋√√ Œ√‡± ˚± ˛̊ Œ˚, ˘øt, A
�

 Œˆ¬"√√À¬ı˛¬ı˛ ˜±Ú | A | ˝√√À˘ñ

( cos cos ... cos ) ( sin sin .... sin ) | |a a a a a a An n n n1 1 2 2
2

1 1 2
2 2� � � � � �� � � � � � � �

¤¬ı— ˚ø√ ‹ ˘øt A
�

 ¤¬ı— x ’Àé¬¬ı˛ ˜Ò…¬ıM√√π Œfl¡±Ì 
� ˝√√ ˛̊  ,

Ó¬± ˝√√À˘ tan
sin sin ..... sin
sin sin ..... sin



� � �

� � �
�

� � �

� � �

a a a
a a a

n n

n n

1 1 2 2

1 1 2 2

a a an1 2

� � �
, . .. ...  ·øÓ¬ Œˆ¬"√√¬ı˛ ’Ô¬ı± Q¬ı˛Ì Œˆ¬"√√¬ı˛ ˝√√À˘ ¬Û”À¬ı«±q¡ øÚ˚˛˜ ’Ú≈˚±˚˛œ ’±˜¬ı˛± Ó¬±À√¬ı˛ ˘øt¬ı˛ ˜±Ú

¤¬ı— ø√˙± øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º

1.9 ¬’Ú≈˙œ˘Úœ

Î¬◊√± √̋√¬ı˛Ìñ1

¸¬ı˛˘À¬ı˛‡±˚˛ ·øÓ¬˙œ˘ Œfl¡±Ú› fl¡Ì±¬ı˛ õ∂±¬ı˛øy¬fl¡ fl¡Ì± u ¤¬ı— ¸≈¯∏˜ Q¬ı˛Ì f ˝√√À˘......

Œ√‡±› Œ˚, V = u + ft ; ................... (i)

x = ut + 1
2

2ft  .................. (ii)

¤¬ı— V2 = u2 + 2fx ................. (iii)

¸˜±Ò±Ú –

˚ø√ fl¡Ì±øÈ¬¬ı˛ ’±ø√ ¸˜˚˛ t = 0 ˝√√ ˛̊ ¤¬ı— ‹ ¸˜À ˛̊ Œ¬ı· u øÂ√˘ ¤¬ı— x ¬ÛÔ t ¸˜À˚˛ fl¡Ì±øÈ¬ ’øÓ¬√flË¡˜

fl¡À¬ı˛  , [’±˜¬ı˛± Ò¬ı˛¬ı õ∂±¬ı˛øy¬fl¡ ¸˜˚˛ x = 0 øÂ√˘]

¤‡±ÀÚ Œ¬ı· V dx
dt

�

¤¬ı— Q¬ı˛Ì f d x
dt

dV
dt

� �
2

2  ÒË≈¬ıfl¡ Œ˚À˝√√Ó≈¬ ¬ı˘± ˝√√À˚˛ÀÂ√ Œ˚ fl¡Ì±øÈ¬ ¸≈¯∏˜ Q¬ı˛ÀÌ ‰¬À˘ÀÂ√º

dV
dt

f�



17

NSOU

‹ ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±fl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ V = ft + ÒË≈¬ıfl¡ ¬ı˛±ø˙

øflz≈¬ t = 0 Ò¬ı˛À˘ V = u = f × 0 + ÒË≈¬ıfl¡ ¬ı˛±ø˙øÈ¬

�  ÒË≈¬ıfl¡ ¬ı˛±ø˙øÈ¬ u ˝√√À¬ıº

�  V = u + ft õ∂˜±øÌÓ¬ ˝√√˘

’±¬ı±¬ı˛ V dx
dt

u ft� � �  ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±fl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± Œ√ø‡ Œ˚,

x ut ft� � �
1
2

2 � ÒË≈¬ıfl¡ ¬ı˛±ø˙ øfl¡z≈¬ ’±ø√ ¸˜À˚˛ t = 0-ŒÓ¬ fl¡Ì±øÈ¬¬ı˛ ’¬ıàÔ±Ú x = 0 ; ’Ó¬¤¬ı ÒË≈¬ıfl¡

¬ı˛±ø˙øÈ¬ ˙”Ú… ˝√√À¬ı ’Ó¬¤¬ı x ut ft� �
1
2

2

’±˜¬ı˛± Œ√À‡øÂ√ Œ˚, V = u + ft ......... (i)

’Ó¬¤¬ı V2 = u2 + 2ftu + f2t2

= u f ut ft u fx2 2 22 1
2

2� � � �� �

Œ˚À˝√√Ó≈¬ (ii) ’Ú≈̊ ± ˛̊œ x ut ft� �
1
2

2  ’Ú…Ô±˚˛ ¬Û”À¬ı« Î¬◊ø~ø‡Ó¬ øÚ˚˛À˜ñ

dV
dt

V dV
dx

f� �  [ÒË≈¬ıfl¡]

�
d
dx

V f1
2

2� � �  [ÒË≈¬ıfl¡]

¤Ê√Ú… x ¸±À¬ÛÀé¬ Î¬◊ˆ¬˚˛ ¬Ûé¬Àfl¡ ¸˜œfl¡¬ı˛Ì fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ Œ˚, 
1
2

2V fx� �  ÒË≈¬ıfl¡ ¬ı˛±ø˙º

øfl¡z≈¬ ¬Û”À¬ı«˝◊√√ ’±˜¬ı˛± øàÔ¬ı˛ fl¡À¬ı˛øÂ√ Œ˚, V = u [õ∂±¬ı˛øy¬fl¡ Œ¬ı·] ˚‡Ú fl¡Ì±øÈ¬ ’¬ıàÔ±Ú x = 0 [˙”Ú…]

øÂ√˘  ,

’Ó¬¤¬ı 
1
2

02u f� � �  ÒË≈¬ıfl¡ ¬ı˛±ø˙  ,

’Ó¬¤¬ı 
1
2

1
2

2 2V u fx� �

’Ô¬ı±, V2 = u2 + 2fx
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Î¬◊√± √̋√¬ı˛Ìñ2

R t A t B t
� � �

� �( ) cos sin� �  ˝√√À˘ [¤‡±ÀÚ A
�

 ¤¬ı— B
�

 ÒË≈¬ıfl¡ Œˆ¬"√√¬ı˛ ¤¬ı— �� ¤fl¡øÈ¬ Œ¶®˘±¬ı˛ ¬ı˛±ø˙]

õ∂˜±Ì fl¡À¬ı˛± Œ˚, 
d R
dt

R
2

2
2 0

�
�

� ��

¸˜±Ò±Ú – R t A t B t
� � �

� �( ) cos sin� �  ¸˜œfl¡¬ı˛ÌøÈ¬ ’¬ıfl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ñ

dR
dt

A t B t

�

� �

� � �� � � �sin cos

¤¬ı— 
d R
dt

A t B t
2

2
2 2

�

� �

� � �� � � �cos sin

’Ó¬¤¬ı 
d R
dt

R
2

2
2

�
�

� 	�  ’Ô¬ı± 
d R
dt

R
2

2
2 0

�
�

� ��

Î¬◊√± √̋√¬ı˛Ìñ3

¸¬ı˛̆ À¬ı˛‡±˚˛ ·øÓ¬˙œ˘ ¤fl¡øÈ¬ fl¡Ì± t ¸˜À˚˛ s ”√¬ı˛Q ’øÓ¬√flË¡À˜¬ı˛ øÚ˚˛˜, s Vt�
1
2  ˝√√À˘ (V = Œ¬ı·) Œ√‡±›

Œ˚, fl¡Ì±øÈ¬ ≈̧̄ ∏̃  Q¬ı˛ÀÌ ‰¬À˘º

¸˜±Ò±Ú – ¤‡±ÀÚ Œ√› ˛̊± ’±ÀÂ√ Œ˚, s Vt�
1
2

’Ó¬¤¬ı t ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ Œ˚, 
ds
dt

V dV
dt

t� �
1
2

1
2

øfl¡z≈¬ 
ds
dt

V� ;

’Ó¬¤¬ı V V dV
dt

t� �
1
2

1
2

’Ô«±» V dV
dt

t�
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¬Û≈Ú¬ı˛±˚˛ ’¬ıfl¡˘Ú [t ¸±À¬ÛÀé¬] fl¡¬ı˛À˘ñ

dV
dt

d V
dt

t dV
dt

� �
2

2

’Ó¬¤¬ı 
d V
dt

2

2 0�  ’Ô«±» Q¬ı˛Ì 
dV
dt  ¤fl¡øÈ¬ ÒË≈¬ıfl¡º

Î¬◊√± √̋√¬ı˛Ìñ4

¸¬ı˛˘À¬ı˛‡±˚˛ ·øÓ¬˙œ˘ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ t ¸˜À˚˛ ’¬ıàÔ±Ú x ˝√√ ˛̊ ¤¬ı— t = ax2 + bx + c(a, b, c ÒË≈¬ıfl¡

¬ı˛±ø˙ ˝√√À˘]

Œ√‡±Ú Œ˚ fl¡Ì±øÈ¬¬ı˛ Œ¬ı· 
1

2ax b�
 ¤¬ı— fl¡Ì±øÈ¬¬ı˛ ˜μÚ (retardation) fl¡Ì±øÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ Ó‘¬Ó¬œ˚˛ ‚±ÀÓ¬¬ı˛

¸˜±Ú≈¬Û±øÓ¬fl¡º

¸˜±Ò±Ú – t = ax2 + bx + C ¸˜œfl¡¬ı˛ÌÀfl¡ x ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú fl¡¬ı˛À˘ ¬Û±˝◊√√ñ

dt
dx

ax b� �2

’Ô«±» 
dx
dt dt

dx
ax b

� �
�

1 1
2

¤‡Ú Œ¬ı· V
ax b

�
�

1
2

 -Œfl¡ x ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú fl¡¬ı˛À˘ñ

dV
dx

a
ax b

� �
�
2

2 2( )

’Ó¬¤¬ı Q¬ı˛Ì � � �
�

� �V dV
dx

a
ax b

aV2
2

23
3

( )

’Ô«±» fl¡Ì±øÈ¬¬ı˛ ˜μÚ = 2aV3 
� V3

Î¬◊√± √̋√¬ı˛Ìñ5

¤fl¡ ¬ı…øq¡ ¬Û√¬ıËÀÊ√ a ø˜È¬±¬ı˛ ”√¬ı˛Q ‚∞I◊±˚˛ u ø˜È¬±¬ı˛ ^≈øÓ¬ÀÓ¬ ’øÓ¬√flË¡˜ fl¡À¬ı˛ ¤¬ı— ¬ÛÀ¬ı˛ ‚∞I◊±˚˛ V ø˜È¬±¬ı˛

^≈øÓ¬ÀÓ¬ b ø˜È¬±¬ı˛ ’øÓ¬√flË¡˜ fl¡À¬ı˛  , ¤˝◊√√ √w¬˜ÀÌ ‹ ¬ı…øq¡øÈ¬¬ı˛ ·Î¬ˇ ^≈øÓ¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – ˚ø√ ‹ ¬ı…øq¡ t1 ¸˜À˚˛ a ø˜È¬±¬ı˛ ‚∞I◊±˚˛ u ø˜È¬±¬ı˛ ^≈øÓ¬ÀÓ¬ ’øÓ¬√flË¡˜ fl¡À¬ı˛, Ó¬± ˝√√À˘ a = ut1 ;
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’±¬ı±¬ı˛ ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı ˚ø√ Œ¸ t2 ¸˜À˚˛ b ø˜È¬±¬ı˛ ”√¬ı˛Q ‚∞I◊±˚˛ V ø˜È¬±¬ı˛ ^≈øÓ¬ÀÓ¬ ’øÓ¬√flË¡˜ fl¡À¬ı˛, Ó¬±

˝√√À˘ b = Vt2

’Ó¬¤¬ı Œ˘±fl¡øÈ¬¬ı˛ ·Î¬ˇ ^≈øÓ¬ 
a b
t t

a b
a
u

b
V

uV a b
aV bu

�

�
�

�

�

�
�

�1 2

( )
 ø˜È¬±¬ı˛ õ∂øÓ¬‚∞I◊±˚˛º

Î¬◊√± √̋√¬ı˛Ìñ6

¤fl¡øÈ¬ fl¡Ì±¬ı˛ ¤fl¡¸Àe· øÓ¬ÚøÈ¬ Œ¬ı· u, V, w ’±ÀÂ√ Ó¬±À√¬ı˛ ¤¬ı— x ’Àé¬¬ı˛ ¸Àe· ’z¬ˆ≈«¬q¡ Œfl¡±ÌS˚˛ ˚Ô±√flË¡À˜


�� ��� ��

‹ Œ¬ı· øÓ¬ÚøÈ¬¬ı˛ ˘øt¬ı˛ ˜±Ú ¤¬ı— ø√˙± øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – ¤˝◊√√ Œ¬ı· øÓ¬ÚøÈ¬¬ı˛ x ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ Î¬◊¬Û±—˙ ¸˜”À˝√√¬ı˛ ¸˜ø©Ü u cos 
� + V cos �� + w cos

�� ¤¬ı— y ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ Î¬◊¬Û±—À˙¬ı˛ ¸˜ø©Üñ

u sin 
� + V sin �� + w sin �� ˝√√À¬ıº

’Ó¬¤¬ı ‹ Œ¬ı· øÓ¬ÚøÈ¬¬ı˛ ˘øt¬ı˛ ˜±Ú ˝√√À¬ıñ

(u cos 
� + V cos �� + w cos �)2 + (u sin 
� + V sin � + w sin �)2-¤¬ı˛ ¬ı·«˜”À˘¬ı˛

¸˜±Ú  ,

¤‡Ú (u cos 
� + V cos �� + w cos �)2 + (u sin 
� + V sin � + w sin �)2

= u2(cos2
� + sin2
) + V2(cos2� + sin2�) + w2(cos2�� + sin2�)

+ 2uV(cos
 cos�� + sin
� sin�) + 2wV (cos�� cos� + sin�� sin�)

+ 2wu (cos� cos
� + sin�� sin
)

= u2 + V2 + w2 + 2uV cos (�� – 
) + 2Vw cos (�� – �) + 2uw cos (
 – �) ;

’±¬ı±¬ı˛ ‹ ˘øtøÈ¬ ‹ øÚø«√©Ü Œ¬ı·øÈ¬¬ı˛ ¸Àe· tan
sin sin sin
cos cos cos

�
� �

� �

1 u V w
u V w


 � �


 � �
� Œfl¡±Ì Î¬◊»¬Ûiß fl¡¬ı˛À¬ıº

Î¬◊√± √̋√¬ı˛Ìñ7

f ¸≈¯∏˜ Q¬ı˛ÀÌ ¸¬ı˛˘À¬ı˛‡±˚˛ ‰¬˘˜±Ú ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Œfl¡±Ú› õ∂±¬ı˛øy¬fl¡ Œ¬ı· u ˝√√À˘ Œ√‡±Ú Œ˚ p Ó¬˜ Œ¸Àfl¡À`¬

fl¡Ì±øÈ¬ u f p� �
1
2

2 1( ) ¬Ûø¬ı˛˜±Ì ¬ÛÔ ’øÓ¬√flË¡˜ fl¡¬ı˛À¬ıº
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¸˜±Ò±Ú –

‹ ‰¬˘˜±Ú fl¡Ì±øÈ¬ O ˜”˘ø¬ıμ≈ ˝√√ÀÓ¬ [Œ˚‡±ÀÚ Ó¬±¬ı˛ ·øÓ¬À¬ı· u) õ∂±¬ı˛øy¬fl¡ ¸˜˚˛ t = 0 Ò¬ı˛À˘ fl¡Ì±øÈ¬

t = p Œ¸Àfl¡À`¬ Œ˜±È¬ up fp�
1
2

2  .............. (i)

¬ÛÔ ’øÓ¬√flË¡˜ fl¡¬ı˛À¬ı ¤¬ı— t = p – 1 Œ¸Àfl¡À`¬ Œ˜±È¬ u p f p( ) {( ) }� � �1 1
2

1 2  ....... (ii)

¬ÛÔ ’øÓ¬√flË¡˜ fl¡¬ı˛À¬ı  , (i) ˝√√ÀÓ¬ (ii) ø¬ıÀ˚˛±· fl¡À¬ı˛ ’±˜¬ı˛± Œ√ø‡ Œ˚ p Ó¬˜ Œ¸Àfl¡`¬ fl¡Ì±øÈ¬ u f p� �
1
2

2 1( )

¬ÛÔ ’øÓ¬flË¡˜ fl¡¬ı˛À¬ıº

Î¬◊√± √̋√¬ı˛Ìñ8

Œˆ¬"√√¬ı˛ A ix jy
�

� �1 1 ¤¬ı— B ix jy
�

� �2 2 , Œ√‡±› Œ˚, A B x x y y
� �

� �. 1 2 1 2
 Œ¶®˘±¬ı˛ ¬ı˛±ø˙ ¤¬ı—

A B k x x y y
� �
� � 	( )1 2 2 1

 ˝√√À¬ıº

(i, j, k õ∂‰¬ø˘Ó¬ ¬ı˛œøÓ¬ ’Ú≈˚±˚˛œ ˚Ô±√flË¡À˜ x, y, z ’Àé¬¬ı˛ ø√˙±˚˛ ¤fl¡ ˜±Ú ˚≈q¡ Œˆ¬"√√¬ı˛] ≈√øÈ¬ Œˆ¬"√√À¬ı˛¬ı˛

Œ¶®˘±¬ı˛ ·≈ÌÙ¬˘ ’Ú≈̊ ± ˛̊œ i.i = j.j = 1 ¤¬ı— i.j = 0.

’Ó¬¤¬ı ( ). ( ) . . . ;ix jy ix jy i x x i jx x j i y x j y y x x y y1 1 2 2
2

1 2 1 2 1 2
2

1 2 1 2 1 2� � � � � � � �

’±¬ı±¬ı˛, ( ) ( )ix jy ix jy1 1 2 2� � �

� � � � � � � �i ix x i jx y j iy x j jy1 2 1 2 1 2 1 ;

≈√øÈ¬ Œˆ¬"√√À¬ı˛¬ı˛ Œˆ¬"√√¬ı˛ ·≈Ìõ∂ø√flË¡˚˛± ’Ú≈˚±˚˛œ i × j = k = – j × i ¤¬ı— i × i = j × j = 0

’Ó¬¤¬ı ( ) ( ) ( )ix jy ix jy k x y x y1 1 2 2 1 2 2 1� � � � 	

1.10 ¬√¸±¬ı˛±—˙

’±˜¬ı˛± ¸≈¯∏˜ Œ¬ıÀ· ¬ı± Q¬ı˛ÀÌ ¤fl¡øÈ¬ fl¡Ì± øÚø«√©Ü ¸˜À˚˛ fl¡Ó¬È¬± ¬ÛÔ ’øÓ¬√flË¡˜ fl¡À¬ı˛ ¤¬ı— Ó¬»¸—√flË¡±z¬ ¸˜¸…±

øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡À¬ı˛øÂ√º ¤øÈ¬ ¬ı…Ó¬œÓ¬ Œˆ¬"√√À¬ı˛¬ı˛ ¸±˝√√±À˚… ≈√˝◊√√ ¬ı± Ó¬ÀÓ¬±øÒfl¡ Œ¬ı· ¬ı± Q¬ı˛ÀÌ¬ı˛ ˘øt øÚÌ«˚˛ fl¡À¬ı˛

¬ÛÀ¬ı˛ fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì ø√À˚˛ ‹ ¸˜¸…±·≈ø˘ øÚÀ˚˛ ¬ı≈øÁ¡À˚˛øÂ√º
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1.11 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ [Î¬◊M√√¬ı˛ ¸•§ø˘Ó¬]

(1) ˚ø√ Œˆ¬"√√¬ı˛ A ia ja ka
�

� � �1 2 3
� ¤¬ı— Œˆ¬"√√¬ı˛ B ib jb kb

�
� � �1 2 3

 ˝√√ ˛̊, Ó¬± ˝√√À˘ Œ√‡±Ú Œ˚,

(i) A B a b a b a b
� �

� � �. 1 1 2 2 3 3

¤¬ı— (ii) A B i a b a b j a b a b k a b a b
� �
� � 	 � 	 � 	( ) ( ) ( )2 3 3 2 3 1 1 3 1 2 2 1

 ˝√√À¬ıº

(2) R A pt B pt
� � �

� �cos sin  ˝√√À˘ ( . .R A B
� � �

 Œˆ¬"√√¬ı˛ ¤¬ı— p ¤fl¡øÈ¬¬ı˛ ÒË≈¬ıfl¡ Œ¶®˘±¬ı˛]

Œ√‡±Ú Œ˚, R
dR
dt

p A B
�

�

� �

� � ��
�

�
�

(3) Œ√‡±Ú Œ˚, Œfl¡±Ú› ·øÓ¬˙œ˘ fl¡Ì±¬ı˛ Œ¬ı· ‹ fl¡ÌøÈ¬¬ı˛ øàÔ¬ı˛ ’¬ıàÔ± ˝√√ÀÓ¬ ”√¬ı˛ÀQ¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡ ˝√√À¬ıº

(4) Œfl¡±Ú› ¤fl¡øÈ¬ ·øÓ¬˙œ˘ fl¡Ì±¬ı˛ Œ¬ı· V ¤¬ı— øÚø«√©Ü ø¬ıμ≈ ˝√√ÀÓ¬ Ó¬±¬ı˛ ”√¬ı˛Q x-¤¬ı˛ ¸•§&Ò V2 =

6(x sin x + cos x) ¬ı˛”À¬Û Ô±fl¡À˘ ‹ fl¡Ì±øÈ¬¬ı˛ Q¬ı˛Ì øÚÌ«˚˛ fl¡¬ı˛≈Úº [Î¬◊M√√¬ı˛ – 3x cos x)

(5) ˚ø√ ¤fl¡øÈ¬ fl¡Ì± Œfl¡±Ú› ¸¬ı˛˘À¬ı˛‡±˚˛ f ¸˜Q¬ı˛ÀÌ ‰¬À˘ s ”√¬ı˛Q t Œ¸Àfl¡À`¬ ’øÓ¬√flË¡˜ fl¡À¬ı˛ ¤¬ı— Ó¬±¬ı˛¬ÛÀ¬ı˛

s ”√¬ı˛Q t Œ¸Àfl¡À`¬ ’øÓ¬√flË¡˜ fl¡À¬ı˛, Ó¬À¬ı Œ√‡±Ú Œ˚, f

s
t

s
t

t t
�

�
�

�

� �

2� �

(6) ˚ø√ ¸¬ı˛˘À¬ı˛‡±˚˛ ·˜Ú¬ı˛Ó¬ fl¡Ì± t ¸˜˚˛ ‰¬˘±¬ı˛ ¬ÛÀ¬ı˛ Œfl¡±Ú› øÚø«√©Ü ø¬ıμ≈ ˝√√ÀÓ¬ Ó¬±¬ı˛ ”√¬ı˛Q x ˝√√ ˛̊ ¤¬ı—

t = f.x ˝√√ ˛̊ ¤¬ı— Ó¬‡Ú fl¡Ì±øÈ¬¬ı˛ Œ¬ı· u ˝√√À˘, Œ√‡±Ú Œ˚ fl¡Ì±øÈ¬¬ı˛ ˜μÚ u
d f
dx

3
2

2  ˝√√À¬ıº

(7) ¤fl¡øÈ¬ fl¡Ì± Œfl¡±Ú› ¸¬ı˛̆ À¬ı˛‡± ˛̊ ≈̧̄ ∏̃  Q¬ı˛ÀÌ ‰¬˘À˘ ˚ø√ p-Ó¬˜, q-Ó¬˜ ¤¬ı— r-Ó¬˜ Œ¸Àfl¡À`¬ ˚√Ô±√flË¡À˜

a, b, c ”√¬ı˛Q ’øÓ¬√flË¡˜ fl¡À¬ı˛, Ó¬± ˝√√À˘ Œ√‡±Ú Œ˚, a(q – r) + b(r – p) + c(p – q) = 0

(8) ¤fl¡øÈ¬ fl¡Ì± ¸≈¯∏˜ Q¬ı˛ÀÌ Œfl¡±Ú› ¸¬ı˛˘À¬ı˛‡±˚˛ ‰¬À˘ ·øÓ¬ ˙≈¬ı˛≈ ˝√√›˚˛±¬ı˛ ¤fl¡±√˙ › ¬Û=√˙ Œ¸Àfl¡À`¬

˚Ô±√flË¡À˜ 720 cm ¤¬ı— 960 cm ¬ÛÔ ’ø√flË¡˜ fl¡À¬ı˛  , 20 Œ¸Àfl¡À`¬ fl¡Ì±øÈ¬ fl¡Ó¬ ¬ÛÔ ’øÓ¬√flË¡˜ fl¡¬ı˛À¬ı øÚÌ«˚˛

fl¡¬ı≈̨Úº

[Î¬◊– 13800 cm)
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(9) ¸≈¯∏˜ Q¬ı˛ÀÌ Œfl¡±Ú› ¸¬ı˛˘À¬ı˛‡±˚˛ ·˜Ú¬ı˛Ó¬ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ t1, t2, t3 ¸˜À˚˛ Œfl¡±Ú› øÚø«√©Ü ø¬ıμ≈ ˝√√ÀÓ¬

”√¬ı˛Q ˚Ô±√flË¡À˜ x1, x2 ¤¬ı— x3 ˝√√À˘ Œ√‡±Ú Œ˚, ‹ fl¡Ì±øÈ¬¬ı˛ Q¬ı˛Ì ˝√√À¬ıñ

2 2 3 1 3 1 2 1 2 3

2 3 3 1 1 2

( ) ( ) ( )
( )( )( )

x x t x x t x x t
t t t t t t

� � � � �

� � �
	

�

�
�

(10) Œfl¡±Ú› ¸¬ı˛˘À¬ı˛‡±˚˛ ·˜Ú¬ı˛Ó¬ ¤fl¡øÈ¬ fl¡Ì± ˚ø√ øÚø«√©Ü ”√¬ı˛ÀQ¬ı˛ õ∂Ô˜±Ò« f1 ¸≈¯∏˜ Q¬ı˛ÀÌ ·˜Ú fl¡À¬ı˛

¤¬ı— ø¡ZÓ¬œ ˛̊±Ò« f2 ≈̧̄ ∏̃  Q¬ı˛ÀÌ ’øÓ√flË¡˜ fl¡À¬ı˛, Ó¬± √̋√À˘ Œ√‡±Ú Œ˚ ˚±S±À˙À ∏̄ fl¡Ì±øÈ¬¬ı˛ Œ¬ı·, ¸•Û”Ì« ”√¬ı˛Q, 
1
2 1 2( )f f�

¸≈¯∏˜Q¬ı˛ÀÌ ’øÓ¬√flË¡±z¬ ˘tÀ¬ıÀ·¬ı˛ ¸˜±Ú ˝√√À¬ıº

(11) ¤fl¡øÈ¬ √√√∏C±˜·±øÎ¬ˇ øàÔ¬ı˛ ’¬ıàÔ± ˝√√ÀÓ¬ f ¸≈¯∏˜ Q¬ı˛ÀÌ ¸¬ı˛˘¬ÛÀÔ ‰¬˘ÀÓ¬ ˙≈¬ı˛≈ fl¡À¬ı˛ ¤¬ı— √√√∏C±˜·±øÎ¬ˇ¬ı˛ ¬Û(±ÀÓ¬

d ”√¬ı˛ÀQ ’¬ıøàÔÓ¬ ¤fl¡ ¬ı…øq¡ u ¸≈¯∏˜À¬ıÀ· ‹ ·±øÎ¬ˇ Ò¬ı˛¬ı±¬ı˛ Ê√Ú… Â≈√È¬ÀÓ¬ ˙≈¬ı˛≈ fl¡À¬ı˛  , Œ√‡±Ú u fd� 2  ˝√√À˘

‹ ¬ı…øq¡ ‹ ·±øÎ¬ˇ Ò¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ı Ú±º

(12) ¸¬ı˛˘À¬ı˛‡±˚˛ ·˜Úfl¡±¬ı˛œ ¤fl¡øÈ¬ Œ¬ı˛˘·±øÎ¬ˇ ¬Û¬ı˛¬Û¬ı˛ ≈√øÈ¬ ŒàÈ√√˙ÀÚ Ô±À˜º ŒàÈ√√˙Ú ≈√øÈ¬¬ı˛ ˜ÀÒ… ”√¬ı˛Q x

øfl¡À˘±ø˜È¬±¬ı˛  , ˚ø√ Œ¬ı˛˘·±øÎ¬ˇøÈ¬¬ õ∂ÔÀ˜ f1 ¸≈¯∏˜ Q¬ı˛ÀÌ ¤¬ı— ¬ÛÀ¬ı˛ f2 ¸≈¯∏˜ ˜μÀÚ ‰¬À˘ Œ˜±È¬ 2x ø˜øÚÀÈ¬ ŒàÈ√√˙Ú

≈√˝◊√√øÈ¬¬ı˛ ˜Ò…¬ıÓ«¬œ√√ ”√¬ı˛Q ’ø√Ó¬flË¡˜ fl¡À¬ı˛, Ó¬± ˝√√À˘ Œ√‡±Ú Œ˚, 
1 1 2
1 2f f

x� � º
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¤fl¬fl¬ 2 � ¬ı˘±ÒœÚ ·øÓ¬ø¬ı√…±

·Í¬Ú

2.1 ¬√õ∂d¬±¬ıÚ±

2.2 ¬Î¬◊ÀV˙…

2.3 ·øÓ¬¬ı˛ øÚ˚˛˜±¬ı˘œ

2.4 ¬ı˘¸˜”À˝√√¬ı˛ Œˆ¬ÃÓ¬ ¶§Ó¬LaÓ¬±, ·øÓ¬˙øq¡ (Kinetic Energy), fl¡ «̃ (Work), é¬˜Ó¬± (Power),

øàÔøÓ¬˙øq¡ (potential Energy)

2.5 ¬ı˘, fl¡ «̃ › ˙øq¡¬ı˛ ¤fl¡fl¡ (Unit), ˜±S± (Dimension)

2.6 Δ¬ı˛ø‡fl¡ ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬

2.7 ˜˝√√±fl¡ ∏̄« ø¬ıøÒ

2.8 ˜±Ò…±fl¡¯∏«ÌÊ√øÚÓ¬ Q¬ı˛Ì, ø√flË¡˚˛± ¬ı˘Àé¬S (Field of force),

’±À¬ı· › ‚±Ó¬¬ı˘ (Impulse and Impulsive force)

2.9 ’Ú≈̇ œ˘Úœ

2.10 ¸±¬ı̨±—˙

2.11 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘ [Î¬◊M√√¬ı˛ ¸•§ø˘Ó¬]

2.1 ¬√õ∂d¬±¬ıÚ±

¬Û”À¬ı« ’±À˘±ø‰¬Ó¬ ≈√øÈ¬ ¤fl¡Àfl¡ [¤fl¡fl¡ Ú— 1 ¤¬ı— 2] ’±˜¬ı˛± ¸¬ı˛˘À¬ı˛‡±˚˛ ·˜Ú¬ı˛Ó¬ Œfl¡±ÀÚ± ¬¬ıd≈¬¬ı˛ ¸¬ı˛Ì, Œ¬ı·,

Q¬ı˛Ì ˝◊√√Ó¬…±ø√ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡À¬ı˛øÂ√º ˜”˘Ó¬– Ê√…±ø˜øÓ¬fl¡ ‘√ø©Üˆ¬e·œ øÚÀ˚˛ ’±˜¬ı˛± ‹ ¸fl¡˘ ’±À˘±‰¬Ú± fl¡À¬ı˛øÂ√º

¤‡Ú 3Ú— ¤fl¡Àfl¡ ·…±ø˘ø˘› ¤¬ı— øÚÎ¬◊È¬Ú õ∂¬ıøÓ«¬Ó¬ Ò±¬ı˛±˚˛ ’±˜¬ı˛± ¬ıø˝√√–àÔ ¬ı˘õ∂À˚˛±À· Ÿ¬Ê≈√À¬ı˛‡±˚˛ ¬ıd≈¬¬ı˛ ¸¬ı˛Ì,

Œ¬ı· ¤¬ı— Q¬ı˛Ì ˝◊√√Ó¬…±ø√ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº ¤˝◊√√ õ∂¸Àe· ¬ı˘¸˜”À˝√√¬ı˛ Œˆ¬ÃÓ¬¶§Ó¬LaÓ¬±, fl¡˜«, é¬˜Ó¬±, ·øÓ¬ ›

øàÔøÓ¬ ˙øq¡¡Z ˛̊, ¤¬ı— Ó¬±À√¬ı˛ ¤fl¡fl¡, ˜ √̋√±fl¡ ∏̄«ø¬ıøÒ, Δ¬ı˛ø‡fl¡ ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬, ’±À¬ı· › ‚±Ó¬¬ı˘ ◊̋√√Ó¬…±ø√ ’±À˘±‰¬Ú±

fl¡À¬ı˛ ¬ı˘±ÒœÚ ·øÓ¬˙œ˘ ¬ıd≈¬¬ı˛ Œé¬ÀS Ó¬±À√¬ı˛ õ∂À˚˛±· Œ√‡¬ıº
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2.2 ¬Î¬◊ÀV˙…

·øÓ¬ø¬ı:±ÀÚ ¤˝◊√√ ¤fl¡fl¡øÈ¬ ‡≈¬ı˝◊√√ ·≈¬ı˛≈Q¬Û”Ì«, øÚÎ¬◊√√√∏CÚœ˚˛ ¸”S ’¬ı˘•§ÀÚ ’±˜¬ı˛± ¸¬ı˛˘À¬ı˛‡±˚˛ ·øÓ¬˙œ˘ Œfl¡±Ú›

¬¬ıd≈¬ ˚ø√ Œfl¡±Ú› ¬ıÀ˘¬ı˛ ’ÒœÚ Ô±Àfl¡, Ó¬± ˝√√À˘ ’øÓ¬¸˝√√ÀÊ√˝◊√√ ¬ıd≈¬øÈ¬¬ı˛ ¸¬ı˛Ì, Œ¬ı·, Q¬ı˛Ì ¤¬ı— ·øÓ¬˙øq¡ øÚÌ«˚˛

fl¡¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º ¬ıø˝√√–àÔ ¬õ∂˚≈q¡ ¬ı˘øÈ¬ ˚ø√ ’Ó¬…z¬ ’ä ¸˜À˚˛ ø√flË¡˚˛±˙œ˘ ˝√√˚˛, Ó¬± ˝√√À˘› ’±˜¬ı˛± ‹ ¬ı˘Àfl¡

‚±Ó¬¬ı˘ (Impulsive force) ÒÀ¬ı˛ ’±˜¬ı˛± ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º

2.3 ¬¬ı˘±ÒœÚ ·øÓ¬ø¬ı√…± (Kinetics)

¬Û”¬ı« ’Ò…±À˚˛ ¬ı˘øÚ¬ı˛À¬Ûé¬ ·øÓ¬ø¬ı:±Ú ’Ô«±» ¸‘øÓ¬ø¬ı√…±¬ı˛ fl¡Ô± ¬ı˘± ˝√√À˚˛ÀÂ√º ¤˝◊√√ ’Ò…±À˚˛ ’±˜¬ı˛± ¬ı˘±ÒœÚ

¬ıd≈¬¬ı˛ ·øÓ¬¬ı˛ õ∂fl‘¡øÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

·øÓ¬¬ı˛ øÚ˚˛˜±¬ı˘œ –

’±˜¬ı˛± ¤‡±ÀÚ ·…±ø˘ø˘› ¤¬ı— øÚÎ¬◊√√√∏CÚ õ∂¬ıøÓ«¬Ó¬ ·øÓ¬¬ı˛ øÚ˚˛˜±¬ı˘œ ’±À˘±‰¬Ú± fl¡¬ı˛¬ı –

·øÓ¬¬ı˛ õ∂Ô˜ øÚ˚˛˜ –

Œfl¡±Ú› ¬ıd≈¬ øàÔ¬ı˛ ’¬ıàÔ±˚˛ Ô±fl¡À˘ Œ¸øÈ¬ Œ¸˝◊√√ ’¬ıàÔ±˚˛˝◊√√ Ô±fl¡À¬ı, ’±¬ı±¬ı˛ ¸≈¯∏˜ Q¬ı˛ÀÌ ¸¬ı˛˘À¬ı˛‡±˚˛ ˚ø√

¬ıd≈¬øÈ¬ ‰¬˘ÀÓ¬ Ô±Àfl¡ Ó¬À¬ı ‹ ¸≈¯∏˜ Q¬ı˛ÀÌ˝◊√√ ‹ ¬ıd≈¬øÈ¬ ‰¬˘ÀÓ¬ Ô±fl¡À¬ı, ˚Ó¬é¬Ì Ú± Œfl¡±Ú› ¬ıø˝√√–àÔ ¬ı˘ (Force)

‹ ¬ıd≈¬øÈ¬¬ı˛ øàÔ¬ı˛±¬ıàÔ±¬ı˛ ’Ô¬ı± ¸≈¯∏˜ Q¬ı˛Ì ’¬ıàÔ±¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ‚È¬±˚˛º

¤‡±ÀÚ ¬ıd≈¬¬ı˛ øàÔ¬ı˛±¬ıàÔ± ’Ô¬ı± ¸≈¯∏˜Q¬ı˛ÀÌ ·øÓ¬˙œ˘ ’¬ıàÔ±Àfl¡ ‹ ¬ıd≈¬¬ı˛ ¶§±ˆ¬±ø¬ıfl¡ ’¬ıàÔ± ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º

¬ıd≈¬¬ı˛ ‹ ¶§±ˆ¬±ø¬ıfl¡ ’¬ıàÔ±˚˛ Ô±fl¡±¬ı˛ Ò˜«Àfl¡ ’±˜¬ı˛± ¬ıd≈¬¬ı˛ Ê√Î¬ˇÓ¬± ’Ô¬ı± Ê√±Î¬… ¬ıÀ˘ Ô±øfl¡º ¤Ê√Ú… ’ÀÚfl¡ ¸˜˚˛

·øÓ¬¬ı˛ õ∂Ô˜ øÚ˚˛˜øÈ¬Àfl¡ [˜”˘Ó¬– ·…±ø˘ø˘› õ∂¬ıøÓ«¬Ó¬] ’±˜¬ı˛± Ê√±Î¬…øÚ˚˛˜ (Law of Inertia) ¬ıÀ˘ Ô±øfl¡º

¬ı˘ ¤fl¡øÈ¬ ’¸—:±Ó¬ ¬Û√, Ó¬± ¬ıd≈¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ˝√√À˘, ¬ıd≈¬øÈ¬¬ı˛ ¶§±ˆ¬±ø¬ıfl¡ ’¬ıàÔ±¬ı˛ [øàÔ¬ı˛±¬ıàÔ± ’Ô¬ı±

¸≈¯∏˜ Q¬ı˛ÀÌ ‰¬˘˜±Ú ’¬ıàÔ±] ¬Ûø¬ı˛¬ıÓ«¬Ú ‚È¬±˚˛º

ˆ¬¬ı˛ › ˆ¬¬ı˛À¬ı· –

Œfl¡±Ú› ¬ıd≈¬¬ı˛ ˜ÀÒ… ˚Ó¬ ¬Ûø¬ı˛˜±Ì Ê√Î¬ˇ Ô±Àfl¡ Ó¬±Àfl¡ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛ (mass) ¬ı˘± ˝√√À˚˛ Ô±Àfl¡ ¤¬ı— ¬ıd≈¬øÈ¬¬ı˛

ˆ¬¬ı˛ ¤¬ı— ·øÓ¬À¬ıÀ·¬ı˛ ·≈ÌÙ¬˘Àfl¡ Ó¬±¬ı˛ ˆ¬¬ı˛À¬ı· (mV) ¬ı˘± ˝√√˚˛º ’±˜¬ı˛± ¤˝◊√√ ¬Û±Í¬√flË¡À˜ ˆ¬¬ı˛Àfl¡ ¤fl¡øÈ¬ Œ¶®˘±¬ı˛

¬ı˛±ø˙ ÒÀ¬ı˛øÂ√, øfl¡z≈¬ ·øÓ¬À¬ı· ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛  , ’Ó¬¤¬ı ˆ¬¬ı˛À¬ı· ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛º

·øÓ¬¬ı˛ ø¡ZÓ¬œ˚˛ øÚ˚˛˜ –

Œfl¡±Ú› ¬ıd≈¬¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¸˜˚˛¸±À¬ÛÀé¬ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛ ‹ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ¬ıÀ˘¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡ ¤¬ı—



26

NSOU

Œ˚ ø√˙±˚˛ ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛ ‹ ø√˙±ÀÓ¬˝◊√√ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ‚È¬À¬ıº ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛ m, Œ¬ı· V
�

 ¤¬ı— ø√flË¡˚˛±˙œ˘

¬ı˘ P
�

 Ò¬ı˛À˘, ·øÓ¬¬ı˛ ¤˝◊√√ ø¡ZÓ¬œ˚˛ øÚ˚˛˜±Ú≈¸±À¬ı˛ P d
dt

mV
� �

 ( ) ’Ô«±» P k d

dt
mV

� �
� ( ) ˝√√ ˛̊º [Œ˚‡±ÀÚ k ¤fl¡øÈ¬

ÒË≈¬ıfl¡ ¬ı˛±ø˙] ˚ø√ ¬ıø˝√√–àÔ¬ı˘ P
�

� 0  ˝√√ ˛̊ 
d
dt

mV( )
�

� 0  ’Ô«±» mV
�

 ÒË≈¬ıfl¡ ˝√√À¬ı  , ¤Àfl¡ [ø√flË¡˚˛±˙œ˘ ¬ıÀ˘¬ı˛

’¬ıÓ«¬˜±ÀÚ] Œfl¡±Ú› ¬ıd≈¬¬ı˛ ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬ ¬ı˘± ˝√√˚˛º

¤‡Ú ’±˜¬ı˛± ˚ø√ ¤˜Ú ¤fl¡fl¡ Òø¬ı˛ ˚±ÀÓ¬ 
d
dt

mV( )
�

 ¤¬ı˛ ˜±Ú ¤fl¡ ˝√√À˘ | |P
�

-¤¬ı˛ ˜±Ú› ¤fl¡ ˝√√À¬ı,

Ó¬± ˝√√À˘ Œ√‡± ˚± ˛̊ Œ˚ k = 1 ˝√À¬ı,

¤Àé¬ÀS ’±˜¬ı˛± ø˘‡ÀÓ¬ ¬Û±ø¬ı˛ Œ˚, P d
dt

mV
� �

� �
�
�
�  ˚ø√ ¸˜˚˛¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛ ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡,

Ó¬± ˝√√˘ P m
dV
dt

m f
�

�

�

� �  ˝√√À¬ı [Œ˚‡±ÀÚ f
�

 [Q¬ı˛Ì] �

�

dV
dt

) ;

P m f
� �

�  Œfl¡±Ú› ¬ıd≈¬¬ı˛ ·øÓ¬¬ı˛ õ∂‰¬ø˘Ó¬ ¸”S [ˆ¬¬ı˛ m ’¬Ûø¬ı˛¬ıÓ«¬Úœ˚˛ ¶§œfl¡±¬ı˛ fl¡À¬ı˛]

·øÓ¬¬ı˛ ø¡ZÓ¬œ˚˛ øÚ˜±Ú≈˚±˚˛œ ¤fl¡˝◊√√ ø√˙±˚˛ ¤fl¡˝◊√√ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ≈√øÈ¬ ¬ıÀ˘¬ı˛ ¬Ûø¬ı˛˜±ÀÌ¬ı˛ Ó≈¬˘Ú± fl¡¬ı˛± ˚±˚˛º

Ò¬ı˛± ˚±fl¡ Œ˚ ≈√øÈ¬ ¬ı˘ P1 ¤¬ı— P2 ¤fl¡˝◊√√ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡˝◊√√ ø√˙±˚˛ ø√flË¡˚˛±˙œ˘ ˝√√˚˛ ¤¬ı— P1 ¬ı˘øÈ¬¬ı˛ Ê√Ú… ¬ıd≈¬øÈ¬¬ı˛

f1 Q¬ı˛Ì ‘̧ø©Ü ˝√√ ˛̊ ¤¬ı— P2 ¬ı˘øÈ¬¬ı˛ Ê√Ú… ¬ıd≈¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ f2 Q¬ı˛Ì ¸‘©Ü ˝√√˚˛, P1 › P2 ¬ı˘ ≈√øÈ¬¬ı˛ ø√˙± ’øˆ¬iß

¬ıÀ˘ f1 ¤¬ı— f2 Q¬ı˛Ì ≈√øÈ¬¬ı˛ ø√˙±› ’øˆ¬iß ˝√√À¬ıº

Ê√…±ø˜øÓ¬¬ı˛ ¸±˝√√±À˚… Q¬ı˛Ì f1 ¤¬ı— f2 ¬Ûø¬ı˛˜±¬Û fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛À˘ ’±˜¬ı˛± Œ√‡ÀÓ¬ ¬Û±˝◊√√ Œ˚,

P
P

f
f

1

2

1

2
�  ˝√√À¬ı, ¤˝◊√√¬ı˛”À¬Û P1 ¤¬ı— P2 ¬ı˘ ≈√øÈ¬¬ı˛ ˜±ÀÚ¬ı˛ Ó≈¬˘Ú± fl¡¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

·øÓ¬¬ı˛ Ó‘¬Ó¬œ˚˛ øÚ˚˛˜ –

õ∂ÀÓ¬…fl¡øÈ¬¬ ø√flË¡˚˛±¬ı˛ ¸˜¬Ûø¬ı˛˜±Ì ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ø√flË¡˚˛± Ô±fl¡À¬ıº ·øÓ¬¸—√flË¡±z¬ ¤˝◊√√ Ó‘¬Ó¬œ˚˛ øÚ˚˛˜øÈ¬ øÚÎ¬◊È¬Ú Î¬◊æ√±¬ıÚ

fl¡À¬ı˛øÂ√À˘Úº

Î¬◊¬Ûø¬ı˛Î¬◊q¡ ·øÓ¬¬ı˛ õ∂Ô˜, ø¡ZÓ¬œ ˛̊ › Ó‘¬Ó¬œ ˛̊ ¤ ◊̋√√ øÓ¬ÚøÈ¬Àfl¡ ◊̋√√ øÚÎ¬◊È¬ÀÚ¬ı˛ ·øÓ¬¬ı˛ øÚ ˛̊̃  ¬ıÀ˘ Ô±øfl¡ ¤¬ı— ‹ øÚ ˛̊̃ ±¬ı˘œ

’Ú≈˚±˚˛œ ·øÓ¬ø¬ı:±ÚÀfl¡ øÚÎ¬◊È¬Úœ˚˛ ·øÓ¬ø¬ı√…± ¬ıÀ˘ Ô±øfl¡º

2.4 ¬¬ı˘¸˜”À˝√√¬ı˛ Œˆ¬ÃÓ¬ ¶§Ó¬LaÓ¬± (Physical independence of forces)

˚ø√ ≈√˝◊√√øÈ¬ ¬ı± Ó¬ÀÓ¬±øÒfl¡ ¬ı˘ Œfl¡±Ú ¬ıd≈¬¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ‚È¬±˚˛, Ó¬± ˝√√À˘ Œ˚ Œfl¡±Ú› ¤fl¡øÈ¬ ¬ıÀ˘¬ı˛
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¡Z±¬ı˛± õ∂ˆ¬±ø¬ıÓ¬ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛À¬ıÀ· ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¡À¬ı Ú±º ’Ú… ¬ı˘·≈ø˘¬ı˛ Œfl¡±Ú› õ∂ˆ¬±¬ı Ô±fl¡À¬ı Ú±º ‹

ÚœøÓ¬øÈ¬Àfl¡ ¶§Ó¬–ø¸X ÒÀ¬ı˛ ’±˜¬ı˛± ·øÓ¬ø¬ı√…±¬ı˛ ’±À˘±‰¬Ú±˚˛ ’¢∂¸¬ı˛ ˝√√¬ıº

‹ ÚœøÓ¬Àfl¡˝◊√√ ·øÌÀÓ¬ ¸±Ò±¬ı˛ÌÓ¬– Î¬◊¬Ûø¬ı˛¬Û±Ó¬ ÚœøÓ¬ (Principle of Superposition) ¬ı˘± ˝√√ ˛̊º

ø¬ıÀ˙¯∏ ^©Ü¬ı… –ñ¬ıd≈ ¬ı˘ÀÓ¬ ¤˝◊√√ ¬Û±Í¬√flË¡À˜ ¤fl¡øÈ¬ fl¡Ì± Œ¬ı±Á¡±À¬ı ˚±¬ı˛ ˆ¬¬ı˛ ’±ÀÂ√ øfl¡z≈¬ ˜±S± (dimension)

ŒÚ˝◊√√ ¤¬ı— ‰¬˘˜±Ú ¬ıd≈¬øÈ¬Àfl¡ ø¬ıøˆ¬iß øˆ¬iß ø¬ıμ≈ÀÓ¬ ‰¬˘˜±Ú ø¬ıμ≈ ¬ı˛”À¬Û ø‰¬z¬± fl¡¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

·øÓ¬˙øq¡ (Kinetic Energy)

T mV� �
1
2

1
2

2  [fl¡Ì±¬ı˛ ˆ¬¬ı˛] × [fl¡Ì±¬ı˛ ·øÓ¬À¬ı·]2 Œfl¡ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬˙øq¡ ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º

fl¡Ì±øÈ¬ ˚ø√ Œfl¡±Ú› øÚø«√©Ü ø√Àfl¡ Ò¬ı˛± ˚±fl¡ 0x ¸¬ı˛˘À¬ı˛‡±¬ı˛ ø√Àfl¡ V ¤¬ı— T Î¬◊̂ ¬ ˛̊̋ ◊√√ x-’À¬Ûé¬fl¡ (function)

Ó¬± ’¬ıfl¡˘Ú õ∂ø√flË¡˚˛± ¡Z±¬ı˛± ’±˜¬ı˛± Œ√ø‡ 
dT
dx

mV dV
dx

m f m� � � � �  Q¬ı˛Ì fl¡±¬ı˛Ì ’±˜±¬ı˛ Œ√À‡øÂ√ f [Q¬ı˛Ì]

� V dV
dx  ’Ó¬¤¬ı 

dT
dx

mf P x� � (  ø√Àfl¡ ¬ıø˝√√–àÔ ø√flË¡˚˛±˙œ˘¬ı˘]

fl¡˜« (Work) ¤¬ı— é¬˜Ó¬± (Power) –

Ò¬ı˛ F
�

 ¬ı˘øÈ¬ Œfl¡±Úƒ ¬ıd≈¬Àfl¡ P ˝√√ÀÓ¬ a ø¬ıμ≈ÀÓ¬ øÚÀ˚˛ ˚±˚˛, P ˝√√ÀÓ¬ Q ø¬ıμ≈ÀÓ¬ ŒÚ¬ı±¬ı˛ Ê√Ú… F
�

 ¬ıÀ˘¬ı˛

¡Z±¬ı˛± Œ˚ fl¡˜« ø¸X ˝√√˚˛, Ó¬±Àfl¡ ¬ıÀ˘¬ı˛ fl¡˜« (Work) ¬ı˘± ˝√√ ˛̊ ¤¬ı— Ó¬±¬ı˛ ˜±Ú F PQ F
� �� �

. (  ¬ı˘ ¤¬ı— PQ
��

  ¸¬ı˛ÀÌ¬ı˛

Œ¶®˘±¬ı˛ ·≈ÌÙ¬˘]º

fl¡ «̃ F PQ
� ��

.  Œfl¡ PQ
��

 ø√Àfl¡ F
�

-¤¬ı˛ Î¬◊¬Û±—˙ ¤¬ı— PQ
��

 ¸¬ı˛ÀÌ¬ı˛ ˜±ÀÚ¬ı˛ ·≈ÌÙ¬˘ ¬ı˛”À¬Û ø¬ıÀ¬ı‰¬Ú± fl¡¬ı˛±

Œ˚ÀÓ¬ ¬Û±À¬ı˛  , ’±¬ı±¬ı˛ fl¡˜« F PQ F PQ
� �� � ��

�. | | | |  cos�� Œ˚‡±ÀÚ [ F
�

� ¤¬ı— PQ
��

 ¤¬ı˛ ’z¬ˆ≈«¬q¡ Œfl¡±Ì �] ¸˜˚˛

¸±À¬ÛÀé¬ fl¡À˜«¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛Àfl¡ é¬˜Ó¬± (Power) ¬ı˘± ˝√√À˚˛ Ô±Àfl¡  , ˚ø√ fl¡˜« F dr
� ��

.  ˝√√ ˛̊ Ó¬± ˝√√À˘ é¬˜Ó¬±

F
d r
dt

F V d r
�

�

� � �

�. . (  ¸¬ı˛Ì ˝√√À˘, 
d r
du

�

�  Œ¬ı·]º

·øÓ¬˙øq¡ T mV�
1
2

2  ÒÀ¬ı˛

’±˜¬ı˛± Œ√‡ÀÓ¬ ¬Û±˝◊√√ Œ˚, fl¡˜« F d r m
dV
dt

d r
� �

�

�

� .  [Œ˚À˝√√Ó≈¬ F m
�

� � Q¬ı˛Ì]

’Ó¬¤¬ı fl¡˜« � �

� �

�

m
dV
dt

dr
dt

dt m
dV
dt

V dt. .  ’Ô«±» fl¡˜« Fd r d mV dTF
� � �

� �
1
2

2� �  ¬ı˘±ÒœÚ Œfl¡±Ú›
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¬ı˘ A ø¬ıμ≈ ˝√ √ÀÓ¬� B ø¬ıμ≈ Œ˚ÀÓ¬ Œ˚ fl¡˜« fl¡À¬ı˛ Ó¬± Œˆ¬"√√¬ı˛ ¸˜±fl¡À˘¬ı˛ ¡Z±¬ı˛± Œ˘‡± ˚±˚˛

F d r T mV mV
A

B

A
B

B A

� �

� � � 	. ( ) 1
2

1
2

2 2
� ’Ô«±» A ø¬ıμ≈ ŒÔÀfl¡ B ø¬ıμ≈ÀÓ¬ F

�
 ¬ı˘ m fl¡Ì±¬ı˛ ›¬Û¬ı˛ Œ˚ fl¡˜«

fl¡À¬ı˛ Ó¬± ¬ıÀ˘¬ı˛ ¬ÛÔ ¸˜±fl¡À˘¬ı˛ ˜±ÀÚ¬ı˛ ¸˜±Ú ¤¬ı— A ø¬ıμ≈ ˝√√ÀÓ¬ B ø¬ıμ≈ ¬Û˚«z¬ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬˙øq¡¬ı˛ ¬ı‘øX¬ı˛ ¸˜±Úº

˚ø√ ¤¬ı”̨¬Û ˝√√ ˛̊ F d r
A

B
� �

� . �¸˜±fl¡˘øÈ¬ Œfl¡¬ı˘˜±S A ø¬ıμ≈ ˝√√ÀÓ¬ B ø¬ıμ≈ ¬Û˚«z¬ ø¬ıÀ˙¯∏ Œfl¡±Ú› ¬ÛÀÔ¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘

Ú˚˛, Œfl¡¬ı˘˜±S õ∂±z¬ ø¬ıμ≈ ≈√˝◊√√øÈ¬ A ¤¬ı— B Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛ Ó¬± ˝√√À˘ ‹ ¬ı˘Àfl¡ (F
�

-Œfl¡] ¸—¬ı˛é¬œ¬ı˘

(Conservative force) ¬ı˘± ˝√√ ˛̊º

é¬˜Ó¬± (Power)

¸˜˚˛ ¸±À¬ÛÀé¬ fl¡À˜«¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛Àfl¡ é¬˜Ó¬± ¬ı˘± ˝√√˚˛  , ’Ô«±» F d r F
� � �

. ;  ¬ıÀ˘¬ı˛ fl¡± «̊

F
d r
dt

F V
�

�

��

�.  ˝√√À¬ıº

’±˜¬ı˛± ¬Û”À¬ı« ¸—:± ’Ú≈˚±˚˛œ 
dT
dt

d
dt

mV m d V
dt

V F V� � �

�
� � �1

2
2� � . . �’Ô«±» ¸˜˚˛¸±À¬ÛÀé¬ ·øÓ¬˙øq¡¬ı˛

¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛˝◊√√ é¬˜Ó¬±º

øàÔøÓ¬˙øq¡ (Potential Energy)

¸—¬ı˛é¬œ ¬ı˘¸˜”À˝√√¬ı˛ (Conservative forces) õ∂ˆ¬±À¬ı Œfl¡±Ú› ø¬ıμ≈ Ò¬ı˛± ˚±fl¡, A ø¬ıμ≈ ˝√√ÀÓ¬ Œfl¡±Ú› øÚøV«©Ü

ø¬ıμ≈ÀÓ¬ Œfl¡±Ú› fl¡Ì±Àfl¡ øÚÀ˚˛ Œ˚ÀÓ¬ ¬ı˘·≈ø˘¬ı˛ ¡Z±¬ı˛± Œ˚ ø√flË¡˚˛± ¸±øÒÓ¬ ˝√√˚˛ Ó¬±Àfl¡ ‹ A ø¬ıμ≈ÀÓ¬ ‹ ¬ı˘Àé¬ÀS¬ı˛

øàÔøÓ¬˙øq¡ ¬ı˘± ˝√√˚˛º ’ÀÚfl¡ ¸˜˚˛ ‹ øàÔ¬ı˛ø¬ıμ≈øÈ¬ ’¸œ˜ ”√¬ı˛ÀQ› (infinite distance) Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛º

˚ø√ A ø¬ıμ≈ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ øàÔøÓ¬˙øq¡ VA ¤¬ı— ·øÓ¬˙øq¡ 
1
2

2mVA � ˝√√ ˛̊ ¤¬ı— B ø¬ıμ≈ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ øàÔøÓ¬˙øq¡

VB ¤¬ı— ·øÓ¬˙øq¡ 
1
2

2mVB  ˝√√ ˛̊ [fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛ m, A ¤¬ı— B ø¬ıμ≈ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ Œ¬ı· ˚Ô±√flË¡À˜ VA ¤¬ı— VB

Òø¬ı˛]º

Ó¬± ˝√√À˘ ¸—¬ı˛é¬œ ¬ı˘±ÒœÚ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ 
1
2

1
2

2 2mV V mV VA A B B� � �  ˝√√À¬ı, ’Ô«±» ·øÓ¬˙øq¡ ¤¬ı—

øàÔøÓ¬˙øq¡¬ı˛ Œ˚±·Ù¬˘ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ øàÔ¬ı˛ Ô±fl¡À¬ıº

¤˝◊√√ ÚœøÓ¬øÈ¬Àfl¡ ˙øq¡¬ı˛ ¸—¬ı˛é¬Ì ÚœøÓ¬ (Principle of Conservation of Energy) ¬ı˘± ˝√√À ˛̊ Ô±Àfl¡º

˜ÀÚ ¬ı˛±‡ÀÓ¬ ˝√√À¬ı ¸—¬ı˛é¬œ ¬ı˘Àé¬ÀS˝◊√√ Î¬◊¬Ûø¬ı˛Î¬◊q¡ ¸—¬ı˛é¬Ì ÚœøÓ¬ ¢∂±˝√√… ˝√√À¬ıº
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2.5 ¬ı˘, fl¡˜« › ˙øq¡¬ı˛ ¤fl¡fl¡

’±˜¬ı˛± ¬Û”À¬ı«˝◊√√ ¬ıÀ˘øÂ√ Œ˚, ø¸. øÊ√. ¤¸. ¬ÛXøÓ¬ÀÓ¬ ¸¬ı˛ÀÌ¬ı˛ ¤fl¡fl¡ 1cm ˆ¬À¬ı˛¬ı˛ ¤fl¡fl¡ 1gm ¤¬ı— ¸˜À˚˛¬ı˛

¤fl¡fl¡ 1sec ÒÀ¬ı˛

Œ¬ıÀ·¬ı˛ ¤fl¡fl¡ 1 cm/sec ¤¬ı—

Ó¬À¬ı¬ı˛ÀÌ¬ı˛ ¤fl¡fl¡ 1 cm/sec2

¬ı˘ = ˆ¬¬ı˛ × Q¬ı˛Ì ( )P m f
� �

�  ˝√√ÀÓ¬

’±˜¬ı˛± ¬ıÀ˘¬ı˛ ¤fl¡fl¡ 1 gm cm/sec2 Òø¬ı˛  ,

¬ı˘ø¬ı√…± ˛̊ ¬ıÀ˘¬ı˛ ¤fl¡fl¡ 1 gm cm/sec2 Œfl¡ ’±˜¬ı˛± 1 dyne ’Ô«±» ¤fl¡ Î¬±˝◊√√Ú ÒÀ¬ı˛ Ô±øfl¡º

fl¡˜«, ˙øq¡ › é¬˜Ó¬±¬ı˛ ¸—:± ’Ú≈˚±˚˛œ

’±˜¬ı˛± fl¡˜« › ˙øq¡¬ı˛ ¤fl¡fl¡ 1 gm cm2/sec2

’Ô¬ı± 1 dyne cm ¤¬ı—

é¬˜Ó¬±¬ı˛ ¤fl¡fl¡ 1gm cm
sec

2

3

’Ô¬ı± 1 dyne cm
sec  ÒÀ¬ı˛ Ô±øfl¡º ’ÀÚfl¡ ¸˜˚˛ ø¸øÊ√¤¸ƒ ¬ÛXøÓ¬ÀÓ¬ fl¡˜« › ˙øq¡¬ı˛ ¤fl¡fl¡ 1 dyne cm

Œfl¡ 1 erg ¬ı˘± ˝√√ ˛̊ ¤¬ı— é¬˜Ó¬±¬ı˛ ¤fl¡fl¡ 1 dyne cm/sec Œfl¡ 1 erg/sec ¬ı˘± ˝√√ ˛̊º

ø¸øÊ√¤¸ƒ ¬ÛXøÓ¬ÀÓ¬ ¬ıÀ˘¬ı˛ ¤fl¡fl¡ é≈¬^ ˝√√›˚˛±¬ı˛ Ê√Ú… ’±˜¬ı˛± ’ÀÚfl¡ ¸˜˚˛ ¬Û”À¬ı« Î¬◊ø~ø‡Ó¬ ¤˜ƒ Œfl¡ ¤¸ƒ (MKS)

¬ÛXøÓ¬ ’Ú≈˚±˚˛œ ¤fl¡fl¡ ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ Ô±øfl¡, ¤˝◊√√ ¬ÛXøÓ¬ÀÓ¬ ¸¬ı˛ÀÌ¬ı˛ [Δ√À‚«…¬ı˛] ¤fl¡fl¡ 1 m [¤fl¡ ø˜È¬±¬ı˛ = 100

cm) ¸˜À˚˛¬ı˛ ¤fl¡fl¡ 1 sec (¤fl¡ Œ¸Àfl¡`¬]º

ˆ¬À¬ı˛¬ı˛ ¤fl¡fl¡ 1 kg = 1000 gm

¬ıÀ˘¬ı˛ ¤fl¡ øÚÎ¬◊È¬Ú Œ˚‡±ÀÚ ¤fl¡ øÚÎ¬◊È¬Ú (Newton)

� �
�

�
1Kg.m
(sec)

1000 gm 100 cm
(sec)

10 gm.cm.
(sec)2 2

5

2

Œ√‡± ˚±À26√ Œ˚ ¤fl¡ øÚÎ¬◊È¬Ú = 105 Î¬± ◊̋√√Úº

¤˜. Œfl¡. ¤¸ƒ ¬ÛXøÓ¬ÀÓ¬ fl¡˜« ¬ı± ˙øq¡¬ı˛ ¤fl¡fl¡ 
1kgm
(sec)

1Nm
2

2 �

= 105 Î¬± ◊̋√√Ú × 102 Œ¸ø˜ = 107 ’±·« (erg)

fl¡ «̃ ¬ı± ˙øq¡¬ı˛ ‹ ¤fl¡fl¡Àfl¡ ¤fl¡ Ê≈√˘ (1 Joule) ¬ı˘± ˝√√˚˛º ’±¬ı±¬ı˛ é¬˜Ó¬±¬ı˛ ¤fl¡fl¡ [¤˜ƒ Œfl¡ ¤¸ƒ ¬ÛXøÓ¬ÀÓ¬]

1Joule
Sec  ; ‹ ¤fl¡Àfl¡ ¤fl¡ › ˛̊±È¬ (1 watt) ¬ı˘± ˝√√˚˛, øàÔøÓ¬˙øq¡ › ·øÓ¬˙øq¡¬ı˛ ¤fl¡fl¡ ’øˆ¬iß Ò¬ı˛± ˝√√À˚˛ Ô±Àfl¡º
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˜˝√√±fl¡¯∏« › ˜˝√√±fl¡¯∏π˚˛ ¤fl¡fl¡ –

˜˝√√±fl¡¯∏«À˝√√Ó≈¬ ˆ”¬¬Û‘Àá¬ ¬ı± ˆ”¬¬Û‘Àá¬¬ı˛ øÚfl¡È¬¬ıÓ¬π ’=À˘ Œfl¡±Ú› ¬ıd≈¬ ˆ”¬Àfl¡Àf¬ı˛ ø√Àfl¡ Œ˚ ¬ıÀ˘¬ı˛ ¡Z±¬ı˛± ’±fl‘¡©Ü

˝√√˚˛, Œ¸˝◊√√ ¬ı˘Àfl¡ ¬ıd≈¬øÈ¬¬ı˛ ›Ê√Ú (weight) ¬ı˘± ˝√√˚˛  ,

¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛ m ˝√√À˘ ‹ ¬ı˘ ˝√√À¬ı mg ;

¤‡±ÀÚ ˜˝√√±fl¡¯∏«¬ı˘ Œ˝√√Ó≈¬ ¬ıd≈¬øÈ¬¬ı˛ Q¬ı˛Ì g Ò¬ı˛± ˝√√À¬ıº ¬¬ıd≈¬Ó¬¬ı˛ ˆ”¬¬Û‘Àá¬¬ı˛ ø¬ıøˆ¬iß ’=À˘ øfl¡—¬ı± ˆ”¬¬Û‘Àá¬¬ı˛ ’øÓ¬øÚfl¡È¬

àÔ±ÀÚ g-¤¬ı˛ ˜±ÀÚ¬ı˛ ¸±˜±Ú… ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À˘› ’±˜¬ı˛± g-Œfl¡ ÒË≈¬ıfl¡ Ò¬ı˛¬ı  ,

g-¤¬ı˛ ’±¸iß˜±Ú g = 981 cm/sec2 [ø¸øÊ√¤¸ƒ ¬ÛXøÓ¬ÀÓ¬ ¤fl¡ ¢∂±˜ ›Ê√Ú = g) ¤˜ƒ Œfl¡ ¤¸ƒ ¬ÛXøÓ¬ÀÓ¬

¤fl¡ øfl¡À˘±¢∂±˜ ›Ê√Úº

� � � � 	(10 gm)g 10 9.81
gmcm
(sec)

9 813 3
2

 øÚÎ¬◊È¬Úº

fl¡À˜«¬ı˛ ¤¬ı— ˙øq¡¬ı˛ ˜˝√√±fl¡¯∏π˚˛ ¤fl¡fl¡ øfl¡À˘±¢∂±˜ ›Ê√Ú ø˜È¬±¬ı˛ (kg weight m) ¤¬ı— é¬˜Ó¬±¬ı˛ ˜˝√√±fl¡¯∏π˚˛

¤fl¡fl¡ øfl¡À˘±¢∂±˜ ›Ê√Ú ø˜È¬±¬ı˛ õ∂øÓ¬ Œ¸Àfl¡À`¬ 
kg weight

(Sec)
;�

�
�
�  fl¡±ÀÊ√¬ı˛ ¸≈ø¬ıÒ±¬ı˛ Ê√Ú… ’ÀÚfl¡¸˜˚˛ ’ù´˙øq¡Àfl¡

(Horse Power, H.P.) Œfl¡ é¬˜Ó¬±¬ı˛ ¤fl¡fl¡ ¬ı˛”À¬Û Ò¬ı˛± ˝√√˚˛  , ¤˜ƒ Œfl¡ ¤¸ƒ [¬ÛXøÓ¬ÀÓ¬] ¤fl¡ ’ù´˙øq¡¬ı˛ ¬Ûø¬ı˛˜±Ì

75 kg weight m
(Sec)

�
�

�
�  ¤Ùƒ¬ ø¬Û ¤¸ƒ (F. P. S.) ¬ÛXøÓ¬  ,

¤˝◊√√ ¬ÛXøÓ¬¬ı˛ õ∂À˚˛±· ’±Ê√fl¡±˘ ‡≈¬ı˝◊√√ fl¡˜ Œ√‡± ˚±˚˛, ¬Û”À¬ı« ø¬ı:±Ú › fl¡±ø¬ı˛·¬ı˛œ ø¬ı√…±˚˛ ¤˝◊√√ ¬ÛXøÓ¬ÀÓ¬ Δ√‚«…,

¬ı˘ ˝◊√√Ó¬…±ø√¬ı˛ ¤fl¡fl¡ ¸”ø‰¬Ó¬ ˝√√˚˛º

¤˝◊√√ ¬ÛXøÓ¬ÀÓ¬ Δ√‚«… ¤¬ı— ¸¬ı˛ÀÌ¬ı˛ ¤fl¡fl¡ ¤fl¡ Ù≈¬È¬ (1 foot) ˆ¬À¬ı˛¬ı˛ ¤fl¡fl¡ ¤fl¡ ¬Û±Î¬◊`¬ (Ib) ¸˜À˚˛¬ı˛

¤fl¡fl¡ ¤fl¡ Œ¸Àfl¡`¬º

¬ıÀ˘¬ı˛ ¤fl¡fl¡ ¤fl¡ ¬Û±Î¬◊`¬±˘ 

1/b. ft

(sec)2 ¤¬ı— ¤fl¡ ¬Û±Î¬◊À`¬¬ı˛ ›Ê√Ú g ¬Û±Î¬◊`¬±˘ [g-¤¬ı˛ ˜±Ú 32 ft/sec)2

ÒÀ¬ı˛ ¤˝◊√√ ’Ùƒ¬ ø¬Û. ¤¸. ¬ÛXøÓ¬ÀÓ¬ 1 H.P. = 550ft weight/sec. ¤Ùƒ¬ø¬Û¤¸ƒ ¬ÛXøÓ¬ ˝√√ÀÓ¬ ø¸øÊ√¤¸ƒ ¬ÛXøÓ¬ÀÓ¬

Œ˚ÀÓ¬ ˝√√À˘, ¤fl¡ Ù≈¬È¬ = 30.48 Œ¸øKI◊ø˜È¬±¬ı˛ ¤¬ı— ¤fl¡ ¬Û±Î¬◊G¬ = 453.6 ¢∂±˜º

Ò¬ı˛ÀÓ¬ ˝√√À¬ı  , ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı ø¸øÊ√¤¸ƒ ¬ÛXøÓ¬ ˝√√ÀÓ¬ ¤Ùƒ¬ø¬Û¤¸ƒ ¬ÛXøÓ¬ÀÓ¬ ˚±›˚˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

˜±S± ’Ô¬ı± ‚±Ó¬ (Dimension) –

¬ı˘ø¬ı√…± ’±˜¬ı˛± øÓ¬ÚøÈ¬ Œ˜Ãø˘fl¡ ¬ı˛±ø˙, Δ√‚«…, ¸˜˚˛ › ˆ¬¬ı˛Àfl¡ ¤¬ı— Œ¸øKI◊ø˜È¬±¬ı˛, Œ¸Àfl¡`¬ ¢∂±˜ ’Ô¬ı± ø˜È¬±¬ı˛,

Œ¸Àfl¡`¬, øfl¡À˘±¢∂±˜ ¡Z±¬ı˛± ¤¬ı— Œ¬ı·, Q¬ı˛Ì, ¬ı˘, ˙øq¡, fl¡˜« ˝◊√√Ó¬…±ø√Àfl¡ ¬Ûø¬ı˛˜±¬Û fl¡¬ı˛±¬ı˛ ¤fl¡fl¡ øÚÀ˚˛ ’±À˘±‰¬Ú±

fl¡¬ı˛ÀÂ√º
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¤‡Ú Δ√‚«…Àfl¡ L ˜±S± ¸˜˚˛Àfl¡ T ˜±S± ¤¬ı— ˆ¬¬ı˛Àfl¡ M ˜±S± ÒÀ¬ı˛ ’±˜¬ı˛± ’Ú… Œˆ¬ÃøÓ¬fl¡ ¬ı˛±ø˙ Œ˚˜Ú

Œ¬ı·, ¬ı˘ ˝◊√√Ó¬…±ø√¬ı˛ ˜±S± øÚÌ«˚˛ fl¡¬ı˛¬ıº ¤‡±ÀÚ Δ√À‚«…¬ı˛ ˆ¬À¬ı˛¬ı˛ ˝◊√√Ó¬…±ø√¬ı˛ ¬Ûø¬ı˛˜±¬Û øÚÀ˚˛ ’±˜¬ı˛± ø‰¬z¬± fl¡¬ı˛¬ı

Ú±  , ¸±Ò±¬ı˛ÌÓ¬– ’±˜¬ı˛± ¤˝◊√√ ˜±S±·≈ø˘Àfl¡ ’±˜¬ı˛± [L], [T], [M] ¬ı˛”À¬Û ø‰¬ø˝êÓ¬ fl¡¬ı˛¬ıº [¸˝√√ÀÊ√˝◊√√ Œ√‡± Œ˚ÀÓ¬

¬Û±À¬ı˛ Œ˚ Δ√À‚«…¬ı˛ ˜±S± [L], Œé¬SÙ¬À˘¬ı˛ ˜±S± [L2] ¤¬ı— ‚ÚÙ¬À˘¬ı˛ ˜±S± [L3] ˝√√À¬ı]

’±˜±¬ı˛ Œ√‡ÀÓ¬ ¬Û±˝◊√√ Œ˚À˝√√Ó≈¬ ¸˜˚˛ ¸±À¬ÛÀé¬ øÚøV«©Ü ø√Àfl¡ ¸¬ı˛ÀÌ¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√±¬ı˛Àfl¡ Œ¬ı· ¬ı˘± ˝√√˚˛º ¤Ê√Ú…

Œ¬ıÀ·¬ı˛ ˜±S± ˝√√À¬ı 
L
T� �,  ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı Q¬ı˛ÀÌ¬ı˛ ˜±S± 

L
T 2� �  ˝√√À¬ıº

¤˝◊√√¬ı˛”À¬Û ˆ¬¬ı˛À¬ıÀ·¬ı˛ ˜±S± 
ML
T� �, ¬ıÀ˘¬ı˛ ˜±S± 

ML
T 2� � fl¡±˚« ¬ı± ˙øq¡¬ı˛ ˜±S± 

ML
T

2

2
�
�

�
�  ¤¬ı— é¬˜Ó¬±¬ı˛ ˜±S±

ML
T

2

3
�
�

�
�  ˝√√À¬ıº

≈√øÈ¬ Œˆ¬ÃøÓ¬fl¡ ¬ı˛±ø˙¬ı˛ ˜±S± ’øˆ¬iß Ô±fl¡À˘ Ó¬±À√¬ı˛ Œ˚±· ¬ı± ø¬ıÀ˚˛±· fl¡¬ı˛± ˚±˚˛  , Œ˚˜Ú 5 ø˜È¬±¬ı˛ Δ√À‚«…¬ı˛

¸Àe· 3 Œ¸Àfl¡`¬ ¸˜˚˛ Œ˚±· fl¡¬ı˛± ˚±˚˛ Ú±, øfl¡z≈¬ 5 ø˜È¬±¬ı˛ Δ√À‚«…¬ı˛ ¸Àe· 3 ø˜È¬±¬ı˛ Δ√‚«… Œ˚±· fl¡À¬ı˛ 8 ø˜È¬±¬ı˛

Δ√‚«… ¬Û±›˚˛± ˚±˚˛º

Œfl¡±Ú› Œˆ¬ÃÓ¬¬ı˛±ø˙ ø¬ıø˙©Ü Œfl¡±Ú› ¸˜œfl¡¬ı˛ÀÌ¬ı˛ Î¬◊ˆ¬˚˛õ∂±Àz¬ ¤fl¡˝◊√√ ˜±S±˚≈q¡ ¬ı˛±ø˙˜±˘± Ô±fl¡À¬ı  , Œ˚˜Ú

s ut ft� �
1
2

2

¤‡±ÀÚ ¬ı±˜ø√Àfl¡ s-¤¬ı˛ ˜±S± [L] ¤¬ı— √øé¬Ì ¬Û±Àù´« ut ¤¬ı˛ ˜±S± 
L
T

T L� � � [ ] ¤¬ı— 
1
2

2ft  ˜±S±

L
T

T L2
2� � � [ ]

’Ó¬¤¬ı ¸˜œfl¡¬ı˛ÀÌ¬ı˛ õ∂ÀÓ¬…fl¡øÈ¬ ¬ÛÀ√¬ı˛ ¤fl¡˝◊√√ ˜±S± Ô±fl¡À¬ı  , ¤øÈ¬Àfl¡ ˜±S±¬ı˛ ¸˜Ó¬±¬ı˛ Ó¬N (Principle of

Homogeneity of dimensions) ¬ı˘± ˝√√ ˛̊º

2.6 ¬√Δ¬ı˛ø‡fl¡ ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬

øÚÎ¬◊È¬ÀÚ¬ı˛ ·Ó¬œ˚˛ ø¡ZÓ¬œ˚˛ ¸”S ’Ú≈¸±À¬ı˛ Œfl¡±Ú› fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ¬ı±ø˝√√¬ı˛ ˝√√ÀÓ¬ Œfl¡±Ú› øÚø«√©Ü ø√Àfl¡ Œfl¡±Ú› ¬ı˘

õ∂À˚˛±· Ú± fl¡¬ı˛À˘ ‹ fl¡Ì±¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ‹ø√Àfl¡ Œfl¡±Ú› ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À¬ı Ú±º ’Ô«±» ‹ ø√Àfl¡ fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛À¬ı·

’é≈¬J Ô±fl¡À¬ıº

¤Àfl¡ fl¡Ì±¬ı˛ Δ¬ı˛ø‡fl¡ ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬ (Principle of conservation of linear momentum

of a particle) ¬ı˘± ˝√√À ˛̊ Ô±Àfl¡º
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2.7 ¬˜˝√√±fl¡¯∏«-ø¬ıøÒ

øÚÎ¬◊È¬Ú õ∂¬ıøÓ«¬Ó¬ ˜˝√√±fl¡¯∏« ø¬ıøÒ ’Ú≈˚±˚˛œ ø¬ıÀù´¬ı˛ Œ˚ Œfl¡±Ú› ≈√˝◊√√øÈ¬ fl¡Ì± ¬Û¬ı˛¶Û¬ı˛Àfl¡ ’±fl¡¯∏«Ì fl¡À¬ı˛ ¤¬ı— ‹

’±fl¡¯∏«ÌÊ√øÚÓ¬ ¬ı˘ Ó¬±À√¬ı˛ ˆ¬À¬ı˛¬ı˛ ·≈ÌÙ¬À˘¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡ ¤¬ı— Ó¬±À√¬ı˛ ”√¬ı˛ÀQ¬ı˛ ¬ıÀ·«¬ı˛ ¬ı…d¬ ¸˜±Ú≈¬Û±øÓ¬fl¡  , ‹

’±fl¡¯∏«fl¡ ¬ı˘øÈ¬ fl¡Ì± ≈√˝◊√√øÈ¬¬ı˛ ¸—À˚±·œ Œ¬ı˛‡±˚˛ ø√flË¡˚˛±˙œ˘ Ô±fl¡À¬ıº

¸—Àfl¡ÀÓ¬ Œ˘‡± ˚±˚˛ Œ˚, m1 ¤¬ı— m2 fl¡Ì± ≈√ ◊̋√√øÈ¬¬ı˛ ˆ¬¬ı˛ ˝√√À˘ ¤¬ı— r Ó¬±À√¬ı˛ ˜ÀÒ… ”√¬ı˛Q Ô±fl¡À˘ ‹ ’±fl¡¯∏«fl¡

¬ı˘øÈ¬¬ı˛ ˜±Ú ˝√√À¬ı P
Gm m

r
� 1 2

2  ¤¬ı— ‹ ¬ı˘øÈ¬¬ı˛ (P) ø√˙± ‹ fl¡Ì± ≈√˝◊√√øÈ¬¬ı˛ ¸—À˚±·À¬ı˛‡±˜≈‡œ ˝√√À¬ı  , G ¬¬ı˛±ø˙øÈ¬Àfl¡

˜˝√√±fl¡¯∏π˚˛ ’‰¬¬ı˛ ¬ı˛±ø˙ (Gravitational constant) ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º

ø¸øÊ√¤¸ ¤fl¡Àfl¡, G = 6.670 × 10–8 cm3g–1 (sec)–2

¤¬ı— ¤ ƒ̧ Œfl¡ ¤ ƒ̧ ¤fl¡Àfl¡ G = 6.670 × 10–11m3(kg)–1(sec)–2

¬Û‘øÔ¬ıœ¬ı˛ ¬ı…±¸±Ò« a ¤¬ı— ˆ¬¬ı˛ M Ò¬ı˛À˘, m ˆ¬¬ı˛ ø¬ıø˙©Ü Œfl¡±Ú› fl¡Ì± ¬Û‘øÔ¬ıœ¬ı˛ ¬ı±ø˝√√À¬ı˛ ¬Û‘øÔ¬ıœ¬ı˛ Œfl¡f ˝√√ÀÓ¬

r ”√¬ı˛ÀQ¬ı˛ Ô±fl¡À˘ Ó¬±À√¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ¬ı˘ ˝√√À¬ı

GMm
r2  ¤¬ı— ˆ”¬¬Û‘Àá¬¬ı˛ r = a ’¬ıàÔ±ÀÚ ‹ ¬ıÀ˘¬ı˛ ˜±Ú 

GMm
a2   , ˆ”¬¬Û‘Àá¬ øfl¡—¬ı± Ó¬±¬ı˛ ¸øißfl¡ÀÈ¬ ’±˜¬ı˛±

‹ ¬ıÀ˘¬ı˛ ˜±Ú mg ÒÀ¬ı˛ Ô±øfl¡ ’Ô«±» g Q¬ı˛ÀÌ¬ı˛ ˜±Ú 
GM
a2  ¸˜±Ú ÒÀ¬ı˛ øÚ˝◊√√º

¬Û”À¬ı«̋ ◊√√ ¬ıÀ˘øÂ√ Œ˚ ¤˝◊√√ g Q¬ı˛ÀÌ¬ı˛ ˜±Ú ÒË≈¬ıfl¡ Ò¬ı˛± ˝√√À˚˛ Ô±Àfl¡º ¤¬ı— Ó¬± ˆ”¬¬Û‘á¬ ’øˆ¬˜≈À‡ Ó¬±¬ı˛ ø√˙± øÚøV«©Ü

√̋√̊ º̨

2.8 ¬˜±Ò…±fl¡¯∏«Ì Ê√øÚÓ¬ Q¬ı˛Ì (g) ˆ”¬-¬Û‘Àá¬¬ı˛ øÚfl¡ÀÈ¬ fl¡Ì±¬ı˛ ·øÓ¬

ˆ”¬¬Û‘Àá¬¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ ‘O’ ˜”˘ø¬ıμ≈ ŒÔÀfl¡ Î¬◊~•§ Î¬◊Ò√ı«±øˆ¬˜≈À‡ ox ’é¬ Ò¬ı˛À˘ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ˜±Ò…±fl¡¯∏«Ì

Ê√øÚÓ¬ mg ¬ı˘ ox-¤¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ø√Àfl¡ ø√flË¡˚˛±˙œ˘ ˝√√À¬ı  , [¤‡±ÀÚ m fl¡Ì±øÈ¬¬ı˛ ˜˝√√±fl¡¯∏« ˆ¬¬ı˛ ¤¬ı— g ˜˝√√±fl¡¯∏«Ê√øÚÓ¬

Q¬ı˛Ì  , fl¡Ì±øÈ¬¬ı˛ ˜˝√√±fl¡¯∏« ˆ¬¬ı˛ ¤¬ı— Ê√±Î¬…ˆ¬¬ı˛ ’±˜¬ı˛± ’øˆ¬iß Ò¬ı˛¬ı g Q¬ı˛ÌÀfl¡ ’±˜¬ı˛± ÒË≈¬ıfl¡ Œˆ¬"√√¬ı˛ Ò¬ı˛¬ıº]

x

O [ ”̂¬¬Û‘á¬]
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˚ø√ O ø¬ıμ≈ ˝√√ÀÓ¬ x ”√¬ı˛ÀQ¬ı˛ t ¸˜˚˛ ¬ÛÀ¬ı˛ fl¡Ì±øÈ¬¬ı˛ Œ¬ı· V ˝√√˚˛, Ó¬± ˝√√À˘ øÚÎ¬◊È¬ÀÚ¬ı˛ ø¡ZÓ¬œ˚˛ ¸”S±Ú≈¸±À¬ı˛

’±˜¬ı˛± ¬Û±˝◊√√ m dV
dt

mV dV
dx

mg� � �

’Ô¬ı±, 
dV
dt

� �g  øfl¡—¬ı± V dV
dx

g� �

t ¸˜˚˛ ¸±À¬ÛÀé¬ 
dV
dt

g� �  ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±fl¡˘ fl¡¬ı˛À˘ ’±˜¬ı˛± ¬Û±˝◊√√, V gt c� � �  Œ˚‡±ÀÚ c ¤fl¡øÈ¬

ÒË≈¬ıfl¡  , ˚ø√ ’±ø√ÀÓ¬ (t = 0) fl¡Ì±øÈ¬ u Œ¬ıÀ· ÿÒ√ı«ø√Àfl¡ Â√“≈√ÀÎ¬ˇ Œ√›˚˛± ˝√√˚˛, Ó¬± ˝√√À˘ c = u ˝√√À¬ıº

� V = v – gt (i) ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı

V dV
dt

d
dx

V g� � �
1
2

2� �  ¸˜±fl¡˘ fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√, V2 = u2 – 2gx ; (ii)

(i) ¤¬ı— (ii) ˝√√ÀÓ¬ ’±˜¬ı˛± ¬Û±˝◊√√ Œ˚, t u V
g

�
�

 ............. (iii)

x u V
g

�
�2 2

2  (iv) ¤¬ı— x ut gt� �
1
2

2  (v)

(i) ¤¬ı— (ii) ¸”S ˝√√ÀÓ¬ ’±˜¬ı˛± Œ√ø‡ Œ˚ fl¡Ì±øÈ¬¬ı˛ ÿX« ø√˙±˚˛ ·˜Úfl¡±À˘ Ó¬±¬ı˛ ·øÓ¬À¬ı· ˝√}√√±¸ ¬Û±À¬ı ¤¬ı—

˚‡Ú ‹ Œ¬ı· V = 0 [˙”Ú…] ˝√√À¬ı Ó¬‡Ú

t u
g

T� �  ¤¬ı— x u
g

H� �
2

2  ˝√√À¬ı  ,

’Ô«±» u Œ¬ıÀ· ˆ”¬¬Û‘á¬ ŒÔÀfl¡ Œ¸±Ê√± ÿÒ√ı«ø√Àfl¡ Œfl¡±Ú› fl¡Ì± Â√“≈√Î¬ˇÀ˘ Ó¬± H u
g

�
2

2  ”√¬ı˛Q ¬Û˚«z¬ 
u
g  ¸˜À˚˛

Œ˚ÀÓ¬ ¬Û±¬ı˛À¬ı  , ¬ÛÀ¬ı˛ ’±¬ı±¬ı˛ ˜±Ò…±fl¡¯∏«Ì Œ˝√√Ó≈¬ Ó¬± ’±¬ı±¬ı˛ ÚœÀ‰¬¬ı˛ ø√Àfl¡ ’±ø√À¬ı· ˙”Ú… øÚÀ˚˛ g Q¬ı˛ÀÌ ÚœÀ‰¬¬ı˛

ø√Àfl¡ Ú±˜ÀÓ¬ Ô±fl¡À¬ı ¤¬ı— ˜”˘ø¬ıμ≈ O ŒÓ¬ Œ¬ÛÃ“√Â√±ÀÓ¬ ˚ø√ Ó¬±¬ı˛ t ¸˜ ˛̊ ˘±À· Ó¬± ˝√√À˘ x ut gt� �
1
2

2
 ¸˜œfl¡¬ı˛ÀÌ

[¤‡±ÀÚ Q¬ı˛Ì g Ox-¤¬ı˛ ø¬ı¬Û¬ı˛œÀÓ¬] u = 0 ¤¬ı— x u
g

�
2

2  ÒÀ¬ı˛ ’±˜¬ı˛± Œ√‡ÀÓ¬ ¬Û±˝◊√√ Œ˚, 
u
g

T�  ¸˜˚˛

¬ÛÀ¬ı˛ Ó¬± ’±¬ı±¬ı˛ ˜”˘ø¬ıμ≈ÀÓ¬ Œ¬ÛÃÂ≈√À¬ıº ˚‡Ú ˜”˘ø¬ıμ≈ O(x = 0) Ó¬± Œ¬ÛÃ“√Â√±˚˛ Ó¬‡Ú Ó¬±¬ı˛ ·øÓ¬À¬ı· v = 0

+ gT = u ˝√√À¬ı  , ’Ô«±» O ø¬ıμ≈ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ Î¬◊2‰¬Ó¬˜ ø¬ıμ≈ Œ˚ÀÓ¬ Œ˚ ¸˜˚˛ ˘±·À¬ı, Œ¸‡±Ú ˝√√ÀÓ¬

O ø¬ıμ≈ ¬Û˚«z¬ ’±¬ı±¬ı˛ Œ¬ÛÃ“√ÀÂ√±ÀÓ¬ ¤fl¡˝◊√√ ¸˜˚˛ T u
g

�  ˘±·À¬ı  ,
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T u
g

�
2

 Œfl¡ ‰¬˘±¬ı˛ Œ˜±È¬ ¸˜ ˛̊ ¬ı˘± ˚± ˛̊º ¤‡Ú O ø¬ıμ≈ ˝√√ÀÓ¬ x ø¬ıμ≈ÀÓ¬ Œ¬ÛÃ“√Â√±ÀÓ¬ fl¡Ì±øÈ¬ x ¬ÛÔ ’øÓ¬√flË¡˜

fl¡À¬ı˛ ¤¬ı— x ut gt� �
1
2

2
 ’Ô«±» 

1
2

02gt ut x� � �  (u ’±ø√ Ò¬ı˛À˘] ˝√√À¬ıº

Î¬◊¬ÛÀ¬ı˛¬ı˛ t ¸•§ø˘Ó¬ ø¡Z‚±Ó¬ ¸˜œfl¡¬ı˛Ì ¸˜±Ò±Ú fl¡¬ı˛À˘ ’±˜¬ı˛± t
u u gx

g
�

� �2 2
 ¬Û±¬ı  ,

t
u u gx

g1

2 2
�

	 	
 ¤¬ı— t

u u gx
g2

2 2
�

� 	
, t ¤¬ı˛ ¤˝◊√√ ≈√˝◊√√øÈ¬ ˘t˜±ÀÚ¬ı˛ ˜ÀÒ… t2 > t2 ; Œ√‡±

˚±À¬ı Œ˚, fl¡Ì±øÈ¬ Î¬◊O±Úfl¡±À˘ t1 ¸˜˚˛ ¬ÛÀ¬ı˛ Ò¬ı˛± ˚±flƒ¡ P ø¬ıμ≈ÀÓ¬ OP = x ¬ÛÔ ’øÓ¬√flË¡˜ fl¡¬ı˛À˘ Ó¬±¬ı˛ Œ¬ı·

˝√√À¬ı u gx2 2�  ÿÒ√ı«ø√Àfl¡ ¤¬ı— u gx u2 2�   ¤¬ı— 
u

g
2

2  Î¬◊2‰¬Ó¬˜ ¸œ˜±˚˛ Ó¬±¬ı˛ ˜±Ú ˙”Ú… ˝√√À¬ı ¬ÛÀ¬ı˛

˜±Ò…±fl¡¯∏«Ì Œ˝√√Ó≈¬ Ó¬± ÚœÀ‰¬¬ı˛ ø√Àfl¡ (O ˜”˘ø¬ıμ≈ ø√Àfl¡] Ú±˜ÀÓ¬ Ô±fl¡À¬ı ¤¬ı— Ó¬±¬ı˛ Œ¬ıÀ·¬ı˛ ˜±Ú ¬ı±Î¬ˇÀÓ¬ Ô±fl¡À¬ı

¤¬ı— P ø¬ıμ≈ÀÓ¬ ‹ Œ¬ı· ˝√√À¬ı u gx2 2�  øÚ•ßø√Àfl¡ ¤¬ı— O ø¬ıμ≈ÀÓ¬ ¤À¸ ‹ Œ¬ı· ˝√√À¬ı x (øÚ•ßø√˙±˚˛]º

’±¬ı±¬ı˛ fl¡Ì±øÈ¬ ˆ”¬¬Û‘á¬ ŒÔÀfl¡ ˚±S± ˙≈¬ı˛≈ fl¡À¬ı˛ P ø¬ıμ≈ÀÓ¬ Œ¬ÛÃ“√ÀÂ√ ’±¬ı±¬ı˛ P ø¬ıμ≈ÀÓ¬ øÙ¬ø¬ı˛ÀÓ¬ t t u
g1 2

2
� �

¸˜ ˛̊ ˘±·À¬ıº

˘é¬… fl¡¬ı≈̨Ú Œ˚, P(Ox = x) ø¬ıμ≈ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬˙øq¡ 
1
2

1
2

22 2mV m u gx� �( ) ; ˆ”¬¬Û‘á¬Àfl¡

øÚø«√©Ü àÔ±Ú Ò¬ı˛À˘ P ø¬ıμ≈≈ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ øàÔøÓ¬˙øq¡ mgx fl¡±¬ı˛Ì mg ¬ı˘ fl¡Ì±øÈ¬Àfl¡ P ø¬ıμ≈ ˝√√ÀÓ¬ O

ø¬ıμ≈ÀÓ¬ ’±ÚÀÓ¬ mgx ¬Ûø¬ı˛˜±Ì fl¡±˚«  (work) fl¡À¬ı˛º ’Ó¬¤¬ı ¤àÔÀ˘, ·øÓ¬˙øq¡ + øàÔøÓ¬˙øq¡

� � � �
1
2

2 1
2

2 2m u gx mgx mu( )  [ÒË≈¬ıfl¡] [Œ˚À˝√√Ó≈¬ ’±ø√À¬ı· u øÚø«√©Ü ’±ÀÂ√]

ø√flË¡˚˛± ¬ı˘Àé¬S (Field of force) –

øÚÎ¬◊È¬ÀÚ¬ı˛ ø¡ZÓ¬œ˚˛ ¸”S ’Ú≈˚±˚˛œ, Œfl¡±Ú› fl¡Ì±¬ı˛ ˆ¬¬ı˛ m Q¬ı˛Ì f
�

 ˝√√À˘ ¤¬ı— ø√flË¡ ˛̊±˙œ˘ ¬ı˘ P
�

 ˝√√À˘ P m f
� �

�

˝√√À¬ı, ’Ô«±» ¬ıÀ˘¬ı˛ ¤¬ı— Q¬ı˛ÀÌ¬ı˛ ø√˙± ’øˆ¬iß Ò¬ı˛À˘ ¬ı˘ = ˆ¬¬ı˛ × Q¬ı˛Ì ˝√√À¬ıº ¤ ◊̋√√ ø√flË¡ ˛̊±¬ı˘ P, ¸˜˚˛ ¸¬ı˛Ì

øfl¡—¬ı± Œ¬ıÀ·¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ˝√√À˘ fl¡Ì±¬ı˛ ·øÓ¬ fl¡œ¬ı˛”¬Û ˝√√À¬ı Ó¬± øÚÀ˚˛ ’±˜¬ı˛± ¤‡Ú ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

(i) Ò¬ı˛± ˚±flƒ¡ ¬ı˘ P Œfl¡¬ı˘˜±S t ¸˜À˚˛¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ’Ô«±» P = P(t) Ó¬± ˝√√À˘ P t m dv
dt

( ) �

[ˆ¬¬ı˛ m ÒË≈¬ıfl¡ ÒÀ¬ı˛] ¤‡Ú Î¬◊ˆ¬˚˛¬Ûé¬Àfl¡ t ¸˜˚˛ ¸±À¬ÛÀé¬ ¸˜±fl¡˘Ú fl¡¬ı˛À˘ ’±˜¬ı˛± mv mu P t dt
t

t
� � � ( )

0

Œ˚‡±ÀÚ t0 ¸˜À˚˛ v = u
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’±¬ı±¬ı˛ v dx
dt

�  ÒÀ¬ı˛ m dx
dt

mu P t dt
t

t
� � � ( )

0
 ˝√√ÀÓ¬ ¬Û≈Ú¬ı˛±˚˛ ¸˜±fl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± ¸¬ı˛Ì x-Œfl¡

t-¤¬ı˛ ’À¬Ûé¬fl¡ ¬ı˛”À¬Û Œ¬ÛÀÓ¬ ¬Û±À¬ı˛º

(ii) ˚ø√ P ¬ı˘øÈ¬ Œfl¡¬ı˘˜±S ¸¬ı˛ÀÌ¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ˝√√˚˛, Ó¬± ˝√√À˘ P x m dV
dt

mV dV
dx

( ) � �  ¸˜œfl¡¬ı˛ÌøÈ¬

¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√, m V P x dx C
2

2
� �� ( )  ’Ô¬ı± mV P x dx2 2� � ( )  ¤‡Ú V dx

dt
�  ÒÀ¬ı˛ ’±˜¬ı˛±

¬Û± ◊̋√√ 
dx
dt m

P x dx� � � �2 ( )

˚ø√ Ê√±Ú± Ô±Àfl¡ Œ˚, x = a, ø¬ıμ≈ÀÓ¬ 
dx
dt

u�  [ÒË≈¬ıfl¡], Ó¬± ˝√√À˘ 
dx
dt

u
m

P x dx
a

x
� �

2
2 2

� � � ( )  ˝√√À¬ı,

’Ó¬¤¬ı, 
dx
dt

u
m

P x dx
a

x
� � � �2 2 ( )� �  ˝√√À¬ı

fl¡Ì±øÈ¬ ˚ø√ x ¬ı‘øX¬ı˛ ø√Àfl¡ ·˜Ú fl¡À¬ı˛ Ó¬± ˝√√À˘ ÒÚ±Rfl¡ ø‰¬˝ê ÒÀ¬ı˛ ¤¬ı— fl¡Ì±øÈ¬ x ˝√}√√±À¸¬ı˛ ø√Àfl¡ ·˜Ú fl¡¬ı˛À˘

Ÿ¬Ì±Rfl¡ ø‰¬˝êøÈ¬ Ò¬ı˛ÀÓ¬ ˝√√À¬ıº

’Ó¬¤¬ı 
�

�

�

�
�� dx

u
m

P x dx
dt

a

x
2 2 ( )� �

¬ı±˜¬Ûé¬Àfl¡ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¤¬ı— øÚø«√©Ü ’±ø√ ¸˜˚˛ t0-ŒÓ¬ fl¡Ì±¬ı˛ ’¬ıàÔ±Ú x Ê√±Ú± Ô±fl¡À˘ ’±˜¬ı˛± ¸¬ı˛ÌÀfl¡

¸˜À˚˛¬ı˛ ’±À¬Ûé¬fl¡ ¬ı˛”À¬Û Œ¬ÛÀÓ¬ ¬Û±ø¬ı˛º

(iii) ˚‡Ú ø√flË¡ ˛̊±˙œ˘¬ı˘ P Œfl¡¬ı˘˜±S Œ¬ıÀ·¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ˝√√˚˛, Ó¬± ˝√√À˘

’±˜¬ı˛± Œ√ø‡ Œ˚, m dV
dt

P V A� �( ) ( )

’Ô¬ı± mV dV
dx

P V B� �( ) ( )

(A) ŒÔÀfl¡ ’±˜¬ı˛± Œ√ø‡ Œ˚, 
maV
P V

dt
[ ( )]� �

¤‡Ú ˚ø√ Œ√› ˛̊± Ô±Àfl¡ Œ˚, t = t0 ŒÓ¬ Œ¬ı· V = u

Ó¬± ˝√√À˘ m dV
P V

t t
u

v

( )
( )� �� 0  ˝√√À¬ı  ,

’±¬ı±¬ı˛ (B) ˝√√ÀÓ¬ ’±˜¬ı˛± Œ√‡¬ı Œ˚, m
V dV
P V

dx
( )� �
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˚ø√ x = x0 ’¬ıàÔ±ÀÚ V = u [ÒË≈¬ıfl¡] ˝√√˚˛ Ó¬± ˝√√À˘ ’±˜¬ı˛± ¬Û±˝◊√√ Œ˚, m Vdu
P V

x x
u

v

( )� � 	 0   ,

’±˜¬ı˛± ¬ÛÀ¬ı˛ Ú±Ú±õ∂fl¡±¬ı˛ Î¬◊√±˝√√¬ı˛ÀÌ¬ı˛ ¸±˝√√±À˚… ø¬ıøˆ¬iß ¬ıÀ˘¬ı˛ ’ÒœÚ fl¡Ì±¬ı˛ ·øÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

’±À¬ı· › ‚±Ó¬¬ı˘ (Impulse and Impulsive Force)

˚ø√ m ˆ¬¬ı˛ø¬ıø˙©Ü Œfl¡±Ú› fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú› ¬ı˘ P ’øÓ¬ ’ä¸˜ ˛̊ ø√flË¡ ˛̊±˙œ˘ ˝√√ ˛̊ Ó¬± ˝√√À˘ m dV
dt

P�

¸˜œfl¡¬ı˛ÌøÈ¬Àfl¡ ¸˜˚˛¸±À¬ÛÀé¬ Ó¬±¬ı˛ ’ä¸˜˚˛ t ˝√√ÀÓ¬ t + dt ¬Û˚«z¬ ¸˜±fl¡˘ fl¡À¬ı˛ ¬Û±˝◊√√

mV mu P dt
t

t t
	 �

�� .
�

[ ¸˜ ˛̊ t-ŒÓ¬ Œ¬ı· u ¤¬ı— t + �t ¸˜ ˛̊ÀÓ¬ Œ¬ı· v Ò¬ı˛± ˝√√À˚˛ÀÂ√]

’±˜¬ı˛± P [ø√flË¡˚˛±˙œ˘ ¬ı˘]Œfl¡ ’øÓ¬ ¬ı‘˝√√» ¤¬ı— �t-Œfl¡ ’øÓ¬é≈¬^ ¸˜˚˛ ÒÀ¬ı˛ P dt
t

t t
.

�� �
-¤¬ı˛ ¤fl¡øÈ¬ ¸¸œ˜ ˜±Ú

¬Û± ◊̋√√À˘, ¤øÈ¬Àfl¡ ‚±Ó¬¬ı˘ (Impulsive force) ¬ı˘± ˝√√À˚˛ Ô±Àfl¡  , P dt
t

t t
.

�� �
-Œfl¡ t ¡Z±¬ı˛± ø‰¬ø˝êÓ¬ fl¡¬ı˛À˘

m(V – u) = 1 ˝√√À¬ı, ’Ô«±» ’øÓ¬ é≈¬^ �t ¸˜À˚˛ fl¡Ì±¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ‚±Ó¬¬ıÀ˘¬ı˛ ¸˜±Ú ¤¬ı— ¤fl¡˝◊√√

ø√Àfl¡ ˝√√À¬ıº ‹ ’Ó¬…ä ¸˜À˚˛ fl¡Ì±¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÚÀfl¡ ¬ıÀ˘ ’±À¬ı· (Impulse of the force) ¬ı˘±

˝√√À˚˛ Ô±Àfl¡º

2.9 ¬√’Ú≈˙œ˘Úœ

Î¬◊√± √̋√¬ı˛Ìñ1

˚Ô±√flË¡À˜ t1 ¤¬ı— t2 Œ¸Àfl¡`¬ ¬ÛÀ¬ı˛ ÿÀÒ√ı« Î¬◊»øé¬5 ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Î¬◊2‰¬Ó¬± h ˝√√À˘ Œ√‡±Ú Œ˚ fl¡Ì±øÈ¬¬ı˛ ’±ø√À¬ı·

1
2 1 2( )t t g�  ¤¬ı— h gt t�

1
2 1 2  ˝√√À¬ıº

¸˜±Ò±Ú –

fl¡Ì±øÈ¬¬ı˛ ’±ø√À¬ı· u Ò¬ı˛À˘ t Œ¸Àfl¡`¬ ¬ÛÀ¬ı˛ fl¡Ì±øÈ¬¬ı˛ Î¬◊2‰¬Ó¬±

h ut gt� �
1
2

2  ˝√√À˘

’Ô«±» 
1
2

02gt ut h� � �
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õ∂ùü±Ú≈¸±À¬ı˛ t1 ¤¬ı— t2 ¡Z±¬ı˛± Î¬◊¬Ûø¬ı˛Î¬◊q¡ ø¡Z‚±Ó¬ ¸˜œfl¡¬ı˛ÌøÈ¬ ø¸X ˝√√˚˛  ,

� � �t t u
g1 2

2
 ¤¬ı— t t h

g1 2
2

� ;

¸˝√√ÀÊ√ ◊̋√√ Œ√‡± ˚± ˛̊ Œ˚, u g t t� �
1
2 1 2( ) ¤¬ı— h gt t�

1
2 1 2

Î¬◊√± √̋√¬ı˛Ìñ2

M ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡ ¬ı…øq¡ ¤fl¡øÈ¬ ø˘Ù¬ÀÈ¬¬ı˛ øˆ¬Ó¬¬ı˛ √“√±øÎ¬ˇÀ˚˛ ’±ÀÂ√º ø˘Ùƒ¬È¬øÈ¬¬ı˛ Q¬ı˛Ì f [ÒË≈¬ıfl¡] øÚ•ß ¬ı± ÿX«±øˆ¬˜≈‡œ

˝√√À˘ ø˘Ùƒ¬ÀÈ¬¬ı˛ ¬Û±È¬±Ó¬Ú Î¬◊¬ÛÀ¬ı˛ ‹ ¬ı…øq¡¬ı˛ ‰¬±¬Û øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú –

˚ø√ Œ˘±fl¡øÈ¬ ¬Û±È¬±Ó¬ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ R ‰¬±¬Û ÚœÀ‰¬¬ı˛ ø√Àfl¡ Œ√̊ ˛, Ó¬± √̋√À˘ øÚÎ¬◊È¬ÀÚ¬ı˛ Ó‘¬Ó¬œ ˛̊ ·Ó¬œ ˛̊ ’Ú≈̧ ±À¬ı˛ ¬Û±È¬±Ó¬ÚøÈ¬›

‹ Œ˘±fl¡øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ R ‰¬±¬Û ø√À¬ıº ¤‡Ú ˜±Ò…±fl¡¯∏«Ì øÚ˚˛˜ ’Ú≈˚±˚˛œ Œ˘±fl¡øÈ¬ ›Ê√Ú Mg øÚ•ß±øˆ¬˜≈‡œ ¤¬ı— ¸±˜…±¬ıàÔ±˚˛

’Ô¬ı± ø˘Ùƒ¬È¬øÈ¬ ¸≈¯∏˜ ·øÓ¬ÀÓ¬ ‰¬˘ÀÓ¬ (f = 0) ˝√√À˘ R = Mg ˝√√À¬ıº

øfl¡z≈¬ ø˘Ùƒ¬È¬ Î¬◊X«ø√Àfl¡ f Q¬ı˛ÀÌ ‰¬˘À˘, ¬ı…øq¡øÈ¬› ‹ Q¬ı˛Ì f ¬Û±À¬ı

’Ó¬¤¬ı øÚÎ¬◊È¬ÀÚ¬ı˛ ø¡ZÓ¬œ˚˛ ¸”S ’Ú≈¸±À¬ı˛

Mf = R – Mg ˝À¬ı ’Ô«±» R = M(g + f) ˝√√À¬ıº

˘é¬… fl¡¬ı˛≈Ú Œ˘±fl¡øÈ¬¬ı˛ ’±¬Û±Ó¬ ›Ê√Ú M(g + f) Œ˘±fl¡øÈ¬¬ı˛ õ∂fl‘¡Ó¬ ›Ê√ÀÚ¬ı˛ Œ¬ı˙œ ˝√√À¬ıº

’±¬ı±¬ı˛ ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı ’±˜¬ı˛± ¸˝√√ÀÊ√˝◊√√ Œ√‡ÀÓ¬ ¬Û±˝◊√√ Œ˚, ø˘Ù¬È¬ ˚‡Ú f Q¬ı˛ÀÌ ÚœÀ‰¬¬ı˛ ø√Àfl¡ Ú±˜ÀÓ¬ Ô±Àfl¡

Ó¬‡Ú

Mf = Mg – R ˝√√À˘

’Ô«±» R = M(g – f) ˝√√À¬ıº

Mg

R
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¤‡±ÀÚ Œ˘±fl¡øÈ¬¬ı˛ ’±¬Û±Ó¬ ›Ê√Ú Mg – Mf Ó¬±¬ı˛ õ∂fl‘¡Ó¬ ›Ê√Ú Mg ˝√√ÀÓ¬ fl¡˜ ˝√√À¬ıº

˚ø√ f = g ˝√√ ˛̊, Ó¬‡Ú R = 0 ˝√√˚˛ ¤‡±ÀÚ ¬Û±È¬±Ó¬ÀÚ¬ı˛ ¸Àe· Œ˘±fl¡øÈ¬¬ı˛ Œfl¡±Ú› ¸•Ûfl«¡ Ô±Àfl¡ Ú±º

Î¬◊√± √̋√¬ı˛Ìñ3

OX ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ ·˜Ú¬ı˛Ó¬ m ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Q¬ı˛Ì mn2x ”̃̆ ø¬ıμ≈·±˜œ Œ˚‡±ÀÚ O ˜”˘ø¬ıμ≈

¤¬ı— ”̃̆ ø¬ıμ≈ ˝√√ÀÓ¬ fl¡Ì±øÈ¬ ˚ø√ t ¸˜À˚˛ x ”√¬ı˛ÀQ Ô±Àfl¡ [’Ô«±» t ¸˜À˚˛ fl¡Ì±øÈ¬¬ı˛ ’¬ıàÔ±¬ı˛ x ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛

P ø¬ıμ≈ÀÓ¬ Ô±fl¡À˘ OP = x) ; ¤‡Ú fl¡Ì±øÈ¬¬ı˛ ’±ø√À¬ı· u [Œ¬ı· a ˚‡Ú t = 0) ˝√√À˘ Œ√‡±Ú Œ˚,

x a nt u
n

nt� �cos sin  ˝√√À¬ıº

¸˜±Ò±Ú –

˚ø ’±ø√ √˙± ˛̊ (t = 0) fl¡Ì±øÈ¬¬ı˛ O ø¬ıμ≈ ˝√√ÀÓ¬ a ”√¬ı˛ÀQ Ô±Àfl¡º

¤‡±ÀÚ øÚÎ¬◊È¬ÀÚ¬ı˛ ø¡ZÓ¬œ˚˛ ·Ó¬œ˚˛ ¸”S±Ú≈¸±À¬ı˛ m d x
dt

mn x
2

2
2� �

’Ô«±» 
d x
dt

n x
2

2
2 0� �

¤˝◊√√ ’¬ıfl¡˘Ú ¸˜œfl¡¬ı˛Ì ¸˜±Ò±Ú fl¡¬ı˛À˘ ’±˜¬ı˛± ¬Û±˝◊√√ x = A cos nt + B sin nt (1)

(A ¤¬ı— B ≈√˝◊√√øÈ¬ ÒË≈¬ıfl¡ ¬ı˛±ø˙ ¤¬ı— ’±˜±À√¬ı˛ Ó¬± øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº]

õ∂Àùü Œ√› ˛̊± ’±ÀÂ√ Œ˚, t = 0 ˝√√À˘ x = a ˝√√À¬ı, ’Ó¬¤¬ı a = A (2)

’±¬ı±¬ı˛ (1) Œfl¡ t [¸˜˚˛] ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√ 
dx
dt

n� � A sin nt + nB cos nt

¤‡±ÀÚ t = 0 Ò¬ı˛À˘ 
dx
dt

u nB� �  ˝√√ ˛̊,

’Ó¬¤¬ı x = a cos nt � u
n

ntsin  ˝√√À¬ı

Î¬◊√± √̋√¬ı˛Ìñ4

¸¬ı˛˘À¬ı˛‡±˚˛ ·øÓ¬˙œ˘ m ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ¤˝◊√√ ¸¬ı˛˘À¬ı˛‡±˚˛ ’¬ıøàÔÓ¬ ¬ı˘Àfl¡f O ˝√√ÀÓ¬ x

”√¬ı˛ÀQ 
m
x
�

 ¬Ûø¬ı˛˜±Ì ’±fl¡¯∏«fl¡ ¬ı˘øÈ¬ ø√flË¡˚˛±˙œ˘  , ˚ø√ øàÔ¬ı˛±¬ıàÔ± x = a ”√¬ı˛Q ŒÔÀfl¡ fl¡Ì±øÈ¬ O-¤¬ı˛ ø√Àfl¡ m

‹ ¬ı˘¡Z±¬ı˛± ’±fl‘¡©Ü ˝√√À˚˛ ¸¬ı˛˘À¬ı˛‡±˚˛ ‰¬˘ÀÓ¬ Ô±Àfl¡ Ó¬± ˝√√À˘ fl¡Ì±øÈ¬Àfl¡ ˜”˘ø¬ıμ≈ O ŒÓ¬ Œ¬ÛÃ“√Â≈√ÀÓ¬ a �
�2  ¸˜˚˛

˘±·À¬ıº
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¸˜±Ò±Ú –

¤‡±ÀÚ øÚÎ¬◊È¬ÀÚ¬ı˛ ø¡ZÓ¬œ˚˛ ¸”S ’Ú≈¸±À¬ı˛ ’±˜¬ı˛± 
md x
at

m x
2

2 � � �/  ¬Û±¬ı  , x ƒ”√¬ı˛ÀQ¬ı˛ fl¡Ì±øÈ¬¬ı˛ Œ¬ı· V Ò¬ı˛À˘

mV dV
dx

m x� � �/  ¬Û±À¬ıº ¤‡Ú Î¬◊ˆ¬˚˛ ¬Ûé¬Àfl¡ x ¸±À¬ÛÀé¬ ¸˜±fl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√,

V x c
2

2
� 	 �� log   (i)

Œ˚‡±ÀÚ C ¤fl¡øÈ¬ ÒË≈¬ıfl¡ ¬ı˛±ø˙  , øfl¡z≈¬ ’±ø√ ’¬ıàÔ±˚˛ x = a àÔ±ÀÚ fl¡Ì±øÈ¬ øàÔ¬ı˛±¬ıàÔ±˚˛ øÂ√˘ ’Ô«±» x

= a ’¬ıàÔ±˚˛ v = 0 øÂ√˘º

�  x = a (i) ¬ıø¸À˚˛ ’±˜¬ı˛± Œ√ø‡ Œ˚, 0 = –� log a + c (ii)

’Ó¬¤¬ı (i) ¤¬ı— (ii) ˝√√ÀÓ¬ V a
x

2 2� 
 log

≈√ø√Àfl¡ ¬ı·«˜”˘ fl¡¬ı˛À˘ V dx
at

a x� � � �2
1
2� (log log )  (iii)

[¬ı˘øÈ¬ ’±fl¡¯∏«fl¡ ¬ıÀ˘ V-Œfl¡ Ÿ¬Ì±Rfl¡ ÒÀ¬ı˛, t ¸˜À˚˛¬ı˛ ¬ı‘øX¬ı˛ ¸Àe· x-¤¬ı˛ ˜±Ú ˝√}√√±¸ ¬Û±À26√] ’Ó¬¤¬ı ˚ø√

T ¸˜À˚˛ ‹ fl¡Ì±øÈ¬ ˜”˘ ø¬ıμ≈ x = 0 Œ¬ÛÃ“√Â√± ˛̊ Ó¬± ˝√√À˘ (iii) Œfl¡ ¸˜±fl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√

2
0

0

1
2

��

�
�

� �
�

t

T

x a

dt dx

a x(log log )
 ’Ó¬¤¬ı 2

0

1
2

��
�

�

�T dx

a xa (log log )

 (iv)

¤‡Ú log a – cos x ¬Ûø¬ı˛¬ıÀÓ«¬ z2 Î¬◊¬ÛàÔ±¬ÛÚ± fl¡À¬ı˛ ’±˜¬ı˛± 
x
a

e z� � 2
 ¤¬ı— ≈√˝◊√√ ø√Àfl¡ ’¬ıfl¡À˘¬ı˛

¸±˝√√±À˚… dx aze dz
z

� 	
	2

2

2  ¬Û±˝◊√√  ,

Î¬◊¬Û¬ı˛z≈¬ x = a ˝√√À˘ z = 0 ¤¬ı— x �� 0 ˝√√À˘ z �� �� ˝√√À¬ıº

Ó¬± ˝√√À˘ 
dx

a x

aze dz
z

a e dz a a
a

z
a

z
a

(log log )�

�
�

� � � � � �� � �
�

�
1
2

0 2

0 0

2 2 2
2

2

2 �
�  ˝√√À¬ı  ,

’Ô«±» (iv) ˝√√ÀÓ¬ Œ√‡± ˚± ˛̊ Œ˚, T a�
�
�2

PO x
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Î¬◊√± √̋√¬ı˛Ìñ5

¬Û‘øÔ¬ıœ¬ı˛ ’±fl¡¯∏«ÀÌ ˆ”¬¬Û‘á¬ ˝√√ÀÓ¬ h ”√¬ı˛Q ŒÔÀfl¡ ˆ”¬¬Û‘Àá¬ ¬ÛÓ¬ÀÚ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ fl¡Ó¬ ¸˜˚˛ ˘±·À¬ı, Ó¬± øÚÌ«˚˛

fl¡¬ı≈̨Úº

¸˜±Ò±Ú –

Ò¬ı˛± ˚±flƒ¡ ¬Û‘øÔ¬ıœ¬ı˛ ¬ı…±¸±Ò« a ; ¬Û‘øÔ¬ıœ¬ı˛ Œfl¡f˜≈‡œ ’±fl¡¯∏«fl¡ ¬ı˘, m ˆ¬¬ı˛ø¬ıø˙©Ü fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ˝√√À¬ı 
m

x a
�

( )� 2

˚‡Ú fl¡Ì±øÈ¬ ˆ”¬¬Û‘á¬ ˝√√ÀÓ¬ x ”√¬ı˛ÀQ Ô±Àfl¡º

Î¬◊¬Ûø¬ı˛Î¬◊q¡ ’±fl¡¯∏«Ì øÚ˚˛À˜ ˆ”¬¬Û‘Àá¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˘ ˝√√À¬ı 
m
a

�
2  [Œ˚À˝√√Ó≈¬ ˆ”¬¬Û‘Àá¬ x = 0). ¤Àfl¡

¸±Ò±¬ı˛ÌÓ¬ mg Ò¬ı˛± ˝√√À˚˛ Ô±Àfl¡º ’Ó¬¤¬ı �� = ga2 ¤‡±ÀÚ øÚÎ¬◊È¬Úœ˚˛ ·øÓ¬ø¬ı√…±¬ı˛ ø¡ZÓ¬œ˚˛ ¸”S ’Ú≈¸±À¬ı˛

m d x
dt

mV dV
dx

m
x a

2

2 � �
�

� �

�

( )

[V = dx
dt  Œ¬ı·] ¤‡Ú �� = ga2 Ò¬ı˛À˘ ’±˜¬ı˛± ¬Û±˝◊√√ V dV

dx
ga

x a
�

�

�

2

2( )

¤˝◊√√ ’z¬¬ı˛fl¡˘Ú ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√, 
V ga

x a
2 2

2
�

�( )  + ¤fl¡øÈ¬ ÒË≈¬ıfl¡ ¬ı˛±ø˙, ˚ø√ ’±˜¬ı˛±

ÒÀ¬ı˛ øÚÀ ˛̊ Œ˚ x = h ’Ô«±» ’±ø√ ’¬ıàÔ±ÀÚ fl¡Ì±øÈ¬¬ı˛ Œ¬ı· V = 0 ø√Ú, Ó¬± ˝√√À˘ Œ√‡± ˚±À¬ı Œ˚ ÒË≈¬ıfl¡ ¬ı˛±ø˙øÈ¬

�
�
ga

h a

2
.

’Ó¬¤¬ı V ga
x a h a

ga h x
h a x a

2 2
2

2 1 1 2
�

�
�

�
�

�
� �

( )
( )( )  ¤‡Ú V dx

dt
�  Òø¬ı˛ ¤¬ı— Î¬◊ˆ¬˚˛¬ÛÀé¬¬ı˛

¬ı·«˜”˘ fl¡À¬ı˛ ¬Û±˝◊√√,   
dx
dt

g
h a

a h x
x a

� �
�

�
�

2
1
2. � �  ..... (1)

[ Œ˚À˝√√Ó≈¬ x-¤¬ı˛ ˜±Ú ˝√}√√±¸ Œ¬ÛÀÓ¬ Ô±fl¡À˘ t-¤¬ı˛ ˜±Ú ¬ı‘øX ¬Û±˚˛ ¤Ê√Ú… 
dx
dt  Ÿ¬Ì±Rfl¡ ¬ı˛±ø˙ ]

¤‡Ú (1)-Œfl¡ ¸˜±fl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± Œ√‡¬ı Œ˚ fl¡Ì±øÈ¬¬ı˛ ˆ”¬¬Û‘á¬ ¬ÛÓ¬ÀÚ¬ı˛ ¸˜˚˛ T ˝√√À˘

T h a
g a

x a
h x

dx
x h

� �
��� ��

�
�

�
� 2

1
1
2

0

 ;

¤˝◊√√ ¸˜±fl¡˘øÈ¬ ¸˜±Ò±Ú fl¡¬ı˛¬ı±¬ı˛ Ê√Ú… (x + a) = (h + a) cos2�� Ò¬ı˛À˘ dx = –2(h + a)

sin � cos� d� ˝√√À¬ı  ,
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’±¬ı±¬ı˛, x = h ˝√√À˘ �� = 0 ¤¬ı— x = 0 ’¬ıàÔ±˚˛

	 �
�

�cos 1 a
h a

 ˝√√˚˛, ¬Û≈Ú( 
x a
h x

�
�

� cot 	

Ó¬± ˝√√À˘ ’±˜¬ı˛± ¬Û±¬ı T
a

h a
g

a h d a
a h

a

�
��� �� � �

�
	

�

�
�

��1
2

2
1
2 2 1

0

( ) cos cos� � �

’Ó¬¤¬ı T h a
g

a h
a

d
a

�
��� ��

�
��2

1 2
1
2

0

( ) ( cos )� �

�
�



�

�
( ) ( )

sin
h a

g
a h

a

1
2

02
1
2

2� �
�

� �

�
�



�

�
( ) ( )

( sin cos )
h a

g
a h

a

1
2

2
� � �


 �
�

�
�

� �cos sin1 1a
a h

h
a h

 ¬ıø¸À˚˛

’±˜¬ı˛± Œ√ø‡ Œ˚ øÚÀÌ«˚˛ ¸˜˚˛

T h a
g

a h
a

h
a h

h
a

�
� �

�
�	


�
�
�

�

2
1sin

Î¬◊√± √̋√¬ı˛Ìñ6

M ˆ¬¬ı˛ ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡±˜±Ú ˝√√ÀÓ¬ m ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ Œ·±˘± ŒÂ√±Î¬ˇ± ˝√√À˘ E ¬Ûø¬ı˛˜±Ì ·øÓ¬˙øq¡ Î¬◊»¬Ûiß

˝√√À˘º Œ√‡±Ú Œ˚, Œ˚ø√Àfl¡ Œ·±˘±øÈ¬ ŒÂ√±Î¬ˇ± ˝√√À˘ Ó¬±¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ø√Àfl¡ 
2ME

M M m( )�
 Œ¬ıÀ· fl¡±˜±ÚøÈ¬ ˚±À¬ıº

¸˜±Ò±Ú –

˚ø√ Œ·±˘±øÈ¬ V Œ¬ıÀ· ¸•ú≈À‡ ˚± ˛̊ ¤¬ı— fl¡±˜±ÚøÈ¬ V Œ¬ıÀ· ¬Û(±ÀÓ¬ ˚±˚˛º Ó¬± ˝√√À˘ MV = mv .... (i)

√̋√À¬ıº

’±¬ı±¬ı˛ Œ√›˚˛± ’±ÀÂ√ Œ˚, ¤˝◊√√ Œ·±˘± Â≈√Î¬ˇ¬ı±¬ı˛ Ê√Ú… E ¬Ûø¬ı˛˜±Ì ·øÓ¬˙øq¡ Î¬◊»¬Ûiß ˝√√˚˛  , E ˝√√À¬ı Œ·±˘±øÈ¬

¤¬ı— fl¡±˜±ÚøÈ¬¬ı˛ ·øÓ¬˙øq¡¬ı˛ Œ˚±·Ù¬˘º
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’Ó¬¤¬ı E MV mv� �
1
2

1
2

2 2  ........ (ii)

øfl¡z≈¬ (i) ˝√√ÀÓ¬ ’±˜¬ı˛± ¬Û±˝◊√√ V MV
m

�

¤‡Ú V MV
m

�  (ii) ŒÓ¬ ¬ı˛±‡À˘ ’±˜¬ı˛± Œ√ø‡ Œ˚ E MV M V
m

� �
1
2

1
2

2
2 2

’Ó¬¤¬ı V mE
M m M

2 2
�

�( )
; ¤‡Ú ¬ı·«̃ ”̆  øÚÀ ˛̊ V mE

M m M
�

�
2

( )

Î¬◊√± √̋√¬ı˛Ìñ7

m ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ Œ·±˘± v Œ¬ı· øÚøé¬5 ˝√√À ˛̊ M ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ Ó¬q¡±¬ı˛ ’ˆ¬…z¬À¬ı˛ õ∂À¬ı˙ fl¡À¬ı˛ Ó¬±¬ı˛

˜ÀÒ…˝◊√√ Ô±Àfl¡º

Œ√‡±Ú Œ˚ ¤Ê√Ú… Œ˜±È¬ ·øÓ¬˙øq¡¬ı˛ 
M

M m�
 ’—˙ ˝√}√√±¸ ¬Û±˚˛º

¸˜±Ò±Ú –

Œ·±˘±øÈ¬ õ∂À¬ı˙ fl¡¬ı˛À˘ ˚ø√ Œ·±˘±øÈ¬¬ı˛ ¤¬ı— Ó¬q¡±øÈ¬¬ı˛ ¸±Ò±¬ı˛Ì Œ¬ı· V ˝√√˚˛ Ó¬± ˝√√À˘ Δ¬ı˛ø‡fl¡ ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì

ø¬ıøÒ ’Ú≈¸±À¬ı˛ mV = (M + m)V ˝√√À¬ı  ,

’Ô«±» V mV
M m

�
�

 ˝√√ ˛̊º

¤Ê√Ú… Œ˜±È¬ ·øÓ¬˙øq¡¬ı˛ ˝√}√√±À¸¬ı˛ ¬Ûø¬ı˛˜±Ì √“√±Î¬ˇ±˚˛ 
1
2

1
2

1
2

1
2

2 2 2
2 2

mV M m V mV m V
M m

� � � �
�

( )
( )

�
�

�
�

1
2

1
2

2
2MmV

M m
mV M

M m( ) � �

= [’±ø√ ·øÓ¬˙øq¡] × 
M

M m�� �

2.10 ¬¸±¬ı˛±—˙

øÚÎ¬◊È¬ÀÚ¬ı˛ ·Ó¬œ˚˛ ¸”S õ∂À˚˛±· fl¡À¬ı˛ ¤¬ı— ¸≈ø¬ıÒ±˜Ó¬ ¤fl¡fl¡ øÚÀ˚˛ Œfl¡±Ú› ¬ıd≈¬¬ı˛ ˜±Ò…±fl¡¯∏«ÌÊ√øÚÓ¬ ˆ”¬¬Û‘Àá¬ ¬ÛÓ¬Ú

¤¬ı— ’Ú…±Ú… õ∂fl¡±¬ı˛ ¬ı˘õ∂À˚˛±À· ¬ı¬d≈¬¬ı˛ ·øÓ¬√¸—flË¡±z¬ ¸˜¸…±¬ı˛ ¸˜±Ò±Ú ’Ô¬ı± ¬ıd≈¬¬ı˛ ˆ¬¬ı˛À¬ı· ¬Ûø¬ı˛¬ıÓ«¬Ú ˝◊√√Ó¬…±ø√ fl¡œ¬ı˛”¬Û

˝√√À¬ı Ó¬± øÚÀ˚˛¬ ’Ú≈˙œ˘Úœ¬ı˛ ø¬ıøˆ¬iß Î¬◊√±˝√√¬ı˛ÀÌ Œ√‡±Ú ˝√√À˚˛ÀÂ√º
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¤˝◊√√ ¤fl¡fl¡øÈ¬ ¬Û±Í¬ fl¡¬ı˛À˘ ·øÓ¬ø¬ı:±ÀÚ¬ı˛ ˜”˘ ¸”S ¤¬ı— Ó¬±À√¬ı˛ ¸˜…fl¡ õ∂À˚˛±· ’±¬ÛÚ±À√¬ı˛ ’±˚˛ÀM√√ ’±¸À¬ıº

2.11 ¬¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ [Î¬◊M√√¬ı˛ ¸•§ø˘Ó¬]

1. ¤fl¡˝◊√√ ¸˜À˚˛ Œfl¡±ÀÚ± ø¬ıμ≈ ŒÔÀfl¡ ≈√øÈ¬ fl¡Ì± Î¬◊~•§À¬ı˛‡±˚˛ õ∂øé¬5 ˝√√À˘, ¤fl¡øÈ¬ ÿÒ√ı«˜≈À‡ ¤¬ı— ’¬Û¬ı˛øÈ¬

øÚ•ßø√Àfl¡º ˆ”¬¬Û‘Àá¬ ¬ÛÎ¬ˇÀÓ¬ õ∂Ô˜ fl¡Ì±øÈ¬¬ı˛ t1 Œ¸Àfl¡`¬ ¤¬ı— ø¡ZÓ¬œ˚˛øÈ¬¬ı˛ t2 Œ¸Àfl¡`¬ ¸˜˚˛ ˘±À·º õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

‹ fl¡Ì± ≈√˝◊√√øÈ¬¬ı˛ Œ˚ Œfl¡±Ú› ¤fl¡øÈ¬Àfl¡ ‹ ø¬ıμ≈ ˝√√ÀÓ¬ øàÔ¬ı˛±¬ıàÔ± ˝√√ÀÓ¬ ŒÂ√ÀÎ¬ˇ ø√À˘ ˆ”¬¬Û‘Àá¬ Œ¬ÛÃ“√Â√±ÀÓ¬ t t1 2  Œ¸Àfl¡`¬

¸˜ ˛̊ ˘±·À¬ıº

2. ¤fl¡øÈ¬ Î¬◊~•§ d¬Ày¬¬ı˛ ˙œ¯∏«À√˙ ˝√√ÀÓ¬ ¬ÛÓ¬Ú˙œ˘ ¤fl¡øÈ¬ fl¡Ì± ˚‡Ú x ø˜È¬±¬ı˛ ÚœÀ‰¬ ŒÚÀ˜ ’±À¸ Ó¬‡Ú ‹

d¬Ày¬¬ı˛ ˙œ¯∏«À√˙ ˝√√ÀÓ¬ y ø˜È¬±¬ı˛ ÚœÀ‰¬ ’¬ıøàÔÓ¬ ¤fl¡øÈ¬ ø¬ıμ≈ ŒÔÀfl¡ ’Ú… ¤fl¡øÈ¬ fl¡Ì±Àfl¡ ŒÂ√ÀÎ¬ˇ Œ√›˚˛± ˝√√˘º ˚ø√

≈√̋ ◊√√øÈ¬ fl¡Ì± ◊̋√√ øàÔ¬ı˛±¬ıàÔ± √̋√ÀÓ¬ ¬ÛøÓ¬Ó¬ √̋√̊ ˛ ¤¬ı— ¸˜À ˛̊ ”̂¬¬Û‘Àá¬ Œ¬ÛÃ“√Â√± ˛̊, Ó¬± √̋√À˘ Œ√‡±Ú Œ˚, d¬y¬øÈ¬¬ı˛ Î¬◊2‰¬Ó¬± 
( )x y

x
� 2

4
ø˜È¬±¬ı˛º

3. ˆ”¬¬Û‘á¬ ˝√√ÀÓ¬ 2gy  ø˜È¬±¬ı˛/Œ¸Àfl¡`¬ ’±ø√À¬ı· øÚÀ˚˛ Î¬◊~•§À¬ı˛‡±˚˛ ÿÒ√ı«ø√Àfl¡ ·˜Ú¬ı˛Ó¬ ¤fl¡øÈ¬ ¬ı˛Àfl¡È¬ ¸¬ı«±øÒfl¡

Î¬◊2‰¬Ó¬±˚˛ Î¬◊øÍ¬¬ı±¬ı˛ ¬Û¬ı˛ ‹ ¬ı˛Àfl¡È¬øÈ¬ÀÓ¬ ø¬ıÀ¶£¬±¬ı˛Ì ‚øÈ¬˘º ¬ı˛Àfl¡È¬øÈ¬¬ı˛ ˚±S±àÔ˘ ¤¬ı— ‹ àÔ˘ ˝√√ÀÓ¬ x ø˜È¬±¬ı˛ ”√À¬ı˛

ˆ”¬¬Û‘Àá¬ Œfl¡±Ú› ø¬ıμ≈ÀÓ¬ ‹ ø¬ıÀ¶£¬±¬ı˛Àfl¡¬ı˛ ˙s ’±ø¸ÀÓ¬ Œ˚ ¸˜˚˛ ˘±À· Ó¬±À√¬ı˛ ’z¬¬ı˛ 
1
n  Œ¸Àfl¡G¬ ˝√√À˘, Œ√‡±Ú

Œ˚ ˙Às¬ı˛ ·øÓ¬À¬ı· õ∂øÓ¬ Œ¸Àfl¡À`¬ n x y y2 2� �� �  ø˜È¬±¬ı˛º

4. ¸≈¯∏˜ Q¬ı˛ÀÌ (f ø˜È¬±¬ı˛/Œ¸Àfl¡À`¬2) øÚÀ˚˛ ·øÓ¬˙œ˘ ¤fl¡øÈ¬ ø˘Ùƒ¬ÀÈ¬ ’¬ıøàÔÓ¬ ¤fl¡ ¬ı…øq¡ ø˘Ùƒ¬ÀÈ¬¬ı˛ ¸±À¬ÛÀé¬

ø˜È¬±¬ı˛/Œ¸Àfl¡`¬ Œ¬ıÀ· ÿÒ√ı«̃ ≈À‡ øÚÀé¬¬Û fl¡À¬ı˛ ’±¬ı±¬ı˛ t Œ¸Àfl¡`¬ ¬ÛÀ¬ı˛ Ó¬± ÒÀ¬ı˛ ŒÙ¬À˘º õ∂˜±Ì fl¡¬ı≈̨Ú Œ˚, f g v
t

� �
2

5. ¤fl¡øÈ¬ ¬ı±˘fl¡ h ·ˆ¬œ¬ı˛Ó¬± ø¬ıø˙©Ü ¤fl¡øÈ¬ ˙”Ú… ˚±¬ı˛ øˆ¬Ó¬¬ı˛ ¤fl¡øÈ¬ ¬Û±Ô¬ı˛‡G¬ ŒÙ¬À˘ Œ√˚˛ ¤¬ı— t Œ¸Àfl¡`¬

¬ÛÀ¬ı˛ ‹ ‡±À√¬ı˛ Ó¬˘À√˙ ¬Û±Ô¬ı˛øÈ¬¬ı˛ ’±‚±ÀÓ¬¬ı˛ ˙s ˙≈ÚÀÓ¬ ¬Û±˚˛º ˚ø√ ˚±À√¬ı˛ ·ˆ¬œ¬ı˛Ó¬± h ¤¬ı˛ Ó≈¬˘Ú±˚˛ ˙Às¬ı˛ ·øÓ¬À¬ı·

V ‡≈¬ı ¬ıÀÎ¬ˇ± ˝√√˚˛ [Œ˚Ê√Ú… 
h
V� �

2
, Î¬◊À¬Ûé¬Ìœ ˛̊ ˝√√ ˛̊] Ó¬± ˝√√À˘ õ∂˜±Ì √fl¡¬ı˛≈Ú Œ˚ 2 1 2h

gt
v

gt���
�
� � .

6. Œfl¡±Ú› ¸¬ı˛˘À¬ı˛‡±˚˛ ·˜Ú¬ı˛Ó¬ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Q¬ı˛Ì ˚ø√ ‹ ¸¬ı˛˘À¬ı˛‡±¬ı˛ Î¬◊¬ÛÀ¬ı˛ ’¬ıøàÔÓ¬ Œfl¡±Ú› øÚø«√©Ü

ø¬ıμ≈¬ı˛ ø√Àfl¡ Ô±Àfl¡ ¤¬ı— fl¡Ì±øÈ¬¬ı˛ ”√¬ı˛Q ‹ øàÔ¬ı˛ø¬ıμ≈ ˝√√ÀÓ¬ x ˝√√À˘ ¤ ◊̋√√ Q¬ı˛ÀÌ¬ı˛ ˜±Ú n2x, ¤‡Ú ˚ø√ fl¡Ì±øÈ¬

‹ øàÔ¬ı˛ ø¬ıμ≈ ˝√√ÀÓ¬ ‹ ¸¬ı˛˘À¬ı˛‡±˚˛ ’¬ıøàÔÓ¬ y ”√¬ı˛ÀQ Œfl¡±Ú› ø¬ıμ≈ ˝√√ÀÓ¬ v Œ¬ıÀ· ‹ ø¬ıμ≈¬ı˛ ø√Àfl¡ ŒÂ√“√±Î¬ˇ± ˝√√˚˛

Ó¬± ˝√√À˘ Œ√‡±Ú Œ˚ 
1 2
n

ny
v

tan � ¸˜˚˛ ¬ÛÀ¬ı˛ ‹ fl¡Ì±øÈ¬ øàÔ¬ı˛ø¬ıμ≈ÀÓ¬ Œ¬ÛÃ“√Â√±À¬ıº

7. ¸¬ı˛˘À¬ı˛‡±˚˛ ·˜Ú¬ı˛Ó¬ m ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ˜”˘ø¬ıμ≈ ŒÔÀfl¡ x ”√¬ı˛ÀQ mn2x ø¬ıfl¡¯∏«fl¡ ¬ı˘
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ø√flË¡˚˛±˙œ˘ Ô±fl¡À˘ ’±ø√ √˙±˚˛ ’Ô«±» t = 0 ¸˜À˚˛ fl¡Ì±øÈ¬ ˜”˘ø¬ıμ≈ ŒÔÀfl¡ a ”√¬ı˛ÀQ øàÔ¬ı˛±¬ıàÔ±˚˛ Ô±fl¡À˘ t

¸˜˚˛ ¬ÛÀ¬ı˛ ˜”˘ø¬ıμ≈ ˝√√ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ ”√¬ı˛Q ¤¬ı— ·øÓ¬À¬ı· ˚Ô±√flË¡À˜ a coshnt ¤¬ı— n x a2 2�  ˝√√˝◊√√À¬ıº

8. Œ√‡±Ú Œ˚, ˆ”¬¬Û‘Àá¬ ’¬ıøàÔÓ¬ ¤fl¡øÈ¬ ø¬ıμ≈ ˝√√ÀÓ¬ ˚±S± ˙≈¬ı˛≈ fl¡À¬ı˛ ¬Û‘øÔ¬ıœ¬ı˛ ’ˆ¬…z¬À¬ı˛ Œfl¡±Ú› Ÿ¬Ê≈√ ˜¸‘Ì

¸≈Î¬ˇe· ¬ÛÀÔ ¤fl¡øÈ¬ fl¡Ì±Àfl¡ ˆ”¬¬Û‘Àá¬ ’Ú… ¤fl¡øÈ¬ ø¬ıμ≈ Œ¬ÛÃ“√Â√±ÀÓ¬ õ∂±˚˛ Œ¬ÛÃÀÚ ¤fl¡‚∞I◊± ¸˜˚˛ ˘±·À¬ıº

9. M ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ ¬ıd≈¬ H ÒË≈¬ıfl¡ ˝√√±À¬ı˛ fl¡˜«¬ı˛Ó¬ ¤fl¡øÈ¬ ˝◊√√ø?Ú ¡Z±¬ı˛± ø√flË¡˚˛±˙œ˘ ˝√√À˚˛ ÒË≈¬ıfl¡ ¬ı±Ò± R ¸ÀN›

¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡±˚˛ ‰¬˘ÀÂ√º

Œ√‡±Ú Œ˚ ‹ ¬¬ıd≈¬øÈ¬¬ı˛ ‰¬¬ı˛˜ ^≈øÓ¬¬ı˛ ˜±Ú 
H
R  ˝√√À¬ı ¤¬ı— øàÔ¬ı˛±¬ıàÔ± ˝√√ÀÓ¬ ‹ ‰¬¬ı˛˜^≈øÓ¬¬ı˛ ’øÒfl¡ Œ¬ÛÃ“√Â√±ÀÓ¬

MH
R2 2 1

2
In �� � ¸˜˚˛ ˘±·À¬ıº

10. M ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ ¬ıd≈¬ H ÒË≈¬ıfl¡ ˝√√±À¬ı˛ fl¡˜«¬ı˛Ó¬ ¤fl¡øÈ¬ ˝◊√√ø?Ú ¡Z±¬ı˛± Œfl¡±Ú› ¸¬ı˛˘À¬ı˛‡±˚˛ ‰¬˘ÀÓ¬ ˝√√ÀÓ¬

Ô±fl¡À˘ ˚‡Ú Ó¬±¬ı˛ Œ¬ı· V ˝√√ ˛̊ Ó¬‡Ú kV2 ¬Ûø¬ı˛˜±Ì ¬ı±Ò± ¬Û±˚˛ (k ÒË≈¬ıfl¡]  , øàÔ¬ı˛±¬ıàÔ± ˝√√ÀÓ¬ ˚±S± ˙≈¬ı˛≈ fl¡¬ı˛À˘

Œ√‡±Ú Œ˚ ˚‡Ú Ó¬± s ¬Ûø¬ı˛˜±Ì ”√¬ı˛Q ˚±À¬ı,

3 1
3sk

M
kV

Pe� � ���
�
�log  ¸˜œfl¡¬ı˛ÌøÈ¬ ø¸X ˝√√À¬ıº

11. ÒË≈¬ıfl¡ ˝√√±À¬ı˛ fl¡˜«¬ı˛Ó¬ ¤fl¡øÈ¬ ø√flË¡˚˛±˙œ˘ ¬ı˘ ¡Z±¬ı˛± õ∂ˆ¬±ø¬ıÓ¬ ˝√√À˚˛ Œfl¡±Ú› ¤fl¡øÈ¬ fl¡Ì± ’±ø√ÀÓ¬ u Œ¬ı·

øÚÀ˚˛ ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡±˚˛ x ”√¬ı˛Q ’øÓ¬√flË¡˜ fl¡¬ı˛±¬ı˛ ¬ÛÀ¬ı˛ Ó¬±¬ı˛ Œ¬ı· √“√±Î¬ˇ±˚˛ V, õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ ‹ ”√¬ı˛Q ’øÓ¬√flË¡˜

fl¡¬ı˛ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ 
3

2 2 2
( )

( )
u V x

u V uV
�

� �  ¸˜ ˛̊ ˘±·À¬ıº

12. ¤fl¡øÈ¬ ˜¸‘Ì ’øÓ¬ é≈¬^ fl¡ø¬Ûfl¡˘ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ ¸≈¯∏˜ ¬ı˛7¡¡≈¡ Î¬◊ˆ¬˚˛ø√Àfl¡ õ∂˘ø•§Ó¬ ’±ÀÂ√  , ˚‡Ú fl¡ø¬Ûfl¡˘øÈ¬¬ı˛

¤fl¡ø√Àfl¡ ¬ı˛7¡¡≈¡øÈ¬¬ı˛ Δ√‚«… a + b ¤¬ı— ’Ú… ø√Àfl¡ ¬ı˛7¡¡≈¡øÈ¬¬ı˛ Δ√‚«… a – b (a > b) Ó¬‡Ú ˝√√ÀÓ¬ ¬ı˛7¡¡≈¡øÈ¬¬ı˛ ·øÓ¬

˙≈¬ı˛≈ ˝√√À˘ Œ√‡±Ú Œ˚ 2a Δ√‚«…ø¬ıø˙©Ü ‹ ¬ı˛7¡¡≈¡øÈ¬ 
a
g

a a b
b

log � ����
���

2 2
 ¸˜˚˛ ¬ÛÀ¬ı˛ ‹ fl¡ø¬Ûfl¡˘ ˝√√ÀÓ¬ ¸•Û”Ì«

ø¬ıø26√iß ˝√√À¬ıº

13. Œfl¡±Ú› ’z¬‚«±Ó¬ ø¬ıÀ¶£¬±¬ı˛Ì Œ˝√√Ó≈¬ (m1 + m2) ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ ¬ıd≈¬ m1 ¤¬ı— m2 ˆ¬¬ı˛ ø¬ıø˙©Ü ≈√˝◊√√øÈ¬

¬ıd≈¬ÀÓ¬ ø¬ıˆ¬q¡ ˝√√À ˛̊ ˚± ˛̊ ¤¬ı— ¤Ê√Ú… E ¬Ûø¬ı˛˜±Ì ·Ó¬œ˚˛ ˙øq¡ Î¬◊»¬Ûiß ˝√√˚˛º õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ ø¬ıÀ¶£¬±¬ı˛ÀÌ¬ı˛ ¬ÛÀ¬ı˛
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˚ø√ m1 ¤¬ı— m2 ˆ¬¬ı˛ø¬ıø˙©Ü ¬ıd≈¬ ≈√˝◊√√øÈ¬ ¤fl¡˝◊√√ ¸¬ı˛˘À¬ı˛‡±˚˛ ‰¬˘ÀÓ¬ Ô±Àfl¡ Ó¬± ˝√√À˘ Œ√‡±Ú Œ˚ Ó¬±À√¬ı˛ ’±À¬Ûøé¬fl¡

Œ¬ı· 
2 1 2

1 2

E m m
m m

( )�
 ˝√√À¬ıº

14. E ¬Ûø¬ı˛˜±Ì ·Ó¬œ˚˛ ˙øq¡ Î¬◊»¬Û±√Úfl¡±¬ı˛œ ¤fl¡øÈ¬ ’z¬‚«±Ó¬œ ø¬ıÀ¶£¬±¬ı˛Ì Œfl¡±Ú› øÚø«√©Ü ø√Àfl¡ v Œ¬ıÀ· ‰¬˘˜±Ú

M ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ Œ·±˘±Àfl¡ ¤˜Ú ≈√øÈ¬ ’—À˙ Œˆ¬Àe· ŒÙ¬À˘ Œ˚Ú ‹ ≈√˝◊√√øÈ¬ ’—À˙¬ı˛ ˆ¬¬ı˛ m1 : m2 ’Ú≈¬Û±ÀÓ¬

Ô±Àfl¡º ˚ø√ ’—˙ ≈√˝◊√√øÈ¬ ¬Û”À¬ı« øÚø«√©Ü V Œ¬ı· ø√˙±˚˛˝◊√√ ‰¬˘ÀÓ¬ Ô±Àfl¡ Ó¬À¬ı õ∂˜±Ì fl¡¬ı˛≈Ú ‹ ’—˙ ≈√˝◊√√øÈ¬¬ı˛ Œ¬ı· ˝√√À¬ı

V
m F

m M
�

2 1

1
 ¤¬ı— V

m F
m M

�
2 2

2
.

15. ¤fl¡øÈ¬ ‰¬˘˜±Ú ø˘Ùƒ¬ÀÈ¬ ø¶x—-Ó≈¬˘±˚˛ w1 ›Ê√Úø¬ıø˙©Ü ¤fl¡øÈ¬ ¬ıd≈¬¬ı˛ ›Ê√Ú ˚ø√ w2 Œ√‡± ˚±˚˛, Ó¬À¬ı Œ√‡±Ú

›Ê√Ú fl¡¬ı˛±¬ı˛ ¸˜˚˛ ø˘Ùƒ¬ÀÈ¬¬ı˛ Q¬ı˛Ì ˝√√˘ g(w1 – w2)/w1º
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¤fl¬fl¬ 3 � ¸¬ı˛˘ ¸˜?¸ ·øÓ¬ (Simple Harmonic
Motion)

·Í¬Ú

3.1 ¬√õ∂d¬±¬ıÚ±

3.2 ¬Î¬◊ÀV˙…

3.3 ¬¸¬ı˛˘ ¸˜?¸ ·øÓ¬¬ı˛ õ∂fl‘¡øÓ¬ ¤¬ı— ‹¬ı˛”¬Û ·øÓ¬¬ı˛ Œ√±˘ÀÚ¬ı˛ Ê√Ú… ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì (Differential
equation) Œ√±˘Úfl¡±˘ (Periodic time), Œ√±˘ÀÚ¬ı˛ ¬ı‘M√√œ˚˛ fl¡•Û±efl¡ (frequency) ;

3.4 ¸¬ı˛˘ ¸˜?¸ ·øÓ¬¬ı˛ Œé¬ÀS ˙øq¡¬ı˛ ¸—¬ı˛é¬Ì

3.5 ≈√øÈ¬ ¸¬ı˛˘ ¸˜?¸ Œ√±˘ÀÚ¬ı˛ ˘øt

3.6 ¬’¬ı˜øμÓ¬ ¸˜?¸ Œ√±˘Ú (Damped harmonic oscillation)

3.7 õ∂ÀÌ±ø√Ó¬ Œ√±˘Ú (Forced oscillation)

3.8 ’¬ı˜øμÓ¬ õ∂ÀÌ±ø√Ó¬ Œ√±˘Ú (Damped Forced oscillation), ’Ú≈Ú±√  (Resonance)

3.9 øàÔøÓ¬àÔ±¬Ûfl¡ ¬ı˛7¡¡≈¡ (Elastic string) ¸ø¬Û«˘ ø¶x— (spring)

3.10 ’Ú≈̇ œ˘Úœ

3.11 ¸±¬ı̨±—˙

3.12 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ [Î¬◊M√√¬ı˛ ¸•§ø˘Ó¬]

3.1 ¬√õ∂d¬±¬ıÚ±

¤ ◊̋√√ 4Ú— ¤fl¡Àfl¡ ¸¬ı˛˘ ¸˜?¸ ·øÓ¬¬ı˛ Ê√Ú… ¬ı…±‡…± fl¡À¬ı˛ ‹¬ı˛”¬Û ·øÓ¬¬ı˛ Ê√Ú… Œ˚ Œ√±˘Ú ˝√√˚˛, Ó¬±¬ı˛ ’¬ıfl¡˘

¸˜œfl¡¬ı˛Ì ¬ı…¬ı √̋√±¬ı˛ fl¡¬ı˛± √̋√À ˛̊ÀÂ√º ¤Ó¬¡Z…Ó¬œÓ¬ ≈√øÈ¬ Œ√±˘ÀÚ¬ı˛ ¬˘øt, õ∂ÀÌ±ø√Ó¬ Œ√±˘Ú ¤¬ı— ’¬ı˜øμÓ¬ õ∂ÀÌ±ø√Ó¬ Œ√±˘ÀÚ¬ı˛

’±À˘±ø‰¬Ó¬ ˝√√À˚˛ÀÂ√  , ¤ õ∂¸Àe· ’Ú≈Ú±À√¬ı˛ fl¡Ô±› ¬ı˘± ˝√√À˚˛ÀÂ√º

3.2 Î¬◊ÀV˙…

¬Û√±Ô« ø¬ı:±ÀÚ¬ı˛ ø¬ıøˆ¬iß ˙±‡±˚˛ Œ˚˜Ú ˙sø¬ı:±Ú (Accoustics) Ó¬øÎ¬ˇ» ‰≈¬•§fl¡ ø¬ı√…± (Electromagnetic

theory) ˝◊√√Ó¬…±ø√ÀÓ¬ ¤¬ı— ·øÓ¬ø¬ı√…±¬ı˛ ø¬ıøˆ¬iß ˙±‡±˚˛ ¸¬ı˛˘ ¸˜?¸ Œ√±˘ÀÚ¬ı˛ ”√¬ı˛Q ’¬Ûø¬ı˛¸œ˜º ¤Ê√Ú… ¤˝◊√√ ¤fl¡Àfl¡

ø¬ıøˆ¬iß õ∂fl¡±À¬ı˛¬ı˛ Œ√±˘ÀÚ¬ı˛ Ò˜« ’¬ıfl¡˘ ø¬ı:±ÀÚ¬ı˛ ¸±˝√√±À˚… ¬ı…±‡…± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º
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3.3 √¸¬ı˛˘ ¸˜?¸ ·øÓ¬¬ı˛ õ∂fl‘¡øÓ¬ ¤¬ı— ‹¬ı˛”¬Û ·øÓ¬¬ı˛ Œ√±˘ÀÚ¬ı˛ Ê√Ú… ’¬ıfl¡˘

¸˜œfl¡¬ı̨Ì (Differential equation) Œ√±˘Úfl¡±˘ (Periodic time), Œ√±˘ÀÚ¬ı˛

¬ı‘M√√œ˚˛ fl¡•Û±efl¡ (frequency)

¤fl¡øÈ¬ fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ¬ı˘ ˚ø√ ¸¬ı«√± ¤fl¡øÈ¬ øÚø«√©Ü øàÔ¬ı˛ ø¬ıμ≈¬ı˛ ’øˆ¬˜≈À‡ Ô±Àfl¡ ¤¬ı— ‹ ¬ıÀ˘¬ı˛

˜±Ú ˚ø√ ‹ fl¡Ì±øÈ¬ ˝√√ÀÓ¬ øàÔ¬ı˛ø¬ıμ≈¬ı˛ ”√¬ı˛ÀQ¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡ ˝√√˚˛ Ó¬± ˝√√À˘ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬Àfl¡ ¸¬ı˛˘ ¸˜?¸ Œ√±˘Ú·øÓ¬

¬ı˘± ˝√√ ˛̊ ¤¬ı— ‹ ¬ı˘Àfl¡ õ∂Ó¬…±Ú ˛̊fl¡ ¬ı˘ ¬ı˘± ˝√√ ˛̊º

Ò¬ı˛± ˚±flƒ¡ fl¡Ì±øÈ¬ x ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ ‰¬˘˜±Ú ¤¬ı— ‹ Œ¬ı˛‡±˚˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ øàÔ¬ı˛ø¬ıμ≈  , ¸¬ı˛˘ ¸˜?¸ ·øÓ¬ÀÓ¬

m ˆ¬¬ı˛ø¬ıø˙©Ü Œfl¡±Ú› ‰¬˘˜±Ú fl¡Ì± P (OP = x) ø¬ıμ≈ÀÓ¬ Ô±fl¡À˘ ‹ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ¬ı˘ ˝√√À¬ı mn2x

(n2 ÒË≈¬ıfl¡ ¬ı˛±ø˙] ¤¬ı— ‹ ¬ı˘øÈ¬ PO ’øˆ¬˜≈À‡ ˝√√À¬ıº

¤‡Ú øÚÎ¬◊È¬ÀÚ¬ı˛ ø¡ZÓ¬œ˚˛ ¸”S ’Ú≈˚±˚˛œ ’±˜¬ı˛± ¬Û±˝◊√√ m d x
dt

mn x
2

2
2� �

’Ô«±» 
d x
dt

n x
2

2
2 0� �  ; ............. (1)

¤øÈ¬ ◊̋√√ ¸¬ı˛̆  ¸˜?¸ Œ√±˘Ú·øÓ¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì (differential equation).

