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õ∂±flƒ¡fl¡ÔÚ

ŒÚÓ¬±øÊ√ ¸≈ˆ¬±¯∏ ˜≈q¡ ø¬ıù´ø¬ı√…±˘À˚˛¬ı˛ ¶ß±Ó¬fl¡ Œ|øÌ¬ı˛ Ê√Ú… Œ˚ ¬Û±Í¬…√flË¡˜ õ∂¬ıøÓ«¬Ó¬ ˝√√À˚˛ÀÂ√, Ó¬±¬ı˛
˘é¬Ìœ˚˛ ∆¬ıø˙©Ü… ˝√√í˘ õ∂øÓ¬øÈ¬ ø˙é¬±Ô«œÀfl¡ Ó¬“√±¬ı˛ ¬ÛÂµ˜Ó¬ Œfl¡±ÀÚ± ø¬ı¯∏À˚˛ ¸±•ú±øÚfl¡
(Honours) d¬À¬ı˛ ø˙é¬±¢∂˝√√ÀÌ¬ı˛ ¸≈À˚±· fl¡À¬ı˛ Œ√›˚˛±º ¤Àé¬ÀS ¬ı…øq¡·Ó¬ˆ¬±À¬ı Ó¬“√±À√¬ı˛
¢∂˝√√Ìé¬˜Ó¬± ’±À· ŒÔÀfl¡˝◊√√ ’Ú≈˜±Ú fl¡À¬ı˛ Ú± øÚÀ˚˛ øÚ˚˛Ó¬ ˜”˘…±˚˛ÀÚ¬ı˛ ˜Ò… ø√À˚˛ Œ¸È¬± øàÔ¬ı˛
fl¡¬ı˛± ◊̋√√ ≈̊øq¡ ≈̊q¡º Œ¸ ◊̋√√ ’Ú≈̊ ± ˛̊œ ¤fl¡±øÒfl¡ ø¬ı ∏̄À ˛̊ ¸±•ú±øÚfl¡ ˜±ÀÚ¬ı˛ ¬Û±Í¬-Î¬◊¬Ûfl¡¬ı˛Ì ¬ı˛ø‰¬Ó¬ √̋√À ˛̊ÀÂ√
› ˝√√À26√ñ ˚±¬ı˛ ”̃̆  fl¡±Í¬±À˜± øàÔ¬ı˛œfl‘¡Ó¬ ˝√√À ˛̊ÀÂ√ ¤fl¡øÈ¬ ≈̧ø‰¬øz¬Ó¬ ¬Û±Í¬√flË¡À˜¬ı˛ øˆ¬øM√√ÀÓ¬º ◊̋√√øµ¬ı˛±
·±&Òœ ˜≈q¡ ø¬ıù´ø¬ı√…±˘À˚˛¬ı˛ › ¬ı˛¬ıœf ˜≈q¡ ø¬ı√…±˘À˚˛¬ı˛ Œfl¡f › ¬ı˛±ÀÊ√…¬ı˛ ’¢∂·Ì…
ø¬ıù´ø¬ı√…±˘ ˛̧̊ ”̃À˝√√¬ı˛ ¬Û±Í¬√flË¡˜ ’Ú≈̧ ¬ı˛Ì fl¡À¬ı˛ Ó¬±¬ı˛ ’±√ «̇ Î¬◊¬Ûfl¡¬ı˛Ì·≈ø˘¬ı˛ ¸˜i§À ˛̊ ¬ı˛ø‰¬Ó¬ ˝√√À ˛̊ÀÂ√
¤˝◊√√ ¬Û±Í¬√flË¡˜º Œ¸˝◊√√¸Àe· ˚≈q¡ ˝√√À˚˛ÀÂ√ ’ÀÒ…Ó¬¬ı… ø¬ı¯∏À˚˛ ÚÓ≈¬Ú Ó¬Ô…, ˜ÚÚ › ø¬ıÀù≠¯∏ÀÌ¬ı˛
¸˜±À¬ı˙º

”√¬ı˛-¸=±¬ı˛œ ø˙é¬±√±ÀÚ¬ı˛ ¶§œfl‘¡Ó¬ ¬ÛXøÓ¬ ’Ú≈¸¬ı˛Ì fl¡À¬ı˛˝◊√√ ¤˝◊√√¸¬ı ¬Û±Í¬-Î¬◊¬Ûfl¡¬ı˛Ì Œ˘‡±¬ı˛
fl¡±Ê√ ‰¬˘ÀÂ√º ø¬ıøˆ¬iß ø¬ı ∏̄À ˛̊¬ı˛ ’øˆ¬: ¬ÛøG¬Ó¬˜G¬˘œ¬ı˛ ¸± √̋√±˚… ¤-fl¡±ÀÊ√ ’¬Ûø¬ı˛̋ √√± «̊ ¤¬ı— “̊√±À√¬ı˛
øÚ¬ı˛˘¸ ¬Ûø¬ı˛|À˜ Œ˘‡±, ¸•Û±√Ú± Ó¬Ô± ø¬ıÚ…±¸fl¡˜« ¸≈¸•Ûiß ˝√√À26√ Ó¬“√±¬ı˛± ¸fl¡À˘˝◊√√ ÒÚ…¬ı±À√¬ı˛
¬Û±Sº ’±¸À˘, ¤“√¬ı˛± ¸fl¡À˘˝◊√√ ’˘Àé¬… ŒÔÀfl¡ ”√¬ı˛¸=±¬ı˛œ ø˙é¬±√±ÀÚ¬ı˛ fl¡±˚«√flË¡À˜ ’—˙
øÚÀ26√Ú  , ˚‡Ú˝◊√√ Œfl¡±Ú ø˙é¬±Ô«œ ¤˝◊√√ ¬Û±Í¬…¬ıd≈¬øÚ‰¬À˚˛¬ı˛ ¸±˝√√±˚… ŒÚÀ¬ıÚ, Ó¬‡Ú˝◊√√ øÓ¬øÚ fl¡±˚«Ó¬
¤fl¡±øÒfl¡ ø˙é¬fl¡˜G¬˘œ¬ı˛ ¬ÛÀ¬ı˛±é¬ ’Ò…±¬ÛÚ±¬ı˛ Ó¬±¬ı» ¸≈ø¬ıÒ± Œ¬ÛÀ˚˛ ˚±À26√Úº

¤ ◊̋√√̧ ¬ı ¬Û±Í¬-Î¬◊¬Ûfl¡¬ı˛ÀÌ¬ı˛ ‰¬‰«¬± › ’Ú≈̇ œ˘ÀÚ ˚Ó¬È¬± ˜ÀÚ±øÚÀ¬ı˙ fl¡¬ı˛À¬ıÚ Œfl¡±Ú› ø˙é¬±Ô«œ,
ø¬ı ∏̄À ˛̊¬ı˛ ·ˆ¬œÀ¬ı˛ ˚±› ˛̊± Ó¬“√±¬ı˛ ¬ÛÀé¬ Ó¬Ó¬ ◊̋√√ ¸˝√√Ê√ ˝√√À¬ıº ø¬ı ∏̄̊ ˛¬ıd≈¬ ˚±ÀÓ¬ øÚÀÊ√¬ı˛ Œ‰¬©Ü± ˛̊ ’øÒ·Ó¬
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ŒÚÓ¬±øÊ√ ¸≈ˆ¬±¯∏ ˜≈q¡ ø¬ıù´ø¬ı√…±˘˚˛
E M T – 11

¸±—ø‡…fl¡ ø¬ıÀù≠¯∏Ì ø¬ı√…±
(¶ß±Ó¬fl¡ ¬Û±Í¬√flË¡˜)
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¤fl¡fl¡ 2 q øıøˆ¬iß ’ôL√ı˛, (Differences), øıˆ¬±øÊÓ¬ ’ôL√ı˛ 18–40

(Divided Differences),

¤fl¡fl¡ 3 q øÚÎ¬◊È¬ÀÚı˛ ¸•ú≈‡ › ¬Û}¬±» ’±ôL√–¬Û±Í¬Ú (Interpolation) ¸”SZ˚˛ ïw±øôL√¸˝ó 41–54

¤fl¡fl¡ 4 q ˘…±·ı˛±À?ı˛ ˝◊KÈ¬±ı˛À¬Û±À˘˙Ú ”̧S ïw±øôL√¸˝ó ›
øÚÎ¬◊È¬ÀÚı˛ ¸À/ Ó≈¬˘Ú± 55–62
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Âó¿õþöÂ±ø̧± 121–122
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¤fl¬fl¬ 9 q ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸±—ø‡…fl¡ ¸˜±Ò±ÚñI (Numerical

Solution of Equations—I)

·Í¬Ú
9.1 ¬√õ∂d¬±¬ıÚ±

9.2 ¬Î¬◊ÀV˙…

9.3 ¬Œ√fl¡±ÀÓ«¬¬ı˛ ø‰¬˝ê ¬ı˛œøÓ¬

9.4 ¸±¬ı˛øÌ ¬ÛXøÓ¬

9.5 ¸˜ø¡Z‡G¬Ú ¬ÛXøÓ¬

9.6 ¬·ÌÚ±¬ı˛ Ò±¬ı˛± ¬ı± ¬ÛXøÓ¬

9.7 ¬Î¬◊√± √̋√¬ı̨Ì

9.8 ’Ú≈̇ œ˘Úœ

9.9 Î¬◊M√√¬ı̨˜±˘±

9.1 ¬√õ∂d¬±¬ıÚ±

ø¬ı:±Ú › õ∂Àfl¡Ã˙À˘ õ∂±˚˛˙– ’±˜¬ı˛± f(x) = 0 ’±fl¡±À¬ı˛¬ı˛ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ Ó¬±¬ı˛ ¬ıœÊ√ ¬ı± ˜”˘ øÚÌ«˚˛ fl¡À¬ı˛

Ô±øfl¡º Î¬◊À~‡… Œ˚, ¸˜œfl¡¬ı˛ÌøÈ¬ ø¡Z‚±Ó¬ øS‚±Ó¬ ’Ô¬ı± ’±¬ı˛› Œ¬ı˙œ ‚±Ó¬ø¬ıø˙©Ü ¬ıœÊ√·±øÌøÓ¬fl¡ ¬ı± ’¬ıœÊ√·±øÌøÓ¬fl¡

˝√√ÀÓ¬ ¬Û±À¬ı˛, ¤˜Úøfl¡ ¬ıœÊ√øÈ¬ ¬ı±d¬¬ı Ú± ˝√√À˚˛ Ê√øÈ¬˘› ˝√√ÀÓ¬ ¬Û±À¬ı˛º ˚ø√› ’±˜¬ı˛±  ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸øÍ¬fl¡ ¬ıœÊ√ øÚÌ«À˚˛¬ı˛

Ê√Ú… fl¡±Î«¬Ú ¬ÛXøÓ¬, ’˚˛˘±¬ı˛ ¬ÛXøÓ¬, ŒÙ¬¬ı˛±¬ıœ¬ı˛ ¬ÛXøÓ¬, Œ√fl¡±ÀÓ«¬¬ı˛ ¬ÛXøÓ¬ õ∂ˆ‘¬øÓ¬ Ê√±øÚ, Ó¬¬ı≈› ¤‡±ÀÚ ’±˜¬ı˛±

Î¬◊ø~ø‡Ó¬ ¸˜œfl¡¬ı˛Ì·≈ø˘¬ı˛ ¬ıœÊ√ ¬ı± ˜”À˘¬ı˛ ’±¸iß ˜±Ú øÚÌ««À˚˛¬ı˛ Ê√Ú… fl¡À˚˛fl¡øÈ¬ ¸±—ø‡…fl¡ ¬ÛXøÓ¬¬ı˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ı

fl¡À˚˛fl¡øÈ¬ ¤fl¡Àfl¡º

¤˝◊√√ ¤fl¡Àfl¡ ’±˜¬ı˛± ¸±¬ı˛øÌ ¬ÛXøÓ¬ ¤¬ı— ¸˜ø¡Z‡G¬Ú ¬ÛXøÓ¬ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

9.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡fl¡øÈ¬ ¬Û±Í¬ fl¡À¬ı˛ ’±¬ÛøÚ

l Œfl¡±Ú ¸˜œfl¡¬ı˛ÀÌ ¬ı±d¬¬ı ¬ıœÀÊ√¬ı˛ ¸—‡…± ¸•§À&Ò Ò±¬ı˛Ì± fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚ

l Œfl¡±Ú ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¬ıœÊ√·≈ø˘¬ı˛ ’¬ıàÔ±Ú ¸•§À&Ò Ò±¬ı˛Ì± fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚ

l Œfl¡±Ú ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¬ıœÊ√ ¬ı± ¬ıœÊ√·≈ø˘¬ı˛ ¸±—ø‡…fl¡ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚ ˚± ¬ÛÂ√µ˜Ó¬ àÔ±Ú ¬Û˚«z¬ ˙≈Xº



126

9.3 ¬√Œ√fl¡±ÀÓ«¬¬ı˛ ø‰¬˝ê ¬ı˛œøÓ¬ (Descartes’ Rule of Signs)

¤fl¡øÈ¬ ”̃̆ √, ’‡G¬fl¡ › ¬ı±d¬¬ı ¸˝√√·ø¬ıø˙©Ü ¬ıœÊ√·±øÌøÓ¬fl¡ ¸˜œfl¡¬ı˛Ì f(x) = 0-¤¬ı˛ ÒÚ±Rfl¡ ¬ıœÊ√ ¬ı± ˜”À˘¬ı˛

¸—‡…± f(x) ¬ı˝≈√√¬Û√œ ¬ı˛±ø˙¬ı˛ ø‰¬À˝ê¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ¸—‡…± ’À¬Ûé¬± Œ¬ı˙œ ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú± ¤¬ı— Ÿ¬Ì±Rfl¡ ¬ıœÀÊ√¬ı˛ ¸—‡…±

f(–x) ¬ı˝≈√√¬Û√œ ¬ı˛±ø˙¬ı˛ ø‰¬À˝ê¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ¸—‡…± ’À¬Ûé¬± Œ¬ı˙œ ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú±º ˚ø√ ÒÚ±Rfl¡ ¬ı± Ÿ¬Ì±Rfl¡ ¬ıœÀÊ√¬ı˛

¸—‡…± fl¡À˜ Ó¬À¬ı Ó¬±¬ı˛± ≈√˝◊√√-¤¬ı˛ ·≈øÌÓ¬fl¡ ø˝√√¸±À¬ı fl¡˜À¬ıº ’Ô«±» f(x) = 0, ˚ø√ n ‚±Ó¬ø¬ıø˙©Ü ¬ı˝≈√√¬Û√œ ¬ı˛±ø˙

¸˜œfl¡¬ı˛Ì ˝√√ ˛̊ ¤¬ı— f(x)-¤ m1 ¸—‡…fl¡ ø‰¬À˝ê¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú Ô±Àfl¡ ¤¬ı— f(–x)-¤ m2 ¸—‡…fl¡ ø‰¬À˝ê¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú

Ô±Àfl¡, Ó¬À¬ı ÒÚ±Rfl¡ › Ÿ¬Ì±Qfl¡ ¬ıœÀÊ√¬ı˛ ¸¬ı«±øÒfl¡ ¸—‡…± m1 ¤¬ı— m2 ’Ô«±» fl¡˜¬ÛÀé¬ n – (m1 + m2)

¸—‡…fl¡ Ê√øÈ¬˘ ¬ıœÊ√ Ô±fl¡À¬ıº

¤‡Ú ’±˜¬ı˛± ¤fl¡øÈ¬ Î¬◊¬Û¬Û±À√…¬ı˛ Î¬◊À~‡ fl¡¬ı˛¬ı ˚±¬ı˛ ¸±˝√√±À˚… ¬Û¬ı˛¬ıÓ¬πfl¡±À˘ ’±˜¬ı˛± Œ˚-Œfl¡±Ú ¸˜œfl¡¬ı˛Ì f(x)

= 0-¤¬ı˛ ¬ıœÊ√ øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ Ê√Ú… ¬ı…¬ı˝√√±¬ı˛ fl¡¬ı˛¬ıº

Î¬◊¬Û¬Û±√… 1 : ˚ø√ f(x), f′(x), [a, b] ’z¬¬ı˛±À˘ Î¬◊ˆ¬À˚˛˝◊√√ ¸z¬Ó¬ ˝√√˚˛ ¤¬ı— ˚ø√ f(a).f(b) < 0 ˝√√ ˛̊,

Ó¬À¬ı f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ’z¬Ó¬– ¤fl¡øÈ¬ ¬ıœÊ√ [a, b] ’z¬¬ı˛±À˘¬ı˛ ˜ÀÒ… ’¬ıàÔ±Ú fl¡¬ı˛À¬ıº ’±¬ı˛› ˚ø√ f′(x),

[a, b] ’z¬¬ı˛±À˘ ¤fl¡˝◊√√ ø‰¬˝ê˚≈q¡ [ÒÚ±Rfl¡ ¬ı± Ÿ¬Ì±Rfl¡] ˝√√˚˛, Ó¬À¬ı f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬˜±S ¬ıœÊ√ [a,

b] ’z¬¬ı˛±À˘¬ı˛ ˜ÀÒ… Ô±fl¡À¬ıº

9.4 ¬√¸±¬ı˛øÌ ¬ÛXøÓ¬¬ (Tabulation Method)

˜ÀÚ fl¡¬ı˛≈Ú, f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¸¬ı ¬ı±d¬¬ı ¬ıœÊ√·≈ø˘ (a, b) ˜≈q¡ ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡À¬ı˛º ¤‡Ú

(a, b) ’z¬¬ı˛±˘ ŒÔÀfl¡ ¤fl¡øÈ¬ ŒÂ√±È¬ ’z¬¬ı˛±˘ (a0, b0) [(a0, b0) ⊆ (a, b)] øÚÌ«˚˛ fl¡¬ı˛≈Ú, Œ˚‡±ÀÚ f(a0).f(b0)

< 0 ¤¬ı— f′(x) ¤fl¡˝◊√√ ø‰¬˝ê˚≈q¡ [ÒÚ±Rfl¡ ¬ı± Ÿ¬Ì±Rfl¡]º ’Ô«±» (a0, b0) ’z¬¬ı˛±À˘ f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛

¤fl¡øÈ¬˜±S ¬ıœÊ√ x = α [Ò¬ı˛± ˚±fl¡] (a0, b0) ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡¬ı˛À¬ıº ’±¬ı±¬ı˛ x-¤¬ı˛ ¬Û‘Ôfl¡ ˜±Ú ˚Ô± a0,

a0 + h, a0 + 2h, ..., a0 + rh, a r h0 1+ + , .. . , a0 + nh = b0-¤¬ı˛ Ê√Ú… f(x)-¤¬ı˛ ˜±Ú øÚÌ«̊ ˛

fl¡¬ı˛≈Ú, Œ˚‡±ÀÚ h ˝√√˘ Ò±¬Û-∆√‚«… [¸±Ò±¬ı˛ÌÓ¬– h = 1 Ò¬ı˛± ˝√√˚˛]º ˜ÀÚ fl¡¬ı˛≈Ú f(a0 + rh)·f(a0 + r h+ 1 )

< 0 Ó¬±˝√√À˘ x = α ¬ıœÊ√øÈ¬ ( , )a rh a r h0 0 1+ + +  ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡¬ı˛À¬ıº ¤‡Ú ( , )a rh a r h0 0 1+ + +

’z¬¬ı˛±˘øÈ¬Àfl¡ (a1, b1) ’z¬¬ı˛±˘ ¡Z±¬ı˛± ¸”ø‰¬Ó¬ fl¡¬ı˛≈Úº ’±¬ı±¬ı˛ x-¤¬ı˛ ¬Û‘Ôfl¡ ˜±Ú ˚Ô± a a
h

a
h

1 1 110
2
10

, , , .. .,+ +

a
sh

a
s h

a
nh

b1 1 1 110
1

10 10
+ + + + =, , -¤¬ı ˛ Ê√Ú… f(x)-¤ ˜±Ú øÚÌ«˚ ˛ fl¡¬ı ˛ ≈Ú ¤¬ı— ˜ÀÚ fl¡¬ı ˛ ≈Ú

f a
sh

f a
s h

1 110
1

10
0+ ⋅ +

+FH IK <e j ( )
. ’Ó¬¤¬ı, x = α ¬ıœÊ√øÈ¬ a

sh
a

s h
1 110

1
10

_ , + +F
H

I
K  ’z¬¬ı˛±À˘¬ı˛ ˜ÀÒ… ’¬ıàÔ±Ú
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fl¡¬ı˛À¬ı ¤¬ı— a
sh

a
s h

1 110

1

10
+ +

+FH IK,
( )

 ’z¬¬ı˛±˘øÈ¬Àfl¡ (a2, b2) ’z¬¬ı˛±˘ ¡Z±¬ı˛± ¸”ø‰¬Ó¬ fl¡¬ı˛≈Úº ’±¬ı±¬ı˛ x-¤¬ı˛

¬Û‘Ôfl¡ ˜±Ú ˚Ô± a a
h

a
h

a
kh

2 2 2 2 2 2 210

2

10 10
, , , ..., ,+ + +  a

k h
a

nh
b2 2 2 2 2

1

10 10
+ + + =, ..., -¤¬ı˛ Ê√Ú…

f(x)-¤¬ı˛ ˜±Ú·≈ø˘ øÚÌ«˚˛ fl¡¬ı˛≈Ú ¤¬ı— ˜ÀÚ fl¡¬ı˛≈Ú f a
kh

f a
k h

2 2 2 210

1

10
0,+ ⋅ +

+FH IK <e j ( )
 ’Ó¬¤¬ı, x = α

¬ıœÊ√øÈ¬ , a
kh

a
k h

2 2 2 210

1

10
+ +

+FH IK,
( )

 ’z¬¬ı˛±À˘¬ı˛ ’z¬·«Ó¬ ¤¬ı— ’z¬¬ı˛±˘øÈ¬Àfl¡ (a3, b3) ’z¬¬ı˛±˘ ¡Z±¬ı˛± ¸”ø‰¬Ó¬

fl¡¬ı˛≈Úº ¤˝◊√√ˆ¬±À¬ı õ∂øÓ¬øÈ¬ é≈¬^ ’z¬¬ı˛±˘ ’±¬ı˛› é≈¬^ ˝√√ÀÓ¬ ˝√√ÀÓ¬ x = α-¤¬ı˛ ø√Àfl¡ ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº

¤˝◊√√ ¬¬ÛXøÓ¬ ¡Z±¬ı˛± õ∂±Ôø˜fl¡ˆ¬±À¬ı ¤fl¡øÈ¬ ¬ıœÀÊ√¬ı˛ ¸y¬±¬ı… ’¬ıàÔ±Ú øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚº

Î¬◊√±˝√√¬ı˛Ì 1 : ¸±¬ı˛øÌ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ÒÚ±Rfl¡ ¬ıœÊ√·≈ø˘ øÚÌ«˚˛ fl¡¬ı˛≈Ú, ≈√˝◊√√ ¬ı±

øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«…z¬ ˙≈Xº

x4 – 5x3 – 12x2 + 76x – 79 = 0

¸˜±Ò±Ú  . ˜ÀÚ fl¡¬ı˛≈Ú, f(x) = x4 – 5x3 – 12x2 + 76x – 79 = 0, Œ√fl¡±ÀÓ«¬¬ı˛ ø‰¬˝ê ¬ı˛œøÓ¬ õ∂À˚˛±·

fl¡À¬ı˛ ’±˜¬ı˛± f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¸¬ı«±ø√fl¡ øÓ¬ÚøÈ¬ ÒÚ±Rfl¡ ¤¬ı— ˜±S ¤fl¡øÈ¬ Ÿ¬Ì±Rfl¡ ¬ıœÊ√ ¬Û±¬ıº ¤‡Ú 0

[˙≈Ú…] ŒÔÀfl¡ ’±¬ı˛y¬ ¤¬ı— Ò±¬Û-∆√‚« 1 øÚÀ ˛̊ x-¤¬ı˛ ø¬ıøˆ¬iß ˜±ÀÚ¬ı˛ Ê√Ú… f(x)-¤¬ı˛ ˜±Ú·≈ø˘ øÚÌ«̊ ˛ fl¡¬ı˛± ˝√√˘  .

¸±¬ı˛øÌ  . T0

x 0 1 2 3 4 5

f(x) –79 –19 1 –13 –31 1

¸±¬ı˛øÌ T0 ŒÔÀfl¡ ¬Û±ø26√ f(1)·f(2) < 0, f(2)·f(3) < 0 ¤¬ı— f(4)·f(5) < 0

’Ô«±» ÒÚ±Rfl¡ ¬ıœÊ√ øÓ¬ÚøÈ¬ α, β, γ ˚Ô±√flË¡À˜ (1, 2), (2, 3) ¤¬ı— (4, 5) ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡¬ı˛ÀÂ√º

α (1 < α < 2) øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ Ê√Ú… 1 ŒÔÀfl¡ ’±¬ı˛y¬ fl¡À¬ı˛ ¤¬ı— Ò±¬Û-∆√‚«… 0·1 øÚÀ˚˛ x-¤¬ı˛ ø¬ıøˆ¬iß

˜±ÀÚ¬ı˛ Ê√Ú… f(x)-¤¬ı˛ ˜±Ú øÚÌ«̊ ˛ fl¡¬ı˛± ˝√√˘º

¸±¬ı˛øÌ  . T1 1 2α α( )< <

x 1·0 1·1 1·2 1·3 1·4 1·5 1·6 1·7 1·8 1·9 2·0

f(x) –3·81 –2·05 –06·9 0·25

} } }
}
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Œ˚À˝√√Ó≈¬ f(1·7)·f(1·8) < 0, α ¬ıœÊ√øÈ¬ (1·7, 1·8) ’z¬¬ı˛±À˘¬ı˛ ’z¬·«Ó¬º ¤‡Ú 1·7 ŒÔÀfl¡ ’±¬ı˛y¬ fl¡À¬ı˛

¤¬ı— Ò±¬Û-∆√‚«… (step-length) 0·01 øÚÀ˚˛ x-¤¬ı˛ ø¬ıøˆ¬iß ˜±ÀÚ¬ı˛ Ê√Ú… f(x)-¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛± ˝√√˘º

¸±¬ı˛øÌ  . T2 1 7 1 8)( )(α α⋅ < < ⋅

x 1·70 1·71 1·75 1·76 1·77 1·78

f(x) –0·69 –0·58 –0·17 –0·07 0·01 0·10

¤‡±ÀÚ f(1·76) · f(1·77) < 0, α ¬ıœÊ√øÈ¬ (1·76, 1·77) ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡¬ı˛ÀÂ√º ’±¬ı±¬ı˛ 1·76

ŒÔÀfl¡ ’±¬ı˛y¬ fl¡À¬ı˛ ¤¬ı— 0·001 ˜±¬Û-∆√‚«… øÚÀ˚˛ x-¤¬ı˛ ø¬ıøˆ¬iß ˜±ÀÚ¬ı˛ Ê√Ú… f(x)-¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛± ˝√√í˘º

¸±¬ı˛øÌ  . T3 1 76 1 77( ) ( )α α⋅ < < ⋅

x 1·760 1·761 1·765 1·767 1·768 1·769

f(x) –0·07 ... –0·030 ... –0·003 0·005

¤‡±ÀÚ f(1·768)·f(1·769) < 0, ’Ó¬¤¬ı α ¬ıœÊ√øÈ¬ (1·768, 1·769) ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡¬ı˛ÀÂ√º ’±¬ı±¬ı˛

1·768 ŒÔÀfl¡ ’±¬ı˛y¬ fl¡À¬ı˛ ¤¬ı— Ò±¬Û-∆√‚«… 0·0001 øÚÀ ˛̊ x-¤¬ı˛ ø¬ıøˆ¬iß ˜±ÀÚ¬ı˛ Ê√Ú… f(x)-¤¬ı˛ ˜±Ú øÚÌ«̊ ˛

fl¡¬ı˛± ˝√√˘º

¸±¬ı˛øÌ  . T4 1 768 1 769( ) ( )α α⋅ < < ⋅

x 1·7680 1·7681 1·7683 1·7684

f(x) –0·003 –0·0024 –0·0008 0·001

∴ f(1·7683) · f(1·7684) < 0 ¤¬ı˛ α ¬ıœÊ√øÈ¬ (1·7683, 1·7684) ’z¬¬ı˛±À˘¬ı˛ ’z¬·«Ó¬º

∴ α = 1·768, f(x) = 0 ¤fl¡øÈ¬ ¬ıœÊ√ øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬¬Û˚«z¬ ˙≈Xº

¤‡Ú β(2 < β < 3) Œfl¡ ¬ı±√ ø√À˚˛ γ(4 < γ < 5) ¬ıœÊ√øÈ¬ øÚÌ«̊ ˛ fl¡¬ı˛¬ıº ¤‡±ÀÚ 4 ŒÔÀfl¡ ’±¬ı˛y¬

fl¡À¬ı˛ ¤¬ı— Ò±¬Û-∆√‚«… 0·1 øÚÀ˚˛ x-¤¬ı˛ ø¬ıøˆ¬iß ˜±ÀÚ¬ı˛ Ê√Ú… f(x)-¤¬ı˛ ˜±Ú øÚÌ«̊ ˛ fl¡¬ı˛± ˝√√˘º

¸±¬ı˛øÌ  . T1 4 5( )( )γ γ< <

x 4·0 4·1 4·5 4·6 4·7 4·8 4·9 5·0

f(x) –31 –31·14 ... –22·25 ... ... –6·48 1

}
}

}

}



129

Œ√‡± ˚±À26√, f(4·9)·f(5·0) < 0 ’Ó¬¤¬ı, γ ¬ıœÊ√øÈ¬ (4·9, 5·0) ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡À¬ı˛º ¤‡Ú 4·9

ŒÔÀfl¡ ’±¬ı˛y¬ fl¡À¬ı˛ ¤¬ı— 0·01 Ò±¬ı˛-∆√‚«… ÒÀ¬ı˛ x-¤¬ı˛ ø¬ıøˆ¬iß ˜±ÀÚ¬ı˛ Ê√Ú… f(x)-¤¬ı˛ ˜±Ú øÚÌ«̊ ˛ fl¡¬ı˛± ˝√√˘º

¸±¬ı˛øÌ  . T2 4 9 5 0( ) ( )γ γ⋅ < < ⋅

x 4·90 4·91 4·94 4·95 4·97 4·98 4·99 5·00

f(x) 6·48 –5·79 ... –2·89 ... –0·59 0·20 ...

¤‡±ÀÚ f(4·98)·f(4·99) < 0 ’Ó¬¤¬ı, γ ¬ıœÊ√øÈ¬ (4·98, 4·99) ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡À¬ı˛º ¤‡±ÀÚ 4·98

ŒÔÀfl¡ ’±¬ı˛y¬ fl¡À¬ı˛ ¤¬ı— 0·001 Ò±¬Û-∆√‚«… ÒÀ¬ı˛ x-¤¬ı˛ ø¬ıøˆ¬iß ˜±ÀÚ¬ı˛ Ê√Ú… f(x)-¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛± ˝√√˘º

¸±¬ı˛øÌ  . T3 4 98 4 99( ) ( )γ γ⋅ < < ⋅

x 4·980 4·981 4·985 4·986 4·987 4·988 4·989

f(x) –0·59 ... –0·201 ... –0·042 0·037 ...

∴ f(4·987)·f(4·988) < 0

∴ γ = 4·99, f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ıœÊ√, ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

9.5 ¬√¸˜ø¡Z‡G¬Ú ¬ÛXøÓ¬¬

¤È¬± ¤fl¡øÈ¬ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬ (iterative method)º ¤‡±ÀÚ ¸±¬ı˛øÌ ¬ÛXøÓ¬ ¡Z±¬ı˛± ¤fl¡øÈ¬ ¸y¬±¬ı… ŒÂ√±È¬

’z¬¬ı˛±˘ (a0, b0) øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ı Œ˚‡±ÀÚ f(a0) · f(b0) < 0 ¤¬ı— f′(x) ¤fl¡ ◊̋√√ ø‰¬˝ê ≈̊q¡ ˝√√À¬ıº ’Ô«±»,

f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬ ¤fl¡øÈ¬˜±S ¬ı±d¬¬ı ¬ıœÊ√ x = α Ô±fl¡À¬ı ‹ ’z¬¬ı˛±˘ (a0, b0)-ŒÓ¬º

¤‡Ú (a0, b0) ’z¬¬ı˛±˘Àfl¡ ≈√˝◊√√øÈ¬ ¸˜±Ú Î¬◊¬Û-’z¬¬ı˛±˘ (a1, x1) › (x1, b1)-¤ ø¬ıˆ¬q¡ fl¡¬ı˛± ˝√√˘ ’Ô«±»,

x
a b

1
0 0

2
=

+
º ¤‡Ú ˚ø√ x1, f(x) = 0-¤¬ı˛ ¬ıœÊ√ ˝√√ ˛̊, Ó¬À¬ı f(x1) = 0 ˝√√À¬ı, ÚÓ≈¬¬ı± f(a0) f(x1) < 0

¬ı± f(x1) f(b0) < 0 ˝√√À¬ıº Òø¬ı˛ f(a0) f(x1) < 0, ’Ó¬¤¬ı, f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¬ıœÊ√øÈ¬ (a0, x1) ’z¬¬ı˛±À˘

’¬ıàÔ±Ú fl¡À¬ı˛º ¤‡Ú (a0, x1) ’z¬¬ı˛±˘øÈ¬Àfl¡ (a1, b1) ’z¬¬ı˛±˘ ¡Z±¬ı˛± ”̧ø‰¬Ó¬ fl¡¬ı˛± √̋√̆  ¤¬ı— b a b a1 1 0 0
1
2

− = −( )º

’±¬ı±¬ı˛ (a1, b1) ’z¬¬ı˛±˘øÈ¬Àfl¡ ≈√øÈ¬ ¸˜±Ú ’±z¬¬ı˛±˘ (a1, x2) ¤¬ı— (x2, b1)-ŒÓ¬ ø¬ıˆ¬q¡ fl¡¬ı˛± ˝√√˘º ’Ô«±»

x
b a

2
1 1

2
=

+
º ¤‡Ú ˚ø√ x2, f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¬ıœÊ√ ˝√√˚˛, Ó¬À¬ı f(x2) = 0 ˝√√À¬ı ÚÓ≈¬¬ı± f(a1) · f(x2)

< 0 ¬ı± f(x2) · f(b1) < 0 ˝√√À¬ıº ˜ÀÚ fl¡ø¬ı˛, f(x2) · f(b1) < 0, Ó¬À¬ı f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¬ı±d¬¬ı

}
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¬ıœÊ√øÈ¬ (x2, b1) ’z¬¬ı˛±À˘ Ô±fl¡À¬ıº ¤‡Ú (x2, b1) ’z¬¬ı˛±˘øÈ¬Àfl¡ (a2, b2) ’z¬¬ı˛±˘ ¡Z±¬ı˛± ¸”ø‰¬Ó¬ fl¡¬ı˛± ˝√√˘º

’Ó¬¤¬ı,

b a b a b a2 2 1 1 2 0 0
1
2

1

2
− = − = −( ) ( )

¤˝◊√√ˆ¬±À¬ı, ’±˜¬ı˛± x
a b

n
n n

+

+
1 2

 øÚÌ«˚˛ fl¡¬ı˛¬ı, ˚± f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ x = α ¬ıœÀÊ√¬ı˛ (n + 1)-

Ó¬˜ õ∂±ø˚˛fl¡ ˜±Ú Ò¬ı˛± ˝√√À¬ı ¤¬ı— x = α, (an, bn) ’z¬¬ı˛±À˘¬ı˛ ˜ÀÒ… ’¬ıàÔ±Ú fl¡¬ı˛À¬ıº

Œ˚‡±ÀÚ, b a b an n n
− = −1

2 0 0( )

’±¬ı±¬ı˛, Lt Lt
n n n n n

b a b a
→∞ →∞

− = − →a f a f1

2
00 0

∴ xn+1-¤¬ı˛ ¬Û¬ı˛¬Û¬ı˛ ˜±Ú·≈ø˘ ˚Ô±, x1, x2, ..., xn+1, x = α-ŒÓ¬ ’øˆ¬¸±¬ı˛œº

9.6 ¬√·ÌÚ±¬ı˛ Ò±¬ı˛± ¬ı± ¬ÛXøÓ¬¬

¸±¬ı˛øÌ  . 9.6.1

˚‡Ú f(a0) > 0 ¤¬ı— f(b0) < 0

n an (+ve) bn (–ve) x
a b

n
n n

+ =
+

1 2
f(xn+1)

0 a0 b0
x

a b
1

0 0

2
=

+F
H

I
K f(x1) > 0

1 a1(= x1) b1(= b0) x
a b

2
1 1

2
=

+F
H

I
K f(x2) > 0

2 a2(= x2) b2(= b1) x
a b

3
2 2

2
=

+F
H

I
K f(x3) < 0

3 a3(= a2) b3(= x3) x
a b

4
3 3

2
=

+F
H

I
K f(x4) < 0

4 a4(= a3) b4(= x4) x
a b

5
4 4

2
=

+F
H

I
K f(x5) > 0

5 a5(= a5) b5(= b4) x
a b

6
5 5

2
=

+F
H

I
K f(x6) < 0

... ... ... ... ...

... ... ... ... ...
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¸±¬ı˛øÌ  . 9.6.2

˚‡Ú f(a0) > 0 ¤¬ı— f(b0) < 0

n an (–ve) bn (+ve) x
a b

n
n n

+ =
+

1 2
f(xn+1)

0 a0 b0 x
a b

1
0 0

2
=

+
f(x1) > 0

1 a1(= a0) b1(= x1) x
a b

2
1 1

2
=

+
f(x2) > 0

2 a2(= a1) b2(= x2) x
a b

3
2 2

2
=

+
f(x3) < 0

3 a3(= x3) b3(= b2) x
a b

4
3 3

2
=

+
f(x4) < 0

4 a4(= x4) b4(= b3) x
a b

5
4 4

2
=

+
f(x5) > 0

5 a5(= a4) b5(= x5) x
a b

6
5 5

2
=

+
f(x6) < 0

6 a6(= x6) b6(= b5) x
a b

7
6 6

2
=

+
f(x7) < 0

... ... ... ... ...

