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õ∂±flƒ¡fl¡ÔÚ

ŒÚÓ¬±øÊ√ ¸≈ˆ¬±¯∏ ˜≈q¡ ø¬ıù´ø¬ı√…±˘À˚˛¬ı˛ ¶ß±Ó¬fl¡ Œ|øÌ¬ı˛ Ê√Ú… Œ˚ ¬Û±Í¬√flË¡˜ õ∂¬ıøÓ«¬Ó¬ ˝√√À˚˛ÀÂ√, Ó¬±¬ı˛

˘é¬Ìœ˚˛ Δ¬ıø˙©Ü… ˝√√í˘ õ∂øÓ¬øÈ¬ ø˙é¬±Ô«œÀfl¡ Ó¬“√±¬ı˛ ¬ÛÂμ˜Ó¬ Œfl¡±ÀÚ± ø¬ı¯∏À˚˛ ¸±•ú±øÚfl¡

(Honours) d¬À¬ı˛ ø˙é¬±¢∂˝√√ÀÌ¬ı˛ ¸≈À˚±· fl¡À¬ı˛ Œ√›˚˛±º ¤Àé¬ÀS ¬ı…øq¡·Ó¬ˆ¬±À¬ı Ó¬“√±À√¬ı˛

¢∂˝√√Ìé¬˜Ó¬± ’±À· ŒÔÀfl¡˝◊√√ ’Ú≈˜±Ú fl¡À¬ı˛ Ú± øÚÀ˚˛ øÚ˚˛Ó¬ ˜”˘…±˚˛ÀÚ¬ı˛ ˜Ò… ø√À˚˛ Œ¸È¬± øàÔ¬ı˛

fl¡¬ı˛± ◊̋√√ ≈̊øq¡ ≈̊q¡º Œ¸ ◊̋√√ ’Ú≈̊ ± ˛̊œ ¤fl¡±øÒfl¡ ø¬ı ∏̄À ˛̊ ¸±•ú±øÚfl¡ ˜±ÀÚ¬ı˛ ¬Û±Í¬-Î¬◊¬Ûfl¡¬ı˛Ì ¬ı˛ø‰¬Ó¬ √̋√À ˛̊ÀÂ√

› ˝√√À26√ñ ˚±¬ı˛ ˜”˘ fl¡±Í¬±À˜± øàÔ¬ı˛œfl‘¡Ó¬ ˝√√À˚˛ÀÂ√ ¤fl¡øÈ¬ ¸≈ø‰¬øz¬Ó¬ ¬Û±Í¬√flË¡À˜¬ı˛ øˆ¬øM√√ÀÓ¬º Œfl¡f

› ¬ı˛±ÀÊ√…¬ı˛ ’¢∂·Ì… ø¬ıù´ø¬ı√…±˘˚˛ ¸˜”À˝√√¬ı˛ ¬Û±Í¬√flË¡˜ ’Ú≈¸¬ı˛Ì fl¡À¬ı˛ Ó¬±¬ı˛ ’±√˙« Î¬◊¬Ûfl¡¬ı˛Ì·≈ø˘¬ı˛

¸˜i§À˚˛ ¬ı˛ø‰¬Ó¬ ˝√√À˚˛ÀÂ√ ¤˝◊√√ ¬Û±Í¬√flË¡˜º Œ¸˝◊√√¸Àe· ˚≈q¡ ˝√√À˚˛ÀÂ√ ’ÀÒ…Ó¬¬ı… ø¬ı¯∏À˚˛ ÚÓ≈¬Ú Ó¬Ô…,

˜ÚÚ › ø¬ıÀù≠¯∏ÀÌ¬ı˛ ¸˜±À¬ı˙º

”√¬ı˛-¸=±¬ı˛œ ø˙é¬±√±ÀÚ¬ı˛ ¶§œfl‘¡Ó¬ ¬ÛXøÓ¬ ’Ú≈¸¬ı˛Ì fl¡À¬ı˛˝◊√√ ¤˝◊√√¸¬ı ¬Û±Í¬-Î¬◊¬Ûfl¡¬ı˛Ì Œ˘‡±¬ı˛

fl¡±Ê√ ‰¬˘ÀÂ√º ø¬ıøˆ¬iß ø¬ı ∏̄À ˛̊¬ı˛ ’øˆ¬: ¬ÛøG¬Ó¬˜G¬˘œ¬ı˛ ¸± √̋√±˚… ¤-fl¡±ÀÊ√ ’¬Ûø¬ı˛̋ √√± «̊ ¤¬ı— “̊√±À√¬ı˛

øÚ¬ı˛˘¸ ¬Ûø¬ı˛|À˜ Œ˘‡±, ¸•Û±√Ú± Ó¬Ô± ø¬ıÚ…±¸fl¡˜« ¸≈¸•Ûiß ˝√√À26√ Ó¬“√±¬ı˛± ¸fl¡À˘˝◊√√ ÒÚ…¬ı±À√¬ı˛

¬Û±Sº ’±¸À˘, ¤“√¬ı˛± ¸fl¡À˘˝◊√√ ’˘Àé¬… ŒÔÀfl¡ ”√¬ı˛¸=±¬ı˛œ ø˙é¬±√±ÀÚ¬ı˛ fl¡±˚«√flË¡À˜ ’—˙

øÚÀ26√Ú  , ˚‡Ú˝◊√√ Œfl¡±Ú ø˙é¬±Ô«œ› ¤˝◊√√ ¬Û±Í¬…¬ıd≈¬øÚ‰¬À˚˛¬ı˛ ¸±˝√√±˚… ŒÚÀ¬ıÚ, Ó¬‡Ú˝◊√√ øÓ¬øÚ fl¡±˚«Ó¬

¤fl¡±øÒfl¡ ø˙é¬fl¡˜G¬˘œ¬ı˛ ¬ÛÀ¬ı˛±é¬ ’Ò…±¬ÛÚ±¬ı˛ Ó¬±¬ı» ¸≈ø¬ıÒ± Œ¬ÛÀ˚˛ ˚±À26√Úº

¤ ◊̋√√̧ ¬ı ¬Û±Í¬-Î¬◊¬Ûfl¡¬ı˛ÀÌ¬ı˛ ‰¬‰«¬± › ’Ú≈̇ œ˘ÀÚ ˚Ó¬È¬± ˜ÀÚ±øÚÀ¬ı˙ fl¡¬ı˛À¬ıÚ Œfl¡±Ú› ø˙é¬±Ô«œ,

ø¬ı ∏̄À ˛̊¬ı˛ ·ˆ¬œÀ¬ı˛ ˚±› ˛̊± Ó¬“√±¬ı˛ ¬ÛÀé¬ Ó¬Ó¬ ◊̋√√ ¸˝√√Ê√ ˝√√À¬ıº ø¬ı ∏̄̊ ˛¬ıd≈¬ ˚±ÀÓ¬ øÚÀÊ√¬ı˛ Œ‰¬©Ü± ˛̊ ’øÒ·Ó¬

˝√√˚˛, ¬Û±Í¬-Î¬◊¬Ûfl¡¬ı˛ÀÌ¬ı˛ ˆ¬±¯∏± › Î¬◊¬ÛàÔ±¬ÛÚ± Ó¬±¬ı˛ Î¬◊¬ÛÀ˚±·œ fl¡¬ı˛±¬ı˛ ø√Àfl¡ ¸¬ı«d¬À¬ı˛ ÚÊ√¬ı˛ ¬ı˛±‡±

˝√√À˚˛ÀÂ√º ¤¬ı˛¬Û¬ı˛ Œ˚‡±ÀÚ ˚Ó¬È≈¬fl≈¡ ’¶Û©ÜÓ¬± Œ√‡± Œ√À¬ı, ø¬ıù´ø¬ı√…±˘À˚˛¬ı˛ ø¬ıøˆ¬iß ¬Û±Í¬Àfl¡Àf

øÚ˚≈q¡ ø˙é¬±-¸˝√√±˚˛fl¡·ÀÌ¬ı˛ ¬Û¬ı˛±˜À˙« Ó¬±¬ı˛ øÚ¬ı˛¸Ú ’¬ı˙…˝◊√√ ˝√√íÀÓ¬ ¬Û±¬ı˛À¬ıº Ó¬±¬ı˛ ›¬Û¬ı˛ õ∂øÓ¬

¬Û˚«±À˚˛¬ı˛ Œ˙À¯∏ õ∂√M√√ ’Ú≈˙œ˘Úœ › ¬’øÓ¬ø¬ı˛q¡ :±Ú ’Ê«√ÀÚ¬ı˛ Ê√Ú… ¢∂&Ô-øÚÀ«√˙ ø˙é¬±Ô«œ¬ı˛

¢∂˝√√Ìé¬˜Ó¬± › ø‰¬z¬±˙œ˘Ó¬± ¬ı‘øX¬ı˛ ¸˝√√±˚˛fl¡ ˝√√À¬ıº

¤˝◊√√ ’øˆ¬Ú¬ı ’±À˚˛±Ê√ÀÚ¬ı˛ Œ¬ı˙øfl¡Â≈√ õ∂˚˛±¸˝◊√√ ¤‡Ú› ¬Û¬ı˛œé¬±˜”˘fl¡ñ’ÀÚfl¡ Œé¬ÀS

¤Àfl¡¬ı±À¬ı˛ õ∂Ô˜ ¬Û√Àé¬¬Ûº ¶§ˆ¬±¬ıÓ¬˝◊√√ S≈øÈ¬-ø¬ı‰≈¬…øÓ¬ øfl¡Â≈√ øfl¡Â≈√ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛, ˚± ’¬ı˙…˝◊√√

¸—À˙±ÒÚ › ¬Ûø¬ı˛̃ ±Ê«√Ú±¬ı˛ ’À¬Ûé¬± ¬ı˛±À‡º ¸±Ò±¬ı˛Ìˆ¬±À¬ı ’±˙± fl¡¬ı˛± ˚± ˛̊, ¬ı…±¬Ûfl¡Ó¬¬ı˛ ¬ı…¬ı˝√√±À¬ı˛¬ı˛

˜Ò… ø√À˚˛ ¬Û±Í¬-Î¬◊¬Ûfl¡¬ı˛Ì·≈ø˘ ¸¬ı«S ¸˜±‘√Ó¬ ˝√√À¬ıº
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¬Ûø¬ı˛ø‰¬øÓ¬

ø¬ı¯∏˚˛ : ·øÌÓ¬ø¬ı√…±  ¸±•ú±øÚfl¡ ô¶¬ı˛

¬Û±Í¬√flË¡˜ : ¬Û˚«±˚˛ : EMT 10 : 1 & 2

 Û˚«±˚˛

1             ¬ı˛‰¬Ú±   ¸•Û±√Ú±

¤fl¡fl¡ 1-10 Î¬. ˙±øôLfl¬±ôL ‰¬Sê ıÓ¬œ« Î¬. ˜ÌœfÚ±Ô ø˜S

 Û˚«±˚˛

2  ¬ı˛‰¬Ú±  ¸•Û±√Ú±

¤fl¡fl¡ 11-18 fl¬Úfl¬ fl¬±øôL ±˙ Î¬. ¬ı˛ÌøÊ√» Ò¬ı˛

Œ‚±¯∏Ì±

¤˝◊√√ ¬Û±Í¬ ̧ —fl¡˘ÀÚ¬ı˛ ̧ ˜≈√˚˛ ¶§Q ŒÚÓ¬±øÊ√ ̧ ≈ˆ¬±¯∏ ̃ ≈q¡ ø¬ıù´ø¬ı√…±˘À˚˛¬ı˛ ¡Z±¬ı˛± ̧ —¬ı˛øé¬Ó¬º ø¬ıù´ø¬ı√…±˘˚˛ fl¡Ó«‘¬¬ÛÀé¬¬ı˛

ø˘ø‡Ó¬ ’Ú≈˜øÓ¬ Â√±Î¬ˇ± ¤¬ı˛ Œfl¡±Ú ’—À˙¬ı˛ ¬Û≈Ú˜«≈^Ì ¬ı± Œfl¡±Úˆ¬±À¬ı Î¬◊X‘øÓ¬ ¸•Û”Ì« øÚø¯∏Xº
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ŒÚÓ¬±øÊ√ ¸≈ˆ¬±¯∏ ˜≈q¡ ø¬ıù´ø¬ı√…±˘˚˛

EMT – 10
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[¶ß±Ó¬fl¡ ¬Û±Í¬√flË¡˜]

Û˚«±˚˛

1
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¤fl¡fl¡ 1 � ��� �� �	��	�� ������� 7–13

¤fl¡fl¡ 2 � ¬�
������ ���
 !� �� ��"#� $�%� ��
� 14–47

¤fl¡fl¡ 3 � �
�&'���� ���
 !� �� ��"#�� �(��� )�
*� �� �(��� +�+ 48–83

¤fl¡fl¡ 4 � ��(,�-��� ./��*� �
�0��� 84–113

¤fl¡fl¡ 5 � ��(,�-��� ��
� 114–131

¤fl¡fl¡ 6 � 12�
� �� 132–155

¤fl¡fl¡ 7 � 3 � � ( * 4 156–189

¤fl¡fl¡ 8 � ��
�� ���� �� 567� 190–218

¤fl¡fl¡ 9 � *�8�� �� *�9:�� *�8�	��� 219–249

¤fl¡fl¡ 10 � ��(
��� ���/�� 250–276
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¤fl¡fl¡ 12 � ¬���� ���(C��� ��� 290–303

¤fl¡fl¡ 13 � �
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 304–322

¤fl¡fl¡ 14 � �(������ �=����� ��(,�-� 323–336
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�� �/�� 337–352
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� 353–367

¤fl¡fl¡ 17 � 3��
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��� ���/��� �� ���(*4 368–387

¤fl¡fl¡ 18 � ����
N(��� ��
� 388–404

������� 404–406
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¤fl¬fl¬ 1 �  ¬ı˘ › ’Ú…±Ú… ¬Ûø¬ı˛ø‰¬øÓ¬ [Force and other
Ideas)

·Í¬Ú

1.1 √õ∂d¬±¬ıÚ±

1.2 Î¬◊ÀV˙…

1.3 ¬ı˘ (Force)

1.4 ‘√Ï¬ˇ ¬ıd≈¬ (Rigid Body)

1.5 ≈√øÈ¬ ¬ıÀ˘¬ı˛ ¸±˜…±¬ıàÔ± (Equilibrium of two Forces)

1.6 ¬ıÀ˘¬ı˛ õ∂‰¬˘Ú˜”˘fl¡ ÚœøÓ¬ (Principle of Transmissibility of Forces)

1.7 ¬ıÀ˘¬ı˛ ¶§±Ó¬La… ÚœøÓ¬ (Principle of Independence of Action of Forces)

1.8 ¬ıÀ˘¬ı˛ ¸±˜z¬ø¬ı˛fl¡ ¸”S (Parallelogram Law of Forces)

1.9 øàÔøÓ¬ø¬ı√…±¬ı˛ øˆ¬øM√√

1.10 ø¬ıøˆ¬iß õ∂fl¡±À¬ı˛¬ı˛ ¬ı˘ (Different types of Forces)

1.11 ¸±¬ı˛±—˙

1.12 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1.1 √õ∂d¬±¬ıÚ±

Œ˚ ¸fl¡˘ ¬ıd≈¬ ¬Û±ø¬ı˛¬Û±øù´«Àfl¡¬ı˛ ¸±À¬ÛÀé¬ øàÔ¬ı˛ ’±ÀÂ√, Ó¬±À√¬ı˛ øàÔøÓ¬¬ı˛ fl¡±¬ı˛Ì ’Ú≈¸&Ò±Ú fl¡¬ı˛±˝◊√√ Δ¬ıÀù≠ø¯∏fl¡

øàÔøÓ¬ø¬ı√…±¬ı˛ Î¬◊ÀV˙…º Î¬◊√±˝√√¬ı˛Ì¶§¬ı˛”¬Û ¬ı˘± ˚±˚˛  . ¤fl¡øÈ¬ ˆ¬±¬ı˛œ ¬ıd≈¬ ¤fl¡øÈ¬ ŒÈ¬ø¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ øàÔ¬ı˛ˆ¬±À¬ı

’±ÀÂ√  , ¤‡±ÀÚ ¬ıd≈¬øÈ¬¬ı˛ ¸±˜…±¬ıàÔ± øfl¡ øfl¡ ¬ıÀ˘¬ı˛ ’ÒœÀÚ ¸y¬¬ı ˝√˘ Œ¸È¬±˝◊√√ ’±˜±À√¬ı˛ ø¬ıÀ¬ı‰¬…º ’±¬ı±¬ı˛

¤fl¡øÈ¬ øàÔ¬ı˛Õ√‚«… Ó¬±À¬ı˛¬ı˛ ¤fl¡õ∂±z¬ ŒÔÀfl¡ ¤fl¡øÈ¬ ˆ¬±¬ı˛œ ¬ıd≈¬ ˚ø√ ¤˜Úˆ¬±À¬ı Ô±Àfl¡ Œ˚ Ó¬±¬ı˛øÈ¬ Î¬◊~•§

(Vertical) ’¬ıàÔ±˚˛ Ô±Àfl¡, Ó¬À¬ı ¬ıd≈¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ øfl¡ øfl¡ ¬ı˘ ø√flË¡˚˛± fl¡¬ı˛ÀÂ√ ’±¬ı˛ Ó¬±À√¬ı˛ ˜ÀÒ… ¸•§&Ò øfl¡ñ

¤È¬± Ê√±Ú±› ’±˜±À√¬ı˛ Î¬◊ÀV˙…º
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1.2 √Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡Àfl¡ Δ¬ıÀù≠ø¯∏fl¡ øàÔøÓ¬ø¬ı√…±¬ı˛ õ∂±Ôø˜fl¡ Ò±¬ı˛Ì±·≈ø˘ ¬ı…±‡…± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¤øÈ¬ ’Ò…˚˛Ú fl¡¬ı˛À˘

’±¬ÛøÚ

� ¬ı˘ fl¡±Àfl¡ ¬ıÀ˘, Œfl¡±Ú ‘√Ï¬ˇ¬ıd≈¬¬ı˛ øàÔøÓ¬ ¸•§À&Ò Ê√±Ú¬ı±¬ı˛ Ê√Ú… õ∂˚≈q¡ ¬ıÀ˘¬ı˛ ø√fl¡, ˜±Ú ˝◊√√Ó¬…±ø√¬ı˛

õ∂À˚˛±Ê√Úœ˚˛ :±Ú õ∂À˚˛±Ê√Ú, Œ¸ ¸•§À&Ò Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº

� ¬ı˘ øfl¡ õ∂fl¡±À¬ı˛¬ı˛ ˝√√ÀÓ¬ ¬Û±À¬ı˛ Œ¸È¬± Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº

� ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡± (line of action) ¸•§À&Ò Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº

� ‘√Ï¬ˇ¬ıd≈¬ ¸•§À&Ò Ò±¬ı˛Ì± fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛À¬ıÚº

� ≈√˝◊√√øÈ¬ ¬ı˘ øfl¡ˆ¬±À¬ı › fl¡‡Ú ¤fl¡øÈ¬ ¬ıÀ˘ ¬Ûø¬ı˛ÌÓ¬ ˝√√˚˛, Ó¬±˝√√± Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº

1.3 √¬ı˘ (Force)

øàÔøÓ¬ø¬ı√…±˚˛ õ∂Ò±Ú ’±À˘±‰¬… ø¬ı¯∏˚˛ ˝√√˘ Œfl¡±Ú ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ¬ı˘¸˜”À˝√√¬ı˛ ¸±˜… ˝◊√√Ó¬…±ø√º

’Ó¬¤¬ı, õ∂ÔÀ˜ ¬ı˘ ¸•§À&Ò ’±˜±À√¬ı˛ Ò±¬ı˛Ì± ¶Û©Ü fl¡¬ı˛± õ∂À˚˛±Ê√Úº

(a) ¬ı˘ ¬ıd≈¬¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ õ∂˚≈q¡ ˝√√˚˛, ’Ô«±» ¬ıÀ˘¬ı˛ ¤fl¡øÈ¬ õ∂À˚˛±·ø¬ıμ≈ ’±ÀÂ√º

(b) ¬ıÀ˘¬ı˛ ¤fl¡øÈ¬ õ∂À˚˛±·À¬ı˛‡± ¬ı± ø√flË¡˚˛±À¬ı˛‡± (line of action) ’±ÀÂ√ ’Ô«±» õ∂À˚˛±·ø¬ıμ≈·±˜œ

¤fl¡øÈ¬ Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ¬ı˘øÈ¬ ø√flË¡˚˛± fl¡À¬ı˛º

(c) ¬ıÀ˘¬ı˛ ¤fl¡øÈ¬ ø√fl¡ ’±ÀÂ√ ’Ô«±» ˙≈Ò≈ ø√flË¡˚˛±À¬ı˛‡± Ê√±ÚÀ˘˝◊√√ ˝√√À¬ı Ú±ñ¤fl¡˝◊√√ ø√flË¡˚˛±À¬ı˛‡±˚˛ ¬ı˘øÈ¬¬ı˛

¸y¬±¬ı… ≈√˝◊√√øÈ¬ ø√Àfl¡¬ı˛ ¤fl¡øÈ¬Àfl¡ øÚø«√©Üˆ¬±À¬ı Ê√±ÚÀÓ¬ ˝√√À¬ıº Œ˚˜Ú, 1(a) Ú— ø‰¬ÀS ABCD

¬ıd≈¬øÈ¬¬ı˛ Q ø¬ıμ≈ÀÓ¬ ¤fl¡øÈ¬ ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛º Ó¬œ¬ı˛ ø‰¬˝ê ø√À˚˛ Œ¬ı±Á¡±Ú ˝√√À26√ Œ˚ ¬ı˘øÈ¬¬ı˛ ø√fl¡

˝√√˘ R ŒÔÀfl¡ Q-¤¬ı˛ ø√Àfl¡º 1(b) ø‰¬ÀS ¬ıÀ˘¬ı˛ ø√fl¡ ¬Û”À¬ı«¬ı˛ ø√Àfl¡¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ’Ô«±» Q ŒÔÀfl¡

R-¤¬ı˛ ø√Àfl¡º

1(b) Ú— ø‰¬S1(a) Ú— ø‰¬S
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(d) õ∂ÀÓ¬…fl¡øÈ¬ ¬ıÀ˘¬ı˛ ¤fl¡øÈ¬ ˜±Ú ’±ÀÂ√º ’Ô«±» ¤fl¡øÈ¬ øÚø«√©Ü ¤fl¡Àfl¡¬ı˛ ¸±˝√√±À˚… ¬ıÀ˘¬ı˛ ˜±ÀÚ¬ı˛

¬Ûø¬ı˛˜±¬Û õ∂fl¡±˙ fl¡¬ı˛± ˝√√˚˛º ’±˜¬ı˛± ¬ı˘ Œ¬ı±Á¡±ÀÓ¬ ¤ˆ¬±À¬ı ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛ñP ˜±Úø¬ıø˙©Ü ¤fl¡øÈ¬

¬ı˘ ¬ıd≈¬¬ı˛ A ø¬ıμ≈ÀÓ¬ Î¬◊M√√¬ı˛-¬Û”¬ı« ø√Àfl¡ ø√flË¡˚˛± fl¡¬ı˛ÀÂ√º ’Ô«±» ¤¬ı˛ õ∂À˚˛±·ø¬ıμ≈ ˝√√˘ A, ø√flË¡˚˛±À¬ı˛‡±

˝√√˘ Î¬◊M√√¬ı˛-¬Û”¬ı« ø√fl¡ ’Ô«±» ø√fl¡øÈ¬ Î¬◊M√√¬ı˛ › ¬Û”¬ı« ø√Àfl¡¬ı˛ ¸ø˝√√Ó¬ 45º Œfl¡±Ì fl¡ø¬ı˛˚˛± ’±ÀÂ√º ¤¬ı—

¬ı˘øÈ¬¬ı˛ ˜±Ú ˝√√˘ P ¤fl¡fl¡º øÚÎ¬◊È¬ÀÚ¬ı˛ ·øÓ¬¸”S ’Ú≈¸±À¬ı˛ ¬ıd≈¬øÈ¬¬ı˛ ¬ıÀ˘¬ı˛ ø√Àfl¡ ¤fl¡øÈ¬ ¬ı˘õ∂¸”Ó¬

Q¬ı˛Ì ¸‘ø©Ü ˝√√˚˛, Œ˚ Q¬ı˛ÀÌ¬ı˛ ˜±Ú ¬Û±›˚˛± ˚±˚˛ ¬ı˘øÈ¬¬ı˛ ˜±ÚÀfl¡ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛À¬ı· ø√À˚˛ ˆ¬±· fl¡¬ı˛À˘º

1.4 ‘√Ï¬ˇ¬ıd≈¬ (Rigid Body)

¤fl¡øÈ¬ ¬ıd≈¬Àfl¡ Ó¬‡Ú˝◊√√ ‘√Ï¬ˇ¬ıd≈¬ ¬ı˘± ˝√√À¬ı ˚ø√ Î¬◊˝√√± Œ˚ ¸˜d¬ fl¡Ì± (particle) ¡Z±¬ı˛± ·øÍ¬Ó¬ Ó¬±À√¬ı˛

¬Û±¬ı˛¶Ûø¬ı˛fl¡ ’¬ıàÔ±Ú ¤˜Ú Œ˚, Œ˚-Œfl¡±Ú ≈√øÈ¬¬ı˛ ˜ÀÒ… ”√¬ı˛Q ¸¬ı«√± ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡º Ù¬À˘ ¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛

A, B, C øÓ¬ÚøÈ¬ fl¡Ì± ˝√√À˘, Δ√‚«… AB, BC, CA ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ¤¬ı— AB, AC-¤¬ı˛ ˜Ò…àÔ Œfl¡±Ì

¬’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±fl¡À¬ıº

‘√Ï¬ˇ¬ıd≈¬ ¬ı±d¬À¬ı ¬Û±›˚˛± ’¸y¬¬ı, Œfl¡ÚÚ± õ∂‰¬G¬ ¬ı˘ õ∂À˚˛±· fl¡À¬ı˛ Œfl¡±Ú ¬ıd≈¬¬ı˛ ’±˚˛Ó¬Ú › ¬ı˛”¬Û ¬Ûø¬ı˛¬ıÓ«¬Ú

fl¡¬ı˛± ˚±˚˛º ·±øÌøÓ¬fl¡ ’±√˙« ø˝√√¸±À¬ı ’±˜¬ı˛± ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ’ød¬Q ¶§œfl¡±¬ı˛ fl¡¬ı˛¬ı ¤¬ı— ¬ı˘¸˜”˝√√ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛

ø√flË¡˚˛± fl¡¬ı˛ÀÂ√ ¤È¬± ÒÀ¬ı˛ ŒÚ¬ı [˚ø√ Ú± ’Ú…ˆ¬±À¬ı ¬ı˘± Ô±Àfl¡]º

1.5 ¬≈√øÈ¬ ¬ıÀ˘¬ı˛ ¸±˜…±¬ıàÔ± (Equilibrium of two Forces)

¤fl¡øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ ≈√øÈ¬ ¬ı˘ õ∂˚≈q¡ ˝√√À˘ Ó¬±¬ı˛± ¬ıd≈¬øÈ¬Àfl¡ ¸±˜…±¬ıàÔ±˚˛ ¬ı˛±‡À¬ı ˚ø√, ¤¬ı—

Œfl¡¬ı˘˜±S ˚ø√, ¬ı˘ ≈√øÈ¬¬ı˛ ˜±Ú ¸˜±Ú ˝√√˚˛, ø√flË¡˚˛±À¬ı˛‡± ¤fl¡ ˝√√˚˛ ¤¬ı— ¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ø√Àfl¡ ø√flË¡˚˛± fl¡À¬ı˛º

Œfl¡±Ú ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ [¬ıd≈¬øÈ¬ Œ˚ ’¬ıàÔ±˚˛ Ô±fl≈¡fl¡ Ú± Œfl¡Ú] ˚ø√ ≈√øÈ¬ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ¸˜±Ú ˜±ÀÚ¬ı˛ ≈√øÈ¬ ¬ı˘

Œfl¡±Ú ø¬ıμ≈ÀÓ¬ õ∂˚≈q¡ ˝√√˚˛, Ó¬À¬ı [Œ˚À˝√√Ó≈¬ ¬ı˘ ≈√øÈ¬ ¤Àfl¡ ’Ú…Àfl¡ øÚ¬ı˛d¬ fl¡À¬ı˛] ¬ıd≈¬øÈ¬¬ı˛ øàÔÓ¬±¬ıàÔ± ’Ô¬ı±

·øÓ¬¬ı˛ Œfl¡±Ú ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À¬ı Ú±º

’±˜¬ı˛± øàÔøÓ¬ø¬ı√…± ’±À˘±‰¬Ú±˚˛ ¬ı˝≈√√àÔÀ˘ ¤¬ı˛”¬Û ≈√øÈ¬ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ¸˜±Ú ˜±Úø¬ıø˙©Ü ¬ı˘ õ∂À˚˛±·

fl¡¬ı˛¬ıº

1.6 ¬ıÀ˘¬ı˛ õ∂‰¬˘Ú˜”˘fl¡ ÚœøÓ¬ (Principle of Transmissibility of Forces)

ëŒfl¡±Ú ‘√Ï¬ˇ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈Àfl¡ ¬ıÀ˘¬ı˛ õ∂À˚˛±·ø¬ıμ≈ Ò¬ı˛± Œ˚ÀÓ¬

¬Û±À¬ı˛ºí [’¬ı˙… õ∂À˚˛±·ø¬ıμ≈øÈ¬ ‘√Ï¬ˇ¬ıd≈¬¬ı˛ ¸Àe· ‘√Ï¬ˇˆ¬±À¬ı ¸—˚≈q¡ ˝√√ÀÓ¬ ˝√√À¬ıº]

¤‡±ÀÚ ¬ı˘± ’±¬ı˙…fl¡ Œ˚ ¬ıd≈¬øÈ¬¬ı˛ ‘√Ï¬ˇ (rigid) ˝√√›˚˛± õ∂À˚˛±Ê√Úº ¬ıd≈¬øÈ¬¬ı˛ ’±˚˛Ó¬Ú ¬ı± ’±fl‘¡øÓ¬ ˚ø√
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¬Ûø¬ı˛¬ıÓ«¬Úé¬˜¬ ˝√√˚˛, Ó¬À¬ı ¤˝◊√√ ÚœøÓ¬ õ∂À˚±Ê√… ˝√√À¬ı Ú±º Œ¸Àé¬ÀS ¬ıÀ˘¬ı˛ õ∂À˚˛±·ø¬ıμ≈¬ı˛ Î¬◊¬Û¬ı˛ ¬ıÀ˘¬ı˛ Ù¬˘

øÚˆ«¬¬ı˛ fl¡À¬ı˛º

1.7 ¬ıÀ˘¬ı˛ ¶§±Ó¬La… ÚœøÓ¬ (Principle of Independence of Action of
Forces)

ëõ∂øÓ¬øÈ¬ ¬ı˘ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¬’Ú…±Ú… ¬ıÀ˘¬ı˛ ŒÔÀfl¡ øÚ¬ı˛À¬Ûé¬ ˆ¬±À¬ı ø√flË¡˚˛± fl¡À¬ı˛º ’Ô«±» ¬õ∂ÀÓ¬…fl¡øÈ¬

¬ı˘ øÚÊ√¶§ ø√flË¡˚˛± [’Ô«±» ˆ¬¬ı˛À¬ıÀ·¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú øÚÊ√ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ ø√Àfl¡› ¬ı˘øÈ¬¬ı˛ ˜±Ú ’Ú≈¬Û±ÀÓ¬] fl¡À¬ı˛º

‹ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ’Ú…±Ú… ¬ı˘ õ∂˚≈q¡ ˝√√Î¬◊fl¡ ¬ı± Ú± ˝√√Î¬◊fl¡ Ó¬±˝√√±ÀÓ¬ øfl¡Â≈√ ¬ı…øÓ¬√flË¡˜ ˝√√˚˛ Ú±º

1.8 ¬ıÀ˘¬ı˛ ¸±˜z¬ø¬ı˛fl¡ ¸”S (Parallelogram Law of Forces)

¤fl¡øÈ¬ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ≈√øÈ¬ ¬ıÀ˘¬ı˛ ¤fl¡˝◊√√ õ∂À˚˛±· ø¬ıμ≈ ˝√√À˘, ¬ı˘ ≈√øÈ¬¬ı˛ ø√flË¡˚˛± ¤fl¡øÈ¬˜±S ¬ı˘ ¡Z±¬ı˛±

¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛± ¸y¬¬ıº Î¬◊˝√√±Àfl¡ ¬ı˘ ≈√øÈ¬¬ı˛ ˘øt (Resultant) ¬ı˘± ˝√√˚˛º ¤È¬± ¬ı˘¸˜”À˝√√¬ı˛ ¸±˜z¬ø¬ı˛fl¡ ¸”Sº

¸”SøÈ¬ ¤˝◊√√¬ı˛”¬Û  .

≈√øÈ¬ ¬ı˘ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ õ∂˚≈q¡ ˝√√À˘ ¤¬ı— øÚø«√©Ü Œfl¡±Ú ˜±¬Ûfl¡ ’Ú≈¸±À¬ı˛ ¬ı˘ ≈√øÈ¬Àfl¡ ¤fl¡øÈ¬ ¸±˜z¬ø¬ı˛Àfl¡¬ı˛

≈√øÈ¬ ¬Û¬ı˛¶Û¬ı˛À26√√œ ¬ı±˝≈√√ ø√À˚˛ ˜±Ú › ø√fl¡¸˝√√ ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛À˘, Ó¬±˝√√À˘ ‹ ø¬ıμ≈·±˜œ ¸±˜z¬ø¬ı˛fl¡øÈ¬¬ı˛ fl¡Ì«

(Diagonal) ø√Àfl¡ › ˜±ÀÚ õ∂˚≈q¡ ¬ı˘ ≈√øÈ¬¬ı˛ ˘øtÀfl¡ ¬ı˛”¬Û±ø˚˛Ó¬ fl¡À¬ı˛º

2 Ú— ø‰¬S

2 Ú— ø‰¬ÀS P, Q ≈√øÈ¬ ¸˜ø¬ıμ≈ ¬ı˘ ¤fl¡øÈ¬ øÚø«√©Ü ˜±¬Ûfl¡ ’Ú≈¸±À¬ı˛ ˚Ô±√flË¡À˜ OA
�  › OB

�  ¡Z±¬ı˛±

˜±ÀÚ › ø√Àfl¡ ¬ı˛”¬Û±ø˚˛Ó¬ ˝√√À˚˛ÀÂ√º ’Ô«±», P › Q-¤¬ı˛ ˜±Ú OA › OB Δ√À‚«…¬ı˛ ’Ú≈¬Û±Ó¬œº ¸±˜z¬ø¬ı˛fl¡

¸”S ’Ú≈¸±À¬ı˛ OACB ¸±˜z¬ø¬ı˛Àfl¡¬ı˛ fl¡Ì« OC
� , P › Q ¬ı˘ ≈√øÈ¬¬ı˛ ˘øt ¬ı˘ R ’Ô«±» R ¬ı˘øÈ¬¬ı˛ ˜±Ú

OC-¤¬ı˛ ’Ú≈¬Û±Ó¬œº

˜z¬¬ı… : Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸”SøÈ¬ ¤fl¡øÈ¬ ¬¬Û¬ı˛œé¬±˘t ¸Ó¬…º
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1.9 √øàÔøÓ¬ø¬ı√…±¬ı˛ øˆ¬øM√√

’±˜¬ı˛± øàÔøÓ¬ø¬ı√…±¬ı˛ ’±À˘±‰¬Ú±˚˛ ¬ıÀ˘¬ı˛ Ò˜« ¬ı± 1.5, 1.6, 1.7 › 1.8 ’Ú≈À26√À√ ’±À˘±ø‰¬Ó¬

˝√√À˚˛ÀÂ√ñÓ¬±¬ı˛ Î¬◊¬Û¬ı˛ øˆ¬øM√√ fl¡À¬ı˛ ø¬ıøˆ¬iß Δ¬ıÀù≠ø¯∏fl¡ ¬ÛXøÓ¬ Œ˚˜Ú àÔ±Ú±efl¡ Ê√…±ø˜øÓ¬, fl¡˘Úø¬ı√…±, Œˆ¬"√√¬ı˛,

¬ıœÊ√·øÌÓ¬ ˝◊√√Ó¬…±ø√¬ı˛ õ∂À˚˛±· fl¡À¬ı˛ ø¬ı¯∏˚˛øÈ¬ ¬ı…±‡…± fl¡¬ı˛¬ıº

1.10 √ ø¬ıøˆ¬iß õ∂fl¡±À¬ı˛¬ı˛ ¬ı˘ (Different types of Forces)

Î¬◊√±˝√√¬ı˛Ì¶§¬ı˛”¬Û fl¡À˚˛fl¡øÈ¬ ¬ıÀ˘¬ı˛ fl¡Ô± ¬ı˘± ˝√√À26√ñ

(1) ¬¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ›Ê√Ú ¬ı˘ (Weight) : ¤fl¡ø√Àfl¡ ¬Û‘øÔ¬ıœ¬ı˛ ˜±Ò…±fl¡¯∏«Ì øÚ˚˛˜ ’Ú≈¸±À¬ı˛ õ∂øÓ¬øÈ¬

¬ıd≈¬ ˆ¬¬ı˛-¤¬ı˛ ¸˜±Ú≈¬Û±Ó¬œ ¬ı˘ ¡Z±¬ı˛± ’±fl‘¡©Ü ˝√√˚˛º ‹ ¬ıÀ˘¬ı˛ øfl¡˚˛√—˙ ¬ıd≈¬øÈ¬¬ı˛ ¬Û‘øÔ¬ıœ¬ı˛ ’Àé¬¬ı˛

¸±À¬ÛÀé¬ ‚”Ì«ÀÚ¬ı˛ Ê√Ú… ¬ı…ø˚˛Ó¬ ˝√√˚˛ ¤¬ı— ’¬ıø˙©Ü ¬ı˘ ¬ıd≈¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛ñÎ¬◊˝√√±˝◊√√ ›Ê√Ú

¬ı˘ (weight)º ›Ê√Ú ¬ıÀ˘¬ı˛ ø√fl¡ ˝√√˘ Î¬◊~•§ (vertical) ø√Àfl¡ [¬Û‘øÔ¬ıœ˜≈‡œ]º m ¬ıd≈¬øÈ¬¬ı˛

ˆ¬¬ı˛ ˝√√À˘ ›Ê√Ú ¬ı˘ Î¬◊˝√√±¬ı˛ Î¬◊¬Û¬ı˛ ˝√√À¬ı mg Œ˚‡±ÀÚ g ˝√√˘ ’øˆ¬fl¡¯∏«Ê√ Q¬ı˛Ìº

(2) È¬±Ú (Tension ¬ı± Tensile Force) : ¤fl¡øÈ¬ ¸È¬±Ú ¬√øÎ¬ˇ¬ı˛ ¤fl¡õ∂±Àz¬ ¤fl¡øÈ¬ ˆ¬±¬ı˛œ¬ıd≈¬

[˚±¬ı˛ ›Ê√Ú W) ¬ı“√±Ò± ˝√√À˚˛ ˚ø√ ¬ıd≈¬øÈ¬Àfl¡ ¤fl¡øÈ¬ øÚø«√©Ü ø¬ıμ≈ ŒÔÀfl¡ ‹ √øÎ¬ˇ¬ı˛ ¸±˝√√±À˚… Á≈¡ø˘À˚˛

Œ√›˚˛± ˝√√˚˛, Ó¬±˝√√À˘ ¬ıd≈¬øÈ¬ ¸±˜…±¬ıàÔ±˚˛ Ô±Àfl¡º ¬ıd≈¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ›Ê√Ú ¬ı˘ ø√flË¡˚˛± fl¡¬ı˛ÀÂ√º ¬ıd≈¬øÈ¬

3 Ú— ø‰¬S
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Œ˚À˝√√Ó≈¬ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√, ’Ó¬¤¬ı ¬√øÎ¬ˇøÈ¬ ¬ıd≈¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ¤fl¡øÈ¬ ¬ı˘ õ∂À˚˛±· fl¡¬ı˛ÀÂ√,

˚±Àfl¡ ’±˜¬ı˛± È¬±Ú ¬ı˘ ¬ıÀ˘ Ô±øfl¡º √øÎ¬ˇøÈ¬¬ı˛ [˚±¬ı˛ ›Ê√Ú ’øÓ¬ ¸±˜±Ú…] ¤fl¡øÈ¬ ’—˙ PQ-

¤¬ı˛ Î¬◊¬Û¬ı˛ Œ˚ ¬ı˘ ≈√øÈ¬ fl¡±Ê√ fl¡¬ı˛ÀÂ√ 3 Ú— ø‰¬ÀS Œ√‡±ÀÚ± ˝√√À26√º Œ¸·≈ø˘ ˝√√˘ P ø¬ıμ≈ÀÓ¬

T ÚœÀ‰¬¬ı˛˛ ø√Àfl¡ › Q ø¬ıμ≈ÀÓ¬ T Î¬◊¬Û¬ı˛ ø√Àfl¡º ¤˝◊√√ ≈√øÈ¬ ¬ı˘ PQŒfl¡ ¸±˜…±¬ıàÔ±˚˛ ¬ı˛±‡ÀÂ√º

(3) õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ (Force of Reaction) : ≈√øÈ¬ ¬ıd≈¬¬ı˛ ¬Û‘á¬¡Z˚˛ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ ¬Û¬ı˛¶Û¬ı˛ ¶Û˙«

fl¡¬ı˛À˘ ‹ ø¬ıμ≈ÀÓ¬ õ∂øÓ¬øÈ¬ ¬ıd≈¬ ¡Z±¬ı˛± ’¬Û¬ı˛øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ ¬ı˘ õ∂˚≈q¡ ˝√√˚˛º ¬ı˘ ≈√øÈ¬ ¸˜±Ú

˜±ÀÚ¬ı˛ ¤¬ı— ø¬ı¬Û¬ı˛œÓ¬˜≈‡œº ¤À√¬ı˛ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ (Force of Reaction) ¬ı˘± ˝√√˚˛º ˚ø√ ¬ıd≈¬

≈√øÈ¬¬ı˛ Ó¬˘ ˜¸‘Ì ˝√√˚˛ Ó¬À¬ı ¬ı˘·≈ø˘ ¶Û˙«fl¡Ó¬À˘¬ı˛ ’øˆ¬˘•§ ø√Àfl¡ ˝√√À¬ıº ’±¬ı˛ ˚ø√ Ó¬˘ ≈√øÈ¬

’˜¸‘Ì ˝√√˚˛, Ó¬±˝√√À˘ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘·≈ø˘¬ı˛ ø√fl¡ ¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ › ¸˜±Ú ˜±ÀÚ¬ı˛ ˝√√À˘›

Î¬◊˝√√±À√¬ı˛ ø√fl¡ ¶Û˙«fl¡Ó¬À˘¬ı˛ ’øˆ¬˘•§ ø√Àfl¡ ˝√√À¬ı Ú±º

(4) ‚±Ó¬ ¬ı˘ (Thrust) : È¬±ÀÚ¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ¬ı˘ ˝√√˘ ‚±Ó¬ ¬ı˘º ¤fl¡øÈ¬ √ÀG¬¬ı˛ ˜ÀÒ… ˚ø√ ≈√øÈ¬

¬ı˘ ¤˜Ú ˆ¬±À¬ı ø√flË¡˚˛± fl¡À¬ı˛ Œ˚ Î¬◊˝√√±¬ı˛ õ∂±z¬ø¬ıμ≈¡ZÀ˚˛ ¬ı˘øÈ¬ õ∂±z¬ø¬ıμ≈˜≈‡œ ˝√√˚˛ (4 Ú— ø‰¬S Œ√‡≈Ú]º

¤¬ı˛”¬Û ¬ı˘Àfl¡ ‚±Ó¬¬ı˘ ¬ı˘± ˝√√˚˛º

4 Ú— ø‰¬S

1.11  ¸±¬ı˛±—˙

¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˘ õ∂˚≈q¡ ˝√√À˘ Œ¸ ¬ı˘ ¸•§À&Ò ¸øÍ¬fl¡ˆ¬±À¬ı Ê√±Ú±, ¬ı˘ õ∂ˆ¬±À¬ı ¬ı˘øÈ¬ ¸±˜…±¬ıàÔ±˚˛

Ô±fl¡À¬ı øfl¡Ú± ¤¸¬ı Ê√±Ú± Δ¬ıÀù≠ø¯∏fl¡ øàÔøÓ¬ø¬ı√…±¬ı˛ Î¬◊ÀV˙…º

¬ıÀ˘¬ı˛ ¤fl¡øÈ¬ õ∂À˚˛±·ø¬ıμ≈, ø√flË¡˚˛±À¬ı˛‡± › ˜±Ú ¬ı˛À˚˛ÀÂ√º

≈√øÈ¬ ¸˜±Ú ˜±ÀÚ¬ı˛ ¬ı˘ ¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ¬ıd≈¬¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ ø√flË¡˚˛±˙œ˘ ˝√√À˘ ¬ıd≈¬øÈ¬ ‹ ¬ı˘ ≈√øÈ¬

¸±À¬ÛÀé¬ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡À¬ı ¤¬ı— ¬ı˘ ≈√øÈ¬ õ∂À˚˛±À·¬ı˛ Ù¬À˘ ¬ıd≈¬øÈ¬¬ı˛ ’¬ıàÔ±¬ı˛ Œfl¡±Ú Œ˝√√¬ı˛ÀÙ¬¬ı˛ ˝√√À¬ı Ú±º

‘√Ï¬ˇ ¬ıd≈¬¬ı˛ Œé¬ÀS ¬ı˘ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±˙œ˘ Ò¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º øàÔøÓ¬àÔ±¬Ûfl¡

¬ıd≈¬¬ı˛ Œé¬ÀS ¬ıÀ˘¬ı˛ õ∂À˚˛±·ø¬ıμ≈¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛ Ó¬±¬ı˛ Ù¬˘º
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õ∂ÀÓ¬…fl¡øÈ¬ ¬ı˘ ’Ú… ¬ı˘ øÚ¬ı˛À¬Ûé¬ˆ¬±À¬ı ø√flË¡˚˛±˙œ˘º ¬ı˘ ’ÀÚfl¡ õ∂fl¡±À¬ı˛¬ı˛ Œ˚˜Ú, ›Ê√Ú ¬ı˘, È¬±Ú

¬ı˘, ‚±Ó¬ ¬ı˘º ≈√øÈ¬ ¬ı˘ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±˙œ˘ ˝√√À˘ Ó¬±À√¬ı˛ ˘øt ¤fl¡øÈ¬ ¬ı˘ ¡Z±¬ı˛± ¬¬ı˛”¬Û±ø˚˛Ó¬ ˝√√˚˛º

1.12 √ ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1. ¬¬ıÀ˘¬ı˛ Δ¬ıø˙©Ü… fl¡œ fl¡œ∑

2. ≈√˝◊√√ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ¸˜˜±Úø¬ıø˙©Ü ¬ı˘ ¬ıd≈¬Àfl¡ øfl¡¬ı˛”¬Û õ∂ˆ¬±ø¬ıÓ¬ fl¡À¬ı˛∑

3. ø¬ıøˆ¬iß õ∂fl¡±À¬ı˛¬ı˛ ¬ıÀ˘¬ı˛ Î¬◊√±˝√√¬ı˛Ì ø√Úº

4. øfl¡ øfl¡ ¶§Ó¬–ø¸ÀX¬ı˛ Î¬◊¬Û¬ı˛ øˆ¬øM√√ fl¡À¬ı˛ Δ¬ıÀù≠ø¯∏fl¡ øàÔøÓ¬ø¬ı√…± ¬ı˛ø‰¬Ó¬∑

5. øàÔøÓ¬àÔ±¬Ûfl¡ (Elastic) ¬ıd≈¬¬ı˛ Œé¬ÀS ¬ıÀ˘¬ı˛ õ∂‰¬˘Ú˜”˘fl¡ ÚœøÓ¬ ¸Ó¬… øfl¡Ú±∑ ˚≈øq¡¸˝√√ Î¬◊√±˝√√¬ı˛Ì

ø√Úº
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¤fl¬fl¬ 2 �  ¸˜ø¬ıμ≈ ¬ı˘¸˜”˝√√ › Ó¬±˝√√±À√¬ı˛ ˘øt ¤¬ı— ¸±˜…

[Concurrent Forces—Resultant and
Equilibrium)

·Í¬Ú

2.1 √õ∂d¬±¬ıÚ±

2.2 √ Î¬◊ÀV˙…

2.3 ≈√øÈ¬ ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ ˘øt ¬ıÀ˘¬ı˛ ˜±Ú › ø√fl¡ øÚÌ«˚˛

2.3.1 ¬ı˘ › Œˆ¬"√√À¬ı˛¬ı˛ ˜ÀÒ… ¸•Ûfl«¡

2.3.2 ≈√øÈ¬ ¬ıÀ˘¬ı˛ ¸±˜…

2.3.3 ’Ú≈˙œ˘Úœ

2.4 ¬ıÀ˘¬ı˛ Î¬◊¬Û±—˙ (Resolved part of a force)

2.4.1 ¬ıÀ˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙

2.4.2 ¸˜Ó¬À˘¬ı˛ ¬ıÀ˘¬ı˛ Î¬◊¬Û±—˙¡Z˚˛

2.4.3 øS˜±øSfl¡ Œ√À˙ ¬ıÀ˘¬ı˛ Î¬◊¬Û±—˙S˚˛

2.5 ¤fl¡±øÒfl¡ ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ ˘øt

2.5.1 ¤fl¡±øÒfl¡ ¸˜ø¬ıμ≈ › ¸˜Ó¬˘œ˚˛ ¬ıÀ˘¬ı˛ ˘øt

2.5.2 ’¸˜Ó¬˘œ˚˛ ¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ¬ı˛ ˘øt

2.5.3 ’Ú≈˙œ˘Úœ

2.6 Ê√…±ø˜øÓ¬fl¡ ¬ÛXøÓ¬ÀÓ¬ ¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ¬ı˛ ˘øt øÚÌ«˚˛ñ¬ı˝≈√√ˆ≈¬Ê√ (Polygon) ’efl¡Ú ¸±˝√√±À˚…

2.7 ¸˜ø¬ıμ≈ ¬ı˘¸˜”À˝√√¬ı˛ ¸±˜… (Equilibrium of concurrent forces)

2.7.1 ¸˜Ó¬˘œ˚˛ (Coplanar) ¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ

2.7.2 øÓ¬ÚøÈ¬ ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ ¸±˜…±¬ıàÔ±˚˛ øSˆ≈¬Ê√ Î¬◊¬Û¬Û±√…

2.7.3 ¬ı˘ øSˆ≈¬Ê√ Î¬◊¬Û¬Û±À√…¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ õ∂øÓ¬:±
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2.7.4 ¬ı˘À·±á¬œ¬ı˛ ¬ı˝≈√√ˆ≈¬Ê√ Î¬◊¬Û¬Û±√…

2.7.5 ’Ú≈˙œ˘Úœ

2.7.6 ˘±ø˜¬ı˛ Î¬◊¬Û¬Û±√…

2.8 ¸±¬ı˛±—˙

2.9 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

2.1 √õ∂d¬±¬ıÚ±

’±˜¬ı˛± õ∂Ô˜ ¤fl¡Àfl¡ Œ√À‡øÂ√ Œ˚ ≈√øÈ¬ ¬ı˘ ¤fl¡øÈ¬ ¬ıd≈¬¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ õ∂˚≈q¡ ˝√√À˘ ‹ ¬ı˘¡ZÀ˚˛¬ı˛

Ù¬˘ Œfl¡¬ı˘˜±S ¤fl¡øÈ¬ ¬ıÀ˘¬ı˛ ¸±˝√√±À˚… ¬Û±›˚˛± ˚±˚˛º ‹ ¸”SøÈ¬Àfl¡ ¸±˜±z¬ø¬ı˛fl¡ ¸”S ¬ı˘± ˝√√˚˛º ’±˜¬ı˛±

õ∂ÔÀ˜ ¤˝◊√√ ¸”S ’Ú≈¸±À¬ı˛ ≈√øÈ¬ ¬ıÀ˘¬ı˛ ˘øt øÚÌ«˚˛ fl¡¬ı˛¬ıº Ó¬±¬ı˛¬Û¬ı˛ ¤˝◊√√ ¸”SøÈ¬ ¬Û≈Ú–¬Û≈Ú– õ∂À˚˛±· fl¡À¬ı˛ øÓ¬Ú

¬ı± Ó¬ÀÓ¬±øÒfl¡ ¬ı˘À·±á¬œ¬ı˛ Œ¬ı˘±˚˛ ˘øt ¬ı˘ øÚÌ«˚˛ fl¡¬ı˛¬ıº ¤¬ı˛ Ù¬À˘ Œ√‡± ˚±À¬ı Œ˚ ¸˜ø¬ıμ≈ ’¸œ˜ ¸—‡…fl¡

¬ıÀ˘¬ı˛ Œ¬ı˘±˚˛ ‹ ¬ı˘À·±á¬œÀfl¡ ’±˜¬ı˛± ¤fl¡øÈ¬ ˜±S ¬ı˘ ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º ‹ ˘øt ¬ıÀ˘¬ı˛

˜±Ú › ø√fl¡ øÚÌ«˚˛ fl¡¬ı˛±˝◊√√ ’±˜±À√¬ı˛ ¤˝◊√√ ¤fl¡Àfl¡¬ı˛ õ∂Ò±Ú ø¬ı¯∏˚˛º ˚‡Ú ¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ¬ı˛ ˘øt¬ı˛ ˜±Ú

˙”Ú… ˝√√˚˛, Ó¬‡Ú ‹ ¬ı˘À·±á¬œÀfl¡ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√ ¬ı˘± ˝√√˚˛º ’Ô«±» ‹¬ı˛”¬Û ¬ı˘À·±á¬œ¬ı˛ ø√flË¡˚˛±¬ı˛ Ù¬À˘

Œfl¡±Ú ¬ıd≈¬¬ı˛ ’¬ıàÔ±¬ı˛ Œfl¡±Ú Ó¬±¬ı˛Ó¬˜… ˝√√˚˛ Ú±º

2.2 √Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡Àfl¡ ≈√˝◊√√øÈ¬ ’Ô¬ı± Ó¬±¬ı˛ ’øÒfl¡ ¸—‡…fl¡ ¬ı˘ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ õ∂˚≈q¡ ˝√√À˘, ’±¬ÛøÚ Ê√±ÚÀÓ¬

¬Û±¬ı˛À¬ıÚñ

� øfl¡ fl¡À¬ı˛ ‹ ¬ı˘ ¸˜ø©ÜÀfl¡ ¤fl¡øÈ¬ ¬ıÀ˘ ¬Ûø¬ı˛ÌÓ¬ fl¡¬ı˛± ˚±˚˛º

� ≈√øÈ¬ ¬ı˘ ¤fl¡ ø¬ıμ≈ÀÓ¬ õ∂˚≈q¡ ˝√√À˘ Ó¬±À√¬ı˛ ˘øt ¬ı˘ ¬ıÀ˘¬ı˛ ¸±˜±z¬ø¬ı˛fl¡ ¸”S ’Ú≈¸±À¬ı˛ ¬Û±›˚˛±

˚±˚˛º

� ¸¸œ˜ ¸—‡…fl¡ ¬ı˘ ¤fl¡ ø¬ıμ≈ÀÓ¬ õ∂˚≈q¡ ˝√√À˘, Ó¬±À√¬ı˛ ˘øt øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ Ê√Ú… ¤fl¡øÈ¬ ¬ı˝≈√√ˆ≈¬Ê√

’efl¡Ú fl¡¬ı˛À˘ ¬Û±›˚˛± ˚±À¬ıº

� ¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡ÀÓ¬ ˝√√À˘ øfl¡ øfl¡ ˙Ó«¬ ¸Ó¬… ˝√√ÀÓ¬ ˝√√À¬ıº
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2.3 √≈√˝◊√√øÈ¬ ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ ˘øt ¬ıÀ˘¬ı˛ ˜±Ú › ø√fl¡ øÚÌ«˚˛

1 Ú— ø‰¬S

Ò¬ı˛± ˚±fl¡, ¤fl¡øÈ¬ ¬ıd≈¬¬ı˛ O ¤fl¡øÈ¬ ø¬ıμ≈º Œ˚‡±ÀÚ ≈√øÈ¬¬ ı˘, ˚±À√¬ı˛ ˜±Ú ˚Ô±√flË¡À˜ P › Q, ø√flË¡˚˛±

fl¡¬ı˛ÀÂ√º ¤fl¡øÈ¬ øÚø«√©Ü ˜±¬Ûfl¡ ’Ú≈¸±À¬ı˛ 1 Ú— ø‰¬ÀS OA ¤fl¡øÈ¬ Œ¬ı˛‡±—˙ øÚ˘±˜ Œ˚‡±ÀÚ O ŒÔÀfl¡ A-

¤¬ı˛ ø√Àfl¡ ¬ı˘ P õ∂˚≈q¡ ¤¬ı— OA Δ√‚« P ˜±ÚÀfl¡ ¬ı˛”¬Û±ø˚˛Ó¬ fl¡À¬ı˛º ¤fl¡˝◊√√ˆ¬±À¬ı Q ¬ı˘øÈ¬ ¬ı˛”¬Û±ø˚˛Ó¬ ˝√√˘

OB Œ¬ı˛‡±—˙ ø√À˚˛ Œ˚‡±ÀÚ O ŒÔÀfl¡� B-¤¬ı˛ ø√Àfl¡ Q ¬ı˘øÈ¬ õ∂¸±ø¬ı˛Ó¬ ¤¬ı— OB-¤¬ı˛ Δ√‚« Q-¤¬ı˛

˜±ÚÀfl¡ ¬ı˛”¬Û±ø˚˛Ó¬ fl¡À¬ı˛º ’±˜¬ı˛± P, Q ¡Z±¬ı˛± OA › OB Δ√‚«¡Z˚˛ Œ¬ı±Á¡±¬ıº OA › OB-¤¬ı˛ ˜Ò…¬ıÓ¬π

Œfl¡±Ì ˝√√˘ ��� OACB ¸±˜±z¬ø¬ı˛fl¡øÈ¬ ’efl¡Ú fl¡¬ı˛± ˝√√˘º ¸±˜±z¬ø¬ı˛fl¡ ¸”S ’Ú≈˚±˚˛œ P › Q ¬ı˘ ≈√øÈ¬¬ı˛

˘øt ¬ıÀ˘¬ı˛ ø√fl¡ › ˜±Ú O ø¬ıμ≈·±˜œ fl¡Ì« OC ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬º ˘øt ¬ı˘øÈ¬Àfl¡ R ¡Z±¬ı˛± ø‰¬ø˝êÓ¬ fl¡¬ı˛±

˝√√˘º OC Œ¬ı˛‡± OA-¤¬ı˛ ¸Àe· �� Œfl¡±Ì fl¡À¬ı˛º

øSÀfl¡±Ìø˜øÓ¬ ŒÔÀfl¡ ’±˜¬ı˛± ¬Û±˝◊√√,

OC2 = OA2 + AC2 – 2OA.AC cos �OAC

= OA2 + OB2 + 2OA.OB cos �AOB  [� �OAC = 180° – �AOB]

’Ó¬¤¬ı, OA, OB › OC-¤¬ı˛ àÔ±ÀÚ ˚Ô±√flË¡À˜ P, Q › R ø˘À‡ ¬Û±ø26√º

R2 = P2 + Q2 + 2P.Q cos � (1)

OCA øSˆ≈¬ÀÊ√¬ı˛ Ò˜« ŒÔÀfl¡ 
Q P

sin sin( )� � �
�

	

’Ô«±» (P + Q cos �
 sin �� = Q sin � cos �

�� tan
sin

cos�
�
�

�
�
Q

P Q (2)
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2.3.1 ¬ı˘ › Œˆ¬"√√À¬ı˛¬ı˛ ˜ÀÒ… ¸•Ûfl«¡

˜z¬¬ı… : ¸±˜±z¬ø¬ı˛fl¡ ¸”S ŒÔÀfl¡ ’±˜¬ı˛± ¬ı≈Á¡ÀÓ¬ ¬Û±¬ı˛øÂ√ Œ˚, ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ Œé¬ÀS, ≈√øÈ¬ ¬ıÀ˘¬ı˛ ˘øt

’±˜¬ı˛± Œˆ¬"√√¬ı˛ Ó¬N ¸±˝√√±À˚… øÚ¬ı˛”¬ÛÌ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º P ¬ı˘Àfl¡ OA

�

 Œˆ¬"√√¬ı˛ ¤¬ı— Q ¬ı˘Àfl¡ OB

�

 Œˆ¬"√√¬ı˛

¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛± ˚±˚˛º Œˆ¬"√√À¬ı˛¬ı˛ Œ˚±À·¬ı˛ øSˆ≈¬Ê√ ¸”S ’Ú≈˚±˚˛œ

OA OB OA AC OC

� 
� 
� 
� 
�

� � � �  [øSˆ≈¬Ê√ Œ˚±·¸”S ’Ú≈¸±À¬ı˛] Œ˚À˝√√Ó≈¬ OB

�

 › AC

�

 ¤fl¡˝◊√√

Œˆ¬"√√¬ı̨º

’Ó¬¤¬ı, OA

�

 › OB

�

 Œˆ¬"√√À¬ı˛¬ı˛ Œ˚±·Ù¬˘ ˝√√˘ OC

�

 Œˆ¬"√√¬ı˛º ’Ó¬¤¬ı Œˆ¬"√√¬ı˛ ¸”S ¸±˝√√±À˚… ≈√øÈ¬

¬ı˘ Œˆ¬"√√À¬ı˛¬ı˛ Œ˚±·Ù¬˘ ¬ıÀ˘¬ı˛ ¸±˜±z¬ø¬ı˛fl¡ ¸”S ’Ú≈˚±˚˛œ ˘øt¬ı˛ ¸˜±Úº ’±˜¬ı˛± ¤¬ı˛¬Û¬ı˛ ŒÔÀfl¡ õ∂À˚˛±Ê√Ú

’Ú≈¸±À¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±· ¸±˝√√±À˚… ¬ıÀ˘¬ı˛ ˘øt øÚÌ«˚˛ fl¡¬ı˛¬ıº

2.3.2 ≈√˝◊√√øÈ¬ ¬ıÀ˘¬ı˛ ¸±˜…

’±˜¬ı˛± 2.3– ŒÓ¬ (1) ŒÔÀfl¡ Œ√À‡øÂ√, ≈√øÈ¬ ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ ˘øt ˝√√˘ R Œ˚‡±ÀÚ

R2 = P2 + Q2 + 2PQcos�

= (P + Qcos �)2 + Q2sin2� (3)

’Ó¬¤¬ı, P, Q ¬ı˘ ≈√øÈ¬ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡ÀÓ¬ ˝√√À˘ R = 0 ˝√√ÀÓ¬ ˝√√À¬ıº (3) ŒÔÀfl¡ ¬Û±ø26√ R = 0

˝√√¬ı±¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√˘

P + Qcos�� = 0 ¤¬ı— Qsin�� = 0 (4)

Œ˚À˝√√Ó≈¬ P>0, Q>0, ’Ó¬¤¬ı (4) ŒÔÀfl¡ ¬Û±ø26√ sin�� = 0 ’Ô«±» �� = 0 ’Ô¬ı±

�� = �.

�� = 0 ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú±, Œfl¡ÚÚ± Œ¸Àé¬ÀS õ∂Ô˜ ˙Ó«¬øÈ¬ √“√±Î¬ˇ±˚˛ P + Q = 0 Œ˚È¬± ’¸y¬¬ıº

�� = �� ˝√√À˘ õ∂Ô˜ ˙Ó«¬øÈ¬ ˝√√˘ P – Q = 0 ’Ô«±» P = Q.

’Ó¬¤¬ı, P, Q ¬ı˘ ≈√øÈ¬¬ı˛ ˘øt ˙”Ú… ˝√√›˚˛±¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√˘

� = �� ¤¬ı— P = Q

’Ô«±» ¬ı˘ ≈√øÈ¬¬ı˛ ˜±Ú ¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ¤¬ı— ¸˜±Ú ˜±Ú ø¬ıø˙©Ü ˝√√À˘ Ó¬±¬ı˛± ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡À¬ıº
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2.3.3 ’Ú≈˙œ˘Úœ

1. ≈√øÈ¬ õ∂√M√√ ¬ıÀ˘¬ı˛ ˘øt ¬ıÀ˘¬ı˛ ˜±Ú Î¬◊˝√√±À√¬ı˛ ˜Ò…¬ıÓ¬π Œfl¡±Ì fl¡Ó¬ ˝√√À˘ ¸¬ı«±øÒfl¡ ˝√√˚˛∑

R2 = P2+ Q2 + 2PQcos�

= (P + Q)2 – 2PQ(1 – cos �)

õ∂Ô˜ ¬Û√øÈ¬ ÒÚ±Rfl¡, ø¡ZÓ¬œ˚˛¬ ¬Û√øÈ¬ ’ÒÚ±Rfl¡º ’Ó¬¤¬ı, R ¬ı‘˝√M√√˜ ˜±Úø¬ıø˙©Ü ˝√√À¬ı ˚ø√

1 – cos�� = 0 ’Ô«±» �� = 0 ˝√√˚˛, ¤¬ı— Ó¬‡Ú R-¤¬ı˛ ˜±Ú P + Q.

2. � Œfl¡±ÀÌ¬ı˛ ¬Ûø¬ı˛˜±Ì fl¡Ó¬ ˝√√À˘ R-¤¬ı˛ ˜±Ú ¸¬ı«øÚ•ß ˝√√À¬ı∑

¸˜±Ò±Ú : Œ˚À˝√√Ó≈¬ R2 = P2 + Q2 + 2PQcos�� ¤¬ı— P2, Q2 ÒÚ±Rfl¡

’Ó¬¤¬ı øÚ•ßÓ¬˜ ˜±Ú ˝√√À¬ı ˚‡Ú 2PQcos�� øÚ•ßÓ¬˜ ˜±Úø¬ıø˙©Ü ˝√√˚˛, ’Ô«±» ˚‡Ú

cos �� = – 1 ¬ı± �� = 180°º ’Ó¬¤¬ı, ¬ı˘ ≈√øÈ¬ ˚ø√ ¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ˝√√˚˛, Ó¬‡Ú

R-¤¬ı˛ ˜±Ú øÚ•ßÓ¬˜ ¤¬ı— | P – Q | ¤¬ı˛ ¸˜±Úº

2.4 √¬ıÀ˘¬ı˛ Î¬◊¬Û±—˙ (Component of a Force)

(1 Ú— ø‰¬S] ¸±˜±z¬ø¬ı˛fl¡ ¸”S ’Ú≈¸±À¬ı˛ ’±˜¬ı˛± Œ√À‡øÂ√ Œ˚ ¸±˜±z¬ø¬ı˛Àfl¡¬ı˛ ≈√øÈ¬ ¬ı±˝≈√√¬ı˛ ø√Àfl¡ ≈√øÈ¬ ¬ıÀ˘¬ı˛

˘øt ‹ ¸±˜±z¬ø¬ı˛Àfl¡¬ı˛ ‹ ø¬ıμ≈·±˜œ fl¡Ì« ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ ˝√√˚˛º ’±˜¬ı˛± ¤‡±ÀÚ ¬ı˘ R-¤¬ı˛ Î¬◊¬Û±—˙ P

› Q-Œfl¡ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛º

¸—:± : Î¬◊¬Û±—˙ [¤fl¡˝◊√√ ¸˜Ó¬À˘ ≈√øÈ¬ ø√Àfl¡] : Ò¬ı˛± ˚±fl¡, ≈√˝◊√√øÈ¬ ¸¬ı˛˘À¬ı˛‡± OL › OM Œ√›˚˛±

’±ÀÂ√ ¤¬ı— O ø¬ıμ≈ÀÓ¬ P ¬ı˘ OL › OM-¤¬ı˛ ¸˜Ó¬À˘ ø√flË¡˚˛± fl¡¬ı˛ÀÂ√º

2 Ú— ø‰¬S

˚ø√ OD

�

 ¡Z±¬ı˛± P ¬ı˘ ¬ı˛”¬Û±ø˚˛Ó¬ ˝√√˚˛, Ó¬À¬ı D-¤¬ı˛ ˜Ò… ø√À˚˛ OL › OM-¤¬ı˛ ¸˜±z¬¬ı˛±˘

Œ¬ı˛‡±¡Z˚˛ ’efl¡Ú fl¡¬ı˛À˘ OADB ¤˝◊√√ ¸±˜±z¬ø¬ı˛fl¡ ¬Û±›˚˛± ˚±˚˛, ˚±¬ı˛ fl¡Ì« OD ¤¬ı— OA, OB ≈√øÈ¬ ¸øißø˝√√Ó¬

¬ı± ≈̋√√º
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¤‡±ÀÚ OA › OB ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ ¬ı˘¡Z˚˛Àfl¡ ˚Ô±√flË¡À˜ OL › OM ø√Àfl¡ P ¬ıÀ˘¬ı˛ Î¬◊¬Û±—˙

¬ı˘± ˝√√À¬ıº

¸±˜±z¬ø¬ı˛fl¡ OADB -¤¬ı˛ ODA øSˆ≈¬Ê√ Ò˜« ŒÔÀfl¡ ¬Û±˝◊√√

OA AD OD
sin sin sin( )� � � �

� �
�

� OL ø√Àfl¡ Î¬◊¬Û±—˙ �
�

P sin
sin( )

�
� �

OM  ,,   ,,   �
�

P sin
sin( )

�
� �

˜z¬¬ı… : ˚ø√ �� + �� = 90°� ˝√√˚˛, Ó¬À¬ı sin�� = cos�� ¤¬ı— OL › OM ø√Àfl¡ Î¬◊¬Û±—˙ ≈√øÈ¬

˝√√˚˛ Pcos�� › Psin��

Î¬◊¬Û±—˙ [øÓ¬ÚøÈ¬ ’¸˜Ó¬˘œ˚˛ ø√Àfl¡] : Ò¬ı˛± ˚±fl¡, OL, OM, ON øÓ¬ÚøÈ¬ ’¸˜Ó¬˘œ˚˛ ø√fl¡ ¤¬ı—

P ¤fl¡øÈ¬ ¬ı˘ [˚±˝√√± OD

�

 ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬] O ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛º ¤‡Ú OL, OM, ON ø√Àfl¡ P

¬ı˘øÈ¬¬ı˛ Î¬◊¬Û±—˙¸˜”˝√√ Œ¬ÛÀÓ¬ ˝√√À˘ OD -Œfl¡ fl¡Ì« › OL, OM, ON ø√Àfl¡ õ∂¸±ø¬ı˛Ó¬ øÓ¬ÚøÈ¬ Ò±¬ı˛ø¬ıø˙©Ü

¤fl¡øÈ¬ ¯∏Î¬ˇÓ¬˘fl¡ (Parallelopiped) ΔÓ¬¬ı˛œ fl¡¬ı˛À˘ Î¬◊¬Û±—˙·≈ø˘ ¯∏Î¬ˇÓ¬˘Àfl¡¬ı˛ Ò±¬ı˛·≈ø˘ ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬

¬ı˘¸˜”˝√√ ˝√√À¬ıº

3 Ú— ø‰¬S

3 Ú— ø‰¬ÀS OD

�

 ¡Z±¬ı˛± P ¬ı˛”¬Û±ø˚˛Ó¬º OL, OM, ON ø√Àfl¡ øÓ¬ÚøÈ¬ Ò±¬ı˛ ¤¬ı— OD ¤fl¡øÈ¬ fl¡Ì«¸˝√√

¯∏Î¬ˇÓ¬˘fl¡ [˚±À√¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ Ó¬˘·≈ø˘ ¸˜±z¬¬ı˛±˘] ’efl¡Ú fl¡¬ı˛± ˝√√À˚˛ÀÂ√ OA OB OC

� 
� 
�

, ,  ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬
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¬ı˘ øÓ¬ÚøÈ¬¬ı˛ ˘øt ˝√√˘ OD

�

, fl¡±¬ı˛Ì, ¸±˜±z¬ø¬ı˛fl¡ ¸”S ’Ú≈˚±˚˛œ OA

�

 › OB

�

-¤¬ı˛ ˘øt ˝√√˘ OE

�

,

’±¬ı±¬ı˛ OE

�

 › OC

�

 ¬ı˘¡ZÀ˚˛¬ı˛ ˘øt ˝√√˘ OD

�

 [¸±˜±z¬ø¬ı˛fl¡ ¸”S ’Ú≈¸±À¬ı˛] Œ˚À˝√√Ó≈¬ OCDE ¤fl¡øÈ¬

¸±˜±z¬ø¬ı˛fl¡º ’Ó¬¤¬ı Œ√‡± Œ·˘, OD

�

 ¬ı˘øÈ¬ OA

�

, OB

�

 › OC

�

 ¤˝◊√√ øÓ¬ÚøÈ¬ ¬ı˘ ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬

¤¬ı— ¬ı˘ øÓ¬ÚøÈ¬ OL, OM, ON ø√Àfl¡ õ∂¸±ø¬ı˛Ó¬º OA

�

, OB

�

 › OC

�

 ¬ı˘ øÓ¬ÚøÈ¬Àfl¡ P ¬ıÀ˘¬ı˛

‹ øÓ¬Úø√Àfl¡ Î¬◊¬Û±—˙ ¬ı˘± ˝√√˚˛º

2.4.1 ¬ıÀ˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ (Resolved part of a Force in a Direction)

¸—:± : ¤fl¡øÈ¬ ¬ı˘ P, O ø¬ıμ≈ÀÓ¬ OC ø√Àfl¡ õ∂¸±ø¬ı˛Ó¬ ’±ÀÂ√º O ·±˜œ ’Ú… Œ˚-Œfl¡±Ú ø√fl¡

OL Œ√›˚˛± ˝√√À˘, P ¬ı˘øÈ¬¬ı˛ OL ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ ˝√√˘ ¬ı˘ Pcos���Œ˚‡±ÀÚ ��˝√√˘ P ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡±

› OL ø√Àfl¡¬ı˛ ˜Ò…¬ıÓ¬π Œfl¡±Ìº

4 Ú— ø‰¬S

OD

�

 ¬ıÀ˘¬ı˛ C ø¬ıμ≈ ŒÔÀfl¡ OL ø√Àfl¡¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ CD ’efl¡Ú fl¡¬ı˛À˘ OA = ODcos�

= Pcos�� ’Ó¬¤¬ı, OA

�

 ˝√√˘ OL ø√Àfl¡ P ¬ıÀ˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙º

2.4.2 ¸˜Ó¬À˘ ¬ıÀ˘¬ı˛ Î¬◊¬Û±—˙¡Z˚˛

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı, OM ˚ø√ O ø¬ıμ≈·±˜œ ¤¬ı— OL, OC-¤¬ı˛ ¸˜Ó¬À˘ ¤fl¡øÈ¬ Œ¬ı˛‡± ˝√√˚˛ ¤¬ı—

OM �� OL ˝√√˚˛, Ó¬À¬ı OM ø√Àfl¡ OD

�

 ¬ıÀ˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ ˝√√˘ OB

�

, Œ˚‡±ÀÚ

 OB = Pcos(90° – �)

= Psin�

’Ó¬¤¬ı, Œ√‡± Œ·˘ ≈√øÈ¬ ¬Û¬ı˛¶Û¬ı˛ ˘•§ ø√Àfl¡ ¤fl¡øÈ¬ ¬ıÀ˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ OD

�

, OE

�

 ˝√√À˘,

OA2 + OB2 = OD2

OL, OM ˚ø√ ˚Ô±√flË¡À˜ x › y ’Àé¬¬ı˛ ¸˜±z¬¬ı˛±˘ ˝√√˚˛ ¤¬ı— OD = X, OE = Y Œ˘‡± ˝√√˚˛,

Ó¬À¬ı

X2 + Y2 = OC2 = P2
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2.4.3 øS˜±øSfl¡ Œ√À˙ ¬ıÀ˘¬ı˛ Î¬◊¬Û±—˙¸˜”˝√√

˚ø√ ¤fl¡øÈ¬ ø¬ıμ≈ O ŒÓ¬ P ¬ı˘ OD Œ¬ı˛‡±˚˛ õ∂˚≈q¡ ˝√√˚˛ ¤¬ı— OL, OM, ON øÓ¬ÚøÈ¬ ¬Û¬ı˛¶Û¬ı˛

˘•§ Œ¬ı˛‡± ˝√√˚˛, Ó¬±˝√√À˘ OL, OM, ON ø√Àfl¡ OC-¤¬ı˛ ’øˆ¬Àé¬¬Û¸˜”˝√√ ˚Ô±√flË¡À˜ X, Y, Z

(OA = X, OB = Y, OC = Z) ˝√√À˘ ’±˜¬ı˛± ¬Û±˝◊√√

5 Ú— ø‰¬S

OD2 = OB2 + BD2 [ � DB �� OB ]

= OB2 + DS2 + SB2 [ � DS �� SB ]

= OB2 + OC2 + OA2

� P2 = X2 + Y2 + Z2

˜z¬¬ı… : OA, OB, OC ø√Àfl¡ ˚Ô±√flË¡À˜ x-’é¬, y-’é¬, z-’é¬ õ∂¸±ø¬ı˛Ó¬ ˝√√À˘ P ¬ıÀ˘¬ı˛ ¬ı˛”¬Û±˚˛fl¡

OD

�

 Œˆ¬"√√À¬ı˛¬ı˛ õ∂±z¬ø¬ıμ≈ D-¤¬ı˛ àÔ±Ú±efl¡ ˝√√˘ [OA, OB, OC) OA = X, OB = Y, OC = Z

ø˘À‡ ’±˜¬ı˛± OD

�

 Œˆ¬"√√¬ı˛Àfl¡ øÓ¬ÚøÈ¬ Œˆ¬"√√À¬ı˛¬ı˛ Œ˚±· ø˝√√¸±À¬ı ø˘‡ÀÓ¬ ¬Û±ø¬ı˛º Ò¬ı˛± ˚±fl¡, 
� � �

i j k, ,  ˝√√˘

øÓ¬ÚøÈ¬ ¬Û¬ı˛¶Û¬ı˛˘•§œ ¤fl¡fl¡ Œˆ¬"√√¬ı˛ ˚±¬ı˛± ˚Ô±√flË¡À˜ x, y, z ’é¬ø√Àfl¡ õ∂¸±ø¬ı˛Ó¬º Ó¬±˝√√À˘

OD i OA jOB kOC i X jY kZ

�

� � � � � �
� � � � � �

’Ó¬¤¬ı, OD OD OD i X jY kZ i X jY kZ

� 
�

� � � � � �. | | .2
� � � � � �

� � � �

� � �
� � � � � �

i i X j j Y k k Z. . .� � � � � �2 2 2

� � �2 2 2
� � � � � �

i j XY i k XZ j k YZ. . .� � � � � �
= X2 + Y2 + Z2

Œ˚À˝√√Ó≈¬ 
� � � � � �

i j j k k i O. . .� � �  ¤¬ı— 

� � � � � �

i i j j k k. . .� � � � � 1
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2.5 √¤fl¡±øÒfl¡ ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ ˘øt

’±˜¬ı˛± ≈√øÈ¬ Œé¬ÀS¬ı˛ Ê√Ú… ¬Û‘Ôfl¡ˆ¬±À¬ı ˘øt øÚÌ«˚˛ fl¡¬ı˛¬ıº

2.5.1 ¤fl¡±øÒfl¡ ¸˜ø¬ıμ≈ ¸˜Ó¬˘œ˚˛ ¬ıÀ˘¬ı˛ ˘øt (Resultant of a System of Coplanar
Concurrent Forces) :

Ò¬ı˛± ˚±fl¡ 
� � �

P P Pn1 2, , . . . ,  n ¸—‡…fl¡ ¬ı˘ O ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— OL1, OL2, ... , OLn

‹ ¬ı˘·≈ø˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ¤¬ı— Ó¬±¬ı˛± ¸˜Ó¬˘œ˚˛º Œ˚À˝√√Ó≈¬ ¬ı˘·≈ø˘ ¸˜Ó¬˘œ˚˛, ‹ ¸˜Ó¬À˘ Ox, Oy ≈√øÈ¬

¬Û¬ı˛¶Û¬ı˛ ˘•§ ≈√øÈ¬ ø√Àfl¡ ŒÚ›˚˛± ˚±˚˛º Ox, Oy ø√Àfl¡ ¬ı˘·≈ø˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙¸˜”˝√√ ˚Ô±√flË¡À˜ (X1, Y1),

(X2, Y2), ..., (Xn, Yn)

Ò¬ı˛± ˚±fl¡, Œˆ¬"√√¬ı˛ ’efl¡¬Û±Ó¬Ú (notation) ¸±˝√√±À˚… ¬ı˘·≈ø˘Àfl¡ øÚÀ•ß¬ı˛ ˜Ó¬ fl¡À¬ı˛ ø˘‡ÀÓ¬ ¬Û±ø¬ı˛º

� � � � � �

P X i Y j P X i Y j1 1 1 2 2 2� � � �, , ˝◊√√Ó¬…±ø√ ..., 
� � �

P X i Y jn n n� �

Œ˚‡±ÀÚ 
� �

i j,  ˝√√˘ Ox, Oy ø√Àfl¡ ¤fl¡fl¡ Œˆ¬"√√¬ı˛º

Î¬◊¬Û¬Û±√… : ¤‡Ú ’±˜¬ı˛± õ∂˜±Ì fl¡¬ı˛¬ı Œ˚ 
� �

�

�

P P Pn1 2, , ,  ¬ı˘·≈ø˘¬ı˛ ˘øt ˝√√˘ ¤fl¡øÈ¬ ¬ı˘ 

�

R  ˚±¬ı˛

Ox, Oy ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ ˝√√˘ X, Y Œ˚‡±ÀÚ X X Y Yr
r

n

r
r

n
� �

� �
� �,

1 1
 ’Ô«±» 

� � �

R i X jY� �

õ∂˜±Ì : ≈√øÈ¬ ¬ıÀ˘¬ı˛ Œé¬ÀS ’Ô«±» P1, P2-¤¬ı˛ Œé¬S ø¬ıÀù≠ø¯∏Ó¬±—˙ (X1, Y1) › (X2, Y2) ˚Ô±√flË¡À˜

Ox, Oy ø√Àfl¡º ’Ó¬¤¬ı, P1, P2 ¬ı˘ ≈√øÈ¬Àfl¡ X i Y j1 1

� �

�  ¤¬ı— X i Y j2 2

� �

�  ø˝√√¸±À¬ı ø˘‡ÀÓ¬ ¬Û±ø¬ı˛º

’Ó¬¤¬ı, ¬ı˘ ≈√øÈ¬¬ı˛ ˘øt ¬ı˘ ˝√√˘

( ) ( ) ( ) ( )X i Y j X i Y j X X i Y Y j1 1 2 2 1 2 1 2

� � � � � �

� � � � � � �

[Œˆ¬"√√¬ı˛ øÚ˚˛˜ ’Ú≈˚±˚˛œ] (i)

(i) ŒÔÀfl¡ ’±˜¬ı˛± Œ√‡øÂ√ ¬ı˘ ≈√øÈ¬¬ı˛ ˘øt ¬ı˘ ˝√√˘ ¤fl¡øÈ¬ ¬ı˘ ˚±¬ı˛ Ox › Oy ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙

˝√√˘ ˚Ô±√flË¡À˜ X1 + X2 ¤¬ı— Y1 + Y2. ’Ó¬¤¬ı ’±˜±À√¬ı˛ Î¬◊¬Û¬Û±√…øÈ¬ n = 1 ¤¬ı— n = 2 ¤¬ı˛

Ê√Ú… ¸Ó¬…º Î¬◊¬Û¬Û±√…øÈ¬Àfl¡ m� ¸—‡…fl¡ ¬ıÀ˘¬ı˛ Ê√Ú… ¸Ó¬… Ò¬ı˛À˘ ’Ô«±»
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� �

�

� � �

P P P i X j Ym r
r

m

r
r

m

1 2
1 1

� � � � �
� �
� �

¸Ó¬… ÒÀ¬ı˛ ’±˜¬ı˛± Œ√ø‡ Œ˚,

� �

�

� � � �

�

� �

P P P P P P P Pm m m m1 2 1 1 2 1� � � � � � � � �� �( )

� �
�
��

	

�
� �

� �
� �� �

� � � �

i X j Y X i jYr
r

m

r
r

m

m m
1 1

1 1( )

� �
�

�

�

�

� �
� �

i X j Yr
r

m

r
r

m

1

1

1

1

’Ó¬¤¬ı Î¬◊¬Û¬Û±√…øÈ¬ m + 1 ¬ıÀ˘¬ı˛ Ê√Ú… ¸Ó¬…º øfl¡z≈¬ ’±˜¬ı˛± Œ√À‡øÂ√ Œ˚ Î¬◊¬Û¬Û±√…øÈ¬ n = 1, 2-

¤¬ı˛ Ê√Ú… ¸Ó¬…º ’Ó¬¤¬ı ’±À¬ı˛±˝√√ õ∂Ì±˘œ ø√À˚˛ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛ Œ˚ Î¬◊¬Û¬Û±√…øÈ¬ Œ˚-Œfl¡±Ú n ¸—‡…fl¡ ¬ıÀ˘¬ı˛

Ê√Ú… ¸Ó¬…º

’Ó¬¤¬ı, õ∂˜±øÌÓ¬ ˝√√˘ Œ˚, 
� �

�

�

F F Fn1 2, , ,  ¸˜Ó¬˘œ˚˛ ¬ı˘ ¸˜ø¬ıμ≈ ˝√√À˘ Ó¬±À√¬ı˛ ˘øt ¤fl¡øÈ¬ ¬ı˘

�

F  Œ˚‡±ÀÚ

� � �

�

�

F F F Fn� � � �1 2

¤¬ı— F2 = X2 + Y2

Œ˚‡±ÀÚ X X Y Yr
r

n

r
r

n
� �

� �
� �,

1 1

¤¬ı— 
�

F  ¬ı˘øÈ¬ x ’Àé¬¬ı˛ ¸Àe· �� Œfl¡±Ì fl¡¬ı˛À˘ X F Y F� �
� �

cos , sin� �

’Ô«±» tan � �
Y
X

’Ó¬¤¬ı ˘øt ¬ıÀ˘¬ı˛ ˜±Ú ˝√√˘ R X Y� �2 2  ¤¬ı— ø√fl¡ Ox ’Àé¬¬ı˛ ¸ø˝√√Ó¬ tan	1 Y
X  Œfl¡±Ì

fl¡À¬ı˛º
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2.5.2 ’¸˜Ó¬˘œ˚˛ ¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ¬ı˛ ˘øt

Î¬◊¬Û¬Û±√… : O ø¬ıμ≈ÀÓ¬ 
� �

�

�

P P Pn1 2, , ,  ¬ı˘·≈ø˘ ø√flË¡˚˛± fl¡¬ı˛À˘ ¤¬ı— Ox, Oy, Oz øÓ¬ÚøÈ¬ ¬Û¬ı˛¶Û¬ı˛

˘•§ Œ¬ı˛‡±¬ı˛ ø√Àfl¡ Î¬◊˝√√±À√¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ ˚Ô±√flË¡À˜ (X1, Y1, Z1) ... (Xn, Yn, Zn) ˝√√À˘ ‹ ¬ı˘À·±á¬œ¬ı˛

˘øt ¬ı˘ 
�

R  Œ˚‡±ÀÚ R-¤¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ ˝√√˘

X, Y, Z ¤¬ı— X X Y Y Z Zr
r

n

r r
r

n

r

n
� � �

� ��
� ��, ,

1 11

õ∂˜±Ì : ’±˜¬ı˛± Œˆ¬"√√À¬ı˛¬ı˛ ¸±˝√√±À˚… ¬ı˘·≈ø˘Àfl¡ õ∂fl¡±˙ fl¡À¬ı˛ Ó¬±À√¬ı˛ ˘øt Œˆ¬"√√¬ı˛ Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√º

’Ó¬¤¬ı

� � � �

�

� � � � � � �

F F F F F i X jY kZ i X jY kZn� � � � � � � � � � �1 2 3 1 1 1 2 2 2( ) ( )

� � � ��

� � �

( )i X jY kZn n n

� � �
� � �
� � �

� � �

i X j Y k Zr
r

n

r
r

n

r
r

n

1 1 1

� � �
� � �

i X jY kZ

’Ó¬¤¬ı ¬ı˘À·±á¬œ ¤fl¡øÈ¬ ¬ı˘ 
�

R-¤ ¬Ûø¬ı˛ÌÓ¬ ˝√√˚˛, Œ˚‡±ÀÚ

� � � �

F i X jY kZ� � �

F F F X Y Z2 2 2 2� � � �
� �

.

¤¬ı— X X Y Y Z Zr
r

n

r
r

n

r
r

n
� � �

� � �
� � �

1 1 1
, ,

X Fr r�
�

cos�

Y Fr r�
�

cos�

Z Fr r�
�

cos �

Œ˚‡±ÀÚ cos��� cos��� cos
� ˝√√˘ 
�

Fr  ¬ı˘-¤¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ ø√fl¡ Œfl¡±¸±˝◊√√Úº ’Ô«±» 
�

Fr  ¬ıÀ˘¬ı˛

ø√flË¡˚˛±À¬ı˛‡± Ox, Oy, Oz ¸Àe· ˚Ô±√flË¡À˜ ��� ��� 
� Œfl¡±Ì fl¡¬ı˛ÀÂ√º
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2.5.3 ’Ú≈˙œ˘Úœ

1. xy ¸˜Ó¬À˘ ≈√øÈ¬ ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ Ox, Oy ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙¡Z˚˛ ˚Ô±√flË¡À˜ (10, 15), (5,

8) ˝√√À˘ Ó¬±˝√√±À√¬ı˛ ˘øt ¬ı˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº

Î¬◊M√√¬ı˛ : ˘øt ¬ıÀ˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ (15, 23)º ’Ó¬¤¬ı ¤¬ı˛ ˜±Ú 15 232 2�  ¤¬ı— Î¬◊˝√√± Ox

’Àé¬¬ı˛ ¸Àe· tan	1 23
15  Œfl¡±Ì fl¡À¬ı˛º

2. 10 ¤fl¡Àfl¡¬ı˛ ¬ı˘ ¤fl¡øÈ¬ ¬ıd≈¬¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ ¬Û”¬ı«ø√Àfl¡ ø√flË¡˚˛± fl¡À¬ı˛º ’¬Û¬ı˛ ¤fl¡øÈ¬ ¬ı˘ 12

¤fl¡fl¡ø¬ıø˙©Ü ¤¬ı— Î¬◊M√√¬ı˛-¬Û”¬ı«ø√Àfl¡ ø√flË¡˚˛± fl¡À¬ı˛º ¬ı˘ ≈√øÈ¬¬ı˛ ˘øt ¬ı˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº

Î¬◊M√√¬ı˛ : ¸±˜±z¬ø¬ı˛fl¡ ¸”S ’Ú≈¸±À¬ı˛

˘øt ¬ıÀ˘¬ı˛ ˜±Ú � � � �12 10 2 12 10 452 2 . . cos

¤¬ı— ˘øt ¬ıÀ˘¬ı˛ ø√fl¡ ¬Û”¬ı«ø√Àfl¡¬ı˛ ¸ø˝√√Ó¬ �� Œfl¡±Ì fl¡À¬ı˛ Œ˚‡±ÀÚ

� � �
� �

�
�

	 	tan .sin
cos

tan1 112 45
10 12 45

12
10 2 12

3. ABC øSˆ≈¬ÀÊ√¬ı˛ A ø¬ıμ≈ÀÓ¬ AB

�

 › AC

�

 ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛º ¤À√¬ı˛ ˘øt øÚÌ«˚˛ fl¡¬ı˛≈Úº

Î¬◊M√√¬ı˛ :

6 Ú— ø‰¬S

AB AC

� 
�

�  = ˘øt ¬ı˘º

D, BC ¬ı±˝≈√√¬ı˛ ˜Ò…ø¬ıμ≈ ˝√√À˘ Œˆ¬"√√À¬ı˛¬ı˛ øSˆ≈¬Ê√ ¸”S±Ú≈¸±À¬ı˛,

AB AD DB

� 
� 
�

� �
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¤¬ı— AC AD DC

� 
� 
�

� �

’Ó¬¤¬ı AB AC AD DB DC

� 
� 
� 
� 
�

� � � �2 ( )

øfl¡z≈¬ DB

�

, DC

�

 ≈√øÈ¬ ¬Û¬ı˛¶Û¬ı˛ ¸˜±Ú ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ Œˆ¬"√√¬ı˛º ’Ó¬¤¬ı DB DC

� 
�

�  ¤fl¡øÈ¬ ˙”Ú… Œˆ¬"√√¬ı˛º

’Ó¬¤¬ı, AB AC AD

� 
� 
�

� � 2

’Ô«±» AB AC

� 
�

,  ¬ı˘¡ZÀ˚˛¬ı˛ ˘øt ¬ıÀ˘¬ı˛ ˜±Ú 2 AD

�

.

4. OA OB OC

� 
� 
�

, ,  øÓ¬ÚøÈ¬ ¬ı˘ O ø¬ıμ≈ÀÓ¬ õ∂˚≈q¡º | | | | | |OA OB OC

� 
� 
�

� �  = a ˝√√À˘ ¤¬ı—

¤¬ı˛± ¬Û¬ı˛¶Û¬ı˛ ˘•§ ˝√√À˘ ¤À√¬ı˛ ˘øt ¬ı˘ fl¡Ó¬∑

Î¬◊M√√¬ı˛ : 3a  = ˘øt ¬ıÀ˘¬ı˛ ˜±Ú ¤¬ı— ¬ı˘øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ¬ı˘ øÓ¬ÚøÈ¬¬ı˛ ¸ø˝√√Ó¬ cos� ���
�
��

1 1
3

Œfl¡±Ì Î¬◊»¬Ûiß fl¡À¬ı˛º

5. P, Q, R ¬ı˘ øÓ¬ÚøÈ¬ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±˙œ˘ ¤¬ı— ¤À√¬ı˛ ø√flË¡˚˛±À¬ı˛‡±·≈ø˘¬ı˛ ø√fl¡ Œfl¡±¸±˝◊√√Ú

˚Ô±√flË¡À˜ (l1, m1, n1), (l2, m2, n2), (l3, m3, n3)º ˘øt ¬ı˘ øÚ¬ı˛”¬ÛÌ fl¡¬ı˛≈Úº

Î¬◊M√√¬ı˛ : ˘øt ¬ıÀ˘¬ı˛ ˜±Ú L ¤¬ı— Ó¬±¬ı˛ ø√fl¡ Œfl¡±¸±˝◊√√Ú l, m, n ˝√√À˘

Ll = Pl1 + Ql2 + Pl3 (x-’Àé¬¬ı˛ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ øÚÀ˘]

Lm = Pm1 + Qm2 + Rm3 (y-’Àé¬¬ı˛ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ øÚÀ˘]

Ln = Pn1 + Qn2 + Rn3 (z-’Àé¬¬ı˛ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ øÚÀ˘]

¤¬ı— L2 = L2(l2 + m2 + n2) = (Pl1 + Ql2 + Rl3)2 + (Pm1 + Qm2 + Rm3)2

+ (Pn1 + Qn2 + Rn3)2

= P2 + Q2 + R2 + 2PQ(l1l2 + m1m2 + n1n2)

+ 2RP(l3l1 + m3m1 + n3n1)

+ 2QR(l2l3 + m2m3 + n2n3)

= P2 + Q2 + R2 + 2PQ cos ^( , )P Q

+ 2RP cos ^( , )R P  + 2Q R cos ^( , )Q R
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2.6 √Ê√…±ø˜øÓ¬fl¡ ¬ÛXøÓ¬ÀÓ¬ ¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ¬ı˛ ˘øt øÚÌ«˚˛ñ¬ı˝≈√ √ˆ≈¬Ê√

(Polygon) ’efl¡Ú ¸±˝√√±À˚…

7 Ú— ø‰¬S

Ò¬ı˛± ˚±fl¡, øÚø«√©Ü ø¬ıμ≈ O ŒÓ¬ 
� �

�

�

P P Pn1 2, , ,  ¬ı˘·≈ø˘ ø√flË¡˚˛± fl¡À¬ı˛º ¤À√¬ı˛ ˘øt ¬ı˘ ¸±˜±z¬ø¬ı˛fl¡

¸”S ¬ı± Œˆ¬"√√À¬ı˛¬ı˛ øSˆ≈¬Ê√ Œ˚±·Ù¬˘ ¸”S ¸±˝√√±À˚… øÚÌ«˚˛ fl¡¬ı˛± ˚±˚˛º ’±˜¬ı˛± ¤‡±ÀÚ ø¡ZÓ¬œ˚˛ ¬ÛXøÓ¬øÈ¬ õ∂À˚˛±·

fl¡À¬ı˛ ˘øt ¬ı˘ øÚÌ«˚˛ fl¡¬ı˛¬ıº

8 Ú— ø‰¬S

A ¤fl¡øÈ¬ ø¬ıμ≈ ŒÚ›˚˛± Œ·˘º øÚø«√©Ü ¤fl¡øÈ¬ ˜±¬Ûfl¡ ’Ú≈¸±À¬ı˛ AA1


�
 ¡Z±¬ı˛± 

�

P1 ¬ı˘ ¬ı˛”¬Û±ø˚˛Ó¬ ˝√√˘º

‹ ¤fl¡˝◊√√ ˜±¬Ûfl¡ ’Ú≈˚±˚˛œ 
�

P2  ¬ıÀ˘¬ı˛ ¸˜±Ú › ¤fl¡ø√fl¡ø¬ıø˙©Ü A A1 2


�
 ¡Œˆ¬"√√¬ı˛ ŒÚ›˚˛± ˝√√˘º ¤ˆ¬±À¬ı õ∂ÀÓ¬…fl¡øÈ¬

¬ı˘Àfl¡ AA A A A A A An n1 1 2 2 3 1


� 
� 
�

	



�
, , , ,�  ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛± ˝√√˘º ’±˜¬ı˛± õ∂˜±Ì fl¡¬ı˛¬ı Œ˚ AAn


�
 ˝√√˘

¸˜¢∂ ¬ı˘À·±á¬œ¬ı˛ ˘øt [˜±ÀÚ › ø√Àfl¡]º

õ∂˜±Ì : AA2, AA3, ..., AAn Œ˚±· fl¡¬ı˛± ˝√√˘º øSˆ≈¬Ê√ Œ˚±· øÚ˚˛˜ ’Ú≈˚±˚˛œ
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AA AA A A P P2 1 1 2 1 2


� 
� 
�
� � � �

� �

’±¬ı±¬ı˛ AA AA A A3 2 2 3


� 
� 
�
� �

� � �
� � �

P P P1 2 3� �

¤ˆ¬±À¬ı fl¡À¬ı˛ Œ·À˘ ’±˜¬ı˛± ¬Û±˝◊√√ [’±À¬ı˛±˝√√œ õ∂Ì±˘œ ’Ú≈¸±À¬ı˛]

AA AA A An n n n


�

	


�

	



�
� �1 1

 � � � � ��( )
� �

�

� �

P P P Pn n1 2 1

’Ó¬¤¬ı õ∂˜±øÌÓ¬ ˝√√˘ Œ˚, AAn


�
 ¸˜¢∂ ¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ¬ı˛ ˘øtº

2.7 √¸˜ø¬ıμ≈ ¬ı˘¸˜”À˝√√¬ı˛ ¸±˜… (Equilibrium of Concurrent Forces)

Ò¬ı˛± ˚±fl¡, ¤fl¡øÈ¬ ø¬ıμ≈ O ŒÓ¬ 
� �

�

�

P P Pn1 2, , ,  ¬ı˘·≈ø˘ õ∂˚≈q¡ ’±ÀÂ√º ¬Û”À¬ı«¬ı˛ Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛

Ó¬±À√¬ı˛ ˘øt ¬ı˘ 

�

R  ˝√√À˘

� � �

�

�

R P P Pn� � � �1 2 (i)

˚ø√ ¬Û¬ı˛¶Û¬ı˛ ˘•§ øÓ¬ÚøÈ¬ ø√fl¡ Ox, Oy, Oz ŒÚ›˚˛± ˚±˚˛ ¤¬ı—

� � � �

P i X jY kZn r r r� � �   (R = 1, 2, ..., n)

Œ˚‡±ÀÚ 
� � �

i j k, ,  ¤fl¡fl¡ Œˆ¬"√√¬ı˛ Ox, Oy, Oz ø√Àfl¡º

’Ó¬¤¬ı, 
�

R-¤¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙·≈ø˘ ˝√√˘ (X, Y, Z)

Œ˚‡±ÀÚ 
� � � �

R i X jY kZ� � �
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¤¬ı— (i) ŒÔÀfl¡ X = X1 + X2 + ... + Xn �
�
� Xr
r

n

1

Y = Y1 + Y2 + ... + Yn �
�
� Yr
r

n

1

Z = Z1 + Z2 + ... + Zn �
�
� Zr
r

n

1

¤‡Ú ¬ı˘À·±á¬œ ¸±˜…±¬ıàÔ±˚˛ Ô±Àfl¡ ˚ø√ ¤¬ı— Œfl¡¬ı˘˜±S ˚ø√ Ó¬±˝√√±¬ı˛ ˘øt ¬ıÀ˘¬ı˛ ˜±Ú ˙”Ú… ˝√√˚˛º

’Ô«±» R2 = 0 ˝√√˚˛, øfl¡z≈¬ R2 = X2 + Y2 + Z2. ’Ó¬¤¬ı, ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü

˙Ó«¬˝√√˘ X = 0, Y = 0, Z = 0.

