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~Ü˛Ü˛ 1 ã˛e´Ó,!k˛ §%ò (Compound Interest) ~ÓÇ Óy!£Ï≈Ü˛#

   (Annuties)

àë˛l

1.1 í˛zˆÏj¢ƒ

1.2 ã˛e´Ó,!k˛ §%ò Ü˛#

1.3 §Ó˚° §%ˆÏòÓ˚ §)e

1.4 ã˛e´Ó,!k˛ •yˆÏÓ˚Ó˚ §)e

1.4.1 í z̨òy•Ó˚îÙy°y

1.5 Óy!£Ï≈Ü˛# Óy Óy!£Ï≈Ü˛ Ó,!_

1.5.1 Óy!£Ï≈Ü˛#Ó˚ §ÇK˛y

1.5.2 Óy!£Ï≈Ü˛ Ó,!_Ó˚ §)e

1.5.3 Óy!£Ï≈Ü˛#Ó˚ Óï≈˛Ùyl Ù)°ƒ

1.5.4 í z̨òy•Ó˚îÙy°y

1.6 xl%¢#°l#

1.1 í ẑ̨ Ïj¢ƒ

~•z ~Ü˛Ü˛!ê˛ ˛õˆÏí˛¸ xy˛õ!l çylˆÏï˛ ˛õyÓ˚ˆÏÓlÈüüüÈ

 §Ó˚° §%ò G ã˛Ü ˛Ó,!Âô §%ˆÏòÓ˚ Óƒyáƒy !òˆÏï˛ ˛õyÓ˚ˆÏÓl ~ÓÇ ~•z ò%•z ôÓ˚ˆÏlÓ˚ §%ˆÏòÓ˚ Ó˚y!¢Ùy°yà%!°

!lî≈Î˚ Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏÓl–

 xy§°ñ ò%•z ôÓ˚ˆÏlÓ˚ •yÓ˚ G §%ˆÏòÓ˚ ˛õ!Ó˚Ùyî §¡õ!Ü≈˛ï˛ ≤ÃŸ¿à%!°Ó˚ §Ùyôyl Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏÓl–

 Óy!£Ï≈Ü˛ Ó,!_Ó˚ ˛õ!Ó˚Ùyî G Óï˛≈Ùyl Ù)ˆÏ°ƒÓ˚ !•§yÓ Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏÓl–

1.2 ã˛e´Ó,!k˛ §%ò Ü˛#

ˆÜ˛yl Óƒ!_´ Óy §Çfliy ˆÌˆÏÜ˛ xÌ≈ }î !lˆÏ° }î@˝Ã!•ï˛y ˙ xÌ≈ xy˛õl ≤ÃˆÏÎ˚yçˆÏl ÓƒÓ•yÓ˚ Ü˛Ó˚yÓ˚ çlƒ

í˛z_´ Óƒ!_´ Óy §ÇfliyˆÏÜ˛ ≤Ã!ï˛◊&!ï˛Ùï˛ !Ü˛S%È x!ï˛!Ó˚_´ xÌ≈ ≤Ãòyl Ü˛ˆÏÓ˚– ~•z x!ï˛!Ó˚_´ xÌ≈ˆÏÜ˛ §%ò (Interest)
~ÓÇ }îÜ,˛ï˛ xÌ≈ˆÏÜ˛ xy§° (Principal) ÓˆÏ°– §yôyÓ˚îï˛ §%ò !fli!Ó˚Ü,˛ï˛ §Ùyl §ÙˆÏÎ˚Ó˚ ÓƒÓôyˆÏl ˆòGÎ˚y

•ˆÏÎ˚ ÌyˆÏÜ˛– §%ò ÓÍ§Ó˚yˆÏhs˝ñ ≤Ã!ï˛ SÈÎ˚ Ùy§ xˆÏhs˝ Óy !ï˛l Ùy§ xˆÏhs˝ •zï˛ƒy!ò ˆòGÎ˚y •ˆÏÎ˚ ÌyˆÏÜ˛– §ÙˆÏÎ˚Ó˚

9
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í˛zˆÏÕ‘á ly ÌyÜ˛ˆÏ° ÓƒÓôyl 1 ÓÍ§ˆÏÓ˚Ó˚ ôÓ˚y •Î˚– ~Ü˛!ê˛ !l!ò≈‹T §ÙÎ˚ xhs˝Ó˚ ˆÎ !l!ò≈‹T ˛õ!Ó˚Ùyî §%ò ˆòGÎ˚y

•Î˚ ï˛yˆÏÜ˛ §%ˆÏòÓ˚ •yÓ˚ ÓˆÏ°– Îál ÷ô% xy§°•z §%ò í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ ï˛ál ˆ§•z §%òˆÏÜ˛ §Ó˚° §%ò ÓˆÏ°– §%ò

~ÓÇ xy§ˆÏ°Ó˚ §Ù!‹TˆÏÜ˛ §Ó,!k˛Ù)° ÓˆÏ°– Îál ≤Ã!ï˛ !l!ò≈‹T §ÙÎ˚ xhs˝Ó˚ ˛õÓ˚Óï≈˛# !l!ò≈‹T §ÙˆÏÎ˚Ó˚ çlƒ

§Ó,!k˛Ù)ˆÏ°Ó˚ í˛z˛õÓ˚ §%ò !lô≈y!Ó˚ï˛ •Î˚ ï˛ál ï˛yˆÏÜ˛ ã˛e´Ó,!k˛ §%ò (Compound Interest) ÓˆÏ°–

1.3 §Ó˚° §%ˆÏòÓ˚ §)e

ÙˆÏl Ü˛!Ó˚ñ xy§° = P0, §%ˆÏòÓ˚ ¢ï˛Ü˛Ó˚y Óy!£Ï≈Ü˛ •yÓ˚ åxÌ≈yÍ 100 ê˛yÜ˛yÓ˚ 1 ÓÍ§ˆÏÓ˚Ó˚ §%òä = r, ÓÍ§Ó˚

§Çáƒy = n ~ÓÇ n ÓÍ§Ó˚ ˛õÓ˚ §%ò + xy§° = Pn.

P0 ê˛yÜ˛yÓ˚ n ÓÍ§ˆÏÓ˚Ó˚ §%ò åÓy!£Ï≈Ü˛ •yÓ˚ r) = 0
100
P rn

∴ Pn = P0 + 0
100
P rn

Óyñ ( )0P P 1 100n
rn= +

1.4  ã˛e´Ó,!k˛ •yˆÏÓ˚Ó˚ §)e

1 ÓÍ§Ó˚ ˛õˆÏÓ˚ §%òÈüÈxy§° å§Ó˚° §%ˆÏòÓ˚ §)e ˆÌˆÏÜ˛ä = ( )0P 1 100
r+

2Î˚ ÓˆÏ£Ï≈ xy§° = 0P 1 100)
r  

 
 ~ÓÇ §%ò ( )0P 1 100 100

r r+

∴ 2Î˚ ÓˆÏ£Ï≈ §%òÈüÈxy§° = ( ) ( )0 0P 1 P 1100 100 100
r r r+ + +

  = ( )
2

0P 1 100
r+

xl%Ó˚*ˆÏ˛õ n ÓÍ§Ó˚ ˛õˆÏÓ˚ §%òÈüÈxy§° ( )0P P 1 .................(1)100
n

n
r= +
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Î!ò ˆÜ˛yl Ó˚y!¢Ó˚ åÓy Ó›Ó˚ä Ùyl r% •yˆÏÓ˚ Ü˛ˆÏÙñ ï˛ˆÏÓ n ÓÍ§Ó˚ ˛õˆÏÓ˚ Ùylñ ( )0P P 1 100
n

n
r= -

o‹TÓƒ ≠ P-~Ó˚ ~Ü˛Ü˛ ê˛yÜ˛y ly •ˆÏÎ˚ xlƒ ˆÜ˛yl ~Ü˛Ü˛ •ˆÏ°G §)e!ê˛ §ï˛ƒ–

˛õ)Ó≈ ˛õ,¤˛yÓ˚ §)e ˆÌˆÏÜ˛ ˛õy•z ( )0P P 1 100
n

n
r -

= + .................(2)

(1) xl%§yˆÏÓ˚ P0 ˛õ!Ó˚Ùyî ê˛yÜ˛y n ÓÍ§Ó˚ ˛õˆÏÓ˚ Pn ˛õ!Ó˚Ùyî ê˛yÜ˛yÎ˚ ˛õ!Ó˚îï˛ •Î˚ñ §%ï˛Ó˚yÇ P0ˆÜ˛ñ Pn

˛õ!Ó˚Ùyî ê˛yÜ˛yÓ˚ Óï≈˛Ùyl Ù)°ƒ (Present Value) ÓˆÏ°– (2) Óï≈˛Ùyl Ù)°ƒ !lî≈ˆÏÎ˚Ó˚ §)e–

Î!ò §%ò ÓÍ§Ó˚yˆÏhs˝ xy§ˆÏ°Ó˚ §yˆÏÌ Î%_´ ly •ˆÏÎ˚ 6 Ùy§ xhs˝Ó˚ñ 3 Ùy§ xhs˝Ó˚ Óy 1 Ùy§ xhs˝Ó˚ xy§ˆÏ°Ó˚

§yˆÏÌ Î%_´ •Î˚ ~ÓÇ i = 1 ê˛yÜ˛yÓ˚ 1 ÓÍ§ˆÏÓ˚Ó˚ §%ò •Î˚ÈüüüÈ

Pn = P0 ( )
2

1 ,2
ni+  ˆÎáyˆÏl 100

ri =

[§%ò SÈÎ˚ Ùy§ xhs˝Ó˚ xy§ˆÏ°Ó˚ §yˆÏÌ Î%_´ •ˆÏ°]

4

0P P 1 ,4)

n

n
i   

 
 §%ò !ï˛l Ùy§ xhs˝Ó˚ xy§ˆÏ°Ó˚ §yˆÏÌ Î%_´ •ˆÏ°–

( )
12

0P P 1 ,12
n

n
i= +  §%ò ~Ü˛ Ùy§ xhs˝Ó˚ xy§ˆÏ°Ó˚ §yˆÏÌ Î%_´ •ˆÏ°–

1.4.1  í˛zòy•Ó˚î Ùy°y

í˛zòyÉ 1. Óy!£Ï≈Ü˛ 8% ã˛e´Ó,!k˛ •yˆÏÓ˚ 12 ÓÍ§Ó˚ ˛õˆÏÓ˚ 200 ê˛yÜ˛y §Ù)° ã˛e´Ó,!k˛ Ü˛ï˛ •ˆÏÓ⁄

~áyˆÏl P0 = 200 ê˛yÜ˛yñ r = 8, n = 12 ÓÍ§Ó˚–

 12
12

12 0
8 .p P P 1 200 1 200 (1 08)100) 100

n

n
r         

 

∴ logP12 = log200 + 12log1.08
= log2 × 102 + 12log1.08 = log2 + 2log1010 + 12log 1.08
= .3010 + 2 + 12 × .0334
= 2.3010 + 12 × .0334 = 2.7018

∴ P12 = xƒy!rê˛°à (2.7018) = 503.2

!lˆÏî≈Î˚ §Ù)°ÈüÈã˛e´Ó,!k˛ = 503.20 ê˛yÜ˛y–
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í˛zòyÉ 2. Ü˛# •yˆÏÓ˚ ˆÜ˛yl ê˛yÜ˛y 15 ÓÍ§ˆÏÓ˚ !ï˛l=î •ˆÏÓ Î!ò §%ò 3 Ùy§ xhs˝Ó˚ ˆòGÎ˚y •Î˚⁄

ÙˆÏl Ü˛!Ó˚ xy§° ê˛yÜ˛yÓ˚ ˛õ!Ó˚Ùyî P0 ~ÓÇ Óy!£Ï≈Ü˛ §%ˆÏòÓ˚ •yÓ˚ r%.

~áyˆÏl n = 15 ~ÓÇ P15 = 3P0.

∴ ≤ÃŸ¿yl%§yˆÏÓ˚ñ ( )
60

15 0 0P 3P P 1 100 4
r= = +
´

Óyñ 

60

3 1 400)
r   

 

Óyñ ( )log 3 60log 1 400
r= +

Óyñ ( )
.log3 0 4771 .log 1 0 007952400 60 60

r+ = = =

Óyñ 1 400
r+ =xƒy!rê˛°à (0.007952)

= 1.01848

Óyñ r = 400 × 0.01848 = 7.4 å≤ÃyÎ˚ä

∴ Óy!£Ï≈Ü˛ §%ˆÏòÓ˚ •yÓ˚ 7.4%

í˛zòyÉ 3. Ü˛ï˛ ê˛yÜ˛yÓ˚ §Ù)° ã˛e´Ó,!k˛ 4% Óy!£Ï≈Ü˛ •yˆÏÓ˚ 18 ÓÍ§ˆÏÓ˚ 10,000 ê˛yÜ˛y •ˆÏÓ⁄

~áyˆÏl P18 = 10,000 ê˛yÜ˛yñ r = 4, n = 18 ÓÍ§Ó˚ñ P0 = ?

 18
18

0
4 .10,000 P 1 (1 04)100   

∴ log104 = logP0 + 18log1.04

Óyñ 4 = logp0 + 18 × .0170 = logP0 + .3060

Óyñ logp0 = 3.6940.

∴ P0 = xƒy!rê˛°à (3.6940) = 4943 ê˛yÉ å≤ÃyÎ˚ä–

í˛zòyÉ 4. Î!ò §%ò 6 Ùy§ xhs˝Ó˚ ˆòGÎ˚y •Î˚ñ ï˛ˆÏÓ Óy!£Ï≈Ü˛ 5% ã˛e´Ó,!k˛ •yÓ˚ §%ˆÏò Ü˛ï˛ ê˛yÜ˛y 8 ÓÍ§ˆÏÓ˚

§%ˆÏòÈüÈxy§ˆÏ° 1000 ê˛yÜ˛y •ˆÏÓ⁄

ÙˆÏl Ü˛!Ó˚ xy§° ê˛yÜ˛yÓ˚ ˛õ!Ó˚Ùyî P0.

ˆòGÎ˚y xyˆÏSÈ n = 8, r = 5 ~ÓÇ P8 = 1000.
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 2 8

8 0
5P 1000 P 1 100 2


   



Óyñ P0 (1.025)16 = 1000

Óyñ logP0 + 16 × log(1.025) = log103

Óyñ logP0 + 0.17158 = 3

Óyñ logP0 = 2.82842

Óyñ P0 = xƒy!rê˛°à (2.82842) = 673.60 å≤ÃyÎ˚ä

∴ xy§° ê˛yÜ˛yÓ˚ ˛õ!Ó˚Ùyî 673.60 ê˛yÜ˛y–

í˛zòyÉ 5. §%ò ÓÍ§Ó˚yˆÏhs˝ ˆòÎ˚ ~•zÓ˚*˛õ ã˛e´Ó,!k˛ˆÏï˛ °@¿# Ü˛Ó˚yÓ˚ Ê˛ˆÏ° ˆÜ˛yl ê˛yÜ˛yÓ˚ !mï˛#Î˚ ÓÍ§Ó˚ xˆÏhs˝

2704 ê˛yÜ˛y ~ÓÇ ï,˛ï˛#Î˚ ÓÍ§Ó˚ xˆÏhs˝ 2812 ê˛yÉ 16 ˛õÉ §Ù)° ã˛e´Ó,!k˛ •Î˚– §%ˆÏòÓ˚ •yÓ˚ ~ÓÇ Ù)°ôl !lî≈Î˚

Ü˛Ó̊&l–

≤ÃŸ¿yl%§yˆÏÓ˚ñ ( )
2

02704 P 1 100
r= +  ~ÓÇ   302812.16 P 1 100

r 

.2812 16 12704 100
r    Óyñ .1 04 1 100

r= +

Óyñ r = 100 × .04 = 4% í˛z˛õˆÏÓ˚Ó˚ ˆÎ ˆÜ˛yl ~Ü˛!ê˛ˆÏï˛ r-~Ó˚ Ùyl Ó!§ˆÏÎ˚ ˛õy•z P0 = 2500 ê˛yÜ˛y–

í˛zòyÉ 6. Óy!£Ï≈Ü˛ 5% ã˛e´Ó,!k˛ •yÓ˚ §%ˆÏò Ü˛ï˛ §ÙˆÏÎ˚ §Ó,!k˛Ù)° xy§ˆÏ°Ó˚ !m=î •ˆÏÓ⁄

~áyˆÏl P0 = 2P0, r = 5, n = !lˆÏî≈Î˚ ÓÍ§Ó˚–

 0 0
52P P 1 100

n
  

Óyñ 2 = (1.05)n  Óyñ log2 = nlog1.05

Óyñ .3010 = n × .0212  Óyñ 
3010 .14 2212n = =  ÓÍ§Ó˚ å≤ÃyÎ˚ä–

í˛zòyÉ 7. ~Ü˛!ê˛ ÎˆÏsfÓ˚ xyÎ˚% 10 ÓÍ§Ó˚ ~ÓÇ e´Î˚Ù)°ƒ 10,000 ê˛yÜ˛y– Î!ò ≤Ã!ï˛ ÓÍ§Ó˚ 10% •yˆÏÓ˚

xÓã˛Î˚ •Î˚ñ ï˛ˆÏÓ 10 ÓÍ§Ó˚ ˛õˆÏÓ˚ Îsf!ê˛Ó˚ Ù)°ƒ Ü˛ï˛ •ˆÏÓ⁄

ˆÎ Ï̂•ï%̨  ã˛e´Ó,!k˛ •y Ï̂Ó˚ Ù)°ƒ Ü˛Ù Ï̂SÈ §%ï˛Ó˚yÇ 
10

10 10
0

10 .P P 1 10000 (1 1) 10000 ( 9)100)n
        
 

∴ logPn = log104 + 10log.9 = 4 + 10 × (–1 + .9542) = 3.542
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∴ Pn = xƒy!rê˛°à (3.542) = 3483 ê˛yÜ˛y å≤ÃyÎ˚ä–

í˛zòyÉ 8. ˆÜ˛yl Ó˚yˆÏçƒÓ˚ ˆ°yÜ˛ §ÇáƒyÓ˚ ÓyÍ§!Ó˚Ü˛ Ó,!k˛ ≤Ã!ï˛ •yçyˆÏÓ˚ 25 ~ÓÇ Óï≈˛Ùyl ˆ°yÜ˛ §Çáƒy

26,24,000– 3 ÓÍ§Ó˚ ˛õˆÏÓ˚ ˆ°yÜ˛ §Çáƒy Ü˛ï˛ •ˆÏÓ⁄ ~Ü˛ ÓÍ§Ó˚ ˛õ)ˆÏÓ≈ ï˛y Ü˛ï˛ !SÈ°⁄

~áyˆÏl po = 26,24,000, n = 3, r = 2.5, Pn = ?

xyÙÓ˚y çy!lñ Pn = 26,24,000( )
3.2 51 100+

= 2624 × 103 × (1.025)3

∴ logPn = 3 + log2624 + 3log1.025
= 3 + 3.4190 + 3 × .0107 = 6.4511

Pn = xƒy!rê˛°à (6.4511) = 28,26,000.

ÙˆÏl Ü˛!Ó˚ñ ~Ü˛ ÓÍ§Ó˚ xyˆÏà ˙ Ó˚yˆÏçƒÓ˚ ˆ°yÜ˛§Çáƒy !SÈ° P–1

~álñ P0 = P–1(1 + .025)

0
1

p 2624000P 25,60,000. .1 025 1 025   

í˛zòyÉ 9. ˆÜ˛yl Óƒ!_´ ê˛yÜ˛y ≤Ã!ï˛ ÓyÍ§!Ó˚Ü˛ r ê˛yÜ˛y •yÓ˚ §%ˆÏò P ê˛yÜ˛y ôyÓ˚ Ü˛Ó˚°– Î!ò ≤Ã!ï˛ ÓÍ§Ó˚

ˆ§ ˙ ÓÍ§ˆÏÓ˚Ó˚ §%ò ~ÓÇ ˙ §%ˆÏòÓ˚ §Ù˛õ!Ó˚Ùyî xy§° ˆ¢yô Ü˛ˆÏÓ˚ ï˛ˆÏÓ ˆòáyl ˆÎ n ÓÍ§Ó˚ ˛õˆÏÓ˚ ï˛yÓ˚

ôyÓ˚ ÌyÜ˛ˆÏÓ P (1 – r)n ê˛yÜ˛y–

≤ÃÌÙ ÓÍ§Ó˚ ˛õˆÏÓ˚ ˙ Óƒ!_´Ó˚ }î P1 = P(1 – r)

!mï˛#Î˚ ÓÍ§Ó˚ ˛õˆÏÓ˚ ˙ Óƒ!_´Ó˚ }î P2 = P(1 – r) – P(1 – r).r
= P(1 – r)(1 – r)

~•zË˛y Ï̂Ó Ù Ï̂l Ü˛!Ó̊ x ÓÍ§Ó̊ ˛õ Ï̂Ó̊ ˙ Óƒ!_´Ó̊ }î Px ~ÓÇ x + 1 ÓÍ§Ó̊ ˛õ Ï̂Ó̊ ˙ Óƒ!_´Ó̊ }î Px–1

~álñ Px + 1 = Px – Px.r = Px(1 – r)
∴ Pn = (1 – r). pn–1

Pn–1 = (1 – r) Pn-2

Pn–2 = (1 – r)Pn–3

P2 = (1 – r)P1

P1 = P(1–r)

∴ Pn = (1 –r)nP.
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1.5 Óy!£Ï≈Ü˛# Óy Óy!£Ï≈Ü˛ Ó,!_ (Annuities)

1.5.1 Óy!£Ï≈Ü˛ Ó,!_Ó˚ §ÇK˛y (Annuities)
ˆÜ˛ylG ¢ï≈˛yô#ˆÏl ≤Ã!ï˛ ÓÍ§Ó˚ xhs˝Ó˚ ˆòÎ˚ ˆÜ˛ylG !l!ò≈‹T ˛õ!Ó˚Ùyî xÌ≈ˆÏÜ˛ Óy!£Ï≈Ü˛# ÓˆÏ°– ˆÎ §yÙ!@˝ÃÜ˛

§ÙˆÏÎ˚Ó˚ çlƒ Óy!£Ï≈Ü˛# ˆòGÎ˚y •Î˚ ï˛yˆÏÜ˛ ˆÙÎ˚yò ÓˆÏ°– ~•z ˆÙÎ˚yò Ü˛ˆÏÎ˚Ü˛ ÓÍ§Ó˚ •ˆÏï˛ ˛õyˆÏÓ˚ñ xyÓyÓ˚

!ã˛Ó˚Ü˛y°G •ˆÏï˛ ˛õyˆÏÓ˚–

Óy!£Ï≈Ü˛ Ó,!_Ó˚ ˆÙÎ˚yò Î!ò x§#Ù •Î˚ ï˛ˆÏÓ !Ü˛!hflÏÓ˚ §ÇáƒyG  x§#Ù •ˆÏÓ xÌ≈yÍ ˆÜ˛yl !Ü˛!hflÏ•z ˆ¢£Ï

!Ü˛!hflÏ lÎ˚ñ ~ˆÏÜ˛ !ã˛Ó˚fliyÎ˚# !Ü˛!hflÏ ÓˆÏ°–

1.5.2 Óy!£Ï≈Ü˛ Ó,!_Ó˚ §)e

Óy!£Ï≈Ü˛ Ó,!_ P Î!ò n ÓÍ§Ó˚ fli!àï˛ ÌyˆÏÜ˛ ï˛ˆÏÓ ã˛e´Ó,!k˛ ôˆÏÓ˚ ˆÙyê˛ Ó,!_ !lî≈Î˚ ≠

ÙˆÏl Ü˛!Ó˚ñ i = 1 ê˛yÜ˛yÓ˚ 1 ÓÍ§ˆÏÓ˚Ó˚ §%ò– ˆÎˆÏ•ï%˛ Óy!£Ï≈Ü˛ !Ü˛!hflÏ n ÓÍ§Ó˚ fli!àï˛ ÌyÜ˛ˆÏÓ §%ï˛Ó˚yÇ ≤ÃÌÙ

!Ü˛!hflÏ Îy 1 ÓÍ§Ó˚ ˛õˆÏÓ˚ ˆòÎ˚ ï˛y (n–1) ÓÍ§Ó˚ fli!àï˛ ÌyÜ˛ˆÏÓ– ~Ó˚ §Ù)° ã˛e´Ó,!k˛ •ˆÏÓ P(1 + i)n–1,
!mï˛#Î˚ !Ü˛!hflÏ (n–2) ÓÍ§ˆÏÓ˚Ó˚ çlƒ fli!àï˛ ÌyÜ˛ˆÏÓ ~ÓÇ ~Ó˚ §Ù)° ã˛e´Ó,!k˛ •ˆÏÓ P(1+i)n–2– xl%Ó˚*ˆÏ˛õ

ï,˛ï˛#Î˚ !Ü˛!hflÏˆÏï˛ §Ù)° ã˛e´Ó,!k˛ •ˆÏÓ P(1+i)n–3 ~ÓÇ ~•zÓ˚*ˆÏ˛õ ˆ¢£Ï !Ü˛!hflÏÓ˚ §Ù)°ÈüÈã˛e´Ó,!k˛ •ˆÏÓ P

§%ï˛Ó˚yÇ ~•z n-§ÇáƒÜ˛ §Ù)° ã˛e´Ó,!k˛Ó˚ §Ù!‹T A •ˆÏ°ñ

A = P(1 + i)n–1 + P(1 + i)n–2 + ... + P.

~•z ~Ü˛!ê˛ =ˆÏîy_Ó˚#Î˚ ≤Ãà!ï˛– ~áyˆÏl ≤ÃÌÙ ˛õò = P(1 + i)n–1 §yôyÓ˚î xl%˛õyï˛ = (1 + i)–1 ~ÓÇ

˛õò§Çáƒy n.

pA (1 ) 1nii      

Î!ò ÓÍ§ˆÏÓ˚ p ÓyÓ˚ xÌ≈≤Ãòyl Ü˛Ó˚y •Î˚ åxÌ≈yÍ ≤Ã!ï˛ !Ü˛!hflÏ 
p
p  ê˛yÜ˛yäñ ï˛ˆÏÓ

1 1
np

P iA i p
       
   
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1.5.3 Óy!£Ï≈Ü˛#Ó˚ Óï≈˛Ùyl Ù)°ƒ åPresent Value of an Annuity)
ˆÜ˛yl Óy!£Ï≈Ü˛#Ó˚ Óï≈˛Ùyl Ù)°ƒ Ó°ˆÏï˛ !Ó!Ë˛ß¨ ˛õÓ≈ ˆ¢ˆÏ£Ï ≤ÃˆÏòÎ˚ ê˛yÜ˛yÓ˚ Óï≈˛Ùyl Ù)°ƒ§Ù)ˆÏ•Ó˚ ˆÎyàÊ˛°

ˆÓyV˛yÎ˚–

ôÓ˚ ˆÜ˛yl §ÇfliyÓ˚ 15 ÓSÈˆÏÓ˚Ó˚ ≤Ã!ï˛ ÓSÈˆÏÓ˚Ó˚ ˆ¢ˆÏ£Ï 5000 ê˛yÜ˛y ≤Ãy˛õƒ– !Ü˛v Î!ò ˙ §Çfliy ï˛yÓ˚ ˛õ!Ó˚ÓˆÏï≈˛

ˆÌyÜ˛ ê˛yÜ˛y !lˆÏï˛ ã˛yÎ˚ñ ï˛ˆÏÓ ˆÎ ˛õ!Ó˚Ùyî ê˛yÜ˛y §ÇfliyÓ˚ ≤Ãy˛õƒ •ˆÏÓ ï˛yˆÏÜ˛•z Óy!£Ï≈Ü˛#Ó˚ Óï≈˛Ùyl Ù)°ƒ Ó°y

•ˆÏÓ–

§)e ≠ n ÓÍ§Ó˚ ˆÙÎ˚yò# §yôyÓ˚î Óy!£Ï≈Ü˛ !Ü˛!hflÏ P •ˆÏ° ã˛e´Ó,!k˛ ôÛˆÏÓ˚ Óï≈˛Ùyl Ù)°ƒ !lî≈Î˚ ≠

ÙˆÏl Ü˛!Ó˚ñ Tn = !lˆÏî≈Î˚ Óï≈˛Ùyl Ù)°ƒ

i = 1 ê˛yÜ˛yÓ˚ 1 ÓÍ§ˆÏÓ˚Ó˚ §%ò–

∴ 1 ÓÍ§Ó˚ ˛õˆÏÓ˚ ˆòÎ˚ ≤ÃÌÙ !Ü˛!hflÏ P-~Ó˚ Óï≈˛Ùyl Ù)°ƒ = 1
P

i+

2 ÓÍ§Ó˚ ˛õˆÏÓ˚ ˆòÎ˚ !mï˛#Î˚ !Ü˛!hflÏ P-~Ó˚ Óï≈˛Ùyl Ù)°ƒ = 2(1 )
P
i+  •zï˛ƒy!ò n ÓÍ§Ó˚ ˛õˆÏÓ˚ ˆòÎ˚ ˆ¢£Ï

!Ü˛!hflÏ P-~Ó˚ Óï≈˛Ùyl Ù)°ƒ = (1 )n
P
i+

n 2
1 1 1T ...

1 (1 ) (1 )nP
i i i

 
        

Óyñ n
P (1 ) 1 PT [1 (1 ) [

(1 )

n
n

n

i i
i i i

  
     

=ˆÏîy_Ó˚#Î˚ ˆ◊î#]

Î!ò ÓÍ§ˆÏÓ˚ p ÓyÓ˚ xÌ≈ ˆòGÎ˚y •Î˚ ï˛ˆÏÓ ≤Ãò_ !Ü˛!hflÏ •Î˚ P
p  ~ÓÇ ~ˆÏ«˛ˆÏeñ

n

P

T 1 1
np

ip
i p
p


  
                         
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Óyñ  1 1
np

n
P iT i p

      
   

!ã˛Ó˚fliyÎ˚# Óy!£Ï≈Ü˛ Ó,!_Ó˚ Óï≈˛Ùyl Ù)°ƒ

limPT 1 0
np

n
i

i p



 

  
    

   


1.5.4  í˛zòy•Ó˚îÙy°y

í˛zòyÉ 1. 4% ã˛e´Ó,!k˛ •yˆÏÓ˚ 1000 ê˛yÜ˛yÓ˚ Óy!£Ï≈Ü˛ Ó,!_Ó˚ 15 ÓÍ§ˆÏÓ˚Ó˚ ˆÙyê˛ xB˛ !lî≈Î˚ Ü˛Ó˚&l–

~áyˆÏl P = 1000, n = 15 ~ÓÇ 4 .04100i = =

∴ ˆÙyê˛ xB˛ 151 ) 1 1000 25 (1.04) 1nPA ii            

ÙˆÏl Ü˛!Ó˚ñ x = (1.04)15  ∴ logx = 15 log1.04
∴ logx = 15[log10.4 – log10] = 15[log10.4 – 1]

= 15 × .017 = .255.

∴ x = xƒy!rê˛°à (.255) = 1.799

∴ A = 1000 × 25 [1.799 – 1] = 1000 × 25 × .799 = 25 × 799 = 19,975 ê˛yÜ˛y

í˛zòyÉ 2. Óy!£Ï≈Ü˛ 6% ã˛e´Ó,!k˛ •yˆÏÓ˚ 10 ÓÍ§ˆÏÓ˚ ˆòÎ˚ ~Ü˛!ê˛ Óy!£Ï≈Ü˛#Ó˚ Óï≈˛Ùyl Ù)°ƒ 15,000 ê˛yÜ˛y

•ˆÏ° Óy!£Ï≈Ü˛#Ó˚ ˛õ!Ó˚Ùyî Ü˛ï˛⁄

~áyˆÏl Tn = 15,000,  6 .06100i = =

n = 10,  P = ?

xyÙÓ˚y çy!lñ 81 (1 )n
PT ii

    

~áyˆÏl 10.15,000 1 (1 06).06
P    
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ÙˆÏl Ü˛!Ó˚ñ x = (1.06)–10 
   ∴ logx = –10 log 1.06

Óyñ logx = –10[log 10.6 – 1] = –10 [1.0235 – 1]
= –10 × .0235 = –.253 + 1 – 1
= 1

–.747

∴ x = xƒy!rê˛°à . .(1 747) 5585=

 . .15,000 1 5585 4415. .06 06
P P    

.06 15,000P 2,038.4415
    ê˛yÜ˛y å≤ÃyÎ˚ä

í˛zòyÉ 3. 12 ÓÍ§Ó˚ ˆÙÎ˚yò# 150 ê˛yÜ˛yÓ˚ !lÎ˚!Ùï˛ Óy!£Ï≈Ü˛ Ó,!_Ó˚ Óï≈˛Ùyl Ù)°ƒ !lî≈Î˚ Ü˛Ó˚&l–

[≤Ãò_ ≠ (1.035)12 = 1.511056]

xyÙÓ˚y çy!lñ 
11

(1 )n n
PT i i
    

~áyˆÏl P = 150, n = 12, 3.5 .035100i = =

12
150 100 1 .1 1449 50. .3 5 (1 035)nT       

 ê˛yÜ˛y–

í˛zòyÉ 4. ~Ü˛ Óƒ!_´ 50,000 ê˛yÜ˛y Ù)ˆÏ°ƒ ~Ü˛!ê˛ Óyí˛¸# !Ü˛lˆÏï˛ •zFS%ÈÜ˛– !ï˛!l làò 20,000 ê˛yÜ˛y ~ÓÇ

ÓyÜ˛# ê˛yÜ˛y 10!ê˛ §Ùyl Óy!£Ï≈Ü˛ !Ü˛!hflÏˆÏï˛ !òˆÏï˛ ≤Ã›ï˛– Î!ò 8% •yˆÏÓ˚ Óy!£Ï≈Ü˛ §%ò ôyÎ≈ •Î˚ ï˛ˆÏÓ ̇  Óƒ!_´ˆÏÜ˛

Óy!£Ï≈Ü˛ Ü˛ï˛ ê˛yÜ˛y !òˆÏï˛ •ˆÏÓ⁄ [≤Ãò_ ≠ 10
1

(1.08) .4634]=

xyÙÓ˚y çy!lñ n
11

(1_ )n
PT i i
    

~áyˆÏlñ Tn = 30,000,  8 .08,100i = = n = 10,  P = ?

. .30,000 [1 4634] 5366..08 08
P P    

.30,000 08 4472.5366P     ê˛yÜ˛y–
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í˛zòyÉ 5. ~Ü˛ Óƒ!_´ 10,000 ê˛yÜ˛y }î !lˆÏ°l– Óy!£Ï≈Ü˛ 5% ã˛e´Ó,!k˛ •yÓ˚ §%ˆÏò ÓyÍ§!Ó˚Ü˛ 1000
ê˛yÜ˛yÓ˚ !Ü˛!hflÏˆÏï˛ ï˛y ˆ¢yô Ü˛Ó˚ˆÏÓl– Ü˛ï˛ ÓÍ§ˆÏÓ˚ ˙ }î ˆ¢yô •ˆÏÓ⁄

xyÙÓ˚y çy!lñ 1 (1 ) n
n

PT ii
    

~áyˆÏl P = 1000, 5 .05, 10,000, ?100 ni T n= = = =

1000 .10,000 1 (1 05).05
n    

= 1000 × 20[1–(1.05)–n]

Óyñ
1 .1 (1 05)2

n= -  Óyñ (1.05)–n = 1
2  Óyñ (1.05)n = 2

∴ n log(1.05) = log 2   
log 2 .14 2.log1 05n    ÓÍ§Ó˚ å≤ÃyÎ˚ä–

1.6  xl%¢#°l#

1. ~Ü˛ Óƒ!_´ Óy!£Ï≈Ü˛ 3% •yˆÏÓ˚ §Ó˚° §%ˆÏò !Ü˛S%È ê˛yÜ˛y ôyÓ˚ Ü˛ˆÏÓ˚ 5% ã˛e´Ó,!k˛ •yˆÏÜ˛ ˆ§•z ê˛yÜ˛y xlƒˆÏÜ˛

ôyÓ˚ !ò°– Î!ò 3 ÓÍ§Ó˚ ˛õˆÏÓ˚ 541 ê˛yÜ˛y °yË˛ •ˆÏÎ˚ ÌyˆÏÜ˛ñ ï˛ˆÏÓ ˆ§ Ü˛ï˛ ê˛yÜ˛y ôyÓ˚ Ü˛ˆÏÓ˚!SÈ°⁄

[í˛z/ 8000 ê˛yÜ˛y å≤ÃyÎ˚ä

2. ˆÜ˛yl Óƒ!_´ ˆ§!Ë˛Ç§ ÓƒyˆÏB˛ 5000 ê˛yÜ˛y çÙy Ó˚yˆÏál– ã˛e´Ó,!k˛ §%ˆÏòÓ˚ •yÓ˚ ≤ÃÌÙ 2 ÓÍ§Ó˚ Óy!£Ï≈Ü˛

14 %2  ~ÓÇ ˛õˆÏÓ˚Ó˚ 3 ÓÍ§ˆÏÓ˚ Óy!£Ï≈Ü˛ 5%– 5 ÓÍ§Ó˚ ˛õˆÏÓ˚ ï˛yÓ˚ ˆÙyê˛ Ü˛ï˛ ê˛yÜ˛y •ˆÏÓ⁄

[í˛z/ 6320.78 ê˛yÜ˛y]

3. ã˛e´Ó,!k˛ˆÏï˛ °@¿# Ü˛Ó˚yÓ˚ Ê˛ˆÏ° ˆÜ˛yl ê˛yÜ˛yÓ˚ !mï˛#Î˚ ÓÍ§Ó˚ ˆ¢ˆÏ£Ï 2704 ê˛yÜ˛y ~ÓÇ ï,˛ï˛#Î˚ ÓÍ§Ó˚

ˆ¢ˆÏ£Ï 2812.16 ê˛yÜ˛y §Ù)° ã˛e´Ó,!k˛ •°– §%ˆÏòÓ˚ ÓyÍ§!Ó˚Ü˛ •yÓ˚ ~ÓÇ Ù)°ôl !lî≈Î˚ Ü˛Ó˚&l–

[í˛z/ 4%, 2500 ê˛yÜ˛y]

4. Óy!£Ï≈Ü˛ 6% •yÓ˚ §%ˆÏò 250 ê˛yÜ˛yÓ˚ 10 ÓÍ§ˆÏÓ˚Ó˚ §Ù)° ã˛e´Ó,!k˛ !lî≈Î˚ Ü˛Ó˚ñ Îál §%ò !ï˛l Ùy§

xhs˝Ó˚ xy§ˆÏ°Ó˚ §yˆÏÌ ˆÎyà •Î˚– [í˛z/ 453.45 ê˛yÜ˛y]
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5. ~Ü˛!ê˛ Óyí˛¸# làò 1,50,000 ê˛yÜ˛y G 5 ÓÍ§Ó˚ ˛õˆÏÓ˚ 3,00,000 ê˛yÜ˛y !òˆÏÎ˚ ˆÜ˛ly ÎyÎ˚– Óy!£Ï≈Ü˛

12.5% •yˆÏÓ˚ §%ò Î!ò ÓÍ§Ó˚yˆÏhs˝ xy§ˆÏ°Ó˚ §yˆÏÌ Î%_´ •Î˚ ï˛ˆÏÓ Óyí˛¸#!ê˛Ó˚ òyÙ Ü˛ï˛ •GÎ˚y í˛z!ã˛ï˛–

[í˛z/ 3,16,380 ê˛yÜ˛y]

6. Î!ò ˆÜ˛yl ¢•ˆÏÓ˚Ó˚ ˆ°yÜ˛§Çáƒy ≤Ã!ï˛ ÓÍ§Ó˚ ˙ ÓÍ§ˆÏÓ˚Ó˚ ÷Ó˚&ˆÏï˛ ˆÎ ˆ°yÜ˛§Çáƒy !SÈ° ï˛yÓ˚ 2%
Ó,!k˛ ˛õyÎ˚ñ ï˛ˆÏÓ Ü˛ï˛ §ÙˆÏÎ˚ çl§Çáƒy 40% Ó,!k˛ ˛õyˆÏÓ⁄ [í˛z/ 17 ÓÍ§Ó˚ å≤ÃyÎ˚ä]

7. ~Ü˛!ê˛ ˆÙ!§ˆÏlÓ˚ ≤ÃyÓ˚!Ω˛Ü˛ Ù)ˆÏ°ƒÓ˚ í˛z˛õÓ˚ 10% xÓã˛Î˚ âˆÏê˛– ˆÙ!§l!ê˛Ó˚ e´Î˚Ù)°ƒ 5810 ê˛yÜ˛y ~ÓÇ

!Ü˛S%È!òl ÓƒÓ•yÓ˚ Ü˛Ó˚yÓ˚ ˛õˆÏÓ˚ 2250 ê˛yÜ˛yÎ˚ !Óe´Î˚ Ü˛Ó˚y •ˆÏÎ˚!SÈ°– ˆÙ!§l!ê˛ Ü˛ï˛ ÓÍ§Ó˚ ÓƒÓ•yÓ˚ Ü˛Ó˚y

•ˆÏÎ˚!SÈ°⁄ [í˛z/ 9 ÓÍ§Ó˚ å≤ÃyÎ˚ä]

8. ˆ˛õy‹T x!Ê˛§ 5 ÓÍ§Ó˚ ˆÙÎ˚yˆÏòÓ˚ fliyÎ˚# çÙyÓ˚ çlƒ 14% •yˆÏÓ˚ §Ó˚° §%ˆÏò ˆòÎ˚– ~•z §%ò xô≈

ÓÍ§Ó˚yˆÏhs˝ ˆòÎ˚ ã˛e´Ó,!k˛Ó˚ §Ùyl •ˆÏ° §%ˆÏòÓ˚ Óy!£Ï≈Ü˛ •yÓ˚ Ü˛ï˛⁄ [í˛z/ 10.8%]

9. ≤Ã!ï˛ ÓÍ§ˆÏÓ˚Ó˚ ˆ¢ˆÏ£Ï xÓã˛Î˚ ôyÎ≈ Ü˛Ó˚yÓ˚ ˛õÓ˚ ˆÜ˛yl ÎˆÏsfÓ˚ Ù)°ƒ Îsf!ê˛Ó˚ Ù)ˆÏ°ƒÓ˚ 90% •°– Îsf!ê˛Ó˚

e´Î˚Ù)°ƒ 12000 ê˛yÜ˛y ~ÓÇ ôyï%˛Ù)°ƒ 200 ê˛yÜ˛y– Îsf!ê˛ Ü˛ï˛Ü˛y° ÓƒÓ•yÓ˚ Ü˛Ó˚y •ˆÏÎ˚!SÈ°⁄

[í˛z/ 38.8 ÓÍ§Ó˚ å≤ÃyÎ˚ä]

10. ˆÜ˛yl ˆ°yÜ˛ §ÇáƒyÓ˚ ˆ«˛ˆÏe Óy!£Ï≈Ü˛ çß√ G Ù,ï%˛ƒÓ˚ •yÓ˚ ≤Ã!ï˛ •yçyˆÏÓ˚ ÎÌye´ˆÏÙ 39.4 ~ÓÇ

19.4– ˆÜ˛yl Ó!•Ó˚yàÙl ~ÓÇ !là≈Ùl ly âê˛ˆÏ° Ü˛ï˛ ÓÍ§ˆÏÓ˚ ˙ ˆ°yÜ˛§Çáƒy !m=î •ˆÏÓ⁄

[í˛z/ 35 ÓÍ§Ó˚]

11. Ü˛ï˛ Ù)ˆÏ°ƒ 4 ÓÍ§Ó˚ ˆÙÎ˚yˆÏòÓ˚ 1050 ê˛yÜ˛yÓ˚ Óy!£Ï≈Ü˛ Ó,!_ e´Î˚ Ü˛Ó˚y ÎyˆÏÓñ Î!ò ã˛e´Ó,!k˛ •yÓ˚ Óy!£Ï≈Ü˛

13 %2  •Î˚⁄ [í˛z/ 3846 ê˛yÜ˛y]

12. Óy!£Ï≈Ü˛ 5% ã˛e´Ó,!k˛ •yˆÏÓ˚ ÓÍ§Ó˚yˆÏhs˝ ˆòÎ˚ ~ÓÇ ò¢ ÓÍ§Ó˚ ˆÙÎ˚yò# 500 ê˛yÜ˛yÓ˚ Óy!£Ï≈Ü˛ Ó,!_Ó˚

Óï≈˛Ùyl Ù)°ƒ !lî≈Î˚ Ü˛Ó˚&l– [í˛z/ 3862 ê˛yÜ˛y]

13. Óy!£Ï≈Ü˛ 4% •yˆÏÓ˚ 15 ÓÍ§ˆÏÓ˚Ó˚ ˆÙÎ˚yˆÏòÓ˚ 150 ê˛yÜ˛yÓ˚ Óy!£Ï≈Ü˛ Ó,!_Ó˚ ˆÙyê˛ xB˛ !lî≈Î˚ Ü˛Ó˚&l–

Ó,!_ ~ÓÇ §%ò ≤Ã!ï˛ xô≈ ÓÍ§Ó˚ xˆÏhs˝ ˆòGÎ˚y •Î˚– [í˛z/ 3041.25 ê˛yÜ˛y]

14. ~Ü˛!ê˛ ˆÜ˛y¡õyl# 10,000 ê˛yÜ˛y ~•z ¢ˆÏï≈˛ ôyÓ˚ Ü˛Ó˚° ˆÎ Óy!£Ï≈Ü˛ 5% •yÓ˚ §%ˆÏò ï˛y 1000 ê˛yÜ˛yÓ˚

Óy!£Ï≈Ü˛ !Ü˛!hflÏˆÏï˛ ˆ¢yô Ü˛Ó˚y •ˆÏÓ– Ü˛ï˛ ÓÍ§ˆÏÓ˚ ôyÓ˚ ˆ¢yô •ˆÏÓ⁄ [í˛z/ 14.2 ÓÍ§Ó˚ å≤ÃyÎ˚ä]

15. ~Ü˛ Óƒ!_´ 6% ã˛e´Ó,!k˛ •yÓ˚ §%ˆÏò 40,000 ê˛yÜ˛y ôyÓ˚ !lˆÏ°l– !ï˛!l ≤ÃÌÙ ã˛yÓ˚ ÓÍ§Ó˚ ≤Ã!ï˛ ÓÍ§ˆÏÓ˚

9000 ê˛yÜ˛y Ü˛ˆÏÓ˚ ˆ¢yô Ü˛Ó˚ˆÏÓl ~ÓÇ ÓyÜ˛# ê˛yÜ˛y ˛õMÈ˛Ù ÓÍ§ˆÏÓ˚Ó˚ ˆ¢ˆÏ£Ï ˆ¢yô Ü˛Ó˚ˆÏÓl– ˆ¢£Ï !Ü˛!hflÏˆÏï˛

!ï˛!l Ü˛ï˛ ê˛yÜ˛y ˆòˆÏÓl⁄ [í˛z/ 11,800 ê˛yÜ˛y]
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16. ~Ü˛ Óƒ!_´ 40,000 ê˛yÜ˛y Ù)ˆÏ°ƒÓ˚ ~Ü˛!ê˛ Óyí˛¸# e´Î˚ Ü˛Ó˚ˆÏ°l– !ï˛!l 10,000 ê˛yÜ˛y làò ˆòˆÏÓl

~ÓÇ e´ˆÏÎ˚Ó˚ !òl ˆÌˆÏÜ˛ 1 ÓÍ§Ó˚ ˛õˆÏÓ˚ ≤ÃÌÙ !Ü˛!hflÏ§• 10!ê˛ §Ùyl Óy!£Ï≈Ü˛ !Ü˛!hflÏˆÏï˛ xÓ!¢‹T ê˛yÜ˛y ˆ¢yô

Ü˛Ó˚ˆÏÓl– Óy!£Ï≈Ü˛ 5% ã˛e´Ó,!k˛ •yÓ˚ •ˆÏ°ñ ≤ÃˆÏï˛ƒÜ˛ !Ü˛!hflÏÓ˚ ˛õ!Ó˚Ùyî !lî≈Î˚ Ü˛Ó˚&l–

[í˛z/ 3884 ê˛yÜ˛y å≤ÃyÎ˚ä]

17. ˆÜ˛yl ˆÜ˛y¡õyl# 10 ÓÍ§Ó˚ ˛õˆÏÓ˚ ˆòÎ˚ 60,000 ê˛yÜ˛yÓ˚ !í˛ˆÏÓMÈ˛yÓ˚ ˛õ!Ó˚ˆÏ¢yô Ü˛Ó˚ÓyÓ˚ çlƒ ÓÍ§ˆÏÓ˚

5000 ê˛yÜ˛y çÙy Ó˚yˆÏá– ï˛y Óy!£Ï≈Ü˛ 5% ã˛e´Ó,!k˛ •yˆÏÓ˚ çÙˆÏï˛ ÌyÜ˛ˆÏ° !í˛ˆÏÓMÈ˛yÓ˚ ˆ¢yô Ü˛ˆÏÓ˚ Ü˛ï˛ ê˛yÜ˛y

í˛zm,_ ÌyÜ˛ˆÏÓ⁄ [í˛z/ 2900 ê˛yÜ˛y]

18. 25 ÓÍ§ˆÏÓ˚Ó˚ ˆ¢ˆÏ£Ï 54,000 ê˛yÜ˛y Ù)ˆÏ°ƒÓ˚ !Ü˛S%È Îsf˛õy!ï˛ Óò°yÓyÓ˚ çlƒ ~Ü˛!ê˛ }î ˛õ!Ó˚ˆÏ¢yô

ï˛•!Ó° (Sinking Fund) àë˛l Ü˛Ó˚y •°– Î!ò °@¿# ˆÌˆÏÜ˛ Óy!£Ï≈Ü˛ 5% ã˛e´Ó,!k˛ •yˆÏÓ˚ xyÎ˚ •Î˚ ï˛ˆÏÓ ≤Ã!ï˛

ÓÍ§Ó˚ °yË˛ ˆÌˆÏÜ˛ Ü˛ï˛ ˛õ!Ó˚Ùyî xÌ≈ ˙ ï˛•!ÓˆÏ° çÙy ˆòGÎ˚y í˛z!ã˛ï˛ Î!ò ˙ §ÙÎ˚ xˆÏhs˝ Îsf˛õy!ï˛Ó˚ ôyï%˛Ù)°ƒ

!•§yˆÏÓ 4000 ê˛yÜ˛y ˛õyGÎ˚y ÎyÎ˚⁄ [í˛z/ 1047 ê˛yÜ˛y å≤ÃyÎ˚ä]

19. ~Ü˛ Óƒ!_´ ≤Ã!ï˛ ÓÍ§Ó˚ xˆÏhs˝ 300 ê˛yÜ˛y Ù)ˆÏ°ƒÓ˚ ~Ü˛!ê˛ Ó,!_ !Óï˛Ó˚î Ü˛Ó˚ÓyÓ˚ çlƒ ~Ü˛!ê˛ ˆÎÔï%˛Ü˛

ï˛•!Ó° (Endowment Fund) àë˛l Ü˛Ó˚ˆÏï˛ •zFS%ÈÜ˛– Óy!£Ï≈Ü˛ 10% ã˛e´Ó,!k˛ •yˆÏÓ˚ ï˛•!ÓˆÏ°Ó˚ ê˛yÜ˛y °@¿#

Ü˛Ó˚ˆÏ° ˆÎÔï%˛ˆÏÜ˛Ó˚ ê˛yÜ˛yÓ˚ ˛õ!Ó˚Ùyî !lî≈Î˚ Ü˛Ó˚&l– [í˛z/ 3000 ê˛yÜ˛y]

20. Óy!£Ï≈Ü˛ 
32 %4  ã˛e´Ó,!k˛ •yˆÏÓ˚ 5500 ê˛yÜ˛y °@¿# Ü˛ˆÏÓ˚ Ü˛ï˛ ê˛yÜ˛yÓ˚ !ã˛Ó˚fliyÎ˚# !Ü˛!hflÏ e´Î˚ Ü˛Ó˚y ÎyˆÏÓ⁄

[í˛z/ 151 ê˛yÜ˛y]
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~Ü˛Ü˛ 2  ˛§Ù#Ü˛Ó˚î (Equation)
àë˛l

2.1 í˛zˆÏj¢ƒ

2.2 §Ù#Ü˛Ó˚ˆÏîÓ˚ §ÇK˛yñ §Ó˚° §Ù#Ü˛Ó˚î G !mâyï˛ §Ù#Ü˛Ó˚î

2.3 Ü˛ˆÏÎ˚Ü˛!ê˛ !ÓˆÏ¢£Ï í˛z˛õ˛õyòƒ

2.4 !mâyï˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl

2.4.1 !mâyï˛ §Ù#Ü˛Ó˚ˆÏî ˛õ!Ó˚Ó!ï≈˛ï˛ Ü˛Ó˚y ÎyÎ˚ ~Ó˚*˛õ §Ù#Ü˛Ó˚î

2.4.2 ≤ÃŸ¿Ùy°y

2.4.3 !mâyï˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ ï˛_¥

2.4.4 í z̨òy•Ó˚îÙy°y

2.4.5 ≤ÃŸ¿Ùy°y

2.5 ≤Ã!ï˛§Ù Ó˚y!¢Ùy°y

2.4.1 ≤ÃŸ¿Ùy°y

2.6 ~Ü˛âyï˛!Ó!¢‹T §• §Ù#Ü˛Ó˚î

2.7 §•!mâyï˛ §Ù#Ü˛Ó˚î / ò%!ê˛ xK˛yï˛ Ó˚y!¢

2.8 §•§Ù#Ü˛Ó˚î / !ï˛l!ê˛ xK˛yï˛ Ó˚y!¢

2.9 xl%¢#°l#

2.1 í˛zˆÏj¢ƒ

~•z ~Ü˛Ü˛!ê˛ ˛õˆÏí˛¸ xy˛õ!l çylˆÏï˛ ˛õyÓ˚ˆÏÓl §Ù#Ü˛Ó˚î Ü˛# ~ÓÇ ï˛yÓ˚ ≤ÃˆÏÎ˚yàñ !mâyï˛ §Ù#Ü˛Ó˚î

G ï˛yÓ˚ ÓƒÓ•yÓ˚ñ §ÙyôyˆÏlÓ˚ í˛z˛õyÎ˚ çylˆÏï˛ ˛õyÓ˚ˆÏÓl–

22
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2.2 §Ù#Ü˛Ó˚î / §Ó˚° ~ÓÇ !mâyï˛

~Ü˛ Óy ~Ü˛y!ôÜ˛ ã˛°Ó˚y!¢Ó˚ §Ùß∫ˆÏÎ˚ à!ë˛ï˛ ò%!ê˛ Ó#çày!î!ï˛Ü˛ Ó˚y!¢Ó˚ §Ùï˛y Î!ò ã˛°Ó˚y!¢=!°Ó˚

Ü˛ï˛=!° !l!ò≈‹T ÙyˆÏlÓ˚ çlƒ !§k˛ •Î˚ ï˛ˆÏÓ §Ùï˛y!ê˛ˆÏÜ˛ §Ù#Ü˛Ó˚î ÓˆÏ°– í˛ zòy•Ó˚î fl∫Ó˚*˛õ

5x + 22 = 12x + 1 ~Ü˛!ê˛ §Ù#Ü˛Ó˚î Ü˛yÓ˚î í˛z•y ã˛°Ó˚y!¢ x ~Ó˚ Ùyl 3 ~Ó˚ çlƒ §ï˛ƒ– 3 ˆÜ˛ §Ù#Ü˛Ó˚î!ê˛Ó˚

~Ü˛!ê˛ Ó#ç Ó°y •Î˚– Îál ˛õ)ˆÏÓ≈ í˛zˆÏÕ‘!áï˛ §Ùï˛y!ê˛ ã˛°Ó˚y!¢=!°Ó˚ ˆÎˆÏÜ˛yl ÙyˆÏlÓ˚ çlƒ §ï˛ƒ •ˆÏÓ

ï˛ál §Ùï˛y!ê˛ˆÏÜ˛ xˆÏË˛ò Ó°y •ˆÏÓ– ÎÌy (a + b)2 = a2 + 2ab + b2 ~Ü˛!ê˛ xˆÏË˛ò–

ˆÎ §Ù#Ü˛Ó˚ˆÏî ~Ü˛!ê˛ ~Ü˛âyï˛ xK˛yï˛ Ó˚y!¢ (x) ÌyˆÏÜ˛ ï˛yˆÏÜ˛ ~Ü˛âyï˛ §Ù#Ü˛Ó˚î Óy §Ó˚° §Ù#Ü˛Ó˚î

Ó°y •Î˚–

!mï˛#Î˚ ~ÓÇ ï,̨ ï˛#Î˚ ây Ï̂ï˛Ó˚ §Ù#Ü˛Ó˚î Ï̂Ü˛ ÎÌye´ Ï̂Ù !mâyï˛ (quadratic) ~ÓÇ !eâyï˛ (cubic) §Ù#Ü˛Ó˚î

ÓˆÏ°–

7x + 2 = 0 Óy ax + b = 0 §Ó˚° §Ù#Ü˛Ó˚î– ax2 + bx + c = 0, (a ≠ 0) Óy x2 + y2 = r2

!mâyï˛ §Ù#Ü˛Ó˚î– ax3 + 3bx2 + 3cx + d = 0 ~Ü˛!ê˛ !eâyï˛ §Ù#Ü˛Ó˚î–

2.3 Ü˛ˆÏÎ˚Ü˛!ê˛ !ÓˆÏ¢£Ï í˛z˛õ˛õyòƒ

Ë˛yàˆÏ¢£Ï í˛z˛õ˛õyòƒ (Remainder Theorem) / ÓyhflÏÓ §•àÎ%_´ ˆÜ˛yl Ó‡˛õò Ó˚y!¢Ùy°yˆÏÜ˛ (x –
h) myÓ˚y Ë˛yà Ü˛Ó˚ˆÏ°ñ Ë˛yàˆÏ¢£Ï!ê˛ ˙ Ó˚y!¢Ùy°yÎ˚ xüÈ~Ó˚ fliyˆÏl h Ó!§ˆÏÎ˚ ˛õyGÎ˚y ÎyÎ˚–

í˛zÍ˛õyòÜ˛Ï í˛z˛õ˛õyòƒ (Factor Theorem) / xÈüÈã˛°Ó˚y!¢Î%_´ ˆÜ˛yl Ó‡˛õò Ó˚y!¢Ùy°yÎ˚ xÈüÈ~Ó˚ fliˆÏ°

h Ó§yˆÏ° Î!ò Ó˚y!¢Ùy°y!ê˛Ó˚ Ùyl ¢)lƒ •Î˚ñ ï˛ˆÏÓ (x – h) Ó˚y!¢Ùy°y!ê˛Ó˚ ~Ü˛!ê˛ í˛zÍ˛õyòÜ˛–

Ó#çà!îˆÏï˛Ó˚ ˆÙÔ°Ï í˛z˛õ˛õyòƒ (Fundamental Theorem of Algebra) / ÓyhflÏÓ §•àÎ%_´ §Ü˛°

§Ù#Ü˛Ó˚ˆÏîÓ˚ xhs˝ï˛/ ~Ü˛!ê˛ Ó#ç ÌyˆÏÜ˛–

í˛zòy•Ó˚î / 1. §Ùyôyl Ü˛Ó˚&l /

3 2– 8 34 5 x x

Óyñ
3 32 2 15

4 5
x – x+=  Óyñ 5(3x – 32) = 4(2x + 15)

Óyñ 15x – 160 = 8x + 60
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Óyñ 7x = 220 Óyñ x = 220
7 = 3317

∴ !lˆÏî≈Î˚ §Ùyôyl x = 3317

í˛zòy•Ó˚î / 2. 3(x + 3)2 + 5(x + 5)2 = 8(x + 8)2

Óyñ 3(x2 + 6x + 9) + 5(x2 + 10x + 25) = 8(x2 + 16x + 64)

Óyñ 18x + 27 + 50x + 125 = 128x + 512

Óyñ 60x = 360 Óyñ x = 360
60
  
  = 6

∴ !lˆÏî≈Î˚ §Ùyôyl x = 6

2.4 !mâyï˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl

~Ü˛!ê˛ ã˛°Ó˚y!¢Î%_´ !mâyï˛ §Ù#Ü˛Ó˚î ax2 + bx + c = 0 (a ≠ 0) §ÙyôyˆÏlÓ˚ ≤Ãôylï˛/ ò%!ê˛ ˛õk˛!ï˛Ó˚

§y•yÎƒ ˆlGÎ˚y •Î˚ /

(i) í˛zÍ˛õyòÜ˛ ˛õk˛!ï˛ (ii) Óà≈ !lî≈Î˚ ˛õk˛!ï˛–

(i) ~Ü˛!ê˛ í˛zòy•Ó˚î ˆlGÎ˚y ÎyÜ˛–

3x2 – 8x + 4 = 0

Óyñ 3x2 – 6x – 2x + 4 = 0  
Óyñ 3x (x – 2) –2(x – 2) = 0

Óyñ (x – 2) (3x – 2) = 0

§%ï˛Ó˚yÇñ x – 2 = 0

xÌÓyñ (3x – 2) = 0

Óyñ x = 2 xÌÓyñ x = 2
3

∴ !lˆÏî≈Î˚ §Ùyôyl x = 2 Óy
2
3

(ii) ax2 + bx + c = 0 åxyò¢≈ !mâyï˛ §Ù#Ü˛Ó˚îä (a ≠ 0)

Óyñ 
2 0   b cx xa a  Óyñ  2 22

22 4
   b b b cx xa a aa
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Óyñ  2 2