˘é¬… fl¡¬ı˛≈Ú Œ˚ ‹ ¸˜œfl¡¬ı˛ÌøÈ¬ Δ¬ı˛ø‡fl¡ (linear), ¸˜‚±Ó¬œ˚˛ (homogeneous) ¤¬ı— ø¡ZÓ¬œ˚˛ √flË¡À˜¬ı˛

(second order) ˝√√À¬ıº

(i) Ú— ¸˜œfl¡¬ı˛ÌøÈ¬ÀÓ¬ 
d x
dt

2

2  ¤¬ı˛ ·≈Ì±—fl¡ (coefficient) ¤¬ı— x ¤¬ı˛ ·≈Ì±—fl¡ n2 [ÒË≈¬ıfl¡] Ò¬ı˛± ˝√√À˚˛ÀÂ√º

¤àÔÀ˘ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ¸˜±Ò±ÀÚ¬ı˛ øÚ˚˛˜±Ú≈˚±˚˛œ x e pt
�  ÒÀ¬ı˛ ’±˜¬ı˛± Œ√‡¬ı p n2 2 0� �

’Ô«±» P = ± in. i � �1� �  ¤¬ı—

’±˜¬ı˛± ¬Û±˝◊√√¬ı x = Acos nt + Bsin nt (i)

[Œ˚‡±ÀÚ A ¤¬ı— B ÒË≈¬ıfl¡¬ı˛±ø˙¡Z˚˛]

¬Û≈Ú¬ı˛±˚˛ A = a cos �� ¤¬ı— B = a sin �

Ò¬ı˛À˘ a A B� �
2 2  ¤¬ı— � � �� ���tan 1 B

A

¤¬ı— x = a cos (nt + �) ......... (ii)
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(i) ¤¬ı— (ii) ˝√√ÀÓ¬ ¸˝√√ÀÊ√˝◊√√ Œ√‡± ˚±À¬ı Œfl¡±Ú› øÚø«√©Ü ¸˜˚˛ ˝√√ÀÓ¬ 
2�
n  ¸˜À˚˛ ¬ÛÀ¬ı˛ x-¤¬ı˛ ˜±Ú ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬

Ô±fl¡À¬ı  , ’Ô«±» fl¡Ì±øÈ¬ ¸¬ı˛˘À¬ı˛‡±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ˚ø√ fl¡‡Ú› P ø¬ıμ≈ÀÓ¬ Ô±Àfl¡ Ó¬± ˝√√À˘ ¬Û≈Ú¬ı˛±˚˛ 
2�
n  ¸˜˚˛ ¬ÛÀ¬ı˛

’±¬ı±¬ı˛ ‹ ø¬ıμ≈ÀÓ¬ øÙ¬ø¬ı˛˚˛± ’±¸À¬ı ¤¬ı— ˚Ó¬é¬Ì ‹ õ∂Ó¬…±Ú˚˛fl¡ ¬ı˘ ‹ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ Ô±fl¡À¬ı Ó¬Ó¬é¬Ì

2 4 6� � �
n n n

, , �� ˝◊√√Ó¬…±ø√ ¸˜˚˛ ¬ÛÀ¬ı˛ Ó¬± ¤fl¡˝◊√√ ’¬ıàÔ±ÀÚ øÙ¬À¬ı˛ ’±¸À¬ıº ¤‡±ÀÚ 
2�
n  Œfl¡ ‹ Œ±˘ÀÚ¬ı˛ ¬Û˚«±˚˛

fl¡±˘ ¬ı± Œ√±˘Ú fl¡±˘ (Periodic time) ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º ¬Û˚«±˚˛fl¡±À˘¬ı˛ ¬ı…d¬ ¸—‡…± 
n

2�
 Œfl¡ Œ√±˘ÚøÈ¬¬ı˛ ¬ı‘M√√œ˚˛

fl¡•Û±efl¡ (Frequency) ¤¬ı— n Œfl¡ fl¡•Û±efl¡ ¬ı˘± ˝√√ ˛̊º

¸¬ı˛Ì x = a cos (nt + �) ˝√√À˘ Œ˚À˝√√Ó≈¬ –1 �� cos (nt + �) �� + 1

’Ó¬¤¬ı ¸¬ı˛Ì x ¸¬ı«√± –a ¤¬ı— + a-¬ı˛ ˜ÀÒ… Ô±fl¡À¬ı  , a Œfl¡ ‹ ¸¬ı˛˘ ¸˜?¸ Œ√±˘ÀÚ¬ı˛ ø¬ıd¬±¬ı˛

(Amplitude) (nt + �) Œfl¡ √˙± Œfl¡±Ì (Phase angle) ¤¬ı— �� Œfl¡±ÌÀfl¡ ’±ø√√˙± (intial phase epoch)

¬ı˘± ˝√√À˚˛ Ô±Àfl¡º

¸˝√√ÀÊ√ ◊̋√√ Œ√‡± ˚± ˛̊ Œ˚, ¸¬ı˛̆  ¸˜?¸ ·øÓ¬¬ı˛ ¸¬ı˛Ì x = a cos (nt + �) Ò¬ı˛À˘

Œ¬ı· 
dx
dt

na nt na nt� � � � � � ��
�

�
�sin( ) cos� �

�
2

¤¬ı— Q¬ı˛Ì 
d x
dt

n a nt n a nt
2

2
2 2� � � � � �cos( ) cos( )� � �  ˝√√À¬ıº

Î¬◊¬ÛÀ¬ı˛¬ı˛ ’±À˘±‰¬Ú± ˝√√ÀÓ¬ ’±˜¬ı˛± Œ√ø‡ Œ˚, Œfl¡±Ú› ¸¬ı˛˘ ¸˜?¸ ·øÓ¬¬ı˛ õ∂fl‘¡øÓ¬ ¸•Û”Ì« Ê√±ÚÀÓ¬ ˝√√À˘ Ó¬±¬ı˛

ø¬ıd¬±¬ı˛, √˙± Œfl¡±Ì ¤¬ı— ’±ø√ √˙± ¤˝◊√√ øÓ¬ÚøÈ¬ ¬ı˛±ø˙¬ı˛˝◊√√ ˜±Ú Ê√±Ú± õ∂À˚˛±Ê√Úº

˘é¬… fl¡¬ı˛≈Ú Œ˚, ¸¬ı˛˘ ¸˜?¸ ·øÓ¬¬ı˛ Œ√±˘ÀÚ¬ı˛ Œ¬ıÀ·¬ı˛ √˙±Àfl¡±Ì ·øÓ¬¬ı˛ ¸¬ı˛ÀÌ¬ı˛ √˙± Œfl¡±Ì ’À¬Ûé¬± 
�
2

Œ¬ıø˙ ¤¬ı— Q¬ı˛ÀÌ¬ı˛ √˙± Œfl¡±Ì ‹ Œ¬ı· ’À¬Ûé¬± 
�
2  Œ¬ıø˙  , ’Ô«±» Q¬ı˛ÀÌ¬ı˛ √˙± Œfl¡±Ì ¸¬ı˛ÀÌ¬ı˛ √˙± Œfl¡±Ì ’À¬Ûé¬±

�� Œ¬ıø˙º

3.4 ¬√¸¬ı˛Ì ¸˜?¸ ·øÓ¬¬ı˛ Œé¬ÀS ˙øq¡¬ı˛ ¸—¬ı˛é¬Ì

¸¬ı˛Ì ¸˜?¸ Œ√±˘ÀÚ Œfl¡±Ú› ‰¬˘˜±Ú fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ õ∂Ó¬…±Ú˚˛fl¡ ¬ı˘ Œ˚ øàÔ¬ı˛ ø¬ıμ≈ ’øˆ¬˜≈‡œ Ó¬±Àfl¡ O ÒÀ¬ı˛

t ¸˜À˚˛ fl¡Ì±¬ı˛ ’¬ıàÔ±Ú x Ò¬ı˛À˘ ’±˜¬ı˛± Œ√À‡øÂ√ Œ˚,

x a nt� �	 
cos �  ˝√√À¬ı ; [ a ø¬ıd¬±¬ı˛, 
2�
n  ¬Û «̊± ˛̊fl¡±˘ ¤¬ı— nt + ��√˙± Œfl¡±Ì ¤¬ı— ø√flË¡˚˛±˙œ˘ õ∂Ó¬…±Ú˚˛fl¡

¬ı˘ �n x2 ]
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’Ó¬¤¬ı t ¸˜À˚˛ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬˙øq¡ ˚‡Ú Ó¬±¬ı˛ ’¬ıàÔ±Ú øàÔ¬ı˛ø¬ıμ≈ ˝√√ÀÓ¬ x ”√¬ı˛ÀQ Ô±fl¡À¬ı Ó¬‡Ú

1
2

1
2

2
2 2 2m dx

dt
ma n nt�� �� � �sin ( )�  ˝√√À¬ı fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛ m2 ’±¬ı±¬ı˛ ‹ øàÔ¬ı˛ ø¬ıμ≈ÀÓ¬ (x = 0) ŒÓ¬ fl¡Ì±¬ı˛

øàÔøÓ¬˙øq¡ ˙”Ú… Ò¬ı˛À˘ fl¡Ì±øÈ¬ ˚‡Ú O ˝√√ÀÓ¬ x ”√¬ı˛ÀQ ˚±À¬ı Ó¬‡Ú Ó¬±¬ı˛ øàÔøÓ¬˙øq¡ õ∂Ó¬…±Ú˚˛fl¡ ¬ı˘ �n x2  fl¡Ì±øÈ¬Àfl¡

x ”√¬ı˛Q ’øÓ¬√flË¡˜ fl¡À¬ı˛ O ø¬ıμ≈ÀÓ¬ øÚÀ˚˛ Œ˚ÀÓ¬ Œ˚ fl¡±˚« fl¡À¬ı˛ Ó¬±¬ı˛ ¸˜±Ú ˝√√À¬ıº

¤˝◊√√ øàÔøÓ¬˙øq¡ = � � � ��m n x dx m n x m n a nt
x

o
2

2 2 2
2 2

2 2
cos ( )�

¤˝◊√√¬ı˛”À¬Û Œ√‡± ˚±˚˛ Œ˚, ¤Àé¬ÀS ·øÓ¬˙øq¡ + øàÔøÓ¬˙øq¡

= 1
2

1
2

2 2 2 2 2 2mn a nt mn a ntsin ( ) cos ( )� � �� �

= 1
2

2 2mn a ,  ˚± ¤fl¡øÈ¬ ÒË≈¬ıfl¡ ¬ı˛±ø˙º

3.5 ¬≈√˝◊√√øÈ¬ ¸¬ı˛˘ ¸˜?¸ Œ√±˘ÀÚ¬ı˛ ˘øt

¤fl¡øÈ¬ fl¡Ì±¬ı˛ Œfl¡±Ú› ¸¬ı˛˘À¬ı˛‡±˚˛ ˚ø√ ≈√˝◊√√øÈ¬ ¸¬ı˛˘ ¸˜?¸ Œ√±˘ÀÚ Ô±Àfl¡, Ó¬± ˝√√À˘ ¸¬ı˛˘ ¸˜?¸ Œ√±˘ÀÚ¬ı˛

’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì Δ¬ı˛ø‡fl¡ ¬ıÀ˘ ’±˜¬ı˛± ‹ ≈√˝◊√√øÈ¬ Œ√±˘ÀÚ¬ı˛ ¬˘øt øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛ºˇ

≈√øÈ¬ Œ√±˘ÀÚ¬ı˛ Œ√±˘Úfl¡±˘ ¤fl¡˝◊√√ ˝√√À˘ Ò¬ı˛± ˚±fl¡ Î¬◊ˆ¬À˚˛¬ı˛˝◊√√ Œ√±˘Úfl¡±˘ 
2�
n  ’Ô«±» fl¡•Û±efl¡ n ¸˜±Ú  ,

‹ ≈√˝◊√√øÈ¬ Œ√±˘ÀÚ¬ı˛ x ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ ¸¬ı˛Ì x1 ¤¬ı— x2 Ò¬ı˛À˘ x a nt1 1 1� �cos( )�

¤¬ı— x a nt2 2 2� �cos( )�  ˝√√À¬ıº (a1 ¤¬ı— a2 ≈√˝◊√√øÈ¬ Œ√±˘ÀÚ¬ı˛ ø¬ıd¬±¬ı˛] ¤‡Ú Œ√±˘Ú ≈√˝◊√√øÈ¬¬ı˛ ˘øt¬ı˛

x ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ ¸¬ı˛Ì ˝√√À¬ıº

x x a nt a nt1 2 1 1 2 2� � � � �cos ( ) cos ( )� �

= ( cos cos ) cosa a nt1 1 2 2� ��

= ( sin sin ) sina a nt1 1 2 2� ��

= A nt B ntcos sin ;� ............ (2)

¤‡±ÀÚ A a a� �1 1 2 2cos cos� �  ¤¬ı— B a a� � �( sin sin )1 1 2 2� �  ........(3)

’±˜¬ı˛± ø˘‡ÀÓ¬ ¬Û±ø¬ı˛ x x a nt1 2� � �cos ( )�
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Œ˚‡±ÀÚ A n B a� � �cos sin� � ..............(4)

’Ô«±»a a a A B� � � �2 2 2 2 2 2cos sin� � ¤¬ı— tan
sin sin
cos cos

�

� �

� �

� � �

�

�

B
A

a a
a a

1 1 2 2

1 1 2 2
....(5)

˘é¬… fl¡¬ı≈̨Ú Œ˚ a A B a a a a� � � � � �2 2
1
2

2
2

1 2 1 22 cos( )� �  ˝√√ÀÓ¬ ’±˜¬ı˛± Œ√‡ÀÓ¬ ¬Û±˝◊√√ Œ˚,

¸˜±Ú ¬Û˚«±˚˛fl¡±˘ ø¬ıø˙©Ü ≈√˝◊√√øÈ¬ ¸¬ı˛˘ ¸˜?¸ Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±˘ ¤fl¡˝◊√√ ˝√√À¬ı ¤¬ı— Ó¬±À√¬ı˛ ˘øt¬ı˛ ø¬ıd¬±¬ı˛ a ¤¬ı—

’±ø√ √˙± Œfl¡±Ì �� ¤¬ı˛ ˜±Ú (5) ¤¬ı— (6) ¡Z±¬ı˛± ¬Û±›˚˛± ˚±À¬ıº

˚‡Ú � �1 2�  Ó¬‡Ú A a a� �( ) cos1 2 1�  ¤¬ı— B a a� � �( )sin1 2 1�  ¤¬ı— ˘øt¬ı˛ ø¬ıd¬±¬ı˛ a a1 2�

˝√√À¬ı ˚ø√ Œ√±˘Ú¡ZÀ˚˛¬ı˛ ø√˙± ¤fl¡˝◊√√ ø√Àfl¡ Ô±Àfl¡  , ’±¬ı±¬ı˛ ˚‡Ú � � �1 2� �  Ó¬‡Ú a a a a a� � �1
2

2
2

1 22

= a a1 2�  ˝√√À¬ı

¤‡Ú a1 = a2 ˝√√À˘ ø¬ıd¬±À¬ı˛ ˚‡Ú ˙”Ú… ˝√√À¬ıº

≈√˝◊√√øÈ¬ ¸¬ı˛˘ ¸˜?¸ Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±˘ ¬ı± ¬ı‘M√√œ˚˛ fl¡•Û±efl¡ ˚ø√ õ∂±˚˛ ¸˜±Ú ˝√√˚˛ Ó¬‡Ú Œ√±˘Ú ≈√˝◊√√øÈ¬Àfl¡

¤˝◊√√¬ı˛”À¬Û Œ˘‡± ˚±˚˛  , x a t1 1 1 1� �cos( )� �  ¤¬ı— x a t2 2 2 2� �cos( )� �

Œ˚‡±ÀÚ � �1 2�  ¤fl¡øÈ¬ é≈¬^ ¬ı˛±ø˙  , ¤Àfl¡ w ¡Z±¬ı˛± ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˚±fl¡º

’Ó¬¤¬ı x a w t a t1 1 2 1 1 2 3� � � � � �cos [( ) ] cos ( )� � � �  ¤¬ı— x a t2 2 2 2� �cos ( )� �

Œ˚‡±ÀÚ � � �3 1� � �t

˘é¬… fl¡¬ı˛≈Ú Œ˚ ¤‡±ÀÚ �3 ÒË≈¬ıfl¡ ¬ı˛±ø˙ Ú˚˛º

¤øÈ¬ ¸˜ ˛̊ t Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘º

¤àÔÀ˘ ≈√ ◊̋√√øÈ¬ Œ√±˘ÀÚ¬ı˛ ˘øt x x a t a t1 2 1 2 3 2 2 2� � � � �cos( ) cos( )� � � �

= a tcos ( )� �2 �

¤‡±ÀÚ a a acos cos cos� � �� �1 2 2

¤¬ı— a a asin sin sin� � �� �1 3 2 2

’Ó¬¤¬ı a a a a a2
1
2

2
2

1 2 3 22� � � �cos( )� �

¤¬ı— tan
sin sin
cos cos

�
� �

� �
�

�

�

a a
a a

1 3 2 2

1 3 2 2
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¤‡Ú � � �3 2 1� �t  ¬ı¸±À˘ ’±˜¬ı˛± ¬Û±˝◊√√

a a a a a t2
1
2

2
2

1 2 1 22� � � � � �cos ( )� � �

¤¬ı— tan
sin ( ) sin
cos( ) cos

�
� � �

� � �
�

� � �

� � �

a t a
a t a

1 1 2 2

1 1 2 2

’±˜¬ı˛± Œ√‡ÀÓ¬ ¬Û±˝◊√√ Œ˚, ¤Àé¬ÀS› ¸¬ı˛˘ ¸˜?¸ Œ√±˘Ú ≈√øÈ¬¬ı˛ ˘øt ¤fl¡øÈ¬ ¸¬ı˛˘ ¸˜?¸ Œ√±˘Ú ˝√√ÀÓ¬

¸±˜±Ú… ¬Û‘Ôfl¡, ¤˝◊√√ Œ√±˘ÀÚ¬ı˛ ø¬ıd¬±¬ı˛ › ’±ø√ √˙± Œfl¡±Ì ’øÓ¬ ÒœÀ¬ı˛ ¸˜À˚˛¬ı˛ ¸Àe· ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√À˚˛  , øfl¡z≈¬ ‹

˘øt¬ı˛ ø¬ıd¬±¬ı˛ a a a a a t� � � � � �[ cos( )]1
2

2
2

1 2 1 22
1

2� � �

¸fl¡˘ ¸˜ ˛̊̋ ◊√√ a a1 2�  ¤¬ı— a a1 2�  ˜ÀÒ… Ô±fl¡À¬ı [Œ˚À˝√√Ó≈¬ cos ( )� � �� �t t1 2  ¤¬ı˛

˜±Ú –1 ¤¬ı— + 1 ¤¬ı˛ ˜ÀÒ… Ô±Àfl¡]º

3.6 ’¬ı˜øμÓ¬ ¸˜?¸ Œ√±˘Ú (Damped harmonic oscillation)

’±˜¬ı˛± ¬Û”À¬ı« ¸¬ı˛˘ ¸˜?¸ Œ√±˘Ú øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛øÂ√ Œ¸‡±ÀÚ ’±˜¬ı˛± ˘é¬… fl¡À¬ı˛øÂ√ Œ˚ Œ√±˘ÀÚ¬ı˛ ø¬ıd¬±¬ı˛

¸˜À˚˛¬ı˛ ¸Àe· ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡ ¤¬ı— Œ√±˘ÚøÈ¬ ¬ı¬ı˛±¬ı¬ı˛ ‰¬˘ÀÓ¬ Ô±fl¡À¬ıº øfl¡z≈¬ ¬ı±d¬¬ıÀé¬ÀS ’±˜¬ı˛± Œ√‡ÀÓ¬ ¬Û±˝◊√√

Ú±Ú± ¸˜À˚˛¬ı˛ ¸Àe· ¸Àe· ¤˝◊√√ Œ√±˘Ú ¬ı±Ò± õ∂±5 Œ˚ ¤¬ı— Ó¬±¬ı˛ ø¬ıd¬±¬ı˛ ’±Àd¬ ’±Àd¬ fl¡À˜ ’±À¸º fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛

Œfl¡f±øˆ¬˜≈‡œ õ∂Ó¬…±Ú˚˛fl¡ ¬ı˘ Â√±Î¬ˇ± Œ˚ ¬ı±Ò± ’±À¸ Œ¸˝◊√√ ¬ı±Ò±Àfl¡ ’±˜¬ı˛± Œ¬ıÀ·¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡ ¤¬ı— Œfl¡f±øˆ¬˜≈‡œ

Ò¬ı˛¬ıº

˚ø√ O Œfl¡fø¬ıμ≈, ox ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ fl¡Ì±øÈ¬ ‰¬˘˜±Ú ¤¬ı— O ŒÔÀfl¡ x ”√¬ı˛ÀQ P ø¬ıμ≈ÀÓ¬ Œfl¡±Ú› ¸˜À˚˛

fl¡Ì±øÈ¬¬ı˛ ’¬ıàÔ±Ú Ò¬ı˛À˘ øÚÎ¬◊È¬ÀÚ¬ı˛ ø¡ZÓ¬œ˚˛ ·Ó¬œ¬ı˛ ¸”S ’Ú≈¸±À¬ı˛ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì

m d x
dt

mn x mk dx
dt

2

2
2� � �  fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛ mº mn2x õ∂Ó¬…±Ú˚˛fl¡ ¬ı˘º

O P X

mn x mk dx
dt

2
�
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mk dx
dt  ¬ı±Ò±¬ı˛ Ê√Ú… ¬ı˘ ¤¬ı— k ¤fl¡øÈ¬ ÒË≈¬ıfl¡ ¬ı˛±ø˙ Ò¬ı˛± ˝√√À˚˛ÀÂ√º Œ√‡± ˚±À26√ Œ˚ ‹ ¸˜œfl¡¬ı˛ÌøÈ¬ ÒË≈¬ıfl¡

·≈Ì±—fl¡ ø¬ıø˙©Ü ø¡ZÓ¬œ˚˛ √flË¡À˜¬ı˛ Δ¬ı˛ø‡fl¡ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ìº

õ∂Ô˜ õ∂‰¬ø˘Ó¬ øÚ˚˛˜ ’Ú≈˚±˚˛œ ’±˜¬ı˛± x = ept = ¸˜œfl¡¬ı˛ÀÌ ˘±˝◊√√ÀÚ ¬Û±˝◊√√ p kp n e pt2 2 0� � �	 


øfl¡z≈¬ ept � 0 ’Ó¬¤¬ı p kp n2 2 0� � �

¤˝◊√√ ø¡Z‚±Ó¬ ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± P ¤¬ı˛ ≈√˝◊√√øÈ¬ ˜±Ú ¬Û±˝◊√√, ¤·≈ø˘ ˚Ô±√flË¡À˜

� � �
k k n
2 4

2
2  ¤¬ı— � � �

k k n
2 4

2
2

Œ√‡± ˚±À26√ Œ˚ fl¡Ì±øÈ¬¬ı˛ ¸¬ı˛Ì x k n,
2

2
4

�  ¤¬ı˛ ˜±ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘º

(i) ˚‡Ú ¬ı±Ò± ”√¬ı«˘ 
k n

2
2

4
�  ¤fl¡øÈ¬ Ÿ¬Ì±Rfl¡ ¬ı˛±ø˙ = – �2 [Ò¬ı˛± ˚±flƒ¡ Œ˚‡±ÀÚ �� ¬ı±d¬¬ı] Ó¬‡Ú

p k i� � �
2

�  ¤¬ı— p k i� � �
2

�

˝√√À¬ı ¤¬ı— ¸¬ı˛Ì x ae tkt� �� / cos( )2 � � �(a ¤¬ı— ��ÒË≈¬ıfl¡] ˝√√À¬ıº ¤Àé¬ÀS ¤˝◊√√ Œ√±˘ÚÀfl¡ ¶§ä ’¬ı˜øμÓ¬

Œ√±˘Ú ¬ı˘± ˝√√ ˛̊,

Œ√‡± ˚±À26√ Œ˚, ¤àÔÀ˘ ¤˝◊√√ ’¬ı˜øμÓ¬ Œ√±˘ÀÚ¬ı˛ ø¬ıd¬±¬ı˛ ae
kt�

2  ˚± ¸˜À˚˛¬ı˛ ¸Àe· ˝√}√√±¸ ¬Û±À26√ ¤¬ı— ¤˝◊√√

Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±˘ 
2

4
2

2

�

n k
�

 ˚±˝√√± ˜μÚ ˝√√œÚ Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±˘ (2�/n) ’À¬Ûé¬± ¬ı‘˝√√M√√¬ı˛, ¤Ê√Ú… ¬ı±Ò±

≈√¬ı«˘ ˝√√À˘ ’¬ı˜øμÓ¬ Œ√±˘ÀÚ¬ı˛ fl¡•Û±efl¡ ˜μÚ˝√√œÚ Œ√±˘ÀÚ¬ı˛ fl¡•Û±efl¡ ’À¬Ûé¬± ¬é≈¬^√M√√¬ı˛ ˝√√À¬ıº

¤‡Ú n k2
2

4
�  ˝√√À¬ı Ó¬‡Ú ¬Û”À¬ı«¬ı˛ ø¡Z‚±Ó¬ ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¬ıœÊ√¡Z˚˛ ¸˜±Ú �

�k k
2 2

,  ˝√√À¬ıº

¤àÔÀ˘ ¸¬ı˛Ì x A Bt e
kt

� �
�

( ) 2

’Ô«±» fl¡Ì±øÈ¬¬ı˛ Œfl¡±Ú› Œ√±˘Ú ·øÓ¬ Ô±fl¡À¬ı Ú± ¤¬ı— Ó¬±¬ı˛ ·øÓ¬À¬ı· 
dx
dt

k A Bt e Be
kt kt

�
�

�� � �
� �

2
2 2

˝√√ÀÓ¬ Œ√‡± ˚±À26√ Œ˚ ¸˜À˚˛¬ı˛ ¸Àe· fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ı· ˝√}√√±¸ ¬Û±À¬ı ¤¬ı— t �� �� ’Ô«±» ’øz¬˜ √˙±˚˛ (t �

�) Ó¬±¬ı˛ ·øÓ¬À¬ı· V �� 0 ’Ô«±» ˙”Ú… ˝√√À¬ıº
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(iii) ˚‡Ú 
k n

2
2

4
�  ÒÚ±Rfl¡¬ı˛±ø˙, ’Ô«±» ¬ı±Ò± õ∂¬ı˘ ( )k n2 24�  Ó¬‡Ú Ò¬ı˛± ˚±fl¡ 

k n
2

2 2
4

� � ��

[��� ¬ı±d¬¬ı ¬ı˛±ø˙] ¤¬ı— fl¡Ì±øÈ¬¬ı˛ ¸¬ı˛Ì x ˝√√À¬ıº

Ce De
k t k t� � ��
�

�
� � � ��

�
�
��2 2

� �

¤¬ı— fl¡Ì±øÈ¬¬ı˛ Œ¬ı· ˝√À¬ı

� � �
� �k Ce

k t

2
2�

�

� � � �

� � ��� ��
� � ��
�

�
�k De

k t

2
2�

�

¤Àé¬ÀS› fl¡Ì±øÈ¬¬ı˛ Œfl¡±Ú› Œ√±˘Ú Ô±fl¡À¬ı Ú± ¤¬ı— ¸˜À˚˛¬ı˛ ¸Àe· ·øÓ¬À¬ı· ˝√}√√±¸ ¬Û±À¬ı ¤¬ı— t ��	�’Ô«±»

’øz¬˜ √˙±˚˛ fl¡Ì±øÈ¬ ·øÓ¬˝√√œÚ ˝√√À¬ıº

3.7 õ∂ÀÌ±ø√Ó¬ Œ√±˘Ú (Force Oscillation)

¸¬ı˛˘ Œ¬ı˛‡±˚˛ ·˜Ú Œfl¡±Ú› fl¡Ì±˚˛ ¸¬ı˛˘ ¸˜?¸ ·øÓ¬¬ı˛ Ê√Ú… õ∂Ó¬…±Ú˚˛fl¡ ¬ı˘ Ô±Àfl¡, Ó¬± ¬ı…Ó¬œÓ¬ fl¡Ì±øÈ¬¬ı˛

Î¬◊¬Û¬ı˛ ’Ú… ¬ı˘› ø√flË¡˚˛±˙œ˘ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛º

øàÔ¬ı˛ø¬ıμ≈ ˝√√ÀÓ¬ ˚‡Ú fl¡Ì±øÈ¬¬ı˛ ¸¬ı˛Ì x Ó¬‡Ú ¸¬ı˛˘ ¸˜?¸ ·øÓ¬¬ı˛ Ê√Ú… õ∂Ó¬…±Ú˚˛fl¡ ¬ı˘ –mn2x [m fl¡Ì±øÈ¬¬ı˛

ˆ¬¬ı˛] ¬ı…Ó¬œÓ¬ Ò¬ı˛± ˚±flƒ¡ ’Ú… ¬ı˘ X ‹ Œ¬ı˛‡±˚˛ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘º Ó¬± ˝√√À˘ øÚÎ¬◊È¬ÀÚ¬ı˛ ø¡ZÓ¬œ˚˛ ·øÓ¬¬ı˛ ¸”S

’Ú≈¸±À¬ı˛ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ı˛ ¸˜œfl¡¬ı˛Ì

m d x
dt

mn x X
2

2
2� � �  ................(A)

’±˜¬ı˛± ≈√˝◊√√ õ∂fl¡±À¬ı˛¬ı˛ ¬ıø˝√√–àÔ ¬ı˘ X øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

(i) ˚‡Ú X ÒË≈¬ıfl¡ [x øfl¡—¬ı± t Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ Ú˚˛], Ó¬‡Ú ø¡ZÓ¬œ˚˛ √flË¡À˜¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì (A) ¸˜±Ò±Ú

fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√

x a nt X
mn

� � �cos( )� 2

’Ô«±» x X
mn

a nt���
�
� � �2 cos( )
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Ó¬±˝√√À˘ ÒË≈¬ıfl¡ ¬ı˘øÈ¬¬ı˛ Œ√±˘ÚøÈ¬¬ı˛ fl¡•Û±Àefl¡¬ı˛ øfl¡—¬ı± ø¬ıd¬±À¬ı˛¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú› õ∂ˆ¬±¬ı Ú±˝◊√√, Œfl¡¬ı˘˜±S fl¡Ì±øÈ¬¬ı˛

’¬ıàÔ±ÀÚ¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À˚˛ Ô±Àfl¡º

(ii) ˚‡Ú ¬ıø˝√√–àÔ ¬ı˘ F0 cos pt [Œ˚‡±ÀÚ F0 ÒË≈¬ıfl¡] ˜”˘ Œ√±˘ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ˝√√˚˛  , m ˆ¬¬ı˛

ø¬ıø˙©Ü fl¡Ì±øÈ¬¬ı˛ ˜”˘ Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±˘ 
2�
n  ÒÀ¬ı˛ øÚÎ¬◊È¬ÀÚ¬ı˛ ø¡ZÓ¬œ˚˛ ·Ó¬œ˚˛ ¸”S ˝√√ÀÓ¬ ¬Û±˝◊√√ fl¡Ì±øÈ¬¬ı˛ ·Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì

√̋√À¬ıº

m d x
dt

mn x F pt A
2

2
2

0� � � cos ( )

’Ô«±» 
d x

dt
n x

F pt
m

2

2
2 0

�
�

cos

[¤àÔÀ˘ ’±ø˜ √˙± ˝√√ÀÓ¬ t ¸˜˚˛ ¬ÛÀ¬ı˛ ˜”˘ø¬ıμ≈ O ˝√√ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ ¸¬ı˛Ì x Ò¬ı˛± ˝√√À˚˛ÀÂ√]

’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ¸˜±Ò±Ú ¸”S ’Ú≈˚±˚˛œ ‹ ¸˜œfl¡¬ı˛Ì (A) ˝√√ÀÓ¬ ¬’±˜¬ı˛± ¬Û±˝◊√√

x a nt
F pt

m D n
D d

dt
� �� � �

�
�

�
�
�cos

cos

 0

2 2� �

¤‡Ú p n x a nt
F pt

m n p
� � � �

�
, cos ( )

cos

 0

2 2� �  √̋√̋ ◊√√À¬ı ’Ô«±» ¤ ◊̋√√ fl¡Ì±øÈ¬¬ı˛ ≈√̋ ◊√√øÈ¬ Œ√±˘Ú Ô±fl¡À¬ı, õ∂Ô˜øÈ¬¬ı˛

¬Û «̊± ˛̊fl¡±˘ 
2�
n  ŒÔÀfl¡ ˜≈q¡ Œ√±˘Ú ¬ı˘± Œ˚ÀÓ¬ ¬Û±À¬ı˛ ¤¬ı— F0 cos Pt ¬ı˘ õ∂À˚˛±À·¬ı˛ Ê√Ú…º fl¡Ì±øÈ¬¬ı˛ Ê√Ú…

¤fl¡øÈ¬ Œ√±˘Ú ˚±¬ı˛ ¬Û˚«±˚˛fl¡±˘ 
2�
n  Ô±fl¡À¬ı  , ¤˝◊√√ Œ√±˘ÚøÈ¬Àfl¡ õ∂ÀÌ±ø√Ó¬ Œ√±˘Ú ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º

˚‡Ú P = n ˝√√À¬ı ’Ô«±» õ∂ÀÌ±ø√Ó¬ ¬ıÀ˘¬ı˛ ¬Û˚«±˚˛fl¡±˘ ˜”˘ Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±À˘¬ı˛ ¸˜±Ú ˝√√˚˛º Ó¬‡Ú (A)

¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±Ú ˝√√À¬ı x a nt
F t pt

nm
� � �cos ( )

sin

 0

2
 ¤Àé¬ÀS Œ√‡± ˚± ˛̊ Œ˚ F0 cos Pt (P = n)

ø√flË¡˚˛±˙œ˘ ¬ıÀ˘¬ı˛ Ê√Ú… Œ˚ õ∂ÀÌ±ø√Ó¬ Œ√±˘Ú ˝√√˚˛ Ó¬±¬ı˛ ø¬ıd¬±¬ı˛ 
F t
nm
0

2
 ˝√√À¬ı  , ¤˝◊√√ ø¬ıd¬±¬ı˛ ¸˜À˚˛¬ı˛ ¸Àe· ¸Àe·

¬ı‘øX ¬Û±˚˛ ¤¬ı— t ’øÓ¬¬ı‘˝√√» ˝√√À˘ õ∂ÀÌ±ø√Ó¬ Œ√±˘ÀÚ¬ı˛ ø¬ıd¬±¬ı˛› ’øÓ¬¬ı‘˝√√» ˝√√À¬ıº ˘é¬… fl¡¬ı˛ÀÓ¬ ˝√√À¬ı ˜≈q¡ Œ√±˘ÀÚ¬ı˛

¤¬ı— õ∂ÀÌ±ø√Ó¬ Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±˘ ’Ô¬ı± fl¡•Û±efl¡ ¤fl¡˝◊√√ ¬ıÀ˘ t �� �, Œ√±˘ÀÚ¬ı˛ ø¬ıd¬±¬ı˛ › ’¸œÀ˜¬ı˛ ø√Àfl¡

˚±À¬ı  , ¤øÈ¬Àfl¡ ’Ú≈Ú±√ (Resonance) ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º ¸±Ò±¬ı˛ÌÓ¬ ’±˜¬ı˛± Œ‰¬©Ü± fl¡ø¬ı˛ ˚±ÀÓ¬ ˜≈q¡ Œ√±˘Ú ¤¬ı—

õ∂ÀÌ±ø√Ó¬ Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±˘ ¬ı± fl¡•Û±efl¡ ¬Û‘Ôfl¡ ˝√√˚˛ ˚±ÀÓ¬ ’Ú≈Ú±√ Ú± ‚ÀÈ¬º ¤Ê√Ú… Œfl¡±Ú› Œ¸Ó≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¬Û√±øÓ¬fl¡

Δ¸Ú…√˘Àfl¡ fl≈¡‰¬fl¡±›˚˛±Ê√ fl¡À¬ı˛ Œ˚ÀÓ¬ øÚÀ¯∏Ò fl¡¬ı˛± ˝√√˚˛ fl¡±¬ı˛Ì ˚ø√ Œ¸Ó≈¬øÈ¬¬ı˛ õ∂fl‘¡Ó¬ fl¡•ÛÚ ¤¬ı— ‹ Δ¸Ú…√À˘¬ı˛

fl≈¡‰¬fl¡±›˚˛±Ê√ Ê√øÚÓ¬ fl¡•ÛÚ ¸˜±Ú ˝√√˚˛º Ó¬± ˝√√À˘ ’Ú≈Ú±À√¬ı˛ ¸‘ø©Ü ˝√√À˚˛ Œ¸Ó≈¬øÈ¬ ˆ¬±øe·˚˛± ¬ÛøÎ¬ˇ¬ı±¬ı˛ ¸y¬±¬ıÚ± Ô±Àfl¡º
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3.8 ’¬ı˜øμÓ¬ õ∂ÀÌ±ø√Ó¬ Œ√±˘Ú (Damped Forced Oscillation)

˚ø√ x ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ m ˆ¬¬ı˛ ø¬ıø˙©Ü ‰¬˘˜±Ú fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ øàÔ¬ı˛ø¬ıμ≈ O ¤¬ı˛ ø√Àfl¡ mn2x ¬ı˘ ¬ı…Ó¬œÓ¬

‹ ø√Àfl¡ mkv ¬ı±Ò± ¤¬ı— ’Ú… ¤fl¡øÈ¬ ¬ı˘ F cos Pt ¬ı˘ ø√flË¡˚˛±˙œ˘ Ó¬± ˝√√À˘ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ¸˜œfl¡¬ı˛Ì

[øÚÎ¬◊È¬ÀÚ¬ı˛ ø¡ZÓ¬œ˚˛ ¸”S ’Ú≈˚±˚˛œ] ˝√√À¬ı m d x
dt

mn x mk dx
dt

F pt
2

2
2� � � � cos  ........ (B)

¤àÔÀ˘ k ¤¬ı— F Œfl¡ ÒË≈¬ıfl¡ Ò¬ı˛± ˝√√À˚˛ÀÂ√  , fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ı˛ ¬ÛÀÔ mk dx
dt  ¬Ûø¬ı˛˜±Ì ¬ı±Ò± ¤¬ı— fl¡Ì±øÈ¬¬ı˛

Î¬◊¬Û¬ı˛ F cos Pt ¡Z±¬ı˛± P fl¡•Û±efl¡ ø¬ıø˙©Ü F cos Pt Œ√±˘Ú õ∂ÀÌ±ø√Ó¬ ˝√√À ˛̊ÀÂ√º ¤‡Ú ¤ ◊̋√√ (B) ¸˜œfl¡¬ı˛ÌøÈ¬Àfl¡

d x
dt

k dx
dt

n x F
m

pt
2

2
2� � � cos  ¬ı˛”À¬Û Œ˘‡± ˚±˚˛

‹ Δ¬ı˛ø‡fl¡ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ x Ae Be
F pt

m D kD n
s t s t� � �

� �

�1 2
2 2

cos

� �

(A ¤¬ı— B ÒË≈¬ıfl¡] D d
dt

��
�

�
�  s1 ¤¬ı— s2 Œ˚‡±ÀÚ s ks n2 2

� �  = 0 ø¡Z‚±Ó¬ ¬ıœÊ√·øÌÓ¬œ˚˛ ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛

¬ıœÊ√¡Z˚̨º

’±¬ı±¬ı˛ 
F pt

m D kD n
F
m

D kD n pt

D n k D

cos cos
2 2

2 2

2 2 2 2 2� �� 	
�

� �� 	

�� 	 �

¤‡Ú ’±˜¬ı˛± Ê√±øÚ Œ˚ D2 ¤¬ı˛ ¬Ûø¬ı˛¬ıÀÓ«¬ –P2 ¬ı¸±ÀÓ¬ ˝√√À¬ı ¤¬ı— D cos Pt = – P sin Pt Ò¬ı˛ÀÓ¬

˝√√À¬ı ¤Ê√Ú…  
F pt

m D kD n
F
m

D kD n pt

D n k D

cos cos
2 2

2 2

2 2 2 2 2� �
�

� �

� �� �
� �
� �

= F
m

n p pt kp pt

n p k p

2 2

2 2 2 2 2

�� 	 �

�� 	 �

cos sin
 ˝√√À¬ıº

’Ó¬¤¬ı x Ae Be F
m

n p pt kp pt

n p k p
s t s t� � �

� �

� �
1 2

2 2

2 2 2 2 2

� �
� �

cos sin

¸˝√√ÀÊ√ ◊̋√√ Œ√‡± ˚± ˛̊ Œ˚, S S k k n1 2

2
2

2 4
, � � � �

�
��

�
��
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˚ø√ ’¬ı˜μÚ ˜”˘ Œ√±˘ÀÚ¬ı˛ fl¡•Û±efl¡ ’À¬Ûé¬± ¤¬ı˛”¬Û fl¡˜ ˝√√˚˛ ˚±ÀÓ¬ 
k n

2
2

4
� � ˝√√˚˛º Ó¬‡Ú 

k n
2

2
4

�

Ÿ¬Ì±Rfl¡ ˝√√À¬ı ¤¬ı— S1, S2

= � � �
k i n k
2 4

2
2

 ˝√√À¬ı ¤¬ı— Ó¬‡Ú ¸¬ı˛Ì

x A e n k t B e n k t
kt kt

� �
�

� �
�� �

2 2
2

2 2
2

4 4
cos sin

�
� �

� �

F
m

n p pt kp pt

n p k p

2 2

2 2 2 2 2

� �
� �

cos sin
     (A�, B�� ÒË≈¬ıfl¡ ¬ı˛±ø˙¡Z˚˛]

Î¬◊¬ÛÀ¬ı˛¬ı˛ x ¤¬ı˛ ˘t ˜±Ú ˝√√ÀÓ¬ ’±˜¬ı˛± Œ√‡ÀÓ¬ ¬Û±˝◊√√ Œ˚ ¤Àé¬ÀS fl¡Ì±øÈ¬¬ı˛ Œ√±˘Ú ≈√˝◊√√øÈ¬ Œ√±˘ÀÚ¬ı˛ ˘øt,

õ∂Ô˜øÈ¬ ’¬ı˜μÚ Œ˝√√Ó≈¬ fl¡Ì±øÈ¬¬ı˛ ˜”˘ Œ√±˘Ú ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√À˚˛ Œ˚ Œ√±˘ÀÚ ¬Û˚«¬ıø¸Ó¬ ˝√√˚˛ Ó¬±¬ı˛ ø¬ıd¬±¬ı˛ e
kt�
2  ¬ı˛

Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ¤¬ı— fl¡•Û±efl¡ n k2
2

4
� ; ¤¬ı— ø¡ZÓ¬œ˚˛øÈ¬ P fl¡•Û±efl¡ ø¬ıø˙©Ü õ∂ÀÌ±ø√Ó¬ Œ√±˘Ú  , ¸˜À˚˛¬ı˛

¸Àe· ¸Àe· e
kt�
2

 ˝√}√√±¸ ¬Û±˚˛ ¤¬ı— øÚ˚˛Ó¬ √˙±˚˛ (t ���) ˜”˘ Œ√±˘ÚøÈ¬ ø¬ıd¬±¬ı˛ ˙”Ú… ˝√√˚˛  , Ó¬‡Ú ˙≈Ò≈ õ∂ÀÌ±ø√Ó¬

Œ√±˘Ú Ô±Àfl¡  , ¤¬ı— Ó¬±¬ı˛ fl¡•Û±—fl¡ ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡º

’±¬ı±¬ı˛ ˚ø√ õ∂ÀÌ±ø√Ó¬ Œ√±˘ÀÚ¬ı˛ ¤¬ı— ˜”˘ Œ√±˘ÀÚ¬ı˛ fl¡•Û±—fl¡ fl¡˜±Ú ˝√√˚˛ Ó¬± ˝√√À˘ õ∂ÀÌ±ø√Ó¬ Œ√±˘ÀÚ¬ı˛ ˜±Ú

˝√√À¬ı (n = P Òø¬ı˛]

F
m

pt
kp

sin
; ¤‡Ú ¬ı±Ò± ˚ø√ ‡≈¬ı ¸±˜±Ú… ˝√√˚˛, ’Ô«±» k ’øÓ¬ é≈¬^ ˝√√˚˛ Ó¬± ˝√√À˘ õ∂ÀÌ±ø√Ó¬ Œ√±˘ÀÚ¬ı˛ ˜±Ú

B ’øÓ¬ ¬ı‘˝√√» ˝√√À¬ı ¤¬ı— ‹ Œ√±˘Ú ’Ú≈Ú±À√ ¬Û˚«¬ıø¸Ó¬ ˝√√À¬ıº

˚ø√ ¬ı±Ò± k dx
dt  ”̃̆  Œ√±˘Ú ’À¬Ûé¬± ’øÓ¬¬ı‘̋ √√» ˝√√ ˛̊ Ó¬‡Ú k2 > 4n2 ˝√√À¬ı ¤¬ı— ˜”˘ Œ√±˘ÀÚ¬ı˛ ¸¬ı˛Ì

x e Ce De
kt k n t k n t

� �


�
�
�

�

�
�
�

� � � �
2 4 4

2 2 2 2

(C ¤¬ı— D ÒË≈¬ıfl¡ ¬ı˛±ø˙¡Z˚˛] ˝√√À¬ı ¤àÔÀ˘ øÚ˚˛Ó¬ √˙±˚˛ (t ���) x ��O ˝√√À¬ı ¤¬ı— Œfl¡¬ı˘˜±S õ∂ÀÌ±ø√Ó¬

Œ√±˘ÀÚ¬ı˛ fl¡•Û±Àefl¡¬ı˛ ¸˜±Ú fl¡•Û±efl¡ ø¬ıø˙©Ü Œ√±˘Ú ¬ıÓ«¬˜±Ú Ô±fl¡À¬ıº
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3.9 øàÔøÓ¬àÔ±¬Ûfl¡ ¬ı˛7¡¡≈¡ (Elastic string)

’±˜¬ı˛± Δ√ÚøμÚ ’øˆ¬:Ó¬±˚˛ Œ√‡ÀÓ¬ ¬Û±˝◊√√ Œ˚ Œfl¡±Ú › ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú› ¬ıø˝√√àÔ ¬ı˘ õ∂À˚˛±· fl¡¬ı˛À˘

¬ıd≈¬øÈ¬ ‘√Ï¬ˇ (rigid) Ú± ˝√√À˘ Ó¬±¬ı˛ ’±fl‘¡øÓ¬¬ı˛ › ’±˚˛Ó¬ÀÚ¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ‚ÀÈ¬º ˚‡Ú õ∂øÓ¬ø˜Ó¬ (balanced) ¬ı˘ õ∂À˚˛±·

fl¡¬ı˛À˘ ¬ıd≈¬øÈ¬¬ı˛ ’±fl‘¡øÓ¬ › ’±˚˛Ó¬Ú ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√˚˛ ¤¬ı— ‹ ¬ı˘øÈ¬ ¸ø¬ı˛À˚˛ øÚÀ˘ Ó¬± ¬Û”À¬ı«¬ı˛ ’±fl¡±¬ı˛ › ’±˚˛Ó¬Ú

¸•Û”Ì« øÙ¬À¬ı˛ ¬Û±˚˛ Ó¬± ˝√√À˘ ‹ ¬ıd≈¬øÈ¬Àfl¡ ¸•Û”Ì« øàÔøÓ¬àÔ±¬Ûfl¡ (Perfectly elastic) ¬¬ıd≈¬ ¬ı˘± ˝√√˚˛º ’±˜¬ı˛±

¤˝◊√√ ¬Û±Í¬√flË¡À˜ ¸•Û”Ì« øàÔøÓ¬àÔ±¬Ûfl¡ ¬ı± ¸—Àé¬À¬Û ˙≈Ò≈ øàÔøÓ¬àÔ±¬Ûfl¡ ¬ı˛7¡¡≈¡ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

¸¬ı˛˘À¬ı˛‡±˚˛ ’¬ıøàÔÓ¬ Œfl¡±Ú› øàÔøÓ¬àÔ±¬Ûfl¡ ¬ı˛7¡¡≈¡Àfl¡ ˚ø√ Ó¬±¬ı˛ Δ√‚«… ¬ı¬ı˛±¬ı¬ı˛ Œfl¡±Ú› È¬±Ú Œ√›˚˛± ˝√√˚˛ Ó¬±

˝√√À˘ ‹ È¬±ÀÚ¬ı˛ ø√Àfl¡ Ó¬±¬ı˛ Δ√‚«… ¬ı‘øX ¬Û±˚˛ ¤¬ı— ¬ı˛7¡¡≈¡øÈ¬¬ı˛ ¤fl¡fl¡ Δ√À‚«…¬ı˛ ˜±ÀÚ¬ı˛ ¬ı‘øX ‹ È¬±ÀÚ¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡

√̋√̊ º̨

Ò¬ı˛± ˚±flƒ¡ O øàÔ¬ı˛ø¬ıμ≈ ¤¬ı— l Δ√‚«… ø¬ıø˙©Ü ¤fl¡øÈ¬ øàÔøÓ¬àÔ±¬Ûfl¡ ¬ı˛7¡¡≈¡¬ı˛ ≈√˝◊√√øÈ¬ õ∂±z¬ O ¤¬ı— A ˚ø√ T

È¬±ÀÚ¬ı˛ Ê√Ú… ¬ı˛7¡¡≈¡øÈ¬¬ı˛ Δ√‚«… AB ¬Ûø¬ı˛˜±Ì ¬ı‘øX ¬Û±˚˛ ’Ô«±» ¬ı˛7¡¡≈¡øÈ¬ õ∂±z¬ø¬ıμ≈ ≈√˝◊√√øÈ¬ O ¤¬ı— B ˝√√ ˛̊º Ó¬± ˝√√À˘

T AB
OA

AB
l

� �� �
 ˝√√À¬ı  , ¤‡±ÀÚ �� ¤fl¡øÈ¬ ÒË≈¬ıfl¡  , AB Œfl¡ �l ¬ÒÀ¬ı˛̆  T

l
l

�
� �� �

˜ÀÚ ¬ı˛±ø‡ÀÓ¬ ˝√√À¬ı Œ˚ ¤‡±ÀÚ È¬±Ú T ’øÓ¬¬ı‘˝√√» ¬Ûø¬ı˛˜±ÀÌ Ô±fl¡À¬ı Ú±º ’ÀÚfl¡¸˜˚˛ �� ¬ı˛ ¬Ûø¬ı˛¬ıÀÓ«¬ ’±˜¬ı˛±

E ø˘À‡ Ô±øfl¡  , �� ’Ô¬ı± E Œfl¡ ˝◊√√˚˛„ƒ√√ øàÔøÓ¬àÔ±¬Ûfl¡ ·≈Ì±—fl¡ (young’s modulus) ¬ı˘± ˝√√À ˛̊ Ô±Àfl¡º

Œ˚À˝√√Ó≈¬ 
�l
l  ¤¬ı˛ ‚±Ó¬ ¬ı± ˜±S± (dimension) ˙”Ú…, ’Ó¬¤¬ı �-¬ı˛ ‚±Ó¬ T-¬ı˛ ¸˜±Ú ˝√√À¬ıº

T
l

l
�

� �
�

� �
 øÚ˚˛˜øÈ¬ ˝≈√√Àfl¡¬ı˛ øÚ˚˛˜ (Hooke’s Law) ¬ıÀ˘ ¬Ûø¬ı˛ø‰¬Ó¬º

¸ø¬Û«˘ ø¶x— – È¬±ÀÚ¬ı˛ ¡Z±¬ı˛± ø¶x—-¤¬ı˛ Œé¬ÀS Ó¬±¬ı˛ Δ√‚«… ¬ı¬ı˛±¬ı¬ı˛ Ó¬± õ∂˘ø•§Ó¬ ¬ı± ¸—fl≈¡ø‰¬Ó¬ ˚± ˝√√Î¬◊fl¡ ¬ı± Œfl¡Úº

ø¶x—-¤¬ı˛ õ∂øÓ¬ ¤fl¡fl¡ Δ√À‚«…¬ı˛ ¬ı‘øX ¬ı± ˝√}√√±À¸¬ı˛ ¬Ûø¬ı˛˜±Ì ‹ È¬±ÀÚ¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡ ˝√√À¬ıº

øàÔøÓ¬àÔ±¬Ûfl¡ ¬ı˛7¡¡≈¡fl¡ Œ¬ı˘± ˚ø√ Ó¬±¬ı˛ õ∂fl‘¡Ó¬ Δ√‚«… l [Œfl¡±Ú› È¬±Ú ¬ı…Ó¬œÓ¬] ˝√√˚˛ Ó¬± ˝√√À˘ Œfl¡¬ı˘ ˜±S È¬±ÀÚ¬ı˛

Ê√Ú… Ó¬±¬ı˛ Δ√‚«… ¬ı±Î¬ˇÀ¬ı ¤¬ı— ‹ ¬ı˛7¡¡≈¡øÈ¬¬ı˛ Δ√‚«… l ˝√√À˘ ’±˜¬ı˛± Ò¬ı˛¬ı Œ˚ Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú› È¬±Ú Ú±˝◊√√º øfl¡z≈¬

ø¶x— ¤¬ı˛ Œ¬ı˘±˚˛ ˚ø√ Ó¬±¬ı˛ õ∂fl‘¡Ó¬ Δ√‚«… ˝√√ÀÓ¬ Ó¬±¬ı˛ Δ√‚«… ˝√}√√±¸ ¬Û±˚˛ Ó¬‡Ú› Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ È¬±Ú ø√flË¡˚˛±˙œ˘ Ô±fl¡À¬ıº

BO
T A T
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3.10 ’Ú≈˙œ˘Úœ

Î¬◊√± √̋√¬ı̨Ìñ1

˚ø√ Œfl¡±Ú› ¤fl¡øÈ¬ ¸¬ı˛̆  ¸˜?¸ ·øÓ¬ÀÓ¬ ¤fl¡øÈ¬ fl¡Ì± ‰¬À˘ ¤¬ı— ‹ ¸˜?¸ ·øÓ¬ ø¬ıd¬±¬ı˛ a ¤¬ı— Œ√±˘Úfl¡±˘

T ˝√√À ˛̊ Ô±Àfl¡ Ó¬± ˝√√À˘ Œ√‡±ÀÓ¬ ˝√√À¬ı Œ˚ ”̃̆ ø¬ıμ≈ ˝√√ÀÓ¬ x ”√¬ı˛ÀQ Œ¬ÛÃ“√Â√±ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ 
T x

a2
1

�
sin� �� ��  ¬Ûø¬ı˛˜±Ì

¸˜ ˛̊ ˘±·À¬ı ¤¬ı— ‹ ’¬ıàÔ±ÀÚ fl¡Ì±øÈ¬¬ı˛ Œ¬ı· ˝√√À¬ı 
2 2 2�
T

a x�

¸˜±Ò±Ú

¤àÔÀ˘ ¤˝◊√√ ¸˜?˘ ·øÓ¬ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ ¬ı‘M√√œ˚˛ fl¡•Û±efl¡ ˝√√À¬ı 
2�
T

n�  [Ò¬ı˛± ˚±flƒ¡]

x = a cos (nt + �) ;

¤‡Ú ’¬ıfl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ 
dx
dt

na nt� � �sin( )	  ˝√√À¬ı

dx
dt

OM n a n
t

a n( ) � � � � � �2 2 2 22�

Œ˚À˝√√Ó≈¬ O ø¬ıμ≈ ˝√√ÀÓ¬ ¸˜˚˛ (t) ¬ı‘øX¬ı˛ ¸Àe· ¸Àe· x ¬ı‘øX ¬Û±˝◊√√ ’±¬ı±¬ı˛ x = 0 ˝√√ÀÓ¬ x ø¬ıμ≈ÀÓ¬ Œ¬ÛÃ“√Â√±ÀÓ¬

˚ø√ t ¸˜˚˛ ˘±À·º

Ó¬± ˝√√À˘ 
dx

a n T
dt

t

2 2
0

2

�
�

� �� �

’Ô«±» sin� �
�
�
� �

�1 2x
a T

t�

’Ó¬¤¬ı øÚÌ«̊ ˛ ¸˜ ˛̊ t T x
a

� �� ���

2
1

�
sin

Î¬◊√± √̋√¬ı̨Ìñ2

¶§±ˆ¬±ø¬ıfl¡ ’¬ıàÔ±˚˛ l Δ√‚«… ø¬ıø˙©Ü ¤fl¡øÈ¬ øàÔøÓ¬àÔ±¬Ûfl¡ ¬ı˛7¡¡≈¡ ¤fl¡øÈ¬ õ∂±z¬ ¤fl¡øÈ¬ ˜¸‘Ì ŒÈ¬ø¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬

øàÔ¬ı˛ ø¬ıμ≈ ¬ı˛À˚˛ÀÂ√ ¤¬ı— ’Ú… õ∂±z¬øÈ¬› ŒÈ¬ø¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ m ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ¸Àe· ¬ı“√±Ò± ’±ÀÂ√º fl¡Ì±øÈ¬Àfl¡

PO x

x
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˚Ó¬é¬Ì ¬Û˚«z¬ ¬ı˛7¡¡≈¡øÈ¬¬ı˛ Δ√‚«… b/a ¬Ûø¬ı˛˜±Ì ¬ı‘øX Ú± ¬Û±˚˛ Ó¬Ó¬é¬Ì È¬±Ú± ˝√√˘ ¤¬ı— ‹ ’¬ıàÔ±˚˛ ¬ı˛7¡¡≈¡øÈ¬ Î¬◊¬Û¬ı˛ È¬±Ú

ŒÂ√ÀÎ¬ˇ Œ√›˚˛± ˝√√˘  , ¬ı˛7¡¡≈¡øÈ¬ øàÔøÓ¬àÔ±¬Ûfl¡ ·≈Ì±—fl¡ �� Ò¬ı˛À˘ fl¡Ì±øÈ¬¬ı˛ Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛ fl¡±˘ ˝√√À¬ıº

2 2



�
���
�
�

l
b

lm

¸˜±Ò±Ú ŒÈ¬ø¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ øàÔ¬ı˛ø¬ıμ≈ O Œfl¡ ˜”˘ ø¬ıμ≈ ¤¬ı— ¬ı˛7¡¡≈¡ ¬ı¬ı˛±¬ı¬ı˛ x ’é¬ Ò¬ı˛± ˚±flƒ¡  ,

ø‰¬ÀS OA = l ¤¬ı— t ¸˜À˚˛ fl¡Ì±øÈ¬¬ı˛ ’¬ıàÔ±Ú Ò¬ı˛À˘ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√À¬ı

m d x
dt l

x l x l
2

2 � � �� � �� ��

¤˝◊√√ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±¬ı

x l A
ml

t B
ml

t x l� � � �	 
cos sin� �

[¤ àÔÀ˘ A ¤¬ı— B ÒË≈¬ıfl¡ ≈√˝◊√√øÈ¬Àfl¡ ˙Ó«¬±Ú≈˚±˚˛œ øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº]

Œ√›˚˛± ’±ÀÂ√ Œ˚ ’±ø√ √˙±˚˛ ’Ô«±» t = 0 ¸˜À˚˛ x = l + b øÂ√˘  , t = 0 ¬ı¸±À˘ A = b ˝√√À¬ı

’±¬ı±¬ı˛ t = 0 ¸˜À ˛̊, Œ¬ı·

dx
dt ml

A
m

t
ml

B
ml

t� � �
� � � �sin cos

= 0 ˝√√À¬ıº

’Ó¬¤¬ı t = 0, dx
dt  = B = 0 ˝√√À¬ıº

Ó¬± ˝√√À˘ x �� l ˝√√À˘

x l
ml

t� � cos �

PO xA



60

NSOU

’Ó¬¤¬ı x = l ¶§±ˆ¬±ø¬ıfl¡ Δ√À‚«… øÙ¬À¬ı˛ ’±¸À˘ cos �
ml

t � 0  ’Ô«±» 
� 

ml

t �
2

 ˝√√À¬ı  ,

Œ√‡± ˚±À26√ Œ˚ fl¡Ì±øÈ¬ ¬ıøÒ«Ó¬ Δ√‚«… (l + b) ˝√√ÀÓ¬ ¶§±ˆ¬±ø¬ıfl¡ Δ√À‚«… l Œ¬ÛÃ“√Â√±ÀÓ¬ 
�

�2
ml

 ¸˜˚˛

ŒÚÀ¬ı  , ¤¬ı— Ó¬‡Ú Ó¬±¬ı˛ Œ¬ı· ˝√√À¬ıº

dx
dt ml

b� �
� 
sin

2

� �b
ml
�

 ¤¬ı— Œ√‡± ˚±À26√ ‹ Œ¬ı· øàÔ¬ı˛ø¬ıμ≈ O ·±˜œ ¤¬ı— ÒË≈¬ıfl¡  , ’Ó¬¤¬ı x = b ŒÔÀfl¡

x = 0 øàÔ¬ı˛ø¬ıμ≈ÀÓ¬ Œ˚ÀÓ¬ ¸˜˚˛ 
l
b

ml
�

 ˘±·À¬ıº

O ø¬ıμ≈ Œ¬ÛÃ“√Â√±˚˛ fl¡Ì±øÈ¬ ‹ ÒË≈¬ıfl¡ Œ¬ı· b
ml
�

 øÚÀ ˛̊ ox ¤¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ˜≈À‡ ˚Ó¬‡Ú Ú± ¬Û˚«z¬ ¬ı˛7¡¡≈¡øÈ¬

Δ√‚«… ¬ı‘øX Ú± ¬Û±˚˛ ‰¬˘À¬ı ¤¬ı— x = – l Œ¬ÛÃ“√Â√±ÀÓ¬ Ó¬±¬ı˛ ¸˜˚˛ ’±¬ı˛› 
l
b

ml
�

 ¸˜ ˛̊ ˘±·À¬ıº fl¡Ì±øÈ¬ ˚‡Ú

x = – l ø¬ıμ≈ ’øÓ¬√flË¡˜ fl¡¬ı˛À¬ı Ó¬‡Ú Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ È¬±Ú ¬ÛÎ¬ˇÀ¬ı 
�
l

x l�� � ¤¬ı— x < – l ; ’Ó¬¤¬ı ¤ ◊̋√√ È¬±Ú

”̃̆ ø¬ıμ≈ O ·±˜œ ˝√√À¬ıº ’Ó¬¤¬ı fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√À˘ m d x
dt l

x l
2

2
� �

�
� �

� � �

¤‡±ÀÚ � � � � � � �x x t t ml l
b

ml, �
� �2

2

’Ô«±» x l x l� � � �	 
 ’¬ıàÔ±˚˛ � �t 0  Ò¬ı˛± ˝√√À˚˛ÀÂ√º

¤‡Ú � � � � � � � �x l A
ml

t B
ml

tcos sin� �
 ˝√√À¬ıº

˚‡Ú x�� – l = 0 ’Ô«±» x = – l Ó¬‡Ú t�� = 0 Ò¬ı˛± ˝√√À˚˛ÀÂ√ ’Ó¬¤¬ı A�� = 0 ˝√√À¬ıº

’±¬ı±¬ı˛ 
dx
dt

B
ml ml

t b
ml

�
�
� � � � �

� � �cos  ˚‡Ú t�� = 0  [Œ˚À˝√√Ó≈¬ 
dx
dt

dx
dt

1

1 � � ]

’Ó¬¤¬ı B�� = + b ˝√√À¬ıº
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¤¬ı— � � � �x l b
ml

tsin �
 ˝√√À¬ıº

˚‡Ú � � �x l b Ó¬‡Ú sin �
ml

t � � 1 ¤¬ı—

� 

ml

t � � 2
 ’Ó¬¤¬ı � � � � �t ml t ml l

b
ml�

�
�

� �2 2
2

’Ô«±» t ml l
b

ml
� ��

� �
2

’Ó¬¤¬ı fl¡Ì±øÈ¬Àfl¡ x l b� �  ’¬ıàÔ±Ú ˝√√ÀÓ¬ x l b� � �  ’¬ıàÔ±ÀÚ Œ¬ÛÃ“√Â√±ÀÓ¬ T ml l
b

ml
� ��

� �
2

¸˜˚˛ ˘±·À¬ı ¤˝◊√√¬ı˛”À¬Û Œ√‡±Ú ˚±˚˛ Œ˚ fl¡Ì±øÈ¬Àfl¡ ¬Û≈Ú¬ı˛±˚˛ x l b� �  Œ¬ÛÃ“√Â√±ÀÓ¬ ’±¬ı˛› T ¸˜ ˛̊ ˘±·À¬ıº

’Ó¬¤¬ı fl¡Ì±øÈ¬¬ı˛ ¬Û «̊± ˛̊fl¡±˘ ˝√√À˘ 2 2T l
b

ml
� ���

�
�


�

Î¬◊√± √̋√¬ı̨Ìñ3

¤fl¡øÈ¬ ˘‚≈ øàÔøÓ¬àÔ±¬Ûfl¡ ¬ı˛7¡¡≈¡¬ı˛ ¤fl¡ õ∂±Àz¬ M ¤¬ı— M�� ˆ¬¬ı˛ ø¬ıø˙©Ü ≈√˝◊√√øÈ¬ fl¡Ì± ŒÁ¡±˘±Ú ’±ÀÂ√ ¤¬ı— ’Ú…

õ∂±z¬øÈ¬ ÿÀÒ√ı« ¤fl¡øÈ¬ Œ¬ÛÀ¬ı˛Àfl¡¬ı˛ Î¬◊¬Û¬ı˛ ¬ı“√±Ò± ’±ÀÂ√º ¤¬ı— ¤˝◊√√ ’¬ıàÔ±˚˛ fl¡Ì±øÈ¬ ≈√˝◊√√øÈ¬ ¸≈øàÔøÓ¬ÀÓ¬ ’±ÀÂ√, ¤‡Ú M�

ˆ¬¬ı˛ ø¬ıø˙©Ü fl¡Ì±øÈ¬ ¬ı˛7¡¡≈¡ ˝√√ÀÓ¬ ø¬ı‰≈¬…Ó¬ ˝√√À˘º ˚ø√ fl¡Ì±øÈ¬¬ı˛ ¶§±ˆ¬±ø¬ıfl¡ Δ√‚«… a ˝√√ ˛̊ ¤¬ı— Œfl¡¬ı˘˜±S M fl¡Ì±øÈ¬ ¬ı˛7¡¡≈¡øÈ¬¬ı˛

ÚœÀ‰¬ ¬ı“√±Ò± Ô±fl¡À˘ ¬ı˛7¡¡≈¡øÈ¬¬ı˛ Δ√À‚«…¬ı˛ ¬ı‘øX b ˝√√ ˛̊ › Œfl¡¬ı˘˜±S M�� fl¡Ì±øÈ¬ ÚœÀ‰¬ ¬ı“√±Ò± Ô±fl¡À˘ ¬ı˛7¡¡≈¡øÈ¬¬ı˛ ¬ı‘øX

C ˝√√ ˛̊ Ó¬± ˝√√À˘ M�� fl¡Ì±øÈ¬ ŒÂ√ÀÎ¬ˇ Œ√› ˛̊± ˛̊ t ¸˜˚˛ ¬ÛÀ¬ı˛ ÿÀÒ√ı« ’¬ıøàÔÓ¬ Œ¬ÛÀ¬ı˛fl¡ ˝√√ÀÓ¬ M fl¡Ì±øÈ¬ a + b

+ c cos
g
b

t  ”√¬ı˛ÀQ¬ı˛ ÚœÀ‰¬ Ô±fl¡À¬ıº

¸˜±Ò±Ú – O ø¬ıμ≈Àfl¡ Œ¬ÛÀ¬ı˛fl¡øÈ¬¬ı˛ ’¬ıàÔ±Ú øÚø«√©Ü fl¡¬ı˛À˘ ¤¬ı— Œ¸±Ê√± ÚœÀ‰¬¬ı˛ ø√Àfl¡ ¬ı˛7¡¡≈¡ ¬ı¬ı˛±¬ı¬ı˛ x ’é¬

Ò¬ı˛À˘, øÚÎ¬◊È¬ÀÚ¬ı˛ ·Ó¬œ˚˛ ¸”S ’Ú≈˚±˚˛œ M fl¡Ì±øÈ¬¬ı˛ ’¬ıàÔ±Ú P(OP = x) Ô±fl¡À˘, M d x
dt

Mg T
2

2 � �

M fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ T ˝√√À26√ ¬ı˛7¡¡≈¡øÈ¬¬ı˛ È¬±Ú ¤¬ı— T
x a
a

�
�� ��

˙Ó«¬±Ú≈˚±˚˛œ ˚‡Ú x = a + b, Ó¬‡Ú M fl¡Ì±øÈ¬ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√, ’Ó¬¤¬ı O Mg b
a

� � �

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı O M g c
a

� � �
�
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’Ó¬¤¬ı O M M g
a

b c� � � � �� �� � �

¸˝√√ÀÊ√ ◊̋√√ Œ√‡± ˚±À26√ ˚‡Ú M ¤¬ı— M��≈√˝◊√√øÈ¬ fl¡Ì±øÈ¬ ¬ı˛7¡¡≈¡¬ı˛ øÚ•ßõ∂±Àz¬ ŒÔÀfl¡ ¸±˜…±¬ıàÔ±˚˛ øÂ√˘ Ó¬‡Ú fl¡Ì±øÈ¬¬ı˛

Δ√À‚«…¬ı˛ ¬ı‘øX b + c ¤¬ı— Œ¬ÛÀ¬ı˛fl¡ ˝√√ÀÓ¬ fl¡Ì±øÈ¬ a + b + c øÚÀ•ß ’±ÀÂ√º ‹ ’¬ıàÔ±˚˛ M�� ¬ı˛7¡¡≈¡ ˝√√ÀÓ¬ ø¬ı‰≈¬…Ó¬

˝√√À˘ M fl¡Ì±¬ı˛ ¸˜œfl¡¬ı˛Ì

M d x
dt

Mg
x a
a

2

2 � �
�� ��

øfl¡z≈¬ Mg b
a

� �
 Ò¬ı˛À˘ ¸˜œfl¡¬ı˛ÌøÈ¬ √“√±Î¬ˇ±˚˛ M d x

dt
Mg

Mg
b

x a
2

2 � � �� �

� � � �	 

Mg
b

x a b

’Ô«±» 
d x a b

dt
g
b

x a b
2

2

� �� �
� � � �� �

‹ ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ x a b A
g
b

t
g
b

t� � � �cos sin�

õ∂√M√√ ˙Ó«¬±Ú≈˚±˚˛œ ˚‡Ú x = a + b + c

Ó¬‡Ú M�� fl¡Ì±øÈ¬ ¬ı˛7¡¡≈¡øÈ¬ ø¬ı‰≈¬…Ó¬ ˝√√À˚˛ÀÂ√ ¤¬ı— Ó¬‡Ú ¬ı˛7¡¡≈¡øÈ¬ ¤¬ı— M fl¡Ì±øÈ¬ ¸±˜…±¬ıàÔ±˚˛ øÂ√˘º ‹ ¸˜˚˛Àfl¡

’±ø√ ¸˜˚˛ t = 0 Ò¬ı˛À˘ Ó¬‡Ú x = a + b + c ¤¬ı— 
dx
dt

� 0

t = 0 Ò¬ı˛À˘ Œ√‡± ˚±À¬ı A = C

’±¬ı±¬ı˛ 
dx
dt

A
g
b

g
b

t B
g
b

g
b

t� � �sin cos

øfl¡z≈¬ t = 0 ŒÓ¬ 
dx
dt

� 0 ˝√√À˘ B = 0

’Ó¬¤¬ı ¬Ûø¬ı˛À˙À¯∏ ’±˜¬ı˛± ¬Û±˝◊√√ x a b c
g
b

t� � � cos

Î¬◊√± √̋√¬ı̨Ìñ4

Œfl¡±Ú› ¸¬ı˛˘À¬ı˛‡±˚˛ ¸=±¬ı˛˜±Ú m ˆ¬¬ı˛ ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì± Ó¬±¬ı˛ Î¬◊ˆ¬˚˛¬Û±Àù´« ‹ ¸¬ı˛˘À¬ı˛‡±˚˛ ’¬ıøàÔÓ¬ ≈√˝◊√√øÈ¬

¬ı˘Àfl¡f ¡Z±¬ı˛± ’±fl‘¡©Ü ¤¬ı— ¬ı˘Àfl¡f ≈√˝◊√√øÈ¬ ˝√√ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ’±À¬ı˛±ø¬ÛÓ¬ ¬ı˘ ≈√˝◊√√øÈ¬¬ı˛ ¬Ûø¬ı˛˜±Ì ˚Ô±√flË¡À˜
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m�� × ¤fl¡øÈ¬ ¬ı˘Àfl¡f ˝√√ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ ”√¬ı˛Q ¤¬ı— m��× ’Ú… ¬ı˘Àfl¡f ˝√√ÀÓ¬ fl¡Ì±øÈ¬ ”√¬ı˛Q  , fl¡Ì±øÈ¬ ¸±˜…±¬ıàÔ±˚˛

øfl¡ø=» ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À˘ õ∂˜±Ì fl¡¬ı˛≈Ì Œ˚ fl¡Ì±øÈ¬ 
2�

� ��
 ¬Û˚«±˚˛fl¡±˘ ø¬ıø˙©Ü ¸˜?¸ ·øÓ¬ÀÓ¬ ‰¬˘À¬ıº

¸˜±Ò±Ú –

˜ÀÚ fl¡¬ı˛± ˚±flƒ¡ Œ˚ O�� ¤¬ı— O ¬ı˘Àfl¡f ≈√˝◊√√øÈ¬ fl¡Ì±øÈ¬ P ø¬ıμ≈ÀÓ¬ Ox ¸¬ı˛˘À¬ı˛‡±˚˛ Î¬◊¬Û¬ı˛ ’¬ıøàÔÓ¬ ¤¬ı—

Ox Œ¬ı˛‡±¬ı˛ ø√˙± 
��

�OO  ¤¬ı˛ ø√Àfl¡ ¬ı˛À˚˛ÀÂ√º

Ò¬ı˛± ˚±fl¡ Œ˚ ’±ø√ ¸˜À˚˛ (t = 0) N ø¬ıμ≈ÀÓ¬ ¸±˜…±¬ıàÔ±˚˛ Ô±Àfl¡ ¤¬ı— ON = d ¤¬ı— NO�� �� d2

Ó¬± ˝√√À˘ �d1 = �d2 ˝√√À¬ıº ¬ÛÀ¬ı˛ ¸±˜…±¬ıàÔ±˚˛ ˝√√ÀÓ¬ ø¬ı‰≈¬…Ó¬ ˝√√À˚˛ ˚‡Ú fl¡Ì±øÈ¬ P ø¬ıμ≈ÀÓ¬ ’±À¸ Ó¬‡Ú fl¡Ì±øÈ¬¬ı˛

·Ó¬œ ˛̊ ¸˜œfl¡¬ı˛Ì ˝√√À¬ıº

(NP = x ÒÀ¬ı˛]

m d x
dt

m OP O P
2

2 � � � �� �� �

øfl¡z≈¬ OP = ON + NP = d1 + x

¤¬ı— � � � � � �O P O N NP d x2

’Ó¬¤¬ı 
d x
dt

d x d x x
2

2 1 2� � � � � � �� � � �� 	 � 	 � �

Œ˚À˝√√Ó≈¬ � �d d1 2� ;

Î¬◊¬ÛÀ¬ı˛¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ˝√√ÀÓ¬ ’±˜¬ı˛± ¤˝◊√√ ø¸X±Àz¬ Œ¬ÛÃ“√Â√±˝◊√√ Œ˚ fl¡Ì±øÈ¬ Ox ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ 

2

� ��

¬Û˚«±˚˛fl¡±˘ ø¬ıø˙©Ü ¸˜?≈¸ ·øÓ¬ÀÓ¬ ‰¬˘À¬ıº

Î¬◊√± √̋√¬ı̨Ìñ5

m ˆ¬¬ı˛ ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì± Œfl¡±Ú› ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ O [˜”˘ø¬ıμ≈] ¤¬ı ø√Àfl¡ m�� × [O ø¬ıμ≈

QO XN P
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˝√√ÀÓ¬ ”√¬ı˛Q] ¬ı˘ ¡Z±¬ı˛± ’±fl‘¡©Ü ˝√√À˚˛ ‹ ¸¬ı˛˘À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ ‰¬˘ÀÂ√ ˚‡Ú fl¡Ì±øÈ¬¬ı˛ Œ¬ı· v Ó¬‡Ú fl¡Ì±øÈ¬ Ó¬±¬ı˛ ·øÓ¬¬ÛÀÔ

mkv2 ¬Ûø¬ı˛˜±Ì ¬ı±Ò± ¬Û±˚˛º

˚ø√ fl¡Ì±øÈ¬ øàÔøÓ¬¬ıàÔ±˚˛ O ˝√√ÀÓ¬ a ”√¬ı˛ÀQ¬ı˛ ‹ ¸¬ı˛˘À¬ı˛‡±˚˛ Î¬◊¬Û¬ı˛ ˚±S± ˙≈¬ı˛≈ fl¡À¬ı˛ ¤¬ı— ¬Û≈Ú¬ı˛±˚˛ O ø¬ıμ≈

˝√√ÀÓ¬ b ”√¬ı˛ÀQ Œ¬ÛÃ“√Â√±˚˛ øàÔÓ¬±¬ıàÔ±˚˛ ’±À¸ Ó¬± ˝√√À˘ Œ√‡±Ú Œ˚

1 2 1 22 2�� � � �� ��ak e bk eak bk

¸˜±Ò±Ú –

O ˜”˘ø¬ıμ≈ øÚÀ˚˛ Ox ¸¬ı˛˘À¬ı˛‡± ŒÈ¬ÀÚ øÚÀ˚˛ ’±˜¬ı˛± Òø¬ı˛ Œ˚ fl¡Ì±øÈ¬ Ox Œ¬ı˛‡±˚˛ Î¬◊¬Û¬ı˛ ‰¬˘ÀÂ√  , A ø¬ıμ≈

Œ¬ı˛‡±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ’¬ıøàÔÓ¬ ¤¬ı— OA = a�� ; ˚‡Ú fl¡Ì±øÈ¬ P ø¬ıμ≈ÀÓ¬ Ô±Àfl¡ (OP = x) ˜ÀÚ fl¡¬ı˛± ˚±flƒ¡ Œ˚

Ó¬±¬ı˛ Œ¬ı· 
��
Ox  ’øˆ¬˜≈À‡ v ¤‡Ú fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√À˘

mv dv
dx

m x mkv� � �� 2

’Ó¬¤¬ı 
d
dx

V x kV1
2

2 2�� �� � � ��

’Ô«±» 
d
dx

V kV x2 22 2� � � �

Î¬◊¬ÛÀ¬ı˛¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ V e xe
k

e
k

Ckx
kx kx

2 2
2 2

22
2 4

�
� �

� �
�

��
�

�
� ��

Œ˚‡±ÀÚ C ¤fl¡øÈ¬ ÒË≈¬ıfl¡ ¬ı˛±ø˙º

øfl¡z≈¬ Œ√›˚˛± ’±ÀÂ√ Œ˚ V = 0 ˚‡Ú x = a, ‹ ˙Ó«¬±Ú≈”¸±À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√

V e
k

kx e ka ekx kx ka2 2
2

2 2
2

1 2 1 2� � �� �	 
 � �	 

�

˘é¬… fl¡¬ı≈̨Ú Œ˚ x = a ŒÓ¬ øàÔ¬ı˛¬ıàÔ±˚˛ Ô±Àfl¡ ˚‡Ú fl¡Ì±øÈ¬ O ø¬ıμ≈ (x = 0) ŒÓ¬ Œ¬ÛÃ“√Â√±˚˛ Ó¬‡Ú Ó¬±¬ı˛

·øÓ¬À¬ı· ˙”Ú… ˝√√˚˛ Ú±º ’Ó¬¤¬ı fl¡Ì±øÈ¬ Ox-¤¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ø√Àfl¡ ‰¬˘ÀÓ¬ Ô±fl¡À¬ı ¤¬ı— õ∂√M√√ ˙Ó«¬±Ú≈¸±À¬ı˛ x = b

’¬ıàÔ±ÀÚ fl¡Ì±øÈ¬ øàÔ¬ı˛±¬ıàÔ±˚˛ ’±¸À¬ıº

’Ó¬¤¬ı 1 2 1 22 2�	 
 � �	 
 �ka e ka ekb ka  ˝√√˝◊√√À¬ıº

A XO P
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3.11 ¸±¬ı˛±—˙

’±˜¬ı˛± ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸±˝√√±À˚… Œ√±˘Ú ¸—√flË¡±z¬ ø¬ıøˆ¬iß ¸˜¸…±¬ı˛ ¸˜±Ò±Ú fl¡¬ı˛øÂ√ ¤¬ı— øàÔøÓ¬àÔ±¬Ûfl¡ ¬ı˛7¡¡≈¡

¤¬ı— ø¶x— ¤¬ı˛ Ê√Ú… Œ˚ Œ√±˘Ú ˝√√ ˛̊ Ó¬±› ¬ı…±‡…± fl¡¬ı˛ÀÂ√º

(4.10) ’Ú≈˙œ˘Úœ¬ı˛ Î¬◊√±˝√√¬ı˛Ì·≈ø˘ ¬Û˚«±À˘±‰¬Ú± fl¡¬ı˛À˘ ¸˝√√ÀÊ√˝◊√√ ¸¬ı˛˘ ¸˜?¸ Œ√±˘ÀÚ¬ı˛ õ∂fl‘¡øÓ¬ ¬Û±Í¬fl¡ ¬ı≈Á¡ÀÓ¬

¬Û±¬ı˛À¬ıº

3.12 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1. Œfl¡±Ú› ¸¬ı˛˘À¬ı˛‡±˚˛ ¸¬ı˛˘ ¸≈¸˜?¸ ·øÓ¬ÀÓ¬ ‰¬˘˜±Ú ¤fl¡øÈ¬ fl¡øÌfl¡±¬ı˛ Œ¬ı· Œfl¡fø¬ıμ≈ ˝√√ÀÓ¬ x1 ¤¬ı—

x2 ”√¬ı˛ÀQ ˚Ô±√flË¡À˜ V1 ¤¬ı— V2 Œ√‡±› ¸˜?¸ ·øÓ¬¬ı˛ Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±˘ 2 1
2

1
2

1
2

2
2


� �

x x�

�
 ˝√√À¬ıº

2. ¤fl¡øÈ¬ fl¡Ì± Œfl¡±Ú› ¸¬ı˛˘À¬ı˛‡±¬ı˛ Î¬◊¬ÛÀ¬ı˛ ¸¬ı˛˘¸˜?¸ ·øÓ¬ÀÓ¬ ‰¬˘ÀÂ√, ‹ ¸¬ı˛˘À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú› P

ø¬ıμ≈ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ı· v Ò¬ı˛À˘ ˚ø√ fl¡Ì±øÈ¬¬ı˛ ¬Û≈Ú¬ı˛±˚˛ P ø¬ıμ≈ÀÓ¬ øÙ¬À¬ı˛ ’±¸ÀÓ¬ t ¸˜ ˛̊ ˘±À· Œ√‡±Ú Œ˚

t T vT
x

� �� ���

2 2
1

� �
tan ;

[¤‡±ÀÚ ”̃̆  ¬ı˘Àfl¡f ˝√√ÀÓ¬ P ø¬ıμ≈¬ı˛ ”√¬ı˛Q x ¤¬ı— Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±˘ T Ò¬ı˛± ˝√√À˚˛ÀÂ√]

3. m ˆ¬¬ı˛ ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì± ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡±¬ı˛ (OPC) Î¬◊¬Û¬ı˛ ‰¬˘ÀÂ√  , fl¡Ì±øÈ¬¬ı˛ P ø¬ıμ≈ÀÓ¬ ’¬ıàÔ±ÀÚ¬ı˛

¸˜˚˛ Ó¬À¬ı C ø¬ıμ≈¬ı˛ ø√Àfl¡ m�
��
PC � ¬ı˘ ¡Z±¬ı˛± ’±fl‘¡©Ü Ô±Àfl¡ ’±¬ı±¬ı˛ C ø¬ıμ≈øÈ¬ 

��
OC  ø√Àfl¡ f ¸˜Q¬ı˛ÀÌ ‰¬˘ÀÂ√º

Ò¬ı˛± ˚±fl¡ Œ˚ ’±ø√ √˙±˚˛ C ø¬ıμ≈øÈ¬ ˜”˘ø¬ıμ≈ O ŒÓ¬ Ô±Àfl¡ ¤¬ı— P ø¬ıμ≈øÈ¬ O ø¬ıμ≈ ˝√√ÀÓ¬ d ”√¬ı˛ÀQ v Œ¬ıÀ·

‰¬˘ÀÓ¬ Ô±Àfl¡ Ó¬± ˝√√À˘ Œ√‡±Ú Œ˚ t ¸˜˚˛ ¬ÛÀ¬ı˛ O ø¬ıμ≈ ˝√√ÀÓ¬ P ø¬ıμ≈¬ı˛ ”√¬ı˛Q ˝√√À¬ı

f
d t v t

f
ft

�
�

�
�

�
��

�
�
� � � �cos sin 1

2
2

4. ¤fl¡øÈ¬ øàÔøÓ¬àÔ±¬Ûfl¡ ¬¬ı˛7¡¡≈¡¬ı˛ ¤fl¡ õ∂±Àz¬ ¤fl¡øÈ¬ ˆ¬±¬ı˛œ ¬ıd≈¬ ¬ı˛À˚˛ÀÂ√ ¤¬ı— ’Ú… õ∂±z¬øÈ¬ Î¬◊~•§ ø√Àfl¡ a ø¬ıd¬±¬ı˛

¤¬ı— 
2�
n  ¬Û˚«±˚˛fl¡±˘ ø¬ıø˙©Ü ¸¬ı˛˘ ¸˜?¸ Œ√±˘ÀÚ ‰¬˘ÀÂ√  , Œ√‡±Ú Œ˚ ‹ Œ√±˘ÀÚ ¬ı˛7¡¡≈¡øÈ¬ ø˙øÔ˘ Ú± ˝√√›˚˛±˚˛

˙Ó«¬ ˝√√À¬ı x
g

a
2

24


�
;

5. ¤fl¡øÈ¬ ˝√√±{√®± øàÔøÓ¬àÔ±¬Ûfl¡ ¬ı˛7¡¡≈¡ ¤fl¡øÈ¬ ˜¸‘Ì ŒÈ¬ø¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ øfl¡Ú±¬ı˛±˚˛ ˘•§±˘ø•§ ¬ı˛À˚˛ÀÂ√ ‹ ¬ı˛7¡¡≈¡øÈ¬¬ı˛

¤fl¡ õ∂±Àz¬ ŒÈ¬ø¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ m ˆ¬¬ı˛ ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì± ’±ÀÂ√ ¤¬ı— ’Ú… õ∂±Àz¬ m ˆ¬¬ı˛ ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì± ŒÈ¬ø¬ıÀ˘¬ı˛

øfl¡Ú±À¬ı˛ ¬ÛÓ¬ÀÚ±ij≈‡ ˝√√À˚˛ ¬ı˛À˚˛ÀÂ√º
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˚ø√ ¬ı˛7¡¡≈¡øÈ¬¬ı˛ ¶§±ˆ¬±ø¬ıfl¡ Δ√‚«… l�¤¬ı— Ó¬±¬ı˛ øàÔøÓ¬àÔ±¬Ûfl¡ ·≈Ì±efl¡ h ˝√√ ˛̊ ¤¬ı— t ¸˜˚˛ ¬ÛÀ¬ı˛ ≈√øÈ¬ fl¡Ì±˝◊√√ ŒÈ¬ø¬ı˘

˝√√ÀÓ¬ ¬ÛÀÎ¬ˇ ˚±˚˛ Ó¬‡Ú

2
2

1
2

2 2l
mgl

ml
t gt� �

�
�sin .  ¸˜œfl¡¬ı˛ÌøÈ¬ ø¸X ˝√√À¬ıº

6. m1 ¤¬ı— m2 ˆ¬¬ı˛ ø¬ıø˙©Ü ≈√˝◊√√øÈ¬ fl¡Ì± ¤fl¡øÈ¬ ø¶x— ¤¬ı˛ ≈√øÈ¬ ¬Û±Àù´« ¬ı˛À˚˛ÀÂ√º m1 fl¡Ì±øÈ¬ øàÔ¬ı˛±¬ıàÔ±˚˛ Ô±fl¡À˘

m2 fl¡Ì±øÈ¬¬ı˛ õ∂øÓ¬ Œ¸Àfl¡À`¬ n ¸—‡…fl¡ ¸•Û”Ì« Œ√±˘Ú ˝√√˚˛ ’±¬ı±¬ı˛ m2 fl¡Ì±øÈ¬ øàÔ¬ı˛ Ô±fl¡À˘ m1 fl¡Ì±øÈ¬¬ı˛ õ∂øÓ¬

Œ¸Àfl¡À`¬ n
m
m

2

1
 ¸—‡…fl¡ Œ√±˘Ú ˝√√ ˛̊º

Œ√‡±Ú Œ˚ fl¡Ì± ≈√˝◊√√øÈ¬ Î¬◊ˆ¬˚˛˝◊√ ˜≈q¡ Ô±fl¡À˘ Ó¬±¬ı˛± õ∂øÓ¬ Œ¸Àfl¡À`¬ n
m n

m
1 2

1

�
 Œ√±˘Ú ¸•Ûiß fl¡¬ı˛À¬ıº

¤àÔÀ˘ ¸¬ı«Àé¬ÀS˝◊√√ ø¶x—øÈ¬¬ı˛ Δ√‚«… ¬ı¬ı˛±¬ı¬ı˛ Œ√±˘Ú ø√flË¡˚˛± ‰¬˘À¬ı Ò¬ı˛± ˝√√À˚˛ÀÂ√º

7. õ∂˜±Ì fl¡¬ı≈̨Ú Œ˚ Œfl¡±Ú› ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ’¬ı˜øμÓ¬ ¸˜?¸ Œ√±˘Ú ˝√√À˘ Œ˚ Œ√±˘Ú·≈ø˘ ¸•Ûiß ˝√√ ˛̊ Ó¬±À√¬ı˛

ø¬ıd¬±À¬ı˛¬ı˛ ¬Ûø¬ı˛˜±Ì ¸˜”˝√√ ¤fl¡øÈ¬ ·≈ÀÌ±M√√¬ı˛ Œ|ÌœÀÓ¬ Ô±fl¡À¬ıº

8. ¶§±ˆ¬±ø¬ıfl¡ Δ√‚«… a ø¬ıø˙©Ü ¤fl¡øÈ¬ ˘‚≈ øàÔøÓ¬àÔ±¬Ûfl¡ ¬ı˛7¡¡≈¡¬ı˛ ¸¬ı«øÚ•ß ø¬ıμ≈ÀÓ¬ fl¡Ì± ŒÁ¡±˘±Ú ˝√√À˚˛ÀÂ√ ¤¬ı—

¬ı˛7¡¡≈¡øÈ¬ Î¬◊~•§ ø√Àfl¡ ¬ı˛À˚˛ÀÂ√º ’±ø√ ¸˜˚˛ t = 0 ŒÓ¬ fl¡Ì±øÈ¬ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡À˘, Ó¬‡Ú ¬ı˛7¡¡≈¡øÈ¬¬ı˛ ¸¬ı«øÚ•ß ø¬ıμ≈

[Œ˚‡±ÀÚ ¬ıd≈¬øÈ¬ ŒÁ¡±˘±Ú ¬ı˛À˚˛ÀÂ√] ‰¬ø˘ÀÓ¬ ˙≈¬ı˛≈ fl¡À¬ı˛ ¤¬ı— ‹ ø¬ıμ≈¬ı˛ ÚœÀ‰¬¬ı˛ ø√Àfl¡ ¸¬ı˛Ì a sin Pt (a ÒË≈¬ıfl¡]

Ò¬ı˛± Œ·˘, ˚ø√ T1 ¤¬ı— T2 fl¡Ì±øÈ¬¬ı˛ ˜≈q¡ ¤¬ı— õ∂ÀÌ±ø√Ó¬ Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±˘ ˝√√˚˛ Œ√‡±Ú Œ˚ õ∂ÀÌ±ø√Ó¬ Œ√±˘ÀÚ¬ı˛

Ê√Ú… fl¡Ì±øÈ¬¬ı˛ Î¬◊~À•§ø√Àfl¡ ¸¬ı˛Ì ˝√√À¬ıº

T
T T

a pt2
2

2
2

1
2�

sin� �

9. ¤fl¡øÈ¬ øÚø«√©Ü Î¬◊2‰¬Ó¬± h ŒÔÀfl¡ ≈√øÈ¬ fl¡Ì±Àfl¡ ¤fl¡ Œ¸Àfl¡`¬ ’z¬¬ı˛ ŒÂ√ÀÎ¬ˇ Œ√›˚˛± ˝√√˘, Œ√‡±Ú Œ˚ ˆ”¬¬Û±øÓ¬Ó¬

˝√√›˚˛±¬ı˛ ¬Û”À¬ı« t ¸˜À˚˛ fl¡Ì±¡ZÀ˚˛¬ı˛ ”√¬ı˛Q 
2 1

2
t g�

10. ¤fl¡øÈ¬ √√√∏C±˜·±øÎ¬ˇ øàÔ¬ı˛ ’¬ıàÔ±˚˛ ŒÔÀfl¡ ¸≈¯∏˜ Q¬ı˛Ì f-¤¬ı˛ ¸¬ı˛˘À¬ı˛‡±˚˛ ‰¬˘± ˙≈¬ı˛≈ fl¡¬ı˛˘º ¤fl¡˝◊√√ ¸˜À˚˛,

√√√∏C±˜øÈ¬Àfl¡ Ò¬ı˛±¬ı˛ Ê√Ú… d ”√¬ı˛Q ŒÔÀfl¡ ¤fl¡ ¬ı…øq¡ ¸≈¯∏˜ Œ¬ı· V ŒÓ¬ √√√∏C±À˜¬ı˛ Œ¬ÛÂ√ÀÚ ŒÂ√±È¬± ˙≈¬ı˛≈ fl¡¬ı˛˘º Œ√‡±Ú Œ˚

¬ı…øq¡øÈ¬ ·±øÎ¬ˇøÈ¬Àfl¡ Ò¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ı ˚ø√ V fd2 2� .
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¤fl¬fl¬ 4 � ¸˜Ó¬˘œ˚˛ ·øÓ¬ (Motion in a plane)

·Í¬Ú

4.1 ¬√õ∂d¬±¬ıÚ±

4.2 ¬Î¬◊ÀV˙…

4.3 ¬¸˜Ó¬˘œ˚˛ ·øÓ¬¬ı˛ Ò˜«  , fl¡±ÀÓ«¬Ê√œ˚˛ › Œ˜¬ı˛≈ øÚÀV«˙ Ó¬ÀLa¬ı˛ Œ¬ı· › Q¬ı˛Ì (velocity and acceleration
in cartesian and polar coordinates)

4.4 ˜±Ò…±fl¡¯∏«Ì Œ˝√√Ó≈¬ õ∂À√˚˛ ·øÓ¬

4.5 ’Ú≈̇ œ˘Úœ Ú— 1

4.6 ¬õ∂ùü˜±˘± Ú— 1

4.7 ‚≈¬ı˛z¬ øÚÀ«√˙ ¸±À¬ÛÀé¬ Œ¬ı· › Q¬ı˛ÀÌ¬ı˛ Î¬◊¬Û±—˙º

4.8 ≈√˝◊√√øÈ¬ fl¡Ì±¬ı˛ øàÔøÓ¬àÔ±¬Ûfl¡ ¸—‚¯∏« (Collision of elastic bodies) ¤¬ı— ‹ ¸—‚±Ó¬Ê√øÚÓ¬ ’±À¬ı·√

(Impulse due to collision)

4.9 ’Ú≈̇ œ˘Úœ Ú— 2

4.10 ¸±¬ı̨±—˙

4.11 õ∂ùü˜±˘± 2

4.1 ¬√õ∂d¬±¬ıÚ±

¬Û”À¬ı« ’±À˘±ø‰¬Ó¬ 4øÈ¬ ¤fl¡Àfl¡ ’±˜¬ı˛± ¬ıd≈¬¬ı˛ Œfl¡¬ı˘˜±S ¸¬ı˛˘À¬ı˛‡±˚˛ ·øÓ¬¬ı˛ fl¡Ô± ¬ıÀ˘øÂ√  , ¤˝◊√√ 5Ú— ¤fl¡Àfl¡

’±˜¬ı˛± ¸˜Ó¬À˘ fl¡øÌfl¡±¬ı˛ ·øÓ¬¬ÛÔ ø¬ı‰¬±¬ı˛ fl¡¬ı˛¬ı  , ¤Ê√Ú… ’±˜¬ı˛± ‹ ¸˜Ó¬À˘ fl¡±ÀÓ«¬Ê√œ˚˛ › Œ˜¬ı˛≈ øÚÀV«˙Ó¬ÀLa¬ı˛

¸±˝√√±À˚… fl¡Ì±øÈ¬¬ı˛ Œ¬ı· › Q¬ı˛Ì ¬ı±¬ı˛ fl¡À¬ı˛ ø¬ıøˆ¬iß Œé¬ÀS fl¡Ì±øÈ¬¬ı˛ ·øÓ¬ ¤¬ı— Ó¬»¸—√flË¡±z¬ ¸˜¸…±¬ı˛ ¸˜±Ò±Ú fl¡¬ı˛¬ıº

4.2 Î¬◊ÀV˙…

·øÓ¬ø¬ı√…±¬ı˛ ¸˜Ó¬À˘ ¸=±¬ı˛˜±Ú Œfl¡±Ú› fl¡øÌfl¡±¬ı˛ ·øÓ¬¬ÛÔ ¤¬ı— ø¬ıøˆ¬iß ¸˜À˚˛ fl¡øÌfl¡±øÈ¬¬ı˛ Œ¬ı· › Q¬ı˛Ì øfl¡¬ı˛”¬Û

˝√√À¬ı Ó¬±¬ı˛ Ê√±Ú± ø¬ıÀ˙¯∏ õ∂À˚˛±Ê√Úœ˚˛º ¤‡±ÀÚ ’±˜¬ı˛± õ∂±À¸¬ı˛ ·øÓ¬¬ÛÔ øÚÌ«˚˛ fl¡¬ı˛øÂ√  , ¬ÛÀ¬ı˛¬ı˛ ≈√˝◊√√øÈ¬ ¤fl¡Àfl¡ ’±˜¬ı˛±

¸”À˚«…¬ı˛ ‰¬±¬ı˛ø√Àfl¡ ¢∂À˝√√¬ı˛ ·øÓ¬¬ÛÔ øÚÌ«À˚˛¬ı˛ Ê√Ú… ¸˜Ó¬À˘ Œ˜¬ı˛≈ àÔ±Ú±—fl¡Àfl¡ fl¡Ì±¬ı˛ Q¬ı˛Ì øÚÀ˚˛ ø¬ı˙√ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº
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4.3 ¸˜Ó¬˘œ˚˛ ·øÓ¬

¬Û”¬ı«¬ıÓ¬π ’Ò…±˚˛ ¸˜”À˝√√ ’±˜¬ı˛± fl¡Ì±¬ı˛ Œfl¡±Ú› øÚø«√©Ü ¸¬ı˛˘À¬ı˛‡±˚˛ Œfl¡¬ı˘˜±S Ÿ¬Ê≈√À¬ı˛‡ ·øÓ¬ ¤¬ı— ‹ õ∂fl¡±¬ı˛

·øÓ¬ ¸•Ûøfl«¡Ó¬ ¸˜¸…±·≈ø˘ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛øÂ√º ¤‡Ú ’±˜¬ı˛± fl¡Ì±¬ı˛ ¸˜Ó¬˘œ˚˛ ·øÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

˚ø√ ø¬ıøˆ¬iß ¬ı˘ õ∂ø√flË¡˚˛±˚˛ Œ˝√√Ó≈¬ fl¡Ì±øÈ¬ Œfl¡±Ú› øÚø«√©Ü ¸=±¬ı˛˜±Ú Ô±Àfl¡, Ó¬‡Ú fl¡Ì±øÈ¬¬ı˛ ‹ ·øÓ¬Àfl¡ ¸˜Ó¬˘œ˚˛ ·øÓ¬

¬ı˘± ˝√√À˚˛ Ô±Àfl¡º ø¡Z˜±øSfl¡ Ê√…±ø˜øÓ¬ÀÓ¬ ¸˜Ó¬À˘ ’±˜¬ı˛± ¸±Ò±¬ı˛ÌÓ¬– fl¡±ÀÈ«¬Ê√œ˚˛ (Cartesian) ¤¬ı— Œ˜¬ı≈̨ (Polar)

øÚÀ«√˙Ó¬ÀLa¬ı˛ (Coordinate system) ¸±˝√√±˚… øÚ ◊̋√√º

’±˜¬ı˛± ‹ øÚÀ«√˙Ó¬La¸˜”À˝√√ Œfl¡±Ú› fl¡Ì±¬ı˛ Œ¬ı· ¤¬ı— Q¬ı˛ÀÌ¬ı˛ Î¬◊¬Û±—˙ (Components) øÚÒ«±¬ı˛Ì fl¡À¬ı˛ øÚÎ¬◊È¬ÀÚ¬ı˛

·øÓ¬¸”S ’Ú≈˚±˚˛œ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ı˛ ¸˜œfl¡¬ı˛Ì øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

fl¡±ÀÓ«¬Ê√œ˚˛ øÚÀ«√˙Ó¬La –

fl¡±ÀÓ«¬Ê√œ˚˛ øÚÀV«˙Ó¬LaÚ≈˚±˚˛œ Œfl¡±Ú› ¸˜Ó¬À˘ O-Œfl¡ ˜”˘ø¬ıμ≈ ÒÀ¬ı˛ O ø¬ıμ≈·±˜œ OX, OY ≈√˝◊√√øÈ¬ ¬Û¬ı˛¶Û¬ı˛

¸˜Àfl¡±ÀÌ ’¬ıøàÔÓ¬ ≈√˝◊√√øÈ¬ ¸¬ı˛˘À¬ı˛‡± È¬±Ú± ˝√√À˘  , OX-Œfl¡ X ’é¬À¬ı˛‡± ¤¬ı— OY-Œfl¡ Y ’é¬À¬ı˛‡± ¬ı˘± ˝√√˚˛º

¸=±¬ı˛˜±Ú fl¡Ì±øÈ¬ t ¸˜À˚˛ ˚ø√ P(x, y) ø¬ıμ≈ÀÓ¬ ’¬ıàÔ±Ú fl¡À¬ı˛, Ó¬± ˝√√À˘ OP
��

 Ò¬ı˛À˘ 
�
r  Ò¬ı˛À˘ OX

�
r -¤¬ı˛ Î¬◊¬Û±—˙ ˝√√À¬ı ˚Ô±√flË¡À˜ x ¤¬ı— yº

i ¤¬ı— j-Œfl¡ ox ¤¬ı— oy ø√˙±˚˛ ¤fl¡fl¡ Œˆ¬"√√¬ı˛ Ò¬ı˛À˘ ’±˜¬ı˛± ø˘‡ÀÓ¬ ¬Û±ø¬ı˛ 
�
r  = (ix + jy) ˚ø√ ¸˜À˚˛¬ı˛

¸Àe· ¸Àe· ox ¤¬ı— oy ’é¬≈√øÈ¬¬ı˛ ’¬ıàÔ±Ú ¬ı± ø√˙±˚˛ Œfl¡±Ú› ¬Ûø¬ı˛¬ıÓ«¬Ú Ú± ˝√√˚˛, Ó¬± ˝√√À˘ P(x, y) fl¡Ì±øÈ¬

Œ¬ı· 
dr
dt

i dx
dt

j
dy
dt

�

� �  ¤¬ı— Q¬ı˛Ì 
d r
dt

i d x
dt

j
d y
dt

2

2

2

2

2

2

�

� �  ˝√√À¬ıº

’Ó¬¤¬ı, ox ’Àé¬¬ı˛ ø√Àfl¡ fl¡Ì±øÈ¬¬ı˛ Œ¬ı· ¤¬ı— Q¬ı˛ÀÌ¬ı˛ Î¬◊¬Û±—˙¡Z˚˛ ˚Ô±√flË¡À˜ 
dx
dt  ¤¬ı— 

d x
dt

2

2  ˝√√À¬ıº

¤¬ı— oy ’Àé¬¬ı˛ ø√Àfl¡ fl¡Ì±øÈ¬¬ı˛ Œ¬ı· ¤¬ı— Q¬ı˛ÀÌ¬ı˛ Î¬◊¬Û±—˙¡Z˚˛ ˚Ô±√flË¡À˜ 
dy
dt

 ¤¬ı— 
d y
dt

2

2  ˝√√À¬ıº

˚ø√ m ˆ¬¬ı˛ø¬ıø˙©Ü fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ox ¤¬ı— oy ø√Àfl¡ Fx ¤¬ı— Fy ¬ı˘¡Z˚˛ ø√flË¡˚˛±˙œ˘ ˝√√˚˛º Ó¬± ˝√√À˘ Œˆ¬ÃÓ¬

¶§ÓLaÓ¬± øÚ˚˛˜±Ú≈¸±À¬ı˛ øÚÎ¬◊È¬ÀÚ¬ı˛ ·Ó¬œ˚˛ ¸”S±Ú≈¸±À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ñ

d
dt

m dx
dt

Fx� � � ,

¤¬ı—
d
dt

m
dy
dt

Fy
�
�

�
� � ,  ¬
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¤‡Ú fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛ m ˆ¬¬ı˛ ˚ø√ ¸˜˚˛ øÚ¬ı˛À¬Ûé¬ ˝√√˚˛, ’Ô«±» 
dm
dt

� 0  ¬˝√√˚˛, Ó¬± ˝√√À˘ fl¡Ì±øÈ¬¬ı˛ ·Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì¡Z˚˛

˝√√À¬ıñm d x
dt

Fx

2

2 �  ¤¬ı— m
d y
dt

Fy

2

2 �

Œ˜¬ı˛≈ øÚÀ«√˙Ó¬La –

O-Œfl¡ ”̃̆ ø¬ıμ≈ ¤¬ı— O ø¬ıμ≈·±˜œ ¸˜Àfl¡±ÀÌ ’¬ıøàÔÓ¬ ox ¤¬ı— oy-Œfl¡ x ¤¬ı— y ’é¬ Ò¬ı˛À˘,

P(x, y)-Œfl¡ t ¸˜À˚˛ fl¡Ì±øÈ¬¬ı˛ ’¬ıàÔ±Ú ˝√√À˘ OP-Œfl¡ r ’é¬, ox-Œfl¡ ’±ø√√˙± ¤¬ı— �XOP-Œfl¡ � ÒÀ¬ı˛

P ø¬ıμ≈øÈ¬¬ı˛ Œ˜¬ı˛≈àÔ±Ú±—fl¡¡Z˚˛ ˝√√À¬ı r ¤¬ı— �º

OP
��

 Œˆ¬"√√¬ı˛Àfl¡ 
�

r  ÒÀ¬ı˛ ¤¬ı— OP
��

 ’øˆ¬˜≈À‡ ¤fl¡fl¡ Œˆ¬"√√¬ı˛Àfl¡ R
�

 Ò¬ı˛À˘, Œ√‡± ˚±À¬ı Œ˚

� �

r r R�
�

 ; ’±¬ı±¬ı˛ OP
��

 ¸Àe· ¬ı±˜±¬ıÀÓ«¬ (anticlockwise) ¸˜Àfl¡±ÀÌ ’¬ıøàÔÓ¬ O ø¬ıμ≈·±˜œ Œ¬ı˛‡±

ON
��

 ¤¬ı˛ ø√Àfl¡ ¤fl¡fl¡ Œˆ¬"√√¬ı˛ N
�

 Ò¬ı˛± ˚±flƒ¡ Ó¬± ˝√√À˘ R i j
�

� �cos sin� �  ¤¬ı— N i j
�

� � �sin cos� �

[ ˘é¬… fl¡¬ı˛≈Ú OP
��

 ¤¬ı— x ’Àé¬¬ı˛ ’z¬ˆ«≈¬q¡ Œfl¡±Ì � ¤¬ı— OP
��

 ¤¬ı— y ’Àé¬¬ı˛ ’z¬ˆ«≈¬q¡ Œfl¡±Ì 
�

�
2
� ;

’±¬ı±¬ı˛ N
�

 Œˆ¬"√√¬ı˛ ¤¬ı— x ’Àé¬¬ı˛ ’z¬ˆ«≈¬q¡ Œfl¡±Ì 
�

�
2
� 	 ¤¬ı— N

�
 Œˆ¬"√√¬ı˛ ¤¬ı— y ’Àé¬¬ı˛ ’z¬ˆ«≈¬q¡

Œfl¡±Ì �	 ]

˘é¬… fl¡¬ı≈̨Ú Œ˚ 
dR
d

i j N
�

�
� �� � � �

�

sin cos

¤¬ı— 
dN
d

i j R
�

�
� �� � � � �

�

cos sin ;

’Ó¬¤¬ı, t ¸˜À˚˛ fl¡Ì±øÈ¬¬ı˛ Œ¬ı·ñ

�

�

v dr
dt

�

� d
dy

rR( )
�

¬¬[
�

r  ¤¬ı˛ ¬Ûø¬ı˛¬ıÀÓ«¬ r Ò¬ı˛± ˝√√À˚˛ÀÂ√ ]

� � �
� �dr

dy
R r dR

dt
dr
dt

R r dR
d

d
dt

� �

�

�
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’Ô«±», 
�
v dr

dt
R r d

dt
N� �

� ��

’Ô«±», OP
��

¬¬’øˆ¬˜≈À‡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ 
dr
dt

,  ¤øÈ¬Àfl¡ Œ¬ıÀ·¬ı˛ ’¬ı˛œ ˛̊ (Radial) Î¬◊¬Û±—˙ ¬ı˘± ˝√√˚˛, ’±¬ı±¬ı˛

ON
��

 ’øˆ¬˜≈À‡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ r d
dt
�

¤¬ı— ¤øÈ¬Àfl¡ Œ¬ıÀ·¬ı˛ ’Ú≈õ∂àÔ (transverse) ¬ı± (crossradial) Î¬◊¬Û±—˙

˝√√À˚˛ Ô±Àfl¡º

’±¬ı±¬ı˛ t ¸˜À˚˛ fl¡Ì±øÈ¬¬ı˛ Q¬ı˛Ì 
�

a º ¬¬¬

� � � �
�
	


�
�

� �d r
dt

dv
dt

d
dt

dr
dt

R r d
dt

N
2

2

� �
�

� � � ��
�

�
� �

� �d r
dt

R dr
dt

dR
dt

dr
dt

d
dt

r d
dt

N r d
dt

dN
dt

2

2

2

2

� �
� � �

¬¬

� � � ��
�

�
� �

� �d r
dt

R dr
dt

dR
d

d
dt

dr
dt

d
dt

r d
dt

N r d
dt

dN
dt

d
dt

2

2

2

2

� �

�
� � � � �

¤‡Ú,
dR
d

N
�
�

�

 ¤¬ı— 
dN
d

R
�

�
� �

�

 ¬ı¸±À˘ñ

a d r
dt

r d
dt

R dr
dt

d
dt

r d
dt

N2
2

2

2 2

2
2

� ��
�

�
� � �

�
�

�
�

�
�

�
�

� �
� � �� �

’Ô«±» fl¡Ì±øÈ¬¬ı˛ Q¬ı˛ÀÌ¬ı˛ ’¬ı˛œ˚˛ (Radial) Î¬◊¬Û±—˙

d r
dt

r d
dt

2

2

2
� �� �

¤¬ı— ’Ú≈õ∂àÔ (Transverse or cross radial) Î¬◊¬Û±—˙

2 12

2
2dr

dt
d
dt

r d
dt

d
dt

r d
dt

� �



�

� � � �  ˝√√À¬ıº

fl¡Ì±øÈ¬ ’¬ı˛œ˚˛ ¬ÛÀÔ ¸¬ı˛˘À¬ı˛‡± ‰¬˘À˘, ¤¬ı— fl¡Ì±øÈ¬¬ı˛ ’¬ıàÔ±Ú (r, �) ¬Ò¬ı˛À˘ � ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±fl¡À¬ı, 
d
dt
�
� 0

˝√√À˘ ¤¬ı— fl¡Ì±øÈ¬¬ı˛ Œ¬ı· 
dr
dt  ¤¬ı— Q¬ı˛Ì 

d r
dr

2

2  Î¬◊ˆ¬˚˛˝◊√√ ’¬ı˛œ˚˛ ø√Àfl¡ ˝√√À¬ı  , ¤àÔÀ˘ ’Ú≈õ∂àÔ ø√Àfl¡ fl¡Ì±øÈ¬¬ı˛

Œ¬ı· ¬ı± Q¬ı˛Ì Ô±fl¡À¬ı Ú±, ¤àÔÀ˘ fl¡Ì±øÈ¬¬ı˛ ’¬ı˛œ˚˛ ø√Àfl¡ Ÿ¬Ê≈√ Œ¬ı˛‡ ·øÓ¬ Ò¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

’±¬ı±¬ı˛ ˚ø√ fl¡Ì±øÈ¬ ¸fl¡˘ ¸˜À˚˛ ¤¬ı˛”¬Ûˆ¬±À¬ı ‰¬À˘ Œ˚ r ÒË≈¬ıfl¡ Ô±fl¡À¬ı ’Ô«±» fl¡Ì±øÈ¬ ¤fl¡øÈ¬ øÚø«√©Ü ¬ı‘ÀM√√¬ı˛

¬Ûø¬ı˛øÒ¬ı˛ Î¬◊¬Û¬ı˛ ‰¬À˘, Œ˚ ¬ı‘M√√øÈ¬¬ı˛ Œflf O, Ó¬‡Ú Œ¬ıÀ·¬ı˛ ’¬ı˛œ˚˛ ø√Àfl¡ Î¬◊¬Û±—˙ Ô±fl¡À¬ı Ú±, øfl¡z≈¬ ’Ú≈õ∂àÔ ø√˙±˚˛

Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ ˝√√À¬ı r� ; ˚ø√ r = a ÒË≈¬ıfl¡ ˝√√˚˛ ’Ô«±» fl¡Ì±øÈ¬ Œ˚ ¬ı‘ÀM√√¬ı˛ Î¬◊¬Û¬ı˛ ‰¬À˘ ‹ ¬ı‘M√√øÈ¬¬ı˛ ¬ı…±¸±Ò« a

˝√√ ˛̊ Ó¬± ˝√√À˘ fl¡Ì±øÈ¬¬ı˛ Œ¬ı· ˝√√À¬ı Œfl¡¬ı˘˜±S ’Ú≈õ∂àÔø√˙±˚˛ ¤¬ı— Ó¬±¬ı˛ ˜±Ú � ˝√√À¬ıº

�
�

�
d
dt -Œfl¡ fl¡Ì±øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ Œ¬ı· ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º
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r = a ÒË≈¬ıfl¡ Ò¬ı˛À˘, fl¡Ì±øÈ¬¬ı˛ Q¬ı˛ÀÌ¬ı˛ ’¬ı˛œ˚˛ Î¬◊¬Û±—˙ �a d
dt
�� �

2
 ¤¬ı— ’Ú≈õ∂àÔø√Àfl¡ Î¬◊¬Û±—˙ a d

dt

2

2
�

 ˝√√À¬ıº

˚ø√ fl¡Ì±øÈ¬ ‹ ¬ı‘ÀM√√¬ı˛ ¬Ûø¬ı˛øÒ¬ı˛ Î¬◊¬Û¬ı˛ ¸≈¯∏˜ ·øÓ¬ÀÓ¬ ‰¬À˘, Ó¬‡Ú Œfl¡ÃøÌfl¡ Œ¬ı· 
d
dt
� �� 	ÒË≈¬ıfl¡ ˝√√À¬ı fl¡Ì±øÈ¬¬ı˛

’Ú≈õ∂àÔ ø√˙±˚˛ Œ¬ı· ˝√√À¬ı a�	 [ÒË≈¬ıfl¡] ¤¬ı— Q¬ı˛ÀÌ¬ı˛ ’Ú≈õ∂àÔ ø√Àfl¡ Œfl¡±Ú› Î¬◊¬Û±—˙ Ô±fl¡À¬ı Ú±, øfl¡z≈¬ ’¬ı˛œ˚˛

ø√Àfl¡ Q¬ı˛Ì ˝√√À¬ı –a�2, ¤ àÔÀ˘ ˚ø√ fl¡Ì±øÈ¬¬ı˛ Œ¬ı· a�-Œfl¡ v Òø¬ı˛ Ó¬±˝√√À˘ ’¬ı˛œ˚˛ ø√Àfl¡ Q¬ı˛Ì ˝√√À¬ı �
v
a
2

 , Œ√‡± ˚±À26√ Œ˚ ‹ Q¬ı˛Ì ˝√√À¬ı Œfl¡f±øˆ¬ ≈̃‡œº

Œ˜¬ı˛≈ øÚÀ«√˙Ó¬ÀLa ’±˜¬ı˛± ’Ú… õ∂Ì±˘œÀÓ¬› Œ¬ı· ¤¬ı— Q¬ı˛Ì øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º

àÔ±Ú±—fl¡ Ê√…±ø˜øÓ¬ ’Ú≈˚±˚˛œ ’±˜¬ı˛± x = r cos � ¤¬ı— y = r sin �.

Ò¬ı˛À˘ t [¸˜˚˛] ¸±À¬ÛÀé¬ x = r cos � y = r sin� Î¬◊ˆ¬˚˛ø√Àfl¡ ’¬ıfl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√ñ

dx
dt

dr
dt

r d
dt

� �cos sin� �
� 	 ............... (i)

¤¬ı—
dy
dt

dr
dt

r d
dt

� �sin cos� � �
 ............... (ii)

¤‡Ú ’¬ı˛œ ˛̊ Œ¬ı· ˝√√À¬ı 
dx
dt

dy
dt

dr
dt

cos sin� �� �   ,

’±¬ı±¬ı˛ Œ¬ıÀ·¬ı˛ ’Ú≈õ∂àÔ Î¬◊¬Û±—˙ ˝√√À¬ı � � �dx
dt

dy
dt

r d
dt

sin cos� � �
  ,

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı (i) ¤¬ı— (ii) ≈√˝◊√√ø√Àfl¡ t ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√ñ

d x
dt

d r
dt

dr
dt

d
dt

r d
dt

r d
dt

2

2

2

2

2 2

22� � � �cos sin cos sin�
�

� �
�

�
�� �

¤¬ı— 
d y
dt

d r
dt

d
dt

d
dt

r d
dt

r d
dt

2

2

2

2

2 2

22� � � �sin cos sin cos�
� �

� �
�

�
�� �

¤‡Ú Q¬ı˛ÀÌ¬ı˛ ’¬ı˛œ˚˛ Î¬◊¬Û±—˙ ˝√√À¬ıñ

d x
dt

d y
dt

d r
dt

r d
dt

2

2

2

2

2

2

2
cos sin� �

�
� � � � �
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¤¬ı— Q¬ı˛ÀÌ¬ı˛ ’Ú≈õ∂àÔ Î¬◊¬Û±—˙ ˝√√À¬ıñ

� � � �
d x
dt

d y
dt

dr
dt

d
dt

r d
dt

2

2

2

2

2

22sin cos� �
� �

�
1 2
�

�d
dt

r d
dt� �

¸˜Ó¬À˘ Œfl¡±Ú› øÚø«√©Ü ø¬ıμ≈¬ı˛ ø√Àfl¡ Q¬ı˛Ì ˚≈q¡ Œfl¡±Ú› fl¡Ì±¬ı˛ ‹ ¸˜Ó¬À˘ ·øÓ¬ øÚÌ«˚˛ –

¸˜Ó¬À˘ ¤fl¡øÈ¬ øÚø«√©Ü ø¬ıμ≈¬ı˛ ø√Àfl¡ Œfl¡±Ú› fl¡Ì±¬ı˛ Q¬ı˛Ì ˚ø√ ‹ øÚø«√©Ü ø¬ıμ≈ ˝√√ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ ”√¬ı˛ÀQ¬ı˛ ¸Àe·

¸¬ı˛˘Àˆ¬À√ Ô±Àfl¡ Ó¬± ˝√√À˘ ‹ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº

øÚø«√©Ü ø¬ıμ≈øÈ¬Àfl¡ ˜”˘ø¬ıμ≈ O ÒÀ¬ı˛ ˜ÀÚ fl¡¬ı˛± ˚±fl¡ Œ˚ ’±ø√ √˙±˚˛ fl¡Ì±øÈ¬ P ø¬ıμ≈ÀÓ¬ øÂ√˘ ¤¬ı— ‹ ø¬ıμ≈

˝√√ÀÓ¬ V Œ¬ıÀ· fl¡Ì±øÈ¬ñŒÂ√“√±Î¬ˇ± ˝√√˘º

˜ÀÚ fl¡ø¬ı˛ Œ˚ OP
	�

	 ø√Àfl¡ OX (x ’é¬] ˜”˘ø¬ıμ≈·±˜œ ’±ø√ Œ¬ıÀ·¬ı˛ ø√˙±¬ı˛ ¸˜±z¬¬ı˛±˘ Œ¬ı˛‡±Àfl¡ y ’é¬

(OY) Ò¬ı˛± ˝√√˘º Òø¬ı˛ t ¸˜À˚˛ fl¡Ì±øÈ¬ Œfl¡føˆ¬˜≈‡œ Q¬ı˛ÀÌ¬ı˛ Ê√Ú… Q ø¬ıμ≈ÀÓ¬ Ô±Àfl¡ ¤¬ı— Q ø¬ıμ≈¬ı˛ àÔ±Ú±—fl¡

(x, y) ˚ø√ Q ø¬ıμ≈ÀÓ¬ ’±ø√ Œ¬ıÀ·¬ı˛ ( )v
�

	 ø√˙±˚˛ ¸˜±z¬¬ı˛±˘ Œ¬ı˛‡± È¬±Ú± ˝√√˘ ˚± x ’é¬Àfl¡ N ø¬ıμ≈ÀÓ¬ ŒÂ√√

fl¡À¬ı˛  , Q(x, y) ø¬ıμ≈ ’Ó¬¤¬ı ON = x ¤¬ı— NQ = y ˝√√À¬ıº

t ¸˜À˚˛ Q ø¬ıμ≈¬ı˛ Q¬ı˛Ì � QO
��

	 (�	 ÒË≈¬ıfl¡] � �
�� ��

� �QN NO   ,

fl¡Ì±øÈ¬¬ı˛ ·Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì¡Z˚˛ ˝√√À¬ıñ

d x
dt

x
2

2 � ��  ........... (i) (�	 ÒÚ±Rfl¡ ¬ı˛±ø˙]

¤¬ı—
d y
dt

y
2

2 � ��  .......... (ii)
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Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸˜œfl¡¬ı˛Ì¡Z˚˛ ¸˜±Ò±Ú fl¡¬ı˛À˘ ¬Û±›˚˛± ˚±À¬ı –

x = Acos�t + Bsin�t
y = Ccos�t + Dsin�t

’±ø√ fl¡Ì±øÈ¬ ’±ø√ √˙±˚˛ (t = 0) P ø¬ıμ≈ÀÓ¬ Ô±Àfl¡º OP = a ÒË≈¬ıfl¡ ¤¬ı— y ’Àé¬¬ı˛ ø√Àfl¡ Œ¬ı· 
dy
dt

V�

Ò¬ı˛± ˝√√À˚˛ Ô±Àfl¡º

Ó¬± ˝√√À˘ ¤˝◊√√ ˙Ó«¬·≈ø˘ õ∂À˚˛±· fl¡¬ı˛À˘ ’±˜¬ı˛± ¬Û±À¬ı±ñ

A = a, B = 0, C = 0 ¤¬ı— D V
�

�
 ˝√√À¬ıº

’Ó¬¤¬ı x a t� cos 


¤¬ı— y V t�
�

�sin   ,

¤‡±ÀÚ t ’¬ÛÚ˚˛Ú fl¡À¬ı˛ñ

’±˜¬ı˛± ¬Û±¬ı 
x
a

y
V

2

2

2

2 1� �

�

  ,

¤øÈ¬ ¤fl¡øÈ¬ Î¬◊¬Û¬ı‘ÀM√√¬ı˛ ¸˜œfl¡¬ı˛Ì  , a ¤¬ı— 
V
� 	 Î¬◊˝√√±¬ı˛ ’Ú≈¬ı&Òœ ¬ı…±¸±Ò«¡Z˚˛º

4.4 ¬√˜±Ò…±fl¡¯∏«Ì õ∂ˆ¬±ø¬ıÓ¬ õ∂±À¸¬ı˛ (Projectile) ¬ı±Ò±˙”Ú… XOY ¸˜Ó¬À˘ ’¬ı±Ò

·øÓ¬

Ò¬ı˛± ˚±flƒ¡ Œ˚ ˆ”¬ø˜¬ı˛ Œfl¡±Ú› øÚø«√©Ü ø¬ıμ≈ ˝√√ÀÓ¬ ˆ”¬ø˜¬ı˛ ¸Àe· � Œfl¡±ÀÌ u Œ¬ıÀ· m ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ õ∂±¸

ŒÂ√“√±Î¬ˇ± ˝√√˘º ¤‡±ÀÚ ˜±Ò…±fl¡¯∏«ÌÀ˝√√Ó≈¬ øÚ•ßõ∂±¸øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ øÚ•ßøˆ¬˜≈À‡ mg ¬ı˘ ø√flË¡˚˛±˙œ˘ Ô±fl¡À¬ı ¤¬ı— ’Ú…Àfl¡±Ú›

¬ıÀ˘¬ı˛ õ∂ˆ¬±¬ı õ∂±¸øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¡À¬ı Ú±º

Œ˚ ø¬ıμ≈ÀÓ¬ õ∂±¸øÈ¬Àfl¡ ŒÂ√“√±Î¬ˇ± ˝√√À˘ ‹ ø¬ıμ≈øÈ¬Àfl¡ ˜”˘ø¬ıμ≈ O ¤¬ı— ’Ú≈ˆ”¬ø˜fl¡ ¤¬ı— ÿÒ√ı«ø√Àfl¡ ˚Ô±√flË¡À˜ x

¤¬ı— y ’é¬¡Z˚˛ Ò¬ı˛À˘ õ∂±¸øÈ¬¬ı˛ ·Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì ˝√√À¬ıñ

m d x
dt

2

2 0�

¤¬ı— m
d y
dt

mg
2

2 � �

........ (1)

˚‡Ú õ∂±¸øÈ¬Àfl¡ ŒÂ√“√±Î¬ˇ± ˝√√À˘ Œ¸˝◊√√ ’±ø√ √˙±˚˛ (t = 0) Ò¬ı˛± ˝√√À˘ Œ√‡± ˚± ˛̊ Œ˚ t = 0-ŒÓ¬ x = 0,

y = 0 [˜”˘ø¬ıμ≈] ¤¬ı— 
dx
dt

u
dy
dt

u� �cos , sin� � ˝√√À¬ıº

]
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(u cos � ¤¬ı— u sin � ˚Ô±√flË¡À˜ ax ¤¬ı— oy ø√˙±˚˛ u Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙¡Z˚˛]

¸˜œfl¡¬ı˛Ì¡Z˚˛ ¸˜±fl¡˘ fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±¬ı 
dx
dt

� 	 ÒË≈¬ıfl¡ ¬ı˛±ø˙ ¤¬ı— 
dy
dt

gt� � �	 ÒË≈¬ıfl¡ øfl¡z≈¬ ’±ø√√˙±˚˛

t = 0-ŒÓ¬ 
dx
dt

u� cos� , ’Ó¬¤¬ı ‹ ÒË≈¬ıfl¡ ¬ı˛±ø˙øÈ¬ u cos � ˝√√À¬ı  ,

¤Ê√Ú… ’±˜¬ı˛± ¬Û±˝◊√√, 
dx
dt

u� cos�  [ÒË≈¬ıfl¡] ........... (2)

’±¬ı±¬ı˛ 
dy
dt

u
t

�
�
�
� �

�0
sin ,� 	 ¤Ê√Ú… t = 0 øÚÀ˚˛ t = 0.

øÚÀ˚˛ 
dy
dt

gt u� � � sin �  ........ (3) ¬Û±À¬ıº

¤‡Ú (2) ¤¬ı— (3)-¤¬ı˛ Î¬◊ˆ¬˚˛ ¬Û±Àù´« ¸˜±fl¡˘Ú fl¡¬ı˛À˘ ’±˜¬ı˛± ¬Û±¬ıñ

x = ut cos �

y = ut
gt

sin � �
2

2
	 ....... (4)

Œ˚À˝√√Ó≈¬ t = 0-ŒÓ¬ x = 0, y = 0 ’Ó¬¤¬ı ¸˜±fl¡˘ÚÊ√øÚÓ¬ ÒË≈¬ıfl¡ õ∂øÓ¬Àé¬ÀS˝◊√√ ˙”Ú… ˝√√À¬ıº

(4)-¤¬ı˛ ¸˜œfl¡¬ı˛Ì¡ZÀ˚˛¬ı˛ ˜ÀÒ… t ’¬ÛÚ˚˛Ú fl¡¬ı˛À˘ ’±˜¬ı˛± ¬Û±˝◊√√ñ

y x
gx
u

� �tan (sec )� �
1
2

2

2
2 	 ...... (5)

˘é¬…fl¡¬ı˛≈Ú Œ˚ (5)-¤ ˘t õ∂±¸øÈ¬¬ı˛ ·øÓ¬¬ÛÔ ¤fl¡øÈ¬ ’øÒ¬ı‘M√√ (parabola)

(5) ¸˜œfl¡¬ı˛ÌøÈ¬Àfl¡ x u
g

u
g

y u
g

�
�
�

�
� � � �

�
�

�
�

2 2 2
2

2
22

2
sin cos cos sin� � � � 	¬ı˛”À¬Û õ∂fl¡±˙ fl¡¬ı˛± ˚±˚˛º

¤‡Ú ø¡Z˜±øSfl¡ àÔ±Ú±—fl¡ Ê√…±ø˜øÓ¬ ’Ú≈˚±˚˛œ ’±˜¬ı˛± Œ√ø‡ Œ˚ ¬Û¬ı˛±¬ı‘M√√ (6)-¤¬ı˛ ˙œ¯∏«ø¬ıμ≈

u
g

u
g

2 2
2

2
sin cos , sin� � ��

�
�
� 	 ‹ ¬Û¬ı˛±¬ı‘M√√øÈ¬¬ı˛ ’é¬øÈ¬¬ı˛ ¸˜œfl¡¬ı˛Ì x u

g
�

2
sin cos� �  ˝√√À˘ ¤¬ı— ‹ ’é¬øÈ¬

øÚ•ß±øˆ¬˜≈‡œ ˝√√À¬ı ¤¬ı— ¬Û¬ı˛±¬ı‘M√√øÈ¬¬ı˛ Ú±øˆ¬˘•§ 
2 2

2u
g

cos � 	 ¬Ûø¬ı˛˜±Ì ˝√√À¬ıº
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¸˝√√ÀÊ√˝◊√√ Œ√‡± ˚±À¬ı Œ˚ ‹ ¬Û¬ı˛±¬ı‘M√√øÈ¬¬ı˛ Ú±øˆ¬ø¬ıμ≈¬ı˛ àÔ±Ú±—fl¡ 
u
g

u
g

�
��

�
�
�sin cos , cos� � �

2
2 	¤¬ı— øÚ ˛̊±˜fl¡

Œ¬ı˛‡±øÈ¬¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√À¬ı y u
g

�
2

2

õ∂±¸øÈ¬¬ı˛ ·øÓ¬À¬ı· t ¸˜À˚˛ V ˝√√À˘ñ

V dx
dt

dy
dt

u u gt2
2 2

2 2 2� � ��
�
� � � �� � cos ( sin )� �

= u2 – 2gt u sin � + g2t2

= u2 – 2gy ˝√√ÀÓ¬ Œ˚À˝√√Ó≈¬ y = ut sin � � 1
2

2gt  [(4) ˝√√ÀÓ¬]º

’±¬ı±¬ı˛ õ∂±¸øÈ¬¬ı˛ ·øÓ¬¬ı˛ ÿÒ√ı«¸œ˜± 
dy
dt

� 0 	 ¤¬ı— ’øÒ¬ı‘M√√øÈ¬¬ı˛ ˙œ¯∏«ø¬ıμ≈ ’øˆ¬iß ¤¬ı— Ó¬± 
u

g
2

2
2

sin � 	 ‹

ÿÒ√ı«¸œ˜±˚˛ Œ¬ÛÃ“√Â√±ÀÓ¬ õ∂±¸øÈ¬¬ı˛ 
u

g
sin �

	 ¸˜ ˛̊ ˘±·À¬ıº y = 0 ¬ı¸À˘ (4) ˝√√ÀÓ¬ Œ√‡± ˚±À¬ı Œ˚ t u
g

� 2 sin �

¤¬ı— x = u cos � t u
g

�
2

2sin ;�

’Ô«±» 
2u

g
sin �

	 ¸˜˚˛ ¬ÛÀ¬ı˛ ˘é¬… ˝√√ÀÓ¬ Œ˚ ÿÒ√ı« ¸œ˜±ÀÓ¬ [›Í¬±¬ı˛ ¤¬ı— Œ¸‡±Ú ˝√√ÀÓ¬ Ú±˜±¬ı˛ ¸˜˚˛ ¸˜±Ú

� u
g

sin �
) O ø¬ıμ≈ ˝√√ÀÓ¬ 

u
g
2

2sin �	 ”√¬ı˛ÀQ ¬Û≈Ú¬ı˛±˚˛ ˆ”¬ø˜ÀÓ¬ øÙ¬À¬ı˛ ’±¸À¬ıº

2u
g
sin �

-Œfl¡ õ∂±¸øÈ¬¬ı˛ ·øÓ¬¬ı˛ ¸•Û”Ì« ¸˜˚˛ (Total Time of flight) ¤¬ı— 
u
g
2

2sin �-Œfl¡ õ∂±¸øÈ¬¬ı˛

¬Û±~± (Range) ¬ı˘± ˝√√˚˛º

�
	

�
4  ˝√√À˘ sin 2� = 1 ¤¬ı— ’±˜¬ı˛± õ∂±¸øÈ¬¬ı˛ ‰¬¬ı˛˜ ¬Û±~± 

u
g
2

 ¬Û±˝◊√√ ¤¬ı— ‹ Œé¬ÀS õ∂±¸øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛

¸•Û”Ì« ¸˜˚˛ ˝√√À¬ı 
2u
g .

Œ˚ Œfl¡±Ú› ¸˜À˚˛ õ∂±¸øÈ¬¬ı˛ Œ¬ı· V Ò¬ı˛À˘ Ó¬± ·Ó¬œ˚˛ ˙øq¡ √“√±Î¬ˇ±˚˛ 
1
2

1
2

22 2mV m u gy� �( ).

øfl¡z≈¬ ˆ”¬Ó¬À˘ øÚø«√©Ü Œ¬ı˛‡± Ò¬ı˛À˘ ‹ ¸˜˚˛ õ∂±¸øÈ¬¬ı˛ ΔàÔøÓ¬fl¡ ˙øq¡ √“√±Î¬ˇ±˚˛ 
1
2

mgy ; ’Ó¬¤¬ı Œ˚ Œfl¡±Ú›

¸˜À˚˛ õ∂±¸øÈ¬¬ı˛ ·Ó¬œ˚˛ ˙øq¡ ¤¬ı— ΔàÔøÓ¬fl¡ ˙øq¡¬ı˛ Œ˚±·Ù¬˘ 
1
2

2 1
2

2 2m u gy mgy mu( )� � �  [ÒË≈¬ıfl¡] Œ˚À˝√√Ó≈¬

’±ø√√˙±˚˛ õ∂±¸øÈ¬¬ı˛ ˆ”¬Ó¬À˘ øÂ√˘ ¤¬ı— Ó¬±¬ı˛ ·Ó¬œ˚˛ ˙øq¡ øÂ√˘ 
1
2

2mu º

¤˝◊√√¬ı˛”À¬Û ’±˜¬ı˛± Œ√ø‡ Œ˚ ¤àÔÀ˘ ’Ô«±» õ∂±À¸¬ı˛ ·˜Ú ¬ÛÀÔ ˙øq¡¬ı˛ ¸—¬ı˛é¬Ì ÚœøÓ¬ ’¬ı…±˝√√Ó¬ Ô±fl¡À¬ıº
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4.5 ¬√’Ú≈˙œ˘Úœ

Î¬◊√± √̋√¬ı˛Ìñ1

¸˜≈À^ ’¬ıøàÔÓ¬ ¤fl¡øÈ¬ Ê√±˝√√±Ê√ ˝√√ÀÓ¬ ‹ Ê√±˝√√±ÀÊ√¬ı˛ ’Ú≈ˆ”¬ø˜fl¡ b ”√¬ı˛ÀQ ¤¬ı— ¸˜≈^¬Û‘á¬ ˝√√ÀÓ¬ h Î¬◊À2‰¬ ’¬ıøàÔÓ¬

¤fl¡øÈ¬ ”√·« ’øˆ¬˜≈À‡ 2gu  ’±ø√ Œ¬ıÀ· ¤fl¡øÈ¬ fl¡±˜±Ú ŒÂ√“√±Î¬ˇ± ˝√√À˘º Œ√‡±ÀÓ¬ ˝√√À¬ı b u u h� �/ ( )2 .

¸˜±Ò±Ú –

˜ÀÚ fl¡¬ı˛± ˚±flƒ¡ Œ˚ fl¡±˜±ÚøÈ¬ Ê√± √̋√±Ê√ √̋√ÀÓ¬ ’Ú≈̂ ”¬ø˜fl¡ Œ¬ı˛‡±¬ı˛ ¸À„√√· � Œfl¡±ÀÌ ŒÂ√“√±Î¬ˇ± √̋√À ˛̊øÂ√̆ º ’Ó¬¤¬ı fl¡±˜±ÚøÈ¬¬ı˛

’±ø√À¬ıÀ·¬ı˛ ’Ú≈ˆ”¬ø˜fl¡ ø√Àfl¡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ 2gu cos�  ¤¬ı— ÿÒ√ı«ø√Àfl¡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ 2gu sin �  ˝√√À¬ıº

¤‡±ÀÚ Ê√±˝√√±ÀÊ√¬ı˛ ’¬ıàÔ±ÀÚ ˜”˘ ø¬ıμ≈ O ÒÀ¬ı˛ ¤¬ı— ’Ú≈ˆ”¬ø˜fl¡ ø√˙±˚˛ ox (x ’é¬] ¤¬ı— ÿÒ√ı«ø√Àfl¡ oy

Ò¬ı˛À˘ Œ·±˘±øÈ¬¬ı˛ ·Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì √“√±Î¬ˇ±˚˛ñm d x
dt

2

2 0�  ¤¬ı— m
d y
dt

mg
2

2 � � ; [Œ·±˘±øÈ¬¬ı˛ ˆ¬¬ı˛ m Ò¬ı˛± ˝√√À˚˛ÀÂ√]

‹ ¸˜œfl¡¬ı˛Ì¡ZÀ˚˛ Î¬◊ˆ¬˚˛ ¬Û±Àù´« ¸˜±fl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±¬ı 
dx
dt

gu� 2 cos�  ; ¤¬ı—

dy
dt

gu gt� �2 sin �

’±¬ı±¬ı˛ ‹ ¸˜œfl¡¬ı˛Ì¡Z˚˛Àfl¡ ¬Û≈Ú¬ı˛±˚˛ ¸˜±fl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ñ

x gu t� 2 cos� 	 ���������	 (i)

y gut
gt

� �2
2

2
sin �  ....... (ii)

Œ˚À˝√√Ó≈¬ ’±ø√√˙±˚˛ (t = 0) Ê√±˝√√±Ê√øÈ¬ ˜”˘ø¬ıμ≈ (x = 0, y = 0) øÂ√˘ ¤Ê√Ú… x ¤¬ı— y ¬ı˛±ø˙˜±˘± Œfl¡±Ú›

¸˜±fl¡˘ÚÊ√øÚÓ¬ ÒË≈¬ıfl¡ Ô±fl¡À¬ı Ú±º

(i) ¤¬ı— (ii) ˝√√ÀÓ¬ t ’¬ÛÚ˚˛Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±¬ıñ

y x x
u

� �tan sec� �
2

2
4

˚‡Ú fl¡±˜±ÚøÈ¬ ‹ ·øÓ¬¬ÛÀÔ ”√À·« Œ¬ÛÃ“√Â√±À¬ı Ó¬‡Ú x = b ¤¬ı— y = h ˝√√À¬ıº

’Ó¬¤¬ı ‹ ’¬ıàÔ±˚˛ñ

h b b
u

� � �tan ( tan )� �
2

2
4

1 	 ˝√√À¬ıº

’Ô«±» tan tan2
2

4 1 4 0� �� � � �u
b

uh
b� � 	 ˝√√ ˛̊º

Œ˚À˝√√Ó≈¬ tan � ¬ı±d¬¬ı ¬ı˛±ø˙ ¤Ê√Ú… ø¡Z‚±Ó¬ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ øÚ˚˛˜ ’Ú≈˚±˚˛œñ

4 4 1 42

2
u

b
uh

b� � � �� �  ˝√√ ˛̊º
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‹ ’¸˜Ó¬± ˝√√ÀÓ¬ ’±˜¬ı˛± ¬Û±¬ı b2 � 4u(u – h)

’Ó¬¤¬ı r u u h
 �2 ( ) 	 ¤¬ı—

b u u h� �/ ( )2 	 ˝√√À¬ıº

Î¬◊√± √̋√¬ı˛Ìñ2

Œfl¡±Ú› ø¬ıμ≈ O ˝√√ÀÓ¬ 2gk  Œ¬ıÀ· XOY Î¬◊~•§Ó¬À˘ fl¡Ì±¸˜”˝√√ øÚÀé¬¬Û fl¡¬ı˛± ˝√√À˘º O ø¬ıμ≈Àfl¡ ˜”˘ø¬ıμ≈,

O ø¬ıμ≈·±˜œ ’Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±Àfl¡ OX ’é¬ ¤¬ı— O ø¬ıμ≈·±˜œ Î¬◊~•§ Œ¬ı˛‡±Àfl¡ [ÿÒ√ı«ø√Àfl¡] OY ’é¬ Ò¬ı˛À˘

Œ√‡±Ú Œ˚ ‹ fl¡Ì±¸ ”̃̋ √√ XOX ¸˜Ó¬À˘ ˜±Ò…±fl¡¯∏«Ì õ∂ˆ¬±À¬ı ·˜Úfl¡±À˘ Œ˚ ¸fl¡˘ ’øÒ¬ı‘ÀM√√¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¡À¬ı Ó¬±À√¬ı˛

˙œ¯∏«ø¬ıμ≈·≈ø˘¬ı˛ ¸=±¬ı˛ ¬ÛÔ ¤fl¡øÈ¬ Î¬◊¬Û¬ı‘M√√ ¤¬ı— Ó¬±¬ı˛ ¸˜œfl¡¬ı˛Ì x2 + 4y2 = 4yk ˝√√À¬ıº

¸˜±Ò±Ú –

’±˜±À√¬ı̨ Ê√±Ú± ’±ÀÂ√ Œ˚ õ∂øÓ¬øÈ¬ fl¡øÌfl¡± ◊̋√√ ¤fl¡øÈ¬ ’øÒ¬ı‘M√√ Î¬◊¬Û¬ı̨ ’±ÀÂ√ ˚±¬ı̨ ¸˜œfl¡¬ı̨Ì y x
gx
u

� �tan sec� �
2

2
2

2

(u gk� 2  ¤¬ı— ’±À˘±‰¬… fl¡Ì±øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±¬ı˛ ¸ø˝√√Ó¬ � Œfl¡±ÀÌ ŒÂ√“√±Î¬ˇ± ˝√√À˚˛ÀÂ√]º

Î¬◊¬ÛÀ¬ı˛¬ı˛ Î¬◊ø~ø‡Ó¬ ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ˙œ¯∏«ø¬ıμ≈¬ı˛ àÔ±Ú±—fl¡ 
u

g
u

g
2 2 22

2 2
sin . sin� ��

�
�
�

‹ ˙œ¯∏« ø¬ıμ≈øÈ¬¬ı˛ ¸=±¬ı˛ ¬ÛÔ øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À˘ x u
g

�
2 2

2
sin �

 ¤¬ı— y u
g

�
2 2

2
sin �

øflz≈¬ u2 = 2gk ’Ó¬¤¬ı x = k sin 2� = 2k sin� cos�

¤¬ı— y = k sin2� ; ¤‡Ú cos ;2 1� � �
y
K

x ¤¬ı— y-¤¬ı˛ ˜ÀÒ… � ’¬ÛÚ˚˛Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ 
x
K

y
K

y
K

2

24
1� ���

�
� 	 ’Ô«±» x2 + 4y2 = 4yK.

Î¬◊√± √̋√¬ı˛Ìñ3

OX ¤¬ı— OY ’Àé¬¬ı˛ ø√Àfl¡ Œfl¡±Ú› fl¡Ì±¬ı˛ Œ¬ı· ˚Ô±√flË¡À˜ u + wy ¤¬ı— V + w�x ˝√√À˘ Œ√‡±Ú fl¡Ì±øÈ¬¬ı˛

·øÓ¬¬ÛÔ ¤fl¡øÈ¬ fl¡øÌflƒ¡ ˝√√À¬ıº (u, V, w ¤¬ı— w1 ÒË≈¬ıfl¡ Ò¬ı˛± ˝√√À˚˛ÀÂ√]º

¸˜±Ò±Ú –

OX ¤¬ı— OY ø√Àfl¡ fl¡Ì±øÈ¬¬ı˛ ·Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì¡Z˚˛ ˝√√À¬ı

dx
dt

u wy� �  ¤¬ı— 
dy
dt

V w x� � � ;

’Ó¬¤¬ı
dy
dx

dy
dt

dx
dt

V w x
u wy

� �
� �
�   ,

¤øÈ¬ ˝√√ÀÓ¬ ’±˜¬ı˛± ¬Û±˝◊√√ (u + wy) dy = V + w�x)dx Î¬◊ˆ¬˚˛ ø√Àfl¡ ¸˜±fl¡˘Ú fl¡¬ı˛À˘ ¬Û±›˚˛± ˚±˚˛ –
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uy
wy

Vx w x
� � �

�
�

2 2

2 2
	 ÒË≈¬ıfl¡ ¬ı˛±ø˙  ,

¤˝◊√√ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ ¤¬ı— ¤fl¡øÈ¬ fl¡øÌÀfl¡¬ı˛ ¸˜œfl¡¬ı˛Ìº

Î¬◊√± √̋√¬ı˛Ìñ4

XOY ¸˜Ó¬À˘ ¸=±¬ı˛˜±Ú ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡fl¡ ˆ¬À¬ı˛¬ı˛ Ê√Ú… OX ¤¬ı— OY ’øˆ¬˜≈À‡ X ¤¬ı— Y

¬ı˘¡Z˚˛ ø√flË¡˚˛± fl¡¬ı˛ÀÂ√  , (OX, OY ¬Û¬ı˛¶Û¬ı˛ ˘•§ ¤¬ı— X › Y ¬ı˘¡Z˚˛ x ¤¬ı— y-¤¬ı˛ ’À¬Ûé¬fl¡ Ò¬ı˛± ˝√√À˚˛ÀÂ√]

Œ√‡±Ú Œ˚ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√À¬ı 
d
dx

Y X
dy
dx

d y
dx

X���
�
�

�
	




��
�

2

2 2 .

d x
dt

X
2

2 � 	 ......... (i) ¤¬ı— 
d y
dt

Y
2

2 �  .......... (ii)

¤‡Ú Y
d y
dt

d
dt

dy
dt

d
dt

dy
dx

dx
dt

� � �
�
�
� � �

�
�
�

2

2

� �
�

�
� � �

�
�
� �d

dx
dy
dx

dx
dt

dx
dt

d
dx

dy
dx

dx
dt

dy
dx

dx
dt

d
dx

dx
dt� � � �

2

’Ô«±» Y
d y
dx

dx
dt

dy
dx

d
dx

dx
dt

� � � �
	




��

2

2

2 21
2� � � �

øfl¡z≈¬ 
d
dx

dx
dt

d x
dt

X� �
2 2

22 2�
	




��
� �.

’Ó¬¤¬ı Y
d y
dx

dx
dt

X
dy
dx

� �

2

2

2

� �

’Ô¬ı± Y X
dy
dx

d y
dx

dx
dt

���
�
� �

2

2

2

� �  ˝√√À¬ıº

Î¬◊ˆ¬˚˛ø√Àfl¡ x ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ñ

d
dx

Y X
dy
dx

d y
dx

d
dx

dx
dt

X���
�
�

�
	




��
� �

2

2

2
2� �

Î¬◊√± √̋√¬ı˛Ìñ5

¤fl¡øÈ¬ ¬ı‘M√√±ÀÒ«¬ı˛ Î¬◊¬Û¬ı˛ ¬ı±Ò±˝√√œÚ ‰¬˘˜±Ú fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ‹ ¬ı‘M√√±Ò« Œ˚ ¬ı…±¸ ¡Z±¬ı˛± ¬Ûø¬ı˛À¬ıø©ÜÓ¬ ‹ ¬ı…±À¸¬ı˛ ¸˜Àfl¡±ÀÌ

¤fl¡øÈ¬ ¬ıÀ˘¬ı˛ ø√flË¡˚˛±ÒœÚ ¬ı˛À˚˛ÀÂ√º õ∂˜±Ì fl¡¬ı˛ÀÓ¬ ˝√√À¬ı Œ˚ ‹ ¬ı˘øÈ¬ fl¡Ì±øÈ¬¬ı˛ ¬ı…±¸ ˝√√ÀÓ¬ ˘•§”√¬ı˛ÀQ¬ı˛ øS‚±ÀÓ¬¬ı˛ ¬ı…d¬

¸˜±Ú≈¬Û±øÓ¬fl¡ ˝√√À¬ıº
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¸˜±Ò±Ú –

Ò¬ı˛± ˚±flƒ¡ Œ˚ fl¡Ì±øÈ¬ y a x� �2 2
 ¬¬ı‘M√√±ÀÒ«¬ı˛ Î¬◊¬Û¬ı˛ ‰¬˘ÀÂ√ ¤¬ı— y = 0 (x ’é¬] Î¬◊¬Û¬ı˛ ¬ı…±¸øÈ¬ ¬ı˛À˚˛ÀÂ√º

˚ø√ F ¬ı˘ fl¡Ì±øÈ¬¬ı̨ Î¬◊¬Û¬ı̨ ø√flË¡˚̨±˙œ˘ √̋√̊  ̨ Ó¬± √̋√À˘ fl¡Ì±øÈ¬¬ı̨ ·Ó¬œ˚̨ ¸˜œfl¡¬ı̨Ì √̋√À¬ı [fl¡Ì±øÈ¬ ˆ¬¬ı̨ ¤fl¡ ÒÀ¬ı̨]

d x
dt

2

2 0�  ¤¬ı— 
d x
dt

F
2

2 �  ; ¸˜±fl¡˘Ú fl¡¬ı˛À˘ ¬Û±˝◊√√ 
dx
dt

u� 	 [ÒË≈¬ıfl¡]  ,

’±¬ı±¬ı˛, y a x� �2 2
 Ò¬ı˛À˘ 

dy
dx

x

a x
� �

�2 2
 ˝√√ ˛̊º

’Ó¬¤¬ı 

dy
dt

dy
dx

dx
dt

ux

a x
� � �

�2 2
;

¬Û≈Ú¬ı˛±˚˛ x ¸±À¬ÛÀé¬ 
dy
dt

-Œfl¡ ’¬ıfl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√, 
d
dx

dy
dt

u d
dx

x

a x

a u

a x
�
�
�
� � �

�

�
�

�
� �

�2 2

2

2 2 3
2( )

’Ó¬¤¬ı ø√flË¡ ˛̊±˙œ˘ ¬ı˘ F
d y
dt

d
dt

dy
dt

� � �
�
�
�

2

2

�
�
�
�
� �

�
�

d
dx

dy
dt

dx
dt

a u
a x

a u
y

2 2

2 2

2 2

3( )

Î¬◊√± √̋√¬ı˛Ìñ6

¸˜Ó¬À˘ ‰¬˘˜±Ú ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ’Àé¬¬ı˛ ø√Àfl¡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ ��	¤¬ı— ’Ú≈õ∂àÔ ø√˙±˚˛ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ �r ˝√√À˘

fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – ¤ àÔÀ˘ ’Àé¬¬ı˛ ø√Àfl¡ Œ¬ı· = ��	 ¤¬ı— ’Ú≈õ∂àÔ ø√˙±˚˛ Œ¬ı· = �r ;

’Ó¬¤¬ı 
du
dt

� �� 	 ¤¬ı— r d
dt

r�
��  ........... (i)

(i) ŒÔÀfl¡ ’±˜¬ı˛± ¬Û±˝◊√√ Œ˚À˝√√Ó≈¬ 
dr
rd

dr
dt

r d
dt�
�

� ,
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¤Ê√Ú… 
dr
rd r�

��
�

� ;  ’Ó¬¤¬ı dr �
�

�
�

2
2 	 ¸˜±fl¡˘ ¸˜œfl¡¬ı˛Ì ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√ √

r �
�

�
�2  + ÒË≈¬ıfl¡ ¬ı˛±ø˙ ............ (ii)

(ii) ˝√√À¬ı fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ¸˜œfl¡¬ı˛Ì  ,

Î¬◊√± √̋√¬ı˛Ìñ7

v ¸˜À¬ıÀ· ‰¬˘˜±Ú ¤fl¡øÈ¬ ¸±˝◊√√Àfl¡À˘¬ı˛ ‰¬±fl¡±¬ı˛ Ó¬±À¬ı˛¬ı˛ Î¬◊¬ÛÀ¬ı˛ fl¡œÈ¬ u ¸˜À¬ıÀ· ‰¬˘ÀÓ¬ ‹ fl¡œÈ¬øÈ¬¬ı˛ ’¬ı˛œ˚˛

¤¬ı— ’Ú≈õ∂àÔ ø√˙±˚˛ Ó¬±¬ı˛ Q¬ı˛Ì øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – Ò¬ı˛± ˚±fl¡ Œ˚ ¬ı‘M√√±fl¡±¬ı˛ ‰¬±fl¡±øÈ¬¬ı˛ ¬ı…±¸ 2a ¤¬ı— O Œfl¡fø¬ıμ≈º

‰¬±fl¡±øÈ¬¬ı˛ Œ˚ Œfl¡±Ú› õ∂±z¬ø¬ıμ≈ P-¤¬ı˛ ’¬ı˛œ ˛̊ Œ¬ı· 
da
dt

� 0  ¤¬ı— ’Ú≈õ∂àÔ ø√˙±˚˛ Œ¬ı· a d
dt

v�
�  ˝√√À¬ı  ,

’Ô«±» 
d
dt

V
a

�
�  [ÒË≈¬ıfl¡]º t ¸˜À˚˛ fl¡œÈ¬øÈ¬¬ı˛ ’¬ıàÔ±Ú I ø¬ıμ≈ OL ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ Ô±Àfl¡ ¤¬ı— OI = r ˝√√ ˛̊,

Ó¬± ˝√√À˘ ‹ fl¡œÈ¬øÈ¬¬ı˛ ’¬ı˛œ ˛̊ Q¬ı˛Ì ˝√√À¬ı 
d r
dt

r d
dt

2 2
�

�� �  øfl¡z≈¬ 
dr
dt

u�  Œ√› ˛̊± ’±ÀÂ√ ¤¬ı— 
d
dt

v
a

�
�   ,

’Ó¬¤¬ı ’¬ı˛œ˚˛ Q¬ı˛Ì ˝√√À¬ı �r V
a

2

2  ;

’Ú≈õ∂àÔ ø√˙±˚˛ Q¬ı˛Ì ˝√√À¬ı 
1 1 2 22 2
r

d
dt

r d
dt r

d
dt

r V
a

dr
dt

V
a

uV
a

�� � � �� � �

Î¬◊√± √̋√¬ı˛Ìñ8

¤fl¡øÈ¬ fl¡Ì± ˜”˘ø¬ıμ≈ O ˝√√ÀÓ¬ ’±ø√À¬ı˛‡±˚˛ ø√˙±˚˛ 
f
w  Œ¬ıÀ· ˚±S± ˙≈¬ı˛≈ fl¡À¬ı˛ ¤¬ı— ˜”˘ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ w

Œfl¡ÃøÌfl¡ Œ¬ıÀ· ¤¬ı— -f [Ÿ¬Ì±Rfl¡] ’¬ı˛œ˚˛ Q¬ı˛ÀÌ ‰¬˘ÀÓ¬ Ô±Àfl¡  , [w ¤¬ı— f ÒË≈¬ıfl¡ Ò¬ı˛± ˝√√À˚˛ÀÂ√] õ∂˜±Ì fl¡¬ı˛≈Ú

Œ˚, ’¬ı˛œ˚˛ Q¬ı˛Ì fl¡‡Ú˝◊√√ ÒÚ±Rfl¡ ˝√√À¬ı Ú±º ¤¬ı— ’øz¬˜fl¡±À˘ ’¬ı˛œ˚˛ Œ¬ı· ˙”Ú… ˝√√À¬ı ¤¬ı— w2r =

f(1 – e–�) fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ ˝√√À¬ıº

¸˜±Ò±Ú – õ∂ùü±Ú≈¸±À¬ı˛ 
d
dt
� ��  [ÒË≈¬ıfl¡]

’Ó¬¤¬ı � = t [Œ˚À˝√√Ó≈¬ õ∂±¬ı˛Ày¬ t = 0, � = 0 øÂ√˘]

¤‡Ú fl¡Ì±øÈ¬¬ı˛ ’¬ı˛œ˚˛ Q¬ı˛Ì � � � � �
d r
dt

r f
2

2 �  [õ∂Àùü Œ√›˚˛± ’±ÀÂ√]  , Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸¬ı˛˘ ø¡Z‚±Ó¬ ’¬ıfl¡˘

¸˜œfl¡¬ı˛ÌøÈ¬Àfl¡ ¤˝◊√√¬ı˛”À¬Û Œ˘‡± ˚±˚˛  ,

d r
dt

r
f

w

2

2
2

2 0� ���
�
� ��

’Ô¬ı±,
d
dt

r
f

t r f2

2 2
2

2���
�
� �

�

	
	

	� �   ,

¤˝◊√√ ’z¬¬ı˛fl¡˘ ¸˜œfl¡¬ı˛ÌøÈ¬Àfl¡ ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ r
f

Ae Bet t� � � �


 

2 	 .......... (i)
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[Œ˚‡±ÀÚ A ¤¬ı— B ≈√˝◊√√øÈ¬ ’Àé¬ ¬ı˛±ø˙ øfl¡z≈¬ õ∂±¬ı˛y¬fl¡±À˘ (t = 0) r = 0 øÂ√˘º

’Ó¬¤¬ı (i) ¸˜Ó¬±ÀÓ¬ t = 0, ¬ıø¸À˚˛ � � �
f

A B
2  ............ (ii) ¬Û±›˚˛± ˚±˚˛º

¬Û≈Ú¬ı˛±˚˛ (i) ¸˜Ó¬±Àfl¡ t ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú fl¡À¬ı˛ ¬Û±¬ı, 
dr
dt

Ae Bet t� � �	 		 	

øfl¡z≈¬ ˚‡Ú t = 0, Ó¬‡Ú Q¬ı˛œ ˛̊ Œ¬ı· 
dr
dt

f� �  Ò¬ı˛À˘ñ

f
w

A B� � ( ) .......