... ... ... ... ...

9.7 ¬√Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1 : ¸˜ø¡Z‡G¬Ú ¬ÛXøÓ¬¬ı˛ ¡Z±¬ı˛± x3 – 3x + 1·06 = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ÒÚ±Rfl¡ ¬ı±d¬¬ı ¬ıœÊ√·≈ø˘

øÚÌ«˚˛ fl¡¬ı˛≈Ú, øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú  . ˜ÀÚ fl¡¬ı˛≈Ú f(x) = x3 – 3x + 1·06,  ∴ f′(x) = 3x2 – 3

∴ f(0) = 1·06, f(1) = –0·94, f(2) = 3·03 ; ’Ó¬¤¬ı f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ≈√øÈ¬ ÒÚ±Rfl¡

¬ıœÊ√ ’±ÀÂ√ ˚±¬ı˛± (0, 1) ¤¬ı— (1, 2) ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡À¬ı˛ ¤¬ı— (0, 1) ’z¬¬ı˛±À˘ f′(x) < 0 ›

(1, 2) ’z¬¬ı˛±À˘ f′(x) > 0.

∴ (0, 1) ¤¬ı— (1, 2) Î¬◊ˆ¬˚˛ ’z¬¬ı˛±À˘ f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ˜±S ¤fl¡øÈ¬ fl¡À¬ı˛ ¬ıœÊ√ ¬ıÓ«¬˜±Úº
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¸±¬ı˛øÌ  . 9.6.3

α (0 < α < 1)-¤¬ı˛ Ê√Ú…

n an (+ve) bn (–ve) x
a b

n
n n

+ =
+

1 2
f(xn+1)

0 0 1 x1 = 0·5 –0·32 < 0

1 0 0·5 x2 = 0·25 0·33 > 0

2 0·25 0·5 x3 = 0·375 –0·012 < 0

3 0·25 0·375 x4 = 0·312 0·154 > 0

4 0·312 0·375 x5 = 0·344 0·069 > 0

5 0·344 0·375 x6 = 0·3595 0·028 > 0

6 0·3595 0·375 x7 = 0·3672 0·0079 > 0

7 0·3672 0·375 x8 = 0·3711 –0·0022 < 0

8 0·3672 0·3711 x9 = 0·3692 0·0027 > 0

9 0·3692 0·3711 x10 = 0·3702 0·00014 > 0

10 0·3702 0·3711 x11 = 0·3706 –0·0006 < 0

Check 11 0·3702 0·3706 x12 = 0·3704 –0·0003 < 0

∴ α α α α α = 0·370, øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº
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¸±¬ı˛øÌ  . 9.6.4

β (1 < β < 2)

n an (+ve) bn (+ve) x
a b

n
n n

+ =
+

1 2
f(xn+1)

0 1 2 1·5 –0·06 < 0

1 1·5 2 1·75 1·17 > 0

2 1·5 1·75 1·62 0·45 > 0

3 1·5 1·62 1·56 0·17 > 0

4 1·5 1·56 1·53 0·05 > 0

5 1·5 1·53 1·515 –0·007 < 0

6 1·515 1·53 1·5225 0·0217 > 0

7 1·515 1·5225 1·5188 0·0067 > 0

8 1·515 1·5188 1·5169 –0·0003 < 0

9 1·5169 1·5188 1·51785 0·0034 > 0

10 1·5169 1·51785 1·517375 0·0015 > 0

Check 11 1·5169 1·517375 1·517138 –0·0006 > 0

∴ β β β β β = 1·517, øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

Î¬◊√±˝√√¬ı˛Ì 2 : ¸˜ø¡Z‡G¬Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ 10x + sinx + 2x = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√

øÚÌ«˚˛ fl¡¬ı˛≈Úº øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú  . ˜ÀÚ fl¡¬ı˛≈Ú f(x) = 10x + sinx + 2x

∴ f(0) = 1, f(1) = 12·8, f(-1) = –2·74 ¤¬ı— f(–1) · f(0) < 0
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’±¬ı±¬ı˛, f′(x) = 10x logex + cos x + 2 > 0, (–1, 0) ’z¬¬ı˛±À˘º

’Ó¬¤¬ı, f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬˜±S ¬ıœÊ√ (–1, 0) ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡À¬ı˛º

¸±¬ı˛øÌ  . 9.6.5

n an (–ve) bn (+ve) x
a b

n
n n

+ =
+

1 2
f(xn+1)

0 –1·0 0·0 –0·5 –1·16 < 0

1 –0·5 0·0 –0·25 –0·18 < 0

2 –0·25 0·0 –0·125 0·37 > 0

3 –0·25 –0·125 –0·1875 0·088 > 0

4 –0·25 –0·1875 –0·2187 –0·050 < 0

5 –0·2187 –0·1875 –0·2031 0·018 > 0

6 –0·2187 –0·2031 –0·2109 –0·016 < 0

7 –0·2109 –0·2031 –0·2070 0·001 > 0

8 –0·2109 –0·2070 –0·20895 –0·007 < 0

9 –0·20895 –0·2070 –0·20798 –0·003 < 0

10 –0·20798 –0·2070 –0·20749 –0·008 < 0

Check 11 –0·20749 –0·2070 –0·20724 0·0003 > 0

∴ α α α α α = –0·207, f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√, øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ d¬tº

Î¬◊√±˝√√¬ı˛Ì 3 : ex – 3x = 0, ¸˜œfl¡¬ı˛ÀÌ¬ı˛ Œ˚ ¬ı±d¬¬ı ¬ıœÊ√øÈ¬ 1 ¤¬ı— 2-¤¬ı˛ ˜ÀÒ… ’¬ıàÔ±Ú fl¡À¬ı˛ Ó¬±

øÚÌ«˚˛ fl¡¬ı˛≈Ú, ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú  . ˜ÀÚ fl¡¬ı˛≈Ú f(x) = ex – 3x

∴ f(1) = –0·28,  f(1·5) = –0·02,  f(1·6) = 0·15 ¤¬ı— f′(x) = ex – 3 > 0, (1·5,

1·6) ’z¬¬ı˛±À˘ ¤¬ı— f(1·5) · f(1·6) < 0.

∴ f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ˜±S ¤fl¡øÈ¬ ¬ıœÊ√ (1·5, 1·6) ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡¬ı˛À¬ıº
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¸±¬ı˛øÌ  . 9.6.6

n an(+ve) bn (+ve) x
a b

n
n n

+ =
+

1 2
f(xn+1)

0 1·5 1·6 1·55 0·06 > 0

1 1·5 1·55 1·525 0·02 > 0

2 1·5 1·525 1·5125 0·00056 > 0

3 1·5 1·5125 1·5062 –0·00904 < 0

4 1·5062 1·5125 1·50935 –0·00426 < 0

Check 5 1·50935 1·5125 1·51092 –0·00184 < 0

∴ α α α α α = 1·51, f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√, øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ d¬tº

Î¬◊√±˝√√¬ı˛Ì 4 : xx + 2x – 6 = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ÒÚ±Rfl¡ ¬ıœÊ√ øÚÌ«˚˛ fl¡¬ı˛≈Ú ¸˜ø¡Z‡G¬Ú ¬ÛXøÓ¬¬ı˛

¸±˝√√±À˚…, ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú : ˜ÀÚ fl¡¬ı˛≈Ú f(x) = x2 + 2x – 6 ¤¬ı— f′(x) = xx (1 + logex) + 2

¤‡Ú, f(1) = –3, f(2) = 2

∴ f(1). f(2) < 0 ¤¬ı— (1, 2) ’z¬¬ı˛±À˘ f′(x) > 0

∴ f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬˜±S ¬ı±d¬¬ı ¬ıœÊ√ (1, 2) ’z¬¬ı˛±À˘ Ô±fl¡À¬ıº

¸±¬ı˛øÌ  . 9.6.7

n an(–ve) bn(+ve) x
a b

n
n n

+ =
+

1 2
f(xn+1)

0 1·0 2·0 1·5 –1·16 < 0

1 1·5 2·0 1·75 0·16 > 0

2 1·5 1·75 0·625 –0·55 < 0

3 1·625 1·75 1·6875 –0·207 < 0

4 1·6875 1·75 1·71875 –0·026 < 0

5 1·71875 1·75 1·73438 0·067 > 0

6 1·71875 1·73438 1·72656 0·0206 > 0

7 1·71875 1·72656 1·72266 –0·0026 < 0

8 1·72266 1·72656 1·72461 0·00898 > 0

Check 9 1·72266 1·72461 1·723635 0·00318 > 0

∴ α ∴ α ∴ α ∴ α ∴ α = 1·72, f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ÒÚ±Rfl¡ ¬ıœÊ√, ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº
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Î¬◊√±˝√√¬ı˛Ì 5 – ¸˜ø¡Z‡G¬fl¡ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ x + 1nx – 2 = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ÒÚ±Rfl¡

¬ıœÊ√ øÚÌ«˚˛ fl¡¬ı˛≈Ú, øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – ˜ÀÚ fl¡¬ı˛≈Ú f(x) = x + 1nx – 2,

∴ ′( ) = + ( ) = − ( ) = ⋅f x
x

f f1
1

1 1 2 0 69, ,

∴ f f1 2( ) ⋅ ( )  <0 ¤¬ı— ′( ) > ( )f x 0, 1 2,  ’z¬¬ı˛±À˘º

∴ f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬˜±S ¬ıœÊ√ (1, 2) ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡À¬ı˛º

¸±¬ı˛øÌ  . 9.6.8

n an (–ve) bn (+ve) x
a b

n
n n

+ =
+

1 2
f(xn+1)

0 1·0 2·0 1·5 –0·09 < 0

1 1·5 2·0 1·75 0·31 > 0

2 1·5 1·75 1·625 0·11 > 0

3 1·5 1·625 1·562 0·008 > 0

4 1·5 1·562 1·531 –0·043 < 0

5 1·531 1·562 1·5465 –0·017 < 0

6 1·5465 1·562 1·5542 –0·0048 < 0

7 1·5542 1·562 1·5581 0·0016 > 0

8 1·5542 1·5581 1·5562 –0·0015 < 0

9 1·5562 1·5581 1·55715 0·000007 > 0

Check 10 1·5562 1·55715 1·55668 –0·00076 < 0

∴ α ∴ α ∴ α ∴ α ∴ α = 1·56, f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√, øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

Î¬◊√±˝√√¬ı˛Ì 6 –  x x xtan + = ⋅2 2 52  ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ é≈¬^Ó¬˜ ÒÚ±Rfl¡ ¬ıœÊ√øÈ¬ ¸˜ø¡Z‡G¬fl¡ ¬ÛXøÓ¬¬ı˛ ¸±˝√√±À˚…

øÚÌ«˚˛ fl¡¬ı˛≈Ú, Â√˚˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – ˜ÀÚ fl¡¬ı˛≈Ú, f x x x x( ) = + − ⋅tan 2 2 52  ∴ ′( ) = + +f x x x x xtan sec2 4

¤‡Ú f f f f f0, 2 5 1 1 06 0 5 173 0 8 0 40, 0 9 0 25( ) = − ⋅ ( ) = ⋅ ⋅( ) = − ⋅ ⋅( ) = − ⋅ ⋅ = ⋅, , , a f
∴ f(0·8)·f(0·9) < 0 ¤¬ı— f′(x) > 0, (0·8, 0·9) ’z¬¬ı˛±À˘º ’Ó¬¤¬ı f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛

¤fl¡øÈ¬˜±S ¬ıœÊ√ (0, 8, 0·9) ’z¬¬ı˛±À˘ ¬ıÓ«¬˜±Úº
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¸±¬ı˛øÌ  . 9.6.9

n an (–ve) bn (+ve) x
a b

n
n n

+ =
+

1 2
f(xn+1)

0 0·8 0·9 0·85 –0·09 < 0

1 0·85 0·9 0·88 0·11 > 0

2 0·85 0·88 0·86 –0·02 < 0

3 0·86 0·88 0·87 0·04 > 0

4 0·86 0·87 0·865 0·011 > 0

5 0·86 0·865 0·862 –0·0086 < 0

6 0·862 0·865 0·863 –0·0019 < 0

7 0·863 0·865 0·864 0·0047 > 0

8 0·863 0·864 0·8635 0·0014 > 0

9 0·863 0·8635 0·8632 –0·00060 < 0

10 0·8632 0·8635 0·8633 0·000063 > 0

11 0·8632 0·8633 0·86325 –0·00027 < 0

12 0·86325 0·8633 0·86327 –0·000137 < 0

13 0·86327 0·8633 0·86328 –0·00007 < 0

14 0·86328 0·8633 0·86329 –0·0000033 < 0

15 0·86329 0·8633 0·863295 0·0000030 > 0

16 0·86329 0·863295 0·8632925 0·000013 > 0

17 0·86329 0·8632925 0·8632912 0·0000048 > 0

18 0·86329 0·8632912 0·8632906 0·0000007 > 0

19 0·86329 0·8632906 0·8632903 –0·0000012 < 0

20 0·8632903 0·8632906 0·8632904 –0·0000005 < 0

Check 21 0·8632904 0·8632906 0·8632905 0·000000002 > 0

22 0·8632904 0·8632906 0·86329025 –0·000000029 < 0

∴ α α α α α = 0·863290, f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ é≈¬^Ó¬˜ ÒÚ±Rfl¡ ¬ıœÊ√, Â√˚˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº
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9.8 ¬’Ú≈˙œ˘Úœ

øÚ•ßø˘ø‡Ó¬ ¸˜œfl¡¬ı˛Ì·≈ø˘¬ı˛ ¸˜±Ò±Ú fl¡¬ı˛≈Ú, ¸˜ø¡Z‡G¬Ú ¬ÛXøÓ¬¬ı˛ ¸±˝√√±À˚…  .

1. tanx + x = 0

2. x3 – 1·1x2 + 4x – 4·4 = 0

3. x3 – 9x + 1 = 0

4. 2x – 3sinx – 5 = 0

5. log x = cos x

6. x2 + 4sinx = 0

7. x = 1n 2(x + 1)

9.9 Î¬◊M√√¬ı˛˜±˘±

1. 2·03, ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈X

2. 1·1, ≈√˝◊√√ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈X

3. 2·94, øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈X

4. 2·88, øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈X

5. 1·30, ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈X

6. –1·934, øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈X

7. 1·678, ‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈X
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¤fl¬fl¬ 10 q ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸±—ø‡…fl¡ ¸˜±Ò±ÚñII

(Numerical Solution of Equations—II)

·Í¬Ú
10.1 ¬√õ∂d¬±¬ıÚ±

10.2 ¬Î¬◊ÀV˙…

10.3 ¬fl¡¬ÛÈ¬ ’¬ıàÔ±Ú ¬ÛXøÓ¬

10.4 ·ÌÚ±¬ı˛ Ò±¬ı˛± ¬ı± ¬ÛXøÓ¬

10.5 Î¬◊√± √̋√¬ı̨Ì

10.6 ’Ú≈̇ œ˘Úœ

10.7 Î¬◊M√√¬ı̨˜±˘±

10.1 ¬√õ∂d¬±¬ıÚ±

¤fl¡fl¡ 9-¤¬ı˛ ˜Ó¬ ¤˝◊√√ ¤fl¡Àfl¡ ’±˜¬ı˛± Œfl¡±Ú ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸±—ø‡…fl¡ ¸˜±Ò±Ú fl¡¬ı˛±¬ı˛ Ê√Ú… ¤fl¡øÈ¬ ø¬ıÀ˙¯∏ Î¬◊¬ÛÀ˚±·œ
¬ÛXøÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº ¤˝◊√√ ¬ÛXøÓ¬øÈ¬ ¸˜ø¡Z‡G¬Ú ¬ÛXøÓ¬ ’À¬Ûé¬± ^≈Ó¬ ’øˆ¬¸±¬ı˛œ › Ù¬˘õ∂¸”º ¤˝◊√√ ¬ÛXøÓ¬øÈ¬
˝√√˘ fl¡¬ÛÈ¬ ’¬ıàÔ±Ú (false position ¬ı± regula-falsi) ¬ÛXøÓ¬º

10.2 ¬√Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡fl¡ ¬Û±Í¬ fl¡¬ı˛À˘ ’±¬ÛøÚ ¸˜œfl¡¬ı˛Ì ¸˜±Ò±ÀÚ¬ı˛ ¤˜Ú ¤fl¡øÈ¬ ¸±—ø‡…fl¡ ¬ÛXøÓ¬¬ı˛ fl¡Ô± Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚ
˚±¬ı˛ Ê√…±ø˜øÓ¬fl¡ ’Ô« ¸˝√√Ê√À¬ı±Ò… › ø‰¬M√√±fl¡¯∏«fl¡º

10.3 ¬fl¡¬ÛÈ¬ ’¬ıàÔ±Ú ¬ÛXøÓ¬

˜ÀÚ fl¡ø¬ı˛ x = α, y = f(x) ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√º
¤˝◊√√ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡¬ı˛±¬ı˛ Ê√Ú… õ∂ÔÀ˜ ¸±¬ı˛øÌ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ ¤fl¡øÈ¬ é≈¬^ ’z¬¬ı˛±˘ [a0, b0] øÚÌ«̊ ˛

fl¡¬ı˛ÀÓ¬ ˝√√À¬ı Œ˚‡±ÀÚ x = α ’¬ıàÔ±Ú fl¡À¬ı˛, ’Ô«±» [a0, b0] ’z¬¬ı˛±À˘ f(a0) f(b0) < 0 ¤¬ı— f′(x) ¤fl¡ ◊̋√√

ø‰¬˝ê˚≈q¡ ˝√√À¬ıº

¤˝◊√√ ¬ÛXøÓ¬ é≈¬^ ’z¬¬ı˛±À˘ [a0, b0]-ŒÓ¬ y = f(x)-¤¬ı˛ Œ˘‡ø‰¬SÀfl¡ (a0, f(a0)) ¤¬ı— (b0, f(b0)) ¤ ◊̋√√

≈√˝◊√√ ø¬ıµ≈·±˜œ Ê√…± ¡Z±¬ı˛± Î¬◊¬ÛàÔ±¬ÛÚ fl¡¬ı˛±¬ı˛ Ò±¬ı˛Ì±¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘º ˚ø√ Ê√…±øÈ¬ x-’é¬Àfl¡ x1 = a1 = a0 +
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h0 ø¬ıµ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛ Ó¬À¬ı ‹ ø¬ıµ≈˝◊√√ x1 = a1 = a0 + h0, α ¬ıœÀÊ√¬ı˛ õ∂Ô˜ õ∂±ø˚˛fl¡ ˜±Ú ˝√√À¬ıº ¤‡Ú ’±˜¬ı˛±

≈√øÈ¬ é≈¬^ ’z¬¬ı˛±˘ ¬Û±¬ı ˚Ô± (a0, x1) › (x1, b0) ˚±¬ı˛ Œ˚-Œfl¡±Ú ¤fl¡øÈ¬ÀÓ¬ x = α ¬ıœÊ√øÈ¬ ’¬ıàÔ±Ú fl¡¬ı˛À¬ıº

’Ô«±» f(a0)f(x1) < 0 ¬ı± f(x1)f(b0) < 0, Œ˚-Œfl¡±Ú ¤fl¡øÈ¬ ˙Ó«¬ ¬Û±›˚˛± ˚±À¬ıº ˚ø√ f(x1)f(b0) < 0 ˝√√ ˛̊,

Ó¬À¬ı x = α ¬ıœÊ√øÈ¬ (x1, b0) ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡¬ı˛À¬ıº ¤‡Ú (x1, b0) ’z¬¬ı˛±˘Àfl¡ (a1,b1) ’z¬¬ı˛±˘ ¡Z±¬ı˛±

ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˝√√˘º ’±¬ı±¬ı˛ y = f(x)-¤¬ı˛ Œ˘‡Àfl¡ (a1, f(a1)) ¤¬ı— (b1, f(b1)) ø¬ıµ≈·±˜œ Ê√…± ¡Z±¬ı˛± Î¬◊¬ÛàÔ±¬ÛÚ

fl¡¬ı˛À˘ ¤¬ı— Î¬◊q¡ Ê√…±øÈ¬ ˚ø√ x-’é¬Àfl¡ x2 = a2 = x1 + h1 ø¬ıµ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛, Ó¬À¬ı x2 = a2 = x1

+ h1 ; α, ¬ıœÊ√øÈ¬¬ı˛ ø¡ZÓ¬œ˚˛ õ∂±ø˚˛fl¡ ˜±Ú ¸”ø‰¬Ó¬ fl¡¬ı˛À¬ıº ¤˝◊√√ˆ¬±À¬ı ¬ıœÊ√øÈ¬¬ı˛ õ∂±ø˚˛fl¡ ˜±Ú·≈ø˘ ˚Ô± x1 x2, x3,

..., xn, xn+1 ¬Û±¬ı ˚±¬ı˛± x = α, ¬ıœÊ√øÈ¬¬ı˛ ¸øÍ¬fl¡ ˜±ÀÚ¬ı˛ ø√Àfl¡ ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº

˜ÀÚ fl¡ø¬ı˛ f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√ α, (an–1, bn–1) ¤˝◊√√ é≈¬^ ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡À¬ı˛,

’Ô«±» f(an–1) < 0 ¤¬ı— f(bn–1) > 0 ¤¬ı— f′(x) ¤fl¡ ◊̋√√ ø‰¬˝ê ≈̊q¡ (an–1, bn-1) ’z¬¬ı˛±À˘º ˜ÀÚ fl¡ø¬ı˛ PQR,

(an–1, bn–1) é≈¬^ ’z¬¬ı˛±À˘ y = f(x)-¤¬ı˛ Œ˘‡ø‰¬S ˚± x-’é¬Àfl¡ R ø¬ıµ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛º ’Ó¬¤¬ı, x = OR

(= α) ¬ıœÊ√øÈ¬¬ı˛ ¸øÍ¬fl¡ ˜±Ú ¸”ø‰¬Ó¬ fl¡À¬ı˛º ˚ø√ (an–1, f(an–1)) ¤¬ı— (bn–1, f(bn–1)) ø¬ıµ≈·±˜œ Ê√…± ¡Z±¬ı˛± (bn,

f(bn)) ¤¬ı— (an–1, f(an–1)) ¤¬ı˛ ˜Ò…¬ıøM«√√ PRQ Œ˘‡ø‰¬SÀfl¡ ¸”ø‰¬Ó¬ fl¡¬ı˛± ˝√√˚˛ ¤¬ı— PQ Ê√…±øÈ¬ ˚ø√ x-’é¬Àfl¡

C ø¬ıµ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛, Ó¬À¬ı OC = xn = an–1 + hn–1 = xn–1 + hn–1 = an ¬ıœÊ√øÈ¬¬ı˛ õ∂±ø˚˛fl¡ ˜±Ú ¸”ø‰¬Ó¬

fl¡¬ı˛À¬ı ¤¬ı— x = α ¬ıœÊ√øÈ¬ (an, bn–1) ¬ı± (an, bn) ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡¬ı˛À¬ı ¤¬ı— y = f(x),

(an, bn) ’z¬¬ı˛±À˘ PRS ¡Z±¬ı˛± ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˝√√˘º ˚ø√ PS Ê√…±øÈ¬ x-’é¬Àfl¡ D ø¬ıµ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛, Ó¬À¬ı

OD = xn–1 = an + hn = xn + hn, α ¬ıœÊ√øÈ¬¬ı˛ ¬Û¬ı˛¬ıÓ«¬œ õ∂±ø˚˛fl¡ ˜±Ú ¸”ø‰¬Ó¬ fl¡¬ı˛À¬ıº

C

→ →

} an–1 hn–1 C hn R B

P
y

A D bn–1

bn

S(an,f (an))

Q(an–1,f (an–1))

O
x
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¤‡Ú ¸‘√˙ øSˆ≈¬Ê√ CDS ¤¬ı— DBP ŒÔÀfl¡ ¬Û±˝◊√√

CD
CS

BD
PB

=  ¬ı±  CD
BD
PB

CS
CS
PB

CB CD= × = ⋅ −( )

∴ CD
f a

f b
CB CD

n

n

= −( )
b g
b g

∴ CD
f a

f b

f a

f b
CB

f a

f b
OB OC

n

n

n

n

n

n

1 +
L

N
M
M

O

Q
P
P

= ⋅ = −( )
b g
b g

b g
b g

b g
b g

¬ı± CD
f a f b

f b

f a

f b
b a

n n

n

n

n

n n

b g b g
b g

b g
b g b g

+L

N
M
M

O

Q
P
P

= −

∴ CD h
f a

f a f b
b an

n

n n

n n= =
+

⋅ −
b g

b g b g b g (10.3.1)

∴ x x h x
f a

f a f b
b an n n n

n

n n

n n+ = + = +
+

⋅ −1

b g
b g b g b g (10.1.1)

(10.3.1) ¸”SøÈ¬Àfl¡ fl¡¬ÛÈ¬ ’¬ıàÔ±Ú ¬ÛXøÓ¬¬ı˛ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¸”S ¬ı˘± ˝√√˚˛º
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10.4 ·ÌÚ±¬ı˛ Ò±¬ı˛± ¬ı± ¬ÛXøÓ¬

¸±¬ı˛øÌ : 10.4.1

˚‡Ú f(a0) > 0 ¤¬ı— f(b0) < 0

n an(+) bn(–) f(an) f(bn) h
f a b a

a b

n n n

n n

=
−

+

b g b g
xn+1 f(xn+1)

0 a0 b0 f(a0) f(b0) h
f a b a

a b
0

0 0 0

0 0

=
−

+

b g b g
x1= a0 + h0 f(x1) > 0

1 a1(= x1) b1(= b0) f(a1) f(b1) h
f a b a

f a f b
1

1 1 1

1 1

=
−

+

b g b g
b g b g x2= a1 + h1 f(x2) < 0

2 a2(= a1) b2(= x2) f(a2) f(b2) h
f a b a

f a f b
2

2 2 2

2 2

=
−

+

b g b g
b g b g x3= a2 + h2 f(x3) < 0

3 a3(= a2) b3(= x3) f(a3) f(b3) h
f a b a

f a f b
3

3 3 3

3 3

=
−

+

b g b g
b g b g x4= a3 + h3 f(x4) > 0

4 a4(= x4) b4(= b3) f(a4) f(b4) h
f a b a

f a f b
4

4 4 4

4 4

=
−

+

b g b g
b g b g x5= a4 + h4 f(x5) > 0

... ... ... ... ... ... ...
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¸±¬ı˛øÌ : 10.4.2

˚‡Ú f(a0) < 0 ¤¬ı— f(b0) > 0

n an(–) b0(+) f(an) f(bn) h
f a b a

f a f bn
n n n

n n

=
−

+

a f a f
a f a f xn+1=an+hn f(xn+1)

0 a0 b0 f(a0) f(b0) h
f a b a

f a f b
0

0 0 0

0 0

=
−

+

b g b g
b g b g x1= a0 + h0 f(x1) > 0

1 a1(= a0) b1(= x1) f(a1) f(b1) h
f a b a

f a f b
1

1 1 1

1 1

=
−

+

b g b g
b g b g x2= a1 + h1 f(x2) > 0

2 a2(= a1) b2(= x2) f(a2) f(b2) h
f a b a

f a f b
2

2 2 2

2 2

=
−

+

b g b g
b g b g x3= a2 + h2 f(x3) > 0

3 a3(= x3) b3(= b2) f(a3) f(b3) h
f a b a

f a f b
3

3 3 3

3 3

=
−

+

b g b g
b g b g x4= a3 + h3 f(x4) < 0

4 a4(= a3) b4(= x4) f(a4) f(b4) h
f a b a

f a f b
4

4 4 4

4 4

=
−

+

b g b g
b g b g x5= a4 + h4 f(x5) > 0

... ... ... ... ... ... ...

... ... ... ... ... ... ...
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10.5 Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1 – 2 010
7x x− =−log  ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ Œ˚ ¬ıœÊ√øÈ¬ 3 ¤¬ı— 4-¤¬ı˛ ˜ÀÒ… ’¬ıàÔ±Ú fl¡À¬ı˛ Ó¬±

øÚÌ«˚˛ fl¡¬ı˛≈Ú, øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈X ˝√√À¬ıº

¸˜±Ò±Ú – ˜ÀÚ fl¡ø¬ı˛ f x x x x x ee( ) = − − = − ⋅ −2 7 210 10
7log log log

∴ f f3 1 48 4 0 40( ) = − ⋅ ( ) = ⋅,  ¤¬ı— ′( ) = − = −
⋅

>f x
x

e
x

2
1

2
1

2 303
0 3 410log ,

’z¬¬ı˛±À˘, ’Ó¬¤¬ı f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ˜±S ¬ıœÊ√ [3, 4] ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡À¬ı˛º

n an(–) bn(+) f(an) f(bn) hn xn+1 f(xn+1)

0 3·0 4·0 –1·48 0·40 0·79 3·79 0·0014 > 0

1 3·0 3·79 –1·48 0·0014 0·789 3·789 –0·00052 < 0

2 3·789 3·79 –0·00052 0·0014 0·000271 3·789271 –0·0000014 < 0

Check 3 3·789271 3·79 –0·0000014 0·0014 0·0000007 3·7892717 –0·0000012 < 0

h
f a b a

f a f b
h a hn

n n n

n n

n n n=
−

+
= ++

b g b g
b g b g

, 1

∴ x = 3·789 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈X ¬ıœÊ√º

Î¬◊√±˝√√¬ı˛Ì 2 – sinx + cosx – 1 = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ fl¡¬ÛÈ¬ ’¬ıàÔ±Ú ¬ÛXøÓ¬¬ı˛ ¸±˝√√±À˚… ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√

øÚÌ«˚˛ fl¡¬ı˛≈Ú, ‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – Òø¬ı˛ f(x) = sinx + cosx – 1  ∴ f′(x) = cosx – sinx

∴ f(0) = 0, f(0·5) = 0·36, f(1·0) = 0·38, f(1·5) = 0·07, f(2·0) = –0·51 ¤¬ı— f′(x)

< 0, [1·5, 2·0] ’z¬¬ı˛±À˘º

’Ó¬¤¬ı, f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬˜±S ¬ı±d¬¬ı ¬ıœÊ√ ’¬ıàÔ±Ú fl¡À¬ı˛ [1·5, 2·0] ’z¬¬ı˛±À˘º

n an(+) bn(–) f(an) f(bn) hn xn+1 f(xn+1)

0 1·5 2·0 0·07 –0·51 0·06 1·56 0·0107 > 0

1 1·56 2·0 0·0107 –0·51 0·00904 1·56904 0·00175 > 0

2 1·56904 2·0 0·00175 –0·51 0·00147 1·57051 0·000286 > 0

3 1·57051 2·0 0·000286 –0·51 0·000241 1·570751 0·000045 > 0

Check 4 1·570751 2·0 0·000045 –0·51 0·000038 1·570789 –0·0000073 > 0
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h
f a b a

f a f b
x a hn

n n n

n n

n n n=
−

+
= ++

b g b g
b g b g

, 1

∴ x = 1·571 sinx – cosx – 1 = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√, ˚± ‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬

≈̇Xº

Î¬◊√±˝√√¬ı˛Ì 3 – fl¡¬ÛÈ¬ ’¬ıàÔ±Ú ¬ÛXøÓ¬¬ı˛ ¸±˝√√±À˚… x1nx = 1 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√ øÚÌ«˚˛ fl¡¬ı˛≈Ú,

øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – Òø¬ı˛ f(x) = x1nx – 1     ∴ f′(x) = 1nx + 1

∴ f(1) = – 1 < 0, f(2) = 0·39 ¤¬ı— f′(x) > 0 [1, 2] ’z¬¬ı˛±À˘º ’Ó¬¤¬ı, f(x) ≡ x1nx

– 1 = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬˝◊√√ ¬ıœÊ√ ’¬ıàÔ±Ú fl¡À¬ı˛ [1, 2] ’z¬¬ı˛±À˘º

n an(–) bn(+) f(an) f(bn) hn xn+1 f(xn+1)

0 1·0 2·0 –1·0 0·39 0·72 1·72 –0·067 < 0

1 1·72 2·0 –0·067 0·39 0·0411 1·7611 –0·00333 < 0

2 1·7611 2·0 –0·00333 0·39 0·002022 1·763122 –0·000158 < 0

Check 3 1·763122 2·0 –0·000158 0·39 0·000096 1·763218 –0·0000075 < 0

      h
f a b a

f a f b
x a hn

n n n

n n

n n n=
−

+
= ++

b g b g
b g b g

, 1

∴ x = 1·763, x1nx = 1 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√, ˚± øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

Î¬◊√±˝√√¬ı˛Ì 4 – fl¡¬ÛÈ¬ ’¬ıàÔ±Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛, x3 + 2x – 2 = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√

øÚÌ«˚˛ fl¡¬ı˛≈Ú ˚± ¬Û“√±‰¬ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – ˜ÀÚ fl¡ø¬ı˛ f(x) = x3 + 2x – 2   ∴ f′(x) = 3x2 + 2

∴ f(0) = –2, f(1) = 1 ¤¬ı— f′(x) > 0, [0, 1] ’=À˘º ’Ó¬¤¬ı, x3 + 2x – 2 = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛

¤fl¡øÈ¬ ˜±S ¬ı±d¬¬ı ¬ıœÊ√ [0, 1] ’z¬¬ı˛±À˘ ’¬ıøàÔÓ¬º
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n an(–) bn(+) f(an) f(bn) hn xn+1 f(xn+1)

0 0·0 1·0 –1·0 1·46 0·41 1·41 –0·67 < 0

1 0·41 1·0 –0·67 1·46 0·18 1·59 –0·061 < 0

2 0·59 1·0 –0·061 1·46 0·0164 1·6064 –0·0025 < 0

3 0·6064 1·0 –0·0025 1·46 0·00067 1·60707 –0·000113 < 0

4 0·60707 1·0 –0·000113 1·46 0·0000304 1·6071004 –0·0000045 < 0

Check 5 0·6071004 1·0 –0·0000045 1·46 0·0000012 1·6071016 –0·00000017 < 0

      h
f a b a

f a f b
x a hn

n n n

n n

n n n=
−

+
= ++

b g b g
b g b g

, 1

∴ x = 0·60710, ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√, ¬Û“√±‰¬ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

10.6 ’Ú≈˙œ˘Úœ

fl¡¬ÛÈ¬ ’¬ıàÔ±Ú ¬ÛXøÓ¬ ¡Z±¬ı˛± øÚ•ßø˘ø‡Ó¬ ¸˜œfl¡¬ı˛Ì·≈ø˘¬ı˛ ¬ı±d¬¬ı ¬ıœÊ√ øÚÌ«˚˛ fl¡¬ı˛≈Ú –

1. 2x – 3sinx – 5 = 0

2. logx = cosx

3. x = 1n 2(x + 1)

4. x3 + 7x2 + 9 = 0

5. ex – 3x = 0

10.7 Î¬◊M√√¬ı˛˜±˘±

1. 2·883, øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

2. 1·418, ‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

3. 1·678, ‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

4. –7·175, øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

5. 0·619, øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº
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¤fl¬fl¬ 11 q ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸±—ø‡…fl¡ ¸˜±Ò±ÚñIII

(Numerical Solution of Equations—III)

·Í¬Ú

11.1 ¬√õ∂d¬±¬ıÚ±

11.2 ¬Î¬◊ÀV˙…

11.3 ¬¸˜œfl¡¬ı˛Ì ¸˜±Ò±ÀÚ¬ı˛ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬

11.4 Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬¬ı˛ ’øˆ¬¸¬ı˛Ì

11.5 Î¬◊√± √̋√¬ı̨Ì

11.6 ¬¸˜œfl¡¬ı˛Ì ¸˜±Ò±ÀÚ øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬

11.7 øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬¬ı˛ ’øˆ¬¸¬ı˛Ì

11.8 øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬¬ı˛ Ê√…±ø˜øÓ¬fl¡ Ó¬±»¬Û˚«

11.9 Î¬◊√± √̋√¬ı̨Ì

11.10 ÒÚ±Rfl¡ ¸—‡…±¬ı˛ q-Ó¬˜ ˜”À˘¬ı˛ ¸±ø‡…fl¡ ˜±Ú øÚÌ«˚˛

11.11 ’Ú≈̇ œ˘Úœ

11.12 Î¬◊M√√¬ı̨˜±˘±

11.1 ¬√õ∂d¬±¬ıÚ±

9 ¤¬ı— 10 ¤fl¡Àfl¡¬ı˛ ˜Ó¬ ¤˝◊√√ ¤fl¡Àfl¡ ’±˜¬ı˛± ’±¬ı˛› ≈√øÈ¬ ¸˜œfl¡¬ı˛Ì ¸˜±Ò±ÀÚ¬ı˛ ¸±—ø‡…fl¡ ¬ÛXøÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú±

fl¡¬ı˛¬ıº ¤˝◊√√ ≈√øÈ¬ ¬ÛXøÓ¬ ’¬ı˙…˝◊√√ ^≈Ó¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ‡≈¬ı˝◊√√ Ù¬˘õ∂¸”, øfl¡z≈¬ ˙Ó«¬¸±À¬ÛÀé¬ õ∂À˚±Ê√…º ¤˝◊√√ ¤fl¡Àfl¡ ’±˜¬ı˛±

Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬ › øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

11.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡fl¡øÈ¬ ¬Û±Í¬ fl¡À¬ı˛ ’±¬ÛøÚ Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚ

l ¸˜œfl¡¬ı˛Ì ¸˜±Ò±ÀÚ¬ı˛ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬ › Ó¬±¬ı˛ ’øˆ¬¸±ø¬ı˛Ó¬±¬ı˛ ˙Ó«¬

l øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬ › Ó¬±¬ı˛ ’øˆ¬¸±ø¬ı˛Ó¬±¬ı˛ fl¡Ô±
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11.3 ¸˜œfl¡¬ı˛Ì ¸˜±Ò±ÀÚ¬ı˛ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬

˜ÀÚ fl¡ø¬ı˛, x = α, f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ˜”˘ ¬ı± ¬ıœÊ√º õ∂ÔÀ˜ ¸±¬ı˛øÌ ¬ÛXøÓ¬ õ∂À˚˛±·
fl¡À¬ı˛ ¤fl¡øÈ¬ ŒÂ√±È¬ ’z¬¬ı˛±˘ (a0, b0) øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ı, ˚±¬ı˛ ˜ÀÒ… α ø¬ı√…˜±Ú ¤¬ı— Œ˚‡±ÀÚ f(a0) f(b0) <

0 ¤¬ı— f′(x) ¤fl¡ ◊̋√√ ø‰¬˝ê ≈̊q¡ [ÒÚ±Rfl¡ ¬ı± Ÿ¬Ì±Rfl¡ ] ˝√√À¬ıº ’±¬ı˛› ˜ÀÚ fl¡ø¬ı˛ φ(x), φ′(x) ‹ ’z¬¬ı˛±˘ [a0,

b0] -ŒÓ¬ ’¬ı˙…˝◊√√ ¸z¬Ó¬º

¤˝◊√√ ¬ÛXøÓ¬ÀÓ¬ f(x) = 0 ¸˜œfl¡¬ı˛ÌÀfl¡ x = φ(x) ¤˝◊√√ ¸˜Ó≈¬˘… ’±fl¡±À¬ı˛ ø˘‡ÀÓ¬ ˝√√À¬ı ¤¬ı— Œ¬ÛÃÚ–¬Û≈øÚfl¡

”̧S ˝√√À¬ı xn+1 = φ(xn)º ˚ø√ Î¬◊¬ÛÀ¬ı˛±q¡ ’z¬¬ı˛±˘ [a0, b0] ŒÓ¬ ′( ) <φ x 1 ˝√√ ˛̊ ¤¬ı— ˚ø√ x0(a0 ≤ x0

≤ b0) õ∂±¬ı˛øy¬fl¡ ˜±Ú ˝√√˚˛, Ó¬À¬ı x0, x1, x2, ...., xn ...... ¤˝◊√√ ’±¸iß ˜±Ú·≈ø˘ ’¬ı˙…˝◊√√ α-¬ı˛ õ∂øÓ¬ ’øˆ¬¸±¬ı˛œ
(convergent) ˝√√À¬ıº

˚ø√ x0-Œfl¡ ’±¸iß ˜±Ú Ò¬ı˛± ˝√√˚˛, Ó¬±˝√√À˘ õ∂Ô˜ ’±¸iß ˜±ÚøÈ¬ ˝√√À¬ı x1 = φ(x0), ø¡ZÓ¬œ˚˛ ’±¸iß ˜±Ú x2

= φ(x1), ...., ¤¬ı— (n + 1) Ó¬˜ ’±¸iß ˜±Ú xn+1 = φ(xn) ¤¬ı— Œ˚-Œfl¡±Ú ¬Û¬ı˛¶Û¬ı˛ fl¡±Â√±fl¡±øÂ√ ≈√øÈ¬ Œ¬ÛÃÚ–¬Û≈øÚfl¡

˜±ÀÚ¬ı˛ Œ˚ Œfl¡±Ú› ¤fl¡øÈ¬Àfl¡ x-¤¬ı˛ ˜±Ú ¬ıÀ˘ ·Ì… fl¡¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

11.4 Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬¬ı˛ ’øˆ¬¸¬ı˛Ì (Convergence)

˜ÀÚ fl¡ø¬ı˛, x = α, f(x) = 0 ¬ı± x = φ(x) ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√ ¤¬ı— xn+1 = φ(xn) ¤ ◊̋√√
Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¸”S ¡Z±¬ı˛± ¬ıøÌ«Ó¬ ’±¸iß ¬˜±Ú·≈ø˘ x0, x1, x2, ...., xn+1 ...º ’Ó¬¤¬ı ’z¬¬ı˛fl¡˘ÀÚ¬ı˛ ˜Ò…˜±Ú Î¬◊¬Û¬Û±√…

õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

α φ α φ α φ ξ− = ( ) − = − ′x x x1 0 0 1b g b g , Œ˚‡±ÀÚ x0 1< <ξ α

α φ α φ α φ ξ− = ( ) − = − ′x x x2 1 1 2b g b g , Œ˚‡±ÀÚ x1 2< <ξ α

α φ α φ α φ ξ− = ( ) − = − ′x x x3 2 2 3b g b g , Œ˚‡±ÀÚ x2 3< <ξ α

......................................................................................................................................