2
– 4

2 4
  b acbx a a

 Óyñ 2 bx a
2 – 4
2  b ac

a

∴ 
2– – 4

2
 b b acx a

§%ï˛Ó˚yÇ x~Ó˚ ò%!ê˛ Ùyl 
2– – 4

2 b+ b acx a
 ~ÓÇ 

2– – 4
2 b – b acx a

í˛zòy•Ó˚î / 3. §Ùyôyl Ü˛Ó˚&l / 3x2 – 10x + 6 = 0

~áyˆÏlñ a = 3, b = –10, c = 6

∴ 
10 100 – 72 10 28 5 7

6 6 3
    x

∴ !lˆÏî≈Î˚ §Ùyôyl 
5 7

3
x

2.4.1 !mâyï˛ §Ù#Ü˛Ó˚ˆÏî ˛õ!Ó˚Ó!ï≈˛ï˛ Ü˛Ó˚y ÎyÎ˚ ~Ó˚*˛õ §Ù#Ü˛Ó˚î

í˛zòy•Ó˚î / 1. §Ùyôyl Ü˛Ó˚&l / 4x – 5.2x+2 + 64 = 0

Óyñ (2x)2 – 20, 2x + 64 = 0 ÙˆÏl Ü˛!Ó˚ñ 2x = y

∴ y2 – 20y + 64 = 0, Óyñ (y – 4)(y – 16) = 0

∴ y = 4, Óyñ y = 16,

∴ 2x = 4 Óyñ 2x = 22 Óyñ x = 2,

xyÓyÓ˚ñ 2x = 16, Óyñ 2x = 24, Óyñ x = 4,

∴ !lˆÏî≈Î˚ §Ùyôyl x = 2, 4

í˛zòy•Ó˚î / 2. §Ùyôyl Ü˛Ó˚&l / 2 – 5 – – 6 3x x

Óyñ 2 5 3 – 6 x+ x  Óà≈ !lˆÏÎ˚ ˛õy•zñ

 22 5 3 – 6 9 6 – 6 – 6     x x x x

3 6 – 6  x x
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Óyñ 2 6 – 6 x x  ˛õ%lÓ˚yÎ˚ Óà≈ !lˆÏÎ˚ ˛õy•zñ

(x + 2)2 = 36(x – 6) Óyñ x2 + 4x + 4 = 36x – 216

Óyñ x2 – 32x + 220 = 0 Óy (x – 10)(x – 22) = 0

Óyñ x = 10 ~ÓÇ x = 22

í˛zòy•Ó˚î / 3. §Ùyôyl Ü˛Ó˚&l / (x + 2)(x + 4)(x + 6)(x + 8) – 9 = 0

˛õ%lÓ˚yÎ˚ §y!çˆÏÎ˚ñ {(x + 2)(x + 8)}{(x + 4)(x + 6)} – 9 = 0

Óyñ (x2 + 10x + 16)(x2 + 10x + 24) – 9 = 0

y = x2 + 10x ôˆÏÓ˚ ˛õy•zñ

(y + 16)(y + 24) – 9 = 0

Óyñ y2 + 40y + 375 = 0

Óyñ (y + 25)(y + 15) = 0

∴ y = –25  Óyñ –15

Îál y = –25, x2 + 10x + 25 = 0, Óyñ (a + 5)2 = 0

Óyñ x = – 5, – 5

Îál y = –15, Óyñ x2 + 10x + 15 = 0,

Óyñ 
–10 100 – 60 –5 102

  x

∴ !lˆÏî≈Î˚ §Ùyôyl –5, –5, –5 10

2.4.2 ≤ÃŸ¿Ùy°y

§Ùyôyl Ü˛Ó˚&l /

(1) 6 – 5 – 3 – 2 2x x [ í˛z/ 9]

(2) 2 5 – 2 8 2 x+ x [ í˛z/ ± 5]

(3) 2 23 – 7 30 3 – 7 – 5 7  x x x x [ í z̨/ 3, 2– 3
]

(4) x2 + 13x + 42 = 0 [ í˛z/ x = 6 Óy 7]



NSOU  NEC-MG-04 27

(5) x2 + 2x – 24 = 0 [ í˛z/ x = 4, –6]

(6) 22x – 3.2x + 2 + 32 = 0 [ í˛z/ 2, 3]

(7) 3x + 33 – x = 12 [ í˛z/ 1, 2]

(8) 52x – 6.5x + 1 + 125 = 0 [ í˛z/ 1, 2]

(9) (x + 1)(x – 3)(4x – 3)(4x – 5) = 4 [ í˛z/ 1, 1, 4 65
4

 ]

(10)    2 71 1– 22  x xx x [ í˛z/ 2± 3 ]

2.4.3 !mâyï˛ §Ù#Ü˛Ó˚̂ ÏîÓ˚ ï˛_¥ (Theory of Quadratic Equation)

xyò¢≈ !mâyï˛ §Ù#Ü˛Ó˚î ax2 + bx + c = 0, (a ≠ 0)

xyÙÓ˚y çy!lñ 
2– – 4

2
b b acx = a

 ..... (1)

o‹TÓƒ / ~Ü˛!ê˛ !mâyï˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ ò%!ê˛ ~ÓÇ ˆÜ˛Ó° ò%!ê˛•z Ó#ç xyˆÏSÈ–

 !mâyï˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ Ó#çmˆÏÎ˚Ó˚ §¡õÜ≈˛

ÙˆÏl Ü˛!Ó˚ñ ax2 + bx + c = 0, (a ≠ 0) §Ù#Ü˛Ó˚ˆÏîÓ˚ Ó#çmÎ˚ α ~ÓÇ β xï˛~Óñ

2– – 4
2

 b b ac= a
, 

2– – 4
2

 b b ac= a

∴ α + β = – b
a  αβ = c

a

 ˛õ)Ó˚Ü˛ Ó#ç (Conjugate roots) :

Î!ò p q  ~ÓÇ –p q  ~Ü˛!ê˛ !mâyï˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ ò%!ê˛ Ó#ç •Î˚ ï˛ˆÏÓ ~Ü˛!ê˛ˆÏÜ˛ x˛õÓ˚!ê˛Ó˚

˛õ)Ó˚Ü˛ Ó#ç ÓˆÏ°–

í˛z˛õ˛õyòƒ / Ù)°ò §•àÎ%_´ ˆÜ˛yl !mâyï˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ ~Ü˛!ê˛ Ó#ç xÙ)°ò •ˆÏ° x˛õÓ˚ Ó#ç!ê˛ ï˛yÓ˚

˛õ)Ó˚Ü˛ •ˆÏÓ–

Ó#çmˆÏÎ˚Ó˚ ≤ÃÜ,˛!ï˛ / (i) Î!ò b2 – 4ac > 0 •Î˚ ï˛ˆÏÓ Ó#çmÎ˚ ÓyhflÏÓ G x§Ùyl •ˆÏÓ– [(1)
ˆÌˆÏÜ˛ ˛õy•z ]
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(ii) Î!ò b2 = 4ac •Î˚ñ ï˛ˆÏÓ Ó#çmÎ˚ ÓyhflÏÓ ~ÓÇ §Ùyl–

(iii) Î!ò b2 – 4ac < 0 •Î˚ ï˛ˆÏÓ Ó#çmÎ˚ xÓyhflÏÓ ~ÓÇ x§Ùyl •ˆÏÓ–

(iv) Î!ò b = 0 ï˛ˆÏÓ Ó#çmˆÏÎ˚Ó˚ Ùyl §Ùyl ~ÓÇ !Ó˛õÓ˚#ï˛ !ã˛•´Î%_´ •ˆÏÓ–

(b2 – 4ac)üÈˆÜ˛ !lÓ˚&˛õÜ˛ (Discriminant) ÓˆÏ°–

Ó#çmÏÎ˚ çyly ÌyÜ˛ˆÏ° §Ù#Ü˛Ó˚î !lî≈Î˚˛ /

ÙˆÏlÜ˛!Ó˚ñ α, β, ax2 + bx + c = 0 §Ù#Ü˛Ó˚ˆÏîÓ˚ Ó#çmÎ˚– §Ù#Ü˛Ó˚î!ê˛ ˆ°áy ÎyÎ˚

2 0 [ 0]   b cx x   aa a
Óyñ x2 – (α + β)x + αβ = 0

xÌ≈yÍñ x2 – åÓ#çmˆÏÎ˚Ó˚ ˆÎyàÊ˛°ä x + Ó#çmˆÏÎ˚Ó˚ =îÊ˛° = 0

Óyñ (x – α)(x – β) = 0

2.4.4 í˛zòy•Ó˚îÙy°y

í˛zòy•Ó˚î / 1. !mâyï˛ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚&l ÎyÓ˚ ~Ü˛!ê˛ Ó#ç 3 4

ˆÎˆÏ•ï%˛ ~Ü˛!ê˛ Ó#ç 3 4  åxÙ)°òä x˛õÓ˚ Ó#ç!ê˛ •ˆÏÓ 3 4
ÙˆÏlÜ˛!Ó˚ñ α =3 4 β= 3 4

!lˆÏî≈Î˚ §Ù#Ü˛Ó˚î x2 – (α + β)x + αβ = 0

Óyñ x2 + 6x + 5 = 0

í˛zòy•Ó˚î / 2. !mâyï˛ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚&l ÎyÓ˚ Ó#çmÎ˚ x2 – 15x + 56 = 0 §Ù#Ü˛Ó˚ˆÏîÓ˚ Ó#çmÎ˚

ˆÌˆÏÜ˛ 2 Ü˛Ù–

ÙˆÏlÜ˛!Ó˚ñ α, β, x2 – 15x + 56 = 0 §Ù#Ü˛Ó˚ˆÏîÓ˚ Ó#çmÎ˚ñ

∴ α + β = 15, αβ = 56

!lˆÏî≈Î˚ §Ù#Ü˛Ó˚ˆÏîÓ˚ Ó#çmÎ˚ α – 2, β – 2

~ál (α – 2) + (β – 2) = α + β – 4 = 15 – 4 = 11
(α – 2)(β – 2) = αβ – 2 (α + β) + 4
= 56 – 30 + 4 = 30

∴ !lˆÏî≈Î˚ §Ù#Ü˛Ó˚î x2 – 11x + 30 = 0
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í˛zòy•Ó˚î / 3. ax2 + bx + c = 0 ~ÓÇ a1x2 + b1x + c1 = 0 §Ù#Ü˛Ó˚îmˆÏÎ˚Ó˚ ~Ü˛!ê˛ §yôyÓ˚î Ó#ç

ÌyÜ˛ÓyÓ˚ ¢ï≈˛ !lî≈Î˚ Ü˛Ó˚&l–

ÙˆÏlÜ˛!Ó˚ñ α ò%!ê˛ §Ù#Ü˛Ó˚ˆÏîÓ˚•z ~Ü˛!ê˛ Ó#ç–

∴ aα2 + bα + c = 0

~ÓÇ a1α2 + b1α + c1 = 0

ÓL=îl ˛õk˛!ï˛ˆÏï˛ ˛õy•zñ 

2

1 1 1 1 1 1
1

– – –
  

bc cb a c c a ab b a

≤ÃÌÙ ò%•z!ê˛ §Ùï˛y ˆÌˆÏÜ˛ 
1 1

1 1
–
–

  bc cb
a c c a

......(1)

ˆ¢£Ï ò%!ê˛ §Ùï˛y ˆÌˆÏÜ˛ 
1 1

1 1
–
–

  ca ac
ab ba

.........(2)

(1) ~ÓÇ (2) ˆÌˆÏÜ˛ 

1 1 1 1

1 1 1 1
– –
– –

bc cb ca ac
a c c a ab a b

Óyñ (bc1 – cb1)(ab1 – a1b) = (ca1 – ac1)2

~ê˛y•z !lˆÏî≈Î˚ ¢ï≈˛–

í˛zòy•Ó˚î / 4. ax2 + bx + c = 0 ~Ó˚ Ó#çmÎ˚ }îydÜ˛ •ˆÏ° ˆòáyl ˆÎ a, b, c ~Ü˛•z !ã˛•´

Î%_´ •ˆÏÓ–

ÙˆÏlÜ˛!Ó˚ñ α, β ò%!ê˛ Ó#ç ~ÓÇ α = – p2 ~ÓÇ β = – q2

∴ α + β = – (p2 + q2) = – b
a  Óyñ p2 + q2 = b

a  ~áyˆÏl ÓyÙ˛õ«˛ ôlydÜ˛ñ §%ï˛Ó˚yÇ a ~ÓÇ

b í˛zË˛ˆÏÎ˚•z ôlydÜ˛ xÌÓy í˛zË˛ˆÏÎ˚•z }îydÜ˛ •ˆÏÓ– xyÓyÓ˚ αβ = (– p2)(– q2) = p2q2 = c
a

∴ p2q2 = c
a . p2q2 ôlydÜ˛ §%ï˛Ó˚yÇ a ~ÓÇ cÈüÈÓ˚ ~Ü˛•z !ã˛•´ •ˆÏÓ– xï˛~Ó a, b, cÈüÈÓ˚ ~Ü˛•z

!ã˛•´ •ˆÏÓ–



3 0 NSOU  NEC-MG-04

2.4.5 ≤ÃŸ¿Ùy°y

(1) Î!ò 4x2 + 9x + c = 0ÈüÈ~Ó̊ ~Ü˛!ê˛ Ó#ç x˛õÓ̊!ê˛Ó̊ !m=î •Î̊ ï˛̂ ÏÓ Ó#çmÎ̊ ~ÓÇ c !lî≈Î̊ Ü˛Ó̊&l–

[ í z̨/
3 3 9– , – ,  4 2 2 ]

(2) !lˆÏ¡¨Ó˚ §Ù#Ü˛Ó˚î=!°Ó˚ Ó#ç=!°Ó˚ ≤ÃÜ,˛!ï˛ !lî≈Î˚ Ü˛Ó˚&l /

(i) 4x2 – 4x + 1 = 0 [ í˛z/ ÓyhflÏÓñ Ù)°ò G §Ùyl ]

(ii) x2 – 6x + 2 = 0 [ í˛z/ ÓyhflÏÓñ xÙ)°ò G x§Ùyl ]

(3) mÈüÈ~Ó˚ ˆÜ˛yl ÙyˆÏlÓ˚ çlƒ (m + 2)x2 + (3m – 2)x + 2m – 3 = 0ÈüÈÓ˚ §Ùyl Ó#ç ÌyÜ˛ˆÏÓ–

[ í˛z/ 2, 14]

(4) ~Ü˛!ê˛ !mâyï˛ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚&l ÎyÓ˚ Ó#çmÎ˚ 
32 ,  –3 4

[ í˛z/ 12x2 + x – 6 = 0]

(5) !mâyï˛ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚&l ÎyÓ˚ ~Ü˛!ê˛ Ó#ç (5–4 3 ) [ í˛z/ x2 + 10x – 23 = 0]

(6) !mâyï˛ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚&l ÎyÓ˚ Ó#ç 2 – 4±p p q

[ í˛z/ x2 – 2px + 4q = 0]

(7) ax2 + bx + c = 0ÈüÈ~Ó˚ ~Ü˛!ê˛ Ó#ç Î!ò x˛õÓ˚!ê˛Ó˚ ã˛yÓ˚=î •Î˚ ï˛ˆÏÓ ˆòáyl ˆÎ 4b2 = 25ac

(8) Î!ò ax2 + bx + c = 0ÈüÈ~Ó˚ Ó#çmÎ˚ m : n xl%˛õyˆÏï˛ ÌyˆÏÜ˛ó ˆòáyl ˆÎñ

bm n 0n m a  

(9) Î!ò x2 + px + q = 0 ~ÓÇ x2 + qx + p = 0ÈüÈ~Ó˚ ~Ü˛!ê˛ §yôyÓ˚î Ó#ç ÌyˆÏÜ˛ ï˛ˆÏÓ ˆòáyl

ˆÎ p = q xÌÓy p + q + 1= 0

(10) ~Ü˛!ê˛ !mâyï˛ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚&l ÎyÓ˚ Ó#çmÎ˚ 3x2 – 7x + 5 = 0 Ó#çmˆÏÎ˚Ó˚ xˆÏlƒylƒÜ˛–

[ í˛z/ 5x2 – 7x + 3 = 0]
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2.5  ≤Ã!ï˛§Ù Ó˚y!¢Ùy°y (Symmetric Expression)

α, β ò%•z Ó˚y!¢Î%_´ ˆÎ Ó˚y!¢Ùy°yÎ˚ α, βÈüÈÓ˚ fliyl !Ó!lÙˆÏÎ˚Ó˚ Ê˛ˆÏ°G Î!ò Ó˚y!¢Ùy°y!ê˛ x˛õ!Ó˚Ó!ï≈˛ï˛

ÌyˆÏÜ˛ ï˛ˆÏÓ ï˛yˆÏÜ˛ ≤Ã!ï˛§Ù ÓˆÏ°– ÎÌy α2 + β2,
2


+
2


,  αβ •zï˛ƒy!ò–

í˛zòy•Ó˚î / 1. Î!ò α, β 2x2 – 3x + 4 = 0 ~Ó˚ ò%•z!ê˛ Ó#ç •Î˚ ï˛ˆÏÓ α3 + β3
üÈ~Ó˚ Ùyl !lî≈Î˚

Ü˛Ó˚&l– ~áyˆÏlñ α3 + β3 = + 3
2 , αβ = 4

2 = 2

α3 + β3 = (α + β)3 –3αβ(α + β) = 27 3 27 –45– 6 –8 2 8 8  

í˛zòy•Ó˚î / 2. α, β, ax2 + bx + c = 0ÈüÈ~Ó˚ ò%ê˛# Ó#ç •° 

 + 

 ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚&l–

~áyˆÏlñ α + β = –b
a , αβ = c

a

~álñ 
 

2
22 2 2 2– 22 2         

   

b c
aa b – ac

c ac
a

í˛ zòy•Ó˚î / 3. Î!ò α ~ÓÇ β ax2 + bx + c = 0 §Ù#Ü˛Ó ˚ˆ ÏîÓ˚ ò % !ê ˛ Ó#ç •Î˚ ï˛ˆ ÏÓ

   3 3
1 1

   a b a b
 ~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚&l–

§Ùyôyl / ax2 + bx + c = 0....(1) α, β ~•z §Ù#Ü˛Ó̊ Ï̂îÓ̊ ò%!ê˛ Ó#ç– ∴ α + β = – b
a ; αβ = c

a

~álñ aα + aβ = – b Óyñ aα + b = – aβ ~ÓÇ aβ + b = – aα

∴ 
       3 3 3 3 3 3 3

1 1 1 1 1 1 1–
 

             aa b a b –a –a

3 3 3

3 3 3 3 3 3
( ) – 3 ( )1 1– –

                   a a
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 3
3 3

3 3 3
3

3
31

3 

b c b– – –a aa b – abc– .
c a ca
a

 xÈüÈ~Ó˚ ÓyhflÏÓ ÙyˆÏlÓ˚ çlƒ ax2 + bx + cÈüÈ~Ó˚ §ˆÏÓ≈yFã˛ ~ÓÇ §Ó≈!l¡¨˛ Ùyl /

1. a ôlydÜ˛ •ˆÏ° 
24

4
ac – b

a  §Ó≈!l¡¨ Ùyl–

2. a }îydÜ˛ •ˆÏ° 
24

4
ac – b

a  §ˆÏÓ≈yFã˛ Ùyl–

ax2 + bx + cÈüÈ~Ó˚ !ã˛•´ /

(i) Î!ò í˛z˛õˆÏÓ˚Ó˚ Ó˚y!¢Ùy°yÓ˚ Ó#çmÎ˚ ÓyhflÏÓ ~ÓÇ §Ùyl •Î˚ ï˛ˆÏÓ ax2 + bx + c ~ÓÇ aÈüÈÓ˚ !ã˛•´

~Ü˛•z •ˆÏÓ–

(ii) Î!ò Ó#çmÎ˚ ÓyhflÏÓ ~ÓÇ x§Ùyl •Î˚ñ åô!Ó˚ α > βä ï˛ˆÏÓ x, α ~ÓÇ βüÈÓ˚ ÙˆÏôƒ ly ÌyÜ˛ˆÏ°

a ~ÓÇ ax2 + bx + cÈüÈ~Ó˚ ~Ü˛•z !ã˛•´ • Ï̂Ó ~ÓÇ x, α ~ÓÇ βüÈÓ˚̊ Ù Ï̂ôƒ ÌyÜ˛ Ï̂° a ~ÓÇ ax2 + bx + cÈÈüÈ~Ó˚

!Ó˛õÓ˚#ï˛ !ã˛•´ •ˆÏÓ–

í˛zòy•Ó˚î / 1. x ÓyhflÏÓ •ˆÏ°ñ 3x2 – 5x + 4üÈ~Ó˚ §Ó≈!l¡¨ Ùyl !lî≈Î˚ Ü˛Ó˚&l–

ÙˆÏlÜ˛!Ó˚ñ y = 3x2 – 5x + 4 ∴ 3x2 – 5x + 4 – y = 0

!lÓ˚*˛õÜ˛ = 25 – 12(4 – y) = 12y – 23 = 12  23
12y –

x ÓyhflÏÓ §%ï˛Ó˚yÇ !lÓ˚*˛õÜ˛ }îydÜ˛ •ˆÏÓ ly xÌ≈yÍ 
23
12y È

∴ 3x2 – 5x + 4üÈ~Ó˚ §Ó≈!l¡¨ Ùyl 
23
12

í˛zòy•Ó˚î / 2. 1 + 8x – 6x2
üÈ~Ó˚ §ˆÏÓ≈yFã˛ Ùyl !lî≈Î˚ Ü˛Ó˚&l–

ÙˆÏlÜ˛!Ó˚ñ y = 1 + 8x – 6x2 ∴ (1– y ) + 8x – 6x2 = 0

Óyñ 6x2 – 8x + (y –1) = 0

!lÓ˚*˛õÜ˛ = 64 – 24(y – 1) = 64 + 24 – 24y = 88 – 24y = 4(22 – 6y)

§%ï˛Ó˚yÇ (22 – 6y) }îydÜ˛ •ˆÏÓ ly–

∴ 22
6  Óy 

11
3  §ˆÏÓ≈yFã˛ Ùyl–
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í˛zòy•Ó˚î / 3. ˆòáyl ˆÎ xÈüÈ~Ó˚ ÓyhflÏÓ ÙyˆÏlÓ˚ çlƒ

2

2
34 71
2 7




x x –
x x –

~Ó˚ Ùyl 5 ~ÓÇ 9ÈüÈ~Ó˚ ÙˆÏôƒ

ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚ ly–

ÙˆÏlÜ˛!Ó˚ñ 

2

2
34 71
2 7




x x –y
x x –

Óyñ x2(1– y ) + 2x – (17–y) +7y –71= 0

!lÓ˚*˛õÜ˛ = 4(17 – y)2 – 4(1 – y)(7y –71)

= 32(y – 9) (y – 5)

x ÓyhflÏÓñ §%ï˛Ó˚yÇ !lÓ˚*˛õÜ˛ }îydÜ˛ •ˆÏÓ ly–

Î!ò y > 9 Óy y < 5 •Î˚ ï˛ˆÏÓ !lÓ˚*˛õÜ˛ ôlydÜ˛ •Î˚– Î!ò y > 5, !Ü˛hs)˝ y < 9 !lÓ˚*˛õÜ˛ }îydÜ˛

•ˆÏÓ– §%ï˛Ó˚yÇ yÈüÈ~Ó˚ Ùyl 5 ~ÓÇ 9ÈüÈ~Ó˚ ÙˆÏôƒ ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚ ly–

2.5.1  ≤ÃŸ¿Ùy°y

(1) Î!ò α G β, ax2 + bx + c = 0 ~Ó˚ Ó#çmÎ˚ •Î˚ ï˛ˆÏÓ 
2

–

2


~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚&l–

[ í˛z/
 2 2

2

4


b – ac b – ac

a c
]

(2) 1 + 8x – 6x2
üÈ~Ó˚ §ˆÏÓ≈yFã˛ Ùyl !lî≈≈Î˚ Ü˛Ó˚&l– [ í˛z/

11
3 ]

(3) x2 – 6x + 10üÈ~Ó˚ §Ó≈!l¡¨ Ùyl !lî≈≈Î˚ Ü˛Ó˚&l– [ í˛z/ 1]

(4) ˆòáyl xÈüÈ~Ó˚ ÓyhflÏÓ ÙyˆÏlÓ˚ çlƒ 

2

2
6 22 21
5 18 17




x – x
x –

ÈüÈ~Ó˚ Ùyl 1 ~ÓÇ 
5
4 ÈüÈ~Ó˚ ÙˆÏôƒ ÌyˆÏÜ˛–

(5) ˆòáyl xÈüÈ~Ó˚ ÓyhflÏÓ ÙyˆÏlÓ˚ çlƒ 

2

2
2 2 4

4 3



x – x
x – x

ÈüÈ~Ó˚ Ùyl 1 ~ÓÇ –7ÈüÈ~Ó˚ ÙˆÏôƒ ÌyÜ˛ˆÏï˛

˛õyˆÏÓ˚ ly–
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2.6  ~Ü˛âyï˛ !Ó!¢‹T §•ÈüÈ§Ù#Ü˛Ó˚î (Simultaneous Linear Equations)

a1x + b1y + c1 = 0 ......(1)
a2x + b2y + c2 = 0 ......(2)

~Ü˛!ê˛ ~Ü˛âyï˛ §•ÈüÈ§Ù#Ü˛Ó˚î àë˛l Ü˛ˆÏÓ˚– x G yÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓ Îy (1) ~ÓÇ (2)ÈüÈˆÜ˛

!§k˛ Ü˛ˆÏÓ˚–

(1) ~ÓÇ (2)ÈüÈˆÌˆÏÜ˛ ÓL=îl ˛õk˛!ï˛ˆÏï˛ ˛õy•z

1 2 1 2 1 2 1 2 1 2 1 2

1yx
b c – c b c a – a c a b – b a 

∴ 1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

b c – c b c a – a cx , ya b – b a a b – b a= =  [a1b2 – b1a2 ≠ 0]

~•z •Û° !lˆÏî≈Î˚ §Ùyôyl–

í˛zòy•Ó˚î / 1. §Ùyôyl Ü˛Ó˚&l / 3x + 2y + 17 = 0, 5x – 6y – 9 = 0

ÓL=îl ˛õk˛!ï˛ˆÏï˛ ˛õy•z 
1

–18 102 85 27 –18 10
yx  

  

Óyñ 
–1

84 112 28
yx      ∴ 84– –328x  

–112 –428y  

í˛zòy•Ó˚î / 2. §Ùyôyl Ü˛Ó˚&l /

3 7 6x y  .....(1), 5 8 19 197 721 21x y    .....(2)

15 35(1) 5,   30x y  

15 1924(2) 3,   21 7x y   
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!ÓˆÏÎ˚yà Ü˛ÛˆÏÓ˚ñ 19 63 –1911 449 – 7 7 7y   

∴ 1 4
7y   ∴ 7

4y 

(1) ~ 1
y ÈüÈ~Ó˚ Ùyl Ó!§ˆÏÎ˚ ˛õy•z 

3
2x 

2.7  §•ÈüÈ!mâyï˛ È§Ù#Ü˛Ó˚î / ò%!ê˛ xK˛yï˛ Ó˚y!¢

~Ü˛!ê˛ !mâyï˛ G ~Ü˛!ê˛ ~Ü˛âyï˛ / ~Ü˛âyï˛ §Ù#Ü˛Ó˚î ˆÌˆÏÜ˛ ~Ü˛!ê˛ xK˛yï˛ Ó˚y!¢Ó˚ Ùyl !mâyï˛

§Ù#Ü˛Ó˚î!ê˛ˆÏï˛ Ó§yˆÏï˛ •ˆÏÓ–

í˛zòy•Ó˚î / 1. §Ùyôyl Ü˛Ó˚&l / x2 + xy = 12 ......(1), 2x – y = 5. ......(2)

(2) ˆÌˆÏÜ˛ ˛õy•z y = 2x – 5  (1)ÈüÈ~ Ó!§ˆÏÎ˚ ˛õy•z

x2 + x(2x – 5) = 12 Óyñ x2 + 2x2 – 5x – 12 = 0

Óyñ 3x2 – 5x – 12 = 0 Óyñ (x – 3)(3x + 4) = 0

∴ x = 3 Óyñ 
4
3x 

Îál x = 3, y = 2.3 – 5 = 1

Îál 
8 234 4– , – .2 – 5 – – 5 –3 3 3 3x y   

í˛zòy•Ó˚î / 2. §Ùyôyl Ü˛Ó˚&l /
5
2

yx
y x   ....(1)

x + y = 10 ....(2)

(1) ˆÌˆÏÜ˛ 
5
2

x y
xy
   Óyñ 

10 5
2xy

  Óyñ 
1 1

4xy


Óyñ 4xy  , xy = 16 ..... (3)
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(2) ˆÌˆÏÜ˛ x = 10 – y  ∴ (10 – y) y = 16 Óy 10y – y2 = 16

Óyñ y2 – 10y + 16 = 0 Óy (y – 2)(y – 8) = 0 ∴ y – 2, 8

Îál y = 2, (2) ˆÌˆÏÜ˛ x = 8

Îál y = 8, (2) ˆÌˆÏÜ˛ x = 2

!ÓÜ˛“ ˛õk˛!ï˛ / (x – y)2 = (x + y)2 – 4xy. =100 – 4.16 [(2) ~ÓÇ (3) ••zˆÏï˛]

∴ (x – y)2 – 36  ∴ x – y = ± 6 ...(4)

(2) ~ÓÇ (4) ˆÌˆÏÜ˛ ˆÎyà G !ÓˆÏÎ˚yà myÓ˚y x, y !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚–

2.8  §•ÈüÈ§Ù#Ü˛Ó˚Ïî / !ï˛l!ê˛ xK˛yï˛ Ó˚y!¢

Îál !ï˛l!ê˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ ÙˆÏôƒ ò%•z!ê˛ x, y, zÈüÈ~ ~Ü˛âyï˛ ï˛ál ˆ§•z ò%!ê˛ ˆÌˆÏÜ˛ x ~ÓÇ yÈüÈˆÜ˛

zÈüÈ~Ó˚ §yˆÏ˛õˆÏ«˛ ≤ÃÜ˛y¢ Ü˛ÛˆÏÓ˚ ï,˛ï˛#Î˚ §Ù#Ü˛Ó˚ˆÏî Ó§yˆÏï˛ •ˆÏÓ–

í˛zòy•Ó˚î / 1. §Ùyôyl Ü˛Ó˚&l /

x + y + z = 6 ....(1)
2x – y + 5z = 15 ....(2)
yz + zx + xy = 11 ....(3)

(1), (2) ˆÎyà Ü˛ˆÏÓ˚ ˛õy•z 3x + 6z = 21 Óyñ x + 2z = 7

Óyñ x = 7 – 2z .... (4)

xyÓyÓ˚ (2) – 2 × (1) ˆÌˆÏÜ˛ ˛õy•z –3y + 3z = 3

Óyñ y = z – 1 .... (5). (4) ~ÓÇ (5) ˆÌˆÏÜ˛ x, yüÈ~Ó˚ Ùyl (3)ÈüÈ~ Ó!§ˆÏÎ˚ñ

(z – 1)z + z(7 – 2z) + (7 – 2z)(z – 1) =1

Óyñ z2 – 5z + 6 = 0  Óyñ (z – 3) (z – 2) = 0 ∴ z = 3, 2.

(4) ~ÓÇ (5) ˆÌˆÏÜ˛ x = 1, 3. ~ÓÇ y = 2, 1.

o‹TÓƒ / ~Ü˛âyï˛ §Ù#Ü˛Ó˚î ò%!ê˛ˆÏï˛ Î!ò ô &ÓÜ˛ Ó˚y!¢ ly ÌyˆÏÜ˛ ï˛ál ÓL=îl ˛õk˛!ï˛ §%!ÓôyçlÜ˛–

í˛zòy•Ó˚î / 2. §Ùyôyl Ü˛Ó˚&l / xy = a2, yz = b2, zx = c2,

∴ x2y2z2 = a2b2c2
 Óyñ xyz = ±abc
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∴ 2 xyz abc
xy a

  Óyñ z   bc
a

xl%Ó˚*ˆÏ˛õ ,     ca abx yb c
í˛zòy•Ó˚î / 3. (y + z)(z + x) = 40 .....(1)

(z + x)(x + y) = 36 .....(2)
(x + y)(y + z) = 90 .....(3)

(1) × (2) × (3), (y + z)2 (z + x)2 (x + y)2 = 40 × 36 × 90

Óyñ (y + z)(z + x)(x + y) = ±10×6×2×3 = ± 360 ...(4)

(1), (2), (3) ~ÓÇ (4) ˆÌˆÏÜ˛ ˛õy•z

x + y = ± 9, y + z = ± 10, z + x = ± 4 ...(5)
∴ 2(x + y + z ) = ± (9 + 10 + 4) = ± 23

∴ x + y + z = ± 23
2 ...(6)

(5) ~ÓÇ (6) ˆÌˆÏÜ˛ 
3 15 5, ,2 2 2     x y z

í˛zòy•Ó˚î / 4. §Ùyôyl Ü˛Ó˚&l / x2 – yz = a .....(1)

y2 – zx = b .....(2)
z2 – xy = c .....(3)

(1) × y + (2) × z + (3) × x, cx + ay + bz = 0 .....(4)
(1) × z + (2) × x + (3) × y, bx + cy + az = 0 .....(5)

(4) G (5) ˆÌˆÏÜ˛ ÓL=îl ˛õk˛!ï˛ˆÏï˛ ˛õy•z 2 2 2  
yx z k

a – bc b – ca c – ab
åô!Ó˚ä

∴ x = k(a2 – bc), y = (b2 – ca), z = k(c2 – ab)

(1)ÈüÈ~ Ó!§ˆÏÎ˚ ˛õy•z 
3 3 3

1
3

 


K
a – b c – abc

∴ 
2

3 3 3 3
 


a – bcx

a – b c – abc
 xl%Ó˚*˛õ y ~ÓÇ z ˛õyGÎ˚y ÎyˆÏÓ–
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2.9  xl%¢#°l#

§Ùyôyl Ü˛Ó˚&l /

(1) x2 + xy = 15, x – y = 1. [ í˛z/ x = 3, 5
2 ]

(2) x2 + y2 = 13, x + y = 5. [ í˛z/ x = 2, 3]

(3) 2x2 + 3xy + y2 = 15, 5x + 2y = 12. [ í˛z/ x = 2, 14; y = 1, –29]

(4) x + y = 5 1 1,6 x y = 1 [ í˛z/
5 51 1, ; ,3 2 2 3

 x y ]

(5) x – y = 16, 16
15 yx

y x [ í˛z/ x = 25, –9, y = 9, –25]

(6) x + y + x y = 5, 31 1
2 x y [ í˛z/ x = 2, y = 1, x = 1, y = 2]

(7) x + y = 5, x2 + 2y2 – xy = 11 [ í˛z/ x = 3,13
4 ; y = 2, 7

4 ]

(8) 4x + 5y – 3z = 5, 2x – 3y + 4z = 8, x2 + y2 – z2 = 14

[ í˛z/ x = 1, y = 2, z = 3, Óyñ x = 3, y = –2, z = –1]

(9) x ( y + z ) = 5, y ( z + x ) = 8, z ( x + y ) = 9

[ í˛z/ x = 1, y = 2, z = 3, Óyñ x = –1, y = –2, z = –3]

(10) y + z = 1
x , z + x = 1

y , x + y = 1
z [ í˛z/ x = y = z = 1

2
 ]

(11) xz + y = 7z, yz + x = 8z, x + y + z = 12 [ í˛z/ x = 4, 60
7

, x = 6, 66
7

, z = 2,–6]

(12) 3 71 1 1 42 3     x , y , zy z x [ í˛z/ x = 1, 3
10 ; y = 2, 5

6 ; z = 3, 2
3

;]

(13) x2 – yz = 5, y2 – zx = 3, z2 – xy = –1, [ í˛z/ x = 2, –2, y = 1, –1, z = –1, 1]

(14) xy = 56 ; yz = 40 ; zx = 35, [ í˛z/ x = ±7, y = ±8, z = ±5]
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(15) ~Ü˛!ê˛ §ÙˆÏÜ˛yî# !eË%˛ˆÏçÓ˚ ˛õ!Ó˚§#Ùy 60 ˆ§É !ÙÉ ~ÓÇ ˆ«˛eÊ˛° 150 Óà≈ ˆ§É !ÙÉ •ˆÏ°

!eË%˛ç!ê˛Ó˚ Óy‡ !ï˛l!ê˛Ó˚ ˜òâ≈ƒ !lî≈Î˚ Ü˛Ó˚&l– [ í˛z/ 15 ˆ§É !ÙÉñ 20 ˆ§É !ÙÉ ~ÓÇ 25 ˆ§É !ÙÉ]

[ §ÇˆÏÜ˛ï˛ / ÙˆÏl Ü˛!Ó˚ §ÙˆÏÜ˛yî# !eË%˛ç!ê˛Ó˚ x!ï˛Ë)˛ˆÏçÓ˚ ˜òâ≈ƒ x ˆ§!Ù ~ÓÇ x˛õÓ˚ ò%•z Óy‡Ó˚

˜òâ≈ƒ y ~ÓÇ z ˆ§É!ÙÉñ ï˛y•ˆÏ° ≤ÃŸ¿yl%§yˆÏÓ˚ñ x + y + z = 60 ....... (1) ; yz = 150 .......(2) ~ÓÇ

y2 + z2 = x2 ....(3) (∴ !eË%˛ç!ê˛ §ÙˆÏÜ˛yî#)]

(16) ˆÜ˛yl ~Ü˛!ê˛ !¢ˆÏ“ í˛zÍ˛õß¨ §yÙ@˝Ã#Ó˚ ã˛y!•òy G ˆÎyàyˆÏlÓ˚ §)e l#ˆÏã˛ ˆòˆÏGÎ˚y •° /

pq = 100, q = 3p +20, ˆÎáyˆÏl p Ù)°ƒ G q ˛õ!Ó˚ÙyîˆÏÜ˛ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚– §yÙƒyÓfliyÎ˚ Ù)°ƒ G

˛õ!Ó˚ÙyˆÏîÓ˚ Ùyl !lî≈Î˚ Ü˛Ó˚&l– [ í˛z/  ~Ü˛Ü˛ ó 30 ~Ü˛Ü˛]

(17) ˆÜ˛yl oˆÏÓƒÓ˚ ã˛y!•òy §Ù#Ü˛Ó˚î p – 3q = 22 ~ÓÇ ˆÎyàyl §Ù#Ü˛Ó˚î q2 + 2p + 4q = 100
ˆÎáyˆÏl p oÓƒ!ê˛Ó˚ òyÙ ~ÓÇ q oÓƒ!ê˛Ó˚ ˛õ!Ó˚Ùyî– ï˛y •ˆÏ° oÓƒ!ê˛Ó˚ ÓyçyÓ˚ Ë˛yÓ˚§yÙƒ òyÙ G ÓyçyÓ˚

Ë˛yÓ˚§yÙƒ ˛õ!Ó˚Ùyî !lî≈Î˚ Ü˛Ó˚&l–
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~Ü˛Ü˛ 3  !Ólƒy§ ~ÓÇ §ÙÓyÎ˚ (Permutation and
Combination)

àë˛l

3.1 í˛zˆÏj¢ƒ

3.2 !Ólƒy§ G §ÙÓyÎ˚ ÈüüüÈ ≤ÃyÌ!ÙÜ˛ ôyÓ˚îy

3.3 !Ólƒy§

3.3.1 !Ólƒy§ §ÇáƒyÓ˚ §)e

3.3.2 §Ó=!° !Ó!Ë˛ß¨ lÎ˚ ~Ó˚*˛õ Ó›§Ù)ˆÏ•Ó˚ !Ólƒy§

3.3.3 ≤ÃŸ¿Ùy°y

3.4 §ÙÓyÎ˚

3.4.1 í˛zòy•Ó˚îÙy°y

3.5 xl%¢#°l#

3.1 í˛zˆÏj¢ƒ

~•z ~Ü˛Ü˛!ê˛ ˛õˆÏí˛¸ xy˛õ!l çylˆÏï˛ ˛õyÓ˚ˆÏÓl !Ólƒy§ G ï˛yÓ˚ ÓƒÓ•yÓ˚ñ §ÙÓyÎ˚ Ü˛# G ï˛yÓ˚ ÓƒÓ•yÓ˚ñ

!ÓlƒyˆÏ§Ó˚ §)e G ÓƒÓ•y!Ó˚Ü˛ ˆ«˛ˆÏe ï˛yÓ˚ ≤ÃˆÏÎ˚yà–

3.2 !Ólƒy§ G §ÙÓyÎ˚ÈüüüÈ≤ÃyÌ!ÙÜ˛ ôyÓ˚îy

!Ólƒy§ (permutation) : Ü˛!ï˛˛õÎ˚ Ó›Ó˚ §ÓÜ˛!ê˛ xÌÓy Ü˛ˆÏÎ˚Ü˛!ê˛ ~Ü˛!ê˛ !l!ò≈‹T e´Ù xl%§yˆÏÓ˚

§yçyˆÏ° ˙ !ÓˆÏ¢£Ï §!Iï˛ xÓfliyˆÏÜ˛ !Ólƒy§ (Permutation) ÓˆÏ°– ÙˆÏl Ü˛!Ó˚ a, b ò%!ê˛ Ó›– ò%!ê˛ˆÏÜ˛

!lˆÏÎ˚ ab ~ÓÇ ba ~•z ò%!ê˛ e´ˆÏÙ §yçyˆÏly ÎyÎ˚– xÌ≈yÍ ~ˆÏ«˛ˆÏe ò%!ê˛ !Ólƒy§ ˛õyGÎ˚y ÎyÎ˚– a, b, c !ï˛l!ê˛

Ó› •ÛˆÏ° !l¡¨!°!áï˛ SÈÎ˚!ê˛ !Ólƒy§ ˛õy•z ≠ abc, acb, bca, bac, cab, cba, a, b, c ˆÌˆÏÜ˛ ò%!ê˛ Ü˛ˆÏÓ˚

!lˆÏÎ˚ !l¡¨!°!áï˛ !Ólƒy§ ˛õyGÎ˚y ÎyÎ˚ ≠ ab, ba, bc, cb, ac, ca.

40
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§ÙÓyÎ˚ (Combination) : Ü˛!ï˛˛õÎ˚ Ó›Ó˚ §ÓÜ˛!ê˛ xÌÓy Ü˛ˆÏÎ˚Ü˛!ê˛ !lˆÏÎ˚ e´Ù !lÓ˚ˆÏ˛õ«˛ ˆÎ !Ó!Ë˛ß¨

ò° Óy §ÇÜ˛°l Ü˛Ó˚y ÎyÎ˚ ï˛yÓ˚ ≤Ã!ï˛!ê˛ˆÏÜ˛ ~Ü˛!ê˛ §ÙÓyÎ˚ ÓˆÏ°–

a G bˆÏÜ˛ !lˆÏÎ˚ e´Ù !lÓ˚ˆÏ˛õ«˛ ~Ü˛!ê˛ Ùye ò° ab àë˛l Ü˛Ó˚y ÎyÎ˚– å~áyˆÏl ab ~ÓÇ ba ~Ü˛•z ò°ä–

a, b, c ˆÜ˛ !lˆÏÎ˚G ~Ü˛!ê˛ Ùye ò°•z àë˛l Ü˛Ó˚y ÎyÎ˚ xÌ≈yÍ ~Ü˛!ê˛ Ùye §ÙÓyÎ˚ §Ω˛Ó– xyÓyÓ˚ñ a, b,
c ˆÌˆÏÜ˛ ò%!ê˛ Ü˛ÛˆÏÓ˚ !lˆÏÎ˚ !ï˛l!ê˛ §ÙÓyÎ˚ ab, bc, ca àë˛l Ü˛Ó˚y ÎyÎ˚–

~Ü˛!ê˛ §ÙÓyÎ˚ ˆÌˆÏÜ˛ ~Ü˛y!ôÜ˛ !Ólƒy§ ˛õyGÎ˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚– ÎÌy ab ~Ü˛!ê˛ §ÙÓyÎ˚– ~ê˛y ˆÌˆÏÜ˛

ò%!ê˛ !Ólƒy§ ab G ba ˛õyGÎ˚y ÎyÎ˚–

í˛zòyÉ 1. 2, 5, 7, 9 xB˛=!° ˆÌˆÏÜ˛ !ï˛l!ê˛ Ü˛ÛˆÏÓ˚ !lˆÏÎ˚ Ü˛ï˛=!° §Çáƒy !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚ ÎyˆÏï˛ ~Ü˛!ê˛

xB˛ ò%ÓyÓ˚ ˆlGÎ˚y ÎyˆÏÓ ly⁄

¢ï˛ˆÏÜ˛Ó˚ fliyˆÏl ã˛yÓ˚!ê˛ xˆÏB˛Ó˚ ˆÎ ˆÜ˛yl ~Ü˛!ê˛ !lˆÏï˛ ˛õy!Ó˚ xÌ≈yÍ ¢ï˛ˆÏÜ˛Ó˚ fliyl!ê˛ ã˛yÓ˚Ë˛yˆÏÓ ˛õ)î≈ Ü˛Ó˚y

ÎyÎ˚– ¢ï˛ˆÏÜ˛Ó˚ fliyl ˛õ)î≈ •ÓyÓ˚ ˛õÓ˚ ò¢ˆÏÜ˛Ó˚ fliyˆÏl !ï˛l!ê˛ xˆÏB˛Ó˚ ˆÎ ˆÜ˛yl ~Ü˛!ê˛ ˆlGÎ˚y ÎyÎ˚ xÌ≈yÍñ ò¢ˆÏÜ˛Ó˚

fliyl !ï˛lË˛yˆÏÓ ˛õ)î≈ Ü˛Ó˚y ÎyÎ˚– xl%Ó˚*ˆÏ˛õ ~Ü˛ˆÏÜ˛Ó˚ fliyl ò%•zË˛yˆÏÓ ˛õ)î≈ Ü˛Ó˚y ÎyÎ˚– xï˛~Ó !lˆÏî≈Î˚ §Çáƒy

4 × 3 × 2 = 24.

ˆÎˆÏ•ï%˛ ~Ü˛!ê˛ §Çáƒy 257ÈüÈ~Ó˚ e´Ù ˛õ!Ó˚Óï≈˛l Ü˛Ó˚ˆÏ° xlƒ §Çáƒy ˛õyGÎ˚y ÎyÎ˚ §%ï˛Ó˚yÇ ~ˆÏ«˛ˆÏe

xyÙyˆÏòÓ˚ !Ólƒy§ !ÓˆÏÓã˛ly Ü˛Ó˚ˆÏï˛ •ˆÏÓ– !ï˛l!ê˛ Ü˛ÛˆÏÓ˚ !lˆÏÎ˚ 24!ê˛ !Ólƒy§ ˛õyl !Ü˛ly ˆòá%l–

í˛zòyÉ 2. 5 çl §ò§ƒ ˆÌˆÏÜ˛ 3 çlˆÏÜ˛ ~Ü˛!ê˛ Ü˛!Ù!ê˛ˆÏï˛ Ü˛ï˛ ≤ÃÜ˛yˆÏÓ˚ !lÓ≈y!ã˛ï˛ Ü˛Ó˚y ÎyÎ˚⁄

˛õÑyã˛çl §ò§ƒˆÏÜ˛ 1, 2, 3, 4, 5 xB˛ myÓ˚y !ã˛!•´ï˛ Ü˛Ó˚y ÎyÜ˛– !ï˛lçˆÏlÓ˚ Ü˛!Ù!ê˛ ˜ï˛Ó˚# Ü˛Ó˚ˆÏï˛ •ˆÏÓ–

~áyˆÏl e´Ù !ÓˆÏÓã˛ly Ü˛Ó˚y xÌ≈•#l– !l¡¨Ó˚*ˆÏ˛õ Ü˛!Ù!ê˛ àë˛l Ü˛Ó˚y ÎyÎ˚ ≠

§ò§ƒ ≠ 1 2 3 4 5

Ü˛!Ù!ê˛ ≠ 123, 124, 125, 134, 135, 145,

234, 235, 345, 245

ˆÎˆÏ•ï%˛ ~áyˆÏl §ò§ƒ !lÓ≈yã˛l e´ÙÈüÈ!lÓ˚ˆÏ˛õ«˛ §%ï˛Ó˚yÇ §ÙÓyÎ˚ !ÓˆÏÓã˛ly Ü˛Ó˚ˆÏï˛ •ˆÏÓ–

3.3  !Ólƒy§ (Permutation)

í˛zòyÉ 1 ˆÌˆÏÜ˛ ~Ü˛!ê˛ §)e !ÓÓ,ï˛ Ü˛Ó˚y ÎyÎ˚ ≠

§)e ≠ Î!ò ˆÜ˛yl Ü˛yç m !Ó!Ë˛ß¨ ≤ÃÜ˛yˆÏÓ˚ Ü˛Ó˚y ÎyÎ˚ ~ÓÇ Î!ò m ≤ÃÜ˛yˆÏÓ˚Ó˚ ÙˆÏôƒ ˆÎ ˆÜ˛yl ~Ü˛ ≤ÃÜ˛yˆÏÓ˚
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í˛z_´ Ü˛yç Ü˛Ó˚y •Î˚ ~ÓÇ Î!ò !mï˛#Î˚ ~Ü˛!ê˛ Ü˛yç n í˛z˛õyˆÏÎ˚ Ü˛Ó˚y ÎyÎ˚ ï˛ˆÏÓ ˙ ò%!ê˛ Ü˛yç ~Ü˛!ê˛Ó˚ ˛õÓ˚ ~Ü˛!ê˛

m×n !Ó!Ë˛ß¨ ≤ÃÜ˛yˆÏÓ˚ Ü˛Ó˚y ÎyÎ˚ •zï˛ƒy!ò–

í˛zòyÉ 2. 2, 5, 7, 9 ã˛y!Ó˚!ê˛ xB˛ ˆÌˆÏÜ˛ !ï˛l!ê˛ xB˛ myÓ˚y à!ë˛ï˛ Ü˛ï˛=!° §Çáƒy !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚⁄

≤Ã!ï˛!ê˛ §Çáƒy ˛õ%lÓ˚yÎ˚ ÓƒÓ•yÓ˚ Ü˛Ó˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚–

í˛zòyÉ 1ÈüÈ~Ó˚ Ùï˛ ¢ï˛ˆÏÜ˛Ó˚ fliyl 4 í˛z˛õyˆÏÎ˚ ˛õ)î≈ Ü˛Ó˚y ÎyÎ˚– ˆÎˆÏ•ï%˛ ~Ü˛!ê˛ xB˛ˆÏÜ˛ ˛õ%lÓ˚yÎ˚ ÓƒÓ•yÓ˚ Ü˛Ó˚y

ÎyÎ˚ñ ò¢ˆÏÜ˛Ó˚ fliyl!ê˛G 4 ~ÓÇ xl%Ó˚*ˆÏ˛õ ~Ü˛ˆÏÜ˛Ó˚ fliyl!ê˛G 4 í˛z˛õyˆÏÎ˚ ˛õ)î≈ Ü˛Ó˚y ÎyÎ˚– §%ï˛Ó˚yÇ !lˆÏî≈Î˚ í˛z˛õyÎ˚

= 4×4×4=64.

3.3.1 ≤Ã!ï˛˛õyòƒ

n-§ÇáƒÜ˛ Ó› ˆÌˆÏÜ˛ r §ÇáƒÜ˛ Ü˛ÛˆÏÓ˚ Ó› !lˆÏÎ˚ !Ó!Ë˛ß¨ !ÓlƒyˆÏ§Ó˚ §Çáƒy !lî≈Î˚ [r ≤ n].

~•z !ÓlƒyˆÏ§Ó˚ §Çáƒy!ê˛ˆÏÜ˛ npr !ã˛•´ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚– ˆÜ˛yl !ÓlƒyˆÏ§ ~Ü˛!ê˛ Ó› ˆÜ˛Ó° ~Ü˛ÓyÓ˚•z

ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚–

ÙˆÏl Ü˛!Ó˚ñ r §ÇáƒÜ˛ âÓ˚ xyˆÏSÈ–

1 2 3 r–1 r

n n–1 n–2 n–(r–1)

≤ÃÌÙ âˆÏÓ˚ n Ó›Ó˚ ˆÎ ˆÜ˛yl ~Ü˛!ê˛ˆÏÜ˛ Ó˚yáˆÏï˛ ˛õyˆÏÓ˚l ~ÓÇ ~!ê˛ n í˛z˛õyˆÏÎ˚ Ü˛Ó˚y ÎyÎ˚– ˆÎˆÏ•ï%˛ñ ~•z

Ó›!ê˛ˆÏÜ˛ xyÓ˚ ÓƒÓ•yÓ˚ Ü˛Ó˚y ÎyˆÏÓ ly §%ï˛Ó˚yÇ !mï˛#Î˚ fliyl (n–1) í˛z˛õyˆÏÎ˚ ~Ü˛!ê˛ Ó› Ó˚yáy ÎyÎ˚– xl%Ó˚*ˆÏ˛õ

r-âÓ˚!ê˛ˆÏï˛ n–(r–1) í˛z˛õyˆÏÎ˚ ~Ü˛!ê˛ Ó› Ó˚yáy ÎyÎ˚– xï˛~Óñ n §ÇáƒÜ˛ Ó› ˆÌˆÏÜ˛ r-Ó› Ü˛ÛˆÏÓ˚ !lˆÏÎ˚ !Ólƒy§

§Çáƒy ˛õ)ˆÏÓ≈ !ÓÓ,ï˛ §)e xl%§yˆÏÓ˚ n(n–1)...(n–r+1)

xÌ≈yÍñ 
nPr = n(n–1)........(n–r+1)

Î!ò r = n ˆlGÎ˚y ÎyÎ˚ ï˛ˆÏÓ

nPn = n(n–1)........2.1 = n  Óy n1 ~•zÓ˚*˛õ !ã˛•´ ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚ ~ÓÇ n  Óy n1ˆÜ˛

Ê˛ƒyÜ˛ˆÏê˛y!Ó˚Î˚y° n ~•zÓ˚*˛õ Ó°y •Î˚– o  = 1 ôÓ˚y •Î˚–

∴ npr = n(n–1)(n–2)...... (n–r+1)
( 1)( 2)... ...( 1)( )...2.1

( )( 1)... ...2.1
- - - + -

=
- - -

n n n n r n r
n r n r

= -
n

n r



NSOU  NEC-MG-04 43

í˛zòyÉ 3. 9
6

9 9 9 8 7 6 5 4 3 2 1
9 6 3 3 2 1P ´ ´ ´ ´ ´ ´ ´ ´= = =
- ´ ´

o‹TÓƒ ≠ . 1= -n n n

Ü˛yÓ˚î .( 1)( 2)...3.2.1= - -n n n n

1 ( 1)( 2)...3.2.1- = - -n n n

∴ . 1= -n n n  xl%Ó˚*ˆÏ˛õñ ( 1). 2= - -n n n n

í˛zòyÉ 10 10.9 10.98= =  •zï˛ƒy!ò–

3.3.2 §Ó=!° !Ó!Ë˛ß¨ lÎ˚ ~Ó˚*˛õ Ó›§Ù)ˆÏ•Ó˚ !Ólƒy§

≤Ã!ï˛˛õyòƒ ≠ §Ó=!° !Ó!Ë˛ß¨ lÎ˚ ~Ó˚*˛õ n-§ÇáƒÜ˛ Ó›Ó˚ §Ó=!°ˆÏÜ˛ ~Ü˛ˆÏÎyˆÏà !lˆÏÎ˚ !ÓlƒyˆÏ§Ó˚ §Çáƒy

!lî≈Î˚–

ÙˆÏl Ü˛!Ó˚ñ n-Ó› n-x«˛Ó˚ myÓ˚y !ã˛!•´ï˛ Ü˛Ó˚y •° ÎyÓ˚ ÙˆÏôƒ ‘a’ p-§ÇáƒÜ˛ñ ‘b’ q-§ÇáƒÜ˛ñ ~ÓÇ ‘c’

r-§ÇáƒÜ˛ xyˆÏSÈ ~ÓÇ ÓyÜ˛#=!° !Ó!Ë˛ß¨– ÙˆÏl Ü˛!Ó˚ñ x !lˆÏî≈Î˚ !Ólƒy§ §Çáƒy– Î!ò p-§ÇáƒÜ˛ ‘a’ !Ó!Ë˛ß¨

•ï˛ ï˛ˆÏÓ ≤Ã!ï˛!ê˛ x !ÓlƒyˆÏ§Ó˚ çlƒ ~ˆÏòÓ˚ !lˆÏçˆÏòÓ˚ !Ólƒy§ §Çáƒy •ï˛ .p  §%ï˛Ó˚yÇ x !ÓlƒyˆÏ§Ó˚ çlƒ

•ï˛ x p  !Ólƒy§ ˆÎáyˆÏl ‘b’ q-§ÇáƒÜ˛ ~ÓÇ ‘c’ r-§ÇáƒÜ˛ xyˆÏSÈ– xl%Ó˚*ˆÏ˛õ q-§ÇáƒÜ˛ ‘b’ ~ÓÇ r-§ÇáƒÜ˛

‘c’ˆÜ˛G !Ó!Ë˛ß¨ ôÓ˚ˆÏ° x !ÓlƒyˆÏ§Ó˚ çlƒ ˆÙyê˛ !Ólƒy§ §Çáƒy •ˆÏÓ ´ ´ ´x p q r  xÌ≈yÍ n Ó›•z Î!ò

!Ó!Ë˛ß¨ •ï˛ ï˛ˆÏÓ !Ólƒy§ §Çáƒy •ï˛ ´ ´ ´x p q r . xyÓyÓ˚ çy!l n §ÇáƒÜ˛ !Ó!Ë˛ß¨ Ó›Ó˚ §Ó=!°ˆÏÜ˛

~Ü˛ˆÏÎyˆÏà !lˆÏÎ˚ !Ólƒy§ §Çáƒy = .n

∴ ´ ´ ´x p q r = n

Óyñ =
´ ´

nx p q r

í˛zòyÉ 4. ENGINEERING ¢∑!ê˛ˆÏÜ˛ Ü˛ï˛ ≤ÃÜ˛yˆÏÓ˚ §yçyl ÎyÎ˚⁄

~áyˆÏl ˆÙyê˛ x«˛Ó˚ = 11, E = 3!ê˛ñ N = 3!ê˛ñ G = 2!ê˛ñ I = 2!ê˛–
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§%ï˛Ó˚yÇ !lˆÏî≈Î˚ !Ólƒy§ = 11
3 3 2 2´ ´ ´

= 
11 10 9 8 7 6 5 4 3 2 1 2,77,200

3 2 1 3 2 1 2 1 2 1
´ ´ ´ ´ ´ ´ ´ ´ ´ ´

=
´ ´ ´ ´ ´ ´ ´ ´ ´

í˛zòyÉ 5. FAILURE ¢ˆÏ∑Ó˚ x«˛Ó˚=!°Ó˚ myÓ˚y Ü˛ï˛=!° !Ólƒy§ Ü˛Ó˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚ ˆÎáyˆÏl AEIU
§Ó≈òy ~Ü˛§yˆÏÌ ÌyÜ˛ˆÏÓ⁄

(AEIU) ˆÜ˛ ~Ü˛!ê˛ Ó› ôˆÏÓ˚ xyÙÓ˚y FLR(AEIU) ~•z ã˛yÓ˚!ê˛ Ó› ˛õy•z– ~ˆÏòÓ˚ !Ólƒy§ 4.  xyÓyÓ˚

AEIU ˆÜ˛ 4  !ÓlƒyˆÏ§ §yçyˆÏly ÎyÎ˚– §%ï˛Ó˚yÇ !lˆÏî≈Î˚ !Ólƒy§ = 4 4 576´ =

í˛zòyÉ 6. n-§ÇáƒÜ˛ Óy°Ü˛ˆÏÜ˛ Ü˛ï˛Ë˛yˆÏÓ §yçyl ÎyÎ˚ ÎyˆÏï˛ §ÓˆÏã˛ˆÏÎ˚ °¡∫y ~ÓÇ §ÓˆÏã˛ˆÏÎ˚ ˆÓÑˆÏê˛ Óy°Ü˛

~Ü˛ˆÏe ÌyÜ˛ˆÏÓ ly–

n-§ÇáƒÜ˛ Óy°Ü˛ˆÏÜ˛ n  !ÓlƒyˆÏ§ §yçyl ÎyÎ˚– §ÓˆÏã˛ˆÏÎ˚ °¡∫y ~ÓÇ ˆÓÑˆÏê˛ Óy°Ü˛mÎ˚ §Ó§ÙÎ˚ ~Ü˛ˆÏe

ÌyÜ˛ˆÏÓ ôÓ˚ˆÏ° !Ólƒy§ §Çáƒy •ˆÏÓ 1.-n  xyÓyÓ˚ ˙ Óy°Ü˛ ò%çlyˆÏÜ˛ 2 Ë˛yˆÏÓ §yçyl ÎyÎ˚– §%ï˛Ó˚yÇ ˙

Óy°Ü˛ ò%!ê˛ §Ó≈òy ~Ü˛ˆÏe ÌyÜ˛ˆÏÓ ~Ó˚*˛õ !ÓlƒyˆÏ§Ó˚ §Çáƒy 2 1.-n

∴ !lˆÏî≈Î˚ !Ólƒy§ §Çáƒy åˆÎáyˆÏl ˙ Óy°Ü˛mÎ˚ ~Ü˛ˆÏe ÌyÜ˛ˆÏÓ lyä = 2 1- -n n

í˛zòyÉ 7. 10!ê˛ Ó› ˆÌˆÏÜ˛ 4!ê˛ Ü˛ÛˆÏÓ˚ !lˆÏÎ˚ Ü˛ï˛=!° !Ólƒy§ •ˆÏÓ ÎyˆÏï˛ (i) ~Ü˛!ê˛ !l!ò≈‹T Ó› §Ü˛°

!ÓlƒyˆÏ§•z ÌyÜ˛ˆÏÓñ  (ii) !l!ò≈‹T Ó›!ê˛ ˆÜ˛yl !ÓlƒyˆÏ§•z ÌyÜ˛ˆÏÓ ly–

ÙˆÏl Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚ ˆÎ 10!ê˛ Ó› ˆÌˆÏÜ˛ 4!ê˛ Ó›ˆÏÜ˛ 4!ê˛ âˆÏÓ˚ Ó˚yáˆÏï˛ •ˆÏÓ– (i) !l!ò≈‹T Ó›!ê˛ˆÏÜ˛ ã˛yÓ˚!ê˛

âˆÏÓ˚Ó˚ ˆÎ ˆÜ˛yl ~Ü˛!ê˛ˆÏï˛ 4 Ë˛yˆÏÓ Ó˚yáy ÎyÎ˚– Óy!Ü˛ lÎ˚!ê˛ Ó› ˆÌˆÏÜ˛ ˆÎ ˆÜ˛ylG !ï˛l!ê˛ˆÏÜ˛ Óy!Ü˛ !ï˛l!ê˛

âˆÏÓ˚ 9P3 Ë˛yˆÏÓ Ó˚yáy ÎyÎ˚– §%ï˛Ó˚yÇ !lˆÏî≈Î˚ !Ólƒy§ = 4×9P3

(ii) !l!ò≈‹T Ó›!ê˛ Óyò !òˆÏ° ÌyˆÏÜ˛ lÎ˚!ê˛ Ó›– §%ï˛Ó˚yÇ !lˆÏî≈Î˚ !Ólƒy§ = 9P4 = 9×8×7×6

í˛zòyÉ 8. Ü˛ï˛ §ÇáƒÜ˛ í˛z˛õyˆÏÎ˚ 6 Óƒ!_´ˆÏÜ˛ Ó,_yÜ˛yˆÏÓ˚ §yçyl ÎyÎ˚⁄

~Ü˛ Óƒ!_´ˆÏÜ˛ !l!ò≈‹T Ü˛ÛˆÏÓ˚ ï˛yÓ˚ §yˆÏ˛õˆÏ«˛ xlƒ Óƒ!_´ˆÏòÓ˚ §yçyˆÏly •Î˚– !lˆÏî≈Î˚ !Ólƒy§ §Çáƒy

= 5 120=

o‹TÓƒ ≠ Î!ò !l!ò≈‹T Óƒ!_´Ó˚ §yˆÏ˛õˆÏ«˛ §yçyÓyÓ˚ §ÙÎ˚ â!í˛¸Ó˚ ÜÑ˛yê˛yÓ˚ â)î≈ˆÏlÓ˚ !òˆÏÜ˛ ~ÓÇ !Ó˛õÓ˚#ï˛ !òˆÏÜ˛Ó˚

ÙˆÏôƒ ˆÜ˛yl ï˛Ê˛yÍ ly ôÓ˚y •Î˚ ï˛ˆÏÓ ~•z §Çáƒy = 1 120 60.2´ =
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ÙˆÏl Ü˛!Ó˚ñ 6 Óƒ!_´ ÎÌye´ˆÏÙ A, B, C, D, E, F. !ã˛e
ò%!ê˛ˆÏï˛ xyˆÏ˛õ!«˛Ü˛ xÓfliyl x!Ë˛ß¨ lÎ˚–

3.3.3 ≤ÃŸ¿Ùy°y

1) ~Ü˛!ê˛ âˆÏÓ˚ 7!ê˛ ÊÑ˛yÜ˛y ˆã˛Î˚yÓ˚ xyˆÏSÈ– 4 çl ˆ°yÜ˛ Ü˛ï˛

í˛z˛õyˆÏÎ˚ ˆã˛Î˚yÓ˚=!°ˆÏï˛ Ó§ˆÏï˛ ˛õyˆÏÓ˚⁄ [í˛z/ 840]

2) 1000 ~ÓÇ 10,000ÈüüüÈ~Ó˚ ÙˆÏôƒ 2, 3, 4, 5, 6, 8 xÇÜ˛=!°Ó˚ myÓ˚y Ü˛ï˛=!° §Çáƒy !lî≈Î˚ Ü˛Ó˚y

ÎyÎ˚– ˆÜ˛yl xB˛ ~Ü˛•z §ÇáƒyÎ˚ ò%ÓyÓ˚ ÓƒÓ•yÓ˚ Ü˛Ó˚y ÎyˆÏÓ ly– [í˛z/ 360]

3) 7!ê˛ Ó› ˆÌˆÏÜ˛ 3!ê˛ Ü˛ÛˆÏÓ˚ !lˆÏÎ˚ Ü˛ï˛=!° !Ólƒy§ •ˆÏÓ Îál ~Ü˛!ê˛ !l!ò≈‹T (i) §Ó !ÓlƒyˆÏ§•z ÌyÜ˛ˆÏÓ

(ii) ˆÜ˛yl !ÓlƒyˆÏ§ ÌyÜ˛ˆÏÓ ly⁄ [í˛z/ 120, 90]

4) x !ÓK˛yl !ÓË˛yˆÏàÓ˚ SÈye ~ÓÇ y Ü˛°y !ÓË˛yˆÏàÓ˚ñ Ü˛ï˛ ≤ÃÜ˛yˆÏÓ˚ ~Ü˛!ê˛ §y!Ó˚ˆÏï˛ òÑyí˛¸ Ü˛Ó˚yl ÎyÎ˚

ÎyˆÏï˛ ˆÜ˛yl ò%çl Ü˛°y !ÓË˛yˆÏàÓ˚ SÈye ~Ü˛e ÌyÜ˛ˆÏÓ ly (y < x). [í˛z/ ]

5) l#ˆÏã˛Ó˚ ¢ˆÏ∑Ó˚ §Ó=!° x«˛Ó˚ !lˆÏÎ˚ Ü˛ï˛=!° !Ólƒy§ §Ω˛Ó⁄

(i) CALCUTTA [í˛z/ 5040]

(ii) ELECTRICITY [í˛z/ 24,94,800]

6) 1000 ˆÌˆÏÜ˛ ˆSÈyê˛ ~ÓÇ 5 myÓ˚y !ÓË˛yçƒ ~Ó˚*˛õ Ü˛ï˛=!° §Çáƒy 0, 1, 2, 3, 4, 5, 6, 7, 8,
9 xB˛=!°Ó˚ myÓ˚y à!ë˛ï˛ •ˆÏï˛ ˛õyˆÏÓ˚⁄ ~Ü˛!ê˛ xB˛ ~Ü˛!ê˛ §ÇáƒyÎ˚ ~Ü˛ÓyˆÏÓ˚Ó˚ ˆÓ¢# ÓƒÓ•*ï˛ •ˆÏÓ ly–

[í˛z/ 154]

7) A ~ÓÇ B-~Ó˚ ÙyˆÏV˛ 42!ê˛ ˆ‹T¢l xyˆÏSÈ– !Ó!Ë˛ß¨ ≤ÃÜ˛yˆÏÓ˚Ó˚ Ü˛ï˛=!° !Ó!Ë˛ß¨ Ó˚Ü˛ˆÏÙÓ˚ !ê˛!Ü˛ê˛ SÈy˛õyˆÏï˛

•ˆÏÓ ÎyˆÏï˛ ~Ü˛çl Îye# ˆÎ ˆÜ˛yl ~Ü˛!ê˛ ˆ‹T¢l ˆÌˆÏÜ˛ xlƒ ˆÎ ˆÜ˛yl ˆ‹T¢ˆÏl ˆÎˆÏï˛ ˛õyˆÏÓ˚⁄

[í˛z/ 1722]

8) ≤ÃÙyî Ü˛Ó˚&l ˆÎñ n–1Pr
  + rn–1Pr–1 = nPr.