2.7.1 ¸˜Ó¬˘œ˚˛ (Coplanar) ¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ

¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ ¸˜Ó¬˘œ˚˛ (Coplanar) ˝√√À˘ ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√˘

Œ˚, Œ˚ Œfl¡±Ú ≈√øÈ¬ ¬Û¬ı˛¶Û¬ı˛ ˘•§ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ ˙”Ú… ˝√√À¬ıº [õ∂˜±Ì 3.9 ŒÔÀfl¡ Œ¬ı±Á¡± ˚±À26√, Œfl¡ÚÚ±

¸˜Ó¬˘øÈ¬¬ı˛ ˘•§ø√Àfl¡ ¬ı˘·≈ø˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ ¸¬ı«√±˝◊√√ ˙”Ú…º]

2.7.2 øÓ¬ÚøÈ¬ ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… ¬ıÀ˘¬ı˛ øSˆ≈¬Ê√ Î¬◊¬Û¬Û±√… (Theorem on
Triangle of Forces)

ë¸˜ø¬ıμ≈ øÓ¬ÚøÈ¬ ¬ı˘ ˚ø√ ¤fl¡øÈ¬ øSˆ≈¬ÀÊ√¬ı˛ ¬ı±˝≈√√ øÓ¬ÚøÈ¬ ¡Z±¬ı˛± ˜±ÀÚ, ø√Àfl¡ › √flË¡À˜ ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛±

˚±˚˛, Ó¬À¬ı ¬ı˘ øÓ¬ÚøÈ¬ ¸±À˜… Ô±øfl¡À¬ıºí

õ∂˜±Ì : Ò¬ı˛± ˚±fl¡, øÚø«√©Ü Œfl¡±Ú ˜±¬Ûfl¡ ’Ú≈˚±˚˛œ øÓ¬ÚøÈ¬ ¸˜ø¬ıμ≈ ¬ı˘ 
� � �

P Q R, ,  ¤fl¡øÈ¬ øSˆ≈¬Ê√

ABC-¤¬ı˛ ¬ı±˝≈√√ BC CA

� 
�

,  › AB

�

 ¡Z±¬ı˛± ¸•Û”Ì« ¬ı˛”¬Û ˜±ÀÚ, ø√Àfl¡ › √flË¡À˜ ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛± ˚±˚˛º

9 Ú— ø‰¬S
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Œ˚À˝√ √Ó≈¬ BC

�

 › CA

�

 ¡Z±¬ı ˛± 
�

P  › 

�

Q ¬ı ˛ ” ¬Û±ø˚˛Ó¬ ¤¬ı— Œˆ¬"√ √À¬ı ˛¬ı ˛ øSˆ≈¬Ê√ ¸”S

’Ú≈˚±˚˛œ BC CA BA

� 
� 
�

� � . ’Ô«±» 
�

P  › 

�

Q-¤¬ı˛ ˘øt ¬ı˘ BA

�

 ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬º ’Ó¬¤¬ı, 
� � �

P Q R, , -

¤¬ı˛ ˘øt 

� �

P Q, -¤¬ı˛ ˘øt BA

�

 ¤¬ı— AB

�

 ¤˝◊√√ ≈√øÈ¬¬ı˛ ˘øt¬ı˛ ¸˜±Úº øfl¡z≈¬ BA

�

 ¤¬ı— AB

�

 ≈√˝◊√√øÈ¬

¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ¸˜±Ú ˜±ÀÚ¬ı˛ ¬ı˘ ˝√√›˚˛±˚˛ Ó¬±À√¬ı˛ ˘øt ˙”Ú…º ’Ó¬¤¬ı, 
� � �

P Q R, ,  ¬ı˘ øÓ¬ÚøÈ¬ ¸±À˜…

’±ÀÂ√º

˜z¬¬ı… : Î¬◊¬ÛÀ¬ı˛¬ı˛ Î¬◊¬Û¬Û±À√… Œ√›˚˛± ’±ÀÂ√ Œ˚, ¤fl¡øÈ¬ øSˆ≈¬ÀÊ√¬ı˛ øÓ¬ÚøÈ¬ ¬ı±˝≈√√ ¡Z±¬ı˛± ¬ı˘ øÓ¬ÚøÈ¬Àfl¡

¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛± ˚±˚˛º ’Ó¬¤¬ı, ¬ı˘ øÓ¬ÚøÈ¬Àfl¡ ¸˜Ó¬˘œ˚˛ ˝√√ÀÓ¬ ˝√√À¬ıº Œfl¡ÚÚ± ’Ú…Ô±˚˛ Ó¬±¬ı˛± ¤fl¡øÈ¬ øSˆ≈¬ÀÊ√¬ı˛

¬ı±˝≈√√ øÓ¬ÚøÈ¬ [˚±¬ı˛± ¸˜Ó¬˘œ˚˛] ø√À˚˛ ¬ı˛”¬Û±ø˚˛Ó¬ ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú±º

2.7.3 ¬ı˘ øSˆ≈¬Ê√ Î¬◊¬Û¬Û±À√…¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ õ∂øÓ¬:± (Converse of the triangle of
forces)

ëøÓ¬ÚøÈ¬ ¸˜ø¬ıμ≈ ¬ı˘ ¸±À˜… ’¬ıøàÔÓ¬ ˝√√À˘ ‹ ¬ı˘ øÓ¬ÚøÈ¬Àfl¡ ¸˜±z¬¬ı˛±˘ › ¸˜ø√˙± ø¬ıø˙©Ü Œ˚

Œfl¡±Ú øSˆ≈¬ÀÊ√¬ı˛ øÓ¬ÚøÈ¬ ¬ı±˝≈√√ ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛± ¸y¬¬ıºí

õ∂˜±Ì :

10 Ú— ø‰¬S

Ò¬ı˛± ˚±fl¡, O ø¬ıμ≈ÀÓ¬ 
� � �

P Q R, ,  ¬ı˘ øÓ¬ÚøÈ¬ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º Œ˚À˝√√Ó≈¬ ¬ı˘ øÓ¬ÚøÈ¬ ¸±˜…±¬ıàÔ±˚˛,

’Ó¬¤¬ı ¤À√¬ı˛ Œ˚ Œfl¡±Ú ≈√øÈ¬¬ı˛ ˘øt Ó‘¬Ó¬œ˚˛ ¬ıÀ˘¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ › ¸˜˜±Ú ø¬ıø˙©Üº ’Ó¬¤¬ı, ¬ı˘ øÓ¬ÚøÈ¬

¸˜Ó¬˘œ˚˛º ¤‡Ú A ø¬ıμ≈ÀÓ¬ ¤fl¡øÈ¬ øÚø«√©Ü ˜±¬Ûfl¡ ’Ú≈¸±À¬ı˛ AB ¬ı±˝≈√√ ŒÚ›˚˛± ˝√√˘ 
�

P  ¬ıÀ˘¬ı˛ ¸˜±z¬¬ı˛±˘

fl¡À¬ı˛ ¤¬ı— | |
�

P  = AB. B ŒÔÀfl¡ 

�

Q ¬ıÀ˘¬ı˛ ¸˜±z¬¬ı˛±˘ › ¸˜±Ú fl¡À¬ı˛ BC ¬ı±˝≈√√ ’efl¡Ú fl¡¬ı˛˘±˜º ¤‡Ú

CA Œ˚±· fl¡¬ı˛À˘ CA

�

 Œˆ¬"√√¬ı˛ 
�

R  ¬ı˘øÈ¬ ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛ÀÓ¬ ¬ı±Ò… Œ˚À˝√√Ó≈¬ 
�

P  › 

�

Q-¤¬ı˛ ˘øt ¬ı˘ AC

�
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¤¬ı— 
� � �

P Q R, ,  ¬ı˘ øÓ¬ÚøÈ¬ ¸±À˜… ¬ı˛À˚˛ÀÂ√º ’Ó¬¤¬ı, Œ√‡± Œ·˘, ABC øSˆ≈¬Ê√ ¬Û±›˚˛± Œ·˘ ˚±¬ı˛ ¬ı±˝≈√√·≈ø˘

¸±˜…±¬ıàÔ±¬ı˛ ¬ı˘ øÓ¬ÚøÈ¬Àfl¡ ˜±ÀÚ › ø√Àfl¡ ¬ı˛”¬Û±ø˚˛Ó¬ fl¡À¬ı˛º ’Ó¬¤¬ı Î¬◊¬Û¬Û±√…øÈ¬ õ∂˜±øÌÓ¬ ˝√√˘º

˜z¬¬ı… : 2.9.2 › 2.9.3-¤¬ ¬ıøÌ«Ó¬ õ∂øÓ¬:± ≈√øÈ¬ ¤fl¡¸Àe· fl¡À¬ı˛ ÚœÀ‰¬¬ı˛ Î¬◊¬Û¬Û±√…øÈ¬ ¸Ó¬… :

ëøÓ¬ÚøÈ¬ ¸˜ø¬ıμ≈ ¬ı˘ ¸±À˜… Ô±fl¡±¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√˘ ¬ı˘ øÓ¬ÚøÈ¬ ¸˜Ó¬˘œ˚˛ ˝√√À¬ı ¤¬ı—

¤fl¡øÈ¬ øSˆ≈¬Ê√ ¬Û±›˚˛± ˚±À¬ı ˚±¬ı˛ ¬ı±˝≈√√·≈ø˘ ¬ı˘ øÓ¬ÚøÈ¬Àfl¡ ˜±ÀÚ › ø√˙±˚˛ ¤fl¡˝◊√√ √flË¡À˜ ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛À¬ıºí

2.7.4 ¬¬ı˘À·±á¬œ¬ı˛ ¬ı˝≈√√ˆ≈¬Ê√ Î¬◊¬Û¬Û±√…

ë˚ø√ ¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘Àfl¡ ¤fl¡øÈ¬ ¸•Û”Ì« ¬ı˝≈√√ˆ≈¬ÀÊ√¬ı˛ ¬ı±˝≈√√·≈ø˘¬ı˛ ¡Z±¬ı˛± √flË¡˜±i§À˚˛ ˜±ÀÚ ›

ø√˙±˚˛ ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛± ˚±˚˛, Ó¬À¬ı ¬ı˘À·±á¬œøÈ¬ ¸±À˜… ’±ÀÂ√ºí

õ∂˜±Ì :

11 Ú— ø‰¬S

Ò¬ı˛± ˚±fl¡, ABCDEFGA ¬ı˝≈√√ˆ≈¬Ê√øÈ¬¬ı˛ ¬ı±˝≈√√·≈ø˘ AB, BC, CD, DE, EF, FG › GA ˚Ô±√flË¡À˜

¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ¬ı˛ ¸˜d¬ ¬ı˘ ’Ô«±» 

� � � � � � �

P Q R S T U V, , , , , ,  ¬ı˘·≈ø˘Àfl¡ ˜±ÀÚ › ø√˙±˚˛ ¬ı˛”¬Û±ø˚˛Ó¬ fl¡À¬ı˛º

Ó¬± ˝√√À˘ 
�

P  › 

�

Q-¤¬ı˛ ˘øt ¬ı˘ AC

�

 ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬º ’±¬ı±¬ı˛, AC

�

 › CD

�

 ¬ıÀ˘¬ı˛ ˘øt AD

�

¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ ˝√√˚˛º ’Ô«±» 
�

P , 

�

Q › 
�

R-¤¬ı˛ ˘øt ¬ı˘ AD

�

 ¡Z±¬ı˛± ˜±ÀÚ › ø√˙±˚˛ ¬ı˛”¬Û±ø˚˛Ó¬º ¤ˆ¬±À¬ı

¤Àfl¡ ¤Àfl¡ 
� � �

S T U, ,  ¬ı˘·≈ø˘ øÚÀ˘ ’±˜¬ı˛± Œ˙¯∏ ¬Û˚«z¬ ¬Û±˝◊√√ Œ˚ 

� � � � � �

P Q R S T U, , , , , -¤¬ı˛ ˘øt ˝√√˘

AG

�

, ’Ó¬¤¬ı, ¤¬ı±¬ı˛ 
�

V  ¬ı˘øÈ¬ ˚≈q¡ ˝√√À˘ 

� � � � �

P Q R S T, , , , -¤¬ı˛ ˘øt AG

�

 ¤¬ı— GA

�

 ˝√√˘ 
�

V  ¬ı˘

’Ó¬¤¬ı 
� � � � �

P Q R S T, , , ,  › 
�

V -¤¬ı˛ ˘øt ˝√√˘ AG

�

 › GA

�

 ¬ıÀ˘¬ı˛ ˘øtº øfl¡z≈¬ ¤˝◊√√ ¬ı˘ ≈√øÈ¬ ¬Û¬ı˛¶Û¬ı˛

ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ › ¸˜±Ú ˜±ÀÚ¬ı˛º ’Ó¬¤¬ı ¸˜¢∂ ¬ı˘À·±á¬œ ¸±À˜… ’¬ıøàÔÓ¬º

˜z¬¬ı… : Î¬◊¬ÛÀ¬ı˛¬ı˛ Î¬◊¬Û¬Û±À√…¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ¸Ó¬… Ú˚˛º fl¡±¬ı˛Ì, øÓ¬ÀÚ¬ı˛ ’øÒfl¡ fl¡Ó¬·≈ø˘ ¬ı˘ ¸±˜…±¬ıàÔ±˚˛

˝√√À˘ ‹ ¬ı˘¸˜”À˝√√¬ı˛ ¸˜±z¬¬ı˛±˘ ¬ı±˝≈√√ø¬ıø˙©Ü ¬ı˝≈√√ˆ≈¬Ê√ ’efl¡Ú fl¡¬ı˛± ˚±˚˛, ˚±À√¬ı˛ ¬ı±˝≈√√·≈ø˘¬ı˛ Δ√‚« ¬ı˘·≈ø˘¬ı˛
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¸˜±Ú≈¬Û±Ó¬œ Ú˚˛º øÚÀ•ß¬ı˛ ø‰¬S ŒÔÀfl¡ Œ¬ı±Á¡± ˚±˚˛ Œ˚, ¬ı˝≈√√ˆ≈¬Ê√ ABCDEA ¤¬ı— ABC�D�EA ≈√øÈ¬¬ı˛ ¬ı±˝≈√√·≈ø˘

õ∂√M√√ ¬ı˘¸˜”À˝√√¬ı˛ ¸˜±z¬¬ı˛±˘ ˝√√À˘› ¤¬ı— ¬ı˘¸˜”À˝√√¬ı˛ ˜±ÚÀfl¡ Î¬◊ˆ¬˚˛Àé¬ÀS ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛ÀÓ¬ ¬Û±À¬ı˛Ú±º øÓ¬ÚøÈ¬

¬ıÀ˘¬ı˛ ¸±À˜…¬ı˛ Œé¬ÀS øSˆ≈¬ÀÊ√¬ı˛ ¬ı±˝≈√√·≈ø˘ ¬ı˘·≈ø˘¬ı˛ ˚Ô±√flË¡À˜ ¸˜±z¬¬ı˛±˘ ˝√√À˘˝◊√√ ¬ı˘·≈ø˘¬ı˛ ˜±Ú› ¬ı˛”¬Û±ø˚˛Ó¬

fl¡¬ı˛À¬ıñ¬ı˝≈√√ˆ≈¬ÀÊ√¬ı˛ Œé¬ÀS ¤È¬± ¸Ó¬… Ú˚˛º

12 Ú— ø‰¬S

2.7.5 ’Ú≈˙œ˘Úœ

1. Œfl¡±Ú ø¬ıμ≈ÀÓ¬ õ∂˚≈q¡ P › Q ¬ı˘¡ZÀ˚˛¬ı˛ ˜ÀÒ… Œfl¡±Ì ��� ¬ı˘ ≈√øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ¬Û¬ı˛¶Û¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú

fl¡¬ı˛À˘ ¤À√¬ı˛ ˘øt ¬ı˘ 2 2
1tan tan	 	

�
�
�

�
�

P Q
P Q

�
 Œfl¡±ÀÌ ‚≈À¬ı˛ ˚±À¬ıñŒ√‡±Úº

¸˜±Ò±Ú :

13 Ú— ø‰¬S

õ∂Ô˜ ø‰¬S ŒÔÀfl¡ ˘øt ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡± P ¬ıÀ˘¬ı˛ ¸Àe· Œfl¡±Ì �1 = sin–1 (Q sin �
/

R Œfl¡±Ì fl¡À¬ı˛º ø¡ZÓ¬œ˚˛ ø‰¬ÀS [˚‡Ú P › Q-¤¬ı˛ ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ¬Û¬ı˛¶Û¬ı˛ àÔ±Ú ¬Ûø¬ı˛¬ıÓ«¬Ú

fl¡À¬ı˛ÀÂ√] Ó¬‡Ú ˘øt ¬ı˘ ¤fl¡˝◊√√ ø√Àfl¡¬ı˛ ¸Àe· �2 = sin–1 (Psin�/R) Œfl¡±Ì fl¡À¬ı˛º

’Ó¬¤¬ı, 

sin
sin

sin
sin

�

�
�
�

1

2
� �

Q
P

Q
P
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’Ó¬¤¬ı, 

sin sin
sin sin

� �

� �
1 2

1 2

�

�
�

�
�

Q P
Q P

2 2 2

2 2 2

1 2 1 2

1 2 1 2

sin cos

cos sin

� � � �

� � � �

��
�

�
�

�

��
�

�
�

�
�

�
�

Q P
Q P

øfl¡z≈¬, �1 + �2 = �

’Ó¬¤¬ı, tan tan�
�

�
�
�

� �

�
�1 2

2 2
Q P
Q P

2. ¤fl¡øÈ¬ ŒÈ¬ø˘ÀÙ¬±Ú Œ¬Û±À©Ü¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘ ‰¬±¬ı˛øÈ¬ È¬±Ú ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛º

È¬±Ú ¬ı˘·≈ø˘ ˚Ô±√flË¡À˜ 10 kg ˆ¬±¬ı˛ Î¬◊M√√¬ı˛ø√Àfl¡, 15 kg ˆ¬±¬ı˛ ¬Û”¬ı«ø√Àfl¡, 20 kg ˆ¬±¬ı˛ √øé¬Ì-

¬Û”¬ı«ø√Àfl¡ ¤¬ı— 25 kg ˆ¬±¬ı˛ √øé¬Ì-¬Ûø(À˜ ø√flË¡˚˛± fl¡À¬ı˛º Œ¬Û±©ÜøÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˘ ‰¬±ø¬ı˛øÈ¬¬ı˛ ˘øt

øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú :

14 Ú— ø‰¬S

˘øt¬ı˛ ¬Û”¬ı«ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙

X � � 	
�
�

�
�15 20

2
25

2
kg

˘øt¬ı˛ Î¬◊M√√¬ı˛ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙

Y � 	 	
�
�

�
� �

� 	10 25
2

20
2

0 2 45
2
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’Ó¬¤¬ı ˘øt R X Y� �2 2 kg

  �
	

�
	( ) ( )15 2 5

2
10 2 45

2

2 2
 kg

¤¬ı— ˘øt¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ¬Û”¬ı«ø√Àfl¡¬ı˛ ¸Àe· √øé¬Ìø√Àfl¡ tan	 	

	

�
��

�
��

1 45 10 2
15 2 5

 Œfl¡±Ì Î¬◊»¬Ûiß fl¡À¬ı˛º

3. ABC øSˆ≈¬ÀÊ√¬ı˛ ˆ¬¬ı˛Àfl¡f G ŒÓ¬ GD GE GF

� 
� 
�

, ,  ¬ı˘S˚˛ ø√flË¡˚˛± fl¡À¬ı˛ [Œ˚‡±ÀÚ D, E, F

˚Ô±√flË¡À˜ BC, CA, AB ¬ı±˝≈√√SÀ˚˛¬ı˛ ˜Ò…ø¬ıμ≈]º Œ√‡±Ú Œ˚ ¬ı˘ øÓ¬ÚøÈ¬ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º

¸˜±Ò±Ú : [øSˆ≈¬Ê√ Œ˚±·¸”S ’Ú≈¸±À¬ı˛]

15 Ú— ø‰¬S

GD AD AB BD AB BC
�� �� �� �� �� ��

� � � � �
�
��

�
��

1
3

1
3

1
3

1
2( )

GE BE BC CE BC CA
�� �� �� �� �� ��

� � � � �
�
��

�
��

1
3

1
3

1
3

1
2( )

GF CF CA AF CA AB

� 
� 
� 
� 
� 
�

� � � � �
�
��

�
��

1
3

1
3

1
3

1
2( )

’Ó¬¤¬ı, GD GE GF AB BC CA

� 
� 
� 
� 
� 
�

� � � � �1
2 ( )

øfl¡z≈¬ AB BC CA
�� �� ��

, ,  ¸±˜…±¬ıàÔ±˚˛ ’Ó¬¤¬ı õ∂˜±øÌÓ¬º
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4. ¤fl¡øÈ¬ ¬ıd≈¬ fl¡Ì±¬ı˛ P-¤¬ı˛ Î¬◊¬Û¬ı˛ O1, O2 øàÔ¬ı˛ø¬ıμ≈¬ı˛ ø√Àfl¡ 
� �
r r1 2

,  ¬ı˘ ≈√øÈ¬ ø√flË¡˚˛± fl¡À¬ı˛º [Œ˚‡±ÀÚ

r1 = O1P, r2 = O2P)º Œ√‡±Ú Œ˚ fl¡Ì±øÈ¬ r1r2 = a2 ¤˝◊√√ ˜¸‘Ì ‡±ÀÓ¬¬ı˛ Î¬◊¬Û¬ı˛ Œ˚ Œfl¡±Ú

ø¬ıμ≈ÀÓ¬ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡À¬ıº

¸˜±Ò±Ú :

16 Ú— ø‰¬S

˜¸‘Ì ‡±ÀÓ¬¬ı˛ ˘•§ø√Àfl¡ ¬ı˘ ø¬ıÀù≠ø¯∏Ó¬±—˙ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ¡Z±¬ı˛± õ∂øÓ¬˝√√Ó¬ ˝√√˚˛º ˜¸‘Ì ‡±ÀÓ¬¬ı˛ ¶Û˙«fl¡

ø√Àfl¡ ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… ¬ıd≈¬fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘¡ZÀ˚˛¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ Œ˚±·Ù¬˘

� �
� �
r

dr
ds r

dr
ds1

1

2

2

� ��
d
ds

r r(log log )1 2

� �
d
ds

r rlog 1 2

� � d
ds

alog 2

= 0 (� a2 ¤fl¡øÈ¬ ÒË≈¬ıfl¡)

’Ó¬¤¬ı, Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ¬ıd≈¬fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ¶Û˙«fl¡ø√Àfl¡ ˘øt¬ıÀ˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ = 0. ’Ó¬¤¬ı

fl¡Ì±øÈ¬ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º
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5. øÓ¬ÚøÈ¬ ¸˜±Ú ˜±ÀÚ¬ı˛ (= P) ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ ¸˜±z¬¬ı˛±˘ Œ¬ı˛‡± ¡Z±¬ı˛± ABC øSˆ≈¬Ê√

˝√√À˘, ¬ı˘À·±á¬œ¬ı˛ ˘øt R-¤¬ı˛ ˜±Ú

R2 = P2 (3 – 2cosA – 2cosB – 2cosC )

¸˜±Ò±Ú :

17 Ú— ø‰¬S

¬ı˘·≈ø˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ BC ø√Àfl¡ › Ó¬±¬ı˛ ˘•§ ø√Àfl¡ ˚Ô±√flË¡À˜

P – PcosB – PcosC – PsinB + PsinC

�� R2 = P2(1 – cosB – cosC)2 + P2(– sinB + sinC)2

= P2{3 – 2cosB – 2cosC + 2(cosB cosC –  sinB sinC)}

= P2{3 – 2cos B – 2cos C + 2cos (B + C)}

= P2{3 – 2cos B – 2cos C – 2cos A}

2.7.6 ˘±ø˜¬ı˛ Î¬◊¬Û¬Û±√… (Lami’s Theorem)

ë˚ø√ øÓ¬ÚøÈ¬ ¸˜ø¬ıμ≈ ¬ı˘ ¸±À˜… Ô±Àfl¡, Ó¬À¬ı õ∂øÓ¬øÈ¬ ¬ı˘ › ’¬Û¬ı˛ ¬ı˘ ≈√øÈ¬¬ı˛ ˜Ò…àÔ Œfl¡±ÀÌ¬ı˛ ¸±˝◊√√ÀÚ¬ı˛

’Ú≈¬Û±Ó¬ ¬Û¬ı˛¶Û¬ı˛ ¸˜±Ú ˝√√À¬ıºí

’Ô«±» ˚ø√ P, Q, R ¸˜ø¬ıμ≈ ¬ı˘ øÓ¬ÚøÈ¬ ¸±À˜… Ô±Àfl¡ Ó¬±˝√√À˘

P

Q R

Q

R P

R

P Qsin ( , ) sin ( , ) sin ( , )^ ^ ^
� �

Œ˚‡±ÀÚ 
^( , )Q R  = ¬ı˘ Q › ¬ı˘ R-¤¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ ˜Ò…àÔ Œfl¡±Ìº
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õ∂˜±Ì : Ò¬ı˛± ˚±fl¡ O ø¬ıμ≈ÀÓ¬ P, Q, R ¬ı˘ øÓ¬ÚøÈ¬ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º ’Ó¬¤¬ı, P › Q-¤¬ı˛

˘øt R ¬ıÀ˘¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ¤¬ı— R-¤¬ı˛ ˜±ÀÚ¬ı˛ ¸˜±Ú ˝√√À¬ıº

18 Ú— ø‰¬S

18 Ú— ø‰¬S ’Ú≈¸±À¬ı˛ P › Q-¤¬ı˛ ˘øt OC

�

, ’Ó¬¤¬ı R ¬ı˘ OC

�

-¤¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ø√Àfl¡ ø√flË¡˚˛±

fl¡À¬ı˛º øSˆ≈¬Ê√ OAC ŒÔÀfl¡ ¬Û±˝◊√√

OA
OCA

AC
AOC

OC
OACsin sin sin� � ... (i)

øfl¡z≈¬ �OCA = �COB = 180° – ^( , )Q R

� sin OCA = sin ^( , )Q R

¤¬ı˛”À¬Û sin AOC = sin ^( , )P R

sin OAC = sin (180° – AOB) = sin AOB = sin ^( , )P Q

’Ó¬¤¬ı (i) ŒÔÀfl¡ ¬Û±˝◊√√,

P

Q R

Q

R P

R

P Qsin ( , ) sin ( , ) sin ( , )^ ^ ^
� �   [õ∂˜±øÌÓ¬]

˘±ø˜¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ õ∂øÓ¬:± (Converse of Lami’s Theorem) : ëøÓ¬ÚøÈ¬ ¸˜ø¬ıμ≈ ¸˜Ó¬˘œ˚˛

¬ı˘ ˚ø√ õ∂ÀÓ¬…Àfl¡ ’¬Û¬ı˛ ≈√øÈ¬¬ı˛ ’z¬ˆ≈«¬q¡ Œfl¡±ÀÌ¬ı˛ ì¸±˝◊√√Úî-¤¬ı˛ ¸˜±Ú≈¬Û±Ó¬œ ˝√√˚˛, Ó¬À¬ı ¬ı˘ øÓ¬ÚøÈ¬ ¸±À˜…

Ô±Àfl¡ºí
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õ∂˜±Ì :

19 Ú— ø‰¬S

P, Q, R ¬ı˘ øÓ¬ÚøÈ¬ ¤fl¡ ¸˜Ó¬À˘ Ô±fl¡±˚˛, Ó¬±À√¬ı˛ ¸˜±z¬¬ı˛±˘ Œ¬ı˛‡± ’efl¡Ú fl¡À¬ı˛ AB, BC, CA

¬ı±˝≈√√ øÓ¬ÚøÈ¬ ø√À˚˛ øSˆ≈¬Ê√ ABC ’efl¡Ú fl¡¬ı˛± ˝√√˘º

�A = 180° – ^( , )P R

�B = 180° – ^( , )P Q

�C = 180° – ^( , )Q R

�� sin A = sin ^( , )P R ˝◊√√Ó¬…±ø√º

20 Ú— ø‰¬S
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¤‡Ú ABC øSˆ≈¬ÀÊ√

AB
C

BC
A

CA
Bsin sin sin� �

��
AB

Q R

BC

R P

CA

P Qsin ( , ) sin ( , ) sin ( , )^ ^ ^
� �

øfl¡z≈¬ Œ√›˚˛± ’±ÀÂ√ Œ˚,

P : Q : R = sin ( , ):sin ( , ) :sin ( , )^ ^ ^Q R R P P Q

’Ó¬¤¬ı
AB
P

BC
Q

CA
R� �

’Ô«±» AB, BC, CA ¬ı±˝≈√√·≈ø˘ P, Q, R -Œfl¡ ˜±ÀÚ › ø√Àfl¡ ¬ı˛”¬Û±ø˚˛Ó¬ fl¡À¬ı˛º ’Ó¬¤¬ı, ¬ı˘ øSˆ≈¬Ê√

Î¬◊¬Û¬Û±√… ŒÔÀfl¡ ¬Û±˝◊√√ Œ˚, P, Q, R ¬ı˘ øÓ¬ÚøÈ¬ ¸±À˜… ’±ÀÂ√º

’Ú≈˙œ˘Úœ :

1. P, Q, R ¬ı˘S˚˛ IA, IB, IC ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛º Œ˚‡±ÀÚ I ˝√√˘ ABC øSˆ≈¬ÀÊ√¬ı˛ ’z¬–Àfl¡fº

Œ√‡±Ú Œ˚ P, Q, R ¸±˜…±¬ıàÔ±˚˛ Ô±øfl¡À˘º

P Q R A B C: : cos : cos : cos� 2 2 2

õ∂˜±Ì :

21 Ú— ø‰¬S
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Œ˚‡±ÀÚ P, Q, R ¸±À˜…, ˘±ø˜¬ı˛ Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛

P
BIC

Q
CIA

R
AIBsin sin sin

� � (i)

øfl¡z≈¬ � � �	 � 	 �BIC B C180 2 2

	 �
�

� �	 �sin sin sin cosBIC B C A A
2 90 2 2� 
 � 
 (ii)

�� � (i) › (ii) ŒÔÀfl¡ ¬Û±˝◊√√

P
A

Q
B

R
Ccos cos cos2 2 2

� �

2. l-Δ√‚«…ø¬ıø˙©Ü ¤fl¡øÈ¬ ¸¬ı˛≈ ¸”ÀS¬ı˛ ≈√˝◊√√ õ∂±z¬ ¤fl¡˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À¬ı a ”√¬ı˛ÀQ ≈√øÈ¬ ø¬ıμ≈ÀÓ¬ ’±¬ıX

¤¬ı— ¤fl¡øÈ¬ ˜¸‘Ì ’±—øÈ¬ ‹ Ó¬±À¬ı˛¬ı˛ ˜ÀÒ… ·˜Ú±·˜Ú fl¡¬ı˛ÀÓ¬ ¬Û±À¬ı˛º ’±—øÈ¬øÈ¬¬ı˛ ›Ê√Ú W ˝√√À˘›

’±—øÈ¬ ¸±À˜… ’¬ıàÔ±Úfl¡±À˘ ¸”ÀS¬ı˛ È¬±ÀÚ øÚÌ«˚˛ fl¡¬ı˛≈Úº (l > a)

¸˜±Ò±Ú :

22 Ú— ø‰¬S

¤‡±ÀÚ ’±—øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ øÓ¬ÚøÈ¬ ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛ (1) ›Ê√Ú W Î¬◊~•§ ø√Àfl¡ (2) › (3) Ó¬±¬ı˛øÈ¬¬ı˛

È¬±Ú ¬ı˘ T, T ˚Ô±√flË¡À˜ A › B ø¬ıμ≈¬ı˛ ø√Àfl¡º Œ˚À˝√√Ó≈¬ ¬ı˘ øÓ¬ÚøÈ¬ ¸±À˜… ’±ÀÂ√ ’Ó¬¤¬ı

T W
sin ( ) sin ( )90 180 2��

�
�	
 
 [˘±ø˜ Î¬◊¬Û¬Û±√…]

� � � �

�

�
�

T W W W

l a

l

lW

l a

cos
sin sin

/

�
� �2 2

2
2 2

2

22 2 2 2

� � � �
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2.8 √¸±¬ı˛±—˙

¤˝◊√√ ¤fl¡Àfl¡ õ∂ÔÀ˜ ≈√øÈ¬ ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ ˘øt ¸•§À&Ò ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º Œ√‡± Œ·ÀÂ√ ¬ı˘

≈√øÈ¬ P, Q ¤¬ı— Ó¬±À√¬ı˛ ’z¬ˆ≈«¬q¡ Œfl¡±Ì ��˝√√À˘ ˘øt ¬ı˘ R ¤¬ı˛ ˜±Ú R P Q PQ� � �2 2 2 cos�

¤¬ı— R ¬ı˘ P-¤¬ı˛ ø√Àfl¡¬ı˛ ¸ø˝√√Ó¬ 

�
�

�
�

	tan
sin

cos
1 Q

P Q
 Œfl¡±Ì fl¡À¬ı˛º

≈√øÈ¬ ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ ˘øt¬ı˛ ¸±˜z¬ø¬ı˛fl¡ ¸”S ’Ú≈¸±À¬ı˛ ˘øt ¤¬ı— Œˆ¬"√√À¬ı˛¬ı˛ øSˆ≈¬Ê√ Œ˚±·¸”S ≈√øÈ¬ Œˆ¬"√√À¬ı˛¬ı˛

Œ˚±·Ù¬˘ Œ˚À˝√√Ó≈¬ ¤fl¡˝◊√√, Œ¸˝◊√√ fl¡±¬ı˛ÀÌ ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ Œé¬ÀS Œˆ¬"√√À¬ı˛¬ı˛ ¸±˝√√±À˚… ø¬ıøˆ¬iß Î¬◊¬Û¬Û±√… õ∂˜±Ì

fl¡¬ı˛± ˚±˚˛º

Œfl¡±Ú ø√Àfl¡ ¬ıÀ˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ ’±¬ı˛ Œˆ¬"√√À¬ı˛¬ı˛ ’øˆ¬Àé¬¬Û ¤fl¡º ’Ô«±» P ¬ıÀ˘¬ı˛ Œfl¡±Ú ø√Àfl¡

ø¬ıÀù≠ø¯∏Ó¬±—˙ = Pcos ��� Œ˚‡±ÀÚ �� = P-¤¬ı˛ ø√flË¡˚˛±À¬ı˛‡± › ‹ ø√Àfl¡¬ı˛ ˜ÀÒ… Œfl¡±Ì R ¬ıÀ˘¬ı˛ øÓ¬ÚøÈ¬

¬Û¬ı˛¶Û¬ı˛ ˘•§ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ X, Y, Z ˝√√À˘ R2 = X2 + Y2 + Z2 ˝√√˚˛º ˚ø√ R ¬ı˘øÈ¬ Z-’Àé¬¬ı˛

¸Àe· �� Œfl¡±Ì ’±¬ı˛ xy Ó¬À˘ õ∂Àé¬¬Û ˚ø√ x-’Àé¬¬ı˛ ¸Àe· �� Œfl¡±Ì fl¡À¬ı˛, Ó¬À¬ı X = Rsin �cos

�� Y = Rsin �� sin�, Z = Rcos �� ¸˜Ó¬˘œ˚˛ Œé¬ÀS ’Ô«±» ˚ø√ ≈√øÈ¬ ¬Û¬ı˛¶Û¬ı˛ ˘•§ø√fl¡ ¤˜Ú ˝√√˚˛

Œ˚, Ó¬±À√¬ı˛ ¸˜Ó¬À˘ ¬ı˘ R ’¬ıøàÔÓ¬ Ô±Àfl¡, Ó¬À¬ı ‹ ˘•§ø√fl¡ ≈√øÈ¬ÀÓ¬ R-¤¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ X, Y ˝√√À˘

R2 = X2 + Y2 ˝√√À¬ıº

’Ô«±» X = Rcos ���Y = Rsin�. øÓ¬Ú ¬ı± Ó¬ÀÓ¬±øÒfl¡ ¸˜ø¬ıμ≈ ¬ı˘ ¤fl¡øÈ¬ ˘øt ¬ı˘ ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬

˝√√˚˛º ˚ø√ øÓ¬ÚøÈ¬ ¬Û¬ı˛¶Û¬ı˛ ˘•§ø√fl¡ ŒÚ›˚˛± ˚±˚˛ ¤¬ı— P1, P2, ..., Pn ¬ı˘·≈ø˘¬ı˛ ‹ ø√fl¡·≈ø˘ÀÓ¬

ø¬ıÀù≠ø¯∏Ó¬±—˙¸˜”˝√√ ˚Ô±√flË¡À˜ (X1, X2, ..., Xn), (Y1, Y2, ..., Yn), (Z1, Z2, Zn) ˝√√˚˛ ¤¬ı— ¤À√¬ı˛

˘øt ¬ı˘ R-¤¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ ˚Ô±√flË¡À˜ X, Y, Z ˝√√˚˛, Ó¬À¬ı

X X Y Y Z Zr
r

n

r
r

n

r
r

n
� � �

� � �

 
 


1 1 1
, ,

¤¬ı— R2 = X2 + Y2 + Z2

R-¤¬ı˛ ø√fl¡ õ∂√M√√ ˘•§ ø√fl¡ øÓ¬ÚøÈ¬¬ı˛ ¸Àe· Œ˚ Œfl¡±Ì·≈ø˘ fl¡À¬ı˛ Ó¬± ��� ��� � ˝√√À˘

cos , cos , cos� � �� � �
X
R

Y
R

Z
R
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¬ı˘ ¸±˜… : Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±fl¡±¬ı˛œ fl¡Ó¬·≈ø˘ ¬ı˘ ˚ø√ ¤˜Ú ˝√√˚˛ Ó¬±À√¬ı˛ ˘øt ¬ı˘ ˙”Ú… ˜±Úø¬ıø˙©Ü

˝√√˚˛, Ó¬± ˝√√À˘ ‹ ¬ı˘À·±á¬œ ¸±À˜… ’±ÀÂ√ ¬ı˘± ˝√√˚˛º ¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ¬ı˛ ¸±À˜…¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü

˙Ó«¬·≈ø˘ ˝√√˘ X = Y = Z = 0

’Ô«±» X Y Zr
r

n

r
r

n

r
r

n

� � �
� � �� � �

1 1 1
0

¸˜Ó¬˘œ˚˛ ¬ı˘Àé¬ÀS ‹ Ó¬À˘ ≈√øÈ¬ ˘•§ø√fl¡ (x, y ’é¬] ¸±À¬ÛÀé¬ ˙Ó«¬ ˝√√˚˛

X X Y Yr
r

n

r
r

n
� � � �

� �
� �

1 1
0, 0

øÓ¬ÚøÈ¬ ¬ı˘ ¤fl¡ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±˙œ˘ ˝√√À˘ ¤¬ı— Ó¬±¬ı˛± ˚ø√ ˜±ÀÚ, ø√˙±˚˛ √flË¡˜±i§À˚˛ ¤fl¡øÈ¬ øSˆ≈¬ÀÊ√¬ı˛

¬ı±˝≈√√ øÓ¬ÚøÈ¬ ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ ˝√√˚˛, Ó¬À¬ı ¬ı˘ øÓ¬ÚøÈ¬ ¸±À˜… Ô±Àfl¡ [øSˆ≈¬Ê√ ¬ı˘ ¸”S] øSˆ≈¬Ê√ ¬ı˘¸”ÀS¬ı˛ ø¬ı¬Û¬ı˛œÓ¬›

¸Ó¬… :

øÓ¬ÚøÈ¬ ¸˜ø¬ıμ≈ ¬ı˘ ¸±À˜… Ô±fl¡À˘, ¬ı˘·≈ø˘ õ∂ÀÓ¬…Àfl¡ ’¬Û¬ı˛ ¬ı˘ ≈√øÈ¬¬ı˛ ˜Ò…àÔ Œfl¡±ÀÌ¬ı˛ ¸±˝◊√√ÀÚ¬ı˛

¸˜±Ú≈¬Û±Ó¬œ ˝√√À¬ı [˘±ø˜¬ı˛ Î¬◊¬Û¬Û±√…]º ˘±ø˜¬ı˛ Î¬◊¬Û¬Û±À√…¬ı˛ ø¬ı¬Û¬ı˛œÓ¬› ¸Ó¬…º

¬ı˝≈√√ˆ≈¬Ê√ ¡Z±¬ı˛± ¸˜ø¬ıμ≈ ¬ı˘¸˜”À˝√√¬ı˛ ˘øt øÚÌ«˚˛ fl¡¬ı˛± ˚±˚˛º ¸±À˜… ’±ÀÂ√ ¤˜Ú fl¡Ó¬·≈ø˘ ¬ı˘Àfl¡ ¤fl¡øÈ¬

¸•Û”Ì« ¬ı˝≈√√ˆ≈¬Ê√ ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛± ˚±˚˛º ˝◊√√˝√√±¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ¸Ó¬… Ú˚˛º

2.9 √¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1. P ¬ıÀ˘¬ı˛ ≈√˝◊√√ ¬Û±À˙ ≈√øÈ¬ ¸¬ı˛˘À¬ı˛‡± ¬ı˘øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ ¸Àe· ˚Ô±√flË¡À˜ 45º, 60º Œfl¡±Ì fl¡À¬ı˛º

‹ ≈√øÈ¬ ø√Àfl¡ ¬ı˘øÈ¬¬ı˛ Î¬◊¬Û±—˙ øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸—Àfl¡Ó¬ :

23 Ú— ø‰¬S
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OA

�

, P ¬ı˘ ˝√√À˘ (1) › (2) Ú— ø√Àfl¡¬ı˛ ¸Àe· OA Œfl¡ fl¡Ì« fl¡À¬ı˛ ¸±˜z¬ø¬ı˛fl¡ ’“√±fl¡± ˝√√À˘,

OB, OC-¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº ‹ ≈√øÈ¬˝◊√√ ¬ı˘øÈ¬¬ı˛ Î¬◊¬Û±—˙

OB
OA �

�
�	 �	 �

sin
sin( )

60
180 60 45

� �
�� �

OB
OA3

2 60 45sin( )

�

�
���

���

3

2 3
2

1
2

1
2

1
2

P

. .

�
�

�
�

3

2 3 1

2 2

6
3 1

P P

	 


’Ú≈¬ı˛”¬Ûˆ¬±À¬ı OC øÚÌ«˚˛ fl¡¬ı˛≈Úº

2. P › Q ¸˜ø¬ıμ≈ ¬ı˘¡ZÀ˚˛¬ı˛ ˘øt R ˚ø√ P-¤¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ ˝√√˚˛, Ó¬À¬ı Œ√‡±Ú Œ˚

R2 = Q2 – P2

24 Ú— ø‰¬S

3. ≈√øÈ¬ ¸˜ø¬ıμ≈ ¬ı˘ P, Q-¤¬ı˛ ˘øt¬ı˛ ˜±Ú P-¤¬ı˛ ¸˜±Ú ˝√√À˘ Œ√‡±Ú Œ˚ P, Q-¤¬ı˛ ’z¬ˆ«≈¬q¡

Œfl¡±Ì = cos� ���
�
�

1
2
Q
P  (� P2 = P2 + Q2 + 2PQ cos�)
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4. P › Q ¸˜ø¬ıμ≈ ¬ı˘ ≈√øÈ¬ O ø¬ıμ≈ÀÓ¬ ¤¬ı— R, S ¬ı˘ ≈√øÈ¬ O�� ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛º P, Q,

R, S ¸±À˜… Ô±øfl¡À˘ P › Q-¤¬ı˛ ˘øt ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡± øÚÌ«˚˛ fl¡¬ı˛≈Úº

[ ¸—Àfl¡Ó¬  . P, Q-¤¬ı˛ ˘øt ¬ı˘ R, S-¤¬ı˛ ˘øt ¬ıÀ˘¬ı˛ ¸˜±Ú › ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ˝√√À¬ıº ’Ó¬¤¬ı,

P, Q-¤¬ı˛ ˘øt ¬ı˘ O� ø√À˚˛ ˚±À¬ıº ¤¬ı— ROS-¤¬ı˛ ˘øt ¬ı˘ O ø√À˚˛ ˚±À¬ıº ]

5. l0, l2 Δ√‚«…ø¬ıø˙©Ü ≈√øÈ¬ √øÎ¬ˇ¬ı˛ ¸±˝√√±À˚… ¤fl¡øÈ¬ ˆ¬±¬ı˛œ ¬ıd≈¬fl¡Ì±Àfl¡ ≈√øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ ø¬ıμ≈ ˝√√ÀÓ¬ ŒÁ¡±˘±Ú

˝√√˘º ø¬ıμ≈ ≈√øÈ¬¬ı˛ ”√¬ı˛Q a ˝√√À˘ ¤¬ı— W Œfl¡±ÌøÈ¬¬ı˛ ›Ê√Ú ˝√√À˘ √øÎ¬ˇ ≈√øÈ¬¬ı˛ È¬±Ú fl¡Ó¬∑

(l1 + l2 > a, l1 + a > l2, l2 + a > l1)

¸˜±Ò±Ú :

25 Ú— ø‰¬S

Ò¬ı˛± ˚±fl¡, √øÎ¬ˇ ≈√øÈ¬¬ı˛ È¬±Ú T1, T2, ’Ó¬¤¬ı, ˘±ø˜¬ı˛ Î¬◊¬Û¬Û±√… ŒÔÀfl¡

T T W1 2
180cos cos sin( )� 	 	 �

� �
�	 	

’±¬ı±¬ı˛,
l l a1 2

sin sin sin( )� 	 	 �
� �

�


 �
�

T
W

1
cos

sin( )
�

	 �

 �
Wl

a
1 cos
sin

�

�
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� �

� �

�
� ��

��
	

�

Wl
a

l a l
l a

l a l
l a

1

2
2 2

1
2

2

2
2 2

1
2

2

2

2

1
2

  
�

� �

� � �

Wl
a

l a l

l a l a l

1 2
2 2

1
2

2
2 2

2
2 2

1
2 2

4
.

	 


  
�

� �

� � � � � �

Wl l a l

a l a l a l l a l a l

1 2
2 2

1
2

2 2
2 2

1
2

2 2
2 2

1
22 2

	 

	 
 	 


26 Ú— ø‰¬S

6. øÓ¬ÚøÈ¬ ¸˜Ó¬˘œ˚˛ ¬ı˘ P, Q, R ¤fl¡˝◊√√ ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±˙œ˘º Œ√‡±Ú Œ˚ ˘øt ¬ı˘ ˝√√˘

P Q R QR RP PQ2 2 2
1
22 2 2� � � � �cos cos cos� � �� �

Œ˚‡±ÀÚ ��� ��� � ˚Ô±√flË¡À˜ (Q, R), (R, P) › (P, Q)-¤¬ı˛ ˜ÀÒ… Œfl¡±Ìº

[ ¸—Àfl¡Ó¬  . ¬ı˘ øÓ¬ÚøÈ¬Àfl¡ P ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ ø√Àfl¡ › Ó¬±¬ı˛ ’øˆ¬˘•§ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙

X, Y ˝√√À˘, ˘øt ¬ı˘ X Y2 2� ]
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�� O ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±˙œ˘ ¤¬ı— ¸±˜…±¬ıàÔ±˚˛ ’¬ıøàÔÓ¬ P1, P2, ..., Pn ¬ı˘ fl¡øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡±·≈ø˘Àfl¡

¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡±¬ı˛ ŒÂ√√fl¡ ˚Ô±√flË¡À˜ A1, A2, ..., An ø¬ıμ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛º Œ√‡±Ú Œ˚,

P
OA

P
OA

P
OA

n

n

1

1

2

2
0� � � �. . .

Œ˚‡±ÀÚ OA1 = O › A1 ¤¬ı˛ ˜Ò…àÔ ”√¬ı˛Qº

27 Ú— ø‰¬S

[ ¸—Àfl¡Ó¬  . Œ˚À˝√√Ó≈¬ ¬ı˘À·±á¬œ ¸±À˜… ’Ó¬¤¬ı ˘øt ¬ı˘ ˙”Ú…º Ù¬À˘ ŒÂ√√Àfl¡¬ı˛ ˘•§ø√Àfl¡ ¬ı˘·≈ø˘¬ı˛

ø¬ıÀù≠ø¯∏Ó¬±—˙ Œ˚±·Ù¬˘ ˙”Ú…º ’Ó¬¤¬ı ˝◊√√Ó¬…±ø√º ]

8. øÓ¬ÚøÈ¬ ¸˜±Ú √ÀG¬¬ı˛ ¤fl¡õ∂±z¬ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ ˚≈q¡ √G¬ øÓ¬ÚøÈ¬¬ı˛ ’¬Û¬ı˛ õ∂±z¬·≈ø˘ ¤fl¡øÈ¬ ’Ú≈ˆ”¬ø˜fl¡

Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ’¬ıøàÔÓ¬ ¤¬ı— ¤fl¡øÈ¬ ˆ¬±¬ı˛ W ‹ ø¬ıμ≈ ˝√√ÀÓ¬ Á≈¡˘ÀÂ√º √G¬·≈ø˘¬ı˛ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘

¬Û√√w¬—˙ Ú± ˝√√À˘ ¤¬ı— √G¬ øÓ¬ÚøÈ¬¬ı˛ ¬Û√ ¤fl¡øÈ¬ ¸˜¬ı±˝≈√√ øSˆ≈¬Ê√ ¬ı˛‰¬Ú± fl¡¬ı˛À˘ √G¬·≈ø˘¬ı˛ ‚±Ó¬¬ı˘

fl¡Ó¬∑

¸—Àfl¡Ó¬  .

28 Ú— ø‰¬S

Ò¬ı˛± ˚±fl¡, √˘·≈ø˘¬ı˛ Δ√‚«… 2l ¤¬ı— ¬Û√·≈ø˘ ˆ”¬ø˜ÀÓ¬ ABC øSˆ≈¬ÀÊ√¬ı˛ Œfl¡±Ì ø¬ıμ≈ ΔÓ¬¬ı˛œ fl¡À¬ı˛ÀÂ√º
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√G¬·≈ø˘ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘¬ı˛ ¸ø˝√√Ó¬ �� Œfl¡±Ì ΔÓ¬¬ı˛œ fl¡¬ı˛À˘ ¤¬ı— T ‚±Ó¬ ¬ı˘ ˝√√À˘ ’±˜¬ı˛± ¬Û±˝◊√√

› T sin �� = W ˆ”¬ø˜ øSˆ≈¬Ê√ ¸˜¬ı±˝≈√√ ˝√√›˚˛±˚˛ ‚±Ó¬ ¬ı˘ øÓ¬ÚøÈ¬¬ı˛ ˘øt ¸˜¬ı±˝≈√√¬ı˛ ˆ¬±¬ı˛Àfl¡f

ø√À˚˛ ˚±À¬ıº

’Ó¬¤¬ı, 2 2
3 60 2

3
3

2 3
l AG a a acos sin� � � �� �

’Ó¬¤¬ı, cos � � a
l2 3

¤¬ı— T W W
a

l

� �

	
3

3 1
12

2
2

sin 	
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¤fl¬fl¬ 3 �¸˜±z¬¬ı˛±˘ ¬ı˘¸˜”˝√√ › ˘øt, ¬ıÀ˘¬ı˛ √w¬±˜fl¡ ›

¬ıÀ˘¬ı˛ ¡ZiZ [Parallel Forces, their Resultant;
Moment of Forces and Couple)

·Í¬Ú

3.1 √õ∂d¬±¬ıÚ±

3.2 √ Î¬◊ÀV˙…

3.3 ≈√øÈ¬ ¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ıÀ˘¬ı˛ ˘øt (Resultant of Two Like Parallel Forces)

3.3.1 øÓ¬ÚøÈ¬ ¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ıÀ˘¬ı˛ ˘øt

3.4 ’¸˜˜≈‡œ ≈√øÈ¬ ¸˜±z¬¬ı˛±˘ ¬ıÀ˘¬ı˛ ˘øt

3.5 ¸˜±z¬¬ı˛±˘ ¬ı˘¸˜”À˝√√¬ı˛ ¸±˜…

3.6 ¸˜±z¬¬ı˛±˘ ¬ı˘À·±á¬œ [Œˆ¬"√√¬ı˛ õ∂À˚˛±·]

3.7 fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì

3.8 ¤fl¡øÈ¬ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ¬ıÀ˘¬ı˛ √w¬±˜fl¡ (Moment of a Force About a Point)

3.9 √w¬±˜fl¡ ¸•Ûøfl«¡Ó¬ ˆ¬±ø¬ı˛·ƒÚÚƒ ¤¬ı˛ Î¬◊¬Û¬Û±√… (Varignon’s Theorem)

3.10 ¬ı˘¡ZiZ ¬ı± ¬ı˘˚≈¢¨ (Couple)

3.11 ¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘Ó¬±

3.12 Î¬◊√± √̋√¬ı˛Ì

3.13 ø¬ıøˆ¬iß ¸”S ¡Z±¬ı˛± ·øÍ¬Ó¬ fl¡ø¬Ûfl¡˘ ˚La

3.14 ¸±¬ı˛±—˙

3.15 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ
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3.1 √õ∂d¬±¬ıÚ±

’±˜¬ı˛± ¬Û”À¬ı«¬ı˛ ¤fl¡Àfl¡ ¸˜ø¬ıμ≈ ¬ı˘ › Ó¬±¬ı˛ ˘øt ø¬ı¯∏˚˛fl¡ :±Ú ˘±ˆ¬ fl¡À¬ı˛øÂ√º øfl¡z≈¬ ¸fl¡˘ ¸˜À˚˛˝◊√√

Œ˚ ≈√øÈ¬ ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ŒÂ√√ fl¡¬ı˛À¬ı Ó¬± ¸Ó¬… Ú˚˛º ¬ı˘ ≈√øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ¬Û¬ı˛¶Û¬ı˛ ¸˜±z¬¬ı˛±˘ ˝√√ÀÓ¬ ¬Û±À¬ı˛º

’±¬ı±¬ı˛ ¤˜Ú› ˝√√ÀÓ¬ ¬Û±À¬ı˛ Œ˚ ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ≈√øÈ¬ ¤fl¡ Ó¬À˘ ’¬ıøàÔÓ¬ Ú˚˛º

’±˜¬ı˛± ¤˝◊√√ ¤fl¡Àfl¡ ≈√øÈ¬ ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ¸˜±z¬¬ı˛±˘ ˝√√À˘ fl¡‡Ú ¤¬ı— øfl¡ˆ¬±À¬ı Ó¬±À√¬ı˛ ˘øt¬ı˘

¬Û±›˚˛± ˚±˚˛ Œ¸ ø¬ı¯∏˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº ’±˜¬ı˛± Œ√‡¬ı Œ˚, ¸˜±z¬¬ı˛±˘ ¬ı˘ ≈√øÈ¬ ¸˜˜≈‡œ (Like) ˝√√À˘

Ó¬±À√¬ı˛ ¸¬ı«√± ˘øt ¬ı˘ ’±ÀÂ√º øfl¡z≈¬ ¸˜±z¬¬ı˛±˘ ¬ı˘≈√øÈ¬ ø¬ı¯∏˜˜≈‡œ (Unlike) ˝√√À˘ ¤¬ı— ¸˜˜±ÀÚ¬ı˛ ˝√√À˘

Ó¬±À√¬ı˛ ˘øt ¬ı˘ Ô±Àfl¡ Ú±º Œ¸Àé¬ÀS Ó¬±À√¬ı˛ ¤fl¡øÈ¬ ¬Û‘Ôfl¡ Ú±˜ ë√w¬±˜fl¡í (Couple) ¬ı˘± ˝√√˚˛º Ó¬±À√¬ı˛

Ò˜«› ¤‡±ÀÚ ’±À˘±ø‰¬Ó¬ ˝√√À¬ıº

3.2 √Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡Àfl¡ ’±¬ÛÚ±¬ı˛± Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚ

(1) ≈√øÈ¬ ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ¸˜±z¬¬ı˛±˘ ˝√√À˘ Ó¬±À√¬ı˛ ˘øt¬ı˘ ’±ÀÂ√ øfl¡Ú± ¤¬ı— Ô±fl¡À˘ Ó¬±¬ı˛ ø√flË¡˚˛±À¬ı˛‡±

Œfl¡±Ô±˚˛ › ˘øt¬ıÀ˘¬ı˛ ˜±Ú fl¡Ó¬∑

(2) ¸˜±z¬¬ı˛±˘ ¬ı˘ ≈√øÈ¬ ¸˜˜≈‡œ ˝√√À˘ Œ√‡ÀÓ¬ ¬Û±À¬ıÚ Ó¬±À√¬ı˛ ¤fl¡øÈ¬ ˘øt¬ı˘ ’±ÀÂ√º

(3) ¸˜±z¬¬ı˛±˘ ¬ı˘ ≈√øÈ¬ ’¸˜˜≈‡œ ˝√√À˘ Ó¬±À√¬ı˛ ˘øt¬ı˘ ˝√√˚˛, Œfl¡¬ı˘˜±S ˚ø√ ¬ı˘≈√øÈ¬¬ı˛ ˜±Ú ’¸˜±Ú

√̋√̊ º̨

(4) ’¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¸˜±Ú ˜±ÀÚ¬ı˛ ≈√øÈ¬ ¬ıÀ˘¬ı˛ Œfl¡±Ú ˘øt ¬ı˘ ŒÚ˝◊√√º

(5) ’¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ı˘ [˚±À√¬ı˛ ˜±Ú ¸˜±Ú] ¤À√¬ı˛ ¤fl¡øÈ¬ ÒË≈¬ıfl¡ ’±ÀÂ√ñ¤‡±ÀÚ ¬ıÀ˘¬ı˛ √w¬±˜fl¡

Œˆ¬"√√¬ı˛ ¸—:± Œ√›˚˛± ˝√√À¬ıº ’¸˜ ¸˜±Ú ˜±ÀÚ¬ı˛ ¸˜±z¬¬ı˛±˘ ¬ı˘ ≈√øÈ¬¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬

√w¬±˜fl¡ Œ˚±·Ù¬˘ ¤fl¡øÈ¬ ÒË≈¬ıfl¡ Œˆ¬"√√¬ı˛º

(6) ¬ıÀ˘¬ı˛ √w¬±˜fl¡ ¸±˝√√±À˚… ¬ıÀ˘¬ı˛ ‚”Ì«Ú õ∂¬ıÌÓ¬± ˜±¬Û± ˝√√˚˛º

3.3 √≈√øÈ¬ ¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ıÀ˘¬ı˛ ˘øt (Resultant of Two Like
Parallel Forces)

Ò¬ı˛± ˚±fl¡, P › Q ≈√øÈ¬ ¬ı˘ ¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ≈√øÈ¬ ø¬ıμ≈ A › B ŒÓ¬ ø√flË¡˚˛± fl¡¬ı˛ÀÂ√ ¤¬ı— ¬ı˘ ≈√øÈ¬¬ı˛
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ø√flË¡˚˛±À¬ı˛‡± ¬Û¬ı˛¶Û¬ı˛ ¸˜±z¬¬ı˛±˘ › ¬ıÀ˘¬ı˛ ø√˙± ¸˜˜≈‡œ (Like) ’Ô«±» AC

�

 › BD

�

 ¬ı˘ ≈√øÈ¬¬ı˛ Œˆ¬"√√¬ı˛¬ı˛”¬Û

˝√√À˘ AC || BD ¤¬ı— AC

�

, BD

�

 ¸˜ø√˙± ¸•Ûißº ø‰¬S ŒÔÀfl¡ ¬Ûø¬ı˛©®±¬ı˛ Œ¬ı±Á¡√± ˚±À¬ıº

1 Ú— ø‰¬S

Î¬◊¬Û¬Û±√…  . P, Q ≈√øÈ¬ ¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ı˘ A › B ŒÓ¬ ø√flË¡˚˛± fl¡¬ı˛À˘, Ó¬±À√¬ı˛ ˘øt¬ı˘ ¤fl¡øÈ¬

¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ı˘ (P + Q) ˜±Úø¬ıø˙©Ü ¤¬ı— AB ¸¬ı˛˘À¬ı˛‡±¬ı˛ ’z¬–àÔ X ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛

Œ˚‡±ÀÚ, P.AX = Q.BX.

õ∂˜±Ì  . A › B ø¬ıμ≈ÀÓ¬ ≈√øÈ¬ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ R ˜±Úø¬ıø˙©Ü ¬ı˘ [’Ô«±» A ŒÓ¬ AU

�

 ¬ı˘øÈ¬ AB

�

-¤¬ı˛ ø√Àfl¡ ¤¬ı— B ŒÓ¬ BV

�

 ¬ı˘øÈ¬ BA

�

-¤¬ı˛ ø√Àfl¡] õ∂À˚˛±· fl¡¬ı˛± ˝√√˘º ¤˝◊√√ ¬ı˘ ≈√øÈ¬ Œ˚À˝√√Ó≈¬ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ

› ¸˜˜±Úø¬ıø˙©Ü ’Ó¬¤¬ı ¶§Ó¬–ø¸X ’Ú≈¸±À¬ı˛ ¤¬ı˛”¬Û ≈√øÈ¬ ¬ı˘ ¸˜±z¬¬ı˛±˘ ¬ı˘ ≈√øÈ¬¬ı˛ ¸Àe· ˚≈q¡ fl¡¬ı˛À˘

Ó¬±À√¬ı˛ Œfl¡±Ú ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À¬ı Ú±º ¤‡Ú A ø¬ıμ≈ÀÓ¬ P ¬ı˘ › R ¬ıÀ˘¬ı˛ ˘øt ˝√√˘ [¸±˜±z¬ø¬ı˛fl¡ ¸”S ’Ú≈˚±˚˛œ]

AL

�

 ¤¬ı— Q › R ¬ıÀ˘¬ı˛ ˘øt ˝√√˘ BM

�

. Œ˚À˝√√Ó≈¬ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ¬ı˘ AL

�

 › ¬ı˘

BM

�

 ø√flË¡˚˛± fl¡¬ı˛ÀÓ¬ ¬Û±À¬ı˛, AL › BM Œ¬ı˛‡± ¬ıøX«Ó¬ fl¡¬ı˛À˘ Ó¬±À√¬ı˛ ŒÂ√√ø¬ıμ≈ O ŒÓ¬ ø√flË¡˚˛± fl¡¬ı˛ÀÂ√ ˜ÀÚ

fl¡¬ı˛˘±˜º ¤‡Ú O ø¬ıμ≈ÀÓ¬ AL

�

 › BM

�

 ¬ı˘ ≈√øÈ¬Àfl¡ Ó¬±À√¬ı˛ Î¬◊¬Û±—˙ (Components) ¤fl¡øÈ¬ P, Q

¬ıÀ˘¬ı˛ ¸˜±z¬¬ı˛±˘ ø√Àfl¡ › ’¬Û¬ı˛øÈ¬ AB-¤¬ı˛ ¸˜±z¬¬ı˛±˘ ø√Àfl¡ øÚ˘±˜º Ù¬À˘ R ¬ı˘ ¤fl¡øÈ¬ AB-¤¬ı˛

¸˜±z¬¬ı˛±˘ › ’¬Û¬ı˛øÈ¬ BA-¤¬ı˛ ¸˜±z¬¬ı˛±˘ ø√Àfl¡ ˝√√›˚˛±˚˛ Ó¬±À√¬ı˛ ˘øt ˙”Ú…º ¤Â√±Î¬ˇ± O ø¬ıμ≈ ø√À˚˛ P
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› Q-¤¬ı˛ ¸˜±z¬¬ı˛±˘ ¬ı˘ ≈√øÈ¬ ¤fl¡˝◊√√ ø√Àfl¡ ˝√√›˚˛±˚˛ Ó¬±À√¬ı˛ ˘øt P + Q ˜±Úø¬ıø˙©Ü O ø¬ıμ≈·±˜œ ¸˜±z¬¬ı˛±˘

¬ı˘ ˝√√˘º øfl¡z≈¬ O-¤¬ı˛ ˜Ò… ø√À˚˛ ’øefl¡Ó¬ ¸˜±z¬¬ı˛±˘ Œ¬ı˛‡± AB Œfl¡ A › B-¤¬ı˛ ˜Ò…àÔ ¤fl¡øÈ¬ ø¬ıμ≈

X ¤ ŒÂ√√ fl¡À¬ı˛º ’Ó¬¤¬ı ¸˜±z¬¬ı˛±˘ ¬ı˘ P › Q-¤¬ı˛ ˘øt ¤fl¡øÈ¬ ¸˜±z¬¬ı˛±˘ ¬ı˘ P + Q, ˚±˝√√±

X ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛º

�ALU › �AOX ¸‘√˙º

’Ó¬¤¬ı, 
UL
OX

AU
AX

� , i,e. P.AX = R.OX

¤fl¡˝◊√√ˆ¬±À¬ı 
VM
OX

BV
BX

�  ’Ó¬¤¬ı Q.BX = R.OX

’Ó¬¤¬ı P.AX = R.OX = Q.BX. ’Ô«±» X ø¬ıμ≈ AB Œ¬ı˛‡±—˙Àfl¡ AX : XB = P : Q ¤˝◊√√

’Ú≈¬Û±ÀÓ¬ ’z¬ø¬ı«ˆ¬q¡ fl¡À¬ı˛ÀÂ√º Œ˚À˝√√Ó≈¬ X-¤¬ı˛ ’¬ıàÔ±Ú ˙≈Ò≈˜±S P › Q-¤¬ı˛ ˜±ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛,

’Ó¬¤¬ı õ∂˚≈q¡ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ¬ıÀ˘¬ı˛ ˜±ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡¬ı˛À¬ı Ú±º ’±¬ı±¬ı˛ X-¤¬ı˛¬ ’¬ıàÔ±Ú P, Q-¤¬ı˛

¸˜±z¬¬ı˛±˘ ŒÔÀfl¡ ø√flƒ¡ ¬Ûø¬ı˛¬ıÓ«¬Ú fl¡¬ı˛À˘› ¤fl¡˝◊√√ Ô±fl¡À¬ıº

’Ú≈̇ œ˘ÚœñI

P, Q ¸˜±z¬¬ı˛±˘ ¬ı˘ A › B ŒÓ¬ ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— AB = 10 Œ¸ø˜º

(a) P = 3Q, (b) Q = 3P, (c) P = Q ¤˝◊√√¸¬ı Œé¬ÀS X-¤¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

[¸—Àfl¡Ó¬  . P.AX = Q.BX õ∂À˚˛±· fl¡¬ı˛ÀÓ¬ ˝√√À¬ı]

3.3.1 øÓ¬ÚøÈ¬ ¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ıÀ˘¬ı˛ ˘øt

Î¬◊¬Û¬Û±√…  . øÓ¬ÚøÈ¬ ¸˜˜≈‡œ ¸˜Ó¬˘œ˚˛ ¸˜±z¬¬ı˛±˘ ¬ı˘ P1, P2, P3 x-’Àé¬¬ı˛ A, B, C ø¬ıμ≈ÀÓ¬

ø√flË¡˚˛± fl¡À¬ı˛ Œ˚‡±ÀÚ Ó¬±À√¬ı˛ àÔ±Ú±efl¡ ˝√√˘ A(x1, 0), B(x2, 0), C(x3, 0). ¬ı˘ øÓ¬ÚøÈ¬¬ı˛ ˘øt ¸˜±z¬¬ı˛±˘

¬ı˘ P + Q + R ˜±Úø¬ıø˙©Ü ¤¬ı— ABC ¸¬ı˛˘À¬ı˛‡±¬ı˛ X(x, 0)� ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛, Œ˚‡±ÀÚ

x
P x P x P x

P P P
�

� �

� �
1 1 2 2 3 3

1 2 3

õ∂˜±Ì  . P1, P2 ¬ı˘≈√øÈ¬¬ı˛ ˘øt AB Œ¬ı˛‡±àÔ ø¬ıμ≈ M(x��� �
� ŒÓ¬ ø√flË¡˚˛± fl¡À¬ı˛ Œ˚‡±ÀÚ

P1.AM = P2.MB
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2 Ú— ø‰¬S

’Ô«±»

P1(x�� – x1) = P2(x2 – x�


’Ô«±»

� �
�

�
x

P x P x
P P

1 1 2 2

1 2
(i)

¤‡Ú P1 + P2 ¬ı˘ (x��� �
� ŒÓ¬› ¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ı˘ P3, C ø¬ıμ≈ÀÓ¬, ¤ ≈√øÈ¬¬ı˛ ˘øt ¤fl¡øÈ¬

¸˜±z¬¬ı˛±˘ ¬ı˘ ˚±¬ı˛ ˜±Ú (P1 + P2) + P3 ¤¬ı— ABC Œ¬ı˛‡±¬ı˛ X(x, 0) ø¬ıμ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛ Œ˚‡±ÀÚ

(P1 + P2).XM = P3.CX

¬ı±, (P1 + P2) (x – x�
 = P3(x3 – x)

’Ó¬¤¬ı x
P P x P x

P P P�
� � � �

� �
1 2 3 3

1 2 3

)

  = 
P x P x P x

P P P
1 1 2 2 3 3

1 2 3

� �

� �  ((i) ŒÔÀfl¡]

˜z¬¬ı…  . Î¬◊¬ÛÀ¬ı˛¬ı˛ Î¬◊¬Û¬Û±√… ŒÔÀfl¡ ¸˝√√ÀÊ√˝◊√√ Œ¬ı±Á¡± ˚±˚˛ Œ˚, n ¸—‡…fl¡ ¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ıÀ˘¬ı˛

Œ¬ı˘±˚˛ x
P x

P
r r

r
�
�
�

, ¤øÈ¬ ¸Ó¬… ˝√√À¬ıº

3.4 √’-¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ı˘¡ZÀ˚˛¬ı˛ ˘øt

Î¬◊¬Û¬Û±√…  . ˚ø√ P › Q ≈√øÈ¬ ’¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ı˘ ˝√√˚˛, ¤¬ı— P �� Q ˝√√˚˛ Ó¬±˝√√À˘ Î¬◊˝√√±À√¬ı˛

˘øt ˝√√˘ ¤fl¡øÈ¬ ¸˜±z¬¬ı˛±˘ ¬ı˘ ˚±¬ı˛ ˜±Ú �P – Q� ¤¬ı— ¬ı˘øÈ¬ P, Q ≈√øÈ¬¬ı˛ ˜ÀÒ… Œ˚øÈ¬ ¬ıÎ¬ˇ ˝√√À¬ı Œ¸ø√Àfl¡
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Ô±fl¡À¬ıº ’±¬ı˛ ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡± ˚ø√ P, Q ¬ı˘≈√øÈ¬Àfl¡ A › B ø¬ıμ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛, Ó¬À¬ı ˘øt ¬ı˘

AB Œ¬ı˛‡±¬ı˛ ¤fl¡øÈ¬ ¬ıø˝√√–àÔ ø¬ıμ≈ X -ŒÓ¬ ŒÂ√√ fl¡¬ı˛À¬ı, Œ˚‡±ÀÚ P.AX = Q.BXº

õ∂˜±Ì :

3 Ú— ø‰¬S

¤‡±ÀÚ› ’±˜¬ı˛± ≈√øÈ¬ ¸˜˜±Ú (R, R) ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ¬ı˘ A › B ŒÓ¬ ˚Ô±√flË¡À˜ AB › BA ø√Àfl¡

õ∂À˚˛±· fl¡¬ı˛¬ıº ˚Ô±√flË¡À˜ P › Q-¤¬ı˛ ¸Àe· ¸±˜±z¬ø¬ı˛fl¡ ¸”ÀS ˘øt øÚÌ«˚˛ fl¡À¬ı˛ ˘øt¬ı˛ Œ¬ı˛‡±¡Z˚˛ LA

› BM ¬ıøÒ«Ó¬ fl¡¬ı˛À˘ Ó¬±¬ı˛± O ø¬ıμ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛º [˚ø√ P › Q ¸˜±Ú ˝√√Ó¬ Ó¬À¬ı Œ¬ı˛‡± ≈√øÈ¬ ¸˜±z¬¬ı˛±˘

˝√√Ó¬ › ŒÂ√√ fl¡¬ı˛Ó¬ Ú±º] O ø¬ıμ≈ÀÓ¬ ¬ı˘ ≈√øÈ¬Àfl¡ Ó¬±À√¬ı˛ Î¬◊¬Û±—˙ÀÓ¬ Œˆ¬À„√√ øÚÀ˘ Œ√‡± ˚±À26√ O ø¬ıμ≈ÀÓ¬

Œfl¡¬ı˘˜±S P–Q ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛º

¤‡±ÀÚ ø‰¬ÀS P > Q ŒÚ›˚˛± ˝√√À˚˛ÀÂ√º ˚ø√ Q > P ˝√√Ó¬ Ó¬À¬ı ¬ı˘øÈ¬ Q-¤¬ı˛ ø√Àfl¡ ¤¬ı—

Q–P ˝√√Ó¬º

�ACL › �OXA øSˆ≈¬Ê√ ≈√øÈ¬ ¸‘√˙

�
AC
OX

CL
XA

� , ’Ô«±» AC.AX = CL .OX (i)

’±¬ı±¬ı˛ ¸‘√˙ øSˆ≈¬Ê√ �OBX, �MBD ŒÔÀfl¡ ¬Û±˝◊√√

MD
OX

BD
BX

� ’Ô«±» MD.BX = BD.OX (ii)
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øfl¡z≈¬ CL = BD = R ˝√√›˚˛±˚˛ (i) › (ii) ŒÔÀfl¡ ¬Û±˝◊√√

AC.AX = MD.BX

’Ô«±» P.AX = Q.BX ¬ı±, AX : XB = Q : P.

’Ó¬¤¬ı X ø¬ıμ≈øÈ¬ AB Œfl¡ ¬ıø˝√√–àÔˆ¬±À¬ı ˆ¬±· fl¡À¬ı˛ Œ˚ AX : XB = Q : P ¤¬ı— ˘øt¬ı˘øÈ¬

P – Q ¤¬ı— P-¤¬ı˛ ¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘º

˜z¬¬ı… : (1) Q > P ˝√√À˘ ˘øt¬ı˘ ˝√√˚˛ Q – P ¤¬ı— Q-¤¬ı˛ ¸˜±z¬¬ı˛±˘ ¤¬ı—

AX : XB = Q : P ˝√√À¬ıº ¤‡±ÀÚ X ø¬ıμ≈øÈ¬ AB-¤¬ı˛ B-¤¬ı˛ ø√Àfl¡ ¬ıøX«Ó¬ ’—À˙ Ô±fl¡À¬ıº

(2) ¤‡±ÀÚ ’±˜¬ı˛± Œˆ¬"√√¬ı˛ ¬ı…¬ı˝√√±¬ı˛ fl¡¬ı˛À˘ ¤¬ı— 
�
F1,  

�
F2  ≈√øÈ¬ ’¸˜˜≈‡œ ¬ı˘ ˝√√À˘ Ó¬±À√¬ı˛ ˘øt¬ı˘

˝√√À¬ı 
�
F1

+ 
�
F2

 Œ˚È¬± ¤˜Ú ¤fl¡øÈ¬ ø¬ıμ≈ X -¤ ø√flË¡˚˛± fl¡¬ı˛À¬ı Œ˚ 
�

�
�

F AX F XB
1 2

3.5 ¬¸˜±z¬¬ı˛±˘ ¬ı˘¸˜”À˝√√¬ı˛ ¸±˜…

˚ø√ Œfl¡±Ú ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡˝◊√√ ¸˜Ó¬À˘ ¬fl¡Ó¬·≈ø˘ ¸˜±z¬¬ı˛±˘ ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛ Ó¬± ˝√√˘ Ó¬±À√¬ı˛ ø√flË¡˚˛±˜≈‡

’Ú≈¸±À¬ı˛ ≈√˝◊√√ Œ|ÌœÀÓ¬ Œˆ¬√ fl¡¬ı˛± ˚±˚˛º ’Ô«±» fl¡Ó¬·≈ø˘ ¤fl¡ø√Àfl¡ ¸˜˜≈‡œ ’±¬ı˛ ’Ú…·≈ø˘ ø¬ı¬Û¬ı˛œÓ¬ ø√Àfl¡

¸˜˜≈‡œº ¤˝◊√√ ≈√˝◊√√ Œ·±á¬œ¬ı˛ ˘øt ˚Ô±√flË¡À˜ R1, R2 ˝√√À˘ R1, R2 ¬Û¬ı˛¶Û¬ı˛ ¸˜±z¬¬ı˛±˘ › ’¸˜˜≈‡œ ˝√√À¬ıº

’Ó¬¤¬ı R1 ��R2 ˝√√À˘ ¤À√¬ı˛ ˘øt ¤fl¡øÈ¬ ¸˜±z¬¬ı˛±˘ ¬ı˘ ˝√√À¬ıº ¤‡Ú ˚ø√ R1 = R2 ˝√√˚˛ ¤¬ı— Î¬◊˝√√±À√¬ı˛

¤fl¡˝◊√√ õ∂À˚˛±·ø¬ıμ≈ ˝√√˚˛, Œfl¡¬ı˘˜±S Ó¬‡Ú˝◊√√ ¸˜±z¬¬ı˛±˘ ¬ı˘·≈ø˘ ¸±À˜… Ô±fl¡À¬ıº

3.6 ¬¸˜±z¬¬ı˛±˘ ¬¬ı˘À·±á¬œ [Œˆ¬"√√¬ı˛ õ∂À˚˛±·]

�
F1

 › 
�
F2

 ≈√øÈ¬ ¸˜±z¬¬ı˛±˘ ¬ı˘ ˚ø√ A › B ŒÓ¬ ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— 
�
F1

+ 
�
F2

 �� 0 ˝√√˚˛ Ó¬À¬ı

¬Û”À¬ı«¬ı˛ 3.3 › 3.4 ’Ú≈À26√À√ ’±˜¬ı˛± Œ√À‡øÂ√ Œ˚ ¬ı˘≈√øÈ¬¬ı˛ ˘øt ¤fl¡øÈ¬ ¸˜±z¬¬ı˛±˘ ¬ı˘ 
�
F1

+ 
�
F2

 ¤¬ı—

Î¬◊˝√√± AB Œ¬ı˛‡±¬ı˛ X ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡¬ı˛À˘, X ø¬ıμ≈ A1A2 Œ¬ı˛‡±—À˙¬ı˛ ¸˜˜≈‡œ ¬ıÀ˘¬ı˛ Œé¬ÀS AB-¤¬ı˛

’z¬–àÔ ø¬ıμ≈ ¤¬ı— ’¸˜˜≈‡œ ¬ıÀ˘¬ı˛ Œé¬ÀS X ¬ıø˝√√–àÔ ¤¬ı— Î¬◊ˆ¬˚˛ Œé¬ÀS˝◊√√º

�
�
�

F A X F XA
1 1 2 2
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Œ˚‡±ÀÚ A1, A2 › X-¤¬ı˛ àÔ±Ú-Œˆ¬"√√¬ı˛ ˚Ô±√flË¡À˜ 
�
r1 , 

�
r2  › �

r  ˝√√˚˛ Ó¬À¬ı

��
AX � = �r  – �

r1
��
XA2

 = �
r2  – �r

4 Ú— ø‰¬S

(i) Œfl¡ Œˆ¬"√√¬ı˛ ·≈ÌÙ¬˘ ¸±˝√√±À˚… ø˘‡ÀÓ¬ ¬Û±ø¬ı˛ ’¸˜˜≈‡œ ¬ı± ¸˜˜≈‡œ ¬ıÀ˘¬ı˛ Œé¬ÀS

��
A X1

 × 
�
F1

 = ��
XA2

 × 
�
F2

’Ô«±» (�r – �
r1 ) × 

�
F1

� = (
�
r2 – r) × 

�
F2

� �
r × (

�
F1

+ 
�
F2

) = �
r1 × 

�
F1

+ 
�
r2  × 

�
F2

(ii)

(ii) ¸•Ûfl«¡øÈ¬ ≈√˝◊√√-¤¬ı˛ ’øÒfl¡ ¬ıÀ˘¬ı˛ Œé¬ÀS ¸Ó¬… Œ√‡±Ú ˚±˚˛º 
�
F1

+ 
�
F2

 ¤˝◊√√ ¬ı˘øÈ¬ X ø¬ıμ≈ÀÓ¬

ø√flË¡˚˛± fl¡À¬ı˛º ¤‡Ú ¬ı˘ ˚ø√ 
�
F3  ¬ı˘ ˚ø√ 

�
F1

+ 
�
F2

-¤¬ı˛ ¸˜±z¬¬ı˛±˘ ˝√√˚˛ ¤¬ı— A3 ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛

¤¬ı— 
�
F1

+ 
�
F2

+ 
�
F3

 �� 0 ˝√√˚˛ Ó¬À¬ı (
�
F1

+ 
�
F2

) › 
�
F3

-¤¬ı˛ ¸ø•úø˘Ó¬ ¬ı˘ 
�
F1

+ 
�
F2

+ 
�
F3

 ¤˜Ú

¤fl¡øÈ¬ ø¬ıμ≈ X	� ŒÓ¬ [˚±˝√√±  XA3-¤¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√] ø√flË¡˚˛± fl¡¬ı˛À¬ı Œ˚ [X	-¤¬ı˛ àÔ±Ú Œˆ¬"√√¬ı˛ 
�

	r A3-

¤¬ı˛ àÔ±Ú Œˆ¬"√√¬ı˛ 
�
r3 ]

�
	r  × (

�
F1

+ 
�
F2

+
�
F3

) = �
rx  (

�
F1

+ 
�
F2

) + 
�
r3 × (

�
F3

)

= �
r1 × 

�
F1

+ 
�
r2 ×

�
F2

 + 
�
r3 ×

�
F3

 [(ii) ŒÔÀfl¡ (iii)]
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¤ˆ¬±À¬ı ˚ø√ n ¸—‡…fl¡ ¸˜±z¬¬ı˛±˘ ¬ı˘ 
�
F1

, 
�
F2

, ...., 
�
Fn

 ˚√Ô±√flË¡À˜ A1 (�
r1 ), A2 (�

r2 ), .....

An (�
rn ) ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— 

�
F1

+ 
�
F2

..... + �
Fn

 = �F  �� 0 ˝√√˚˛ Ó¬À¬ı 
�
F  ¬ıÀ˘¬ı˛ ø√flË¡˚˛±

ø¬ıμ≈”¬ı˛ ’¬ıàÔ±Ú-Œˆ¬"√√¬ı˛ ˝√√À˘ 
�
R

�
R  × �F  = �

�


 rkk

n

0
 × 

�
Fk

(iv)

3.7 ¬fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì

1. ¤fl¡ Œ·±Â√± Ó¬±¸ ŒÈ¬ø¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˛±‡± ˝√√˘º õ∂ÀÓ¬…fl¡øÈ¬ Ó¬±¸ Ó¬±¬ı˛ ÚœÀ‰¬¬ı˛ Ó¬±À¸¬ı˛ Ó≈¬˘Ú±˚˛ øfl¡Â≈√È¬±

Œ¬ı¬ı˛ ˝√√À˚˛ ’±ÀÂ√º õ∂ÀÓ¬…fl¡øÈ¬ ˚ø√ ˚Ó¬”√¬ı˛ ¬ı±ø˝√√¬ı˛ Ô±fl¡± ¸y¬¬ı Ó¬Ó¬È¬±˝◊√√ Ô±Àfl¡, Œ√‡±Ú Œ˚ ¬Û¬ı˛¬Û¬ı˛ Ó¬±¸·≈ø˘¬ı˛

õ∂±z¬·≈ø˘¬ı˛ ”√¬ı˛Q¸˜”˝√√ ¤fl¡øÈ¬ ø¬ı¬Û¬ı˛œÓ¬ õ∂·øÓ¬ÀÓ¬ Ô±fl¡À¬ıº

5 Ú— ø‰¬S

¸¬ıÀ‰¬˚˛ Î¬◊¬ÛÀ¬ı˛¬ı˛ Ó¬±¸øÈ¬ Δ√‚«… l-¤¬ı˛ ’ÀÒ«fl¡ Œ¬ı¬ı˛ ˝√√À˚˛ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛, Œfl¡ÚÚ± Ó¬±˝√√À˘ ›¬ı˛ ›Ê√Ú

› ÚœÀ‰¬¬ı˛ Ó¬±À¸¬ı˛ õ∂±z¬ø¬ıμ≈ÀÓ¬ õ∂√M√√ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ¸±˜…±¬ıàÔ±˚˛ Ô±Àfl¡º Ó¬±¬ı˛ ÚœÀ‰¬¬ı˛ Ó¬±À¸¬ı˛ Î¬◊¬Û¬ı˛ ›Ê√Ú

¬ı˘ W › Î¬◊¬ÛÀ¬ı˛¬ı˛ Ó¬±¸ fl¡Ó‘«¬fl¡ õ∂√M√√ ‰¬±¬Û W ¤À√¬ı˛ ˘øt 2W ÚœÀ‰¬¬ı˛ Ó¬±À¸¬ı˛ õ∂±Àz¬ ø√flË¡˚˛± fl¡À¬ı˛, ’Ó¬¤¬ı

Ó¬±¸øÈ¬ 
l
4  ¬ı±˝◊√√À¬ı˛ Ô±Àfl¡º ’Ú≈¬ı˛”À¬Û Ó¬±¬ı˛ ÚœÀ‰¬¬ı˛ Ó¬±À¸¬ı˛ Î¬◊¬Û¬ı˛ õ∂√M√√ ‰¬±¬Û 2W › ›Ê√Ú W-¤¬ı˛ ˘øt

õ∂±z¬ ˝√√ÀÓ¬ x ”√À¬ı˛ ˝√√À˘

2W.x = W 
1
2 � x� �

3W.x = Wl
2

’Ô¬ı± x = l
6
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¤ˆ¬±À¬ı Ó¬±¸·≈ø˘ √flË¡˜±i§À˚˛ 
l l l l
2 4 6 8, , , , ..... ’—˙ ¬ı±˝◊√√À¬ı˛ ’±ÀÂ√º øfl¡z≈¬ ¤À√¬ı˛ ¬ı…d¬ ¸—‡…±·≈ø˘

2 4 6 8
l l l l

, , , , ...... ¬Û¬ı˛¶Û¬ı˛ ¸˜±z¬¬ı˛ õ∂·øÓ¬ÀÓ¬ ’±ÀÂ√º

2. ¤fl¡øÈ¬ Œ˘±fl¡ Ó¬±¬ı˛ fl¡“√±ÀÒ¬ı˛ Î¬◊¬Û¬ı˛ ’¬ıøàÔÓ¬ ˘±øÍ¬¬ı˛ õ∂±Àz¬ ¤fl¡øÈ¬ Œ¬ı±Á¡± øÚÀ˚˛ ‰¬À˘º ˚ø√ ˘±øÍ¬øÈ¬

’±Ú≈ˆ”¬ø˜fl¡ˆ¬±À¬ı Ô±Àfl¡ ¤¬ı— Œ¸ ˘±øÍ¬øÈ¬ ¤fl¡øÈ¬ ˝√√±Ó¬ ø√À˚˛ ÒÀ¬ı˛ Ô±Àfl¡, Ó¬±˝√√À˘ Ó¬±¬ı˛ ˝√√±Ó¬ › fl¡“√±ÀÒ¬ı˛

˜ÀÒ… ”√¬ı˛Q ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À˘ fl¡“√±ÀÒ¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û øfl¡¬ı˛”¬Û ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√À¬ı∑

˝√√±Ó¬ ø√À˚˛ Œ˚ ¬ı˘ õ∂˚≈q¡ ˝√√˚˛ Ó¬± P Ò¬ı˛± ˚±fl¡ ¤¬ı— Î¬◊˝√√± C ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛º ˘±øÍ¬øÈ¬¬ı˛ ›Ê√Ú

√G¬øÈ¬¬ı˛ ˜Ò…ø¬ıμ≈ E -ŒÓ¬ ø√flË¡˚˛± fl¡À¬ı˛º ¤‡Ú ˘±øÍ¬¬ı˛ ›Ê√Ú w Ò¬ı˛˘±˜º Œ¬ı±Á¡±¬ı˛ ›Ê√Ú W Ò¬ı˛˘±˜º ˘±øÍ¬¬ı˛

D ø¬ıμ≈ fl¡“√±ÀÒ¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√ Ò¬ı˛˘±˜º ’Ó¬¤¬ı W, P › ˘±øÍ¬¬ı˛ ›Ê√Ú w ¤˝◊√√ øÓ¬ÚøÈ¬ ¸˜˜≈‡

6 Ú— ø‰¬S

¬ıÀ˘¬ı˛ ¬˘øt D ø√À˚˛ ˚±À¬ı ¤¬ı— õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ R ¡Z±¬ı˛± øÚ¬ı˛d¬ ˝√√À¬ıº

Ò¬ı˛˘±˜ AB = 2l ˘±øÍ¬¬ı˛ Δ√‚«… ¤¬ı— CD = x, AD = y.

’Ó¬¤¬ı W.AD – P.CD – w.DE = 0

¤¬ı— R = W + w + P.

= W + w + W AD w DE
CD

. .�

= W + w + 
W y w l y

x
. � �� �

= 
W x y w x l y

x
W w x y wl

x

� � 
 � 
� �

�

 
� � �� �

Œ˚À˝√√Ó≈¬ ˝√√±Ó¬ ¸¬ı«√± C ø¬ıμ≈ÀÓ¬˝◊√√ ’±ÀÂ√, ’Ó¬¤¬ı AC1 Δ√‚«… øàÔ¬ı˛, ’Ô«±» x + y øÚø«√©Ü Δ√‚«…º

’Ó¬¤¬ı ø‰¬S ˝√√ÀÓ¬ ¬ı≈Á¡± ˚±˚˛ x ˚Ó¬È¬± ¬ı‘˝√√» ¸y¬¬ı ˝√√À¬ı R Ó¬Ó¬ fl¡˜ ˝√√À¬ıº
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˚ø√ Œ˘±fl¡øÈ¬ ˘±øÍ¬¬¬ı˛ õ∂±z¬ ÒÀ¬ı˛ Ô±Àfl¡, Ó¬±˝√√À˘ x + y = ¸˜¢∂ ˘±øÍ¬¬ı˛ Δ√‚«… = 2l, ¤¬ı— Œ¸Àé¬ÀS

fl¡“√±ÀÒ¬ı˛ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘

R = 2lW wl
x
�

3. ≈√øÈ¬ ¸‘√˙ ¸˜±z¬¬ı˛±˘ ¬ı˘ P ¤¬ı— Q(P > Q) Œfl¡±Ú ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ ≈√øÈ¬ ø¬ıμ≈ A ¤¬ı— B -ŒÓ¬

ø√flË¡˚˛± fl¡À¬ı˛º P ¤¬ı— Q ¬Û¬ı˛¶Û¬ı˛ àÔ±Ú ø¬ıøÚ˜˚˛ fl¡¬ı˛À˘, Œ√‡±Ú Œ˚ ˘øt¬ı˛ õ∂À˚˛±·ø¬ıμ≈ AB ¬ı¬ı˛±¬ı¬ı˛ d

¬Ûø¬ı˛˜±Ì ”√À¬ı˛ ¸À¬ı˛ ˚±À¬ı Œ˚‡±ÀÚ

d
AB

P Q
P Q

�
�




3.8 ¤fl¡øÈ¬ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ¬ıÀ˘¬ı˛ √w¬±˜fl¡ (Moment of a Force about a
point)

¸—:± – Ò¬ı˛± ˚±fl¡ 

�

F � ¬ı˘ ¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ A ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛º O Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ø¬ıμ≈

Ô±Àfl¡ ’±ø√ø¬ıμ≈ øÚÀ˚˛ A ø¬ıμ≈¬ı˛ àÔ±Ú-Œˆ¬"√√¬ı˛ (position vector) �� , Ó¬±˝√√À˘ O-¤¬ı˛ ¸±À¬ÛÀé¬ 

�

F

¬ıÀ˘¬ı˛ √w¬±˜fl¡ ˝√√˘ ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛ 
�
M , Œ˚‡±ÀÚ

� � �

M r F� �

7Ú— ø‰¬S

’Ó¬¤¬ı Œ√‡± Œ·˘ 
�

MŒˆ¬"√√¬ı˛øÈ¬¬ı˛ ˜±Ú ˝√√˘ 

�

�

� �

M r F p F� �sin ,�  Œ˚‡±ÀÚ p = 0 ŒÔÀfl¡
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¬ı˘øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ ¤¬ı— 
�

M  Œˆ¬"√√¬ı˛øÈ¬¬ı˛ ø√flƒ¡ ˝√√˘ 
�

r  › 

�

F-¤¬ı˛ ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ø√Àfl¡ ¤˜Úˆ¬±À¬ı

Œ˚, 
�

r , 

�

F  › 

�

M � ¤˝◊√√ ø√fl¡  øÓ¬ÚøÈ¬ ¤fl¡øÈ¬ √øé¬Ì±¬ıÀÓ«¬ Ô±Àfl¡º

˜z¬¬ı…  . 1. Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸—:± ŒÔÀfl¡ ¶Û©Ü Œ˚ 

�

F  ¬ı˘øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ Œ˚Àfl¡±Ú ø¬ıμ≈Àfl¡ õ∂À˚˛±·ø¬ıμ≈

øÚÀ˚˛ O-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ¤fl¡˝◊√√ ˝√√˚˛º fl¡±¬ı˛Ì Ò¬ı˛± ˚±fl¡ B, 
�

F-¤¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ ’¬Û¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈º

Ó¬±˝√√À˘ B-¤¬ı˛ àÔ±Ú-Œˆ¬"√√¬ı˛ ˝√√À¬ı 
�

r  + 
��
AB . ’Ó¬¤¬ı B ø¬ıμ≈Àfl¡ õ∂À˚˛±·ø¬ıμ≈ ø√À˚˛ O-¤¬ı˛ ¸±À¬ÛÀé¬

�

F  ¤¬ı˛√ √w¬±˜fl¡ � 
 � � � 
 � � �
� �

( )
� � � � � � �

r AB F r F AB F r F

Œ˚À˝√√Ó≈¬ 
��
AB , 

�

F  ≈√øÈ¬ ¤fl¡˝◊√√ Œ¬ı˛‡±¬ı˛ Œˆ¬"√√¬ı˛, ’Ó¬¤¬ı  
��
AB × 

�

F  = 0

8 Ú— ø‰¬S

2. ¬ıÀ˘¬ı˛ ø√flË¡˚˛± Œ¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ ’¬ıøàÔÓ¬ Œ˚ Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬ ¬ıÀ˘¬ı˛ √w¬±˜fl¡ ˙”Ú…º [¤‡±ÀÚ 
�

r

› 

�

F  ¸˜À¬ı˛‡œ˚˛]

3. Œfl¡±Ú ø¬ıμ≈ O-¤¬ı˛ ¸±À¬ÛÀé¬ 

�

F  ¬ıÀ˘¬ı˛ √w¬±˜fl¡ ˙”Ú… ˝√√À˘ ˝√√˚˛ O, 
�

F -¤¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛

Ô±øfl¡À¬ı ’Ô¬ı± 

�

F � 0  ˙”Ú… ˝√√À¬ıº

4. 
�

F  ¬ıÀ˘¬ı˛ O ¸±À¬ÛÀé¬ √w¬±˜fl¡ 
�

M -¤¬ı˛ ˜±Ú

�

M OAB� 2�

Œ˚‡±ÀÚ 
��
AB  ˝√√˘ 

�

F  ¬ı˘-Œˆ¬"√√¬ı˛º
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õ∂˜±Ì –

9 Ú— ø‰¬S

� � �

M r F� �

� �
�

�

�

M r F sin �

� �OA AB AB OA. sin . . ( sin )� �2 1
2

= 2�OAB, Œ˚‡±ÀÚ

�OAB = OAB øSˆ≈¬ÀÊ√¬ı˛ Œé¬SÙ¬˘º

5. √w¬±˜Àfl¡¬ı˛ Δ¬ıÀù≠ø¯∏fl¡ ¬ı˛”¬Û (Analytical Form of Moment in Rectangular Coordinates)

Ò¬ı˛± ˚±fl¡ 

� � �

i j k, , � øÓ¬ÚøÈ¬ ¤fl¡fl¡ Œˆ¬"√√¬ı˛ ’±˚˛Ó¬Àé¬S±fl¡±¬ı˛ Ox, Oy, Oz ’é¬ø√Àfl¡ õ∂¸±ø¬ı˛Ó¬º O

ø¬ıμ≈ ¸±À¬ÛÀé¬ A ø¬ıμ≈¬ı˛ ’±˚˛Ó¬Àé¬S±fl¡±¬ı˛ àÔ±Ú±efl¡ (x, y, z) ˝√√À˘ 
� � � � �

r i x jy kz F� � � .  ¬ı˘øÈ¬ A

ŒÓ¬ õ∂˚≈q¡ ¤¬ı— 

�

F-¤¬ı˛ ’±˚˛Ó¬Àé¬S±fl¡±¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙·≈ø˘ X, Y, Z ˝√√À˘

� � � �

F i X jY kZ� � � �

’Ó¬¤¬ı ¸—:±Ú≈¸±À¬ı˛ 

�

F-¤¬ı˛ O ¸±À¬ÛÀé¬ √w¬±˜fl¡

� � �
�

�

�

M r F

� 
 
 � 
 
( ) ( )
� � � � � �

i x jy kz i X jY kZ

� � � � � �
� � �

i yZ zY j zX xZ k xY yX( ) ( ) ( )
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�

M -Œfl¡ øÎ¬È¬±¬ı˛ø˜Ú±ÚƒÈ¬ ¬ı˛”À¬Û Œ˘‡± ˚±˚˛ ’Ô«±» 

�

� � �

M
i j k
x y z
X Y Z

�

’Ó¬¤¬ı 
�

M  √w¬±˜fl¡ Œˆ¬"√√À¬ı˛¬ı˛ ’±˚˛Ó¬Àé¬S±fl¡±¬ı˛ Î¬◊¬Û±—˙·≈ø˘ ˝√√˘ M1, M2, M3, Œ˚‡±ÀÚ

M1 = yZ – zY,  M2 = zX – xZ, M3 = xY – yZ

6. ¤fl¡øÈ¬ ¬ıÀ˘¬ı˛ Œfl¡±Ú ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ˙”Ú… ˝√√›˚˛±¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ ˙Ó«¬ ˝√√˘ √w¬±˜Àfl¡¬ı˛

’±˚˛Ó¬Àé¬S±fl¡±¬ı˛ Î¬◊¬Û±—˙ øÓ¬ÚøÈ¬ ˙”Ú… ˝√√À¬ıº

õ∂˜±Ì  . ’±À·¬ı˛ ˜z¬¬ı… ŒÔÀfl¡ ’±˜¬ı˛±

� � � �

M i M jM kM� � �1 2 3

� 
�

M  = 0 ˝√√›˚˛±¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√˘ M1 = M2 = M3 = 0

7. ¤fl¡øÈ¬ ¬ı˘ 

�

F-¤¬ı˛ ø√flË¡˚˛±À¬ı˛‡± › ¤fl¡øÈ¬ øÚø«√©Ü ¬ıø˝√√–àÔ ø¬ıμ≈ O ¸¬ı«√± ¤fl¡øÈ¬ ¸˜Ó¬˘ Œ√˚˛ ˚±ÀÓ¬

‹ ø¬ıμ≈øÈ¬ 

�

F  ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡± Ô±Àfl¡º ’Ó¬¤¬ı 

�

F -¤¬ı˛ O ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ 

� � �

M r F� �  Œ˚‡±ÀÚ

�

r  ˝√√˘ O ŒÔÀfl¡ 

�

F-¤¬ı˛ ø√flË¡˚˛±À¬ı˛‡±àÔ ¤fl¡øÈ¬ ø¬ıμ≈ ¬Û˚«z¬ ¸—À˚±Ê√fl¡ Œˆ¬"√√¬ı˛º ’Ó¬¤¬ı ¸—:±Ú≈¸±À¬ı˛ √w¬±˜fl¡
�

M  ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛ ˚±¬ı˛ ø√fl¡ ˝√√˘ 
�

r  › 

�

F-¤¬ı˛ ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘•§º

3.9 w¬±˜fl¡ ¸•Ûøfl«¡Ó¬ ˆ¬±ø¬ı˛·ƒÚÚƒ ¤¬ı˛ Î¬◊¬Û¬Û±√… (Varignon’s Theorem)

¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ¬ı˛ Œé¬ÀS  .

ë¤fl¡øÈ¬ ¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ¬ı˛ ˘øt¬ı˛ Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ õ∂øÓ¬øÈ¬ ¬ıÀ˘¬ı˛ ‹ ø¬ıμ≈ ¸±À¬ÛÀé¬

√w¬±˜fl¡¸˜”À˝√√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬À˘¬ı˛ ¸˜±Úºí

õ∂˜±Ì  . ¸˜ø¬ıμ≈ ¬ı˘·≈ø˘ 
� � �

F F Fn1 2, , . . .  ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ ˝√√À˘ ¤¬ı— A ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±¬ı˛Ó¬ ˝√√À˘, ¬ı˘·≈ø˘¬ı˛

˘øt ˝√√˘ 

�

F , Œ˚‡±ÀÚ

� � � �

F F F Fn� � � �1 2 .. .
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¤‡Ú O ø¬ıμ≈ ¸±À¬ÛÀé¬ 
�

F-¤¬ı˛ √w¬±˜fl¡ 

�

M  ˝√√À˘

� � � � � � �

M OA F OA F F Fn� � � � � �( ( .. . )1 2

 � � � � � � �
� � � � � �

OA F OA F OA Fn1 2 .. .

 � � � �
� � �

M M Mn1 2 . . .

Œ˚‡±ÀÚ 

� � �

M M Mn1 2, , . . .  ˝√√˘ 
� � �

F F Fn1 2, , . . .  ¬ı˘·≈ø˘¬ı˛ O ¸±À¬ÛÀé¬ √w¬±˜fl¡º ’Ó¬¤¬ı õ∂˜±øÌÓ¬

˝√√˘º ¸˜±z¬¬ı˛±˘ ¬ı˘¸˜”À˝√√¬ı˛ Œé¬ÀS

ë˚ø√ 
� � �

F F Fn1 2, , . . .  ¬ı˘·≈ø˘ ¬Û¬ı˛¶Û¬ı˛ ¸˜±z¬¬ı˛±˘ ˝√√˚˛ ¤¬ı— 
� � � �

F F F Fn� � � � �1 2 0. ..  ˝√√˚˛ Ó¬À¬ı

Œ˚ Œfl¡±Ú ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ˘øt ¬ıÀ˘¬ı˛ √w¬±˜fl¡ Œˆ¬"√√¬ı˛ ‹ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ õ∂ÀÓ¬…fl¡øÈ¬ ¬ıÀ˘¬ı˛ ¸±À¬ÛÀé¬

√w¬±˜fl¡ Œˆ¬"√√¬ı˛¸˜”À˝√√¬ı˛ Œ˚±·Ù¬À˘¬ı˛ ¸˜±Ú ˝√√À¬ıºí

õ∂˜±Ì  . ’±˜¬ı˛± 3.6 ŒÓ¬ Œ√À‡øÂ√ Œ˚, Œfl¡±Ú ¸˜±z¬¬ı˛±˘ ¬ı˘À·±á¬œ¬ı˛ 
� � �

F F Fn1 2, , . . .  ˚ø√

A r A rn n1 1( ), . . . ( )
� �

 ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— ˚ø√ 
� � �

F F Fn1 2 0� � � �. . .  ˝√√˚˛, Ó¬À¬ı ¬ı˘À·±á¬œøÈ¬¬ı˛

˘øt¬ı˘ ˝√√˚˛ ¤fl¡øÈ¬ ¸˜±z¬¬ı˛±˘ ¬ı˘ 
� �

F Fi
i

n
�

�



1
 ¤¬ı— 

�

F  ¤˜Ú ¤fl¡øÈ¬ ø¬ıμ≈ X rx( )
�

-¤ ø√flË¡˚˛± fl¡À¬ı˛ Œ˚

�

�

�

�

r F r FX i
i

n
� � �

�

 ( )1

1
..................(i)

’Ó¬¤¬ı Œ˚ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ŒÚ›˚˛± ˝√√À26√ Œ¸ ø¬ıμ≈Àfl¡ ’±ø√ø¬ıμ≈ øÚÀ˘

(
�

F-¤¬ı˛ O-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡] = 
�

�

r FX �

¤¬ı— 
�

Fi  ¬ı˘ ˚±Àfl¡ A ri i( )
�

 ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛ Ó¬±¬ı˛ O ¸±À¬ÛÀé¬ √w¬±˜fl¡ � �
�

�

r Fi i

’Ó¬¤¬ı (1) ŒÔÀfl¡ ’±˜¬ı˛± ˆ¬±ø¬ı˛·ƒÚÚƒ-¤¬ı˛ Î¬◊¬Û¬Û±√… ¬Û±˝◊√√º
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3.10  ¬ı˘¡ZiZ ¬ı± ¬ı˘˚≈¢¨ (Couple)

≈√øÈ¬ ’¸˜˜≈‡œ ¸˜˜±ÀÚ¬ı˛ ¸˜±z¬¬ı˛±˘ ¬ıÀ˘¬ı˛ ˘øt Œfl¡±Ì ’˙”Ú…fl¡ ¬ı˘ ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú±º fl¡±¬ı˛Ì ˚ø√

¸y¬¬ı ˝√√˚˛ 
�

F1 › 
�

F2  ¬ı˘¡Z˚˛ ˚Ô±√flË¡À˜ A r( )
�

1  › B r( )
�

2  ŒÓ¬ ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— Î¬◊˝√√±À√¬ı˛ ˘øt ¬ı˘ ‹

¸˜Ó¬À˘ ¤fl¡øÈ¬ ¬ı˘ 

�

Rº Ò¬ı˛± ˚±fl¡, ¤‡Ú 

�

R  ’˙”Ú…fl¡ ˝√√À˘ ¤¬ı— ¬ı˘¡ZÀ˚˛¬ı˛ ¸˜±z¬¬ı˛±˘ ˝√√À˘ Œ˚À˝√√Ó≈

� � � � �

F F R R R1 2 0 0� � � � � �( ) ¬

10 Ú— ø‰¬S

’Ó¬¤¬ı, 
�

F1, 
�

F2  › 

�

R-¤¬ı˛ ˘øt ˝√√˘ 

�

R  ¤¬ı— ˆ¬±ø¬ı˛·ƒÚÀÚ¬ı˛ Î¬◊¬Û¬Û±√… ’Ú≈¸±À¬ı˛

�

� � �

�

�

�

�

�

�

r F F R r F r F r R� � � � � � � � �( )1 2 1 1 2 2

 � � � � � � � � �
�

�

�

�

�

�

�

� �

r F r F r R F F1 1 2 1 2 1( ) [ ]

 � � � � �( )
� �

�

�

�

r r F r R1 2 1

’Ó¬¤¬ı,  
�

�

� �

�

�

�

r R r r F r R� � � � � �( )1 2 1

’Ó¬¤¬ı, O r r F� � �( )
� �

�

1 2 1 ...   (i)

øfl¡z≈¬
� �

r r BA1 2 0� � 	
��

�

F1 0�
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¤¬ı— 
��
BA  › 

�

F1 ¸˜±z¬¬ı˛±˘ Ú˚˛, ’Ó¬¤¬ı (i) ¸Ó¬… ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú±º ’Ó¬¤¬ı ¸˜±z¬¬ı˛±˘ ’¸˜˜≈‡œ

¸˜˜±ÀÚ¬ı˛ ¬ı˘≈√øÈ¬ ¤fl¡øÈ¬ ¸˜±z¬¬ı˛±˘ ’˙”Ú…fl¡ ¬ı˘ ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú±º ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı Œ√‡±Ú ˚±˚˛ Î¬◊˝√√± ¤˜Ú

¤fl¡øÈ¬ ¬ı˘ ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú± Œ˚È¬± 
� �

F F1 2,  ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡±Àfl¡ ŒÂ√√ fl¡À¬ı˛º Œfl¡ÚÚ± Œ¸Àé¬ÀS ¸±˜±z¬ø¬ı˛fl¡

¸”S õ∂À˚˛±· fl¡À¬ı˛ Œ√‡±Ú ˚±˚˛ Œ˚ ¬ı˘≈√øÈ¬¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ≈√øÈ¬ ‹ ¬ıÀ˘¬ı˛ ¸ø˝√√Ó¬ ˚≈q¡ ˝√√À˚˛ ¸±˜… ˝√√˚˛ Ú±º

¸—:±  . ¬ı˘¡ZiZ ¬ı± ¬ı˘˚≈¢¨ (Couple)

ë≈√øÈ¬ ¸˜±z¬¬ı˛±˘ ’¸˜˜≈‡œ › ¸˜˜±ÀÚ¬ı˛ ¬ı˘ ¤fl¡øÈ¬ ¬ı˘¡ZiZ ¬ı± ¬ı˘˚≈¢¨ ·Í¬Ú fl¡À¬ı˛ºí ’±˜¬ı˛± õ∂±Ôø˜fl¡

’±À˘±‰¬Ú±˚˛ Œ√À‡øÂ√ Œ˚, ¤¬ı˛”¬Û ≈√øÈ¬ ¬ı˘ fl¡‡Ú› ¤fl¡øÈ¬ ¬ıÀ˘ ¬Ûø¬ı˛ÌÓ¬ ˝√√˚˛ Ú±º ’¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘

¬ıÀ˘¬ı˛ ˘øt øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ ¬ÛXøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ Œ√‡± ˚±˚˛ Œ˚ Ó¬±À√¬ı˛ Œfl¡±Ú ˘øt¬ı˘ ¬Û±›˚˛± ˚±˚˛ Ú±º

’Ó¬¤¬ı ¤¬ı˛”¬Û ≈√øÈ¬ ¬ıÀ˘¬ı˛ Ê√Ú… ’±˜¬ı˛± ¤fl¡øÈ¬ Ú”Ó¬Ú ·±øÌøÓ¬fl¡ ¬ıd≈¬¬ı˛ ¸&Ò±Ú ¬Û±ø26√º ¤‡Ú Œ√‡± ˚±fl¡

¤¬ı˛”¬Û ¬ı˘¡ZÀiZ¬ı˛ ¶§¬ı˛”¬Û fl¡œ∑

¬ı˘¡ZÀiZ¬ı˛ √w¬±˜fl¡ (Moment of a Couple)

11 Ú— ø‰¬S

Œfl¡±Ú øÚø«√©Ü ’±ø√ø¬ıμ≈ O ¸±À¬ÛÀé¬ A r( )
�

1  ø¬ıμ≈ÀÓ¬ 
�

F1 ¬ı˘ › B r( )
�

2  ø¬ıμ≈ÀÓ¬ 
�

F2  ¬ı˘ ø√flË¡˚˛±

fl¡À¬ı˛, Œ˚‡±ÀÚ 
� �

F F1 2� � , ’Ô«±» 

� �

F F1 2�  ¤¬ı— ¬ı˘ ≈√øÈ¬ ¸˜±z¬¬ı˛±˘ ¤¬ı— ’¸˜˜≈‡œº

Ò¬ı˛± ˚±fl¡ P r( )
�

 Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ø¬ıμ≈, Ó¬± ˝√√À˘ 
�

F1 ¬ıÀ˘¬ı˛ P ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡

� � � � �
�
PA F r r F

�

� �

�

1 1 1( )
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�

F2  ¬ıÀ˘¬ı˛ P ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ � �
�
PB F

�

2

� � �( )
� �

�

r r F2 2

’Ó¬¤¬ı 
�

F1 › 
�

F2  ¬ı˘¡ZÀ˚˛¬ı˛ P ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜Àfl¡¬ı˛ Œ˚±·Ù¬˘

� � � � � �( ) ( )
� � � �

�

r r F r r F1 1 2 2

� � � � � � �( ) ( ) ( )
� �

�

� �

�

r r F r r F1 1 2 1

� � � � � � � �( ) ( )
� � � �

�

� �

�

r r r r F r r F1 2 1 1 2 1

� �
�
BA F

�

1

’Ó¬¤¬ı, 
� �

F F1 2,  ¬ı˘À¬ı˛‡±¡ZÀ˚˛¬ı˛ ˜ÀÒ… ”√¬ı˛Q p ˝√√À˘ ¬ı˘ ≈√øÈ¬¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜Àfl¡¬ı˛

Œ˚±·Ù¬˘ ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛ ˚±¬ı˛ ˜±Ú 

�

F p1  ¤¬ı— ø√flƒ¡ ‹ ¬ı˘¡ZÀ˚˛¬ı˛ ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘•§º ’Ó¬¤¬ı Œ√‡±

˚±À26√ √w¬±˜Àfl¡¬ı˛ Œ˚±·Ù¬˘ ¸˜d¬ ø¬ıμ≈ P-¤¬ı˛ ’¬ıàÔ±ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛ Ú±º √w¬±˜Àfl¡¬ı˛ Œ˚±·Ù¬˘ øÚˆ«¬¬ı˛

fl¡À¬ı˛ ˙≈Ò≈ ¬ı˘øÈ¬¬ı˛ ˜±Ú › ¬ı˘ ≈√øÈ¬¬ı˛ ˜Ò…àÔ ”√¬ı˛ÀQ¬ı˛ ·≈ÌÙ¬À˘¬ı˛ Î¬◊¬Û¬ı˛º ’Ó¬¤¬ı ¬ı˘¡ZÀiZ¬ı˛ ¤fl¡øÈ¬ ˜±¬Ûfl¡

˝√√˘ Ó¬±¬ı˛ Œ˚Àfl¡±Ú ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡, ˚±˝√√± ¬ı˘¡ZÀiZ¬ı˛ Ê√Ú… ¤fl¡øÈ¬ øÚø«√©Ü Œˆ¬"√√¬ı˛º

¸—:±  . ¬ı˘¡ZÀiZ¬ı˛ √w¬±˜fl¡ 
�

M  ˝√√˘ ¬ı˘≈√øÈ¬¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜Àfl¡¬ı˛ Œ˚±·Ù¬˘º

¬ı˘¡ZÀiZ¬ı˛ ¬ı±˝≈√√ (Arm of A Couple)

¬ı˘¡ZÀiZ¬ı˛ ¬ı˘ ≈√øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ ˘•§”√¬ı˛QÀfl¡ Î¬◊˝√√±¬ı˛ ¬ı±˝≈√√ ¬ı˘± ˝√√˚˛º ’Ó¬¤¬ı ¬ı˘¡ZÀiZ¬ı˛ √w¬±˜fl¡˜±Ú

�������	
���
�������
	�������	�		��������
�������
������� �

�

¬ı˘¡ZÀiZ¬ı˛ √w¬±˜fl¡ Œ˚À˝√√Ó≈¬ ¬ı˘ ≈√øÈ¬¬ı˛ ˜±Ú › Ó¬±À√¬ı˛ ˜Ò…¬ıÓ¬π ”√¬ı˛ÀQ¬ı˛ ·≈ÌÙ¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛

¤¬ı— ¬ı˘ ≈√øÈ¬¬ı˛ √w¬±˜Àfl¡¬ı˛ ¸Àe· Œ˚À˝√√Ó≈¬ ‚”Ì«ÀÚ¬ı˛ ¸•Ûfl«¡ ’±ÀÂ√º
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øÚÀ•ß¬ı˛ 12 Ú— ø‰¬ÀS ¬ı˘ ≈√øÈ¬¬ı˛ ‚”Ì«Ú ø√flƒ¡ ¤fl¡øÈ¬ ‚øÎ¬ˇ¬ı˛ fl¡“√±È¬±¬ı˛ ‚”Ì«ÀÚ¬ı˛ ˜Ó¬ (Clockwise)º

13 Ú— ø‰¬S

’±¬ı±¬ı˛ 13 Ú— ø‰¬ÀS ‚”Ì«Ú ø√flƒ¡ ‚øÎ¬ˇ¬ı˛ fl¡“√±È¬±¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ø√Àfl¡ (Anticlockwise). Œ˚À˝√√Ó≈¬ ¬ı˘¡ZÀiZ¬ı˛

√w¬±˜Àfl¡¬ı˛ ¸—:± Œˆ¬"√√¬ı˛ ·≈ÌÙ¬˘ ¡Z±¬ı˛± Œ√›˚˛± ˝√√˚˛, ’Ó¬¤¬ı ¤fl¡øÈ¬ ¬ı˘¡ZÀiZ¬ı˛ √w¬±˜fl¡ Anticlockwise

˝√√À˘ √øé¬Ì±¬ıÓ«¬ Ó¬ÀLa (Right-handed System of Axes) Ó¬±¬ı˛ ø√fl¡ ÒÌ±Rfl¡ ø√Àfl¡ ’±¬ı˛ ¬ı˘¡ZÀiZ¬ı˛

√w¬±˜fl¡ Clockwise ˝√√À˘ Ó¬±¬ı˛ ø√fl¡ Ÿ¬Ì±Rfl¡ ø√Àfl¡º

Î¬◊√±˝√√¬ı˛Ì 1 Î¬◊√±˝√√¬ı˛Ì¶§¬ı˛”¬Û  . Ò¬ı˛± ˚±fl¡

( )2 3 5
� � �

i j k� �  ¬ı˘ ( )
� � �

i j k� �  ø¬ıμ≈ÀÓ¬

› ( )� � �2 3 5
� � �

i j k  ¬ı˘ ( )2
� �

j k�  ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡¬ı˛À˘ ¬ı˘¡ZiZøÈ¬¬ı˛ √w¬±˜fl¡ øÚÌ«˚˛

fl¡¬ı≈̨Úº

¸˜±Ò±Ú  . ¬ı˘≈√øÈ¬ ¸˜±z¬¬ı˛±˘ › ’¸˜˜≈‡œº ’±ø√ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡

� � � � � � �( ) ( )
� � � � � � �

i j k o i j k2 3 5

� � � � � �( ) ( )2 2 3 5
� � � � �

j k i j k

12 Ú— ø‰¬S
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� � � � � � � � � �3 5 2 5 2 3 4 10 2 3
� � � � � � � � � �

k j k i j i k i j i

� � �5 11
� � �

k j i

14 Ú— ø‰¬S

’Ó¬¤¬ı ¬ı˘øÈ¬¬ı˛ √w¬±˜Àfl¡¬ı˛ øÓ¬ÚøÈ¬ Î¬◊¬Û±—˙ Ó¬±¬ı˛˜ÀÒ… x-¤¬ı˛ Ÿ¬Ì±Rfl¡ ø√Àfl¡ 11 ¤fl¡fl¡ y-¤¬ı˛ Ÿ¬Ì±Rfl¡

ø√Àfl¡º ¤fl¡fl¡ ¤¬ı— z-’Àé¬¬ı˛ ÒÚ±Rfl¡ ø√Àfl¡ 5 ¤fl¡fl¡ Î¬◊¬Û±—˙ ’±ÀÂ√º

Î¬◊√±˝√√¬ı˛Ì 2. ˚ø√ 5 6
� �

i j
  ¬ı˘ 

� �

i j
  ø¬ıμ≈ÀÓ¬ › � �5 6
� �

i j  ¬ı˘ ( )� 

� �

i j  ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛

Ó¬À¬ı ¬ı˘¡ZÀ˚˛¬ı˛ √w¬±˜fl¡ fl¡Ó¬∑

( )� �
� �

i j  ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˘ ¬Û±˝◊√√ √w¬±˜fl¡

� 
 � � 
 � 
(( ) ( )) ( )
� � � � � �

i j i j i j5 6

� � � �2 5 6 12
� � � �

i i j k( )

’Ó¬¤¬ı ¬ı˘¡ZiZøÈ¬¬ı˛ √w¬±˜fl¡ z-¤¬ı˛ ÒÚ±Rfl¡ ø√Àfl¡ › 12 ¤fl¡fl¡ ˜±Úº

3.11  ¬¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘Ó¬±

˚ø√ xy-Ó¬À˘ ≈√øÈ¬ ¬ı˘ ¡Z±¬ı˛± ¡ZiZ ΔÓ¬¬ı˛œ ˝√√˚˛ Œ˚˜Ú 
�

F X Y1( , )  ¬ı˘ A(x1, y1) ø¬ıμ≈ÀÓ¬ ¤¬ı—

�

F X Y2 � � �( , )  ¬ı˘ B(x2, y2) ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±˙œ˘ ’±ÀÂ√º

¤ ¡ZÀiZ¬ı˛ √w¬±˜fl¡ � �
�
BA F

�

1
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�

� � �

�

M
i j k

x x y y
X Y

k Y x x X y y� � � � � � �1 2 1 2 1 2 1 20
0

( ( ) ( )

15 Ú— ø‰¬S

’Ó¬¤¬ı ¡ZiZ √w¬±˜fl¡ ¬ı˘¡ZÀ˚˛¬ı˛ ¸˜Ó¬À˘¬ı˛ ˘•§ø√Àfl¡º ø‰¬S ŒÔÀfl¡ Œ√‡± ˚±À26√ Œ˚¡ ¡ZÀiZ¬ı˛ √w¬±˜fl¡

z-’Àé¬¬ı˛ ÒÚ±Rfl¡ ø√Àfl¡º

¡ZiZ ¸˜Ó≈¬˘Ó¬± : ≈√øÈ¬ ¡ZiZ xy-Ó¬À˘ ( , )
� �

F F1 2  ¤¬ı— ( , )
� �

F F3 4 � Œ˚‡±ÀÚ 
� � � �

F F F F2 1 4 3� � � �,

ø√flË¡˚˛± fl¡¬ı˛ÀÂ√, ¤¬ı— Ó¬±À√¬ı˛ √w¬±˜fl¡ ≈√øÈ¬ ¸˜±Úº ’Ô«±» 

� �

F p F p1 1 3 2�  ¤¬ı— Î¬◊˝√√±À√¬ı˛ ‚”Ì«Úø√fl¡ ¤fl¡˝◊√√º

’Ó¬¤¬ı Œ˚ Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬ ¬ı˘¡ZiZ≈√øÈ¬¬ı˛ √w¬˜fl¡ ¸˜±Ú, Ù¬À˘ ¬ı˘¡ZiZ≈√øÈ¬ ¸˜Ó≈¬˘º

16 Ú— ø‰¬S
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¤fl¡øÈ¬ ¬ı˘˚≈¢¨ Ó¬±¬ı˛ √w¬˜fl¡ ¡Z±¬ı˛± øÚ¬ı˛”ø¬ÛÓ¬ ˝√√˚˛º ’Ó¬¤¬ı ≈√øÈ¬ ¬ı˘˚≈¢¨Àfl¡ ¸˜±Ú ¬ı˘± ˝√√À¬ı ˚ø√

Ó¬±À√¬ı˛ √w¬±˜fl¡ ≈√øÈ¬ ¸˜±Ú ˝√√˚˛º ’Ó¬¤¬ı Œ√‡± ˚±À26√ Œ˚ ¬ı˘˚≈¢¨ ≈√øÈ¬ ¤fl¡ ¸˜Ó¬À˘ ’Ô¬ı± ¸˜±z¬¬ı˛±˘

¸˜Ó¬À˘ Ô±øfl¡À˘› Ó¬±À√¬ı˛ √w¬±˜fl¡ ¸˜±Ú ˝√√ÀÓ¬ ¬Û±À¬ı˛º ¡ZÀiZ¬ı˛ √w¬±˜fl¡-Œˆ¬"√√¬ı˛ ¤fl¡øÈ¬ ˜≈q¡ Œˆ¬"√√¬ı˛ (Free

Vector)º

≈√˝◊√√ ¬ı± Ó¬ÀÓ¬±øÒfl¡ ¬ı˘˚≈À¢¨¬ı˛ ˘øt ¬ı˘˚≈¢¨º ˚ø√ ≈√øÈ¬ ¬ı˘˚≈À¢¨¬ı˛ √w¬±˜fl¡ ˚√Ô±√flË¡À˜ 
�

M1 › 
�

M2  Œˆ¬"√√¬ı˛

˝√√˚˛, Ó¬±˝√√À˘ ¤ ≈√øÈ¬ ¬ı˘˚≈À¢¨¬ı˛ ˘øt ¤fl¡øÈ¬ ¬ı˘˚≈¢¨, ˚±¬ı˛ √w¬±˜fl¡ ˝√√˘ 
�

M  Œ˚‡±ÀÚ 
� � �

M M M� �1 2 .

3.12  ¬Î¬◊√±˝√√¬ı˛Ì

1. xy ¸˜Ó¬À˘ ¤fl¡øÈ¬ ¬ı˘˚≈À¢¨¬ı˛ 10 ¤fl¡Àfl¡¬ı˛ ¤fl¡øÈ¬ ¬ı˘ 2x + 3y = 6 Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛±

fl¡¬ı˛ÀÂ√º ¬ı˘˚≈À¢¨¬ı˛ √w¬±˜fl¡ 40 ¤fl¡fl¡ z-’Àé¬¬ı˛ ø√Àfl¡ ˝√√À˘, ¬ı˘˚≈À¢¨¬ı˛ ’¬ı˛ ¬ı˘øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡± øÚÌ«˚˛ fl¡¬ı˛≈Úº

17 Ú— ø‰¬S

¸˜±Ò±Ú : ’¬Û¬ı˛ ¬ı˘øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ¸˜±z¬¬ı˛±˘ ˝√√À¬ı ¤¬ı— õ∂Ô˜ Œ¬ı˛‡± ŒÔÀfl¡ 4 ¤fl¡fl¡ ”√À¬ı˛ Ô±fl¡À¬ıº

’Ó¬¤¬ı ¸˜œfl¡¬ı˛Ì ˝√√˘ 2x + 3y = c

¤¬ı— 
6

2 3
4

2 2

�

�
� �c

¬ı±,  
( )6

13
16

2�
�

c

6 4 13� � �c
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’Ó¬¤¬ı ø¡ZÓ¬œ˚˛ ¬ı˘øÈ¬

2x + 3y = 6 4 13�

¤˝◊√√ Œ¬ı˛‡± ≈√øÈ¬ Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛º

˚ø√ õ∂Ô˜ ¬ı˘øÈ¬¬ı˛ ø√fl¡ Ê√±Ú± Ô±Àfl¡, Ó¬À¬ı ø¡ZÓ¬œ˚˛øÈ¬¬ı˛ ø√fl¡ ¤˜Ú ˝√√À¬ı Œ˚, z-’é¬ ŒÔÀfl¡ Œ√‡À˘

¬ı˘¡ZiZøÈ¬¬ı˛ ‚”Ì«Ú ‚øÎ¬ˇ¬ı˛ fl¡“√±È¬±¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ˝√√À¬ıº

2. øÓ¬ÚøÈ¬ ¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ı˘ P, Q, R ABC øSˆ≈¬ÀÊ√¬ı˛ Œfl¡ÃøÌfl¡ ø¬ıμ≈ øÓ¬ÚøÈ¬ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛º

˚ø√ ›À√¬ı˛ ˘øt ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ¸¬ı«√±

(i) ˆ¬¬ı˛ Œfl¡f G ·±˜œ ˝√√˚˛, Ó¬À¬ı Œ√‡±Ú Œ˚

P = Q = R

(ii) ’z¬–Àfl¡f ø√À˚˛ ˚±À¬ı, Ó¬À¬ı Œ√‡±Ú Œ˚

P
A

Q
B

R
Csin sin sin

� �

(iii) ¬Ûø¬ı˛Àfl¡f ø√À˚˛ ˚±˚˛, Ó¬À¬ı Œ√‡±Ú Œ˚

P
a b c a

Q
b c a b

R
c a b c2 2 2 2 2 2 2 2 2 2 2( ) ( ) ( )
 �

�

 �

�

 � �

[ ¸—Àfl¡Ó¬ : (i)

18 Ú— ø‰¬S

AG ¬ıøÒ«Ó¬ fl¡À¬ı˛ BC Œfl¡ D ø¬ıμ≈ÀÓ¬ ŒÂ√√ fl¡¬ı˛˘, D ˝√√˘ BC-¤¬ı˛ ˜Ò…ø¬ıμ≈ Q › R-¤¬ı˛ ˘øt

¬ı˘ ¤˜Ú ˝√√À¬ı Œ˚ Î¬◊˝√√± D	 ø¬ıμ≈ÀÓ¬ BC Œfl¡ ŒÂ√√ fl¡¬ı˛À˘ Q.DB	 = R.D	C. øfl¡z≈¬ D	 › A-¤¬ı˛

Œ˚±·fl¡±¬ı˛œ Œ¬ı˛‡±¬ı˛ Œ˚ ø¬ıμ≈ ø√À˚˛ ˚±À¬ı Œ¸È¬± G ø√À˚˛ Ú±› Œ˚ÀÓ¬ ¬Û±À¬ı˛, Œ¸Ê√Ú… Q › R-¤¬ı˛ ˘øt

¬ı˘ D ø√À˚˛ ˚±À¬ıº ’Ó¬¤¬ı Q = R ]
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¸—Àfl¡Ó¬ : (ii)

19 Ú— ø‰¬S

Q.BL = R.CL

�
BL
CL

C
B

� sin
sin   [ �ABL, �ACL ŒÔÀfl¡ ]

� Q.BL = R.CL

�
Q
R

CL
BL

B
C

� � sin
sin

 ˝◊√√Ó¬…±ø√

ø¡ZÓ¬œ˚˛ ¬ÛXøÓ¬ : ¸˜±z¬¬ı˛±˘ ¬ı˘¸˜”À˝√√¬ı˛ Œfl¡f x
Px Qx Rx

P Q R
�


 



 

1 2 3

 ˝◊√√Ó¬…±ø√

y
Py Qy Ry

P Q R
�


 



 

1 2 3

20 Ú— ø‰¬S

Œ√›˚˛± ’±ÀÂ√

x
x x x

�

 
1 2 3

3

y
y y y

�

 
1 2 3

3
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˚ø√ àÔ±Ú±efl¡ ¤˜Ú ŒÚ›˚˛± ˝√√˚˛ Œ˚ x2 = x3 = 0

Ó¬±˝√√À˘
Px

P Q R
x1 1
3
 


�

RPQ
QPR
RPQ
RQP

��

��

�
�

�

��

��

��

2
2
2

����
����
��
����		
�

3.13  ¬ø¬ıøˆ¬iß ¸”S ¡Z±¬ı˛± ·øÍ¬Ó¬ fl¡ø¬Ûfl¡˘ ˚La

fl¡Ó¬·≈ø˘ ˜¸‘Ì fl¡ø¬Ûfl¡À˘¬ı˛ (Smooth Pulleys) ¸±˝√√±À˚… ø‰¬S±Ú≈˚±˚˛œ ¤fl¡øÈ¬ ¬ˆ¬±¬ı˛œ ¬ıd≈¬ ˚±¬ı˛ ›Ê√Ú

W -Œfl¡ ŒÓ¬±˘± ˝√√À26√º ˚ø√ ¬ıd≈¬øÈ¬Àfl¡ ¸±˜…±¬ıàÔ±˚˛ ¬ı˛±‡ÀÓ¬ Œ˙¯∏ fl¡ø¬Ûfl¡˘øÈ¬ÀÓ¬ P ¬Ûø¬ı˛˜±Ì ¬ı˘ õ∂À˚˛±·

fl¡¬ı˛ÀÓ¬ ˝√√˚˛ ¤¬ı— fl¡ø¬Ûfl¡˘·≈ø˘¬ı˛ ›Ê√Ú ˚Ô±√flË¡À˜ w1, w2, w3, w4 ˝√√˚˛, Ó¬À¬ı P › W-¤¬ı˛ ˜ÀÒ… ¸•Ûfl«¡

øÚÌ«˚˛ fl¡¬ı˛≈Úº [’±˘±√± Ó¬±¬ı˛ ¡Z±¬ı˛± fl¡ø¬Ûfl¡˘·≈ø˘ Á≈¡˘ÀÂ√]

21 Ú— ø‰¬S

ø‰¬S ŒÔÀfl¡ ÚœÀ‰¬ ŒÔÀfl¡ ˙≈¬ı˛≈ fl¡À¬ı˛ õ∂øÓ¬øÈ¬ fl¡ø¬Ûfl¡À˘¬ı˛ ¸±À˜…¬ı˛ Ê√Ú…

W + w1 = 2T1

T1 + w2 = 2T2

T2 + w3 = 2T3

T3 + w4 = 2T4
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’Ó¬¤¬ı ø¡ZÓ¬œ˚˛, Ó‘¬Ó¬œ˚˛, ‰¬Ó≈¬Ô« ¸˜œfl¡¬ı˛ÌÀfl¡ ˚Ô±√flË¡À˜ 2, 22, 23 ø√À˚˛ ·≈Ì fl¡À¬ı˛ ‰¬±¬ı˛øÈ¬ ¸˜œfl¡¬ı˛Ì

Œ˚±· fl¡À¬ı˛ ¬Û±›˚˛± ˚±˚˛

W + w1 + 2w2 + 22w3 + 22w4 = 24T4 = 24P

’Ó¬¤¬ı 
W
P

w w w w
P

� �

 
 


2
2 2 24 1 1

2
2

3
3( ) (1)

˚ø√ fl¡ø¬Ûfl¡˘·≈ø˘¬ı˛ ›Ê√Ú ¸±˜±Ú… ¤¬ı— ’¬ıÀ˝√√˘±À˚±·… ˝√√˚˛, Ó¬±˝√√À˘ 
W
P

� 24

’Ó¬¤¬ı ¤Àé¬ÀS n ¸—‡…fl¡ ˝√√±˘fl¡± fl¡ø¬Ûfl¡˘¸À˜Ó¬ ø‰¬S¬ı˛”¬Û fl¡ø¬Ûfl¡˘¸˜ø©Ü¬ı˛ Œ¬ı˘±˚˛ 
W
P

n� 2 .