α φ α φ α φ ξ− = ( ) − = − ′+ +x x xn n n n1 1b g b g , Œ˚‡±ÀÚ xn n< <+ξ α1

∴ α α φ ξ φ ξ φ ξ φ ξ− = − ′ ′ ′ ′+ +x xn n1 0 1 2 3 1a f a f a f a f... .

˜ÀÚ fl¡ø¬ı˛, [a0, b0] ’z¬¬ı˛±À˘ ¸z¬Ó¬ ’À¬Ûé¬fl¡ ′φ ( )x  -¤¬ı˛ ‰¬¬ı˛̃  ˜±Ú ρ, ’Ô«±» ‹ ’z¬¬ı˛±À˘ ′( ) ≤φ ρx ,

Ó¬±˝√√À˘, α α ρ− ≤ − ⋅+x xn
n

1 0  ’Ô¬ı±
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Lt x x Lt
n n n

n

→∞ + →∞
− ≤ − =α α ρ1 0 0  ˚ø√ ρ < 1 ’Ô«±» ˚ø√ [a0, b0] ’z¬¬ı˛±À˘ ′( ) <φ x 1

√̋√̊ ˛

        = ∞ ˚ø√ ρ > 1, ’Ô«±» ˚ø√ [a0, b0] ’z¬¬ı˛±À˘ ′( ) >φ x 1 ˝√√ ˛̊

’Ô«±» Lt x
n n→∞ + =1 α, ˚‡Ú ′( ) <φ x 1 ˝√√À¬ı, [a0, b0] ’z¬¬ı˛±À˘º

˜z¬¬ı… – Œ√‡± ˚±À26√ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬ ˙Ó«¬¸±À¬ÛÀé¬ ’øˆ¬¸±¬ı˛œ ¤¬ı— ˙Ó«¬øÈ¬ ˝√√˘ [a0, b0]-ŒÓ¬ ′( ) <φ x 1º

’Ó¬¤¬ı Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡¬ı˛±¬ı˛ ’±À· ˙Ó«¬øÈ¬ ø¸X ˝√√À˚˛ÀÂ√, øfl¡Ú± Ó¬± Œ√À‡ ŒÚ›˚˛± ¬ı±>Úœ˚˛º

11.5 Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1 – x3 – 9x + 1 = 0 ¤˝◊√√ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ÒÚ±Rfl¡ ¬ıœÊ√ ¬ı± ˜”˘·≈ø˘ øÚÌ«˚˛ fl¡¬ı˛≈Ú, ‰¬±¬ı˛ ¸±Ô«fl¡
’efl¡ ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – ˜ÀÚ fl¡ø¬ı˛ f(x) = x3 – 9x+ 1º ¤‡Ú f(0) = 1, f(1) = –7, f(2) = –9, f(3) =

–1, ∴ f(0), f(1) = –7 < 0 ¤¬ı— f(2) . f(3) = –9 < 0, ’Ó¬¤¬ı ÒÚ±Rfl¡ ¬ıœÊ√ ≈√øÈ¬ ˚Ô±√flË¡À˜ [0,

1] ¤¬ı— [2, 3] ’z¬¬ı˛±À˘ ’¬ıøàÔÓ¬º f′(x) = 3x2 – 9 < 0, [0, 1] ’z¬¬ı˛±À˘ › f′(x) > 0, [2, 3]

’z¬¬ı˛±À˘º
¤‡Ú x3 – 9x + 1 = 0-Œfl¡ ’±˜¬ı˛± øÚ•ßø˘ø‡Ó¬ˆ¬±À¬ı ø˘‡ÀÓ¬ ¬Û±ø¬ı˛

(i) x x x= −( ) = ′ ( )9 1
1 3

1φ ∴ ′ ( ) =
−( )

φ1 2 3

3

9 1
x

x

(ii) x
x

x=
−

= =1

9 2 2φ ( ) ∴ ′ ( ) =
−

φ2
2 2

2

9
x

x

xb g

(iii)  x
x

x= − = ( )9
1

3φ ∴ ′ ( ) =

−

φ3
2

1

2 9
1

x

x
x

Œ˚À √̋√Ó≈¬

max , max ,′ ( ) ′ ( ) = ⋅ =φ φ1 10 1 3 0 75 3 ∴ ′( ) >φ1 1 0, 1x ,[ ] ’z¬¬ı˛±À˘

max , max ,′ ( ) ′ ( ) = ⋅ ⋅ = ⋅φ φ1 12 3 0 45 0 30 0 45 ∴ ′( ) <φ1 1 2, 3x ,[ ] ’z¬¬ı˛±À˘

max , max ,′ ( ) ′ ( ) = ⋅ = ⋅φ φ2 20 1 0 0 30 0 03 ∴ ′ ( ) <φ2 1 0, 1x ,[ ] ’z¬¬ı˛±À˘

max , max ,′ ( ) ′ ( ) = ⋅ ∞ = ∞φ φ2 22 3 016 ∴ ′ ( ) >φ2 1 2, 3x ,[ ] ’z¬¬ı˛±À˘

max , max ,′ ( ) ′ ( ) = ∞ ⋅ = ∞φ φ3 30 1 017 ∴ ′ ( ) >φ3 1 0, 1x ,[ ] ’z¬¬ı˛±À˘

max , max ,′ ( ) ′ ( ) = ⋅ ⋅ = ⋅φ φ3 32 3 0 04 0 01 0 04 ∴ ′ ( ) <φ3 1 2, 3x ,[ ] ’z¬¬ı˛±À˘
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’Ó¬¤¬ı x x x= −( ) = ( )9 1
1 3

1φ  ¤¬ı— x
x

x= − = ( )9
1

2,33φ ,   ’z¬¬ı˛±À˘ ’¬ıøàÔÓ¬ ¬ıœÊ√øÈ¬¬ı˛

’øˆ¬¸±¬ı˛œ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ˜±Ú Œ√À¬ı ¤¬ı— x
x

x= − = ( )9
1

0,1
2 2φ ,  ’z¬¬ı˛±À˘ ’¬ıøàÔÓ¬ ¬ıœÊ√øÈ¬¬ı˛ ’øˆ¬¸±¬ı˛œ

Œ¬ÛÃÚ–¬Û≈øÚfl¡ ˜±Ú Œ√À¬ıº

(a) Œ˚ ¬ıœÊ√øÈ¬ [ 0, 1] ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡À¬ı˛ Ó¬±¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú ‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

¤‡±ÀÚ φ2 2

1

9
x

x
( ) =

−
,  ¤¬ı— x0 = 0 ÒÀ¬ı˛

n xn xn+1 = φ(xn)

0 0 0·11

1 0·11 0·1113

2 0·1113 0·11126

3 0·11126 0·111264

∴ [0, 1] ’z¬¬ı˛±À˘ ’¬ıøàÔÓ¬ ¬ıœÊ√øÈ¬ x = 0·1113, ‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

(b) [2, 3] ’z¬¬ı˛±À˘ ’¬ıøàÔÓ¬ ¬ıœÊ√øÈ¬¬ı˛ øÚÌ«˚˛º

¤‡±ÀÚ ¬ıœÊ√øÈ¬ x x x= −( ) = ( )9 1
1 3

1φ  ¬ı± x
x

x= − = ( )9
1

3θ  Œ˚-Œfl¡±Ú ¤fl¡øÈ¬ ¡Z±¬ı˛± øÚÌ«˚˛

fl¡¬ı ˛± ¸y¬¬ıº øfl¡z≈¬ Œ˚À˝√ √Ó ≈ ¬ max ,′ ( ) ′ ( ) = ⋅φ φ1 12 3 0 45  ¤¬ı— max , ,′ ( ) ′ ( ) = ⋅φ φ3 32 3 0 04

x
x

x= − = ( )9
1

3φ  Œ¬ıø˙ ^≈Ó¬ ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº

(i) x x x= −( ) = ( )9 1
1 3

1φ , ¤¬ı— x0 = 2 ÒÀ¬ı˛

n xn xn+1 = φ(xn)

0 2.0 2·57

1 2·57 2·81

2 2·81 2·90

3 2·90 2·93

4 2·93 2·938

5 2·938 2·9411

6 2·9411 2·94222

7 2·94222 2·94261

8 2·94261 2·94274
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∴ [2, 3] ’z¬¬ı˛±À˘ ’¬ıøàÔÓ¬ ¬ıœÊ√øÈ¬ x = 2·943 ‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

(ii) x
x

x= − = ( )9
1

3φ ,  ¤¬ı— x0 = 2 ÒÀ¬ı˛,

n xn xn+1 = φ3(xn)

0 2·0 2·92

1 2·92 2·94

2 2·94 2·9427

3 2·9427 2·9428

∴ [2, 3] ’z¬¬ı˛±À˘ ’¬ıøàÔÓ¬ ¬ıœÊ√øÈ¬ x = 2·943, ‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

Î¬◊√±˝√√¬ı˛Ì 2 – øÚ•ßø˘ø‡Ó¬ ’¬ıœÊ√·±øÌøÓ¬fl¡ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¬ıœÊ√ øÚÌ«˚˛ fl¡¬ı˛≈Úº

x x x2 0 0 2− = < <( )sin / ,π  ‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – Òø¬ı˛ f(x) = x2 – sinx, f(0·2) = –9·16 ; f(0·5) = – 0·23 < 0, f(0·8)

= –0·08, f(1) = 0·16 > 0

∴ ¬ıœÊ√øÈ¬ [0·8, 1] ¤˝◊√√ ’z¬¬ı˛±À˘¬ı˛ ’z¬·«Ó¬º ′( ) = > ⋅f x x x2 0, 0 8 1cos ,  ’z¬¬ı˛±À˘º

˜ÀÚ fl¡ø¬ı˛, x x x x
x

x
= = ( ) ′( ) = < ⋅sin ;

cos

sin
, ,φ φ

2
1 0 8 1  ’z¬¬ı˛±À˘º

n xn xn+1 = φ(xn)

0 0.8 0·85

1 0·85 0·867

2 0·867 0·873

3 0·873 0·875

4 0·875 0·876

5 0·876 0·8765

6 0·8765 0·87664

7 0·87664 0·87669

8 0·87669 0·87671

9 0·87671 0·87672

∴ x = 0·8768, x2 – sinx = 0 ¤˝◊√√ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¬ıœÊ√, ‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº
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Î¬◊√±˝√√¬ı˛Ì 3 – Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬¬ı˛ ¸±˝√√±À˚… x nx2 1 2 0,+ − =  ¤˝◊√√ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¬ıœÊ√ øÚÌ«˚˛ fl¡¬ı˛≈Ú ˚±

1 ¤¬ı— 2-¤¬ı˛ ˜ÀÒ… ’¬ıàÔ±Ú fl¡À¬ı˛, ‰¬±¬ı˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – ˜ÀÚ fl¡ø ¬ı ˛ , f x x nx f f( ) = + − ∴ ( ) = − < ( ) = ⋅ >2 1 2 1 1 0, 2 2 69 0  ¤¬ı—

′( ) = + >f x x
x

2
1

0, 1 2,  ’z¬¬ı˛±À˘

¤‡Ú Òø¬ı˛, x nx x x
x nx

= − = ( ) ∴ ′( ) = −
−

<2 1
1

2 2 1
1 1 2φ φ , ,  ’z¬¬ı˛±À˘, Œ˚À˝√√Ó≈¬

max , max , ,′( ) ′( ) = ⋅ = ⋅ <φ φ1 2 0 35 0 21 0 35 1

n xn xn+1 = φ(xn)

0 1 1·4

1 1·4 1·29

2 1·29 1·32

3 1·32 1·312

4 1·312 1·3147

5 1·3147 1·3139

6 1·3139 1·31415

7 1·31415 1·31408

8 1·31408 1·31410

9 1·31410 1·31409

∴ x = 1·3141, x2 + 1nx – 2 = 0 ¤˝◊√√ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¬ıœÊ√, ‰¬±¬ı˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

Î¬◊√±˝√√¬ı˛Ì 4 – Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬¬ı˛ ¸±˝√√±À˚… x3 + x + 1 = 0 ¤ ◊̋√√ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ÒÚ±Rfl¡ ¬ıœÊ√øÈ¬ øÚÌ«̊ ˛

fl¡¬ı˛≈Ú, ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – ˜ÀÚ fl¡ø¬ı˛, f(x) = x3 + x – 1, ∴ f(0) = – 1 < 0, f(0·5) = – 0·38 < 0, f(0·8)

= 0·31 > 0 ’Ó¬¤¬ı x3 + x – 1 = 0-¤¬ı˛ ÒÚ±Rfl¡ ¬ıœÊ√øÈ¬ 0·5 ¤¬ı— 0·8-¤¬ı˛ ˜ÀÒ… ’¬ıàÔ±Ú fl¡À¬ı˛,

¤¬ı— f′(x) = 3x2 + 1 > 0, (0·5, 0·8) ’z¬¬ı˛±À˘º ¤‡Ú x3 + x – 1 = 0 Œfl¡ x
x

x+
+

= ( )1

12
φ

Òø¬ı˛ ¤¬ı— ′( ) = −
+

< ⋅φ x
x

x

2

1
1 0 5 08

2
, ,  ’z¬¬ı˛±À˘, Œ˚À˝√√Ó≈¬ max ,′ ⋅ ′ ⋅φ φ0 5 0 8a f a f  = max [0·64,

0·59] = 0·64 < 1
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n xn xn+1 = φ(xn)

0 0·5 0·8

1 0·8 0·61

2 0·61 0·73

3 0·73 0·65

4 0·65 0·70

5 0·70 0·67

6 0·67 0·69

7 0·69 0·677

8 0·677 0·686

9 0·686 0·680

10 0·680 0·684

∴ x = 0·68, x3 + x – 1 = 0 ¤˝◊√√ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¬ıœÊ√ ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

Î¬◊√±˝√√¬ı˛Ì 5 – Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛, 3x – cosx – 1 = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√

øÚÌ«˚˛ fl¡¬ı˛≈Ú, Â√˚˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – ˜ÀÚ fl¡ø¬ı˛, f(x) = 3x – cosx– 1, ∴ f(0) = – 2, f(1) = 1·46 ’±¬ı±¬ı˛ f′(x) =

3 + sinx > 0, (0, 1) ’z¬¬ı˛±À˘º

∴ f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬˜±S ¬ıœÊ√ (0, 1) ’z¬¬ı˛±À˘ ’¬ıàÔ±Ú fl¡À¬ı˛º ¤‡Ú ¸˜œfl¡¬ı˛ÌøÈ¬Àfl¡

x
x

x= + = ( )1
3
cos

,φ  Òø¬ı˛º

∴ ′( ) = − <φ x
xsin

,
3

1 0,1a f  ’z¬¬ı˛±À˘º

n xn xn+1 = φ(xn)

0 0 0·7

1 0·7 0·6

2 0·6 0·61

3 0·61 0·606

4 0·606 0·607

5 0·607 0·6071

6 0·6071 0·607102

7 0·607102 0·6071015

8 0·6071015 0·6071016

∴ x = 0·607102, f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬ ¤fl¡øÈ¬ ¬ıœÊ√, Â√˚˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº
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Î¬◊√±˝√√¬ı˛Ì 6 – x – 4 + 2x = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ Œ˚ ¬ıœÊ√øÈ¬ 1 ¤¬ı— 2-¤¬ı˛ ˜ÀÒ… ¬ıÓ«¬˜±Ú Ó¬±¬ı˛ ˜±Ú Œ¬ÛÃÚ–¬Û≈øÚfl¡

¬ÛXøÓ¬ ¡Z±¬ı˛± Œ¬ı¬ı˛ fl¡¬ı˛≈Ú, Â√˚˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – ˜ÀÚ fl¡ø¬ı̨, f(x) = x – 4 + 2x  ∴ f(1) = – 1 ¤¬ı— f(2) = 2 ’±¬ı±¬ı̨ f′(x) = 1

+ 2x log2 > 0, (1, 2) ’z¬¬ı̨±À˘º ’Ó¬¤¬ı f(x) = 0 ¸˜œfl¡¬ı̨ÀÌ¬ı̨ ¤fl¡øÈ¬˜±S ¬ıœÊ√ (1, 2) ’z¬¬ı̨±À˘ ¬ıÓ«¬˜±Úº

¤‡Ú x – 4 + 2x = 0 ¬ı±, 2x = 4 – x ¬ı±, x loge2 = loge (4 – x)

¬ı±, x
x n x

n
xe

e

=
−( )

=
−( )

=
log

log
( )

4

2

1 4

1 2
φ  Òø¬ı˛

¤‡Ú ′( ) =
−

<φ x
x n

1
4

1
1 2

1 1 2. , ,a f ’z¬¬ı˛±À˘º

∴ x x
n x

n
= ( ) =

−( )
φ

1 4

1 2
,  ’øˆ¬¸±¬ı˛œ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¸”S Œ√À¬ıº

n xn xn+1 = φ(xn)

0 1 1·6

1 1·6 1·3

2 1·3 1·4

3 1·4 1·37

4 1·37 1·39

5 1·39 1·38

6 1·38 1·389

7 1·389 1·385

8 1·385 1·387

9 1·387 1·386

10 1·386 1·3862

11 1·3862 1·3861

12 1·3861 1·3862

13 1·3862 1·38615

14 1·38615 1·38618

15 1·38618 1·38616

16 1·38616 1·38617

17 1·38617 1·386165

18 1·386165 1·386168

19 1·386168 1·386166

20 1·386166 1·386167

21 1·386167 1·3861669

22 1·3861669 1·3861669

∴ x = 1·386167, f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ıœÊ√, Â√˚˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº
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11.6 ¸˜œfl¡¬ı˛Ì ¸˜±Ò±ÀÚ øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬

˜ÀÚ fl¡ø¬ı˛, x = α, f(x) = 0 ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√º ¤‡±ÀÚ› Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬¬ı˛ ˜Ó¬ ¸±¬ı˛øÌ

¬ÛXøÓ¬¬ı˛ õ∂À˚˛±· fl¡À¬ı˛ ¤fl¡øÈ¬ é≈¬^ ’z¬¬ı˛±˘ (a0, b0) øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ı, ˚±¬ı˛ ˜ÀÒ… α ø¬ı√…˜±Ú ¤¬ı— Œ˚‡±ÀÚ

f(a0)f(b0) < 1 ¤¬ı— f′(x) ¤fl¡ ◊̋√√ ø‰¬˝ê ≈̊q¡ [ÒÚ±Rfl¡ ¬ı± Ÿ¬Ì±Rfl¡] ˝√√À¬ıº

˚ø√ x = x0, f(x) = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ õ∂±ø˚˛fl¡ ¬ı± ’±¸iß ˜±Ú ˝√√˚˛, Ó¬±˝√√À˘ f(x0) ’¬ı˙…˝◊√√ ¸±—ø‡…fl¡ˆ¬±À¬ı

é≈¬^ ˝√√À¬ıº ˜ÀÚ fl¡ø¬ı˛, ¬ıœÊ√øÈ¬¬ı˛ ¸—À˙±ÒÚœ h, Ó¬±˝√√À˘ ¬ıœÊ√øÈ¬¬ı˛ ¸øÍ¬fl¡ ˜±Ú x = x0 + h ¤¬ı— f(x0 + h)

= 0, ¤‡Ú h-¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº

ŒÈ¬˘À¬ı˛¬ı˛ Ò±¬ı˛± ’Ú≈˚±˚˛œ

f x h f x hf x
h

f x0 0 0

2

02
0+ = + ′ + ′′ + =b g b g b g b g . .. .

¤‡Ú h-¤¬ı˛ ≈√˝◊√√ ¬ı± Î¬◊2‰¬Ó¬¬ı˛ ‚±Ó¬·≈ø˘Àfl¡ Î¬◊À¬Ûé¬± fl¡À¬ı˛ ¬Û±˝◊√√

f x hf x0 0b g b g+ ′  • 0 ’Ô«±» õ∂±ø˚˛fl¡ˆ¬±À¬ı h
f x

f x
= −

′

0

0

b g
b g  ¤¬ı— x x

f x

f x
= −

′
0

0

0

b g
b g

’Ó¬¤¬ı x0-Œfl¡ õ∂±¬ı˛øy¬fl¡ õ∂±ø˚˛fl¡ ˜±Ú ÒÀ¬ı˛ õ∂Ô˜ õ∂±ø˚˛fl¡ ˜±ÚøÈ¬ ¬Û±˝◊√√,

x x
f x

f x
1 0

0

0

= −
′

b g
b g

x x
f x

f x
2 1

1

1

= −
b g
b g

x x
f x

f x
3 2

2

2

= −
′

b g
b g

..........................

¤¬ı— (n + 1)-Ó¬˜ õ∂±ø ˛̊fl¡ ˜±Ú ˝√√À¬ı

x x
f x

f x
n n

n

n
+ = −

′
1

b g
b g

¤È¬± ˝√√˘ øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬¬ı˛ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¸”Sº
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11.7 øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬¬ı˛ ’øˆ¬¸¬ı˛Ì

Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬¬ı˛ ¸Àe· Ó≈¬˘Ú± fl¡À¬ı˛ Î¬◊¬ÛÀ¬ı˛±q¡ ¸”SøÈ¬Àfl¡ øÚ•ßø˘ø‡Ó¬ˆ¬±À¬ı ø˘‡ÀÓ¬ ¬Û±ø¬ı˛

φ x x
f x

f x
( ) = −

( )

′( )

’Ó¬¤¬ı ¬Û¬ı˛¬Û¬ı˛ õ∂±ø˚˛fl¡ ˜±Ú·≈ø˘ ’øˆ¬¸±¬ı˛œ ˝√√À¬ı ˚ø√

′( ) = −
′( ) − ( ) ′′( )

′( )
<φ x

f x f x f x

f x
1 1

2

2

o t
o t

 ’Ô¬ı± 
f x f x

f x

( ) ′′( )

′( )
<

l q2
1 ˝√√ ˛̊

’Ô¬ı± ′( ) > ( ) ′′( )f x f x f xl q2  ˝√√ ˛̊º

11.8 øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬¬ı˛ Ê√…±ø˜øÓ¬fl¡ Ó¬±»¬Û˚«

ox ¤¬ı— oy-Œfl¡ ’é¬ ÒÀ¬ı˛ y = f(x)-¤¬ı˛ Œ˘‡ø‰¬S ’efl¡Ú fl¡¬ı˛˘±˜º

˜ÀÚ fl¡ø¬ı˛, P x f x0 0 0, b g  ø¬ıµ≈ÀÓ¬ ¶Û˙«fl¡ x-’é¬Àfl¡ A1 ø¬ıµ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛, Œ˚‡±ÀÚ oA1 = x1 ¤¬ı—

P x f x1 1 1, b g  ø¬ıµ≈ÀÓ¬ ¶Û˙«fl¡ x-’é¬Àfl¡ A2 ø¬ıµ≈ÀÓ¬ ŒÂ√√ fl¡¬ı˛À¬ı, Œ˚‡±ÀÚ oA2 = x2 ˝◊√√Ó¬…±ø√º

’Ó¬¤¬ı P A x x P A A x x f x0 0 0 1 0 1 0 0 1 0= − < = − ′b g b g b gtan
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¬ı±,  f x x x f x0 0 1 0b g b g b g= − ′

¬ı±,  x x
f x

f x
1 0

0

0

= −
′

b g
b g

’Ó¬¤¬ı ¬y = f(x) ¬ı√flË¡À¬ı˛‡±¬ı˛ x0, x1, x2, ....., xn ø¬ıµ≈ÀÓ¬ ¶Û˙«fl¡·≈ø˘ x-’é¬Àfl¡ Œ˚ ¸¬ı ø¬ıµ≈ÀÓ¬ ŒÂ√√

fl¡À¬ı˛, Œ¸˝◊√√ ø¬ıµ≈·≈ø˘˝◊√√ ˚Ô±√flË¡À˜ ¬ıœÊ√øÈ¬¬ı˛ õ∂±ø˚˛fl¡ ’±¸iß ˜±Ú ˚Ô± x1, x2, x3, ....., xn, xn+1 ....º

˜z¬¬ı… – (i) ˚ø√ f′(x) = 0 ¬ı± ’øÓ¬é≈¬^ ˝√√˚˛, Ó¬À¬ı øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡¬ı˛± ˚±À¬ı Ú±º

(ii) ˚ø√ õ∂±Ôø˜fl¡ õ∂±ø˚˛fl¡ ˜±Ú ¬ıœÀÊ√¬ı˛ ˚ÀÔ©Ü fl¡±Â√±fl¡±øÂ√ ˝√√˚˛, Ó¬À¬ı˝◊√√ øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬ fl¡±˚«fl¡¬ı˛ ˝√√˚˛º

11.9 Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1 – øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ x3 – 8x – 4 = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ 3 › 4-¤¬ı˛ ˜ÀÒ…

’¬ıøàÔÓ¬ ¬ıœÊ√øÈ¬ øÚÌ«˚˛ fl¡¬ı˛≈Ú, ‰¬±¬ı˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – ˜ÀÚ fl¡ø¬ı˛, f(x) = x3 – 8x – 4  ∴ f(3) = – 1 < 0 ¤¬ı— f(4) = 28 > 0, f′(x)

= 3x2 – 8 > 0, (3, 4) ’z¬¬ı˛±À˘, ’Ó¬¤¬ı f(x) ≡ x3 – 8x – 4 = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬˜±S ¬ıœÊ√

’±ÀÂ√ (3, 4) ’z¬¬ı˛±À˘, x0 = 3 ÒÀ¬ı˛ ¬Û±˝◊√√º

n xn f(xn) f′(xn) h
f x

f x
n

n

n

= −
′

b g
b g x x hn n n+ = +1

0 3 –1·0 19·0 0·05 3·05

1 3·05 –0·027 19·9075 0·0014 3·0514

2 3·0514 0·000513 19·93312 –0·0000257 3·051374

3 3·051374 –0·000005 19·932649 0·00000025 3·0513742

’Ó¬¤¬ı x = 3·0514, x3 –8x – 4 = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¬ıœÊ√, ‰¬±¬ı˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

Î¬◊√±˝√√¬ı˛Ì 2 – øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ x4 + x – 4 = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¬ı±d¬¬ı ¬ıœÊ√øÈ¬ øÚÌ«˚˛

fl¡¬ı˛≈Ú, Â√˚˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – Òø¬ı˛, f x x xx( ) + + − 4  ¤¬ı— ′( ) = +( ) +f x x nxx 1 1 1,

f(1) = –2, f(1·5) = –0·66, f(1·6) = –0·27, f(1·7) = 0·16

’Ó¬¤¬ı x xx + − =4 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¬ı±d¬¬ı ¬ıœÊ√øÈ¬ 1·6 ¤¬ı— 1·7-¤¬ı˛ ˜ÀÒ… ’±ÀÂ√º
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n xn f(xn) f′(xn) h
f x

f x
n

n

n

= −
′

b g
b g x x hn n n+ = +1

0 1·6 –0·27 4·12 0·066 1·666

1 1·666 0·0065 4·5352 –0·00143 1·66457

2 1·66457 0·0000318 4·525536 –0·000007 1·664563

3 1·664563 0·0000002 4·5254887 0·00000004 1·664563

∴ x = 1·664563, x xx + − =4 0  ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¬ı±d¬¬ı ¬ıœÊ√, Â√˚˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

Î¬◊√±˝√√¬ı˛Ì 3 – øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ 10 4 0x x+ − =  ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ÒÚ±Rfl¡

¬ıœÊ√ øÚÌ«˚˛ fl¡¬ı˛≈Ú Â√˚˛, √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – ˜ÀÚ fl¡ø¬ı˛, f x x f x nx x( ) = + − ∴ ′( ) = +10 4 10 1 10 1

∴ f(0) = –3, f(0·5) = –0·34, f(0·6) = 0·58 ’Ó¬¤¬ı f(x) = 0

¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¬ı±d¬¬ı ÒÚ±Rfl¡ ¬ıœÊ√øÈ¬ 0·5 ¤¬ı— 0·6-¤¬ı˛ ˜ÀÒ… ’¬ıàÔ±Ú fl¡À¬ı˛º x0 = 0·5 ÒÀ¬ı˛

n xn f(xn) f′(xn) h
f x

f x
n

n

n

= −
′

b g
b g x x hn n+ = +1

0 0·5 –0·34 8·28 0·04 0·54

1 0·54 0·007369 8·9839 –0·00082 0·53918

2 0·53918 0·0000079 8·968851 –0·00000088 0·5391792

3 0·5391792 –0·0000007 8·9688360 0·00000008 0·5391792

∴ x = 0·539179, x xx + − =4 0  ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√, Â√˚˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

Î¬◊√±˝√√¬ı˛Ì 4 – øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ 3x – cosx – 1 = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı

¬ıœÊ√ øÚÌ«˚˛ fl¡¬ı˛≈Ú, ¬Û“√±‰¬ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú – ˜ÀÚ fl¡ø¬ı˛, f(x) = 3x – cosx – 1

∴ f(0) = – 2, f(0·5) = 0·37, f(0·7) = 0·34
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’Ó¬¤¬ı 3x – cosx – 1 = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√ 0·5 ¤¬ı— 0·7 -¤¬ı˛ ˜ÀÒ… ¬ıÓ«¬˜±Úº

∴ f′(x) = 3 + sinx ¤¬ı— x0 = 0·5 Òø¬ı˛º

n xn f(xn) f′(xn) h
f x

f x
n

n

n

= −
′

b g
b g x x hn n+ = +1

0 0·5 –0·37 3·48 0·1063 0·6063

1 0·6063 –0·00286 3·56983 0·000801 0·607101

2 0·607101 –0·00000231 3·570489 0·00000064 0·60710164

3 0·60710164 –0·00000017 3·570489 0·00000003 0·60710163

∴ x = 0·60710, 3x – cosx – 1 = 0 ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¤fl¡øÈ¬ ¬ı±d¬¬ı ¬ıœÊ√ ¬Û“√±‰¬ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬

≈̇Xº

11.10 ÒÚ±Rfl¡ ¸—‡…±¬ı˛ q-Ó¬˜ ˜”À˘¬ı˛ ¸±—ø‡…fl¡ ˜±Ú øÚÌ«˚˛

˜ÀÚ fl¡ø¬ı˛, R ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¸—‡…± ¤¬ı— x R q= 1 , Œ˚‡±ÀÚ q ¤fl¡øÈ¬ ÒÚ±Rfl¡ ¬Û”Ì«¸—‡…±º Ó¬±˝√√À˘ x Rq =

¤¬ı— f x x Rq( ) ≡ − = 0  ¸˜œfl¡¬ı˛ÀÌ, øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ ¢∂±ø˚˛fl¡ ¸”S ¬Û±˝◊√√

x x
f x

f x
x

x R

qx

q x R

qx
n n

n

n
n

n
q

n
q

n
q

n
q+ − −

= −
′

= −
−

=
−( ) +

1 1 1

1a f
a f    (n = 0, 1, 2, 3, ......)

Î¬◊√±˝√√¬ı˛Ì 1 – x a5 0− =  ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬ÀÓ¬ õ∂øÓ¬á¬± fl¡¬ı˛≈Ú

         x x
a

xn n
n

+ = +
L
NM

O
QP1 4

1
5

4

¤¬ı— 35 -¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – f x x a( ) ≡ − =5 0  ¸˜œfl¡¬ı˛ÀÌ, øÚÎ¬◊√È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

x x
f x

f x
x

x a

x
x

a

xn n
n

n
n

n

n
n

n
+ = −

′
= −

−
= +
L
NM

O
QP1

5

4 45

1
5

4
b g
b g
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a = 3 ¬ıø¸À˚˛ ¬Û±˝◊√√  x x
x

x

xn n
n

n

n
+ = +
L
NM

O
QP

=
+

1 4

5

4

1
5

4
3 4 3

5

x0 = 1 ÒÀ¬ı˛ ¬Û±˝◊√√

n xn xn+1

0 1 1·4

1 1·4 1·276

2 1·276 1·2471

3 1·2471 1·2457

4 1·2457 1·2457301

’Ó¬¤¬ı 3 1 24575 = ⋅

Î¬◊√±˝√√¬ı˛Ì 2 – a-¬ı˛ ¬ı·«˜”˘ øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ Ê√Ú… øÚ•ßø˘ø‡Ó¬ õ∂±ø˚˛fl¡ ¸”SøÈ¬ õ∂˜±Ì fl¡¬ı˛≈Ú x x
a
xn n

n
+ = +
F
HG

I
KJ1

1
2

,

n = 0, 1, 2, 3, ..... ¤¬ı— 2 -¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – ˜ÀÚ fl¡ø¬ı˛, x a x a= ∴ =2

f x x a( ) ≡ − =2 ¸˜œfl¡¬ı˛ÀÌ øÚÎ¬◊È¬Ú ¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

x x
f x

f x
x

x a

x

x a

x
x

a
xn n

n

n
n

n

n

n

n
n

n
+ = −

′
= −

−
=

+L
NM

O
QP

= +
F
HG

I
KJ1

2 2

2
1
2

1
2

b g
b g ,  (n = 0, 1, 2, 3,...)