9) m–nP2 = 56, m–nP2 = 12 •ˆÏ° m ~ÓÇ nÈ !lî≈Î˚ Ü˛Ó˚&l– [í˛z/ m=4, n=2]

10) (i) Î!ò 
2n+1Pn–1 : 2n–1Pn = 3 : 5 •Î˚ñ ï˛ˆÏÓ n-~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚&l– [í˛z/ n = 4]

(ii) Î!ò 
8Pn–1 : 9Pn–2 = 20 : 9 •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛Ó˚&l ˆÎ n = 6.

D

A
F

E

CB

A
B

CD

E

F
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(iii) (8P2 + 8P3) + 9P3 → ~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚&l– [í˛z/ 
7
9 ]

(iv) ≤ÃÙyî Ü˛Ó˚&l ˆÎñ 
2nP2n = 1.3.5. ... (2n–1).2n. n .

3.4  §ÙÓyÎ˚ (Combination)

§ÙÓyˆÏÎ˚Ó˚ §ÇK˛y ˛õ)ˆÏÓ≈•z xyˆÏ°y!ã˛ï˛ •ˆÏÎ˚ˆÏSÈ– n!ê˛ !Ó!Ë˛ß¨ Ó› ˆÌˆÏÜ˛ ~Ü˛ˆÏÎyˆÏà r!ê˛ ( )£r n  Ó›

!lˆÏÎ˚ Îï˛=!° §ÙÓyÎ˚ ˛õyGÎ˚y ÎyÎ˚ ˆ§•z §ÇáƒyˆÏÜ˛ ncr !ã˛•´ myÓ˚y §)!ã˛ï˛ Ü˛Ó˚y •Î˚–

≤Ã!ï˛˛õyòƒ ≠ n-§ÇáƒÜ˛ !Ó!Ë˛ß¨ Ó› ˆÌˆÏÜ˛ ~Ü˛ˆÏÎyˆÏà r-§ÇáƒÜ˛ Ó› !lˆÏÎ˚ §ÙÓyÎ˚ §Çáƒy !lî≈Î˚

( )£r n :

ÙˆÏl Ü˛!Ó˚ñ §ÙÓyÎ˚ §Çáƒy nCr. ~ál 
nCr §ÙÓyˆÏÎ˚Ó˚ ≤Ã!ï˛!ê˛ §ÙÓyˆÏÎ˚ r-§ÇáƒÜ˛ Ó› xyˆÏSÈ ~ÓÇ ï˛yˆÏòÓ˚

!lˆÏÎ˚ r  !Ólƒy§ •ˆÏÓ– §%ï˛Ó˚yÇ 
ncr §ÙÓyÎ˚ ˆÌˆÏÜ˛ ˆÎ !Ólƒy§ ˛õyGÎ˚y ÎyÎ˚ ï˛yÓ˚ §Çáƒy r ×ncr = nüÈ§ÇáƒÜ˛

!Ó!Ë˛ß¨ Ó› ˆÌˆÏÜ˛ ~Ü˛ˆÏÎyˆÏà r!ê˛ Ü˛ˆÏÓ˚ !lˆÏÎ˚ !ÓlƒyˆÏ§Ó˚ §Çáƒy = nPr.

§%ï˛Ó˚yÇ n .×ncr = nPr = -
n

n r

∴ ncr = =
-

n
r

nc r n r

r = n •ÛˆÏ° 
ncn = 1=n

n o  xyÓyÓ˚ r = o Ó§yˆÏ° nco = 1.

1\ = =n n
n o

c c

ò%•z!ê˛ §¡∫¶˛ ≠ ncr = ncn–r

xyÙÓ˚y çy!lñ 
ncr = -

n
r n r  ~ÓÇ 

ncn–r = ( ) =
- - - -

n n
n n r n r r n r

[o‹TÓƒ ≠ Î!ò ncp = ncq •Î˚ñ ï˛ˆÏÓ •Î˚ p = q Óy p + q = n]

§%ï˛Ó˚yÇ 
ncr = ncn–r
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(ii) ncr + ncr = n+1cr

ÓyÙ˛õ«˛ñ 
ncr + 

ncr–1 = 1 1+
- - - +

n n
r n r r n r

= 1 1
1 1

é ù
+ê ú- - - +ë û

n
r n r r n r

= 
( 1)1

1 ( 1) 1
+- + + =

- - - + - +
n nn n r r

r n r r n r r n r

= 11
1

++
=

- +
n

r

n cr n r

3.4.1  í˛zòy•Ó˚îÙy°y

í˛zòyÉ 1. 8 çl ˛õ%Ó˚&£Ï ~ÓÇ 6 çl flf#ˆÏ°yˆÏÜ˛Ó˚ ÙˆÏôƒ ˆÌˆÏÜ˛ 5 çlyÓ˚ Ü˛Î˚!ê˛ !Ó!Ë˛ß¨ Ü˛!Ù!ê˛ àë˛l Ü˛Ó˚y

ÎyÎ˚⁄

ˆÙyê˛ 8+6=14 çl ˆÌˆÏÜ˛ e´Ù !lÓ˚ˆÏ˛õ«˛ Ë˛yˆÏÓ ˆÎ ˆÜ˛yl 5 çlˆÏÜ˛ !lÓ≈y!ã˛ï˛ Ü˛Ó˚ˆÏï˛ •ˆÏÓ–

!lˆÏî≈Î˚ Ü˛!Ù!ê˛Ó˚ §Çáƒy = 14c5 = 2002

í˛zòyÉ 2. 15!ê˛ Óy°ˆÏÜ˛Ó˚ ~Ü˛!ê˛ òˆÏ° 7 çl flÒyí˛zê˛ xyˆÏSÈ– Ü˛ï˛ ≤ÃÜ˛yˆÏÓ˚ 12!ê˛ Óy°ˆÏÜ˛Ó˚ Ü˛ï˛=!° ò°

àí˛¸y ÎyÎ˚ ÎyˆÏï˛ ≤Ã!ï˛ òˆÏ° xhs˝ï˛ 6 çl flÒyí˛zê˛ ÌyÜ˛ˆÏÓ⁄

ò°!ê˛ˆÏï˛ 6 çl flÒyí˛zê˛ ~ÓÇ 6 çl xlƒ Óy°Ü˛ ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚ Óy 7 çl flÒyí˛zê˛ ~ÓÇ 5 çl xlƒ

Óy°Ü˛ ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚– !lˆÏî≈Î˚ §ÙÓyÎ˚ = 7c6 × 8c6 + 7c7 × 8c5

= 
7c1 × 8c2 + 1 × 8c3 = 7 × 28 + 56 = 252

í˛zòyÉ 3. (m + n) !Ó!Ë˛ß¨ Ó› Ü˛ï˛ í˛z˛õyˆÏÎ˚ ò%!ê˛ Ë˛yˆÏà Ë˛yà Ü˛Ó˚y ÎyÎ˚ ÎyˆÏï˛ ~Ü˛!ê˛ Ë˛yˆÏà m Ó›

~ÓÇ x˛õÓ˚ Ë˛yˆÏà n Ó› ÌyˆÏÜ˛⁄

(m + n) Ó› ˆÌˆÏÜ˛ m Ó› ˆlGÎ˚y ÎyÎ˚ m + ncm í˛z˛õyˆÏÎ˚– ≤Ã!ï˛!ê˛ í˛z˛õyˆÏÎ˚Ó˚ §ˆÏD !mï˛#Î˚ ~Ü˛!ê˛

Ë˛yà ÌyÜ˛ˆÏÓ ÎyˆÏï˛ n Ó› xyˆÏSÈ– §%ï˛Ó˚yÇ !lˆÏî≈Î˚ í˛z˛õyÎ˚ m + ncm–

o‹TÓƒ ≠ Î!ò m = n •Î˚ ï˛ˆÏÓ ˆÙyê˛ í˛z˛õyÎ˚ = 
2

.2
m

m m  Ü˛yÓ˚î ~áyˆÏl ò%!ê˛ Ë˛yà ˛õÓ˚flõÓ˚ ˛õyŒê˛yˆÏ°

ˆÜ˛yl l)ï˛l §ÙÓyÎ˚ ˛õyGÎ˚y ÎyÎ˚ ly–
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ÎÌyñ 22 çl Ê%˛ê˛Ó°yÓ˚ˆÏÜ˛ 11 çl Ü˛ÛˆÏÓ˚ ò%!ê˛ òˆÏ° Ë˛yà Ü˛Ó˚y ÎyÎ˚ 
22

11112  í˛z˛õyˆÏÎ˚–

í˛zòyÉ 4. ~Ü˛!ê˛ §Ùï˛ˆÏ° n-§ÇáƒÜ˛ !Ó®% xyˆÏSÈ ÎyÓ˚ (i) ˆÜ˛yl !ï˛l!ê˛ §ÙˆÏÓ˚á lÎ˚ (ii) ÎyÓ˚ p-§ÇáƒÜ˛

!Ó®% §ÙˆÏÓ˚á– Ü˛Î˚!ê˛ ˆÓ˚áy ~ÓÇ Ü˛Î˚!ê˛ !eË%˛ç àë˛l Ü˛Ó˚y ÎyˆÏÓ ~•z !Ó®%=!° myÓ˚y⁄

(i) ò%!ê˛ !Ó®% !òˆÏÎ˚ ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áy ˛õyGÎ˚y ÎyÎ˚– §%ï˛Ó˚yÇ !lˆÏî≈Î˚ §Ó˚°ˆÏÓ˚áy nc2.

(ii) Î!ò p-§ÙˆÏÓ˚á !Ó®%Ó˚ ˆÜ˛yl !ï˛l!ê˛ §ÙˆÏÓ˚á ly •ï˛ ï˛y •ˆÏ° pc2 §Ó˚°ˆÏÓ˚áy ˛õyGÎ˚y ˆÎï˛ !Ü˛v

ï˛yÓ˚ ˛õ!Ó˚ÓˆÏï≈˛ p-§ÇáƒÜ˛ !Ó®% !òˆÏÎ˚ ~Ü˛!ê˛ Ùye §Ó˚°ˆÏÓ˚áy ˛õyGÎ˚y ÎyˆÏÓ– xÌ≈yÍ (pc2–1) ~ï˛=!°

§Ó˚°ˆÏÓ˚áy Ü˛Ù •ˆÏÓ–

§%ï˛Ó˚yÇñ §Ó˚°ˆÏÓ˚áyÓ˚ !lˆÏî≈Î˚ §Çáƒy = nc2 – (pc2–1).

!eË%˛ˆÏçÓ˚ §Çáƒy ≠ ˆÜ˛yl !ï˛l!ê˛ !Ó®% §ÙˆÏÓ˚á ly •ˆÏ° n-§ÇáƒÜ˛ !Ó®% ˆÌˆÏÜ˛ nc3 §ÇáƒÜ˛ !eË%˛ç

˛õyGÎ˚y ÎyÎ˚– xyÓyÓ˚ p-§ÇáƒÜ˛ !Ó®% §ÙˆÏÓ˚á •ˆÏ° pc3 §ÇáƒÜ˛ !eË%˛ç Ü˛Ù •ˆÏÓ–

∴ í˛zÍ˛õß¨ !eË%˛ç §Çáƒy = nc3 – pc3.

í˛zòyÉ 5. n-§ÇáƒÜ˛ Ó› ˆÌˆÏÜ˛ ~Ü˛ ˆÎyˆÏà Îï˛=!° •zFSÈy Ó› !lˆÏÎ˚ §ÙÓyÎ˚ §Çáƒy !lî≈Î˚–

≤Ã!ï˛ !lÓ≈yã˛ˆÏl ò%•z!ê˛ ≤Ã!e´Î˚y §Ω˛Ó (i) Ó›!ê˛ !lÓ≈y!ã˛ï˛ •ˆÏï˛ ˛õyˆÏÓ˚ xÌÓy (ii) Ó›!ê˛ !lÓ≈y!ã˛ï˛ ly •ˆÏï˛

˛õyˆÏÓ˚– ≤Ãò_ n Ó›Ó˚ ≤Ã!ï˛!ê˛Ó˚ ˆ«˛ˆÏe 2 ≤ÃÜ˛yÓ˚ ≤Ã!e´Î˚y •ˆÏÓ–

§%ï˛Ó˚yÇ ˆÙyê˛ ≤Ã!e´Î˚y §Çáƒy = 2×2×2...n §ÇáƒÜ˛ í˛zÍ˛õyòÜ˛–

= 2n-~Ó˚ ÙˆÏôƒ ~Ü˛!ê˛ ≤Ã!e´Î˚y xyˆÏSÈ ÎyˆÏï˛ §Ó Ó›•z ˛õ!Ó˚ï˛ƒ_´– §%ï˛Ó˚yÇ !lˆÏî≈Î˚ §ÙÓyÎ˚ §Çáƒy =
2n–1.

3.5 xl%¢#°l#

1) (i) Î!ò 
nc8 : nc6 = 15

28  •Î˚ñ ï˛ˆÏÓ n !lî≈Î˚ Ü˛Ó˚&l– [í˛z/ 12]

(ii) Î!ò  18cr = 18cr+2 •Î˚ ï˛ˆÏÓ r ~ÓÇ 
11cr-~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚&l– [í˛z/ 165]

2) ~Ü˛!ê˛ ≤ÃŸ¿˛õˆÏeÓ˚ 10!ê˛ ≤ÃˆÏŸ¿Ó˚ ÙˆÏôƒ ~Ü˛çl ˛õÓ˚#«˛yÌ≈# Ü˛ï˛ í˛z˛õyˆÏÎ˚ 7!ê˛ ≤ÃŸ¿ ÓySÈˆÏï˛ ˛õyˆÏÓ˚⁄

[í˛z/ 120]

3) 10 çl SÈye ~ÓÇ 15 çl SÈye# ˆÌˆÏÜ˛ Ü˛ï˛ í˛z˛õyˆÏÎ˚ 7 çlyÓ˚ ~Ü˛!ê˛ Ü˛!Ù!ê˛ àí˛¸y ÎyÎ˚ ÎyˆÏï˛ ≤Ã!ï˛

Ü˛!Ù!ê˛ˆÏï˛ xhs˝ï˛ 4 çl SÈye ÌyÜ˛ˆÏÓ⁄ [í˛z/ 1,25,265]
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4) 12 çl ˆ°yÜ˛ˆÏÜ˛ Ü˛ï˛ í˛z˛õyˆÏÎ˚ ò%!ê˛ Ë˛yˆÏà Ë˛yà Ü˛Ó˚y ÎyÎ˚⁄ [í˛z/ 2,047]

5) ~Ü˛ Óƒ!_´Ó˚ 50 çl Ó¶%˛ xyˆÏSÈ– ˆ§ Ü˛ï˛ í˛z˛õyˆÏÎ˚ ~Ü˛ xÌÓy 6 ˆÓ!¢ Ó¶%˛ˆÏÜ˛ !lÙsfî Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚⁄

[í˛z/ 31]

6) ≤ÃÙyî Ü˛Ó˚&l ˆÎñ 

7) 21!ê˛ ÙƒyˆÏã˛Ó˚ Ê˛°yÊ˛° åçÎ˚ñ ˛õÓ˚yçÎ˚ Óy í»˛ä Ó°ˆÏï˛ •ˆÏÓ– Ü˛ï˛=!° !Ó!Ë˛ß¨ ˛õ)Ó≈yË˛yˆÏ§ !ë˛Ü˛ 18!ê˛

§!ë˛Ü˛ Ê˛° ÌyÜ˛ˆÏÓ⁄ [í˛z/ 10,640]

8) ˆÜ˛yl §Ùï˛ˆÏ° 10!ê˛ !Ó®% xyˆÏSÈ ï˛yÓ˚ ÙˆÏôƒ 4!ê˛ !Ó®% §ÙˆÏÓ˚á ~ÓÇ ÓyÜ˛#=!°Ó˚ ˆÜ˛yl !ï˛l!ê˛ §ÙˆÏÓ˚á

lÎ˚– !Ó®%=!° ˆÎyà Ü˛ÛˆÏÓ˚ÈüüüÈ

(i) Ü˛ï˛=!° !eË%˛ç ˛õyGÎ˚y ÎyˆÏÓ⁄ [í˛z/ 116]

(ii) Ü˛ï˛=!° §Ó˚°ˆÏÓ˚áy ˛õyGÎ˚y ÎyˆÏÓ⁄ [í˛z/ 40]
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~Ü˛Ü˛ 4  xÓÜ˛°l G x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ !Óhfl,Ï!ï˛ (Differentiation)

àë˛l

4.1 í˛zˆÏj¢ƒ

4.2 l!ï˛Ùyey

4.3 xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°l Óy xÓÜ˛°l

4.3.1 í z̨òy•Ó˚îÙy°y

4.3.2 xhs˝Ó˚Ü˛°l §•ˆÏàÓ˚ çƒy!Ù!ï˛Ü˛ Óƒyáƒy

4.3.3 xÓÜ˛° Óy xhs˝Ó˚Ü˛°

4.3.4 xhs˝Ó˚Ü˛°ˆÏlÓ˚ Ü˛ˆÏÎ˚Ü˛!ê˛ §yôyÓ˚î !lÎ˚Ù

4.3.5 °ày!Ó˚ò‰Ù‰ÈüÈÙ)°Ü˛ xÓÜ˛°l

4.3.6 xÓƒ_´ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°l

4.3.7 xÓÜ˛°l §•ˆÏàÓ˚ myÓ˚y ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚ !lî≈Î˚

4.3.8 ≤ÃŸ¿Ùy°y

4.4 e´!ÙÜ˛ xhs˝Ó˚Ü˛°l

4.4.1 í z̨òy•Ó˚îÙy°y

4.4.2 ≤ÃˆÏÎ˚yàÙ)°Ü˛ í˛zòy•Ó˚î

4.5 xl%¢#°l#

4.1 í˛zˆÏj¢ƒ

~•z ~Ü˛ˆÏÜ˛ xhs˝Ó˚Ü˛°ˆÏlÓ˚ ôyÓ˚îyñ í˛zˆÏj¢ƒñ çƒy!Ù!ï˛Ü˛ Óƒyáƒy ï%˛ˆÏ° ôÓ˚y •ˆÏÎ˚ˆÏSÈ– ~SÈyí˛¸y !Ó!Ë˛ß¨

xyÜ˛yˆÏÓ˚Ó˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°lñ xhs˝Ó˚Ü˛°ˆÏlÓ˚ §yôyÓ˚î !lÎ˚ÙyÓ°# xyˆÏ°y!ã˛ï˛ •ˆÏÎ˚ˆÏSÈ Îy xÓÜ˛°l G

xˆÏ˛õ«˛ˆÏÜ˛Ó˚ !Óhfl,Ï!ï˛ §¡õˆÏÜ≈˛ ÓyhflÏÓ K˛yl ˆòˆÏÓ–

50
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4.2 l!ï˛Ùyey (Gradient)

(i) §Ó˚°ˆÏÓ˚áyÓ˚ l!ï˛ ≠AB §Ó˚°ˆÏÓ˚áyÓ˚ Q !Ó®%Ó˚ Ë%˛ç P !Ó®%Ó˚ Ë%˛ç

••zˆÏï˛ PR Ó,!k˛ ˆ˛õˆÏÎ˚ˆÏSÈ– xyÓyÓ˚ Q !Ó®%Ó˚ ˆÜ˛y!ê˛ QR Ó,!k˛ ˆ˛õˆÏÎ˚ˆÏSÈ– 
QR
PR

xl%˛õyï˛ˆÏÜ˛ P !Ó®%ˆÏï˛ AB §Ó˚°ˆÏÓ˚áyÓ˚ l!ï˛ (Gradient) ÓˆÏ° å!ã˛e 1

ˆòá%lä–

ÙˆÏl Ó˚yáˆÏï˛ •ˆÏÓ ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ l!ï˛Ùyey ≤Ã!ï˛ !Ó®%ˆÏï˛ §Ùyl–

Q !Ó®%!ê˛ P xlƒ ˛õyˆÏŸª≈ ˆlGÎ˚y •ˆÏ°G P !Ó®%ˆÏï˛ l!ï˛ ~Ü˛•z ÌyÜ˛ˆÏÓ–

(ii) Óe´ˆÏÓ˚áyÓ˚ l!ï˛ ≠ ˆÜ˛ylG Óe´ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚ ˆÜ˛ylG !Ó®%ˆÏï˛ x!B˛ï˛ flõ¢≈ˆÏÜ˛Ó˚ l!ï˛ˆÏÜ˛ ˙ !Ó®%ˆÏï˛

Óe´ˆÏÓ˚áyÓ˚ l!ï˛ Ó°y •Î˚– ~áyˆÏl AB, P !Ó®%ˆÏï˛ Óe´ˆÏÓ˚áy!ê˛Ó˚ ~Ü˛!ê˛

flõ¢≈Ü˛ å!ã˛eÈüÈ2ä– 
BL
AL  xl%˛õyï˛!ê˛ P !Ó•®%ˆÏï˛ Óe´ˆÏÓ˚áy!ê˛Ó˚ l!ï˛ •ˆÏÓ–

Î!ò Óe´ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚ ˆÜ˛ylG !Ó®%ˆÏï˛ flõ¢≈Ü˛ y-xˆÏ«˛Ó˚ §Ùyhs˝Ó˚y° •Î˚

ï˛ˆÏÓ ï˛yÓ˚ í˛z˛õÓ˚ ò%!ê˛ !Ó®%Ó˚ Ë%˛ˆÏçÓ˚ Ó,!k˛ ¢)lƒ •ˆÏÓ– ~ˆÏ«˛ˆÏe flõ¢≈ˆÏÜ˛Ó˚ l!ï˛

x§#Ù (infinity) Ó°y •ˆÏÓ– xyÓyÓ˚ Óe´ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚ ˆÜ˛yl !Ó®%ˆÏï˛ flõ¢≈Ü˛

x-xˆÏ«˛Ó˚ §Ùyhs˝Ó˚y° •ˆÏ° ˙ !Ó®%ˆÏï˛ Óe´ˆÏÓ˚áy!ê˛Ó˚ l!ï˛ ¢)lƒ •ˆÏÓ–

4.3 xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°l Óy xÓÜ˛°l (Differentiation)

§ÇK˛y ≠ ÙˆÏl Ü˛!Ó˚ y = f(x) xˆÏ˛õ«˛Ü˛!ê˛ x-~Ó˚ ˆÜ˛ylG ˛õ!Ó˚§ˆÏÓ˚ §ÇK˛yï˛– ~ál Î!ò ~Ü˛!ê˛ !Ó®%

x-~Ó˚ §yˆÏ˛õˆÏ«˛ ˆÜ˛ylG «%˛o ˛õ!Ó˚Óï≈˛l Δx åÓy δxò Óy h) ˆòGÎ˚y ÎyÎ˚ ï˛ˆÏÓ ÙˆÏl Ü˛!Ó˚ y-~Ó˚ ˛õ!Ó˚Óï≈˛l

•ˆÏÓ Δy åÓy δy Óy k)–

∴ y + Δy = f(x + Δx) Óyñ Δy = f(x + Δx) – y = f(x + Δx) – f(x)

Óyñ 
( ) ( )y f x x f x

x x
D +D -

=
D D

Î!ò 
0

lim
x

y
xD ®

D
D

ÈüÈ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ~ÓÇ §§#Ù •Î˚ ï˛ˆÏÓ ˙ !°!Ùê˛!ê˛ˆÏÜ˛ f(x)-~Ó˚ x-~Ó˚ §yˆÏ˛õˆÏ«˛

xhs˝Ó˚Ü˛°ç (derivative) Óy xÓÜ˛°l §•à (differential coefficient) ÓˆÏ° ~ÓÇ ( )( )dy d ydx dx=  Óy

f′(x) myÓ˚y !ã˛!•´ï˛ •Î˚–

A

O

B
P Q

R

x

y

ïïïïïïïï

A

BP

L x

y

ïïïïïïïï
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xÌ≈yÍ 
0 0

( ) ( )lim lim
x x

dy y f x x f x
dx x xD ® D ®

D + D -
= =

D D

= 
0

( ) ( )lim
h

f x h f x
h®

+ -

0

( ) ( )lim
h

f c h f c
h®

+ -
 ~Ó˚ x!hflÏc ÌyÜ˛ˆÏ° ˆ°áy •Î˚ 

0

( ) ( )( ) lim
h

f c h f cf c h®

+ -¢ =

xÌ≈yÍ f′(c), f(x) ~Ó˚ x = c !Ó®%ˆÏï˛ xÓÜ˛°l §•àñ xÓÜ˛°l ≤Ã!e´Î˚y §#Ùy !lî≈ˆÏÎ˚Ó˚ ÙyôƒˆÏÙ •ˆÏÎ˚

ÌyˆÏÜ˛– xï˛~Ó f(x) xˆÏ˛õ«˛ˆÏÜ˛Ó˚ x-!Ó®%ˆÏï˛ xÓÜ˛°l !lî≈Î˚ Ü˛Ó˚y ÎyˆÏÓ Î!ò

0

( ) ( )lim
h

f x h f x
h® +

+ -
 

0

( ) ( )lim
h

f x h f x
h® -

+ -
=  •Î˚–

xÌ≈yÍ ò!«˛î xÓÜ˛°l §•à ~ÓÇ ÓyÙ xÓÜ˛°l §•à x!hflÏc¢#° ~ÓÇ í˛z•yÓ˚y §Ùyl •ˆÏÓ– xÌ≈yÍ

Rf′(x) = Lf′(x).

4.3.1 í˛zòy•Ó˚îÙy°y

í˛zòyÉ 1. Î!ò f(x) = 3x2 + 5x + 1 •Î˚ ï˛ˆÏÓ

2 2

0 0

( ) ( ) 3( ) 5( ) 1 3 5 1( ) lim lim
h h

f x h f x x h x h x xf x h h® ®

+ - + + + + - - -¢ = =

2

0

3lim
h

x
®

=
26 3 5hx h x+ + + 25 1 3h x+ + - 5x- 1

h
-

2

0 0
3 6 5lim lim(3 6 5)

h h
h hx h h xh® ®

+ += = + +

0 0 0
lim3 lim 6 lim5
h h h

h x
® ® ®

= + +  åí˛z˛õ˛õyòƒ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ä

= 0 + 6x + 5 = 6x + 5

í˛zòyÉ 2. ÙˆÏl Ü˛!Ó˚ñ f(x) = 3x + 2, 0x £
   = –3x + 2, x > 0.

0 0

(0 ) (0) ( 3 2) 2R (0) lim lim 3
h h

f h f hf h h® + ®

+ - - + -¢ = = = -
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xyÓyÓ˚ñ 
0 0

(0 ) (0) 3 2 2L (0) lim lim 3
h h

f h f hf h h® - ® -

+ - + -¢ = = =

R (0) L (0),f f¢ ¢\ ¹

xï˛~Óñ f′(0) ~Ó˚ x!hflÏc ˆl•z–

í˛zòyÉ 3. ÙˆÏl Ü˛!Ó˚ñ ( ) ; 0f x x x= >

0 0

( ) ( )( ) lim lim
h h

dy f x h f x x h xf x dx h h® ®

+ - + -¢ = = =

= 0 0

( )
lim lim
h h

x h x h
h x h x h x h x® ®

é ù+ -ë û =
é ù é ù+ + + +ë û ë û

= 0
1 1lim

2h x h x x®
=

+ +

í˛zòyÉ 4. ÙˆÏl Ü˛!Ó˚ñ 
1( ) , 0f x xx= ¹

( )
0 0

1 1
( ) ( )( ) lim lim

h h

f x h f x x h xf x h h® ®

-
+ - +¢ = =

20 0
1 1 1lim lim ( 0)( ) ( )h h

x x h xh x x h x x h x® ®

- -= = - = ¹
+ +



í˛zòyÉ 5. ÙˆÏl Ü˛!Ó˚ñ ( ) ,nf x x n=  ôlydÜ˛ ˛õ)î≈§Çáƒy–

0 X

( )( ) lim lim [X ]X
n n n n

h x

x h x x xf x x hh x® ®

+ - -¢ = = = =
-

1 2 1 1
X
lim( ... )n n n n

x
X X x x nx- - - -

®
+ + + =

xï˛~Óñ f′(x) = nxn–1 (n ôlydÜ˛ ˛õ)î≈§Çáƒyä

ÙˆÏl Ó˚y!áˆÏï˛ •ˆÏÓñ n ˆÎ ˆÜ˛ylG Ù)°ò §Çáƒy •ˆÏ° ≤ÃÙyî Ü˛Ó˚y ÎyÎ˚ ˆÎñ f(x) = xn ~•z Ê˛yÇ¢l!ê˛

n Ó˚ƒy¢ly° åÙ)°òä •ˆÏ° x-~Ó˚ §yˆÏ˛õˆÏ«˛ xhs˝Ó˚Ü˛°lˆÏÎyàƒñ ~ÓÇ 
1n nd x nxdx
-=  Î!ò 0x¹  •Î˚– n
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}îydÜ˛ ˛õ)î≈§Çáƒy •ˆÏ° n = –m !°áˆÏ° m ~Ü˛!ê˛ ôlydÜ˛ ˛õ)î≈§Çáƒy– xï˛~Ó ~•zˆÏ«˛ˆÏe 0x¹  •ˆÏ°

xyÙÓ˚y ˛õy•z

0 0

( ) ( )( ) lim lim
n n m m

h h

x h x x h xf x h h
-

® ®

+ - + -¢ = =

= 0 0 0

( ) ( ) 1lim lim .lim
( ) ( )
m m m m

m m m mh h h

x x h x h x
hh x h x x x h® ® ®

+ + -
= -

+ +

ò!«˛î ˛õˆÏ«˛Ó˚ ≤ÃÌÙ !°!Ùê˛ ≤ÃÌÙ ˆ«˛e ˆÌˆÏÜ˛ ˛õy•z =mxm–1

xï˛~Óñ 
1 1 1( )

m m n
m m

mxf x mx nx
x x

-
- - -¢ = - = - =

í˛zòyÉ 6. a !Ó®%ˆÏï˛ f(x)-~Ó˚ xhs˝Ó˚Ü˛°lñ xÌ≈yÍ f′(a) ÌyÜ˛ˆÏ° f(x) xˆÏ˛õ«˛Ü˛ x = a !Ó®%ˆÏï˛ §hs˝ï˛

•ˆÏÓ–

xyÙÓ˚y çy!lñ 
0

( ) ( )( ) lim
h

r a h f af a h®

+ -¢ =

~ál 
( ) ( )( ) ( ) ( 0)r a h f af a h f a h hh

+ -
+ - = ´ ¹

0 0 0

( ) ( )lim{ ( ) ( )} lim lim
h h h

r a h f af a h f a hh® ® ®

+ -
\ + - = ´  åˆÎˆÏ•ï%˛ ≤Ã!ï˛!ê˛ !°!Ùê˛ xyˆÏSÈä

= f′(a) × 0 = 0

0
lim ( ) ( )
h

f a h f a
®

\ + =

§hs˝!ï˛Ó˚ §ÇK˛y ˆÌˆÏÜ˛ ˛õy•z ˆÎ f(x), x = a !Ó®%ˆÏï˛ §hs˝ï˛–

í˛zòyÉ 7. f(x) = ex.f′(x) !lî≈Î˚ Ü˛Ó˚&l–

§ÇK˛yl%§yˆÏÓ˚ 
0 0 0

1 1( ) lim lim . .lim
x h h hx x

h h h
e e ef x e eh h h

+

® ® ®

- -= = =

= 
0

1[ lim 1]
hx

h
ee h®

- =
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í˛zòyÉ 8. f(x) = cax f′(x) !lî≈Î˚ Ü˛Ó˚&l–

( )( )

0 0

1
( ) lim lim .

aha x h ah ax
h h

ee ef x e ah ah
+

® ®

--¢ = =

0 0
1 1. lim lim 1

ah ahax ax
h h

e ea e aeah ah® ®

é ù- -= = =ê ú
ë û


í˛zòyÉ 9. f(x) = ax.f′(x) !lî≈Î˚ Ü˛Ó˚&l–

log

0 0 0
1( ) lim .lim lim loglog .

a h h h ax x
h h h

a a cf x a a ah h a h
+

® ® ®

-¢ = = =

0
1.log .lim [ log ] log .

hx x
h

aa a h h a a ah
¢

®

- ¢= = =¢

í˛zòyÉ 10. f(x) = logex, f′(x) !lî≈Î˚ Ü˛Ó˚&lñ ˆÎáyˆÏl x > 0.

( )lim limlog ( ) log 1( ) 0 0 .loge e
e

x h x x hf x h hh h x
+ - +¢ = ¾¾¾¾¾¾® = ¾¾¾¾¾¾®

= ( )0 0
1 1 1lim . log 1 lim log(1 ) [eh h

x h hz zx h x x z x® ®
+ = + =  ôˆÏÓ˚]

åˆÎˆÏ•ï%˛ x-~Ó˚ Ùyl h-~Ó˚ í˛z˛õÓ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚ lyä

lim1 1[ 0 log (1 ) 1]eh zx z= ¾¾¾¾¾¾® + =

í˛zòyÉ 11. f(x) = c ô &ÓÜ˛ f′(x) !lî≈Î˚ Ü˛Ó˚&l–

0 0

( ) ( )( ) lim lim [ 0]
h h

f x h f x c cf x o hh h® ®

+ - -¢ = = = ¹

xï˛~Ó ~Ü˛!ê˛ ô &ÓÜ˛ Ê˛yÇ¢ˆÏlÓ˚ xÓÜ˛° §•à = 0

f(x) = sinx G f(x) = cosx-~Ó˚ xhs˝Ó˚Ü˛°l
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(1) f(x) = sinx •ˆÏ°

f(x+h) = sin(x+h)

( )( ) ( ) 2cos sin2 2
f x h f x h hxh

+ -
\ = +

( )0 0 0

sin( ) ( ) 2lim lim cos lim cos .1 cos2
2

h h h

h
f x h f x hx x xh h® ® ®

+ -
\ = + = =

4.3.2 xhs˝Ó˚Ü˛° §•ˆÏàÓ˚ çƒy!Ù!ï˛Ü˛ Óƒyáƒy

ÙˆÏl Ü˛!Ó˚ñ P(x, y) ~Ü˛!ê˛ §hs˝ï˛ Óe´ˆÏÓ˚áy y = f(x)-~Ó˚ í˛z˛õÓ˚ xÓ!fliï˛– ÙˆÏl Ü˛!Ó˚ñ P !Ó®%ˆÏï˛

Óe´ˆÏÓ˚áy!ê˛Ó˚ ~Ü˛!ê˛ flõ¢≈Ü˛ xyˆÏSÈ Îy y-xˆÏ«˛Ó˚ §Ùyhs˝Ó˚y° lˆÏ•– ÙˆÏl Ü˛!Ó˚ñ Q(x + Δx, y + Δy), y
= f(x)-~Ó˚ í˛z˛õÓ˚ x˛õÓ˚ ~Ü˛!ê˛ !Ó®%– PL, QM Ox-~Ó˚ í˛z˛õÓ˚ °¡∫ ê˛yly •°– ~ÓÇ OX-~Ó˚ §Ùyhs˝Ó˚y°

Ü˛ˆÏÓ˚ PN ê˛yly •° å!ã˛eÈüÈ3ä–

PN = LM = OM – OL = x + Δx – x = Δx

~ál

NQ = MQ – MN = MQ – LP

= y + Δy – y = Δy

ˆÎˆÏ•ï%˛ P ~ÓÇ Q, y = f(x)-~Ó˚ í˛z˛õÓ˚ ò%•z!ê˛ !Ó®%ñ

xï˛~Ó y + Δy = f(x + Δx)

xÌÓy Δy = f(x + Δx) – f(x)

§%ï˛Ó˚yÇ PQ çƒyÈüÈ~Ó˚ l!ï˛

tan tan QPN y
x

D
= q = =

D

Î!ò Q → P •Î˚ PQ → PT ~ÓÇ Dx → 0

∴ PT ~Ó˚ l!ï˛ = 
0

tan lim ( )
x

y dy f xx dxD ®

D ¢y = = =
D

xï˛~Ó f′(x), P !Ó®%ˆÏï˛ y = f(x)-~Ó˚ flõ¢≈ˆÏÜ˛Ó˚ l!ï˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚–

y

xM

P

Q
T

N

LO


ïïïïïïïï
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ÙˆÏl Ó˚yáˆÏÓl ≠

1. Î!ò f′(x) > 0 ï˛ˆÏÓ (x, y) !Ó®%ˆÏï˛ flõ¢≈Ü˛ x-xˆÏ«˛Ó˚ §ˆÏD §)-ˆÏÜ˛yî í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ ~ÓÇ x Ó,!k˛

ˆ˛õˆÏ° f(x) Óy y Ó,!k˛ ˛õyÎ˚ å!ã˛eÈüüüÈ4, A !Ó®%ä–

2. Î!ò f′(x) < 0 •Î˚ñ ï˛ Ï̂Ó (x, y) !Ó®%̂ Ïï˛ flõ¢≈Ü˛ x-x Ï̂«˛Ó˚

§ˆÏD fli(°ˆÏÜ˛yî í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ ~ÓÇ x Ó,!k˛ ̂ ˛õˆÏ° f(x) Óy y •…y§≤ÃyÆ

•Î˚– å!ã˛eÈüüüÈ4, B !Ó®%ä–

3. Î!ò f′(x) = 0 •Î˚ ï˛ˆÏÓ (x, y) !Ó®%ˆÏï˛ flõ¢≈Ü˛ x-xˆÏ«˛Ó˚

§Ùyhs˝Ó˚y° •Î˚ å!ã˛eÈüüüÈ4)–

4.3.3 xÓÜ˛° Óy xhs˝Ó˚Ü˛° (Differential)

ÙˆÏl Ü˛!Ó˚ y = f(x) ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ ~ÓÇ 
dx
dy  Óy f′(x)

!lˆÏî≈Î˚–

0

( ) ( )( ) lim
x

f x x f xf x xD ®

+D -¢\ =
D

Óyñ 
( ) ( ) ( )f x x f x f xx

+D - ¢= +Î
D

~áyˆÏl Î ~Ùl ~Ü˛!ê˛ §Çáƒy ˆÎ 0Î®  Îál Δx → 0.

Óyñ f(x+Δx) – f(x) = Δx. f′(x) +. Δx 0Î®  Îál Δx → 0

Δx f′(x)ˆÏÜ˛ y = f(x) ~Ó˚ x-!Ó®%ˆÏï˛ xÓÜ˛° Óy xhs˝Ó˚Ü˛° (differential) Ó°y •Î˚ ~ÓÇ df Óy dy
myÓ˚y !lˆÏò≈¢ Ü˛Ó˚y •Î˚– dy = df = f′(x) Δx.

Î!ò f(x) = x ôÓ˚y •Î˚ ï˛ˆÏÓ f′(x) = 1

~ál df = dx = 1. Δx.

xÌ≈yÍ dx = Δx xÌ≈yÍ fl∫yô#l ã˛° x-~Ó˚ xÓÜ˛° dx G x-~Ó˚ Ó,!k˛ (increment) Δx §ÙyÌ≈Ü˛–

xï˛~Ó xyÙÓ˚y ˛õy•z ∴ dy = f′(x)dx.

í˛zòyÉ Î!ò y = x4 •Î˚ ï˛ˆÏÓ dy = 4x3dx.

Î!ò y = logex •Î˚ñ ï˛ˆÏÓ dy = 1
x dx.

ïïïïïïïï

y

O

B A

x

y=f(x)
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í˛zòyÉ ˆòáyl x-~Ó˚ Ó,!k˛Ó˚ §ˆÏD y = (x3 – 3x2 + 3x) xˆÏ˛õ«˛Ü˛!ê˛Ó˚ !Ü˛Ó˚*˛õ Ó,!k˛ ˛õyÎ˚⁄

y = x3 – 3x2 + 3x Óyñ 
dy
dx  = 3x2 – 6x + 3 = 3(x2 – 2x + 1) = 3(x – 1)2

∴ dy
dx  > 0, x-~Ó˚ §Ó ÓyhflÏÓ ÙyˆÏlÓ˚ çlƒ–

∴ y = f(x) xˆÏ˛õ«˛Ü˛!ê˛ x-~Ó˚ §!•ï˛ Ó,!k˛ ˛õyÎ˚–

4.3.4 xhs˝Ó˚Ü˛°ˆÏlÓ˚ Ü˛ˆÏÎ˚Ü˛!ê˛ §yôyÓ˚î !lÎ˚Ù

Î!ò u(x), v(x), w(x)...Ü˛ˆÏÎ˚Ü˛!ê˛ §§#Ù §ÇáƒÜ˛ xˆÏ˛õ«˛Ü˛ •Î˚ ï˛ˆÏÓñ

I. [ ( ) ( ) ( )...] ...d du dv dwu x v x w xdx dx dx dx± ± = ± ± ±

II. [ ( ). ( )] .d dv duu x v x u vdx dx dx= +

[ ( ). ( ). ( )]d dw dv duu x v x w x uv uw vwdx dx dx dx= + +

[ . ( )] .d duc u x cdx dx=   [c ô &ÓÜ˛]

III.
( ) ( ) 0( )

u xd v xdx v x
é ù

¹ê ú
ê úë û

= 
2

du dvv udx dx
v

-

IV. Î!ò y = f(u) ~ÓÇ u = j (x) •Î˚ ï˛ˆÏÓ

. ( ). ( )dy dy du f u xdx du dx
¢ ¢= = j

í˛zòyÉ x-~Ó˚ §yˆÏ˛õˆÏ«˛ xÓÜ˛° §•à !lî≈Î˚ Ü˛Ó˚&l ≠ 3x5 + 7x4 – 2x2 – x + 6

ÙˆÏl Ü˛!Ó˚ y = 3x5 + 7x4 – 2x2 – x + 6.

5 4 2[3 ] [7 ] [2 ] [6].dy d d d dx x xdx dx dx dx dx\ = + - -
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= 3.5x4 + 4.7x3 – 2.2x – 1 + 0

= 15x4 + 28x3 – 4x – 1

í˛zòyÉ y = xn.ex. dy
dx  !lî≈Î˚ Ü˛Ó˚&l ≠

1. ( ). ( ) . .n x n n x x ndy d dx e x x e e nxdx dx dx
-= = +

í˛zòyÉ y = (x2 + 7) (x3 + 10). dy
dx  !lî≈Î˚ Ü˛Ó˚&l ≠

2 3 3 2( 7) ( 10) ( 10) ( 7)dy d dx x x xdx dx dx= + + + + +

= (x2 + 7) (3x2) +(x3 + 10) (2x)

= 3x4 + 21x2 + 2x4 + 20x = 5x4 + 21x2 + 20x.

í˛zòyÉ y = 
2

2
1 .
1

dyx
dxx

+
-

 !lî≈Î˚ Ü˛Ó˚&l ≠

2 2 2 2

2 2

(1 ) (1 ) (1 ) (1 )

(1 )

d dx x x xdy dx dx
dx x

- + - + -
=

-

= 
2 2 2 2

2 2 2 2
(1 ).2 (1 )( 2 ) 2 (1 ) 2 (1 )

(1 ) (1 )
x x x x x x x x

x x
- - + - - + +

=
- -

= 
2 2

2 2 2 2
2 (1 1 ) 4

(1 ) (1 )
x x x x

x x
- + +

=
- -

í˛zòyÉ y = .log
n dyx
x dx  !lî≈Î˚ Ü˛Ó˚&l ≠

1

2 2

log . ( ) . (log ) log .

(log ) (log )

nn n nd d xx x x x x nxdy dx dx x
dx x x

-- -
= =

= 
1

2 2
log . ( log 1)

(log ) (log )
n n nn x x x x n x

x x x

-- -
=
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í˛zòyÉ y = 2ax bx ce + +  dy
dx  !lî≈Î˚ Ü˛Ó˚&l ≠

ÙˆÏl Ü˛!Ó˚ u = ax2 + bx + c.  ∴ y = en. u = ax2 + bx + c

∴ 2. .(2 ) .(2 ).u ax bx cdy dy du e ax b e ax bdx du dx
+ += = + = +

í˛zòyÉ y = (1 – 5x)4 . dy
dx  !lî≈Î˚ Ü˛Ó˚&l ≠

ÙˆÏl Ü˛!Ó˚ñ (1 – 5x) = u. §%ï˛Ó˚yÇ y = u4 ~ÓÇ u = 1 – 5x

∴ .dy dy du
dx du dx= = 4u3.(–5) = –20u3 = –20(1– 5x)3.

4.3.5 °ày!Ó˚ò‰Ù‰ÈüÈÙ)°Ü˛ xÓÜ˛°l

í˛zòyÉ xy.yx = 1 ••zˆÏ° 
dy
dx  !lî≈Î˚ Ü˛Ó˚&l ≠

í˛zË˛Î˚˛õˆÏ«˛ °ày!Ó˚ò‰Ù‰ !lˆÏÎ˚ ˛õy•z

logexy + logeyx = loge1 Óyñ ylogex + xlogey = 0

x-~Ó˚ §yˆÏ˛õˆÏ«˛ xÓÜ˛°l !lˆÏ° (y-ˆÏÜ˛ x-~Ó˚ xˆÏ˛õ«˛Ü˛ ÙˆÏl Ü˛ˆÏÓ˚ä

1 1.log . 1.log . 0e e
dy dyx y y xdx x y dx+ + + =

(log ) loge e
dy yxx ydx y x

æ ö
+ = - +ç ÷ç ÷

è ø
  Óyñ 

log

log

e

e

y yxdy
dx x xy

æ ö
+ç ÷ç ÷

è ø=
æ ö

+ç ÷ç ÷
è ø

í˛zòyÉ y = xx. dy
dx  !lî≈Î˚ Ü˛Ó˚&l ≠

logy = logexx = xlogex,

1 1log . log 1e e
dx x x xy dy x\ = + = +

Óyñ (log 1) (log 1)x
e e

dy y x x xdx = + = +



NSOU  NEC-MG-04 61

4.3.6 xÓƒ_´ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°l (Differentiate of Implicit Function)

f(x, y) = 0 §Ù#Ü˛Ó˚î ˆÌˆÏÜ˛ y = ϕ(x) xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y Ü˛álG Ü˛álG x§%!ÓôyçlÜ˛– Î!òG

~§Ó ˆ«˛ˆÏe y, x-~Ó˚ xˆÏ˛õ«˛Ü˛ •ˆÏï˛ ˛õyˆÏÓ˚– ~•z§Ó fliˆÏ° y-ˆÏÜ˛ x-~Ó˚ xÓƒ_´ xˆÏ˛õ«˛Ü˛ (Implicit
Function) Ó Ï̂°–

í˛zòyÉ ax2 + 2hry + by2 = 0 ~Ü˛!ê˛ xÓƒ_´ xˆÏ˛õ«˛Ü˛–

~•z ˆ«˛ˆÏe 
dy
dx  !lî≈Î˚ Ü˛Ó˚ˆÏï˛ ˆÎ ˆÜ˛ylG !Ó®% (x,y) ˆÎáyˆÏl hx + by ≠ 0.

x-~Ó˚ §yˆÏ˛õˆÏ«˛ xÓÜ˛°l !lˆÏ° ˛õy•zñ å~áyˆÏl y, x-~Ó˚ xyˆÏ˛õ«˛Ü˛ä

2 2 2 . 2 0dy dyax hy hx bydx dx+ + + =

Óyñ ( ) ( )dyax hy hx bydx- + = +  Óyñ 
dy ax hy
dx hx by

+
= -

+

í˛zòyÉ x3 + y3 = 3axy •ˆÏ° dy
dx  !lî≈Î˚ Ü˛Ó˚&l ≠

x-~Ó˚ §yˆÏ˛õˆÏ«˛ xÓÜ˛°l °•zˆÏ° ˛õy•z

2 23 3 3 3dy dyx y ay axdx dx+ = +

Óyñ 
2 2(3 3 ) (3 3 )dyx ay ax ydx- = -

Óyñ 

2

2 ,dy x ay
dx ax y

=
-

ˆÎáyˆÏl ax – y2 ≠ 0

≤Ãã˛!°Ü˛ §Ù#Ü˛Ó˚î ˆÌˆÏÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xÓÜ˛°l !lî≈Î˚ (Parametric Differentiation) :

y, x-~Ó˚ xˆÏ˛õ«˛Ü˛ ~ÓÇ ï˛yˆÏòÓ˚ §¡õÜ≈˛ ~Ü˛!ê˛ ≤Ãã˛° t-~Ó˚ !Ó!Ë˛ß¨ ÙyˆÏlÓ˚ çlƒ çyly xyˆÏSÈ– x =
φ(t) ~ÓÇ y = ψ(t), t ≤Ãã˛°–

.
dy

dy dy dtdt
dxdx dt dx
dt

= =  ˆÎáyˆÏl 0.dx
dt ¹  [Î!ò !lˆÏî≈Î˚ 

dt
dx  •Î˚]
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í˛zòyÉ 1 , 1x t y t= + = -  ˆÎáyˆÏl 10 2t£ £  •ˆÏ° 
dy
dx  !lî≈Î˚ Ü˛Ó˚&l–

1
2 1 1(1 ) 2 1

dx d tdt dt t
= + =

+
 •ˆÏ° 

1( 1)1
2 1

dy
dt t

-
=

-

11 1 1 1/2 21 1 1

dy
dy tdt

dxdx t t t
dt

+=\ = - = -
- - -

í˛zòyÉ 
2

2
1 1,x t y t tt

= + = +  •ˆÏ° 
dy
dx  !lî≈Î˚ Ü˛Ó˚&l ≠

2 2 3( ) 2 2dy d t t t tdx dt
-= + = -  ~ÓÇ 2

11dy
dx t

= -

2 33
2 2 4 2

( 1)1(1 / 2( ) .
2( 1) 2( 1)

dy t t tt tdx t t t t
- -

\ = - - = =
- +

í˛zòyÉ x2-~Ó˚ §yˆÏ˛õˆÏ«˛ x5-~Ó˚ xÓÜ˛°l !lî≈Î˚ Ü˛Ó˚&l ≠

ÙˆÏl Ü˛!Ó˚ y = x5 ~ÓÇ z = x2

.dy dy dydx dz
dx dxdz dx dz\ = =

~álñ 
45dy xdx =  ~ÓÇ 2dz xdx =

4 35 5
2 2

dy x xdz x\ = =

4.3.7 xÓÜ˛°l §•ˆÏàÓ˚ myÓ˚y ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚ !lî≈Î˚

ÙˆÏl Ü˛!Ó˚ñ y = f(x) xˆÏ˛õ«˛Ü˛!ê˛ ~Ü˛!ê˛ Óe´ˆÏÓ˚áy !lî≈Î˚ Ü˛ˆÏÓ˚– ÙˆÏl Ü˛!Ó˚ñ x1 ~ÓÇ x2y=f(x)-~Ó˚ í˛z˛õÓ˚

ò%•z!ê˛ !Ó®%– y1 = f(x1) ~ÓÇ y2 = f(x2)

2 1 2 1

2 1 2 1

( ) ( )y y f x f xy
x x x x x

- -D
\ = =

- D -

∴ •z•yˆÏÜ˛ (x1, x2)-Ó˚ ÙˆÏôƒ y-~Ó˚ àí˛¸ ˛õ!Ó˚Óï≈˛l Ó°y •Î˚–
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~ál Î!ò 0xD ®  •Î˚ñ ~ÓÇ Î!ò 
2 1

1
2 1 2 1

( ) ( )
lim ( )

x x

f x f x
f xx x®

-
¢=

-

1x x

dy
dx

=

æ ö
= ç ÷ç ÷
è ø  !lˆÏî≈Î˚ •Î˚ ï˛ˆÏÓ 

1x x

dy
dx

=

æ ö
= ç ÷ç ÷
è ø -ˆÜ˛ x1 !Ó®%ˆÏï˛ y-~Ó˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚ Ó°y •Î˚–

í˛zòyÉ Î!ò y = x3 ~ÓÇ x, 10 ~Ü˛Ü˛ ≤Ã!ï˛ !Ù!lˆÏê˛ Ó,!k˛ ˛õyÎ˚ ï˛ˆÏÓ Îál x = 3 ••zˆÏ° y-~Ó˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚

•yÓ˚ !lî≈Î˚ Ü˛Ó˚&l–

t = §ÙˆÏÎ˚Ó˚ ~Ü˛Ü˛ !Ù!lê˛–

2 23 3 10.dy dx x xdt dt= = ´

3x

dy
dt

=

æ ö
\ç ÷ç ÷
è ø

 = 3×10×9=270 ~Ü˛Ü˛˘!Ù!lê˛–

í˛zòyÉ 8y = x3 – 12x + 16 Óe´ˆÏÓ˚áyÓ˚ (0,2) !Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛Ó˚ à!ï˛ !lî≈Î˚ Ü˛Ó˚ ~ÓÇ flõ¢≈ˆÏÜ˛Ó˚

§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚&l–

2

0
8. 3 12 8 12

x

dy dyxdx dx
=

æ ö
= - \ = -ç ÷ç ÷

è ø

0

12 3
8 2x

dy
dx

=

æ ö
\ = - = -ç ÷ç ÷
è ø

 xï˛~Ó (0,2) !Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛Ó˚ l!ï˛ •° ( )3
2-

xï˛~Ó ˙ !Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛Ó˚ §Ù#Ü˛Ó˚î ≠ 
0

2 ( 0)
x

dyy xdx
=

æ ö
- = -ç ÷ç ÷

è ø

Óyñ 
32 2y x- = -     Óyñ 2y – 4 + 3x = 0

í˛zòyÉ ÙˆÏl Ü˛!Ó˚ f(x) = |x| xÌ≈yÍ f(x) = x, x > 0
= 0,  x = 0
= –x, x < 0
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xyÙÓ˚y ˆòˆÏá!SÈ f(0 + 0) = f(0 – 0 = f(0) = 0

∴ f(x), x = 0 !Ó®%ˆÏï˛ §hs˝ï˛–

!Ü˛v L.f′(0) = 
0 0

(0 ) (0) 0lim lim 1
h h

f h f h
h h® - ® -

+ - - -= = -

xyÓyÓ˚ñ Rf′(0) = 
0 0

(0 ) (0) 0lim lim 1
h h

f h f h
h h® + ® -

+ - -= =

∴ Lf′(0)¹ rf′(0). §%ï˛Ó˚yÇ f′(0) !lˆÏî≈Î˚ lÎ˚–

4.3.8 ≤ÃŸ¿Ùy°y

1. §ÇK˛y ˆÌˆÏÜ˛ x-~Ó˚ §yˆÏ˛õˆÏ«˛ xÓÜ˛°l §•à !lî≈Î˚ Ü˛Ó˚&l ≠

(i) x3 + 2x  [í˛z/ 3x2 + 2]   (ii) 1
x  [í˛z/ 2

1
x

- È]  (iii) e2x  [í˛z/ 2.e2x]

(iv) 
1 ( 0)x
x

>  [í˛z/ 
1 1.2 x x

- ]  (v) 102x  [í˛z/ 2.102xloge10]  (vi) xe   [í˛z/ 
3
2

x
x ]

2. !l¡¨!°!áï˛ xˆÏ˛õ«˛=!°Ó˚ x-~Ó˚ §yˆÏ˛õˆÏ«˛ xÓÜ˛° §•à !lî≈Î˚ Ü˛Ó˚&l ≠

(i) (x2 – 3)3  [í˛z/ 3(x2 – 3)2.2x] (ii) (x + 2) (x + 1)2  [í˛z/  (x + 2) (x + 1)2]

(iii) 
3(1 )x

x
+   [í˛z/ –x–2 + 3 + 2x]  (iv) 2

1
1 2x-

  [í˛z/ 2 2
4

(1 2 )
x
x- ]

(v) 3 1
4 24 6 2x x-
+ +   [í˛z/ 

7 1
4 23 3x x- -

- + ]

3. !l¡¨!°!áï˛ xˆÏ˛õ«˛Ü˛=!°Ó˚ x-~Ó˚ §yˆÏ˛õˆÏ«˛ xÓÜ˛° §•à !lî≈Î˚ Ü˛Ó˚&l ≠

(i) xnex  [í˛z/ ex(nmn–1+xn)] (ii) x2logx  [í˛z/ 2xlogx + x]

(iii) (x2 + 7) (x3 + 10)  [í˛z/ 2x(x3 + 10) + (x2 + 7)3x

(iv) 10x.x10  [í˛z/ 10x(10x9 + x10loge10)]

(v) 10.x e  [í˛z/ 
1[ ]

2
xe x

x
+ (vi) x2logx2  [í˛z/ 2(x + 2xlogx]
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4. !l¡¨!°!áï˛ xˆÏ˛õ«˛Ü˛=!°Ó˚ x-~Ó˚ §yˆÏ˛õˆÏ«˛ xÓÜ˛° §•à !lî≈Î˚ Ü˛Ó˚&l ≠

(i) 1x
x

e -
  [í˛z/ 2

( 1) ]
( 1)
x x

x
e xe

e
- -

-
(ii) log

nx
x  [í˛z/ 

1 1

2
log ]

(log )
n nnx x x

x

- --

(iii) 
2

2
1
1

x
x

+
-

  [í˛z/ 2 2
4 ]

(1 )
x
x-

(iv) 1
1

x
x

+
-

  [í˛z/ 2
1 ]

(1 )x x-

(v) 
3

.
x x

x x
e ex
e e-

+
+

  [í˛z/ e2x(1 + 2x)] (v) 
3 3

4
2
2

x x
x x

-

-
- +
- +

  [í˛z/ 2(x+1–x–2–x–3)]

5. !l¡¨!°!áï˛ xˆÏ˛õ«˛Ü˛=!°Ó˚ x-~Ó˚ §yˆÏ˛õˆÏ«˛ xÓÜ˛°l §•à !lî≈Î˚ Ü˛Ó˚&l ≠

(i) 2 2x a+   [í˛z/ 2 2
]x

x a+
(ii) ex4     [í˛z/ 4x3.ex4]

(iii) eax2+px+c     [í˛z/ eax2+bx+c (2ax+b)] (iv) log x    [í˛z/ 
1 ]

2 logx x

(v) a5x+1   [í˛z/ 5a5x+1.logea] (vi) log log     [í˛z/ 1 ]2x

(vii) log logx     [í˛z/ 
1 ]logx x (viii) 2 2log( )x x a+ +    [í˛z/ 2 2

1 ]
x a±

(ix) log( )x a x b- + -   [í˛z/ 
1 ]

2 ( )( )x a x b- -

6. !l¡¨!°!áï˛ xˆÏ˛õ«˛Ü˛=!°Ó˚ ˆ«˛ˆÏe 
dy
dx  !lî≈Î˚ Ü˛Ó˚&l ≠

(i) y = xx [í˛z/ xx (log x + 1)] (ii) y = xlogx [í˛z/ 2 log x.x(log x–1)]

(iii) y = xxx [í˛z/ xxx  xx {log x (log x + 1) + 1
x }]

(iv) y = 
1

2 2 2

2 2
a x
a x

æ ö-
ç ÷

+è ø
[í˛z/ 

2

2 2 4 4
2 ]

( )
a x

a x a x
-

+ -

(v) y = 21 1

n
x

x
æ ö
ç ÷ç ÷

+ -è ø
   [í˛z/ 

2
. ]

1
x y

x x-
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7. dy
dx  !lî≈Î˚ Ü˛Ó˚&l ≠

(i) 3x4 – x2y + 2y3 = 0 [í˛z/ 

2

2 2
2 (6 )]

6
dy x x y
dx x y

-
=

-

(ii) 2 2 2
3 3 3x y a+ =    [í˛z/ 

1
3dy y

dx x

ùæ ö ú= -ç ÷ç ÷ ú
è ø úû

(iii) x = y log (xy)   [í˛z/ 
( )
( )

dy y x y
dx x x y

ù-
= - ú

+ úû

(iv) xy = yx [í˛z/ 
( log )
( log )

y x y y
x y x x

ù-
ú

- úû

(v) xy.yx = 1 [í˛z/ 

2

2
(1 log )
(1 log )

y x
x y

ù-
ú-

- úû

(vi) exy – 4xy = 
y
x

é ù
-ê ú
ê úë û

8. dy
dx  !lî≈Î˚ Ü˛Ó˚&l ≠

(i) x = at2,  y = 2at [í˛z/ 1dy
dx t

ù
= ú

úû

(ii) 2 3
3

3 , 3 /1
1

atx y at t
t

= = +
+

[í˛z/ t(2 – t3) [(1 – 2t3)]

(iii)
2

2 2
1 2, .
1 1

t tx a y b
t t

-= =
+ +

[í˛z/ 
2( 1)2

b tat
ù

- úû

(iv) 2
2
1 1,x t y t tt

= + = + [í˛z/ 22( 1)
t

t
ù
ú

+ úû
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9. Î!ò f(x) = x cos–1x, dy
dx  Ü˛ï˛ •ˆÏÓ⁄

10. Î!ò log(xy) = x2 + y2 ˆòáyl ˆÎñ 

2

2
(2 1)
(1 2 )

dy y x
dx x y

-
=

-

11. §ÇK˛y ˆÌˆÏÜ˛ ˆòáyl ˆÎ . .(10 ) 10 2 3x xd
dx =

12. Î!ò x2 + y2 – 1 = 0 ï˛y•ˆÏ° 
dy
dx  Ü˛ï˛ •ˆÏÓ⁄

13. Î!ò f(x, y) = x3 + 3x + y3 + 3y – 8 = 0 ï˛y•ˆÏ° x = y = 1 !Ó®%ˆÏï˛ 
dy
dx  !lî≈Î˚ Ü˛Ó˚&l–

4.4  e´!ÙÜ˛ xhs˝Ó˚Ü˛°l (Successive Differentiation)

Î!ò y = f(x), x ~Ó˚ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ •Î˚ ï˛ˆÏÓ f(x) Óy 
dy
dx  §yôyÓ˚îï˛ xyÓyÓ˚ x-~Ó˚ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛

•Î˚– Î!ò 
0

( ) ( )lim
h

f x h f x
h®

¢ ¢+ -  !lˆÏî≈Î˚ •Î˚ ï˛ˆÏÓ ~•z §#ÙyˆÏÜ˛ !mï˛#Î˚ e´ˆÏÙÓ˚ xhs˝Ó˚Ü˛° §•à ÓˆÏ° ~ÓÇ

f′′(x) Óy 

2

2
d y
dx

 myÓ˚y !lˆÏò≈¢ Ü˛Ó˚y •Î˚– xl%Ó˚*ˆÏ˛õ f′′′(x), fiv(x)...fn(x) =!°ˆÏÜ˛ ÎÌye´ˆÏÙ ï,˛ï˛#Î˚ñ ã˛ï%˛Ì≈

....n-ï˛Ù xhs˝Ó˚Ü˛° §•à ÓˆÏ°– ÙˆÏl Ó˚yáˆÏÓl 
( )( ) D

n
n n n

nn
d yf x y y y
dx

= = = =  etc.