’Ô¬ı±, A B
f

w
� � 2  ......... (iii) ˝√√À¬ıº

¤‡Ú (ii) ¤¬ı— (iii) ¸˜œfl¡¬ı˛Ì¡Z˚˛ ¸˜±Ò±Ú fl¡À¬ı˛ ¬Û±˝◊√√, A = 0 ¤¬ı— B
f

� �
2  ........... (iv)

¤‡Ú (i) ¤¬ı— (iv) ˝√√ÀÓ¬, ’±˜¬ı˛± Œ√ø‡ Œ˚,

r
f

e t� � �




2 1( ) ; øfl¡z≈¬ t = �

� r
f

e� � �


�

2 1( )	 ˝√√À¬ı fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔº

¬Û≈Ú( 
d r
dt

r f
2

2
2� � ��

’Ó¬¤¬ı, 
d r
dt

f r f f e
2

2
2 1� � � � � � � �� �( )

= –fe–� ˚± ¸¬ı«√±˝◊√√ Ÿ¬Ì±Rfl¡º

Î¬◊√± √̋√¬ı˛Ìñ9

¸˜À¬ıÀ· ‰¬˘˜±Ú ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ·øÓ¬¬ÛÔ ˚ø√ ¸˜Ó¬À˘ ¸≈¯∏˜Àfl¡±Ìœ fl≈¡G¬˘œ r = aem� ˝√√ ˛̊, Ó¬± ˝√√À˘ ‹

fl¡Ì±øÈ¬¬ı˛ ’¬ı˛œ˚˛ ¤¬ı— ’Ú≈õ∂àÔ Œ¬ı· ¤¬ı— Q¬ı˛Ì øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – r = aem� ˝√√ÀÓ¬ ’±˜¬ı˛± t ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú fl¡À¬ı˛ ¬Û±¬ı 
dr
dt

me d
dt

m� � �

¬ı±,
dr
dt

mr d
dt

�
� 	 	 ¬ı±,  

dr
dt

m
r d

dt
�

�

øfl¡z≈¬ fl¡Ì±øÈ¬ ·øÓ¬À¬ı· v ˝√√À˘ñ

V dr
dt

rd
dt

2
2 2

� �� � � ��

� �
dr
dt m� � � �

2

21 1 ;

’Ô«±» ’¬ı˛œ˚˛ Œ¬ı· 
dr
dt

mV

m
�

�1 2 	 ¤¬ı— ’Ú≈õ∂àÔ Œ¬ı· r d
dt

V

m

�
�

�1 2
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’±¬ı±¬ı˛ m ¤¬ı— v ’‰¬¬ı˛ Ò¬ı˛À˘,

d r
dt

2

2
0�  ¤¬ı— 

d
dt

r d
dt
�� � � 0

’Ô«±»
dr
dt

d
dt

r d
dt

� �
� �

2

2 0 	 ˝√√À¬ıº

’Ó¬¤¬ı ’¬ı˛œ ˛̊ Q¬ı˛Ìñ

d r
dt

r d
dt

V
r m

V
r m

2

2

2 2

2

2

20
1 1

� � �
�

� �
�

�� � ( ) ( )

¤¬ı— ’Ú≈õ∂àÔ Q¬ı˛Ì 
1 2
r

d
dt

r d
dt
�� �

� � � � ��
�

�
�2

2

2

2dr
dt

d
dt

r d
dt

dr
dt

d
dt

dr
dt

d
dt

r d
dt

� � � � �

� � �
�

dr
dt

d
dt

mV
r m

� 0
1

2

2( )  ˝√√À¬ıº

Î¬◊√± √̋√¬ı˛Ìñ10

Œfl¡±Ú› Î¬◊~•§ Ó¬À˘ ¤fl¡øÈ¬ ¸¬ı˛˘±fl‘¡øÓ¬ ¸”Ñ ˜¸‘Ì øÈ¬Î¬◊¬ı Ó¬±¬ı˛ ¤fl¡øÈ¬ øàÔ¬ı˛ õ∂±Àz¬¬ı˛ ¸±À¬ÛÀé¬ ¸˜Àfl¡ÃøÌfl¡

Œ¬ıÀ· ’±¬ıøÓ«¬Ó¬ ˝√√À26√º ˚ø√ õ∂±¬ı˛y¬fl¡±À˘ øÈ¬Î¬◊¬ıøÈ¬ ’Ú≈ˆ”¬ø˜fl¡ ’¬ıàÔ±˚˛ Ô±Àfl¡ ¤¬ı— øÈ¬Î¬◊¬ıøÈ¬¬ı˛ ’ˆ¬…z¬À¬ı˛ ¤fl¡øÈ¬ fl¡Ì±

‹ øÈ¬Î¬◊À¬ı¬ı˛ øàÔ¬ı˛õ∂±z¬ ˝√√ÀÓ¬ a ¬Ûø¬ı˛˜±Ì ”√¬ı˛ÀQ Ô±Àfl¡ V Œ¬ıÀ· ‹ øÈ¬Î¬◊À¬ı¬ı˛ ˜ÀÒ… ‰¬˘ÀÓ¬ Ô±Àfl¡ Ó¬± ˝√√À˘ t ¸˜˚˛

¬ÛÀ¬ı˛ fl¡Ì±øÈ¬¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú –

Ò¬ı˛± ˚±flƒ¡ Œ˚ O ø¬ıμ≈øÈ¬ øÈ¬Î¬◊¬ıøÈ¬¬ı˛ øàÔ¬ı˛õ∂±z¬ ø¬ıμ≈ ¤¬ı— OA ¤fl¡øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±  , õ∂±¬ı˛y¬fl¡±À˘ øÈ¬Î¬◊¬ıøÈ¬

OA ¬ı¬ı˛±¬ı¬ı˛ øÂ√˘º t ¸˜À˚˛ øÈ¬Î¬◊¬ıøÈ¬ OB ¬ı¬ı˛±¬ı¬ı˛ Ô±Àfl¡ ¤¬ı— �AOB = � ; ˚ø√ øÈ¬Î¬◊¬ıøÈ¬¬ı˛ ¸˜Àfl¡ÃøÌfl¡ Œ¬ı·

	 ˝√√ ˛̊ Ó¬± ˝√√À˘ � = t ˝√√À¬ıº t ¸˜À˚˛ fl¡Ì±øÈ¬ øÈ¬Î¬◊À¬ı¬ı˛ ’ˆ¬…z¬À¬ı˛ P ø¬ıμ≈ÀÓ¬ Ô±fl¡À˘ ¤¬ı— fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛ m

˝√√À˘  , ˜±Ò…±fl¡¯∏«Ì Œ˝√√Ó≈¬ fl¡Ì±øÈ¬¬ı˛ mg ¬ı˘ Œ¸±Ê√± ÚœÀ‰¬¬ı˛ ø√Àfl¡ ø√flË¡˚˛±˙œ˘ ˝√√À¬ı ¤¬ı— øÈ¬Î¬◊À¬ı¬ı˛ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ õ∂øÓ¬ø√flË¡˚˛±

R ‹ øÈ¬Î¬◊À¬ı¬ı˛ ¸˜Àfl¡±ÀÌ Ô±fl¡À¬ıº

õ∂Ô˜ øÚÎ¬◊È¬ÀÚ¬ı˛ ·Ó¬œ˚˛ ¸”S ’Ú≈¸±À¬ı˛ ’¬ı˛œ˚˛ Q¬ı˛Ì 
d r
dt

r d
dt

2 2
�

�� �

ÒÀ¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ m d r
dt

r d
dt

mg
2

2

2
��

	



�� � �� �� � sin
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¤¬ı— ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı ’Ú≈õ∂àÔ ø√Àfl¡ ¬Û±¬ı 
m
r

d
dt

r d
dt

R mg2 �
�� � � � cos

øfl¡z≈¬ Œfl¡ÃøÌfl¡ Œ¬ı· 
d
dt
� ��  [ÒË≈¬ıfl¡] ¤¬ı— ¤Ê√Ú… � = t (� = 0, t = 0)

’Ó¬¤¬ı õ∂Ô˜ ·Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì ˝√√ÀÓ¬ 
d r
dt

r g t
2

2
2� � �� �sin ;

¤ ◊̋√√ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÌøÈ ¸˜±Ò±Ú fl¡¬ı˛À˘ Œ√‡± ˚± ˛̊ñ

r A h t B h t
g t

D
� � �

�
cos sin

sin
� �

�
�2 2

r A h t B h t
g

t� � �cos sin sin� �
�

�
2 2  ........... (i)   [A ¤¬ı— B ÒË≈¬ıfl¡]

¬Û”À¬ı«˝◊√√ ¬ı˘± ˝√√À26√ t = 0 ¸˜À˚˛ fl¡Ì±øÈ¬¬ı˛ O ø¬ıμ≈ ˝√√ÀÓ¬ ”√¬ı˛Q r = a øÂ√˘  ,

’Ó¬¤¬ı a = A .............. (ii) ˝√√À¬ıº

’±¬ı±¬ı˛ (i)-Œfl¡ t ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√ñ	 dr
dt

B h t A h t
g

t� � �  


( cos sin ) cos
2

øfl¡z≈¬ õ∂±¬ı˛y¬fl¡±À˘ ( )t dr
dt

V� �0  Œ√› ˛̊± ’±ÀÂ√  ,

’Ó¬¤¬ı V B
g

� �
2  ˝√√À¬ıº ............ (iii), (ii) ¤¬ı— (iii) ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ñ

�	 �	 a ¤¬ı— B V g
� �� �2 2

’Ó¬¤¬ı (i) ˝√√ÀÓ¬ ’±˜¬ı˛± Œ√ø‡ Œ˚,

r a h t V
w

g
h t

g t
� � ��

�
�
� �cos sin

sin
�

�
�

�
�2 22 2

4.6 ¬√õ∂ùü˜±˘±—1

1. ¤fl¡øÈ¬ Œ¬ı±˜± ˜±øÈ¬ÀÓ¬ ¬ÛÀÎ¬ˇ ø¬ıÀ¶£¬±¬ı˛Ì ˝√√˚˛  , ¤¬ı— Œ¬ı±˜±¬ı˛ È≈¬fl¡¬ı˛±·≈ø˘ V ¸˜À¬ıÀ· ‰¬Ó≈¬ø«√Àfl¡ Â√øÎ¬ˇÀ˚˛ ¬ÛÀÎ¬ˇº

‹ È≈¬fl¡À¬ı˛±·≈ø˘ ˜±øÈ¬ÀÓ¬ Œ˚ ’=À˘ ¬ÛÀÎ¬ˇ Ó¬±À√¬ı˛ Œé¬SÙ¬˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº Î¬◊M√√¬ı˛ – 
�V
g

4

2

2. OX (x ’é¬]-Œfl¡ ¸˜Ó¬À˘ ’Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±¬ı˛ ø√Àfl¡ ¤¬ı— OY [’é¬]-Œfl¡ Î¬◊~•§ ÿÒ√ı«ø√Àfl¡ Ò¬ı˛± ˝√√˘º

Œfl¡±ÀÚ± Î¬◊~•§ ¸˜Ó¬À˘ OX-Œfl¡ ’Ú≈ˆ”¬ø˜fl¡ ø√Àfl¡ ¤¬ı— OY-Œfl¡ ÿÒ√ı« ø√Àfl¡ Ò¬ı˛± ˝√√˘º O ˜”˘ø¬ıμ≈ ˝√√ÀÓ¬ ¤fl¡øÈ¬

fl¡Ì± u Œ¬ıÀ· øÚøé¬5 ˝√√À˘  , Œ√‡±Ú Œ˚ ˚ø√ u g K h K2 2 2� � �( ) 	 ˝√√ ˛̊ Ó¬± ˝√√À˘ ‹ fl¡Ì±øÈ¬ (h, K)

ø¬ıμ≈ ø√À˚˛ ˚±À¬ıº

3. ≈√˝◊√√øÈ¬ fl¡Ì± O ø¬ıμ≈ ˝√√ÀÓ¬ u Œ¬ıÀ· ¸˜Ó¬À˘ ’Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±¬ı˛ ¸Àe· �	 ¤¬ı— �	 Œfl¡±ÀÌ ¤˜Úˆ¬±À¬ı

øÚÀé¬¬Û fl¡¬ı˛± √̋√̆  ˚±ÀÓ¬ fl¡Ì± ≈√̋ ◊√√øÈ¬ Î¬◊~•§ ¸˜Ó¬À˘ P ø¬ıμ≈ ø√À ˛̊ ˚± ˛̊º Œ√‡±Ú Œ˚ 
2 1

2
1
2

u
g

sin ( ) sec ( )
 � 
 �� �

¸˜À˚˛¬ı˛ ¬ı…¬ıÒ±ÀÚ Ó¬±¬ı˛± P ø¬ıμ≈ÀÓ¬ Œ¬ÛÃ“√Â√±˚˛º
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4. Œfl¡±Ú› ¸˜Ó¬À˘ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ·øÓ¬¬ÛÔ ¤fl¡øÈ¬ Î¬◊¬Û¬ı‘M√√ ¤¬ı— fl¡Ì±øÈ¬¬ı˛ Q¬ı˛Ì ‹ Î¬◊¬Û¬ı‘ÀM√√¬ı˛ ¬Û¬ı˛±Àé¬¬ı˛ ø√Àfl¡

˝√√À˘, fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ¬ı˘øÈ¬¬ı˛ Ò˜« øÚÌ«˚˛ fl¡¬ı˛≈Úº [¬ı˘øÈ¬ ‹ ’é¬øÈ¬ ˝√√˝◊√√ÀÓ¬ ”√¬ı˛ÀQ¬ı˛ øS‚±ÀÓ¬¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡]

5. XOY ¸˜Ó¬À˘ ‰¬˘˜±Ú ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Q¬ı˛Ì x ’Àé¬¬ı˛ ø√Àfl¡ �y–3 ˝√√ ˛̊ ¤¬ı— (O, K) ø¬ıμ≈ ox ¤¬ı—

oy ’Àé¬¬ı˛ ø√Àfl¡ ˚Ô±√flË¡À˜ U ¤¬ı— V Œ¬ıÀ· ˚±S± ˙≈¬ı˛≈ fl¡À¬ı˛º

Œ√‡±Ú Œ˚ �	 > V2K2 Ú± ˝√√À˘ fl¡Ì±øÈ¬ ox ’é¬ ¬Û˚«…z¬ Œ¬ÛÃ“√Â√±À¬ı Ú± ¤¬ı— ‹ Œé¬ÀS ˜”˘ø¬ıμ≈ ˝√√ÀÓ¬ UK2º

u VK�� � ¬Ûø¬ı˛˜±Ì ”√¬ı˛ÀQ¬ı˛ fl¡Ì±øÈ¬ ox ’é¬ÀÓ¬ ø˜ø˘Ó¬ ˝√√À¬ıº

(U, V ¤¬ı— K-Œfl¡ ÒÚ±Rfl¡ ¬ı˛±ø˙S˚˛ Ò¬ı˛± ˝√√À26√]

6. Œ√‡±Ú Œ˚ ¸˜Ó¬À˘ ‰¬˘˜±Ú ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ·øÓ¬¬ÛÔ ¸˜¬Û¬ı˛±¬ı‘M√√ ¸y¬¬ı¬Û¬ı˛ ˝√√˚˛ ˚ø√ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘º

‹ ¬Û¬ı˛±¬ı‘ÀM√√¬ı˛ ¤fl¡øÈ¬ ¶Û˙«õ∂¬ıÌ Œ¬ı˛‡±˚˛ ¸˜±z¬¬ı˛±˘ ˝√√˚˛ ¤¬ı— ’Ú… ¶Û˙«õ∂¬ıÌ Œ¬ı˛‡±¬ı˛ ¸Àe· fl¡Ì±øÈ¬¬ı˛ ”√¬ı˛ÀQ¬ı˛ Ó‘¬Ó¬œ˚˛

‚±ÀÓ¬¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡ ˝√√˚˛º

7. ¸˜Àfl¡ÃøÌfl¡ Œ¬ı· ¸˜øi§Ó¬ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ·øÓ¬¬ÛÔ r = ae� ˝√√À˘ Œ√‡±Ú Œ˚ fl¡Ì±øÈ¬¬ı˛ ’¬ı˛œ˚˛ Q¬ı˛ÀÌ¬ı˛

˜±Ú ˙”Ú… ˝√√À¬ı ¤¬ı— Ó¬±¬ı˛ ’Ú≈õ∂àÔ Q¬ı˛Ì ‹ fl¡Ì±øÈ¬¬ı˛ ˜”˘ø¬ıμ≈ ˝√√ÀÓ¬ ”√¬ı˛ÀQ¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡ ˝√√À¬ıº

8. ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘ ¤fl¡øÈ¬ ¸¬ı˛˘˜¸‘Ì øÈ¬Î¬◊¬ı Ó¬±¬ı˛ ¤fl¡øÈ õ∂±z¬ø¬ıμ≈ O-¤¬ı˛ ¸±À¬ÛÀé¬ 	 ¸˜Àfl¡ÃøÌfl¡ Œ¬ıÀ·

’±¬ıøÓ«¬Ó¬ ˝√√À26√º ’±ø√ √˙±˚˛ ¤fl¡øÈ¬ fl¡Ì± O ø¬ıμ≈ ˝√√ÀÓ¬ a ”√¬ı˛ÀQ V Œ¬ıÀ· O ø¬ıμ≈¬ı˛ ø√Àfl¡ ŒÂ√“√±Î¬ˇ± ˝√√˘º

aw < V ˝√√À˘ Œ√‡±Ú Œ˚ ‹ fl¡Ì±øÈ¬ 
1 1
�

�tan h a
V

� 	 ¸˜˚˛ ¬ÛÀ¬ı˛ O ø¬ıμ≈ÀÓ¬ Œ¬ÛÃ“√Â√±À¬ıº

‚≈¬ı˛z¬ øÚÀ«√˙ ¸±À¬ÛÀé¬ Œ¬ı· › Q¬ı˛ÀÌ¬ı˛ Î¬◊¬Û±—˙ –

˜ÀÚ fl¡¬ı˛± ˚±flƒ¡ OX ¤¬ı— OY ¸˜Àfl¡±ÀÌ ’¬ıøàÔÓ¬ ’é¬¡Z˚˛ Ó¬±À√¬ı˛ ŒÂ√√ø¬ıμ≈ O-Œfl¡ Œfl¡f fl¡À¬ı˛ XOY ¸˜Ó¬À˘

‚≈¬ı̨ÀÂ√º

˜ÀÚ fl¡ø¬ı˛, OA ¤fl¡øÈ¬ ’ÚÎ¬ˇ ¸¬ı˛˘À¬ı˛‡± ¤¬ı— t ¸˜À˚˛¬ı˛ OX ’é¬øÈ¬ ¤¬ı— OA Œ¬ı˛‡±¬ı˛ ’z¬ˆ≈«¬q¡ Œfl¡±Ì

� ; ¤ ◊̋√√ XOY ¸˜Ó¬À˘ P(x, y) ø¬ıμ≈ÀÓ¬ t ¸˜À ˛̊ ¤fl¡øÈ¬ fl¡Ì± ’±ÀÂ√º P ø¬ı¬μ≈ ˝√√ÀÓ¬ OX-¤¬ı˛ Î¬◊¬Û¬ı˛ PM

˘•§ È¬±Ú± ˝√√˘ ¤¬ı— ‹ ˘À•§¬ı˛ ¬Û±√ø¬ıμ≈Àfl¡ M Ò¬ı˛± ˝√√˘º ¸˝√√ÀÊ√ ◊̋√√ Œ√‡± ˚±À26√ Œ˚ OX, OY ’é¬¡Z˚˛ ¸±À¬ÛÀé¬

P ø¬ıμ≈¬ı˛ àÔ±Ú±—fl¡¡Z˚˛ x = OM ¤¬ı— y = PM ’±¬ı±¬ı˛ P ø¬ıμ≈ ˝√√ÀÓ¬ OY-¤¬ı˛ Î¬◊¬ÛÀ¬ı˛ PN ˘•§ È¬±Ú± ˝√√˘

¤¬ı— ‹ ˘À•§¬ı˛ ¬Û±√ø¬ıμ≈ N Ò¬ı˛± ˝√√˘º ¤‡Ú PN = MO = x ˝√√À¬ıº

’±˜¬ı˛± O-Œfl¡ ”̃̆ ø¬ıμ≈ ¤¬ı— OA-Œfl¡ ’±ø√À¬ı˛‡± ÒÀ¬ı˛ Œ˜¬ı˛≈àÔ±Ú±—fl¡ õ∂À˚˛±· fl¡¬ı˛À˘ Œ√‡ÀÓ¬ ¬Û±˝◊√√ Œ˚, M

ø¬ıμ≈øÈ¬¬ı˛ Œ˜¬ı˛≈àÔ±Ú±—fl¡ (OM, �) ’Ô«±» (x, �) ˝√√À¬ı, ¤¬ı— N ø¬ıμ≈øÈ¬¬ı˛ Œ˜¬ı˛≈àÔ±Ú±—fl¡ ON, � ��
2� �	 ’Ô«±»

A
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v, � 	
�

2� �	 ˝√√À¬ıº ’Ó¬¤¬ı ¬Û”À¬ı«¬ı˛ ’±À˘±‰¬Ú± ’Ú≈˚±˚˛œ, M ø¬ıμ≈øÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ OX Î¬◊¬Û±—˙ 
dx
dt  ¤¬ı— MP-¤¬ı˛

ø√Àfl¡ x d
dt
�

  , ¤¬ı— M-¤¬ı˛ ø¬ıμ≈øÈ¬¬ı˛ Q¬ı˛ÀÌ¬ı˛ OX ø√Àfl¡ Î¬◊¬Û±—˙ 
d x
dt

x d
dt

2

2

2
�

�� �  ¤¬ı— MP ø√Àfl¡ Î¬◊¬Û±—˙

1 2
x

d
dt

x d
dt
�� � 	 ˝√√À¬ıº

’±¬ı±¬ı˛ ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı N ø¬ıμ≈øÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ ON ø√Àfl¡ Î¬◊¬Û±—˙ 
dy
dt

 ¤¬ı— PN [¬ıøÒ«Ó¬] ø√Àfl¡ Î¬◊¬Û±—˙

y d
dt

y d
dt

( )90�� ��
�

 ˝√√À¬ıº

’±¬ı±¬ı˛ N ø¬ıμ≈øÈ¬¬ı˛ Q¬ı˛ÀÌ¬ı˛ OY ø√Àfl¡ Î¬◊¬Û±—˙ 
d y
dt

y d
dt

2

2

2
�

�� �  ¤¬ı— ‹ Q¬ı˛ÀÌ¬ı˛ PN ø√Àfl¡ Î¬◊¬Û±—˙

1 2
y

d
dt

y d
dt
�� � ˝√√À¬ıº [˘é¬… fl¡¬ı˛≈Ú Œ˚, PN

��
 ¤¬ı— OX

��

 ¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ]

¤‡Ú ˚ø√ P(x, y) ø¬ıμ≈øÈ¬¬ı˛ OX, OY ø√Àfl¡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙¡Z˚˛ ˚Ô±√flË¡À˜ u ¤¬ı— v ˝√√ ˛̊ Ó¬± ˝√√À˘ u

= N ø¬ıμ≈øÈ¬¬ı˛ OX ø√Àfl¡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ + ‹ ø√Àfl¡ N ø¬ıμ≈ ¸±À¬ÛÀé¬ P ø¬ıμ≈¬ı˛ Œ¬ı· øfl¡z≈¬ N ø¬ıμ≈ ¸±À¬ÛÀé¬

P ø¬ıμ≈¬ı˛ OX [ø√Àfl¡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ = M ø¬ıμ≈¬ı˛ OX) ’øˆ¬˜≈À‡ Œ¬ı·

’Ó¬¤¬ı u y d
dt

dx
dt

P� � � �
�

 ø¬ıμ≈øÈ¬ OX ø√Àfl¡ Œ¬ı·

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı v = M ø¬ıμ≈øÈ¬¬ı˛ OY ø√Àfl¡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ + ‹ ø√Àfl¡ M ø¬ıμ≈ ¸±À¬ÛÀé¬ P ø¬ıμ≈¬ı˛ Œ¬ı·

= M ø¬ıμ≈øÈ¬¬ı˛ MP ø√Àfl¡ Œ¬ı· + ‹ OY ø√Àfl¡ N ø¬ıμ≈¬ı˛ Œ¬ı· � �x d
dt

dv
dt

�

’±¬ı±¬ı˛ f1 ¤¬ı— f2 ˚ø√ P ø¬ıμ≈øÈ¬¬ı˛ OX ¤¬ı— OY ’øˆ¬˜≈À‡ Q¬ı˛ÀÌ¬ı˛ Î¬◊¬Û±—˙¡Z˚˛ Ó¬± ˝√√À˘ Œ√‡±Ú Œ˚ÀÓ¬

¬Û±À¬ı˛

f1 = N ø¬ıμ≈øÈ¬¬ı˛ OX ø√Àfl¡ Q¬ı˛ÀÌ¬ı˛ Î¬◊¬Û±—˙ + ‹ OX ø√Àfl¡ N ø¬ıμ≈ ¸±À¬ÛÀé¬ P ø¬ıμ≈¬ı˛ Q¬ı˛ÀÌ¬ı˛ Î¬◊¬Û±—˙º

� � � � �
1 2

2

2

2

y
d
dt

y d
dt

d x
dt

x d
dt

� �� � � �   ,

¬Û≈Ú¬ı˛±˚˛, f2 = M ø¬ıμ≈øÈ¬¬ı˛ OX ø√Àfl¡ Q¬ı˛ÀÌ¬ı˛ Î¬◊¬Û±—˙ +t ‹ ø√Àfl¡ M ø¬ıμ≈ ¸±À¬ÛÀé¬ P ø¬ıμ≈¬ı˛ Q¬ı˛ÀÌ¬ı˛

Î¬◊¬Û±—˙ � � �
1 2

2

2

2

x
d
dt

x d
dt

d y
dt

y d
dt

� �� � � �
˘é¬… fl¡¬ı˛≈Ú Œ˚, OX ¤¬ı— OY ’é¬¡Z˚˛ ÒË≈¬ıfl¡ Œfl¡ÃøÌfl¡ Œ¬ı· øÚÀ˚˛ XOY ¸˜Ó¬À˘ ¸=±¬ı˛˜±Ú, Ó¬± ˝√√À˘

d
dt
� ��  ÒË≈¬ıfl¡ ˝√√À¬ıº

Ó¬‡Ú P ø¬ıμ≈øÈ¬¬ı˛ OX Œ¬ıÀ·¬ı˛ OX, OY ø√Àfl¡ Î¬◊¬Û±—˙¡Z˚˛ ˝√√À¬ı ˚Ô±√flË¡À˜ñ

dx
dt

y d
dt

�
� 	 ¤¬ı— 

dy
dt

x d
dt

� �

’±¬ı±¬ı˛ ‹ P ø¬ıμ≈øÈ¬¬ı˛ Q¬ı˛ÀÌ¬ı˛ OX ¤¬ı— OY ø√Àfl¡ Î¬◊¬Û±—˙¡Z˚˛ ˝√√À¬ı ˚Ô±√flË¡À˜
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d x
dt

x
dy
dt

2

2
2 2� �� �

¤¬ı—
d y
dt

y dx
dt

2

2
2 2� �� �

4.8 ¬√≈√˝◊√√øÈ¬ fl¡Ì±¬ı˛ øàÔøÓ¬àÔ±¬Ûfl¡ ¸—‚¯∏« (Collision of Elastic bodies)

’±˜±À√¬ı˛ ¬ı±d¬¬ı ’øˆ¬:Ó¬± ˝√√ÀÓ¬ ’±˜¬ı˛± Ê√±øÚ Œ˚ ¤fl¡øÈ¬ ¬ı˘ ˚ø√ ’±˜¬ı˛± Î¬◊¬Û¬ı˛ ˝√√ÀÓ¬ ÚœÀ‰¬ ¸˜Ó¬˘ Œ˜ÀÁ¡¬ı˛

ø√Àfl¡ ŒÙ¬À˘ ø√˝◊√√ Ó¬± ˝√√À˘ ¬ı˘øÈ¬ Œ˜ÀÁ¡¬ı˛ ¸—¶ÛÀ˙« ’±À¸ ’±¬ı±¬ı˛ Î¬◊¬ÛÀ¬ı˛¬ı˛ ø√Àfl¡ ˚±À¬ıº

≈√˝◊√√øÈ¬ ¬ıd≈¬¬ı˛ ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« ¤¬ı— ¬ÛÀ¬ı˛ Ó¬±À√¬ı˛ Œ¬ıÀ·¬ı˛ Œ˚ ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√˚˛ Ó¬±¬ı˛ Ê√Ú… øÚÎ¬◊È¬Ú øÚ•ßø˘ø‡Ó¬ ·±øÌøÓ¬fl¡

¸”S õ∂Ì˚˛Ú fl¡À¬ı˛ÀÂ√Ú – ˚ø√ ≈√˝◊√√øÈ¬ ˜¸‘Ì ¬¬ıd≈¬¬ı˛ ¸—‚¯∏« ¤¬ı˛”¬Û ˝√√˚˛ Œ˚ Ó¬±À√¬ı˛ Œ¬ıÀ·¬ı˛ ø√˙± ¤¬ı— ‹ ¬ıd≈¬ ≈√øÈ¬¬ı˛

¸—‚À¯∏«¬ı˛ ¸±Ò±¬ı˛Ì ø¬ıμ≈·±˜œ Œ¬ı˛‡± ¤¬ı— Ó¬±À√¬ı˛ ¸±Ò±¬ı˛Ì ’øˆ¬˘À•§¬ı˛ ø√˙± ¤fl¡˝◊√√ ˝√√˚˛ Ó¬± ˝√√À˘ ‹ ¸—‚À¯∏«¬ı˛ ’¬ı…¬ıø˝√√Ó¬

¬Û”À¬ı« ‹ ø√˙±˚˛ ¬ıd≈¬ ≈√˝◊√√øÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙¡Z˚˛ u1 › u2 ¤¬ı— øÍ¬fl¡ ¬ÛÀ¬ı˛ ˚Ô±√flË¡À˜ V1, V2 ˝√√À˘...

V2 – V1 = e(u1 – u2) .............. (i) ˝√√À¬ı

¤‡±ÀÚ e àÔ±ø¬ÛÓ¬±—fl¡ ¤¬ı— Ó¬± ¬ıd≈¬ ≈√˝◊√√øÈ¬¬ı˛ ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« ¤¬ı— ¬ÛÀ¬ı˛ Œ¬ı· u1, u2, v1, v2 øfl¡—¬ı± ¬ıd≈¬

≈√˝◊√√øÈ¬¬ı˛ ˆ¬À¬ı˛¬ı˛ Î¬◊¬Û¬ı˛› øÚˆ«¬¬ı˛ fl¡¬ı˛À¬ı Ú±, e Œfl¡¬ı˘˜±S ¬ıd≈¬ ≈√˝◊√√øÈ¬ Œ˚ ¬Û√±Ô« øÚÀ˚˛ ·øÍ¬Ó¬ Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘

√̋√À¬ıº

¸±Ò±¬ı˛ÌÓ¬– ¤˝◊√√ ¸”SøÈ¬Àfl¡ ¤˝◊√√¬ı˛”À¬Û ¬ı˘± ˝√√˚˛, ≈√˝◊√√øÈ¬ ¸—‚¯∏«ø¬ıμ≈·±˜œ Î¬◊ˆ¬À˚˛¬ı˛ Œ˚ ¸±Ò±¬ı˛Ì ’øˆ¬˘•§ ‹ ø√Àfl¡

¸—‚À ∏̄«¬ı˛ ¬ÛÀ¬ı˛ ¬ıd≈¬ ≈√ ◊̋√√øÈ¬¬ı˛ ’±À¬Ûøé¬fl¡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ ¸—‚À ∏̄«¬ı˛ øÍ¬fl¡ ’±À· ¬ıd≈¬ ≈√ ◊̋√√øÈ¬¬ı˛ ’±À¬Ûøé¬fl¡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙Àfl¡

–e Œfl¡ ·≈Ì fl¡¬ı˛À˘ ¬Û±›˚˛± ˚±À¬ıº

˚ø√ ¬¬ıd≈¬ ≈√˝◊√√øÈ¬ ¤Àfl¡¬ı±À¬ı˛˝◊√√ øàÔøÓ¬àÔ±¬Ûfl¡ Ú± ˝√√˚˛ Ó¬± ˝√√À˘ e = 0 ˝√√À¬ı ¤¬ı— ¬ıd≈¬ ≈√˝◊√√øÈ¬ ¤˝◊√√ ¸—‚À¯∏«¬ı˛ ¬ÛÀ¬ı˛

¤fl¡ ◊̋√√ Œ¬ıÀ· ¤fl¡˝◊√√ø√Àfl¡ ‰¬˘ÀÓ¬ Ô±fl¡À¬ıº

˚ø√ ¬¬ıd≈¬ ≈√˝◊√√øÈ¬ ¸•Û”Ì« øàÔøÓ¬àÔ±¬Ûfl¡ ˝√√˚˛ Ó¬‡Ú e = 1 ˝√√À¬ı ¤¬ı— ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« ¤¬ı— ¬ÛÀ¬ı˛ Ó¬±À√¬ı˛ ’±À¬Ûøé¬fl¡

Œ¬ıÀ·¬ı˛ ¬Ûø¬ı˛˜±Ì ¸˜±Ú øfl¡z≈¬ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ˝√√À¬ıº

˘é¬… fl¡¬ı˛≈Ú Œ˚ ≈√˝◊√√øÈ¬ ˜¸‘Ì ¬ıd≈¬¬ı˛ ¸—‚¯∏« ˝√√À˘ Î¬◊˝√√±À√¬ı˛ ¶Û˙«ø¬ıμ≈·±˜œ ¸±Ò±¬ı˛Ì ¶Û˙«Àfl¡¬ı˛ ø√Àfl¡ Œfl¡±Ú› ¬ı˘

ø√flË¡˚˛± fl¡¬ı˛À¬ı Ú± ¤¬ı— ‹ ø√Àfl¡ ¬ıd≈¬ ≈˝◊√√øÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙¡ZÀ˚˛¬ı˛ Œfl¡±Ú› ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À¬ı Ú±º

øÚÎ¬◊È¬ÀÚ¬ı˛ Ó‘¬Ó¬œ˚˛ ¸”S ’Ú≈˚±˚˛œ ≈√˝◊√√øÈ¬ ¬ıd≈¬¬ı˛ ¸—‚¯∏« ˝√√À˘ Œ˚ Œfl¡±Ú› ¤fl¡øÈ¬ ’¬Û¬ı˛øÈ¬¬ı˛ ¬ıÀ˘¬ı˛ ’±À¬ı·¡Z˚˛ ¬Û¬ı˛¬Û¬ı˛

¸˜±Ú øfl¡z≈¬ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ˝√√À¬ı ¤¬ı— ¤Ê√Ú… Ó¬±À√¬ı˛ ¶Û˙«ø¬ıμ≈·±˜œ ¸±Ò±¬ı˛Ì ’øˆ¬˘•§ ’øˆ¬˜≈À‡ Ó¬±À√¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛

¬Ûø¬ı˛¬ıÓ«¬Ú ¸˜±Ú øfl¡z≈¬ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ Ô±fl¡À¬ı  , ’Ô«±» ‹ ø√Àfl¡ ¬ıd≈¬ ≈√˝◊√√øÈ¬¬ı˛ ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« ˆ¬¬ı˛À¬ıÀ·¬ı˛ Œ˚±·Ù¬˘

¸—‚À¯∏«¬ı˛ ¬ÛÀ¬ı˛ Ó¬±À√¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ Œ˚±·Ù¬À˘¬ı˛ ¸˜¬Ûø¬ı˛˜±Ì ˝√√À¬ıº

(ii) Ú— ¸˜œfl¡¬ı˛Ì ’Ô«±» ¸•Û”Ì« øàÔøÓ¬àÔ±¬Ûfl¡ ˜¸‘Ì ¸˜Ú Œ·±˘Àfl¡¬ı˛ ¸—‚¯∏« ‚È¬À˘ ¸—‚À¯∏«¬ı˛ ¬ÛÀ¬ı˛ Œ˚ Œfl¡±Ú›

¤fl¡øÈ¬¬ı˛ Œ¬ı· ’¬Û¬ı˛øÈ¬¬ı˛ ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı«¬ı˛ Œ¬ıÀ·¬ı˛ ¸˜±Ú ˝√√À¬ıº

¸—‚±Ó¬Ê√øÚÓ¬ ’±À¬ı· (Impulse due to collision) –

¸—‚À¯∏«¬ı˛ Ù¬À˘ ≈√˝◊√√øÈ¬ Œ·±˘Àfl¡¬ı˛˝◊√√ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À¬ı  , m2 ˆ¬¬ı˛ø¬ıø˙©Ü Œ·±˘fl¡øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ¸—‚±Ó¬Ê√øÚÓ¬
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’±À¬ı· Ó¬±¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ¸˜±Ú ˝√√À¬ı ¤¬ı— ’±À¬ı· ˝√√À¬ı –

m u v
m m e u u

m m2 2 2
1 2 2 1

1 2

1
( )

( )( )
� �

� �

�

Ó¬± m1 ˆ¬¬ı˛ø¬ıø˙©Ü Œ·±˘fl¡øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ’±À¬ıÀ·¬ı˛ ¸˜¬Ûø¬ı˛˜±Ì ¤¬ı— ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ˝√√À¬ıº

Œ˚À˝√√Ó≈¬ m1u1 + m2u2 = m1V1 + m2V2 ¤¬ı— V2 – V1 = –e(u1 – u2).

¸—‚¯∏«Ê√øÚÓ¬ ·Ó¬œ˚˛ ˙øq¡¬ı˛ é¬˚˛ (Loss of kinetic energy due to collision) –

’±˜¬ı˛± ¬Û”À¬ı«˝◊√√ (i)Ú— ¸˜œfl¡¬ı˛ÀÌ	 V2 – V1 = –e(u2 – u1) Œ¬ÛÀ˚˛ÀÂ√  ,

¤‡Ú Î¬◊ˆ¬˚˛ø√Àfl¡ ¬ı·« øÚÀ˚˛ ¤¬ı— ‹ ¬ı·«·≈ø˘Àfl¡ m1m2 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±¬ıñ

m1m2 (V2 – V1)2 = e2m1m2(u2 – u1)2 ..... (iii)

’±¬ı±¬ı˛ (ii) Ú— ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ m1V1 + m2V2 = m1u1 + m2u2 Î¬◊ˆ¬˚˛ ø√Àfl¡ ¬ı·« øÚÀ˘ ’±˜¬ı˛± ¬Û±¬ı,

(m1V1 + m2V2)2 = (m1u1 + m2u2)2 ........... (iv)

¸˝√√ÀÊ√ ◊̋√√ Œ√‡± ˚± ˛̊ (iii) ¤¬ı— (iv) ¸˜œfl¡¬ı˛Ì¡Z˚˛ Î¬◊ˆ¬˚˛ ¬Û±Àù´«¬ı˛ Œ˚±·Ù¬˘ øÚÀ˚˛ ’±˜¬ı˛± ¬Û±¬ı,

(m1 + m2) (m1V1 + m2V2
2) = (m1 + m2) (m1u1

2 + m2u2
2) – (1 – e2)m1m2(u1 – u2)2

’Ó¬¤¬ı, 
1
2

1
2

1
21 1

2
2 2

2
1 1

2
2 2

2 1 2

1 2
1 2

2m V m V m u m V
m m

m m
u u� � � �

�
�� � � � ( )

øfl¡z≈¬ ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« Œ·±˘fl¡≈√˝◊√√øÈ¬¬ı˛ ·Ó¬œ˚˛ ˙øq¡ 
1
2 1 1

2
2 2

2( )m u m u� 	 ¤¬ı— ¬ÛÀ¬ı˛ ·Ó¬œ˚˛ ˙øq¡

1
2 1 1

2
2 2

2m V m V� �.

¸˝√√ÀÊ√˝◊√√ Œ√‡± ˚±À26√ Œ˚ ¤˝◊√√ ¸—‚À¯∏«¬ı˛ Ê√Ú… 
m m e u u

m m
1 2

2
1 2

2

1 2

1
2

( ) ( )
( )
� � �

�  ·Ó¬œ˚˛ ˙øq¡ é¬˚˛ ¬Û±À¬ıº

(e < 1 Ò¬ı˛± ˝√√À˚˛ Ô±Àfl¡, ¤Ê√Ú… ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« ·Ó¬œ˚˛ ˙øq¡ ‹ ¸—‚À¯∏«¬ı˛ ¬ÛÀ¬ı˛ ·Ó¬œ˚˛ ˙øq¡ ’À¬Ûé¬± ¬ı‘˝√√M√√¬ı˛

√̋√À¬ıº]

˚ø√ e = 1 ¸•Û”Ì« øàÔøÓ¬àÔ±¬Ûfl¡Ó¬± Œé¬ÀS ·Ó¬œ˚˛ ˙øq¡ Œfl¡±Ú› ˝√}√√±¸ ‚È¬À¬ı Ú±º

˚ø√ Œ·±˘fl¡≈√˝◊√√øÈ¬¬ı˛ ˆ¬¬ı˛ ¸˜±Ú ˝√√˚˛ Ó¬‡Ú m1 = m2 ÒÀ¬ı˛ ’±˜¬ı˛± Œ√ø‡ Œ˚, ·øÓ¬˙øq¡¬ı˛ é¬˚˛

1
4

1 2
1 1 2( ) ( )� �e m u u 	 ˝√√À¬ıº

˚ø√ u1 ’Ô¬ı± u2 = 0 ˝√√˚˛, ’Ô«±» Œ˚ Œfl¡±Ú› ¤fl¡øÈ¬ Œ·±˘fl¡ ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« øàÔ¬ı˛ Ô±Àfl¡, Ò¬ı˛± ˚±flƒ¡

u2 = 0 Ó¬‡Ú õ∂Ô˜ Œ·±˘fl¡øÈ¬¬ı˛ ·øÓ¬˙øq¡¬ı˛ ˝√}√√±¸ ˝√√À¬ıñ

m m
m m

e u m m1 2

1 2

2
1

2
1 21

�
� �( ) ; 	 ˝√√À˘ ¤˝◊√√ ˝√}√√±À¸¬ı˛ ¬Ûø¬ı˛˜±Ì ˝√√À¬ı 

1
2

11
2

1
2m e u�� � ,

˚± õ∂Ô˜ Œ·±˘fl¡øÈ¬¬ı˛ ·øÓ¬˙øq¡¬ı˛ (1 – e2) ·≈Ìº

ø¬ıÀ˙¯∏ ^©Ü¬ı… – ˚ø√ ¬ıd≈¬ ≈√˝◊√√øÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ ø√˙± ¤¬ı— ‹ ¬ıd≈¬ ≈√˝◊√√øÈ¬¬ı˛ ¶Û˙«ø¬ıμ≈·±˜œ ¸±Ò±¬ı˛Ì ’øˆ¬˘À•§¬ı˛ ø√˙±
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¬Û‘Ôfl¡ ˝√√˚˛ Ó¬± ˝√√À˘ ‹ ¸±Ò±¬ı˛Ì ’øˆ¬˘À•§¬ı˛ ø√˙±˚˛ ¸—‚À¯∏«¬ı˛ ¬ÛÀ¬ı˛ ¬ıd≈¬ ≈√˝◊√√øÈ¬¬ı˛ ’±À¬Ûøé¬fl¡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ ¸—‚À¯∏«¬ı˛

¬Û”À¬ı« ‹ ø√˙±˚˛ Ó¬±À√¬ı˛ ’±À¬Ûøé¬fl¡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙Àfl¡ –e ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ ¬Û±›˚˛± ˚±À¬ı ¤¬ı— ‹ ¸±Ò±¬ı˛Ì ’øˆ¬˘À•§¬ı˛

ø√˙±˚˛ Ó¬±À√¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ Î¬◊¬Û±—˙¡ZÀ˚˛¬ı˛ Œ˚±·Ù¬˘ ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±fl¡À¬ıº

¬ıd≈¬ ≈√˝◊√√øÈ¬¬ı˛ ˆ¬¬ı˛ Ó¬±À√¬ı˛ Œ¬ı· ¤¬ı— ¸—‚¯∏«Ê√øÚÓ¬ øàÔøÓ¬àÔ±¬Ûfl¡ ·≈Ì±—fl¡ Ê√±Ú± Ô±fl¡À˘, ’±˜¬ı˛± ¸—‚À¯∏«¬ı˛ ¬ÛÀ¬ı˛

¬ıd≈¬ ≈√˝◊√√øÈ¬¬ı˛ ·øÓ¬ øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛¬ıº

≈√˝◊√√øÈ¬ ˜¸‘Ì Œ·±˘Àfl¡¬ı˛ ¸¬ı˛˘ ¸—‚¯∏« (Direct Collision of two elastic spheres) –

’±˜±¬ı˛ ¤‡Ú m1 ¤¬ı— m2 ˆ¬¬ı˛ ø¬ıø˙©Ü ≈√˝◊√√øÈ¬ ˜¸‘Ì Œ·±˘Àfl¡¬ı˛ ¸—‚¯∏« øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

Ò¬ı˛± ˚±flƒ¡ m1 ˆ¬¬ı˛ø¬ıø˙©Ü Œ·±˘fl¡øÈ¬¬ı˛ Œfl¡f O2 ; ¤¬ı— õ∂Ô˜ Œ·±˘fl¡øÈ¬¬ı˛ ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« Œ¬ı· u1 ¤¬ı—

¬ÛÀ¬ı˛ Œ¬ı· v2 ˝√√˚˛ ¤¬ı— ’Ú… Œ·±˘fl¡øÈ¬¬ı˛ ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« Œ¬ı· u2 ¤¬ı— ¬ÛÀ¬ı˛ Œ¬ı· v2 ; ¬Û≈Ú( Òø¬ı˛ u1, v1

¤¬ı— u2, v2 Œ¬ı· ¸˜”À˝√√¬ı˛ ø√˙± O O1 2

��
 ’øˆ¬˜≈À‡ ˝√√˚˛º

¤‡Ú Ó¬±À√¬ı˛ øàÔøÓ¬àÔ±¬Ûfl¡ ·≈Ì±—fl¡ e [ÒË≈¬ıfl¡] Ò¬ı˛À˘ V2—V1 = –e(u2 – u1) ......... (i) ˝√√À˘, ’±¬ı±¬ı˛

Î¬◊ˆ¬˚˛ Œ·±˘Àfl¡¬ı˛ Œé¬ÀS ¸ø•§ø˘Ó¬ˆ¬±À¬ı ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√,

m V m V m u m u1 1
2

2 2 1 1 2 2� � �  .................. (ii)

(i) ¤¬ı— (ii) ¸˜œfl¡¬ı˛Ì ≈√˝◊√√øÈ¬ ¸˜±Ò±Ú fl¡¬ı˛À˘ ’±˜¬ı˛± ¬Û±˝◊√√,

v
m u m u em u u

m m1
1 1 2 2 2 1 2

1 2
�

� � �

�

( )

¤¬ı— v
m u m u em u u

m m2
1 1 2 2 1 1 2

1 2
�

� � �

�

( )

¤¬ı˛”¬Û Œ√‡± ˚±˚˛ Œ˚ ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« Œ·±˘fl¡ ≈√˝◊√√øÈ¬¬ı˛ Œ¬ı· ¤¬ı— ˆ¬¬ı˛ Ê√±Ú± Ô±fl¡À˘ ’±˜¬ı˛± ¸—‚À¯∏«¬ı˛ ¬ÛÀ¬ı˛

’±˜¬ı˛± Œ·±˘fl¡ ≈√˝◊√√øÈ¬¬ı˛ Œ¬ı· Ê√±øÚÀÓ¬ ¬Û±ø¬ı˛º

˚ø√ Œ·±˘fl¡ ≈√˝◊√√øÈ¬¬ı˛ ˆ¬¬ı˛ ¸˜¬Ûø¬ı˛˜±Ì ’Ô«±» m1 = m2 ˝√√ ˛̊, Ó¬± ˝√√À˘,

v e u e u1 1 2
1
2

1 1
2

1� � � �( ) ( )

¤¬ı— v e u l e u2 1 2
1
2

1 1
2

� � � �( ) ( ) 	 ˝√√À¬ıº

¤‡Ú ˚ø√ Œ·±˘fl¡ ≈√˝◊√√øÈ¬ ¸•Û”Ì« øàÔøÓ¬àÔ±¬Ûfl¡ ˝√√˚˛ Ó¬± ˝√√À˘ e = 1 ˝√√À˘ ¤¬ı— Œ√‡± ˚± ˛̊ Œ˚, V1 = u2

› V2 = u1 ;

O2O1



89

NSOU

¬Û≈Ú¬ı˛±˚˛ e = 0 ˝√√À˘ ·øÓ¬˙øq¡¬ı˛ é¬ ˛̊ ˝√√À¬ı 

m m
m m

u u1 2

1 2
1 2

2

2( )�
�� �  ¤‡Ú ¤fl¡øÈ¬ Œ·±˘fl¡ ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı«

øàÔ¬ı˛ Ô±fl¡À˘ [Ò¬ı˛± ˚±flƒ¡ u2 = 0) ¤Àé¬ÀS ·øÓ¬˙øq¡¬ı˛ é¬À˚˛¬ı˛ ¬Ûø¬ı˛˜±Ì ˝√√À¬ı 

m m
m m

u1 2

1 2
1
2

2( )� º

˜¸‘Ì ¸˜Ó¬À˘¬ı˛ ¸ø˝√√Ó¬ ˜¸‘Ì Œ·±˘Àfl¡¬ı˛ ¸—‚±Ó¬ –

Ò¬ı˛± ˚±flƒ¡ Œ˚ X�OX ¤fl¡øÈ¬ ¸˜Ó¬˘ ¤¬ı— OY, O ø¬ıμ≈ÀÓ¬ ‹ ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘•§º ¤¬ı— X�OX ¸˜Ó¬˘øÈ¬

øàÔ¬ı˛ ’¬ıàÔ±˚˛ ’±ÀÂ√º ˜ÀÚ fl¡ø¬ı˛ Œ˚ m ˆ¬¬ı˛ ø¬ıø˙©Ü ˜ ‘̧Ì Œ·±˘fl¡øÈ¬ u Œ¬ıÀ· OY ˘À•§¬ı˛ ¸Àe· �	 Œfl¡±ÀÌ

‹ X�OX ¸˜Ó¬˘øÈ¬Àfl¡ ’±‚±Ó¬ fl¡À¬ı˛ ¤¬ı— ¤˝◊√√ ¸—‚±ÀÓ¬¬ı˛ ¬ÛÀ¬ı˛ ‹ Œ·±˘fl¡øÈ¬ ‹ ˘À•§¬ı˛ ¸Àe· �	 Œfl¡±ÀÌ v Œ¬ıÀ·

‰¬À˘ ˚±˚˛º

’Ó¬¤¬ı øÚÎ¬◊È¬ÀÚ¬ı˛ Ó¬N ’Ú≈˚±˚˛œ [Œ˚À˝√√Ó≈¬ñ¸˜Ó¬˘øÈ¬ øàÔ¬ı˛ ’¬ıàÔ±˚˛ ’±ÀÂ√] v cos�	 = eu

cos� ....... (i)

øfl¡z≈¬ ¸˜Ó¬À˘¬ı˛ X�OX ø√Àfl¡ Œ·±˘fl¡øÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ Œfl¡±Ú› ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À¬ı Ú±  ,

¤Ê√Ú… V sin �	 = u sin �	 ............ (ii)

(i) ¤¬ı— (ii)-¤¬ı˛ Î¬◊ˆ¬˚˛ ø√Àfl¡ ¬ı·« øÚÀ˚˛ ¤¬ı— ¬ÛÀ¬ı˛ Ó¬±À√¬ı˛ Œ˚±·Ù¬˘ ˝√√ÀÓ¬ ’±˜¬ı˛± ¬Û±˝◊√√,

V2 = V2 cos2�	 + V2 sin2�	 �	 u2 (sin2�	 + cos2�) ......... (iii)

¬Û≈Ú¬ı˛±˚˛ ’±˜¬ı˛± Œ√ø‡ Œ˚, 
V
V

eu
u

cos
sin

cos
sin

�
�

�
�

�  ............ (iv)

’Ô«±» cot �	 = e cot �

Ó¬± ˝√√À˘ ’±˜¬ı˛± Œ√À‡øÂ√ Œ˚ ¸—‚±ÀÓ¬¬ı˛ ¬Û”À¬ı« Œ·±˘fl¡øÈ¬¬ı˛ Œ¬ı· ¤¬ı— ¸˜Ó¬˘› Œ·±˘fl¡øÈ¬¬ı˛ øàÔøÓ¬àÔ±¬Ûfl¡ ·≈Ì±—fl¡

Ê√±Ú± Ô±fl¡À˘ ¸—‚±ÀÓ¬¬ı˛ ¬ÛÀ¬ı˛› Œ·±˘fl¡øÈ¬¬ı˛ Œ¬ı· ¬Û±›˚˛± ˚±À¬ıº

¤Àé¬ÀS ¸˜Ó¬À˘¬ı˛ Î¬◊¬ÛÀ¬ı˛ Œ·±˘fl¡øÈ¬¬ı˛ ¸—‚±ÀÓ¬¬ı˛ ’±À¬ı· √̋√À¬ı ‹ ˘•§ OY ø√Àfl¡ Œ·±˘fl¡øÈ¬¬ı˛ ˆ¬¬ı˛À¬ı· ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛

¸˜±Ú ¤¬ı— ¤¬ı˛ ¬Ûø¬ı˛̃ ±Ì ˝√√À¬ıñ

– mu cos �	 – (mV cos �) = – mu cos �	 (1 + e)
Œ·±˘fl¡øÈ¬¬ı˛ ¸Àe· ¸˜Ó¬˘øÈ¬¬ı˛ ¸—‚À¯∏«¬ı˛ Ê√Ú… ·øÓ¬˙øq¡¬ı˛ ^±À¬ı¬ı˛ ¬Ûø¬ı˛˜±Ì ˝√√ÀÓ¬ñ

  
1
2

1
2

1
2

1
2

2 2 2 2 2 2 2mu mV mu m u e u� � � �( sin cos )� �

� �
1
2

12 2 2mu e( ) cos �
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˚ø√ Œ·±˘fl¡øÈ¬ ‹ ¸˜Ó¬˘Àfl¡ Œ¸±Ê√±¸≈øÊ√ ’±‚±Ó¬ fl¡À¬ı˛ Ó¬‡Ú �	 = 0 ¤¬ı— (i) ¤¬ı— (ii) ˝√√ÀÓ¬ Œ√‡± ˚±À¬ı

Œ˚, �	 = 0, �	 = 0 ¤¬ı— V = eu ˝√√À¬ı  ,

’Ô«±» eu Œ¬ıÀ· Œ·±˘fl¡øÈ¬ ¸˜Ó¬˘øÈ¬¬ı˛ ¸Àe· ¸˜Àfl¡±ÀÌ ¸—‚±ÀÓ¬¬ı˛ ¬ÛÀ¬ı˛ ‰¬À˘ ˚±À¬ıº

˚‡Ú e = 1 ˝√√À¬ı ’Ô«±» Œ·±˘fl¡øÈ¬ ¸•Û”Ì« øàÔøÓ¬àÔ±¬Ûfl¡ Ó¬‡Ú �	 �	 �	 ¤¬ı— V = u ˝√√À¬ı  , ’Ô«±»

Œ·±˘fl¡øÈ¬ Œ˚ Œ¬ı· øÚÀ˚˛ ‹ ¸˜Ó¬˘øÈ¬Àfl¡ Œ˚ Œfl¡±ÀÌ ’±‚±Ó¬ fl¡À¬ı˛øÂ√˘ ¸—‚±ÀÓ¬¬ı˛ ¬ÛÀ¬ı˛› ‹ Œ¬ıÀ·˝◊√√ ¤¬ı— ¸˜Ó¬˘øÈ¬¬ı˛

¸Àe· ¤fl¡ ◊̋√√ Œfl¡±ÀÌ ‰¬À˘ ˚±À¬ıº

¤Àé¬ÀS ·Ó¬œ ˛̊ ˙øq¡¬ı˛ Œfl¡±Ú› é¬ ˛̊ ˝√√À¬ı Ú±º

˚‡Ú e = 0 ˝√√ ˛̊ Ó¬‡Ú V cos �	 = 0 ¤¬ı— V sin �	 = u sin �	 Ô±fl¡À¬ı  , ’Ô«±» Œ·±˘fl¡øÈ¬¬ı˛

¸˜Ó¬À˘¬ı˛ ˘À•§¬ı˛ ø√Àfl¡ Œfl¡±Ú› ·øÓ¬ Ô±fl¡À¬ı Ú±º

≈√˝◊√√øÈ¬ ˜¸‘Ì Œ·±˘Àfl¡¬ı˛ øÓ¬˚«fl¡¬ı˛”À¬Û ¸—‚±Ó¬ –

˜ÀÚ fl¡ø¬ı˛ m1 ˆ¬¬ı˛ø¬ıø˙©Ü Œ·±˘fl¡øÈ¬¬ı˛ Œfl¡f ø¬ıμ≈ O1 ¤¬ı— m2 ˆ¬¬ı˛ø¬ıø˙©Ü Œ·±˘fl¡øÈ¬¬ı˛ Œfl¡f ø¬ıμ≈ O2º

Ò¬ı˛± ˚±fl¡, õ∂Ô˜ Œ·±˘fl¡øÈ¬¬ı˛ ¸—‚±ÀÓ¬¬ı˛ ¬Û”À¬ı«¬ı˛ u1 Œ¬ıÀ· O O1 2

��
 [≈√˝◊√√øÈ¬ Œ·±˘Àfl¡¬ı˛ Œfl¡fø¬ıμ≈·±˜œ Œ¬ı˛‡±] ¸¬ı˛˘À¬ı˛‡±¬ı˛

¸Àe· �1 Œfl¡±ÀÌ ‰¬˘øÂ√˘ ¤¬ı— ¸—‚±ÀÓ¬¬ı˛ ¬ÛÀ¬ı˛ O O1 2

��
 Œ¬ı˛‡±¬ı˛ ¸Àe· �1 Œfl¡±ÀÌ V1 ¬Ûø¬ı˛˜±Ì Œ¬ıÀ· ‰¬˘ÀÓ¬ Ô±Àfl¡º

’±¬ı±¬ı˛ Ò¬ı˛± ˚±flƒ¡ Œ˚, m2 ˆ¬¬ı˛ø¬ıø˙©Ü ’Ú… Œ·±˘fl¡øÈ¬ ¸—‚±ÀÓ¬¬ı˛ ¬Û”À¬ı« u2 Œ¬ıÀ· O O1 2

��
 �2 Œ¬ı˛‡±¬ı˛ ø√Àfl¡

Œfl¡±ÀÌ ‰¬˘øÂ√˘ ¤¬ı— ¸—‚±ÀÓ¬¬ı˛ ¤¬ı˛	u2 Œ¬ı· O O1 2

��
	 Œ¬ı˛‡±¬ı˛ ø√Àfl¡ ‰¬˘ÀÓ¬ Ô±Àfl¡º Œ˚À˝√√Ó≈¬ ¬ı˘≈√˝◊√√øÈ¬ ˜¸‘Ì, ¤Ê√Ú…

¸±Ò±¬ı˛Ì ’øˆ¬˘•§ O O1 2

��
-¤¬ı˛ ¸˜Àfl¡±ÀÌ Œ·±˘fl¡ ≈√˝◊√√øÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ Œfl¡±Ú› ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À¬ı Ú±º

’Ó¬¤¬ı V1 sin �1 = u1 sin �1

¤¬ı— V2 sin �2 = u2 sin �2 ........... (i) ˝√√À¬ıº

’±¬ı±¬ı˛ øÚÎ¬◊È¬ÀÚ¬ı˛ Ó¬N±Ú≈˚±˚˛œ O O1 2

��
	 ø√Àfl¡ Î¬◊¬Û±À√˚˛ ’±À¬Ûøé¬fl¡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ ˝√√À˘ ’±˜¬ı˛± ¬Û±˝◊√√,

V1 cos �1 – V2 cos �2 = – e(u1 cos �1 – u2 cos �2) ............ (ii)
Œ˚À˝√√Ó≈¬ m1 Œ·±˘fl¡øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ m2 Œ·±˘Àfl¡¬ı˛ ’±‚±Ó¬ ¤¬ı— m2 Œ·±˘fl¡øÈ¬¬ı˛ ’±‚±Ó¬ ¤¬ı— m2 Œ·±˘fl¡øÈ¬¬ı˛

Î¬◊¬Û¬ı˛ m1 Œ·±˘Àfl¡¬ı˛ ’±‚±Ó¬ ¤fl¡˝◊√√ ¬Ûø¬ı˛˜±ÀÌ øfl¡z≈¬ ø¬ı¬Û¬ı˛œÓ¬˜≈À‡ O1O2 ¸¬ı˛˘À¬ı˛‡±˚˛ ’±ÀÂ√ ¤Ê√Ú… ø¬ı¬Û¬ı˛œÓ¬˜≈À‡

O1O2 ¸¬ı˛˘À¬ı˛‡±˚˛ ’±ÀÂ√ ¤Ê√Ú… ‹ ø√Àfl¡ Œ·±˘fl¡ ≈√˝◊√√øÈ¬¬ı˛ ¸ø•úø˘Ó¬ ˆ¬¬ı˛À¬ıÀ·¬ı˛ Œfl¡±Ú› ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À¬ı Ú±  ,

¤Ê√Ú… ’±˜¬ı˛± ¬Û±¬ıñ

m1V1 cos �1 + m2V2 cos �2 = m1u1 cos �1 + m2u2 cos �2 ........ (iii)

m2

v2

v1

m
1
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(ii) ¤¬ı— (iii) ¸˜œfl¡¬ı˛Ì ≈√øÈ¬ ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√,

V
m u m u em u u

m m1 1
1 1 1 2 2 2 2 1 1 2 2

1 2
cos

( cos cos ) ( cos cos )
( )

�
� � � �

�
� � �

�

¤¬ı— V
m u m u em u u

m m2 2
1 1 1 2 2 2 1 1 1 2 2

1 2

cos
( cos cos ) ( cos cos )

( )
�

� � � �
�

� � �

�

¸˝√√ÀÊ√ ◊̋√√ Œ√‡± ˚± ˛̊ Œ˚,

Î¬◊¬ÛÀ¬ı˛¬ı˛ ≈√˝◊√√øÈ¬ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ Î¬◊ˆ¬˚˛ ¬Ûé¬Àfl¡ ¬ı·« øÚÀ˚˛ ¤¬ı— (i) ¸˜œfl¡¬ı˛Ì ≈√˝◊√√øÈ¬¬ı˛ Î¬◊ˆ¬˚˛ ¬ÛÀé¬¬ı˛ ¬ı·« øÚÀ˚˛ ˚Ô±√flË¡À˜

Œ˚±· fl¡¬ı˛À˘ V1
2 ¤¬ı— V2

2 ¬Û±›˚˛± ˚±À¬ıº

tan
sin
cos

( ) sin
( cos cos ) ( cos cos )

�
�

�

�

� � � �1
1 1

1 1

1 2 1 1

1 1 1 2 2 2 2 1 1 2 2
� �

�

� � �

V
V

m m u
m u m u em u u

¤¬ı— tan
sin
cos

( ) sin
( cos cos ) ( cos cos )

�
�

�

�

� � � �2
2 2

2 2

1 2 2 2

1 1 1 2 2 2 1 1 1 2 2

� �
�

� � �

V
V

m m u
m u m u em u u

¤˝◊√√¬ı˛”À¬Û ¸—‚±ÀÓ¬¬ı˛ ¬Û”À¬ı« u1, u2, �1, �2, e Ê√±Ú± Ô±fl¡À˘ ¸—‚±ÀÓ¬¬ı˛ ¬ÛÀ¬ı˛ V1, V2, �1, �2 ¬Û±›˚˛±

˚±À¬ıº

^©Ü¬ı… – (i) ˚ø√ ø¡ZÓ¬œ˚˛ Œ·±˘fl¡øÈ¬ ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« øàÔ¬ı˛±¬ıàÔ±˚˛ Ô±Àfl¡ ’Ô«±» u2 = 0 ˝√√ ˛̊ Ó¬± ˝√√À˘ (i)

˝√√ÀÓ¬ Œ√‡± ˚±À¬ı Œ˚, sin �2 = 0 ˝√√À¬ı ’Ô«±» �2 = 0 ˝√√˚˛ ¤¬ı— ‹ ø¡ZÓ¬œ˚˛ Œ·±˘fl¡øÈ¬ ¸—‚À¯∏«¬ı˛ ¬ÛÀ¬ı˛ O1O2

¸¬ı˛˘À¬ı˛‡±¬ı˛ ø√Àfl¡ ‰¬˘ÀÓ¬ Ô±fl¡À¬ıº

(ii) ˚ø√ Œ·±˘fl¡ ≈√˝◊√√øÈ¬¬ı˛ ˆ¬¬ı˛ ¸˜±Ú (m1 = m2) ˝√√ ˛̊ ¤¬ı— e = 1 ˝√√ ˛̊ Ó¬± ˝√√À˘ Œ√‡± ˚±À¬ı Œ˚,

V1 cos �1 = u2 cos �2 ¤¬ı— V2 cos �2 = u1 cos �1 ˝√√À¬ıº

’Ô«±» ¸•Û”Ì« øàÔøÓ¬àÔ±¬Ûfl¡ ¸˜¬Ûø¬ı˛˜±Ì ˆ¬¬ı˛ø¬ıø˙©Ü ≈√˝◊√√øÈ¬ ˜¸‘Ì Œ·±˘fl¡ ¸—‚±ÀÓ¬¬ı˛ ¬ÛÀ¬ı˛ Œ˚ Œfl¡±Ú› ¤fl¡øÈ¬¬ı˛

Ó¬±À√¬ı˛ ¸±Ò±¬ı˛Ì Œfl¡f ø¬ıμ≈·±˜œ ¸¬ı˛̆ À¬ı˛‡±¬ı˛ ø√Àfl¡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ ¸—‚±ÀÓ¬¬ı˛ ¬Û”À¬ı« ’Ú…øÈ¬¬ı˛ ‹ ø√Àfl¡ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—À˙¬ı˛

¸˜±Ú ˝√√À¬ıº

·Ó¬œ˚˛ ˙øq¡¬ı˛ ˝√}√√±¸ –

·Ó¬œ˚˛ ˙øq¡¬ı˛ ˝√}√√±¸ ˝√√À¬ı 
1
2

1
2

1
2

1
21 1

2
2 2

2
1
2

2 2
2m u m u mV m V� � �� � � �

� � � �
1
2

1
21 1

2 2
1 1

2 2
1 2 2

2 2
2 2

2 2
2m n u m u ucos sin cos sin� � � � �  �

� � � �
1
2

1
21 1

2 2
1 1

2 2
1 2 2

2 2
2 2

2 2
2m V V m V V( cos sin ) ( cos sin )� � � �

øfl¡z≈¬ (i) õ∂À˚˛±· fl¡À¬ı˛ � �
1
2 1 1

2 2
1 2 2

2 2
2( cos cos )m u m u� �

� �
1
2 1 1

2 2
1 2 2

2 2
2( cos cos )m V m V� �  ........... (v)
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øfl¡z≈¬ (iv) ¸˜œfl¡¬ı˛ÀÌ¬ı˛ Î¬◊ˆ¬˚˛¬Û±Àù´« ¬ı·« fl¡À¬ı˛ m1 ¤¬ı— m2 ø√À˚˛ ·≈Ì fl¡À¬ı˛ Œ˚±· fl¡À¬ı˛ ¸¬ı˛˘ fl¡À¬ı˛ ’±˜¬ı˛±

¬Û±˝◊√√, m V m V1 1
2 2

1 1 2
2 2

2cos cos� �� .

� � � �
�

�( cos cos ) ( ) ( cos cos )m u m u e
m m

m m
u u1 1

2 2
1 2 2

2
2

2 1 2

1 2
1 1 2 2

21� � � �

’Ó¬¤¬ı ·Ó¬œ˚˛ ˙øq¡¬ı˛ ˝√}√√±À¸¬ı˛ ¬Ûø¬ı˛˜±Ì ˝√√À¬ı, 
1
2

1 2 1 2

1 2
1 1 2 2

2( ) ( cos cos )�
�

�e
m m

m m
u u� �

˘é¬… fl¡¬ı≈̨Ú Œ˚, e = 1 ˝√√À˘ ¸¬ı˛˘ ¸—‚À¯∏«¬ı˛ Ú…±˚˛ ¤‡±ÀÚ› ·Ó¬œ˚˛ ˙øq¡¬ı˛ Œfl¡±Ú› ˝√}√√±¸ ˝√√À¬ı Ú±º

4.9 ¬√’Ú≈˙œ˘Úœ—2

Î¬◊√± √̋√¬ı˛Ìñ1

h Î¬◊2‰¬Ó¬± ˝√√ÀÓ¬ m ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ øàÔøÓ¬àÔ±¬Ûfl¡ ˜¸‘Ì Œ·±˘fl¡ ’Ú≈ˆ”¬ø˜fl¡ ˜¸‘Ì ¸˜Ó¬À˘ ¬ÛøÓ¬Ó¬ ˝√√À˚˛

øàÔÓ¬±¬ıàÔ± ˝√√ÀÓ¬ ¬Û≈Ú¬ı˛±˚˛ ÿÒ√ı«ø√Àfl¡ ‰¬˘ÀÓ¬ Ô±Àfl¡  ,

àÔ±ø¬ÛÓ¬±—fl¡ e Ò¬ı˛À˘ Œ·±˘fl¡øÈ¬¬ı˛ ·Ó¬œ˚˛ ˙øq¡¬ı˛ ˝√}√√±À¸¬ı˛ ¬Ûø¬ı˛˜±Ì ˝√√À¬ı mgh (1 – e2).

¸˜±Ò±Ú –

˚‡Ú Œ·±˘fl¡øÈ¬ ¸˜Ó¬À˘ Œ¬ÛÃ“√Â√±˚˛ Ó¬‡Ú Ó¬±¬ı˛ ·øÓ¬À¬ı· V ˝√√À˘ V2 = 2gh ˝√√À¬ı  , ’±¬ı±¬ı˛ ‹ Œ·±˘Àfl¡¬ı˛

¬Û≈Ú¬ı˛±˚˛ Î¬◊O±Úfl¡±À˘ Î¬◊2‰¬Ó¬±˚˛ ·øÓ¬À¬ı· u Ò¬ı˛À˘ øÚÎ¬◊È¬ÀÚ¬ı˛ øÚ˚˛˜ ’Ú≈˚±˚˛œ u = –eV ˝√√À¬ı  , ’Ó¬¤¬ı u2 =

e2V2 = 2e2gh ; Ó¬± ˝√√À˘ Œ·±˘fl¡øÈ¬¬ı˛ ·Ó¬œ˚˛ ˙øq¡¬ı˛ ˝√}√√±À¸¬ı˛ ¬Ûø¬ı˛˜±Ì ˝√√À¬ı

1
2

12 2 2m V u mgh e( ) ( )� � �

Î¬◊√± √̋√¬ı˛Ìñ2

¤fl¡øÈ¬ ˜¸‘Ì Œ·±˘fl¡ øàÔ¬ı˛±¬ıàÔ±˚˛ ’±ÀÂ√º ‹¬ı˛”¬Û ’Ú… ¤fl¡øÈ¬ ˜¸‘Ì Œ·±˘Àfl¡¬ı˛ ¸Àe· Ó¬±˝√√±¬ı˛ ¸—‚¯∏« ˝√√˚˛º ˚ø√

¸—¯∏À¯∏«¬ı˛ ¬Û”À¬ı« ¤¬ı— ¬ÛÀ¬ı˛ õ∂Ô˜ Œ·±˘fl¡øÈ¬¬ı˛ ·øÓ¬À¬ı· Œ·±˘fl¡ ≈√˝◊√√øÈ¬¬ı˛ Œfl¡f·±˜œ ¸¬ı˛˘À¬ı˛‡±¬ı˛ ¸Àe· ˚Ô±√flË¡À˜ �

¤¬ı— � Œfl¡±ÀÌ Ô±Àfl¡ ¤¬ı— Œ·±˘fl¡ ≈√˝◊√√øÈ¬¬ı˛ øàÔøÓ¬àÔ±¬Û—fl¡ e ˝√√ ˛̊ Ó¬± ˝√√À˘ Œ√‡±Ú Œ˚, tan tan
�

�
�

�
2
1 e 	 ˝√√À¬ıº

[Œ·±˘fl¡ ≈√øÈ¬¬ı˛ õ∂ÀÓ¬…fl¡øÈ¬¬ı˛ ˆ¬¬ı˛ m Ò¬ı˛± ˝√√À˚˛ÀÂ√]

¸˜±Ò±Ú –

Ò¬ı˛± ˚±flƒ¡ Œ˚ õ∂Ô˜ Œ·±˘fl¡øÈ¬¬ı˛ Œ˚ ¸—¯∏À¯∏«¬ı˛ ¬Û”À¬ı« ¤¬ı— ¬ÛÀ¬ı˛ ·øÓ¬À¬ı· ˚Ô±√flË¡À˜ V ¤¬ı— V ˝√√ ˛̊ ¤¬ı— ’Ú…

Œ·±˘fl¡øÈ¬¬ı˛ ·øÓ¬À¬ı· ˙”Ú… ¤¬ı— U ˝√√˚˛ Ó¬± ˝√√À˘ Œ·±˘fl¡ ≈√˝◊√√øÈ¬¬ı˛ Œfl¡f·±˜œ ¸¬ı˛˘À¬ı˛‡±¬ı˛ ¸˜Àfl¡±ÀÌ v ¤¬ı— V-

¤¬ı˛ Î¬◊¬Û±—˙ ¸˜±Ú ˝√√À¬ıº Ò¬ı˛± ˚±flƒ¡ Œ˚ v Î¬◊ˆ¬˚˛Àfl¡f·±˜œÀ¬ı˛‡±¬ı˛ ¸Àe· � Œfl¡±ÀÌ Ô±fl¡À¬ıº

Ó¬± ˝√√À˘ V sin �	= V sin � ..... (i) ˝√√À˘º ’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬ ’Ú… Œ·±˘fl¡øÈ¬ ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« øàÔ¬ı˛±¬ıàÔ±˚˛

øÂ√˘ ’Ó¬¤¬ı ¸—‚À¯∏«¬ı˛ ¬ÛÀ¬ı˛ ‹ Œ·±˘fl¡øÈ¬¬ı˛ ·øÓ¬À¬ı· U ˚ø√ Î¬◊ˆ¬˚˛ Œflf·±˜œ Œ¬ı˛‡±¬ı˛ ¸Àe· �	 Œfl¡±ÀÌ Ô±Àfl¡,

Ó¬± ˝√√À˘,
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U sin �	 = 0 ....... (ii) ˝√√À¬ıº

’Ó¬¤¬ı �	 = 0 ’Ô«±» U Œ¬ıÀ·¬ı˛ ø√˙± Œ·±˘fl¡ ≈√˝◊√√øÈ¬ Œfl¡f ¸—À˚±Ê√fl¡ Œ¬ı˛‡±¬ı˛ ø√˙± ’øˆ¬iß ˝√√À¬ıº ‹

¸—À˚±Ê√fl¡ Œ¬ı˛‡±¬ı˛ ø√Àfl¡ øÚÎ¬◊È¬ÀÚ¬ı˛ ÓN±Ú≈˚±˚˛œ V cos �	 – U = – eV cos �) ............ (iii)

(e-Œfl¡ Œ·±˘fl¡ ≈√˝◊√√øÈ¬¬ı˛ àÔ±ø¬ÛÓ¬±—fl¡ Ò¬ı˛± ˝√√À˚˛ÀÂ√º]

’±¬ı±¬ı˛ ‹ Œfl¡f ≈√˝◊√√øÈ¬¬ı˛ ¸—À˚±Ê√fl¡ Œ¬ı˛‡±¬ı˛ ø√Àfl¡ Δ¬ı˛ø‡fl¡ ˆ¬¬ı˛À¬ı· ¸—¬ı˛øé¬Ó¬ Ô±Àfl¡  , ¤Ê√Ú…

m V cos �	 + m U = m v cos � ......... (iv)
(iv) ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ≈√˝◊√√ø√Àfl¡ m ’¬ÛÚ˚˛Ú fl¡À¬ı˛ ¤¬ı— ¬ÛÀ¬ı˛ (iii) ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸Àe· Î¬◊ˆ¬˚˛ ¬Û±Àù´« Œ˚±· fl¡À¬ı˛

¬Û± ◊̋√√

2V cos �	 = (1 – e)V cos � ............ (v)

¤‡Ú (i)-¤¬ı˛ Î¬◊ˆ¬˚˛ ¬Û±ù´«Àfl¡ (v)-¤¬ı˛ Î¬◊ˆ¬˚˛ ¬Û±ù´«¡Z±¬ı˛± ˆ¬±· fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ 
tan tan� �

2 1
�

� e
	 ’Ô«±»

tan tan
�

�
�

�
2
1 e .

Î¬◊√± √̋√¬ı˛Ìñ3

¤fl¡øÈ¬ fl¡Ì± h Î¬◊2‰¬Ó¬±˚˛ øàÔ¬ı˛±¬ıàÔ± ˝√√ÀÓ¬ ˆ”¬Ó¬À˘ ¬ÛøÓ¬Ó¬ ˝√√˚˛º ¤àÔÀ˘ àÔ±ø¬ÛÓ¬±—fl¡ e Ò¬ı˛À˘ Œ√‡±Ú Œ˚

fl¡Ì±øÈ¬ 
2 1

1
h

g
e
e

�
�

� �  ¸˜˚˛ ¬Û˚«z¬ ¬ı±¬ı˛—¬ı±¬ı˛ ˆ”¬Ó¬˘ ø√À˚˛ õ∂Ó¬…±˝√√Ó¬ ˝√√À¬ı ¤¬ı— ‹ ¸˜À˚˛ Œ˜±È¬ h
e
e

( )1
1

2

2
�

�
 ¬ÛÔ

’øÓ¬√flË¡˜ fl¡¬ı˛À¬ıº

¸˜±Ò±Ú –

õ∂ÔÀ˜ h Î¬◊2‰¬Ó¬±˚˛ ˝√√ÀÓ¬ ˆ”¬Ó¬À˘ ¬ÛÎ¬ˇÀÓ¬ fl¡Ì±øÈ¬¬ı˛ ¸˜˚˛ ˘±·À¬ı 
u
g  ¤¬ı— Ó¬‡Ú Ó¬±¬ı˛ ·øÓ¬À¬ı· 2hg u�

øÚ•ß±øˆ¬˜≈‡œ Ô±Àfl¡º ¬ÛÀ¬ı˛ ˆ”¬ø˜ ¶Û˙« fl¡¬ı˛¬ı±¬ı˛ õ∂Ó¬…±‚±ÀÓ¬¬ı˛ Ê√Ú… Ó¬±¬ı˛ ·øÓ¬À¬ı· ˝√√À¬ı �eu 	 [Œ¸±Ê√± ÿÒ√ı«ø√Àfl¡] ¤¬ı—

( )eu
g 	 ¸˜À˚˛ fl¡Ì±øÈ¬ 

( )eu
g

2

2  Î¬◊2‰¬Ó¬± ¬Û˚«z¬ Î¬◊Í¬ÀÓ¬ ¬Û±À¬ı˛º ¬ÛÀ¬ı˛ ’±¬ı±¬ı˛ ø¡ZÓ¬œ˚˛¬ı±¬ı˛ fl¡Ì±øÈ¬ ˆ”¬Ó¬˘ ¶Û˙« fl¡¬ı˛À˘

Ó¬±¬ı˛ ·øÓ¬À¬ı· e2u [Œ¸±Ê√± ÿÒ√ı«ø√Àfl¡] ˝√√À¬ı ¤¬ı— ø¡ZÓ¬œ˚˛¬ı±¬ı˛ fl¡Ì±øÈ¬ 
e u
g
2

 ¸˜À ˛̊ 
( )e u

g

2 2

2  Î¬◊2‰¬Ó¬± ¬Û˚«z¬ Î¬◊Í¬À¬ıº

’Ó¬¤¬ı fl¡Ì±øÈ¬ ˆ”¬Ó¬À˘ øàÔ¬ı˛±¬ıàÔ±˚˛ ’±ø¸ÀÓ¬ Œ˜±È¬ ¸˜˚˛ ˘±·À¬ı 
u
g

u
g

e e e� � �2 2 3( .... ... . )

� �
�

� �
�

u
g

e
e

h
g

e
e

1 2
1

2 1
1� � � � 	  ,   [˜ÀÚ fl¡¬ı˛ÀÓ¬ ˝√√À¬ı Œ˚ u hg� 2 ]

’±¬ı±¬ı˛ fl¡Ì±øÈ¬¬ı˛ Œ˜±È¬ ’øÓ¬√flË¡±z¬ ”√¬ı˛Q – � � � �h u
g

e e2
2

2
2 4( ....... )

� � � � � �
�

h h e e h
e
e

2 1
1

2 4
2

2( .... ) ( )
( )
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Î¬◊√± √̋√¬ı˛Ìñ4

øàÔ¬ı˛±¬ıàÔ±˚˛ Ô±fl¡± M ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ ˜¸‘Ì Œ·±˘Àfl¡¬ı˛ ¸Àe· m ˆ¬¬ı˛ø¬ıø˙©Ü ’Ú… ¤fl¡øÈ¬ ˜¸‘Ì Œ·±˘Àfl¡¬ı˛

¸—·±Ó¬ ˝√√˚˛º ¸—‚±ÀÓ¬¬ı˛ ¸˜˚˛ m ˆ¬¬ı˛ø¬ıø˙©Ü Œ·±˘fl¡øÈ¬¬ı˛ ·øÓ¬¬ı˛ ø√˙± ¤¬ı— ‹ ≈√˝◊√√øÈ¬ Œ·±˘Àfl¡¬ı˛ Œfl¡f ø¬ıμ≈¡ZÀ˚˛¬ı˛

¸—À˚±Ê√fl¡ Œ¬ı˛‡±¬ı˛ ’z¬ ≈̂«¬q¡ Œfl¡±Ì 45° Ò¬ı˛± ˝√√À ˛̊ÀÂ√º àÔ±ø¬ÛÓ¬±—fl¡ 
1
2  Ô±fl¡À˘ Œ√‡±Ú Œ˚ ¸—‚À ∏̄«¬ı˛ ¬ÛÀ¬ı˛ m Œ·±˘fl¡øÈ¬¬ı˛

ø√˙± tan�
�

1 3
4

M
M m  Œfl¡±ÀÌ ‚≈¬ı˛À¬ıº

¸˜±Ò±Ú –

Ò¬ı˛± ˚±fl¡ Œ˚ m Œ·±˘fl¡øÈ¬ Œfl¡f O ¤¬ı— M Œ·±˘fl¡øÈ¬¬ı˛ Œfl¡f O� ; ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« m Œ·±˘fl¡øÈ¬¬ı˛ ·øÓ¬À¬ı·

u øÂ√˘ ¤¬ı— ¬ÛÀ¬ı˛ Ó¬±¬ı˛ ·øÓ¬À¬ı· V OO� Œ¬ı˛‡±¬ı˛ ¸Àe· �	 Œfl¡±ÀÌ Ô±Àfl¡  ,

M Œ·±˘fl¡øÈ¬¬ı˛ ·øÓ¬À¬ı· ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« ˙”Ú… øÂ√˘ ¤¬ı— ¬ÛÀ¬ı˛ Ó¬±¬ı˛ ·øÓ¬À¬ı· V1 ˝√√˚˛ ‹ Œ¬ıÀ·¬ı˛ ø√˙± OO�

Œ¬ı˛‡±¬ı˛ ¸ø˝√√Ó¬ � Œfl¡±ÀÌ Ô±Àfl¡º

Œ˚À˝√√Ó≈¬ OO� Œ¬ı˛‡±˚˛ ¸˜Àfl¡±ÀÌ Œ·±˘fl¡ ≈√øÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ Î¬◊¬Û±—À˙¬ı˛ ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« ¤¬ı— ¬ÛÀ¬ı˛ Œfl¡±Ú› ¬Ûø¬ı˛¬ıÓ«¬Ú

ŒÚ ◊̋√√ ¤Ê√Ú… u sin 45° = V sin �	 (i) ¤¬ı— V1 sin �	 = 0 ’Ó¬¤¬ı � = 0 ˝√√À¬ıº

¤‡Ú Δ¬ı˛ø‡fl¡ ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±¬ı,

mu cos 45° = mV cos �	 + MV ............ (ii)

’±¬ı±¬ı˛ øÚÎ¬◊È¬ÀÚ¬ı˛ ¬ı…¬ı˝√√±ø¬ı˛fl¡ Ó¬Nõ∂À˚˛±· fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√, V cos �	 – V � � �1
2

45u cos ...... (iii)

(ii) ¤¬ı— (iii) ˝√√ÀÓ¬ V ’¬ÛÚ˚˛Ú fl¡À¬ı˛ñ

m M u m M V� �� �
2

45� � cos ( ) cos� 	 ¬Û±›˚˛± ˚±˚˛ ........... (iv)º

(iii) ¤¬ı— (iv) ˝√√ÀÓ¬ ’±˜¬ı˛± ¬Û±¬ı,

tan
( )

� �
�
�

2
2

M m
m M

¤‡Ú, ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« ¤¬ı— ¬ÛÀ¬ı˛ m Œ·±˘fl¡øÈ¬¬ı˛ ·øÓ¬À¬ıÀ·¬ı˛ ø√˙± �	 – 45° Œfl¡±ÀÌ ‚≈¬ı˛À¬ıº

øfl¡z≈¬ �	 – 45° = tan–1 
2
2

1( )
tan

M m
m M

�
�

� � º
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�

�
�

�

�
�
�

�
�

� �tan

( )

( )
tan1 1

2
2

1

1
2
2

3
4

M m
m M

M m
m M

M
M m

4.10 ¬¸±¬ı˛±—˙

1Ú— ’Ú≈˙œ˘ÚœÀÓ¬ (5-5) ’±˜¬ı˛± ¸˜Ó¬À˘ ·øÓ¬˙œ˘ fl¡øÌfl¡±¬ı˛ ·øÓ¬ ¸—√flË¡±z¬ ¸˜¸…± øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛ÀÂ√

¤¬ı— 2Ú— ’Ú≈˙œ˘ÚœÀÓ¬ (5-9) ≈√øÈ¬ fl¡Ì±¬ı˛ øàÔøÓ¬àÔ±¬Ûfl¡ ¸—‚¯∏«À˝√√Ó≈¬ Œ˚ ¸fl¡˘ ¸˜¸…± ˝√√˚˛ Œ¸·≈ø˘¬ı˛ ¸˜±Ò±Ú ˝√√˚˛º

‹ ≈√øÈ¬ ’Ú≈˙œ˘Úœ ¸˜…±fl¡¬ı˛”À¬Û ¬Û±Í¬ fl¡¬ı˛À˘ ¸˜Ó¬À˘ Œfl¡±Ú› fl¡øÌfl¡±¬ı˛ ·øÓ¬ ¤¬ı— ≈√˝◊√√øÈ¬ fl¡øÌfl¡±¬ı˛ øàÔøÓ¬àÔ±¬Ûfl¡

¸—‚¯∏« ˝◊√√Ó¬…±ø√ ¸•ÛÀfl«¡ ¶Û©Ü Ò±¬ı˛Ì± ˝√√À¬ıº

4.11 ¬√õ∂ùü˜±˘±—2

1. ‰¬˘˜±Ú ¤fl¡øÈ¬ ˜¸‘Ì Œ·±˘Àfl¡¬ı˛ ¸Àe· øàÔÓ¬±¬ıàÔ±˚˛ ¬ıÓ«¬˜±Ú ’Ú… ¤fl¡øÈ¬ ¸˜ˆ¬¬ı ø¬ıø˙©Ü ˜¸‘Ì Œ·±˘Àfl¡¬ı˛

¸—‚¯∏« ˝√√˚˛º

Œ√‡±Ú Œ˚ àÔ±ø¬ÛÓ¬±—fl¡ Ò¬ı˛À˘ ‹ ¸—‚À¯∏«¬ı˛ ¬ÛÀ¬ı˛ Ó¬±À√¬ı˛ Œ¬ı· 1 – e : 1 + e ’Ú≈¬Û±ÀÓ¬ Ô±fl¡À¬ıº

2. ‰¬˘˜±Ú ¤fl¡øÈ¬ ˜¸‘Ì Œ·±˘Àfl¡¬ı˛ ¸Àe· øàÔÓ¬±¬ıàÔ±˚˛ ¬ıÓ«¬˜±Ú ’Ú… ¤fl¡øÈ¬ ˜¸‘Ì Œ·±˘Àfl¡¬ı˛ ¸—‚À¯∏«¬ı˛ ¬ÛÀ¬ı˛

õ∂Ô˜ Œ·±˘fl¡øÈ¬¬ı˛ ·øÓ¬À¬ı· ˙”Ú… ˝√√˚˛º

àÔ±ø¬ÛÓ¬±—fl¡ e Ò¬ı˛À˘, (i) ‹ Œ·±˘fl¡≈√øÈ¬¬ı˛ ˆ¬¬ı˛ øfl¡ ’Ú≈¬Û±ÀÓ¬ ’±ÀÂ√ øÚÌ«˚˛ fl¡¬ı˛≈Ú  , ¤¬ı— (ii) ˚ø√ ¤˝◊√√ ¸—‚À¯∏«¬ı˛

Ù¬À˘õ∂±¬ı˛øy¬fl¡ ·øÓ¬˙øq¡¬ı˛ ’ÀÒ«fl¡ é¬˚˛ ˝√√˚˛, Ó¬± ˝√√À˘ e-¬ı˛ ¬Ûø¬ı˛˜±Ì øÚÌ«˚˛ fl¡¬ı˛≈Úº

[Î¬◊M√√¬ı˛ (i) e : 1 (ii) 1
2 )

3. ‰¬˘˜±Ú m ˆ¬¬ı˛ ø¬ıø˙©Ü ¤fl¡øÈ¬ ˜ ‘̧Ì Œ·±˘fl¡ A-¤¬ı˛ ¸Àe· øàÔÓ¬±¬ıàÔ±˚˛ ¬ıÓ«¬˜±Ú B ˜¸‘Ì Œ·±˘Àfl¡¬ı˛

¸Àe· ¸¬ı˛˘ˆ¬±À¬ı ¸—‚¯∏« ˝√√˚˛º ¤˝◊√√ ¸—‚À¯∏«¬ı˛ ¬ÛÀ¬ı˛ ’±¬ı±¬ı˛ B Œ·±˘Àfl¡¬ı˛ ¸Àe· øàÔÓ¬±¬ıàÔ±˚˛ ¬ıÓ«¬˜±Ú ’Ú… ¤fl¡øÈ¬

C ˜¸‘Ì Œ·±˘Àfl¡¬ı˛ ¸¬ı˛˘ ¸—‚¯∏« ˝√√˚˛. ˚ø√ ¸—‚À¯∏«¬ı˛ ¬ÛÀ¬ı˛ C Œ·±˘Àfl¡¬ı˛ ·øÓ¬À¬ı· A Œ·±˘Àfl¡¬ı˛ õ∂±¬ı˛øy¬fl¡ Œ¬ıÀ·¬ı˛

¸˜±Ú ˝√√ ˛̊, B › C-¤¬ı˛ ˆ¬¬ı˛ ˚Ô±√flË¡À˜ m� ¤¬ı— m�� ˝√√˚˛ ¤¬ı— øÓ¬ÚøÈ¬ Œ·±˘fl¡˝◊√√ ¸•Û”Ì« øàÔøÓ¬àÔ±¬Ûfl¡ ˝√√˚˛ Ó¬±

˝√√À˘ Œ√‡±Ú Œ˚, (m + m�)(m� + m��) = 4mm�.
4. e àÔ±ø¬ÛÓ¬±—fl¡ ø¬ıø˙©Ü A ¤¬ı— B ≈√̋ ◊√√øÈ¬ ˜ ‘̧Ì Œ·±˘fl¡ a ¤¬ı— b ¸˜À¬ıÀ· ø¬ı¬Û¬ı̨œÓ¬ ≈̃À‡ ‰¬˘±¬ı̨ fl¡±À˘ Î¬◊̂ ¬À˚̨¬ı̨

¸¬ı̨˘ ¸—‚ ∏̄« √̋√̊  ̨  , Œ√‡±Ú Œ˚ ‹ ¸—‚À ∏̄«¬ı̨ t ¸˜˚̨ ¬ÛÀ¬ı̨ Œ·±˘fl¡ ≈√̋ ◊√√øÈ¬¬ı̨ ˜Ò…¬ıM√√π ”√¬ı̨Q √̋√À¬ı et(a + b).
5. ˚Ô±√flË¡À˜ 1, e, e2, ...... eu–1 ˆ¬¬ı˛ ø¬ıø˙©Ü n ¸—‡…fl¡ ¸•Û”Ì« øàÔøÓ¬àÔ±¬Ûfl¡ Œ·±˘fl¡ ¬Û¬ı˛¶Û¬ı˛ ¬Û‘Ôfl¡

˝√√À˚˛ øàÔ¬ı˛±¬ıàÔ±˚˛ ¬ı˛À˚˛ÀÂ√ ¤¬ı— Ó¬±À√¬ı˛ Œfl¡f¸˜”˝√√ ¤fl¡˝◊√√ ¸¬ı˛˘À¬ı˛‡±˚˛ ¬ı˛À˚˛ÀÂ√º

õ∂Ô˜ Œ·±˘fl¡øÈ¬ u Œ¬ıÀ· ‰¬À˘ øàÔ¬ı˛±¬ıàÔ±˚˛ ¬ıÓ«¬˜±Ú ø¡ZÓ¬œ˚˛ Œ·±˘fl¡øÈ¬Àfl¡ ’±‚±Ó¬ fl¡À¬ı˛ ¤¬ı— ¬ÛÀ¬ı˛ ø¡ZÓ¬œ˚˛

Œ·±˘fl¡øÈ¬¬ı˛ ¸Àe· Ó‘¬Ó¬œ˚˛ Œ·±˘fl¡øÈ¬¬ı˛ ¸—‚±Ó¬ ˝√√˚˛ ¤¬ı— ¤˝◊√√¬ı˛”À¬Û (n – 1)-Ó¬˜ Œ·±˘fl¡øÈ¬¬ı˛ ¸ø˝√√Ó¬ n-Ó¬˜ Œ·±˘fl¡øÈ¬¬ı˛

¸—‚±Ó¬ ˝√√˚˛º

¬Ûø¬ı˛À˙À¯∏ Œ√‡±Ú Œ˚, õ∂Ô˜ (n – 1) ¸—‡…fl¡ Œ·±˘fl¡¸˜”À˝√√¬ı˛ õ∂ÀÓ¬…fl¡øÈ¬˝◊√√ (1 – e)u Œ¬ıÀ· ‰¬˘À¬ı ¤¬ı—

n-Ó¬˜ Œ·±˘fl¡øÈ¬ u Œ¬ıÀ· ‰¬˘À¬ıº

õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, ’¬ıÀ˙¯∏ ‹ Œ·±˘fl¡¸˜”À˝√√¬ı˛ ·øÓ¬˙øq¡¬ı˛ ¬Ûø¬ı˛˜±Ì ˝√√À¬ı 
1
2

1 2( )� �e e un
.
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¤fl¬fl¬ 5 � Œfl¡fœ˚˛ ¬ı˘±ÒœÚ ·øÓ¬¬ÛÔ [Motion under
Central Force)

·Í¬Ú

5.1 ¬√õ∂d¬±¬ıÚ±

5.2 ¬Î¬◊ÀV˙…

5.3 Œflfœ ˛̊ ¬ı˘

5.4 Œ˜¬ı˛≈àÔ±Ú±—Àfl¡ Œfl¡fœ˚˛ ¬ı˘±ÒœÚ fl¡øÌfl¡±¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì  , Œfl¡fœ˚˛ ·øÓ¬À¬ı·  ,

5.5 Œfl¡fœ˚˛ ¬ı˘±ÒœÚ fl¡Ì±¬ı˛ ·øÓ¬¬ÛÀÔ ’øˆ¬”√¬ı˛fl¡ (apse) ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú  ,

5.6 Œfl¡fœ˚˛ ¬ı˘±ÒœÚ fl¡øÌfl¡±¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ¬Û±√ ¤¬ı— ’±¬ı˛ (p, r) ¸•§ø˘Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì,

5.7 Œfl¡fœ˚˛ ¬ı˘±ÒœÚ fl¡Ì±¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ¸≈øàÔøÓ¬ (stability)

5.8 ’Ú≈̇ œ˘Úœ

5.9 ¸±¬ı̨±—˙

5.10 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘ [Î¬◊M√√¬ı˛ ¸•§ø˘Ó¬]

5.1 ¬√õ∂d¬±¬ıÚ±

õ∂d¬±¬ıÚ± – ˚ø√ Q ¤fl¡øÈ¬ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ Œ˚ ¬ı˘ø√flË¡˚˛±˙œ˘ ˝√√˚˛ Ó¬± Œfl¡±Ú› øÚøV«©Ü ø¬ıμ≈¬ı˛ ø√Àfl¡ Ô±Àfl¡ Ó¬±

√̋√À˘ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ fl¡œ¬ı”̨¬Û √̋√À¬ı Ó¬± √̋√± ¤ ◊̋√√ 6Ú— ¤fl¡Àfl¡ ’±À˘±ø‰¬Ó¬ √̋√À ˛̊ÀÂ√º ¤Ó¬¡Z…Ó¬œÓ¬ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ ≈̧øàÔøÓ¬ÀÓ¬

Ô±fl¡±¬ı˛› ˙Ó«¬ Œ√‡±Ú ˝√√À˚˛ÀÂ√º

5.2 ¬Î¬◊ÀV˙…

¬ÛÀ¬ı˛¬ı˛ ¤fl¡Àfl¡ [7Ú—] ’±˜¬ı˛± ¸”À˚«¬ı˛ ‰¬±ø¬ı˛ø√Àfl¡ ¢∂À˝√√¬ı˛ ’¬ıàÔ±Ú ˝◊√√Ó¬…±ø√ ¸˜¸…±˚˛ Œflfœ˚˛ ¬ı˘¸—√flË¡±z¬ ’±À˘±‰¬Ú±

Ù¬˘õ∂¸” ˝√√À¬ıº

5.3 ¬Œfl¡fœ˚˛ ¬ı˘

˜ÀÚ fl¡¬ı˛± ˚±flƒ¡ Œ˚ ¬ı˘Àfl¡f O ˝√√ÀÓ¬ P ø¬ıμ≈ÀÓ¬ ’¬ıøàÔÓ¬ m ˆ¬¬ı˛ ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘

¬ı˘ F
�

, OP ø√˙±˚˛ ¬ı˛À˚˛ÀÂ√, ‹ ø√flË¡˚˛±˙œ˘ ¬ı˘ F
�

 ˚ø√ OP
��

 ¤¬ı˛ ø√Àfl¡ Ô±Àfl¡ Ó¬± ˝√√À˘ ‹ ¬ı˘ F ø¬ıfl¡¯∏«fl¡

˝√√À¬ı øflz≈¬ ˚ø√ ¬ı˘ F
�

, PO
��

 Œˆ¬"√√À¬ı˛¬ı˛ ø√Àfl¡ Ô±Àfl¡ Ó¬± ˝√√À˘ ‹ ¬ı˘ F, O ø¬ıμ≈¬ı˛ ø√Àfl¡ ’±fl¡¯∏«fl¡ ¬ı˘ ˝√√À¬ıº
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˚ø√ OP r
�� �

�  ¤¬ı— ø√flË¡ ˛̊±˙œ˘ ¬ı˘øÈ¬ Œfl¡¬ı˘˜±S r-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ ˝√√˚˛, Ó¬± ˝√√À˘ P ø¬ıμ≈¬ı˛ ·øÓ¬¬ÛÔÀfl¡

Œflfœ ˛̊ ·øÓ¬¬ÛÔ ¬ı˘± ˝√√˚˛º

¤‡Ú ’±˜¬ı˛± õ∂˜±Ì fl¡¬ı˛¬ı Œ˚ ‹¬ı˛”¬Û Œflfœ˚˛ ·øÓ¬¬ÛÔ ¤fl¡øÈ¬

¸˜Ó¬À˘ Ô±fl¡À¬ıº

˚ø√ ’±˜¬ı˛± O Œfl¡ ˜”˘ø¬ıμ≈ ÒÀ¬ı˛ fl¡±ÀÓ«¬Ê√œ˚˛ àÔ±Ú±Àefl¡ OX,

OY, OZ ¬Û¬ı˛¶Û¬ı˛ ˘•§ˆ¬±À¬ı ’¬ıøàÔÓ¬ øÓ¬ÚøÈ¬ ’é¬ øÚÀ˚˛ P ø¬ıμ≈¬ı˛

àÔ±Ú±efl¡ x, y, z Òø¬ı˛, Ó¬± ˝√√À˘ øÚÎ¬◊È¬ÀÚ¬ı˛ ·Ó¬œ˚˛ ¸”S ’Ú≈˚±˚˛œ

m ˆ¬¬ı˛ø¬ıø˙©Ü fl¡Ì±øÈ¬¬ı˛ ·Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì ˝√√À¬ıº

m d x
dt

mF r x
r

2

2 � � ( )  ....... (i)

m
d y
dt

mF r
y
r

2

2 � � ( )  ....... (ii)

m d z
dt

mF r z
r

2

2 � � ( )  ....... (iii)

(r x y z� � �2 2 2  ¤¬ı— ¬ı˘ F-Œfl¡ ’±fl¡¯∏«fl¡ ¬ıÀ˘ Ò¬ı˛± ˝√√À˚˛ÀÂ√º]

(iii) ¸˜œfl¡¬ı˛ÀÌ¬ı˛ Î¬◊ˆ¬˚˛ ¬Û±Àù´« y ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ ¤¬ı— (ii) ¸˜œfl¡¬ı˛ÀÌ¬ı˛ Î¬◊ˆ¬˚˛ ¬Û±Àù´« Z ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛

Ó¬±À√¬ı˛ ø¬ıÀ˚˛±· fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ñ

y d z
dt

z
d y
dt

O
2

2

2

2� �   ,

¤¬ı— Ó¬±Àfl¡ t ¸±À¬ÛÀé¬ ¸˜±fl¡˘Ú fl¡¬ı˛À˘ ’±˜¬ı˛± ¬Û±¬ıñ

y dz
dt

z
dy
dt

� �  ÒË≈¬ıfl¡¬ı˛±ø˙ = L [Ò¬ı˛±˚±flƒ¡]

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı (i) ¤¬ı— (iii) ¸˜œfl¡¬ı˛Ì¡ZÀ˚˛ ¤fl¡˝◊√ õ∂ø√flË¡˚˛± õ∂À˚˛±· ¡Z±¬ı˛± ’±˜¬ı˛± ¬Û±¬ıñ

z dx
dt

x dz
dt

M� �  [ÒË≈¬ıfl¡¬ı˛±ø˙]

¤¬ı— (i) ¤¬ı— (ii) ¸˜œfl¡¬ı˛Ì¡Z˚˛ ˝√√ÀÓ¬ ¬Û±¬ıñ

x
dy
dt

y dz
dt

N� �  [ÒË≈¬ıfl¡¬ı˛±ø˙]  ,

øfl¡z≈¬ x y dz
dt

z
dy
dt

y z dx
dt

x dz
dt

z x
dy
dt

y dx
dt

��
�

�
� � � � ��

�
�
� �� � 0   ,

’Ô«±»ñLx + My + Nz = 0, (L, M, N ÒË≈¬ıfl¡]

¤øÈ¬ ¤fl¡øÈ¬ ¸˜Ó¬À˘¬ı˛ ¸˜œfl¡¬ı˛Ì  ,

’Ó¬¤¬ı ‰¬˘˜±Ú P(x, y, z) ø¬ıμ≈øÈ¬ ¸¬ı«√± ‹ ¸˜Ó¬À˘ Ô±fl¡À¬ıº
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O-Œfl¡ ˜”˘ø¬ıμ≈ ¤¬ı— OX Œfl¡ ’±ø√ Œ¬ı˛‡± ÒÀ¬ı˛ ‰¬˘˜±Ú ø¬ıμ≈ P ¤¬ı˛ Œ˜¬ı˛≈àÔ±Ú±efl¡ (r, �) ˝√√À˘, P ø¬ıμ≈¬ı˛

’¬ı̨œ˚̨ Q¬ı̨Ì 
d r
dt

r d
dt

2

2

2
�

�� �  ¤¬ı— ’Ú≈õ∂àÔ ø√̇ ±˚̨ Q¬ı̨Ì 
1 2
r

d
dt

r d
dt
�� �

√̋√̊ º̨

˚ø√ P ø¬ıμ≈ÀÓ¬ ’¬ıøàÔÓ¬ fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛ m ¤¬ı— Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘

¬ı˘ F O Œfl¡f±øˆ¬˜≈‡œ ˝√√˚˛, Ó¬± ˝√√À˘ fl¡Ì±øÈ¬¬ı˛ ·Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì¡Z˚˛ ˝√√À¬ı

m d r
dt

r d
dt

F
2

2

2
��

	



��
� �

�� �  ¤¬ı— 
m
r

d
dt

r d
dt

O2 �� � �  ˝√√À¬ıº

’Ó¬¤¬ı r d
dt

2 �  ¤fl¡øÈ¬ ÒË≈¬ıfl¡ ¬ı˛±ø˙ ˝√√À¬ı  , ¤‡Ú fl¡Ì±øÈ¬¬ı˛ ’Ú≈õ∂àÔ ·øÓ¬À¬ı· r d
dt

OP�  Œ¬ı˛‡±¬ı˛ ¸Àe· ¸˜Àfl¡±ÀÌ

¬ı˛À˚˛ÀÂ√, ‹ ÒË≈¬ıfl¡ ¬ı˛±ø˙ r d
dt

r r d
dt

2 � �
� � � Œfl¡ ¸±Ò±¬ı˛ÌÓ¬– h ¡Z±¬ı˛± øÚÀ«√ø˙Ó¬ fl¡¬ı˛± ˝√√˚˛º ¤àÔÀ˘ mr d

dt
2 �

 ÒË≈¬ıfl¡

¬ı˛±ø˙øÈ¬Àfl¡ fl¡Ì±øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º

Œ˚À˝√√Ó≈¬ P ø¬ıμ≈ÀÓ¬ ’¬ıøàÔÓ¬ fl¡Ì±øÈ¬¬ı˛ OP Œ¬ı˛‡±˚˛ ¸˜Àfl¡±ÀÌ Œfl¡±Ú› ø√flË¡˚˛±˙œ˘ ¬ı˘ Ú±˝◊√√, ¤Ê√Ú… ¬ı˘ø¬ı√…±¬ı˛

ÚœøÓ¬ ’Ú≈˚±˚˛œ fl¡Ì±øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ¸—¬ı˛øé¬Ó¬ Ô±fl¡À¬ıº

ø¬ıÀ˙¯∏ ^©Ü¬ı… –

¸˜Ó¬À˘ Œfl¡±Ú› ¬ı√flË¡À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ P ø¬ıμ≈¬ı˛ Œ˜¬ı˛≈àÔ±Ú±—Àfl¡ (r, �), {OP = r ¤¬ı— < POX = �]

¤¬ı— P ø¬ıμ≈ÀÓ¬ ‹ ¬ı√flË¡À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ ¶Û˙«fl¡ PT È¬±Ú± ˝√√˘ ¤¬ı— O ˜”˘ø¬ıμ≈ ˝√√ÀÓ¬ PT ¶Û˙«Àfl¡¬ı˛ Î¬◊¬Û¬ı˛

ON ˘•§ È¬±Ú± ˝√√˘º ’¬ıfl¡˘Ú ·øÌÀÓ¬ <OPN Œfl¡ ¸±Ò±¬ı˛ÌÓ¬ �	 ¡Z±¬ı˛± ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˝√√˚˛ ¤¬ı— õ∂˜±Ì fl¡¬ı˛± ˚±˚˛

Œ˚ tan � �
� r d

dr .

¤‡±ÀÚ ON = P [¬Û√] = r sin	 �	 ;

’Ó¬¤¬ı 
1 1 1 1
2 2

2
2 2

2
p r r r

� � �cosec cot� �

¬ı±,
1 1 1 1
2 2 2 2

2

p r r r
dr
d

� �
�� �

øfl¡z≈¬ 
1
r

u�  Ò¬ı˛À˘, � �
1
2r

dr
d

du
d� �  ’Ô«±» ’¬ıÀ˙À¯∏ 

1
2

2
2

p
u du

d
� �

�� � 	 :

¤øÈ¬ ¤fl¡øÈ¬ ·≈¬ı˛≈Q¬Û”Ì« ¸˜Ó¬± ¤¬ı— Œfl¡fœ˚˛ ¬ı˘±ÒœÚ fl¡øÌfl¡±¬ı˛ ·øÓ¬¬ÛÔ ø¬ıÀù≠¯∏Ì fl¡¬ı˛ÀÓ¬ ’±˜¬ı˛± õ∂À˚˛±Ê√Ú˜Ó¬

Ó¬± õ∂À˚˛±· fl¡¬ı˛À¬ıº

5.4 ¬Œ˜¬ı˛≈àÔ±Ú±—Àfl¡ Œfl¡fœ˚˛ ¬ı˘±ÒœÚ fl¡øÌfl¡±¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ’¬ıfl¡˘Ú ¸˜œfl¡¬ı˛Ì

O ˜”˘ø¬ıμ≈ ¤¬ı— OX Œ¬ı˛‡±Àfl¡ ’±ø√À¬ı˛‡± ÒÀ¬ı˛ OM ˆ¬¬ı˛ ø¬ıø˙©Ü Œfl¡±Ú› fl¡øÌfl¡± t ¸˜À˚˛ P(r, �) ø¬ıμ≈ÀÓ¬

’¬ıàÔ±Ú fl¡¬ı˛À˘ ¤¬ı— fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡¬ı˘˜±S ¤fl¡øÈ¬ ø√flË¡˚˛±˙œ˘ ı˘ mF PO
�� �

, -¤¬ı˛ ø√˙±˚˛ Ô±fl¡À˘ fl¡Ì±øÈ¬¬ı˛

·Ó¬œ ˛̊ ¸˜œfl¡¬ı˛Ì¡Z ˛̊ ˝√√À¬ıñ
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m d r
dt

r d
dt

mF
2

2

2
��

	



��
� �

�� �  ............ (i)

¤¬ı— 
m
r

d
dt

r d
dt

2 0�� � �  .......... (ii)

ø¡ZÓ¬œ˚˛ ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ r d
dt

h2 �
�  [ÒË≈¬ıfl¡] ............ (iii)

’Ó¬¤¬ı 
d
dt

h r hu u
r

�
� � �/ (2 2 1  ÒÀ¬ı˛]

¸˝√√ÀÊ√ ◊̋√√ Œ√‡± ˚± ˛̊ Œ˚ 
dr
dt

d
dt u u

du
dt

� � �
1 1

2� �

¬ı±,
dr
dt u

du
d

d
dt

h du
d

� � � �
1
2 �

�
�

 ........... (iv)

¤‡Ú 
d r
dt

d
dt

dr
dt

d
dt

h du
d

2

2 � � �� � � ��

  � � � �h d
d

du
d

d
dt

h u d u
d� �

�
�

� � 2 2
2

2

(i) Ú— ·Ó¬œ ˛̊ ¸˜œfl¡¬ı˛Ì ˝√√ÀÓ¬ Œ√‡± ˚± ˛̊ Œ˚

F d r
dt

r d
dt

� � �
2

2

2�� �

¬ı±, F h u d u
d u

h u� �2 2
2

2
2 41

�

¬ı±, F h u u d u
d

� ���
�
�

2 2
2

2�

’±˜¬ı˛± Œ√‡ÀÓ¬ ¬Û±˝◊√√ Œ˚, Œfl¡fœ˚˛ ¬ı˘ F Ê√±Ú± Ô±fl¡À˘ ‹ ¬ı˘±ÒœÚ Œfl¡±Ú› ¤fl¡fl¡ ˆ¬¬ı˛ ø¬ıø˙©Ü fl¡øÌfl¡±¬ı˛

·øÓ¬ ”̧ÀS¬ı˛ ’¬ıfl¡˘Ú ¸˜œfl¡¬ı˛Ì ˝√√À¬ıñ

F
h u

u d u
d2 2

2

2� �
�

(h
u

d
dt

�
1
2

�
 ÒË≈¬ıfl¡ ¬ı˛±ø˙].

˚ø√ ¤fl¡øÈ¬ fl¡Ì± Œfl¡±Ú› ¸˜À˚˛ ¤fl¡øÈ¬ ¬ı√flË¡À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ P(r, �)

ø¬ıμ≈ÀÓ¬ Ô±Àfl¡ ¤¬ı— �t ’ä¸˜˚˛ ¬ÛÀ¬ı˛ ‹ fl¡Ì±øÈ¬ ‹ ¬ı√flË¡À¬ı˛fl¡±¬ı˛ Î¬◊¬Û¬ı˛

P ø¬ıμ≈¬ı˛ ’øÓ¬ øÚfl¡È¬ Q(r + �r, � + ��) ø¬ıμ≈ÀÓ¬ ’±À¸, Ó¬±

˝√√À˘ �t ¸˜À ˛̊ ‹ fl¡Ì±øÈ¬ OP, OQ ¤¬ı— PQ ¬ı√√flË¡À¬ı˛‡±˚˛ ‰¬±¬Û¡Z±¬ı˛±

Œ¬ıø©ÜÓ¬ Œé¬S ¬ı˛‰¬Ú± fl¡À¬ı˛º
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’¬ıfl¡˘Ú ø¬ı√…±¬ı˛ õ∂À˚˛±· fl¡À¬ı˛ ’±˜¬ı˛± Œ√‡ÀÓ¬ ¬Û±ø¬ı˛ Œ˚ ‹ Œé¬SøÈ¬¬ı˛ Œé¬SÙ¬À˘¬ı˛ ’±¸iß˜±Ú ˝√√À¬ı

1
2

r r r( )sin� � �� .

P ø¬ıμ≈¬ı˛ O ø¬ıμ≈ ¸±À¬ÛÀé¬ �t ¸˜À˚˛ Œé¬SÙ¬˘ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛ ˝√√À¬ı 
1
2

r r r
t

( )sin� � ��
�

  , �t �

O, ��	�	 O ˝√√À¬ı ¤¬ı— lim
( )sin

�

� ��
�t O

r r r
t

r d
dt�

�
�1

2
1
2

2 � 	 Ó¬±Àfl¡ P ø¬ıμ≈¬ı˛ Œé¬Sœ˚˛ ·øÓ¬À¬ı· (Areal

velocity) ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º

’±¬ı±¬ı˛ P ø¬ıμ≈ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ı· V ˝√√À˘º

V dr
dt

r d
dt

2
2

2
2

� �� � � ��
 ˝√√ ˛̊  ,

øflz≈¬ ’¬ıfl¡˘Ú ø¬ı√…±Ú≈˚±˚˛œ p = r sin �	 ¤¬ı—

tan � �� r d
dr

’Ó¬¤¬ı v dr
d

r d
dt

r d
dt

2
2

2
2

2
2

2 1� ��
�


�
��

� �
�

� � �� � � � � � (cot )

’Ô«±» v r d
dt

r
p

d
dt

2 2 2
2 4

2

2
� �cosec � � �� � � �

’Ó¬¤¬ı v p r d
dt

2 2 4
2

�
�� �  ¬ı±, vp r d

dt
� 2 �

5.5 ¬Œfl¡fœ˚˛ ¬ı˘±ÒœÚ fl¡Ì±¬ı˛ ·øÓ¬¬ÛÀÔ ’øˆ¬”√¬ı˛fl¡ ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú

fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ Œ˚ ø¬ıμ≈ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ ¬ı˘Àfl¡f [˜”˘ ø¬ıμ≈ ÒÀ¬ı˛] ¸±À¬ÛÀé¬ fl¡Ì±øÈ¬¬ı˛ ’¬ı˛ ‹ ø¬ıμ≈ÀÓ¬ fl¡Ì±øÈ¬¬ı˛

·øÓ¬¬ÛÀÔ¬ı˛ ’øˆ¬˘•§ ˝√√˘ � ‹ ø¬ıμ≈Àfl¡ ’¬Û”√¬ı˛fl¡ ø¬ıμ≈ (apse) ¬ı˘± ˝√√À˚˛ Ô±Àfl¡  , ’Ô«±» p = r ˝√√À¬ıº ’±˜¬ı˛±

¬Û”À¬ı«˝◊√√ Œ√À‡øÂ√ Œ˚,

1
2

2
2

p
u du

d
� �

�� � 	 ;

’Ó¬¤¬ı ‹ ’¬Û”√¬ı˛fl¡ ø¬ıμ≈ÀÓ¬ 
du
d�

� 0  ˝√√À¬ı ’Ô«±» u ¬ı± r [’¬ı˛] ¤¬ı˛ ‰¬¬ı˛˜ ˜±Ú Ô±fl¡À¬ıº

’¬Û”√¬ı˛fl¡ ø¬ıμ≈ ¤¬ı— ¬ı˘Àfl¡f [˜”˘ø¬ıμ≈] ¸—À˚±Ê√fl¡ Œ¬ı˛‡±Àfl¡ ’¬Û”√¬ı˛fl¡ Œ¬ı˛‡± ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º
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5.6 ¬Œfl¡fœ˚˛ ¬ı˘±ÒœÚ fl¡øÌfl¡±¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ¬Û±√ (p) ¤¬ı— ’¬ı˛ (r) ¸•§ø˘Ó¬ ’¬ıfl¡˘

¸˜œfl¡¬ı˛Ì

¬Û”À¬ı«˝◊√√ Œ√‡±Ú ˝√√À˚˛ÀÂ√ Œ˚ Œfl¡±Ú› ¬ı√flË¡À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ P(r, �) ø¬ıμ≈ÀÓ¬ ¶Û˙«fl¡ È¬±Ú± ˝√√À˘ ¤¬ı— ˜”˘ø¬ıμ≈ O

˝√√ÀÓ¬ ‹ ¶Û˙«Àfl¡¬ı˛ Î¬◊¬Û¬ı˛ ¬Û±√ p ˘•§ È¬±Ú± ˝√√À˘

1
2

2
2

p
u du

d
� �

�� � 	 ........... (i) ˝√√À¬ı  , (u
r

� 1  Ò¬ı˛± ˝√√À˚˛ÀÂ√]

(i) ¸˜Ó¬±¬ı˛ Î¬◊ˆ¬˚˛ ø√Àfl¡ r ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú fl¡À¬ı˛ñ

� � �2 2 23p
dp
dr

u du
dr

du
d

d
dr

du
d� �

’Ô«±» � � �1
3

2

2p
dp
dr

u du
d

d
dr

du
d

d u
d

d
dr�

�
� �

�

¬ı±, � � �	

�
�

1
3

2

2p
dp
dr

du
d

d
dr

u d u
d�

�
�

� ���
�
�

du
dr

u d u
d

2

2�

� � ���
�
�

1
2

2

2r
u d u

d�  ˝√√À¬ıº

øfl¡z≈¬ ¬Û”À¬ı«˝◊√√ ’±˜¬ı˛± Œ√À‡øÂ√ Œ˚, Œfl¡f· ¬ı˘ F ˝√√À˘ F h u u d u
d

� ���
�
�2 2

2

2�
 ;

’Ó¬¤¬ı ¤àÔÀ˘ F h
p

dp
dr

�
2

3
 ˝√√ ˛̊º

’¬ı˛œ˚˛ ¤¬ı— ’Ú≈õ∂àÔ ø√˙±˚˛ Q¬ı˛ÀÌ Œfl¡±Ú› fl¡Ì±¬ı˛ ·øÓ¬¬ÛÔ øÚÌ«˚˛

Ò¬ı˛± ˚±flƒ¡ Œfl¡±Ú› fl¡Ì±¬ı˛ ’¬ı˛œ˚˛ Q¬ı˛Ì F ¬¤¬ı— ’Ú≈õ∂àÔ Q¬ı˛Ì T, Ó¬±˝√√À˘

d r
dt

r d
dt

F
2

2

2
� ��� �

¤¬ı—
1 2
r

d
dt

r d
dt

T�� � �  ˝√√À¬ıº

¤‡Ú r d
dt

h2 � �  (h ÒË≈¬ıfl¡ Ú˚˛]

¤¬ı— u
r

� 1  Ò¬ı˛À˘, hu d
dt

2 � �
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› T u dh
dt

�  ............ (i) ˝√√À¬ı

’±¬ı±¬ı˛ 
dr
dt

d
dt u u

du
dt u

du
d

d
dt

� � � � �
1 1 1

2 2� � �
�

’Ô«±» 
dr
dt u

d
dt

du
d

h du
d

� � � �
1
2

�
� �  ˝√√ ˛̊

¤¬ı— 
d r
dt

d
dt

h du
d

dh
dt

du
d

h d
dt

du
d

2

2 � � � � �
� � �� � � �

� � �
dh
dt

du
d

h d u
d

d
dt� �
�2

2

¤‡Ú (i) õ∂À˚˛±· fl¡¬ı˛À˘ 
d r
dt

T
u

du
d

h u d u
d

2

2
2 2

2

2� � �
� �

 ˝√√À¬ıº

Ó¬±˝√√À˘ Œ√‡± ˚±À¬ı Œ˚ñ

F d r
dt

r d
dt

T
u

du
d

h u d u
d u

d
dt

� � � � � �
2

2

2
2 2

2

2

21�
� �

�� � � �

’Ô«±», F T
u

du
d

h u d u
d

h u� � � �
� �

2 2
2

2
2 3  ˝√√ ˛̊

’Ó¬¤¬ı fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ¸˜œfl¡¬ı˛Ì √“√±Î¬ˇ±˚˛

d u
d

u

T
u

dr
d

F

h u

2

2 2 2�
�� �

� �� �
  , [˜ÀÚ ¬ı˛±‡ÀÓ¬ ˝√√À¬ı ¤àÔÀ˘ h ÒË≈¬ıfl¡ Ú˚˛]

5.7 ¬Œfl¡fœ˚˛ ¬ı˘±ÒœÚ fl¡Ì±¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ¸≈øàÔøÓ¬

˚ø√ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ ¤fl¡øÈ¬ ¬ı‘M√√ ¤¬ı— Ó¬±¬ı˛ Œfl¡føÈ¬ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ¬ıÀ˘¬ı˛› Œfl¡f ˝√√˚˛, Ó¬± ˝√√À˘

‹ Œfl¡fø¬ıμ≈øÈ¬ ˜”˘ø¬ıμ≈ O Ò¬ı˛À˘ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ˝√√À¬ı

d u
d

u F
h u

2

2 2 2�
� �  [¤àÔÀ˘ fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛ ¤fl¡fl¡ ¤¬ı— ø√flË¡˚˛±˙œ˘ ¬ı˘ F Ò¬ı˛± ˝√√À˚˛ÀÂ√]

˚ø√ Œflfœ ˛̊ ¬ı˘ F = 	un ˝√√ ˛̊ [		 ÒË≈¬ıfl¡ ¬ı˛±ø˙ ¤¬ı— u ¤fl¡øÈ¬ ¸—‡…±]

Ó¬± ˝√√À˘ ‹ ·øÓ¬¬ÛÀÔ¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ˝√√À¬ı
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d u
d

u
h

un
2

2 2
2

�

�
� � � ;

¤‡Ú ˚ø√ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ ¬ı‘M√√ ˝√√˚˛ ¤¬ı— Ó¬±¬ı˛ ¬ı…±¸ 2a ˝√√ ˛̊ Ó¬±˝√√À˘ u
a

�
1

 ˝√√À¬ı ¤¬ı— ¤àÔÀ˘ 
du
d�

� 0

√̋√̊ º̨

’Ó¬¤¬ı u
a h an� �

�

1 1
2 2
�

 ¤¬ı— h a n2 3� ��  ˝√√À¬ıº

¤˝◊√√¬ı˛”À¬Û fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì √“√±Î¬ˇ±˚˛

d u
d

u a un n
2

2
3 2

�
� � � �

 ........... (i)

˚ø√ ¤˝◊√√ ·øÓ¬¬ÛÀÔ¬ı˛ ’øÓ¬¸±˜±Ú… ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√˚˛ ˚±ÀÓ¬ u a
x� �

1  (x-¤¬ı˛ ˜±Ú ’øÓ¬é≈¬^] ¤¬ı— h ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬

Ô±Àfl¡ Ó¬±˝√√À˘ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ (i) ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÀÌ u
a

x� �
1

 ¬ıø¸À˚˛ ’±˜¬ı˛± ¬Û±˝◊√√

d x
d a

x a
a

xn
n2

2
3

21 1
�

� � � ��� ���
�

= a
a

xa
n

n
n�

�

�
�� �

3

2
21

= 1
a  [1 + (n – 2) xa + .........]

= 1 2
a

n x� �� �  [Œ˚À˝√√Ó≈¬ x2, x2 ’øÓ¬é≈¬^, ¤Ê√Ú… Ó¬±À√¬ı˛ ÒÓ«¬¬ı… Ú˚˛]

’Ó¬¤¬ı  
d x
d

n x
2

2 3 0
�

� �� � �  ........ (ii)

˚ø√ 3 – n > 0 ˝√√ ˛̊ ’Ô«±» n < 3 ˝√√ ˛̊ Ó¬± ˝√√À˘ (ii) Ú— ¸˜œfl¡¬ı˛ÌøÈ¬ ¤fl¡øÈ¬ ¸¬ı˛˘ ¸˜?≈¸ ·øÓ¬¬ı˛ ¸˜œfl¡¬ı˛Ì

¤¬ı— Ó¬±¬ı˛ ¸˜±Ò±Ú ˝√√À¬ı

x A n� � �cos 3 � 	� �  [ ¤àÔÀ˘ A ¤¬ı— 	
 ÒË≈¬ıfl¡ ¬ı˛±ø˙¡Z˚˛ ]

¸˝√√ÀÊ√ ◊̋√√ Œ√‡± ˚±À26√ x ¸¬ı«√± ¸œø˜Ó¬ ¤¬ı— –A ¤¬ı— +A ˜ÀÒ… Ô±fl¡À¬ı, ¤Ê√Ú… ’±˜¬ı˛± ¬ı˘¬ı Œ˚ fl¡Ì±øÈ¬¬ı˛

¬ı‘M√√fl¡±¬ı˛ ·øÓ¬¬ÛÔ ¸≈øàÔøÓ¬ÀÓ¬ ’±ÀÂ√º

’¬Û”√¬ı˛fl¡ø¬ıμ≈¬ı˛ Œé¬ÀS 
du
d

O
�

�  ’Ô«±» 
dx
d

O
�

� ;

’Ó¬¤¬ı 3 � � �n n� �  ’‡G¬ ¸—‡…± ˝√√˚˛º

¤àÔÀ˘ Œfl¡±Ú› ’¬Û”√¬ı˛fl¡ ø¬ıμ≈ÀÓ¬ 
�

3 � n
 ¬Ûø¬ı˛̃ ±Ì �
Œfl¡±ÀÌ¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ¸Àe· ¸Àe· 3 � � �n O� �

˝√√ ◊̋√√À¬ıº 
�

3 � n
 Œfl¡ ’¬Û”√¬ı˛fl¡ Œfl¡±Ì ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º
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øfl¡z≈¬ n > 3 ˝√√À˘ (ii) Ú— ¸˜œfl¡¬ı˛ÀÌ ¸˜±Ò±Ú ˝√√À¬ı x Pe en n
� �

� � �3 3� 	 � 	� �
�  (P, Q ÒË≈¬ıfl¡ ¬ı˛±ø˙¡Z˚˛]

¤àÔÀ˘ ¸˝√√ÀÊ√ ◊̋√√ Œ√‡± ˚± ˛̊ Œ˚ �
 Œfl¡±ÀÌ¬ı˛ ¬ı‘øX¬ı˛ ¸Àe· ¸Àe· x ¬ı‘øX ¬Û±˚˛ ¤¬ı— ‹ ¬ı‘øX¬ı˛ Œfl¡±Ú› øÚø«√©Ü

¸œ˜±Ú± Ô±øfl¡À¬ı Ú±º

’±¬ı±¬ı˛ n = 3 ˝√√À˘ (ii) Ú— ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¸˜±Ò±Ú ˝√√À¬ı

x S R� ��  (S, R ÒË≈¬ıfl¡ ¬ı˛±ø˙¡Z˚˛]

¤àÔÀ˘ �
 ¬ı‘øX¬ı˛ ¸Àe· ¸Àe· x ¬ı‘øX ¬Û±˚˛ ¤¬ı— x ¬ı‘øX¬ı˛ Œfl¡±Ú› øÚø«√©Ü ¸œ˜± Ô±fl¡À¬ı Ú±º ¤Ê√Ú… ’±˜¬ı˛±

¬ı˘ÀÓ¬ ¬Û±ø¬ı˛ Œ˚ñ

n �
 3 ˝√√À˘ fl¡Ì±øÈ¬¬ı˛ ¬ı‘M√√±fl¡±¬ı˛ ·øÓ¬¬ÛÔ ¸≈øàÔøÓ¬ÀÓ¬ Ô±fl¡À¬ı Ú±º

5.8 ¬’Ú≈˙œ˘Úœ

Î¬◊√± √̋√¬ı̨Ìñ1
Œ√‡±Ú Œ˚ ˚ø√ Œfl¡fœ˚˛ ¬ıÀ˘¬ı˛ ø√flË¡˚˛±˚˛ ‰¬˘˜±Ú ¤fl¡øÈ¬ fl¡Ì± ¸˜Ó¬À˘ r = a (1+ cos �) ¬ı√flË¡À¬ı˛‡±øÈ¬

¬ı˛‰¬Ú± fl¡À¬ı˛ Ó¬± ˝√√À˘ ¬ı˘øÈ¬ ˝√√À¬ı 
K
r4  [K ¤fl¡øÈ¬ ÒË≈¬ıfl¡]

¸˜±Ò±Ú – ¤àÔÀ˘ ¬ı√flË¡À¬ı˛‡±øÈ¬¬ı˛ ¸˜œfl¡¬ı˛Ì

u
r a a

� �
� �

�
1 1

1
1

2 2
2

cos
sec

�
�

u Œfl¡ �
 ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú fl¡¬ı˛À˘

du
d a

u
�

� �
�

� �
sec tan

tan
2

2 2
2 2

¬Û≈Ú¬ı˛±˚˛ 
du
d�

 Œfl¡ �
 ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú fl¡¬ı˛À˘

d u
d

du
d

u2

2
2

2 2 2� �
� �

� �tan sec

= u utan sec2 2
2 2 2
� �

�

’Ó¬¤¬ı u d u
d

u u u
� � � �

2

2
2 2

2 2 2�
� �tan sec

= 3
2 2

2u sec �

øfl¡z≈¬  u
a

�
1

2 2
2sin �
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’Ó¬¤¬ı u d u
d

au� �
2

2
23

�
;

¤‡Ú ø√flË¡ ˛̊±˙œ˘ ¬ı˘øÈ¬ h u u d u
d

2 2
2

2���
�
��

= 3 32 4
2

4 4ah u ah
r

K
r

� �   (K = 3ah2, h ÒË≈¬ıfl¡]

Î¬◊√± √̋√¬ı̨Ìñ2

˜”˘ø¬ıμ≈ O Œfl¡ ¬ı˘Àfl¡f ÒÀ¬ı˛ Œfl¡fœ˚˛ ¬ı˘±ÒœÚ ¤fl¡øÈ¬ ‰¬˘˜±Ú fl¡Ì±¬ı˛ Œ˜¬ı˛≈ àÔ±Ú±—Àfl¡ ¸˜œfl¡¬ı˛Ì

r an n n� cos � ¬ı√flË¡À¬ı˛‡± ˝√√À˘ ‹ ¬ı˘øÈ¬¬ı˛ õ∂fl‘¡øÓ¬ ¤¬ı— ¬ı˘Àfl¡f ˝√√ÀÓ¬ r ”√¬ı˛ÀQ Ó¬±¬ı˛ ·øÓ¬À¬ı· øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – ’±˜¬ı˛± õ∂ÔÀ˜ ¬ı√flË¡À¬ı˛‡±øÈ¬¬ı˛ ¬Û±√ ¸˜œfl¡¬ı˛Ì øÚÌ«˚˛ fl¡À¬ı˛ Ó¬±¬ı˛ ¸±˝√√±À˚… õ∂ùüøÈ¬¬ı˛ ¸˜±Ò±Ú fl¡¬ı˛¬ıº

r a nn n� cos �  ¸˜Ó¬±¬ı˛ Î¬◊ˆ¬˚˛ ø√Àfl¡ ˘·±ø˚˛√˜ øÚÀ˚˛ ’±˜¬ı˛± ¬Û±˝◊√√ñ

n r n a nlog log log cos� � �

¤‡Ú Î¬◊ˆ¬˚˛ ø√Àfl¡ �
 ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú fl¡¬ı˛À˘

u
r

dr
d

n n
n�
�
�

� �
sin
cos  ˝√√À¬ıº

øfl¡z≈¬ ’¬ıfl¡˘Ú ø¬ı√…± ˝√√ÀÓ¬ ’±˜¬ı˛± Ê√±øÚ Œ˚, 
1
r

dr
d�

�� cot  [¬ı√flË¡À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú› ø¬ıμ≈¬ı˛ ¶Û˙«fl¡ ¤¬ı—

˜”˘ø¬ıμ≈·±˜œ Œ¬ı˛‡±¬ı˛ ˜Ò…¬ıÓ«¬œ Œfl¡±Ì �
 ¤¬ı— p = r Sin �]

� cot tan� �
�

�� � � ��
�

�
�n ox n

2  ¤¬ı— ¤Ê√Ú… �
�

�� �
2

n

� p r r n r n� � ��
�

�
� �sin sin cos�

�
� �

2

¬ı±, p r
a

n

n�
�1

 ’Ó¬¤¬ı 
dp
dr

n r
a

n

n�
�� �1

’±˜¬ı˛± Ê√±øÚ Œ˚ Œfl¡fœ˚˛ ¬ı˘ = h
p

dp
dr

2

3  (h ÒË≈¬ıfl¡]

  = 
h a n

r

n

n

2 2

2 3

1�� �
�

fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ı· V Ò¬ı˛À˘

Vp h V h
p

h a
r

n

n� � �
�

; 1
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Î¬◊√± √̋√¬ı̨Ìñ3

m ˆ¬¬ı˛ ø¬ıø˙©Ü ‰¬˘˜±Ú ¤fl¡øÈ¬ fl¡Ì± ¬ı˘Àfl¡f ˝√√ÀÓ¬ r ”√¬ı˛ÀQ Ô±fl¡À˘ ‹ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ¬ı˘ m
r
�
3

˚ø√ ø¬ıfl¡¯∏«fl¡ ˝√√˚˛ ¤¬ı— ’±ø√ √˙±˚˛ fl¡Ì±øÈ¬Àfl¡ ¬ı˘Àfl¡f ˝√√ÀÓ¬ a ”√¬ı˛ÀQ Ó¬±¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ’¬Û”√¬ı˛fl¡ ø¬ıμ≈ ˝√√ÀÓ¬ V

Œ¬ıÀ· ŒÂ√“√±Î¬ˇ± ˝√√À˘ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ øÚÌ«˚˛ fl¡¬ı˛≈Ú∑

¸˜±Ò±Ú – ‹ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì

d u
d

u
u

u h
u

h

2

2

3

2 2 2�

� �
� � � � �

’Ô¬ı±,  
d u
d h

u
2

2 21
�

�
� � ���

�
�

¤Àé¬ÀS h = vp = Va, Œ˚À˝√√Ó≈¬ ’¬Û”√¬ı˛fl¡ ø¬ıμ≈ÀÓ¬ p = a ¤¬ı— Œ¸‡±ÀÚ v = V

’Ó¬¤¬ı 
d u
d V a

u
2

2 2 21
�

�
� � ���

�
�

¤¬ı— ‹ ¸˜œfl¡¬ı˛ÌøÈ¬ ’±˜¬ı˛± ¬Û±˝◊√√

u A K B K� �cos sin� �    (A ¤¬ı— B ÒË≈¬ıfl¡]

1 2 2
2� �

�

V a
K

’¬Û”√¬ı˛fl¡ ø¬ıμ≈ÀÓ¬ �
 = O Ò¬ı˛À˘, ¬Û±˝◊√√

r = p = a ¤¬ı— 
dr
d

O
�

�  ˚‡Ú �
 = O

’Ó¬¤¬ı u
a

�
1

 ¤¬ı— 
du
d

O
�

�  ˚‡Ú �
 = O,

u A K B K� �cos sin� �  ¸˜œfl¡¬ı˛ÀÌ ‹ ˙Ó«¬ ≈√øÈ¬ ¬ı¸±À˘ ’±˜¬ı˛± Œ√ø‡

1
a

A�  ¤¬ı— 
du
d

KB K
�

�� cos  ˚‡Ú �
 = O

’Ó¬¤¬ı A
a

�
1

 ¤¬ı— B = O ;

Ó¬± ˝√√ÀÓ¬ u
a

K�
1 cos � ’Ô«±» r K acos � �  ˝√√À¬ıº

’Ó¬¤¬ı fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ ˝√√À¬ı r K acos � �

Î¬◊√± √̋√¬ı̨Ìñ4

˚ø√ ¤fl¡øÈ¬ ‰¬˘˜±Ú fl¡Ì±¬ı˛ ·øÓ¬¬ÛÔ õ∂± ˛̊ ¬ı‘M√√±fl¡±¬ı˛ ¤¬ı— ‹ ·øÓ¬¬ÛÀÔ¬ı˛ ¬Û±√̧ ˜œfl¡¬ı˛Ì p a r bm m m2 2 2� �� �
 �

˝√√ ˛̊, Ó¬±˝√√À˘ Œ√‡±Ú Œ˚ ’¬Û”√¬ı˛fl¡ Œfl¡±Ì õ∂±˚˛ 
�

m
 ˝√√À¬ıº
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¸˜±Ò±Ú – ¤àÔÀ˘ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ Œfl¡fœ˚˛ ¬ı˘ = 
h
p

dp
dr

2

3 ;

øfl¡z≈¬ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ¬Û±√ ¸˜œfl¡¬ı˛Ì 
b
p

a r
m

m m
2

2 2� �� �� �  Œfl¡ Î¬◊ˆ¬˚˛ ¬Û±Àù´« r ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú

fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√

� � � �� � �2 2
3

3b
p

dp
dr

m r
m

m ;

’Ó¬¤¬ı Œfl¡fœ ˛̊ ¬ı˘ � r um m� ��3 3 ;

¤‡Ú ¸˝√√ÀÊ√˝◊√√ ¬ı‘M√√±fl¡±¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ¸≈øàÔøÓ¬ ’±À˘±‰¬Ú± ’¬ı˘•§Ú fl¡À¬ı˛ ’±˜¬ı˛± ’¬Û”√¬ı˛fl¡ Œfl¡±Ì

	 	

3 3� �
 �
�

m m
 ¬Û±¬ıº

5.9 ¸±¬ı˛±—˙

’±˜¬ı˛± ¤ ◊̋√√ 5Ú— ¤fl¡Àfl¡¬ı˛ ’±À˘±‰¬Ú± ¤¬ı— ’Ú≈˙œ˘ÚœÀÓ¬ Œfl¡fœ˚˛ ¬ı˘±ÒœÚ fl¡Ì±¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ’¬ıfl¡˘ ¤¬ı—

¬Û±√ ¸˜œfl¡¬ı˛ÀÌ ¸±˝√√±À˚… fl¡À˚˛fl¡øÈ¬ fl¡øÌfl¡±¬ı˛ ·øÓ¬¸—√flË¡±z¬ fl¡À˚˛fl¡øÈ¬ ¸˜¸…± ¸˜±Ò±Ú fl¡À¬ı˛øÂ√º

5.10 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1. Œfl¡fœ˚˛ ¬ı˘±ÒœÚ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ fl¡é¬¬ÛÔ Œ˜¬ı˛≈àÔ±Ú±—Àfl¡ 
1 1
r

e� � cos ;�  (e fl¡øÌÀfl¡¬ı˛ Î¬◊»Àfl¡fÓ¬±

¤¬ı— l ’Ò«Ú±øˆ¬˘À•§¬ı˛ ¬Ûø¬ı˛˜±Ì]

˚ø√ ¬ı˘Àfl¡føÈ¬ Ú±øˆ¬ø¬ıμ≈ ˝√√ ˛̊ Ó¬±˝√√À˘ Œ√‡±Ú Œ˚ ø√flË¡ ˛̊±˙œ˘ ¬ı˘ �
1
2r

2. Œfl¡fœ˚˛ ¬ı˘±ÒœÚ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ·øÓ¬¬ÛÔ ¸≈¯∏˜Àfl¡±Ìœ ¸ø¬Û«˘ r ac� � �cot  √√˝√√À˘ Œ√‡±Ú Œ˚ ø√flË¡ ˛̊±˙œ˘

¬ı˘øÈ¬ �
1
3r

.