W
P  ¤˝◊√√ ¸—‡…±Àfl¡ Œ˚ Œfl¡±ÀÚ± Œ˜ø˙ÀÚ¬ı˛ ˚±øLafl¡ ¸≈ø¬ıÒ± (Mechanical Advantage) ¬ı˘± ˝√√˚˛º

(1) ŒÔÀfl¡ Œ¬ı±Á¡± ˚±À26√ Œ˚ fl¡ø¬Ûfl¡˘·≈ø˘¬ı˛ ›Ê√Ú ‡≈¬ı ˝√√±˘fl¡± Ú± ˝√√À˘ ˚±øLafl¡ ¸≈ø¬ıÒ± fl¡À˜ ˚±˚˛º

˚±øLafl¡ ¸≈ø¬ıÒ± ˚Ó¬ ¬ıÎ¬ˇ ˝√√À¬ı, Œ˜ø˙Ú ¡Z±¬ı˛± ¬ıd≈¬ Î¬◊ÀM√√±˘Úfl¡±˚« Ó¬Ó¬ ¸˝√√Ê√ ˝√√À¬ıº

(2) ¤fl¡˝◊√√ ¸”S ¡Z±¬ı˛± fl¡Ó¬ ·≈ø˘ fl¡ø¬Ûfl¡˘ ˚≈q¡ fl¡À¬ı˛ ¤fl¡øÈ¬ ˚La ΔÓ¬¬ı˛œ fl¡À¬ı˛ ˆ¬±¬ı˛œ ›Ê√Ú Î¬◊ÀM√√±˘Úfl¡±À˚«

øfl¡¬ı˛”¬Û ˚±øLafl¡ ¸≈ø¬ıÒ± ˝√√˚˛ øÚÌ«˚˛ fl¡¬ı˛≈Ú [ø‰¬S Œ√‡≈Ú] [¤‡±ÀÚ fl¡ø¬Ûfl¡˘·≈ø˘ ˝√√±˘fl¡± ÒÀ¬ı˛ øÚÚ]º

22 Ú— ø‰¬S

¤‡±ÀÚ ø‰¬ÀS ≈√øÈ¬ øàÔ¬ı˛ fl¡ø¬Ûfl¡˘ › ’¬Û¬ı˛ ≈√øÈ¬ fl¡ø¬Ûfl¡˘ ˆ¬±¬ı˛œ ¬ıd≈¬¬ı˛ ¸Àe· ¸—˚≈q¡ ’±ÀÂ√º ¤fl¡øÈ¬
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√øÎ¬ˇ fl¡ø¬Ûfl¡˘ ‰¬±¬ı˛øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√À˚˛ ˚±À26√º √øÎ¬ˇøÈ¬¬ı˛ È¬±Ú ¬ı˘ T ˝√√À˘ ˆ¬±¬ı˛œ ¬ıd≈¬ W -Œfl¡ øàÔ¬ı˛ ¬ı˛±‡¬ı±¬ı˛

Ê√Ú… P ¬ı˘ õ∂À˚˛±· fl¡¬ı˛± √¬ı˛fl¡±¬ı˛, Œ˚‡±ÀÚ

P = T

ˆ¬±¬ı˛œ ¬ıd≈¬øÈ¬¬ı˛ ¸±À˜…¬ı˛ Ê√Ú…

W = 2P + 2P = 4P

�
W
P

� �4 M. A. [˚±øLafl¡ ¸≈ø¬ıÒ±]

(3) fl¡Ó¬·≈ø˘ fl¡ø¬Ûfl¡˘ ¤˜Úˆ¬±À¬ı ’±ÀÂ√ Œ˚ Î¬◊2‰¬Ó¬˜øÈ¬ øàÔ¬ı˛ ’¬ıàÔ±ÀÚ ’±¬ı˛ ’Ú…±Ú…·≈ø˘ ¤fl¡øÈ¬

¤fl¡øÈ¬ fl¡À¬ı˛ Î¬◊¬Û¬ı˛øÈ¬¬ı˛ ¸Àe· √øÎ¬ˇ¬ı˛ ¸±˝√√±À˚… Á≈¡˘ÀÂ√º ¤˝◊√√ fl¡ø¬Ûfl¡À˘¬ı˛ ¡Z±¬ı˛± õ∂d≈¬Ó¬ ˚LaøÈ¬¬ı˛ ˚±øLafl¡ ¸≈ø¬ıÒ±

fl¡Ó¬∑ [˚Ó¬·≈À˘± fl¡ø¬Ûfl¡˘ Ó¬Ó¬·≈À˘± ¸≈ÀÓ¬±]

23 Ú— ø‰¬S

¤‡±ÀÚ B øàÔ¬ı˛º

A1-¤¬ı˛ ¸±À˜…¬ı˛ Ê√Ú… T2 = 2T1

A2-¤¬ı˛ ¸±À˜…¬ı˛ Ê√Ú… T3 = 2T2

A3-¤¬ı˛ ¸±À˜…¬ı˛ Ê√Ú… T4 = 2T3
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’Ó¬¤¬ı

T1 = P

� P T T T T� � � �1 2 2 3 3 4
1
2

1
2

1
2

’±¬ı±¬ı˛, W = T1 + T2 + T3 + T4

= P + 2P + 22P + 23P

�
�

�
� �P P( ) ( )2 1

2 1
2 1

4
4

� ˚±øLafl¡ ¸≈ø¬ıÒ± � � �
W
P

2 14

� ˚± fl¡ø¬Ûfl¡À˘¬ı˛ Œ¬ı˘±˚˛ ˚±øLafl¡ ¸≈ø¬ıÒ± � � �
W
P

n2 1

Î¬◊√±˝√√¬ı˛Ì ø˘ˆ¬±¬ı˛ (Lever) :

(1) AB ¤fl¡øÈ¬ ‘√Ï¬ˇ √ÀG¬¬ı˛ õ∂±z¬ø¬ıμ≈ A øàÔ¬ı˛ ’±ÀÂ√ ¤¬ı— √G¬øÈ¬ ‹ ø¬ıμ≈ ˜±Ò…À˜ ‚”¬ı˛ÀÓ¬ ¬Û±À¬ı˛º

¤fl¡øÈ¬ ˆ¬±¬ı˛œ ¬ıd≈¬ √G¬øÈ¬ ŒÔÀfl¡ ŒÁ¡±˘±ÀÚ± ˝√√À˘, √G¬øÈ¬¬ı˛ ’¬Û¬ı˛ õ∂±z¬ B -ŒÓ¬ P õ∂˚˛±¸ ¬ı˘ õ∂À˚˛±· fl¡¬ı˛À˘

√G¬øÈ¬ ¸±À˜… Ô±Àfl¡º P › W-¤¬ı˛ ˜ÀÒ… ¸•Ûfl«¡ øfl¡∑ [¤‡±ÀÚ √G¬øÈ¬¬ı˛ ›Ê√Ú ’¬ıÀ˝√√˘±À˚±·…º] ˚±øLafl¡

¸≈ø¬ıÒ± fl¡Ó¬∑

24 Ú— ø‰¬S

A ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˘ [Œ˚À˝√√Ó≈¬ A -ŒÓ¬ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ › B -ŒÓ¬ õ∂˚≈q¡ ¬ı˘ PW

-Œfl¡ ¸±À˜… ¬ı˛±À‡, ’Ó¬¤¬ı]

W.AC = P.AB

�
W
P

AB
AC

�
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’Ó¬¤¬ı
W
P

�� ˚±øLafl¡ ¸≈ø¬ıÒ±

� �AB
AC

1

¤‡±ÀÚ øàÔ¬ı˛ø¬ıμ≈ A ŒÔÀfl¡ ˆ¬±¬ı˛ W-¤¬ı˛ ”√¬ı˛Q < õ∂˚≈q¡ ¬ıÀ˘¬ı˛ ”√¬ı˛Qº

2. AB ¤fl¡øÈ¬ ‘√Ï¬ˇ √G¬ ˚±¬ı˛ ¤fl¡õ∂±Àz¬ A ˆ¬±¬ı˛ W Á≈¡˘ÀÂ√ ¤¬ı— ’¬Û¬ı˛ õ∂±z¬ B øàÔ¬ı˛ ’±ÀÂ√ ¤¬ı—

AB-¤¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ P õ∂˚˛±¸ ¬ı˘ õ∂˚≈q¡ ˝√√À˚˛ ¸±À˜… ’±ÀÂ√º ˚±øLafl¡ ¸≈ø¬ıÒ± fl¡Ó¬∑

25 Ú— ø‰¬S

B-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛ ¬Û±›˚˛± ˚±˚˛

W.AB = P.BC

�
W
P

BC
AB

� � 1

¤‡±ÀÚ øàÔ¬ı˛ø¬ıμ≈ ŒÔÀfl¡ ˆ¬±À¬ı˛¬ı˛ ”√¬ı˛Q > õ∂˚≈q¡ ¬ı˘� P-¤¬ı˛ ”√¬ı˛Qº

3. AB √ÀG¬¬ı˛ ˜Ò…àÔ ¤fl¡øÈ¬ ø¬ıμ≈ C øàÔ¬ı˛ Ô±fl¡À˘ ¤¬ı— ¤fl¡øÈ¬ õ∂±Àz¬ ˆ¬±¬ı˛ W › ’¬Û¬ı˛ õ∂±Àz¬

effort ’Ô«±» õ∂˚˛±¸ ¬ı˘ P õ∂˚≈q¡ ˝√√˚˛º

26 Ú— ø‰¬S

¤¬ı±¬ı˛ øàÔ¬ı˛ø¬ıμ≈ C-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛

W.AC = P.BC

’Ó¬¤¬ı ¤‡±ÀÚ ˚±øLafl¡ ¸≈ø¬ıÒ± 
W
P

BC
AC

�
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3.14  ¬¸±¬ı˛±—˙

1. A › B ŒÓ¬ ≈√øÈ¬ ¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ıÀ˘¬ı˛ (P, Q) ˘øt ¤fl¡øÈ¬ ¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ı˘,

˚±¬ı˛ ˜±Ú ¬ı˘≈√øÈ¬¬ı˛ ˜±ÀÚ¬ı˛ Œ˚±·Ù¬˘ ¤¬ı— Î¬◊˝√√± AB-¤¬ı˛ Î¬◊¬Û¬ı˛ C ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±˙œ˘, Œ˚‡±ÀÚ

P.AC = Q.CB.

2. A › B ŒÓ¬ ≈√øÈ¬ ’¸˜˜≈‡œ › ’¸˜±Ú ˜±ÀÚ¬ı˛ (P, Q) ¸˜±z¬¬ı˛±˘ ¬ıÀ˘¬ı˛ ˘øt ¤fl¡øÈ¬ ¸˜±z¬¬ı˛±˘

¬ı˘ P 2 Q ¤¬ı— Î¬◊˝√√± AB-¤¬ı˛ Î¬◊¬Û¬ı˛ C ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±˙œ˘ Œ˚‡±ÀÚ P.AC = Q.CB.

3. ¤fl¡±øÒfl¡ ¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ı˘, ˚±¬ı˛ ˜±Ú P1 + P2 + ..., + Pn ˚ø√ A1, A2,.......An

ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛ Ó¬±À√¬ı˛ ˘øt ¤fl¡øÈ¬ ¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ı˘, ˚±¬ı˛ ˜±Ú P1+P2+......,+Pn ¤¬ı—

Î¬◊˝√√± ˚ø√ C ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛, Ó¬±˝√√À˘, ¤fl¡øÈ¬ øÚø«√©Ü ø¬ıμ≈ O-¤¬ı˛ ¸±À¬ÛÀé¬ C-¤¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛

˝√√À¬ı 
�

R , Œ˚‡±ÀÚ

�

� �

�
�

�
R

P r P r P r
P P P

n n

n
�

� � �

� � �
1 1 2 2

1 2

Œ˚‡±ÀÚ 
� �

�
�

r r rn1 2, , ,  ¤˝◊√√ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛·≈ø˘ ˝√√˘ A1, A2, ..., An ø¬ıμ≈¬ı˛º

4. A ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±˙œ˘ ¬ı˘ 
�

F-¤¬ı˛ Œfl¡±Ú ø¬ıμ≈ O-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ˝√√˘ ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛

�

�

�

M r FOA� � � Œ˚‡±ÀÚ 
�

rOA � 0  ¸±À¬ÛÀé¬ A-¤¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛º ¸—:± ŒÔÀfl¡ õ∂˜±Ì fl¡¬ı˛± ˚±˚˛

Œ˚, A ø¬ıμ≈øÈ¬ ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ øÚÀ˘ √w¬±˜fl¡ ¤fl¡˝◊√√ ˝√√˚˛º

5. ≈√øÈ¬ ¸˜Ó¬˘œ˚˛ ¬ıÀ˘¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ Œ˚±·Ù¬˘ ‹ ¸˜Ó¬˘œ˚˛ ¬ı˘≈√øÈ¬¬ı˛ ˘øt¬ı˛ ‹

ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜Àfl¡¬ı˛ ¸˜±Úº [ˆ¬±ø¬ı˛·ƒÚÚƒ Î¬◊¬Û¬Û±√…]

6. ≈√øÈ¬ ’¸˜˜≈‡œ ¸˜±Ú ˜±ÀÚ¬ı˛ ¸˜±z¬¬ı˛±˘ ¬ıÀ˘¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ Œ˚±·Ù¬˘

¤fl¡øÈ¬ ÒË≈¬ıfl¡ ’Ô«±» √w¬±˜fl¡ Œ˚±·Ù¬˘ ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛ ˚±¬ı˛ ø√fl¡ ˝√√˘ ¸˜±z¬¬ı˛±˘ ¬ı˘≈√øÈ¬¬ı˛ ¸˜Ó¬À˘¬ı˛

Î¬◊¬Û¬ı˛ ˘•§º ¤¬ı˛”¬Û ≈√øÈ¬ ¸˜±Ú ˜±ÀÚ¬ı˛ ’¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ı˘Àfl¡ ¬ı˘¡ZiZ ¬ı± ¬ı˘˚≈¢¨ (Couple) ¬ı˘±

√̋√̊ º̨

7. ≈√øÈ¬ ¬ı˘¡ZÀiZ¬ı˛ √w¬±˜fl¡ õ∂ÀÓ¬…fl¡øÈ¬¬ı˛ √w¬±˜fl¡-Œˆ¬"√√¬ı˛¡ZÀ˚˛¬ı˛ Œˆ¬"√√¬ı˛ øÚ˚˛˜ ’Ú≈˚±˚˛œ Œ˚±· fl¡À¬ı˛ ¬Û±›˚˛±

˚±˚˛º

8. ≈√øÈ¬ ¬ı˘¡ZÀiZ¬ı˛ √w¬±˜fl¡-Œˆ¬"√√¬ı˛ ¸˜±Ú ˝√√À˘, ¬ı˘¡ZiZ ≈√øÈ¬ ¸˜±Ú ˝√√À¬ıº
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3.15 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘

1. W� ˆ¬±¬ı˛ø¬ıø˙©Ü ¤fl¡øÈ¬ ¸¬ı˛˘ ¸˜√G¬ Î¬◊~À•§¬ı˛ ¸ø˝√√Ó¬ �� Œfl¡±ÀÌ ÚÓ¬ Ô±øfl¡˚˛± ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º

√G¬øÈ¬¬ı˛ ¤fl¡õ∂±z¬ ¤fl¡øÈ¬ ˜¸‘Ì ŒÈ¬ø¬ı˘Àfl¡ ¶Û˙« fl¡À¬ı˛ ’±ÀÂ√ ¤¬ı— ’¬Û¬ı˛ õ∂±z¬ ¤fl¡øÈ¬ √øÎ¬ˇ¬ı˛ ¸ø˝√√Ó¬ ’±¬ıXº

√øÎ¬ˇ¬ı˛ È¬±ÀÚ¬ı˛ ˜±Ú › ø√flƒ¡ øÚÌ«˚˛ fl¡¬ı˛≈Úº

27 Ú— ø‰¬S

Œ˚À˝√√Ó≈¬ ŒÈ¬ø¬ı˘øÈ¬ ˜¸‘Ì, ’Ó¬¤¬ı AB √G¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¸˜d¬ ¬ı˘ Î¬◊~•§ø√Àfl¡ ˝√√›˚˛±˚˛, √øÎ¬ˇøÈ¬›

Î¬◊~•§ ø√Àfl¡ ’±ÀÂ√º A õ∂±z¬ ŒÈ¬ø¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√º A ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ¬ı˘·≈ø˘¬ı˛ √w¬±˜fl¡ øÚÀ˘ [Œ˚À˝√√Ó≈¬

È¬±Ú T › ˆ¬±¬ı˛ W-¤¬ı˛ ˘øt A ø¬ıμ≈ ø√À˚˛ ˚±À¬ı] √w¬±˜fl¡ ˙”Ú… ˝√√À¬ıº ’Ô«±»

T AB W ACsin sin
 
� � 0

� �T W
2

2. ¤fl¡øÈ¬ ˆ¬±¬ı˛œ ‰¬±fl¡±Àfl¡ [˚±¬ı˛ ›Ê√Ú W › ¬ı…±¸±X« r) ¤fl¡øÈ¬ h ¤fl¡fl¡ Î¬◊2‰¬Ó¬±ø¬ıø˙©Ü ¬ı±Ò± ’øÓ¬√flË¡˜

fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº Œfl¡¬ı˘˜±S ‰¬±fl¡±øÈ¬¬ı˛ Œfl¡Àf ¤fl¡øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ ¬ı˘ P õ∂˚≈q¡ ˝√√À˘, Œ√‡±Ú Œ˚ P ¬ı˘øÈ¬

’z¬Ó¬–¬ÛÀé¬

W rh h
r h
2 2�
�

-¤¬ı˛ ’À¬Ûé¬± ¸±˜±Ú… ¬ıÎ¬ˇ ˝√√ÀÓ¬ ˝√√À¬ıº
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28 Ú— ø‰¬S

‰¬±fl¡±øÈ¬Àfl¡ ¬ı±Ò±¬ı˛ Œfl¡±Ì A-Œfl¡ ’øÓ¬√flË¡˜ fl¡¬ı˛ÀÓ¬ ˝√√À˘ A ø¬ıμ≈ ¸±À¬Ûé¬ √w¬±˜fl¡ ˙”Ú… ’À¬Ûé¬± ¬ı‘˝√√»

˝√√À¬ıº ’Ô«±»

( ) ( )r h P W r r h� � � � �2 2 0

’Ô«±» P-Œfl¡ Ú”…Ú¬ÛÀé¬

W rh h
r h
2 2�
�

’À¬Ûé¬± ¬ıÎ¬ˇ ˝√√ÀÓ¬ ˝√√À¬ıº

3. ¤fl¡øÈ¬ Œ·±˘±fl¡±¬ı˛ ŒÈ¬ø¬ı˘ [˚±¬ı˛ ›Ê√Ú W) øÓ¬ÚøÈ¬ ¬Û±À˚˛¬ı˛ Î¬◊¬Û¬ı˛ √“√±øÎ¬ˇÀ˚˛ ’±ÀÂ√º ¬Û± øÓ¬ÚøÈ¬

¤˜Úˆ¬±À¬ı ŒÈ¬ø¬ıÀ˘¬ı˛ õ∂±Àz¬ ’±È¬fl¡±ÀÚ± ’±ÀÂ√ Œ˚ ø¬ıμ≈S˚˛ ¤fl¡øÈ¬ ¸˜¬ı±˝≈√√ øSˆ≈¬Ê√ ¬ı˛‰¬Ú± fl¡À¬ı˛º Œ√‡±Ú

Œ˚ W ˝√√ÀÓ¬ fl¡˜ Œ˚ Œfl¡±Ú› ›Ê√ÀÚ¬ı˛ ¬ıd≈¬ ŒÈ¬ø¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ Œ˚ Œfl¡±Ú› àÔ±ÀÚ ¬ı˛±‡À˘ ŒÈ¬ø¬ı˘øÈ¬ Î¬◊åÈ¬±À¬ı

Ú±º

29 Ú— ø‰¬S

ø‰¬ÀS A, B, C ø¬ıμ≈ÀÓ¬ ¬Û± øÓ¬ÚøÈ¬ ˚≈q¡ ¤¬ı— ABC ¸˜¬ı±˝≈√√ øSˆ≈¬Ê√º Œfl¡±Ú› ˆ¬±¬ı˛œ ¬ıd≈¬ ŒÈ¬ø¬ıÀ˘¬ı˛
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Î¬◊¬Û¬ı˛ ¬ı˛±‡À˘ ˚ø√ Ó¬± ABC øSˆ≈¬ÀÊ√¬ı˛ ˜ÀÒ… Ô±Àfl¡, Ó¬±˝√√À˘ ŒÈ¬ø¬ı˘øÈ¬ Î¬◊åÈ¬±À¬ı Ú±º ¤‡Ú ˚ø√ ABC

øSˆ≈¬ÀÊ√¬ı˛ ¬ı±ø˝√√À¬ı˛ ŒÈ¬ø¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ Ô±Àfl¡, Ó¬±˝√√À˘ Î¬◊åÈ¬±¬ı±¬ı˛ ¸y¬±¬ıÚ± ˝√√˚˛º Ò¬ı˛± ˚±fl¡, ¬ıd≈¬øÈ¬ BC Œ¬ı˛‡±

˝√√ÀÓ¬ ¸¬ıÀ‰¬À˚˛ Œ¬ı˙œ ”√À¬ı˛ AD ˜Ò…˜±¬ı˛ Î¬◊¬Û¬ı˛ E ø¬ıμ≈ÀÓ¬ ’±ÀÂ√º B › C ø¬ıμ≈ÀÓ¬ ¬Û±À˚˛¬ı˛ ˜±øÈ¬ÀÓ¬ øàÔÓ¬

’¬Û¬ı˛ ø¬ıμ≈¡Z˚˛ ˚Ô±√flË¡À˜ B	 › C	 ˝√√À˘, E ø¬ıμ≈ÀÓ¬ ˆ¬±¬ı˛ P Ô±fl¡À˘ Î¬◊˝√√±¬ı˛ B	C	 Œ¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬

√w¬±˜fl¡ P.DE √øÎ¬ˇ¬ı˛ ‚”Ì«Ú˜Ó¬ ¤¬ı— G ø¬ıμ≈·±˜œ ŒÈ¬ø¬ıÀ˘¬ı˛ ›Ê√Ú W-¤¬ı˛ B	C	-¤¬ı˛ ¸±À¬ÛÀé¬

√w¬±˜fl¡ = W.GD ‚øÎ¬ˇ¬ı˛ ‚”Ì«Ú ø¬ı¬Û¬ı˛œÓ¬º ’Ó¬¤¬ı ŒÈ¬ø¬ı˘ fl¡‡Ú˝◊√√ Î¬◊åÈ¬±À¬ı Ú± ˚ø√ W.GD > P.DE

√̋√̊ º̨

’Ô«±» ˚ø√ P < W ˝√√˚˛º

4. ˚ø√ ¤fl¡øÈ¬ ¬ıÀ˘¬ı˛ √w¬±˜fl¡ (i) ¤fl¡øÈ¬ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬, (ii) ¬ıÀ˘¬ı˛ ¸˜Ó¬˘àÔ ≈√øÈ¬ ø¬ıμ≈¬ı˛ õ∂ÀÓ¬…fl¡øÈ¬¬ı˛

¸±À¬ÛÀé¬, (iii) ¤fl¡ ¸¬ı˛˘À¬ı˛‡±˚˛ ÚÀ˝√√ ¤¬ı˛”¬Û ¬ıÀ˘¬ı˛ ¸˜Ó¬˘àÔ øÓ¬ÚøÈ¬ ø¬ıμ≈¬ı˛ õ∂ÀÓ¬…fl¡øÈ¬¬ı˛ ¸±À¬ÛÀé¬ ˙”Ú…

˝√√˚˛, Ó¬À¬ı øfl¡ ø¸X±z¬ fl¡¬ı˛ÀÓ¬ ¬Û±¬ı˛± ˚±˚˛∑

5. 3, 6, 9, 12 ¤fl¡fl¡ø¬ıø˙©Ü ‰¬±¬ı˛øÈ¬ ¸˜˜≈‡œ ¸˜±z¬¬ı˛±˘ ¬ı˘ ¤fl¡øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ √ÀG¬¬ı˛ Î¬◊¬Û¬ı˛ ¸˜±Ú

”√¬ı˛ÀQ ŒÔÀfl¡ √¸ø√flË¡˚˛º õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, ›À√¬ı˛ ˘øt Œ˚ ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛, Ó‘¬Ó¬œ˚˛ ¬ı˘øÈ¬Àfl¡ ’¬Û¸±ø¬ı˛Ó¬

fl¡¬ı˛À˘› ¬ı˘ øÓ¬ÚøÈ¬¬ı˛ ˘øt ›˝◊√√ ¤fl¡˝◊√√ ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡¬ı˛À¬ıº

6. ABC ¸˜¬ı±˝≈√√ øSˆ≈¬ÀÊ√¬ı˛ AB BC, � ¤¬ı— CA � ¬ı±˝≈√√ ¬ı¬ı˛±¬ı¬ı˛ P, 2P › 3P ¬ı˘ øÓ¬ÚøÈ¬ ¸ø√flË¡˚˛º

Î¬◊˝√√±À√¬ı˛ ˘øt¬ı˛ ˜±Ú › ø√fl¡ ¤¬ı— ‹ ˘øt¬ı˛ ø√flË¡˚˛±À¬ı˛‡± BC � ¬ı±˝≈√√¬ı˛ ¸Àe· Œ˚ ø¬ıμ≈ÀÓ¬ ø˜ø˘Ó¬ ˝√√À˚˛ÀÂ√

Œ¸ ø¬ıμ≈øÈ¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº

7. ¤fl¡øÈ¬ 12 ø˜– √œ‚« 20 kg ˆ¬±À¬ı˛¬ı˛ ¸˜√ÀG¬¬ı˛ ≈√˝◊√√ õ∂±Àz¬ 12 kg ¤¬ı— 4 kg ˆ¬±¬ı˛ õ∂À˚˛±·

fl¡¬ı˛± ˝√√À˚˛ÀÂ√º 4 kg ˆ¬±¬ı˛ Œ˚ õ∂±Àz¬ õ∂˚≈q¡ Œ¸˝◊√√ õ∂±z¬ ˝√√ÀÓ¬ 4 ø˜. ”√À¬ı˛ 8 kg ˆ¬±¬ı˛ õ∂˚≈q¡ ˝√√À˚˛ÀÂ√º

√G¬øÈ¬ 8 ø˜– ¬ı…¬ıÒ±ÀÚ ’¬ıøàÔÓ¬ ≈√øÈ¬ fl¡œ˘Àfl¡¬ı˛ Î¬◊¬Û¬ı˛ àÔ±ø¬ÛÓ¬ ’±ÀÂ√ ¤¬ı— ¤fl¡øÈ¬ fl¡œ˘fl¡ ˝√√ÀÓ¬ 4 kg

ˆ¬±¬ı˛ Œ˚ õ∂±Àz¬ õ∂˚≈q¡ Œ¸ õ∂±z¬ 1 ø˜. ¬ı±ø˝√√À¬ı˛ ’±ÀÂ√º fl¡œ˘fl¡¸˜”À˝√√¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û øÚÌ«˚˛ fl¡¬ı˛≈Úº

8. ¤fl¡øÈ¬ ŒÈ¬ø˘¢∂±Ù¬ Ô±À˜¬ı˛ ¤fl¡ ø¬ıμ≈ÀÓ¬ 20 Ù≈¬È¬ ˘•§± ¤fl¡‡G¬ ˙q¡ √øÎ¬ˇ¬ı˛ ¤fl¡õ∂±z¬

’±È¬fl¡±Ú ’±ÀÂ√º ’¬Û¬ı˛ õ∂±z¬ ÒÀ¬ı˛ ¤fl¡ ¬ı…øq¡ Î¬◊˝√√±Àfl¡ ¤fl¡øÈ¬ øÚø«√©Ü ¬ıÀ˘ È¬±ÚÀÂ√º Ô±À˜¬ı˛ fl¡Ó¬ Î¬◊À2‰¬

√øÎ¬ˇøÈ¬ ’±È¬fl¡±ÀÚ± Ô±fl¡À˘ ‹ ¬ı…øq¡¬ı˛ ¬ÛÀé¬ Ô±˜øÈ¬ Î¬◊ÀåÈ¬ ŒÙ¬˘±¬ı˛ ¸y¬±¬ıÚ± ¸¬ıÀ‰¬À˚˛ Œ¬ı˙œ Ô±fl¡À¬ı, Ó¬±˝√√±

øÚÌ«˚˛ fl¡¬ı˛≈Úº

9. ABC øSˆ≈¬ÀÊ√¬ı˛ A, B, C ˙œ¯∏«SÀ˚˛ ¸ø√flË¡˚˛ P, Q, R ¬ı˘ øÓ¬ÚøÈ¬¬ı˛ õ∂ÀÓ¬…fl¡øÈ¬ ‹ ˙œ¯∏«SÀ˚˛¬ı˛

ø¬ı¬Û¬ı˛œÓ¬ ¬ı±˝≈√√¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ˆ¬±À¬ı ŒÔÀfl¡ øSˆ≈¬Ê√øÈ¬Àfl¡ ¸±˜…±¬ıàÔ±˚˛ ¬ı˛±À‡º õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, P : Q : R

= a : b : c.
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10. ABC ¸˜¬ı±˝≈√√ øSˆ≈¬ÀÊ√¬ı˛ BC CA AB, , � ¬ı±˝≈√√ ¬ı¬ı˛±¬ı¬ı˛ P, Q, R ¬ı˘ øÓ¬ÚøÈ¬ ¸ø√flË¡˚˛º ˚ø√ Î¬◊˝√√±À√¬ı˛

˘øt ˆ¬¬ı˛Àfl¡f·±˜œ ˝√√À˚˛ BC  ¬ı±˝≈√√¬ı˛ ¸˜±z¬¬ı˛±˘ ˝√√˚˛, Ó¬À¬ı õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, Q R P� � 1
2 .

11. ABC øSˆ≈¬ÀÊ√¬ı˛ BC CA AB, ,  ¬ı±˝≈√√S˚˛ ¬ı¬ı˛±¬ı¬ı˛ P, Q, R ¬ı˘ øÓ¬ÚøÈ¬ ¸ø√flË¡˚˛º ˚ø√ Î¬◊˝√√±À√¬ı˛

˘øt ˚Ô±√flË¡À˜ (i) ’z¬–Àfl¡f, (ii) ˆ¬¬ı˛Àfl¡f, (iii) ¬Ûø¬ı˛Àfl¡f › (iv) ˘•§ø¬ıμ≈ ø√À˚˛ ˚±˚˛, Ó¬À¬ı Œ√‡±Ú

Œ˚,

(i) P + Q + R = 0

(ii) P cosec A + Q cosec B + R cosec C = 0

(iii) P cos A + Q cos B + R cos C = 0

(iv) P sec A + Q sec B + R sec C = 0

12. ABC øSˆ≈¬ÀÊ√¬ı˛ √flË¡˜±Ú≈¸±À¬ı˛ ·‘˝√√œÓ¬ BC CA AB, ,  ¬ı±˝≈√√ ¬ı¬ı˛±¬ı¬ı˛ ¸ø√flË¡˚˛ P, Q, R ¬ı˘¸˜”À˝√√¬ı˛

˘øt, ˚ø√ (i) øSˆ≈¬ÀÊ√¬ı˛ ’z¬–Àfl¡f ¤¬ı— ˆ¬¬ı˛Àfl¡f·±˜œ ˝√√˚˛, Œ√‡±Ú Œ˚

P
a b c

Q
b c a

R
c a b( ) ( ) ( )�

�
�

�
�

(ii) øSˆ≈¬ÀÊ√¬ı˛ ’z¬–Àfl¡f ¤¬ı— ¬Ûø¬ı˛Àfl¡f·±˜œ ˝√√˚˛, Œ√‡±Ú Œ˚

P
b c b c a

Q
c a c a b

R
a b a b c( )( ) ( )( ) ( )( )� 
 �

�
� 
 �

�
� 
 �

13. ¤fl¡øÈ¬ ‡“≈√øÈ¬ ‡±Î¬ˇ±ˆ¬±À¬ı ˜±øÈ¬ÀÓ¬ ¤¬ı˛”À¬Û ¬Û“≈√ÀÓ¬ ¬ı˛±‡± ˝√√À˚˛ÀÂ√ Œ˚, Î¬◊˝√√± ˜±øÈ¬¬ı˛ 10 Ù≈¬È¬ Î¬◊¬ÛÀ¬ı˛

’¬ıøàÔÓ¬º ˙œ¯∏«À√À˙ › ‡“≈√øÈ¬¬� ˝√√ÀÓ¬ 20 Ù≈¬È¬ ”√¬ı˛ÀQ ˜±øÈ¬ÀÓ¬ ¤fl¡øÈ¬ √øÎ¬ˇ ¬ı“√±Ò± ’±ÀÂ√ ¤¬ı— ‹ √øÎ¬ˇÀÓ¬

112 ¬Û±Î¬◊G¬ ˆ¬±À¬ı˛¬ı˛ ¬ı˘ õ∂À˚˛±· fl¡¬ı˛À˘ ‡“≈√øÈ¬øÈ¬ Œˆ¬À„√√ ˚±À¬ıº ‡“≈√øÈ¬¬ı˛ ¬Û±√À√˙ ˝√√ÀÓ¬ ø¡Z·≈Ì ”√¬ı˛ÀQ √øÎ¬ˇ

¬ı“√±Ò± Ô±fl¡À˘ ›ÀÓ¬ øfl¡ ¬Ûø¬ı˛˜±Ì ¬ı˘ õ∂À˚˛±· fl¡¬ı˛À˘ ‡“≈√øÈ¬øÈ¬ Œˆ¬À„√√ ˚±À¬ı∑

[ ¸—Àfl¡Ó¬ – ¤Àé¬ÀS ‡“≈√øÈ¬øÈ¬ ˆ¬±„√√ÀÓ¬ ˝√√À˘ ¬Û±√À√À˙¬ı˛ ¸±À¬ÛÀé¬ õ∂˚≈q¡ ¬ı˘øÈ¬¬ı˛ √w¬±˜fl¡ ¤fl¡øÈ¬ øÚø«√©Ü

˜±Ú ˝√√ÀÓ¬ ˝√√À¬ıº ]

14. Œfl¡±Ú› øSˆ≈¬ÀÊ√¬ı˛ √flË¡˜±Ú≈¸±À¬ı˛ ·‘˝√√œÓ¬ ¬ı±˝≈√√S˚˛ ¬ı¬ı˛±¬ı¬ı˛ ¸ø√flË¡˚˛ øÓ¬ÚøÈ¬ ¬ı˘À·±á¬œ ¤fl¡øÈ¬ ¡ZÀiZ¬ı˛

¸˜Ó≈¬˘º Œ√‡±Ú Œ˚, ¬ı˘ øÓ¬ÚøÈ¬ øSˆ≈¬ÀÊ√¬ı˛ ¬ı±˝≈√√SÀ˚˛¬ı˛ ¸˜±Ú≈¬Û±øÓ¬fl¡º

Ò¬ı˛± ˚±fl¡ P, Q, R ¬ı˘S˚˛ ˚Ô±√flË¡À˜ BC, CA, AB ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— Î¬◊˝√√±¬ı˛± ¤fl¡øÈ¬ ¡ZÀiZ¬ı˛

¸˜±Ú, ˚±¬ı˛ √w¬±˜fl¡ ˜±Ú Mº ¤‡Ú A ˝√√ÀÓ¬ BC-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ p, B ˝√√ÀÓ¬ CA-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§
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q, C ˝√√ÀÓ¬ AB-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ r ˝√√À˘, Œ˚À˝√√Ó≈¬ ¬ı˘·≈ø˘ ¤fl¡øÈ¬ ¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘, ’Ó¬¤¬ı Î¬◊˝√√±À√¬ı˛ √w¬±˜fl¡

A, B, C-¤¬ı˛ ¸±À¬ÛÀé¬ ¤fl¡˝◊√√ ˝√√À¬ıº ’Ó¬¤¬ı

Pp = Qq = Rr

øSˆ≈¬Ê√øÈ¬¬ı˛ Œé¬SÙ¬˘ � ø√À˚˛ ˆ¬±· fl¡¬ı˛À˘ ¬Û±˝◊√√

Pp Qq Rr
� � �

� �

øfl¡z≈¬ � � � �1
2

1
2BC p   CA q AB r� � �1

2

’Ó¬¤¬ı  
P

BC
Q

CA
R

AB
� �

15. ¤fl¡øÈ¬ ˚≈¢¨¬ıÀ˘¬ı˛ ¬ı˘≈√øÈ¬¬ı˛ õ∂À˚˛±·ø¬ıμ≈ A › B ¤¬ı— Î¬◊˝√√±À√¬ı˛ √w¬±˜fl¡ Gº ˚ø√ ¬ı˘≈√øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡±

90°� ‚≈À¬ı˛ ˚±˚˛, Ó¬À¬ı ›¬ı˛± H √w¬±˜fl¡ø¬ıø˙©Ü ˚≈¢¨¬ı˘ ·Í¬Ú fl¡À¬ı˛º ˚‡Ú ¬ı˘ ≈√øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡± AB-¤¬ı˛

Î¬◊¬Û¬ı˛ ˘•§ ˝√√À¬ı, Ó¬‡Ú Œ√‡±Ú Œ˚ ¬ı˘ ≈√øÈ¬ G H2 2� � √w¬±˜fl¡ø¬ıø˙©Ü ˚≈¢¨¬ı˘ ·Í¬Ú fl¡À¬ı˛º

30 Ú— ø‰¬S

ø‰¬ÀS (P, p) ¡ZÀiZ¬ı˛ √w¬±˜fl¡

G = Pp = P. AB  cos�
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Œ˚‡±ÀÚ P ˝√√˘ ¡ZiZøÈ¬¬ı˛ ¬ı±˝≈√√º ¤‡Ú ¬ı˘≈√øÈ¬Àfl¡ 90° ‚≈¬ı˛±À˘ Œ˚ Ú”Ó¬Ú ¡ZiZ ˝√√˚˛, Ó¬±¬ı˛ √w¬±˜fl¡

H P AB� . sin ��

’±¬ı±¬ı˛ ¬ı˘ ≈√øÈ¬ AB-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ ˝√√À˘ Œ˚ ¡ZiZ ˝√√˚˛, Ó¬±¬ı˛ √w¬±˜fl¡ � � �P AB G H. 2 2

16. 1, 2, 3, 4, 2 2  ˜±Úø¬ıø˙©Ü ¬ı˘·≈ø˘ ABCD ¬ı·«Àé¬ÀS¬ı˛ AB, BC, CD, DA ¬ı±˝≈√√·≈ø˘¬ı˛

ø√Àfl¡ ¤¬ı— AC fl¡ÀÌ«¬ı˛ ø√Àfl¡ ø√flË¡˚˛± fl¡À¬ı˛º Œ√‡±Ú Œ˚, ¬ı˘·≈ø˘ ¤fl¡øÈ¬ ¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘º AB, DA ›

AC ¬ı±˝≈√√¬ı˛ ø√Àfl¡ 1, 4, 2 2  ¬ı˘·≈ø˘¬ı˛ AB-¤¬ı˛ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙¸˜”À˝√√¬ı˛ Œ˚±·Ù¬˘ = 1 + 2 = 3

’±¬ı˛ AD-¤¬ı˛ ø√Àfl¡ ‹ ¬ı˘ øÓ¬ÚøÈ¬¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙¸˜”À˝√√¬ı˛ Œ˚±·˘ = 2 – 4 = – 2.

31 Ú— ø‰¬S

’±¬ı±¬ı˛ C ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±fl¡±¬ı˛œ ¬ı˘ ≈√øÈ¬ ¤fl¡øÈ¬ CD-¤¬ı˛ ø√Àfl¡ 3 ¤¬ı— CB-¤¬ı˛ ø√Àfl¡ –2, ’Ó¬¤¬ı

¬ı˘·≈ø˘ ≈√øÈ¬ ¡ZiZ ΔÓ¬¬ı˛œ fl¡À¬ı˛, ˚±¬ı˛ ¤fl¡øÈ¬¬ı˛ √w¬±˜fl¡ 3l, ’±¬ı˛ ¤fl¡øÈ¬ √w¬±˜fl¡ 2l. ’Ó¬¤¬ı ¬ı˘À·±á¬œøÈ¬¬ı˛

√w¬±˜fl¡ 5l.
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¤fl¬fl¬ 4 � ¬ı˘À·±á¬œ¬ı˛ ΔàÔøÓ¬fl¡ ¸˜Ó≈¬˘Ó¬± [Statical
Equivalence of Force Systems)

·Í¬Ú

4.1 √õ∂d¬±¬ıÚ±

4.2 Î¬◊ÀV˙…

4.3 ΔàÔøÓ¬fl¡ ¸˜Ó≈¬˘Ó¬±

4.4 Î¬◊¬Û¬Û±√…

4.4.1 ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ

4.4.2 ¬ı˘À·±á¬œ¬ı˛ ¬ı˘¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘ ˝√√›˚˛±¬ı˛ ˙Ó«¬

4.4.3 Œ¬Û“√±˚˛±¸-¤¬ı˛ Œfl¡fœ˚˛ ’é¬ (Poinsot’s Central Axis)

4.4.3.1 õ∂√M√√ ¬ı˘À·±á¬œ¬ı˛ ÒË≈¬ı¬ı˛±ø˙¸˜”˝√√ (Invariants)

4.4.3.2 Œ¬ı˛Úƒ‰¬ (Wrench)

4.5 ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ø√flƒ¡ øÚ¬ı˛À¬Ûé¬ Œfl¡f (Astatic Centre of a System of

Coplanar Forces)

4.6 ¸±¬ı˛±—˙

4.7 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

4.1 √õ∂d¬±¬ıÚ±

¤ ¬Û˚«z¬ ’±˜¬ı˛± ¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ › ¸˜±z¬¬ı˛±˘ ¬ı˘À·±á¬œ ¸•§À&Ò ’±À˘±‰¬Ú± fl¡À¬ı˛øÂ√º ’±˜¬ı˛±

Œ√À‡øÂ√ ¸˜ø¬ıμ≈ ¬ı˘À·±á¬œ ¤fl¡øÈ¬ ˘øt ¬ıÀ˘¬ı˛ ¡Z±¬ı˛± ¬ı˛≈¬Û±ø˚˛Ó¬ fl¡¬ı˛± ˚±˚˛º ’±¬ı±¬ı˛ ¸˜±z¬¬ı˛±˘ ¬ı˘¸˜”À˝√√¬ı˛

Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ’˙”Ú…fl¡ ˝√√À˘ ‹ ¸˜±z¬¬ı˛±˘ ¬ı˘À·±á¬œ¬ı˛ ¤fl¡øÈ¬ ˘øt ¬ı˘ Ô±Àfl¡º

¤‡Ú ’±˜±À√¬ı˛ fl¡±ÀÂ√ õ∂Ò±Ú ø¬ıÀ¬ı‰¬… ˝√√˘ ¸±Ò±¬ı˛Ìˆ¬±À¬ı Œ˚ Œfl¡±Ú ¬ı˘À·±á¬œ ˚ø√ ¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛

Î¬◊¬Û¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛, Ó¬±˝√√À˘ ‹ ¬ı˘À·±á¬œ¬ı˛ fl¡Ó¬È¬± ¸¬ı˛˘œfl¡¬ı˛Ì fl¡¬ı˛± ¸y¬¬ı∑ ’±˜¬ı˛± ¤˝◊√√ ¤fl¡Àfl¡ Œ√‡±¬ı

Œ˚, Œ˚ Œfl¡±Ú ¬ı˘À·±á¬œ ¤fl¡øÈ¬ ¬ı˘ › ¤fl¡øÈ¬ ¬ı˘¡ZÀiZ¬ı˛ ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛± ¸y¬¬ıº



85

NOSU

4.2 √Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡Àfl¡ ’±¬ÛÚ±¬ı˛± Œ˚ Œfl¡±Ú õ∂√M√√ ¬ı˘À·±á¬œÀfl¡ øfl¡ˆ¬±À¬ı ¸˝√√Ê√ˆ¬±À¬ı ¤fl¡øÈ¬ ¬ı˘ › ¤fl¡øÈ¬

¬ı˘¡ZÀiZ¬ı˛ ¸ø˝√√Ó¬ ¸˜Ó≈¬˘ Œ√‡±ÀÚ± ˚±˚˛ Ó¬± Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº

Ó¬±Â√±Î¬ˇ± ’±¬ı˛› Œ√‡ÀÓ¬ ¬Û±À¬ıÚ ¬ı˘À·±á¬œ ¸˜Ó¬˘œ˚˛ ˝√√À˘, Œ√‡± ˚±À¬ı ‹ ¬ı˘À·±á¬œ ¤fl¡øÈ¬ ¬ıÀ˘¬ı˛

’Ô¬ı± ¤fl¡øÈ¬ ¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘º

fl¡Ó¬·≈ø˘ ¬ı˘Àfl¡ Ó¬±À√¬ı˛ ø√flË¡˚˛±ø¬ıμ≈ ˜±Ò…À˜ ¤fl¡˝◊√√ Œfl¡±ÀÌ Œ‚±¬ı˛±À˘ Œ√‡± ˚±˚˛ ¬ı˘·≈ø˘¬ı˛ ˘øt ¬ı˘

¸¬ı«√± ¤fl¡øÈ¬ øÚø«√©Ü ø¬ıμ≈ ø√À˚˛ ˚±À¬ıº ¤˝◊√√ ø¬ıμ≈Àfl¡ ø√flƒ¡ øÚ¬ı˛À¬Ûé¬ ¬ı˘± ˝√√˚˛º

’±¬ı±¬ı˛ Œ√‡± ˚±À¬ı ¬ı˘·≈ø˘¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ’˙”Ú… ˝√√À˘, ¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬ Œ¬ı˛Úƒ‰¬ ’Ô«±» ¤fl¡˝◊√√

Œ¬ı˛‡±˚˛ õ∂˚≈q¡ ¤fl¡øÈ¬ ¬ı˘ › ¤fl¡øÈ¬ ¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘ ˝√√À¬ıº

’±¬ı±¬ı˛ Œ√‡± ˚±À¬ı Œ˚ Œfl¡±Ú ¬ı˘À·±á¬œ Œ√›˚˛± Ô±fl¡À˘ Î¬◊˝√√±À√¬ı˛ ¡Z±¬ı˛± ·øÍ¬Ó¬ ≈√øÈ¬ ÒË≈¬ı¬ı˛±ø˙ (Invariant)

√̋√À¬ıº

Î¬◊¬ÛÀ¬ı˛¬ı˛ ¤˝◊√√ ¸fl¡˘ Ò˜« ŒÔÀfl¡ ’±˜±À√¬ı˛ ¬ÛÀé¬ Œfl¡±Ú ¬ıd≈¬¬ı˛ ¸±˜… ˝◊√√Ó¬…±ø√ ¬Û¬ı˛œé¬±¬ı˛ ¡Z±¬ı˛± ¬ı˘± ¸y¬¬ı

√̋√À¬ıº

4.3 √ΔàÔøÓ¬fl¡ ¸˜Ó≈¬˘Ó¬±

¸—:± : ≈√øÈ¬ ¬ı˘À·±á¬œ S1, S2 ˚ø√ ¤˜Ú ˝√√˚˛ Œ˚ S1 ¬ı˘À·±á¬œ¬ı˛ ¸Àe· ˙”Ú… ˘øt˚≈q¡ ¬Û¬ı˛¶Û¬ı˛

ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ¸˜±Ú ˜±ÀÚ¬ı˛ ≈√øÈ¬ ¬ı˘ ’Ô¬ı± ¤¬ı˛”¬Û ’ÀÚfl¡·≈ø˘ ¬ı˘ Œ˚±· fl¡¬ı˛À˘ S2 ¬ı˘À·±á¬œ ¬Û±›˚˛±

˚±˚˛, Ó¬±˝√√À˘ S1 ¤¬ı— S2 ¬ı˘À·±á¬œ¡Z˚˛Àfl¡ ΔàÔøÓ¬fl¡ ¸˜Ó≈¬˘ ¬ı˘± ˝√√À¬ıº ¸˝√√ÀÊ√˝◊√√ ’Ú≈À˜˚˛ S1 ŒÔÀfl¡

˚ø√ S2 ¬Û±›˚˛± ˚±˚˛, Ó¬±˝√√À˘ S2 ŒÔÀfl¡› ¤fl¡˝◊√√ˆ¬±À¬ı S1 ¬Û±›˚˛± ˚±˚˛º ’±¬ı±¬ı˛ S1, S2-¤¬ı˛ ¸Àe· ¤¬ı—

S2, S3-¤¬ı˛ ¸Àe· ¸˜Ó≈¬˘ ˝√√À˘ S1, S3-¤¬ı˛ ¸Àe· ¸˜Ó≈¬˘ ˝√√À¬ıº

Œ˚À˝√√Ó≈¬ ’±˜¬ı˛± ¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ¸˜±Ú ˜±ÀÚ¬ı˛ ≈√øÈ¬ ¬ı˘ Œ˚±· fl¡¬ı˛øÂ√, ’Ó¬¤¬ı ¶§Ó¬–ø¸X ’Ú≈¸±À¬ı˛

¬ı˘À·±á¬œ¬ı˛ Œfl¡±Ú ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√˚˛ Ú±º Œ˚ ¸fl¡˘ ¬ı˘ ¬ı˘À·±á¬œ¬ı˛ ¸Àe· ˚≈q¡ fl¡¬ı˛± ˝√√˘ Œ˚ Œfl¡±Ú ø¬ıμ≈¬ı˛

¸±À¬ÛÀé¬ Ó¬±À√¬ı˛ √w¬±˜fl¡ = 0 ˝√√À¬ıº ’Ó¬¤¬ı ≈√øÈ¬ ¸˜Ó≈¬˘ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ¤¬ı—

Œ˚ Œfl¡±Ú ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡º

4.4 √Î¬◊¬Û¬Û±√…

¤fl¡øÈ¬ õ∂√M√√ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘ 
� �

�

�

F F Fn1 2, , ,  ¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ A1, A2, ..., An ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±

fl¡À¬ı˛º ˚ø√ O Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ø¬ıμ≈ ˝√√˚˛ ˚±¬ı˛ ¸±À¬ÛÀé¬ A1, A2, ..., An ø¬ıμ≈¸˜”À˝√√¬ı˛ àÔ±ÚÀˆ¬"√√¬ı˛ ˚Ô±√flË¡À˜
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� � � �

r r r rn1 2 3, , , . . . , , Ó¬±˝√√À˘ õ∂√M√√ ¬ı˘À·±á¬œ ¸˜Ó≈¬˘ ˝√√À¬ı O ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±¬ı˛Ó¬ ¬ı˘ 
�

F  › ¤fl¡øÈ¬ ¡ZiZ

�

G -¤¬ı˛ ¸ø˝√√Ó¬, Œ˚‡±ÀÚ 
� � �

�

�

F F F Fn� � � �1 2  ¤¬ı— 
�

�

�

�

�

�
�

�

G r F r F r Fn n� � � � � � � �1 1 2 2

¬ı˘·≈ø˘¬ı˛ O ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡¸˜”À˝√√¬ı˛ Œ˚±·Ù¬˘º

õ∂˜±Ì : ¬ı˘À·±á¬œ¬ı˛ ¸ø˝√√Ó¬ øÚÀ•ß ¬ı˘·≈ø˘ Œ˚±· fl¡¬ı˛˘±˜º

(1) O ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±¬ı˛Ó¬ ( , ), ( , ), , ( , )
� � � �

�

� �

F F F F F Fn n1 1 2 2� � � � ¤˝◊√√ ¬ı˘·≈ø˘ Œ˚À˝√√Ó≈¬ ¸˜±Ú

˜±ÀÚ¬ı˛ ¤¬ı— ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ, ’Ó¬¤¬ı Î¬◊˝√√±À√¬ı˛ ˚≈q¡ fl¡¬ı˛±¬ı˛ Ù¬À˘ õ∂√M√√ ¬ı˘À·±á¬œ¬ı˛ Œfl¡±Ú ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√˚˛ Ú±º

1 Ú— ø‰¬S

¤‡Ú A1 ø¬ıμ≈ÀÓ¬ 
�

F1 ¤¬ı— O ø¬ıμ≈ÀÓ¬ –
�

F1 ¤fl¡øÈ¬ ¬ı˘¡ZiZ ΔÓ¬¬ı˛œ fl¡À¬ı˛ ¤¬ı— Œ¸˝◊√√ ¬ı˘¡ZÀiZ¬ı˛ √w¬±˜fl¡

[O ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛]º

� �
�

�

r F1 1

¤fl¡˝◊√√ˆ¬±À¬ı õ∂ÀÓ¬…fl¡øÈ¬ ¬ı˘ 
�

Fk � [˚±˝√√± Ak ŒÓ¬ ø√flË¡˚˛±¬ı˛Ó¬] › O ø¬ıμ≈ÀÓ¬ �
�

Fk  ¤˝◊√√ ≈√øÈ¬¬ı˛ 
�

�

r Fk k� �  ¤˝◊√√

√w¬±˜fl¡˚≈q¡ ¬ı˘¡ZiZ ΔÓ¬¬ı˛œ fl¡À¬ı˛º

’Ó¬¤¬ı õ∂√M√√ ¬ı˘À·±á¬œ Ú”Ó¬Ú ¬ı˘·≈ø˘ ¸˝√√� O ¸˜Ó≈¬˘ ˝√√˘ (1) ¤fl¡øÈ¬ ¬ı˘ 
�

F � O ø¬ıμ≈ÀÓ¬ Œ˚‡±ÀÚ

� � �

�

�

F F F Fn� � � �1 2

(2) ¤fl¡øÈ¬ ¬ı˘¡ZiZ ˚±˝√√± Î¬◊¬ÛÀ¬ı˛ ¬ıøÌ«Ó¬ n ¸—‡…fl¡ ¬ı˘¡ZÀiZ¬ı˛ ˘øt ¬ı˘¡ZiZ 
�

G  Œ˚‡±ÀÚ

�

�

�

G r Fk k
k

n
� �

�



1

’Ó¬¤¬ı Î¬◊¬Û¬Û±√…øÈ¬ õ∂˜±øÌÓ¬ ˝√√˘º
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4.4.1 ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ

¤fl¡øÈ¬ ¸˜Ó¬˘ ¬ı˘À·±á¬œ 
� �

�

�

F F Fn1 2, , , � ˚Ô±√flË¡À˜ A r A r A rn n1 1 2 2( ), ( ), , ( )
� �

�
�

 ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±

fl¡À¬ı˛ Œ˚‡±ÀÚ 
� �

�
�

r r rn1 2, , ,  ˝√√˘ ø¬ıμ≈ O-¤¬ı˛ ¸±À¬ÛÀé¬ àÔ±ÚÀˆ¬"√√¬ı˛º ‹ Ó¬À˘¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ O ŒÓ¬

¤fl¡øÈ¬ ¬ı˘ 
�

F  ¤¬ı— ¤fl¡øÈ¬ √w¬±˜fl¡ 

�

G -¤¬ı˛ ¸Àe· ¸˜Ó≈¬˘º ¤‡±ÀÚ 
�

�

�

G r Fk k� �
 � Œ˚‡±ÀÚ 
�

rk � ›

�

Fk  Œˆ¬"√√¬ı˛¡Z˚˛ ‹ Ó¬À˘ ’¬ıøàÔÓ¬ ˝√√›˚˛±˚˛ 

�

G  ‹ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ ø√Àfl¡ õ∂¸±ø¬ı˛Ó¬º

Î¬◊¬Û¬Û±√… : ¤fl¡øÈ¬ ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ øÚ•ßø˘ø‡Ó¬ ¬ı˘À·±á¬œ¬ı˛ ¸Àe· ¸˜Ó≈¬˘ ˝√√À¬ı :ñ

õ∂Ô˜ Œé¬S : ¬ı˘À·±á¬œ¬ı˛ ¬ı˘¸˜”À˝√√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ˙”Ú… Ú± ˝√√À˘ õ∂√M√√ ¬ı˘À·±á¬œ ¤fl¡øÈ¬ ¬ıÀ˘¬ı˛

¸Àe· ¸˜Ó≈¬˘º

ø¡ZÓ¬œ˚˛ Œé¬S : ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ˙”Ú… ˝√√À˘ ¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬ ¬ı˘¡ZÀiZ¬ı˛

¸ø˝√√Ó¬ ¸˜Ó≈¬˘ ˝√√˚˛º

õ∂˜±Ì : Ò¬ı˛± ˚±fl¡ ¸˜Ó¬˘ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘ 
� �

�

�

F F Fn1 2, , ,  ˚Ô±√flË¡À˜ ‹ Ó¬À˘¬ı˛ A1, A2,

..., An ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛º ¤‡Ú ¤fl¡øÈ¬ ø¬ıμ≈ O ŒÚ›˚˛± Œ·˘º O ø¬ıμ≈ÀÓ¬ ŒÊ√±Î¬ˇ± ŒÊ√±Î¬ˇ±

( , ), ( , ), ( , )
� � � �

�

� �

F F F F F Fn n1 1 2 2� � � � ¤˝◊√√ ¬ı˘·≈ø˘ õ∂˚≈q¡ ˝√√˘º Œ˚À˝√√Ó≈¬ ¬ı˘¡Z˚˛ ¸˜±Ú ˜±ÀÚ¬ı˛ ›

¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ, ’Ó¬¤¬ı ‹ ¬ı˘·≈ø˘¬ı˛ Œ˚±·√±ÀÚ ¬ı˘À·±á¬œ¬ı˛ Œfl¡±Ú ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√À¬ı Ú±º ¤‡Ú 
�

F1

¬ı˘ A1 ø¬ıμ≈ÀÓ¬ › �
�

F1� ¬ı˘ O ø¬ıμ≈ÀÓ¬ ¤fl¡øÈ¬ ¬ı˘¡ZiZ ΔÓ¬¬ı˛œ fl¡À¬ı˛ ˚±¬ı˛ √w¬±˜fl¡ � �
�

�

r F1 1� Œ˚‡±ÀÚ

�

r1 ˝√√˘ O ¸±À¬ÛÀé¬ A1-¤¬ı˛ àÔ±ÚÀˆ¬"√√¬ı˛º ¤ˆ¬±À¬ı ’±˜¬ı˛± n ¸—‡…fl¡ √w¬±˜fl¡ ¬Û±˝◊√√º Ó¬±Â√±Î¬ˇ± ¬ÛÀÎ¬ˇ ¬ı˛˝◊√√˘

O ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±fl¡±¬ı˛œ 
� �

�

�

F F Fn1 2, , , � ¬ı˘¸˜”˝√√º ’Ó¬¤¬ı Œ√‡± Œ·˘ õ∂√M√√ ¬ı˘À·±á¬œ¬ı˛ ¸˜Ó≈¬˘ ˝√√˘

O ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±¬ı˛Ó¬ ¤fl¡øÈ¬ ¬ı˘ ˚±¬ı˛ Œˆ¬"√√¬ı˛ ¬ı˛”¬Û 
� � �

�

�

F F F Fn� � � �1 2  ¤¬ı— ¤fl¡øÈ¬ ¬ı˘¡ZiZ ˚±¬ı˛

√w¬±˜fl¡ ˝√√˘ 

�

�

�

G r Fk
k

n

k� �
�



1
º

¤‡Ú O ø¬ıμ≈ ø√À˚˛ ˚ø√ Ox, Oy ’é¬¡Z˚˛ ŒÚ›˚˛± ˚±˚˛ ¤¬ı—

�

� � � � �

r x i y j F X i Y jk k k k k k� � � �,  Œ˘‡± ˚±˚˛ Ó¬À¬ı
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� � � � �

F i X j Y i X jYk k
k

n

k

n
� � � �

��




11
 Œ˚‡±ÀÚ X Xk

k

n
�

�



1

Y Yk
k

n
�

�



1

¤¬ı—

� � � � �

G i x jy i X jYk k k k
k

n
� � � �

�

 ( ) ( )

1

� � �
�



� �

k x Y y X Gkk k k k
k

n
( )

1

õ∂Ô˜ Œé¬S : Œ˚À˝√√Ó≈¬ 
�

F � 0, ’Ó¬¤¬ı X2 + Y2 � 0º ’±¬ı±¬ı˛ 
�

G � ¬ı˘¡ZiZÀfl¡ ¤fl¡øÈ¬ ¬ı˘ �
�

F ,

O ø¬ıμ≈ÀÓ¬ ¤¬ı— 
�

F  ¬ı˘ P(x, y) ø¬ıμ≈ÀÓ¬ Œ˚‡±ÀÚ ( ) ( )
� � � � � �

i x jy i X jY G Gk� � � � �

’Ô«±» xY – yX = G

’Ô«±» G – xY + yX = 0 (1)

’Ó¬¤¬ı (x, y) ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡±¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√˘º ’Ó¬¤¬ı ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬ ¬ı˘

� � �

F i X jY� � -¤¬ı˛ ¸˜Ó≈¬˘ Œ˚‡±ÀÚ 
�

F  ¬ı˘øÈ¬ ø√flË¡˚˛± fl¡¬ı˛ÀÂ√ (1) Ú— ¸˜œfl¡¬ı˛Ì ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ ¸¬ı˛˘À¬ı˛‡±¬ı˛

ø√Àfl¡º ’¬ı˙…˝◊√√ Œ√‡± ˚±À26√ Œ˚ (1) Ú— ¸¬ı˛˘À¬ı˛‡± 
�

F-¤¬ı˛ ¸˜±z¬¬ı˛±˘º

ø¡ZÓ¬œ˚˛ Œé¬S : ¤‡±ÀÚ 
� � �

�

�

F F F Fn� � � � �1 2 0 � ’Ó¬¤¬ı ¤‡±ÀÚ X = 0, Y = 0

G x Y y Xk k k k
k

n
� �

�

 ( )

1

’Ó¬¤¬ı ¤˝◊√√ Œé¬ÀS ¬ı˘À·±á¬œ ¤fl¡øÈ¬ ¬ı˘¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘ ˚±¬ı˛ √w¬±˜fl¡ 

�

G  ‹ ¸˜Ó¬À˘¬ı˛ ˘•§ ø√Àfl¡º

Î¬◊√±˝√√¬ı˛Ì :
(1, 2), (3, 4), (5, 6) ø¬ıμ≈ øÓ¬ÚøÈ¬ÀÓ¬ ¬ı˘S˚˛ ˚±À√¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ x, y ø√Àfl¡ (5, 10), (10,
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15), (15, 20) ø√flË¡˚˛± fl¡À¬ı˛º Œ√‡±Ú Œ˚ ¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬ ˘øt ¬ıÀ˘¬ı˛ ¸˜Ó≈¬˘ ¤¬ı— ‹ ˘øt ¬ı˘

› ø√flË¡˚˛±À¬ı˛‡± øÚÌ«˚˛ fl¡¬ı˛≈Úº

2 Ú— ø‰¬S

¬ı˘·≈ø˘¬ı˛ x-ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙

X = 5 + 10 + 15 = 30

¬ı˘·≈ø˘¬ı˛ y-ø√Àfl¡

Y = 10 + 15 + 20 = 45

’Ó¬¤¬ı ¬ı˘¸˜”À˝√√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ = (30, 45) � 0

’Ó¬¤¬ı ¬ı˘À·±á¬œ ¤fl¡øÈ¬ ˘øt ¬ıÀ˘¬ı˛ ¸Àe· ¸˜Ó≈¬˘º

¬ı˘·≈ø˘¬ı˛ O (0, 0) ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ Œ˚±·Ù¬˘

�

� � � � � � � � �

G
i j k i j k i j k

� � �1 2 0
5 10 0

3 4 0
10 15 0

5 6 0
15 20 0

� � � � � �
� � �

k k k( ) ( ) ( )10 10 45 40 100 90

� 15
�

k
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’Ó¬¤¬ı ˘øt ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√˘ :

G – xY + yX = 0

¬ı±, 15 – 45x + 30y = 0

’Ô¬ı±, 1 – 3x + 2y = 0

˚ø√ ¤fl¡øÈ¬ ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘¬ı˛ √w¬±˜fl¡ Œ˚±·Ù¬˘ õ∂√M√√ ¤fl¡À¬ı˛‡œ˚˛ Ú˚˛ ¤˜Ú øÓ¬ÚøÈ¬

ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ¸˜±Ú ˝√√˚˛, ¬ı˘À·±á¬œ ¤fl¡øÈ¬ ¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘º

¸˜±Ò±Ú : Ò¬ı˛± ˚±fl¡ ¬ı˘À·±á¬œøÈ¬ ’±ø√ ø¬ıμ≈ O ŒÓ¬ ø√flË¡˚˛±˙œ˘ ¤fl¡øÈ¬ ¬ı˘ (X, Y) › G √w¬±˜fl¡˚≈q¡

¤fl¡øÈ¬ ¬ı˘¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘º õ∂√M√√ ˙Ó«¬±Ú≈¸±À¬ı˛ (x1, y1), (x2, y2), (x3, y3) øÓ¬ÚøÈ¬ ø¬ıμ≈ ¸±À¬ÛÀé¬ Œ˚À˝√√Ó≈¬

¬ı˘À·±á¬œ¬ı˛ √w¬±˜fl¡ Œ˚±·Ù¬˘ ¸˜±Ú, ’Ó¬¤¬ı ¸˜Ó≈¬˘Ó¬±¬ı˛ ˙Ó«¬±Ú≈˚±˚˛œ (x1, y1)-¤¬ı˛ ¸±À¬ÛÀé¬ ¬ı˘À·±á¬œ¬ı˛

√w¬±˜fl¡º

� 
 � � 


� � �

� �

i j k
x y
X Y

Gk x Y y X G k1 1 1 10
0

( )

’Ó¬¤¬ı ˙Ó«¬±Ú≈¸±À¬ı˛ x1Y – y1X + G = x2Y – y2X + G = x3Y – y3X + G

’Ó¬¤¬ı ( ) ( )
( ) ( )
x x Y y y X
x x Y y y X
1 2 1 2

1 3 1 3

0
0

� � � �
� � � �

���
¤‡Ú ˚ø√ (x1 – x2) (y1 – y3) – (x1 – x3) (y1 – y2) � 0 ˝√√˚˛ Ó¬À¬ı X = Y = 0 ’Ô«±»

¬ı˘À·±á¬œ ¤fl¡øÈ¬ ¬ı˘¡ZÀiZ ¬Û˚«¬ıø¸Ó¬º ˚ø√ (x1 – x2) (y1 – y3) = (x1 – x3) (y1 – y2) = 0

˝√√˚˛ Ó¬À¬ı (x1, y1), (x2, y2), (x3, y3) ø¬ıμ≈ øÓ¬ÚøÈ¬¬ı˛ ¡Z±¬ı˛± ·øÍ¬Ó¬ øSˆ≈¬ÀÊ√¬ı˛ Œé¬SÙ¬˘ ˙”Ú…, ’Ô«±»

ø¬ıμ≈ øÓ¬ÚøÈ¬ ¤fl¡À¬ı˛‡œ˚˛º øfl¡z≈¬ ˝◊√√˝√√± ¸y¬¬ı ÚÀ˝√√º ’Ó¬¤¬ı ¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬ ¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘º ’±¬ı˛ ‹

¡ZÀiZ¬ı˛ √w¬±˜fl¡ G ˚ø√ ˙”Ú… ˝√√˚˛ Ó¬À¬ı ¬ı˘À·±á¬œ ¸±À˜… Ô±Àfl¡º

4.4.2 ¬ı˘À·±á¬œ¬ı˛ ¬ı˘¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘ ˝√√›˚˛±¬ı˛ ˙Ó«¬

Î¬◊¬Û¬Û±√… : ¬ı˘À·±á¬œ¬ı˛ ¬ı˘¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘ ˝√√›˚˛±¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√˘ ¬ı˘¸˜”À˝√√¬ı˛ Œˆ¬"√√¬ı˛

Œ˚±·Ù¬˘ ˙”Ú…º

õ∂˜±Ì : Ò¬ı˛± ˚±fl¡ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘ 
� �

�

�

F F Fn1 2, , ,  ˚Ô±√flË¡À˜ A r A r A rn n1 1 2 2( ), ( ), , ( )
� �

�
�

ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛º ≈√øÈ¬ ¸˜Ó≈¬˘ ¬ı˘À·±á¬œ¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈¸±À¬ÛÀé¬ √w¬±˜fl¡ ¸˜±Ú, ¤¬ı— ¬ı˘¡ZÀiZ¬ı˛

¬ı˘¸˜”À˝√√¬ı˛ √w¬±˜fl¡ õ∂ÀÓ¬…fl¡ ø¬ıμ≈ ¸±À¬ÛÀé¬ ¤fl¡˝◊√√ ˝√√˚˛º Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ 
� � �

�

�

F F F Fn� � � �1 2 �¤¬ı—
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�

�

�

G r Fk
k

n

k� �
�



1

O ø¬ıμ≈ÀÓ¬ 
�

F  ¬ı˘ › 
�

G � ¬ı˘¡ZiZ ¬ı˘À·±á¬œ¬ı˛ ¸˜Ó≈¬˘º [Œ˚‡±ÀÚ ’±ø√ ø¬ıμ≈ O-¤¬ı˛ ¸±À¬ÛÀé¬

√w¬±˜fl¡ ŒÚ›˚˛± ˝√√À˚˛ÀÂ√]º

¤‡Ú ¤fl¡øÈ¬ ø¬ıμ≈ P r( )
�

� ¸±À¬ÛÀé¬ ¬ı˘À·±á¬œ¬ı˛ √w¬±˜fl¡ øÚÀ˘ √w¬±˜fl¡ ˝√√À¬ı 
�

G	

� � � �

�

�

G G PO F G r F�� 
 � � � �
���

� ˚ø√ | |
�

F � 0 � ˝√√˚˛, Ó¬À¬ı Œ˚À˝√√Ó≈¬ P Œ˚ Œfl¡±Ú ø¬ıμ≈ ŒÚ›˚˛±

˚±˚˛º ’Ó¬¤¬ı 
�

�

r F� � 0  ¤¬ı— ø¬ıøˆ¬iß P ø¬ıμ≈¬ı˛ Ê√Ú… ¤˝◊√√ √w¬±˜fl¡ ’±˘±√± ˝√√˚˛º øfl¡z≈¬ õ∂√M√√ ’±ÀÂ√

¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬ ¬ı˘¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘º ’Ó¬¤¬ı Î¬◊˝√√±À√¬ı˛ √w¬±˜fl¡ øˆ¬iß øˆ¬iß ø¬ıμ≈ÀÓ¬ ¤fl¡˝◊√√ ˝√√ÀÓ¬ ˝√√À¬ıº

’Ó¬¤¬ı | |
�

F � 0 � ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú±º ’Ó¬¤¬ı 
�

F � 0� ˝√√ÀÓ¬ ˝√√À¬ıº

3 Ú— ø‰¬S

’Ó¬¤¬ı õ∂˜±øÌÓ¬ ˝√√˘ 
�

F � 0�õ∂À˚˛±Ê√Úœ˚˛ ˙Ó«¬º ’±¬ı±¬ı˛ 
�

F � 0 ˙Ó«¬ ˚ÀÔ©ÜñŒ˚È¬± 4.4-¤¬ı˛ Î¬◊¬Û¬Û±√…

ŒÔÀfl¡ ¬Û±›˚˛± ˚±˚˛º

4.4.3 Œ¬Û“√±˚˛±¸-¤¬ı˛ Œfl¡fœ˚˛ ’é¬ (Poinsot’s Central Axis)

4.4 ’Ú≈À26√À√ ’±˜¬ı˛± Œ√À‡øÂ√ Œ˚ ¤fl¡øÈ¬ ¬ı˘À·±á¬œ ¬ı˘ 
� �

�

�

F F Fn1 2, , ,  ˚Ô±√flË¡À˜ A1, A2, ...,

An ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡¬ı˛À˘ ¤¬ı— Œ˚ Œfl¡±Ú ø¬ıμ≈ O ¸±À¬ÛÀé¬ A1, A2, ..., An ¤¬ı˛ ’¬ıàÔ±Ú Œˆ¬"√√¬ı˛

˚Ô±√flË¡À˜ 
� �

�
�

r r rn1 2, , ,  ˝√√À˘ ¬ı˘À·±á¬œøÈ¬ ¸˜Ó≈¬˘ ˝√√˚˛ ¤fl¡øÈ¬ ¬ı˘ 
� � �

�

�

F F F Fn� � � �1 2 � ˚±˝√√± O

ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±˙œ˘ ¤¬ı— ¤fl¡øÈ¬ ¬ı˘¡ZiZ ˚±¬ı˛ √w¬±˜fl¡ 

�

�

�

G r Fk
k

n

k� �
�



1
 = ¸˜d¬ ¬ıÀ˘¬ı˛ O ¸±À¬ÛÀé¬ √w¬±˜fl¡

Œ˚±·Ù¬˘ ¤˝◊√√ ≈√øÈ¬¬ı˛ ¸ø˝√√Ó¬º
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¤‡Ú ˚ø√ 
�

F � 0� ˝√√˚˛, Ó¬À¬ı Œ√‡±ÀÚ± ˝√√À¬ı Œ˚ ¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬ ø√flË¡˚˛±À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ¤fl¡øÈ¬ ¬ı˘

�

F � ¤¬ı— ¤fl¡øÈ¬ ¬ı˘¡ZiZ ˚±¬ı˛ ’é¬› ‹ ¬ı˘À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ¤¬ı˛”¬Û ≈√øÈ¬¬ı˛ ¸˜Ó≈¬˘ ˝√√À¬ıº

õ∂˜±Ì : O ø¬ıμ≈ÀÓ¬ 
�

F � ¬ı˘ ¤¬ı— ¬ı˘¡ZiZ 
�

G  ¤À√¬ı˛ ˜ÀÒ… Œfl¡±Ì �� Ò¬ı˛± ˝√√˘º 
�

G  ¬ı˘¡ZiZøÈ¬Àfl¡

≈√øÈ¬ ¬ı˘¡ZÀiZ¬ı˛ ˘øt ø˝√√À¸À¬ı Œ√‡± ˚±˚˛ Œ˚‡±ÀÚ ¤fl¡øÈ¬ ˝√√˘ 
�

F � ¬ı¬ı˛±¬ı¬ı˛ ’Ô«±» G cos �� ˜±ÀÚ¬ı˛ ’±¬ı˛

’¬Û¬ı˛øÈ¬ ˝√√˘ G sin �
�

e  ˚±˝√√± 
�

G , 
�

F  ¸˜Ó¬À˘ ¤¬ı— 
�

F-¤¬ı˛ ˘•§ ø√Àfl¡ [¤‡±ÀÚ 
�

e  ¤fl¡øÈ¬ ¤fl¡fl¡

Œˆ¬"√√¬ı˛ ¤˜Ú Œ˚ 
�

e .
�

F � = 0 ¤¬ı— 
�

e �
�

G  = G sin �)º

4 Ú— ø‰¬S

Gsin�
�

e  ¬ı˘¡ZiZøÈ¬ Œ˚À˝√√Ó≈¬ 
�

F-¤¬ı˛ ˘•§, ’Ó¬¤¬ı Î¬◊˝√√±Àfl¡ 
�

e -¤¬ı˛ ˘•§ ¸˜Ó¬À˘ O ø¬ıμ≈ÀÓ¬

–
�

F � ¤¬ı— ’¬Û¬ı˛ ¬ı˘ 
�

FO	 ø¬ıμ≈ÀÓ¬ ˘•§ ¸˜Ó¬À˘ ˚±À√¬ı˛ ˜ÀÒ… ”√¬ı˛Q 
G

F
sin ,�

 ’Ô«±» OO	
���

, Œˆ¬"√√¬ı˛

�

e  › 
�

F-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ ¤¬ı— OO	 � G
F
sin ,�

 ’Ó¬¤¬ı ¤¬ı±¬ı˛ ’±˜¬ı˛± ¸˜Ó≈¬˘ ¤˝◊√√ ¬ı˘À·±á¬œ ¬Û±˝◊√√º

(a) 
�

F  ¬ı˘ O ø¬ıμ≈ÀÓ¬

(b) G F
F

cos
| |

�

�

�  ¬ı˘¡ZiZ 
�

F-¤¬ı˛ ø√Àfl¡

(c) –
�

F  ¬ı˘ O ø¬ıμ≈ÀÓ¬

(d) 
�

F � ¬ı˘ O	 ø¬ıμ≈ÀÓ¬ Œ˚‡±ÀÚ OO F G e	� �
��� � �

�

sin �
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(a) › (c) ¬ı˘ ≈√øÈ¬ ¸±À˜…º ’Ó¬¤¬ı ’¬ıø˙©Ü ¬ı˛˝◊√√˘ O	 ø¬ıμ≈ÀÓ¬ 
�

F � ¬ı˘ ¤¬ı— 
�

F � ¬ıÀ˘¬ı˛ ø√Àfl¡

Gcos � ˜±Ú ø¬ıø˙©Ü ¬ı˘¡ZiZº ’Ó¬¤¬ı ’±˜¬ı˛± ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡± Œ¬Û˘±˜ ¸˜Ó≈¬˘ ¤fl¡øÈ¬ ¬ı˘ 
�

F  [˚±˝√√±

O	 -ŒÓ¬ ø√flË¡˚˛± fl¡À¬ı˛] ¤¬ı— ¤fl¡øÈ¬ ¬ı˘¡ZiZ ˚±¬ı˛ √w¬±˜fl¡ 
�

F  ¬ı¬ı˛±¬ı¬ı˛ ’±ÀÂ√º

¬ı˘¡ZiZøÈ¬¬ı˛ √w¬±˜fl¡ � � �( cos ) ( cos ) .G F
F

FG F
F

F G
F

F�
�

�
�

� �

�

2 2

¤˝◊√√ √w¬±˜fl¡øÈ¬Àfl¡ 
�

�  ø√À˚˛ Œ¬ı±Á¡±À˘

�

� �

�

� � F G
F

F.
2

� �

F G
F
.
2  -Œfl¡ ¸±Ò±¬ı˛ÌÓ¬– p ¡Z±¬ı˛± øÚÀ«√˙ fl¡¬ı˛± ˝√√˚˛º p-Œfl¡ õ∂√M√√ ¬ı˘Ó¬ÀLa¬ı˛ ø¬Û‰ƒ¬ (pitch) ¬ı˘± ˝√√˚˛º

¬ı˘Ó¬ÀLa¬ı˛ ¸˜Ó≈¬˘ ¤fl¡øÈ¬ ¬ı˘ › ¤fl¡øÈ¬ ¬ı˘¡ZiZ Œ˚ ¸¬ı˛˘À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛ Ó¬±Àfl¡ Œ¬Û“√±˚˛±¸-

¤¬ı˛ Œfl¡fœ˚˛ ’é¬ ¬ı˘± ˝√√˚˛º

Œ¬Û“√±˚˛±¸-¤¬ı˛ Œfl¡fœ˚˛ ’Àé¬¬ı˛ ¸˜œfl¡¬ı˛Ì :

4.4.3 -ŒÓ¬ ’±˜¬ı˛± Œ√‡˘±˜ Œ˚ õ∂√M√√ ¬ı˘Ó¬La ¸˜Ó≈¬˘ ˝√√˚˛ O	 ø¬ıμ≈·±˜œ ¬ı˘ 
�

F  ¤¬ı— 
�

F  ¬ı¬ı˛±¬ı¬ı˛

’é¬¸˝√√ ¤fl¡øÈ¬ ¬ı˘¡ZiZ ˚±¬ı˛ √w¬±˜fl¡ 
�

� �

� �

� � �F G
F

F pF.
2

 ¬ı˘ › ¬ı˘¡ZÀiZ¬ı˛ ø√flË¡˚˛± Œ¬ı˛‡±¬ı˛ ¸˜œfl¡¬ı˛Ì øÚÌ«˚˛

fl¡¬ı˛¬ı±¬ı˛ Ê√Ú… ø√flË¡˚˛± Œ¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ P r( )
�

�ŒÚ›˚˛± ˚±fl¡º (�r �˝√√˘ O ¸±À¬ÛÀé¬ P-¤¬ı˛ ’¬ıàÔ±Ú

Œˆ¬"√√¬ı˛] Œ˚À˝√√Ó≈¬ õ∂√M√√ ¬ı˘À·±á¬œ › Ó¬±¬ı˛ ¸˜Ó≈¬˘ Œ˚ Œfl¡±Ú ¬ı˘À·±á¬œ¬ı˛ √w¬±˜fl¡ Œ˚ Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬

¸˜±Ú, ’Ó¬¤¬ı P ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛ ¬Û±˝◊√√ (O ø¬ıμ≈ÀÓ¬ 
�

F  › 
�

G  Ó¬ÀLa¬ı˛ Ê√Ú…] =

PO F G r F G
���

� 
 � � � 

� �

�

� �

Œfl¡fœ˚˛ Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ¬ı˘ 
�

F  › ¬ı˘¡ZiZ 

�

�  ¤¬ı— ¤À√¬ı˛ P ¸±À¬ÛÀé¬ √w¬±˜fl¡ = 
�

�

’Ó¬¤¬ı 

�

�

� �

� � � � �r F G

’Ô«±» 

� �

�

�

� �F G
F

F r F G.
2 � � � 
 (i)
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fl¡±øÓ«¬˚˛ àÔ±Ú±efl¡ (o ¸±À¬ÛÀé¬] ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛

�

� �

r x y z F X Y Z G L M N� � �( , , ), ( , , ), ( , , )

ox, oy, oz ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ ¬ı…¬ı˝√√±¬ı˛ fl¡À¬ı˛ ¬Û±˝◊√√,

� � � �

G r F pF� � �  Œ˚‡±ÀÚ p F G
F

�

� �

.
2

¬ı±,
L yZ zY

X
M zX xZ

Y
N xY yX

Z
p

� 

� � 
 �

� 

� (ii)

¤¬ı— p LX MY NZ
X Y Z

� 
 



 
2 2 2

’Ó¬¤¬ı (i) ˝√√˘ Œ¬Û“√±˚˛±¸-¤¬ı˛ Œfl¡fœ˚˛ ’Àé¬¬ı˛ Œˆ¬"√√¬ı˛ ¸˜œfl¡¬ı˛Ì ¤¬ı— (i) ŒÔÀfl¡ ¬Û±˝◊√√

� � � �

F G r F� � � �( ) 0

¬ı±,
� � � � � � � �

F G r F F F r F� � � �( . ) ( . ) 0

¬ı±,
�

� �

�

r F G
F

t F� � 
2 . � Œ˚‡±ÀÚ t ¤fl¡øÈ¬ Œ¶®˘±¬ı˛º

4.4.3.1 õ∂√M√√ ¬ı˘À·±á¬œ¬ı˛ ÒË≈¬ı¬ı˛±ø˙¸˜”˝√√ (Invariants)

¤fl¡øÈ¬ õ∂√M√√ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘¸˜”À˝√√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ 
� � �

�

�

F F F Fn� � � �1 2  ˝√√À˘ ¤¬ı— Œ˚ Œfl¡±Ú

ø¬ıμ≈ ¸±À¬ÛÀé¬ ¬ı˘¸˜”À˝√√¬ı˛ √w¬±˜fl¡¸˜”À˝√√¬ı˛ Œ˚±·Ù¬˘ 

�

G  ˝√√À˘,

� �

F F.  ¤¬ı— 
� �

F G.  ÒË≈¬ı¬ı˛±ø˙ ˝√√À¬ıº ’Ô«±» ‹ ø¬ıμ≈¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡¬ı˛À¬ı Ú±º

õ∂˜±Ì : ¤fl¡øÈ¬ ø¬ıμ≈ O-Œfl¡ ’±ø√ ø¬ıμ≈ øÚÀ˚˛ 
� �

�

�

F F Fn1 2, , ,  ¬ı˘¸˜”˝√√ õ∂À˚˛±· ø¬ıμ≈ A1, A2,

..., An ¤À√¬ı˛ àÔ±ÚÀˆ¬"√√¬ı˛ ˚Ô±√flË¡À˜ 
� �

�
�

r r rn1 2, , ,  ˝√√À˘ ’±˜¬ı˛± ¬Û±˝◊√√ ¸˜¢∂ ¬ı˘¸˜”À˝√√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘

� � �

�

�

F F F Fn� � � �1 2

¤¬ı— O ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡¸˜”À˝√√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ � � �
�



�

�

�

G r Fk k
k

n

1

¤‡Ú P(r) ’Ú… Œ˚ Œfl¡±Ú ø¬ıμ≈ ˝√√À˘ P ¸±À¬ÛÀé¬ ¬ı˘¸˜”À˝√√¬ı˛ √w¬±˜Àfl¡¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘

� 	 � � �
�



�

� �

�

G r r Fk k
k

n
( )

1
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� � � �
� �

 


�

�

�

�

r F r Fk k
k

n

k
k

n

1 1

� � �
�

�

�

G r F

¤‡Ú 
�

F �
�

F  [¤fl¡øÈ¬ Œˆ¬"√√À¬ı˛¬ı˛ ˜±Ú]2 ˝◊√√˝√√± ’±ø√ø¬ıμ≈, ’é¬Ó¬La ˝◊√√Ó¬…±ø√¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛ Ú±º ’±¬ı±¬ı˛

� � � � � �

F G F G r F. . ( )	 � � �

  � � �
� � � � �

F G F r F. . ( )

  �
� �

F G.

Œ˚À˝√√Ó≈¬ 
� � �

F r F. ( )� � 0

’Ó¬¤¬ı õ∂˜±øÌÓ¬º

4.4.3.2 Œ¬ı˛Úƒ‰¬ (Wrench)

’±˜¬ı˛± 4.4.3-ŒÓ¬ Œ√‡˘±˜ Œ˚ Œfl¡±Ú ¬ı˘À·±á¬œÀfl¡ [˚±˝√√±¬ı˛ ¬ı˘¸˜”À˝√√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ˙”Ú… Ú˚˛]

¤fl¡øÈ¬ ˘øt ¬ı˘ › ‹ ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ø√Àfl¡ õ∂¸±ø¬ı˛Ó¬ √w¬±˜fl¡ø¬ıø˙©Ü ¤fl¡øÈ¬ ¬ı˘¡ZiZ ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬

fl¡¬ı˛± ˚±˚˛º ¬ı˘øÈ¬ 
�

F � ˝√√À˘ ¡ZÀiZ¬ı˛ √w¬±˜fl¡ p
�

F  Œ˘‡± ˚±˚˛, Œ˚‡±ÀÚ p ¤fl¡øÈ¬ Œ¶®˘±¬ı˛ ¤¬ı— p F G
F

�

� �

�

.
| |2

,

(G ˝√√˘ Œ˚ Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬ ¬ı˘À·±á¬œ¬ı˛ √w¬±˜fl¡¸˜”À˝√√¬ı˛ Œ˚±·Ù¬˘] ¤fl¡øÈ¬ Œ¬ı˛‡±˚˛ ø√flË¡˚˛±˙œ˘ ¤fl¡øÈ¬

¬ı˘ 
�

F  › ¬ı˘¡ZiZ ˚±¬ı˛ √w¬±˜fl¡ p
�

F , ¤˝◊√√ ≈√øÈ¬Àfl¡ ¤fl¡¸Àe· ¤fl¡øÈ¬ Œ¬ı˛Úƒ‰¬ (Wrench) ¬ı˘± ˝√√˚˛º ’Ó¬¤¬ı

Œ¬Û“√±˚˛±¸-¤¬ı˛ Œfl¡fœ˚˛ ’é¬¬ ¬ı¬ı˛±¬ı¬ı˛ ¤fl¡øÈ¬ Œ¬ı˛Úƒ‰¬ (
�

F , PF
�

) ¬ı˘À·±á¬œøÈ¬¬ı˛ ¸˜Ó≈¬˘º

4.5 √¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ø√flƒ¡ øÚ¬ı˛À¬Ûé¬ Œfl¡f (Astatic Centre of a
System of Coplanar Forces)

’±˜¬ı˛± Œ√À‡øÂ√ Œ˚ ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ Œ¬ı˘±˚˛ ˚ø√ ¬ı˘·≈ø˘¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ’˙”Ú…fl¡ ˝√√˚˛ Ó¬±˝√√À˘

¬ı˘À·±á¬œ ¤fl¡øÈ¬ ˘øt ¬ıÀ˘¬ı˛ ¸˜Ó≈¬˘º ¤‡Ú ˚ø√ ¬ı˘À·±©Üœ¬ı˛ õ∂øÓ¬øÈ¬ ¬ı˘Àfl¡ ¤fl¡øÈ¬ øÚø«√©Ü Œfl¡±ÀÌ Î¬◊˝√√±À√¬ı˛

õ∂À˚˛±· ø¬ıμ≈ ¸±À¬ÛÀé¬ Î¬◊˝√√±À√¬ı˛ ¸˜Ó¬À˘ ‚≈ø¬ı˛À˚˛ Ú”Ó¬Ú ø√Àfl¡ ¬ı˘·≈ø˘ õ∂˚≈q¡ ˝√√˚˛, Ó¬±˝√√À˘ ’±˜¬ı˛± Œ√‡±¬ı
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Œ˚ Ú”Ó¬Ú ˘øt ¬ı˘ › ’±ø√ ˘øt ¬ı˘ õ∂ÀÓ¬…Àfl¡ ¤fl¡øÈ¬ øÚø«√©Ü ø¬ıμ≈ ø√À˚˛ ˚±˚˛ Œ˚ ø¬ıμ≈øÈ¬ ‚”Ì«Ú Œfl¡±ÀÌ¬ı˛

Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛ Ú±º ¸˜Ó¬˘ ¬ı˘À·±á¬œ¬ı˛ ‹ ø¬ıμ≈Àfl¡ ø√flƒ¡ øÚ¬ı˛À¬Ûé¬ Œfl¡f (Astatic Centre) ¬ı˘±

√̋√̊ º̨

Ò¬ı ˛ ± ˚±fl¡ xy-Ó¬À˘, A1(x1, y1), A2(x2, y2), ..., An(xn, yn) ø ¬ıμ≈ÀÓ¬

� �

�

�

F X Y F X Y F X Yn n n1 1 1 2 2 2� �( , ), ( , ), , ( , ) � ¤˝◊√√ ¬ı˘·≈ø˘ ø√flË¡˚˛±¬ı˛Ó¬ ’±ÀÂ√º ¤˝◊√√ ¬ı˘À·±á¬œ¬ı˛

¬ı˘·≈ø˘¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ˝√√˘ 
�

F X Y� ( , ) Œ˚‡±ÀÚ X X Y Yk
k

n

k
k

n
� �

� �

 
,

1 1
 ˚ø√ X2 + Y2 � 0

˝√√˚˛, Ó¬À¬ı ’±˜¬ı˛± Ê√±øÚ Œ˚ ¸˜Ó¬˘ ¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬ ¬ı˘ (X, Y) ¤¬ı˛ ¸˜Ó≈¬˘ Œ˚‡±ÀÚ ‹ ˘øt ¬ı˘º

G – xY + yX = 0 (1)

¤˝◊√√ ¸¬ı˛˘À1±fl¡ ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛±¬ı˛Ó¬º [¤‡±ÀÚ G ˝√√˘ ¬ı˘À·±á¬œ¬ı˛ √w¬±˜fl¡ Œ˚±·Ù¬À˘¬ı˛ ˜±Ú ’Ô«±»

G x Y y Xk k k k
k

n
� �

�

 ( )]

1

¤¬ı±¬ı˛ ’±˜¬ı˛± ˜ÀÚ fl¡ø¬ı˛ õ∂ÀÓ¬…fl¡øÈ¬ ¬ı˘Àfl¡ ��Œfl¡±ÀÌ ‚≈¬ı˛±ÀÚ± ˝√√˘º Ù¬À˘ 
�

F1 ¬ı˘øÈ¬ 
�

	F1  ¬ıÀ˘ ¬Ûø¬ı˛ÌÓ¬

˝√√˘, Œ˚‡±ÀÚ 
�

	 � 	 	F X Y1 1 1( , )

5 Ú— ø‰¬S

X1 = F1cos �1

	 � 	 �X F1 1 1cos ( )� �

Y1 = F1sin �1

	 � 	 �Y F1 1 1sin ( )� �

øfl¡z≈¬ | | | |
�

F F1 1� 	  ˝√√›˚˛±˚˛ F F1 1� 	
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’Ó¬¤¬ı

	 �X1 � F1cos(�1 + �) = F1cos �1cos � – F1sin �1sin �

= X1cos�� – Y1sin�

’Ú≈¬ı˛”À¬Û,

	 �Y1 � F1sin (�1 + �)

= Y1cos�� + X1sin�

¤‡Ú Œ˚À˝√√Ó≈¬ 	 � �
� �

 
X X Yk
k

n

k k
k

n

1 1
( cos sin )� �

  � �
� �

 
cos sin� �X Yk
k

n

k
k

n

1 1

  = Xcos� – Ysin�

¤¬ı— 	
�

Yk
k

n

1
� = Ycos� + Xsin�,

X	2 + Y	2 = (Xcos� – Ysin�)2 + (Xsin�� + Ycos�)2 = X2 + Y2

’Ó¬¤¬ı Ú”Ó¬Ú ¬ı˘À·±á¬œ ¤fl¡øÈ¬ ˘øt ¬ıÀ˘¬ı˛ ¸˜Ó≈¬˘ ˚±¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙¡Z˚˛ ˝√√˘ X	, Y	 ¤¬ı— ˘øt

¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ˝√√˘º

G	 – xY	 + yX	� = 0 (2)

Œ˚‡±ÀÚ G	� = ÚÓ≈¬Ú ¬ı˘À·±á¬œ¬ı˛ ’±ø√ ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡

� 	 � 	
�

 ( )x Y y Xk k
k

n

k k
1

� � � �
�

[ ( sin cos ) ( cos sin )]x X Y y X Yk
k

n

k k k k k
1

� � � �

� � � �
��


sin cos� �x X y Y x Y y Yk k k k k k k k
k

n

k

n

� � � �
11

= Vsin�� + Gcos� (3)

Œ˚‡±ÀÚ V �� x X y Yk k k k�
 � �
V-Œfl¡ ¬ı˘À·±á¬œ¬ı˛ øˆ¬ø¬ı˛˚˛±˘ (Virial) ¬ı˘± ˝√√˚˛º
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¤¬ı±¬ı˛ (2) Ú— ¸˜œfl¡¬ı˛ÀÌ X	�� Y	, G	-¤¬ı˛ ˜±Ú X, Y, G-¤¬ı˛ ˜±Ò…À˜ ¬ıø¸À˚˛ ¬Û±˝◊√√

Gcos�� + Vsin�� – x (Xsin�� + Ycos�	� �� y (Xcos� – Ysin�) = 0

’Ô«±»  cos�� (G – xY – yX) + sin�� (V – xX – yY) = 0 (4)

(1) › (4) ŒÔÀfl¡ ¬ı˘ ˘øt ¡ZÀ˚˛¬ı˛ ø√flË¡˚˛±À¬ı˛‡± ˚ø√ (�, �) ø¬ıμ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛ Ó¬À¬ı

¤¬ı—

G Y X
V X Y
� 
 �

� � �
���


 �


 �

0
0( )

¤À√¬ı˛ ¸˜±Ò±Ú   
 �� 




� �



GY VX
X Y

VY GX
X Y2 2 2 2

(5)

(�, �) ø¬ıμ≈øÈ¬ ¸¬ı«√± ˘øt ¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¡À¬ıº (����) ‚”Ì«Ú ¬Ûø¬ı˛˜±Ì �-¤¬ı˛ Î¬◊¬Û¬ı˛ ��� �� øÚˆ«¬¬ı˛

fl¡À¬ı˛ Ú±º (��� �) ø¬ıμ≈Àfl¡ ¬ı˘À·±á¬œ¬ı˛ ø√fl¡ øÚ¬ı˛À¬Ûé¬ Œfl¡f ¬ı˘± ˝√√˚˛º

˜z¬¬ı… :

(1) Œfl¡±Ú ¬ı˘¡ZÀiZ¬ı˛ ø√flƒ¡ øÚ¬ı˛À¬Ûé¬ Œfl¡f Ô±Àfl¡ Ú±, Œ˚À˝√√Ó≈¬ ¬ı˘·≈ø˘¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ = 0

(2) ¸˜˜≈‡œ fl¡Ó¬·≈ø˘ ¸˜Ó¬˘œ˚˛ ¸˜±z¬¬ı˛±˘ ¬ı˘ ø√flË¡˚˛± fl¡¬ı˛À˘ Ó¬±À√¬ı˛ ø√flƒ¡ øÚ¬ı˛À¬Ûé¬ Œfl¡f ’±ÀÂ√º

Œ˚À˝√√Ó≈¬ Ó¬±À√¬ı˛ ˘øt ¬ı˘ ’±ÀÂ√º

¬ı˘·≈ø˘ x-’Àé¬¬ı˛ ¸˜±z¬¬ı˛±˘ ˝√√À˘

X X Y Yk k
k

n
� � �



�

, 0
1

G x Y y X y Xk k k k k k
k

n
� � � �

�


 � �

1

� V x Xk k
k

n
�

�



1

’Ó¬¤¬ı


 � 




� � �





GY VX
X Y

VX
X

V
X

x X

X
k k

k
2 2 2

� � �



� � �





VY GX
X Y

G
X

y X

X
k k

k
2 2
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Î¬◊√±˝√√¬ı˛Ì :
(1) ¤fl¡øÈ¬ ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ ¡ZiZ G-¤¬ı˛ ¸˜Ó≈¬˘º ¬ı˘¸˜”˝√√ �� Œfl¡±ÀÌ ‚”øÌ«Ó¬ fl¡¬ı˛À˘ ¬ı˘À·±á¬œ

øfl¡À¸¬ı˛ ¸˜Ó≈¬˘∑

¸Àefl¡Ó¬ : ¤‡±ÀÚ 
� � � �

F F F Fn1 2 0� � � � �. . . .  ’Ô«±» X = Y = 0 ‚”øÌ«Ó¬ fl¡¬ı˛À˘ X	� = 0,

Y	� = 0, G	� = V sin�� + G cos��� Œ˚‡±ÀÚ V x X y Yi i i i� �
 	 
º ’Ó¬¤¬ı ¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬

Ú”Ó¬Ú ¬ı˘¡ZÀiZ ¬Ûø¬ı˛ÌÓ¬ ˝√√À26√ ˚±¬ı˛ √w¬±˜fl¡ V sin�� + Gcos�º

(2) ¸˜Ó¬˘ ¬ı˘À·±á¬œ ˚ø√ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±¬ı˛Ó¬ 
�

F  ¬ı˘ › 
�

G  ¡ZÀiZ¬ı˛ ¸ø˝√√Ó¬ ¸˜Ó≈¬˘ ˝√√˚˛ Ó¬±˝√√À˘

˚ø√ ¬ı˘À·±á¬œÀfl¡ �� Œfl¡±ÀÌ ‚”øÌ«Ó¬ fl¡¬ı˛± ˚±˚˛ ¤¬ı— ‹ ¤fl¡˝◊√√ ø¬ıμ≈ ˜±Ò…À˜ ¬ı˘ 
�

F 	 › ¡ZiZ G	� ˝√√˚˛

¤¬ı— øˆ¬ø¬ı˛˚˛±˘ V	� ˝√√˚˛, Ó¬À¬ı Œ√‡±Ú Œ˚ G2 + V2 = G	2 + V	2

õ∂˜±Ì : Ò¬ı˛± ˚±fl¡ O ’±ø√ ø¬ıμ≈ ˜±Ò…À˜ ¬ı˘ ˘øt 
� � �

F F Fn� � �1 .. . . .  ¤¬ı— ¡ZiZ G Œ˚‡±ÀÚ

G x Y y Xk k k k
k

n
� �

�

 � �

1

V x X y Yk k k k� �
 � �
¤‡Ú ¬ı˘·≈ø˘ õ∂À˚˛±· ø¬ıμ≈ ˜±Ò…À˜ �� Œfl¡±ÀÌ ‚”øÌ«Ó¬ fl¡¬ı˛± ˝√√À˘ ’±˜¬ı˛± ¬Û±ø26√º

6 Ú— ø‰¬S

	 � �X X Yk k kcos sin� �

	 � �Y X Yk k ksin cos� �

	 � �G V Gsin cos� �

	 � 	 � 	
V x X y Yk k k k� �
  = cos sin� �V x Y y Xk k k k� �
 � �
  = V Gcos sin� ��

G V G V2 2 2 2� � 	 � 	
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(3) ˚ø√ øÓ¬ÚøÈ¬ ¬ı˘ ABC øSˆ≈¬ÀÊ√¬ı˛ AB, BC, CA ¬ı±˝≈√√ øÓ¬ÚøÈ¬ ¬ı¬ı˛±¬ı¬ı˛ ¤¬ı— ‹ ¬ı˘·≈ø˘¬ı˛ ˜±Ú

AB, BC, CA ¡Z±¬ı˛± øÚ¬ı˛”ø¬ÛÓ¬ ˝√√˚˛, Ó¬±˝√√À˘ Œ√‡±Ú Œ˚ ¬ı˘ øÓ¬ÚøÈ¬ ¤fl¡øÈ¬ ¡ZÀiZ ¬Ûø¬ı˛ÌÓ¬ ˝√√˚˛ ¤¬ı— ¡ZiZøÈ¬¬ı˛

√w¬±˜fl¡ ˝√√˘ øSˆ≈¬Ê√øÈ¬¬ı˛ Œé¬SÙ¬À˘¬ı˛ ø¡Z·≈Ìº

7 Ú— ø‰¬S

¤‡±ÀÚ ¬ı˘ øÓ¬ÚøÈ¬ BC CA
�� ��

,  › AB
��

 ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬º ¬ı˘ AB
��

 › CA
��

, A ø¬ıμ≈ ø√flË¡˚˛± fl¡À¬ı˛

¤¬ı— Î¬◊˝√√±À√¬ı˛ ˘øt ¬ı˘ A ø¬ıμ≈·±˜œ AQ
��

 ¤¬ı—, AQ
��

 = CB
��

 ’Ó¬¤¬ı ¬ı˘ AQ
��

 › BC
��

 ¤fl¡øÈ¬ ¡ZiZ

ΔÓ¬¬ı˛œ fl¡À¬ı˛ ˚±¬ı˛ √w¬±˜fl¡ ˜±Ú 2�� ABCº

(4) ¤fl¡øÈ¬ ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘ øÓ¬ÚøÈ¬ ’¸˜À¬ı˛‡œ˚˛ (non-collinear) ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬

√w¬±˜fl¡ ¸˜±Ú ˝√√À˘, ¬ı˘À·±á¬œøÈ¬ ¬ı˘¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘ ˝√√À¬ıº

Ò¬ı˛± ˚±fl¡ ¬ı˘À·±á¬œøÈ¬ ‹ ¸˜Ó¬À˘ ’±ø√ ø¬ıμ≈ O ¸±À¬ÛÀé¬ ¸˜Ó≈¬˘ ˝√√˚˛ (X, Y) ˘øt ¬ı˘ › ¡ZiZ

G.