¤‡Ú a = 2 ¬ıø¸À˚˛ ¬Û±˝◊√√,  x x
x

x

xn n
n

n

n
+ = +
F
HG

I
KJ =

+F
HG

I
KJ1

2
1
2

2 1
2

2
,

x0 = 1 ÒÀ¬ı˛

n xn xn+1

0 1 1·5

1 1·5 1·42

2 1·42 1·414

3 1·414 1·4142

∴  2 1 414,= ⋅  ‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº
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11.11 ’Ú≈˙œ˘Úœ

(a) Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬¬ı˛ ¸±˝√√±À˚… øÚ•ßø˘ø‡Ó¬ ¸˜œfl¡¬ı˛Ì·≈ø˘¬ı˛ ¬ıœÊ√ øÚÌ«˚˛ fl¡¬ı˛≈Úº

(i) x x3 2 1 0+ − =

(ii) x x2 0 1 0− − ⋅ =

(iii) x x= +1
2

sin

(iv) sin x x= −5 2

(b) øÚÎ¬◊È¬Ú-¬ı˛…±Ù¬¸Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ¸˜œfl¡¬ı˛Ì·≈ø˘¬ı˛ ¬ıœÊ√ øÚÌ«˚˛ fl¡¬ı˛ ≈Ú

(i) tan x x+ = 0

(ii) x x2 4 0+ =sin

(iii) e xx − =3 0

(iv) 3 5 40 03x x+ − =

(c) (i) 57

(ii) 1117

(iii) 1257

·≈ø˘¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

11.12 Î¬◊M√√¬ı˛˜±˘±

(a) (i) 0·755, øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

(ii) 1·09, øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬¬Û˚«z¬ ˙≈Xº

(iii) 1·477, øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

(iv) 0·524, øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

 (b) (i) 2·03, øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

(ii) –1·934, øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

(iii) 0·619, øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

(iv) 2·140, ‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ ¬¬Û˚«z¬ ˙≈Xº

(c) (i) 1·258

(ii) 1·960

(iii) 1·993
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¤fl¬fl¬ 12 q ¬ı·«-˜…±ø√√√∏CÀ'√¬ı˛ ¬ı…d¬˜…±ø√√√∏C'√ øÚÌ«˚˛ [Determi-

nation of Inverse Matrix of a Square

Matrix)

·Í¬Ú

12.1 ¬√õ∂d¬±¬ıÚ±

12.2 ¬Î¬◊ÀV˙…

12.3 ¬¬ı…d¬˜…±ø√√√∏C'√ øÚÌ«À˚˛¬ı˛ ¬ÛXøÓ¬

12.4 Î¬◊√± √̋√¬ı̨Ì

12.5 ˜…±ø√√√∏C'√ ¬ÛXøÓ¬ÀÓ¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú

12.6 Î¬◊√± √̋√¬ı̨Ì

12.7 ¬ı…d¬-˜…±ø√√√∏C'√ øÚÌ«À˚˛ ·±Î¬◊¸-Ê√Î«¬ÀÚ¬ı˛ (Gauss-Jordan) ¬ÛXøÓ¬

12.8 Î¬◊√± √̋√¬ı̨Ì

12.9 ’Ú≈̇ œ˘Úœ

12.10 Î¬◊M√√¬ı̨˜±˘±

12.1 ¬√õ∂d¬±¬ıÚ±

¤˝◊√√ ¤fl¡Àfl¡ ’±˜¬ı˛± Œfl¡±Ú› ¬ı·«-˜…±ø√√√∏CÀ'√¬ı˛ ¬ı…d¬˜…±ø√√√∏C'√ øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ ¬ÛXøÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº ¤˝◊√√

’±À˘±‰¬Ú±¬ı˛ ’±À· ˜…±ø√√√∏C'√ ¸•§À&Ò øfl¡Â≈√ ¸±Ò±¬ı˛Ì Ò±¬ı˛Ì±¬ı˛ Î¬◊À~‡ fl¡¬ı˛¬ıº

˜ÀÚ fl¡ø¬ı˛, A aij n n= ×[ ]  ¤fl¡øÈ¬ n × n √flË¡À˜¬ı˛ ¬ı·«-˜…±ø√√√∏C'√, Œ˚‡±ÀÚ aij(i, j = 1, 2, ...n) Œfl¡ A

˜…±ø√√√∏CÀ'√¬ı˛ Î¬◊¬Û±√±Ú ¬ı˘± ˝√√˚˛ ¤¬ı— aij Œfl¡ i-Ó¬˜ ¬Û—øq¡ (row) ¤¬ı— j-Ó¬˜ d¬Ày¬¬ı˛ (column) Î¬◊¬Û±√±Ú ¬ı˘±

√̋√̊ º̨

A aij= -Œfl¡ A ˜…±ø√√√∏CÀ'√¬ı˛ øÚÌ«±˚˛fl¡ (determinant) ¬ı˘± ˝√√ ˛̊º

˚ø√ A = [aij]n×n, ¤˜Ú ˝√√ ˛̊ Œ˚ñ
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(i) A aij=  ≠ 0, Ó¬À¬ı A ˜…±ø√√√∏C'√Àfl¡ ’ø¬ıø˙©Ü (non-singular) ˜…±ø√√√∏C'√ ¬ı˘± ˝√√˚˛º

(ii) A aij=  = 0, Ó¬À¬ı A ˜…±ø√√√∏C'√Àfl¡ ø¬ıø˙©Ü (singular) ˜…±ø√√√∏C'√ ¬ı˘± ˝√√ ˛̊º

’±¬ı±¬ı˛, A ˜…±ø√√√∏CÀ'√¬ı˛ ¬Û—øq¡·≈ø˘Àfl¡ d¬Ày¬ ø˘‡À˘ ¬ı± d¬y¬·≈ø˘Àfl¡ ¬Û—øq¡ÀÓ¬ ø˘‡À˘ Œ˚ ˜…±ø√√√∏C'√ ¬Û±›˚˛± ˚±˚˛,
Ó¬±Àfl¡ A-¤¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ (transpose) ˜…±ø√√√∏C'√ ¬ı˘± ˝√√ ˛̊ ¤¬ı— A′ ¬ı± Tran A ¡Z±¬ı˛± ¸”ø‰¬Ó¬ fl¡¬ı˛± ˝√√˚˛º

˚ø√ A aij n n= ×[ ]  ˝√√ ˛̊, Ó¬À¬ı ′ = ×A a ji n n[ ]  ˝√√À¬ıº

˚ø√ Aij, aij Î¬◊¬Û±√±ÀÚ¬ı˛ ¸˝√√Î¬◊»¬Û±√fl¡ (co-factor) ˝√√ ˛̊, Ó¬À¬ı ′ =A Aij ji  Œfl¡ ˜…±ø√√√∏CÀ'√¬ı˛ ¸—˘¢ü (adjoint)

˜…±ø√√√∏C'√ ¬ı˘± ˝√√˚˛ ¤¬ı— øÚ•ßø˘ø‡Ó¬ˆ¬±À¬ı õ∂fl¡±˙ fl¡¬ı˛± ˝√√˚˛  .

Adj A = ′ =A Aij ji

Adj A

A  Œfl¡ A ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı…d¬-˜…±ø√√√∏C'√ ¬ı˘± ˝√√˚˛ ¤¬ı— A–1 ¡Z±¬ı˛± ¸”ø‰¬Ó¬ fl¡¬ı˛± ˝√√˚˛, ’Ô«±»

A
A

A
− =1 Adj

| A | ≠ 0 ’Ô«±» A ø¬ıø˙©Ü ˜…±ø√√√∏C'√ Ú˚˛º ’Ó¬¤¬ı A–1 ø¬ı√…˜±Ú ˝√√ÀÓ¬ ˝√√À˘, A-Œfl¡ ’¬ı˙…˝◊√√ ’ø¬ıø˙©Ü ˜…±ø√√√∏C'√
˝√√ÀÓ¬ ˝√√À¬ıº

˚ø√ A ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı…d¬-˜…±ø√√√∏C'√ B ˝√√ ˛̊, Ó¬À¬ı A·B = B·A = 1 ... (12.1.1)

Œ˚‡±ÀÚ I ¤fl¡øÈ¬ ¤fl¡fl¡ ˜…±ø√√√∏C'√, ˚±¬ı˛ √flË¡˜ A-¬ı˛ √flË¡À˜¬ı˛ ¸˜±Ú

∴ A·A–1 = A–1·A = I (12.1.2)

¤¬ı— A·I = I·A = A (12.1.3)

12.2 ¬√Î¬◊ÀV˙…

¤ ◊̋√√ ¤fl¡fl¡ ¬Û±Í¬ fl¡À¬ı˛ ’±¬ÛøÚ

l Œ˚-Œfl¡±√Ú √flË¡À˜¬ı˛ ¬ı·«-˜…±ø√√√∏CÀ'√¬ı˛ ¬ı…d¬-˜…±ø√√√∏C'√ øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚº

l ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚº
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12.3 ¬ı…d¬-˜…±ø√√√∏C'√ øÚÌ«À˚˛¬ı˛ ¬ÛXøÓ¬

¬ı…d¬-˜…±ø√√√∏C'√ øÚÌ«À˚˛¬ı˛ ø¬ıøˆ¬iß ¬ÛXøÓ¬ ’±ÀÂ√, Ó¬À¬ı ¤‡±ÀÚ ’±˜¬ı˛± ˜±S ≈√øÈ¬ ¬ÛXøÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

3 × 3 √flË¡˜ ˜…±ø√√√∏CÀ'√¬ı˛ Ê√Ú… ’±˜¬ı˛± ¸±Ò±¬ı˛ÌÓ¬– ¸˝√√Î¬◊»¬Û±√fl¡ (co-factor) øÚÌ«˚˛ fl¡À¬ı˛ ¬ı…d¬˜…±ø√√√∏C'√ øÚÌ«˚˛ fl¡À¬ı˛

Ô±øfl¡º øflz≈¬ ˚ø√ A-¬ı˛ √flË¡˜ 3 × 3 ¤¬ı˛ Œ¬ı˙œ ˝√√˚˛ Ó¬À¬ı ¤˝◊√√ ¬ÛXøÓ¬ ‡≈˝◊√√ |˜¸±Ò…, Ó¬±˝◊√√ ’Ú… ¬ÛXøÓ¬ õ∂À˚˛±·

fl¡¬ı˛¬ı 12.7-¤º

12.4 Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1 : øÚ•ßø˘ø‡Ó¬ ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı…d¬-˜…±ø√√√∏C'√ øÚÌ«˚˛ fl¡¬ı˛≈Ú  .

1 2 1

2 1 2

1 2 3

−

−

−

L
N
M
M

O
Q
P
P

¸˜±Ò±Ú  .

˚ø√ A A C C C=

−

−

−

L
N
M
M

O
Q
P
P
∴ =

−

−

−

=

−

′ = +

1 2 1

2 1 2

1 2 3

1 2 1

2 1 2

1 2 3

1 2 0

2 1 0

1 2 2
3 3 1( )

= –6(≠ 0)

∴ =

−
−

−
− −

−
− −

−
−

−
−
−

−
−
−

L

N

M
M
M
M
MM

O

Q

P
P
P
P
PP

=
−

− −
− −

L

N
M
M

O

Q
P
P[ ]Aij

1 2

2 3

2 2

1 3

2 1

1 2

2 1

2 3

1 1

1 3

1 2

1 2

2 1

1 2

1 1

2 2

1 2

2 1

7 4 5

8 2 4

3 0 3

A Aji ij= ′ =

− −

−

− −

L
N
M
M

O
Q
P
P

7 8 3

4 2 0

5 4 3

∴=−
L

N
M
MX
k

k

k

3

3

3

3

2

2
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∴ = −
− −

−
−

L

N
M
M

O

Q
P
P =

−

−

L

N

M
M
M
M
M

O

Q

P
P
P
P
P

−A 1 1

6

7 8 3

4 2 0

5 4 5

7

6

4

3

1

2
2

3

1

3
0

5

6

2

3

1

2

Î¬◊√±˝√√¬ı˛Ì 2 : øÚ•ßø˘ø‡Ó¬ ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı…d¬-˜…±ø√√√∏C'√ øÚÌ«˚˛ fl¡¬ı˛≈Ú  .

1 1 1

1 1 1

2 1 1

−

−

L
N
M
M

O
Q
P
P

¸˜±Ò±Ú  . ˜ÀÚ fl¡ø¬ı˛,

A A
C C C

C C C
= −

−

L
N
M
M

O
Q
P
P
∴ = −

−

= −

− −

′ = −

′ = −
F
H

I
K

1 1 1

1 1 1

2 1 1

1 1 1

1 1 1

2 1 1

1 0 0

1 2 0

2 1 3

2 2 1

3 3 1

  = 6(≠ 0)

∴ =

−
−

−
−

−

−
−

−
−

− −
−

−

L

N

M
M
M
M
MM

O

Q

P
P
P
P
PP

= −
−

L

N
M
M

O

Q
P
PAij

1 1

1 1

1 1

2 1

1 1

2 1

1 1

1 1

1 1

2 1

1 1

2 1

1 1

1 1

1 1

1 1

1 1

1 1

0 3 3

2 3 1

2 0 2

A
A

A

A

A

ji ij− = =
′

= −

−

L
N
M
M

O
Q
P
P

= −

−

L

N

M
M
M
M

O

Q

P
P
P
P

1 1
6

0 2 2

3 3 0

3 1 2

0
1
3

1
3

1
2

1
2

0

1
2

1
6

1
3

=−
L
M
M
O

Q
P
P=−
L

N
M
M
O

Q
P
PX

k

k

k

k

3

3

3

3

2

2

2

2

1
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12.5 ˜…±ø√√√∏C'√ ¬ÛXøÓ¬ÀÓ¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú

¤‡±ÀÚ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”˝√√Àfl¡ ¤˝◊√√ˆ¬±À¬ı Œ˘‡± ˝√√˘  .

a x a x x x a x b

a x a x a x a x b

a x a x a x a x b

n n

n n

n n n nn n n

11 1 12 2 13 3 1 1

21 1 22 2 23 3 2 1

1 1 2 1 3 3

+ + + + =

+ + + + =

+ + + + =

U
V|

W|

. ..

. ..

. .. .. ... .. .. ... .. ... .. .. ... .. .. ... .. .. ... .. .. ... .. .

...

(12.5.1)

¬ı±, AX = b (12.5.2)

Œ˚‡±ÀÚ A = [aij]n×n , X = [x1, x2, ..., xn] ¤¬ı— b = [b1, b2, ..., bn]

(12.5.2) ŒÔÀfl¡ ¬Û± ◊̋√√ A–1·AX = A–1b

¬ı±, X = A–1b

¬ı±, [x1, x2, ..., xn] = A–1b = [α1, α2, ..., αn]

∴ x1 = α1, x2 = α2, x3 = α3, ..., xn = αn, ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Úº

12.6 Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1 : ˜…±ø√√√∏C'√ ¬ÛXøÓ¬ÀÓ¬ øÚ•ßø˘ø‡Ó¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú  .
x1 + 2x2 – x3 = 2

2x1 + x2 – 2x3 = 1

–x1 + 2x2 + 3x3 = 4

¸˜±Ò±Ú  .

˜ÀÚ fl¡ø¬ı˛,  A X

x

x

x

b=

−

−

−

L
N
M
M

O
Q
P
P

=
L

N
M
M
O

Q
P
P =
L
N
M
M
O
Q
P
P

1 2 1

2 1 2

1 2 3

2

1

4

1

2

3

, ,

∴ AX = b ¬ı± X = A–1b

12.4 ’Ú≈À26√À√¬ı˛ Î¬◊√±˝√√¬ı˛Ì 1 ŒÔÀfl¡ ¬Û±˝◊√√, A− = −

− −

−

− −

L
N
M
M

O
Q
P
P

1 1
6

7 8 3

4 2 0

5 4 3
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∴ =
L

N
M
M
O

Q
P
P= −

− −

−

− −

L
N
M
M

O
Q
P
P

×
L
N
M
M
O
Q
P
P

= −

− −

−

− −

L
N
M
M

O
Q
P
P

= −

−

−

−

L
N
M
M
O
Q
P
P

=
L
N
M
M
O
Q
P
P

X

x

x

x

1

2

3

1
6

7 8 3

4 2 0

5 4 3

2

1

4

1
6

14 8 12

820

10 4 12

1
6

6

6

6

1

1

1

∴ x1 = 1, x2 = 1, x3 = 1

Î¬◊√±˝√√¬ı˛Ì 2 : ˜…±ø√√√∏C'√ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú  .

x1 + x2 + x3 = 6

x1 + x2 + x3 = 2

2x1 + x2 – x3 = 1

¸˜±Ò±Ú  .

Òø¬ı˛, A X

x

x

x

b= −

−

L
N
M
M

O
Q
P
P

=
L

N
M
M
O

Q
P
P =
L
N
M
M
O
Q
P
P

1 1 1

1 1 1

2 1 1

6

2

1

1

2

3

, ,

∴ AX = b ¤¬ı—√√ X = A–1b

12.4 ’Ú≈À26√À√¬ı˛ Î¬◊√±˝√√¬ı˛Ì 2 ŒÔÀfl¡ ¬Û±˝◊√√, A− = −
L
N
M
M

O
Q
P
P

1 1
6

0 2 2

3 3 0

3 1 2

∴ =
L

N
M
M
O

Q
P
P = −

−

L
N
M
M

O
Q
P
P

×
L
N
M
M
O
Q
P
P

=

+ +

− +

+ −

L
N
M
M

O
Q
P
P

=
L
N
M
M
O
Q
P
P

=
L
N
M
M
O
Q
P
P

X

x

x

x

1

2

3

1
6

0 2 2

3 3 0

3 1 2

6

2

1

1
6

0 4 2

18 6 0

18 2 2

1
6

6

12

18

1

2

3

∴ x1 = 1, x2 = 2, x3 = 3

12.7 ¬ı…d¬-˜…±ø√√√∏C'√ øÚÌ«À˚˛ ·±Î¬◊¸-Ê√Î«¬ÀÚ¬ı˛ (Gauss-Jordan) ¬ÛXøÓ¬

¤˝◊√√ ¬ÛXøÓ¬ÀÓ¬ õ∂√M√√ ˜…±ø√√√∏C'√ A ¤¬ı— ¤fl¡˝◊√√ √flË¡À˜¬ı˛ ¤fl¡øÈ¬ ¤fl¡fl¡ ˜…±ø√√√∏C'√ I Œfl ¬Û±˙±¬Û±ø˙ Œ˘‡± ˝√√˚˛º ¬ıøÒ«Ó¬

˜…±ø√√√∏CÀ'√¬ı˛ Î¬◊¬Û¬ı˛ ø¬ıÀ˙¯∏ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ ˜…±ø√√√∏C'√ A-Œfl¡ ¤fl¡fl¡ ˜…±ø√√√∏CÀ'√ ¬Ûø¬ı˛¬ıÓ«¬Ú fl¡¬ı˛¬ıº Ó¬‡Ú ¤fl¡fl¡ ˜…±ø√√√∏CÀ'√¬ı˛

¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˜…±ø√√√∏C'√øÈ¬˝◊√√ A-¤¬ı˛ ¬ı…d¬-˜…±ø√√√∏C'√ ˝√√À¬ıº ¤‡±ÀÚ Î¬◊√±˝√√¬ı˛ÀÌ¬ı˛ ¸±˝√√±À˚… ¬ÛXøÓ¬øÈ¬¬ı˛ ø¬ıÀù≠¯∏Ì fl¡¬ı˛¬ıº
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12.8 ¬Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1 : øÚ•ßø˘ø‡Ó¬ ˜…±ø√√√∏C'√øÈ¬¬ı˛ ¬ı…d¬-˜…±ø√√√∏C'√ øÚÌ«˚˛ fl¡¬ı˛≈Ú  .

A =

⋅ ⋅ − ⋅ ⋅

⋅ − ⋅ ⋅ ⋅

⋅ − ⋅ − ⋅ ⋅

⋅ ⋅ ⋅ − ⋅

L

N

M
M
M

O

Q

P
P
P

0 89 4 32 0 47 0 95

1 13 0 89 0 61 5 63

6 32 0 73 0 65 1 06

0 74 1 01 5 28 0 88

¸˜±Ò±Ú  . A-Œfl¡ ¤fl¡øÈ¬ 4 × 4 √flË¡À˜¬ı˛ ¤fl¡fl¡ ˜…±ø√√√∏C'√ ¡Z±¬ı˛± õ∂¬ıøÒ«Ó¬ (augment) fl¡À¬ı˛ ¬Û±˝◊√√,

0 89 4 32 0 47 0 95 1 0 0 0

1 13 0 89 0 61 5 63 0 1 0 0

6 32 0 73 0 65 1 06 0 0 1 0

0 74 1 01 5 28 0 88 0 0 0 1

⋅ ⋅ − ⋅ ⋅

⋅ − ⋅ ⋅ ⋅

⋅ − ⋅ − ⋅ ⋅

⋅ ⋅ ⋅ − ⋅

L

N

M
M
M

O

Q

P
P
P

⋮

⋮

⋮

⋮

õ∂Ô˜ fl¡œ˘fl¡ Î¬◊¬Û±√±Ú (Pivot element) 0·89 ¡Z±¬ı˛± õ∂Ô˜ fl¡œ˘fl¡ ¬Û—øq¡ (Pivot row) Œfl¡ ˆ¬±· fl¡¬ı˛̆ ±˜,

Ó¬±¬ı˛¬Û¬ı˛ ¤Àfl¡ –1·13, –6·32 ¤¬ı— –0·74 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ ø¡ZÓ¬œ˚˛, Ó‘¬Ó¬œ˚˛ ¤¬ı— ‰¬Ó≈¬Ô« ¬Û—øq¡ÀÓ¬ ˚Ô±√flË¡À˜ Œ˚±·

fl¡À¬ı˛ ¬Û±˝◊√√,

~

: :

: :

: :

: :

1 4 8539 0 5281 1 0674 1 1236 0 0 0

0 6 3749 1 2068 4 4238 1 2697 1 0 0

0 31 4066 2 6876 5 6860 7 1012 0 1 0

0 2 5819 5 6708 1 6699 0 8315 0 0 1

1 13

6 32

0 74

⋅ − ⋅ ⋅ ⋅

− ⋅ ⋅ ⋅ − ⋅

− ⋅ ⋅ − ⋅ − ⋅

− ⋅ ⋅ − ⋅ − ⋅

L

N

M
M
M

O

Q

P
P
P

− ⋅

− ⋅

− ⋅

¤‡Ú fl¡œ˘fl¡ Î¬◊¬Û±√±Ú –6·3749 ¡Z±¬ı˛± ø¡ZÓ¬œ˚˛ fl¡œ˘fl¡ ¬Û—øq¡Àfl¡ ˆ¬±· fl¡¬ı˛˘±˜, Ó¬±¬ı˛¬Û¬ı˛ Ó¬±Àfl¡ –0·8539,

31·4066 ¤¬ı— 2·5819 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ õ∂Ô˜, Ó‘¬Ó¬œ˚˛ ¤¬ı— ‰¬Ó≈¬Ô« ¬Û—øq¡·≈ø˘¬ı˛ ¸Àe· ˚Ô±√flË¡À˜ Œ˚±· fl¡À¬ı˛

¬Û± ◊̋√√,

~

: :

: :

: :

: :

1 0 0 3907 4 4355 0 1567 0 7616 0 0

0 1 0 1893 0 6939 0 1992 0 2569 0 0

0 0 3 2577 27 4790 0 8450 4 9277 1 0

0 0 5 1820 3 4615 0 3172 0 4051 0 1

4 8539

31 4066

2 5189

⋅ ⋅ ⋅ ⋅

− ⋅ − ⋅ ⋅ − ⋅

− ⋅ − ⋅ − ⋅ − ⋅

⋅ − ⋅ − ⋅ − ⋅

L

N

M
M
M

O

Q

P
P
P

− ⋅

⋅

− ⋅

¤‡±Ú fl¡œ˘fl¡ Î¬◊¬Û±√±Ú –3·2577 ¡Z±¬ı˛± Ó‘¬Ó¬œ˚˛ fl¡œ˘fl¡ ¬Û—øq¡Àfl¡ ˆ¬±· fl¡¬ı˛˘±˜ ¤¬ı— Ó¬±¬ı˛¬Û¬ı˛ Ó¬±Àfl¡ ˚Ô±√flË¡À˜
–0·3907, 0·1893, –5·1820 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ õ∂Ô˜, ø¡ZÓ¬œ˚˛ ¤¬ı— ‰¬Ó≈¬Ô« ¬Û—øq¡¬ı˛ ¸Àe· Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√
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~

: :

: :

: :

: :

1 0 0 1 1399 0 0554 0 1706 0 1199 0

0 1 0 0 9029 0 2483 0 1294 0 0581 0

0 0 1 8 4351 0 2594 1 5126 0 3070 0

0 0 0 47 1722 1 6614 8 2434 1 5909 1

0 3907

0 1893

5 1820

⋅ ⋅ ⋅ ⋅

⋅ ⋅ ⋅ − ⋅

⋅ ⋅ ⋅ − ⋅

− ⋅ − ⋅ − ⋅ ⋅

L

N

M
M
M

O

Q

P
P
P

− ⋅

⋅

− ⋅

¤‡Ú fl¡œ˘fl¡ Î¬◊¬Û±√±Ú –47·1722 ¡Z±¬ı˛± ‰¬Ó≈¬Ô« fl¡œ˘fl¡ ¬Û—øq¡Àfl¡ ˆ¬±· fl¡¬ı˛˘±˜ ¤¬ı— Ó¬±¬ı˛¬Û¬ı˛ Ó¬±Àfl¡ ˚Ô±√flË¡À˜

–1·1399, –0·9029, –8·4351 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ ˚Ô±√flË¡À˜ õ∂Ô˜, ø¡ZÓ¬œ˚˛ › Ó‘¬Ó¬œ˚˛ ¬Û—øq¡¬ı˛ ¸Àe· Œ˚±· fl¡À¬ı˛

¬Û± ◊̋√√,

~

:

:

:

:

1 0 0 0 0 0153 0 0286 0 1583 0 0242

0 1 0 0 0 2165 0 0284 0 0277 0 0191

0 0 1 0 0 0375 0 0381 0 0227 0 1788

0 0 0 1 0 0352 0 1748 0 0337 0 0212

1 1399

0 9029

8 4351

⋅ − ⋅ ⋅ ⋅

⋅ − ⋅ − ⋅ ⋅

− ⋅ ⋅ − ⋅ ⋅

⋅ ⋅ − ⋅ − ⋅

L

N

M
M
M

O

Q

P
P
P

− ⋅

− ⋅

− ⋅

∴ =

⋅ − ⋅ ⋅ ⋅

⋅ − ⋅ − ⋅ ⋅

− ⋅ ⋅ − ⋅ ⋅

⋅ ⋅ − ⋅ − ⋅

L

N

M
M
M

O

Q

P
P
P

−A 1

0 0153 0 0286 0 1583 0 0242

0 2165 0 0277 0 0277 0 0191

0 0375 0 0381 0 0227 0 1788

0 0352 0 1748 0 0337 0 0212

Î¬◊√±˝√√¬ı˛Ì 2 : øÚ•ßø˘ø‡Ó¬ ¬˜…±ø√√√∏C'√øÈ¬¬ı˛ ¬ı…d¬-˜…±ø√√√∏C'√ øÚÌ«˚˛ fl¡¬ı˛≈Ú  .

A =

−

L
N
M
M

O
Q
P
P

1 3 2

1 2 3

2 1 4

¸˜±Ò±Ú  .
1 3 2 1 0 0

1 2 3 0 1 0

2 1 4 0 0 1

:

:

:−

L
N
M
M

O
Q
P
P

~

: :

: :

: :

1 3 2 1 0 0

0 1 1 1 1 0

0 7 0 2 0 1

1

2

− −

− −

L
N
M
M

O
Q
P
P

−

−

~

: :

: :

: :

1 0 5 2 3 0

0 1 1 1 1 0

0 0 7 5 7 1

3

7

−

− −

− −

L
N
M
M

O
Q
P
P

−
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~

:

:

:

1 0 0
11
7

2
5
7

0 1 0
2
7

0
1
7

0 0 1
5
7

1
1
7

−

−

− −

L

N

M
M
M
M

O

Q

P
P
P
P

∴ =

−

−

− −

L

N

M
M
M
M

O

Q

P
P
P
P

−A 1

11
7

2
5
7

2
7

0
1
7

5
7

1
1
7

Î¬◊√±˝√√¬ı˛Ì 3 : øÚ•ßø˘ø‡Ó¬ ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı…d¬-˜…±ø√√√∏C'√ øÚÌ«˚˛ fl¡¬ı˛≈Ú  .

A =

⋅ ⋅ ⋅

⋅ ⋅ − ⋅

⋅ − ⋅ ⋅

L
N
M
M

O
Q
P
P

6 7 1 1 2 2

3 1 9 4 1 5

2 1 1 5 8 4

¸˜±Ò±Ú  .

6 7 1 1 2 2 1

3 1 9 4 1 5 0

2 1 1 5 8 4 0

⋅ ⋅ ⋅

⋅ ⋅ − ⋅
⋅ − ⋅ ⋅

L

N
M
M

O

Q
P
P

:

:

:

~

1 0 164179 0 328358 0 149254

0 8 891045 2 517913 0 462687

0 1 844776 7 710446 0 313433

3 1

2 1

⋅ ⋅ ⋅

⋅ − ⋅ − ⋅

− ⋅ ⋅ − ⋅

L
N
M
M

O
Q
P
P

− ⋅

− ⋅

0 164179 0 328358 0 149254 0

8 891045 2 517913 0 462687 1

1 844776 7 710406 0 313433 0

⋅ ⋅ ⋅

⋅ − ⋅ − ⋅

− ⋅ ⋅ − ⋅

L

N
M
M

O

Q
P
P

:

:

:

~

:

:

:

0 0 374853 0 157798 0 018466

1 0 283197 0 052040 0 112473

0 7 188011 0 409435 0 207487

0 164179

7 188011

⋅ ⋅ − ⋅
− ⋅ − ⋅ ⋅

⋅ − ⋅ ⋅

L

N
M
M

O

Q
P
P

− ⋅

− ⋅

0 374853 0 157798 0 018466 0

0 283197 0 052040 0 112473 0

7 188011 0 409435 0 207487 1

⋅ ⋅ − ⋅

− ⋅ − ⋅ ⋅

⋅ − ⋅ ⋅

L

N
M
M

O

Q
P
P

:

:

:

~

:

:

:

0 0 179150 0 029287 0 052150

0 0 068171 0 120648 0 039398

1 0 056961 0 028866 0 139120

⋅ − ⋅ − ⋅

− ⋅ ⋅ ⋅

− ⋅ ⋅ ⋅

L
N
M
M

O
Q
P
P
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∴ =

⋅ − ⋅ − ⋅

− ⋅ ⋅ ⋅

− ⋅ ⋅ ⋅

L
N
M
M

O
Q
P
P

−A 1

0 179150 0 029287 0 052150

0 068171 0 120648 0 039398

0 056961 0 028866 0 139120

Î¬◊√±˝√√¬ı˛Ì 4 : øÚÀ•ß õ∂√M√√ A ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı…d¬-˜…±ø√√√∏C'√ øÚÌ«˚˛ fl¡¬ı˛≈Ú  .

A =
L
N
M
M

O
Q
P
P

1 2 3

0 5 0

2 4 3

¸˜±Ò±Ú  . ’Ú…õ∂Ì±˘œ

Òø¬ı˛, x1 + 2x2 + 3x3 = k1 ...  (i)

0x1 + 5x2 + 0x3 = k2 ... (ii)

2x1 + 4x2 + 3x3 = k3 ... (iii)

(ii) ŒÔÀfl¡ ¬Û±˝◊√√, x
k

k k k2
2

1 2 35
0

1
5

0= = ⋅ + + ⋅ . ..

(iii) ŒÔÀfl¡ (i) ø¬ıÀ˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√,

x1 + 2x2 = k3 – k1

¬ı±, x k k k1 2 3 1
2
3

= = −

¬ı±, x k k k1 1 2 3
2
5

= − − +

(i) ŒÔÀfl¡ ¬Û±˝◊√√,

3x3 = k1 – x1 – 2x2

= k k k k k1 1 2 3 2
2
5

2
5

+ + − −

= 2k1 – k3

∴ = −x k k3 1 3
2
3

1
3

= 
2
3

0
1
31 2 3k k k= ⋅ −
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∴
L

N
M
M
O

Q
P
P =

− −

−

L

N

M
M
M
M

O

Q

P
P
P
P

L

N
M
M
O

Q
P
P

x

x

x

k

k

k

1

2

3

1

2

3

1
2
5

1

0
1
5

0

2
3

0
1
3

∴ =

− −

−

L

N

M
M
M
M

O

Q

P
P
P
P

−A 1

1
2
5

1

0
1
5

0

2
3

0
1
3

Î¬◊√±˝√√¬ı˛Ì 5 : øÚÀ•ß õ∂√M√√ A ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı…d¬-˜…±ø√√√∏C'√ øÚÌ«˚˛ fl¡¬ı˛≈Ú  .

A =

−

−

L
N
M
M

O
Q
P
P

2 1 3

1 2 1

2 1 1

¸˜±Ò±Ú  .

˜ÀÚ fl¡ø¬ı˛ 2x1 – x2 + 3x3 = k1 (i)

x1 + 2x2 + x3 = k2 (ii)

2x1 + x2 – x3 = k3 (iii)

(i) ¤¬ı— (iii) Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√,

4x + 2x3 = k1 + k3 (iv)

(iii)-Œfl¡ 2 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ (ii) ŒÔÀfl¡ ø¬ıÀ˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√,

–3x1 + 3x3 = k2 – 2k3 (v)

[(iv) × 3 – (v) × 2] fl¡À¬ı˛ ¬Û±˝◊√√,

18x1 = 3k1 + 3k3 – 2k2 + 4k3 = 3k1 – 2k2 + 7k3

∴ = − +x k k k1 1 2 3
3

18
2

18
7

18
(vi)
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(iv) ŒÔÀfl¡ ¬Û±˝◊√√,

x k k x3 1 3 1
1

2
4= + −[ ]

= 
1
2

12
18

8
18

28
181 3 1 2 3k k k k k+ − + −

= + −1

2

6

18

8

18

10

181 2 3K K K

= 
3

18

4

18

5

18

1

6

2

9

5

181 2 3 1 2 3k k k k k k+ − = + −

(iii) ŒÔÀfl¡ ¬Û±˝◊√√,

x k x x k k k k k k k2 3 1 3 3 1 2 3 1 2 32
6

18

4

18

14

18

3

18

4

18

5

18
= − + = − + − + + −

= − + −
3

18

8

18

1

181 2 3k k k

= − + −
1
6

4
9

1
181 2 3k k k

∴
L

N
M
M
O

Q
P
P =

−

− −

−

L

N

M
M
M
M

O

Q

P
P
P
P

L

N
M
M
O

Q
P
P

x

x

x

k

k

k

1

2

3

1

2

3

1
6

1
9

7
18

1
6

4
9

1
18

1
6

2
9

5
18

∴ =

−

− −

−

L

N

M
M
M
M

O

Q

P
P
P
P

−A 1

1
6

1
9

7
18

1
6

4
9

1
18

1
6

2
9

5
18

12.9 ’Ú≈˙œ˘Úœ

øÚ•ßø˘ø‡Ó¬ ˜…±ø√√√∏C'√·≈ø˘¬ı˛ ¬ı…d¬-˜…±ø√√√∏C'√ øÚÌ«˚˛ fl¡¬ı˛≈Ú  .