3. m ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡f ˝√√ÀÓ¬ R ”√¬ı˛ÀQ Œfl¡fœ˚˛ ’±fl¡¯∏«fl¡ ¬ı˘

m au a b u a b� 3 24 2 2 5� � �� �� � ;

˚ø√ (a + b) ”√¬ı˛ÀQ ’¬Û”√¬ı˛fl¡ ø¬ıμ≈ ˝√√ÀÓ¬ fl¡Ì±øÈ¬ 
�

a b�� �
 Œ¬ıÀ· ŒÂ√“√±Î¬ˇ± ˝√√À˚˛ Ô±Àfl¡, Ó¬± ˝√√À˘ õ∂˜±Ì

fl¡¬ı˛≈Ú Œ˚, fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ r a b� � cos�  ˝√√À¬ıº
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4. ¬ı˘Àfl¡f ˝√√ÀÓ¬ R ”√¬ı˛ÀQ¬ı˛ ¤fl¡fl¡ ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ¬ı˘ 
�
r3 ;  õ∂±¬ı˛Ày¬ fl¡Ì±øÈ¬Àfl¡

˜”˘ø¬ıμ≈ ˝√√ÀÓ¬ c ”√¬ı˛ÀQ, ˜”˘ø¬ıμ≈ ¤¬ı— fl¡Ì±øÈ¬Àfl¡ ’±ø√ ’¬ıàÔ±ÀÚ¬ı˛ ¸—À˚±Ê√fl¡ Œ¬ı˛‡±¬ı˛ ¸Àe· 
�
4  Œfl¡±ÀÌ

	
c

 Œ¬ıÀ· ŒÂ√“√±Î¬ˇ± ˝√√À˘, Œ√‡±Ú Œ˚ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ r cen�  ˝√√À¬ıº

5. ¤fl¡øÈ¬ ˘‚≈ ¸”Ñ øàÔøÓ¬àÔ±¬Ûfl¡ ¬ı˛7¡¡≈¡¬ı˛ ¤fl¡õ∂±Àz¬ m ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì± ¬ı“√±Ò± ¬ı˛À˚˛ÀÂ√ ¤¬ı— ¬ı˛7¡¡≈¡øÈ¬¬ı˛

’Ú…õ∂±z¬øÈ¬ øàÔ¬ı˛±¬ıàÔ±˚˛ ’±ÀÂ√º ¬ı˛7¡¡≈¡øÈ¬¬ı˛ ¶§±ˆ¬±ø¬ıfl¡ Δ√‚«… a ¤¬ı— øàÔøÓ¬àÔ±¬Ûfl¡ ·≈Ì±—fl¡ mng ; ˚ø√

fl¡Ì±øÈ¬Àfl¡ a ”√¬ı˛ÀQ ’¬ıøàÔÓ¬ ’¬Û”√¬ı˛fl¡ ø¬ıμ≈ ˝√√ÀÓ¬ 2mgh  Œ¬ıÀ· ŒÂ√“√±Î¬ˇ± ˝√√ ˛̊, Ó¬± ˝√√À˘ Œ√‡±Ú Œ˚

nr r a nha r a2 2 0�
 � � �
 � �  ¸˜œfl¡¬ı˛ÌøÈ¬Àfl¡ ¸˜±Ò±Ú fl¡À¬ı˛ ’¬Û¬ı˛ ’¬Û”√¬ı˛fl¡ ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛

fl¡¬ı˛± ˚±À¬ıº

6. ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ õ∂øÓ¬ ¤fl¡fl¡ ˆ¬À¬ı˛¬ı˛ Ê√Ú… Œfl¡f ’øˆ¬˜≈À‡ 
� �
r r2 3��
�

�
�  ¬Ûø¬ı˛˜±Ì ¬ı˘ ø√flË¡˚˛±˙œ˘

Ô±fl¡À˘ Œ√‡±Ú Œ˚ ’¬Û”√¬ı˛fl¡ Œfl¡±ÀÌ¬ı˛ ¬Ûø¬ı˛˜±Ì ˝√√À¬ı 

�

� ���
�
�1 2

1
2

h
 Œ˚‡±ÀÚ h r d

dt
� 2 �

 [ÒË≈¬ıfl¡¬ı˛±ø˙]

7. õ∂øÓ¬ ¤fl¡fl¡ ˆ¬À¬ı˛¬ı˛ Ê√Ú… Œfl¡f ŒÔÀfl¡ r-”√¬ı˛ÀQ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ Œfl¡fœ˚˛ ’±fl¡¯∏«fl¡ ¬ı˘

	
r

f3 � ,  ˝√√˘ Œ˚‡±ÀÚ f ÒË≈¬ıfl¡, fl¡Ì±øÈ¬Àfl¡ ˚ø√ c ”√¬ı˛ÀQ ’¬ıøàÔÓ¬ ’¬Û”√¬ı˛fl¡ ŒÔÀfl¡ 
	
c

 Œ¬ıÀ· øÚÀé¬¬Û

fl¡¬ı˛± ˝√√ ˛̊, Ó¬À¬ı Œ√‡±Ú Œ˚ t ¸˜À˚˛ fl¡Ì±øÈ¬¬ı˛ ’¬ıøàÔøÓ¬ r c ft� �
1
2

2



109

NSOU

¤fl¬fl¬ 6 � ø¬ı¬Û¬ı˛œÓ¬ ¬ı·« øÚ˚˛˜±ÒœÚ ¢∂˝√√ ¸˜”À˝√√¬ı˛ ·øÓ¬

·Í¬Ú

6.1 ¬√õ∂d¬±¬ıÚ±

6.2 ¬Î¬◊ÀV˙…

6.3 ¬Œ˜¬ı˛≈ àÔ±Ú±—fl¡ õ∂À˚˛±À· ø¬ı¬Û¬ı˛œÓ¬ ¬ı·« øÚ˚˛˜±ÒœÚ ¢∂˝√√¸˜”À˝√√¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì  ,

6.4 ¬Û±√ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸±˝√√±À˚… ø¬ı¬Û¬ı˛œÓ¬ ¬ı·« øÚ˚˛À˜ fl¡øÌfl¡±¬ı˛ ·øÓ¬¬ÛÔ øÚÌ«˚˛  ,

6.5 ¬Û˘±˚˛Úœ Œ¬ı· (Escape velocity)

6.6 ¬Î¬◊¬Û¬ı‘M√√œ˚˛ ·øÓ¬¬ÛÀÔ¬ı˛ ¬Û˚«±˚˛fl¡±˘

6.7 ¢∂˝√√¸˜”À˝√√¬ı˛ ·øÓ¬ ¸—√flË¡±z¬ Œfl¡¬Û˘±À¬ı˛¬ı˛ øÚ˚˛˜±¬ı˘œ

6.8 ’Ú≈̇ œ˘Úœ

6.9 ¸±¬ı̨±—˙

6.10 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

6.1 õ∂d¬±¬ıÚ±

’±˜¬ı˛± Ê√±øÚ Œ˚, ¸”˚«Àfl¡ Œfl¡f fl¡À¬ı˛ ¬Û‘øÔ¬ıœ › ’Ú… ¢∂˝√√¸˜”À˝√√ ‚¬ı˛≈ÀÂ√ ¤¬ı— ¸”À˚«¬ı˛ ø√Àfl¡ Œfl¡±Ú› ¢∂À˝√√¬ı˛

’±fl¡¯∏«fl¡ ¬ı˘ ‹ ¢∂À˝√√¬ı˛ ¸Àe· ¸”À˚«¬ı˛ ”√¬ı˛ÀQ¬ı˛ ¬ı…d¬¬ı·« ¸˜±Ú≈¬Û±øÓ¬fl¡º ’±˜¬ı˛± ¤˝◊√√ ¤fl¡Àfl¡ [6Ú—] ¬ı…d¬¬ı·« øÚ˚˛˜±ÒœÚ

¢∂˝√√¸˜”À˝√√¬ı˛ ·øÓ¬¬ÛÔ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

6.2 Î¬◊ÀV˙…

’±˜¬ı˛± ¤˝◊√√ ¤fl¡fl¡ ’±À˘±‰¬Ú±˚˛ Œfl¡¬Û˘±À¬ı˛¬ı˛ øÚ˚˛˜±¬ı˘œ Î¬◊À~‡ fl¡À¬ı˛ Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ ¬ÛÀÔ ‰¬˘˜±Ú ¢∂À˝√√¬ı˛ ¬Û˚«±˚˛

fl¡±˘ øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ õ∂Ì±˘œ Œ√‡±À26√º Î¬◊¬Û¬ı˛z≈¬ Œ¸Ã¬ı˛˜G¬À˘ Œfl¡±Ú› Úˆ¬(¬ı˛ fl¡˘Ú ¬Û¬ı˛±¬ı‘M√√, Î¬◊¬Û¬ı‘M√√ øfl¡—¬ı± ’øÒ¬ı‘M√√

¬ÛÀÔ ‰¬˘À¬ı Ó¬±¬ı˛ ˙Ó«¬ øÚ¬ı˛”¬ÛÌ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

6.3 ø¬ı¬Û¬ı˛œÓ¬ ¬ı·« øÚ˚˛˜±ÒœÚ ¢∂˝√√¸˜”À˝√√¬ı˛ ·øÓ¬ (Planetary motion under
inverse square law)

Œ˜¬ı˛≈àÔ±Ú±—fl¡ õ∂À˚˛±· – ’±˜¬ı˛± ¬Û”À¬ı« ’Ò…±À˚˛¬ı˛ [¤fl¡fl¡-6] ø¬ıøˆ¬iß õ∂fl¡±¬ı˛ Œfl¡fœ˚˛ ¬ı˘±ÒœÚ fl¡øÌfl¡±¬ı˛ ·øÓ¬¬ÛÔ
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øÚÌ«˚˛ fl¡¬ı˛øÂ√º ¤˝◊√√ ’Ò…±À˚˛ ’±˜¬ı˛± Œfl¡fœ˚˛ ¬ı˘ ¬ı…d¬¬ı·« ˝√√À˘ fl¡øÌfl¡±¬ı˛ ·øÓ¬ øfl¡¬ı˛”¬Û ˝√√À¬ı Ó¬± ø¬ıÀ˙¯∏ fl¡À¬ı˛ ’±À˘±‰¬Ú±

fl¡¬ı˛¬ıº

Œ˜¬ı˛≈ àÔ±Ú±—Àfl¡ ‰¬˘˜±Ú Œfl¡±Ú› fl¡øÌfl¡±¬ı˛ ’¬ıøàÔøÓ¬ p(r, �) ˝√√À˘ ¬ı…d¬¬ı·« øÚ˚˛À˜ O ˜”˘ø¬ıμ≈Àfl¡ ¬ı˘Àfl¡f

Ò¬ı˛À˘ P ø¬ıμ≈ÀÓ¬ fl¡øÌfl¡±øÈ¬ O ø¬ıμ≈ ’øˆ¬˜≈À‡ 
� �

OP re2 �  ¬Ûø¬ı˛˜±Ì ¬ı˘ ¡Z±¬ı˛± ’±fl‘¡©Ü ˝√√À¬ı  , [�
¤fl¡øÈ¬ ÒÚ±Rfl¡

ÒË≈¬ıfl¡ ¬ı˛±ø˙] ¬Û”¬ı« ’Ò…±À˚˛¬ı˛ ’±À˘±‰¬Ú± ’Ú≈¸¬ı˛Ì fl¡¬ı˛À˘ u r
�

1
 ÒÀ¬ı˛ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì

¸˜±Ò±Ú fl¡À¬ı˛ ¬Û±›˚˛± ˚±À¬ıº

u d u
d

u
h u h

� � �
2

2

2

2 2 2�

� �
 [h r d

at
� 2 �

 ’Ô«±» hu d
dt

2 �
�

]

‹ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√

u
h

k� � �
 �
�

� 	2 cos  (k ¤¬ı— 	
 ÒË≈¬ıfl¡¬ı˛±ø˙¡Z˚˛]

’Ô«±» 
h

r
kh2 2

1
�

�
� 	� � �
 �cos   (i)

’±˜¬ı˛± Ê√±øÚ Œ˚, Œ˜¬ı˛≈àÔ±Ú±—Àfl¡ Œfl¡±Ú› fl¡øÌfl¡±¬ı˛ Ú±øˆ¬ø¬ıμ≈Àfl¡ ˜”˘ø¬ıμ≈ Ò¬ı˛À˘, ‹ fl¡øÌÀfl¡¬ı˛ ¸˜œfl¡¬ı˛Ì

1 1
r

e� � cos � ............... (ii)

¤‡Ú l fl¡øÌfl¡±øÈ¬¬ı˛ ’øˆ¬˘À•§¬ı˛ ’ÀÒ«fl¡ ¤¬ı— e Ó¬±¬ı˛ Î¬◊»Àfl¡fÓ¬±º

(i) ¤¬ı— (ii) Œfl¡ Ó≈¬˘Ú± fl¡¬ı˛À˘

l h� 2� ¤¬ı— e kh
�

2

�
 ¬Û±›˚˛± ˚±˚˛º

’Ó¬¤¬ı ¸˜Ó¬À˘ Œfl¡f±øˆ¬˜≈‡œ ¬ı…d¬¬ı·« øÚ˚˛˜±Ú≈˚±˚˛œ Œfl¡±Ú› ¬ı˘ ¸ø√flË¡˚˛ Ô±fl¡À˘, Œfl¡±Ú› fl¡Ì± ‹ ¬ıÀ˘¬ı˛

õ∂ˆ¬±À¬ı ¤fl¡øÈ¬ fl¡øÌfl¡ ˝√√À¬ıº

6.4 ¬Û±√¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸±˝√√±À˚… ¬ı…d¬¬ı·« øÚ˚˛À˜ fl¡øÌfl¡±¬ı˛ ·øÓ¬¬ÛÔ øÚÌ«˚˛

’±˜¬ı˛± Œ√À‡øÂ√ Œ˚ ¬ı…d¬¬ı·« øÚ˚˛À˜ Œfl¡±Ú› fl¡Ì±¬ı˛ ¬Û±√àÔ±Ú±—fl¡ ·øÓ¬¬ÛÔ øÚÀ•ß¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ¡Z±¬ı˛± õ∂fl¡±˙

fl¡¬ı˛± ˝√√ ˛̊º

h
p

dp
dr r

2

3 2�
�

 ................ (iii)

‹ ¸˜œfl¡¬ı˛ÌøÈ¬Àfl¡ ¸˜±Ò±Ú fl¡¬ı˛À˘ 
h
p r

c
2

2
2

� �
�

 (iv) (c ÒË≈¬ıfl¡] ¬Û±›˚˛± ˚±˚˛º

XO

r

P(r,�)
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øfl¡z¬ Œfl¡±Ú› Î¬◊¬Û¬ı‘ÀM√√¬ı˛ ¬Û±√±—fl¡ ¸˜œfl¡¬ı˛Ì 
b
p

a
r

VA
2

2
2 1� � ; ( )

¬Û¬ı˛±¬ı‘ÀM√√¬ı˛ ¬Û±√±—fl¡ ¸˜œfl¡¬ı˛Ì  
b
p

a
r

VB
2

2
2 1� � ( )

¤¬ı— ’øÒ¬ı‘ÀM√√¬ı˛ ¬Û±√±—¸˜œfl¡¬ı˛Ì  
b
p

a
r

VC
2

2
2

� ( )

¤ ¸fl¡˘ Œé¬ÀS fl¡øÌfl¡±øÈ¬¬ı˛ Ú±øˆ¬ø¬ıμ≈Àfl¡ ˜”˘ø¬ıμ≈ Ò¬ı˛± ˝√√À˚˛ÀÂ√ ¤¬ı— 2a, 2b ˚Ô±√flË¡À˜ ¬Û¬ı˛±é¬ ¤¬ı— Î¬◊¬Û±Àé¬¬ı˛

Δ√À‚«…¬ı˛ ˜±Úº

’±˜¬ı˛± ¬Û”À¬ı«˝◊√√ Œ√À‡øÂ√ Œ˚ h = Vp (V ·øÓ¬À¬ı·]  , ’Ó¬¤¬ı Î¬◊¬Û¬ı‘ÀM√√¬ı˛ Œé¬ÀS V a
r

2 2 1� � 
 ’Ô«±»

V a
r

2 2
�

¤¬ı— ¬Û¬ı˛±¬ı‘ÀM√√¬ı˛ Œé¬ÀS V a
r

2 2 1� �  ’Ô«±» V a
r

2 2
�

’øÒ¬ı‘ÀM√√¬ı˛ Œé¬ÀS v h
p r

Vc2
2

2� � 
 �
�

 ’Ô«±» p h r2
2

2�
�

Î¬◊¬Û¬ı‘ÀM√√¬ı˛ Œé¬ÀS (iv) ¤¬ı— (VA) Ó≈¬˘Ú± fl¡¬ı˛À˘ ’±˜¬ı˛± Œ√ø‡ 
h
b a

c2

2 1� � �
�

’Ô«±» h
b
a

2
2

� �
�

�  [’Ò«Ú±øˆ¬˘•§] ¤¬ı— c
a

� �
�

h2 ¤¬ı— c-¤¬ı˛ ˘t ˜±Ú (iv) Ú— ¸˜œfl¡¬ı˛ÀÌ ¬ı¸±À˘ ’±˜¬ı˛± Œ√ø‡ Œ˚ v h
p r a

2
2

2
2 1

� � ��� ���

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı ¬Û¬ı˛±¬ı‘ÀM√√¬ı˛ Œé¬ÀS ¤¬ı— ’øÒ¬ı‘ÀM√√¬ı˛ Œé¬ÀS ˚Ô±√flË¡À˜ ’±˜¬ı˛± ¬Û±¬ı V
r a

2 2 1
� ��� ���  ¤¬ı—

V
r

2 2
�

�

Œ√‡± ˚±À26√ Î¬◊¬Û¬ı‘ÀM√√¬ı˛ Œé¬ÀS V
r

2 2
�

�
 ¤¬ı— ’øÒ¬ı‘M√√ › ¬Û¬ı˛±¬ı‘ÀM√√¬ı˛ Œé¬ÀS V

r
2 2
�

�

6.5 ¬Û˘±˚˛Úœ Œ¬ı· (Escape velocity)

’±˜¬ı˛± ¬Û”À¬ı«˝◊√√ Œ√À‡øÂ√ Œ˚, ¬Û‘øÔ¬ıœ¬ı˛ ¬ı…±¸±Ò« a ˝√√À˘ ¤¬ı— ˆ”¬Àfl¡f ’øˆ¬˜≈À‡ ¬ı˘ 
�

r2

ø√flË¡˚˛±˙œ˘ ˝√√À˘ ˆ”¬ ¬Û‘Àá¬ ‹ ¬ıÀ˘¬ı˛ ¬Ûø¬ı˛˜±Ì 
�

a
g2 �  ’Ô«±» � � a g2

 ˝√√ÀÓ¬º

� � a g2  ¬ıÀ¸ Œ√‡ÀÓ¬ ¬Û±˝◊√√ Œ˚ ˆ”¬¬Û‘á¬ ˝√√ÀÓ¬ Œfl¡±Ú› fl¡Ì±Àfl¡ 
2

2
�

a
ag�  Œ¬ıÀ· øfl¡—¬ı± Ó¬±¬ı˛ ’øÒfl¡

Œ¬ıÀ· ˙”ÀÚ… Â√øÎ¬ˇÀ˚˛ ø√À˘ Ó¬± ’øÒ¬ı‘M√√ ’Ô¬ı± ¬Û¬ı˛±¬ı‘M√√ ¬ı˛‰¬Ú± fl¡¬ı˛À¬ı ’Ô«±» Ó¬± ¬Û≈Ú¬ı˛±˚˛ ˆ”¬¬Û‘Àá¬ øÙ¬À¬ı˛ ’±¸À¬ı Ú±º
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¤ ◊̋√√ ·øÓ¬À¬ı· 2ag  Œfl¡ ¬Û˘± ˛̊Úœ Œ¬ı· (escape velocity) ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º

6.6 Î¬◊¬Û¬ı‘M√√œ˚˛ ·øÓ¬¬ÛÀÔ¬ı˛ ¬Û˚«±˚˛fl¡±˘

Œfl¡±Ú› Î¬◊¬Û¬ı‘ÀM√√¬ı˛ ¬Û¬ı˛±é¬ ¤¬ı— Î¬◊¬Û±Àé¬¬ı˛ ¬Ûø¬ı˛˜±Ì 2a ¤¬ı— 2b ˝√√À˘, ‹ Î¬◊¬Û¬ı‘ÀM√√¬ı˛ Œé¬SÙ¬˘ 
ab √“√±Î¬ˇ±˚˛º

’±˜¬ı˛± ¬Û”À¬ı«˝◊√√ Œ√À‡øÂ√ Œ˚ 
1
2

1
2

2h r d
dt

�
�

 Œfl¡±Ú› fl¡Ì±¬ı˛ Œé¬Sœ ˛̊ ·øÓ¬À¬ı· (areal velocity) ¤¬ı—

Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ fl¡˜¬ÛÀé¬¬ı˛ Œé¬ÀS h
b
a

2
2

�
�

’Ó¬¤¬ı øÚÀÌ«˚˛ ¬Û˚«±˚˛fl¡±˘ T ab
g

a� �
2 2 3

2

 


�

6.7 ¢∂˝√√¸˜ƒ”À˝√√¬ı˛ ·øÓ¬ ¸—√flË¡±z¬ Œfl¡¬Û˘±À¬ı˛¬ı˛ øÚ˚˛˜±¬ı˘œ

√œ‚«fl¡±˘ ˚±¬ı» ¢∂˝√√¸˜”À˝√√¬ı˛ ·øÓ¬¬ÛÔ ¬Û˚«À¬ıé¬Ì fl¡À¬ı˛ Œfl¡¬Û˘±¬ı˛ øÚ•ßø˘ø‡Ó¬ øÚ˚˛˜±¬ı˘œ õ∂Ì˚˛Ú fl¡À¬ı˛øÂ√À˘Úñ

1. õ∂Ô˜ øÚ ˛̊̃  – õ∂øÓ¬øÈ¬ ¢∂˝√√ Î¬◊¬Û¬ı‘M√√œ˚˛ fl¡é¬¬ÛÀÔ ¸”À˚«¬ı˛ ‰¬Ó≈¬ø«√Àfl¡ ’±¬ıÓ«¬Ú fl¡À¬ı˛ ¤¬ı— ‹ Î¬◊¬Û¬ı‘ÀM√√¬ı˛ ¤fl¡øÈ¬

Ú±øˆ¬ø¬ıμ≈ÀÓ¬ ¸”À˚«¬ı˛ ’¬ıàÔ±Úº

2. ø¡ZÓ¬œ˚˛ øÚ˚˛˜ – Œ˚ Œfl¡±Ú ¢∂˝√√ ¤¬ı— ¸”À˚«¬ı˛ ¸—À˚±Ê√fl¡ Œ¬ı˛‡± ¸˜±Ú ¸˜À˚˛ ¸˜¬Ûø¬ı˛˜±Ì Œé¬S ’øÓ¬√flË¡˜

fl¡À¬ı˛º

3. Ó‘¬Ó¬œ˚˛ øÚ˚˛˜ – Œ˚ Œfl¡±Ú› ¢∂À˝√√¬ı˛ ¬Û˚«±˚˛fl¡±À˘¬ı˛ ¬ı·« Î¬◊˝√√±¬ı˛ fl¡é¬¬ÛÀÔ¬ı˛ ’Ò« ¬Û¬ı˛±Àé¬¬ı˛ ‚Ú ¤¬ı˛ ¸˜±Ú≈¬Û±ÀÓ¬

Ô±fl¡À¬ıº

¬Û¬ı˛¬ıÓ«¬œfl¡±À˘ øÚÎ¬◊È¬Ú ˜˝√√±fl¡¯∏«¸”S ’¬ı˘•§ÀÚ Œfl¡¬Û˘±À¬ı˛¬ı˛ øÚ˚˛˜±¬ı˘œ¬ı˛ ˚Ô±Ô«… õ∂˜±Ì fl¡À¬ı˛Úº

ø¬ıÀ˙¯∏ ^©Ü¬ı… – (i) ¸”À˚«¬ı˛ ˆ¬À¬ı˛¬ı˛ Ó≈¬˘Ú±˚˛ õ∂øÓ¬øÈ¬ ¢∂À˝√√¬ı˛ ˆ¬¬ı˛ ’øÓ¬é≈¬^, ¤Ê√Ú… ¸”À˚«¬ı˛ ’¬ıàÔ±ÚÀfl¡ ¬ı˘Àfl¡f

ÒÀ¬ı˛ õ∂øÓ¬øÈ¬ ¢∂˝√√ ¤fl¡øÈ¬ fl¡øÌfl¡± ¬ı˛”À¬Û ø¬ıÀ¬ıø‰¬Ó¬ ˝√√˚˛º

(ii) ¸”À˚«¬ı˛ ’¬ıàÔ±Ú øàÔ¬ı˛ ÒÀ¬ı˛ õ∂øÓ¬øÈ¬ ¢∂˝√√ ¸”À˚«¬ı˛ ‰¬Ó≈¬©Û±À˙« Î¬◊¬Û¬ı‘M√√œ˚˛ fl¡é¬¬ÛÔ ¬ı˛‰¬Ú± fl¡À¬ı˛ ¤¬ı— ¸”˚« ‹

Î¬◊¬Û¬ı‘ÀM√√¬ı˛ ¤fl¡øÈ¬ Ú±øˆ¬ø¬ıμ≈ÀÓ¬ Ô±Àfl¡º ¬Û¬ı˛±Àé¬¬ı˛ Œ˚ õ∂±z¬ ø¬ıμ≈ ‹ Ú±øˆ¬ø¬ıμ≈ ˝√√ÀÓ¬ øÚfl¡È¬ˆ¬¬ı˛ ‹ ø¬ıμ≈øÈ¬Àfl¡ ’Ú≈¸”¬ı˛

(perihelion) ¤¬ı— ‹ ¬Û¬ı˛±Àé¬¬ı˛ ’Ú… õ∂±z¬ø¬ıμ≈ ˚± Ú±øˆ¬ø¬ıμ≈ ŒÔÀfl¡ ”√À¬ı˛ ¬ı˛À˚˛ÀÂ ‹ ø¬ıμ≈øÈ¬Àfl¡ ’¬Û¸”¬ı˛ (Aphelion)

¬ı˘± ˝√√À˚˛ Ô±Àfl¡º

6.8 ’Ú≈˙œ˘Úœ

Î¬◊√± √̋√¬ı̨Ìñ1
˚‡Ú Œfl¡±Ú› ¢∂˝√√ ’Ú≈¸”¬ı˛ ø¬ıμ≈ÀÓ¬ Ô±Àfl¡ Ó¬‡Ú Ó¬±¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬ Œ¬ıÀ·¬ı˛ ˜±Ú ¬ı‘˝√√M√√˜ ¤¬ı— ˚‡Ú ¢∂˝√√øÈ¬

¬’¬Û¸”¬ı˛ ø¬ıμ≈ÀÓ¬ Ô±Àfl¡ Ó¬‡Ú Ó¬±¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ıÀ·¬ı˛ ˜±Ú é≈¬^Ó¬˜ ˝√√˚˛º
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¸˜±Ò±ÚñÚ±øˆ¬ø¬ıμ≈ÀÓ¬ ¸”À˚«¬ı˛ ’¬ıàÔ±Ú ÒÀ¬ı˛ Œfl¡±Ú› ¢∂À˝√√¬ı˛ fl¡é¬¬ÛÔ Î¬◊¬Û¬ı‘M√√œ˚˛ ¤¬ı— Œfl¡fœ˚˛ ¬ı˘±ÒœÚ ·øÓ¬¬ı˛

˙Ó«¬±Ú≈¸±À¬ı˛ pV = h [ÒË≈¬ıfl¡] ’Ô«±» V h
p

�  ’Ô«±» V
p

	
1

 ˝√√ ˛̊º

’Ó¬¤¬ı ’Ú≈¸”¬ı˛ ø¬ıμ≈ÀÓ¬ p é≈¬^Ó¬˜ ¤Ê√Ú V ¬ı‘˝√√M√√˜ ¤¬ı— ’¬Û¸”¬ı˛ ø¬ıμ≈ÀÓ¬ p ¬ı‘̋ √√M√√˜ ¤Ê√Ú… ‹ ’¬ıàÔ±ÀÚ

v é≈¬^Ó¬˜ ˝√√À¬ıº

Î¬◊√± √̋√¬ı̨Ìñ2

˚ø√ Œfl¡±Ú› ¢∂˝√√ ¸”˚« ˝√√ÀÓ¬ ¸¬ıÀ‰¬À˚˛ ”√À¬ı˛ Ô±Àfl¡ Ó¬‡Ú Ó¬±¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı· V1 ˝√√ ˛̊ ¤¬ı— ˚‡Ú ‹ ¬¢∂˝√√øÈ¬

¸”˚« ˝√√ÀÓ¬ ¸¬ıÀ‰¬À˚˛ øÚfl¡ÀÈ¬ Ô±Àfl¡ Ó¬‡Ú Ó¬±¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı· V2 ˝√√ ˛̊, Ó¬±˝√√À˘ õ∂˜±Ì fl¡¬ı≈̨Ú Œ˚ 

V
V

e
e

1

2

1
1

�
�
�

√̋√À¬ıº

(e ¢∂˝√√øÈ¬¬ı˛ Î¬◊¬Û¬ı‘M√√œ˚˛ ·øÓ¬¬ÛÀÔ¬ı˛ Î¬◊»Àfl¡fÓ¬±] 

V
V

1

2

¸˜±Ò±Úñ¬Û”À¬ı«¬ı˛ Î¬◊√±˝√√¬ı˛Ì (1 Ú—] ’Ú≈˚±˚˛œ Vp = h ÒÀ¬ı˛ ’Ú≈¸”¬ı˛ ø¬ıμ≈ÀÓ¬ p = a (1 – e) ¤¬ı— ’¬Û¸”¬ı˛

ø¬ıμ≈ÀÓ¬ p = a (1 + e)  , ’Ó¬¤¬ı 
V
V

a e
a e

e
e

1

2

1
1

1
1

�
�� �

�� �
�

�
�

Î¬◊√± √̋√¬ı̨Ìñ3

Œfl¡±Ú› ¢∂À˝√√¬ı˛ ¬ıÓ«¬˜±Ú fl¡é¬¬ÛÔ ¬ı‘M√√±fl¡±¬ı˛ ÒÀ¬ı˛, ¸”À˚«¬ı˛ ˆ¬¬ı˛ ’fl¡¶ú±» ‹ ˆ¬À¬ı˛¬ı˛ 
1
n  Ó¬˜ ˝√√À˘, ¢∂˝√√øÈ¬¬ı˛ ÚÓ≈¬Ú

fl¡é¬¬ÛÔ øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Úñõ∂ÔÀ˜ ¢∂˝√√øÈ¬¬ı˛ ˆ¬¬ı˛ m ¤¬ı— ·øÓ¬À¬ı· V Ò¬ı˛À˘ Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ ¸”À˚«¬ı˛ ø√flË¡˚˛±˙œ˘ ¬ı˘ ˝√√À¬ı 
GMm

�2

Œ˚‡±ÀÚ ¸”À˚«¬ı˛ ˆ¬¬ı˛ M ¤¬ı— ¸”˚«… ˝√√ÀÓ¬ ¢∂˝√√øÈ¬¬ı˛ ”√¬ı˛Q r : G ˜˝√√±fl¡¯∏«œ˚˛ ÒË≈¬ıfl¡º

’Ó¬¤¬ı ¸”˚« Œfl¡Àf ŒÔÀfl¡ ¢∂˝√√øÈ¬¬ı˛ ¬ı‘M√√œ˚˛ fl¡é¬¬ÛÀÔ¬ı˛ ¬ı…±¸±Ò« a ˝√√À˘ 
GMm

a
mV

a2

2
�  ˝√√À¬ıº

� V GM
a a

GM� � �
�

�,

øfl¡z≈¬ ¸”À˚«¬ı˛ ˆ¬¬ı˛ 
1
n  Ó¬˜ ’Ô«±» 

M
n  ˝√√À˘ ‹ ¢∂˝√√øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ¬ı˘ ˝√√À¬ıº 

GMm
nr

m
nr2 2�
�

 ¤‡Ú

¢∂˝√√øÈ¬¬ı˛ ’±ø√ √˙±˚˛ 
�

a
 Œ¬ı· Ò¬ı˛À˘ ¸”À˚«¬ı˛ ˆ¬¬ı˛ ˚‡Ú 

1
n  Ó¬˜ ˝√√À¬ı Ó¬‡Ú ¢∂˝√√øÈ¬¬ı˛ fl¡é¬¬ÛÔ Î¬◊¬Û¬ı‘M√√, ’øÒ¬ı‘M√√

øfl¡—¬ı± ¬Û¬ı˛±¬ı‘M√√ ˝√√À¬ı ˚ø√ 
�
a

�
�
�

2�
na  ˝√√ ˛̊  ,

’Ô«±» n �
�

2 ˝√√À˘ ‹ fl¡é¬¬ÛÔ Î¬◊¬Û¬ı‘M√√ ’øÒ¬ı‘M√√ øfl¡—¬ı± ¬Û¬ı˛±¬ı‘M√√ ˝√√À¬ıº
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6.9 ¸±¬ı˛±—˙

¤ ◊̋√√ ¤fl¡fl¡ [7 Ú—] ¬Û±Í¬ fl¡¬ı˛À˘ Œ¸Ã¬ı˛˜G¬À˘ Úˆ¬(¬ı˛ø√À·¬ı˛ ·øÓ¬ õ∂fl‘¡øÓ¬ ¤¬ı— ¢∂˝√√¸˜”À˝√√¬ı˛ ¬Û˚«±˚˛fl¡±˘ ¸•§À&Ò

¬Û±Í¬Àfl¡¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ :±Ú ˘±ˆ¬ fl¡¬ı˛À¬ıº

6.10 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1. ¬¬Û‘øÔ¬ıœ¬ı˛ ¸”˚« ¬Ûø¬ı˛√flË¡˜±¬ı˛ fl¡é¬¬ÛÔ ¬ı‘M√√±fl¡±¬ı˛ ÒÀ¬ı˛ Œ√‡±Ú Œ˚ ¬Û‘øÔ¬ıœ¬ı˛ ·øÓ¬À¬ı· õ∂±˚˛ Œ√Î¬ˇ·≈Ì ¬Û˚«z¬ ¬ı‘øX

Œ¬ÛÀ˘, ¸”À˚«¬ı˛ Ú±øˆ¬ø¬ıμ≈ ’¬ıàÔ±ÀÚ Œ¬ı˛À‡ ¬Û‘øÔ¬ıœ¬ı˛ ·øÓ¬¬ÛÔ ¤fl¡øÈ¬ ’øÒ¬ı‘M√√ ˝√√À¬ıº

2. Œfl¡±Ú› ¤fl¡øÈ¬ ¢∂À˝√√¬ı˛ fl¡é¬¬ÛÔ ¬ı‘M√√±fl¡±¬ı˛ Òø¬ı˛À˚˛ Œ√‡±Ú Œ˚ ¢∂˝√√øÈ¬¬ı˛ ·øÓ¬À¬ı· ˝√√Í¬±» ˙”Ú… ˝√√À˘ Œ√‡±Ú Œ˚

¢∂˝√√øÈ¬¬ı˛ ¸”˚« ¬Ûø¬ı˛√flË¡˜±¬ı˛ ¬Û˚«±˚˛ fl¡±À˘¬ı˛ 
2

8
 ·≈Ì ¸˜À˚˛ Ó¬± ¸”À˚« ¬ÛøÓ¬Ó¬ ˝√√À¬ıº

3. Œ√‡±Ú Œ˚, Ú±øˆ¬ø¬ıμ≈ÀÓ¬ ¬ı˘Àfl¡f ø¬ıø˙©Ü Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ fl¡é¬¬ÛÀÔ ‰¬˘˜±Ú ¤fl¡øÈ¬ ¢∂À˝√√¬ı˛ ·øÓ¬À¬ı· ≈√˝◊√√øÈ¬

Î¬◊¬Û±—À˙¬ı˛ ˘øt ¬ı˛”À¬Û ø¬ı‰¬±¬ı˛ fl¡¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛  , ‹ ≈√øÈ¬ Î¬◊¬Û±—À˙¬ı˛ ¤fl¡øÈ¬ 
�
h  [ÒË≈¬ıfl¡] ¬Ûø¬ı˛˜±Ì ’Ú≈õ∂àÔ ø√˙±˚˛

¤¬ı— ’¬Û¬ı˛ Î¬◊¬Û±—˙øÈ¬ 
�e
h  [ÒË≈¬ıfl¡] ¬Ûø¬ı˛˜±Ì ¬Û¬ı˛±Àé¬¬ı˛ ˘•§ ø√˙±˚˛ ˝√√À¬ıº

4. ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ·øÓ¬¬ÛÔ ¤fl¡øÈ¬ Î¬◊¬Û¬ı‘M√√ ¤¬ı— fl¡Ì±øÈ¬ ‹ Ú±øˆ¬Àfl¡Àf¬ı˛ ø√Àfl¡ 
�
r2 ¬Ûø¬ı˛˜±Ì ¬ı˘ ¡Z±¬ı˛± ’±fl‘¡©Ü

˝√√À˚˛ÀÂ√  , r ¬Ûø¬ı˛˜±Ì ”√¬ı˛ÀQ¬ı˛ fl¡Ì±øÈ¬Àfl¡ V Œ¬ıÀ· øÚÀé¬¬Û fl¡¬ı˛À˘ fl¡Ì±øÈ¬¬ı˛ ¬Û˚«±˚˛fl¡±˘ øÚ¬ı˛”¬ÛÌ fl¡¬ı˛≈Úº

[ Î¬◊M√√¬ı˛ – 
2 2 2

3
2


� �r
V

��
�

�
� ]

[¤‡±ÀÚ �
 ÒË≈¬ıfl¡ ¬ı˛±ø˙ ¤¬ı— r Ú±øˆ¬Àfl¡f ˝√√ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ ”¬ı˛Q ¸”‰¬Ú± fl¡¬ı˛ÀÂ√]

5. ¤fl¡øÈ¬ fl‘¡øS˜ Î¬◊¬Û¢∂˝√√ Î¬◊¬Û¬ı‘M√√œ˚˛ fl¡é¬¬ÛÀÔ ¬Û‘øÔ¬ıœÀfl¡ ¬Ûø¬ı˛√flË¡˜± fl¡À¬ı˛ ‰¬À˘ÀÂ√º ˆ”¬Àfl¡f ŒÔÀfl¡ Î¬◊¬Û¢∂˝√√øÈ¬¬ı˛

‰¬¬ı˛˜ › ’¬ı˜ ”¬ı˛Q ˚Ô±√flË¡À˜ 4a › 2a Œ˚‡±ÀÚ a ˝√√˘ ¬Û‘øÔ¬ıœ¬ı˛ ¬ı…±¸±X«º Œ√‡±Ú Œ˚ Î¬◊¬Û¢∂˝√√øÈ¬¬ı˛ ¬Û˚«±˚˛fl¡±˘

2 27� a
g
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¤fl¬fl¬ 7 � Î¬◊¬Û^≈øÓ¬ Œ˝√√Ó≈¬ Î¬◊¬Û¬ı‘M√√ ¬ÛÀÔ¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú

·Í¬Ú

7.1 ¬√õ∂d¬±¬ıÚ±

7.2 ¬Î¬◊ÀV˙…

7.3 ¬Î¬◊¬Û¬ı‘M√√øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú› ø¬ıμ≈ÀÓ¬ ¶Û˙«fl¡ ø√˙±˚˛ ‚±Ó¬¬ı˘ ø√flË¡˚˛±˚˛ õ∂ˆ¬±¬ı

7.4 fl¡øÌfl¡±¬ı˛ ›¬Û¬ı˛ ¬ı…d¬¬ı·« ¬ıÀ˘¬ı˛ ¸±˜±Ú… ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ õ∂ˆ¬±¬ı

7.5 ’Ú≈̇ œ˘Úœ

7.6 ¸±¬ı̨±—˙

7.7 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

7.1 õ∂d¬±¬ıÚ±

Œfl¡±Ú› ¢∂˝√√ ¸”À˚«¬ı˛ ‰¬Ó≈¬ø√Àfl¡ Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ ¬ÛÀÔ √w¬˜Ìfl¡±À˘ ø¬ıøˆ¬iß fl¡±¬ı˛ÀÌ ‹ Î¬◊¬Û¬ı‘M√√ ¬ÛÀÔ¬ı˛ ¸±˜±Ú… ¬Ûø¬ı˛¬ıÓ«¬Ú

˝√√À˘ ¢∂˝√√øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ¤¬ı— Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ øfl¡¬ı˛”¬Û øfl¡ õ∂ˆ¬±¬ı ¬ÛÎ¬ˇÀ¬ı ¤˝◊√√ ¤fl¡Àfl¡ Ó¬± ’±À˘±ø‰¬Ó¬ ˝√√À¬ıº

7.2 Î¬◊ÀV˙…

¬ı…d¬ ¬ı·« ¬ı˘õ∂ˆ¬±À¬ı Œfl¡±Ú fl¡øÌfl¡±¬ı˛ fl¡é¬¬ÛÔ Î¬◊¬Û¬ı‘M√√ ˝√√À˘ ø¬ıøˆ¬iß fl¡±¬ı˛ÀÌ Œ˚˜Ú ‹ ·øÓ¬¬ÛÀÔ¬ı˛ ¶Û˙«fl¡ ø√˙±˚˛

Œfl¡±Ú› ‚±Ó¬¬ı˘ ø√flË¡˚˛± fl¡¬ı˛À˘ ’Ô¬ı± ’fl¡¶ú±» ‹ fl¡øÌfl¡±¬ı˛ Î¬◊¬Û¬ı˛ ’±fl¡¯∏«fl¡ ¬ıÀ˘¬ı˛ ¬Ûø¬ı˛˜±ÀÌ¬ı˛ Ó¬±¬ı˛Ó¬˜… ‚È¬À˘ ‹

Î¬◊¬Û¬ı‘M√√œ˚˛ fl¡é¬¬ÛÀÔ¬ı˛ ¸±˜±Ú…¬ ¬Ûø¬ı˛¬ıÓ«¬Ú ‚È¬À¬ı ¤¬ı— ¤Ê√Ú… Î¬◊¬Û¬ı‘M√√øÈ¬¬ı˛ ¬Û¬ı˛±Àé¬¬ı˛ Δ¬ı˛ø‡fl¡ ˜±Ú ¤¬ı— ø√˙±, Î¬◊¬Û¬ı‘ÀM√√¬ı˛

Î¬◊»Àfl¡fÓ¬± ¤¬ı— fl¡øÌfl¡±øÈ¬¬ı˛ ¬Û˚«±˚˛ fl¡±˘ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√À¬ıº

7.3 Î¬◊¬Û¬ı‘M√√øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú› ø¬ıμ≈ÀÓ¬ ¶Û˙«fl¡ ø√˙±˚˛ ‚±Ó¬¬ı˘ ø√flË¡˚˛±¬ı˛ õ∂ˆ¬±¬ı

Ò¬ı˛± ˚±flƒ¡ S1 Ú±øˆ¬ø¬ıμ≈ÀÓ¬ ¬ı˘Àfl¡føÈ¬ ’¬ıøàÔÓ¬ ¬ı˛À˚˛ÀÂ√ ¤¬ı—

Î¬◊¬Û¬ı‘M√√øÈ¬¬ı˛ ’Ú… Ú±øˆ¬ø¬ıμ≈ S2 Î¬◊¬Û¬ı‘M√√øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ P ø¬ıμ≈ÀÓ¬ ¶Û˙«fl¡

ø√˙±˚˛ ’fl¡¶ú±» Œfl¡±Ú› ‚±Ó¬¬ı˘ ø√flË¡˚˛± fl¡¬ı˛ÀÓ¬ ’±¬ı˛y¬ fl¡¬ı˛˘º

Òø¬ı˛ ‹ ‚±Ó¬¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı P ø¬ıμ≈ÀÓ¬ fl¡øÌfl¡±øÈ¬¬ı˛ ·øÓ¬À¬ıÀ·¬ı˛

˜±Ú v ˝√√ÀÓ¬ v + �v ˝√√˚˛, øfl¡z≈¬ Ó¬±¬ı˛ ·øÓ¬À¬ıÀ·¬ı˛ ø√˙±˚˛ ¬Ûø¬ı˛¬ıÓ«¬Ú

˝√√ ˛̊ Ú±º
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˜ÀÚ ¬ı˛±‡ÀÓ¬ ˝√√À¬ı Œ˚ ¬ı˘Àfl¡f S ’±‚±ÀÓ¬¬ı˛ ¬Û”À¬ı« ¤¬ı— ¬ÛÀ¬ı˛ ¤fl¡˝◊√√ ’¬ıàÔ±ÀÚ Ô±fl¡À¬ı  , Òø¬ı˛ Î¬◊¬Û¬ı‘ÀM√√¬ı˛

¬Û¬ı˛±Àé¬¬ı˛ (A�A) ˜±Ú ‚±Ó¬¬ıÀ˘¬ı˛ ø√flË¡˚˛±¬ı˛ ¬Û”À¬ı« 2a øÂ√˘ ¤¬ı— ¬ÛÀ¬ı˛ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√À26√ 2a�
˝√√ ˛̊º ’Ó¬¤¬ı ‹ ‚±Ó¬¬ı˘

õ∂À˚˛±À·¬ı˛ ¬Û”À¬ı« V
S P a

2

1

2 1
� �
�
��

�
��   (i) ¤¬ı— ¬ÛÀ¬ı˛

V V
S P a

� � �
�
��

�
�� �� �2

1
1

2 1
   (ii) ˝√√ ˛̊º (�
 ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ò¬ı˛± ˝√√À˚˛ÀÂ√º]

(ii) ˝√√ÀÓ¬ (i) Î¬◊ˆ¬˚˛ ¬Û±Àù´« ø¬ıÀ˚˛±· fl¡¬ı˛À˘ 2 1 1

1

V V
a a

� �� �
�
�

�
�

V 2� � ¤¬ı˛ ˜±Ú ’øÓ¬é≈¬^ ¬ıÀ˘ Ó¬±Àfl¡ ¬ıÊ«√Ú fl¡¬ı˛± ˝√√˘]

’Ó¬¤¬ı 2 2 2V v a a
a

a
a

 � �


� � ��
�

�
� �   (a�
 – a = �a Ò¬ı˛± ˝√√À˚˛ÀÂ√]

a a a� � �
�

2 2va V�
�

   (iii) ˝√√À¬ıº

’Ó¬¬¤¬ı ¬Û¬ı˛±Àé¬¬ı˛ Δ¬ı˛ø‡fl¡ ˜±ÀÚ¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À¬ı 
4 2va V

�


fl¡Ì±øÈ¬ ¬Û˚«±˚˛fl¡±˘ T ˝√√À˘

T a�
2 3

2



�
  ˝√√À¬ıº

Î¬◊ˆ¬˚˛ ø√Àfl¡ ˘·±ø¬ı˛√˜ øÚÀ˚˛ ¸˜±fl¡˘ õ∂ø√flË¡˚˛± ¡Z±¬ı˛± ’±˜¬ı˛± ¬Û±˝◊√√

 T
T

a
a

� 3
2 �

3aV V
�

¬Û”À¬ı«˝◊√√ ’±˜¬ı˛± ÒÀ¬ı˛øÂ√ Œ˚ p ø¬ıμ≈ÀÓ¬ fl¡øÌfl¡±¬ı˛ ·øÓ¬À¬ıÀ·¬ı˛ ø√˙±¬ı˛ Œfl¡±Ú› ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À¬ı Ú± ¤¬ı— ¬ı˘Àfl¡f

S1 ¤¬ı˛ ’¬ıàÔ±Ú ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡  , Ò¬ı˛± ˚±flƒ¡ Œ˚ ’¬Û¬ı˛ Ú±øˆ¬Àfl¡føÈ¬ S2 ˝√√˝◊√√ÀÓ¬ S�2 ’¬ıàÔ±ÀÚ ‰¬À˘ ˚±˚˛,

S�2 ˝√√ÀÓ¬ A�S1S2 A ¬Û”À¬ı«¬ı˛ ¬Û¬ı˛±Àé¬¬ı˛ Î¬◊¬Û¬ı˛ S�2N ˘•§ È¬±Ú± ˝√√À˘º

¤‡Ú S S S P S P S P S P S P S P2 2 2 2 2 1 2 1� � � � � � � � � �
 � 
 �
= 2 2 2� � �a a a�

˚ø√ ‚±Ó¬¬ı˘ õ∂À˚˛±À·¬ı˛ ¬Û”À¬ı« ¬Û¬ı˛±Àé¬¬ı˛ ’¬ıàÔ±Ú ¤¬ı— ‹ ¬ı˘ õ∂À˚˛±À·¬ı˛ ¬ÛÀ¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ¬Û¬ı˛±Àé¬¬ı˛ ˜Ò…¬ıÓ«¬œ

Œfl¡±Ì ��
 ˝√√ ˛̊ Ó¬±˝√√À˘ �� � � �S S S2 1 2  ¤¬ı— ��
 ’øÓ¬é≈¬^ ˜±ÀÚ¬ı˛ ˝√√À¬ıº
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¤‡Ú � �� � � �
�

tan tan S S S
S N
S N2 1 2

2

1

øfl¡z≈¬ � � � � � �S N S S S S N a S S N2 2 2 2 2 2 22sin sin�  ¤¬ı— S N1 �
S S ae1 2 2�

� ��

��

�
� �

2
2

22 2
2 2

�

�
�

a S S N
ae

aV
e

V S S N
sin

sin ˝√√À¬ıº

’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬ ‚±Ó¬¬ıÀ˘¬ı˛ Ê√Ú… ·øÓ¬ Œ¬ıÀ·¬ı˛ ø√˙±¬ı˛ Œfl¡±Ú› ¬Ûø¬ı˛¬ıÓ«¬Ú Ú±˝◊√√ ¤ fl¡±¬ı˛ÀÌ S1 Ú±øˆ¬ø¬ıμ≈ ˝√√ÀÓ¬

P ø¬ıμ≈ÀÓ¬ ¶Û˙«Àfl¡¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ P ¤¬ı˛ ˜±Ú ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±fl¡À¬ı  ,

øfl¡z≈¬ pV = h [ÒË≈¬ıfl¡ ¬ı˛±ø˙]

¤Ê√Ú… p�V = �h

’Ô«±» �h = p�V = h
V

V ...........(iv)

’±¬ı±¬ı˛ h a e2 21� � �� �� ( )

(�  Î¬◊¬Û¬ı‘M√√øÈ¬¬ı˛ Ú±øˆ¬˘À•§¬ı˛ ’ÀÒ«fl¡ ¤¬ı— e Î¬◊»Àfl¡fÓ¬±]

’Ó¬¤¬ı ’¬ıfl¡˘ õ∂ø√flË¡˚˛± õ∂À˚˛±· fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ 2 1 22h h a e ae e � � � � �
 �

¬ı±, 2 1 22�  � ae e a e h h� � �� �

¤‡Ú (iv) ¬õ∂À˚˛±· fl¡¬ı˛À˘

2 1 22
2

� � � � �ae e e a h
v

v� � �� �  ˝√√À¬ıº

¤‡Ú (iii) ¬õ∂À˚˛±· fl¡¬ı˛À˘

2 2
1

2
12 2 2

� � �
�

�
�

�
ae e

e a V V
a

e V
V

�
�

�
�� � � �
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’Ô«±» 2 2 12 2�  � ae e a aV e V
V

� � �
 �
 �

¬ı±, �
�

�
�e

aV e
e

V
V

�
� �2 21� �� �

 ˝√√ ˛̊º

¤˝◊√√¬ı˛”À¬Û Î¬◊»Àfl¡fÓ¬±¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˜±Ú ¬Û±›˚˛± ˚±˚˛º

7.4 fl¡øÌfl¡±¬ı˛ Î¬◊¬Û¬ı˛ ¬ı…d¬ ¬ı·« ¬ı˘

�
[fl¡øÌfl¡±¬ı˛ ¬ı˘Àfl¡f ˝√√˝◊√√ÀÓ¬ ”√¬ı˛Q]–2 õ∂ˆ¬±À¬ı Î¬◊¬Û¬ı‘M√√ ¬ÛÀÔ �
¬ı˛ ˜±Ú ¸±˜±Ú… ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√À˘ �
˝√√˘ Î¬◊¬Û¬ı‘ÀM√√¬ı˛

¬Û¬ı˛±Àé¬¬ı˛ Δ√À‚«…¬ı˛ ˜±Ú Î¬◊»Àfl¡fÓ¬±¬ı˛ ˜±Ú ˝◊√√Ó¬…±ø√ øfl¡¬ı˛”¬Û ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√À¬ı Ó¬± ’±˜¬ı˛± ’Ú≈¸&Ò±Ú fl¡¬ı˛¬ıº

’±˜¬ı˛± Ê√±øÚ fl¡øÌfl¡± Î¬◊¬Û¬ı‘ÀM√√¬ı˛ ¤fl¡øÈ¬ Ú±øˆ¬Àfl¡f [˚± ¬ı˘Àfl¡f] ˝√√ÀÓ¬ 

”√¬ı˛ÀQ Ô±fl¡À˘ ¤¬ı— Ó¬±¬ı˛ ·øÓ¬À¬ı·

v √̋̆

V
r a

2 2 1
� ��� ���  ˝√√ ˛̊   [ 2a ¬Û¬ı˛±Àé¬¬ı˛ Δ√À‚«…¬ı˛ ˜±Ú ]

¤‡Ú �
 ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√À˚˛ ��
 ˝√√À˘ v
r a

2 2 1
� � �

�
�� ���  (2a�
 ÚÓ≈¬Ú Î¬◊¬Û¬ı‘M√√œ˚˛ fl¡é¬¬ÛÀÔ¬ı˛ ¬Û¬ı˛±Àé¬¬ı˛ ˜±Úº

v ¤¬ı˛ ˜±Ú ’±˜¬ı˛± ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ò¬ı˛¬ıº

’Ó¬¤¬ı � �
2 1 2 1 2
r a r a

v��
�

�
� � � �

�
�
�

�
� �

’Ó¬¤¬ı 
V V

a a
2 2 1 1

� �
�

�
�

�
�

’Ô«±» 
V a a

a a

2 � �

�
� � �

�

� �

��

� �

¤‡Ú ��
 = �
 + �� ¤¬ı— a�
 = a + �a ÒÀ¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ 
V 2

2
�

� �
�

�a
a2

’Ó¬¤¬ı 
�

�
a

a v
� �

2 2

2  ˝√√À¬ıº

’±˜¬ı˛± ¤øÈ¬› Ê√±øÚ

h2 = �a (1 – e2) ¤¬ı— h = vp ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±fl¡À¬ı [¬Û”À¬ı«¬ı˛ Î¬◊√±˝√√¬ı˛ÀÌ ¤øÈ¬¬ı˛ fl¡±¬ı˛Ì ø¬ıÀù≠¯∏Ì fl¡¬ı˛±

√̋√À˚̨ÀÂ√]
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’Ó¬¤¬ı �a e h1 2 2� �
 �  ¸˜Ó¬±Àfl¡ h ÒË≈¬ıfl¡ ÒÀ¬ı˛, ¬˘·±ø¬ı˛√˜ øÚÀ˚˛ ¸˜±fl¡˘ ø√flË¡˚˛± õ∂À˚˛±· fl¡À¬ı˛ ¬Û±¬ı

�
�

 
� �

�
�

a
a

e e
e

2
1

02

’Ó¬¤¬ı 
2

1 2

2

2
e e

e
a
a

aV �
�

 �
�

�

��
� � � �

¬ı±,
2

1
12

2e e
e

v a
�

�
��

� ���
�
�

’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬ ¬Û˚«±fl¡±˘  T a�
2 3

2



�

’Ó¬¤¬ı 
  �

�
�
� �

T
T

a
a

aV� � � � ���
�
�

3
2

1
2

1
2

1 3 2

¬Û”À¬ı«¬ı˛ Î¬◊√±˝√√¬ı˛ÀÌ¬ı˛ ø‰¬ÀS¬ı˛ õ∂ø√flË¡˚˛±˚˛ ’Ú≈¬ı˛”¬Û ø¬ıÀù≠¯∏Ì fl¡¬ı˛À˘ Œ√‡± ˚±À¬ı Œ˚ Î¬◊¬Û¬ı‘ÀM√√¬ı˛ ¬Û¬ı˛±é¬øÈ¬¬ı˛ ø√˙±¬ı˛ ¬Û”À¬ı«¬ı˛

’¬ıàÔ±Ú ˝√√ÀÓ¬ 
a
ae

S S Ssin 1 2 2�  ¬Ûø¬ı˛˜±Ì ø¬ı‰≈¬…øÓ¬ ‚È¬À¬ıº

7.5 ’Ú≈˙œ˘Úœ

Î¬◊√± √̋√¬ı̨Ìñ1

2a ¬Û¬ı˛±é¬ ø¬ıø˙©Ü Î¬◊¬Û¬ı‘M√√œ˚˛ fl¡é¬¬ÛÀÔ ‰¬˘˜±Ú m ˆ¬¬ı˛ ˚≈q¡ ¤fl¡øÈ¬ fl¡Ì± Œfl¡±Ú› ¸˜À˚˛ ø¬ıÀ¶£¬±¬ı˛ÀÌ¬ı˛ Ê√Ú…

m1 ¤¬ı—
 m2 ˆ¬¬ı˛ø¬ıø˙©Ü ≈√øÈ¬ fl¡Ì±˚˛ ø¬ıˆ¬q¡ ˝√√À˚˛ ˚±˚˛º ˚ø√ ‹ ø¬ıÀ¶£¬±¬ı˛ÀÌ¬ı˛ Ê√Ú… E ¬Ûø¬ı˛˜±Ì ˙øq¡ Î¬◊»¬Ûiß ˝√√˚˛

¤¬ı— m1 ˆ¬¬ı˛ ø¬ıø˙©Ü fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ ¤fl¡øÈ¬ ’øÒ¬ı‘M√√ ˝√√˚˛º Ó¬± ˝√√À˘ Œ√‡±Ú Œ˚ m2 fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ ¤˜Ú

¤fl¡øÈ¬ Î¬◊¬Û¬ı‘M√√ ˝√√À¬ı ˚±¬ı˛ ¬Û¬ı˛±Àé¬¬ı˛ Δ√‚«… ˝√√À¬ı 
2

2
2�

�

m a
m aE�

¸˜±Ò±Ú – Œfl¡fœ ˛̊ ¬ı˘ 
�

r2  [r ¬ı˘Àfl¡f ˝√√ÀÓ¬ ”√¬ı˛Q] Ò¬ı˛À˘ ø¬ıÀ¶£¬±¬ı˛ÀÌ¬ı˛ ¬Û”À¬ı« v
r a

2 2 1
� ��
�

�
��  (m

ˆ¬¬ı˛˚≈q¡ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ı· V) ¤¬ı— ø¬ıÀ¶£¬±¬ı˛ÀÌ¬ı˛ ¬ÛÀ¬ı˛ m1 ˆ¬¬ı˛˚≈q¡ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ı· V1 ¤¬ı— m2 ˆ¬¬ı˛ ø¬ıø˙©Ü

fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ı· V2 Ò¬ı˛À˘ V
r1

2 2
�

�
 ¤¬ı— V

r a2
2 2 1

� �
�

�� ���

[m2 ¤¬ı˛ ˚≈q¡ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ 2a'¬Û¬ı˛±é¬ ø¬ıø˙©Ü Î¬◊¬Û¬ı‘M√√]



120

NSOU

¤‡Ú õ∂√M√√ ˙Ó«¬±Ú≈¸±À¬ı˛, m m m1 2� �  ¤¬ı— 
1
2

1
2

1
21 1

2
2 2

2 2m V m V mv E� � �

’Ô«±» m
r

m
r a

m
r a

E1 2
2 2 1 2 1 2
�

� ��
�
�
� � �

�
�� �� � ��� �� �  øfl¡z≈¬ m m m1 2� �

’Ó¬¤¬ı 
m
a

m
a

E2 2
� �

�
� �  ˝√√À¬ıº

¤ ◊̋√√ ˝√√ÀÓ¬ Œ√‡± ˚± ˛̊ Œ˚, 2
2

2
2� �

�
a

m a
m aE
�

�

Î¬◊√± √̋√¬ı̨Ìñ2

M ˆ¬¬ı˛ ø¬ıø˙©Ü ¤fl¡øÈ¬ ¢∂˝√√ ˚±¬ı˛ ¸”˚« ¬Ûø¬ı˛√flË¡˜±¬ı˛ ¬Û˚«±˚˛fl¡±˘ T ¸”˚« ˝√√ÀÓ¬ ¸¬ıÀ‰¬À˚˛ Œ¬ıø˙ ”√¬ı˛ÀQ¬ı˛ ’¬ıàÔ±ÀÚ

˚‡Ú Ó¬±¬ı˛ ·øÓ¬À¬ı· V Ó¬‡Ú øÍ¬fl¡ ø¬ı¬Û¬ı˛œÓ¬ ˜≈À‡ ¤fl¡˝◊√√ ·øÓ¬ Œ¬ı· ˚≈q¡ ¤¬ı— ‹ ¢∂˝√√øÈ¬¬ı˛ fl¡é¬¬ÛÀÔ ‰¬˘˜±Ú m

ˆ¬¬ı˛˚≈q¡ ¤fl¡øÈ¬ Î¬◊{√®±¬ı˛ ¸Àe· ‹ ¢∂À˝√√¬ı˛ ¸—‚¯∏« ˝√√˚˛º

m
M  é≈¬^ ˝√√À˘ Œ√‡±Ú Œ˚, ¢∂˝√√øÈ¬¬ı˛ Î¬◊¬Û¬ı‘M√√œ˚˛ fl¡é¬¬ÛÀÔ¬ı˛ ¬Û¬ı˛±é¬ 

4 1
1

mvT
M

e
e�

�
�

 ¬Ûø¬ı˛˜±Ì ˝√}√√±¸ ¬Û±À¬ı

(e Î¬◊¬Û¬ı‘M√√øÈ¬¬ı˛ Î¬◊»Àfl¡fÓ¬±]

¸˜±Ò±Ú – ¢∂˝√√øÈ¬ ˚‡Ú ¸”˚« ŒÔÀfl¡ ¸¬ıÀ‰¬À˚˛ Œ¬ıø˙ ”√¬ı˛ÀQ Ô±fl¡À¬ı Ó¬‡Ú Ó¬± ¬Û¬ı˛±Àé¬¬ı˛ õ∂±z¬ø¬ıμ≈ r a e� �( )1

’¬ıàÔ±ÀÚ Ô±fl¡À¬ıº

Ó¬‡Ú V
a e a a

e
e

2 2
1

1 1
1

�
�� �

�
�
��

�
� �

�
�

�� ���
�

˚ø√ ¸—‚À¯∏«¬ı˛ ¬ÛÀ¬ı˛ ¢∂˝√√øÈ¬¬ı˛ ¤¬ı— ‹ Î¬◊{√®±¬ı˛ ¤fl¡˝◊√√ ·øÓ¬ Œ¬ı· V1 ˝√√ ˛̊ Ó¬±˝√√À˘ ( )M m V MV mV� � �1

√̋√À¬ıº

’Ó¬¤¬ı V M m
M m

V1 �
�
�

�
�

�
�

’Ô«±» 
V
V

m
M
m
M

m
M

1
1

1
1 2

�
���
�
�

���
�
�
� �  ˝√√ ˛̊º

( m
M  ’øÓ¬é≈¬^ ¬ıÀ˘ Ó¬±¬ı˛ ¬ı·«, ‚Ú ˝◊√√Ó¬…±ø√ ¬ıÊ«√Ú ˝√√À˚˛ÀÂ√]
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Œ√‡± ˚±À26√ Œ˚, 
V
V

1 1� ,  ’Ó¬¤¬ı ¢∂˝√√øÈ¬ ¤¬ı— ‹ Î¬◊{√®±¬ı˛ ¸ø•úø˘Ó¬ fl¡é¬¬ÛÔ› ¤fl¡øÈ¬ Î¬◊¬Û¬ı‘M√√ ˝√√À¬ı  , Ò¬ı˛±

˚±flƒ¡ Ó¬±¬ı˛ ¬Û¬ı˛±é¬ 2a�
 ¬Ûø¬ı˛˜±Ì √œ‚«º

’Ó¬¤¬ı V
a e a1

2 2
1

1
�

�� �
�

�

�
��

�
��

�

’Ô«±»  1 2 2
1

12
2��� �� �

�� �
�

�

�
��

�
��

m
M

V
a e a

�

’Ó¬¤¬ı  1 4 1
1

���
�
�

�� �

�� �
m

M
e

a e
�

 
�

�
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1
1

a e a�� �
�

�
��

�
��

¬Ûé¬±z¬¬ı˛ fl¡À¬ı˛ ’±˜¬ı˛± Œ√ø‡ Œ˚,

1 1 2
1

1 4 1
1

1 1 4 1
1�

�
�

� ��� ��
�
�

�� ��
�
��

�
�� � �

�
�

�� ��
�
��

�
��a a e

m
M

e
e a

m
M

e
e

’Ó¬¤¬ı a� 
�

a m
M

e
e

1 4 1
1

�
�
�

�� ��
�
��

�
��

¤¬ı— 2 2 2 4 1
1

a a a m
M

e
e

� � � 
�
�

�
�

�
�  ................. (i)

øfl¡z≈¬  T a�
2 3

2



�

’Ó¬¤¬ı VT a
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e
e
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�
�

2 1
1
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�

�

�

¬ı±, VT a e
e

�
�
�

2 1
1

�  .............. (ii)

(i) ¤¬ı— (ii) ˝√√ÀÓ¬ ’±˜¬ı˛± ¬Û±˝◊√√

2 2 4 1
1

a a m
M

VT e
e
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7.6 ¸±¬ı˛±—˙

¸”À˚«¬ı˛ ‰¬±ø¬ı˛ø√Àfl¡ ¢∂À˝√√¬ı˛ ·øÓ¬¬ÛÔ Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ ÒÀ¬ı˛¬ ¬ÛÀ¬ı˛ øˆ¬iß øˆ¬iß fl¡±¬ı˛ÀÌ ‹ ¬ÛÀÔ¬ı˛ ¸±˜±Ú… ¬Ûø¬ı˛¬ıÓ«¬Ú

˝√√À˘ Î¬◊¬Û¬ı‘M√√øÈ¬¬ı˛ Î¬◊»Àfl¡fÓ¬±, ¬Û¬ı˛±Àé¬¬ı˛ Δ√‚«… ˝◊√√Ó¬…±ø√¬ı˛ øfl¡¬ı˛”¬Û ¬Ûø¬ı˛¬ıÓ«¬Ú ‚È¬À¬ı Ó¬± ¤˝◊√√ 8Ú— ¤fl¡Àfl¡ ’±À˘±‰¬Ú± fl¡¬ı˛±

√̋√À˚̨ÀÂ√º

7.7 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1. ¬Û‘øÔ¬ıœ¬ı˛ ¸”˚«Àfl¡ Œ¬ı©ÜÚ fl¡À¬ı˛ Î¬◊¬Û¬ı‘M√√œ˚˛ fl¡é¬¬ÛÀÔ¬ı˛ Î¬◊¬Û±Àé¬¬ı˛ õ∂±z¬ ø¬ıμ≈ÀÓ¬ ’±¸À˘, m ˆ¬¬ı˛ ø¬ıø˙©Ü ¤fl¡øÈ¬

Î¬◊{√®± ¸”À˚«¬ı˛ ˜ÀÒ… ¬ÛøÓ¬Ó¬ ˝√√˚˛º ¤‡Ú ¸”À˚«…¬ı˛ ˆ¬¬ı˛ M Ò¬ı˛À˘ Œ√‡±Ú Œ˚ ¬Û‘øÔ¬ıœ¬ı˛ Î¬◊¬Û¬ı‘M√√œ˚˛ fl¡é¬¬ÛÀÔ¬ı˛ ¬Û¬ı˛±é¬

2a m
M  ¬Ûø¬ı˛˜±Ì ˝√}√√±¸ ¬Û±˚˛, ¬Û‘øÔ¬ıœ˚˛ ¬Û˚«±˚˛fl¡±˘ ¤fl¡¬ı»¸À¬ı˛¬ı˛ 

2m
M  ˆ¬±· ¬Ûø¬ı˛˜±Ì ˝√}√√±¸ ¬Û±˚˛ ¤¬ı— ¬Û¬ı˛±Àé¬ 

b
ae

m
M

¬Ûø¬ı˛˜±Ì Œfl¡±ÀÌ ¸À¬ı˛ ˚±˚˛º

fl¡é¬¬ÛÔ Î¬◊¬Û¬ı‘M√√øÈ¬¬ı˛ ¬Û¬ı˛±Àé¬¬ı˛ Δ√‚«…, Î¬◊¬Û±Àé¬¬ı˛ Δ√‚«… ¤¬ı— Î¬◊»Àfl¡fÓ¬± ˚Ô±√flË¡À˜ 2a, 2b ¤¬ı— e Ò¬ı˛± ˝√√À˚˛ÀÂ√]

2. ¤fl¡øÈ¬ Ò”̃ Àfl¡Ó≈¬¬ı˛ fl¡é¬¬ÛÔ ”̧̊ «Àfl¡ Ú±øˆ¬Àfl¡f ÒÀ¬ı˛ ¤fl¡øÈ¬ ’øÒ¬ı‘M√√ Ò¬ı˛± ˝√√À ˛̊ÀÂ√º ˚‡Ú Ò”̃ Àfl¡Ó≈¬øÈ¬ ‹ ’øÒ¬ı‘ÀM√√¬ı˛

Ú±øˆ¬˘À•§¬ı˛ õ∂±z¬ø¬ıμ≈ÀÓ¬ ’±À¸ Ó¬‡Ú Ó¬±¬ı˛ ·øÓ¬À¬ı· ˝√√Í¬±» n : 1 ’Ú≈¬Û±ÀÓ¬ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√˚˛º Œ√‡±Ú Œ˚ ‹ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛

¬ÛÀ¬ı˛ Ò”˜Àfl¡Ó≈¬¬ı˛ fl¡é¬¬ÛÔ ˝√√À¬ı ¤fl¡øÈ¬ Î¬◊¬Û¬ı‘M√√ ¤¬ı— ‹ Î¬◊¬Û¬ı‘M√√øÈ¬¬ı˛ Î¬◊»Àfl¡fÓ¬± 1 2 22 4� �n n  ¤¬ı— ¬Û¬ı˛±Àé¬¬ı˛

Δ√À‚«…¬ı˛ ¬Ûø¬ı˛˜±Ì 
�

1 2� n
 ˝√√À¬ıº [’±ø√ √˙±˚˛ Ò”˜Àfl¡Ó≈¬øÈ¬¬ı˛ ·øÓ¬¬ÛÔ ’øÒ¬ı‘ÀM√√¬ı˛ Ú±øˆ¬˘À•§¬ı˛ Δ√‚«… 2� Ò¬ı˛± ˝√√À˚˛ÀÂ√º]
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¤fl¬fl¬ 8 � õ∂øÓ¬À¬ı˛±Òœ ¬ÛÀÔ fl¡Ì±¬ı˛ ·øÓ¬ (Motion of a
particle in a resisting medium)

·Í¬Ú

8.1 ¬√õ∂d¬±¬ıÚ±

8.2 ¬Î¬◊ÀV˙…

8.3 ¬Î¬◊~•§À¬ı˛‡±˚˛ fl¡øÌfl¡±¬ı˛ ¸¬ı±Ò ·øÓ¬

8.4 õ∂±À¸¬ı˛ ¸¬ı±Ò ·øÓ¬

8.5 ¸±¬ı̨±—˙

8.6 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

8.1 õ∂d¬±¬ıÚ±

¬Û”¬ı«¬ıÓ«¬œ fl¡À˚˛fl¡øÈ¬ ’Ò…±À˚˛ ’øÒfl¡±—˙ Œé¬ÀS fl¡øÌfl¡±¸˜”À˝√√¬ı˛ ’¬ı±Ò ·øÓ¬ ’±À˘±ø‰¬Ó¬ ˝√√À˚˛ÀÂ√º

øfl¡z≈¬ ¤ ◊̋√√ ¤fl¡Àfl¡ (9 Ú—] ’±˜¬ı˛± fl¡øÌfl¡±¬ı˛ ’¬ı±Ò ·øÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

8.2 Î¬◊ÀV˙…

ø¬ıø¬ıÒ fl¡±¬ı˛ÀÌ Œfl¡±Ú› ‰¬˘˜±Ú fl¡Ì±¬ı˛ ·øÓ¬¬ÛÀÔ ¬ı±Ò± õ∂±5 ˝√√ÀÓ¬ ¬Û±À¬ı˛º Œ˚˜Ú Œfl¡±Ú› fl¡Ì± ÿÀÒ√ı« øÚÀé¬¬Û

fl¡¬ı˛À˘ ¬ı±˚˛≈ ‰¬˘±‰¬À˘¬ı˛ Ê√Ú… Ó¬±¬ı˛ ·øÓ¬ ¬ı±Ò±õ∂±5 ˝√√˚˛º ’±˜¬ı˛± ¬Û”¬ı« ’±À˘±‰¬Ú±˚˛ fl¡Ì±¬ı˛ ·øÓ¬ ¸±Ò±¬ı˛ÌÓ¬– ¬ı±Ò±˙”Ú…

ÒÀ¬ı˛øÂ√  , Œ˚˜Ú ˜±Ò…±fl¡¯∏«Ì ˙øq¡¬ı˛ õ∂ˆ¬±À¬ı ’±˜¬ı˛± Œ√‡øÂ√ Œ˚, ¬ı±Ò±˙”Ú… õ∂±À¸¬ı˛ ·øÓ¬¬ÛÔ ’øÒ¬ı‘M√√±fl¡±¬ı˛ ˝√√À¬ıº ¤˝◊√√

’Ò…±À˚˛ ’±˜¬ı˛± ¬ı±Ò±¬ı˛ õ∂ˆ¬±À¬ı fl¡Ì±¬ı˛ ·øÓ¬ øfl¡¬ı˛”¬Û ¬ı…±˝√√Ó¬ ˝√√˚˛ Ó¬± øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº õ∂±˚˛˙– Œfl¡±Ú› fl¡øÌfl¡±

Ó¬±¬ı˛ ·øÓ¬¬ÛÀÔ Œ˚ ¬ı±Ò±¬ı˛ ¸•ú≈‡œÚ ˝√√˚˛, Ó¬± fl¡øÌfl¡±¬ı˛øÈ¬¬ı˛ ·øÓ¬À¬ı· ’À¬Ûé¬fl¡ ¬ı˛”À¬Û Ò¬ı˛± ˝√√À˚˛ Ô±Àfl¡º

8.3 Î¬◊~•§ Œ¬ı˛‡±¬ı˛ fl¡øÌfl¡±¬ı˛ ¸¬ı±Ò ·øÓ¬

Î¬◊~•§À¬ı˛‡±˚˛ Œ¸±Ê√± øÚ•ßø√Àfl¡ ¤fl¡øÈ¬ fl¡øÌfl¡± øàÔ¬ı˛±¬ıàÔ± ˝√√ÀÓ¬ ¬ÛøÓ¬Ó¬ ˝√√À˚˛ÀÂ√º ˚ø√ fl¡øÌfl¡±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ Œ˚ ¬ı±Ò±

¤¬ı˛ ·øÓ¬¬ÛÀÔ Ô±Àfl¡ Ó¬± fl¡øÌfl¡±øÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡ ˝√√˚˛ Ó¬± ˝√√À˘ fl¡øÌfl¡±øÈ¬¬ı˛ ·øÓ¬ øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº

Œ˚ ø¬ıμ≈ ˝√√ÀÓ¬ fl¡øÌfl¡±øÈ¬ ¬ÛÀÎ¬ˇ Ó¬±Àfl¡ ˜”˘ø¬ıμ≈ O ¤¬ı— OX ’é¬ ˜”˘ø¬ıμ≈ ˝√√ÀÓ¬ Î¬◊~•§À¬ı˛‡±˚˛ Œ¸±Ê√± øÚ•ßø√Àfl¡

Ò¬ı˛± ˝√√˘º
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¤‡Ú fl¡øÌfl¡±øÈ¬ ¬ÛøÓ¬Ó¬ ˝√√¬ı±¬ı˛ ¸˜˚˛Àfl¡ õ∂±¬ı˛y¬ ¸˜˚˛ (t = 0) Ò¬ı˛À˘, t ¸˜˚˛ ¬ÛÀ¬ı˛ ˚‡Ú fl¡øÌfl¡±øÈ¬ x ¬Ûø¬ı˛̃ ±Ì

¬ÛÔ ÚœÀ‰¬¬ı˛ ø√Àfl¡ Ú±À˜ Ó¬‡Ú Ó¬±¬ı˛ Œ¬ı· v ¤¬ı— fl¡øÌfl¡±øÈ¬¬ı˛ ˆ¬¬ı˛ ¤fl¡ (one) Ò¬ı˛À˘ øÚÎ¬◊È¬ÀÚ¬ı˛ ·øÓ¬¸”S ’Ú≈¸±À¬ı˛

fl¡øÌfl¡±øÈ¬¬ı˛ ·øÓ¬À¬ıÀ·¬ı˛ ¸˜œfl¡¬ı˛Ì 
dV
dt

V dV
dx

g k� � �  v (k ÒË≈¬ıfl¡]  (i)

dV
dt

� 0  Ó¬‡Ú V
g
k

�  ˝√√À¬ıº

V ·øÓ¬À¬ıÀ·¬ı˛ ¤ ◊̋√√ ˜±Ú 
g
k

V�  Œfl¡ õ∂±øz¬fl¡ Œ¬ı· ¬ı˘± ˝√√À˚˛ Ô±Àfl¡º

dV
dt

g kv� �  ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±¬ı log ( )g kV kt C� � � �  (C ÒË≈¬ıfl¡]

’±ø√ √˙±˚˛ t = 0, V = 0 ’Ó¬¤¬ı C = log g.

¤¬ı— log
g kV

g
kt

�
� �

’Ô«±» V
g
k

e kt� � �1� �

˚‡Ú t �
 �
 ¬ı±  V
g
k

v� �  [õ∂±øz¬fl¡ Œ¬ı·]

’Ó¬¤¬ı V V e dx
dt

kt� � ��1� �  ¬Û≈Ú¬ı˛±˚˛ Î¬◊ˆ¬˚˛ø√Àfl¡ ¸˜±fl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√

x Vt V
K

e kt� � � �1� � Œ˚À˝√√Ó≈¬ x = 0 ˚‡Ú t = 0

’±¬ı±¬ı˛ V dV
dx

g kv� � ,  ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ 
VdV

g kv
dx

�
� ��

¬ı±, x
k

g V kV
g

� � ���
�
�

�
��

�
��

1 1log

Œ˚À˝√√Ó≈¬ ˚‡Ú x = 0, V = 0 Ò¬ı˛± ˝√√À˚˛ÀÂ√º

Î¬◊~•§À¬ı˛‡±˚˛ Œ¸±Ê√± ÿÒ√ı«ø√Àfl¡ ¤fl¡øÈ¬ fl¡Ì± u Œ¬ı˛‡± ŒÂ“√√±Î¬ˇ± ˝√√˘  , ˚ø√ fl¡øÌfl¡±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ ¬ı±Ò± Ó¬±¬ı˛ Œ¬ıÀ·¬ı˛

¬ıÀ·«¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡ ˝√√À˘ ‹ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬ øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº

˜ÀÚ fl¡¬ı˛± ˚±flƒ¡ fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛ m ¤¬ı— fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ ¬ı±Ò±¬ı˛ ¬Ûø¬ı˛˜±Ì mkv2, V fl¡Ì±øÈ¬¬ı˛ Œ¬ı· V ¤¬ı—

V = u ˚‡Ú t �
 O Ò¬ı˛± ˝√√À˚˛ÀÂ√º

Ò¬ı˛± ˚±flƒ¡ fl¡Ì±øÈ¬ O ˜”˘ø¬ıμ≈ ˝√√ÀÓ¬ ŒÂ√“√±Î¬ˇ± ˝√√À26√ ¤¬ı— Œ¸±Ê√± Î¬◊~•§ Î¬◊Ò√ı«ø√Àfl¡ ox ’é¬À¬ı˛‡± ¬ı˛À˚˛ÀÂ√º Ó¬±

˝√√À˘ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ı˛ ¸˜œfl¡¬ı˛Ì,

m dV
dt

mv dv
dx

mg mkV� � � � 2

¤‡Ú 
dV
dt

g kV� � � 2
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¤àÔÀ˘ õ∂±øz¬fl¡ Œ¬ı· V ˝√√À˘ V
g
k

2 �  ˝√√À¬ıº

’Ó¬¤¬ı 
dV
dt

K V V� � �2 2� �

Î¬◊¬ÛÀ¬ı˛±q¡ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±Ò±Ú fl¡¬ı˛À˘ ¬Û±›˚˛± ˚±˚˛ 
dv

V V
k dt

t

t

v u

v

2 2 0�
� �

�
�

��

’Ó¬¤¬ı 
1 1 1
V

V
V

u
V

kttan tan� ���
�

�
� � �

’Ô«±» t
KV

u
V

V
V

� ��
	



�

� �1 1 1tan tan  ..... (i) ˝√√À¬ıº

’±¬ı±¬ı˛, V dV
dx

k V V� � �2 2� � ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±Ò±Ú fl¡À¬ı˛ ¬Û±›˚˛± ˚±À¬ı

VdV
V V

K dx kx
x

x

u v

v

2 2 0�
� � � �

�� ��

’Ô«±» 
1
2

2 2

2 2log V V
V u

kx�
�

� �

’Ó¬¤¬ı x
k

V u
V V

�
�
�

1
2

2 2

2 2log  ..... (ii)

(i) ¤¬ı— (ii) ˝√√ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ v-Œ¬ıÀ·¬ı˛ ¸±À¬ÛÀé¬ ˚Ô±√flË¡À˜ fl¡Ì±øÈ¬¬ı˛ ’øÓ¬√flË¡±z¬ ¸˜˚˛ ¤¬ı— ˜”˘ø¬ıμ≈ ˝√√ÀÓ¬ ”√¬ı˛Q

¬Û±›˚˛± ˚±À¬ıº

˚‡Ú fl¡Ì±øÈ¬ ˜”˘ø¬ıμ≈ ˝√√ÀÓ¬ ¸À¬ı«±2‰¬ ’¬ıàÔ±ÀÚ Œ¬ÛÃ“√Â√±À¬ı Ó¬‡Ú Ó¬±¬ı˛ ·øÓ¬À¬ı· V = 0 ˝√√À¬ı  ,

fl¡Ì±øÈ¬¬ı˛ ¸À¬ı«±2‰¬ Î¬◊2‰¬Ó¬± ˝√√À¬ı H
k

u
V

� ���
�
�

1
2

1
2

2log

¸À¬ı«±2‰¬ Î¬◊2‰¬Ó¬± H Œ¬ÛÃ“√ÀÂ√ fl¡Ì±øÈ¬ ˜±Ò…±fl¡¯∏«Ì õ∂ˆ¬±À¬ı Œ¸±Ê√± ÚœÀ‰¬¬ı˛ ø√Àfl¡ ¬ÛÎ¬ˇÀÓ¬ Ô±fl¡À¬ı ¤¬ı— Ó¬‡Ú› ¬ı±Ò±

kv2 fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ Ô±fl¡À¬ıº ÿÒ√ı« ˝√√ÀÓ¬ fl¡Ì±øÈ¬ ¬ÛÎ¬ˇ±¬ı˛ ¸˜À˚˛ x ˝√}√√±¸ Œ¬ÛÀÓ¬ Ô±Àfl¡ ¤¬ı— Œ¬ı· v ¬ı‘øX

Œ¬ÛÀÓ¬ Ô±fl¡À¬ı, ¤Ê√Ú… fl¡Ì±øÈ¬¬ı˛ Q¬ı˛Ì � � � � �V dV
dx

g kV k V v2 2 2� �  ˝√√À¬ıº

≈√˝◊√√ø√Àfl¡ ¸˜±fl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ �
�

� �� VdV
V V

K dx
H

v

2 2

0

0

[ ˜”˘ø¬ıμ≈ 0 ŒÓ¬ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ı· v ÒÀ¬ı˛ ]

’Ó¬¤¬ı 
1
2

2 2
0

log V V kH
v

� � �� �
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’Ô«±»,  log logV V
V

kH u
V

2 2

2

2

22 1�
� � � � ���

�
�

¬ı±, log logV
V V

u
V

2

2 2

2

21
�

� ���
�
�

’Ó¬¤¬ı  
V

V V
u
V

2

2 2

2

21
�

� �

¬ı±, V V V V u4 2 2 2 2� � �
 �
 �

’Ó¬¤¬ı u V V V u2 2 2 2 2� �� �

¬ı±, V uV

V u
�

�2 2

 ˝√√À¬ıº

8.4 õ∂±À¸¬ı˛ ¸¬ı±Ò ·øÓ¬¬ (Motion of a projectile in a resisting medium)

’±˜¬ı˛± ¬Û”À¬ı« ˜±Ò…±fl¡¯∏«Ì õ∂ˆ¬±À¬ı õ∂±À¸¬ı˛ ¬ı±Ò±˙”Ú… ·øÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡À¬ı˛øÂ√º ¤‡Ú ˜±Ò…±fl¡¯∏«Ì ¬ı…Ó¬œÓ¬

˚ø√ õ∂±À¸¬ı˛ Î¬◊¬ÛÀ¬ı˛ Œfl¡±Ú› ¬ı±Ò± ø√flË¡˚˛±˙œ˘ ˝√√˚˛ Ó¬± ˝√√À˘ Ó¬±¬ı˛ ·øÓ¬ øÚÌ«˚˛ fl¡¬ı˛¬ıº Ô¬ı˛± ˚±fl¡ Œ˚ ¬ı±Ò± õ∂±À¸¬ı˛

Œ¬ıÀ·¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡, Œ˚˜Ú m ˆ¬¬ı˛ ø¬ıø˙©Ü fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ¬ı±Ò± m k v (k > 0) ¤¬ı— ‹ ¬ı±Ò± fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ıÀ·¬ı˛

ø√˙±˚˛ ’±ÀÂ√º ˆ”¬¬Û‘Àá¬ Œfl¡±Ú› ø¬ıμ≈ ˝√√ÀÓ¬ fl¡Ì±øÈ¬Àfl¡ u Œ¬ıÀ· ˆ”¬Ó¬À˘¬ı˛ ¸Àe· 	
 Œfl¡±Ì fl¡À¬ı˛ øÚÀé¬¬Û fl¡¬ı˛± ˝√√À˘º

Œ˚ ø¬ıμ≈ ˝√√ÀÓ¬ øÚÀé¬¬Û fl¡¬ı˛± ˝√√À˘ Ó¬±Àfl¡ ˜”˘ø¬ıμ≈º ˜”˘ø¬ıμ≈·±˜œ ’Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±Àfl¡ x ’é¬ ¤¬ı— ˜”˘ø¬ıμ≈¬ı˛ Î¬◊~•§

ÿÒ√ı«ø√˙±˚˛ y ’é¬ Ò¬ı˛± ˝√√˘º ¬Û¬ı˛¬ıÓ«¬œ ’±À˘±‰¬Ú±˚˛ Œ√‡±Ú ˝√√À¬ı Œ˚, fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ıÀ·¬ı˛ ø√˙± ¤¬ı— Ó¬±¬ı˛ ¬·øÓ¬¬ÛÀÔ¬ı˛

¶Û˙«Àfl¡¬ı˛ ø√˙± ’øˆ¬iß  , ¤Ê√Ú… fl¡Ì±øÈ¬¬ı˛ ·Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì ˝√√À¬ı

m d x
dt

mk dx
dt

2

2 � � ...... (i)

m
d y
dt

mg mk
dy
dt

2

2 � � � ...... (ii)

(i) Ú— ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ Î¬◊ˆ¬˚˛¬Û±ù´« t ¸±À¬ÛÀé¬ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√

log log cosdx
dt

kt u�
�
�
� � � � � ��

Œ˚À˝√√Ó≈¬ ’±ø√ √˙±˚˛  t dx
dt

u� �0, cos�

’Ô«±»
dx
dt

u e kt� �cos .� ...... (iii)
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¬Û≈Ú¬ı˛±˚˛ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¤¬ı— t = 0 ˝√√À˘ x = 0 ÒÀ¬ı˛ ¬Û±˝◊√√ x u
k

e kt� � �cos� 1� � ...... (iv)

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı (ii) Ú— ¸˜œfl¡¬ı˛ÌÀfl¡ t ¸±À¬ÛÀé¬ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√ [t = 0 ¸˜À˚˛ 
dy
dt

u� sin 	  ÒÀ¬ı˛]

dy
dt

u
g
k

e
g
k

kt� ��
�

�
� �

�
��

�
��

�sin 	 ...... (v)

¬Û≈Ú¬ı˛±˚˛ (v) Ú— ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√  y
k

u
g
k

e
gt
k

kt� ��
�

�
� �� � ��1 1sin	  ...... (iv)

[˚‡±ÀÚ t = 0, y = 0 Ò¬ı˛± ˝√√À˚˛ÀÂ√]

øfl¡z≈¬ (iv) ˝√√ÀÓ¬ ¬’±˜¬ı˛± Œ√ø‡ Œ˚,

e kx
u

kt� � �1
cos�

’Ó¬¤¬ı  t
k

kx
u

� � ���
�
�

1 1log
cos	

t-¤¬ı˛ ‹ ˘t˜±Ú (vi) Ú— ¸˜Ó¬±˚˛ ˘±˝◊√√ÀÚ ¬Û±˝◊√√

y x
u

u
g
k

g
k

t kx
u

� ��
�

�
� � ��� ��cos

sin log
cos�

�
�2

õ∂±¸øÈ¬ ˚‡Ú ˆ”¬Ó¬˘ ˝√√ÀÓ¬ ¸À¬ı«±2‰¬¸œ˜±˚˛ Œ¬ÛÃ“√Â√±À¬ı Ó¬‡Ú 
dy
dt

� 0  ˝√√À¬ı ¤¬ı— (v) ˝√√ÀÓ¬ ’±˜¬ı˛± ¬Û±˝◊√√

e
g

ku g
kt� �

�sin�

’Ô«±» t
k

ku
g

� ���
�
�

1 1log sin�
 ˝√√À¬ı ¤¬ı— õ∂±¸øÈ¬¬ı˛ ˆ≈¬Ó¬˘ ˝√√ÀÓ¬ ¸À¬ı«±2‰¬ ¸œ˜± H ˝√√À˘ (vi) ˝√√ÀÓ¬ ¬Û±˝◊√√

H u
K

g
k

ku
g

� � ���
�
�

sin log sin� �
2 1

8.5 ¸±¬ı˛±—˙

’±˜¬ı˛± ¬¤˝◊√√ ¤fl¡Àfl¡ ¸¬ı˛˘À¬ı˛‡±˚˛ ˜±Ò…±fl¡¯∏«Ì Œ˝√√Ó≈¬ Œfl¡±Ú› fl¡øÌfl¡±¬ı˛ ¸¬ı±Ò ¬ÛÓ¬Ú ˝√√À˘ ¤¬ı— ‹ ¬ı±Ò± fl¡øÌfl¡±øÈ¬¬ı˛

Œ¬ıÀ·¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡ ÒÀ¬ı˛ ‹ fl¡øÌfl¡±øÈ¬¬ı˛ ø¬ıøˆ¬iß ¸˜À˚˛ ·øÓ¬À¬ı· ˝◊√√Ó¬…±ø√ øÚÌ«˚˛ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ’±¬ı±¬ı˛ ’Ú… ¤fl¡øÈ¬

Œé¬ÀS ¸˜Ó¬À˘ ¤fl¡øÈ¬ õ∂±À¸¬ı˛ ¸¬ı±Ò ·øÓ¬ øfl¡¬ı˛”¬Û ˝√√À¬ı Ó¬± Œ√‡±Ú ˝√√À˚˛ÀÂ√º
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8.6 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

Œfl¡±Ú› ˜¸‘Ì ’Ú≈ˆ”¬ø˜fl¡ ¸˜Ó¬À˘ ¤fl¡øÈ¬ fl¡øÌfl¡± V Œ¬ıÀ· ŒÂ√“√±Î¬ˇ± ˝√√À˘  , ˚ø√ fl¡Ì±øÈ¬ ·øÓ¬¬ÛÀÔ õ∂øÓ¬ ¤fl¡fl¡

ˆ¬À¬ı˛¬ı˛ Ê√Ú… kx fl¡Ì±øÈ¬¬ı˛ Ó¬»fl¡±˘œÚ Œ¬ı· ¬Ûø¬ı˛˜±Ì ¬ı±Ò± ¬Û±˚˛, Ó¬± ˝√√À˘ fl¡Ì±øÈ¬ ŒÂ√“√±Î¬ˇ±¬ı˛ t ¸˜˚˛ ¬ÛÀ¬ı˛ Ó¬±¬ı˛ Œ¬ı·

˝√√À¬ı Ve–kt ¤¬ı— ‹ ¸˜À ˛̊ fl¡Ì±øÈ¬ 
V
k

e kt1 � �� � ¬Ûø¬ı˛˜±Ì ”√¬ı˛Q ’øÓ¬√flË¡˜ fl¡¬ı˛À¬ıº (k ¤fl¡øÈ¬ ÒË≈¬ıfl¡ ¬ı˛±ø˙]

2. ¤fl¡øÈ¬ fl¡øÌfl¡± Î¬◊~•§ø√˙±˚˛ ÿÒ√ı«˜≈À‡ u Œ¬ıÀ· Â√“≈√ÀÎ¬ˇ Œ√›˚˛± ˝√√˘  , Ò¬ı˛± ˚±flƒ¡ fl¡Ì±øÈ¬ ·øÓ¬¬ÛÀÔ Kv2 ¬Ûø¬ı˛̃ ±Ì

¬ı±Ò±õ∂±5 ˝√√˚˛ Ó¬± ˝√√À˘ Œ√‡±Ú ˚ø√ ’±ø√ ’¬ıàÔ±ÀÚ [Œ˚‡±Ú ˝√√ÀÓ¬ Î¬◊˝√√±Àfl¡ ŒÂ√“√±Î¬ˇ± ˝√√À˚˛ÀÂ√] Œ¬ÛÃ“√Â√±À˘ fl¡Ì±øÈ¬¬ı˛ Œ¬ı·

V ˝√√ ˛̊, Ó¬±˝√√À˘ 
1 1

2 2V u
k
g

� �  ˝√√À¬ıº

[¤‡±ÀÚ k ¤fl¡øÈ¬ ÒË≈¬ıfl¡ ¬ı˛±ø˙ ¤¬ı— v fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ı· Ò¬ı˛± ˝√√À˚˛ÀÂ√]

3. õ∂øÓ¬À¬ı˛±Òœ ˜±Ò…À˜ ¤fl¡øÈ¬ fl¡øÌfl¡±Àfl¡ ’Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±¬ı˛ ¸Àe· 	
 Œfl¡±ÀÌ u Œ¬ıÀ· ŒÂ√“√±Î¬ˇ± ˝√√˘º ˜±Ò…À˜¬ı˛

õ∂øÓ¬À¬ı˛±ÀÒ1 ˜±Ú k × [·øÓ¬À¬ı·] ˝√√À˘ Œ√‡±Ú Œ˚ fl¡Ì±øÈ¬ 
1 1 2
k

ku
g

log sin���
�
��  ¸˜ ˛̊ ¬ÛÀ¬ı˛ ¬Û≈Ú¬ı˛± ˛̊ ‹ ’Ú≈̂ ”¬ø˜fl¡

Œ¬ı˛‡±¬ı˛ ¸Àe· 	
 Œfl¡±Ì fl¡¬ı˛À¬ıº (k ÒË≈¬ıfl¡ ¬ı˛±ø˙ Ò¬ı˛± ˝√√À˚˛ÀÂ√]
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¤fl¬fl¬ 9 � ¸¬ı±Ò ·øÓ¬ (Constrained Motion)

·Í¬Ú

9.1 ¬√õ∂d¬±¬ıÚ±

9.2 ¬Î¬◊ÀV˙…

9.3 ¬ı√flË¡À¬ı˛‡±¬ı˛ ¶Û˙«fl¡ › ’øˆ¬˘•§ ø√˙±˚˛ Œ¬ı· › Q¬ı˛Ì (Velocity and acceleration in the
tangential and normal directions of a plane curve)

9.4 ¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ ‰¬˘˜±Ú fl¡Ì±¬ı˛ ø√flË¡˚˛± ¤¬ı— ¬ıÀ√flË¡¬ı˛ õ∂øÓ¬ø√flË¡˚˛±

9.5 ¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ fl¡Ì±¬ı˛ ·øÓ¬ øÚÌ«˚˛

9.6 ¬Î¬◊~•§ ¸˜Ó¬À˘ ¸¬ı˛˘ Œ√±˘Àfl¡¬ı˛ ·øÓ¬

9.7 ’Ú≈̇ œ˘Úœ

9.8 ¸±¬ı̨±—˙

9.9 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

9.1 õ∂d¬±¬ıÚ±

¤fl¡øÈ¬ fl¡Ì± ˚‡Ú Œfl¡±Ú› ¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ ‰¬˘ÀÓ¬ Ô±Àfl¡, Ó¬‡Ú ‹ fl¡Ì±øÈ¬ ‰¬˘±fl¡±˘œÚ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ‹ ¬ıÀ√flË¡¬ı˛

Î¬◊¬Û¬ı˛ õ∂øÓ¬ø√flË¡˚˛± (Reaction) Ô±fl¡À¬ıº ’±˜¬ı˛± ¤˝◊√√ 10Ú— ¤fl¡Àfl¡ ¸˜Ó¬˘ ¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ ‰¬˘˜±Ú fl¡Ì±¬ı˛ ·øÓ¬ ¤¬ı—

fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ‹ ¬ıÀ√flË¡¬ı˛ õ∂øÓ¬ø√flË¡˚˛± ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

9.2 Î¬◊ÀV˙…

¸˜Ó¬À˘ ¸¬ı˛˘ Œ√±˘Àfl¡¬ı˛ ·øÓ¬ øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ¤¬ı— Œfl¡±Ú› ¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ ‰¬˘˜±Ú ¤fl¡øÈ¬ fl¡øÌfl¡±¬ı˛ ·øÓ¬ ›

‹ ¬ıÀ√flË¡¬ı˛ õ∂øÓ¬ø√flË¡˚˛± ø¬ı‰¬±¬ı˛ fl¡¬ı˛¬ı±¬ı˛ Ê√Ú… ¸˜Ó¬˘ ¬ıÀ√flË¡¬ı˛ ¶Û˙«fl¡ ¤¬ı— ’øˆ¬˘•§ ø√˙±˚˛ fl¡øÌfl¡±¬ı˛ Œ¬ı· › Q¬ı˛Ì

øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡À¬ı˛øÂ√º ¬Û√±Ô« ¤¬ı— fl¡±ø¬ı˛·¬ı˛œø¬ı√…±˚˛ ’±˜¬ı˛± ¸±Ò±¬ı˛ÌÓ¬ fl¡øÌfl¡±¬ı˛ ¸¬ı±Ò ·øÓ¬ ¸—√flË¡±z¬ ¸•ú≈‡œÚ ˝√√À˚˛

Ô±øfl¡ ¤¬ı— ¤˝◊√√ ¤fl¡Àfl¡ ’±˜¬ı˛± ¤Ó¬»¸—√flË¡±z¬ ’±À˘±‰¬Ú± fl¡À¬ı˛øÂ√º
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9.3 ¬ı√flË¡À¬ı˛‡±˚˛ ¶Û˙«fl¡ › ’øˆ¬˘•§ ø√˙±˚˛ Œ¬ı· › Q¬ı˛Ì

fl¡øÌfl¡±¬ı˛ ·øÓ¬ ’±À˘±‰¬Ú±¬ı˛ ¬Û”À¬ı« ¸˜Ó¬À˘ ¬ı√flË¡À¬ı˛‡±˚˛ ‰¬˘˜±Ú fl¡Ì±¬ı˛ ‹ ¬ı√flË¡À¬ı˛‡±˚˛ ¶Û˙«fl¡ › ’øˆ¬˘•§ ø√˙±˚˛

Œ¬ı· › Q¬ı˛Ì øÚÌ«̊ ˛ fl¡¬ı˛¬ıº

O Œfl¡ ˜”˘ø¬ıμ≈ ¤¬ı— OX OY [¬Û¬ı˛¶Û¬ı˛ ˘•§] Œ¬ı˛‡±¡Z˚˛Àfl¡ x ¤¬ı— y ’é¬¡Z˚˛ Ò¬ı˛± ˝√√˘º

A, P, Q ¬ı√flË¡À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ øÓ¬ÚøÈ¬ ø¬ıμ≈ ‰¬˘˜±Ú fl¡Ì±øÈ¬ �t ¸˜À˚˛ P ˝√√ÀÓ¬ Q ø¬ıμ≈ÀÓ¬ ˚±˚˛ APQ ¬ı√flË¡À¬ı˛‡±¬ı˛

Î¬◊¬Û¬ı˛ A Œfl¡ øàÔ¬ı˛ø¬ıμ≈ ¬ı˛±ø‡˚˛± ‰¬±¬Û AP = s ¤¬ı— ‰¬±¬Û AQ = s + �s (P ¤¬ı— Q ¬ı√flË¡À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ ’øÓ¬

øÚfl¡È¬ ≈√øÈ¬ ø¬ıμ≈] Ò¬ı˛± ˝√√˘º 
��
OP �

�
r  ¤¬ı— 

��
OQ  � �

� �
r r  ˝√√À˘ ’±˜¬ı˛± Ê√±øÚ Œ˚

�����

����

PQ

PQ

PQ

lim  = 1 ˝√√ ˛̊º

¬ı√flË¡À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ P ø¬ıμ≈ÀÓ¬ ·øÓ¬À¬ı· V Ò¬ı˛À˘ 
� �

V dr
dt

dr
ds

ds
dt

� � ;

øfl¡z≈¬ Q �
 P ˝√√À˘ PQ Ê√…±øÈ¬ P ø¬ıμ≈ÀÓ¬ ¶Û˙«fl¡ ˝√√À¬ı  , ’Ô«±» 
dr
ds

�

 ¶ÛÀ˙«Àfl¡¬ı˛ ø√˙±˚˛ ˝√√À¬ıº ¤Ê√Ú…

¤fl¡øÈ¬¬ı˛ P ø¬ıμ≈ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ı· Œfl¡¬ı˘˜±S ¶Û˙«fl¡ ø√˙±˚˛ ˝√√À¬ı ¤¬ı— Ó¬±¬ı˛ ˜±Ú 
ds
dt  √“√±Î¬ˇ±˚˛º

Q¬ı̨Ì

P ø¬ıμ≈ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ Œ¬ı· V, PT ¶Û˙«fl¡ ø√˙±˚˛ ˝√√À¬ı ¤¬ı— Q ø¬ıμ≈ÀÓ¬ Ó¬±¬ı˛ Œ¬ı· V + �V, QT ø√˙±˚˛

ÒÀ¬ı˛º
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m

P ø¬ıμ≈ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ PT ¶Û˙«fl¡ ø√˙±˚˛ Q¬ı˛Ì

= lim
( )cos

�

� ��
�t

V V V
t�

� �
0

 (cOS ��

�

1 ÒÀ¬ı˛]

= lim
�

�
�t

V
t

dV
dt

d
dt

ds
dt

d s
dt�

� � �
�
�
� �

0

2

2

’±¬ı±¬ı˛ P ø¬ıμ≈ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ APQ ¬ı√flË¡À¬ı˛‡±¬ı˛ ’øˆ¬˘•§ ø√˙±˚˛ Q¬ı˛Ì = lim
sin



 �

t O

v v
dt�

�� �

= lim
�

��
�t O

V
t�

   �
�


�
�

�
���

�����
	
������v

sin

= V
d
ds

ds
dt

V
d
ds

V� �
�

� �2
2

[ P ¬ø¬ıμ≈ÀÓ¬ ¬ı√flË¡Ó¬± ¬ı…±¸±Ò« 
ds
d

i
d
ds

�
�

�
� � ]

’Ó¬¤¬ı ’±˜¬ı˛± Œ√ø‡ Œ˚, ¬ı√flË¡À¬ı˛‡± APQ ŒÓ¬ P ‰¬˘˜±Ú fl¡øÌfl¡±¬ı˛ P ø¬ıμ≈ÀÓ¬ Œ¬ı· Œfl¡¬ı˘˜±S ¶Û˙«fl¡

ø√˙±˚˛ Ô±fl¡À¬ı ¤¬ı— ‹ Œ¬ı· V ds
dt

�  ˝√√À¬ı  , øfl¡z≈¬ ‹ ¶Û˙«fl¡ ø√˙±˚˛ fl¡Ì±øÈ¬¬ı˛ Q¬ı˛ÀÌ¬ı˛ Î¬◊¬Û±—˙ 
dV
ds  ¬ı± 

d s
dt

2

2

¤¬ı— ’øˆ¬˘•§ ø√˙±˚˛ fl¡Ì±øÈ¬¬ı˛ Q¬ı˛ÀÌ¬ı˛ Î¬◊¬Û±—˙ 
V 2

�  ˝√√ ˛̊º

9.4 ¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ ‰¬˘˜±Ú fl¡Ì±¬ı˛ ø√flË¡˚˛± ¤¬ı— ¬ıÀ√flË¡¬ı˛ õ∂øÓ¬ø√flË¡˚˛±

m ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì± ˚ø√ Œfl¡±Ú› ¤fl¡øÈ¬ ¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ ‰¬ø˘ÀÓ¬ ¬ı±Ò… ˝√√˚˛ Ó¬±˝√√À˘ fl¡Ì±øÈ¬¬ı˛ ’¬ıàÔ±Ú ¬ı√flË¡øÈ¬¬ı˛

Œ˚ ø¬ıμ≈ÀÓ¬ Ô±fl¡À¬ı, ‹ ø¬ıμ≈ÀÓ¬ ¬ı√flË¡øÈ¬¬ı˛ ’øˆ¬˘•§ ø√˙±˚˛ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ı√flË¡øÈ¬¬ı˛ õ∂øÓ¬ø√flË¡˚˛± Ô±fl¡À¬ıº

Î¬◊¬Û¬ı˛z≈¬ ˚ø√ ¬ı√flË¡øÈ¬ ’˜¸‘Ì ˝√√˚˛ Ó¬± ˝√√À˘ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ’˜¸‘ÌÓ¬±¬ı˛ Ê√Ú… Œ˚ ¬ı±Ò± ’±¸À¬ı ¤¬ı— ¬ı√flË¡øÈ¬¬ı˛

‚¯∏«ÌÊ√øÚÓ¬ õ∂øÓ¬ø√flË¡˚˛±˚˛ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈À‡ ¬ı√flË¡øÈ¬¬ı˛ ¶Û˙«fl¡ ø√˙±˚˛ Ô±fl¡À¬ıº
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9.5 ¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ fl¡Ì±¬ı˛ ·øÓ¬ øÚÌ«˚˛

¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ fl¡Ì±¬ı˛ ·øÓ¬ øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À˘ õ∂Ô˜Ó¬– ¬ı√flË¡øÈ¬¬ı˛ Ê√…±ø˜øÓ¬ Ê√±Ú± õ∂À˚˛±Ê√Ú  , ø¡ZÓ¬œ˚˛Ó¬– fl¡Ì±øÈ¬¬ı˛

Î¬◊¬Û¬ı˛ ’Ú… ¬ıÀ˘¬ı˛ õ∂ˆ¬±¬ı Ô±fl¡À˘ Ó¬± ¸˜…√flƒ¡¬ı˛”À¬Û Ê√±ÚÀÓ¬ ˝√√À¬ıº

Ò¬ı˛± ˚±fl¡ Œ˚ ¬ı√flË¡øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú› øÚø«√©Ü ø¬ıμ≈ A ˝√√ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ ‰¬±À¬Û¬ı˛ Δ√‚«… ˜±¬Û± ˝√√À¬ı, fl¡Ì±øÈ¬ P ø¬ıμ≈ÀÓ¬

Ô±fl¡À˘ ‹ ‰¬±À¬Û¬ı˛ Δ√‚«… s Ò¬ı˛± ˝√√˘º O Œfl¡ ”̃̆ ø¬ıμ≈ ¤¬ı— OX, OY ˚Ô±√flË¡À˜ x ¤¬ı— y ’é¬ ÒÀ¬ı˛ ˚ø√

P ø¬ıμ≈ÀÓ¬ ¬ı√flË¡øÈ¬¬ı˛ ¶Û˙«fl¡ PT x ’Àé¬¬ı˛ ¸Àe· �
 Œfl¡±Ì fl¡À¬ı˛, Ó¬±˝√√À˘ ’±˜¬ı˛± ’¬ıfl¡˘Ú ·øÌÓ¬ ˝√√ÀÓ¬ Ê√±øÚ

Œ˚, cos� � dx
ds  ¤¬ı— sin � �

dy
ds

 ˝√√ ˛̊º

Ò¬ı˛± ˚±fl¡ Œ˚, Fx ¤¬ı— Fy ¬ı˘ ≈√˝◊√√øÈ¬ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ x ¤¬ı— y ’Àé¬¬ı˛ ø√Àfl¡ √ø√flË¡˚˛±˙œ˘, Ó¬± ˝√√À˘ fl¡Ì±øÈ¬¬ı˛

¶Û˙«Àfl¡¬ı˛ ø√˙±˚˛ Œ˜±È¬ ø√flË¡˚˛±˙œ˘ ¬ı˘ F F F dx
ds

F
dy
dsx y x ycos sin� �� � �  ˝√√ ˛̊ ¤¬ı— ’øˆ¬˘•§ ø√˙± ˛̊ Œ˜±È¬

ø√flË¡ ˛̊±˙œ˘ ¬ı˘ ˝√√À¬ıñF F F
dy
ds

F dx
dsx y x ysin cos� �� � � �

Î¬◊¬Û¬ı˛z≈¬ ‹ ’øˆ¬˘•§ø√˙±˚˛ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ıÀ√flË¡¬ı˛ õ∂øÓ¬ø√flË¡˚˛± R Ô±fl¡À¬ıº

¤‡Ú ¬ıÀ√flË¡¬ı˛ ¶Û˙«fl¡ ø√˙±˚˛ fl¡Ì±øÈ¬¬ı˛ Q¬ı˛Ì 
d s
dt

V dV
ds

2

2 �  ÒÀ¬ı˛ fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛ m ˝√√À˘ ·øÓ¬¸”S ’Ú≈¸±À¬ı˛

fl¡Ì±øÈ¬¬ı˛ ·Ó¬œ ˛̊ ¸˜œfl¡¬ı˛Ì ˝√√À¬ı mV dV
ds

F dx
ds

F
dy
dsx y� �  ........ (i)

’±¬ı±¬ı˛ ’øˆ¬˘•§ ø√˙±˚˛ fl¡Ì±øÈ¬¬ı˛ ·Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì ˝√√À¬ı 
mV R F

dy
ds

F dx
dsx y

2

�
� � �  .............(ii)

(i) Ú— ¸˜œfl¡¬ı˛Ì ¸˜±fl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ 
mV F dx F dyx y

2

2
� �� � 	  .............(iii)

(iii) ˝√√ÀÓ¬ v2 ¤¬ı˛ ˘t ˜±Ú (ii) Ú— ¸˜œfl¡¬ı˛ÀÌ ¬ıø¸À˚˛ ’±˜¬ı˛± õ∂øÓ¬ø√flË¡˚˛± R ¤¬ı˛ ˜±Ú ¬Û± ◊̋√√º
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9.6 ¬Î¬◊~•§ ¸˜Ó¬À˘ ¸¬ı˛˘ Œ√±˘Àfl¡¬ı˛ õ∂øÓ¬

Œfl¡±Ú› øàÔ¬ı˛ø¬ıμ≈ O ˝√√ÀÓ¬ ˘‚≈ ¸•√x¸±¬ı˛Ì˝√√œÚ ¬ı˛7¡¡≈¡¬ı˛ ¡Z±¬ı˛± ‚≈q¡ m ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì±Àfl¡ Î¬◊~•§ øÚ•ßø√˙±˚˛

OZ ¬Œ¬ı˛‡±¬ı˛ ¸Àe· 	
 Œfl¡±ÀÌ ŒÂ√ÀÎ¬ˇ Œ√› ˛̊± ˝√√˘º

m ˆ¬¬ı˛ø¬ıø˙©Ü fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ≈√˝◊√√øÈ¬ ¬ı˘ ø√flË¡˚˛± fl¡¬ı˛À¬ı,

¤fl¡øÈ¬ mg Œ¸±Ê√± ÚœÀ‰¬¬ı˛ ø√Àfl¡ ¤¬ı— ’Ú…øÈ¬ ¬ı˛7¡¡¡øÈ¬¬ı˛ È¬±Ú T 
��
mO  ø√˙±˚˛º

¸•√x¸±¬ı˛Ì ˝√√œÚ ¬ı˛7¡¡≈¡øÈ¬¬ı˛ Δ√‚«… l Ò¬ı˛± ˝√√˘º O Œfl¡ ”̃̆ ø¬ıμ≈ ¤¬ı— OZ Œ¬ı˛‡±Àfl¡ ’±ø√ Œ¬ı˛‡± ÒÀ¬ı˛ Œ˜¬ı˛≈àÔ±Ú±—fl¡

¬ı…¬ı˝√√±¬ı˛ fl¡¬ı˛À˘ Œ√‡± ˚±À¬ı Œ˚,

m fl¡Ì±øÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ ’¬ı˛œ˚˛ Î¬◊¬Û±—˙ � �� ��l d
dt
�

2

 ¤¬ı— ’Ú≈õ∂àÔ ø√˙±˚˛ Î¬◊¬Û±—˙ ˝√√À¬ı 
1 2

2

2l
d
dt

l d
dt

t d
dt

� ��
�

�
� �

¤‡Ú øÚÎ¬◊√√√∏CÀÚ¬ı˛ ·Ó¬œ˚˛ ¸”S ’Ú≈˚±˚˛œ � �� �� � �ml d
dt

mg T� �
2

cos  ......... (i)

¤¬ı— ml d
dt

mg
2

2
�

��
�

�
� � � sin     ......... (ii) ˝√√À¬ıº

(ii) Ú— ¸˜œfl¡¬ı˛Ì ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± �
 ¤¬ı— 
d
dt
�

 Œfl¡ t ¸˜À˚˛¬ı˛ ’À¬Ûé¬fl¡ ø˝√√¸±À¬ı ¬Û±˝◊√√ ¤¬ı— (i) Ú—

¸˜œfl¡¬ı˛ÀÌ 
d
dt
�

 ¤¬ı˛ ˘t˜±Ú ¬ıø¸À˚˛ ’±˜¬ı˛± ¬ı˛7¡¡≈¡¬ı˛ Î¬◊¬Û¬ı˛ È¬±Ú T m g l d
dt

� � ��
�
�

�
�


�
��

cos� �
2

 ¬Û±˝◊√√º

¤‡±Ú ’±˜¬ı˛± (ii) Ú— ¸˜œfl¡¬ı˛ÌøÈ¬ øÚÀ˚˛ ø¬ı˙√ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº ‹ ¸˜œfl¡¬ı˛Ì ˝√√ÀÓ¬ ¬Û±˝◊√√ 
d
dt

g
l

2

2
�

�� � sin

�
 Œfl¡±ÀÌ¬ı˛ ˜±Ú ’øÓ¬é≈¬^ ˝√√À˘ sin�

�

�
 ˝√√˚˛ ¤¬ı— ‹ ¸˜œfl¡¬ı˛ÌøÈ¬ √“√±Î¬ˇ±˚˛ 
d
dt

g
l

2

2 0�
�� �

)

O

T

m
Z P

�
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¤øÈ¬ ¸¬ı˛˘¸˜?¸ ·øÓ¬¬ı˛ ¸˜œfl¡¬ı˛Ì  , ¬Û”À¬ı«˝◊√√ ’±˜¬ı˛± Œ√À‡øÂ√ Œ˚ ¤øÈ¬ ¸˜±Ò±Ú fl¡À¬ı˛ � 	� cos
g
t

t  ¬Û±›˚˛±

˚±À¬ı Œ˚À˝√√Ó≈¬ õ∂±¬ı˛Ày¬ t = 0 ’¬ıàÔ±˚˛ �
 = 	
 ¤¬ı— 
d
dt
�

� 0  Ò¬ı˛± ˝√√À ˛̊ÀÂ√º ¤Ê√Ú…

T mg
g
t

t� �
�
��

�
��

cos sin� 	2 2
 ˝√√À¬ıº

øfl¡z≈¬ �
˚ø√ ’øÓ¬é≈¬^ Ú± ˝√√ ˛̊, Ó¬±˝√√À˘ 
d
dt

g
l

2

2
�

�� � sin  ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ Î¬◊̂ ¬ ˛̊ø√Àfl¡ 2 d
dt
�

 ·≈Ì fl¡À¬ı˛ t ¸±À¬ÛÀé¬

¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√ 
d
dt

g
l

� � ��� �� � �� �
2 2

cos cos

[Œ˚À˝√√Ó≈¬ �
 = 	
 ’¬ıàÔ±ÀÚ 
d
dt
�

� 0 ]

˘é¬… fl¡¬ı≈̨Ú Œ˚, t ¬ı‘øX¬ı˛ ¸Àe· ¸Àe· �
 ˝√}√√±¸ ¬Û±À26√  , ¤Ê√Ú… 
d
dt

g
l

�
� 	� � �
 �

2 1
2cos cos  ˝√√À¬ı

¤øÈ¬ ¸˜±fl¡˘Ú fl¡¬ı˛À˘ t l
g

d
� �

�
 �
�2 1

2

�

� 		

�

cos cos

Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸˜±fl¡˘ÚøÈ¬ ¬ıœÊ√·øÌÓ¬œ˚˛ (algebraic) ¬ı± ¬ı‘M√√œ ˛̊ (circular) Œ˚˜Ú sin, cos ˝◊√√Ó¬…±ø√ ’À¬Ûé¬fl¡

¡Z±¬ı˛± õ∂fl¡±˙ fl¡¬ı˛± ˚±˚˛ Ú±, ‹ ¸˜±fl¡˘ÚøÈ¬ ¸˜±Ò±Ú fl¡¬ı˛ÀÓ¬ ˝√√À˘ Î¬◊¬Û¬ı‘M√√œ˚˛ (elliptic) ’À¬Ûé¬fl¡ õ∂À˚˛±· fl¡¬ı˛ÀÓ¬

√̋√À¬ıº

˚ø√ 	
é≈¬^ ˝√√˚˛ Ó¬±˝√√À˘ øÚ•ß¬ıøÌ«Ó¬ Î¬◊¬Û±À˚˛ ¸˜±fl¡˘ÚøÈ¬¬ı˛ ’±¸iß˜±Ú øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛, �
= 	
˝√√ÀÓ¬ ’±ø√À¬ı˛‡±

�
 = 0 ¬Û˚«z¬ Œ¬ÛÃ“√Â√±ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ ¸˜˚˛ ˘±·À¬ı

t l
g

d l
g

d�
��

�
 �
�

��� ��
��2 2

2 2

1
2

1
2

2 2
00

�

� 	

�

	 �

		

cos cos sin sin

¤‡Ú sin sin sin� �
�

2 2
�  ¬ıø¸À˚˛ ’±˜¬ı˛± ¬Û±¬ı

i l
g

d
�

���
�
�

��2
1

2
2 2

0
2

1
2

�

	
�

�

�

sin sin

= 
l
g

d
2

1 1
2 2

1 3
2 4 2

2 2 4 4
0

2 � � ��
�

�
��� sin sin .

.
sin sin	

�
	

� �
�

�

�

Œ˚À˝√√Ó≈¬  sin , sin2 4
00

2
4

3
16

�



� �







� ��� d

’Ó¬¤¬ı  t
�

�

l
g2

1 1
4 2

2���
�
�sin �
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9.7 ¬’Ú≈˙œ˘Úœ

¤‡Ú fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì ¡Z±¬ı˛± ˜±Ò…±fl¡¯∏«ÌÊ√øÚÓ¬ ¬ı˘õ∂ˆ¬±À¬ı ¬ı√flË¡À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ fl¡Ì±¬ı˛ ·øÓ¬ ø¬ıÀù≠¯∏Ì fl¡¬ı˛¬ıº

Î¬◊√± √̋√¬ı̨Ìñ1

Ò¬ı˛± ˚±fl¡ Œ˚ Î¬◊~•§ ¸˜Ó¬À˘ ˜¸‘Ì ¬ı‘M√√±fl¡±¬ı˛ ¬ıÀ√flË¡¬ı˛ ¬ı±˝◊√√À¬ı˛¬ı˛ ø√Àfl¡ fl¡Ì±øÈ¬ ¬ı˛À˚˛ÀÂ√ ¤¬ı— ¬ı‘M√√øÈ¬¬ı˛ ¬ı…±¸ 2a

˜ÀÚ fl¡ø¬ı˛ Œ˚, ¬ı‘M√√øÈ¬¬ı˛ Œfl¡f O ¤¬ı— fl¡Ì±øÈ¬ ’±ø√ √˙±˚˛ ¬ı‘M√√øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ A1 ø¬ıμ≈ Ô±Àfl¡ ¤¬ı— �AOA =

	
 ; A ø¬ıμ≈øÈ¬ ¬ı‘M√√øÈ¬¬ı˛ ¬Ûø¬ı˛øÒÀÓ¬ ¸À¬ı«±2‰¬ ø¬ıμ≈ ˚‡Ú fl¡Ì±øÈ¬ ˜±Ò…±fl¡¯∏«Ì Œ˝√√Ó≈¬ øàÔ¬ı˛±¬ıàÔ± A1, ˝√√ÀÓ¬ ¬ı‘M√√øÈ¬¬ı˛ Î¬◊¬Û¬ı˛

P ø¬ıμ≈ÀÓ¬ ’±À¸ ·øÓ¬À¬ı· v ¬Û±˚˛, Ó¬‡Ú �AOP = �
 Ò¬ı˛À˘ mV dV
ds

mg� sin �  ..... (i)

¤¬ı— m V R mg
2

�
�� � � cos  ......... (ii) ˝√√À¬ı

øfl¡z≈¬ Œ˚À˝√√Ó≈¬ ¤àÔÀ˘ ¬ı√flË¡øÈ¬ a ¬ı…±¸±Ò« ø¬ıø˙©Ü ¬ı‘M√√, ¤Ê√Ú… s = a�
 ¤¬ı— � = a ˝√√ ˛̊º

(i) Ú— ¸˜œfl¡¬ı˛Ì ¸˜±fl¡˘Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ V ga2 2� �
 �cos cos	 �

Œ˚À˝√√Ó≈¬ �
 = 	
 ’¬ıàÔ±ÀÚ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ı· ˙”Ú… Ò¬ı˛± ˝√√À˚˛ÀÂ√º

Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√ÀÓ¬ ’±˜¬ı˛± ¬Û±˝◊√√ Œ˚,

V u ga2 2 2 1� � �
 �cos�

[Œ˚À˝√√Ó≈¬ V = u ˚‡Ú �
 = 0 Ò¬ı˛± ˝√√À˚˛ÀÂ√]

V2-¤¬ı˛ ¤˝◊√√ ˘t˜±Ú ¬ÛÀ¬ı« õ∂±5 ¸˜œfl¡¬ı˛ÀÌ ¬ıø¸À˚˛ ’±˜¬ı˛± R m
a

u ga� � �� �2 3 2cos �
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’±ø√ √˙±˚˛ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ıÀ·¬ı˛ ø¬ıøˆ¬iß ˜±ÀÚ¬ı˛ Ê√Ú… fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÀÔ Ó¬±¬ı˛ Œ¬ı· ˙”Ú… ’Ô¬ı± õ∂øÓ¬ø√flË¡˚˛±

R ÒÚ±Rfl¡, ˙”Ú… ¬ı± Ÿ¬Ì±Rfl¡ ˝√√À¬ıº

ø¬ıÀ˙¯∏ ^©Ü¬ı… – V u ga2 2 2 1� � �
 �cos�  Œfl¡ ·øÓ¬˙øq¡¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú 
1
2

2 2m v u� �� �  ˜±Ò…±fl¡¯∏«Ì

¬ı˘ Œ˝√√Ó≈¬ m ˆ¬¬ı˛˚≈q¡ fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì mga 1 �
 �cos�  ¬ı˛”À¬Û ø‰¬z¬± fl¡¬ı˛± ˚±˚˛º

’±¬ı±¬ı˛ (ii) Ú— ¸˜œfl¡¬ı˛Ì ˝√√ÀÓ¬ R mg m v
a

� �cos�
2

= mg 3 2cos cos� 	�
 � ˝√√ ˛̊º

¤àÔÀ˘ ˘é¬… fl¡¬ı≈̨Ú �
�

� �
�

�
�

�cos cos1 2
3

 ˝√√À˘ R = 0 ˝√√À¬ı ¤¬ı— fl¡Ì±øÈ¬ ¬ı√flË¡øÈ¬¬ı˛ ¶Û˙« Ó¬…±· fl¡¬ı˛À¬ı

¤¬ı— ˜±Ò…±fl¡¯∏«Ì Œ˝√√Ó≈¬ Ó¬±¬ı˛ ·øÓ¬¬ÛÔ ¬Û”À¬ı« ’±À˘±ø‰¬Ó¬ ¢∂±À¸¬ı˛ Ú…±˚˛ ˝√√À¬ıº

Î¬◊√± √̋√¬ı̨Ìñ2
fl¡Ì±øÈ¬ ˜¸‘Ì ¬ı‘M√√±fl¡±¬ı˛ ¬ıÀ√flË¡¬ı˛ øˆ¬Ó¬À¬ı˛¬ı˛ ø√Àfl¡ Ô±Àfl¡  , ¬Û”À¬ı«¬ı˛ Ú…±˚˛ ¬ı‘M√√øÈ¬¬ı˛ ¬ı…±¸ 2a ¤¬ı— Ó¬±¬ı˛ Œfl¡f O

Ò¬ı˛± ˝√√˘º

˜ÀÚ fl¡¬ı˛± ˚±fl¡ Œ˚, ¬ı‘M√√øÈ¬¬ı˛ ¬Ûø¬ı˛øÒ¬ı˛ ¸¬ı«øÚ•ß ’¬ıàÔ±Ú B ø¬ıμ≈ ˝√√ÀÓ¬ u ·øÓ¬À¬ıÀ· fl¡Ì±øÈ¬Àfl¡ ŒÂ√“√±Î¬ˇ± ˝√√˘ ¤¬ı—

fl¡Ì±øÈ¬¬ı˛ ‹ ¬ı‘M√√±fl¡±¬ı˛ ¬ıÀ√flË¡¬ı˛ øˆ¬Ó¬À¬ı˛¬ı˛ ø√Àfl¡ ‰¬˘ÀÓ¬ ¬ı±Ò… ˝√√À26√º ¬ı‘M√√øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ P (a, �) ø¬ıμ≈ÀÓ¬ fl¡Ì±øÈ¬¬ı˛ Œ¬ı·

v ˝√√À˘ fl¡Ì±øÈ¬¬ı˛ ·Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì¡Z˚˛ ˝√√À¬ı

m V
a

dV
d

mg
�

�� � sin  (iii) ¤¬ı— 
mV

a
R mg

2
� � cos� (iv)

Î¬◊√± √̋√¬ı̨Ìñ3
¤fl¡øÈ¬ fl¡Ì±Àfl¡ Î¬◊~•§ ¸˜Ó¬À˘ ’¬ıøàÔÓ¬ ¤fl¡øÈ¬ ’˜¸‘Ì ¬ı‘M√√±fl¡±¬ı˛ ¬ıÀ√flË¡¬ı˛ øˆ¬Ó¬À¬ı˛¬ı˛ ø√Àfl¡ ¸¬ı«øÚ•ß ø¬ıμ≈ ˝√√ÀÓ¬

V Œ¬ıÀ· ’Ú≈ˆ”¬ø˜fl¡ ø√˙±˚˛ ŒÂ√“√±Î¬ˇ± ˝√√˘º ˚ø√ fl¡Ì±øÈ¬ ¸•Û”Ì« ¬ı‘M√√øÈ¬ ¬Ûø¬ı˛√flË¡˜ fl¡À¬ı˛, ˚‡Ú ‹ ¸¬ı«øÚ•ß ø¬ıμ≈ÀÓ¬ øÙ¬À¬ı˛

’±¸À¬ı Ó¬‡Ú Ó¬±¬ı˛ ·øÓ¬À¬ı· V ˝√√À˘
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 V V e
ga

e2 2 4
2

2 42
1 4

1 2 1� �
�

�� � �� �� ��� ��

�
�  ˝√√À¬ıº (a ¬ı‘M√√øÈ¬¬ı˛ ¬ı…±¸±Ò« ¤¬ı— �
‰¬À√flË¡¬ı˛ ¬‚¯∏«Ì±efl¡]

¸˜±Ò±Ú –

O Œfl¡ ¬ı‘M√√øÈ¬¬ı˛ Œfl¡f ¤¬ı— AŒfl¡ ¬ı‘M√√øÈ¬¬ı˛ ¸¬ı«øÚ•ßø¬ıμ≈ Ò¬ı˛± ˝√√˘º m ˆ¬¬ı˛ø¬ıø˙©Ü fl¡Ì±øÈ¬ ˚‡Ú P ø¬ıμ≈ÀÓ¬ ’±À¸

(AOP = �) Ó¬‡Ú Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ¬ı˘ mg Î¬◊~•§ ø√˙±˚˛ øÚ•ßø√Àfl¡, õ∂øÓ¬ø√flË¡˚˛± R ¬ı‘ÀM√√¬ı˛ Œfl¡f O ’øˆ¬˜≈À‡

¤¬ı— ‚ ∏̄«ÌÊ√øÚÓ¬ ¬ı˘ �R ¶Û˙«fl¡ ø√˙±˚˛ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ø√Àfl¡ fl¡±Ê√ fl¡¬ı˛À¬ıº

¤‡Ú fl¡Ì±øÈ¬¬ı˛ ·Ó¬œ ˛̊ ¸˜œfl¡¬ı˛Ì¡Z ˛̊ ˝√√À¬ı

mV dV
ds

R mg� � �� �sin   ......... (i)

¤¬ı— m V R mig
2

�
�� � cos     ......... (ii)

¤àÔÀ˘ s = a�
 ¤¬ı— �
 = a ˝√√ ˛̊  ,

’Ô‰¬ (i) ¤¬ı— (ii) ˝√√ÀÓ¬ R ’¬ÛÚ˚˛Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√

dV
d

V ga
�

� � � �� � � �� �2 22 cos sin

Î¬◊¬ÛÀ¬ı˛¬ı˛ ’¬ıfl¡˘Ú ¸˜œfl¡¬ı˛ÀÌ¬ı˛ Î¬◊ˆ¬˚˛ø√Àfl¡ e2 0�  ·≈Ì fl¡À¬ı˛ ¬ÛÀ¬ı˛ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±¬ı

V e ga e d2 2 22�� �� � � � �� � �� �� cos sin

= �
�

�� � � �� �
�
��

�
��
�2

1 4
2 2

2

2ga e c
��

�
� � � � � � �cos sin sin cos� �    ......... (iii)

øfl¡z≈¬ ’±˜¬ı˛± ÒÀ¬ı˛øÂ√ v = V ˚‡Ú ’±ø√ ’¬ıàÔ±ÀÚ �
 = 0
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’Ó¬¤¬ı V
ga

c2
2

22
1 4

2 1�
�

�
� �

�
�� �

¤Ê√Ú… c V
ga

� �
�

�2
2

22
1 4

2 1
�

�� �   ....... (iv)

˚‡Ú fl¡Ì±øÈ¬ ¬Û≈Ú¬ı˛±˚˛ ¸¬ı«øÚ•ß ø¬ıμ≈ A ŒÓ¬ øÙ¬À¬ı˛ ’±À¸ Ó¬‡Ú �
 = 2	
 ¤¬ı— ·øÓ¬À¬ı· v Ò¬ı˛À˘ (iii) ¤¬ı—

(iv) ˝√√ÀÓ¬ ’±˜¬ı˛± ¬Û±˝◊√√

V e
ga

e V2 4
2

2 4 22
1 4

2 1 1�� ��

�
��

�
�

�� � �� � �

V V e
ga

e2 2 4
2

2 42
1 4

1 2 1� �
�

� �� ��� ��

�
�� �� �

Î¬◊√± √̋√¬ı̨Ìñ4
Î¬◊~•§¸˜Ó¬À˘ ¤fl¡øÈ¬ ˜¸‘Ì ’øÒ¬ı‘M√√±fl¡±¬ı˛ øÈ¬Î¬◊¬ı ¬ı˛À˚˛ÀÂ√ ¤¬ı— ‹ ’øÒ¬ı‘M√√øÈ¬¬ı˛ ˙œ¯∏«ø¬ıμ≈øÈ¬ øÈ¬Î¬◊À¬ı¬ı˛ ¸¬ı«øÚÀ•ß

¬ı˛À˚˛ÀÂ√º m ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì± ˙œ¯∏«ø¬ıμ≈ ˝√√ÀÓ¬ h Î¬◊2‰¬Ó¬±˚˛ øàÔ¬ı˛±¬ıàÔ±˚˛ øÈ¬Î¬◊À¬ı¬ı˛ øˆ¬Ó¬¬ı˛ ·øÎ¬ˇÀ˚˛ Œ√›˚˛± ˝√√˚˛  ,

’øÒ¬ı‘M√√øÈ¬¬ı˛ Ú±øˆ¬˘À•§¬ı˛ Δ√‚«… 4a ¤¬ı— ¬ı√flË¡Ó¬± ¬ı…±¸±Ò« 

˝√√À˘ Œ√‡±Ú Œ˚ ‹ fl¡øÌfl¡±¬ı˛ Î¬◊¬Û¬ı˛ ’øÒ¬ı‘M√√øÈ¬¬ı˛ õ∂øÓ¬ø√flË¡˚˛±¬ı˛

¬Ûø¬ı˛˜±Ì 
2mg h a�� �



 ˝√√À¬ıº

¸˜±Ò±Ú –

’øÒ¬ı‘ÀM√√¬ı˛ ˙œ ∏̄«ø¬ıμ≈Àfl¡ ”̃̆ ø¬ıμ≈ O ¤¬ı— ’Ú≈̂ ”¬ø˜fl¡ ø√˙± ˛̊ OX ¤¬ı— Î¬◊~•§ ÿÒ√ı«̃ ≈À˘ OY ’é¬ ÒÀ¬ı˛ ’øÒ¬ı‘M√√øÈ¬¬ı˛

¸˜œfl¡¬ı˛Ì x ay2 4�  ¬ı˛”À¬Û õ∂fl¡±˙ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º ’øÒ¬ı‘ÀM√√¬ı˛ Î¬◊¬Û¬ı˛ P (x, y) ø¬ıμ≈ÀÓ¬ ¶Û˙«fl¡ PT, OX ’Àé¬¬ı˛

¸Àe· �
 Œfl¡±Ì fl¡¬ı˛À˘ sin � �
dy
dx

 ¤¬ı— cos� � dx
ds  ˝√√À¬ıº

x ay2 4�  ˝√√ÀÓ¬ ’±˜¬ı˛± ¬Û±˝◊√√  
dy
dx

x
a

�
2  ¤¬ı— 

d y
dx a

2 1
2�  ’±¬ı±¬ı˛ fl¡øÌfl¡±øÈ¬ ¶Û˙«fl¡ ø√˙±˚˛ ¤¬ı— ’øˆ¬˘•§

ø√˙±˚˛ ·øÓ¬¬ı˛ ¸˜œfl¡¬ı˛Ì¡Z˚˛ ˚Ô±√flË¡À˜ ˝√√À¬ı mV dV
ds

mg mg
dy
ds

� � � �sin �  ....... (i)
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¤¬ı— 
mV R mg

2

�
�� � cos  ....... (ii)

(i) Ú— ¸˜œfl¡¬ı˛Ì ¸˜±Ò±Ú fl¡À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊√√ mV mg h y2 2� �( )   ....... (iii)

Œ˚À˝√√Ó≈¬ ˚‡Ú y = h Ó¬‡Ú v = 0 Ò¬ı˛± ˝√√À˚˛ÀÂ√º

(ii) ¤¬ı— (iii) ˝√√ÀÓ¬ ’±˜¬ı˛± ¬Û±˝◊√√ R mg mV mg mg
h y

� � � �
�

cos cos�
�

�
�

2
2
� �

øfl¡z≈¬  

�

�

� ��
�
�

�
��

�
�

�
�

1
1

1
2

2

2

2

2

3
2

3
2

dy
dx

d y
dx a

tan� �

’Ó¬¤¬ı  
 �
�

�
� �

� � � ���
�
� �

�
2 2 2 1

23 2a a a y
a

a y
sec

cos
sec

cos cos
 �

¤¬ı— ¤Ê√Ú… R mg
a y h y mg h a

�
�

�
��

��
�
��
�

�� �2 2 2 �  �

 
 


Î¬◊√± √̋√¬ı̨Ìñ5
Î¬◊~•§ ¸˜Ó¬À˘ øÚÀ•ß ˙œ¯∏«ø¬ıμ≈ ¤¬ı— Î¬◊Ò√ı«˜≈‡œ ’é¬ø¬ıø˙©Ü ¤¬ı— ’˜¸‘Ì ‰¬√flË¡Ê√ (cycloid) ¬ı˛À˚˛ÀÂ√  , Ó¬±¬ı˛

¤fl¡øÈ¬ fl¡±•Û (Cusp) √̋√ÀÓ¬ ¤fl¡øÈ¬ ¬ˆ¬±¬ı˛œfl¡Ì± øàÔ¬ı˛±¬ıàÔ± √̋√ÀÓ¬ ‰¬√flË¡ÀÊ√¬ı˛ øˆ¬Ó¬À¬ı˛¬ı˛ ø√Àfl¡ ŒÂ√ÀÎ¬ˇ Œ√› ˛̊± √̋√̆ º ˙œ ∏̄«ø¬ıμ≈ÀÓ¬

Œ¬ÛÃ“√Â√±À˘ fl¡Ì±øÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡À¬ı˛ Œ√‡±Ú Œ˚ ’Ú≈¬ı˛”¬Û ¬Ûø¬ı˛øàÔøÓ¬ÀÓ¬ ˜¸‘Ì ‰¬√flË¡ÀÊ√¬ı˛ ˙œ¯∏«ø¬ıμ≈ÀÓ¬ Œ¬ÛÃ“√Â√±À˘

Œ¬ı· ¬Û”À¬ı«¬ı˛ Œ¬ıÀ·¬ı˛ ˜±ÀÚ¬ı˛ 

e� �

�

�� �

�

2

2

1
2

1
21

� �
� �  ˆ¬±· ˝√√À¬ıº [�
 ’˜¸‘Ì ‰¬√flË¡ÀÊ√¬ı˛ ‚¯∏«Ì±efl¡]

¸˜±Ò±Ú –

Ò¬ı˛± ˚±flƒ¡ Œ˚ ‰¬√flË¡±Ê√øÈ¬¬ı˛ ¶§fl¡œ˚˛ (intrinsic) ¸˜œfl¡¬ı˛Ì s = 4a Sin �

¤‡Ú ¶Û˙«fl¡ø√˙±˚˛ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√À¬ı mV dV
ds

R mg� �� �sin   ........ (i)

Œ˚À˝√√Ó≈¬ fl¡Ì±øÈ¬ ÚœÀ‰¬ Ú±˜ÀÂ√ ¤Ê√Ú… ‚¯∏«ÌÊ√øÚÓ¬ õ∂øÓ¬ø√flË¡˚˛± �R Î¬◊¬Û¬ı˛ ø√Àfl¡ ˝√√À¬ı
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’±¬ı±¬ı˛ ’øˆ¬˘•§ ø√˙±¬ı˛ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ı˛ ¸˜œfl¡¬ı˛Ì 
mV R mg



�� � cos     ........ (ii)

(i) ¤¬ı— (ii) ˝√√ÀÓ¬ R ’¬ÛÚ˚˛Ú fl¡À¬ı˛ ¬Û±˝◊√√

V dV
ds

V g� � �� ��
�

� � �
2

cos sin     ........ (iii)

øfl¡z≈¬ s a� 4 sin �  ¬ıÀ˘  
 �
�� �

ds
d

a4 cos  ÒÀ¬ı˛

(ii) ˝√√ÀÓ¬ ’±˜¬ı˛± ¬Û±¬ı 
dV
d

V ag
2

22 8
�

� � � � �� � �cos ( cos sin )

¤‡Ú Î¬◊ˆ¬˚˛ø√Àfl¡ ¸˜±fl¡˘·≈Ìfl¡ e�2��  ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ ¬ÛÀ¬ı˛ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√

V e ag e d c2 2 28� �� �� � ���	 �	 	 � 	 	 	cos cos sin  ¤‡Ú d e� �� ��	 � 	 	cos sin

= � �� � � � �� �� �� � � � � � � ��� ��e e dcos sin sin cos

= � � �1 2� ���
 �e cos

’Ó¬¤¬ı V e
ag

e c2 2
2

28
2 1

� �� �
�

�� � ��� ��

�
� � �

� �
cos sin

øfl¡z≈¬ fl¡Ì±øÈ¬ ˚‡Ú fl¡±À•Û øÂ√˘ Ó¬‡Ú Ó¬±¬ı˛ Œ¬ı· ”̇Ú… øÂ√˘, ¤Ê√Ú… �
�

�
2  ’¬ıàÔ± ˛̊ V = 0

’Ó¬¤¬ı ‹ ˙Ó«¬±Ú≈˚±˚˛œ c
ag

e�
�

�4
1 2�

��

� �
 ˝√√À¬ıº

˚‡Ú fl¡Ì±øÈ¬ ˙œ¯∏«ø¬ıμ≈ÀÓ¬ Œ¬ÛÃ“√Â√±˚˛ Ó¬‡Ú �
= 0 ; ¤ ¸˜À ˛̊ ·øÓ¬À¬ı· V ˝√√À˘ V
ag

e1
2

2
24

1
�

�
��

�
���

� �
� �

√̋√À¬ıº

øfl¡z≈¬ ‰¬√flË¡±Ê√øÈ¬ ˜¸‘Ì ˝√√À˘ �
 = 0 ˝√√ ˛̊, ’Ó¬¤¬ı Ó¬‡Ú ·øÓ¬À¬ı· V2 ˝√√À˘ V ag2
2 4�

’Ó¬¤¬ı 
V
V

e1

2

2

2

1
2

1
21

�
�

�

��� �

�

� �

� �
 ˝√√À¬ıº

9.8 ¬¸±¬ı˛±—˙

’Ú≈˙œ˘ÚœÀÓ¬ fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì ¸˜±Ò±Ú ¬ÛXøÓ¬ Œ√À‡ ¸˜Ó¬À˘ Œfl¡±Ú› ¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ fl¡øÌfl¡±¬ı˛·øÓ¬

› fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ‹ ¬ıÀ√flË¡¬ı˛ õ∂øÓ¬ø√flË¡˚˛± ¤¬ı— ¸˜Ó¬À˘ ¸¬ı˛˘ Œ√±˘Àfl¡¬ı˛ ·øÓ¬ ’±À˘±ø‰¬Ó¬ ˝√√À˚˛ÀÂ√º
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9.9 ¬¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1. ¸˜Ó¬À˘ Œfl¡±Ú› ¬ı√flË¡À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ ‰¬˘˜±Ú ¤fl¡øÈ¬ fl¡øÌfl¡±¬ı˛ ‹ ¬ı√flË¡À¬ı˛‡±˚˛ ¶Û˙«fl¡ ¤¬ı— ’øˆ¬˘•§ ø√˙±˚˛

Q¬ı˛Ì¡Z˚˛ ¸˜±Ú ˝√√À˘ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ı· øfl¡¬ı˛”¬Û ˝√√À¬ı∑

[Î¬◊M√√¬ı˛ – V = Ke�
 (K ÒË≈¬ıfl¡]

2. Î¬◊~•§ ¸˜Ó¬À˘ ’¬ıøàÔÓ¬ ¤fl¡øÈ¬ ˜¸‘Ì O ¬ı√flË¡À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ¤fl¡øÈ¬ fl¡Ì± ˜±Ò…±fl¡¯∏«Ì Œ˝√√Ó≈¬ ÚœÀ‰¬ ¬ÛÎ¬ˇÀÂ√º

˚ø√ ¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ Œ˚ Œfl¡±Ú› ’¬ıàÔ±ÀÚ fl¡Ì±øÈ¬¬ı˛ Œ¬ı· ‹ ¬ıÀ√flË¡¬ı˛ ¸À¬ı«±2‰¬ ø¬ıμ≈ ˝√√ÀÓ¬ ¬ı√flË¡ ¬ı¬ı˛±¬ı¬ı˛ fl¡Ì±øÈ¬¬ı˛ ”√¬ı˛ÀQ¬ı˛

¸˜±Ú≈¬Û±øÓ¬fl¡ ˝√√˚˛º Ó¬±˝√√À˘ Œ√‡±Ú Œ˚ ¬ı√flË¡øÈ¬ ¤fl¡øÈ¬ ‰¬√flË¡Ê√º

3. a ¬ı…±¸±Ò«ø¬ıø˙©Ü ¤fl¡øÈ¬ ’˜¸‘Ì Œ·±˘Àfl¡¬ı˛ øˆ¬Ó¬À¬ı˛¬ı˛ ø√Àfl¡ Ó¬±¬ı˛ ¬ı√flË¡Ó¬˘ ¬ı¬ı˛±¬ı¬ı˛ ¤fl¡øÈ¬ fl¡Ì±Àfl¡ V Œ¬ıÀ·

Â√“≈√ÀÎ¬ˇ Œ√›˚˛± ˝√√˘º ˚ø√ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú› ¬ıø˝√√–àÔ ¬ı˘ ø√flË¡˚˛±˙œ˘ Ú± Ô±Àfl¡ ¤¬ı— ‹ ¬ıÀ√flË¡¬ı˛ ‚¯∏«Ì±efl¡ �
˝√√ ˛̊º

Ó¬± ˝√√À˘ Œ√‡±Ú Œ˚ 
a
V

e
�

��2 1�� � ¸˜˚˛ ¬ÛÀ¬ı˛ fl¡Ì±øÈ¬ Œ·±˘Àfl¡¬ı˛ ¬ı√flË¡Ó¬À˘¬ı˛ Œ˚ ø¬ıμ≈ ˝√√ÀÓ¬ ŒÂ√“√±Î¬ˇ± ˝√√À˚˛ÀÂ√ Œ¸˝◊√√

ø¬ıμ≈ÀÓ¬ øÙ¬À¬ı˛ ’±¸À¬ıº Î¬◊~•§ ¸˜Ó¬À˘ øÚÀ•ß ˙œ¯∏«ø¬ıμ≈ ¤¬ı— ÿÒ√ı«˜≈‡œ ’é¬ø¬ıø˙©Ü ¤fl¡øÈ¬ ’˜¸‘Ì ‰¬√flË¡±Ê√ ¬ı˛À˚˛ÀÂ√º

˚ø√ ‹ ‰¬√flË¡±ÀÊ√¬ı˛ ¤fl¡øÈ¬ fl¡±¶Û ˝√√ÀÓ¬ øàÔ¬ı˛±¬ıàÔ±˚˛ ¤fl¡øÈ¬ ˆ¬±¬ı˛œ fl¡Ì±Àfl¡ ‹ ‰¬√flË¡±Ê√ ¬ı¬ı˛±¬ı¬ı˛ ŒÂ√ÀÎ¬ˇ Œ√›˚˛± ˝√√˚˛ ¤¬ı—

˚ø√ Ó¬± ‹ √‰¬√flË¡±ÀÊ√¬ı˛ ˙œ¯∏«ø¬ıμ≈ÀÓ¬ Œ¬ÛÃ“√Â√±À˘ Œ¬ı·˙”Ú… ˝√√˚˛º Ó¬±˝√√À˘ Œ√‡±Ú Œ˚ � ��2 1e �  ˝√√À¬ı [�
 ‰¬√flË¡±Ê√øÈ¬¬ı˛

‚ ∏̄«Ì±efl¡]º
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¤fl¬fl¬ 10 � ˆ¬¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ¸—√flË¡±z¬ ·øÓ¬ (Mass Varying
motion)

·Í¬Ú

10.1 ¬√õ∂d¬±¬ıÚ±

10.2 ¬Î¬◊ÀV˙…

10.3 ˆ¬¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ Ê√Ú… fl¡øÌfl¡±¬ı˛ ·øÓ¬¬ı˛ øÚ˚˛˜ [’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì øÚÌ«˚˛]

10.4 ’Ú≈̇ œ˘Úœ

10.5 ¸±¬ı̨±—˙

10.6 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

10.1 õ∂d¬±¬ıÚ±

’±˜¬ı˛± ¬Û”À¬ı« fl¡Ì±¬ı˛ ø¬ıø¬ıÒ õ∂fl¡±¬ı˛ ·øÓ¬ ’±À˘±‰¬Ú±fl¡±À˘ Ó¬±¬ı˛ ˆ¬À¬ı˛¬ı˛ Œfl¡±Ú› ¬Ûø¬ı˛¬ıÓ«¬Ú ø‰¬z¬± fl¡¬ı˛øÚº øfl¡z≈¬

¬ı±d¬¬ı ’øˆ¬:Ó¬± ˝√√ÀÓ¬ ’±˜¬ı˛± Œ√‡ÀÓ¬ ¬Û±˝◊√√ ¬ı‘ø©Ü¬ı˛ ŒÙ¬“√±È¬± ˆ”¬¬Û‘Àá¬¬ı˛ ø√Àfl¡ ˚Ó¬ ÚœÀ‰¬ Ú±À˜ Ó¬Ó¬ Ó¬± ˆ¬±¬ı˛œ ˝√√ÀÓ¬

Ô±Àfl¡  , ’±¬ı±¬ı˛ ¬ı˛Àfl¡È¬ ŒÂ√“√±Î¬ˇ±¬ı˛ ¬ÛÀ¬ı˛ Ó¬±¬ı˛ ˜ÀÒ… ¬ı±¬ı˛≈√ √flË¡˜˙– ¬Û≈ÀÎ¬ˇ ˚±˚˛ ¤¬ı— ¬ı˛Àfl¡È¬øÈ¬ ˝√√±{√®± ˝√√ÀÓ¬ Ô±Àfl¡º ’±˜¬ı˛±

¤‡Ú ¸˜À˚˛¬ı˛ ¸Àe· ¬ıd≈¬¬ı˛ ˆ¬¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ¤¬ı— ·øÓ¬ ˚≈·¬Û» ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

^©Ü¬ı… – Î¬◊2‰¬Ó¬¬ı˛ ·øÌÓ¬ ˙±¶a ¤¬ı— ¬Û√±Ô«ø¬ı√…± ‰¬‰«¬±˚˛ ·øÓ¬À¬ıÀ·¬ı˛ ¸Àe· fl¡Ì±¬ı˛ ˆ¬À¬ı˛¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú Ò¬ı˛± ˝√√À˚˛

Ô±Àfl¡º

10.2 Î¬◊ÀV˙…

’±˜¬ı˛± Œfl¡¬ı˘˜±S ¸˜À˚˛¬ı˛ ¸Àe· fl¡Ì±¬ı˛ ˆ¬À¬ı˛¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ¸—øù≠©Ü ·øÓ¬ ¸—√flË¡±z¬ ¸˜¸…± øÚÀ˚˛ ’¢∂¸¬ı˛ ˝√√¬ı

¤¬ı— ¤˝◊√√ ’Ò…±À˚˛ Œfl¡¬ı˘˜±S fl¡Ì±¬ı˛ Ÿ¬Ê≈√ Œ¬ı˛‡± ·øÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

10.3 ¬ˆ¬¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ Ê√Ú… fl¡øÌfl¡±¬ı˛ ·øÓ¬¬ı˛ øÚ˚˛˜

Ò¬ı˛± ˚±flƒ¡ Œ˚ t ¸˜À˚˛ fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛ m ¤¬ı— ·øÓ¬À¬ı· v øÂ√˘,

t + �t ¸˜À˚˛¬ı˛ fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√À˚˛ m + �m ˝√√˚˛ ¤¬ı— fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛¬ı‘øX¬ı˛ ¬Û”À¬ı« �m ¬Ûø¬ı˛̃ ±Ì

ˆ¬À¬ı˛¬ı˛ Œ¬ı· u Ô±Àfl¡ ¤¬ı— m + �m ˆ¬À¬ı˛¬ı˛ Œ¬ı· V + �V ˝√√˚˛, Ó¬± ˝√√À˘ fl¡Ì±øÈ¬¬ı˛ Œ˜±È¬ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú



143

NSOU

�t ¸˜À ˛̊ ˝√√À¬ı (m + �m) (V + �u) – mv – �mu 
�

�mv + m�v – �mu øÚÎ¬◊È¬ÀÚ¬ı˛ ·øÓ¬¬ı˛

ø¡ZÓ¬œ˚˛ ¸”S ’Ú≈˚±˚˛œ ¸˜˚˛ ¸±À¬ÛÀé¬ ‹ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛ ¬ıø˝√√–àÔ ¬ıÀ˘¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡ ˝√√À¬ıº

’Ó¬¤¬ı V dm
dt

m dV
dt

u dm
dt

F� � �  
 
 (F ¬ıø˝√√–àÔ ¬ı˘]

’Ô«±» 
d
dt

mV F u dm
dt

� �  ˝√√ ˛̊º

[Ÿ¬Ê≈√À¬ı˛‡ ·øÓ¬ÀÓ¬ ’±˜¬ı˛± ÒÀ¬ı˛øÂ√ V + �V, V, u ¤·≈ø˘ ¤fl¡˝◊√√ ø√˙±˚˛ Ô±fl¡À¬ı]

10.4 ¬’Ú≈˙œ˘Úœ

Î¬◊√± √̋√¬ı̨Ìñ1
¤fl¡øÈ¬ ¬ı˛Àfl¡È¬ ˝√√ÀÓ¬ ’ø¬ı¬ı˛Ó¬ ¸≈¯∏˜˝√√±À¬ı˛ Œ¬Û±Î¬ˇ± ;±˘±Úœ øÚ·«Ó¬ ˝√√À26√º ˚ø√ ;±˘±Úœ øÚ·«˜ÀÚ¬ı˛ ˝√√±¬ı˛ �
 [ÒË≈¬ıfl¡]

˝√√˚˛ ¤¬ı— ¬ı˛Àfl¡ÀÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ ¸±À¬ÛÀé¬ ;±˘±Úœ¬ı˛ Œ¬ı· u ˝√√˚˛, Ó¬± ˝√√À˘ Œ√‡±› Œ˚ ¬ı˛Àfl¡È¬øÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú

√̋√À¬ıñ

V – V0 = –u ln 1���
�
�

�t
mo  ; [õ∂±¬ı˛Ày¬ t = 0 ¸˜À˚˛¬ı˛ ¬ı˛Àfl¡È¬øÈ¬¬ı˛ ˆ¬¬ı˛ øÂ√˘ m0 ¤¬ı— Œ¬ı· øÂ√˘ v0)

¸˜±Ò±Ú – ¤‡±ÀÚ Œ√› ˛̊± ’±ÀÂ√ Œ˚, 
dm
dt

� ��  ’Ó¬¤¬ı m = m0 – �t ˝√√À¬ıº

Œ˚À˝√√Ó≈¬ Œfl¡±Ú› ¬ıø˝√√–àÔ ¬ı˘ ¬ı˛Àfl¡È¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ fl¡±Ê√ fl¡¬ı˛ÀÂ√ Ú±, ¤Ê√Ú… ‹ ¬ı˛Àfl¡ÀÈ¬¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ Œfl¡±Ú› ¬Ûø¬ı˛¬ıÓ«¬Ú

˝√√À¬ı Ú±º

’Ó¬¤¬ı (m – �m)(V + �V) + �m (V – u) – mV = 0 ¤‡±ÀÚ Œ˚ ;±˘±Úœ øÚ·«Ó¬ ˝√√À26√ Ó¬±¬ı˛

ˆ¬¬ı˛ �m ¤¬ı— ¬ı˛Àfl¡ÀÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú V ˝√√ÀÓ¬ V + �V ˝√√À26√º ¤‡Ú ’øÓ¬é≈¬^ ¬ı˛±ø˙ �m �V ’¢∂±˝√√… fl¡À¬ı˛

’±˜¬ı˛± ¬Û±¬ı mv – �mv + m�v + �mv – u�m – mv = 0

’Ô«±» m�V = u�m

’Ó¬¤¬ı m dV
dt

u dm
dt

u� � ��

øfl¡z≈¬ m = m0 – �t, ’Ó¬¤¬ı m t dV
dt

u0 � � �� �� �

’Ô«±» 
dV
dt

u
m t

� �
�

�
�0

;  ’Ó¬¤¬ı V – V0 = –u ln 1
0

�
�
��

�
�

�t
m

Œ˚À˝√√Ó≈¬ t = 0 ’¬ıàÔ± ˛̊,  m = m0, V = V0

Î¬◊√± √̋√¬ı̨Ìñ2

øàÔ¬ı˛±¬ıàÔ± ˝√√ÀÓ¬ øàÔ¬ı˛ Œ˜À‚¬ı˛ ˜Ò… ø√À˚˛ ¤fl¡øÈ¬ fl¡Ì± Œ¸±Ê√± ÚœÀ‰¬ ˆ”¬Ó¬À˘ Ú±ø˜¬ı±¬ı˛ ¸˜˚˛ fl¡Ì±øÈ¬¬ı˛ ·±À˚˛
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Ê√˘œ ˛̊ ¬ı±©Û Ê√À˜ fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛ ¬ı‘øX fl¡¬ı˛ÀÂ√º ˚ø√ t ¸˜À˚˛ Ó¬±¬ı˛ Œ¬ı· V ˝√√ ˛̊ ¤¬ı— m ˆ¬À¬ı˛¬ı˛ Ê√Ú… fl¡Ì±øÈ¬¬ı˛

ˆ¬¬ı˛¬ı‘øX¬ı˛ ˝√√±¬ı˛ Kmu (K ÒË≈¬ıfl¡] ˝√√À˘ Œ√‡±Ú Œ˚ x ”√¬ı˛Q Ú±ø˜¬ı±¬ı˛ ¬Û¬ı˛ fl¡Ì±øÈ¬¬ı˛ Œ¬ı· V

KV g e kx2 21� � �� � ¸˜œfl¡¬ı˛Ì ˝√√ÀÓ¬ ¬Û±›˚˛± ˚±˚˛ ¤¬ı— t ¸˜À ˛̊ fl¡Ì±øÈ¬ñ

1 1 2
K

n e et kg t kg� �� �� �/  ”√¬ı˛Q ’øÓ¬√flË¡˜ fl¡¬ı˛À¬ıº [K ÒÚ±Rfl¡ Ò¬ı˛± ˝√√À˚˛ÀÂ√]

◊̋√√øe·Ó¬ – ’efl¡øÈ¬ ¸˝√√ÀÊ√ ◊̋√√ ¸˜±Ò±Ú ¸y¬¬ıº

10.5 ¸±¬ı˛±—˙

’±˜¬ı˛± øÚÀ•ß Î¬◊ø~ø‡Ó¬ ≈√˝◊√√øÈ¬ Î¬◊√±˝√√¬ı˛Ì ¡Z±¬ı˛± ˆ¬¬ı˛¬Ûø¬ı˛¬ıÓ«¬Ú ˚≈q¡ ¬ıd≈¬¬ı˛ ·øÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡À¬ı˛øÂ√, Œ˚˜Ú

(i) Ê√˘œ˚˛ ¬ı±À©Û¬ı˛ Ê√Ú… ¬ı‘ø©Ü¬ı˛ ŒÙ¬“√±È¬±¬ı˛ ˆ¬¬ı˛¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À˚˛ ˆ”¬¬Û‘Àá¬ ¬ÛÓ¬Ú ¤¬ı— (ii) ;±˘±Úœ øÚ·«˜ÀÚ¬ı˛ ¸Àe·

¸Àe· ¬ı˛Àfl¡ÀÈ¬¬ı˛ ·øÓ¬º ˆ¬¬ı˛¬Ûø¬ı˛¬ıÓ«¬Ú˚≈q¡ ·øÓ¬¬ı˛ ’Ú…õ∂fl¡±¬ı˛ Î¬◊√±˝√√¬ı˛Ì› Œ√›˚˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛ ¤¬ı— ‹ ¸˜¸…±·≈ø˘ ¤˝◊√√

¤fl¡Àfl¡ õ∂√ø˙«Ó¬ ¬ÛÀÔ ’¢∂¸¬ı˛ ˝√√À˘ ¸˜±Ò±Ú fl¡¬ı˛± ˚±À¬ıº

10.6 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1. a ¬ı…±¸±Ò« ø¬ıø˙©Ü Œ·±˘±fl¡±fl‘¡øÓ¬ ¬ı‘ø©Ü¬ı˛ ŒÙ¬“√±È¬± ˆ”¬¬Û‘á¬ ˝√√ÀÓ¬ h Î¬◊2‰¬Ó¬± ˝√√ÀÓ¬ ¬ÛøÎ¬ˇ¬ı±¬ı˛ ¸˜˚˛ Ê√˘œ˚˛ ¬ı±À©Û¬ı˛

Ê√Ú… ‹ ŒÙ¬“√±È¬±øÈ¬¬ı˛ ¬ı…±¸±Ò« K ˝√√±À¬ı˛ ¬ı‘øX ¬Û±˚˛º Œ√‡±Ú Œ˚ ˆ”¬¬Û‘Àá¬ ˚‡Ú ‹ ŒÙ¬“√±È¬±øÈ¬ ¬ÛÎ¬ˇÀ¬ı Ó¬‡Ú Ó¬±¬ı˛ ¬ı…±¸±Ò«

K h
g

ga
hK

2 1 1
2

2

2� �
�
�


�
��  ˝√√À¬ıº

2. M ˆ¬¬ı˛ ø¬ıø˙©Ü ¤fl¡øÈ¬ ¬ı˛Àfl¡È¬ ˝√√ÀÓ¬ ¸˜˚˛ ¸±À¬ÛÀé¬ eM ˆ¬¬ı˛̊ ≈q¡ ;±˘±Úœ V ’±À¬Ûøé¬fl¡ Œ¬ıÀ· øÚ•ß±øˆ¬˜≈À‡

øÚ·«Ó¬ ˝√√À26√º ˚ø√ ¬ı˛Àfl¡È¬øÈ¬¬ı˛ Œ‡±˘¸ ˝◊√√Ó¬…±ø√¬ı˛ Œ˜±È¬ ˆ¬¬ı˛ M�
˝√√ ˛̊, Ó¬± ˝√√À˘ Œ√‡±Ú Œ˚, eV > g Ú± ˝√√À˘ ¬ı˛Àfl¡È¬øÈ¬

ø¬ıÀ¶£¬±¬ı˛ÀÌ¬ı˛ ¸Àe· ¸Àe· Î¬◊~•§ Î¬◊Ò√ı« ø√˙±˚˛ Î¬◊Í¬ÀÓ¬ ¬Û±¬ı˛À¬ı Ú± ¤¬ı— 
eMV
M

g


�  Ú± ˝√√À˘ ¬ı˛Àfl¡È¬øÈ¬ ¤Àfl¡¬ı±À¬ı˛˝◊√√

ÿÀÒ√ı« Î¬◊Í¬ÀÓ¬ ¬Û±¬ı˛À¬ı Ú±º
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EMT-9
Block–2
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¤fl¬fl¬ 11 � fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬ [Motion of a system of
particles)

·Í¬Ú

11.1 ¬√õ∂d¬±¬ıÚ±

11.2 ¬Î¬◊ÀV˙…

11.3 fl¡Ì±¬Û≈?

11.3.1 fl¡Ì±¬Û≈À?¬ı˛ ’z¬¬ı«˘

11.3.2 fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì

11.3.3 ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬

11.3.4 fl¡Ì±¬Û≈À?¬ı˛ ˆ¬¬ı˛À¬ı·

11.3.5 ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬

11.3.6 Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·

11.3.7 Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬

11.4 Œfl¡¬ı˘˜±S ¬Û¬ı˛¶Û¬ı˛ ’z¬¬ı«˘ õ∂˚≈q¡ fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì

11.4.1 ≈√øÈ¬ fl¡Ì± ø√À˚˛ ·øÍ¬Ó¬ fl¡Ì±¬Û≈À?¬ı˛ ’z¬¬ı«˘õ∂˚≈q¡ ·øÓ¬

11.5 fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬˙øq¡

11.5.1 fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬˙øq¡¬ı˛ ¸˜À˚˛¬ı˛ ¸Àe· ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛

11.5.2 ¸—¬ı˛é¬œ Ó¬ÀLa¬ı˛ ˙øq¡ ¸—¬ı˛é¬Ì ÚœøÓ¬

11.6 Î¬◊√± √̋√¬ı̨Ì

11.7 ¸±¬ı̨±—˙

11.8 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘

11.1 ¬√õ∂d¬±¬ıÚ±

fl¡Ó¬·≈ø˘ ¬ıd≈¬fl¡Ì± ˚ø√ ¬Û¬ı˛¶Û¬ı˛ ø¬ıø26√iß Ô±Àfl¡ ¤¬ı— Ó¬±À√¬ı˛ ›¬Û¬ı˛ ø¬ıøˆ¬iß ¬ı˘ õ∂ ≈̊q¡ √̋√̊ ˛, Ó¬± √̋√À˘ Ó¬±À√¬ı˛ ·øÓ¬õ∂fl‘¡øÓ¬

Ê√±Ú±¬ı˛ Î¬◊ÀVÀ˙… ‹ fl¡Ì±·≈ø˘¬ı˛ ¸˜ø©ÜÀfl¡ ’±˜¬ı˛± fl¡Ì±¬Û≈? ¬ıÀ˘ Ô±øfl¡º fl¡Ì±¬Û≈À?¬ı˛ ›¬Û¬ı˛ ≈√¬ı˛fl¡À˜¬ı˛ ¬ı˘ Ô±fl¡ÀÓ¬

¬Û±À¬ı˛º ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ›¬Û¬ı˛ ‹ fl¡¬Û≈À?¬ı˛ ’Ú… fl¡Ì± ¡Z±¬ı˛± õ∂˚≈q¡ ¬ı˘Àfl¡ ’z¬¬ı«˘ ¬ı˘± ˝√√ ˛̊º ’±¬ı˛ Œ˚ ¬ı˘øÈ¬¬ı˛ fl¡±¬ı˛Ì

fl¡Ì±¬Û≈À?¬ı˛ ¬ı±˝◊√√À¬ı˛ øÚø˝√√Ó¬ Ó¬±Àfl¡ ¬ıø˝√√¬ı«̆  ¬ı˘± ˝√√˚˛º ’±˜±À√¬ı˛ Î¬◊ÀV˙… ¸ø•úø˘Ó¬ˆ¬±À¬ı fl¡Ì±·≈ø˘¬ı˛ ·øÓ¬õ∂fl‘¡øÓ¬ ¸•§À&Ò

:±Ú˘±ˆ¬ fl¡¬ı˛±º ¤fl¡øÈ¬ ˜±S fl¡Ì±¬ı˛ Ê√Ú… ’±¬ÛÚ±¬ı˛± Œ√À‡ÀÂ√Ú fl¡œˆ¬±À¬ı ¸¬ı˛±¸ø¬ı˛ øÚÎ¬◊È¬ÀÚ¬ı˛ ·øÓ¬¸”S õ∂À˚˛±· fl¡À¬ı˛
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·øÓ¬¸˜œfl¡¬ı˛Ì Œ˘‡± ˚±˚˛º ’±˜¬ı˛± ¤‡±ÀÚ Œ√‡¬ı ¤fl¡øÈ¬ fl¡Ì±ÓLa (System)-¤¬ı˛ Ê√Ú… fl¡œˆ¬±À¬ı ·øÓ¬¸˜œfl¡¬ı˛Ì Œ˘‡±

¸y¬¬ıº ¤fl¡˝◊√√ˆ¬±À¬ı Œ√‡±ÀÚ± ˚±À¬ı Œ˚ fl¡Ì±¬Û≈? ¸•§À&Ò› ˆ¬¬ı˛À¬ı·, Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¸—¬ı˛é¬œ ÚœøÓ¬·≈ø˘ õ∂À˚±Ê√…º

¤¬ı— ¸—¬ı˛é¬œ ¬ıÀ˘¬ı˛ ¡Z±¬ı˛± õ∂˚≈q¡ ˝√√À˘, ˙øq¡¬ı˛ ¸—¬ı˛é¬Ì ÚœøÓ¬› õ∂À˚˛±· fl¡¬ı˛± ˚±À¬ıº

11.2 ¬Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡Àfl¡ ’±¬ÛÚ±¬ı˛± Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚñ

� Œ˚ Œfl¡±Ú fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬ øfl¡ˆ¬±À¬ı ’±À˘±‰¬Ú± fl¡¬ı˛± ˚±À¬ıº

� fl¡Ì±¬Û≈À?¬ı˛ ˆ¬¬ı˛Àfl¡f, ˆ¬¬ı˛À¬ı·, Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·, ·øÓ¬˙øq¡ ˝◊√√Ó¬…±ø√¬ı˛ ¸•§À&Òº

� ˆ¬¬ı˛À¬ı· › Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¸—¬ı˛é¬Ì ÚœøÓ¬ ¤Àé¬ÀS øfl¡ ¬ı˛”¬Û ¬Ûø¬ı˛¢∂˝√√ fl¡À¬ı˛º

11.3 ¬fl¡Ì±¬Û≈?

fl¡Ì±¬Û≈? ¬ı˘ÀÓ¬ ’±˜¬ı˛± fl¡Ó¬·≈ø˘ ˆ¬¬ı˛-fl¡Ì±¬ı˛ (mass purticles) ¸˜ø©Ü ¬ı≈Á¡¬ıº õ∂øÓ¬øÈ¬ fl¡Ì±¬ı˛ ¤fl¡øÈ¬ ˆ¬¬ı˛

’±ÀÂ√ ¤¬ı— øÚø«√©Ü ≈̃̋ ”√√ÀÓ«¬ øÚø«√©Ü ’¬ıàÔ±Ú ’±ÀÂ√º ’±˜¬ı˛± n-¸—‡…fl¡ [¸œø˜Ó¬ ¸—‡…±] fl¡Ì±¡Z±¬ı˛± ·øÍ¬Ó¬ ¤fl¡øÈ¬ fl¡Ì±¬Û≈À?¬ı˛

fl¡Ô± ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº Ò¬ı˛± ˚±fl¡ øÚø«√©Ü øàÔ¬ı˛ø¬ıμ≈ 0 ¸±À¬ÛÀé¬ ‹ fl¡Ì±·≈ø˘¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ t ¸˜À ˛̊ √̋√̆  r r1 2

� �
, , .. .,

rn

�
,  ¤¬ı— fl¡Ì±·≈ø˘¬ı˛ ˆ¬¬ı˛ m1, m2, ... , mn [¤fl¡øÈ¬ fl¡Ì±¬Û≈? ’¸œ˜ ¸—‡…fl¡ fl¡Ì±¬ı˛ ¸˜ø©Ü› ˝√√ÀÓ¬ ¬Û±À¬ı˛º ¬ıd≈¬Ó¬,

¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬Àfl¡ ’±˜¬ı˛± ’¸œ˜ ¸—‡…fl¡ fl¡Ì±¬ı˛ ¸˜ø©Ü ø˝√√À¸À¬ı Œ√‡¬ı, Œ˚‡±ÀÚ ≈√øÈ¬ fl¡Ì±¬ı˛ ˜ÀÒ… ”√¬ı˛Q ¸¬ı«√±

’¬Ûø¬ı˛¬ıÓ«¬Úœ ˛̊º

11.3.1 ’z¬¬ı«˘ (Internal Forces)

fl¡Ì±¬Û≈À?¬ı˛ fl¡Ì±·≈ø˘¬ı˛ ˜ÀÒ… ’z¬¬ı«˘ Ô±fl¡À˘, ’±˜¬ı˛± ¸±Ò±¬ı˛Ìˆ¬±À¬ı Ò¬ı˛¬ı Œ˚ mi fl¡Ì± mj fl¡Ì±¬ı˛ ›¬Û¬ı˛

(i � j) Œ˚ ¬ı˘ õ∂À ˛̊±· fl¡À¬ı˛, mj fl¡Ì± mi fl¡Ì±¬ı˛ ›¬Û¬ı˛ ¸˜˜±ÀÚ¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜‡œ ¬ı˘ õ∂À˚˛±· fl¡À¬ı˛º ¤¬ı— ¤˝◊√√

¬ı˘ ≈√øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ˝√√˘ fl¡Ì±≈√øÈ¬¬ı˛ ¸—À˚±·fl¡±¬ı˛œ ¸¬ı˛˘À¬ı˛‡±º ’Ô«±» Rij

�

 ˚ø√ i-Ó¬˜ fl¡Ì±¬ı˛ ›¬Û¬ı˛ j-Ó¬˜ fl¡Ì±

¡Z±¬ı˛± õ∂ ≈̊q¡ ¬ı˘ ˝√√˚˛, Ó¬À¬ı, R Rij ji

� �

� � 0, i, j = 1, 2, ..., n

i �� j.