õ∂√M√√ ø¬ıμ≈ øÓ¬ÚøÈ¬ (xi, yi) i = 1, 2, 3 ¸±À¬ÛÀé¬ ¬ı˘À·±á¬œ¬ı˛ √w¬±˜fl¡ ˚Ô±√flË¡À˜

8 Ú— ø‰¬S

x1Y – y1X + G

x2Y – y2X + G

x3Y – y3X + G

Œ˚À˝√√Ó≈¬ ˝◊√√˝√√±¬ı˛± ¸˜±Úº
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’Ó¬¤¬ı

x1Y – y1X = x2Y – y2X = x3Y – y3X

(x1 – x2)Y = (y1 – y2)X

(x2 – x3)Y = (y2 – y3) X

˚ø√ X2 + Y2 �� 0 Ú± ˝√√˚˛ Ó¬À¬ı

x x
x x

y y
y y

1 2

2 3

1 2

2 3

�

�
�

�

�

øfl¡z≈¬ ˝◊√√˝√√± ¸Ó¬… ÚÀ˝√√º Œ˚À˝√√Ó≈¬ ø¬ıμ≈ øÓ¬ÚøÈ¬ ’¸˜À¬ı˛‡œ˚˛º ’Ó¬¤¬ı X = Y = 0 ˝√√ÀÓ¬ ˝√√À¬ıº ’Ô«±»

¬ı˘À·±á¬œÀfl¡ ¤fl¡øÈ¬ ¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘º

4.6 ¸±¬ı˛±—˙

≈√øÈ¬ ¬ı˘À·±á¬œ ¸˜Ó≈¬˘ ˝√√˚˛ ˚ø√ ¤À√¬ı˛ ¤fl¡øÈ¬¬ı˛ ¸ø˝√√Ó¬ fl¡Ó¬·≈ø˘ ¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ¸˜±Ú ˜±ÀÚ¬ı˛

¬ı˘ Œ˚±· fl¡À¬ı˛ ¤¬ı— ¸±˜±z¬ø¬ı˛fl¡ Œ˚±·Ù¬˘ ÚœøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ ø¡ZÓ¬œ˚˛ ¬ı˘À·±á¬œ ¬Û±›˚˛± ˚±˚˛º

Œ˚ Œfl¡±Ú ¬ı˘À·±á¬œÀfl¡ Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±˙œ˘ ¤fl¡øÈ¬ ¬ı˘ [˚±˝√√± ¸˜d¬ ¬ı˘ Œˆ¬"√√À¬ı˛¬ı˛

Œ˚±·Ù¬À˘¬ı˛ ¸˜±Ú] › ¬¤fl¡øÈ¬ ¡ZiZ [˚±˝√√±¬ı˛ √w¬±˜fl¡ ‹ ø¬ıμ≈ ¸±À¬ÛÀé¬ ¸˜d¬ ¬ıÀ˘¬ı˛ √w¬±˜fl¡ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬À˘¬ı˛

¸˜±Ú]-¤¬ı˛ ¸ø˝√√Ó¬ ¸˜Ó≈¬˘º

Œ˚ Œfl¡±Ú ¬ı˘À·±á¬œ ¤fl¡˝◊√√ Œ¬ı˛‡±˚˛ ø√flË¡˚˛±¬ı˛Ó¬ ¤fl¡øÈ¬ ¬ı˘ › ¤fl¡øÈ¬ ¡ZiZ [˚±¬ı˛ √w¬±˜fl¡ ¬ı˘øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡±

ø√Àfl¡]-¤¬ı˛ ¸˜Ó≈¬˘º ˝◊√√˝√√±Àfl¡ Œ¬Û“√±˚˛±¸-¤¬ı˛ Œfl¡fœ˚˛ ’é¬ ¬ı˘± ˝√√˚˛º ¬ı˘À·±á¬œ¬ı˛ ¬ı˘¸˜”À˝√√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘

˙”Ú… ˝√√À˘ ¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬ ¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘º ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ Œ¬ı˘±˚˛ ˚ø√ x, y ’é¬ ¸±À¬ÛÀé¬

¸˜¢∂ ¬ıÀ˘¬ı˛ x › y ¬ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ Œ˚±·Ù¬˘ ˚Ô±√flË¡À˜ X, Y [Œ˚‡±ÀÚ X Xk
k

n
�

�

 ,

1
 Y Yk

k

n
�

�



1
)

˝√√˚˛ ¤¬ı— ’±ø√ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ¬ı˘¸˜”À˝√√¬ı˛ √w¬±˜fl¡ Œ˚±·Ù¬˘ Gk
�

 [Œ˚‡±ÀÚ 

�

k  ¤fl¡øÈ¬ ¤fl¡fl¡ Œˆ¬"√√¬ı˛

xy Ó¬À˘¬ı˛ ˘•§ ø√Àfl¡] ˝√√˚˛, Ó¬± ˝√√À˘ X2 + Y2 �� 0 ˝√√À˘ ¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬ ¬ı˘ (X, Y)-¤¬ı˛ ¸˜Ó≈¬˘

˚±˝√√± G – xY + yX = 0 ¤˝◊√√ ¸¬ı˛˘À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛º ¤Àé¬ÀS X = Y = 0 ˝√√À˘ ¬ı˘À·±á¬œøÈ¬

¤fl¡øÈ¬ ¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘º

¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘¬ı˛ õ∂ÀÓ¬…fl¡øÈ¬Àfl¡ ˚ø√ Ó¬±À√¬ı˛ õ∂À˚˛±· ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ¤fl¡˝◊√√ Œfl¡±ÀÌ

‹ ¸˜Ó¬À˘ ’±¬ıøÓ«¬Ó¬ fl¡¬ı˛± ˝√√˚˛ Ó¬±˝√√À˘ [˚ø√ ¬ı˘·≈ø˘¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ’˙”Ú… ˝√√˚˛ Œ¸Àé¬ÀS] ¬ı˘·≈ø˘¬ı˛

¸˜Ó≈¬˘ ˘øt ¬ı˘ ¸¬ı«√± ¤fl¡øÈ¬ øÚø«√©Ü ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡¬ı˛À¬ı, ‚”Ì«Ú Œfl¡±Ì Œ˚ ¬Ûø¬ı˛˜±Ì˝◊√√ Œ˝√√±fl¡ Ú± Œfl¡Úº
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˚ø√ ¬ı˘·≈ø˘ (X1, Y1), (X2, Y2) ..... (Xn, Yn) ˚Ô±√flË¡À˜ (x1, y1), (x2, y2), ...., (xn, yn) ø¬ıμ≈ÀÓ¬

ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— �� ˚ø√ ¬ı˘·≈ø˘¬ı˛ ‚”Ì«Ú Œfl¡±Ì ˝√√˚˛ Ó¬À¬ı øÚø«√©Ü ø¬ıμ≈¬ı˛ àÔ±Ú±efl¡ ˝√√˘ (��� �) Œ˚‡±ÀÚ


 �� 




� �



VX GY
X Y

VY GX
X Y2 2 2 2,

¤‡±ÀÚ V x X y Yk k k k
k

n
� �

�

 � �

1

G x Y y Xk k k k
k

n
� �

�

 � �

1

4.7 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘

¤fl¡Ó¬˘œ˚˛ ¬ı˘¸˜”˝√√ :
(1) fl¡Ó¬·≈ø˘ ¤fl¡Ó¬˘œ˚˛ ¬ıÀ˘¬ı˛ √w¬±˜fl¡ øÓ¬ÚøÈ¬ ø¬ıμ≈ (2, 0), (0, 2) ¤¬ı— (2, 2) ø¬ıμ≈¬ı˛ ‰¬±ø¬ı˛ø√Àfl¡

˚Ô±√flË¡À˜ 3, 4, 10 ¤fl¡fl¡ ˝√√À˘, Î¬◊˝√√±À√¬ı˛ ˘øt ¬ıÀ˘¬ı˛ ˜±Ú Œ¬ı¬ı˛ fl¡¬ı˛≈Úº õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ ‹ ˘øt ¬ı˘

6x + 7y = 6 ¸¬ı˛˘À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛º

¸˜±Ò±Ú : ˜ÀÚ fl¡ø¬ı˛, ¸˜d¬ ¬ı˘·≈ø˘¬ı˛ ¸˜Ó≈¬˘ ¤fl¡øÈ¬ ¬ı˘ X, Ox ¬ı¬ı˛±¬ı¬ı˛, ¤fl¡øÈ¬ ¬ı˘ Y, Oy ¬ı¬ı˛±¬ı¬ı˛

¤¬ı— ¤fl¡øÈ¬ ¡ZiZ ˚±¬ı˛ O ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ G-ŒÓ¬ ¬Ûø¬ı˛ÌÓ¬ fl¡¬ı˛± ˝√√˘º

9 Ú— ø‰¬S
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Ó¬±˝√√À˘ ¬ı˘·≈ø˘¬ı˛ A (2, 0) ø¬ıμ≈¬ı˛ ‰¬±ø¬ı˛ø√Àfl¡ √w¬±˜Àfl¡¬ı˛ ¬ıœÊ√·±øÌøÓ¬fl¡ Œ˚±·Ù¬˘ = G – Y.2

� G – 2Y = 3 (1)

’Ú≈¬ı˛”À¬Û, ¬ı˘·≈ø˘ C (0, 2) › B (2, 2) ¬ø¬ıμ≈¡ZÀ˚˛¬ı˛ ‰¬±ø¬ı˛ø√Àfl¡ √w¬±˜fl¡ øÚÀ˘

G + 2X = 4 (2)

G + 2X – 2Y = 10 (3)

(1) ¤¬ı— (3) ˝√√ÀÓ¬ 2X = 10 – 3 = 7 ¬ı±,  X = 7
2

(2) ¤¬ı— (3) ˝√√ÀÓ¬ 2Y = 4 – 10 = – 6,   ¬ı±,  Y = – 3

� ˘øt ¬ıÀ˘¬ı˛ ˜±Ú R X X� �2 2

= 49
4 9 1

2 85� �

(1) ˝√√ÀÓ¬ G = 3 + 2Y = 3 – 6 = 3

� ˘øt ¬ı˘ Œ˚ ¸¬ı˛˘À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛ Ó¬±˝√√±¬ı˛ ¸˜œfl¡¬ı˛Ì

xY – yX = G

’Ô¬ı±, x (–3) – y 7
2� � = – 3

’Ô¬ı±, 6x + 7y = 6

(2) ’±˚˛Ó¬±fl¡±¬ı˛ ¬Û±Ó¬ ABCD-¤¬ı˛ Ó¬À˘ fl¡Ó¬·≈ø˘ ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— G1, G2, G3 ˝√√˘ ‹

¬ı˘·≈ø˘¬ı˛ ˚Ô±√flË¡À˜ A, B, C ø¬ıμ≈¬ı˛ ‰¬±ø¬ı˛ø√Àfl¡ √w¬±˜Àfl¡¬ı˛ Œ˚±·Ù¬˘º Œ√‡±Ú Œ˚ ‹ ¬ı˘·≈ø˘¬ı˛ ˘øt¬ı˛

˜±Ú

G G
AB

G G
BC

1 2
2

3 2
2��

�


� 


��
�



�

�
�
�

�
�
�

˝√√À¬ı ¤¬ı— ‹ ˘øt¬ı˛ ø√flË¡˚˛±À¬ı˛‡± AB-Œfl¡ Œ˚ ø¬ıμ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛ A ø¬ıμ≈ ˝√√ÀÓ¬ Ó¬±¬ı˛ ”√¬ı˛Q øÚÌ«˚˛ fl¡¬ı˛≈Úº

˚ø√ G1 = G2 = G3 ˝√√˚˛, Ó¬±˝√√À˘ øfl¡ ˝√√À¬ı∑
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¸˜±Ò±Ú : B ø¬ıμ≈Àfl¡ ˜”˘ ø¬ıμ≈, BC-Œfl¡ x-’é¬ › BA-Œfl¡ y-’é¬ Ò¬ı˛˘±˜º Ò¬ı˛± ˚±fl¡

BC = b ¤¬ı— AB = aº

10 Ú— ø‰¬S

õ∂√M√√ ¬ı˘À·±á¬œÀfl¡ ¤fl¡øÈ¬ ¬ı˘ X, BC ¬ı¬ı˛±¬ı¬ı˛, ¤fl¡øÈ¬ ¬ı˘ Y, BA ¬ı¬ı˛±¬ı¬ı˛ ¤¬ı— ¤fl¡øÈ¬ ¡ZiZ ˚±¬ı˛ √w¬±˜fl¡

˜±Ú G ¤˝◊√√¬ı˛”¬Û ¬ı˘À·±á¬œÀÓ¬ ¬ı˛”¬Û±z¬ø¬ı˛Ó¬ fl¡¬ı˛± ˝√√˘º ˙Ó«¬±Ú≈¸±À¬ı˛,

¬ı˘À·±á¬œ¬ı˛ ΔàÔøÓ¬fl¡ ¸˜Ó≈¬˘Ó¬±,

G1 = G + aX

G2 = G

G3 = G – by

� X = 
G G

a
1 2�

, Y = – 
G G

b
3 2�

� R X Y� 
 �2 2 �
G G

AB
G G

BC
1 2

2
3 2

2��
�

�
� 


��
�

�
�

˘øt¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ ¸˜œfl¡¬ı˛Ì

G – xY + yX = 0

¬ı±, G
G G

a y
G G

b x2
1 2 3 2 0�

��
�

�
� �

��
�

�
� �

¬ı±,
y

aG
G G

x
bG

G G
2

2 1

2

2 3

1

�




�

�
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¤˝◊√√ Œ¬ı˛‡±øÈ¬

O
aG

G G, 2

2 1�
�
�

�
�

ø¬ıμ≈ÀÓ¬ AB-Œfl¡ ŒÂ√√ fl¡À¬ı˛º

� ‹ ø¬ıμ≈øÈ¬¬ı˛ A ˝√√˝◊√√ÀÓ¬ ”√¬ı˛Q

= a
aG

G G�
�

2

2 1

= 
aG

G G
1

1 2�

˚ø√ G1 = G2 = G3 ˝√√˚˛ X = 0, Y = 0

� ¬ı˘¸˜”˝√√ ¤fl¡øÈ¬ ¡ZÀiZ¬ı˛ ¸˜±Úº

(3) ¤fl¡øÈ¬ ‰¬Ó≈¬ˆ≈«¬Ê√ ABCD-¤¬ı˛ ‰¬±ø¬ı˛øÈ¬ ¬ı±˝≈√√ AB BC CD, ,  ¤¬ı— DA ¬ı¬ı˛±¬ı¬ı˛ ‰¬±ø¬ı˛øÈ¬ ¬ı˘ ˚Ô±√flË¡À˜

pa, qb, rc ¤¬ı— sd ø√flË¡˚˛± fl¡À¬ı˛, Œ˚‡±ÀÚ a, b, c, d ˝√√˘ ˚Ô±√flË¡À˜ ‹ ¬ı±˝≈√√·≈ø˘¬ı˛ Δ√‚«º õ∂˜±Ì fl¡¬ı˛≈Ú

Œ˚ ‹ ¬ı˘·≈ø˘ ¤fl¡øÈ¬ ¡ZÀiZ¬ı˛ ¸˜±Ú ˝√√À¬ı ˚ø√

(p – q) OB = (r – s) OD

¤¬ı— (q – r) OC = (s – p) OA

Œ˚‡±ÀÚ O ø¬ıμ≈ ˝√√˘ AC › BD-¤¬ı˛ ŒÂ√√ø¬ıμ≈º

¸˜±Ò±Ú : Œ˚À˝√√Ó≈¬ ¬ı˘·≈ø˘ ¤fl¡øÈ¬¡ ¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘ ’Ó¬¤¬ı ¸˜d¬ ¬ı˘·≈ø˘¬ı˛ Œ˚ Œfl¡±Ú ≈√øÈ¬ ¸¬ı˛˘À¬ı˛‡±

¬ı¬ı˛±¬ı¬ı˛ Î¬◊¬Û±—À˙¬ı˛ ¬ıœÊ√·±øÌøÓ¬fl¡ ¸˜ø©Ü ’±˘±√±ˆ¬±À¬ı ˙”Ú… ˝√√À¬ıº ¬ı˘·≈ø˘Àfl¡ AC-¤¬ı˛ ˘•§ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬

fl¡¬ı˛À˘,

pa BAL qb BCL rc DCM s d DAMsin sin sin sin� � � � � 
 � � 0

11 Ú— ø‰¬S
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¬ı±, p.BL – q.BL – r.DM + s.DM = 0

¬ı±,
p q
r s

DM
BL

OD
OB

�
�

� �

� (p – q) OB = (r – s) OD

’Ú≈¬ı˛”À¬Û, ¬ı˘·≈ø˘Àfl¡ BD-¤¬ı˛ ˘•§ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬ fl¡¬ı˛À˘ ’Ú… ¸•Ûfl«¡øÈ¬ ¬Û±›˚˛± ˚±À¬ıº

(4) ¤fl¡øÈ¬ ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘ ¤˜Úˆ¬±À¬ı ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√˚˛ Œ˚ ‹ ¸˜Ó¬À˘ ’¬ıøàÔÓ¬ ≈√øÈ¬

øÚø«√©Ü øàÔ¬ı˛ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ Ó¬±˝√√±À√¬ı˛ √w¬±˜fl¡ ¸¬ı«√± ÒË≈¬ıfl¡º Œ√‡±Ú Œ˚ ¬ı˘À·±á¬œ¬ı˛ ˘øt ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡±

¤fl¡øÈ¬ øàÔ¬ı˛ ø¬ıμ≈ ø√À˚˛ ¸¬ı«√± ˚±˚˛º

[ ¸—Àfl¡Ó¬ : øàÔ¬ı˛ ø¬ıμ≈ ≈√øÈ¬ ˚√Ô±√flË¡À˜ O (0, 0) › A (a, 0) Ò¬ı˛À˘ ’±˜¬ı˛± ¬Û±˝◊√√ Œ˚ O ¤¬ı—

A-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ G1, G2 ˝√√À˘, G1 ¤¬ı— G2 ÒË≈¬ıfl¡º øfl¡z≈¬ ’±˜¬ı˛± Ê√±øÚ G2 = G1 – aY

Œ˚‡±ÀÚ X, Y ˝√√˘ X Xi� �  ¤¬ı— Y Yi� � º ’Ó¬¤¬ı ˘øt ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡±

G1 – xY + yX = 0

’Ô«±» G x
G G

a
yX1

1 2 0�
�


 �

’Ó¬¤¬ı ¤˝◊√√ Œ¬ı˛‡±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛

G a
G G

1

1 2
0

�
�
�

�
�,

¤˝◊√√ ø¬ıμ≈øÈ¬ ¸¬ı«± ’±ÀÂ√º ]

(5) ¤fl¡øÈ¬ ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘¬ı˛ √w¬±˜fl¡¸˜”À˝√√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ (x1, y1), (x2, y2),

(x3, y3), (x4, y4) ø¬ıμ≈·≈ø˘¬ı˛ ¸±À¬ÛÀé¬ ˚Ô±√flË¡À˜ G1, G2, G3 ¤¬ı— G4 Œ√‡±Ú Œ˚

 

1
1
1
1

0

1 1 1

2 2 2

3 3 3

4 4 4

x y G
x y G
x y G
x y G

�

[ ¸—Àfl¡Ó¬ : G1 = G – x1Y + y1X ˝◊√√Ó¬…±ø√º ¤˝◊√√¬ı˛”¬Û ‰¬±ø¬ı˛øÈ¬ ¸˜œfl¡¬ı˛Ì ˝√√ÀÓ¬ X, Y › G

-¤¬ı˛ ’¬ÛÚ˚˛Ú fl¡¬ı˛À˘ õ∂À˚˛±Ê√Úœ˚˛ ˙Ó«¬øÈ¬ ¬Û±›˚˛± ˚±˚˛º ]
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(6) ¤fl¡øÈ¬ ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ‹ Ó¬À˘ ’¬ıøàÔÓ¬ [0, 0], [1, 0] › [0, 1] ø¬ıμ≈SÀ˚˛¬ı˛ ¸±À¬ÛÀé¬

¬√w¬±˜fl¡ ˚Ô±√flË¡À˜ G1, G2, G3 ˝√√À˘ ¬ı˘À·±á¬œ¬ı˛ ˘øt¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ ¸˜œfl¡¬ı˛Ì øÚÌ«˚˛ fl¡¬ı˛≈Úº

[ ¸—Àfl¡Ó¬ : G2  = G1 – Y, G3 = G1 + X, ’Ó¬¤¬ı ˘øt¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√˘

G1 – x(G1 – G2) + y(G3 – G1) = 0 ]

øS˜±øSfl¡ Œ√À˙ ¬ı˘¸˜”˝√√ –

(1) X, Y, Z ¬ı˘ ˚Ô±√flË¡À˜ y = b, z = –c; z = c, x = –a; x = a, y = –bº ¤˝◊√√

Œ¬ı˛‡±·≈ø˘ÀÓ¬ ø√flË¡˚˛± fl¡¬ı˛À˘ Œ√‡±Ú Œ˚ Î¬◊˝√√±À¬ı˛√ ¤fl¡øÈ¬ ˘øt ¬ı˘ Ô±fl¡À¬ı ˚ø√ 
a
X

b
Y

c
Z� � � 0  ˝√√˚˛º

Œ¸˝◊√√ Œé¬ÀS ˘øt ¬ıÀ˘¬ı˛ ø√flË¡˚˛±À¬ı˛‡± øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – X ¬ı˘-¤¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ ø√flƒ¡ Œfl¡±¸±˝◊√√Ú ˚Ô±√flË¡À˜ [1, 0. 0] ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı Y ¬ıÀ˘¬ı˛ ø√flƒ¡

Œfl¡±¸±˝◊√√Ú [0, 1, 0]º ˜”˘ø¬ıμ≈ 0-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˘ ¬Û±˝◊√√ Œ˚ ¬ı˘ øÓ¬ÚøÈ¬¬ı˛ √w¬±˜fl¡ Œ˚±·Ù¬˘

� � � � � �

� � � � � � � � �

i j k
b c

X

i j k
a c

Y

i j k
a b

Z
0

0 0
0

0 0
0

0 0

� � � � � � �
� � � � � �

j cX k bX cYi aYk bZi aZj

� � � � � � � � � �

� � �

i cY bZ j cX aZ k bX aY( ) ( ) ( )

’±˜¬ı˛± Œ√À‡øÂ√ Œ˚ Œfl¡±Ú ¬ı˘Ó¬La ¤fl¡øÈ¬ ¬ıÀ˘ ¬Ûø¬ı˛ÌÓ¬ ˝√√¬ı±¬ı˛ ˙Ó«¬ ˝√√˘

| |F X Y Z
�

� � � �
2 2 2 2 0

¤¬ı— F G
� �

�. 0  ’Ô«±» LX + MY + NZ = 0

’Ó¬¤¬ı ¬ıÓ«¬˜±Ú Œé¬ÀS ¤fl¡øÈ¬ ¬ıÀ˘ ¬Ûø¬ı˛ÌÓ¬ ˝√√À¬ı ˚ø√

X(cY + bZ) + Y(cX + aZ) + Z(bX + aY) = 0

’Ô«±» ˚ø√ cXY + bXZ + aYZ = 0

’Ô«±» ˚ø√ 
c
Z

b
Y

a
X� � � 0  ˝√√˚˛º
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’±˜¬ı˛± Ê√±øÚ Œ˚ ¬ı˘Ó¬LaøÈ¬ Œfl¡fœ˚˛ ’Àé¬¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√˘

L yZ zY
X

M zX xZ
Y

N xY yX
Z

� �
�

� �
�

� �

˚±˝√√± ˝√√˝◊√√ÀÓ¬ ¤Àé¬ÀS ’±˜¬ı˛± ¬Û±˝◊√√

� � � �
�
� � � �cY bZ yZ zY

X
cX aZ zX xZ

Y

�
� � � �

�
aY bX xY yX

Z 0

’Ô«±» – yZ + zY = cY + bZ

– zX + xZ = cX + aZ

– xY + yX = aY + bX

(2) ¤fl¡øÈ¬ ¬Û¬ı˛±¬ı‘M√√Àfl¡¬ı˛, ˚±¬ı˛ ¸˜œfl¡¬ı˛Ì 
x
a

y
b

z
c

2

2

2

2

2

2 1� � �
�
��

�
��  ¤fl¡øÈ¬ fl¡±ø¬ı˛fl¡±À|Ìœ¬ı˛ Œ¬ı˛‡±·≈ø˘

¬ı¬ı˛±¬ı¬ı˛ ¬ı˘¸˜”˝√√ ø√flË¡˚˛± fl¡À¬ı˛º ˚ø√ ¬ı˘Ó¬LaøÈ¬ ¤fl¡øÈ¬ p ø¬Û‰ƒ¬ ¸˜øi§Ó¬ Œ¬ı˛ÚƒÀ‰¬¬ı˛ ¸˜Ó≈¬˘ ˝√√˚, Ó¬±˝√√À˘ Œ√‡±Ú

Œ˚ Œfl¡fœ˚˛ ’é¬øÈ¬

bc
a p x ca

b p y ab
c p z� � � � �� 	 � 	 � 	2 2 2

� � � � � �
bc
a p ca

b p ab
c p� 	 � 	 � 	

¤˝◊√√ ¬Û¬ı˛±¬ı‘M√√Àfl¡¬ı˛ ¤fl¡øÈ¬ fl¡±ø¬ı˛fl¡± ˝√√À¬ıº

¸˜±Ò±Ú : Ò¬ı˛± ˚±fl¡ ¬ı˘·≈ø˘ ¬Û¬ı˛±¬ı‘M√√Àfl¡¬ı˛

x a
a

y b
b

z
c

�
�

�

�
�

cos
sin

sin
cos

�
�

�
�

¤˝◊√√ fl¡±ø¬ı˛fl¡±À|Ìœ¬ı˛ ø¬ıøˆ¬iß Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛º ’Ó¬¤¬ı ˚ø√ P ¤fl¡øÈ¬ ¬ı˘ [acos�, bsin��

0) ¤˝◊√√ ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛, Ó¬±˝√√À˘ ˜”˘ ø¬ıμ≈ ¸±À¬ÛÀé¬ ¬ı˘¸˜”À˝√√¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ › √w¬±˜fl¡ øÚÀ˘ ¬Û±˝◊√√
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X Pa

a b c
�

� �
� sin

sin cos
,�

� �2 2 2 2 2

Y bP
�

�
�

cos ,�

Z Pc
� �

L bc P bc
a

X� ��
sin ,�

M ac
b

Y� , N ab
c

Z� ,

Œ˚‡±ÀÚ � � �a b c2 2 2 2 2sin cos� �

Œfl¡fœ˚˛ ’Àé¬¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√˘

L – yZ + zY = pX ˝◊√√Ó¬…±ø√

’Ô«±»
bc
a

p X zY yZ� � � �� � 0

� � � � �zX ca
b

p Y xZ� � 0

yX xY ab
c

p Z� � � �� � 0

’Ó¬¤¬ı X : Y : Z ’¬ÛÚ˚˛Ú fl¡À¬ı˛ ¬Û±˝◊√√

bc
a

p

z
y

z
ca
b p

x

y
x

ab
c

p

�

� �

�

�

� �
�

� �
0
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(3) øÓ¬ÚøÈ¬ ¬ı˘ ˚Ô±√flË¡À˜ x = 0, y – z = a; y = 0, z – x = a; z = 0, x – y = a

¤˝◊√√ øÓ¬ÚøÈ¬ Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛º Œ√‡±Ú Œ˚ ¬ı˘Ó¬LaøÈ¬ ¤fl¡øÈ¬ ¡ZÀiZ ¬Ûø¬ı˛ÌÓ¬ ˝√√ÀÓ  ¬Û±À¬ı˛ Ú±º ’±¬ı˛

˚ø√ Ó¬LaøÈ¬ ¤fl¡øÈ¬ ¬ıÀ˘ ¬Ûø¬ı˛ÌÓ¬ ˝√√˚˛, Ó¬±˝√√À˘ Î¬◊˝√√±¬ı˛ ø√flË¡˚˛±À¬ı˛‡± x2 + y2 + z2 – 2yz – 2zx – 2xy

= a2 Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¡À¬ıº

¸˜±Ò±Ú : Ò¬ı˛± ˚±fl¡ P, Q, R ¬ı˘ øÓ¬ÚøÈ¬ õ∂√M√√ Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛º ˜”˘ø¬ıμ≈ ¸±À¬ÛÀé¬ X,

Y, Z › L, M, N ˝√√˘

X
Q R Y P R Z P Q� � � � � �
2 2 2 2 2 2

, ,

√w¬±˜fl¡ Œˆ¬"√√¬ı˛ = i L j M k N
� � �

� �

= 

i j
a
P

k

P

i

Q

j k
a
Q

i
a
R

j

R

k
� � � � � � � � �

� �0
0

2

0

2

0

2

0
0

2 2

0

2

0
0

= i aP j
aQ

k aR� � ��
�
�
� �

�
�
�
� �

�
�
�
�2 2 2

’Ó¬¤¬ı F G
a P Q R Q R P R P Q� �

�
� � � � �

.
[ ( ) ( ) ( )]

2

= a(PQ + QR + RP)

= aPQR 
1 1 1
P Q R
� ��� ��

¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬ ¡ZÀiZ ¬Ûø¬ı˛ÌÓ¬ ˝√√ÀÓ¬ ˝√√À˘ Q + R = R + P = P + Q = 0 ’Ô«±»

P = Q = R = 0º ’Ó¬¤¬ı ¬ı˘À·±á¬œ ¤fl¡øÈ¬ ¡ZÀiZ ¬Ûø¬ı˛ÌÓ¬ ˝√√˚˛ Ú±º ˚ø√ ¬ı˘Ó¬LaøÈ¬ ¤fl¡øÈ¬ ¬ıÀ˘

¬Ûø¬ı˛ÌÓ¬ ˝√√˚˛, Ó¬±˝√√À˘ LX + MY + NZ = 0

’Ô«±» PQ + QR + RP = 0 ˝√√À¬ı
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¤Àé¬ÀS ¬ı˘øÈ¬¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛ ¸˜œfl¡¬ı˛Ì

L yZ zY
X

M zX xZ
Y

N xY yX
Z

� �
�

� �
�

� �
� 0

’Ô«±»

aP y
P Q

z P R
2 2 2

0�
��

�
�
� �

��
�

�
� �  ˝◊√√Ó¬…±ø√

’Ô«±» aP – y(P + Q) + z(P + R) = 0,

aQ – z(Q + R) + x(Q + P) = 0,

aR – x(R + P) + y(R + Q) = 0.

’Ô¬ı± P(a – y + z) – Qy + Rz = 0

Px + Q(a – z + x) – Rz = 0,

– Px + Qy + R(a–x+y) = 0.

’Ó¬¤¬ı P : Q : R ’¬ÛÚ˚˛Ú fl¡À¬ı˛

a y z
x
x

y
a z x

y

z
z

a x y

� �

�

�

� � �

� �

� 0

’Ô¬ı±

a x y z

x
a z x y

y

a x y z
a x y z

a x y

� � �

�

� � �

� � �

� � �

� �

�0
0

0

¸¬ı˛˘ fl¡À¬ı˛ ¬Û±˝◊√√,

x2 + y2 + z2 – 2yz – 2zx – 2xy = a2

[4] fl¡Ó¬·≈ø˘ ¸˜±Ú ø¬Û‰ƒ¬ ø¬ıø˙©Ü Œ¬ı˛Úƒ‰¬

x
a

y
b

z
c

2

2

2

2

2

2 1� � �



112

NOSU

¤˝◊√√ ¬Û¬ı˛±¬ı‘M√√Àfl¡¬ı˛ ¤fl¡˝◊√√ Œ|Ìœ¬ı˛ fl¡±ø¬ı˛fl¡±·≈ø˘ ø√˚˛± ø√flË¡˚˛± fl¡À¬ı˛º Œ√‡±Ú Œ˚ ¬ı˘À·±á¬œ ¤fl¡øÈ¬ ¬ıÀ˘

¬Ûø¬ı˛ÌÓ¬ ˝√√ÀÓ¬ ˝√√À˘ Î¬◊˝√√±¬ı˛ Œfl¡fœ˚˛ ’é¬ øÚÀ•ß¬ı˛ ˙efl≈¡¬ı˛ Œfl¡±Ú fl¡±ø¬ı˛fl¡±¬ı˛ ¸˜±z¬¬ı˛±˘ –

p bc
a

x p ca
b

y p ab
c

z� � � � � �� � � � � �2 2 2 0

¸˜±Ò±Ú : Ò¬ı˛˘±˜ p ø¬Û‰ƒ¬ ø¬ıø˙©Ü fl¡Ó¬·≈ø˘ Œ¬ı˛Úƒ‰¬

x a
a

y b
b

z
c

�
�

�

�
�

cos
sin

sin
cos

�
�

�
�

¤˝◊√√ Ó¬ÀLa¬ı˛ fl¡±ø¬ı˛fl¡±·≈ø˘¬ı˛ ø√Àfl¡ ø√flË¡˚˛± fl¡À¬ı˛º (Pi, pPi) ˚ø√ ¤˝◊√√¬ı˛”¬Û ¤fl¡øÈ¬ Œ¬ı˛Úƒ‰¬ ˝√√˚˛ ˚±¬ı˛ ¬ı˘

Pi › ¡ZiZ pPi ¤¬ı— Î¬◊˝√√± ˚ø√ �	 = �i ¤˝◊√√ fl¡±ø¬ı˛fl¡± ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛ Ó¬±˝√√À˘ ‹ Œ¬ı˛ÚƒÀ‰¬¬ı˛ ¬ı˘ ›

¡ZiZ ø¬ıÀù≠ø¯∏Ó¬±—˙¸˜”˝√√ ˝√√À¬ı ˚Ô±√flË¡À˜

p a Pb Pci i i i isin
,

cos
,

� ��

��



��

›

pP a pP b pPci i i i isin
,

cos
,

� ��

Œ˚‡±ÀÚ � � �a b ci i
2 2 2 2sin cos� �

’Ó¬¤¬ı ‹ ¬ı˘ › ¡ZiZ·≈ø˘¬ı˛ ˜”˘ ø¬ıμ≈ ¸±À¬ÛÀé¬ ø¬ıÀù≠ø¯∏Ó¬±—˙ › √w¬±˜Àfl¡¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙¸˜”˝√√ ˝√√À¬ı

˚Ô±√flË¡À˜

P a P b Pci i i i isin
,

cos
,

� ��

¤¬ı— p
P a

bc
P

pb
Pi i i i i isin sin

,
cos� � �

� �

� �ac
P

p
P c

ab
Pi i i icos

, ,
�
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’Ó¬¤¬ı ˚ø√ fl¡Ó¬·≈ø˘ ¤˝◊√√¬ı˛”¬Û p ø¬Û‰ƒ¬ ø¬ıø˙©Ü Œ¬ı˛Úƒ‰¬ ø√flË¡˚˛± fl¡À¬ı˛, Ó¬À¬ı ‹ ¬ı˘Ó¬ÀLa ˜”˘ ø¬ıμ≈ ¸±À¬ÛÀé¬

¬ı˘ ø¬ıÀù≠ø¯∏Ó¬±—˙ (X,Y,Z) ¤¬ı √w¬±˜fl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ (L; M, N) ˝√√À˘ ’±˜¬ı˛± ¬Û±˝◊√√,

X a
P

Y b
Pi i i i

ii
� � � ��

sin
,

cos
,

� �

Z c
Pi

i
� �

¤¬ı—     L = pa
P

bc
Pi i i i

ii

sin sin� ��
��

�
�� �

�
��

�
����

= pX bc
a

X p bc
a

X� � �� �


 = � � ��pb
P

ac
Pi i i icos cos� �

= p ac
b

Y�� �

N = p ab
b

Z�� �

¸˜¢∂ ¬ı˘Ó¬LaøÈ¬ ˚ø√ ¤fl¡øÈ¬ ¬ıÀ˘ ¬Ûø¬ı˛ÌÓ¬ ˝√√˚˛ Ó¬±˝√√À˘ Œ¸˝◊√√ ¬ıÀ˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙¸˜”˝√√ ˝√√À¬ı X, Y,

Z ¤¬ı— LX + MY + NZ = 0 ˝√√À¬ı ’Ô«±»

p bc
b

X p ac
b

Y p ab
c

Z� � � � � �� � � � � �2 2 2 0

˝√√À¬ıº ’Ó¬¤¬ı Œfl¡fœ˚˛ ’é¬øÈ¬

p bc
b

x p ac
b

y p ab
c

z� � � � � �� � � � � �2 2 2 0

¤˝◊√√ ˙efl≈¡¬ı˛ fl¡±ø¬ı˛fl¡±¬ı˛ ¸ø˝√√Ó¬ ¸˜±z¬¬ı˛±˘ ˝√√À¬ıº
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¤fl¡fl¡ 5 � ¬ı˘À·±á¬œ¬ı˛ ¸±˜… (Equilibrium of Force
Systems)

·Í¬Ú

5.1 õ∂d¬±¬ıÚ±

5.2 Î¬◊ÀV˙…

5.3 ¬ı˘ › ¡ZiZ

5.4 ¬ı˘À·±á¬œ¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ ˙Ó«¬±ø√ (Conditions of Equilibrium of System of Forces)

5.5 ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ¸±˜…

5.6 ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ø√flƒ¡ øÚ¬ı˛À¬Ûé¬ ¸±˜… (Astatic Equilibrium)

5.7 ¸±˜…±¬ıàÔ±¬ı˛ fl¡À˚˛fl¡øÈ¬ ø¬ıÀ˙¯∏ Î¬◊√±˝√√¬ı˛Ì

5.7.1 ¤fl¡øÈ¬ ˜¸‘Ì ¬ıÀ√flË¡¬ı˛ Î¬◊¬Ûø¬ı˛øàÔÓ¬ ¬ıd≈¬fl¡Ì±¬ı˛ ¸±À˜…¬ı˛ ˙Ó«¬

5.7.2 ˜¸‘Ì Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ¬ıd≈¬fl¡Ì±¬ı˛ ¸±À˜…¬ı˛ ˙Ó«¬

5.8 ¸±¬ı˛±—˙

5.9 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘

5.1 õ∂d¬±¬ıÚ±

‰¬Ó≈¬Ô« ¤fl¡Àfl¡ Œ√‡± Œ·˘ ø¬ıøˆ¬iß ¬ı˘À·±á¬œ øfl¡ˆ¬±À¬ı ¸˝√√Ê√Ó¬¬ı˛ ¬ı˘À·±á¬œÀÓ¬ ¬ı˛”¬Û±z¬ø¬ı˛Ó¬ fl¡¬ı˛± ˚±˚˛º

¤¬ı±¬ı˛ ’±˜¬ı˛± Œ√‡¬ı ¬ı˘À·±á¬œ ¸±˜… fl¡‡Ú ˝√√˚˛º ¬ı˘À·±á¬œ¬ı˛ ¸±˜… øàÔøÓ¬ø¬ı√…±¬ı˛ ¤fl¡øÈ¬ õ∂Ò±Ú Î¬◊¬ÛÊ√œ¬ı…º

¬ı˘À·±á¬œ¬ı˛ ¸±À˜… Ô±fl¡±¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü fl¡Ó¬·≈ø˘ ˙Ó«¬ ’±˜¬ı˛± øÚÌ«˚˛ fl¡¬ı˛¬ıº Œfl¡±Ú ¬ı˘À·±á¬œ¬ı˛

Œ¬ı˘±˚˛ ˙Ó«¬·≈ø˘ ¬Û¬ı˛œé¬± fl¡À¬ı˛ ¬ı˘± ¸y¬¬ı ˝√√À¬ı õ∂√M√√ ¬ı˘À·±á¬œ ¸±À˜… ’±ÀÂ√ øfl¡Ú±º

¬ı˘À·±á¬œ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡±¬ı˛ ’Ô« ˝√√˘ ‹ ¬ı˘À·±á¬œ Œfl¡±Ú ’˙”Ú…fl¡ ¬ıÀ˘ ’Ô¬ı± ’˙”Ú…fl¡ ¡ZÀiZ

¬Ûø¬ı˛ÌÓ¬ ˝√√À¬ı Ú±º õ∂ÔÀ˜ ’±˜±À√¬ı˛ Œ√‡±ÀÓ¬ ˝√√À¬ı ¤fl¡øÈ¬ ¬ı˘ › ¤fl¡øÈ¬ ¡ZiZ fl¡‡Ú› ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡ÀÓ¬

¬Û±À¬ı˛ Ú±º Ó¬±¬ı˛¬ÛÀ¬ı˛ ’±˜¬ı˛± ¸±Ò±¬ı˛Ìˆ¬±À¬ı ¬ı˘À·±á¬œ¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… ¬õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ øÚÌ«˚˛

fl¡¬ı˛¬ıº
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5.2 Î¬◊ÀV˙…

¤˝◊√√ ¤fl¡Àfl¡¬ı˛ Î¬◊ÀV˙… ˝√√˘ Œ˚, Œfl¡±Ú õ∂√M√√ ¬ı˘À·±á¬œ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√ øfl¡Ú± ¬Û¬ı˛œé¬± fl¡¬ı˛±¬ı˛ Î¬◊¬Û±˚˛

øÚÒ«±¬ı˛Ì fl¡¬ı˛±º ¬Û”À¬ı«¬ı˛ ¤fl¡Àfl¡ Œ˚ Œfl¡±Ú ¬ı˘À·±á¬œ¬ı˛ ¸˜Ó≈¬˘ ¸˝√√Ê√ › ¸¬ı˛˘ ¬ı˘À·±á¬œ øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ ¬ÛXøÓ¬

¬ı…±‡…± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¤˝◊√√ ¤fl¡Àfl¡ ¸˜Ó≈¬˘ ¬ı˘À·±á¬œ¬ı˛ ¸±˝√√±À˚‘… ¸±˜…±¬ıàÔ±¬ı˛ ˙Ó«¬ øÚÒ«±¬ı˛Ì fl¡¬ı˛±˝◊√√ ’±˜±À√¬ı˛

Î¬◊ÀV˙…º ¤‡±ÀÚ ’±¬ÛÚ±¬ı˛± Œ√‡À¬ıÚ Œ˚ñ

[1] ¬ı˘À·±á¬œ¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ˙”Ú… ˝√√›˚˛± ¤fl¡øÈ¬ õ∂À˚˛±Ê√Úœ˚˛ ˙Ó«¬º Ó¬±¬ı˛ ¸Àe· ¬ı˘À·±á¬œ¬ı˛ Œ˚

Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡¸˜”À˝√√¬ı˛ Œ˚±·Ù¬˘ ˙”Ú… ˝√√›˚˛±› õ∂À˚˛±Ê√Úœ˚˛º ’±¬ı˛› Œ√‡± ˚±À¬ı

Œ˚ ‹ ˙Ó«¬ ≈√øÈ¬ ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… ˚ÀÔá¬› ¬ıÀÈ¬º

[2] ¬ı˘À·±á¬œ¬ı˛ √w¬±˜fl¡¸˜”À˝√√¬ı˛ Œ˚ Œfl¡±Ú øÓ¬ÚøÈ¬ ’¸˜À¬ı˛‡œ˚˛ ø¬ıμ≈ ¸±À¬ÛÀé¬ ˚ø√ ’±˘±√±ˆ¬±À¬ı ˙”Ú…

˝√√˚˛, Ó¬À¬ı ¤¬ı— Œfl¡¬ı˘˜±S Ó¬À¬ı˝◊√√ ¬ı˘À·±á¬œ ¸±À˜… Ô±Àfl¡º

5.3 ¬ı˘ › ¡ZiZ

Î¬◊√¬Û¬Û±√… – ¤fl¡øÈ¬ ¬ı˘ › ¤fl¡øÈ¬ ¡ZiZø¬ıø˙©Ü ¬ı˘À·±á¬œ ¸±À˜… Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛ Ú±º

õ∂˜±Ì – Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ ¬ı˘À·±á¬œ ˝√√˘ : ¤fl¡øÈ¬ ø¬ıμ≈ A-ŒÓ¬ ¤fl¡øÈ¬ ¬ı˘ F
�

 ¤¬ı— ¤fl¡øÈ¬ ¡ZiZ

G
�

 ¤¬ı— F G
� �

� �0, 0 º G
�

 ¤¬ı— F
�

 -¤¬ı˛ ˜ÀÒ… Œfl¡±Ì �	 ˝√√À˘, G
�

	 -Œfl¡ ≈√øÈ¬ ¡ZÀiZ ø¬ıÀù≠ø¯∏Ó¬ fl¡¬ı˛±

˝√√˘ñ¤fl¡øÈ¬ F
�

 -¤¬ı˛ ø√Àfl¡ ¤¬ı— ’Ú…øÈ¬ F
�

	 -¤¬ı˛ ˘•§ ø√Àfl¡º ø¡ZÓ¬œ˚˛ ¡ZiZøÈ¬¬ı˛ √w¬±˜fl¡ ˝√√˘

�

�G Sin G� �sin 	 º ¤‡Ú ¤˝◊√√ ¡ZiZøÈ¬Àfl¡ ≈√øÈ¬ ¬ı˘ ¡Z±¬ı˛± ¬ı˛”¬Û±ø˚˛Ó¬ fl¡¬ı˛˘±˜ñ¤fl¡øÈ¬ A ø¬ıμ≈ÀÓ¬ �
�
F

› ’¬Û¬ı˛øÈ¬ F
�

	 ˚±¬ı˛ ø√flË¡˚˛± ø¬ıμ≈ ¤fl¡øÈ¬ ø¬ıμ≈ B-ŒÓ¬ Œ˚Úº | | sinAB F G
� �

� � �	 ˝√√˚˛º

1 Ú— ø‰¬S
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’Ó¬¤¬ı Œ√‡± Œ·˘ Œ˚ ¬ı˘À·±á¬œøÈ¬ B ø¬ıμ≈ÀÓ¬ ¬ı˘ F
� 	 ¤¬ı— ‹ ¤fl¡˝◊√√ ø√Àfl¡ ¬ı˘¡ZiZ Gcos�

˚±¬ı˛ √w¬±˜fl¡º øfl¡z≈¬ ¬ı˘ › ¬ı˘¡ZiZ ¤fl¡ø√Àfl¡ Ô±fl¡À˘ fl¡‡Ú› ¸±À˜… Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛ Ú±º ’Ó¬¤¬ı õ∂˜±øÌÓ¬

√̋√̆ º

5.4 ¬ı˘À·±á¬œ¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ ˙Ó«¬±ø√ (Conditions of Equilibrium of
System of Forces)

¤‡±ÀÚ ¸±Ò±¬ı˛Ìˆ¬±À¬ı ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘ F F Fn1 2

� � �
, ,. . . ,  ˚Ô±√flË¡À˜ A1, A2, ..., An ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±

fl¡À¬ı˛ ¤¬ı— r r rn1 2

� � �
, ,. . . ,  ˚Ô±√flË¡À˜ A1, A2, ..., An ø¬ıμ≈¸˜”À˝√√¬ı˛ àÔ±ÚÀˆ"√√¬ı˛º

Î¬◊¬Û¬Û±√… 1 : ¤fl¡øÈ¬ ¬ı˘À·±á¬œ¬ı˛ ¸±˜…¬ıàÔ±¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√˘ : [1] ¸˜d¬

¬ı˘·≈ø˘¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ˙”Ú… ˝√√À¬ı, [2] Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘¬ı˛ √w¬±˜fl¡

Œ˚±·Ù¬˘ ˙”Ú… ˝√√À¬ıº

õ∂˜±Ì : ˚ø√ ¬ı˘À·±á¬œ¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ˙”Ú… Ú± ˝√√˚˛ Ó¬À¬ı ¬ı˘À·±á¬œøÈ¬ Œ˚ Œfl¡±Ú ø¬ıμ≈ O ¸±À¬ÛÀé¬

¤fl¡øÈ¬ ¬ı˘ F Fk

� �
� �  › ¤fl¡øÈ¬ ¡ZiZ ¬Ûø¬ı˛ÌÓ¬ ˝√√À¬ı ¤¬ı— ¤¬¬ı˛”¬Û ¤fl¡øÈ¬ ¡ZiZ › ¬ı˘ fl¡‡Ú˝◊√√ ¸±À˜…

Ô±Àfl¡ Ú±º ¤˜Úøfl¡ ¡ZÀiZ¬ı˛ √w¬±˜fl¡ ˙”Ú… ˝√√À˘› ¬ı˘øÈ¬ ’˙”Ú…fl¡ Ô±fl¡±˚˛ ¤À√¬ı˛ fl¡‡Ú˝◊√√ ¸±À˜… Ô±fl¡± ¸y¬¬ı

Ú˚˛º ’Ó¬¤¬ı ¬ı˘À·±á¬œ¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ˙”Ú… ˝√√›˚˛± õ∂À˚˛±Ê√Úº ’±¬ı±¬ı˛ Œfl¡±Ú ø¬ıμ≈� A -¤¬ı˛ ¸±À¬ÛÀé¬

¬ı˘À·±á¬œ¬ı˛ √w¬±˜fl¡ r F G G
� � � �

� � �  [Œ˚À˝√√Ó≈¬ F
�

 = 0) ’Ó¬¤¬ı ¸±À˜…¬ı˛ Ê√Ú… G
�

� 0  ˝√√›˚˛± õ∂À˚˛±Ê√Úº

2 Ú— ø‰¬S

’±¬ı±¬ı˛ ˚ø√ F
�

� 0  ¤¬ı— A ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ G
�

� 0  ˝√√˚˛, Ó¬À¬ı Œ˚ Œfl¡±Ú ø¬ıμ≈ B-¤¬ı˛

¸±À¬ÛÀé¬ ¬ı˘À·±á¬œ¬ı˛ √w¬±˜fl¡

M r F GB AB

� � � �
� � � � 0

’Ó¬¤¬ı õ∂ÀÓ¬…fl¡øÈ¬ ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ˙”Ú… ˝√√˚˛º ’Ó¬¤¬ı ¬ı˘À·±á¬œøÈ¬ ¸±À˜… Ô±Àfl¡º
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Î¬◊¬Û¬Û±√… 2 : õ∂√M√√ ¬ı˘À·±á¬œ ¸±À˜… Ô±fl¡¬ı±¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√˘  . [1] øÓ¬ÚøÈ¬ ¬Û¬ı˛¶Û¬ı˛

˘•§ ø√Àfl¡ ¬ı˘·≈ø˘¬ı˛ ø¬ıÀù≠±ø˙Ó¬±—˙·≈ø˘¬ı˛ Œ˚±·Ù¬˘ ˙”Ú… ˝√√À¬ı, [2] Œ˚ Œfl¡±Ú øÓ¬ÚøÈ¬ ˘•§ ø√Àfl¡ ¬ı˘·≈ø˘

√w¬±˜fl¡ Œ˚±·Ù¬˘-¤¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙·≈ø˘ ˙”Ú… ˝√√À¬ıº

õ∂˜±Ì  . ’±˜±À√¬ı˛ Œ√‡±ÀÓ¬ ˝√√À¬ı Œ˚

[1]  X Y Zk
k

n

k
k

n

k
k

n

� � �
� � �� � �

1 1 1
0

¤¬ı—

[2]  r Fk k
k

n � �

�
�

�
�

�
��

1

¤˝◊√√ √w¬±˜fl¡ Œˆ¬√"√√¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ øÓ¬ÚøÈ¬ ˙”Ú… ¤˝◊√√ ≈√øÈ¬ ˙Ó«¬ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Üº

õ∂˜±Ì : õ∂Ô˜ ˙Ó«¬øÈ¬ Î¬◊¬Û¬Û±√… 1-¤¬ı˛ õ∂Ô˜ ˙ÀÓ«¬¬ı˛ ¸˜±Úº ’±¬ı˛ ø¡ZÓ¬œ˚˛ ˙Ó«¬øÈ¬ ¬ı˘À·±á¬œ √w¬±˜fl¡

Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ Œfl¡±Ú ø¬ıμ≈ Œ˚˜Ú ’±ø√ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ x, y, z ø√Àfl¡ ˙”Ú…º ¤˝◊√√ ˙Ó«¬øÈ¬ Î¬◊¬Û¬Û±√… 1-

¤¬ı˛ ø¡ZÓ¬œ˚˛ ˙ÀÓ«¬¬ı˛ fl¡±øÓ«¬˚˛ ¬ı˛”¬Ûº ¤Ó¬¤¬ı Î¬◊¬Û¬Û±√… 2 õ∂˜±øÌÓ¬º

Î¬◊¬Û¬Û±√… 3 : Œ˚ Œfl¡±Ú øÓ¬ÚøÈ¬ ’¸˜À¬ı˛‡œ˚˛ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ¬ı˘À·±á¬œ¬ı˛ √w¬±˜fl¡ ˙”Ú… ¸±À˜…¬ı˛ ¬ÛÀé¬

õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬º

õ∂˜±Ì : Ò¬ı˛± ˚±fl¡ ’±ø√ø¬ıμ≈ O ø¬ıμ≈ ¸±À¬ÛÀé¬ ¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬ ¬ı˘ F F F Fn

� � � �
� � � �1 2 . .. ¤¬ı—

¤fl¡øÈ¬ ¡ZiZ ˚±¬ı˛ √w¬±˜fl¡ G r Fk k

� � �
� ��  -¤¬ı˛ ¸˜Ó≈¬˘º

¤‡Ú ˚ø√ ¬ı˘À·±á¬œ ¸±À˜… Ô±Àfl¡, Ó¬À¬ı F
�

� 0  ¤¬ı— G
�

� 0  ˝√√ÀÓ¬ ˝√√À¬ıº ’Ó¬¤¬ı Œ˚ Œfl¡±Ú ø¬ıμ≈

A r( )
�

 ¸±À¬ÛÀé¬ ¬ı˘À·±á¬œ¬ı˛ √w¬±˜fl¡ � � � �
� � �

G r F 0, ’Ó¬¤¬ı ¸±˜… ˝√√À˘ Œ˚ Œfl¡±Ú øÓ¬ÚøÈ¬ ’¸˜À¬ı˛‡œ˚˛

ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ˙”Ú… ˝√√˚˛º

Ò¬ı˛± ˚±fl¡ A, B, C ¤˝◊√√ ø¬ıμ≈ øÓ¬ÚøÈ¬ ¤fl¡ ¸¬ı˛˘À¬ı˛‡±˚˛ Ú˚˛ ¤¬ı— Î¬◊˝√√±À√¬ı˛ ¸±À¬ÛÀé¬ ¬ı˘À·±á¬œ¬ı˛

√w¬±˜fl¡ = 0º

3 Ú— ø‰¬S
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’Ó¬¤¬ı ¬ı˘À·±á¬œøÈ¬ O ø¬ıμ≈ ¸±À¬ÛÀé¬ ¤fl¡øÈ¬ ¬ı˘ F Fk
k

n� �

�

�
�
��

�
���

1
 ¤¬ı— ¡ZiZ

G r Fk k

� � �
� ��

¤¬ı˛ ¸˜Ó≈¬˘º

’Ó¬¤¬ı A R( )1

�
 ø¬ıμ≈ ¸±À¬ÛÀé¬ ¬ı˘À·±á¬œ¬ı˛ √w¬±˜fl¡

� � �
� � �
G AO F

� � � � � � �
� � � � �
G OA F G R F1 0 (i)

¤ˆ¬±À¬ı B R( )2

�
 ¸±À¬ÛÀé¬

G R F
� � �
� � �2 0 (ii)

¤¬ı— C R( )3

�
 ¸±À¬ÛÀé¬

G R F
� � �
� � �3 0 (iii)

’Ó¬¤¬ı (i), (ii), (iii) ŒÔÀfl¡ ¬Û±˝◊√√

( ) ( )R R F R R F1 2 1 30, 0,
� � � � � �
� � � � � �


 F
�

� 0 	’Ô¬ı± R R1 2

� �
� 	› R R1 3

� �
� 	≈√øÈ¬ Œˆ¬"√√¬ı˛ F

�
	-¤¬ı˛ ¸˜±z¬¬ı˛±˘º øfl¡z≈¬ A, B, C ¸˜À¬ı˛‡œ˚˛

Ú± ˝√√›˚˛±˚˛ R R1 2

� �
� 	 ¤¬ı— R R1 3

� �
� 	 ¸˜±z¬¬ı˛±˘ ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú±º

4 Ú— ø‰¬S

’Ó¬¤¬ı F
�

� 0,	 ’Ó¬¤¬ı (i) ŒÔÀfl¡ G
�

� 0,	 ’Ó¬¤¬ı ¬ı˘À·±á¬œ ¸±À˜… Ô±Àfl¡º
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˜z¬¬ı… : Î¬◊¬ÛÀ¬ı˛¬ı˛ øÓ¬ÚøÈ¬ Î¬◊¬Û¬Û±À√…¬ı˛ ˙ÀÓ«¬¬ı˛ ¸Àe· ¸˜Ó≈¬˘ ’Ô«±» ¤˜Ú ˙Ó«¬·≈26√ ˚±˝√√± Î¬◊¬Û¬Û±√…

øÓ¬ÚøÈ¬¬ı˛ Œ˚ Œfl¡±Ú ¤fl¡øÈ¬¬ı˛ ŒÔÀfl¡ ¬Û±›˚˛± ˚±˚˛ ¤¬ı— Ú”Ó¬Ú ˙Ó«¬·≈ø˘ ŒÔÀfl¡ Î¬◊¬Û¬Û±À√…¬ı˛ ˙Ó«¬·≈À26√ Î¬◊¬ÛÚœÓ¬

˝√√›˚˛± ˚±˚˛ Ó¬±˝√√±˝◊√√ ¸±À˜…¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬·≈26√ ˝√√À¬ıº

5.5 ¬¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ¸±˜…

Î¬◊¬Û¬Û±√… : ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ¸±À˜…¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√À26√ : [1] ¬ı˘·≈ø˘¬ı˛

Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ˙”Ú…, [2] ¬ı˘·≈ø˘¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ Œ˚±·Ù¬˘ ˙”Ú…º

õ∂˜±Ì : ¬ı˘·≈ø˘ ¸˜Ó≈¬˘ ˝√√˚˛ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ O [˚±Àfl¡ ’±˜¬ı˛± ’±ø√ø¬ıμ≈ øÚÀÓ¬ ¬Û±ø¬ı˛] ¤fl¡øÈ¬ ˘øt

¬ı˘ › ¤fl¡øÈ¬ ¡ZiZ ˚±¬ı˛ √w¬±˜fl¡ Œˆ¬"√√¬ı˛ ¸˜d¬ ¬ı˘·≈ø˘¬ı˛ ‹ ø¬ıμ≈ O ¸±À¬ÛÀé¬ √w¬±˜Àfl¡¬ı˛ Œ˚±·Ù¬˘º ¬ı˘·≈ø˘

¸±À˜… Ô±fl¡À˘ ˘øt ¬ı˘ ˙”Ú… ˝√√ÀÓ¬ ˝√√À¬ı ¤¬ı— ¬ı˘¡ZÀiZ¬ı˛ √w¬±˜fl¡ ˙”Ú… ˝√√ÀÓ¬ ˝√√À¬ıñ’Ó¬¤¬ı ˙Ó«¬ ≈√øÈ¬

õ∂À˚˛±Ê√Úœ˚˛º ’±¬ı±¬ı˛ ˙Ó«¬ ≈√øÈ¬ ¸Ó¬… ˝√√À˘ ¬ı˘À·±á¬œøÈ¬ ¸±À˜… ’±ÀÂ√º ’Ó¬¤¬ı ˙Ó«¬ ≈√øÈ¬ ˚ÀÔ©Üº

Î¬◊¬Û¬Û±√… 1 : ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ¸±À˜…¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√À26√ñ[1] ¬ı˘¸˜”À˝√√¬ı˛

ø¬ıÀù≠ø¯∏Ó¬±—˙ Œ˚ Œfl¡±Ú ≈√øÈ¬ ¬Û¬ı˛¶Û¬ı˛ ˘•§ ø√Àfl¡ õ∂ÀÓ¬…fl¡øÈ¬ ˙”Ú…º [2] Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬

√w¬±˜fl¡ Œˆ¬"√√¬ı˛¸˜”À˝√√¬ı˛ Œ˚±·Ù¬˘ ˙”Ú…º

õ∂˜±Ì : ’±˜¬ı˛± Ê√±øÚ Œ˚ ’±ø√ø¬ıμ≈ O ˜±Ò…À˜ ¬ı˘À·±á¬œ ¤fl¡øÈ¬ ¬ı˘ (X, Y) ¤¬ı— ¤fl¡øÈ¬ ¡ZiZ

˚±¬ı˛ √w¬±˜fl¡ G ¤À√¬ı˛ ¸Àe· ¸˜Ó≈¬˘º ¤‡±ÀÚ

X X Y Y G x Y y Xr
r

n

r
r

n

r r r r
r

n
� � � �

� � �
� � �, , ( )

1 1 1

Œ˚‡±ÀÚ (Xr, Yr) = ¤fl¡øÈ¬ ¬ı˘ ˚±¬ı˛ õ∂À˚˛±· ø¬ıμ≈ (xr, yr)º ¤‡Ú Œ˚À˝√√Ó≈¬ ¬ı˘ › ¡ZiZ ¬Û¬ı˛¶Û¬ı˛

¸±À˜… Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛ Ú±, Ó¬±˝√√À˘ ¸±À˜…¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ≈√øÈ¬ ˝√√˘ X = 0,

Y = 0, G = 0º

Î¬◊¬Û¬Û±√… 2 : ¸˜Ó¬˘ ¬ı˘À·±á¬œ¬ı˛ ¸±À˜…¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√À26√ : ¬ı˘À·±á¬œÀÓ¬ ¬ıÀ˘¬ı˛

√w¬±˜fl¡¸˜”À˝√√¬ı˛ Œ˚±·Ù¬˘ øÓ¬ÚøÈ¬ ’¸˜À¬ı˛‡œ˚˛ ø¬ıμ≈ ¸±À¬ÛÀé¬ ˙”Ú…º

õ∂˜±Ì : xy Ó¬À˘ ’¬ıøàÔÓ¬ ¬ı˘À·±á¬œøÈ¬ ’±ø√ø¬ıμ≈ O ¸±À¬ÛÀé¬ ¤fl¡øÈ¬ ¬ı˘ (X, Y) Œ˚‡±ÀÚ

X X Y Yi
i

n

i
ri

n
� �

� �
� �,

1 1
 [¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘ ˚Ô±√flË¡À˜ (X1, Y1), ..., (Xn, Yn), ø√flË¡˚˛±˙œ˘

A x y A x yn n n1 1 1( , ).. . ( , ) ø¬ıμ≈ÀÓ¬] ¤¬ı— ¤fl¡øÈ¬ ¡ZiZ ˚±¬ı˛ √w¬±˜fl¡ ’é¬ xy ¸˜Ó¬À˘¬ı˛ ˘•§ ¤¬ı— ˚±¬ı˛

˜±Ú
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� � �
�
� ( )x Y y X Gi i i i
i

n

1

¤‡Ú A �1, �1) B(�2, �2) C(�3, �3) øÓ¬ÚøÈ¬ ’¸˜À¬ı˛‡œ˚˛ øÓ¬ÚøÈ¬ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ ¬ı˘À·±á¬œ¬ı˛

¬ı˘·≈ø˘¬ı˛ √w¬±˜fl¡ Œ˚±·Ù¬˘ ˙”Ú… ˝√√À˘ ’±˜¬ı˛± ¬Û±˝◊√√

G Y X
G Y X
G Y X

Y X
Y X

� � �
� � �
� � �

� � � �
� � � �

� �
� �
� �

� � � �
� � � �

1 1

2 2

3 3

1 2 1 2

1 23 1 3

0
0
0

0
0

( ) ( )
( ) ( )

’Ó¬¤¬ı ˝√√˚˛ X = Y = 0 ’Ô¬ı±

� �
�
�

�
� �

� �
� �

� �
� �

1 2

1 3

1 2

1 3
0

øfl¡z≈¬ �	 ˙”Ú… ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú± Œ˚À˝√√Ó≈¬ A, B, C ø¬ıμ≈ øÓ¬ÚøÈ¬ ’¸˜À¬ı˛‡œ˚˛º ’Ó¬¤¬ı X = Y = 0

’Ó¬¤¬ı (i) ŒÔÀfl¡ G = 0, ’Ó¬¤¬ı ¬ı˘À·±á¬œ ¸±À˜… ’±ÀÂ√º ’Ó¬¤¬ı ˙Ó«¬¡Z˚˛ ¸±À˜…¬ı˛ Ê√Ú… ˚ÀÔ©Üº

’±¬ı±¬ı˛ ¬ı˘À·±á¬œ ¸±À˜… Ô±fl¡À˘ X = Y = G = 0, ’Ó¬¤¬ı Œ˚ Œfl¡±Ú ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ˙”Ú…

˝√√À¬ıº ’Ó¬¤¬ı ˙Ó«¬¡Z˚˛ õ∂À˚˛±Ê√Úœ˚˛º

5.6 ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ø√flƒ¡ øÚ¬ı˛À¬Ûé¬ ¸±˜… (Astatic Equilibrium)

Œfl¡±Ú ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘ P1, P2, ..., Pn, A1(x1, y1), A2(x2, y2), ...,

An(xn, yn) ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡¬ı˛À˘ ¤¬ı— ¸±À˜… Ô±fl¡À˘ ¤¬ı— ¬ı˘·≈ø˘ ˚ø√ ‹ ¸˜Ó¬À˘ ¤fl¡˝◊√√ Œfl¡±ÀÌ

õ∂À˚˛±· ø¬ıμ≈¬ ¸±À¬ÛÀé¬ ‚”øÌ«Ó¬ fl¡¬ı˛À˘› ˚ø√ ¬ı˘À·±á¬œ ¸±À˜… Ô±Àfl¡ Ó¬À¬ı ‹ ¬ı˘À·±á¬œÀfl¡ ø√flƒ¡ øÚ¬ı˛À¬Ûé¬

¸±À˜… ’±ÀÂ√ ¬ı˘± ˝√√˚˛º Ò¬ı˛± ˚±fl¡ P1(X1, Y1), P2(X2, Y2), ..., Pn(Xn, Yn) ¬ı˘·≈ø˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙º

’±˜¬ı˛± ¤‡Ú ¬õ∂˜±Ì fl¡¬ı˛¬ı Œ˚

( )x Y y Xi i i i
i

n
� �

�
� 0

1

¤˝◊√√ ˙Ó«¬ ø√flƒ¡ øÚ¬ı˛À¬Ûé¬ ¸±À˜…¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬º
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¬õ∂˜±Ì :

5 Ú— ø‰¬S

˚ø√ P1 ¬ı˘ x-’Àé¬¬ı˛ ¸ø˝√√Ó¬ �1 Œfl¡±Ì fl¡À¬ı˛ Ó¬À¬ı X1 = P1cos�1, Y1 = P1sin�1 ¬ı˘·≈ø˘

�	 Œfl¡±ÀÌ ‚”øÌ«Ó¬ fl¡¬ı˛À˘ P1 ¬ı˘øÈ¬¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙¸˜”˝√√

X1
�	 = P1cos(�1 + �), Y1

� = P1sin(�1 + �)

’Ó¬¤¬ı O [’±ø√ø¬ıμ≈] ¸±À¬ÛÀé¬

¬ı˘À·±á¬œ¬ı˛ õ∂Ô˜ ’¬ıàÔ±˚˛ ¬ı˘ (X, Y) › ¡ZiZ G ¬ı˘

X P Y Pi i
i

n

i i
i

n
� �

� �
� �cos , sin ,� �

1 1

G x Y y X x P y Pi i i i i i i i i i
ii

� � � ��� ( ) ( sin cos )� �

‚”øÌ«Ó¬ ’¬ıàÔ±˚˛ O ø¬ıμ≈ ¸±À¬ÛÀé¬ (X��� Y�) ¬ı˘ › ¡ZiZ G�	 Œ˚‡±ÀÚ

X� = �Picos(�i + �)

= cos�	 �Picos�1 – sin�	 �Pi sin�i = Xcos�	 = Ysin�

Y� = �Pisin(�i + �)

= cos�	 P Pi i
i

i i
i

sin sin cos� � ��� �

= Ycos�	 + Xsin�

G� = [ sin( ) cos( )]x P y Pi i i i i i
i

� � � �� � ��

= cos ( ) sin ( )� �x Y y X x X y Yi i i i i i i i
ii

� � ���

= Gcos�	 + Vsin�
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Œ˚‡±ÀÚ

V x X y Yi i i i
i

� �� ( )

¤‡Ú Œ√‡± ˚±À26√ Œ˚, Œ˚ Œfl¡±Ú Œfl¡±Ì �-¤¬ı˛ Ê√Ú… ¸±˜… ˝√√À¬ı ˚ø√ X = Y = 0 ˝√√˚˛, ¤¬ı—

G = 0, V = 0 ˝√√˚˛º

’Ó¬¤¬ı Œ√‡± ˚±À26√ ø√flƒ¡ øÚ¬ı˛À¬Ûé¬ ¸±À˜…¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√˘ X = Y = 0,
G = 0 ¤¬ı— V = 0

Î¬◊¬Û¬Û±√… : ¸˜Ó¬˘œ˚˛ Œfl¡±Ú ¬ı˘À·±á¬œ ¸±À˜… Ô±fl¡± ¬ı˘À·±á¬œ¬ı˛ ¬õ∂øÓ¬øÈ¬ ¬ı˘Àfl¡ Ó¬±¬ı˛ õ∂À˚˛±· ø¬ıμ≈¬ı˛

¸±À¬ÛÀé¬ �	 Œfl¡±ÀÌ ‚”øÌ«Ó¬ fl¡¬ı˛À˘ Ú”Ó¬Ú ’¬ıàÔ±˚˛ ¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬ ¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘ ˝√√À¬ıº

õ∂˜±Ì : Ò¬ı˛± ˚±fl¡ A1,(x1, y1), ..., An(xn, yn) ø¬ıμ≈ÀÓ¬ P1, P2, ..., Pn ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛ ˚±À√¬ı˛

x, y ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ ˚Ô±√flË¡À˜ (X1, Y1), ..., (Xn, Yn)º

Œ˚À˝√√Ó≈¬ ¬ı˘À·±á¬œøÈ¬ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√

’Ó¬¤¬ı

X X

Y Y

G x Y y X

i
i

n

i
i

n

i i i i
i

n

� �

� �

� � �

�

�

�
��

�

�
�
�

�

�

�

�

�

�

0

0

0

1

1

1
( )

(i)

¤‡Ú ¬ı˘·≈ø˘Àfl¡ �	 Œfl¡±ÀÌ ‚”øÌ«Ó¬ fl¡¬ı˛À˘ Ú”Ó¬Ú ¬ı˘À·±á¬œøÈ¬ O ø¬ıμ≈ ¸±À¬ÛÀé¬ (X�, Y�) ¬ı˘ ›

G�	 ¡ZiZ ¸˜Ó≈¬˘,

Œ˚‡±ÀÚ

X�	 = Xcos�	 – Ysin�

Y�	 = Xsin�	 + Ycos� [¬Û”À¬ı«¬ı˛ Î¬◊¬Û¬Û±À√…¬ı˛ õ∂˜±Ì ŒÔÀfl¡]

¤¬ı—

G� = Gcos�	 + Vsin�

V x X y Yi i i i
i

n
� �

�
� ( )

1

¤‡Ú (i) ŒÔÀfl¡ X, Y, G ˙”Ú… ˝√√›˚˛±˚˛ X�� = Y�	 = 0 ¤¬ı— G�� = Vsin�
’Ó¬¤¬ı Ú”Ó¬Ú ¬ı˘À·±á¬œ ¤fl¡øÈ¬ ¡ZÀiZ ¬Ûø¬ı˛ÌÓ¬ ˝√√À¬ıº
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5.7  ¸±˜…±¬ıàÔ±¬ı˛ fl¡À˚˛fl¡øÈ¬ ø¬ıÀ˙¯∏ Î¬◊√±˝√√¬ı˛Ì

5.7.1 ¤fl¡øÈ¬ ˜¸‘Ì ¬ıÀ√flË¡¬ı˛ Î¬◊¬Ûø¬ı˛øàÔÓ¬ ¬ıd≈¬fl¡Ì±¬ı˛ ¸±À˜…¬ı˛ ˙Ó«¬

Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ ˜¸‘Ì ¬ıÀ√flË¡¬ı˛ fl¡±øÓ«¬˚˛ ¸˜œfl¡¬ı˛Ì

x = x(s), y = y(s), z = z(s)

Œ˚‡±ÀÚ s ˝√√˘ ¬ı√flË¡øÈ¬¬ı˛ ¤fl¡øÈ¬ øÚø«©Ü ø¬ıμ≈ ŒÔÀfl¡ ˜±¬Û± P ø¬ıμ≈ ¬Û˚«z¬ Δ√‚«º

6 Ú— ø‰¬S

Œ˚À˝√√Ó≈¬ ¬ı√flË¡øÈ¬ ˜¸‘Ì, ¬ı√flË¡øÈ¬ ¬ıd≈¬fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ¬ıÀ√flË¡¬ı˛ ’øˆ¬˘•§ ø√Àfl¡ ø¬ı˛’…±fl¡˙Úƒ ¬ı˘ Rº ¬ıd≈¬fl¡Ì±¬ı˛

Î¬◊¬Û¬ı˛ ’Ú…±Ú… Œ˚¸¬ı ¬ı˘ ø√flË¡˚˛± fl¡¬ı˛ÀÂ√ Ó¬±À√¬ı˛ fl¡±øÓ«¬˚˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ X, Y, Zº ¤‡Ú (X, Y, Z) ¤¬ı—

’øˆ¬˘•§ ø√Àfl¡ R
�

º ¬ı√flË¡øÈ¬¬ı˛ (x, y, z) ø¬ıμ≈ÀÓ¬ ¶Û˙«Àfl¡¬ı˛ ø√flƒ¡ Œfl¡±¸±˝◊√√Úƒ ˝√√˘ 
dx
ds

dy
ds

dz
ds

, , º ¸±À˜…¬ı˛

Ê√Ú… ¶Û˙«fl¡ ø√Àfl¡ ¬ı˘·≈ø˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ ˙”Ú…º ’Ó¬¤¬ıº

X dx
ds

Y
dy
ds

Z dz
ds

� � 0

¤¬ı— X, Y, Z ¬ı˘ øÓ¬ÚøÈ¬¬ı˛ ˘øt õ∂øÓ¬ø√flË¡˚˛±-¬ı˘ R-¤¬ı˛ ø¬ı¬Û¬ı˛œÀÓ¬ ˝√√À¬ıº


	 R2 = X2 + Y2 + Z2

5.7.2 ˜¸‘Ì Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ¬ıd≈¬fl¡Ì±¬ı˛ ¸±À˜…¬ı˛ ˙Ó«¬

fl¡±øÓ«¬˚˛ àÔ±Ú±efl¡ x, y, ¸±˝√√±À˚… ˜¸‘Ì Ó¬˘øÈ¬¬ı˛ ¸˜œfl¡¬ı˛Ì f(x, y, z) = 0 Ò¬ı˛± ˚±fl¡º ¬ıd≈¬fl¡Ì±øÈ¬¬ı˛

¸±À˜…¬ı˛ Ê√Ú… fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±˙œ˘ ¬ıø˝√√–àÔ ¬ıÀ˘¬ı˛ fl¡±øÓ«¬˚˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ (X, Y, Z) ˝√√À˘ ¬ı˘øÈ¬ Ó¬À˘¬ı˛
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’øˆ¬˘•§ ø√Àfl¡ Ô±fl¡À˘ Ó¬À¬ı˝◊√√ ¸±À˜… Ô±fl¡À¬ıº [¬ıø˝√√–àÔ ¬ı˘ õ∂øÓ¬ø√flË¡˚˛±-¬ı˘ ¡Z±¬ı˛± øÚ¬ı˛≈X ˝√√À¬ı]º

øfl¡z≈¬ ’øˆ¬˘•§ ø√Àfl¡¬ı˛ ø√fl¡ Œfl¡±¸±˝◊√√Úƒ 
�
�

�
�

�
�

f
x

f
y

f
z

, , 	 ¤¬ı˛ ¸˜±Ú≈¬Û±Ó¬œº

’Ó¬¤¬ı ¸±À˜…¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ ˙Ó«¬ ˝√√˘

X
f
x

Y
f
y

Z
f
z

�

�

�

�

�

�

� �

5.8 ¸±¬ı˛±—˙

¬ı˘À·±á¬œ¬ı˛ ¸±˜… ˝√√ÀÓ¬ Œ·À˘ ¸˜Ó≈¬˘ ¤fl¡øÈ¬ ¬ı˘ › ¤fl¡øÈ¬ ¡ZiZ ˝√√À˘ ‰¬˘À¬ı Ú±º Œfl¡ÚÚ± ¤fl¡øÈ¬

¬ı˘ › ¤fl¡øÈ¬ ¡ZiZ fl¡‡Ú˝◊√√ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛ Ú±º

¬ı˘À·±á¬œ¬ı˛ ¸˜¢∂ ¬ı˘¸˜”À˝√√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ˚ø√ ˙”Ú… ˝√√˚˛ ¤¬ı— ¬ı˘¸˜”À˝√√¬ı˛ Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ø¬ıμ≈

¸±À¬ÛÀé¬ ˚ø√ √w¬±˜fl¡À√¬ı˛ Œˆ¬"√√¬ı˛ Œ˚±·Ù¬˘ ˙”Ú… ˝√√˚˛ Ó¬À¬ı ¬ı˘À·±á¬œøÈ¬ ¸±À˜… Ô±fl¡À¬ıº ˙Ó«¬ ≈√øÈ¬ ¸±À˜…

Ô±fl¡±¬ı˛ Ê√Ú… ¤fl¡ø√Àfl¡ õ∂À˚˛±Ê√Úœ˚˛, ’¬Û¬ı˛ø√Àfl¡ ˚ÀÔ©Üº

’Ú…ˆ¬±À¬ı ˙Ó«¬ ≈√øÈ¬ ¬ı˘± ˚±˚˛ Œ˚˜Úñ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘¬ı˛ øÓ¬ÚøÈ¬ ˘•§ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙·≈ø˘¬ı˛

Œ˚±·Ù¬˘ ˚ø√ õ∂ÀÓ¬…fl¡øÈ¬ ˙”Ú… ˝√√˚˛ ¤¬ı— ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ ¸±À¬ÛÀé¬ √w¬±˜fl¡ Œˆ¬"√√À¬ı˛¬ı˛

Œ˚±·Ù¬˘ ˚ø√ ˙”Ú… ˝√√˚˛ Ó¬À¬ı ¬ı˘À·±á¬œ ¸±À˜… Ô±Àfl¡º ¤ ≈√øÈ¬› ¬õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬º

’±À¬ı˛fl¡ˆ¬±À¬ı ¬õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ¬ı˘± ˚±˚˛º Œ¸È¬± ˝√√˘ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘¸˜”À˝√√¬ı˛ √w¬±˜fl¡¸˜”À˝√√¬ı˛

Œ˚±·Ù¬˘ ˚ø√ øÓ¬ÚøÈ¬ ’¸˜À¬ı˛‡œ˚˛ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ õ∂ÀÓ¬…fl¡øÈ¬ ˙”Ú… ˝√√˚˛ Ó¬À¬ı Î¬◊˝√√± ¬ı˘À·±á¬œ¬ı˛ ¸±À˜…¬ı˛

Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬º

¤fl¡øÈ¬ ¸˜Ó¬˘œ˚˛ ¬ı√√˘À·±á¬œ ¸±À˜… Ô±fl¡±¬ı˛ Ê√Ú… ’Ú≈¬ı˛”¬Û ˙Ó«¬ ’±ÀÂ√º Œ˚˜Úñ˚ø√ ‹ ¸˜Ó¬À˘ ≈√øÈ¬

˘•§ ø√Àfl¡ ¬ı˘·≈ø˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙·≈ø˘¬ı˛ Œ˚±·Ù¬˘ õ∂ÀÓ¬…fl¡øÈ¬ ˙”Ú… ˝√√˚˛ ¤¬ı— Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬

¬ı˘·≈ø˘¬ı˛ √w¬±˜fl¡ Œ˚±·Ù¬˘ ˚ø√ ˙”Ú… ˝√√˚˛ Ó¬À¬ı ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œøÈ¬ ¸±À˜… Ô±Àfl¡º

¤fl¡øÈ¬ ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘ ˚ø√ ¸±À˜… Ô±Àfl¡, Ó¬À¬ı ‹ ¬ı˘·≈ø˘Àfl¡ õ∂À˚˛±· ø¬ıμ≈ ¸±À¬ÛÀé¬

õ∂ÀÓ¬…fl¡øÈ¬ ¬ıÀ˘¬ı˛ ø√flË¡˚˛± Œ¬ı˛‡±Àfl¡ ¤fl¡˝◊√√ Œfl¡±Ì �	 ¬Ûø¬ı˛˜±Ì ‹ ¸˜Ó¬À˘ ‚”øÌ«Ó¬ fl¡¬ı˛± ˝√√˚˛, Ó¬±˝√√À˘ Ú”Ó¬Ú

’¬ıàÔ±˚˛ ¬ı˘À·±á¬œøÈ¬ ¤fl¡øÈ¬ ¡ZÀiZ ¬Ûø¬ı˛ÌÓ¬ ˝√√˚˛º ¡ZÀiZ¬ı˛ √w¬±˜fl¡ ˜±Ú � �
�
�sin ( ),� x X y Yi i i i
i

n

1

Œ˚‡±ÀÚ (Xi, Yi) ¬ı˘ õ∂˚≈q¡ ˝√√À˚˛ÀÂ√ (xi, yi) ø¬ıμ≈ÀÓ¬º 
( )x X y Yi i i i

i
�� 	 Œfl¡ øˆ¬ø¬ı˛˚˛±˘ ¬ı˘± ˝√√˚˛º

¸˜Ó¬˘œ˚˛ ¬¬ı˘À·±á¬œ ˚ø√ ¸±À˜… Ô±Àfl¡ ’Ô«±» ˚ø√

X Xi
i

n
� �

�
� 0,

1
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Y Yi
i

n
� �

�
� 0

1
,

G x Y y Xi i i i
i

i
� � �

�

� ( ) 0
1 	 ˝√√˚˛

¤¬ı— ˚ø√

V x X y Yi i i i
i

n
� � �

�
� ( ) 0

1

˝√√˚˛ Ó¬±˝√√À˘ ¤¬ı˛”¬Û ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘Àfl¡ ¬¬õ∂À˚˛±· ø¬ıμ≈ ¸±À¬ÛÀé¬ Œ˚ Œfl¡±Ú øÚø«√©Ü ¤fl¡øÈ¬

Œfl¡±ÀÌ ‚”øÌ«Ó¬ fl¡¬ı˛À˘› ¤˝◊√√ Ú”Ó¬Ú ’¬ıàÔ±˚˛ ¬ı˘À·±á¬œ ¸±À˜… Ô±Àfl¡º

¤fl¡øÈ¬ ˜¸‘Ì ¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú ¬ıd≈¬fl¡Ì± ˚ø√ fl¡Ó¬·≈ø˘ ¬ı˘ õ∂˚≈q¡ ˝√√À˚˛ ¸±À˜… Ô±Àfl¡ Ó¬±˝√√À˘ ‹

¬ı˘·≈ø˘ Œ˚ ˙Ó«¬ ¬Û±˘Ú fl¡À¬ı˛ Œ¸È¬± ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ’±¬ı±¬ı˛ ¤fl¡øÈ¬ ˜¸‘Ì Ó¬À˘¬ı˛ Î¬◊¬ÛÀ¬ı˛ Œfl¡±Ú

¬ıd≈¬fl¡Ì± ¸±À˜… Ô±fl¡À˘, Œ˚ ¸¬ı ¬ı˘ ‹ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛ Ó¬±¬ı˛± Œ˚ ¸•Ûfl«¡ ¬Û±˘Ú fl¡À¬ı˛ Œ¸È¬±›

’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

5.9 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘

1. ¤fl¡øÈ¬ ¸≈¯∏˜ √G¬ AB [˚± ˆ¬±¬ı˛ W ¤¬ı— Δ√‚« 2l]-Œfl¡ ¤fl¡øÈ¬ ˆ¬±¬ı˛˝√√œÚ √øÎ¬ˇ OA-¤¬ı˛ ¸±˝√√±À˚…

O ø¬ıμ≈ ˝√√ÀÓ¬ ŒÁ¡±˘±ÀÚ± ˝√√˘, ˚±¬ı˛ A ø¬ıμ≈øÈ¬ √ÀG¬¬ı˛ ¸ø˝√√Ó¬ ˚≈q¡º ¤fl¡øÈ¬ ¡ZiZ ˚±¬ı˛ √w¬±˜fl¡ N(< lW)

√G¬øÈ¬¬ı˛ Î¬◊¬ÛÀ¬ı˛ Î¬◊~•§ Ó¬À˘ ø√flË¡˚˛± fl¡À¬ı˛º ¸±˜…¬ıàÔ±˚˛ Ô±fl¡±fl¡±˘œÚ √øÎ¬ˇ¬ı˛ Î¬◊¬Û¬ı˛ È¬±Ú ¤¬ı— √G¬øÈ¬¬ı˛ Î¬◊~•§À¬ı˛‡±¬ı˛

¸ø˝√√Ó¬ ÚøÓ¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº

√G¬øÈ¬ ˝√√ÀÓ¬ ¡ZiZÀfl¡ ¸ø¬ı˛À˚˛ ¤fl¡øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ ¬ı˘ P, B ø¬ıμ≈ÀÓ¬ õ∂À˚˛±· fl¡¬ı˛± ˝√√˘º ¸±˜…¬ıàÔ±˚˛

√øÎ¬ˇ ¤¬ı— √ÀG¬¬ı˛ ¸ø˝√√Ó¬ Î¬◊~•§À¬ı˛‡± Œ˚ Œfl¡±Ì·≈ø˘ Î¬◊»¬Ûiß fl¡À¬ı˛ Ó¬±À√¬ı˛ È¬…±ÚÀÊ√KI◊-¤¬ı˛ ˜±Ú ¬ı±¬ı˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú :

7 Ú— ø‰¬S
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õ∂Ô˜ Œé¬ÀS, √øÎ¬ˇøÈ¬ Î¬◊~•§ˆ¬±À¬ı Ô±fl¡À¬ı, ˚±ÀÓ¬ √øÎ¬ˇ¬ı˛ È¬±Ú T, ˆ¬±¬ı˛ ¬ı˘ W ¤¬ı— ¡ZiZ N-¤¬ı˛ ¸ø˝√√Ó¬

¸±˜…Ó¬± ¬ıÊ√±˚˛ ¬ı˛±À‡º


 Î¬◊~•§ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬ fl¡¬ı˛À˘ ¬Û±˝◊√√, T = W

¤¬ı—

N = W·GL = Wlsin�


	 sin�	 = N / Wl,

ø¡ZÓ¬œ˚˛ Œé¬ÀS, √øÎ¬ˇøÈ¬ ’¬ı˙…˝◊√√ Î¬◊~À•§¬ı˛ ¸ø˝√√Ó¬ ÚøÓ¬ �	Ô±fl¡À¬ı, ˚±ÀÓ¬ √øÎ¬ˇ¬ı˛ È¬±Ú T ’Ú≈ˆ”¬ø˜fl¡ ¬ı˘

P-¤¬ı˛ ¸ø˝√√Ó¬ ¸±˜… ’±ÚÀÓ¬ ¬Û±À¬ı˛º


 ’Ú≈ˆ”¬ø˜fl¡ › Î¬◊~•§ ø√Àfl¡ T�	 Œfl¡ ø¬ıÀù≠ø¯∏Ó¬ fl¡¬ı˛À˘ ¬Û±˝◊√√,

T�sin�	 = P, T�cos�	 = W, 
	 tan�	 = P/W

’±¬ı±¬ı˛ A ø¬ıμ≈¬ı˛ ‰¬±ø¬ı˛ø√Àfl¡ √w¬±˜fl¡ øÚÀ˘,

P · AM – W · GN = 0

’Ô¬ı±, P l W l� � � �2 0cos sin� �

’Ô¬ı±, tan�	 � 2P
W

2. ¤fl¡øÈ¬ a ¬ı…±¸˚≈q¡ ˜¸‘Ì ’Ò«À·±˘fl¡±fl‘¡øÓ¬ ¬ı±øÈ¬Àfl¡ ¤¬ı˛”¬Ûˆ¬±À¬ı ¬ı˛±‡± ’±ÀÂ√ ˚±ÀÓ¬ Î¬◊˝√√±¬ı˛ Ò±¬ı˛ ¤fl¡øÈ¬

˜¸‘Ì Î¬◊~•§ Œ√›˚˛±˘Àfl¡ ¶Û˙« fl¡À¬ı˛º ¤fl¡øÈ¬ W ˆ¬±¬ı˛˚≈q¡ ¸˜√G¬ AB-¤¬ı˛ ¤fl¡øÈ¬ õ∂±z¬ A, ¬ı±øÈ¬¬ı˛ øˆ¬Ó¬À¬ı˛¬ı˛

¬ı√flË¡Ó¬À˘ ’¬ıøàÔÓ¬ ¤¬ı— ’¬Û¬ı˛ õ∂±z¬ Œ√›˚˛±À˘ 30° Œfl¡±Ì Î¬◊»¬Ûiß fl¡À¬ı˛º Œ√‡±Ú Œ˚ √ÀG¬¬ı˛ Δ√‚«

a+a/ 13 º

√G¬øÈ¬¬ı˛ Œ√›˚˛±˘ › ¬ı±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ¬¬õ∂øÓ¬ø√flË¡˚˛±-¬ı˘ øÚÌ«˚˛ fl¡¬ı˛≈Úº
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¸˜±Ò±Ú : ¬Û±Àù´«¬ı˛ ø‰¬SøÈ¬, ¸˜d¬ ¬ıd≈¬·≈ø˘¬ı˛ AB √ÀG¬¬ı˛ ˜Ò… ø√À˚˛ Î¬◊~•§ ŒÂ√√º ˜ÀÚ fl¡ø¬ı˛

AB = 2l

8 Ú— ø‰¬S

øÚ•ßø˘ø‡Ó¬ ¬ı˘¸˜”˝√√ √ÀG¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛º W, √ÀG¬¬ı˛ ˆ¬±¬ı˛ Î¬◊˝√√±¬ı˛ ˜Ò…ø¬ıμ≈ G ø√À˚˛ Î¬◊~•§ˆ¬±À¬ı

ø√flË¡˚˛± fl¡À¬ı˛º S, Œ√›˚˛±À˘¬ı˛ ¬õ∂øÓ¬ø√flË¡˚˛±, B ø¬ıμ≈ÀÓ¬ Œ√›˚˛±À˘¬ı˛ ˘•§ˆ¬±À¬ı fl¡±Ê√ fl¡À¬ı˛, Œ˚À˝√√Ó≈¬ Œ√›˚˛±˘øÈ¬

˜¸‘Ì , R, A ø¬ıμ≈ÀÓ¬ ¬ı±øÈ¬¬ı˛ õ∂øÓ¬ø√flË¡˚˛±-¬ı˘ [Œ˚À˝√√Ó≈¬ ¬ı±øÈ¬øÈ¬  ˜¸‘Ì] ¬ı±øÈ¬¬ı˛ ’øˆ¬˘•§ ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛

Î¬◊˝√√±¬ı˛ Œfl¡f C ø√À˚˛ ˚±˚˛º

˜ÀÚ fl¡ø¬ı˛ R ¬ı˘øÈ¬ Î¬◊~À•§¬ı˛ ¸ø˝√√Ó¬ �	 Œfl¡±Ì Î¬◊»¬Ûiß fl¡À¬ı˛º A ø¬ıμ≈¬ı˛ ‰¬±ø¬ı˛ø√Àfl¡ √w¬±˜fl¡ øÚÀ˘

W·AGsin30° = S·BE = S·ABcos30°


 W AG
AC

W
a

a
Wtan .30 1

3 2 3

1
2� � � (1)

¸˜d¬ ¬ı˘·≈ø˘Àfl¡ ’Ú≈ˆ”¬ø˜fl¡ › Î¬◊~À•§¬ı˛ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬ fl¡¬ı˛À˘

Rsin�	 = S ¤¬ı— Rcos�	 = W 
	 tan�	 S
W
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 R W� � 
 � 
 �	

�

�

�

sec ( ) tan sin cos� � � �1 1
2 3

1
13

2 3
13

�
W 13
2 3

’±¬ı±¬ı˛, AB = AE cosec 30° = (AF = FE) cosec30°

= (AC sin�	 + FE)cosec 30°

= 
1
2

1
13

1
2 2 13a a a a. . /��

�
�
� � �

3. ¸˜À¬ıÒ ˚≈q¡ ¤fl¡øÈ¬ ¬Û±È¬±Ó¬Ú ABCD [˚±¬ı˛ ˆ¬±¬ı˛ W)-Œfl¡ AB-¬ı˛ ˜Ò…ø¬ıμ≈ ŒÔÀfl¡ ŒÁ¡±˘±ÀÚ±

’±ÀÂ√ ˚±ÀÓ¬ ¬Û±È¬±Ó¬ÚøÈ¬ ‹ ø¬ıμ≈ ¸±À¬ÛÀé¬ Î¬◊~•§ Ó¬À˘ ˜≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º P › Q(P > Q) ≈√øÈ¬ ˆ¬±¬ı˛Àfl¡

≈√øÈ¬ ˆ¬±¬ı˛˝√√œÚ √øÎ¬ˇ¬ı˛ ¸±˝√√±À˚… B › D ø¬ıμ≈ ˝√√ÀÓ¬ ŒÁ¡±˘±ÀÚ± ˝√√˘º õ∂˜±Ì fl¡¬ı˛≈Ú, ¸±˜…±¬ıàÔ±˚˛ AB ¬ı±˝≈√√øÈ¬

’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸ø˝√√Ó¬ Œ˚ Œfl¡±Ì Î¬◊»¬Ûiß fl¡À¬ı˛ Ó¬±¬ı˛ ˜±Ú

tan ( )
( )

� �
�

1
2

a P Q
b W Q

¸˜±Ò±Ú : ABCD ¬Û±È¬±Ó¬ÀÚ¬ı˛ ˆ¬±¬ı˛ W, Î¬◊˝√√±¬ı˛ ˆ¬¬ı˛Àfl¡f G ø¬ıμ≈ÀÓ¬ Î¬◊~•§ˆ¬±À¬ı ø√flË¡˚˛± fl¡À¬ı˛, Œ˚‡±ÀÚ

OG AD b
� �

1
2 2

˜ÀÚ fl¡ø¬ı˛ ¸±˜…±¬ıàÔ±˚˛ AB, ’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸ø˝√√Ó¬ �	 Œfl¡±Ì fl¡À¬ı˛  , O ø¬ıμ≈ ˝√√˘ AB-¬ı˛ ˜Ò…ø¬ıμ≈ ,

O ø¬ıμ≈¬ı˛ ‰¬±ø¬ı˛ø√Àfl¡ √w¬±˜fl¡ øÚÀ˘,

–P·OL + W·GM + Q·DN = 0

√̋√ÀÓ¬
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OL = OB·cos�	 = a
2 cos�

9 Ú— ø‰¬S

GM = OG sin�	 = b
2 sin �

DN = DF + FN = ADsin�	 + OE

= ADsin�	 + AOcos�


 (1) ˝√√ÀÓ¬,

� � � � �P a W b Q b a
2 2 2 0cos sin ( sin cos )� � � �

’Ô¬ı±, ( ) cos ( ) sinQ P a W Q b
� � � �2 2 2 0� � 	 
 tan

( )
( )� �

�
�

P Q a
W Q b2

4. ¤fl¡øÈ¬ Œ‡±˘± Œ¬ı˘Ú±fl¡±¬ı˛ Ê√±¬ı˛, ˚±¬ı˛ ¬ı…±¸±X« a ¤¬ı— ›Ê√Ú nW, ¤fl¡øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ ŒÈ¬ø¬ıÀ˘¬ı˛

Î¬◊¬Û¬ı˛ ¬ı˛À˚˛ÀÂ√º ¤fl¡øÈ¬ ˆ¬±¬ı˛œ √G¬, ˚±¬ı˛ Δ√‚« 2l, ›Ê√Ú W, ‹ Ê√±À¬ı˛¬ı˛ ˜ÀÒ… Î¬◊~•§ Ó¬À˘¬ı˛ ¸Àe· ¤fl¡øÈ¬

õ∂±z¬ Œ˘À· ’±ÀÂ√ ¤¬ı— ’¬Û¬ı˛ õ∂±z¬ Ê√±À¬ı˛¬ı˛ fl¡±Ú±¬ı˛ Î¬◊¬Û¬ı˛ ˆ¬¬ı˛ ø√À˚˛ ¬ı±˝◊√√À¬ı˛ ’±ÀÂ√º [1] Œ√‡±Ú Œ˚  G¬øÈ¬

’Ú≈ˆ”¬ø˜¬ı˛ ¸ø˝√√Ó¬ �	 Œfl¡±Ì fl¡À¬ı˛ ’±ÀÂ√ Œ˚‡±ÀÚ lcos3�	 �	 �a, (2) √G¬øÈ¬ Ê√±À¬ı˛¬ı˛ ¬ı±˝◊√√À¬ı˛ ¬ÛÀÎ¬ˇ ˚±À¬ı

˚ø√ √G¬øÈ¬¬ı˛ ÚøÓ¬ Î¬◊¬ÛÀ¬ı˛¬ı˛ �	 ˝√√ÀÓ¬ fl¡˜ ˝√√˚˛, [3] Ê√±¬ı˛øÈ¬ ¬¬ÛÀÎ¬ˇ ˚±À¬ı ˚ø√ lcos�	 < (n + 2)a Ú±

√̋√̊ º̨
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¸˜±Ò±Ú : [1] õ∂øÓ¬ø√flË¡˚˛±-¬ı˘ R, R�, ›Ê√Ú ¬ı˘ W, ¤fl¡ø¬ıμ≈ ˝√√À¬ıº ’Ó¬¤¬ı ø‰¬S±Ú≈¸±À¬ı˛ [M Ê√±À¬ı˛¬ı˛

fl¡±Ú±˚˛ ’¬ıøàÔÓ¬]

10 Ú— ø‰¬S

cos�	 = AK
AM

AI
AG

AM
AI

� �


	 cos3 2� �
a
l

[2] ˚ø√ �	¤˜Ú ˝√√˚˛ Œ˚ cos3� > 2a
l 	Ó¬±˝√√À˘ Œ˚À˝√√Ó≈¬ √ÀG¬¬ı˛ ¸±À˜…¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ R�sin�

= R, R�cos�	 = W ˝√√À˘› ¬ı˘·≈ø˘ ¤fl¡øÈ¬ ¡ZÀiZ ¬ı˛”¬Û±ø˚˛Ó¬ ˚±¬ı˛ √w¬±˜fl¡

= R · AM·sin�	 – W(lcos�	 – 2a)

= W[2a – lcos3�] / cos2��	 Œ˚À˝√√Ó≈¬ AM cos�	 = 2a

¤¬ı— ˝◊√√˝√√± <0 ’Ô«±» √G¬øÈ¬ ¬ı±˝◊√√À¬ı˛ ø√Àfl¡ ‚≈À¬ı˛ ¬ÛÀÎ¬ˇº

[3] L-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛ √G¬ › Ê√±¬ı˛ ≈√øÈ¬¬ı˛ Ê√Ú…, Ê√±¬ı˛øÈ¬ L-¤¬ı˛ ¸±À¬ÛÀé¬ Î¬◊øåÈ¬À˚˛ ˚±˚˛

˚ø√ –nWa + W(lcos�	 – 2a) > 0

’Ô«±» Wlcos�	 > W(n + 2)a

’Ô«±» lcos�	 > (n + 2)a

’Ó¬¤¬ı lcos�	 < (n + 2)a ˝√√À˘ Ê√±¬ı˛øÈ¬ ¬ÛÀÎ¬ˇ ˚±À¬ı Ú±º
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5. ≈√øÈ¬ ˜¸‘Ì Œ·±˘fl¡ [õ∂ÀÓ¬…fl¡øÈ¬¬ı˛ ¬ı…±¸±X« r ¤¬ı— ¬ˆ¬±¬ı˛ W) ¤fl¡øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ˆ¬±À¬ı

’¬ıøàÔÓ¬ ¤fl¡øÈ¬ Ù¬“√±¬Û± a ¬ı…±¸±X«ø¬ıø˙©Ü Œ‰¬±À„√√¬ı˛ ˜ÀÒ… ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º Œ√‡±Ú Œ˚ Œ‰¬±„√√øÈ¬ ˚±ÀÓ¬

Ú± ›åÈ¬±˚˛ Ó¬±¬ı˛ Ê√Ú… Œ‰¬±„√√øÈ¬¬ı˛ ˆ¬±¬ı˛ ’z¬Ó¬–

2 1W r
a

�� �	 ˝√√À¬ıº r a� 2� �

11 Ú— ø‰¬S

ÚœÀ‰¬¬ı˛ Œ·±˘fl¡øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±ø¬ı˛øÈ¬ ¬ı˘ (R, P, W, R' ), Œ˚‡±ÀÚ R ˝√√˘ Œ‰¬±„√√ õ∂√M√√ õ∂øÓ¬ø√flË¡˚˛±,

P ˝√√˘ ø¡ZÓ¬œ˚˛ Œ·±˘fl¡ fl¡Ó«‘¬fl¡ õ∂√M√√ õ∂øÓ¬ø√flË¡˚˛±, R�	˝√√˘ ˆ”¬ø˜ fl¡Ó«‘¬fl¡ ¬õ∂√M√√ õ∂øÓ¬√flË¡˚˛±º Œ·±˘fl¡ ≈√øÈ¬¬ı˛ Œfl¡f¡Z˚˛

¸—À˚±·fl¡±¬ı˛œ Œ¬ı˛‡± ’Ú≈ˆ”¬ø˜¬ı˛ ¸ø˝√√Ó¬ �	 Œfl¡±Ì fl¡À¬ı˛º ø‰¬S ˝√√ÀÓ¬ ¬Û±˝◊√√

r + 2rcos�	 + r = 2a (1)

ÚœÀ‰¬¬ı˛ Œ·±˘Àfl¡¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú…

P cos�	 = R, Psin�	 = R�	 – W (2)

¤‡±ÀÚ
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¤fl¡fl¡ 6 � ‚¯∏«Ì ¬ı˘ (Force of Friction)

·Í¬Ú

6.1 õ∂d¬±¬ıÚ±

6.2 Î¬◊ÀV˙…

6.3 ≈√øÈ¬ ¬ı˛≈é¬ ¬Û‘Àá¬¬ı˛ ˜ÀÒ… õ∂øÓ¬ø√flË¡˚˛± ¬ı˘

6.3.1 ¸œ˜±àÔ ‚¯∏«Ì ¬ı˘

6.3.2 ‚¯∏«Ì Œfl¡±Ì › ‚¯∏«Ì ˙efl≈¡

6.4 ¤fl¡øÈ¬ ¬ı˛≈é¬ ’±ÚÓ¬ ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ ¬ıd≈¬¬ı˛ ¸œ˜±àÔ ¸±˜…

6.5 ¤fl¡øÈ¬ ’˜¸‘Ì ¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ fl¡Ì± ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡±¬ı˛ ˙Ó«¬

6.6 ¤fl¡øÈ¬ ’˜¸‘Ì Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ¸±˜…

6.7 fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì

6.8 ¸±¬ı˛±—˙

6.9 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘

6.1  õ∂d¬±¬ıÚ±

Œ˚ Œfl¡±Ú ≈√øÈ¬ ¬ıd≈¬ Ó¬À˘¬ı˛ ¸—¶ÛÀ˙« ¸±øißÒ…Ê√øÚÓ¬ fl¡±¬ı˛ÀÌ ¤fl¡øÈ¬ Ó¬À˘¬ı˛ ¬ıd≈¬ ’¬Û¬ı˛ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛

øfl¡Â≈√ ¬ı˘ õ∂À˚˛±· fl¡À¬ı˛ ¤¬ı— øÚÎ¬◊È¬ÀÚ¬ı˛ Ó‘¬Ó¬œ˚˛ ¸”S ’Ú≈¸±À¬ı˛ ø¡ZÓ¬œ˚˛ ¬ıd≈¬øÈ¬ ø¬ı¬Û¬ı˛œÓ¬ ø√Àfl¡ ‹ ¬Ûø¬ı˛˜±Ì

¬ı˘ õ∂Ô˜ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛º ¤˝◊√√ ¬ı˘ Œfl¡±Úƒ ø√Àfl¡ ø√flË¡˚˛± fl¡¬ı˛À¬ı Œ¸È¬± øÚˆ«¬¬ı˛ fl¡À¬ı˛ ¬¬ıd≈¬øÈ¬ øfl¡ ¬Û√±ÀÔ«¬ı˛

¤¬ı— ¶Û˙«Ó¬˘ ≈√øÈ¬ øfl¡¬ı˛”¬Û ˜¸‘Ìº ¤ ø¬ı¯∏À˚˛ ¬Û¬ı˛œé¬±˘t :±Ú ŒÔÀfl¡ Ê√±Ú± Œ·ÀÂ√ Œ˚ Ó¬˘ ≈√øÈ¬ ˚ø√

’øÓ¬˙˚˛ ˜¸‘Ì ˝√√˚˛ Ó¬±˝√√À˘ ¬Û±¬ı˛¶Ûø¬ı˛fl¡ ø√flË¡˚˛±-õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ¶Û˙«fl¡ Ó¬À˘¬ı˛ ¸±Ò±¬ı˛Ì ’øˆ¬˘•§ ø√Àfl¡ ø√flË¡˚˛±

fl¡À¬ı˛º ¤ Ò¬ı˛ÀÚ¬ı˛ ¬ıd≈¬Àfl¡ ’±˜¬ı˛± ¬Û”Ì« ˜¸‘Ì (Perfectly Smooth) ¬ıÀ˘ Ô±øfl¡º ¬Û”Ì«ˆ¬±À¬ı ˜¸‘Ì Ò±¬ı˛Ì±øÈ¬

øfl¡Â≈√È¬± ’±√˙« ’¬ıàÔ± Œ˚È¬± ’ÀÚfl¡ ¸˜˚˛˝◊√√ ¸Ó¬… ˝√√˚˛ Ú±º ¬ı±d¬À¬ı ≈√øÈ¬ Ó¬À˘¬ı˛ ˜ÀÒ… õ∂øÓ¬ø√flË¡˚˛± ¬ıÀ˘¬ı˛

øfl¡Â≈√ ¬Ûø¬ı˛˜±Ì ø¬ıÀù≠ø¯∏Ó¬±—˙ ¶Û˙«fl¡ ø√Àfl¡ Ô±Àfl¡º ¤˝◊√√ ¶Û˙«fl¡ ø√Àfl¡ Œ˚ ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛ Ó¬±Àfl¡˝◊√√ ‚¯∏«Ì

¬ı˘ (Force of Friction) ¬ı˘± ˝√√˚˛º ’±˜¬ı˛± ¤˝◊√√ ¤fl¡Àfl¡ õ∂ÔÀ˜ ‚¯∏«Ì ¬ıÀ˘¬ı˛ õ∂fl‘¡øÓ¬, ˜±Ú ˝◊√√Ó¬…±ø√ ¸•§À&Ò

’±À˘±‰¬Ú± fl¡¬ı˛¬ıº ¤¬ı˛ ¬ÛÀ¬ı˛ ‚¯∏«Ì ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı˛fl¡˜ ¬Ûø¬ı˛øàÔøÓ¬ÀÓ¬ ¬ı˘¸˜”À˝√√¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ fl¡Ó¬fl¡·≈ø˘

Î¬◊√±˝√√¬ı˛Ì ¸˝√√À˚±À· ¬ı…±‡…± fl¡¬ı˛¬ıº
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6.2 Î¬◊ÀV˙…

˚‡Ú ≈√øÈ¬ ¬ıd≈¬ ¸—¶ÛÀ˙« Ô±Àfl¡ Ó¬‡Ú Ó¬±À√¬ı˛ ¸±Ò±¬ı˛Ì ¶Û˙«Ó¬˘ ˜Ò… ø√À˚˛ ¤fl¡øÈ¬ ’¬Û¬ı˛øÈ¬¬ı˛ Î¬◊¬Û¬ı˛

¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— ¤˝◊√√ ¬ı˘ ≈√øÈ¬ ¬Û¬ı˛¶Û¬ı˛ ¸˜±Ú ˜±ÀÚ¬ı˛ › ø¬ı¬Û¬ı˛œÓ¬˜≈‡œº

¤˝◊√√ ¤fl¡Àfl¡ ’±˜±À√¬ı˛ Î¬◊ÀV˙… ˝√√˘

[1] õ∂ÔÀ˜ øÚÌ«˚˛ fl¡¬ı˛± ¬ıd≈¬ ≈√øÈ¬¬ı˛ ˜ÀÒ… ¶Û˙«Ê√øÚÓ¬ ¬ıÀ˘¬ı˛ õ∂fl‘¡øÓ¬º ¤˝◊√√ ¬ıÀ˘¬ı˛ ˜ÀÒ… Œ˚ Î¬◊¬Û±—˙øÈ¬

¶Û˙«Ó¬À˘ ’¬ıøàÔÓ¬ Œ¸È¬±Àfl¡˝◊√√ ‚¯∏«Ì ¬ı˘ ¬ı√√˘± ˝√√˚˛ ¤¬ı— ‚¯∏«Ì ¬ıÀ˘¬ı˛ õ∂ˆ¬±¬ı ¬ı˘À·±á¬œ¬ı˛ ¸±À˜…¬ı˛ ¬ı…±¬Û±À¬ı˛

øÚÌ«˚˛ fl¡¬ı˛±˝◊√√ ’±˜±À√¬ı˛ Î¬◊ÀV˙…º

[2] Œfl¡±Ú ˆ¬±¬ı˛œ ¬ıd≈¬ ˚ø√ ¤fl¡øÈ¬ ’±ÚÓ¬ ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ Ô±Àfl¡, Ó¬À¬ı ¬ıd≈¬øÈ¬ ˚ø√ Ú±˜¬ı±¬ı˛ Î¬◊¬Û√flË¡˜

fl¡À¬ı˛ Ó¬‡Ú ‚¯∏«Ì ¬ı˘ › ¬ıd≈¬øÈ¬ ˚ø√ Î¬◊¬Û¬ı˛ ø√Àfl¡ Î¬◊Í¬¬ı±¬ı˛ Î¬◊¬Û√flË¡˜ fl¡À¬ı˛ Œ¸Àé¬ÀS ‚¯∏«Ì ¬ı˘ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ

˝√√À¬ı › ¸¬ı«√± ¶Û˙« ø¬ıμ≈¬ı˛ ·øÓ¬À¬ıÀ·¬ı˛ õ∂¬ıÌÓ¬±Àfl¡ ¬ı±Ò± ø√À¬ıº ¤˝◊√√ ¬ı±Ò± ø√¬ı±¬ı˛ é¬˜Ó¬± ¬ıd≈¬ ≈√øÈ¬ Œ˚

¬Û√±Ô« ø√À˚˛ ·øÍ¬Ó¬ Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡¬ı˛À¬ı ¤¬ı— ¬ıd≈¬ ≈√øÈ¬¬ı˛ ˜ÀÒ… ’øˆ¬˘•§ ø¬ı˛˚˛±flƒ¡˙Ú ¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛

fl¡¬ı˛À¬ıº

6.3 ≈√øÈ¬ ¬ı˛≈é¬ ¬Û‘Àá¬¬ı˛ ˜ÀÒ… õ∂øÓ¬√ø√flË¡˚˛± ¬ı˘

Ò¬ı˛± ˚±fl¡ [I] › [II] ≈√øÈ¬ ¬ı˛≈é¬ ¬Û‘á¬ ø¬ıø˙©Ü ¬ıd≈¬ Œfl¡±Ú› ¤fl¡ ø¬ıμ≈ÀÓ¬ ¬Û¬ı˛¶Û¬ı˛ ¶Û˙« fl¡¬ı˛ÀÂ√º øÚÎ¬◊È¬ÀÚ¬ı˛

Ó‘¬Ó¬œ˚˛ ·øÓ¬¸”S ˝√√ÀÓ¬ ’±˜¬ı˛± Ê√±øÚ [I] ¬ıd≈¬øÈ¬ [II] ¬ıd≈¬øÈ¬ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ ¬ı˘ õ∂À˚˛±· fl¡À¬ı˛ ¤¬ı— [II]

¬ıd≈¬øÈ¬ [I] ¬ıd≈¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ø√Àfl¡ ¤¬ı— ¤fl¡˝◊√√ ˜±Ú ø¬ıø˙©Ü õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ õ∂À˚˛±· fl¡À¬ı˛º ’Ô«±»

1Ú— ø‰¬ÀS õ∂√ø˙«Ó¬ R1, R2 ˚Ô±√flË¡À˜ [I] Ú— ¬ıd≈¬ › [II] Ú— ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ˝√√À˘ R1,

R2 -¤¬ı˛ ø√flË¡˚˛± Œ¬ı˛‡± ¤fl¡˝◊√√ ¸¬ı˛˘À¬ı˛‡±˚˛ ¤¬ı— R1 = R2 ˝√√À¬ıº ‹ øÚø«√©Ü ø¬ıμ≈ÀÓ¬ ¬ıd≈¬ ≈√øÈ¬¬ı˛ ¬Û‘Àá¬¬ı˛

¸±Ò±¬ı˛Ì ¶Û˙«Àfl¡¬ı˛ ’øˆ¬˘•§ È¬±Ú± ˝√√˘º ¤‡Ú [I] Ú— ¬ıd≈¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±¬ı˛Ó¬ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ R1-¤¬ı˛

1 Ú— ø‰¬S

’øˆ¬˘•§ ’øˆ¬˜≈‡œ ø¬ıÀù≠ø¯∏Ó¬±—˙ N1 ¤¬ı— ¶Û˙«fl¡ Ó¬À˘ R1, N1 Ó¬À˘ ’¬ıøàÔÓ¬ ¤fl¡øÈ¬ ¶Û˙«fl¡

Œ¬ı˛‡±¬ı˛ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ F2º ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı [II] Ú— ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±¬ı˛Ó¬ õ∂øÓ¬ø√flË¡˚˛± ¬ıÀ˘¬ı˛ N2 ›

F2 ¤˝◊√√ ø¬ıÀù≠ø¯∏Ó¬±—˙ ’øˆ¬˘•§ › ¶Û˙«fl¡ ø√Àfl¡º ¤‡Ú Œ˚À˝√√Ó≈¬ R1 › R2 ¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ›
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¸˜˜±Ú˚≈q¡º ’Ó¬¤¬ı N1, F1 › N2, F2 ¬Û¬ı˛¶Û¬ı˛ ¸˜˜±Ú˚≈q¡ › ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ˝√√À¬ıº ˚ø√ ¬ıd≈¬ ≈√øÈ¬¬ı˛

˜ÀÒ… ¤fl¡øÈ¬ fl¡Ì± ˝√√˚˛, Ó¬±˝√√À˘ Î¬◊¬ÛÀ¬ı˛¬ı˛ ¬ıq¡¬ı… ¸Ó¬… ˝√√À¬ıº

’±˜¬ı˛± ¤‡Ú Œ˚ Œfl¡±Ú› ¤fl¡øÈ¬ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ¸•§À&Ò ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº Œfl¡ÚÚ±

Ó¬±˝√√À˘˝◊√√ ’¬Û¬ı˛ ¬ıd≈¬ ¸•§À&Ò Ê√±Ú± ˚±À¬ıº

Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ ¬ıd≈¬¬ı˛ P ø¬ıμ≈ÀÓ¬ ’Ú… ¤fl¡øÈ¬ ¬ıd≈¬ fl¡Ó«‘¬fl¡ õ∂˚≈q¡ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ 2 Ú— ø‰¬S

’Ú≈˚±˚˛œ R ¡Z±¬ı˛± ¸”ø‰¬Ó¬ ˝√√˘º PM ¸±Ò±¬ı˛Ì ¶Û˙«fl¡ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ › PM › R-¤¬ı˛ ø√flË¡˚˛±À¬ı˛‡±¬ı˛

2 Ú— ø‰¬S

¸ø˝√√Ó¬ ¸˜Ó¬À˘ PT ¸±Ò±¬ı˛Ì ¶Û˙«fl¡ È¬±Ú± ˝√√˘º õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ R › ˘•§ PM ˜Ò…¬ıÓ¬π Œfl¡±Ì

�	 ¡Z±¬ı˛± ¸”ø‰¬Ó¬ ˝√√˘º PT-¤¬ı˛ ø√Àfl¡ R-¤¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ F ˝√√À˘ ¤¬ı— ˘•§ PM-¤¬ı˛ ø√Àfl¡ R-¤¬ı˛

ø¬ıÀù≠ø¯∏Ó¬±—˙ N ˝√√À˘, ’±˜¬ı˛± ¬Û±˝◊√√

N2 + F2 = R2

Rcos�	 = N, Rsin�	 = F ’Ô«±» tan�	 = F
N

¤‡±ÀÚ N › F ¤˝◊√√ ≈√øÈ¬ ¬ı˘Àfl¡ ˚Ô±√flË¡À˜ ’øˆ¬˘•§ õ∂øÓ¬ø√flË¡˚˛± (Normal Reaction) › ‚¯∏«Ì

¬ı˘ (Friction) ¬ı˘± ˝√√˚˛º Œ˚ ¸fl¡˘ ¬ıd≈¬¡ZÀ˚˛¬ı˛ ˜ÀÒ… ‚¯∏«Ì ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛ Ú± Ó¬±À√¬ı˛ õ∂øÓ¬√ø√flË¡˚˛± ¸•Û”Ì«ˆ¬±À¬ı

’øˆ¬˘•§ ¤¬ı— ¤˝◊√√ Ò¬ı˛ÀÚ¬ı˛ ¬ıd≈¬¬Û‘á¬Àfl¡ ˜¸‘Ì (Smooth) ¬ı˘± ˝√√˚˛º ¸±Ò±¬ı˛Ìˆ¬±À¬ı Œ˚‡±ÀÚ ‚¯∏«Ì ¬ı˘ ˙”Ú…

Ú˚˛, Œ¸‡±ÀÚ ¬ıd≈¬¡Z˚˛Àfl¡ ¬ı˛≈é¬ (Rough) ¬ı˘± ˝√√˚˛º

6.3.1 ¸œ˜±àÔ ‚¯∏«Ì ¬ı˘

õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ¶§±ˆ¬±ø¬ıfl¡ˆ¬±À¬ı ’Ú…±Ú… ¬ıÀ˘¬ı˛ ¡Z±¬ı˛± øÚ˚˛øLaÓ¬ ˝√√˚˛º Œ¸Ê√Ú… õ∂øÓ¬ø√flË¡˚˛± ¬ı˘Àfl¡ øÚø©ç¡˚˛

¬ı˘ ¬ı˘± ˝√√˚˛º fl¡À˚˛fl¡øÈ¬ ¬Û¬ı˛œé¬±-¸?±Ó¬ øÚ˚˛˜ ‚¯∏«Ì ¸•§À&Ò ø¬ıøÒ¬ıX ˝√√À˚˛ÀÂ√ Œ¸·≈ø˘Àfl¡ ‚¯∏«ÀÌ¬ı˛ øÚ˚˛˜±¬ı˘œ

(Laws of Friction) ¬ı˘± ˝√√˚˛º øÚÀ‰¬ øÚ˚˛˜·≈ø˘ Œ√›˚˛± ˝√√˘ :
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[1] ‚¯∏«Ì ¬ı˘ Ú± Ô±fl¡À˘ õ∂À˚˛±·ø¬ıμ≈øÈ¬ Œ˚ ø√Àfl¡ ˚±¬ı±¬ı˛ fl¡Ô± ‚¯∏«Ì ¬ı˘ ¸¬ı«√± Ó¬±¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œº

’±À¬Ûøé¬fl¡ ·øÓ¬¬ı˛ Œé¬ÀS ‚¯∏«Ì ¬ı˘ ’±À¬Ûøé¬fl¡ ·øÓ¬¬ı˛ õ∂øÓ¬À¬ı˛±Ò fl¡À¬ı˛º

[2] ‚¯∏«Ì ¬ıÀ˘¬ı˛ ˜±Ú ¸¬ı«√± ¸±˜…±¬ıàÔ±¬ı˛ ¬ÛÀé¬ ˚ÀÔ©Ü ’Ô¬ı± ¶Û˙« ø¬ıμ≈¬ı˛ ’±À¬Ûøé¬fl¡ ·øÓ¬Àfl¡ õ∂øÓ¬À¬ı˛±Ò

fl¡¬ı˛±¬ı˛ ¬ÛÀé¬ ˚ÀÔ©Ü [’¬ı˙… ˚ø√ ‹ ˚ÀÔ©Ü ¬Ûø¬ı˛˜±Ì ‚¯∏«Ì ¬ı˘ ¬Û±›˚˛± ¸y¬¬ı ˝√√˚˛]º

[3] Œ˚ ¬Ûø¬ı˛˜±Ì ‚¯∏«Ì ¬ı˘ ¬Û±›˚˛± ˚±˚˛ Ó¬±¬ı˛ ¤fl¡øÈ¬ ÿÒ√ı«¸œ˜± ’±ÀÂ√º ‚¯∏«Ì ¬ı˘ ˚‡Ú ÿÒ√ı«¸œ˜±

õ∂±5 ˝√√˚˛ Ó¬‡Ú Ó¬±Àfl¡ ¸œ˜±àÔ ‚¯∏«Ì ¬ı˘ [Limiting Friction) ¬ı˘± ˝√√˚˛º

[4] ≈√øÈ¬ ¬ıd≈¬¬ı˛ ˜ÀÒ… ø√flË¡˚˛±˙œ˘ ¸œ˜±àÔ ‚¯∏«Ì ¬ı˘ › Î¬◊˝√√±À√¬ı˛ ˜ÀÒ… ø√flË¡˚˛±˙œ˘ ’øˆ¬˘•§ õ∂øÓ¬ø√flË¡˚˛±

¸¬ı«√± ¸˜±Ú≈¬Û±Ó¬œ ’Ô«±» N ˚ø√ ’øˆ¬˘•§ õ∂øÓ¬ø√flË¡˚˛± ˝√√˚˛, Ó¬±˝√√À˘ �N ˝√√À¬ı ¸œ˜±àÔ ‚¯∏«Ì,

Œ˚‡±ÀÚ �	¤fl¡øÈ¬ ÒË≈¬ıfl¡º �	 Œfl¡¬ı˘˜±S ¶Û˙«fl¡±¬ı˛œ ¬ıd≈¬ ≈√øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º �	 Œfl¡ ‚¯∏«Ì-

¸˝√√· (Coefficient of Friction) ¬ı˘± ˝√√˚˛º

[5] ¸œ˜±àÔ ‚¯∏«Ì ¶Û˙«fl¡±¬ı˛œ Œé¬SÙ¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ¸±Ò±¬ı˛ÌÓ¬– øÚˆ«¬¬ı˛˙œ˘ ÚÀ˝√√º

˜z¬¬ı… : [1] Î¬◊¬ÛÀ¬ı˛ øÚ˚˛˜·≈ø˘ ¬Û¬ı˛œé¬±˘t ¤¬ı— ¸¬ı«±¬ıàÔ±˚˛ fl¡ÀÍ¬±¬ı˛ˆ¬±À¬ı ¸Ó¬… Ú± ˝√√À˘›

Œ˜±È¬±˜≈øÈ¬ˆ¬±À¬ı ¸Ó¬…º [2] ¶Û˙«fl¡±¬ı˛œ ø¬ıμ≈·≈ø˘¬ı˛ ˜ÀÒ… ’±À¬Ûøé¬fl¡ ·øÓ¬ Ô±fl¡À˘ ‚¯∏«Ì ¬ı˘ ¸œ˜±àÔ ‚¯∏«Ì

¬ıÀ˘¬ı˛ ¸˜±Ú ˝√√˚˛ ¤¬ı— Î¬◊˝√√± [4] Ú•§¬ı˛ øÚÌ«˚˛ ’Ú≈˚±˚˛œ ˝√√˚˛, ˚ø√› ¤˝◊√√Àé¬ÀS �	¤¬ı˛ ˜±Ú ¬ıd≈¬ ≈√øÈ¬ øàÔ¬ı˛

˝√√À˘ ˚± ˝√√Ó¬ Ó¬± ’À¬Ûé¬± øfl¡ø=» fl¡˜º

6.3.2 ‚¯∏«Ì Œfl¡±Ì › ‚¯∏«Ì ˙efl≈¡ (Angle of Friction and Cone of Friction)

¸œ˜±àÔ ‚¯∏«ÀÌ¬ı˛ Œé¬ÀS Œ˜±È¬ õ∂øÓ¬ø√flË¡˚˛± › ’øˆ¬˘À•§¬ı˛ ˜ÀÒ… Œfl¡±ÌÀfl¡ ‚¯∏«Ì Œfl¡±Ì (Angle of

Friction) ’±‡…± Œ√›˚˛± ˝√√˚˛º

¸œ˜±àÔ ‚¯∏«Ì Œé¬ÀS Œ˚À˝√√Ó≈¬, R ’øˆ¬˘•§ õ∂øÓ¬ø√flË¡˚˛± ˝√√À˘, ‚¯∏«Ì ¬ı˘ �R, ’Ó¬¤¬ı ˘øt õ∂øÓ¬ø√flË¡˚˛±

¬ı˘ ’øˆ¬˘À•§¬ı˛ ¸ø˝√√Ó¬ �	 Œfl¡±Ì fl¡¬ı˛À˘ ’±˜¬ı˛± ¬Û±˝◊√√

tan � � �� �R
R

¸≈Ó¬¬ı˛±— ‚¯∏«Ì Œfl¡±Ì › ‚¯∏«Ì-¸˝√√· ¤À√¬ı˛ ˜ÀÒ… �	 = tan�	 ¤˝◊√√ ¸•ÛÀfl«¡ ¬ı˛À˚˛ÀÂ√º Œ˚À˝√√Ó≈¬ ‚¯∏«ÀÌ¬ı˛

˜±Ú ¸œ˜±àÔ Ú± ˝√√›˚˛± ¬Û˚«z¬ ‚¯∏«Ì ¬ı˘ F ¸œ˜±àÔ ‚¯∏«Ì ’À¬Ûé¬± fl¡˜ ¤¬ı— Œ˚À˝√√Ó≈¬ ¸œ˜±àÔ ‚¯∏«Ìfl¡±À˘˝◊√√

F
R -¤¬ı˛ ˜±Ú ¸¬ı«¬ı‘˝√√» ˝√√˚˛, ’Ó¬¤¬ı Œ˜±È¬ ¬õ∂øÓ¬ø√flË¡˚˛±˘øt fl¡‡Ú˝◊√√ ’øˆ¬˘À•§¬ı˛ ¸ø˝√√Ó¬ �-¤¬ı˛ ’øÒfl¡ Œfl¡±Ì
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fl¡¬ı˛ÀÓ¬ ¬Û±À¬ı˛ Ú±º ¤Ê√Ú… ’øˆ¬˘•§Àfl¡ ’é¬ fl¡ø¬ı˛˚˛± Î¬◊˝√√±¬ı˛ ¸ø˝√√Ó¬ �	Œfl¡±Ìfl¡±¬ı˛œ ˙efl≈¡Àfl¡ ‚¯∏«Ì ˙efl≈¡ (Cone

of Friction) ¬ı˘± ˝√√˚˛º ˝◊√√˝√√± ¬Ûø¬ı˛©®±¬ı˛ Œ˚ õ∂øÓ¬ø√flË¡˚˛±˘øt ¸¬ı«√± ‚¯∏«Ì ˙efl≈¡¬ı˛ ˜ÀÒ… ’¬ıøàÔÓ¬ ˝√√À¬ıº

3 Ú— ø‰¬S

≈√øÈ¬ ¬ıd≈¬¬ı˛ Ó¬À˘¬ı˛ ˜ÀÒ… ‚¯∏«Ì ˚ø√ ¤˜Ú ˝√√˚˛ Œ˚, Œ˚ Œfl¡±Ú› ˜±ÀÚ¬ı˛ ‚¯∏«Ì ¬ı˘ õ∂˚≈q¡ ˝√√›˚˛± ¸y¬¬ı,

¤˜Ú Ó¬˘¡Z˚˛Àfl¡ ¬Ûø¬ı˛¬Û”Ì« ¬ı˛≈é¬ ¬ı± ¬Ûø¬ı˛¬Û”Ì« ’˜¸‘Ì (Perfectly Rough) ¬ı˘± ˝√√˚˛º ’¬Û¬ı˛¬ÛÀé¬ ≈√øÈ¬ Ó¬À˘¬ı˛

˜ÀÒ… ‚¯∏«Ì±efl¡ ¸œø˜Ó¬ ˝√√À˘ Ó¬˘¡Z˚˛Àfl¡ ’¬Ûø¬ı˛¬Û”Ì« ¬ı˛”é¬ ¬ı± ’¬Ûø¬ı˛¬Û”Ì« ’˜¸‘Ì (Imperfectly Rough)

¬ı˘± ˝√√˚˛º

6.4 ¤fl¡øÈ¬ ¬ı˛≈é¬ ’±ÚÓ¬ ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ ¬ıd≈¬¬ı˛ ¸œ˜±àÔ ¸±˜… (Limiting
Equilibrium on Inclined Plane)

4 Ú— ø‰¬S

õ∂ÔÀ˜ ŒÚ›˚˛± ˚±fl¡ Œ˚ ¬Ûø¬ı˛øàÔøÓ¬ÀÓ¬ ¬ıd≈¬øÈ¬ ÚœÀ‰¬¬ı˛ ø√Àfl¡ ·øÎ¬ˇÀ˚˛ ¬ÛÎ¬ˇ± ŒÔÀfl¡ ¸œ˜±àÔˆ¬±À¬ı øÚ¬ı‘M√√

˝√√À˚˛ÀÂ√ ‚¯∏«Ì ¬ıÀ˘¬ı˛ ¸¬ı«±øÒfl¡ ’Ô«±» ¸œ˜±àÔ ‚¯∏«Ì ¬ı˘ ¤¬ı— ¬ıø˝√√–àÔ ¬ı˘ P-¤¬ı˛ Ê√Ú…º

¬ı˛≈é¬ ¸˜Ó¬˘øÈ¬ ’Ú≈ˆ”¬ø˜¬ı˛ ¸ø˝√√Ó¬ �	Œfl¡±Ì fl¡À¬ı˛º ¬ıd≈¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ’øˆ¬˘•§ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ R ¤¬ı— ¬ıd≈¬øÈ¬¬ı˛

Î¬◊¬Û¬ı˛ ¬ı˘ P Î¬◊~•§Ó¬À˘ ’¬ıøàÔÓ¬ › ¸¬ı«±øÒfl¡ ÚøÓ¬ Œ¬ı˛‡±¬ı˛ (Line of Greatest Slope) ¸ø˝√√Ó¬ �

Œfl¡±Ì fl¡À¬ı˛º Ò¬ı˛± ˚±fl¡ ˆ¬±¬ı˛œ ¬ıd≈¬øÈ¬ [˚±¬ı˛ ›Ê√Ú W] ¸œ˜±àÔ ¸±˜…±¬ıàÔ±˚˛ ¬ı˛À˚˛ÀÂ√º ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú…

¸˜Ó¬À˘¬ı˛ ¸˜±z¬¬ı˛±˘ › ˘•§ˆ¬±À¬ı ø¬ıÀù≠ø¯∏Ó¬±—˙ øÚÀ˚˛ ¬Û±˝◊√√

Pcos�	 + �R = W sin� (1)

R + Psin�	 = W cos� (2)
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(1) › (2) ˝√√ÀÓ¬ ¬Û±˝◊√√ P W�
�
�

sin cos
cos sin

	 
 	
� 
 �

�
�
�

W sin( )
cos( )

	 �
� �

(3)

Œ˚‡±ÀÚ �	 = tan��	 ’Ó¬¤¬ı P ¬ıÀ˘¬ı˛ õ∂À˚˛±Ê√Ú ˝√√À¬ı ˚ø√ �	 > �	 ˝√√˚˛º

R = Wcos� – 
W sin( ) sin

cos( )
	 � �
� �
�
�

  = W
cos cos( ) sin( ) sin

cos( )
	 � � 	 � �

� �

� � �

�

’¬Û¬ı˛¬ÛÀé¬ ˚ø√ ¬¬ıd≈¬øÈ¬ ¸œ˜±àÔ ¸±˜…±¬ıàÔ±˚˛ øfl¡z≈¬ Î¬◊¬ÛÀ¬ı˛¬ı˛ ø√Àfl¡ ‰¬˘¬ı±¬ı˛ õ∂¬ıÌÓ¬± ˚≈q¡ Ô±Àfl¡ Ó¬±˝√√À˘

‚¯∏«Ì ¬ı˘ ÚœÀ‰¬¬ı˛ øÀfl¡ ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— Œ¸ ’¬ıàÔ±˚˛ ¬ıø˝√√–àÔ ¬ı˘ P-¤¬ı˛ ˜±Ú ˝√√À¬ı

P W�
�
�

sin( )
cos( )

	 �
� �

(4)

’Ó¬¤¬ı Œ√‡± ˚±À26√ ¤fl¡øÈ¬ ¬ıd≈¬¬ı˛ ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ø√Àfl¡ Î¬◊Í¬¬ı±¬ı˛ Ê√Ú… P-¤¬ı˛ øÚ•ßÓ¬˜ ˜±Ú ˝√√À¬ı

˚‡Ú �	 �	 �	 ¤¬ı— P = Wsin(�	 �	 �)º

6.5 ¤fl¡øÈ¬ ’˜¸‘Ì ¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ fl¡Ì± ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡±¬ı˛ ˙Ó«¬

˚ø√ �	‚¯∏«Ì±efl¡ ˝√√˚˛ ¤¬ı— X, Y, Z ˚ø√ fl¡Ì±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘¸˜”À˝√√¬ı˛ ’±˚˛Ó¬Àé¬S±fl¡±¬ı˛ fl¡±øÓ«¬˚˛

ø¬ıÀù≠ø¯∏Ó¬±—˙ ˝√√˚˛ Ó¬±˝√√À˘ ¸±À˜…¬ı˛ ˙Ó«¬ øÚÌ«˚˛ fl¡¬ı˛± ˝√√À¬ıº

Ò±¬ı˛± ˚±fl¡, fl¡Ì±øÈ¬ õ∂√M√√ ¬ıÀ√flË¡¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ P ŒÓ¬ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º X, Y, Z ¬ıø˝√√–àÔ ¬ı˘,

’±¬ı˛ ¬ıÀ√flË¡¬ı˛ ˘•§ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ R ¤¬ı— ‚¯∏«Ì ¬ı˘ F ˚±¬ı˛± ˚Ô±√flË¡À˜ ¬ıÀ√flË¡¬ı˛ P ø¬ıμ≈ÀÓ¬ ¬˘•§ › ¶Û˙«fl¡

ø√Àfl¡º ¶Û˙«fl¡øÈ¬¬ı˛ ø√fl¡ñŒfl¡±¸±˝◊√√Ú ˚Ô±√flË¡À˜ l, m, n ˝√√À˘ ¤¬ı— �(= tan–1�) ‚¯∏«Ì Œfl¡±Ì ˝√√À˘,

¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ ˙Ó«¬ ¤˝◊√√ Œ˚ ¬ıø˝√√–àÔ¬ı˘ X, Y, Z-¤¬ı˛ ˘øt ¬ı˘ �(X2 + Y2 + Z2),

P ø¬ıμ≈ÀÓ¬ ¬ıÀ√flË¡¬ı˛ ˘À•§¬ı˛ ¸ø˝√√Ó¬ �	 ŒÔÀfl¡ Œ¬ı˙œ Œfl¡±Ì fl¡¬ı˛À¬ı Ú±º ’Ô«±» ¶Û˙«fl¡ › ‹ ˘øt¬ı˛ ˜ÀÒ…

Œfl¡±Ì 
�

�2 � 	 ˝√√ÀÓ¬ Œ¬ı˙œ ¬ı± ¬ıÎ¬ˇ ŒÊ√±¬ı˛ ¸˜±Ú ˝√√À¬ıº ’Ô«±»

cos� � �

� �

�
��

�
�� � �1

2 2 2 2
lX mY nZ

X Y Z

� �
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’Ô¬ı±
lX mY nZ

X Y Z

� �

� �

�
��

�
�� �

2 2 2
sin �

’Ô«±»
lX mY nZ
X Y Z
� �

� �
�

�

�  2

2 2 2

2

21
tan

tan
�

�

’Ô«±»
lX mY nZ
X Y Z
� �

� �
�

�

�  2

2 2 2

2

21





(i)

¤‡Ú ¸˜Ó¬˘œ˚˛ ¬ıÀ√flË¡¬ı˛ Œé¬ÀS ’±˜¬ı˛± n = 0, Z = 0 ¬ıø¸À˚˛ ¤¬ı— l dx
ds

m
dy
ds

� �, 	 ø˘À‡

(i) ŒÔÀfl¡ ¬Û±˝◊√√

X dx
ds

Y
dy
ds

X Y

��
�

�
�

�
� �

2

2 2
2 21
 
/ ( )

’Ô¬ı±

X Y
dy
dx

X Y ds
dx

��
�

�
�

�
�

�

2

2 2
2

2

21� 	

�
�

’Ô«±» X Y
dy
dx

X
dy
dx

Y��
�

�
� � �


��


��

2
2

2



6.6 ¤fl¡øÈ¬ ’˜¸‘Ì Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ¸±˜…

Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ fl¡Ì±øÈ¬ ¬ıø˝√√–àÔ ¬ı˘ (X, Y, Z)-¤¬ı˛ ¡Z±¬ı˛± › õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ˚Ô±√flË¡À˜ ˘•§

ø√Àfl¡ R › Œfl¡±Ú› ¶Û˙«fl¡ ø√fl¡ F ¤¬ı˛ ˚≈·¬Û» ø√flË¡˚˛±ÒœÚ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º ¤Àé¬ÀS ¸±˜…±¬ıàÔ±¬ı˛

Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ ˙Ó«¬ ¤˝◊√√ Œ˚ ¬ıø˝√√–àÔ ¬ı˘ ¤¬ı˛ ˘øt Ó¬À˘¬ı˛ ’øˆ¬˘À•§¬ı˛ ¸ø˝√√Ó¬ ‚¯∏«Ì Œfl¡±Ì �-¤¬ı˛ ŒÔÀfl¡

ŒÂ√±È¬ ¬ı± ¸˜±Ú ˝√√À¬ıº

¤‡Ú Ò¬ı˛± ˚±fl¡ Œ˚ Ó¬˘øÈ¬¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√˘ ! (x, y, z) = 0, ’Ó¬¤¬ı ’øˆ¬˘À•§¬ı˛ ø√fl¡ Œfl¡±¸±˝◊√√Ú

¸˜”˝√√ øÚø«√©Ü ø¬ıμ≈ÀÓ¬

�

�

�

�

�

�x y z

, , -¤¬ı˛
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¸ø˝√√Ó¬ ¸˜±Ú≈¬Û±Ó¬œº ’Ó¬¤¬ı ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ ˙Ó«¬ ˝√√˘

cos
)

�
� �

� � � �

�

	
�
�




�
�
�
�1

2 2 2 2 2 2

X Y Z

X Y Z

x y z

z y z


 
 



 
 

�

’Ô«±»

X Y Z

X Y Z

x y z

x y z


 
 



 
 

�

� �

� � � �
�

� �
� �� �

2

2 2 2 2 2 2
2cos

’Ô«±»

X Y Z

X Y Z

x y z

x y z


 
 



 
 
 


� �

� � � �
�

�

� �
� �� �

2

2 2 2 2 2 2 2
1

1

6.7 fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì

1. ¤fl¡øÈ¬ ˆ¬±¬ı˛œ ¬ıd≈¬Àfl¡ [˚±¬ı˛ ›Ê√Ú W) ¤fl¡øÈ¬ ’˜¸‘Ì ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘ ‰¬±ø˘Ó¬ fl¡¬ı˛¬ı±¬ı˛ Ê√Ú… øÚ•ßÓ¬˜

¬ı˘ fl¡Ó¬∑

5 Ú— ø‰¬S

Ò¬ı˛± ˚±fl¡ P ¬ı˘ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘¬ı˛ ¸ø˝√√Ó¬ �	Œfl¡±Ì fl¡À¬ı˛ ¬ıd≈¬øÈ¬Àfl¡ õ∂±˚˛ ‰¬˘ÀÓ¬ ¬ı±Ò… fl¡¬ı˛ÀÂ√º ’Ó¬¤¬ı

˝◊√√˝√√± ¸œ˜±àÔ ¸±˜… ¤¬ı— Î¬◊¬ÛÀ¬ı˛¬ı˛ ø‰¬S ˝√√ÀÓ¬

Psin�	 + R = W, Pcos�	 = �R

’Ó¬¤¬ı Pcos�	 = �(W – Psin�)

P = �Wsec�	 – �Ptan�

P
W

� �
� �

� �
sec
tan1

 = 



� 
 �
W

cos sin�
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	 	 = W tan
cos tan sin

�
� � ��

  = 
W Wsin

cos( )
sin

cos( )
�

� �
�

� ��
�

�

’Ó¬¤¬ı øÚ•ßÓ¬˜ ˜±Ú P = Wsin�

2. ¤fl¡øÈ¬ ˆ¬±¬ı˛œ ¬ıd≈¬fl¡Ì± ’˜¸‘Ì ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√ ¤¬ı— ‹ Ó¬˘øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘¬ı˛ ¸ø˝√√Ó¬

�	 Œfl¡±Ì fl¡À¬ı˛º fl¡Ì±øÈ¬ ¤fl¡øÈ¬ ¬ˆ¬±¬ı˛˝√√œÚ ¸”Ó¬± AP ø√˚˛± ‹ Ó¬À˘¬ı˛ A ø¬ıμ≈¬ı˛ ¸Àe· ¸—˚≈q¡º AB ˚ø√

¬ı‘˝√√M√√˜ ÚøÓ¬˚≈q¡ Œ¬ı˛‡± ˝√√˚˛ ¤¬ı— fl¡Ì±øÈ¬ ˚ø√ ¬¸¬ı˛ÀÌ±•ú≈‡ ˝√√˚˛, Ó¬±˝√√À˘ Œ√‡±Ú Œ˚

sin�	 = �cot�

Œ˚‡±ÀÚ �	 = "PAB ˝√√À˘ ¸”Ó¬±¬ı˛ È¬±Ú fl¡Ó¬∑ (�cot� > 1)

6 Ú— ø‰¬S

Ò¬ı˛± ˚±fl¡ ‚¯∏«Ì ¬ı˘ AB-¤¬ı˛ ¸ø˝√√Ó¬ !	 Œfl¡±Ì Î¬◊»¬Ûiß fl¡À¬ı˛º AB-¤¬ı˛ ø√Àfl¡ W-¤¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙

= Wsin�	’±¬ı˛ AB-¤¬ı˛ ˘•§ ø√Àfl¡ ¤¬ı— Ó¬˘øÈ¬¬ı˛ ˘•§ ø√Àfl¡ Wcos�º T-¤¬ı˛ AB-¤¬ı˛ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙

= –Tcos�	 › ‹ Ó¬À˘ AB-¤¬ı˛ ˘•§ ø√Àfl¡ Tsin�º ’Ó¬¤¬ı AB-¤¬ı˛ ø√Àfl¡ ¬ı˘¸˜”À˝√√¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙

øÚÀ˘ ¬Û±˝◊√√

Wsin� – Tcos�	 = –�Rcos!
’±¬ı±¬ı˛ AB-¤¬ı˛ ˘•§ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ ˙”Ú… Tsin�	 = �Rsin!