4.4.1 í˛zòy•Ó˚îÙy°y

í˛zòyÉ 1. ÙˆÏl Ü˛!Ó˚ 4 3, 4dyy x xdx= =

xyÓyÓ˚ 

2
3 3 2 2

2(4 ) 4 ( ) 4.3 12dy d yd d dx x x xdx dx dx dx dx
æ ö

= = = = =ç ÷ç ÷
è ø

2 3
2 2

3(12 ) 12 ( ) 24d y d yd d dx x xdx dx dx dx dx
æ ö
ç ÷ = = = =ç ÷
è ø
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3 4

3 4(24 ) 24. ( ) 24d y d yd d dx xdx dx dxdx dx
æ ö
ç ÷ = = = =ç ÷
è ø

xÌ≈yÍñ 

4 5

4 541, 0d y d y
dx dx

= =

í˛zòyÉ 2. Î!ò y = xn •Î˚ñ (n-ôlydÜ˛ ˛õ)î≈§Çáƒyä ï˛ˆÏÓ

! ( 1)( 2)....3.2.1
n

n
d y n n n n
dx

= = - -

í˛zòyÉ 3. y = eax,  ∴ y1 = a.eax, y2 = a2eax...yn = aneax

í˛zòyÉ 4. 
1 2

1 2
1 1( ) , 1.( )

( )
y x a y x ax a x a

- --= = + = = - +
+ +

y2 = (–1)(–2)(x+a)–3 xl%Ó˚*ˆÏ˛õ 1
( 1) !

( )
n n

n n n
d y ny
dx x a +

-
= =

+

   = (–1)2.1.2.(x+a)–3

í˛zòyÉ 5. y = (ax + b)m •ˆÏ° 

3

3
d y
dx

 !lî≈Î˚ Ü˛Ó˚&l–

2
1 2 2

2( ) . , ( 1)( ) .m mdy d ym ax b a m m ax b adx dx
- -= + = - +

3
3 3

3 ( 1)( 3)( ) .md y m m m ax b a
dx

-= - - +

í˛zòyÉ 6. y = loge(x+a) ••zˆÏ° 

2

2
d y
dx

 !lî≈Î˚ Ü˛Ó˚&l–

( )
2

2 2
1 1 1,

( )
dy d y d
dx x a dx x adx x a

-= + = + =
+ + +

xl%Ó˚*ˆÏ˛õ ˆòáyl ÎyÎ˚ ˆÎ 

1( 1) ( 1)!
( )

n n

n n
d y n
dx x a

-- -
=

+
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í˛zòyÉ 7. 2 2
1y

x a
=

-
 •ˆÏ° 

n

n
d y
dx

 !lî≈Î˚ Ü˛Ó˚&l–

2 2
1 1 1 1

2y a x a x ax a
é ù

= = -ê ú- +ë û-

( ) ( ) 2 2
1 1 1 1 1 1. . . . .( 1). .( 1).2 2 2 2( ) ( )

dy d d
dx a dx x a a dx x a a ax a x a

1 1\ = - = - - -
- + - +

2 2
1)1 1( 1)2 ( ) ( )a x a x a

é ù-
ê ú= - -

- +ê úë û

xl%Ó˚*ˆÏ˛õñ 1 1
( 1) ! 1 1

2 ( ) ( )
n n

n n n
d y n

adx x a x a+ +

é ù-
ê ú= -

- +ê úë û

í˛zòyÉ 8. x = at2, y = 2at •ˆÏ° ˆòáyl ˆÎñ 

2

2 3
1

2
d y
dx at

= -

22 , 2 2
dy dy dydx dx a lat a dt dt at tdt dt dx= = \ = = =

( ) ( ) ( )
2

2 2
1 1 1 1. . . . . 2

d y dyd d d dt
dx dx dx t dt t dx atdx t

æ ö
= = = = -ç ÷ç ÷

è ø

3
1

2at
= -

4.4.2 ≤ÃˆÏÎ˚yàÙ)°Ü˛ í˛zòy•Ó˚î

í˛zòyÉ 1. ôÓ˚&l §¡õ)î≈ Ù)°ƒ xˆÏ˛õ«˛Ü˛ C = ax2 + bx + c, a > 0, b > 0, c > 0.

àí˛¸Ù)°ƒ xˆÏ˛õ«˛Ü˛ ~ÓÇ Ùy!ç≈ly° Ù)°ƒ xˆÏ˛õ«˛Ü˛ !lî≈Î˚ Ü˛Ó˚&l ~ÓÇ ï˛yˆÏòÓ˚ ˆ°á!ã˛e !Ü˛ ôÓ˚ˆÏlÓ˚ •ˆÏÓ

ï˛y xyˆÏ°yã˛ly Ü˛Ó˚&l–

í˛z_Ó˚ ≠ àí˛¸Ù)°ƒ = 
2C ax bx c cax bx x x
+ += = + +

Ùy!ç≈ly° Ù)°ƒ = 2dC ax bdx = +
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§¡õ)î≈ Ù)°ƒ xˆÏ˛õ«˛Ü˛ ~Ü˛!ê˛ x!ôÓ,_– ~•z x!ôÓ,_!ê˛ ôlydÜ˛ ã˛ï%˛Ì≈yÇ¢ COX ~Ó˚ ÙˆÏôƒ xÓ!fliï˛–

•z•y C x«˛ˆÏÜ˛ (o,c) !Ó®%ˆÏï˛ ˆSÈò Ü˛ˆÏÓ˚– ~•z x!ôÓ,ˆÏ_Ó˚ x«˛ C-xˆÏ«˛Ó˚ §Ùyhs˝Ó˚y°–

àí˛¸Ù)°ƒ xˆÏ˛õ«˛Ü˛ §yôyÓ˚îï˛ U xyÜ,˛!ï˛ Óe´ˆÏÓ˚áy–

Ùy!ç≈ly° xˆÏ˛õ«˛Ü˛ ~Ü˛!ê˛ §Ó˚° ˆÓ˚áy ÎyÓ˚ l!ï˛Ùyey 2a.

í˛zòyÉ 2. Î!ò §¡õ)î≈ Ù)°ƒ xˆÏ˛õ«˛Ü˛ 21C 40,50 x x= + +  ˆÎáyˆÏl x •° oÓƒ ˛õ!Ó˚Ùyî– ï˛y•ˆÏ°

àí˛¸Ù)°ƒ G Ùy!ç≈ly° Ù)°ƒ xˆÏ˛õ«˛Ü˛ !lî≈Î˚ Ü˛Ó˚&l ~ÓÇ ï˛yˆÏòÓ˚ ˆ°á!ã˛e xÑyÜ%˛l– åˆòGÎ˚y xyˆÏSÈ àí˛¸Ù)°ƒ

= ,C
x  Ùy!ç≈ly° Ù)°ƒ = Cd

dx

àí˛¸Ù)°ƒ = 2C 1 1 4040 150 50
xx xx x x

é ù
= + + = + +ê úë û

Ùy!ç≈ly° Ù)°ƒ = C 1 125
d xdx = +

C

x

y=f(x)200
100
  50

C

xO MM

dc
dx

dc
dx

c
x

°«˛ƒ Ü˛Ó˚&l ≠ å1ä Ùy!ç≈lƒy° Ù)°ƒˆÏÓ˚áyñ àí˛¸Ù)°ƒ Óe´ˆÏÓ˚áyÓ˚ °!â‹T !Ó®% !òÎ˚y ÎyÎ˚–

å2ä ( )c
x ® a  Î!ò 0x ® +

å3ä §¡õ)î≈Ù)°ƒ xˆÏ˛õ«˛Ü˛ e´ÙÓô≈Ùyl !Ü˛v àí˛¸Ù)°ƒ xˆÏ˛õ«˛Ü˛ §Ó §ÙÎ˚ e´ÙÓô≈Ùyl •Î˚ ly–

í˛zòyÉ 3. §¡õ)î≈ e´Î˚Ù)°ƒ xˆÏ˛õ«˛Ü˛ C = aebx, a > 0, b > 0.

àí˛¸Ù)°ƒ G Ùy!ç≈ly° xˆÏ˛õ«˛Ü˛mÎ˚ !lî≈Î˚ Ü˛Ó˚&l ~ÓÇ •z•yˆÏòÓ˚ ˆ°á!ã˛e xÑyÜ%˛l–
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í˛zòyÉ 4. !lˆÏ¡¨y_´ §¡õ)î≈ e´Î˚Ù)°ƒ xˆÏ˛õ«˛Ü˛ §yˆÏ˛õˆÏ«˛ñ àí˛¸Ù)°ƒ xˆÏ˛õ«˛Ü˛ñ Ùy!ç≈ly° Ù)°ƒ xˆÏ˛õ«˛Ü˛

!lî≈Î˚ Ü˛Ó˚&l–

åÜ˛ä 2 3 4C x= + + åáä 
2 1C 2 . 23

xx x
+= +
+

åàä 
( 200)C ( 100)

x x
x
+

=
+

ô!Ó˚ x ~Ü˛!ê˛ !ÓˆÏ¢£Ï ˛õîƒñ ÎyÓ˚ ã˛y!•òy ÓyçyˆÏÓ˚ Óï≈˛Ùyl– Ü˛ï˛ ˛õ!Ó˚Ùyî x-~Ó˚ ã˛y!•òy ï˛y xˆÏlÜ˛ê˛y

˛õîƒ!ê˛Ó˚ Ù)ˆÏ°ƒÓ˚ í˛z˛õÓ˚ !lË≈˛Ó˚¢#°– Î!ò ≤Ã!ï˛ ~Ü˛Ü˛ ˛õˆÏîƒÓ˚ Ù)°ƒ p •Î˚ ~ÓÇ x ˛õ!Ó˚Ùyî ˛õîƒ Î!ò ã˛y!•òy

•Î˚ñ ï˛y•ˆÏ° xÈüÈˆÜ˛ p-~Ó˚ xˆÏ˛õ«˛Ü˛ !•ˆÏ§ˆÏÓ ˆ°áy §Ω˛Óó ày!î!ï˛Ü˛ xyÜ˛yˆÏÓ˚ ˆ°áy •Î˚–

x = φ(p)

j (p)ˆÏÜ˛ x-~Ó˚ ã˛y!•òy xˆÏ˛õ«˛Ü˛ Ó°y •Î˚–

p fl∫yô#l ã˛°ñ x ˛õÓ˚yô#l ã˛° ~ÓÇ ~Ó˚y ˆÜ˛Ó°Ùye ôlydÜ˛ Ùyl @˝Ã•î Ü˛ˆÏÓ˚–

Î!ò p-~Ó˚ Ùyl ÓyˆÏí˛¸ ï˛y•ˆÏ° x-~Ó˚ Ùyl Ü˛ˆÏÙ xÌ≈yÍ ã˛y!•òy xˆÏ˛õ«˛Ü˛!ê˛ e´ÙÈüÈ•…y§Ùyl–

pˆÜ˛ x-~Ó˚ !lË≈˛Ó˚¢#° ôÓ˚y •Î˚ñ ï˛ál p = y (x) ˆ°áy ÎyÎ˚–

j (p) ~ÓÇ y (x) xˆÏ˛õ«˛Ü˛ ò%!ê˛ ~Ü˛Ùyl !Ó!¢‹Tñ §hs˝ï˛ G e´Ù•…y§Ùyl–

4.5 xl%¢#°l#

1. y = x2logex •ˆÏ° y3 !lî≈Î˚ Ü˛Ó˚&l– [í˛z/ 
2
x
ù
úû

2. 1
xy e=  •ˆÏ° y3 !lî≈Î˚ Ü˛Ó˚&l–  [í˛z/ ( )2

6
1 6 6 1 ]x x
x

- + +

3.
loge x

y x=  •ˆÏ° ˆòáyl ˆÎ y2(1) = –3

4. y = x2ex •ˆÏ° ˆòáyl ˆÎ y2(0) = 2

5. x3 + yu3 – 3axy = 0 •ˆÏ° y2 !lî≈Î˚ Ü˛Ó˚&l– [í˛z/ 

3

2 3
2

( )
a xy

y ax
ù-
ú

- úû

6. Î!ò x = f(t), y = q(t) •Î˚ ï˛ˆÏÓ ˆòáyl ˆÎ

2
1 2 1 2

1 12 3
1

,
x y y xd y dydxx ydt dtdx x

- é ù
= = =ê ú

ê úë û
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7. !l¡¨!°!áï˛ ˆ«˛ˆÏe y2 !lî≈Î˚ Ü˛Ó˚&l–

(i) y x=   [í˛z/ 1
2

1
4x

ù
ú-
úû

(ii) ax2 + 2hxy + bh2 = 1    [í˛z/ 

2

3 , 0
( )
h ab hx by
hx by

ù- ú+ ¹
+ úû

8. Î!ò y = x2logex •Î˚ ï˛ˆÏÓ ˆòáyl ˆÎ xy3 = 2.

9. y = xe–x •ˆÏ° ˆòáyl ˆÎ xy2 + xy1 + y = 0.



˛õÎ≈yÎ˚ÈüüüÈ2
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~Ü˛Ü˛ 5  Ó˚y!¢ï˛ˆÏÌƒÓ˚ xÌ≈ G Ó˚y!¢ï˛ˆÏÌƒÓ˚ §ÇÜ˛°l G

í˛z˛õfliy˛õl

àë˛l

5.0 í ẑ̨ Ïj¢ƒ

5.1 ≤ÃhflÏyÓly

5.2 ˛õ!Ó˚§Çáƒyl ¢ˆÏ∑Ó˚ xÌ≈

5.3 Ó˚y!¢ï˛Ìƒ G í˛z•yÓ˚ ≤ÃÜ˛yÓ˚ˆÏË˛ò

5.3.1 ≤ÃyÌ!ÙÜ˛ G x≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛Ìƒ §Ç@˝ÃˆÏ•Ó˚ í˛zÍ§

5.3.2 ≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛Ìƒ §Ç@˝ÃˆÏ•Ó˚ ˛õk˛!ï˛

5.3.3 x≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛Ìƒ ÓƒÓ•yˆÏÓ˚Ó˚ §ï˛Ü≈˛ï˛yÙ)°Ü˛ ÓƒÓfliy §Ù)•

5.4 ÓƒÓ§y!Î˚Ü˛ !§k˛yˆÏhs˝ Ó˚y!¢!ÓK˛yˆÏlÓ˚ =Ó˚&c G §%ˆÏÎyà

5.5 §#ÙyÓk˛ï˛y

5.6 Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ ̂ ◊!î!Ólƒy§Ü˛Ó˚î

5.7 Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ í z̨̨ õfliy˛õl

5.8 ˛õ!Ó˚§Çáƒyl !ÓË˛yçl

5.8.1 ˛õ!Ó˚§Çáƒy !ÓË˛yçl àë˛ˆÏl !Ü˛S%È ≤ÃyÌ!ÙÜ˛ !lˆÏò≈¢

5.9 ˆ◊î#Ók˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçˆÏl ÓƒÓ•*ï˛ !Ü˛S%È §ÇK˛y

5.9.1 ˆ◊î# ˛õ!Ó˚§Çáƒy !ÓË˛yçl àë˛l

5.10 !Ó!Ë˛ß¨ ˛õk˛!ï˛ˆÏï˛ ˆ◊î#Ók˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl í˛z˛õfliy˛õl

5.10.1 e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl

5.11 ≤Ã!ï˛!°!˛õÓ˚ ˛§y•yˆÏÎƒ í˛z˛õfliy˛õlyÓ˚ §%!Óôy G x§%!Óôy

5.12 !Ó!Ë˛ß¨ ôÓ˚ˆÏlÓ˚ ˆ°á!ã˛e

5.13 xl%¢#°l#
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5.0 í˛zˆÏj¢ƒ

~•z ~Ü˛Ü˛!ê˛ ˛õí˛¸ÓyÓ˚ ˛õÓ˚ xy˛õ!l çylˆÏï˛ ˛õyÓ˚ˆÏÓl

 ˛õ!Ó˚§Çáƒyl Ü˛yˆÏÜ˛ ÓˆÏ°

 Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ ≤ÃÜ˛yÓ˚̂ ÏË˛ò

 Ó˚y!¢!ÓK˛yˆÏlÓ˚ =Ó˚&c G §%ˆÏÎyà

 Ó˚y!¢!ÓK˛y Ï̂lÓ˚ §#ÙyÓk˛ï˛y

 ˛Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ ̂ ◊î#!Ólƒy§Ü˛Ó˚î

 Ó˚y!¢ï˛ˆÏÌƒÓ˚ í˛z˛õfliy˛õl G ï˛yÓ˚ ≤ÃÜ˛yÓ˚ˆÏË˛ò

 !Ó!Ë˛ß¨ ˛õk˛!ï˛ˆÏï˛ ˆ◊î#Ók˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl í˛z˛õfliy˛õly G

 !Ó!Ë˛ß¨ ôÓ˚ˆÏlÓ˚ ˆ°á!ã˛ˆÏeÓ˚ ≤ÃÜ˛yÓ˚

5.1 ≤ÃhflÏyÓly

xyòÙ§%ÙyÓ˚# (Census) Óy lÙ%ly ï˛òhs˝ (Sample Servey) ˛õk˛!ï˛ˆÏï˛ §Çà,•#ï˛ Ó˚y!¢ï˛ÌƒÙy°y Î!ò §!ë˛Ü˛

xyÜ˛yˆÏÓ˚ §yçyˆÏly G í˛z˛õÎ%_´Ë˛yˆÏÓ í˛z˛õfliy˛õl Ü˛Ó˚y ly •Î˚ñ ï˛ˆÏÓ §Çà,•#ï˛ Ó˚y!¢ï˛Ìƒ Ù)°ƒ•#l •ˆÏÎ˚ ˛õˆÏí˛¸– ~•z ~Ü˛ˆÏÜ˛

í˛z_´ !Ó£ÏˆÏÎ˚ !ÓhflÏy!Ó˚ï˛ xyˆÏ°yã˛ly Ü˛Ó˚y •°–

5.2 ˛õ!Ó˚§Çáƒyl ¢ˆÏ∑Ó˚ xÌ≈

•zÇˆÏÓ˚ç# statistics ¢∑!ê˛ á%Ó §Ω˛Óï˛ °ƒy!ê˛l ¢∑ ‘status’ xÌÓy •zï˛y°#Î˚ ¢∑ ‘statista’ xÌÓy çyÙ≈yl

¢∑ ‘statistek’ ̂ ÌˆÏÜ˛ í˛zÍ˛õß¨ •ˆÏÎ˚ˆÏSÈñ Îy Ó˚yˆÏ‹T…Ó˚ Óy Ó˚yˆÏ‹T…Ó˚ çlàˆÏîÓ˚ ¢y§lÜ˛yˆÏÎ≈Ó˚ Óy Ó˚yç˜Ïl!ï˛Ü˛ í˛zˆÏj¢ƒ xy•!Ó˚ï˛

ï˛ Ï̂ÌƒÓ˚ §ÇÜ˛°l Ï̂Ü˛ ̂ ÓyV˛yï˛– Óï≈̨ ÙylÜ˛y Ï̂°ñ statistics Óy ̨õ!Ó˚§Çáƒyl Ü,̨ !£Ï!ÓK˛ylñ xÌ≈l#!ï˛ñ Ù Ï̂ly!ÓK˛ylñ §Ùyç !Óòƒyñ

ÓƒÓ§yÈüÈÓy!îçƒ ≤ÃË,˛!ï˛ ˆ«˛ˆÏe ÓƒÓ•*ï˛ •Î˚–

˛õ!Ó˚§Çáƒyl ¢∑!ê˛Ó˚ ò%Û!ê˛ !Ë˛ß¨ xÌ≈ xy Ï̂SÈ– Ó‡Óyã˛!lÜ˛ x Ï̂Ì≈ (Plural sense), ̨õ!Ó˚§Çáƒyl Ó° Ï̂ï˛ !Ó Ï̂¢£Ï ̨õk˛!ï˛ Ï̂ï˛

§ÇÜ˛!°ï˛ ̂ Ü˛ylG !Ó Ï̂¢£Ï !Ó£Ï̂ ÏÎ˚Ó˚ Ó˚y!¢Ùy°y ̂ ÓyV˛yÎ˚– ~Ü˛Óyã˛!lÜ˛ x Ï̂Ì≈ (Singular sense)  ̨õ!Ó˚§Çáƒyl •° ̃ ÓK˛y!lÜ˛

ï˛_¥ G ≤ÃˆÏÎ˚yà!Ó!ô §Ù)• (Scientific Theories and Methods), Îy ˆÜ˛ylG !ÓˆÏ¢£Ï !Ó£ÏˆÏÎ˚Ó˚ Ó˚y!¢Ùy°yÓ˚

ˆ◊î#!Ólƒy§ñ í˛z˛õfliy˛õlñ !ÓˆÏŸ’£Ïî G !§k˛yhs˝ @˝Ã•ˆÏîÓ˚ çlƒ ÓƒÓ•*ï˛ •Î˚– ˛õ!Ó˚§ÇáƒyˆÏlÓ˚ !ÓˆÏŸ’£Ïî !lˆÏÎ˚ àˆÏí˛¸ Gë˛y ~•z

!ÓK˛ylˆÏÜ˛ Ó˚y!¢!ÓK˛yl Óy §Çáƒyï˛_¥ Ó°y •Î˚–

5.3 Ó˚y!¢ï˛Ìƒ G í˛z•yÓ˚ ≤ÃÜ˛yÓ˚ˆÏË˛ò

~Ü˛çl Ó˚y!¢!ÓK˛yl#Ó˚ ≤ÃÌÙ Ü˛yç •ˆÏFSÈ Ó˚y!¢ï˛Ìƒ Óy §Çáƒyï˛Ìƒ (Data) §Ç@˝Ã• G ~Ü˛e#Ü˛Ó˚î Ü˛Ó˚y– ˆ§ !lˆÏçÓ˚

xl%§¶˛ylˆÏ«˛ˆÏe !àˆÏÎ˚ ï˛y §Ç@˝Ã• Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚ xÌÓy xlƒ ˆÜ˛ylG í˛zÍ§ ˆÌˆÏÜ˛ §Çà,•#ï˛ ï˛Ìƒ !lˆÏçÓ˚ Ü˛yˆÏç ÓƒÓ•yÓ˚
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Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚– xl%§¶˛ylˆÏ«˛ˆÏe !lˆÏçÓ˚ §Çà,•#ï˛ ï˛ÌƒˆÏÜ˛ ≤ÃyÌ!ÙÜ˛ Óy ≤Ãï˛ƒ«˛ Ó˚y!¢ï˛Ìƒ (Primary Data) Ó Ï̂°–

ÓyhflÏ!ÓÜ˛ ˆ«˛ˆÏeñ ~•z ≤ÃyÌ!ÙÜ˛ ï˛Ìƒ•z ˛õ!Ó˚§ÇáƒyˆÏlÓ˚ ÜÑ˛yã˛yÙy°– xl%§¶˛ylÜ˛yˆÏÎ≈ xlƒ ˆÜ˛ylG í˛zÍ§ ˆÌˆÏÜ˛ §Çà,•#ï˛

ï˛Ìƒ ÓƒÓ•*ï˛ •ˆÏ° ˙ ï˛ÌƒˆÏÜ˛ x≤ÃyÌ!ÙÜ˛ Óy ˛õˆÏÓ˚y«˛ Ó˚y!¢ï˛Ìƒ (Secondary Data) Ó Ï̂°–

≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛Ìƒ ˆÜ˛ylG !ÓˆÏ¢£Ï í˛zˆÏj¢ƒ §Ó˚y§!Ó˚ xl%§¶˛ylˆÏ«˛ˆÏe ˆÌˆÏÜ˛ §Ç@˝Ã• Ü˛Ó˚y •Î˚ ~Ó˚ ˜Ó!¢‹Tƒ•z •°

§Ó˚y§!Ó˚ xl%§¶˛ylˆÏ«˛ˆÏe xy•Ó˚î Ü˛Ó˚y (Original)– §yôyÓ˚îï˛ ≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛Ìƒ ˆÜ˛ylG §Çfliy !ÓˆÏ¢£ÏÓ˚*ˆÏ˛õ ≤ÃÜ˛y¢

Ü˛ˆÏÓ˚ ÌyˆÏÜ˛– ˆòˆÏ¢ ≤Ã!ï˛ ò¢ ÓSÈÓ˚ xhs˝Ó˚ xyòÙ§%ÙyÓ˚#Ó˚ (Census) §y•yˆÏÎƒ §Çà,•#ï˛ ï˛Ìƒ ≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛Ìƒ–

˛õˆÏÓ˚y«˛ Ó˚y!¢ï˛Ìƒ ≤ÃÜ˛y!¢ï˛ Óy x≤ÃÜ˛y!¢ï˛ í˛zË˛Î˚ í˛zÍ§ ˆÌˆÏÜ˛ ˛õyGÎ˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚– ˆÜ˛ylG §Çfliy ≤ÃyÌ!ÙÜ˛Ë˛yˆÏÓ

!lç ≤ÃˆÏÎ˚yçˆÏl Óy Ü˛yí˛zˆÏÜ˛ ï˛Ìƒ §Ó˚ÓÓ˚yˆÏ•Ó˚ çlƒ ï˛Ìƒ §Ç@˝Ã• Ü˛ˆÏÓ˚ ÌyÜ˛ˆÏ° ˆ§•z ï˛Ìƒ xl%§¶˛ylÜ˛yÓ˚#Ó˚ Ü˛yˆÏSÈ ˛õˆÏÓ˚y«˛

ï˛Ìƒ !•§yˆÏÓ xyˆÏ§– ̃ ò!lÜ˛ñ §yÆy!•Ü˛ Óy Ùy!§Ü˛ §ÇÓyò˛õˆÏe ̂ Î§Ó §ÇÓyò ̨ õ!Ó˚ˆÏÓ!¢ï˛ •Î˚ ï˛y ̨ õˆÏÓ˚y«˛ ï˛Ìƒñ ̂ ÎˆÏ•ï%˛ñ

~•z ï˛Ìƒ !Ó!Ë˛ß¨ í˛zÍ§ ˆÌˆÏÜ˛ §Çà,•#ï˛ •Î˚–

~Ü˛•z ï˛Ìƒ ˆÎ §Ç@˝Ã• Ü˛Ó˚ˆÏSÈ ï˛yÓ˚ Ü˛yˆÏSÈ ≤ÃyÌ!ÙÜ˛ ï˛Ìƒñ xyÓyÓ˚ xlƒ ~Ü˛çl ˆÎ ÓƒÓ•yÓ˚ Ü˛Ó˚ˆÏSÈ ï˛yÓ˚ Ü˛yˆÏSÈ

x≤ÃyÌ!ÙÜ˛ ï˛Ìƒ– ˆÎÙl xyòÙ§%ÙyÓ˚# !ÓË˛yˆÏà §Çà,•#ï˛ ï˛Ìƒ ≤ÃyÌ!ÙÜ˛ ï˛Ìƒñ !Ü˛v xlƒ ˆÜ˛ylG !ÓË˛yà •z•y ÓƒÓ•yÓ˚

Ü˛Ó˚ˆÏ° ï˛y ï˛yÓ˚ Ü˛yˆÏSÈ ˛õˆÏÓ˚y«˛ ï˛Ìƒ–

5.3.1 ≤ÃyÌ!ÙÜ˛ G x≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛Ìƒ §Ç@˝ÃˆÏ•Ó˚ í˛zÍ§

≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛Ìƒ ≠

(i) ‘‘Annual Report of the Railway Board”, Ë˛yÓ˚ï˛ §Ó˚Ü˛yˆÏÓ˚Ó˚ ˆÓ˚°ÙsfÜ˛ Ü˛ï,≈˛Ü˛ ≤ÃÜ˛y!¢ï˛–

(ii) “Indian Coal Statistics” åÓy!£Ï≈Ü˛äñ Ë˛yÓ˚ï˛ §Ó˚Ü˛y Ï̂Ó˚Ó˚ ◊ÙÙsf̂ ÏÜ˛Ó˚ Ùy•zl§‰ÈüÈ~Ó˚ ≤Ãôyl ̨õÎ≈̂ ÏÓ«˛Ü˛ Ü˛ï,≈̨ Ü˛

≤ÃÜ˛y!¢ï˛–

(iii) “Reserve Bank of Indian Bulletin” åÙy!§Ü˛äñ Ë˛yÓ˚ï˛#Î˚ !Ó˚çyË≈˛ ÓƒyB˛ñ Ù%¡∫y•z Ü˛ï,≈˛Ü˛ ≤ÃÜ˛y!¢ï˛–

(iv) “Indian Textile Bulletin” åÙy!§Ü˛äñ Textile Commissioner, Ù%¡∫•z Ü˛ï,≈˛Ü˛ ≤ÃÜ˛y!¢ï˛–

(v) “Jute Bulletin” åÙy!§Ü˛äñ Ë˛yÓ˚ï˛ §Ó˚Ü˛yˆÏÓ˚Ó˚ñ Ë˛yÓ˚ï˛#Î˚ ˆÜ˛!wÎ˚ ç%ê˛ Ü˛!Ù!ê˛ Ü˛ï,≈˛Ü˛ ≤ÃÜ˛y!¢ï˛–

x≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛Ìƒ ≠

(i) “Monthly Abstract of Statistics” ˆÜ˛w#Î˚ ˛õ!Ó˚§Çáƒyl §Çàë˛lñ !òÕ‘# Ü˛ï,≈˛Ü˛ ≤ÃÜ˛y!¢ï˛–

(ii) “Statistical Abstract of the Indian Union” åÓyÍ§!Ó˚Ü˛äñ ̂ Ü˛w#Î˚ ̨õ!Ó˚§Çáƒyl §Çàë˛lñ !òÕ‘# Ü˛ï,≈̨ Ü˛

≤ÃÜ˛y!¢ï˛–

5.3.2 ≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛Ìƒ §Ç@˝ÃˆÏ•Ó˚ ˛õk˛!ï˛

(i) ≤Ãï˛ƒ«˛ Óƒ!_´àï˛ xl%§¶˛yl

(ii) x≤Ãï˛ƒ«˛ ˆÙÔ!áÜ˛ xl%§¶˛yl

(iii) í˛yˆÏÜ˛Ó˚ ÙyôƒˆÏÙ ≤ÃŸ¿Ùy°yÓ˚ myÓ˚y xl%§¶˛yl
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(iv) xl%§¶˛ylÜ˛yÓ˚# ÙyÓ˚Ê˛ï˛ ï˛y!°Ü˛y myÓ˚y xl%§¶˛yl

(v) ò)Ó˚Ë˛y£Ï ÙyôƒˆÏÙ xl%§¶˛yl

≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛Ìƒ í z̨̨ õ Ï̂Ó˚y_´ ̨õk˛!ï˛=!°Ó˚ Ùyôƒ Ï̂Ù §Çà,•#ï˛ •Î˚– ̂ Ë˛Ô Ï̂ày!°Ü˛ ~°yÜ˛yÓ˚ §#Ùyly ̂ SÈyê˛ • Ï̂° ≤Ãï˛ƒ«˛

Óƒ!_´àï˛ xl%§¶˛yl ˛õk˛!ï˛ xÓ°¡∫l Ü˛Ó˚y •Î˚– !Ü˛v ~°yÜ˛y Óí˛¸ •ˆÏ°  ï˛y x§Ω˛Ó •ˆÏÎ˚ í˛zˆÏë˛ ~ÓÇ ï˛ál ≤Ã!ï˛!l!ô

˛õy!ë˛ˆÏÎ˚ !Ó!Ë˛ß¨ çyÎ˚ày ˆÌˆÏÜ˛ x≤Ãï˛ƒ«˛ ˆÙÔ!áÜ˛ xl%§¶˛yl Ü˛Ó˚y •Î˚– áÓˆÏÓ˚Ó˚ Ü˛yàˆÏçÓ˚ ï˛Ìƒ §yôyÓ˚îï˛ñ ~•z ≤Ã!e´Î˚yÎ˚

Ü˛Ó˚y •Î˚– Î!òG ~•z ̨õk˛!ï˛ˆÏï˛ xˆÏ˛õ«˛yÜ,˛ï˛ Ü˛Ù áÓ˚ˆÏã˛ G ï˛yí˛¸yï˛y!í˛¸ Ó˚y!¢ï˛Ìƒ §Ç@˝Ã• Ü˛Ó˚y ÎyÎ˚ñ ï˛Ó% ~•z ï˛Ìƒ Óƒ!_´àï˛

˛õ«˛˛õyï˛ò%‹T •GÎ˚yÓ˚ §Ω˛yÓly ÌyˆÏÜ˛–

≤ÃŸ¿Ùy°y myÓ˚y ï˛Ìƒyl%§¶˛yl §yôyÓ˚îï˛ ò%ÛôÓ˚ˆÏlÓ˚ •Î˚ÈüüüÈí˛yˆÏÜ˛Ó˚ ÙyôƒˆÏÙ ≤ÃŸ¿Ùy°y ˛õyë˛yˆÏ° í˛z_Ó˚Ü˛yÓ˚#Ó˚y•z ï˛y

˛õ)Ó˚î Ü˛ˆÏÓ˚ G xl%§¶˛ylÜ˛yÓ˚# ÙyÓ˚Ê˛ï˛ í˛z_Ó˚òyï˛yÓ˚ Ü˛ySÈ ˆÌˆÏÜ˛ í˛z_Ó˚ ˆçˆÏl ï˛y ˛õ)Ó˚î Ü˛Ó˚y– ˆÎ §Ó í˛zÍ§ ˆÌˆÏÜ˛

!lË≈˛Ó˚ˆÏÎyàƒ ï˛Ìƒ ˛õyGÎ˚y ÎyˆÏÓ ï˛yˆÏòÓ˚ ~Ü˛!ê˛ ï˛y!°Ü˛y ≤ÃÌˆÏÙ ˜ï˛!Ó˚ Ü˛Ó˚y •Î˚ ~ÓÇ ï˛yˆÏòÓ˚ˆÏÜ˛ ~Ü˛!ê˛ ≤ÃŸ¿Ùy°y

í˛yÜ˛ˆÏÎyˆÏà Óy !lçfl∫ ≤Ã!ï˛!l!ô myÓ˚y ˛õyë˛yˆÏly •Î˚– í˛yÜ˛ˆÏÎyˆÏà ˛õyë˛yˆÏly •ˆÏ° í˛z_Ó˚òyï˛yˆÏÜ˛ ~Ü˛!ê˛ !l!ò≈‹T §ÙˆÏÎ˚Ó˚

ÙˆÏôƒ í˛z_Ó˚ §•ˆÏÎyˆÏà ≤ÃŸ¿Ùy°y!ê˛ í˛yÜ˛ˆÏÎyˆÏà ˆÊ˛Ó˚ï˛ ˛õyë˛yˆÏlyÓ˚ xl%ˆÏÓ˚yô Ü˛Ó˚y •Î˚– ≤ÃŸ¿Ùy°y ≤Ã›!ï˛ˆÏï˛ §yÓôylï˛y

xÓ°¡∫l Ü˛Ó˚y •Î˚ ÎyˆÏï˛ ˆÜ˛ylG xÓyhs˝Ó˚ Óy !Óºy!hs˝Ù)°Ü˛ ≤ÃŸ¿ ly ÌyˆÏÜ˛– ≤ÃˆÏŸ¿Ó˚ §ˆÏD §ˆÏD ï˛yÓ˚ í˛z_ˆÏÓ˚Ó˚ çlƒ

çyÎ˚ày Ó˚yáy •Î˚– í z̨_Ó˚ ˛õyë˛y Ï̂ï˛ Îy Ï̂ï˛ ˆÜ˛ylG x§%!Óôy ly •Î˚ ˆ§çlƒ ≤ÃŸ¿Ùy°yÓ˚ § Ï̂D § Ï̂D çÓyÓ# áyÙG §yôyÓ˚î

˛õyë˛yˆÏly •Î˚– í˛yÜ˛ÓƒÓfliyÓ˚ §%!Óôy !lˆÏÎ˚ §•ˆÏç•z ~Ü˛ !Ó¢y° ˆË˛ÔˆÏày!°Ü˛ ~°yÜ˛y ˆÌˆÏÜ˛ ~Ë˛yˆÏÓ ≤ÃˆÏÎ˚yçl#Î˚ ï˛Ìƒ

§Ç@˝Ã• Ü˛Ó˚y ÎyÎ˚–

≤ÃŸ¿Ùy°y ˛õyë˛yˆÏlyÓ˚ §ÙÎ˚ °«˛ƒ Ó˚yáˆÏï˛ •Î˚ ˆÎñ ≤ÃŸ¿=!° !ë˛Ü˛Ùï˛ ˜ï˛!Ó˚ •ˆÏÎ˚ˆÏSÈ !Ü˛ly ~ÓÇ ~ˆÏòÓ˚ í˛z_Ó˚

≤ÃˆÏÎ˚yçl#Î˚ ï˛ÈÌƒ §Ç@˝ÃˆÏ•Ó˚ çlƒ í˛z˛õÎ%_´ !Ü˛ly– !Ü˛ í˛zˆÏjˆÏ¢ƒ ï˛Ìƒ §Ç@˝Ã• Ü˛Ó˚y •ˆÏFSÈ ï˛y ˛õ!Ó˚‹ÒyÓ˚Ë˛yˆÏÓ çylyˆÏly

í˛z!ã˛ï˛– ~•z §ˆÏD çy!lˆÏÎ˚ !òˆÏï˛ •Î˚ ˆÎñ í˛z_Ó˚òyï˛yÓ˚ lyÙÈüÈôyÙ ˆày˛õl Ó˚yáy •ˆÏÓG ï˛yÓ˚ ≤Ãò_ í˛z_Ó˚ ˆÜ˛yl §ÙÎ˚

ï˛yˆÏÜ˛ x§%!ÓôyÎ˚ ˆÊ˛°ˆÏÓ ly– ≤ÃˆÏÎ˚yçˆÏl í˛z_Ó˚ ˆÊ˛Ó˚ï˛ ˛õyGÎ˚yÎ˚ !l!ò≈‹T §ÙÎ˚ í˛z_#î≈ •ˆÏÎ˚ ˆàˆÏ° xyÓyÓ˚ !ã˛!ë˛ !òˆÏÎ˚

í z̨_Ó˚ ˛õyë˛y Ï̂lyÓ˚ xl%̂ ÏÓ˚yô Ü˛Ó˚̂ Ïï˛ •Î˚–

≤ÃŸ¿Ùy°y ˜ï˛!Ó˚ Ü˛Ó˚yÓ˚ !Ü˛S%È !Ó£ÏˆÏÎ˚ °«˛ƒ Ó˚yáy ≤ÃˆÏÎ˚yçl– ˆÜ˛ylG Óƒ!_´àï˛ ≤ÃŸ¿ ≤ÃŸ¿Ùy°yÎ˚ ÌyÜ˛y í˛z!ã˛ï˛ lÎ˚–

Ü˛#Ë˛yˆÏÓ í˛z_Ó˚ !òˆÏï˛ •ˆÏÓ ˆ§ Óƒy˛õyˆÏÓ˚ í˛z_Ó˚òyï˛yˆÏòÓ˚ flõ‹T !lˆÏò≈¢ !òˆÏï˛ •ˆÏÓ– ≤ÃˆÏŸ¿Ó˚ §Çáƒy á%Ó ˆÓ!¢ •ˆÏ°

í z̨_Ó˚òyï˛y Üœ̨ y!hs˝ G !ÓÓ˚!_´ ˆÓyô Ü˛Ó˚̂ Ïï˛ ˛õy Ï̂Ó˚– ≤ÃŸ¿=!° xÓ¢ƒ•z §Ó˚y§!Ó˚ñ §•çñ ˆSÈyê˛ G ÎÌy§Ω˛Ó Ó›!lË≈̨ Ó˚ •GÎ˚y

í z̨!ã˛ï˛– ~=!° ÎÌy§Ω˛Ó Ú•ÑƒyÛ Óy ÚlyÛ ôÓ˚̂ ÏlÓ˚ í z̨_ Ï̂Ó˚Ó˚ í z̨̨ õ Ï̂Îyà# • Ï̂° Ë˛y Ï̂°y •Î˚– ≤ÃŸ¿=!° Î%!_´ §Dï˛Ë˛y Ï̂Ó ˛õÓ˚̨ õÓ˚

§yçyˆÏly í˛z!ã˛ï˛ ~ÓÇ ≤ÃˆÏŸ¿Ó˚ í˛z_Ó˚ ÎyˆÏï˛ xlƒ ≤ÃŸ¿=!°Ó˚ í˛z_ˆÏÓ˚Ó˚ §ˆÏD §D!ï˛˛õ)î≈ •Î˚ ï˛y ˆòáˆÏï˛ •ˆÏÓ– ~§Ó

§ï˛Ü≈˛ï˛y §ˆÏ_¥G ≤ÃŸ¿Ùy°y ˛õyë˛yˆÏlyÓ˚ ˛õk˛!ï˛ xˆÏlÜ˛ §ÙÎ˚ Ê˛°≤Ã§) •Î˚ ly– Ü˛yÓ˚î ~ˆÏ«˛ˆÏe ˆÜ˛Ó°Ùye !¢!«˛ï˛

Óƒ!_´ Ï̂òÓ˚ ˆ«˛ Ï̂e•z ~•z ˛õk˛!ï˛ ÓƒÓ•yÓ˚ Ü˛Ó˚y ÎyÎ˚ ~ÓÇ í z̨_Ó˚Ü˛yÓ˚#Ó˚y x!ôÜ˛yÇ¢ ˆ«˛ Ï̂e ˆï˛Ùl =Ó˚&c ly ˆòGÎ˚yÓ˚ Ê˛ Ï̂°

§!ë˛Ü˛ í˛z_Ó˚ ˛õyGÎ˚y ÎyÎ˚ ly Óy xyˆÏòÔ í˛z_Ó˚ ˛õyGÎ˚y ÎyÎ˚ ly– ~•z ˛õk˛!ï˛Ó˚ ~ê˛y•z Óí˛¸ e&!ê˛–

≤ÃŸ¿Ùy°y í˛y Ï̂Ü˛ ˛õyë˛y Ï̂ly SÈyí ¸̨y xlƒ ~Ü˛!ê˛ í z̨̨ õyÎ˚ •°ñ !lçfl∫ ≤Ã!ï˛!l!ô ≤ÃŸ¿Ùy°y !l Ï̂Î˚ !à Ï̂Î˚ í z̨_Ó˚òyï˛yÓ˚ Ü˛y Ï̂SÈ

ˆÌˆÏÜ˛ í˛z_Ó˚ ˆçˆÏl !lˆÏÎ˚ ï˛y ˛õ)Ó˚î Ü˛Ó˚ˆÏÓ– ~ˆÏï˛ í˛z_Ó˚ ly ˛õyGÎ˚yÓ˚ §Ω˛yÓly Ü˛ˆÏÙ– ÎyÓ˚y x!lFS%ÈÜ˛ í˛z_Ó˚òyï˛y
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ï˛y Ï̂òÓ˚̂ ÏÜ˛ Ó%!V˛ Ï̂Î˚ í z̨_Ó˚ ˛õyGÎ˚yÓ˚ ˆã˛‹Ty Ü˛Ó˚y ÎyÎ˚ñ xyÓyÓ˚ ÎyÓ˚y í z̨_Ó˚ ˆòGÎ˚yÎ˚ Ù Ï̂ï˛y í z̨̨ õÎ%_´ !¢!«˛ï˛ lÎ˚ ï˛y Ï̂òÓ˚ Ü˛ySÈ

ˆÌˆÏÜ˛G í˛z_Ó˚ ˛õyGÎ˚yÓ˚ ˆã˛‹Ty Ü˛Ó˚y •Î˚– ~•z ˛õk˛!ï˛ˆÏï˛ áÓ˚ã˛ xˆÏlÜ˛ ˆÓ!¢ •Î˚–

á%Ó ï˛yí ¸̨yï˛y!í ¸̨ í z̨_Ó˚ ˛õyGÎ˚yÓ˚ çlƒ ò)Ó˚Ë˛y Ï̂£ÏÓ˚ (telephone) Ùyôƒ Ï̂Ù ≤Ã Ï̂Ÿ¿Ó˚ í z̨_Ó˚ ˛õyGÎ˚yÓ˚ ˛õk˛!ï˛ Ï̂Ü˛ ò)Ó˚Ë˛y£Ï

ÙyôƒÙ xl%§¶˛yl Ó Ï̂°– ~•z ˛õk˛!ï˛ Ï̂ï˛ á%Ó ˛õ!Ó˚!ã˛ï˛ Óƒ!_´ ~ÓÇ ˆÎáy Ï̂l ò)Ó˚Ë˛y Ï̂£ÏÓ˚ ÓƒÓfliy xy Ï̂SÈ ˆÜ˛Ó°Ùye ˆ§áy Ï̂l

ï˛Ìƒ §Ç@˝Ã• Ü˛Ó˚y ÎyÎ˚– ~•z ˛õk˛!ï˛Ó˚ x§%!Óôy •°ñ ˆÜ˛yl ˆÜ˛ylG §ÙÎ˚ í˛z_Ó˚òyï˛y xˆÏlˆÏÜ˛ ≤ÃˆÏŸ¿Ó˚ í˛z_Ó˚ ~!í˛¸ˆÏÎ˚

ÎyÎ̊–

5.3.3 x≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛Ìƒ ÓƒÓ•yˆÏÓ˚Ó˚ §ï˛Ü≈˛ï˛yÙ)°Ü˛ ÓƒÓfliy§Ù)•

x≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛ˆÏÌƒÓ˚ xˆÏlÜ˛ §#ÙyÓk˛ï˛y xyˆÏSÈ– §%ï˛Ó˚yÇ ~ˆÏòÓ˚ ÓƒÓ•yˆÏÓ˚Ó˚ ˛õ)ˆÏÓ≈ ÓƒÓ•yÓ˚Ü˛yÓ˚#ˆÏÜ˛ !l¡¨!°!áï˛

!Ó£ÏÎ˚=!°ˆÏï˛ xÓ¢ƒ•z §ï˛Ü≈˛ ÌyÜ˛ˆÏï˛ •ˆÏÓ ≠

(i) Ó˚y!¢ï˛ÌƒÙy°y §Ç@˝Ã•Ü˛yÓ˚#Ó˚ !ÓŸªhflÏï˛y G !lË≈˛Ó˚ˆÏÎyàƒï˛y ó

(ii) !Ü˛ í˛zˆÏjˆÏ¢ƒ Ó˚y!¢ï˛ÌƒÙy°y §Ç@˝Ã• Ü˛Ó˚y •ˆÏÎ˚!SÈ° ~ÓÇ xl%§¶˛yˆÏlÓ˚ Ü˛ï˛ò)Ó˚ §%ˆÏÎyà !SÈ° ó

(iii) xl%§¶˛yˆÏlÓ˚ §ÙÎ˚ G ˆ«˛ˆÏeÓ˚ ˛õ!Ó˚!ô ó

(iv) §Ç@˝ÃˆÏ•Ó˚ ˛õk˛!ï˛§Ù)• ó

(v) ≤ÃÜ,˛ï˛ Ó˚y!¢ï˛ÌƒÙy°yÓ˚ í˛z˛õÎ%_´ï˛yó

(vi) ≤ÃÜ,˛ï˛ Ó˚y!¢ï˛ÌƒÙy°yÎ˚ ˆÜ˛Ùl §ÇK˛y§Ù)• G ~Ü˛Ü˛§Ù)Ï• ÓƒÓ•*ï˛ •ˆÏÎ˚ˆÏSÈó

(vii) ≤ÃÜ,˛ï˛ Ó˚y!¢ï˛ÌƒÙy°yÓ˚ §!ë˛Ü˛ï˛y–

5.3 ÓƒÓ§y!Î˚Ü˛ !§k˛yˆÏhs˝ Ó˚y!¢!ÓK˛yˆÏlÓ˚ =Ó˚&c G §%ˆÏÎyà

Óy!î!çƒÜ˛ !§k˛yhs˝@˝Ã•ˆÏîÓ˚ ˆ«˛ˆÏe Ó˚y!¢!ÓK˛yˆÏlÓ˚ =Ó˚&c x˛õ!Ó˚§#Ù– ÓyçyÓ˚òÓ˚ñ í˛zÍ˛õyòlñ xÌ≈§Çe´yhs˝ Óƒy˛õyÓ˚ñ

Óƒy Ï̂B˛Ó˚ ̨Ü˛yÓ˚ÓyÓ˚ñ !Ó!l Ï̂Î˚yàñ e´Î˚!Óe´Î˚ •zï˛ƒy!òÓ˚ !lç !lç ̨õ!Ó˚Ü˛“ly Ó˚*˛õyÎ˚̂ ÏlÓ˚ ̂ «˛ Ï̂e Ó˚y!¢!ÓK˛yl =Ó˚&c˛õ)î≈ Ë)̨ !ÙÜ˛y

@˝Ã•î Ü˛ˆÏÓ˚– !Ü˛ í˛zÍ˛õyòl Ü˛Ó˚y •ˆÏÓ⁄ !Ü˛Ë˛yˆÏÓ í˛zÍ˛õyòl Ü˛Ó˚y •ˆÏÓ⁄ Ü˛ál í˛zÍ˛õyòl Ü˛Ó˚y •ˆÏÓ⁄ Ü˛yÓ˚ çlƒ í˛zÍ˛õyòl

Ü˛Ó˚y •ˆÏÓ⁄ ~ ôÓ˚ˆÏlÓ˚ !Ó£ÏˆÏÎ˚ !§k˛yhs˝ @˝Ã•ˆÏîÓ˚ ˆ«˛ˆÏe xyÙÓ˚y Ó˚y!¢!ÓK˛yˆÏlÓ˚ !ÓˆÏŸ’£ÏˆÏîÓ˚ í˛z˛õÓ˚ xˆÏlÜ˛ê˛y !lË≈˛Ó˚¢#°–

xÌ≈˜Ïl!ï˛Ü˛ §Çfliy=!° ≤Ãã˛[˛Ë˛yˆÏÓ Ó˚y!¢!ÓK˛yˆÏlÓ˚ !ÓˆÏŸ’£ÏˆÏîÓ˚ í˛z˛õÓ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚ ï˛yˆÏòÓ˚ !Ó!Ë˛ß¨ xÌ≈˜Ïl!ï˛Ü˛ !§k˛yhs˝=!°

@˝Ã•î Ü˛ˆÏÓ˚– xyçÜ˛y° !Ó!Ë˛ß¨ Óƒy!B˛Ç §Çfliy=!° ï˛Ìƒ§Ç@˝Ã• G ï˛yÓ˚ !ÓˆÏŸ’£ÏˆÏîÓ˚ çlƒ !lˆÏçˆÏòÓ˚ àˆÏÓ£Ïîy !ÓË˛yà ˜ï˛!Ó˚

Ü˛ Ï̂Ó˚̂ ÏSÈ– ~•z !ÓË˛yà ï˛y Ï̂òÓ˚ !lçfl∫ ÓƒÓ§yÓ˚ ̨õy¢y˛õy!¢ Óï≈̨ Ùyl xÌ≈̃ Ïl!ï˛Ü˛ ̨õ!Ó˚!fli!ï˛ ~ÓÇ ï˛y Ï̂òÓ˚ §Ω˛yÓlyÙÎ˚ ̂ «˛e=!°Ó˚

í˛z˛õÓ˚ Ó˚y!¢!ÓK˛yl !lË≈˛Ó˚ àˆÏÓ£Ïîy !lÓ˚hs˝Ó˚ Ü˛ˆÏÓ˚ ã˛ˆÏ°ˆÏSÈ– !Ó!lˆÏÎ˚yàÜ˛yÓ˚#Ó˚ §!ë˛Ü˛ ~ÓÇ Ù)°ƒÓyl !§k˛yhs˝@˝Ã•ˆÏlÓ˚ ˆ«˛ˆÏe

Ó˚y!¢!ÓK˛yl•z ~Ü˛Ùye ˛õÌ– ˆÜ˛yl=!° Ë˛y° xyˆÏÎ˚Ó˚ §Ω˛yÓlyÙÎ˚ ˆ«˛eñ ˆÜ˛yl=!°•z Óy !lÓ˚y˛õò ˆ«˛e •zï˛ƒy!ò !Ó£ÏˆÏÎ˚

!Ó!l Ï̂Î˚yàÜ˛yÓ˚# Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ !Ó Ï̂Ÿ’£Ï̂ ÏîÓ˚ í z̨̨ õÓ˚ §¡õ)î≈Ë˛y Ï̂Ó !lË≈̨ Ó˚¢#°– í z̨Í˛õyò Ï̂Ü˛Ó˚ Ùï˛ ̂ e´ï˛yG Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ !Ó Ï̂Ÿ’£Ï̂ ÏîÓ˚

í˛z˛õÓ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚ ~•z §Ü˛° !Ó£ÏˆÏÎ˚ !§k˛yhs˝ ˆlÎ˚ÈüüüÈ!Ü˛ !Ü˛lÓ⁄ Ü˛ï˛ ˛õ!Ó˚Ùyî !Ü˛lÓ⁄ ˆÜ˛yl §ÙˆÏÎ˚ !Ü˛lÓ⁄ ˆÜ˛yÌyÎ˚

!Ü˛lÓ⁄ Ü˛y Ï̂òÓ˚ çlƒ !Ü˛lÓ⁄
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~Ü˛çl ÓƒÓfliy˛õˆÏÜ˛Ó˚ (Manager) Ó˚y!¢ï˛ˆÏÌƒÓ˚ !ÓˆÏŸ’£ÏˆÏîÓ˚ ÙyôƒˆÏÙ Ë˛!Ó£ÏƒˆÏï˛Ó˚ ÓƒÓ§y!Î˚Ü˛ !§k˛yhs˝@˝Ã•ˆÏîÓ˚ =î

ÌyÜ˛y xÓ¢ƒ•z ÓyN˛l#Î˚– ï˛Ìƒ !ÓˆÏŸ’£ÏˆÏîÓ˚ myÓ˚y §!ë˛Ü˛ G flõ‹T Óy!î!çƒÜ˛ !§k˛yhs˝ !lˆÏï˛ Ó˚y!¢!ÓK˛yl §•yÎ˚ï˛y Ü˛ˆÏÓ˚–

§Ç!«˛Æ §ÙˆÏÎ˚ G Ü˛Ù áÓ˚ˆÏã˛ ÓyçyÓ˚ xl%§¶˛yˆÏlÓ˚ çlƒ Ó˚y!¢!ÓK˛yl §!ë˛Ü˛ ôyÓ˚îy ˆòÎ˚– x!ËK˛ï˛y°∏˛ Ó˚y!¢ï˛ˆÏÌƒÓ˚

!ÓˆÏŸ’£ÏˆÏîÓ˚ myÓ˚y à,•#ï˛ !§k˛yhs˝ |k≈˛ï˛l Ü˛ï,≈˛˛õˆÏ«˛Ó˚ Ü˛yˆÏSÈ ≤Ã!ï˛!¤˛ï˛ Ü˛Ó˚y ~Ü˛çl ÓƒÓfliy˛õˆÏÜ˛Ó˚ ˛õˆÏ«˛ §•ç •Î˚–

˛õ!Ó˚Ùyîàï˛ !Ó£ÏÎ˚ SÈyí˛¸yG =îàï˛ G í˛zÍÜ˛£Ï≈àï˛ !Ó£ÏˆÏÎ˚Ó˚ ˆ«˛ˆÏeG Ó˚y!¢!ÓK˛yˆÏlÓ˚ ˛õ!Ó˚Ùy˛õÜ˛=!°Ó˚ Ó‡ˆÏ«˛ˆÏe §y•yÎƒ

ˆlGÎ˚y •ˆÏÎ˚ ÌyˆÏÜ˛–

§%ï˛Ó˚yÇ ˆÓyV˛y ÎyˆÏFSÈñ Óy!î!çƒÜ˛ !§k˛yˆÏhs˝Ó˚ ˆ«˛ˆÏe Ó˚y!¢!ÓK˛yl §òÌ≈Ü˛ Ë)˛!ÙÜ˛y ˛õy°l Ü˛ˆÏÓ˚– ~Ü˛çl ÓƒÓfliy˛õÜ˛

ïÑ̨ yÓ˚ Ü˛Ù≈# Ï̂òÓ˚ Ü˛Ù≈«˛Ùï˛yñ Ü˛Ù≈ò«˛ï˛yñ Ü˛yÎ≈Ü˛y!Ó˚ï˛y §¡õ Ï̂Ü≈̨  ôyÓ˚îy ̂ ˛õ Ï̂ï˛ ~ÓÇ í z̨Í˛õyòl «˛Ùï˛y Ó,!k˛Ó˚ çlƒ Ó˚y!¢!ÓK˛y Ï̂lÓ˚