11.3.2 fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì (Equations of Motion)

øàÔ¬ı˛ø¬ıμ≈ 0 ¸±À¬ÛÀé¬ mi fl¡Ì±¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ t-¸˜À˚˛ ri
�

 ˝√√À˘, i = 1, 2, ..., ‹ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ı·

Œˆ¬"√√¬ı˛ ˝√√˘ 
dr
dt

ri
i

�
�

�

�
, ¤¬ı— Q¬ı˛Ì Œˆ¬"√√¬ı˛ ˝√√À¬ı, 

d r
dt

ri
i

2

2

�
�

�

��
.
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’Ó¬¤¬ı, mi fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì ˝√√˘ [Œˆ¬"√√¬ı˛ ¬ı˛”À¬Û]

m
d r
dt

F Ri
i

i
j

n

ij

j i

2

2
1

�
�

�

�
� �

�

� ........  (1)

Œ˚‡±ÀÚ Fi

�
� ˝√√˘ mi fl¡Ì±øÈ¬¬ı˛ ›¬Û¬ı˛ õ∂˚≈q¡ ¬ıø˝√√¬ı«˘, ¤¬ı— 

j i

n

ijR
�

�

� � ˝√√˘ ‹ fl¡Ì±øÈ¬¬ı˛ ›¬Û¬ı˛ ’Ú…±Ú… fl¡Ì±¡Z±¬ı˛±

õ∂˚≈q¡ ’z¬¬ı«À˘¬ı˛ ¸˜ø©Üº

¤˝◊√√¬ı˛”¬Û i = 1, 2, ..., n ¤ ◊̋√√ n-¸—‡…fl¡ ¸˜œfl¡¬ı˛Ì ¬Û±›˚˛± ˚±˚˛º (1)-¤¬ı˛ ˜Ó¬ õ∂øÓ¬ Œˆ¬"√√¬ı˛ ¸˜œfl¡¬ı˛ÌÀfl¡

’±˜¬ı˛± øÓ¬ÚøÈ¬ Œ¶®˘±¬ı˛ (scalar) ¸˜œfl¡¬ı˛Ì ø˝√√À¸À¬ı› ø˘‡ÀÓ¬ ¬Û±ø¬ı˛º ’Ô«±» n-¸—‡…fl¡ fl¡Ì±¬ı˛ Ê√Ú…� 3n ¸—‡…fl¡

Œ¶®˘±¬ı˛ ¸˜œfl¡¬ı˛Ì ¬Û±›˚˛± ˚±À¬ıº Ó¬±øNfl¡ ø√fl¡ ŒÔÀfl¡ (theoretically) ¬ı˘± ˚± ˛̊ Œ˚ ¤ ◊̋√√ 3n-¸—‡…fl¡ ¸˜œfl¡¬ı˛Ì

¸˜±Ò±Ú fl¡À¬ı˛ n-¸—‡…fl¡ fl¡Ì±¬ı˛ 3n-¸—‡…fl¡ àÔ±Ú±—fl¡ øÚÌ«œÓ¬ ˝√√˚˛º

11.3.3 fl¡Ì±¬Û≈À?¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬ (Motion of the Centre of Mass)

¬Û”À¬ı« ¬ıøÌ«Ó¬ fl¡Ì±¬Û≈?øÈ¬, ˚±¬ı˛ fl¡Ì±À√¬ı˛ ˆ¬¬ı˛ › ’¬ıàÔ±Ú Ê√±Ú± ’±ÀÂ√, Ó¬±¬ı˛ ˆ¬¬ı˛Àfl¡f ˝√√˘ ¤fl¡øÈ¬ ø¬ıμ≈, ˚±¬ı˛

’¬ıàÔ±ÚñŒˆ¬"√√¬ı˛ øÚø«√©Ü ˜”˘ø¬ıμ≈ 0 ¸±À¬ÛÀé¬ Rc

�
 ˝√√À˘,

R
m r m r m r

m m m

m r

m

m r

mc
n n

n

i i
j

n

i
i

n

i i
i

n

�
� � �

�

�

�

�

�� � �

� � �
� �

�

�

�
1 1 2 2

1 2

1

1

1...
.. .

Œ˚‡±ÀÚ M mi
i

n

�

�

�
1

, ¬ıd≈¬fl¡Ì±·≈ø˘¬ı˛ ¸˜±˜ø¢∂fl¡ ˆ¬¬ı˛º

¤¬ı— ri
�

 ˝√√˘ mi ˆ¬¬ı˛ø¬ıμ≈¬ı˛ 0 ¸±À¬ÛÀé¬ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛º

� �

� �

�M R m rc i i
..... (2)

Œ˚À √̋√Ó≈¬ fl¡Ì±¬Û≈?øÈ¬ ·øÓ¬˙œ˘, ’Ó¬¤¬ı ri
�

�¸˜À ˛̊¬ı˛ ¸Àe· ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ √̋√̊ ˛, ’Ó¬¤¬ı ˆ¬¬ı˛Àfl¡Àf¬ı˛ ’¬ıàÔ±Ú› ¸˜À ˛̊¬ı˛

¸Àe· ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√˚˛º

(2) Œfl¡ t-¤¬ı˛ ¸±À¬ÛÀé¬ ’z¬¬ı˛fl¡˘Ú fl¡¬ı˛À˘ ¬Û±˝◊√√

MR m rc i i
i

� �� �
� �  ...... (3) Œ˚‡±ÀÚ ri

��
 ¡Z±¬ı˛± 

dr
dt

i

�

 Œ¬ı±Á¡±ÀÚ± ˝√√À ˛̊ÀÂ√
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(3)-Œfl¡ ’z¬¬ı˛fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√

MR m rc i
i

i

�� ��� �
� �  ........ (4) Œ˚‡±ÀÚ r

d r
dti

i
���

�

�

2

2  ˝◊√√Ó¬…±ø√

¤‡Ú (1) Ú— ¸˜œfl¡¬ı˛Ì øÂ√˘

m
d r
dt

R Fi
i

ij
j i

i

2

2

�
�

�

�

� �� , i = 1, 2, ..., n.

¤ ◊̋√√ n-¸—‡…fl¡ ¸˜œfl¡¬ı˛ÌÀfl¡ Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√

m r R Fi
i

n

i ij
j

n

i

n

i
i

n

j i
�

� �

��

�

�
� �� �� �

�
1 11 1

��
 ....... (5)

¤‡Ú Î¬±Úø√Àfl¡¬ı˛ õ∂Ô˜ ¬Û√øÈ¬ÀÓ¬ ’±˜¬ı˛±

R R R R R Rn n12 21 13 31 1 1

� � � � � �

��
�

�
� 	 ��
�

�
� 	 	 ��

�
�
�� .

R R R R R Rn n n n n n23 32 2 2 1, 1

� � � �

�

�

�

�

��
�

�
� � � ��

�
�
� � � ��

�
�
�� �, .,

¤˝◊√√¬ı˛”¬Û ŒÊ√±Î¬ˇ±˚˛ ŒÊ√±Î¬ˇ±˚˛ ¬Û±¬ıº øflz≈¬ ¤¬ı˛ õ∂øÓ¬øÈ¬˝◊√√ ˙”Ú…,

Œ˚À˝√√Ó≈¬ R Rij ij

� �

� 
 .

� �
�

�

� �
	

i

n

ij
j

R

j
1

1

0

� �� �
� �

�

m r Fi i
i

n

1
1

��

............ (6)

¬ı±, (4) ŒÔÀfl¡,

MR Fc i
i

n��� �

�

� �
1

............ (7)

’Ô«±» ¬ı˘± ˚±˚˛ Œ˚ fl¡Ì±¬Û≈À?¬ı˛ ˆ¬¬ı˛Àfl¡føÈ¬ ¤˜Úˆ¬±À¬ı ‰¬À˘ Œ˚Ú ¸˜¢∂ ¬ıd≈¬fl¡Ì±¬ı˛ ˆ¬¬ı˛¸˜øi§Ó¬ ¤fl¡øÈ¬ fl¡Ì±

‹ ’¬ıàÔ±ÀÚ ’±ÀÂ√, ¤¬ı— ¸˜¢∂ ¬ıø˝√√¬ı«˘·≈ø˘ ‹ fl¡Ì±¬ı˛ ›¬ÛÀ¬ı˛˝◊√√ ø√flË¡˚˛± fl¡¬ı˛ÀÂ√º



151

NSOU

11.3.4 fl¡Ì±¬Û≈À?¬ı˛ ˆ¬¬ı˛À¬ı· (Momentum of a system of particles)

øÚø«√©Ü øàÔ¬ı˛ø¬ıμ≈ O ¸±À¬ÛÀé¬ t ¸˜À˚˛ r r rn1 2

� � �
, . ...  ’¬ıàÔ±ÀÚ m1, m2, ..., mn ˆ¬¬ı˛¸˜”˝√√ ¤fl¡øÈ¬ fl¡Ì±¬Û≈?

·Í¬Ú fl¡¬ı˛À˘, fl¡Ì±¬Û≈?øÈ¬¬ı˛ ˆ¬¬ı˛À¬ı· ¬ı˘ÀÓ¬ ’±˜¬ı˛± õ∂øÓ¬øÈ¬ fl¡Ì±¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ¬ı≈Á¡¬ı, ’Ô«±» fl¡Ì±¬Û≈À?¬ı˛

ˆ¬¬ı˛À¬ı· p
�

 ¡Z±¬ı˛± øÚÀ«√ø˙Ó¬ fl¡¬ı˛À˘ p m ri i
i

n� �

�

� �
�

1
............. (8)

’Ó¬¤¬ı, p d
dt

m r d
dt

MR MRi i c c
i

n� � �

�

� � �� ( )
�

1

 .......... (9)

(9) ŒÔÀfl¡ Œ√‡± ˚±À26√ Œ˚ fl¡Ì±¬Û≈À?¬ı˛ ˆ¬¬ı˛À¬ı·, ¸˜¢∂ ˆ¬¬ı˛ M ˚≈q¡ ¤fl¡øÈ¬ fl¡Ì± ˚ø√ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ¸Àe·

ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬ÀÓ¬ ‰¬À˘, Ó¬À¬ı ‹ fl¡Ì±¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¸˜±Úº

11.3.5 fl¡Ì±¬Û≈À?¬ı˛ ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬

ìŒfl¡±Ú fl¡Ì±¬Û≈À?¬ı˛ ›¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘¸˜”À˝√√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ˚ø√ ¸¬ı«√± ˙”Ú… ˝√√˚˛, Ó¬±˝√√À˘ fl¡Ì±¬Û≈À?¬ı˛ ˆ¬¬ı˛À¬ı·

’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡ºî

õ∂˜±Ì  . ’±˜¬ı˛± Ê√±øÚ Œ˚ ˆ¬¬ı˛À¬ı· P m ri i
i

n� �

�

� �
�

1

� �
�
��

�
�� � �

�

�

� � �

� �
dP
dt

d
dt

m r m r MRi
i

n

i i i c
1

� �� ��

�

�

�

�Fi
i

n

1

Œ˚‡±ÀÚ Fi

�
 √̋√̆  mi fl¡Ì±¬ı˛ ›¬Û¬ı˛ õ∂˚≈q¡ ¬ıø˝√√¬ı«˘º

’Ó¬¤¬ı, ˚ø√ Fi
i

n �

�
� �

1
0 ¸¬ı«√± ˝√√˚˛, Ó¬À¬ı 

dP
dt

�

� 0 , ¸¬ı«√±

’Ô«±» ¸˜±fl¡˘Ú ¡Z±¬ı˛±, P
�

�  ÒË≈¬ıfl¡º

ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬¬ı˛ ¤fl¡øÈ¬ Œ¶®˘±¬ı˛ ¬ı˛”¬Û

ì˚ø√ Œfl¡±Ú fl¡Ì±¬Û≈À?¬ı˛ fl¡Ì±·≈ø˘¬ı˛ ›¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘¸˜”À˝√√¬ı˛ ¤fl¡øÈ¬ øÚø«√©Ü ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙·≈ø˘¬ı˛ Œ˚±·Ù¬˘

¸¬ı«√± ˙”Ú… ˝√√˚˛, Ó¬À¬ı fl¡Ì±¬Û≈À?¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ‹ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ ¸¬ı«√± ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡ºî

õ∂˜±Ì – øÚø«√©Ü ø√fl¡øÈ¬ ¬ı¬ı˛±¬ı¬ı˛ x-’é¬ ŒÚ› ˛̊± ˝√√˘º

¤‡Ú Ò¬ı˛± ˚±fl¡ Fi

�
 ¬ıÀ˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ Ox-¬ı¬ı˛±¬ı¬ı˛
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Fix º ˙Ó«¬±Ú≈˚±˚˛œ Fi
i

n

x
�

�

� 0
1

¤‡Ú ’±˜¬ı˛± Ê√±øÚ,

dP
dt

Fi
i

n
�

�

�

� �
1

¤˝◊√√ Œˆ¬"√√¬ı˛ ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ x-ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ øÚÀ˘ ¬Û±˝◊√√,

dP
dt

Fx
i

i

n

x
� �

�

�
1

0  ¸¬ı«√±, Œ˚‡±ÀÚ Px ˝√√˘ P
�

 Œˆ¬"√√À¬ı˛¬ı˛ x ø√Àfl¡ Î¬◊¬Û±—˙º

� ¸˜±fl¡˘Ú ¡Z±¬ı˛±, Px = ÒË≈¬ıfl¡º

’Ó¬¤¬ı õ∂˜±øÌÓ¬º

11.3.6 fl¡Ì±¬Û≈À?¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· (Angular Momentum of a system of particles)

’±˜¬ı˛± Ê√±øÚ Œ˚, mi ˆ¬¬ı˛ø¬ıø˙©Ü fl¡Ì±¬ı˛ t ¸˜À˚˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ ri
�

 ˝√√À˘, ¤fl¡øÈ¬ ø¬ıμ≈ A, [˚±¬ı˛ ’¬ıàÔ±Ú

Œˆ¬"√√¬ı˛ rA

�

)-¤¬ı˛ ¸±À¬ÛÀé¬ fl¡Ì±øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ˝√√˘ A ¸±À¬ÛÀé¬ mi-¤¬ı˛ Δ¬ı˛ø‡fl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ √√w±˜fl¡ (moment

of linear momentum)º

’Ô«±» fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛À¬ı· m m ri i i i

� �

�
�

 ˝√√À˘, A ¸±À¬ÛÀé¬ ¤¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ˝√√˘, A ¸±À¬ÛÀé¬ mi i

�

-

¤¬ı˛ √√w±˜fl¡º

¤‡Ú A ¸±À¬ÛÀé¬ mi-¤¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ ˝√√˘ r ri A

� �

� º ’Ó¬¤¬ı mi i

�

-¤¬ı˛ A

¸±À¬ÛÀé¬ √w±˜fl¡ � �
�
��

�
��
�

� � �

r r mA i i1 �

� mi ˆ¬À¬ı˛¬ı˛ A ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· r r m rA i i1

� � �

�
�
��

�
��
�

�

A ¸±À¬ÛÀé¬ ¸˜¢∂ fl¡Ì±¬Û≈À?¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ˝√√˘ õ∂øÓ¬øÈ¬ fl¡Ì±¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘º

¤Àfl¡ LA

�

 Œˆ¬"√√¬ı˛ ¡Z±¬ı˛± ¸”ø‰¬Ó¬ fl¡¬ı˛À˘

� � �
�
��

�
��
�

�
	



�
�


� � � �

�
�L r r m rA i A i i
i

n �

1



153

NSOU

’Ó¬¤¬ı L r m r r m rA i i i
i

n

A i i
i

n� � �

�

� �

�

� �
�
��

�
��
� �� �

� �

1 1

� �
�
��

�
��
� �

� �

�

� �

� r m r r MRi i i
i

n

A c

� �

1

= (O ø¬ıμ≈ ¸±À¬ÛÀé¬ fl¡Ì±¬Û≈À?¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·] � �
� �

r MRA c .

ø¬ıÀ˙¯∏ ^©Ü¬ı… –

1. A ø¬ıμ≈ ˚ø√ ˆ¬¬ı˛Àfl¡f ˝√√˚˛ ’Ô«±» ˚ø√ r RA c

� �

�  ˝√√ ˛̊ Ó¬À¬ı, L L R MRc c c

� � � �

� � �
�

Œ˚‡±ÀÚ L
�

 = ’±ø√ø¬ıμ≈ O ¸±À¬ÛÀé¬ fl¡Ì±¬Û≈À?¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·

� � 	 �
� � � �

L L R MRc c c

�

’Ó¬¤¬ı, Œfl¡±Ú ø¬ıμ≈ O-¤¬ı˛ ¸±À¬ÛÀé¬ fl¡Ì±¬Û≈À?¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· = ˆ¬¬ı˛Àfl¡f c ¸±À¬ÛÀé¬ fl¡Ì±¬Û≈À?¬ı˛

Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· + ˆ¬¬ı˛Àfl¡Àf¬ı˛ ¸Àe· √√w±˜…˜±Ú M -ˆ¬¬ı˛˚≈q¡ fl¡Ì±¬ı˛ O ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·º

2. Ò¬ı˛± ˚±fl¡ ˆ¬¬ı˛Àfl¡f c ¸±À¬ÛÀé¬ mi-¤¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ �
�

ri , ’Ô«±», r R ri c i

� � �

� 	 �

’Ó¬¤¬ı L r R m rc i c i i

� � � �

� �
�
��

�
��
��

�

� 
� � 

�
��

�
��

� � �

� r m R ri i i i

� �

� 
� � 
� 

� � � �

� �r m R r m ri i c i i i

� �

� 

�
��

�
��
� � 
 � 


� � � �

� �m r R m r ri i c i i i

� �

øflz≈¬, Œ˚À˝√√Ó≈¬ r R ri c i

� � �

� 	 �

� m r m R m ri
i

i i c i i� � �
� � �

� � 


� � �
� �

�MR m rc i i

�
Rc �

r1

�
r

m1

C

O
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øflz≈¬ MR m rc i
i

i

� �

� �

� 
 ��
�

m ri i 0

’Ó¬¤¬ı, L m r rc i i i

� � �

� � � ��
�

’Ô«±» ˆ¬¬ı˛Àfl¡f c ¸±À¬ÛÀé¬ fl¡Ì±¬Û≈À?¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· Œfl¡¬ı˘˜±S c ¸±À¬ÛÀé¬ ¬ıd≈¬fl¡Ì±·≈ø˘¬ı˛ ’¬ıàÔ±Ú

› Œ¬ı· Œˆ¬"√√À¬ı˛¬ı˛ ›¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º

Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· √¸—√flË¡±z¬ ¸˜œfl¡¬ı˛Ì  .

fl¡Ì±¬Û≈À?¬ı˛ mi-fl¡Ì±¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì ˝√√˘

m r R Fi i ij
j

n

i

j i

��� �

�

�

� 	

�

�
1

  ........... (i)

0-¸±À¬ÛÀé¬ √w±˜fl¡ øÚÀ˘,

r m r r R r Fi i i i ij
j

n

i i

j i

� � � �

�

� �

� � � 	 �

�

�
��

1

i = 1, 2, ..., n

¤˝◊√√¬ı˛”¬Û n-¸—‡…fl¡ ¸˜œfl¡¬ı˛ÌÀfl¡ Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√,

r m r r R r Fi
i

n

i i i
i

n

ij
j

n

i
i

n

i

j i

�

�

� �

�

�

�

�

�

�

� � � �� � � � �

�
1 1 1 1

��
 ......... (ii)

øfl¡z≈¬, r m r d
dt

r m ri i i i i i

� � � �

� � �
�
��

�
��

�� �

......... (iii)

� r ri i

� �� �

� � 0

¤¬ı— r Ri
i

n

ij
j

n

j i

�

�

�

�
� ��

�

�

�
��

�

�

�
��

	

1 1

� � 	 	 	 	 	 	
�
��

�
��

�
	



�
�


�

�

� � �

�

�

�

�

� r R R R R Ri
i

n

i i i i i i in
1

1 2 1 1� �, ,
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� � � � � � �
�
��
� � � � � �

r R r R r R n1 12 1 13 1 1�

	 � 	 � 	 	 �
� � � � � �

r R r R r R n2 21 2 23 2 2�

� � � � � � � �
�
��

� � � � � �

�� �r R r R r Rn n n n n n n1 2 1,

� �
�
��

�
��
� � �

�
��

�
��
�

� � � � � �

r r R r r R1 2 12 1 2 13

� � �
�
��

�
��
�

� � �

� r r Rn n1 1 Œ˚À˝√√Ó≈¬ R Rij ij

� �

� �

+ ◊̋√√Ó¬…±ø√ ........

= 0 ........ (iv)

Œ˚À˝√√Ó≈¬ ¤˝◊√√ ¬ı˛±ø˙¬ı˛ õ∂øÓ¬øÈ¬ ¬Û√˝◊√√ ˙”Ú…, fl¡±¬ı˛Ì, Rij

�

-¬ı˛ ø√flË¡˚˛±À¬ı˛‡± r ri i

� �

�  Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛,

’Ô«±» R r r
� � �

�12 1 2|| ( )  ˝◊√√Ó¬…±ø√º

¸≈Ó¬¬ı˛±— ’±˜¬ı˛± ¬Û±˝◊√√, (iii) › (iv) ŒÔÀfl¡

d
dt

r m r r Fi i i1 1

� � � �

�
�
��

�
��
� �� �

¬ı±,
dL
dt

r Fi

�
� �

� �� 1
 .......... (v)

’Ô«±», 0 ¸±À¬ÛÀé¬ fl¡Ì±¬Û≈À?¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛ ˝√√˘ 0 ¸±À¬ÛÀé¬ ¬ıø˝√√¬ı«˘·≈ø˘¬ı˛ √√w±˜Àfl¡¬ı˛

Œˆ¬"√√¬ı˛ Œ˚±·Ù¬À˘¬ı˛ ¸˜±Úº

11.3.7 Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬

ì˚ø√ Œfl¡±ÀÚ± øÚø«√©Ü øàÔ¬ı˛ø¬ıμ≈ ¸±À¬ÛÀé¬ ¬ıø˝√√¬ı«˘ ¸˜”À˝√√¬ı˛ √√w±˜fl¡·≈ø˘¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ¸¬ı«√± ˙”Ú… ˝√√˚˛, Ó¬±˝√√À˘

¤˝◊√√ øàÔ¬ı˛ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ fl¡Ì±¬Û≈À?¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ÒË≈¬ıfl¡îº

õ∂˜±Ì  . ›¬ÛÀ¬ı˛¬ı˛ (v) ŒÔÀfl¡, 
dL
dt

r Fi

�
� �

� �� 1
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õ∂√M√√ ˙Ó«¬ ŒÔÀfl¡ r Fi1 0
� �

� � �

’Ó¬¤¬ı 
dL
dt

�

� 0  ¸¬ı«√±

’Ó¬¤¬ı ¸˜±fl¡˘Ú ¡Z±¬ı˛± ¬Û±˝◊√√ L
�

�  ÒË≈¬ıfl¡º

11.4 ¬√Œfl¡¬ı˘˜±S ¬Û¬ı˛¶Û¬ı˛ ’z¬¬ı«˘ õ∂˚≈q¡ fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì

Ò¬ı˛± ˚±fl¡ m1, m2, ..., mn ˆ¬¬ı˛̊ ≈q¡ n ¸—‡…fl¡ fl¡Ì± t ¸˜À˚˛ ˚Ô±√flË¡À˜ [Œfl¡±Ú øàÔ¬ı˛ ø¬ıμ≈ 0 ¸±À¬ÛÀé¬]

r r rn1 2

� � �

, , ,�  ’¬ıàÔ±ÀÚ ’±ÀÂ√º fl¡Ì±·≈ø˘¬ı˛ Œfl¡±ÚøÈ¬¬ı˛ ›¬ÛÀ¬ı˛˝◊√√ Œfl¡±ÀÚ± ¬ıø˝√√¬ı«˘ ŒÚ˝◊√√º i-Ó¬˜ fl¡Ì± j-Ó¬˜ fl¡Ì±¬ı˛

›¬Û¬ı˛ ’z¬¬ı«˘ Fji

�

 õ∂À˚˛±· fl¡À¬ı˛, ¤¬ı— j-Ó¬˜ fl¡Ì±, i-Ó¬˜ fl¡Ì±¬ı˛ ›¬Û¬ı˛ ’z¬¬ı«˘ Fif

�

 õ∂À˚˛±· fl¡À¬ı˛, Œ˚‡±ÀÚ

¤ ◊̋√√ ¬ı˘≈√øÈ¬, mi › mj-¬ı˛ ¸—À˚±·fl¡±¬ı˛œ Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛, ¤¬ı— ¬Û¬ı˛¶ÛÀ¬ı˛¬ı˛ ˜±Ú ¸˜±Ú › ’øˆ¬˜≈‡ ø¬ı¬Û¬ı˛œÓ¬

√̋√̊ ,̨

’Ô«±» F Fij ji

� �

� � 0 .

’Ó¬¤¬ı i-Ó¬˜ fl¡Ì±¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì

m r Ri i ij
j

n

j i

��

,
� �

�
�

�
1

 i = 1, 2, ..., n.

n-¸—‡…fl¡ ¤˝◊√√¬ı˛”¬Û ¸˜œfl¡¬ı˛Ì·≈ø˘Àfl¡ Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√,

m r Ri
i

n

i ij
j

n

i

n

i j
�

� �

��
� ��� �

�
1 11

0
��

[’±˜¬ı˛± ’±À·˝◊√√ Œ√À‡øÂ√ Î¬±Úø√Àfl¡¬ı˛ Œ˚±·Ù¬˘øÈ¬ ˙”Ú… ˝√√˚˛]º

’Ó¬¤¬ı, m ri
i

n

i
�

�

� �
1

0
��

¬ı±,
d
dt

m ri
i

i�
�

�
�

0
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¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√, m ri
i

i�
�

�
�

 ÒË≈¬ıfl¡º

’Ô«±» ¤Àé¬ÀS fl¡Ì±¬Û≈À?¬ı˛ ˆ¬¬ı˛À¬ı· ÒË≈¬ıfl¡º

’±¬ı±¬ı˛, m r MRi i c�
� �

�
� �

, Œ˚‡±ÀÚ Rc

�

 ˝√√˘ fl¡Ì±¬Û≈À?¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛º

’Ô«±» ¤Àé¬ÀS ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬ ÒË≈¬ıfl¡º

¤fl¡˝◊√√ˆ¬±À¬ı, r m r r R r Fi
t

n

i i i
i

n

iJ
j

n

i
i

n

i

i j

�

�

� �

�

�

�

�

�

�

� � � 	 �� � � �
�

1 1 1 1

��

¤¬ı— Fi

�

� 0  ˝√√À˘,

r m ri i i

� �

� ��
��

0  Œ˚À˝√√Ó≈¬ ’±À· ◊̋√√ Œ√À‡øÂ√ r Ri iJ
j

n

j i

� �

�

� �

�

��
1

0

¬ı±,
d
dt

r m ri
i

n

i i

�

�

�

� � �
1

0
�

¬ı±, r m ri
i

n

i i

�

�

�

� � �
1

�

 ÒË≈¬ıfl¡

’Ô«±» ¤Àé¬ÀS O ø¬ıμ≈ ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ÒË≈¬ıfl¡º

11.4.1 ≈√øÈ¬ fl¡Ì± ø√À˚˛ ·øÍ¬Ó¬ fl¡Ì±¬Û≈À?¬ı˛ ˙≈Ò≈ ’z¬¬ı«˘ õ∂˚≈q¡ ·øÓ¬

¤‡±ÀÚ m1, m2 ≈√øÈ¬ fl¡Ì± ’±ÀÂ√º Ó¬±À√¬ı˛ Œ˜±È¬ ˆ¬¬ı˛ M = m1 + m2 ˚ø√ t-¸˜À˚˛ Ó¬±À√¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛

˝√√˚˛ [øÚø«√©Ü ˜”˘ø¬ıμ≈ O ¸±À¬ÛÀé¬] r1
�

 ¤¬ı— r2
�

Ó¬±˝√√À˘ Ó¬±À√¬ı˛ ·øÓ¬ ¸˜œfl¡¬ı˛Ì

˝√√˘  .

m r R1 1 12
��� �

� ........ (i)

m r R2 2 21
��� �

� ........(ii)

Ò¬ı˛± ˚±fl¡ m2, m1-¤¬ı˛ ›¬Û¬ı˛ R
�

12  ¬ı˘ õ∂À ˛̊±· fl¡À¬ı˛, ˚± r r2 1

� �

� Œˆ¬"√√À¬ı˛¬ı˛ ø√Àfl¡ õ∂¸±ø¬ı˛Ó¬, ¤¬ı— ˚±¬ı˛

˜±Ú | |r r1 2

� �

�  ¤¬ı˛ ›¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º
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’Ô«±» R f r e12

� �

� ( )  .......... (iiia) Œ˚‡±ÀÚ r r r
� � �

� �2 1 ,

r r�
�

| | .

¤¬ı— e
�

 ˝√√˘ r r r2 1

� � �

� � -¤¬ı˛ ¸˜±z¬¬ı˛±˘ ¤fl¡fl¡ Œˆ¬"√√¬ı˛ ’Ô«±» r re
� �

� .

’Ó¬¤¬ı R R f r e21 12

� � �

� � � � ( )  ........ (iiib).

’Ó¬¤¬ı, (i) › (ii) Œ˚±· fl¡À¬ı˛,

m r m r1 1 2 2 0
�� ��� �

	 � .

¸˜±fl¡˘Ú fl¡À¬ı˛,

m r m r1 1 2 2

� �� �

	 �  ÒË≈¬ıfl¡,

¬ı±, ( )
�

m m Rc1 2	 �
�

ÒË≈¬ıfl¡,

’Ô«±» fl¡Ì±≈√øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f ÒË≈¬ı-·øÓ¬ÀÓ¬ ‰¬˘ÀÂ√º ’Ó¬¤¬ı Œ˚À √̋√Ó≈¬ ˆ¬¬ı˛Àfl¡f ÒË≈¬ı·øÓ¬ÀÓ¬ ¤fl¡øÈ¬ øÚø«√©Ü ø√Àfl¡ ‰¬˘ÀÂ√ñ

’±˜¬ı˛± ˆ¬¬ı˛Àfl¡f ¸±À¬ÛÀé¬ ·øÓ¬¸˜œfl¡¬ı˛Ì ø˘‡ÀÓ¬ ¬Û±ø¬ı˛º

’Ó¬À¬ı, m1, m2-¤¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ ˆ¬¬ı˛Àfl¡f ¸±À¬ÛÀé¬ r r1 2

� �

,  ˝√√À˘, Ó¬±À√¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì,

m r f r e1 1

��

( )
� �

� , Œ˚‡±ÀÚ r r r
� � �

� �2 1  ¤¬ı— e
�

, m1 ŒÔÀfl¡  m2 ¤¬ı˛

m r f r e2 2

��

( )
� �

�  ø√Àfl¡ ¤fl¡fl¡ Œˆ¬"√√¬ı˛º

¤‡Ú ˚ø√ m1, m2-¤¬ı˛ ˜ÀÒ… ¬ı˘ øÚÎ¬◊È¬ÀÚ¬ı˛ ˜±Ò…±fl¡¯∏«Ì ’Ô«±» ¬ı…d¬ ¬ı·« øÚ˚˛˜

’Ú≈̊ ± ˛̊œ ˝√√ ˛̊ Ó¬±˝√√À˘ f r G
m m

r
( ) ,� 1 2

2  Œ˚‡±ÀÚ G = ˜±Ò…±fl¡¯∏«ÀÌ¬ı˛ ÒË≈¬ıfl¡,

’Ó¬¤¬ı, r
Gm

r
e1

2
2

��� �

�

r
Gm

r
e2

1
2

��� �

� �

’Ó¬¤¬ı, r r
Gm

r

Gm

r
e

G m m

r
e2 1

1
2

2
2

1 2
2

�� �� ( )� � � �

� � � 	
�
��

�
�� �

� 	

m1

m2

C
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� ���
�
� �

� 	
�

�� � � �

m r r
G m m m

r
e

m
r

e2 2 1
1 2 2

2
2

2

�� �� ( ) 
 Œ˚‡±ÀÚ �� = G (m1 + m2).

¤ ◊̋√√ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ Œ√‡± ˚±À26√, Œ˚ õ∂Ô˜ fl¡Ì±¬ı˛ ˆ¬¬ı˛ (m1 + m2) ˜ÀÚ fl¡¬ı˛À˘, ø¡ZÓ¬œ˚˛ fl¡Ì±¬ı˛ ·øÓ¬

õ∂Ô˜ fl¡Ì±¬ı˛ ¸±À¬ÛÀé¬ ¤˜Ú ˝√√À¬ı Œ˚Ú õ∂Ô˜ fl¡Ì± øàÔ¬ı˛ ’±ÀÂ√º

øÚÎ¬◊È¬ÀÚ¬ı˛ ·øÓ¬¸”S ’Ú≈˚±˚˛œ,

m2 › m1 ¸±À¬ÛÀé¬ ¬Û˚«±˚˛fl¡±˘

�
�

�
��

��
�
��

�
�

2 2 2
11 2

3 2

1
1 2

1

3 2
3 2

1 2 1

� � �

G m m
a

Gm
m m

m

a a

Gm m m( ) /
/ /

/

11.5 ¬√fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬˙øq¡

fl¡Ó¬·≈ø˘ fl¡Ì± ’Ô«±» m1, m2, ..., mn ˆ¬¬ı˛ø¬ıø˙©Ü fl¡Ì±¬ı˛ t ¸˜À˚˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ r r rn1 2

�

,
�

, ,
�� � �

�  ˝√√À˘

Ó¬±À√¬ı˛ ·øÓ¬À¬ı· Œˆ¬"√√¬ı˛·≈ø˘ ˝√√˘ ˚Ô±√flË¡À˜ r r rn1 2

�

,
�

, ,
�� � �

� º ¤‡Ú fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬˙øq¡ ¬ı˘ÀÓ¬ ’±˜¬ı˛± ¬ı≈øÁ¡ õ∂øÓ¬øÈ¬

fl¡Ì±¬ı˛ ·øÓ¬˙øq¡ ¸˜ø©Üº ’Ô«±» fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬˙øq¡ T ˝√√À˘,

T Ti
i

n

�
�
�

1
, Œ˚‡±ÀÚ Ti √̋√̆  mi fl¡Ì±¬ı˛ ·øÓ¬˙øq¡

øfl¡z≈¬ T m i m
dr
dt

dr
dt

m ri i i
i i

i i� � � �

� �
�1

2
1
2

1
2

2 2

�

� � �� �
�

�

T T m ri
t

n

i
i

n

i
1
2 1

2
�

................... (i)

Œ√‡± ˚±À26√ ·øÓ¬˙øq¡ ¤fl¡øÈ¬ Œ¶®˘±¬ı˛ ¬ı˛±ø˙º ˚ø√ fl¡±Ó¬π˚˛ àÔ±Ú±—fl¡ ¬ı…¬ı˝√√±¬ı˛ fl¡¬ı˛± ˚±˚˛ ¤¬ı— x y zi i i, ,  ˚ø√

m1-¤¬ı˛ ˘•§-fl¡±Ó¬π˚˛ àÔ±Ú±—fl¡ ˝√√˚˛, Ó¬±˝√√À˘

r r
dx
dt

dy
dt

dz
dt

dx
dt

dy
dt

dz
dti i

i i i i i i
�

.
�

, , . , ,
� �

�
�
��

�
��
�
��

�
��
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�
�
��
�
�� 	

�
��
�
�� 	

�
��
�
��

dx
dt

dy
dt

dz
dt

i i i
2 2 2

� � �� � �x y zi i i
2 2 2

’Ó¬À¬ı fl¡±Ó¬π˚˛ àÔ±Ú±—fl¡ ˜±Ò…À˜ fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬˙øq¡

T m
dx
dt

dy
dt

dz
dti

i i i�
�
��
�
�� �

�
��
�
�� �

�
��
�
��

�

	





�

�

�1

2

2 2 2

................... (ii)

11.5.1 fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬˙øq¡¬ı˛ ¸˜À˚˛¬ı˛ ¸Àe· ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛

T-¤¬ı˛ ¸˜À˚˛¬ı˛ ¸Àe· ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛ ¬Û±›˚˛± ˚±˚˛ t-¸±À¬ÛÀé¬ ’z¬fl«¡˘Ú fl¡¬ı˛À˘

� �
�
	





�
�


�

�
��

�
��� �

� � � �dT
dt

d
dt

m r r m d
dt

r ri

n

i i i i i
1
2

1
21

�

.
� �

.
�

� � 	 �
�

�
��

�

�
�� � � 	 ��

�
�
�� �

�
� �

�
� � � �1

2
1
2

m
dr
dt

r r
dr
dt

m r r r ri
i

i
i i

i
i i i i i

�
� �

�
�� � ��

�
�

� �

�m r ri
i

n

i i
1

�

.
��

 .......... (iii)

øfl¡z≈¬ ’±˜¬ı˛± Ê√±øÚ Œ˚, mi fl¡Ì±¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì ˝√√˘

m r F Ri i i iJ
j

n

j i

�� � �

�

� 	

�

�
1

 ........... (iv)

’Ó¬¤¬ı (iii)-Œfl¡ Œ˘‡± ˚± ˛̊

dT
dt

F R r F r R ri ij
j

n

i
i i

i
i ij i

ji
j i

� �

�

�

�
��

�

�

�
��

� �
�

�

� � � � �

	

�� � ��
1

.
�

.
�

.
�

 .............. (v)

(v)-¤¬ı˛ Î¬±Úø√Àfl¡¬ı˛ õ∂Ô˜ ¬Û√øÈ¬ ˝√√˘ ¬ıø˝√√–àÔ ¬ı˘·≈ø˘¬ı˛ fl¡±˚« (work) fl¡¬ı˛±¬ı˛ ˝√√±¬ı˛º ’±¬ı˛ ø¡ZÓ¬œ˚˛ ¬Û√·≈ø˘

˝√√˘ ’z¬–àÔ ¬ıÀ˘¬ı˛ fl¡±À˚«¬ı˛ ˝√√˚˛º ’Ó¬¤¬ı fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬˙øq¡¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛ fl¡Ì±·≈ø˘¬ı˛ ›¬Û¬ı˛ õ∂˚≈q¡ ’z¬¬ı«˘

› ¬ıø˝√√¬ı«˘ ¸˜”˝√√ fl¡Ó‘«¬fl¡ fl¡±À˚«¬ı˛ ˝√√±À¬ı˛¬ı˛ ¸˜±Úº ¤Àfl¡ ˙øq¡ÚœøÓ¬ (Principle of Energy) ¬ı˘± ˝√√˚˛º
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11.5.2 ¸—¬ı˛é¬œ Ó¬ÀLa¬ı˛ ·øÓ¬-¸—¬ı˛é¬Ì ÚœøÓ¬

¤‡Ú ˚ø√ õ∂˚≈q¡ ¬ı˘·≈ø˘ Œfl¡±Ú øàÔøÓ¬˙øq¡ ’À¬Ûé¬fl¡ V, Œ˚‡±ÀÚ V V r r rn�
�
��

�
��

� � �

1 2, , ,�  ¤¬ı˛ ›¬Û¬ı˛

¤˜Úˆ¬±À¬ı øÚˆ«¬¬ı˛˙œ˘ ˝√√˚˛ Œ˚, 
� � ��
�

�
�

�
�

V
x

V
y

V
z

, ,  ˚Ô±√flË¡À˜ m1 fl¡Ì±¬ı˛ ›¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘¸˜”À˝√√¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—À˙¬ı˛

¸˜±Ú ˝√√ ˛̊, ’Ô«±»

�
� �
�
��

�
��

� �

�

�


V
x

F R j
j x

1 1
1

.

-Î¬◊¬Û±—˙

�
� �
�

��
�

��
� �

�

�


V
y

F R j
j y

1 1
1

.

-Î¬◊¬Û±—˙

�
� �
�
��

�
��

� �

�

�


V
z

F R j
j z

1 1
1

.

-Î¬◊¬Û±—˙

¤¬ı— ¤˝◊√√¬ı˛”¬Û õ∂øÓ¬øÈ¬ fl¡Ì±¬ı˛ Ê√Ú… ¸Ó¬… ˝√√˚˛ Ó¬À¬ı ’±˜¬ı˛± ¬ıd≈¬Ó¬LaøÈ¬Àfl¡ ¸—¬ı˛é¬œÓ¬La (Conservative system)

¬ıø˘º ¤˝◊√√Àé¬ÀS (v) Ú— ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ’±˜¬ı˛± ¬Û±˝◊√√

dT
dt

V
x

x V
y

y V
z

z
i

i
i

i
i

i
i

� � 	 	
�
��

�
��� �

�
�
�

�
�

� � �  ....... (vi)

øfl¡z≈¬ V r r r V x y z x y z x y zn n n n1 2 1 1 1 2 2 2

� � ��
��

�
��
�, , , , ( , , ; , , ; .. . . . , , , ; )�

’Ó¬¤¬ı 
dV
dt

V
dx

dx
dt

V
y

dy
dt

V
z

dz
dti

i

i

i

i

i

i

� 	 	
�
��

�
��� � �

�
�
�

’Ó¬¤¬ı (vi)-Œfl¡ ’±˜¬ı˛± ø˘‡ÀÓ¬ ¬Û±ø¬ı˛

dT
dt

dV
dt

� �

’Ô«±» 
d
dt

T V( )� � 0

’Ô«±» T + V = ÒË≈¬ıfl¡   (vii)
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(vii) Ú— Œfl¡ ¸—¬ı˛é¬œ Ó¬ÀLa¬ı˛ Ê√Ú… ˙øq¡ ¸—¬ı˛é¬Ì ÚœøÓ¬ ¬ı˘± ˝√√˚˛º

[¤‡±Ú fl¡Ì±¬Û≈À?¬ı˛ ˜ÀÒ… Œfl¡±ÀÚ± ¬ı±Òfl¡ (constraint) ŒÚ˝◊√√ Ò¬ı˛± ˝√√À˚˛ÀÂ√]

ø¬ıÀ˙¯∏ Œé¬S –

(i) ¤˜Ú ˝√√ÀÓ¬ ¬Û±À¬ı˛ Œ˚‡±ÀÚ ’z¬¬ı«˘ ŒÚ˝◊√√ ¤¬ı— ¬ıø˝√√¬ı«˘ ¸˜”˝√√ ¤fl¡øÈ¬ øàÔøÓ¬˙øq¡ ŒÔÀfl¡ Î¬◊æ”√Ó¬ Œ˚˜Ú ¤fl¡øÈ¬

◊̋√√À˘fl¡À√√√∏C±˜…±Ê√ÀÚøÈ¬fl¡ øàÔøÓ¬˙øq¡

(ii) ¤˜Ú ˝√√ÀÓ¬ ¬Û±À¬ı˛ Œ˚‡±ÀÚ ¬ıø˝√√¬ı«˘ ŒÚ˝◊√√, øfl¡z≈¬ ’z¬¬ı«˘·≈ø˘ ¤fl¡øÈ¬ øàÔøÓ¬˙øq¡ ŒÔÀfl¡ Î¬◊æ”√Ó¬ Œ˚˜Ú øÓ¬ÚøÈ¬

fl¡Ì± ¬Û¬ı˛¶Û¬ı˛ ˜±Ò…±fl¡¯∏«Ì ¡Z±¬ı˛± ’±fl‘¡©Ü ˝√√À˘

V G
m m

r
G

m m
r

G
m m

r
� � � �1 2

12

2 1

23

3 1

31

Œ˚‡±ÀÚ G = ˜±Ò…±fl¡¯∏«Ì ÒË≈¬ıfl¡,

r x x y y z z12 1 2
2

1 2
2

1 2
2� � 	 � 	 �( ) ( ) ( )  ˝◊√√Ó¬…±ø√º

11.6 ¬Î¬◊√±˝√√¬ı˛Ì

1. ≈√øÈ¬ fl¡Ì± ¬Û¬ı˛¶Û¬ı˛ ¬ı…d¬¬ı·« øÚ˚˛˜ ’Ú≈¸±À¬ı˛ ’±fl‘¡©Ü fl¡À¬ı˛ ¤¬ı— ‹ ’±fl¡¯∏«Ì ˆ¬¬ı˛¡ZÀ˚˛¬ı˛ ·≈ÌÙ¬À˘¬ı˛ ›¬Û¬ı˛

øÚˆ«¬¬ı˛ fl¡À¬ı˛º fl¡Ì± ≈√øÈ¬ õ∂ÔÀ˜ øàÔ¬ı˛ ’¬ıàÔ± ŒÔÀfl¡ ”√¬ı˛Q d ŒÔÀfl¡ ¬ı˛›Ú± ˝√√À˘ Œfl¡±Ú àÔ±ÀÚ Ó¬±À√¬ı˛ ¸—‚¯∏« ‚È¬À¬ı∑

Ò¬ı˛± ˚±fl¡ fl¡Ì±≈√øÈ¬¬ı˛ õ∂±Ôø˜fl¡ ’¬ıàÔ±Ú x-’Àé¬¬ı˛ ˚√Ô±flË¡À˜ ’±ø√ø¬ıμ≈ › x = d ø¬ıμ≈ t = 0 ¸˜À˚˛º

¤¬ı˛ ¬ÛÀ¬ı˛ t ¸˜À˚˛ ¤À√¬ı˛ ’¬ıàÔ±Ú ˚Ô±√flË¡À˜ x = x1 › x = x2 ˝√√À˘,

m x
m m

x x1 1
1 2

2 1
2

��
( )

�
�

m x
m m

x x2 2
1 2

1 2
2

��
( )

� �
�

˝√√˘ fl¡Ì±≈√øÈ¬¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ìº

’Ó¬¤¬ı m x m x1 1 2 2 0�� ��� �

� m x m x1 1 2 2� �� �  ÒË≈¬ıfl¡ = õ∂±¬ı˛øy¬fl¡ ˜±Ú = 0

� m x m x1 1 2 2� �  ÒË≈¬ıfl¡ = õ∂±¬ı˛øy¬fl¡ ˜±Ú = m2d

� m1x1 = m2(d – x2)

�����������
m1 m1

x
d
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˚‡Ú ¤¬ı˛± ¬Û¬ı˛¶Û¬ı˛ ø˜ø˘Ó¬ ˝√√À¬ı Ó¬‡Ú x1 = x2 = x0 Ò¬ı˛± ˚±fl¡

� m1x0 = m2`(d – x0)

� x
m d

m m0
2

1 2
�

�
.

11.7 ¬¸±¬ı˛±—˙

fl¡Ì±¬Û≈À?¬ı˛ ˆ¬¬ı˛Àfl¡f ¤˜Ú ¤fl¡øÈ¬ ø¬ıμ≈ ˚±¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ R
�

, fl¡Ì±·≈ø˘¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√À¬ı˛¬ı˛ ˜±Ò…À˜

õ∂fl¡±˙ fl¡¬ı˛± ˚±˚˛º ’Ô«±»

R
m r

m M
m r

i
i

n

i

i
i

i

n

i

�
�

�

�

�

� �
�
��

�
��

�

�
�1

1

1

Œ˚À˝√√Ó≈¬ fl¡Ì±·≈ø˘¬ı˛ ›¬Û¬ı˛ Œfl¡±ÀÚ± ¬ı±Òfl¡ ŒÚ˝◊√√, Œ¸Ê√Ú… Ó¬±À√¬ı˛ ·øÓ¬ ˝◊√√26√±˜Ó¬ ˝√√ÀÓ¬ ¬Û±À¬ı˛º Ù¬À˘ R
�

 ¤¬ı˛

˜±Ú √flË¡˜±·Ó¬ ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√ÀÓ¬ ¬Û±À¬ı˛º

fl¡Ì±·≈ø˘¬ı˛ ›¬Û¬ı˛ ˚Ó¬ ¬ı˘ õ∂˚≈q¡ ’±ÀÂ√ Ó¬±À√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ õ∂¸”Ó¬ ˘øt ¬ı˘ M-ˆ¬¬ı˛ ≈̊q¡ ¤fl¡øÈ¬ fl¡Ì±¬ı˛

›¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ˝√√˚˛, Ó¬± ˝√√À˘ fl¡Ì±øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬ õ∂±5 ˝√√˚˛, ’Ô«±» MR Fi
i

n��� �

�

� �
1

’±¬ı±¬ı˛ Œ˚ Œfl¡±ÀÚ± O ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛, ¬ıø˝√√¬ı«˘¸˜”À˝√√¬ı˛ O-¸±À¬ÛÀé¬ √√w±˜fl¡

Œˆ¬"√√À¬ı˛¬ı˛ Œ˚±·Ù¬˘º

fl¡Ì±¬Û≈?·≈ø˘ ˚ø√ ¤fl¡øÈ¬ ¸—¬ı˛é¬œ ¬ı˘Ó¬ÀLa¬ı˛ ’ÒœÚ Ô±Àfl¡, Ó¬± ˝√√À˘ Œ√‡± ˚±˚˛ Œ˚ fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬˙øq¡ ›

øàÔøÓ¬˙øq¡ ¤À√¬ı˛ Œ˚±·Ù¬˘ ÒË≈¬ıfl¡ ˝√√˚˛º

11.8 ¬¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘

õ∂ùü 1. m1, m2 ≈√øÈ¬ fl¡Ì± ¬Û¬ı˛¶Û¬ı˛ ˜±Ò…±fl¡¯∏«Ì øÚ˚˛˜±Ú≈˚±˚˛œ ¬ı˘±ÒœÚ ¤¬ı— ˚‡Ú m2-¤¬ı˛ m1 ŒÔÀfl¡ ”√¬ı˛Q

d Ó¬‡Ú m2-¤¬ı˛ ·øÓ¬À¬ı·, m1 ¤¬ı˛ ¸±À¬ÛÀé¬ V0, m1, m2 Œ˚±·±À˚±·fl¡±¬ı˛œ Œ¬ı˛‡±¬ı˛ ˘•§ø√Àfl¡º m1-¤¬ı˛ ¸±À¬ÛÀé¬

m2-¤¬ı˛ ·øÓ¬¬ÛÔ øÚÌ«˚˛ fl¡¬ı˛≈Úº

Ò¬ı˛± ˚±fl¡ 0 ¤fl¡øÈ¬ øàÔ¬ı˛ ø¬ıμ≈ ¤¬ı— Ó¬±¬ı˛ ¸±À¬ÛÀé¬ t ¸˜À ˛̊ m1, m2-¤¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ ˚Ô±√flË¡À˜ r r1 2

� �

, .

Ó¬±˝√√À˘ ·øÓ¬¸˜œfl¡¬ı˛Ì¡Z ˛̊ ˝√√˘,
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m r
m m

r

r r
r1 1

1 2
2

2 1
���

� �

�
�

 Œ˚‡±ÀÚ r r r� �
� �

2 1

m r
m m

r

r r
r2 2

1 2
2

1 2
��

� �

�
�

’Ó¬¤¬ı r r
m

r
r r

m

r
r r2 1

1
3 1 2

2
3 2 1

�� ��� � � � � �

� � �
�
��

�
��
� �

�
��

�
��

� �
�

�
�
��

�
��

� �( )m m

r
r r1 2

3 2 1

’Ó¬¤¬ı, m r r
m m m

r
r r2 2 1

2 1 2
3 2 1

�� �� ( )� � � �

�
�
��

�
��
� �

�
�

�
��

�
��

¤‡Ú r r r
� � �

� �2 1  ø˘‡À˘,

m r
m m m

r
r
r2

2 1 2
2

�� ( )�
�

� �
�

’Ô«±» m2-¤¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì m1 ¸±À¬ÛÀé¬ ¤˜Ú Œ˚Ú m1 øàÔ¬ı˛ ’±ÀÂ√ ¤¬ı— m2-¤¬ı˛ ›¬Û¬ı˛ m1-˜≈‡œ ’±fl¡¯∏«Ìœ

¬ı˘ 
m m m

r
2 1 2

2

( )�
 ø√flË¡˚˛± fl¡¬ı˛ÀÂ√º

’Ó¬¤¬ı r
m m

r
r
r

���
�

� �
�1 2
2

øfl¡z≈¬ ’±˜¬ı˛± Ê√±øÚ Œ˚ ¤fl¡øÈ¬ fl¡Ì± ˚ø√ ¤fl¡øÈ¬ øÚø«√©Ü øàÔ¬ı˛ ø¬ıμ≈¬ı˛ ø√Àfl¡

õ∂øÓ¬ ¤fl¡fl¡ ˆ¬À¬ı˛ 
�

r2  ¤˝◊√√ ’±fl¡¯∏«Ìœ ¬ı˘±ÒœÚ Ô±Àfl¡ ¤¬ı— Ó¬± ˚ø√ V0 ·øÓ¬ÀÓ¬

¬ı…±¸±Ò« Œˆ¬"√√À¬ı˛¬ı˛ ˘•§ø√Àfl¡ õ∂øé¬5 ˝√√˚˛, Ó¬±˝√√À˘ fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¬ÛÔ ¤fl¡øÈ¬ fl¡øÌfl¡

˝√√˚˛ ˚±¬ı˛ ¤fl¡øÈ¬ Ú±øˆ¬ø¬ıμ≈ 0 ¤¬ı—
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(i) ˚ø√ V
d0

2 2
�


 ˝√√˚˛ Ó¬À¬ı Ó¬± Î¬◊¬Û¬ı‘M√√

(ii) ˚ø√ V
d0

2 2
�


 ˝√√˚˛ Ó¬À¬ı Œ¸øÈ¬ ¬Û¬ı˛±¬ı‘M√√

(iii) ˚ø√ V
d0

2 2
�


 ˝√√ ˛̊ Ó¬À¬ı Œ¸È¬± ’øÒ¬ı‘M√√

’Ó¬¤¬ı ’±˜±À√¬ı˛ ¸˜¸…±˚˛ m2-¤¬ı˛ ·øÓ¬ m1-¤¬ı˛ ¸±À¬ÛÀé¬ ¤fl¡øÈ¬ fl¡øÌfl¡ ˝√√À¬ı ¤¬ı— fl¡øÌfl¡øÈ¬ Î¬◊¬Û¬ı‘M√√, ˚ø√

V
d

m m0
2

1 2
2

� �( ),  ’Ô¬ı± V
d

m m0
2

1 2
2

� �( )  ’Ô¬ı± V
d

m m0
2

1 2
2

� �( )  fl¡øÌfl¡øÈ¬ Î¬◊¬Û¬ı‘M√√, ¬Û¬ı˛±¬ı‘M√√

¬ı± ’øÒ¬ı‘M√√ ˝√√À¬ıº

õ∂ùü 2. øÓ¬ÚøÈ¬ ¸˜±Ú ˆ¬À¬ı˛¬ı˛ fl¡Ì± ¤fl¡øÈ¬ ¸˜Ó¬À˘ ¬Û¬ı˛¶Û¬ı˛ ¸˜±Ú ”√¬ı˛ÀQ øàÔ¬ı˛ ’¬ıàÔ±˚˛ ¤fl¡øÈ¬ ˜¸‘Ì ŒÈ¬ø¬ıÀ˘¬ı˛

›¬Û¬ı˛ ¬ı˛±‡± ˝√√˘º fl¡Ì±·≈ø˘ ˚ø√ ¬Û¬ı˛¶Û¬ı˛Àfl¡ ¬ı…d¬ ¬ı·« øÚ˚˛˜ ’Ú≈¸±À¬ı˛ ’±fl‘¡©Ü fl¡À¬ı˛ Ó¬À¬ı Ó¬±À√¬ı˛ ·øÓ¬¬ÛÔ fl¡œ¬ı˛”¬Û

√̋√À¬ı∑
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¤fl¬fl¬ 12 � ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬ Ê√…±ø˜øÓ¬

·Í¬Ú

12.1 ¬√õ∂d¬±¬ıÚ±

12.2 ¬Î¬◊ÀV˙…

12.3 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¸—:±

12.4 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ’¬ıàÔ±Ú øÚ¬ı˛”¬ÛÌ › ¶§±ÓLa… ˜±S± (degrees of freedom)

12.5 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¸¬ı˛Ì › ’˚˛˘±À¬ı˛¬ı˛ Î¬◊¬Û¬Û±√…

12.6 ¤fl¡øÈ¬ ¸˜Ó¬˘œ˚˛ ¬Û±ÀÓ¬¬ı˛ ·øÓ¬

12.7 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ø¡Z˜±øSfl¡ ·øÓ¬ Ê√…±ø˜øÓ¬ (Geometry of two dimensional Motion)

12.8 ¸±¬ı̨±—˙

12.9 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘

12.1 ¬√õ∂d¬±¬ıÚ±

¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ’¬ıàÔ±Ú ¬ı≈Á¡ÀÓ¬ ˝√√À˘ Ê√±Ú± ‰¬±˝◊√√ ’z¬Ó¬ Ó¬±¬ı˛ øÓ¬ÚøÈ¬ ’¸˜À¬ı˛‡œ˚˛ ø¬ıμ≈¬ı˛ ’¬ıàÔ±ÚñŒfl¡ÚÚ±

‘√Ï¬ˇ¬ıd≈¬¬ı˛ Œ˚ Œfl¡±Ú ≈√øÈ¬ ø¬ıμ≈¬ı˛ ˜ÀÒ… ”√¬ı˛Q ¸¬ı«√± ÒË≈¬ıfl¡ Ô±Àfl¡º øÓ¬ÚøÈ¬ ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú Ê√±Ú± Œ·À˘ Ó¬±À√¬ı˛ ˜Ò…·±˜œ

¸˜Ó¬˘øÈ¬ Ê√±Ú± ˚±˚˛º ‹ ¸˜Ó¬À˘¬ı˛ ¸±À¬ÛÀé¬ ’Ú…±Ú… ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú ¸øÍ¬fl¡ Ê√±Ú± ˚±˚˛º ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¸±Ò±¬ı˛Ì

¸¬ı˛ÌÀfl¡ ≈√øÈ¬ ’—À˙ ˆ¬±· fl¡¬ı˛± ˚±˚˛º ¤fl¡øÈ¬ ˝√√˘ ¸±Ò±¬ı˛Ì ‰¬˘Ú ’±¬ı˛ ¤fl¡øÈ¬ ˝√√˘ ¤fl¡øÈ¬ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ‚”Ì«Úº

12.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡Àfl¡ ’±¬ÛÚ±¬ı˛± Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚñ

� ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ ¬ıd≈¬¬ı˛ ’¬ıàÔ±Ú Ê√±Ú¬ı±¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü fl¡øÈ¬ ¸—‡…±¬ı˛ ˜±Ú õ∂À˚˛±Ê√Úº

� ¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ¶§±ÓLa… ˜±S± (degree of freedom) fl¡±Àfl¡ ¬ıÀ˘º

� ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ·øÓ¬Àfl¡ ≈√ˆ¬±À· ˆ¬±· fl¡¬ı˛± ˚±˚˛ñ¤fl¡øÈ¬ ‰¬˘Ú › ’¬Û¬ı˛øÈ¬ ‚”Ì«Úº

� Œ˚ Œfl¡±Ú ¸¬ı˛ÌÀfl¡ ¤fl¡øÈ¬ ‰¬˘Ú › ¤fl¡øÈ¬ ‚”Ì«Ú ¤¬ı˛ ¡Z±¬ı˛± ¬ı˛”¬Û±z¬ø¬ı˛Ó¬ fl¡¬ı˛± ˚±˚˛º

12.3 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¸—:±

¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬ (Rigid Body) ¬ı˘ÀÓ¬ ’±˜¬ı˛± ¬ı≈øÁ¡ ¤˜Ú ¤fl¡ ¬¬ıd≈¬fl¡Ì±¬Û≈À?¬ı˛ ¸˜ø©Ü, ˚±¬ı˛ Œ˚ Œfl¡±ÀÚ± ≈√øÈ¬

fl¡Ì±¬ı˛ ˜ÀÒ… ”√¬ı˛Q ¸¬ı«√± ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡, ¤¬ı— Œ˚ Œfl¡±ÀÚ± øÓ¬ÚøÈ¬ fl¡Ì± A, B, C ¡Z±¬ı˛± ·øÍ¬Ó¬ ≈√øÈ¬ ¸¬ı˛˘À¬ı˛‡±¬ı˛
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AB, AC ¤¬ı˛ ˜ÀÒ…¬ı˛ Œfl¡±Ì ¸¬ı«√± ’¬Ûø¬ı˛¬ıøÓ¬Ó¬ Ô±Àfl¡, ˚Ó¬ ¬ıÎ¬ˇ ¬ı˘˝◊√√ ‹ ¬ıd≈¬¬ı˛ ›¬Û¬ı˛ ø√flË¡˚˛± fl¡¬ı˛≈fl¡ Ú± Œfl¡Úº

’Ô«±» õ∂˚≈q¡ ¬ıÀ˘¬ı˛¡ ¡Z±¬ı˛± ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Œfl¡±ÀÚ± (deformation) ˝√√ ˛̊ Ú±º

12.4 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ’¬ıàÔ±Ú øÚ¬ı˛”¬ÛÌ › ¶§±Ó¬La…˜±S±

’±¬ÛÚ±¬ı˛± Ê√±ÀÚÚ Œ˚ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ’¬ıàÔ±Ú ¸øÍ¬fl¡ˆ¬±À¬ı øÚÒ«±¬ı˛Ì fl¡¬ı˛ÀÓ¬ Œ·À˘ øS˜±øSfl¡ Œ√À˙ (Space)

øÚø«√©Ü ˘•§-fl¡±Ó¬π˚˛ ’Àé¬¬ı˛ (fixed rectangular Cartesian axes) øÚø¬ı˛À‡ fl¡Ì±øÈ¬¬ı˛ àÔ±Ú±—fl¡ ¬ı± ˜”˘ø¬ıμ≈¬ı˛

¸±À¬ÛÀé¬ fl¡Ì±øÈ¬¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ Ê√±Ú±˝◊√√ ˚ÀÔ©Üº ’Ô«±» øfl¡Ú± øÓ¬ÚøÈ¬ ¶§±ÒœÚ ¬ı˛±ø˙ (independent variable/

quantity) Ê√±Ú± Ô±fl¡À˘ ’±˜¬ı˛± fl¡Ì±øÈ¬¬ı˛ ’¬ıàÔ±Ú øÚÀ«√˙ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º ¶§±ˆ¬±ø¬ıfl¡ˆ¬±À¬ı ◊̋√√, ‘√Ï¬ˇ¬ıd≈¬ ’¸—‡… fl¡Ì±¬Û≈À?¬ı˛

¸˜ø©Ü ˝√√›˚˛±˚˛ ¤¬ı˛ ’¬ıàÔ±Ú ˜±S øÓ¬ÚøÈ¬ ¬ı˛±ø˙ ¡Z±¬ı˛± ¸”ø‰¬Ó¬ fl¡¬ı˛± ˚±À¬ı Ú±º Ò¬ı˛≈Ú ¬ıd≈¬ÀÓ¬ A, B, C øÓ¬ÚøÈ¬ ’Õ¬ı˛ø‡fl¡

(non-collinear) ø¬ıμ≈, ’Ô«±» Œfl¡±Ú› ¤fl¡ ˜”˝”√√ÀÓ«¬ øÓ¬ÚøÈ¬ fl¡Ì±¬ı˛ ’¬ıàÔ±Ú A, B, C ŒÓ¬º P-˚ø√ ¬ıd≈¬øÈ¬¬ı˛

’Ú… ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ’¬ıàÔ±Ú ˝√√˚˛, Ó¬À¬ı PA = r1, PB = r2, PC = r3 õ∂øÓ¬øÈ¬˝◊√√ ÒË≈¬ı ¬ı˛±ø˙º ¤‡Ú Œ˚ Œfl¡±ÀÚ±

¸˜À˚˛˝◊√√�A ŒÔÀfl¡ P-¤¬ı˛ ”√¬ı˛Q ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡, ¤¬ı— P ¸¬ı¸˜˚˛˝◊√√ A ø¬ıμ≈Àfl¡ Œfl¡f fl¡À¬ı˛ r1 ¬ı…±¸±ÀÒ«¬ı˛ Œ·±˘Àfl¡¬ı˛

›¬ÛÀ¬ı˛ Ô±fl¡À¬ıº Œ¸¬ı˛fl¡˜ P, B-Œfl¡ Œfl¡f fl¡À¬ı˛ r2 ¬ı…±¸±ÀÒ«¬ı˛ Œ·±˘Àfl¡¬ı˛ ›¬ÛÀ¬ı˛› Ô±fl¡À¬ı, ¤¬ı— C-Œfl¡ Œfl¡f

fl¡À¬ı˛ r3 ¬ı…±¸±ÀÒ«¬ı˛ Œ·±˘Àfl¡¬ı˛ ›¬ÛÀ¬ı˛› Ô±fl¡À¬ıº ¤˝◊√√ Œ·±˘fl¡·≈ø˘ ŒÊ√±Î¬ˇ±˚˛ ŒÊ√±Î¬ˇ±˚˛ ¤fl¡øÈ¬ fl¡À¬ı˛ ¬ı‘ÀM√√ ŒÂ√√ fl¡À¬ı˛º

¤˝◊√√ øÓ¬ÚøÈ¬ ¬ı‘ÀM√√¬ı˛ ¤fl¡˜±S ¸±Ò±¬ı˛Ì ŒÂ√√ø¬ıμ≈ P-¤¬ı˛ àÔ±Ú±—fl¡ øÚÒ«±¬ı˛Ì fl¡¬ı˛À¬ıº

’±¬ı˛ ¤fl¡ø√fl¡ ø√À˚˛ ø¬ıÀ¬ı‰¬Ú± fl¡¬ı˛À˘, ’±˜¬ı˛± Œ√‡ÀÓ¬ ¬Û±˝◊√√ Œfl¡±ÀÚ± ¸˜À˚˛ A › B ¤¬ı˛ ’¬ıàÔ±Ú Ê√±Ú± Ô±fl¡À˘

AB ¸¬ı˛˘À¬ı˛‡±¬ı˛ ›¬Û¬ı˛ ¸fl¡˘ø¬ıμ≈˝◊√√ Ê√±Ú± ’±ÀÂ√º ¤‡Ú� A › B-¤¬ı˛ ’¬ıàÔ±Ú ˚ø√ ¸¬ı«√±˝◊√√ ¤fl¡˝◊√√ Ô±Àfl¡, Ó¬À¬ı

AB Œ¬ı˛‡±¬ı˛ ›¬ÛÀ¬ı˛¬ı˛ fl¡Ì±·≈ø˘› øàÔ¬ı˛ Ô±Àfl¡º ’Ó¬¤¬ı AB Œ¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬ ‚≈À¬ı˛ ‚≈À¬ı˛ ø¬ıøˆ¬iß ¸y¬±¬ı… ’¬ıàÔ±ÀÚ

Œ˚ÀÓ¬ ¬Û±À¬ı˛º ¤¬ı˛¬ÛÀ¬ı˛ ˚ø√ C ø¬ıμ≈ (AB Œ¬ı˛‡±¬ı˛ ›¬ÛÀ¬ı˛ Ú˚˛] Œfl¡› øÚø«√©Ü ’¬ıàÔ±ÀÚ˝◊√√ ¬ı˛±‡± ˝√√˚˛,Ó¬À¬ı ¬ıd≈¬¬ı˛ ¸±À¬ÛÀé¬

ABC ¤ ◊̋√√ ¸˜Ó¬˘øÈ¬¬ı˛ ’¬ıàÔ±ÚÀfl¡ øÚø«√©Ü fl¡À¬ı˛ Œ√› ˛̊± √̋√̊ ˛º ¤Àé¬ÀS ¬ıd≈¬øÈ¬¬ı˛ Œfl¡¬ı˘˜±S ¤fl¡øÈ¬ ’¬ıàÔ±Ú (Position)-

˝◊√√ ¸y¬¬ıº ’Ô«±» ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Œfl¡±ÀÚ± ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ’¬ıàÔ±Ú Ê√±Ú±¬ı˛ Ê√Ú… øÓ¬ÚøÈ¬ ’Õ¬ı˛ø‡fl¡ ø¬ıμ≈¬ı˛ ŒÔÀfl¡ Ó¬±¬ı˛ ”√¬ı˛Q

Ê√±Ú±˝◊√√ ˚ÀÔ©Ü, ¤¬ı— ‹ øÓ¬ÚøÈ¬ ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú øÚø«√©Ü Ô±fl¡À˘ ¬ıd≈¬øÈ¬¬ı˛ ’¬ıàÔ±Ú› øÚø«√©Ü ˝√√À˚˛ ˚±˚˛º

¤‡Ú, A, B, C ø¬ıμ≈·≈ø˘¬ı˛ ’¬ıàÔ±Ú Œfl¡±ÀÚ± ˘•§fl¡±Ó¬π˚˛ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ Ê√±ÚÀÓ¬ ˝√√À˘ õ∂øÓ¬øÈ¬ ø¬ıμ≈¬ı˛ Ê√Ú…

øÓ¬ÚøÈ¬ ¶§±ÒœÚ ‰¬˘˝◊√√ √¬ı˛fl¡±¬ı˛ › ˚ÀÔ©Ü Œ˚˜Ú, ( , , )x y zi i i , i = 1, 2, 3, ˚Ô±√flË¡À˜ A, B › C-¤¬ı˛ àÔ±Ú±—fl¡º

¤ ◊̋√√ Ú ˛̊øÈ¬ ¸—‡…± (x1, y1, z1), (x2, y2, z2) ¤¬ı— (x3, y3, z3) Ê√±Ú± Ô±fl¡À˘˝◊√√ ¬¬ıd≈¬øÈ¬¬ı˛ ’¬ıàÔ±Ú Ê√±Ú± ¸y¬¬ıº

øfl¡z≈¬ ¬ıd≈¬øÈ¬ ‘√Ï¬ˇ ˝√√›˚˛±ÀÓ¬ AB, BC, CA õ∂øÓ¬øÈ¬¬ı˛˝◊√√ Δ√‚«… ÒË≈¬ıfl¡º ’Ô«±» ( )x x1 2
2� ��  constant,

( )x x2 3
2��  = constant ¤¬ı— ( )x x3 1

2� ��  constant.

’±˜¬ı˛± ¤õ∂fl¡±À¬ı˛¬ı˛ øÓ¬ÚøÈ¬ ¸˜œfl¡¬ı˛Ì Œ¬Û˘±˜, ˚±¬ı˛ ¸±˝√√±À˚… Ú˚˛øÈ¬ ¬ı˛±ø˙¬ı˛ ˜ÀÒ… øÓ¬ÚøÈ¬Àfl¡ ’¬ÛÚ˚˛Ú fl¡¬ı˛ÀÓ¬

¬Û±ø¬ı˛º ’Ô«±» Œ˜±È¬ Â√˚˛øÈ¬ ‰¬À˘¬ı˛ ˜±Ú Ê√±ÚÀ˘˝◊√√ ’±˜¬ı˛± ¬ıd≈¬øÈ¬¬ı˛ ’¬ıàÔ±Ú øÚÒ«±¬ı˛Ì fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º

¤ˆ¬±À¬ı ’±˜¬ı˛± ˆ¬±¬ıÀÓ¬ ¬Û±ø¬ı˛ Œ˚, A x y z( , , )1 1 1 -Œfl¡ øÚø«√©Ü fl¡¬ı˛± ˝√√˘º Ó¬±˝√√À˘ B-Œfl¡ Ê√±Ú±¬ı˛ Ê√Ú…

(x2, y2, z2)-¤¬ı˛ ˜ÀÒ… ≈√øÈ¬˝◊√√ ˚ÀÔ©Ü, fl¡±¬ı˛Ì Ó‘¬Ó¬œ˚˛øÈ¬ ( ) ( ) ( )x x y y z z1 2
2

1 2
2

1 2
2� � � � �  = ÒË≈¬ıfl¡ ŒÔÀfl¡



168

NSOU

¬Û±›˚˛± ˚±˚˛º (B ¸¬ı¸˜˚˛˝◊√√ A Œfl¡f ¤fl¡øÈ¬ Œ·±˘Àfl¡¬ı˛ ›¬Û¬ı˛ Ô±fl¡À¬ıº] A › B øÚø«√©Ü ˝√√À˘ C ¬ıÎ¬ˇÀÊ√±¬ı˛ AB-

¸¬ı˛˘À¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º fl¡±ÀÊ√˝◊√√ C-Œfl¡ øÚø«√©Ü fl¡¬ı˛±¬ı˛ Ê√Ú… ¤fl¡øÈ¬ àÔ±Ú±—fl¡-˝◊√√ ˚ÀÔ©Üº

øS˜±øSfl¡ Œ√À˙ ’Ó¬¤¬ı Â√˚˛øÈ¬ ¶§±ÒœÚ ‰¬˘¬ı˛±ø˙¬ı˛ ¡Z±¬ı˛± ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ’¬ıàÔ±Ú øÚø«√©Ü fl¡¬ı˛± ˚±˚˛º ’±˜¬ı˛± ¬ıÀ˘

Ô±øfl¡ Œ˚ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¶§±Ó¬La…˜±S± ˝√√˘ 6.

˜z¬¬ı… L ˘•§-fl¡±Ó¬π˚˛ àÔ±Ú±—fl¡ ¬ı…¬ı˝√√±¬ı˛ Ú± fl¡À¬ı˛ ˚ø√ ’±˜¬ı˛± Œ˜¬ı˛≈ àÔ±Ú±—fl¡ ¬ı…¬ı˝√√±¬ı˛ fl¡ø¬ı˛, Ó¬À¬ı A ø¬ıμ≈

Ê√±Ú±¬ı˛ Ê√Ú… øÓ¬ÚøÈ¬ Œ˜¬ı˛≈àÔ±Ú±—fl¡ õ∂À˚˛±Ê√Úº A-¤¬ı˛ ¸±À¬ÛÀé¬ B Ê√±Ú±¬ı˛ Ê√Ú…

≈√øÈ¬ Œfl¡±Ì �� �� Ê√±Ú±¬ı˛ Ê√Ú… ABC ¸˜Ó¬˘ A ø¬ıμ≈·±˜œ Œfl¡±ÀÚ± øÚø«√©Ü

¸˜Ó¬À˘¬ı˛ ¸Àe· Œ˚ Œfl¡±Ì fl¡¬ı˛ÀÂ√ Ó¬± Ê√±Ú± √¬ı˛fl¡±¬ı˛º ¤øÈ¬ Ê√±ÚÀ˘˝◊√√ ˚ÀÔ©Ü

fl¡±¬ı˛Ì ‹ ¸˜Ó¬˘ A › B ŒÔÀfl¡ C fl¡Ó¬”√À¬ı˛ Ó¬± Ê√±Ú± ’±ÀÂ√º ’Ó¬¤¬ı

Â√˚˛øÈ¬ ¸—‡…± Ê√±ÚÀ˘˝◊√√ ¬ıd≈¬øÈ¬¬ı˛ ’¬ıàÔ±Ú Ê√±Ú± ˚±À26√º

˜z¬¬ı… 2. ‘√Ï¬ˇ¬ıd≈¬øÈ¬¬ı˛ ›¬Û¬ı˛ ’±¬ı˛› Œfl¡±Ú› ¬ı±Òfl¡ (Constraint) fl¡±Ê√

fl¡¬ı˛ÀÓ¬ ¬Û±À¬ı˛, Œ˚˜Ú ¬ıd≈¬øÈ¬¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ ¸¬ı«√±˝◊√√ øÚø«√©Ü [øàÔ¬ı˛] Ô±fl¡ÀÓ¬ ¬ı±Ò… ˝√√ÀÓ¬ ¬Û±À¬ı˛º ¤Àé¬ÀS ¶§±ÓLa…˜±S±›

fl¡À˜ ˚±À¬ıº

12.5 ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ¸¬ı˛Ì › ’˚˛˘±À¬ı˛¬ı˛ Î¬◊¬Û¬Û±√…

’±À· ’±¬ÛÚ±¬ı˛± Œ√À‡ÀÂ√Ú ¤fl¡øÈ¬ ¬ıd≈¬fl¡Ì±¬ı˛ ¸¬ı˛ÌÀfl¡ ¤fl¡øÈ¬ Œˆ¬"√√À¬ı˛¬ı˛ ˜±Ò…À˜ Œ˘‡± ˚±˚˛º  ’±¬ÛÚ±¬ı˛± ¤‡Ú

Œ√‡À¬ıÚ Œ˚ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Œé¬ÀS ¸¬ı˛Ì ¬ı˘ÀÓ¬ ’±˜¬ı˛± fl¡œ ¬ı≈øÁ¡º ¤õ∂¸Àe· õ∂ÔÀ˜ ¤fl¡øÈ¬ Î¬◊¬Û¬Û±√… ’±À˘±‰¬Ú± fl¡ø¬ı˛º

’˚˛˘±À¬ı˛¬ı˛ Î¬◊¬Û¬Û±√… (Euler’s Theorem) :

¤fl¡øÈ¬ ‘√Ï¬ˇ¬ ¬ıd≈¬¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ O øàÔ¬ı˛ Ô±fl¡À˘, ¬ıd≈¬øÈ¬¬ı˛ ¤fl¡øÈ¬ ’¬ıàÔ±Ú ŒÔÀfl¡ ’Ú… ¤fl¡øÈ¬ ’¬ıàÔ±ÀÚ ¸¬ı˛ÌÀfl¡

O ø¬ıμ≈·±˜œ ¤fl¡øÈ¬ ’é¬ ¸±À¬ÛÀé¬ ¤fl¡øÈ¬ ‚”Ì«Ú ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛± ˚±˚˛º

õ∂˜±Ì – Ò¬ı˛± ˚±fl¡ O ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ Œ˚øÈ¬ øàÔ¬ı˛±¬ıàÔ±˚˛ ’±ÀÂ√º ¬ıd≈¬øÈ¬¬ı˛ ›¬Û¬ı˛ ¤fl¡fl¡ ”√¬ı˛ÀQ¬ı˛ ≈√øÈ¬

ø¬ıμ≈ A › B ŒÚ› ˛̊± ˝√√˘, Ó¬±˝√√À˘ Œfl¡±Ì AOB ¸¬ı«√± ÒË≈¬ıfl¡º ¤‡Ú ¬ıd≈¬øÈ¬¬ı˛ ¸¬ı˛ÀÌ¬ı˛ Ù¬À˘ A › B ˚Ô±√flË¡À˜

A� › B� ø¬ıμ≈ÀÓ¬ ˚±˚˛ Ó¬±˝√√À˘ �A�OB� = �AOB. O ø¬ıμ≈ÀÓ¬ Œfl¡f ’±ÀÂ√ ¤¬ı˛”¬Û ¤fl¡øÈ¬ ¤fl¡fl¡ ¬ı…±¸±ÀÒ«¬ı˛

Œ·±˘Àfl¡¬ı˛ fl¡Ô± ¬ˆ¬±¬ıÀ˘, Ó¬±¬ı˛ ›¬Û¬ı˛ ‰¬±¬Û AB = ‰¬±¬Û A�B�.

¤‡Ú ≈√øÈ¬ ¸˜Ó¬˘ ŒÚ›˚˛± ˝√√˘ ˚±¬ı˛± ˚Ô±√flË¡À˜ �AOA� › �BOB� Œfl¡±ÌÀfl¡ ¸˜ø¡Z‡øG¬Ó¬ fl¡À¬ı˛º ¤˝◊√√ ¸˜Ó¬˘

≈√øÈ¬ Œ·±˘fl¡Ó¬À˘¬ı˛ ›¬Û¬ı˛ C ø¬ıμ≈ÀÓ¬ ŒÂ√√ fl¡¬ı˛À˘ [Œ·±˘fl¡œ˚˛ Œfl¡±Ì] �ACB =� �A�CB� Œ˚À˝√√Ó≈¬ OA, OB

¤¬ı— OA�, OB� ¤¬ı˛ ˜ÀÒ… Œfl¡±Ì ÒË≈¬ıº

�  �ACA� = �ACB – �BCA� = �A�CB� – �BCA� = �BCB�
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’Ó¬¤¬ı OC ’é¬¸±À¬ÛÀé¬ �ACA� Œfl¡±ÀÌ ‚≈¬ı˛±À˘ A ø¬ıμ≈ A� ¤ ˚± ˛̊ ¤¬ı— �ACA� = �BCB� ˝√√›˚˛±ÀÓ¬

B ø¬ıμ≈ B� ø¬ıμ≈ÀÓ¬ ˚±˚̨º ’Ô«±» OC-’é¬ ¸±À¬ÛÀé¬ ¤fl¡øÈ¬ ‚”Ì«Ú ø√À˚̨

¬ıd≈¬øÈ¬¬ı̨ õ∂Ô˜ ’¬ıàÔ±Ú ŒÔÀfl¡ ø¡ZÓ¬œ˚̨ ’¬ıàÔ±ÀÚ øÚÀ˚̨ Œ˚ÀÓ¬ ¬Û±ø¬ı̨º

Î¬◊¬Û¬Û±√… – ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¸±Ò±¬ı˛Ì ¸¬ı˛ÌÀfl¡ ¤fl¡øÈ¬ ‰¬˘Ú

(translation) › Ó¬±¬ı˛ ¬Û¬ı˛ ¤fl¡øÈ¬ øÚø«√©Ü ’é¬ ¸±À¬ÛÀé¬ ‚”Ì«Ú

(Rotation) ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛± ˚±˚˛º

õ∂˜±Ì – ˚ø√� O, A, B ¤˝◊√√ øÓ¬ÚøÈ¬ ’¸˜Õ¬ı˛ø‡fl¡ ø¬ıμ≈ ¤fl¡øÈ¬ ¸¬ı˛ÀÌ¬ı˛ Ù¬À˘ O�, A�, B� ø¬ıμ≈ÀÓ¬ ˚±˚˛,

Ó¬±˝√√À˘ ’±˜¬ı˛± ¤ˆ¬±À¬ı ¬Û±ø¬ı˛ñ¬ıd≈¬øÈ¬¬ı˛ ¬õ∂øÓ¬øÈ¬ ø¬ıμ≈Àfl¡ ¤fl¡øÈ¬ ‰¬˘Ú OO�
��

 ø√˘±˜º Ù¬À˘ O ø¬ıμ≈ O�-¤ Œ·˘º

¤¬ı— A, B ˚Ô±√flË¡À˜ A��, B�� Œ·˘ Œ˚‡±ÀÚ AA BB OO�� � �� � �
�� �� ��

 ¤¬ı±¬ı˛ O� ¤¬ı˛ øˆ¬Ó¬¬ı˛ ø√À˚˛ ’˚˛˘±À¬ı˛¬ı˛

Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛ ¬ı˘± ˚±˚˛ ¤fl¡øÈ¬ ’é¬� O�C ’±ÀÂ ˚±¬ı˛ ¸±À¬ÛÀé¬ ‚”Ì«Ú ø√À˘ O�A�� ˚±À¬ı� O�A�� ¤ ¤¬ı—

O�B�� ˚±À¬ı O�B�-¤, ’Ô«±» ’¬ıàÔ±Ú I�� ˚±À¬ı ’¬ıàÔ±Ú I�� ¤º ’Ó¬¤¬ıŒ√‡± Œ·˘ Œ˚ I ’¬ıàÔ±Ú ŒÔÀfl¡

I� ’¬ıàÔ±ÀÚ ˚±›˚˛± ˚±˚˛ õ∂ÔÀ˜ ¤fl¡øÈ¬ ø¬ıμ≈¬ı˛ ¸¬ı˛ÀÌ¬ı˛ ¸˜±Ú ‰¬˘Ú › Ó¬»¬ÛÀ¬ı˛ ‹ ø¬ıμ≈·±˜œ ¤fl¡øÈ¬ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬

‚”Ì«ÀÚº

12.6 ¤fl¡øÈ¬ ¸˜Ó¬˘œ˚˛ ¬Û±ÀÓ¬¬ı˛ ·øÓ¬ (Motion of a plane Lamina)

(i) ¤fl¡øÈ¬ øàÔ¬ı˛ ø¬ıμ≈ ¸±À¬ÛÀé¬ ·øÓ¬ –

’±˜¬ı˛± ’˚˛˘±À¬ı˛¬ı˛ Î¬◊¬Û¬Û±√… ŒÔÀfl¡ Ê√±øÚ Œ˚ ¤fl¡øÈ¬ ø¬ıμ≈ øàÔ¬ı˛ Ô±fl¡À˘ Œfl¡±Ú ¸¬ı˛ÌÀfl¡ ‹ øàÔ¬ı˛ø¬ıμ≈·±˜œ

¤fl¡øÈ¬ ’é¬ ¸±À¬ÛÀé¬ ‚”Ì«Ú ¡Z±¬ı˛± ¬Û±›˚˛± ˚±˚˛º ’Ó¬¤¬ı ¸˜˚˛ t ŒÔÀfl¡ t + �t-¤¬ı˛ Ê√Ú… ¤fl¡øÈ¬ ’é¬ ¬Û±›˚˛±

˚±À¬ı ˚±¬ı˛ ¸±À¬ÛÀé¬ ¸±˜±Ú… ‚”Ì«ÀÚ¬ı˛ Ù¬À˘ ¤fl¡øÈ¬ ’ä ¸¬ı˛Ì ¬Û±›˚˛± ˚±À¬ıº Œ˚À˝√√Ó≈¬ ¤‡±ÀÚ ¤fl¡øÈ¬ ¸˜Ó¬˘œ˚˛¬Û±Ó¬

¸•§À&Ò ’±À˘±‰¬Ú± ˝√√À26√, ’Ó¬¤¬ı, ‚”Ì«Ú ’é¬øÈ¬ ¬Û±ÀÓ¬¬ı˛ ›¬Û¬ı˛ ˘•§º
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¬Û±ÀÓ¬¬ı˛ ›¬Û¬ı˛ øàÔ¬ı˛ ø¬ıμ≈øÈ¬Àfl¡ O ø¬ıμ≈ øÚÀ˚˛, ‹ ø¬ıμ≈·±˜œ øàÔ¬ı˛ ’é¬ Ox, Oy ‹ ¸˜Ó¬À˘ øÚÀ˘ Ó¬±À√¬ı˛

˘•§ Oz ø√Àfl¡ ‚”Ì«Ú Œˆ¬"√√¬ı˛ Ô±fl¡À¬ıº ’Ó¬¤¬ı ˚ø√ P(x, y) ¬Û±ÀÓ¬¬ı˛ Œ˚

Œfl¡±ÀÚ± ø¬ıμ≈ ˝√√˚˛ ¤¬ı— P-¤¬ı˛ ‚”Ì«Ú Œ¬ı· ��˝√√ ˛̊ ¤¬ı— OP, x-’Àé¬¬ı˛ ¸ø˝√√Ó¬

�Œfl¡±Ì Î¬◊»¬Ûiß fl¡À¬ı˛, Ó¬± ˝√√À˘ �t�¸˜À˚˛ ‚”Ì«ÀÚ¬ı˛ Ù¬À˘�P ø¬ıμ≈ P� ø¬ıμ≈ÀÓ¬

˚±À¬ı, Œ˚‡±ÀÚ �POP� = �� �� ��t ˝√√À¬ıº

‹ ¸±˜±Ú… ¸˜À˚˛�P-ø¬ıμ≈ OP-¬ı…±¸±Ò« ¸˝√√ ¤fl¡øÈ¬ é≈¬^ ¬ı‘M√√‰¬±¬Û ¬ı¬ı˛±¬ı¬ı˛

˚±À¬ı, ˚±¬ı˛ Œfl¡f O. ’Ó¬¤¬ı �t� � O ˝√√À˘, P ø¬ıμ≈ÀÓ¬ ’±˜¬ı˛± ¬Û±˝◊√√

��  = � ¤¬ı— ‹ ø¬ıμ≈¬ı˛ Δ¬ı˛ø‡fl¡ Œ¬ı· ˝√√˘ (OP) �� = OP. �� , ˚±¬ı˛ ø√fl¡˝√√˘ ‹ ¸˜Ó¬À˘ OP-¬ı˛ ›¬Û¬ı˛

˘•§º

Œˆ¬"√√À¬ı˛¬ı˛ ¸±˝√√±˚… øÚÀ˘, ‚”Ì«ÚÀ¬ı· �� Œfl¡,� O ø¬ıμ≈ÀÓ¬ �k
�

� Œˆ¬"√√¬ı˛ ¡Z±¬ı˛± õ∂fl¡±˙ fl¡¬ı˛± ˚±˚˛, Œ˚‡±ÀÚ �k
�

,

O ø¬ıμ≈ÀÓ¬ àÔ±Úœ˚˛ Œˆ¬"√√¬ı˛, �,k OZ  ¬ı…¬ı˝√√±¬ı˛ ¤fl¡fl¡ Œˆ¬"√√¬ı˛º P ø¬ıμ≈ÀÓ¬ Δ¬ı˛ø‡fl¡ Œ¬ı· 

�

 Œˆ¬"√√¬ı˛ ˝√√˘

� �
� �� �

� �OP k

�
�
��

�
��

�� � �� � �

OP k OP k e� sin , 2

� � �
� �

r e r e� �sin 90 2 2

Œ˚‡±ÀÚ ¤fl¡fl¡ Œˆ¬"√√¬ı˛ e OP2 ,
��

 › k
�

-¤¬ı˛ ›¬Û¬ı˛ ˘•§, ’Ô«±» ¤øÈ¬

xy ¸˜Ó¬À˘ ’±ÀÂ√ ¤¬ı— OP-¬ı˛ ›¬Û¬ı˛ ˘•§º

˜z¬¬ı… – ¤‡±ÀÚ Î¬◊À~‡ fl¡¬ı˛± ˚±˚˛ P ø¬ıμ≈¬ı˛ ‚”Ì«ÚÀ¬ı· � ˝√√À˘, Ó¬À˘¬ı˛

õ∂øÓ¬øÈ¬ ø¬ıμ≈¬ı˛˝◊√√ ¤fl¡øÈ¬ ‚”Ì«Ú Œ¬ı· Ô±fl¡À¬ıº fl¡±¬ı˛Ì, Q ˚ø√ ¬Û±ÀÓ¬¬ı˛ ’Ú… ¤fl¡øÈ¬

ø¬ıμ≈ ˝√√˚˛, Ó¬À¬ı �QOX = �� ¬ı˘± ˚±fl¡ Œ˚‡±ÀÚ �� = � + ��

�� = �QOP = ¤fl¡øÈ¬ ÒË≈¬ı Œfl¡±Ì

= (OP, OQ Œ¬ı˛‡± ≈√øÈ¬¬ı˛ ˜Ò…àÔ Œfl¡±Ì]

� � �� 	 �� �

� Q-¤¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· = P-¤¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·º

¬Û±Ó¬øÈ¬¬ı˛ õ∂øÓ¬øÈ¬ ø¬ıμ≈¬ı˛˝◊√√ Œfl¡ÃøÌfl¡ Œ¬ı· �� ¤¬ı— �� Œfl¡ ¬ı˘± ˝√√À¬ı ¬ıd≈¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ Œ¬ı·º
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Q ø¬ıμ≈¬ı˛ ·øÓ¬À¬ı· Œˆ¬"√√¬ı˛ 
Q

�

˝√√À˘,


 �Q OQ k
� �� �

� 


¤¬ı— P-¤¬ı˛ ·øÓ¬À¬ı·

� � �
� �� � �� �� �

� � � �
�
��

�
��
�OP k OQ OP k

� � � �
� � �� �

OQ k QP k� �

� � 

� �� �


 �Q QP k

� � � 

� � �� �


 
 �Q QP k

� � � �
� � �� �

� � �Q QP k

¤‡Ú  ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ (relative to Q) P ø¬ıμ≈¬ı˛ ·øÓ¬À¬ı· � �
� �


 
Q

’Ó¬¤¬ı, ¬Û±Ó¬øÈ¬ O ø¬ıμ≈ ¸±À¬ÛÀé¬ �� Œfl¡ÃøÌfl¡ Œ¬ı· Ê√øÚÓ¬ Œ˚ Œfl¡±Ì ø¬ıμ≈ P-¤¬ı˛ ·øÓ¬Àfl¡ ’±˜¬ı˛± ’Ú…

¤fl¡øÈ¬ ø¬ıμ≈¬ı˛ ·øÓ¬À¬ı· Œˆ¬"√√¬ı˛ › ‹ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ P-¤¬ı˛ Œfl¡ÃøÌfl¡ Œ¬ı· Œˆ¬"√√¬ı˛ ≈√øÈ¬¬ı˛ Œ˚±·Ù¬À˘¬ı˛ ¸˜±Úº

˜z¬¬ı… – ¸˜Ó¬˘œ˚˛ ·øÓ¬˚≈q¡ ¸˜Ó¬˘œ˚˛ ¬Û±ÀÓ¬¬ı˛ ’¬ıàÔ±Ú :±¬Ûfl¡ øÓ¬ÚøÈ¬ ¬Û¬ı˛¶Û¬ı˛ ¶§Ó¬La àÔ±Ú±efl õ∂À˚˛±Ê√Úº

fl¡±¬ı˛Ì ¬Û±Ó¬øÈ¬¬ı˛ Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ø¬ıμ≈ O Ê√±Ú±¬ı˛ Ê√Ú… ≈√øÈ¬ àÔ±Ú±efl¡ √¬ı˛fl¡±¬ı˛º Ó¬±Â√±Î¬ˇ± O ø¬ıμ≈·±˜œ ¬Û±ÀÓ¬¬ı˛

¤fl¡øÈ¬ Œ¬ı˛‡±¬ı˛ ’¬ıàÔ±Ú Ê√±Ú± ˚±˚˛ ˚ø√ ‹ Œ¬ı˛‡± øÚø«√©Ü ¤fl¡øÈ¬ ø√Àfl¡¬ı˛ ¸Àe· Œ˚ Œfl¡±Ì fl¡À¬ı˛ Œ¸È¬± Ê√±Ú± Ô±Àfl¡º

¤˝◊√√ øÓ¬ÚøÈ¬ ¬Û¬ı˛¶Û¬ı˛ ¶§Ó¬La àÔ±Ú±efl¡ Ê√±Ú± Ô±fl¡À˘ ¬Û±ÀÓ¬¬ı˛ ’¬ıàÔ±Ú Ê√±Ú± ˚±˚˛º

12.7 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ø¡Z˜±øSfl¡ ·øÓ¬ Ê√…±ø˜øÓ¬ (Two Dimensional Motion of a
Rigid Body)

¤fl¡øÈ¬ ¬ıd≈¬ ˚ø√ ¤˜Úˆ¬±À¬ı ·øÓ¬˙œ˘ ˝√√ ˛̊ Œ˚, õ∂øÓ¬øÈ¬ ¬ıd≈¬fl¡Ì±¬ı˛ ·øÓ¬¬ÛÔ ¤fl¡øÈ¬ øÚø«√©Ü øàÔ¬ı˛ ¸˜Ó¬À˘¬ı˛ ¸˜±z¬¬ı˛±˘

˝√√˚˛ ¤¬ı— ‹ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ˘•§ Œfl¡±ÀÚ± ¸¬ı˛˘À¬ı˛‡± ¬ıd≈¬øÈ¬¬ı˛ Œ˚ ¸¬ı fl¡Ì±¬ı˛ ˜Ò… ø√À˚˛ ˚±˚˛ Ó¬±¬ı˛ õ∂øÓ¬øÈ¬˝◊√√ ¤fl¡˝◊√√ˆ¬±À¬ı

‰¬˘˜±Ú ˝√√ ˛̊, Ó¬À¬ı ¬ı˘± ˝√√ ˛̊ Œ˚ ¬ıd≈¬øÈ¬ ø¡Z˜±øSfl¡ ·øÓ¬-¸•Ûißº
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Î¬◊√±˝√√¬ı˛Ì (i) ¤fl¡øÈ¬ Œ¬ı˘Ú±fl¡±¬ı˛ ˆ¬±¬ı˛œ ¬ıd≈¬ ¤fl¡øÈ¬ ’±ÚÓ¬ ¸˜Ó¬À˘¬ı˛ ›¬Û¬ı˛ ·øÎ¬ˇÀ˚˛ ˚±˚˛º ¤‡±ÀÚ Œ¬ı˘ÚøÈ¬¬ı˛

õ∂øÓ¬øÈ¬ fl¡Ì±¬ı˛ ·øÓ¬¬ÛÔ ’±ÚÓ¬ ¸˜Ó¬À˘¬ı˛ ¸À¬ı«±2‰¬ ÚøÓ¬À¬ı˛‡±¬ı˛ ˜Ò…·±˜œ ¤fl¡øÈ¬ Î¬◊~•§ Ó¬À˘¬ı˛ ¸˜±z¬¬ı˛±˘º

(ii) ¤fl¡øÈ¬ Œ·±˘fl¡ ¤fl¡øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ·Î¬ˇ±À26√º Œ·±˘fl¡øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f ø√À˚˛ Œ˚ Î¬◊~•§Ó¬˘,

Œ·±˘fl¡øÈ¬¬ı˛ ¸¬ı ø¬ıμ≈·≈ø˘˝◊√√ ‹ Ó¬À˘¬ı˛ ¸˜±z¬¬ı˛±˘ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ’±ÀÂ√º

12.8 ¸±¬ı˛±—˙

¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ’¬ıàÔ±Ú Ê√±ÚÀÓ¬ Â√˚˛øÈ¬ ¶§Ó¬La ¸—‡…± Ê√±Ú± õ∂À˚˛±Ê√Úº Œ˚˜Ú øÓ¬ÚøÈ¬ fl¡Ì±¬ı˛ Ú˚˛øÈ¬ àÔ±Ú±efl¡,

˚±À√¬ı˛ ˜ÀÒ… øÓ¬ÚøÈ¬ ”√¬ı˛Q ÒË≈¬ıfl¡ Ô±fl¡±˚˛, 9—3 = 6 øÈ¬ ¶§Ó¬La àÔ±Ú±efl¡ Ê√±Ú± ˚ÀÔ©Üº ¤fl¡øÈ¬ ¸˜Ó¬˘œ˚˛ ¬Û±ÀÓ¬¬ı˛

¸˜Ó¬˘œ˚˛ ¬·øÓ¬ÀÓ¬ Ô±fl¡±fl¡±˘œÚ ’¬ıàÔ±Ú Ê√±ÚÀÓ¬ √¬ı˛fl¡±¬ı˛ ‹ ¬Û±ÀÓ¬¬ı˛ Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú [≈√øÈ¬ àÔ±Ú±efl¡

¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬] ¤¬ı— ‹ ø¬ıμ≈·±˜œ ¬Û±ÀÓ¬¬ı˛ ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡± ¤fl¡øÈ¬ øÚø«√©Ü ø√Àfl¡¬ı˛ ¸Àe· Œ˚ Œfl¡±Ì fl¡À¬ı˛ Ó¬±˝√√±º

¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¸±Ò±¬ı˛Ì ¸¬ı˛Ì, ¤fl¡øÈ¬ ‰¬˘Ú › ¤fl¡øÈ¬ ‚”Ì«Ú ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛± ˚±˚˛º

¤fl¡˝◊√√ ¸˜Ó¬À˘ ·øÓ¬˙œ˘ ¬Û±ÀÓ¬¬ı˛ Î¬◊˝√√±¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ Œ¬ı· ¸˜±Úº

12.9 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘

1. ø¡Z˜±øSfl¡ ·øÓ¬ fl¡±Àfl¡ ¬ıÀ˘∑ Î¬◊√±˝√√¬ı˛Ì ø√Úº

2. ¤fl¡øÈ¬ √ÀG¬¬ı˛ ¤fl¡õ∂±z¬ øàÔ¬ı˛ ’±ÀÂ√º √G¬øÈ¬ Î¬◊~•§Ó¬À˘ ‰¬˘À˘ Ó¬±¬ı˛ àÔ±Ú±efl¡ ¤fl¡øÈ¬ Œfl¡±Ì ¡Z±¬ı˛± øÚÌ«˚˛

fl¡¬ı≈̨Úº

3. ≈√øÈ¬ √G¬ AB › BC, B ø¬ıμ≈ÀÓ¬ ˜≈q¡ˆ¬±À¬ı ¸—˚≈q¡ ’±ÀÂ√ ¤¬ı— A ø¬ıμ≈ øàÔ¬ı˛ ’±ÀÂ√ › AB, BC

Î¬◊~•§Ó¬À˘ ’±ÀÂ√º √G¬≈√øÈ¬¬ı˛ ’¬ıàÔ±Ú Ê√±Ú¬ı±¬ı˛ Ê√Ú… fl¡øÈ¬ Œfl¡±Ì Ê√±Ú± ’±¬ı˙…fl¡∑

4. ¤fl¡øÈ¬ Œ·±˘±fl¡±¬ı˛ ‰¬±fl¡øÓ¬¬ı˛ ˆ¬¬ı˛Àfl¡f øàÔ¬ı˛ ’±ÀÂ√ ¤¬ı— ‰¬±fl¡øÓ¬øÈ¬ Î¬◊~•§ Ó¬À˘ ‰¬˘ÀÂ√º ‰¬±flƒ¡øÓ¬øÈ¬¬ı˛ ’¬ıàÔ±Ú

øÚÌ«À˚˛¬ı˛ Ê√Ú… fl¡øÈ¬ Œfl¡±Ì Ê√±Ú± õ∂À˚˛±Ê√Ú › ˚ÀÔ©Ü∑

5. ¤fl¡øÈ¬ ˆ¬±¬ı˛œ Œ·±˘fl¡ ¤fl¡øÈ¬ ÚÓ¬¸˜Ó¬À˘¬ı˛ ›¬Û¬ı˛ àÔ±ø¬ÛÓ¬ ˝√√˘º Œ·±˘fl¡øÈ¬¬ı˛ ·øÓ¬ ø¡Z˜±øSfl¡ ˝√√À¬ı øfl¡ Ú±

ø¬ı‰¬±¬ı˛ fl¡¬ı˛≈Úº
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¤fl¬fl¬ 13 � ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Ê√±Î¬…-√w±˜fl¡ (Moment of Inertia)

·Í¬Ú

13.1 ¬√õ∂d¬±¬ıÚ±

13.2 ¬Î¬◊ÀV˙…

13.3 ¸—:± – Ê√±Î¬…-√ √w√w√w√w√w±˜fl¡ › Ê√±Î¬…-·≈ÌÙ¬˘

13.4 ¸˜±z¬¬ı˛±˘-’é¬ › ˘•§-’Àé¬¬ı˛ Î¬◊¬Û¬Û±√…

13.5 fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì

13.6 Ê√±Î¬…-√ √w√w√w√w√w±˜fl¡œ˚˛ Î¬◊¬Û¬ı‘M√√fl¡ (Momental ellipsoid), ˜≈‡…-’é¬ (Principal axes)

13.7 ¸˜Ê√±Î¬…√√w√w√w√w√w±˜fl¡ ø¬ıø˙©Ü ¬ıd≈¬ÓLa (Equimomental bodies or systems)

13.8 ¸±¬ı̨±—˙

13.9 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘ › ¸˜±Ò±Ú

13.1 ¬√õ∂d¬±¬ıÚ±

◊̋√√øÓ¬¬Û”À¬ı« ’±¬ÛÚ±¬ı˛± ŒÀ‡ÀÂ√Ú Œ˚, øÚÎ¬◊È¬ÀÚ¬ı˛ ·øÓ¬ ”̧S ŒÔÀfl¡ ¸¬ı˛±¸ø¬ı˛ ¤fl¡øÈ¬ ¬ı± Œfl¡±ÀÚ± ¸¸œ˜¸—‡…fl¡ fl¡Ì±¸˜øi§Ó¬

Œ·±á¬œ¬ı˛ ·øÓ¬-¸˜œfl¡¬ı˛Ì Œ˘‡± ¸y¬¬ıº øfl¡z≈¬ ‘√Ï¬ˇ¬ıd≈¬ ’¸—‡… (infinite) fl¡Ì±¬ı˛ ¸˜±˝√√±¬ı˛ ˝√√›˚˛±ÀÓ¬, ¤¬ı˛ ·øÓ¬-

¸˜œfl¡¬ı˛Ì·≈ø˘ Œ˘‡±¬ı˛ Ê√Ú… ’±˜±À√¬ı˛ ’±¬ı˛› øfl¡Â≈√ ÚÓ≈¬Ú Ò±¬ı˛Ì±¬ı˛ õ∂À˚˛±Ê√Úº õ∂ÔÀ˜˝◊√√ ’±¬ÛÚ±¬ı˛± ¬ÛÎ¬ˇÀ¬ıÚ ‘√Ï¬ˇ¬ıd≈¬¬ı˛

Ê√±Î¬…-√√w±˜fl¡ ¸•ÛÀfl«¡º

¤˝◊√√ ’Ò…±À˚˛ ’±˜¬ı˛± õ∂ÔÀ˜ Ê√±Î¬…-√√w±˜Àfl¡¬ı˛ ¸—:± Ê√±Ú¬ı ¤¬ı— ø¬ıøˆ¬iß ’±fl¡±¬ı˛ø¬ıø˙©Ü ‘Ï¬ˇ¬ıd≈¬¬ı˛ Ê√±Î¬…-√√w±˜fl¡

øÚÌ«˚˛ fl¡¬ı˛¬ıº Ê√±Î¬…-√√w±˜fl¡ ¸—√flË¡±z¬ ≈√˝◊√√-¤fl¡øÈ¬ Î¬◊¬Û¬Û±√… ’±À˘±‰¬Ú± fl¡¬ı˛¬ı ¤¬ı— øfl¡Â≈√ ¸˝√√Ê√ Î¬◊√±˝√√¬ı˛Ì ¸˝√√À˚±À· ¤˝◊√√

Ò±¬ı˛Ì±·≈ø˘ ¬Ûø¬ı˛©®±¬ı˛ fl¡¬ı˛± ˝√√À¬ıº

¤˝◊√√ ’Ò…±À˚˛ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì ¸•§À&Ò Œfl¡±ÀÚ± ’±À˘±‰¬Ú± ˝√√À¬ı Ú±º Ê√±Î¬…-√√w±˜fl¡ ¸˝√√À˚±À· fl¡œˆ¬±À¬ı ·øÓ¬

¸˜œfl¡¬ı˛Ì ø˘ø‡Ó¬ ˝√√˚˛ Ó¬± ’±¬ÛÚ±¬ı˛± ¬Û¬ı˛¬ıÓ¬π ’Ò…±À˚˛ Œ√‡À¬ıÚº

13.2 ¬Î¬◊ÀV˙…

¤˝◊√√ ’Ò…±À˚˛¬ı˛ Î¬◊ÀV˙… ˝√√˘ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Ê√±Î¬…-√√w±˜Àfl¡¬ı˛ ¸—:± Œ√›˚˛±, ø¬ıøˆ¬iß ’±fl‘¡øÓ¬ ø¬ıø˙©Ü ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Ê√±Î¬…-

√√w±˜fl¡ øÚÌ«˚˛ fl¡¬ı˛± ¤¬ı— fl¡À˚˛fl¡øÈ¬ ·≈¬ı˛≈Q¬Û”Ì« Î¬◊¬Û¬Û±√… ’±À˘±‰¬Ú± fl¡¬ı˛±º
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13.3 ¬¸—:± – Ê√±Î¬… √ √w√w√w√w√w±˜fl¡ › Ê√±Î¬… ·≈ÌÙ¬˘

Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬ Œ˚ ¸˜d¬ ø¬ıøˆ¬iß é≈¬^ ˆ¬¬ı˛-’—˙ (elementary mass) ¸˜i§À˚˛ ·øÍ¬Ó¬, Ó¬±¬ı˛ Œ˚-

Œfl¡±ÀÚ± ¤fl¡øÈ¬¬ı˛ ˆ¬¬ı˛ m, ¤¬ı— Œ¸øÈ¬ ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡± ŒÔÀfl¡ r ”√¬ı˛ÀQ ’¬ıøàÔÓ¬º Ó¬± ˝√√À˘, mr2� , [Œ˚‡±ÀÚ

Œ˚±·Ù¬˘øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¸˜d¬ é≈¬^ ˆ¬¬ı˛-’—À˙¬ı˛ (mass-element) .... ›¬Û¬ı˛ õ∂¸±ø¬ı˛Ó¬, ˝√√˘ ‹ ¸¬ı˛˘À¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬

¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√√w±˜fl¡º ’Ô«±», õ∂øÓ¬øÈ¬ ¬ıd≈‘¬-’—˙ ¬ı± ˆ¬¬ı˛-’—˙ ŒÚ›˚˛± ˝√√˘, ¤¬ı— Ó¬±À√¬ı˛ ˆ¬À¬ı˛¬ı˛ ¸Àe· ¤fl¡øÈ¬ ø¬ıÀ˙¯∏

¸¬ı˛˘À¬ı˛‡±¬ı˛ ˝√√ÀÓ¬ Ó¬±À√¬ı˛ ”√¬ı˛ÀQ¬ı˛ ¬ı·«Àfl¡ ·≈Ì fl¡À¬ı˛, ¤-õ∂fl¡±À¬ı˛¬ı˛ ¸¬ıfl¡øÈ¬ ·≈ÚÙ¬˘ Œ˚±· fl¡¬ı˛± ˝√√˘º ¤˝◊√√ Œ˚±·Ù¬˘ ◊̋√√

˝√√˘ ‹ ¸¬ı˛˘À¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√√w±˜fl¡º

‹ Œ˚±·Ù¬˘ ˚ø√ MK2-¤¬ı˛ ¸˜±Ú ˝√√˚˛, Œ¸‡±ÀÚ M m� � ,  ¬ıd≈¬øÈ¬¬ı˛ ¸±˜ø¢∂fl¡ ˆ¬¬ı˛, Ó¬±˝√√À˘,

MK mr K2 2�  , -Œfl¡ ¬ı˘± ˝√√˚˛ ‚”Ì«Ú-¬ı…±¸±Ò« (Radius of gyration)º Ox, Oy, Oz, O ø¬ıμ≈ÀÓ¬ ’¬ıøàÔÓ¬

¬Û¬ı˛¶Û¬ı˛ ˘•§ fl¡±ÀÓ«¬Ê√œ˚˛ ’é¬S˚˛ (RectangularCartesian Axes) ˝√√À˘, ˆ¬¬ı˛-’—˙ m-¤¬ı˛ àÔ±Ú±—fl¡ ˚ø√ ˝√√˚˛

(x, y, z) Ó¬À¬ı, Ox ˝√√ÀÓ¬ ‹ ˆ¬¬ı˛’—À˙¬ı˛ ”√¬ı˛Q ˝√√À¬ı y z2 2� º ’Ó¬¤¬ı Ox ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√ √w±˜fl¡

˝√√˘ m y z( )2 2�� º Oy ¤¬ı— Oz-¤¬ı˛ ¸±À¬ÛÀé¬ ‹ Ê√±Î¬…-√ √w±˜fl¡ ˝√√À¬ı ˚Ô±√flË¡À˜ m z x( )2 2��  ¤¬ı—

m x y( )2 2� º

¸—:± – myz mzx� �, ,  ¤¬ı— mxy� ñ¤˝◊√√ øÓ¬ÚøÈ¬ ¬ı˛±ø˙Àfl¡, ˚Ô±√flË¡À˜� Oy › Oz-¤¬ı˛ ¸±À¬ÛÀé¬,

Oz › Ox ¤¬ı˛ ¸±À¬ÛÀé¬ ¤¬ı— Ox › Oy-¤¬ı˛ ¸±À¬ÛÀé¬ Ê√±Î¬…-·≈ÌÙ¬˘ (Product of Inertia) ¬ı˘± ˝√√ ˛̊º

13.4 ¬¸˜±z¬¬ı˛±˘-’Àé¬¬ı˛ Î¬◊¬Û¬Û±√… › ˘•§-’Àé¬¬ı˛ Î¬◊¬Û¬Û±√… (Theorems of

Parallel and Perpendicular Axes) –

¸˜±z¬¬ı˛±˘ ’Àé¬¬ı˛ Î¬◊¬Û¬Û±√…º
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Ò¬ı˛± ˚±fl¡, øÚø«√©Ü ˜”˘ø¬ıμ≈ O-ŒÓ¬ Ox, Oy, Oz øÓ¬ÚøÈ¬ ¬Û¬ı˛¶Û¬ı˛ ˘•§ ’é¬ ¤¬ı— GX, GY, GZ ˝√√˘

G ø¬ıμ≈ÀÓ¬ ‹ øÓ¬ÚøÈ¬¬ı˛ ¸˜±z¬¬ı˛±˘ ’é¬, Œ˚‡±ÀÚ G ˝√√˘ ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ˆ¬¬ı˛Àfl¡f (Centre of Mass, ¬ı±

Centre of Inertia)º ¬ıd≈¬øÈ¬¬ı˛ ¤fl¡øÈ¬ é≈¬^ ˆ¬¬ı˛-’—˙ P-ø¬ıμ≈ÀÓ¬ ’¬ıøàÔÓ¬, ˚±¬ı˛ àÔ±Ú±efl¡ O-x-y-z ¸±À¬ÛÀé¬

(x, y, z) ¤¬ı— GX-Y-Z ¸±À¬ÛÀé¬ (X, Y, Z)º ¤Â√±Î¬ˇ± Ox ˝◊√√Ó¬…±ø√ ¸±À¬ÛÀé¬ G-¤¬ı˛ àÔ±Úefl Òø¬ı˛ x y z, , º

’Ó¬¤¬ı x X x y Y y z Z z� � � � � �, ,  Ó¬±˝√√À˘ Ox ¸±À¬ÛÀé¬ ¬¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√√w±˜fl¡ ˝√√˘

A m y z m Y y Z z� 	 � 	 	 	 ( ) [( ) ( ) ]2 2 2 2

� � � � � �� � � �m Y Z y mY z mZ m y z( ) ( )( )2 2 2 22 2

øfl¡z≈¬, GX – GY – GZ ¸±À¬ÛÀé¬ ¬¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ àÔ±Ú±efl¡ ˝√√˘

mX

m

mY

m

mZ

m









� � �
�

��
�

��
0 0 0, ,  ’Ô«±» mX �� 0  ˝◊√√Ó¬…±ø√º

� A � � � ��m Y Z M y z( ) ( )2 2 2 2

� �� � � ��A M y z M m( ), (2 2
 ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛]

Œ˚‡±ÀÚ A� ˝√√˘ GX ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√√√w±˜fl¡ ¤¬ı— M y z( )2 2�  ˝√√˘ G-ŒÓ¬ ’¬ıøàÔÓ¬ ¤fl¡øÈ¬

M-ˆ¬¬ı˛ ø¬ıø˙©Ü ¬ıd≈¬fl¡Ì±¬ı˛ (particle of mass M) Ê√±Î¬…-√√w±˜fl¡ Ox-¤¬ı˛ ¸±À¬ÛÀé¬º ’Ô«±» ì¤fl¡øÈ¬ øÚø«√©Ü

¸¬ı˛˘À¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬ ¤fl¡øÈ¬ ‘√Ï¬ˇ¬¬ıd≈¬¬ı˛ Ê√±Î¬√…-√ √w√w√w√w√w±˜fl¡ ˝√√˘ ‹ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f·±˜œ ¸˜±z¬¬ı˛±˘ Œ¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬

¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√ √w√w√w√w√w±˜Àfl¡¬ı˛ ¤¬ı— ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡Àf ˚ø√ ¤fl¡øÈ¬ fl¡Ì± ’¬ıøàÔÓ¬ ˝√√˚˛ ˚±¬ı˛ ˆ¬¬ı˛ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬À¬ı˛¬ı˛ ¸˜±Ú,

Œ¬ı˛‡±øÈ¬¬ı˛ ¸±À¬ÛÀé¬ ‹ ¬¬ıd≈¬fl¡Ì±¬ı˛ Ê√±Î¬…-√ √w√w√w√w√w±˜Àfl¡¬ı˛ Œ˚±·Ù¬˘ºî

’±¬ı±¬ı˛, Oy, Oz ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-·≈ÌÙ¬˘Àfl¡ ˚ø√ D ¬ıø˘, Ó¬À¬ı,

D myz m Y y Z z� � � ��� ( )( )

� 	 	 	 mYZ yz m Y uz Z mz

� ��D Myz

Œ˚‡±ÀÚ D� ˝√√˘ GY, GZ-¤¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬… ·≈ÚÙ¬˘ ¤¬ı— Myz � ˝√√˘ M ˆ¬¬ı˛ø¬ıø˙©Ü ˆ¬¬ı˛Àfl¡Àf

’¬ıøàÔÓ¬ ¤fl¡øÈ¬ ¬ıd≈¬fl¡Ì±¬ı˛ GY, GZ-¤¬ı˛ ¸±À¬ÛÀé¬ Ê√±Î¬…-·≈ÌÙ¬˘º ’Ô«±», ì≈√øÈ¬ øÚø«√©Ü ¸¬ı˛˘À¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬ ¤fl¡øÈ¬

‘√Ï¬ˇ¬ıd≈¬¬ı˛ Ê√±Î¬…·≈ÌÙ¬˘ ˝√√˘ ‹ ¬¬ıd≈¬¬ı˛ ˆ¬¬ı˛Àfl¡f·±˜œ ≈√øÈ¬ ¸˜±z¬¬ı˛±˘ Œ¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…·≈ÌÙ¬˘ ¤¬ı— ‹
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¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡Àf ˚ø√ ¤fl¡øÈ¬ ¬ıd≈¬fl¡Ì± Ô±Àfl¡ ˚±¬ı˛ ˆ¬¬ı˛ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬À¬ı˛¬ı˛ ¸˜±Ú, Œ¬ı˛‡±≈√øÈ¬ ¸±À¬ÛÀé¬ Ó¬±¬ı˛ Ê√±Î¬…-·≈ÌÙ¬˘ñ

¤˝◊√√ ≈√˝◊√√À˚˛¬ı˛ Œ˚±·Ù¬À˘¬ı˛ ¸˜±Úºî

˘•§ ’Àé¬¬ı˛ Î¬◊¬Û¬Û±√… –

Ò¬ı˛± ˚±fl¡ ‘√Ï¬ˇ¬ıd≈¬øÈ¬ ¤fl¡øÈ¬ ¸˜Ó¬˘ (Plane lamina)º ‹ Ó¬À˘¬ı˛ ›¬ÛÀ¬ı˛ Ox, Oy ’é¬¡Z˚˛ ¤¬ı— Ó¬À˘¬ı˛

›¬Û¬ı˛ ˘•§ Oz ’é¬ øÚ˘±˜º

Ó¬À¬ı, Oz ¸±À¬ÛÀé¬ ¬¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√√w±˜fl¡ ˝√√˘ m x y( )2 2�� , Œ˚‡±ÀÚ m ˆ¬¬ı˛ø¬ıø˙©Ü ¬ıd≈¬-ˆ¬¬ı˛-’—À˙¬ı˛

àÔ±Ú±efl¡ (x, y, O)

� �� �mx my2 2

= x-’é¬ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√ √w±˜fl¡ +� y-’é¬ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√ √w±˜fl¡º

13.5 ¬fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì –

(i) ¸¬ı˛≈ ¸≈¯∏˜ √G¬ (Thin Uniform Rod) ˚±¬ı˛ ˆ¬¬ı˛ M ›

Δ√‚«… 2a.

Ò¬ı˛≈Ú √G¬øÈ¬ AB, ˚±¬ı˛ ˜Ò…ø¬ıμ≈ Oº PQ ˝√√˘ AB-ŒÓ¬ ’¬ıøàÔÓ¬

¤fl¡ é≈¬^ ˆ¬¬ı˛-’—˙, ˚± O ŒÔÀfl¡ x ”√¬ı˛ÀQ ’¬ıøàÔÓ¬º OP = x, PQ-¤¬ı˛ ˆ¬¬ı˛ ˝√√˘ 
M
a

x
2

, ,� Œ˚‡±ÀÚ �x

= PQ (PQ-¬ı˛ Δ√À‚«…]º

Ó¬±˝√√À˘, O-ø¬ıμ≈·±˜œ AB-¬ı˛ ›¬Û¬ı˛ ˘•§ ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬, Ê√±Î¬…-√√w±˜fl¡ ˝√√À¬ı,

M
a

x x m
a

x dx
a

a

2 2
2 2��

�
�
� �

�
�

[¤‡±ÀÚ ¬ıd≈¬øÈ¬ ¸z¬Ó¬ ¬ıÀ˘, Œ˚±·Ù¬˘øÈ¬Àfl¡ ’±˜¬ı˛± ¸˜±fl¡˘Ú ø˝√√À¸À¬ı õ∂fl¡±˙ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛]º

�
�
�
�
�
�

	

�

�

M
a

x Ma

a

a

2 3 3

3 2

’±¬ı±¬ı˛ A ø¬ıμ≈·±˜œ Î¬◊¬ÛÀ¬ı˛¬ı˛ Œ¬ı˛‡±¬ı˛ ¤fl¡øÈ¬ ¸˜±z¬¬ı˛±˘ ¸¬ı˛˘À¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬, Ê√±Î¬…-√ √w±˜fl¡ ˝√√À¬ı,

M
a

x x a M
a

x a dx
a

a

2 2
2 2��

�
�
� 	 � 	� �

�

( ) ( )

A O PQ B
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�
��

	

�
�

� �
�

M
a

x a M
a

a M a

a

a

2 3 2
8

3
4

3

3 3 2( ) .

[¤øÈ¬ ¸˜±z¬¬ı˛±˘ ’Àé¬¬ı˛ Î¬◊¬Û¬Û±√… ¡Z±¬ı˛± ¸˝√√ÀÊ√ ˝√√À¬ıñ¸˜±Ò±Ú fl¡¬ı˛≈Ú]º

(ii) ¸≈¯∏˜ ’±˚˛Ó¬±fl¡±¬ı˛ Ó¬˘ (Rectangular Lamina), ˚±¬ı˛ ˆ¬¬ı˛ M, Δ√‚«… 2a, õ∂àÔ 2b.

O-ø¬ıμ≈ ‹ ’±˚˛Ó¬Àé¬ÀS¬ı˛ Œfl¡fº ¤¬ı˛ øˆ¬Ó¬¬ı˛ ø√À˚˛ Δ√‚«… › õ∂ÀàÔ¬ı˛

¸˜±z¬¬ı˛±˘ ’é¬¡Z˚˛ Ox, Oy ŒÚ›˚˛± ˝√√˘º ¤‡Ú Δ√‚«… AB-¬ı˛

¸˜±z¬¬ı˛±˘ ’¸—‡… ¸¬ı˛˘À¬ı˛‡± ¡Z±¬ı˛± ’±˚˛Ó¬Àé¬SÀfl¡ ’¸—‡… ’Ó¬…z¬ ¸¬ı˛≈

’±˚˛Ó¬±fl¡±¬ı˛ Ù¬±ø˘ÀÓ¬ (strip) ø¬ıˆ¬q¡ fl¡¬ı˛± ˚±˚˛º ¸¬ı˛˘À¬ı˛‡±¬ı˛ ¸—‡…± ¬ı±øÎ¬ˇÀ˚˛

Œ·À˘ Œ˙ ∏̄¬Û «̊z¬ õ∂øÓ¬øÈ¬ Ù¬±ø˘ ¤fl¡¤fl¡øÈ¬ õ∂àÔ √̋√œÚ ¸¬ı˛̆ À¬ı˛‡±fl‘¡øÓ¬ √ÀG¬¬ı˛ ˜ÀÓ¬±

˝√√À¬ıº PQ ¤¬ı˛”¬Û ¤fl¡øÈ¬ √G¬ ˝√√À˘, ¤¬ı˛ ˜Ò…ø¬ıμ≈ ø√À˚˛ Oy ˚±À¬ı ¤¬ı—

Oy ¸±À¬ÛÀé¬ ¤¬ı˛ Ê√±Î¬…-√√w±˜fl¡ ˝√√À¬ı, ( ). ,M a
PQ

2

3
 Œ˚‡±ÀÚ MPQ ˝√√˘

PQ-¬ı˛ ˆ¬¬ı˛, ¤¬ı— PQ = 2aº ’Ó¬¤¬ı, Oy-¸±À¬ÛÀé¬ ¸˜¢∂ Ó¬˘øÈ¬¬ı˛ Ê√±Î¬…-√√w±˜fl¡ ˝√√˘ ( ) ,M a M a
PQ

2 2

3 3
��

Œ˚‡±ÀÚ M MPQ �� º

¤fl¡˝◊√√ˆ¬±À¬ı, Ox-¸±À¬ÛÀé¬ Ê√±Î¬…-√√w±˜fl¡ ˝√√À¬ı M b2

3
 ¤¬ı— ˘•§-’Àé¬¬ı˛ Î¬◊¬Û¬Û±√… ’Ú≈˚±˚˛œ, Oz ˚ø√ Ó¬À˘¬ı˛

›¬Û¬ı˛ ˘•§ ˝√√˚˛ Ó¬À¬ı ¤¬ı˛ ¸±À¬ÛÀé¬ Ê√±Î¬…-√√w±˜fl¡ ˝√√˘ M(b2 + a2)/3.

(iii) ’±˚˛Ó¬±fl¡±¬ı˛ ‚Ú¬ıd≈¬ (Rectangular Parallelopiped) ˚±¬ı˛ ˆ¬¬ı˛ M › Ò±¬ı˛·≈ø˘¬ı˛ Δ√‚«… ˚Ô±√flË¡À˜

2a, 2b › 2c.

¤Àé¬ÀS› ’±˜¬ı˛± Œfl¡f O-·±˜œ ¤fl¡øÈ¬ ’é¬ Ox øÚ ◊̋√√, Œ˚øÈ¬ ˜ÀÚ fl¡¬ı˛± ˚±fl¡ 2a-Δ√‚«…ø¬ıø˙©Ü Ò±¬ı˛øÈ¬¬ı˛ ¸˜±z¬¬ı˛±˘º

‚Úfl¡øÈ¬Àfl¡ ˆ¬±¬ıÀÓ¬ ¬Û±ø¬ı˛ ‹ ’é¬øÈ¬¬ı˛ ›¬Û¬ı˛ ˘•§ ’¸—‡… ’±˚˛Ó¬±fl¡±¬ı˛ Ó¬˘ ¡Z±¬ı˛± ·øÍ¬Ó¬º õ∂øÓ¬øÈ¬ Ó¬À˘¬ı˛ Ê√±Î¬…-√√w±˜fl¡

Ox-¸±À¬ÛÀé¬ = [Ó¬À˘¬ı˛ ˆ¬¬ı˛] × 
b c2 2

3
�

. ’Ó¬¤¬ı ¸¬ıfl¡øÈ¬ Ó¬À˘¬ı˛ ›¬Û¬ı˛ Œ˚±· fl¡À¬ı˛, Ox-¸±À¬ÛÀé¬ ¬‚ÚøÈ¬¬ı˛

Ê√±Î¬…-√√w±˜fl¡ ˝√√À¬ı � (Ó¬À˘¬ı˛ ˆ¬¬ı˛] 
b c M b c2 2 2 2

3 3
�

�
�

.

¤ˆ¬±À¬ı ˚ø√ Oy, 2b-Δ√À‚«…¬ı˛ ¸˜±z¬¬ı˛±˘ ˝√√˚˛, Ó¬À¬ı Oy-¸±À¬ÛÀé¬ Ê√±Î¬…-√√w±˜fl¡ M c a2 2

3
�

 ¤¬ı— Oz,

2c-Δ√À‚«…¬ı˛ ¸˜±z¬¬ı˛±˘ ˝√√˚˛ Ó¬À¬ı, Oz-¸±À¬ÛÀé¬ Ê√±Î¬…-√√w±˜fl¡ M a b2 2

3
�

.
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(iv) ¤fl¡øÈ¬ ¬ı‘ÀM√√¬ı˛ ¬Ûø¬ı˛¸œ˜± (Circumference of a Circle) ˚±¬ı˛ ˆ¬¬ı˛ M, Œflf O, ¬ı…±¸±Ò« a

Ox Œfl¡f·±˜œ ¤fl¡øÈ¬ ’é¬, PQ ¤fl¡øÈ¬ é≈¬^ ’—˙ Δ‚«… (elementary

length) Œ˚‡±ÀÚ �XOP = , �POQ = ��

� PQ  = a� ¤¬ı— ¤¬ı˛ ˆ¬¬ı˛ 
M

a
a

2�
���

Ox ¸±À¬ÛÀé¬ PQ-¬ı˛ Ê√±Î¬…-√√w±˜fl¡ 
M

a
a

2�
���

�
�
�  (a sin )2

Ox ¸±À¬ÛÀé¬ ¬ı‘ÀM√√¬ı˛ ¬Ûø¬ı˛¸œ˜±¬ı˛ Ê√±Î¬…-√√w±˜fl¡ 
M

a
a a Ma

2 2
2

2

0

2

�
	 �

�

� � ( sin ) ��
(v) ¤fl¡øÈ¬ ¬ı‘M√√±fl¡±¬ı˛ ‰¬±fl¡øÓ¬ (Circular Disc) ˆ¬¬ı˛ M, Œfl¡f O, ¬ı…±¸±Ò« a.

‰¬±fl¡øÓ¬øÈ¬Àfl¡ ’¸—‡… ¸˜Àfl¡øffl¡ ¬ı‘ÀM√√¬ı˛ ¡Z±¬ı˛± ’¸—‡… ’±—øÈ¬ÀÓ¬ (ring) ø¬ıˆ¬q¡ fl¡¬ı˛± ˚±˚˛, Œ˚˜Ú, Â√ø¬ıÀÓ¬ ≈√øÈ¬

¬ı‘M√√ Œ√‡±ÀÚ± ˝√√À˚˛ÀÂ√ ˚±À√¬ı˛ ¬ı…±¸±Ò« r › r + �r, ˚Ó¬˝◊√√ ¤˝◊√√ ¸¬ı ¬ı‘ÀM√√¬ı˛ ¸—‡…±

¬ı±Î¬ˇÀ¬ı, õ∂øÓ¬øÈ¬ ’±—øÈ¬ ¤fl¡øÈ¬ é¬œÌ ¬ı‘ÀM√√ ¬Ûø¬ı˛ÌÓ¬ ˝√√À¬ıº

r › r + �r-¤¬ı˛ ˜ÀÒ…¬ı˛ ’±—øÈ¬¬ı˛ ˆ¬¬ı˛ ˝√√˘ 
M
a

r r
�

� 
2

2� ¤¬ı— Ox-

¸±À¬ÛÀé¬ ¤¬ı˛ Ê√±Î¬…-√√w±˜fl¡ 
M
a

r r r
�

� 
2

2
2

2
��

�
�
� .

� Ox-¸±À¬ÛÀé¬ ¬ı‘ÀM√√¬ı˛ Ê√±Î¬…-√√w±˜fl¡,

M
a

r dr Ma
a

2
3

0

2

4� �

˜z¬¬ı… – ˘•§-’Àé¬¬ı˛ Î¬◊¬Û¬Û±√… ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ Œ√‡±ÀÚ± ˚±˚˛ Œ˚, Œfl¡f·±˜œ ˘•§-’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ¬ı‘ÀM√√¬ı˛

¬Ûø¬ı̨¸œ˜±¬ı̨ Ê√±Î¬…-√√w±˜fl¡ √̋√̆  
Ma Ma Ma

2 2
2

2 2
� �  ¤¬ı— ¬ı‘M√√±fl¡±¬ı̨ ‰¬±fl¡øÓ¬¬ı̨ Ê√±Î¬…-√√w±˜fl¡ 

Ma Ma Ma2 2 2

4 4 2
� � .

(vi) Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ ‰¬±fl¡øÓ¬ (Elliptic Disc), ˚±¬ı˛ ˆ¬¬ı˛ M, ’é¬≈√øÈ¬¬ı˛ Δ√‚«… 2a › 2b ¤¬ı— Œfl¡f·±˜œ

Ox, Oy ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ¤¬ı˛ ¬Ûø¬ı˛¸œ˜±¬ı˛ ¸˜œfl¡¬ı˛Ì 
x
a

y
b

2

2

2

2
1� � .

Î¬◊¬Û±é¬ (minor axis) y-’Àé¬¬ı˛ ¸Àe· ¸˜±z¬¬ı˛±˘ Œ¬ı˛‡± ¡Z±¬ı˛± ‰¬±fl¡øÓ¬øÈ¬Àfl¡ ’¸—‡… √ÀG¬ ø¬ıˆ¬q¡ fl¡¬ı˛± ˚±˚˛º

Ó¬±¬ı˛ ¤fl¡øÈ¬ PQ, Qy ŒÔÀfl¡ x-≈√¬ı˛ÀQ ’¬ıøàÔÓ¬ › ¤¬ı˛ õ∂àÔ �x.
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P-¤¬ı˛ àÔ±Ú±efl¡ (a cos ��� b sin �), ˝√√À˘, Q-¤¬ı˛ ˝√√À¬ı (a cos ��� –b sin �). ’Ó¬¤¬ı PQ-

¤¬ı˛ ˆ¬¬ı˛ ˝√√˘ 
M b x

ab
M
ab

b a
( sin )

( sin ) ( cos )
2

2
� �

� �
� � ��  ¤¬ı— Ox ¸±À¬ÛÀé¬ ¤¬ı˛ Ê√±Î¬…-√√w±˜fl¡ ˝√√˘,

� �
M b a

ab
b( sin ) ( cos ) ( sin )2

3

2�  �

�

�
 (PQ-¤¬ı˛ Δ√‚«… 2b sin �)

� Ox-¸±À¬ÛÀé¬ ‰¬±fl¡øÓ¬øÈ¬¬ı˛ Ê√±Î¬…-√√w±˜fl¡

� �2 2
3

2

0 2 2
M

b d a
ab

b

�

� �

�

�sin ( cos )
.

sin

(A ø¬ıμ≈ÀÓ¬ �
�

�
2  ¤¬ı— B ø¬ıμ≈ÀÓ¬ �� = 0 ¤¬ı— ‰¬±fl¡øÓ¬øÈ¬ Oy-¸±À¬ÛÀé¬ ¸‘√˙ (symmetric))

�
��

��
�
���4

3
1 2

2

2
2

0

2
Mb d
�

�
�

�

cos

�
Mb2

4
.

¤fl¡˝◊√√ˆ¬±À¬ı Oy-¸±À¬ÛÀé¬ ‰¬±fl¡øÓ¬¬ı˛ Ê√±Î¬…-√√w±˜fl¡ 
Ma2

4
 ¤¬ı— ˘•§ ’é¬ Oz-¸±À¬ÛÀé¬ M a b2 2

4
	�

�
�
� �

(vii) Ù¬“√±¬Û± Œ·±˘fl¡ (Hollow Sphere) ¤fl¡øÈ¬ ¬ı…±¸ (diamater)-¤¬ı˛ ¸±À¬ÛÀé¬º

Ù¬“√±¬Û± Œ·±˘fl¡øÈ¬Àfl¡ ¤fl¡øÈ¬ ¬ı…±À¸¬ı˛ ›¬Û¬ı˛ ˘•§ ¬Û¬ı˛¶Û¬ı˛ ¸˜±z¬¬ı˛±˘ Ó¬À˘¬ı˛

¡Z±¬ı˛± fl¡À˚˛fl¡øÈ¬ Ù¬±ø˘ÀÓ¬ ø¬ıˆ¬q¡ fl¡¬ı˛± ˚±˚˛, Œ˚˜Ú PQ. ˚±À√¬ı˛ õ∂øÓ¬øÈ¬¬ı˛ ¬Ûø¬ı˛¸œ˜±

¤fl¡øÈ¬ ¬ı‘M√√º

¬ı…±¸øÈ¬Àfl¡ x-’é¬ Ò¬ı˛À˘, ’é¬øÈ¬ ¬ı‘M√√·≈ø˘¬ı˛ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ˘•§ › Œflf·±˜œº

Ox-¸±À¬ÛÀé¬ PQ-Ê√±Î¬…-√√w±˜fl¡ ˝√√˘ 
M
a

a
4

2
2�

� 	��
�

�
�sin  (a�). (a sin )2

�
Ma2

3
2

sin 	 	 � [Â√ø¬ı ^©Ü¬ı…]



180

NSOU

� Ox-¸±À¬ÛÀé¬ Ù¬“√±¬Û± Œ·±˘Àfl¡¬ı˛ Ê√±Î¬…-√√w±˜fl¡ ˝√√˘,

Ma d Ma

a

2
3

2

2
2

3
sin � �

�

� �

M, Ù¬“√±¬Û± Œ·±˘fl¡øÈ¬¬ı˛ ˆ¬¬ı˛º

(vii) ¤fl¡øÈ¬ ‚Ú Î¬◊¬Û¬ı‘M√√fl¡ (Solid Ellipsoid) ˚±¬ı˛ ¬Ûø¬ı˛¸œ˜±¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√˘ 
x
a

y
b

z
c

2

2

2

2

2

2
1� � � ,

¤fl¡øÈ¬ ≈̃‡…-’é¬ (Principal axis) ¸±À¬ÛÀé¬ ¤¬ı˛ Ê√±Î¬…-√√w±˜fl¡ øÚÌ«˚˛ fl¡¬ı˛± ˝√√À¬ıº

Ò¬ı˛± ˚±fl¡, Î¬◊¬Û¬ı‘M√√fl¡øÈ¬Àfl¡ x-’Àé¬¬ı˛ ›¬Û¬ı˛ ˘•§ ¬Û¬ı˛¶Û¬ı˛ ¸˜±z¬¬ı˛±˘

Ó¬À˘¬ı˛ ¡Z±¬ı˛± ‰¬±fl¡øÓ¬ÀÓ¬ ø¬ıˆ¬q¡ fl¡¬ı˛± √̋√̆ , õ∂øÓ¬øÈ¬ ‰¬±fl¡øÓ¬ ◊̋√√ ¤fl¡øÈ¬ Î¬◊¬Û¬ı‘ÀM√√¬ı˛

’±fl¡±À¬ı˛ ˝√√À¬ı ¤¬ı— y-o-z Ó¬À˘¬ı˛ ¸Àe· ¸˜±z¬¬ı˛±˘ ˝√√À¬ıº Ò¬ı˛± ˚±fl¡,

¤¬ı˛fl¡˜ ¤fl¡øÈ¬ ‰¬±fl¡øÓ¬ y-o-z Ó¬˘ ŒÔÀfl¡ x ”√¬ı˛ÀQ ’±ÀÂ√ ¤¬ı— ¤¬ı˛

õ∂àÔ �x.

Â√ø¬ıÀÓ¬ Î¬◊¬Û¬ı‘M√√Àfl¡¬ı˛ ¤fl¡øÈ¬ ’—˙ Œ√‡±ÀÚ± ˝√√À˚˛ÀÂ√, Œ˚øÈ¬ x ��0,

y �� 0, z � 0 ¤ ◊̋√√ ’©ÜÀfl¡ (octant) ’¬ıøàÔÓ¬º OA, OB, OC

˜≈‡… ’Àé¬¬ı˛ ’ÀÒ«fl¡º ‹ ‰¬±fl¡øÓ¬øÈ¬ ¤fl¡øÈ¬ Î¬◊¬Û¬ı‘M√√, ˚±¬ı˛ ˜≈‡… ’é¬ O�Q, O�P ¤¬ı— Œfl¡f O�, Œ˚‡±ÀÚ,

O P c x
a

O Q b x
a

� � � � � �1 1
2

2

2

2
, , Œ˚À˝√√Ó≈¬ OO� = x.

‰¬±fl¡øÓ¬øÈ¬¬ı˛ Œé¬SÙ¬˘ �.O�P.O�Q-¤¬ı˛ ˆ¬¬ı˛ ˝√√˘ � � �bc x x
a

. . ,1
2

2
�

�
�

�
�

Œ˚‡±ÀÚ �� Î¬◊¬Û¬ı‘M√√Àfl¡¬ı˛ ‚ÚQ (density)º

� Ox [˘•§-’é¬]-¤¬ı˛ ¸±À¬ÛÀé¬ ‰¬±fl¡øÓ¬øÈ¬¬ı˛ Ê√±Î¬…-√√w±˜fl¡ � �
�
�

�
�

�
��

�
��

� � �
� �bc x

a
x

PO QO
1

4

2

2

2 2

� �
�
�

�
�

�
�  �bc x x

a
b c1

4

2

2

2 2 2
.

� Ox-¸±À¬ÛÀé¬ Î¬◊¬Û¬ı‘M√√Àfl¡¬ı˛ Ê√±Î¬…-√√w±˜fl¡

�
	

�
�
�

�
�

�
�� ��bc b c x

a
x

a

a2 2 2

2

2

4
1

� �
�

� �
�

� �abc b c M b c2 2 2 2

4
16
15 5

.
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Œ˚‡±ÀÚ M abc�
�
�

�
�

4
3
� �  ˝√√˘ Î¬◊¬Û¬ı‘M√√Àfl¡¬ı˛ ˆ¬¬ı˛º

¤fl¡ ◊̋√√ˆ¬±À¬ı ˚Ô±√flË¡À˜ Oy › Oz-¤¬ı˛ ¸±À¬ÛÀé¬ Î¬◊¬Û¬ı‘M√√Àfl¡¬ı˛ Ê√±Î¬…-√√w±˜fl¡ ˝√√˘ M c a2 2

5
�

 › M a b2 2

5
�

.

(ix) ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ¤¬ı— ˆ”¬ø˜¬ı˛ ¸Àe· ¸˜±z¬¬ı˛±˘, ’Àé¬¬ı˛ ›¬Û¬ı˛ ˘•§ › ˙œ¯∏«·±˜œ ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡±¬ı˛

¸±À¬ÛÀé¬, ¤fl¡øÈ¬ ‚Ú ˘•§ ¬ı‘M√√œ˚˛ ˙efl≈¡ (Right Circular Cone)-¬ı˛ Ê√±Î¬…-

√√w±˜fl¡º

˙efl≈¡øÈ¬¬ı˛ ˙œ¯∏«ø¬ıμ≈ A, ˆ”¬ø˜ ¤fl¡øÈ¬ ¬ı‘M√√, ˚±¬ı˛ Œfl¡f O, AO ’é¬, BC

¤fl¡øÈ¬ ˆ”¬ø˜¬ı˛ ¬ı…±¸º AK, BC-¤¬ı˛ ¸˜±z¬¬ı˛±˘ ¤fl¡øÈ¬ Œ¬ı˛‡±º Ò¬ı˛± ˚±fl¡, ˙efl≈¡¬ı˛

Î¬◊2‰¬Ó¬± (hight) h, ¤¬ı— ˆ”¬ø˜¬ı˛ ¬ı…±¸±Ò« a, ˙œ¯∏«Àfl¡±Ì (vertical angle)

2� ¤¬ı— ˆ¬¬ı˛ M ˆ”¬ø˜¬ı˛ ¸Àe·º ¸˜±z¬¬ı˛±˘ ¸˜Ó¬˘¡Z±¬ı˛± ˙efl≈¡Àfl¡ ¸¬ı˛≈ ¬ı‘M√√±fl¡±¬ı˛

‰¬±fl¡øÓ¬ÀÓ¬ ø¬ıˆ¬q¡ fl¡¬ı˛± ˝√√˘º

A-Œfl¡ ˜”˘ø¬ıμ≈, AO ¬ı¬ı˛±¬ı¬ı˛ x-axis ŒÚ› ˛̊± ˝√√˘º

PQ ‰¬±fl¡øÓ¬øÈ¬ ¬ı‘M√√±fl¡±¬ı˛ ¤¬ı— A ŒÔÀfl¡ x ”√¬ı˛ÀQ ’¬ıøàÔÓ¬, ¤¬ı— ¤¬ı˛ õ∂àÔ �x.

AO ˘•§-’é¬, ˚±¬ı˛ ¸±À¬ÛÀé¬ PQ ‰¬±fl¡øÓ¬¬ı˛ Ê√±Î¬…-√ √w±˜fl¡ (PQ-¤¬ı˛ ˆ¬¬ı˛]. 
�

��� ��������	
�����

� � � � �
�

�( tan ) . . ( tan ) .x x x2
2

2
 ˝√√˘ ˙efl≈¡¬ı˛ ‚ÚQ

� AO ¸±À¬ÛÀé¬ ˙efl≈¡øÈ¬¬ı˛ Ê√±Î¬…-√√w±˜fl¡ ˝√√À¬ı,

��
�

�
� �

2 10
4

0

4 4 5x dx h
h

� �tan . tan .

øfl¡z≈¬ a = h tan �� ¤¬ı— M a h�
1
3

2� �

� Ê√±Î¬…-√√w±˜fl¡ �
3

10

2Ma
.

AK-¸±À¬ÛÀé¬ PQ-¤¬ı˛ Ê√±Î¬…-√√w±˜fl¡ Œ¬ı¬ı˛ fl¡¬ı˛ÀÓ¬ ˝√√À˘ ¸˜±z¬¬ı˛±˘ ’Àé¬¬ı˛ Î¬◊¬Û¬Û±√… ¬ı…¬ı˝√√±¬ı˛ fl¡¬ı˛± ˚±˚˛º AM-

¤¬ı˛ ¸Àe· ¸˜±z¬¬ı˛±˘ PQ ‰¬±fl¡øÓ¬øÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı…±¸ ’±ÀÂ√, ˚±¬ı˛ ¸±À¬ÛÀé¬ ‰¬±fl¡øÓ¬øÈ¬ Ê√±Î¬…-√√w±˜fl¡º

�� �
�

�
��

� �( tan ) . ( tan ) tanx x x x x2
2

4 4
4 4

�

’Ó¬¤¬ı, AM ¸±À¬ÛÀé¬ ‰¬±fl¡øÓ¬øÈ¬¬ı˛ Ê√±Î¬…-√√w±˜fl¡ = 
��

�  �� � 
4

4 4 2 2x x x x xtan ( tan )
�
��

�
�� � .

� AM ¸±À¬ÛÀé¬ ˙efl≈¡¬ı˛ Ê√±Î¬…-√√w±˜fl¡,
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��
�� �

4
4 4 4 2

00

tan tanax dx x dx
hh

� ��

= 3
20

3
5

3
20

4
2 2

2 2Ma Mh M a h� � �� �
(x) ¤fl¡øÈ¬ ‚Ú ¬ı‘M√√±fl‘¡øÓ¬ Œ¬ı˘Ú (Solid Right Circular Cylinder)º

Cylinder øÈ¬Àfl¡ ’Àé¬¬ı˛ ›¬Û¬ı˛ ˘•§ ¸˜±z¬¬ı˛±˘ Ó¬˘ ¡Z±¬ı˛± ¬ı‘M√√±fl¡±¬ı˛ ‰¬±fl¡øÓ¬ÀÓ¬ ø¬ıˆ¬q¡ fl¡¬ı˛± ˚± ˛̊, ˚±À√¬ı˛ Œ˚Àfl¡±ÀÚ±

¤fl¡øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ˝√√˘ [ˆ¬¬ı˛] 
a2

2
    [a Œ¬ı˘ÚøÈ¬¬ı˛ ¬ı…±¸±Ò«]

� Œ¬ı˘ÚøÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬, ˝√√À¬ı �	 [‰¬±fl¡øÓ¬¬ı˛ ˆ¬¬ı˛] 
a M a3 2

3 2
� ,

Œ˚‡±ÀÚ M ˝√√˘ Œ¬ı˘ÚøÈ¬¬ı˛ ˆ¬¬ı˛º

(xi) ABC ¤fl¡øÈ¬ øSˆ≈¬Ê√ ˝√√À˘ A ø¬ıμ≈ÀÓ¬ BC-¬¤¬ı˛ ¸Àe· ¸˜±z¬¬ı˛±˘ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ¤¬ı— A ø¬ıμ≈·±˜œ

BC-¬ı˛ ›¬Û¬ı˛ ˘•§ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ [øSˆ≈¬ÀÊ√¬ı˛ AK || BC, AN 
	 BC Ê√±Î¬… √w¬±˜fl¡ øÚÌ«̊ ˛ ¤¬ı— A-·±˜œ

Ó¬À˘¬ı˛ ›¬Û¬ı˛ ˘•§ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬

AD = h øSˆ≈¬ÀÊ√¬ı˛ Î¬◊2‰¬Ó¬±º BC-¬ı˛ ¸˜±z¬¬ı˛±˘ ¸¬ı˛˘À¬ı˛‡± ¡Z±¬ı˛± ABC-

Œfl¡ ¸¬ı˛≈¸¬ı˛≈ Ù¬±ø˘ÀÓ¬ ø¬ıˆ¬q¡ fl¡¬ı˛± ˝√√˘ñ¤¬ı˛fl¡˜ ¤fl¡øÈ¬ Ù¬±ø˘, A ŒÔÀfl¡ x ”√¬ı˛ÀQ

’¬ıøàÔÓ¬, AN › AD, PQ-Œfl¡ N�	 › D�-¤ ŒÂ√√ fl¡À¬ı˛ ¤¬ı— Ù¬±ø˘¬ı˛

õ∂àÔ �x.

øSˆ≈¬Ê√øÈ¬¬ı˛ ˆ¬¬ı˛ M › ‚ÚQ �	 ˝√√À˘ � � �M

ah
a BC

1
2

, .  AK-¬¤¬ı˛

¸±À¬ÛÀé¬ Ù¬±ø˘¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ = [Ù¬±ø˘¬ı˛ ˆ¬¬ı˛], x2 = (PQ. �x)x2º øfl¡z≈¬ PQ x
h

BC ax
h

� �

� AK-¤¬ı˛ ¸±À¬ÛÀé¬ ¸˜¢∂ øSˆ≈¬Ê√øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ = �ax
h

dx x Mh
h �
�

�
� �� 2

2

0
2

AN-¸±À¬ÛÀé¬ PQ-¤¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ ˝√√˘

x a
h

x ax
h

N D
�
��

�
�
�
�
�
�
� � � �

�
�	

�
�


1
3 2

2
2� �  ¸˜±z¬¬ı˛±˘ ’Àé¬¬ı˛ Î¬◊¬Û¬Û±√…

= 
x a
h

x ax
h

x
h

ND
�
� 1

3 2

2 2

2
2�

�
�
� �

�
�	

�
�


� AN ¸±À¬ÛÀé¬ øSˆ≈¬ÀÊ√¬ı˛ Ê√±Î¬…-√w¬±˜fl¡
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x a
h

ax
h

x
h

ND dx
h

��
�

�
�
�
�
�
� �

�
�	

�
�
� 1

3 2

2 2

2
2

0

= � �a h ah
ND

3 2

48 4
�  �

= �� �3
2 2

48 4
h ah

AD h� �� �

= Ma M AD Mh2 2 2

24 2 2
� � � �

� AZ, A ø¬ıμ≈ÀÓ¬ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ˘•§ ˝√√À˘, Ó¬±¬ı˛ ¸±À¬ÛÀé¬ Ê√±Î¬…-√w¬±˜fl¡ = Ma M AD
2

2
24 2

� � �,

Œ˚‡±ÀÚ AD b c a2
2 2 22 2

4
� � �

 [’…±À¬Û±À˘±øÚ˚˛±À¸¬ı˛ Î¬◊¬Û¬Û±√…]

� øÚÀÌ«˚˛ √w¬±˜fl¡ = M b c a
12

3 32 2 2� �� �º

13.6 Ê√±Î¬…-√w¬±˜fl¡ ¸•Ûøfl«¡Ó¬ Î¬◊¬Û¬ı‘M√√fl¡ (Momental Ellipsoid) ¤¬ı— õ∂Ò±Ú

’é¬ (Principal Axes)

Ò¬ı˛± ˚±fl¡, Ox, Oy, Oz øS˜±øSfl¡ Œ√À˙ øÚø«√©Ü ’é¬º

A, B, C ˚Ô±√flË¡À˜ Ox, Oy, Oz ¸±À¬ÛÀé¬ ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ ¤¬ı— D, E, F ˚Ô±√flË¡À˜ Oy,

Oz ; Oz, Ox ; Ox, Oy ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-·≈ÌÙ¬˘º

OQ, O ø¬ıμ≈·±˜œ ¤fl¡øÈ¬ Œ¬ı˛‡± ˚±¬ı˛ ø√fl¡-Œfl¡±¸±˝◊√√Ú

[��	 ��	 v]

P(x, y, z) ø¬ıμ≈ÀÓ¬ ¬ıd≈¬øÈ¬¬ı˛ ¤fl¡øÈ¬ é≈¬^ ˆ¬¬ı˛-’—˙ ’¬ıøàÔÓ¬

˚±¬ı˛ ˆ¬¬ı˛ m, PM 
	 OQ ¤¬ı— P ø¬ıμ≈øàÔÓ¬ m ˆ¬À¬ı˛¬ı˛ Ê√±Î¬…-

√w¬±˜fl¡ OQ-¬ı˛ ¸±À¬ÛÀé¬ ˝√√À¬ı m.PM2

øfl¡z≈¬, OP
���

 = [x, y, z]

¤¬ı— OQ
���

 ¬ı¬ı˛±¬ı¬ı˛ ¤fl¡fl¡ Œˆ¬"√√¬ı˛ [��	 ��	 v]

� OM = OP
���

. [��	 ��	 v] = �x + �y + vz

� PM2 = OP2 – OM2 = (x + y + z)2 – (�x + �y + vz)2
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= x y z v xy vyz v zx2 2 2 2 2 21 1 1 2 2 2� � � � � � � �� � �� � �� � � � � �

= x v y v z xy vyz v zx2 2 2 2 2
2

2 2 2 2 2 2� � � � �� � �� � � � � � � �� � � � � �
� OQ ¸±À¬ÛÀé¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ ˝√√˘,

�m.PM2

= �m x v y v z xy vyz v zx2 2 2 2 2 2 2 2 2 2 2 2� � � � �� � �� � � � � � � �� � � � � � �

= �m � � �� � �2 2 2 2 2 2 2 2 2 2y z x z v x y m xy vyz v zx� � � � � � � �� � � � � �� � � ��

= � � � �� ��2 2 2 2 2 2A B v C vD E F� � � � �

¤‡Ú Ò¬ı˛± ˚±fl¡ OQ ¸¬ı˛˘À¬ı˛‡±¬ı˛ ›¬Û¬ı˛ Q ¤˜Ú ¤fl¡øÈ¬ ø¬ıμ≈ Œ˚, OQ-¬ı˛ ¸±À¬ÛÀé¬ ‘√Ï¬ˇ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬-√w¬±˜fl¡

OQ  ”√¬ı˛ÀQ¬ı˛ ¬ıÀ·«¬ı˛ ¸Àe· ¬ı…d¬±Ú≈¬Û±øÓ¬fl¡ (inversely proportional to OQ 2 ).