Ó¬˘øÈ¬¬ı˛ ˘•§ ø√Àfl¡ ¬ı˘¸˜”À˝√√¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ øÚÀ˚˛ ¬Û±˝◊√√ R = Wcos!


 Tsin�	 = �Wcos�sin!
Tcos�	 = Wsin�	 + �Wcos�cos!


 tan
cos sin

sin cos cos
	


 � 

� 
 � 


�
�

¤‡Ú fl¡Ì±øÈ¬¬ı˛ ¸¬ı˛Ì ø√fl¡ P ˝√√ÀÓ¬ AP Î¬◊¬Û¬ı˛ ˘•§ ø√Àfl¡ ˝√√À¬ı, Œ˚À˝√√Ó≈¬ ¸≈Ó¬±¬ı˛ ¸Àe· ø√fl¡øÈ¬ ˘•§

ø√Àfl¡ ’Ó¬¤¬ı !	 = � / 2 +	 � ’Ó¬¤¬ı sin�	 = �cot�º �cot�	 > 1 ˝√√À˘ tan�	 < �, Œ¸Àé¬ÀS
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¬ıd≈¬øÈ¬ ¤˜øÚ [˙≈Ò≈ øÚÊ√¶§ ˆ¬±¬ı˛ › ‚¯∏«Ì ¬ı˘ ˘•§ õ∂øÓ¬ø√flË¡˚˛± ¬ıÀ˘] ¸±À˜… Ô±fl¡À¬ıº ¸”Ó¬±øÈ¬¬ı˛ Œfl¡±Ú› õ∂À˚˛±Ê√Ú

˝√√À¬ı Ú± ’Ô«±» Œ¸Àé¬ÀS T = 0º

3. ¤fl¡øÈ¬ ¸±˝◊√√flv¡À˚˛ÀÎ¬¬ı˛ ’é¬ Î¬◊~•§ ¤¬ı— ˙œ¯∏«ø¬ıμ≈ ÚœÀ‰¬ ’±ÀÂ√º Œ√‡±Ú Œ˚ ¤fl¡øÈ¬ fl¡Ì± Î¬◊˝√√±¬ı˛ Œfl¡±Ú›

ø¬ıμ≈ÀÓ¬ øàÔ¬ı˛ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛ ˚ø√ ø¬ıμ≈øÈ¬ øÚ•ßÓ¬˜ ø¬ıμ≈ ˝√√ÀÓ¬ 2asin2#-¤¬ı˛ Œ¬ı˙œ Î¬◊2‰¬Ó¬±˚˛ Ú± Ô±Àfl¡º

[¤‡±ÀÚ #	 ˝√√˘ ‚¯∏«Ì Œfl¡±Ì a ˝√√˘ ¸±˝◊√√flv¡À˚˛Î¬-¤¬ı˛ ¸Ë©Ü± ¬ı‘ÀM√√¬ı˛ ¬ı…±¸±X«]

7 Ú— ø‰¬S

x = a(�	 + sin�)

y = a(1 –cos�)

dy
dx

�
�
sin

cos
�

�1

2 2 2

2
2

22

sin cos

cos
tan

� �

�
��


	 $	 = �
2

¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… W ¬ı˘øÈ¬ ’øˆ¬˘•§ ø√Àfl¡¬ı˛ ¸ø˝√√Ó¬ #-¤¬ı˛ fl¡˜ Œfl¡±Ì fl¡¬ı˛À¬ıº

’Ô«±» 
�

�2 % 	 ˝√√›˚˛± õ∂À˚˛±Ê√Úº

’Ô«±» sin sin2 2
2
�

�%

’Ô«±» 2 2 22 2a asin sin�
�%

’Ô«±» Î¬◊2‰¬Ó¬± < 2asin2#	 ˝√√›˚˛± õ∂À˚˛±Ê√Úº
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4. ¤fl¡øÈ¬ ˆ¬±¬ı˛œ √G¬, ˚±¬ı˛ Δ√‚«… 2a, ¤fl¡øÈ¬ ’˜¸‘Ì Œ¬ÛÀ¬ı˛Àfl¡¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√ ¤¬ı— Î¬◊˝√√±¬ı˛ ¤fl¡øÈ¬ õ∂±z¬

¤fl¡øÈ¬ ’˜¸‘Ì Î¬◊~•§ Œ√›˚˛±À˘¬ı˛ ·±À˚˛ ’±ÀÂ√º ˚ø√ Œ√›˚˛±˘ ˝√√ÀÓ¬ Œ¬ÛÀ¬ı˛fl¡øÈ¬ ”√¬ı˛Q c ˝√√˚˛, ¤¬ı— �	˚ø√

‚¯∏«Ì Œfl¡±Ì ˝√√˚˛ [Œ¬ÛÀ¬ı˛fl¡ › Œ√›˚˛±À˘¬ı˛ ˜ÀÒ…] Œ√‡±Ú Œ˚, ˚ø√ Œ√›˚˛±À˘¬ı˛ ¸ø˝√√Ó¬ √G¬øÈ¬¬ı˛ ¶Û˙« ø¬ıμ≈

Œ¬ÛÀ¬ı˛Àfl¡¬ı˛ Î¬◊¬ÛÀ¬ı˛ Ô±Àfl¡, Ó¬‡Ú √G¬øÈ¬ ÚœÀ‰¬¬ı˛ ø√Àfl¡ ¬ÛÓ¬ÀÚ±ij≈‡ ˝√√À˘

sin cos3 2� ��
c
a

¤‡±ÀÚ √G¬øÈ¬ Œ√›˚˛±À˘¬ı˛ ¸Àe· �	 Œfl¡±Ì fl¡À¬ı˛º

Œ√›˚˛±À˘¬ı˛ ¸ø˝√√Ó¬ ¸—¶Û‘©Ü õ∂±z¬øÈ¬ Œ¬ÛÀ¬ı˛Àfl¡¬ı˛ ÚœÀ‰¬ Ô±fl¡À˘, Œ√‡±Ú Œ˚

sin sin( ) cos2 22� � � �� �
c
a

[˚‡Ú √G¬øÈ¬ ¬ÛÓ¬ÀÚ±ij≈‡ ˝√√À¬ı]

¤¬ı— sin sin( ) cos2 22� � � �� �
c
a

[˚‡Ú √G¬øÈ¬ Î¬◊¬Û¬ı˛ ø√Àfl¡ ‰¬˘ÀÚ±ij≈‡ ˝√√À¬ı]

õ∂Ô˜ Œé¬S : √G¬øÈ¬¬ı˛ A ÚœÀ‰¬ ø√Àfl¡ ·˜ÀÚ±ij≈‡ ¤¬ı— A, Œ¬ÛÀ¬ı˛fl¡øÈ¬ ø√·z¬ ˝√√ÀÓ¬ Î¬◊“√‰≈¬ÀÓ¬ ’±ÀÂ√º

AB √`¬, G ˆ¬±¬ı˛ Œfl¡f, P Œ¬ÛÀ¬ı˛fl¡ A › P ŒÓ¬ ‚¯∏«Ì¸˝√√ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ › ›Ê√Ú ¬ı˘ O ø¬ıμ≈ÀÓ¬

ŒÂ√√ fl¡À¬ı˛º "OAR = ��	 "OPR = ��	 PN = cº

OAPR ¸˜¬ı‘M√√œ˚˛

[�	 "�AR = "OPR)

’±¬ı±¬ı˛ "APR = �	 / 2, ’Ó¬¤¬ı

"AOR = �	 / 2


 sin � �
c

AP

sin � �
AP
AR

sin � � �
MG
AG

MG
a

cos � �
OA
AR

8 Ú— ø‰¬S



143

NOSU

cos � �
MG
OA


 sin .2 � �
c
a

MG
AR

�
c
a

MG
OA

OA
AR

.

�
c
a

cos2 �

ø¡ZÓ¬œ˚˛ Œé¬S – A ¬ÛÓ¬ÀÚ±ij≈‡ : A ø¬ıμ≈ÀÓ¬ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ AO ø√Àfl¡, Î¬◊˝√√± ˘•§ AD-¤¬ı˛ ¸Àe·

�	 Œfl¡±Ì fl¡À¬ı˛º

� � � � �sin .sin� �PK
AP

c
AP

AD
AG

AD
a

9 Ú— ø‰¬S

� � �sin . .2 � c
a

AD
AP

c
a

AD
OA

OA
AP

�
�

�
� �c

a
c
a

. cos . sin( )
sin( )

cos / sin( )�
�

� �
� � �

90
2

22
�

Ó‘¬Ó¬œ˚˛ Œé¬S – A, P-¤¬ı˛ ÚœÀ‰¬ ¤¬ı— A Î¬◊¬Û¬ı˛ ø√Àfl¡ ·˜ÀÚ±ij≈‡ ¬ı˘ øÓ¬ÚøÈ¬ ’Ô«±» G-ŒÓ¬ ›Ê√Ú

¬ı˘, A-ŒÓ¬ õ∂øÓ¬ø√flË¡˚˛± › P-ŒÓ¬ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ O ø¬ıμ≈ÀÓ¬ ø˜ø˘Ó¬º

Î¬◊¬ÛÀ¬ı˛¬ı˛ ø‰¬S ˝√√˝◊√√ÀÓ¬, sin � � �
PK
AP

c
AP

sin � � �
AD
AG

AD
a
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 sin . .2 � � �
c
a

AD
AP

c
a

AD
AO

AO
AP

10 Ú— ø‰¬S

�
�

�
c
a

cos sin( )
sin( )

�
�

� �
90

2

�

�
�

c
a

cos
sin( )

2

2
�

� �

5. ¤fl¡øÈ¬ ‚Ú Œ·±˘fl¡±Ò« ¤fl¡øÈ¬ ’˜¸‘Ì ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√ ¤¬ı— Î¬◊˝√√± ¤fl¡øÈ¬ ˜¸‘Ì Î¬◊~•§

Œ√›˚˛±À˘¬ı˛ ¸Àe· ŒÍ¬¸ ø√˚˛± ’±ÀÂ√º Œ√‡±Ú Œ˚, ‚¯∏«Ì±efl¡ 
3
8 	 ’À¬Ûé¬± Œ¬ı˙œ ˝√√À˘, Œ·±˘fl¡±Ò«øÈ¬ Œ˚

Œfl¡±Ú ’¬ıàÔ±˚˛ øàÔ¬ı˛ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛º ’±¬ı˛› Œ√‡±Ú Œ˚ ‚¯∏«Ì±efl¡ 
3
8 	 -¤¬ı˛ fl¡˜ ˝√√À˘ Œ·±˘fl¡±ÀÒ«¬ı˛ ¸˜Ó¬˘

ˆ”¬ø˜ Î¬◊~•§ Œ¬ı˛‡±¬ı˛ ¸ø˝√√Ó¬ Œ˚ Œfl¡±Ì Î¬◊»¬Ûiß fl¡À¬ı˛ Ó¬±˝√√± Ú”…Ú¬ÛÀé¬ cos�1 8
3
�

	 ˝√√À¬ıº

11 Ú— ø‰¬S
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Œ·±˘fl¡±Ò«øÈ¬ A ø¬ıμ≈ÀÓ¬ ’Ú≈ˆ”¬ø˜fl¡ Ó¬˘ › B ø¬ıμ≈ÀÓ¬ Î¬◊~•§ Œ√›˚˛±À˘¬ı˛ ¸Àe· ¶Û˙« fl¡À¬ı˛ ’±ÀÂ√º

Î¬◊˝√√±¬ı˛ ›Ê√Ú ¬ı˘ W, G-ŒÓ¬ ø√flË¡˚˛± fl¡À¬ı˛ Œ˚‡±ÀÚ OG a
�

3
8 	 º ’Ó¬¤¬ı ¸±À˜…¬ı˛ Ê√Ú…

F = R1

R2 = W

A ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ˘˝◊√√˚˛± W a R a3
8 1cos
 �

’Ó¬¤¬ı 
F
R

R
W2

1 3
8� � cos!

’Ó¬¤¬ı ˚ø√ 
 � 3
8 	 ˝√√˚˛, Ó¬±˝√√À˘ 

3
8 cos
 
% 	 Œ˚ Œfl¡±Ú› ! -¤¬ı˛ Ê√Ú… ˝√√À¬ı ’Ô«±» Ó¬˘À√˙øÈ¬

Œ˚ Œfl¡±Ú› ÚøÓ¬ÀÓ¬ Ô±fl¡À˘ ¸±˜…±¬ıàÔ± ˝√√À¬ıº

˚ø√ 
 % 3
8 	 ˝√√˚˛, Ó¬±˝√√À˘ Œfl¡¬ı˘˜±S ˚ø√ !	 ¤˜Ú ˝√√˚˛ Œ˚

3
8 cos
 
%

’Ô«±» cos ! �
�

8
3

’Ô«±» 




� �� ��
�cos 1 8

3

˝√√˚˛, Ó¬±˝√√À˘ ¸±˜…±¬ıàÔ± ˝√√À¬ıº

6. ¤fl¡øÈ¬ øSˆ≈¬Ê√±fl‘¡øÓ¬ ŒÈ¬ø¬ıÀ˘¬ı˛ õ∂øÓ¬øÈ¬ Œfl¡ÃøÌfl¡ ø¬ıμ≈ A, B, C -ŒÓ¬ ˆ¬¬ı˛ Œ√›˚˛±¬ı˛ ¬ı…¬ıàÔ± ’±ÀÂ√º

ŒÈ¬ø¬ı˘øÈ¬Àfl¡ ¤fl¡øÈ¬ ’˜¸‘Ì ’Ú≈ˆ”¬ø˜fl¡ Œ˜ÀÁ¡¬ı˛ Î¬◊¬Û¬ı˛ àÔ±¬ÛÚ fl¡¬ı˛± ˝√√˘º ŒÈ¬ø¬ı˘øÈ¬ øÚÊ√ ¸˜Ó¬À˘ ‚≈¬ı˛¬ı±¬ı˛

Ê√Ú… øÚ•ßÓ¬˜ ¡ZiZ fl¡Ó¬∑

¸˜±Ò±Ú – A, B, C ø¬ıμ≈ÀÓ¬ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ 
W
3 , 	 ˚±À√¬ı˛ ¸øijø˘Ó¬ ¬ı˘ W øSˆ≈¬ÀÊ√¬ı˛ ›Ê√ÀÚ¬ı˛

ø¬ı¬Û¬ı˛œÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛º ¸œ˜±àÔ ¸±À˜…¬ı˛ fl¡±À˘ ‚¯∏«Ì ¬ı˘·≈ø˘ ¬ıø˝√√–àÔ ¡ZiZÀfl¡ øÚ¬ı±ø¬ı˛Ó¬ fl¡À¬ı˛º ’Ó¬¤¬ı

˚ø√ Ó¬±»é¬øÌfl¡ ‚”Ì«ÚÀfl¡f I ˝√√˚˛ ¤¬ı— I-¤¬ı˛ ’¬ıàÔ±Ú øSˆ≈¬ÀÊ√ ’ˆ¬…z¬àÔ ø¬ıμ≈ ˝√√˚˛, Ó¬±˝√√À˘ ‚¯∏«Ì ˝√√˘
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A, B, C ø¬ıμ≈ÀÓ¬ ˚Ô±√flË¡À˜ 
1
3 
W 	 ¤¬ı— Î¬◊˝√√±À√¬ı˛ ø√fl¡ ˝√√˘ ˚Ô±√flË¡À˜ IA, IB, IC-¤¬ı˛ ¸ø˝√√Ó¬ ˘•§º

Œ˚À˝√√Ó≈¬ ¤˝◊√√ ¬ı˘·≈ø˘ ¤fl¡øÈ¬ ¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘º ’Ó¬¤¬ı ¬ı˘À¬ı˛‡±·≈ø˘ ¤fl¡ ¸˜Àfl¡±ÀÌ ‚”øÌ«Ó¬ fl¡¬ı˛À˘ Î¬◊˝√√±¬ı˛±

¸±À˜… Ô±fl¡À¬ıº øfl¡z≈¬ ‚¯∏«Ì ¬ı˘·≈ø˘ ¸˜±Ú ’Ó¬¤¬ı AIB, BIC, CIA õ∂ÀÓ¬…fl¡øÈ¬ 120°º ¤˝◊√√¬ı˛”¬Û ø¬ıμ≈

I ¬Û±›˚˛± Œ·À˘ Œ˚ ¡ZiZ õ∂À˚˛±À·¬ı˛ õ∂À˚˛±Ê√Ú Ó¬±¬ı˛ √w¬±˜fl¡ ˜±Ú ‚¯∏«Ì ¬ıÀ˘¬ı˛ √w¬±˜Àfl¡¬ı˛ ¸˜±Ú ’Ó¬¤¬ı

¡ZiZøÈ¬¬ı˛ √w¬±˜fl¡

� � �
1
3 
W IA IB IC( )

˚ø√ øSˆ≈¬Ê√øÈ¬¬ı˛ Ó¬±»é¬øÌfl¡ ‚”Ì«Ú ø¬ıμ≈ I øSˆ≈¬Ê√ ABC-¤¬ı˛ ¬ı±˝◊√√À¬ı˛ Ô±Àfl¡ Ó¬±˝√√À˘ ‚¯∏«Ì ¬ı˘ ¤fl¡øÈ¬

¡ZÀiZ¬ı˛ ¸˜Ó≈¬˘ ˝√√À¬ı Ú±º ’Ó¬¤¬ı øSˆ≈¬Ê√øÈ¬¬ı˛ Œfl¡±Ú› Œfl¡±Ì 120° ’À¬Ûé¬± Œ¬ı˙œ ˝√√À˘ I øSˆ≈¬ÀÊ¬ı˛√ Œˆ¬Ó¬À¬ı˛

Œfl¡±Ú› ø¬ıμ≈ ˝√√À¬ı Ú±º

øSˆ≈¬ÀÊ√¬ı˛ Œfl¡±Ú Œfl¡ÃøÌfl¡ ø¬ıμ≈ A-¤ ¬Ûø¬ı˛Àõ∂øé¬ÀÓ¬ ‚”Ì«Ú ¸y¬¬ı ˝√√À˘, B › C ø¬ıμ≈ÀÓ¬ ‚¯∏«Ì ¬ı˘

1
3 
W 	 ˝√√À¬ı ¤¬ı— A ø¬ıμ≈ÀÓ¬ 

1
3 
W 	 ’À¬Ûé¬± fl¡˜ ˝√√À¬ı, ¤¬ı— øÓ¬ÚøÈ¬ ¬ı˘ ø˜ø˘˚˛± ¤fl¡øÈ¬ ¡ZiZ Î¬◊»¬Ûiß

fl¡¬ı˛À¬ıº Œ¸Àé¬ÀS ¬ı˘·≈ø˘Àfl¡ ¸˜Àfl¡±ÀÌ ‚≈¬ı˛±˝◊√√À˘ ¬ı˘ øÓ¬ÚøÈ¬ A-ŒÓ¬ ø˜ø˘Ó¬ ˝√√À˚˛ ¸±À˜… Ô±fl¡À¬ıº øfl¡z≈¬

1
3 
W �	 13 
W �	˚Ô±√flË¡À˜ AB › AC-¤¬ı˛ ø√Àfl¡ ø√flË¡˚˛± fl¡À¬ı˛ › Î¬◊˝√√±À√¬ı˛ ˘øt 

2
3

1
2
W Acos ;	’Ó¬¤¬ı

¬ı˘ øÓ¬ÚøÈ¬ ¸±À˜… Ô±fl¡ÀÓ¬ ˝√√À˘

cos 1
2

1
2

A %  ˝√√ÀÓ¬ ˝√√À¬ı

’Ô«±» 
1
2 60A � �	 ˝√√À¬ı

’Ô«±» A>120° ˝√√À¬ıº

’Ó¬¤¬ı øSˆ≈¬Ê√¬Û±Ó¬øÈ¬¬ı˛ Œfl¡±Ú› Œfl¡ÃøÌfl¡ ø¬ıμ≈ A ¸±À¬ÛÀé¬ ‚”Ì«Ú ¸y¬¬ı ˚ø√ A Œfl¡±Ì 120° ˝√√ÀÓ¬

Œ¬ı˙œ ˝√√˚˛ ¤¬ı— Œ¸ Œé¬ÀS ¸¬ı«øÚ•ß õ∂À˚˛±Ê√Úœ˚˛ ¡¡ZiZ ˝√√˘ 
1
3 
W AB AC( )� º

7. ¤fl¡øÈ¬ W ˆ¬±À¬ı˛¬ı˛ Œ·±˘fl¡Àfl¡ ¤fl¡øÈ¬ ’˜¸‘Ì Î¬◊~•§ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ¸±˜…±¬ıàÔ±˚˛ ¬ı˛±ø‡ÀÓ¬ Œ√‡±Ú

Œ˚ ¸¬ı«±À¬Ûé¬± fl¡˜ ¬ı˘ Wcso�	 Î¬◊˝√√±¬ı˛ Î¬◊¬Û¬ı˛ õ∂À˚˛±· fl¡¬ı˛ÀÓ¬ ˝√√À¬ı, Œ˚‡±ÀÚ ‚¯∏«Ì Œfl¡±Ì �-¤¬ı˛ ˜±Ú

cos� �1 5 1
2

	 ’À¬Ûé¬± fl¡˜º
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¸˜±Ò±Ú – øÚÀ•ß¬ı˛ ø‰¬SøÈ¬ ¤fl¬øÈ¬ a ¬ı…±¸±ÀX«¬ı˛ Œ·±˘Àfl¬¬ı˛, Î¬◊˝±¬ı˛ Œfl¬f C ø¬ıμ≈·±˜œ Î¬◊~•§ Ó¬˘

¬Z±¬ı˛± ŒÂ√À¬ı˛ ø‰¬Sº

Ò¬ı˛± ˚±fl¬ P ˜±ÀÚ¬ı˛ ¤fl¬øÈ¬ ¬ı˘ ‹ Œ·±˘fl¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ √õ∂À˚˛±·fl¬±À˘ Î¬◊˝± ·˜ÀÚ±•ú≈‡ ˝˚˛, ’Ô«±»

Œ¸˜Ó¬±¬ıàÔ±˚˛ ¸œ˜±àÔ ‚¯∏«Ì ¬ı˘, Î¬◊~•§ fl¬±À˘¬ı˛ ¸ø˝Ó¬ ¶Û˙«ø¬ıμ≈ A-ŒÓ¬ Î¬◊¬ÛÀ¬ı˛¬ı˛ øÀfl¬ øflË¡˚˛± fl¬¬ı˛À¬ıº

12 Ú— ø‰¬S

Ò¬ı˛± ˚±fl¬ A ø¬ıμ≈ÀÓ¬ ’øˆ¬˘•§ √õ∂øÓ¬øflË¡˚˛± R › ¸œ˜±àÔ Ó¬À˘ ‚¯∏«Ì �R-¤¬ı˛ ˘øt AD øfl¬ ¬ı¬ı˛±¬ı¬ı˛

øflË¡˚˛± fl¬À¬ı˛, Œ˚‡±ÀÚ �CAD = �º Œ·±˘Àfl¬¬ı˛ Œfl¬f C ø¬ıμ≈·±˜œ Î¬◊~•§À¬ı˛‡± AD-Œfl¬ O ø¬ıμ≈ÀÓ¬

ŒÂ√ fl¬¬ı˛À˘ P ¬ı˘ ’¬ı˙…˝◊ O ø¬ıμ≈·±˜œ ˝À¬ıº ˜ÀÚ fl¬ø¬ı˛ P ¬ı˘øÈ¬ AC-¤¬ı˛ ¸ø˝Ó¬ � Œfl¬±ÀÌ ÚÓ¬º

’Ú≈ˆ”¬ø˜fl¬ › Î¬◊~•§ øÀfl¬ ¬ı˘·≈ø˘Àfl¬ ø¬ıÀù≠ø¯∏Ó¬ fl¬¬ı˛À˘, ’±˜¬ı˛± ¬Û±˝◊,

Pcos�� = R, Psin� + �R = W Œ˚‡±ÀÚ,  � = tan�

� � 	 �
	

W P P
P

sin cos
sin

cos
� � �

� �

�

� �

¬ı±, 
P

W
�

�

cos
sin

�

� �� �

¤é¬ÀÚ P-Œfl¬ ¸¬ı«øÚ•ß ˝ÀÓ¬ ˝À˘ sin (� � + �) Œfl¬ ¸¬ı«±À¬Ûé¬± Œ¬ı˙œ ˝ÀÓ¬ ˝À¬ı, ’Ô«±»

sin (� � + �) = 1

     ¬ı±, � = 90º – �

� P-¤¬ı˛ ¸¬ı«øÚ•ß ˜±Ú Wcos�, ˚‡Ú P-¤¬ı˛ øflË¡˚˛± Œ¬ı˛‡± AD-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§º ’±¬ı±¬ı˛ Œ˚À˝Ó≈¬

P ¬ıÀ˘¬ı˛ øflË¡˚˛± ø¬ıμ≈ ¸¬ı«±˝◊ Œ·±˘Àfl¬¬ı˛ Î¬◊¬Û¬ı˛ ’¬ıøàÔÓ¬, Î¬◊˝±¬ı˛ ¬ı±˝◊À¬ı˛ ÚÀ˝, ’Ó¬¤¬ı Î¬◊˝±¬ı˛ øflË¡˚˛± Œ¬ı˛‡±¬ı˛

Œfl¬f C ˝ÀÓ¬ ”¬ı˛Q ’¬ı˙…˝◊ ¬ı…±¸±X« a ’À¬Ûé¬± fl¬˜ ˝À¬ıº

’Ô«±» AO < AE ˝À¬ı
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Œ˚‡±ÀÚ E ø¬ıμ≈øÈ¬ ˝˘, P ¬ıÀ˘¬ı˛ øflË¡˚˛± Œ¬ı˛‡±¬ı˛ ¸˜±ôL√¬ı˛±˘ ¶Û˙«Àfl¬¬ı˛ ¸ø˝Ó¬ AO ¸¬ı˛˘À¬ı˛‡±

ŒÂ√ø¬ıμ≈º

¤‡Ú, AO = asec�, AE = AD + DE = acos� + a

� asec�� < acos�+ a, ¬ı±, cos2� + cos� > 1

¬ı±, cos� 	�
�

�
� 


1
2

5
4

2

,  ¬ı± cos� 

�5 1

2

¬ı±, � �
��cos 1 5 1

2

8. ¤fl¬øÈ¬ Î¬◊¬Û¬ı‘M±fl¬±¬ı˛ ˆ¬±¬ı˛œ Ó¬±¬ı˛Àfl¬ ˚±˝±¬ı˛ ¬Û¬ı˛±é¬ › Î¬◊¬Û±Àé¬¬ı˛ Δ‚«… ˚Ô±flË¡À˜ 2a › 2b, ¤fl¬øÈ¬

ŒÂ√±È¬ ’˜¸‘Ì ˝≈Àfl¬ ŒÁ¬±˘±ÀÚ± ’±ÀÂ√º Œ‡±Ú Œ˚ Ó¬±¬ı˛øÈ¬Àfl¬ Œ˚-Œfl¬±ÀÚ± ø¬ıμ≈ÀÓ¬˝◊ ˝≈Àfl¬¬ı˛ Î¬◊¬Û¬ı˛ ¸±˜…±¬ıàÔ±˚˛

¬ı˛±‡± ˚±À¬ı ˚ø ‚¯∏«Ì ·≈Ì±efl¬ 
a b

ab

2 2

2
�

 ’À¬Ûé¬± fl¬˜ Ú± ˝˚˛º

¸˜±Ò±Ú – Ò¬ı˛± ˚±fl¬ C ø¬ıμ≈øÈ¬ Î¬◊¬Û¬ı‘ÀM¬ı˛ Œfl¬f  , BCA ˝˘ Î¬◊¬Û¬ı‘MøÈ¬¬ı˛ ¬Û¬ı˛±é¬ ¤¬ı— P ø¬ıμ≈øÈ¬

Ó¬±¬ı˛øÈ¬¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ ˝≈Àfl¬¬ı˛ ’¬ıàÔ±Úº

˜ÀÚ fl¬ø¬ı˛ Î¬◊~•§ Œ¬ı˛‡± CP, P ø¬ıμ≈ÀÓ¬ ’øˆ¬˘•§ PN-¤¬ı˛ ¸ø˝Ó¬ 
 Œfl¬±ÀÌ ÚÓ¬º

� 
� �� � Œ˚‡±ÀÚ � ˝˘ ‚¯∏«Ì Œfl¬±Ìº

Ò¬ı˛± ˚±fl¬ P ø¬ıμ≈¬ı˛ àÔ±Ú±efl¬ (acos�, bsin�)

CP ¸¬ı˛˘À¬ı˛‡±¬ı˛ √õ∂¬ıÌÓ¬±  = 
b
a

b
a

sin
cos

tan
�

�
��

’øˆ¬˘•§ PN-¤¬ı˛ √õ∂¬ıÌÓ¬± � �

2

2

2

2

b

b
a

a

a
b

sin

cos
tan

�

�
�

� �

� �

� �
�

�
�

�
tan

tan tan

. tan

tan

sec



� �

�

�

�

a
b

b
a

a
a

b
a

a b

ab1 2

2 2

2

� �

13 Ú— ø‰¬S
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�
�a b
ab

2 2

2
2sin �

�
�

� 	 	
a b

ab

2 2

2
2sin tan tan� 
 � �

� Œ˚-Œfl¬±ÀÚ± ø¬ıμ≈ÀÓ¬˝◊ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¬ÀÓ¬ ˝À˘

� ��
�a b
ab

2 2

2
2sin , Œ˚‡±ÀÚ 0 �� �� �� �� / 2

� Œ˚-Œfl¬±ÀÚ± ø¬ıμ≈ÀÓ¬˝◊ Ó¬±¬ı˛øÈ¬¬ı˛ ˝≈Àfl¬¬ı˛ Î¬◊¬Û¬ı˛ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¬À¬ı ˚ø � �
�a b
ab

2 2

2
9. ’Ú≈ˆ”¬ø˜Àfl¬¬ı˛ ¸ø˝Ó¬ �-Œfl¬±ÀÌ ÚÓ¬ ¤fl¬øÈ¬ ’˜¸‘Ì Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ Î¬◊¬Û¬ı‘M±fl¬±¬ı˛ ˆ¬±¬ı˛œ Ó¬±¬ı˛ ¬ı˛±‡±

’±ÀÂ√º Œ‡±› Œ˚ Ó¬±¬ı˛øÈ¬ ¸±˜…±¬ıàÔ±˚˛ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¬À¬ı ˚ø Î¬◊˝±¬ı˛ Î¬◊»Àfl¬øffl¬Ó¬±

2
1

sin
sin

�

�	

’À¬Ûé¬± fl¬˜ Ú± ˝˚˛º

¸˜±Ò±Ú – Ò¬ı˛± ˚±fl¬ C ø¬ıμ≈øÈ¬ Î¬◊¬Û¬ı‘ÀM¬ı˛ Œfl¬f, ˚±¬ı˛ ¬Û¬ı˛±é¬ › Î¬◊¬Û±é¬ 2a › 2bº ˜ÀÚ fl¬ø¬ı˛

P(acos�, bsin�) ø¬ıμ≈øÈ¬ ˝˘ ¸±˜…±¬ıàÔ±˚˛ Î¬◊¬Û¬ı‘ÀM¬ı˛ ¸ø˝Ó¬ Ó¬À˘¬ı˛ ¶Û˙«ø¬ıμ≈º

14 Ú— ø‰¬S

’Ó¬¤¬ı PC ¸¬ı˛˘À¬ı˛‡± Î¬◊~•§ ˝À¬ıº

˚ø PN ¸¬ı˛˘À¬ı˛‡± P ø¬ıμ≈ÀÓ¬ Î¬◊¬Û¬ı‘ÀM¬ı˛ ’øˆ¬˘•§ ¤¬ı— �CPN = � ˝˚˛, Ó¬À¬ı

tan sin� �
�

CPN
a b

ab

2 2

2
2�   [ 8 Ú— ’efl¬ ˝ÀÓ ¬]

� �
�

tan sin� �
a b

ab

2 2

2
2
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�� �-¤¬ı˛ ¬ı±d¬¬ı ˜±ÀÚ¬ı˛ ÊÚ…, 
2

1
2 2

ab

a b

tan�

�
	

¬ı±, a2 – b2 
 2ab tan�
� b2 = a2 (1 – e2)

� a e a e2 2 2 22 1
 � tan�  ¬

¬ı±, e4 
 4(1– e2)tan2�

¬ı±, (e2 + 2tan2�)2 
 4tan2 �(1 + tan2�)

¬ı±,  e2 + 2tan2�� 
 2 tan�� sec�

¬ı±, e2 
 2tan�(sec�– tan�)

�
�2 1
2

sin sin

cos

� �

�

� �

� �
	

e2 2
1

sin
sin

�

�

6.8 ¸±¬ı˛±—˙

Œ˚-Œfl¬±ÀÚ± ≈øÈ¬ ¬ıd≈¬¬ı˛ ≈øÈ¬ Ó¬˘ ¬Û±¬ı˛¶Ûø¬ı˛fl¬ ¸—¶ÛÀ˙« ¤À˘ ¤Àfl¬ ’Ú…Àfl¬ Œ˚ ¬ı˘ √õ∂À˚˛±· fl¬À¬ı˛

Ó¬±˝± √õ∂øÓ¬øflË¡˚˛± ¬ı˘ ’øˆ¬ø˝Ó¬ ˝˚˛ ¤¬ı— ¬ı˘ ≈øÈ¬ ø¬ı¬Û¬ı˛œÓ¬ › ¸˜˜±ÀÚ¬ı˛º √õ∂øÓ¬øflË¡˚˛± ¬ı˘ ¶Û˙«Ó¬À˘¬ı˛

’øˆ¬˘•§ øÀfl¬ ˝À˘ Ó¬˘ ≈øÈ¬Àfl¬ ˜¸‘Ì Ó¬˘ ¬ı˘± ˝˚˛º ’±¬ı˛ ¬ı˘ ≈≈øÈ¬¬ı˛ √õ∂ÀÓ¬…fl¬øÈ¬¬ı˛ ˚ø ¶Û˙«Ó¬À˘ Œfl¬±ÀÚ±

’˙”Ú… ø¬ıÀù≠ø¯∏Ó¬±—˙ Ô±Àfl¬, Ó¬±˝À˘ Ó¬˘ ≈øÈ¬Àfl¬ ’˜¸‘Ì ¬ı± ¬ı˛≈é¬ Ó¬˘ ¬ı˘± ˝˚˛ ¤¬ı— ‹ ø¬ıÀù≠ø¯∏Ó¬±—Àfl¬

‚¯∏«Ì ¬ı˘ (Frictional Force) ¬ı˘± ˝˚˛º

‚¯∏«Ì ¬ıÀ˘¬ı˛ 

�

F� 	  › ’øˆ¬˘•§ øÀfl¬ √õ∂øÓ¬øflË¡˚˛± ¬ıÀ˘¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—À˙¬ı˛ 

�

R� 	  ˜ÀÒ… ¸•Ûfl«¬ ’±ÀÂ√º

˚ø ¶Û˙«Ó¬˘ ≈øÈ¬ ø¬ıμ≈¬ZÀ˚˛¬ı˛ ˜ÀÒ… ’±À¬Ûøé¬fl¬ ·øÓ¬ Ú± Ô±Àfl¬, Ó¬±˝À˘ 

� �

F R� � , Œ˚‡±ÀÚ � ¤fl¬øÈ¬

ÒË≈¬ıfl¬ ˚±¬ı˛ ˜±Ú ¬ıd≈¬ ≈øÈ¬¬ı˛ ¬Û±ÀÔ«¬ı˛ Î¬◊¬Û¬ı˛ √õ∂Ò±ÚÓ¬– øÚˆ«¬¬ı˛ fl¬À¬ı˛º ¬ıd≈¬¬Z˚˛ ˚‡Ú ¸œ˜±àÔ ¸±À˜… (Limiting

Equilibrium) Ô±Àfl¬ Ó¬‡Ú F R� �
�

 ˝˚˛º

Ó¬˘ ≈øÈ¬¬ı˛ ¶Û˙«ø¬ıμ≈¬ZÀ˚˛¬ı˛ ’±À¬Ûøé¬fl¬ ·øÓ¬ Ô±fl¬À˘ ‚¯∏«Ì ¬ı˘ ¸¬ı«± �
�

R -¤¬ı˛ ¸˜±Ú ˝˚˛ ¤¬ı—

’±À¬Ûøé¬fl¬ ·øÓ¬¬ı˛ ø¬ı¬ı˛≈ÀX øflË¡˚˛± fl¬À¬ı˛º ˚‡Ú ¬ıd≈¬¬Z˚˛ ¸±À˜… Ô±Àfl¬ ¤¬ı— ¸œ˜±àÔ ¸±À˜… Ú± Ô±Àfl¬ Ó¬‡Ú

‚¯∏«Ì ¬ı˘ øÍ¬fl¬ Ó¬Ó¬È≈¬fl≈¬ øflË¡˚˛± fl¬À¬ı˛ ˚Ó¬È≈¬fl≈¬ ¸±À˜…¬ı˛ ÊÚ… √õ∂À˚˛±ÊÚº
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6.9 ¸¬ı«À˙¯∏ √õ∂ùü±¬ıø˘

1. ¤fl¬øÈ¬ ¸≈¯∏˜ ‚Ú Œ·±˘fl¬±Ò« [˚±˝± ¬ı…±¸±Ò« a › ›ÊÚ W) ’Ú≈ˆ”¬ø˜fl¬ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˛±‡± ˝˘

˚±ÀÓ¬ Œ·±˘fl¬±ÀÒ«¬ı˛ ¬ıflË¡Ó¬˘ ’Ú≈ˆ”¬ø˜fl¬ Ó¬À˘¬ı˛ ¸ø˝Ó¬ ¸—¶ÛÀ˙« Ô±Àfl¬º W� ›ÊÀÚ¬ı˛ ¤fl¬øÈ¬ ’˜¸‘Ì

¬ıd≈¬fl¬Ì± Œ·±˘fl¬±ÀÒ«¬ı˛ ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øàÔ¬ı˛±¬ıàÔ±˚˛ ’±ÀÂ√º Œ‡±Ú Œ˚ Œfl¬f ˝ÀÓ¬ ¬ıd≈¬fl¬Ì±¬ı˛

”¬ı˛Q
3
8
a W
W
�

�
-¤¬ı˛ Œ¬ı˙œ Ú˚˛, Œ˚‡±ÀÚ � ‚¯∏«Ì±efl¬º

2. ¤fl¬øÈ¬ ˆ¬±¬ı˛œ ¸≈¯∏˜ ’˜¸‘Ì ¬ı‘M±fl¬±¬ı˛ Œõ≠È¬ [˚±¬ı˛ ›ÊÚ W › ¬ı…±¸±Ò« a) ¤fl¬øÈ¬ ’˜¸‘Ì ’Ú≈ˆ”¬ø˜fl¬

Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˙±ø˚˛Ó¬ ’±ÀÂ√º AB ¬ı…±À¸¬ı˛ A √õ∂±ôL√Àfl¬ øàÔ¬ı˛ fl¬À¬ı˛ Ò¬ı˛± ’±ÀÂ√ ¤¬ı— ’¬Û¬ı˛ √õ∂±ôL√

BŒÓ¬ ’±È¬fl¬±ÀÚ± ¤fl¬øÈ¬ øÎ¬ˇ¬ı˛ ¸±˝±À˚… P È¬±Ú (pull) Œ›˚˛± ˝√√À2Âº Œõ≠È¬Àfl¬ A ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬

‚≈¬ı˛±¬ı±¬ı˛ ÊÚ… P-¤¬ı˛ øÚ•ßÓ¬˜ ˜±Ú fl¬Ó¬∑

3. � ›ÊÀÚ¬ı˛ ¤fl¬øÈ¬ ¸≈¯∏˜ ˜˝◊ ¤fl¬√õ∂±ôL√ ’˜¸‘Ì ’Ú≈ˆ”¬ø˜fl¬ Ó¬À˘ Œ¬ı˛À‡ › ’¬Û¬ı˛ √õ∂±ôL√ ¤fl¬øÈ¬ ˜¸‘Ì

Î¬◊~•§ Œ›˚˛±À˘ ŒÍ¬Àfl¬ øàÔ¬ı˛±¬ıàÔ±˚˛ ’±ÀÂ√º ’Ú≈ˆ”¬ø˜¬ı˛ ¸ø˝Ó¬ ˜˝◊À˚˛¬ı˛ ÚøÓ¬ �º Œ‡±Ú Œ˚ W

›ÊÀÚ¬ı˛ ¤fl¬øÈ¬ Œ˘±fl¬ ˜˝◊√√øÈ¬¬ı˛ ¤Àfl¬¬ı±À¬ı˛ ›¬ÛÀ¬ı˛ Î¬◊Í¬À˘› ˜˝◊øÈ¬ ø¬ÛÂ√À˘ ¸À¬ı˛ ˚±À¬ı Ú± ˚ø

� � �

� �W



�

�

2 1

2 1

tan

tan

� �
� �

˝˚˛ Œ˚‡±ÀÚ � = ‚¯∏«Ì±efl¬º

4. ¬ı‘M±ÀÒ«¬ı˛ ’±fl¬±¬ı˛ø¬ıø˙©Ü ¤fl¬ ¸≈¯∏˜ Ó¬±¬ı˛Àfl¬ Î¬◊~•§ Ó¬À˘ ¤fl¬øÈ¬ ’˜¸‘Ì ’Ú≈ˆ”¬ø˜fl¬ Œ¬ÛÀ¬ı˛Àfl¬¬ı˛ Î¬◊¬Û¬ı˛

Á≈¬˘±ÀÚ± ’±ÀÂ√º ˚‡Ú ø¬ÛÂ√˘±ÀÚ±¬ı˛ Î¬◊¬ÛflË¡˜ ˝˚˛ Ó¬‡Ú Ó¬±À¬ı˛¬ı˛ √õ∂±ôL√¬Z˚˛ ¸—À˚±Êfl¬ ¸¬ı˛˘À¬ı˛‡±

’Ú≈ˆ”¬ø˜¬ı˛ ¸ø˝Ó¬ 30º Œfl¬±Ì fl¬À¬ı˛º ‚¯∏«Ì Œfl¬±Ì øÚÌ«˚˛ fl¬À¬ı˛±º

5. W ›ÊÀÚ¬ı˛ ¤fl¬øÈ¬ ¸≈¯∏˜ ‚ÚÀ·±˘fl¬±Ò« Ó¬±¬ı˛ ¬ıflË¡Ó¬˘Àfl¬ ¤fl¬øÈ¬ ’˜¸‘Ì ÚÓ¬Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ Œ¬ı˛À‡

¸œ˜±àÔ ¸±À˜… ’±ÀÂ√º ¤fl¬øÈ¬ ›ÊÚ P Œ·±˘fl¬±ÀÒ«¬ı˛ ¸˜Ó¬À˘¬ı˛ ¬Ûø¬ı˛øÒÀÓ¬ ’±È¬øfl¬À˚˛ ‹ ¸˜Ó¬˘Àfl¬

’Ú≈ˆ”¬ø˜fl¬ ¬ı˛±‡± ˝À˚˛ÀÂ√º Œ‡±Ú Œ˚ ‚¯∏«Ì±efl¬ ˝˘

P

W W P	 2
1 2

� �
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6. ¤fl¬øÈ¬ ˆ¬±¬ı˛œ ¸≈¯∏˜ G¬ AB-¤¬ı˛ A ¬ı˛≈é¬ ’Ú≈ˆ”¬ø˜fl¬ Ó¬À˘ ¤¬ı— B √õ∂±ôL√ ¤fl¬øÈ¬ ’±ÚÓ¬ ˜¸‘Ì ¸˜Ó¬À˘

¸±À˜… ’±ÀÂ√º ˚ø � = ˜¸‘Ì ¸˜Ó¬À˘¬ı˛ ÚøÓ¬ ˝˚˛, 
�

2
� ¬ı˛≈é¬ Ó¬À˘¬ı˛ ‚¯∏«Ì Œfl¬±Ì ˝˚˛, Œ‡±›

Œ˚ ¸œ˜±àÔ ¸±À˜… G¬øÈ¬ ’Ú≈ˆ”¬ø˜¬ı˛ ¸ø˝Ó¬ 
tan cot

cos

cos

�
�

�

�

�






�

�
�
��

1
2

2
2

1

2
2

1

�
�

�

15 Ú— ø‰¬S

sin sin º cos sin º cos
� � � � �

� �2
90

2 2 90
a OD OD OA OA

�
� �

�
�

�
�� �

�
� 
 � 


sin
cos

cos�
�

�

�

a OD OB
�

�
�
�

�
�
�

2

OD
a a

�

�
�
�

�
�
�

�
�
�

�
�cos

sin

cos

sin

�
�

�

�
�

�

2 2

2

cos sin cos sin�
� �

�
�

��
�
�

�
� � �

�
�

�
� �

2 2 2
0

cos sin cos sin sin�
� �

�
�

2 2 2
2	
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� 	 �cos cos sin sin sin sin�
�

� �
�

�
2 2

0

cos sin cos cos sin� � � � �2 2 2� 	 	
�
�

�
� �sin sin sin sin�

� �
�2

2 2
0

a tan
cos sin sin cos

sin sin sin
�

�
�

� �

�
�

�
�

�

	

2 2 2

2 2
2

�
�

�

�
�

�

cos sin sin

sin
sin sin

sin cos

sin cos

� � �

�

� �

� �

� �
2

1
2

2
2

2
1
2

2
2

2
12d

� 


� 


� 


�

�
�
�

�
�

�
�
�

�
�

2
2 2

2
2

1

2
2

2
2

1

sin cos cos

sin cos

� � �

� �

tan cot
cos

cos
�

�
�

�
�

�

	
2

2
2

1

2
2

1

7. ¤fl¬øÈ¬ ¸≈¯∏˜ ˜˝◊-¤¬ı˛ ¤fl¬ √õ∂±ôL√ Î¬◊~•§ ˜¸‘Ì Œ›˚˛±À˘ ¤¬ı— ’¬Û¬ı˛ √õ∂±ôL√ ¬ı˛≈é¬ ˆ”¬ø˜ÀÓ¬ ’¬ıøàÔÓ¬

˜˝◊-¤¬ı˛ Δ‚«…  = 2a, ›ÊÚ = W, ¬ı˛≈é¬ ¸˜Ó¬À˘¬ı˛ ‚¯∏«Ì Œfl¬±Ì � ˝À˘ ˜˝◊-¤¬ı˛ ¸œ˜±àÔ ¸±˜…

’¬ıàÔ±ÀÚ ’Ú≈ˆ”¬ø˜¬ı˛ ¸ø˝Ó¬ fl¬Ó¬ Œfl¬±Ì fl¬À¬ı˛ øÚÌ«˚˛ fl¬À¬ı˛±º

16 Ú— ø‰¬S
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Œ˚À˝Ó≈¬ ÀG¬¬ı˛ Î¬◊¬Û¬ı˛ (i) W, (ii) Œ›˚˛±À˘¬ı˛ √õ∂øÓ¬øflË¡˚˛± ¬ı˘ R, (iii) ’Ú≈ˆ”¬ø˜¬ı˛ Œ˜±È¬ √õ∂øÓ¬øflË¡˚˛±

¬ı˘ S ¸˜ø¬ıμ≈ O-ŒÓ¬º  � = AB ’Ú≈ˆ”¬ø˜Àfl¬¬ı˛ ¸Àe· Œfl¬±Ì∏ fl¬À¬ı˛º

W R S
sin º sin90 1	

� �
� �� �

W R
S

cos sin� �
� �

A ø¬ıμ≈ ¸±À¬Ûé¬ w¬±˜fl¬ = 0

Wa cos� = S 2a sin (90º – � – �)

Wa
Wa

cos
cos

cos�
�

� �� 	
2 � �

cos�� cos� = 2cos(� + �)

cos�� cos� – 2sin� sin� = 0

¬ı±, cos� – 2tan�� sin� = 0

¬ı±, tan
cos
sin

cot�
�

�
�� �

2
1
2

8. ¤fl¬øÈ¬ ¸≈¯∏˜ ˜˝◊-¤¬ı˛ √õ∂±ôL√ ¤fl¬øÈ¬ ¬ı˛≈é¬ Î¬◊~•§ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√ › ’¬Û¬ı˛ √õ∂±ôL√ ¸˜±Ú ¬ı˛≈é¬

’Ú≈ˆ”¬ø˜fl¬ Ó¬À˘ ’±ÀÂ√º ˚ø � � Î¬◊ˆ¬˚˛ Ó¬À˘¬ı˛ ‚¯∏«Ì Œfl¬±Ì ˝˚˛, Ó¬±˝À˘ ˜˝◊øÈ¬ ¸±˜…±¬ıàÔ±˚˛

Î¬◊~•§ Ó¬À˘¬ı˛ ¸Àe· fl¬Ó¬ Œfl¬±Ì fl¬À¬ı˛∑

17 Ú— ø‰¬S

2a = ˜˝◊-¤¬ı˛ Δ‚«…, � = ˜˝◊ › Î¬◊~•§ Œ¬ı˛‡±¬ı˛ ˜ÀÒ… Œfl¬±Ì

¤‡±ÀÚ øÓ¬ÚøÈ¬ ¬ı˘

(i) ›ÊÚ ¬ı˘ W
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(ii) ’Ú≈ˆ”¬ø˜fl¬ √õ∂øÓ¬øflË¡˚˛± ¬ı˘ S

(iii) Î¬◊~•§ Ó¬À˘¬ı˛ ¬√õ∂øÓ¬øflË¡˚˛± ¬ı˘ R

¤fl¬øÈ¬ ø¬ıμ≈ O-ŒÓ¬ ŒÂ√ fl¬À¬ı˛º

˘±ø˜¬ı˛ Î¬◊¬Û¬Û±… ’Ú≈˚±˚˛œ

W R S

sin sin sin90 2 90� �	
� �

�� � �� � � �

W R S
cos sin cos2� � �

� � (1)

A ¸±À¬ÛÀé¬ w¬±˜fl¬ øÚÀ˘

S. 2asin (� – �) = Wasin� (2)

’Ó¬¤¬ı (1) › (2) ŒÔÀfl¬ ¬Û±˝◊ 
2

2
cos

cos
sin sin

�

�
� � �� �� �

¬ ı±, 2cos� sin(� – �) = cos2� sin�

   2cos�� (sin� cos� – cos�� sin�) = sin� cos2�

¬ ı±, sin� (2cos� – cos2�) = 2cos� cos� sin�

¬ ı±, tan
sin

cos cos
�

�

� �
�

�

2
2 2



156

NOSU

¤fl¬fl¬ 7 � ˆ¬±¬ı˛Àfl¬f (Centre of Gravity)

·Í¬Ú

7.1 ¬√õ∂d¬±¬ıÚ±

7.2 ¬√Î¬◊ÀV˙…

7.3 ¬√ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ¸—:±

7.4 √ø¬ıøˆ¬iß ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬f øÚÌ«À˚˛¬ı˛ ¸”S

7.5 Œ˜¬ı˛≈àÔ±Ú±efl¬ ¬Z±¬ı˛± øÚÀ«ø˙Ó¬ ˆ¬±¬ı˛Àfl¬f

7.6 ¤fl¬øÈ¬ øS˜±øSfl¬ Ó¬À˘ ø¬ıd¬‘Ó¬ ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬f

7.7 ¬√¤fl¬øÈ¬ ’±¬ıÓ«¬ÚÊ±Ó¬ Ó¬˘ø¬ıø˙©Ü ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬f

7.8 ¬√¤fl¬øÈ¬ ¸˜Ó¬˘±—˙Àfl¬ ‹ Ó¬À˘ ’¬ıøàÔÓ¬ Œfl¬±Ú› ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ¸•Û”Ì« ’±¬ıÓ¬«ÚÊ±Ó¬

’±˚˛Ó¬ÀÚ¬ı˛ ˆ¬±¬ı˛Àfl¬f

7.9 ¬√ˆ¬±¬ı˛Àfl¬f øÚÌ«˚˛ [ø¬ıøˆ¬iß ¬ıd≈¬¬ı˛]

7.10 ¬√¬Û±¬Û…±À¸¬ı˛ √õ∂øÓ¬:±¬ı˛ √õ∂À˚˛±·

7.11 ¬√Î¬◊±˝¬ı˛Ì

7.12 √¸¬ı«À˙¯∏ √õ∂ùü±¬ıø˘

7.13 ¬√¸±¬ı˛±—˙

7.1 ¬√√õ∂d¬±¬ıÚ±

¬Û‘øÔ¬ıœ¬ı˛ Ó¬À˘±¬Ûø¬ı˛ ’Ô¬ı± Ó¬À˘¬ı˛ øÚfl¬È¬àÔ √õ∂øÓ¬øÈ¬ ¬ıd≈¬fl¬Ì± øÚÎ¬◊È¬ÀÚ¬ı˛ ˜±Ò…±fl¬¯∏«ÀÌ¬ı˛ øÚ˚˛˜ ’Ú≈˚±˚˛œ

¬Û‘øÔ¬ıœ¬ı˛ Œfl¬Àf¬ı˛ øÀfl¬ ¤fl¬øÈ¬ ¬ı˘ ¬Z±¬ı˛± ’±fl‘¬©Ü ˝˚˛º ¤fl¬øÈ¬ ¬ıd≈¬¬ı˛ ø¬ıøˆ¬iß fl¬Ì±¬ı˛ Î¬◊¬Û¬ı˛ ¤˝◊¬ı˛”¬Û ¬ı˘·≈ø˘

Œ˜±È¬±˜≈øÈ¬ ¬Û¬ı˛¶Û¬ı˛ ¸˜±ôL√¬ı˛±˘ Œ¬ı˛‡±˚˛ øflË¡˚˛±˙œ˘ ¤È¬± Ò¬ı˛± ˚±˚˛º ’¬ı˙… ¤‡±ÀÚ ¬ıd≈¬øÈ¬¬ı˛ ø¬ıd¬±¬ı˛ ¬Û‘øÔ¬ıœ¬ı˛

¬ı…±¸±ÀX«¬ı˛ ’Ú≈¬Û±ÀÓ¬ Œ¬ı˙ ŒÂ√±È¬ ¤È¬± ÒÀ¬ı˛ ŒÚ›˚˛± √õ∂À˚˛±ÊÚº ˚ø Ó¬± Ú± ˝˚˛ Ó¬À¬ı ¬ı˘·≈ø˘¬ı˛ øflË¡˚˛±À¬ı˛‡±

¬Û¬ı˛¶Û¬ı˛ ¸˜±ôL√¬ı˛±˘ ˝À¬ı Ú±º

’±˜¬ı˛± ¸˜±ôL√¬ı˛±˘ ¬ı˘ ˙œ¯∏«fl¬ ¤fl¬Àfl¬ ŒÀ‡øÂ√ Œ˚, fl¬Ó¬·≈ø˘ ¸˜˜≈‡œ ¸˜±ôL√¬ı˛±˘ ¬ı˘ ¤fl¬øÈ¬ ‘Ï¬ˇ ¬ıd≈¬¬ı˛
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fl¬Ó¬·≈ø˘ ø¬ıμ≈ÀÓ¬ øflË¡˚˛± fl¬¬ı˛À˘ Ó¬±À¬ı˛ ˘øt ¬ı˘ ¤fl¬øÈ¬ øÚø«©Ü ø¬ıμ≈ øÀ˚˛ ˚±˚˛º ¤˝◊ Œfl¬fø¬ıμ≈ øàÔ¬ı˛º

¤Àfl¬ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f ¬ı˘± ˝˚˛º

¬ıd≈¬øÈ¬¬ı˛ ’¬ıàÔ±ÚÀˆ¬À ¬ıd≈¬fl¬Ì±·≈ø˘¬ı˛ Î¬◊¬Û¬ı˛ √õ∂˚≈q¡ ¬ı˘¸˜”À˝¬ı˛ øflƒ¬ ¬Ûø¬ı˛¬ıÓ«¬Ú ˝À˘› ¬ıÀ˘¬ı˛ ˜±Ú

’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ › ¸˜±ôL√¬ı˛±˘ Ô±fl¬±˚˛ ˘øt ¬ıÀ˘¬ı˛ √õ∂À˚˛±·ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú ¬ıd≈¬øÈ¬¬ı˛ ¸±À¬ÛÀé¬ ¤fl¬˝◊ Ô±Àfl¬º

Œ˚˜Ú ¤fl¬øÈ¬ Œ¬ı˘Ú±fl¬±¬ı˛ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ √õ∂˚≈q¡ ˜±Ò…±fl¬¯∏«Ìœ ¬ı˘·≈ø˘¬ı˛ ˘øt Î¬◊˝±¬ı˛ ’Àé¬¬ı˛ ˜Ò…ø¬ıμ≈ øÀ˚˛

˚±˚˛, Œ¬ı˘ÚÀfl¬ ¤fl¬øÈ¬ ’Ú≈ˆ”¬ø˜fl¬ Ó¬À˘ ’Ô¬ı± Î¬◊~•§ˆ¬±À¬ı Œ˚ ˆ¬±À¬ı˝◊ ¬ı˛±‡± Œ˝±fl¬ Ú± Œfl¬Úº

7.2 ¬√Î¬◊ÀV˙…

¤˝◊ ¤fl¬Àfl¬

� ’±¬ÛÚ±¬ı˛± ˆ¬±¬ı˛œ ¬ıd≈¬¬ı˛ ›ÊÚ ¬ı˘ Œfl¬±Ô±˚˛ ¸¬ı«± øflË¡˚˛± fl¬À¬ı˛ Œ¸È¬± Ê±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº

� ¤˝◊ ¬ı˘ Œ˚ ¸¬ı«± ‹ ¬ıd≈¬¬ı˛ ¸±À¬ÛÀé¬ ¤fl¬øÈ¬ øÚø«©Ü ø¬ıμ≈ÀÓ¬ øflË¡˚˛± fl¬À¬ı˛ Ó¬± Ê±Ú± ˚±À¬ıº

� Œ‡À¬ıÚ Œ˚ ¤fl¬øÈ¬ ¸≈¯∏˜ ÀG¬¬ı˛ Œ¬ı˘±˚˛ ˆ¬±¬ı˛Àfl¬f Î¬◊˝±¬ı˛ ˜Ò…ø¬ıμ≈ÀÓ¬º

� ¬ıd≈¬øÈ¬ ˚ø ¸˜±Ú ‚ÚQ˚≈q¡ ˝˚˛ Ó¬À¬ı ¬ıd≈¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f › ˆ¬¬ı˛Àfl¬f ¤fl¬˝◊ ˝˚˛ Œ¸È¬±› Ê±Ú±

˚±À¬ıº

� ˆ¬±¬ı˛Àfl¬f Œ˚ ¸¬ı«± ¬ıd≈¬¬ı˛ ¤fl¬øÈ¬ ø¬ıμ≈ ˝À¬ı Ó¬± Ú˚˛º Œ˚˜Ú ¤fl¬øÈ¬ ¬ı‘M±fl¬±¬ı˛ ¸≈¯∏˜ Ó¬±À¬ı˛¬ı˛ ˆ¬±¬ı˛Àfl¬f

Ó¬±¬ı˛ Œfl¬Àfº øfl¬ôL≈√ Œfl¬Àf¬ı˛ Ó¬±À¬ı˛¬ı˛ Œfl¬±ÀÚ± ¬ıd≈¬ Ú±˝◊º øfl¬ôL≈√ ¬ı‘ÀM¬ı˛ Œfl¬f Ó¬±À¬ı˛¬ı˛ √õ∂øÓ¬øÈ¬ ø¬ıμ≈¬ı˛

¸±À¬ÛÀé¬ ¤fl¬øÈ¬  øàÔ¬ı˛ ø¬ıμ≈º

� ¬ı‘M±fl¬±¬ı˛ ¬ıd≈¬, Î¬◊¬Û¬ı‘M±fl¬±¬ı˛ ¬ıd≈¬, Î¬◊¬Û¬ı‘Mfl¬, Œ·±˘fl¬, Œ·±˘Àfl¬¬ı˛ Ó¬˘À˙ › ’Ú…±Ú… ¬ı˝≈ ¬ıd≈¬¬ı˛

ˆ¬±¬ı˛Àfl¬f Ê±Ú± ˚±˚˛º

7.3 ¬√ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ¸—:±

‘Ï¬ˇ ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ¸—:± –

¤fl¬øÈ¬ ‘Ï¬ˇ ¬ıd≈¬¬ı˛ fl¬Ì±·≈≈ø˘¬ı˛ Î¬◊¬Û¬ı˛ √õ∂˚≈q¡ ¬Û‘øÔ¬ıœ¬ı˛ ’±fl¬¯∏«Ìœ ¬ıÀ˘¬ı˛ ˘øt ¬ı˘ ¸¬ı«± ‹ ¬ıd≈¬øÈ¬¬ı˛ ¸±À¬ÛÀé¬

Œ˚ øÚø«©Ü ø¬ıμ≈ÀÓ¬ øflË¡˚˛± fl¬À¬ı˛ Ó¬±Àfl¬ ‹ ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬f (Centre of Gravity) ¬ı˘± ˝˚˛º

Œfl¬±Ú √õ∂M ¬ıd≈¬fl¬Ì±¬ı˛ ¸˜±À¬ıÀ˙¬ı˛ ˆ¬±¬ı˛Àfl¬fñfl¬Ó¬·≈ø˘ ¬ıd≈¬fl¬Ì±¬ı˛ ˆ¬±¬ı˛ Ê±Ú± ˝À˘ ¤¬ı— ›À¬ı˛ ’¬ıàÔ±Ú

Ê±Ú± ˝À˘ ‹ ’¬ıàÔ±ÀÚ¬ı˛ ¸±À¬ÛÀé¬ ‹ ¬ıd≈¬fl¬Ì±¬Û≈À?¬ı˛ ˆ¬±¬ı˛Àfl¬f øÚÌ«˚˛ fl¬¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

˚ø w1, w2 ..., wn ˆ¬±¬ı˛ø¬ıø˙©Ü fl¬Ó¬·≈ø˘ fl¬Ì±¬ı˛ ’¬ıàÔ±Ú Œˆ¬"¬ı˛ [Œfl¬±ÀÚ± ¤fl¬øÈ¬ øÚø«©Ü ø¬ıμ≈

O-¤¬ı˛ ¸±À¬ÛÀé¬] A r A r A rn n1 1 2 2
� � �� � � � � �, ,...,  ˝˚˛ Ó¬±˝± ˝À˘ ‹ ¸˜±À¬ıÀ˙¬ı˛ ˆ¬±¬ı˛Àfl¬f ˝À¬ı ¤˜Ú ¤fl¬øÈ¬
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ø¬ıμ≈ Œ˚‡±ÀÚ ¸˜d¬ ¬ıd≈¬fl¬Ì±·≈ø˘¬ı˛ ˆ¬±¬ı˛ ¬ıÀ˘¬ı˛ ˘øt øflË¡˚˛± fl¬À¬ı˛º ¸˜˜≈‡œ ¸˜±ôL√¬ı˛±˘ ¬ı˘¸˜”À˝¬ı˛ ˘øt¬ı˛

√õ∂À˚˛±·ø¬ıμ≈ ˝˘ G, ˚±¬ı˛ àÔ±Ú Œˆ¬"¬ı˛ 
�

r0

�

� � �

r
w r w r w r

w w w
n n

n
0

1 1 2 2

1 2
�

	 	 	

	 	 	

....
.... (1)

¤˝◊ ø¬ıμ≈ G r
�

0� �  ˝˘ ‹ ¬ıd≈¬ ¸˜±À¬ıÀ˙¬ı˛ √õ∂M ’¬ıàÔ±ÀÚ¬ı˛ ÊÚ… ˆ¬±¬ı˛Àfl¬fº

¬ıd≈¬fl¬Ì±¬ı˛ ¸—‡…± ’¸—‡… ˝À˘ ¤¬ı— ›¬ı˛± ¤fl¬øÈ¬ ‘Ï¬ˇ ¬ıd≈¬ ·Í¬Ú fl¬¬ı˛À˘ (1)-¤¬ı˛ àÔÀ˘ ¸˜±fl¬˘Ú

˝À¬ı ’Ô«±» ¬ıd≈¬øÈ¬¬ı˛ fl¬Ó¬·≈ø˘ ŒÂ√±È¬ ŒÂ√±È¬ ’—À˙ ø¬ıˆ¬q¡ fl¬À¬ı˛ ›À¬ı˛ ¸œ˜± ŒÚ›˚˛± ˝À˘,

�

�

r

Lt w r

Lt w

n
i i

i

n

n
i

i

n0
1

1

�
�� �

�� �

�

�

�

�

� �

� �

� �

�
�

�� �

r dw

dw

rdw

W
v v (2)

Œ˚‡±ÀÚ V ˝˘ ¬ıd≈¬øÈ¬¬ı˛ ’±˚˛Ó¬Ú ¤¬ı— ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛ ˝˘ W. ¤‡±ÀÚ dw ˝˘ dv ’±˚˛Ó¬ÀÚ¬ı˛ ¬ıd≈¬øÈ¬¬ı˛

’—À˙¬ı˛ ˆ¬±¬ı˛º

� dw =� �gdv, Œ˚‡±ÀÚ � = ¤fl¬fl¬ ‚ÀÚ¬ı˛ ˆ¬¬ı˛

g = ¬Û‘øÔ¬ıœ¬ı˛ ˜±Ò…±fl¬¯∏«ÌÊ±Ó¬ ¬Q¬ı˛Ì [¬Û‘øÔ¬ıœ ¬Û‘Àá¬]

dv = é≈¬^ ’±fl¬±¬ı˛ ’±˚˛Ó¬Ú

˘•§ fl¬±øÓ«¬˚˛ ’é¬ ¬ı…¬ı˝±¬ı˛ fl¬¬ı˛À˘ dv = dxdydz

’±¬ı±¬ı˛

W dw g dv gM
V V

� � �� ��  Œ˚‡±ÀÚ M = ¬ıd≈¬øÈ¬¬ı˛ ˆ¬¬ı˛º

’Ó¬¤¬ı (2) ˝ÀÓ¬ ¬Û±˝◊

�

�

�

r
rdv

dv

rdv

M
v

0 � �
�
�

��

�

�

(3)
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fl¬±øÓ«¬˚˛ ’é¬ ¸±À¬ÛÀé¬ 
�

r x y z0 0 0 0� ( , ),  ˝À˘ ’±˜¬ı˛± ¬Û±˝◊

x

xdv

dv

xdxdydz

dxdydz
V

V

0 � �

�
�

���
���

�

�

�

�

y

ydv

dv

ydxdydz

dxdydz
V

V

0 � �

�
�

���
���

�

�

�

�

z

zdv

dv

zdxdydz

dxdydz
V

V

0 � �

�
�

���
���

�

�

�

� (4)

¤‡±ÀÚ ¸˜±fl¬À˘¬ı˛ ¸œ˜± ¤˜Úˆ¬±À¬ı øÚÀÓ¬ ˝À¬ı Œ˚ ¸˜¢∂ ¬ıd≈¬øÈ¬¬ı˛ ’±˚˛Ó¬ÀÚ¬ı˛ ÊÚ… ˝˚˛º

˜ôL√¬ı… (1) – Î¬◊¬ÛÀ¬ı˛ (1) Ú— ¸”S ¬Z±¬ı˛± fl¬Ó¬·≈ø˘ ¬ıd≈¬fl¬Ì±¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛ fl¬¬ı˛± ˚±˚˛º

˚ø ¬ıd≈¬fl¬Ì±·≈ø˘¬ı˛ ˆ¬¬ı˛ ˚Ô±flË¡À˜ m1, m2, ...., mn ˝˚˛ Ó¬±˝À˘ Œ˚À˝Ó≈¬ w1 = m1g, w2 = m2g,

˝◊Ó¬…±ø ’Ó¬¤¬ı ›À¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ’¬ıàÔ±Ú Œˆ¬"¬ı˛ ˝À¬ı

�

� �

r
m r m r m r

m m m
n n

n
0

1 1 2 2

1 2
�

	 	 	

	 	 	

....
..... (5)

’Ó¬¤¬ı (5) Ú—-¤¬ı˛ ¸”S ˝ÀÓ¬ ’±˜¬ı˛± ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛ Œ˚, fl¬Ó¬·≈ø˘ ¬ıd≈¬fl¬Ì±¬ı˛ ˆ¬¬ı˛Àfl¬f › ˆ¬±¬ı˛Àfl¬f

¤fl¬˝◊ ø¬ıμ≈º ¤‡±ÀÚ ’¬ı˙… ˜ÀÚ ¬ı˛±‡ÀÓ¬ ˝À¬ı Œ˚ ¬ıd≈¬fl¬Ì±·≈ø˘¬ı˛ Î¬◊¬Û¬ı˛ ¬Û‘øÔ¬ıœ¬ı˛ ˜±Ò…±fl¬¯∏«Ì ¬ı˘·≈ø˘¬ı˛

øflË¡˚˛±À¬ı˛‡±·≈ø˘ ¸˜±ôL√¬ı˛±˘º

˜ôL√¬ı… (2)  – (1) ¬ı± (5) ˝ÀÓ¬ ’±˜¬ı˛± ¸˝ÀÊ˝◊ Œ‡ÀÓ¬ ¬Û±˝◊ Œ˚ ¬ıd≈¬fl¬Ì±·≈ø˘¬ı˛ ’¬ıàÔ±ÀÚ¬ı˛ Œfl¬±ÀÚ±

¬Ûø¬ı˛¬ıÓ«¬Ú Ú± ˝À˘ ’±˜¬ı˛± Œ˚-Œfl¬±ÀÚ± ’±ø ø¬ıμ≈ øÚ˝◊ Ú± Œfl¬Ú ¬ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ’¬ıàÔ±Ú ’øˆ¬iß ˝À¬ıº ’Ô«±»

˚ø O ¬Û”À¬ı«¬ı˛ ’±ø ø¬ıμ≈ O� Ú”Ó¬Ú ’±ø ø¬ıμ≈ ˝˚˛ ¤¬ı— ��
�

r ii -Ó¬˜ ¬ıd≈¬fl¬Ì±¬ı˛ ’¬ıàÔ±Ú Œˆ¬"¬ı˛

O�-¤¬ı˛ ¸±À¬ÛÀé¬ ˝˚˛ Ó¬± ˝À˘ 
� � �

r r ooi i� �� �

Ó¬±˝À˘  ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ’¬ıàÔ±Ú Œˆ¬"¬ı˛

�

� �

� �
�	 	 �

	 	 	
r

w r w r
w w w

i n n

n

1

1 2

...
...
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�
� � � � � � � �

� � �

w r oo w r oo w r oo

w w w
n n

n

1 1 2 2

1 2

� � � � � �

� � � � � �...

...

�
	 	

	 	 	
� �

w r w r
w w w

oon n

n

1 1

1 2

� �

�...
...

� � �
� �

r oo

1 Ú— ø‰¬S

’Ô«±» 
� � �

�	 � �r oo r

’Ó¬¤¬ı Ú”Ó¬Ú ’¬ıàÔ±Ú Œˆ¬"¬ı˛ ¤fl¬˝◊ ø¬ıμ≈ G Œfl¬ øÚÀ«˙ fl¬À¬ı˛º ’Ô«±» G ø¬ıμ≈øÈ¬ ’é¬Ó¬La øÚ¬ı˛À¬Ûé¬º

˜ôL√¬ı… (3) – (1) Ú— ¸”SÀfl¬ ’±˜¬ı˛± øÚ•ßˆ¬±À¬ı ø˘‡ÀÓ¬ ¬Û±ø¬ı˛
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Œ˚‡±ÀÚ 
�

�r  › 
�

��r  ˚Ô±flË¡À˜ 1, 2, ... , k-Ó¬˜ ¬Û˚«ôL√ ¬ıd≈¬fl¬Ì±·≈ø˘¬ı˛ ¤¬ı— k + 1, k + 2 ..n-

Ó¬˜ ¬ıd≈¬fl¬Ì±·≈ø˘¬ı˛ ˆ¬±¬ı˛Àfl¬fº ’Ó¬¤¬ı (6) ˝ÀÓ¬ ’±˜¬ı˛± ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛ Œ˚, ≈øÈ¬ ¬ıd≈¬fl¬Ì±À·±øá¬¬ı˛ ˆ¬±¬ı˛Àfl¬f

Ê±Ú± Ô±fl¬À˘ ’±˜¬ı˛± ›À¬ı˛ ¸ø•úø˘Ó¬ ¬ıd≈¬fl¬Ì±À·±á¬œ¬ı˛ ˆ¬±¬ı˛Àfl¬f Ê±ÚÀÓ¬ ¬Û±ø¬ı˛º ˚ø Œfl¬±Ú ‘Ï¬ˇ ¬ıd≈¬¬ı˛

≈øÈ¬ ’—À˙¬ı˛ ˆ¬±¬ı˛ ˚Ô±flË¡À˜ W1 › W2 ˝˚˛ ¤¬ı— ›À¬ı˛ ˆ¬±¬ı˛Àfl¬f ˚Ô±flË¡À˜ 
�

�r  › 
�

��r  ¬Z±¬ı˛± øÚÀ«ø˙Ó¬

˝˚˛, Ó¬±˝√√À˘ (5) Ú— ¸”S ˝ÀÓ¬ ’±˜¬ı˛± ¸˜¢∂ ‘Ï¬ˇ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ÊÚ… øÚÀ•ß¬ı˛ ¸”SøÈ¬ ¬Û±˝◊

� � �

r
W

W W
r

W
W W

r�
	

� 	
	

��1

1 2

2

1 2

�
�	 ��

	

W r W r
W W
1 2

1 2

� �

(7)

2 Ú— ø‰¬S

’Ô«±» √õ∂Ô˜ ’—À˙¬ı˛ ˆ¬±¬ı˛ 
�

�r  ø¬ıμ≈ÀÓ¬ W1 ¬ı˘ ø˝À¸À¬ı øflË¡˚˛± fl¬À¬ı˛ ’±¬ı±¬ı˛ ø¬ZÓ¬œ˚˛ ’—À˙¬ı˛ ˆ¬±¬ı˛

�

��r  ø¬ıμ≈ÀÓ¬ W2 ¬ı˘ ø˝À¸À¬ı øflË¡˚˛± fl¬À¬ı˛º Î¬◊˝±À¬ı˛ ¸ø•úø˘Ó¬ ˆ¬±¬ı˛ ‹ ≈˝◊ ø¬ıμ≈ ¸—À˚±·fl¬±¬ı˛œ Œ¬ı˛‡±¬ı˛

Î¬◊¬Û¬ı˛ W1 › W2 ¬ı˘¬ZÀ˚˛¬ı˛ ˘øt¬ı˛ √õ∂À˚˛±·ø¬ıμ≈ ˝À¬ıº (7) Ú— ¸”S Ó¬±˝◊ øÚÀ«˙ fl¬À¬ı˛º

7.4 ø¬ıøˆ¬iß ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬f øÚÌ«À˚˛¬ı˛ ¸”S

1. √õ∂Ô˜ Œé¬Sñ¬ıd≈¬øÈ¬ ˚ø ¤fl¬øÈ¬ Œ¬ı˛‡±fl¬±¬ı˛ ˝˚˛, Œ¸˝◊ Œ¬ı˛‡±øÈ¬ ¬ıflË¡ ’Ô¬ı± ¸¬ı˛˘ ˝ÀÓ¬ ¬Û±À¬ı˛º ’±¬ı±¬ı˛

Œ¬ı˛‡±øÈ¬ ¤fl¬øÈ¬ ¸˜Ó¬À˘ ’¬ıøàÔÓ¬ ˝ÀÓ¬ ¬Û±À¬ı˛ ’±¬ı±¬ı˛ Ú±› ˝ÀÓ¬ ¬Û±À¬ı˛º ˚ø ¤fl¬˝◊ ¸˜Ó¬À˘ ’¬ıøàÔÓ¬

˝˚˛, Ó¬±˝À˘ ˆ¬±¬ı˛Àfl¬f ‹ ¸˜Ó¬À˘˝◊ Ô±fl¬À¬ıº ’±˜¬ı˛± ≈øÈ¬ Œé¬S ’±˘±±ˆ¬±À¬ı ø˘±˜ –
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(a) ¸˜Ó¬˘œ˚˛ ¬ıÀflË¡¬ı˛ Œé¬ÀS – ’±˚˛Ó¬Àé¬S±fl¬±¬ı˛ ’é¬¬Z˚˛ Ox, Oy-¤¬ı˛ ¸À¬ÛÀé¬ ˆ¬±¬ı˛Àfl¬f x y,

˝À˘ (3) Ú— ¸”S ’Ú≈¸±À¬ı˛

3 Ú— ø‰¬S

x
xds

ds
y

xds

ds
� �
�
�

�
�

�

�

�

�

0

1

0

1
0

1

0

1
,

Œ˚‡±ÀÚ � ˝˘ Δ¬ı˛ø‡fl¬ ˆ¬¬ı˛ ˜±S±, l ˝˘ ¬ıflË¡øÈ¬¬ı˛ Δ‚«… ¤¬ı— A ˝ÀÓ¬ Œ˚-Œfl¬±ÀÚ± ø¬ıμ≈ P ’¬ıøÒ

Δ‚«… s ÒÀ¬ı˛ é≈¬^ ’—˙ PQ-¤¬ı˛ Δ‚«… ds ŒÚ›˚˛± ˝À˚˛ÀÂ√º

(b) ’¸˜Ó¬˘œ˚˛ ¬ıÀflË¡¬ı˛ Œé¬ÀS ˆ¬±¬ı˛Àfl¬f ˝À¬ı ( , , )x y z , Œ˚‡±ÀÚ

x
xds

ds
y

yds

ds
z

zds

ds
� � �
�
�

�
�

�
�

�

�

�

�

�

�

0

1

0

1
0

1

0

1
0

1

0

1
, ,

4 Ú— ø‰¬S
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2. ø¬ZÓ¬œ˚˛ Œé¬Sñ¤fl¬øÈ¬ ¸˜Ó¬˘œ˚˛ ¬ıd≈¬ (Plane lamina) – Ò¬ı˛± ˚±fl¬ ¤fl¬˝◊ ¸˜Ó¬À˘ ¤fl¬øÈ¬ ¬ıd≈¬

¬ı˛À˚˛ÀÂ√º ¸˜Ó¬˘øÈ¬Àfl¬ xy-¸˜Ó¬˘ øÚÀ˚˛ ’±˜¬ı˛± Î¬◊˝±¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ àÔ±Ú±efl¬ ( x y, , 0) ¬Û±˝◊ Œ˚‡±ÀÚ

x
xdxdy

dxdy
�
��
��
�

�

y
ydxdy

dxdy
�
��
��
�

�

¤‡±ÀÚ Î¬◊À~‡ fl¬¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛ Œ˚ ˚ø � ¸¬ı«S ¸˜˜±Ú ø¬ıø˙©Ü ˝˚˛, Ó¬± ˝À˘ Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸”S ˝ÀÓ¬

’±˜¬ı˛± Œø‡ Œ˚

x
xdxdy

dxdy
y

ydxdy

dxdy
� �
��
��

��
��

,

’Ô«±» ¤˝◊Àé¬ÀS ¬ıd≈¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f ¬ıd≈¬øÈ¬¬ı˛ Œé¬SÀfl¬f (Centre of area)-¤¬ı˛ ¸ø˝Ó¬ ’øˆ¬iß ˝˚˛º

7.5 Œ˜¬ı˛≈àÔ±Ú±efl¬ ¬Z±¬ı˛± øÚÀ«ø˙Ó¬ ˆ¬±¬ı˛Àfl¬f

˚ø Œ˜¬ı˛≈àÔ±Ú±efl¬ (r, �) ¬ı…¬ı˝±¬ı˛ fl¬¬ı˛± ˚±˚˛ Ó¬±˝√√À˘ r = f(�) (� � � �� � ) ¤fl¬øÈ¬ ¸˜Ó¬˘œ˚˛

¬ıflË¡À¬ı˛‡±fl¬±¬ı˛ ¬ıd≈¬¬ı˛ ¸˜œfl¬¬ı˛Ì ˝˚˛,

5 Ú— ø‰¬S
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Ó¬±˝À˘ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ’¬ıàÔ±Ú Œˆ¬flƒ¬È¬¬ı˛ 
�

r0  ˝À¬ı Œ˚‡±ÀÚ

�

� �

r
r ds

ds

r rd

rd
0 � �
�
�

�
�

�

�

� �

� �

�

�

�

�

Œ˚À˝Ó≈¬ é≈¬^±fl¬±¬ı˛ PQ-¤¬ı˛ ˆ¬¬ı˛ = �ds ¤¬ı— Î¬◊˝±¬ı˛ ’¬ıàÔ±Ú Œˆ¬"¬ı˛ 
�

r .

’Ó¬¤¬ı ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ’¬ıàÔ±Ú ( x y, ) ˝À˘ ’±˜¬ı˛± ¬Û±˝◊

x
x rd

rd

r d

rd
� �
�
�

�
�

� �

� �

� � �

� �

�

�

�

�
�

�

�

�

2 cos

y
r d

rd
�
�
�
� � �

� �

�

�

�

�

2 sin

’±¬ı±¬ı˛ ¤fl¬øÈ¬ ¸˜Ó¬˘ Œé¬S±fl¬±¬ı˛ ¬ıd≈¬¬ı˛ Œ¬ı˘±˚˛ ¤fl¬øÈ¬ é≈¬^±fl¬±¬ı˛ ABCD ’—À˙¬ı˛ Œé¬SÙ¬˘  = rd�dr,

’Ó¬¤¬ı Œ˜¬ı˛≈àÔ±Ú±efl¬ ¬ı…¬ı˝±¬ı˛ fl¬¬ı˛À˘ ’±˜¬ı˛± ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ’±˚˛Ó¬Àé¬S±fl¬±¬ı˛ àÔ±Ú±efl¬ x y,  øÚ•ß¬ı˛”À¬Û ¬Û±˝◊

6 Ú— ø‰¬S

x
r rd dr

rd dr
y

r rd dr

rd dr
� �
��
��

��
��

( cos ) ( )
,

sin ( )� � �

� �

�� �

� �

Œ˚‡±ÀÚ ¸˜±fl¬˘·≈ø˘ÀÓ¬ r › �-¤¬ı˛ ¸œ˜± ¤˜Ú øÚÀÓ¬ ˝À¬ı Œ˚ ¬ıd≈¬øÈ¬¬ı˛ ¸˜d¬ Œé¬SÀfl¬ ¬ı…±5 fl¬À¬ı˛º



165

NOSU

˜ôL√¬ı… – Œfl¬±ÀÚ± ¸˜Ó¬˘œ˚˛ Œé¬SÙ¬À˘¬ı˛ Œfl¬fø¬ıμ≈ (Centroid of area) Œ¬ı¬ı˛ fl¬¬ı˛±¬ı˛ ¸”S › ˚ø

Œé¬SøÈ¬ Œfl¬±Ú ¸˜±Ú Ó¬˘-‚ÚQ˚≈q¡ ¬ıd≈¬ ˝˚˛, Ó¬±˝À˘ Œ¸˝◊ ¸˜Ó¬˘œ˚˛ ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬f øÚÌ«˚˛ fl¬¬ı˛¬ı±¬ı˛ ¸”S

¤fl¬˝◊ ˝›˚˛±˚˛, ¤˝◊¸fl¬˘ Œé¬ÀS ˆ¬±¬ı˛Àfl¬f › Œé¬SÙ¬À˘¬ı˛ Œfl¬fø¬ıμ≈ ¤fl¬˝◊ ˝˚˛º

7.6 ¤fl¬øÈ¬ øS˜±øSfl¬ Ó¬À˘ ø¬ıd¬‘Ó¬ ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬f

¤‡±ÀÚ Ó¬À˘±¬Ûø¬ı˛ Œfl¬±Ú ø¬ıμ≈ P-¤¬ı˛ ‰¬±¬ı˛øÀfl¬ ¤fl¬øÈ¬ é≈¬^ Œé¬S d� øÚÀ˘, ’±˜¬ı˛± ˆ¬±¬ı˛Àfl¬Àf¬ı˛

’¬ıàÔ±Ú øÚ•ßˆ¬±À¬ı ø˘‡ÀÓ¬ ¬Û±ø¬ı˛, Œ˚‡±ÀÚ � ˝˘ √õ∂øÓ¬ ¤fl¬fl¬ Œé¬S˚≈q¡ Ó¬À˘¬ı˛ ˆ¬¬ı˛

x
xd

d
y

yd

d
z

zd

d
� � �
�
�

�
�

�
�

� �

� �

� �

� �

� �

� �
, ,

¤‡±ÀÚ  ¸˜±fl¬À˘¬ı˛ ¸œ˜±·≈≈ø˘ ¤˜Ú øÚÀÓ¬ ˝À¬ı Œ˚, Î¬◊˝± ¸˜¢∂ Ó¬˘øÈ¬Àfl¬ ¬ı…±5 fl¬À¬ı˛º

7.7 ¤fl¬øÈ¬ ’±¬ıÓ«¬ÚÊ±Ó¬ Ó¬˘ø¬ıø˙©Ü ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬f

Ò¬ı˛± ˚±fl¬ ¤fl¬øÈ¬ ¬ıd≈¬ ¤fl¬øÈ¬ ’±¬ıÓ«¬ÚÊ±Ó¬ Ó¬˘ø¬ıø˙©Üº ’±¬ıÓ«¬Ú ’é¬Àfl¬ z-’é¬ Ò¬ı˛À˘, ¤¬ı— Œ¬ı˘Ú-

àÔ±Ú±efl¬ ¬ı…¬ı˝±¬ı˛ fl¬¬ı˛À˘ ’±˜¬ı˛± Ó¬˘øÈ¬¬ı˛ ¸˜œfl¬¬ı˛Ì z = f(r), ¤¬ı˛”À¬Û ø˘‡ÀÓ¬ ¬Û±ø¬ı˛, Œ˚‡±ÀÚ

r2 = x2 + y2 ¤¬ı—

7 Ú— ø‰¬S

z = f(x) ¤˝◊ ¸˜Ó¬˘œ˚˛ ¬ıÀflË¡¬ı˛ ’±¬ıÓ«¬ÀÚ¬ı˛ Ù¬À˘ ¤˝◊ Ó¬˘ ¸‘©Ü ˝˚˛º ¤‡Ú P ø¬ıμ≈ øÀ˚˛ ¤fl¬øÈ¬ ¬ı‘M

‹ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ’øefl¬Ó¬ fl¬¬ı˛˘±˜º ¤¬ı˛¬Û¬ı˛ ’±˜¬ı˛± ¸˜¢∂ Ó¬˘øÈ¬Àfl¬ fl¬Ó¬·≈ø˘ é≈¬^ é≈¬^ ¬ı‘M±fl¬±¬ı˛ ’—À˙

ø¬ıˆ¬q¡ fl¬¬ı˛ÀÓ¬ ¬Û±ø¬ı˛ ¤¬ı— √õ∂ÀÓ¬…fl¬øÈ¬ ¬ı‘M±fl¬±¬ı˛ ’—À˙¬ı˛ ˆ¬±¬ı˛Àfl¬f ‹ Ó¬À˘ ’¬ıøàÔÓ¬ z-’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ Œfl¬fø¬ıμ≈
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C ˝À¬ıº ’Ó¬¤¬ı ¸˜¢∂ Ó¬˘øÈ¬¬ı˛ ÊÚ… ’±˜¬ı˛± ¬Û±˝◊ Œ˚ ˆ¬±¬ı˛Àfl¬f z-’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¬øÈ¬ ø¬ıμ≈ ˝À¬ı ˚±¬ı˛

z-àÔ±Ú±efl¬ ˝À¬ı z Œ˚‡±ÀÚ

z
z rds

rds
�
�
�
� �

� �

2

2

7.8 ¤fl¬øÈ¬ ¸˜Ó¬˘±—˙Àfl¬ ‹ Ó¬À˘ ’¬ıøàÔÓ¬ Œfl¬±ÀÚ± ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ¸•Û”Ì«

’±¬ıÓ«¬ÚÊ±Ó¬ ’±˚˛Ó¬ÀÚ¬ı˛ ˆ¬±¬ı˛Àfl¬f

Ò¬ı˛±˚±fl¬ xy-Ó¬À˘ ’¬ıøàÔÓ¬ Œfl¬±ÀÚ± ¸˜Ó¬˘œ˚˛ ’—À˙¬ı˛ Œé¬SÀfl¬f ˝˘ ( x y, )º ¤‡Ú Œé¬SøÈ¬Àfl¬

y-’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ‚≈¬ı˛±À˘ Œ˚ ’±˚˛Ó¬Ú ¸‘©Ü ˝˚˛ Ó¬±¬ı˛ ˆ¬±¬ı˛Àfl¬f [¤‡±ÀÚ ‚ÚQ ¸¬ı«S ¸˜±Ú Ò¬ı˛± ˝À˚˛ÀÂ√]

y-’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¬À¬ı (0, y0)º ‹ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ àÔ±Ú±efl¬ ˝˘

y
ydxdy x

dxdy x0

2

2
�
��
��
� �

� �

Œ˚‡±ÀÚ ¸˜±fl¬À˘¬ı˛ ¸œ˜±·≈ø˘ √õ∂M Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ ø¬ıd¬‘Ó¬ ˝À¬ıº ’Ó¬¤¬ı

y
xydxdy

xdxdy0 �
��
��

’±¬ıÓ«¬ÚÊ±Ó¬ ’±˚˛Ó¬Ú

� �� 2� xdxdy

� ��2� xdxdy

= 2� Ax

Œ˚‡±ÀÚ ¸˜Ó¬˘œ˚˛ ’—˙øÈ¬¬ı˛ Œé¬SÙ¬˘ ˝˘ A.

7.8.1 �-Œfl¬±Ì ‚≈Ì«ÚÊ±Ó¬ ’±˚˛Ó¬ÀÚ¬ı˛ ˆ¬±¬ı˛Àfl¬f

˚ø ’±˚˛Ó¬ÚøÈ¬ ¸˜Ó¬˘œ˚˛ ’—˙øÈ¬¬ı˛ y-’é¬ ¸±À¬ÛÀé¬ �-Œfl¬±Ì ‚”Ì«Ú Ù¬À˘ Ê±Ó¬ ˝˚˛ Ó¬±˝À˘

’±¬ıÓ«¬ÚÊ±Ó¬ ’±˚˛Ó¬Ú

� ���� �xdxdy Ax
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’Ó¬¤¬ı Œ‡± Œ·˘ Œ˚, Œfl¬±ÀÚ± ¸˜Ó¬˘œ˚˛ ’—À˙¬ı˛ ’±¬ıÓ«¬ÚÊ±Ó¬ ’±˚˛Ó¬Ú ‹ ’—À˙¬ı˛ Œé¬SÙ¬˘

A › Î¬◊˝±¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ’±¬ıÓ«¬ÚÊ±Ó¬ ¬ÛÀÔ¬ı˛ Δ‚«… �x -¤¬ı˛ ·≈ÌÙ¬À˘¬ı˛ ¸˜±Úº Î¬◊¬ÛÀ¬ı˛¬ı˛ ¤˝◊ Ò˜«øÈ¬ ¬Û±¬Û…±¸-

¤¬ı˛ √õ∂øÓ¬:± (Pappus’ theorem) ¬ıÀ˘ ¬Ûø¬ı˛ø‰¬Ó¬º ’±¬ı±¬ı˛, Œfl¬±ÀÚ± ¸˜Ó¬˘ Œé¬S ‹ Ó¬˘øàÔÓ¬ Œfl¬±ÀÚ±

’é¬ ¸±À¬ÛÀé¬ ’±¬ıÓ«¬ÚÊøÚÓ¬ Œfl¬±ÀÚ± Ó¬˘ Î¬◊»¬Ûiß fl¬¬ı˛À˘ ‹ ¸˜Ó¬À˘¬ı˛ ¬Ûø¬ı˛øÒ-Δ‚«… › ¬Ûø¬ı˛øÒ¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛

’±¬ıÓ«¬ÚÊøÚÓ¬ ¬ÛÀÔ¬ı˛ ΔÀ‚«¬ı˛ ·≈ÌÙ¬˘ ‹ ’±¬ıÓ«¬ÚÊ±Ó¬ Ó¬˘ÀÀ˙¬ı˛ Œé¬SÙ¬À˘¬ı˛ ¸˜±Ú ˝À¬ıº

7.9 ˆ¬±¬ı˛Àfl¬f øÚÌ«˚˛ [ø¬ıøˆ¬iß ¬ıd≈¬¬ı˛]

1. ¤fl¬øÈ¬ G¬ –

¤fl¬øÈ¬ ¸¬ı˛˘Õ¬ı˛ø‡fl¬ ¸≈¯∏˜ˆ¬±À¬ı ø¬ıd¬‘Ó¬ ˆ¬¬ı˛˚≈q¡ G¬ ŒÚ›˚˛± ˝˘º Î¬◊˝±¬ı˛ Δ‚«… 2a Ò¬ı˛± ˝˘º Ox-

’é¬ ¤˜Úˆ¬±À¬ı Ò¬ı˛˘±˜ Œ˚

¤˝◊ G¬øÈ¬¬ı˛ øÀfl¬ ø¬ıd¬‘Ó¬º ’Ô«±» O � x � 2a ˝˘ G¬øÈ¬¬ı˛ ¬Ûø¬ı˛¸¬ı˛º P ø¬ıμ≈ÀÓ¬ ÀG¬¬ı˛ Î¬◊¬Û¬ı˛

Œ˚-Œfl¬±ÀÚ± ø¬ıμ≈ ˚±¬ı˛ x-àÔ±Ú±efl¬ x. G¬øÈ¬¬ı˛ PQ ’—À˙¬ı˛ Δ‚«… = dx, ’Ó¬¤¬ı G¬øÈ¬¬ı˛ PQ ’—À˙¬ı˛

ˆ¬¬ı˛ = �dx, Œ˚‡±ÀÚ � = √õ∂øÓ¬ ¤fl¬fl¬ ΔÀ‚«¬ı˛ ˆ¬¬ı˛º

’Ó¬¤¬ı G¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ x-àÔ±Ú±efl¬ x ¬Z±¬ı˛± øÚÀ«ø˙Ó¬ fl¬¬ı˛À˘

x
x dx

dx

xdx

dx

a

a

a

a
� �
�
�

�
�

�

�

�

�

0

2

0

2
0

2

0

2

�

�
��
�
��

� �

x

x

a
a

a

a

a

2

0

2

0
2

22 2
2

Œ˚À˝Ó≈¬ ÀG¬¬ı˛ √õ∂øÓ¬øÈ¬ ø¬ıμ≈¬ı˛ y › z-àÔ±Ú±efl¬ ˙”Ú…, ’Ó¬¤¬ı ˆ¬±¬ı˛Àfl¬Àf¬ı˛ y › z àÔ±Ú±efl¬ ˙”Ú…º

’Ó¬¤¬ı G¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f ˝˘ ›¬ı˛ ˜Ò…ø¬ıμ≈º
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2. øÓ¬ÚøÈ¬ ¸˜±Ú ¤fl¬fl¬ Δ‚«… ˆ¬¬ı˛˚≈q¡ › a, b, c ¬ı±˝≈-Δ‚«…ø¬ıø˙©Ü øSˆ≈¬ÀÊ¬ı˛ ˆ¬±¬ı˛Àfl¬f –

BC, CA, AB G¬SÀ˚˛¬ı˛ ˆ¬±¬ı˛Àfl¬f ˚Ô±flË¡À˜ ›À¬ı˛ ˜Ò…ø¬ıμ≈ D, E › F ø¬ıμ≈ÀÓ¬ ¸˜±ôL√¬ı˛±˘ ¬ı˘

aw, bw, cw øflË¡˚˛± fl¬À¬ı˛, Œ˚‡±ÀÚ w = ¤fl¬fl¬ ΔÀ‚«…¬ı˛ ›ÊÚº ›À¬ı˛ Œfl¬fø¬ıμ≈ ˝˘ G ( x y, ) ø¬ıμ≈ÀÓ¬

Œ˚‡±ÀÚ

8 Ú— ø‰¬S

x

aw
x x

bw
x x

cw
x x

aw bw cw
�

��
�


�
�	
�

��
�


�
�	
�

��
�


�
�	

� �

2 3 3 1 1 2
2 2 2

�
	 	 	 	 	

	 	

x b c x c a x a b
a b c

1 2 3
2

( ) ( ) ( )
( )

� � � �
� �

� �

1
2 21 2 3

1 2 3x x x
ax bx cx

a b c
� � � �

� �

’Ú≈¬ı”̨À¬Û

y
y b c y c a y a b

a b c
�

	 	 	 	 	

	 	
1 2 3

2
� � � � � �

� �

3. ¤fl¬øÈ¬ øSˆ≈¬Ê±fl¬±¬ı˛ ¸˜Ó¬˘±—À˙¬ı˛ ˆ¬±¬ı˛Àfl¬f (Triangular lamina) –

ABC øSˆ≈¬ÊÀfl¬ BC ¬ı±˝≈¬ı˛ ¸˜±ôL√¬ı˛±˘ fl¬Ó¬·≈ø˘ ÀG¬¬ı˛ ¸˜ø©Ü ø˝¸±À¬ı øÚÀ˚˛ ’±˜¬ı˛± ¬Û±˝◊ Œ˚,

√õ∂øÓ¬øÈ¬ ÀG¬¬ı˛ ˆ¬±¬ı˛Àfl¬f AD ˜Ò…˜±¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√, Ù¬À˘ øSˆ≈¬ÊøÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f øSˆ≈¬ÊøÈ¬¬ı˛ ˜Ò…˜±
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AD-¤¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¬À¬ıº ¤fl¬˝◊ˆ¬±À¬ı

9 Ú— ø‰¬S

øSˆ≈¬ÊøÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f ’Ú… ≈øÈ¬ ˜Ò…˜± BE › CF-¤¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¬À¬ıº ’Ó¬¤¬ı ˆ¬±¬ı˛Àfl¬føÈ¬ ˝˘

øSˆ≈¬ÀÊ¬ı˛ ˜Ò…˜±SÀ˚˛¬ı˛ ŒÂ√≈ø¬ıμ≈ G.

4. ¤fl¬øÈ¬ ¬ı‘M‡G¬ (Segment of a circle) –

10 Ú— ø‰¬S

O Œfl¬fø¬ıø˙©Ü AB Ê…± › ¬ı‘ÀM¬ı˛ ¬Ûø¬ı˛øÒ¬ı˛ ¤fl¬øÈ¬ ’—˙ ACB ¤fl¬øÈ¬ ¬ı‘M‡G¬ Œfl¬Àf 2� Œfl¬±Ì

Î¬◊»¬Ûiß fl¬À¬ı˛º AB Ê…± ¬Z±¬ı˛± ¸œ˜±¬ıX ‡G¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f √õ∂øÓ¬¸±˜… fl¬±¬ı˛ÀÌ OC ¬ı…±¸±ÀX«¬ı˛ [˚± �AOB
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Œfl¬ ¸˜ø¬Z‡øG¬Ó¬ fl¬À¬ı˛] Î¬◊¬Û¬ı˛ ’¬ıøàÔÓ¬º Œé¬SøÈ¬ AB Ê…±-¤¬ı˛ ¸˜±ôL√¬ı˛±˘ Ê…±ÀÓ¬ ˆ¬±· fl¬À¬ı˛ › OC-

Œfl¬ x-’é¬ ÒÀ¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ x-àÔ±Ú±efl¬ x ¬Û±˝◊

x
a a d a

a d a
�
�
�

2

2

0

0

sin . cos . cos

sin cos

� � �

� �

�

�

� �

� �

�
�
�

a
d

d
.

sin cos

sin

2
0

2
0

� � �

� �

�

�

�

�
�
��

�
��
�

�

a
a

sin

sin
sin

sin

3
2

3
1
2

2
2

4
3 2 2

�

�
�

�

� �� �

5. ¬ı‘ÀM¬ı˛ ¤fl¬øÈ¬ ‰¬±À¬Û¬ı˛ ˆ¬±¬ı˛Àfl¬f (Arc of a circle) –

10 Ú— ø‰¬ÀS¬ı˛ ACB ‰¬±À¬Û¬ı˛ ˆ¬±¬ı˛Àfl¬f G, OC-¤¬ı˛ Î¬◊¬Û¬ı˛ ’¬ıøàÔÓ¬ ¤¬ı— ‰¬±¬ÛøÈ¬Àfl¬ GC-¤¬ı˛ ≈˝◊

¬Û±À˙ ¸˜±Ú ¸˜±Ú ’—À˙ ˆ¬±· fl¬À¬ı˛ ¬Û±˝◊

OG
ad a

ad

a
� �
�
�
� � �

� �

�

�

�

�

. cos .sin0

0

6. ¬ı‘M±—˙ OAB (Sector of a circle)-¤¬ı˛ ˆ¬±¬ı˛Àfl¬f –

¤‡±ÀÚ› ˆ¬±¬ı˛Àfl¬f OC-¤¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√ ¤¬ı— ¬ı‘M±—˙øÈ¬Àfl¬ fl¬Ó¬·≈ø˘ ŒÂ√±È¬ øSˆ≈¬Ê±fl‘¬øÓ¬ [Œ˚˜Ú

�OPQ) ’—À˙ ˆ¬±· fl¬À¬ı˛ ’±˜¬ı˛± ¬Û±˝◊

11 Ú— ø‰¬S
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x
a a d

a d
a� �

�

�

� � �

� �

�

�

�

�

2
3

1
2

1
2

2
3

2
0

0
2

cos . sin

7. ‰¬Ó≈¬d¬˘fl¬ (Tetrahedron)-¤¬ı˛ ˆ¬±¬ı˛Àfl¬f –

ˆ”¬ø˜ �OAB-¤¬ı˛ ¸˜±ôL√¬ı˛±˘ �O�A�B� ŒÚ›˚˛± ˝˘º �O�A�B� -¤¬ı˛ ˆ¬±¬ı˛Àfl¬f G� ¤¬ı—

12 Ú— ø‰¬S

�

�
� � �

�
�O A B

OAB

CG

CG

� �

� �

2

1
2  Œ˚‡±ÀÚ G1 ˝˘ �OAB-¤¬ı˛ ˆ¬±¬ı˛Àfl¬fº

’Ó¬¤¬ı G ˚ø ‰¬Ó≈¬d¬˘Àfl¬¬ı˛ ˆ¬±¬ı˛Àfl¬f ˝˚˛, Ó¬À¬ı G, CG1-¤¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¬À¬ı ¤¬ı—

CG
O A B CG G G

O A B G G
�

� � � � � ��

� � � � ��

�
�

lim . .
lim .