(a)

1 3 2

1 2 3

2 1 4−

L
N
M
M

O
Q
P
P
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(b)

0 89 4 32 0 47 0 95

1 13 0 89 0 61 5 63

6 32 0 73 0 65 1 06

0 74 1 01 5 28 0 88

⋅ ⋅ − ⋅ ⋅

⋅ − ⋅ ⋅ ⋅

⋅ − ⋅ − ⋅ ⋅

⋅ ⋅ ⋅ − ⋅

L

N

M
M
M

O

Q

P
P
P

(c)

6 7 1 1 2 2

3 1 9 4 1 5

2 1 1 5 8 4

⋅ ⋅ ⋅

⋅ ⋅ − ⋅

⋅ − ⋅ ⋅

L
N
M
M

O
Q
P
P

(d)

4 17 3 62 1 68 2 26

3 21 0 86 2 42 3 20

2 38 1 95 3 27 1 58

1 44 2 95 2 14 1 86

⋅ ⋅ − ⋅ − ⋅

⋅ − ⋅ ⋅ − ⋅

⋅ ⋅ − ⋅ ⋅

⋅ ⋅ − ⋅ ⋅

L

N

M
M
M

O

Q

P
P
P

12.10 Î¬◊M√√¬ı˛˜±˘±

(a)
1 5714 2 0000 0 7143

0 2857 0 0 1428

0 7143 1 0000 0 1428

⋅ − ⋅ ⋅

⋅ − ⋅

− ⋅ ⋅ − ⋅

L
N
M
M

O
Q
P
P

(b)

0 0153 0 0286 0 1583 0 0242

0 2165 0 0284 0 0277 0 0191

0 0375 0 0381 0 0227 0 1788

0 0352 0 1748 0 0337 0 0212

⋅ − ⋅ ⋅ ⋅

⋅ − ⋅ − ⋅ ⋅

− ⋅ ⋅ − ⋅ ⋅

⋅ ⋅ − ⋅ − ⋅

L

N

M
M
M

O

Q

P
P
P

(c)

0 1792 0 0293 0 0522

0 0682 0 1206 0 0394

0 0570 0 0289 0 1391

⋅ − ⋅ − ⋅

− ⋅ ⋅ ⋅

− ⋅ ⋅ ⋅

L
N
M
M

O
Q
P
P

(d)

− ⋅ ⋅ ⋅ ⋅

⋅ − ⋅ − ⋅ ⋅

− ⋅ ⋅ − ⋅ ⋅

− ⋅ ⋅ ⋅ ⋅

L

N

M
M
M

O

Q

P
P
P

0 1586 0 2986 0 2082 0 1441

0 1581 0 0848 0 3924 0 3796

0 1869 0 2703 0 3726 0 5544

0 3430 0 2143 0 0325 0 4619
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¤fl¬fl¬ 13 q ¬˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú › ø¬ıø˙©Ü Œˆ¬"√√¬ı˛
[Eigenvalues and Eigenvectors of

Matrices)

·Í¬Ú

13.1 ¬√õ∂d¬±¬ıÚ±

13.2 ¬Î¬◊ÀV˙…

13.3 ¬˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú, ø¬ıø˙©Ü Œˆ¬"√√¬ı˛ › ∆¬ıø˙©Ü… ¸˜œfl¡¬ı˛Ì

13.4 Î¬◊√± √̋√¬ı̨Ì

13.5 Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬ ¡Z±¬ı˛± ø¬ıø˙©Ü ˜±Ú › ø¬ıø˙©Ü Œˆ¬"√√À¬ı˛¬ı˛ ¸±—ø‡…fl¡ ˜”˘…±˚˛Ú

13.6 ’Ú≈̇ œ˘Úœ

13.7 Î¬◊M√√¬ı̨˜±˘±

13.1 ¬√õ∂d¬±¬ıÚ±

¤˝◊√√ ¤fl¡Àfl¡ ’±˜¬ı˛± ˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú › ø¬ıø˙©Ü Œˆ¬"√√¬ı˛ øÚÌ«˚˛ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº ˚ø√ A = [aij]n×n,

n × n √flË¡À˜¬ı˛ ¤fl¡øÈ¬ ¬ı·« ˜…±ø√√√∏C'√, X = [x1, x2, ..., xn]
T ¤fl¡øÈ¬ d¬y¬ ˜…±ø√√√∏C'√ ¤¬ı— λ ¤fl¡øÈ¬ ÒË≈¬ıfl¡ ˝√√ ˛̊,

Ó¬À¬ı λ-¤¬ı˛ Œ˚ Œfl¡±Ú ˜±ÀÚ¬ı˛ Ê√Ú… AX = λX Œˆ¬"√√¬ı˛ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¤fl¡øÈ¬ ¸˜±Ò±Ú ˙”Ú… Œˆ¬"√√¬ı˛ X(= 0)º ¤‡Ú

’±˜¬ı˛± ’±À˘±‰¬Ú± fl¡¬ı˛¬ı Œ˚ Œfl¡±Ú ’˙”Ú… Œˆ¬"√√¬ı˛ X ¤¬ı— ÒË≈¬ıfl¡ λ, AX = λX-Œfl¡ ø¸X fl¡¬ı˛À¬ı øfl¡Ú±∑ ˚ø

ø¸X fl¡À¬ı˛ Ó¬À¬ı λ-¤¬ı˛ ˜±Ú ¤¬ı— Ó¬±¬ı˛ ’Ú≈¸e·œ Œˆ¬"√√¬ı˛ X-¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛¬ıº Œ¬ı±Á¡±¬ı˛ ¸≈ø¬ıÒ±¬ı˛ Ê√Ú… ¤‡±ÀÚ

’±˜¬ı˛± õ∂ÔÀ˜ ¬ıœÊ√·±øÌøÓ¬fl¡ › ¬ÛÀ¬ı˛ ¸±—ø‡…fl¡ ¬ÛXøÓ¬¬ı˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

13.2 ¬√Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡fl¡ ¬Û±Í¬ fl¡À¬ı˛ ’±¬ÛøÚ

l Œfl¡±Ú ˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú › ’Ú≈¸e·œ ø¬ıø˙©Ü Œˆ¬"√√¬ı˛ ¸•§À&Ò Ò±¬ı˛Ì± fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚº

l ¬ıœÊ√·±øÌøÓ¬fl¡ ¬ÛXøÓ¬ › ¸±—ø‡…fl¡ ¬ÛXøÓ¬ ¡Z±¬ı˛± Œfl¡±Ú ˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú › ø¬ıø˙©Ü Œˆ¬"√√¬ı˛ øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬
¬Û±¬ı˛À¬ıÚº
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13.3 ¬˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú, ø¬ıø˙©Ü Œˆ¬"√√¬ı˛ › ∆¬ıø˙©Ü… ¸˜œfl¡¬ı˛Ì

’±˜¬ı˛± ’±À˘±‰¬Ú±¬ı˛ Ê√Ú… ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛ ¸˜œfl¡¬ı˛Ì

AX = λX (13.1.1)

Ò¬ı˛̆ ±˜, Œ˚‡±ÀÚ A = [aij]n×n, n × n √flË¡À˜¬ı˛ ¤fl¡øÈ¬ ¬ı·« ˜…±ø√√√∏C'√, ˚±Àfl¡ ¬ı˘± ˝√√˚˛ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸˝√√·
˜…±ø√√√∏C'√, ¤¬ı—

X

x

x

xn

=

L

N

M
M
M

O

Q

P
P
P

1

2

⋮

¤fl¡øÈ¬ d¬y¬ Œˆ¬"√√¬ı˛ ¤¬ı— λ ¤fl¡øÈ¬ ÒË≈¬ıfl¡º

¤È¬± ¶Û©Ü Œ˚, λ-¤¬ı˛ Œ˚ Œfl¡±Ú ˜±ÀÚ¬ı˛ Ê√Ú… (13.1.1) Œˆ¬"√√¬ı˛ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ˙”Ú… Œˆ¬"√√¬ı˛ x = 0 ¤fl¡øÈ¬
¸˜±Ò±Ú, ¤‡Ú ’±˜±À√¬ı˛ ø¬ı‰¬±˚«… ø¬ı¯∏˚˛, ’Ú… Œfl¡±Ú Œˆ¬"√√¬ı˛ X(X ≠ 0) ¤¬ı— λ, ¸˜œfl¡¬ı˛Ì (13.1.1)-Œfl¡ ø¸X
fl¡¬ı˛ÀÓ¬ ¬Û±À¬ı˛ øfl¡Ú±∑

˚ø√ I ¤fl¡øÈ¬ n × n √flË¡À˜¬ı˛ ¤fl¡fl¡ ˜…±ø√√√∏C'√ ˝√√˚˛, Ó¬À¬ı (13.1.2) Œˆ¬"√√¬ı˛ ¸˜œfl¡¬ı˛ÌÀfl¡ ’±˜¬ı˛± ¤˝◊√√ˆ¬±À¬ı
ø˘‡ÀÓ¬ ¬Û±ø¬ı˛º

AX = IλX = λIX

¬ı±, (A – λI)X = 0 (13.1.2)

˜…±ø√√√∏C'√ ¸˜œfl¡¬ı˛Ì (13.1.2), n ’:±Ó¬ ¬ı˛±ø˙ø¬ıø˙©Ü ¤fl¡øÈ¬ ¸˜Õ¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì ¸”ø‰¬Ó¬ fl¡À¬ı˛º ˚Ô±

( ) .. .

( ) ...

. .. ( )

( . . )

a x a x a x a x

a x a x a x a x

a x a x a x a x

n n

n n

n n n nn n

11 1 12 2 13 3 1

21 1 22 2 23 3 2

1 1 2 2 3 3

0

0

0

131 3

− + + + + =

+ − + + + =

+ + + + − =

U
V|

W|

λ

λ

λ

… … … … … … … …

¤‡Ú [13.1.3] ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ˙”Ú… ¸˜±Ò±Ú ( X = 0) Â√±Î¬ˇ±› ’Ú… Œfl¡±Ú ¸˜±Ò±Ú (X ≠ 0) Ô±fl¡ÀÓ¬

¬Û±À¬ı˛ ˚ø√ ¸˝√√· ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı˛…±efl¡ ’:±Ó¬ ¬ı˛±ø˙¬ı˛ ¸—‡…± ŒÔÀfl¡ fl¡˜ ˝√√˚˛º ¤¬ı— ¤øÈ¬ Ó¬‡Ú˝◊√√ ¸y¬¬ı ˚‡Ú ¸˝√√·

˜…±ø√√√∏C'√ A – λI ø¬ıø˙©Ü [singular) ˝√√À¬ı ’Ô«±» A I− =λ 0 ˝√√À¬ıº ’Ó¬¤¬ı ’±˜±À√¬ı˛ ’±À˘±‰¬Ú±˚˛, λ -

¤¬ı˛ Œ˚ ¸fl˘ ˜±Ú A I− =λ 0 Œfl¡ ø¸X fl¡¬ı˛À¬ı Œ¸˝◊√√¸fl¡˘ ˜±Ú·≈ø˘¬ı˛ ø¬ıÀ˙¯ õ∂À˚˛±Ê√Úœ˚˛ fl¡±˚«fl¡±ø¬ı˛Ó¬± Ô±fl¡À¬ıº
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¸—:± : ˚ø√ A = [aij]n×n , ¤fl¡øÈ¬ n×n √flË¡À˜¬ı˛ ¬ı·« ˜…±øÈ¬'√ › λ ¤fl¡øÈ¬ ÒË≈¬ıfl¡ ˝√√˚˛, Ó¬À¬ı

A I

a a a a

a a a a

a a a a

n

n

n n n nn

− =

−

−

−

λ

λ

λ

λ

11 12 13 1

21 22 23 2

1 2 3

…

…

… … … …

…

¤fl¡øÈ¬ n ‚±Ó¬ø¬ıø˙©Ü λ -¤¬ı˛ ¬ı˝≈√√¬Û√œ ¬ı˛±ø˙ [Polynomial) ˚±Àfl¡ A -˜…±ø√√√∏CÀ'√¬ı˛ ∆¬ıø˙©Ü… ¬ı˝≈√√¬Û√œ ¬ı˛±ø˙

[Characteristic Polynomial) ¬ı˘± ˝√√ ˛̊ ¤¬ı— | A – λΙ] = 0 ¤˝◊√√ ¸˜œfl¡¬ı˛ÌÀfl¡ ∆¬ıø˙©Ü… ¸˜œfl¡¬ı˛Ì

(Characteristic Equation) ¬ı˘± ˝√√˚˛º

∆¬ıø˙©Ü… ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ˜±Ú·≈ø˘Àfl¡ A-¬ı˛ ø¬ıø˙©Ü ˜±Ú (Eigenvalue ¬ı± Characteristic value) ¬ı˘± ˝√√ ˛̊º

¸˜d¬ λ-¤¬ı˛ ˜±Ú·≈ø˘Àfl¡ A-˜…±ø√√√∏CÀ'√¬ı˛ ¬ıÌ«±˘œ (spectrum) ¬ı˘± ˝√√ ˛̊º λ ˚ø√ A-˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú

˝√√ ˛̊, Ó¬À¬ı ’¬ı˙… ◊̋√√ | A – λI | = 0 ˝√√À¬ı ¤¬ı— Ó¬‡Ú ’¬ı˙… ◊̋√√ ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛ ¬Û±› ˛̊± ˚±À¬ı X(X ≠ 0), Œ˚‡±ÀÚ

(A – λI)X = 0 ’Ô¬ı± AX = λIX = λX

¤¬ı— Ó¬‡Ú X(X ≠ 0)-Œfl¡ A-˜…±ø√√√∏CÀ'√¬ı˛ λ ’±˝◊√√À·Ú ˜±ÀÚ¬ı˛ ¸±À¬ÛÀé¬ ø¬ıø˙©Ü Œˆ¬"√√¬ı˛ (Eigen-vector)

¬ı˘± ˝√√ ˛̊º

13.4 ¬Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1 : øÚ•ßø˘ø‡Ó¬ ˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú › ø¬ıø˙©Ü Œˆ¬"√√¬ı˛·≈ø˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº

A =

−

− −

−

L
N
M
M

O
Q
P
P

8 6 2

6 7 4

2 4 3

¸˜±Ò±Ú  . A-˜…±ø√√√∏CÀ'√¬ı˛ ∆¬ıø˙©Ü… ¸˜œfl¡¬ı˛Ì |A – λI| = 0

’Ô«±»,
8 6 2

6 7 4

2 4 3

0

− −

− − −

− −

=

λ

λ

λ

¬ı±, λ3 – 18λ2 + 45λ = 0

¬ı±, λ(λ – 3) (λ – 15) = 0
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’Ó¬¤¬ı, A-˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú·≈ø˘ 0, 3, 15

˜ÀÚ fl¡ø¬ı˛ A-˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú 0 ˝√√À˘ Ó¬‡Ú ø¬ıø˙©Ü Œˆ¬"√√¬ı˛

X

x

x

x
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=
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P

∴ (A – 0I)X1 = 0

¬ı±, 
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−
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−
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x
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x
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−
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−
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Q
P
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Q
P
P =
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O
Q
P
P

↔

x

x

x

R R( )

¬ı±, 
2 4 3

0 5 5

0 10 10

0

0

0

3 4
1
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1
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1

3 1

−

−

−

L
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Q
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L
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Q
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L
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P

− + = −

x

x

x

R r r R r r,a f

¬ı±,  

2 4 3

0 5 5

0 0 0

0

0

0
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1

2

3

3
1

3 2

−

−
L
N
M
M

O
Q
P
P
L

N
M
M
O

Q
P
P =
L
N
M
M
O
Q
P
P

= +

x

x

x

R R Ra f

¸˝√√· ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı˛…±efl¡ ≈√˝◊√√º ’Ó¬¤¬ı 3 – 2 = 1, ¤fl¡øÈ¬ ∆¬ı˛ø‡fl¡ˆ¬±À¬ı ¶§±ÒœÚ (Linearly Independent)

¸˜±Ò±Ú ’±ÀÂ√º

’Ó¬¤¬ı, 2x1 – 4x2 + 3x3 = 0

–5x2 + 5x3 = 0

x2 = k1 Ò¬ı˛À˘, x3 = k1,  ∴ =x
k

1
1

2

∴ ø¬ıø˙©Ü ˜±Ú λ = 0-¤¬ı˛ Ê√Ú… ø¬ıø˙©Ü Œˆ¬"√√¬ı˛

X

k

k

k
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O
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O

Q

P
P
P
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˜ÀÚ fl¡ø¬ı˛ A ˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú λ = 3 ˝√√À˘ Ó¬‡Ú ø¬ıø˙©Ü Œˆ¬"√√¬ı˛

X

x

x

x
2
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3

=
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P

∴ − =[ ]A I X3 02   ¬ı±  
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0
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¸˝√√· ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı˛…±efl¡ ≈√˝◊√√º ’Ó¬¤¬ı 3 – 2 = 1, ¤fl¡øÈ¬ ∆¬ı˛ø‡fl¡ˆ¬±À¬ı ’ÚÒœÚ ¸˜±Ò±Ú Ô±fl¡À¬ıº

∴ x1 – 2x2 = 0

2x2 + x3 = 0

x k x
k

x k3 2 2
2

1 22
= = − = −, ,

∴ ø¬ıø˙©Ü ˜±Ú λ = 3 ˝√√À˘ ø¬ıø˙©Ü Œˆ¬"√√¬ı˛
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X
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ø¬ıø˙©Ü ˜±Ú λ = 15 ˝√√À˘

(A – 15I)X3 = 0 ¬ı±, 

− −

− − −

− −

L
N
M
M

O
Q
P
P
L

N
M
M
O

Q
P
P =
L
N
M
M
O
Q
P
P

7 6 2

6 8 4

2 4 12

0

0

0

1

2

3

x

x

x

¬ı±, 

2 4 12

6 8 4

7 6 2

0

0

0

1

2

3

1 3

− −

− − −

− −

L
N
M
M

O
Q
P
P
L

N
M
M
O

Q
P
P =
L
N
M
M
O
Q
P
P

↔

x

x

x

R Ra f

¬ı±, 
1 2 6

3 4 2

7 6 2

0

0

0
2 2

1

2

3

1
1

2
2

− −

− − −

− −

L
N
M
M

O
Q
P
P
L

N
M
M
O

Q
P
P =
L
N
M
M
O
Q
P
P

′ = ′ =F
H

I
K

x

x

x

R
R

R
R

,

¬ı±, 
1 2 6

0 10 20

0 20 40

0

0

0

3

7

1

2

3

2 2 1

3 3 1

− −

− −
L
N
M
M

O
Q
P
P
L

N
M
M
O

Q
P
P=
L
N
M
M
O
Q
P
P

′ = +

′ = +
F
H

I
K

x

x

x

R R R

R R R

¬ı±, 
1 2 6

0 1 2

0 1 2

0

0

0
10 20

1

2

3

2
2

3
3

− −

− −
L
N
M
M

O
Q
P
P
L

N
M
M
O

Q
P
P =
L
N
M
M
O
Q
P
P

′ = ′
F
H

I
K

x

x

x

R
R

R
R

,

¬ı±, 
1 2 6

0 1 2

0 0 0

0

0

0

1

2

3

3 3 2

− −

− −
L
N
M
M

O
Q
P
P
L

N
M
M
O

Q
P
P =
L
N
M
M
O
Q
P
P

′ = +

x

x

x

R R Ra f

¸˝√√· ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı˛…±efl¡ ≈√˝◊√√º ’Ó¬¤¬ı 3 – 2 = 1, ¤fl¡øÈ¬ ∆¬ı˛ø‡fl¡ˆ¬±À¬ı ’ÚÒœÚ ¸˜±Ò±Ú Ô±fl¡À¬ı

’Ó¬¤¬ı, x1 – 2x2 – 6x3 = 0

x2 + 2x3 = 0

x3 = k3 Ò¬ı˛À˘, x2 = – 2k3, x1 = 2k3
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∴ = −
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k3
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2

2

2
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1

Î¬◊√±˝√√¬ı˛Ì 2 : øÚÀ•ß ¬ıøÌ«Ó¬ ˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú › ø¬ıø˙©Ü Œˆ¬"√√¬ı˛·≈ø˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº
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¸˜±Ò±Ú  . A-˜…±ø√√√∏CÀ'√¬ı˛ ∆¬ıø˙©Ü… ¸˜œfl¡¬ı˛Ì A – λI = 0

’Ó¬¤¬ı  
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¬ı±, (2 – λ) [(6 – λ) (4 – λ) – 8] = 0  ¬ı±, (2 – λ) [24 – 6λ – 4λ + λ2 – 8] = 0

¬ı±, (2 – λ) (λ2 – 10λ + 16) = 0  ¬ı±, (2 + λ) (λ – 2) (λ – 8) = 0

’Ó¬¤¬ı A ˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü¬ ˜±Ú·≈ø˘ 2, 2, 8
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¸˝√√· ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı˛…±efl¡ ≈√˝◊√√º ’Ó¬¤¬ı 3 – 2 = 1, ¤fl¡øÈ¬ ∆¬ı˛ø‡fl¡ˆ¬±À¬ı ’ÚÒœÚ ¸˜±Ò±Ú Ô±fl¡À¬ıº

’Ó¬¤¬ı, –x1 – x2 + x3 = 0

–x2 – x3 = 0
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A-˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú λ = 2 Ò¬ı˛À˘, X2 ˚ø√ ø¬ıø˙©Ü Œˆ¬"√√¬ı˛ ˝√√˚˛, Ó¬À¬ı [A – 2I] X2 = 0
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¤‡±ÀÚ ¸˝√√· ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı˛…±efl¡ ¤fl¡, ’Ó¬¤¬ı ¸˜œfl¡¬ı˛Ì·≈ø˘¬ı˛ ≈√øÈ¬ ∆¬ı˛ø‡fl¡ˆ¬±À¬ı ’ÚÒœÚ ¸˜±Ò±Ú Ô±fl¡À¬ıº

¸˜œfl¡¬ı˛ÌøÈ¬  –2x1 + x2 – x3 = 0
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x3 = 0, x1 = k2, x2 = 2k2 ¬ı±, x2 = 0, x3 = 2k3, x1 = –k3

∴ ’± ◊̋√√À·Ú-¸ø√fl¡ ¬ı˛±ø˙·≈ø˘
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Î¬◊√±˝√√¬ı˛Ì 3 : øÚ•ßø˘ø‡Ó¬ ˜…±ø√√√∏C'√øÈ¬¬ı˛ ø¬ıø˙©Ü ˜±Ú › ø¬ıø˙©Ü Œˆ¬"√√¬ı˛·≈ø˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº
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A-˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú λ = 3 ¤¬ı˛ Ê√Ú… ˚ø√ X1 ø¬ıø˙©Ü Œˆ¬"√√¬ı˛ ˝√√˚˛, Ó¬À¬ı
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¸˜œfl¡¬ı˛Ì·≈ø˘ x1 + x2 – 2x3 = 0

–3x2 + 3x3 = 0

x3 = k1 Ò¬ı˛À˘, x2 = k1  ∴ x1 = k1

∴ ø¬ıø˙©Ü Œˆ¬"√√¬ı˛
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A-˜…±ø√√√∏CÀ'√¬ı˛ ø¬ıø˙©Ü ˜±Ú λ = 0 ¤¬ı˛ Ê√Ú…, ˚ø√ X2 ø¬ıø˙©Ü Œˆ¬"√√¬ı˛ ˝√√˚˛, Ó¬À¬ı
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¸˝√√· ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı˛…±efl¡ ¤fl¡, ’Ó¬¤¬ı 3 – 1 = 2øÈ¬ ∆¬ı˛ø‡fl¡ˆ¬±À¬ı ’ÚÒœÚ ¸˜±Ò±Ú Ô±fl¡À¬ıº

¸˜œfl¡¬ı˛ÌøÈ¬  x1 + x2 + x3 = 0

x3 = 0, x2 = k2 Ò¬ı˛À˘ x1 = –k2

¬ı±, x2 = 0, x3 = k3 Ò¬ı˛À˘ x1 = –k3

∴ ø¬ıø˙©Ü Œˆ¬"√√¬ı˛·≈ø˘
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’Ó¬¤¬ı ø¬ıø˙©Ü Œˆ¬"√√¬ı˛·≈ø˘
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Î¬◊√±˝√√¬ı˛Ì 4 : õ∂√M√√ ˜…±ø√√√∏C'√ ŒÔÀfl¡ Ó¬±¬ı˛ ø¬ıø˙©Ü ˜±Ú › ø¬ıø˙©Ü Œˆ¬"√√¬ı˛¸˜”˝√√ øÚÌ«˚˛ fl¡¬ı˛≈Úº
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¬ı±, (2 – λ) (λ – 3) (λ – 6) = 0
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¸˝√√· ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı˛…±efl¡ ≈√˝◊√√, ’Ó¬¤¬ı 3 – 2 = 1, ¤fl¡øÈ¬ ∆¬ı˛ø‡fl¡ˆ¬±À¬ı ’ÚÒœÚ ¸˜±Ò±Ú Ô±fl¡À¬ıº

¸˜œfl¡¬ı˛Ì·≈ø˘ x1 + x2 + x3 = 0

2x2 = 0

x3 = k1, x2 = 0, x1 = –k1 ¤fl¡øÈ¬ ¸˜±Ò±Úº

∴ λ = 2 ¤¬ı˛ Ê√Ú… ø¬ıø˙©Ü Œˆ¬"√√¬ı˛
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¸˝√√· ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı˛…±efl¡ ≈√˝◊√√, ’Ó¬¤¬ı 3 – 2 = 1, ¤fl¡øÈ¬ ∆¬ı˛ø‡fl¡ˆ¬±À¬ı ’ÚÒœÚ ¸˜±Ò±Ú Ô±fl¡À¬ıº

¸˜œfl¡¬ı˛Ì·≈ø˘ x1 + x2 = 0

x2 + x3 = 0

x3 = k2 Ò¬ı˛À˘ x2 = –k2   ∴ x1 = k2

∴ λ = 3 ¤¬ı˛ Ê√Ú… ø¬ıø˙©Ü Œˆ¬"√√¬ı˛
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¸˝√√· ˜…±ø√√√∏CÀ'√¬ı˛ ¬ı˛…±efl¡ ≈√˝◊√√, ’Ó¬¤¬ı 3 – 2 = 1, ¤fl¡øÈ¬ ∆¬ı˛ø‡fl¡ˆ¬±À¬ı ’ÚÒœÚ ¸˜±Ò±Ú Ô±fl¡À¬ı∑

¸˜œfl¡¬ı˛Ì·≈ø˘ x x x1 2 33 0+ − =

− + =2 4 02 3x x

∴ x k x k x k3 3 2 3 1 32= = =, ,

’Ó¬¤¬ı λ = 6 ¤¬ı˛ Ê√Ú… ø¬ıø˙©Ü Œˆ¬"√√¬ı˛
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13.5 ¬Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬ ¡Z±¬ı˛± ø¬ıø˙©Ü ˜±Ú › ø¬ıø˙©Ü Œˆ¬"√√À¬ı˛¬ı˛ ¸±—ø‡…fl¡
”̃̆ …± ˛̊Ú

¤ ◊̋√√ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬øÈ¬ ’±˜¬ı˛± fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì ¸˝√√fl¡±À¬ı˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº Ó¬±øNfl¡ ø¬ıÀù≠¯∏ÀÌ Ê√±Ú± ˚±˚˛

Œ˚ ¤˝◊√√ ¬ÛXøÓ¬ÀÓ¬ Œfl¡¬ı˘ ¸±—ø‡…fl¡ˆ¬±À¬ı ¬ı‘˝√√M√√˜ ø¬ıø˙©Ü ˜±Ú˝◊√√ ¬Û±›˚˛± ˚±˚˛º

Î¬◊√±˝√√¬ı˛Ì 1 : Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬ ¡Z±¬ı˛± øÚ•ßø˘ø‡Ó¬ ˜…±ø√√√∏C'√øÈ¬¬ı˛ ¬ı‘˝√√M√√˜ ø¬ıø˙©Ü ˜±Ú ¤¬ı— Ó¬±¬ı˛ ’Ú≈¸e·œ ø¬ıø˙©Ü

Œˆ¬"√√¬ı˛ øÚÌ«˚˛ fl¡¬ı˛≈Úº
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˘é¬… fl¡¬ı˛≈Ú øÚÀ‰¬ √±· Œ√›˚˛± Î¬◊¬Û±√±Ú ˝√√˘ d¬Ày¬¬ı˛ ¸±—ø‡…fl¡ˆ¬±À¬ı ¬ı‘˝√√M√√˜ Î¬◊¬Û±√±Ú ˚± ø√À˚˛ d¬y¬Àfl¡ ˆ¬±·

fl¡¬ı˛± ˝√√À˚˛ÀÂ√ ¬ÛÀ¬ı˛¬ı˛ Ò±À¬Ûº
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¤˝◊√√ ¬Û˚«±À˚˛ ’±˜¬ı˛± ø¸X±z¬ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛ Œ˚ ¬ı‘˝√√M√√˜ ø¬ıø˙©Ü ˜±ÚøÈ¬ 43·88 ¤¬ı— Ó¬±¬ı˛ ’Ú≈¸e·œ ø¬ıø˙©Ü Œˆ¬"√√¬ı˛
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Î¬◊¬ÛÀ¬ı˛¬ı˛ ·ÌÚ±Àfl¡ ¤‡Ú ’±˜¬ı˛± ¸±¬ı˛øÌ ¬ÛXøÓ¬ÀÓ¬ ø˘‡ÀÓ¬ ¬Û±ø¬ı˛º

A =
L

N
M
M

O

Q
P
P

2 4 6

3 9 15

4 16 36

˜ÀÚ fl¡¬ı˛≈Ú õ∂±¬ı˛øy¬fl¡ Œˆ¬"√√¬ı˛ X(0) = [0, 0, 1]
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¸±¬ı˛øÌ 13.5.1

λx1 λx2 λx3 λ x1 x2 x3

0 6 15 36 36 0·1667 0·4167 1·0000

1 8·0002 19·2504 43·3340 43·334 0·1846 0·4442 1·0000

2 8·1460 19·5516 43·8456 43·8456 0·1858 0·4459 1·0000

3 8·1552 19·5705 43·8776 43·8776 0·1859 0·4460 1·0000

4 8·1558 19·5717 43·8796 43·8796 0·1859 0·4460 1·0000

’Ó¬¤¬ı ¬ı‘˝√√M√√˜ ø¬ıø˙©Ü ˜±Ú λ λ λ λ λ = 43·88 ¤¬ı— ø¬ıø˙©Ü Œˆ¬"√√¬ı˛øÈ¬ ˝√√˘

0 1859

0 4460

1 0000

⋅

⋅

⋅

L

N
M
M

O

Q
P
P

Î¬◊√±˝√√¬ı˛Ì 2 : øÚ•ßø˘ø‡Ó¬ ˜…±ø√√√∏C'√øÈ¬¬ı˛ ¬ı‘˝√√M√√˜ ø¬ıø˙©Ü ˜±Ú › Ó¬±¬ı˛ ’Ú≈¸e·œ ø¬ıø˙©Ü Œˆ¬"√√¬ı˛ øÚÌ«˚˛ fl¡¬ı˛≈Ú, ‰¬±¬ı˛

√˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

A = −

−

L

N
M
M

O

Q
P
P

9 10 8

10 5 1

8 1 3

¸˜±Ò±Ú : ˜ÀÚ fl¡¬ı˛≈Ú

A = −

−

L

N
M
M

O

Q
P
P

9 10 8

10 5 1

8 1 3

¤¬ı— õ∂±¬ı˛øy¬fl¡ ø¬ıø˙©Ü Œˆ¬"√√¬ı˛

X 0

1

0

0

( ) =
L

N
M
M
O

Q
P
P
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¸±¬ı˛øÌ 13.5.2

n λx1 λx2 λx3 λ x1 x2 x3

1 9 10 8 10 0·9 1·0 0·8

2 24·5 13·2 8·6 24·5 1·0 0·53 0·35

3 17·1 12·3 8·82 17·1 1·0 0·72 0·50

4 20·2 13·1 8·78 20·2 1·0 0·65 0·43

5 18·94 12·82 8·64 18·94 1·0 0·68 0·46

6 19·48 12·94 8·70 19·48 1·0 0·663 0·447

7 19·21 12·87 8·68 19·21 1·0 0·670 0·452

8 19·316 12·898 8·686 19·316 1·0 0·6677 0·4497

9 19·2746 12·8888 8·6814 19·2746 1·0 0·66869 0·45041

10 19·2902 12·8930 8·6825 19·2902 1·0 0·66837 0·45010

11 19·2845 12·89175 8·68193 19·2845 1·0 0·66850 0·45020

12 19·2866 12·89230 8·68210 19·2866 1·0 0·66846 0·45016

13 19·2859 12·89214 8·68202 19·2859 1·0 0·66847 0·45017

’Ó¬¤¬ı ¬ı‘̋ √√M√√˜ ø¬ıø˙©Ü ˜±Ú λ λ λ λ λ = 19·28 ¤¬ı— Ó¬±¬ı˛ ’Ú≈̧ e·œ Œˆ¬"√√¬ı˛ ˝√√˘ [1,0·6685, 0·4502]



1
9

2

Î¬◊√±˝√√¬ı˛Ì 3 : øÚ•ßø˘ø‡Ó¬ ˜…±ø√√√∏C'√øÈ¬¬ı˛ ¬ı‘˝√√M√√˜ ø¬ıø˙©Ü ˜±Ú ¤¬ı— Ó¬±¬ı˛ ’Ú≈¸e·œ ø¬ıø˙©Ü Œˆ¬"√√¬ı˛ øÚÌ«˚˛ fl¡¬ı˛≈Ú, ¬Û“√±‰¬ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

¸˜±Ò±Ú : ˜ÀÚ fl¡¬ı˛≈Ú

¤¬ı— õ∂±¬ı˛øy¬fl¡ Œˆ¬"√√¬ı˛ X(0) = (1, 0, 0, 0)′

¸±¬ı˛øÌ 13.5.3

n λx1 λx2 λx3 λx4 λ x1 x2 x3 x4

1 1·25 2·31 1·09 2·56 2·56 0·49 0·90 0·42 1·00

2 5·718867 11·642538 7·560586 11·280039 11·642538 0·491 1·00 0·65 0·97

3 6·115450 12·813810 8·406290 12·178760 12·81381 0·477 1·00 0·656 0·95

4 6·057040 12·709060 8·362080 12·07748 12·70906 0·4766 1·00 0·6579 0·9503

5 6·055630 12·710770 8·363300 12·07441 12·71077 0·47642 1·00 0·657970 0·9499

6 6·054456 12·708559 8·362342 12·072372 12·708559 0·476408 1·00 0·658009 0·949940

7 6·054587 12·708908 8·362508 12·072605 12·708908 0·476405 1·00000 0·658004 0·949932

’Ó¬¤¬ı ¬ı‘˝√√M√√˜ ø¬ıø˙©Ü ˜±Ú λ λ λ λ λ = 12·709 ¤¬ı— Ó¬±¬ı˛ ’Ú≈̧ e·œ ø¬ıø˙©Ü Œˆ¬"√√¬ı˛ ˝√√˘ [0·47640, 1·00000, 0·65800, 0·94993]
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13.6 ’Ú≈˙œ˘Úœ

1. øÚ•ßø˘ø‡Ó¬ ˜…±ø√√√∏C'√·≈ø˘¬ı˛ ø¬ıø˙©Ü ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

(a) 

2 1 0

1 2 0

1 1 1

L

N
M
M

O

Q
P
P  (b) 

2 0 1

0 1 0

1 0 2

L

N
M
M

O

Q
P
P  (c) 

1 0 2

0 1 1

0 1 0

−
L

N
M
M

O

Q
P
P

(d) 

a h g

o b o

o c c

L

N
M
M

O

Q
P
P  (e) 

0 1 2

1 0 1

2 1 0

−

−

L

N
M
M

O

Q
P
P

2. øÚ•ßø˘ø‡Ó¬ ˜…±ø√√√∏C'√·≈ø˘¬ı˛ ø¬ıø˙©Ü ˜±Ú › ø¬ıø˙©Ü Œˆ¬"√√¬ı˛·≈ø˘¬ı˛ øÚÌ«˚˛ fl¡¬ı˛≈Úº

(a) 

3 2 4

2 0 2

4 2 3

L

N
M
M

O

Q
P
P
 (b) 

3 1 1

1 5 1

1 1 3

L

N
M
M

O

Q
P
P  (c) 

− −

−

− −

L

N
M
M

O

Q
P
P

2 2 3

2 1 6

1 2 0

(d) 

2 2 0

2 1 2

0 2 0

−

− −

−

L

N
M
M

O

Q
P
P  (e) 

2 2

2 1

L
NM

O
QP

3. øÚ•ßø˘ø‡Ó¬ ˜…±ø√√√∏C'√øÈ¬¬ı˛ ¬ı‘˝√√M√√˜ ø¬ıø˙©Ü ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

(a) 

25 41 10 6

41 68 17 10

10 17 5 3

6 10 3 2

− −

− −

− −
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P
P
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−

− −

−

L
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M

O

Q
P
P

(c) 
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3 2 4

1 4 10

−

−

L

N
M
M

O

Q
P
P
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13.7 ¬Î¬◊M√√¬ı˛˜±˘±

1. (a) (1, 2, 3),  (b) (1, 1, 3),  (c) −
− ± 5FH IK1

1
2

, ,   (d) (a, b, c)

(e) 2, 1 1 3− − ±,d i

2. (a) (8, –1, –1) ; k k k1 2 3

2

1

2

0

2

1

1

0

1

L

N
M
M
O

Q
P
P −

L

N
M
M
O

Q
P
P −

L

N
M
M
O

Q
P
P, ,

(b) (3, 2, 6) ;  k k k1 2 3

1

1

1

1

0

1

1

2

1

−
L

N
M
M
O

Q
P
P −

L

N
M
M
O

Q
P
P
L

N
M
M
O

Q
P
P, ,

(c) (5, –3, –3) ; k k k1 2 3

1

2

1

2

1

0

3

0

1−

L

N
M
M
O

Q
P
P −
L

N
M
M
O

Q
P
P
L

N
M
M
O

Q
P
P, ,

(d) (1, –2, 4) ; k k k1 2 3

2

1

2

1

2

2

2

2

1

−

−
L

N
M
M
O

Q
P
P
L

N
M
M
O

Q
P
P −
L

N
M
M
O

Q
P
P, ,

(e) (0, 3), k k1 2

1

3
2
3

2
3

1

3

−L

N
M
M
M

O

Q
P
P
P

L

N
M
M
M

O

Q
P
P
P

,

3. (a) 98·522   (b) 9  (c) 11·66
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¤fl¬fl¬ 14 q ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸±—ø‡…fl¡ ¸˜±Ò±Ú–I

(Solution of Systems of Linear  Equa-

tions—I)

·Í¬Ú

14.1 ¬√õ∂d¬±¬ıÚ±

14.2 ¬Î¬◊ÀV˙…

14.3 ¬·±Î¬◊¸ ’¬ÛÚ˚˛Ú ¬ÛXøÓ¬

14.4 Î¬◊√± √̋√¬ı̨Ì

14.5 Ê√Î«¬Ú ¬ı± ·±Î¬◊¸-Ê√Î«¬Ú ’¬ÛÚ˚˛Ú ¬ÛXøÓ¬

14.6 ¬Î¬◊√± √̋√¬ı̨Ì

14.7 ’Ú≈̇ œ˘Úœ

14.8 Î¬◊M√√¬ı̨˜±˘±

14.1 ¬√õ∂d¬±¬ıÚ±

¤ ◊̋√√ ¤fl¡Àfl¡ ’±˜¬ı˛± n-¸—‡…fl¡ ’:±Ó¬ ¬ı˛±ø˙¬ı˛ n-¸—‡…fl¡ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛ÌÓ¬ÀLa¬ı˛ ¸˜±Ò±Ú øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ ¬ÛXøÓ¬

øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº

’±˜¬ı˛± Òø¬ı˛ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛ÌÓ¬LaøÈ¬ ¤˝◊√√¬ı˛fl¡˜ :

    

a x a x a x a x b

a x a x a x a x b

a x a x a x a x b

n n

n n

n n n nn n n

11 1 12 2 13 3 1 1

21 1 22 2 23 3 2 2

1 1 2 2 3 3

+ + + + =

+ + + + =

+ + + + =

U

V
|
||

W
|
||

…

…

… … … … … …

… … … … … …

…

(14·1·1)