’Ô«±», A B Cv D v E v F
OQ

MK

OQ
� � � � ��2 2 2

2

4

22 2 2 1� � � � � � � , ¬ı˘± ˚± ˛̊, Œ˚‡±ÀÚ, M

¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛ › K, ¤fl¡øÈ¬ ÒË≈¬ıfl¡¬ı˛±ø˙º [K-¤¬ı˛ ˜±S± ˝√√˘ Δ√À‚«…¬ı˛]º

Q-¤¬ı˛ àÔ±Ú±—fl¡ (x, y, z) ˝√√À˘,

Œ˚À˝√√ÀÓ≈¬ OQ-¬ı˛ ¸˜œfl¡¬ı˛Ì 
x y z

v
x y z

v
OQ

� � � �
� � �

� �

� �
�

2 2 2

2 2
2

� � � x
OQ

 ˝◊√√Ó¬…±ø√º

� Q ø¬ıμ≈¬ı˛ ¸=±¬ı˛¬ÛÔ ˝√√À¬ı

Ax By Cz Dyz Ezx Fxy MK2 2 2 42 2 2� � � � � �

¬ı“√±ø√Àfl¡¬ı˛ ¬ı˛±ø˙˜±˘±øÈ¬ øÚø(Ó¬ ÒÚ±Rfl¡ (positive definite) ˝√√›˚˛±ÀÓ¬, ›¬ÛÀ¬ı˛¬ı˛ ¸˜œfl¡¬ı˛ÌøÈ¬ O ø¬ıμ≈ÀÓ¬

Œfl¡f ≈̊q¡ ¤fl¡øÈ¬ Î¬◊¬Û¬ı‘M√√fl¡ (ellipsoid)º ¤Àfl¡ ¬ı˘± √̋√̊ ˛ O-ø¬ıμ≈ÀÓ¬ ¤ ◊̋√√ ‘√Ï¬ˇ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ ¸•Ûøfl«¡Ó¬ Î¬◊¬Û¬ı‘M√√fl¡º

Œ˚À˝√√Ó≈¬ Q-¤¬ı˛ ¸—:± ø¬ıÀ˙¯∏ˆ¬±À¬ı Ox, Oy, Oz ’Àé¬¬ı˛ ›¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ Ú˚˛, Œ¸À˝√√Ó≈¬ ¬ı˘± ˚±˚˛ Œ˚

O ø¬ıμ≈ÀÓ¬ Œ˚Àfl¡±ÀÚ± øÓ¬ÚøÈ¬ ¬Û¬ı˛¶Û¬ı˛ ˘•§-’Àé¬¬ı˛ ¸±À¬ÛÀé¬ Q-¬ı˛ ¸=±¬ı˛¬ÛÔ ¤fl¡˝◊√√ Î¬◊¬Û¬ı‘M√√fl¡ ˝√√À¬ıº ’±¬ÛÚ±¬ı˛± Ê√±ÀÚÚ

Œ˚ Œ˚Àfl¡±ÀÚ± ¤ø˘¬Û¸À˚˛ÀÎ¬¬ı˛ Ê√Ú… Ó¬±¬ı˛ Œfl¡f·±˜œ ¤˜Ú øÓ¬ÚøÈ¬ ¬Û¬ı˛¶Û¬ı˛ ˘•§ ’é¬ ¬Û±›˚˛± ˚±˚˛, ˚±À√¬ı˛ ¸±À¬ÛÀé¬

ø˘‡À˘ Î¬◊¬Û¬ı‘M√√Àfl¡¬ı˛ ¸˜œfl¡¬ı˛ÀÌ xz, zx › yx Ê√øÎ¬ˇÓ¬ ¬Û√·≈ø˘ ’Ú≈¬ÛøàÔÓ¬ Ô±Àfl¡º ¤À√¬ı˛ ¬ı˘± ˝√√˚˛ Î¬◊¬Û¬ı‘M√√Àfl¡¬ı˛

≈̃‡… ¬ı± õ∂Ò±Ú ’é¬ (principal axis)º ›¬ÛÀ¬ı˛¬ı˛ Ê√±Î¬-√w¬±˜fl¡ ¸•Ûøfl«¡Ó¬ Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛Àfl¡› ‹ ˜≈‡…-’Àé¬¬ı˛ ¸±À¬ÛÀé¬

Œ˘‡± ˚± ˛̊,
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� � � � � �A x B y C z MK2 2 2 4 ¤˝◊√√¬ı˛”À¬Ûº ¤˝◊√√ ˜≈‡… ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ‘√Ï¬ˇ¬¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡·≈ø˘ ˝√√˘

	 	 	A B C, ,  ¤¬ı— õ∂øÓ¬øÈ¬ Ê√±Î¬…-·≈ÌÙ¬˘˝◊√√ ˙”Ú…º

’Ó¬¤¬ı ’±˜¬ı˛± ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛ñ

ìŒ˚Àfl¡±ÀÚ± ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Ê√Ú…˝◊√√ øS˜±øSfl¡ Œ√À˙¬ı˛ õ∂øÓ¬øÈ¬ ø¬ıμ≈ÀÓ¬ ¤˜Ú øÓ¬ÚøÈ¬ ¬Û¬ı˛¶Û¬ı˛ ˘•§ ’é¬ Ô±fl¡À¬ı, ˚±À√¬ı˛

¸±À¬ÛÀé¬ [≈√øÈ¬ ≈√øÈ¬ fl¡À¬ı˛ øÚÀ˚˛] ‘√Ï¬ˇ¬ıd≈¬øÈ¬¬ı˛ ¸¬ıfl¡øÈ¬ Ê√±Î¬…-·≈ÌÙ¬˘ ˙”Ú… ˝√√À¬ıº ¤˝◊√√ ’é¬·≈ø˘Àfl¡ ‹ ø¬ıμ≈ÀÓ¬ ¬ıd≈¬øÈ¬¬ı˛

õ∂Ò±Ú ’é¬ ¬ı˘± ˝√√˚˛ºî ¤˝◊√√ øÓ¬ÚøÈ¬ ’é¬Àfl¡ ¬ı˘± ˝√√˚˛ ‹ ø¬ıμ≈ÀÓ¬ ‘√Ï¬ˇ¬ıd≈¬øÈ¬¬ı˛ ˜≈‡… ’é¬ (principal axes)º Œ˚Àfl¡±ÀÚ±

≈√øÈ¬ ˜≈‡… ’Àé¬¬ı˛ ˜Ò…·±˜œ ¸˜Ó¬˘Àfl¡ ¬ı˘± ˝√√˚˛ ‹ ‘√Ï¬ˇ ¬ıd≈¬øÈ¬¬ı˛ ˜≈‡… Ó¬˘º

˜z¬¬ı… 1. ›¬ÛÀ¬ı˛¬ı˛ ’±À˘±‰¬Ú±˚˛ ’±˜¬ı˛± Œ√À‡øÂ√ Œ˚, O ø¬ıμ≈·±˜œ ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡±¬ı˛ ø√fl¡ Œfl¡±¸±˝◊√√Ú Ê√±Ú±

Ô±fl¡À˘ ¤¬ı— O ø¬ıμ≈ÀÓ¬ ’¬ıøàÔÓ¬ ˘•§ fl¡±ÀÓ«¬Ê√œ˚˛ ’é¬Ó¬La ¸±À¬ÛÀé¬ Œfl¡±ÀÚ± ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ › ·≈ÌÙ¬˘

Ê√±Ú± Ô±fl¡À˘, ¸¬ı˛˘À¬ı˛‡±øÈ¬¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ øÚÌ«˚˛ fl¡¬ı˛± ˚±˚˛º

¬ıd≈¬øÈ¬ ¤fl¡øÈ¬ ¸˜Ó¬˘ ¬Û±Ó¬ (plane lamina) ˝√√À˘, Ò¬ı˛≈Ú, Ox,

Oy ‹ ¸˜Ó¬À˘ ’¬ıøàÔÓ¬, Oz ˘•§º

Ó¬±˝√√À˘, A my B mx� �� �2 2, ,

F mxy D E O� � �� , ,  ¤¬ı—

C m x y A B� � � �� 2 2� �
Ò¬ı˛± ˚±fl¡ Ox1, Oy1, Ox, Oy-¤¬ı˛ O-ø¬ıμ≈¸±À¬ÛÀé¬ �-Œfl¡±Ì ¡Z±¬ı˛± ‚”Ì«ÀÚ¬ı˛ Ù¬À˘ õ∂±5 ’é¬¡Z˚˛º

A�	 = Ox1 ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ = A cos2�	 + B sin2�	 – 2F sin �	 cos �,

Œ˚À˝√√Ó≈¬ Ox1-¤¬ı˛ ø√fl¡Àfl¡±¸±˝◊√√Ú [cos ��	 sin ��	 ��	 ¤¬ı— F� = Ox1, Oy1 ¸±À¬ÛÀé¬ Ê√±Î¬…-·≈ÌÙ¬˘

= � �mx y m x y y x� � � � �cos sin cos sin� � � �� �� �
= �m y x xy( )sin cos (cos sin )2 2 2 2� � �
 
 
 
� �
= A B F�� � �sin cos cos� � �2

˜z¬¬ı… 2. Oz ’é¬øÈ¬ O ø¬ıμ≈ÀÓ¬ Œfl¡±ÀÚ± ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ˜≈‡… ’é¬ ˝√√¬ı±¬ı˛ ˚ÀÔ©Ü › õ∂À˚˛±Ê√Úœ˚˛ ˙Ó«¬ ˝√√˘ D
= O = E.

’Ú≈ø¸X±z¬ – ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡± Ó¬±¬ı˛ Œfl¡±ÀÚ± ø¬ıμ≈ÀÓ¬ ¤fl¡øÈ¬

‘√Ï¬ˇ¬ıd≈¬¬ı˛ ˜≈‡… ’é¬ ˝√√ÀÓ¬ ¬Û±À¬ı˛ øfl¡ Ú± Ó¬± øÚÌ«˚˛ fl¡¬ı˛± ˚±˚˛, ¤¬ı—,

˚ø√ ˝√√˚˛, Ó¬À¬ı ’Ú… ≈√øÈ¬ ˜≈‡… ’é¬› øÚÒ«±¬ı˛Ì fl¡¬ı˛± ˚±˚˛º

Ò¬ı˛± ˚±fl¡ õ∂√M√√ ¸¬ı˛˘À¬ı˛‡±øÈ¬ Oz ’é¬ ¤¬ı— ¤¬ı˛ Î¬◊¬Û¬ı˛ C

ø¬ıμ≈ÀÓ¬ ¸¬ı˛˘À¬ı˛‡±øÈ¬ ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¤fl¡øÈ¬ ˜≈‡… ’é¬º Ò¬ı˛± ˚±fl¡

C ø¬ıμ≈ÀÓ¬ ¬ıd≈¬øÈ¬¬ı˛ ’Ú… ≈√øÈ¬ Ê√±ÀÎ¬…¬ı˛ ˜≈‡… ’é¬ ˝√√˘ CX ¤¬ı—

CY, Œ˚‡±ÀÚ Cx, Cy ˚Ô±√flË¡À˜ Ox ¤¬ı— Oy-¤¬ı˛ ¸Àe· �

Œfl¡±ÀÌ ÚÓ¬º
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(CXY Ó¬˘øÈ¬ Oxy Ó¬À˘¬ı˛ ¸˜±z¬¬ı˛±˘]º

OC = h, ˝√√À˘, (x,y,z) ˚ø√ ‹ ¬ıd≈¬¬ı˛ Œfl¡±ÀÚ± fl¡Ì±¬ı˛ [˚±¬ı˛ ˆ¬¬ı˛ m] àÔ±Ú±—fl¡ ˝√√ ˛̊ Ox, Oy, Oz-

¤¬ı˛ ¸±À¬ÛÀé¬, ¤¬ı— (x',y',z') àÔ±Ú±—fl¡ ˝√√˚˛ ¤fl¡˝◊√√ ¬ıd≈¬fl¡Ì±¬ı˛ CX, CY, CZ ¸±À¬ÛÀé¬, Ó¬À¬ı,

z z h x x y y x y� � � � � � � � � �, cos sin ; sin cos .� � � �

� � � � � � � � � � �z z h x x y y x y, cos sin , sin cos .� � � �

� � � � � � � � � �D my z m xz yz hx hy� � sin cos sin cos� � � �� �
= D E Mh x ycos sin sin cos� � � �� � �� �  ........... (i)

¤¬ı— � � � � � � � �E mx x m xz yz hx hy� � cos sin cos sin� � � �� �
= D E Mh x ysin cos cos sin� � � �� � �� � ........... (ii)

¤¬ı— � � � �F mx y�

= �M x xy y� � � �2 2 2 2sin cos cos sin sin cos� � � � � �� �

= A B F�
�

2
2 2sin cos
 
   ........... (iii)

Œ˚‡±ÀÚ A, B, C, Ox, Oy, Oz-¤¬ı˛ ¸±À¬ÛÀé¬ ¬¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡, D, E, F ˝√√˘ Oy, Oz ; Oz,

Ox ; Ox, Oy-¤¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-·≈ÌÙ¬˘º 	 	 	 	 	 	A B C D E F, , , , ,  ˝√√˘ CX CY CZ, , -¤¬ı˛ ¸±À¬ÛÀé¬

› ◊̋√√ ¤fl¡ ◊̋√√ ¬ı˛±ø˙·≈ø˘º

x mx
m

mx
M

y
my
M

z mz
M

� � � ��
�

� � �, , ,

Œ˚‡±ÀÚ M = �m, ¬ıd≈¬øÈ¬¬ı˛ Œ˜±È¬ ˆ¬¬ı˛ ¤¬ı— x y z, ,� � ¬¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f¬ı˛ àÔ±Ú±—fl¡, Ox, Oy, Oz-¤¬ı˛

¸±À¬ÛÀé¬º

Œ˚À˝√√Ó≈¬ CX, CY, CZ, Ê√±ÀÎ¬…¬ı˛ ˜≈‡… ’é¬,

’Ó¬¤¬ı, F = E = D = 0

� (iii) ŒÔÀfl¡, tan 2�	 = 2F
B A�  ........... (iv)

¤¬ı— (i) › (ii) ŒÔÀfl¡,

Mh E D
x y

D E
x y

� �
�

� �
�

sin cos
sin cos

sin cos
cos sin

� �
� �

� �
� �

= E
x

D
y

�   ........... (v)

� h D
My

E
Mx

� �  ........... (vi)

� øÚÀÌ«˚˛ ˙Ó«¬øÈ¬ ˝√√˘ – Ey Dx� ,
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’Ô«±», 
�
�

�
�

myz
my

mzx
mx

� º ¤Àé¬ÀS h D
My

E
Mx

� �  ŒÔÀfl¡ z-’Àé¬¬ı˛ ›¬Û¬ı˛ C ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú ¬Û±›˚˛±

˚± ˛̊ ¤¬ı— (iv) ŒÔÀfl¡ C ø¬ıμ≈ÀÓ¬ ’Ú… ≈√øÈ¬ ˜≈‡… ’Àé¬¬ı˛ ø√fl¡ ¬Û±›˚˛± ˚±˚˛º

˜z¬¬ı… – ’é¬ Oz ˚ø√ O ø¬ıμ≈ÀÓ¬ ¬¬ıd≈¬øÈ¬¬ı˛ ˜”‡… ’é¬ ˝√√˚˛, Ó¬À¬ı ¸±Ò±¬ı˛ÌÓ¬ Oz-¤¬ı˛ ›¬Û¬ı˛ ’Ú… Œfl¡±ÀÚ±

ø¬ıμ≈ÀÓ¬ Œ¸øÈ¬ ˜≈‡… ’é¬ ˝√√À¬ı Ú±º fl¡±¬ı˛Ì, Ox, Oy, Oz-¤ ◊̋√√ øÓ¬ÚøÈ¬ ≈̃‡… ’é¬ ˝√√À˘, D = E = F = Oº

’Ô«±» h ¸¸œ˜ ˝√√ÀÓ¬ ¬Û±À¬ı˛ ¤fl¡˜±S ˚ø√ x y� � 0  ˝√√˚˛, ’Ô«±», z-’é¬øÈ¬ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f ø√À˚˛ ˚±˚˛º ¤Àé¬ÀS

h-¤¬ı˛ ˜±Ú ’øÚÀÌ«˚˛ (indeterminate) ¤¬ı— Oz, ¤¬ı˛ ›¬Û¬ı˛ Œ˚Àfl¡±ÀÚ± ø¬ıμ≈ÀÓ¬˝◊√√ Oz-˜≈‡… ’é¬º øfl¡z≈¬ ’Ú…Ô±˚˛,

Oz-’±¬ı˛ Œfl¡±ÀÚ± ø¬ıμ≈ÀÓ¬ ˜≈‡… ’é¬ ˝√√À¬ı Ú±º

’Ó¬¤¬ı ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f·±˜œ ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡± ˚ø√ Ó¬±¬ı˛ Œfl¡±ÀÚ± ø¬ıμ≈ÀÓ¬ ¬¬ıd≈¬øÈ¬¬ı˛ ˜≈‡…-’é¬ ˝√√˚˛ Ó¬À¬ı Œ¬ı˛‡±øÈ¬

Œ˚Àfl¡±ÀÚ± ø¬ıμ≈ÀÓ¬˝◊√√ ¬ıd≈¬øÈ¬¬ı˛ ˜≈‡… ’é¬º

13.7 ¸˜ Ê√±Î¬…-√w¬±˜fl¡ ø¬ıø˙©Ü ¬ıd≈¬Ó¬La (Equimomental bodies or ma-
terial systems)

≈√øÈ¬ ¬ıd≈¬Àfl¡ [’Ô¬ı± ≈√øÈ¬ ¬ıd≈¬Ó¬La] ¸˜ Ê√±Î¬…-√w¬±˜fl¡ ø¬ıø˙©Ü ¬ı± ˝◊√√fl≈¡˝◊√√À˜±À˜KI◊±˘ ¬ı˘± ˝√√À¬ı ˚ø√ øS˜±øSfl¡ Œ√À˙

Œ˚Àfl¡±ÀÚ± ¸¬ı˛˘À¬ı˛‡±˚˛ ¸±À¬ÛÀé¬ ¬ıd≈¬ ≈√øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ ¤fl¡˝◊√√ ˝√√˚˛º

Î¬◊¬Û¬Û±√… – ≈√øÈ¬ ‘√Ï¬ˇ¬ıd≈¬ [¬ı± ¬ıd≈¬Ó¬La] ¸˜Ê√±Î¬…-√w¬±˜fl¡ ø¬ıø˙©Ü ˝√√À¬ı, ˚ø√ (i) Ó¬±À√¬ı˛ Œ˜±È¬ ˆ¬¬ı˛ ¸˜±Ú ˝√√˚˛,

(ii) Ó¬±À√¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ’¬ıàÔ±Ú ¤fl¡˝◊√√ ˝√√˚˛º (iii) ¤¬ı— ˆ¬¬ı˛Àfl¡Àf Ó¬±À√¬ı˛ Î¬◊ˆ¬À˚˛¬ı˛˝◊√√ ¤fl¡˝◊√√ ˜≈‡… ’é¬ ¤¬ı— ¸˜±Ú

≈̃‡…-Ê√±Î¬…-√w¬±˜fl¡ (principal moments of inertia) Ô±Àfl¡º [¤˝◊√√ Î¬◊¬Û¬Û±À√…¬ı˛ õ∂˜±Ì ¸˝√√Ê√ Ó¬À¬ı ¤‡±ÀÚ

Œ√› ˛̊± ˝√√˘ Ú±]º

Î¬◊√±˝√√¬ı˛Ì – (i) M ˆ¬¬ı˛ø¬ıø˙©Ü, 2a Δ√‚«…ø¬ıø˙©Ü ¤fl¡øÈ¬ ¸≈¯∏˜ √ÀG¬¬ı˛ Ê√Ú… ¤fl¡øÈ¬ ¸˜Ê√±Î¬…-√w¬±˜fl¡ ø¬ıø˙©Ü fl¡Ì±Ó¬La

øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – Ò¬ı˛≈Ú O ˝√√˘ √G¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡fº O ø¬ıμ≈ÀÓ¬ ¤¬ı— √G¬øÈ¬¬ı˛ ≈√˝◊√√ õ∂±z¬ø¬ıμ≈ÀÓ¬ øÓ¬ÚøÈ¬ ˆ¬¬ı˛ ¬ı˛±‡± ˝√√˘º

õ∂±z¬ø¬ıμ≈ ≈√øÈ¬ÀÓ¬˝◊√√ ˆ¬¬ı˛ m ¬ı˛±‡À˘ ¤¬ı— Œfl¡Àf M – 2m ˆ¬¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ fl¡Ì± ¬ı˛±‡À˘ øÓ¬ÚøÈ¬¬ı˛ ¸ø•úø˘Ó¬ ˆ¬¬ı˛

˝√√ ˛̊ M ¤¬ı— ˆ¬¬ı˛Àfl f O-ŒÓ¬˝◊√√ Ô±Àfl¡º

O-¤¬ı˛ øˆ¬Ó¬¬ı˛ ø√À˚˛ √ÀG¬¬ı˛ ›¬Û¬ı˛ ˘•§ ¤fl¡øÈ¬ Œ¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬ √ÀG¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ 
1
3

2Ma  ¤¬ı— fl¡Ì±·≈ø˘¬ı˛

Ê√±Î¬…-√w¬±˜fl¡ 2ma2

� m M�
1
6  øÚÀ˘ ’±˜¬ı˛± øÚÀÌ«˚˛ fl¡Ì±Ó¬LaøÈ¬ ¬Û±˝◊√√º √G¬ ¬ı¬ı˛±¬ı¬ı˛ ¤fl¡øÈ¬ Œ¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬ √G¬øÈ¬¬ı˛ ¤¬ı—

fl¡Ì±·≈ø˘¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ ˙”Ú…º
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¤fl¡ ◊̋√√ˆ¬±À¬ı Œ√‡±Ú Œ˚, 
M
2  ˆ¬¬ı˛˚≈q¡ ≈√øÈ¬ fl¡Ì±, Œfl¡fø¬ıμ≈ ŒÔÀfl¡ 

a
3  ”√¬ı˛ÀQ O-¤¬ı˛ ”√ø√Àfl¡ Ô±fl¡À˘ Ó¬±¬ı˛±›

√G¬øÈ¬¬ı˛ ¸Àe· √¸˜√w¬±˜fl¡˚≈q¡º

13.8 ¸±¬ı˛±—˙

¤˝◊√√ ’Ò…±À˚˛ ’±¬ÛÚ±¬ı˛±

� Ê√±Î¬…-√w¬±˜Àfl¡¬ı˛ › Ê√±Î¬… ·≈ÌÙ¬À˘ ¸—:± Œ¬ÛÀ˘Úº

� ˜≈‡…-’é¬Ó¬La ¸•§À&Ò Ê√±ÚÀ˘Úº

� ø¬ıøˆ¬iß ¬ıd≈¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ øÚÌ«˚˛ fl¡¬ı˛À˘Úº

√G¬, ’±˚˛Ó¬Àé¬S, ’±˚˛Ó¬±fl¡±¬ı˛ ‚Ú¬ıd≈¬, Ù¬“√±¬Û± › ‚Ú Œ·±˘±fl¡±¬ı˛ Ê√±Î¬…-√w¬±˜Àfl¡¬ı˛ ˜±Ú·≈ø˘ ˜ÀÚ ¬ı˛±‡À˘ ¬Û¬ı˛¬ıÓ«¬œ

’Ò…±À˚˛ ¸≈ø¬ıÒ± ˝√√À¬ıº

¤‡±ÀÚ Ê√±Î¬…-√w¬±˜Àfl¡¬ı˛ ¤fl¡øÈ¬ Ó¬±ø˘fl¡± Œ√› ˛̊± ˝√√˘º

¬ıd≈¬ ’é¬ O

(i) ¸¬ı˛≈ ¸≈¯∏˜ √G¬ õ∂±z¬ø¬ıμ≈·±˜œ ˘•§ ’é¬ M a4
3

3

Δ√‚«… 2a, ˆ¬¬ı˛ M ˜Ò…ø¬ıμ≈·±˜œ ˘•§ ’é¬ M a2

3

(ii) ’±˚̨Ó¬Àé¬S, Œfl¡f·±˜œ 2a Ò±À¬ı˛¬ı˛ ¸˜±z¬¬ı˛±˘ ’é¬ M b2

3

2a × 2b, ˆ¬¬ı˛ M Œfl¡f·±˜œ 2b Ò±À¬ı˛¬ı˛ ¸˜±z¬¬ı˛±˘ ’é¬ M a2

3

(iii) ’±˚˛Ó¬±fl¡±¬ı˛ ¸≈¯∏˜ ‚Ú¬ıd≈¬, Œfl¡f·±˜œ 2a Ò±À¬ı˛¬ı˛ ¸˜±z¬¬ı˛±˘ ’é¬ M b c2 2

3
�

2a × 2b × 2c ˆ¬¬ı˛ M

(iv) ¬ı‘M√√±fl¡±¬ı˛ ‰¬±fl¡øÓ¬, Œfl¡f·±˜œ ¬ı…±À¸¬ı˛ ¸±À¬ÛÀé¬
Ma2

4

ˆ¬¬ı˛ M, ¬ı…±¸±Ò« a Œfl¡f·±˜œ ˘•§ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬
Ma2

2

(v) ¬ıM√√±fl¡±¬ı˛ ’±—øÈ¬, Œfl¡f·±˜œ ¬ı…±¸,
Ma2

2

ˆ¬¬ı˛ M, ¬ı…±¸±Ò« a Œfl¡f·±˜œ ˘•§ ’é¬ Ma2

(vi) Ù¬“√±¬Û±¬ı‘M√√±fl¡±¬ı˛ Œ¬ı˘Ú ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ Ma2

ˆ¬¬ı˛ M, ¬ı…±¸±Ò« a
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(vii) ‚Ú¬ı‘M√√±fl¡±¬ı˛ Œ¬ı˘Ú ’Àé¬¬ı˛ ¸±À¬ÛÀé¬
Ma2

2

ˆ¬¬ı˛ M, ¬ı…±¸±Ò« a

(viii) Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ ‰¬±fl¡øÓ¬ x-’é¬ M b2

4

¬Ûø¬ı˛¸œ˜± 
x
a

y
b

2

2

2

2 1� � y-’é¬ M a2

4

ˆ¬¬ı˛ M z-’é¬¬ M a b2 2

4
�

(ix) Ù¬“√±¬Û± Œ·±˘fl¡, ¬ı…±¸
2

3
2Ma

¬ı…±¸±Ò« a, ˆ¬¬ı˛ M

(x) ‚Ú Œ·±˘fl¡, ¬ı…±¸
2

5
2Ma

¬ı…±¸±Ò« a, ˆ¬¬ı˛ M

(xi) ‚Ú Î¬◊¬Û¬ı‘M√√fl¡ ˚±¬ı˛ ¬Ûø¬ı˛¸œ˜± x-’é¬ M b c2 2

5
�

x
a

y
b

z
c

2

2

2

2

2

2 1� � �

ˆ¬¬ı˛ M

� ˚ø√ Ox, Oy, Oz ¸±À¬ÛÀé¬ Œfl¡±Ú ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ ˚Ô±√flË¡À˜ ˝√√ ˛̊ A, B, C Ó¬À¬ı A = �m y z2 2�� �
˝◊√√Ó¬…±ø√ ˚ø√ Oy, Oz ; Oz, Ox ; Ox, Oy ¤˝◊√√ ŒÊ√±Î¬ˇ·≈ø˘¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-·≈ÌÙ¬˘ ˝√√˚˛ ˚Ô±√flË¡À˜

D, E › F Ó¬À¬ı, D = �myz ˝◊√√Ó¬…±ø√º

˚ø√ O ø¬ıμ≈·±˜œ ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡±¬ı˛ ø√fl¡ Œfl¡±¸±˝◊√√Ú ˝√√˚˛ [��	��	�] Ó¬À¬ı ‹ Œ¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-

√w¬±˜fl¡ ˝√√˘ – A B C D E F� � � �� �� ��2 2 2 2 2 2� � � � �

� ¬ıd≈¬øÈ¬ ¤fl¡øÈ¬ ¸˜Ó¬˘ ˘…±ø˜Ú± ˝√√À˘, Ó¬±¬ı˛ ›¬Û¬ı˛ Ox, Oy ‹ ≈√øÈ¬ ’À:¬ı˛ ¸±À¬ÛÀé¬ ˚ø√ ˘…±ø˜Ú±øÈ¬¬ı˛

Ê√±Î¬…-√w¬±˜fl¡ ˝√√ ˛̊ ˚√Ô±√flË¡À˜ A › B, Ó¬À¬ı A my B mx� �� �2 2,  ¤¬ı— Ê√±Î¬… ·≈ÌÙ¬˘ F = �mxyº ˚ø√

˘•§-’é¬ Oz øÚ˝◊√√ Ó¬À¬ı Ó¬±¬ı˛ ¸±À¬ÛÀé¬ Ê√±Î¬…-√w¬±˜fl¡ C m y x A B� � � �� 2 2� �  ¤¬ı— Ê√±Î¬…-·≈ÌÙ¬˘ D

= D = O.

’Ó¬¤¬ı, ‹ ˘…±ø˜Ú±¬ı˛ ›¬Û¬ı˛ ¤fl¡øÈ¬ Œ¬ı˛‡± Ox-¤¬ı˛ ¸Àe· O-Œfl¡±ÀÌ ÚÓ¬ ˝√√À˘, Ó¬±¬ı˛ ¸±À¬ÛÀé¬ Ê√±Î¬…-√w¬±˜fl¡

˝√√À¬ı, A B Fcos sin sin cos2 2 2� � � �� � .
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13.9 ¸¬ı«À˙À¯∏ õ∂ùü±¬ıø˘ › ¸˜±Ò±Ú-¸—Àfl¡Ó¬

õ∂ùü 1. Œ√‡±Ú Œ˚, 
x
a

y
b

2

2

2

2 1� �  ¤˝◊√√ Î¬◊¬Û¬ı‘M√√ ’±fl¡±À¬ı˛¬ı˛ ¸±˜Ó¬ø˘fl¡ Œé¬SøÈ¬ Œ˜±À˜KI◊±˘ ¤ø˘¬Û¸À˚˛Î¬

‹ Î¬◊¬Û¬ı‘ÀM√√¬ı˛ Œfl¡Àf¬ı˛ ¸±À¬ÛÀé¬ ˝√√˘ 
x
a

y
b a b

z
2

2

2

2 2 2
21 1

� � ��� ��  = ÒË≈¬ıfl¡º

¸˜±Ò±Ú – Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ Œé¬SøÈ¬¬ı˛ ˆ¬¬ı˛ M ¤¬ı— Ò¬ı˛± ˚±fl¡, ¤ø˘¬Û¸À˚˛Î¬øÈ¬¬ı˛ Œfl¡f O ¤¬ı— ¤¬ı˛ ¬Û¬ı˛±é¬ ›

Î¬◊¬Û±é¬ ˚Ô±√flË¡À˜ Ox › Oy ¬ı¬ı˛±¬ı¬ı˛º Ox › Oy Â√±Î¬ˇ± O ø¬ıμ≈ÀÓ¬ Oz, Ó¬˘øÈ¬¬ı˛ ›¬Û¬ı˛ ˘•§ ’é¬º

Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ Œé¬SøÈ¬ Ox ¤¬ı— Oy-¤¬ı˛ ¸±À¬ÛÀé¬ ¸‘√˙ (symmetric) ˝√√› ˛̊±ÀÓ¬, F = Ox, Oy ¸±À¬ÛÀé¬

Ê√±Î¬…-·≈ÌÙ¬˘ = O ¤¬ı— ¬ıd≈¬øÈ¬¬ı˛ Œ˚Àfl¡±ÀÚ± ø¬ıμ≈ÀÓ¬ z-àÔ±Ú±efl¡ O ¬ıÀ˘, Oz, Ox ¸±À¬ÛÀé¬ Ê√±Î¬…-·≈ÌÙ¬˘

= E = O ¤¬ı— Oz, Oy ¸±À¬ÛÀé¬ Ê√±Î¬…-·≈ÌÙ¬˘ = D = Oº

’Ó¬¤¬ı, O ø¬ıμ≈ÀÓ¬ Ox, Oy, Oz øÓ¬ÚøÈ¬˝◊√√ ˜≈‡… ’é¬ ¤¬ı— A = Ox ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡

= M b2

4 , B = Oy ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ = M a C Oz
2

4
, �  ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡

= M a b2 2

4
�

 [˘•§ ’Àé¬¬ı˛ Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛]º

� O ø¬ıμ≈ÀÓ¬ Œ˜±À˜KI◊±˘ ¤ø˘¬Û¸À˚˛Î¬ Ax By Cz2 2 2� � �  ÒË≈¬ıfl¡º

¬ı±,
b x a y a b z

2 2 2 2 2 2
2

4 4 4
� � ��

�
�
� �  ÒË≈¬ıfl¡º

¬ı±,
x
a

y
b a b

z
2

2

2

2 2 2
21 1

� � ��� �� �  ÒË≈¬ı ¬ı˛±ø˙º

õ∂ùü 2. ¬Û”À¬ı«¬ı˛ õ∂Àùü¬ı˛ Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ Œé¬ÀS¬ı˛ Ê√Ú…, ¬Û¬ı˛±Àé¬¬ı˛

(Major axis) ¤fl¡ õ∂±Àz¬ Œ˜±À˜KI◊±˘ ¤ø˘¬Û¸À˚˛Î¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº

¬Û¬ı˛±Àé¬¬ı˛ ¤fl¡ õ∂±Àz¬ Oy-¤¬ı˛ ¸˜±z¬¬ı˛±˘ ¤fl¡øÈ¬ ’é¬ øÚÚ ¤¬ı—

Oz-¤¬ı˛ ¸˜±z¬¬ı˛±˘ ’±¬ı˛ ¤fl¡øÈ¬ ’é¬ øÚÚº ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ ‹ ’é¬ ≈√øÈ¬¬ı˛ ¸±À¬ÛÀé¬ ˝√√˚˛ ˚Ô±√flË¡À˜

B Ma Ma Ma� � �
2

2
2

4
5

4  [¸˜±z¬¬ı˛±˘ ’Àé¬¬ı˛ Î¬◊¬Û¬Û±√…]

C M a b Ma Ma Mb� � � � �
4

5
4 4

2 2 2
2 2� �  [¸˜±z¬¬ı˛±˘ ’Àé¬¬ı˛ Î¬◊¬Û¬Û±√…]

¤¬ı— A Mb�
2

4
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D = E = O [˘•§ ’é¬ Î¬◊¬ÛøàÔÓ¬]

¤¬ı— F = O [Œ˚À˝√√Ó≈¬ Ox ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬ ¸‘√˙] ˝◊√√Ó¬…±ø√º

õ∂ùü 3. ¤fl¡øÈ¬ ¸≈¯∏˜ ’±˚˛Ó¬±fl¡±¬ı˛ ‚Ú¬ıd≈¬¬ı˛ ˆ¬¬ı˛ M › øÓ¬ÚøÈ¬ Ò±À¬ı˛¬ı˛ Δ√‚«… 2a, 2b, 2c, ‚Ú¬ıd≈¬øÈ¬¬ı˛ ¤fl¡øÈ¬

˙œ¯∏«ø¬ıμ” O-ŒÓ¬ ¤¬ı˛ Œ˜±À˜KI◊±˘ ¤ø˘¬Û¸À˚˛Î¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº O�, Œfl¡±Ì±fl≈¡øÚˆ¬±À¬ı O-¤¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ˙œ¯∏«ø¬ıμ≈ ˝√√À˘,

OO�-¤¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ øÚÌ«˚˛ fl¡¬ı˛≈Úº

O ø¬ıμ≈¬ı˛ ˜Ò…ø√À˚˛ ¬Û¬ı˛¶Û¬ı˛ ˘•§ øÓ¬ÚøÈ¬ Ò±¬ı˛ (side) ¬ı¬ı˛±¬ı¬ı˛

Ox, Oy, Oz ’é¬ øÚÚº O ˜”˘ø¬ıμ≈º

A ˚ø√ Ox ¬ı¬ı˛±¬ı¬ı˛ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ ˝√√˚˛, Ó¬À¬ı, A = [¬ıd≈¬¬ı˛

Œfl¡f·±˜œ Ox -¤¬ı˛ ¸˜±z¬¬ı˛±˘ ’é¬¸±À¬ÛÀé¬ ¬ıd≈¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡]

+ M (O ŒÔÀfl¡ Œfl¡Àf¬ı˛ ”√¬ı˛ÀQ¬ı˛ ¬ı·«]

[Œfl¡f ’Ô«±» ˆ¬¬ı˛Àfl¡f, ˚±¬ı˛ àÔ±Ú±efl¡ (a, b, c))

M b c M b c M b c
3

4
3

2 2 2 2 2 2� � � � �� � � � � �

B = Oy ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ �
��

�
�
�4

3
2 2

M c a
 ¤¬ı—

C = Oz ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ = 4
3

2 2
M a b�

ˆ¬¬ı˛Àfl¡f ø√À˚˛ øÓ¬ÚøÈ¬ Ò±À¬ı˛¬ı˛ ¸Àe· ¸˜±z¬¬ı˛±˘ øÓ¬ÚøÈ¬ ’é¬ øÚÀ˘, õ∂øÓ¬øÈ¬ ’Àé¬¬ı˛ ¬¸±À¬ÛÀé¬˝◊√√ ¬ıd≈¬øÈ¬¬ı˛ ¸±‘√˙…

(symmetry) ’±ÀÂ√º ’Ó¬¤¬ı ¤À√¬ı˛ ¸±À¬ÛÀé¬ ≈√øÈ-≈√øÈ¬ fl¡À¬ı˛ ’é¬ øÚÀ˘, Ê√±Î¬… ·≈ÌÙ¬˘ ˙”Ú…˝◊√√ ˝√√À¬ıº

’Ó¬¤¬ı, D = (Oy, Oz) ¸±À¬ÛÀé¬ Ê√±Î¬…·≈ÌÙ¬˘ = O + M(be) = Mbc [¸˜±z¬¬ı˛±˘ ’Àé¬¬ı˛ Î¬◊¬Û¬Û±√…]

E = Oz, Ox ¸±À¬ÛÀé¬ Ê√±Î¬…·≈ÌÙ¬˘ = Mca

F = Ox, Oy ¸±À¬ÛÀé¬ Ê√±Î¬…-·≈ÌÙ¬˘ = Mab

� O-ŒÓ¬ Œ˜±À˜KI◊±˘ ¤ø˘¬Û¸À˚˛ÀÎ¬¬ı˛ ¸˜œfl¡¬ı˛Ì

4
3

22 2 2 2 2 2 2 2 2 4M b c x c a y a b z M bcyz cazx abxy MK�� � � �� � � �� �� � � � �� � �

¤‡Ú, O�-¤¬ı˛ àÔ±Ú±efl¡ = (2a, 2b, 2c) ¤¬ı— OO R a b c	 � � � �2 2 2 2

� OO�	 ¸±À¬ÛÀé¬ ¬¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡

= MK
R

M b c c a a b a b c
4

2
2 2 2 2 2 2 2 2 22

3
� � � � �� � � �/
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õ∂ùü 4. ¤fl¡øÈ¬ ’±˚˛Ó¬Àé¬S±fl¡±¬ı˛ ¸˜Ó¬˘ ¬ıd≈¬¬ı˛ ABCD-¬ı˛ Ò±¬ı˛ ≈√øÈ¬¬ı˛ Δ√‚«… 2a ¤¬ı— 2b. AB = 2a, AD

= 2b, Œ√‡±Ú Œ˚, A-ø¬ıμ≈ÀÓ¬ ¬ıd≈¬øÈ¬¬ı˛ ¤fl¡øÈ¬ ˜≈‡… ’é¬ AB-¬ı˛ ¸Àe· 
1
2

3
2

1
2 2

tan�
�
ab

a b� � Œfl¡±ÀÌ ÚÓ¬º

AB-¤¬ı˛ ¸±À¬ÛÀé¬ ’±˚˛Ó¬Àé¬SøÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ = A Mb1
24

3
�

AD-¤¬ı˛ ¸±À¬ÛÀé¬ ’±˚˛Ó¬Àé¬SøÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ = B Ma1
24

3
�  ¤¬ı— F1 = AB, AD ¸±À¬ÛÀé¬ Ê√±Î¬…-

·≈ÌÙ¬˘ = Mab. [¸˜±z¬¬ı˛±˘ ’Àé¬¬ı˛ Î¬◊¬Û¬Û±√…]º (M ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛]º

Ò¬ı˛≈Ú A ø¬ıμ≈ÀÓ¬ AX, AY ’±˚˛Ó¬Àé¬SøÈ¬¬ı˛ ˜≈‡…-’é¬º ¤Àé¬ÀS

Œ˚Àfl¡±ÀÚ± ˘•§-’é¬ ◊̋√√ ≈̃‡… ’é¬ ˝√√À¬ı, ’Ô«±» AZ, A ø¬ıμ≈ÀÓ¬ Ó¬À˘¬ı˛

›¬Û¬ı˛ ˘•§ ˝√√À˘ Ó¬± ¸¬ı¸˜ ˛̊̋ ◊√√ ˘•§ ’é¬º AB › AX-�	 Œfl¡±ÀÌ

ÚÓ¬ ˝√√À˘, AX, AY ¸±À¬ÛÀé¬ Ó¬˘øÈ¬¬ı˛ Œfl¡±ÀÚ± ø¬ıμ≈¬ı˛ àÔ±Ú±efl¡

( , ) ( cos sin , sin cos ),� � � � � �x y x y x y� � � �  Œ˚‡±ÀÚ (x, y) ˝√√˘ ‹ ø¬ıμ≈øÈ¬¬ı˛ AB, AD ¸±À¬ÛÀé¬

àÔ±Ú±efl¡º

� AX, AY ¸±À¬ÛÀé¬ Ê√±Î¬… ·≈ÌÙ¬˘ = �mx y	 	

(m, 	 	x y,� � ø¬ıμ≈ÀÓ¬ ˆ¬¬ı˛]

= �m x y x ycos sin sin cos� � � �� � �� �� �

= 1
2

2 2 0,1 1 1A B F� � �� �sin cos
 
  AX, AY ˚ø√ ≈̃‡…-’é¬ ˝√√ ˛̊º

� tan 2
2 3

2
1

1 1 2 2

 �

�
�

�

F
B A

ab
a b� �

õ∂ùü 5. ¤fl¡øÈ¬ ¸≈¯∏˜ ¸¬ı˛≈ Ó¬±¬ı˛Àfl¡ ’Ò«¬ı‘ÀM√√¬ı˛ ’±fl¡±À¬ı˛ ¬ı“√±fl¡±ÀÚ± ˝√√À˚˛ÀÂ√, ˚±¬ı˛ ¬ı…¸±Ò« a, Œ√‡±Ú Œ˚ ≈√øÈ¬ ¬ı…±¸-

¤¬ı˛ ¤fl¡ õ∂±Àz¬, Ó¬±¬ı˛øÈ¬¬ı˛ ¸˜Ó¬À˘¬ı˛ ›¬Û¬ı˛ Œ˚ ˜≈‡… ’é¬ ’±ÀÂ√ Ó¬±¬ı˛± ¬ı…±¸øÈ¬¬ı˛ ¸Àe· ˚Ô±√flË¡À˜ 
1
2

41tan�
�  ›

�
�2

1
2

41� �tan  Œfl¡±ÀÌ ÚÓ¬º

¸˜±Ò±Ú – OR ¬ı…±¸øÈ¬¬ı˛ Œfl¡f Cº O-ŒÓ¬ ˘•§’é¬¡Z ˛̊ Ox (OR

¬ı¬ı˛±¬ı¬ı˛] › Oy ŒÚ› ˛̊± ˝√√˘º PQ, Ó¬±¬ı˛±øÈ¬¬ı˛ ›¬Û¬ı˛ é≈¬^ ’—˙

(elementary length), �PCP = ��	 �PCQ = ��	 ¤¬ı— ‰¬±¬Û

PQ = a���	 Cy�|| Oy.

� CR ¸±À¬ÛÀé¬ Ó¬±¬ı˛øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡,

= ( . )( sin ) � �ad a 2�  (	 = ‚ÚQ = ˆ¬¬ı˛˚Ó¬±À¬ı˛¬ı˛ Δ√‚«… = M/�a Œ˚‡±ÀÚ M = ˆ¬¬ı˛]º



193

NSOU

= 2
4 2

2
2

a Ma A �. � �

Cy�	 ¸±À¬ÛÀé¬ Ó¬±¬ı˛øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ = ( )( cos )� 
 


�

ad a Ma2
2

0
2

��
� B = Oy ¸±À¬ÛÀé¬ Ó¬±¬ı˛øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ = Ma Ma Ma2

2
2

3
3

2
� �

[¤˝◊√√ Ó¬±¬ı˛øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f Cy�-¤¬ı˛ ›¬Û¬ı˛ ’¬ıøàÔÓ¬, ˚±¬ı˛ ”√¬ı˛Q Oy ŒÔÀfl¡ a]º

’Ô¬ı± B a a ad Ma

o

� � �  � �
�
��

�
��� cos
 � 


�
2 23

2  ¤¬ı— F = Ox, Oy ¸±À¬ÛÀé¬ Ó¬±¬ı˛øÈ¬¬ı˛ Ê√±Î¬…

·≈ÌÙ¬˘

= ( )( sin )( cos ) sin ( cos )� 
 
 
 � 
 
 


��

ad a a a a d� � ��� 2

00

1

= 2 2Ma / 


� 0 ø¬ıμ≈ÀÓ¬ ¤fl¡øÈ¬ ˜≈‡… ’é¬ Ox-¤¬ı˛ ¸Àe· �	 Œfl¡±ÀÌ ÚÓ¬ ˝√√˘¬, tan 2 2 4



�
�

�
�F

B A  ˝◊√√Ó¬…±øº√

õ∂ùü 6. Œ√‡±Ú Œ˚, ABC ˚ø√ ¤fl¡øÈ¬ øS ≈̂¬Ê√ ˝√√ ˛̊ ˚±¬ı˛ C Œfl¡±ÌøÈ¬ 90°, Ó¬À¬ı C ø¬ıμ≈ÀÓ¬ øSˆ≈¬Ê√øÈ¬¬ı˛ øÓ¬ÚøÈ¬

˜≈‡… ’é¬ ’±ÀÂ√ Ó¬±¬ı˛ ¤fl¡øÈ¬ øSˆ≈¬ÀÊ√¬ı˛ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ˘•§ ¤¬ı— ’¬Û¬ı˛ ≈√øÈ¬ CA › CB-¬ı˛ ¸Àe· 
1
2

1
2 2tan�

�
ab

a b
Œfl¡±ÀÌ ÚÓ¬º (CA = b, CB = a).

õ∂ùü 7. Œ√‡±Ú Œ˚, ¤fl¡øÈ¬ ‚Ú-’Ò«À·±˘Àfl¡¬ı˛ (solid hemisphere) ˆ”¬ø˜¬ı˛ (base) ¬Ûø¬ı˛¸œ˜±¬ı˛ ›¬ÛÀ¬ı˛¬ı˛

¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ Œ˜±À˜KI◊±˘ ¤ø˘¬Û¸À˚˛ÀÎ¬¬ı˛ ¸˜œfl¡¬ı˛Ì 2 7 15
4

2 2 2x y z xz� � � �( )  constant.

¸˜±Ò±Ú – O ˆ”¬ø˜¬ı˛ ¬Ûø¬ı˛¸œ˜±¬ı˛ ›¬Û¬ı˛ ø¬ıμ≈, Ox, O ø¬ıμ≈·±˜œ ¬ı…¸ ¬ı¬ı˛±¬ı¬ı˛,

Oy, O ø¬ıμ≈¬ı˛ ˆ”¬ø˜ Ó¬À˘¬ı˛ ›¬Û¬ı˛ Ox-¤¬ı˛ ›¬Û¬ı˛ ˘•§º Oz ˆ”¬ø˜¬ı˛ Ó¬À˘¬ı˛

›¬Û¬ı˛ ˘•§º

G : a a, ,0 3
8� �  Œ·±˘fl¡øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡fº

¤fl¡˝◊√√ ˆ”¬ø˜¬ı˛ ¸Àe· ¸˜±z¬¬ı˛±˘ ‰¬±fl¡øÓ¬ ˆ”¬ø˜ ŒÔÀfl¡ z-”√¬ı˛ÀQ Ô±fl¡À˘ ¤¬ı—

Ó¬±¬ı ˛ õ∂àÔ �z ˝√ √À˘, Ox ¸±À¬ÛÀé¬ Ó¬±¬ı ˛ Ê√±Î¬…- √w¬±˜fl¡ ˝√ √˘

�� �a z z a z z2 2 2 2 21
4

� � ��� ��� � � �  [‰¬±fl¡øÓ¬¬ı˛ ˆ¬¬ı˛Àfl¡f (a, o, z)

ø¬ıμ≈ÀÓ¬]º

� Ox ¸±À¬ÛÀé¬ ’Ò«À·±˘fl¡øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ = A
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= 
1
4

3 2
5

2 2 2 2 2

0

�� a z a z dz Ma
a

� � �� � �� � ,   M a�
2
3

3� �  = ˆ¬¬ı˛

oy ¸±À¬ÛÀé¬ ‰¬±fl¡øÓ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ ˝√√˘

�� �a z z a z a z2 2 2 2 2 21
4� � � ��

�
�
�� � � �

� o ŒÔÀfl¡ (a, o, z) ¤¬ı˛ ”√¬ı˛Q a z2 2�

� Oy-¸±À¬ÛÀé¬ ’Ò«À·±˘fl¡øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡

B A a z a dz A Ma Ma
a

� � � � � �� �� 2 2 2 2 2

0

7
5� �

� �
�
�

	




�
�

�


������ ������������	
�������

a

Mdzza
0

22  ¤¬ı—, C = Oz ¸±À¬ÛÀé¬ ’Ò«À·±˘fl¡øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡

= �� a z dz a z a
a

2 2

0

2 2 21
2

� � �	



�
�� � � � �

= 
��
2

3 7
5

2 2 2 2 2

0

a z a z dz Ma
a

� � �� � �� �

¤‡Ú ¸¬ı˛≈‰¬±fl¡øÓ¬øÈ¬¬ı˛ Œfl¡Àf ˚ø√ Ox, Oy, Oz ¤¬ı˛ ¸˜±z¬¬ı˛±˘ ’é¬ ŒÚ›˚˛± ˚±˚˛, ŒÓ¬±, ≈√øÈ¬ ≈√øÈ¬ fl¡À¬ı˛ øÚÀ˚˛

¤À√¬ı˛ ¸±À¬ÛÀé¬ ‰¬±fl¡øÓ¬¬ı˛ Ê√±Î¬… ·≈ÌÙ¬˘·≈ø˘ ¸¬ı˝◊√√ ˙”Ú…º

� (Ox, Oy) ¸±À¬ÛÀé¬ ‰¬±fl¡øÓ¬¬ı˛ Ê√±Î¬…-·≈ÌÙ¬˘º

= O + [‰¬±fl¡øÓ¬¬ı˛ ˆ¬¬ı˛] (a ·0) = 
� �a z z a2 2 0 0� � �� �� �
(Oy, Oz) ¸±À¬ÛÀé¬ ‰¬±fl¡øÓ¬¬ı˛ Ê√±Î¬… ·≈ÌÙ¬˘ = [‰¬±fl¡øÓ¬¬ı˛ ˆ¬¬ı˛] 0·z = 0

(Oz, Ox) ¸±À¬ÛÀé¬ ‰¬±fl¡øÓ¬¬ı˛ Ê√±Î¬… ·≈ÌÙ¬˘ = [‰¬±fl¡øÓ¬¬ı˛ ˆ¬¬ı˛] (z ·a)

= �� �a z z az2 2� �� � �
� E = (Oz, Ox) ¸±À¬ÛÀé¬ ’Ò«À·±˘Àfl¡¬ı˛ Ê√±Î¬…-·≈ÌÙ¬˘

= �� a z azdz Ma
a

2 2 2

0

3
8

� �� � �

D = F = O
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� O ø¬ıμ≈ÀÓ¬ Œ˜±À˜KI◊±˘ ¤ø˘¬Û¸À˚˛Î¬ ˝√√˘

Ax By Cz Ezx2 2 2 2� � �  = constant

¬ı±, 2 7 15
4

2 2 2x y z zx� � � �� �  constant

õ∂ùü 8. ’Ò«À·±˘fl¡øÈ¬ Ù¬“√±¬Û± ˝√√À˘ Œ√‡±Ú Œ˚ ˆ”¬ø˜¬ı˛ ¬Ûø¬ı˛¸œ˜±¬ı˛ ›¬Û¬ı˛ Œ˚ Œfl¡±ÀÚ± ø¬ıμ≈ÀÓ¬ Œ˜±À˜KI◊±˘

¤ø˘¬Û¸À˚˛ÀÎ¬¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√˘º

2 5 3 02 2 2x y z zx� � � �� �

[¸—Àfl¡Ó¬ – ’Ò«À·±˘fl¡øÈ¬¬ı˛ ˆ”¬ø˜¬ı˛ ¸Àe· ¸˜±z¬¬ı˛±˘ ¬ı‘ÀM√√ ˆ¬±· fl¡À¬ı˛ øÚÚº]

õ∂ùü 9. øSˆ≈¬ÀÊ√¬ı˛ ¸˜Ó¬À˘¬ı˛ ›¬Û¬ı˛ Œ˚ Œfl¡±ÀÚ± ¤fl¡øÈ¬ øÚø«√©Ü ¸¬ı˛˘À¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬ øSˆ≈¬ÀÊ√¬ı˛ Ê√±Î¬…-√w¬±˜fl¡

øÚÌ«˚˛ fl¡¬ı˛≈Úº ¤¬ı˛ ŒÔÀfl¡ Œ√‡±Ú Œ˚, øSˆ≈¬ÀÊ√¬ı˛ ˆ¬¬ı˛ M ˝√√À˘ øSˆ≈¬Ê√øÈ¬ Ó¬±¬ı˛ ¬ı±˝≈√√·≈ø˘¬ı˛ ˜Ò…ø¬ıμ≈·≈ø˘ÀÓ¬ ’¬ıøàÔÓ¬

M/3 ˆ¬À¬ı˛¬ı˛ øÓ¬ÚøÈ¬¬ı˛ fl¡Ì± ¡Z±¬ı˛± ·øÍ¬Ó¬ Ó¬ÀLa¬ı˛ ¸Àe· ¤fl¡˝◊√√ Ê√±Î¬…-√w¬±˜fl¡ ø¬ıø˙©Ü ˝√√À¬ıº (equimomental ˝√√À¬ı]º

¸˜±Ò±Ú – ABC øSˆ≈¬ÀÊ√, ˚±¬ı˛ ¸˜Ó¬À˘ l ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡±, A, B, C ŒÔÀfl¡ l ˘•§ ”√¬ı˛Q h1, h2,
h3, h1 < h2 < h3.

l�A ø¬ıμ≈·±˜œ l ¤¬ı˛ ¸Àe· ¸˜±z¬¬ı˛±˘ ¸¬ı˛˘À¬ı˛‡±º

CB [¬ı± ¬ıøÒ«Ó¬ CB) l�	 Œfl¡ D ŒÓ¬ ø˜ø˘Ó¬ ˝√√˚˛º ˚ø√ ˜ÀÚ

fl¡ø¬ı˛ ACD ¤¬ı— ABD › ABC-¬ı˛ ¸˜±Ú ‚ÚQ˚≈q¡ ¬ıd≈¬ÀÓ¬ øÚø˜«Ó¬

øSˆ≈¬Ê√, [¸¬ıfl¡øÈ¬ øSˆ≈¬ÀÊ√¬ı˛ ‚ÚQ = ¬ˆ¬¬ı˛ ˚ Œé¬SÙ¬˘ = 	Ò¬ı˛± ˚±fl¡º]

Ó¬À¬ı, �ABC-¤¬ı˛ ˆ¬¬ı˛ = M1 – M2, Œ˚‡±ÀÚ, M1 › M2

˚Ô±√flË¡À˜ �ADC › �ADB ¤¬ı˛ ˆ¬¬ı˛º øfl¡z≈¬ ¤˝◊√√ ≈√øÈ¬ øSˆ≈¬ÀÊ√¬ı˛ ¤fl¡˝◊√√

”̂¬ø˜ ADº ’Ó¬¤¬ı, 

M
M

h h
h h

1

2

3 2

2 1
�

�
�

� M M h h h h1 3 1 3 2� � �� � � �/

M M h h h h2 2 1 3 2� � �� � � �/

� ABC øSˆ≈¬ÀÊ√¬ı˛ Ê√±Î¬…-√w¬±˜fl¡, l�	 ¸±À¬ÛÀé¬

= 	 ADC-¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ l�	 ¸±À¬ÛÀé¬ –�ADB ¤¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ l� ¸±À¬ÛÀé¬

= 
1
6

1
6

1
61 3 1

2
2 1

2
3 1

3
2 1

3
3 2M h h h h M h h h h h h� � � � � � � �� � � � � � � �� � � �

= 1
6

3 3 31
2

2
2

3
2

2 3 3 1 1 2M h h h h h h h h h� � � � �� �
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¤‡Ú øSˆ≈¬Ê√øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f l Œ¬ÔÀfl¡ 
1
3 1 2 3h h h� �� � ”√¬ı˛ÀQ, ¤¬ı— l�	 ŒÔÀfl¡ 

1
3

22 3 1h h h� �� � ”√¬ı˛ÀQ

’±ÀÂ√º

’Ó¬¤¬ı ¬Û¬ı˛¬Û¬ı˛ ≈√¬ı±¬ı˛ ¸˜±z¬¬ı˛±˘ ’Àé¬¬ı˛ Î¬◊¬Û¬Û±√… ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ Œ√ø‡ Œ˚, l ¸±À¬ÛÀé¬ �ABC ¤¬ı˛ Ê√±Î¬…-

√w¬±˜fl¡ = l�	 ¸±À¬ÛÀé¬ Ó¬±¬ı˛ Ê√±Î¬…-√w¬±˜fl¡ � � � � � �1
9

2 1
92 3 1

2
1 2 3

2
M h h h h h h� � � �

= 1
3 2 2 2

2 3
2

3 1
2

1 2
2

M
h h h h h h��

��
�
�� �

��
��

�
�� �

��
��

�
��

�
��
 �

!
"�
#�

˚± øfl¡Ú±, l ¸±À¬ÛÀé¬ øSˆ≈¬ÀÊ√¬ı˛ ¬ı±˝≈√√¬ı˛ ˜Ò…ø¬ıμ≈·≈ø˘ÀÓ¬ ’¬ıøàÔÓ¬ 
M
3 -ˆ¬À¬ı˛¬ı˛ øÓ¬ÚøÈ¬ fl¡Ì±¬ı˛ Ê√±Î¬…-√w¬±˜Àfl¡¬ı˛

¸˜ø©Ü¬ı˛ ¸˜±Úº

fl¡Ì± øÓ¬ÚøÈ¬¬ı˛ Œ˜±È¬ ˆ¬¬ı˛ = M = øSˆ≈¬Ê√øÈ¬¬ı˛ ˆ¬¬ı˛ ¤¬ı— Ó¬±À√¬ı˛ ˆ¬¬ı˛Àfl¡f› øSˆ≈¬ÀÊ√¬ı˛ ˆ¬¬ı˛Àfl¡Àf˝◊√√ ’¬ıøàÔÓ¬º

’Ó¬¤¬ı øSˆ≈¬ÀÊ√¬ı˛ ˆ¬¬ı˛Àfl¡f·±˜œ øÓ¬ÚøÈ¬ ’é¬ ˚ø√ øSˆ≈¬ÀÊ√¬ı˛ ˜≈‡… ’é¬ ˝√√˚˛ Ó¬À¬ı Ó¬±¬ı˛± fl¡Ì± øÓ¬ÚøÈ¬ ¡Z±¬ı˛± ·øÍ¬Ó¬

Ó¬ÀLa¬ı˛› ˜≈‡… ’é¬ ˝√√À¬ıº ’Ó¬¤¬ı, øSˆ≈¬Ê√ › fl¡Ì±Ó¬LaøÈ¬ ˝◊√√fl≈¡˝◊√√À˜±À˜KI◊±˘º

õ∂ùü 10. ABCD ¤fl¡øÈ¬ ¸≈¯∏˜ ¸±˜±z¬ø¬ı˛fl¡, ˚±¬ı˛ ˆ¬¬ı˛ Mº Ó¬±¬ı˛ ‰¬±¬ı˛øÈ¬ ¬ı±˝≈√√¬ı˛ ˜Ò…ø¬ıμ≈ÀÓ¬ M/6 ˆ¬À¬ı˛¬ı˛ ¤fl¡-

¤fl¡øÈ¬ fl¡Ì± ¬ı˛±‡± ˝√√˘ ¤¬ı— ≈√˝◊√√ fl¡ÀÌ«¬ı˛ ŒÂ√√ø¬ıμ≈ÀÓ¬ M/3 ˆ¬¬ı˛ ¬ı˛±‡± ˝√√˘º Œ√‡±Ú Œ˚, ¸±˜z¬ø¬ı˛fl¡øÈ¬ ¤˝◊√√ ¬Û“√±‰¬øÈ¬

fl¡Ì±¬ı˛ ¸Àe· ¤fl¡˝◊√√ Ê√±Î¬…-√w¬±˜fl¡ ø¬ıø˙©Üº



197

NSOU

¤fl¬fl¬ 14 � Î¬±˘±•§±À¬ı˛¬ı˛ ÚœøÓ¬ › Ó¬»õ∂À˚˛±À· ‘√Ï¬ˇ¬ıd≈¬¬ı˛

·øÓ¬¸”S±ø√

·Í¬Ú

14.1 ¬√õ∂d¬±¬ıÚ±

14.2 ¬Î¬◊ÀV˙…

14.3 Î¬±˘±•§±À¬ı˛¬ı˛ ÚœøÓ¬ñø¬ı¬ı‘øÓ¬ (Statement of D’Alembert’s Principal)

14.4 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬¸”S (Deduction of Equations of Motion of a Rigid Body)

14.5 ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬ › ˆ¬¬ı˛Àfl¡f ¸±À¬ÛÀé¬ ·øÓ¬ (Equations of the Centre of Inertia and
equations about the centre of inertia)

14.6 ¸±¬ı̨±—˙

14.7 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

14.1 ¬√õ∂d¬±¬ıÚ±

’±˜¬ı˛± ’±À·˝◊√√ ¬ıÀ˘øÂ√ Œ˚ ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬ ’¸—‡… (infinite) fl¡Ì±¬ı˛ ¸˜ø©Üº fl¡±ÀÊ√˝◊√√ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬¸”SÀfl¡

Œfl¡¬ı˘˜±S ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛ ·øÓ¬ ¸˜œfl¡¬ı˛Ì ¡Z±¬ı˛± õ∂fl¡±˙ fl¡¬ı˛± ¸y¬¬ı Ú˚˛º øÚÎ¬◊È¬ÀÚ¬ı˛ ·øÓ¬¸”S ŒÔÀfl¡ ¸¬ı˛±¸ø¬ı˛ ¤˝◊√√

·øÓ¬¸˜œfl¡¬ı˛Ì Œ˘‡± ˚±À¬ı Ú±º ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì·≈ø˘ øÚÌ«À˚˛¬ı˛ ’±À· ’±˜¬ı˛± Ó¬±˝◊√√ ¤˝◊√√ ÚœøÓ¬ ø¬ı¬ı‘Ó¬ fl¡¬ı˛¬ıº

14.2 Î¬◊ÀV˙…

¤˝◊√√ ’Ò…±À˚˛ ’±˜±À√¬ı˛ Î¬◊ÀV˙… ˝√√˘

� Î¬±˘±•§±À¬ı˛¬ı˛ ÚœøÓ¬ ø¬ı¬ı‘Ó¬ fl¡¬ı˛±

� ‹ ÚœøÓ¬¬ı˛ ¸±˝√√±À˚… ‘Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬¸”S±ø√ øÚÌ«˚˛ fl¡¬ı˛±

� ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬Àfl¡ Ó¬±¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬ › ˆ¬¬ı˛Àfl¡Àf¬ı˛ ¸±À¬ÛÀé¬ ·øÓ¬ñ¤˝◊√√ ≈√øÈ¬ ’—À˙ ø¬ıˆ¬q¡ fl¡¬ı˛±º

14.3 Î¬±˘±•§±À¬ı˛¬ı˛ ÚœøÓ¬ñø¬ı¬ı‘øÓ¬ (D’Alembert’s Principal Statement)

Ò¬ı˛± ˚±fl¡ t ¸˜À˚˛ m-ˆ¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ¬ıd≈¬fl¡Ì±¬ı˛ ›¬Û¬ı˛ F
�

 ¬ı˘ õ∂˚≈q¡ ’±ÀÂ√, ¤¬ı— Œfl¡±ÀÚ± øàÔ¬ı˛ ˜”˘ø¬ıμ≈

O-¤¬ı˛ ¸±À¬ÛÀé¬ fl¡Ì±øÈ¬¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ r º
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’Ó¬¤¬ı, fl¡Ì±øÈ¬¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì (equation of motion) ˝√√˘

m d r
dt

F
2

2

�

�


 ........ (i)

¤‡Ú O ø¬ıμ≈ÀÓ¬ ˘•§-’é¬ Ox, Oy, Oz ¸±À¬ÛÀé¬ 
�
r xi yj zk� � �� � �  ¤¬ı— F Xi Yj Zk� � �� � �  ˝√√À˘,

Œ˚‡±ÀÚ �, �, �i j k  ˝√√˘ Ox, Oy, Oz ¬ı¬ı˛±¬ı¬ı˛ ¤fl¡fl¡ Œˆ¬"√√¬ı˛, (1) ø˘‡ÀÓ¬ ¬Û±ø¬ı˛ mx X my Y mz Z�� , �� , ��� � �

.......... (2) ¤˝◊√√ øÓ¬ÚøÈ¬ ˝√√˘ ˘•§-’Àé¬¬ı˛ ¸±À¬ÛÀé¬ fl¡Ì±øÈ¬¬ı˛ ¶®±˘±¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ìº

¤‡Ú (1) Œfl¡ ’±˜¬ı˛± ø˘‡ÀÓ¬ ¬Û±ø¬ı˛ øÚ•ß¬ı˛”À¬Û

� � �
� �
��mr F 0  [õ∂øÓ¬ ¸˜À˚˛¬ı˛ Ê√Ú…]

[¤‡±ÀÚ t ¸±À¬ÛÀé¬ ’¬ıfl¡˘Ú øÚÀ«√˙ fl¡À¬ı˛]º

’Ô«±» øàÔøÓ¬ø¬ı√…±¬ı˛ ˆ¬±¯∏±˚˛ ¬ı˘À˘, fl¡Ì±øÈ¬ õ∂øÓ¬øÈ¬ ¸˜˚˛ t-¤¬ı˛ Ê√ÀÚ… �
���mr  › F

�
, ¤˝◊√√ ≈√øÈ¬ ¬ıÀ˘¬ı˛ ¸ø•úø˘Ó¬

õ∂À˚˛±À·¬ı˛ Ù¬À˘ ¸±˜…±¬ıàÔ±˚˛ (equilibrium) Ô±fl¡À¬ıº

fl¡Ì±¬ı˛ ›¬Û¬ı˛ F
�

 ¬ı˘øÈ¬ ˝√√˘ õ∂ ≈̊q¡ ¬ıø˝√√¬ı«̆  (external force). mr
��� Œfl¡ ¬ı˘± ˚± ˛̊ fl¡Ì±øÈ¬¬ı˛ Q¬ı˛Ì ¬ı˘

(effective force) �mr
��� Œfl¡ ¬ı˘± ˚± ˛̊ fl¡Ì±øÈ¬¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ Q¬ı˛Ì ¬ı˘ (reversed effective force).

’Ó¬¤¬ı, ’±˜¬ı˛± ˆ¬±¬ıÀÓ¬ ¬Û±ø¬ı˛ Œ˚, ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ·øÓ¬¬ı˛ Œé¬ÀS õ∂øÓ¬øÈ¬ ¸˜À˚˛ ¬ıø˝√√¬ı«˘ F
�

 › ø¬ı¬Û¬ı˛œÓ¬ Q¬ı˛Ì-

¬ı˘ �mr
���, ¤˝◊√√ ≈√øÈ¬ ¬ı˘ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º

¤‡Ú ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ fl¡Ô± ø‰¬z¬± fl¡¬ı˛À˘ ’±˜¬ı˛± Œ√ø‡ Œ˚ ‘√Ï¬ˇ¬ıd≈¬øÈ¬ ’¸—‡… fl¡Ì±¬ı˛ ¸˜ø©Üº õ∂øÓ¬øÈ¬ fl¡Ì± mi-

¤¬ı˛ ›¬Û¬ı˛ ¬ıø˝√√¬ı«˘ Fi


 Â√±Î¬ˇ±› ’Ú…±Ú… fl¡Ì± ¡Z±¬ı˛± õ∂˚≈q¡ ’z¬¬ı«˘› (internal force) Ô±fl¡À¬ıº ¤‡Ú ˚ø√ Òø¬ı˛

Œ˚ fl¡Ì± mi ›¬Û¬ı˛ fl¡Ì± m j i Rj ij�� �
�

 ¬ı˘ õ∂À ˛̊±· fl¡À¬ı˛, Œ˚‡±ÀÚ 

�
Rij  ¬ı˘øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡± mi › mj, ¤ ◊̋√√

≈√øÈ¬ fl¡Ì±¬ı˛ ¸—À˚±·fl¡±¬ı˛œ Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ¤¬ı— 

�
R mj j�  fl¡M‘«√√fl¡ mi ¤¬ı˛ ›¬Û¬ı˛ ’z¬¬ı«˘ ¤¬ı— 

� �
R Rji ij� �  ’Ô«±»

mi, mj-¤¬ı˛ ›¬Û¬ı˛ Œ˚ ¬ı˘ õ∂À˚˛±· fl¡À¬ı˛, ¤¬ı— mj, mi ¤¬ı˛ ›¬Û¬ı˛ Œ˚ ¬ı˘ õ∂À˚˛±· fl¡À¬ı˛ Ó¬±¬ı˛± ¸˜±Ú˜±Ú˚≈q¡

› ø¬ı¬Û¬ı˛œÓ¬˜≈‡œº ’z¬¬ı«˘ ‚øÈ¬Ó¬ ¤˝◊√√ Ò±¬ı˛Ì±¬ı˛ Ù¬À˘ ’±˜¬ı˛± Œ√ø‡ Œ˚ ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬ÀÓ¬ ˚Ó¬ ’z¬¬ı«˘ ’±ÀÂ√, Ó¬±¬ı˛±

¤fl¡øÈ¬ ¬ı˘À·±á¬œ ΔÓ¬ø¬ı˛ fl¡¬ı˛À¬ı ˚± ¸±À˜… Ô±Àfl¡ (A system of forces in equilibrium)º [fl¡±¬ı˛Ì ’z¬¬ı«˘

¸ ”̃À˝√√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ = 0 ¤¬ı— Ó¬±À√¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ = 0) [¤ õ∂¸Àe·

Unit-11 Œ√‡≈Ú]º

Œ¸Àé¬ÀS, Î¬±˘±•§±À¬ı˛¬ı˛ ÚœøÓ¬ ¬ı˘ÀÂ√

ñì¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ õ∂øÓ¬øÈ¬ [¬ıd≈¬fl¡Ì±ÀÓ¬] õ∂˚≈q¡ ¬ıø˝√√¬ı«˘, ¤¬ı— õ∂øÓ¬øÈ¬ fl¡Ì±¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ Q¬ı˛Ì-¬ı˘ ¤fl¡ÀS Œ˚

¬ı˘À·±á¬œ (System of Forces) ·Í¬Ú fl¡À¬ı˛ Ó¬± õ∂øÓ¬¸˜À˚˛ (at every instant of time) ¸±˜…±¬ıàÔ±˚˛

Ô±fl¡À¬ıº
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14.4 Î¬±˘±•§±¬ı˛ ÚœøÓ¬ ŒÔÀfl¡ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬¸”S (Deduction of Equations
of Motion of a Rigid Body)

��	Òø¬ı˛, ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Pi ø¬ıμ≈ÀÓ¬ mi ˆ¬¬ı˛ ’¬ıøàÔÓ¬º Œfl¡±ÀÚ± øÚø«√©Ü ˜”˘ø¬ıμ≈ ¸±À¬ÛÀé¬ Pi ¤¬ı˛ ’¬ıàÔ±Ú

Œˆ¬"√√¬ı˛ ri
�

 ¤¬ı— Pi ø¬ıμ≈ÀÓ¬ õ∂˚≈q¡ ¬ıø˝¬ı«˘ Fi

�

Î¬±˘±•§±À¬ı˛¬ı˛ ÚœøÓ¬ ’Ú≈˚±˚˛œ, ¸˜¢∂ ¬ıd≈¬¬ı˛ ›¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘À·±á¬œ, ’Ô«±» F m ri i i

�
���	

�
�
�

���
 ¸±À˜… ’±ÀÂ√º

¤‡Ú ’±˜¬ı˛± øàÔøÓ¬¬ı√…± ŒÔÀfl¡ Ê√±øÚ Œ˚ ¬ı˘À·±á¬œ¬ı˛ ¸±À˜…¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ≈√øÈ¬ ˝√√˘ñ

(i) ¬ı˘·≈ø˘¬ı˛ ¸¬ıfl¡øÈ¬¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ”̇Ú… ¤¬ı— (ii) Œfl¡±ÀÚ± ¤fl¡øÈ¬ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ¬ı˘·≈ø˘¬ı˛ √w¬±˜fl¡-

Œˆ¬"√√¬ı˛·≈ø˘¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ˙”Ú…º

’Ô«±»,

� � �
F m ri i i

i
� �� ��$ % 0 ........ (1a)

¬ı±, m r Fi i i
� �
�� ���

¬ı±,
d
dt

m r Fi i i
� �
� � �� ........ (1b)

¤¬ı— O ø¬ıμ≈¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛,

� � �
r m r Fi i i i

i
� � � �� ��$ % 0

¬ı±, m r r r Fi i i i i
� � � �
� � ��� �� ........ (2a)

¤È¬±Àfl¡ ’±˜¬ı˛± ø˘‡ÀÓ¬ ¬Û±ø¬ı˛,

d
dt

m r r r Fi i i
i

i i
� � � �
�

�
��

�
�� � �� ��

........ (2b)

Œ˚À √̋√Ó≈¬ m r ri i i
i

� �� �� �� 0

¸˜œfl¡¬ı˛Ì (1b) ¬ı˘ÀÂ√ Œ˚ ¬ıd≈¬øÈ¬¬ı˛ ¸˜¢∂ Δ¬ı˛ø‡fl¡ ˆ¬¬ı˛À¬ı· (total linear momentum)-¤¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛

˝√√±¬ı˛ ¬ıø «̋√√¬ı˘·≈ø˘¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬À˘¬ı˛ ¸˜±Úº

(2b) ¬ıÀ˘ Œ˚ O-¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ ¸˜¢∂ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· (total angular momentum)-¤¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛

˝√√±¬ı˛, O-¸±À¬ÛÀé¬ ¬ıø˝«√√¬ı˘·≈ø˘¬ı˛ √w¬±˜Àfl¡¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬À˘¬ı˛ ¸˜±Úº

O ø¬ıμ≈ÀÓ¬ Ox, Oy, Oz ˘•§ fl¡±Ó«¬œ˚˛ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ Pi-¤¬ı˛ àÔ±Ú±efl¡ (xi, yi, zi), 
�
Fi -¤¬ı˛ Î¬◊¬Û±—˙

(component) [Xi, Yi, Zi] ˝√√À˘, 1(b) › 2(b) Œfl¡ ø˘‡ÀÓ¬ ¬Û±ø¬ı˛,
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m x X m y Y m z Zi i i i i i i i i�� ; �� ; ��� � � 						 ........ (3)

¤¬ı— m y z z y y Z z Y

m z x x z z X x Z

m x y y z x Y y X

i i i i i i i i i

i i i i i i i i i

i i i i i i i i i

�� ��

�� ��

�� ��

� � �

� � �

� � �

�

�

&
&
&

��
��
��

� � � �
� � � �
� � � �

........ (4)

Œ˜±È¬ ¬¤˝◊√√ Â√øÈ¬ ¸˜œfl¡¬ı˛ÌÀfl¡˝◊√√ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì ¬ı˘± ˝√√À¬ıº ’±˜¬ı˛± ’±À·˝◊√√ Œ√À‡øÂ√ ¬‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¶§±Ó¬La…˜±S±

Â√˚˛, ’Ó¬¤¬ı Â√˚˛øÈ¬ ¸˜œfl¡¬ı˛Ì˝◊√√ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬ øÚÒ«±¬ı˛ÀÌ¬ı˛ Ê√Ú… ˚ÀÔ©Üº

Î¬◊√±˝√√¬ı˛Ì, ¤fl¡øÈ¬ ¸≈¯∏˜ √G¬ OA, ˚±¬ı˛ Δ√‚«… 2a, O ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬

‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º Oz, O-¤¬ı˛ øˆ¬Ó¬¬ı˛ ø√À˚˛ Î¬◊~•§, ¤¬ı— Oz ¤¬ı˛ ¸Àe·

¤fl¡øÈ¬ øÚø«√©Ü [ÒË≈¬ı] Œfl¡±Ì �-ŒÓ¬ ’±ÚÓ¬ ’¬ıàÔ±˚˛ OA, ÒË≈¬ı Œfl¡ÃøÌfl¡

·øÓ¬À¬ı· (constant angular velocity)  	 øÚÀ˚˛ ‚≈¬ı˛ÀÂ√º �-Œfl¡±ÌøÈ¬

øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – OA √G¬, OZ ¤¬ı˛ ¸Àe· �	Œfl¡±ÀÌ ÚÓ¬ ’¬ıàÔ±˚˛ ‚≈¬ı˛ÀÂ√º

PQ, OA-¬ı˛ ›¬ÛÀ¬ı˛ ¤fl¡øÈ¬ Δ√À‚«…¬ı˛ é≈¬^ ’—˙ (elementary length)º

OP = x, PQ = �x Ò¬ı˛± ˚±fl¡º PN, OZ ¤¬ı˛ ›¬Û¬ı˛ ˘•§º √G¬øÈ¬ ‚≈¬ı˛À˘, P-ø¬ıμ≈ N-¤¬ı˛ ‰¬±ø¬ı˛ø√Àfl¡ N-

Œfl¡Àf, NP-¬ı…±¸±ÀÒ«¬ı˛ ¬ı‘M√√¬ÛÀÔ √w¬˜Ì fl¡À¬ı˛º

’Ó¬¤¬ı P-¤¬ı˛ Q¬ı˛Ì ˝√√˘  2PN, PN
��

 ø√fl¡ ¬ı¬ı˛±¬ı¬ı˛º (Centripetal acceleration)º

PQ-¤¬ı˛ ˆ¬¬ı˛ ˝√√˘ 
M
a

x
2

�

� PQ-¤¬ı˛ ›¬Û¬ı˛ Q¬ı˛Ì ¬ı˘, 
M
a

x
2

��
�

�
	   2PN, PN

��
 ¬ı¬ı˛±¬ı¬ı˛

� PQ-¤¬ı˛ ›¬Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ Q¬ı˛Ì ¬ı˘,

M
a

x
2

��
�

�
	   2PN, NP

��
 ¬ı¬ı˛±¬ı¬ı˛

√ÀG¬¬ı˛ õ∂øÓ¬øÈ¬ ø¬ıμ≈ÀÓ¬ ’øˆ¬fl¡¯∏«Ê√ ¬ı˘ (gravity) ø√flË¡˚˛±¬ı˛Ó¬, Œ˚˜Ú PQ-¤¬ı˛ ›¬Û¬ı˛ ’øˆ¬fl¡¯∏«Ê√ ¬ı˘

M
a

x g
2

��
�

�
	.  ¤Â√±Î¬ˇ±› O-ø¬ıμ≈ÀÓ¬ √G¬øÈ¬¬ı˛ ›¬ÛÀ¬ı˛ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ’±ÀÂ√º

fl¡±ÀÊ√˝◊√√ Î¬±˘±•§±À¬ı˛¬ı˛ ÚœøÓ¬ ’Ú≈¸±À¬ı˛, √ÀG¬¬ı˛ õ∂øÓ¬ é≈¬^ ’—À˙¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ Q¬ı˛Ì ¬ı˘, ’øˆ¬fl¡¯∏«Ê√ ¬ı˘ › O

ø¬ıμ≈ÀÓ¬ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘, ¸±À˜… ’±ÀÂ√º ’Ó¬¤¬ı O ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˘,

M
a

x x x M
a

x g x
2 2

02� ��
�

�
	  � � �

�
�
	 ��� � � � �sin cos . sin
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[õ∂Ô˜ ¬Û√øÈ¬ ø¬ı¬Û¬ı˛œÓ¬ Q¬ı˛Ì ¬ıÀ˘¬ı˛ √w¬±˜fl¡, ¬ÛÀ¬ı˛¬ı˛øÈ¬ ’øˆ¬fl¡¯∏«Ê√ ¬ıÀ˘¬ı˛ √w¬±˜fl¡, ≈√øÈ¬ √w¬±˜Àfl¡¬ı˛ ø√fl¡ (sense)

ø¬ı¬Û¬ı˛œÓ¬º õ∂øÓ¬ø√flË¡˚˛± ¬ıÀ˘¬ı˛ √w¬±˜fl¡ O-ø¬ıμ≈ ¸±À¬ÛÀé¬ ˙”Ú…º õ∂øÓ¬ø√flË¡˚˛± ¬ı˘øÈ¬¬ı˛ ˜±Ú › ø√fl¡ ≈√øÈ¬˝◊√√ ’Ê√±Ú± Ó¬±˝◊√√

‹ ¬ı˘Àfl¡ ¤øÎ¬ˇÀ ˛̊ ˚±¬ı±¬ı˛ Ê√Ú… ◊̋√√ O ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛øÂ√º]

¬ı±, � � � �2 2

0

2

0

2

x dx g x dx
aa

sin cos sin� ��

� � � � �2
3

0

2 2

0

2

3 2
sin cos sinx g x

a a�
�

�
� � �

�
�
�

8
3

2
3

2 2a a g � � �sin cos sin ,�

� sin cos� � � � �	

'

�
�& �

4
3

0
2a g

� ˝√√ ˛̊ �	 = 0 [Œ˚‡±ÀÚ √G¬øÈ¬ Î¬◊~•§ ˆ¬±À¬ı øàÔ¬ı˛]

¬ı±, cos�
�

� 3
4 2

g
a

�
�

� �
�

�
�

�cos ,1
2

3
4

g
a 	 ¤ ◊̋√√ Œfl¡±ÌøÈ¬ ¸y¬¬ı ˝√√ÀÓ¬ ˝√√À˘ 3g < 4a 2 ˝√√ÀÓ¬ ˝√√À¬ı,

’Ú…Ô±˚˛ Î¬◊~•§ ¸±˜…¬ıàÔ±˝◊√√ ˙≈Ò≈ ¸y¬¬ıº

14.5 ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬ › ˆ¬¬ı˛Àfl¡f ¸±À¬ÛÀé¬ ·øÓ¬

Ò¬ı˛≈Ú ‘√Ï¬ˇ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f (Centre of inertia ¬ı± centre of mass), �, ˚±¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ ˜”˘ø¬ıμ≈

O ¸±À¬ÛÀé¬ R
�

º Ó¬±˝√√À˘,

�
� �

R
m r
m

m r
M

i i

i

i i� �
�

�

�

Œ˚‡±ÀÚ,  M = �mi, ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛º

’Ó¬¤¬ı, MR m ri i

� �
�� ,

MR m r MR m ri i i i

� � � ��� ��, �� ��� � ��

� ¸˜œfl¡¬ı˛Ì (1a) ŒÔÀfl¡¬ ¬Û±˝◊√√,
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MR Fi

� ��� ,� 	 ........ (5)

¬ı±, M x Xi
�� � 	 ........ (5a)

M y Yi
�� � 	 ........ (5b)

M z Zi
�� � 	 ........ (5c)

Œ˚‡±ÀÚ x y z, ,� � ˝√√˘ Ox, Oy, Oz ¸±À¬ÛÀé¬ � ¤¬ı˛ àÔ±Ú±—fl¡º øfl¡z≈¬, ¸˜œfl¡¬ı˛Ì (5) ˝√√˘ M-ˆ¬¬ı˛˚≈q¡

¤fl¡øÈ¬˜±S fl¡Ì±¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì, Œ˚‡±ÀÚ Ó¬±¬ı˛ ›¬Û¬ı˛ 

�
Fi�  ¬ı˘ õ∂ ≈̊q¡ ’±ÀÂ√º ¤ ◊̋√√ ¸˜œfl¡¬ı˛Ì (5), ¬ı± (5a)

– (5c) Œ√À‡ ¤fl¡Ô± ¬ı˘± ˚±˚˛ Œ˚, ¬ıd≈¬¬ı˛ ˆ¬¬ı˛Àfl¡f ¤˜Úˆ¬±À¬ı ‰¬À˘ Œ˚Ú ¬ıd≈¬¬ı˛ ¸˜d¬ ˆ¬¬ı˛ ‹ ˆ¬¬ı˛Àfl¡Àf ‚Úœˆ”¬Ó¬,

¤¬ı— ¸˜d¬ ¬ıø˝√√¬ı«̆ ·≈ø˘ Œ˚Ú, Ó¬±¬ı˛± Œ˚ ø√Àfl¡ (direction) øÂ√˘, Œ¸˝◊√√ ø√fl¡ ’é≈¬J Œ¬ı˛À‡, ‹ ˆ¬¬ı˛Àfl¡Àf õ∂˚≈q¡

√̋√À˚̨ÀÂ√º

Pi ¬ıd≈¬fl¡Ì±øÈ¬¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ �-¤¬ı˛ ¸±À¬ÛÀé¬ �ri  ˝√√À˘,

� � �
r R ri i� � 	

¤‡±ÀÚ, 
m r

m
i i

i

�
��

�
 √̋√̆  �-¤¬ı˛ ¸±À¬ÛÀé¬ ˆ¬¬ı˛Àfl¡f � ¤¬ı˛˝◊√√ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛, ’Ô«±» = 0.

� m ri i
�
	�	 0

� m r m ri i i i
� �
	� 	�� � �� 0

¤‡Ú,  m r ri i i
� �
� 	� ��� �

= m R r R ri i i

� � � �
� 	 � ��� ��� 
 � �� ��

= m R R m r r m R r m r Ri i i i i i i i

� � � � � � � �
� � 	� 	� � 	� 	�	 			
�� �� �� ��

=
� � � � � � � �
R R m m r r R m r m r Ri i i i i i i i��
�

�
	 � 	� 	� � 	� 	 �����

�� �� �� ��� �

= M R R m r ri i i��� �� � 	� 	�
� � ��� ��,   (i) õ∂À˚˛±· fl¡À¬ı˛º

=
� � � �
R F m r ri i i i� � 	� 	�� ��,  (5) ŒÔÀfl¡º ........ [6(a)]

¤fl¡˝◊√√ˆ¬±À¬ı ’±˜¬ı˛± ¬Û±˝◊√√,

� � � � �
r F R F r Fi i i i i� � � � 	���� ....... [6(b)]
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¸˜œfl¡¬ı˛Ì 6(a), 6(b) ŒÔÀfl¡ ¬Û±˝◊√√,

� � � � � � � �
R F m r r R F r Fi i i i i i i� � 	� 	� � � 	����� ��

’Ô«±»,  m r r r Fi i i i i
� � � �
	� 	� 	�� �� �� ....... (7)

Ox, Oy, Oz ¤¬ı˛ ¸˜±z¬¬ı˛±˘ Gx��	 Gy��	 Gz�	 ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ Pi-¤¬ı˛ àÔ±Ú±efl¡ 	 	 	x y zi i i, ,� �  ˝√√À˘,

¸˜œfl¡¬ı˛ÀÌ (7) ŒÔÀfl¡ ¬Û±˝◊√√,

m y z z y y Z z Yi i i i i i i i i	 	 � 	 	 � 	 � 	�� �� ��� � � � ........ (7a)

m z x x z z X x Zi i i i i i i i i	 	 � 	 	 � 	 � 	�� �� ��� � � � ........ (7b)

m x y y x x Y y Xi i i i i i i i i	 	� 	 	 � 	 � 	�� �� ��� � � � ........ (7c)

¸˜œfl¡¬ı˛Ì (6), ¬ı± (7a) – (7c)-Œfl¡ ¬ı˘± ˝√√ ˛̊ � ø¬ıμ≈ ¸±À¬ÛÀé¬ ‘√Ï¬ˇ¬¬ıd≈¬øÈ¬¬ı˛ ·øÓ¬ ¸˜œfl¡¬ı˛Ìº

˘é¬… fl¡¬ı˛≈Ú Œ˚ ’±fl¡±À¬ı˛ ¸˜œfl¡¬ı˛Ì (7), ¸˜œfl¡¬ı˛Ì (2) ¤¬ı˛˝◊√√ ’Ú≈¬ı˛”¬Ûº ¤¬ı— � ø¬ıμ≈¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì (5)

¤¬ı˛ ¸Àe· ¸˜œfl¡¬ı˛Ì (7) ¤¬ı˛ Œfl¡±ÀÚ± ¸¬ı˛±¸ø¬ı˛ Œ˚±·±À˚±· ŒÚ˝◊√√  , ¤˝◊√√ ≈√øÈ¬ ¸˜œfl¡¬ı˛Ì ¬Û¬ı˛¶Û¬ı˛ ’¸—˚≈q¡

(uncoupled)º ’Ô«±» øfl¡Ú± � ˚ø√ øàÔ¬ı˛ø¬ıμ≈› ˝√√Ó¬, Ó¬± ˝√√À˘› ¸˜œfl¡¬ı˛Ì (7) ¤fl¡˝◊√√ Ô±fl¡Ó¬º

’Ô«±» ˚ø√ ˆ¬¬ı˛Àfl¡føÈ¬ øàÔ¬ı˛ø¬ıμ≈ ˝√√Ó¬ ¤¬ı— ¤fl¡˝◊√√ ¬ıø˝√√¬ı«˘ ¬ıd≈¬øÈ¬¬ı˛ ›¬Û¬ı˛ ¤fl¡˝◊√√ˆ¬±À¬ı õ∂˚≈q¡ Ô±fl¡Ó¬, Ó¬±˝√√À˘

ˆ¬¬ı˛Àfl¡føÈ¬¬ı˛ ¸±À¬ÛÀé¬ ‘√Ï¬ˇ¬ıd≈¬øÈ¬ ‰¬˘±¬ı˛ Ò¬ı˛Ú ¤fl¡˝◊√√ Ô±fl¡Ó¬º

14.6 ¸±¬ı˛±—˙

¤˝◊√√ ¤fl¡Àfl¡ ’±¬ÛÚ±¬ı˛±

� Î¬±˘±•§±À¬ı˛¬ı˛ ÚœøÓ¬ ¸•§À&Ò ¬ÛÎ¬ˇÀ˘Úº

� ‹ ÚœøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ fl¡œˆ¬±À¬ı ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬¸”S Œ˘‡± ˚±˚˛ Ó¬± Œ√‡À˘Úº

� Œ√‡± Œ·˘ Œ˚ Â√øÈ¬ ¸˜œfl¡¬ı˛Ì ¡Z±¬ı˛± ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬ øÚ¬ı˛”¬ÛøÓ¬ ˝√√˚˛º

� øÓ¬ÚøÈ¬ ¸˜œfl¡¬ı˛Ì √̋√̆  ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ¸˜œfl¡¬ı˛Ìº ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ˆ¬¬ı˛Àfl¡f ¤˜Úˆ¬±À¬ı ¸=±¬ı˛̃ ±Ú Œ˚, ‘√Ï¬ˇ¬ıd≈¬øÈ¬¬ı˛

¸˜d¬ ˆ¬¬ı˛ Œ˚Ú ‹ ø¬ıμ≈ÀÓ¬˝◊√√ Œfl¡fœˆ”¬Ó¬ ¤¬ı— ¸˜d¬ ¬ıø˝√√¬ı«˘› Œ˚Ú ˆ¬¬ı˛Àfl¡Àf˝◊√√ õ∂˚≈q¡ ’±ÀÂ√º

� ¬ı±fl¡œ øÓ¬ÚøÈ¬ ¸˜œfl¡¬ı˛ÌÀfl¡ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡-¸˜œfl¡¬ı˛Ì ø˝√√À¸À¬ı Œ˘‡± ˚±˚˛º ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬

ŒÔÀfl¡ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ¸±À¬ÛÀé¬ ·øÓ¬øÈ¬ ¤Àfl¡¬ı±À¬ı˛ ’¸—˚≈q¡ (uncoupled) ¤˝◊√√ øÓ¬ÚøÈ¬ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸˜±Ò±Ú

õ∂Ô˜ øÓ¬ÚøÈ¬¬ı˛ ›¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛ Ú±º ’Ô«±», ˚ø√ ˆ¬¬ı˛Àfl¡føÈ¬ øàÔ¬ı˛› Ô±Àfl¡, Ó¬¬ı≈› Ó¬±¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬¬ı˛

[√w¬±˜fl¡] ·øÓ¬-¸˜œfl¡¬ı˛Ì·≈ø˘ ¤fl¡˝◊√√ ˝√√˚˛º
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14.7 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘ › ¸˜±Ò±Ú

õ∂ùü 1. 2a Δ√À‚«…¬ı˛ ¤fl¡øÈ¬ √G¬, Ó¬±¬ı˛ ¤fl¡õ∂±Àz¬ ’±È¬fl¡±ÀÚ± ¤fl¡øÈ¬ √øÎ¬ˇ¬ı˛ ¡Z±¬ı˛± O ø¬ıμ≈ ŒÔÀfl¡ ŒÁ¡±˘±ÀÚ±

’±ÀÂ√º √øÎ¬ˇ¬ı˛ Δ√‚«… l1 √øÎ¬ˇ › √G¬ ≈√øÈ¬˝◊√√ O ø¬ıμ≈·±˜œ Î¬◊~•§ Œ¬ı˛‡±¬ı˛ ‰¬±ø¬ı˛ø√Àfl¡ ÒË≈¬ı Œfl¡ÃøÌfl¡ Œ¬ıÀ· Œ‚±À¬ı˛ ¤¬ı—

Î¬◊~À•§¬ı˛ ¸Àe· √øÎ¬ˇ › √G¬ ˚Ô±√flË¡À˜ �	 › !	 Œfl¡±ÀÌ ÚÓ¬º Œ√‡±Ú Œ˚,

3 4 3l
a

�
�
�

tan tan
tan tan

.
sin
sin


 �
� �

�



◊̋√øe·Ó¬ – OA ˝√√˘ √øÎ¬ˇ, AB G¬, M √ÀG¬¬ı˛ ˆ¬¬ı˛, √øÎ¬ˇøÈ¬Àfl¡ ˆ¬¬ı˛̋ √√œÚ

Ò¬ı˛± ˝√√˘º PQ, √ÀG¬¬ı˛ Δ√À‚«…¬ı˛ é≈¬^ ’—˙ AP = x, PQ = �x.

√G¬øÈ¬¬ı˛ ›¬Û¬ı˛ ¬ıø˝√√¬ı«̆ ·≈ø˘ ˝√√˘ (i) õ∂øÓ¬øÈ¬ é≈¬^ ’—À˙ õ∂˚≈q¡

’øˆ¬fl¡¯∏«Ê√ ¬ı˘, ˚±¬ı˛ fl¡±¬ı˛Ì ˝√√˘ √G¬øÈ¬¬ı˛ ˆ¬¬ı˛, Mg, ›¬ı˛ ˆ¬¬ı˛Àfl¡f G

ø¬ıμ≈ÀÓ¬ Î¬◊~•§ˆ¬±À¬ı, ÚœÀ‰¬¬ı˛ ø√Àfl¡ ø√flË¡˚˛±˙œ˘º (ii) A ø¬ıμ≈ÀÓ¬ √øÎ¬ˇ-¡Z±¬ı˛±

õ∂ ≈̊q¡ È¬±Ú T, ¤¬ı— √ÀG¬¬ı˛ õ∂øÓ¬ é≈¬^ ’—À˙ õ∂˚≈q¡ ø¬ı¬Û¬ı˛œÓ¬ Q¬ı˛Ì-

¬ı˘ ’±ÀÂ√ºñŒ˚˜Ú PQ-¤¬ı˛ ›¬ÛÀ¬ı˛ 
M
a

x PN
2

2� ��
�

�
	 , NP

��
 ¬ı¬ı˛±¬ı¬ı˛º

¤˝◊√√ ¸˜d¬ ¬ı˘¡Z±¬ı˛± ·øÍ¬Ó¬ ¬ı˘À·±á¬œ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º

A ø¬ıμ≈ ¸±À¬ÛÀé¬ ¤˝◊√√ Œ·±á¬œ¬ı˛ √w¬±˜fl¡ øÚÀ˚˛ ¬Û±˝◊√√,

� � �� �� ��Mga M
a

dx PNx
a

sin cos .� � �
2

0
0

2
2

� Mga M
a

x PN dx
a

sin cos� � �� �2
2

0

2

øfl¡z≈¬ PN l x� �sin sin� �

� Mga M
a

l xdx x dx
aa

sin cos sin sin� � � 
 �� �
�
��

�
����2

2 2

0

2

0

2

g a al asin cos sin sin� � � 
 �� ��
�

�
�

2
24

3    ... (1)

¤¬ı— O-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛ ¬Û±˝◊√√,

� �� � � �� � �� ��Mg a l M
a

l x l x dx
a

sin sin sin sin cos cos� � � � � � �
2

2

0

2
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g a l l a alsin sin sin cos sin cos sin� 
 � 
 
 � � 
 �� � � � ��
�

�
�� � � �2 2

24
3    .... (2)

¤¬ı˛¬Û¬ı˛ ’efl¡øÈ¬¬ı˛ ¸˜±Ò±Ú ¸˝√√ÀÊ√˝◊√√ ¸y¬¬ıº

õ∂ùü 2. ¤fl¡øÈ¬ ¸¬ı˛≈ Œ·±˘ ˆ¬±¬ı˛œ ‰¬±fl¡øÓ¬ (thin heavy disc) Ó¬±¬ı˛ øÚÀÊ√¬ı˛ ¸˜Ó¬À˘ ’¬ıøàÔÓ¬ ¤fl¡øÈ¬

’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º ¤˝◊√√ ’é¬øÈ¬ ’±¬ı±¬ı˛ Ó¬±¬ı˛ øÚÀÊ√¬ı˛ ›¬Û¬ı˛ ’¬ıøàÔÓ¬ ¤fl¡øÈ¬ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ’±Ú≈ˆ”¬ø˜fl¡

ˆ¬±À¬ı ÒË≈¬ı Œfl¡ÃøÌfl¡ Œ¬ı· øÚÀ˚˛ Œ‚±À¬ı˛º Œ√‡±Ú Œ˚, ‰¬±fl¡øÓ¬¬ı˛ ¸˜Ó¬˘øÈ¬ Î¬◊~•§ Ó¬À˘¬ı˛ ¸Àe· cos�1
2 2
gh

k �
 Œfl¡±ÀÌ

ÚÓ¬ Ô±fl¡À¬ı, Œ˚‡±ÀÚ h √̋√̆  ’é¬øÈ¬¬ı˛ ŒÔÀfl¡ ‰¬±fl¡øÓ¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ”√¬ı˛Qº

k ˝√√˘ ’é¬øÈ¬¬ı˛ ¸±À¬ÛÀé¬ ‰¬±fl¡øÓ¬øÈ¬¬ı˛ ‚”Ì«Ú ¬ı…±¸±Ò«º

øàÔ¬ı˛ ’¬ıàÔ±˚˛ ‰¬±fl¡øÓ¬øÈ¬ Î¬◊~•§ (vertical) Ô±Àfl¡º Ox ’é¬

‰¬±fl¡øÓ¬¬ı˛ ¸˜Ó¬À˘˝◊√√ ’¬ıøàÔÓ¬, ¤¬ı— Ox ; O ø¬ıμ≈ ¸±À¬ÛÀé¬ ’±Ú≈ˆ”¬ø˜fl¡

Ó¬À˘ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º ’é¬øÈ¬ O-¤¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÓ¬ ˙≈¬ı˛≈ fl¡À¬ı˛, ’±¬ı˛ ¸Àe·

¸Àe·˝◊√√ ‰¬±fl¡øÓ¬øÈ¬ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ �	 Œfl¡±ÀÌ ‚≈À¬ı˛ ˚±À¬ı, ¤¬ı— ‹

’¬ıàÔ±ÀÓ¬˝◊√√ ’é¬øÈ¬¬ı˛ ¸Àe· Oz-¤¬ı˛ ‰¬±ø¬ı˛ø√Àfl¡ Œ‚±À¬ı˛, (Oz Î¬◊~•§] ‰¬±fl¡øÓ¬¬ı˛ ›¬Û¬ı˛ P-ŒÓ¬ Œé¬ÀS¬ı˛ é≈¬^ ’—˙

(elementary area) ŒÚ› ˛̊± ˝√√˘º Oy ˝√√˘ ’±Ú≈ˆ”¬ø˜fl¡, Î¬◊~•§ Ó¬˘ (vertical plane) Oxz ¤¬ı˛ ›¬Û¬ı˛ ˘•§º

P-¤¬ı˛ àÔ±Ú±efl¡ (x, y, z)º

� y r z r r� �sin , cos ,� �  ˝√√˘ P ŒÔÀfl¡ Ox ¤¬ı˛ ”√¬ı˛Qº P ø¬ıμ≈ Oz ¤¬ı˛ ¸±À¬ÛÀé¬ PN ¬ı…±¸±ÀÒ«¬ı˛

¬ı‘M√√¬ÛÀÔ Œ‚±À¬ı˛º PN, Oz-¤¬ı˛ ›¬Û¬ı˛ ˘•§º N-¤¬ı˛ àÔ±Ú±—fl¡ (0, 0, r cos �)

� PN x r� �2 2 2sin �

P-ŒÓ¬ Œé¬ÀS¬ı˛ é≈¬^ ’—˙ �A ˝√√À˘, Ó¬±¬ı˛ ˆ¬¬ı˛ ˝√√˘ �A, 	 ‚ÚQ = ˆ¬¬ı˛˚Œé¬SÙ¬˘, ¤¬ı— �A-¬ı˛ ›¬Û¬ı˛

ø¬ı¬Û¬ı˛œÓ¬ Q¬ı˛Ì ¬ı˘ ˝√√˘ �� �2 A NP� � , NP
��

 ¬ı¬ı˛±¬ı¬ı˛º

¤‡Ú, NP
��

 Œˆ¬"√√¬ı˛ = x r, sin ,� 0

¤¬ı—, Ó¬À¬ı �A-¬ı˛ ›¬Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ Q¬ı˛Ì ¬ı˘Àfl¡ Œˆ¬"√√¬ı˛ ¸±˝√√±À˚… Œ˘‡± ˚±˚˛,

 �2 A NP NP� �
��

 ø√Àfl¡ ¤fl¡fl¡ Œˆ¬"√√¬ı˛

=  �  � �2 2 0A NP NP
NP

A x r� � . [ , sin , ]
��

�

= (X, Y, O), Œ˚‡±ÀÚ, X Ax�  �2 ,

Y Ar�  � �2 sin .
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¬ıø˝√√¬ı«̆ ·≈ø˘ ˝√√˘ (i) ‰¬±fl¡øÓ¬¬ı˛ ˆ¬¬ı˛Àfl¡Àf Œ˜±È¬ ˆ¬±¬ı˛ Mg, Î¬◊~•§ˆ¬±À¬ı ÚœÀ‰¬¬ı˛ ø√Àfl¡ ø√flË¡˚˛±˙œ˘, (ii) ’é¬ ¬ı¬ı˛±¬ı¬ı˛

’Ê√±Ú± õ∂øÓ¬ø√flË¡˚˛± ¬ı˘º ¤˝◊√√ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘·≈ø˘Àfl¡ ¤øÎ¬ˇÀ˚˛ ˚±¬ı±¬ı˛ Ê√Ú… Ox ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛ ¬Û±˝◊√√,

Ox ¸±À¬ÛÀé¬ Mg-¤¬ı˛ √w¬±˜fl¡ + Ox ¸±À¬ÛÀé¬ ø¬ı¬Û¬ı˛œÓ¬ Q¬ı˛Ì ¬ıÀ˘¬ı˛ √w¬±˜fl¡ = 0.

¤‡Ú Mg, x y z, ,� � ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±˙œ˘ ˝√√À˘, O-ø¬ıμ≈ ¸±À¬ÛÀé¬ ¤¬ı˛ √w¬±˜fl¡

=
i j k
x y z

Mg0 0

¤¬ı—, O ø¬ıμ≈ ¸±À¬ÛÀé¬ P-¤ ø√flË¡˚˛±˙œ˘ ’z¬àÔ ¬ıÀ˘¬ı˛ √w¬±˜fl¡ ˝√√˘,

i j k
x r r
X Y O

sin cos� �

¤˝◊√√ √w¬±˜fl¡·≈ø˘¬ı˛ x-Î¬◊¬Û±—˙ ˝√√˘ Ox ¸±À¬ÛÀé¬ ¤À√¬ı˛ √w¬±˜fl¡º

� Mgy Yr� �� cos
 0

øfl¡z≈¬  y h� sin .�

� Mgh Yr r dAsin cos sin cos
 
 �� 
 
� � ��� 2 2

	 	 	 = � 
 
 �2 2sin cos r dA��
   = ( sin cos ) � �2 2MK

Œ˚À˝√√Ó≈¬, r dA2 ,  ˝√√˘ dA Œé¬SøÈ¬¬ı˛ Ox ¸±À¬ÛÀé¬ Ê√±Î¬…-√w¬±˜fl¡

� sin� " O ˝√√À˘ cos

� �

� �
Mgh

Mk
gh

k2 2 2 2

õ∂ùü 3. m-ˆ¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ Ó¬q¡±, ¤fl¡øÈ¬ ’±ÚÓ¬ ˜¸‘Ì Ó¬À˘¬ı˛ ¸À¬ı«±2‰¬ ÚøÓ¬À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ øàÔ¬ı˛ ’±ÀÂ√º Ó¬˘øÈ¬

�-Œfl¡±ÀÌ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘¬ı˛ ¸Àe· ÚÓ¬º M�	 ˆ¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ Œ˘±fl¡, Ó¬q¡±øÈ¬¬ı˛ ›¬ÛÀ¬ı˛¬ı˛ õ∂±z¬ ŒÔÀfl¡ ÚœÀ‰¬¬ı˛ ø√Àfl¡

Ó¬q¡± ¬ı¬ı˛±¬ı¬ı˛ ˝√√“√±È¬ÀÓ¬ ˙≈¬ı˛≈ fl¡À¬ı˛ ¤˜Úˆ¬±À¬ı Œ˚, Ó¬q¡±øÈ¬ ÚÀÎ¬ˇ Ú±º

Œ√‡±Ú Œ˚,

2 �
�� �

M a
M M g sin�  ¸˜À˚˛¬ı˛ ¬ÛÀ¬ı˛ Œ˘±fl¡øÈ¬ Ó¬q¡±¬ı˛ ’Ú…

õ∂±Àz¬ Œ¬ÛÃ“√Â√À¬ıº a ˝√√˘ Ó¬q¡±øÈ¬¬ı˛ Δ√‚«…º

¸˜±Ò±Ú – Ò¬ı˛± ˚±fl¡ Œ˚, t ¸˜À˚˛ Œ˘±fl¡øÈ¬ Ó¬q¡±¬ı˛ ›¬Û¬ı˛õ∂±Àz¬ ø¬ıμ≈ ŒÔÀfl¡ y Δ√‚«… ˝√√“√±ÀÈ¬, ¤¬ı— ‹ ¤fl¡˝◊√√

¸˜À˚˛ Ó¬q¡±øÈ¬› O ŒÔÀfl¡ x ”√¬ı˛Q √w¬˜Ì fl¡À¬ı˛º
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Œ˘±fl¡øÈ¬¬ı˛ ›¬Û¬ı˛ Ó¬q¡±¬ı˛ Œ˜±È¬ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ (relation) R, ¤øÈ¬ ‚¯∏«Ì › ¬˘•§ õ∂øÓ¬ø√flË¡˚˛±¬ı˛ ˘øtº Ó¬q¡±

(OA) ¬ı¬ı˛±¬ı¬ı˛ R-¤¬ı˛ Î¬◊¬Û±—˙ F ˝√√À˘,

Œ˘±fl¡øÈ¬¬ı˛ ·øÓ¬¬ı˛ fl¡Ô± ˆ¬±¬ıÀ˘,

� � � � � � �M x y M g F�� �� sin� � � 0 ......... (i)

Ó¬q¡±øÈ¬¬ı˛ ·øÓ¬¬ı˛ fl¡Ô± ˆ¬±¬ıÀ˘

� � � �Mx Mg F�� sin� 0 ......... (ii)

øfl¡z≈¬ ˚ø√ Ó¬q¡±øÈ¬ ¤Àfl¡¬ı±À¬ı˛˝◊√√ Ú± ÚÀÎ¬ˇ,

� ��x x� � 0

� F = Mg sin �

¤¬ı— � � � � �My M g Mg�� sin sin� � 0

t = 0 ŒÓ¬, y = 0, ��y � 0

� y M
M

g t� �
�

�� ��
�
�

�
�1 sin�

y M
M

g t� �
�

�� ��
�
�

�
�1

2
2

sin�

Ó¬q¡±¬ı˛ ’¬Û¬ı˛õ∂±Àz¬ Œ˚ÀÓ¬ ˝√√À˘, t= T ¸˜À˚˛ y = a ˝√√À˘,

T M a
M M g

� 	
� 	

2
� � sin�

õ∂ùü 4. m ˆ¬¬ı˛ › 2a Δ√À‚«…¬ı˛ ¤fl¡øÈ¬ ’˜¸‘Ì Ó¬q¡±, ’±Ú≈ˆ”¬ø˜fl¡ Œ˜ÀÁ¡¬ı˛ ›¬Û¬ı˛ ˙≈À˚˛ ’±ÀÂ√ ¤¬ı— M ˆ¬À¬ı˛¬ı˛

¤fl¡øÈ¬ Œ˘±fl¡ Ó¬q¡±¬ı˛ ¤fl¡ õ∂±z¬ ŒÔÀfl¡ ’±¬ı˛ ¤fl¡ õ∂±Àz¬ ˚±˚˛º ¤˝◊√√

¸˜À˚˛ Ó¬q¡±øÈ¬ fl¡Ó¬È¬± ¸À¬ı˛ Ó¬± øÚÌ«˚˛ fl¡¬ı˛≈Úº

¬Û±¬ı˛¶Ûø¬ı˛fl¡ ø√flË¡˚˛±-õ∂øÓ¬ø√flË¡˚˛± ¬ıÀ˘¬ı˛ Ù¬À˘ ‰¬˘˜±Ú Œ˘±fl¡›

Ó¬q¡±øÈ¬Àfl¡ ’±˜¬ı˛± ¤fl¡øÈ¬ ¬ıd≈¬Ó¬La (system) ø˝√√À¸À¬ı ˆ¬±¬ıÀÓ¬ ¬Û±ø¬ı˛º

’Ó¬¤¬ı, Î¬±˘±•§±À¬ı˛¬ı˛ ÚœøÓ¬ ’Ú≈˚±˚˛œ,

Mx my�� ��� � 0  [Œ˚À˝√√Ó≈¬ ’±Ú≈ˆ”¬ø˜fl¡ ø√Àfl¡ Œfl¡±ÀÚ± ¬ıø˝√√¬ı«˘ ŒÚ˝◊√√]

Œ˚‡±ÀÚ, OG = y, G ˝√√˘ Ó¬q¡±¬ı˛ ˆ¬¬ı˛Àfl¡f, t ¸˜À˚˛

¤¬ı— OB = x, B, t ¸˜À˚˛ Œ˘±fl¡øÈ¬¬ı˛ ’¬ıàÔ±Ú,

¤¬ı— O ø¬ıμ≈ÀÓ¬ Ó¬q¡± › Œ˘±fl¡ ˚±S± ˙≈¬ı˛≈ fl¡À¬ı˛øÂ√˘º
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� Mx my� ��  = ÒË≈¬ıfl¡ = õ∂±Ôø˜fl¡ ˜±Ú (initial value)

   = 0

Œ˚À˝√√Ó≈¬, t = 0 ŒÓ¬, � �x y� �0, 0

� Mx my� �  ÒË≈¬ıfl¡ = õ∂±Ôø˜fl¡ ˜±Ú = ma

Œ˚À˝√√Ó≈¬ t = 0 ŒÓ¬, x = 0, y = ma

˚‡Ú Œ˘±fl¡øÈ¬ Ó¬q¡±¬ı˛ ’¬Û¬ı˛õ∂±Àz¬ ˚±˚˛ Ó¬‡Ú x x y yf f� �,

˝√√À˘,  x y af f� �

� yf
a m M

m M
�

� �
�

� Ó¬q¡±¡Z±¬ı˛± ˚Ó¬‡±øÚ Δ√‚«… √w¬˜Ú ˝√√˚˛

= y a a m M
m M

a Ma
m Mf � �

�
�

� �
�
�

2

’Ô«±» Œ˘±fl¡øÈ¬ Œ˚ ø√Àfl¡ ˝√√“√±ÀÈ¬, Ó¬q¡± Ó¬±¬ı˛ Î¬◊ÀåÈ¬±ø√Àfl¡ 
2Ma

m M�  Δ√‚«… √w¬˜Ì fl¡À¬ı˛º
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¤fl¬fl¬ 15 � øàÔ¬ı˛ ’é¬ ¸±À¬ÛÀé¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ·øÓ¬ (Motion
of a rigid body about a fixed axis)

·Í¬Ú

15.1 ¬√õ∂d¬±¬ıÚ±

15.2 ¬Î¬◊ÀV˙…

15.3 øàÔ¬ı˛ ’é¬ ¸±À¬ÛÀé¬ ·øÓ¬  , ·øÓ¬˙øq¡  , Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·  , ·øÓ¬¸˜œfl¡¬ı˛Ìº

15.4 ¤fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì

15.5 Œ˚Ãø·fl¡ Œ√±˘fl¡

15.6 ‚”Ì«Ú ’Àé¬¬ı˛ õ∂øÓ¬ø√flË¡˚˛±

15.7 ¸±¬ı̨±—˙

15.8 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

15.1 ¬√õ∂d¬±¬ıÚ±

¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡± øàÔ¬ı˛ Ô±fl¡À˘, ¤fl¡˜±S ¸y¬±¬ı… ·øÓ¬ ˝√√ÀÓ¬ ¬Û±À¬ı˛ ‹ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ‚”Ì«Úº

¤˝◊√√ ‚”Ì«Ú ˜±¬Û±¬ı˛ Ê√Ú… ’é¬·±˜œ Œfl¡±Ú ¸˜Ó¬À˘¬ı˛ Œfl¡ÃøÌfl¡ ·øÓ¬ Ê√±ÚÀ˘˝◊√√ ˚ÀÔ©Üº Œ¸Ê√Ú… ’Àé¬¬ı˛ ˜Ò… ¤fl¡øÈ¬

øÚø«√©Ü øàÔ¬ı˛ ¸˜Ó¬˘ ¸±À¬ÛÀé¬ ’é¬·±˜œ ’Ú…±Ú… ¸˜Ó¬˘ Œ˚ Œfl¡±Ì fl¡À¬ı˛ Ó¬±¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛˝◊√√ ‹ ¸˜Ó¬À˘¬ı˛

‚”Ì«Ú·øÓ¬º øfl¡z≈¬ Œ√‡± ˚±À¬ı Œ˚, Œ˚ Œfl¡±Ú ¸˜Ó¬˘˝◊√√ ŒÚ›˚˛± Œ˝√√±fl¡ Ú± Œfl¡Ú, Ó¬±À√¬ı˛ ‚”Ì«Ú·øÓ¬ ¤fl¡˝◊√√ ˝√√À¬ı, ˚±Àfl¡

¬ı˘± ˝√√À¬ı ¬¬ıd≈¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ Œ¬ı·º ¤øÈ¬  	 ¬ı± �° ¡Z±¬ı˛± øÚø«√©Ü ˝√√˚˛º

15.2 Î¬◊ÀV˙…

� ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ ¬ı± ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡± øàÔ¬ı˛ Ô±fl¡À˘ Ó¬±¬ı˛ ¸±À¬ÛÀé¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬ Ê√±Ú±˝◊√√ ¤˝◊√√

¤fl¡Àfl¡¬ı˛ Î¬◊ÀV˙…º

� ø¬ıÀ˙¯∏ Î¬◊√±˝√√¬ı˛Ì ø˝√√À¸À¬ı ¤‡±ÀÚ ’±Ú≈ˆ”¬ø˜fl¡ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ Œ˚Ãø·fl¡ Œ√±˘Àfl¡¬ı˛ ·øÓ¬ ø¬ıÀù≠¯∏Ì fl¡¬ı˛±

√̋√À˚̨ÀÂ√º
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15.3 øàÔ¬ı˛ ’é¬ ¸±À¬ÛÀé¬ ·øÓ¬  , ·øÓ¬˙øq¡  , Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·  , ·øÓ¬ ¸˜œfl¡¬ı˛Ì

Ò¬ı˛± ˚±fl¡, ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬ ¤fl¡øÈ¬ øàÔ¬ı˛ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÂ√º ’é¬øÈ¬Àfl¡ Oz ¡Z±¬ı˛± ¸”ø‰¬Ó¬ fl¡¬ı˛± ˝√√˘º ø‰¬S

(i) Œ√‡≈Úº Oz ’é¬øÈ¬ Œ˚Ú ˘•§̂ ¬±À¬ı ¤ ◊̋√√ fl¡±·ÀÊ√¬ı˛ ¸˜Ó¬˘øÈ¬Àfl¡ O ø¬ıμ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛ÀÂ√º Oz ’Àé¬¬ı˛ ˜Ò…

ø√À˚˛ ZOA ¤fl¡øÈ¬ Ó¬˘, ˚± øS˜±øSfl¡ Œ√˙ ¸±À¬ÛÀé¬ øàÔ¬ı˛˚øÚø«√©Ü (fixed) ¬ı± ’¬Ûø¬ı˛¬ıÓ«¬Ú˙œ˘º ZOA Œ˚Ú fl¡±·ÀÊ√¬ı˛

Ó¬˘øÈ¬Àfl¡ OA ¬ı¬ı˛±¬ı¬ı˛ ŒÂ√√ fl¡À¬ı˛ÀÂ√º OZ ¤¬ı˛ øˆ¬Ó¬¬ı˛ ø√À˚˛ ZOG ’±¬ı˛ ¤fl¡øÈ¬ ¸˜Ó¬˘, Œ˚øÈ¬ ‹ ‘√Ï¬ˇ¬ıd≈¬ ¸±À¬ÛÀé¬

’¬Ûø¬ı˛¬ıÓ«¬Ú˙œ˘ (fixed in the body), ¤¬ı— Œ¸øÈ¬ fl¡±·ÀÊ√¬ı˛ Ó¬˘Àfl¡ OG ¬ı¬ı˛±¬ı¬ı˛ ŒÂ√√ fl¡À¬ı˛º ZOA › ZOG-

¤¬ı˛ ˜ÀÒ…¬ı˛ Œfl¡±Ì �	 Ò¬ı˛± ˚±fl¡º

¬ıd≈¬¬ı˛ P ø¬ıμ≈ ¤¬ı— Oz -¤¬ı˛ ˜Ò…·±˜œ Ó¬˘øÈ¬ fl¡±·ÀÊ√¬ı˛ Ó¬˘øÈ¬Àfl¡ OQ ŒÓ¬ ŒÂ√√ fl¡À¬ı˛, ¤¬ı— ZOA-¬ı˛ ¸Àe·

!	 Œfl¡±ÀÌ ÚÓ¬ ¬ıÀ˘ ˜ÀÚ fl¡¬ı˛± ˚±fl¡º

‘√Ï¬ˇ¬ıd≈¬øÈ¬ ˚‡Ú Oz ¸±À¬ÛÀé¬ Œ‚±À¬ı˛, �QOG-¤¬ı˛ Œfl¡±ÀÚ± ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√˚˛ Ú±º ’Ó¬¤¬ı, �-¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛

˝√√±¬ı˛ › !	 ¤¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛ ¤fl¡˝◊√√º

�	 = !	 + [ÒË¬ıÀfl¡±Ì]

� � � , �� ��� � � �� �

Oz ’é¬ ŒÔÀfl¡ P ø¬ıμ≈¬ı˛ ”√¬ı˛Q r ˝√√À˘, P, Oz ¸±À¬ÛÀé¬ r ¬ı…±¸±ÀÒ«¬ı˛ ¤fl¡øÈ¬ ¬ı‘M√√¬ÛÀÔ √w¬˜Ì fl¡À¬ı˛º r

= PN ˝√√À˘, [ø‰¬S (ii) PN 
	Oz, N ¤˝◊√√ ¬ı‘ÀM√√¬ı˛ Œfl¡fº P-¤¬ı˛ Q¬ı˛ÀÌ¬ı˛ Î¬◊¬Û±—˙ ≈√øÈ¬ ˝√√˘ñ(i) r
d
dt
!�

�
�
�

2

,

PN ¬ı¬ı˛±¬ı¬ı˛ › r
d
dt

2

2
�

, PN-¤¬ı˛ ›¬Û¬ı˛ ˘•§º

Q¬ı˛Ì ¬ı˘·≈ø˘ [P-¤¬ı˛ ›¬Û¬ı˛] ˝√√˘

(i) mr
d
dt

mr PN
!

��
�

�
� �

��2
2�  ¬ı¬ı˛±¬ı¬ı˛ ¤¬ı—

ø‰¬S (i) ø‰¬S (ii)
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(ii) mr
d
dt

mr PN
2

2
�


�
��

��,  ¤¬ı˛ ›¬Û¬ı˛ ˘•§, �-¬ıÒ«˜±Ú ø√Àfl¡º

¤ ◊̋√√ ¬ı˘·≈ø˘¬ı˛ √w¬±˜fl¡ Oz-¸±À¬ÛÀé¬ ˚Ô±√flË¡À˜ ˙”Ú… ¤¬ı— mr2���º

¤ ◊̋√√ Q¬ı˛Ì ¬ı˘·≈ø˘¬ı˛ √w¬±˜Àfl¡¬ı˛ ¸˜ø©Ü ˝√√˘ mr2��
�
= ��
 mr2�  [Œ˚À˝√√Ó≈¬ ��	 ¬ıd≈¬fl¡Ì±·≈ø˘¬ı˛ ›¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛ Ú±]

= Mk2���  Œ˚‡±ÀÚ M ˝√√˘ ¬ıd≈¬øÈ¬¬ı˛ Œ˜±È¬ ˆ¬¬ı˛, k √̋√̆  Oz ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ ‚”Ì«Ú-¬ı…±¸±Ò«º

Î¬±˘±•§±À¬ı˛¬ı˛ ”̧S ’Ú≈̊ ± ˛̊œ, Q¬ı˛Ì ¬ı˘·≈ø˘¬ı˛ √w¬±˜Àfl¡¬ı˛ ¸˜ø©Ü √̋√̆  ¬ıø √̋√¬ı«̆ ·≈ø˘¬ı˛ Oz ¸±À¬ÛÀé¬ √w¬±˜Àfl¡¬ı˛ Œ˚±·Ù¬À˘¬ı˛

¸˜±Úº ’Ô«±»,

Mk L2��� �
Œ˚‡±ÀÚ L √̋√̆  Oz ¸±À¬ÛÀé¬ ¬ıø˝√√¬ı«À˘¬ı˛ √w¬±˜Àfl¡¬ı˛ ¸˜ø©Üº ¤øÈ¬˝◊√√ ˝√√˘ øàÔ¬ı˛ ’é¬ Oz-¤¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛

·øÓ¬¸˜œfl¡¬ı˛Ìº

P-¬ıd≈¬fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ı· ˝√√˘ r ��  ¬ı± r� ,�  PN ¤¬ı˛ ˘•§ ø√Àfl¡º ’Ó¬¤¬ı, ¤˝◊√√ ¬ıd≈¬øÈ¬¬ı˛ ·øÓ¬˙øq¡

= fl¡Ì±·≈ø˘¬ı˛ ·øÓ¬˙øq¡¬ı˛ Œ˚±·Ù¬˘ = 1
2

2
m r��� ��

= 1
2

1
2

2 2 2 2� �
 
mr Mk��  ( �� ¸˜d¬ ¬ıd≈¬fl¡Ì±¬ı˛ Ê√Ú…˝◊√√ ¸˜±Ú]º

¤¬ı—, ¬ıd≈¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· = ¬ıd≈¬fl¡Ì±·≈ø˘¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¸˜ø©Ü

= � �r mr mr. � �� �� 2

= Mk2 ��

15.4 ¤fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì

¤fl¡øÈ¬ M ˆ¬¬ı˛ › 2a Δ√À‚«…¬ı˛ ¸≈¯∏˜ √ÀG¬¬ı˛ ¤fl¡øÈ¬ õ∂±z¬ø¬ıμ≈ øàÔ¬ı˛,

¤¬ı— √G¬øÈ¬ ‹ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º √G¬øÈ¬ ‹ õ∂±z¬ø¬ıμ≈ ŒÔÀfl¡

Î¬◊~•§ ’¬ıàÔ±˚˛ ŒÁ¡±˘±ÀÚ± øÂ√˘, ¤˜Ú ¸˜˚˛  	 Œfl¡ÃøÌfl¡ Œ¬ı· ø√À ˛̊

Œ¸øÈ¬Àfl¡ ‚≈ø¬ı˛À˚˛ Œ√›˚˛± ˝√√˘º √G¬øÈ¬¬ı˛ ·øÓ¬ø¬ıøÒ ’±À˘±‰¬Ú± fl¡¬ı˛≈Úº

√G¬ OA, Î¬◊~•§ ’é¬ Oz ¬ı¬ı˛±¬ı¬ı˛ Á≈¡˘øÂ√˘, ¤¬ı—  	 Œfl¡ÃøÌfl¡

Œ¬ı· ø√À˚˛ Ó¬±Àfl¡ O ¸±À¬ÛÀé¬ ‚≈ø¬ı˛À˚˛ Œ√›˚˛± ˝√√˘º ¬ıø˝√√¬ı«˘ ·≈ø˘ ¤‡±ÀÚ

√G¬øÈ¬¬ı˛ ˆ¬±¬ı˛ Mg ¤¬ı— O ø¬ıμ≈ÀÓ¬ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘º √G¬øÈ¬ O ø¬ıμ≈

¸±À¬ÛÀé¬, ’Ô«±» O ø¬ıμ≈·±˜œ ’±Ú≈ˆ”¬ø˜fl¡ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÂ√º

‹ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ [’Ô«±» ¤Àé¬ÀS O-¤¬ı˛ ¸±À¬ÛÀé¬] √w¬±˜fl¡ øÚÀ˘

õ∂øÓ¬ø√flË¡˚˛± ¬ıÀ˘¬ı˛ √w¬±˜fl¡ ˙”Ú… ˝√√˚˛º
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t ¸˜À˚˛ √G¬øÈ¬ �	 Œfl¡±Ì ‚≈¬ı˛À˘, ‹ ¸˜À˚˛ O-¤¬ı˛ ¸±À¬ÛÀé¬ Mg-¤¬ı˛ √w¬±˜fl¡ ˝√√˘ �Mga sin ,�  (–ø‰¬˝ê

fl¡±¬ı˛Ì √w¬±˜fl¡øÈ¬ ‰¬±˝◊√√ÀÂ√ �-Œfl¡ fl¡ø˜À˚˛ ø√ÀÓ¬]º

� √G¬øÈ¬¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì Mk Mga2�� sin .
 
� �

k ˝√√˘ √G¬øÈ¬¬ı˛ O-¸±À¬ÛÀé¬ ‚”Ì«Ú ¬ı…±¸±Ò«º k a
2

24
3

�

�� sin� �� �
3
4

g
a

≈√øÈ¬Àfl¡ 2 d
dt



 ø√À˚˛ ·≈Ì fl¡À¬ı˛ ¬Û±˝◊√√,

d
dt

g
a

d
dt

� sin� � �2 3
2
 � � �

¸˜±fl¡À˘¬ı˛ ¬ÛÀ¬ı˛, 
� cos� �2 3

2
� �

g
a

C

õ∂ÔÀ˜, t = 0, �	 = 0, �
 ��

� C
g
a

� � 2 3
2

� cos� �  2 23
2

1� �� � �
g
a

.................(i)

¤øÈ¬¬ı˛ ¡Z±¬ı˛± t ¸˜À˚˛ √G¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ Œ¬ı· Ê√±Ú± ˚±˚˛º ¤˝◊√√ ¸˜œfl¡¬ı˛ÌøÈ¬Àfl¡ ’±¬ı˛ ¸˜±fl¡˘Ú ¸y¬¬ı Ú˚˛, Œ¸Ê√Ú…

�-Œfl¡ ¸¬ı˛±¸ø¬ı˛ t-¬ı˛ ’À¬Ûé¬fl¡ ø˝√√À¸À¬ı õ∂fl¡±˙ fl¡¬ı˛± Œ·˘ Ú±º Ó¬À¬ı (i) ŒÔÀfl¡ Œ√‡± ˚± ˛̊ Œ˚, Œfl¡ÃøÌfl¡ Œ¬ı·

� ,� �  ¬ı±Î¬ˇÀ˘, fl¡À˜ 0
2

# #

�

 ˝√√À˘º

¤‡Ú √G¬øÈ¬Àfl¡ ˚ø√ ¤fl¡øÈ¬ ¸•Û”Ì« ‚”Ì«Ú ¸˜±5 fl¡¬ı˛ÀÓ¬ ˝√√˚˛, Ó¬À¬ı ’z¬Ó¬ O ø¬ıμ≈¬ı˛ ›¬ÛÀ¬ı˛ √G¬øÈ¬Àfl¡ ‡±Î¬ˇ±

˝√√ÀÓ¬ ˝√√À¬ıº

‹ ’¬ıàÔ±ÀÚ Ó¬±˝√√À˘ ��-Œfl¡ $	 0 ˝√√ÀÓ¬ ˝√√ ˛̊º

‹ ’¬ıàÔ±ÀÚ �
 = 0 ˝√√À˘,

� � �   � � �� � � � � �, � 2 2 23
2

2
3

0
g
a

g
a

¬ı±,  �
3g
a

¤øÈ¬ ◊̋√√  -¬ı˛ øÚ•ßÓ¬˜ ˜±Ú ˚±¬ı˛ Ê√Ú… √G¬øÈ¬ ¸•Û”Ì« ‚”Ì«Ú fl¡¬ı˛ÀÓ¬ ¬Û±À¬ı˛º ‹ Œfl¡ÃøÌfl¡ Œ¬ı· øÚÀ˚˛ ‰¬˘± ˙≈¬ı˛

√̋√À˘,

� � �2 23
2

1
3

2
� �� � �

g
a

g
a

cos cos
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¸˜±fl¡˘ÀÚ¬ı˛ Ù¬À˘ 

3

2

2
4 2

0

0
g
a

dt � � ��� ��� �
�

� �

cos
log tan

˚± ŒÔÀfl¡ �	 Œfl¡±Ì Œ‚±¬ı˛±¬ı˛ ¸˜˚˛ ¬Û±›˚˛± ˚±˚˛º

15.5 Œ˚Ãø·fl¡ Œ√±˘fl¡ (Compound Pendulum)

Œfl¡±ÀÚ± ‘√Ï¬ˇ¬ıd≈¬ ˚ø√ Ó¬±¬ı˛ ¸Àe· ‘√Ï¬ˇˆ¬±À¬ı ¸—˚≈q¡ ¤fl¡øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬

Œ√±À˘, ¤˜Úˆ¬±À¬ı Œ˚ ’Àé¬¬ı˛ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ¡Z±¬ı˛± ¬ıd≈¬øÈ¬¬ı˛ ›¬Û¬ı˛ ¤fl¡˜±S ¬ıø˝√√¬ı«˘ Ó¬±¬ı˛

ˆ¬±¬ı˛ ¬ı± ›Ê√Ú, Ó¬À¬ı ¤ ◊̋√√ Ê√±Ó¬œ ˛̊ Œ√±˘fl¡Àfl¡ ¬ı˘± ˝√√ ˛̊ Œ˚Ãø·fl¡ Œ√±˘fl¡º ¤Àé¬ÀS, ˝√√±› ˛̊±¬ı˛

¬ı±Ò± › ’Àé¬¬ı˛ ‚¯∏«ÌÀfl¡ Î¬◊À¬Ûé¬± fl¡¬ı˛± ˝√√˚˛º

Œ˚Ãø·fl¡ Œ√±˘Àfl¡¬ı˛ Œ√±˘Úfl¡±˘ (Time period)/ ¬Û˚«±˚˛fl¡±˘

¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f G, ¤¬ı— Œ√±˘Àfl¡¬ı˛ ’é¬ Oxº G ¤¬ı˛ ˜Ò… ø√À˚˛ ’Àé¬¬ı˛ ›¬Û¬ı˛

˘•§ ¤fl¡øÈ¬ Ó¬˘ ¬˚± ’é¬Àfl¡ O ø¬ıμ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛ ŒÚ›˚˛± ˝√√˘º OG = h Ò¬ı˛± ˚±fl¡º

O ø¬ıμ≈ÀÓ¬ OA Î¬◊~•§À¬ı˛‡±º

�AOG = �

� øS˜±øSfl¡ Œ√À˙ øÚø«√©Ü ¤fl¡øÈ¬ Ó¬˘ xOA, ‘√Ï¬ˇ¬ıd≈¬ ¸±À¬ÛÀé¬ øÚø«√©Ü ¤fl¡øÈ¬ Ó¬˘, xOG-¤¬ı˛ ¸Àe·, �-

Œfl¡±ÀÌ  ÚÓ¬º

� ¬¬ıd≈¬øÈ¬¬ı˛ ‚”Ì«Ú·øÓ¬ [Œfl¡ÃøÌfl¡ ·øÓ¬] �


¬ıd≈¬øÈ¬¬ı˛ ›¬Û¬ı˛ ¬ıø˝√√¬ı«˘·≈ø˘ ˝√√˘ –ñ

(i) ˆ¬±¬ı˛ Mg, G-¤¬ı˛ ˜Ò… ø√À˚˛ Î¬◊~•§ˆ¬±À¬ı ÚœÀ‰¬¬ı˛ ø√Àfl¡

(ii) O ø¬ıμ≈ÀÓ¬ ’é¬Ê√øÚÓ¬ õ∂øÓ¬ø√flË¡˚˛±¬ı˘º

O ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛ ¬Û±˝◊√√ñ

Mk Mgh2�� sin ,� �� �  [√w¬±˜fl¡øÈ¬ �-Œfl¡ fl¡˜±¬ı±¬ı˛ Œ‰¬©Ü± fl¡À¬ı˛]

Œ˚‡±ÀÚ k ˝√√˘ Ox-¸±À¬ÛÀé¬ ¬ıd≈¬¬ı˛ ‚”Ì«Ú ¬ı…±¸±Ò«º

� �� sin
 
� �
gh
k2   [¸¬ı˛˘ Œ√±˘Àfl¡¬ı˛ fl¡Ô± ˜ÀÚ fl¡¬ı˛≈Ú]

¤‡Ú, é≈¬^ Œ√±˘ÀÚ¬ı˛ (small oscillations) Ê√Ú…, �	é≈¬^, ¤¬ı— õ∂Ô˜ ‚±ÀÓ¬¬ı˛ ¬Û√˝◊√√ ¬ı˛±‡À˘, 
��
 
�

gh
k2

¤øÈ¬ ¸¬ı˛˘ Œ√±˘·øÓ¬¬ı˛ ¸˜œfl¡¬ı˛Ì, ˚±¬ı˛ Œ√±˘Úfl¡±˘ 2 22

2
� �

gh
k

k
gh

�

¸—:± – ¸˜Ó≈¬˘… Œ¬ÛG≈¬˘±˜º
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é≈¬^ Œ√±˘ÀÚ¬ı˛ Ê√Ú… Œ˚Ãø·fl¡ Œ¬ÛG≈¬˘±˜øÈ¬¬ı˛ Œ√±˘Úfl¡±˘ 2
2

� k
gh

 ¤‡Ú O ø¬ıμ≈ ŒÔÀfl¡ ˆ¬¬ı˛˝√√œÚ √øÎ¬ˇ¬ı˛ ¡Z±¬ı˛±

¤fl¡øÈ¬ Œ˚ Œfl¡±ÀÚ± ¬ıd≈¬fl¡Ì±ÀÓ¬ ˘ø•§Ó¬ fl¡¬ı˛À˘, √øÎ¬ˇ¬ı˛ Δ√‚«… ˚ø√ √̋√̊ ˛ l k
h

�
2

, Ó¬À¬ı ¤ ◊̋√√ ¸¬ı˛̆  Œ¬ÛG≈¬˘±˜øÈ¬¬ı˛ Œ√±˘Úfl¡±˘

2 2
2

� �l
g

k
gh

� , Œ˚Ãø·fl¡ Œ√±˘fl¡øÈ¬¬ı˛ ¸Àe· ¸˜±Úº ¤ ◊̋√√ Ê√±Ó¬œ ˛̊ ¸¬ı˛̆  Œ√±˘fl¡Àfl¡ ¬ı˘± ˝√√ ˛̊ › ◊̋√√ Œ˚Ãø·fl¡

Œ√±˘fl¡øÈ¬¬ı˛ ¸˜Ó≈¬˘… Œ√±˘fl≈¡º

¸—:± – (i) ˘•§Ú-Œfl¡f (Centre of suspension) Œ˚Ãø·fl¡ Œ√±˘fl¡øÈ¬¬ı˛ ’é¬ Ox, � ø¬ıμ≈·±˜œ Î¬◊~•§-

Ó¬˘øÈ¬Àfl¡ Œ˚ ø¬ıμ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛ [O ø¬ıμ≈] Ó¬±Àfl¡ ¬ı˘± ˝√√˚˛ ˘•§Ú-Œfl¡fº

(ii) Œ√±˘Ú-Œfl¡f (Centre of Oscillation) O� Œ¬ı˛‡±ÀÚfl¡ O1 ¬Û˚«z¬ ¬ıøÒ«Ó¬ fl¡¬ı˛± ˝√√˘ ˚±ÀÓ¬ OO k
h1

2
�

˝√√ ˛̊º O1 ø¬ıμ≈Àfl¡ ¬ı˘± ˝√√À¬ı Œ˚Ãø·fl¡ Œ√±˘fl¡øÈ¬¬ı˛ Œ√±˘ÚÀfl¡fº

’Ô«±» ˚ø√ ¬ıd≈¬øÈ¬¬ı˛ ¸˜d¬ ˆ¬¬ı˛ O1-¤ ¤fl¡øSÓ¬ fl¡À¬ı˛, ¤fl¡øÈ¬ ˆ¬¬ı˛˝√√œÚ √øÎ¬ˇ¬ı˛ ¡Z±¬ı˛± ˚±¬ı˛ Δ√‚«… 
K
h

2
, O ŒÔÀfl¡

˘ø•§Ó¬ fl¡¬ı˛± ˝√√À¬ı, Ó¬À¬ı ’±˜¬ı˛± ¤fl¡øÈ¬ ¸˜Ó≈¬˘… ¸¬ı˛˘ Œ√±˘fl¡ ¬Û±¬ıº

¤fl¡øÈ¬ Œ˚Ãø·fl¡ Œ√±˘Àfl¡¬ı˛ ˘•§ÚÀfl¡f › Œ√±˘ÚÀfl¡f ¬Û¬ı˛¶Û¬ı˛ ø¬ıøÚ˜˚˛À˚±·… (interchangeable)

Ò¬ı˛≈Ú Œ˚Ãø·fl¡ Œ¬ÛG≈¬˘±˜øÈ¬¬ı˛ Œ√±˘ÚÀfl¡f O1 › ˘•§ÚÀfl¡f O OO k
h

, 1

2
�  ˚ø√ O1 ŒÔÀfl¡

¬¬ıd≈¬øÈ¬ÀÓ¬ ˘ø•§Ó¬ fl¡¬ı˛± ˚±˚˛, Ó¬À¬ı ’±˜¬ı˛± Œ√‡±¬ı Œ˚ ¬ıd≈¬øÈ¬¬ı˛ Œ√±˘Úfl¡±˘ ˝√√À¬ı O1, O Δ√À‚«…¬ı˛

¤fl¡øÈ¬ ¸fl¡˘ Œ√±˘Àfl¡¬ı˛ Œ√±˘Úfl¡±˘º

O1-¤¬ı˛ ˜Ò… ø√À˚˛ Ox-¤¬ı˛ ¸˜±z¬¬ı˛±˘ ¤fl¡øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ ’é¬ ŒÚ›˚˛± ˝√√˘, ˚±¬ı˛ ¸±À¬ÛÀé¬

¬ıd≈¬øÈ¬ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º

¤‡Ú G-¤¬ı˛ øˆ¬Ó¬¬ı˛ ø√À˚˛ ˚ø√ ¤fl¡øÈ¬ ¸˜±z¬¬ı˛±˘ ’é¬ ŒÚ›˚˛± ˚±˚˛, ˚±¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛

‚”Ì«Ú ¬ı…±¸±Ò« K, Ó¬À¬ı

Mk Mk M OG2 2 2
� � � � ,

� k K OG2 2 2� �

� OO k
h

K OG
h

K h
h

h OG1

2 2 2 2 2
� � � � � % �

¤¬ı—,  K OG OO OG h OO h h OO h2
1

2
1

2
1� � � � � �. . � �

= OG OO OG OG GO. . .1 1� �� �        ........ (i)

¤‡Ú, O1-¤¬ı˛ ˜Ò… ø√À˚˛ ¸˜±z¬¬ı˛±˘ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ Œ√±˘ÀÚ¬ı˛ ¸˜˚˛, O2 ˚ø√ Œ√±˘ÚÀfl¡f ˝√√ ˛̊, Ó¬À¬ı,

¤fl¡˝◊√√ˆ¬±À¬ı Œ√‡±ÀÚ± ˚±˚˛ Œ˚,

K O G GO O G GO2
1 2 2 1� �. .         ........ (ii)
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(i) › (ii) Ó≈¬˘Ú± fl¡¬ı˛À˘ ¬Û±˝◊√√ O ¤¬ı— O2 ¤fl¡˝◊√√ ø¬ıμ≈º ’Ô«±» O1-¤¬ı˛ ˘•§ÚÀfl¡f Ô±fl¡À˘, O ŒÓ¬ Œ√±˘ÚÀfl¡f

Ô±fl¡À¬ı, ¤¬ı— ø¬ı¬Û¬ı˛œÓ¬øÈ¬› ¸Ó¬…º

’Ô«±» ˘•§ÚÀfl¡f › Œ√±˘ÚÀfl¡f ≈√øÈ¬ ¬ı√˘À˚±·…º

Œ˚Ãø·fl¡ Œ√±˘Àfl¡¬ı˛ Ú”…ÚÓ¬˜ ¬Û˚«±˚˛fl¡±˘˚Œ√±˘Úfl¡±˘ (Minimum time of Oscillation of a
Compound Pendulum)

‘√Ï¬ˇ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f G-¤¬ı˛ ˜Ò… ø√À˚˛, ‚”Ì«Ú-’Àé¬¬ı˛ ¸˜±z¬¬ı˛±˘ ¤fl¡øÈ¬ ’é¬ ŒÚ›˚˛± ˝√√˘, ˚±¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛

‚”Ì«Ú ¬ı…±¸±Ò« K.

Ó¬±˝√√À˘, k K h2 2 2� �

¤fl¡øÈ¬ ¸˜Ó≈¬˘… ¸±Ò±¬ı˛Ì Œ√±˘Àfl¡¬ı˛ Δ√‚«… l ˝√√À˘,

l k
h

K h
h

h K
h

� � � � �
2 2 2 2

 	 	 ........ (i)

¸˜Ó≈¬˘… ¸±Ò±¬ı˛Ì Œ√±˘Àfl¡¬ı˛ ¬Û˚«±˚˛fl¡±˘Àfl¡ Ú”…ÚÓ¬˜ ˝√√ÀÓ¬ ˝√√À˘,

2� l
g -Œfl¡ Ú”…ÚÓ¬˜, ’Ô«±» l Œfl¡ Ú”…ÚÓ¬˜ ˝√√ÀÓ¬ ˝√√À¬ıº

’Ô«±» Œ˚À˝√√Ó≈¬ K-ÒË≈¬ıfl¡,

d
dh

h K
h

��
�

�
� �

2
0,  ¬ı±,  1 0

2

2� �
K
h

¬ı±, h = K

� l = 2K
’Ô«±» ˘•§ÚÀfl¡f O Œfl¡ G ŒÔÀfl¡ K ”√¬ı˛ÀQ Ô±fl¡ÀÓ¬ ˝√√À¬ı, ¤¬ı— ¤˝◊√√ ’¬ıàÔ±˚˛ ¸˜Ó≈¬˘… Œ√±˘fl¡øÈ¬¬ı˛, ’Ô«±»

Œ˚Ãø·fl¡ Œ√±˘fl¡øÈ¬¬ı˛› ¬Û˚«±˚˛fl¡±˘ Ú”…ÚÓ¬˜ ˝√√À¬ıº

15.6 ‚”Ì«Ú-’Àé¬¬ı˛ õ∂øÓ¬ø√flË¡˚˛± (Reactions of the axis of Rotation)

¸±Ò±¬ı˛Ìˆ¬±À¬ı ‚”Ì«Ú ’Àé¬¬ı˛ õ∂øÓ¬ø√flË¡˚˛± øÚ¬ı˛”¬ÛÌ fl¡¬ı˛± ¸˝√√Ê√ Ú˚˛º ’±˜¬ı˛± Œfl¡¬ı˘˜±S ≈√-¤fl¡øÈ¬ ’À¬Ûé¬±fl‘¡Ó¬ ¸˝√√Ê√

Œé¬ÀS¬ı˛ Ê√Ú…˝◊√√ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

Ò¬ı˛± ˚±fl¡ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ˜Ò… ø√À˚˛, ‚”Ì«Ú ’Àé¬¬ı˛ ›¬Û¬ı˛ ˘•§ Œ˚ Ó¬˘øÈ¬

’±ÀÂ√, ¬ıd≈¬øÈ¬ ¤¬ı— ¬ıd≈¬øÈ¬¬ı˛ ›¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ¬ı˘·≈ø˘› Œ¸˝◊√√ Ó¬À˘¬ı˛ ¸±À¬ÛÀé¬ ¸‘√˙

(Symmetrical), ¤¬ı— õ∂øÓ¬ø√flË¡˚˛±¬ı˘ ¬ı…Ó¬œÓ¬, ¬ıd≈¬øÈ¬¬ı˛ ˆ¬±¬ı˛˝◊√√ ¤fl¡˜±S ¬ıø˝√√¬ı«˘º

¸±‘√À˙…¬ı˛ Ò±¬ı˛Ì± ŒÔÀfl¡ ¬ı˘± ˚±˚˛, ’Àé¬¬ı˛ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ·≈ø˘Àfl¡, ‹ Ó¬À˘¬ı˛

›¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ Œfl¡¬ı˘˜±S ¤fl¡øÈ¬ ¬ıÀ˘¬ı˛ ¡Z±¬ı˛±˝◊√√ õ∂fl¡±˙ fl¡¬ı˛± ˚±À¬ıº ‹ Ó¬À˘, GO

¬ı¬ı˛±¬ı¬ı˛, ¤¬ı— GO-¬ı˛ ›¬Û¬ı˛ ˘•§ ¬ı¬ı˛±¬ı¬ı˛ ¬ı˘øÈ¬¬ı˛ Î¬◊¬Û±—˙ ˝√√˘ P ¤¬ı— Q.
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Î¬±˘±•§±À¬ı˛¬ı˛ ÚœøÓ¬ ŒÔÀfl¡ ’±˜¬ı˛± Ê√±øÚ Œ˚, ˆ¬¬ı˛Àfl¡f G ¤˜Úˆ¬±À¬ı ‰¬À˘, Œ˚Ú ¬ıd≈¬øÈ¬¬ı˛ ¸˜d¬ ˆ¬¬ı˛ MG-

ŒÓ¬ Œfl¡fœˆ”¬Ó¬ ’±ÀÂ√º

¤¬ı— ¸˜d¬ ¬ı˘ ◊̋√√, G-ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±˙œ˘ ’±ÀÂ√º

¤‡Ú, G, O-¤¬ı˛ ¸±À¬ÛÀé¬ ¤fl¡øÈ¬ ¬ı‘ÀM√√ Œ‚±À¬ı˛º

’Ó¬¤¬ı, GO ø√Àfl¡ ¤¬ı— GO-¬ı˛ ˘•§ ø√Àfl¡, G-¤¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì·≈ø˘ ˝√√˘ –

Mh d
dt

P Mg


�� �� � �

2
cos ........ (i)

Mh d
dt

Q Mg
2

2




� � sin ........ (ii)

h = OG,

¤¬ı— O ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡-¸˜œfl¡¬ı˛ÌøÈ¬ ˝√√˘

Mk d
dt

Mgh2
2

2




� sin ........ (iii)

(ii) › (iii) ¤¬ı˛ ˜ÀÒ… 
d
dt

2

2



 ’¬Û¸±¬ı˛Ì fl¡À¬ı˛ Q ¬Û±›˚˛± ˚±˚˛º (iii) Œfl¡ ’¬ıfl¡˘Ú fl¡À¬ı˛, ¤¬ı— õ∂±Ôø˜fl¡

˙Ó«¬ ¡Z±¬ı˛± ’¬ıfl¡˘ÀÚ¬ı˛ ÒË≈¬ıfl¡ Œ¬ı¬ı˛ fl¡¬ı˛À˘, 
d
dt

�� ��

2

 ¬Û±›˚˛± ˚±˚˛º (i)-¤ 
d
dt

�� ��

2

 ¬ıø¸À˚˛ P ¬Û±›˚˛± ˚±˚˛º

Î¬◊√±˝√√¬ı˛Ì – Ò¬ı˛± ˚±fl¡ 2a Δ√À‚«…¬ı˛ ¤fl¡øÈ¬ ¸≈¯∏˜ √G¬ Ó¬±¬ı˛ ¤fl¡øÈ¬ õ∂±z¬ø¬ıμ≈ O-¤¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º

õ∂±Ôø˜fl¡ˆ¬±À¬ı √G¬øÈ¬ O ø¬ıμ≈¬ı˛ ›¬ÛÀ¬ı˛ Î¬◊~•§ ’¬ıàÔ±˚˛ √G¬±˚˛˜±Ú øÂ√˘º

Ò¬ı˛± ˚±fl¡ t ¸˜À˚˛ √G¬øÈ¬ Î¬◊~•§ ’¬ıàÔ±Ú ŒÔÀfl¡ �-Œfl¡±ÀÌ ‚≈À¬ı˛ÀÂ√º

O ø¬ıμ≈ÀÓ¬ õ∂øÓ¬ø√flË¡˚˛±fl¡˘, ‹ Î¬◊~•§ ¸˜Ó¬À˘˝◊√√ [Œ˚ ¸˜Ó¬À˘ √G¬øÈ¬ ‚≈¬ı˛ÀÂ√]

’±ÀÂ√, ¤¬ı— t ¸˜À˚˛ OG ¬ı¬ı˛±¬ı¬ı˛ › OG-¬ı˛ ›¬Û¬ı˛ ˘•§ ¬ı¬ı˛±¬ı¬ı˛ õ∂øÓ¬ø√flË¡˚˛±¬ıÀ˘¬ı˛

Î¬◊¬Û±—˙ ≈√øÈ¬ ˝√√˘, P ¤¬ı— Qº

¤‡±ÀÚ h a k a� �, /2 24 3

� � �Ma P Mg� cos� �2 ,

� � �Ma Q Mg�� sin� �

¤¬ı—, M a Mga. �� sin4
3

2
� �� �

� �� sin� ��
3
4

g
a



217

NSOU

� cos� �2 3
2

� � �
g
a

C

�	 = 0 ŒÓ¬, �	 = 0,

� cos� �2 3
2

1� �� �
g
a

P = � � �M
g

Mg. ( cos ) cos
3
2

1 � �

= Mg 5
2

3
2

cos
 �	 


Q = Mg M
g M gsin sin sin� � �� �

3
4 4

� Î¬◊~•§ ø√Àfl¡ õ∂øÓ¬ø√flË¡˚˛±¬ıÀ˘¬ı˛ Î¬◊¬Û±—˙ [Œ˚ Œfl¡±ÀÚ± ¸˜À˚˛]

= P Q Mgcos sin cos cos sin

 
 
 



� � � �5
2

3
2 4

2
2

� �

Mg Mg1
4

9
4

3
2

1 3
2

2
2

� � � �cos cos cos� � �� � � �

� 
 � �cos 1 1
3� �-¤ Î¬◊~•§ ø√Àfl¡ õ∂øÓ¬ø√flË¡˚˛±¬ı˘ ˙”Ú…º

15.7 ¸±¬ı˛±—˙

¤˝◊√√ ’Ò…±À˚˛ ’±¬ÛÚ±¬ı˛±

� ¤fl¡øÈ¬ øàÔ¬ı˛ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ‚”Ì«Ú¬ı˛Ó¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì øÚÒ«±¬ı˛Ì fl¡¬ı˛À˘Ú ¤¬ı— Œ√‡À˘Ú Œ˚

ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì ¬ı…Ó¬œÓ¬, Œfl¡¬ı˘˜±S ’±¬ı˛ ¤fl¡øÈ¬ √w¬±˜fl¡-¸˜œfl¡¬ı˛Ì Ê√±Ú± Ô±fl¡À˘˝◊√√ ‚”Ì«Ú¬ı˛Ó¬

‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬ (motion) øÚ¬ı˛”¬ÛÌ fl¡¬ı˛± ˚±˚˛º

� Œ˚Ãø·fl¡ Œ√±˘fl¡ ¸•ÛÀfl«¡ Ê√±ÚÀ˘Úº ¤øÈ¬ ‚”Ì«Ú¬ı˛Ó¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¤fl¡øÈ¬ ø¬ıÀ˙¯∏ Î¬◊√±˝√√¬ı˛Ì, Œ˚‡±ÀÚ ’Àé¬¬ı˛

õ∂øÓ¬ø√flË¡˚˛±¬ı˘ Â√±Î¬ˇ± ¤fl¡˜±S ¬ıø˝√√¬ı«˘ ˝√√˘ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬±¬ı˛ ¤¬ı— ’é¬øÈ¬ ’±Ú≈ˆ”¬ø˜fl¡º

� ¸¬ı˛˘ ’±fl¡±À¬ı˛¬ı˛ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Ê√Ú… ’Àé¬¬ı˛ õ∂øÓ¬ø√flË¡˚˛±¬ı˘ øfl¡ˆ¬±À¬ı øÚÒ«±¬ı˛Ì fl¡¬ı˛± ˚±˚˛ Ó¬± Œ√‡À˘Úº

15.8 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘ › ¸˜±Ò±Ú

õ∂ùü 1. 3a Δ√À‚«…¬ı˛ ¤fl¡øÈ¬ ¸≈¯∏˜ √G¬ Ó¬±¬ı˛ ›¬Û¬ı˛ ’¬ıøàÔÓ¬ O ø¬ıμ≈·±˜œ ¤fl¡øÈ¬ ’±Ú≈ˆ”¬ø˜fl¡ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬

Î¬◊~•§ Ó¬À˘ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º O ø¬ıμ≈øÈ¬ √ÀG¬¬ı˛ Œfl¡f ŒÔÀfl¡ a ”√¬ı˛ÀQ ’¬ıøàÔÓ¬º ’øàÔÓ¬ ¸±À˜…¬ı˛ (unstable
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equilibrium) ’¬ıàÔ±˚˛ øàÔ¬ı˛±¬ıàÔ± ŒÔÀfl¡ ¬ı˛Î¬øÈ¬ ‚≈¬ı˛ÀÓ¬ ˙≈¬ı˛≈ fl¡À¬ı˛º Œ√‡±Ú Œ˚ ’±Ú≈ˆ”¬ø˜fl¡ ’¬ıàÔ±˚˛ ¤À˘ √G¬øÈ¬¬ı˛

Œfl¡ÃøÌfl¡ Œ¬ı· ˝√√À¬ı 8 7g a

Ò¬ı˛± ˚±fl¡, t ¸˜À˚˛ √G¬øÈ¬ O ø¬ıμ≈ ¸±À¬ÛÀé¬ ‚≈À¬ı˛, AB ’¬ıàÔ±Ú ŒÔÀfl¡ A�B�	’¬ıàÔ±ÀÚ Œ·ÀÂ√, Œ˚‡±ÀÚ

�AOA�	 = �&
[Œ˚À˝√√Ó≈¬ õ∂±Ôø˜fl¡ ’¬ıàÔ±ÚøÈ¬ ’øàÔÓ¬ ¸±À˜…¬ı˛, ’Ó¬¤¬ı G, O-¤¬ı˛ ›¬ÛÀ¬ı˛ Ô±fl¡À¬ıº

O-ø¬ıμ≈ ¸±À¬ÛÀé¬ √G¬øÈ¬¬ı˛ √w¬±˜fl¡-¸˜œfl¡¬ı˛Ì mk mga2�� sin� ��

[√w¬±˜Àfl¡¬ı˛ ø√fl¡, �-Œ˚ø√Àfl¡ ¬ı±ÀÎ¬ˇ Œ¸˝◊√√ø√Àfl¡]º [√G¬øÈ¬¬ı˛, ˆ¬¬ı˛ m]

Œ˚‡±ÀÚ mk O2 � -·±˜œ ’±Ú≈ˆ”¬ø˜fl¡ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ √G¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡

= m a ma ma
3

3
2

7
4

2
2 2�� �� � �  [¸˜±z¬¬ı˛±˘ ’Àé¬¬ı˛ Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛]º

� �� sin� ��
4
7

g
a

2
4
7

��� sin ��� � ��
g
a

¸˜±fl¡˘ÀÚ¬ı˛ ¬ÛÀ¬ı˛,  � cos� �2 8
7

1� �� �
g
a

        � �
 = 0 ˚‡Ú �	 = 0.