��

��

’Ó¬¤¬ı ’±˜¬ı˛± ¬Û±˝◊, Œ˚‡±ÀÚ x-’é¬ CG ¬ı¬ı˛±¬ı¬ı˛

CG
x dx

x dx
CG

CG

CG
� �
�
�

3
0

1

2
0

1 1
3
4
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’Ó¬¤¬ı ‰≈¬Ó¬d¬˘Àfl¬¬ı˛ ˆ¬±¬ı˛Àfl¬f G1 ˆ”¬ø˜¬ı˛ ˆ¬¬ı˛Àfl¬f › ˙œ¯∏«ø¬ıμ≈ ¸—À˚±Êfl¬ Œ¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ ¤¬ı— Î¬◊˝±¬ı˛

ˆ”¬ø˜ ŒÔÀfl¬ Î¬◊2‰¬Ó¬± ˝˘ ‰¬Ó≈¬d¬˘fl¬øÈ¬¬ı˛ Î¬◊2‰¬Ó¬±¬ı˛ ¤fl¬ ‰¬Ó≈¬Ô«±—˙º

8. ¤fl¬øÈ¬ ø¬Û¬ı˛±ø˜ÀÎ¬¬ı˛ ’±fl‘¬øÓ¬ø¬ıø˙©Ü ¬¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬f –

13 Ú— ø‰¬S

Ò¬ı˛± ˚±, OABCDEF ¤fl¬øÈ¬ ø¬Û¬ı˛±ø˜Î¬ (Pyramid)º ›¬ı˛ ˆ”¬ø˜Ó¬À˘¬ı˛ ˆ¬±¬ı˛Àfl¬f ˝˘ G1º ¤fl¬øÈ¬

ˆ”¬ø˜Ó¬À˘¬ı˛ ¸˜±ôL√¬ı˛±˘ ¸˜Ó¬˘ ø¬Û¬ı˛±ø˜Î¬øÈ¬Àfl¬ ŒÂ√ fl¬¬ı˛˘º ŒÂ√øÓ¬±—À˙¬ı˛ ˆ¬±¬ı˛Àfl¬f OG1-¤¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¬À¬ıº

ø¬Û¬ı˛±ø˜Î¬øÈ¬Àfl¬ fl¬Ó¬·≈ø˘ ‰¬Ó≈¬d¬˘Àfl¬ ˆ¬±· fl¬¬ı˛± ˚±˚˛, ˚±¬ı˛ √õ∂ÀÓ¬…fl¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f ˆ”¬ø˜ ˝ÀÓ¬ ¤fl¬-‰¬Ó≈¬Ô«±—˙

Î¬◊À2‰¬ ’±ÀÂ√º ’Ó¬¤¬ı ¸˜d¬ ø¬Û¬ı˛±ø˜ÀÎ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f G, OG1-Œ¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ ¤¬ı— ˆ”¬ø˜Ó¬˘ ˝ÀÓ¬ G-¤¬ı˛

Î¬◊2‰¬Ó¬± 
1
4

h,  Œ˚‡±ÀÚ h = ø¬Û¬ı˛±ø˜ÀÎ¬¬ı˛ Î¬◊2‰¬Ó¬±º

9. ¤fl¬øÈ¬ ‚Ú ˙efl≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬f –

Œ˚À˝Ó≈¬ ¤fl¬øÈ¬ ‚Ú ˙efl≈¬Àfl¬ ¤fl¬øÈ¬ ø¬Û¬ı˛±ø˜ÀÎ¬¬ı˛ ¸œ˜±¬ıàÔ± ø˝¸±À¬ı Œ‡± ˚±˚˛ ¤Ó¬¤¬ı Î¬◊˝±¬ı˛ ˙œ¯∏«ø¬ıμ≈

C › ˆ”¬ø˜¬ı˛ ˆ¬±¬ı˛Àfl¬f G1 ¸—À˚±Êfl¬ ¸¬ı˛˘À¬ı˛‡±øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ˙efl≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬f ø¬ıμ≈ G-ŒÓ¬ ’¬ıøàÔÓ¬ Œ˚‡±ÀÚ

CG CG�
1
4 1
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¤fl¬øÈ¬ ˘•§¬ı‘M±fl¬±¬ı˛ ˙efl≈¬¬ı˛ Œ¬ı˘± ˛̊ ˆ¬±¬ı˛Àfl¬f ˙efl≈¬¬ı˛ ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ ”̂¬ø˜ ŒÔÀfl¬ 
1
4

h ”À¬ı˛ Ô±fl¬À¬ı, Œ˚‡±ÀÚ

h = ˙efl≈¬¬ı˛ Î¬◊2‰¬Ó¬±º

10. ¤fl¬øÈ¬ ˘•§¬ı‘M±fl¬±¬ı˛ ˙efl≈¬¬ı˛ ¬ıflË¡Ó¬À˘¬ı˛ ˆ¬±¬ı˛Àfl¬f –

CD� = x

h = ˙efl≈¬¬ı˛ Î¬◊2‰¬Ó¬±

� = ˙efl≈¬¬ı˛ ’Ò–˙œ¯∏«Àfl¬±Ì

¶Û©ÜÓ¬– ˆ¬±¬ı˛Àfl¬f ˘•§ CD-¤¬ı˛ Î¬◊¬Û¬ı˛ ’¬ıøàÔ ¤¬ı— Î¬◊˝± G ˝À˘

CG
x dx

x dx

h

h
�
�
�

2

2

2
0

0

� �

� �

tan

tan

�
2
3
h

14 Ú— ø‰¬S

� � �DG h CD
3

1
3
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11. ≈øÈ¬ ¸˜±ôL√¬ı˛±˘ Ó¬˘¬Z±¬ı˛± ‡øG¬Ó¬ ¤fl¬øÈ¬ Œ·±˘Àfl¬¬ı˛ ’—À˙¬ı˛ ˆ¬±¬ı˛Àfl¬f –

Ò¬ı˛± ˚±fl¬ ≈øÈ¬ ¸˜±ôL√¬ı˛±˘ ¸˜Ó¬˘ ¤fl¬øÈ¬ Œ·±˘Àfl¬¬ı˛ ¤fl¬øÈ¬ ’—˙Àfl¬ øÂ√iß fl¬À¬ı˛ Œ˚‡±ÀÚ ¸˜Ó¬˘ ≈øÈ¬

Œfl¬f ŒÔÀfl¬ ˚Ô±flË¡À˜ b › c ”À¬ı˛ ’¬ıøàÔÓ¬ ¤¬ı— a Œ·±˘Àfl¬¬ı˛ ¬ı…±¸±X«º

Œfl¬f O ŒÔÀfl¬ ¸˜Ó¬˘ ≈˝◊øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ x-’é¬ ÒÀ¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ”¬ı˛Q ¬Û±˝◊

15 Ú— ø‰¬S

x a x xdx a x dx
b

c

b

c
� � ���� � � �( ) / ( )2 2 2 2

x

a
c b

c b

a c b c b
�

�
�
�


�
�	
� �

� � �

2
2 2

4 4

2 3 3

2 2
1
4

1
3


 �

� � 
 �

�

�
� � �

� � �

a c b
c b c b

a c b cb

2
2 2

2 2 2

2
1
4

1
3

� �

 � � �


 �

�
� � � �

� � �
3

2

4 3

2 2 2

2 2 2
.

a c b c b c b

a c b bc

� � 
 �� �

� �

�
� � �

� � �

3

4
2

3

2 2 2

2 2 2

c b a c b

a c b bc

� �

[¤‡±ÀÚ ¸˜Ó¬˘ ≈øÈ¬ Œfl¬Àf¬ı˛ ¤fl¬˝◊ Ò±À¬ı˛ ’¬ıøàÔÓ¬ Ò¬ı˛± ˝À˚˛ÀÂ√]

’Ò«À·±˘Àfl¬¬ı˛ Œ¬ı˘±˚˛ b = 0, c = a ¬ıø¸À˚˛ ¬Û±˝◊

x
a a

a

a
� �

3
4 2

3
8

2

2
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12. Œ·±˘Àfl¬¬ı˛ Ó¬À˘¬ı˛ ’—À˙¬ı˛ ˆ¬±¬ı˛Àfl¬f –

[˚± ≈øÈ¬ ¸˜±ôL√¬ı˛±˘ ¬Z±¬ı˛± øÂ√iß ˝À˚˛ÀÂ√] ¤‡±ÀÚ Ó¬˘øÈ¬Àfl¬ ¤fl¬øÈ¬ ¬ı‘ÀM¬ı˛ ’—À˙¬ı˛ ’±¬ıÓ«¬ÚÊ±Ó¬ ¬ıÀ˘

Ò¬ı˛¬ıº ¤‡±ÀÚ ¬Û”À¬ı«¬ı˛ ø‰¬ÀS¬ı˛ ¸±˝±À˚… ’±˜¬ı˛± ˆ¬±¬ı˛Àfl¬f Œfl¬f O ˝ÀÓ¬ ˘•§ x-’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√ ¬ı˘ÀÓ¬

¬Û±ø¬ı˛ ¤¬ı—

x
a xds

a ds
�
�
�
2

2

� �

� �

�

�

�

�

sin

sin

� �

�
�
�

a
d

d

sin cos

sin

� � �

� �

�

�

�

�

�
�

�

a sin sin

cos cos

2 2

2

� �

� �

� �
� �

�
�

�

a cos cos

cos cos

2 2

2

� �

� �

� �
� �

�
	a cos cos� �� �

2

�
	b c
2

’Ó¬¤¬ı ˆ¬±¬ı˛Àfl¬føÈ¬ ¸˜Ó¬˘ ≈øÈ¬¬ı˛ ”¬ı˛QÀfl¬ ¸˜ø¬Z‡øG¬Ó¬ fl¬À¬ı˛º

7.10 ¬Û±¬Û…±À¸¬ı˛ √õ∂øÓ¬:±¬ı˛ √õ∂À˚˛±·

1. ¤fl¬øÈ¬ ¬ı‘MÀfl¬ Ó¬±˝±¬ı˛ ¬ıø˝–àÔ Œfl¬±ÀÚ± ¸¬ı˛˘À¬ı˛‡± [˚±˝± ¬ı‘MøÈ¬¬ı˛ Ó¬À˘ ’¬ıøàÔÓ¬] ¸±À¬ÛÀé¬ ‚≈¬ı˛±À˘

Œ˚ Ó¬˘À˙ ˝˚˛ Ó¬±Àfl¬ ŒÚ±e·¬ı˛-ø¬ı˛— (Anchor-ring) ¬ı˘± ˝˚˛º

2�b. �a2 = ’±efl¬¬ı˛-ø¬ı˛—-¤¬ı˛ ’±˚˛Ó¬Ú

2�b. 2�a = ’±efl¬¬ı˛-ø¬ı˛—-¤¬ı˛ Ó¬À˘¬ı˛ Œé¬SÙ¬˘
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16 Ú— ø‰¬S

2. ¤fl¬øÈ¬ Œ·±˘Àfl¬¬ı˛ Ó¬˘ÀÀ˙¬ı˛ Î¬◊¬Û¬ı˛ ’øefl¬Ó¬ ¤fl¬øÈ¬ ¬ı‘ÀM¬ı˛ ø¬ıμ≈·≈ø˘¬ı˛ ¸Àe· Œ·±˘Àfl¬¬ı˛ Œfl¬f ¸—˚≈q¡

fl¬¬ı˛À˘ Œ˚ Œ·±˘fl¬±—˙ (Sector) Î¬◊»¬Ûiß ˝˚˛ Ó¬±¬ı˛ ’±˚˛Ó¬Ú øÚÌ«˚˛º

O Œfl¬f, ABC ¬ı‘ÀM¬ı˛ ¬Z±¬ı˛± ¸œ˜±¬ıX APB Œ·±˘Àfl¬¬ı˛ Ó¬˘±—À˙¬ı˛ Î¬◊¬Û¬ı˛ Œ·±˘fl¬±—˙øÈ¬ ’¬ıøàÔÓ¬º

¶Û©ÜÓ¬– OP Œ¬ı˛‡±øÈ¬ ABC Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ ˝˝◊À˘

17 Ú— ø‰¬S

OAP ¸˜Ó¬˘Àfl¬ OP-Œfl¬ ’é¬ øÚÀ˚˛ ‚≈¬ı˛±À˘ √õ∂M Œ·±˘fl¬±—˙ ¬Û±›˚˛± ˚±˚˛º øfl¬ôL≈√ OAP ¤fl¬øÈ¬

¬ı‘M«±—˙º ’Ó¬¤¬ı Î¬◊˝±¬ı˛ ˆ¬±¬ı˛Àfl¬f Î¬◊˝±¬ı˛ ˙œ¯∏«Àfl¬±Ì-¸˜ø¬Z‡G¬Àfl¬¬ı˛ Î¬◊¬Û¬ı˛ ’¬ıøàÔÓ¬ ¤¬ı— Î¬◊˝±¬ı˛ ’¬ıàÔ±Ú

G1 Œ˚‡±ÀÚ

OG a1
2
3

2

2

�
sin

�

�
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�

4
3 2

a sin
�

�

’Ó¬¤¬ı OAP, OP-¤¬ı˛ ‰¬±¬ı˛øÀfl¬ ¤fl¬¬ı±¬ı˛ ‚≈¬ı˛À˘ G1 ø¬ıμ≈¬ı˛ ·øÓ¬¬ÛÀÔ¬ı˛ Δ‚«…

� 2
21�
�

OG sin

�
2

4
3 2

2�
�

�

a sin

� Œ·±˘fl¬±—À˙¬ı˛ ’±˚˛Ó¬Ú

�
1
2

2
4
3 22

2

a
a

�
�

�

�
.

sin

� a3 24
3 2
� �

sin

7.11 Î¬◊±˝¬ı˛Ì – ¤fl¬øÈ¬ Œ·±˘Àfl¬¬ı˛ 2� Œfl¬±ÀÌ¬ı˛ ¤fl¬øÈ¬ fl¬˘±¬ı˛ Ó¬À˘¬ı˛ ˆ¬±¬ı˛Àfl¬f –

¤˝◊ Ó¬˘øÈ¬Àfl¬ ¤fl¬øÈ¬ ’Ò«¬ı‘ÀM¬ı˛ Ó¬±¬ı˛ ¸œ˜±àÔ ¬ı…±¸-¤¬ı˛ ¸±À¬ÛÀé¬ ‚”Ì«ÚÊ±Ó¬ Ò¬ı˛± ˚±˚˛º √õ∂øÓ¬¸±˜…

Ô±fl¬±˚˛ Ó¬˘øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f ‹ fl¬˘±¬ı˛ Œfl¬±ÌøÈ¬Àfl¬ ¸˜ø¬Z‡G¬fl¬fl¬±¬ı˛œ ¸˜Ó¬À˘ ’¬ıøàÔÓ¬ ˝À¬ıº Œfl¬f O ŒÔÀfl¬

‹ ¸˜Ó¬À˘ AB-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ Œ¬ı˛‡±øÈ¬Àfl¬ x-’é¬ øÚÀ˘, √õ∂M fl¬˘±¬ı˛ Ó¬˘ÀÀ˙¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ x-àÔ±Ú±efl¬

x Œ˚‡±ÀÚ

18 Ú— ø‰¬S
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x
x a d d

a d d
�

��� ��
��

� � � 


� � � 


�

�




� 2
04

2

sin

sin

� �

�
��� a a d d

a

sin cos sin

. .

� 
 � � 


�

��
� � 2

04
2 2 2

�
a

a

3

2

2
2

4

sin .�
�

�

�
a� �

�4
.
sin

7.12 ¸¬ı«À˙¯∏ √õ∂ùü±¬ıø˘

1. ¸˜±Ú ‚ÚQ˚≈q¡ ¸˜Ó¬˘œ˚˛ Œé¬S ˚± øÚÀ•ß¬ı˛ ¬ıflË¡À¬ı˛‡±·≈ø˘¬ı˛ ¬Z±¬ı˛± ¸œ˜±¬ıX Ó¬±À¬ı˛ ˆ¬±¬ı˛Àfl¬f øÚÌ«˚˛

fl¬¬ı˛≈Ú –

(i) y2 = ax ¤¬ı— x2 = by

(ii) y2 = 4ax, y2 = 4bx, x2 = 4cy ¤¬ı— x2 = 4dy

¸˜±Ò±Ú –

19 Ú— ø‰¬S

(i)  ¬ıflË¡≈≈øÈ¬¬ı˛ ŒÂ√ ø¬ıμ≈¬Z˚˛ ˝˘ x = y = 0 › x = b2/3a1/3, y = b1/3 a 2/3

’Ó¬¤¬ı ≈øÈ¬ ’øÒ¬ı‘M ¬Z±¬ı˛± ’±¬ıX Œé¬ÀS¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ x-àÔ±Ú±efl¬
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x
xdxdy

dxdy
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�

xdx y

dx y
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�
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x ax x
b dx

ax x
b

dx

b a

b a

2

0

2 3 1 3

2

0

2 3 1 3

/

/

�
9

20
1 3 2 3a b

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı y a b�
9
20

2 3 1 3

(ii) ¤‡±ÀÚ ø‰¬SøÈ¬ÀÓ¬ ¤fl¬øÈ¬ Œé¬S ¬Û±›˚˛± ˚±˚˛º Â√±˚˛±˚≈q¡ àÔ±ÚøÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ¸˜±fl¬˘ øÚÀÓ¬ ˝À¬ı,

’Ó¬¤¬ı

�

x
xdxdy

dxdy
�
��
��

20 Ú— ø‰¬S

¤‡Ú ’±˜¬ı˛± ˚ø dxdy Œfl¬ dudv-¤¬ı˛ ˜±Ò…À˜ √õ∂fl¬±˙ fl¬ø¬ı˛, Ó¬±˝À˘ dxdy J dudv� Œ˚‡±ÀÚ

J ˝˘ x, y ˝ÀÓ¬ u, v ¬ı˛”¬Û±ôL√À¬ı˛¬ı˛ Ê…±Àfl¬±ø¬ı˚˛±Ú, Œ˚‡±ÀÚ ’±˜¬ı˛± u, v ≈øÈ¬ Ú”Ó¬Ú ‰¬˘¬ı˛±ø˙ øÚ˘±˜º



180

NOSU

y2 = 4ux, x2 = 4vy ¤˝◊ ¬ı˛”¬Û±ôL√À¬ı˛¬ı˛ ˜±Ò…À˜º

’Ó¬¤¬ı y4 = 16u2 x2 = 16u2 4vy

’Ó¬¤¬ı y = 0 Ú± ˝À˘ y3 = 64u2v

’Ô«±» y = 4u2/3 v1/3

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı x = 4u1/3 v2/3

’Ó¬¤¬ı Ê…±Àfl¬±ø¬ı˚˛±Ú
J

x
u

x
v

y
u

y
v
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�
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�

�
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�

� �

� �

4
3

8
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8
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4
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u v u v

u v u v

� � � � � �
16
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48
9

16
3

’Ó¬¤¬ı

x
u v dudv
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u a

b

v c

d

u a

b

v c

d�
�

��

��

��
��

4 16
3

16
3

1 3 2 3

�
� �

� �

9
5

4 3 4 3 5 3 5 3b a d c

b a d c

� �� �
� �� �

’Ú≈¬ı”̨¬Ûˆ¬±À¬ı

y
d c b a

b a d c
�

� �

� �� �� �
9
5

4 3 4 3 5 3 5 3� �� �

2. Î¬◊¬Û¬ı‘ÀM¬ı˛ ¤fl¬øÈ¬ ¬Û± AOB-¤¬ı˛ ’±fl‘¬øÓ¬ø¬ıø˙©Ü Ù¬˘fl¬ ’±ÀÂ√ ˚±¬ı˛ Œ¬ıÒ Œ˚-Œfl¬±ÀÚ± ø¬ıμ≈ÀÓ¬

Î¬◊˝±¬ı˛ Ù¬˘fl¬øÈ¬¬ı˛ ¸œ˜±ÀôL√ OA › OB ˝ÀÓ¬ ”¬ı˛Q¬ZÀ˚˛¬ı˛ ·≈ÌÙ¬À˘¬ı˛ ¸˜±Ú≈¬Û±Ó¬œº Ù¬˘fl¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f øÚÌ«˚˛

fl¬¬ı˛ÀÓ¬ ˝À¬ıº
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Ù¬˘fl¬øÈ¬¬ı˛ ‚ÚQ ... = kxy øÚ˘±˜º

’Ó¬¤¬ı Î¬◊¬Û¬ı‘ÀM¬ı˛ ¤fl¬øÈ¬ ¬Û±À¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ àÔ±Ú±efl¬ x y,� �  ˝À˘

21 Ú— ø‰¬S

x
gxdxdy
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�
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0
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’Ú≈¬ı˛”À¬Û y b�
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3. ¤fl¬øÈ¬ fl¬±øÎ«¬›À˚˛Î¬-¤¬ı˛ ’±fl‘¬øÓ¬ø¬ıø˙©Ü Œé¬ÀS ¬ıd≈¬øÚ‰¬À˚˛¬ı˛ ‚ÚQ ˚ø fl¬±øÎ«¬›À˚˛Î¬-¤¬ı˛ fl¬±¸ƒ¬Ûƒ ŒÔÀfl¬

”¬ı˛ÀQ¬ı˛ nñ‚±ÀÓ¬¬ı˛ ¸Àe· ¸˜±Ú≈¬Û±Ó¬œ ˝˚˛ Ó¬±˝À˘ ¬ıd≈¬øÚ‰¬À˚˛¬ı˛ ˆ¬±¬ı˛Àfl¬f øÚÌ«˚˛ fl¬¬ı˛ÀÓ¬ ˝À¬ıº
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fl¬±øÎ«¬›À˚˛ÀÎ¬¬ı˛ Œ˜¬ı˛≈-àÔ±Ú±efl¬ ¸˜œfl¬¬ı˛Ì ˝˘

r = a (1+ cos�)

22 Ú— ø‰¬S

¬ıd≈¬øÈ¬¬ı˛ ‚ÚQ = P/rn = Krn Œ˚‡±ÀÚ r ˝˘ fl¬±¸ƒ¬Ûƒ O ŒÔÀfl¬ ø¬ıμ≈øÈ¬¬ı˛ ”¬ı˛Qº

’Ó¬¤¬ı Œ˚À˝Ó≈¬ Œ˜¬ı≈̨ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ¸˜¢∂ Œé¬SøÈ¬ √õ∂øÓ¬¸˜, ’Ó¬¤¬ı ˆ¬±¬ı˛Àfl¬f Œ˜¬ı≈̨ ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¬À¬ıº

’Ó¬¤¬ı fl¬±Ó«¬œ˚˛ ’é¬ ’Ú≈¸±À¬ı˛ ˆ¬±¬ı˛Àfl¬f G-¤¬ı˛ àÔ±Ú±efl¬ ( , )x 0  Œ˚‡±ÀÚ
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4. r = a (1+cos�) ¤˝◊ ¬ıflË¡øÈ¬Àfl¬ Î¬◊˝±¬ı˛ ’é¬ ¸±À¬ÛÀé¬ ‚≈¬ı˛±À˘ Œ˚ ’±¬ıÓ«¬ÚÊ±Ó¬ Ó¬˘ ˝À¬ı Ó¬±¬ı˛

ˆ¬±¬ı˛Àfl¬f øÚÌ«˚˛ fl¬¬ı˛≈Úº

ˆ¬±¬ı˛Àfl¬føÈ¬ ’é¬ ’Ô«±» √õ∂±Ôø˜fl¬ Œ¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¬À¬ıº ˚ø ’é¬øÈ¬Àfl¬ x-’é¬ Ò¬ı˛± ˚±˚˛ Ó¬±˝À˘

ˆ¬±¬ı˛Àfl¬Àf¬ı˛ x-àÔ±Ú±efl¬
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5. ¤fl¬øÈ¬ ¬ı‘M±fl¬±¬ı˛ Œé¬ÀS¬ı˛ Î¬◊˝±¬ı˛ Ó¬À˘¬ı˛ ¤fl¬øÈ¬ ¸¬ı˛˘À¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬ ‚”Ì«ÚÊ±Ó¬ ¤fl¬øÈ¬ ŒÚ±e·¬ı˛ø¬ı˛—-

¤¬ı˛ ’—˙ ø¬ıÀ˙À¯∏¬ı˛ ˆ¬±¬ı˛Àfl¬f øÚÌ«˚˛ fl¬¬ı˛≈Úº ¬ı‘M±fl¬±¬ı˛ Œé¬ÀS¬ı˛ ¬ı…±¸±X« a, ¤¬ı— Œfl¬f ˝ÀÓ¬

23 Ú— ø‰¬S
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¸¬ı˛˘À¬ı˛‡±¬ı˛ ”¬ı˛Q c( > a) ¤¬ı— ˚ø Ó¬˘øÈ¬ 2. Œfl¬±ÀÌ ’±¬ıøÓ¬«Ó¬ ˝˚˛, Œ‡±Ú Œ˚ Î¬◊˝±¬ı˛ ˆ¬±¬ı˛Àfl¬f

‹ ¸¬ı˛˘À¬ı˛‡± ˝ÀÓ¬ 
4

4

2 2c a
c
	 sin�

�
 ¤˝◊ ”¬ı˛ÀQ ’¬ıøàÔÓ¬º

zz� ˝˘ ‚”Ì«Ú ’é¬ ¤¬ı— √õ∂øÓ¬øÈ¬ ø¬ıμ≈ ¤fl¬øÈ¬ ¬ı‘M±fl¬±¬ı˛ ¬ÛÔ ¬ı˛‰¬Ú± fl¬À¬ı˛ ¤¬ı— AO = c( > a)º

O Œfl¬ Œ˜¬ı˛≈ø¬ıμ≈ ÒÀ¬ı˛ P ø¬ıμ≈¬ı˛ Œ˜¬ı˛≈àÔ±Ú±efl¬ (r, �) ˝À˘ P-¤¬ı˛ ˜Ò… øÀ˚˛ ¤fl¬øÈ¬ é≈¬^ Œé¬S rd�dr

øÚÀ˘ Î¬◊˝± ‚”Ì«ÀÚ¬ı˛ Ù¬À˘ ’±˚˛Ó¬Ú ¬ı˛‰¬Ú± fl¬À¬ı˛

2a.� PN . rd�dr = 2�� �c + rcos�) rd�dr

¤¬ı— ‹ ’±˚˛Ó¬ÀÚ¬ı˛ ˆ¬±¬ı˛Àfl¬f zz� ˝ÀÓ¬

PN
sin�
�

”¬ı˛ÀQ ¤¬ı— PN-¤¬ı˛ Î¬◊¬Û¬ı˛ ’¬ıøàÔÓ¬º ’Ó¬¤¬ı ŒÚ±e·¬ı˛ø¬ı˛—-¤¬ı˛ ˆ¬±¬ı˛Àfl¬f ‹ 2� Œfl¬±ÀÌ¬ı˛ ¸˜ø¬Z‡G¬fl¬

Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ › zz� Î¬◊¬Û¬ı˛ ˘•§ OA-¤¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¬À¬ıº OA Œfl¬ x-’é¬ Ò¬ı˛À˘ ¬ˆ¬±¬ı˛Àfl¬Àf¬ı˛ x-àÔ±Ú±efl¬
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6. ¤fl¬øÈ¬ Î¬◊¬Û¬ı‘MÀfl¬¬ı˛ ’©Ü˜±—À˙¬ı˛ [øÓ¬ÚøÈ¬ ¬Û¬ı˛¶Û¬ı˛ ˘•§ ¤¬ı— √õ∂Ò±Ú Ó¬˘ ¬Z±¬ı˛± ’±¬ıX] ˆ¬±¬ı˛Àfl¬f

øÚÌ«˚˛ fl¬¬ı˛≈Ú Œ˚‡±ÀÚ Î¬◊¬Û¬ı‘MÀfl¬¬ı˛ ¸˜œfl¬¬ı˛Ì ˝˘

x

a

y

b

z

c

2

2

2

2

2

2
1	 	 �

¤¬ı— Î¬◊¬Û¬ı‘MÀfl¬¬ı˛ Œ˚-Œfl¬±ÀÚ± ø¬ıμ≈ (x, y, z)-¤ ˆ¬¬ı˛-‚ÚQ kxpyqzr, [¤‡±ÀÚ k, p, q, r ÒË≈¬ıfl¬]

¸˜±Ò±Ú –

√õ∂M ’©Ü˜±—˙øÈ¬ àÔ±Ú±efl¬ Ó¬˘S˚˛ ¬Z±¬ı˛± ¤¬ı— Î¬◊¬Û¬ı‘MÀfl¬¬ı˛ Ó¬À˘¬ı˛ ’—˙ ¬Z±¬ı˛± Œ¬ıø©ÜÓ¬º ’Ó¬¤¬ı

ˆ¬±¬ı˛Àfl¬f ( , , )x y z  ˝À˘
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˚ø ¬ıd≈¬øÈ¬ ¸˜‚ÚQ˚≈q¡ ˝˚˛, Ó¬±˝À˘ p = q = r = 0 ˝À¬ı  , ¤¬ı— Œ¸Àé¬ÀS
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7. ¤fl¬øÈ¬ ¬ı·«Àé¬S±fl¬±¬ı˛ ’—˙ ¤fl¬øÈ¬ ¬ı‘M±fl¬±¬ı˛ Ù¬˘fl¬ ˝ÀÓ¬ ¤fl¬øÈ¬ ¬ı…±¸±X«Àfl¬ fl¬Ì« fl¬À¬ı˛ Œfl¬ÀÈ¬ ŒÚ›˚˛±

˝˘º Œ‡±Ú Œ˚ ’¬ıø˙©Ü ’—À˙¬ı˛ ˆ¬±¬ı˛Àfl¬f Œfl¬f ˝ÀÓ¬ 
a

8 4� �
 ”À¬ı˛ ’¬ıøàÔÓ¬, Œ˚‡±ÀÚ a ˝˘ ¬ı‘MøÈ¬¬ı˛

¬ı…±¸º

8. ¤fl¬øÈ¬ øSˆ≈¬Ê±fl‘¬øÓ¬ ¬Û±Ó¬  ABC, ˚±¬ı˛ C àÔ≤˘Àfl¬±Ìº AC ¬ı±˝≈√√ ŒÈ¬ø¬ıÀ˘¬ı˛ ¸—¶ÛÀ˙« ’±ÀÂ√ ¤¬ı—

øSˆ≈¬ÊøÈ¬ “±øÎ¬ˇÀ˚˛ ’±ÀÂ√º Œ‡±Ú Œ˚ øSˆ≈¬ÊøÈ¬ Î¬◊åÈ¬±¬ı±¬ı˛ ÊÚ… B ˝ÀÓ¬ ŒÁ¬±˘±ÀÚ± øÚ•ßÓ¬˜ ˆ¬±¬ı˛ ˝˘

1
3

32 2 2

2 2 2
W

a b c

c a c

� �

� �
Œ˚‡±ÀÚ W ˝˘ øSˆ≈¬ÊøÈ¬¬ı˛ ›ÊÚº

˚ø c2 > a2 + 3b2 ˝˚˛, Ó¬±˝À˘ ¬Ûø¬ı˛øàÔøÓ¬ ¬ı…±‡…± fl¬¬ı˛≈Úº

[ ¸—Àfl¬Ó¬ – øSˆ≈¬ÊøÈ¬¬ı˛ ›ÊÚ W ¬ıÀ˘¬ı˛ C-¤¬ı˛ ¸±À¬ÛÀé¬ w¬±˜fl¬ › ŒÁ¬±˘±ÀÚ± ›ÊÀÚ¬ı˛ C-¤¬ı˛

¸±À¬ÛÀé¬ w¬±˜Àfl¬¬ı˛ ¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ › ¸˜±Ú ˜±Ú ˝À˘ øSˆ≈¬ÊøÈ¬ ›åÈ¬±À¬ıº ˆ¬±¬ı˛Àfl¬f G-¤¬ı˛ àÔ±Ú±efl¬

x b a C b a C� 	 	 � 	
1
3

0
1
3

cos cos� � � �

y a C a C� 	 	 �� �
1
3 0 0 1

3sin sin

24 Ú— ø‰¬S
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’Ó¬¤¬ı ›åÈ¬±¬ı±¬ı˛ ÊÚ… fl¬˜¬ÛÀé¬ W� ŒÁ¬±˘±ÀÚ± ¬ı˛fl¬±¬ı˛ Œ˚‡±ÀÚ

� � � 	� �a C W W b a Ccos . cos1
3

� � �
	

�
� � �

	 �

�

�




�

�
		W

W b a C
a C

W b ab

a a b c3 3
1

2
2 2 2

.
cos

cos
.


 �

�
	 �

� �

W a b c

c a b3
32 2 2

2 2 2
.

a2 + 3b2 > c2  ˝À˘, ˆ¬±¬ı˛Àfl¬f G x y( , ) -¤¬ı˛

x b
a a b c

ab

b a c

b
� 	

	 ��

�




�

�
		 �

	 �1
3 2

3

6

2 2 2 2 2 2
 � 
 �

 = Ÿ¬Ì±Rfl¬

’Ó¬¤¬ı ¤Àé¬ÀS øS¬ı≈ÊøÈ¬ øÚÀÊ¬ı˛ ˆ¬±À¬ı˛˝◊ ¬ÛÀÎ¬ˇ ˚±À¬ıº

9. ˆ”¬ø˜¬ı‘ÀM¬ı˛ ¬ı…±¸±ÀX«¬ı˛ ‰¬Ó≈¬·≈«Ì Î¬◊2‰¬Ó¬±ø¬ıø˙©Ü ¤fl¬øÈ¬ ˙efl≈¬Àfl¬ Î¬◊˝±¬ı˛ ˆ”¬ø˜¬ı˛ ¬Ûø¬ı˛øÒ¬ı˛ ¤fl¬øÈ¬ ø¬ıμ≈

˝ÀÓ¬ ŒÁ¬±˘±ÀÚ± ˝À˚˛ÀÂ√º Œ‡±Ú Œ˚ ›øÈ¬ ¸±˜…±¬ıàÔ±˚˛ ¤˜Ú ˆ¬±À¬ı Ô±fl¬À¬ı Œ˚ Î¬◊˝±¬ı˛ ˆ”¬ø˜ › ’é¬ Î¬◊~•§

Œ¬ı˛‡±¬ı˛ ¸Àe· ¸˜±Ú Œfl¬±Ì fl¬À¬ı˛ ’¬ıøàÔÓ¬ ˝À¬ıº

10. ¤fl¬øÈ¬ ‚Ú ˙efl≈¬¬ı˛ ’¬ıø2Âiß ’—˙Àfl¬ ¤fl¬øÈ¬ ’˜¸‘Ì ÚøÓ¬˚≈q¡ ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ [˙efl≈¬¬ı˛ ˆ”¬ø˜Ó¬˘]

¬ı¸±ÀÚ± ˝À˚˛ÀÂ√º ¸˜Ó¬À˘¬ı˛ ÚøÓ¬ ÒœÀ¬ı˛ ÒœÀ¬ı˛ ¬ı±Î¬ˇ±À˘ Œ‡±Ú Œ˚ ˙efl≈¬øÈ¬ Œ˙¯∏¬Û˚«ôL√ Î¬◊åÈ¬±À¬ı ˚ø ‚¯∏«Ì±efl¬

� 
 	 	
	 	

4
2 3

2 2

2 2
R

h
R Rr r

R Rr r
.

˝ ˛̊º

7.13 ¸±¬ı˛±—˙

ˆ¬±¬ı˛Àfl¬f ˙œ ∏̄«fl¬ ¤ ◊̋ ¸5˜ ¤fl¬Àfl¬ ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬f fl¬±Àfl¬ ¬ıÀ˘ Œ¸‡±Ú ŒÔÀfl¬ ≈̇¬ı≈̨ fl¬À¬ı˛ ø¬ıøˆ¬iß ’±fl¬±À¬ı˛¬ı˛

¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬f øÚÌ«˚˛ fl¬¬ı˛±¬ı˛ ·±øÌøÓ¬fl¬ ¬ÛXøÓ¬ ¬ı…±‡…± fl¬¬ı˛± ˝À˚˛ÀÂ√º ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ Œ˚ ›ÊÚ ¬ı˘ √õ∂˚≈q¡

˝˚˛ Ó¬±¬ı˛ øflË¡˚˛±À¬ı˛‡± ¸¬ı«± ‹ ˆ¬±¬ı˛Àfl¬f øÀ˚˛ ˚±À¬ıº Œfl¬±ÀÚ± Ó¬˘±fl¬±¬ı˛ ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¬f› øÚÌ«˚˛ fl¬¬ı˛± ˝˚˛º

¤fl¬øÈ¬ ¸˜Ó¬˘œ˚˛ ¬Û±Ó¬ ˚Ô± øSˆ≈¬Ê±fl‘¬øÓ¬, ¬ı‘M±fl‘¬øÓ¬ ¬ı± ¬ı‘ÀM¬ı˛ ’—˙ ø¬ıÀ˙¯∏ [Œ˚˜Ú ¬ı‘M±—˙, ≈øÈ¬ ¸˜±ôL√¬ı˛±˘

Ê…± ¬Z±¬ı˛± ¬ıX, ¬ı± ¬Ûø¬ı˛øÒ¬ı˛ Œfl¬±ÀÚ± ’—˙], Î¬◊¬Û¬ı‘M ˝◊Ó¬…±ø ’±fl¬±À¬ı˛¬ı˛ ˆ¬±¬ı˛Àfl¬f øÚÌ«˚˛ fl¬¬ı˛± ˝À˚˛ÀÂ√º Œfl¡±ÀÚ±

¸˜Ó¬˘ ¬ıflË¡Àfl¬ ˚ø Î¬◊˝±¬ı˛ Ó¬˘àÔ Œfl¬±ÀÚ± ’é¬ ¸±À¬ÛÀé¬ Œ‚±¬ı˛±ÀÚ± ˝˚˛, Ó¬À¬ı ‹ ˆ¬±À¬ı Ê±Ó¬ Ó¬À˘¬ı˛
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ˆ¬±¬ı˛Àfl¬f øÚÌ«À˚˛¬ı˛ ¬ÛXøÓ¬ ’±À˘±ø‰¬Ó¬ ˝À˚˛ÀÂ√º Œfl¬±ÀÚ± ¸˜Ó¬˘œ˚˛ Œé¬SÀfl¬ ‹ ˆ¬±À¬ı ¤fl¡˝◊√√ ¸˜Ó¬À˘

’¬ıøàÔÓ¬ Œfl¬±ÀÚ± ’é¬ ¸±À¬ÛÀé¬ Œ‚±¬ı˛±ÀÚ± ˝À˘ Œ˚ ’±˚˛Ó¬Ú ¬Û±›˚˛± ˚±˚˛ Ó¬±¬ı˛ ’±˚˛Ó¬Ú = √õ∂M ¸˜Ó¬˘œ˚˛

Œé¬ÀS¬ı˛ Œé¬SÙ¬˘ × Î¬◊˝±¬ı˛ ˆ¬±¬ı˛Àfl¬f ¬Z±¬ı˛± ’øefl¬Ó¬ Œ¬ı˛‡±¬ı˛ Δ‚«…º ˝◊˝± ¬Û±¬Û…±À¸¬ı˛ Î¬◊¬Û¬Û±…º Œ·±˘fl¬,

Œ·±˘Àfl¬¬ı˛ ¸˜Ó¬˘ ¬Z±¬ı˛± ŒÂ√øÓ¬ ’—˙ ˝◊Ó¬…±ø ˆ¬±¬ı˛Àfl¬f› øÚÌ«˚˛ fl¬¬ı˛± ˝˚˛º

ˆ¬±¬ı˛Àfl¬f

(i) ¸¬ı˛˘ G¬  – ÀG¬¬ı˛ ˜Ò…ø¬ıμ≈

(ii) ’±˚˛Ó¬Àé¬S±fl¬±¬ı˛ ¬Û±Ó¬ – fl¬Ì«¬ZÀ˚˛¬ı˛ ŒÂ√ø¬ıμ≈

(iii) øSˆ≈¬Ê±fl¬±¬ı˛ ¬Û±Ó¬ – ˜Ò…˜±SÀ˚˛¬ı˛ ŒÂ√ø¬ıμ≈ (AD ¤fl¬øÈ¬ ˜Ò…˜± ˝À˘, AG : GD = 2:1) BC

¬ı±˝≈ ŒÔÀfl¬ G-¤¬ı˛ Î¬◊2‰¬Ó¬± �
1
3

h,  Œ˚‡±ÀÚ h = A ŒÔÀfl¬ BC-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§

(iv) ‰¬Ó≈¬d¬˘fl¬ – [˙œ¯∏«ø¬ıμ≈ › ˆ”¬ø˜¬ı˛ Œfl¬fø¬ıμ≈¬ı˛ ¸—À˚±Êfl¬ Œ¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ ’¬ıøàÔÓ¬ ¤¬ı— ˆ”¬ø˜ ˝ÀÓ¬

Î¬◊2‰¬Ó¬±  �
1
4

h,  Œ˚‡±ÀÚ = h ˙œ¯∏«ø¬ıμ≈øÈ¬¬ı˛ ˆ”¬ø˜ ŒÔÀfl¬ Î¬◊2‰¬Ó¬±]

(v) ø¬Û¬ı˛±ø˜Î¬ [‰¬Ó≈¬d¬˘Àfl¬¬ı˛ ˜Ó¬]

(vi) ‚Ú ˙efl≈¬ – [‰¬Ó≈¬d¬˘Àfl¬¬ı˛ ˜Ó¬] ˆ”¬ø˜ ŒÔÀfl ¬G-¤¬ı˛ Î¬◊2‰¬Ó¬± �
1
4

h,  Œ˚‡±ÀÚ h = ˙efl≈¬¬ı˛ Î¬◊2‰¬Ó¬±

(vii) ˘•§¬ı‘M±fl¬±¬ı˛ ˙efl≈¬¬ı˛ ¬ıflË¡Ó¬À˘¬ı˛ ˆ¬±¬ı˛Àfl¬f G ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ ˆ”¬ø˜ ŒÔÀfl¬ 
1
3

h Î¬◊2‰¬Ó¬±˚˛ Œ˚‡±ÀÚ

h = ˙efl≈¬¬ı˛ Î¬◊2‰¬Ó¬±

(viii) ¬ı‘M±—À˙¬ı˛ ˆ¬±¬ı˛Àfl¬f G, Œfl¬±Ì ¸˜ø¬Z‡G¬fl¬ ¬ı…±¸±ÀÒ«¬ı˛ Î¬◊¬Û¬ı˛ Œfl¬f ŒÔÀfl¬ 
2
3

a
sin�
�

 ”À¬ı˛ Œ˚‡±ÀÚ

2� = ¬ı‘M±—À˙¬ı˛ Œfl¬fàÔ Œfl¬±Ì

(ix) ¬ı‘ÀM¬ı˛ ¤fl¬øÈ¬ ‰¬±¬Û – ˆ¬±¬ı˛Àfl¬f G, Œfl¬±Ì ¸˜ø¬Z‡G¬fl¬ ¬ı…±¸±ÀÒ«¬ı˛ Î¬◊¬Û¬ı˛ ¤¬ı— Œfl¬f ŒÔÀfl¬ 
asin�
�

”À¬ı˛ Œ˚‡±ÀÚ 2� = ¬‰¬±¬Û fl¬M‘«fl¬ Œfl¬Àf Œfl¬±Ì

(x) ’Ò«¬ı‘ÀM¬ı˛ ˆ¬±¬ı˛Àfl¬f G, Œ˚‡±ÀÚ G Ô±fl¬À¬ı Œfl¬f O ŒÔÀfl¬ √õ∂±øôL√fl¬ ¬ı…±À¸¬ı˛ Î¬◊¬Û¬ı˛ ˘•§-¬ı…±¸±ÀÒ«¬ı˛

Î¬◊¬Û¬ı˛ ¤¬ı— OG
a

�
4
3�

(xi) ’Ò«À·±˘fl¬ – √õ∂±øôL√fl¬ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘•§-¬ı…±¸±ÀÒ«¬ı˛ Î¬◊¬Û¬ı˛ Œfl¬f ŒÔÀfl¬ 
3
8
a

 ”À¬ı˛

(xii) ¤fl¬øÈ¬ ◊̋ø˘¬Ûƒ¸À ˛̊ÀÎ¬¬ı˛ 
x

a

y

b

z

c

2

2

2

2

2

2
1	 	 	  √õ∂Ô˜ ’©Ü˜±—˙ (octant)-¤¬ı˛ ˆ¬±¬ı˛Àfl¬f G x y z( , , )

Œ˚‡±ÀÚ x
a

y
b

z
c

� � �
3
8

3
8

3
8

, ,
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¤fl¬fl¬ 8 � ¬ıœ˜, Ó¬±¬ı˛ › ˙‘∫˘ (Beam, Wire and Chain)

·Í¬Ú

8.1 ¬√õ∂d¬±¬ıÚ±

8.2 ¬Î¬◊ÀV˙…

8.3 ¬¬ıœ˜ (Beam) : Î¬◊˝±¬ı˛ ¶Û±˙«fl¬ ¬ÛœÎ¬ˇÚ, Ú˜Ú±efl¬ ˝◊Ó¬…±ø

8.3.1 ¬¬ıœÀ˜¬ı˛ ¶Û±˙«fl¬ ¬¬ÛœÎ¬ˇÚ, Ú˜Ú w¬±˜fl¬ › Ó¬±˝±À¬ı˛ ˜ÀÒ… ¸•Ûfl«¬

8.3.2 ¬Î¬◊±˝¬ı˛Ì

8.4 ¬Ú˜Úœ˚˛ ¸”S › ˙‘∫À˘¬ı˛ ¸±˜…

8.4.1 ¬¬ı˘±ÒœÚ ¤fl¬øÈ¬ ¸”ÀS¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ ¸±Ò±¬ı˛Ì ¸˜œfl¬¬ı˛Ì

8.4.2 ¬¸˜Ó¬˘œ˚˛ ¬ıÀ˘¬ı˛ ’ÒœÚ ¸”ÀS¬ı˛ ¸±À˜…¬ı˛ ¸˜œfl¬¬ı˛Ì

8.4.3 ¬¸±Ò±¬ı˛Ì fl¬…±ÀÈ¬Ú±¬ı˛œ (Common Catenary)

8.4.4 ¬Î¬◊±˝¬ı˛Ì

8.5 ¬¸˜˙øq¡ fl¬…±ÀÈ¬Ú±¬ı˛œ

8.5.1 ¬Î¬◊±˝¬ı˛Ì

8.6 ¬¸±¬ı˛±—˙

8.7 ¬¸¬ı«À˙¯∏ √õ∂ùü±¬ı˘œ

8.1 ¬√õ∂d¬±¬ıÚ±

¬ıœÀ˜¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˘ øflË¡˚˛± fl¬¬ı˛À˘ ¬ıœÀ˜¬ı˛ ¸±˜… øÚÌ«˚˛ fl¬¬ı˛±¬ı˛ ÊÚ… ¸±˜…±¬ıàÔ±¬ı˛ ¸”S·≈ø˘ √õ∂À˚˛±· fl¬À¬ı˛

¬ıœÀ˜¬ı˛ Ú˜Ú w¬±˜fl¬ (Bending Moment) [’Ô«±» ¬ıœ˜øÈ¬ Œˆ¬Àe· ¬ÛÎ¬ˇ±¬ı˛ ¸y√√±¬ıÚ± ’±ÀÂ√ øfl¬Ú±] Œ‡±

˚±˚˛º ¤˝◊ Ú˜Ú w¬±˜fl¬ ’±¬ı±¬ı˛ ¶Û±˙«fl¬ ¬ıÀ˘¬ı˛ ¸Àe· ¸—˚≈q¡º ¤˝◊ ≈øÈ¬¬ı˛ ˜ÀÒ… Œ˚±·±À˚±· øÚÌ«˚˛ fl¬¬ı˛±

¤fl¬øÈ¬ Î¬◊ÀV˙…º

’±¬ı±¬ı˛ ¸•Û”Ì« Ú˜Úœ˚˛ ¸”S ¬ı± ˙‘∫À˘¬ı˛ Œé¬ÀS È¬±Ú ¬ı˘ (Tension) ø¬ıÀ˙¯∏ Î¬◊À~‡À˚±·… ¬ı˘º

¤˝◊ ’±ˆ¬…ôL√¬ı˛œÌ ¬ı˘ ’±¬ı±¬ı˛ øÚˆ«¬¬ı˛ fl¬À¬ı˛ ¸”SøÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ıø˝¬ı«À˘¬ı˛ √õ∂fl‘¬øÓ¬¬ı˛ Î¬◊¬Û¬ı˛º ’øˆ¬fl¬¯∏« ¬ı˘ Œ˚-Œfl¬±ÀÚ±

ˆ¬±¬ı˛œ ¸”S ¬ı± ˙‘∫À˘¬ı˛ Î¬◊¬Û¬ı˛ √õ∂˚≈q¡ ˝˚˛º ¤fl¬øÈ¬ ¸≈¯∏˜ ˆ¬±¬ı˛œ ¸”S Œ˚ ¸˜Ó¬˘œ˚˛ Œ¬ı˛‡±˚˛ Á≈¬À˘ Ó¬±Àfl¬ fl¬…±ÀÈ¬Ú±¬ı˛œ

(Catenary) ¬ı˘± ˝˚˛º Œ˚˜Ú ŒÈ¬ø˘ÀÙ¬±ÀÚ¬ı˛ Ó¬±¬ı˛ ¬ı± ’±À· Œ‡± Œ˚Ó¬ ŒÈ¬ø˘¢∂±ÀÙ¬¬ı˛ Ó¬±¬ı˛º Œ‡± Œ·ÀÂ√
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˚ø È¬±Ú ‡≈¬ı ¬ı±Î¬ˇ±Ú ˚±˚˛ Ó¬À¬ı ¤˝◊ ¸¬ı Ó¬±¬ı˛ ¤fl¬øÈ¬ ’øÒ¬ı‘M±fl¬±À¬ı˛ Á≈¬À˘ñ¤È¬± ·±øÌøÓ¬fl¬ ¬ÛXøÓ¬ÀÓ¬ √õ∂˜±Ì

˝ ˛̊º

’±¬ı±¬ı˛ ’¸˜ Ó¬±À¬ı˛¬ı˛ Œ¬ı˘±˚˛ [Œ˚˜Ú È¬±ÀÚ¬ı˛ ¸Àe· ¸”ÀS¬ı˛ ˆ¬¬ı˛ ¸˜±Ú≈¬Û±Ó¬œ ˝À˘] Ó¬±À¬ı˛¬ı˛ ø‰¬SøÈ¬

’±˘±± ˝˚˛ñÓ¬±¬ı˛ Ú±˜ Œ›˚˛± ˝À˚˛ÀÂ√ ¸˜˙øq¡ fl¬…±ÀÈ¬Ú±¬ı˛œ (Catenary of Uniform Strength).

8.2 Î¬◊ÀV˙…

¤˝◊ ¤fl¬fl¬ ¬Û±Í¬ fl¬À¬ı˛ ’±¬ÛøÚ

� ¤fl¬øÈ¬ ¬ıœ˜ (beam) ¬ı± G¬ [˚±¬ı˛ Î¬◊¬Û¬ı˛ øfl¬Â√≈ ¬ı˘ √õ∂˚≈q¡ ˝À˚˛ÀÂ√] Œfl¬±Ô±› ˆ¬±e·¬ı±¬ı˛ ¸y√√±¬ıÚ±

’±ÀÂ√ øfl¬ Ú± Ó¬± Ê±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚ

� ¤fl¬øÈ¬ Ú˜Úœ˚˛ Ó¬±¬ı˛ ¬ı± ˙‘∫À˘¬ı˛ Œé¬ÀS ø¬ıøˆ¬iß ø¬ıμ≈ÀÓ¬ È¬±Ú øfl¬¬ı˛”¬Û ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝˚˛ Ó¬± øÚÌ«˚˛

fl¬¬ı˛± ˝À˚˛ÀÂ√

� ≈øÈ¬ Œ¬Û±©Ü ŒÔÀfl¬ ¤fl¬øÈ¬ ¬ˆ¬±¬ı˛œ Ó¬±¬ı˛ Á≈¬ø˘À˚˛ øÀ˘ Ó¬±¬ı˛øÈ¬ øfl¬ ¬ı˛”¬Û øÚÀ˚˛ Á≈¡˘À¬ı, Œ¸È¬± Ê±Ú±

˚±À¬ıº Œ‡± ˚±À¬ı Œ˚ ¸¬ı˛˘À¬ı˛‡±˚˛ fl¬‡Ú˝◊ Ô±fl¬À¬ı Ú±

� ≈øÈ¬ √õ∂±ÀôL√ ˚ø √õ∂‰¬G¬ ¬ı˘ √õ∂˚≈q¡ ˝˚˛, Ó¬À¬ı ¸”SøÈ¬ ¤fl¬øÈ¬ ’øÒ¬ı‘M±fl¬±À¬ı˛ Á≈¬˘À¬ı

8.3 ¬ıœ˜ (Beam) : Î¬◊˝±¬ı˛ ¶Û±˙«fl¬ ¬ÛœÎ¬ˇÚ, Ú˜Ú±efl¬ ˝◊Ó¬…±ø

¤fl¬øÈ¬ fl¬±ÀÍ¬¬ı˛ ’Ô¬ı± ˝◊¶Û±ÀÓ¬¬ı˛ ’Ô¬ı± ’Ú… Œfl¬±Ú› ¬Û±ÀÔ«¬ı˛ ˘•§± ¤fl¬˝◊ √õ∂fl¬±¬ı˛ √õ∂àÔÀ2Â˚≈q¡ ¸¬ı˛˘

¬ıœ˜ (Straight Beam) ŒÚ›˚˛± ˚±fl¬º ¬ıœ˜øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ı±ø˝¬ı˛ ˝ÀÓ¬ Œ˚ ¸fl¬˘ ¬ı˘ √õ∂˚≈q¡ ˝˚˛ Œ¸·≈À˘±

¬ıœ˜øÈ¬¬ı˛ Δ‚«… ¸•§ø˘Ó¬ ¤fl¬øÈ¬ ¸˜Ó¬À˘ ’±ÀÂ√ Ò¬ı˛± ˝˘º

¤‡Ú ¬ıœ˜øÈ¬¬ı˛ Œ˚-Œfl¬±ÀÚ±› ¤fl¬øÈ¬ fl¬±äøÚfl¬ √õ∂àÔÀ2Â ABCD-¤¬ı˛ ¸±À¬ÛÀé¬

1 Ú— ø‰¬S
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¬ıœ˜øÈ¬¬ı˛ ≈øÈ¬ ’—˙ Ò¬ı˛± ˚±˚˛ ˚Ô± (I) ø‰¬ø˝êÓ¬ ’—˙ ¤¬ı— (II) ø‰¬ø˝êÓ¬ ’—˙º ¤‡Ú ’±˜¬ı˛± ˚ø

Î¬◊˝±À¬ı˛ Œ˚-Œfl¬±Ú› ¤fl¬øÈ¬ ’—˙ II-¤¬ı˛ ¸±À˜…¬ı˛ fl¬Ô± ø¬ıÀ¬ı‰¬Ú± fl¬ø¬ı˛, Ó¬À¬ı Œ˚ ¸˜d¬ ¬ı˘ (II) Î¬◊¬Û¬ı˛

øflË¡˚˛± fl¬À¬ı˛ Œ¸·≈ø˘ ˝˘

(I) (II) ’—À˙¬ı˛ ¬ı±˝◊À¬ı˛¬ı˛ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ √õ∂˚≈q¡ ¬ı˘¸˜”˝ –

(2) ABCD √õ∂àÔÀ2ÂÀ¬ı˛ ˜Ò… øÀ˚˛ (I) ’—À˙¬ı˛ ’Ì≈·≈À˘± fl¬Ó‘¬«fl¬ (II) ’—À˙¬ı˛ Î¬◊¬Û¬ı˛ √õ∂˚≈q¡ ¬ı˘º

¤˝◊ ¬ı˘·≈À˘± ’ˆ¬…ôL√¬ı˛àÔ ¬ı˘ ¬ı˘± ˚±˚˛º [¤·≈À˘± øÚfl¬È¬QÊ±Ó¬, ˜±Ò…±fl¬¯∏«ÌÊ±Ó¬ Ú˚˛]º

2 Ú— ø‰¬S

Î¬◊¬ÛÀ¬ı˛¬ı˛ ¬ı˘·≈≈ø˘¬ı˛ ˜ÀÒ… (2) Ú— ¬ı˘·≈ø˘Àfl¬ ABCD Œfl¬fø¬ıμ≈ÀÓ¬ ¬¸˜d¬ ¬ı˘·≈ø˘¬ı˛ ¤fl¬œˆ”¬Ó¬ Œˆ¬"¬ı˛

Œ˚±·Ê±Ó¬ ¬ı˘ ’±¬ı˛ ¤fl¬øÈ¬ ¬Zμ3 ¤˝◊ ≈øÈ¬¬ı˛ ¸˜Ó≈¬˘ ø˝¸±À¬ı Œ‡± ˚±˚˛º ¤‡Ú ’±˜¬ı˛± Œ˚À˝Ó≈¬ ¬ıø˝–àÔ

¬ı˘·≈ø˘Àfl¬ ¤fl¬øÈ¬ øÚø«©Ü ¸˜Ó¬À˘ ’±ÀÂ√ ÒÀ¬ı˛øÂ√ ’Ó¬¤¬ı ¸±À˜…¬ı˛ ÊÚ… ’ôL√– ¬ı˘·≈ø˘¬ı˛ ˘øt › ‹ ¸˜Ó¬À˘˝◊

¤fl¬øÈ¬ ¬ı˘ ˝À¬ı ¤¬ı— ¬Zμ3øÈ¬¬ı˛ w¬±˜Àfl¬¬ı˛ Œˆ¬"À¬ı˛¬ı˛ øfl¬› ‹ ¸˜Ó¬À˘¬ı˛ ˘•§ ˝À¬ıº ’Ó¬¤¬ı ’±˜¬ı˛± ABCD

Ó¬À˘¬ı˛ ˜Ò… øÀ˚˛ øflË¡˚˛±fl¬¬ı˛œ ¬ı˘¸˜”˝Àfl¬ øÚ•ßˆ¬±À¬ı ¸—Àù≠ø¯∏Ó¬ fl¬¬ı˛ÀÓ¬ ¬Û±ø¬ı˛ –

(1) ¤fl¬øÈ¬ ¬ı˘ ˚±˝± ABCD Ó¬À˘¬ı˛ ˘•§ ¤¬ı— (II) ˝ÀÓ¬ (I)-¤¬ı˛ øÀfl¬ √õ∂˚≈q¡º ˝◊˝±Àfl¬ ’±˜¬ı˛±

È¬±Ú ¬ı± Tension ¬ı˘¬ıº ’¬ı˙… ˝◊˝± Ÿ¬Ì±Rfl¬ ˝À˘ Î¬◊˝±¬ı˛ øflË¡˚˛±¬ı˛ øfl¬ ˝À¬ı (I) ˝ÀÓ¬ (II)-¤¬ı˛ øÀfl¬

¤¬ı— Ó¬‡Ú ¤Àfl¬ ‰¬±¬Û (Thrust) ¬ı˘± ˚±˚˛º

(2) ¤fl¬øÈ¬ ¬ı˘ ˚±˝±¬ı˛ øflË¡˚˛±øfl¬ ABCD Ó¬˘Àfl¬ ¶Û˙« fl¬À¬ı˛º ˝◊˝± Œ˚ ¸˜Ó¬À˘ ¬ı˘·≈ø˘ øflË¡˚˛± fl¬À¬ı˛,

Œ¸˝◊ ¸˜Ó¬À˘ ¶Û˙«Àfl¬¬ı˛ øÀfl¬ ˝À¬ıº ˝◊˝±Àfl¬ ’±˜¬ı˛± ¶Û±˙«fl¬ ¬ÛœÎ¬ˇÚ ¬ı± Shearing Stress S ¬ı˘¬ıº

(3) ˝◊˝± Â√±Î¬ˇ± ABCD Î¬◊¬Û¬ı˛ øflË¡˚˛±¬ı˛Ó¬ ’ˆ¬…ôL√¬ı˛àÔ ¬ı˘À·±á¬œ ¤fl¬øÈ¬ ¬Zμ3 Î¬◊»¬Ûiß fl¬À¬ı˛, ˚±˝±¬ı˛ w¬±˜fl¬

Œˆ¬"¬ı˛ ¬ı˘·≈ø˘¬ı˛ ¸˜Ó¬À˘¬ı˛ ˘•§º ¤˝◊ ¬Zμ3Àfl¬ Ú˜Ú w¬±˜fl¬ ¬ı± Ú˜Ú±efl¬ (Bending Moment) ¬ı˘± ˝˚˛º

2Ú— ø‰¬ÀS ’±˜¬ı˛± (II)-¤¬ı˛ Î¬◊¬Û¬ı˛ (I) ’—˙ fl¬Ó‘¬«fl¬ √õ∂˚≈q¡ ¬ı˘ › (II) fl¬Ó‘¬«fl¬ (I) ’—À˙¬ı˛ Î¬◊¬Û¬ı˛

√õ∂˚≈q¡ ¬ı˘·≈≈ø˘¬ı˛ ¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ › ¸˜±Ú ˜±ÀÚ¬ı˛, ’Ó¬¤¬ı (I) › (II)-¤¬ı˛ Î¬◊¬Û¬ı˛ √õ∂˚≈q¡ ¬ı˘·≈ø˘ ¤fl¬ÀS

¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º
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8.3.1 ¬ıœÀ˜¬ı˛ ¬¶Û±˙«fl¡ ¬ÛœÎ¬ˇÚ › Ú˜Ú √w¬±˜fl¡ › Ó¬±˝√√±À√¬ı˛ ˜ÀÒ… ¸•Ûfl«¡

¤fl¡øÈ¬ ¬ıœÀ˜¬ı˛ ¶Û±˙«fl¡ ¬ÛœÎ¬ˇÚ › Ú˜Ú √w¬±˜fl¡˝◊√√ ¸±Ò±¬ı˛ÌÓ¬– õ∂À˚˛±Ê√Úœ˚˛º È¬±Ú ¬ı˘ ¸±Ò±¬ı˛ÌÓ¬– ¬ıœÀ˜¬ı˛

Œ¬ı˘±˚˛ ø¬ıÀ˙¯∏ ’Ú≈Ò±¬ıÚÀ˚±·… Ú˚˛º

3 Ú— ø‰¬S

AB ¤˝◊√√ ¬ıœÀ˜¬ı˛ ¬ı¬ı˛±¬ı¬ı˛ x-’é¬ Ò¬ı˛± ˚±fl¡º AB ¬ıœÀ˜¬ı˛ ¤fl¡øÈ¬ ’—˙ PQ-¤¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±¬ı˛Ó¬ ¶Û±˙«fl¡

¬ÛœÎ¬ˇÚ SP › SQ ¤¬ı— Ú˜Ú √w¬±˜fl¡ MP › MQº ¬ıœ˜ AB-¤¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘·≈ø˘ ¬ıœÀ˜¬ı˛ Δ√À‚«…¬ı˛

Î¬◊¬Û¬ı˛ ˘•§ˆ¬±À¬ı ø√flË¡˚˛±˙œ˘º Î¬◊¬ÛÀ¬ı˛ ¬ı˘ 3Ú— ø‰¬ÀS ø‰¬˝ê ¸•Ûøfl«¡Ó¬ ¤fl¡øÈ¬ øÚ˚˛˜ ’Ú≈¸¬ı˛Ì fl¡¬ı˛± ˝√√À¬ıº

’Ô«±» ¬ıœÀ˜¬ı˛ Œfl¡±Ú› ŒÂ√À√¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ ˚ø√ x-’Àé¬¬ı˛ ÒÚ±Rfl¡ ø√Àfl¡ ˝√√˚˛ Ó¬±˝√√À˘ ¶Û±˙«fl¡ ¬ÛœÎ¬ˇÚ ÚœÀ‰¬¬ı˛

ø√Àfl¡ › Ú˜Ú √w¬±˜Àfl¡¬ı˛ ‚”Ì«Ú √øé¬Ì±¬ıÓ«¬ ø√Àfl¡ Ò¬ı˛± ˝√√À¬ıº ’±¬ı˛ ‹ ˘•§ ˚ø√ x-’Àé¬¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ˝√√˚˛

Œ¸Àé¬ÀS Œ¸˝◊√√ ŒÂ√À√¬ı˛ ¶Û±˙«fl¡ ¬ÛœÎ¬ˇÚ Î¬◊¬Û¬ı˛ ø√Àfl¡ ¤¬ı— Ú˜Ú √w¬±˜Àfl¡¬ı˛ ‚”Ì«Ú ¬ı±˜±¬ıÓ«¬ Î¬◊¬Û¬ı˛ ø√Àfl¡ ˝√√À¬ıº

¤‡Ú PQ ’—À˙¬ı˛ Î¬◊¬Û¬ı˛ ¬ıø˝√√–õ∂˚≈q¡ ¬ı˘ ’Ú≈˚±˚˛œ ¬Û±˝◊√√ –

(i) õ∂Ô˜ fl¡ä – PQ ’—À˙¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú ¬ıø˝√√– õ∂˚≈q¡ ¬ı˘ [¶Û±˙«fl¡ ¬ı˘ › Ú˜√Ú √w¬±˜fl¡ ¡ZiZ

¬ı…øÓ¬À¬ı˛Àfl¡] Ú±˝◊√√º ’Ó¬¤¬ı ¸±À˜…¬ı˛ Ê√Ú… y-¤¬ı˛ ø√Àfl¡ ¬ı˘¸˜”À˝√√¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙Àfl¡ ˙”Ú… fl¡ø¬ı˛À˘ ¬Û±˝◊√√

SP = SQ (1)

’±¬ı˛ ¬ı˘¸˜”À˝√√¬ı˛ Q ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡Àfl¡ ˙”Ú…˜±Ú fl¡ø¬ı˛˚˛± ¬Û±˝◊√√

MQ – MP + Sp.PQ = 0

� 
M M

PQ
SQ P

P

�
� �

’Ó¬¤¬ı PQ �� 0 ˝√√À˘

dM
dx

S� � (2)



194

NOSU

’Ó¬¤¬ı (1) › (2) ˝√√ÀÓ¬ ¬Û±›˚˛± ˚±À26√ Œ˚ ¶Û±˙«fl¡ ¬ÛœÎ¬ˇÚ ¬ı˘ ÒË≈¬ıfl¡ ¤¬ı— M = – Sx + C Œ˚‡±ÀÚ

C ¤fl¡øÈ¬ ÒË≈¬ıfl¡º

(ii) ø¡ZÓ¬œ˚˛ fl¡ä – ˚‡Ú PQ-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ˆ¬±À¬ı ¸≈¯∏˜ˆ¬±À¬ı ¤fl¡øÈ¬ ˆ¬±¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛ñ˚Ô±√flË¡À˜

y-ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ øÚÀ˚˛ › Q-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛ ¬Û±˝◊√√

SQ – SP + w.PQ = 0

’±¬ı˛ MO – MP + SP PQ – 1
2 w. (PQ)2 = 0

Œ˚‡±ÀÚ w ˝√√˘ õ∂øÓ¬ ¤fl¡fl¡ Δ√À‚«…¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ˆ¬±¬ı˛º

’Ó¬¤¬ı PQ-¤¬ı˛ Δ√‚«… ˙”ÀÚ…¬ı˛ ø√Àfl¡ Œ·À˘ ’Ô«±» Q �� P ˝√√À˘ ’±˜¬ı˛± ¬Û±˝◊√√

dS
dx

w� � (3)

dM
dx

S� � 0 (4)

(iii) Ó‘¬Ó¬œ˚˛ fl¡ä – ˚‡Ú PQ-¤¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ Œfl¡fœˆ”¬Ó¬ ¬ˆ¬±¬ı˛ ¬ı˘ W, PQ-¤¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬

ø√flË¡˚˛± fl¡À¬ı˛º ¤‡±ÀÚ ¸±À˜…¬ı˛ Ê√Ú… ¬ı˘¸˜”À˝√√¬ı˛ y-ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ ˙”Ú…º ’Ó¬¤¬ı

SQ – SP = – W (5)

’±¬ı±¬ı˛ Q ø¬ıμ≈¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ˙”ÀÚ…¬ı˛ ¸ø˝√√Ó¬ ¸˜±Úº

’Ó¬¤¬ı

MQ – MP + SP.PQ – W.�PQ = 0 (6)

Œ˚‡±ÀÚ 0 < �� < 1

’Ó¬¤¬ı (5) ˝√√˝◊√√ÀÓ¬ Œ√‡± ˚±˚˛ Œ˚ Œfl¡fœˆ”¬Ó¬ ¬ıÀ˘¬ı˛ √¬ı˛≈Ì ‹ ø¬ıμ≈ÀÓ¬ ¶Û±˙«fl¡ ¬ıÀ˘¬ı˛ ¤fl¡øÈ¬ ’¸z¬øÓ¬

’±ÀÂ√º ˚±¬ı˛ (6) ˝√√˝◊√√ÀÓ¬ PQ �� 0 fl¡ø¬ı˛À˘ ’±˜¬ı˛± ¬Û±˝◊√√

MQ – MP = 0

’Ó¬¤¬ı MP-¤¬ı˛ Œfl¡±Ú› ’¸z¬øÓ¬ Ú±˝◊√√º ’±¬ı±¬ı˛ (6) Œfl PQ ¡Z±¬ı˛± ˆ¬±· fl¡À¬ı˛ ¤¬ı— Q �� P

fl¡À¬ı˛ ¬Û±˝◊√√ 
dM
dx  + S = 0 Œ˚À˝√√Ó≈¬ �� �� 0¡

¤‡Ú Œ˚À˝√√Ó≈¬ SP ø¬ıμ≈ÀÓ¬ ’¸z¬Ó¬, ’Ó¬¤¬ı 
dM
dx -¤¬ı˛› ‹ ø¬ıμ≈ÀÓ¬ ’¸z¬øÓ¬ ’±ÀÂ√º



195

NOSU

8.3.2 Î¬◊√±˝√√¬ı˛Ì

1. ¤fl¡øÈ¬ √G¬ [¬ıœ˜] AB ’Ú≈ˆ”¬ø˜fl¡ ’¬ıàÔ±˚˛ õ∂±z¬¡ZÀ˚˛ ‡“≈øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√º √ÀG¬¬ı˛ Œ˚ Œfl¡±Ú›

ø¬ıμ≈ P-ŒÓ¬ ¬¶Û±˙«fl¡ ¬ÛœÎ¬ˇÚ › Ú˜Ú √w¬±˜fl¡ øÚÌ«˚˛ fl¡¬ı˛≈Ú ˚‡Ú [fl¡] √G¬øÈ¬ W ˆ¬±¬ı˛˚≈q¡ [‡] √G¬øÈ¬¬ı˛

ˆ¬±¬ı˛ Ú±˝◊√√, øfl¡z≈¬ ¸˜›Ê√ÀÚ¬ı˛ W ˆ¬±¬ı˛ √G¬øÈ¬¬ı˛ ˜Ò… ø¬ıμ≈ÀÓ¬ õ∂˚≈q¡º

¸˜±Ò±Ú –

[fl¡] ˜ÀÚ fl¡ø¬ı˛ AB √G¬øÈ¬¬ı˛ Δ√‚«… = 2l

4 Ú— ø‰¬S

¤Àé¬ÀS Ò¬ı˛± ˚±fl¡ √G¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ 
W

l2  ¬Ûø¬ı˛˜±Ì ˆ¬±¬ı˛ ¸≈¯∏˜ˆ¬±À¬ı ø√flË¡˚˛± fl¡À¬ı˛º

˚ø√ A › B ø¬ıμ≈ÀÓ¬ ˘•§ õ∂ø√Ó¬ø√flË¡˚˛± ˚√Ô±√flË¡À˜ R › R	� ˝√√˚˛ Ó¬À¬ı R + R	� = W ¤¬ı—

R = R	�= W/2. G¬øÈ¬¬ı˛ AP ’—À˙¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˘¸˜”˝√√ ˝√√˝◊√√˘, P ø¬ıμ≈ÀÓ¬ ¶Û±˙«fl¡ ¬ÛœÎ¬ˇÚ S ¤¬ı— Ú˜Ú±efl¡

M ¤¬ı— AP-¤¬ı˛ ›Ê√Ú ¬ı˘ 
W

l2 .x ˚±˝√√± AP-¤¬ı˛ ˜Ò… ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛º ’Ó¬¤¬ı ¸±À˜…¬ı˛ Ê√Ú…

W S Wx
l2 2� �

M Wx
l

x W x� � �2 2 2 0.

P-¤¬ı˛ √¸±À¬ÛÀé¬ √w¬±˜fl¡ ˘˝◊√√˚˛± ¬Û±˝◊√√

S W x
l

� �2 1� �

¤¬ı— M Wx
l

x l Wx
l

l x W
l

AP BP� �
 � � � �
 � � �4 2 4 2 4 .
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[‡] ˚‡Ú √G¬øÈ¬¬ı˛ ˆ¬±¬ı˛ Ú±˝◊√√, ˙≈Ò≈ ˜Ò… ø¬ıμ≈ÀÓ¬ ¤fl¡øÈ¬ ¬ı˘ W õ∂ ≈̊q¡º

(i) AP ’—À˙¬ı˛ ¸±À˜…¬ı˛ Ê√Ú… [˚‡Ú AP < l)

S W� �2 0

P -¤¬ı˛ ¸±À¬ÛÀé√ √w¬±˜fl¡ ˙”Ú…

M W x� �2 0.

� S W M W x� � �2 2,

5 Ú— ø‰¬S

(ii) ˚‡Ú AP	� > l, Ó¬‡Ú AP ’—À˙¬ı˛ ¸±˜… ø¬ıÀ¬ı‰¬Ú± fl¡À¬ı˛ ¤¬ı— AP	� = x ÒÀ¬ı˛ ¬Û±˝◊√√

� � � � �
W W S
2 0

¤¬ı— P	-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˚˛

� � � �
 � �M W x W x l
2 0

’Ó¬¤¬ı � � �S W
2

¤¬ı— � � � � �M W x W x l2 ( )

= 
W x Wl W l x
2 2� � � �� �

= � �
 �W l x
2 2
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’Ó¬¤¬ı [‡] ŒÔÀfl¡ ¬ı˘± ˚±˚˛ Œ˚ ¶Û±˙«fl¡ ¬ÛœÎ¬ˇÚ S, AC › CB ’—À˙ ¸˜±Ú Ú˚˛ ¤¬ı— C ø¬ıμ≈ÀÓ¬

S ’¸z¬Ó¬ ’Ô«±» C-¤¬ı˛ ¬ı±˜ ø√fl¡ ˝√√˝◊√√ÀÓ¬ Î¬±Ú ø√Àfl¡ Œ·À˘ S-¤¬ı˛ ˜±ÀÚ¬ı˛ –W ¬Ûø¬ı˛˜±Ì ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√˚˛

˚ø√› M-¤¬ı˛ Œfl¡±Ú› ’¸z¬øÓ¬ Ú±˝◊√√º

2.  2l Δ√‚«˚≈q¡ › W ˆ¬±¬ı˛ ø¬ıø˙©Ü ¤fl¡øÈ¬ ¸≈¯∏˜ AB √G¬Àfl¡ Î¬◊˝√√±¬ı˛ ≈√˝◊√√ õ∂±Àz¬ ‡≈øÈ¬¬ı˛ ¸±˝√√±À˚… ’±Ú≈ˆ”¬ø˜fl¡

’¬ıàÔ±˚˛ ’±ÀÂ√º W	� ˆ¬±¬ı˛ ø¬ıø˙©Ü ¤fl¡ ¬ı…øq¡ √G¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ P ø¬ıμ≈ÀÓ¬ √G¬±˚˛˜±Ú, Œ˚‡±ÀÚ AP = �

(< l)º Œ√‡±Ú Œ˚ ≈√øÈ¬ ’øÒ¬ı‘ÀM√√¬ı˛ ¸˜œfl¡¬ı˛Ì ¡Z±¬ı˛± √G¬øÈ¬¬ı˛ Ú˜Ú √w¬±˜fl¡ øÚÌ«œÓ¬ ˝√√˚˛ ¤¬ı— ’øÒ¬ı‘M√√¡ZÀ˚˛¬ı˛

Ú±øˆ¬˘•§¡Z˚˛ ¸˜±Úº

¸˜±Ò±Ú –

6 Ú— ø‰¬S

A › B õ∂±z¬ ø¬ıμ≈ÀÓ¬ õ∂øÓ¬ø√flË¡˚˛± ˚Ô±√flË¡À˜ R › R	º √G¬øÈ¬¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… A › B ø¬ıμ≈

¸±À¬ÛÀé¬ √w¬±˜fl¡ Œ˚±·Ù¬˘ ˙”Ú…º ’Ó¬¤¬ı

R	.2l – W	�� – Wl = 0

¤¬ı— W	(2l – �) + W.l – R.2l = 0

’Ó¬¤¬ı R	W W
l2 2

� 	 �  ¤¬ı— R W W l
l

� �
	 �

2
2
2

�� �

(i) √G¬øÈ¬¬ı˛ AC ’—À˙ Œ˚‡±ÀÚ AC = x < �� C-ŒÓ¬ S ¶Û±˙«fl¡ ¬ÛœÎ¬ˇÚ, › M Ú˜Ú √w¬±˜fl¡

˝√√À˘ AC-¤¬ı˛ ¸±À˜…¬ı˛ Ê√Ú…

7 Ú— ø‰¬S

R S Wx
l

� � �2 0
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¤¬ı— C-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ˙”Ú…º ’Ó¬¤¬ı

� � � �R x M Wx
l

x. .2 2 0

�  M = – Rx + Wx
l
2

4

= � � 	 � �
W W

l
l x Wx

l2 2
2

4
2

�� �� �

= Wx
l

Wl W l
l

x
2

4
2

2�
� 	 � �� �

. (1)

Œ˚‡±ÀÚ 0 
� x 
� �

’Ó¬¤¬ı M Œfl¡ x-¤¬ı˛ ¸±À¬ÛÀé¬ ø‰¬ÀS ’øefl¡Ó¬ fl¡¬ı˛± ˝√√À˘ Î¬◊˝√√± ¤fl¡øÈ¬ ’øÒ¬ı‘M√√ ˝√√À¬ı ˚±˝√√±¬ı˛ Ú±øˆ¬˘•§

Δ√‚« = 4l
W

(ii) ¤‡±ÀÚ AC > �� .C › A-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ øÚÀ˘

Rx + M	� – W	� (x – �) – W
l

x
2 2 0

2
. �

8 Ú— ø‰¬S

M	 = W (x – �) + Wx
l

Rx
2

4 � �� < x < l (2)

3. W ˆ¬±¬ı˛ ø¬ıø˙©Ü ¤fl¡ ¬ı…øq¡ l Δ√‚«˚≈q¡ ¤fl¡øÈ¬ ¸≈¯∏˜ √ÀG¬¬ı˛ Î¬◊¬Û¬ı˛ ‰¬˘ÀÂ√ ¤¬ı— √G¬øÈ¬ ’Ú≈ˆ”¬ø˜fl¡

’¬ıàÔ±˚˛ ≈√˝◊√√ õ∂±z¬ø¬ıμ≈ÀÓ¬ ¸±À¬Û±ÀÈ«¬¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√º ¬ı…øq¡øÈ¬¬ı˛ ¬Û±À˚˛¬ı˛ øÚÀ•ß¬ı˛ ø¬ıμ≈ÀÓ¬ Ú˜Ú √w¬±˜fl¡, õ∂±z¬

ø¬ıμ≈ ŒÔÀfl¡ ‹ ø¬ıμ≈¬ı˛ ”√¬ı˛ÀQ¬ı˛ ¸±À¬ÛÀé¬, øÚÌ«˚˛ fl¡¬ı˛≈Úº ¬ı…øq¡øÈ¬¬ı˛ ¸•ú≈À‡¬ı˛ ¤¬ı— ¬Û(±» ø¬ıμ≈¬ı˛ Ê√Ú… ¶Û±˙«fl¡

¬ÛœÎ¬ˇÚ øÚÌ«˚˛ fl¡¬ı˛≈Úº
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4. 12 kg ˆ¬±¬ı˛ ø¬ıø˙©Ü ¤fl¡øÈ¬ ¸≈¯∏˜ √G¬ ABCD Œfl¡ B › D ø¬ıμ≈ÀÓ¬ ’Ú≈ˆ”¬ø˜fl¡ ’¬ıàÔ±˚˛ ¸±À¬Û±ÀÈ«¬¬ı˛

Î¬◊¬Û¬ı˛ ’±ÀÂ√º √G¬øÈ¬¬ı˛ C ø¬ıμ≈ÀÓ¬ ’¬Û¬ı˛ ¤fl¡øÈ¬ 10 kg ˆ¬±¬ı˛ õ∂˚≈q¡ ˝√√À˘ ¤¬ı— ˚ø√ AB = BC = CD

= 4 ø˜– ˝√√˚˛, Ó¬À¬ı √G¬øÈ¬¬ı˛ ¸˜d¬ ø¬ıμ≈ÀÓ¬ ¶Û±˙«fl¡ ¬ÛœÎ¬ˇÚ › Ú˜√Ú √w¬±˜fl¡ øÚÌ«˚˛ fl¡¬ı˛≈Úº

5. W ˆ¬±¬ı˛ › 2a Δ√‚« ø¬ıø˙©Ü ¸≈¯∏˜ ¸¬ı˛˘ AB √G¬Àfl¡ ’Ú≈ˆ”¬ø˜fl¡ ’¬ıàÔ±˚˛ A › B ø¬ıμ≈ÀÓ¬

¸±À¬Û±ÀÈ«¬¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√º √G¬øÈ¬¬ı˛ C ø¬ıμ≈ÀÓ¬ 
2
3
W

 ˆ¬±¬ı˛ õ∂˚≈q¡ ˝√√À˘ [Œ˚‡±ÀÚ AC a� 2 ]. √G¬øÈ¬¬ı˛ Œ˚

Œfl¡±Ú ø¬ıμ≈ÀÓ¬ Ú˜Ú √w¬±˜fl¡ › ¶Û±˙«fl¡ ¬ÛœÎ¬ˇÚ øÚÌ«˚˛ fl¡¬ı˛≈Úº

8.4  Ú˜Úœ˚˛ ¸”S › ˙‘∫À˘¬ı˛ ¸±˜…

¤fl¡øÈ¬ ¬Ûø¬ı˛¬Û”Ì« Ú˜Úœ˚˛ ¸”S (Perfectly Flexible String) ¤˜Ú Œ˚ Î¬◊˝√√±¬ı˛ ˘•§À26√À√¬ı˛ ˜Ò… ø√À˚˛

Œfl¡¬ı˘˜±S ¤fl¡øÈ¬ ¬ı˘ ø√flË¡˚˛±˙œ˘ ˝√√À¬ı ¤¬ı— ¤˝◊√√ ¬ı˘ ¸”SøÈ¬¬ı˛ ‹ ø¬ıμ≈ÀÓ¬ ¶Û˙«fl¡ ø√Àfl¡ õ∂¸±ø¬ı˛Ó¬ ˝√√À¬ıº

ŒÂ√±È¬ ŒÂ√±È¬ ’—˙ ˚≈q¡ fl¡À¬ı˛ ΔÓ¬˚˛±¬ı˛œ ˙‘∫˘ › ¤fl¡øÈ¬ Ú˜Úœ˚˛ ¸”ÀS¬ı˛ ˜Ó¬ ˝√√À¬ı ˚ø√ ‹ ’—˙·≈ø˘¬ı˛

˜ÀÒ… ‚¯∏«Ì ¬ı˘ Ú± Ô±Àfl¡º

8.4.1 ¬ı˘±ÒœÚ ¤fl¡øÈ¬ ¸”ÀS¬ı˛ ¸±˜…±¬ıàÔ±˚˛ ¸±Ò±¬ı˛Ì ¸˜œfl¡¬ı˛Ì

¸”SøÈ¬¬ı˛ C ø¬ıμ≈ ŒÔÀfl¡ ¸”S Δ√‚« ˜±¬Û± ˝√√À26√º øS˜±øSfl¡ Œ√À˙ CPQ ¸”ÀS¬ı˛ PQ ’—À˙¬ı˛ ¸±˜…

˙Ó«¬ øÚÌ«˚˛ fl¡¬ı˛± ˝√√À26√º

9 Ú— ø‰¬S

PQ = �s P ø¬ıμ≈ÀÓ¬ È¬±Ú T ¶Û˙«fl¡ ø√Àfl¡ ¤¬ı— Q ø¬ıμ≈ÀÓ¬ È¬±Ú T + �T, Q ø¬ıμ≈ÀÓ¬ ¶Û˙«fl¡

ø√Àfl¡ ¸”SøÈ¬¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√˘ x = x(s), y = y(s), z = z(s)º È¬±Ú ¸”ÀS¬ı˛ ø¬ıμ≈¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º

Ò¬ı˛± ˚±fl¡ T = f(s), P ø¬ıμ≈ÀÓ¬º ’Ó¬¤¬ı x-ø√Àfl¡ T-¤¬ı˛ ¬ı˘ � � � � � �T dx
ds

f x dx
ds
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� Q ø¬ıμ≈ÀÓ¬ È¬±ÀÚ¬ı˛ x-ø√Àfl¡ ¬ı˘

= T dx
ds

T dx
ds

d
ds

T dx
ds

ds O ds
s ds s

� � � � � �
�

� � � � ( )2

¤fl¡fl¡ Δ√À‚«¬ı˛ ˆ¬¬ı˛ m ÒÀ¬ı˛ ¬ıø˝√√¬ı«À˘¬ı˛ fl¡±øÓ«¬˚˛ Î¬◊¬Û±—˙ ¤fl¡fl¡ Δ√À‚«¬ı˛ Î¬◊¬Û¬ı˛ ˚Ô±√flË¡À˜ (mX, mY,

mZ) ˝√√˚˛ Ó¬± ˝√√À˘ PQ ¸”S±—À˙¬ı˛ ¸±À˜…¬ı˛ Ê√Ú… x-ø√Àfl¡ ¬ı˘¸˜”À˝√√¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ ˙”Ú… ˝√√À¬ıº

’Ó¬¤¬ı

� � � � � �T dx
ds

T dx
ds

d
ds

T dx
ds

ds Xds O ds� � ( )2 0

ds ø√À˚˛ ˆ¬±· fl¡À¬ı˛ ds �� 0 øÚÀ˘ ¬Û±˝◊√√ P ø¬ıμ≈ÀÓ¬

d
ds

T dx
ds

mX� � � � 0 (1)

¤ˆ¬±À¬ı y, z ø√Àfl¡¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ øÚÀ˚˛ ¬Û±˝◊√√

d
ds

T
dy
ds

my�	 
� � � 0 (2)

d
ds

T dz
ds

mz� � � � 0 (3)

8.4.2 ¸˜Ó¬˘œ˚˛ ¬ıÀ˘¬ı˛ ’ÒœÚ ¸”ÀS¬ı˛ ¸±À˜…¬ı˛ ¸˜œfl¡¬ı˛Ì

10 Ú— ø‰¬S

¸”ÀS¬ı˛ PQ ’—À˙¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˘¸˜”˝√√ ˝√√˘ P ø¬ıμ≈ƒÀÓ¬ È¬±Ú ¬ı˘ T, Q ø¬ıμ≈ÀÓ¬ T + �T ¬ı˘, ¬ıø˝√√¬ı«˘

(mX, mY) �s (m = õ∂øÓ¬ ¤fl¡fl¡ Δ√À‚«¬ı˛ ˆ¬¬ı˛ m]º
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PQ Δ√À‚«¬ı˛ Î¬◊¬Û¬ı˛ ¬ıÀ˘¬ı˛ x-ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙

– T cos �� + (T + �T) cos (�� + ��) + mX �s = 0

’Ô«±»

– T cos �� + (T + ��) (cos �� cos ��� – sin �� sin ��) + mX �s = 0

� � � ��
�

�
��

�� ��
��
�

�
�

0, 1
0

cos , lim
sin

s s
d
ds

’Ó¬¤¬ı

– T cos �� + T cos �� cos ��� – T sin �� sin ��

�� cos �� �T cos ��� – sin �� sin ��� �T + mX �s = 0

�s ø√À˚˛ ˆ¬±· fl¡À¬ı˛ ¤¬ı— �s �� 0, Ó¬±˝√√À˘ ��� �� 0, cos ��� �� 1, sin ��� �� ��

– T sin ��
d
ds
�
� + cos �� dT

ds � + mX = 0

’Ô¬ı±

d
ds  (T cos �) + mX = 0 (1)

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı y-ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬±—˙ ŒÔÀfl¡ ’¬Û¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√√˘

d
ds  (T sin �) + mY = 0 (2)

8.4.3 ¸±Ò±¬ı˛Ì fl¡…±ÀÈ¬Ú±¬ı˛œ (Common Catenary)

¤fl¡øÈ¬ ¸≈¯∏˜ ˆ¬±¬ı˛œ ¸≈S ’øˆ¬fl¡¯∏« ’ÒœÀÚ ˜≈q¡ˆ¬±À¬ı Á≈¡˘ÀÂ√º ¸”SøÈ¬¬ı˛ È¬±Ú › ¸˜œfl¡¬ı˛Ì øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬

√̋√À¬ıº

¤‡±ÀÚ ¸”SøÈ¬ ¤fl¡øÈ¬ Î¬◊~•§ ¸˜Ó¬À˘ Ô±fl¡À¬ıº Î¬◊~•§ ø√Àfl¡ y-’é¬ øÚÀ˘ ¬ı˘¸˜”˝√√ ˝√√˘ õ∂øÓ¬ ¤fl¡fl¡

ˆ¬À¬ı˛¬ı˛ X = 0, Y = –g

8.4.1 ¤¬ı˛ (1) › (2) ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬Û±˝◊√√

d
ds

T dx
ds� � � 0 (i)
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¤¬ı—

d
ds

T
dy
ds

mg�	 
� � � 0 (ii)

11 Ú— ø‰¬S

(i) ŒÔÀfl¡ T dx
ds

�  ÒË≈¬ıfl¡ T0 = mgc Ò¬ı˛± ˚±fl¡ [¤‡±ÀÚ øÚ•ßÓ¬˜ ø¬ıμ≈ A ŒÓ¬ È¬±Ú T0 = mgc

Ò¬ı˛± ˝√√˘]

’Ó¬¤¬ı

T = mgc ds
dx      (iii)

(ii) ŒÓ¬ ¬ıø¸À˚˛ ¬Û±˝◊√√

d
ds

mgc ds
dx

dy
ds

mg�
	



� � � 0

¬ı±, c
d y
dx

ds
dx

dy
dx

2

2

2
1� � � �� ��      (iv)

dy
dx

dy
dx

� � �	


�1

2

 = z ¬ıø¸À˚˛
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dz
dx

d y
dx

dy
dx

d y
dx

dy
dx

� �

� ��
�
�

2

2

2

2

2
1

.

   = 
d y
dx

dy
dx

z
dy
dx

2

2 1 �
�

�

�
�
�

�

�





� �  = d y
dx

z

z
dy
dx

2

2
�

(iii) ŒÔÀfl¡ 
d y
dx

2

2 -¤¬ı˛ ˜±Ú ¬ıø¸À˚˛ ¬Û±˝◊√√

c z
dy
dx

z
dz
dx

z
dy
dx

���
�
�

� �

øfl¡z≈¬,  z
dy
dx

dy
dx

� � � �	


� �1 0

2

dz
dx

z
c

�

’Ó¬¤¬ı ¸˜±fl¡˘ fl¡À¬ı˛ log z = x
c  + K

’Ô¬ı±,  
dy
dx

dy
dx

Ke Kx c� � �	


� � �1

2
/ ,  ÒË≈¬ıfl¡ (v)

� � � �	


� � �dy

dx
dy
dx K

e x c1 12
/

’Ó¬¤¬ı  
dy
dx Ke K ex c x c� � �1

2
1/ /� �
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y cKe c
K

e Kx c x c� � � ��1
2

/ /� �     Œ˚‡±ÀÚ K	= ÒË≈¬ıfl¡ (5)

¤‡Ú ˚ø√ ¸”SøÈ¬¬ı˛ Œ˚‡±ÀÚ ¶Û˙«fl¡ ’Ú≈ˆ”¬ø˜fl¡ Œ¸ ø¬ıμ≈øÈ¬¬ı˛ x-àÔ±Ú±efl¡ = 0 ¤¬ı— y àÔ±Ú±efl¡ = c øÚÀ˘

(iv) › (v) ŒÔÀfl¡ K= 1, K	�= 0.

’Ó¬¤¬ı ¸”SøÈ¬¬ı˛ ¸˜œfl¡¬ı˛Ì ˝√˘

y = c cosh x
c      (vi)

’±¬ı±¬ı˛

ds
dx

dy
dx

h x
c

x
c� �

2 2
2 21 1� � �	 
� � � �sin cosh

’Ó¬¤¬ı

ds x
c

dx� cosh

¸˜±fl¡˘ fl¡À¬ı˛

s c x
c

� �sinh  ÒË≈¬ıfl¡

øfl¡z≈¬ x = 0 ø¬ıμ≈ ŒÔÀfl¡ s ˜±¬Û± ˝√√À˘ s = 0 ’Ó¬¤¬ı ¤‡±ÀÚ ÒË≈¬ıfl¡ = 0

s c x
c

� sinh      (vii)

’Ó¬¤¬ı s c x
c

c x
c

2 2 2 2 2 1� � �sinh cosh� �

�  s2 + c2 = y2     (viii)

’±¬ı±¬ı˛

dy
dx

x
c

s
c

� � �tan sinh�

�  s = c tan �      (ix)
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’±¬ı±¬ı˛ (iii) ŒÔÀfl¡ T = mgc ds
dx  = mgc sec �� = mgy

’Ó¬¤¬ı y Œ˚‡±ÀÚ ¸À¬ı«±2‰¬ Œ¸‡±ÀÚ È¬±Ú T ¬ı‘˝√√M√√˜º

ø¸X±z¬ –

1. fl¡…±ÀÈ¬Ú±¬ı˛œøÈ¬¬ı˛ x = 0 ø¬ıμ≈¬ı˛ øÚÈ¬fl¡àÔ x-¤¬ı˛ ¶§ä˜±ÀÚ¬ı˛ Ê√Ú… fl¡…±ÀÈ¬Ú±¬ı˛œøÈ¬Àfl¡ ¤fl¡øÈ¬ ’øÒ¬ı‘M√√

¡Z±¬ı˛± ¬ı˛”¬Û±z¬ø¬ı˛Ó¬ fl¡¬ı˛± ˚±˚˛ fl¡±¬ı˛Ì

y c x
c

c e ex c x c� � � �cosh / /
2 � �

12 Ú— ø‰¬S

x
c  -¤¬ı˛ ˜±Ú ¶§ä ˝√√À˘ 

x
c

2

2  ¬Û√ ¬Û˚«z¬ Œ¬ı˛À‡ ¬Û±˝◊√√

  y c x
c

� �
2

2
 ’Ô¬ı±  x c y c2 2� �( )

˝◊√√˝√√± ¤fl¡øÈ¬ ’øÒ¬ı‘M√√º

2. x-¤¬ı˛ ˜±Ú ‡≈¬ı Œ¬ı˙œ¬ı˛ Ê√Ú… fl¡…±ÀÈ¬Ú±¬ı˛œ¬ı˛ ’±¸iß ¬ı˛”¬Û ¤fl¡øÈ¬ ¸”‰¬fl¡ ’À¬Ûé¬fl¡ (Exponential

Function)

y c e e c ex c x c x c� � ��
2 1 2

2/ / /� �

˚‡Ú x ‡≈¬ı ¬ıÎ¬ˇº

3. fl¡…±ÀÈ¬Ú±¬ı˛œ õ∂±Àz¬ È¬±Ú ’Ó¬…z¬ Œ¬ı˙œ ˝√√À˘ ¸”SøÈ¬ ’øÒ¬ı‘M√√±fl¡±¬ı˛ Ò±¬ı˛Ì fl¡À¬ı˛º

È¬±Ú Œ¬ı˙œ ˝√√À˘ c Œ¬ı˙œ ˝√√À¬ıº Ó¬± ˝√√À˘

y c x
c

c e ex c x c� � � �cosh / /
2

 = c 1
2 24

2

2

4

4� � ��
��

�
��

x
c

x
c

. . . . .
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�  2cy = 2c2 + x2 + 
x
c

4

212
�. . . . .

2c (y – c) = x2

˚ø√ 
x
c

4

2  › ’±¬ı˛› é≈¬^Ó¬¬ı˛ ¬Û√ ’¢∂±˝√√… fl¡¬ı˛± ˝√√˚˛º

¤øÈ¬ ¤fl¡øÈ¬ ’øÒ¬ı‘ÀM√√¬ı˛ ¸˜œfl¡¬ı˛Ìº ¤¬ı˛ ˙œ¯∏« ˝√√˘ y = c, x = 0 ø¬ıμ≈ÀÓ¬ ¤¬ı— Ú±øˆ¬˘•§ 2c.

8.4.4 Î¬◊√±˝√√¬ı˛Ì

1. ¤fl¡˝◊√√ Î¬◊2‰¬Ó¬±˚˛ ’¬ıøàÔÓ¬ ≈√øÈ¬ ˜¸‘Ì Œ¬ÛÀ¬ı˛Àfl¡¬ı˛ ˜±ÀÁ¡ ¤fl¡øÈ¬ ¸≈¯∏˜ ¸”S ¤˜Úˆ¬±À¬ı Á≈¡˘ÀÂ√ Œ˚

¸”SøÈ¬¬ı˛ ≈√˝◊√√ õ∂±z¬ Œ¬ÛÀ¬ı˛fl¡ ≈√øÈ¬¬ı˛ ≈√˝◊√√ ¬Û±Àù´« ˘•§ˆ¬±À¬ı Ô±Àfl¡º ˚ø√ Œ¬ÛÀ¬ı˛fl¡·≈ø˘¬ ŒÔÀfl¡ ¸”ÀS¬ı˛ õ∂±z¬¡Z˚˛

12 ø˜È¬±¬ı˛ øÚÀ•ß Ô±Àfl¡ ¤¬ı— Œ¬ÛÀ¬ı˛Àfl¡¬ı˛ fl¡±ÀÂ√ fl¡…±ÀÈ¬Ú±¬ı˛œ¬ı˛ ¶Û˙«fl¡ ’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸Àe· 60° Œfl¡±Ì fl¡¬ı˛À˘,

¸”SøÈ¬¬ı˛ Δ√‚« fl¡Ó¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – A › B ŒÓ¬ Œ¬ÛÀ¬ı˛fl¡ ≈√øÈ¬¬ı˛ ”√¬ı˛Q 2a ˝√√À˘ y c x
c

� cosh  fl¡…±ÀÈ¬Ú±¬ı˛œ s = c tan �

Δ√‚« VPB = s ˝√√À˘ s = c tan 60° = c 3

13 Ú— ø‰¬S

A › B ø¬ıμ≈ÀÓ¬ È¬±Ú TA ˝√√À˘

TA cos 30° = 12 ø˜. √œ‚« ¸”ÀS¬ı˛ ›Ê√Ú = 12 mg

� TA = 12 mg × 2
3

 = 8 3  mg
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’±¬ı±¬ı˛ TA = mgc sec �� = 2mgc

� 2mgc = 12 mg

� c = 6 ø˜È¬±¬ı˛

’Ó¬¤¬ı Δ√‚« VPB = c 3 6 3�

’Ó¬¤¬ı ¸”SøÈ¬¬ı˛ ¬Û”Ì«Õ√‚« 24 12 3�� � ø˜.

2. l-Δ√À‚«¬ı˛ ¤fl¡øÈ¬ ¸≈¯∏˜ ˙‘∫˘ ¤fl¡˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±˚˛ A › B ø¬ıμ≈ ≈√øÈ¬ ŒÔÀfl¡ ŒÁ¡±˘±ÀÚ± ˝√√˘º

A › B ø¬ıμ≈ÀÓ¬ È¬±Ú ¸¬ı«øÚ•ß ø¬ıμ≈ÀÓ¬ È¬±ÀÚ¬ı˛ n ·≈Ì ˝√√À˘ AB ”√¬ı˛Q �
�

� �1

1
1

2
2

n
n nelog

˝√√À¬ı, Œ√‡±Úº

¸˜±Ò±Ú – ˙‘∫˘øÈ¬ fl¡…±ÀÈ¬Ú±¬ı˛œ ¤¬ı— T0 = ¸¬ı«øÚ•ß ø¬ıμ≈ O ŒÓ¬ È¬±Ú = mgc Ó¬±˝√√À˘ A ø¬ıμ≈ÀÓ¬

È¬±Ú n mgc ’Ó¬¤¬ı O ŒÔÀfl¡ A ¬Û˚«z¬ ˙‘∫À˘¬ı˛ Δ√‚« s ˝√√À˘,

s = c tan �

¤¬ı— T = mgc sec �

� n mgc = mgc sec �

� n = sec �

� s = c tan �� �� c n2 1�

’Ó¬¤¬ı ˙‘∫˘øÈ¬¬ı˛ Δ√‚« = 2 12c n �

’Ó¬¤¬ı l = 2 12c n �

’±¬ı±¬ı˛ B ø¬ıμ≈¬ı˛ x-àÔ±Ú±efl¡ a ˝√√À˘ AB = 2a. øfl¡z≈¬

y2 = c2 + s2 = c2 + c2 (n2 – 1)

 = c2n2

’±¬ı±¬ı˛ y c x
c

� cosh

�  cn = c a
c

cosh
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�  cosh a
c

n�

�  ea/c + e–a/c  2n

¬ı±, e2a/c – 2nea/c + 1 = 0

¬ı±, ea/c = n + n2 1�

�
a
c

n ne� � �log 2 1

� AB = 2a = 2c loge n n� �2 1

    = 
l

n
n ne2

2

1
1

�
� �log

3. 2l Δ√À‚«¬ı˛ › W ›Ê√ÀÚ¬ı˛ ¤fl¡øÈ¬ ¸≈¯∏˜ ˙‘∫˘ ¤fl¡˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±˚˛ ≈√øÈ¬ ø¬ıμ≈ A › B ŒÔÀfl¡

ŒÁ¡±˘±ÀÚ± ˝√√À˚˛ÀÂ√ ¤¬ı— ˜Ò…ø¬ıμ≈ D ŒÔÀfl¡ ¤fl¡øÈ¬ P ˆ¬±¬ı˛ õ∂˚≈q¡ ˝√√À˚˛ÀÂ√º AB Œ¬ı˛‡± ŒÔÀfl¡ D ¤¬ı˛

·ˆ¬œ¬ı˛Ó¬± h ˝√√À˘ A › B ø¬ıμ≈ÀÓ¬ È¬±Ú = 
1
2 2

2 2
P l

h
W h l

hl
� ��

��
�
��

14 Ú— ø‰¬S

˙‘∫˘øÈ¬¬ı˛ AD ’—˙ › BD ’—˙ ≈√øÈ¬ ¤fl¡ Ò¬ı˛ÀÌ¬ı˛ fl¡…±ÀÈ¬Ú±¬ı˛œ ˝√√À¬ıº AD Œfl¡ ¬ıøÒ«Ó¬ fl¡À¬ı˛ EDA

¤fl¡øÈ¬ fl¡±äøÚfl¡ fl¡…±ÀÈ¬Ú±¬ı˛œ ˚±¬ı˛ øÚ•ßÓ¬˜ ø¬ıμ≈ E.

P ›Ê√Ú ¬ı˘Àfl¡ 2T sin �� øÚ¬ı˛d¬ fl¡À¬ı˛º ’Ô«±» P = 2T sin �

‰¬±¬Û ED = s ˝√√À˘ fl¡…±ÀÈ¬Ú±¬ı˛œ¬ı˛ ¸≈S ŒÔÀfl¡

s = c tan �� = T sin � (i)
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fl¡…±ÀÈ¬Ú±¬ı˛œ ADE ŒÔÀfl¡ ¬Û±˝◊√√

T = mg y = W
l

y2

y = c sec �

s = c tan �

� P = 2 2
W

l
y

Wy
l

s
y

Ws
l

sin � � �

’±¬ı±¬ı˛

y2 = s2 + c2 (D ø¬ıμ≈¬ı˛ Ê√Ú…]

¤¬ı—

(y + h)2 = (s + l)2 + c2 (A ø¬ıμ≈¬ı˛ Ê√Ú…]

’Ó¬¤¬ı

(y + h)2 – y2 = (s + l)2 – s2

¬ı±, 2yh + h2 = 2sl + l2

¬ı±, y l sl h
h

� � �2 22
2

  = l h
h

l
h

s
2 2

2
� � .

  = l h
h

l
h

lP
W

2 2

2
� � .

A ø¬ıμ≈ÀÓ¬ È¬±Ú

T = W
l

y h
2 �
 �

  = 
W

l
h l h

h
l P
hW2 2

2 2 2
� � ��

��
�
��

  = 
1
2 2

2 2Wh
l

W l h
hl

lP
h

�
�

��
��

	

�

( )
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� � = 
1
2

2
2

2 2 2Pl
h

W h l h
hl

� � ��
��

	

�

  = 
1
2 2

2 2Pl
h

W l h
hl

� ��
��

�
��

8.5 ¸˜˙øq¡ fl¡…±ÀÈ¬Ú±¬ı˛œ (Catenary of Uniform Strength)

Œfl¡±Ú ˆ¬±¬ı˛œ ¸”S ˚ø√ ’øˆ¬fl¡¯∏« ’ÒœÚ Á≈¡À˘ ¤¬ı— ¤˜Ú ˝√√˚˛ Œ˚ Î¬◊˝√√±¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ¤fl¡fl¡

Δ√À‚«¬ı˛ ˆ¬¬ı˛ ‹ ø¬ıμ≈¬ı˛ È¬±ÀÚ¬ı˛ ¸˜±Ú≈¬Û±Ó¬œ ’Ú≈ˆ”¬ø˜fl¡ ø√Àfl¡ x-’é¬ › Î¬◊Ò√ı« Î¬◊~•§ ø√Àfl¡ y-’é¬ øÚÀ˘

’±˜¬ı˛± ¬Û±˝◊√√ ¬ıø˝√√–àÔ ¬ı˘ (X, Y) Œ˚‡±ÀÚ X = 0 ¤¬ı— Y = – g ¤¬ı— õ∂øÓ¬ ¤fl¡fl¡ Δ√À‚«¬ı˛ ˆ¬¬ı˛ ˝√√˘

m = KT, Œ˚‡±ÀÚ K = ÒË≈¬ıfl¡ › T ˝√√˘ ¸”SøÈ¬¬ı˛ ‹ ø¬ıμ≈ÀÓ¬ È¬±Úº ¤Àé¬ÀS x › y ø√Àfl¡ ¸±˜… ¸˜œfl¡¬ı˛Ì

≈√øÈ¬ ˝√√˘

d
ds

T dx
ds� � � 0  ¤¬ı— 

d
ds

T
dy
ds

mg KTg�	 
� � �

õ∂Ô˜øÈ¬¬ı˛ ¸˜±fl¡˘ fl¡À¬ı˛

T dx
ds

C�  [ÒË≈¬ıfl¡] (1)

ø¡ZÓ¬œ˚˛øÈ¬ ˝√√˘

d
dx

T
dy
dx

dx
ds

dx
ds

KTg�	 
� �

¬ı± (1) ŒÔÀfl¡

d
dx

C
dy
dx

dx
ds

KgC ds
dx

�
	



� �

¬ı±,
d y
dx

Kg ds
dx Kg

dy
dx

2

2

2 2
1� � � �	



�

�
	�



��� �

�

d y
dx

dy
dx

Kg

2

2

2
1 � 
�

�
�

�
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¬ı±,

d
dy
dx

dy
dx

Kg dx



�
�
�

� 
�
�
�

�

1
2

¸˜±fl¡˘ fl¡À¬ı˛

tan� � �1 dy
dx

Kgx A A = ÒË≈¬ıfl¡

Œ˚‡±ÀÚ ¸”SøÈ¬¬ı˛ ¶Û˙«fl¡ ’Ú≈ˆ”¬ø˜fl¡, Ó¬±¬ı˛ x-àÔ±Ú±efl¡ = 0 ŒÚ›˚˛± ˝√√À˘ A = 0

’Ó¬¤¬ı 
dy
dx

Kgx� 
 �tan

¸˜±fl¡˘Ú fl¡À¬ı˛

y
Kg

Kgx B� � 
 � �1 log cos

˚ø√ x = 0, y = 0 ¸”SøÈ¬¬ı˛ ø¬ıμ≈ Ò¬ı˛± ˝√√˚˛, Ó¬±˝√√À˘ B = 0 ¤¬ı—

y Kg Kgx� � 
 �1 log cos

¸˜˙øq¡ fl¡…±ÀÈ¬Ú±¬ı˛œ¬ı˛ ¸˜œfl¡¬ı˛Ìº Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ È¬±Ú

T C ds
dx

C
dy
dx

� � � �	


�1

2

= C sec Kgx

’Ó¬¤¬ı

s
Kg

Kgx� �1
4

log tan �� �

Œ˚‡±ÀÚ s ˜±¬Û± ˝√√À26√ x = 0, y = 0 ø¬ıμ≈ ŒÔÀfl¡º
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8.5.1 Î¬◊√±˝√√¬ı˛Ì

d-”√¬ı˛ÀQ ’¬ıøàÔÓ¬ › ¤fl¡˝◊√√ Î¬◊2‰¬Ó¬±ø¬ıø˙©Ü ≈√˝◊√√ d¬Ày¬¬ı˛ ˜±Á¡‡±ÀÚ Œfl¡±Ú øÚø«√©Ü ¬ıd≈¬ ¡Z±¬ı˛± øÚø˜«Ó¬

¤fl¡øÈ¬ ŒÈ¬ø˘¢∂±ÀÙ¬¬ı˛ Ó¬±¬ı˛Àfl¡ ¤˜Úˆ¬±À¬ı Á≈¡˘±ÀÚ± ˝√√À˚˛ÀÂ√ Œ˚ l d¬y¬¡ZÀ˚˛ Ó¬±À¬ı˛¬ı˛ È¬±Ú é≈¬^Ó¬˜ ˝√√˚˛º Ó¬±À¬ı˛¬ı˛

Δ√‚« l ˝√√À˘ Œ√‡±Ú Œ˚

l d�
�

�sinh  Œ˚‡±ÀÚ �� tanh �� = 1

15 Ú— ø‰¬S

¸˜±Ò±Ú – fl¡…±ÀÈ¬Ú±¬ı˛œ¬ı˛ ¸˜œfl¡¬ı˛Ì y = C cosh x
c  ˝√√À˘ ¤¬ı— AM = BN d¬y¬-Î¬◊2‰¬Ó¬± AB = d,

AD ‰¬±¬Û = l/2

A ø¬ıμ≈ÀÓ¬ È¬±Ú T ˝√√À˘ A ø¬ıμ≈ÀÓ¬ y c d
c

� cosh 2

� T = mgy = mgc cosh d
c2 (1)

’±¬ı±¬ı˛

s = c sinh 
x
c

�
l c d

c2 2� sinh (2)

¤‡Ú È¬±Ú c-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º
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’Ó¬¤¬ı é≈¬^Ó¬˜ T-¤¬ı˛ Ê√Ú…

d
dc

c d
c

cosh 2 0� � �

cosh sinhd
c

c d
c

d
c2 2 2

02� � �� �� �

¬ı±, 1 2 2 0� �d
c

d
c

tanh (3)

˚‡Ú È¬±Ú é≈¬^Ó¬˜ Ó¬‡Ú (2) ŒÔÀfl¡

l c d
c

� 2 2sinh (4)

(3) › (4) ŒÔÀfl¡ 
d
c2 � �  ¬ı¸±À˘ ¬Û±˝◊√√

1 – �� tanh �� = 0

¤¬ı—  l = 
d
�

 sinh �

8.6 ¸±¬ı˛±—˙

¤˝◊√√ ¤fl¡Àfl¡

(1) ¬ıœ˜ ¤¬ı˛ Œ˚ Œfl¡±Ú õ∂àÔÀ26√À√¬ı˛ Î¬◊¬Û¬ı˛ ’z¬ ¬ı˘ ¸•§À&Ò ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¶Û±˙«fl¡ ¬ı˘

› Ú˜Ú √w¬±˜fl¡ øfl¡ˆ¬±À¬ı ø√flË¡˚˛± fl¡À¬ı˛ Ó¬±˝√√± ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¶Û±˙«fl¡ ¬ı˘ S ¤¬ı— M Ú˜√Ú √w¬±˜fl¡

¬ıÀ˘ ¤¬ı— ’Ú… Œfl¡±Ú ¬ı˘ Ú± Ô±fl¡À˘ 
dM
dx

S� � . ˚ø√ ¬ıœÀ˜¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ˆ¬±À¬ı ¸≈¯∏˜ˆ¬±À¬ı õ∂øÓ¬ ¤fl¡Àfl¡

W ˆ¬±¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛ Ó¬± ˝√√À˘ 
dS
dx

W� � , ¤¬ı— 
dM
dx

S� � .