í˛z˛õÓ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚l– Óï≈˛Ùyl !òˆÏl ~Ùl ˆÜ˛yl ÓƒÓ§y ˆl•z ˆÎáyˆÏl Ó˚y!¢!ÓK˛yl G ï˛yÓ˚ !Ó!Ë˛ß¨ ˛õk˛!ï˛Ó˚ ÓƒÓ•yÓ˚ •Î˚

ly ~ÓÇ xy¢yÜ˛Ó˚y ÎyÎ˚ Ë˛!Ó£ÏƒˆÏï˛G ~•z ÓƒÓfliyÓ˚ xlƒÌy •ˆÏÓ ly– ~ê˛y•z §!ë˛Ü˛ §ÙÎ˚ñ ÓƒÓ§y!Î˚Ü˛ G ÓƒÓfliy˛õÜ˛àˆÏîÓ˚

Ó˚y!¢!ÓK˛yˆÏlÓ˚ !Ó!Ë˛ß¨ ˛õk˛!ï˛Ó˚ §ˆÏD Ùy!lˆÏÎ˚ !lˆÏÎ˚ !lˆÏçˆÏòÓ˚ ˜ï˛!Ó˚ Ü˛Ó˚yÓ˚–

5.5 §#ÙyÓk˛ï˛y

Óï≈̨ Ùyl!ò Ï̂l ÓƒÓ§y!Î˚Ü˛ !§k˛yhs˝ @˝Ã• Ï̂îÓ˚ çlƒ Ó˚y!¢!ÓK˛y Ï̂lÓ˚ x˛õ!Ó˚•yÎ≈ƒï˛y §Ó≈çl@˝Ãy•ƒ– !Ü˛v ÓƒÓ•y!Ó˚Ü˛ ˆ«˛ Ï̂e

í z̨•yÓ˚ !l¡¨!°!áï˛ §#ÙyÓk˛ï˛y=!° ˛õ!Ó˚°!«˛ï˛ •Î˚ÈüüüÈ

å1ä Ó˚y!¢!ÓK˛yl !Ó Ï̂¢£Ï ôÓ˚̂ ÏlÓ˚ ï˛ Ï̂ÌƒÓ˚ ˆ«˛ Ï̂e Ü˛yÎ≈Ü˛Ó˚ lÎ˚ ≠

ˆÜ˛yl §ÇfliyÓ˚ ã˛yÓ˚çl Ü˛Ù≈# xÓ§Ó˚ @˝Ã•î Ü˛Ó˚° Óy ˆÜ˛yl §ÇfliyÓ˚ 75% ˆ°yÜ˛ S%È!ê˛ Ï̂ï˛ ˆà°ñ ~•z ôÓ˚̂ ÏlÓ˚ !l!ò≈¤˛

!Ó£ÏˆÏÎ˚Ó˚ í˛z˛õÓ˚ Ó˚y!¢!ÓK˛yˆÏlÓ˚ !ÓˆÏŸ’£Ïî Ü˛yÎ≈Ü˛Ó˚ lÎ˚ åˆÎˆÏ•ï%˛ !Ó£ÏÎ˚=!°ˆÏÜ˛ ~Ü˛•z ôÓ˚ˆÏlÓ˚ ˆÜ˛yl ˆ◊î#ˆÏï˛ xhs˝Ë%≈˛_´

Ü˛Ó˚y ÎyÎ˚ lyäñ ï˛y•z ˆ§•z !Ó£ÏÎ˚=ˆÏ°y Îï˛•z =Ó˚&c˛õ)î≈ ˆ•yÜ˛ ly ˆÜ˛l–

å2ä âê˛lyÓ˚ §ÙhflÏ !Ó£ÏˆÏÎ˚Ó˚ í˛z˛õÓ˚ !lË≈˛Ó˚ ly Ü˛ˆÏÓ˚ !§k˛yhs˝@˝Ã•î ≠

xˆÏlÜ˛ âê˛ly xyˆÏSÈ ˆÎ=!° ˛~Ü˛y!ôÜ˛ !Ó£ÏˆÏÎ˚Ó˚ í˛z˛õÓ˚ !lË≈˛Ó˚¢#° G ˆ§=!°Ó˚ ≤ÃË˛yÓ §Ó§ÙÎ˚ !ÓˆÏÓã˛ly Ü˛Ó˚y

§Ω˛Ó •Î˚ ly– ˆÎÙl ˆÜ˛yl xMÈ˛ˆÏ°Ó˚ xÌ≈˜Ïl!ï˛Ü˛ xÓfliyñ !¢«˛yàï˛ Ùylñ §yÇfl,Ò!ï˛Ü˛ Ó˚#!ï˛l#!ï˛ñ ôÙ≈ñ §Ó˚Ü˛y!Ó˚ l#!ï˛

•zï˛ƒy!ò xˆÏlÜ˛ˆÏ«˛ˆÏe Ó˚y!¢ï˛ˆÏÌƒÓ˚ ÙyôƒˆÏÙ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ ly– §%ï˛Ó˚yÇ !Ó!Ë˛ß¨ !Ó£ÏˆÏÎ˚Ó˚ xÓˆÏ•°yÓ˚ çlƒ âê˛ly!ê˛Ó˚

!§k˛yhs˝ 100% §!ë˛Ü˛ •Î˚ ly–

å3ä Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ §Ç@˝Ã Ï̂•Ó˚ l#!ï˛K˛yl ¢)lƒï˛yÓ˚ òyÎ˚ ≠

xˆÏlÜ˛ˆÏ«˛ˆÏe Ó˚y!¢ï˛ˆÏÌƒÓ˚ §Ç@˝Ã• xlx!Ë˛K˛ Óy x§Í Óy ˛õ«˛˛õyòò%¤˛ ˆÜ˛yl Óƒ!_´ Óy §Çfliy myÓ˚y •ˆÏÎ˚ ÌyˆÏÜ˛–

ˆ§ Ï̂«˛ Ï̂e !§k˛y Ï̂hs˝Ó˚ !ÓÜ,̨ ï˛Ü˛Ó˚î â Ï̂ê˛–

å4ä §!ë˛Ü˛ l#!ï˛Ó˚ xË˛yÓ ≠

!Ó£ÏÎ˚!ê˛ §Ω˛yÓly (Probability)  !lË≈˛Ó˚– §%ï˛Ó˚yÇ ~áyˆÏlÓ˚ !§k˛yhs˝=!° ˜ÓK˛y!lÜ˛ l#!ï˛Ó˚ Ùï˛ §!ë˛Ü˛ lÎ˚–
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§Ω˛yÓly G ≤ÃˆÏ«˛ˆÏ˛õÓ˚ (Interpolation)  ÙyôƒˆÏÙ ˆÜ˛yl §ÇfliyÓ˚ ˆÜ˛yl !l!ò≈‹T ÓSÈˆÏÓ˚Ó˚ í˛zÍ˛õyòl xl%Ùyl Ü˛Ó˚y ÎyÎ˚

Ùye !Ü˛v ï˛yˆÏÜ˛ 100% §!ë˛Ü˛ ÓˆÏ° òy!Ó Ü˛Ó˚y ÎyÎ˚ ly–

å5ä !l!ò≈‹T âê˛lyÓ˚ !§k˛yhs˝ @˝Ã•ˆÏî !Ó!Ë˛ß¨ ˛õk˛!ï˛Ó˚ ÓƒÓ•yÓ˚ ≠

ˆÜ˛yl âê˛lyÓ˚ !§k˛yhs˝ @˝Ã•ˆÏîÓ˚ çlƒ xyÙÓ˚y ~Ü˛y!ôÜ˛ ˛õk˛!ï˛Ó˚ åã˛ï%˛Ì≈ƒÜ˛ !Óã%˛ƒ!ï˛ñ àí˛¸ !Óã%˛ƒ!ï˛ñ §ÙƒÜ˛ !Óã%˛ƒ!ï˛

•zï˛ƒy!òä ÓƒÓ•yÓ˚ Ü˛!Ó˚ ~ÓÇ xˆÏlÜ˛§ÙÎ˚ ≤Ã!ï˛!ê˛ ˆ«˛ˆÏe  Ê˛°yÊ˛ˆÏ°Ó˚ ˛õyÌ≈Ü˛ƒ ˆòáy ÎyÎ˚–

å6ä lÙ%lyÓ˚ (Sample) xyÜ˛yÓ˚ ˆSÈyê˛ •GÎ˚y ≠

ÙˆÏl Ü˛Ó˚ñ ˆÜ˛yl xMÈ˛ˆÏ°Ó˚ ˆÜ˛yl !ç!lˆÏ§Ó˚ ã˛y!•òy Óy ˆÎyàyl !lÓ˚&˛õˆÏîÓ˚ ≤ÃˆÏÎ˚yçl– ~ˆÏ«˛ˆÏe í˛z_´ xMÈ˛ˆÏ°Ó˚

ˆSÈyê˛ lÙ%lyÓ˚ í˛z˛õÓ˚ à,!•ï˛ Ó˚y!¢!ÓK˛yˆÏlÓ˚ !§k˛yhs˝ xˆÏlÜ˛ §ÙÎ˚ §!ë˛Ü˛ •Î˚ ly–

å7ä ˛õ«˛˛õyï˛ ò%‹T Ê˛°yÊ˛° ≠

Ó˚y!¢!ÓK˛y Ï̂lÓ˚ !Ó Ï̂Ÿ’£Ï̂ ÏîÓ˚ myÓ˚y ˆÜ˛yl §ÇfliyÓ˚ ˆÜ˛yl í z̨Í˛õy!òï˛ Ó› e&!ê˛˛õ)î≈ Ó Ï̂° ˛õ«˛˛õyï˛ ò%‹T • Ï̂Î˚ !Ó Ï̂Ó!ã˛ï˛

•° ~ÓÇ §ÇfliyÓ˚ ÓƒÓfliy˛õÜ˛ í˛z_´ Ê˛ˆÏ°Ó˚ í˛z˛õÓ˚ !Ë˛!_ Ü˛ˆÏÓ˚ ˆÜ˛yl !§k˛yhs˝ @˝Ã•î Ü˛Ó˚ˆÏ°l– Ê˛°◊&!ï˛ !•ˆÏ§ˆÏÓ !ï˛!l

ïÑ̨ yÓ˚ !§k˛y Ï̂hs˝ x˛õ!Ó˚ï,̨ Æ • Ï̂Î˚ñ !§k˛yhs•#lï˛yÎ˚ Ë%̨ à Ï̂ï˛ ˛õy Ï̂Ó˚l–

å8ä Ó˚y!¢!ÓK˛y Ï̂lÓ˚ ≤Ã Ï̂Î˚y Ï̂àÓ˚ ˆ«˛ Ï̂e §Ó Ï̂ã˛ Ï̂Î˚ Óí ¸̨ §#ÙyÓk˛ï˛y •°ñ °â%• Ï̂hflÏ Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ !Ó Ï̂Ÿ’£Ïî G Ê˛°fl∫Ó˚*˛õ

!§k˛y Ï̂hs˝ !ÓÜ,̨ !ï˛–

5.6 Ó˚y!¢ï˛ˆÏÌƒÓ˚ ˆ◊î#!Ólƒy§Ü˛Ó˚î

˛õ!Ó˚§Çáƒyl#Î˚ Ó˚y!¢ï˛Ìƒ §Ù)̂ Ï•Ó˚ ≤ÃÜ,̨ !ï˛ñ ï˛y Ï̂òÓ˚ §yò,¢ƒ G ï˛ò Ï̂hs˝Ó˚ í ẑ̨ Ïj Ï̂¢ƒÓ˚ í z̨̨ õÓ˚ !lË≈̨ Ó˚ Ü˛ Ï̂Ó˚ !Ó!Ë˛ß¨ ˆ◊î#

Óy !ÓË˛yˆÏà !ÓË˛_´ Ü˛Ó˚yÓ˚ ˛õk˛!ï˛•z •° ˆ◊î#!Ólƒy§Ü˛Ó˚î– Ó˚y!¢ï˛Ìƒ§Ù)•ˆÏÜ˛ !l¡¨!°!áï˛ ã˛yÓ˚!ê˛ !Ó!Ë˛ß¨ ˛õk˛!ï˛ˆÏï˛

ˆ◊î#!Ólƒy!§ï˛ Ü˛Ó˚y •Î˚–

(i) =ˆÏlÓ˚ !Ë˛!_ˆÏï˛ (On qualitative basis) : Î!ò §Çà,•#ï˛ Ó˚y!¢ï˛ˆÏÌƒÓ˚ ˆ◊î#!Ólƒy§Ü˛Ó˚î ˆÜ˛yˆÏly

x˛õ!Ó˚̂ ÏÙÎ˚ ˜Ó!¢ Ï̂‹TƒÓ˚ §y Į̈̂ õ Ï̂«˛ Ü˛Ó˚y •Î˚ñ ï˛ Ï̂Ó ï˛y Ï̂Ü˛ = Ï̂lÓ˚ !Ë˛!_ Ï̂ï˛ ˆ◊î#!Ólƒy§Ü˛Ó˚î Ó Ï̂°– ˆÎÙlÈüüüÈ!°D (Gen-
der)ñ çy!ï˛ñ ˆ˛õ¢y •zï˛ƒy!òÓ˚ §y Į̈̂ õ Ï̂«˛ ˆ◊î#!Ólƒy§Ü˛Ó˚î–

(ii) ˛õ!Ó˚§Çáƒyl !Ë˛!_ˆÏï˛ (On quantitative basis) : Ó˚y!¢ï˛Ìƒ§Ù)ˆÏ•Ó˚ ˜Ó!¢‹Tƒ=!° ˛õ!Ó˚ˆÏÙÎ˚ •ˆÏ°

xÌ≈yÍ §Çáƒy Óy Ó˚y!¢Ó˚ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y §Ω˛Ó • Ï̂°ñ ~ Ï̂òÓ˚ ˆ◊î#!Ólƒy§Ü˛Ó˚î Ï̂Ü˛ ˛õ!Ó˚Ùy Į̈̂ õÓ˚ !Ë˛!_ Ï̂ï˛ ˆ◊î#!Ólƒy§

Ó Ï̂°– ˆÎÙlÈüüüÈˆÜ˛yl ˆò Ï̂¢ çl§ÇáƒyÓ˚ ÓÎ˚§ñ xyÎ˚ñ í z̨Fã˛ï˛y •zï˛ƒy!òÓ˚ §y Į̈̂ õ Ï̂«˛ ˆ◊î#!Ólƒy§Ü˛Ó˚î–

(iii) §ÙˆÏÎ˚Ó˚ !Ë˛!_ˆÏï˛ (On the basis of time) :  ~•z ˆ◊î#!Ólƒy§Ü˛Ó˚î ˛õk˛!ï˛ˆÏï˛ Ó˚y!¢ï˛Ìƒ§Ù)ˆÏ•Ó˚

!Ó!Ë˛ß̈ §Ù Ï̂Î̊ ˛õ!Ó̊°!«˛ï˛ Ùyl=!° §Ù Ï̂Î̊Ó̊ §y Į̈̂ õ Ï̂«˛ ˆ◊î#!Ólƒy§ Ü˛Ó̊y •Î̊–  ~•z ˛õk˛!ï˛ Ï̂ï˛ !Ólƒy!§ï˛ Ó̊y!¢ï˛Ìƒ§Ù)• Ï̂Ü˛
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Ü˛y°#l§y!Ó˚ (Time Series) ÓˆÏ°– ˆÎÙlÈüüüÈ≤Ã!ï˛ ÙyˆÏ§ ˆÜ˛yl Ü˛yÓ˚áylyÎ˚ !Ü˛ ˛õ!Ó˚Ùyî §yÙ@˝Ã# í˛zÍ˛õß¨ •ˆÏÎ˚ˆÏSÈ ï˛yÓ˚

!•§yÓ–

(iv) ˆË˛Ôà!°Ü˛ xÓfliyˆÏlÓ˚ !Ë˛!_ˆÏï˛ (On Geographical basis) : Ó˚y!¢ï˛Ìƒ§Ù)• ˛õ!Ó˚§ÇáƒyˆÏlÓ˚ çlƒ

ˆË˛Ô Ï̂ày!°Ü˛ xMĘ̀ Ï̂°Ó̊ åˆÎÙl ˆç°yñ Ó̊yçƒñ ˆò¢ •zï˛ƒy!òä !Ë˛!_ Ï̂ï˛ ˆ◊î#!Ólƒy§ Ü˛Ó̊yÓ̊ ˛õk˛!ï˛ Ï̂ï˛ ˆË˛Ô Ï̂ày!°Ü˛ xÓfliy Ï̂lÓ̊

!Ë˛!_ Ï̂ï˛ ˆ◊î#!Ólƒy§ Ó Ï̂°– ˆÎÙlÈüüüÈË˛yÓ˚̂ Ïï˛Ó˚ Ï̂°yÜ˛§Çáƒy Ó˚yçƒ Óy ˆç°y §y Į̈̂ õ Ï̂«˛ ˆ◊î#!Ólƒy§Ü˛Ó˚î–

5.7 Ó˚y!¢ï˛ˆÏÌƒÓ˚ í˛z˛õfliy˛õly

§yôyÓ˚îï˛ Ó˚y!¢ï˛Ìƒ !l¡¨!°!áï˛ !ï˛l!ê˛ ˛õk˛!ï˛ˆÏï˛ í˛z˛õfliy˛õl Ü˛Ó˚y •Î˚ ≠

(i) !ÓÓÓ˚ˆÏîÓ˚ ÙyôƒˆÏÙ (Textual Presentation)

(ii) SÈˆÏÜ˛Ó˚ ÙyôƒˆÏÙ (Tabular Presentation)

(iii) ≤Ã!ï˛!°!˛õ Óy !ã˛ˆÏeÓ˚ ÙyôƒˆÏÙ (Diagrammatic Presentation)

(i) !ÓÓÓ˚̂ ÏîÓ˚ Ùyôƒ Ï̂Ù ≠ È~•z ˛õk˛!ï˛ Ï̂ï˛ Ó˚y!¢ï˛Ìƒ Ï̂Ü˛ ~Ü˛!ê˛ !ÓÓÓ˚̂ ÏîÓ˚ Ùyôƒ Ï̂Ù ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– !ÓÓÓ˚îÙ)°Ü˛

í z̨̨ õfliy˛õlyÎ˚ xl%§¶˛ylÜ˛yÓ˚#Ó˚ ˛õ Ï̂«˛ ò#â≈ !ÓÓÓ˚̂ ÏîÓ˚ ÙyV˛áyl ˆÌ Ï̂Ü˛ Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ =Ó˚&c˛õ)î≈ ˜Ó!¢‹Tƒ=!° Ï̂Ü˛

ò,!‹TˆÏàyã˛Ó˚ xyly á%Ó Ü˛‹TÜ˛Ó˚ •Î˚–

(ii) SÈ Ï̂Ü˛Ó˚ Ùyôƒ Ï̂Ù ≠ ~•z ˛õk˛!ï˛ Ï̂ï˛ §Çà,•#ï˛ Ó˚y!¢ï˛Ìƒ Ï̂Ü˛ ~Ü˛!ê˛ §%!ÓlƒhflÏ SÈ Ï̂Ü˛Ó˚ (Table) Ùyôƒ Ï̂Ù ≤ÃÜ˛y¢

Ü˛Ó˚y •Î˚– Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ ~Ó˚Ü˛Ù §%!lÓƒhflÏ ~Ü˛!ê˛ SÈ Ï̂Ü˛ ˆ◊î# !ÓlƒhflÏ Ó˚y!¢ï˛Ìƒ Ï̂Ü˛ í z̨̨ õÓ˚ ˆÌ Ï̂Ü˛ l# Ï̂ã˛ ~ÓÇ

ÓyÙ!òÜ˛ ˆï˛ˆÏÜ˛ í˛yl!òˆÏÜ˛ §%¢,C° G §y!Ó˚Ók˛Ë˛yˆÏÓ §!ß¨ˆÏÓ¢ Ü˛Ó˚y •Î˚–

~Ü˛!ê˛ SÈˆÏÜ˛Ó˚ !Ó!Ë˛ß¨ xÇ¢=!° •° ≠

(a) SÈÜ˛ Óy §yÓ˚!î lÇ (Table Number) : §•ˆÏç §ly_´ Ü˛Ó˚yÓ˚ çlƒ SÈÜ˛ Óy §yÓ˚!îÓ˚ ~Ü˛!ê˛ l¡∫Ó˚

ˆòGÎ˚y •Î˚ñ !ÓˆÏ¢£Ï Ü˛ˆÏÓ˚ Îál ~Ü˛y!ôÜ˛ SÈÜ˛ ~Ü˛§ˆÏD ≤Ã›ï˛ Ü˛Ó˚y •Î˚–

(b) !¢ Ï̂Ó˚ylyÙ (Title) : SÈ̂ ÏÜ˛Ó˚ !Ó£ÏÎ˚Ó›Ó˚ §Ç!«˛Æ !ÓÓÓ˚î !ò Ï̂Î˚ í z̨•yÓ˚ í z̨̨ õ Ï̂Ó˚ !°!áï˛ xÇ¢!ê˛ Ï̂Ü˛ !¢ Ï̂Ó˚ylyÙ

Ó°y •Î˚–

(c) SÈÜ˛ Óy §yÓ˚!îÓ˚ ÓyÙ˛õyˆÏŸª≈Ó˚ !ÓÓÓ˚î !°!˛õ (Stub or Row Headings) : ~!ê˛ SÈ Ï̂Ü˛Ó˚ ÓyÙ!òÜ˛

ˆÌ Ï̂Ü˛ í˛yl!ò Ï̂Ü˛ §y!Ó˚Ü,̨ ï˛ Ó˚y!¢Ùy°yÓ˚ !ÓÓÓ˚î !°!˛õ–

(d) SÈˆÏÜ˛Ó˚ í˛z˛õ!Ó˚Ë˛yˆÏàÓ˚ !ÓÓÓ˚î !°!˛õ åCaption or Column Headingsä ≠ ~!ê˛ SÈˆÏÜ˛Ó˚ í˛z˛õÓ˚

ˆÌ Ï̂Ü˛ l#ˆÏã˛ §y!Ó˚Ü,̨ ï˛ Ó˚y!¢Ùy°yÓ˚ !ÓÓÓ˚î !°!˛õ–

(e) Ù)° xÇ¢ (Body or Data) : ~•z xÇˆÏ¢ Ó˚y!¢ï˛Ìƒ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

(f) ˛õyòê˛#Ü˛y (Foot note) : •z•y SÈˆÏÜ˛Ó˚ l#ˆÏã˛ ÌyˆÏÜ˛– ~•z xÇˆÏ¢ ï˛ˆÏÌƒÓ˚ í˛zÍ§ Óî≈ly ~ÓÇ SÈˆÏÜ˛

ÓƒÓ•*ï˛ ˆÜ˛ylG ˛õ Ï̂òÓ˚ Óƒyáƒy (explanation) Ü˛Ó˚y •Î˚–
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!lˆÏ¡¨ ~Ü˛!ê˛ SÈˆÏÜ˛Ó˚ !Ó!Ë˛ß¨ xÇ¢ ˆòáyl •° ≠

§yÓ˚!î lÇÈüüüÈ

í z̨Í§ ≠

˛õyòê˛#Ü˛y ≠

SÈÜ˛ ˜ï˛!Ó˚ Ü˛Ó˚yÓ˚ ˆ«˛ˆÏe ÓÑyôyôÓ˚y ˆÜ˛ylG !lÎ˚Ù ˆl•z– ï˛ˆÏÓ SÈÜ˛ ~ÙlË˛yˆÏÓ ˜ï˛!Ó˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓ ÎyˆÏï˛ Ó˚y!¢ï˛ˆÏÌƒÓ˚

xhs˝!l≈!•ï˛ xÌ≈ á%Ó flõ‹T G §•ˆÏç ̂ ÓyôàÙƒ •Î˚– Î!ò SÈÜ˛ ç!ê˛° •Î˚ ï˛ˆÏÓ ï˛y ̂ Ë˛ˆÏ. §•ˆÏç ̂ ÓyôàÙƒ ~Ó˚*˛õ Ü˛ˆÏÎ˚Ü˛!ê˛

˛õ,ÌÜ˛ §Ó˚° SÈˆÏÜ˛ ≤ÃÜ˛y¢ Ü˛Ó˚y ÓyN˛l#Î˚–

í˛zòy•Ó˚î 1É  ˛õÑyã˛!ê˛ Ü˛yÓ˚áylyÓ˚ ò%Û!ê˛ !Ë˛ß¨ ï˛y!Ó˚ˆÏá flf#ÈüÈ˛õ%Ó˚&ˆÏ£ÏÓ˚ xyë˛yÓ˚ ÓSÈˆÏÓ˚Ó˚ Ü˛Ù ~ÓÇ xyë˛yÓ˚ ÓSÈˆÏÓ˚Ó˚ Óy ï˛yÓ˚

ˆÓ!¢ ò%Û!ê˛ !ÓË˛yˆÏà àí˛¸ xyˆÏÎ˚Ó˚ ¢)lƒ SÈÜ˛ ≤Ã›ï˛ Ü˛Ó˚&l–

§Ùyôyl ≠

§yÓ˚!î lÇ 2É1

˛õÑyã˛!ê˛ Ü˛yÓ˚áylyÎ˚ àí˛¸ xyÎ˚

ï˛y!Ó˚áÈüüüÈ Èï˛y!Ó˚áÈüüüÈ

Ü˛yÓ˚áyly 18 ÓSÈÓ˚ !lˆÏã˛ 18-ÓSÈÓ˚ Óy ï˛yÓ˚ í˛z˛õÓ˚ 18 ÓSÈˆÏÓ˚Ó˚ !lˆÏã˛ 18 ÓSÈÓ˚ Óy ï˛yÓ˚ í˛z˛õÓ˚

flf# ˛õ%Ó˚&£Ï flf# ˛õ%Ó˚&£Ï flf# ˛õ%Ó˚&£Ï flf# ˛õ%Ó˚&£Ï flf#

1

2

3

4

5

ˆÙyê˛

!¢ Ï̂Ó˚ylyÙ

(Caption)
í z̨̨ õ!Ó˚Ë˛y Ï̂àÓ˚ !ÓÓÓ˚î!°!˛õ

Ù)°!Ó£ÏÎ̊

(Body)

Ó
yÙ

˛õ
y

Ï̂Ÿ
ª≈Ó

˚

(s
ub

)
!Ó

Ó
Ó̊
î
!°

!˛õ
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(iii) ̨≤Ã!ï˛!°!˛õ Óy !ã˛ Ï̂eÓ˚ Ùyôƒ Ï̂ÙÈüüüÈ~•z ̨õk˛!ï˛ Ï̂ï˛ §Çà,•#ï˛ ï˛Ìƒ Ï̂Ü˛ ̂ °áñ ã˛yê≈̨ ñ SÈ!Ó •zï˛ƒy!òÓ˚ §y•y Ï̂Îƒ í z̨̨ õfliy˛õl

Ü˛Ó˚y •Î˚– ˛õˆÏÓ˚Ó˚ ~Ü˛!ê˛ xl%ˆÏFSÈˆÏò ~Ó˚ !Ó£ÏÎ˚ xyˆÏ°yã˛ly Ü˛Ó˚y •ˆÏÓ–

5.8 ˛õ!Ó˚§Çáƒyl !ÓË˛yçl

ˆÜ˛ylG !Ó Ï̂¢£Ï xl%§¶˛yl ˆ«˛ˆÏe ÎyˆÏòÓ˚ §¡∫ˆÏ¶˛ ï˛Ìƒ §Ç@˝Ã• Ü˛Ó˚y •Î˚ ï˛yˆÏòÓ˚ §Ù!‹TˆÏÜ˛ §Ù@˝ÃÜ˛ (Population
Óy Universe) ÓˆÏ°– §Ù@˝ÃˆÏÜ˛Ó˚ ˆÎ ˜Ó!¢‹TƒˆÏÜ˛ §ÇáƒyÓ˚ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ñ ï˛yˆÏÜ˛ ˛õ!Ó˚ˆÏÙÎ˚ ˜Ó!¢‹Tƒ Óy ã˛°Ü˛

(Variable) ÓˆÏ°– ˆÎÙlÈüüüÈ!Óe´Î˚ñ Ó˚Æyl#ñ í˛zÍ˛õyòlñ xyÎ˚ñ í˛zFã˛ï˛yñ Gçlñ ÓÎ˚§ •zï˛ƒy!ò ã˛°Ü˛– ˆÜ˛ylG ~Ü˛!ê˛

ã˛° Ï̂Ü˛Ó˚ §Çà,•#ï˛ Ùyl=!° Î!ò !Óhfl,Ïï˛ Óy !Ó¢,C°Ë˛y Ï̂Ó !°!˛õÓk˛ Ìy Ï̂Ü˛ñ ï˛ Ï̂Ó Ó˚y!¢!ÓK˛yl!Óò Ï̂òÓ˚ ˛õ Ï̂«˛ ˙ Ùyl=!°

˛õ%Cyl%̨ õ%CË˛y Ï̂Ó ˛õÓ˚#«˛y Ü˛ Ï̂Ó˚ ï˛yÓ˚ xhs˝!l≈!•ï˛ xÌ≈ áÑ%̂ Ïç ˆÓÓ˚ Ü˛Ó˚y Ü˛‹T§yôƒ Óy x§Ω˛Ó • Ï̂ï˛ ˛õy Ï̂Ó˚– xhs˝!l≈!•ï˛ xÌ≈

§¡õˆÏÜ≈˛ §!ë˛Ü˛ Ù)°ƒyÎ˚ˆÏlÓ˚ çlƒ ã˛°ˆÏÜ˛Ó˚ Ùyl=!°ˆÏÜ˛ §y!Ó˚Ü˛Ó˚ˆÏlÓ˚ ÙyôƒˆÏÙ §Ç!«˛Æ xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y çÓ˚&!Ó˚–

˛õ!Ó˚§ÇáƒyˆÏl !Ó¢,C°Ë˛yˆÏÓ §!Iï˛ ã˛°ˆÏÜ˛Ó˚ Ùyl=!°ˆÏÜ˛ §y!Ó˚Ü˛Ó˚î Óy !ÓË˛yà#Ü˛Ó˚î ˛õ!Ó˚§Çáƒyl !ÓË˛yçl (Fre-
quency distribution) ÓˆÏ°– ˆÜ˛ylG ~Ü˛!ê˛ !l!ò≈‹T ˆ◊î#Ó˚ ÙˆÏôƒ ã˛°ˆÏÜ˛Ó˚ Îï˛=!° Ùyl ˛õí˛¸ˆÏÓ ˆ§•z §ÇáƒyˆÏÜ˛

í˛z_´ ˆ◊î#Ó˚ ˛õ!Ó˚§Çáƒyl (Frequency) ÓˆÏ° ~ÓÇ ˆÎ SÈˆÏÜ˛Ó˚ ÙyôƒˆÏÙ ã˛°ˆÏÜ˛Ó˚ §y!Ó˚Ü,˛ï˛ Ùyl G ï˛yÓ˚ ˛õ!Ó˚§Çáƒy

≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ñ ï˛yˆÏÜ˛ ˛õ!Ó˚§Çáƒy SÈÜ˛ Óy §yÓ˚!î (Frequency Tabel) Ó Ï̂°–

˛õ!Ó˚§Çáƒy !ÓË˛yçl ò%•z ≤ÃÜ˛y Ï̂Ó˚Ó˚ •Î˚ ≠ (i) §Ó˚° ˛õ!Ó˚§Çáƒy !ÓË˛yçl (Simple Frequency Distribution)
~ÓÇ (ii) ˆ◊î#Ók˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçlÈ (Grouped Frequency Distribution)

(i) §Ó˚° ˛õ!Ó˚§Çáƒy !ÓË˛yçl ≠ È~•z !ÓË˛yçˆÏl ã˛°ˆÏÜ˛Ó˚ !Ó!Ë˛ß¨ Ùyl G ï˛yˆÏòÓ˚ ˛õ!Ó˚§Çáƒy fl∫ï˛sfË˛yˆÏÓ ≤ÃÜ˛y¢

Ü˛Ó˚y •Î˚– !lˆÏã˛ 30 çl  SÈyˆÏeÓ˚ ˛õÓ˚#«˛yÎ˚ ≤ÃyÆ l¡∫Ó˚ ˆòGÎ˚y  •° ï˛y ˆÌˆÏÜ˛ à!ë˛ï˛ §Ó˚° ˛õ!Ó˚§Çáƒy !ÓË˛yçl

ˆòáy Ï̂ly •° ≠

30 ç Ï̂lÓ˚ ≤ÃyÆ l¡∫Ó˚ ≠ 20, 25, 41, 27, 20, 27, 20, 46, 32, 27, 25, 46, 32, 27, 25, 46, 32, 41,
32, 27, 27, 25, 32, 41, 32, 25, 41, 27, 32, 27, 32, 41, 25, 27.

§yÓ˚!î lÇ 2É2

30 çl SÈyˆÏeÓ˚ l¡∫ˆÏÓ˚Ó˚ ˛õ!Ó˚§Çáƒy !ÓË˛yçl

l¡∫Ó˚ ê˛y!°ÙyÜ≈̨ ˛õ!Ó̊§Çáƒy

20 3

25 5

27 8

32 7

41 5

46 3

ˆÙyê˛ — 30



NSOU  NEC-MG-04 85

l¡∫Ó˚ 20 : ˛õ!Ó˚§Çáƒy 3 Ó° Ï̂ï˛ ˆÓyV˛yÎ˚ 20 l¡∫Ó˚ ˆ˛õˆÏÎ˚ˆÏSÈ ~Ó˚Ü˛Ù SÈyˆÏeÓ˚ §Çáƒy 3– í z̨̨ õ Ï̂Ó˚Ó˚ ê˛y!°ÙyÜ≈̨  •Û°

ˆ•°y Ï̂ly òyà å/ä  ÎyÓ˚ ã˛yÓ˚!ê˛Ó˚ ˛õ Ï̂Ó˚ ˛õMÈ˛Ù!ê˛ xyí ¸̨yxy!í ¸̨Ë˛y Ï̂Ó ˆòGÎ˚y •Î˚– ~Ó˚Ü˛Ù ˛õÑyã˛!ê˛ ê˛y!°Ùy Ï̂Ü≈̨ Ó˚ ~Ü˛!ê˛ = Ï̂FSÈÓ˚

˛õ Ï̂Ó˚ ~Ü˛ê%̨  ˆÓ!¢ ÊÑ̨ yÜ˛ ˆòGÎ˚y •Î˚– ê˛y!°ÙyÜ≈̨  §Ó§ÙÎ˚ Ùyl Óy Ùy Ï̂lÓ˚ ˆ◊î#Ó˚ ~Ü˛•z °y•ẑ Ïl Ó§y Ï̂ï˛ • Ï̂Ó– ˛õ!Ó˚§ÇáƒyÓ˚

àîlyÓ˚ ˛õˆÏ«˛ ~•z ˛õk˛!ï˛ §%!ÓôyçlÜ˛–

(ii)  ˆ◊î#Ók˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçlÈüüüÈã˛° Ï̂Ü˛Ó˚ Ùyl x“§ÇáƒÜ˛ • Ï̂° §Ó˚° ˛õ!Ó˚§Çáƒy !ÓË˛yçl Î Ï̂Ìy˛õÎ%_´– ˆÎ

ˆ«˛ Ï̂e ã˛° Ï̂Ü˛Ó̊ ≤Ãã%̨ Ó̊ Ùyl Ó̊ Ï̂Î̊ Ï̂SÈñ ˆ§ Ï̂«˛ Ï̂e ~•zË˛y Ï̂Ó !ÓË˛yçl ≤ÃyÎ̊ x§Ω˛Ó– ~ Ï̂«˛ Ï̂e ˛õ!Ó̊§Çáƒy SÈÜ˛ Ï̂Ü˛ §Ç!«˛ÆÜ˛Ó̊ Ï̂îÓ̊

çlƒ §Çà,•#ï˛ Ó˚y!¢ï˛Ìƒ Ùy°yˆÏÜ˛ §!ë˛Ü˛Ë˛yˆÏÓ xl%ôyÓˆÏlÓ˚ çlƒ ã˛°ˆÏÜ˛Ó˚ ÙyˆÏlÓ˚ ≤Ã§yÓ˚ (range)  ˆÜ˛ Ü˛ï˛Ü˛=!°

§§#Ù í˛z˛õ≤Ã§yÓ˚ (sub-range) ÈüÈ~ Ë˛yà Ü˛ˆÏÓ˚ ˆ§•z xl%ÎyÎ˚# ˆ◊î#Ók˛ Ü˛Ó˚y •Î˚– Ê˛ˆÏ°ñ ˆ◊î#Ók˛ õ!Ó˚§Çáƒy

!ÓË˛yçl ≤Ã!e´Î˚yÎ˚ ã˛°ˆÏÜ˛Ó˚ Ùyl=!° Ü˛ï˛Ü˛=!° §§#Ù í˛z˛õ≤Ã§yˆÏÓ˚ ˆ◊î#Ók˛ Ü˛ˆÏÓ˚ ˆ◊î#=!°Ó˚ ˛õ!Ó˚§Çáƒy !òˆÏÎ˚

≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– ˆ◊î#Ók˛ ˛õ!Ó˚§Çáƒy !ÓË˛yç Ï̂lÓ˚ ˆ«˛ Ï̂e ã˛° Ï̂Ü˛Ó˚ ˆÜ˛yl ~Ü˛!ê˛ !Ó Ï̂¢£Ï Ùy Ï̂lÓ˚ ˛õ!Ó˚§Çáƒy çyly ÎyÎ˚

ly–

!lˆÏã˛ 100 çl SÈyˆÏeÓ˚ ˛õÓ˚#«˛yÎ˚ ≤ÃyÆ l¡∫Ó˚ ˆòGÎ˚y •° ~ÓÇ ï˛y ˆÌˆÏÜ˛ à!ë˛ï˛ ˆ◊î#Ók˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl

ˆòáy Ï̂ly •° ≠

100 çl SÈyˆÏeÓ˚ ≤ÃyÆ l¡∫Ó˚ ≠

3 23 24 8 16 23 16 20 24 20

15 8 21 29 50 24 33 42 30 20

24 35 8 26 38 30 26 38 24 26

24 26 24 15 10 10 16 26 45 45

30 29 33 24 26 24 13 24 26 24

26 45 21 21 21 23 44 13 35 23

23 30 21 23 46 42 24 16 13 15

20 26 33 29 42 24 20 29 20 15

15 21 21 21 26 37 27 44 29 23

16 15 31 24 31 26 24 23 31 20
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§y!Ó˚î lÇ 2É3

100 çl SÈyˆÏeÓ˚ l¡∫ˆÏÓ˚Ó˚ ˛õ!Ó˚§Çáƒy !ÓË˛yçl

l¡∫Ó˚ ê˛y!°ÙyÜ≈̨ ˛õ!Ó˚§Çáƒy

1-5 1

6-10 5

11-15 9

16-20 12

21-25 31

26-30 20

31-35 8

36-40 3

41-45 8

46-50 3

ˆÙyê˛ — 100

5.8.1  ˛˛õ!Ó˚§Çáƒy !ÓË˛yçl àë˛ˆÏl !Ü˛S%È ≤ÃyÌ!ÙÜ˛ !lˆÏò≈¢

(i) ˆ◊î#§Çáƒy á%Ó Ü˛Ù Óy á%Ó ˆÓ!¢ •ˆÏÓ ly– ˆÓ!¢ •ˆÏ° àîly Ü˛yÎ≈ ò#â≈ G ç!ê˛° •Î˚ñ xyÓyÓ˚ á%Ó Ü˛Ù •ˆÏ°

˜Ó!¢ˆÏ‹TƒÓ˚ §!ë˛Ü˛ï˛y (accuracy) •yÓ˚yˆÏÓ– §yôyÓ˚îï˛ ˆ◊î#§Çáƒy 5 ˆÌˆÏÜ˛ 20 ~Ó˚ ÙˆÏôƒ •Î˚–

(ii) ˆ◊!î˜Ïòâ≈ƒ ÎÌy§Ω˛Ó §Ùyl •GÎ˚y í˛z!ã˛ï˛– xÓ¢ƒ ˆÜ˛ylG ˆÜ˛ylG ˆ«˛ˆÏe ~Ó˚ Óƒ!ï˛e´Ù •ˆÏï˛ ˛õyˆÏÓ˚– xyˆÏÎ˚Ó˚

˛õ!Ó˚§Çáƒy !ÓË˛yçˆÏl xyˆÏÎ˚Ó˚ ≤Ã§yÓ˚ á%Ó ˆÓ!¢ •Î˚ñ ÎÌy 100  ê˛yÜ˛y ˆÌˆÏÜ˛ 5000 ê˛yÜ˛y– ~ˆÏ«˛ˆÏe §Ùyl ˆ◊î#˜Ïòâ≈ƒ

§Ω˛Ó lÎ˚–

(iii) !ÓË˛yçˆÏl ã˛°ˆÏÜ˛Ó˚ §Ü˛° ÙylˆÏÜ˛ àîƒ Ü˛Ó˚ˆÏï˛ •ˆÏÓ– ˆÜ˛ylG Ùyl Óyò ˆòGÎ˚y ã˛°ˆÏÓ ly–

(iv) ˆ◊î#=!° ˛õÓ˚flõÓ˚ Óƒ!ï˛ˆÏÓ˚Ü˛# •ˆÏÓ xÌ≈yÍ ~Ü˛!ê˛ Ùyl ˆÜ˛Ó°Ùye ~Ü˛!ê˛ ˆ◊î#ˆÏï˛ ÌyÜ˛ˆÏÓ–

(v) Ù%_´ ≤ÃyÆ (open end) ˆ◊î# ÎÌy§Ω˛Ó Óç≈l Ü˛Ó˚y í˛z!ã˛ï˛–

5.9 ˆ◊î#Ók˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçˆÏl ÓƒÓ•*ï˛ !Ü˛S%È §ÇK˛y

(i) x!Ó!FSÈß¨ G !Ó!FSÈß¨ ã˛°Ü˛ (Continuous and Discrete variables) : ˆÜ˛ylG ã˛°ˆÏÜ˛Ó˚ §Çà,•#ï˛

!Ó!Ë˛ß¨ Ùyl=!° Î!ò ~Ü˛!ê˛ !l!ò≈‹T §#ÙyÓ˚ ÙˆÏôƒ ÌyˆÏÜ˛ ˙ §#ÙyˆÏÜ˛ ã˛°ˆÏÜ˛Ó˚ ≤Ã§yÓ˚ (Range) Ó Ï̂°– ˆÎÙl ˆÜ˛ylG
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ˆ◊î#Ó˚ SÈyeˆÏòÓ˚ í˛zFã˛ï˛yÓ˚ !Ó!Ë˛ß¨ Ùyl=!° Î!ò 120  ˆ§!Ù ˆÌˆÏÜ˛ 180 ˆ§!ÙÈüÈ~Ó˚ ÙˆÏôƒ ÌyˆÏÜ˛ñ ï˛ˆÏÓ SÈyeˆÏòÓ˚ í˛zFã˛ï˛yÓ˚

≤Ã§yÓ˚ • Ï̂Ó (180 – 120) ˆ§!Ù Óy 60 ˆ§!Ù– Î!ò ~Ü˛!ê˛ ã˛°Ü˛ ~Ó˚*˛õ •Î˚ ˆÎñ ~Ü˛!ê˛ !l!ò≈‹T ≤Ã§yˆÏÓ˚Ó˚ xhs˝Ó≈ï˛≈# ˆÎ

ˆÜ˛yl Ùyl í z̨•y @˝Ã•î Ü˛Ó˚̂ Ïï˛ ̨õy Ï̂Ó˚ñ ï˛ Ï̂Ó ã˛°Ü˛!ê˛ Ï̂Ü˛ x!Ó!FSÈß¨ ã˛°Ü˛ (continuous variable) Ó Ï̂°– xy Ï̂°yã˛ƒ í z̨òy•Ó˚̂ Ïî

ˆÜ˛yl ~Ü˛çl SÈyˆÏeÓ˚ í˛zFã˛ï˛y 129 ˆ§!Ù Óy 129.8 ˆ§!Ù Óy 129.86  ˆ§!Ù Óy 120 ˆ§!Ù ˆÌˆÏÜ˛

180 ˆ§!ÙüÈ~Ó˚  ÙˆÏôƒ ˆÎ ˆÜ˛ylG §Çáƒy •ˆÏï˛˛ ˛õyˆÏÓ˚– xÌ≈yÍ x!Ó!FSÈß¨ ã˛°ˆÏÜ˛Ó˚ x§Çáƒ Ùyl ÌyÜ˛y §Ω˛yÓƒ– xyÎ˚ñ

í˛zFã˛ï˛yñ Gçlñ xyÎ˚ï˛lñ âlc ≤ÃË,̨ !ï˛ x!Ó!FSÈß¨ ã˛°ˆÏÜ˛Ó˚ í˛zòy•Ó˚î– !Ü˛v ˆÜ˛ylG ã˛°Ü˛ Î!ò ~Ùl •Î˚ ˆÎñ •z•y ˆÜ˛Ó°

Ü˛ Ï̂Î˚Ü˛!ê˛ !Ó!FSÈß¨ (isolated) Ùyl @˝Ã•î Ü˛Ó˚̂ Ïï˛ ̨õy Ï̂Ó˚ñ ï˛ Ï̂Ó í z̨•y Ï̂Ü˛ !Ó!FSÈß¨ ã˛°Ü˛ (Discrete variable) Ó Ï̂°– ̂ Ü˛ylG

o Ï̂ÓƒÓ˚ í z̨Í˛õyòl §Çáƒyñ ̂ Ü˛ylG §Ë˛yÎ˚ ̂ °y Ï̂Ü˛Ó˚ §Çáƒyñ !Ó!Ë˛ß¨ ̨õ!Ó˚Óy Ï̂Ó˚ !¢÷§Çáƒyñ Ê%̨ ê˛Ó° ̂ á°yÎ˚ ̂ ày°§Çáƒyñ !e´ Ï̂Ü˛ê˛

ˆá°yÎ˚ Ó˚yl§Çáƒy •zï˛ƒy!ò !Ó!FSÈß¨ ã˛°ˆÏÜ˛Ó˚ í˛zòy•Ó˚î– Ê%˛ê˛Ó° ˆá°yÎ˚ ˆày°§Çáƒy Ü˛álG Ë˛@¿yÇ¢ •ˆÏï˛ ˛õyˆÏÓ˚ lyÈüüüÈ•z•y

§Ó§ÙÎ˚•z xá[˛ ˛õ)î≈§Çáƒy •ˆÏÓ– xlƒË˛yˆÏÓ Ó°y ÎyÎ˚ñ Ùy˛õl#Î˚ myÓ˚y !lî≈#ï˛ ã˛°ˆÏÜ˛Ó˚ Ùyl x!Ó!FSÈß¨ñ !Ü˛v àîlyÓ˚ myÓ˚y

!lî≈#ï˛ ã˛° Ï̂Ü˛Ó˚ Ùyl !Ó!FSÈß¨–

(ii) ˆ◊î#!ÓË˛yà Óy ˆ◊î# ≤Ã§yÓ˚ (Class interval) : Î!ò ã˛°Ü˛ x!Ó!FSÈß¨ •Î˚ xÌÓy !Ó!FSÈß¨ ã˛°Ü˛ x!ôÜ˛

§ÇáƒÜ˛ Ùyl @˝Ã•î Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ ã˛°ˆÏÜ˛Ó˚ ÙyˆÏlÓ˚ ≤Ã§yÓ˚ˆÏÜ˛ Ü˛ˆÏÎ˚Ü˛!ê˛ §§#Ù í˛z˛õ≤Ã§yˆÏÓ˚ !ÓË˛_´ Ü˛ˆÏÓ˚ ˆ◊î#Ók˛ ˛õ!Ó˚§Çáƒy

!ÓË˛yçl ≤Ã!e´Î˚yÎ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– ~•zˆÏ«˛ˆÏe ã˛°ˆÏÜ˛Ó˚ í˛z˛õ≤Ã§yÓ˚ˆÏÜ˛ ˆ◊î#!ÓË˛yà Óy ˆ◊î# ≤Ã§yÓ˚ ÓˆÏ°– §yÓ˚!î lÇ

2É3ÈüÈ~Ó˚ ≤ÃÌÙ hflÏˆÏΩ˛ í˛z•y ˆòáyˆÏly •ˆÏÎ˚ˆÏSÈ– ~•zË˛yˆÏÓ 1-5, 6-10, 11-15  •zï˛ƒy!ò !Ó!Ë˛ß¨ ˆ◊î# ≤Ã§yÓ˚–

Î!ò ˆÜ˛ylG ˆ◊î#Ó˚ ~Ü˛ ≤ÃyˆÏhs˝Ó˚ Ùyl xl%_´ ÌyˆÏÜ˛ñ ï˛ˆÏÓ •z•yˆÏÜ˛ Ù%_´≤Ãyhs˝ ˆ◊î# (open and class) Ó Ï̂°–

ˆÜ˛ylG ˛õ!Ó˚§Çáƒy !ÓË˛yçˆÏl ~Ü˛!ê˛ Óy ò%!ê˛ Ù%_´ ≤Ãyhs˝ ˆ◊î# ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚– Ù%_´ ≤Ãyhs˝ ˆ◊î# ï˛ál•z àë˛l Ü˛Ó˚y •Î˚ñ

Îál ≤Ãyhs˝#Î˚ Ùyl xlƒylƒ Ùyl ˆÌˆÏÜ˛ xˆÏlÜ˛ ò)ˆÏÓ˚ ÌyˆÏÜ˛ñ xlƒÌyÎ˚ !Ü˛S%È ˆ◊î#Ó˚ ˛õ!Ó˚§Çáƒy •Î˚ˆÏï˛y ¢)lƒ !°áˆÏï˛ •ˆÏÓ–

(iii) ˆ◊î# ˛õ!Ó˚§Çáƒy G ˆÙyê˛ ˛õ!Ó˚§Çáƒy (Class frequeny and Total frequency) : ã˛°ˆÏÜ˛Ó˚ Îï˛=!°

Ùyl ~Ü˛!ê˛ ˆ◊î#Ó˚ xhs˝à≈ï˛ñ ˆ§•z §ÇáƒyˆÏÜ˛•z í˛z•yÓ˚ ˆ◊î# ˛õ!Ó˚§Çáƒy ÓˆÏ°– §yÓ˚!î lÇ 2É3ÈüÈ~ 16-20 ˆ◊î# !ÓË˛yˆÏàÓ˚

˛õ!Ó˚§Çáƒy 12– §ÙhflÏ ̂ ◊î# !ÓË˛yˆÏàÓ˚ ̨õ!Ó˚§ÇáƒyÓ˚ §Ù!‹TˆÏÜ˛ ̂ Ùyê˛ ̨õ!Ó˚§Çáƒy ÓˆÏ°– §yÓ˚!î lÇ 2É3 ~Ó˚ ̂ Ùyê˛ ̨õ!Ó˚§Çáƒy

100–

(iv) ˆ◊î# §#Ùy (Class Limit) ~ÓÇ ˆ◊î# §#Ùyly (Class Boundary) ≠ ˆÜ˛ylG ˆ◊î# ≤Ã§yˆÏÓ˚Ó˚ ò%!ê˛

≤Ãyhs Ï̂Ü˛ ˙ ˆ◊î#Ó˚ ˆ◊î# §#Ùy (Class Limit)  ~ÓÇ Óí˛¸!ê˛ˆÏÜ˛ |ôÁ≈ˆÏ◊î# §#Ùy (Upper Class Limit)  Ó Ï̂°–

§yÓ˚!î lÇ 2É3 ~ 21-25 ˆ◊î# ≤Ã§yˆÏÓ˚Ó˚ !l¡¨ˆÏ◊î# §#Ùy 21 ~ÓÇ |ôÁ≈ˆÏ◊î# §#Ùy 25–

x!Ó!FSÈß¨ ã˛° Ï̂Ü˛Ó˚ ̂ «˛ Ï̂eñ Ó˚y!¢=!° Ï̂Ü˛ ̂ Ü˛ylG ~Ü˛!ê˛ ~Ü˛ Ï̂Ü˛Ó˚ xy§ß¨ Ùyl !°!˛õÓk˛ Ü˛Ó˚y •Î˚– ̂ ÎÙlñ !Ü˛S%È ̂ °y Ï̂Ü˛Ó˚

Gç Ï̂lÓ˚ !ÓË˛yç Ï̂lÓ˚ Ü˛Ìy ôÓ˚y ÎyÜ˛– Î!ò Gçl ̨õyí ẑ̨ Ïu˛Ó˚ Ü˛ySÈyÜ˛y!SÈ ̨õ!Ó˚Ùy˛õ Ü˛Ó˚y •Î˚ñ ï˛ Ï̂Ó 99.5th ̂ Ì Ï̂Ü˛ 109.5th
ÈüÈ~Ó˚

ÙˆÏôƒ §ÙhflÏ Ó˚y!¢ï˛Ìƒ 100 – 109 ̂ ◊î#≤Ã§yˆÏÓ˚Ó˚ xhs˝Ë%≈˛_´ •ˆÏÓ– 100 – 109 ̂ ◊î# ≤Ã§y Ï̂Ó˚Ó˚ çlƒ 99.5 ̂ Ü˛ !l¡¨̂ Ï◊î#

§#Ùyly (Lower Class Boundary) ~ÓÇ 109.5ÈüÈˆÜ˛ |ôÁ≈ˆÏ◊î# §#Ùyly (Upper Class Boudary)  ÓˆÏ°–

xl%Ó˚*˛õË˛yˆÏÓñ 110-119 ˆ◊î#≤Ã§yˆÏÓ˚Ó˚ çlƒ !l¡¨ˆÏ◊î# §#Ùyly G |ôÁ≈ˆÏ◊î# §#Ùyly ÎÌye´ˆÏÙ 109.5 ~ÓÇ 119.5–

~ Ï̂«˛ Ï̂e 99.5 ̂ Ì Ï̂Ü˛ 100.5 ̨õÎ≈hs˝ ̂ Î ̂ Ü˛ylG Ùy Ï̂lÓ˚ xy§ß¨ Ùyl 100– xyÓyÓ˚ 99.45 ̂ Ì Ï̂Ü˛ 99.55 ̨õÎ≈hs˝ ̂ Î ̂ Ü˛ylG
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ÙyˆÏlÓ˚ ~Ü˛ ò¢!ÙÜ˛ ˛õÎ≈hs˝ xy§ß¨ Ùyl 99.5– °«˛î#Î˚ ˆÎñ ˆÜ˛ylG ˆ◊î#Ó˚ |ôÁ≈ˆÏ◊î# §#Ùyly ˛õÓ˚Óï≈˛# ˆ◊î# !l¡¨ˆÏ◊î#

§#ÙylyÓ˚ §Ùyl •Î˚– !l¡¨!°!áï˛ í˛z˛õyˆÏÎ˚ ˆ◊î# §#Ùyly !lî≈Î˚ Ü˛Ó˚y •Î˚–

!l¡¨ ˆ◊î# §#Ùyly = !l¡¨̂ Ï◊î# §#Ùy 
d
2

~ÓÇ |ôÁ≈̂ Ï◊î# §#Ùyly = |ôÁ≈ˆÏ◊î# §#Ùy 
d
2

ˆÎáy Ï̂l d •° ˆÜ˛ylG ˆ◊î#Ó˚ |ôÁ≈§#Ùy G ˛õÓ˚Óï≈˛# ˆ◊î#Ó˚ !l¡¨§#ÙyÓ˚ ÙˆÏôƒ ˛õyÌ≈Ü˛ƒ–

(v) Ùôƒ!Ó®% (Mid point or Mid value or Class Mark) : ˆÜ˛ylG ˆ◊î#!ÓË˛yˆÏàÓ˚ !ë˛Ü˛ ÙôƒÙylˆÏÜ˛

ˆ◊î#Ó˚ Ùôƒ!Ó®% ÓˆÏ°– •z•y ò%!ê˛ ˆ◊î#§#Ùy Óy ˆ◊î# §#ÙylyÓ˚ àí˛¸ñ xÌ≈yÍ

Ùôƒ!Ó®% 
1
2 å!l¡¨̂ Ï◊î# §#Ùy + |ôÁ≈ˆÏ◊î# §#Ùyä

        = 1
2 å!l¡¨ˆÏ◊î# §#Ùyly + |ôÁ≈ˆÏ◊î# §#Ùylyä

§yÓ˚!î lÇ 2É3ÈüÈ~ 26-30 ˆ◊î#Ó˚ Ùôƒ!Ó®% •°  1 26 302   Óy 28–

(vi) ˆ◊î# ˜òâ≈ƒ (Size or Width of Class Inverval) : ˆÜ˛ylG ˆ◊î# !ÓË˛yˆÏàÓ˚ |ôÁ≈ G !l¡¨ §#ÙylyÓ˚

xhs˝Ó˚Ê˛°ˆÏÜ˛ ˙ ˆ◊î#Ó˚ ˜òâ≈ƒ ÓˆÏ°– §yÓ˚!î lÇ 2É3ÈüÈ~ 31-35 ˜òâ≈ƒ 35.5 – 30.5 = 5 °«˛î#Î˚– ~•z §yÓ˚!îˆÏï˛

§ÙhflÏ ˆ◊î#Ó˚ ˜òâ≈ƒ 5–

(vii) ˛õ!Ó˚§Çáƒy âlc (Frequency density) : ˆÜ˛ylG ˆ◊î# !ÓË˛yˆÏàÓ˚ ≤Ã!ï˛ ~Ü˛Ü˛ ˆ◊î# ˜òˆÏâ≈ƒÓ˚

˛õ!Ó˚§ÇáƒyˆÏÜ˛ ˆ◊î#!ê˛Ó˚ ˛õ!Ó˚§Çáƒy âlc ÓˆÏ°–

˛õ!Ó˚§Çáƒyl âlc =  

2É3 lÇ §yÓ˚!îÓ˚ 21-25 ˆ◊î#Ó˚ ˛õ!Ó˚§Çáƒy âlc 
31 6.25 

(viii) xyl%˛õy!ï˛Ü˛ ˛õ!Ó˚§Çáƒy (Relative Frequency) : ˆ◊!î !ÓË˛yˆÏàÓ˚ ˛õ!Ó˚§Çáƒy Î!ò ˆÙyê˛ ˛õ!Ó˚§ÇáƒyÓ˚

xl%˛õyï˛ !•ˆÏ§ˆÏÓ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ñ ï˛ˆÏÓ ï˛yˆÏÜ˛ ˙ ˆ◊î#Ó˚ xyl%˛õy!ï˛Ü˛ ˛õ!Ó˚§Çáƒy ÓˆÏ°–

xyl%˛õy!ï˛Ü˛ ˛õ!Ó˚§Çáƒy = 
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2É3 lÇ §yÓ˚!îÓ˚ 41-45 ˆ◊î#Ó˚ xyl%˛õy!ï˛Ü˛ ˛õ!Ó˚§Çáƒy •° 
8

100 Óy 0.08–

§yÓ˚!î lÇ 2É4

ˆ◊î# §#Ùyñ ˆ◊î# §#Ùylyñ Ùôƒ!Ó®%ñ ˛õ!Ó˚§Çáƒy âlc G xyl%˛õy!ï˛Ü˛ ˛õ!Ó˚§Çáƒy

ˆ◊î# ≤Ã§yÓ˚ ˆ◊î# ˆ◊î# §#Ùy ˆ◊î# §#Ùyly Ùôƒ!Ó®% ˆ◊î# ˛˛õ!Ó˚§Çáƒy xyl%˛õy!ï˛Ü˛

˛õ!Ó˚§Çáƒy !l¡¨ |ôÁ≈ !l¡¨ |ôÁ≈ ˜òâ≈ƒ âlc ˛õ!Ó˚§Çáƒy

1–5 1 1 5 0.5 5.5 3 5 0.2 0.01

6–10 5 6 10 5.5 10.5 8 5 1.0 0.05

11–15 9 11 15 10.5 15.5 13 5 1.8 0.09

16–20 12 16 20 15.5 20.5 18 5 2.4 0.12

21–25 31 21 25 20.5 25.5 23 5 6.2 0.31

26–30 20 26 30 25.5 30.5 28 5 4.0 0.20

31–35 8 31 35 30.5 35.5 33 5 1.6 0.08

36–40 3 36 40 35.5 40.5 38 5 0.6 0.03

41–45 8 41 45 40.5 45.5 43 5 1.6 0.08

46-50 3 46 50 45.5 50.5 48 5 0.6 0.03

ˆÙyê˛ 100 — — — — — — — 1.00

5.9.1 ˆ◊î#Ók˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl àë˛l

ˆ◊î#Ók˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl àë˛ˆÏlÓ˚ çlƒ !l¡¨!°!áï˛ ôy˛õ=!° xl%§Ó˚î Ü˛Ó˚y •Î˚ ≠

(i) ≤ÃÌˆÏÙ Ùyl=!°Ó˚ ≤Ã§yÓ˚ åxÌ≈yÍñ §ˆÏÓ≈yFã˛ ÙylÈüüüÈ§Ó≈!l¡¨ Ùylä !lî≈Î˚ Ü˛Ó˚y •Î˚–

(ii) ≤Ã§yÓ˚ˆÏÜ˛ í˛z˛õÎ%_´ ˆ◊î#!ÓË˛yà §ÇáƒyÎ˚ Ë˛yà Ü˛Ó˚ˆÏï˛ •Î˚– •z•y ~ÙlË˛yˆÏÓ Ü˛Ó˚y •Î˚ ÎyˆÏï˛ ˆ◊î# ˜òâ≈ƒ Óy

ï˛yÓ˚ =!îï˛Ü˛ •Î˚ñ àîly Ü˛yÎ≈ §•ç •GÎ˚yÓ˚ í˛z˛õÎ%_´–

(iii) ≤ÃÌÙ ˆ◊î#Ó˚ !l¡¨§#Ùy ¢)lƒ (0) Óy 5 Óy ï˛yÓ˚ =!îï˛Ü˛ •GÎ˚y í˛z!ã˛ï˛– ˆÎÙlÈüüüÈÎ!ò §Ó≈!l¡¨ Ùyl

27  ~ÓÇ ˆ◊î# !ÓË˛yˆÏàÓ˚ ˜òâ≈ƒ  10 •Î˚ñ ï˛ˆÏÓ ≤ÃÌÙ ˆ◊î# 27-37ÈüÈ~Ó˚ ˛õ!Ó˚ÓˆÏï≈˛ 25-35 •GÎ˚y

í z̨!ã˛ï˛–

(iv) ê˛y!°ÙyˆÏÜ≈˛Ó˚ §y•yˆÏÎƒ ˆ◊î# ˛õ!Ó˚§Çáƒy !lî≈Î˚ Ü˛Ó˚y •Î˚–

(v) ≤ÃÌÙ hflÏΩ˛ ˆ◊î# ≤Ã§yÓ˚ G !mï˛#Î˚ hflÏˆÏΩ˛ ï˛yÓ˚ ˛õ!Ó˚§Çáƒy ˆÓ˚ˆÏá §yÓ˚!î Óy SÈÜ˛ ˜ï˛!Ó˚ Ü˛Ó˚ˆÏï˛ •Î˚– ~ê˛y•z