Œ˚‡±ÀÚ ¸˝√√· a i j nij , ,= 1 2,⋯a f  ¤¬ı— b i ni =( )1 2,, ,⋯  ¸¬ı˝◊√√ ÒË≈¬ıfl¡º
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˚ø√ b i ni = =( )0 1 2, , ,⋯  ˝√√˚˛, Ó¬À¬ı Î¬◊¬ÛÀ¬ı˛¬ı˛ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛ÌÓ¬LaøÈ¬Àfl¡ ¸˜‚±Ó¬ (Homogeneous)

¬ı˘± ˝√√˚˛, ’Ú…Ô±˚˛ ¤Àfl¡ ’¸˜‚±Ó¬ (non-homogeneous) ¬ı˘± ˝√√ ˛̊º

Î¬◊¬ÛÀ¬ı˛¬ı˛ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛ÌÓ¬LaøÈ¬Àfl¡ (14·1·1), ’±˜¬ı˛± ¸—øé¬5 ’±fl¡±À¬ı˛ ˜…±ø√√√∏C'√ ¡Z±¬ı˛± Î¬◊¬ÛàÔ±¬ÛÚ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛

Œ˚˜Ú

AX = b (14·1·2)

Œ˚˜Ú

A a

a a a a

a a a a

a a a a

ij n n

n

n

n n n nn

= =

L

N

M
M
M
M
M
M

O

Q

P
P
P
P
P
P

×

22 12 13 1

21 22 23 2

1 2 3

⋯

⋯

⋯ ⋯ ⋯ ⋯ ⋯

⋯ ⋯ ⋯ ⋯ ⋯

⋯

Œfl¡ ¸˝√√· ˜…±ø√√√∏C'√ ¬ı˘± ˝√√ ˛̊º

b

b

b

bn

=

L

N

M
M
M
M

O

Q

P
P
P
P

1

2

⋮
  Œfl¡ Î¬±Ú¬Ûé¬ Œˆ¬"√√¬ı˛ ¬ı˘± ˝√√ ˛̊ Œ˚·≈ø˘ ’±˜±À√¬ı˛ Ê√±Ú±º

¤¬ı— X

x

x

xn

=

L

N

M
M
M
M

O

Q

P
P
P
P

1

2

⋮
 Œfl¡ ¸˜±Ò±Ú Œˆ¬"√√¬ı˛ ¬ı˘± ˝√√ ˛̊ ˚± øÚÌ«̊ ˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº

˚ø√ ¸˝√√· ˜…±ø√√√∏CÀflv¡¬ı˛ fl¡Ì« ¬ı¬ı˛±¬ı¬ı˛ Î¬◊¬Û±√±Ú·≈ø˘ ˚Ô± a a a ann11 22 33, , ,, ⋯  øÚ•ßø˘ø‡Ó¬ ˙Ó«¬·≈ø˘Àfl¡ ø¸X fl¡À¬ı˛º

a a i nii ij
j

i j

n

> =
=
≠

∑ 1 2,3
1

, , . ... ,a f
(14·1·3)
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¬ı±, a a a a n11 12 13 1> + + +⋯

a a a a n22 21 23 2> + + +⋯

a a a a n33 31 33 3> + + +⋯

 .....  ......  ......  ......

a a a ann n n nn> + + + −1 2 1⋯

Ó¬‡Ú (14·1·1) ¬ı± (14·1·2) ¸˜œfl¡¬ı˛ÌÓ¬LaøÈ¬Àfl¡ fl¡ÀÍ¬±¬ı˛ˆ¬±À¬ı fl¡Ì« ’±øÒ¬ÛÓ¬…˚≈q¡ (Strictly Diagonally

Dominant) ¬ı˘± ˝√√ ˛̊º

(14·1·1) ¬ı± (14·1·2) ¸˜œfl¡¬ı˛ÌÓ¬LaøÈ¬¬ı˛ ¸˜±Ò±Ú ¬ı˘ÀÓ¬ fl¡œ ¬ı≈øÁ¡ ¤fl¡·≈26√ ’:±Ó¬ ¬ı˛±ø˙¬ı˛ ˜±Ú Œ˚·≈ø˘

∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛ÌÓ¬LaøÈ¬Àfl¡ ø¸X fl¡À¬ı˛º

’±˜¬ı˛± Ê√±øÚ Œ˚ (14·1·1) ¬ı± (14·1·2) ŒÓ¬ ¬ıøÌ«Ó¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛ÌÓ¬LaøÈ¬¬ı˛ ¸˜±Ò±Ú Ô±Àfl¡, ˚ø√ ¬ı˛…±efl¡

[A] = ¬ı˛…±efl¡ [A, b]º

˚ø√ ¸˜±Ò±Ú Ô±Àfl¡, Ó¬À¬ı ¸˜œfl¡¬ı˛ÌÓ¬LaøÈ¬¬ı˛ ¸˜±Ò±ÀÚ¬ı˛ õ∂fl‘¡øÓ¬ øÚ•ßø˘ø‡Ó¬ˆ¬±À¬ı ˝√√À¬ı :

(i) ˚ø√ A–1 ø¬ı√…˜±Ú ˝√√˚˛ Ó¬Ô± A ≠ 0  ¤¬ı— b ≠ 0, ¤¬ı— ¬ı˛…±efl¡ [A] = ¬ı˛…±efl¡ [A, b] = n ˝√√ ˛̊,

Ó¬À¬ı ¸˜œfl¡¬ı˛ÌÓ¬LaøÈ¬¬ı˛ ¤fl¡øÈ¬˜±S ¸˜±Ò±Ú Ô±fl¡À¬ıº

(ii) ˚ø√ A–1 ø¬ı√…˜±Ú ˝√√ ˛̊ Ó¬Ô± A ≠ 0  ¤¬ı— b ≠ 0 ˝√√ ˛̊ ¤¬ı— ¬ı˛…±efl¡ [A] = ¬ı˛…±efl¡ [A, b] = n

˝√√˚˛, Ó¬À¬ı ¸˜œfl¡¬ı˛ÌÓ¬LaøÈ¬¬ı˛ ¤fl¡øÈ¬ ˜±S ˙”Ú… ¸˜±Ò±Ú X = 0 (Trival Solution) Ô±fl¡À¬ıº

(iii) ˚ø√ A–1 ø¬ı√…˜±Ú Ú± ˝√√˚˛ Ó¬Ô± A = 0  ¤¬ı— b ≠ 0, ¤¬ı— ¬ı˛…±efl¡ [A] = ¬ı˛…±efl¡ [A, b] < n

˝√√˚˛, Ó¬À¬ı ¸˜œfl¡¬ı˛ÌÓ¬LaøÈ¬¬ı˛ ’¸œ˜ ¸—‡…fl¡ ¸˜±Ò±Ú Ô±fl¡À¬ıº

(iv) ˚ø√ A–1 ø¬ı√…˜±Ú Ú± ˝√√ ˛̊ Ó¬À¬ı A = 0  ¤¬ı— b = 0, ¤¬ı— ¬ı˛…±efl¡ [A] = ¬ı˛…±efl¡ [A, b] < n

˝√√˚˛, Ó¬À¬ı ¸˜œfl¡¬ı˛ÌÓ¬LaøÈ¬¬ı˛ ¤fl¡øÈ¬ ˙”Ú… ¸˜±Ò±Ú (Trival Solution) Â√±Î¬ˇ±› ’¸œ˜ ¸—‡…fl¡ ¸˜±Ò±Ú

Ô±fl¡À¬ıº
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14.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡fl¡ ¬Û±Í¬ fl¡À¬ı˛ ’±¬ÛøÚ

l ·±Î¬◊¸ › ·±Î¬◊¸-ÊÎ«¬Ú ¬ÛXøÓ¬¬ı˛ ¡Z±¬ı˛± ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚº

14.3 ·±Î¬◊À¸¬ı˛ ’¬ÛÚ˚˛Ú ¬ÛXøÓ¬ (Gauss Elimination Method)

¤È¬± ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛ÌÓ¬ÀLa¬ı˛ ’:±Ó¬ ¬ı˛±ø˙¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ ¬Û≈À¬ı˛±ÀÚ±, ¸˝√√Ê√ › õ∂Ó¬…é¬ ¬ÛXøÓ¬ ¤¬ı— ’:±Ó¬

¬ı˛±ø˙¬ı˛ ¬Û¬ı˛¬Û¬ı˛ ’¬ÛÚ˚˛ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘º ’±˜¬ı˛± ¤‡±ÀÚ øÓ¬Ú ’:±Ó¬ ¬ı˛±ø˙ø¬ıø˙©Ü øÓ¬ÚøÈ¬ ¬∆¬ı˛ø‡fl¡

¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸˜±Ò±Ú ¬ÛXøÓ¬ ’±À˘±‰¬Ú± fl¡¬ı˛¬ı Œ˚·≈ø˘ n ’:±Ó¬ ¬ı˛±ø˙ø¬ıø˙©Ü n ¸—‡…fl¡ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ Œé¬ÀS›

õ∂À˚±Ê√…º

Òø¬ı˛ øÓ¬Ú ’:±Ó¬ ¬ı˛±ø˙ø¬ıø˙©Ü › øÓ¬ÚøÈ¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì ¤fl¡˝◊√√¬ı˛fl¡˜

a x a x a x b

a x a x a x b

a x a x a x b

11
1

1 12
1

2 13
1

3 1
1

21
1

1 22
1

2 23
1

3 2
1

31
1

1 32
1

2 33
1

3 3
1

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

+ + =

+ + =

+ + =

U

V
||

W
|
|( ) ( ) ( )

(14.3.1)

˚‡Ú a i jij
( ) ; ,1 1 2,3=a f ¤¬ı— b ii

( ) ,1 1 2,3=( )  ¸fl¡À˘˝◊√√ :±Ó¬ ¬ı˛±ø˙º

˜ÀÚ fl¡ø¬ı˛ a11
1 0, 14 2 1( ) ≠ ⋅ ⋅( )-¤¬ı˛ õ∂Ô˜ ¸˜œfl¡¬ı˛ÌÀfl¡ ¬Û¬ı˛¬Û¬ı˛ −

a

a

21
1

11
1

( )

( )
 ¤¬ı— −

( )
a

a

31
1

11
1( )

 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛,

˚Ô±√flË¡À˜ ø¡ZÓ¬œ˚˛ › Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸Àe· Œ˚±· fl¡¬ı˛À˘, ’±˜¬ı˛± ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛ÌÓ¬La¬ (14·3·1) Œfl¡

øÚ•ßø˘ø‡Ó¬ˆ¬±À¬ı ¬Û±˝◊√√

a x a x a x b

a x a x b

a x a x b

11
1

1 12
1

2 13
1

3 1
1

22
2

2 23
2

3 2
2

32
2

2 33
2

3 3
2

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

+ + =

+ =

+ =

U
V
||

W
|
|

(14·3·2)
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˚‡Ú a a
a a

a
a a

a a

a
b b

b a

a
22
2

22
1 12

1
21
1

11
1 23

2
23
1 13

1
21
1

11
1 2

2
2
1 1

1
21
1

11
1

( ) ( )
( ) ( )

( )

( ) ( )
( ) ( )

( )

( ) ( )
( ) ( )

( )
,

.
,= −

⋅
= − = −

⋅

a a
a a

a
a a

a a

a
b b

b a

a
32
2

32
1 12

1
31
1

11
1 33

2
33
1 13

1
31
1

11
1 3

2
3
1 1

1
31
1

11
1

( ) ( )
( )

( )
( ) ( )

( ) ( )

( )
( ) ( )

( ) ( )

( )
, ,= −

⋅
= −

⋅
= −

⋅
( )

¤‡Ú ˜ÀÚ fl¡ø¬ı˛, a33
2 0,( ) ≠ (14·2·2) ¤¬ı˛ ø¡ZÓ¬œ˚˛ ¸˜œfl¡¬ı˛ÌÀfl¡ −

a

a

32
2

22
2

( )

( )
 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛ÀÌ¬ı˛

¸Àe· Œ˚±· fl¡¬ı˛À˘ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛ÌÓ¬La (14·2·2) Œfl¡ øÚ•ßø˘ø‡Ó¬ˆ¬±À¬ı ¬Û±˝◊√√º

a x a x a x b

a x a x b

a x b

11
1

1 12
1

2 13
1

3 1
1

22
2

2 23
2

3 2
2

33
2

3 3
2

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

+ + =

+ =

=

U
V
||

W
|
|

(14·3·3)

Œ˚‡±ÀÚ a a
a a

a
33
3

33
2 23

2
32
2

22
2

( ) ( )
( ) ( )

( )
= −

⋅

¤‡±ÀÚ a a a11
1

22
2

33
3( ) ( ) ( ), ,  ¬ı˛±ø˙·≈ø˘Àfl¡ fl¡œ˘fl¡ (Pivot) ¸˝√√· ¬ı˘± ˝√√ ˛̊º Î¬◊¬ÛÀ¬ı˛±q¡ ¸˜œfl¡¬ı˛Ì·≈ø˘Àfl¡ fl¡œ˘fl¡

¸˜œfl¡¬ı˛Ì (Pivotal Equations) ¬ı˘± ˝√√ ˛̊º ¤‡Ú ˚Ô±√flË¡À˜ x3, x2 ¤¬ı— x1-¤¬ı˛ ˜±Ú Ó‘¬Ó¬œ˚˛, ø¡ZÓ¬œ˚˛ › õ∂Ô˜

¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬Û±›˚˛± ˚±À¬ıº

14.4 Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1 : ·±Î¬◊¸ ’¬ÛÚ˚˛Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú,

øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

2 3 9

2 3 6

3 2 8

1 2 3

1 2 3

1 2 3

x x x

x x x

x x x

+ + =

+ + =

+ + =
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¸˜±Ò±Ú : õ∂ø√flË¡ ˛̊± 1

õ∂ÔÀ˜ ’:±Ó¬ ¬ı˛±ø˙ x1 Œfl¡ ø¡ZÓ¬œ˚˛ › Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ’¬ÛÚ˚˛Ú fl¡¬ı˛±¬ı˛ Ê√Ú… õ∂Ô˜ ¸˜œfl¡¬ı˛ÌÀfl¡

¬Û¬ı˛¬Û¬ı˛ − = − =
F
HG

I
KJ

1
2

21
1

11
1 21

a

a
m

( )

( )  ¤¬ı— − = − =
F
HG

I
KJ

3
2

31
1

11
1 31

a

a
m

( )

( )
 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ ˚Ô±√flË¡À˜ ø¡ZÓ¬œ˚˛ › Ó‘¬Ó¬œ˚˛

¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸Àe· Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√

2 3 9

0 5 2 5 1 5

3 5 0 5 5 5

1 2 3

2 3

2 3

x x x

x x

x x

+ + =

⋅ + ⋅ = ⋅

− ⋅ + ⋅ = − ⋅

U
V|

W|
(14·4·1)

¤‡Ú Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ x2 ’¬ÛÚ˚˛Ú fl¡¬ı˛±¬ı˛ Ê√Ú…, ø¡ZÓ¬œ˚˛ ¸˜œfl¡¬ı˛ÌÀfl¡ −
− ⋅

⋅
= − =
F
HG

I
KJ

3 5
0 5

32
2

22
2 32

a

a
m

( )

( )

¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√

2 3 9

0 5 2 5 1 5

18 5 0

1 2 3

2 3

3

x x x

x x

x

+ + =

⋅ + ⋅ = ⋅

= ⋅

U
V|

W|
(14·4·2)

(14.4.2) ˝√√˘ fl¡œ˘fl¡ ¸˜œfl¡¬ı˛Ì¸ ”̃̋ √√º

∴ x3
5 0
18

0 2778= ⋅ = ⋅

x2
1 5 2 5 0 2778

0 5
1 611= ⋅ − ⋅ × ⋅

⋅
= ⋅

x1
9 3 1 611 0 2778

2
1 945= − × ⋅ − ⋅ = ⋅

∴ øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈X x1 = 1·94, x2 = 1·61, x3 = 0·278
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õ∂ø√flË¡ ˛̊± 2 : [¸—øé¬5 ’±fl¡±À¬ı˛ ·ÌÚ±¬ı˛ õ∂ø√flË¡˚˛± ]

¬ Û√ mij x1 x2 x3 b c a b iij i
j

= + =( )
=
∑ 1 2,3

1

3

,

2 3 1 9 15 (= 2 + 3 + 1 + 9)

I m21
1
2

0 5= − = − ⋅ 1 2 3 6 12 (= 1 + 2 + 3 + 6)

m31
3
2

1 5= − = − ⋅ 3 1 2 8 14 (= 3 + 1 + 2 + 8)

4·5 (= –0·5 × 15 + 12

0·5 2·5 1·5     = 0·5 + 2·5 + 1·5)

II m32

3 5

0 5
7= −

− ⋅
⋅

= –3·5 0·5 –5·5 –8·5 (= –1·5 × 15 + 14

     = –3·5 + 0·5 – 5·5)

III 18 5·0 23(= 7 × 4·5 – 8·5 = 18 + 5·0)

∴ fl¡œ˘fl¡ ¸˜œfl¡¬ı˛Ì·≈ø˘

18x3 = 5·0

0·5x2 + 2·5x3 = 1·5

2x1 + 3x2 + x3 = 9

∴ x3
5 0
18

0 2778= ⋅ = ⋅

x2
1 5 2 5 0 2778

0 5
1 611=

⋅ − ⋅ × ⋅
⋅

= ⋅

x1
9 3 1 611 0 2778

2
1 945= − × ⋅ − ⋅ = ⋅

∴ øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈X ’:±Ó¬ ¬ı˛±ø˙·≈ø˘¬ı˛ ˜±Ú

x x x1 2 31 94, 1 61, 0 278= ⋅ = ⋅ = ⋅

Î¬◊√±˝√√¬ı˛Ì 2 : ·±Î¬◊¸ ’¬ÛÚ˚˛Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú,

øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

x + 3y + 2z = 5

2x – y + z = –1

x + 2y + 3z = 2
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¸˜±Ò±Ú : x ’:±Ó¬ ¬ı˛±ø˙Àfl¡ ø¡ZÓ¬œ˚˛ ¤¬ı— Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì ˝√√ÀÓ¬ ’¬ÛÚ˚˛Ú fl¡¬ı˛±¬ı˛ Ê√Ú… õ∂Ô˜ ¸˜œfl¡¬ı˛ÌÀfl¡

¬Û¬ı˛¬Û¬ı˛ − = − =
F
HG

I
KJ

2
1

21
1

11
1 21

a

a
m

( )

( )
 ¤¬ı— − = − =

F
HG

I
KJ

1
1

31
1

11
1 31

a

a
m

( )

( )
 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ ˚Ô±√flË¡À˜ ø¡ZÓ¬œ˚˛ ¤¬ı— Ó‘¬Ó¬œ˚˛

¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸Àe· Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√

x + 3y + 2z = 5

–7y – 3z = –11 (14·4·3)

–y + z = –3

¤‡Ú Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ y-Œfl¡ ’¬ÛÚ˚˛Ú fl¡¬ı˛±¬ı˛ Ê√Ú…, ø¡ZÓ¬œ˚˛ ¸˜œfl¡¬ı˛ÌÀfl¡ −
−
−

= − =
F
HG

I
KJ

1
7

32
1

22
2 32

a

a
m

( )

( )

¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸Àe· Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√

x + 3y + 2z = 5

7y – 3z = –11

1·4286z = –1·4286

∴ z y x= − =
− + −( )

−
= = = − × − × − =1

11 3 1

7
14
7

2, 5 3 2 2 1 1, ( )

∴ x = 1, y = 2, z = –1

õ∂ø√flË¡˚˛± 2 : [ ¸—øé¬5 ’±fl¡±À¬ı˛ ·ÌÚ±¬ı˛ õ∂ø√flË¡˚˛± ]

mij x y z b c a b iij i
j

= + =( )
=
∑ 1 2,3

1

3

,

1 3 2 5 11 (= 1 + 3 + 2 + 5)

m21
1
2

2= − = − 2 –1 1 –1 1 (= 2 – 1 + 1 – 1)

m31
1
1

1= − = − 1 2 3 2 8 (= 1 + 2 + 3 + 2)

–21 (= –2 × 11 + 1

–7 –3 –11     = –7 – 3 – 11)

m32
1

7
7= −

−
−

= − –1 1 –3 –3 (= –1 × 11 + 8 = –1 +1 –3)

0
1
7

21 3= − × −( ) −FH IK
1·4286 –1·4286   = 1·4286 – 1·4286
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∴ fl¡œ˘fl¡ ¸˜œfl¡¬ı˛Ì·≈ø˘

1·4286z = –1·4286

–7y – 3z = –11

x + 3y + 2z = 5

∴ z y
z

x= − = − +
−

= − −
−

= = − ⋅ − − =1
11 3

7
11 3

7
2, 5 3 2 2 1 1, ( )

x = 1·00,  y = 2·00, z = –1·00 øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

Î¬◊√±˝√√¬ı˛Ì 3 : ·±Î¬◊¸ ’¬ÛÚ˚˛Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

x + 2y + 3z = 10

x + 3y – 2z = 7

2x – y + z = 5

¸˜±Ò±Ú : ¬õ∂ø√flË¡˚˛±ñ1

’:±Ó¬¬ ¬ı˛±ø˙ x Œfl¡ ø¡ZÓ¬œ˚˛ ¤¬ı— Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ’¬ÛÚ˚˛ÀÚ¬ı˛ Ê√Ú… õ∂Ô˜ ¸˜œfl¡¬ı˛ÌÀfl¡ –1 ¤¬ı—

–2 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ ˚Ô±√flË¡À˜ ø¡ZÓ¬œ˚˛ › Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸Àe· Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√

x + 2y + 3z = 10

y – 5z = –3 (14·4·4)

–5y – 5z = –15

’:±Ó¬ ¬ı˛±ø˙ y Œfl¡ Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì ˝√√ÀÓ¬ ’¬ÛÚ˚˛ÀÚ¬ı˛ Ê√Ú… ø¡ZÓ¬œ˚˛ ¸˜œfl¡¬ı˛ÌÀfl¡ 5 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ Ó‘¬Ó¬œ˚˛

¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸Àe· Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√

x + 2y + 3z = 10

y – 5z = –3 (14·3·5)

–30z = –30

∴ z = 1, y = 2, x = 10 – 3 – 4 = 3

∴ x = 3·000, y = 2·000, z = 1·000 [‰¬±¬ı˛ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº]

}
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õ∂ø√flË¡˚˛± 2 : [ ¸—øé¬5 ’±fl¡±À¬ı˛ ·ÌÚ±¬ı˛ õ∂ø√flË¡˚˛± ]

mij x y z b c a b iij i
j

= + =( )
=
∑ 1 2,3

1

3

,

1 2 3 10 16

m21
1
1

1= − = − 1 3 –2 7 9

m31
2
1

2= − = − 2 –1 1 5 7

1 –5 –3 –7

m32

5

1
5= −

−
= − –5 –5 –15 –25

–30 –30 –60

∴ fl¡œ˘fl¡ ¸˜œfl¡¬ı˛Ì·≈ø˘

–30z = –30

y – 5z = –3

x + 2y + 3z = 10

∴ z = 1, y = –3 + 5·1 = 2, z = 3

∴ z = 3·000, y = 2·000, z = 1·000, ‰¬±¬ı˛ ¸±Ô«fl¡ ¸—‡…± ¬Û˚«z¬ ˙≈Xº

14.5 Ê√Î«¬Ú ¬ı± ·±Î¬◊¸-Ê√Î«¬Ú ’¬ÛÚ˚˛Ú ¬ÛXøÓ¬

Ê√Î«¬Ú ¬ı± ·±Î¬◊¸-Ê√Î«¬Ú ’¬ÛÚ˚˛Ú ¬ÛXøÓ¬ õ∂±˚˛ ·±Î¬◊¸-’¬ÛÚ˚˛Ú ¬ÛXøÓ¬¬ı˛ ’Ú≈¬ı˛”¬Ûº øÓ¬øÚ ’:±Ó¬ ¬ı˛±ø˙ø¬ıø˙©Ü

øÓ¬ÚøÈ¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸˜±Ò±Ú 14·3 ŒÓ¬ ’±À˘±‰¬Ú± fl¡À¬ı˛øÂ√º ¤È¬± n-¸—‡…fl¡ ’:±Ó¬ ¬ı˛±ø˙ø¬ıø˙©Ü n-¸—‡…fl¡

∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ Œé¬ÀS› õ∂À˚±Ê√…º ¤‡±ÀÚ ø¡ZÓ¬œ˚˛ ¤¬ı— Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ x1-Œfl¡ ’¬ÛÚ˚˛Ú fl¡¬ı˛± ˝√√˚˛º

¬Û¬ı˛¬ıÓ«¬œ ’—À˙ x2 Œfl¡ Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ’¬ÛÚ˚˛Ú fl¡¬ı˛± ˝√√˚˛º ¤‡±ÀÚ õ∂ÔÀ˜ x1-¤¬ı˛ ¸˝√√·Àfl¡ fl¡œ˘fl¡ ¸˝√√·

(Pivot Coefficient) ¤¬ı— ¬Û¬ı˛¬ıÓ«¬œ Ò±À¬Û x2-¤¬ı˛ ¸˝√√·Àfl¡ fl¡œ˘fl¡ ¸˝√√· Ò¬ı˛± ˝√√ ˛̊º

Ê√Î«¬Ú ¬ı± ·±Î¬◊¸-Ê√Î«¬Ú ’¬ÛÚ˚˛Ú ¬ÛXøÓ¬ÀÓ¬ x1-¤¬ı˛ ¸˝√√·Àfl¡ fl¡œ˘fl¡ ¸˝√√· ÒÀ¬ı˛ x1 Œfl¡ ø¡ZÓ¬œ˚˛ › Ó‘¬Ó¬œ˚˛

¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ’¬ÛÚ˚˛Ú fl¡¬ı˛± ˝√√˚˛º ¬Û¬ı˛¬ıÓ«¬œ ’—À˙ x2-¤¬ı˛ ¸˝√√·Àfl¡ fl¡œ˘fl¡ ¸˝√√· ÒÀ¬ı˛ õ∂Ô˜ › Ó‘¬Ó¬œ ˛̊ ¸˜œfl¡¬ı˛Ì

ŒÔÀfl¡ x2-Œfl¡ ’¬ÛÚ˚˛Ú fl¡¬ı˛± ˝√√˚˛º

Ê√Î«¬Ú ¬ı± ·±Î¬◊¸-Ê√Î«¬Ú ’¬ÛÚ˚˛Ú ¬ÛXøÓ¬ ’±˜¬ı˛± Î¬◊√±˝√√¬ı˛ÀÌ¬ı˛ ¸±˝√√±À˚… ¬¬ıÌ«Ú± fl¡¬ı˛¬ıº
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14.6 Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1 : ·±Î¬◊¸-Ê√Î«¬Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ 14·4-¤¬ı˛ Î¬◊√±˝√√¬ı˛Ì 2 ŒÓ¬ ¬ıøÌ«Ó¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛

¸˜±Ò±Ú fl¡¬ı˛≈Úº

¸˜±Ò±Ú :

x + 3y + 2z = 5

2x – y + z = –1 (14·6·1)

x + 2y + 3z = 2

õ∂Ô˜ ¸˜œfl¡¬ı˛ÌÀfl¡ 2 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ ¤¬ı— ø¡ZÓ¬œ˚˛ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ø¬ıÀ˚˛±· ¤¬ı— õ∂Ô˜ ¸˜œfl¡¬ı˛ÌÀfl¡ Ó‘¬Ó¬œ˚˛

¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ø¬ıÀ˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

x + 3y + 2z = 5

–7y – 3z = –11 (14·6·2)

–y + 5z = –3

¤‡Ú ø¡ZÓ¬œ˚˛ ¸˜œfl¡¬ı˛ÌÀfl¡ 3
7

 ¤¬ı— − 1
7

 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ ¬õ∂Ô˜ › Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸Àe· ˚Ô±√flË¡À˜ Œ˚±·

fl¡À¬ı˛ ¬Û±˝◊√√

x + 0·7143z = 0·2857

–7y – 3z = –11

1·4286z = –1·4286

∴ z y= − =
− + −( )

−
=

−
−

=1
11 3 1

7
14
7

2,,  x = 0·2857 – 0·7143 (–1) = 1·0000

∴ x = 1, y = 2, z = – 1

Î¬◊√±˝√√¬ı˛Ì 2 : ·±Î¬◊¸-Ê√Î«¬Ú ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú,

≈√˝◊√√ √˙ø˜fl¡ ¬Û˚«z¬ ˙≈Xº

3x1 + 9x2 – 2x3 = 11

4x1 + 2x2 + 13x3 = 24

4x1 – 2x2 + x3 = –8

¸˜±Ò±Ú õ∂ø√flË¡ ˛̊±ñ1 :

õ∂Ô˜ ¸˜œfl¡¬ı˛ÌÀfl¡ ˚Ô±√flË¡À˜ − = − ⋅4
3

1 33333 ¤¬ı— − = − ⋅4
3

1 33333 ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ ø¡ZÓ¬œ˚˛ › Ó‘¬Ó¬œ˚˛

¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸Àe· Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√

}



206

3x1 + 9x2 – 2x3 = 11

–9·99997x2 + 15·66666x3 = 9·33337

–13·99997x2 + 3·66666x3 = –22·66663

¤‡Ú ø¡ZÓ¬œ˚˛ ¸˜œfl¡¬ı˛ÌÀfl¡ ˚Ô±√√flË¡À˜ −
− ⋅

9
9 99997

 = 0·90000 ¤¬ı— −
− ⋅
− ⋅
13 99997
9 99997

 = –1·40000

¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ õ∂Ô˜ › Ó‘¬Ó¬œ˚˛ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸Àe· Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√

3x1 + 12·09999x3 = 19·40003

–9·99997x2 + 15·66666x3 = 9·33337

–18·6666x3 = –35·73335

∴ x x3 2
35 73335

18 16666
1 956

9 33337 15 66666 1 956

9 99997
2 131=

⋅
⋅

= ⋅ =
⋅ − ⋅ × ⋅

− ⋅
= ⋅;

x1 = 
19 40003 12 09999 1 956

3
1 423

⋅ − ⋅ × ⋅ = − ⋅

∴ x1 = –1·42, x2 = 2·13, x3 = 1·96,  ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

õ∂ø√flË¡˚˛± 2 : [ ¸—øé¬5 ’±fl¡±À¬ı˛ ·ÌÚ±¬ı˛ õ∂ø√flË¡˚˛± ]

mij x1 x2 x3 b c a bij i
j

= +
=
∑

1

3

3 9 –2 11 21

− = − ⋅4
3

1 33333 4 2 13 24 43

− = − ⋅4
3

1 33333 4 –2 1 –8 –5

3 9 –2 11 21

−
− ⋅

= ⋅9
9 99999

0 900000 –9·99997 15·66666 9·33337 15·00004

− − ⋅
− ⋅

= − ⋅13 99997
9 99999

1 40000 –13·99997 3·66666 –22·66663 –32·99993

3 12·09999 19·40003 34·50002

–9·99997 15·66666 9·33337 15·00004

–18·26666 –35·73335 –50·00001

∴ fl¡œ˘fl¡ ¸˜œfl¡¬ı˛Ì·≈ø˘
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– 18·26666x3 = –35·73335

–9·99997x2 + 15·66666x3 = 9·33337

3x2 + 12·09999x3 = 19·40003

∴ x x3 2
35 73335
18 26666

1 956
9 33337 15 66666 1 956

9 99997
2 131=

⋅
⋅

= ⋅ =
⋅ − ⋅ × ⋅

− ⋅
= ⋅;

¤¬ı— x1
19 40003 12 09999 1 956

3
1 423=

⋅ − ⋅ × ⋅
= − ⋅

∴ x1 = 1·42, x2 = 2·13 ¤¬ı— x3 = –1·96, ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

14.7 ’Ú≈˙œ˘Úœ

øÚ•ßø˘ø‡Ó¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú fl¡¬ı˛≈Ú, ·±Î¬◊¸ ’¬ÛÚ˚˛Ú › ·±Î¬◊¸ Ê√Î«¬Ú ’¬ÛÚ˚˛Ú ¬ÛXøÓ¬ õ∂À˚˛±·

fl¡À¬ı˛

1. x + 3y + 2z = 5

2x – y + z = –1

x + 2y + 3z = 2

≈√˝◊√√ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

2. 5x1 + 3x2 + 7x3 = 4

x1 + 5x2 + 2x3 = 2

7x1 + 2x2 + 10x3 = 5

≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

3. 5·09x + 3·46y + 1·09z = 1·28

2·82x + 6·46y – 4·27z = 4·65

1·27x + 3·09y + 7·54z = 2·19

≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

4. 27x1 + 6x2 – x3 = 85·10

6x1 + 15x2 + 2x3 = 72·00

x1 + x2 + 54x3 = 110·22

≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº
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5. 7x1 + 2x2 – x3 = 17·20

–x1 + 9x2 + 2x3 = 18·90

x1 + 5x2 – 11x3 = 28·05

øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

6. 2·38x1 + 1·95x2 – 3·27x3 + 1·78x4 = 2·16

3·21x1 – 0·86x2 + 2·42x3 – 3·20x4 = 3·28

1·44x1 + 2·95x2 – 2·14x3 + 1·86x4 = 1·42

4·17x1 + 3·62x2 – 1·68x3 – 2·26x4 = 5·21

øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

7. –10x1 + 6x2 + 3x3 + 100 = 0

6x1 – 5x2 + 5x3 + 100 = 0

3x1 + 6x2 – 10x3 + 100 = 0

øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

14.8 Î¬◊M√√¬ı˛˜±˘±

1. x = 1·0, y = 2·0, z = – 1·0, ≈√˝◊√√ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

2. x1 = 0·64, x2 = 0·27, x3 = 0·00, ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

3. x = –1·99, y = 2·75, z = 1·75, ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

4. x1 = 2·43, x2 = 3·57, x3 = 1·93, ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

5. x1 = 1·55, x2 = 2·55, x3 = 1·25, øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº

6. x1 = 0·807, x2 = 0·237, x3 = –0·105, x4 = –0·358, øÓ¬Ú √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

7. x1 = 175, x2 = 195, x3 = 160, øÓ¬Ú ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈Xº
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¤fl¬fl¬ 15 q ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸±—ø‡…fl¡ ¸˜±Ò±Ú–II

(Solution of Systems of Linear  Equa-

tions—II)

·Í¬Ú

15.1 ¬√õ∂d¬±¬ıÚ±

15.2 ¬Î¬◊ÀV˙…

15.3 ¬·±Î¬◊̧ -¸± ◊̋√√ÀÎ¬˘ ¬ÛXøÓ¬

15.4 ·±Î¬◊¸-¸±˝◊√√ÀÎ¬˘ ¬ÛXøÓ¬¬ı˛ ’øˆ¬¸¬ı˛Ì

15.5 ¬Î¬◊√± √̋√¬ı̨Ì

15.6 ’Ú≈̇ œ˘Úœ

15.7 Î¬◊M√√¬ı̨˜±˘±

15.1 ¬√õ∂d¬±¬ıÚ±

¤ ◊̋√√ ¤fl¡Àfl¡ ’±˜¬ı˛± ·±Î¬◊¸-¸±˝◊√√ÀÎ¬˘ ¬ÛXøÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº ¤˝◊√√ ¬ÛXøÓ¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛

¸˜±Ò±ÀÚ¬ı˛ Ê√Ú… ø¬ıÀ˙¯∏ Î¬◊¬ÛÀ˚±·œº ¤øÈ¬ ¤fl¡øÈ¬ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬º ¤˝◊√√ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡¬ı˛±¬ı˛ õ∂±Ôø˜fl¡ ˙Ó«¬

¤˝◊√√ Œ˚, ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”˝√√Àfl¡ ’¬ı˙…˝◊√√ fl¡ÀÍ¬±¬ı˛ˆ¬±À¬ı fl¡Ì« ’±øÒ¬ÛÓ¬…˚≈q¡ ˝√√ÀÓ¬ ˝√√À¬ı, ’Ô«±» ¸˝√√· ˜…±ø√√√∏C'√

A = [aij]n×n Œfl¡ ¤˜Ú ˝√√ÀÓ¬ ˝√√À¬ı Œ˚

a a i nij ij
j

i j

> =
=
≠

∑ 1 2,3
1

3

, , ... .,

15.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡fl¡øÈ¬ ¬Û±Í¬ fl¡¬ı˛À˘ ’±¬ÛøÚ Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚ

l ·±Î¬◊¸-¸±˝◊√√ÀÎ¬˘ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬¬ı˛ fl¡Ô±

l ·±Î¬◊¸-¸±˝◊√√ÀÎ¬˘ ¬ÛXøÓ¬¬ı˛ ’øˆ¬¸¬ı˛ÀÌ¬ı˛ ˙Ó«¬ › Ó¬±¬ı˛ ¬ı…±‡…±
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15.3 ·±Î¬◊¸-¸±˝◊√√ÀÎ¬˘ ¬ÛXøÓ¬

¤‡Ú ’±˜¬ı˛± ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”˝√√ Òø¬ı˛ ¤˝◊√√ ¬ı˛fl¡˜ –
a x a x a x a x a xn n n n11 1 12 2 13 3 1 1 1 1+ + + + +− −⋯ , = b1

a x a x a x a x a xn n n n21 1 22 2 23 3 2 1 1 2 1+ + + + +− − −⋯ , , = b2

a x a x a x a x a xn n n n31 1 22 2 33 3 3 1 1 3+ + + + +− −⋯ , = b3 (15.3.1)

................................................................................