� 

�

�
2  [√G¬ ’Ú≈ˆ”¬ø˜fl¡±],  � �

8
7
g
a

õ∂ùü 2. ≈√øÈ¬ ’˜¸‘Ì ¸˜Ó¬˘ ˚Ô±√flË¡À˜ ’±Ú≈ˆ”¬ø˜fl¡ Ó¬À˘¬ı˛ ¸Àe· �	 › '	 Œfl¡±ÀÌ ÚÓ¬, ¤¬ı— Ó¬±¬ı˛± ’¬Û¬ı˛

õ∂±z¬ ¬ı¬ı˛±¬ı¬ı˛ ¬Û¬ı˛¶Û¬ı˛Àfl¡ ¶Û˙« fl¡À¬ı˛ ’±ÀÂ√º

≈√øÈ¬ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ≈√øÈ¬ ’¸˜±Ú ˆ¬¬ı˛, ˚Ô±√flË¡À˜ M ¤¬ı— M��	¤fl¡øÈ¬ ¸”Ñ √øÎ¬ˇ ¡Z±¬ı˛± ¬Û¬ı˛¶Û¬ı˛ ¸—˚≈q¡ ’±ÀÂ√º

√øÎ¬ˇøÈ¬ ≈√øÈ¬ Ó¬À˘¬ı˛ ˙œ¯∏«ø¬ıμ≈ÀÓ¬ ’¬ıøàÔÓ¬ m ˆ¬¬ı˛ › a ¬ı…±¸±ÀÒ«¬ı˛ ¤fl¡øÈ¬ ˜¸‘Ì ¬Û≈˘œ¬ı˛ ›¬Û¬ı˛ ø√À˚˛ ˚±˚˛º Œ√‡±Ú

Œ˚, ˆ¬¬ı˛ ≈√øÈ¬¬ı˛ Œ˚ Œfl¡±ÀÚ±øÈ¬¬ı˛ Q¬ı˛Ì ˝√√˘ 

g M M

M M m k
a

sin cos sin cos� � � � � �� � � 	 �

� 	 �

� �
2

2

Œ˚‡±ÀÚ, �, ��, Ó¬˘ ≈√øÈ¬¬ı˛ ‚¯∏«Ì±efl¡, k-øÚÀÊ√¬ı˛ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ¬Û≈˘œøÈ¬¬ı˛ ‚”Ì«Ú¬ı…±¸±Ò«, ¤¬ı— M ˆ¬¬ı˛øÈ¬

øÚÀ‰¬¬ı˛ ø√Àfl¡ ˚±˚˛º

 M > M�&

t ¸˜˚˛ ¬ÛÀ¬ı˛ Ò¬ı˛± ˚±fl¡ ˆ¬¬ı˛ M, ÚœÀ‰¬¬ı˛ ø√Àfl¡ [Ó¬±¬ı˛

õ∂±Ôø˜fl¡ ’¬ıàÔ±Ú ŒÔÀfl¡] x-”√¬ı˛Q ˚±˚˛, ¤¬ı— ‹ ¤fl¡˝◊√√ ¸˜À˚˛

M�	›¬ÛÀ¬ı˛¬ı˛ ø√Àfl¡ x-”√¬ı˛Q ’øÓ¬√flË¡˜ fl¡À¬ı˛, ¤¬ı— ‹ ¤fl¡ ◊̋√√ ¸˜À ˛̊

¬Û≈˘œøÈ¬ øÚÀÊ√¬ı˛ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ �	 Œfl¡±ÀÌ ‚≈À¬ı˛ ˚±˚˛º

Œ˚À˝√√Ó≈¬ ¬Û≈˘œøÈ¬ ˜¸‘Ì, ’Ó¬¤¬ı, ¬ı˘± ˚±˚˛, x = a�&	 &&&&&&	 (i) (a ¬Û≈˘œøÈ¬¬ı˛ ¬ı…±¸±Ò«]º
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� � �x a� �º øfl¡z≈¬ ˆ¬¬ı˛≈√øÈ¬¬ı˛ ·øÓ¬À¬ı· ˝√√˘ v x a� �� �� ¤¬ı— ˆ¬¬ı˛ M-¤¬ı˛ Q¬ı˛Ì, ��x  ÚœÀ‰¬¬ı˛ ø√Àfl¡, ¤¬ı—

ˆ¬¬ı˛ M�-¤¬ı˛ Q¬ı˛Ì, ��x  ›¬ÛÀ¬ı˛¬ı˛ ø√Àfl¡º

� ˆ¬¬ı˛ ≈√øÈ¬¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì ˝√√˘ –

Mx Mg R T�� sin� � �� � .......... (i)

� � � � � � � �M x Mg R T�� sin' � .......... (ii)

Œ˚‡±ÀÚ, R Mg R M g� � � �cos , cos .� '

¤¬ı— ¬Û≈˘œøÈ¬¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì [¤øÈ¬ ¤fl¡øÈ¬ ‚”Ì«Ú˙œ˘ ‘√Ï¬ˇ¬ıd≈¬]

mk T T a2��
 � � 		 
  ..... (iv) [¤øÈ¬ √w¬±˜fl¡-¸˜œfl¡¬ı˛Ì, ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛ ¬Û±›˚˛±]º [k

˝√√˘ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ¬Û≈˘œ¬ı˛ ‚”Ì«Ú ¬ı…¸±Ò«]

(ii) › (iii) ŒÔÀfl¡ ¬Û±˝◊√√,

M M x Mg M g T T� 	 � �� � � 	 � 	 � 	 �� � � ��� sin cos sin cos ,� � � � � �

¬ı±, M M x Mg M g mk
a

� 	 � � � � 	 � 	 �� � � ��� sin cos sin cos
��

� � � � � �

2

øfl¡z≈¬ (i) ŒÔÀfl¡ ��
��


 � x
a

’Ó¬¤¬ı M M mk
a

g M M� 	 ��
�

�
� � � � � 	 � 	

2

2
�� sin cos sin cos
 � � � � � �� �

õ∂ùü 3. ¸”Ñ Ó¬±À¬ı˛¬ı˛ ¡Z±¬ı˛± a ¬ı…±¸±ÀÒ«¬ı˛ ¤fl¡øÈ¬ Œ·±˘fl¡Àfl¡ ¤fl¡øÈ¬ øàÔ¬ı˛ø¬ıμ≈ ŒÔÀfl¡ ŒÁ¡±˘±ÀÚ± ˝√√˚˛º

Œ·±˘Àfl¡¬ı˛ Œfl¡f › øàÔ¬ı˛ø¬ıμ≈¬ı˛ ”√¬ı˛Q l Œ√‡±Ú Œ˚ é≈¬^ Œ√±˘ÀÚ¬ı˛ (small-oscillation) ¬Û˚«±˚˛fl¡±˘ ˝√√˘

2 5 2
5

1 1
4 2

2 2
2�
�l a�

���
�
�lg

sin , Œ˚‡±ÀÚ �	 ˝√√˘ Œ√±˘ÀÚ¬ı˛ ø¬ıd¬±¬ı˛º

Œ√±˘fl¡øÈ¬ ¤fl¡øÈ¬ ’±Ú≈̂ ”¬ø˜fl¡ ’é¬, OX ¤¬ı˛ ¸±À¬ÛÀé¬ é≈¬^ Œ√±˘ÀÚ ≈√˘ÀÂ√, O øàÔ¬ı˛ø¬ıμ≈,

OZ, Î¬◊~•§À¬ı˛‡±, ��	 t ¸˜À ˛̊ OZ-¤¬ı˛ ¸Àe· Ó¬±¬ı˛øÈ¬¬ı˛ ÚøÓ¬º

’Ó¬¤¬ı, Œ√±˘fl¡øÈ¬¬ı˛ ‚”Ì«ÚÊ√øÚÓ¬ √w¬±˜fl¡ ¸˜œfl¡¬ı˛Ì ˝√√˘, mk mgl2�� sin� �� �

(O ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛], Œ˚‡±ÀÚ k √̋√̆  OX ¸±À¬ÛÀé¬ Œ√±˘Àfl¡¬ı˛ ‚”Ì«Ú¬ı…±¸±Ò«,

k l a2 2
22

5
� �  ¤¬ı—  m ˝√√˘ Œ·±˘Àfl¡¬ı˛ ˆ¬¬ı˛º [¸˜±z¬¬ı˛±˘ ’Àé¬¬ı˛ Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛]

[Î¬±Úø√Àfl¡ ‘–’ ø‰¬˝ê ŒÚ› ˛̊± ˝√√˘ fl¡±¬ı˛Ì Î¬±¬ı˛ mg-¬ı˛ √w¬±˜fl¡ ¸¬ı«√±˝◊√√ �-Œfl¡ fl¡˜±¬ı±¬ı˛ Œ‰¬©Ü± fl¡¬ı˛ÀÂ√]º

� k gl2�� sin� �� �

2 �� ø√À˚˛ Î¬◊ˆ¬˚˛¬Ûé¬ ·≈Ì fl¡À¬ı˛ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√,

k gl C2 2 2� cos
 
� �

¤‡Ú Œ˚À˝√√Ó≈¬ �	 ˝√√˘ Œ√±˘ÚøÈ¬¬ı˛ ø¬ıd¬±¬ı˛, ’Ó¬¤¬ı �	 = �	 ŒÓ¬, � .� � 0

� k gl2 2 2� cos cos
 
 �� � �
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k gl� cos cos� � �� �� �2

� k d

gl
dt�

� �

�

2 0

1

0 cos cos�� �
� ��   Œ˚‡±ÀÚ t1 ˝√√˘ ¬Û˚«±˚˛fl¡±À˘¬ı˛ ¤fl¡ ‰¬Ó≈¬Ô«±—˙º

� t k
gl

d
1

2 204
2 2

�

�
� 


� 


�

sin sin

¬ı¸±Ú, sin sin sin ,
 �
�

2 2
�  ˚±¬ı˛ ¡Z±¬ı˛±,

t k
gl

d
1

2 20

2

1
2

�
�

� !

� !




sin sin

¤˝◊√√ ¸˜±fl¡˘øÈ¬¬ı˛ ¸•Û”Ì« øÚ¬ı˛”¬ÛÌ ¸y¬¬ı Ú˚˛º øfl¡z≈¬ é≈¬^ Œ√±˘ÀÚ¬ı˛ Ê√Ú… �	é≈¬^ ÒÀ¬ı˛ ’±˜¬ı˛± ø˘‡ÀÓ¬ ¬Û±ø¬ı˛,

[sin ! sin �2  › Ó¬±˝√√À˘ é≈¬^]

t1 = 
k
gl

1 1
2 2

2 2

0

2

�	
 ��� sin sin� !




= k
gl

d1 1
4 2

1 22

0

2

� �	
 ��� sin cos� ! !




� �

= k
gl

. sin� �
2

1 1
4 2

2�	
 ��

¬Û˚«±˚˛fl¡±˘ = 4 2 5 2
5

1 1
4 21

2 2
2t l a

gl
� � �	
 ��� �sin

õ∂ùü 4. ¤fl¡øÈ¬ øàÔ¬ı˛ø¬ıμ≈ ŒÔÀfl¡ l Δ√À‚«…¬ı˛ ¸”Ñ Ó¬±¬ı˛ ¡Z±¬ı˛± M ˆ¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ¬¬ıd≈¬fl¡Ì±Àfl¡ ˘ø•§Ó¬ fl¡À¬ı˛ ¤fl¡øÈ¬

¸¬ı˛̆  Œ√±˘fl¡ ΔÓ¬ø¬ı˛ ˝√√À ˛̊ÀÂ√º M ’À¬Ûé¬± ’ÀÚfl¡ é≈¬^ ¤fl¡øÈ¬ ˆ¬¬ı˛ m Œfl¡ øàÔ¬ı˛ø¬ıμ≈ ŒÔÀfl¡

a ”√¬¬ı˛ÀQ Ó¬±À¬ı˛¬ı˛ ¸Àe· ‘√Ï¬ˇˆ¬±À¬ı ¢∂øÔÓ¬ fl¡¬ı˛± ˝√√˘º Œ√‡±Ú Œ˚ é≈¬^ Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±˘,

¤¬ı˛ Ù¬À˘ 
m
M

a a
l

T
2 1

1 ��� ��  ¬Ûø¬ı˛˜±Ì fl¡À˜ ˚±À¬ı, Œ˚‡±ÀÚ T ˝√√˘ ¸¬ı˛˘À√±˘fl¡øÈ¬¬ı˛ é≈¬^

Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±˘º

¸¬ı˛̆  Œ√±˘fl¡øÈ¬¬ı˛ ¬Û «̊± ˛̊fl¡±˘ T � 1
8

2 .� m-ˆ¬¬ı˛ ¢∂øÔÓ¬ √̋√¬ı±¬ı˛ Ù¬À˘ ’±˜¬ı˛± ≈√øÈ¬ fl¡Ì±¡Z±¬ı˛±

·øÍ¬Ó¬ ¤fl¡øÈ¬ fl¡Ì±¬Û≈? ¬Û±˝◊√√ ˚±¬ı˛± ‘√Ï¬ˇˆ¬±À¬ı, ˆ¬¬ı˛˝√√œÚ Ó¬±¬ı˛ ¡Z±¬ı˛± ¸—˚≈q¡º ¤¬ı˛± ¤fl¡øÈ¬ Œ˚Ãø·fl¡
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Œ√±˘fl¡ ·Í¬Ú fl¡À¬ı˛º ¤≈√øÈ¬Àfl¡ ¤fl¡øÈ¬ Œ˚Ãø·fl¡ Œ√±˘fl¡ ø˝√√À¸À¬ı øÚÀ˚˛, √w¬±˜fl¡-¸˜œfl¡¬ı˛Ì [O-øàÔ¬ı˛ ø¬ıμ≈ ¬ı± ˘•§Úø¬ıμ≈]

O-¤¬ı˛ ¸±À¬ÛÀé¬ ˝√√À¬ı,

ma ml mga mgl2 2�� �� sin sin� � � �� � � �

¬ı±, Ma ml ma Ml g2 2� � � �� �� � �� sin� �

˚±¬ı˛ ŒÔÀfl¡ Œ√ø‡ Œ˚ é≈¬^ Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±˘ ˝√√À¬ı

� � �
�� �

� ��
�

�
� ��� ��

�

T ma Ml
ma Ml g

l
g

ma
Ml

ma
Ml

2 2 1 1
2 2 2

2

1
2

1
2

� �

= 2 1 1
2

1
2

2

2� l
g

ma
Ml

ma
Ml

��
�

�
� ��� ��  Œ˚À˝√√Ó≈¬  

m
M
## 1

= T T am
lM

a
l

� ��� �.
2

1

õ∂ùü 5. ¤fl¡øÈ¬ Œ˚Ãø·fl¡ Œ√±˘Àfl¡¬ı˛ ˘•§ÚÀfl¡f ’Ô¬ı± Œ√±˘ÚÀfl¡Àf ¤fl¡øÈ¬ ˆ¬¬ı˛ ‘√Ï¬ˇˆ¬±À¬ı ¸—˚≈q¡ fl¡¬ı˛± ˝√√˘º

Œ√‡±Ú Œ˚ ¬Û˚«±˚˛fl¡±˘ ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡º

Ò¬ı˛± ˚±fl¡ Œ˚ Œ√±˘ÚÀfl¡f¬ı«ÀÓ¬ ¤fl¡øÈ¬ ˆ¬¬ı˛ m ‘√Ï¬ˇˆ¬±À¬ı ¸—˚≈q¡ ˝√√À˚˛ÀÂ√º

’Ó¬¤¬ı, ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˘,

Mk ml Mgh mgl2 2�� �� sin sin� � � �� � � �

Œ˚‡±ÀÚ, l OO k
h

� � �
2

Mk ml Mgh mgl2 2� � � �� � � ��� sin� �

� é≈¬^ Œ√±˘ÀÚ¬ı˛ ¬Û˚«±˚˛fl¡±˘ = 2
2 2

1� Mk ml
g Mh ml

T�
� �

�

¤¬ı—  T k
gh

� 2
2

�

� T T
g

Mk ml
Mh ml

k
h g

Mk h ml h Mhk mlk
Mh mlh1

2 2
2 2 2

2

2 2 2 2 2 2

2
4 4� �

�
�

��� 
!"# �

� � �
�

�� 
!"#

� �

=
4 4 0

2 2 2

2

2 2

2
2� �

g
m l h lk

Mh mlh g
ml lh k

Mh mlh
lh k

�

�

�
�
 

!
"
#
�

�

�
� �

� � � �
�

� T T� 1

’±¬ı±¬ı˛ m ˆ¬¬ı˛Àfl¡ ˘•§ÚÀfl¡Àf˝◊√√ ¸—˚≈q¡ fl¡¬ı˛À˘, mg-¤¬ı˛ √w¬±˜fl¡ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ˙”Ú… ˝√√À¬ı ’Ô«±» √w¬±˜fl¡-

¸˜œfl¡¬ı˛ÀÌ¬ı˛ Œfl¡±ÀÚ± ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À¬ı Ú±º ’Ó¬¤¬ı T ¤¬ı˛ Œfl¡±ÀÚ± ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À¬ı Ú±º

˜z¬¬ı… – ¤fl¡ ◊̋√√ˆ¬±À¬ı Œ√‡±ÀÚ± ˚±À¬ı Œ˚ ˚ø√ OG Œ¬ı˛‡±¬ı˛ ›¬Û¬ı˛ Œfl¡±ÀÚ± ø¬ıμ≈ÀÓ¬ m ˆ¬¬ı˛Àfl¡ ‘√Ï¬ˇˆ¬±À¬ı ¸—˚≈q¡
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fl¡¬ı˛± ˚±˚˛, ¬Û˚«±˚˛fl¡±˘ ¬ı±Î¬ˇÀ¬ı Ú± fl¡˜À¬ı Ó¬± øÚÌ«˚˛ fl¡¬ı˛À¬ı ˆ¬¬ı˛øÈ¬ ˘•§ÚÀfl¡Àf¬ı˛ ÚœÀ‰¬ Ú± ›¬ÛÀ¬ı˛, Œfl¡±Ô±˚˛ ¸—˚≈q¡

˝√√À˚˛ÀÂ√ Ó¬±¬ı˛ ›¬Û¬ı˛º

õ∂ùü 6. ¤fl¡øÈ¬ ¬ı‘M√√±fl¡±¬ı˛ Œé¬S (circular area) ¤fl¡øÈ¬ ’±Ú≈ˆ”¬ø˜fl¡ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º ’é¬øÈ¬

¬ı‘ÀM√√¬ı˛ ›¬Û¬ı˛ ˘•§ ¤¬ı— Ó¬±¬ı˛ ¬Ûø¬ı˛¸œ˜±¬ı˛ ›¬Û¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ O ø√ÀÓ¬ Œ·ÀÂ√º

O ø¬ıμ≈·±˜œ ¬ı…±¸øÈ¬ ˚‡Ú O-¤¬ı˛ ›¬ÛÀ¬ı˛ Î¬◊~•§ˆ¬±À¬ı ‡±Î¬ˇ± ¤˝◊√√ ’¬ıàÔ±˚˛

‚”Ì«Ú ˙≈¬ı˛≈ ˝√√˚˛º Œ√‡±Ú Œ˚, ‹ ¬ı…±¸øÈ¬ ˚‡Ú �	Œfl¡±Ì ‚≈¬ı˛ÀÂ√, O ø¬ıμ≈ÀÓ¬ ¬ı…±¸

¬ı¬ı˛±¬ı¬ı˛ › ¬ı…±À¸¬ı˛ ˘•§ ¬ı¬ı˛±¬ı¬ı˛ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘·≈ø˘ ˝√√˘  . 
W
3

7 4cos
 � �

¤¬ı— 
W
3

sin 
 ˚Ô±√flË¡À˜º

¬ı‘M√√øÈ¬ Î¬◊~•§Ó¬À˘ ‚≈¬ı˛ÀÂ√º õ∂±Ôø˜fl¡ˆ¬±À¬ı, OA ¬ı…±¸ Î¬◊~•§ øÂ√˘, t ¸˜À˚˛ OA, Î¬◊~À•§¬ı˛ ¸Àe· �	 Œfl¡±ÀÌ

ÚÓ¬º

OA ¬ı¬ı˛±¬ı¬ı˛ ¤¬ı— OA-¬ı˛ ›¬Û¬ı˛ ˘•§ ¬ı¬ı˛±¬ı¬ı˛ O ø¬ıμ≈ÀÓ¬ õ∂øÓ¬ø√flË¡˚˛± ¬ıÀ˘¬ı˛ Î¬◊¬Û±—˙ P ¤¬ı— Q ˝√√À˘, ¬ı‘ÀM√√¬ı˛

ˆ¬¬ı˛Àfl¡f G-¤¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì ≈√øÈ¬ ˝√√˘,

Ma P Mg� cos� �2 � � �

Ma Q Mg�� sin ,� �� � � (Mg Œé¬SøÈ¬¬ı˛ ˆ¬±¬ı˛]

¤¬ı—, O-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˘,

Mk Mga2�� sin ,� ��  Œ˚‡±ÀÚ k a a a2 2
2 2

2
3

2
� � �   ...... (i)

� 3
2

2a ag�� sin� �� [√w¬±˜fl¡øÈ¬ �-Œfl¡ ¬ı±Î¬ˇ±¬ı±¬ı˛ Œ‰¬©Ü± fl¡À¬ı˛]º

� cos� �2 4
3

� � �
g
a

A ...... (ii)

õ∂±Ôø˜fl¡ˆ¬±À¬ı,  � �� � � �0, 0, 4 3� A g a

� cos� �2 4
3

1� � �� �
g
a

� P Mg Ma
Mg

� � � �cos � cos� � �2
3

7 4� �   [(ii) ŒÔÀfl¡]

Q Mg Ma
Mg

� � �sin �� sin� � �
3

     [(i) ŒÔÀfl¡]

õ∂ùü 7. ¤fl¡øÈ¬ ¸≈¯∏˜ ¸¬ı˛≈ √ÀG¬¬ı˛ ¤fl¡ õ∂±z¬ ¤fl¡øÈ¬ ˜¸‘Ì fl¡r±¬ı˛ (smooth hinge) ¸Àe· ’±È¬fl¡±ÀÚ± ’±ÀÂ√,

¤¬ı— ’±Ú≈ˆ”¬ø˜fl¡ ’¬ıàÔ± ŒÔÀfl¡ √G¬øÈ¬Àfl¡ ¬ÛÎ¬ˇÀÓ¬ Œ√›˚˛± ˝√√˘º Œ√‡±Ú Œ˚, ’±Ú≈ˆ”¬ø˜fl¡ ø√Àfl¡ √ÀG¬¬ı˛ ›¬Û¬ı˛ fl¡r±¬ı˛

õ∂øÓ¬ø√flË¡˚˛±¬ı˘ ˚‡Ú √G¬øÈ¬ ’±Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸Àe· 45° Œfl¡±ÀÌ ÚÓ¬ Ó¬‡Ú˝◊√√ ¬ı‘˝√√M√√˜ ˝√√À¬ı, ¤¬ı— Ó¬‡Ú Î¬◊~•§ ø√Àfl¡

õ∂øÓ¬ø√flË¡˚˛±¬ı˘ ˝√√À¬ı √ÀG¬¬ı˛ ˆ¬±À¬ı˛¬ı˛  
11
8  ’—˙º
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O ø¬ıμ≈øÈ¬ ˜¸‘Ì fl¡r±¬ı˛ ¸Àe· ’±È¬fl¡±ÀÚ± ’±ÀÂ√º ’±Ú≈ˆ”¬ø˜fl¡ ’¬ıàÔ±¬ı˛ ŒÔÀfl¡ ŒÂ√ÀÎ¬ˇ ø√À˘ √G¬øÈ¬ O-¤¬ı˛

¸±À¬ÛÀé¬ Î¬◊~•§ Ó¬À˘ ‚≈¬ı˛À¬ıº Ò¬ı˛± ˚±fl¡ √ÀG¬¬ı˛ ˆ¬¬ı˛ M, ¤¬ı— Δ√‚«… 2a,

t ¸˜À˚˛ √G¬øÈ¬ ’±Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸Àe· �	 Œfl¡±ÀÌ ÚÓ¬º O ø¬ıμ≈ÀÓ¬

õ∂øÓ¬ø√flË¡˚˛±¬ıÀ˘¬ı˛ Î¬◊¬Û±—˙ ˝√√˘ P ¤¬ı— Q ˚Ô±√flË¡À˜ ’±Ú≈ˆ”¬ø˜fl¡ › Î¬◊~•§

ø√Àfl¡º (t ¸˜À˚˛]º

ˆ¬¬ı˛Àfl¡f G-¤¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì·≈ø˘ ˝√√˘ –

Ma P Q Mg� � � �2 � � �cos sin sin ......... (i)

(M ˝√√˘ √G¬øÈ¬¬ı˛ ˆ¬¬ı˛]º

Ma P Q Mg�� sin cos cos� � � �� � � ......... (ii)

¤¬ı— M k Mga. �� cos2
 
� ......... (iii) k a2
24

3
�

� �� cos� ��
3
4

g
a

......... (iv)

� sin� �2 3
2

� �
g
a

C

õ∂±Ôø˜fl¡ ˙Ó«¬ ˝√√˘ 
 
� �0, 0�     �  C = 0,

� � sin� �2 3
2

�
g
a

......... (v)

’Ó¬¤¬ı, P Ma
g
a

Q Mgcos . sin cos sin cos sin cos2 3
2

� � � � � � �� � �

P Ma
g
a

Q Mgsin . cos sin cos sin sin cos .2 3
4

� � � � � � �� � �

� P Mg�
9
8

2sin .


� P-¤¬ı˛ ˜±Ú ¬ı‘̋ √√M√√˜ ˚‡Ú �	 = 45°.

¤fl¡ ◊̋√√̂ ¬±À¬ı, Q P Mg Mg
a

sin cos sin sin . sin2 2 23
2


 
 
 
 
� � �

Q P Mg Mg
a

cos cos sin cos cos2 2 23
4


 
 
 
 
� � � �

� Q Mg
Mg

� � � ��
�

�
�

3
2 2

2
2cos sin




� �	 = 45° ŒÓ¬,  Q ˝√√˘

� � � �Mg
Mg Mg3
8

11
8

[’Ô«±» Q Â√ø¬ıÀÓ¬ Œ˚ ø√Àfl¡ Œ√‡±ÀÚ± ˝√√À˚˛ÀÂ√ õ∂fl‘¡Ó¬¬ÛÀé¬ Ó¬±¬ı˛ Î¬◊ÀåÈ¬±ø√Àfl¡ ’±ÀÂ√]º



224

NSOU

¤fl¬fl¬ 16 � ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬¸—¬ı˛é¬Ì ÚœøÓ¬ ¸˜”˝√√

·Í¬Ú

16.1 ¬√õ∂d¬±¬ıÚ±

16.2 ¬Î¬◊ÀV˙…

16.3 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ˆ¬¬ı˛À¬ı·

16.4 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ˆ¬¬ı˛À¬ı· ¸—√flË¡±z¬ ¸—¬ı˛é¬ÌÚœøÓ¬

16.5 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·

16.5.1  √ˆ¬¬ı˛Àfl¡f ¸±À¬ÛÀé¬ ¬ıd≈¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·

16.6 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ¸—√flË¡±z¬ ¸—¬ı˛é¬Ì ÚœøÓ¬

16.7 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬˙øq¡

16.8 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ øàÔøÓ¬˙øq¡ › ˙øq¡ ¸—¬ı˛é¬Ì

16.9 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ˙øq¡ ¸—√flË¡±z¬ ¸—¬ı˛é¬Ì ÚœøÓ¬

16.10 ¸±¬ı̨±—˙

16.11 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

16.1 ¬√õ∂d¬±¬ıÚ±

¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ›¬Û¬ı˛ ¬ı˘ õ∂˚≈q¡ ˝√√À˘ Ó¬±¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ·øÓ¬¸˜œfl¡¬ı˛Ì ’Ú≈˚±˚˛œ fl¡œˆ¬±À¬ı ˝√√˚˛ Ó¬±˝◊√√

’±¬ÛÚ±¬ı˛± ¤ ◊̋√√ ¤fl¡Àfl¡ Œ√‡À¬ıÚº fl¡Ì±·øÓ¬ø¬ı√…± ˛̊ ’±˜¬ı˛± Œ√À‡øÂ√ ˆ¬¬ı˛À¬ı· › Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ÚœøÓ¬·≈ø˘ fl¡œº ¤‡±ÀÚ

‘√Ï¬ˇ¬ ¬ıd≈¬¬ı˛ Œé¬ÀS ‹ ¸¬ı ¬ı˛±ø˙¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ øÚ˚˛˜·≈ø˘ ø¬ıd‘¬Ó¬ˆ¬±À¬ı ’±À˘±‰¬Ú± ˝√√À¬ı, ¤¬ı— Œfl¡±Ú ˙ÀÓ«¬ Œ¸·≈ø˘

¸—¬ı˛øé¬Ó¬ ˝√√˚˛ Œ¸È¬±› ’±˜¬ı˛± Œ√‡¬ıº ¸—¬ı˛é¬œ¬ıÀ˘¬ı˛ Œé¬ÀS ‘√Ï¬ˇ¬ıd≈¬¬ı˛ øàÔøÓ¬˙øq¡¬ı˛ ¸—:± Œ√›˚˛± ˝√√À¬ı, ¤¬ı— ˙øq¡¬ı˛

øÚÓ¬…Ó¬± ¸•ÛÀfl«¡› ’±À˘±‰¬Ú± Ô±fl¡À¬ıº ¤‡±ÀÚ øàÔøÓ¬˙øq¡ õ∂fl¡±˙…ˆ¬±À¬ı ¸˜À˚˛¬ı˛ ›¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡¬ı˛À¬ı Ú±º

16.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡fl¡øÈ¬ ¬ÛÀÎ¬ˇ ’±¬ÛÚ±¬ı˛± Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚ,

� ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì·≈ø˘Àfl¡ fl¡œ fl¡À¬ı˛ ¸˜±Ò±Ú fl¡¬ı˛± ˚±˚˛º

� ø¡ZÓ¬œ˚˛√flË¡À˜¬ı˛ ¸˜œfl¡¬ı˛ÌøÈ¬ ¸˜±fl¡˘ fl¡À¬ı˛ ÚÓ≈¬Ú ¸˜œfl¡¬ı˛Ì ¬Û±›˚˛± ˚±˚˛º

� Œfl¡±ÀÚ±ø√Àfl¡ ¬ı˘¸˜”À˝√√¬ı˛ Î¬◊¬Û±—˙·≈ø˘¬ı˛ Œ˚±·Ù¬˘ ˙”Ú… ˝√√À˘ Œ¸ø√Àfl¡ ˆ¬¬ı˛À¬ı· ’¬Ûø¬ı˛¬ıÓ«¬Ó¬ Ô±Àfl¡º
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� Œfl¡±ÀÚ±ø√Àfl¡¬ı˛ ¸±À¬ÛÀé¬ ¬ı˘·≈ø˘¬ı˛ √w¬±˜Àfl¡¬ı˛ Œ˚±·Ù¬˘ ˙”Ú… ˝√√À˘ Œ¸ø√Àfl¡ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬

Ô±Àfl¡º

� ¸—¬ı˛é¬œ ¬ı˘Ó¬ÀLa¬ı˛ ’ÒœÀÚ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬˙øq¡ › øàÔøÓ¬˙øq¡ Œ˚±·Ù¬˘ ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡º

16.3 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ˆ¬¬ı˛À¬ı· (Linear Momentum of a rigid body)

¤fl¡øÈ¬ øàÔ¬ı˛ø¬ıμ≈ O Œfl¡ ’±ø√ ø¬ıμ≈ øÚÀ˚˛ øàÔ¬ı˛ ’é¬ Ox, Oy, Oz ŒÚ›˚˛± ˚±flƒ¡º ¤˝◊√√ ’é¬ ¸±À¬ÛÀé¬

¤fl¡øÈ¬ ·øÓ¬˙œ˘ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ø¬ıμ≈ P ¤¬ı˛ àÔ±Ú±efl¡ t ¸˜À ˛̊ (x, y, z) ˝√√À˘ x, y, z õ∂ÀÓ¬…Àfl¡

t ’À¬Ûé¬fl¡º àÔ±Ú Œˆ¬"√√¬ı˛ ¬ı…¬ı˝√√±¬ı˛ fl¡¬ı˛À˘ OP r i x j y k z
��	

	
�
�
 � � � �

� � � �

 �  Œ˚‡±ÀÚ 

� � �
i j k, ,  ¤fl¡fl¡ Œˆ¬"√√¬ı˛

˚Ô±√flË¡À˜ Ox, Oy, Oz ø√Àfl¡º

P ø¬ıμ≈¬ı˛ t ¸˜À ˛̊ ·øÓ¬À¬ı· ˝√√˘ 
�

�
�

v dr
dt

r� � �

= dx
dt

i
dy
dt

j dz
dt

k
� � �

_ ��
�

�
�

= 
� � �
i x j y k z� �  Œ˚‡±ÀÚ �x dx

dt
�  ◊̋√√Ó¬…±ø√

��r dr
dt

�

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı P ø¬ıμ≈, Q¬ı˛Ì  
�

� � � �
�� �� �� ��r d r

dt
x i y j z k� � � �

2

2 $ %  ’Ó¬¤¬ı ‘√Ï¬ˇ¬ıd≈¬Àfl¡ fl¡Ó¬·≈ø˘ fl¡Ì±¬ı˛ ¸˜ø©Ü

˜ÀÚ fl¡¬ı˛À˘ ’±˜¬ı˛± m1, m2, ........... ¡Z±¬ı˛± ø¬ıøˆ¬iß fl¡Ì± øÚÀ«√˙ fl¡¬ı˛¬ı ¤¬ı— 
� �
r r1 2, , ....... ¡Z±¬ı˛± Ó¬±À√¬ı˛ ’¬ıàÔ±Ú

øÚÀ«√˙ fl¡¬ı˛¬ıº

m1 fl¡Ì±¬ı˛ t ¸˜À˚˛ ˆ¬¬ı˛À¬ı· = m
dr
dt1

1
�

m2 fl¡Ì±¬ı˛ t ¸˜À˚˛ ˆ¬¬ı˛À¬ı· = m
dr
dt2

2
�

 ˝◊√√Ó¬…±ø√

� ‘√Ï¬ˇ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛À¬ı· = õ∂øÓ¬øÈ¬ fl¡Ì±¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ = m
dr
dti

i

i

�

,� ....... (1)

Œ˚‡±ÀÚ i = 1, 2, ........... ’Ô«±» ¸˜¢∂ ¬ıd≈¬¬ı˛ fl¡Ì±¬ı˛ ›¬Û¬ı˛ Œ˚±·Ù¬˘º

’±˜¬ı˛± Ê√±øÚ ‘√Ï¬ˇ ¬ıd≈¬øÈ¬¬ı˛ ¤fl¡øÈ¬ ˆ¬¬ı˛Àfl¡f G ’±ÀÂ√ ˚±¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ R
�

 ˝√√À˘ R
�

 t ¤¬ı˛ ’À¬Ûé¬fl¡,

¤¬ı—

R
m r

m
i i

i

�
� �
�

�

........................ (2)
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¤‡Ú ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ˆ¬¬ı˛ m Mi �	  ø˘‡À˘

MR m ri i
i

� �
� �

¤¬ı±¬ı˛ ≈√Ò±À¬ı˛ t ¸±À¬ÛÀé¬ ’z¬¬ı˛fl¡˘Ú øÚÀ˚˛ ¬Û±˝◊√√

M dR
dt

m
dr
dti

i
� �

� � ........................ (3)

’Ó¬¤¬ı (1) › (3) ŒÔÀfl¡ Œ√‡± Œ·˘ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ˆ¬¬ı˛À¬ı· = M dR
dt

�

;  ’Ô«±» ˚ø√ M ’Ô«±» ‘√Ï¬ˇ¬ıd≈¬¬ı˛

ˆ¬¬ı˛ ≈̊q¡ ¤fl¡øÈ¬ fl¡Ì± ˆ¬¬ı˛Àfl¡Àf¬ı˛ Œ¬ıÀ· ‰¬À˘ Ó¬±˝√√À˘ Œ¸˝◊√√ fl¡Ì±¬ı˛ ˆ¬¬ı˛À¬ı· = ‘√Ï¬ˇ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛À¬ı·º

’±¬ı±¬ı˛ ˚ø√ ˆ¬¬ı˛Àfl¡f G Œfl¡ ’±ø√ ø¬ıμ≈ øÚÀ˚˛ ¤¬ı— Gx��	Gy��	Gz�	˚Ô±√flË¡À˜ Ox, Oy, Oz ¤¬ı˛ ¸˜±z¬¬ı˛±˘

’é¬ ŒÚ›˚˛± ˚±˚˛ ¤¬ı— ¤˝◊√√ ’é¬ ¸±À¬ÛÀé¬ Œ˚ Œfl¡±Ú ø¬ıμ≈ P ¤¬ı˛ àÔ±Ú±efl¡ (x�, y�, z�) ˝√√ ˛̊ Ó¬± ˝√√À˘

x x x� � �
y y y� � �

z z z� � �
Œ˚‡±ÀÚ x y z, ,� � √̋√̆  G ¤¬ı˛ àÔ±Ú±efl¡ (Ox, Oy, Oz ¸±À¬ÛÀé¬] ’Ô«±»

� � � �
R x i y i z k� � �

� � � �
r x i y j z k� � �
� � � �
� � � � � � �r x i y j z k

i Ó¬˜ fl¡Ì±¬ı˛ Œé¬ÀS

Ó¬± √̋√À˘

dr
dt

dR
dt

dr
dt

i i
� � �

� �
	

¤¬ı— m
dr
dt

m dR
dt

m
dr
dti

i
i i

i

ii

� � �

� �
	

���

= M dR
dt

m
dr
dti

i
� �

�
	

�

øfl¡z≈¬ 

m r

m
i i

i

�
��

�  √̋√̆  Gx��	 Gy��	 Gz� ¸±À¬ÛÀé¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ˆ¬¬ı˛Àfl¡f G ¤¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ = 0.

� m ri i
�
	�	 0

� m ri i
�� 	�� 0 ........................ (4)

’Ô«±» ˆ¬¬ı˛Àfl¡f ¸±À¬ÛÀé¬ ¬ıd≈¬¬ı˛ ø¬ıøˆ¬iß ø¬ıμ≈¬ı˛ ·øÓ¬À¬ıÀ·¬ı˛ Ê√Ú… ˆ¬¬ı˛À¬ıÀ·¬ı˛ Œ˚±·Ù¬˘ = 0
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‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ˆ¬¬ı˛À¬ı· M dR
dt

�

Œˆ¬fl¡È¬À¬ı˛¬ı˛ Œfl¡±Ú ø√Àfl¡ [˚±¬ı˛ ø√flƒ¡ Œfl¡±¸±˝◊√√Ú (l, m, n) ø¬ıÀù≠ø¯∏Ó¬±—˙ øÚÀ˚˛ ¬Û±˝◊√√

M dR
dt

li mj nk
�

� � �
. � �$ %

= M dx
dt

l
dy
dt

m dz
dt

n� ��
�

�
� ........................ (5)

¤˝◊√√ ¶®±˘±¬ı˛ Œfl¡ ¬ıd≈¬øÈ¬¬ı˛ (l, m, n) ø√Àfl¡ ˆ¬¬ı˛À¬ı· ñ Î¬◊¬Û±—˙ ¬ı˘± ˝√√˚˛º ’Ó¬¤¬ı M dx
dt

 ˝√√˘ x ø√Àfl¡,

M
dy
dt

 √̋√̆  y ø√Àfl¡ ¤¬ı— M dz
dt  √̋√̆  z-ø√Àfl¡ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ Î¬◊¬Û±—˙º

16.4 ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬

¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ Œ¬ı˘±˚˛ ’±˜¬ı˛± Œ√‡˘±˜ M dR
dt

�

 ˝√√˘ ¬¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛À¬ı· ¤¬ı— Œ˚ Œfl¡±Ú ø√Àfl¡ [˚±Àfl¡ 
�
e

¤fl¡fl¡ Œˆ¬fl¡È¬¬ı˛ ¡Z±¬ı˛± ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˚±˚˛] ¬ˆ¬¬ı˛À¬ıÀ·¬ı˛ Î¬◊¬Û±—˙ = M dR
dt

e
�

�
. ........................ (6)

’±¬ı±¬ı˛ Î¬±˘±•§±À¬ı˛¬ı˛ ÚœøÓ¬ ’Ú≈¸±À¬ı˛ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ˆ¬¬ı˛Àfl¡f G ¤¬ı˛ ·øÓ¬ ¸˜œfl¡¬ı˛Ì ˝√˘

M d R
dt

Fi
i

2 2� �
� � ........................ (7)

[Œ˚‡±ÀÚ 
�
R  ˝√√˘ G-¤¬ı˛ ’¬ıàÔ±Ú Œˆ¬fl¡È¬¬ı˛

   
�
Fi  ˝√√˘ 

�
ri ø¬ıμ≈ÀÓ¬ mi fl¡Ì±¬ı˛ ›¬Û¬ı˛ ¬ıø˝√√–àÔ ¬ı˘]

(7) Ú— ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬ı˘± ˚±˚˛ Œ˚ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛ = ¸˜¢∂ ¬ıø˝√√¬ı«˘ ¸˜”À˝√√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘º

ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬ (Principal of conservation of linear momentum of a rigid body)
ì˚ø√ ¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ›¬Û¬ı˛ õ∂˚≈q¡ ¬ıø˝√√¬ı«˘·≈ø˘ ¤˜Ú ˝√√˚˛ Œ˚ Ó¬±˝√√±À√¬ı˛ ¤fl¡øÈ¬ øÚø«√©Ü ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙·≈ø˘¬ı˛

Œ˚±·Ù¬˘ ¸¬ı«√± ˙”Ú… Ô±Àfl¡, Ó¬± ˝√√À˘ ‹ ø√Àfl¡ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¸¬ı«√± ÒË≈¬ıfl¡ Ô±fl¡À¬ıºî

õ∂˜±Ì – Ò¬ı˛± ˚±fl¡ 
�
e  ¤fl¡øÈ¬ ¤fl¡fl¡ Œˆ¬"√√¬ı˛ ¤fl¡øÈ¬ øÚø«√©Ü ø√Àfl¡ ’±ÀÂ√º ’Ó¬¤¬ı ›¬ÛÀ¬ı˛¬ı˛ (7) Ú— ¸˜œfl¡¬ı˛Ì

ŒÔÀfl¡ 
�
e  Œˆ¬"√√¬ı˛ ø√À˚˛ ·≈Ì fl¡À¬ı˛ ¬Û±˝◊√√, M d R

dt
e F ei

i

2

2

�
� � �

. .�
�
��

�
���  øfl¡z≈¬ √øé¬Ì ¬Ûé¬ ˙”Ú… ˙Ó«¬±Ú≈˚±˚˛œº

’Ó¬¤¬ı M d R
dt

e
2

2 0
�

�
. � ........................ (8)

¤ ◊̋√√ ¸˜œfl¡¬ı˛ÌøÈ¬ Œ˚À˝√√Ó≈¬ ¸¬ı«é¬ÀÌ¬ı˛ Ê√Ú… ¸Ó¬… ¤¬ı— 
�
e  Œ˚À˝√√Ó≈¬ ¤fl¡øÈ¬ øÚø«√©Ü ø√Àfl¡ ¤fl¡fl¡ Œˆ¬q¡¬ı˛, ’Ó¬¤¬ı

de
dt

�

� 0

’Ó¬¤¬ı,

d
dt

M dR
dt

e M d R
dt

e M dR
dt

de
dt

�
�

� � �

. . .
�
��

�
�� � �

2

2
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 = M d R
dt

e
2

2 0
�

. � ........................ (9)

’Ó¬¤¬ı (9) Ú— ¸˜œfl¡¬ı˛Ì ¸˜±fl¡˘ fl¡À¬ı˛ ¬Û±˝◊√√,

M dR
dt

e
�

�
. �  ÒË≈¬ıfl¡

’Ô«±» 
�
e  ø√Àfl¡ ˆ¬¬ı˛À¬ı· ¸¬ı«√± ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡º

˜z¬¬ı… – ’±˜¬ı˛± fl¡Ì±¬Û≈?ÀÓ¬ $ 11.3.7 ¤ Œ√À‡øÂ√ Œ˚, Œ˚ Œfl¡±Ú fl¡Ì±¬Û≈À?¬ı˛ Ê√Ú… ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬

fl¡±˚«fl¡¬ı˛œ, ’Ó¬¤¬ı ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Ê√Ú… ›¬ÛÀ¬ı˛¬ı˛ ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬ ¸Ó¬… ¤¬ı— ¤fl¡±øÒfl¡ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ Ê√Ú…›

¸Ó¬…º

16.5 ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· (Angular momentum of a rigid body)

16.3 ¤¬ı˛ ˜Ó¬ øàÔ¬ı˛ ø¬ıμ≈ O ¸±À¬ÛÀé¬ ’é¬S˚˛ Ox, Oy, Oz øÚÀ˚˛ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ P ¤¬ı˛

’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ t ¸˜À˚˛ 
�
r  (t) ø√À˚˛ ¸”ø‰¬Ó¬ fl¡¬ı˛øÂ√º ‘√Ï¬ˇ¬ ¬ıd≈¬øÈ¬Àfl¡ fl¡Ó¬·≈ø˘ ¬ıd≈¬fl¡Ì± m1, m2 ........ ˝◊√√Ó¬…±ø√

¡Z±¬ı˛± ·øÍ¬Ó¬ ˜ÀÚ fl¡¬ı˛øÂ√ ˝◊√√Ó¬…±ø√ ˚±¬ı˛± ˚Ô±√flË¡À˜ 
� �
r r1 2, ......  ˝◊√√Ó¬…±ø√ ’¬ıàÔ±Ú Œˆ¬"√√À¬ı˛ t ¸˜˚˛ ¬ı˛À˚˛ÀÂ√º ¤‡Ú O

ø¬ıμ≈ ¸±À¬ÛÀé¬ ‘√Ï¬ˇ ¬ıd≈¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ¬ı˘ÀÓ¬ ¬ı≈øÁ¡ õ∂øÓ¬øÈ¬ fl¡Ì±¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ O ¸±À¬ÛÀé¬ √w¬±˜fl¡ Œ˚±·Ù¬˘º

’Ô«±» mi fl¡Ì± ˚ø√ 
�
ri ŒÓ¬ ’¬ıàÔ±Ú fl¡À¬ı˛ Ó¬À¬ı m ri i

��
 ˆ¬¬ı˛À¬ıÀ·¬ı˛ 0 ¸±À¬ÛÀé¬ √w¬±˜fl¡ ˝√√˘ 

� �
r m ri i i� �  ’Ó¬¤¬ı

‘√Ï¬ˇ¬ıd≈¬¬ı˛ 0 ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ˚ø√ 
�
L  ¡Z±¬ı˛± ¸”ø‰¬Ó¬ ˝√√˚˛ Ó¬À¬ı

� � �
L r m ri i i

i
� �� �$ % ........................ (10)

¤¬ı±¬ı˛ 
�
L  Œˆ¬fl¡È¬¬ı˛Àfl¡ t ¸±À¬ÛÀé¬ ’z¬¬ı˛fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√,

dL
dt

�

= 
� � � �
r m r r m ri i i i i i

i
� � �� � �� �  � ........................ (11)

= 
� �
r m ri i i

i
�� ��$ %  Œ˚À˝√√Ó≈¬ 

� �� �r ri i� � 0

Î¬±˘±•§±À¬ı˛¬ı˛ ÚœøÓ¬ ŒÔÀfl¡ ’±˜¬ı˛± ·øÓ¬ ¸˜œfl¡¬ı˛Ì ¬Û±˝◊√√ ¬ıø˝√√¬ı«˘ › fl¡±˚«fl¡¬ı˛œ¬ıÀ˘¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ¬ı˘ ¸˜”˝√√ Œfl¡±Ú

·øÓ¬˙œ˘ Ó¬LaÀfl¡ ¸±À˜… ¬ı˛±À‡º ’Ó¬¤¬ı øàÔøÓ¬ø¬ı√…± ’Ú≈¸±À¬ı˛ ‹ ¬ı˘ ¸˜”À˝√√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ˙”Ú… ¤¬ı— ‹ ¬ı˘

¸˜”À˝√√¬ı˛ Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ Œ˚±·Ù¬˘› ˙”Ú…º ø¡ZÓ¬œ˚˛ ˙Ó«¬øÈ¬ ŒÔÀfl¡ ¬Û±˝◊√√º

� � �
r F m ri i i i

i
� � �� ��$ % 0 ........................ (12)

¤˝◊√√ ¸˜œfl¡¬ı˛ÌÀfl¡ ø˘‡ÀÓ¬ ¬Û±¬ı˛± ˚±˚˛

� � � �
r m r r Fi i i i i� � ��� �� ........................ (13)

’Ó¬¤¬ı (11) ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ (13) Œfl¡ ø˘‡ÀÓ¬ ¬Û±ø¬ı˛

dL
dt

r Fi i� ��
� �

........................ (14)
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(14) ¸˜œfl¡¬ı˛ÌøÈ¬ ˆ¬±¯∏±˚˛ √“√±Î¬ˇ±˚˛ ¤¬ı˛”¬Û ì¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ øàÔ¬ı˛ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛

¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛ = ‹ ¬ıd≈¬¬ı˛ ›¬Û¬ı˛ õ∂˚≈q¡ ¬ıø˝√√¬ı«˘·≈ø˘¬ı˛ ‹ ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ Œˆ¬fl¡È¬¬ı˛ ¸˜”À˝√√¬ı˛ Œ˚±·Ù¬˘ºî

16.5.1 ˆ¬¬ı˛Àfl¡f ¸±À¬ÛÀé¬-¬ıd≈¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·

ˆ¬¬ı˛Àfl¡Àf¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛ 
�
R  ¤¬ı— Œ˚ Œfl¡±Ú ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú Œˆ¬fl¡È¬¬ı˛ 

�
r  ’Ó¬¤¬ı

�
�

R
m r

m
i i

i

� �
�

¬ı±, MR m ri i

� �
��

’±¬ı±¬ı˛ ˆ¬¬ı˛Àfl¡f ¸±À¬ÛÀé¬ mi fl¡Ì±¬ı˛ ’¬ıàÔ±Ú Œˆ¬fl¡È¬¬ı˛ 
�
�ri  ’Ó¬¤¬ı 

� � �
	� � 	r R ri i

’Ó¬¤¬ı (13) ŒÔÀfl¡ ¬Û±˝◊√√,

  
�
L = 

� �
r m ri i i

i
�� �

= 
� � � �
R r m R ri i i� 	 � � 	�� � � ��

= 
� � � � � � � �
R m R R m r r m R r m ri i i i i i i i��� � � � 	 � 	��� � � 	� 	� � ��

� � � �$ % $ %

= 
� � � � � � � �
R R m R m r m r R r m ri i i i i

i
i i i

i

� � � � � ��
�

�
� � � ��� � ��� � � �� � � � � �

= 
� � � �
R MR r m ri i i

i
� � 	� 	�� � � � ........................ (15)

Œ˚À˝√√Ó≈¬  m ri i
�� 	�� 0

  m ri i
�
	�	 0

’Ó¬¤¬ı (15) ŒÔÀfl¡ Œ√‡± Œ·˘ Œ˚ ¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ øàÔ¬ı˛ø¬ıμ≈ O ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛ Œ¬ı· = ˆ¬¬ı˛Àfl¡Àf¬ı˛

Œ¬ıÀ· Ò±¬ı˜±Ú M ˆ¬À¬ı˛¬ı˛ fl¡Ì±¬ı˛ O ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· + ˆ¬¬ı˛ Œfl¡f G ¸±À¬ÛÀé¬ ¬ıd≈¬¬ı˛ fl¡Ì±·≈ø˘¬ı˛ G

¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·º

Œfl¡±Ú Œ¬ı˛‡±¬ı˛ ø√Àfl¡ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·

Ò¬ı˛± ˚±fl¡ O ·±˜œ ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡± ’±ÀÂ√ ˚±¬ı˛ ø√flƒ¡ Œfl¡±¸±˝◊√√Ú (l, m, n) Ó¬± ˝√√À˘ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ‹ Œ¬ı˛‡±

¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· = ‹ Œ¬ı˛‡±¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ Œˆ¬flƒ¡È¬À¬ı˛¬ı˛ ‹ Œ¬ı˛‡±¬ı˛

ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ = 
� � � �
L li mj nk L l L m L nx y z. � � � � �
 �  Œ˚‡±ÀÚ L L Lx y z, ,  √̋√̆  

�
L  Œˆ¬fl¡È¬À¬ı˛¬ı˛ fl¡±øÓ«¬˚˛

ø¬ıÀù≠ø¯∏Ó¬±—˙º ’Ó¬¤¬ı Lx ˝√√˘ Ox ø√Àfl¡ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·º Ly ˝√√˘ Oy ø√Àfl¡, Lz ˝√√˘ Oz ø√Àfl¡ Œfl¡ÃøÌfl¡

ˆ¬¬ı˛À¬ı·º
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16.6 ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ¸—√flË¡±z¬ ¸—¬ı˛é¬Ì ÚœøÓ¬ (Conservation of
Angular Momentum)

ì˚ø√ Œfl¡±Ú ¤fl¡øÈ¬ øàÔ¬ı˛ ø√Àfl¡ ¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ Œˆ¬fl¡È¬¬ı˛ Œ˚±·Ù¬À˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ ¸¬ı«√± ˙”Ú… ˝√√˚˛ Ó¬± ˝√√À˘

‹ ø√Àfl¡ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ¸¬ı«√± ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±fl¡À¬ıºî

õ∂˜±Ì – ’±˜¬ı˛± (14) Ú— ¸˜œfl¡¬ı˛ÀÌ Œ√À‡øÂ√ Œ˚ O ¤¬ı˛ ¸±À¬ÛÀé¬ 
�
L  ˚ø√ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ˝√√ ˛̊ Ó¬À¬ı

dL
dt

r Fi i
i

�
� �

� �� ........................ (14)

’Ô«±» 
�
L  ¤¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛ ¬ıd≈¬øÈ¬¬ı˛ ›¬Û¬ı˛ õ∂˚≈q¡ ¬ıø˝√√¬ı«˘ ¸˜”À˝√√¬ı˛ √w¬±˜fl¡ Œ˚±·Ù¬˘º

¤‡Ú ¤fl¡øÈ¬ øÚø«√©Ü ø√flƒ¡ ¤fl¡øÈ¬ ¤fl¡fl¡ Œˆ¬fl¡È¬¬ı˛ 
�
e  ¡Z±¬ı˛± ¸”ø‰¬Ó¬ fl¡¬ı˛± ˚±fl¡º õ∂√M√√ ˙Ó«¬±Ú≈¸±À¬ı˛

� � �
r F ei i

i
�

�
��

�
�� �� . 0

’Ó¬¤¬ı (14) Ú— ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬Û±˝◊√√

dL
dt

e
�

�
. � 0 ........................ (15)

’Ó¬¤¬ı 
d
dt

L e
� �
.$ % = 

dL
dt

e L de
dt

�
� � �

. .�

= 
dL
dt

e de
dt

�
�

�

�

. � ��
�

�
�0 0 ........................ (16)

’Ó¬¤¬ı (15) › (16) ŒÔÀfl¡ ¬Û±ø26√

d
dt

L e
� �
.$ % = 0

’Ó¬¤¬ı ¸˜±fl¡˘ fl¡À¬ı˛ 
� �
L e.  = ÒË≈¬ıfl¡

� � � � �
L R MR m r ri i i

i
� � � ���

� � � ........................ (1)

�
dL
dt

d
dt

R MR d
dt

m r ri i i

�
� � � �

� ��� �� � �� ��� �

   = 
� � � �
R MR d

dt
m r ri i i� � 	� 	�

�� �
 � ........................ (2)

’±¬ı±¬ı˛ 
� �
r Fi i�� = 

� � �
R r Fi i� 	 ��� �

= 
� � � �
R F r Fi i i� � 	��� ........................ (3)

= 
� � � �
R MR r Fi i� � 	�	

��
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’Ó¬¤¬ı (2) › (3) ŒÔÀfl¡ ¬Û±˝◊√√,

d
dt

m r r r Fi i i i i
ii

� � � �
� 	� 	 � 	��� �  � ........................ (4)

ì’Ó¬¤¬ı G ¤¬ı˛ ¸±À¬ÛÀé¬ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛ ¬ı˘ ¸˜”À˝√√¬ı˛ G-¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜Àfl¡¬ı˛ ¸˜±Úºî

16.7 ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ·øÓ¬˙øq¡ (Kinetic energy of a rigid body)

¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬˙øq¡ ¬ı˘ÀÓ¬ ’±˜¬ı˛± ¬ı‘øÁ¡, T m vi vii� �
1
2

� �
,  

�
�
	



�
�
�



�

�

������������������

���������������� �

��

���  Œ˚‡±ÀÚ

‘√Ï¬ˇ ¬ıd≈¬øÈ¬Àfl¡ ’ÀÚfl¡·≈ø˘ é≈¬^ ¬ıd≈¬ fl¡Ì±¬ı˛ ¸˜ø©Ü Ò¬ı˛± ˝√√˚˛ ¤¬ı— ¤˝◊√√ fl¡Ì±·≈ø˘¬ı˛ õ∂ÀÓ¬…fl¡øÈ¬¬ı˛ ·øÓ¬˙øq¡¬ı˛ Œ˚±·Ù¬˘Àfl¡

’±˜¬ı˛± ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ·øÓ¬˙øq¡ ¬ıÀ˘ Ô±øfl¡º

¶§±ˆ¬±ø¬ıfl¡ T fl¡‡Ú› Ÿ¬Ì±Rfl¡ Ú ˛̊º T > 0 Œ˚ Œfl¡±Ú ·øÓ¬¬ı˛ Ê√Ú… ¤¬ı— ¤fl¡˜±S øàÔøÓ¬¬ı˛ Ê√Ú… T = 0.

·øÓ¬˙øq¡ ¸˜À˚˛¬ı˛ ›¬Û¬ı˛, øÚˆ«¬¬ı˛˙œ˘º õ∂fl‘¡Ó¬¬ÛÀé¬  
dT
dt

m v
dv
dti i

i

i
�� . .

�
�

’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬ 
�
r mi i,  ¤¬ı˛ ’¬ıàÔ±Ú Œˆ¬flƒ¡È¬¬ı˛º

’Ó¬¤¬ı T m
dr
dt

dr
dti

i i�
1
2

� �

.

¤¬ı— 
dT
dt

m
d r
dt

dr
dti

i i��
2

2

� �

.

= m r ri i i
� ���. ��

= 
� �
F ri i

i
$ %. �� (� mi ¤¬ı˛ ·øÓ¬ ¸˜œfl¡¬ı˛Ì m r Fi i i

� �
�� � ]

= ¬ıd≈¬øÈ¬¬ı˛ ›¬Û¬ı˛ ø√flË¡˚˛˜±Ú ¬ı˘ ¸˜”À˝√√¬ı˛ fl¡±˚« fl¡¬ı˛¬ı±¬ı˛ ˝√√±¬ı˛ ¸˜”À˝√√¬ı˛ Œ˚±·Ù¬˘º

’Ó¬¤¬ı ì·øÓ¬˙øq¡¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˝√√±¬ı˛ = õ∂˚≈q¡ ¬ı˘ ¸˜”˝√√ fl¡M‘«√√fl¡ fl¡±˚« fl¡¬ı˛±¬ı˛ ˝√√±¬ı˛ºî ¤øÈ¬Àfl¡ ’ÀÚfl¡ ¸˜À˚˛

˙øq¡ÚœøÓ¬ (Principal of energy) ¬ı˘± ˝√√ ˛̊º

16.8 ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ øàÔøÓ¬˙øq¡ (Potential Energy) › ˙øq¡¸—¬ı˛é¬Ì (Conser-
vation Energy)

¸—:± – ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ›¬Û¬ı˛ ø√flË¡˚˛˜±Ú ¬ı˘¸˜”˝√√Àfl¡ fl¡‡Ú› fl¡‡Ú› ¤fl¡øÈ¬ ¶®±˘±¬ı˛ ’À¬Ûé¬fl¡ V r r( ..... . ),
� �

1 2

õ∂øÓ¬øÈ¬ fl¡Ì±¬ı˛ ’¬ıàÔ±Ú Œˆ¬flƒ¡È¬À¬ı˛¬ı˛ ›¬Û¬ı˛ ¤˜Ú ˆ¬±À¬ı øÚˆ«¬¬ı˛ fl¡À¬ı˛ Œ˚ mi fl¡Ì±¬ı˛ ›¬Û¬ı˛ ¬ı˘

�
F V

x
V
y

V
zi

i i i
� � � �
�
��

�
��

�
�

�
�

�
�

, ,  ¤˝◊√√¬ı˛”¬Û ’À¬Ûé¬fl¡ V Œfl¡ ¬ı˘ Ó¬ÀLa¬ı˛ øàÔøÓ¬˙øq¡ ¬ı˘± ˝√√˚˛º ¤¬ı— ¤¬ı˛”¬Û ¬ıd≈¬Ó¬LaÀfl¡

¸—¬ı˛é¬œ ¬ı˘Ó¬La (Conservative force system) ¬ı˘± ˝√√ ˛̊º
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16.9 ˙øq¡ ¸—¬ı˛é¬Ì ÚœøÓ¬

¸—¬ı˛é¬œ ¬ı˘Ó¬ÀLa¬ı˛ ’ÒœÀÚ ¬ı˘·≈ø˘ ¡Z±¬ı˛± fl‘¡Ó¬ fl¡±À˚«¬ı˛ ˝√√±¬ı˛ = 

� �
F ri i

i
, ��

              = � � �
�
�'

�
�&�

�
�

�
�

�
�

V
x

dx
dt

V
y

dy
dt

V
z

dz
dti

i

i

i

i

i

i
. , .

= � dV
dt ........................ (17)

Œ˚À˝√√Ó≈¬ V ˙≈Ò≈˜±S àÔ±Ú±efl¡·≈ø˘¬ı˛ ›¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º (16) › (17) ŒÔÀfl¡ ’±˜¬ı˛±¬ ¬Û±˝◊√√,

dT
dt

dV
dt

� �

’Ó¬¤¬ı
dT
dt

dV
dt

� � 0

’Ó¬¤¬ı ¸˜±fl¡˘ fl¡À¬ı˛ ¬Û±˝◊√√ T + V = ÒË≈¬ıfl¡ = õ∂±Ôø˜fl¡ ˜±Ú ........................ (18)

’Ó¬¤¬ı Œ√‡± Œ·˘ Œ˚,

ìŒfl¡±Ú ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ›¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘¸˜”˝√√ ˚ø√ ¸¬ı«√± ¤fl¡øÈ¬ ’À¬Ûé¬Àfl¡¬ı˛ ’±—ø˙fl¡ ’z¬¬ı˛fl¡˘Ú ¡Z±¬ı˛± õ∂±5¬ı… ˝√√˚˛,

¤¬ı— ’À¬Ûé¬fl¡øÈ¬ ˚ø√ t ¤¬ı˛ ›¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘ Ú± ˝√√˚˛ Ó¬± ˝√√À˘ ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ ·øÓ¬˙øq¡ › øàÔøÓ¬˙øq¡¬ı˛ Œ˚±·Ù¬˘

¸˜¢∂·øÓ¬¬ı˛ Œ¬ı˘±˚˛ ÒË≈¬ıfl¡ Ô±Àfl¡ºî

[˙øq¡ ¸—¬ı˛é¬Ì ÚœøÓ¬]

16.10 ¸±¬ı˛±—˙

¤˝◊√√ ¤fl¡Àfl¡ ’±˜¬ı˛± Œ√‡˘±˜, Œfl¡±ÀÚ± øàÔ¬ı˛ ø√Àfl¡ ¬‘√Ï¬ˇ¬ıd≈¬¬ı˛ ›¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘·≈ø˘¬ı˛ Î¬◊¬Û±—˙ ¸¬ı«√± ˙”Ú… ˝√√À˘

‹ ø√Àfl¡ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ˆ¬¬ı˛À¬ı· ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡º Œfl¡±ÀÚ± øàÔ¬ı˛ ø√Àfl¡¬ı˛ ¸±À¬ÛÀé¬ ¬ı˘·≈ø˘¬ı˛ √w¬±˜fl¡ Œ˚±·Ù¬˘ ¸¬ı«√±

˙”Ú… ˝√√À˘ ¬ıd≈¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ‹ ø√Àfl¡ ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±fl¡À¬ıº ¸—¬ı˛é¬œ ¬ıÀ˘¬ı˛ ’ÒœÚ Œfl¡±ÀÚ± ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬˙øq¡

› øàÔøÓ¬˙øq¡¬ı˛ Œ˚±·Ù¬˘ ¸¬ı«√± ÒË≈¬ıfl¡ ˝√√˚˛º

16.11 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘

1. ¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ›¬Û¬ı˛ ›Ê√Ú ¬ı˘ ¤fl¡øÈ¬ ¸—¬ı˛é¬œ ¬ı˘ñŒ√‡±Úº

Ox, Oy, Oz øàÔ¬ı˛ ’é¬ øÚ˘±˜, Œ˚‡±ÀÚ Oz ’é¬ ÿÀÒ√ı« Î¬◊~•§

ø√Àfl¡º

¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬ ˚±¬ı˛ Œ˜±È¬ ›Ê√Ú W = Mg ¤¬ı— ’± ˛̊Ó¬Ú Vo ŒÚ› ˛̊±

˚±fl¡º Ó¬± ˝√√À˘ õ∂øÓ¬ ¤fl¡fl¡ ’± ˛̊Ó¬ÀÚ ›Ê√Ú ¬ı˘ � �W
V

g
0

�  ¤¬ı— Œ˚‡±ÀÚ

	 = M/16 Ó¬± Î¬◊~•§ ÚœÀ‰¬¬ı˛ ø√Àfl¡ õ∂¸±ø¬ı˛Ó¬º
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’Ó¬¤¬ı ¤fl¡øÈ¬ ŒÂ√±È¬ ’± ˛̊Ó¬Ú �v øÚÀ˘ Ó¬±¬ı˛ ›¬Û¬ı˛ ¬ı˘ ˝√√˘

0,0, 0, 0, 0, 0,
0

�
	

	
�
�


	

	

�
�
 � � � �� �v W

V
vg g m�� � � �

Œ˚‡±ÀÚ �m = �v ’±˚˛Ó¬ÀÚ¬ı˛ ˆ¬¬ı˛ = �v

’Ó¬¤¬ı ¤fl¡øÈ¬ ’À¬Ûé¬fl¡ V, Œ˚‡±ÀÚ � � �dv
dz

g�

V g dz gz� ��� �  ¤ ◊̋√√ ’À¬Ûé¬fl¡øÈ¬ øÚ˘±˜º V z -àÔ±Ú±Àefl¡¬ı˛ ’À¬Ûé¬fl¡º

’Ó¬¤¬ı Œ˚ Œfl¡±Ú ø¬ıμ≈ (x, y, z) ¤¬ı˛ Ê√Ú…

�
�

�
�

�
�

�V
x

V
y

V
z

g� � �0

’Ó¬¤¬ı Œ√‡± Œ·˘ V g zdv gV z Mgz� � ��� � 0  [Œ˚‡±ÀÚ z  √̋√̆  ˆ¬¬ı˛ Œfl¡Àf¬ı˛ z àÔ±Ú±efl¡] øàÔøÓ¬˙øq¡º

’Ó¬¤¬ı ‘Ï¬ˇ¬ıd≈¬øÈ¬¬ı˛ ·øÓ¬¬ı˛ Œ¬ı˘±˚˛ x y z, ,� � ˆ¬¬ı˛Àfl¡f G-¤¬ı˛ àÔ±Ú±efl¡ ˝√√À˘,

Mx�� � 0

My�� � 0

Mz gdv gV Mg
V

�� � � � � � ��  0
0

Œ˚À˝√√Ó≈¬ ›Ê√Ú ¬ı˘·≈ø˘ ¸˜±z¬¬ı˛±˘ › ¸˜ ≈̃‡œ, ’Ó¬¤¬ı ‹ ¬ı˘·≈ø˘¬ı˛ ˘øt (0, 0, –Mg) ˆ¬¬ı˛Àfl¡Àf ø√flË¡˚˛±

fl¡À¬ı˛ ¤¬ı— ¬ıd≈¬øÈ¬¬ı˛ ·øÓ¬¬ı˛ Ê√Ú… ˙≈Ò≈ ˆ¬¬ı˛Àfl¡Àf ‹ ¬ı˘ ø√flË¡˚˛± fl¡¬ı˛ÀÂ√ Ò¬ı˛À˘˝◊√√ ˝√√À¬ıº

õ∂ùü 2. ≈√øÈ¬ ¸˜±Ú Δ√‚«… › ˆ¬À¬ı˛¬ı˛ √G¬, AB › BC, õ∂øÓ¬øÈ¬¬ı˛˝◊√√ Δ√‚«… 2a, B ø¬ıμ≈ÀÓ¬ ˜≈q¡ˆ¬±À¬ı ˚≈q¡ ’±ÀÂ√

(freely jointed), AB, A ø¬ıμ≈ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛, ¤¬ı— C, A ø¬ıμ≈·±˜œ Î¬◊~•§ ¸¬ı˛˘À¬ı˛‡±øÈ¬¬ı˛ ›¬Û¬ı˛

¶§26√μˆ¬±À¬ı (freely) ‰¬˘±ÀÙ¬¬ı˛± (move) fl¡¬ı˛ÀÓ¬ ¬Û±À¬ı˛º õ∂±Ôø˜fl¡ ˆ¬±À¬ı ≈√øÈ¬ √G¬Àfl¡ ¤fl¡ÀS ’±Ú≈ˆ”¬ø˜fl¡¬ıàÔ±˚˛

¬ı˛±‡± ˝√√˘, C Œ˚‡±ÀÚ A-¤¬ı˛ ›¬Û¬ı˛ ¸˜±¬ÛøÓ¬Ó¬ ¤¬ı— ¤˝◊√√ ’¬ıàÔ± ŒÔÀfl¡ ŒÂ√ÀÎ¬ˇ Œ√›˚˛± ˝√√˘º Œ√‡±Ú Œ˚, √G¬≈√øÈ¬

˚‡Ú ’±Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±¬ı˛ ¸Àe· �	 Œfl¡±ÀÌ ÚÓ¬, Ó¬‡Ú õ∂øÓ¬øÈ¬ √ÀG¬¬ı˛ Œfl¡ÃøÌfl¡ Œ¬ı· 
3

1 3 2
g
a

sin
cos




�

¸˜±Ò±Ú – A ø¬ıμ≈·±˜œ ’±Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ x-’é¬ ¤¬ı— Î¬◊~•§ Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛

y-’é¬ ŒÚ› ˛̊± ˝√√˘º Ò¬ı˛± ˚±fl¡ t ¸˜À ˛̊ AB, Ax-¤¬ı˛ ¸Àe· �	Œfl¡±ÀÌ ÚÓ¬ ˝√√˚˛º ’Ó¬¤¬ı,

BC › Ax ¸˜±z¬¬ı˛±˘ Œ¬ı˛‡±¬ı˛ ¸Àe· ‹ ¤fl¡˝◊√√ Œfl¡±ÀÌ ÚÓ¬ ˝√√À¬ıº

√G¬ ≈√øÈ¬¬ı˛˝◊√√ ˆ¬¬ı˛ M Ò¬ı˛± ˚±fl¡º ¤˝◊√√ ‘√Ï¬ˇ¬ıd≈¬øÈ¬¬ı˛ [≈√øÈ¬ √ÀG¬¬ı˛ ¸˜i§À˚˛ ·øÍ¬Ó¬] ·øÓ¬

ø¡Z˜±øSfl¡, ¤¬ı— t ¸˜À˚˛ AB-¤¬ı˛ ·øÓ¬˙øq¡ ˝√√˘ 
1
2

1
2

2 2 2 2M x y Mk� � �� � 


Œ˚‡±ÀÚ x y,� �  ˝√√˘ AB-¤¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ àÔ±Ú±—fl¡, x a y a� �cos , sin ,� �

¤¬ı— k ˝√√˘, ˆ¬¬ı˛Àfl¡f ø¬ıμ≈ ¸±À¬ÛÀé¬ √ÀG¬¬ı˛ ‚”Ì«Ú ¬ı…±¸±Ò«º

� AB-¤¬ı˛ ·øÓ¬˙øq¡ ˝√√˘
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1
2

1
2 3

1
2

4
3

2 2 2 2 2 2
2

2
2

2M a a M a M asin � cos � � ��� �� � �� � �
 �

[Œ˚À˝√√Ó≈¬ √G¬øÈ¬ A ø¬ıμ≈ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÂ√, ¸¬ı˛±¸ø¬ı˛› Œ˘‡± ˚±˚˛, ·øÓ¬˙øq¡ �
1
2

M (A-¸±À¬ÛÀé¬ ‚”Ì«Ú

¬ı…±¸±Ò«]2.�2) ¤fl¡ ◊̋√√ˆ¬±À¬ı, t ¸˜À ˛̊ BC-¤¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ àÔ±Ú±—fl¡, (a cos ��	 3a sin �)

� BC-¤¬ı˛ ·øÓ¬˙øq¡ � � �1
2

9 1
2 3

2 2 2 2 2
2

2M a a M asin cos � �� � � �� �  ¤¬ı— t ¸˜À˚˛ √G¬ ≈√øÈ¬¬ı˛

øàÔøÓ¬˙øq¡

= – Mg a Mg a Magsin sin sin� � �� � � � � � �3 4

[Œ˚À˝√√Ó≈¬ ˆ¬±¬ı˛˝◊√√ ¤fl¡˜±S fl¡±˚«…fl¡¬ı˛œ ¬ı˘]º

’Ó¬¤¬ı ˙øq¡¬ı˛ ¸—¬ı˛é¬Ì ¡Z±¬ı˛± ¬Û±˝◊√√ 
1
2

4
3 3

9 4
2 2

2 2 2 2 2M a a a a Mga� � ��
�

�
� � �sin cos � sin
 
 
 


ÒË≈¬ıfl¡ = õ∂±Ôø˜fl¡ ˜±Ú = 0

� � sin
cos

�
�
�

2
2

3
1 3

�
�

g
a� �

õ∂ùüº M-ˆ¬¬ı˛ › a ¬ı…±¸±ÀÒ«¬ı˛ ¤fl¡øÈ¬ ¬ı‘M√√±fl¡±¬ı˛ ’±—øÈ¬ (circularring) ¤fl¡øÈ¬ ˜¸‘Ì ’±Ú≈ˆ”¬ø˜fl¡ Ó¬À˘¬ı˛ ›¬Û¬ı˛

’±ÀÂ√º m ˆ¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ fl¡œÈ¬ ‹ ’±—øÈ¬¬ı˛ ›¬Û¬ı˛ øàÔ¬ı˛±¬ıàÔ± ŒÔÀfl¡ ’±—øÈ¬¬ı˛ Ò±¬ı˛ ¬ı¬ı˛±¬ı¬ı˛ ÒË≈¬ı ·øÓ¬À¬ı· (speed)

v øÚÀ˚˛ ˝√√“√±È¬ÀÓ¬ ˙≈¬ı˛≈ fl¡À¬ı˛ Œ√‡±Ú Œ˚, ’±—øÈ¬¬ı˛ Œfl¡f 
m

M m
v
a� 2  Œfl¡ÃøÌfl¡ ·øÓ¬À¬ı· øÚÀ ˛̊

¤fl¡øÈ¬ ¬ı‘M√√¬ÛÀÔ ‰¬˘À¬ıº

Ò¬ı˛± ˚±fl¡, ¬ı‘M√√±fl¡±¬ı˛ ’±—øÈ¬øÈ¬¬ı˛ Œfl¡f O, ¤¬ı— ‰¬˘ÀÓ¬ ˙≈¬ı˛≈ fl¡¬ı˛±¬ı˛ t ¸˜˚˛ ¬ı±À√ fl¡œÈ¬øÈ¬

¬Ûø¬ı˛¸œ˜±¬ı˛ ›¬Û¬ı˛ A ø¬ıμ≈ÀÓ¬ ’±ÀÂ√º A ø¬ıμ≈ÀÓ¬ fl¡œÈ¬øÈ¬¬ı˛ Δ¬ı˛ø‡fl¡ Œ¬ı· v, ¬ı‘ÀM√√¬ı˛ ¶Û˙«fl¡

’øˆ¬˜≈À‡º ’±—øÈ¬ ¤¬ı— fl¡œÈ¬øÈ¬Àfl¡ øÚÀ˚˛ Œ˚ ‘√Ï¬ˇ¬ıd≈¬Ó¬La ·øÍ¬Ó¬ ˝√√˚˛, Ó¬±¬ı˛ ˆ¬¬ı˛Àfl¡f OA ¤¬ı˛

Î¬◊¬Û¬ı˛ ’¬ıøàÔÓ¬ ˝√√À¬ı, [Œ˚À˝√√Ó≈¬ o, ’±—øÈ¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f] Ò¬ı˛± ˚±fl¡ ˆ¬¬ı˛Àfl¡føÈ¬ �.  O� = x ¤¬ı— �A =
y, x + y = a.

� x O M a m
M m

ma
M m

�
�
�

�
�

. .
 ¤¬ı— y a am

M m
Ma

M m
� �

�
�

�

Œ˚À˝√√Ó≈¬ ·øÓ¬ ¤‡±ÀÚ ’±Ú≈ˆ”¬ø˜fl¡ Ó¬À˘ ˝√√À26√ ¤¬ı— ¤˝◊√√ Ó¬˘øÈ¬ ˜¸‘Ì, ’Ó¬¤¬ı ’±Ú≈ˆ”¬ø˜fl¡ Ó¬À˘ Œfl¡±ÀÚ± ¬ıø˝√√¬ı«˘

ŒÚ˝◊√√º [Î¬◊~•§ ø√Àfl¡¬ı˛ ¬ı˘·≈ø˘ ¸≈øàÔÓ¬ ’¬ıàÔ±˚˛ ’±ÀÂ√]º

’Ó¬¤¬ı, ˆ¬¬ı˛Àfl¡f �-¤¬ı˛ ›¬Û¬ı˛ Œfl¡±ÀÚ± ¬ıø˝√¬ı«˘ ŒÚ˝◊√√, ¤¬ı— Œ¸Àé¬ÀS � ¸¬ı«√±˝◊√√ øàÔ¬ı˛ Ô±fl¡À¬ı, Œ˚À˝√√Ó≈¬

õ∂±Ôø˜fl¡ˆ¬±À¬ı � øàÔ¬ı˛ øÂ√˘º

� ¬ıd≈¬Ó¬LaøÈ¬ �-¤¬ı˛ ¸±À¬ÛÀé¬ ‰¬˘À¬ı, ’Ô«±» � ø¬ıμ≈·±˜œ ˘•§-’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛À¬ıº

Ò¬ı˛± ˚±fl¡ O ø¬ıμ≈ �-¤¬ı˛ ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ Œ¬ı· W øÚÀ˚˛ Œ‚±À¬ı˛º

¤‡Ú ’±—øÈ¬¬ı˛ ¸±À¬ÛÀé¬ [’Ô«±» A ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬] fl¡œÈ¬øÈ¬¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı· v( ¤¬ı— A ø¬ıμ≈¬ı˛ Δ¬ı˛ø‡fl¡

·øÓ¬À¬ı· � ¤¬ı˛ ¸±À¬ÛÀé¬, y )º [v ¤¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ø√Àfl¡]
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’Ó¬¤¬ı fl¡œÀÈ¬¬ı˛ ·øÓ¬À¬ı· ˝√√˘ � ¸±À¬ÛÀé¬ v – y º ¤‡Ú Œ˚À˝√√Ó≈¬ Œfl¡±ÀÚ± ¬ıø˝√√¬ı«˘ ¤˝◊√√ ¬ıd≈¬Ó¬ÀLa¬ı˛ ›¬Û¬ı˛

ŒÚ˝◊√√, ’Ó¬¤¬ı ¤¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ÒË≈¬ıfl¡ Ô±fl¡À¬ıº

’Ô«±» � ¤¬ı˛ ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·, õ∂±Ôø˜fl¡ ˜±Ú O-¤¬ı˛ ¸˜±Ú Ô±fl¡À¬ıº

øfl¡z≈¬, � ¸±À¬ÛÀé¬ ’±—øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· = 0 ¸±À¬ÛÀé¬ ’±—øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· + O ø¬ıμ≈ÀÓ¬ ˚ø√

M ¤fl¡øÈ¬ ˆ¬¬ı˛, O ø¬ıμ≈¬ı˛ ¸Àe·˝◊√√ ‰¬À˘, Ó¬À¬ı � ¸±À¬ÛÀé¬ Ó¬±¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· = M·a ·a + Mx ·x =
M 	 (a2 = x2)

� � ø¬ıμ≈ ¸±À¬ÛÀé¬ ¬¬ıd≈¬Ó¬ÀLa¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· = � ¸±À¬ÛÀé¬ fl¡œÀÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· + � ¸±À¬ÛÀé¬

’±—øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· = – m (v – y ) x + M 	 (a2 + x2)

� � �
� �
mv

M m a2
    [x › y ¤¬ı˛ ˜±Ú ¬ıø¸À˚˛]

√G¬ OA, ¤fl¡øÈ¬ ’±Ú≈ˆ”¬ø˜fl¡ Ó¬À˘¬ı˛ ›¬Û¬ı˛ O-ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ¬ı±Ò±˝√√œÚˆ¬±À¬ı ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º √G¬øÈ¬ øàÔ¬ı˛±¬ıàÔ±˚˛

øÂ√˘, ¤˜Ú ¸˜˚˛, ¤fl¡øÈ¬ fl¡œÈ¬ [˚±¬ı˛ ˆ¬¬ı˛ √ÀG¬¬ı˛ ˆ¬À¬ı˛¬ı˛ ¤fl¡-Ó‘¬Ó¬œ˚˛±—˙], A õ∂±z¬ÀÓ¬ ¤À¸ ¬ıÀ¸ ¤¬ı— ¸≈¯∏˜ ·øÓ¬

V øÚÀ˚˛ √G¬ ¬ı¬ı˛±¬ı¬ı˛ ˝√√“√±È¬ÀÓ¬ Ô±Àfl¡º ¤fl¡˝◊√√ ¸˜À˚˛ √G¬øÈ¬Àfl¡ ¤˜Úˆ¬±À¬ı O ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ‚≈ø¬ı˛À˚˛ Œ√›˚˛± ˝√√˚˛ Œ˚

A ø¬ıμ≈¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı·› V ˝√√˚˛º Œ√‡±Ú Œ˚, Œ¬Û±fl¡±øÈ¬ ˚‡Ú O ø¬ıμ≈ÀÓ¬ Œ¬ÛÃ“√Â√À¬ı, ¬√G¬øÈ¬ Ó¬‡Ú ¤fl¡øÈ¬ ¸˜Àfl¡±ÀÌ

‚≈¬ı˛ÀÂ√ ¤¬ı— Ó¬‡Ú √ÀG¬¬ı˛ Œfl¡ÃøÌfl¡ ·øÓ¬À¬ı· ˝√√À¬ı õ∂±¬ı˛øy¬fl¡ Œfl¡ÃøÌfl¡ ·øÓ¬À¬ıÀ·¬ı˛ ø¡Z·≈Ìº

Ò¬ı˛± ˚±fl¡, õ∂±¬ı˛øy¬fl¡ Œfl¡ÃøÌfl¡ Œ¬ı·  	 ø√À˚˛ √G¬øÈ¬Àfl¡ ‚≈ø¬ı˛À˚˛ Œ√›˚˛± ˝√√À˚˛øÂ√˘º

Ó¬±˝√√À˘ A ø¬ıμ≈¬ı˛ õ∂±¬ı˛øy¬fl¡ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı· = 2a 	 (2a Òø¬ı˛, O-¬ı˛ Δ√‚«…]

= V [Œ√›˚˛± ’±ÀÂ√]º

�  	 = V/2a.  (i)
Ò¬ı˛± ˚±fl¡ t ¸˜À ˛̊ √G¬øÈ¬ �	 Œfl¡±Ì ‚≈À¬ı˛ÀÂ√º ‹ ¸˜À˚˛ Œ¬Û±fl¡±øÈ¬ vt ”√¬ı˛Q ’øÓ¬√flË¡˜ fl¡À¬ı˛º

Œ˚À˝√√Ó≈¬ √G¬øÈ¬ ¬ı±Ò±˝√√œÚ ˆ¬±À¬ı ‚≈¬ı˛ÀÂ√ ’Ó¬–¬Û¬ı˛ ¬ı˘± ˚±˚˛ ‚¯∏«Ì¬ı˘ ’Ú≈¬ÛøàÔÓ¬º

’Ô«±» øfl¡Ú± ’±Ú≈ˆ”¬ø˜fl¡ Ó¬˘øÈ¬¬ı˛ ›¬Û¬ı˛ [Œ˚ Ó¬À˘ ‰¬˘±‰¬˘ ˝√√À26√] √ÀG¬¬ı˛ › Œ¬Û±fl¡±¬ı˛ ›¬Û¬ı˛ Œfl¡±ÀÚ± ¬ıø˝√√¬ı«˘

ŒÚ ◊̋√√º ¤fl¡˜±S O ø¬ıμ≈ÀÓ¬ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛, ˚± √w¬±˜fl¡ O ¸±À¬ÛÀé¬ ˙”Ú…º [¤Â√±Î¬ˇ± ’Ú…±Ú… ¬ı˘, ˚Ô±√G¬

› Œ¬Û±fl¡±¬ı˛ ˆ¬±¬ı˛ › Ó¬À˘¬ı˛ ˘•§ õ∂øÓ¬ø√flË¡˚˛±, ¬Û¬ı˛¶ÛÀ¬ı˛¬ı˛ ¸˜±Ú › ø¬ı¬Û¬ı˛œÓ¬˜≈‡œº

’Ó¬¤¬ı O ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛ ¬ı˘± ˚±˚˛ Œ˚ ‹ ø¬ıμ≈ ¸±À¬ÛÀé¬ √G¬ › Œ¬Û±fl¡± ¡Z±¬ı˛± ·øÍ¬Ó¬ ¤˝◊√√

¬ıd≈¬Ó¬LaøÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ¸—¬ı˛øé¬Ó¬ ˝√√À¬ı, ’Ô«±»

M a M a Vt. � ( ) �4
3 3

2
2

2� �� � = ÒË≈¬ıfl¡ = õ∂±¬ı˛øy¬fl¡ ˜±Ú

= M a V
a

M a V
a

. . . .4
3 2 3

4
2

2
2�

= 4
3

MVa  [√ÀG¬¬ı˛ ˆ¬¬ı˛ M)

� �� �
� �� �

4
4 22 2

VA
a a Vt

� � � � �
��2 2

2
1tan a Vt

a
C
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C ˝√√˘ ¸˜±fl¡˘Ú ÒË≈¬ıfl¡º

t = 0 ŒÓ¬, �	 = 0,

¸˜±fl¡˘Ú ÒË≈¬ıfl¡ = �/2

� � 
� � ��
2

2 2
2

1tan a Vt
a

Œ¬Û±fl¡±øÈ¬ ˚‡Ú 0-ŒÓ¬ Œ¬ÛÃ“√Â√±˚˛, Ó¬‡Ú ¸˜˚˛ ˘±À· t a
V

� 2

¤¬ı— Ó¬‡Ú 

��
2

¤¬ı— �� [Œfl¡ÃøÌfl¡ Œ¬ı·]

= 

4
3
4
3

2
2

MVa

Ma

V
a

� � ��  õ∂±¬ı˛øy¬fl¡ Œfl¡ÃøÌfl¡ Œ¬ıÀ·¬ı˛ ø¡Z·≈Ìº

¤ ◊̋√√ ’efl¡·≈ø˘ Œ√‡±¬ı˛ ’±À· ¤fl¡fl¡ 17 ¬Û±Í¬ õ∂À˚˛±Ê√Úº

˙øq¡¬ı˛ ¸—¬ı˛é¬Ì ¸”S õ∂À˚˛±· fl¡À¬ı˛ øfl¡Â≈√ ø¡Z˜±øSfl¡ ·øÓ¬¬ı˛ ¸˜¸…± ¸˜±Ò±Úº

1. ¤fl¡øÈ¬ ¸≈¯∏˜ √G¬Àfl¡ ¤fl¡ õ∂±z¬ ¤fl¡øÈ¬ ’±Ú≈ˆ”¬ø˜fl¡ ŒÈ¬ø¬ıÀ˘¬ı˛ ¸Àe· ŒÍ¬øfl¡À˚˛ ¤˜Úˆ¬±À¬ı ¬ı˛±‡± ˝√√˘ Œ˚,

√G¬øÈ¬ ’±Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±¬ı˛ ¸Àe· �	 Œfl¡±ÀÌ ÚÓ¬ Ô±Àfl¡º ¤˝◊√√ ’¬ıàÔ±˚˛ √G¬øÈ¬Àfl¡ ŒÂ√ÀÎ¬ˇ Œ√›˚˛± ˝√√˘º Œ√‡±Ú Œ˚

ŒÈ¬ø¬ı˘øÈ¬ ˚Ô±Ô«ˆ¬±À¬ı ’˜¸‘Ì ¬ı± ˚Ô±Ô«ˆ¬±À¬ı ˜¸‘Ì ˚±˝◊√√-˝◊√√ Œ˝√√±fl¡ Ú± Œfl¡Ú, ’±Ú≈ˆ”¬ø˜fl¡ ’¬ıàÔ±˚˛ Œ¬ÛÃ“√Â√±ÀÚ±¬ı˛ ¸˜˚˛

√G¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ Œ¬ı· ˝√√À¬ı 
3
2

g
a

sin	  ¤¬ı— Î¬◊ˆ¬˚˛ Œé¬ÀS˝◊√√, √ÀG¬¬ı˛ õ∂±z¬øÈ¬ fl¡‡ÀÚ± ŒÈ¬ø¬ı˘ ŒÂ√ÀÎ¬ˇ Î¬◊Í¬À¬ı Ú±º

¤˝◊√√ ’—Àfl¡¬ı˛ õ∂Ô˜ ’—˙øÈ¬ ’±À·˝◊√√ [ø¡Z˜±øSfl¡ ·øÓ¬ñEx. 8. ¤fl¡fl¡ 17, ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘] ¸˜±Ò±Ú fl¡¬ı˛±

˝√√À˚˛ÀÂ√ñfl¡±ÀÊ√˝◊√√ ¤‡Ú ˙øq¡¬ı˛ ¸—¬ı˛é¬Ì ¸”S ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ ’±˜¬ı˛± ˙≈Ò≈ ŒÈ¬ø¬ı˘øÈ¬ ˚Ô±Ô« ˜¸‘Ìñ¤˝◊√√ ’—˙¬ı˛ Ê√Ú…

¸˜±Ò±Ú fl¡¬ı˛¬ıº

Ò¬ı˛± ˚±fl¡, õ∂±¬ı˛øy¬fl¡ˆ¬±À¬ı √G¬øÈ¬ ŒÈ¬ø¬ıÀ˘¬ı˛ ›¬Û¬ı˛ O õ∂±z¬øÈ¬ Œ¬ı˛À‡, ’±Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±¬ı˛ ¸Àe· �	 Œfl¡±ÀÌ ÚÓ¬

øÂ√˘º ’±À·¬ı˛ ˜Ó¬˝◊√√ O ¤¬ı˛ ˜Ò… ø√À˚˛ ’±Ú≈ˆ”¬ø˜fl¡ › Î¬◊~•§ Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛

Ox › Oy ŒÚ›˚˛± ˝√√˘º [√G¬øÈ¬ Œ˚ Î¬◊~•§ Ó¬À˘ ’¬ıøàÔÓ¬ Œ¸˝◊√√ Î¬◊~•§

Ó¬À˘º]

¤‡Ú, ¤Àé¬ÀS ‚¯∏«Ì Î¬◊¬ÛøàÔÓ¬ Ú± Ô±fl¡±˚˛, ˆ¬±¬ı˛Àfl¡f G ¤¬ı˛ ›¬ÛÀ¬ı˛

’±Ú≈ˆ”¬ø˜fl¡ ø√Àfl¡ Œfl¡±ÀÚ± ¬ı˘ ŒÚ˝◊√√º ¤¬ı— õ∂±¬ı˛øy¬fl¡ ˆ¬±À¬ı, ’±Ú≈ˆ”¬ø˜fl¡

ø√Àfl¡ �-¤¬ı˛ ·øÓ¬À¬ı·› øÂ√˘ ”̇Ú…º

’Ó¬¤¬ı, Ox, Oy ¸±À¬ÛÀé¬ ˚ø√ � ¤¬ı˛ àÔ±Ú±efl¡ ˝√√˚˛ x y, ,� �
t ¸˜À˚˛ Ó¬À¬ı, Mx�� � 0

¬ı±, �x  = ÒË≈¬ıfl¡ = õ∂±¬ı˛øy¬fl¡ ˜±Ú = 0,
¬ı±, x  = ÒË≈¬ıfl¡ = õ∂±¬ı˛øy¬fl¡ ˜±Ú = a cos �

’Ô«±» � ¤¬ı˛ x àÔ±Ú±efl¡ ¸¬ı¸˜˚˛˝◊√√ ¤fl¡ Ô±Àfl¡º
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¤È¬± ¸y¬¬ı ˝√√ÀÓ¬ ¬Û±À¬ı˛ ˚ø√ �, ¤fl¡øÈ¬ Î¬◊~•§ ¸¬ı˛˘À¬ı˛‡±˚˛ ‰¬À˘º

�-¤¬ı˛ ·øÓ¬¬ÛÔ ’Ó¬¤¬ı y-’Àé¬¬ı˛ ¸˜±z¬¬ı˛±˘º ¤¬ı˛ Ê√Ú… √ÀG¬¬ı˛ õ∂±z¬ø¬ıμ≈ O Œfl¡ øàÔ¬ı˛ Ô±fl¡À˘ ˝√√À¬ı Ú±º

Ò¬ı˛± ˚±fl¡, t ¸˜À˚˛ √ÀG¬¬ı˛ ÚœÀ‰¬¬ı˛ õ∂±z¬øÈ¬ A ø¬ıμ≈ÀÓ¬ Œ·ÀÂ√, ˚±¬ı˛ àÔ±Ú±efl¡ (x, 0).

¤˝◊√√ ¸˜¸…±˚˛ ‚¯∏«Ì¬ı˘ ’Ú≈¬ÛøàÔÓ¬, õ∂±z¬ø¬ıμ≈ÀÓ¬ ˘•§-õ∂øÓ¬ø√flË¡˚˛± Œfl¡±ÀÚ± fl¡±Ê√ fl¡¬ı˛ÀÂ√ Ú± fl¡±¬ı˛Ì ˘•§ø√Àfl¡ ÚœÀ‰¬¬ı˛

õ∂±Àz¬¬ı˛ Œfl¡±ÀÚ± ‰¬˘Ú ŒÚ˝◊√√, ¤¬ı— ¤fl¡˜±S ¬ı˘ ˚± fl¡±Ê√ fl¡À¬ı˛ Ó¬± ˝√√À˘± √G¬øÈ¬¬ı˛ ˆ¬±¬ı˛, Œ˚øÈ¬ ¸—¬ı˛é¬œ ¬ı˘º ’Ó¬¤¬ı

¤Àé¬ÀS ’±˜¬ı˛± ˙øq¡¬ı˛ ¸—¬ı˛é¬Ì¸”S õ∂À˚˛±· fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛¬ıº

õ∂±¬ı˛øy¬fl¡ˆ¬±À¬ı, øàÔøÓ¬˙øq¡ = Mga sin �

(Ox-Œ¬ı˛‡±Àfl¡ ’±√˙« ’¬ıàÔ±Ú ÒÀ¬ı˛],

¤¬ı— ·øÓ¬˙øq¡ = O,

t ¸˜À˚˛, øàÔøÓ¬˙øq¡ Mga sin �

¤¬ı— ·øÓ¬˙øq¡ 
1
2

1
2 3

2 2 2 2
2

2M y k M y a� � � �� � ��
�

�
�
 
� �

[ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬˙øq¡ + ˆ¬¬ı˛Àfl¡Àf¬ı˛ ¸±À¬ÛÀé¬ ·øÓ¬˙øq¡]º

’Ó¬¤¬ı,

1
2

2 2 2M y k Mga� � sin� �� �� � = ÒË≈¬ıfl¡ = õ∂±¬ı˛øy¬fl¡ ˜±Ú

= Mga sin �

�
1
2 3

2
3

2M y a Mga� � sin sin��
�

�
� � �
 � 
� 	

¤‡Ú  y a y a� �sin , � cos �� � � ˝◊√√Ó¬…±ø√

’Ó¬¤¬ı, 
1
2

1
3

2 2 2a gacos � sin sin� � 	 ���� �� � �� �

√G¬øÈ¬ ’±Ú≈ˆ”¬ø˜fl¡ ˝√√À˘ �	 = 0, ¤¬ı— �
 �

�

�
0

 ˝√√À˘, 
1
2

1 1
3

2a g��� �� �� �sin

� ��
3
2

g
a

sin

¤Â√±Î¬ˇ±› �-¤¬ı˛ ¸±À¬ÛÀé¬ [t ¸˜À˚˛] √w¬±˜fl¡ øÚÀ˚˛, M a Ra
2

3
�� cos� �� �

¸˜±fl¡˘Ú fl¡À¬ı˛,

M a Ra C
2

2
3

2� sin� �� � �  ÒË≈¬ıfl¡

õ∂±¬ı˛øy¬fl¡ ˙Ó«¬, � � �� �, � 0

� C = 2aR sin �

� M a aR
2

2
3

2� sin sin� � �� �� 	
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� R Ma�
�

�

sin sin



� 


2

6� 	
¤‡Ú, 0 < �	 < �	 ’Ó¬¤¬ı sin �	 > sin �&
� R > 0
’Ô«±», √G¬øÈ¬ ¬ÛÎ¬ˇ¬ı±¬ı˛ ¸˜˚˛, ¤¬ı˛ ÚœÀ‰¬¬ı˛ õ∂±z¬ fl¡‡ÀÚ±˝◊√√ ŒÈ¬ø¬ı˘ ŒÂ√ÀÎ¬ˇ Î¬◊Í¬À¬ı Ú±º

¤fl¡øÈ¬ Œ·±˘fl¡ ˚±¬ı˛ ¬ı…±¸±Ò« b, Ú± ø¬ÛÂ√ø˘À˚˛ x a y a� � � �
 
 
sin , cos	 
 	 
1  ¤˝◊√√ ¸±˝◊√√flv¡À˚˛ÀÎ¬¬ı˛ ›¬Û¬ı˛

ø√À˚˛ ÚœÀ‰¬¬ı˛ ø√Àfl¡ ·Î¬ˇ±À26√º ˚±S± ˙≈¬ı˛≈¬ı˛ ¸˜˚˛ Œ·±˘Àfl¡¬ı˛ Œfl¡f y = 2a ¸¬ı˛˘À¬ı˛‡±¬ı˛ ›¬Û¬ı˛ øÂ√˘ ¤¬ı— ˚±S±

øàÔ¬ı˛±¬ıàÔ± ŒÔÀfl¡ ˙≈¬ı˛≈ ˝√√˚˛º Œ√‡±Ú Œ˚, øÚ•ßÓ¬˜ ø¬ıμ≈ÀÓ¬ Œ·±˘Àfl¡¬ı˛ Œfl¡Àf¬ı˛ ·øÓ¬À¬ı· V ˝√√À¬ı V g a b2 10
7

2� �� 	

Œ·±˘Àfl¡¬ı˛ ˆ¬¬ı˛ m Ò¬ı˛± ˚±fl¡º

t ¸˜À˚˛ ¸±˝◊√√flv¡À˚˛ÀÎ¬¬ı˛ ¸Àe· Œ·±˘Àfl¡¬ı˛ ¶Û˙«ø¬ıμ≈ B, OB = s Ò¬ı˛± ˚±fl¡, Œ˚‡±ÀÚ O, ¸±˝◊√√flv¡À˚˛ÀÎ¬¬ı˛ øÚ•ßÓ¬˜

ø¬ıμ≈º B ø¬ıμ≈ ¸±˝◊√√flv¡À˚˛ÀÎ¬¬ı˛ ¶Û˙«fl¡ Ox-¤¬ı˛

¸Àe· �	Œfl¡±ÀÌ ÚÓ¬, ¤¬ı— Ò¬ı˛± ˚±fl¡ õ∂±¬ı˛øy¬fl¡ˆ¬±À¬ı

Œ˚ ¬ı…±¸±Ò«øÈ¬ (CA) ¸±˝◊√√Àflv¡À˚˛ÀÎ¬¬ı˛ ›¬Û¬ı˛ ˘•§

øÂ√˘, Œ¸øÈ¬ !	 Œfl¡±Ì ‚≈À¬ı˛ÀÂ√ t ¸˜À˚˛, ’Ô«±» t

¸˜À˚˛ Œfl¡f·±˜œ Î¬◊~•§À¬ı˛‡±¬ı˛ [¤˝◊√√ Œ¬ı˛‡±øÈ¬ ≈√˝◊√√

˜±øSfl¡ Œ√À˙ ¤fl¡øÈ¬ øÚø«√©Ü ø√fl¡] ¸Àe· ‹ ¬ı…±¸±Ò«øÈ¬ [Œ˚øÈ¬ Œ·±˘fl¡øÈ¬¬ı˛ ¸±À¬ÛÀé¬ øÚø«√©Ü] �	+ !	 Œfl¡±ÀÌ ÚÓ¬º

’Ó¬¤¬ı, Œ·±˘Àfl¡¬ı˛ Œfl¡ÃøÌfl¡ ·øÓ¬À¬ı· 
� �� 
�� �

¤‡Ú ·Î¬ˇ±ÀÚ±¬ı˛ Ê√Ú…, = v = b � �� 
�� ��	 Œ˚‡±ÀÚ v ˝√√˘ Œfl¡Àf¬ı˛ ·øÓ¬À¬ı·

¤¬ı—, Œ˚À˝√√Ó≈¬ Œ·±˘fl¡øÈ¬ ·Î¬ˇ±À26√, ’Ó¬¤¬ı ˙øq¡¬ı˛ ¸—¬ı˛é¬Ì ¸”S õ∂À˚˛±· fl¡¬ı˛± ˚±À¬ıº

˚ø√ t ¸˜À˚˛ Œ·±˘Àfl¡¬ı˛ Œfl¡Àf¬ı˛ Î¬◊M√√Ó¬± ˝√√˚˛ y (Ox-¤¬ı˛ ›¬ÛÀ¬ı˛], Ó¬À¬ı,

1
2

1
2

22 2
2

mv mk mgy mg a� � � �� � .� 
� �

Œ˚‡±ÀÚ v ˝√√˘, t ¸˜À˚˛ Œfl¡f¬ı˛ ·øÓ¬À¬ı·, ¤¬ı— k b2 22
5

�

� 1
2

1
2

2
5

22 2
2

2mv m b v
b

mg a y� � �. . � 	

� 1
2

1 2
5

22m v mg a y��� �� � �� �

’Ó¬¤¬ı, ¸¬ı«øÚ•ß ø¬ıμ≈ÀÓ¬ ˚‡Ú Œ·±˘Àfl¡¬ı˛ ¶Û˙«ø¬ıμ≈ Œ¬ÛÃÂ√À¬ı Ó¬‡Ú Œ·±˘Àfl¡¬ı˛ Œfl¡Àf¬ı˛ Î¬◊2‰¬Ó¬± b ¤¬ı— Œfl¡Àf¬ı˛

·øÓ¬À¬ı· V ˝√√À˘,  
1
2

7
5

22m V mg a b. � �� 	

� V
g

a b2 10
7

2� �� 	
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õ∂ùüº ¤fl¡øÈ¬ Ù¬“√±¬Û± ¬ı‘M√√±fl¡±¬ı˛ Œ¬ı˘ÚÀfl¡øàÔ¬ı˛±¬ıàÔ±˚˛, ’é¬ ’±Ú≈ˆ”¬ø˜fl¡ fl¡À¬ı˛ ¬ı˛±‡± ˝√√À˚˛ÀÂ√º ¤¬ı˛ Œˆ¬Ó¬À¬ı˛, ¤fl¡øÈ¬

¬ı‘M√√±fl¡±¬ı˛ ‰¬±fl¡øÓ¬, Ó¬±¬ı˛ Ó¬˘Àfl¡ Î¬◊~•§ Œ¬ı˛À‡ ·Î¬ˇ±À26√º ˚‡Ú ‰¬±fl¡øÓ¬øÈ¬ Ó¬±¬ı˛ øÚ•ßÓ¬˜ ’¬ıàÔ±ÀÚ Ô±Àfl¡, Ó¬‡Ú Ó¬±¬ı˛

Œfl¡Àf¬ı˛ ·øÓ¬À¬ı· 
8
3

g a b�� 	  Œ√‡±Ú Œ˚, ¬ı‘ÀM√√¬ı˛ Œfl¡f, Œ¬ı˘ÀÚ¬ı˛ Œfl¡Àf¬ı˛ ¸±À¬ÛÀé¬ !	 Œfl¡±Ì ¬Ûø¬ı˛˜±Ì ‚≈¬ı˛À¬ı

�
�� 	

�
3

2 4 4
a b

g
log tan � 

 �  ¸˜À ˛̊º a ˝√√˘ Œ¬ı˘ÀÚ¬ı˛ › b ¬ı‘ÀM√√¬ı˛ ¬ı…±¸±Ò«º

‰¬±fl¡øÓ¬¬ı˛ ˜Ò… ø√À˚˛ Î¬◊~•§ Ó¬˘øÈ¬, Œ¬ı˘ÚÀfl¡ ¤fl¡øÈ¬ ¬ı‘ÀM√√ ŒÂ√√ fl¡À¬ı˛

˚±¬ı˛ Œfl¡f Oº Â√ø¬ıÀÓ¬ Œ¸øÈ¬˝◊√√ Œ√‡±ÀÚ± ˝√√À˚˛ÀÂ√º

õ∂Ô˜ ‰¬±fl¡øÓ¬ › Œ¬ı˘ÀÚ¬ı˛ ˜ÀÒ…¬ı˛ ¶Û˙«ø¬ıμ≈ øÂ√˘, A, OA Î¬◊~•§À¬ı˛‡±º

›¬Û¬ı˛ø√Àfl¡ ·øÎ¬ˇÀ˚˛ t ¸˜À˚˛ ¬ı‘M√√øÈ¬ B ø¬ıμ≈ÀÓ¬ Œ¬ÛÃ“√ÀÂ√ÀÂ√ ¤¬ı— ‹ ¤fl¡˝◊√√ ¸˜˚˛

�	 Œfl¡±Ì ¬Ûø¬ı˛˜±Ì ‚≈À¬ı˛ÀÂ√º C ˝√√˘ ¬ı‘ÀM√√¬ı˛ Œfl¡fº

¤‡Ú, Œ˚À˝√√Ó≈¬ ¬ı‘M√√øÈ¬ ·Î¬ˇ±À26√, ’Ó¬¤¬ı, ¬ı‘M√√‰¬±¬Û AB = ¬ı‘M√√‰¬±¬Û CN

(CN õ∂ÔÀ˜ OA ¬ı¬ı˛±¬ı¬ı˛ øÂ√˘ ’Ô«±» Î¬◊~•§ øÂ√˘]

¬ı±, a b
 � 
� �� �,
Œ˚‡±ÀÚ, OA › OC ¤¬ı˛ ˜ÀÒ… t ¸˜À˚˛ Œfl¡±ÀÌ !	 ¤¬ı— Î¬◊~•§

› CN ¤¬ı˛ ˜ÀÒ… Œfl¡±Ì �

� b a b� �� 
� �� 	    .................. (i)

O ¤¬ı˛ ˜Ò… ø√À˚˛ ’±Ú≈ˆ”¬ø˜fl¡ › Î¬◊~•§ø√Àfl¡ x › y ’é¬ ŒÚ› ˛̊± ˝√√˘º

’Ó¬¤¬ı, t ¸˜À ˛̊ C ¤¬ı˛ àÔ±Ú±efl¡ ˝√√˘ x y,� �
Œ˚‡±ÀÚ, x a b y a b� � � � �( ) sin , ( ) cos
 


t ¸˜À˚˛ ‰¬±fl¡øÓ¬øÈ¬¬ı˛ ·øÓ¬˙øq¡     [‰¬±fl¡øÓ¬¬ı˛ ˆ¬¬ı˛ M)

= 1
2

1
2

2 2 2 2M x y Mk� � �� � �

= 
1
2

1
2

2 2
2 2M a b a b Mk( ) cos � ( ) sin � �� � ��

��
�
� �
 
 
 
 
$ % $ %

= 1
2

1
2 2 2

2 2
2

2 2
2

M a b M b k b�� 	 � �� �
 � �

= 3
4

2 2M a b�� 	 � ,
    (i) ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛º

õ∂±¬ı˛øy¬fl¡ˆ¬±À¬ı, ‰¬±fl¡øÓ¬øÈ¬¬ı˛ ·øÓ¬˙øq¡ øÂ√˘ 
1
2

8
3

1
2 2

2
2M g a b M b�� 	�� �� � � ,

Œ˚‡±ÀÚ, Œfl¡Àf¬ı˛ ·øÓ¬À¬ı· 
8
3

g a b( )�  ¤¬ı— Œfl¡Àf¬ı˛ ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ·øÓ¬À¬ı· Ò¬ı˛± ˚±fl¡  �	 øfl¡z≈¬,

øàÔ¬ı˛ø¬ıμ≈ O ¤¬ı˛ ¸±À¬ÛÀé¬ Œfl¡Àf¬ı˛ ·øÓ¬ ˝√√˘ a b�� 	 �
 	 [!	 Œ˚ø√Àfl¡ ¬ı±ÀÎ¬ˇ Œ¸˝◊√√ ø√Àfl¡]º

’Ó¬¤¬ı, øÚ•ßÓ¬˜ ø¬ıμ≈ÀÓ¬, �
 ��  ˝√√À˘,
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a b g a b�� 	 � �� 	2 2 8
3

�

’Ó¬¤¬ı � 2 8
3

� �� 	g a b

’Ó¬¤¬ı,  �2
2

2
8
3

�
�� 	

�� 	
a b

b
g a b.    ((i) ŒÔÀfl¡]

’Ó¬¤¬ı, õ∂±¬ı˛øy¬fl¡ ·øÓ¬˙øq¡ ˝√√˘

1
2

8
3

1
2

8
3

3
3

M g a b a b g M g a b�� 	 � �� 	�� �� � �� 	

Œ˚À˝√√Ó≈¬, ‚¯∏«Ì Î¬◊¬ÛøàÔÓ¬ Ô±fl¡À˘ Ó¬± Œfl¡±ÀÚ± fl¡±Ê√ fl¡¬ı˛ÀÂ√ Ú±, ’Ó¬¤¬ı ˙øq¡¬ı˛ øÚÓ¬…Ó¬± ¸”S õ∂À˚˛±· fl¡¬ı˛± ˚±˚˛,

¤¬ı— 
3
4

3
4

8
3

2 2M a b M g
a b t�� 	 � �� 	 �� .
  ¸˜˚˛ › õ∂±¬ı˛øy¬fl¡ ¸˜À˚˛ ·øÓ¬˙øq¡¬ı˛ ’z¬¬ı˛ = ¬ı‘ÀM√√¬ı˛ ˆ¬±¬ı˛Àfl¡fÀfl¡

Ó¬±¬ı˛ õ∂±¬ı˛øy¬fl¡ ’¬ıàÔ±Ú ŒÔÀfl¡ ¬ıÓ«¬˜±Ú ’¬ıàÔ±ÀÚ ’±Ú±¬ı˛ Ê√Ú… ˆ¬±¬ı˛¬ı˘ ¡Z±¬ı˛± fl‘¡Ó¬fl¡±˚«

= � � �� 	 � � �� 	Mg a b a b	 
 cos ( )


= Mg a b�� 	 �cos
 1

� 3
4

3
4

8
3

2M a b M g
Mg Mg�� 	 � � �� . cos
 


� 


 
2 2

4 1
3

8
3 2

�
�
�� 	

�
�� 	

g
a b

g
a b

cos
cos

� �

�
d
dt

g
a b


 

�

�� 	
8

3 2
cos

¸˜±fl¡˘Ú fl¡À¬ı˛,

t
a b

g
d�

�� 	 �3
8 2

0

sec








 = 
3

8 4 4
a b

g
�� 	

��
�

�
�log tan � 


õ∂ùüº ¤fl¡øÈ¬ ¬ı‘M√√fl¡±¬ı˛ Œ¬ı˘ÀÚ¬ı˛ ˆ¬±¬ı˛Àfl¡f, Ó¬±¬ı˛ ’é¬ ŒÔÀfl¡ C ”√¬ı˛ÀQ ’¬ıøàÔÓ¬º Œ¬ı˘ÚøÈ¬ ’±Ú≈ˆ”¬ø˜fl¡ Ó¬À˘¬ı˛

›¬Û¬ı˛ ·Î¬ˇ±À26√º ’øàÔÓ¬ ¸±À˜…¬ı˛ ’¬ıàÔ± ŒÔÀfl¡ Œ¬ı˘ÚøÈ¬ ‰¬˘ÀÓ¬ [·Î¬ˇ±ÀÓ¬] ˙≈¬ı˛≈ fl¡À¬ı˛º Œ√‡±Ú Œ˚, ˆ¬¬ı˛Àfl¡føÈ¬

fl¡‡Ú Ó¬±¬ı˛ øÚ•ßÓ¬˜ ’¬ıàÔ±ÀÚ Ô±fl¡ÀÓ¬ Ó¬‡Ú Œ¬ı˘ÀÚ¬ı˛ ›¬Û¬ı˛ Ó¬À˘¬ı˛ ˘•§ õ∂øÓ¬ø√flË¡˚˛± ˝√√˘ Œ¬ı˘ÀÚ¬ı˛ ˆ¬±À¬ı˛¬ı˛

1 4 2

2 2
�

� �
c

a c k� �  ·≈Ì, Œ˚‡±ÀÚ k ˝√√˘ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ˜Ò…·±˜œ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ Œ¬ı˘ÀÚ¬ı˛ ‚”Ì«Ú ¬ı…±¸±Ò«, ¤¬ı—

a ˝√√˘ Œ¬ı˘ÚøÈ¬¬ı˛ ¬ı…±¸±Ò«º

Œ¬ı˘ÀÚ¬ı˛ ˆ¬¬ı˛Àfl¡f G ¤¬ı˛ ˜Ò…·±˜œ Î¬◊~•§ Ó¬˘øÈ¬ Œ¬ı˘ÚÀfl¡ ¤fl¡øÈ¬ ¬ı‘ÀM√√ ŒÂ√√ fl¡À¬ı˛, Â√ø¬ıÀÓ¬ Œ¸øÈ¬ Œ√‡±ÀÚ±

˝√√À˚˛ÀÂ√º C ¤˝◊√√ ¬ı‘ÀM√√¬ı˛ Œfl¡fº õ∂±¬ı˛øy¬fl¡ ˆ¬±À¬ı ¶Û˙«ø¬ıμ≈ øÂ√˘ O, ¤¬ı— ¤ ◊̋√√ ¸˜À ˛̊ Œ˚À˝√√Ó≈¬ Œ¬ı˘ÚøÈ¬ ’øàÔÓ¬
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¸±À˜… øÂ√˘ ’Ó¬¤¬ı, G, C-¤¬ı˛ Î¬◊~•§ˆ¬±À¬ı ›¬ÛÀ¬ı˛ øÂ√˘º t ¸˜À˚˛ Ò¬ı˛± ˚±fl¡ Œ¬ı˘ÚøÈ¬ �	 Œfl¡±Ì ‚≈À¬ı˛ÀÂ√, ¤¬ı—

¬ıÓ«¬˜±Ú ¶Û˙«ø¬ıμ≈ A ¤¬ı— O Œfl¡ ’±ø√ø¬ıμ≈, OA ¬ı¬ı˛±¬ı¬ı˛ x-’é¬ ŒÚ› ˛̊± ˝√√˘º t ¸˜À˚˛ Œ·±˘fl¡øÈ¬¬ı˛ ‰¬˘Ú x

˝√√À˘ [’Ô«±» OA = x ˝√√À˘],

a�	 = x [·Î¬ˇ±ÀÚ±¬ı˛ Ê√Ú…]

Œ¬ı˘ÀÚ¬ı˛ ˆ¬±¬ı˛Àfl¡f G-¤¬ı˛ àÔ±Ú±efl¡ ˝√√˘ x y,� �  t ¸˜À˚˛º

x OA c a c
y CA c a c
� � � �
� � � �

!"# � 	
sin sin
cos cos

� � �
� �

i

ˆ¬±¬ı˛Àfl¡f G ¤¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì·≈ø˘ ˝√√À¬ı

Mx F�� �
¤¬ı— My R Mg�� � �         (ii) [Œ¬ı˘ÀÚ¬ı˛ ˆ¬¬ı˛ M]

¤‡Ú ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ¸±À¬ÛÀé¬ ’±˜¬ı˛± √w¬±˜fl¡-¸˜œfl¡¬ı˛ÌøÈ¬ øÚÀÓ¬

¬Û±ø¬ı˛, ’Ô¬ı±, Œ˚À˝√√Ó≈¬ Œ¬ı˘ÚøÈ¬ ·Î¬ˇ±À26√, ¤¬ı— Ó¬±¬ı˛ Ù¬À˘ ‚¯∏«Ì¬ı˘ Œfl¡±ÀÚ± fl¡±Ê√ fl¡¬ı˛ÀÂ√ Ú±, ¤¬ı— ˘•§-õ∂øÓ¬ø√flË¡˚˛±¬ı˛

˘•§ø√Àfl¡ ¸¬ı˛Ì ˝√√À26√ ¬ıÀ˘ R-› Œfl¡±ÀÚ± fl¡±Ê√ fl¡À¬ı˛ Ú±, ’Ó¬¤¬ı ’±˜¬ı˛± ˙øq¡¬ı˛ øÚÓ¬…Ó¬± ¸”S õ∂À˚˛±· fl¡¬ı˛ÀÓ¬˝◊√√

¬Û±ø¬ı˛º

ˆ¬±¬ı˛Àfl¡føÈ¬ Ó¬±¬ı˛ õ∂±¬ı˛øy¬fl¡ ’¬ıàÔ…±˚˛ (a + c) Î¬◊2‰¬Ó¬±˚˛ øÂ√˘º t ¸˜À˚˛ (a + cos �) Î¬◊2‰¬Ó¬±˚˛ ’±ÀÂ√º

ˆ¬±¬ı˛Àfl¡fÀfl¡ ¤˝◊√√ õ∂±¬ı˛øy¬fl¡ ’¬ıàÔ± ŒÔÀfl¡ ¬ıÓ«¬˜±Ú ’¬ıàÔ±˚˛ ’±ÚÀÓ¬ ˆ¬±¬ı˛-¬ı˘Àfl¡ Œ˚ ¬Ûø¬ı˛˜±Ì fl¡±Ê√ fl¡¬ı˛ÀÓ¬ ˝√√À˚˛ÀÂ√

Ó¬± ˝√√˘,

�
�

�

� Mgdy
a c

a c cos�

= Mg a c a Mgc�� � � � � �cos cos� �	 
 	 
1

¤¬ı— t ¸˜À ˛̊ ·øÓ¬˙øq¡ ˝√√˘

1
2

1
2

2 2 2 2M x y Mk� � �� �� � 


= 1
2

22 2 2 2 2 2 2 2 2 2 2M c a c ac ksin � � cos � cos � ��� � �� �� �� � � �� �

= 1
2

22 2 2 2M c a ac k� � �cos �� �� 	
� Œ˚À˝√√Ó≈¬ õ∂±¬ı˛Ày¬ ·øÓ¬˙øq¡ ˙”Ú… øÂ√˘,

’Ó¬¤¬ı,

Mgc M c a ac k1 1
2

22 2 2 2� � � � �cos cos �
 
 
� �     ....... (iii)

¬ı±, � cos
cos

�
�
�

2
2 2 2

2 1
2

�
�� �

� � �
gc

c a ac k

˚‡Ú �	 = �	 ˝√√˚˛ [’Ô«±» ¸≈øàÔÓ¬ ¸±À˜…], Ó¬‡Ú ’±˜±À√¬ı˛ R-¤¬ı˛ ˜±Ú √¬ı˛fl¡±¬ı˛º

R = Mg My� ��



242

NSOU

  = Mg Mc� �sin .�� cos . �� � � �2

� R Mg Mc
gc

c a k ac
 �� � � �� �
� �� �

� � �
1

2 1 1

22 2 2.
� �

= Mg mg c
c a ac k

�
� � �

4
2

2

2 2 2

=  Mg c
a c k

1 4 2

2 2
�

�� 	 �

�
�	


��

õ∂ùüº ¤fl¡øÈ¬ ¸≈¯∏˜ ¬ı‘M√√±fl¡±¬ı˛ ‰¬±fl¡øÓ¬, ˚±¬ı˛ ¬ı…±¸±Ò« a, Î¬◊~•§Ó¬À˘¬ı˛ Ó¬±¬ı˛ Œfl¡f·±˜œ

¤fl¡˝◊√√ ˜¸‘Ì ’±Ú≈ˆ”¬ø˜fl¡ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º ¤fl¡øÈ¬ ’˜¸‘Ì ø˙fl¡˘ (chain),

˚±¬ı˛ ˆ¬¬ı˛, ‰¬±fl¡øÓ¬øÈ¬¬ı˛ ˆ¬À¬ı˛¬ı˛ ¸˜±Ú ¤¬ı— ˚±¬ı˛ Δ√‚«… ‰¬±fl¡øÓ¬¬ı˛ ¬Ûø¬ı˛¸œ˜±¬ı˛ ¸˜±Ú, ‰¬±fl¡øÓ¬¬ı˛

›¬Û¬ı˛ ø√Àfl¡ ≈√ø√Àfl¡ ¸˜±Ú ’¬ıàÔ±˚˛ Á≈¡˘ÀÂ√º ¤fl¡ø√Àfl¡ ¸±˜±Ú… ¬Ûø¬ı˛˜±Ì ø˙fl¡˘øÈ¬Àfl¡ Ú±ø˜À˚˛

Œ√› ˛̊± ˝√√˘º Œ√‡±Ú Œ˚ ø˙fl¡À˘¬ı˛ ’¬Û¬ı˛ õ∂±z¬øÈ¬ ˚‡Ú ‰¬±fl¡øÓ¬ ¬Û «̊z¬ Œ¬ÛÃ“√Â√À¬ı Ó¬‡Ú ø˙fl¡˘øÈ¬¬ı˛

·øÓ¬À¬ı· ˝√√À¬ı 
�ag

6
õ∂±¬ı˛øy¬fl¡ ˆ¬±À¬ı, ‰¬±fl¡øÓ¬¬ı˛ ≈√ø√Àfl¡ ø˙fl¡À˘¬ı˛ 

�a
2  Δ√‚«… Á≈¡˘øÂ√˘º õ∂±z¬ A-Œfl¡ ¤fl¡È≈¬¬

ŒÈ¬ÀÚ Ú±ø˜À˚˛ ø√À˘, ‹ ø√Àfl¡ ˆ¬±¬ı˛ Œ¬ıø˙ ˝√√›˚˛±ÀÓ¬ ø˙fl¡˘øÈ¬ ‹ ø√Àfl¡ ¬ÛÎ¬ˇÀÓ¬ ˙≈¬ı˛≈ fl¡¬ı˛À¬ıº

¤¬ı— ’¬Û¬ı˛ õ∂±z¬ B ›¬Û¬ı˛ ø√Àfl¡ Î¬◊Í¬À¬ıº ¤fl¡˝◊√√ ¸Àe· ¬ı‘M√√øÈ¬ øÚÀÊ√¬ı˛ Œfl¡Àf¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÓ¬ ˙≈¬ı˛≈ fl¡¬ı˛À¬ıº

t ¸˜À˚˛ ˚ø√ B õ∂±z¬øÈ¬ x ”√¬ı˛ÀQ ›¬ÛÀ¬ı˛ ›ÀÍ¬ › ‹ ¸˜À˚˛ ‰¬±fl¡øÓ¬øÈ¬ �	 Œfl¡±Ì ‚≈À¬ı˛ ˚±˚˛,

Ó¬À¬ı x = a�	 	 (i)

¤Àé¬ÀS ·øÓ¬˙øq¡ › øàÔøÓ¬˙øq¡¬ı˛ ’±À˘±‰¬Ú±¬ı˛ Ê√Ú… ‰¬±fl¡øÓ¬ › ø˙fl¡˘ ≈√øÈ¬¬ı˛ fl¡Ô±˝◊√√ ˜ÀÚ ¬ı˛±‡ÀÓ¬ ˝√√À¬ıº

ø˙fl¡˘øÈ¬ t ¸˜À˚˛ �x  Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ıÀ· ‰¬˘ÀÂ√ ¤¬ı— ‰¬±fl¡øÓ¬øÈ¬ ‹ ¸˜À˚˛ �� Œfl¡ÃøÌfl¡ Œ¬ıÀ· ‚≈¬ı˛ÀÂ√º

t ¸˜À˚˛ ¤À√¬ı˛ ·øÓ¬˙øq¡ 
1
2

1
2

2 2 2Mk Mx� �� �

Œ˚‡±ÀÚ k ˝√√˘ Œfl¡Àf¬ı˛ ¸±À¬ÛÀé¬ ‰¬±fl¡øÓ¬¬ı˛ ‚”Ì«Ú-¬ı…±¸±Ò«, ¤¬ı— M ˝√√˘ ‰¬±fl¡øÓ¬¬ı˛ ˆ¬¬ı˛º ø˙fl¡À˘¬ı˛ ˆ¬¬ı˛› Ó¬±˝√√À˘

M.

‹ ¸˜À˚˛ øàÔøÓ¬˙øq¡

� ��� �� ��� ��
Mg

a
a x a x

2 2
1
2 2�

� �.

� ��� �� ��� ��
Mg

a
a x a x

2 2
1
2 2�

� �.      [¬ı‘ÀM√√¬ı˛ ’±Ú≈ˆ”¬ø˜fl¡ ¬ı…±À¸¬ı˛ øÚø¬ı˛À‡]
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õ∂±¬ı˛Ày¬, ·øÓ¬˙øq¡ O ¤¬ı—

øàÔøÓ¬˙øq¡, � �� �� �� ��
Mg

a
a a

2 2
1
2 2�

� �.

� �� �� �� ��
Mg

a
a a

2 2
1
2 2�

� �.

= �
Mg a�

8

’Ó¬¤¬ı,

1
2

1
2 4 2 2 8

2 2 2
2 2

Mk Mx
Mg

a
a x a x

Mg a� ��
�

� � �
� � ��� �� � ��� ��

�
�'

�
�&
� �

¬ı±,
1
2

1
2 4 2

2
8

2 2 2
2 2

2k x
g

a
a x

Mg a� �

�

� �
� � �

��
�
�� �

k a x a x a2
2

2
� � ��

�

�, , � �
 


� 3
4 2

2
2

�x
gx

a
�

�

’Ó¬¤¬ı ’Ú…õ∂±z¬øÈ¬ ˚‡Ú ‰¬±fl¡øÓ¬ ¬Û˚«z¬ Œ¬ÛÃ“√Â√±˚˛,.

’Ô«±» x a� �
2  ˝√√ ˛̊

Ó¬‡Ú �x
ag2
6

�
�

¬ı±, �x
ag

�
�

6

õ∂ùü– ¤fl¡øÈ¬ ˆ¬±¬ı˛̋ √√œÚ √G¬ ABC, Ó¬±¬ı˛ õ∂±z¬ A [Œ˚øÈ¬Àfl¡ ’±È¬Àfl¡ ¬ı˛±‡± ˝√√À˚˛ÀÂ√] ¤¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º

˜Ò…ø¬ıμ≈ B ’Ú…õ∂±z¬ ø¬ıμ≈ C ŒÓ¬ ≈√øÈ¬ ¸˜±Ú ˆ¬À¬ı˛¬ı˛ fl¡Ì± ‘√Ï¬ˇˆ¬±À¬ı ¸—˚≈q¡ ’±ÀÂ√º

’±Ú≈ˆ”¬ø˜fl¡ ’¬ıàÔ±˚˛ √G¬øÈ¬Àfl¡ øàÔ¬ı˛ Œ¬ı˛À‡ Ó¬±¬ı˛¬Û¬ı˛ ŒÂ√ÀÎ¬ˇ Œ√›˚˛± ˝√√˘º Œ√‡±Ú

Œ˚, Î¬◊~•§ ’¬ıàÔ± ˛̊ ¤ ◊̋√√ ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ·øÓ¬À¬ı· √̋√À¬ı 
6
5

g
a

 ¤¬ı— ¸˜Ó≈¬˘…,

¸¬ı˛˘ Œ√±˘fl¡øÈ¬¬ı˛ Δ√‚«… ˝√√À¬ı 
5
3
a

¸˜±Ú ˆ¬¬ı˛≈√øÈ¬ B › C ø¬ıμ≈ÀÓ¬ ‘√Ï¬ˇ̂ ¬±À¬ı ¤fl¡øÈ¬ ˆ¬±¬ı˛̋ √√œÚ √ÀG¬¬ı˛ ¡Z±¬ı˛± ¸— ≈̊q¡
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¤¬ı— A ø¬ıμ≈¬ı˛ ˜Ò… ø√˚˛± ’±Ú≈ˆ”¬ø˜fl¡ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÂ√º Ó¬±¬ı˛± ¤fl¡øÈ¬ Œ˚Ãø·fl¡ Œ√±˘fl¡ ·Í¬Ú fl¡À¬ı˛ÀÂ√º Ò¬ı˛±

˚±fl¡ √ÀG¬¬ı˛ Δ√‚«… 2a. ˆ¬¬ı˛≈√øÈ¬¬ı˛ õ∂øÓ¬øÈ¬¬ı˛ ˜±Ú m.

Î¬◊~•§ ’¬ıàÔ±˚˛ ˆ¬¬ı˛≈√øÈ¬¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı· ˚Ô±√flË¡À˜ v › v�, Œ˚‡±ÀÚ v = a , v�	 = 2a �	  	 ˝√√˘

‹ ¸˜À ˛̊ √ÀG¬¬ı˛ Œfl¡ÃøÌfl¡ Œ¬ı·¡º

‹ ’¬ıàÔ±˚˛ øàÔøÓ¬˙øq¡ ˝√√˘ � � �Mga mg a2

¤¬ı— ·øÓ¬˙øq¡ ˝√√˘ 
1
2

1
2

42 2 2 2ma m a	 	� � 	

õ∂±¬ı˛øy¬fl¡ ˆ¬±À¬ı, ·øÓ¬˙øq¡ › øàÔøÓ¬˙øq¡ ≈√˝◊√√˝◊√√ ˙”Ú…,

’Ó¬¤¬ı ˙øq¡¬ı˛ øÚÓ¬…Ó¬± ¸”S ’Ú≈¸±À¬ı˛,

0 1
2

1
2

4 22 2 2 2� � � �ma m a mga mga	 	

� 5 62 2a ga	 �

	 �
6
5

g
a

¤¬ı— l = ¸˜Ó≈¬˘… ¸¬ı˛˘ Œ√±˘Àfl¡¬ı˛ Δ√‚«…

= k
h
2

 Œ˚‡±ÀÚ  k ma m a
m

a2
2 2 24

2
5

2
� � �

¤¬ı— h ma am
m m

a� �
�

�2 3
2

� l k
h

a� �
2 5

3

(k √̋√̆  A ¸±À¬ÛÀé¬ ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ ‚”Ì«Ú ¬ı…±¸±Ò«, h ˝√√˘ A ŒÔÀfl¡ ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ”√¬ı˛Q]º
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¤fl¬fl¬ 17 � ø¡Z-˜±øSfl¡ ·øÓ¬ (Two-dimensional Motion)

·Í¬Ú

17.1 ¬√õ∂d¬±¬ıÚ±

17.2 ¬Î¬◊ÀV˙…

17.3 ø¡Z˜±øSfl¡ ·øÓ¬¬ı˛ ¬Ûø¬ı˛‰¬˚˛

17.4 ø¡Z˜±øSfl¡ ·øÓ¬¬ı˛ ·øÓ¬ ¸˜œfl¡¬ı˛Ì¸˜”˝√√

17.5 ø¡Z˜±øSfl¡ ·øÓ¬¬ı˛ ·øÓ¬˙øq¡

17.6 ø¡Z˜±øSfl¡ ·øÓ¬¬ı˛ ˙øq¡ ¸—¬ı˛é¬Ì ÚœøÓ¬

17.7 ø¡Z˜±øSfl¡ ·øÓ¬¬ı˛ Î¬◊√±˝√√¬ı˛Ì

17.8 ¸±¬ı̨±—˙

17.9 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘ › ¸˜±Ò±Ú

17.1 ¬√õ∂d¬±¬ıÚ±

¬ı ≈̋√√ ·øÓ¬ ¸˜¸…± Œ˚˜Ú ¤fl¡øÈ¬ Œ·±˘±fl‘¡øÓ¬ ˆ¬±¬ı˛œ ¬ı˘Àfl¡ ¤fl¡øÈ¬ ÚÓ¬ ¸˜Ó¬À˘ ¤fl¡ àÔ±ÀÚ øàÔ¬ı˛ ’¬ıàÔ±˚˛

Â√±Î¬ˇÀ˘ ¬ı˘øÈ¬ ÚœÀ‰¬¬ı˛ ø√Àfl¡ ¤fl¡øÈ¬ Î¬◊~•§Ó¬À˘ ¤˜Úˆ¬±À¬ı ·øÎ¬ˇÀ˚˛ ‰¬À˘ Œ˚ Ó¬±¬ı˛ õ∂øÓ¬øÈ¬ ø¬ıμ≈ ¸¬ı«√± ¤fl¡øÈ¬ Î¬◊~•§Ó¬À˘

Ô±Àfl¡º ’±¬ı˛ ¬ı˘øÈ¬¬ı˛ õ∂øÓ¬øÈ¬ ø¬ıμ≈ ¤fl¡˝◊√√ øàÔ¬ı˛ ¸˜Ó¬À˘¬ı˛ ¸˜±z¬¬ı˛±˘ ¸˜Ó¬À˘ ·øÓ¬˙œ˘ ˝√√˚˛º ¤¬ı˛”¬Û ·øÓ¬˝◊√√ ø¡Z˜±øSfl¡

·øÓ¬¬ı˛ Î¬◊√±˝√√¬ı˛Ìº ’±˜¬ı˛± ¤˝◊√√ ¤fl¡Àfl¡ ø¡Z˜±øSfl¡ ·øÓ¬¬ı˛ ø¬ıøˆ¬iß Î¬◊√±˝√√¬ı˛Ì ¸˜±Ò±Ú fl¡À¬ı˛ Œ√‡±¬ıº ¤‡±ÀÚ ˆ¬¬ı˛Àfl¡Àf¬ı˛

·øÓ¬ › ˆ¬¬ı˛Àfl¡f ¸±À¬ÛÀé¬ ¬ıd≈¬¬ı˛ ‚”Ì«Ú ·øÓ¬ ¤˝◊√√ ≈√ÀÈ¬± ¸˜±Ò±Ú ¡Z±¬ı˛± ¬Û≈À¬ı˛± ¸˜±Ò±Ú ¬Û±›˚˛± ˚±˚˛º

17.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡Àfl¡ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ø¡Z˜±øSfl¡·øÓ¬ ¸•§À&Ò Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚñ

� ø¬ı˙√ ’±À˘±‰¬Ú±˚˛ ø¡Z˜±øSfl¡ ·øÓ¬¬ı˛ õ∂fl‘¡øÓ¬º

� ø¡Z˜±øSfl¡ ·øÓ¬ ˝√√ÀÓ¬ ˝√√À˘ ¬ı˘·≈ø˘ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ¸˜Ó¬À˘ ø√flË¡˚˛± fl¡¬ı˛± õ∂À˚˛±Ê√Úº

� øfl¡ Ò¬ı˛ÀÚ¬ı˛ ·øÓ¬ ¸˜fl¡…±˚˛ ø¡Z˜±øSfl¡ ·øÓ¬ ˝√√˚˛ › øfl¡ˆ¬±À¬ı Ó¬±À√¬ı˛ ¸˜±Ò±Ú ˝√√˚˛ Î¬◊√±˝√√¬ı˛Ì¶§¬ı˛”¬Û Œ√‡±ÀÚ±

√̋√À¬ıº
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17.3 ø¡Z˜±øSfl¡ ·øÓ¬¬ı˛ ¬Ûø¬ı˛‰¬˚˛

¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ ˚ø√ ¤˜Úˆ¬±À¬ı ‰¬À˘ Œ˚ Ó¬±¬ı˛ õ∂øÓ¬øÈ¬ ø¬ıμ≈ ¸¬ı«√± ¤fl¡øÈ¬ øÚø«√©Ü ¸˜Ó¬À˘ Ô±Àfl¡ ¤¬ı— ‹ ¸˜Ó¬˘·≈ø˘

¤fl¡øÈ¬ øàÔ¬ı˛ ¸˜Ó¬À˘¬ı˛ ¸Àe· ¸¬ı«√± ¸˜±z¬¬ı˛±˘ Ô±Àfl¡, Ó¬±˝√√À˘ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¤¬ı˛”¬Û ·øÓ¬Àfl¡ ø¡Z-˜±øSfl¡ ·øÓ¬ ¬ı˘± ˝√√˚˛º

˚ø√ øàÔ¬ı˛ ¸˜Ó¬˘Àfl¡ xy Ó¬˘ ŒÚ› ˛̊± ˝√√ ˛̊º ¤¬ı— Ó¬±¬ı˛ ¤fl¡øÈ¬

ø¬ıμ≈ O Œfl¡ ’±ø√ ø¬ıμ≈ ŒÚ›˚˛± ˝√√˚˛ Ó¬±˝√√À˘ ¬ıd≈¬øÈ¬¬ı˛ õ∂øÓ¬øÈ¬ fl¡Ì±

xy Ó¬À˘¬ı˛ ¸˜±z¬¬ı˛±˘ Ó¬À˘ Ô±fl¡À¬ı ’Ô«±» õ∂øÓ¬øÈ¬ fl¡Ì±¬ı˛ z àÔ±Ú±efl¡

ÒË≈¬ıfl¡ Ô±fl¡À¬ıº G ˚ø√ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f ˝√√˚˛, ¤¬ı— Gx�, Gy�, Gz�

˚Ô±√flË¡À˜ Ox, Oy, Oz-¤¬ı˛ ¸˜±z¬¬ı˛±˘ ’é¬ ŒÚ› ˛̊± ˝√√ ˛̊º ¤¬ı— G-

¤¬ı˛ àÔ±Ú±efl¡ (Ox, Oy, Oz) ¸±À¬ÛÀé¬ x y z, ,  ˝√√˚˛, Ó¬À¬ı z  ¸¬ı«√±

’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±fl¡À¬ıº ’Ó¬¤¬ı ’±˜±À√¬ı˛ ¬ıd≈¬øÈ¬¬ı˛ ’¬ıàÔ±Ú õ∂øÓ¬ ˜≈˝”√√ÀÓ«¬ Ê√±Ú±¬ı˛ Ê√Ú… x  › y  Ê√±ÚÀÓ¬ ˝√√À¬ı Ó¬À¬ı

G-¤¬ı˛ ’¬ıàÔ±Ú Ê√±Ú± ˚±À¬ıº Œ˚À˝√√Ó≈¬ õ∂øÓ¬øÈ¬ ø¬ıμ≈¬ı˛ z àÔ±Ú±efl¡ ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡ ’Ó¬¤¬ı õ∂øÓ¬øÈ¬ ø¬ıμ≈¬ı˛ x�,

y�	 àÔ±Ú±efl¡ Ê√±ÚÀ˘ ◊̋√√ G ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ õ∂øÓ¬øÈ¬ ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú Ê√±Ú± ˚±À¬ıº Œ˚ Œfl¡±Ú ø¬ıμ≈ P (x�, y�,

z�)-¤¬ı˛ ˘•§ ’øˆ¬Àé¬¬Û P�	Gx�y�	 Ó¬À˘ ŒÚ›˚˛± ˚±˚˛, Ó¬À¬ı Œ¸˝◊√√ ø¬ıμ≈ÀÓ¬ P�-¤¬ı˛ àÔ±Ú±efl¡ ˝√√À¬ı x�, y�	 ¤‡Ú

P�	 ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú Ê√±Ú± Ô±fl¡À˘˝◊√√ P-¤¬ı˛ ’¬ıàÔ±Ú Ê√±Ú± ˚±˚˛º ’Ó¬¤¬ı ’±˜±À√¬ı˛ Gxy Ó¬À˘¬ı˛ ø¬ıμ≈·≈ø˘ Ê√±Ú±

˝√√À˘ ◊̋√√ ‰¬˘À¬ıº

Œ˚À˝√√Ó≈¬, õ∂øÓ¬øÈ¬ ø¬ıμ≈ Z-àÔ±Ú±efl¡ øàÔ¬ı˛ Ô±Àfl¡, ’Ó¬¤¬ı ¬ıd≈¬øÈ¬ Z-’é¬ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º ’±˜¬ı˛± G

·±˜œ ¸˜±z¬¬ı˛±˘ GZ ’é¬ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ ‚”Ì«Ú øÚÌ«˚˛ fl¡¬ı˛¬ıº

Gx�y�	 Ó¬À˘ A ¤fl¡øÈ¬ ø¬ıμ≈ øÚ˘±˜ GA Gx�-¤¬ı˛ ¸ø˝√√Ó¬ �	 Œfl¡±Ì fl¡À¬ı˛º t ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√À˘ �	 ¬Ûø¬ı˛¬ıøÓ«¬Ó¬

˝√√ ˛̊ øfl¡z≈¬ Gx�y� Ó¬À˘ ’Ú… Œ˚ Œfl¡±Ú ø¬ıμ≈ P øÚÀ˘ �PGA ¤˝◊√√ Œfl¡±ÌøÈ¬ ¸fl¡˘ ¸˜À˚˛¬ı˛ Ê√Ú… ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬

Ô±Àfl¡, Œ˚À˝√√Ó≈¬ G, P, A ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ øÓ¬ÚøÈ¬ ø¬ıμ≈º

’Ó¬¤¬ı �PGx�	 = �PGA + �AGx�
	 	 	 �	 �PGA + �

’Ó¬¤¬ı 
d
dt

PGx d
dt


 � �� 	 � ,  Œ˚À˝√√Ó≈¬  
d
dt

PGA
 � 0  ’Ó¬¤¬ı, �° ˝√√˘ GZ�	 ’é¬ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛

Œfl¡ÃøÌfl¡ ·øÓ¬À¬ı· (Angular Velocity about GZ�)

17.4 ø¡Z-˜±øSfl¡ ·øÓ¬¬ı˛ ·øÓ¬ ¸˜œfl¡¬ı˛Ì¸˜”˝√√

’±˜¬ı˛± ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ·øÓ¬ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡

Ê√±øÚ, M x Fx
�� � � ..................... (1)

My Fy
�� � � ..................... (2)

M z Fz
�� � � ..................... (3)

’±¬ı˛ G ¸±À¬ÛÀé¬ ·øÓ¬¬ı˛ Ê√Ú…



247

NSOU

� �m y z z y y F z Fz y� � � � � � � � ��� ��	 
 � � ..................... (4)

� �m z x x z z F x Fx z  �   �  � �� ��	 
 � � ..................... (5)

� �m x y y x x F y Fy x� � � � � � � � ��� ��	 
 � � ..................... (6)

¤‡Ú Œ˚À˝√√Ó≈¬ ø¡Z-˜±øSfl¡ ·øÓ¬ÀÓ¬ z-¤¬ı˛ Œfl¡±Ú ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√˚˛ Ú±, ’Ó¬¤¬ı ¸¬ı«S Fz = 0 ˝√√À¬ı ’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬

z-’Àé¬¬ı˛ ø√fl¡ ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√˚˛ Ú±, ’Ó¬¤¬ı ¬ıd≈¬øÈ¬¬ı˛ ›¬Û¬ı˛ õ∂˚≈øq¡ ¬ı˘·≈ø˘ Œfl¡¬ı˘˜±S Gx�y� Ó¬À˘ Ô±fl¡À¬ı ’Ô«±»

Œ˚ ¸fl¡˘ ø¬ıμ≈ÀÓ¬ ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛, Œ¸˝◊√√ ø¬ıμ≈·≈ø˘ G Œ˚ ¸˜Ó¬À˘ Ô±Àfl¡ Œ¸˝◊√√ ¸˜Ó¬À˘¬ı˛ ø¬ıμ≈ ˝√√ÀÓ¬ ˝√√À¬ıº

’Ó¬¤¬ı, (3) (4) › (5) Ú— ¸˜œfl¡¬ı˛Ì 0 = 0 ¤˝◊√√ ¬ı˛”¬Û ˝√√À¬ı ¤¬ı— ø¡Z-˜±øSfl¡ ·øÓ¬¬ı˛ Ê√Ú…

M x Fx
�� � � ... (1)�

My Fy
�� � � ... (2)�

� �m x y y x x F yFy x� � � � � � � ��� ��	 
 � � ..................... (6)�

¤˝◊√√ øÓ¬ÚøÈ¬ ·øÓ¬¸”S õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü (1)��	 (2)� ŒÔÀfl¡ x y,  ¬Û±›˚˛± ˚±À¬ı ’±¬ı˛ (6)� ŒÔÀfl¡ �	¤¬ı˛

˜±Ú ¬Û±› ˛̊± ˚±À¬ıº (6)� Œfl¡ ¸˝√√Ê√Ó¬¬ı˛ ¬ı˛”À¬Û øÚÀ•ß Œ√‡±ÀÚ± ˝√√À26√º

¤‡±ÀÚ � � �x r cos ,� � �  Œ˚‡±ÀÚ !	 ¸˜À˚˛¬ı˛ ¸Àe· ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡º

  � � �y r sin � � �
� (6)�-¤¬ı˛ ¬ı±˜¬Ûé¬

= �m x y y x� � � � ��� ��� �

= d
dt

m x y y x�   �  � �� �

= d
dt

m r r� 2 2 2 2cos � sin ��  � �  �� � �� 	 � 	

= d
dt

mr d
dt

mr� �2 2� �� ��

  [Œ˚À˝√√Ó≈¬, ¸¬ı ø¬ıμ≈¬ı˛ Ê√Ú… �� ¸˜±Ú]

= d
dt

Mk 2 � ,�� �  Œ˚‡±ÀÚ �mr2 �  ¬ıd≈¬øÈ¬¬ı˛ GZ� ’é¬ ¸±À¬ÛÀé¬ Ê√±Î¬… √w¬±˜fl¡º

= MK 2���    .... (7)

’Ó¬¤¬ı, (7) ¤¬ı˛ ¸±˝√√±À˚… (6)� Œfl¡ Œ˘‡± ˚±À26√

= MK x F y Fy x
2��
 �  � �$ %   .... (6)

= ¬ı˘¸ ”̃À˝√√¬ı˛ GZ�	 ¸±À¬ÛÀé¬ √w¬±˜fl¡ Œ˚±·Ù¬˘º

’Ó¬¤¬ı (1)��	 (2)�	 › (6)�	 ¤˝◊√√ øÓ¬ÚøÈ¬ ·øÓ¬ ¸˜œfl¡¬ı˛Ì ˝√√˘ ø¡Z-˜±øSfl¡ ·øÓ¬ øÚÌ«˚˛ fl¡¬ı˛±ÀÓ¬ õ∂À˚˛±Ê√Úº
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ø¡Z-˜±øSfl¡ ·øÓ¬¬ı˛ Î¬◊√±˝√√¬ı˛Ì –

(1) ¤fl¡øÈ¬ Œ·±˘±fl¡±¬ı˛ ¬Û±Ó¬ ˚‡Ú Î¬◊~•§ Ó¬À˘ ¤fl¡øÈ¬ ÚÓ¬Ó¬À˘¬ı˛ øàÔ¬ı˛±¬ıàÔ± ŒÔÀfl¡

ŒÂ√ÀÎ¬ˇ Œ√›˚˛± ˝√√˚˛º ¤˝◊√√ Œé¬ÀS ¬Û±Ó¬øÈ¬¬ı˛ ›Ê√Ú ¬ı˘,

Ó¬À˘¬ı˛ ˘•§ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ › ‚¯∏«Ì ¬ı˘ [˚ø√ Ó¬˘øÈ¬

¬ı≈̨é¬ √̋√̊ ˛] õ∂ÀÓ¬…Àfl¡ ◊̋√√ G ·±˜œ Î¬◊~•§Ó¬À˘ ’¬ıøàÔÓ¬º

’Ó¬¤¬ı ¤‡±ÀÚ ¬Û±Ó¬øÈ¬¬ı˛ ø¡Z˜±øSfl¡ ·øÓ¬ ˝√√À¬ıº

(2) ¤fl¡øÈ¬ ˆ¬±¬ı˛œÀ·±˘fl¡Àfl¡ ˚ø√ ¤fl¡øÈ¬

ÚÓ¬Ó¬À˘¬ı˛ ›¬Û¬ı˛ ŒÔÀfl¡ ÚÓ¬Ó¬À˘¬ı˛ ¬ı‘˝√√M√√˜ ÚøÓ¬˚≈q¡

Œ¬ı˛‡± (line of greatest slope) ¬ı¬ı˛±¬ı¬ı˛ Œfl¡±Ú

·øÓ¬¸˝√√ ŒÂ√ÀÎ¬ˇ ŒÂ√ÀÎ¬ˇ Œ√›˚˛± ˝√√˚˛º Ó¬±˝√√À˘ Œ·±˘fl¡øÈ¬¬ı˛ ‹ Œ¬ı˛‡±› G ·±˜œ

Î¬◊~•§ ¸˜Ó¬À˘¬ı˛ ¸˜±z¬¬ı˛±˘ ·øÓ¬ ˝√√À¬ı › ø¡Z-˜±øSfl¡ ·øÓ¬ ˝√√À¬ıº

17.5 ø¡Z-˜±øSfl¡ ·øÓ¬¬ı˛ ·øÓ¬˙øq¡

Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ øS˜±øSfl¡ ·øÓ¬ xy Ó¬À˘¬ı˛ ¸˜±z¬¬ı˛±˘ Ó¬À˘ õ∂øÓ¬øÈ¬ ø¬ıμ≈ ‰¬˘ÀÂ√º ’Ó¬¤¬ı, ˆ¬¬ı˛Àfl¡f

G-¤¬ı˛ ˜Ò…·±˜œ Z-’é¬ øÚÀ˚˛, › Gx�, Gy�	’é¬¡ZÀ˚˛¬ı˛

ø√fl¡ ¸¬ı«√± Ox, Oy ’Àé¬¬ı˛ ¸˜±z¬¬ı˛±˘ ŒÚ›˚˛± ˝√√˘º

G-¤¬ı˛ àÔ±Ú±efl¡ x y z, ,� � (ox, oy, oz ¸±À¬ÛÀé¬]

√̋√À˘ z  ¸¬ı«√± ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±fl¡À¬ıº ’±¬ı˛ ‘√Ï¬ˇ¬¬ıd≈¬øÈ¬¬ı˛ GZ

’Àé¬¬ı˛ ¸±À¬ÛÀé¬ �� Œfl¡±ÀÌ ‚”øÌ«Ó¬, Œ˚‡±ÀÚ �	 ˝√√À26√ t

¸˜À˚˛ Gxy Ó¬À˘ P ¤fl¡øÈ¬ ¬ıd≈¬ ø¬ıμ≈ ˝√√À˘ PG Œ¬ı˛‡±øÈ¬

Gx-¤¬ı˛ ¸Àe· Œ˚ Œfl¡±Ú fl¡À¬ı˛º ø¬ıøˆ¬iß ø¬ıμ≈ Q, ˝◊√√Ó¬…±ø√

Ê√Ú… ‹ Œfl¡±Ú �	ŒÔÀfl¡ ’±˘±√± ’Ô«±» !	˝√√À˘ � � ��  Œ˚À˝√√Ó≈¬ !	~ �	= �PGQ = ÒË≈¬ıfl¡ [¸˜À˚˛¬ı˛ ¸±À¬ÛÀé¬]

’Ó¬¤¬ı ’±˜¬ı˛± ø¡Z-˜±øSfl¡ ·øÓ¬ Ê√±Ú¬ı±¬ı˛ Ê√Ú… x y,  › � Ê√±ÚÀ˘ ◊̋√√ ˝√√˘º ’Ó¬¤¬ı, ·øÓ¬˙øq¡

= 1
2

2 2�m x y� ��� 	  Œ˚‡±ÀÚ ¸˜¢∂ ¬¬ıd≈¬fl¡Ì±¬ı˛ ›¬Û¬ı˛ Œ˚±· fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº

Œ˚‡±ÀÚ x x r� � cos ,  Œ˚‡±ÀÚ r = GQ.

y y r� � sin 

’Ó¬¤¬ı � � sin � � � sinx x r x r� � � �  � 

� � � cosy y r� � � 

’Ó¬¤¬ı, � � � , � � �x x y y y x� � � � � �� �

[Œ˚‡±ÀÚ � �x r sin 

y r� sin .
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T = 
1
2

2 2�m x y� ��� 	

= 1
2

2 2 1
2

2 2 2 2� � �m x y xy yx m x y m x y y x� � � � � � � � � � �� � � � � � � � � � �� � �� � � � � �

� � � �
��2

2 2
2

�m x y� �

= M x y y mx x my mr
2 2

2 2
2

2� � � �
�

� � � � � ��� �� � � �

= M u v O MK
1

1
2

2 2 2 2� � �� � �


Œ˚‡±ÀÚ,  u v G2 2� � -¤¬ı˛ ·øÓ¬À¬ı·,

MK mk GZ2 2� � ��  ’é¬ ¸±À¬ÛÀé¬ ¬¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…√w¬±˜fl¡º

17.6 ø¡Z-˜±øSfl¡ ·øÓ¬¬ı˛ ˙øq¡ ¸—¬ı˛é¬Ì ÚœøÓ¬

’±˜¬ı˛±, 16.9-¤ Œ√À‡øÂ√ Œ˚ ˚ø√ ¬ı˘¸˜”˝√√ ¸—¬ı˛é¬œ ˝√√˚˛ ¤¬ı— ¬ı±Òfl¡ ¸˜”˝√√ ¸˜˚˛ øÚ¬ı˛À¬Ûé¬ ˝√√˚˛ Ó¬À¬ı ·øÓ¬˙øq¡

› øàÔøÓ¬˙øq¡ ”√À˚˛¬ı˛ Œ˚±·Ù¬˘ ÒË≈¬ıfl¡ ˝√√˚˛º ¤˝◊√√ ÚœøÓ¬ ø¡Z˜±øSfl¡ ·øÓ¬¬ı˛ Œ¬ı˘±˚˛ › õ∂À˚˛±Ê√…º õ∂fl‘¡Ó¬¬ÛÀé¬ T + V

= ÒË≈¬ıfl¡ ¤øÈ¬ ·øÓ¬ ¸˜œfl¡¬ı˛Ì·≈ø˘¬ı˛ ¤fl¡øÈ¬ ¸˜±fl¡˘º ¬ı˝≈√√ ¸˜¸…± ¸˜±Ò±Úfl¡±À˘ ¤˝◊√√ ¸˜œfl¡¬ı˛Ì ¬ı…¬ı˝√√±¬ı˛ fl¡¬ı˛± ˚±˚˛º

17.7 ø¡Z-˜±øSfl¡ ·øÓ¬¬ı˛ Î¬◊√±˝√√¬ı˛Ì

1. ¤fl¡øÈ¬ ¸≈¯∏˜ Œ·±˘fl¡ ¤fl¡øÈ¬ ’˜¸‘Ì ÚÓ¬Ó¬À˘¬ı˛ ›¬Û¬ı˛ ·Î¬ˇ±À26√ (Rolling)º Ó¬˘øÈ¬ ¤Ó¬È¬± ◊̋√√ ’˜ ‘̧Ì Œ˚