!lˆÏî≈Î˚ ˛õ!Ó˚§Çáƒy !ÓË˛yçl •ˆÏÓ–
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5.10 !Ó!Ë˛ß¨ ˛õk˛!ï˛ˆÏï˛ ˆ◊î#Ók˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl í˛z˛õfliy˛õl

2É3 lÇ §yÓ˚!îˆÏï˛ ˆ◊î#§#Ùy (Class Limits) ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ˆ◊î# ≤Ã§yÓ˚ Óy ˆ◊î# !ÓË˛yà ˆòáyˆÏly •ˆÏÎ˚ˆÏSÈ–

!lˆÏã˛ xyÓ˚ Ü˛ˆÏÎ˚Ü˛!ê˛ í˛z˛õfliy˛õl ˆòáyl •° ≠

§yÓ˚!î lÇ 2É5 §yÓ˚!î lÇ 2É6

142 çl SÈyˆÏeÓ˚ ≤ÃyÆ l¡∫Ó˚ 250 çl Ü˛Ù≈#Ó˚ §yÆy!•Ü˛ xyÎ˚

l¡∫Ó˚ ˛õ!Ó̊§Çáƒy xyÎ˚ åê˛yÜ˛yÓ˚ä ˛õ!Ó̊§Çáƒy

0–10 5 30– 3

10–20 10 32– 8

20–30 20 34– 24

30–40 40 36– 31

40–50 30 38– 50

50–60 20 40– 61

60–70 10 42– 38

70–80 4 44– 21

80–90 2 46– 12

90–100 1 48–50 2

ˆÙyê˛ÈüüüÈ 142 ˆÙyê˛ÈüüüÈ 250

§yÓ˚!î lÇ 2É7 §yÓ˚!î lÇ 2É8

40 çl ˆ°yˆÏÜ˛Ó˚ §yÆy!•Ü˛ xyÎ˚ 80 çl SÈyˆÏeÓ˚ ≤ÃyÆ l¡∫Ó˚

xyÎ˚ åê˛yÜ˛yÓ˚ä ˛õ!Ó˚§Çáƒy l¡∫Ó˚ ˛õ!Ó˚§Çáƒy

30 ~Ó˚ í˛z˛õÓ˚ !Ü˛v 40 ~Ó˚ l#ˆÏã˛ 8 30-~Ó˚ l#ˆÏã˛ 7

40 ~Ó˚ í˛z˛õÓ˚ !Ü˛v 50 ~Ó˚ l#ˆÏã˛ 12 30-40˛ 12

50 ~Ó˚ í˛z˛õÓ˚ !Ü˛v 60 ~Ó˚ l#ˆÏã˛ 6 40-50˛ 25

60 ~Ó˚ í˛z˛õÓ˚ !Ü˛v 70 ~Ó˚ l#ˆÏã˛ 4 50-60˛ 16

70 ~Ó˚ í˛z˛õÓ˚ !Ü˛v 80 ~Ó˚ l#ˆÏã˛ 10 60-70 15

ˆÙyê˛ ˛ 40 70üÈ~Ó˚ í˛z˛õÓ˚ 5

ˆÙyê˛ÈüüüÈ˛ 80
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2É5 lÇ §yÓ˚î# Ï̂ï˛ ˆ◊î# ≤Ã§yÓ˚ ˆ◊î# §#Ùyly (Class boundaries) !ò Ï̂Î˚ ˆòáy Ï̂ly • Ï̂Î˚̂ ÏSÈ– ˆÎ Ùyl!ê˛ ˆ◊î#

§#ÙylyÓ˚ § Ï̂D §Ùyl •Î˚ ï˛y §yôyÓ˚î ˛õÓ˚Óï≈̨ # ˆ◊î# Ï̂ï˛ ôÓ˚y •Î˚– ˆÎÙl l¡∫Ó˚ 20 G 30 ÎÌye´ Ï̂Ù 20-30 G 30-
40 ˆ◊î# Ï̂ï˛ Ó˚̂ ÏÎ˚̂ ÏSÈ–

2É6 lÇ §yÓ˚î# Ï̂ï˛ ˆ◊î#≤Ã§yÓ˚ ˆòáy Ï̂lyÓ˚ §ÙÎ˚ |ôÁ≈̂ Ï◊î# §#Ùy (Upper Class Limit) =ˆÏ° ˛õ!Ó˚‹ÒyÓ˚Ë˛yˆÏÓ

ˆòáyˆÏly •Î˚!l– ≤ÃÌÙ ˆ◊î# ≤ÃÜ,˛ï˛˛õˆÏ«˛ 30 G ï˛yÓ˚ í˛z˛õÓ˚ñ !Ü˛v 32ÈüÈ~Ó˚ !lˆÏã˛ ~ÓÇ !mï˛#Î˚ ˆ◊î# 32 G ï˛yÓ˚

í˛z˛õÓ˚ñ !Ü˛v 34ÈüÈ~Ó˚ !lˆÏã˛–

2É7 lÇ §yÓ̊!î Ï̂ï˛ ˆÜ˛ylG ˆ◊î#Ó̊ |ôÁ≈§#Ùy ˛õÓ̊Óï≈̨ # ˆ◊î# Ï̂ï˛ Ó̊ Ï̂Î̊ Ï̂SÈ– ˆÎÙl ≤ÃÌÙ ˆ◊î#Ó̊ 40 !mï˛#Î̊ ˆ◊î# Ï̂ï˛ñ

!mï˛#Î˚ ˆ◊î#Ó˚ 50 ï,˛ï˛#Î˚ ˆ◊î#ˆÏï˛ Ó˚ˆÏÎ˚ˆÏSÈ–

2É8 lÇ §yÓ˚!îˆÏï˛ ≤ÃÌÙ ˆ◊î# G ˆ¢£Ï ˆ◊î# Ù%_´ (Open)– Ê˛ˆÏ° ≤ÃÌÙ ˆ◊î#Ó˚ !l¡¨§#Ùy G ˆ¢£Ï ˆ◊î#Ó˚

í˛zôÁ≈§#Ùy xçyly– Î!ò §Ü˛° ˆ◊î# ≤Ã§yˆÏÓ˚Ó˚ ˜òâ≈ƒ §Ùyl •Î˚ñ ï˛ˆÏÓ Ù%_´ ≤Ãyhs˝#Î˚ ˆ◊î#=!° §Ù≤Ã§yÓ˚ !Ó!¢‹T

ôÓ˚y •Î˚ñ xlƒÌyÎ˚ ï˛y xçyly ÌyÜ˛ˆÏÓ–

5.10.1 e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl

˛õ!Ó˚§ÇáƒyˆÏl xˆÏlÜ˛ §ÙÎ˚ ã˛°ˆÏÜ˛Ó˚ ~Ü˛!ê˛ !l!ò≈‹T Ùyl xˆÏ˛õ«˛y Ó˚y!¢ï˛ÌƒÙy°yÓ˚ Ü˛ï˛=!° Ùyl ˆSÈyê˛ åÓy Óí˛¸ä

ï˛y çylyÓ˚ ≤ÃˆÏÎ˚yçl •Î˚– ~•z§Ó ˆ«˛ˆÏeñ !l!ò≈‹T Ùyl ˛õÎ≈hs˝ Óy ÙyˆÏlÓ˚ í˛z˛õˆÏÓ˚ ˛õ!Ó˚§Çáƒy=!°ˆÏÜ˛ e´Ùyß∫ˆÏÎ˚ ˆÏÎyà

(accumulate) Ü˛Ó˚ˆÏï˛ •Î˚– ~•z e´Ùyß∫ˆÏÎ˚ ˆÎyà Ü˛Ó˚y ˛õ!Ó˚§ÇáƒyˆÏÜ˛ !ÓË˛yçl ≤Ã!e´Î˚yÎ˚ Î!ò ≤ÃÌÙ Óy í˛z˛õÓ˚ ˆÌˆÏÜ˛

˛õ!Ó˚§Çáƒy ÎÌye´ Ï̂Ù a, b, c, d  •zï˛ƒy!ò •Î˚ñ ï˛ Ï̂Ó !mï˛#Î˚ñ ï,̨ ï˛#Î˚ñ ã˛ï%̨ Ì≈ •zï˛ƒy!ò !ÓË˛yà ˛õÎ≈hs˝ ˆÙyê˛ ˛õ!Ó˚§ÇÈáƒy • Ï̂Ó

ÎÌye´ˆÏÙ (a + b), (a + b + c), (a + b + c + d) •zï˛ƒy!ò ~ÓÇ ~=!° ÎÌye´ˆÏÙ !ÓË˛yà=!°Ó˚ e´ÙˆÏÎÔ!àÜ˛

˛õ!Ó˚§Çáƒy !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚–

Îï˛=!° §Çáƒy !l!ò≈‹T ÙyˆÏlÓ˚ §Ùyl Óy ï˛yÓ˚ ˆã˛ˆÏÎ˚ !lˆÏã˛ ˆ§•z §ÇáƒyˆÏÜ˛ ÚÚ!lã˛ ˆÌˆÏÜ˛ e´ÙˆÏÎÔ!àÜ˛

˛õ!Ó˚§ÇáƒyÛÛ (Less than cumulative frequency) ~ÓÇ Ü˛ï˛=!° §Çáƒy !l!ò≈‹T ÙyˆÏlÓ˚ §Ùyl Óy ï˛yÓ˚ ˆÌˆÏÜ˛

ˆÓ¢# •Î˚– ˆ§•z §ÇáƒyˆÏÜ˛ ÚÚí˛z˛õÓ˚ ˆÌˆÏÜ˛ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§ÇáƒyÛÛ (Greater-than cumulative frequency)
Ó Ï̂°–

Î!ò ã˛°ˆÏÜ˛Ó˚ !Ó!Ë˛ß¨ ÙylG ï˛yÓ˚ xl%Ó˚*˛õ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy å!lã˛ ˆÌˆÏÜ˛ Óy í˛z˛õÓ˚ ˆÌˆÏÜ˛ä ~Ü˛!ê˛ SÈÜ˛ Óy

§yÓ˚!î Ï̂ï˛ §yçy Ï̂ly •Î˚ñ ï˛ Ï̂Ó ï˛y Ï̂Ü˛ e´Ù Ï̂ÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl (Cumulative Frequency Distribution)
Ó Ï̂°– ˆ◊î#Ók˛ Ó̊y!¢ï˛ Ï̂ÌƒÓ̊ ˆ«˛ Ï̂eñ e´Ù Ï̂Î!àÜ˛ ˛õ!Ó̊§Çáƒy xl%Ó̊*˛õ ˆ◊î# §#ÙylyÓ̊ !Ó˛õÓ̊# Ï̂ï˛ !°á Ï̂ï˛ •Î̊– ˆÜ˛Ó°Ùye

e´Ù Ï̂ÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy Ó° Ï̂ï˛ §yôyÓ˚îï˛ Ú!lã˛ ˆÌ Ï̂Ü˛ e´Ù Ï̂ÎÔ!àÜ˛ ˛õ!Ó˚§ÇáƒyÛÈüÈˆÜ˛ ˆÓyV˛yÎ˚–
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!lˆÏã˛ Ü˛ˆÏÎ˚Ü˛!ê˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl SÈÜ˛ ˆòáyˆÏly •° ≠

§yÓ˚!î lÇ 2É9

30 çl SÈyˆÏeÓ˚ l¡∫ˆÏÓ˚Ó˚ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl

l¡∫Ó˚ ˛õ!Ó̊§Çáƒy e´Ù Ï̂ÎÔ!àÜ˛ ̨õ!Ó˚§Çáƒy

!lã˛ ˆÌˆÏÜ˛ í˛z˛õÓ˚ ˆÌˆÏÜ˛

20 3 3 30
25 5 8 27
27 8 16 22
32 7 23 14
41 5 28 7
46 2 30 2

ˆÙyê˛ 30 — —

§yÓ˚!î lÇ 2É10

60 çl SÈyˆÏeÓ˚ GçˆÏlÓ˚ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl

ˆ◊î# ˛õ!Ó̊§Çáƒy e´Ù Ï̂ÎÔ!àÜ˛ ̨õ!Ó˚§Çáƒy

§#Ùyly !lã˛ ˆÌˆÏÜ˛ í˛z˛õÓ˚ ˆÌˆÏÜ˛

29.5 0 0 60

34.5 3 3 57

39.5 5 8 52

44.5 12 20 40

49.5 18 38 22

54.5 14 52 8

59.5 6 58 2

64.5 2 60 0

ˆÙyê˛ 60 — —
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§yÓ˚!î lÇ 2É11

60 çl SÈyˆÏeÓ˚ GçˆÏlÓ˚ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl

Gçl åˆÜ˛!çˆÏï˛ä ˛õ!Ó̊§Çáƒy e´Ù Ï̂ÎÔ!àÜ˛ ̨õ!Ó˚§Çáƒy

!lã˛ ˆÌˆÏÜ˛ í˛z˛õÓ˚ ˆÌˆÏÜ˛

30–40 3 3 60

35–39 5 8 57

40–44 12 20 52

45–49 18 38 40

50–54 14 52 22

55–59 6 58 8

60–64 2 60 2

ˆÙyê˛ 60 — —

5.11 ≤Ã!ï˛!°!˛õÓ˚ (Diagram) §y•yˆÏÎƒ í˛z˛õfliy˛õlyÓ˚ §%!Óôy G x§%!Óôy

Î!òG ˆ◊î# !Ólƒy§ G SÈÜ˛ !Ólƒy§ Ó˚y!¢ï˛ÌƒˆÏÜ˛ !ÓK˛yl§¡øï˛Ë˛yˆÏÓ G §Ç!«˛Æ xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚ ï˛Ó%G

x!ôÜ˛yÇ¢ Ùyl%̂ Ï£ÏÓ˚ ˛õ Ï̂«˛ fl∫“ §Ù Ï̂Î˚ G xlyÎ˚y Ï̂§ í z̨•yÓ˚ ï˛yÍ˛õÎ≈ xl%ôyÓl Ü˛Ó˚y §Ω˛Ó •Î˚ly– Î!òG ˆ°á (Graphs)
Óy ã˛yê≈̨  (Charts) Óy !ã˛e ˆÜ˛Ó°Ùye fli(° (approximate) ≤Ã!ï˛!°!˛õ ï%˛ˆÏ° ôˆÏÓ˚ñ ï˛Ó% ~Ó˚ ò,!‹T xyÜ˛£Ï≈î# «˛Ùï˛y

≤Ãã%̨ Ó˚– ˆ§çlƒ §ÇÓyò˛õeñ !Ó!Ë˛ß¨ ˛õeÈüÈ˛õ!eÜ˛yñ §Ó˚Ü˛yÓ˚# G ˆÓ§Ó˚Ü˛yÓ˚# §Çfliy§Ù)• Ï̂Ü˛ ˛õ!Ó˚§Çáƒy Ï̂lÓ˚ Ó˚y!¢ï˛Ìƒ x Ï̂lÜ˛

§Ù Ï̂Î˚•z ˆ°á G !ã˛ey!òÓ˚ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚̂ Ïï˛ ˆòáy ÎyÎ˚– ˆ°á G !ã˛ey!ò ÓƒÓ•y Ï̂Ó˚ !l¡¨!°!áï˛ Ü˛ï˛Ü˛=!° §%!Óôy G

x§%!Óôy xyˆÏSÈ /

§%!Óôy ≠

(i) ~•z ˛õk˛!ï˛ §yôyÓ˚î ˆ°yˆÏÜ˛Ó˚ Ü˛yˆÏSÈ !ã˛_yÜ˛£Ï≈Ü˛ G ï˛ÌƒÓ‡°–

(ii) ç!ê˛° ˆÜ˛ylG §Ù§ƒy xˆÏlÜ˛ §ÙÎ˚ ˆ°á G !ã˛ey!ò myÓ˚y §•çˆÏÓyôƒ •Î˚–

(iii) •z•yÓ˚ myÓ˚y !Ó!Ë˛ß¨ Ó˚y!¢ï˛ÌƒÙy°yÓ˚ ï%˛°ly Ü˛Ó˚y á%Ó §•ç •Î˚–

(iv) ÙyˆÏlÓ˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚ ˆ°á G !ã˛ey!ò ˆÌˆÏÜ˛ §•çˆÏÓyôƒ •Î˚–

(v) •z•y ã˛°ˆÏÜ˛Ó˚ xhs˝/Ùyl (interpolation) !lî≈ˆÏÎ˚ §y•yÎƒ Ü˛ˆÏÓ˚–

(vi) Ó˚y!¢ï˛ÌƒÙy°yÓ˚ !ÓˆÏ¢£Ï ˆÜ˛ylG ≤ÃÓîï˛y (trend) ÌyÜ˛ˆÏ° Ó%V˛ˆÏï˛ §%!Óôy •Î˚–

(vii) ˆ°á G !ã˛ey!òÓ˚ §y•yˆÏÎƒ §Çà,•#ï˛ Ó˚y!¢ï˛ˆÏÌƒÓ˚ ÙˆÏôƒ ˆÜ˛ylG e&!ê˛ ÌyÜ˛ˆÏ° ï˛y ò,!‹TˆÏàyã˛Ó˚ •Î˚–
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x§%!Óôy ≠

(i) SÈˆÏÜ˛Ó˚ §y•yˆÏÎƒ ≤ÃÜ˛y!¢ï˛ Ó˚y!¢ï˛ˆÏÌƒ ã˛°ˆÏÜ˛Ó˚ §!ë˛Ü˛ Ùyl ˛õyGÎ˚y ÎyÎ˚– !Ü˛v ˆ°á Óy !ã˛ey!òÓ˚ ÙyôƒˆÏÙ

≤ÃÜ˛y!¢ï˛ ï˛ˆÏÌƒ ã˛°ˆÏÜ˛Ó˚ §!ë˛Ü˛ Ùyl ˛õyGÎ˚y §Ω˛Ó lÎ˚–

(ii) •z•yÓ˚ myÓ˚y ≤ÃÜ˛y!¢ï˛ Ó˚y!¢ï˛ˆÏÌƒ !Óhfl,Ïï˛ !ÓÓÓ˚î ÌyˆÏÜ˛ ly–

(iii) •z•y ̃ ï˛!Ó˚ Ü˛Ó˚̂ Ïï˛ Î Ï̂Ì‹T §ÙÎ˚ G §yÓôylï˛yÓ˚ ≤Ã Ï̂Î˚yçl– xlƒÌyÎ˚ Ë%̨ ° !§k˛y Ï̂hs˝ í z̨̨ õl#ï˛ •GÎ˚yÓ˚ §Ω˛yÓly

Ìy Ï̂Ü˛–

(iv) •z•y Ü˛álG Ü˛álG §yôyÓ˚î Ùyl%£ÏˆÏÜ Ë%˛° ˛õˆÏÌ ˛õ!Ó˚ã˛y!°ï˛ Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚–

5.12 !Ó!Ë˛ß¨ ôÓ˚ˆÏlÓ˚ ˆ°á!ã˛e

!Ó!Ë˛ß¨ ôÓ˚ˆÏlÓ˚ ˆ°á!ã˛e=!° •° ≠

(i) ˆÓ˚áy!ã˛e (Line Chart) Óy ˆ°á (Graph)

(ii) ÓyÓ˚!ã˛e Óy ò[˛!ã˛e (Bar Chart)

(iii) xyl%˛õy!ï˛Ü˛ !ã˛e Óy ˆ§!Ù °ày!Ó˚ò‰Ù‰ ˆ°á!ã˛e (Ratio Chart OR Semi-Logarithmic Graph)

(iv) ˛õy•z !ã˛e (Pie Chart or Pie Graph)

(v) xyÎ˚ï˛ˆÏ°á (Histogram)

(vi) ˛õ!Ó˚§Çáƒy Ó‡Ë%˛ç (Frequency Polygen)

(vii) e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy ˆÓ˚áy (Ogive or Cumulative Frequency Curve)

(viii) ˛õ!Ó˚§Çáƒy ò[˛ ˆ°á (Column Diagram)

(ix) ôy˛õ!ã˛e (Step Diagram)

(i) ˆÓ˚áy!ã˛e (Line Chart) Óy ˆ°á (Graph) ≠

~•z ôÓ˚ˆÏlÓ˚ ˆ°áy!ã˛ˆÏe XüÈx«˛ ÓÓ˚yÓÓ˚ fl∫yô#l ã˛°ˆÏÜ˛Ó˚ (independent variable) ~ÓÇ xô#l ã˛° Ï̂Ü˛Ó˚

(dependent variable) YÈüÈx«˛ ÓÓ˚yÓÓ˚ !Ó®%=!° fliy˛õl Ü˛Ó˚y •Î˚– ~•zË˛yˆÏÓ ˆÎ !Ó®%=!° ˆ°áÈüÈˆï˛ ˛õyGÎ˚y ÎyÎ˚

ˆ§=!°ˆÏÜ˛ ˛õÎ≈yÎ˚e´ˆÏÙ (successively) §Ó˚°ˆÏÓ˚áy myÓ˚y ˆÎyà Ü˛Ó˚ˆÏ° ˆÎ !ã˛e ˛õyGÎ˚y ÎyÎ˚ ï˛yˆÏÜ˛ ˆÓ˚áy!ã˛e Óy ˆ°á

Ó Ï̂°–

ˆÜ˛ylG Ü˛y°#l §y!Ó˚Ó˚ ˆ°!áÜ˛ ≤ÃÜ˛y¢ˆÏÜ˛ !•ˆÏfiê˛y!Ó˚@˝ÃyÙ (Historigram) Óy Ü˛y°#l ˆ°á ÓˆÏ°–

í˛zòy•Ó˚î ≠ 1É ˆÜ˛yl §ÇfliyÓ˚ ≤ÃÌÙ SÈÎ˚ ÙyˆÏ§Ó˚ Ùy!§Ü˛ ày!í˛¸Ó˚ í˛zÍ˛õyòl !lˆÏã˛ ˆòGÎ˚y •°– ~Ü˛!ê˛ ˆÓ˚áy!ã˛ˆÏeÓ˚

§y•yˆÏÎƒ ï˛Ìƒ=!°ˆÏÜ˛ í˛z˛õfliy˛õl Ü˛Ó˚&l–

Ùy§ çyl%Î̊y!Ó̊ ˆÊ˛Ó &Î̊y!Ó̊ Ùyã≈̨ ~!≤Ã° ˆÙ ç%l

ày!í˛¸Ó˚ §Çáƒy 160 180 140 180 200 210
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§Ùyôyl ≠

í˛zòy•Ó˚î ≠ 2É !lˆÏã˛Ó˚ SÈˆÏÜ˛ ~Ü˛çl ˆ°yˆÏÜ˛Ó˚ !Ó!Ë˛ß¨ ÓÎ˚ˆÏ§ í˛zFã˛ï˛y G Gçl ˆòGÎ˚y xyˆÏSÈ–

ÓÎ˚§ åÓSÈÓ˚ä 4 6 8 10 12 14 16 18 20

í˛zFã˛ï˛y åˆ§!Ùä 75 90 105 125 140 150 175 185 195

Gçl åˆÜ˛!çä 20 25 35 40 45 55 60 65 70

ò%!ê˛ ̂ Ó˚áy!ã˛e xB˛l Ü˛Ó˚ SÈˆÏÜ˛Ó˚ ï˛Ìƒ ̂ ÌˆÏÜ˛ ~ÓÇ ̂ °yˆÏÜ˛Ó˚ í˛zFã˛ï˛y G GçlˆÏÜ˛ x!Ó!FSÈß¨ ã˛°Ü˛ ÙˆÏl Ü˛ˆÏÓ˚ ̂ °á!ã˛e

xhs˝/Ùyl !lî≈Î˚ ˛õk˛!ï˛ˆÏï˛ ˙ Óƒ!_´Ó˚ 9 ÓSÈÓ˚ ÓÎ˚ˆÏ§ í˛zFã˛ï˛y G Gçl Ü˛ï˛ !SÈ° !lî≈Î˚ Ü˛Ó˚&l–
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í z̨Fã˛ï˛yÓ̊ ˆÓ̊áy!ã˛e ˆÌ Ï̂Ü˛ ˆòáy Îy Ï̂FSÈ Ï̂Îñ 9 ÓSÈÓ̊ ÓÎ̊ Ï̂§ ~Ü˛ç Ï̂lÓ̊ í z̨Fã˛ï˛y xyl%Ùy!lÜ˛ 112.5 ˆ§!Ù åAÈüÈ!ã˛!•´ï˛

fliylä ~ÓÇ Gçl 37 ˆÜ˛!ç åBÈüÈ!ã˛!•´ï˛ fliylä !SÈ°–

(ii) ÓyÓ˚!ã˛e Óy ò[˛ !ã˛e ≠

ò[˛!ã˛e Óy ÓyÓ̊!ã˛e ˛õ!Ó̊§ÇáƒylÈüÈ!Ó£ÏÎ̊Ü˛ Ó̊y!¢ï˛̂ ÏÌƒÓ̊ ≤ÃÜ˛y Ï̂¢Ó̊ xyÓ̊ ~Ü˛!ê˛ Ó‡°ÈüÈÓƒÓ•*ï˛ ˛õk˛!ï˛– ò[˛!ã˛e Óy ÓyÓ̊!ã˛e

•° Ü˛ï˛Ü˛=!° §Ùyl ≤Ã Ï̂fliÓ̊ G ˛õÓ̊flõÓ̊ • Ï̂ï˛ §Ùyl ò)Ó̊ Ï̂c xÓ!fliï˛ xyÎ̊ï˛yÜ˛yÓ̊ ÓyÓ̊ Óy ò[˛– ˆÜ˛ylG ~Ü˛!ê˛ Óy Ï̂Ó̊Ó̊

˜òâ≈ƒ í z̨•y ˆÎ Ó̊y!¢ï˛ Ï̂ÌƒÓ̊ Ùyl Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó̊ñ ï˛yÓ̊ § Ï̂D §Ùyl%̨ õy!Ü˛ï˛ Ü˛ Ï̂Ó̊ !ë˛Ü˛ Ü˛Ó̊y •Î̊– ÓyÓ̊ Óy ò[˛=!°

í z̨Õ‘¡∫Ë˛y Ï̂Ó ˆÜ˛ylG xl%Ë)̨ !ÙÜ˛ ˆÓ̊áyÓ̊ í z̨̨ õÓ̊ xÌÓy xl%Ë)̨ !ÙÜ˛Ë˛y Ï̂Ó ˆÜ˛ylG í z̨Õ‘¡∫ ˆÓ̊áyÓ̊ í z̨̨ õÓ̊ ˛õÓ̊˛õÓ̊ ÌyÜ˛ Ï̂ï˛ ˛õy Ï̂Ó̊–

≤ÃÌ Ï̂Ù í ẑ̨ ÏÕ‘!áï˛ ÓyÓ̊!ã˛e Ï̂Ü˛ í z̨Õ‘¡∫ ÓyÓ̊!ã˛e (Vertical Bar Chart or Column Chart) ~ÓÇ ˛õÓ̊Óï≈̨ # ˆ«˛ Ï̂e

ÓyÓ̊!ã˛e Ï̂Ü˛ xl%Ë)̨ !ÙÜ˛ ÓyÓ̊!ã˛e (Horizontal Bar Chart) Ó Ï̂°– Ü˛y°#l §y!Ó̊Ó̊ ˆ«˛ Ï̂e í z̨Õ‘¡∫ ÓyÓ̊!ã˛e ÓƒÓ•yÓ̊ Ü˛Ó̊y

•Î̊–

˛õÓ˚˛õÓ˚ ò%Û!ê˛ ÓyˆÏÓ˚Ó˚ ÙˆÏôƒ Ü˛ï˛áy!l ÊÑ˛yÜ˛y çyÎ˚ày ÌyÜ˛ˆÏÓ ï˛yÓ˚ ˆÜ˛ylG ÓÑyôy ôÓ˚y !lÎ˚Ù ˆl•z– ï˛ˆÏÓ òÓ˚Ü˛yÓ˚

ÙˆÏï˛y í˛z_´ fliyl ~Ü˛!ê˛ ÓyˆÏÓ˚Ó˚ ≤Ãfli Óy ≤ÃˆÏfliÓ˚ xˆÏô≈ˆÏÜ˛Ó˚ §Ùyl •ˆÏï˛ ˛õyˆÏÓ˚–

í ẑ̨ ÏÕ‘!áï˛ ≤Ã Ï̂ï˛ƒÜ˛ÓyÓ˚ Óy ò[˛!ã˛ Ï̂eÓ˚ çlƒ Ó‡° ÓyÓ˚!ã˛e (Multiple or Compound Bar Chart) ˜ï˛!Ó˚ Ü˛Ó˚y

ÎyÎ˚– ç!ê˛° ÓyÓ˚!ã˛ˆÏe ˛õÓ˚flõÓ˚ §¡õ!Ü≈˛ï˛ ò%•z Óy ï˛ˆÏï˛y!ôÜ˛ Ó˚y!¢ï˛Ìƒ í˛z˛õfliy˛õl Ü˛Ó˚y •Î˚– Ó‡ xÇˆÏ¢ !ÓË˛_´

ÓyÓ˚!ã˛ˆÏe ~Ü˛!ê˛ ÓyÓ˚ Óy ò[˛ˆÏÜ˛ Ó‡ xÇˆÏ¢ !ÓË˛_´ Ü˛ˆÏÓ˚ Ó˚y!¢ï˛ÌƒÙy°yÓ˚ !Ó!Ë˛ß¨ xÇ¢ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– Ó˚y!¢ï˛ˆÏÌƒÓ˚

~•zÓ˚*˛õ í˛z˛õfliy˛õˆÏl ï˛yˆÏòÓ˚ ˛õÓ˚flõˆÏÓ˚Ó˚ ÙˆÏôƒ §¡õÜ≈˛ ~ÓÇ §Ù@˝Ã Ó˚y!¢ï˛ˆÏÌƒÓ˚ §ˆÏD ï˛yˆÏòÓ˚ !Ó!Ë˛ß¨ xÇˆÏ¢Ó˚ §¡õÜ≈˛

§%flõ‹TË˛yˆÏÓ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– í˛zòy•Ó˚ˆÏîÓ˚ §y•yˆÏÎƒ §ÙhflÏ ÓyÓ˚ Óy ò[˛ !ã˛e ˆòáyˆÏly •°–

í˛zòy•Ó˚î 3É ~Ü˛!ê˛ ÓƒÓ§yÎ˚# §ÇfliyÓ˚ 1993-1997 §y Ï̂°Ó˚ °yË˛üÈ«˛!ï˛ !l Ï̂ã˛ ˆòGÎ˚y •°– ï˛Ìƒ=!° Ï̂Ü˛ ÓyÓ˚ Óy

ò[˛ !ã˛ Ï̂e í z̨̨ õfliy˛õl Ü˛Ó˚&l–

§y° 1993 1994 1995 1996 1997

°yË˛ åê˛yÜ˛yÎ˚ä 3000 4000 2500 — 6000

«˛!ï˛ åê˛yÜ˛yÎ˚ä — — — 2000 —
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§Ùyôyl ≠

í˛zòy•Ó˚î 4É 5!ê˛ !Ó!Ë˛ß¨ ¢•ˆÏÓ˚Ó˚ x!ôÓy§# §Çáƒy í˛z˛õfliy˛õl Ü˛Ó˚yÓ˚ çlƒ ~Ü˛!ê˛ ÓyÓ˚ Óy ò[˛ !ã˛e xB˛l

Ü˛Ó̊&l–

¢• Ï̂Ó˚Ó˚ lyÙ A B C D E

ˆ°yÜ˛§Çáƒy (’000) 22 40 25 42 30

§Ùyôyl ≠
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í˛zòy•Ó˚î 5É ˆÜ˛w#Î˚ §Ó˚Ü˛yˆÏÓ˚Ó˚ 1955-61 §yˆÏ°Ó˚ Ó˚yçfl∫ G ÓƒˆÏÎ˚Ó˚ ≤ÃÓîï˛y !lˆÏã˛Ó˚ SÈˆÏÜ˛ ˆòGÎ˚y •°–

ç!ê˛° ÓyÓ˚ Óy ò[˛ !ã˛e xB˛l Ü˛Ó˚&l–

§y° 1955-56 1956-57 1957-58 1958-59 1959-60 1960-61

Ó˚yçfl∫ åˆÜ˛y!ê˛ Ï̂ï˛ä 480 560 680 740 670 820

ÓƒÎ˚ åˆÜ˛y!ê˛ Ï̂ï˛ä 440 470 630 760 680 830

§Ùyôyl ≠

í z̨òy•Ó˚î 6É 1975-78 §y Ï̂° ̂ Ü˛yl ~Ü˛!ê˛ !ÓŸª!Óòƒy° Ï̂Î˚ SÈye§Çáƒy !l¡¨Ó˚*˛õ !SÈ°– Ó˚y!¢ï˛Ìƒ Ï̂Ü˛ Ó‡ xÇ Ï̂¢ !ÓË˛_´

ÓyÓ˚ Óy ò[˛ !ã˛ˆÏe í˛z˛õfliy˛õl Ü˛Ó˚&l–

§y° Ü˛°y !ÓË˛yà !ÓK˛yl !ÓË˛yà Óy!îçƒ !ÓË˛yà ˆÙyê˛

1975-76 20,000 12,000 7,000 39,000

1976-77 24,000 15,000 10,000 49,000

1977-78 25,000 18,000 15,000 58,000
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§Ùyôyl ≠

(iii) xyl%Ùy!lÜ˛ !ã˛e Óy ˆ§!Ù °ày!Ó˚ò‰Ù‰ ˆ°á!ã˛e ≠

ˆ°á!ã˛e ≤Ã›!ï˛ˆÏï˛ fl∫yô#l ã˛°ˆÏÜ˛Ó˚ Ùyl xl%Ë)˛!ÙÜ˛ Óy XÈüÈx«˛ ÓÓ˚yÓÓ˚ ~ÓÇ xô#l ã˛°ˆÏÜ˛Ó˚ Ùyl í˛zÕ‘¡∫ Óy

Y-x«˛ ÓÓ˚yÓÓ˚ ̂ lGÎ˚y •Î˚– ~ ̨õÎ≈hs˝ ̂ Î §Ó ̂ °á!ã˛e xy Ï̂°yã˛ly Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈ ï˛y Ï̂ï˛ x Ï̂«˛Ó˚ ã˛°Ü˛ §Ù%̂ Ï•Ó˚ Ùyl fl∫yË˛y!ÓÜ˛

˛õ!Ó˚Ùy˛õ ÙyeyÎ˚ (Natural or Absolute ScaleÈüÈ~ä ≤ÃÜ˛y¢ Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– ~•z§Ó !ã˛ˆÏe fl∫yô#l ã˛°Ü˛ X-~Ó˚ ÙyˆÏlÓ˚

˛õ!Ó˚Óï≈˛ˆÏlÓ˚ §ˆÏD §ˆÏD xô#l ã˛°Ü˛ yÈüÈ~Ó˚ ÙyˆÏlÓ˚ ≤ÃÜ,˛ï˛ ˛õ!Ó˚Óï≈˛l (actual change)ÈüÈ~Ó˚ !ã˛e•z ÷ô% ˛õyGÎ˚y ÎyÎ˚–

!Ü˛v xô#l ã˛°Ü˛ Ü˛# •yˆÏÓ˚ ˛õ!Ó˚Ó!ï≈˛ï˛ •ˆÏFSÈ ï˛y ˛õ!Ó˚Ùy˛õ Ü˛Ó˚y ÎyÎ˚ ly– ˆÎ ˆ°á ÌyˆÏÜ˛ xô#l ã˛°ˆÏÜ˛Ó˚ Ùyl ˛õ!Ó˚Óï≈˛ˆÏlÓ˚

•yÓ˚ §Ó˚y§!Ó˚ !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚ ï˛y Ï̂Ü˛ ̂ §!Ù °ày!Ó‰̊òÙ‰ ̂ °á!ã˛e (Semi-Logarithmic Graph)  Óy xyl%̨ õy!ï˛Ü˛ ̂ °á!ã˛e

(Ratio Chart or Graph) ÓˆÏ°– ~•z ˆ°á!ã˛e xB˛l Ü˛Ó˚ˆÏï˛ •ˆÏ° í˛zÕ‘¡∫ ˆÓ˚áyÎ˚ log yÈüÈ~Ó˚ Ùyl ~ÓÇ xl%Ë)˛!ÙÜ˛

ˆÓ˚áyÎ˚ fl∫yô#l ã˛°Ü˛ xÈüÈ~Ó˚ fl∫yË˛y!ÓÜ˛ Ùyl ˆlGÎ˚y •Î˚– ˆ§!Ù °ày!Ó˚ò‰Ù‰ ˆ°áÈüÈ~Ó˚ í˛zÕ‘¡∫ ˆÓ˚áyÎ˚ §Ùyl §Ùyl ò)Ó˚c

xô#l ã˛°Ü˛ yÈüÈ~Ó˚ Ùyl §Ùyl §Ùyl ¢ï˛Ü˛Ó˚y ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚ !lˆÏò≈¢ Ü˛ˆÏÓ˚–

~Ü˛!ê˛ í˛zòy•Ó˚î §•ˆÏÎyˆÏà ˆòáy ÎyÜ˛– ôÓ˚y ÎyÜ˛ñ yÈüÈ~Ó˚ Ü˛ˆÏÎ˚Ü˛ ˆçyí˛¸y Ùyl ˛õ!Ó˚Óï≈˛l !l¡¨Ó˚*˛õ ≠

(a) 100 ̂ ÌˆÏÜ˛ 150, (b) 250 ̂ ÌˆÏÜ˛ 300 ~ÓÇ (c) 500 ̂ ÌˆÏÜ˛ 550 ; fl∫yË˛y!ÓÜ˛ ̨õ!Ó˚ÙyˆÏ˛õ ≤Ã!ï˛ˆÏçyí˛¸y §ÇáƒyÓ˚

ˆ«˛ˆÏe yÈüÈ~Ó˚ ≤ÃÜ,˛ï˛ ÙyˆÏlÓ˚ ˛õ!Ó˚Óï≈˛l 50 ~Ü˛Ü˛– !Ü˛v (a)ÈüÈ~Ó˚ ˆ«˛ˆÏe yÈüÈ~Ó˚ ¢ï˛Ü˛Ó˚y 50 Ë˛yàñ (b) ~Ó˚ ˆ«˛ˆÏe

yÈüÈ~Ó˚ ¢ï˛Ü˛Ó˚y 20 Ë˛yà  100
5  ~ÓÇ (c)ÈüÈ~Ó˚ ˆ«˛ˆÏe yÈüÈ~Ó˚ ¢ï˛Ü˛Ó˚y 10 Ë˛yà  50 100

500
  Ó,!k˛ ˆ˛õˆÏÎ˚ˆÏSÈ–

xyl%˛õy!ï˛Ü˛ !ã˛e §Ó˚°ˆÏÓ˚áy •ˆÏ° Ó%V˛ˆÏï˛ •ˆÏÓ yÈüÈ~Ó˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚ §Ó≈e §Ùyl–
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í z̨òy•Ó˚î 7É Ó£Ï≈̂ Ï¢ Ï̂£Ï í z̨Í˛õyò Ï̂lÓ˚ §Çáƒàï˛ ï˛Ìƒ !l Ï̂¡¨Ó˚ §yÓ˚î# Ï̂ï˛ ̂ òGÎ˚y •°– Ó˚y!¢ï˛Ìƒ ̂ §!Ù °ày!Ó˚ò‰Ù‰ ̂ °á!ã˛e

Óy xyl%˛õy!ï˛Ü˛ ˆ°á!ã˛eÈüÈ~Ó˚ §y•yˆÏÎƒ ≤ÃÜ˛y¢ Ü˛Ó˚&l–

ÓSÈÓ̊ 1947 1948 1949 1950 1951 1952 1953 1954 1955

í z̨Í˛õy!òï˛ 20 62 147 300 536 811 1104 1425 1755
~Ü˛ˆÏÜ˛Ó˚ §Çáƒy

§Ùyôyl ≠

ÓSÈÓ̊ í˛zÍ˛õy!òï˛ ~Ü˛ (y) log y åxy§ß¨ ò%•z ò¢!ÙÜ˛ Ë˛yà ˛õÎ≈hs˝ä

1947 20 1.32

1948 62 1.79

1949 147 2.17

1950 300 2.48

1951 536 2.73

1952 811 2.91

1953 1104 3.04

1954 1525 3.15

1955 1755 3.24

xlƒÌyÎ˚ ˆ§!Ù °ày!Ó˚ò‰Ù‰ ˆ°áÈüÈÜ˛yàç ÓƒÓ•yÓ˚ Ü˛Ó˚y ÎyÎ˚– ~•z ˆ°á Ü˛yà Ï̂ç y-x«˛ ~Ùl ˆÎñ ò%!ê˛ !Ó®% ò)Ó˚c

ï˛yˆÏòÓ˚ °ày!Ó˚ò‰ˆÏÙÓ˚ ˛õyÌ≈ˆÏÜ˛ƒÓ˚ §Ùyl– xÌ≈yÍ 1 ~ÓÇ 10ÈüÈ~Ó˚ ò)Ó˚cñ 10 ~ÓÇ 100ÈüÈÓ˚ ò)Ó˚c Óy 100 ˆÌˆÏÜ˛

1000ÈüÈ~Ó˚ ò)Ó˚c §Ùyl Ü˛yÓ˚î ï˛yˆÏòÓ˚ °ày!Ó˚ò‰ˆÏÙÓ˚ ˛õyÌ≈Ü˛ƒ §Ùyl–

(iv) õy•z!ã˛e ≠

˛õy•z!ã˛ Ï̂eÓ˚ §y•y Ï̂Îƒ ˛õ!Ó˚§Çáƒyl !Ó£ÏÎ˚Ü˛ Ó˚y!¢ï˛Ìƒ ≤ÃÜ˛y Ï̂¢Ó˚ Ó‡° ≤Ãã˛°l xy Ï̂SÈ– Ó‡ xÇ Ï̂¢ !ÓË˛_´ ÓyÓ˚!ã˛ Ï̂eÓ˚

ÙˆÏï˛y Ó˚y!¢ï˛ˆÏÌƒÓ˚ !Ó!Ë˛ß¨ xÇˆÏ¢Ó˚ ÙˆÏôƒ ˛õyÓ˚flõ!Ó˚Ü˛ §¡õÜ≈˛ ~ÓÇ ˛õ)î≈ï˛ˆÏÌƒÓ˚ §ˆÏD !Ó!Ë˛ß¨ xÇˆÏ¢Ó˚ ˛õyÓ˚flõ!Ó˚Ü˛

§¡õÜ≈̨  §%®Ó˚Ë˛y Ï̂Ó ≤ÃÜ˛y Ï̂¢Ó˚ ˆ«˛ Ï̂e ˛õy•z!ã˛ Ï̂eÓ˚ ÓƒÓ•yÓ˚ á%Ó•z í z̨̨ õ Ï̂Îyà#–

!ã˛e ˜ï˛!Ó˚Ó˚ çlƒ ~Ü˛!ê˛ ˆÎ ˆÜ˛ylG Óƒy§yˆÏô≈Ó˚ Ó,_ˆÏÜ˛ Ü˛ˆÏÎ˚Ü˛!ê˛ xÇˆÏ¢ Ë˛yà Ü˛Ó˚y •Î˚ ÎyˆÏòÓ˚ ˆ«˛eÊ˛° ≤Ãò_

Ùyl=!°Ó˚ §Ùyl%˛õy!ï˛Ü˛ •Î˚– xyÓyÓ˚ ˆÎˆÏ•ï%˛ Ó,_yÇˆÏ¢Ó˚ ˆ«˛eÊ˛° ˆÜ˛wfli ˆÜ˛yˆÏîÓ˚ §Ùyl%˛õy!ï˛Ü˛ñ ~Ü˛ Ü˛ÌyÎ˚ Ó°y

ÎyÎ˚ ˆÎñ ˛õy•z!ã˛e •° ~Ü˛!ê˛ Ó,_ ÎyˆÏÜ˛ Ü˛ˆÏÎ˚Ü˛!ê˛ Óƒy§yˆÏô≈Ó˚ myÓ˚y ~ÙlË˛yˆÏÓ Ü˛ˆÏÎ˚Ü˛!ê˛ Ó,_yÇˆÏ¢ Ë˛yà Ü˛Ó˚y •Î˚ ÎyˆÏï˛

Ó,_yÇ¢=!°Ó˚ ˆÜ˛wfli ˆÜ˛yî=!° ˛õ)î≈ Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ !Ó!Ë˛ß¨ xÇ¢ ï˛Ìƒ §Ù)̂ Ï•Ó˚ §Ùyl%̨ õy!ï˛Ü˛ •Î˚–
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í˛zòy•Ó˚î 8É !lˆÏã˛ ˆÜ˛ylG §Ó˚Ü˛yˆÏÓ˚Ó˚ ~Ü˛!ê˛ ˛õMÈ˛Óy!£Ï≈Ü˛# ˛õ!Ó˚Ü˛“lyÎ˚ !Ó!Ë˛ß¨ áyˆÏï˛Ó˚ xyl%Ùy!lÜ˛ ÓƒÎ˚ ˆòáyˆÏly

•ˆÏÎ˚ˆÏSÈ– í˛z•yˆÏòÓ˚ ˛õy•z!ã˛eÈüÈ~Ó˚ §y•yˆÏÎƒ ≤ÃÜ˛y¢ Ü˛Ó˚&l ≠

!Ó£ÏÎ̊ ê˛yÜ˛y åˆÜ˛y!ê˛ Ï̂ï˛ä

Ü,̨ !£Ï 8000
!¢“ G á!l 7000
ˆ§ã˛ G ¢!_´ 4000
ÎylÓy•l 5500
!Ó!Óô 2500

§Ùyôyl ≠ ˛õMÈ˛Óy!£Ï≈Ü˛# ˛õ!Ó˚Ü˛“lyÎ˚ ˆÙyê˛ ÓƒÎ˚ = 27000 ˆÜ˛y!ê˛ ê˛yÜ˛y– !lˆÏã˛ !Ó!Ë˛ß¨ áyˆÏï˛Ó˚ ÓƒÎ˚ˆÏÜ˛ ˆÙyê˛ ÓƒˆÏÎ˚Ó˚

¢ï˛Ü˛Ó˚y ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚ xl%Ó˚*˛õ ˆÜ˛wfli ˆÜ˛yî=!° !lîÎ˚ Ü˛Ó˚y •° ≠

!Ó£ÏÎ̊ ¢ï˛Ü˛Ó˚y !•§yÓ      ˆÜ˛wfli ˆÜ˛yî

Ü,̨ !£Ï
8000 100% 29.6%27000   8000 360 106.72700      å≤ÃyÎ˚ä

!¢“ G á!l
7000 100% 26.0%27000   7000 360 93.327000      å≤ÃyÎ˚ä

ˆ§ã˛ G ¢!_´
4000 100% 14.8%27000   4000 360 53.327000      å≤ÃyÎ˚ä

ÎylÓy•l
5500 100% 20.4%27000   5500 360 73.327000      å≤ÃyÎ˚ä

!Ó!Óô
2500 100% 9.2%27000   2500 360 33.427000      å≤ÃyÎ˚ä

ˆÙyê˛ 100% 360°

§%!ÓôyÙˆÏï˛y Óƒy§yˆÏô≈Ó˚ ~Ü˛!ê˛ Ó,_ xB˛l Ü˛ˆÏÓ˚ í˛z•yÓ˚ ˆÜ˛ˆÏ®Ó˚ ˛õÓ˚˛õÓ˚ 106.7°, 93.3° •zï˛ƒy!ò ˆÜ˛yî xB˛l Ü˛ˆÏÓ˚

≤Ãò_ Ó˚y!¢ï˛ˆÏÌƒÓ˚ ˛õy•z!ã˛e !l¡¨Ó˚*˛õ ≠

93.3°
!¢“ G á!l Ü,˛!£Ï

106.7°

ˆ§ã˛ G ¢!_´

ÎylÓy•l

!Ó!Óô

53.3°

73.3°

33.4°

˛õy•z!ã˛e
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(v) xyÎ˚ï˛ Ï̂°á ≠ ̨õ!Ó˚§Çáƒy !ÓË˛yç Ï̂lÓ˚ ̃ °!áÜ˛ ≤ÃÜ˛y Ï̂¢Ó˚ çlƒ •z•y ÓƒÓ•*ï˛ •Î˚– ̂ ◊î#Ók˛ ̨õ!Ó˚§Çáƒy !ÓË˛yç Ï̂lÓ˚

Ó˚y!¢ï˛Ìƒ x!ôÜ˛yÇ¢ ̂ «˛ Ï̂e xyÎ˚ï˛ Ï̂° Ï̂áÓ˚ Ùyôƒ Ï̂Ù ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– xyÎ˚ï˛ Ï̂°á ~Ü˛!ê˛ §Ó˚° Ï̂Ó˚áyÓ˚ í z̨̨ õÓ˚ ~Ùl Ü˛Ü˛ï˛=!°

xyÎ˚ï˛ˆÏ«˛e ÎyˆÏòÓ˚ ≤Ã!ï˛!ê˛Ó˚ ˆ«˛eÊ˛° xl%Ó˚*˛õ ˆ◊î# ˛õ!Ó˚§ÇáƒyÓ˚ §ˆÏD §Ùyl%˛õy!ï˛Ü˛–

xyÎ˚ï˛ˆÏ°á xB˛l Ü˛Ó˚ˆÏï˛ •ˆÏ° ˛õ!Ó˚§Çáƒy !ÓË˛yçl SÈˆÏÜ˛Ó˚ ˆ◊î#!ÓË˛yà=!°Ó˚ ˆ◊î# §#Ùyly=!° (Class
boundaries) xl%Ë)˛!ÙÜ˛ ˆÓ˚áyÎ˚ (X-xˆÏ«˛ä ˆ◊î# !ÓË˛yˆÏàÓ˚ ˜òˆÏâ≈ƒÓ˚ §Ùyl%˛õy!ï˛Ü˛ xÇ¢ ˛õÓ˚ ˛õÓ˚ fliy˛õl Ü˛Ó˚y •Î˚–

≤ÃˆÏï˛ƒÜ˛!ê˛ xÇˆÏ¢Ó˚ í˛z˛õÓ˚ !l!ò≈‹T ˆ◊î# !ÓË˛yˆÏàÓ˚ ˛õ!Ó˚§ÇáƒyÓ˚ §ˆÏD §Ùyl%˛õy!ï˛Ü˛ Ü˛ˆÏÓ˚ xyÎ˚ï˛ˆÏ«˛e xB˛l Ü˛Ó˚ˆÏï˛ •Î˚–

~Ó˚ Ê˛ˆÏ° í˛zÍ˛õß¨ xyÎ˚ï˛ˆÏ«˛ˆÏeÓ˚ ˆ«˛eÊ˛° xl%Ó˚*˛õ ˆ◊î# !ÓË˛yà=!°Ó˚ ˛õ!Ó˚§ÇáƒyˆÏÜ˛ ~ÓÇ xyÎ˚ï˛ˆÏ«˛e=!°Ó˚ ˆÙyê˛

ˆ«˛eÊ˛° ˆÙyê˛ ˛õ!Ó˚§ÇáƒyˆÏÜ˛ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚–

Î!ò ˛õ!Ó˚§Çáƒy !ÓË˛yçˆÏl ≤Ã!ï˛!ê˛ ˆ◊î# ˜òâ≈ƒ §Ùyl •Î˚ñ ï˛ˆÏÓ xyÎ˚ï˛ˆÏ«˛e=!°Ó˚ í˛zFã˛ï˛y=!° xl%Ó˚*˛õ ˆ◊î#

˛õ!Ó˚§ÇáƒyÓ˚ § Ï̂D §Ùyl%̨ õy!ï˛Ü˛ Ü˛ Ï̂Ó˚ ̂ lGÎ˚y •Î˚– Î!ò ̂ ◊î# ≤Ã§yÓ˚=!°Ó˚ ̃ òâ≈ƒ x§Ùyl •Î˚ñ ï˛ Ï̂Ó !Ó!Ë˛ß¨ xyÎ˚ï˛ Ï̂«˛ Ï̂eÓ˚

í˛zFã˛ï˛y !l¡¨!°!áï˛Ë˛yˆÏÓ !fliÓ˚ Ü˛Ó˚y •Î˚ ≠

í˛zFã˛ï˛y = ˆ◊î# ˛õ!Ó˚§Çáƒy ÷ ˆ◊î# ≤Ã§yˆÏÓ˚Ó˚ ˜òâ≈ƒ = ˛õ!Ó˚§Çáƒy âlc–

í z̨òy•Ó˚î 9É 2000 çl SÈy Ï̂eÓ˚ Gç Ï̂lÓ˚ ̨õ!Ó˚§Çáƒy !ÓË˛yçl !l Ï̂ã˛ ̂ òGÎ˚y xy Ï̂SÈ– ~Ü˛!ê˛ xyÎ˚ï˛ Ï̂°áÈüÈ~Ó˚ §y•y Ï̂Îƒ

≤ÃÜ˛y¢ Ü˛Ó˚&l–

Gçl å˛õyí˛zˆÏu˛ä 90-100 100-110 110-120 120-130 130-140

SÈye§Çáƒy 500 700 300 400 100

(vi)  ˛õ!Ó˚§Çáƒy Ó‡Ë%˛ç ≠ ˛õ!Ó˚§Çáƒy !ÓË˛yçˆÏlÓ˚ ˜°!áÜ˛ ≤ÃÜ˛y¢ •z•yÓ˚ §y•yˆÏÎƒG Ü˛Ó˚y •Î˚– ˆÓ!¢Ó˚ Ë˛yà §ÙÎ˚

•z•y §Ùyl ˆ◊î#≤Ã§yÓ˚Ë%˛_´ !ÓË˛yçˆÏlÓ˚ ˆ«˛ˆÏe Ü˛Ó˚y •Î˚– ~•z ˛õk˛!ï˛ˆÏï˛ ≤ÃˆÏï˛ƒÜ˛ ˆ◊î#Ó˚ ˛õ!Ó˚§Çáƒy xl%Ó˚*˛õ ˆ◊î#Ó˚

Ùôƒ!Ó®%Ó˚ !ÓÓ˚&ˆÏk˛ §Çfliy˛õl Ü˛Ó˚y •Î˚– ˆÎ !Ó®%=!° ˛õyGÎ˚y ÎyÎ˚ ˆ§=!° ˛õÓ˚˛õÓ˚ §Ó˚°ˆÏÓ˚áy !òˆÏÎ˚ Î%_´ Ü˛Ó˚y •Î˚– ≤ÃÌÙ
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G ˆ¢£Ï !Ó®% ò%!ê˛ ò%Û≤ÃyˆÏhs˝ Ü˛!“ï˛ ˛õ!Ó˚§Çáƒy•#l ˆ◊î#Ó˚ Ùôƒ!Ó®% ôˆÏÓ˚ Ó‡Ë)˛ç§¡õß¨ Ü˛Ó˚y •Î˚–

xyÎ˚ï˛ˆÏ°á ˆÌˆÏÜ˛ ˛õ!Ó˚§Çáƒy Ó‡Ë%˛ç ˆ˛õˆÏï˛ •ˆÏ°ñ xyÎ˚ï˛ˆÏ«˛e=!°Ó˚ í˛z˛õˆÏÓ˚Ó˚ xÇˆÏ¢Ó˚ Ùôƒ!Ó®%=!° ˆÎyà Ü˛ˆÏÓ˚

~ÓÇ ˛õ)ˆÏÓ≈ Ó!î≈ï˛ í˛z˛õyˆÏÎ˚ ≤Ãyhs˝mÎ˚ §¡õ)î≈ Ü˛Ó˚y •Î˚–

Î!ò ˛õ!Ó˚§Çáƒy !ÓË˛yçˆÏl ˆ◊î#≤Ã§yÓ˚ e´Ù¢ ˆSÈyê˛ Ü˛Ó˚y •Î˚ñ ï˛ˆÏÓ ˆ◊î#Ó˚ §Çáƒy Óyí˛¸ˆÏÓ– Ê˛ˆÏ° Ó‡Ë%˛ˆÏçÓ˚

¢#£Ï≈!Ó®%=!° á%Ó Ü˛ySÈyÜ˛y!SÈ xy§ˆÏÓ ~ÓÇ ˆ§ˆÏ«˛ˆÏe !Ó®%=!°Ó˚ Ùôƒ !òˆÏÎ˚ §h¡ï˛ ˆÓ˚áy ê˛ylˆÏ° (smooth free hand
curve)  ˆÎ ˆÓ˚áy ˛õyGÎ˚y ÎyÎ˚ ï˛yˆÏÜ˛ ˛õ!Ó˚§Çáƒy ˆÓ˚áy (Frequency curve) Ó Ï̂°–

í˛zòy•Ó˚î 10É  !l Ï̂ã˛Ó̊ SÈ̂ ÏÜ˛ Ü˛Ù≈#̂ ÏòÓ̊ Ùy!§Ü˛ xyÎ̊ ˆòGÎ̊y xŷ ÏSÈ– í z̨•y ˛õ!Ó̊§Çáƒy Ó‡Ë%̨ Ï̂çÓ̊ §y•ŷ ÏÎƒ ≤ÃÜ y̨¢ Ü˛Ó˚&l–

Ùy!§Ü˛ xyÎ˚ åê˛yÜ˛yÎ˚ä Ü˛Ù≈# §Çáƒy

50.00–59.99 8

60.00–69.99 10
70.00–79.99 16

80.00–89.99 14

90.00–99.99 10
100.00–109.99 5

110.00–119.99 2

§Ùyôyl ≠ ˛õ!Ó˚§Çáƒy Ó‡Ë%˛ç xB˛ˆÏlÓ˚ çlƒ àîly Ü˛yÎ≈ ≠

Ùôƒ!Ó®% 54.995 64.995 74.995 84.995 94.995 104.995 114.995

˛õ!Ó̊§Çáƒy 8 10 18 14 10 5 2

(vii) e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§ÇáƒyˆÏÓ˚áy ≠ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy=!°Ó˚ ˜°!áÜ˛ ≤ÃÜ˛y¢ •z•yÓ˚ §y•yˆÏÎƒ Ü˛Ó˚y •Î˚– ~•z

˛õk˛!ï˛ˆÏï˛ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy=!° ˆ◊î# §#Ùyly=!°Ó˚ !ÓÓ˚&ˆÏk˛ í˛z˛õfliy˛õl Ü˛ˆÏÓ˚ ˆÎ !Ó®%=!° ˛õyGÎ˚y ÎyÎ˚ ˆ§=!°
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˛õÓ˚˛õÓ˚ §Ó˚°ˆÏÓ˚áy myÓ˚y ˆÎyà Ü˛Ó˚y •Î˚– •z•y ò%ÛôÓ˚ˆÏlÓ˚ÈüüüÈ(a) !lã˛ ˆÌˆÏÜ˛ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§ÇáƒyÛÈüÈÓ˚ çlƒ ~ÓÇ (b)
í˛z˛õÓ˚ ˆÌˆÏÜ˛ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§ÇáƒyÛÈüÈ~Ó˚ çlƒ– !lã˛ ˆÌˆÏÜ˛ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy ˆÓ˚áy ˆòáˆÏï˛ Ó!ô≈ï˛  SÈüÈ~Ó˚ ÙˆÏï˛y

~ÓÇ í z̨̨ õÓ˚ ̂ Ì Ï̂Ü˛ e´Ù Ï̂ÎÔ!àÜ˛ ̨õ!Ó˚§Çáƒy ̂ Ó˚áy í z̨̨ õÓ˚ !òÜ˛ !l Ï̂ã˛ í z̨Œê˛y Ï̂ly Ó!ô≈ï˛ SÈüÈ~Ó˚ ̂ òá Ï̂ï˛– e´Ù Ï̂ÎÔ!àÜ˛ ̨õ!Ó˚§Çáƒy

ˆÓ˚áyÓ˚ myÓ˚y ÙôƒÙyñ ã˛ï%˛Ì≈Ü˛ ≤ÃË,˛!ï˛ !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚–

í˛zòy•Ó˚î 11É !l¡¨!°!áï˛ Ó˚y!¢ï˛Ìƒ e´ÙˆÏÎÔ!àÜ˛ ̨õ!Ó˚§Çáƒy ̂ Ó˚áyÓ˚ §y•yˆÏÎƒ ≤ÃÜ˛y¢ Ü˛Ó˚&l (a) !lã˛ ̂ ÌˆÏÜ˛ñ (b)
í˛z˛õÓ˚ ˆÌˆÏÜ˛ ≠

100 çl SÈyˆÏeÓ˚ à!îˆÏï˛ ≤ÃyÆ l¡∫ˆÏÓ˚Ó˚ ˛õ!Ó˚§Çáƒy !ÓË˛yçl

l¡∫ˆÏÓ˚Ó˚ ˆ◊î# !ÓË˛yà SÈye§Çáƒy

10–19 8

20–39 14

30–39 22
40–49 29

50–59 14
60–69 7

70–79 4
80–89 2

ˆÙyê˛ 100

§Ùyôyl ≠ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy ˆÓ˚áyÓ˚ çlƒ àîly Ü˛yÎ≈ ≠

l¡∫ˆÏÓ˚Ó˚ ̂ ◊î#!ÓË˛yà ˆ◊î# ˛õ!Ó̊§Çáƒy e´Ù Ï̂ÎÔ!àÜ˛ ̨õ!Ó˚§Çáƒy

§#Ùyly !lã˛ ˆÌˆÏÜ˛ í˛z˛õÓ˚ ˆÌˆÏÜ˛

10–19 9.5–19.5 8 8 100
20–29 19.5–29.5 14 22 92

30–39 29.5–39.5 22 44 78
40–49 39.5–49.5 29 73 56

50–59 49.5–59.5 14 87 27

60–69 59.5–69.5 7 94 13
70–79 69.5–79.5 4 98 6

80–89 79.5–89.5 2 100 2
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(viii) ˛õ!Ó˚§Çáƒy ò[˛ ˆ°á (Column diagram) :  !Ó!FSÈß¨ ã˛°ˆÏÜ˛Ó˚ !Ó!Ë˛ß¨ ÙyˆÏlÓ˚ çlƒ ˆÎ ˛õ!Ó˚§Çáƒy

!ÓË˛yçl ï˛yÓ˚ í˛z˛õfliy˛õl •z•yÓ˚ myÓ˚y Ü˛Ó˚y •Î˚– á%Ó Ü˛Ù ≤Ã§yÓ˚ å§)-ˆÏÓ˚áyäÈüÈ~Ó˚ !Ó!FSÈß¨ í˛zÕ‘¡∫ ò[˛ Óy ÓyÓ˚ !Ó!Ë˛ß¨ ÙyˆÏlÓ˚

í˛z˛õÓ˚ òÑyí˛¸ Ü˛!Ó˚ˆÏÎ˚ •z•y xÑyÜ˛y •Î˚ñ ˆ§áyˆÏl  ò[˛=!°Ó˚ í˛zFã˛ï˛y ˛õ!Ó˚§ÇáƒyÓ˚ §Ùyl%˛õy!ï˛Ü˛ •Î˚–

í˛zòy•Ó˚î 12É ≤Ã!ï˛ ~Ü˛ !Ù!lˆÏê˛ xyàï˛ ò)Ó˚Ë˛y§ §Çáƒy !lˆÏã˛Ó˚ SÈˆÏÜ˛ ˆòáyˆÏly •ˆÏÎ˚ˆÏSÈ– •z•y ˆ°áÈüÈ~Ó˚ §y•yˆÏÎƒ

≤ÃÜ˛y¢ Ü˛Ó˚&l–

ò)Ó˚Ë˛y£Ï §Çáƒy 0 1 2 3 4 5 6 7 8

˛õ!Ó̊§Çáƒy 5 22 31 43 51 40 35 15 3

§Ùyôyl ≠
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(ix) ôy˛õ!ã˛e (Step diagram) : !Ó!FSÈß¨ ã˛°ˆÏÜ˛Ó˚ ˛õ!Ó˚§Çáƒy !ÓË˛yçˆÏlÓ˚ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§ÇáƒyˆÏÜ˛ !ã˛ey!Î˚ï˛

Ü˛Ó˚yÓ˚ çlƒ •z•y ÓƒÓ•*ï˛ •Î˚–

!lã˛ ˆÌˆÏÜ˛ e´ÙˆÏÎÔ!àÜ˛ !ã˛e!ê˛ ˆòáˆÏï˛ ÓyÙ ˆÌˆÏÜ˛ í˛yˆÏl Gë˛y !§Ñ!í˛¸Ó˚ ÙˆÏï˛yñ ÎyÓ˚ ≤ÃÌÙ ôyˆÏ˛õÓ˚ í˛zFã˛ï˛y ≤ÃÌÙ

!lã˛ ˆÌˆÏÜ˛ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒyñ !mï˛#Î˚ ôy˛õ !mï˛#Î˚ !lã˛ ˆÌˆÏÜ˛ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy •zï˛ƒy!òÓ˚ §Ùyl%˛˛õy!ï˛Ü˛–

í z̨̨ õÓ̊ ˆÌ Ï̂Ü˛ e´Ù Ï̂ÎÔ!àÜ˛ ˛õ!Ó̊§Çáƒy !ã˛e!ê˛ ˆòá Ï̂ï˛ í˛yl ˆÌ Ï̂Ü˛ Óy Ï̂Ù í z̨ë˛y !§Ñ!í˛̧Ó̊ Ù Ï̂ï˛yñ ÎyÓ̊ ≤ÃÌÙ ôy Į̈̂ õÓ̊ í z̨Fã˛ï˛y

≤ÃÌÙ í z̨̨ õÓ̊ ˆÌ Ï̂Ü˛ e´Ù Ï̂ÎÔ!àÜ˛ ˛õ!Ó̊§Çáƒyñ !mï˛#Î̊ í z̨̨ õÓ̊ ˆÌ Ï̂Ü˛ e´Ù Ï̂ÎÔ!àÜ˛ ˛õ!Ó̊§Çáƒy •zï˛ƒy!òÓ̊ §Ùyl%̨ õy!ï˛Ü˛–

í˛zòy•Ó˚î ≠ 13É !lˆÏ¡¨Ó˚ !ÓË˛yçl SÈˆÏÜ˛Ó˚ e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy !ã˛e åí˛zË˛Î˚ ≤ÃÜ˛yÓ˚ä xB˛l Ü˛Ó˚&l ≠

Ùyl (Grade) 1 2 3 4 5 6

SÈye§Çáƒy 20 34 40 52 26 16

§Ùyôyl ≠ ôy˛õ!ã˛ˆÏeÓ˚ çlƒ àîly Ü˛yÎ≈ ≠

Ùyl ˛õ!Ó̊§Çáƒy e´Ù Ï̂ÎÔ!àÜ˛ ̨õ!Ó˚§Çáƒy

!lã˛ ˆÌˆÏÜ˛ í˛z˛õÓ˚ ˆÌˆÏÜ˛

1 20 20 188
2 34 54 168
3 40 94 134
4 52 146 94
5 26 172 42
6 16 188 16

e
´Ù

Ï̂Î
Ô!