(2) ¤fl¡øÈ¬ Ú˜Úœ˚˛ ¸”ÀS È¬±Ú ¬ı˘˝◊√√ ¤Àé¬ÀS õ∂Ò±Ú ¤¬ı— ¬ıø˝√√–àÔ ¬ıÀ˘¬ı˛ ’ÒœÚ ø¬ıøˆ¬iß ¬ı˛”¬Û Ò±¬ı˛Ì

fl¡À¬ı˛º

(3) ¸≈¯∏˜ ˆ¬±¬ı˛œ ¸”ÀS¬ı˛ ·±øÌøÓ¬fl¡ ¬ı˛”¬ÛøÈ¬ ˝√√˘ fl¡…±ÀÈ¬Ú±¬ı˛œ y c x
c

� cosh  , ¤˝◊√√ ¸˜œfl¡¬ı˛Ì Œ˚‡±ÀÚ

x-’é¬ ’Ú≈ˆ”¬ø˜fl¡ › y-’é¬ Î¬◊~•§ ø√Àfl¡ ¤¬ı— Ó¬±À¬ı˛¬ı˛ øÚ•ßÓ¬˜ ø¬ıμ≈ x = 0, y = c. ˚ø√ Ó¬±¬ı˛øÈ¬¬ı˛

Î¬◊¬Û¬ı˛ ’Ú…±Ú… ¬ı˘ Ô±Àfl¡ Œ˚Àé¬ÀS Ó¬±¬ı˛øÈ¬ fl¡…±ÀÈ¬Ú±¬ı˛œ¬ı˛ ¤fl¡øÈ¬ ’—˙ ø¬ıÀ˙¯∏ ˝√√À¬ıº
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(4) Ó¬±¬ı˛øÈ¬ ˚ø√ ¸≈¯∏˜ Ú± ˝√√˚˛ Ó¬À¬ı ¬ı˛”¬Û ¤fl¡È≈¬ ’±˘±√± ˝√√˚˛ Œ˚˜Ú ¸˜˙øq¡ fl¡…±ÀÈ¬Ú±¬ı˛œ Œ˚‡±ÀÚ

¤fl¡fl¡ Δ√À‚«¬ı˛ ˆ¬¬ı˛ m = KT, T = È¬±Ú, K = ÒË≈¬ıfl¡º ’Ô«±» ¤‡±ÀÚ Œ√›˚˛± ’±ÀÂ√ Œ˚ È¬±ÀÚ¬ı˛ ¸Àe·

ˆ¬¬ı˛ ¸˜±Ú≈¬Û±Ó¬œº ¤‡±ÀÚ yKg = log sec (Kgx)

(5) ¤˝◊√√ ¤fl¡Àfl¡ ¸±Ò±¬ı˛Ìˆ¬±À¬ı Œ˚ Œfl¡±Ú ¸”ÀS¬ı˛ ¸±˜… xy-Ó¬À˘ Ê√±Ú±¬ı˛ Ê√Ú… ¸˜œfl¡¬ı˛Ì Ê√±Ú± ˚±˚˛º

Œfl¡±Ú õ∂fl¡±¬ı˛ ¬ı˘ õ∂˚≈q¡ ˝√√À˘, ¸”SøÈ¬ øfl¡ ’±fl¡±¬ı˛ Ò±¬ı˛Ì fl¡¬ı˛À¬ı Ó¬±˝√√± Ê√±Ú± ˚±À¬ıº

8.7 ¸¬ı«À˙¯∏ õ∂ùü±¬ı˘œ

1. ¤fl¡øÈ¬ ’¸˜ ¸”S ’øˆ¬fl¡¯∏« ’ÒœÚ Á≈¡˘ÀÂ√º ¸”SøÈ¬¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ õ∂àÔÀ26√√ ‹ ø¬ıμ≈¬ı˛ È¬±ÀÚ¬ı˛

¬ı…d¬ ¸˜±Ú≈¬Û±Ó¬œº õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ ¸”SøÈ¬ ¤fl¡øÈ¬ ’øÒ¬ı‘ÀM√√¬ı˛ ’±fl¡±À¬ı˛ Á≈¡˘ÀÂ√º

16 Ú— ø‰¬S

x-’é¬ ’Ú≈ˆ”¬ø˜fl¡ ø√Àfl¡ y-’é¬ Î¬◊Ò√ı« Î¬◊~•§ ø√Àfl¡º

¸±˜… ¸˜œfl¡¬ı˛Ì ≈√øÈ¬ ˝√√˘

d
ds

T dx
ds� � � 0 (1)

d
ds

T
dy
ds

mg�	 
� � � 0 (2)

¤‡Ú m = Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ¤fl¡fl¡ Δ√À‚«…¬ı˛ ˆ¬¬ı˛

m K
T

�

K = ÒË≈¬ıfl¡, T = È¬±Ú (3)

(1) ŒÔÀfl¡ T dx
ds

C� �  [ÒË≈¬ıfl¡]
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¤¬ı— (2) ŒÔÀfl¡

d
dx

C ds
dx

dy
ds

Kg
T

.�
	



� � � 0

¬ı±,
d
ds

C
dy
dx

kg

C ds
dx



�

�
� � � 0

¬ı±,
d y
dx

kg
C

2

2 2 0� �

y = 
gK
c

x Ax B
2 2

2 � �

Œ˚‡±ÀÚ A, B ÒË≈¬ıfl¡º ˝◊√√˝√√± ¤fl¡øÈ¬ ’øÒ¬ı‘M√√º

2. ¤fl¡øÈ¬ ˝√√±{√®± ¸˜Õ√‚« ¸”S ¤fl¡øÈ¬ ¬ı˛≈é¬ ¸˜Ó¬˘œ˚˛ ¬ıÀ√flË¡¬ı˛ Î¬◊¬Û¬ı˛ ¸œ˜±àÔ ¸±À˜… ’±ÀÂ√º ˚ø√ Œfl¡±Ú›

¬ıø˝√√–àÔ ¬ı˘ Î¬◊˝√√±¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛± Ú± fl¡À¬ı˛, Ó¬± ˝√√À˘ ¸”SøÈ¬¬ı˛ È¬±Ú øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº

17 Ú— ø‰¬S

PQ ’—À˙¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˘¸˜”˝√√ ˚Ô±√flË¡À˜ T, T + �T ’øˆ¬˘•§ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ R ¤¬ı— ‚¯∏«Ì ¬ı˘

�R P ø¬ıμ≈ÀÓ¬, ’Ó¬¤¬ı ¸±À˜…¬ı˛ Ê√Ú… P ø¬ıμ≈ÀÓ¬ ¶Û˙«fl¡ › ’øˆ¬˘•§ ø√Àfl¡ ø¬ıÀù≠ø¯∏Ó¬ fl¡À¬ı˛ ¬Û±›˚˛±

˚±˚˛º

(T + �T) cos ��� = T + �R �s

(T + �T) sin ��� = R �s
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’Ó¬¤¬ı �s ø√À˚˛ ˆ¬±· fl¡À¬ı˛ �s �� 0 fl¡¬ı˛À˘ ¬Û±˝◊√√

dT
ds

R� � (i)

T
d
ds

R
�

� (ii)

’Ó¬¤¬ı (i) › (ii) ŒÔÀfl¡

dT
T

d� � �

¸˜±fl¡˘Ú fl¡À¬ı˛ T = T0 e��

Œ˚‡±ÀÚ T = T0 ˚‡Ú �� = 0

’Ó¬¤¬ı �� ¬ı‘øX¬ı˛ ¸Àe· T ¬ı‘øX ¬Û±À¬ıº ¤fl¡øÈ¬ √øÎ¬ˇÀfl¡ ¤fl¡øÈ¬ ¬ı˛≈é¬ ‡“≈√øÈ¬¬ı˛ ‰¬±¬ı˛ø√Àfl¡ ¤fl¡ ¬Û±fl¡ ø√À˘

≈√øÈ¬ õ∂±Àz¬¬ı˛ È¬±Ú-¤¬ı˛ ’Ú≈¬Û±Ó¬ e2��� ˝√√À¬ıº

3. l Δ√À‚«…¬ı˛ ˆ¬±¬ı˛œ ¸”S ≈√øÈ¬ ø¬ıμ≈ ŒÔÀfl¡ ŒÁ¡±˘±Ú ˝√√˘º ˚ø√ ø¬ıμ≈ ≈√øÈ¬ ¤fl¡˝◊√√ Î¬◊~•§ Œ¬ı˛‡±˚˛ Ú±

Ô±Àfl¡ ¤¬ı— fl¡…±ÀÈ¬Ú±¬ı˛œ¬ı˛ ˙œ¯∏«ø¬ıμ≈ Î¬◊˝√√±À√¬ı˛ ˜ÀÒ… Ú± Ô±Àfl¡ Ó¬À¬ı Œ√‡±Ú Œ˚ K ø¬ıμ≈¬ı˛ ≈√øÈ¬¬ı˛ ˜ÀÒ… Î¬◊~•§

”√¬ı˛Q ˝√√À˘

K l�
�

�

cos /
cos /

� �

� �

� �
� �

2
2

Œ˚‡±ÀÚ �, 	� ˝√√˘ õ∂±z¬ ø¬ıμ≈¡ZÀ˚˛¬ı˛ ¶Û˙«fl¡ › Î¬◊~•§ Œ¬ı˛‡±¬ı˛ ˜ÀÒ… Œfl¡±Ìº

¸˜±Ò±Ú –

18 Ú— ø‰¬S
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õ∂ùü ’Ú≈¸±À¬ı˛

y c
x
c1
1� cosh y c

x
c2
2� cosh

� K y y c
x
c

x
c� � � ��

�
�
�1 2

1 2cosh cosh

øfl¡z≈¬

y1 = c sec � y2 = c sec 	

� k = c (sec �� – sec 	) (i)

’±¬ı±¬ı˛

s1 = c tan � s2 = c tan 	

¤¬ı—

l = s1 – s2 = c (tan �� – tan 	) (ii)

’Ó¬¤¬ı

k
l
�

�
�

�
�
�

sec sec
tan tan

cos cos
sin cos sin cos

� �
� �

� �
� � � �

= 
cos cos

sin
	 �

� 	

�

�� �

= 
sin sin

sin cos

	 � � 	

� 	 � 	

��
	



�

��
	



�

��
	



�

��
	



�

2 2

2 2

4. ¤fl¡øÈ¬ ¸”S ’øˆ¬fl¡À¯∏«¬ı˛ ’ÒœÀÚ Á≈¡˘ÀÂ√ ¤¬ı— ¸”SøÈ¬¬ı˛ õ∂øÓ¬øÈ¬ é≈¬^ ’—À˙¬ı˛ ˆ¬±¬ı˛ ’±Ú≈ˆ”¬ø˜Àfl¡¬ı˛

Î¬◊¬Û¬ı˛ ‹ ’—À˙¬ı˛ ˘•§ ’øˆ¬Àé¬À¬Û¬ı˛ ¸ø˝√√Ó¬ ¸˜±Ú≈¬Û±Ó¬œº ¸”SøÈ¬¬ı˛ ¸˜œfl¡¬ı˛Ì øfl¡¬ı˛”¬Û∑

19 Ú— ø‰¬S
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¸”SøÈ¬¬ı˛ ¸¬ı«øÚ•ß ø¬ıμ≈ O ŒÓ¬ È¬±Ú T0. ‹ ø¬ıμ≈ÀÓ¬ ’Ú≈ˆ”¬ø˜fl¡ ø√Àfl¡ x ¤¬ı— Î¬◊~•§ ø√Àfl¡ y-’é¬

øÚÀ˘ ¤¬ı— P ¤fl¡øÈ¬ ¸”ÀS¬ı˛ ø¬ıμ≈ ˝√√À˘ OP ’—À˙¬ı˛ ¸±À˜…¬ı˛ Ê√Ú…

T cos �� = T0

¤¬ı—

T dx x
x

sin � � �� ��
0

� tan � 
� x
T0

¬ı±,
dy
dx

x
T

� �

0

� dy T x dx� 


0

� y T
X� �


0

2

2   (� y = 0 ˚‡Ú x = 0]

’Ó¬¤¬ı ¤øÈ¬ ¤fl¡øÈ¬ ’øÒ¬ı‘M√√ ’±fl¡±À¬ı˛ ˝√√À¬ıº

˜z¬¬ı… – Á≈¡˘z¬ Œ¸Ó≈¬¬ı˛ Œé¬ÀS ¤˝◊√√ ¸”ÀS¬ı˛ õ∂À˚˛±· ’±ÀÂ√º
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¤fl¡fl¡ 9 � fl¡±˚« › fl¡øäÓ¬ fl¡±˚«ÚœøÓ¬ (Work Principle of
Virtual Work)

·Í¬Ú

9.1 õ∂d¬±¬ıÚ±

9.2 Î¬◊ÀV˙…

9.3 fl¡±˚« (Work)

9.3.1 ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ fl¡±˚«

9.3.2 ›Ê√Ú ¬ı˘ fl¡Ó‘«¬fl¡ fl‘¡Ó¬fl¡±˚«

9.4

9.4.1 ¬Ûø¬ı˛¬ıÓ«¬Ú˙œ˘ ¬ıÀ˘¬ı˛ Œé¬ÀS fl¡±À˚«¬ı˛ ¸—:± › ¸—¬ı˛é¬œ ¬ı˘ (Conservative force)

9.4.2 ¸—¬ı˛é¬œ ¬ı˘ ˝√√›˚˛±¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬

9.5 ¬ı˘¡ZiZ fl¡Ó‘«¬fl¡ fl‘¡Ó¬fl¡±˚«

9.5.1 øàÔøÓ¬àÔ±¬Ûfl¡ ¸”ÀS¬ı˛ (Elastic string) Δ√‚« ¬ı‘øX¬ı˛ Ê√Ú… fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì

9.5.2 fl¡øÓ¬¬Û˚˛ ø√flË¡˚˛±-õ∂øÓ¬ø√flË¡˚˛± ¬ıÀ˘¬ı˛ fl¡±˚«

9.6 ¸±Ò±¬ı˛Ìœfl‘¡Ó¬ àÔ±Ú±efl¡ (Generalized Co-ordinates)

9.7 ø¬ıøˆ¬iß õ∂fl¡±À¬ı˛¬ı˛ ¬ı±Òfl¡ (Different Types of Constraints)

9.7.1 ¬ı±Òfl¡ ¸•§&Òœ˚˛ õ∂øÓ¬:±

9.8 fl¡øäÓ¬ fl¡±˚«ø¬ı¯∏˚˛fl¡ ÚœøÓ¬ (Principal of Virtual Work)

9.8.1 õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ¸•Ûøfl«¡Ó¬ õ∂fl¡ä

9.8.2 fl¡øäÓ¬ fl¡±˚«ÚœøÓ¬¬ı˛ õ∂À˚˛±Ê√Úœ˚˛Ó¬±

9.8.3 fl¡Ó¬fl¡·≈ø˘ ø¬ıÀ˙¯∏ Œé¬ÀS fl¡øäÓ¬ fl¡±˚«ÚœøÓ¬¬ı˛ õ∂˜±Ì

9.9 fl¡øäÓ¬ fl¡±˚«ÚœøÓ¬¬ı˛ õ∂À˚˛±·

9.10. ¬Ûø¬ı˛ø˙©Ü
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9.11 Î¬◊√± √̋√¬ı˛Ì˜±˘±

9.12 ¸±¬ı˛±—˙

9.13 ¸¬ı«À˙¯∏ õ∂ùü±¬ıø˘

9.1 õ∂d¬±¬ıÚ±

Œfl¡±Ú ¬ıd≈¬ ¬ı± ¬ıd≈¬¬Û≈À?¬ı˛ Î¬◊¬Û¬ı˛ ¬ı±˝◊√√À¬ı˛ ŒÔÀfl¡ ¬ı˘¸˜”˝√√ õ∂˚≈q¡ ˝√√À˘ ¬ıd≈¬¬ı˛ ¤fl¡øÈ¬ ’—À˙¬ı˛ ¸Àe· ’¬Û¬ı˛

’—À˙¬ı˛ ˜ÀÒ… ¬Û±¬ı˛¶Ûø¬ı˛fl¡ ø√flË¡˚˛±-¬õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ Œ√‡± Œ√˚˛º Ù¬À˘ ¬ıd≈¬¬ı˛ ¸±˜… ¸˜œfl¡¬ı˛ÀÌ, ‹ ’z¬¬ı«˘

àÔ±Ú Œ¬ÛÀÓ¬ ¬Û±À¬ı˛º Ó¬±Â√±Î¬ˇ± ¤˜Ú fl¡Ó¬·≈ø˘ ¬ı˘ ’±ÀÂ√ Œ˚˜Ú ˜¸‘Ì Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ õ∂øÓ¬ø√flË¡˚˛±¬ı˘, Œ˚·≈ø˘

Œfl¡±Ú ¸±˜±Ú… ¸¬ı˛ÀÌ¬ı˛ Ê√Ú… Œfl¡±Ú fl¡±˚« fl¡À¬ı˛ Ú±º ˘±¢∂±? ¤ ø¬ı¯∏À˚˛ ¤fl¡øÈ¬ Ó¬N ¬ı± ÚœøÓ¬ øÚÒ«±¬ı˛Ì fl¡¬ı˛À˘Ú

Œ˚È¬± ˝√√˘ õ∂˚≈q¡ ¬ı˘À·±á¬œ ¸±À˜… Ô±fl¡À˘ ¸±˜±Ú… ¸¬ı˛ÀÌ¬ı˛ Ê√Ú… ˙”Ú… ¬Ûø¬ı˛˜±Ì fl¡±˚« fl¡À¬ı˛ ¤¬ı— fl¡øäÓ¬

Œ˚ Œfl¡±Ú ¸¬ı˛ÀÌ¬ı˛ Ê√Ú… ˚ø√ õ∂˚≈q¡ ¬ı˘·≈ø˘¬ı˛ Œ˜±È¬ fl¡±˚« ˙”Ú… ˝√√˚˛ Ó¬À¬ı ¬ı˘À·±á¬œ ¸±À˜… Ô±fl¡À¬ıº ¤˝◊√√

ÚœøÓ¬¬ı˛ ¸±˝√√±À˚… ¬ıd≈¬¬ı˛ ¸±˜… øÚÒ«±¬ı˛Ì fl¡¬ı˛± ¸y¬¬ı ˝√√˚˛º ’±¬ı±¬ı˛ Œfl¡±Ú ¬ı±ÒÀfl¡¬ı˛ Ê√Ú… ø√flË¡˚˛±fl¡±¬ı˛œ ¬ı˘ øÚÒ«±¬ı˛Ì

fl¡¬ı˛± ˚±˚˛ ˚ø√ ¸±˜…±¬ıàÔ± ¬Û”À¬ı« Ê√±Ú± Ô±Àfl¡º ¤ˆ¬±À¬ı ¸—¬ı˛é¬œ ¬ı˘ ¸˜øi§Ó¬ ¬ıd≈¬Ó¬ÀLa¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ ˙Ó«¬

fl¡øäÓ¬ fl¡±˚« ˜±Ò…À˜ õ∂fl¡±˙ fl¡¬ı˛± ˝√√˚˛º

9.2 Î¬◊ÀV˙…

¸±À˜…¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ’±˜¬ı˛± ’±À·¬ı˛ ¬Û=˜ ¤fl¡Àfl¡ Œ¬ÛÀ˚˛øÂ√ Œ˚‡±ÀÚ ˙Ó«¬·≈ø˘

¬ı˘·≈ø˘¬ı˛ ˜±Ú, ø√flƒ¡ › õ∂À˚˛±·ø¬ıμ≈ ¡Z±¬ı˛± øÚÒ«±ø¬ı˛Ó¬ ˝√√˚˛º ¤˝◊√√ ¤fl¡Àfl¡ ’±¬ÛÚ±¬ı˛± Œ√‡À¬ıÚ øfl¡ˆ¬±À¬ı ¬¬ıd≈¬Ó¬ÀLa¬ı˛

fl¡øäÓ¬ ¸¬ı˛Ì ø‰¬z¬± fl¡¬ı˛± ˚±˚˛, ¤¬ı— ‹¬ı˛”¬Û fl¡øäÓ¬ ¸¬ı˛ÀÌ¬ı˛ Ê√Ú… õ∂˚≈q¡ ¬ı˘·≈ø˘ øfl¡¬ı˛”¬Û fl¡±˚« fl¡À¬ı˛º ¬ı˘À·±á¬œ¬ı˛

õ∂øÓ¬øÈ¬ ¬ıÀ˘¬ı˛ ¡Z±¬ı˛± fl‘¡Ó¬fl¡±˚« ¸˜ø©Ü¬ı˛ Î¬◊¬Û¬ı˛ ¸±˜… øÚˆ«¬¬ı˛ fl¡À¬ı˛º Œ√‡±ÀÚ± ˚±˚˛ ˚ø√ ¬ıd≈¬Ó¬ÀLa¬ Œfl¡±Ú é¬˚˛˙œ˘

(dispersive) ¬ı˘ Ú± Ô±Àfl¡ [Œ˚˜Ú ‚¯∏«Ì ¬ı˘ ˝◊√√Ó¬…±ø√] ¤¬ı— ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú ¬ı±Òfl¡ ˚ø√ Î¬◊ˆ¬‰¬±¬ı˛œ

’Ô«±» ˚ø√ ¬ı±Òfl¡øÈ¬Àfl¡ ¤fl¡øÈ¬ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¡Z±¬ı˛± Î¬◊¬ÛàÔ±ø¬ÛÓ¬ fl¡¬ı˛± ˚±˚˛ Ó¬À¬ı ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛

› ˚ÀÔ©Ü ˙Ó«¬ ˝√√˘ñ¬ıd≈¬Ó¬ÀLa¬ı˛ ¬ı±Òfl¡ ˆ¬e· Ú± fl¡À¬ı˛ Œ˚ Œfl¡±Ú fl¡øäÓ¬ ¸¬ı˛ÀÌ¬ı˛ Ê√Ú… fl¡øäÓ¬ fl¡±˚«¸˜ø©Ü

˙”Ú…º

¤˝◊√√ ÚœøÓ¬ õ∂À˚˛±· fl¡À¬ı˛ ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ¸±˜… ¬ı± ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¸˜Ó¬˘œ˚˛ ¬ı˘¸˜”À˝√√¬ı˛ ¸±˜… ’Ô¬ı±

‘√Ï¬ˇ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ Œ˚ Œfl¡±Ú ¬ı˘¸˜ø©Ü¬ı˛ ¸±˜…±¬ıàÔ± øÚÒ«±¬ı˛Ì fl¡¬ı˛± ˚±˚˛º
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9.3 fl¡±˚« (Work)

¤fl¡øÈ¬ ¬ı˘ ¤fl¡øÈ¬ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ øfl¡Â≈√ ¸˜À˚˛¬ı˛ Ê√Ú… ø√flË¡˚˛± fl¡¬ı˛À˘ ‹ ¸˜À˚˛ õ∂À˚˛±·

ø¬ıμ≈øÈ¬¬ı˛ ˚ø√ ¸¬ı˛Ì ‚ÀÈ¬, Ó¬±˝√√± ˝√√À˘ õ∂√M√√ ¬ı˘øÈ¬ fl¡±˚« fl¡À¬ı˛ÀÂ√ ¬ı˘± ˝√√À¬ıº õ∂fl‘¡Ó¬¬ÛÀé¬, 
�

F  ¬ı˘ õ∂˚≈q¡

¬ıÀ˘ ¤¬ı— õ∂À˚˛±·ø¬ıμ≈¬ı˛ ¸¬ı˛Ì 
�

d  Œˆ¬"√√¬ı˛ ¡Z±¬ı˛± ¸”ø‰¬Ó¬ ˝√√À˘, ‹ ¬ı˘ ¡Z±¬ı˛± fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì

W F d F d� �
� � � �

. cos�  (1)

Œ˚‡±ÀÚ �� ˝√√˘ 
�

F  › 
�

d -¤¬ı˛ ˜ÀÒ… Œfl¡±Ìº

¸—:± ŒÔÀfl¡ ¸˝√√ÀÊ√˝◊√√ ¬Û±˝◊√√ Œ˚

(1) 
�

d  = 0 ˝√√À˘ W = 0 ’Ô«±» õ∂À˚˛±·ø¬ıμ≈¬ı˛ ¸¬ı˛Ì Ú± ˝√√À˘ fl¡±˚« ¬Ûø¬ı˛˜±Ì ˙”Ú…º

(2) �� �� ���� ˝√√À˘ W = 
�

F . 
�

d  = 0 ’Ô«±» õ∂À˚˛±·ø¬ıμ≈¬ı˛ ¸¬ı˛Ì ¬ı˘ 
�

F-¤¬ı˛ ˘•§ø√Àfl¡ ˝√√À˘,

fl¡±˚« ˙”Ú… ˝√√À¬ıº

(3) �� > 90° ˝√√À˘, W Ÿ¬Ì±Rfl¡ ˝√√À¬ıº

(4) �� = 180° ˝√√À˘ 
�

F . 
�

d  = – 
� �

F d . ¤˝◊√√Àé¬ÀS 

�

F  ¬ıÀ˘¬ı˛ ø¬ı¬ı˛≈ÀX 

� �

F d  ¬Ûø¬ı˛˜±Ì fl¡±˚«

˝√√À˚˛ÀÂ√ ¬ı˘± ˚±˚˛º

9.3.1 ¸˜ø¬ıμ≈ ¬ıÀ˘¬ı˛ fl¡±˚«

¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ fl¡Ó¬·≈ø˘ ¬ı˘ ø√flË¡˚˛± fl¡¬ı˛À˘ Ó¬±À√¬ı˛ õ∂ÀÓ¬…Àfl¡¬ı˛ fl¡±À˚«¬ı˛ ¸˜ø©Ü ‹ ¬ı˘·≈ø˘¬ı˛ ˘øt ¡Z±¬ı˛±

fl‘¡Ó¬fl¡±À˚«¬ı˛ ¸˜±Ú ˝√√À¬ıº

õ∂˜±Ì : ¤‡±ÀÚ 
� � �

F F Fn1 2, , . . . . ,  ¬ı˘ ˚ø√ ¤fl¡øÈ¬ ø¬ıμ≈ P-ŒÓ¬ õ∂˚≈q¡ ˝√√˚˛ ¤¬ı— 

�

F  ˚ø√ Ó¬±À√¬ı˛

˘øt ˝√√˚˛, Ó¬±˝√√À˘

� � � �

F F F Fn� � � �1 2 .. . . .

¤‡Ú 
�

d  ˚ø√ ø¬ıμ≈ P-¤¬ı˛ ¸¬ı˛Ì Œˆ¬"√√¬ı˛ ˝√√˚˛, Ó¬±˝√√À˘ ˘øt fl¡Ó‘«¬fl¡ fl‘¡Ó¬fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì = 
�

F . 
�

d

= 
� � � �

F F F dn1 2� � �. . . . .� �
= 

� � � � � �

F d F d F dn1 2. . . . . . . .� � �

= õ∂øÓ¬øÈ¬ ¬ı˘ fl¡Ó‘«¬fl¡ fl‘¡Ó¬fl¡±˚«¸˜”À˝√√¬ı˛ ¸˜ø©Üº
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9.3.2 ›Ê√Ú ¬ı˘ fl¡Ó‘«¬fl¡ fl‘¡Ó¬fl¡±˚«

Ò¬ı˛± ˚±fl¡ w1, w2, ...... wn ›Ê√Úø¬ıø˙©Ü n-¸—‡…fl¡ fl¡Ì± ¬ı˛À˚˛ÀÂ√, ¤‡Ú Ó¬±À√¬ı˛ ˚Ô±√flË¡À˜ h1,

h2, ...., hn ¬Ûø¬ı˛˜±Ì Î¬◊ÀX« Î¬◊~•§ø√Àfl¡ ¸¬ı˛Ì ˝√√˘º ˚ø√ h = fl¡Ì±·≈ø˘¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ Î¬◊~•§ø√Àfl¡ ÿÀÒ√ı« ,

¸¬ı˛Ì ˝√√˚˛, Ó¬±˝√√À˘ ‹ fl¡Ì±·≈ø˘¬ı˛ Î¬◊¬Û¬ı˛ ›Ê√Ú ¬ı˘¸˜”À˝√√¬ı˛ ø¬ı¬ı˛≈ÀX fl‘¡Ó¬fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì = (w1 + w2

+ ..... + wn) h

õ∂˜±Ì – x-’Àé¬¬ı˛ Î¬◊X«ø√Àfl¡ Î¬◊~•§ˆ¬±À¬ı ŒÚ›˚˛± ˝√√˘º fl¡Ì±·≈ø˘¬ı˛ x-àÔ±Ú±efl¡ õ∂Ô˜±¬ıàÔ±˚˛ x1, x2,

....., xn ¤¬ı— ø¡ZÓ¬œ˚˛ ’¬ıàÔ±˚˛ x	1, x	2 ....., x	n ’Ó¬¤¬ı ›Ê√Ú ¬ı˘ ¡Z±¬ı˛± fl‘¡Ó¬fl¡±À˚«¬ı˛ ¸˜ø©Ü

= w x x w x x w x xn n n1 1 1 2 2 2� 	 � � 	 � � 	� � � � � �. . . . . (1)

¤‡Ú ˚ø√ fl¡Ì±¸˜”À˝√√¬ı˛ õ∂±Ôø˜fl¡ ’¬ıàÔ±Ú ¸±À¬ÛÀé¬ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ x-àÔ±Ú±efl¡ x  ¤¬ı— ø¡ZÓ¬œ˚˛ ’¬ıàÔ±˚˛

ˆ¬±¬ı˛Àfl¡Àf¬ı˛ x-àÔ±Ú±efl¡ 	x  ˝√√˚˛, Ó¬À¬ı

Wx w x w x w xn n� � � �1 1 2 2 . . . . .

Œ˚‡±ÀÚ W = w1 + w2 + .... wn

Wx w x w x w xn n	 � 	 � 	 � � 	1 1 2 2 . . . . .

� W x x w x x w x x w x xn n n	 �� 
 � 	 � � 	 � � � 	 �1 1 1 2 2 2� � � � � �. . . (2)

’Ó¬¤¬ı (1) › (2) ŒÔÀfl¡ ¬Û±˝◊√√

Wh W x x� 	 �� 
 = ›Ê√Ú ¬ı˘·≈ø˘¬ı˛ ø¬ı¬ı˛≈ÀX fl‘¡Ó¬fl¡±˚« ¸˜ø©Ü

˜z¬¬ı… – Î¬◊¬ÛÀ¬ı˛¬ı˛ õ∂˜±Ì ŒÔÀfl¡ ¤È¬± ¶Û©Ü Œ˚ ¬ıd≈¬fl¡Ì±·≈ø˘¬ı˛ ¸¬ı˛Ì Œ˚ˆ¬±À¬ı˝◊√√ ‚È≈¬fl¡ Ú± Œfl¡Ú, õ∂Ô˜

’¬ıàÔ±˚˛ › ø¡ZÓ¬œ˚˛ ’¬ıàÔ±˚˛ Ó¬±À√¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ Î¬◊~•§ ¸¬ı˛Ì˝◊√√ fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì øÚÒ«±¬ı˛Ì fl¡À¬ı˛º ˝◊√√˝√√± ¤fl¡øÈ¬

‘Ï¬ˇ ¬ıd≈¬¬ı˛ Œ¬ı˘±˚˛› õ∂À˚±Ê√…º

9.4.1 ¬Ûø¬ı˛¬ıÓ«¬Ú˙œ˘ ¬ıÀ˘¬ı˛ Œé¬ÀS fl¡±À˚«¬ı˛ ¸—:± › ¸—¬ı˛é¬œ ¬ı˘ (Conservative force)

Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ ¬ıd≈¬fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˘ 
�

F  ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— fl¡Ì±øÈ¬ A ø¬ıμ≈ ˝√√ÀÓ¬ B ø¬ıμ≈ ¬Û˚«z¬

Œ˚ÀÓ¬ ACB ¬ı√flË¡øÈ¬Àfl¡ ¬ı˛‰¬Ú± fl¡À¬ı˛, ’±¬ı˛ ¬ı˘ 
�

F-¤¬ı˛ ˜±Ú › ø√fl¡ ¬Ûø¬ı˛¬ıÓ«¬Ú˙œ˘ ˝√√›˚˛±˚˛ fl¡Ì±øÈ¬¬ı˛ õ∂øÓ¬

¶§ä ¸¬ı˛ÀÌ¬ı˛ Ê√Ú… fl¡±˚«¸˜”À˝√√¬ı˛ Œ˚±·Ù¬˘ fl¡ø¬ı˛À˘ ¸•Û”Ì« fl¡±˚« ¬Û±›˚˛± ˚±À¬ıº
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P(x, y, z) ‹ ¬ÛÀÔ¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ ¤¬ı— ’±¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ Q, P-¤¬ı˛ øÚfl¡È¬¬ıÓ«¬œº ’Ó¬¤¬ı P ˝√√ÀÓ¬

Q-ŒÓ¬ Œ˚ÀÓ¬ 
�

F  fl¡Ó‘«¬fl¡ fl‘¡Ó¬fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì 
�

F .PQ
��

 = 
�

F .
�

dr, Œ˚‡±ÀÚ P
�
r
 � ¤¬ı— Q r dr

� �

�� �
’Ó¬¤¬ı A ŒÔÀfl¡ B ¬Û˚«z¬ ·˜Úfl¡±À˘ 

�

F  fl¡Ó‘«¬fl¡ fl‘¡Ó¬fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì

W F dr Xdx Ydy Zdz
ACBACB

� � � �� 
�� � �

. (1)

Œ˚‡±ÀÚ (X, Y, Z) ˝√√˘ 
�

F-¤¬ı˛ ˘•§ fl¡±ÀÓ«¬Ê√œ˚˛ ’é¬ ¸±À¬ÛÀé¬ ø¬ıÀù≠ø¯∏Ó¬±—˙¸˜”˝√√º ¤‡±ÀÚ (1)-

¤¬ı˛ ¸˜fl¡±À˘ X, Y, Z (x, y, z)-¤¬ı˛ ¸Àe· ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√À˘› Œfl¡±Ú ’¸≈ø¬ıÒ± ˝√√À¬ı Ú±º (1) ˝√√ÀÓ¬

’±˜¬ı˛± Œ√ø‡ Œ˚ ¸±Ò±¬ı˛Ìˆ¬±À¬ı ¸˜±fl¡˘øÈ¬¬ı˛ ˜±Ú A › B-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛˝◊√√, Ó¬±Â√±Î¬ˇ± A ˝√√ÀÓ¬ B-

ŒÓ¬ Œ˚ ¬ÛÀÔ ¬ıd≈¬fl¡Ì±øÈ¬ ˚±˚˛ Ó¬±¬ı˛ Î¬◊¬Û¬ı˛› øÚˆ«¬¬ı˛ fl¡À¬ı˛º

Œfl¡±Ú Œfl¡±Ú ¬ı˘ 
�

F-¤¬ı˛ Œ¬ı˘±˚˛ Œ√‡± ˚±˚˛ Œ˚ A ˝√√ÀÓ¬ B ¬Û˚«z¬ ¬ÛÀÔ¬ı˛ Ê√Ú… fl‘¡Ó¬fl¡±˚« ˙≈Ò≈˜±S

¬ÛÔõ∂±z¬ A › B-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º ˜Ò…¬ıÓ«¬œ ¬ÛÀÔ¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ fl‘¡Ó¬fl¡±À˚«¬ı˛ Œfl¡±Ú Œ˝√√¬ı˛ÀÙ¬¬ı˛ ˝√√˚˛

Ú±º ¤À˝√√Ú ¬ı˘Àfl¡ ¸—¬ı˛é¬œ (conservative) ¬ı˘ ¬ı˘± ˝√√˚˛º Î¬◊√±˝√√¬ı˛Ì¶§¬ı˛”¬Û, ˚ø√ Œfl¡±Ú ¬ı˘ ˜±ÀÚ › ø√Àfl¡

’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡, Ó¬±˝√√À˘

W F dr F dr F r F r rA
B

B A
ACBACB

� � � � ��� � � � � � � � � �
. . . .� �

’Ó¬¤¬ı Œ√‡± Œ·˘ W ¤‡±ÀÚ ˙≈Ò≈˜±S A › B-¤¬ı˛ ’¬ıàÔ±ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º

9.4.2 ¸—¬ı˛é¬œ ¬ı˘ ˝√√›˚˛±¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬

Œfl¡±Ú ¬¬¬ıd≈¬fl¡Ì±¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘ 
�

F  ¸—¬ı˛é¬œ ˝√√›˚˛±¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝√√˘ñ¤˜Ú ¤fl¡øÈ¬

’À¬Ûé¬fl¡ V (x, y, z) Ô±fl¡À¬ı Œ˚ 
�

F  = grad V ˝√√À¬ı, Œ˚‡±ÀÚ grad V ¤fl¡øÈ¬ Œˆ¬"√√¬ı˛, ˚±¬ı˛ ˘•§

fl¡±ÀÓ«¬Ê√œ˚˛ ø¬ıÀù≠ø¯∏Ó¬±—˙¸˜”˝√√ ˝√√˘ ˚Ô±√flË¡À˜

�
�

�
�

�
�

V
x

V
y

V
z

, ,

õ∂˜±Ì – ˙Ó«¬ ˚ÀÔ©ÜñÒ¬ı˛˘±˜ 
�

F  = grad V

’Ó¬¤¬ı  W F dr V dr
ACBACB

� � � 
�� � � �

. .grad
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= 
�
�

�
�

�
�

V
x

dx V
y

dy V
z

dz� ��
�

�
��

= dV V V VA
B

B A
ACB

� � ��

˙Ó«¬ õ∂À˚˛±Ê√Úœ˚˛ñÒ¬ı˛˘±˜ 
�

F  ¸—¬ı˛é¬œ ¬ı˘º

’Ó¬¤¬ı 
� �

F dr
ACB

.�  ˙≈Ò≈˜±S A › B-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡¬ı˛À¬ıº

’Ó¬¤¬ı 
� �

F dr
A

P

.�  ¤˝◊√√ ¸˜±fl¡˘øÈ¬Àfl¡ P-¤¬ı˛ ’À¬Ûé¬fl¡ ø˝√√¸±À¬ı ˆ¬±¬ı± ˚±˚˛º

V F dr Xdx Ydy Zdz
A

P

A

P

� � � �
 ���
� �

.  Ò¬ı˛± ˝√√˘º

�
�
�

�
�

V
x x

Xdx Ydy Zdz X
A

P

� � �
 � ��

¤¬ı— 
�
�

�
�

V
y

Y V
z

Z� �, .  ’Ó¬¤¬ı ˙Ó«¬øÈ¬ õ∂À˚˛±Ê√Úœ˚˛º

Î¬◊√±˝√√¬ı˛Ì¶§¬ı˛”¬Û ’øˆ¬fl¡¯∏« ¬ı˘ ¤fl¡øÈ¬ ¸—¬ı˛é¬œ ¬ı˘º fl¡±¬ı˛Ì, ˚ø√ A › B-¤¬ı˛ ˜ÀÒ… ¸—À˚±·fl¡±¬ı˛œ Œ˚

Œfl¡±Ú ¤fl¡øÈ¬ ¬ı√flË¡ ACB ˝√√˚˛, Ó¬±˝√√À˘ ¤fl¡øÈ¬ fl¡Ì± A ˝√√ÀÓ¬ B ŒÓ¬ ‹ ¬ÛÀÔ Œ·À˘ ’øˆ¬fl¡¯∏« ¬ı˘ fl¡Ó‘«¬fl¡

fl‘¡Ó¬fl¡±˚«

W F dr mgk dr
ACB

� � �� �
� � �

. .

Œ˚‡±ÀÚ 
�

k  ˝√√˘ ¤fl¡fl¡ Œˆ¬"√√¬ı˛ ’øˆ¬fl¡¯∏«¬ıÀ˘¬ı˛ ø√Àfl¡, ¤¬ı—

dr dxi dyj dzk
� � � �

� � �

’Ó¬¤¬ı W mg dz mg z zB A
ACB

� � �� . ˝◊√√˝√√± ˙≈Ò≈˜±S A › B-¤¬ı˛ ’¬ıàÔ±ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º
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’¸—¬ı˛é¬œ ¬ıÀ˘¬ı˛ Î¬◊√±˝√√¬ı˛Ìñ‚¯∏«Ì¬ı˘ ¸±Ò±¬ı˛ÌÓ¬– ’¸—¬ı˛é¬œº Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ fl¡Ì± ¤fl¡øÈ¬ ’˜¸‘Ì

Ó¬À˘¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ A ˝√√ÀÓ¬ B ø¬ıμ≈ÀÓ¬ ACB ¬ÛÀÔ ø·À˚˛ÀÂ√º ¤‡Ú ‚¯∏«Ì¬ı˘ F ¡Z±¬ı˛± øÚÀ«√ø˙Ó¬ ˝√√À˘,

Î¬◊˝√√±¬ı˛ ¡Z±¬ı˛± fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì = – Fds
ACB

,�  Œ˚‡±ÀÚ ds ˝√√˘ ¬ı√flË¡øÈ¬¬ı˛ ŒÂ√±È¬ ’—À˙¬ı˛ Δ√‚«º ¤‡±ÀÚ Ÿ¬Ì±Rfl¡

ø‰¬˝ê ŒÚ›˚˛± ˝√√À˚˛ÀÂ√ ¤˝◊√√ fl¡±¬ı˛ÀÌ Œ˚ ‚¯∏«Ì¬ı˘ ¸¬ı«√± fl¡Ì±øÈ¬¬ı˛ ·øÓ¬À¬ıÀ·¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ø√Àfl¡ ø√flË¡˚˛± fl¡À¬ı˛º

’Ó¬¤¬ı ˝◊√√˝√√± ¬Ûø¬ı˛©®±¬ı˛ Œ˚ A ŒÔÀfl¡ B-ŒÓ¬ Œ˚ÀÓ¬ ¬ÛÔ ˚Ó¬ √œ‚« ˝√√À¬ı, F fl¡Ó‘«¬fl¡ fl‘¡Ó¬fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì

Ó¬Ó¬ ¸—‡…±·Ó¬ˆ¬±À¬ı Œ¬ı˙œ ˝√√À¬ıº ’Ó¬¤¬ı, ‚¯∏«Ì¬ı˘ ¸—¬ı˛é¬œ ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ú±º

9.5 ¬ı˘¡ZiZ fl¡Ó‘«¬fl¡ fl‘¡Ó¬fl¡±˚«

Ò¬ı˛± ˚±fl¡ ¡ZiZøÈ¬¬ı˛ ¬ı˘¡Z˚˛ P, P ¤¬ı— Î¬◊˝√√±¬ı˛ ¬ı±˝≈√√ AB ¤˝◊√√ ’¬ıàÔ±Ú ˝√√ÀÓ¬ ¡ZiZøÈ¬¬ı˛ ¬ı˘¡Z˚˛ A	, B	

ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— AB ¬ı±˝≈√√ › A	B	� ¬ı±˝≈√√ ˝◊√√˝√√±À√¬ı˛ ˜ÀÒ… Œfl¡±Ì �º ¡ZiZøÈ¬¬ı˛ ¬ı˘·≈ø˘¬ı˛ Ó¬˘ ¤fl¡˝◊√√

¬ı˛À˚˛ÀÂ√ Ò¬ı˛± ˝√√˘º ¤‡Ú ¡ZiZøÈ¬¬ı˛ ¬ı˘·≈ø˘ ¸˜±z¬¬ı˛±˘ ŒÔÀfl¡ A	� › B	� ø¬ıμ≈ÀÓ¬ Œ·À˘ ¬ı˘ ≈√øÈ¬¬ı˛ ¸¬ı˛Ì

¬Û¬ı˛¶Û¬ı˛ ¸˜±Ú › ¬ı˘ ≈√øÈ¬ ¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ˝√√›˚˛±˚˛ Œ˜±È¬ fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì ˙”Ú… ˝√√˚˛º ¤‡Ú A	, B		

’¬ıàÔ±Ú ˝√√ÀÓ¬ A	, B	�’¬ıàÔ±ÀÚ ’±¸ÀÓ¬ fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì = Pp����M�, Œ˚‡±ÀÚ p = A	B	�¤¬ı—

M ˝√√˘ ¡ZiZøÈ¬¬ı˛ √w¬±˜fl¡ ˜±Úº ’Ó¬¤¬ı õ∂˜±Ì ˝√√˘ Œ˚, √w¬±˜fl¡ Œˆ¬"√√À¬ı˛¬ı˛ ¸±À¬ÛÀé¬ ��Œfl¡±ÀÌ ‚”Ì«ÀÚ¬ı˛ Ù¬À˘

¡ZiZ ¡Z±¬ı˛± fl‘¡Ó¬fl¡±˚« = M��� (�� é≈¬^ Ò¬ı˛± ˝√√À˚˛ÀÂ√]

1 Ú— ø‰¬S

9.5.1 ¤fl¡øÈ¬ øàÔøÓ¬àÔ±¬Ûfl¡ ¸”ÀS¬ı˛ (Elastic string) Δ√‚« ¬ı‘øX¬ı˛ Ê√Ú… fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì

Ò¬ı˛± ˚±fl¡ AB ¤fl¡øÈ¬ øàÔøÓ¬àÔ±¬Ûfl¡ ¸”S ˚±˝√√±¬ı˛ ¶§±ˆ¬±ø¬ıfl¡ ’¬ıàÔ±˚˛ Δ√‚« AB = l0. ¤˝◊√√¬ı±¬ı˛ A

ø¬ıμ≈Àfl¡ øàÔ¬ı˛ Œ¬ı˛À‡ B ø¬ıμ≈ÀÓ¬ ¬ı˘õ∂À˚˛±· Œ˝√√Ó≈¬ Î¬◊˝√√± B1 ¤ ¸•√x¸±ø¬ı˛Ó¬ ˝√√˘º Ù¬À˘ Ú”Ó¬Ú Δ√‚« = l1
¤‡Ú Δ√‚« l1 ˝√√ÀÓ¬ l2 ¬Û˚«z¬ ¸•√x¸±ø¬ı˛Ó¬ fl¡¬ı˛ÀÓ¬ È¬±Ú fl¡Ó‘«¬fl¡ fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì Œ¬ı¬ı˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº Δ√‚«

x ˝√√À˘ È¬±Ú T
x l

l
�

�
� 0

0
 (Hooke-¤¬ı˛ øÚ˚˛˜ ’Ú≈˚±˚˛œ]
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’Ó¬¤¬ı ¸”SøÈ¬Àfl¡ AB1 ˝√√˝◊√√ÀÓ¬ AB2 (= l2) ¬Û˚«z¬ ¬ıøÒ«Ó¬ fl¡¬ı˛À˘ Œ˚ ¬Ûø¬ı˛˜±Ì fl¡±˚« ˝√√˚˛ Ó¬±

= Tdx
x l

l
dx

l

l

l

l

�
��� � 0

0
1

2

1

2 � 	
= 

�
2 2

0
2 1 1 2 0l

l l l l l� � �� 	� 	

= 
�
l

l l
l l

l
0

2 1
1 2

02�
�

��
�

�
�� �

= 
�
l

l l
l l l l

0
2 1

2 0 1 0
2 2�
�

�
��

�
�
�� �

= 
l l

T TB B
2 1

2 1 2

�
�� � .

9.5.2 fl¡øÓ¬¬Û˚˛ ø√flË¡˚˛±-õ∂øÓ¬ø√flË¡˚˛± ¬ıÀ˘¬ı˛ fl¡±˚«

fl¡Ó¬·≈ø˘ ø√flË¡˚˛±-õ∂øÓ¬ø√flË¡˚˛±¬ı˛ Œé¬ÀS Œ√‡± ˚±˚˛, Œfl¡±Ú ¸¬ı˛ÀÌ¬ı˛ Ê√Ú… fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì õ∂Ô˜ √flË¡À˜¬ı˛

é≈¬^ ¬ı˛±ø˙º øÚÀ•ß fl¡Ó¬·≈ø˘ Œé¬ÀS ’±˜¬ı˛± fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì ¬ı±¬ı˛ fl¡¬ı˛¬ıº

(1) ≈√øÈ¬ fl¡Ì±¬ı˛ ˜ÀÒ… ø√flË¡˚˛± › õ∂øÓ¬ø√flË¡˚˛±¬ı˘ fl¡Ó‘«¬fl¡ fl¡±˚« ˙”Ú… ˝√√À¬ı, ˚ø√ fl¡Ì± ≈√øÈ¬¬ı˛ ˜ÀÒ… ”√¬ı˛Q

’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡º

2 Ú— ø‰¬S

A › B ’¬ıàÔ±Ú ˝√√ÀÓ¬ ¬ıd≈¬fl¡Ì± ≈√øÈ¬ A	�› B	-¤ ˚±›˚˛±¬ı˛ Ù¬À˘ Î¬◊˝√√±À√¬ı˛ ˜ÀÒ… ø√flË¡˚˛± › õ∂øÓ¬ø√flË¡˚˛±

¬ı˘ A-ŒÓ¬ F ¬ı˘ ¤¬ı— B-ŒÓ¬ ø¬ı¬Û¬ı˛œÓ¬ø√Àfl¡ F ¬ı˘ ø√flË¡˚˛± fl¡À¬ı˛º ’Ó¬¤¬ı AA	� › BB	� ¸¬ı˛ÀÌ¬ı˛ Ê√Ú…

fl¡±˚« = F. AA	� cos�� – F. BB	� cos�

Œ˚‡±ÀÚ AA	�› BB	��AB-¤¬ı˛ ¸Àe· ˚Ô±√flË¡À˜ ��› �� Œfl¡±Ì fl¡À¬ı˛ÀÂ√º øfl¡z≈¬ AB = A	B	�= l.

’Ó¬¤¬ı ’øˆ¬Àé¬¬Û øÚÀ˘ ¬Û±˝◊√√
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AB – A	B	-¤¬ı˛ AB ¤¬ı˛ Î¬◊¬Û¬ı˛ ’øˆ¬Àé¬¬Û = AA	� cos�� – BB	� cos�. ’Ó¬¤¬ı F, F ¬ı˘

≈√øÈ¬ ¡Z±¬ı˛± fl‘¡Ó¬fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì = F (l – lcos�) = Fl.�
�

2

2
� -¤¬ı˛ ‰¬±¬ı˛ › Ó¬ÀÓ¬±øÒfl¡ ‚±ÀÓ¬¬ı˛ ¬Û√º

’Ó¬¤¬ı �-¤¬ı˛ õ∂Ô˜ ‚±Ó¬ [˚± é≈¬^] ¬Û˚«z¬ øÚÀ˚˛ ¬Û±˝◊√√, õ∂øÓ¬ø√flË¡˚˛± ¬ı˘¡Z˚˛ ¡Z±¬ı˛± fl‘¡Ó¬fl¡±˚« = 0.

(2) ’ä ¸¬ı˛ÀÌ¬ı˛ Ê√Ú… ¤fl¡øÈ¬ ¸˜Õ√‚« ¸”S ¬ı± Ó¬±À¬ı˛¬ı˛ õ∂±z¬¡ZÀ˚˛ È¬±Ú ¬ı˘ (tension) fl¡Ó‘«¬fl¡ fl‘¡Ó¬fl¡±˚«

˙”Ú… ˝√√À¬ı, ˚ø√ ¸”SøÈ¬ ˜¸‘Ì Ó¬À˘¬ı˛ ¸Àe· Ô±Àfl¡º

Œ˚À˝√√Ó≈¬ Œ˚¸fl¡˘ Ó¬À˘¬ı˛ ¸Àe· ¸”SøÈ¬ Œ˘À· ’±ÀÂ√ Ó¬±¬ı˛± ˜¸‘Ìº ’Ó¬¤¬ı ‹ Ó¬˘·≈ø˘ ¸”ÀS¬ı˛ Î¬◊¬Û¬ı˛

˘•§-õ∂øÓ¬ø√flË¡˚˛± fl¡¬ı˛ÀÂ√, ’±¬ı˛ ¸”ÀS¬ı˛ Œ˚ Œfl¡±Ú ’—À˙ Î¬◊˝√√±¬ı˛ Δ√À‚«¬ı˛ ø√Àfl¡ È¬±Ú ¬ı˘ Ô±fl¡À¬ıº

3 Ú— ø‰¬S

¤‡Ú APQB ˚ø√ ¸”SøÈ¬¬ı˛ ¸±˜…±¬ıàÔ± ˝√√˚˛ ¤¬ı— A	PQB	�Î¬◊˝√√±¬ı˛ ¤fl¡øÈ¬ ¸¬ı˛Ì ’¬ıàÔ± ˝√√˚˛, Ó¬±˝√√À˘

A	P + QB	� = AP + QB, Œ˚À˝√√Ó≈¬ ¸”SøÈ¬ ¸˜Õ√‚«…º ¤‡Ú T ˚ø√ ¸”S ≈√øÈ¬¬ı˛ õ∂±z¬¡ZÀ˚˛ È¬±Ú ˝√√˚˛,

Ó¬±˝√√À˘ fl¡±˚« T. AM – T. BN = T (PM – PA) – T (BQ – NQ)

= T(PA	� cos�� – PA) – T(BQ – B	Qcos�)

Œ˚‡±ÀÚ �� = AP, A	P-¤¬ı˛ ˜ÀÒ… Œfl¡±Ì  , �� = BP, B	P-¤¬ı˛ ˜ÀÒ… Œfl¡±Ì

�  fl¡±˚« = T(PA	� – PA – BQ + B	Q) – T PA B Q� � �


�

�
��

� �2 2

2 2 ... .

= 0 2
2 2� � �

T PA B Q� �� �,  Œ˚À˝√√Ó≈¬ ¸”SøÈ¬ ¸˜Õ√‚«

= 0 (�� › �-¤¬ı˛ õ∂Ô˜ ‚±Ó¬˚≈q¡¬Û√ ¬Û˚«z¬ øÚÀ˚˛]

(3) ¤fl¡øÈ¬ ˜¸‘Ì Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ’¬ıàÔ±Ú¬ı˛Ó¬ Œfl¡±Ú ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘øÈ¬¬ı˛ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ Œfl¡±Ú

fl¡±˚« fl¡À¬ı˛ Ú±º fl¡±¬ı˛Ì õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ Ó¬˘øÈ¬¬ı˛ ˘•§ø√Àfl¡ ’±¬ı˛ ¸¬ı˛Ì ¶Û˙«fl¡ ø√Àfl¡ ˝√√ÀÓ¬ ¬Û±À¬ı˛º



228

NOSU

(4) ¤fl¡øÈ¬ øàÔ¬ı˛ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ·Î¬ˇ±˝◊√√˚˛± ˚±˚˛ ¤˜Ú ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ √õ∂øÓ¬ø√flË¡˚˛±¬ı˘ Œfl¡±Ú fl¡±˚« (Rolling)

fl¡À¬ı˛ Ú±  ,

4 Ú— ø‰¬S

Ò¬ı˛± ˚±flƒ¡, ¤fl¡øÈ¬ øàÔ¬ı˛Ó¬˘ EAF-¤¬ı˛ Î¬◊¬Û¬ı˛ ·Î¬ˇ±À26√ ¤˜Ú ¬ıd≈¬¬ı˛ ¶Û˙«ø¬ıμ≈ A ¤¬ı— �� ¬Ûø¬ı˛˜±Ì

Œfl¡±ÀÌ¬ı˛ ‚”Ì«ÀÚ¬ı˛ ¬Û¬ı˛ Ú”Ó¬Ú ¶Û˙«ø¬ıμ≈ B ¤¬ı— ‰¬˘˜±Ú ¬ıd≈¬øÈ¬ÀÓ¬ A	� ø¬ıμ≈ ˝√√˘ ¶Û˙«ø¬ıμ≈ A-¤¬ı˛ ÚÓ≈¬Ú

’¬ıàÔ±Úº Œ˚À˝√√Ó≈¬ ·øÓ¬ ˝√√˘ ·Î¬ˇ±ÀÚ±, ’Ó¬¤¬ı AB ‰¬±¬Û = ·Î¬ˇ±ÀÚ± ¬ıd≈¬øÈ¬¬ı˛ A	B ‰¬±¬Ûº

¤‡Ú EAF ¬ı√flË¡ ¤¬ı— CAD ¬ı√flË¡ ≈√øÈ¬¬ı˛ ¬ı√flË¡Ó¬±¬ı…±¸±X« ˚ø√  ��  	� ˝√√˚˛, ¤¬ı— A ø¬ıμ≈ÀÓ¬ Ó¬À˘¬ı˛

¶Û˙«fl¡ › B ø¬ıμ≈ÀÓ¬ Ó¬À˘¬ı˛ ¶Û˙«fl¡-¤¬ı˛ ˜ÀÒ… Œfl¡±Ì �1 ¤¬ı— B ø¬ıμ≈ÀÓ¬ ¶Û˙«fl¡ › A	� ø¬ıμ≈ÀÓ¬ ¶Û˙«fl¡-

¤¬ı˛ ˜ÀÒ… Œfl¡±Ì �2 ˝√√À˘

� � �
  

� � � � 	
	1 2

AB A B

õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ fl¡Ó‘«¬fl¡ fl¡±˚« ¬Ûø¬ı˛˜±Ì AA	-¤¬ı˛ ¸Àe· ¸˜±Ú≈¬Û±Ó¬œ, øfl¡z≈¬ AA	� !� AB.�� ¤¬ı— AB-

¤¬ı˛ ’±¸iß ˜±Ú �-¤¬ı˛ ¸˜±Ú≈¬Û±Ó¬œº ’Ó¬¤¬ı õ∂øÓ¬ø√flË¡˚˛± fl¡Ó‘«¬fl¡ fl‘¡Ó¬fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì �2-¤¬ı˛ ¸˜±Ú≈¬Û±Ó¬œº

’Ó¬¤¬ı �-¬ı˛ õ∂Ô˜ ‚±Ó¬ ’¬ıøÒ õ∂øÓ¬ø√flË¡˚˛± ¬ıÀ˘¬ı˛ ¡Z±¬ı˛± fl‘¡Ó¬fl¡±˚« ˙”Ú… ¬Ûø¬ı˛˜±Ìº

9.6 ¸±Ò±¬ı˛Ìœfl‘¡Ó¬ àÔ±Ú±efl¡ (Generalized Co-ordinates)

Œfl¡±Ú› ¬ıd≈¬ ’Ô¬ı± ¬ıd≈¬¸˜≈2‰¬˚˛ ¡Z±¬ı˛± ·øÍ¬Ó¬ ¬ıd≈¬Ó¬ÀLa¬ı˛ Œ˚ Œfl¡±Ú ’¬ıàÔ±ÚÀfl¡ fl¡Ó¬·≈ø˘ ·±øÌøÓ¬fl¡

¬ıd≈¬ ¡Z±¬ı˛± øÚø«√©Üˆ¬±À¬ı ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˚±˚˛º ¤fl¡øÈ¬ fl¡Ì±¬ı˛ ’¬ıàÔ±Ú ’±˜¬ı˛± ¤fl¡øÈ¬ ø¡Z˜±øSfl¡ àÔ±Ú±efl¡
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Ê√…±ø˜øÓ¬ÀÓ¬ øÓ¬ÚøÈ¬ ¬Û¬ı˛¶Û¬ı˛ ˘•§ ¸˜Ó¬˘ ˝√√ÀÓ¬ ”√¬ı˛Q ¡Z±¬ı˛± øÚø√©Ü fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º ’Ú…Ô±˚˛ Œ·Ãø˘fl¡

Œ˜¬ı˛≈àÔ±Ú±efl¡ ’Ú≈¸±À¬ı˛ ¤fl¡øÈ¬ ”√¬ı˛Q › ’¬Û¬ı˛ ≈√øÈ¬ Œfl¡±ÀÌ¬ı˛ ¸±˝√√±À˚… fl¡Ì±øÈ¬¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬

¬Û±ø¬ı˛º õ∂ÀÓ¬…fl¡øÈ¬ Œé¬ÀS ‹·≈ø˘ ˝√√˘ fl¡Ì±øÈ¬¬ı˛ ¸±Ò±¬ı˛Ìœfl‘¡Ó¬ àÔ±Ú±efl¡º

¤fl¡øÈ¬ ‘√Ï¬ˇ ¬ıd≈¬¬ı˛ Œé¬ÀS ¬ıd≈¬øÈ¬¬ı˛ Œ˚ Œfl¡±Ú ¤fl¡øÈ¬ ø¬ıμ≈¬ı˛ àÔ±Ú±efl¡S˚˛ ¤¬ı— ‹ ¬ıd≈¬øÈ¬¬ı˛ ˜ÀÒ… ‹ ø¬ıμ≈

ø√À˚˛ øÓ¬ÚøÈ¬ ’¸˜Ó¬˘œ˚˛ Œ¬ı˛‡±¬ı˛ [˚±¬ı˛± ¬¬ıd≈¬øÈ¬¬ı˛ ¸±À¬ÛÀé¬ øàÔ¬ı˛ ’±ÀÂ√] ’¬ıàÔ±Ú-Œ√…±Ó¬fl¡ øÓ¬ÚøÈ¬ Œfl¡±Ì

Ê√±Ú± Ô±fl¡À˘ ‹ ¬ıd≈¬øÈ¬¬ı˛ ’¬ıàÔ±Ú ¬Û”Ì«ˆ¬±À¬ı Ê√±Ú± ˚±À¬ıº Î¬◊¬Ûø¬ı˛Î¬◊q¡ Â√˚˛øÈ¬ ·±øÌøÓ¬fl¡ ¬ıd≈¬¬ı˛ ˜±Ú ¡Z±¬ı˛±

‘√Ï¬ˇ ¬ıd≈¬øÈ¬¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛ fl¡¬ı˛± ˚±˚˛º

’ÀÚfl¡ ¸˜˚˛ Œ√‡± ˚±˚˛ Œ˚ Œfl¡±Ú ¬ıd≈¬Ó¬ÀLa¬ı˛ ’¬ıàÔ±Ú øÚÌ«±˚˛fl¡ ¸±Ò±¬ı˛Ìœfl‘¡Ó¬ àÔ±Ú±efl¡ ø˝√√¸±À¬ı ¬ı…¬ı˝‘√√Ó¬

·±øÌøÓ¬fl¡ ¬ıd≈¬·≈ø˘ ¬Û¬ı˛¶Û¬ı˛ ¶§±ÒœÚ Ú˚˛º ¤Àé¬ÀS ‹ àÔ±Ú±efl¡·≈ø˘ øfl¡Â≈√ ¸˜œfl¡¬ı˛Ì ’Ô¬ı± ’¸˜œfl¡¬ı˛ÌÀfl¡

ø¸X fl¡À¬ı˛º ¤˝◊√√ Ê√±Ó¬œ˚˛ ¸•Ûfl«¡Àfl¡ ¬ı±Òfl¡ (constraint) ¬ı˘± ˝√√˚˛º ˚ø√ ¸±Ò±¬ı˛Ìœfl‘¡Ó¬ àÔ±Ú±efl¡ ¸—‡…±

n › ¬ı±Òfl¡ ¸—‡…± m ˝√√˚˛, Ó¬±˝√√À˘ n – m ¸—‡…fl¡ ¸±Ò±¬ı˛Ìœfl‘¡Ó¬ àÔ±Ú±efl¡Àfl¡ ¬Û¬ı˛¶Û¬ı˛ ¶§±ÒœÚ ¬ı˘±

˚±˚˛ ¤¬ı— n – m Œfl¡ ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ ˜≈øq¡¬ı˛ ˜±S± (degrees of freedom) ¬ı˘± ˝√√˚˛º

9.7 ø¬ıøˆ¬iß õ∂fl¡±À¬ı˛¬ı˛ ¬ı±Òfl¡ (Differrent Types of Constraints)

¬ıd≈¬Ó¬ÀLa¬ı˛ Î¬◊¬Û¬ı˛ ’Ô«±» Î¬◊˝√√±¬ı˛ ø¬ıøˆ¬iß ¬ıd≈¬fl¡Ì±¬ı˛ ’¬ıàÔ±ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ ’ÀÚfl¡ ¸˜˚˛ Œ˚ ø¬ıøÒøÚÀ¯∏Ò

’±À¬ı˛±ø¬ÛÓ¬ ˝√√˚˛ ’Ô«±» ˚±Àfl¡ ’±˜¬ı˛± ¬ı±Òfl¡ ¬ıø˘, Ó¬± Ú±Ú± õ∂fl¡±À¬ı˛¬ı˛ ˝√√ÀÓ¬ ¬Û±À¬ı˛º Œ˚˜Ú, ˚ø√ ¬ıd≈¬fl¡Ì±¸˜”À˝√√¬ı˛

àÔ±Ú±efl¡¬ı˛ ˜ÀÒ… ¤fl¡øÈ¬ ¸˜œfl¡¬ı˛Ì ¸•§&Ò Ô±Àfl¡ ’Ô«±» ˚ø√ ¬ı±Òfl¡øÈ¬ øÚ•ß¬ı˛”¬Û ˝√√˚˛

F (x1, y1, z1, x2, y2, z2, ......, xn, yn, zn) = 0

Ó¬±˝√√À˘ ¬ı±Òfl¡øÈ¬Àfl¡ Î¬◊ˆ¬‰¬±¬ı˛œ ¬ı±Òfl¡ (Bilateral constraint) ¬ı˘± ˝√√˚˛º Î¬◊√±˝√√¬ı˛Ì¶§¬ı˛”¬Û, ≈√øÈ¬ ¬ıd≈¬fl¡Ì±¬ı˛

˜Ò…¬ıÓ«¬œ ”√¬ı˛Q øÚø«√©Ü Ô±fl¡À˘ Î¬◊˝√√± ¤fl¡øÈ¬ Î¬◊ˆ¬‰¬±¬ı˛œ ¬ı±Òfl¡º

fl¡‡Ú› fl¡‡Ú› ¬ı±Òfl¡ ’¸˜œfl¡¬ı˛ÀÌ¬ı˛ ¬ı˛”¬Û ¢∂˝√√Ì fl¡À¬ı˛, Œ˚˜Ú

�� (x1, y1, z1, ....., xn, yn, zn) 
� 0 (2)

Î¬◊¬ÛÀ¬ı˛¬ı˛ (2) Ú— ¬ı±Òfl¡Àfl¡ ¤fl¡‰¬±¬ı˛œ ¬ı±Òfl¡ (unilateral constraint) ¬ı˘± ˝√√˚˛º Î¬◊√±˝√√¬ı˛Ì¶§¬ı˛”¬Û ¤fl¡øÈ¬

fl¡Ì± ˚ø√ ¸¬ı«√± ¤fl¡øÈ¬ Œ·±˘Àfl¡¬ı˛ ’ˆ¬…z¬À¬ı˛ Ô±Àfl¡, Ó¬±˝√√À˘ Î¬◊˝√√±¬ı˛ àÔ±Ú±efl¡S˚˛ x2 + y2 + z2 
� a2

¤˝◊√√ ’¸˜œfl¡¬ı˛ÌÀfl¡ ø¸X fl¡¬ı˛À¬ıº ’Ó¬¤¬ı ‹ Ó¬˘øÈ¬¬ı˛ ¤fl¡ø√Àfl¡ ¸¬ı˛ÀÌ¬ı˛ Ê√Ú… ¬ı±Òfl¡øÈ¬ ¸Ó¬… øfl¡z≈¬ ’Ú…

ø√Àfl¡ ¸¬ı˛ÀÌ¬ı˛ Ê√Ú… ¬ı±Òfl¡øÈ¬ ¸Ó¬… Ô±fl¡À¬ı Ú±º
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fl¡øäÓ¬ ¸¬ı˛Ì (Virtual displacement) :

Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ ¬¬ıd≈¬fl¡Ì± ¸¬ı«√± ¤fl¡øÈ¬ øÚø«√©Ü Ó¬˘ S-¤¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˛À˚˛ÀÂ√ ¤¬ı— A Î¬◊˝√√±¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈º

¤‡Ú fl¡Ì±øÈ¬ A ˝√√˝◊√√ÀÓ¬ B-ŒÓ¬ ¸‘Ó¬ ˝√√À˘, ¬¸¬ı˛Ì Œˆ¬"√√¬ı˛ AB-Œfl¡ ¸y¬¬ı ¬ı˘± ˝√√À¬ı ˚ø√ B ø¬ıμ≈øÈ¬› S-

¤¬ı˛ Î¬◊¬Û¬ı˛ ˝√√˚˛º ’Ú…Ô±˚˛ AB  ¸¬ı˛ÌÀfl¡ ’¸y¬¬ı ¬¸¬ı˛Ì ¬ı˘± ˝√√À¬ıº

A-ŒÓ¬ ’¬ıøàÔÓ¬ ¬ıd≈¬fl¡Ì±Àfl¡ ˚ø√ ·øÓ¬ 
�
v  Œ√›˚˛± ˝√˚˛, Ó¬±˝√√À˘ ¤˝◊√√ ·øÓ¬¬Àfl¡ ¸y¬¬ı ’Ô¬ı± ¬ı±Òfl¡¸˜”À˝√√¬ı˛

¸Àe· ¸±˜?¸…¬Û”Ì« ¬ı˘± ˝√√À¬ı, ˚ø√ ¬ıd≈¬fl¡Ì±øÈ¬ ‹ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ‰¬˘ÀÓ¬ Ô±Àfl¡º ’Ú…Ô±˚˛ ¤˝◊√√ ·øÓ¬Àfl¡

’¸y¬¬ı ¬ı± ¬ı±Òfl¡¸˜”À˝√√¬ı˛ ¸Àe· ¸±˜?¸…˝√√œÚ ¬ı˘± ˝√√À¬ıº ’Ó¬¤¬ı Œ¬ı±Á¡± ˚±˚˛ A ø¬ıμ≈ÀÓ¬ Ó¬˘øÈ¬¬ı˛ Œ˚

Œfl¡±Ú ¶Û˙«fl¡ ø√Àfl¡¬ı˛ Œˆ¬"√√¬ı˛ ¤fl¡øÈ¬ ¸y¬¬ı ·øÓ¬ ¤¬ı— ¸˜d¬ ·øÓ¬ø√fl¡·≈ø˘ Ó¬À˘¬ı˛ ¶Û˙«fl¡º

¤‡Ú A ø¬ıμ≈ÀÓ¬ Œ˚ Œfl¡±Ú ¸y¬¬ı ·øÓ¬¬ı˛ ¸Àe· ¸˜±Ú≈¬Û±Ó¬œ ¸¬ı˛ÌÀfl¡ ‹ ø¬ıμ≈ÀÓ¬ fl¡øäÓ¬ ¸¬ı˛Ì (virtual

displacement) ¬ı˘± ¬˝√√˚˛º ¤fl¡øÈ¬ fl¡øäÓ¬ ¸¬ı˛Ì ‹ Ó¬À˘¬ı˛ ¶Û˙«fl¡ ø√Àfl¡ Ô±Àfl¡, Ó¬±¬ı˛ ˜±Ú › ø√˙± ˝◊√√26√±˜Ó¬

˝√√ÀÓ¬ ¬Û±À¬ı˛º ˜ÀÚ ¬ı˛±‡± õ∂À˚˛±Ê√Ú, ¸±Ò±¬ı˛ÌÓ¬– fl¡øäÓ¬ ¸¬ı˛Ì ¸y¬¬ı ¸¬ı˛Ì Ú±› ˝√√ÀÓ¬ ¬Û±À¬ı˛º ’¬ı˙… Ó¬˘

S ˚ø√ ¸˜Ó¬˘ ˝√√˚˛, Ó¬±˝√√À˘ fl¡øäÓ¬ ¸¬ı˛Ì ¸y¬¬ı ˝√√À¬ıº

¸±Ò±¬ı˛Ìˆ¬±À¬ı fl¡øäÓ¬ ¸¬ı˛Ì (Virtual displacement in general) –

Ò¬ı˛± ˚±fl¡ A1, ...., An n-¸—‡…fl¡ ¬¬ıd≈¬fl¡Ì±ø¬ıø˙©Ü ¤fl¡øÈ¬ ¬ıd≈¬Ó¬Laº A B A Bn n1 1, .. .. ,  ˚Ô±√flË¡À˜ A1,

A2, ....., An-¤¬ı˛ ¸¬ı˛Ì ¬ı≈Á¡±À¬ıº ¤˜Ú ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ ¤˝◊√√ ¸¬ı˛Ì ¸y¬¬ı ˝√√À¬ı ˚ø√ B1, B2, ...., Bn ¤˝◊√√

’¬ıàÔ±Ú·≈ø˘ÀÓ¬ ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ı±Òfl¡·≈ø˘ ¸Ó¬… Ô±Àfl¡º ’Ú…Ô±˚˛ ‹ ¸¬ı˛Ì ’¸y¬¬ı ¬ı˘± ˝√√À¬ıº ˚ø√

A1, A2, ....., An-Œfl¡ v1, v2, ...., vn ¤˝◊√√ Œ¬ı··≈ø˘ Œ√›˚˛± ˝√√˚˛, Ó¬±˝√√À˘ ¤˝◊√√ Œ¬ı·¸˜”˝√√Àfl¡ ¸y¬¬ı ¬ı˘±

˚±˚˛ ˚ø√ ‹ ø¬ıμ≈·≈ø˘ ‹ Œ¬ı· øÚÀ˚˛ ‰¬˘ÀÓ¬ ¬Û±À¬ı˛ ¤¬ı— ¬ı±Òfl¡·≈ø˘ ¬Û±ø˘Ó¬ ˝√√˚˛º ’Ú…Ô±˚˛ ‹ Œ¬ı·¸˜˝”√√Àfl¡

’¸y¬¬ı ¬ı˘± ˝√√À¬ıº

¤‡Ú ¤fl¡øÈ¬ ¬ıd≈¬Ó¬ÀLa¬ı˛ Œfl¡±Ú øÚø«√©Ü ’¬ıàÔ±ÀÚ ˚ø√ fl¡Ì±ø¬ıμ≈·≈ø˘¬ı˛ ¸¬ı˛Ì ¤˜Ú ˝√√˚˛ Œ˚ Î¬◊˝√√±¬ı˛± Œfl¡±Ú

¸y¬¬ı Œ¬ı·¸˜”À˝√√¬ı˛ ¸Àe· ¸˜±Ú≈¬Û±Ó¬œ, Ó¬±˝√√À˘ ‹ ¸¬ı˛ÌÀfl¡ ¬¬ıd≈¬Ó¬ÀLa¬ı˛ fl¡øäÓ¬ ¸¬ı˛Ì (virtual displace-

ment) ¬ı˘± ˝√√À¬ıº

¤‡±ÀÚ ˘é¬Ìœ˚˛ Œ˚ ¬ıd≈¬Ó¬LaøÈ¬ ¬ı±Òfl¡˜≈q¡ ˝√√À˘, Œ˚ Œfl¡±Ú ¸¬ı˛Ì˝◊√√ fl¡øäÓ¬ ¸¬ı˛Ì ˝√√À¬ıº Œfl¡ÚÚ± Œ˚

Œfl¡±Ú Œ¬ı·˝◊√√ ¸y¬¬ı ˝√√À¬ıº

9.7.1 ¬ı±Òfl¡ ¸•§&Òœ˚˛ õ∂øÓ¬:±

˚ø√ n ¸—‡…fl¡ ¬ıd≈¬fl¡Ì±˚≈q¡ ¤fl¡øÈ¬ ¬ıd≈¬Ó¬ÀLa¬ı˛ Î¬◊¬Û¬ı˛ øÚ•ßø˘ø‡Ó¬ ¬ı±Òfl¡·≈ø˘ õ∂˚≈q¡ Ô±Àfl¡

Fj (x1, y1, z1, .... xn, yn, zn) = 0 j = 1, 2, ..., m

�r (x1, y1, z1, ...., xn, yn, zn) 
� 0, r = 1, 2, ....., s
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Ó¬±˝√√À˘ (�x1, �y1, �z1, ...., �zn) Œfl¡±Ú øÚø«√©Ü ’¬ıàÔ±Ú ˝√√ÀÓ¬ fl¡øäÓ¬ ¸¬ı˛Ì ˝√√À˘ øÚ•ßø˘ø‡Ó¬

¸˜œfl¡¬ı˛Ì › ’¸˜œfl¡¬ı˛Ì ¸•§&Ò ¸Ó¬…

�

�
�

�

�
�

�

�
�

F

x
x
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y
y
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z j mj

i
i

j
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� �
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 � �
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1
, . . . ,
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�r
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r

i
i

r

i
i

i

n

x
x

y
y

z
z r s� �

�
��

�
�
 
 �

�
" 0, 1 2,

1
, . . . ,

Œ˚‡±ÀÚ �r = 0 øÚø«√©Ü ’¬ıàÔ±ÚøÈ¬¬ı˛ Ê√Ú… ¸Ó¬…º

õ∂˜±Ì – (�x1, ....., �zn) ¤fl¡øÈ¬ fl¡øäÓ¬ ¸¬ı˛Ìº

’Ó¬¤¬ı Fj (x1, y1, ...., zn) = 0 ¤˝◊√√ ¸˜œfl¡¬ı˛ÀÌ¬ı˛

¸˜˚˛ t-¤¬ı˛ ¸±À¬ÛÀé¬ ’¬ıfl¡˘ øÚÀ˚˛ ¬Û±˝◊√√

�

�

�

�

F

x
dx
dt

F

z
dz
dt j mj j

n

n

1

1 0, 1 2,� � � �. . . . , . . . . , (1)

øfl¡z≈¬ õ∂øÓ¬øÈ¬ ø¬ıμ≈¬ı˛ Œ¬ıÀ·¬ı˛ ¸Àe· ¸˜±Ú≈¬Û±Ó¬œ ˝√√˘ fl¡øäÓ¬ ¸¬ı˛Ì  , ’Ó¬¤¬ı

� � � �x y z z
dx
dt

dy
dt

dz
dt

dz
dtn

n
1 1 1

1 1 1: : : .. . .: : : :.. . .:�

’Ó¬¤¬ı (1) ˝√√ÀÓ¬ ¬Û±˝◊√√

0
1

� � �
�
��

�
�
�
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�

�
�

�

�
�

�

�
�

F

x
x

F

y
y

F

z
zj

i
i

j

i
i

j

i
i

i

n

’Ú≈¬ı˛”À¬Û �r (x1, y1, z1, ....., zn) 
� 0

Ò¬ı˛± ˚±fl¡ �r (x1, ..., zn) < 0 ¤fl¡øÈ¬ ’¬ıàÔ±ÀÚº ¤‡Ú ˚ø√ ¤fl¡øÈ¬ ¸¬ı˛Ì ˝√√˚˛, Ó¬±˝√√À˘ ¸z¬øÓ¬¬ı˛

Ò˜« ’Ú≈˚±˚˛œ ’ä ¤fl¡È≈¬ ¸˜À˚˛¬ı˛ Ê√Ú… �r (x1, ...., zn) < 0 Ô±øfl¡À¬ı ¤¬ı— Ù¬À˘ �r 
� 0 ˝◊√√˝√√± ¸Ó¬…

Ô±fl¡À¬ıº ’±¬ı±¬ı˛ ˚ø√ �r = 0 Œfl¡±Ú ¤fl¡øÈ¬ ’¬ıàÔ±ÀÚ ¤fl¡øÈ¬ øÚø«√©Ü ¸˜À˚˛, Ó¬±˝√√À˘ ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ ¤fl¡øÈ¬

·øÓ¬ ø√À˘ [¬ı±Òfl¡¸˜”˝√√ øÍ¬fl¡ ŒÔÀfl¡], �r-¤¬ı˛ ˜±Ú ˝√√À¬¬ı 	 � �� �r r r#�   t + #t ¸˜À˚˛, (#t >
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0). ¤‡Ú Œ˚À˝√√Ó≈¬ 	 
�r 0  ¤¬ı— �r = 0, ’Ó¬¤¬ı #�r 
� 0. Ù¬À˘ 
��

�
r
t

� 0  ’Ô«±» 
d
dt

r� � 0.

’Ó¬¤¬ı ’±˜¬ı˛± ¬Û±˝◊√√

��

�

��

�

��

�
r

i
i

r

i
i

r

i
i

i

n

x
x

y
y

z
z r s� �

�
��

�
�
 
 �

�
" 0, 1 2,

1
, . . . ,

Œ˚À˝√√Ó≈¬ fl¡øäÓ¬ ¸¬ı˛Ì Œ¬ıÀ·¬ı˛ ¸˜±Ú≈¬Û±Ó¬œ, ’Ó¬¤¬ı

��

�
�

��

�
�

��

�
�r

i
i

r

i
i

r

i
i

i

n

x
x

y
y

z
z� �

�
��

�
�
 
�

" 0
1

’Ó¬¤¬ı õ∂øÓ¬:±øÈ¬ õ∂˜±øÌÓ¬ ˝√√˘º

˜z¬¬ı… – ˝◊√√˝√√± ˘é¬Ìœ˚˛ Œ˚, ˚ø√ �r < 0 ˝√√˚˛, Ó¬±˝√√À˘ fl¡øäÓ¬ ¸¬ı˛ÌÊ√øÚÓ¬ Î¬◊¬ÛÀ¬ı˛¬ı˛ ’¸˜œfl¡¬ı˛Ì ¸Ó¬…

Ú±› ˝√√ÀÓ¬ ¬Û±À¬ı˛º

9.8 fl¡øäÓ¬ fl¡±˚«ø¬ı¯∏˚˛fl¡ ÚœøÓ¬ (Principle of Virtual Work)

fl¡øäÓ¬ fl¡±˚« (Virtual Work)

Ò¬ı˛± ˚±fl¡ n-¸—‡…fl¡ ¬¬ıd≈¬fl¡Ì± ¸˜øi§Ó¬ ¤fl¡øÈ¬ Ó¬ÀLa¬ı˛ 
� �

P Pn1, . . . . . ,  ¬ı˘·≈ø˘¬ı˛ ˚√Ô±√flË¡À˜ A1, ..., An-

¤ ’¬ıøàÔÓ¬ fl¡Ì±·≈ø˘¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛± fl¡¬ı˛ÀÂ√º ¤‡Ú ¤˝◊√√ ¬ıd≈¬Ó¬ÀLa¬ı˛ ¤fl¡øÈ¬ ˝◊√√26√±˜Ó¬ fl¡øäÓ¬ ¸¬ı˛Ì ˝√√À˘ ¬ı˘·≈ø˘¬ı˛

fl¡±˚«¸˜ø©Ü

� � � � �� � �L P s P sn n

� � � �

1 1. . . . . .

P x P y P zix i iy i iz i
i

n
� � �� �

�
" � �

1
(1)

Œ˚‡±ÀÚ 

� �

� �s sn1, . . . . ,  ·≈ø˘ ˝√√˘ A1, ..., An-¤¬ı˛ ¸¬ı˛Ì Œˆ¬"√√¬ı˛ ¤¬ı— �xi, �yi, �zi ˝√√˘ 

�

�si

Œˆ¬"√√À¬ı˛¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙º (1) Ú— ¸”S ¡Z±¬ı˛± 
� �

P Pn1, . . . . . ,  ¬ı˘¸˜”À˝√√¬ı˛ fl¡øäÓ¬ fl¡±À˚«¬ı˛ ¸—:± ¬Û±›˚˛± ˚±˚˛º

¬ı˘·≈ø˘ ˚ø√ ¤fl¡øÈ¬ ’À¬Ûé¬fl¡ V ˝√√ÀÓ¬ Î¬◊æ”√Ó¬ ˝√√˚˛, Ó¬±˝√√À˘

P V
x

P V
y

P V
zix

i
iy

i
iz

i
� � ��
�

�
�

�
�

, ,
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¤¬ı— � � � �
�
��

�
�� ��

��
�

�
�

�

�
�

�

�
� �L

V
x

x
V
y

y
V
z

z V
i

i
i

i
i

i
i

n

1

fl¬øäÓ¬ fl¬±˚«ø¬ı¯∏˚˛fl¬ ÚœøÓ¬ (Principle of Virtual Work)

˚ø (A1, .... , An) ’¬ıàÔ±Ú˚≈q¡ n-¸—‡…fl¬ ¬ıd≈¬fl¬Ì±Ó¬La ˝˚˛ ¤¬ı— Î¬◊˝±À¬ı˛ ¬ı±Òfl¬·≈ø˘ ˚ø ¸˜˚˛

øÚ¬ı˛À¬Ûé¬ › Î¬◊ˆ¬‰¬±¬ı˛œ ˝˚˛ ¤¬ı— ˚ø ‚¯∏«Ì ¬ı˘ Î¬◊¬ÛøàÔÓ¬ Ú± Ô±Àfl¬, Ó¬±˝À˘ A1, .... An ø¬ıμ≈ÀÓ¬ √õ∂˚≈q¡

� �
P Pn1,...  ¬ı˘·≈ø˘¬ı˛ ¸±˜…±¬ıàÔ± ˝¬ı±¬ı˛ √õ∂À˚˛±ÊÚœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝˘ Œ˚ √õ∂øÓ¬øÈ¬ fl¬øäÓ¬ ¸¬ı˛ÀÌ¬ı˛ ÊÚ…

√õ∂˚≈q¡ ¬ı˘·≈ø˘¬ı˛ fl¬øäÓ¬ fl¬±˚«¸˜ø©Ü ˙”Ú… ˝À¬ıº

’Ô«±» � � � � �
�
�� � � �L P x P y P zix i iy i iz i
i

n

� 	 0
1

˜ôL√¬ı… : ¤‡±ÀÚ √õ∂˚≈q¡ ¬ı˘ ¬ı˘ÀÓ¬ ¬ıd≈¬Ó¬ÀLa¬ ’ˆ¬…ôL√¬ı˛Ê±Ó¬ ¬ı˘ ’Ô¬ı± √õ∂øÓ¬øflË¡˚˛±¬ı˘ ¬ı…øÓ¬À¬ı˛Àfl¬ ’Ú…±Ú…

¬ı˘Àfl¬ ¬ı≈Á¬±Ú ˝À˚˛ÀÂ√º

˘±¢∂±? (Lagrange) fl¬Ó‘¬«fl¬ Î¬◊¬ÛàÔ±ø¬ÛÓ¬ Î¬◊¬ÛÀ¬ı˛¬ı˛ ÚœøÓ¬øÈ¬ ¸±Ò±¬ı˛Ìˆ¬±À¬ı ¸Ó¬… ÒÀ¬ı˛ øàÔøÓ¬ø¬ı…±

’±À˘±‰¬Ú± fl¬¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º ’¬ı˙… fl¬Ó¬·≈ø˘ ø¬ıÀ˙¯∏ Œé¬ÀS ¤˝◊ ÚœøÓ¬¬ı˛ ¸¬ı˛±¸ø¬ı˛¬ √õ∂˜±Ì ¸y√√¬ıº ’±˜¬ı˛±

√õ∂ÔÀ˜ √õ∂øÓ¬øflË¡˚˛± ¬ı˘¸˜”À˝¬ı˛ fl¬±˚« ¸•ÛÀfl«¬ ¤fl¬øÈ¬ √õ∂fl¬ä (hypothesis) ¢∂˝Ì fl¬¬ı˛¬ı › Î¬◊˝±¬ı˛ ¸±˝±À˚…

fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬¬ı˛ √õ∂À˚˛±ÊÚœ˚˛Ó¬± Œ‡±¬ıº

9.8.1 √õ∂øÓ¬øflË¡˚˛± ¬ı˘ ¸•Ûøfl«¬Ó¬ √õ∂fl¬ä

ëŒfl¬±Ú ¬ıd≈¬Ó¬ÀLa [Œ˚‡±ÀÚ ‚¯∏«Ì¬ı˘ ’Ú≈¬ÛøàÔÓ¬] Œ˚-Œfl¬±ÀÚ± fl¬øäÓ¬ ¸¬ı˛ÌÊøÚÓ¬ √õ∂øÓ¬øflË¡˚˛± ¬ı˘·≈ø˘¬ı˛

fl¬±˚«¸˜ø©Ü ˙”Ú…ºí

9.8.2 fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬¬ı˛ √õ∂À˚˛±ÊÚœ˚˛Ó¬±

Ò¬ı˛± ˚±fl¬ ¬ıd≈¬Ó¬LaøÈ¬ √õ∂˚≈q¡ ¬ı˘ 
� �
P Pn1,... ¸±À¬ÛÀé¬ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º ¤‡Ú √õ∂øÓ¬øÈ¬ ø¬ıμ≈ A1, ....

An -ŒÓ¬ ˚Ô±flË¡À˜ 

� � �

R R Rn1 2, ...,,  √õ∂øÓ¬øflË¡˚˛± ¬ı˘ ˝À˘, A1, ..., An-¤¬ı˛ √õ∂ÀÓ¬…Àfl¬¬ı˛ ¸±À˜…¬ı˛ ÊÚ…

√õ∂À˚˛±ÊÚœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝˘

� � � � � �

P R P R P Rn n1 1 2 20, 0, 0� � � � � � (1)
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’Ó¬¤¬ı Œfl¬±Ú fl¬øäÓ¬ ¸¬ı˛Ì 

� �

� �s sn1,..., ‘-¤¬ı˛ ÊÚ… ¬ı˘¸˜”˝ fl¬Ó‘¬«fl¬ fl‘¬Ó¬fl¬±˚«

� � � � � � � �
� �

�
� �

�
� �

�

P R s P R s P R sn n n1 1 1 2 1 2 0
 � 
 � 
 �. . . . . . . . .� � � (2)

[(1) ˝ÀÓ¬]

øfl¬ôL≈√ 9.8.1-¤¬ı˛ √õ∂fl¬ä ’Ú≈¸±À¬ı˛

�
�

�
�

R s R sn n1 1 0. ... .� �� � � (3)

’Ó¬¤¬ı (2) ˝ÀÓ¬ (3) ¬ı…¬ı˝±¬ı˛ fl¬ø¬ı˛˚˛± ¬Û±˝◊

� � � � � � � �

P s P s R s R sn n n n1 1 1 1 0. ... . . ... .� � � �� � � 	 � � �� 
 (4)

’Ó¬¤¬ı (4) ˝ÀÓ¬ ¬Û±˝◊ Œ˚ √õ∂˚≈q¡ ¬ı˘·≈ø˘ fl¬Ó‘¬«fl¬ fl¬øäÓ¬ fl¬±˚« ˙”Ú…º ’Ó¬¤¬ı 9.8-¤ ¬ıøÌ«Ó¬ fl¬øäÓ¬

fl¬±˚«ÚœøÓ¬ √õ∂À˚˛±ÊÚœ˚˛º

9.8.3 fl¬Ó¬fl¬·≈ø˘ ø¬ıÀ˙¯∏ Œé¬ÀS fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬¬ı˛ √õ∂˜±Ì

(i) ¤fl¬øÈ¬ ˜≈q¡ ¬ıd≈¬fl¬Ì±¬ı˛ Œé¬ÀS (A particle free constraints) :

Ò¬ı˛± ˚±fl¬ ¤fl¬øÈ¬ ˜±S ¬ıd≈¬fl¬Ì±ñ˚± Œfl¬±ÀÚ± √õ∂fl¬±¬ı˛ ¬ı±Òfl¬ ¬Z±¬ı˛± ¬ıX Ú˚˛ A ŒÓ¬ ¬ı˛À˚˛ÀÂ√ ¤¬ı— 
�

P
¬ı˘ √õ∂˚≈q¡ ˝À˚˛ÀÂ√º Œ˚À˝Ó≈¬ ¬ıd≈¬fl¬Ì±øÈ¬ ˜≈q¡, ’Ó¬¤¬ı Î¬◊˝±¬ı˛ Î¬◊¬Û¬ı˛ Œfl¬±ÀÚ± √õ∂øÓ¬øflË¡˚˛± ¬ı˘ ŒÚ˝◊º ’Ó¬¤¬ı

¸±˜…±¬ıàÔ±¬ı˛ ÊÚ… √õ∂À˚˛±ÊÚœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝˘ 
�
P = 0.

¤‡Ú 
�

�s  Œfl¬±ÀÚ± fl¬øäÓ¬ ¸¬ı˛Ì ˝À˘ fl¬øäÓ¬ fl¬±˚« 
�
P .

�

�s . ’Ó¬¤¬ı ¸±À˜…¬ı˛ ÊÚ… √õ∂À˚˛±ÊÚœ˚˛ ˙Ó«¬

˝˘ 
�
P .

�

�s = 0. Œ˚-Œfl¬±ÀÚ± fl¬øäÓ¬ ¸¬ı˛Ì 
�

�s -¤¬ı˛ ÊÚ…º ’±¬ı±¬ı˛ ˚ø Œ˚-Œfl¬±ÀÚ± fl¬øäÓ¬ ¸¬ı˛ÀÌ¬ı˛ ÊÚ…

� �

P ds. � 0  ˝˚˛ Ó¬À¬ı ds P
�

�

 øÚÀ˘ P2 = 0 ˝˚˛ ’Ô«±» P = 0. ’Ó¬¤¬ı fl¬Ì±øÈ¬ ¸±À˜… Ô±fl¬À¬ıº ’Ó¬¤¬ı

˙Ó«¬øÈ¬ ˚ÀÔ©Üº

(ii) ¤fl¬øÈ¬ ˜≈q¡ ‘Ï¬ˇ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ øflË¡˚˛±¬ı˛Ó¬ ¸˜Ó¬˘œ˚˛ ¬ı˘À·±á¬œ¬ı˛ Œé¬ÀS :

Ò¬ı˛± ˚±fl¬ 
� �
P Pn1,... ¬ı˘·≈ø˘ [¤fl¬˝◊ ¸˜Ó¬À˘ ’¬ıøàÔÓ¬] ¤fl¬øÈ¬ ‘Ï¬ˇ ¬ıd≈¬¬ı˛ A1, A2 ..., An ø¬ıμ≈ÀÓ¬

øflË¡˚˛± fl¬À¬ı˛, Œ˚‡±ÀÚ A1, A2 ..., An ø¬ıμ≈·≈ø˘ ¬ı˘·≈ø˘¬ı˛ ¸˜Ó¬À˘ ’¬ıøàÔÓ¬º

¤fl¬øÈ¬ ‘Ï¬ˇ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˘·≈ø˘ ¸˜Ó¬À˘¬ı˛ ¤fl¬øÈ¬ ø¬ıμ≈ O-Œfl¬ ’±ø ø¬ıμ≈ ÒÀ¬ı˛ Ox, Oy ‹ ¸˜Ó¬À˘

˘•§ ’é¬ Ò¬ı˛˘±˜º A1 ..., An-¤¬ı˛ àÔ±Ú±efl¬ ˚Ô±flË¡À˜  (x1, y1), (x2, y2), ..., (xn, yn). ¤‡Ú
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¬ı˘À·±á¬œøÈ¬¬ı˛ ¸˜Ó≈¬˘ ˝˘ O ø¬ıμ≈ÀÓ¬ ¤fl¬øÈ¬ ¬ı˘ (X, Y) ¤¬ı— ¤fl¬øÈ¬ ¬Zμ3 G ˚±¬ı˛ w¬±˜fl¬ ¸˜Ó¬À˘¬ı˛

Î¬◊¬Û¬ı˛ ˘•§º ’Ô«±»

X X Y Y G x Y y Xi i i i i i
ii

n

i

n
� � � ����

��

, , � �
11

(1)

¤˝◊ ¬ı˘·≈ø˘¬ı˛ ¸˜Ó¬À˘ ¬ıd≈¬øÈ¬¬ı˛ Œ˚-Œfl¬±ÀÚ± ¤fl¬øÈ¬ fl¬øäÓ¬ ¸¬ı˛Ìñ¤˝◊ˆ¬±À¬ı ŒÚ›˚˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

¸˜¢∂ ¬ıd≈¬øÈ¬¬ı˛ Oz ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ �
 Œfl¬±ÀÌ ‚”Ì«Ú ¤¬ı— Ó¬±¬ı˛¬ÛÀ¬ı˛ ¸˜¢∂ ¬ıd≈¬¬ı˛ ¤fl¬øÈ¬ ¸±Ò±¬ı˛Ì ‰¬˘Ú

[¬Ûø¬ı˛ø˙©Ü ^©Ü¬ı…]º ¸±Ò±¬ı˛Ì ‰¬˘ÀÚ¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙ ˚Ô±flË¡À˜ a, b. Ù¬À˘ ‹ Ó¬À˘ ’¬ıøàÔÓ¬ Œ˚-Œfl¬±ÀÚ±

ø¬ıμ≈ (x, y)-¤¬ı˛ fl¬øäÓ¬ ¸¬ı˛Ì ˝À¬ı (�x, �y, �z), Œ˚‡±ÀÚ

� �� ��x a k r a y
x

� � � � 	
�

�

� �
 �
y b k r b x
y

� � � � �
�

�

�z = 0

’Ó¬¤¬ı ¬ı˘·≈ø˘¬ı˛ ¬Z±¬ı˛± fl¬øäÓ¬ fl¬±˚«

� � � � � 	����
�

X x Y y a X b Y x Y y Xi i i i i i i i i
ii

n
� � ���� � � �

1

= aX + bY + G�
 �
�

¤‡Ú Ò¬ı˛± ˚±fl¬ ‘Ï¬ˇ ¬ıd≈¬øÈ¬ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º ’Ó¬¤¬ı X = Y = G = 0. ’Ó¬¤¬ı (2) ˝ÀÓ¬

’±˜¬ı˛± ¬Û±˝◊ fl¬øäÓ¬ fl¬±˚« Œ˚-Œfl¬±ÀÚ± ¸¬ı˛ÀÌ¬ı˛ ÊÚ… ˙”Ú… ˜±Úº ’Ó¬¤¬ı ÚœøÓ¬øÈ¬ √õ∂À˚˛±ÊÚœ˚˛º

¤¬ı±¬ı˛ Ò¬ı˛± ˚±fl¬ Œ˚-Œfl¬±ÀÚ± fl¬øäÓ¬ ¸¬ı˛ÀÌ¬ı˛ ÊÚ… fl¬øäÓ¬ fl¬±˚« ˙”Ú…º ’Ó¬¤¬ı (a, b, �
� ˚±˝◊ Œ˝±fl¬

Ú± Œfl¬Ú, fl¬øäÓ¬ fl¬±˚« ˙”Ú…º ’Ó¬¤¬ı ˚ø a � 0, b =  �
� = 0 ¤˝◊¬ı˛”¬Û fl¬øäÓ¬ ¸¬ı˛Ì ŒÚ›˚˛± ˝˚˛,

Ó¬±˝À˘ (2) ŒÔÀfl¬ ¬Û±˝◊ X = 0. ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı b � 0, a = �
� = 0 ŒÔÀfl¬ ¬Û±˝◊  Y = 0 ¤¬ı—

a = b = 0, �
� � 0 ŒÔÀfl¬ ¬Û±˝◊ G = 0. ’Ó¬¤¬ı X = Y = G = 0. ’Ô«±» ¬ıd≈¬Ó¬ÀLa¬ı˛ Î¬◊¬Û¬ı˛

√õ∂˚≈q¡ ¬ı˘·≈ø˘ ¸±À˜… ¬ı˛À˚˛ÀÂ√º ’Ó¬¤¬ı fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬ ¸±˜…±¬ıàÔ±¬ı˛ ÊÚ… ˚ÀÔ©Üº

’Ó¬¤¬ı √õ∂˜±Ì ˝˘ Œ˚-Œfl¬±ÀÚ± ‘Ï¬ˇ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ øflË¡˚˛±¬ı˛Ó¬ ¸˜Ó¬˘œ˚˛ ¬ıÀ˘¬ı˛ Œé¬ÀS fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬

¸±˜…±¬ıàÔ±¬ı˛ ÊÚ… √õ∂À˚˛±ÊÚœ˚˛ › ˚ÀÔ©Üº

(iii) ¤fl¬øÈ¬ ‘Ï¬ˇ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˘¸˜”À˝¬ı˛ ¸±À˜…¬ı˛ ˙Ó«¬ :

ëŒfl¬±ÀÚ± ‘Ï¬ˇ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˘¸˜”À˝¬ı˛ ¸±À˜…¬ı˛ ÊÚ… √õ∂À˚˛±ÊÚœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝˘ñŒ˚-Œfl¬±ÀÚ± fl¬øäÓ¬

¸¬ı˛ÀÌ¬ı˛ ÊÚ… √õ∂˚≈q¡ ¬ı˘¸˜”˝ ¬Z±¬ı˛± fl¬øäÓ¬ fl¬±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì ˙”Ú…ºí
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√õ∂˜±Ì  : Œfl¬±Ú ‘Ï¬ˇ ¬ıd≈¬¬ı˛ ¸±Ò±¬ı˛Ì ¸¬ı˛ÌÀfl¬ ‹¬ ıd≈¬¬ı˛ Œfl¬±Ú ¤fl¬øÈ¬ ø¬ıμ≈¬ı˛ ‰¬˘Ú › ’Ó¬–¬Û¬ı˛ ‹ ø¬ıμ≈¬ı˛

˜Ò…·±˜œ Œfl¬±Ú Œ¬ı˛‡±¬ı˛ ¸±À¬ÛÀé¬ ‚”Ì«Ú ø˝¸±À¬ı Œ‡± Œ˚ÀÓ¬ ¬Û±À¬ı˛º Ò¬ı˛± ˚±fl¬ ¤fl¬øÈ¬ fl¬øäÓ¬ ¸¬ı˛Ì (�a,

�b, �c) ¬ıd≈¬øÈ¬¬ı˛ O ø¬ıμ≈Àfl¬ O'-¤ øÚÀ˚˛ ˚±˚˛ ¤¬ı— O'-¤¬ı˛ ˜Ò… øÀ˚˛ ¤fl¬øÈ¬ ‚”Ì«Ú ˚±¬ı˛ ø¬ıÀù≠ø¯∏Ó¬±—˙¸˜”˝

�
1�� �
2�� �
3. Ù¬À˘ ¬ıd≈¬øÈ¬¬ı˛ Œ˚-Œfl¬±ÀÚ± ø¬ıμ≈ (x, y, z)-¤¬ı˛ fl¬øäÓ¬ ¸¬ı˛Ì ˝À¬ı

�x, �y,� �z = (�a, �b, �c) + (�
1, �
2, �
3) × (x, y, z)

’Ô«±» �x = �a – y�
3 + z�
2

�y = �b – z�
�� + x�
3

�z = �c – x�
2 + y�
1 (1)

’Ó¬¤¬ı A1, A2, ..., Aw ø¬ıμ≈ÀÓ¬ 
� � �

P P Pn1 2, . . . ,, ¬ı˘¸˜”˝ √õ∂˚≈q¡ ˝À˘ Î¬◊¬ÛÀ¬ı˛¬ı˛ fl¬øäÓ¬ ¸¬ı˛ÌÊøÚÓ¬

fl¬± «̊

X x Y y Z zi i i i i i
i

n
� � �� �

�
�� �

1
(2)

Œ˚‡±ÀÚ (Xi, Yi, Zi) = 
�
Pi  ¤¬ı— Ai-¤¬ı˛ àÔ±Ú±efl¬ (xi, yi, zi)

’Ó¬¤¬ı (1) ¬ı…¬ı˝±¬ı˛ fl¬À¬ı˛ (2) ˝ÀÓ¬ ¬Û±˝◊,

fl¬±˚« [ ( ) (X a y z Y b z xi i i i i i
i

n
� �� �� � �� ��	 � � 	 �

�
� 3 2 1 3

1

        � � �Z c x yi i i( )]� �
 �
2 1

� � � � 	
�
����� � � ��a X b Y c Z y Z z Yi i i i i i i
i

n

1
1
� �

� 	 � 	���� ��2 3z X x Z x Y y Xi i i i i i i i� � � � (3)

¸±˜…±¬ıàÔ±¬ı˛ ÊÚ… ˚ÀÔ©Ü :

Ò¬ı˛± ˚±fl¬ Œ˚-Œfl¬±ÀÚ± fl¬øäÓ¬ ¸¬ı˛ÀÌ¬ı˛ ÊÚ… ¬ı˘¸˜”À˝¬ı˛ fl¬øäÓ¬ fl¬±˚« ˙”ÀÚ…¬ı˛ ¸˜±Úº ’Ó¬¤¬ı ˚ø

�a ��  0, �b = �c = �
1 = �
2 = �
3 = 0 ¤˝◊¬ı˛”À¬Û ¤fl¬øÈ¬ ¸¬ı˛Ì ŒÚ›˚˛± ˝˚˛, Ó¬±˝À˘ (3)
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ŒÔÀfl¬  ¬Û±˝◊ Œ˚ �a Xi �� 0. øfl¬ôL≈√ �a � 0, ’Ó¬¤¬ı Xi �� 0 . ’Ú≈¬ı˛”¬Ûˆ¬±À¬ı ¬Û±›˚˛± ˚±˚˛

Y Zi i� ��� 0 0, (4)

( )y Z z Yi i i i� �� 0

( )z X x Zi i i i� �� 0

( )x Y y Xi i i i� �� 0

øfl¬ôL≈√ Î¬◊¬ÛÀ¬ı˛¬ı˛ (4)-¤ ˙Ó«¬ Â√˚˛øÈ¬ ¬ıd≈¬øÈ¬¬ı˛ ¸±À˜…¬ı˛ ¬ÛÀé¬ ˚ÀÔ©Üº ’Ó¬¤¬ı ¬ıd≈¬øÈ¬ ¸±À˜… Ô±øfl¬À¬ıº

¸±˜…±¬ıàÔ±¬ı˛ ÊÚ… √õ∂À˚˛±ÊÚœ˚˛ :

Ò¬ı˛± ˚±fl¬ ¬ıd≈¬øÈ¬ √õ∂˚≈q¡ ¬ı˘±ÒœÚ ¸±À˜… ’±ÀÂ√¬º ’Ó¬¤¬ı ¬ı˘·≈ø˘¬ı˛ Œˆ¬"¬ı˛ Œ˚±·Ù¬˘ ˙”Ú… ¤¬ı— ¬ı˘·≈ø˘¬ı˛

’±ø ø¬ıμ≈ ¸±À¬ÛÀé¬ w¬±˜fl¬ Œ˚±·Ù¬˘› ˙”Ú…º

’Ô«±» X Y Zi i i� ���� 0

0 � 	 � 	 � 	��� Y Z z Y z X x Z x Y y Xi i i i i i i i i i i i� � � � � �
’Ó¬¤¬ı (3) ŒÔÀfl¬ ¬Û±ø2Â, Œ˚-Œfl¬±ÀÚ± fl¬øäÓ¬ ¸¬ı˛ÀÌ¬ı˛ ÊÚ… fl¬øäÓ¬ fl¬±˚« = 0.  ’Ó¬¤¬ı fl¬øäÓ¬

fl¬±˚«ÚœøÓ¬ ¸±˜…±¬ıàÔ±¬ı˛ ÊÚ… √õ∂À˚˛±ÊÚœ˚˛º

9.9 fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬¬ı˛ √õ∂À˚˛±·

’±˜¬ı˛± Œ‡˘±˜ Œ˚ fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬ Œfl¬±ÀÚ± ‘Ï¬ˇ ¬ıd≈¬¬ı˛ ¬ı˘¸˜”À˝¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ ÊÚ… ¤fl¬øÈ¬

√õ∂À˚˛±ÊÚœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬º √õ∂fl‘¬Ó¬¬ÛÀé¬ øàÔøÓ¬ Ó¬ÀQ¬ı˛ ˜”˘ÚœøÓ¬ ø˝¸±À¬ı fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬ ¢∂˝Ì fl¬¬ı˛±

Œ˚ÀÓ¬ ¬Û±À¬ı˛º Œ˚-Œfl¬±ÀÚ± ¬ıd≈¬Ó¬ÀLa¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ ÊÚ… √õ∂À˚˛±ÊÚœ˚˛ ˙Ó«¬ ¬Û±›˚˛± ˚±˚˛º Î¬◊±˝¬ı˛Ì¶§¬ı˛”¬Û øÚÀ•ß

fl¬À˚˛fl¬øÈ¬ Œé¬S Œ›˚˛± ˝˘º

(1) fl¬Ó¬fl¬·≈ø˘ ‘Ï¬ˇ ¬ıd≈¬ ¬Z±¬ı˛± ·øÍ¬Ó¬ ¬ıd≈¬Ó¬La ˚±¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¬˜±S ¬ıø˝–àÔ ¬ı˘ ˝˘ Î¬◊˝±À¬ı˛ ›ÊÚ

¬ı˘º

¤˝◊ Œé¬ÀS ˚ø Œfl¬±ÀÚ± øÚø«©Ü Ó¬˘ ˝˝◊ÀÓ¬ ¬ıd≈¬·≈ø˘¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ Î¬◊2‰¬Ó¬± ˚Ô±flË¡À˜ z1, z2, ...

˝˚˛ ¤¬ı— w1, w2, .... ˚Ô±flË¡À˜ Î¬◊˝±À¬ı˛ ›ÊÚ ¬ı˘ ˝˚˛, Ó¬±˝À˘ ’±˜¬ı˛± ¬ıd≈¬Ó¬ÀLa¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ Î¬◊2‰¬Ó¬±

z  ¬Û±˝◊, Œ˚‡±ÀÚ

z
w z w z w z

w w w
n n

n
�

� � �

� � �
1 1 2 2

1 2

...
...

¤‡Ú fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬ ’Ú≈¸±À¬ı˛ Î¬◊¬ÛÀ¬ı˛¬ı˛ ‹ ’¬ıàÔ±Ú ¸±˜…±¬ıàÔ± ˝À˘ ¸±˜±Ú… ¤fl¬È≈¬ fl¬øäÓ¬ ¸¬ı˛ÀÌ¬ı˛

ÊÚ… fl¬øäÓ¬ fl¬±˚« ˙”Ú… ˝À¬ıº [¤‡±ÀÚ ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ ¬ı±Ôfl¬¸˜”˝ Î¬◊ˆ¬‰¬±¬ı˛œ Ò¬ı˛± ˝˘º]
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’Ó¬¤¬ı ’±˜¬ı˛± ¬Û±˝◊

w1dz1 + w2dz2 + ... + wndzn = 0

øfl¬ôL≈√ dz
w dz w dz w dz

w w w
n

n
�

� � �

� � �
1 1 2 2 2

1 2

...
...