Ó¬±¬ı˛ ›¬Û¬ı˛ ø¬ÛÂ√˘±ÀÚ± (sliding ¬ı± slipping) ¸y¬¬ı Ú ˛̊º Œ·±˘fl¡øÈ¬¬ı˛ ·øÓ¬ (motion) ’±À˘±‰¬Ú± fl¡¬ı˛≈Úº

¤Àé¬ÀS Œ·±˘fl¡øÈ¬ ø¡Z˜±øSfl¡ ·øÓ¬ÀÓ¬ ’±ÀÂ√º Œ·±˘Àfl¡¬ı˛ Œfl¡Àf¬ı˛ øˆ¬Ó¬¬ı˛ ø√À˚˛ Î¬◊~•§ Ó¬˘øÈ¬ Â√ø¬ıÀÓ¬ Œ√‡±ÀÚ±

√̋√À˚̨ÀÂ√º

õ∂±Ôø˜fl¡ ’¬ıàÔ±˚˛ Œ·±˘fl¡øÈ¬ O ø¬ıμ≈ÀÓ¬ Ó¬˘Àfl¡ ¶Û˙« fl¡À¬ı˛øÂ√˘º ¤¬ı˛¬Û¬ı˛

O ·±˜œ ¸À¬ı«±2‰¬ ÚøÓ¬À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ Œ·±˘fl¡øÈ¬ ·Î¬ˇ±ÀÓ¬ Ô±Àfl¡º Ò¬ı˛± ˚±fl¡, t ¸˜À˚˛

Œ·±˘fl¡øÈ¬ OB = x ”√¬ı˛Q ’øÓ¬√flË¡ fl¡À¬ı˛ÀÂ√, Œ˚‡±ÀÚ B ˝√√˘ ¤ ◊̋√√ ¸˜À ˛̊ Œ·±˘fl¡

› Ó¬À˘¬ı˛ ¶Û˙«ø¬ıμ≈ (points of contact)º Œ˚ ¬ı…±¸±Ò«øÈ¬ õ∂±Ôø˜fl¡ˆ¬±À¬ı Ó¬À˘¬ı˛

›¬Û¬ı˛ ˘•§ øÂ√˘, Œ¸øÈ¬ ¤‡Ú CA ¡Z±¬ı˛± Œ√‡±ÀÚ± ˝√√À˚˛ÀÂ√º ’Ô«±» õ∂±Ôø˜fl¡ˆ¬±À¬ı

A ø¬ıμ≈, O ø¬ıμ≈ÀÓ¬ ¸˜±¬ÛøÓ¬Ó¬ øÂ√˘º G ˝√√˘ Œ·±˘Àfl¡¬ı˛ Œfl¡fº ¤‡Ú, �BCA = �	 ˝√√À˘, ¬ı˘± ˚± ˛̊, t ¸˜À˚˛

GA ¬ı…±¸±Ò«øÈ¬, �	 Œfl¡±Ì ‚≈À¬ı˛ÀÂ√, ’Ô«±» øfl¡Ú± Œ·±˘fl¡øÈ¬˝◊√√ �	 Œfl¡±Ì ‚≈À¬ı˛ÀÂ√º

CA Œ¬ı˛‡±øÈ¬ ¬ı˘± ˚±˚˛ Œ·±˘fl¡øÈ¬¬ı˛ ¸±À¬ÛÀé¬ øÚø«√©Ü., Œ˚À˝√√Ó≈¬ õ∂±¬ı˛øy¬fl¡ˆ¬±À¬ı Œ¸øÈ¬ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ˘•§ øÂ√˘,

’±¬ı±¬ı˛, CB Œ¬ı˛‡±øÈ¬ t ¸˜À˚˛ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ˘•§, ’Ô«±» ø¡Z-˜±øSfl¡ Î¬◊~•§ Ó¬˘ ¸±À¬ÛÀé¬ ¤˝◊√√ ˘•§ ø√fl¡øÈ¬› øÚø«√©Üº

Œ·±˘fl¡øÈ¬ Œfl¡¬ı˘˜±S ‚≈¬ı˛ÀÂ√, øfl¡z≈¬ ø¬ÛÂ√˘±À26√ Ú±º ’Ó¬¤¬ı, Œ·±˘Àfl¡¬ı˛ Œfl¡føÈ¬ Œ˚ ¬Ûø¬ı˛˜±Ì ”√¬ı˛Q ’øÓ¬√flË¡˜ fl¡¬ı˛À¬ı,

Œ·±˘fl¡øÈ¬ Œ¸˝◊√√ ¬Ûø¬ı˛˜±ÀÌ˝◊√√ ‚≈¬ı˛À¬ı, ¬ı±, ”√¬ı˛Q OB = ¬ı‘M√√‰¬±¬Û AB ’Ô«±» x = a�	 [‚”Ì«ÀÚ¬ı˛ Ê√Ú…] ......(i)
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Œ·±˘fl¡øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬ ¸˜œfl¡¬ı˛Ì ˝√√˘

M d x
dt

Mg F
2

2 � �sin� ..... (ii)

M
d y
dt

O Mg R
2

2 � � �cos� ..... (iii)

[Œ˚À˝√√Ó≈¬ ˘•§ø√Àfl¡ Œ·±˘Àfl¡¬ı˛ Œfl¡Àf¬ı˛ Œfl¡±ÀÚ± ·øÓ¬ ŒÚ˝◊√√]

[R ˝√˘ Œ·±˘fl¡øÈ¬¬ı˛ ›¬Û¬ı˛ Ó¬À˘¬ı˛ ˘•§ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘, ¤¬ı— F ˝√√˘ ‚ ∏̄«Ì¬ı˘]º

¤¬ı— Œfl¡f ¸±À¬ÛÀé¬ ‚”Ì«Ú ¸˜œfl¡¬ı˛ÌøÈ¬ ˝√√˘

Mk d
dt

Fa2
2

2
� � ..... (iv)

� (i) ŒÔÀfl¡ �� ��,x a� 
  ’Ó¬¤¬ı (ii) › (iv) ¤¬ı˛ ˜ÀÒ… F ’¬Û¸±¬ı˛Ì fl¡À¬ı˛ ¬Û±˝◊√√,

1
2

2���
�
� �k

a
x g�� sin ,�

¬ı±, �� sinx a
a k

g�
�

2

2 2 � ..... (v)

’Ô«±», Œ·±˘Àfl¡¬ı˛ Œfl¡føÈ¬, 
a

a k
g

2

2 2�
sin�  ¤˝◊√√ ÒË≈¬ı Q¬ı˛Ì øÚÀ˚˛ ‰¬À˘º Œfl¡Àf¬ı˛ ·øÓ¬À¬ı·,

� sinx a
a k

g t A�
�

�
�

�
� �

2

2 2 �  √[¸˜±fl¡˘Ú ÒË≈¬ıfl¡]º

øfl¡z≈¬ õ∂±¬ı˛øy¬fl¡ ˜±Ú ˝√√˘, t = 0, x = 0, �x � 0
� A = 0

� x a
a k

g t�
�

�
�


�

2

2 2

2

2
sin�

¤‡Ú, Œ·±˘Àfl¡¬ı˛ Ê√Ú…, k a2
22

5
� ,  ’Ô«±»

x g t� �� ��
5
7 2

2
sin�

¤¬ı— ¤fl¡˝◊√√ˆ¬±À¬ı ¤˝◊√√ ¸˜d¬ Œé¬ÀS¬ı˛ ¸˜±Ò±Ú fl¡¬ı˛± ˚±˚˛, Œ˚˜Úñ¬Û±Ó¬˘± Ù¬“√±¬Û± Œ·±˘fl¡,

k a2
22

3
� , x g t� �� ��

3
5 2

2
sin�

¬ı‘M√√±fl¡±¬ı˛ ‰¬±fl¡øÓ¬

k a2
3

2
� , x

g t� �
�

�
�

2
3 2

2
sin�

¸¬ı˛≈ ¬ı‘M√√±fl¡±¬ı˛ ’±—øÈ¬

k a x g t2 2
21

2 2
� � �� ��, sin�

◊̋√√Ó¬…±ø√º
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¤fl¡øÈ¬ øÚÀ¬ı˛È¬ Œ·±˘Àfl¡¬ı˛ Ê√Ú…,

F Mg Mg Mg� � �sin sin sin� � �5
7

2
7

¤¬ı—  R = Mg cos �

¤¬ı— ¤Àé¬ÀS  
F
R

� 2
7

tan�

’Ó¬¤¬ı, fl¡‡ÀÚ±˝◊√√ Ú± ø¬ÛÂ√˘±ÀÚ±¬ı˛ Ê√Ú… ˙Ó«¬ F < �R ŒÔÀfl¡ ¬Û±˝◊√√,

2
7

tan� ��

’Ô«±», �	 ˚ÀÔ©Ü ¬ıÎ¬ˇ ˝√√À˘, Œ·±˘fl¡øÈ¬ fl¡‡ÀÚ±˝◊√√ ø¬ÛÂ√˘±À¬ı Ú±º

˜z¬¬ı… 1. ¤˝◊√√ Ê√±Ó¬œ˚˛ ¸˜¸…±·≈ø˘ ¸˜±Ò±Ú fl¡¬ı˛ÀÓ¬ ˝√√À˘ ˜ÀÚ ¬ı˛±‡ÀÓ¬ ˝√√À¬ı (i) ‚¯∏«Ì ¤fl¡øÈ¬ ¶§øÚ˚˛øLaÓ¬ (self-

adjusting) ¬ı˘ ’Ô«±» ¤fl¡øÈ¬ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ¤fl¡øÈ¬ ¬ıd≈¬ ‰¬˘±ÀÙ¬¬ı˛± fl¡¬ı˛À˘, ‚¯∏«Ì ¬ı˘ Œ‰¬©Ü± fl¡¬ı˛À¬ı ¶Û˙«ø¬ıμ≈øÈ¬

’±À¬Ûøé¬fl¡ øàÔ¬ı˛±¬ıàÔ±˚˛ ¬ı˛±‡ÀÓ¬º Œ¸Àé¬ÀS ·Î¬ˇ±ÀÚ± ¬ı± Rolling ¬˝√√À¬ıº

(ii) ‚¯∏«Ì ¬ı˘, Ó¬À˘¬ı˛ ˘•§-õ∂øÓ¬ø√flË¡˚˛± (normal reaction) ¬ıÀ˘¬ı˛ ¤fl¡øÈ¬ øÚø«√©Ü ·≈øÌÓ¬Àfl¡¬ı˛ (multiple)

Œ¬ıø˙ ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú±º ’Ô«±» F �	�R, Œ˚‡±ÀÚ ‚ ∏̄«Ì±efl¡ ��	Ó¬˘ ¤¬ı— ¬¬ıd≈¬ ≈√øÈ¬¬ı˛ ›¬ÛÀ¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º ’±˜±À√¬ı˛

’±À˘±‰¬Ú±˚˛ �-Œfl¡ ÒË≈¬ı¬ı˛±ø˙ Ò¬ı˛± ˝√√À¬ıº �R-Œfl¡ ¬ı˘± ˝√√˚˛ ¸œ˜±àÔ ‚¯∏«Ìº

(iii) ‚¯∏«ÀÌ¬ı˛ ˜”˘ ÚœøÓ¬˝◊√√ ˝√√˘ Œ˚, ˚ø√ Ú± ¸œ˜±àÔ ‚¯∏«Ì ’øÓ¬√flË¡˜ fl¡À¬ı˛ ˚±˚˛, Ó¬À¬ı ‚¯∏«ÀÌ¬ı˛ õ∂À‰¬©Ü± ˝√√À¬ı

¶Û˙«ø¬ıμ≈Àfl¡ ’±À¬Ûøé¬fl¡ øàÔ¬ı˛±¬ıàÔ±˚˛ ¬ı˛±‡±¬ı˛º ˚ø√ ¸œ˜±àÔ ‚¯∏«Ì õ∂À˚˛±· fl¡À¬ı˛› Ó¬± Ú± ¬ı˛±‡± ˚±˚˛, Ó¬À¬ı ø¬ÛÂ√˘±ÀÚ±

(Sliding ¬ı± Slipping) ˙≈¬ı˛≈ ˝√√À¬ıº

(iv) ¬Û”À¬ı«¬ı˛ ø‰¬ÀS, B-ø¬ıμ≈¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı· = u

= G ¸±À¬ÛÀé¬ B ¤¬ı˛ ·øÓ¬À¬ı· + G ¤¬ı˛ øÚÀÊ√¬ı˛ ·øÓ¬À¬ı·

= � �a x� ��

� u x a� �� ��
¤‡Ú ‚”Ì«Ú ˝√√À˘, B-ø¬ıμ≈ ’±À¬Ûøé¬fl¡ øàÔ¬ı˛±¬ıàÔ± Ô±fl¡À¬ı, ¤ fl¡Ô±¬ı˛ ’Ô«, õ∂øÓ¬ ˜≈˝”√√ÀÓ«¬ ¶Û˙«ø¬ıμ≈¬ı˛ Δ¬ı˛ø‡fl¡

·øÓ¬À¬ı·, ˙”Ú… ˝√√À¬ıº

� � �x a� �
¬ı±, ¸˜±fl¡˘Ú fl¡¬ı˛À˘, x = a�

[Œ˚À˝√√Ó≈¬ t = 0 ŒÓ¬, x = �	 = 0)

¤øÈ¬˝◊√√ ‚”Ì«ÀÚ¬ı˛ ˙Ó«¬º

˜z¬¬ı… 2. ˚ø√ Œ·±˘fl¡øÈ¬ Œ‚±¬ı˛±¬ı˛ ¸Àe· ø¬ÛÂ√À˘±ÀÓ¬› Ô±Àfl¡, Ó¬‡Ú ’±¬ı˛ x = a�	 ¸”S õ∂À˚˛±Ê√… ˝√√˚˛ Ú±º

¤Àé¬ÀS, F = �R [’Ô«±» ‚¯∏«Ì¬ı˘ ¸œ˜±àÔ ˝√√À¬ı˝◊√√], ¤¬ı— ‚¯∏«Ì¬ı˘ ¸¬ı¸˜À˚˛˝◊√√ ¶Û˙«ø¬ıμ≈¬ı˛ ·øÓ¬¬ı˛ ’øˆ¬˜≈À‡¬ı˛

ø¬ı¬Û¬ı˛œÀÓ¬ ˝√√À¬ıº

¤Àé¬ÀS F = �R = �Mg cos �
�� (sin cos )x g� � �� � �  ¤fl¡øÈ¬ ÒË≈¬ıfl¡

� (sin cos )x g t� �� � �

x g t� �1
2

2sin cos� � �� 	
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Œ˚À˝√√Ó≈¬ x = 0, �x � 0, ˚‡Ú t = 0

¤¬ı—,  Mk Fa Mga2�� cos� � �� �

� �� cos
 �� �
uga
k2  ¤fl¡øÈ¬ ÒË≈¬ıfl¡

� cos
 ��
uga
k

t2

� �� �
�

�
�

1
2 2

2uga
k

tcos

Œ˚À˝√√Ó≈¬ � �� �� 0  ˚‡Ú t = 0

2. ¤fl¡øÈ¬ ¸≈¯∏˜ √G¬Àfl¡ Î¬◊~•§ ’¬ıàÔ±˚˛ ÒÀ¬ı˛ ¬ı˛±‡± ’±ÀÂ√ ¤¬ı— √ÀG¬¬ı˛ ÚœÀ‰¬¬ı˛ õ∂±z¬øÈ¬ ¤fl¡øÈ¬ ˚Ô±Ô« ’˜¸‘Ì

Ó¬À˘¬ı˛ ›¬Û¬ı˛ ø¬ı|±À˜ ’±ÀÂ√º (Resting upon a perfectly rought

table). √G¬øÈ¬Àfl¡ ŒÂ√ÀÎ¬ˇ ø√À˘, Œ¸øÈ¬ ‹ ÚœÀ‰¬¬ı˛ õ∂±z¬øÈ¬¬ı˛ ¸±À¬ÛÀé¬ Œ‚±À¬ı˛

(rotates)º ’±À˘±‰¬Ú± fl¡¬ı˛≈Úº

Ò¬ı˛± ˚±fl¡, AO √G¬øÈ¬, O ø¬ıμ≈ ¸±À¬ÛÀé¬ t ¸˜À˚˛ �	 Œfl¡±Ì ‚≈À¬ı˛ÀÂ√º

õ∂±¬ı˛Ày¬ √G¬øÈ¬ Î¬◊~•§ øÂ√˘º ¤¬ı— ŒÂ√ÀÎ¬ˇ Œ√¬ı±¬ı˛ ¬ÛÀ¬ı˛ √G¬øÈ¬ Î¬◊~•§ Ó¬À˘˝◊√√

Œ‚±À¬ı˛º fl¡±ÀÊ√˝◊√√ ¤¬ı˛ ·øÓ¬ ø¡Z˜±øSfl¡º O-¤¬ı˛ ˜Ò… ø√À˚˛ ‹ Î¬◊~•§ Ó¬À˘ Ox,

Oy ’é¬ [ø‰¬S Œ√‡≈Ú] ŒÚ›˚˛± ˝√√˘º √ÀG¬¬ı˛ O ø¬ıμ≈ÀÓ¬ Ó¬±¬ı˛ ›¬Û¬ı˛ ≈√øÈ¬

¬ı˘ ’±ÀÂ√ñOx ¬ı¬ı˛±¬ı¬ı˛ ‚¯∏«Ì¬ı˘ F ¤¬ı— Oy ¬ı¬ı˛±¬ı¬ı˛ Ó¬À˘¬ı˛ ˘•§ õ∂øÓ¬ø√flË¡˚˛±

Rº

t ¸˜À˚˛ √ÀG¬¬ı˛ ˆ¬±¬ı˛Àfl¡f G-¤¬ı˛ àÔ±Ú±—fl¡ x y,� �  ˝√√À˘, x a y a� �sin , cos� �

� ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì ˝√√˘,

M d x
dt

F M a a
2

2
2� � �cos � sin ��� �� ....................... (i)

¤¬ı— M
d y
dt

M a a R Mg
2

2
2� � � � �sin � cos ��� �� ....................... (ii)

¤Â√±Î¬ˇ±›, G-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ¸˜œfl¡¬ı˛ÌøÈ¬ ˝√√˘

Ma R a Fa
2

3
�� sin cos� � �� �

= Mga Masin �� �� 2  ((i) › (ii) ŒÔÀfl¡ R › F-¤¬ı˛ ˜±Ú ¬ıø¸À˚˛ ¬Û±˝◊√√]º

� 4
3

2Ma Mga�� sin� ��   ......(iii)

[¤ ◊̋√√ ¸˜œfl¡¬ı˛ÌøÈ¬ O-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛› ¤fl¡¬ı±À¬ı˛˝◊√√ ¬Û±›˚˛± ˚±˚˛]º

¸˜±fl¡˘ÀÚ¬ı˛ ¬ÛÀ¬ı˛,

� cos � ,� �2 3
2

1� �
g
a
� �  Œ˚À˝√√Ó≈¬  �	 = 0 ŒÓ¬, �� � 0

(i) › (ii) ŒÔÀfl¡,



253

NSOU

F
Mg

�
3

4
 sin �� (3 cos �� – 2) ¤¬ı— R

Mg
� �

4
1 3 2( cos )�

Œ√‡± ˚±À26√ Œ˚, R, cos� �
1
3  ˜≈˝”√√Ó«¬øÈ¬Àfl¡ ˙”Ú… ˝√√À˘›, Ó¬±¬ı˛ ø‰¬˝ê Ÿ¬Ì±Rfl¡ ŒÔÀfl¡ ÒÚ±Rfl¡ ˝√√À˚˛ ˚±˚˛ Ú±,

’Ô«±» O õ∂±z¬øÈ¬ Ó¬˘ ŒÂ√ÀÎ¬ˇ Î¬◊ÀÍ¬ ˚±À¬ı Ú±º ‚¯∏«Ì F ’¬ı˙… � � �cos 1 2
3  ŒÓ¬ Ó¬±¬ı˛ ø√Àfl¡¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú fl¡À¬ı˛º

F
R
� � � ˚‡Ú � � �cos 1 1

3

’Ó¬¤¬ı, Ó¬˘øÈ¬ ‚¯∏«Ì±efl¡ ’¸œ˜ Ú± ˝√√À˘ [˚± ¬ı±d¬À¬ı ˝√√›˚˛± ’¸y¬¬ı] √ÀG¬¬ı˛õ∂±z¬øÈ¬ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ø¬ÛÂ√˘±À¬ıº

3. ¤fl¡øÈ¬ ’˚Ô±Ô«ˆ¬±À¬ı ’˜¸‘Ì (imperfectly rough) Œ·±˘fl¡ øàÔ¬ı˛±¬ıàÔ± ŒÔÀfl¡ ¤fl¡øÈ¬ ÚÓ¬Ó¬À˘¬ı˛ ›¬Û¬ı˛

‰¬˘ÀÓ¬ ˙≈¬ı˛≈ fl¡À¬ı˛º ¤ ¸•§À&Ò ’±À˘±‰¬Ú±º

Ò¬ı˛± ˚±fl¡ t ¸˜À˚˛ Œ·±˘Àfl¡¬ı˛ Œfl¡f C, øàÔ¬ı˛±¬ıàÔ± ŒÔÀfl¡ x-”√¬ı˛Q

’øÓ¬√flË¡˜ fl¡À¬ı˛ÀÂ√, ¤¬ı— ‹ ¤fl¡˝◊√√ ¸˜À˚˛, Œ·±˘fl¡øÈ¬ C-¤¬ı˛ ¸±À¬ÛÀé¬ �

Œfl¡±Ì ¬Ûø¬ı˛˜±Ì ‚≈À¬ı˛ÀÂ√º ’Ô«±» t-¸˜À ˛̊ CB ˚ø√ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ˘•§ ˝√√˚˛,

Ó¬À¬ı � ˝√√˘ CA › CB-¤¬ı˛ ˜ÀÒ… Œfl¡±Ì, Œ˚‡±ÀÚ CA øÂ√˘ õ∂±¬ı˛øy¬fl¡ˆ¬±À¬ı

Ó¬À˘¬ı˛ ›¬Û¬ı˛ ˘•§º

¤‡±Ú Ò¬ı˛± √̋√À26√ Œ˚, ‚ ∏̄«Ì¬ı˘ ˚ÀÔ©Ü ¬Ûø¬ı˛̃ ±ÀÌ Î¬◊¬ÛøàÔÓ¬ √̋√ÀÓ¬ ¬Û±¬ı˛ÀÂ√

Ú± ¬ıÀ˘ Œ·±˘fl¡øÈ¬ ·Î¬ˇ±ÀÓ¬ ¬Û±¬ı˛ÀÂ√ Ú±, ¤¬ı— Œ‚±¬ı˛±¬ı˛ ¸Àe· ¸Àe· ø¬ÛÂ√˘±À26√º ¤‡±ÀÚ ¸À¬ı«±2‰¬ ‚¯∏«Ì¬ı˘ ø√flË¡˚˛±˙œ˘

¬ı˛À˚˛ÀÂ√ ¤fl¡Ô±˝◊√√ Ò¬ı˛ÀÓ¬ ˝√√À¬ı [Ó¬± ¸ÀN› ·Î¬ˇ±ÀÚ± ¸y¬¬ı¬Û¬ı˛ ˝√√À26√ Ú±]º ’Ó¬¤¬ı ¶Û˙«ø¬μ≈ÀÓ¬ Ó¬À˘¬ı˛ ‚¯∏«Ì �R,

Œ˚‡±ÀÚ R ˝√√˘ Œ·±˘Àfl¡¬ı˛ ›¬Û¬ı˛ Ó¬À˘¬ı˛ ˘•§-õ∂øÓ¬ø√flË¡˚˛±º

õ∂±¬ı˛øy¬fl¡ ¶Û˙«ø¬ıμ≈ O ˝√√À˘, O-¤¬ı˛ ˜Ò… ø√À˚˛ Ó¬À˘¬ı˛ ¸À¬ı«±2‰¬ ÚøÓ¬À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ x-’é¬ › Ó¬À˘¬ı˛ ›¬Û¬ı˛

˘•§ y ’é¬ ŒÚ› ˛̊± ˝√√˘º

� Œ·±˘Àfl¡¬ı˛ ¬ı…±¸±Ò« a ˝√√À˘, t ¸˜À˚˛ Ó¬±¬ı˛ ˆ¬¬ı˛Àflf C-¤¬ı˛ àÔ±Ú±efl¡ (x, a)º

� Œ˚À˝√√Ó≈¬ y àÔ±Ú±efl¡ ÒË≈¬ıfl¡, ’Ó¬¤¬ı, ˆ¬¬ı˛Àfl¡Àf¬ı˛ y-ø√Àfl¡ Q¬ı˛Ì ¸¬ı«√±˝◊√√ ˙”Ú…º

ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬Û±˝◊√√,

Mx Mg R�� sin� �� � ......................... (i)

My R Mg�� cos� � �0 � ........................ (ii)

M ˝√√˘ Œ·±˘Àfl¡¬ı˛ ˆ¬¬ı˛º

¤¬ı— C-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ¸˜œfl¡¬ı˛ÌøÈ¬ ˝√√˘ Mk Ra2��� �� ....................(iii)

Œ˚‡±ÀÚ øÚÀ¬ı˛È¬ Œ·±˘Àfl¡¬ı˛ Ê√Ú… K a2
22

5
�

� ¤Àé¬ÀS 
�� cos�

�
��

5
2

g
a
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� cos�
�

��
�
��

�
��

5
2

g
a

t

�
�

��
�
��

�
��

5
2 2

2g
a

tcos

Œ˚À˝√√Ó≈¬ t = 0-ŒÓ¬, � �� �� 0

¤¬ı— �� (sin cos )x g� �� � �

� (sin cos )x g t� �� � �

x g t
� �(sin cos )� � �

2

2

� t = 0-ŒÓ¬, x x� �� ,0

t ¸˜À˚˛ ¶Û˙«ø¬ıμ≈ B-¤¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı· ˝√√˘, C-¤¬ı˛ ·øÓ¬À¬ı· + C ¸±À¬ÛÀé¬ B-¤¬ı˛ ·øÓ¬À¬ı·

� � � ��
�

�
�� � sin cosx a g t� � � �

7
2

, ÚœÀ‰¬¬ı˛ ø√Àfl¡,

[A] ˚ø√ sin cos� � �� 	
7
2

0  ˝√√ ˛̊, ’Ô«±» � �

2
7

tan  ˝√√˚˛, Ó¬À¬ı B-¤¬ı˛ ·øÓ¬À¬ı· ¸¬ı«√±˝◊√√ ÒÚ±Rfl¡

˝√√À¬ı, ’Ô«±» B-ø¬ıμ≈ ¸¬ı«√±˝◊√√ ¤fl¡øÈ¬ ø¬ÛÂ√˘±ÀÚ± ·øÓ¬ (slip velocity) Ô±fl¡À¬ı, ¤¬ı— Œ·±˘fl¡øÈ¬ fl¡‡Ú˝◊√√ ˙≈Ò≈ ·Î¬ˇ±À¬ı

Ú±º

[B] � ��
2
7

tan  ˝√√À˘, B-¤¬ı˛ ·øÓ¬À¬ı· õ∂Ô˜ ŒÔÀfl¡˝◊√√ ˙”Ú…, ’Ô«±» Œ·±˘fl¡øÈ¬ õ∂Ô˜ ŒÔÀfl¡˝◊√√ ·Î¬ˇ±˚˛,

¤¬ı— ¤Àé¬ÀS ¸À¬ı«±2‰¬ ‚¯∏«Ì¬ı˘ �R Î¬◊¬ÛøàÔÓ¬ Ô±Àfl¡º

[C] � ��
2
7

tan  ˝√√À˘, B-¤¬ı˛ ·øÓ¬À¬ı· ÒÚ±Rfl¡ ˝√√˚˛, ˚± ’¸y¬¬ı, fl¡±¬ı˛Ì ‚¯∏«Ì¬ı˘ ¡Z±¬ı˛± ¬ıÎ¬ˇÀÊ√±¬ı˛

¶Û˙«ø¬ıμ≈øÈ¬Àfl¡ øàÔ¬ı˛±¬ıàÔ±˚˛ ’±Ú± ˚±˚˛º

’Ô«±» ¤Àé¬ÀS› Œ·±˘fl¡øÈ¬ õ∂Ô˜ ŒÔÀfl¡˝◊√√ ·Î¬ˇ±À26√ ¤¬ı— ¸À¬ı«±2‰¬ ‚¯∏«Ì¬ı˘ Î¬◊¬ÛøàÔÓ¬ ŒÚ˝◊√√, ¬ı± F [‚¯∏«Ì¬ı˘]

< �R. ¤øÈ¬ ’±˜±¬ı˛ ¬Û”À¬ı«˝◊√√ ’±À˘±‰¬Ú± fl¡À¬ı˛øÂ√º

17.8 ¬¸±¬ı˛±—˙

ø¡Z˜±øSfl¡ ·øÓ¬ÀÓ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ õ∂øÓ¬øÈ¬ ø¬ıμ≈ ¤fl¡øÈ¬ øÚø«√©Ü ¸˜Ó¬À˘¬ı˛ ¸˜±z¬¬ı˛±˘ ¸˜Ó¬À˘ ¸¬ı«√± Ô±Àfl¡º Ù¬À˘ ˆ¬¬ı˛Àfl¡f

G-¤¬ı˛ àÔ±Ú±efl¡ x y,� 	 � ¤¬ı— GZ ¸±À¬ÛÀé¬ ‚”Ì«Ú �� � ¤˝◊√√ øÓ¬ÚøÈ¬ ¸±Ò±¬ı˛Ì àÔ±Ú±efl¡ ¬ı˘± ˚±˚˛ ø¡Z˜±øSfl¡ ·øÓ¬¬ı˛

Œ¬ı˘±˚˛ ˚ø√ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ’¬ıàÔ±Ú x y,� 	 ¤¬ı— GZ-¤¬ı˛ ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ·øÓ¬À¬ı· �� �� � ˝√√ ˛̊, Ó¬À¬ı x y,

› �� øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ Ê√Ú…
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Mx F My F

Mk x F y F
x y

y x

�� , �� ,
�� ( )

� �

� � � �

 

2�

¤˝◊√√ øÓ¬ÚøÈ¬ ¸˜œfl¡¬ı˛Ì õ∂À˚˛±Ê√Ú › ˚ÀÔ©Üº ¤À√¬ı˛ ¸˜±Ò±Ú ¸±˝√√±À˚… ø¡Z˜±øSfl¡ ·øÓ¬ Ê√±Ú±˚˛ ˚ø√ ¬ı˘·≈ø˘ ¸—¬ı˛é¬œ

˝√√˚˛ ¤¬ı— Œfl¡±Ú ¶Û©Üˆ¬±À¬ı ¸˜˚˛¸˝√√¬ı±Òfl¡ ¸˜œfl¡¬ı˛Ì Ú± Ô±Àfl¡, Ó¬À¬ı ·øÓ¬˙øq¡ › øàÔøÓ¬˙øq¡¬ı˛ Œ˚±·Ù¬˘ ÒË≈¬ıfl¡ ˝√√˚˛º

17.9 ¬√¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘ › ¸˜±Ò±Ú

õ∂ùü 1. ¤fl¡øÈ¬ ‚Ú øÚÀ¬ı˛È¬ Œ¬ı˘Ú±fl¡±¬ı˛ Œ‰¬±„√√ (solid cylinder)-Œfl¡ ’é¬ ’±Ú≈ˆ”¬ø˜fl¡ ’¬ıàÔ±˚˛ ¤fl¡øÈ¬ ÚÓ¬-

Ó¬À˘¬ı˛ ›¬Û¬ı˛ ¬ı˛±‡± ˝√√˘º ’±Ú≈ˆ”¬ø˜fl¡ Ó¬À˘¬ı˛ ¸Àe· ¤˝◊√√ Ó¬˘øÈ¬¬ı˛ ÚøÓ¬Àfl¡±Ì �º Œ√‡±Ú Œ˚, Œ‰¬±„√√øÈ¬Àfl¡ ·Î¬ˇ±ÀÓ¬ ˝√√À˘,

Œ‰¬±„√√ › Ó¬À˘¬ı˛ ˜ÀÒ…¬ı˛ ‚¯∏«Ì±—fl¡, ’z¬Ó¬ 
1
3

tan�  ˝√√ÀÓ¬˝◊√√ ˝√√À¬ı ¤¬ı— Œ‰¬±„√√øÈ¬ øÚÀ¬ı˛È¬ Ú± ˝√√À˚˛ Ù¬“√±¬Û± ˝√√À˘ ‹ ‚¯∏«Ì±efl¡

1
2

tan�  ˝√√À¬ıº

¸˜±Ò±Ú – ¬Û”À¬ı«¬ı˛ ’Ú≈À26√√øÈ¬ Œ√‡≈Úº ¤Àé¬ÀS, ’±˜¬ı˛± Œ‰¬±À„√√¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ øˆ¬Ó¬¬ı˛ ø√À˚˛ Î¬◊~•§ Ó¬˘øÈ¬¬ı˛ fl¡Ô±

ˆ¬±¬ı¬ıº Œ‰¬±À„√√¬ı˛ ˆ¬±¬ı˛, Ó¬À˘¬ı˛ ˘•§-õ∂øÓ¬ø√flË¡˚˛± ¤˝◊√√ Ó¬À˘˝◊√√ ø√flË¡˚˛±˙œ˘º

’Ó¬¤¬ı ¤Àé¬ÀS F Mg a
a K

Mg� �
�

sin sin� �
2

2 2

�
�

k
a k

Mg
2

2 2
sin�  [¬Û”À¬ı«¬ı˛ ’Ú≈À26√À√¬ı˛ ¸˜œfl¡¬ı˛Ì (i), (ii), (iii), (iv) ¤fl¡˝◊√√ Ô±Àfl¡]º

¤¬ı— R = Mg cos �

·Î¬ˇÀÚ¬ı˛ Ê√Ú… F �� �R,   ¬ı±, � ��
�

k
a k

2

2 2
tan

� Œ¬ı˘ÚøÈ¬ øÚÀ¬ı˛È¬ ˝√√À˘, k a2
2

2
1
3

� �, tan� �

Œ¬ı˘ÚøÈ¬ Ù¬“√±¬Û± ˝√√À˘, k a2 2 1
2

� �, tan� �

õ∂ùü 2. ¸¬ıø√Àfl¡ ¸˜±Ú ≈√øÈ¬ Œ¬ı˘ÚÀfl¡ ¤fl¡¸Àe· ¤fl¡øÈ¬ ◊̋√√˘øàÈ√√fl¡/

øàÔøÓ¬àÔ±¬Ûfl¡ √øÎ¬ˇ ø√À˚˛ ¬ı“√±Ò± ’±ÀÂ√º √øÎ¬ˇøÈ¬¬ı˛ È¬±Ú T. Œ¬ı˘≈Ú≈√øÈ¬ ’é¬

’±Ú≈ˆ”¬ø˜fl¡ ’¬ıàÔ±˚˛ ¤fl¡øÈ¬ ’˜¸‘Ì ÚÓ¬Ó¬˘ ø√À˚˛ ·øÎ¬ˇÀ˚˛ ˚±˚˛º Œ√‡±Ú Œ˚,

Œ¬ı˘Ú≈√øÈ¬¬ı˛ Q¬ı˛Ì ˝√√˘ 
2
3

1
2

g
T

mg
sin

sin
�

�

�
�



��


�� , Œ˚‡±ÀÚ �� ˝√√˘

Œ¬ı˘Ú≈√øÈ¬¬ı˛ ˜ÀÒ…¬ı˛ ‚¯∏«Ú±—fl¡º

Ò¬ı˛± ˚±fl¡ ›¬ÛÀ¬ı˛¬ı˛ Œ¬ı˘ÚøÈ¬¬ı˛ ›¬Û¬ı˛ ‚¯∏«Ì › ˘•§-õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ˝√√˘
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˚Ô±√flË¡À˜ F1 › R1 Ó¬˘±¬ı˛ Œ¬ı˘ÚøÈ¬¬ı˛ Ê√Ú… ¤·≈ø˘ ˝√√˘ F2 › R2 ˚Ô±√flË¡À˜º Œ¬ı˘Ú≈√øÈ¬¬ı˛ ˜ÀÒ… õ∂øÓ¬ø√flË¡˚˛± R

¤¬ı— ‚¯∏«Ì [¤Àé¬ÀS ø¬ÛÂ√˘±ÀÚ±] �R. √øÎ¬ˇ¬ı˛ È¬±Ú T.

Ò¬ı˛± ˚±fl¡, õ∂øÓ¬øÈ¬ Œ¬ı˘ÀÚ¬ı˛ ˆ¬±¬ı˛Àfl¡f t ¸˜À˚˛ x-”√¬ı˛Q ‰¬À˘ÀÂ√ ¤¬ı— ‹ ¸˜À˚˛ Œ¬ı˘ÚøÈ¬ Ó¬±¬ı˛ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬

�� Œfl¡±Ì ‚≈À¬ı˛ÀÂ√º

’Ó¬¤¬ı, x = a��  (i) [·Î¬ˇ±ÀÚ±¬ı˛ Ê√Ú…]

›¬ÛÀ¬ı˛¬ı˛ Œ¬ı˘ÀÚ¬ı˛ Ê√Ú… ¬Û±˝◊√√, [ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì]

R! – mg cos �� + �R = 0 ....................... (ii)

¤¬ı— mx mg T F R�� sin� 	 � �� 2 1 ...................... (iii)

¤¬ı— Ó¬˘±¬ı˛ Œ¬ı˘ÀÚ¬ı˛ Ê√Ú…, [ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì]

R2 – mg cos �� – �R = 0 ...................... (iv)

mx mg T F R�� sin� � � 	� 2 2 ...................... (v)

¤Â√±Î¬ˇ±›, ≈√øÈ¬ Œ¬ı˘ÀÚ¬ı˛˝◊√√, ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛ ˚Ô±√flË¡À˜ ¬Û±˝◊√√ñ

mk F R a2
1

�� ( )� �� � ...................... (vi)

¤¬ı— mk F R a2
2

�� ( )� �� � ..................... (vii)

Œ˚‡±ÀÚ k a2
2

2
�

� (iii) › (v) ŒÔÀfl¡,

4T = 2R + F1 – F2,

¤¬ı— (vi), (vii) ŒÔÀfl¡,

(F1 – �R)a = (F2 – �R)a

� F1 = F1 = F Ò¬ı˛± ˚±fl¡,

¤¬ı— R = 2T

’¬ı±¬ı˛, (iii) ŒÔÀfl¡,

mx mg T R F�� sin� � � �� 2

 = mg sin � – F ..................... (viii)

¤¬ı— mk F R a2�� ( )� �� �

¬ı±, m a x
a

F R a
2

2
�� ( )� � �

� m x F R��

2
� � � ..................... (ix)

� (viii) › (ix) ŒÔÀfl¡, F ’¬ÛÚ˚˛Ú fl¡À¬ı˛,

3
2

mx mg R�� sin� �� �
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� �


��


��

mg
T

mg
sin

sin
�

�

�
1

2
 �� R = 2T

� �� sin
sin

x g
T

mg
� �



��


��

2
3

1
2

�
�

�

õ∂ùü 3. ¤fl¡øÈ¬ ¸≈¯∏˜, ’˜¸‘Ì √G¬Àfl¡ [˚±¬ı˛ Δ√‚«… 2a) ¤fl¡øÈ¬ ’˜¸‘Ì ŒÈ¬ø¬ıÀ˘¬ı˛ ›¬Û¬ı˛, ŒÈ¬ø¬ıÀ˘¬ı˛ ¤fl¡øÈ¬

Ò±À¬ı˛¬ı˛ ¸Àe· ˘•§̂ ¬±À¬ı ¬ı˛±‡± ˝√√˘ ¤˜Úˆ¬±À¬ı, Œ˚, √ÀG¬¬ı˛ ˆ¬±¬ı˛Àfl¡f ‹ ŒÈ¬À¬ıø˘¬ı˛

Ò±¬ı˛ ŒÔÀfl¡ b ”√¬ı˛Q ¸±˜ÀÚ Ô±Àfl¡º Œ√‡±Ú Œ˚ �� Œfl¡±Ì ‚≈¬ı˛¬ı±¬ı˛ ¬ÛÀ¬ı˛ √G¬øÈ¬

ø¬ÛÂ√̆ ±ÀÓ¬ ≈̇¬ı≈̨ fl¡¬ı˛À¬ı, Œ˚‡±ÀÚ tan ,�
�

��
�

a
a b

2

2 29
 √̋√̆  √G¬ › ŒÈ¬ø¬ıÀ˘¬ı˛

˜ÀÒ…¬ı˛ ‚¯∏«Ì±—fl¡º

√G¬øÈ¬ t ¸˜À ˛̊, O ø¬ıμ≈ ¸±À¬ÛÀé¬ �� Œfl¡±Ì ‚≈À¬ı˛ÀÂ√, Œ˚‡±ÀÚ O ˝√√˘

ŒÈ¬ø¬ıÀ˘¬ı˛ Ò±À¬ı˛ ’¬ıøàÔÓ¬º ¤¬Û˚«z¬ √G¬øÈ¬ ø¬ÛÂ√À˘±˚˛øÚ, ˙≈Ò≈ �� Œfl¡±Ì ‚≈À¬ı˛ÀÂ√

¤È¬±˝◊√√ Ò¬ı˛± ˝√√À˚˛ÀÂ√º

√G¬ ¬ı¬ı˛±¬ı¬ı˛ ‚¯∏«Ì¬ı˘ F › O ø¬ıμ≈ÀÓ¬ √ÀG¬¬ı˛ ›¬Û¬ı˛ ˘•§ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ R ’±ÀÂ√, ¤¬ı— ˆ¬±¬ı˛Àfl¡f G ŒÓ¬

√ÀG¬¬ı˛ ˆ¬±¬ı˛ Mg ÚœÀ‰¬¬ı˛ ø√Àfl¡ Î¬◊~•§ˆ¬±À¬ı ’±ÀÂ√º

� G-¤¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì ˝√√˘

� � �mb mg F�� sin� �2

mb mg R�� cos� �� �

¤¬ı— O ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡-¸˜œfl¡¬ı˛Ì

mk mgb2�� cos� ��

¬ı±, m a b mgb
2

2
3

�
�
�

�
� ��� cos� �

¬ı±,
�� cos� ��

	

3
32 2

gb
a b

¬
� sin� �2

2 2

6
3

�
	

	
gb

a b
C

õ∂±¬ı˛øy¬fl¡ˆ¬±À¬ı, � = 0, �� = 0

c = 0.

� sin� �2
2 2

6
3

�
�

gb
a b
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� � �
�



��


��

F mg mb
gb

a b
sin sin� �

6
32 2

�
	

	
mg a b

a b
sin ( )

�
2 2

2 2
9
3

¤¬ı— R = mg cos �� �mb���

� �
	

mg mb
gb

a b
cos cos� �

3
32 2

�
�

mg a
a b

cos .�
2

2 23

� ˚‡Ú ‚¯∏«Ì ¸œ˜±àÔ ˝√√À˚˛ ˚±˚˛, F = �R, Ó¬‡Ú˝◊√√ √G¬øÈ¬ ø¬ÛÂ√˘±ÀÓ¬ ˙≈¬ı˛≈ fl¡À¬ı˛, Ó¬À¬ı,

� �� �
�F

R
a b

a
(tan )

2 2

2
9

� �
�

��
�

tan 1
2

2 29
a

a b

4. r ¬ı…±¸±ÀÒ«¬ı˛ ¤fl¡øÈ¬ Œ·±˘fl¡, ��Œfl¡ÃøÌfl¡ ·øÓ¬À¬ıÀ·, ¤fl¡øÈ¬ ’±Ú≈ˆ”¬ø˜fl¡ ¬ı…±À¸¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÂ√º Œ·±˘fl¡øÈ¬Àfl¡

¸±¬ıÒ±ÀÚ ¤fl¡øÈ¬ ’±Ú≈ˆ”¬ø˜fl¡ ŒÈ¬ø¬ıÀ˘¬ı˛ ›¬Û¬ı˛ ¬ı˛±‡± ˝√√˘, ˚±¬ı˛ ¸Àe· Œ·±˘Àfl¡¬ı˛ ‚¯∏«Ì±—fl¡ �º Œ√‡±Ú Œ˚, Œ·±˘fl¡øÈ¬

2
7
�
�

r
g  ¸˜˚˛ ÒÀ¬ı˛ ø¬ÛÂ√˘±À¬ı ¤¬ı— Ó¬±¬ı˛¬Û¬ı˛ 

2
7
�  Œfl¡ÃøÌfl¡ Œ¬ıÀ· ‚≈¬ı˛À¬ıº

õ∂±¬ı˛øy¬fl¡ˆ¬±À¬ı Œfl¡ÃøÌfl¡ Œ¬ı· �� ø√À˚˛ Œ·±˘fl¡øÈ¬Àfl¡ ¸±¬ıÒ±ÀÚ ŒÈ¬ø¬ıÀ˘¬ı˛ ›¬Û¬ı˛ ¬ı˛±‡± ˝√√˘º Â√ø¬ıÀÓ¬ Œ·±˘fl¡øÈ¬

Œ˚ ¬ı…±À¸¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÂ√, Ó¬±¬ı˛ ›¬Û¬ı˛ ˘•§ ˆ¬¬ı˛Àfl¡f·±˜œ Ó¬˘øÈ¬ Œ√‡±ÀÚ±

√̋√À ˛̊ÀÂ√º Œ˚À √̋√Ó≈¬ õ∂ÔÀ˜ ◊̋√√ Œfl¡ÃøÌfl¡ ·øÓ¬À¬ı· � øÂ√̆ , ’Ó¬¤¬ı, ¶Û «̇ø¬ıμ≈øÈ¬ÀÓ¬

õ∂ÔÀ˜˝◊√√ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı· ¬ı± ø¬ÛÂ√˘±ÀÚ±¬ı˛ ·øÓ¬À¬ı· øÂ√˘ r�, ’Ó¬¤¬ı, ¤ ◊̋√√

’¬ıàÔ±˚˛ ·Î¬ˇ±ÀÚ± ¸y¬¬ı Ú˚˛, ¤¬ı— ‚¯∏«Ì¬ı˘ ‹ ø¬ÛÂ√˘±ÀÚ± ·øÓ¬À¬ıÀ·¬ı˛

ø¬ı¬Û¬ı˛œÀÓ¬ ’±ÀÂ√º

Ò¬ı˛± ˚±fl¡ t ¸˜À ˛̊, Œ·±˘fl¡øÈ¬¬ı˛ Œfl¡f x-”√¬ı˛Q ’øÓ¬√flË¡˜ fl¡À¬ı˛ ¤¬ı—

¤ ¸˜À ˛̊ Œ·±˘fl¡øÈ¬ �� Œfl¡±Ì ‚≈À¬ı˛ ˚±˚˛º

� �Mx Mg�� �  [¤‡±ÀÚ R = Mg)

¤¬ı— M r rMg. ��2
5

2
� �� �

¤¬ı— t = 0-ŒÓ¬, x x� � � �0 0 0, � , , �� � 


’Ó¬¤¬ı �x gt� � ,
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¤¬ı— r gt r�� � ��
�

	
5

2

’Ó¬¤¬ı, ¶Û˙«ø¬ıμ≈¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı· t ¸˜À˚˛ ˝√√˘

� �x r gt r� � �� � �
7
2

¤øÈ¬ ”̇Ú… ˝√√À¬ı t r
g

�
2
7
�
�

¸˜À˚˛, ’Ô«±» ¤¬Û˚«z¬ Œ·±˘fl¡øÈ¬ ø¬ÛÂ√˘±À¬ıº ¤¬ı±¬ı˛ Ò¬ı˛± ˚±fl¡ Œ˚ ¬Û¬ı˛¬ıÓ¬π ¸˜À˚˛ Œ·±˘fl¡øÈ¬ ‚≈¬ı˛À¬ı, ¤¬ı— ‚¯∏«Ì¬ı˘

˝√√˘ F [˚± øfl¡Ú± �Mg-¤¬ı˛ ŒÔÀfl¡ ŒÂ√±È¬› ˝√√ÀÓ¬ ¬Û±À¬ı˛]º ¤˝◊√√ ¸˜À˚˛ r g r
g

r r� .� �
�
�

�
�

� � � �
5
2

2
7

2
7

’Ó¬¤¬ı, ¤˝◊√√ ¬Û˚«±À˚˛¬ı˛ Ê√Ú…,

Mx F�� ,�

M r Fr. ��2
5

2
� � �

¤¬ı— x, �� ˝√√˘ ‰¬˘Ú › ‚”Ì«ÀÚ¬ı˛ ¬Ûø¬ı˛˜±Ì, ·Î¬ˇ±ÀÚ± ˙≈¬ı˛≈ ˝√√¬ı±¬ı˛ ¬Û¬ı˛ t ¸˜À˚˛º ¤‡±ÀÚ ·Î¬ˇ±ÀÚ± ˙≈¬ı˛≈¬ı˛ ˜≈˝”√√ÀÓ«¬

t = 0 ¤¬ı— � , �x r
� �

2
7

2
7

�
�

�
.

¤¬ı— � �x r� � � [·Î¬ˇ±ÀÚ±¬ı˛ Ê√Ú…]

’Ó¬¤¬ı F M r Mx� � �. �� ��
2
5
�

	 � � �
2
5
r x r�� �� ��� �

� ���� 0

��� �  ÒË≈¬ıfl¡ = õ∂±¬ı˛øy¬fl¡ ˜±Ú �
2
7



¤¬ı— �x � ÒË≈¬ıfl¡ = õ∂±¬ı˛øy¬fl¡ ˜±Ú �
2

7
�r

� F = 0
’Ô«±» ø¬ı¡Ú± ‚¯∏«ÀÌ˝◊√√ Œ·±˘fl¡øÈ¬ ·Î¬ˇ±ÀÓ¬ ¬Û±À¬ı˛º

F
R

� 
�
�

�
�0 �

’Ó¬¤¬ı, ø¬ÛÂ√˘±ÀÚ± Ô±˜±¬ı˛ ¬ÛÀ¬ı˛ Œ·±˘fl¡øÈ¬ �
2
7



 Œfl¡ÃøÌfl¡ Œ¬ıÀ· ·Î¬ˇ± ˛̊º
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5. ¤fl¡øÈ¬ ¸≈¯∏˜ Œ·±˘fl¡ [¬ı…±¸±Ò« a) ¤fl¡øÈ¬ ’±Ú≈ˆ”¬ø˜fl¡ ¬ı…±À¸¬ı˛ ¸±À¬ÛÀé¬ 	 Œfl¡ÃøÌfl¡ Œ¬ıÀ· ‚≈¬ı˛ÀÂ√ ¤˝◊√√

’¬ıàÔ±˚˛ Œ·±˘fl¡øÈ¬Àfl¡ ’Ó¬…z¬ ¸±¬ıÒ±ÀÚ ¤fl¡øÈ¬ ÚÓ¬Ó¬À˘¬ı˛ ›¬Û¬ı˛ ¬ı˛±‡± ˝√√˘º Œ·±˘Àfl¡¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· ¤˜Ú˝◊√√

øÂ√˘ Œ˚, Œ·±˘fl¡øÈ¬ ’Ó¬–¬Û¬ı˛ ¸À¬ı«±2‰¬ ÚøÓ¬À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ›¬ÛÀ¬ı˛ ˚±›˚˛±¬ı˛ Œ‰¬©Ü± fl¡¬ı˛À¬ıº Œ√‡±Ú Œ˚ ‚¯∏«Ì±—fl¡

�� = tan � ˝√√À˘, Œ·±˘Àfl¡¬ı˛ Œfl¡føÈ¬ 
2

5
�

�

Q
g sin  ¸˜˚˛ ÒÀ¬ı˛ øàÔ¬ı˛ Ô±fl¡À¬ı, ¤¬ı— Ó¬±¬ı˛¬ÛÀ¬ı˛ 

5
7

g sin�  Q¬ı˛ÀÌ

ÚœÀ‰¬¬ı˛ ø√Àfl¡ ˚±À¬ıº �� ˝√√˘ Ó¬˘øÈ¬¬ı˛ ÚøÓ¬º

õ∂±Ôø˜fl¡ˆ¬±À¬ı ¶Û «̇ø¬ıμ≈øÈ¬¬ı˛ Δ¬ı˛ø‡fl¡ Œ¬ı· a	, ÚœÀ‰¬¬ı˛ ø√Àfl¡, ’Ô«±», Œ·±˘fl¡øÈ¬ ø¬ÛÂ√˘±À¬ı, ¤¬ı— ‚ ∏̄«Ì, ›¬Û¬ı˛ø√Àfl¡

¬ı¬ı˛±¬ı¬ı˛ ’±ÀÂ√º [ø‰¬S Œ√‡≈Ú] õ∂±Ôø˜fl¡ ¶Û˙«ø¬ıμ≈ÀÓ¬ ’±ø√ø¬ıμ≈ ¤¬ı— ¸À¬ı«±2‰¬ ÚøÓ¬À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ x-’é¬ ›¬Û¬ı˛ø√Àfl¡

øÚÀ˘,

Mx Mg R�� sin� � �� � � [ø¬ÛÂ√˘±ÀÚ±¬ı˛ Ê√Ú… F = �R)

O = R – Mg cos �

¤¬ı— M a Ra� � �
2

5

2
��� �

¤¬ı— t x x� � � � �0 0 0 0, , � , , �� � �

’Ó¬¤¬ı, Mx Mg Mg�� cos sin� �� � �

= 0 Œ˚À˝√√Ó≈¬ �� = tan �

� �x �  ÒË≈¬ıfl¡ = õ∂±¬ı˛øy¬fl¡ ˜±Ú = 0
¤¬ı— x = ÒË≈¬ıfl¡ = õ∂±¬ı˛øy¬fl¡ ˜±Ú = 0

’±¬ı˛,

a g�� sin� �� �
5
2

� a a g t�� sin� �� � ��
�
��

5
2

’Ó¬¤¬ı x = 0 ¤¬ı—

� � sinx a g t a� � �� �
5
2� � 


� �x a
 � ”̇Ú… ˝√√À¬ı ˚‡Ú t t a
g

� �0
2

5
	

sin �

’Ó¬¤¬ı t = t0 ¬Û˚«z¬ ˆ¬¬ı˛Àfl¡f øàÔ¬ı˛ ’±ÀÂ√ ¤¬ı— Œ·±˘fl¡øÈ¬ ¤fl¡ Ê√±˚˛·±˚˛ √“√±ø√Î¬ˇÀ˚˛ √“√±øÎ¬ˇÀ˚˛ ¤˜Úˆ¬±À¬ı ‚≈¬ı˛ÀÂ√

Œ˚ ¶Û˙«ø¬ıμ≈¬ı˛ ø¬ÛÂ√˘±ÀÚ±¬ı˛ ·øÓ¬À¬ı· ’±ÀÂ√º

t = t0 ŒÔÀfl¡ ·øÓ¬ fl¡œ ˝√√ÀÓ¬ Ó¬± ’±À˘±‰¬Ú± fl¡¬ı˛± ˚±fl¡º ¤¬ı˛fl¡˜ ˝√√ÀÓ¬ ¬Û±À¬ı˛ Œ·±˘fl¡øÈ¬ ›¬ÛÀ¬ı˛¬ı˛ ø√Àfl¡ ·Î¬ˇ±ÀÚ±

˙≈¬ı˛≈ fl¡¬ı˛˘º Œ√‡± ˚±fl¡ Œ¸È¬± ¸y¬¬ı øfl¡Ú±º Œ¸È¬± ˚ø√ ˝√√˚˛ ŒÓ¬± Ò¬ı˛± ˚±fl¡ ‚¯∏«Ì ¤fl¡˝◊√√ ø√Àfl¡ fl¡±Ê√ fl¡À¬ı˛, [›¬ÛÀ¬ı˛¬ı˛

ø√Àfl¡], x-Î¬◊¬Û¬ı˛ ø√Àfl¡, ¤¬ı— t = t0-Œfl¡ ÚÓ≈¬Ú õ∂±¬ı˛øy¬fl¡ ¸˜˚˛ ŒÚ›˚˛± ˝√√˘, Œ˚ ¸˜À˚˛ x � �� 0 .

’Ó¬¤¬ı, Mx Mg F�� sin� � ��
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¤¬ı— M a Fa. ��2
5

2
� � 


¤¬ı— �x a� �

� �
�

�
2
5

2
5

a F
M

x�� ���

� � � ��� �� sinx x g2
5

�

� � �
7
5
�� sinx g �

�� sinx g� �
5
7

�

’Ô«±» Œ·±˘Àfl¡¬ı˛ Œfl¡Àf¬ı˛ ·øÓ¬ ÚœÀ‰¬¬ı˛ ø√Àfl¡º

¤Â√±Î¬ˇ±›, F a
� �

2
5
���

� � � � ���
�
�

2
5

2
5

5
7

�� sinx g �

�
2
7

g sin�

¤¬ı— R = Mg cos �

� �
F
R

2
7

tan��

� ·Î¬ˇ±ÀÚ± ¸y¬¬ı ¤¬ı— Œ·±˘Àfl¡¬ı˛ Œfl¡føÈ¬ 
5
7

g sin�  Q¬ı˛ÀÌ ÚœÀ‰¬¬ı˛ ø√Àfl¡ ˚±˚˛º

˜z¬¬ı… – ·Î¬ˇ±ÀÚ±¬ı˛ ¸˜˚˛ ‚¯∏«Ì Œ˚ Œfl¡±ÀÚ± ø√fl¡ ’øˆ¬˜≈‡œ ˝√√ÀÓ¬ ¬Û±À¬ı˛, Ó¬±˝◊√√ ¤‡±ÀÚ ·Î¬ˇ±ÀÚ±¬ı˛ ¸˜À˚˛› ‚¯∏«ÌÀfl¡

¬Û”À¬ı«¬ı˛ ’øˆ¬˜≈À‡¬ı˛ ¬ı˛±‡± ˝√√À˚˛ÀÂ√º ÚœÀ‰¬¬ı˛ ø√Àfl¡ øÚÀ˘› ¸˜¸…±øÈ¬¬ı˛ ¸˜±Ò±ÀÚ ’¸≈ø¬ıÒ± ˝√√Ó¬ Ú±º øfl¡z≈¬, ø¬ÛÂ√˘±ÀÚ±¬ı˛

¸˜˚˛ ‚¯∏«Ì¬ıÀ˘¬ı˛ ’øˆ¬˜≈‡ ¸¬ı¸˜˚˛ ¶Û˙«ø¬ıμ≈¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ıÀ·¬ı˛ ø¬ı¬Û¬ı˛œÀÓ¬˝◊√√ ˝√√À¬ıº

6. ¤fl¡øÈ¬ ¸≈¯∏˜ ¬ı‘M√√±fl¡±¬ı˛ ‰¬±fl¡øÓ¬Àfl¡ ¤fl¡øÈ¬ ÚÓ¬Ó¬˘ ¬ı¬ı˛±¬ı¬ı˛ ‚”Ì«Ú¬ı…Ó¬œÓ¬, u,  ·øÓ¬À¬ı· ø√À˚˛ ›¬ÛÀ¬ı˛¬ı˛ ø√Àfl¡

Î¬◊»øé¬5 fl¡¬ı˛± ˝√√˘º ‰¬±fl¡øÓ¬¬ı˛ Ó¬˘øÈ¬ Î¬◊~•§ ¤¬ı— ÚÓ¬Ó¬˘øÈ¬Àfl¡ ¸À¬ı«±2‰¬ ÚøÓ¬À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ŒÂ√√ fl¡À¬ı˛ÀÂ√º Œ√‡±Ú Œ˚

�

� � �g 3 cos sin�� � , ¤ ◊̋√√ ¸˜À ˛̊¬ı˛ ¬ÛÀ¬ı˛ ‰¬±fl¡øÓ¬øÈ¬ ’±±¬ı˛ ø¬ÛÂ√˘±À¬ı Ú±º �  ˝√√˘ ‚ ∏̄«Ì±—fl¡ ¤¬ı— �  Ó¬À˘¬ı˛ ÚøÓ¬Àfl¡±Ìº

¶Û˙«ø¬ıμ≈¬ı˛ õ∂±¬ı˛øy¬fl¡ ·øÓ¬À¬ı· = u, ›¬ÛÀ¬ı˛¬ı˛ ø√Àfl¡, [õ∂±¬ı˛øy¬fl¡ ¶Û˙«ø¬ıμ≈Àfl¡ ’±±ø√ ø¬ıμ≈, ¸À¬ı«±2‰¬ ÚøÓ¬À¬ı˛‡±

¬ı¬ı˛±¬ı¬ı˛ x-’é¬ ›¬Û¬ı˛ø√Àfl¡, › Ó¬À˘¬ı˛ ›¬Û¬ı˛ ˘•§ ¬ı¬ı˛±¬ı¬ı˛ y-’é¬ ŒÚ›˚˛± ˝√√À˚˛ÀÂ√]º

’Ó¬¤¬ı, ‚¯∏«Ì, õ∂Ô˜ø√Àfl¡ ÚœÀ‰¬¬ı˛ ø√Àfl¡ ’øˆ¬˜≈‡œ ˝√√À¬ıº Œ˚À˝√√Ó≈¬ ¶Û˙«ø¬ıμ≈ÀÓ¬ ’˙”Ú… Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı· ¬ıÓ«¬˜±Ú

’Ó¬¤¬ı õ∂Ô˜ ŒÔÀfl¡ ‰¬±fl¡øÓ¬øÈ¬ ø¬ÛÂ√˘±ÀÓ¬ ˙≈¬ı˛≈ fl¡¬ı˛À¬ıº ¤¬ı— F R� �  ˝√√À¬ı, R ˘•§-õ∂øÓ¬ø√flË¡˚˛±º

‰¬±fl¡øÓ¬¬ı˛ ˆ¬±¬ı˛Àfl¡f c-¤¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì·≈ø˘ ˝√√˘ñ

Mx R Mg�� sin� � �� �

O R Mg� � cos�

¤¬ı—, c-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˘,
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M a Fa Ra
2

2
��� �� �

� � �Mg acos� �
õ∂±¬ı˛øy¬fl¡ ˙Ó«¬±ø√ ˝√√˘, t x� � �0, 0�

� , � .x u� �� 0
(i) › (ii) Œfl¡ ¸˜±fl¡˘Ú fl¡À¬ı˛, õ∂±¬ı˛øyfl¡ ˙Ó«¬ ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ ¬Û±˝◊√√,

� cos sinx u gt� 
 �� �� � �

a g t� cos� � �� 2� �
� 
� �x a�  ”̇Ú… ˝√√À¬ı t t� 1-¤,

Œ˚‡±ÀÚ t
g1 3

�
�� �

�

� � �sin cos

7. ¤fl¡øÈ¬ Œ·±˘fl¡Àfl¡ õ∂±¬ı˛øy¬fl¡ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı· V ¤¬ı— Œfl¡ÃøÌfl¡ ·øÓ¬À¬ı· 	 ø√À˚˛ ¤fl¡øÈ¬ ÚÓ¬Ó¬˘ ¬ı¬ı˛±¬ı¬ı˛

Î¬◊»øé¬5 fl¡¬ı˛± ˝√√˘ [Œ·±˘fl¡øÈ¬ Œ˚ø√Àfl¡ ›¬Û¬ı˛ø√Àfl¡ ·Î¬ˇ±À¬ı Œ¸ˆ¬±À¬ı˝◊√√ Î¬◊»øé¬5 fl¡¬ı˛± ˝√√˘]º ˚ø√ V a� 	  ˝√√ ˛̊,

Œ√‡±Ú Œ˚, ‚¯∏«Ì¬ı˘ õ∂ÔÀ˜ ÚœÀ‰¬¬ı˛ ø√Àfl¡ ’øˆ¬˜≈À‡, ¬ÛÀ¬ı˛ ÿÒ« ’øˆ¬˜≈À‡ Ô±Àfl¡ ¤¬ı— Œ·±˘fl¡øÈ¬ Œ˜±È¬ 
17 4
18

V a
g
� 	
sin �

¸˜˚˛ ÒÀ¬ı˛ ›¬Û¬ı˛ø√Àfl¡ ›ÀÍ¬º

� � ���� ��
1
7

tan , �

õ∂±¬ı˛øy¬fl¡ ¶Û˙«ø¬ıμ≈ O-Œfl¡ ’±ø√ø¬ıμ≈ ŒÚ› ˛̊± ˝√√˘º CO ¬ı…±¸±Ò«øÈ¬ õ∂ÔÀ˜ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ˘•§ øÂ√˘ ¤¬ı— t

¸˜À˚˛ Œ¸øÈ¬ CA ’¬ıàÔ±ÀÚ ’±ÀÂ√º t ¸˜À˚˛ CB, Ó¬À˘¬ı˛ ›¬Û¬ı˛ ˘•§º Œ·±˘fl¡øÈ¬ t ¸˜À˚˛ 
 �BOA � Œfl¡±Ì

‚≈À¬ı̨ÀÂ√º

O-·±˜œ ¸À¬ı«±2‰¬ ÚøÓ¬À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ›¬Û¬ı˛ø√Àfl¡ x-’é¬ ŒÚ› ˛̊± ˝√√˘º y-’é¬ O ø¬ıμ≈ÀÓ¬ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ˘•§º

’Ó¬¤¬ı, ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì ˝√√˘,

Mx Mg F�� sin� � �� ..............................(1)

O R Mg� � cos� ..............................(2)

¤¬ı— M a Fa. ��2
5

2
� � ..............................(3)

[õ∂±¬ı˛øy¬fl¡ˆ¬±À¬ı, ¶Û˙«ø¬ıμ≈¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı· V a
 �	 0, ’Ó¬¤¬ı, ø¬ÛÂ√˘±ÀÚ± ˝√√À¬ı ¤¬ı— ‚ ∏̄«Ì¬ı˘, Ox

’Àé¬¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ø√Àfl¡ ’Ô«±» ÚœÀ‰¬¬ı˛ ø√Àfl¡ Ô±fl¡À¬ı]º

t ¸˜À˚˛ ¶Û˙«ø¬ıμ≈ B-¤¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı·, OX-¬ı¬ı˛±¬ı¬ı˛, u x a� �� �� ¤¬ı— ˚Ó¬é¬Ì ¬Û «̊z¬ u ÒÚ±Rfl¡

Ô±fl¡À¬ı, Œ·±˘fl¡øÈ¬ ø¬ÛÂ√À˘ ø¬ÛÂ√À˘ ›¬ÛÀ¬ı˛ Î¬◊Í¬À¬ıº

Œ˚À˝√√Ó≈¬ ø¬ÛÂ√˘±ÀÚ± ˝√√À26√, ‚¯∏«Ì¬ı˘ ¸•Û”Ì« ¬Ûø¬ı˛˜±ÀÌ õ∂˚≈q¡ ˝√√À¬ı, ’Ô«±» F R� �

� �
1
7

1
7

tan cos sin� � �Mg Mg� �

ÚøÓ¬Àfl¡±Ì
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’Ó¬¤¬ı, �� sin sinx g� � ��� �� � �� �1 1
7

8
7

� sin .x V t� �
8
7

� ...............(4)

¤¬ı— 
�� sin
�

�
�
� �

�
5

2
5

142

F a
a M

g
a

� � �a a
g

t� sin
�

�
	

5
14

...............(5)

[Œ˚À˝√√Ó≈¬ t = 0 ŒÓ¬ x x V� � � �� �0, � , � 	].

’Ó¬¤¬ı, � � sinx a V a t� � �� � � �� ��� ��
3
2

’Ó¬¤¬ı t-¬ı±Î¬ˇ±À˘ , � �x a
 � fl¡À˜ ˚± ˛̊ ¤¬ı— t = t1-¤ � �x a� � ˝√√À˘,

t V a

g
1 3

2

�

 	

sin � ..............................(6)

¤¬˝◊√√ ¸˜À˚˛,

�x  ˝√√˘,

� sinx V tt t� � � �� ��1

8
7 1�

� � �� � �
�V V a V a16

21
5 16

21
�

�
..............................(7)

¤˝◊√√ ¸˜À˚˛, ¶Û˙«ø¬ıμ≈¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı· ˙”Ú… ˝√√À˚˛ ˚±˚˛ ¤¬ı— ¤¬ı˛fl¡˜ ˝√√ÀÓ¬ ¬Û±À¬ı˛ Œ˚, ¤¬ı˛¬Û¬ı˛ ·Î¬ˇ±ÀÚ± ˙≈¬ı˛≈

√̋√̊ º̨

’Ó¬¤¬ı ˚ø√ Òø¬ı˛ Œ˚, Œ·±˘fl¡øÈ¬ ¤¬ı±¬ı˛ ·Î¬ˇ±À26√, Œ˚‡±ÀÚ ¤˝◊√√ ˜≈˝”√Ó«¬øÈ¬Àfl¡˝◊√√ ¤¬ı±¬ı˛ õ∂±¬ı˛øy¬fl¡ ¸˜˚˛ Ò¬ı˛± ˝√√˘

¤¬ı— x › � ¤˝◊√√ ¸˜˚˛ ŒÔÀfl¡˝◊√√ ˜±¬Û± ˙≈¬ı˛≈ ˝√√˘, Ó¬À¬ı,

Mx F Mg�� sin� � � �

R Mg� cos�

› M a Fa2
5

2
�� .� �

¤¬ı— x a� �

[F-¤¬ı˛ �R -¤¬ı˛ fl¡˜ ˝√√ÀÓ¬ ¬Û±À¬ı˛]

’Ó¬¤¬ı, �� �� sinx x g	 � �
2
5

�

¤¬ı— Ó¬±¬ı˛ ŒÔÀfl¡ ¬Û±˝◊√√,

7
5
�� sin ,x g� � �
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F Mg� �
2
7

sin�

� � �
F
R

a2
7

tan ,�  ˚± ¸y¬¬ı ◊̋√√ Ú ˛̊º

’Ó¬¤¬ı Œ·±˘fl¡øÈ¬¬ı˛ ¬ÛÀé¬ Œfl¡±ÀÚ±ø√Àfl¡˝◊√√ ·Î¬ˇ±ÀÚ± ¸y¬¬ı¬Û¬ı˛ Ú˚˛º

x a� � Ó¬±˝√√À˘ ¸y¬¬ı Ú ˛̊º

øfl¡z≈¬, ’±¬ı±¬ı˛ ¸˜œfl¡¬ı˛Ì (7)-¤ øÙ¬À¬ı˛ Œ·À˘ Œ√ø‡, t = t1-¤¬ı˛ ¬ÛÀ¬ı˛, Œ·±˘fl¡øÈ¬ ˚ø√ ø¬ÛÂ√˘±˚˛-›, � �x a� �

˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú±º

� �� �x a� ˝√√À¬ı, t > t1 ˝√√À˘,

’Ó¬¤¬ı, ¶Û˙«ø¬ıμ≈øÈ¬ Î¬◊˘ÀÈ¬±ø√Àfl¡ ø¬ÛÂ√˘±ÀÓ¬ ˙≈¬ı˛≈ fl¡¬ı˛À¬ı, fl¡±¬ı˛Ì ¤¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı· ˝√√À¬ı, t > t1 ˝√√À˘,

ÒÚ±Rfl¡ Ox-¤¬ı˛ ø¬ı¬Û¬ı˛œÀÓ¬º ¤Àé¬ÀS ‚¯∏«Ì¬ı˘ Ó¬±˝√√À˘ ø√fl¡ ¬Ûø¬ı˛¬ıÓ«¬Ú fl¡À¬ı˛, Ó¬À˘¬ı˛ ›¬Û¬ı˛ø√fl¡ ’øˆ¬˜≈À‡ Ô±fl¡À¬ıº

øfl¡z≈¬ t = t1-¤, � �x a
 �� 0 ˝√√À˘›, �x  øfl¡z≈¬ ˙”Ú… ˝√√˚˛øÚ, ’Ô«±» Œ·±˘Àfl¡¬ı˛ Œfl¡føÈ¬¬ı˛ ¤‡ÀÚ± Ox ’øˆ¬˜≈À‡

¤fl¡øÈ¬ ·øÓ¬ ’±ÀÂ√º ˚Ó¬é¬Ì ¬Û˚«z¬ Ú± ¤˝◊√√ ·øÓ¬ ˙”Ú… ˝√√À¬ı, Œ·±˘fl¡øÈ¬ ›¬ÛÀ¬ı˛ Î¬◊Í¬À¬ıº ¤˝◊√√ ·øÓ¬øÈ¬¬ı˛ Ê√Ú…, t =

t1-Œfl¡˝◊√√ õ∂±¬ı˛øy¬fl¡ ¸˜˚˛ ÒÀ¬ı˛ øÚÀ˚˛, x › �-Œfl¡› ¤˝◊√√ ¸˜˚˛ ŒÔÀfl¡˝◊√√ ˜±¬ÛÀ˘, ’±˜¬ı˛± ¤fl¡˝◊√√ˆ¬±À¬ı ¬Û±¬ı,

Mx F Mg�� sin� � 
 �

0 � �R Mg cos�

2
5

2a M F a�� .� � 
 �

F = ‚¯∏«Ì¬ı˘ = � � �R Mg� cos

�
1
7

Mg sin�

� � ��� sinx g6
7

�

� sinx g� � 	
6
7

�  ÒË≈¬ıfl¡º

¤‡Ú t = 0-ŒÓ¬, �x V a
�

	5 16
21



.................... ((7) ŒÔÀfl¡]

’Ó¬¤¬ı,

� sinx g t V a
� ��� �� 	

	6
7

5 16
21

�



�x � 0 ˝√√À¬ı t t� 2  ŒÓ¬

[¤‡±ÀÚ �x , t ¬ı±Î¬ˇÀ˘ fl¡À˜]

t V a
g2

5 16
18

�
� 	

sin �

¤¬ı— �� sinx g�
6
7

� ,
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’Ô«±», �x , ¤fl¡¬ı±¬ı˛ ˙”Ú… ˝√√¬ı±¬ı˛ ¬ÛÀ¬ı˛ ’±¬ı±¬ı˛ ÒÚ±Rfl¡ ˝√√ÀÓ¬ ¬Û±¬ı˛À¬ı Ú±º

’Ô«±» Œ·±˘fl¡øÈ¬ ’±¬ı˛ ›¬ÛÀ¬ı˛ Î¬◊Í¬À¬ı Ú±º

� ›¬ÛÀ¬ı˛ ›Í¬±¬ı˛ ¸¬ı«À˜±È¬ ¸˜˚˛

t t V a
g1 2

17 4
18

� �
� 	
sin �

8. ¤fl¡øÈ¬ ¸≈¯∏˜ √G¬Àfl¡ ¤fl¡ õ∂±z¬ ¤fl¡øÈ¬ ’±Ú≈ˆ”¬ø˜fl¡ ŒÈ¬ø¬ıÀ˘¬ı˛ ¸Àe· ŒÍ¬øfl¡À˚˛ ¤˜Úˆ¬±À¬ı ¬ı˛±‡± ˝√√˘ Œ˚

√`¬øÈ¬ ’±Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±¬ı˛ ¸Àe· �  Œfl¡±ÀÌ ÚÓ¬ Ô±Àfl¡º ¤˝◊√√ ’¬ıàÔ±˚˛ √G¬øÈ¬Àfl¡ ŒÂ√ÀÎ¬ˇ Œ√›˚˛± ˝√√˘º Œ√‡±Ú Œ˚

ŒÈ¬ø¬ı˘øÈ¬ ˚Ô±Ô«ˆ¬±À¬ı ’˜¸‘Ì ˝√√À˘ ˚‡Ú ’±Ú≈ˆ”¬ø˜fl¡ ’¬ıàÔ±˚˛ Œ¬Û“√ÃÂ√À¬ı Ó¬‡Ú √G¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ·øÓ¬À¬ı· ˝√√À¬ı

3
2

g
a

sin �  ¤¬ı— √ÀG¬¬ı˛ ÚœÀ‰¬¬ı˛ õ∂±z¬øÈ¬ fl¡‡Ú˝◊√√ ŒÈ¬ø¬ı˘ ŒÂ√ÀÎ¬ˇ Î¬◊Í¬À¬ı Ú±º

ŒÈ¬ø¬ı˘øÈ¬ ˚Ô±Ô«ˆ¬±À¬ı ’˜¸‘Ì ˝√√À˘, √G¬ OA, O-ø¬ıμ≈ [Œ˚øÈ¬ ŒÈ¬ø¬ıÀ˘¬ı˛ ›¬Û¬ı˛ ’±ÀÂ√] Ó¬±¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛À¬ıº

ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì·≈ø˘ ˝√√À¬ı,

Mx F�� � ............................... (i)

My R mg�� � � .............................. (ii)

Œ˚‡±ÀÚ (x, y), t-¸˜À˚˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ àÔ±Ú±—fl¡º [’é¬ Ox, ’±Ú≈ˆ”¬ø˜fl¡, Oy Î¬◊~•§, Œ˚¬ı˛fl¡˜ Â√ø¬ıÀÓ¬ Œ√‡±ÀÚ±

˝√√À ˛̊ÀÂ√] ¤¬ı— O-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˘,

M a Mga4
3

2
�� cos� �� 
 ............................. (iii)

[� √̋√̆  t ¸˜À˚˛ Ox-¤¬ı˛ ¸Àe· √ÀG¬¬ı˛ ÚøÓ¬Àfl¡±Ì]º

õ∂±¬ı˛øy¬fl¡ ˙Ó«¬ ˝√√˘,

t x a y a� � �0, cos , sin� �

� �x y� � 0

� � �� �, � 0

’Ó¬¤¬ı, (iii)-Œfl¡ ¸˜±fl¡˘Ú fl¡À¬ı˛,

2
3

2
2a ag c� �� 
 �sin

¤¬ı— õ∂±¬ı˛øy¬fl¡ ˙Ó«¬¡Z±¬ı˛±, c ga� sin�

� � 
� �� sin sin� � �2 3
2

g
a

............................... (iv)

√G¬øÈ¬ ’±Ú≈ˆ”¬ø˜fl¡ ˝√√À˘,

� � �� �0,
3
2

2� sin
g
a

� sin� ��
3
2

g
a
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¤Â√±Î¬ˇ±, x a y a� �cos , sin� � .

’Ó¬¤¬ı, y a� cos ���

�� sin , � cos , ��y a a� � �� � � �2

� � �R Mg My��

� � �Mg Ma Masin � cos .���� � �2

(iv) ŒÔÀfl¡ ��2  › (iii) ŒÔÀfl¡ ���-¤¬ı˛

˜±Ú ¬ıø¸À˚˛ ¬Û±˝◊√√,

R Mg
Mg Mg Mg

� 
 
 �
3

2
3

4
3

2
2 2sin sin cos sin� � � �

� � � �

�


�Mg

Mg3
2

1
2

2 2sin sin sin cos� � � �

� � � �
Mg
2

2 3 3 3
2

2 2sin sin sin cos� � � �

� � 


�


�

Mg
2

1
2

9
2

32sin sin sin� � �

� � � ��
	


�
�

Mg
2 2 2

9
2

3
2 2

2cos sin sin sin sin� �
� � �

� � �
�
��

�
��

�

	





�

�



Mg
2 2 2

3
2

2
2

cos sin sin� �
�

> 0 Œ˚ Œfl¡±ÀÚ± �-¬ı˛ Ê√Ú…º

� Œ˚À˝√√Ó≈¬ R fl¡‡Ú˝◊√√ ˙”Ú… ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú±, √ÀG¬¬ı˛ ŒÈ¬ø¬ı˘ ŒÂ√ÀÎ¬ˇ Î¬◊øÍ¬À¬ı Ú±º
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¤fl¬fl¬ 18 � ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¸˝√√¸±·øÓ¬ › ‚±Ó¬Ê√·øÓ¬

·Í¬Ú

18.1 õ∂d¬±¬ıÚ±

18.2 Î¬◊ÀV˙…

18.3 ¬ıÀ˘¬ı˛ ‚±Ó¬

18.3.1 ‚±Ó¬ ¬ıÀ˘¬ı˛ ‚±Ó¬

18.4 ‚±Ó¬¬ı˘ õ∂˚≈q¡ ø¡Z˜±øSfl¡ ·øÓ¬-¸˜œfl¡¬ı˛Ì

18.5 ‚±Ó¬¬ı˘ Ê√øÚÓ¬ ·øÓ¬˙øq¡¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú

18.6 Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· › ‚±Ó¬¬ı˘

18.6.1 ¬Û±¬ı˛fl¡±˙Ú Œfl¡f (Centre of Percussion)
18.7 ¸±¬ı̨±—˙

18.8 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘

18.1 õ∂d¬±¬ıÚ±

¤fl¡øÈ¬ ŒÈ¬øÚ¸ ¬ı˘Àfl¡ Œ√›˚˛±À˘¬ı˛ ø√Àfl¡ Â≈√“√ÀÎ¬ˇ ø√À˘ ¬ı˘øÈ¬ Œ√›˚˛±˘ ŒÔÀfl¡ õ∂Ó¬…±¬ı‘M√√ ˝√√˚˛º ¤‡±ÀÚ Œ√‡± ˚±À26√

Œ√›˚˛±À˘¬ı˛ ¸Àe· ¸—‚À¯∏«¬ı˛ ¬Û”À¬ı« ¬ı˘øÈ¬¬ı˛ ˆ¬¬ı˛À¬ı· øÂ√˘ Œ√›˚˛±˘˜≈‡œ › Œ√›˚˛±À˘¬ı˛ ˘•§ ø√Àfl¡ ’±¬ı±¬ı˛ ‡≈¬ı ¸±˜±Ú…

¸˜À˚˛¬ı˛ Ê√Ú… Œ√›˚˛±À˘¬ı˛ ¸Àe· ø˘5 ŒÔÀfl¡ ¬Û¬ı˛˜≈˝”√√ÀÓ«¬˝◊√√ ¬ı˘øÈ¬¬ı˛ ˆ¬¬ı˛À¬ı· ’ÀÚfl¡ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√À˚˛ Œ¸È¬± Œ√›˚˛±˘

ø¬ı˜≈‡œ ˝√√˚˛º ¤˝◊√√ Œ˚ ¬Ûø¬ı˛¬ıÓ«¬Ú Œ¸È¬± øfl¡ˆ¬±À¬ı ‚È¬˘ ¤È¬± ø‰¬z¬± fl¡¬ı˛À˘ ’±˜¬ı˛± Œ√‡øÂ√ Œ˚, Œ˚ ¸±˜±Ú… ¸˜À˚˛¬ı˛

Ê√Ú… ¬ı˘øÈ¬ Œ√› ˛̊±À˘¬ı˛ ¸Àe· ø˘5 øÂ√˘, Œ¸ ◊̋√√ ¸˜ ˛̊fl¡±˘ ‡≈¬ı ◊̋√√ ’ä ˝√√À˘›, ¤˜Ú ¤fl¡øÈ¬ ’øÓ¬ õ∂¬ı˘ Œ√› ˛̊±˘

ø¬ı ≈̃‡œ ¬ı˘ (force) ¬ı˘ (ball) øÈ¬¬ı˛ ›¬Û¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛ÀÂ√ Œ˚, Ù¬À˘ ¬ı˘øÈ¬¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¤fl¡øÈ¬ ¸œø˜Ó¬ ¬Ûø¬ı˛¬ıÓ«¬Ú

‚ÀÈ¬ÀÂ√º ¬ı˘øÈ¬¬ı˛ ›¬Û¬ı˛ ¸±˜±Ú… ¸˜À˚˛¬ı˛ Ê√Ú… õ∂˚≈q¡ Œ√›˚˛±À˘¬ı˛ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛ ¬ı˘øÈ¬¬ı˛ Œ¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú

‚È¬±À26√º ¤˝◊√√ Ê√±Ó¬œ˚˛ ¬ı˘Àfl¡ ‚±Ó¬¬ı˘ (Impulsive force) ¤¬ı— Ó¬7¡¡¡øÚÓ¬ ·øÓ¬¬Ûø¬ı˛¬ıÓ«¬ÚÀfl¡ ‚±Ó¬Ê√·øÓ¬

(Impulsivemotion) ¬ı˘± ˝√√˚˛º ‚±Ó¬ ¬ı˘ ø¬ıøˆ¬iß Ò¬ı˛ÀÚ¬ı˛ ˝√√ÀÓ¬ ¬Û±À¬ı˛º Œ˚˜Úñ

(a) ≈√øÈ¬ ¬ıd≈¬¬ı˛ ¸—‚¯∏« Ê√øÚÓ¬ ¬ı˘,

(b) ¤fl¡øÈ¬ ¬ıd≈¬¬ı˛ ¤fl¡±øÒfl¡ ’—À˙ ø¬ıˆ¬q¡ fl¡±À˘ ¤fl¡øÈ¬ ’—˙ ’¬Û¬ı˛ ’—À˙¬ı˛ ›¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘º

(c) ¤fl¡øÈ¬ ‰¬˘˜±Ú ¬ıd≈¬¬ı˛ ›¬Û¬ı˛ ˝√√Í¬±» õ∂À˚˛±· fl¡À¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈Àfl¡ øàÔ¬ı˛œfl¡¬ı˛Ì ˝◊√√Ó¬…±ø√º

18.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡Àfl¡ ’±¬ÛÚ±¬ı˛± Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚñ

● ˝√√Í¬±» Œfl¡±Ú  ¬ı‘˝√√» ¬ı˘ ’øÓ¬ ’ä ¸˜À˚˛¬ı˛ Ê√Ú… ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ›¬Û¬ı˛ õ∂˚≈q¡ ˝√√À˘ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ øfl¡¬ı˛”¬Û ·øÓ¬

¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√˚˛º
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● ¬ıd≈¬øÈ¬ ¬ı˘õ∂ ≈̊q¡ ˝√√› ˛̊±¬ı˛ ¬Û”À¬ı« ·øÓ¬ÀÓ¬ ¬ı± øàÔÓ¬±¬ıàÔ± ˛̊ Ô±fl¡À˘› ’øÓ¬ ’ä ¸˜À ˛̊¬ı˛ Ê√Ú… ¬ı˘øÈ¬¬ı˛ õ∂À ˛̊±À·¬ı˛

Ù¬À˘ ¬ıd≈¬øÈ¬¬ı˛ ·øÓ¬À¬ı· ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√˚˛º

● ·øÓ¬À¬ı· ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ¬Ûø¬ı˛˜±Ì ¬ı˘øÈ¬¬ı˛ ›¬Û¬ı˛ ¤¬ı— Ó¬±¬ı˛ õ∂À˚˛±·fl¡±À˘¬ı˛ ·≈ÌÙ¬À˘¬ı˛ ›¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º

¬ı˘øÈ¬¬ı˛ ¬Ûø¬ı˛˜±Ì ’øÓ¬ ¬ı‘˝√√» › fl¡±˚«fl¡±˘ ’øÓ¬ é≈¬^ ˝√√›˚˛±˚˛ Ó¬±À√¬ı˛ ·≈ÌÙ¬˘ ¤fl¡øÈ¬ ¸˜œøÓ¬ ¸—‡…± ˝√√˚˛

¤¬ı— ‹ ¸œø˜Ó¬ ¸—‡…±Àfl¡ ¬ı˘øÈ¬¬ı˛ ‚±Ó¬ (Impulse) ¬ı˘± ˝√√˚˛ ¤¬ı— ¤¬ı˛”¬Û ¬ı˘Àfl¡ ‚±Ó¬¬ı˘ (Impulsive

Force) ¬ı˘± ˝√√ ˛̊º

18.3 ¬ıÀ˘¬ı˛ ‚±Ó¬ (Impulse of a Force)

¸—:± – ¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ›¬Û¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ t1 ¸˜À ˛̊ ¤fl¡øÈ¬ ¬ı˘ 
�

F X Y Z� , ,� �  ø√flË¡˚˛± fl¡¬ı˛ÀÓ¬ ˙≈¬ı˛≈

fl¡À¬ı˛ t2 ¸˜˚˛ ¬Û˚«z¬ ø√flË¡˚˛± fl¡¬ı˛˘º ¤˝◊√√ ¸˜À˚˛¬ı˛ Ê√Ú… ¬ı˘øÈ¬¬ı˛ ‚±Ó¬ ˝√√˘ 
� �

I Fdt
t

t

� �
1

2

.

˚ø√ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ›¬Û¬ı˛ ¤fl¡øÈ¬ ¬ı˘ 
�
F  õ∂ ≈̊q¡ ˝√√ ˛̊ Ó¬± ˝√√À˘ mr F�� .�

�

Ù¬À˘ ¬ı˘øÈ¬¬ı˛ t t1 2,� �  ¤˝◊√√ ¸˜À˚˛¬ı˛ Ê√Ú… ‚±Ó¬

� � �� �
�

Fdt mrdt mr
t

t

t

t

t

t

1

2

1

2

1

2�� ��

� 
mv mu
� �

, Œ˚‡±ÀÚ v r t
t

� ��� �
2

2  ¸˜À˚˛ ·øÓ¬À¬ı·

�
u r t

t
� ��� �

1
1 ¸˜À˚˛ ·øÓ¬À¬ı·

’Ó¬¤¬ı ¤fl¡øÈ¬ fl¡Ì±¬ı˛ Œ¬ı˘±˚˛ õ∂˚≈q¡ ¬ıÀ˘¬ı˛ Œfl¡±Ú ¸˜˚˛fl¡±À˘ ‚±Ó¬ ˝√√˘ fl¡Ì±øÈ¬¬ı˛ ‹ ¸˜À˚˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛

¸˜±Úº

18.3.1 ‚±Ó¬ ¬ıÀ˘¬ı˛ ‚±Ó¬ (Impulse of an impulsive force)

˚ø√ ¤fl¡øÈ¬ ¬ı˘ 
�
F  ¤˜Ú ˝√√ ˛̊ Œ˚ Ó¬±¬ı˛ ˜±Ú ‡≈¬ı ◊̋√√ ¬ıÎ¬ˇ ¤¬ı— ¬ı˘øÈ¬ t ¸˜˚˛ ŒÔÀfl¡ t t� �  ¸˜˚˛ ¬Û˚«z¬

ø√flË¡˚˛±˙œ˘ Ô±Àfl¡ Ó¬À¬ı ¤˝◊√√ ¬ıÀ˘¬ı˛ ‚±Ó¬ ˝√√˘ 

�
Fdt

t

t t�

�
�

. ¤‡Ú ˚ø√ �t � �0  ˝√√ ˛̊ Ó¬±˝√√À˘,

� �
Fdt F t

t

t t�

� �

�

�  [’±¸iß˜±Ú]
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18.4 ø¡Z˜±øSfl¡ ·øÓ¬ø¬ıø˙©Ü ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ‚±Ó¬¬ı˘ õ∂˚≈q¡ ·øÓ¬ ¸˜œfl¡¬ı˛Ì¸˜”˝√√

Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬ ø¡Z˜±øSfl¡ ·øÓ¬ÀÓ¬ ‰¬À˘ ¤¬ı— t ¸˜À˚˛ Ó¬±¬ı˛ fl¡À˚˛fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ ‹ ¸˜Ó¬À˘ ’¬ıøàÔÓ¬

fl¡À˚˛fl¡øÈ¬ ‚±Ó¬¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛º ’±˜¬ı˛± ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ‚±Ó¬¬ı˘ Ê√øÚÓ¬ ·øÓ¬ ¬Ûø¬ı˛¬ıÓ«¬Ú øÚÌ«˚˛ fl¡¬ı˛¬ıº

‘√√Ï¬ˇ¬ıd≈¬øÈ¬¬ı˛ õ∂øÓ¬øÈ¬ ø¬ıμ≈ Œ˚ øàÔ¬ı˛ ¸˜Ó¬À˘¬ı˛ ¸˜±z¬¬ı˛±˘ Ó¬À˘ ‰¬À˘, Ó¬±Àfl¡ xy-Ó¬˘ øÚÀ˚˛ ’±˜¬ı˛± ‘√Ï¬ˇ¬ıd≈¬¬ı˛

·øÓ¬ ¸˜œfl¡¬ı˛Ì ø˘‡¬ıº

Ò¬ı˛± ˚±fl¡, t ¸˜À ˛̊ G-¤¬ı˛ àÔ±Ú±efl¡ x y z, ,� � [¤‡±ÀÚ z  ÒË≈¬ıfl¡]º

Ò¬ı˛± ˚±fl¡ t ¸˜À˚˛ A x y z A x y z A x y zn n n n1 1 1 1 2 2 2 2, , , , , ... , ,� � � � � � ø¬ıμ≈ÀÓ¬ ¬ı˘ 
� � �

F F Fn1 2, , ...  ¬ı˘·≈ø˘

ø√flË¡ ˛̊± fl¡À¬ı˛º ¤‡±ÀÚ ¬ı˘·≈ø˘ xy Ó¬À˘¬ı˛ ¸˜±z¬¬ı˛±˘ ¤¬ı— ‹ ¬ı˘·≈ø˘¬ı˛ ˜ÀÒ… fl¡Ó¬·≈ø˘ ‚±Ó¬¬ı˘ › ’Ú…·≈ø˘ ¸œø˜Ó¬¬ı˘º

Î¬±˘±•§±À¬ı˛¬ı˛ ÚœøÓ¬ ŒÔÀfl¡ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Œ¬ı˘±˚˛ ¬Û±˝◊√√, ¬ˆ¬¬ı˛Àfl¡f G-¤¬ı˛ ·øÓ¬ ¸˜œfl¡¬ı˛Ì¡Z˚˛ ˝√√˘

Mx Fix
i

n
�� �

�
�

1
............................... (1)

My Fiy
i

n
�� �

�
�

1
............................... (2)

Œ˚‡±ÀÚ M = ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ˆ¬¬ı˛º

ˆ¬¬ı˛Àfl¡Àf¬ı˛ ¸±À¬ÛÀé¬ ·øÓ¬¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√˘ MK x j F y Fiy j ix
j

n
2

1

�
 � � � �
�

� � 	
Œ˚‡±ÀÚ MK2 ˝√√˘ G ·±˜œ z-’Àé¬¬ı˛ ¸˜±z¬¬ı˛±˘ Œ¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Ê√±Î¬…√w¬±˜fl¡ ¤¬ı—

	 � � 	 � �x x x y y yj j j j,  [’Ô«±» G-Œfl¡, ’±±ø√ ø¬ıμ≈ øÚÀ˘ 	 	x yj j,  ˝√√˘ Ai -¤¬ı˛ àÔ±Ú±efl¡] ¤¬ı— 
  ˝√√˘

G ·±˜œ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ‚”Ì«ÚÀ¬ı· ¬ı± Œfl¡ÃøÌfl¡ ·øÓ¬ ¤¬ı±¬ı˛ ’±˜¬ı˛± (1), (2), (3) ¤ ◊̋√√ ¸˜œfl¡¬ı˛Ì·≈ø˘Àfl¡ t

ŒÔÀfl¡ t t� �  ¸˜À˚˛¬ı˛ Ê√Ú… ¸˜±fl¡˘ fl¡À¬ı˛ ¬Û±˝◊√√,

Mx F dt
t

t t

j

n

jx
t

t t
�

�

�

�

� � ��
�

1
............................... (4)

My F dt
t

t t
jy

j

n
�

�

�

� �
�

1
............................... (5)

[ ] ( ' ' )MK t x y dt
t t

i

n

j jx
t

t t

2

1



	

�

	

� �� 

� �

............................... (6)

¤¬ı— �t � �0  fl¡¬ı˛À˘ Î¬±Úø√Àfl¡ F dt Ijx jx
t

t t

�

�

�
�

............................... (7)

’Ô«±» I jx  √̋√̆  Fjx  ¬ıÀ˘¬ı˛ ‚±Ó¬º

’±¬ı±¬ı˛, Œ˚À˝√√Ó≈¬, �t  ‡≈¬ı˝◊√√ ŒÂ√±È¬, ’Ó¬¤¬ı ‹ ’ä¸˜À˚˛ Œfl¡±Ú ø¬ıμ≈¬ı˛ ¸¬ı˛Ì ’±¬ıÀ˝√√˘±À˚±·…º ’Ó¬¤¬ı 	x j

‹ ¸˜À˚˛ ¤fl¡˝◊√√ ˜±ÀÚ Ô±Àfl¡ , Ù¬À˘
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lim lim
�

�

�

� �

t jy jy j jx
t

t t

t j jy j
t

t t

jx
t

t t

x F y F dt x F dt y F dt
�

�

�

� �

	 � 	 � 	 � 	
�

	





�

�

� � �0 0

� �

� 	 � 	x I y Ij jy j jx� � ............................... (8)

¤ˆ¬±À¬ı (7) › (8) ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ ’±˜¬ı˛± (4), (5), (6) ŒÔÀfl¡ � � �t 0  øÚÀ˘ ¬Û± ◊̋√√,

M U u I jx
j

n

��  �
�
�

1
............................... (9)

M V v I jy
j

n

��  �
�
�

1
............................. (10)

MK x I y Ij jy j jx
j

n
2

1
� ��  � 	 � 	

�
�
 � � ............................... (11)

Œ˚‡±ÀÚ u, v › U, V ˚Ô±√flË¡À˜ ‚±Ó¬¬ı˘ õ∂À˚˛±À·¬ı˛ øÍ¬fl¡ ’±À· ¤¬ı— ’¬ı…¬ıø˝√√Ó¬ ¬ÛÀ¬ı˛ ˆ¬¬ı˛Àfl¡f¬ı˛ ·øÓ¬À¬ıÀ·¬ı˛

fl¡±Ó«¬œ˚˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ ¤¬ı— �,	 ˚Ô±√flË¡À˜ ˆ¬¬ı˛Àfl¡f·±˜œ z-¸˜±z¬¬ı˛±˘ ’é¬ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ t ¸˜À˚˛¬ı˛ øÍ¬fl¡ ’±À·

› t ¸˜À˚˛¬ı˛ øÍ¬fl¡ ¬ÛÀ¬ı˛ Œfl¡ÃøÌfl¡ ·øÓ¬À¬ı·º ’Ó¬¤¬ı Œ√‡± ˚±À26√ x-ø√Àfl¡ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ‚±Ó¬¬ı˘¸˜”À˝√√¬ı˛

x-ø√Àfl¡ ‚±Ó¬ ø¬ıÀù≠ø¯∏Ó¬±—À˙¬ı˛ Œ˚±·Ù¬˘º ¤fl¡˝◊√√ˆ¬±À¬ı (10) ŒÔÀfl¡ ¬Û±˝◊√√, y-ø√Àfl¡ ¬¬ıd¬øÈ¬¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú =

‚±Ó¬¬ı˘ ¸˜”À˝√√¬ı˛ ‚±ÀÓ¬¬ı˛ y-ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙·≈ø˘¬ı˛ Œ˚±·Ù¬˘º ’±¬ı±¬ı˛ (ii) ŒÔÀfl¡ Œ√‡± ˚±À26√, ¬ıd≈¬øÈ¬¬ı˛ G-¤¬ı˛

¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú = G ¸±À¬ÛÀé¬ ‚±Ó¬¬ı˘·≈ø˘¬ı˛ √w¬±˜fl¡¸˜”À˝√√¬ı˛ Œ˚±·Ù¬˘º

Î¬◊√±˝√√¬ı˛Ì 1. Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ ¸≈¯∏˜ √G¬ AB-¤¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ C ¤˜Ú Œ˚ AC = x < 2a = √G¬ AB-

¤¬ı˛ Δ√‚«…º √G¬øÈ¬ õ∂ÔÀ˜ ¤fl¡øÈ¬ ˜¸‘Ì ŒÈ¬ø¬ıÀ˘¬ı˛ ›¬Û¬ı˛ ˙±ø˚˛Ó¬ ’±ÀÂ√º ¤˜Ú C ø¬ıμ≈ÀÓ¬ AB-¤¬ı˛ ˘•§ ø√Àfl¡ ¤¬ı—

ŒÈ¬ø¬ıÀ˘¬ı˛ Ó¬À˘ ¤fl¡øÈ¬ ‚±Ó¬¬ı˘ I õ∂ ≈̊q¡ ˝√√˘º M √G¬øÈ¬¬ı˛ ˆ¬¬ı˛ ˝√À˘ ¤¬ı˛ ‚±Ó¬¬ı˘

õ∂À˚˛±· fl¡¬ı˛±¬ı˛ ¬ÛÀ¬ı˛ ˜≈˝”√√ÀÓ«¬ ·øÓ¬À¬ı· øÚÌ«˚˛ fl¡¬ı˛≈Úº

AB ø√Àfl¡ x-’é¬ › AB-¤¬ı˛ ˘•§ø√Àfl¡ ŒÈ¬ø¬ıÀ˘¬ı˛ Ó¬À˘ y-’é¬ ŒÚ› ˛̊±

˚±fl¡ A ø¬ıμ≈¬ı˛ øàÔ¬ı˛±¬ıàÔ± ’¬ıàÔ±ÚÀfl¡ ’±ø√ ø¬ıμ≈ ŒÚ› ˛̊± Œ·˘º √G¬øÈ¬¬ı˛ ˜Ò…ø¬ıμ≈

x a y� �, 0  Œ˚À˝√√Ó≈¬ √G¬øÈ¬ øàÔ¬ı˛ øÂ√˘ ’Ó¬¤¬ı u = 0, v = 0, 
 � 0. ‚±Ó¬¬ıÀ˘¬ı˛ õ∂À˚˛±·ø¬ıμ≈ (x, 0)

¤¬ı— ‚±Ó¬ = (0, I, 0) Œ˚À˝√√Ó≈¬ ’Ú…±Ú… ¬ı˘·≈ø˘ ’Ô«±» ¢∂±øˆ¬øÈ¬ › ŒÈ¬ø¬ıÀ˘¬ı˛ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ¸œø˜Ó¬˜±ÀÚ¬ı˛ ’Ó¬¤¬ı

Ó¬±À√¬ı˛ ‚±Ó¬ = 0, ¤¬ı— √G¬øÈ¬¬ı˛ ‚±Ó¬ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬Û±˝◊√√ñ

MU 
 �0 0

MV I
 �0

M a x a I
2

3
0	 
 � 
� �

’Ó¬¤¬ı ‚±Ó¬¬ı˘ õ∂À˚˛±À·¬ı˛ ¸Àe· ¸Àe· √G¬øÈ¬¬ı˛ ·øÓ¬ ˝√√À¬ı ¤˝◊√√¬ı˛”¬Û –
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(1) Ó¬±¬ı˛ ˆ¬¬ı˛Àfl¡f 
1
M  Œ¬ıÀ· y-ø√Àfl¡ ‰¬À˘º

(2) √G¬øÈ¬ G-¤¬ı˛ ¬Ûø¬ı˛Àõ∂øé¬ÀÓ¬ � � �� 31
2Ma

x a  Œfl¡ÃøÌfl¡ ·øÓ¬ÀÓ¬ ‚≈¬ı˛ÀÓ¬ ’±¬ı˛y¬ fl¡À¬ı˛º

Î¬◊√±˝√√¬ı˛Ì 2. ¤fl¡øÈ¬ a ¬ı…±¸±Ò« ø¬ıø˙©Ü Œ·±˘±fl¡±¬ı˛ ¬Û±Ó¬ Œfl¡f ¸±À¬ÛÀé¬ �  Œfl¡ÃøÌfl¡ Œ¬ıÀ· ‚≈¬ı˛ÀÂ√º ˝√√Í¬±»

¬Ûø¬ı˛øÒ¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈Àfl¡ øàÔ¬ı˛ fl¡¬ı˛À˘ [‚±Ó¬¬ı˘ ‹ ø¬ıμ≈ÀÓ¬ õ∂À˚˛±· fl¡À¬ı˛] ¬Û±Ó¬øÈ¬¬ı˛ ÚÓ≈¬Ú ·øÓ¬ øfl¡¬ı˛”¬Û∑

¸˜±Ò±Ú – Ò¬ı˛± ˚±flƒ¡ ˆ¬¬ı˛Àfl¡f G ¬Ûø¬ı˛Àõ∂øé¬ÀÓ¬ Œ·±˘±fl¡±¬ı˛ ¬Û±Ó¬ �  Œfl¡ÃøÌfl¡ Œ¬ıÀ· ‚≈¬ı˛øÂ√˘º ¤¬ı±¬ı˛ ¬Ûø¬ı˛øÒ¬ı˛

ø¬ıμ≈ A-ŒÓ¬ x, y ø√Àfl¡ Ix, Iy ‚±Ó¬ ˚≈q¡ ‚±Ó¬¬ı˘ õ∂˚≈q¡ ˝√√À˚˛ A øàÔ¬ı˛ ˝√√˘ , Ù¬À˘ ¬Û±Ó¬øÈ¬ A ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÓ¬

’±¬ı˛y¬ fl¡¬ı˛À¬ıº Ò¬ı˛± ˚±fl¡ A ¸±À¬ÛÀé¬ ¬Û±Ó¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ·øÓ¬À¬ı· � � . ’Ó¬¤¬ı Œfl¡Àf¬ı˛ ·øÓ¬ ˝√√À¬ı 0. .
� �a	

[¤‡±ÀÚ GA ø√Àfl¡ x-’é¬ › Ó¬±¬ı˛ ˘•§ø√Àfl¡ y-’é¬ ŒÚ› ˛̊± ˝√√À ˛̊ÀÂ√º]

A-¤¬ı˛ àÔ±Ú±efl¡ (a, 0), ’Ó¬¤¬ı ·øÓ¬ ¸˜œfl¡¬ı˛Ì·≈ø˘ ˝√√˘

M Ix0 0
� � �

M a y� �� � �� 0 1

1
2

02Ma aI I aIy x y� �� � � � ��

’Ó¬¤¬ı I May � 	

¤¬ı— 
1
2

2 2Ma Ma� ��� � � ��

’Ô«±» � � �
1
2

3
2

2 2Ma Ma� �

� ��
�
3

.

18.5 ‚±Ó¬¬ı˘ Ê√øÚÓ¬ ·øÓ¬˙øq¡¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú

Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ ø¡Z˜±øSfl¡ ·øÓ¬ÀÓ¬ ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ A-ŒÓ¬ ¸˝√√¸± ¤fl¡øÈ¬ ‚±Ó¬¬ı˘ õ∂ ≈̊q¡ ˝√√À ˛̊ÀÂ√º

¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬¬ı˛ x, y ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ ‚±Ó¬¬ı˘ õ∂À˚˛±À·¬ı˛ ¬Û”À¬ı« u, v ¤¬ı— G ·±˜œ z-¸˜±z¬¬ı˛±˘

’é¬ ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· � ˝√√À˘ ¤¬ı— ‚±Ó¬¬ı˘ õ∂ ≈̊q¡ ˝√√› ˛̊±¬ı˛ ¸Àe· ¸Àe· G-¤¬ı˛ ·øÓ¬ U, V ¤¬ı—

Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· � ˝√√À˘ ·øÓ¬ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬Û± ◊̋√√,

M (U – u) = Ix

M (V – v) = Iy

MK2 (	� – �) = x�ly – y�Ix,

Œ˚‡±ÀÚ x�, y�� ˝√√˘ ˚Ô±√flË¡À˜ G-¤¬ı˛ ¸±À¬ÛÀé¬ A-¤¬ı˛ àÔ±Ú±efl¡ ‚±Ó¬¬ı˘ õ∂˚≈q¡ ˝√√›˚˛±¬ı˛ ˜≈˝”√√ÀÓ«¬º

’Ó¬¤¬ı, ·øÓ¬˙øq¡¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú

= ‚±Ó¬¬ı˘ õ∂À˚˛±À·¬ı˛ ¬Û¬ı˛˜≈˝”√√ÀÓ«¬ ·øÓ¬˙øq¡ – ‚±Ó¬¬ı˘ õ∂À˚˛±À·¬ı˛ ¤fl¡±z¬ ¬Û”¬ı«˜≈˝”√√ÀÓ«¬ ·øÓ¬˙øq¡
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= 1
2

1
2

2 2 2 2 2 2 2M U V K M u v K	 	 � 	
� � � ��

= 1
2

2M U u U u V v V v K� 	 � 	 	 � 	� 	� 	 � 	 � 	� 	( ) 
 
� �

= 1
2

I U u I V v x I y Ix y y x	 	 	 	 � � � 	� 	 � 	 � �� 	
 �

= 1
2

I U y I V x I u y I v xx y x y� � � � � � � � � � �� �� 	 � 	 � 	 � 	
 


= I
U y u y

I
V x v x

x y

� � � � ��
��

�
��
�

� � � � ��

	





�

�



� �� 	 � 	 � 	 � 	
 


2 2

’Ó¬¤¬ı Œ√‡± ˚±À26√ ·øÓ¬˙øq¡¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú

= 
�

� �

I
V vA A

.
�� �
2

’Ô«±» ‚±Ó¬¬ıÀ˘¬ı˛ ‚±Ó¬ 
�
I  ¤¬ı— A ø¬ıμ≈ÀÓ¬ ‚±Ó¬¬ı˘ õ∂˚≈q¡ ˝√√›˚˛±¬ı˛ ¬Û”À¬ı« › ¬ÛÀ¬ı˛ ·øÓ¬À¬ı· ≈√øÈ¬¬ı˛ ·Î¬ˇ-¤¬ı˛

Œ¶®˘±¬ı˛ ·≈ÌÙ¬˘º

3. Î¬◊√±˝√√¬ı˛Ì –

¤fl¡øÈ¬ øàÔ¬ı˛ ’±˚˛Ó¬Àé¬ÀS¬ı˛ ¬Û±ÀÓ¬¬ı˛ ¤fl¡øÈ¬ ˙œ¯∏«ø¬ıμ≈ÀÓ¬ ¤fl¡øÈ¬ ‚±Ó¬

¬ı˘ õ∂˚≈q¡ ˝√√˘º ‚±Ó¬ ˚ø√ ˚Ô±√flË¡À˜ ¬ı±˝≈√√ ≈√øÈ¬¬ı˛ ¬ı¬ı˛±¬ı¬ı˛ I1, I2 ˝√√ ˛̊ ¤¬ı—

Ù¬À˘ ˙œ¯∏«ø¬ıμ≈øÈ¬¬ı˛ ·øÓ¬À¬ı· fl¡Ì«¬ı¬ı˛±¬ı¬ı˛ V ˝√√˚˛ Ó¬± ˝√√À˘ ’±˚˛Ó¬Àé¬SøÈ¬¬ı˛

·øÓ¬˙øq¡ fl¡Ó¬∑

¸˜±Ò±Ú – ’±˚˛Ó¬Àé¬ÀS¬ı˛ (OABC) B ø¬ıμ≈ÀÓ¬ ¬ı˘ õ∂ ≈̊q¡ ˝√√À˘ ¤¬ı— a, b ¬ı±˝≈√√ Δ√‚«… ˝√√À˘ ·øÓ¬˙øq¡¬ı˛

¬Ûø¬ı˛¬ıÓ«¬Ú

= ‚±Ó¬¬ı˘Ê√øÚÓ¬ ·øÓ¬˙øq¡

= I aV

a b
I bV

a b
1 2 2 2 2 2�

�
�

= 
I a I b V

a b

1 2

2 2

�

�

� �
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18.6 Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· › ‚±Ó¬¬ı˘

fl¡Ì±¬Û≈À?¬ı˛ ·øÓ¬ ¤fl¡Àfl¡ 12·3.7 (v) Ú— ¸˜œfl¡¬ı˛ÀÌ ’±˜¬ı˛± Œ˚ Œfl¡±ÀÚ ø¬ıμ≈ O ¸±À¬ÛÀS Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·

�
L  ˝√√À˘ 

dL
dt

r Fj j

�
� �

� �� ............................... (1)

Œ˚‡±ÀÚ 

� � �
L r m rj j j� �

¤¬ı— Œ˚‡±ÀÚ 
�
Fj

 ¬ı˘ ŒÓ¬ ’¬ıøàÔÓ¬ fl¡Ì±¬ı˛ ›¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ¤‡Ú ˚ø√ 
�
Fj

 ¬ı˘·≈ø˘ ø¡Z˜±øSfl¡ ’Ô«±» xy

Ó¬À˘ ’¬ıøàÔÓ¬ ˝√√˚˛ ’Ô«±» 
�
F X Yj j j� ,� �  ˝√√ ˛̊ Ó¬±˝√√À˘ ˚ø√ (1)-Ú— ¸˜œfl¡¬ı˛ÀÌ¬ı˛ Œ¶®˘±¬ı˛ ¬ı˛”¬Û ŒÔÀfl¡ ¬Û±˝◊√√,

d
dt

x m y y m x x F y Fj j j j j j j jy j jx
j

� � ��� � � � �

¤¬ı±¬ı˛ Î¬◊ˆ¬˚˛ ¬Ûé¬Àfl¡ ŒÔÀfl¡ t + 	t (	t > 0) ¤˝◊√√ ’z¬À¬ı˛ ¸˜±fl¡˘ fl¡¬ı˛À˘ ¬Û±˝◊√√,

m x y y x x F dt y F dtj j j j j
t

t t

j jy j jx
t

t t

t

t t

j

� �� � �
�

	





�

�



� ���
� ��

� �
� ��

¤¬ı±¬ı˛ 	t �� 0+ fl¡¬ı˛À˘ ‚±Ó¬¬ıÀ˘¬ı˛ Œé¬ÀS ’±˜¬ı˛± ¬Û±˝◊√√, O ø¬ıμ≈ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛

¬Ûø¬ı˛¬ıÓ«¬Ú

= x I y Ij jy j jx
j

� � �

= ‚±Ó¬¬ı˘¸˜”À˝√√¬ı˛ ‚±Ó¬ (Ijx, Ijy) ˝◊√√Ó¬…±ø√¬ı˛ O ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ¸˜”À˝√√¬ı˛ Œ˚±·Ù¬˘

� ¬õ∂˜±øÌÓ¬ ˝√√˘ Œ˚ ìø¡Z˜±øSfl¡ ·øÓ¬¬ı˛ Œé¬ÀS Œfl¡±Ú ‘√Ï¬ˇ¬ıd≈¬ ¬ı± fl¡Ì±¬Û≈À?¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬¬ı˘ ø√flË¡˚˛± fl¡¬ı˛À˘

Œ˚Àfl¡±Ú ø¬ıμ≈ O ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú = O ø¬ıμ≈ ¸±À¬ÛÀé¬ ‚±Ó¬¬ıÀ˘¬ı˛ ‚±Ó¬-¤¬ı˛ √w¬±˜fl¡

¸˜”À˝√√¬ı˛ Œ˚±·Ù¬˘ºî

‘√Ï¬ˇ¬ıd≈¬¬ı˛ Œ¬ı˘±˚˛ O ø¬ıμ≈·±˜œ z-’é¬ ¸±À¬ÛÀé¬

MK x I y Ij jx j jy
j

2� � � � �

Œ˚‡±ÀÚ MK2 ˝√√˘ O ·±˜œ OZ ’é¬ ¸±À¬ÛÀé¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Ê√±Î¬…√w¬±˜fl¡º ��˝√√˘ OZ ¸±À¬ÛÀé¬ ¬¬ıd≈¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡

·øÓ¬À¬ı· ¤¬ı— Î¬±Ú¬Ûé¬ ˝√√˘ ‚±Ó¬¬ı˘ ¸˜”À˝√√¬ı˛ ‚±ÀÓ¬¬ı˛ OZ ¸±À¬ÛÀé¬ √w¬±˜fl¡ Œ˚±·Ù¬˘º

18.6.1 ¬Û±¬ı˛fl¡±˙Ú Œfl¡f (Centre of Percussion)

Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬ ¤fl¡øÈ¬ øàÔ¬ı˛ ’Àé¬¬ı˛ ¸±À¬Ûé¬ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛ ¤¬ı— ¤fl¡øÈ¬ ‚±Ó¬¬ı˘ ‹ ¬ıd≈¬øÈ¬¬ı˛ ›¬Û¬ı˛

¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± ¤˜Úˆ¬±À¬ı fl¡¬ı˛À˘ Œ˚ Ù¬À˘ ’é¬øÈ¬¬ı˛ ›¬Û¬ı˛ ‚±Ó¬õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ˙”Ú…º ‚±Ó¬¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡±Àfl¡
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ë¬Û±¬ı˛fl¡±˙Ú Œ¬ı˛‡±í (line of percussion) ¬ı˘ ˝√√˚˛º ˆ¬¬ı˛Àfl¡f G › ’é¬ ø¬ıμ≈·±˜œ ¸˜Ó¬À˘¬ı˛ Œ˚ ø¬ıμ≈ÀÓ¬

¬Û±¬ı˛fl¡±˙Ú Œ¬ı˛‡± ŒÂ√√ fl¡À¬ı˛ Ó¬±Àfl¡ ¬Û±¬ı˛fl¡±˙Ú Œfl¡f (Centre of Percussion) ¬ı±˘ ˝√√ ˛̊º

‚±Ó¬¬ı˘ 
�
I  OG-Œfl¡ C ø¬ıμ≈ ŒÂ√√ fl¡¬ı˛À˘ ¤¬ı— OC = C, OG = h

�
I  › 

�

GO  ¤¬ı˛ ˜ÀÒ… Œfl¡±Ú �� ˝√√À˘ M = ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ˆ¬¬ı˛ ¤¬ı— ‚±Ó¬¬ı˘ Œ˝√√Ó≈¬ ‚±Ó¬Ê√ ·øÓ¬¬ı˛ Œfl¡ÃøÌfl¡

·øÓ¬ 	� ˝√√À˘,

Mh	� = I sin �

�� �� I cos �� �� �� ��
�
2

O-¤¬ı˛ ¸±À¬ÛÀé¬ M K h IC Mh C2 2� � �� �� �

C K h
h

h K
h

�
�

� �
2 2 2

18.7 √¸±¬ı˛±—˙

¸˝√√¸±·øÓ¬¬ı˛ fl¡±¬ı˛Ì ˝√√˘ ¤fl¡ ¬ı± ¤fl¡±øÒfl¡ ‚±Ó¬ ¬ı˘ ¬ıd≈¬¬ı˛ ›¬Û¬ı˛ õ∂À˚˛±·º ¬¬ıd≈¬øÈ¬ ‚±Ó¬ ¬ı˘ õ∂˚≈q¡ ˝√√›˚˛±¬ı˛

¬Û”À¬ı« ·øÓ¬ÀÓ¬ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛ ’Ô¬ı± øàÔ¬ı˛ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛º ‚±Ó¬¬ı˘ ‡≈¬ı˝◊√√ ’ä ¸˜À˚˛¬ı˛ Ê√Ú… ø√flË¡˚˛±˙œ˘ ¤fl¡øÈ¬ ¬ı‘˝√√»

¬ı˘º ’ä ¸˜À˚˛¬ı˛ Ê√Ú… ˝√√À˘› ‹ ¸˜À˚˛ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛·øÓ¬¬ı˛ ¤fl¡øÈ¬ ˝√Í¬±» ¬Ûø¬ı˛¬ıÓ«¬Ú ’Ô«±» ¤fl¡øÈ¬ ’¸z¬Ó¬ ¬Ûø¬ı˛¬ıÓ«¬Ú

‚ÀÈ¬º ¤˝◊√√ ¬Ûø¬ı˛¬ıÓ«¬Ú ‚±Ó¬ ¬ıÀ˘¬ı˛ ‚±ÀÓ¬¬ı˛ ¸Àe· ˚≈q¡ Œ˚ Œfl¡±Ú ¬ı˘ 
�
F  ¤¬ı˛ ‚±Ó¬ ˝√√˘ 

� �
I Fdt

t o
t

t t

�
� 	

	


lim
�

�

¬ı˘øÈ¬

˚ø√ ¸œø˜Ó¬ ˝√√˚˛ ’Ô«±» 

�
F K�  Œ˚‡±ÀÚ K ¤fl¡øÈ¬ øÚø«√©Ü ¸—‡…±, Œ¸Àé¬ÀS 

�
I � 0.  øfl¡z≈¬ ¬ı˘ ‡≈¬ı ¬ıÎ¬ˇ ˜±ÀÚ¬ı˛

˝√√À˘ 
�
I � 0 ˝√√˚˛ ¤¬ı— Œ¸‡±ÀÚ ¸˝√√¸± ·øÓ¬ ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√˚˛º

ø¡Z˜±øSfl¡ Œé¬ÀS Œfl¡±Ú ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬À¬ı· ‚±Ó¬¬ı˘ õ∂À˚˛±À·¬ı˛ ’¬ı…¬ıø˝√√Ó¬ ¬Û”À¬ı« › ¬ÛÀ¬ı˛ ˚ø√ ˚√Ô±√flË¡À˜

(u, v) ¤¬ı— (U, V) ˝√√˚˛ ¤¬ı— ˆ¬¬ı˛Àfl¡Àf¬ı˛ ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ Œ¬ı· ˚ø√ ¬Û”À¬ı« › ¬ÛÀ¬ı˛ ˚Ô±√flË¡À˜ �

› 	� ˝√√ ˛̊ Ó¬±˝√√À˘, M ˆ¬¬ı˛ ˝√√À˘,

M (U – u) = �Ix

M (V – v) = �Iy

MK2 (	� – �) = �x� Iy – y� Ix)

Œ˚‡±ÀÚ Ix, Iy ˝√√˘ m(x, y) ø¬ıμ≈ÀÓ¬ ‚±Ó¬¬ıÀ˘¬ı˛ ‚±ÀÓ¬¬ı˛ Î¬◊¬Û±—˙ ¤¬ı— ��˝√√˘ ˚Ó¬·≈ø˘ ‚±Ó¬¬ı˘ õ∂ ≈̊q¡ ˝√√À ˛̊ÀÂ√

Ó¬±À√¬ı˛ Ê√Ú… Œ˚±· ¤¬ı— (x�, y�) √̋√̆  (x, y) ø¬ıμ≈¬ı˛ ˆ¬¬ı˛Àfl¡f G-¤¬ı˛ ¸±À¬ÛÀé¬ àÔ±Ú±efl¡¡Z˚˛º ’Ô«±»

x = x x y y y� � � � �, , Œ˚‡±ÀÚ x y,  ˝√√˘ ˆ¬¬ı˛Àfl¡Àf àÔ±Ú±efl¡º ‚±Ó¬¬ıÀ˘¬ı˛ Œ¬ı˘±˚˛ ˆ¬¬ı˛À¬ı· ¸—¬ı˛é¬Ì ÚœøÓ¬

› Œfl¡ÃøÌfl¡ ¸—¬ı˛é¬Ì ÚœøÓ¬ õ∂À˚±Ê√…º
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18.8 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘

1. m1 + m2 ˆ¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ‚Ú¬ıd≈¬ ¤fl¡øÈ¬ ø¬ıÀ¶£¬±¬ı˛ÀÌ m1, m2 ˆ¬¬ı˛˚≈q¡ ≈√øÈ¬ fl¡Ì± ’—À˙ ø¬ıˆ¬q¡ ˝√√À˚˛ ¬ıd≈¬øÈ¬¬ı˛

’±À·¬ı˛ ø√Àfl¡˝◊√√ ‰¬˘ÀÓ¬ ˙≈¬ı˛≈ fl¡¬ı˛À˘ ¤¬ı— ø¬ıÀ¶£¬±¬ı˛Ì Ê√±Ó¬ ·øÓ¬˙øq¡ E ˝√√À˘, Œ√‡±Ú Œ˚, ¬ıd≈¬¬ı˛ ’—˙ ≈√øÈ¬¬ı˛ ˜ÀÒ…

’±À¬Ûøé¬fl¡ ·øÓ¬ = 
2 1 2

1 2

E m m

m m

��
��
��

�
��
��

� �

Ò¬ı˛± ˚±fl¡ u ˝√√˘ ¬Û”Ì«¬ıd≈¬øÈ¬¬ı˛ ø¬ıÀ¶£¬±¬ı˛ÀÌ¬ı˛ ¬Û”¬ı«˜≈˝”√√ÀÓ«¬¬ı˛ ·øÓ¬À¬ı· ¤¬ı— ø¬ıÀ¶£¬±¬ı˛ÀÌ¬ı˛ ¬ÛÀ¬ı˛ ’—˙ ≈√øÈ¬¬ı˛ ·øÓ¬À¬ı·

v1, v2 Ó¬± ˝√√À˘,

1
2

1
2

1
21 2

2
1 1

2
2 2

2m m u E m v m v	 	 � 	� � ......................... (1)

ø¬ıÀ¶£¬±¬ı˛ÀÌ¬ı˛ Ù¬À˘ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√˚˛ Ú± ’Ó¬¤¬ı

(m1 + m2) u = m1v1 + m2v2 ......................... (2)

’Ó¬¤¬ı, (1), (2) ŒÔÀfl¡

1
2

1
2

1
2

1 1 2 2
2

1 2
1
2

2 2
2

m v m v

m m
E m v m vv

�

�
� � �

� �

� m v m v m m E m m m v m v1 1 2 2
2

1 2 1 2 2 1
2

2 2
22� � � � � �� � � � � �� �

v m m m m v m m m m v v m m1
2

1
2

1 2 1 2
2

2
2

1 2 2
2

1 2 1 22� � � � � �� � � �

� � � � � � � � �2 2 21 2 1
2

1 2 2
2

1 2 1 2 1 2 1 2m m E v m m v m m v v m m m m E �  �

v v
m m

m m
E1 2

1 2

1 2

2
� �

�
� � � �

2. ¤fl¡øÈ¬ Œ·±˘Àfl¡¬ı˛ ’±¬ı˛ ¤fl¡øÈ¬ ¸˜±Ú ˆ¬¬ı˛˚≈q¡ øàÔ¬ı˛ Œ·±˘Àfl¡¬ı˛ ¸ø˝√√Ó¬ øÓ¬˚fl¡ˆ¬±À¬ı ¸—‚«¯∏ ˝√√À˘ ¤¬ı— Œ·±˘fl¡

≈√øÈ¬ ˜¸‘Ì › ¬Û”Ì«ˆ¬±À¬ı øàÔøÓ¬àÔ±¬Ûfl¡ ˝√√À˘, Œ√‡±Ú Œ˚ ¸—‚À¯∏«¬ı˛ ¬Û¬ı˛

Œ·±˘fl¡ ≈√øÈ¬¬ı˛ ¬ÛÔ ¬Û¬ı˛¶Û¬ı˛ ˘•§º

˚ø√ ·øÓ¬˙œ˘ Œ·±˘Àfl¡¬ı˛ ·øÓ¬À¬ı· U ¤¬ı— U-¤¬ı˛ ø√fl¡ Ó¬±À√¬ı˛

Œfl¡Àf¬ı˛ Œ¬ı˛‡±¬ı˛ ¸Àe· ��Œfl¡±Ì fl¡À¬ı˛ ¤¬ı— ˚ø√ ¸—‚À¯∏«¬ı˛ ’¬ı…¬ıø˝√√Ó¬

¬ÛÀ¬ı˛ ¤fl¡øÈ¬¬ı˛ ·øÓ¬À¬ı· v1 › ’¬Û¬ı˛øÈ¬¬ı˛ v2 ˝√√ ˛̊, ¤¬ı— v1, v2 ˚Ô±√flË¡À˜

�1, �2 Œfl¡±Ì Œfl¡fÀ¬ı˛‡±¬ı˛ ¸Àe· fl¡À¬ı˛ Ó¬± ˝√√À˘ øÚÎ¬◊È¬ÀÚ¬ı˛ ¬Û¬ı˛œøé¬Ó¬

øÚ˚˛˜ ’Ú≈˚±˚˛œ
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v v U
v v U
2 2 1 1

2 2 1 1

cos cos cos
sin sin sin

� � �

� � �

� �

� �

��� (1)

ˆ¬¬ı˛À¬ı· øÚÓ¬…Ó¬± ŒÔÀfl¡ ¬Û±˝◊√√,

mU mv mv
mU mv mv

cos cos cos
sin sin sin

� � �

� � �

� �

� �

���
2 2 1 1

2 2 1 1
(2)

(2) ŒÔÀfl¡ U v v v v� � � �2
2

1
2

1 2 1 22 cos � � �

’±¬ı±¬ı˛, (1) ŒÔÀfl¡ U v v v v2
2
2

1
2

1 2 1 22� � � �� � �

� cos  1 2 0� �� �

� � �
�

1 2 2
� �

3. ≈√øÈ¬ ¸≈¯∏˜ √G¬ AB › AC ‘√Ï¬ˇˆ¬±À¬ı A ø¬ıμ≈ÀÓ¬ ‘√Ï¬ˇˆ¬±À¬ı ¬Û¬ı˛¶Û¬ı˛

˘•§̂ ¬±À¬ı ≈̊q¡º ¤‡Ú C ø¬ıμ≈ÀÓ¬ I ‚±ÀÓ¬¬ı˛ ‚±Ó¬¬ı˘ AC-¤¬ı˛ ˘•§ˆ¬±À¬ı ø√flË¡˚˛±

fl¡¬ı˛À˘ √G¬≈√øÈ¬¬ı˛ ·øÓ¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº

[CP = CA – AP

= 2a – AG cos 45°

= 2a – a sin 45° cos 45°

= 2
2

3
2

a a a
� �  ]

¸˜±Ò±Ú – √G¬ ≈√øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡f G, A ø¬ıμ≈¬ı˛ ˜Ò… ø√À˚˛ AB › AC ø√Àfl¡ x › y ’é¬º G-¤¬ı˛ àÔ±Ú±efl¡

[a, a) G-¤¬ı˛ ·øÓ¬¸˜œfl¡¬ı˛Ì ˝√√˘ñ

Œ˚‡±ÀÚ (U, V) ˝√√˘ G-¤¬ı˛ ·øÓ¬ Œ¬ı· Î¬◊¬Û±—˙¡Z˚˛ ¤¬ı— 	� ˝√√˘ Œfl¡ÃøÌfl¡ ·øÓ¬

M (U – 0) = – I
M (V – 0) = 0

M 
a a a a a2 2 2 2

3 2 3 2
1 3

2
�

�
�

�
� � �
�
�

�
�

�
	


�
�

� ��
�
��

[Œ˚À˝√√Ó≈¬ G-¤¬ı˛ ¸±À¬ÛÀé¬ G¬≈√øÈ¬¬ı˛ Ê√±Î¬…√w¬±˜fl¡ = AB-¤¬ı˛ Ê√±Î¬… √w¬±˜fl¡ + AC-¤¬ı˛ Ê√±Î¬… √w¬±˜fl¡]

� U
M

V Ma aI
� � � �

1 0 5
3

3
2

2
, , �

’Ó¬¤¬ı, ‘√Ï¬ˇ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ Œ¬ı· 
1
M � ¤¬ı— ‚”Ì«Ú ·øÓ¬ = 

9
10

I
Ma

.
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4. ¤fl¡øÈ¬ √G¬ AB ¤fl¡øÈ¬ ’±Ú≈ˆ”¬ø˜fl¡ ˜¸‘Ì ŒÈ¬ø¬ıÀ˘ ˙±ø˚˛Ó¬ ’±ÀÂ√º √G¬øÈ¬¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ P-ŒÓ¬ ˘•§ˆ¬±À¬ı

¤fl¡øÈ¬ ‚±Ó¬¬ı˘ [‚±Ó¬ = I] ø√flË¡˚˛± fl¡À¬ı˛º √G¬øÈ¬¬ı˛ ¸˝√√¸± ·øÓ¬ øfl¡¬ı˛”¬Û∑

ø‰¬S±’Ú≈˚±˚˛œ ˆ¬¬ı˛Àfl¡f G-¤¬ı˛ ·øÓ¬À¬ı· x › y ø√Àfl¡ ˚Ô±√flË¡À˜ U ¤¬ı— V ˝√√À˘ ¤¬ı— G ¸±À¬ÛÀé¬ √G¬øÈ¬¬ı˛

Œfl¡ÃøÌfl¡ ·øÓ¬ 	� ˝√√À˘

m (U – 0) = 0 m = √ÀG¬¬ı˛ ˆ¬¬ı˛

m (V – 0) = I 2a = √ÀG¬¬ı˛ Δ√‚«…

m a Ip
2

3
0� � �� 	 p = GP -¤¬ı˛ Δ√‚«… Œ˚‡±ÀÚ p

ø¬ıμ≈øÈ¬¬ı˛ àÔ±Ú±efl¡ = (a + p, 0)

� U = 0, V
m

�
1

 ¤¬ı— 
 �
3

2

Ip
ma

y-ø√Àfl¡ A-¤¬ı˛ ·øÓ¬À¬ı· = G-¤¬ı˛ ·øÓ¬À¬ı· + G ¸±À¬ÛÀé¬ A-¤¬ı˛ ·øÓ¬À¬ı·

= V – a	

��
1 3
m

Ip
ma

�

= 
I

ma
a p� 3� 	

’Ó¬¤¬ı A øàÔ¬ı˛ Ô±fl¡À¬ı ˚ø√ p a
�

3  ˝√√ ˛̊º

5. ¤fl¡øÈ¬ ¬ı·«Àé¬Sfl¡±¬ı˛ ¬Û±Ó¬ ABCD ¤fl¡øÈ¬ ˜¸‘Ì ’±Ú≈ˆ”¬ø˜fl¡ Ó¬À˘¬ı˛ ›¬Û¬ı˛ ¬ı˛À˚˛ÀÂ√º ˝√√Í¬±» ˚ø√�A ˙œ¯∏«ø¬ıμ≈øÈ¬¬ı˛

BA-¤¬ı˛ ø√Àfl¡ u Œ¬ı· ‰¬˘ÀÓ¬ ’±¬ı˛y¬ fl¡À¬ı˛, Ó¬À¬ı ‹ ¸˜À˚˛ ¬Û±Ó¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ·øÓ¬ Œ¬ı· fl¡Ó¬ ˝√√À¬ı∑

Ò¬ı˛± ˚±fl¡, G-¤¬ı˛ ·øÓ¬À¬ı· Î¬◊¬Û±—˙ U, x-ø√Àfl¡, V, y-ø√Àfl¡ ¤¬ı—

	� ˝√√˘ G-¤¬ı˛ ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ·øÓ¬º Ó¬±˝√√À˘ Œ˚À˝√√Ó≈¬ A ø¬ıμ≈¬ı˛

·øÓ¬À¬ı· Œ√›˚˛± ’±ÀÂ√ (u, 0).

’Ó¬¤¬ı U + a	� = u

v + a	� = 0

Œ˚À˝√√Ó≈¬ ‚±Ó¬¬ı˘ ˙≈Ò≈˜±S A ø¬ıμ≈ÀÓ¬ õ∂˚≈q¡ ˝√√À˚˛ÀÂ√º

’Ó¬¤¬ı ‚±Ó¬¬ıÀ˘¬ı˛ ‚±Ó¬ Ix, Iy ˝√√À˘,

m(U – 0) = Ix
m(V – 0) = Iy

m a I a I ax y
2
3

02 
 � � 	� 	

�
2

3
ma I Ix y
 � 	 = mU + mV

= m(u – a	) – ma	

}
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�
2

3
2ma ma mu
 
	 �

8
3
ma mu
 �

� 

3
8

a
a

U u a u u u
� � � � �


3
8

5
8

V a u
� � � �


3
8

6. ≈√øÈ¬ ¸≈¯∏˜ √G¬ AO, OB ˚±À√¬ı˛ Δ√‚«… ˚Ô±√flË¡À˜ 2a, 2b ¤¬ı— ˆ¬¬ı˛ m › M, O ø¬ıμ≈ÀÓ¬ ˜¸‘Ìˆ¬±À¬ı

≈̊q¡ ’±ÀÂ√ ¤¬ı— ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡±˚˛ ¤fl¡øÈ¬ ˜¸‘Ì ŒÈ¬ø¬ıÀ˘¬ı˛ ›¬Û¬ı˛ ’±ÀÂ√º ¤‡Ú A ø¬ıμ≈ÀÓ¬ AOB-¤¬ı˛ ˘•§ø√Àfl¡

¤fl¡øÈ¬ P ‚±Ó¬ ˚≈q¡ ‚±Ó¬¬ı˘ õ∂À˚˛±· fl¡¬ı˛± ˝√√˘º ‹ ¸˜À˚˛ O ø¬ıμ≈ÀÓ¬

‚±Ó¬ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ fl¡Ó¬∑

Ò¬ı˛± ˚±fl¡ O ø¬ıμ≈ÀÓ¬ AO √ÀG¬¬ı˛ ›¬Û¬ı˛ ø√flË¡˚˛˜±Ú õ∂øÓ¬ø√flË¡˚˛± ¬ı˘

R1, R2 AOB ø√Àfl¡ › Ó¬±¬ı˛ ˘•§ø√Àfl¡º

Œ˚À˝√√Ó≈¬ O-¤¬ı˛ ·øÓ¬À¬ı· Î¬◊¬Û±—˙ ¸˜±Ú mu1 = R1

Ó¬±˝√√À˘ AO √ÀG¬¬ı˛ Ê√Ú…

mv1 = R2 + P � u1 = u2

m a w R a Pa
2

1 23
� � v a v b1 1 2 27	 � �� �

’±¬ı±¬ı˛, OB √ÀG¬¬ı˛ Ê√Ú… � mu1 + Mu2 = 0  � u1 = u2 = 0 � R1 = 0

Mu2 = – R1   mv1 + Mv2 = P
Mv2 = – R2

M b R a
2

2 23

 �

õ∂ùü 7. M ˆ¬¬ı˛ › 2a Δ√À‚«…¬ı˛ ¤fl¡øÈ¬ √G¬ øàÔ¬ı˛±¬ıàÔ± ’±ÀÂ√ ¤˜Ú ¸˜˚˛ Ó¬±¬ı˛ ›¬Û¬ı˛ ˘•§ˆ¬±À¬ı Œfl¡Àf¬ı˛

ŒÔÀfl¡ C ”√¬ı˛ÀQ ¤fl¡øÈ¬ J ‚±ÀÓ¬¬ı˛ ¤fl¡øÈ¬ Ò±!¡± Œ√›˚˛± ˝√√˘º √G¬øÈ¬ Œfl¡±Ú ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÓ¬ ˙≈¬ı˛≈ fl¡¬ı˛À¬ı Œ¸øÈ¬

Œ¬ı¬ı˛ fl¡¬ı˛≈Ú ¤¬ı— Ò±√!¡±¬ı˛ ¬ÛÀ¬ı˛ √G¬øÈ¬¬ı˛ ·øÓ¬˙øq¡ fl¡Ó¬ ˝√√À¬ı Ó¬±› Œ¬ı¬ı˛

fl¡¬ı≈̨Úº

¤‡±ÀÚ ¸˝√√¸±¬ ı˘ õ∂À˚˛±· fl¡¬ı˛± ˝√√À˚˛ÀÂ√ ˚±¬ı˛ fl¡±ÀÂ√ √ÀG¬¬ı˛ ›¬Û¬ı˛

õ∂̊ ≈q¡ ’Ú…±Ú… ¸¸œ˜¬ı˘·≈ø˘Àfl¡ Ó≈¬26√ ˜ÀÚ fl¡¬ı̨± ˚±˚̨º ¤ ◊̋√√ ¸ √̋√̧ ±‚±Ó¬¬ı˘øÈ¬¬ı̨

‚±Ó¬ Jº

Ò¬ı˛± ˚±fl¡ Ò±!¡±¬ı˛ ¬ÛÀ¬ı˛ √G¬øÈ¬ O ø¬ıμ≈ ¸±À¬ÛÀé¬ Œ‚±À¬ı˛, Œ˚‡±ÀÚ O, G-¤¬ı˛ Œ˚ø√Àfl¡ Ò±!¡± Œ√›˚˛± ˝√√À˚˛øÂ√˘

Œ¸ø√Àfl¡ Ú˚˛, ’Ú…ø√Àfl¡ ’¬ıøàÔÓ¬º
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OG = x Ò¬ı˛± ˚±fl¡º

¤‡Ú Ò±!¡±¬ı˛ ‚±Ó¬øÈ¬ ˝√√À¬ı, Ò±!¡±¬ı˛ ¬ÛÀ¬ı˛ › ’±À· √G¬øÈ¬¬ı˛ Δ¬ı˛ø‡fl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Û±Ô«fl¡…º ¤˝◊√√ Δ¬ı˛ø‡fl¡ ˆ¬¬ı˛À¬ı·

’±¬ı±¬ı˛ G ø¬ıμ≈¬ı˛ ¸Àe·˝◊√√ ¸=±¬ı˛˙œ˘ M ˆ¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ ¬ıd≈¬fl¡Ì±¬ı˛ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¸˜±Úº

Ò±!¡±¬ı˛ ¬ÛÀ¬ı˛, G ø¬ıμ≈¬ı˛ Δ¬ı˛ø‡fl¡ Œ¬ı· x��

� M(x�� – O) = J. .......................... (i)
¤Â√±Î¬ˇ±›, O-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛ ¬Û±˝◊√√ñ

O-¤¬ı˛ ¸±À¬ÛÀé¬ Ò±!¡±¬ı˛ ¬ÛÀ¬ı˛› Ò±!¡¬ı˛ ’±À√· √w¬±˜Àfl¡¬ı˛ ¬Û±Ô«fl¡… = O ø¬ıμ≈ ¸±À¬ÛÀé¬ ˝◊√√˜¬Û±˘À¸¬ı˛ √w¬±˜fl¡º

’Ô«±» MK2(�� – 0) = J(x + c)

Œ˚‡±ÀÚ K ˝√√˘ O-¤¬ı˛ ¸±À¬ÛÀé¬ √G¬øÈ¬ ‚”Ì«Ú ¬ı…±¸±Ò« K a x2
2

2
3

� �

� M a x J c x
2

2
3

�
�
�

�
� � �� � 	 .......................... (ii)

øfl¡z≈¬ � �
J

Mx    ((i) ŒÔÀfl¡]

� (ii) ŒÔÀfl¡ ¬Û±˝◊√√,

a x c x x2 23 3� � �� 	

� x a
c

�
2

3
,  ¤¬ı˛ ŒÔÀfl¡ O -¤¬ı˛ ’¬ıàÔ±Ú ¬Û±›˚˛± ˚±˚˛º

Ò±!¡±¬ı˛ ¡Z±¬ı˛± õ∂±5 ·øÓ¬˙øq¡ ˝√√˘,

1
2

1
2 3

2 2
2

2 2MK M a x� �� �
�
�

�
�

= 
1
2

32 2 2

2
J
M

a c
a
� ,  x › �-¬ı˛ ˜±Ú ¬ıø¸À˚˛º

õ∂ùü 8. ¤fl¡øÈ¬ Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ ¬Û±Ó¬, Ó¬±¬ı˛ øÚÀÊ√¬ı˛ ¸˜Ó¬À˘ ¤fl¡øÈ¬ ŒÙ¬±fl¡±À¸¬ı˛ ¸±À¬ÛÀé¬ ��Œfl¡ÃøÌfl¡ Œ¬ıÀ· ‚≈¬ı˛ÀÂ√º

’Ô«±» ¤˝◊√√ ŒÙ¬±fl¡±¸øÈ¬Àfl¡ ’±¬ıX fl¡À¬ı˛ ¬ı˛±‡± ˝√√À˚˛ÀÂ√º ˝√√Í¬±», ¤˝◊√√ ŒÙ¬±fl¡±¸Àfl¡ ˜≈q¡ fl¡À¬ı˛, ’Ú… ŒÙ¬±fl¡±¸Àfl¡ ’±¬ıX

(fixed) fl¡¬ı˛± ˝√√˘º Œ√‡±Ú Œ˚ Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ ¬Û±Ó¬øÈ¬ ¤‡Ú ‹ ŒÙ¬±fl¡±À¸¬ı˛ ¸±À¬ÛÀé¬ 
2 5
2 3

2

2
�

�

e
e

� Œfl¡ÃøÌfl¡ Œ¬ıÀ·

‚≈¬ı˛À¬ı∏ e ˝√√˘ Î¬◊¬Û¬ı‘ÀM√√¬ı˛ Î¬◊»Àfl¡øffl¡Ó¬±º

Î¬◊¬Û¬ı‘M√√øÈ¬ ŒÙ¬±fl¡±¸ s-¤¬ı˛ ¸±À¬ÛÀé¬ øÚÀÊ√¬ı˛ ¸˜Ó¬À˘ Œfl¡ÃøÌfl¡

Œ¬ı· �� øÚÀ˚˛ ‚øÎ¬ˇ¬ı˛ fl¡“√±È¬±¬ı˛ ø¬ı¬Û¬ı˛œÀÓ¬ ‚≈¬ı˛ÀÂ√ (anticlockurse)º

˝√√Í¬±» s-Œfl¡ ˜≈q¡ fl¡À¬ı˛ ø√À˚˛ s�-Œfl¡ ’±¬ıX (fixed) fl¡¬ı˛± ˝√√˚˛º ¤¬ı—

¬Û±Ó¬øÈ¬ s�-¤¬ı˛ ¸±À¬ÛÀé¬ ‚øÎ¬ˇ¬ı˛ fl¡“√±È¬±¬ı˛ ø¬ı¬Û¬ı˛œÀÓ¬ ��� Œfl¡ÃøÌfl¡ Œ¬ı·

øÚÀ˚˛ ‚≈¬ı˛ÀÓ¬ Ô±Àfl¡º
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O ˝√√˘ Î¬◊¬Û¬ı‘M√√øÈ¬¬ı˛ Œfl¡fº

¤‡Ú s��Œfl¡ ’±¬ıX fl¡¬ı˛±¬ı˛ ˜≈˝”√√ÀÓ¬ ‹ ø¬ıμ≈ÀÓ¬ ¤fl¡øÈ¬ ‚±Ó¬¬ı˘ õ∂˚≈q¡ ˝√√˚˛, s�-¤¬ı˛ ¸±À¬ÛÀé¬ ˚±¬ı˛ ‚±ÀÓ¬¬ı˛ √w¬±˜fl¡

˙”Ú…º ¤‡Ú, s�-Œfl¡ ’±¬ıX fl¡¬ı˛±¬ı˛ ¬ÛÀ¬ı˛ s�-¤¬ı˛ ¸±À¬ÛÀé¬ ¬Û±Ó¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·º

= (s�� ·±˜œ ˘•§ ’é¬ ¸±À¬ÛÀé¬ ¬Û±Ó¬øÈ¬¬ı˛ Ê√±Î¬…-√w¬±˜fl¡] ��

�� M
a b

a e M e
2 2

2 2 2
4 4

2 3
�

�



�
�
�



�
�
�

� � � �
� �


 
    � b a e2 2 21� �� �

¤¬ı—,  OS�� = ae [M, ¬Û±Ó¬øÈ¬¬ı˛ ˆ¬¬ı˛]

’±¬ı±¬ı˛, s�-Œfl¡ ’±¬ıX fl¡¬ı˛±¬ı˛ ’±À·, ¬Û±Ó¬øÈ¬ s-¤¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛øÂ√˘, ¤¬ı— s��¸±À¬ÛÀé¬ Ó¬‡Ú ¬Û±ÀÓ¬¬ı˛ Œfl¡ÃøÌfl¡

ˆ¬¬ı˛À¬ı· = ˆ¬¬ı˛Àfl¡f O-¬ı˛ ¸Àe· ‰¬˘˜±Ú M ˆ¬¬ı˛˚≈q¡ fl¡Ì±¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı· + ˆ¬¬ı˛Àfl¡f ¸±À¬ÛÀé¬ ¬Û±Ó¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡

ˆ¬¬ı˛À¬ı·

= –M (O-¤¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬]. OS�� �� 
� M (ae�) ae + M a b M a b2 2 2 2

4 4
�

�
�


 


¤‡±ÀÚ, Œ˚ ¸˜d¬ √w¬±˜fl¡, ¬ı± Œfl¡ÃøÌfl¡ ¬ˆ¬¬ı˛À¬ı· ‚øÎ¬ˇ¬ı˛ fl¡“√±È¬±¬ı˛ ø√Àfl¡ (clockwise), Ó¬±À√¬ı˛ ¸Àe· Ÿ¬Ì±Rfl¡

ø‰¬˝ê ŒÚ› ˛̊± ˝√√À ˛̊ÀÂ√º

’Ô«±» ��� ¬ı±, ��-¤¬ı˛ ø√fl¡øÈ¬Àfl¡˝◊√√ ÒÚ±Rfl¡ ŒÚ›˚˛± ˝√√À˚˛ÀÂ√º

’Ú…±Ú… ¬ıø˝√√¬ı«À˘¬ı˛ ’Ú≈¬ÛøàÔøÓ¬ÀÓ¬,

s�� ¸±À¬ÛÀé¬ ‚±Ó¬¬ı˘õ∂À˚˛±À·¬ı˛ øÍ¬fl¡ ¬ÛÀ¬ı˛ › øÍ¬fl¡ ’±À· Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Û±Ô«fl¡…º

= s�� ¸±À¬ÛÀé¬ ‚±Ó¬¬ıÀ˘¬ı˛ √w¬±˜fl¡ = O

¬ı±,
M e M e
4

2 3
4

2 5 02 2� � � � �� � � �
 


¬ı±, � �
�

�
� �

2 5
2 5

2

2
e
e

õ∂ùü 9. e Î¬◊»ÀflfÓ¬±¬ı˛ ¤fl¡øÈ¬ Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ ¬Û±Ó¬ Ó¬±¬ı˛ ¤fl¡øÈ¬ Ú±øˆ¬˘À•§¬ı˛ ¸±À¬ÛÀé¬ ¬Û±fl¡ ‡±À26√ (spinning),

	� Œfl¡ÃøÌfl¡ Œ¬ıÀ·º ¸˝√√¸± ¤˝◊√√ ’±¬ıX Ú±øˆ¬˘•§Àfl¡ ˜≈q¡ fl¡À¬ı˛ ø√À˚˛ ’Ú… Ú±øˆ¬˘•§øÈ¬Àfl¡ ’±¬ıX fl¡¬ı˛± ˝√√˘º Œ√‡±Ú

Œ˚ ¤ ◊̋√√ Ú±øˆ¬˘À•§¬ı˛ ¸±À¬ÛÀé¬ ¬Û±Ó¬øÈ¬¬ı˛ ÚÓ≈¬Ú Œfl¡ÃøÌfl¡ Œ¬ı· ˝√√À¬ı 
1 4
1 4

2

2
�

�

e
e

�

Ò¬ı˛± ˚±fl¡ ¬Û±Ó¬øÈ¬ [˚±¬ı˛ ˆ¬¬ı˛ M] õ∂ÔÀ˜ Ú±øˆ¬˘•§ l-¤¬ı˛

¸±À¬ÛÀé¬ ‚≈¬ı˛ÀÂ√, 	� Œfl¡ÃøÌfl¡ Œ¬ıÀ·º l-Œfl¡ ˜≈q¡ fl¡À¬ı˛ ø√À˚˛ l�-

Œfl¡ ¬ıX fl¡¬ı˛± ˝√√˘º ¤‡Ú Òø¬ı˛, ¬Û±Ó¬øÈ¬ l��¸±À¬ÛÀé¬ ��Œfl¡ÃøÌfl¡

Œ¬ıÀ· ¬Û±flƒ¡ ‡±À¬ıº 	� › �� ≈√øÈ¬ ◊̋√√ ¤fl¡ ◊̋√√ ø√Àfl¡ ŒÚ› ˛̊± ˝√√˘º

l-¤¬ı˛ ¸±À¬ÛÀé¬ Œ‚±¬ı˛±¬ı˛ ¸˜˚˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·øÓ¬À¬ı· øÂ√˘ ae	�

¤¬ı— l��¤¬ı˛ ¸±À¬ÛÀé¬ Œ‚±¬ı˛±¬ı˛ ¸˜ ˛̊ ˆ¬¬ı˛Àfl¡Àf¬ı˛ Δ¬ı˛ø‡fl¡ ·øÓ¬À¬ı·

ae��� ¤¬ı— ≈√øÈ¬ ø¬ı¬Û¬ı˛œÓ¬ø√Àfl¡º
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l�-Œfl¡ ’±¬ıX fl¡¬ı˛±¬ı˛ ¬ÛÀ¬ı˛ l�� ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·

= M a a e Ma e
2

2 2
2

2
4 4

1 4�
�
��

�
�	

� ��
� � �

¤¬ı— l�-¤¬ı˛ ¸±À¬ÛÀé¬, l�-Œfl¡ ’±¬ıX fl¡¬ı˛±¬ı˛ ’±À· ¬Û±Ó¬øÈ¬¬ı˛ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·

= ˆ¬¬ı˛Àfl¡Àf ’¬ıøàÔÓ¬ › ˆ¬¬ı˛Àfl¡Àf¬ı˛ ¸Àe· ·øÓ¬˙œ˘ M ˆ¬À¬ı˛¬ı˛ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ l��¸±À¬ÛÀé¬ Œfl¡ÃøÌ¬ı˛ ˆ¬¬ı˛À¬ı·

+ ˆ¬¬ı˛Àfl¡f·±˜œ l�-¤¬ı˛ ¸˜±z¬¬ı˛±˘ Œ¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ı·

= � �M ae ae M a
� �� 	

2

4

= 
Ma e

2
2

4
1 4�� �

’Ó¬¤¬ı, ‚±Ó¬¬ı˘ õ∂À˚˛±À·¬ı˛ Ê√Ú… l�-¤¬ı˛ ¸±À¬ÛÀé¬ Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú = l�� ¸±À¬ÛÀé¬ ‚±Ó¬¬ıÀ˘¬ı˛

√w¬±˜fl¡ = O.

¬ı±,
Ma e Ma e

2
2

2
2

4
1 4

4
1 4 0


� � � �� � � ��
 ˝◊√√Ó¬…±ø√º

õ∂ùü 10. ¤fl¡øÈ¬ 2a Δ√‚«… › m ˆ¬À¬ı˛¬ı˛ √G¬ Ó¬±¬ı˛ ¤fl¡øÈ¬ õ∂±Àz¬¬ı˛ ¸±À¬ÛÀé¬ Œ˚Ãø·fl¡ Œ√±˘Àfl¡¬ı˛ ˜Ó¬ ≈√˘ÀÓ¬

¬Û±À¬ı˛º √G¬øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ˆ¬±À¬ı øàÔ¬ı˛±¬ıàÔ±˚˛ øÂ√˘, ¤¬ı— ‹ ’¬ıàÔ±˚˛ ŒÔÀfl¡ ‚≈¬ı˛ÀÓ¬ ˙≈¬ı˛≈ fl¡À¬ı˛ ˚‡Ú Î¬◊~•§ ’¬ıàÔ±˚˛

’±À¸ Ó¬‡Ú Ó¬±¬ı˛ ˜Ò…ø¬ıμ≈ÀÓ¬ ˘•§ˆ¬±À¬ı ¤˜Ú ¤fl¡øÈ¬ Ò±!¡± (blow) Œ√› ˛̊± ˝√√ ˛̊ Œ˚ Ó¬±¬ı˛ Œfl¡ÃøÌfl¡ Œ¬ıÀ·¬ı˛ ø√fl¡

Î¬◊˘ÀÈ¬ ¬ı±¬ı˛ › ˜±ÀÚ ’ÀÒ«fl¡ ˝√√À˚˛ ˚±˚˛º ‹ Ò±!¡±¬ı˛ ‚±Ó¬øÈ¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº

√G¬øÈ¬ t ¸˜À˚˛ �� Œfl¡±ÀÌ ‚≈¬ı˛À˘, O ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛,

1
2

4
3

2
m a mga�� cos� ��

¸˜±fl¡˘Ú fl¡À¬ı˛,

� �2 3
2

�
g
a

sin

� � �� �0 0, �

Î¬◊~•§ ’¬ıàÔ±˚˛ Œfl¡ÃøÌfl¡ Œ¬ı· ˝√√À¬ı 
3
2 2

3
2

g
a

g
a

sin �
�

Ò¬ı˛± ˚±fl¡ ‹ ¬’¬ıàÔ±˚˛ õ∂˚≈q¡ Ò±!¡±¬ı˛ ‚±Ó¬ ˝√√˘ J

� O-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˘,
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O-¸±À¬ÛÀé¬ ‚±Ó¬ õ∂˚≈q¡ ˝√√¬ı±¬ı˛ ¬ÛÀ¬ı˛ › ’±À· Œfl¡ÃøÌfl¡ ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Û±Ô«fl¡… = O-¸±À¬ÛÀé¬ ‚±ÀÓ¬¬ı˛ √w¬±˜fl¡º

� � �


��


��



��


��
�m a g

a
g
a

Ja. 4
3

1
2

3
2

3
2

2

[Œ˚À˝√√Ó≈¬ ‚±Ó¬¬ı˘ õ∂À˚˛±À·¬ı˛ Ù¬À˘ ÚÓ≈¬Ú Œfl¡Ãø˙fl¡ ·øÓ¬À¬ı· 
1
2

3
2

g
a

, ’±À·¬ı˛ Œfl¡ÃøÌfl¡ ·øÓ¬À¬ıÀ·¬ı˛ ø¬ı¬Û¬ı˛œÀÓ¬]º

¤‡±ÀÚ J-¤¬ı˛ √w¬±˜Àfl¡¬ı˛ ø√fl¡øÈ¬ ‚øÎ¬ˇ¬ı˛ fl¡±È¬±¬ı˛ ø¬ı¬Û¬ı˛œÀÓ¬, ¤¬ı— ¤fl¡øÈ¬Àfl¡ ÒÚ±Rfl¡ ŒÚ›˚˛± ˝√√À˚˛ÀÂ√º
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