à
Ü
˛ ̨
õ
!Ó

˚§
Çá

ƒy

Ùyl
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5.13 xl%¢#°l#

å1ä í˛zòy•Ó˚î §• ≤ÃyÌ!ÙÜ˛ G x≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛ˆÏÌƒÓ˚ §ÇK˛y !òl–

å2ä x≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛ˆÏÌƒÓ˚ ò%!ê˛ í˛zÍ§ !°á%l–

å3ä ≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛Ìƒ §Ç@˝ÃˆÏ•Ó˚ !Ó!Ë˛ß¨ ˛õk˛!ï˛Ó˚ Óî≈ly òyG ~ÓÇ ~ˆÏòÓ˚ §%!Óôy=!° xyˆÏ°yã˛ly Ü˛Ó˚&l–

å4ä Ó˚y!¢!ÓK˛yˆÏlÓ˚ Ó˚y!¢ï˛ÌƒÙy°y §yôyÓ˚îï˛ ò%•z ≤ÃÜ˛yˆÏÓ˚Ó˚ÈüüüÈ(i) ≤ÃyÌ!ÙÜ˛ñ (ii) x≤ÃyÌ!ÙÜ˛ÈüüüÈí˛z!_´!ê˛ Óƒyáƒy

Ü˛Ó̊&l–

å5ä ≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛Ìƒ G ˛x≤ÃyÌ!ÙÜ˛ Ó˚y!¢ï˛ˆÏÌƒÓ˚ ÙˆÏôƒ ˛õyÌ≈Ü˛ƒ Ó°%l–

å6ä °â%•ˆÏhflÏ Ó˚y!¢ï˛ˆÏÌƒÓ˚ !ÓˆÏŸ’£ÏˆÏîÓ˚ Ê˛° Ü˛# •ˆÏï˛ ˛õyˆÏÓ˚⁄

å7ä ÓƒÓ§y!Î˚Ü˛ !§k˛yˆÏhs˝ Ó˚y!¢!ÓK˛yˆÏlÓ˚ =Ó˚&c G §%ˆÏÎyà §¡õˆÏÜ≈˛ xyˆÏ°yã˛ly Ü˛Ó˚&l–

å8ä Ó˚y!¢!ÓK˛yˆÏlÓ˚ §#ÙyÓk˛ï˛y xyˆÏ°yã˛ly Ü˛Ó˚&l–

å9ä !Ó!FSÈß¨ x!Ó!FSÈß¨ ã˛°ˆÏÜ˛Ó˚ ~Ü˛!ê˛ Ü˛ˆÏÓ˚ í˛zòy•Ó˚î !òl–

å10ä ˆ◊î# §#Ùy G ˆ◊î# §#ÙylyÓ˚ ˛õyÌ≈Ü˛ƒ Ü˛#⁄

å11ä õ!Ó˚§Çáƒy âlc ˆÜ˛yl‰ ˆ«˛ˆÏe xï˛ƒyÓ¢ƒÜ˛⁄

å12ä í˛zÍ§ §yÓ˚î#Ó˚ ˆÜ˛yl‰ xÇˆÏ¢ ÌyˆÏÜ˛⁄

å13ä e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy Ü˛ï˛ ≤ÃÜ˛yÓ˚ G Ü˛# Ü˛#⁄

å14ä ˆ§!Ù °ày!Ó˚ò‰Ù ˆ°á!ã˛e ˆÜ˛yl‰ !ÓˆÏ¢£Ï ˆ«˛ˆÏe ≤ÃˆÏÎ˚yà Ü˛Ó˚y •Î˚⁄

å15ä !lˆÏ¡¨y_´ ˆ°á!ã˛e=!° ≤ÃˆÏÎ˚yˆÏàÓ˚ ~Ü˛!ê˛ Ü˛ˆÏÓ˚ í˛zòy•Ó˚î !òl–

åÜ˛ä í˛z°¡∫ G xl%Ë)˛!ï˛Ó˚ ÓyÓ˚!ã˛e–

åáä ç!ê˛° G Ó‡ xÇˆÏ¢ !ÓË˛_´ ÓyÓ˚!ã˛e–

åàä ˛õy•z!ã˛e G Ó‡ xÇˆÏÈ¢ !ÓË˛_´ ÓyÓ˚!ã˛e–

åâä ò[˛ˆÏ°á G xyÎ˚ï˛ˆÏ°á–

å.ä ôy˛õ!ã˛e G e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy ˆÓ˚áy–

å16ä ˛õ!Ó˚§Çáƒy ˆÓ˚áyÓ˚/Ó‡Ë)˛ˆÏçÓ˚ xhs˝à≈ï˛ xyÎ˚ï˛ˆÏlÓ˚ ˆÙyê˛ ˆ«˛eÊ˛° Ü˛ï˛⁄

å17ä ˛õ!Ó˚§Çáƒyl Ó°ˆÏï˛ Ü˛# ˆÓyV˛⁄ ˛õ!Ó˚§Çáƒyl ¢∑!ê˛ ˆÜ˛yl‰ ò%Û!ê˛ xˆÏÌ≈ ÓƒÓ•*ï˛ •Î˚⁄

å18ä ~Ü˛!ê˛ ˛õ!Ó˚§Çáƒyl SÈˆÏÜ˛Ó˚ !Ó!Ë˛ß¨ xÇ¢=!° Óî≈ly Ü˛Ó˚&l–

å19ä (i) §Ó˚° ˛õ!Ó˚§Çáƒyl SÈˆÏÜ˛Ó˚ !ÓË˛yçl G (ii) ˆ◊î#Ók˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl Ü˛yˆÏÜ˛ ÓˆÏ° Óî≈ly Ü˛Ó˚ G

≤ÃˆÏï˛ƒÜ˛!ê˛Ó˚ ~Ü˛!ê˛ Ü˛ˆÏÓ˚ í˛zòy•Ó˚î !òl–
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å20ä ~Ü˛!ê˛ !ÓŸª!Óòƒy°ˆÏÎ˚ ˆÜ˛ylG ÓSÈÓ˚ Ü˛°yñ !ÓK˛yl G Óy!îçƒ ¢yáyÎ˚ ≤ÃÌÙ Ó£Ï≈ñ !mï˛#Î˚ Ó£Ï≈ G ï,˛ï˛#Î˚ ÓˆÏ£Ï≈Ó˚

˛õÓ˚#«˛yÎ˚ xÇ¢@˝Ã•îÜ˛yÓ˚# ˛õÓ˚#«˛yÌ≈#ˆÏòÓ˚ §Çáƒy !°DˆÏË˛ˆÏò ≤Ãò¢≈ˆÏlÓ˚  çlƒ ~Ü˛!ê˛ áy!° SÈÜ˛ (bank table)
˜ï˛!Ó˚ Ü˛Ó˚&l–

å21ä ˆ°á!ã˛ Ï̂eÓ˚ §y•y Ï̂Îƒ Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ í z̨̨ õfliy˛õl Ó° Ï̂ï˛ Ü˛# ̂ ÓyV˛yÎ˚⁄ í z̨•yÓ˚ §%!Óôy G x§%!Óôy xy Ï̂°yã˛ly Ü˛Ó˚&l–

å22ä ÓyÓ˚ Óy ò[˛ !ã˛eñ ̨õy•z!ã˛e G xyÎ˚ï˛ Ï̂°á Ó° Ï̂ï˛ Ü˛# ̂ ÓyV˛yÎ˚⁄ ÓƒÓ§y Ï̂«˛ Ï̂e ~ Ï̂òÓ˚ ÓƒÓ•yÓ˚ í z̨òy•Ó˚î §•Ü˛y Ï̂Ó˚

ˆÓyV˛yl–

å23ä ˛õyÌ≈Ü˛ƒ Óƒyáƒy Ü˛Ó˚&l ≠

(i) ÓyÓ˚!ã˛eG xyl%˛õy!ï˛Ü˛ !ã˛e (Bar Chart and Ratio Chart)

(ii) e´ÙˆÏÎÔ!àÜ˛ ˛õ!Ó˚§Çáƒy ˆÓ˚áy G ôy˛õ!ã˛e (Ogive and Step Diagram)

(iii) xyÎ˚ï˛ˆÏ°á G Ü˛y°#lˆÏ°á (Histogram and Historigram)

å24ä Ë˛yÓ˚ˆÏï˛ Ùy!§Ü˛ §y•zˆÏÜ˛° í˛zÍ˛õyòl !lˆÏã˛ ˆòGÎ˚y •° ≠

çyl%Î̊yÓ̊#È üüü 5720 ˆÊ˛Ó &Î̊yÓ̊#È üüüÈ 4900 Ùyã≈̨ È üüü È6110
~!≤Ã° ÈüüüÈ 5930 ˆÙ ÈüüüÈ 6040 ç%l ÈüüüÈ 4610
ç%°y•z ÈüüüÈ 3060 xyàfiê˛ ÈüüüÈ 4700 ˆ§ Ï̂≤Wz¡∫Ó̊ ÈüüüÈ 5605
x Ï̂QyÓÓ̊ ÈüüüÈ 3275 l Ï̂Ë˛¡∫Ó̊ ÈüüüÈ 6850 !í˛ Ï̂§¡∫Ó̊ ÈüüüÈ 6130

í˛z˛õˆÏÓ˚Ó˚ ï˛Ìƒ í˛z˛õfliy˛õl Ü˛Ó˚ (a) ˆÓ˚á!ã˛e (Line Chart) ~ÓÇ (b) ÓyÓ˚!ã˛e (Bar Chart)ÈüÈ~Ó˚ §y•yˆÏÎƒ–

å25ä Ó‡° ÓyÓ˚!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ !l¡¨!°!áï˛ Ó˚y!¢ï˛Ìƒ ≤ÃÜ˛y¢ Ü˛Ó˚ ≠

ÓSÈÓ̊ 1975 1976 1977 1978 1979
Ü˛yÓ˚áyly AÈüˆï˛ í˛zÍ˛õyòl 300 326 180 275 320
Ü˛yÓ˚áyly BÈüÈˆÏï˛ í˛zÍ˛õyòl 260 310 250 250 270
å26ä !l¡¨!°!áï˛ ò%ÛÙyˆÏ§Ó˚ áÓ˚ˆÏã˛Ó˚ Ó˚y!¢ï˛ÌƒˆÏÜ˛ Ó‡ xÇˆÏ¢ !ÓË˛_´ ÓyÓ˚!ã˛ˆÏe G ˛õy•z!ã˛ˆÏe ≤ÃÜ˛y¢ Ü˛Ó˚&l ≠

çyl%Î̊y!Ó̊ ˆÊ˛Ó &Î̊y!Ó̊

ÜÑ̨ yã˛yÙy°y 700 600
◊!ÙÜ˛ 800 700
í z̨Í˛õyòl 100 70
!Ó!Óô 200 300
ˆÙyê 1800 1670˛

å27ä !l¡¨!°!áï˛ ï˛Ìƒ ~Ü˛!ê˛ ÓyÓ˚!ã˛ˆÏe ≤ÃÜ˛y¢ Ü˛Ó˚ ≠

¢•Ó̊ A B C D E
çl§Çáƒy å•yçy Ï̂Ó˚ä 20.2 17.1 13.8 12.0 18.8
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å28ä !l¡¨!°!áï˛ ï˛Ìƒ (i) xyÎ˚ï˛ˆÏ°áñ (ii) ̨õ!Ó˚§Çáƒy Ó‡Ë%˛ç G (iii) e´ÙˆÏÎÔ!àÜ˛ ̨õ!Ó˚§Çáƒy ̂ Ó˚áy !òˆÏÎ˚ ≤ÃÜ˛y¢

Ü˛Ó˚&l ≠

◊!ÙÜ˛ˆÏòÓ˚ ˜ò!lÜ˛ xyÎ˚

˜ò!lÜ˛ xyÎ˚ åê˛yÜ˛yÎ˚ä ◊!ÙÜ˛ §Çáƒy

30–32 4
33–35 7
36–38 16
39–41 31
42–44 60
45–47 11
48–50 1

å21ä !l¡¨!°!áï˛ ï˛ÌƒˆÏÜ˛ (i) ˛õ!Ó˚§Çáƒy ÓyÓ˚!ã˛e G (iii) ôy˛õ!ã˛eÈüÈ~Ó˚ §y•yˆÏÎƒ ≤ÃÜ˛y¢ Ü˛Ó˚&l ≠

˜ò!lÜ˛ Îyl ò%â≈ê˛ly §Çáƒy !òl§Çáƒy

2 4
3 7
4 13
5 3
6 2
7 1

ˆÙyê˛ 30
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6   (Measure of
Central Tendency)

6.0

6.1

6.2

6.3

6.3.1

6.3.2

6.3.3

6.3.4 

6.4

6.5

6.5.1 

6.6

6.7

6.7.1 

6.8 (Quartiles, Deciles and Percentiles)

6.9

6.0 








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6.1 

(Population) (representative) 

(Quantitative measure) 

(Measure of Centre Tendency) 
(Statistical Average) (Average) 

6.2 

(Quantitative Measure

(i)

(ii)

(iii)

(iv)

(v)

(vi)
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 (Mean), (Median), (Mode)

(i) (Arithmetic Mean or A.M)
(ii) (Geometric Mean or G.M)
(iii) (Harmonic Mean or H.M)

6.3 

6.3.1 (Definition of A. M)

n x1, x2, ............. xn X
—

1 2 nx x .............. xX n
  

  = 

n

i 1
xi

n



 = 
x

n
  .....(1)

. 10 2500 2700 2400 2300 
2550 2650 2750 2450 2600 2400 

= (2500 + 2700 + 2400 + 23000 + 2550 + 2650 + 2750 + 2450 +
2600+ 2400) 

= 25300 
= 10

= 25300
10 = 2530 
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(Simple A.M.)
(x) (relative

Importanec) 

x n x1,x2, ................... xn f1, f2....... fn

X
—

 

1 1 2 2 n n
1 2 n

fxf x f x ........ f xX
f f .............. f f
  

 
  


 ... (2)

x1, x2, ...... , xn (Weighted A.M.) 

(Telephone Call)

(x) (f)
0 4
1 10
2 13
3 21
4 23
5 21
6 17
7 10
8 1

120

x  

xf 0 4 1 10 2 13 3 21 4 23 5 21 6 17 7 10 8 1x 120f
                 



= 476
120 = 3.967
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6.3.2  (Important properties of A. M)

(1) (Algebraic) 

 
n

i
i 1

x x 0


 

 i if x x 0 

(i) 

x1, x2,............, xn x

1 2 2x x ............... xx n
  

 

x1, x2
 +  ............, xn = nx

       i 1 2 nx x x x x x .......... x x       

=  1 2 nx x ................x nx  
= nx nx

= 0

x1, x2, ...........xk f1, f2,.......... fk

x

1 1 2 2 k k
1 2 k

f x f x ............. f xx f f ............... f
  

 
  

1 1 2 2 k knx f x f x ........ f x    [n = f1 + f2 + ......... + fk
 ]

     i i 1 1 2 2 k kf x x f x x f (x x) ........f x x      

= 1 1 2 2 k k 1 2 k(f x f x .......... f x ) x(f f ........... f )      

= nx nx

= 0
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(2) 

x a

n
i

i 1
x na


 ix nax an n  

(3) y = a + bx, x y x

(i) y = a + bx

x xi y yi = a + bxi i = 1, 2..........., n

 
n n n n

i i i i i
i 1 i 1 i 1 i 1

y a bx a f b f x
y n n n

   
 

  
   

= 

n
i i

i 1
f x

a b n



 [
n

i
i 1

n f


  ]

a bx 

(4)  x1, x2, ..........., 1n
x  n1  x  y1, y2 .......... 2n

y n2 

y x1, x2, ............ , 1n
x , y1, y2 ........... 2n

y (n1 + n2) 

1 2
1 2

n x n y
n n




x1, x2, ... 1n
x , y1, y2, ............. 2n

y (n1 + n2)  Z

Z = 1 21 2 n 1 2 n

1 2

x x .............. x y y ............y
n n

     


= i i
1 2

x y
n n




 
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i
1

x
x n  i 1x n x

i
2

y
y

n
   i 2y n y

i i 1 2
1 2 1 2

x y n x n y
z

n n n n
 

  
 

 

[ ]
x t n1, n2 ..........nt 

1 2 tx ,x ,.............x

t
i i

i 1
t

i
i 1

n x
x

n










(5) x y n z = ax + by
x, y  z z ax by 

xi, yi zi ; i = 1, 2,........... n zi = axi + byi

i i iz a x b y   

i i iz x y
a· b·n n n   

x ax by 

[ ]

6.3.3 (Determination of A. M. by shortcut
method)

(i) 

n x1, x2, ......, xn x

A, 
l1, l2 ......ln x1, x2, ..... xn
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ix A n   ... (3)

A  

1 1 , 2 2x A x A     ............ n nx A 

x1 =  1 + A, x2 =  2 + A............. , xn =  n + AA

1 2 nx x ........... xx n
 



=      1 2 nA A ............ A
n

       

=  1 2 n................... nA
n

       = iA An  


25, 29, 33, 37, 41, 48 

A = 35

 1 = 25 – 35 = – 10,  2
 = 29 – 35 = – 6

 3= 33 – 35 = – 2,  4
 = 37 – 35 = 2,  5

 = 41 – 35 = 6,  6
 = 48 – 35 = 13

 x– 

ix A n  

= 10 6 2 2 6 1335 6
     

= 335 35 0.5 35.56   

(ii) 

n x1, x2....., xn f1, f2....fn

A)  1,  2,....  n x1,
x2, .... xn

i if
x A n  

.... (4)

= A  
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x– in f

1 1x A  , 1 2x A  ,............. n nx A 

1 1x A  , 2 2x A  , ............... n nx A 

1 1 2 2 n nf x f x ......... f xx n
  



=      1 1 2 2 n nf A f A ............. f A
n

       

=  1 1 2 2 n n 1 2 nf f .......... f A f f ........ f
n

        

= i if
A

n
 

= A    
n

i
i 1

f n


 
  

 


(A = 4) f 
(a) (f) x A 

0 4 – 4 – 16
1 10 – 3 – 30
2 13 – 2 – 26
3 21 – 1 – 21
4 23 0 0
5 21 1 21
6 17 2 34
7 10 3 30
8 1 4 4

N = 120 i if 4  

x–

i if
x A n   44 4 0.033 3.96720    
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6.3.4 (Determination of A. M. from
Grouped Frequency Distribution)

(Mid-
point) 

(2) (5) 
(equal width)

i if
x A cn    ....... (5)

= A c. 

x = 

in f = 

i
i

x A
c




xi = i i = 1, 2,......k

A = 
c = 
fi = i

i
i

x A
c




i ix A c.  

i i i i if x Af cf  

i i i i if x A f c f    

i i i i if x f f
A c.n n n    
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i if
x A c n   

= A c. 

(2) , (4) (5) 

300 – 350 5
350 – 400 14
400 – 450 23
450 – 500 50
500 – 550 52
550 – 600 25
600 – 650 22
650 – 700 7
700 – 750 2

(2) 

fx
(x) (f)

300 – 350 325 5 1625
350 – 400 375 14 5250
400 – 450 425 23 9775
450 – 500 475 50 23750
500 – 550 535 52 27300
550 – 600 575 25 14375
600 – 650 625 22 13750
650 – 700 675 7 4725
700 – 750 725 2 1450

— n = 200 i if x 102000

x– 

i if x 102000x n 200 
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= 510 
= 510000 

(4) 

(A = 525) f.l
(x) (f) x A 

300 – 350 325 5 – 200 – 1000
350 – 400 375 14 – 150 – 2100
400 – 450 425 23 – 100 – 2300
450 – 500 475 50 – 50 – 2500
500 – 550 525 52 0  0
550 – 600 575 25 50 1250
600 – 650 625 22 100 2200
650 – 700 675 7 150 1050
700 – 750 725 2 200 400

— N = 200 — – 3000

x– 

i ifx A N   

=  3000525 200

= 510 
= 510000 

(5) 

(A = 525) f.l

(x) (f) x - A= c , c = 50

300 – 350 325 5 – 4 – 20
350 – 400 375 14 – 3 – 42
400 – 450 425 23 – 2 – 46
450 – 500 475 50 – 1 – 50
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(A = 525) f.l

(x) (f) x A , c 50c
  

500 – 550 525 52 0  0
550 – 600 575 25 1 25
600 – 650 625 22 2 44
650 – 700 675 7 3 21
700 – 750 725 2 4 8

— n = 200 — – 60

x– 

i if
x A cn   

=  60525 50200 

= 510 
= 510000 

(i) 
(ii) (5) (4) 

(iii) 525

6.4
n

n (nth root) 

n 1 2 nx ,x ,............x G 
G = (x1.x2. ................ xn)1/n ........... (6)

(6) logarithm 

 1 2 n
1log G log x .x ........xn

=  1 2 n
1 log x log x ........ log xn   
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= 
n

i
i 1

1 log xn



logarithm logarithm
n x1, x2, ........., xn f1, f2, .......fn

G 

 1 2 n
1

f f f n
n1 2G x , x .........x .... (7)

n =
n

i
i 1

f



(7) logarithm 

 1 1 2 2 n n
1logG f log x f log x ........... f log xn   

= 
n

i i
i 1

1 f log xn



logarithm logarithm

9, 24, 64 
G 

G =  (9 × 24 × 64)1/3 = (3 × 3 × 8 × 3 × 4 × 4 ×4)1/3 = (33 × 23 × 42)1/3

= 3 × 2 × 4 = 24

47, 52, 66, 85, 123
G 

 1log G log 47 log 52 log 66 log 85 log123
5

    

=  1 1.6721 1.7160 1.8195 1.9294 2.0899
5

   

= 1 9.2269 1.84545  

  G = Anti log(1.8454) = 70.04
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A B C D E F

118 120 97 107 111 93

4 1 2 6 5 2

log x f.log x
(x) (f)

A 118 4 2.0719 8.2876
B 120 1 2.0792 2.0792
C 97 2 1.0968 3.9736
D 107 6 2.0294 12.1764
E 111 5 2.0453 10.2265
F 93 2 1.9685 3.9370

— 20 — 40.6803

G i i
1logG f logn 

= 40.6803
20

= 2.0340
G = Anti log (2.0340) = 108.1

6.5 (Definition of H. M)

(reciprocal) 
n x1, x2, .......... xn H 

1 2 n

nH 1 1 1.......x x x


  

 ........... (8)

x1, x2, ....., xk f1, f2, ...., fk

H 
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1 2 k
1 2 k

nH f f f.....x x x


  

......... (9)

in f
20 x y 24 

2H 1 1
20 24




/

= 240
11 / = 21.82 /

4 12 5 10 

(f/x)
(x) (f)

4 12 3
5 10 2

22 5

1 2
1 2

nH f f
x x




= 22
5  / = 4.4 /

6.5.1 

(i) (A. M,), (G. M) (H.M)

A. M  G.M  H.M
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(ii) 
A. M. × H. M = (G. M)2

6.6 (Median)

(assending order) 

(i) (simple series) (odd) 

(even) 

n 

n 1
2
 n n

2  n 12 

(ii) 
(approximately) 

 
1

m

n F2M f


    ..... (10)

M = 

n = 

l1 = 

F = 

fm
 = 

c = 

(i) 32, 22, 29, 17, 40, 26, 21
(ii) 88, 72, 33, 29, 70, 86, 54, 91, 61, 57
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(i) 
17, 21, 22, 26, 29, 32, 40

= 7

 =  7 1
2
 = 26

(ii) 
29, 33, 54, 57, 61, 70, 72, 86, 88, 91

 = 10

10
2  10 12  61 70

61 70
2
 65.5 

x 0 1 2 3 4 5 6

f 7 44 35 16 9 4 1 116

x f

0 7 7
1 44 51
2 35 86
3 16 102
4 9 111
5 4 115
6 1 116 ( = N)

116 = N

N 582  58 86 x

2  = 2
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300 

1000 – 1100 16
1100 – 1200 24
1200 – 1300 59
1300 – 1400 100
1400 – 1500 41
1500 – 1600 31
1600 – 1700 19
1700 – 1800 10

300

(f)

1000 – 1100 16 16
1100 – 1200 24 40
1200 – 1300 59 99 (= F)
1300 – 1400 100 (fm) 199
1400 – 1500 41 240
1500 – 1600 31 271
1600 – 1700 19 290
1700 – 1800 10 300

300 (= N)

N 300 1502 2 

(just greater), 
1300 – 1400

1 = = 1300
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F = 1200 – 1300) = 99

fm = = 100

e = = 100

1
m

n F2M cf


  

= 150 901300 100100
 

= 1351

= 1351 

6.7 (Mode)

1, 2, 3,
4, 5, 6, 7 

1, 3, 5, 8, 11, 5, 6, 2, 5, 9 5
1, 5, 4, 3, 8, 4, 5, 6, 9, 5 4 5

(Unimodal
Frequency Distribution)

(Bimodal or Multimodal Distribution)

(i) 

(ii) 
(approximately) 

= 1
1

1 2

d cd d 


 ... (11)

1 = (Modal Class)
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d1 =
d2 =
c =

fo, f–1, f1 
d1= |fo – f–1| d2= |fo – f1|

 
(approximate) 

–  = 3 – 

45 8
50 15
55 25
60 28
65 14
70 10

100

60 28 60 

100 

0 – 100 100 – 200 200 – 300 300 – 400 400 – 500 500 – 600

12 18 27 20 17 6

 = 200 – 300
f0 = 27, f–1 = 18, f1 = 20

d1 = f0 – f–1 = 27 – 18 = 9
d2 = f0 – f1 = 27 – 20 = 7
c = 100
l1 = 200

 = 9200 1009 7 
  = 236.25 
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6.7.1 
(i) 

(ii) 
(Continuous) 

(iii) 

(iv) 

(v) 

(vi) (open) 

6.8 (Quartiles, Deciles and Percentiles)

(Partition) 

(Quartiles) 

Q1, Q2 Q3 Q2 

(Deciles) 
D1, D2, D3, ......., D9
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(Simple frequency distribution) :

1
N 1D 10
  

 
2

2 N 1
D 10




 
k

k N 1
D 10




(k = 1, 2, ........ , 9)

(Grouped frequency distribution) 

D1 = N
10

D2 = 2N
10

Dk
 = kN

10

(k = 1, 2,............., 9)

(Percentiles) 

99 100
P1, P2, P3, ............ P99

 

(Simple frequency distribution) 

1
N 1P 100


 
2

2 N 1
P 100




 
k

k N 1
P 100


  (k – 1, 2, ......, 99)

(Grouped frequency distribution) 

P1
 = N

100
 

P2
 = 2N

100
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Pk
 = kN

100
 

k= 1, 2, ................. 99)

100 

0 10 20 30 40 50
[Marks more than]

(No. of Students) 100 88 72 42 16 6
60% 

60% 
40% 

(f)

0 – 10 100 12 12
10 – 20 88 16 28
20 – 30 72 30 58
30 – 40 42 26 84
40 – 50 16 10 94

50 6 6 100

— 100  = N —

4N 4 100 4010 10
 

20 – 30

4 1

4N F
10D i

f


    = 40 2820 10 2430

  

24
150 

0 – 10 10 – 20 20 – 30 30 – 40 40 – 50 50 – 60 60 – 70
6 15 13 50 30 21 15
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64% 
(100 – 64)% = 36% 36% 

36  

N = 150, 
18 3

2

36N 36 150 54100 100


    
  

(f)

0 – 10 6 6
10 – 20 15 21
20 – 30 13 34
30 – 40 50 84
40 – 50 30 114
50 – 60 21 135
60 – 70 15 150

36 30 – 40

40 84

30 34
36 54P  36P 30 54 34

40 30 84 34
 
 

2
36

20P 30 10 34
50
     


34

6.9 

100 



NSOU  NEC-MG-04 135

10

x 5 4 

7, 4, 3, 5, 6, 3, 2, 4, 3, 4, 4, 3, 2, 2, 4, 3, 5, 4, 3, 4, 3, 4, 3, 1, 2, 3

(i) 2, 4, 6, ........ 2n

(ii) 1, 2, 3, ........... 16

(iii) 3, 6, 12, 24,......... n

3, 6, 24 48 

80

110–119 120–129 130–139 140–149 150-159 160–169 170–179 180–189

5 7 12 20 16 10 7 3

0–4 5–14 15–19 20–34 35-39

2 8 6 14 5
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7  (Measure of Dispersion)

7.0

7.1

7.2

7.2.1 

7.2.2 

7.3

7.4

7.0









7.1 

7.2 (Measures of Dispersion)

(dispersed) 



NSOU  NEC-MG-04 137

(deviation) (variation) 

A— 30, 32, 36, 38, 39 175

B— 4, 19, 36, 53, 63 175

35 36
A 

B
 B

7.2.1 (Absolute Measures of Disperison)

(i) (Range)
(ii) (Quartile Deviation or Semi-interquartile range)
(iii) (Mean Deviation)
(iv) (Standard Deviation)

(i) (Range) 

= – 

(Measures of Dispersion)

(Range) (Relative Measure)

(Range) (Quartile Deviation) (Mean Deviation) (Standard Deviation)

(Coefficient of Quartile Deviation) (Coefficient of Mean Deviation) (Coefficient of Varioation)
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(open) 

6, 4, 1, 6, 5, 10, 3

= 10

= 1

 = (10 – 1) = 9 

(ii) (Quartile Deviation or Semi-Interquartile Range) :

(First Quartile) (Lower
Quartile) (Third Quartile) 
(Upper Quartile)
Q1 Q3 Q1 

Q3

(Decile) (Percentile)
Zp p

(l – p) 

n n
4

3n
4 Q1 Q3 

 
1 1

m

n F4Q cf


   ... (1)

 
3 1

m

3n F4Q cf


   ... (2)
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1 = 

F = 

fm = 

c = 

n = 

     1 3M Q Q M
Q 2

  


= 3 1Q Q
2
 .... (3)

Q1 = 

Q3 = 

(Semi Interquartile Range) 

(ii)

29, 33, 54, 57, 61, 70, 72, 86, 88, 91

 = n = 10

(Q1) = n
4 2.5 = 3 = 54

(Q3) = 3n
4 7.5 = 8 = 86

  86 54Q 162
 

N 116 294 4  3N 874 
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(Q1) = 1 (Q3) = 3

  3 1Q 12
 

n 300 754 4  3n 2254 

(Q1) =  75 40
1200 10059


   = 1259.32 

 
 

3 1
m

n3 F4Q cf


  

=  225 199
1400 10041


   = 1463.41 

   3 1Q Q
Q 102.0452


 

(iii) (Mean Deviation) :

n- x1, x2, .......xn 
x– x– 

n
i

i 1
x

| x x |
MD n







... (4)

x1, x2,........, xk f1, f2, ..............., fk 

k
i i

i 1
x

| x x |f
MD n







... (5)
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k
i

i 1
n f




46, 79, 26, 85, 39, 65, 99, 29, 56, 72

26, 29, 39, 46, 56, 65, 72, 79, 85, 99
n = 10

n
2 5  n 12  6 56 65 60.52

 

= 26 29 39 46 56 65 72 79 85 99
10

        

596 59.6
10

 

(x) = |x – 59.6| = |x – 60.5|

26 33.6 34.5
29 30.6 31.5
39 20.6 21.5
46 13.6 14.5
56 3.6 4.5
65 5.4 4.5
72 12.4 11.5
79 19.4 18.5
85 25.4 24.5
99 39.4 38.5

204.0 204.0

x
204MD 20.410 

Me
204MD 20.410 
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| x  – Me | | x  – Me | f
(x) (f)

0 4 4 4 16
1 10 14 3 30
2 13 27 2 26
3 21 48 1 21
4 23 71 0 0
5 21 92 1 21
6 17 109 2 34
7 10 119 3 30
8 1 120 4 4

120 — — 182

Me = 4

Me
182MD 15.17120 

7.

0–10 10–20 20–30 30–40

2 6 8 4

x– A x Ay i
 fy

(f) (x) (A=25) (i = 10)

0 – 10 2 5 – 20  – 2 – 4 2
10 –20 6 15 – 10  1 – 6 8
20 – 30 8 25 0 0 0 16
30 – 40 4 35 10 1 4 20 = N

N = 20 – 6
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 x  = A + i × 
fy

N
 
 
 


= 25 + 10 ×  6
20
  = 25 – 3 = 22

N 20 102 2  8 16 

20 – 30

(M) = 1
m

N F2l if


   = 10 820 108
  = 22.5

x f | x – x– | f × | x – x– | | x – M | f × | x – M |

5 2 17 34 17.5 35
15 6 7 42 7.5 45
25 8 3 24 2.5 20
35 4 13 52 12.5 50

20 — 152 — 150

fx | x x | 152
N 20


 = 7.6

 f | x M |
N

 
  = 150

20 = 7.5

(iv) (Standard Deviation) 

(i)  2ix x
s n


  ... (6)

(ii) 
2

2ix
s xn   = 

22
i ix x

n n
 

  
 

  ... (7)
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(i)  2i ix x f
s n


  ........................................... (8)

(ii) 
2

2i ix f
s xn  = 

22
i i i ix f x f

n n
 

  
 

 

=  22
i i i in x f x f

n
   ........................................... (9)

(iii) 
22fy fyS iA n n

 
      
   

  ... (10)

x Ay i


s : 

1 2 nx:x ,x ,.......... x

in f = 

xi = c ; i = 1, 2,...........n s = 0

(Origin) 

(Unit or Scale) x a
cl  xS | c |S l

x1, x2, .............., 1n
x n1 x xs y1,

y2, ........... 2n
y n2 y sy x1, x2, ...............

1n
x , y1, y2, ........., 2n

y (n1 + n2) 

   
1

2 2 2
2 2 1 21 x 2 y

1 2 1 2

n x x n y xn s n s
n n n n

 
         

  
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1 2
1 2

n x n yx n n





   2 2
i i

1 1x x x An n    A

49, 63, 46, 59, 65, 52, 60, 54

56 d = x – 56 d2

(x)

49 – 7 49
63 7 49
46 – 10 100
59 3 9
65 9 81
52 – 4 16
60 4 16
54 – 2 4

448 — 324

448x 568 

2ds n  324
8

9 22

x 5 15 25 35 45 55 65 75

f 3 7 9 23 15 8 6 4
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x f x 35y 10
 fy fy2

5 3 – 3 – 9 27
15 7 –2 – 14 28
25 9 – 1 – 9 9
35 23 0 0 0
45 15 1 15 15
55 8 2 16 32
65 6 3 18 54
75 4 4 16 64

75 — 33 229

22
2 i i i i
y

f y f ys n n
 

   
 

  = 229
75  –  233

75  = 3.053 – (0.44)2 = 2.859

yS 2.859 1.69 

x ys | c | s 10 1.69 16.9   

10 28
20 60
30 100
40 150
50 174
60 190
70 200
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x  – A x Ay i
 fy fy2

(f) (x) (A = 35) (i = 10)

0 – 10 28 5 – 30 – 3 – 84 252
10 – 20 32 15 – 20 – 2 – 64 128
20 – 30 40 25 – 10 – 1 – 40 40
30 – 40 50 35 = A 0 0 00 00
40 – 50 24 45 10 1 24 24
50 – 60 16 55 20 2 32 64
60 – 70 10 65 30 3 30 90

n = 200 — — — – 102 598

 x =  fy 102A i 35 10n 200
       
 


= 5135 35 5.1 29.910   

= (S.D)y = 
22fy fy

n n
 

  
 

   =  2598 102
200 200



= 2.99 0.9601  = 2.7299  = 1.652241 = 1.65 

(S.D)x
 = i × (S. D)y = 10 × 1.65 = 16.5

29.9 16.5

7.2.2 

(open) 
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(combined) 

7.3 (Relative Measures of Dispersion)

(Relative measure) 

(i) (Coefficient of Quartile Deviation)

(ii) (Coefficient of Mean Deviation)

(iii) (Coefficient of Variation)

(i) (Coefficient of Quartile Deviation) :

(Quartile Deviation)
= ————————————— × 100%

(Median)

Q1 Q3 Q2

=

 3 1

2

Q Q
2 100%Q



 = 3 1
2

Q Q 100%2Q



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= 16 100% 24.43%65.5  

(ii) (Coefficient of Mean Deviation) 

(Mean Deviation)
= ———————————————— × 100%

(Mean or Median)

= 59.6 = 60.5
= 20.4

= 
20.4

100% 34.23%
59.6

 

= 20.4 100% 33.72%60.5  

(iii) (Coefficient of Variation) 

(Standard Deviation)
= ——————————————×100%

(Coefficient of Variation) 
= 56 = 6.36

= 6.36 100% 11.36%56  

7.4 

10 
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(i) 27, 33, 48, 63, 76, 104, 126
(ii) 24, 35, 51, 65, 78, 106, 129

0–10 10 –20 20–30 30–40 40–50

10 16 30 32 12

30 – 34 34 – 38 38–42 42 – 46

30 30 20 10
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~Ü˛Ü˛ 8  §•à!ï˛ G !lË≈̨ Ó̊l (Correlation and Regression)

àë˛l

8.0 í ẑ̨ Ïj¢ƒ

8.1 ˛≤ÃhflÏyÓly

8.2 !mã˛°!Ë˛!_Ü˛ Ó˚y!¢ï˛Ìƒ

8.3 !ÓˆÏ«˛˛õî !ã˛e

8.4 §•àyB˛

8.4.1 §•àyB˛ÈüÈ~Ó˚ Ü˛ˆÏÎ˚Ü˛!ê˛ ôÙ≈

8.5 !lË≈˛Ó˚l ï˛_¥

8.5.1 !lË≈˛Ó˚ˆÏlÓ˚ Ü˛ˆÏÎ˚Ü˛!ê˛ ôÙ≈

8.6 Ùyle´!ÙÜ˛ §•à!ï˛

8.7 xl%¢#°l#

8.0 í˛zˆÏj¢ƒ

~•z ~Ü˛Ü˛!ê˛ ˛õí˛¸ÓyÓ˚ ˛õÓ˚ xy˛õ!l çylˆÏï˛ ˛õyÓ˚ˆÏÓlÈüüüÈ

 !mã˛° Ó˚y!¢ï˛Ìƒ Ü˛#⁄

 !ÓˆÏ«˛˛õî !ã˛e Ü˛yˆÏÜ˛ ÓˆÏ°⁄˛

 §•àyB˛ Ü˛# G ï˛yÓ˚ ôÙ≈–

 !lË≈˛Ó˚lï˛_¥ Ü˛yˆÏÜ˛ ÓˆÏ° G ï˛yÓ˚ ôÙ≈ Ü˛# Ü˛#⁄

8.1 ≤ÃhflÏyÓly

˛õ)Ó≈Óï≈˛# Ü˛ˆÏÎ˚Ü˛!ê˛ xôƒyˆÏÎ˚ ~Ü˛!ê˛ ã˛°ˆÏÜ˛Ó˚ !Ë˛!_ˆÏï˛ Ü˛#Ë˛yˆÏÓ ˛õ!Ó˚§Çáƒy !ÓË˛yçl àë˛l Ü˛Ó˚ˆÏï˛ •Î˚ ~ÓÇ ï˛yÓ˚

˜Ó!¢‹Tƒ=!° !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚ ˆ§ §¡õˆÏÜ≈˛ xyˆÏ°yã˛ly Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– !Ü˛v ÓƒÓ§y G xlƒylƒ xl%§¶˛yl ˆ«˛ˆÏe xˆÏlÜ˛

§ÙÎ˚ ò%•z Óy ï˛ˆÏï˛y!ôÜ˛ ã˛°Ü˛ §¡õˆÏÜ≈˛ Ó˚y!¢ï˛Ìƒ !ÓˆÏŸ’£Ïî Ü˛Ó˚y ≤ÃˆÏÎ˚yçl •Î˚– ˆ§•z Ó˚y!¢ï˛ˆÏÌƒÓ˚ !Ë˛!_ˆÏï˛ ò%•z!ê˛

ã˛°Ó˚y!¢Ó˚ ˛õyÓ˚flõ!Ó˚Ü˛ §¡õÜ≈˛ §¡∫ˆÏ¶˛ Ü˛# çyly ÎyÎ˚ ï˛y ~•z xôƒyˆÏÎ˚ xyˆÏ°yã˛ly Ü˛Ó˚y •ˆÏÓ– í˛zòy•Ó˚îfl∫Ó˚*˛õñ xyÎ˚ÈüÈÓƒÎ˚ñ

xyÎ˚ÈüÈ§MÈ˛Î˚ñ ã˛y!•òyÈüÈÙ)°ƒñ ̂ ÎyàylÈüÈòyÙñ Ù%lyÊ˛yÈüÈí z̨Í˛õyòlñ Ù%lyÊ˛yÈüÈ!Óe´Î˚ñ e´Î˚ÈüÈ!Óe´Î˚ñ !Óe´Î˚ÈüÈ!ÓK˛y˛õlñ  ã˛y!•òyÈüÈˆÎyàyl

•zï˛ƒy!ò– ~ ôÓ˚ˆÏlÓ˚ !mã˛° !Ë˛!_Ü˛ Ó˚y!¢ï˛Ìƒ ˆÌˆÏÜ˛ ≤Ãôylï˛ ò%!ê˛ §Ù§ƒy §ÙyôyˆÏlÓ˚ ˆã˛‹Ty Ü˛Ó˚y •Î˚–
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≤ÃÌÙï˛ñ ~ Ï̂òÓ˚ Ù Ï̂ôƒ ̂ Ü˛ylG ̨õyÓ˚flõ!Ó˚Ü˛ §¡õÜ≈̨  xy Ï̂SÈ !Ü˛ly ~ÓÇ ï˛y ÌyÜ˛ Ï̂° ï˛y Ï̂òÓ˚ §¡õ Ï̂Ü≈̨ Ó˚ ≤ÃÜ,̨ !ï˛ G àË˛#Ó˚ï˛y

˛õ!Ó˚Ùy˛õ Ü˛Ó˚yÓ˚ ˆã˛‹Ty Ü˛Ó˚y– ï˛yˆÏòÓ˚ ÙˆÏôƒ §Ó˚°ˆÏÓ˚áy !Ë˛!_Ü˛ Óy xlƒ ˆÜ˛ylG Óe´ˆÏÓ˚áy !Ë˛!_Ü˛ §¡õÜ≈˛ xyˆÏSÈ !Ü˛ly

ˆòáy– ~•z â!l¤˛ï˛yÓ˚ ≤ÃÜ,˛!ï˛ G ï˛y Ü˛ï˛áy!l àË˛#Ó˚ ï˛yÓ˚ !ÓˆÏŸ’£Ïî •Î˚ §•à!ï˛Ó˚ §y•yˆÏÎƒ–

!mï˛#Î˚ï˛ñ ò%!ê˛ ã˛°ˆÏÜ˛Ó˚ ÙˆÏôƒ ~Ü˛!ê˛Ó˚ ˆÜ˛ylG !Ü˛S%È Ùyl çyly ÌyÜ˛ˆÏ° ï˛yÓ˚ !Ë˛!_ˆÏï˛ x˛õÓ˚!ê˛ §¡õˆÏÜ≈˛ xl%Ùyl

Ü˛Ó˚y xÌ≈yÍñ ≤ÃÌÙ ã˛°ˆÏÜ˛Ó˚ í˛z˛õÓ˚ !mï˛#Î˚ ã˛°ˆÏÜ˛Ó˚ ~Ü˛≤ÃÜ˛yÓ˚ !lË≈˛Ó˚ï˛y !lî≈Î˚ Ü˛ˆÏÓ˚ ï˛yÓ˚ §y•yˆÏÎƒ ≤ÃÌÙ ã˛°Ü˛!ê˛Ó˚

§y•yˆÏÎƒ !mï˛#Î˚ ã˛°Ü˛!ê˛ˆÏÜ˛ xl%Ùyl Ü˛Ó˚y •Î˚ Ú!lË≈˛Ó˚lÛÈüÈ~Ó˚ §y•yˆÏÎƒ–˛

8.2 !mã˛°!Ë˛!_Ü˛ Ó˚y!¢ï˛Ìƒ (Bivariate data)

~•z çyï˛#Î˚ Ó˚y!¢ï˛ˆÏÌƒÓ˚ ≤Ã!ï˛!ê˛ Ó› Óy Óƒ!‹TÓ˚ (item) çl !mã˛° xÌ≈yÍñ ò%!ê˛ ã˛°ˆÏÜ˛Ó˚ §¡õˆÏÜ≈˛ ï˛Ìƒ ˛õyGÎ˚y

ÎyÎ˚– ~áyˆÏl ≤ÃÌÙ ã˛°Ü˛!ê˛ˆÏÜ˛ Î!ò x ~ÓÇ !mï˛#Î˚ ã˛°Ü˛ˆÏÜ˛ y ôÓ˚y •Î˚ñ ï˛ˆÏÓ ˆçyí˛¸y §Çáƒy xÌ≈yÍ (x,y) Ùyl ˆòGÎ˚y

ÌyÜ˛ˆÏÓ ≤Ã!ï˛!ê˛ Óƒ!‹TÓ˚ çlƒ– ôÓ˚y ÎyÜ˛ñ ~Ó˚Ü˛Ù nÈüÈˆçyí˛¸y Ùyl ̂ òGÎ˚y xyˆÏSÈ– í˛zòy•Ó˚îfl∫Ó˚*˛õñ !lˆÏ¡¨ ≤Ãò_ ï˛Ìƒ §yÓ˚!î!ê˛

å§yÓ˚!îÈüÈ1ä– ôÓ˚y ÎyÜ˛ñ ˆÎáyˆÏl òyÙ (x) ~ÓÇ ˆÎyàyl (y) §¡∫ˆÏ¶˛ 10 ˆçyí˛¸y Ùyl ˆòGÎ˚y xyˆÏSÈ–

§yÓ˚!îÈüüüÈ5É1

òyÙ åê˛yÜ˛yÎ˚/!Ü˛ˆÏ°y@˝ÃyÙä 10 12 18 16 15 191 18 17 21 23

ˆÎyàyl åÜ%˛•zrê˛y°ä 30 35 45 44 42 48 47 46 51 55

xˆÏlÜ˛ §ÙÎ˚ ~Ó˚Ü˛Ù ˆçyí˛¸y §Çáƒy Î!ò xyÓ˚G ˆÓ!¢ §ÇáƒÜ˛ •Î˚ñ ï˛ˆÏÓ ~ ôÓ˚ˆÏlÓ˚ §yÓ˚!î ˆÌˆÏÜ˛ ï˛Ìƒ !l‹Òy¢l

§Ù§ƒy •ˆÏÓñ ˆ§ˆÏ«˛ˆÏe xyÙÓ˚y !mã˛°!Ë˛!_Ü˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçl àë˛l Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚– !lˆÏã˛Ó˚ ˛õ!Ó˚§Çáƒy §yÓ˚!îˆÏï˛

å§yÓ˚!îÈüÈ2ä 100 !ê˛ ˛õ!Ó˚ÓyˆÏÓ˚Ó˚ ˆÙyê˛ ÓƒÎ˚ y ~ÓÇ áyòƒÈüÈ§yÙ@˝Ã#Ó˚ ÓƒÎ˚ (x)ÈüÈ~Ó˚ !Ë˛!_ˆÏï˛ à!ë˛ï˛ ~Ü˛!ê˛ ˛õ!Ó˚§Çáƒy

!ÓË˛yçl ̂ òáˆÏly •ˆÏÎ˚ˆÏSÈñ ̂ ÎáyˆÏl x ~ÓÇ y ÈüÈ~Ó˚ ÎÌye´ˆÏÙ 4!ê˛ G 5!ê˛ ̂ ◊î# ÓƒÓ•yÓ˚ Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– Ê˛ˆÏ°ñ §yÓ˚!î!ê˛ˆÏï˛

20!ê˛ ˛õ,ÌÜ˛ ˛õ,ÌÜ˛ ˆÜ˛y£Ï ÓƒÓ•yÓ˚ Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– ~•z ˆÜ˛y£Ï=!°Ó˚ x  ~ÓÇ y ÈüÈ~Ó˚ ~Ü˛ ˆçyí˛¸y l¡∫Ó˚ !lˆÏÎ˚ à!ë˛ï˛

~Ü˛ ~Ü˛!ê˛ ˆ◊î#Ó˚ ˛õ!Ó˚§Çáƒy !lˆÏò≈¢ Ü˛Ó˚ˆÏSÈ–

§yÓ˚!îÈüüüÈ5É2

áyòƒÈüÈ§yÙ@˝Ã#Ó˚ ÓƒÎ˚ G ˛õy!Ó˚Óy!Ó˚Ü˛ xyˆÏÎ˚Ó˚ !ÓË˛yçl

˛õy!Ó˚Óy!Ó˚Ü˛ xyÎ˚ åê˛yÜ˛yÎ˚ä

áyòƒ §yÙ@˝Ã#Ó˚ ÓƒÎ˚ 2000–3000 3000–4000 4000–5000 5000–6000 6000–7000
å¢ï˛yÇ¢ä

10 – 15 — — — 3 7
15 – 20 — 4 9 4 3
20 – 25 7 6 12 5 —
25 – 30 3 10 19 8 —
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8.3 !ÓˆÏ«˛˛õî !ã˛e (Scatter Diagram)

ÙˆÏl Ü˛Ó˚y ÎyÜ˛ñ ò%!ê˛ ã˛°ˆÏÜ˛Ó˚ §¡õˆÏÜ≈˛ nüÈˆçyí˛¸y Ùyl ˆòGÎ˚y xyˆÏSÈ– ~ál Ó˚y!¢!ÓK˛yl ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ §•à!ï˛Ó˚

˛õ!Ó˚Ùyî G ≤ÃÜ,˛!ï˛ !lô≈yÓ˚î Ü˛Ó˚y xyÙyˆÏòÓ˚ í˛zˆÏj¢ƒ– ~•z !Ó£ÏˆÏÎ˚ !ÓˆÏ«˛˛õî !ã˛ˆÏeÓ˚ xÓòyl ÎˆÏÌ‹T– !ÓˆÏ«˛˛õî !ã˛e

xy§ Ï̂° nÈüÈ§ÇáƒÜ˛ !Ó®%Ó˚ ~Ü˛!ê˛ çƒy!Ù!ï˛Ü˛ !ã˛eñ ˆÎáyˆÏl ˙ !Ó®%=!° ˛õyGÎ˚y ÎyˆÏÓ n §ÇáƒÜ˛ ˆçyí˛¸y Ùyl ˆÌˆÏÜ˛–

!ÓˆÏ«˛˛õî !ã˛e•z ò%!ê˛ ã˛°ˆÏÜ˛Ó˚ ÙˆÏôƒ §•à!ï˛Ó˚ ˛õ!Ó˚Ùyî G ≤ÃÜ,˛!ï˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚– ˛õÓ˚Óï≈˛# ˛õ!Ó˚ˆÏFSÈˆÏò ˆòáy ÎyˆÏÓ §•àyB˛

(Correlation coefficient) rxy ÈüÈ~Ó˚ §ÓÁ≈!l¡¨ ÙylÈüüüÈ1 ~ÓÇ §ˆÏÓ≈yFã˛ Ùyl + 1 •Î˚–

§yôyÓ˚îË˛yˆÏÓ ~Ü˛!ê˛ ã˛°ˆÏÜ˛Ó˚ (x) ÈüÈ~Ó˚ Ùyl Óyí˛¸yÓ˚ §ˆÏD §ˆÏD Î!ò xlƒ ã˛°ˆÏÜ˛Ó˚ (y) Ùyl Óyí˛¸ˆÏï˛ ÌyˆÏÜ˛ xÌÓy

~Ü˛!ê˛ ã˛° Ï̂Ü˛Ó˚ (x)  Ùyl Óyí˛¸yÓ˚ §ˆÏD §ˆÏD xlƒ ã˛°ˆÏÜ˛Ó˚ (y) Ùyl Ü˛ÙˆÏï˛ ÌyˆÏÜ˛ñ ï˛ˆÏÓ Ó%V˛ˆÏï˛  •ˆÏÓ ˆÎ ã˛°mˆÏÎ˚Ó˚

ÙˆÏôƒ §•à!ï˛ xyˆÏSÈ– ≤ÃÌÙ ≤ÃÜ˛yˆÏÓ˚Ó˚ §•à!ï˛ˆÏÜ˛ ôlydÜ˛ §•à!ï˛ G ˛õˆÏÓ˚Ó˚ §•à!ï˛ˆÏÜ˛ }îydÜ˛ §•à!ï˛ Ó Ï̂°–

˛õ«˛yhs˝ˆÏÓ˚ñ ~Ü˛!ê˛ ã˛°ˆÏÜ˛Ó˚ Ó,!k˛Ó˚ §ˆÏD xlƒ!ê˛Ó˚ °«˛î#Î˚ Ó,!k˛ Óy •…yˆÏ§Ó˚ ˆÜ˛yl ≤ÃÓîï˛y•z Î!ò ly ÌyˆÏÜ˛ñ ï˛ˆÏÓ Ó°y

•Î˚ ˆÎ ã˛°mˆÏÎ˚Ó˚ ÙˆÏôƒ ˆÜ˛ylG §•à!ï˛ ˆl•z– ~ˆÏ«˛ˆÏe ã˛°Ü˛ ò%!ê˛ §•à!ï˛ Ù%_´ (Uncorrelated) Ó°y •Î˚– xyÓyÓ˚

ã˛°Ü˛ ò%!ê˛Ó˚ ÙˆÏôƒ ˆÎ ôÓ˚ˆÏlÓ˚ §¡õˆÏÜ≈˛Ó˚ Ü˛Ìy Ó°y •ˆÏFSÈ ï˛y ˆÙyê˛yÙ%!ê˛Ë˛yˆÏÓ §Ó˚°ˆÏÓ˚áy §)ˆÏe ≤ÃÜ˛y¢ˆÏÎyàƒ– xÌ≈yÍ

ò%!ê˛ ã˛°ˆÏÜ˛Ó˚ §•à!ï˛ •ˆÏFSÈ ï˛yˆÏòÓ˚ ~Ü˛!ê˛Ó˚ ˛õ!Ó˚Óï≈˛ˆÏl xlƒ!ê˛Ó˚ §Ó˚°˜ÏÓ˚!áÜ˛ ˛õ!Ó˚Óï≈˛l¢#°ï˛y– ôlydÜ˛ §•à!ï˛Ó˚

ˆ«˛ˆÏe rxyÈüÈ~Ó˚ Ùyl ôlydÜ˛ •Î˚– xl%Ó˚*ˆÏ˛õñ }îydÜ˛ §•à!ï˛Ó˚ ˆ«˛ˆÏe rxy üÈ~Ó˚ Ùyl }îydÜ˛ •Î˚– ˛õ«˛yhs˝ˆÏÓ˚ñ

xÈüÈ§•à!ï˛Ó˚ ˆ«˛ˆÏe rxyÈüÈ~Ó˚ Ùyl ¢)lƒ •Î˚– ~•z ˆÎ !ï˛l≤ÃÜ˛yÓ˚ §•à!ï˛Ó˚ Ü˛Ìy Ó°y •ˆÏÎ˚ˆÏSÈ ï˛yÓ˚ ≤Ã!ï˛!ê˛ ˆ«˛ˆÏe

!ÓˆÏ«˛˛õî !ã˛ˆÏeÓ˚ xyÜ˛yÓ˚ ˆÎ ôÓ˚ˆÏlÓ˚ •Î˚ ï˛y !lˆÏã˛Ó˚ !ã˛ˆÏe ˆòáyl •°ÈüüüÈ

x 

y

x 

y

x 

y

ôlydÜ˛ §•à!ï˛ }îydÜ˛ §•à!ï˛ xÈüÈ§•à!ï˛

§•à!ï˛Ó˚ ÙyˆÏlÓ˚ G˛õÓ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚ ï˛yÓ˚ â!l¤˛ï˛yÓ˚ ˛õ!Ó˚Ùyî– í˛zòy•Ó˚î !•§yˆÏÓ ôlydÜ˛ §•à!ï˛Ó˚ Ü˛Ìy ôÓ˚y

ÎyÜ˛ xÌ≈yÍ rxyÈ 
üÈ~Ó˚ Ùyl Îál 0 ˆÌˆÏÜ˛ Óyí˛¸ˆÏï˛ Óyí˛¸ˆÏï˛ 1 ˛õÎ≈hs˝ •Î˚ñ ï˛ál â!l¤˛ï˛yÓ˚ ˆÎ ˛õ!Ó˚Óï≈˛l Ü˛Ó˚y •Î˚ ï˛y

çƒy!Ù!ï˛Ü˛ !ã˛ˆÏe !lˆÏã˛ ˆòáyˆÏly •°–
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x 

y 

r =
 + 1

x 

y 

r = 0.8
x 

y 

r = 0.6
x 

y 

r = 0.4

!ã˛e!ê˛ ˆÌˆÏÜ˛ ˛õ!Ó˚‹ÒyÓ˚ ˆÓyV˛y ÎyˆÏFSÈñ rxyÈüÈ~Ó˚ Ùyl Îï˛•z 0 ˆÌˆÏÜ˛ 1ÈüÈ~Ó˚ !òˆÏÜ˛ ÎyˆÏFSÈ ï˛ï˛•z ã˛°Ó˚y!¢ ò%Û!ê˛Ó˚

ÙˆÏôƒ â!l¤˛ï˛y Óyí˛¸ˆÏSÈ– xl%Ó˚*ˆÏ˛õñ }îydÜ˛ §•à!ï˛Ó˚ ÙylG Îál 0 ˆÌˆÏÜ˛ Ü˛ÙˆÏï˛ Ü˛ÙˆÏï˛ –1 ~Ó˚ !òˆÏÜ˛ ÎyÎ˚ñ ï˛ál

â!l¤˛ï˛yG e´ˆÏÙ Óyí˛¸ˆÏï˛ ÌyˆÏÜ˛– §•à!ï˛ §)ã˛ˆÏÜ˛Ó˚ Ùyl Îál +1 xÌÓy –1 •Î˚ñ ï˛ál §ÙhflÏ !Ó!«˛Æ !Ó®%=!° ~Ü˛•z

§Ó˚°ˆÏÓ˚áyÎ˚ xÓfliyl Ü˛ˆÏÓ˚–

8.4 §•àyB˛ (Correlation)

