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Answer Question 

1. Answer any five questions :

 a) Let G be any non
).(GZ   

 b) Let 
/

GGf →: be a group homomorphism. Prove that 

and only if f 

element of G. 

 c) Give an example of a group 

but G itself is not cyclic. Justify your answer.

 d) If G is a group and 

normal subgroup of 

 e) Let F be a field. Prove

zero element of 

 f) Let D be a Euclidean domain with a 

(},0{\, xyvDyx ∈

 g) Let  be the field of rational numbers. Find [

 h) Prove that the polynomial 

integers modulo

2. a) Define generating set of a subgroup 

empty subset of a group 

by S is the set of all finite products of the form 

each i, either a

 b) Let φ  be an epimorphism from a group 

HKerG ≅φ/ . 
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Question No. 1 and any four from the rest :

 

questions : 

be any non-commutative group of order 125. Find the order 

be a group homomorphism. Prove that 

 is a monomorphism, where Ge denotes the identity 

Give an example of a group G whose all proper subgroups are cyclic 

itself is not cyclic. Justify your answer. 

is a group and G
/
 is its derived subgroup, then prove that 

normal subgroup of G. 

be a field. Prove that { 0 } is a maximal ideal of F, where 0

zero element of F. 

be a Euclidean domain with a valuation v . Prove that for any 

)() xvxy = if y in invertible. 

he field of rational numbers. Find [  :)2(  

Prove that the polynomial 1
2
+x  is irreducible over the ring 

o 7. 

Define generating set of a subgroup H of a group G. Let 

empty subset of a group G. Prove that the subgroup <

is the set of all finite products of the form ...21 aa

Sai ∈  or Sai ∈
−1

. 

be an epimorphism from a group G onto a group 
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from the rest : 

2 × 5 = 10 

commutative group of order 125. Find the order of 

be a group homomorphism. Prove that }{ker Gef = if 

denotes the identity 

whose all proper subgroups are cyclic 

is its derived subgroup, then prove that G
/
 is a 

, where 0 is the 

. Prove that for any 

 ]. 

is irreducible over the ring of 

. Let S be a non-

. Prove that the subgroup <S > generated 

,... na  where for 

1 + 3 

onto a group H. Prove that 

6 
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3. a) Let H and K be normal subgroups of a group G. Prove that HK is a 

normal subgroup of G.  5  

 b) Let G be a group of order p where p is a prime. Prove that G is cyclic. 

Find all the generators of G. 3 + 2 

4. a) Let )(GZ be the centre of a finite group. Prove that 

∑
∈

+=

Ca

aNGGZoGo ])(:[))(()(  

  where C contains exactly one element form each conjugate class with 

more than one element. 5 

 b) Prove that every subgroup of the additive group  of all integers is of 

the form n  for some non-negative integer n. 5 

5. a) Let R be a commutative ring with unity. Prove that an ideal I of R is 

maximal iff  the quotient ring R/I is a field. 6  

 b) Prove that a commutative ring with unity is without proper ideals if 

and only if it is a field. 4 

6. a) Define Euclidean domain. Prove that every Euclidean domain is a 

principal ideal domain. 1 + 5 

 b) Prove that 1
2
+x  is irreducible over the ring of integers mod 7. 4 

7. a) Define extension of a field F with example. When is an element G∈α

said to be algebraic over F, where G is an extension of F ? 2  

 b) If the field G is an extension of the field F of finite degree n, then prove 

that Gc ∈ is a root of a polynomial of degree at most n with co-

efficients in F. 3 

 c) Let )(xf be a non-constant polynomial over a field K. Prove that there 

exists a splitting field of )(xf over K. 5 

   