................................................................................

a x a x a x a x a xn n n n n n nn n1 1 2 2 3 3 1 1+ + + + +− −⋯ , = bn

Œ˚‡±ÀÚ

a i nij ≠ =( )0 1 2,3, , .. .. ,  ¤¬ı— a a i nij ij
j

i j

> =
=
≠

∑ 1 2,3
1

3

, , ... .,

·±Î¬◊¸-¸±˝◊√√ÀÎ¬˘ Œ¬ÛÃÚ–¬Û≈øÚfl¡ (Iteration) ¬ÛXøÓ¬ÀÓ¬ (15.2.1)-¤¬ı˛ ¸˜œfl¡¬ı˛Ì·≈ø˘Àfl¡ øÚ•ßø˘ø‡Ó¬ˆ¬±À¬ı Œ˘‡±

˝√√ ˛̊ –

x
a

b a x a x a x a x a xn n n n1
11

1 12 2 13 3 14 4 1 1 1 1
1

= − − − − − −− −⋯ , ,

x
a

b a x a x a x a x a xn n n n2
22

2 21 1 23 3 24 4 2 1 1 2
1= − − − − − −− −⋯ ,

x
a

b a x a x a x a x a xn n n n3
33

3 31 1 32 2 34 4 3 1 1 3
1

= − − − − − −− −⋯ , ,

............................................................................................................................... (15.3.2)

x
a

b a x a x a xn
n n

n n n n−
− −

− − − −= − − − −1
1 1

1 1 1 1 1 2 2 1 3 3
1

,
, , , ......

− −− − − −a x a xn n n n n n1 2 2 1, ,

x
a

b a x a x a xn
n n

n n n n= − − − −
1

1 1 2 2 3 3
,

, , , ......

− −− − − −a x a xn n n n n n, ,2 2 1 1

}

}
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¤˝◊√√ ¬ÛXøÓ¬ÀÓ¬ õ∂Ô˜ ’±¸iß ˜±ÀÚ¬ı˛ Ê√Ú… Œ˚ Œfl¡±Ú ¬ÛÂ√µ˜±øÙ¬fl¡ ˜±Ú ŒÚ›˚˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛, ˚Ô±

x x x x x x x xn n1 1
0

2 2
0

3 3
0 0= = = =( ) ( ) ( ) ( ), , , ....

[ ¸±Ò±¬ı˛ÌÓ¬– õ∂Ô˜ ’±¸iß ˜±Ú xi
( )0  = 0 Ò¬ı˛± ˝√√˚˛ ]

Î¬◊¬ÛÀ¬ı˛±q¡ ¸˜œfl¡¬ı˛Ì (15.3.2)-¤ xi = 0, ¬ı¸±À˘ x
b

a
i ni

i

ii

( ) , , . .. . ,0 1 2,3= =a f  ¬Û±˝◊√√, ¤¬ı— ¤˝◊√√

˜±Ú·≈ø˘Àfl¡ ’±˜¬ı˛± õ∂Ô˜ ’±¸iß ˜±Ú ¬ı± õ∂±ø˚˛fl¡ ˜±Ú ø˝√√¸±À¬ı ·Ì… fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛ ¤¬ı— Œ¬ÛÃøÚfl¡ ¸—Àfl¡ÀÓ¬ ˜±Ú·≈ø˘

x i ni
( ) , , ....,1 1 2,3=a f  Œ˘‡± ˝√√ ˛̊º ¤ ◊̋√√ˆ¬±À¬ı ¬Û¬ı˛¬Û¬ı˛ xi

n( ) Œ¬ÛÃÚ–¬Û≈øÚfl¡ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛± ˝√√˚˛º

·±Î¬◊¸-¸±˝◊√√ÀÎ¬˘ ¬ÛXøÓ¬¬ı˛ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¸”S øÚ•ßø˘ø‡Ó¬ˆ¬±À¬ı Œ˘‡± ˝√√˚˛ –

x
a

b a x a x a x a x
k k k

n n
k

n n
k

1
1

11
1 12 2 13 3 1 1 1 1

1+( ) ( )
−= − − − − −( )

,
( )

,
( )⋯

x
a

b a x a x a x
k k k k

2
1

22
2 21 1

1
23 3 24 4

1+( ) + ( )
= − − − −( ) ( )

⋯

− −− −
( )a x a xn n

k
n n

k
2 1 1 2,

( )
,

x
a

b a x a x a x
k k k k

3
1

33
3 31 1

1
32 2

1
34 4

1+( ) +( ) +( ) ( )
= − − − −⋯

− −− −
( )

a x a xn n
k

n n
k

3 1 1 3, ,
( )

.......................................................................................... (15.3.3)

x
a

b a x a xn
k

n n
n n

k
n

k
−
+( )

− −
− −

+
−

+( )
= − − −1

1

1 1
1 1 1 1

1
1 2 2

11

,
,

( )
, ⋯

− −− − −
+( )

−a x a xn n n
k

n n n
k

1 2 2
1

1, ,
( )

x
a

b a x a xn
k

n n
n n

k
n

n+( ) +( ) +( )
= − − −1

1 1
1

2 2
11

,
, , ⋯

− −− −
+

− −
+a x a xn n n

k
n n n

k
,

( )
,

( )
2 2

1
1 1

1

k-¤¬ı˛ fl¡Ó¬Ó¬˜ ˜±Ú ¬ı± fl¡Ó¬·≈ø˘ õ∂±ø˚˛fl¡ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ı Ó¬± õ∂À˚˛±Ê√Úœ˚˛ ˙≈XÓ¬±¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘º

}
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15.4 ·±Î¬◊¸-¸±˝◊√√ÀÎ¬˘ ¬ÛXøÓ¬¬ı˛ ’øˆ¬¸¬ı˛Ì

(15.3.3) Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¸”S·≈ø˘Àfl¡ ¤˝◊√√ˆ¬±À¬ı Œ˘‡± ˚±˚˛

x
a

b a x a xj
k

ij
i ij j

k
ij j

k

j ij i

( ) ( )+ +( )

><

= − −
L
NM

O
QP∑∑1 11
  (i = 1, 2, ...., n)

√w¬±øz¬

εi
k

i i
kx x i n( ) ( ) , ...,= − = 1 2,a f

’±˜¬ı˛± ø˘ø‡

ε ε ε ε( ) ( ) ( ) ( ), , ....,k k k
n
k= 1 2d i

ε εk

i i
k( ) = max ( )

Ó¬±˝√√À˘ ¬Û± ◊̋√√

ε ε εi
k

ii
ij j

k
ij j

k

j ij i
a

a a( ) ( ) ( )+ +

><

= − +
L
NM

O
QP∑∑1 11

¤¬ı±¬ı˛ K, Ki-¤¬ı˛ ¤ ◊̋√√¬ı˛fl¡˜ ¸——:± Œ√› ˛̊± ˝√√˘

K

a

ai

ij
j i

ii

=
≠

∑
max

K

a

a
i ni

ij
j i

ii

= =
<

∑
1 2,, .. .. ,a f

’±¬ı±¬ı˛ Ò¬ı˛¬ı

K < 1

’Ó¬¤¬ı

0 1≤ ≤ <K Ki  ¤¬ı—
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ε ε εi
k

ii
ij j

k
ij j

k

j ij ia
a a( ) ( ( )+ +

><

≤ +
L
NM

O
QP∑∑1 11

≤ +
L
NM

O
QP

+

><
∑∑

1 1

a
a a

ii
ij

k
ij

k

j ij i

ε ε( ) ( )

≤ + −+K K Ki
k

i
kε ε( ) ( )1 b g

¤‡Ú Œfl¡±Ú ø¬ıÀ˙ ∏̄ i-¤¬ı˛ Ê√Ú…

ε εi
k k( )+ +( )=1 1

˚±¬ı˛ Ù¬À˘

ε ε εk
i

k
i

kK K K+( ) +( ) ( )≤ + −1 1 b g
’Ô¬ı±

ε εk i

i

k
K K

K
+( ) ( )≤

−

−
1

1

Œ˚À √̋√Ó≈¬

K K K Ki i− − ≤b g b g1

Œfl¡ÚÚ±  K < 1

’±˜¬ı˛± ¬Û±˝◊√√

ε εk kK+( ) ≤1 ( )

¤˝◊√√ ’¸˜Ó¬±¬ı˛ Œ¬ÛÃÚ–¬Û≈øÚfl¡ õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

ε ε( )k kK≤ ( )0

Œ˚À˝√√Ó≈¬ K < 1, ε( )k  → 0, ˚‡Ú k → ∞

’Ô¬ı± õ∂ÀÓ¬…fl¡ i-¤¬ı˛ Ê√Ú…

εi
k( ) → 0, ˚‡Ú k → ∞

’Ô«±» Œ¬ÛÃÚ–¬Û≈øÚfl¡ õ∂ø√flË¡˚˛±øÈ¬ ’øˆ¬¸±¬ı˛œ ˝√√À¬ıº
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15.5 Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1 – ·±Î¬◊¸-¸±˝◊√√ÀÎ¬˘, Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú

øÚÌ«˚˛ fl¡¬ı˛≈Ú, øÓ¬Ú ¸±Ô«fl¡ ’—fl¡ ¬Û˚«z¬ ˙≈ƒXº

x1 + x2 + 4x3 = 9

8x1 – 3x2 + 2x3 = 20

4x1 + 11x2 – x3 = 33

¸˜±Ò±Ú –

õ∂Ô˜ õ∂Ì±˘œ – ¤‡±ÀÚ a a a a a a11 12 13 11 12 131 1 4 5= + = + = ∴ < +,

’Ó¬¤¬ı ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì·≈ø˘ fl¡ÀÍ¬±¬ı˛ˆ¬±À¬ı fl¡Ì« ’±øÒ¬ÛÓ¬…˚≈q¡ Ú˚˛º ¤‡Ú ¸˜œfl¡¬ı˛Ì·≈ø˘ ¤˝◊√√ˆ¬±À¬ı ¸±Ê√±À˘

8x1 – 3x2 + 2x3 = 20

4x1 + 11x2 – x3 = 33

x1 + x2 + 4x3 = 9

’øˆ¬¸¬ı˛Ì ˙Ó«¬øÈ¬ ¬Û±ø˘Ó¬ ˝√√À26√º

’Ó¬¤¬ı Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¸”S·≈ø˘ ¤fl¡˝◊√√¬ı˛fl¡˜ ˝√√À¬ı

x x x
k k k

1
1

2 3
1
8

20 3 2
+( ) ( ) ( )

= + −

x x x
k k k

2
1

1
1

3
1
11

33 4
+( ) +( )

= − + ( )

x x x
k k k

3
1

1
1

2
11

4
9

+( ) +( ) +( )
= − −

õ∂Ô˜ ’±¸iß ˜±Ú x x x1
0

2
0

3
0

0, 0, 0
( ) ( ) ( )

= = =

∴ 

x

x

x

1
1

2
1

3
1

1
8

20 3 0 2 0 2 5

1
11

33 4 2 5 0 2 0909

1
4

9 2 5 2 0909 1 1023

( )

( )

= + ⋅ − ⋅ = ⋅

= − × ⋅ + = ⋅

= − ⋅ − ⋅ = ⋅

R

S
|
||

T
|
|| ( )
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x

x

x

1
2

2
2

3
2

1
8

20 3 2 0909 2 1 1023 3 0085

1
11

33 4 3 0085 1 1023 2 0062

1
4

9 3 0085 2 0062 0 9963

( )

( )

( )

= + × ⋅ − × ⋅ = ⋅

= − × ⋅ + ⋅ = ⋅

= − ⋅ − ⋅ = ⋅

R

S
|
||

T
|
||

x

x

x

1
3

2
3

3
3

1
8

20 3 2 0062 2 0 9963 3 0032

1
11

33 4 3 0032 0 9963 1 9985

1
4

9 3 0032 1 9985 0 9996

( )

( )

( )

= + × ⋅ − × ⋅ = ⋅

= − × ⋅ + ⋅ = ⋅

= − ⋅ − ⋅ = ⋅

R

S
|
||

T
|
||

x

x

x

1
4

2
4

3
4

1

8
20 3 1 9985 2 0 9996 2 9995

1

11
33 4 3 0032 0 9996 1 9988

1

4
9 2 9995 1 9988 1 0004

( )

( )

( )

= + × ⋅ − × ⋅ = ⋅

= − × ⋅ + ⋅ = ⋅

= − ⋅ − ⋅ = ⋅

R

S
||

T
|
|

x

x

x

1
5

2
5

3
5

1

8
20 3 1 9988 2 1 0004 2 9994

1

11
33 4 2 9994 1 0004 2 0002

1

4
9 2 994 2 0002 1 0001

( )

( )

( )

= + × ⋅ − × ⋅ = ⋅

= − × ⋅ + ⋅ = ⋅

= − ⋅ − ⋅ = ⋅

R

S
||

T
|
|

x

x

x

1
6

2
6

3
6

1
8

20 3 2 0002 2 1 0001 3 0000

1
11

33 4 3 0000 1 0001 2 0000

1
4

9 3 0000 2 0000 1 0000

( )

( )

( )

= + × ⋅ − × ⋅ = ⋅

= − × ⋅ + ⋅ = ⋅

= − ⋅ − ⋅ = ⋅

R

S
|
||

T
|
||

∴ x1 = 3·00, x2 = 2·00, x3 = 1·00 øÓ¬Ú ¸±Ô«fl¡ ’—fl¡ ¬Û˚«z¬ ˙≈Xº
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ø¡ZÓ¬œ˚˛ õ∂Ì±˘œ –

k x k
1
( ) x k

2
( ) x k

3
( )

0 0 0 0

1 2·5 2·0909 1·1023

2 3·0085 2·0062 0·9963

3 3·0032 1·9985 0·9996

4 2·9995 1·9988 1·0004

5 2·9994 2·0002 1·0001

∴ x1 = 3·00, x2 = 2·00, x3 = 1·00 øÓ¬Ú ¸±Ô«fl¡ ¸—‡…± ¬Û˚«z¬ ˙≈Xº

Î¬◊√±˝√√¬ı˛Ì 2 – ·±Î¬◊¸-¸±˝◊√√ÀÎ¬˘ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¬ı˛¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú øÚÌ«˚˛

fl¡¬ı˛≈Ú, ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

3x1 + 9x2 – 2x3 = 11

4x1 + 2x2 + 13x3 = 24

4x1 – 2x2 + x3 = –8

¸˜±Ò±Ú –

õ∂Ô˜ õ∂Ì±˘œ – ¤‡Ú ¸˜œfl¡¬ı˛Ì·≈ø˘Àfl¡ fl¡Ì« ’±øÒ¬ÛÓ¬…˚≈q¡ ’±fl¡±À¬ı˛ ø˘À‡ ¬Û±˝◊√√

4x1 – 2x2 + x3 = –8

3x1 + 9x2 – 2x3 = 11

4x1 + 2x2 + 13x3 = 24

¤‡±ÀÚ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¸”S·≈ø˘ ¤˝◊√√¬ı˛fl¡˜

x x xk k k
1

1
2 3

1
4

8 2( ) ( )+ ( )
= − + −

x x xk k k
2

1
1

1
3

1
9

11 3 2( )+ +( ) ( )
= − +

x x xk k k
3

1
1

1
2

11
13

24 4 2( )+ +( ) +( )
= − −

õ∂Ô˜ ’±¸iß ˜±Ú

x x x1
0

2
0

3
00, 0, 0( ) ( )= = =
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x

x

x

1
1

2
1

3
1

1
4

8 2 0 0 2 00

1
9

11 3 2 00 2 0 1 89

1
13

24 4 2 2 1 89 2 17

( )

( )

= − + × − = − ⋅

= − × − ⋅( ) + × = ⋅

= − × −( ) − × ⋅ = ⋅

R

S
|
||

T
|
|| ( )

x

x

x

1
2

2
2

3
2

1
4

8 2 1 89 2 17 1 60

1
9

11 3 1 60 2 2 17 2 24

1
13

24 4 1 60 2 2 24 1 99

( )

( )

( )

= − + × ⋅ − ⋅ = − ⋅

= − × − ⋅( ) + × ⋅ = ⋅

= − × − ⋅( ) − × ⋅ = ⋅

R

S
|
||

T
|
||

x

x

x

1
3

2
3

3
3

1
4

8 2 2 24 1 99 1 38

1
9

11 3 1 38 2 1 99 2 21

1
13

24 4 1 38 2 2 21 1 93

( )

( )

( )

= − + × ⋅( ) − ⋅ = − ⋅

= − × − ⋅( ) + × ⋅ = ⋅

= − × − ⋅( ) − × ⋅( ) = ⋅

R

S
|
||

T
|
||

x

x

x

1
4

2
4

3
4

1
4

8 2 2 21 1 93 1 378

1
9

11 3 1 378 2 1 93 2 110

1
13

24 4 1 378 2 2 110 1 946

( )

( )

( )

= − + × ⋅ − ⋅ = − ⋅

= − × − ⋅( ) + × ⋅ = ⋅

= − × − ⋅( ) − × ⋅( ) = ⋅

R

S
|
||

T
|
||

x

x

x

1
5

2
5

3
5

1
4

8 2 2 110 1 946 1 431

1
9

11 3 1 431 2 1 946 2 132

1
13

24 4 1 431 2 2 132 1 958

( )

( )

( )

= − + × ⋅ − ⋅ = − ⋅

= − × − ⋅( ) + × ⋅ = ⋅

= − × − ⋅ − × ⋅ = ⋅

R
S
||

T
|
| ( )
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x

x

x

x

1
6

2
6

3
6

1
7

1
4

8 2 2 132 1 958 1 424

1
9

11 3 1 424 2 1 958 2 132

1
13

24 4 1 424 2 2 132 1 956

1
4

8 2 2 132 1 956 1 423

( )

( )

( )

( )

= − + × ⋅ − ⋅ = − ⋅

= − × − ⋅( ) + × ⋅ = ⋅

= − − ⋅( ) − × ⋅ = ⋅

= − + × ⋅ − ⋅ = − ⋅

R

S

|
|
||

T

|
|
||

∴ x1 = –1·42, x2 = 2·13, x3 = 1·96, ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

ø¡ZÓ¬œ˚˛ õ∂Ì±˘œ –

k x k
1
( ) x k

2
( ) x k

3
( )

0 0 0 0

1 –2·00 1·89 2·17

2 –1·60 2·24 1·99

3 –1·38 2·21 1·93

4 –1·378 2·110 1·946

5 –1·431 2·132 1·958

6 –1·424 2·132 1·956

7 –1·423

∴ x1 = –1·42, x2 = 2·13, x3 = 1·96, ≈√˝◊√√ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

Î¬◊√±˝√√¬ı˛Ì 3 – ·±Î¬◊¸-¸±˝◊√√ÀÎ¬˘ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú,

‰¬±¬ı˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

6·31x1 – 0·73x2 – 0·65x3 + 1·06x4 = 2·95

0·89x1 + 4·32x2 – 0·47x3 + 0·95x4 = 3·36

0·74x1 + 1·01x2 + 5·28x3 – 0·88x4 = 1·97

1·13x1 – 0·89x2 + 0·61x3 + 5·63x4 = 4·27
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¸˜±Ò±Ú – ¤‡±ÀÚ,

6 32 0 73 0 65 1 06 3 88 0⋅ − − ⋅ − − ⋅ + ⋅ = ⋅ >

4 32 0 89 0 47 0 95 2 01 0⋅ − ⋅ − − ⋅ − ⋅ = ⋅ >

5 28 0 74 1 01 0 88 2 65 0⋅ − ⋅ − ⋅ − − ⋅ = ⋅ >

5 63 1 13 0 89 0 61 3 00 0⋅ − ⋅ − − ⋅ + ⋅ = ⋅ >

’Ó¬¤¬ı õ∂√M√√ ¸˜œfl¡¬ı˛Ì·≈ø˘ fl¡Ì« ’±øÒ¬ÛÓ¬…˚≈q¡º Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¸”S·≈ø˘ –

x x x x
k k k k

1
1

2 3 40 46677 0 11551 0 10285 0 16772
+( ) ( ) ( ) ( )

= ⋅ + ⋅ + ⋅ − ⋅

x x x x
k k k k

2
1

1
1

3 40 77778 0 20602 0 10880 0 21991
+( ) + ( ) ( )= ⋅ − ⋅ + ⋅ − ⋅

x x x x
k k k k

3
1

1
1

2
1

40 37311 0 14015 0 19129 0 16667
+( ) + +( ) ( )= ⋅ − ⋅ − ⋅ − ⋅( )

x x x x
k k k k

4
1

1
1

2
1

30 75844 0 20017 0 15808 0 10835 1
+( ) + +( ) ( )= ⋅ + ⋅ + ⋅ − ⋅ +( )

I1 x1 x2 x3 x4

0 0 0 0

I1 0·46677 0·68116 0·17739 0·75321

I2 0·43737 0·54133 0·33380 0·72006

I3 0·44286 0·56451 0·32307 0·72379

I4 0·44381 0·56233 0·32398 0·72315

I5 0·44376 0·56258 0·32383 0·72322

I6 0·56254 0·32385 0·72321

I7 0·56255

’Ó¬¤¬ı x1 = 0·4438, x2 = 0·5626, x3 = 0·3238, x4 = 0·7232, ‰¬±¬ı˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬

≈̇Xº
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Î¬◊√±˝√√¬ı˛Ì 4 : ·±Î¬◊¸-¸±˝◊√√ÀÎ¬˘ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì¸˜”À˝√√¬ı˛ ¸˜±Ò±Ú Œ¬ı¬ı˛ fl¡¬ı˛≈Ú,

¬Û“√±‰¬ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈¬ı˛≈º

4·50x1 + 0·15x2 + 0·30x3 = 1·57

0·15x1 – 10·50x2 + 0·45x3 = –3·86

0·45x1 + 0·30x2 – 15·00x3 = 14·28

¸˜±Ò±Ú – ¸˜œfl¡¬ı˛Ì·≈ø˘ fl¡Ì« ’±øÒ¬ÛÓ¬…˚≈q¡º ’Ó¬¤¬ı Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¸”S·≈ø˘ –

x x x
k k k

1
1

1 10 348889 0 033333 0 666666
+( ) ( ) ( )

= ⋅ − ⋅ − ⋅

x x x
k k k

2
1

1
1

30 367619 0 014286 0 042857
+( ) +( ) ( )

= ⋅ − ⋅ − ⋅

x x x
k k k

3
1

1
1

2
1

0 952000 0 030000 0 020000
+( ) +( ) +( )

= − ⋅ + ⋅ + ⋅

I x1 x2 x3

0 0 0 0

1 0·348889 0·372603 –0·934081

2 0·398741 0·333284 –0·933380

3 0·40000 0·333332 –0·933333

4 0·40000 0·333333 –0·933333

∴ x1 = 0·40000, x2 = 0·33333, x3 = –0·93333, ¬Û“√±‰¬ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈Xº

15.6 ’Ú≈˙œ˘Úœ

øÚ•ßø˘ø‡Ó¬ ∆¬ı˛ø‡fl¡ ¸˜œfl¡¬ı˛Ì·≈ø˘¬ı˛ ¸˜±Ò±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú, ‰¬±¬ı˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬, ·±Î¬◊¸-¸±˝◊√√ÀÎ¬˘ ¬ÛXøÓ¬

õ∂À˚˛±· fl¡À¬ı˛º
(i) 6·1x1 + 2·2x2 + 1·2x3 = 16·55

2·2x1 + 5·5x2 – 1·5x3 = 10·55

1·2x1 – 1·5x2 + 7·2x3 = 16·80

(ii) 6·7x1 + 1·1x2 + 2·2x3 = 20·5

3·1x1 + 9·4x2 – 1·5x3 = 22·9

2·1x1 – 1·5x2 + 8·4x3 = 28·8
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(iii) 27x1 + 6x2 – x3 = 85

6x1 + 15x2 + 2x3 = 72

x1 + y1 + 54x3 = 110

(iv) 2x1 – x2 + x3 = 5·74

x1 + 3x2 – 2x3 = 7·58

x1 + 2x2 + 3x3 = –0·69

(v) 5x1 + 4x2 – 3x3 = 24

2x1 + 6x2 + x3 = 25

3x1 + x2 – 4x3 = 8

(vi) 1·44x1 + 2·95x2 – 2·14x3 + 1·86x4 = 1·42

3·21x1 – 0·86x2 + 2·42x3 – 3·20x4 = 3·28

4·17x1 + 3·62x2 – 1·68x3 – 2·26x4 = 5·21

2·38x1 + 1·95x2 – 3·27x3 + 1·58x4 = 2·16

(vii) 13x1 + 5x2 – 3x3 + x4 = 18

2x1 + x2 – 3x3 + 9x4 = 31

2x1 + 12x2 + x3 + 4x4 = 13

3x1 – 4x2 + 10x3 + x4 = 29

(viii) 2x – y = 0

– x + 2y – z = 0

   – y + 2z – v = 0

   – z + 2v = 0

15.7 Î¬◊M√√¬ı˛˜±˘±

(i) x1 = 1·4999, x2 = 2·0000, x3 = 2·5000

(ii) x1 = 1·5000, x2 = 2·5000, x3 = 3·5000

(iii) x1 = 2·4300, x2 = 3·5700, x3 = 1·9200

(iv) x1 = 1·247, x2 = 2·334, x3 = 0·910

(v) x1 = 3·000, x2 = 3·000, x3 = 1·000

(vi) x1 = 0·8072, x2 = 0·2372, x3 = –0·1046, x4 = –0·3581

(vii) x1 = 1·0000, x2 = 2·0000, x3 = 3·0000, x4 = 4·0000

(viii) x = 0·2000, y = 0·4000, z = 0·6000, v = 0·8000



222

¤fl¬fl¬ 16 q ¸±Ò±¬ı˛Ì ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸±—ø‡…fl¡ ¸˜±Ò±Ú
(Numerical Solution of Ordinary Differ-

ential Equations)

·Í¬Ú

16.1 ¬√õ∂d¬±¬ıÚ±

16.2 ¬Î¬◊ÀV˙…

16.3 ¬’˚˛˘±À¬ı˛¬ı˛ ¬ÛXøÓ¬

16.4 Î¬◊√± √̋√¬ı̨Ì

16.5 ¬¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ’˚˛˘±À¬ı˛¬ı˛ ¬ÛXøÓ¬

16.6 Î¬◊√± √̋√¬ı̨Ì

16.7 ¬ı˛Àe·-fl≈¡A±¬ı˛ ø¡Z√flË¡˜ › ‰¬Ó≈¬Ô«√flË¡˜ ¬ÛXøÓ¬

16.8 Î¬◊√± √̋√¬ı̨Ì

16.9 ’Ú≈̇ œ˘Úœ

16.10 Î¬◊M√√¬ı̨˜±˘±

16.1 ¬√õ∂d¬±¬ıÚ±

’±˜¬ı˛± ·øÌÓ¬, ˚La-ø¬ı:±Ú Ó¬Ô… ø¬ı:±ÀÚ¬ı˛ Â√±S ø˝√√¸±À¬ı ¤˜Ú ’ÀÚfl¡ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸•ú≈‡œÚ ˝√√˝◊√√ ˚±¬ı˛

¸øÍ¬fl¡ ·±øÌøÓ¬fl¡ ¸˜±Ò±Ú ¬Û±›˚˛± ˚±˚˛ Ú±, øfl¡z≈¬ ‹¸¬ı ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì·≈ø˘¬ı˛ ¸±—ø‡…fl¡ ¬ÛXøÓ¬¬ı˛ ¡Z±¬ı˛± ¸˜±Ò±Ú

fl¡¬ı˛± ˚±˚˛º ¸±Ò±¬ı˛Ì ¸˜œfl¡¬ı˛ÀÌ¬ı˛ Œé¬ÀS ¸±—ø‡…fl¡ ¬ÛXøÓ¬Àfl¡ ≈√íˆ¬±À· ˆ¬±· fl¡¬ı˛± ˚±˚˛ – (a) Œ|Ìœ ¬ÛXøÓ¬ (Series

Method), (b) õ∂Ó¬…é¬ ¸±—ø‡…fl¡ ¬ÛXøÓ¬ (Direct Numerical Method)º

¬Û±Í¬…¸”‰¬œ¬ı˛ õ∂À˚˛±Ê√Úœ˚˛Ó¬±˚˛ ’±˜¬ı˛± ¤‡±ÀÚ ˜±S øÓ¬ÚøÈ¬ ¬ÛXøÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº ˚Ô± (a) ’˚˛˘±À¬ı¬ı˛

(Euler) ¬ÛXøÓ¬, (b) ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ’˚˛˘±À¬ı¬ı˛ ¬ÛXøÓ¬, (c) ¬ı˛Àe·-fl≈¡A± (Runge-Kutta) ¬ÛXøÓ¬º
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16.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡fl¡øÈ¬ ¬Û±Í¬ fl¡¬ı˛À˘ ’±¬ÛøÚ ¤fl¡‚±Ó¬ › ¤fl¡√flË¡À˜¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¸±—ø‡…fl¡ ¸˜±Ò±Ú fl¡¬ı˛ÀÓ¬

¬Û±¬ı˛À¬ıÚ

l ’˚˛˘±À¬ı˛¬ı˛ ¬ÛXøÓ¬ › ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ’˚˛˘±À¬ı˛¬ı˛ ¬ÛXøÓ¬¬ı˛ ¡Z±¬ı˛±

l ¬ı˛Àe·-fl≈¡A± ¬ÛXøÓ¬ ¡Z±¬ı˛±

16.3 ’˚˛˘±À¬ı˛¬ı˛ ¬ÛXøÓ¬

¤˝◊√√ ¬ÛXøÓ¬ ¤fl¡-√flË¡˜ › ¤fl¡‚±Ó¬ (First order first degree) ¸˜œfl¡¬ı˛ÀÌ¬ı˛ Ê√Ú… Î¬◊¬ÛÀ˚±·œº

¤‡Ú ’±˜¬ı˛± ¤fl¡-√flË¡˜ › ¤fl¡‚±Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì Òø¬ı˛, ¤˝◊√√¬ı˛fl¡˜ –

dy

dx
f x y= ,a f  ¤¬ı— y(x0) = y0 (16.3.1)

˚‡Ú x = xn, y = yn-¤¬ı˛ ¸±—ø‡…fl¡ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº ¤‡Ú x x x x x xr r n0 1 2 1 1, , , , ,⋯ ⋯− +

ø¬ıµ≈ ¡Z±¬ı˛± x xn0 ,  ¤ ◊̋√√ ’z¬¬ı˛±˘Àfl¡ n-¸—‡…fl¡ ¸˜±Ú Î¬◊¬Û’z¬¬ı˛±À˘ ø¬ıˆ¬±øÊ√Ó¬ fl¡¬ı˛˘±˜, Œ˚‡±ÀÚ x x rhr = +0

¬ı± x x hr r= −1 ; ’±¬ı˛› ˜ÀÚ fl¡ø¬ı˛ x-¤¬ı˛ ˜±ÀÚ¬ı˛ ’Ú≈¬ı˛”¬Û y-¤¬ı˛ ˜±Ú ˚Ô±√flË¡À˜ y y y yn0 1 2, , , ...., º ’±˜¬ı˛±

’±¬ı˛› Òø¬ı˛ x xr r−1,  ¤˝◊√√ ’z¬¬ı˛±À˘

f(x, y)• f x yr r− −1 1,b g (16.3.2)

¤‡Ú (16.3.1) ¸˜œfl¡¬ı˛ÌÀfl¡ x xr r−1,  ’z¬¬ı˛±À˘ ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√

dy f x y dx
x

x

x

x

r

r

r

r
=

−−
zz ,a f

11

¬ı±, y y f x y dxr r r rx

x

r

r
− =− − −

−
z1 1 1

1

,b g               (16.3.2-¤¬ı˛ ¸±˝√√±À˚…]

• f x y dx x x f x yr r r r r rx

x

r

r

− − − − −= −
−
z1 1 1 1 1

1

, ,b g b g b g

¬ı±, yr•y hf x yr r r− − −+1 1 1,b g (16.3.3)

(16.3.3) ¸˜œfl¡¬ı˛Ì ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ yr-¤¬ı˛ ˜±Ú øÚ•ßø˘ø‡Ó¬ˆ¬±À¬ı ¬Û±›˚˛± ˚±˚˛
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¬ y y hf x y y x1 0 0 0 1= + =,a f a f
y y hf x y y x2 1 1 1 2= + =,a f a f (16.3.4)

y y hf x y y x3 2 2 2 3= + =,a f a f
.............................................

   y y hf x y y xn n n n n= + =− − −1 1 1,b g b g
(16.3.4) ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬¶Û©Ü Œ˚ y-¤¬ı˛ ˜±Ú·≈ø˘ Ò±¬Û-∆√‚«… h-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘º Ò±¬Û-∆√‚«… h

˚Ó¬ ŒÂ√±È¬ ˝√√À¬ı y-¤¬ı˛ ˜±Ú·≈ø˘ Ó¬Ó¬ øÚˆ≈«¬˘ ˝√√À¬ıº

16.4 Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1 – ’˚˛˘±À¬ı˛¬ı˛ ¬ÛXøÓ¬¬ı˛ ¸±˝√√±À˚… øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ y(0·02)-¤¬ı˛ ˜±Ú øÚÌ«̊ ˛

fl¡¬ı˛≈Ú, ‰¬±¬ı˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ Œ˚‡±ÀÚ Ò±¬Û-∆√‚«… h = 0·01.

dy

dx
x y y= + ( ) =3 0 1;

¸˜±Ò±Ú – ¤‡±ÀÚ x y y h0 00, 0 1 0 01= = ( ) = = ⋅,  ¤¬ı— f x y x y,a f = +3

(16.3.4) ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ ¬Û±˝◊√√

y y y f x y1 0 0 00 01 0 01 1 0 01 0 1 1 0 01 1 0100= ⋅( ) = + ⋅ × = + ⋅ + = + ⋅ = ⋅,a f
y y y f x y2 1 1 1

3
0 02 0 01 1 0100 0 01 0 01 1 01= ⋅( ) = + ⋅ × = ⋅ + ⋅ ( ) + ⋅, .b g

      = 1·0201

’Ó¬¤¬ı y (0·02) = 1·0201

Î¬◊√±˝√√¬ı˛Ì 2 – ’˚˛˘±À¬ı˛¬ı˛ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ y(1)-¤¬ı˛ ˜±Ú ‰¬±¬ı˛

√˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈X, øÚÌ«˚˛ fl¡¬ı˛≈Ú, ˚‡Ú Ò±¬Û-∆√‚«… h = 0·1

dy

dx

y

x
= −

+1
 ¤¬ı— y 0 3 2⋅( ) =

¸˜±Ò±Ú – ¤‡±ÀÚ x y h0 00 3 2, 0 1= ⋅ = = ⋅,  ¤¬ı— f x y
y

x
,( ) = −

+1

(16.3.4) ¸˜œfl¡¬ı˛Ì·≈ø˘ ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ ¬Û±˝◊√√

}



225

y y y hf x y1 0 0 00 4 2 0 1
2

1 0 3
= ⋅( ) = + = + ⋅ −

+ ⋅
L
N

O
Q,b g  = 2 0 1

2
1 3

1 84615+ ⋅ −
⋅

FH IK = ⋅

y y y hf x y2 1 1 10 5 1 84615 0 1
1 84615

1 1 4
= ⋅( ) = + = ⋅ + ⋅ −

⋅
+ ⋅

,a f

= ⋅ + ⋅ −
⋅

⋅
L
NM

O
QP = ⋅1 84615 0 1

1 84615
1 4

1 71428

y y y hf x y3 2 2 20 6 1 71428 0 1
1 71428
1 0 5

1 59999= ⋅( ) = + = ⋅ + ⋅ −
⋅
+ ⋅

L
N

O
Q = ⋅,b g

y y y hf x y4 3 3 30 7 1 59999 0 1
1 59999
1 0 6

1 49999= ⋅( ) = + = ⋅ + ⋅ −
⋅
+ ⋅

L
NM

O
QP = ⋅,b g

y y y hf x y5 4 4 40 8 1 49999 0 1
1 49999
1 0 7

1 41176= ⋅( ) = + = ⋅ + ⋅ −
⋅
+ ⋅

L
N

O
Q = ⋅,b g

y y y hf x y6 5 5 50 9 1 41176 0 1
1 41176
1 0 8

1 33333= ⋅( ) = + = ⋅ + ⋅ −
⋅
+ ⋅

L
N

O
Q = ⋅,b g

y y y hf x y7 6 6 61 0 1 33333 0 1
1 33333
1 0 9

1 26315= ⋅( ) = + = ⋅ + ⋅ −
⋅
+ ⋅

L
N

O
Q = ⋅,b g

’Ó¬¤¬ı y(1·0) = 1·26315 ••••• 1·2632 [‰¬±¬ı˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈X]

Î¬◊√±˝√√¬ı˛Ì 3 – øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ y-¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú, ˚‡Ú x = 1 ¤¬ı— h =

0·2, ¬Û“√±‰¬ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ˙≈X –

dy

dx
xy y= =, 1 ˚‡Ú x = 0

¸˜±Ò±Ú – ¤‡±ÀÚ x y h0 00, 1 0 2= = = ⋅,  ¤¬ı— f x y xy, ,a f =  (16.3.4) õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

y y y hf x y1 0 0 00 2 1 0 2 1 0 1= ⋅( ) = + = + ⋅ ×( ) =,b g

y y y hf x y2 1 1 10 4 1 0 2 1 0 2 1 04= ⋅( ) = + = + ⋅ × ⋅( ) = ⋅,b g

y y y hf x y3 2 2 20 6 1 04 0 2 1 04 0 4 1 1232= ⋅( ) = + = ⋅ + ⋅ ⋅ × ⋅( ) = ⋅,b g

y y y hf x y4 3 3 30 8 1 1232 0 2 1 1232 0 6 1 257984= ⋅( ) = + = ⋅ + ⋅ ⋅ × ⋅( ) = ⋅,b g

y y y hf x y5 4 4 41 0 1 257984 0 2 1 257984 0 8 1 459261= ⋅( ) = + = ⋅ + ⋅ ⋅ × ⋅( ) = ⋅,b g
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’Ó¬¤¬ı y(1) = 1·459261 ••••• 1·4593 [ ¬Û“√±‰¬ ¸±Ô«fl¡ ’efl¡ ¬Û˚«z¬ ]