ÙˆÏl Ü˛Ó˚ñ ò%!ê˛ ã˛°Ü˛ (x, y)üÈ~Ó˚ ≤ÃˆÏï˛ƒˆÏÜ˛Ó˚ nÈüÈ§ÇáƒÜ˛ Ùyl •° (x1, y1), (x2, y2),......... (xn, yn)– ~ˆÏòÓ˚

ÙˆÏôƒ (xi, yi) • Ï̂FSÈ iÈüÈï˛Ù Óƒ!‹TÓ˚ x ~ÓÇ yÈüÈ~Ó˚ Ùyl– x ~ÓÇ yÈüÈ~Ó˚ ÙˆÏôƒ Ü˛y°≈ !˛õÎ˚yÓ˚§l (Karl Pearson)ÈüÈ~Ó˚

§•àyˆÏB˛Ó˚ §ÇK˛y åÎy rxy !òˆÏÎ˚ !ã˛!•´ï˛ Ü˛Ó˚y •Î˚ä •°ñ

§•àyB˛ = 
x y  ï ïïï ïïïïïïïïïïïïï

x × yïïïï ïïïïïïïïïï ïïïï ïïïïïïïïïï 

~áyˆÏl ò%Û!ê˛ ã˛°Ó˚y!¢ x ~ÓÇ yüÈ~Ó˚ §•ˆÏË˛òÙyl (Covariance) •° ˆË˛òÙylÈüÈ~Ó˚ xl%Ó˚*˛õ ˛õ!Ó˚Ùy˛õ– !Ü˛v

ˆË˛òÙyl ˆÎÙl ~Ü˛!ê˛ ã˛°ˆÏÜ˛Ó˚ ˆ«˛ˆÏe ≤ÃˆÏÎyçƒñ §•ˆÏË˛òÙyl ˆï˛Ùl ò%!ê˛ ã˛°ˆÏÜ˛Ó˚ §•!Óã%˛ƒ!ï˛ ˛õ!Ó˚ÙyˆÏ˛õÓ˚ çlƒ

≤ÃˆÏÎ˚yçƒ–

§%ï˛Ó˚yÇñ

§•àyB˛ 
 

   

   

n
i i

i 1
xy n n2 2

i i
i 1 i 1

1 x x y yn
r

1 1x x y yn n



 

 



 



 

= 

n
i i

i 1
2 2 2 2
i i

1 x y x yn

1 1x x y yn n




 



 
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= 
i i

2 2 2 2
i i

x y n.x y

x nx y ny



 


 

= 
i i

x y

1 x y x ·yn
s ·s



8.4.1 §•àyB˛ (rxy)ÈÈüÈ~Ó˚ Ü˛ˆÏÎ˚Ü˛!ê˛ ôÙ≈ (Properties of Corrclation Coefficient, rxy)

(i) §•àyB˛ (rxy)  ~Ü˛!ê˛ !Ó÷k˛ §Çáƒy xÌ≈yÍ x ~ÓÇ y ˆÎ ~Ü˛Ü˛ !òˆÏÎ˚•z ≤ÃÜ˛y¢ Ü˛Ó˚y ˆ•yÜ˛ ly ˆÜ˛lñ §•àyB˛

ï˛yÓ˚ ≤ÃË˛yÓ ˆÌˆÏÜ˛ §¡õ)î≈ Ù%_´–

(ii) §•àyB˛ñ rxyÈüÈ~Ó˚ §Ó≈!l¡¨ Ùyl – 1 ~ÓÇ §ˆÏÓ≈yFã˛ Ùyl + 1 xÌ≈yÍñ  – 1 # rxy # + 1

≤ÃÙyî ≠ ÙˆÏl Ü˛Ó˚ñ x G y ò%•z!ê˛ ã˛°Ü˛ ~ÓÇ (x1, y1), (x2, y2),........... (xn, yn ) í˛z•yˆÏòÓ˚ nÈüÈˆçyí˛¸y Ùyl–

x , x  í˛z•yˆÏòÓ˚ àí˛¸mÎ˚ ~ÓÇ sx, sy í˛z•yˆÏòÓ˚ §ÙƒÜ˛ !Óã%˛ƒ!ï˛mÎ˚–

ÙˆÏl Ü˛ˆÏÓ˚yñ 
i

i
x

x xu s


  ~ÓÇ 
i

i
y

y yv s




ï˛y•ˆÏ°ñ 

2
2 i
i

x

x xu s
   

 
   = 

 2i
2
x

x x

s


 = 

2
x

2
x

ns
s

= n

xl%)Ó˚*˛õñ 

2
2 i
i

y

y yv ns
 

  
 

 

xyÓyÓ˚ñ 
i i

i i
x y

x x y yv u s s
      

  
   = 

   xy x yi 1
xy

x y x y

nr s sx x y y
n.rs s s ·s

 
 

ˆÎˆÏ•ï%˛ (ui + vi)2 Ü˛álG }îydÜ˛ •ˆÏï˛ ˛õyˆÏÓ˚ lyñ ï˛y•z  2i iu v 0 

 2i iu v 0 

Óyñ 2 2
i i i iu v 2 u v 0    

Óyñ xyn n 2nr 0  
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Óyñ xyr 1  .... (*)

xl%Ó˚*ˆÏ˛õñ ˆÎˆÏ•ï%˛ (ui – vi)2 Ü˛álG }îydÜ˛ •ˆÏï˛ ˛õyˆÏÓ˚ lyñ ï˛y•z

 2i iu v 0 

Óyñ 2 2
i i i iu v 2 u v 0    

Óyñ xyn n 2nr 0  

Óyñ xyr 1 ... (**)

xy1 r 1  

(iii) x G yüÈ~Ó˚ Ù)°!Ó®% G ÙyeyÓ˚ (Origin and Scale) ˛õ!Ó˚Óï≈˛ˆÏl §•àyD (rxy)ÈüÈ~Ó˚ ÙyˆÏlÓ˚ ˛õ!Ó˚Óï≈˛l

•Î˚ lyñ Î!ò ÙyeymÎ˚ §Ù!ã˛•´ !Ó!¢‹T •Î˚– Î!ò ÙyeymÎ˚ !Ó˛õÓ˚#ï˛ !ã˛•´ !Ó!¢‹T •Î˚ñ ï˛ˆÏÓ lï%˛l ã˛°mˆÏÎ˚Ó˚ §•àyD ˛õ)ˆÏÓ≈y_´

§•àyˆÏB˛Ó˚ !Ó˛õÓ˚#ï˛ !ã˛•´Î%_´ •Î˚–

xÌ≈yÍ Î!ò 
x au b
  ~ÓÇ 

y cv d
  •Î˚ ï˛ˆÏÓñ

ruv
 = rxy

 Î!ò b G d ~Ü˛•z !ã˛•´!Ó!¢‹T •Î˚–

=  – rxy Î!ò b G d !Ó˛õÓ˚#ï˛ !ã˛•´!Ó!¢‹T •Î˚–

≤ÃÙyî ≠ ÙˆÏl Ü˛ˆÏÓ˚ñ x G y ò%!ê˛ ã˛°Ü˛ G (x1, y1), (x2, y2), ........ (xn, yn) í˛z•yˆÏòÓ˚ nÈüÈˆçyí˛¸y Ùyl– ~ál

x G yÈüÈ~Ó˚ Ù)°  a G c !Ó®%ˆÏï˛ ~ÓÇ ÙyeymÎ˚ b G d ˛õ!Ó˚Ùyî ˛õ!Ó˚Óï≈˛l Ü˛Ó˚y •°–

ï˛y•ˆÏ°ñ i
i

x au b


  ~ÓÇ i
i

y cv d


 .... (A)

(A) ˆÌˆÏÜ˛ ˛õy•zñ xi = a + bui ~ÓÇ yi = c + dvi

ï˛y•ˆÏ°ñ x a bu   ~ÓÇ y a dv 

2
2 2 2 2 2 2
x i i 1 u

1 1 bs (x x) (a bu a bu) (u u) b s
n n n

          

∴  sx = | b |su
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xl%Ó˚*ˆÏ˛õñ sy = | d |sv

~álñ        i i i i
1 1x x y y a bu a bu c dv c dvn n         

=  i i
1bd u u (v v)n  

∴
   i 1

xy
x y

1 x x y ynr s s
 




= 
  i 1

u v

1 u u v vbd n·| b |·| d | s ·s

 

= uv
bd ·r| b |·| d |

∴ uv xy
| b |·| d |r ·fbd

∴ ruv= rxy
 Î!ò b G d  §Ù!ã˛•´ !Ó!¢‹T •Î˚–

= – rxy
 Î!ò b  G d !Ó˛õÓ˚#ï˛ !ã˛•´!Ó!¢‹T •Î˚–

í˛zòy•Ó˚î 1É ˆÜ˛ylG ÓyçyˆÏÓ˚ ˛õÓ˚˛õÓ˚ 4 §ÆyˆÏ• xy°%Ó˚ òÓ˚ (x) G !Óe´Î˚ ˛õ!Ó˚Ùyî (y) §Çe´yhs˝ ï˛Ìƒ ˆòGÎ˚y

xyˆÏSÈ– òÓ˚ G !Óe´Î˚ ˛õ!Ó˚ÙyˆÏîÓ˚ ÙˆÏôƒ §•àyˆÏB˛Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚ ~ÓÇ ˆï˛yÙyÓ˚ Ùï˛yÙï˛ !òl–

x åê˛yÜ˛y/ˆÜ˛!çä 5.2 6.3 6.8 6.5 5.8 5.4 6.0 6.5

y åÜ%˛•zrê˛ƒy°ä 19.4 17.0 15.1 16.2 17.8 19.5 16.5 15.2

§Ùyôyl ≠ §•àyB˛ !lî≈ˆÏÎ˚Ó˚ çlƒ àîly Ü˛yÎ≈ ≠

§Æy• ˆÜ˛!ç ≤Ã!ï˛ òÓ˚ åê˛yÜ˛yÎ˚ä !Óe´Î˚ ˛õ!Ó˚Ùyî åÜ%˛/ä ui = xi – 6 vi = yi = 18 2
1u 2

1v uivi

(xi) (yi)
1 5.2 19.4 – 0.8   1.4 0.64 1.96 – 1.12
2 6.3 17.0   0.3 – 1.0 0.09 1.00 – 0.30
3 6.8 15.1   0.8 – 2.9 0.64 8.41 – 2.32
4 6.5 16.2   0.5 – 1.8 0.25 3.24 – 0.90
5 5.8 17.8 – 0.2 – 2.0 0.04 0.04    0.04
6 5.4 19.5 – 0.6   1.5 0.36 2.25 – 0.90
7 6.0 16.5   0.0 – 1.5 0.00 2.25 – 0.00
8 6.5 15.2   0.5 – 2.8 0.25 7.84 – 1.40

ˆÙyê˛ — — 0.5 – 7.3 2.27 26.99 – 6.90
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Î!ò x G y üÈ~Ó˚ §•àyB˛ rxy •Î˚ñ ï˛ˆÏÓ

   

     
i i i i

xy uv 2 22 2
i i i i

n u v u v
r r

n u u n v v


 

 

  

   

= 
     

     2 2

8 6.9 0.5 7.3

8 2.27 0.5 8 26.99 7.3

   

    

= 51.55 0.9554.232 12.753  


!lˆÏî≈Î˚ §•àyˆÏB˛Ó˚ Ùyl á%Ó ˆÓ!¢ñ xyÓyÓ˚ í˛z•yÓ˚ ôlydÜ˛ ÓˆÏ° ~ê˛y flõ‹T ˆÎñ xy°%Ó˚ ˆÜ˛!ç ≤Ã!ï˛ òÓ˚ Óyí˛¸ˆÏ°

!Óe´Î˚ ˛õ!Ó˚Ùyî Ü˛ÙˆÏÓ ~ÓÇ ã˛°Ü˛ ò%!ê˛Ó˚ §¡õÜ≈˛ }îydÜ˛ ì˛y° §• ≤ÃyÎ˚ }ç%˜ÏÓ˚!áÜ˛–

8.5 !lË≈˛Ó˚l ï˛_¥ (Regression Theory)

xˆÏlÜ˛ §ÙÎ˚ ˆòáy ÎyÎ˚ñ ò%!ê˛ ã˛°ˆÏÜ˛Ó˚ ÙˆÏôƒ ~Ü˛!ê˛ x˛õÓ˚!ê˛Ó˚ G˛õÓ˚ ˆÜ˛ylG ly ˆÜ˛ylË˛yˆÏÓ !lË≈˛Ó˚¢#°–

ˆÎÙlÈüüüÈÙ%lyÊ˛yÓ˚ ˛õ!Ó˚Ùyî !lË≈˛Ó˚ Ü˛ˆÏÓ˚ !Óe´ˆÏÎ˚Ó˚ ˛õ!Ó˚ÙyˆÏîÓ˚ G˛õÓ˚– ˆÜ˛ylG ˛õ!Ó˚ÓyˆÏÓ˚ ÓƒÎ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚ ˛õ!Ó˚ÓyˆÏÓ˚Ó˚

ˆÙyê˛  xy Ï̂Î˚Ó˚ G˛õÓ˚ •zï˛ƒy!ò– ~•z !lË≈̨ Ó˚¢#°ï˛yÓ˚ Ü˛Ìy Ù Ï̂l ˆÓ˚̂ Ïáñ ˆÎ ã˛°Ü˛!ê˛ x˛õÓ˚ ã˛°Ü˛!ê˛Ó˚ G˛õÓ˚ !lË≈̨ Ó˚ Ü˛Ó˚̂ ÏSÈ

ˆ§!ê˛ˆÏÜ˛ !lË≈˛Ó˚# Óy xô#l ã˛°Ü˛ (dependent variable) ~ÓÇ x˛õÓ˚!ê˛ fl∫!lË≈˛Ó˚ Óy xl˛ˆÏ˛õ«˛ Óy fl∫yô#l ã˛°Ü˛

(independent variable)  Ó Ï̂°– ~•z !lË≈̨ Ó˚ï˛yÓ˚ ˛õ!Ó˚̂ Ï≤Ã!«˛ Ï̂ï˛ fl∫!lË≈̨ Ó˚ ã˛°Ü˛!ê˛Ó˚ Ùyl §¡õ Ï̂Ü≈̨  ˆÜ˛ylG K˛yï˛ ï˛Ìƒ

ˆÌˆÏÜ˛ !lË≈˛Ó˚# ã˛°Ü˛!ê˛Ó˚ Ùyl §¡õˆÏÜ≈˛ Ó˚y!¢!ÓK˛yl §¡øï˛ G !lË≈˛Ó˚ˆÏÎyàƒ ˆÜ˛ylG xl%Ùyl Ü˛Ó˚y ÎyÎ˚ !Ü˛ly  ˆ§ê˛y•z

xyÙy Ï̂òÓ˚ ≤Ãôyl í ẑ̨ Ïj¢ƒ–

ÙˆÏl Ü˛Ó˚ñ x •ˆÏFSÈ ~Ü˛!ê˛ fl∫yô#l Óy xlˆÏ˛õ«˛ ã˛°Ü˛ G y xyÓ˚ ~Ü˛!ê˛ ã˛°Ü˛– ~ál x ~ÓÇ yÈüÈ~Ó˚ !lË≈˛Ó˚ï˛y

xl%Ùyl Ü˛Ó˚yÓ˚ í z̨̨ õyÎ˚ • Ï̂ã˛SÈ xÈüÈ~Ó˚ Ùy Ï̂lÓ˚ ˛õ!Ó˚Óï≈̨ Ï̂lÓ˚ § Ï̂D § Ï̂D yÈüÈ~Ó˚G Ùy Ï̂lÓ˚ ˛õ!Ó˚Óï≈̨ l • Ï̂FSÈ !Ü˛ly ˆòáy– Î!ò

ã˛°Ü˛mˆÏÎ˚Ó˚ ÙˆÏôƒ ˆÙyê˛yÙ%!ê˛ §Ó˚°˜ÏÓ˚!áÜ˛ §¡õÜ≈˛ ÌyˆÏÜ˛ ï˛ˆÏÓ xyÙÓ˚y Ó!° í˛z•yˆÏòÓ˚ ÙˆÏôƒ §Ó˚° !lË≈˛Ó˚l (Simple
regression) xy Ï̂SÈ– Î!òG ≤ÃÜ,̨ ï˛ !lË≈̨ Ó˚̂ ÏlÓ˚ fl∫Ó˚*˛õ!ê˛ xl%Ùyl Ü˛Ó˚y ˆÓ¢ Ü˛!ë˛lñ y = a + bx, ˆÎáy Ï̂l a G b ò%!ê˛

ô &ÓÜ˛ñ ˆÓ˚áy!ê˛ˆÏÜ˛ xÈüÈ~Ó˚ í˛z˛õÓ˚ yÈüÈ~Ó˚ !lË≈˛Ó˚î ˆÓ˚áy !•§yˆÏÓ ôÓ˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚–

(x , y )1 1
e1

y1

Y1

x  

 
 



y
y = a + bx
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í˛z˛õˆÏÓ˚y_´ !ÓˆÏ«˛˛õî !ã˛e!ê˛ ˆòˆÏá xyÙÓ˚y xÈüÈ~Ó˚ í˛z˛õÓ˚ y ÈüÈ~Ó˚ ~Ü˛!ê˛ !lË≈˛Ó˚î §Ó˚°ˆÏÓ˚áy (Regression fine)
!lî≈Î˚ Ü˛Ó˚!SÈ– (xi,yi), i = 1, 2, ............ n ˆ°á!ã˛ˆÏeÓ˚ ÙˆÏôƒ !Ó!«˛Æ !Ó®%=!° •° (x, y) ˆçyí˛¸y ÙyˆÏlÓ˚ §¡õÜ≈˛

K˛yï˛ Ó˚y!¢–

~áy Ï̂lñ

yi
 = xÈüÈxˆÏ«˛Ó˚ xi fliyˆÏl yÈüÈ~Ó˚ K˛yï˛ Ó˚y!¢–

Yi
 = xÈüÈxˆÏ«˛Ó˚ xi fliyˆÏl y-~Ó˚ xl%!Ùï˛ Ó˚y!¢–

~ÓÇ

yi= Yi + ei

= a + bxi + ei .... (1)

ˆÎáyˆÏlñ ei •° xi !Ó®%ˆÏï˛ yÈüÈ~Ó˚ K˛yï˛ G xK˛yï˛ Ó˚y!¢Ó˚ ÙˆÏôƒ ò)Ó˚c–

~ˆÏ«˛ˆÏe °«˛î#Î˚ ˆÎñ (1) lÇ §Ù#Ü˛Ó˚ˆÏî a ~ÓÇ b ò%!ê˛ xK˛yï˛ Ó˚y!¢– Ü˛yˆÏç•z lÙ%ly°∏˛ Ó˚y!¢ï˛ˆÏÌƒÓ˚ !Ë˛!_ˆÏï˛

~ˆÏòÓ˚ ò%!ê˛ ≤ÃyÜ‰˛Ü˛°Ü˛ (estimate) !lî≈Î˚ Ü˛Ó˚y òÓ˚Ü˛yÓ˚– ≤ÃyÜ‰˛Ü˛°Ü˛ !lî≈ˆÏÎ˚ ˆÎ l#!ï˛ xl%§Ó˚î Ü˛Ó˚y •Î˚ ï˛yˆÏÜ˛ °!â¤˛

Óà≈ ˛õk˛!ï˛ (method of least squares) ÓˆÏ°– ~•z ˛õk˛!ï˛ˆÏï˛ a G bÈüÈ~Ó˚ Ùyl ~ÙlË˛yˆÏÓ !lî≈Î˚ Ü˛Ó˚y •Î˚ ÎyˆÏï˛

(xi, yi) ~ÓÇ (xi, Yi) !Ó®%=!°Ó˚ ò)Ó˚c §yÙ!@˝ÃÜ˛Ë˛yˆÏÓ Ü˛Ù •Î˚– xÌ≈yÍ a G b ~ÙlË˛yˆÏÓ ˆÓˆÏSÈ ˆlGÎ˚y •Î˚ ÎyˆÏï˛

 
n n 22 2

1 i i
i 1 i 1

e e y a bx
 

    

§Ó≈yˆÏ˛õ«˛y Ü˛Ù •Î˚ ~•z •° °!â¤˛ ˛õk˛!ï˛– ~•z ˛õk˛!ï˛ˆÏï˛ ˆÎ ò%!ê˛ ˆÙÔ° Óy §%§¡∫k˛ §Ù#Ü˛Ó˚î (Normal
equatons) §Ùyôyl Ü˛ˆÏÓ˚ a ~ÓÇ bÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚y •Î˚ ˆ§=!° •° ≠

iy ina b x   ... (2)

i i
2

x y i ia x b x    ... (3)

§Ù#Ü˛Ó˚î (2) G (3)ÈüÈ~Ó˚ a ~ÓÇ b SÈyí˛¸y §ÙhflÏ Ó˚y!¢ çyly xyˆÏSÈ– ï˛y•z x!ï˛ §•ˆÏç•z a ~ÓÇ bÈüÈ~Ó˚ Ùyl

ˆÓÓ˚ Ü˛Ó˚y Îy Ï̂Ó ~ÓÇ ˆ§=!° •° ≠

i i
2 2
i

x y nx.yb̂
x nx






 ... (4)

ˆâ y bx  ... (5)

â ~ÓÇ b̂  •° °!â¤˛ àí˛¸ ˛õk˛!ï˛ˆÏï˛ !lî≈Î˚ Ü˛Ó˚y a ~ÓÇ bÈüÈ~Ó˚ ≤ÃyÜ˛Ü˛!°ï˛ (estimated) Ùyl–
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xl%Ó˚*ˆÏ˛õñ x Î!ò yÈüÈ~Ó˚ G˛õÓ˚ !lË≈˛Ó˚¢#° ã˛°Ü˛ •Î˚ñ ï˛ˆÏÓ xyÙÓ˚y yÈüÈ~Ó˚ í˛z˛õÓ˚ xÈüÈ~Ó˚ ~Ü˛!ê˛ !lË≈˛Ó˚l §Ó˚°ˆÏÓ˚áyÓ˚

Ü˛Ìy Ë˛yÓˆÏï˛ ˛õy!Ó˚– ôÓ˚y ÎyÜ˛ñ ˆ§!ê˛ •°ÈüüüÈ

x = c + dy ....... (6)

~ál xÈüÈ~Ó˚ K˛yï˛ Ó˚y!¢Ó˚ §yˆÏÌ xl%!Ùï˛ Ó˚y!¢Ó˚ ò)Ó˚c !lˆÏÎ˚ ˆ§=!°Ó˚ í˛z˛õÓ˚ °!â¤˛ Óà≈ ˛õk˛!ï˛ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ c
~ÓÇ dÈüÈ~Ó˚ ≤ÃyÜ‰˛Ü˛°Ü˛ !lî≈Î˚ Ü˛Ó˚y ÎyˆÏÓ ~ÓÇ ˆ§=!° •°ÈüüüÈ

i i
2 2
i

x y nx·y
d̂

y ny






                    ......... (7)

~ÓÇ ˆĉ x dy                                .......... (8)

8.5.1 !lË≈˛Ó˚ˆÏlÓ˚ Ü˛ˆÏÎ˚Ü˛!ê˛ ôÙ≈

(a) (i) xÈüÈ~Ó˚ í˛z˛õÓ˚ y-~Ó˚ xl%!Ùï˛ !lË≈˛Ó˚l §Ó˚°ˆÏÓ˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î •° ≠

 yxy y b x x               .......... (9)

ˆÎáyˆÏl byx •° x-~Ó˚ í˛z˛õÓ˚ y-~Ó˚ !lË≈˛Ó˚yB˛ ~ÓÇ

byx = i i
2 2 2
x i

x y nx ycov(x, y)
s x nx








    .......... (10)

(ii) yÈüÈ~Ó˚ í˛z˛õÓ˚ xÈüÈ~Ó˚ xl%!Ùï˛ !lË≈˛Ó˚l §Ó˚°ˆÏÓ˚áyÓ˚ §Ù#Ü˛Ó˚î •° ≠

 xyx x b y y       .......... (11)

ˆÎáyˆÏl bxy 
 •° yÈüÈ~Ó˚ í˛z˛õÓ˚ xÈüÈ~Ó˚ !lË≈˛Ó˚yB˛

~ÓÇ 
i i

xy 2 2 2
y i

x , y nx.ycov(x, y)b
s y ny


 





   .......... (12)

(b) rxy, bxy ~ÓÇ byxüÈ~Ó˚ !ã˛•´ §Ó≈òy ~Ü˛•z •Î˚–

(c) bxy × byx
 = r2

xy

(d) xÈüÈ~Ó˚ í˛z˛õÓ˚ yÈüÈ~Ó˚ ~ÓÇ yÈüÈ~Ó˚ í˛z˛õÓ˚ xÈüÈ~Ó˚ !lË≈˛Ó˚l §Ó˚°ˆÏÓ˚áy ò%!ê˛  x, y  !Ó®%ˆÏï˛ ˆSÈò Ü˛ˆÏÓ˚–

(d) Îál xyr 1,   ï˛ál !lË≈˛Ó˚l §Ó˚°ˆÏÓ˚áy ò%!ê˛ x!Ë˛ß¨ ˆÓ˚áyˆÏï˛ Ó˚*˛õyhs˝!Ó˚ï˛ •Î˚–

(f) Îál rxy = 0 ñ ï˛ál !lË≈˛Ó˚l §Ó˚°ˆÏÓ˚áy ò%!ê˛ ˛õÓ˚flõÓ˚ °¡∫ •Î˚– xÌ≈yÍ ~Ü˛!ê˛ ã˛°Ü˛ x˛õÓ˚ ã˛°ˆÏÜ˛Ó˚ myÓ˚y

ˆÜ˛ylGË˛yˆÏÓ•z ≤ÃÓy!Óï˛ •Î˚ ly–
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í˛zòy•Ó˚î 2É !l¡¨!°!áï˛ Ó˚y!¢ï˛Ìƒ ˆÌˆÏÜ˛ !lË≈˛Ó˚l §Ó˚°ˆÏÓ˚áy ò%!ê˛ !lî≈Î˚ Ü˛Ó˚–

!Óe´Î˚Ù)°ƒ åê˛yÜ˛yÎ˚ä 91 97 108 121 67 124 51 73 111 57

e´Î˚Ù)°ƒ åê˛yÜ˛yÎ˚ä 71 75 69 97 70 91 39 61 80 47

§Ùyôyl ≠ ÙˆÏl Ü˛Ó˚ñ !Óe´Î˚Ù)°ƒˆÏÜ˛ xÈüÈã˛°Ü˛ G e´Î˚Ù)°ƒˆÏÜ˛ yÈüÈã˛°Ü˛ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •° ≠

!lË≈˛Ó˚l §Ó˚°ˆÏÓ˚áy !lî≈ˆÏÎ˚Ó˚ àîly Ü˛yÎ≈ ≠

x y u = x – x– v = y – y– u2 v2 uv

91 71 1 1 1 1 1
97 75 7 5 49 25 35

108 69 18 – 1 324 1 – 18
121 97 31 27 961 729 837

67 70 – 23 0 529 0 0
124 91 34 21 1156 441 714

51 39 – 39 – 31 1521 961 1209
73 61 – 17 – 9 289 81 153

111 80 21 10 441 100 210
57 47 – 33 – 23 1084 529 759

ˆÙyê˛ 900 700 0 0 6360 2868 3900

~ál
x 900x 90n 10    ~ÓÇ 

y 700y 70n 10  

  
 

yx 2
x x y y

b
x x

 





  = 2

uv
u


  = 3900

6360 = 0.6132

   
 

xy 2
x x x y

b
y y

 





  = 2

uv
v




 = 3900
2868 = 1.361

~«˛ˆÏîñ xÈüÈ~Ó˚ í˛z˛õÓ˚ yÈüÈ~Ó˚ !lË≈˛Ó˚l §Ó˚°ˆÏÓ˚áy!ê˛ •° ≠

yxy y b (x x)  

= 70 + 0.6132 (x – 90)
= 14.812 + 0.6132x

~ÓÇ yÈüÈ~Ó˚ í˛z˛õÓ˚ xÈüÈ~Ó˚ !lË≈˛Ó˚l §Ó˚°ˆÏÓ˚áy!ê˛ •° ≠

 xyx x b y y    = 90 + 1.361 (y – 70) = – 5.27 + 1.361 y
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í˛zòy•Ó˚î 3É l#ˆÏã˛ 7!ê˛ ¢•ˆÏÓ˚ ̂ °yÜ˛§Çáƒy (x)üÈ~Ó˚ !ê˛É!Ë˛É ̂ §ˆÏê˛Ó˚ ã˛y!•òy (y)ÈüÈ~Ó˚ ï˛Ìƒ ̂ òGÎ˚y •°– xÈüÈ~Ó˚ í˛z˛õÓ˚

yÈüÈ~Ó˚ !lË≈̨ Ó˚l §Ó˚° Ï̂Ó˚áy!ê˛ !lî≈Î˚Ü˛Ó˚– ̂ Î ¢• Ï̂Ó˚Ó˚ ̂ °yÜ˛§Çáƒy 30  •yçyÓ˚ñ ̂ Îáy Ï̂l xl%!Ùï˛ Ü˛ï˛Ü˛=!° !ê˛É !Ë˛É ̂ § Ï̂ê˛Ó˚

ã˛y!•òy ÌyÜ˛ˆÏÓ⁄

ˆ°yÜ˛§Çáƒy (x) 11 14 14 17 17 21 25
(‘000)

!ê˛É !Ë˛É ˆ§ˆÏê˛Ó˚ ã˛y!•òy (y) 15 27 27 30 34 38 46
(‘00)

§Ùyôyl ≠ xÈüÈ~Ó˚ í˛z˛õÓ˚ yÈüÈ~Ó˚ !lË≈˛Ó˚l §Ó˚°ˆÏÓ˚áy !lî≈ˆÏÎ˚Ó˚ çlƒ àîly Ü˛yÎ≈ ≠

¢•Ó̊ xi yi i iu x x  i iv y y  2
iu uivi

1 11 15 6 – 16 36 96
2 14 27 – 3 – 4 9 12
3 14 27 – 3 – 4 9 12
4 17 30 0 – 1 0 0
5 17 34 0 3 0 0
6 21 38 4 7 16 28
7 25 46 8 15 64 120

ˆÙyê˛ 119 217 0 0 134 268

~álñ ix 119x 17n 7  
 ~ÓÇ iy 217y 31n 7  

  
 

i i
yx 2

i

x x x y
b

x x

 





 = 

i i
2
i

u v
u


 = 268 2134 

~ˆÏ«˛ˆÏe xÈüÈ~Ó˚ í˛z˛õÓ˚ yÈüÈ~Ó˚ !lË≈˛Ó˚l §Ó˚°ˆÏÓ˚áy!ê˛ •°ñ

 yxy y b x x  

= 31 + 2(x – 17)
= – 3 + 2x

ï˛y•ˆÏ°ñ x = 30 •ˆÏ°ñ yÈüÈ~Ó˚ xl%!Ùï˛ Ùyl •ˆÏÓñ

y =  – 3 + 2 × 30 = 57

§%ï˛Ó˚yÇñ 30 •yçyÓ˚ ˆ°yÜ˛§Çáƒy !Ó!¢‹T ¢•ˆÏÓ˚ xl%!Ùï˛ 5700 !ê˛É !Ë˛É ˆ§ˆÏê˛Ó˚ ã˛y!•òy ÌyÜ˛ˆÏÓ–



NSOU  NEC-MG-04 163

í˛zòy•Ó˚î 4 ≠ x ÈüÈã˛°ˆÏÜ˛Ó˚ ˆË˛òÙyl 9 ~ÓÇ !lË≈˛Ó˚ˆÏlÓ˚ §Ù#Ü˛Ó˚îmÎ˚ 8x – 10y + 66 = 0 ~ÓÇ 40x – 18y
= 214 •ˆÏ°ñ (i) x ~ÓÇ yÈüÈ~Ó˚ àí˛¸ (ii) x G y ÈüÈ~Ó˚ §•àyB˛ ~ÓÇ (iii) y ã˛°ˆÏÜ˛Ó˚ ≤ÃÙyî !Óã%˛ƒ!ï˛Ó˚ Ùyl !lî≈Î˚

Ü˛Ó˚&l–

§Ùyôyl ≠ (i) xyÙÓ˚y çy!lñ !lË≈˛Ó˚ˆÏlÓ˚ §Ù#Ü˛Ó˚îmÎ˚  x, y !Ó®%ˆÏï˛ ˆSÈò Ü˛ˆÏÓ˚– §%ï˛Ó˚yÇñ ≤Ãò_ §Ù#Ü˛Ó˚îmÎ˚

§Ùyôyl Ü˛ˆÏÓ˚ x G yÈüÈ~Ó˚ àí˛¸ Ùyl xÌ≈yÍ x  G y ÈüÈ~Ó˚ Ùyl ˛õyGÎ˚y ÎyˆÏÓ–

~áy Ï̂l §Ù#Ü˛Ó˚îmÎ˚ •° ≠

8x – 10y + 66 = 0 Óyñ 4x – 5y = – 33 ... (1)
40x – 18y = 214 Óyñ 20x – 9y = 107 ... (2)
(2) ˆÜ˛ (1) §Ù#Ü˛Ó˚̂ ÏîÓ˚ 5 =î ˆÌˆÏÜ˛ !ÓˆÏÎ˚yà Ü˛ˆÏÓ˚ñ

20x – 25y = – 165
20x – 9y = + 107
– + –
 – 16y = – 272

Óyñ y = 17
~ál yÈüÈ~Ó˚ Ùyl (1) ÈüÈ~ Ó!§ˆÏÎ˚ ˛õy•zñ

4x – 5 × 17  = – 33
Óyñ x = 13

§%ï˛Ó˚yÇñ x G y ã˛°Ü˛mˆÏÎ˚Ó˚ àí˛¸ Ùyl ÎÌye´ˆÏÙ 13 G 17É

(ii) §Ù#Ü˛Ó˚î (1) ˆÌˆÏÜ˛ ˛õy•zñ

4x 33y 5 5  ...... (3)

~ÓÇ §Ù#Ü˛Ó˚î (2) ˆÌˆÏÜ˛ ˛õy•zñ

9y 107x 20 20  ... (4)

Ù Ï̂l Ü˛Ó˚ñ §Ù#Ü˛Ó˚î (3) •° xÈüÈ~Ó˚ í˛z˛õÓ˚ yÈüÈ~Ó˚ !lË≈˛Ó˚l §Ó˚°ˆÏÓ˚áy ~ÓÇ §Ù#Ü˛Ó˚î (4) •° yÈüÈ~Ó˚ í˛z˛õÓ˚

x-~Ó˚  !lË≈˛Ó˚l §Ó˚°ˆÏÓ˚áy–

ï˛y•ˆÏ°ñ yx
4b 5  ~ÓÇ xy

9b 20

§%ï˛Ó˚yÇñ x ~ÓÇ yÈüÈ~Ó˚ §•àyB˛ÈüÈ~Ó˚ Óà≈ xÌ≈yÍ 
2
xy yx xy

4 9 9r b b 5 20 25    

xÌ≈yÍñ xy
3r 0.65   
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ˆÎˆÏ•ï%˛ bxy ~ÓÇ byx í˛zË˛ˆÏÎ˚•z ôlydÜ˛ñ ï˛y•z rxy ~Ó˚ Ùyl ôlydÜ˛ • Ï̂Ó–

§%ï˛Ó˚yÇ !lˆÏî≈Î˚ §•àyB˛ (rxy)üÈ~Ó˚ Ùyl 0.6
(iii) xÈüÈ~Ó˚ ˆË˛òÙyl 9, ≤Ãò_

xyÓyÓ˚ñ 
y

yx xy
x

s
b r ·s

Óyñ
ys4 3

5 5 3  [∴ sy
2 = 9 xÌ≈yÍ sx = 3]

Óyñ sy = 4
§%ï˛Ó˚yÇñ yÈüÈ~Ó˚ ≤ÃÙyî !Óã%̨ ƒ!ï˛ •° 4–

8.6 Ùyle´!ÙÜ˛ §•à!ï˛ (Rank Correlation)

ˆÜ˛ylG ˆÜ˛ylG §ÙÎ˚ ˆòáy ÎyÎ˚ñ ˆÎ ò%!ê˛ !Ë˛ß¨ ã˛y!Ó˚!eÜ˛ ˜Ó!¢‹Tƒ !lˆÏÎ˚ xyˆÏ°yã˛ly Ü˛Ó˚ˆÏï˛ •ˆÏÓ ˆ§=!° §Ó§ÙÎ˚

§Çáƒy ˆÎyˆÏà ˛õ!Ó˚Ùy˛õˆÏÎyàƒ lÎ˚ñ !Ü˛v Ùyle´!ÙÜ˛ (rank)ÈüÈ~ §yçyˆÏly ÎyÎ˚– ˆÎÙlÈüüüÈ!¢«˛yÓ˚ ÙylÈüüüÈ§ï˛ï˛yñ

≤Ã!ï˛Ë˛yüüüÈ!¢“ˆÏÓyôñ !¢«˛yÓ˚ÙylÈüüüÈxyò¢≈ •zï˛ƒy!ò ã˛y!Ó˚!eÜ˛ ˜Ó!¢‹Tƒ=!° §Çáƒy !òˆÏÎ˚ ˛˛õ!Ó˚Ùy˛õ ˆÎyàƒ lÎ˚ñ !Ü˛v

~=!°ˆÏÜ˛ ÙyˆÏlÓ˚ e´Ùyl%§yˆÏÓ˚ §yçyˆÏly §Ω˛Ó– ~•z§Ü˛° ˆ«˛ˆÏe Ü˛y°≈ !˛õÎ˚y§lÈüÈ~Ó˚ §•àyB˛üÈ~Ó˚ §y•yˆÏÎƒ ˜Ó!¢‹Tƒ

ò%!ê˛Ó˚ ÙˆÏôƒ §ÇflÀÓ ˛õ!Ó˚Ùy˛õ x§Ω˛Ó– ~ˆÏ«˛ˆÏe xyÙÓ˚y ~Ü˛!ê˛ lï%˛l ôÓ˚ˆÏlÓ˚ Ùy˛õlyB˛ (Coefficient) ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚

~ˆÏòÓ˚ ÙˆÏôƒ §ÇflÀÓ ˛õ!Ó˚ÙyˆÏ˛õÓ˚ ˆã˛‹Ty Ü˛!Ó˚– ~Ó˚Ü˛Ù Ùy˛õlyB˛ˆÏÜ˛ Ùyle´!ÙÜ˛ §•àyB˛ (Rank Correlation) Ó°y

•Î˚– ~•z ˛õ!Ó˚ˆÏFSÈˆÏòñ !Ó !ê˛¢ §Çáƒyï˛_¥!Óò !flõÎ˚yÓ˚Ùƒyl (Spearman)ÈüÈ~Ó˚ Ùyle´!ÙÜ˛ §•àyˆÏB˛Ó˚ !Ó£ÏÎ˚ !Ó¢òË˛yˆÏÓ

xyˆÏ°yã˛ly Ü˛Ó˚y Ü˛Ó˚y •ˆÏÓ–

ÙˆÏl Ü˛Ó˚ñ A G B ò%!ê˛ ã˛y!Ó˚!eÜ˛ ˜Ó!¢‹Tƒ nÈüÈ§ÇáƒÜ˛ !Ó!FSÈß¨ Óƒ!‹TÓ˚ ÙˆÏôƒ !Ë˛ß¨ !Ë˛ß¨ ÙyeyÎ˚ xyˆÏSÈñ ÎyˆÏòÓ˚ ÙyˆÏlÓ˚

e´Ùyl%§yˆÏÓ˚ §yçyˆÏly ÎyÎ˚– xÌ≈yÍ nÈüÈ§ÇáƒÜ˛ Óƒ!‹TÓ˚ ÙˆÏôƒ A ã˛y!Ó˚!eÜ˛ ˜Ó!¢‹Tƒ!ê˛ Ü˛yÓ˚ ÙˆÏôƒ §ÓˆÏã˛ˆÏÎ˚ ˆÓ!¢ xyyˆÏSÈñ

ï˛yÓ˚ ˛õÓ˚Óï≈˛#ÙyeyÎ˚ Ü˛yÓ˚ ÙˆÏôƒ xyˆÏSÈ •zï˛ƒy!ò ~ÓÇ §ÓˆÏ¢ˆÏ£Ï Ü˛yÓ˚ ÙˆÏôƒ §ÓˆÏã˛ˆÏÎ˚ fl∫“ÙyeyÎ˚ xyˆÏSÈ ï˛y !lî≈Î˚ Ü˛Ó˚y

ÎyÎ˚– ˆ§•zÙˆÏï˛y §ˆÏÓ≈yFã˛ Ùyey!ôÜ˛yÓ˚#ˆÏÜ˛ 1 ˛õÓ˚Óï≈˛# Ùyey!ôÜ˛yÓ˚#ˆÏÜ˛ 2 •zï˛ƒy!ò ~ÓÇ §Ó≈!l¡¨ Ùyey!ôÜ˛yÓ˚#ˆÏÜ˛ Ùyle´Ù

-n ˆòGÎ˚y •°– ï˛y•ˆÏ° ˆÜ˛ylG Óƒ!‹TˆÏÜ˛ Ùyle´Ù i xyˆÏÓ˚y˛õ Ü˛Ó˚y •ˆÏÓ Î!ò (i – 1) §ÇáƒÜ˛ Óƒ!‹TÓ˚ ÙˆÏôƒ A ã˛!Ó˚e!ê˛

x!ôÜ˛ï˛Ó˚ ÙyeyÎ˚ ÌyˆÏÜ˛ó i = 1, 2, 3 .......n– ÙˆÏl Ü˛Ó˚ñ AÈüÈ~Ó˚ ã˛!Ó˚eyl%ÎyÎ˚#ñ n-§ÇáƒÜ˛ Óƒ!‹TÓ˚ xl%e´Ù Ùyl •°

u1, u2, ........... un ó ~áyˆÏl ui (i = 1, 2.........n) •ˆÏFSÈ 1, 2, 3,............nÈüÈ~Ó˚ ÙôƒÓï≈˛# ˆÎ ˆÜ˛ylG ~Ü˛!ê˛

§Çáƒy ~ÓÇ i ≠ j •ˆÏ° ui ≠ uj 
 •ˆÏÓ– xl%Ó˚*˛õË˛yˆÏÓñ BÈüÈ~Ó˚ ã˛!Ó˚eyl%ÎyÎ˚#ñ ˙ nÈüÈ§ÇáƒÜ˛ Óƒ!_´Ó˚ Ùyle´Ù ÎÌye´ˆÏÙ

v1, v2, .........vn ó ˆÎáyˆÏl vi (i = 1, 2, ..........n) §Çáƒy!ê˛G 1, 2, 3,........... nÈüÈ~Ó˚ ÙôƒÓï˛#≈ ~Ü˛!ê˛ §Çáƒy

~ÓÇ i ≠ j •ˆÏ° vi≠ vj
 • Ï̂Ó– ~ál A G B ˜Ó!¢‹Tƒ ò%!ê˛Ó˚ Ùyle´!ÙÜ˛ §•àyB˛ (Rank Correlation) Î!ò xyÙÓ˚y

R  !òˆÏÎ˚ !ã˛!•´ï˛ Ü˛!Ó˚ñ ï˛ˆÏÓ 
 

   
cov u, v

R
var u .var v

 ...... (13)
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= 

~ál !flõÎ˚yÓ˚ÙƒyˆÏlÓ˚ Ùyle´!ÙÜ˛ §•àyB˛ •°ñ

 
2
i

2
6 d

R 1
n n 1

 


 ... (14)

ˆÎáyˆÏl di = ui – vi ; i = 1, 2,............, n

Î!ò ˆòáy ÎyÎ˚ ui = vi  •Î˚ñ ≤ÃˆÏï˛ƒÜ˛ i = 1, 2,............n, ÈüÈ~Ó˚ çlƒñ ï˛ˆÏÓ R = 1 xÌ≈yÍ A  G B ˜Ó!¢‹Tƒ

ò%Û!ê˛ ôlydÜ˛Ë˛yˆÏÓ §¡õ)î≈ §ÇflÀÓÎ%_´– ˛õ«˛yhs˝ˆÏÓ˚ Î!ò vi = n – ui + 1 •Î˚ ≤ÃˆÏï˛ƒÜ˛ i = 1,2, .......n  ~Ó˚çlƒñ

R = –1 xÌ≈yÍñ A G B ã˛!Ó˚e ò%Û!ê˛ }îydÜ˛Ë˛yˆÏÓ §¡õ)î≈ §ÇflÀÓÎ%_´–

Ùyle´!ÙÜ˛ §•à!ï˛Ó˚ ˆÎ §)e (14)üÈ~ ˆòGÎ˚y •ˆÏÎ˚ˆÏSÈ ï˛yˆÏï˛ í˛zË˛Î˚ ã˛!Ó˚eyl%ÎyÎ˚#•z ≤ÃˆÏï˛ƒÜ˛!ê˛Ó˚ Óƒ!‹TÓ˚ Ùyle´Ù

˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛– !Ü˛v Ü˛áˆÏly ~Ùl Ü˛áˆÏly •ˆÏï˛ ˛õyˆÏÓ˚ ˆÎ ~Ü˛y!ôÜ˛ Óƒ!‹T !ë˛Ü˛ §Ù˛õ!Ó˚ÙyˆÏî ˆÜ˛ylG ã˛y!Ó˚!eÜ˛

˜Ó!¢ˆÏ‹TƒÓ˚ x!ôÜ˛yÓ˚#– ˆ§ˆÏ«˛ˆÏe ˙ §Ü˛° Óƒ!‹TÓ˚ ≤ÃˆÏï˛ƒÜ˛ˆÏÜ˛ ~Ü˛•z xl%e´Ù Ùyl xyˆÏÓ˚y˛õ Ü˛Ó˚y í˛z!ã˛ï˛– ~Ó˚Ü˛Ù •ˆÏ°

Ó°y •Î˚ ˆÎñ ˙ Óƒ!‹T=!°Ó˚ ÙˆÏôƒ ˙ ã˛y!Ó˚!eÜ˛ ˜Ó!¢‹Tƒ x!ôÜ˛yˆÏÓ˚Ó˚ Óƒy˛õyˆÏÓ˚ §Ùï˛y Óy §Ù Ùyle´Ù (tie)  §,!‹T •ˆÏÎ˚ˆÏSÈ–

ˆ§ˆÏ«˛ˆÏe !flõÎ˚yÓ˚ÙƒyˆÏlÓ˚ Ùyle´!ÙÜ˛ §•àyB˛ •°ñ

2 2u v

2 2
u v

T Tn 1 1 d12 2 2nR
n 1 n 1T T12 12

i
  


  


.... (15)

ˆÎáyˆÏlñ 

 2r
u

j 1

t t 1
T 12n




 

 2s
v

j 1

t t 1
T 12n



  
 

t1, t2 ........, tr •° u ã˛° Ï̂Ü˛ r !ê˛ §ÙÙyle´ˆÏÙÓ˚ ̃ òâ≈ƒ G t′1, t′2, ............. t′s •Û° vÈüÈã˛° Ï̂Ü˛ s!ê˛ §ÙÙyle´ˆÏÙÓ˚

˜òâ≈ƒ–

u v
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í˛zòy•Ó˚î ≠ 5É 15 çl SÈyˆÏeÓ˚ ò%!ê˛ !Ó£ÏˆÏÎ˚ ≤ÃyÆ l¡∫ˆÏÓ˚Ó˚ Ùyle´Ùyl%˛õyï˛=!° !l¡¨Ó˚*˛õ ≠

!Ó£ÏÎ˚ ò%!ê˛Ó˚ Ùyle´!ÙÜ˛ §•àyB˛ !lî≈Î˚ Ü˛Ó˚&l–

e´!ÙÜ˛ §Çáƒy A !Ó£ÏˆÏÎ˚ Ùyle´Ù B !Ó£ÏˆÏÎ˚ Ùyle´Ù

1 1 10
2 2 7
3 3 2
4 4 6
5 5 4
6 6 8
7 7 3
8 8 1
9 9 11
10 10 15
11 11 9
12 12 5
13 13 14
14 14 12
15 15 13

§Ùyôyl ≠ Ùyle´!ÙÜ˛ §•àyB˛ !lî≈ˆÏÎ˚Ó˚ àîlyÜ˛yÎ≈ ≠

A !Ó£ÏˆÏÎ˚ Ùyle´Ù B !Ó£ÏˆÏÎ˚ Ùyle´Ù di = ui – vi di
2

(ui) (vi)
1 10 – 9 81
2 7 – 5 25
3 2 1 1
4 6 – 2 4
5 4 1 1
6 8 – 2 4
7 3 4 16
8 1 7 49
9 11 – 2 4

10 15 – 5 25
11 9 2 4
12 5 7 49
13 14 – 1 1
14 12 2 4
15 13 2 4

ˆÙyê˛ — — 272
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∴  
6 272R 1

15 225 1
 

  = 171 35

= 18
35  = 0.51 åxy§ß¨ä

í˛zòy•Ó˚î 6É !lˆÏã˛Ó˚ §yÓ˚!îˆÏï˛ ò¢çl !Óe´Î˚Ü˛yÓ˚#Ó˚ ˆÙôy ˛õÓ˚#«˛yÓ˚ ≤ÃyÆ l¡∫Ó˚ ~ÓÇ ï˛yˆÏòÓ˚ §yÆy!•Ü˛ !Óe´Î˚

å•yçyÓ˚ ê˛yÜ˛yÎ˚ä ˆòGÎ˚y xyˆÏSÈ– Ùyle´!ÙÜ˛ §•à!ï˛ !lî≈Î˚ Ü˛Ó˚&l–

!Óe´Î˚Ü˛yÓ˚# ≤ÃyÆ l¡∫Ó˚ !Óe´Î˚ ˛õ!Ó˚Ùyî å•yçyÓ˚ ê˛yÜ˛yÎ˚ä

1 50 25
2 70 60
3 50 45
4 60 50
5 80 45
6 50 20
7 90 55
8 50 30
9 60 45

10 60 30

§Ùyôyl ≠ Ùyle´!ÙÜ˛ §•à!ï˛ !lî≈ˆÏÎ˚Ó˚ àîlyÜ˛yÎ≈ ≠

!Óe´Î˚Ü˛yÓ˚# ≤Ãy˛Æ l¡∫ˆÏÓ˚Ó˚ Ùyle´Ù !Óe´ˆÏÎ˚Ó˚ Ùyle´Ù d = u – v d2

(u) (v)

1 8.5 9 – 0.5 0.25
2 3 1 2.0 4.00
3 8.5 5 3.5 12.25
4 5 3 2.0 4.00
5 2 5 – 3.0 9.00
6 8.5 10 – 1.5 2.25
7 1 2 – 1.0 1.00
8 8.5 7.5 1.0 1.00
9 5 5 0.0 0.00

10 5 7.5 – 2.5 6.25

ˆÙyê˛ — — — 40.00
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ò%!ê˛ ã˛!Ó˚e !ÙˆÏ° ̂ Ùyê˛ 4 !ê˛ §Ùyl%e´Ù xyˆÏSÈ– ï˛yˆÏòÓ˚ ̃ òâ≈ƒ ÎÌye´ˆÏÙ uÈüÈã˛° Ï̂Ü˛ 4 ~ÓÇ 3 xyÓ˚ vÈüÈã˛°ˆÏÜ˛ ÎÌye´ˆÏÙ

3 ~ÓÇ 2–

xÌ≈yÍñ t1 = 4,t2 = 3, t′1 = 3 ~ÓÇ t′2 = 2

§%ï˛Ó˚yÇñ  3 3
u

1T 4 4 3 312 10   
  = 84 0.7120 

xyÓ˚ñ  3 3
v

1T 3 3 2 2120     
30 0.25120 

§%ï˛Ó˚yÇñ 

2 2u v
i

2 2
u v

T Tn 1 1 d12 2 2nR
n 1 n 1T T12 12

  


  



= 
8.25 0.475 2

8.25 0.70 8.25 0.25
 

 

= 
5.775

7.55 8.00

= 5.775 0.747.77   åxy§ß¨ä

8.7 xl%¢#°l#

§Ç!«˛Æ í˛z_ˆÏÓ˚Ó˚ ≤ÃŸ¿ ≠

å1ä Î!ò yÈüÈ~Ó˚ í˛z˛õÓ˚ xÈüÈ~Ó˚ !lË≈˛Ó˚l ˆÓ˚áy G xÈüÈ~Ó˚ í˛z˛õÓ˚ yÈüÈ~Ó˚ !lË≈˛Ó˚l ˆÓ˚áy §Ùy˛õ!ï˛ï˛ •Î˚ñ ï˛ˆÏÓ

§•ày Ï̂B˛Ó˚ Ùyl Ü˛ï˛⁄

å2ä Î!ò 3y – 2x = 9 ~ÓÇ 3x – 2y = 7 ò%!ê˛ !lË≈˛Ó˚l ˆÓ˚áy •Î˚ ï˛ˆÏÓ x G yÈüÈ~Ó˚ ÙôƒÜ˛=!° !lî≈Î˚

Ü˛Ó̊&l–

å3ä Î!ò 5x + 3y = 6, yÈüÈ~Ó˚ !lË≈˛Ó˚l ˆÓ˚áy •Î˚ñ ï˛ˆÏÓ §•à!ï˛ ˆÜ˛yl‰ !ã˛•´!Ó!¢‹T •ˆÏÓ⁄

å4ä !lË≈̨ Î˚lyB˛m Ï̂Î˚Ó˚ =îÊ˛° ˆòGÎ˚y ÌyÜ˛ Ï̂° §• ˛õ!Ó˚Óï≈̨ l =îyB˛ !lî≈Î˚ Ü˛Ó˚y Îy Ï̂Ó !Ü˛⁄

å5ä !l Ï̂ã˛Ó˚ ≤Ã!ï˛!ê˛ ˆ«˛ Ï̂e ôlydÜ˛ §•˛õ!Ó˚Óï≈̨ l }îydÜ˛ §• ˛õ!Ó˚Óï≈̨ l xÌÓy ˆÜ˛ylG §•˛õ!Ó˚Óï≈̨ l ˆl•z !Ü˛ly

Ó°%l–

åÜ˛ä fl∫yÙ# G flf#ˆÏòÓ˚ ÓÎ˚§–
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åáä Ó,!k˛ G ç%ï˛yÓ˚ Ùy˛õ–

åàä Ó#Ùy ˆÜ˛y¡õy!lÓ˚ °yË˛ G ï˛yˆÏòÓ˚ Îï˛=!° òy!Ó ˛õ)Ó˚î Ü˛Ó˚ˆÏï˛ •Î˚–

åâä !¢«˛yÓ£Ï≈ G xyÎ˚–

å.ä Ó,!‹T˛õyˆÏï˛Ó˚ ˛õ!Ó˚Ùyî G í˛zÍ˛õy!òï˛ ¢§ƒ–

å6ä !lˆÏ¡¨Ó˚ ≤Ãò_ §• ˛õ!Ó˚Óï≈˛l =îyB˛ ˆÌˆÏÜ˛ x G y ã˛°Ü˛=!°Ó˚ Ù Ï̂ôƒ §¡õÜ≈̨  Ó° ≠

åÜ˛ä – 1 åáä – 0.6 åàä 0.8 ~ÓÇ åâä + 1

å7ä x G yüÈ~Ó˚ ÙˆÏôƒ §•˛õ!Ó˚Óï≈˛l =îyB˛ 0.75– 
x 10u 5
  ~ÓÇ 

y 15y 6

  •ˆÏ°ñ u G vÈüÈ~Ó˚ ÙˆÏôƒ

§•˛õ!Ó˚Óï≈˛l =îyB˛ Ü˛ï˛–

å8ä !l¡¨!°!áï˛ ˆ«˛ˆÏe ˆÜ˛yl‰ §•à!ï˛Ó˚ §y•yˆÏÎƒ §¡õÜ≈˛ ˛õ!Ó˚Ùy˛õ Ü˛Ó˚y •Î˚–

åÜ˛ä !¢«˛yàï˛ ˆÎyàƒï˛y ~ÓÇ §ï˛ï˛y–

åáä ˛õòÙÎ≈yòy ~ÓÇ xyÎ˚–

åàä Ù%lyÊ˛y ~ÓÇ í˛zÍ˛õyòl–

Ó˚ã˛lydÜ˛ ≤ÃŸ¿ ≠

å1ä !Ó Ï̂«˛˛õî !ã˛e Ü˛# G •z•yÓ˚ ÓƒÓ•yÓ˚=!° Óî≈ly Ü˛Ó̊&l– Ü˛#Ë˛y Ï̂Ó !Ó Ï̂«˛˛õî !ã˛ Ï̂eÓ˚ §y•y Ï̂Îƒ §•à!ï˛Ó˚ ≤ÃÜ˛yÓ˚

!lî≈Î˚ Ü˛Ó˚y ÎyÎ˚⁄

å2ä §•àyB˛ Ü˛y Ï̂Ü˛ Ó Ï̂°⁄ §•ày Ï̂B˛Ó˚ÈüÈÓƒÓ•yÓ˚=!° Óî≈ly Ü˛Ó˚&l– ~Ó˚ =Ó˚&c˛õ)î≈ ˜Ó!¢‹Tƒ=!° Óƒyáƒy Ü˛Ó˚&l–

å3ä Ùyle´!ÙÜ˛ §•àyB˛ Ü˛yˆÏÜ˛ ÓˆÏ°⁄ ~Ó˚ ÓƒÓ•yÓ˚=!° Ü˛# Ü˛#⁄

å4ä !lË≈̨ Ó˚l ˆÓ˚áyÓ˚ !Ó!Ë˛ß¨ ˜Ó!¢‹Tƒ=!° Óî≈ly Ü˛Ó˚&l G §•ày Ï̂B˛Ó˚ § Ï̂DÈüÈ~Ó˚ §¡õÜ≈̨  xy Ï̂°yã˛ly Ü˛Ó˚&l–

å5ä (i) rxy = + 1, (ii)  rxy
 = – 1 ~ÓÇ (ii) rxy = 0  •ˆÏ° !lË≈˛Ó˚l ˆÓ˚áymˆÏÎ˚Ó˚ §Ù#Ü˛Ó˚î !Ü˛Ó˚*˛õ •ˆÏÓ⁄

å6ä ˆÜ˛ylG §yÙ@˝Ã#Ó˚ òÓ˚ G ˆÎyày Ï̂lÓ˚ !l¡¨!°!áï˛ Ùyl=!° ˆÌ Ï̂Ü˛ !˛õÎ˚yÓ˚§ Ï̂lÓ˚ §•ày Ï̂B˛Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚&l G

xy˛õlyÓ˚ Ùï˛yÙï˛ !òl–

òÓ˚ åê˛yÜ˛yÎ˚ä 11 12 13 14 15 16 17 18 19 20

ˆÎyàyl åˆÜ˛!çˆÏï˛ä 30 29 29 25 24 24 24 21 18 15

å7ä !l¡¨!°!áï˛ ï˛Ìƒ ˆÌˆÏÜ˛ Ü˛y°≈ !˛õÎ˚yÓ˚§ˆÏlÓ˚ §•àyˆÏB˛Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚&l ≠

(i) 2 2x 125, y 80,n 10, x 1585, y 650, xy 1007         

(ii) x 140, y 150,n 10,   2y x 10 180,   2y 15 215,    x 10 y 15 60  
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å8ä 1990-1999 §y Ï̂° ̂ Ü˛ylG ≤Ã!ï˛¤˛y Ï̂lÓ˚ !Ó!l Ï̂Î˚yà G °y Ï̂Ë˛Ó˚ ̨õ!Ó˚Ùyî !l Ï̂ã˛ ̂ òGÎ˚y •°– ~áyl ̂ Ì Ï̂Ü˛ í z̨̨ õÎ%_´

!lË≈˛Ó˚l §Ù#Ü˛Ó˚î!ê˛ !ã˛!•´ï˛ Ü˛ˆÏÓ˚ ˆ§!ê˛ !lô≈yÓ˚î Ü˛Ó˚&l–

ÓSÈÓ˚ ≠ ’90 ’91 ’92 ’93 ’94 ’95 ’96 ’97 ’98 ’99

°yË˛ å•yçyÓ˚ ê˛yÜ˛yÎ˚ä ≠ 40 45 50 65 70 70 80 85 85 95

!Ó!lˆÏÎ˚yà  ≠ 100 200 300 400 500 600 700 800 900 1000
å•yçyÓ˚ ê˛yÜ˛yÎ˚ä

å9ä x G y ã˛°Ü˛ ò%Û!ê˛Ó˚ ˆ«˛ˆÏe !lË≈˛Ó˚l ˆÓ˚áy ò%Û!ê˛Ó˚ §Ù#Ü˛Ó˚î •° 4x – 5y + 33 = 0 ~ÓÇ 20x – 9y
= 107– xÈüÈ~Ó˚ í˛z˛õÓ˚ yÈüÈ~Ó˚ G yÈüÈ~Ó˚ í˛z˛õÓ˚ xÈüÈ~Ó˚ §Ù#Ü˛Ó˚î ò%!ê˛ˆÏÜ˛ !ã˛!•´ï˛ Ü˛Ó˚– ~ÓÇ rxy ÈüÈ~Ó˚ Ùyl !lî≈Î˚

Ü˛Ó˚– Îál x = 10, ï˛ál yÈüÈ~Ó˚ xl%!Ùï˛ Ùyl Ü˛ï˛ •ˆÏÓ⁄ ˙ ÙylˆÏÜ˛ y0 Ó°y •ˆÏ° ï˛ál xÈüÈ~Ó˚ xl%!Ùï˛ Ùyl

Ü˛ï˛ •ˆÏÓ⁄

å10ä ~Ü˛!ê˛ !Ó£ÏˆÏÎ˚ ≤Ã!¢«˛î ˆlGÎ˚yÓ˚ xyˆÏà G ˛õˆÏÓ˚ 10 çl §ò§ƒˆÏÜ˛ !l¡¨!°!áï˛Ë˛yˆÏÓ Ùyle´Ù ˆòGÎ˚y

•ˆÏÎ˚ˆÏSÈ ≠

§ò§ƒ ≠ A B C D E F G H I J

xyˆÏàÓ˚ Ùyle´Ù ≠ 1 6 3 9 5 2 7 10 8 4

˛õˆÏÓ˚Ó˚ Ùyle´Ù ≠ 6 8 3 7 2 1 5 9 4 10

í˛z˛õˆÏÓ˚Ó˚ ï˛Ìƒ ˆÌˆÏÜ˛ !flõÎ˚yÓ˚ÙƒyˆÏlÓ˚ Ùyle´!ÙÜ˛ §•àyB˛ !lî≈Î˚ Ü˛Ó˚&l G xy˛õlyÓ˚ Ùï˛yÙï˛ !òl–
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Notes
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Notes