Î¬◊√±˝√√¬ı˛Ì 4 – ’˚˛˘±À¬ı˛¬ı˛ ¬ÛXøÓ¬¬ı˛ ¸±˝√√±À˚… øÚÀ•ß õ∂√M√√ ’¬ıfl¡˘Ú ¸˜œfl¡¬ı˛ÌøÈ¬¬ı˛ ¸˜±Ò±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú [¬Û“√±‰¬

Ò±¬Û ¬Û˚«z¬] –

dy

dx
x y y= + ( ) =, 0 0  ¤¬ı— h = 0·2

¸˜±Ò±Ú – ¤‡±ÀÚ x y h0 00, 0, 0 2= = = ⋅  ¤¬ı— f x y x y,a f = +  (16.3.4) õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√

y y y hf x y1 0 0 00 2 0 0 2 0 0 0 0= ⋅( ) = + = + ⋅ +( ) = ⋅,b g

y y y hf x y2 1 1 10 4 0 0 2 0 2 0 0 0 04= ⋅( ) = + = + ⋅ ⋅ + ⋅( ) = ⋅,a f

y y y hf x y3 2 2 20 6 0 04 0 2 0 4 0 04 0 128= ⋅( ) = + = − + ⋅ ⋅ + ⋅( ) = ⋅,a f

y y y hf x y4 3 3 30 8 0 128 0 2 0 6 0 128 0 2736= ⋅( ) = + = ⋅ + ⋅ ⋅ + ⋅( ) = ⋅,b g

y y y hf x y5 4 4 41 0 0 2736 0 2 0 8 0 2736 0 48832= ⋅( ) = + = ⋅ + ⋅ ⋅ + ⋅( ) = ⋅,b g

’Ó¬¤¬ı  y(1·0) = 0·48832 ••••• 0·4883

16.5 ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ’˚˛˘±À¬ı˛¬ı˛ ¬ÛXøÓ¬ (Modified Euler’s Method)

y y yr0 1 1, , ...., −  øÚÌ«œÓ¬ ˝√√›˚˛±¬ı˛ ¬Û¬ı˛ yr-¤¬ı˛ õ∂±¬ı˛øy¬fl¡ ˜±Ú yr
( )0  (16.3.3) ŒÔÀfl¡ ŒÚ›˚˛± ˝√√˚˛, ’Ô«±»

y y f x y dx y hf x yr r r r rx

x

r

r0
1 1 1 1

1

( )
− − − −= + = +

−
z , ,a f b g (16.5.1)

Œ˚‡±ÀÚ h Ò±¬Û-∆√‚«… ¤¬ı— x xr r−1,  ¤ ◊̋√√ ’z¬¬ı˛±À˘ f x y,a f  • f x yr r− −1 1,b g

¤‡Ú, ˚ø√ x xr r−1,  ’z¬¬ı˛±À˘ f x y,a f  • f x yr r− −1 1,b g Ú± ¬ıø¸À˚˛ ‹ ’z¬¬ı˛±À˘ √√√∏C±À¬ÛÊ√˚˛Î¬±˘ øÚ˚˛˜

¬ı…¬ı˝√√±¬ı˛ fl¡ø¬ı˛, Ó¬À¬ı ’±˜¬ı˛± ¬Û±˝◊√√

y y
h

f x y f x yr r r r r r= + +− − −1 1 12
, ,b g b g
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˚± yr øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ ¤fl¡øÈ¬ ¸˜œfl¡¬ı˛Ìº ¤¬ı˛ ¸˜±Ò±ÀÚ¬ı˛ Œ¬ÛÃÚ–¬Û≈øÚfl¡ ¸”S ˝√√˘

y y
h

f x y f x yr
n

r r r r r
n( )

− − −
−( )= + +1 1 1

1

2
, ,b g c h (16.5.2)

yr
( )0  ¤˝◊√√ õ∂±¬ı˛øy¬fl¡ ˜±Ú ŒÔÀfl¡ ˙≈¬ı˛≈ fl¡À¬ı˛ y yr r

1 2( ) ( ), ,  ..... ¬Û¬ı˛¬Û¬ı˛ (16.5.2) ¡Z±¬ı˛± ·ÌÚ± fl¡¬ı˛± ˝√√ ˛̊ ¤¬ı—

¬Ûø¬ı˛À˙À¯∏ ’±˜¬ı˛± ¬Û±˝◊√√ yr • yr
n( )  Î¬◊¬Û˚≈q¡ n-¤¬ı˛ Ê√Ú…º

16.6 Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1 – Ò±¬Û-∆√‚«… h = 0·05 øÚÀ˚˛, ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ’˚˛˘±À¬ı˛¬ı˛ ¬ÛXøÓ¬¬ı˛ ¸±˝√√±À˚…, øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘

¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ y-¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú, ˚‡Ú x = 0·05 ¤¬ı— x = 0·1, ‰¬±¬ı˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈X –

dy

dx
x y= + , ˚‡Ú y(0) = 1

¸˜±Ò±Ú – ¤‡±ÀÚ x y y h0 00 0 1 0 05= = = = ⋅, ( ) ,  ¤¬ı— f x y x y,a f = +  (16.5.1) ¸˜œfl¡¬ı˛ÀÌ

r = 1 ¬ıø¸À˚˛ ¬Û±˝◊√√

y y hf x y1
0

0 0 0 1 0 05 0 1 1 05
( )

= + = + ⋅ + = ⋅,b g

¤‡Ú (16.5.2) -ŒÓ¬ n = 1 ¤¬ı— r = 1 ¬ıø¸À˚˛ ¬Û±˝◊√√

y y
h

f x y f x y1
1

0 0 0 1 1
0

2
( ) ( )

= + +, ,b g e j

˚‡Ú x = 0·05 ¤¬ı— y1
0

1 05
( )

= ⋅

∴ y1
1

1
0 05

2
0 1 0 05 1 05 1 0525

( )
= + ⋅ +( ) + ⋅ + ⋅( ) = ⋅

(16.5.2) ŒÓ¬ r = 1 ¤¬ı— n = 2, ¬ıø¸À˚˛ ¬Û±˝◊√√

y y
h

f x y f x y1
2

0 0 0 1 1
1

2
( )

= + +, , ( )b g d i
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∴ y1
2

1
0 05

2
0 1 0 05 1 0525 1 05256

( )
= + ⋅ +( ) + ⋅ + ⋅( ) = ⋅

(16.5.2) ŒÓ¬ r = 1, n = 3 ¬ıø¸À˚˛ ¬Û±˝◊√√

y y
h

f x y f x y1
3

0 0 0 1 1
2

2
( ) ( )

= + +, ,b g e j

    = 1
0 05

2
0 1 0 05 1 05256 1 05256+ ⋅ +( ) + ⋅ + ⋅( ) = ⋅

¤‡Ú Œ√‡± ˚±À26√ Œ˚

y y1
2

1
3

1 05256
( ) ( )

= = ⋅

∴ x y1 10 05 1 05256= ⋅ = ⋅,

’±¬ı±¬ı˛ (16.5.1) ŒÓ¬ r = 1 ¬ıø¸À˚˛ ¬Û±˝◊√√

y y hf x y2
0

1 1 1 1 05256 0 05 0 05 1 05256 1 10769
( )

= + = ⋅ + ⋅ ⋅ + ⋅ = ⋅,b g
[16.5.2)-ŒÓ¬ r = 2 ¤¬ı— n = 1, ¬ıø¸À˚˛ ¬Û±˝◊√√

y y
h

f x y f x y2
1

1 1 1 2 2
0

2
( ) ( )

= + +, ,b g e j

¤‡±ÀÚ x y2 2
0

0 1 1 10769= ⋅ = ⋅
( )

,

∴ y2
1

1 05256
0 05

2
0 05 1 05256 0 1 1 10769 1 11032

( )
= ⋅ + ⋅ ⋅ + ⋅ + ⋅ + ⋅( ) = ⋅

(16.5.2) ŒÓ¬ r = 2 ¤¬ı— n = 2 ¬ıø¸À˚˛ ¬Û±˝◊√√,

y y
h

f x y f x y2
2

1 1 1 2 2
1

2
( ) ( )

= + +, ,b g e j

= 1 05256
0 05

2
0 05 1 05256 0 1 1 11032 1 11038⋅ + ⋅ ⋅ + ⋅ + ⋅ + ⋅( ) = ⋅
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’±¬ı±¬ı˛ (16.5.2) ŒÓ¬ r = 2, n = 3 ¬ıø¸À˚˛ ¬Û±˝◊√√

y y
h

f x y f x y2
3

1 1 1 2 2
2

2
( ) ( )

= + +, ,b g e j

= 1 05256
0 05

2
0 05 1 05256 0 1 1 110381 1 11038⋅ + ⋅ ⋅ + ⋅( ) + ⋅ + ⋅( ) = ⋅

¤‡Ú y y y2
2

2
3

0 1 1 11038
( ) ( )

= ∴ ⋅( ) = ⋅

’Ó¬¤¬ı y(0·05) ••••• 1·0526 ¤¬ı— y(0·1) = 1·1104

Î¬◊√±˝√√¬ı˛Ì 2 – øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ˝√√ÀÓ¬ y(4·4)-¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú, h = 0·2 ÒÀ¬ı˛º

dy

dx

y

x
=

−2

5

2

, y = 1 ˚‡Ú x = 4

¸˜±Ò±Ú – ¤‡±ÀÚ x y y h0 04 4 1 0 2= = ( ) = = ⋅, ,  ¤¬ı— f x y
y

x
,a f = −2

5

2

 (16.5.1) ŒÔÀfl¡ ¬Û±˝◊√√

y y hf x y1
0

0 0 0

1
1 0 2

2 1

5 4
1 01

( ) = + = + ⋅ −
×
L
NM
O
QP = ⋅,a f

(16.5.2) ŒÔÀfl¡ ¬Û±˝◊√√

y y
h

f x y f x y1
1

0 0 0 1 1
0

2
( ) ( )

= + +, ,b g e j

= 1
0 2

2
2 1
5 4

2 1 01

5 4 2
1 00967

2
2

+
⋅ −

×
+

− ⋅( )

× ⋅

L
N
M

O
Q
P = ⋅

y1
2 2

2

1
0 2

2
2 1
5 4

2 1 00967

5 4 2
1 00967

( )
= +

⋅ −
×

+
− ⋅( )

× ⋅

L
N
M

O
Q
P = ⋅

∴ y x x1 1 21 00967 4 2, 4 4= ⋅ = ⋅ = ⋅,
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’±¬ı±¬ı˛ (16.5.1) ŒÔÀfl¡ ¬Û±˝◊√√

y y hf x y2
0

1 1 1

2

1 00967 0 2
2 1 00967

5 4 2
1 01901

( )
= + = ⋅ + ⋅

− ⋅( )

× ⋅

L
N
M

O
Q
P = ⋅,b g

(16.5.2) ŒÔÀfl¡ ¬Û±˝◊√√

y y
h

f x y f x y2
1

1 1 1 2 2
0

2
( ) ( )

= + +, ,b g e j

= 1 00967 0 1
2 1 00967

5 4 2

2 1 01901

5 4 4
1 01871

2 2

⋅ + ⋅
− ⋅( )

× ⋅
+

− ⋅( )

× ⋅

L
N
M

O
Q
P = ⋅

y2
2

2 2

1 00867 0 1
2 1 00967

5 4 2

2 1 01871

5 4 4
1 01871

( )
= ⋅ + ⋅

− ⋅( )

× ⋅
+

− ⋅( )

× ⋅

L
N
M

O
Q
P = ⋅

∴  y y2
1

2
2( ) ( )

=

’Ó¬¤¬ı  y2 = y(4·4) = 1·01871

Î¬◊√±˝√¬ı˛Ì 3 – øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ˝√√ÀÓ¬ y(2·1)-¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú, ˚‡Ú h = 0·05, ‰¬±¬ı˛

√˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈X –

dy

dx

y

x
= −1   ˚‡Ú  y(2) = 2

¸˜±Ò±Ú – ¤‡±ÀÚ x y y h0 02, 2 2, 0 05= = ( ) = = ⋅  ¤¬ı— f x y
y

x
,a f = −1

(16.5.1) ŒÔÀfl¡ ¬Û±˝◊√√

y y hf x y1
0

0 0 0 2 0 05 1
2
2

2
( )

= + = + ⋅ −LN
O
Q =,b g

(16.5.2) ŒÔÀfl¡ ¬Û±˝◊√√

y y
h

f x y f x y1
1

0 0 0 1 1
0

2
( ) ( )

= + +, ,b g e j
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= 2
0 05

2
1

2
2

1
2

2 05
2 00061+

⋅
− + −

⋅
L
N

O
Q = ⋅

y1
2

2
0 05

2
1

2
2

1
2 00061

2 05
2 00060

( )
= +

⋅
− + −

⋅
⋅

L
N

O
Q = ⋅

∴  x y1 12 05 2 00060= ⋅ = ⋅,

(16.5.1) ŒÔÀfl¡ ¬Û±˝◊√√

y y hf x y2
0

1 1 1 2 0006 0 05 1
2 0006

2 05
2 0018

( )
= + = ⋅ + ⋅ −

⋅
⋅

L
N

O
Q = ⋅,b g

(16.5.2) ŒÔÀfl¡ ¬Û±˝◊√√

y y
h

f x y f x y2
1

1 1 1 2 2
0

2
( ) ( )

= + +, ,b g e j  ; ˚‡Ú x2 = 2·1

= 2 0018
0 05

2
1

2 0006
2 05

1
2 0018

2 1
2 00237⋅ +

⋅
−

⋅
⋅

+ −
⋅

⋅
L
N

O
Q = ⋅

y2
2

2 0018
0 05

2
1

2 0006
2 05

1
2 00237

2 1
2 00236

( )
= ⋅ +

⋅
−

⋅
⋅

+ −
⋅

⋅
L
N

O
Q = ⋅

∴ y2 ••••• 2·0024º ’Ó¬¤¬ı y 2 1 2 0024⋅( ) = ⋅  [‰¬±¬ı˛ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬]

16.7 ¬ı˛≈Àe·-fl≈¡A±¬ı˛ ø¡Z√flË¡˜ › ‰¬Ó≈¬Ô«√flË¡˜ ¬ÛXøÓ¬ (Second and Fourth order

Runge-Kutta Methods)

ø¡Z√flË¡˜ › ‰¬Ó≈¬Ô«√flË¡À˜¬ı˛ ¬ı˛≈Àe·-fl≈¡A± ¬ÛXøÓ¬¬ı˛ õ∂˜±Ì Ê√øÈ¬˘ › √œ‚« ˝√√›˚˛±˚˛ ˙≈Ò≈ fl¡±˚«fl¡¬ı˛ ¸”S·≈ø˘˝◊√√ Œ√›˚˛± ˝√√˘º

(a) ø¡Z√flË¡˜ ¬ı˛≈Àe·-fl≈¡A± ¬ÛXøÓ¬¬ı˛ fl¡±˚«fl¡¬ı˛ ¸”S

Œ˚‡±ÀÚ y y k kn n+ = + +1 1 2
1
2
b g

k hf x yn n1 + ,b g (16.7.1)

k hf x h y kn n2 1= + +,b g
}
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h ˝√√À26√ Ò±¬Û-∆√‚«…

(b) ‰¬Ó≈¬Ô«√flË¡˜ ¬ı˛≈Àe·-fl≈¡A± ¬ÛXøÓ¬¬ı˛ fl¡±˚«fl¡¬ı˛ ¸”S

y y k k k kn n+ = + + + +1 1 2 3 4
1
6

2 2b g

˚‡Ú

k hf x yn n1 = ,b g

k hf x
h

y kn n2 12
1
2

= + +FH IK,

k hf x
h

y
k

n n3
2

2 2
= + +
F
HG

I
KJ,

k hf x h y kn n4 3= + +,b g

h ˝√√À26√ Ò±¬Û-∆√‚«…

Note : ¬õ∂˜±ÀÌ¬ı˛ Ê√Ú… ‘Numerical Methods’ by Stanten [¬Û‘ 151] ¬ı± ‘Numerical Analysis

and Computational Procedure’ by S. A. Mollah [¬Û‘ 308] Œ√‡≈Úº

16.8 Î¬◊√±˝√√¬ı˛Ì

Î¬◊√±˝√√¬ı˛Ì 1 – øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬ı˛≈Àe·-fl≈¡A± ¬ÛXøÓ¬¬ı˛ ¸±˝√√±À˚…, y(0·4)-¤¬ı˛ ˜±Ú øÚÌ«˚˛

fl¡¬ı˛≈Ú, h = 0·1 ÒÀ¬ı˛, ¬Û“√±‰¬ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ˙≈X –

dy

dx
x y y= − ( ) =, 0 1

¸˜±Ò±Ú – ø¡Z√flË¡˜ › ‰¬Ó≈¬Ô«√flË¡˜ ¬ı˛≈Àe·-fl≈¡A± ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ Î¬◊¬ÛÀ¬ı˛±q¡ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÌøÈ¬Àfl¡ ¸˜±Ò±Ú

fl¡¬ı˛± ˝√√À26√º

}
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(a) ø¡Z√flË¡˜ ¬ı˛≈Àe·-fl≈¡A± ¬ÛXøÓ¬¬ı˛ õ∂À˚˛±·

¤‡±ÀÚ x y h0 00, 1 0 1= = = ⋅,  ¤¬ı— f(x, y) = x – y

[16.7.1) ŒÔÀfl¡ ¬Û±˝◊√√

y y k kn n+ + + +1 1 2
1
2
b g

Œ˚‡±ÀÚ

k hf x yn n1 = ,b g ¤¬ı— k hf x h y kn n2 = + +,b g

∴  k hf x y1 0 0 0 1 0 1 0 1= = ⋅ − = − ⋅,b g

k hf x h y k2 0 0 1 0 1 0 0 1 1 0 1 0 08= + + = ⋅ + ⋅( ) − − ⋅( ) = − ⋅,b g

∴  y y k k1 0 1 2
1
2

1
1
2

0 1 0 08 0 91= = + = + − ⋅ − ⋅ = ⋅b g

∴  y y1 0 1 0 91= ⋅( ) = ⋅

y(0·2)-¤¬ı˛ Ê√Ú…, x1 = 0·1 ¤¬ı— y1 = 0·91

k hf x y1 1 1 0 1 0 1 0 91 0 081= = ⋅ ⋅ − ⋅ = − ⋅,b g

k hf x h y k2 1 1 0 1 0 2 0 91 0 081 0 0629= + + = ⋅ ⋅ − ⋅ − ⋅( ) = − ⋅,b g

∴  y y k k2 1 1 2
1
2

0 91
1
2

0 081 0 0629 0 83805= + + = ⋅ + − ⋅ − ⋅ = ⋅b g

∴  y(0·2) = 0·83805

y(0·3)-¤¬ı˛ Ê√Ú…, x2 = 0·2, ¤¬ı— y2 = 0·83805
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k hf x y1 2 2 0 1 0 2 0 83805 0 063805= = ⋅ ⋅ − ⋅ = − ⋅,b g

k hf x h y k2 2 2 1 0 1 0 3 0 83805 0 063805= + + = ⋅ ⋅ − ⋅ − ⋅( ),b g

= –0·047424

∴ y y k k3 2 1 2
1

2
0 83805

1

2
0 063805 0 047424= + + = ⋅ + − ⋅ − ⋅( )a f

= 0·782436

∴  y(0·3) = 0·782436

y(0·4)-¤¬ı˛ Ê√Ú… x y3 30 3 0 782436= ⋅ = ⋅,

k hf x y1 3 3 0 1 0 3 0 782436 0 048244= = ⋅ ⋅ − ⋅ = − ⋅,b g

k hf x h y k2 3 3 0 1 0 4 0 782436 0 048244= + + = ⋅ ⋅ − ⋅ − ⋅( ),b g

= –0·033419

∴  y y k k4 3 1 2
1
2

0 782436
1
2

0 048244 0 033419= + + = ⋅ + − ⋅ − ⋅( )b g

= 0·741604

∴ y(0·4) = 0·741604

(b) ‰¬Ó≈¬Ô«√flË¡˜ ¬ı˛≈Àe·-fl≈¡A± ¬ÛXøÓ¬¬ı˛ õ∂À˚˛±·

y(0·1)-¤¬ı˛ Ê√Ú…, x y h0 00, 1 0 1= = = ⋅,  ¤¬ı— f x y x y,a f = −

(16.7.2) ŒÔÀfl¡ ¬Û±˝◊√√

y y k k k kn n+ = + + + +1 1 2 3 4
1
6

2 2
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Œ˚‡±ÀÚ

k hf x yn n1 = ,b g

k hf x
h

y
k

n n2
1

2 2
= + +
F
HG

I
KJ,

k hf x
h

y
k

n n3
2

2 2
= + +
F
HG

I
KJ,

k hf x h y kn n4 3= + +,b g

∴  k hf x y1 0 0 0 1 0 1 0 1= = ⋅ − = − ⋅,b g
k hf x

h
y

k
2 0 0

1

2 2
0 1 0 05 1 0 05 0 09= + +

F
HG

I
KJ = ⋅ ⋅ − − ⋅( ) = − ⋅,

k hf x
h

y
k

3 0 0
2

2 2
0 1 0 05 1 0 045 0 0905= + +

F
HG

I
KJ = ⋅ ⋅ − − ⋅( ) = − ⋅,

k hf x h y k4 0 0 3 0 1 0 1 1 0 0905 0 08095= + + = ⋅ ⋅ − − ⋅( ) = − ⋅,b g

∴ y y y k k k k1 0 1 2 3 40 1
1
6

2 2= ⋅( ) = + + + +

= 1
1
6

0 1 0 18 0 1810 0 08095 0 909675+ − ⋅ − ⋅ − ⋅ − ⋅ = ⋅

∴  y 0 1 0 909675⋅( ) = ⋅

y(0·2)-¤¬ı˛ Ê√Ú…, x1 = 0·1, y1 = 0·909675

k hf x y1 1 1 0 1 0 1 0 909675 0 0809675= = ⋅ ⋅ − ⋅ = − ⋅,b g
k hf x

h
y

k
2 1 1

1

2 2
0 1 0 1 0 05 0 909675 0 0404837= + +

F
HG

I
KJ = ⋅ ⋅ + ⋅( ) − ⋅ − ⋅( ),

 = –0·0719191

k hf x
k

y
k

3 1
2

1
2

2 2
0 1 0 1 0 05 0 909675 0 0359595= + +

F
HG

I
KJ = ⋅ ⋅ + ⋅( ) − ⋅ − ⋅( ),

= 0·0723716
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k hf x h y k4 1 1 3 0 1 0 1 0 1 0 909675 0 0723716= + + = ⋅ ⋅ + ⋅ − ⋅ − ⋅( , ) [( ) ( )]

= – 0·0637303

∴  y y k k k k0 2
1
6

2 21 1 2 3 4⋅( ) = + + + +

= 0 909675
1
6

0 0809675 0 1438382 0 1447432 0 0637303⋅ + − ⋅ − ⋅ − ⋅ − ⋅

= 0·837462

y(0·3)-¤¬ı˛ Ê√Ú…, x2 = 0·2, y2 = 0·837462

k hf x y1 2 2 0 1 0 2 0 837462 0 0637462= = ⋅ ⋅ − ⋅ = − ⋅,b g

k hf x
h

y
k

2 2 2
1

2 2
0 1 0 2 0 05 0 837462 0 0318731= + +

F
HG

I
KJ = ⋅ ⋅ + ⋅( ) − ⋅ − ⋅( ),

= –0·0555589

k hf x
h

y
k

3 2 2
2

2 2
0 1 0 2 0 05 0 837462 0 027779= + +

F
HG

I
KJ = ⋅ ⋅ + ⋅( ) − ⋅ − ⋅( ),

= – 0·0559683

k hf x h y k4 2 2 3 0 1 0 2 0 1 0 837462 0 0559683= + + = ⋅ ⋅ + ⋅ − ⋅ − ⋅( , ) [( ) ( )]

= – 0·481494

∴  y y k k k k0 3
1
6

2 22 1 2 3 4⋅( ) = + + + +

= 0·837462 + {–0·0637462 – 0·1111178 – 0·1119366 – 0·0481494]

= 0·781632
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∴  y(0·3) = 0·781632

y(0·4) ¤¬ı˛ Ê√Ú…, x3 = 0·3, y3 = 0·781632

k hf x y1 3 3 0 1 0 3 0 781632 0 0481632= = ⋅ ⋅ − ⋅ = − ⋅,b g

k hf x
h

y
k

2 3 3
1

2 2
0 1 0 3 0 05 0 781632 0 0240816= + +

F
HG

I
KJ = ⋅ ⋅ + ⋅( ) − ⋅ − ⋅( ),

= –0·0407550

k hf x
h

y
k

3 3 3
2

2 2
0 1 0 3 0 05 0 781632 0 0203775= + +

F
HG

I
KJ = ⋅ ⋅ + ⋅( ) − ⋅ − ⋅( ),

= –0·0411254

k hf x h y k4 3 3 3 0 1 0 3 0 1 0 781632 0 0411254= + + = ⋅ ⋅ + ⋅( ) − ⋅ − ⋅( ),b g

= –0·0340507

∴ y y k k k k0 4
1
6

2 23 1 2 3 4⋅( ) = + + + +

= 0 781632
1
6

0 0481632 0 0815100 0 0822508 0 0340507⋅ + − ⋅ − ⋅ − ⋅ − ⋅

= 0·7406362

∴  y(0·4) = 0·7406362 ••••• 0·74064  [ ¬Û“√±‰¬ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ ]

Î¬◊√±˝√√¬ı˛Ì 2 – ¬ı˛≈Àe·-fl≈¡A± ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛, y(1·4)-¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú, øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì

ŒÔÀfl¡ –

dy

dx
x y= . 3  ˚‡Ú y(1) = 1 ¤¬ı— h = 0·1

¸˜±Ò±Ú – ¤‡±ÀÚ x y h0 01 1 0 1= = = ⋅, ,  ¤¬ı— f x y x y,a f = 3

∴  k hf x y1 0 0
30 1 1 1 0 1= = ⋅ ⋅ = ⋅,b g
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k hf x
h

y
k

2 0 0
1 3

2 2
0 1 1 0 05 1 0 05 0 106722= + +

F
H

I
K = ⋅ + ⋅( ) + ⋅ = ⋅,

k hf x
h

y
k

3 0 0
2 3

2 2
0 1 1 0 05 1 0 053361 0 106835= + +

F
HG

I
KJ = ⋅ + ⋅( ) + ⋅ = ⋅,

k hf x h y k4 0 0 3
30 1 1 0 05 1 0 106835 0 108613= + + = ⋅ + ⋅( ) + ⋅ = ⋅,b g

y y k k k k1 1
1
6

2 20 1 2 3 4⋅( ) = + + + +

= 1
1

6
0 100000 0 213444 0 213670 0 108613 1 105954+ ⋅ + ⋅ + ⋅ + ⋅ = ⋅

y(1·2)-¤¬ı˛ Ê√Ú, x1, = 1·1, y1 = 1·105954

k hf x y1 1 1
30 1 1 1 1 105954 0 113755= = ⋅ ⋅ × ⋅ = ⋅,b g

k hf x
h

y
k

2 1 1
1 3

2 2
0 1 1 1 0 05 1 105954 0 056878= + +

F
HG

I
KJ = ⋅ ⋅ + ⋅( ) ⋅ + ⋅,

= 0·110450

k hf x
h

y
k

3 1 1
2 3

2 2
0 1 1 1 0 05 1 105954 0 055225= + +

F
HG

I
KJ = ⋅ ⋅ + ⋅( ) ⋅ + ⋅,

= 0·120873

k hf x h y k4 1 1 3
30 1 1 1 0 1 1 105954 0 120873= + + = ⋅ ⋅ + ⋅( ) ⋅ + ⋅,b g

= 0·128462

∴  y y k k k k1 2
1
6

2 21 1 2 3 4⋅( ) = + + + +
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= 1 105954
1
6

0 113755 0 220900 0 241746 0 128462⋅ + ⋅ + ⋅ + ⋅ + ⋅

= 1·223431

∴  y(1·2) = 1·223431

y(1·3)-¤¬ı˛ Ê√Ú…,  x2 = 1·2, y2 = 1·223431

k hf x y1 2 2
30 1 1 2 1 223431 0 128344= = ⋅ ⋅ × ⋅ = ⋅,b g

k hf x
h

y
k

2 2 2
1 3

2 2
0 1 1 2 0 05 1 223431 0 064172= + +

F
H

I
K = ⋅ ⋅ + ⋅( ) ⋅ + ⋅,

= 0·135989

k hf x
h

y
k

3 2 2
2 3

2 2
0 1 1 2 0 05 1 223431 0 067994= + +

F
HG

I
KJ = ⋅ ⋅ + ⋅( ) ⋅ + ⋅,

 = 0·136124

k hf x h y k4 2 2 3
30 1 1 2 0 1 1 223431 0 136124= + + = ⋅ ⋅ + ⋅( ) ⋅ + ⋅,b g

= 0·144015

∴ y y k k k k1 3
1
6

2 22 1 2 3 4⋅( ) = + + + +

= 1 223431
1
6

0 128344 0 271978 0 272248 0 144015⋅ + ⋅ + ⋅ + ⋅ + ⋅

= 1·359528

∴ y(1·3) = 1·359528

y(1·4)-¤¬ı˛ Ê√Ú…, x3 = 1·3, y3 = 1·359528
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k hf x y1 3 3
30 1 1 3 1 359528 0 144014= = ⋅ ⋅ × ⋅ = ⋅,b g

k hf x
h

y
k

2 3 3
1 3

2 2
0 1 1 3 0 05 1 359528 0 072007= + +

F
H

I
K = ⋅ ⋅ + + ⋅( ) ⋅ + ⋅,

= 0·152148

k hf x
h

y
k

3 3 3
2 3

2 2
0 1 1 3 0 05 1 359528 0 076074= + +

F
HG

I
KJ = ⋅ ⋅ + ⋅( ) ⋅ + ⋅,

 = 0·152292

k hf x h y k4 3 3 3 0 1 1 3 0 1 1 359528 0 152292= + = ⋅ ⋅ + ⋅( ) ⋅ + ⋅_ ,b g

= 0·160680

∴ y y k k k k1 4
1
6

2 23 1 2 3 4⋅( ) = + + + +

= 1 359528
1
6

0 144014 0 304296 0 304584 0 160680⋅ + ⋅ + ⋅ + ⋅ + ⋅

= 1·511790

∴ y(1·4) = 1·511790 ••••• 1·51179 [ ¬Û“√±‰¬ √˙ø˜fl¡ ¬Û˚«z¬ ]

Î¬◊√±˝√√¬ı˛Ì 3 – ¬ı˛≈Àe·-fl≈¡A± ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛, øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ y(0·6)-¤¬ı˛ ˜±Ú øÚÌ«˚˛

fl¡¬ı˛≈Ú –

dy

dx
xy y= ( ) =, 0 2  ¤¬ı— h = 0·2 øÚÀ˚˛

¸˜±Ò±Ú – ¤‡±ÀÚ x y y h0 00, 0 2, 0 2= = ( ) = = ⋅  ¤¬ı— f x y xy,a f =

k hf x y1 0 0 0 2 0 2 0 00= = ⋅ × ×( ) = ⋅,b g



241

k hf x
h

y
k

2 0 0
1

2 2
0 2 0 0 1 2 0 0 04= + +

F
HG

I
KJ = ⋅ + ⋅( ) × +( ) = ⋅,

k hf x
h

y
k

3 0 0
2

2 2
0 2 0 0 1 2 0 02 0 0404= + +

F
HG

I
KJ = ⋅ + ⋅( ) × + ⋅( ) = ⋅,

k hf x h y k4 0 0 3 0 2 0 0 2 2 0 0404 0 081616= + + = ⋅ + ⋅( ) × + ⋅( ) = ⋅,b g

y y k k k k0 2
1
6

2 20 1 2 3 4⋅( ) = + + + +

= 2
1
6

0 0000 0 08 0 0808 0 081616+ ⋅ + ⋅ + ⋅ + ⋅

= 2·0404027 ••••• 2·040403

∴ y(0·2) = 2·040403

y(0·4)-¤¬ı˛ Ê√Ú…, x1 = 0·2, y1= 2·040403

k hf x y1 1 1 0 2 0 2 2 040403 0 0816161= = ⋅ ⋅ × ⋅ = ⋅,b g

k hf x
h

y
k

2 1 1
1

2 2
0 2 0 2 0 1 2 040403 0 408080= + +

F
HG

I
KJ = ⋅ ⋅ + ⋅( ) × ⋅ + ⋅( ),

 = 0·1248726

k hf x
h

y
k

3 1 1
2

2 2
0 2 0 2 0 1 2 040403 0 0624363= + +

F
HG

I
KJ = ⋅ ⋅ + ⋅( ) × ⋅ + ⋅( ),

 = 0·1261704

k hf x h y k4 1 1 3 0 2 0 2 0 2 2 040403 0 1261704= + + = ⋅ ⋅ + ⋅( ) × ⋅ + ⋅( ),b g

= 0·1733259

∴ y y k k k k0 4
1
6

2 21 1 2 3 4⋅( ) = + + + +
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= 2 040403
1

6
0 0816161 0 2497452 0 2523408 0 1733259⋅ + ⋅ + ⋅ + ⋅ + ⋅

= 2·1665743 ••••• 2·166574

y(0·6)-¤¬ı˛ Ê√Ú…, x2 = 0·4, y2 = 2·166574

k hf x y1 2 2 0 2 0 4 2 166574 0 1733259= = ⋅ ⋅ × ⋅ = ⋅,b g

k hf x
h

y
k

2 2 2
1

2 2
0 2 0 4 0 1 2 166574 0 866628= + +

F
HG

I
KJ = ⋅ ⋅ + ⋅( ) × ⋅ + ⋅( ),

 = 0·2253237

k hf x
h

y
k

2 2 2
3

2 2
0 2 0 4 0 1 2 166574 0 1126619= + +

F
H

I
K = ⋅ ⋅ + ⋅( ) × ⋅ + ⋅( ),

 = 0·2279236

k hf x h y k4 2 2 3 0 2 0 4 0 2 2 166574 0 2279236= + + = ⋅ ⋅ + ⋅( ) × ⋅ + ⋅( ),b g

= 0·2873397

y y k k k k0 6
1
6

2 22 1 2 3 4⋅( ) = + + + +b g

  = 2 166574
1
6

0 1733259 0 4506474 0 4558472 0 2873397⋅ + ⋅ + ⋅ + ⋅ + ⋅

 = 2·3944340

∴ y(0·6) = 2·394434
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16.9 ’Ú≈˙œ˘Úœ

(1) ’˚˛˘±À¬ı˛¬ı˛ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ y(0·04)-¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú –

dy

dx
y+ = 0  ˚‡Ú x = 0, y = 1 ¤¬ı— h = 0·02

(2) ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ’˚˛˘±À¬ı˛¬ı˛ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ y(0·2)-¤¬ı˛ ˜±Ú øÚÌ«̊ ˛

fl¡¬ı˛≈Úº øÓ¬øÚ √˙ø˜fl¡ àÔ±Ú ¬Û˚«z¬ –

dy

dx
x y= +log a f ˚‡Ú y(0) = 1 ¤¬ı— h = 0·1

(3) ’˚˛˘±À¬ı˛¬ı˛ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ y(0·02), y(0·04) ¤¬ı— (0·06)-

¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Ú –

dy

dx
x y= +2  ˚‡Ú y(0) = 1 ¤¬ı— h = 0·02

(4) ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ’˚˛˘±À¬ı˛¬ı˛ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ 3Ú— õ∂Àùü¬ı˛ Î¬◊M√√¬ı˛ øÚÌ«˚˛ fl¡¬ı˛≈Úº

(5) ¬ı˛≈Àe·-fl≈¡A± ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ dy

dx
x y= + , ˚‡Ú y(0) = 1 ¤¬ı— h = 0·1, ¤ ◊̋√√ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì

ŒÔÀfl¡ y(0·4)-¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

(6) ‰¬±¬ı˛√flË¡˜ ¬ı˛≈Àe·-fl≈¡A± ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛, øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ y(1·2) ¤¬ı— y(1·3)

-¤¬ı˛ ˜±Ú·≈ø˘ øÚÌ«˚˛ fl¡¬ı˛≈Ú –

dy

dx
x y= +2 2 ˚‡Ú y(1) = 0 ¤¬ı— h = 0·1

(7) ‰¬±¬ı˛√flË¡˜ ¬ı˛≈Àe·-fl≈¡A± ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛, øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ y(0·4) -¤¬ı˛ ˜±Ú øÚÌ«˚˛

fl¡¬ı˛≈Ú –

dy

dx
xy=  ˚‡Ú y(0) = 2 ¤¬ı— h = 0·1
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(8) ‰¬±¬ı˛√flË¡˜ ¬ı˛≈Àe·-fl≈¡A± ¬ÛXøÓ¬ ¬õ∂À˚˛±· fl¡À¬ı˛, øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ y(0·6)-¤¬ı˛ ˜±Ú øÚÌ«˚˛

fl¡¬ı˛≈Ú –

dy

dx

x y

y x
=

⋅ − +

+ +

0 5

1

2

2
,  ˚‡Ú y(0) = 0 ¤¬ı— h = 0·1

(9) ‰¬±¬ı˛√flË¡˜ ¬ı˛≈Àe·-fl≈¡A± ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛, øÚ•ßø˘ø‡Ó¬ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ y(0·5)-¤¬ı˛ ˜±Ú øÚÌ«̊ ˛

fl¡¬ı˛≈Ú –

dy

dx
x y= +2 21

4
, ˚‡Ú y(0) = 1 ¤¬ı— h = 0·1

16.10 Î¬◊M√√¬ı˛˜±˘±

(1) 0·9606

(2) 1·008

(3) 1·0202, 1·0408, 1·0619

(4) 1·0202, 1·0408, 1·0619

(5) 1·5836

(6) 0·24631, 0·41357

(7) 2·1666

(8) 0·114574

(9) –0·84945
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