’Ó¬¤¬ı ¸±˜…±¬ıàÔ±¬ı˛ ˙Ó«¬ ˝˘ dz � 0 . ¤˝◊ ˙Ó«¬øÈ¬ ŒÔÀfl¬ ’±˜¬ı˛± ¬Û±˝◊ Œ˚ ¬ıd≈¬Ó¬LaøÈ¬ ¸±˜…±¬ıàÔ±¬ı˛

ÊÚ… √õ∂À˚˛±ÊÚœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ¤˝◊ Œ˚ ¬ıd≈¬Ó¬ÀLa¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ Î¬◊2‰¬Ó¬± Œ©Ü˙Ú±¬ı˛œ (stationary) ˝À¬ıº

Œ˚˜Ú Î¬◊‰¬Ó¬± ¸¬ı«¬ı‘˝» ’Ô¬ı± é≈¬^ ˝˝◊ÀÓ¬ ¬Û±À¬ı˛º

˚ø ¬Û¬ı˛¶Û¬ı˛ ¸•Ûfl«¬˙”Ú… ¸±Ò±¬ı˛Ì àÔ±Ú±efl¬ 
 � � .....˝◊Ó¬…±ø¬ı˛ ˜±Ò…À˜ ¬ıd≈¬·≈≈ø˘¬ı˛ ’¬ıàÔ±Ú øÚÀ«˙

fl¬¬ı˛± ˚±˚˛, Ó¬±˝À˘ dz � 0 ¤˝◊ ˙Ó«¬øÈ¬Àfl¬ 
 � � .....˝◊Ó¬…±ø¬ı˛ ˜±Ò…À˜ Œ˘‡± ˚±˚˛ :

� � �d d d
 � �� � � �. .. 0 . ¤‡Ú 
 � � ¬Û¬ı˛¶Û¬ı˛ ’øÚˆ¬«¬ı˛ ˝À˘ ’±˜¬ı˛± ¬Û±˝◊

� = 0, � = 0, � = 0 ˝◊Ó¬…±øº

¤˝◊ ¸˜œfl¬¬ı˛Ì·≈ø˘¬ı˛ ¸˜±Ò±Ú ŒÔÀfl¬ ¬ıd≈¬Ó¬ÀLa¬ı˛ ¸±˜…±¬ıàÔ± ¬Û±›˚˛± ˚±˚˛º

(2) fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬¬ı˛ √õ∂À˚˛±· ¬Z±¬ı˛± ’:±Ó¬ √õ∂øÓ¬øflË¡˚˛± ¬ı˘ øÚÌ«˚˛ :

’±˜¬ı˛± Ê±øÚ Œfl¬±ÀÚ± ¬ıd≈¬Ó¬ÀLa fl¬øäÓ¬ ¸¬ı˛Ì øÀ˘, Œfl¬¬ı˘˜±S √√õ∂˚≈q¡ ¬ı˘·≈ø˘¬ı˛ fl¬±˚«¸˜ø©Ü øÚÀÓ¬

˝˚˛º √õ∂øÓ¬øflË¡˚˛± ¬ı˘·≈ø˘¬ı˛ fl¬±˚«¸˜ø©Ü ˙”Ú…º ¤‡Ú ˚ø ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ ¸±˜…±¬ıàÔ± Ê±Ú± Ô±Àfl¬, Ó¬±˝À˘ ’±˜¬ı˛±

‹ ’¬ıàÔ±˚˛ Œfl¬±ÀÚ± √õ∂øÓ¬øflË¡˚˛± ¬ı˘ fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬¬ı˛ ¸±˝±À˚… Ê±øÚÀÓ¬ ¬Û±ø¬ı˛º ¤Àé¬ÀS ’±˜¬ı˛± ’:±Ó¬

√õ∂øÓ¬øflË¡˚˛± ¬ı˘·≈ø˘Àfl¬ √õ∂˚≈q¡ ¬ı˘ ø˝¸±À¬ı fl¬øäÓ¬ fl¬±À˚«¬ı˛ ˜ÀÒ… ŒÚ¬ı ¤¬ı— ¤˜Ú ¤fl¬øÈ¬ fl¬øäÓ¬ ¸¬ı˛Ì ŒÚ¬ı

Œ˚ ‹ √õ∂øÓ¬øflË¡˚˛± ¬ıÀ˘¬ı˛ Î¬◊æÀ¬ı¬ı˛ fl¬±¬ı˛Ì¶§¬ı˛”¬Û ¬ı±Òfl¬øÈ¬Àfl¬ ˆ¬e· fl¬À¬ı˛º Œ˚˜Ú ˚ø ¤fl¬øÈ¬ ¸”S ¬Z±¬ı˛± ≈øÈ¬

øÚø«©Ü ø¬ıμ≈ ˚≈q¡ Ô±Àfl¬, Ó¬À¬ı Î¬◊˝±¬ı˛ È¬±Ú (tension) [¸±˜…±¬ıàÔ±˚˛] Ê±ÚÀÓ¬ ˝À˘ ¸±˜…±¬ıàÔ± ˝ÀÓ¬ ¤˜Ú

¤fl¬øÈ¬ ¸¬ı˛Ì øÚÀÓ¬ ˝À¬ı ˚± ‹ ¸”SøÈ¬¬ı˛ ¸—À˚±· ø¬ıμ≈¬ZÀ˚˛¬ı˛ ”¬ı˛QÀfl¬ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ fl¬À¬ı˛º ’Ô«±» ˚ø T ‹

¸”ÀS¬ı˛ È¬±Ú ˝˚˛, Ó¬±˝À˘ ’±˜¬ı˛± ˜ÀÚ fl¬ø¬ı˛ Œ˚ ¸”SøÈ¬ ŒÚ˝◊, Ó¬±¬ı˛ ¬Ûø¬ı˛¬ıÀÓ«¬ ‹ √õ∂±ôL√ø¬ıμ≈¬ZÀ˚˛ ˚Ô±flË¡À˜

T, T ¬Û¬ı˛¶Û¬ı˛ ø¬ı¬Û¬ı˛œÓ¬ ¬ı˘ øflË¡˚˛± fl¬¬ı˛ÀÂ√º ¤‡Ú ˚ø fl¬øäÓ¬ ¸¬ı˛Ì ’Ú≈¸±À¬ı˛ ‹ ≈øÈ¬ ø¬ıμ≈¬ı˛ ˜ÀÒ… ”¬ı˛Q

dl ¬ı‘øX ¬Û±˚˛, Ó¬±˝À˘ Î¬◊¬ÛÀ¬ı˛¬ı˛ (T, T) ¬ı˘¬Z˚˛ñTdl ¤˝◊ ¬Ûø¬ı˛˜±Ì fl¬±˚« fl¬¬ı˛ÀÂ√º ’Ó¬¤¬ı fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬

˝ÀÓ¬ ’±˜¬ı˛± ¬Û±˝◊

– Tdl + � d
 + ... = 0 (1)

Œ˚À˝Ó≈¬ ¸±˜…±¬ıàÔ± Ê±Ú± ’±ÀÂ√ ¤¬ı— dl-Œfl¬ àÔ±Ú±efl¬ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ˜±Ò…À˜ √õ∂fl¬±˙ fl¬À¬ı˛ d
 ˝◊Ó¬…±ø¬ı˛

¸˝· ˙”Ú… ˜±Ú ˝À¬ıº ’Ó¬¤¬ı fl¬øäÓ¬ fl¬±˚« ˙”Ú… ’Ô«±» (1) Ú— ¸˜œfl¬¬ı˛Ì ˝ÀÓ¬ ’±˜¬ı˛± T-¤¬ı˛ ˜±Ú ¬Û±˝◊º
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9.10 ¬Ûø¬ı˛ø˙©Ü

1. ¤fl¬øÈ¬ ‘Ï¬ˇ ¬ıd≈¬¬ı˛ ¸˜Ó¬˘œ˚˛ ¸¬ı˛Ì (Planar displacement of a rigid body) :

’±˜¬ı˛± ¤fl¬øÈ¬ ‘Ï¬ˇ ¬ıd≈¬¬ı˛ ¤˜Ú ¤fl¬øÈ¬ ¸¬ı˛Ì ¸•ÛÀfl«¬ ’±À˘±‰¬Ú± fl¬¬ı˛¬ı Œ˚ ¸¬ı˛ÀÌ¬ı˛ Ù¬À˘ ¬ıd≈¬øÈ¬¬ı˛ √õ∂øÓ¬øÈ¬

fl¬Ì± ¤fl¬øÈ¬ øÚø«©Ü ¸˜Ó¬À˘¬ı˛ ¸˜±ôL√¬ı˛±˘ ¸˜Ó¬À˘ Ô±fl¬À¬ıº

Ò¬ı˛± ˚±fl¬ ¤fl¬øÈ¬ øÚø«©Ü ¸˜Ó¬À˘¬ı˛ ¸˜±ôL√¬ı˛±˘ ¸˜Ó¬À˘¬ı˛ ¤fl¬øÈ¬ ŒÂ√ ¬ıd≈¬øÈ¬¬ı˛ ’±ø ’¬ıàÔ±ÀÚ A,

B, C øÓ¬ÚøÈ¬ ’¸˜À¬ı˛‡œ˚˛ ø¬ıμ≈ øÀ˚˛ ˚±À2Â ¤¬ı— ¸¬ı˛Ì ˝¬ı±¬ı˛ ¬Û¬ı˛ ‹ ø¬ıμ≈S˚˛ ¤fl¬˝◊ ¸˜Ó¬À˘ ˚Ô±flË¡À˜

A�, B�, C� ø¬ıμ≈ÀÓ¬ ’¬ıàÔ±Ú fl¬¬ı˛ÀÂ√º A, B, C øÓ¬ÚøÈ¬ Œ˚À˝Ó≈¬ ’¸˜À¬ı˛‡œ˚˛ ¤¬ı— ¬ıd≈¬øÈ¬ ‘Ï¬ˇ, ’Ó¬¤¬ı

Î¬◊˝±À¬ı˛ ’¬ıàÔ±Ú Ê±ÚÀ˘˝◊ ¸˜¢∂ ¬ıd≈¬øÈ¬¬ı˛ ’¬ıàÔ±Ú ’ÚÚ…ˆ¬±À¬ı Ê±Ú± ˚±˚˛º √õ∂ÔÀ˜ ’±˜¬ı˛± ¬ıd≈¬øÈ¬¬ı˛ √õ∂ÀÓ¬…fl¬

ø¬ıμ≈Àfl¬ AA
�

�  ¤˝◊ ˜±À¬Û¬ı˛ ‰¬˘Ú (translation) fl¬äÚ± fl¬¬ı˛˘±˜º Ù¬À˘ A ø¬ıμ≈ A�-¤¬ı˛

5 Ú— ø‰¬S

¸Àe· ø˜ø˘Ó¬ ˝˘º ¤¬ı— A�, B��, C ˝˘ A, B, C-¤¬ı˛ ‰¬˘ÚÊøÚÓ¬ ’¬ıàÔ±Úº ¤‡Ú ‘Ï¬ˇ ¬ıd≈¬¬ı˛

Ò˜« ˝ÀÓ¬ AB = A�B�� = A�B� ¤¬ı— AC = A�C�� = A�C� ¤¬ı— �BAC = �B��A�C��= �B�A�Cº

’Ó¬¤¬ı (5 Ú— ø‰¬S] ˝ÀÓ¬ ¬Û±˝◊ �C��A�C� = �B��A�B�. ’Ó¬¤¬ı ¬ıd¬øÈ¬Àfl¬ A�-¤¬ı˛ ˜Ò…·±˜œ øÚø«©Ü

¸˜Ó¬À˘¬ı˛ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ �C��A�C� ¤˝◊ ¬Ûø¬ı˛˜±Ì ‚”Ì«Ú øÀ˘ ¬ıd≈¬øÈ¬¬ı˛ C��, A�, B�� ø¬ıμ≈·≈ø˘ ˚Ô±flË¡À˜

C�, A�, B� ø¬ıμ≈·≈ø˘ÀÓ¬ ˚±À¬ıº ’Ô«±» ¬ıd≈¬øÈ¬ ¸¬ı˛ÌÊ±Ó¬ ’¬ıàÔ±ÀÚ ’±¸À¬ıº ’Ó¬¤¬ı ’±˜¬ı˛± Œ‡˘±˜

Œ˚ ¬ıd≈¬øÈ¬¬ı˛ √õ∂Ô˜ ’¬ıàÔ±Ú ˝ÀÓ¬ ø¬ZÓ¬œ˚˛ ’¬ıàÔ±ÀÚ ˚±¬ı±¬ı˛ ÊÚ… ¤fl¬øÈ¬ Î¬◊¬Û˚≈q¡ ‰¬˘Ú ¤¬ı— ¤fl¬øÈ¬ Î¬◊¬Û˚≈q¡

‚”Ì«Ú ¸¬ı«± ¬Û±›˚˛± ˚±˚˛º

˜ôL√¬ı… : Î¬◊¬ÛÀ¬ı˛¬ı˛ √õ∂˜±Ì ˝ÀÓ¬ ¸˝ÀÊ˝◊ ’Ú≈À˜˚˛ Œ˚-Œfl¬±ÀÚ± ’¬ıàÔ±Ú ˝ÀÓ¬ ’Ú… Œfl¬±ÀÚ± øÚø«©Ü

’¬ıàÔ±ÀÚ ˚±¬ı±¬ı˛ ÊÚ… ¤fl¬±øÒfl¬ Î¬◊¬Û±À˚˛ ‹ ‰¬˘Ú › ‚”Ì«Ú ŒÚ›˚˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

2. Î¬◊¬ÛÀ¬ı˛¬ı˛ ø‰¬S ˝ÀÓ¬ ¸˝ÀÊ˝◊ ’Ú≈À˜˚˛ Œ˚ ’±À· ‚”Ì«Ú ¬ÛÀ¬ı˛ ‰¬˘Ú ¤˝◊¬ı˛”¬Û √õ∂À˚˛±· fl¬¬ı˛À˘ ’¸≈ø¬ıÒ±

˝À¬ı Ú±º
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‘Ï¬ˇ ¬ıd≈¬¬ı˛ ¸¬ı˛ÌÊøÚÓ¬ àÔ±Ú±efl¬ ¬Ûø¬ı˛¬ıÓ«¬Ú :

Ò¬ı˛± ˚±fl¬ øÚø«©Ü ¸˜Ó¬À˘ ’¬ıøàÔÓ¬ Ox, Oy ’é¬ ¸±À¬ÛÀé¬ ‹ Ó¬À˘ Œ˚-Œfl¬±ÀÚ± ø¬ıμ≈¬ı˛ ’±ø

àÔ±Ú±efl¬ (x, y). Ò¬ı˛± ˚±flƒ¬ Oz ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ �� Œfl¬±ÀÌ ø¬ı‚”øÌ«Ó¬ › ¬ÛÀ¬ı˛ (a, b) ¤˝◊

¬Ûø¬ı˛˜±Ì ‰¬˘Ú √õ∂±5º ‚”Ì«ÀÚ¬ı˛ Ù¬À˘ (x, y) ø¬ıμ≈øÈ¬ (x�, y�) ø·À˚˛ÀÂ√ ¤¬ı— ¸¬ı˛ÀÌ¬ı˛ Ù¬À˘ ( x1, y1)-

¤ ø·À˚˛ÀÂ√º

6 Ú— ø‰¬S

’Ó¬¤¬ı x� = r cos(
 + ��)

y� = r sin(
 + ��)

¤¬ı— x1 = x�  + a = r cos(
 + ��) + a

y1 = y�  + b = r sin(
 + ��) + b

’Ó¬¤¬ı P ø¬ıμ≈¬ı˛ ¸¬ı˛Ì (�x, �y) ˝À2Â

�x = r cos(
 + ��) + a – r cos


�y = r sin(
 + ��) + b – r sin


¤‡Ú ¸˜¢∂ ¸¬ı˛ÌøÈ¬ ’ä ˝À˘ ’Ô«±» �� ¤¬ı— a, b ¶§ä ˝À˘ ’±˜¬ı˛± Î¬◊¬ÛÀ¬ı˛¬ı˛ Ù¬˜”«˘± ˝ÀÓ¬ ¬Û±˝◊

�x = r(cos
� cos�� – sin
� sin��) – r cos
 + a

� � � � � � � � � a – rsin
� sin�� � a – y��� = a – y��

�y = r (sin
 cos�� + cos
� sin���� + b  rsin
� �� b + x��
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9.11 Î¬◊±˝¬ı˛Ì˜±˘±

1. ¤fl¬øÈ¬ ¬ı·«Àé¬S±fl¬±¬ı˛ Œ¬ı±Î«¬ ˚±¬ı˛ √õ∂øÓ¬øÈ¬ ¬ı±˝≈¬ı˛ Δ‚«… 2a, Î¬◊~•§ Ó¬À˘ ≈øÈ¬ ¸˜’Ú≈ˆ”¬ø˜fl¬ ˜¸‘Ì

Œ¬ÛÀ¬ı˛Àfl¬¬ı˛ Î¬◊¬Û¬ı˛ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º Œ¬ÛÀ¬ı˛fl¬ ≈øÈ¬¬ı˛ ”¬ı˛Q c. Œ‡±Ú Œ˚ ¬ı·«ÀéSøÈ¬¬ı˛ ¤fl¬øÈ¬ ¬Û±ù´« ø·ôL√À¬ı˛‡±¬ı˛

¸Àe· 45º ’Ô¬ı± 
1
2

1
2 2

2
sin� �a c

c
 Œfl¬±Ì fl¬À¬ı˛ ’±ÀÂ√º

P, Q ≈øÈ¬ Œ¬ÛÀ¬ı˛fl¬, ABCD ¬ı·«Àé¬S ø‰¬ÀS ¸±˜…±¬ıàÔ±˚˛ Ô±øfl¬¬ı±¬ı˛ fl¬±À˘ BA ¬ı±˝≈ PQ-¤¬ı˛ ¸Àe·


 Œfl¬±Ì fl¬À¬ı˛º

7 Ú— ø‰¬S

A ˝ÀÓ¬ PQ-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ = AP sin

= MN = PQcos
sin

= Ccos
� sin


’Ó¬¤¬ı PQ ˝ÀÓ¬ ¬ı·«Àé¬ÀS¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ Î¬◊2‰¬Ó¬±

h = OM = ON – MN = OA cos(
 – 45º) – c cos
sin


� �
�
��

�
�� �2

2 2
a c

cos sin
cos sin


 


 


= a(cos
 + sin
) – c cos
 sin


¤‡Ú Œfl¬±ÀÚ± fl¬øäÓ¬ ¸¬ı˛ÀÌ¬ı˛ ÊÚ…

fl¬øäÓ¬ fl¬±˚«  = 0, – W�h = 0

’Ô«±» �h = 0
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’Ô«±»

a(cos
 – sin
) – ccos2
 + c sin2
 = 0

(cos
 – sin
) (a– ccos
 – csin2
) = 0

’Ó¬¤¬ı ˝˚˛ cos
 – sin = 0 � 
 = 45º

’Ô¬ı± a c a c
a c

c
� � � � � � �

	
(cos sin ) ( sin ) sin� � � �2 2

2 2

2
1 2 2

� �
		1

2
1

2 2

2
sin

a c

c

2. b Δ‚«…ø¬ıø˙©Ü › W ›ÊÚø¬ıø˙©Ü ‰¬±¬ı˛øÈ¬ ¸˜±Ú G¬ ¬Z±¬ı˛± ·øÍ¬Ó¬ ¬ı˛•§À¸¬ı˛ é≈¬^Ó¬˜ fl¬Ì«øÈ¬ a ΔÀ‚«…¬ı˛

øÎ¬ˇ ˝√√À˘ ¤¬ı— ¬ı˛•§À¸¬ı˛ ¤fl¬øÈ¬ ¬ı±˝≈ ’Ú≈ˆ”¬ø˜fl¬ fl¬ø¬ı˛˚˛± ¬ı˛±‡± ˝À˘ Œ‡±Ú Œ˚ øÎ¬ˇøÈ¬¬ı˛ È¬±Ú ˝˘

2 2

4

2 2

2 2

W b a

b b a

	

	

� 	

¸˜±Ò±Ú :

8 Ú— ø‰¬S

ABCD ¬ı˛•§À¸¬ı˛ AB ¬ı±˝≈ ’Ú≈ˆ”¬ø˜fl¬ˆ¬±À¬ı øàÔ¬ı˛ ’±ÀÂ√º AC é≈¬^ fl¬Ì« ¤fl¬øÈ¬ øÎ¬ˇ ˚±¬ı˛ ¸±˜…±¬ıàÔ±˚˛

È¬±Ú = Tº øÎ¬ˇ¬ı˛ È¬±Ú ¬ı±¬ı˛ fl¬¬ı˛¬ı±¬ı˛ ÊÚ… øÎ¬ˇ¬ı˛ ¬Ûø¬ı˛¬ıÀÓ«¬ ≈øÈ¬ √õ∂±ÀôL√ T › T ø¬ı¬Û¬ı˛œÓ¬ ¬ı˘ øflË¡˚˛± fl¬À¬ı˛

Ò¬ı˛˘±˜º AD ¬ı±˝≈ ’Ú≈ˆ”¬ø˜¬ı˛ ¸Àe· 
 Œfl¬±Ì fl¬¬ı˛À˘ ¤˜Ú ¤fl¬øÈ¬ ¸¬ı˛Ì Œ›˚˛± ˝˘ ˚±ÀÓ¬ 
 ¬Ûø¬ı˛¬ıøÓ«¬Ó¬

˝À˚˛ 
 + �
 ˝˘, øfl¬ôL≈√ AB øàÔ¬ı˛ Ô±fl¬˘º Ó¬±˝À˘ ¸±À˜…¬ı˛ ÊÚ… √õ∂À˚˛±ÊÚœ˚˛ ˙Ó«¬ ’Ú≈¸±À¬ı˛ (AB ˝ÀÓ¬

AD, BC › DC-¤¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± Œ˜À¬Û] ¸±˜…±¬ıàÔ±¬ı˛ 
 Œfl¬±Ì ¤˜Ú ˝À¬ı Œ˚
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2
2

2 02 2 2W
b

W b T b b b� � � � � �sin sin cos�
�

�
� � 	 � 	 �� � � 	

2
2 1

0
2

2
Wb T

b

b
cos

sin

cos








�

�
�

� �

’Ó¬¤¬ı ¸±˜…±¬ıàÔ±˚˛ øÎ¬ˇ¬ı˛ È¬±Ú  T
Wb b

b
�

	2 2 12

2

cos cos

sin

� �

�

� �

øfl¬ôL≈√ a2 = 2b2 – 2b2 cos
 (� fl¬Ì«øÈ¬¬ı˛ Δ‚«…  = a)

’Ó¬¤¬ı T
bW b a a

b b
b a

b

�
	

	
	

2 2

2 1
2

4

2 2

2 2
2 2 2

4

� �
� �

   �
	

	

2 2

4

2 2

2 2

W b a

b b a

� 	

3. ‰¬±¬ı˛øÈ¬ ¸˜±Ú ˚≈q¡ fl¬±øÍ¬ñ˚±˝±À¬ı˛ √õ∂ÀÓ¬…Àfl¬¬ı˛ Δ‚«… a, ¤fl¬øÈ¬ Œfl¬ÃøÌfl¬ ø¬ıμ≈ ˝ÀÓ¬ ŒÁ¬±˘±Ú ’±ÀÂ√º

‹ Œfl¬ÃøÌfl¬ ø¬ıμ≈¬ı˛ ¸Àe· ø¬ı¬Û¬ı˛œÓ¬ Œfl¬ÃøÌfl¬ ø¬ıμ≈ ¤fl¬øÈ¬ øàÔøÓ¬àÔ±¬Ûfl¬ øÎ¬ˇ øÀ˚˛ ˚≈q¡º ˚ø

øàÔøÓ¬àÔ±ø¬ÛÓ¬±efl¬ ¤fl¬øÈ¬ fl¬±øÍ¬¬ı˛ ›ÊÀÚ¬ı˛ ¸˜±Ú ˝˚˛ ¤¬ı— fl¬±øÍ¬·≈ø˘ ¤fl¬øÈ¬ ¬ı·«Àé¬S±fl¬±À¬ı˛ Á≈¬˘ÀÓ¬ Ô±Àfl¬,

Œ‡±Ú Œ˚ øÎ¬ˇ¬ı˛ ’¸—¬ı‘X Δ‚«… øÂ√˘ 
a 2

3
.

9 Ú— ø‰¬S
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Ò¬ı˛± ˚±fl¬ ’¸—¬ı‘X øÎ¬ˇ¬ı˛ Δ‚«… x. Ó¬±˝À˘ Œ˚À˝Ó≈¬ ¸±˜…±¬ıàÔ±˚˛ Δ‚«… ˝˘ 2a , ’Ó¬¤¬ı øÎ¬ˇ¬ı˛

¸±˜…±¬ıàÔ±˚˛ È¬±Ú ˝˘

T W
a x
x

�
	2

øfl¬ôL≈√ ¸±˜…±¬ıàÔ±˚˛ fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬ ’Ú≈¸±À¬ı˛

2
2

2
2

W
a

W a
a

� � � � �sin sin sin�
�

�
� � �

�
�

�
�

	 �T a� �2 0sin� �
¬ı±, 4Wacos
 = 2Tacos


øfl¬ôL≈√ cos
 � 0, ’Ó¬¤¬ı T = 2W

’Ó¬¤¬ı W a x
x

W2 2	 �

’Ô«±» x a�
2

3
4. ¸˜±Ú ›ÊÚ W ø¬ıø˙©Ü ‰¬±¬ı˛øÈ¬ G¬ ¬Z±¬ı˛± ¤fl¬øÈ¬ ¬ı˛•§¸ ABCD [˜¸‘Ìˆ¬±À¬ı ¸—˚≈q¡] A ø¬ıμ≈

˝ÀÓ¬ Á≈¬˘ÀÂ√ ¤¬ı— ˆ¬±¬ı˛ WC ø¬ıμ≈ÀÓ¬ ˚≈q¡ ’±ÀÂ√º ¤fl¬øÈ¬ fl¬øÍ¬Ú G¬ ¬Z±¬ı˛± [˚±¬ı˛ ›ÊÚ ’¬ıÀ˝˘±À˚±·…]

AB › AD-¤¬ı˛ ˜Ò…ø¬ıμ≈¬Z˚˛ ¸—˚≈q¡ ˝À˚˛ÀÂ√º AB, AD-¤¬ı˛ AC-¤¬ı˛ ¸Àe· Œfl¬±Ì � ˝À˘, Œ‡±Ú

Œ˚ fl¬øÍ¬Ú G¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û¬ı˘ ˝À¬ı

(2W + 4w) tan�

10 Ú— ø‰¬S
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Ò¬ı˛˘±˜ Œ˚ AB › AD-¤¬ı˛ ˜Ò…ø¬ıμ≈¬ZÀ˚˛¬ı˛ ‰¬±¬Û¬ı˘ T ¤¬ı— Î¬◊˝±¬ı˛± AB, AD G¬ ≈øÈ¬¬ı˛ Î¬◊¬Û¬ı˛

øflË¡˚˛± fl¬À¬ı˛º

G¬·≈ø˘¬ı˛ Δ‚«… √õ∂øÓ¬øÈ¬¬ı˛ 2a Ò¬ı˛˘±˜º ’Ó¬¤¬ı ¤fl¬È≈¬ ¸¬ı˛Ì fl¬äÚ± fl¬¬ı˛± ˝˘ ˚±ÀÓ¬ 
 � 
 + d


˝˘º Ù¬À˘ √õ∂˚≈q¡ ¬ı˘·≈ø˘ Œ˚ øflË¡˚˛± fl¬¬ı˛À¬ı, Ó¬± ˙”Ú… ˝ÀÓ¬ ˝À¬ı, ¸±˜…±¬ıàÔ±¬ı˛ ÊÚ…º ’Ó¬¤¬ı

2 2 2 0w a w a W a T a� 
 � 
 � 
 � 
( cos ) (3 cos ) (4 cos ) ( sin )� � � �

( – 8wasin
 – 4Wasin
) �
 + 2T acos0�
 = 0

’Ó¬¤¬ı ¸±˜…±¬ıàÔ±¬ı˛ ÊÚ…, Œ˚À˝Ó≈¬ �
� �� ��� 
� �� � ’±˜¬ı˛± ¬Û±˝◊

T = (4w + 2W) tan�

5. øÓ¬ÚøÈ¬ ¬‘Ï¬ˇ G¬ AB, BC, CD, ˚±À¬ı˛ √õ∂ÀÓ¬…fl¬øÈ¬¬ı˛ Δ‚«… 2aº ˜¸‘Ìˆ¬±À¬ı B › C-ŒÓ¬ ¸—˚≈q¡

˝À˚˛ÀÂ√  , ¤˝◊ ¬ıd≈¬Ó¬LaøÈ¬ ¤˜Úˆ¬±À¬ı ¬ı˛±‡± ˝˘ Œ˚ Î¬◊˝± ≈øÈ¬ ˜¸‘Ì Œ¬ÛÀ¬ı˛fl¬ [˚±À¬ı˛ ˜ÀÒ… ”¬ı˛Q 2c) ¤¬ı˛

Î¬◊¬Û¬ı˛ ¸˜ˆ”¬ø˜fl¬ˆ¬±À¬ı ’¬ıøàÔÓ¬ Ô±Àfl¬  , ¤¬ı— AB › CD ’Ú≈ˆ”¬ø˜fl¬ Œ¬ı˛‡±¬ı˛ ¸Àe· � Œfl¬±Ì fl¬À¬ı˛º Œ‡±Ú

Œ˚ ¤˝◊ ¬ıd≈¬ ¸—·Í¬Ú ¬ı˛±‡¬ı±¬ı˛ ÊÚ… √õ∂À˚˛±ÊÚœ˚˛ AD øÎ¬ˇ¬ı˛ È¬±Ú ˝À¬ı

1
4

3 3 22 2W ec c
a

cos sec cos� � �	 �� �� �

Œ˚‡±ÀÚ W ˝˘ √õ∂øÓ¬øÈ¬ ÀG¬¬ı˛ ›ÊÚº

¸˜±Ò±Ú :

11 Ú— ø‰¬S

L, M Œ¬ÛÀ¬ı˛fl¬ ≈øÈ¬ ˝À˘, øàÔ¬ı˛ ’Ú≈ˆ”¬ø˜fl¬ Œ¬ı˛‡± LM ˝ÀÓ¬ ’Ú…±Ú… G¬·≈ø˘¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ Î¬◊2‰¬Ó¬±

˜±¬Û± ˝À¬ıº ¤‡Ú ˚ø AB ’Ú≈ˆ”¬ø˜fl¬ Œ¬ı˛‡± LM-¤¬ı˛ ¸Àe· 
 Œfl¬±Ì fl¬À¬ı˛, Ó¬±˝À˘ ¤fl¬øÈ¬ fl¬øäÓ¬ ¸¬ı˛Ì

Œ›˚˛± ˝˘, ˚±ÀÓ¬ 
 � 
 + d
 ˝˘º Î¬◊¬ÛÀ¬ı˛¬ı˛ ø‰Ó¬¬ı˛ ’Ú≈¸±À¬ı˛ 2a = BC.

’Ó¬¤¬ı 2c = LM = BC + 2BLcos


           = 2a + 2BLcos
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’Ó¬¤¬ı BL
c a

�
	

cos�

’Ó¬¤¬ı AB ÀG¬¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ ’¬ıàÔ±Ú LM ˝ÀÓ¬ ÚœÀ‰¬ ≈¬ı˛Q

= a sin
 – BLsin


� �
��

�
�
�a

c a
cos

sin






= (acos
 – c + a) tan


’Ú≈¬ı˛”¬Ûˆ¬±À¬ı,  BC-¤¬ı˛ Î¬◊2‰¬Ó¬± = BLsin


= (c – a) tan


’Ó¬¤¬ı fl¬øäÓ¬ ¸¬ı˛ÀÌ¬ı˛ ÊÚ… fl¬±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì  = 0

’Ô«±»

2W�{(acos
 – c + a) tan
} – W�(c – a) tan


– T�(2a+ 4acos
) = 0

2W{acos
 – (c – a) sec2
� �� – W(c – a) sec2
 + T. 4asin
 = 0

Œ˚À˝Ó≈¬ ¸±À˜…¬ı˛ ÊÚ… fl¬øäÓ¬ ¸¬ı˛ÌÊøÚÓ¬ fl¬±˚« = 0 ’Ó¬¤¬ı  
 = � ¸±˜…±¬ıàÔ±˚˛ 
-¤¬ı˛ ˜±Ú

˝À˘

T W ec
c a

a
c a

a
�

	
	 �

	�
��

�
��

	 
 	 


4 2 22 2cos sec cos sec� � � �

� 	 	W ec c
a4
3 3 22 2cos sec sec cos� � � �

� 	 	
W ec c

a4
3 3 22 3cos sec cos� � �� �

6. ≈øÈ¬ ¸˜±Ú (2b ΔÀ‚«…¬ı˛] ¸≈¯∏˜ G¬ AB › AC, A ø¬ıμ≈ÀÓ¬ ˜≈q¡ˆ¬±À¬ı ˚≈q¡ (freely jointed)

¤¬ı— Ó¬±¬ı˛± ¤fl¬øÈ¬ ¸˜‘Ì Î¬◊~•§ ¬ı‘ÀM¬ı˛ Î¬◊¬Û¬ı˛ øàÔ¬ı˛±¬ıàÔ±˚˛ ’±ÀÂ√º ¬ı‘ÀM¬ı˛ ¬ı…±¸±Ò« a. ˚ø G¬¬ZÀ˚˛¬ı˛ ˜ÀÒ…

Œfl¬±Ì ˝˚˛ 2
, Ó¬À¬ı Œ‡±Ú Œ˚

bsin3
 = acos
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9.12 ¸±¬ı˛±—˙

¤˝◊ ¤fl¬Àfl¬ ¸±À˜…¬ı˛ ÊÚ… √õ∂À˚˛±ÊÚœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ fl¬øäÓ¬ fl¬±˚« ˜±Ò…À˜ √õ∂fl¬±˙ fl¬¬ı˛± ˝À2Âº ˚ø

¤fl¬øÈ¬ ¬ıd≈¬Ó¬ÀLa¬ı˛ ¬ı±Òfl¬·≈ø˘ ¤˜Ú ˝˚˛ Œ˚ Ó¬±¬ı˛± Î¬◊ˆ¬‰¬±¬ı˛œ [’Ô«±» ˚ø ¬ı±Òfl¬ ¸•Ûfl«¬ ¤fl¬øÈ¬ ¸˜œfl¬¬ı˛Ì

¬ı˛”À¬Û √õ∂fl¬±˙ fl¬¬ı˛± ¸y√√¬ı ˝˚˛] Ó¬±˝À˘ ¸±À˜…¬ı˛ ÊÚ… √õ∂À˚˛±ÊÚœ˚˛ › ˚ÀÔ©Ü ˙Ó«¬ ˝˘ Œ˚-Œfl¬±ÀÚ± fl¬øäÓ¬

¸¬ı˛Ì [˚± ¬¬ıd≈¬Ó¬LaøÈ¬¬ı˛ Ê…±ø˜øÓ¬fl¬ ˙Ó«¬Àfl¬ ˘e‚Ú fl¬À¬ı˛ Ú±] Œ›˚˛± ˝À˘ Ó¬±¬ı˛ ¬ı˛≈Ú  √õ∂˚≈q¡ ¬ı˘¸˜”˝ ¬Z±¬ı˛±

fl‘¬Ó¬fl¬±˚« ¸˜ø©Ü ˙”Ú… ˝À¬ıº

¤˝◊ ˙Ó«¬ √õ∂À˚˛±· fl¬À¬ı˛ ø¬ıøˆ¬iß ¬ıd≈¬¬ı˛ ¸±˜… øÚÒ«±¬ı˛Ì fl¬¬ı˛± ˝À˚˛ Ô±Àfl¬º

’±¬ı±¬ı˛ ¸±˜…±¬ıàÔ± Ê±Ú± Ô±fl¬À˘ ¬ıd≈¬Ó¬ÀLa øflË¡˚˛±˙œ˘ ’ˆ¬…ôL√¬ı˛àÔ ¬ı˘› Ê±Ú± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

9.13 ¸¬ı«À˙¯∏ √õ∂ùü±¬ıø˘

1. ≈øÈ¬ ¸≈¯∏˜ ˆ¬±¬ı˛œ ¸˜±Ú ΔÀ‚«…¬ı˛ › √õ∂ÀÓ¬…fl¬øÈ¬ W ›ÊÀÚ¬ı˛ G¬ AB › AC, A
 √õ∂±ÀôL√ ˜≈q¡ˆ¬±À¬ı

˚≈q¡ ¤¬ı— Ó¬±¬ı˛± ¤fl¬øÈ¬ ŒÂ√±È¬ øàÔ¬ı˛ ¬ı‘M±fl¬±¬ı˛ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¸≈¸˜?¸ˆ¬±À¬ı ’±ÀÂ√º ˚ø AB = AC = 2l

¤¬ı— ¬ı‘MøÈ¬¬ı˛ ¬ı…±¸±Ò« a ˝˚˛ ¤¬ı— a < 1 ˝˚˛, Ó¬À¬ı AB, AC Î¬◊~•§ øÀfl¬¬ı˛ ¸Àe· Œ˚ Œfl¬±Ì fl¬À¬ı˛

Ó¬± øÚÌ«˚˛ fl¬¬ı˛≈Úº

12 Ú— ø‰¬S

Ò¬ı˛± ˚±fl¬ AB, AC-¤¬ı˛ ˆ¬±¬ı˛Àfl¬f O ŒÔÀfl¬ Z Î¬◊2‰¬Ó¬±˚˛ Ô±fl¬À¬ıº Ó¬±˝À˘ ›ÊÚ ¬ı˘ WO ŒÔÀfl¬

Z = (acosec
 – 1cos
) ¤˝◊ Î¬◊2‰¬Ó¬±˚˛ ’±ÀÂ√º ’Ó¬¤¬ı fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬ ’Ú≈˚±˚˛œ 2W�Z = 0.

– acosec 
 cot
 + lsin
 = 0

l asin cos
sin

�
�

�
� 2

¬ı±, a
a
l

sin cos3 � ��
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2.

13 Ú— ø‰¬S

¸˜±Ú Δ‚«… › ›ÊÀÚ¬ı˛ ≈øÈ¬ G¬ ¤fl¬øÈ¬ √õ∂±ÀôL√ ˚≈q¡ › ’¬Û¬ı˛ √õ∂±ôL√ ≈≈øÈ¬ ¤fl¬øÈ¬ øÎ¬ˇ øÀ˚˛ ¬ıKÒº

øÎ¬ˇ¬ı˛ Δ‚«… 2l ¤¬ı— ÀG¬¬ı˛ Δ‚«… 2a ˝À˘ ¤¬ı— Î¬◊˝±À¬ı˛ ˜ÀÒ… 
 = 60º ˝À˘ øÎ¬ˇ¬ı˛ È¬±Ú fl¬Ó¬∑

Ò¬ı˛± ˚±fl¬ ¸”SøÈ¬¬ı˛ ¬ı˘ ø¬ı¬Û¬ı˛œÓ¬ ¬ı˘ T, T fl¬±Ê C › B ø¬ıμ≈ÀÓ¬ fl¬À¬ı˛º ’Ó¬¤¬ı 
 � 
 + �


¤˝◊ ¸¬ı˛ÀÌ¬ı˛ ÊÚ… fl¬±˚« = 0

�� – 2T�(2asin
) – 2W�(lcos
) = 0

� �T a lW2 cos sin� �� �  ¬ı± T l
a

� 2 tan �

3.

14 Ú— ø‰¬S

¤fl¬øÈ¬ øàÔ¬ı˛ ø¬ıμ≈ A ˝ÀÓ¬ ¤fl¬øÈ¬ øÎ¬ˇ ¸˝À˚±À· W1 ›ÊÚ ŒÁ¬±˘±ÀÚ± ˝˘º ’±¬ı±¬ı˛ W1 ŒÔÀfl¬

’±¬ı˛ ¤fl¬øÈ¬ øÎ¬ˇ ¸˝À˚±À· W2 ›ÊÚ ŒÁ¬±˘±ÀÚ± ˝˘º øÎ¬ˇ ≈øÈ¬¬ı˛ È¬±Ú fl¬Ó¬ fl¬øäÓ¬ ¸¬ı˛Ì ¸±˝±À˚… øÚÌ«˚˛

fl¬¬ı̨≈Úº

¸˜±Ò±Ú – W1 øàÔ¬ı˛ ø¬ıμ≈ ˝ÀÓ¬ fl¬äÚ± fl¬¬ı˛± ˝˚˛ Œ˚Ú øÎ¬ˇ·≈ø˘¬ı˛ àÔ±ÀÚ Ó¬±À¬ı˛ È¬±Ú ¬ı˘ ˚Ô±flË¡À˜
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T1 T2 Ò¬ı˛˘±˜º Ò¬ı˛± ˚±fl¡, Z1 ÚœÀ‰¬ › W2, Z1 + Z2 ÚœÀ‰¬ ’±ÀÂ√º ¤‡Ú ˚ø Z1 � Z1 + �Z1

¤¬ı— Z2 � Z2 + �Z2 ÚœÀ‰¬ ¸¬ı˛Ì ˝˚˛, Ó¬À¬ı fl¬øäÓ¬ fl¬±˚« = W1�Z1 + W2(�Z1 + �Z2)

–T1�Z1 + T2�Z1 – T2(�Z1 + �Z2) = 0

¬ı±,
� �Z

W
W T

T
Z W T1

2

1 1

2

2 2 2 0
�

�

�

�

�
��

�

�
�� � � �� �

W2 + W1 – T1 + T2 = 0

W2 – T2 = 0

� T2 = W2,T1 = W1 + W2 + T2 = W1 + 2W2

’Ó¬¤¬ı Î¬◊¬ÛÀ¬ı˛¬ı˛ øÎ¬ˇøÈ¬¬ı˛ È¬±Ú = W1 + 2W2 ¤¬ı— ÚœÀ‰¬¬ı˛ øÎ¬ˇ¬ı˛ È¬±Ú = W2

fl¬øäÓ¬ ¸¬ı˛Ì

Â√øÈ¬ ¸˜±Ú G¬ AB, BC, CD, DE, EF ¤¬ı— FA √õ∂ÀÓ¬…fl¬øÈ¬¬ı˛ ›ÊÚ W ˜≈q¡ˆ¬±À¬ı Ó¬±À¬ı˛ √õ∂±ÀôL√

˚≈q¡ ˝À˚˛ ¤fl¬øÈ¬ ¯∏Î¬ˇˆ≈¬Ê ΔÓ¬¬ı˛œ fl¬À¬ı˛º AB ¬ı±˝≈ ¤fl¬øÈ¬ ’±Ú≈ˆ”¬ø˜fl¬ˆ¬±À¬ı ’±ÀÂ√ ¤¬ı— AB › DE-¤¬ı˛

˜Ò… ø¬ıμ≈¬Z˚˛ ¤fl¬øÈ¬ ¸≈ÀÓ¬± øÀ˚˛ ¬ı“±Ò± ’±ÀÂ√º Œ‡±Ú Œ˚ ¸≈ÀÓ¬±¬ı˛ È¬±Ú 3Wº ¸≈ÀÓ¬±¬ı˛ ¬Ûø¬ı˛¬ıÀÓ«¬ Î¬◊˝±¬ı˛ ¬Z±¬ı˛±

√õ∂˚≈q¡ ≈øÈ¬ ¬ı˘ T, T øÀ˚˛ Œ¬ı±Á¬±Ú ˝˘º

15 Ú— ø‰¬S

AB øàÔ¬ı˛, ’Ó¬¤¬ı ¤˜Ú ¤fl¬øÈ¬ ¸¬ı˛Ì Œ›˚˛± ˝˘ Œ˚ AF › BC-¤¬ı˛ ˜Ò…ø¬ıμ≈ x-Δ‚«… ÚœÀ‰¬

˚±˚˛º Ù¬À˘ DC › FE-¤¬ı˛ ˜Ò…ø¬ıμ≈ 3x2 Δ‚«… ÚœÀ‰¬ Ú±À˜ ¤¬ı— ED-¤¬ı˛ ˜Ò…ø¬ıμ≈ 4x ÚœÀ‰¬ Ú±À˜º

’Ó¬¤¬ı ¤¬ı˛”¬Û ¸¬ı˛ÀÌ¬ı˛ ÊÚ… Œ˜±È¬ fl¬±˚«  = 0

� – T4x + 2Wx + W. 3x + W. 3x + W. 4x = 0

’Ó¬¤¬ı T = 3W
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¤fl¬fl¬ 10 � ¸±À˜…¬ı˛ ¸≈øàÔøÓ¬ (Stability of Equilibrium)

·Í¬Ú

10.1 √õ∂d¬±¬ıÚ±

10.2 Î¬◊ÀV˙…

10.3 √¸≈øàÔøÓ¬ ¸•§KÒœ˚˛ ˙øq¡ øÚ˚˛˜ (Energy Test of Stablility)

10.4 √¤fl¬øÈ¬ øàÔ¬ı˛ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ’¬Û¬ı˛ ¤fl¬øÈ¬ ˆ¬±¬ı˛œ ¬ıd≈¬¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ ¸≈øàÔøÓ¬

10.5 √Î¬◊±˝¬ı˛Ì

10.6 √¬Ûø¬ı˛ø˙©Ü : ¤fl¬‚±Ó¬ ¶§±Ó¬La… (one degree of freedom) ˚≈q¡ ¬ıd≈¬¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ ¸≈øàÔøÓ¬

øÚÌ«˚˛

10.7 √¸±¬ı˛±—˙

10.8 √¸¬ı«À˙¯∏ √õ∂ùü±¬ı˘œ

10.1 √√õ∂d¬±¬ıÚ±

Œfl¬±Ú› ¬ıd≈¬ ¬ı± ¬ıd≈¬Ó¬La ¬ı˘ √õ∂˚≈q¡ ˝À˚˛ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¬À˘ ¶§±ˆ¬±ø¬ıfl¬ˆ¬±À¬ı √õ∂ùü Î¬◊ÀÍ¬ Œ˚ Î¬◊˝±¬ı˛

¸±˜…±¬ıàÔ±øÈ¬ Œfl¬˜Ú ’Ô«±» ¸±˜…±¬ıàÔ± ˝ÀÓ¬ ¸±˜±Ú… ø¬ı‰≈¬…øÓ¬¬ı˛ ÊÚ… ¬ıd≈¬Ó¬LaøÈ¬ ¸±˜…±¬ıàÔ± ˝ÀÓ¬ ¬ı˝≈ ”À¬ı˛

˚±˚˛ ’Ô¬ı± Î¬◊˝±¬ı˛ ’¬ıàÔ±Ú ¸¬ı«± ¸±˜…±¬ıàÔ±¬ı˛ øÚfl¬ÀÈ¬˝◊ Ô±Àfl¬º ˚ø ¸±˜…±¬ıàÔ±¬ı˛ øÚfl¬ÀÈ¬˝◊ ¬ıd≈¬øÈ¬ ¸¬ı«±

’¬ıàÔ±Ú fl¬À¬ı˛ [øàÔ¬ı˛ Ú± Ô±fl¬¬ı±¬ı˛ √õ∂À˚˛±ÊÚ ŒÚ˝◊] Œ¸Àé¬ÀS  ‹ ¸±˜…±¬ıàÔ±Àfl¬ ¸≈øàÔÓ¬ (stable) ¬ı˘±

˝˚˛º ’±¬ı˛ ˚ø ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ Œ·±Î¬ˇ±ÀÓ¬ ¸±˜±Ú… ¸¬ı˛Ì ¸ÀQ› ¬Û¬ı˛¬ıÓ«¬œfl¬±À˘ Î¬◊˝± flË¡˜±·Ó¬ ¸±˜…±¬ıàÔ± ŒÔÀfl¬

”À¬ı˛ ‰¬À˘ ˚±˚˛, Œ¸Àé¬ÀS ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ ‹ ¸±˜…±¬ıàÔ±Àfl¬ ¸≈øàÔøÓ¬˝œÚ (unstable) ¬ı˘± ˝˚˛º

Î¬◊¬ÛÀ¬ı˛¬ı˛ ’±À˘±‰¬Ú± ŒÔÀfl¬ ¶Û©Ü ˝˚˛ Œ˚ Œfl¬±Ú› ¸±˜…±¬ıàÔ±¬ı˛ ¸≈øàÔøÓ¬ ¸•ÛÀfl«¬ øàÔ¬ı˛øÚ(˚˛ ˝›˚˛±¬ı˛

ÊÚ… √õ∂À˚˛±ÊÚ ¬ıd≈¬øÈ¬¬ı˛ ·øÓ¬ ¸•§ÀKÒ :±Ú ’Ô«±» ¸±˜…±¬ıàÔ± ŒÔÀfl¬ ¸±˜±Ú… ø¬ı‰≈¬…øÓ¬¬ı˛ Ù¬˘¶§¬ı˛”¬Û ¬ıd≈¬Ó¬ÀLa¬ı˛

¬Û¬ı˛¬ıÓ«¬œ ·øÓ¬¬ı˛ ¶§¬ı˛”¬Û Ê±Ú± ’±¬ı˙…fl¬º ˚ø Î¬◊˝± ¸±˜±Ú… ’±Àμ±˘Ú ’±fl¬±À¬ı˛ ˝˚˛ [√õ∂±Ôø˜fl¬ ¶§ä ø¬ı‰≈¬…øÓ¬

Œ˚˝◊ √õ∂fl¬±À¬ı˛¬ı˛˝◊ ˝Î¬◊fl¬ Ú± Œfl¬Ú] Œ¸Àé¬ÀS ¬ıd≈¬Ó¬LaøÈ ‹ ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬, ’Ú…Ô±˚˛ ˚ø ¶§ä √õ∂±Ôø˜fl¬

ø¬ı‰≈¬…øÓ¬ ¸ÀQ› ¬Û¬ı˛¬ıÓ«¬œfl¬±À˘ ¬ıd≈¬Ó¬LaøÈ¬ flË¡˜±·Ó¬ ¸±˜…±¬ıàÔ± ŒÔÀfl¬ ”À¬ı˛ ˚±¬ı±¬ı˛ √õ∂¬ıÌÓ¬± Ô±Àfl¬ [’ôL√Ó¬

¤fl¬√õ∂fl¬±¬ı˛ ø¬ı‰≈¬…øÓ¬¬ı˛ ÊÚ…›], Œ¸Àé¬ÀS ‹ ¸±˜…±¬ıàÔ±Àfl¬ ’±˜¬ı˛± ¸≈øàÔøÓ¬˝œÚ ¬ıø˘º ’Ó¬¤¬ı ·øÓ¬˙±À¶a¬ı˛
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√õ∂À˚˛±· ¬Z±¬ı˛± Œfl¬¬ı˘˜±S ¸≈øàÔøÓ¬ ¸•§ÀKÒ øÚø(Ó¬ˆ¬±À¬ı ¬ı˘± ˚±˚˛º ¬ıÓ«¬˜±Ú ¬Ûø¬ı˛¸À¬ı˛ ’±˜¬ı˛± ¤fl¬øÈ¬ øÚ˚˛À˜¬ı˛

Î¬◊¬Û¬ı˛ øˆ¬øM fl¬À¬ı˛ ¬ıd≈¬Ó¬ÀLa¬ı˛ ¸≈øàÔøÓ¬ ¸•§ÀKÒ ’±À˘±‰¬Ú± fl¬¬ı˛øÂ√º

10.2 Î¬◊ÀV˙…

¸±˜…±¬ıàÔ±˚˛ ¤fl¡øÈ¬ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˘À·±á¬œ¬ı˛ ¬ı˘·≈ø˘ ¤˜Úˆ¬±À¬ı Ô±Àfl¡ Œ˚ ¬ıd≈¬¬ı˛ ‹ ’¬ıàÔ±˚˛ ¬ıd≈¬øÈ¬¬ı˛

Î¬◊¬Û¬ı˛ ø√flË¡˚˛±¬ı˛Ó¬ ¬ı˘·≈ø˘ ¬Û±¬ı˛¶Ûø¬ı˛fl¡ ¸±˜…±¬ıàÔ±¬ı˛ ˙Ó«¬·≈ø˘ ¬Û±˘Ú fl¡À¬ı˛º ¤‡Ú õ∂ùü ¤˝◊√√ Œ˚ Œfl¡±Ú ¬ıd≈¬

˚ø√ ¸±˜…±¬ıàÔ±Ú ŒÔÀfl¡ ¸±˜±Ú… ¬Ûø¬ı˛˜±ÀÌ ø¬ı‰≈¬…Ó¬ ˝√√˚˛, ’Ô«±» ¬ıd≈¬¬ı˛ Ê√…±ø˜øÓ¬fl¡ ¬ı±Òfl¡·≈ø˘ ˜±Ú… fl¡À¬ı˛

¬ıd≈¬øÈ¬¬ı˛ ˚ø√ ¤fl¡È≈¬ ’ä ¸¬ı˛Ì (displacement) Œ√›˚˛± ˝√√˚˛º Ó¬À¬ı Ó¬±¬ı˛ ¬Û¬ı˛¬ıÓ«¬œ ’¬ıàÔ± Œfl¡˜Ú ˝√√À¬ı∑

¤ ø¬ı¯∏À˚˛ Œ¬ı˙ fl¡À˚˛fl¡øÈ¬ ¸y¬±¬ıÚ± ’±ÀÂ√º Œ˚˜Ú ¬ıd≈¬øÈ¬¬ı˛ ¬Û¬ı˛¬ıÓ«¬œ ·øÓ¬ ¤˜Ú Œ˚ Ó¬±¬ı˛ ’¬ıøàÔøÓ¬ ¸¬ı«√±

¸±À˜…¬ı˛ ’¬ıàÔ±¬ı˛ øÚfl¡ÀÈ¬˝◊√√ Ô±Àfl¡º ’±¬ı±¬ı˛ ¤˜Ú› ˝√√ÀÓ¬ ¬Û±À¬ı˛ Œ˚ ¸±˜±Ú… ¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛ ¬ıd≈¬øÈ¬ ¤˜Úˆ¬±À¬ı

‰¬˘ÀÓ¬ ˙≈¬ı˛≈ fl¡¬ı˛˘ Œ˚ ¸±˜…±¬ıàÔ± ŒÔÀfl¡ Î¬◊˝√√± ’ÀÚfl¡ ”√À¬ı˛ ¸À¬ı˛ Œ·˘º õ∂Ô˜ Œé¬SÀfl¡ ’±˜¬ı˛± ¬ıø˘ ¸±˜…±¬ıàÔ±

¸≈øàÔÓ¬ (stable) ’±¬ı˛ ø¡ZÓ¬œ˚˛ Œé¬SÀfl¡ ¬ıø˘ ¸±˜…±¬ıàÔ± ’-¸≈øàÔÓ¬ (unstable) ’Ô¬ı± ¸≈øàÔøÓ¬˝√√œÚº

¤˝◊√√ ¤fl¡Àfl¡ ’±¬ÛÚ±¬ı˛± ¤˝◊√√ ¸•§À&Ò ø¬ıd‘¬Ó¬ˆ¬±À¬ı Ê√±ÚÀÓ¬ ¬Û±¬ı˛À¬ıÚº

10.3 ¸≈øàÔøÓ¬ ¸•§&Òœ˚˛ ˙øq¡ øÚ˚˛˜ (Energy Test of Stability)

˚ø√ Œfl¡±Ú› ¬ıd≈¬Ó¬ÀLa¬ı˛ Î¬◊¬Û¬ı˛ √õ∂˚≈q¡ ¬ı˘¸˜”˝ ¸—¬ı˛é¬œ ˝˚˛, Ó¬±˝À˘ Œfl¬±Ú› fl¬øäÓ¬ ¸¬ı˛ÀÌ¬ı˛ ÊÚ… ¬ı˘·≈ø˘

¬Z±¬ı˛± fl¬±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì � � �� ( )X x Y y Z zi i i i i i� � �  Œ˚‡±ÀÚ (Xi, Yi, Zi) ¬ı˘ ¬(xi, yi, zi) ø¬ıμ≈ÀÓ¬

’¬ıøàÔÓ¬ ¬ıd≈¬fl¬Ì±¬ı˛ Î¬◊¬Û¬ı˛ øflË¡˚˛± fl¬¬ı˛ÀÂ√º Œ˚À˝Ó≈¬ ¬ı˘¸˜”˝ ¸—¬ı˛é¬œ, ’Ó¬¤¬ı “¤˜Ú ¤fl¬øÈ¬ ’À¬Ûé¬fl¬ V ’±ÀÂ√

[˚±˝± øàÔøÓ¬˙øq¡¬ı˛ ¸˜±Ú] Œ˚ Î¬◊¬ÛÀ¬ı˛¬ı˛ fl¬±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì  = – dV ˝À¬ıº V-Œfl¬ Ó¬LaøÈ¬¬ı˛ ëøàÔøÓ¬˙øq¡í

¬ı˘± ˝˚˛º ¤‡Ú fl¬øäÓ¬ fl¬±˚«ÚœøÓ¬ ’Ú≈¸±À¬ı˛ Œfl¬±Ú› fl¬øäÓ¬ ¸¬ı˛Ì-[¤‡±ÀÚ ¬¬ıd≈¬Ó¬LaøÈ¬¬ı˛ ¬ı±Òfl¬·≈ø˘ Î¬◊ˆ¬‰¬±¬ı˛œ

› fl¬±˘øÚ¬ı˛À¬Ûé¬ Ò¬ı˛± ˝˚˛] ÊøÚÓ¬ fl¬±˚« ¬Ûø¬ı˛˜±Ì  = 0 ’Ô«±» dV = 0 ˝◊˝± ¸±˜…±¬ıàÔ±¬ı˛ ÊÚ… √õ∂À˚˛±ÊÚœ˚˛

› ˚ÀÔ©Ü ˙Ó«¬º ’Ô«±» Œfl¬±Ú› ¸±˜…±¬ıàÔ±˚˛ øàÔøÓ¬˙øq¡ V-¤¬ı˛ ˜±Ú Œ©Ü˙Ú±¬ı˛œ Ô±Àfl¬º ¤˝◊¬ı±¬ı˛ ’±˜¬ı˛±

Œ‡±¬ı Œ˚ V-¤¬ı˛ ˜±Ú ¸±˜…±¬ıàÔ±˚˛ àÔ±Úœ˚˛ˆ¬±À¬ı øÚ•ßÓ¬˜ ˝À˘ ‹ ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˝À¬ıº

¸≈øàÔøÓ¬¬ı˛ ˚ÀÔ©Ü ˙Ó«¬ : Œfl¬±Ú› ¸—¬ı˛é¬œ ¬ıÀ˘¬ı˛ Œé¬ÀS Œ˚‡±ÀÚ ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ı±Òfl¬·≈ø˘

¸˜˚˛øÚ¬ı˛À¬Ûé¬ ¸˜œfl¬¬ı˛Ì ¬Z±¬ı˛± øÚÀ«ø˙Ó¬ ˝˚˛, Œ¸Àé¬ÀS ¬ıd≈¬Ó¬ÀLa¬ı˛ ¸±˜…±¬ıàÔ±˚˛ ˚ø øàÔøÓ¬˙øq¡¬ı˛ àÔ±Úœ˚˛

é≈¬^Ó¬˜ ˜±Ú ˝˚˛, Ó¬±˝À˘ ‹ ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˝À¬ıº ’±¬ı˛ ¸±˜…±¬ıàÔ± ˚ø øàÔøÓ¬˙øq¡¬ı˛ àÔ±Úœ˚˛ ¬ı‘˝M˜

˜±Ú ˝˚˛, Ó¬±˝À˘ ‹ ¸±˜…±¬ıàÔ± ¸≈øàÔøÓ¬˝œÚ ˝À¬ıº

fl¬±¬ı˛Ì : Œ˚À˝Ó≈¬ ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ ¬ı±Òfl¬·≈ø˘ ¸˜˚˛øÚ¬ı˛À¬Ûé¬ ¤¬ı— ¬ı˘·≈ø˘ ¸—¬ı˛é¬œ, ’Ó¬¤¬ı ·øÓ¬Ó¬M3 ŒÔÀfl¬

¬Û±›˚˛± ˚±˚˛ Œ˚ ‰¬˘±fl¬±˘œÚ ·øÓ¬˙øq¡ › øàÔøÓ¬˙øq¡¬ı˛ Œ˚±·Ù¬˘ ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±fl¬À¬ıº ¤‡Ú Ò¬ı˛± ˚±fl¬,
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¬ıd≈¬Ó¬LaøÈ¬Àfl¬ Î¬◊˝±¬ı˛ ¸±˜…±¬ıàÔ± ˝ÀÓ¬ ¶§ä ¸¬ı˛Ì ˚≈q¡ ˝À˚˛ øàÔ¬ı˛ ’¬ıàÔ± ŒÔÀfl¬ Â√±Î¬ˇ± ˝˘º Ó¬±˝À˘ ¬Û¬ı˛¬ıÓ¬«œ

·øÓ¬fl¬±˘œÚ ·øÓ¬˙øq¡ T › øàÔøÓ¬˙øq¡ V ¤À¬ı˛ Œ˚±·Ù¬˘ ¸¬ı«± ÒË≈¬ıfl¬ Ô±fl¬À¬ı › ’±øÀÓ¬ øàÔøÓ¬˙øq¡¬ı˛

¸˜±Ú ˝À¬ıº

¤‡Ú ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ ¬Û¬ı˛¬ıÓ«¬œ ·øÓ¬ÀÓ¬ Î¬◊˝±¬ı˛ ·øÓ¬˙øq¡ ’˙”Ú…fl¬ ˝À¬ıº ’Ó¬¤¬ı ˚ø ¸±˜…±¬ıàÔ±˚˛

øàÔøÓ¬˙øq¡ àÔ±Úœ˚˛ é≈¬^Ó¬˜ ˝˚˛, Ó¬±˝À˘ ¬ıd≈¬Ó¬LaøÈ¬ ¸±˜…±¬ıàÔ±¬ı˛ øÚfl¬ÀÈ¬ Œ·À˘ V-¤¬ı˛ ˜±Ú fl¬˜À¬ı ¤¬ı—

T-¤¬ı˛ ˜±Ú ¸˝  T + V-¤¬ı˛ ˜±Ú ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±fl¬À¬ıº ’Ó¬¤¬ı ¬ıd≈¬Ó¬LaøÈ¬ ¸±˜…±¬ıàÔ±¬ı˛ øÚfl¬ÀÈ¬ Ô±fl¬À¬ı

’¬Û¬ı˛¬ÛÀé¬ ¸±˜…±¬ıàÔ±˚˛ øàÔøÓ¬˙øq¡ àÔ±Úœ˚˛ ¬ı‘˝M˜ ˝À˘ ·øÓ¬ ¤˜Ú ˝À¬ı Œ˚ ¬ıd≈¬Ó¬LaøÈ¬ ¸±˜…±¬ıàÔ± ŒÔÀfl¬

”À¬ı˛ ˚±À¬ı, fl¬±¬ı˛Ì Œ¸Àé¬ÀS V-¤¬ı˛ ˜±Ú fl¬À˜ › T-¤¬ı˛ ˜±Ú ¬ı±ÀÎ¬ˇº ’Ó¬¤¬ı ¸±˜…±¬ıàÔ±øÈ¬ ¸≈øàÔøÓ¬ø¬ı˝œÚº

[¬Ûø¬ı˛ø˙À©Ü ¤fl¬ ‚±ÀÓ¬¬ı˛ ¶§±Ó¬ÀLa…¬ı˛ ‘Ï¬ˇ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¸—¬ı˛é¬œ¬ı˘ √õ∂˚≈q¡ ¸±˜…±¬ıàÔ±¬ı˛ ¸≈øàÔøÓ¬ ¸•§ÀKÒ ’±À˘±‰¬Ú±

fl¬¬ı˛± ˝À˚˛ÀÂ√º]

˜ôL√¬ı… : fl¬‡Ú› fl¬‡Ú› ¬Ûø¬ı˛øàÔøÓ¬ ¤˜Ú ˝ÀÓ¬ ¬Û±À¬ı˛ Œ˚, Œfl¬±Ú› ¬ıd≈¬¬ı˛ ¬ı±Òfl¬-’Ú≈¸±¬ı˛œ Œfl¬±Ú›

¸¬ı˛ÀÌ¬ı˛ Ù¬À˘ ¬ıd≈¬øÈ¬¬ı˛ Ú”Ó¬Ú ’¬ıàÔ±Ú› ¤fl¬øÈ¬ ¸±˜…±¬ıàÔ±º ¤Àé¬ÀS ¸±˜…±¬ıàÔ±Àfl¬ øÚ¬ı˛À¬Ûé¬ (neutral)

¬ı˘± ˚±˚˛º Œ˚˜Ú ¤fl¬øÈ¬ ˆ¬±¬ı˛œ Œ·±˘fl¬ ¤fl¬øÈ¬ ’Ú≈ˆ”¬ø˜fl¬ ¸˜Ó¬À˘¬ı˛ ¸—¶ÛÀ˙« ¸±˜…±¬ıàÔ±˚˛ Ô±fl¬À˘ ‹

Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ’Ú… Œ˚-Œfl¬±Ú› ’¬ıàÔ±ÀÚ› ¸±˜…±¬ıàÔ± Ô±fl¬À¬ıº

10.4 ¤fl¬øÈ¬ øàÔ¬ı˛ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ’¬Û¬ı˛ ¤fl¬øÈ¬ ˆ¬±¬ı˛œ ¬ıd≈¬¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ ¸≈øàÔøÓ¬

Ò¬ı˛± ˚±fl¬ ¤fl¬øÈ¬ ˆ¬±¬ı˛œ ¬ıd≈¬ ’¬Û¬ı˛ ¤fl¬øÈ¬ øàÔ¬ı˛ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√  , ¬ıd≈¬ ≈øÈ¬¬ı˛ Œ˚ ’—˙

¬Û¬ı˛¶Û¬ı˛ ¶Û˙« fl¬À¬ı˛ ’±ÀÂ√ Ó¬±˝±¬ı˛± ˚Ô±flË¡À˜ r ¤¬ı— R ¬ı…±¸±ÀÒ«¬ı˛ Œ·±˘fl¬ ¤¬ı— Œ·±˘fl¬ ≈øÈ¬¬ı˛ Œfl¬f¬Z˚˛

¸—À˚±·fl¬±¬ı˛œ Œ¬ı˛‡± Î¬◊~•§ › ¶Û˙«Ó¬À˘¬ı˛ ≈˝◊ øÀfl¬º ¤‡Ú √õ∂Ô˜ ¬ıd≈¬øÈ¬Àfl¬ ¸±˜±Ú… ¸¬ı˛Ì Œ›˚˛± ˝˘

¤¬ı— ¬ıd≈¬ ≈øÈ¬¬ı˛ Ó¬˘À˙ ˚ÀÔ©Ü ¬Ûø¬ı˛˜±ÀÌ ’˜¸‘Ìº

1 Ú— ø‰¬S
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øàÔ¬ı˛ ¬ıd≈¬øÈ¬¬ı˛ Œ·±˘Ó¬À˘¬ı˛ Œfl¬f ˝˘ O ’±¬ı˛ Î¬◊¬ÛÀ¬ı˛¬ı˛ ¬ıd≈¬øÈ¬¬ı˛ ¸±˜…±¬ıàÔ±˚˛ Œ·±˘Ó¬À˘¬ı˛ Œfl¬f O1,

Î¬◊¬ÛÀ¬ı˛¬ı˛ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f ˝˘ G1, Œ˚‡±ÀÚ A1G1 = hº

¤‡Ú Î¬◊¬ÛÀ¬ı˛¬ı˛ ¬ıd≈¬øÈ¬¬ı˛ ¸±˜±Ú… ¸¬ı˛ÀÌ¬ı˛ Ù¬À˘ Î¬◊˝± ·øÎ¬ˇÀ˚˛ Ú”Ó¬Ú ’¬ıàÔ±ÀÚ Œ·À˘ ¬ıd≈¬øÈ¬¬ı˛ Œfl¬f

O2 ø¬ıμ≈ÀÓ¬ ¤¬ı— Ú”Ó¬Ú ¶Û˙«ø¬ıμ≈ A2 ¤¬ı— ¬ıd≈¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f ¤‡Ú G2 ŒÓ¬º 1 Ú— ø‰¬ÀS CG2 = h,

A2L Î¬◊~•§ Œ¬ı˛‡± O2C-¤¬ı˛ ¸ø˝Ó¬ L ø¬ıμ≈ÀÓ¬ ŒÂ√ Œ¬ı˛, ’±¬ı˛ Î¬◊~•§À¬ı˛‡± O2M, A2M ¤˝◊ ’Ú≈ˆ”¬ø˜fl¬

Œ¬ı˛‡±Àfl¬ M ø¬ıμ≈ÀÓ¬ ŒÂ√ fl¬À¬ı˛º ¤‡Ú �A2OA1 = 
, �A2O2C = � ˝À˘, ¬ıd≈¬øÈ¬¬ı˛ ‚”Ì«ÀÚ¬ı˛ ¬Ûø¬ı˛˜±Ì

= CO2M =�
 + �º Œ˚À˝Ó≈¬ Î¬◊¬ÛÀ¬ı˛¬ı˛ ¬ıd≈¬øÈ¬ ·øÎ¬ˇÀ˚˛ Ú”Ó¬Ú àÔ±ÀÚ ¤À¸ÀÂ√, ’Ó¬¤¬ı A1A2 ‰¬±¬Û [øàÔ¬ı˛

¬ıd≈¬øÈ¬¬ı˛] = CA2 ‰¬±¬Û [‰¬˘˜±Ú ¬ıd≈¬øÈ¬¬ı˛] ’Ô«±» R.
 = r�º

¤‡Ú G2 ø¬ıμ≈¬ı˛ ˜Ò…·±˜œ ˆ¬±¬ı˛¬ıÀ˘¬ı˛ øflË¡˚˛±À¬ı˛‡± ˚ø A2 ø¬ıμ≈¬ı˛ ¬ı±À˜ ’¬ıøàÔÓ¬ ˝˚˛ Ó¬±˝À˘ ˆ¬±¬ı˛¬ı˘

› A2 ŒÓ¬ √õ∂øÓ¬øflË¡˚˛±¬ı˘ ≈øÈ¬¬ı˛ Ù¬À˘ ¬ıd≈¬øÈ¬ ¸±˜…±¬ıàÔ±¬ı˛ øÚfl¬ÀÈ¬ ˚±À¬ı ’Ô«±» ¬ıd≈¬øÈ¬¬ı˛ ¸±˜…±¬ıàÔ± ¸”ø‰¬Ó¬

˝À¬ıº

’Ó¬¤¬ı ¬ı˘± ˚±˚˛ ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˝À¬ı ˚ø O2M ŒÔÀfl¬ G2-¤¬ı˛ ”¬ı˛Q > A2M ˝˚˛º ¸≈øàÔøÓ¬˝œÚ

˝À¬ı ˚ø O2M ŒÔÀfl¬ G2-¤¬ı˛ ”¬ı˛Q < A2M ˝˚˛º øfl¬ôL≈√ O2M ŒÔÀfl¬ G2-¤¬ı˛ ”¬ı˛Q

= (r – h)sin(
 + �)

¤¬ı— A2M = rsin
º

’Ó¬¤¬ı ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˚ø (r – h) sin(
 + �) > rsin


¸≈øàÔøÓ¬˝œÚ ˚ø (r – h)sin(
 + �) < rsin


’Ó¬¤¬ı ¸≈øàÔøÓ¬¬ı˛ ˙Ó«¬ ˝˘

( )sin sinr h
R r

r
r�

��
��

�
��  
 


’Ô¬ı± r h R r
r

R r
r r� � �

!
� �	


�
�

�
 � ��
�

�
�	 
 
 
 
 
1

3 3

3
3

3
� � . . . ! . . . (1)

’Ó¬¤¬ı ‡≈¬ı ’ä 
-¤¬ı˛ ˜±ÀÚ¬ı˛ ÊÚ…

¸≈øàÔøÓ¬¬ı˛ ˙Ó«¬ r h
R r

r
r	

�

� �

¸≈øàÔøÓ¬˝œÚÓ¬±¬ı˛ ˙Ó«¬ r h
R r

r
r	

�
�� �
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’Ô«±» r R
h R r

r
r� 	

� 
�	 

	 


’Ô«±» R
h R r

r
	

� 
�
	 


0

’Ô«±» 
h R r

r
R

� �

	 


’Ô¬ı± h rR
R r

! �

’Ô¬ı± 
1 1 1
h R r
 ! �

¤‡Ú ˚ø 
1 1 1
h R r
� �  ˝˚˛, h rR

R r
�

�� 
,

Ó¬À¬ı (I) ŒÔÀfl¬ ’±˜¬ı˛± ¬Û±˝◊ Œ˚ ¸≈øàÔÓ¬ ¬ı± ¸≈øàÔøÓ¬˝œÚ ˝›˚˛±¬ı˛ ˙Ó«¬ ¤Àé¬ÀS

r
R r

R r
r

R r
r

2 3
31

3�

�
�

��
�

�
� �

	



�
�

�



�
�
 
 
 ...

’Ô¬ı± ! � �
�
��

�
��

r 


3

3
...

’Ô«±» ˙Ó«¬ ˝˘

	 � 
	 

1
6

2 3R r �  ’Ô¬ı± � 	
1
6

2 3r �

’Ô«±» (R + r)2 < ’Ô¬ı± > r2

øfl¬ôL≈√ (R + r)2 ¸¬ı«±˝◊ r2 ’À¬Ûé¬± ¬ıÎ¬ˇº ’Ó¬¤¬ı Œ‡± Œ·˘ Œ˚ ¸±˜…±¬ıàÔ±øÈ¬ Œfl¬¬ı˘˜±S

1 1 1
h r R

 �  ˝À˘˝◊ ¸≈øàÔÓ¬ ¤¬ı— ’Ú…±Ú… Œé¬ÀS

’Ô«±» 
1 1 1
h r R
" �  ˝À˘ ’¸≈øàÔÓ¬ ˝À¬ıº

˜ôL√¬ı… : Î¬◊¬ÛÀ¬ı˛¬ı˛ √õ∂øÓ¬:±˚˛ Ó¬˘ ≈øÈ¬¬ı˛ ¬ıflË¡Ó¬± ø¬ı¬Û¬ı˛œÓ¬ øÀfl¬ øÂ√˘º ˚ø Ó¬± Ú± ˝À˚˛ ¤fl¬˝◊ øÀfl¬

’Ô«±» 2 Ú— ø‰¬ÀS¬ı˛ ˜Ó¬ ˝˚˛, Ó¬±˝À˘ ¬ıd≈¬øÈ¬¬ı˛ ¸±˜… ¸≈øàÔÓ¬ ˝›˚˛±¬ı˛ ˙Ó«¬ ˝˘ Œ˚ G2 ˜Ò… øÀ˚˛ Î¬◊~•§

A2-¤¬ı˛ ¬ı±˜ øÀfl¬ Ô±fl¬À¬ıº

’Ô«±»
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’Ô«±» O2G2 sin(� – 
) < MA2

’Ô«±» h r
R r

r
r	

	�
�

�
� �� �sin sin� �  [Œ˚À˝Ó≈¬ R
 = r�)

’Ô«±» 
h r

R r
r

R r
r

r�
�

�
��

�
�
� �

	



�
�

�



�
�
! � �
�
��

�
��

� � 
 
 


1

3! 6

3 3
... ... (II)

’Ô«±» h r
R r

r
r	

	�
�

�
� 
� �

2 Ú— ø‰¬S

’Ô«±» h
Rr

R r
�

	
 ’Ô«±» 

1 1 1
h r R

 	  ˝À˘ ¬ıd≈¬øÈ¬¬ı˛ ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˝À¬ıº ’±¬ı˛ ˚ø

1 1 1
h r R
� 	  ˝˘, Ó¬±˝À˘ ¬ıd≈¬øÈ¬¬ı˛ ¸±˜…±¬ıàÔ± ¸≈øàÔøÓ¬˝œÚ ˝À¬ıº ’±¬ı±¬ı˛ ˚ø 

1 1 1
h r R
� 	  ˝˚˛, Ó¬±˝À˘

(II) ŒÔÀfl¬ 
3 ¬Û˚«ôL√ øÚÀ˚˛¬¬Û±˝◊

	
	

� 	 �
1
6 6

2

2
3

3R r

r

� �
�

�
....

’Ó¬¤¬ı 
 ‡≈¬ı ’ä ˝À˘ ‘Ï¬ˇ¸±À˜…¬ı˛ ÊÚ… ˙Ó«¬ ˝˘ (R – r)2 > r3 ’Ô«±» R > 2r ˝À˘ ¸±˜…øÈ¬

¸≈øàÔÓ¬º ¤˝◊ˆ¬±À¬ı ¬ı˘± ˚±˚˛, R < 2r ˝À˘ ¸±˜…øÈ¬ ’¸≈øàÔÓ¬º ’¬Û¬ı˛ ¸y√√±¬ıÚ± ’Ô«±» ˚ø

R = 2r ˝˚˛, ¤¬ı— h
Rr

R r
r�

	
� 2  ˝˚˛
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Ó¬±˝À˘ � � �� �
R
r

2  ˝˚˛, ¤¬ı—

¤Àé¬ÀS O2G2 sin(�– 
) = (h – r)sin (�– 
) = rsin
 = MA2

’Ó¬¤¬ı Î¬◊¬ÛÀ¬ı˛¬ı˛ Œé¬ÀS G2 ¸¬ı«± L-¤¬ı˛ ¸±ÀÔ ¤fl¬œˆ”¬Ó¬ ˝À¬ı ’Ô«±» ˆ¬±¬ı˛Àfl¬f ¸¬ı«± ¶Û˙«ø¬ıμ≈ÀÓ¬

Î¬◊~À•§¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¬À¬ıº ’Ó¬¤¬ı ¤Àé¬ÀS ¬ıd≈¬øÈ¬ √õ∂øÓ¬øÈ¬ ’¬ıàÔ±ÀÚ˝◊ ¸±À˜… Ô±fl¬À¬ıº ’Ô«±» ¸±˜…±¬ıàÔ±øÈ¬Àfl¬

øÚ¬ı˛À¬Ûé¬ ¸±˜…±¬ıàÔ± ¬ı˘± ˚±˚˛º

10.5 Î¬◊±˝¬ı˛Ì

1. ¤fl¬øÈ¬ ¬ı‘M±fl¬±¬ı˛ ˙efl≈¬ › ¤fl¬øÈ¬ ’Ò«À·±˘fl¬ ¸˜øi§Ó¬ ¤fl¬øÈ¬ ¬ıd≈¬ [’Ò«À·±˘Àfl¬¬ı˛ ˆ”¬ø˜ › ˙efl≈¬¬ı˛

ˆ”¬ø˜ ¸±Ò±¬ı˛Ì] ¤fl¬øÈ¬ ’˜¸‘Ì ’Ú≈ˆ”¬ø˜fl¬ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ’Ò«À·±˘Àfl¬¬ı˛ ¬ıflË¡Ó¬À˘¬ı˛ ¸±ÀÔ ¶Û˙« fl¬À¬ı˛ ’±ÀÂ√º

Œ‡±Ú Œ˚ ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˝ÀÓ¬ ˝À˘ ˙efl≈¬øÈ¬¬ı˛ Î¬◊2‰¬Ó¬± 3a -¤¬ı˛ Œ¬ı˙œ ˝ÀÓ¬ ¬Û±À¬ı˛ Ú±, Œ˚‡±ÀÚ

a = ’Ò«À·±˘fl¬øÈ¬¬ı˛ ¬ı…±¸±Ò«º

3 Ú— ø‰¬S

¬ıd≈¬øÈ¬¬ı˛ ¸≈¯∏˜Ó¬± Œ˝Ó≈¬ Î¬◊˝±¬ı˛ ˆ¬±¬ı˛Àfl¬f ˙efl≈¬¬ı˛ ’é¬ ¬ıøÒ«Ó¬ fl¬¬ı˛À˘ Î¬◊˝±¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¬À¬ı, ¤¬ı— ¸±˜…±¬ıàÔ±¬ı˛

ÊÚ… ‹ ’é¬À¬ı˛‡± Î¬◊~•§ ˝À¬ı, ¤¬ı— ˆ”¬ø˜¬ı˛ √õ∂øÓ¬øflË¡˚˛± ¬ı˘ ø¬ı¬Û¬ı˛œÓ¬ øÀfl¬ øflË¡˚˛± fl¬À¬ı˛ ›ÊÚ¬ı˘Àfl¬ øÚ¬ı˛d¬

fl¬À¬ı˛º Ò¬ı˛± ˚±fl¬ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f G-ŒÓ¬ ’¬ıøàÔÓ¬, Œ˚‡±ÀÚ AG = h = ˆ”¬ø˜ ŒÔÀfl¬ G-¤¬ı˛ Î¬◊2‰¬Ó¬±º

Œ˚À˝Ó≈¬ ¬ıd≈¬øÈ¬ ¤fl¬øÈ¬ ˙efl≈¬ › ¤fl¬øÈ¬ ’Ò«À·±˘fl¬ ¬Z±¬ı˛± ·øÍ¬Ó¬, ’Ó¬¤¬ı,

h
a

a
a x a

x

a a x
�

� �
�
�

�
�

�

2
3

5
8

1
3 4

2
3

1
3

3 2

3 2

# #

# #

.

, Œ˚‡±ÀÚ x = ˙efl≈¬¬ı˛ Î¬◊2‰¬Ó¬±

�
�

�

�

5
4

4
4

2

2a
x a x

a x

� �
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�
� �

�

5 4
4

2 2a ax x
a x(2 )

(1)

¤˝◊ ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˝ÀÓ¬ ˝À˘ 
1 1 1
h r R

 �

’Ô«±» 
1 1
h a

 , Œ˚À˝Ó≈¬ ¤‡±ÀÚ r = a, R = $

’Ô«±» h < a,

’Ó¬¤¬ı, (1) ’Ú≈¸±À¬ı˛ ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˝ÀÓ¬ ˝À˘

5 4
4 2

2 2a ax x
a x

a
� �

�
�� �

’Ô«±» x2 – 3a2 < 0

’Ô«±» x a! 3  ˝ÀÓ¬ ˝À¬ıº

’Ó¬¤¬ı ˙efl≈¬¬ı˛ Î¬◊2‰¬Ó¬± 3a ¤¬ı˛ Œ¬ı˙œ Ú± ˝À˘ ¬ıd≈¬øÈ¬ ¸≈øàÔÓ¬ ˝À¬ıº

2. ¤fl¬øÈ¬ ’Ò«À·±˘fl¬ ¤fl¬øÈ¬ ¸˜¬ı…±¸±Ò«˚≈q¡ øàÔ¬ı˛ Œ·±˘Àfl¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˛À˚˛ÀÂ√ ¤¬ı— ’Ò«À·±˘Àfl¬¬ı˛ ¬ıflË¡Ó¬˘

Œ·±˘fl¬øÈ¬Àfl¬ ¶Û˙« fl¬À¬ı˛º Œ‡±Ú Œ˚ ¸±˜…±¬ıàÔ± ¸≈øàÔøÓ¬˝œÚº øfl¬ôL≈√ ˚ø ’Ò«À·±˘Àfl¬¬ı˛ ¸˜Ó¬˘

Œ·±˘fl¬øÈ¬Àfl¬ ¶Û˙« fl¬À¬ı˛, Ó¬À¬ı Œ‡±Ú Œ˚ ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˝À¬ıº

4 (a) Ú— ø‰¬S
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√õ∂Ô˜ Œé¬S :

¸±˜…±¬ıàÔ± ˝À˘ ’Ò«À·±˘Àfl¬¬ı˛ ˆ¬±¬ı˛Àfl¬f G Œ·±˘Àfl¬¬ı˛ Œfl¬f·±˜œ ¬ı…±¸±Ò« OA ¬ıøX«Ó¬ fl¬¬ı˛À˘ Î¬◊˝±¬ı˛

Î¬◊¬Û¬ı˛ Ô±fl¬À¬ı ¤¬ı— OAG Î¬◊~•§ ˝À¬ıº

¤‡Ú h AG
a

� �
5
8

’Ó¬¤¬ı, 
1 8

5h a
�

¤¬ı— 
1 1 1 1 2
r R a a a
� � � �

� �
1 2
h a

¸±˜…øÈ¬ ¸≈øàÔøÓ¬˝œÚ ˝À¬ıº

ø¬ZÓ¬œ˚˛ Œé¬S : ˚ø ’Ò«À·±˘fl¬øÈ¬¬ı˛ ¸˜Ó¬˘ Œ·±˘Àfl¬¬ı˛ Î¬◊¬Û¬ı˛ Ô±Àfl¬, Ó¬±˝À˘

h AG a� �
3
8

¤¬ı— 
1 1 1
r R a
� �

� 
 �
1 1 1
h r R

’Ô«±» ¸±˜…±¬ıàÔ±øÈ¬ ¸≈øàÔÓ¬ ˝À¬ıº

4(b) Ú— ø‰¬S
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3. ¤fl¬øÈ¬ ˆ¬±¬ı˛œ ¸≈¯∏˜ ÀG¬¬ı˛ ¤fl¬øÈ¬ √õ∂±ôL√ ¤fl¬øÈ¬ ˜¸‘Ì Î¬◊~•§ Œ›˚˛±À˘¬ı˛ ¸Àe· ¸—˘¢ü ’±ÀÂ√ ¤¬ı—

G¬øÈ¬¬ı˛ ¤fl¬øÈ¬ ø¬ıμ≈ ¤fl¬øÈ¬ ˜¸‘Ì Œ¬ÛÀ¬ı˛Àfl¬¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√º ¸±˜…±¬ıàÔ± øÚÌ«˚˛ fl¬¬ı˛≈Ú › Œ‡±Ú Œ˚ Î¬◊˝±

¸≈øàÔÓ¬ ÚÀ˝º

√õ∂˜±Ì : AX ˝˘ ¤fl¬øÈ¬ Î¬◊~•§ Œ›˚˛±˘, ˚±¬ı˛ A ø¬ıμ≈ÀÓ¬ AB ÀG¬¬ı˛ √õ∂±ôL√øÈ¬ ¸—˘¢ü ’±ÀÂ√º O-

ŒÓ¬ ¤fl¬øÈ¬ Œ¬ÛÀ¬ı˛fl¬ ’±ÀÂ√, ˚±¬ı˛ Î¬◊¬Û¬ı˛ G¬øÈ¬ ’±ÀÂ√º G¬øÈ¬¬ı˛ Δ‚«… = 2a, ON = O ŒÔÀfl¬ Œ›˚˛±À˘¬ı˛

Î¬◊¬Û¬ı˛ ˘•§ = bº G¬øÈ¬ ’Ú≈ˆ”¬ø˜Àfl¬¬ı˛ ¸ø˝Ó¬ 
 Œfl¬±Ì fl¬À¬ı˛º G¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f G-¤¬ı˛ Î¬◊2‰¬Ó¬± (O-¤¬ı˛

˜Ò… øÀ˚˛ ’øefl¬Ó¬ ’Ú≈ˆ”¬ø˜fl¬ Ó¬˘ ŒÔÀfl¬]

x a b� �sin tan
 


5 Ú— ø‰¬S

øàÔøÓ¬˙øq¡ = V ˝À˘, V Wx�

’Ó¬¤¬ı ,
dV
d

W a b
�

� �� 	cos sec2� �

d V

d
W a b

2

2
22




 
 
� � �sin sec tan� 	

= – W(asin
 + 2bsec2
 tan
)

øfl¬ôL≈√ ¸±À˜…¬ı˛ ÊÚ… 
dV
d�

� 0

’Ó¬¤¬ı cos3 � �
b
a


-¤¬ı˛ ˜±Ú ¬ıø¸À˚˛ Œø‡
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d V

d
b

a W a
ba
b

2

2
1 3 21

2

�
� �

�
��

�
��

� � 	 	 �
	

�

�
�


	cos cos

= Ÿ¬Ì±Rfl¬

’Ó¬¤¬ı V-¤¬ı˛ ˜±Ú 
 �
�cos 1 3 b

a -¤¬ı˛ ÊÚ… àÔ±Úœ˚˛ˆ¬±À¬ı ¬ı‘˝M˜º ’Ó¬¤¬ı ¤˝◊ ¸±˜…±¬ıàÔ±

¸≈øàÔÓ¬ ÚÀ˝º

4. l Δ‚«˚≈q¡ ≈øÈ¬ ≈ÀG¬¬ı˛ ¤fl¬ √õ∂±5 ˚≈q¡ ’±ÀÂ√ ¤¬ı— Î¬◊˝±À¬ı˛ ˜ÀÒ… Œfl¬±Ì �º Î¬◊˝±¬ı˛± ¤fl¬øÈ¬ Î¬◊~•§

Ó¬À˘ ¤fl¬øÈ¬ ˜¸‘Ì Œ·±˘Àfl¬¬ı˛ Î¬◊¬Û¬ı˛ øàÔ¬ı˛ ˝À˚˛ ’±ÀÂ√º ˚ø Œ·±˘±fl¬øÈ¬¬ı˛ ¬ı…±¸±Ò« r ˝˚˛, Ó¬À¬ı Œ‡±Ú Œ˚

l > 4r cosec�� ˝À˘ G¬ ≈øÈ¬¬ı˛ ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˝À¬ı ¤¬ı— l > 4r cosec�.˝À˘ ¸±˜…±¬ıàÔ±

¸≈øàÔøÓ¬˝œÚ ˝À¬ıº

6 Ú— ø‰¬S

¸˜±Ò±Ú :

Ò¬ı˛± ˚±fl¬ ¬ıd≈¬Ó¬LaøÈ¬Àfl¬ ¤fl¬øÈ¬ fl¬øäÓ¬ ¸¬ı˛Ì Œ›˚˛± ˝˘, ˚±¬ı˛ Ù¬À˘ Î¬◊˝±¬ı˛ OA Œ¬ı˛‡± Î¬◊~À•§¬ı˛ ¸ø˝Ó¬


 Œfl¬±Ì fl¬À¬ı˛º ’Ó¬¤¬ı ¬ıd≈¬Ó¬LaøÈ¬¬ı˛ øàÔøÓ¬˙øq¡

V= 2W. OG cos
, Œ˚‡±ÀÚ W √õ∂øÓ¬øÈ¬ ÀG¬¬ı˛ ›ÊÚ

= 2W(OA – AG) cos


� 	
�
�

�
�2

2
1
2 2

W r eccos cos cos
� �

�
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’Ó¬¤¬ı 
dV
d

W r ec l
�

� �
�� 	 	2 2 2 2cos cos sin� 


d V
d

W r ec l2

2 2 2 2 2�

� � �� 	 	cos cos cos� �

¤‡Ú 
dV
d�

� 0  ¸±˜…±¬ıàÔ±¬ı˛ ÊÚ…º ’Ô«±» 
 = 0 ˝À¬ıº

d V
d

W r ec l2

2
0

2 2 2 2�

� �

�

�
�

�
� � 	 	

	

cos cos� �

’Ó¬¤¬ı ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˝À¬ı ˚ø

 r ec lcos cos� �
2 2 2� ’Ô«±» l r
 2 2 2/ sin cos� �

’Ô«±» ˚ø l > 4r cosec� ˝˚˛, ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˝À¬ı ¤¬ı— ˚ø l > 4r cosec� ˝˚˛, Ó¬À¬ı

¸±˜…±¬ıàÔ± ¸≈øàÔøÓ¬˝œÚ ˝À¬ıº

5. ¤fl¬øÈ¬ ˜¸‘Ì G¬ ¤fl¬øÈ¬ øàÔ¬ı˛ ’øÒ¬ı‘ÀM¬ı˛ Ú±øˆ¬Àfl¬Àf ’¬ıøàÔÓ¬ ’e·≈¬ı˛œ ˜Ò… øÀ˚˛ ˚±˚˛º ’øÒ¬ı‘MøÈ¬¬ı˛

’é¬ ’~•§ ¤¬ı— Î¬◊˝±¬ı˛ ˙œ¯∏«ø¬ıμ≈ ÚœÀ‰¬ Ô±fl¬À˘, ¤¬ı— G¬øÈ¬¬ı˛ ¤fl¬øÈ¬ √õ∂±ôL√ ’øÒ¬ı‘ÀM¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¬À˘,

Œ‡±Ú Œ˚ ¸±˜…±¬ıàÔ±˚˛ G¬øÈ¬ Î¬◊~•§ Œ¬ı˛‡±¬ı˛ ¸ø˝Ó¬ 
� Œfl¬±Ì fl¬À¬ı˛ ’±ÀÂ√, Œ˚‡±ÀÚ cos4

2 2
�
�

a
c

 ¤¬ı—

4a = ’øÒ¬ı‘ÀM¬ı˛ Ú±øˆ¬˘•§ Δ‚«… ¤¬ı— 2c = G¬øÈ¬¬ı˛ Δ‚«…º ¸±˜…±¬ıàÔ±¬ı˛ ¸≈øàÔøÓ¬ ø¬ı‰¬±¬ı˛ fl¬¬ı˛≈Úº

7 Ú— ø‰¬S

’øÒ¬ı‘MøÈ¬¬ı˛ ¸˜œfl¬¬ı˛Ì

2
1

a
r
� � cos�

’Ô¬ı± r = asec2 (
/2),
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Œ˚‡±ÀÚ ˜”˘ø¬ıμ≈ Ú±øˆ¬ø¬ıμ≈ Sº

Ò¬ı˛± ˚±fl¬ G¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f S ŒÔÀfl¬ z Î¬◊2‰¬Ó¬±˚˛ ’±ÀÂ√º Ó¬±˝À˘

z = GScos
 = (AG – AS) cos


= c a�
�
�

�
�sec cos2

2






� 	 	c a acos cos tan cos� �
�

�2

2

� 	 � 		 
 �c a a acos cos cos tan� � � �1 2
2

� 	 	 �c a a acos cos sin tan� �
� �

2
2 2

2 2

� 	 �c acos tan�
�2
2

’Ó¬¤¬ı, 
dz
d

c a
�

� � �� 	 �sin tan sec .2 2 2
1
2

2

� 	 �c asin sin sec�
� �

2 2
3

   d z
d

c a a sc
2

2
3 21

2 2 2 2 3 2�
� � � � �� 	 � �cos cos sec sin sec  sce

� �

2 2
1
2

tan .

� 	 � �c a
a

cos sec sec sin�
� � �1

2 2
3
2 2 2

2 4 2

� 	 � �c a
a

cos sec sec sin�
� � �1

2 2
3
2 2 2

2 4 2

    
dz
d�

� 0  ŒÔÀfl¬ ¬Û±˝◊ c asin sin sec�
� �

�
2 2

3

’Ó¬¤¬ı, ˝˚˛ 
 = 0, ’Ô¬ı±

   2
2 2

3c acos sec
� �
�
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’Ô«±» cos4
2 2
�
�

a
c

’Ó¬¤¬ı, ˚ø a < 2c ˝˚˛, Ó¬±˝À˘ Î¬◊~•§ Œ¬ı˛‡±¬ı˛ ¸ø˝Ó¬ 
 Œfl¬±Ì fl¬À¬ı˛ G¬øÈ¬ ¸±À˜… Ô±fl¬À¬ı, Œ˚‡±ÀÚ

� ��
�
�
�
� ��2

2
1

1
4

cos
a
c

 Òø¬ı˛º

d z
d

c a a2

2
2 4 2

2 2
3
2 2 2�

�
� � �

� �

�
�

�
� � 	 � �

�

cos sec sec sin

� 	 	 � � 	c a
a c

a c
a

a
c

2 2 1
2 2

3
2

2 1 2
2cos �� 


� 	
�
��

�
��
� � 	c

a
c

a c

c
c

a
c

1 2
2 2

3 1
2

� 	 � � 	c ac
ac

c
a
c

2
2

3 1
2

� 	 � 	 
c
ac

c
a
c2

3 1
2

0

’Ó¬¤¬ı ˆ¬±¬ı˛Àfl¬Àf¬ı˛ Î¬◊2‰¬Ó¬± øÚ•ßÓ¬˜º ’Ô«±» ¬ıd≈¬øÈ¬¬ı˛ ¸±˜… ¸≈øàÔÓ¬º

6. ¤fl¬øÈ¬ 2l Δ‚«…ø¬ıø˙©Ü ¸≈¯∏˜ ˆ¬±¬ı˛œ ÀG¬¬ı˛ √õ∂±ôL√ ≈øÈ¬ ¤fl¬øÈ¬ ˜¸‘Ì ’øÒ¬ı‘ÀM¬ı˛ ¸±ÀÔ ¸—˘¢ü ’±ÀÂ√º

’øÒ¬ı‘MøÈ¬¬ı˛ ’é¬ Î¬◊~•§ ¤¬ı— ˙œ¯∏«ø¬ıμ≈ øÚ•ßøÀfl¬ Ô±fl¬À˘, Œ‡±Ú Œ˚ ˚ø G¬øÈ¬¬ı˛ Δ‚«… ’øÒ¬ı‘ÀM¬ı˛ Ú±øˆ¬˘•§

˝ÀÓ¬ ’øÒfl¬ ˝˚˛ Ó¬±˝À˘ øÓ¬ÚøÈ¬ ¸±˜…±¬ıàÔ± ’±ÀÂ√ ¤¬ı— Î¬◊˝±¬ı˛ ˜ÀÒ… ’Ú≈ˆ”¬ø˜fl¬ ’¬ıàÔ±˚˛ ¸±˜… ¸≈øàÔøÓ¬˝œÚº

G¬øÈ¬¬ı˛ Δ‚« ’øÒ¬ı‘ÀM¬ı˛ Ú±øˆ¬˘•§ ’À¬Ûé¬± é≈¬^Ó¬¬ı˛ ˝À˘ ¤fl¬˜±S ’Ú≈ˆ”¬ø˜fl¬ ’¬ıàÔ±˚˛ ¸±˜… ˝À¬ıº

8 Ú— ø‰¬S
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√õ∂˜±Ì :
AB ¤fl¬øÈ¬ G¬º Î¬◊˝± ’Ú≈ˆ”¬ø˜fl¬ Œ¬ı˛‡± x-’Àé¬¬ı˛ ¸ø˝Ó¬ 
 Œfl¬±Ì fl¬¬ı˛À˘, ¸≈øàÔÓ¬ ¸±À˜…¬ı˛ ÊÚ… ˙œ¯∏«ø¬ıμ≈

ŒÔÀfl¬ Î¬◊2‰¬Ó¬± àÔ±Úœ˚˛ˆ¬±À¬ı øÚ•ßÓ¬˜ ˝ÀÓ¬ ˝À¬ıº

Òø¬ı˛ A › B-¤¬ı˛ àÔ±Ú±efl¬ ˚Ô±flË¡À˜ (2 , ), (2 , )at at at at1 1
2

2 2
2

º Ó¬±˝À˘ G-¤¬ı˛ àÔ±Ú±efl

at at
at at

1 2
1
2

2
2

2�
��

��
�
��,  ˝À¬ıº

¤é¬ÀÌ Œ›˚˛± ’±ÀÂ√ Œ˚

2 42
1
2

2
2 2 2

1 2
2

l a t t a t t� 	 � � 	� 	 � �
’Ô«±» 4l2 = a2 (t1 – t2)2 [(t1 – t2)2 + 4a2]

’±¬ı±¬ı˛ sin � �
	a t t

l
2
2

1
2

2

� 	

cos� �
	

�
	2

2
2 1 2 1a t t

l

a t t

e
� � � �

’Ó¬¤¬ı, G¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬Àf¬ı˛ Î¬◊2‰¬Ó¬±

�
�a t t1

2
2
2

2

� 	

�
	 �	


�
�
�
a t t t t1 2

2
1 22

2

� �

� � � 	 	
	

�

�
�


1
2

1
2

2

2
2

1 2
2

1 2
2

a
l

a
t t t tcos � � � � �� �

� � �
	

�

�
�


l
a

a
l

a

2
2 2

2

2
2

2
1
4

4cos tan cos
 
 


� � 	
l
a

a
l
a

2
2 2

2
2

2 4
cos tan cos� � �

� �
l
a

a
2

2 2

4
cos tan� �
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� �
	

�

�
�


a l

a4
4 2

2

2
2tan cos� �

’Ó¬¤¬ı, 

dz
d

a l

a�
� � �� 	
�
��

�
��4

8
23

2

2
sin sec cos

d z

d

a l

a

2

2
3

3

24
8

2

�
� � �� 	
�
��

�
��

�
�
�cos sec cos  � ��

�
�
�
�

�sin sec tan sin
 
 
 
24 23

2

2
l

a

� 	 �
	

�

�
�


a l

a4
8

2
2 242

2

2
2 2sec cos sec tan� � � �

¸±˜…±¬ıàÔ±¬ı˛ ÊÚ… 
dz
d�

�� � �0 0 , ’Ô¬ı± cos4
2

2
4


 �
a

l

’Ó¬¤¬ı, ˚ø l > 2a ˝˚˛, Ó¬±˝À˘ 
 = 0 Â√±Î¬ˇ± ’±¬ı˛› ≈øÈ¬ ¸±˜…±¬ıàÔ±Ú ’±ÀÂ√

˚‡Ú � � �cos 1 2a
l

, ’Ô¬ı± � �� 	 	cos 1 2a
l

˚ø l > 2a ˝˚˛, Ó¬±˝À˘

d z

d

a l

a

2

2
0

2

24
8

2
0






�
��

�
��

� �
�
��

�
��
 

�

’Ó¬¤¬ı, 
 = 0 ¸±˜…±¬ıàÔ±øÈ¬ ¸≈øàÔÓ¬ ÚÀ˝º

7. ¤fl¬øÈ¬ Î¬◊¬Û¬ı‘Mœ˚˛ ‚Ú Œ¬ı˘Ú ¤fl¬øÈ¬ ’Ú≈ˆ”¬ø˜fl¬ ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ¸≈øàÔÓ¬ ¸±À˜… ’¬ıøàÔÓ¬º Œ‡±Ú

Œ˚ ¤fl¬øÈ¬ ˆ¬±¬ı˛œ fl¬Ì± Î¬◊2‰¬Ó¬˜ fl¬±ø¬ı˛fl¬± Œ¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¬À˘› ¸±˜… ¸≈øàÔÓ¬ Ô±fl¬À¬ı ˚ø Î¬◊¬Û¬ı‘Mœ˚˛ ŒÂ√À¬ı˛

Î¬◊»Àfl¬fÓ¬± 

1

2
 ˝ÀÓ¬ ¬ıÎ¬ˇ ˝˚˛º Œ˚À˝Ó≈¬ √õ∂±Ôø˜fl¬ ’¬ıàÔ±˚˛ Œ¬ı˘ÚøÈ¬ ¸≈øàÔÓ¬ ¸±À˜… ’¬ıøàÔÓ¬ øÂ√˘,

’Ó¬¤¬ı Œ¬ı˘ÚøÈ¬¬ı˛ Î¬◊¬Û±é¬ Î¬◊~•§ˆ¬±À¬ı Ô±fl¬À¬ıº ¤‡Ú Œ¬ı˘ÚøÈ¬¬ı˛ ¤fl¬øÈ¬ ¸±˜±Ú… ¸¬ı˛Ì Ò¬ı˛˘±˜ ˚‡Ú ¬ÛÀ¬ı˛±é¬

’Ú≈ˆ”¬ø˜fl¬ Œ¬ı˛‡±¬ı˛ ¸±ÀÔ ¤fl¬øÈ¬ ’˙”Ú…fl¬ Œfl¬±Ì fl¬À¬ı˛º ¤‡Ú  P(acos�, bsin�) ˚ø ¶Û˙«ø¬ıμ≈ ˝˚˛,

Ó¬±˝± ˝˝◊À˘ ¸˜¢∂ ¬ıd≈¬Ó¬ÀLa¬ı˛ øàÔøÓ¬˙øq¡

V
W

a b a b

�

�

�
�

�
cos sin

sin

cos sin2

2

2

2

2

2

2

2

1

� �

% �

� �

� �
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�
� �

	

Wb b

e

% �

�

1

1 2 2

sin

cos

� �

9 Ú— ø‰¬S

’Ó¬¤¬ı 

dV
d

b
e W

e�

% �
�

�

�
	 	

	

	



�
�

�

�





1 2

1

2

2 2
3

2

� �
� �

sin

cos
cos

d V

d
b

e W

e

2

2

2

2 2
3

2

1 2

1
�

�
� �

�

� �
� �

�

	




�
�
�

�




�
�
�

sin
sin

cos

� �

� �
 
�

� �

�
�
��

�
��

�

�

�
�
�
�

�

�

�
�
�
�

b
d
d

e W

e
cos

sin

cos
�

�

� �

�

1 2

1

2

2 2
3

2

� 	

¸±À˜…¬ı˛ ÊÚ… 
dV
d�

� �
�

� � � � �0 0
2

cos

d V

d
b e W

2

2

2

21 2
�

�

�
#

�
��

�
��

� � � �

�

� �

’Ó¬¤¬ı, ˚ø 1– 2e2 < 0 ’Ô«±» 2e2 > 1 ˝˚˛, Ó¬±˝À˘ 

d V

d

2

2

2
�

�
#

�
��

�
��

�
 Œ˚-Œfl¬±ÀÚ± �-¤¬ı˛ ÊÚ…

ÒÚ±Rfl¬ ˝À¬ı ¤¬ı— Ù¬À˘V-¤¬ı˛ ¸±˜…˜±Ú é≈¬^Ó¬˜ ¤¬ı— ¤ÊÚ… ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬º

8. ¤fl¬øÈ¬ ‚Ú ’Ò«À·±˘fl¬ ’Ú≈ˆ”¬ø˜fl¬ Ó¬À˘¬ı˛ ¸±ÀÔ � Œfl¬±ÀÌ ’±ÚÓ¬ ¤fl¬øÈ¬ ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ’±ÀÂ√º

¸˜Ó¬˘øÈ¬ ˚ÀÔ©Ü ¬ı˛≈é¬, ˚±˝±ÀÓ¬ Œfl¬±ÀÚ± ’¬Û¸‘øÓ¬ ‚ÀÈ¬ Ú±º � � �sin 1 3
8

 ˝À˘, Œ‡±Ú Œ˚ ¸±˜…±¬ıàÔ±øÈ¬

¸≈øàÔÓ¬º
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10 Ú— ø‰¬S

Ò¬ı˛± ˚±fl¬ ’Ò«À·±˘Àfl¬¬ı˛ ˆ”¬ø˜Ó¬˘ ’±ÚÓ¬ Ó¬À˘¬ı˛ ¸±ÀÔ 
 Œfl¬±Ì fl¬À¬ı˛º ’Ô«À·±˘fl¬øÈ¬ Œ˚À˝Ó≈¬ ’±ÚÓ¬

Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ·Î¬ˇ±ÀÓ¬ ¬Û±À¬ı˛, ¸≈Ó¬¬ı˛±— ’Ò«À·±˘Àfl¬¬ı˛ ˆ¬±¬ı˛Àfl¬f G-¤¬ı˛ Î¬◊2‰¬Ó¬± Ó¬À˘¬ı˛ C ø¬ıμ≈ ŒÔÀfl¬ ˜±¬Û˘±˜,

Œ˚‡±ÀÚ CA = ‰¬±¬Û AB

� �
�
�

�
�

#



2
a  ¤¬ı— a = Œ·±˘Àfl¬¬ı˛ ¬ı…±¸±Ò«º

’Ó¬¤¬ı zC ŒÔÀfl¬ G-¤¬ı˛ Î¬◊2‰¬Ó¬± ˝À˘, ø‰¬S ŒÔÀfl¬ ¬Û±˝◊

z = CAsin�� + AOcos� – GOcos(
 + �)

�
� � � � �

2
3
8

	
�
�

�
� � 	 �a a asin cos cos� �

’Ó¬¤¬ı, øàÔøÓ¬˙øq¡ V = Mgz

’Ó¬¤¬ı 
dV
d

Mg a a
�

� � �� 	 � �	 
sin sin3
8

d V

d
Mg a

2

2

3
8



 �� �[ cos( )]

’Ó¬¤¬ı ¸±˜…±¬ıàÔ±¬ı˛ ÊÚ… 
dV
d�

� 0  ŒÔÀfl¬ ¬Û±˝◊

sin sin� � �� �� � 8
3
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’Ó¬¤¬ı, ˚ø 
8
3

1sin� "  ˝ ˛̊ Ó¬À¬ı ◊̋ ¸±˜…±¬ıàÔ± ¸y√√¬ıº Œ¸Àé¬ÀS 
 + �-¤¬ı˛ ˜±Ú sin sin� �
�

�
�

1 8
3

� º

’Ó¬¤¬ı � "
�
�
�
�

�sin 1 3
8  ˝À˘ ¸±˜…±¬ıàÔ± ¸y√√¬ıº Œ¸Àé¬ÀS Œ˚À˝Ó≈¬ 

d V

d

2

2
0

�

 , ’Ó¬¤¬ı V ¸¬ı«øÚ•ß

¤¬ı— ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬º

9. ¤fl¬øÈ¬ ’±˚˛Ó¬Àé¬S±fl¬±¬ı˛ Â√ø¬ı ¤fl¬øÈ¬ øÎ¬ˇ¬ı˛ ¸±˝±À˚… Î¬◊~•§ Ó¬À˘ ’±ÀÂ√º øÎ¬ˇøÈ¬¬ı˛ Δ‚«…  = l ¤¬ı—

Î¬◊˝± ¤fl¬øÈ¬ ˜¸‘Ì Œ¬ÛÀ¬ı˛Àfl¬¬ı˛ Î¬◊¬Û¬ı˛ øÀ˚˛ ø·À˚˛ Î¬◊¬ÛÀ¬ı˛¬ı˛ Ò±À¬ı˛¬ı˛ Î¬◊¬Û¬ı˛ ¸≈¯∏˜ˆ¬±À¬ı ≈øÈ¬ ø¬ıμ≈¬ı˛ [˚±˝±À¬ı˛

˜Ò…¬ıÓ«¬œ ”¬ı˛Q c) ¸ø˝Ó¬ √õ∂±ôL√ø¬ıμ≈¬ZÀ˚˛ ¸—˚≈q¡ ˝À˚˛ÀÂ√º Â√ø¬ı¬ı˛ Î¬◊2‰¬Ó¬± a ˝À˘, Œ‡±Ú Œ˚ Œ˝˘±ÀÚ± ’¬ıàÔ±˚˛

¸±˜…±¬ıàÔ±¬ı˛ ÊÚ… la c c a! �2 2  ˝ÀÓ¬ ˝À¬ı ¤¬ı—  ‹ ˙Ó«¬ ¸Ó¬… ˝À˘ Î¬◊ˆ¬˚˛ ¸±˜…±¬ıàÔ±˝◊ ¸≈øàÔÓ¬

˝À¬ıº

11 Ú— ø‰¬S

S H-¤¬ı˛ ¸Àe· øÎ¬ˇøÈ¬ ¸—˚≈q¡º P ˝˘ ¤fl¬øÈ¬ Œ¬ÛÀ¬ı˛fl¬º ’Ó¬¤¬ı SP + PH = øÎ¬ˇ¬ı˛ Δ‚«…
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= l ’Ó¬¤¬ı Â√ø¬ıøÈ¬¬ı˛ S, H-Œfl¬ Ú±øˆ¬ø¬ıμ≈¬Z˚˛ ÒÀ¬ı˛ P-¤¬ı˛ ¸=±¬ı˛¬ÛÔ ˝˘ ¤fl¬øÈ¬ Î¬◊¬Û¬ı‘M, ˚±¬ı˛ Œfl¬f ˝˘

SH-¤¬ı˛ ˜Ò…ø¬ıμ≈, √õ∂Ò±Ú ’é¬ = l, ¤¬ı— 
l

e
c

e
c
l2 2

� � � ,

’Ó¬¤¬ı Î¬◊¬Û±é¬ � � 	 � 	 � 	2 2 1 12
2

2
2 2b a e l

c

l
l c

’Ó¬¤¬ı SH-¤¬ı˛ ˜Ò…ø¬ıμ≈Àfl¬ ˜≈˘ø¬ıμ≈ ¤¬ı— SH-Œfl¬ x-’é¬ ¤¬ı— Î¬◊˝±¬ı˛ ˘•§ ’é¬Àfl¬ y-’é¬ ÒÀ¬ı˛

’±˜¬ı˛± ¬Û±˝◊ Œ˚ P(x, y) øÚÀ•ß¬ı˛ Î¬◊¬Û¬ı‘ÀM¬ı˛ Î¬◊¬Û¬ı˛ Ô±fl¬À¬ıº

x
l

y

l c

2

2

2

2 2
22 1

2

1
( / )

�

	

�

� 


’Ô«±» 
4 4

1
2

2

2

2 2

x

l

y

l c
�

	
� (i)

¤‡Ú Â√ø¬ıøÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f G-¤¬ı˛ ’¬ıàÔ±Ú P ˝ÀÓ¬ Î¬◊~•§ˆ¬±À¬ı z Î¬◊~•§ ”¬ı˛Q ÚœÀ‰¬ ’±ÀÂ√, ’±¬ı˛ Â√ø¬ıøÈ¬¬ı˛

Ò±¬ı˛ Î¬◊~À•§¬ı˛ ¸ø˝Ó¬ 
 Œfl¬±Ì fl¬À¬ı˛º ¤‡±ÀÚ PG Î¬◊~•§ ˝À¬ı Œfl¬ÚÚ± ’Ú…±Ú… ¬ı˘·≈ø˘ P øÀ˚˛ ˚±˚˛º

¬ı˘·≈ø˘ ¸˜Ó¬˘œ˚˛, ’Ó¬¤¬ı ›ÊÚ ¬ı˘› P øÀ˚˛ ˚±À¬ıº ’Ó¬¤¬ı PG = z.

¤¬ı— x z y z
a

OG SH� � 	 &cos , sin� �
2
� �

’Ó¬¤¬ı (i)-¤ ¬ıø¸À˚˛

4
4

2
1

2 2

2

2

2 2
z

l

z
a

l c

cos
sin

�
�

�

	
�
�

�
�

	
�

’Ó¬¤¬ı,

4c2 sin2
� z2 – 4al2 zsin
 + (4z2 – l2) (l2 – c2) + a2l2 = 0

’Ó¬¤¬ı  sin
�  -¤¬ı˛ ÊÚ… ¸˜±Ò±Ú fl¬À¬ı˛

2
42 2 2 2 2 2 2 2

2 2sin � �
' 	 � 	al z z l c a c l c z

z c

� �
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’Ó¬¤¬ı 
 ¬ı±d¬¬ı ˝ÀÓ¬ ˝À˘, z-¤¬ı˛ ˜±Ú 
l
c

a c
2

2 2�  ’À¬Ûé¬± Œ¬ı˙œ ˝ÀÓ¬ ¬Û±À¬ı˛ Ú±, ¤¬ı— Ó¬‡Ú

sin� �
�

al

c a c2 2

’Ó¬¤¬ı, ˚‡Ú al c a c! �2 2

Ó¬‡Ú ≈øÈ¬ ’¬ıàÔ±Ú ’±ÀÂ√ ¤¬ı— ‹ ≈øÈ¬ ’¬ıàÔ±ÀÚ Œ˚À˝Ó≈¬ z-¤¬ı˛ ˜±Ú ¬ı‘˝M˜, ’Ó¬¤¬ı øàÔøÓ¬˙øq¡

é≈¬^Ó¬˜, ’Ó¬¤¬ı ¸±˜…±¬ıàÔ± ¸≈‘Ï¬ˇ ˝À¬ıº

10. ¤fl¬øÈ¬ ˜¸‘Ì ‚Ú ¬ı‘M±fl¬±¬ı˛ ˙efl≈¬, ˚±˝±¬ı˛ Î¬◊2‰¬Ó¬± h › ˙œ¯∏«Àfl¬±Ì 2� ¤fl¬øÈ¬ ’Ú≈ˆ”¬ø˜fl¬ ¬ı‘M±fl¬±¬ı˛

(a-¬ı…±¸±Ò«˚≈q¡] ·ÀÓ«¬ ’é¬øÈ¬ Î¬◊~•§ ’¬ıàÔ±˚˛ ¸±À˜… ¬ı˛ø˝˚˛±ÀÂ√º Œ‡±Ú Œ˚ ˚ø 16a > 3hsin2� ˝˚˛

Ó¬±˝À˘ ¸±˜…±¬ıàÔ±øÈ¬ ¸≈øàÔÓ¬ ¤¬ı— ’±¬ı˛› ≈øÈ¬ ¸≈øàÔøÓ¬˝œÚ ¸±˜…±¬ıàÔ± ’±ÀÂ√º

10.6 ¬Ûø¬ı˛ø˙©Ü : ¤fl¬‚±Ó¬ ¶§±Ó¬La… (one degree of freedom) ˚≈q¡ ¬ıd≈¬¬ı˛

¸±˜…±¬ıàÔ±¬ı˛ ¸≈øàÔøÓ¬ øÚÌ«˚˛

Œfl¬±Ú› ‘Ï¬ˇ ¬ıd≈¬¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛ fl¬¬ı˛ÀÓ¬ fl¬Ó¬fl¬·≈ø˘ ˜±Ú Œ˚˜Ú Œfl¬±Ì, ”¬ı˛Q Ê±Ú¬ı±¬ı˛ √õ∂À˚˛±ÊÚ ˝˚˛º

˚ø ¬ıd≈¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ¬ı±Òfl¬¸˜”˝ ¤˜Úˆ¬±À¬ı Ô±Àfl¬ Œ˚ ¤fl¬øÈ¬˜±S ˜±¬Û Ê±ÚÀ˘˝◊ ¬ıd≈¬øÈ¬¬ı˛ ’¬ıàÔ±Ú

øÚÌ«˚˛ fl¬¬ı˛± ˚±˚˛, Œ¸Àé¬ÀS ¬ıd≈¬øÈ¬¬ı˛ ¤fl¬‚±Ó¬ ¶§±Ó¬La… (one degree of freedom) ’±ÀÂ√ ¬ı˘± ˝˚˛º Œ˚˜Ú

¤fl¬øÈ¬ ÀG¬¬ı˛ ¤fl¬ √õ∂±ôL√ øàÔ¬ı˛ Ô±fl¬À˘ ¤¬ı— G¬øÈ¬ Œfl¬¬ı˘˜±S ¤fl¬øÈ¬ Î¬◊~•§Ó¬À˘ Ô±fl¬À˘ ’±˜¬ı˛± G¬øÈ¬¬ı˛

’¬ıàÔ±Ú Ê±ÚÀÓ¬ Œfl¬¬ı˘˜±S ¤fl¬øÈ¬ Œfl¬±Ì ’Ô«±» G¬øÈ¬ Î¬◊~•§À¬ı˛‡±¬ı˛ ¸ø˝Ó¬ Œ˚ Œfl¬±Ì fl¬À¬ı˛, Ó¬± Ê±ÚÀ˘˝◊

˝À¬ıº

¤˝◊¬ı˛”¬Û ¤fl¬‚±Ó¬ ¶§±Ó¬La…˚≈q¡ ¤fl¬øÈ¬ ‘Ï¬ˇ ¬ıd≈¬ ¸—¬ı˛é¬œ ¬ı˘±ÒœÚ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¬À˘ ‹ ¸±˜…±¬ıàÔ±¬ı˛

¸≈øàÔøÓ¬ ø¬ı‰¬±¬ı˛ ¸˝ÀÊ˝◊ fl¬¬ı˛± ˚±˚˛ ¤¬ı— Œ‡±ÀÚ± ˚±˚˛ Œ˚ ø¬ıˆ¬¬ı˙øq¡ ‹ àÔ±ÀÚ (minimum) ’¬ı˜

˜±ÀÚ¬ı˛ ˝À˘ ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˝À¬ı › ¬Û¬ı˛˜ ˜±ÀÚ¬ı˛ ˝À˘ ¸≈øàÔøÓ¬˝œÚ ˝À¬ıº

√õ∂˜±Ì : Ò¬ı˛± ˚±fl¬ ¤fl¬øÈ¬ ¬ıd≈¬¬ı˛ ’¬ıàÔ±Ú ¤fl¬øÈ¬ √õ∂˜±S± (parameter) 
 ¬Z±¬ı˛± ø‰¬ø˝êÓ¬ ˝˘º ¬ıd≈¬øÈ¬¬ı˛

Î¬◊¬Û¬ı˛ ¬ı±Òfl¬¸˜”˝ ¤˜Ú Ò¬ı˛± ˝˘ Œ˚, ¬ıd≈¬øÈ¬¬ı˛ Œ˚-Œfl¬±ÀÚ± ø¬ıμ≈¬ı˛ fl¬±Ó«¬œ˚˛ àÔ±Ú±efl¬ (x, y, z) Ê√±Ú¬ı±¬ı˛

ÊÚ… 
 Ê±ÚÀ˘˝◊ ˝À¬ıº

¬ıd≈¬øÈ¬¬ı˛ ·øÓ¬˙øq¡ T ˝À˘ › ø¬ıˆ¬¬ı˙øq¡ V ˝À˘ T + V ÒË≈¬ıfl¬ ˝À¬ı [˙øq¡¸—¬ı˛é¬Ì ÚœøÓ¬ ’Ú≈˚±˚˛œ]º

’Ô«±» T + V = ÒË≈¬ıfl¬º
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’Ó¬¤¬ı ¸˜˚˛ t-¤¬ı˛ ¸±À¬ÛÀé¬ ’ôL√¬ı˛fl¬˘Ú øÚÀ˚˛ ¬Û±˝◊

dT
dt

dV
dt

� 0 (1)

¤fl¬‚±Ó¬ ¶§±Ó¬La…˚≈q¡ ¬ıd≈¬¬ı˛ Œé¬ÀS

T m x y zi i i i
i

� � ��
1
2

2 2 2( )

Œ˚‡±ÀÚ ¸˜d¬ fl¬Ì±¬ı˛ Î¬◊¬ÛÀ¬ı˛ Œ˚±· fl¬¬ı˛± ˝˘º ¤‡Ú  xi = xi (
) ˝◊Ó¬…±øº

’Ó¬¤¬ı, x
dx
dt

dx
d

d
dti

i i� �






’Ó¬¤¬ı ’±˜¬ı˛± ¬Û±˝◊

T
d
dt

m
dx
d

dy
d

dz
di

i

i i i�
�
�
�
�

�
��
�
�� �
�
��
�
�� �
�
��
�
��

�

�
�
�

�

�
�
��

1
2

2 2 2 2




 
 


�
�
�
�
�

1
2

2

a
d
dt

( )�
�

, Œ˚‡±ÀÚ 
a m

dx
d

dx
d

dz
di

i i i( )�
� � �

�
�
��
�
�� �
�
��
�
�� �
�
��
�
��

�

�
�
�

�

�
�
��

2 2 2

(2)

Ò¬ı˛± ˚±fl¬ ¬ıd≈¬øÈ¬¬ı˛ ¸±˜…±¬ıàÔ±˚˛ 
-¤¬ı˛ ˜±Ú ˙”Ú…º ’Ó¬¤¬ı ¸±˜…±¬ıàÔ±¬ı˛ ÊÚ…

dV
d�

�

�
�
�
� �

�0
0 (3)

¤‡Ú ¸≈øàÔøÓ¬¬ı˛ ˙Ó«¬ ˝˘ Œ˚ ¸±˜…±¬ıàÔ± ˝ÀÓ¬ ¸±˜±Ú… ø¬ı‰≈¬…øÓ¬¬ı˛ ÊÚ… ¬Û¬ı˛¬ıÓ«¬œ ·øÓ¬ ¸±˜…±¬ıàÔ± ˝ÀÓ¬

Œ¬ı˙œ ø¬ı‰≈¬…Ó¬ ˝À¬ı Ú±º ’Ô«±» 
 -¤¬ı˛ ˜±Ú ¤Àé¬ÀS ¶§ä˝◊ Ô±fl¬À¬ıº 
-¤¬ı˛ ˜±Ú ¶§ä ÒÀ¬ı˛ (2), (3) ˝ÀÓ¬

¬Û±˝◊

T a a a� � � � � �
1
2

1
2

2 2( ) (0) (0) ....� � � �

�
1
2

2a(0)� (4)



272

NOSU

V V V
dV
d

d V

d
� � �

�
�
�
� �

�
��

�
��

�( ) (0) ...











0

2

2
0

21
2

� �
�
��

�
��

V
d V

d
0

2

2
0

21
2 



 (5)

(4) › (5) ˝ÀÓ¬ T › V-¤¬ı˛ ˜±Ú (1)-¤ ¬ıø¸À˚˛ ¬Û±˝◊

a
d V

d
(0)���







�

�
��

�
��

�
2

2
0

0

øfl¬ôL≈√ Œ˚À˝Ó≈¬ �
  ˙”Ú… Ú˚˛, ’Ó¬¤¬ı

a
d V

d
(0)��





�

�
��

�
��

�
2

2
0

0 (6)

Œ˚À˝Ó≈¬ ·øÓ¬˙øq¡ ÒÚ±Rfl¬, ’Ó¬¤¬ı a(0) > 0 ˝À¬ıº √õ∂Ô˜ Œé¬ÀS V ¸±˜…±¬ıàÔ±˚˛ ’¬ı˜ ˜±Ú˚≈q¡

˝À˘

d V

d

2

2
0

0



�
��

�
��

 
 ˝À¬ı, ’Ó¬¤¬ı (5) ŒÔÀfl¬ ¤Àé¬ÀS


 




(�
�
��

�
��

�
�

�
�

�

�
��0

2

2
0

0cos
d V

d
a t

 ˝À¬ı

’Ô«±» 
-¤¬ı˛ ˜±Ú ¸œø˜Ó¬ Ô±fl¬À¬ı, ’Ô«±» ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˝À¬ıº

ø¬ZÓ¬œ˚˛ Œé¬ÀS 
d V

d

2

2
0

0



�
��

�
��

!
 ˝À˘, 
 




� �

�
��

�
��1

2

2 0exp d V

d
a t

� � �
�
��

�
��

�
��
��

�
��
��






3

2

2 0exp
d V

d
a t

’Ô«±» 
 � $ ˚ø t � $ ˝˚˛º ’Ô«±» ¸±˜…±¬ıàÔ± ¸≈øàÔøÓ¬˝œÚ ˝À¬ıº
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10.7 ¸±¬ı˛±—˙

Œfl¬±Ú ¬ıd≈¬¬ı˛ ¬ı˘¸±À¬ÛÀé¬ ¸±˜…±¬ıàÔ±¬ı˛ øàÔøÓ¬ ŒÔÀfl¬ ¸±˜±Ú… ø¬ı‰≈¬…øÓ¬¬ı˛ Ù¬À˘ ¬ıd≈¬øÈ¬¬ı˛ ’¬ıàÔ±Ú ¸±À˜…¬ı˛

’¬ıàÔ±ÀÚ¬ı˛ øÚfl¬ÀÈ¬ Ô±fl¬À˘ ¸±˜…±¬ıàÔ±Àfl¬ ¸≈øàÔøÓ¬ (stable) ¤¬ı— ¬ıd≈¬øÈ¬¬ı˛ ’¬ıàÔ±Ú ¸±˜…±¬ıàÔ± ŒÔÀfl¬

flË¡˜±·Ó¬ ”À¬ı˛ ’¬Û¸‘Ó¬ ˝À˘ ¬ıd≈¬øÈ¬¬ı˛ ¸±˜…±¬ıàÔ±Àfl¬ ¸≈øàÔøÓ¬˝œÚ (unstable) ¬ı˘± ˝À¬ıº

˙øq¡ ¬Û¬ı˛œé¬± ¬Z±¬ı˛± ¸±˜… ¸≈øàÔøÓ¬ øÚÌ«˚˛ (Energy Test of Stability) : ¸—¬ı˛é¬œ ¬ı˘±ÒœÚ Œfl¬±Ú

¬ıd≈¬ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¬À˘ ‹ ¸±˜…±¬ıàÔ±˚˛ ¬ıd≈¬øÈ¬¬ı˛ øàÔøÓ¬˙øq¡ V Œ©Ü˙Ú±¬ı˛œ (stationary) ˝˚˛ ’Ô«±»

øàÔøÓ¬˙øq¡¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú [¬ıd≈¬øÈ¬¬ı˛ ’¬ıàÔ±Ú ¸±˜±Ú… ¬Ûø¬ı˛¬ıÓ«¬Ú ˝À˘] �V = 0 ˚ø øàÔøÓ¬˙øq¡ ¸±˜…±¬ıàÔ±ÀÚ

øÚ•ßÓ¬˜ (minimum) ˝˚˛ Ó¬±˝À˘ ¬ıd≈¬øÈ¬¬ı˛ ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ (stable) ˝À¬ıº øfl¬ôL≈√ øàÔøÓ¬˙øq¡

¸±˜…±¬ıàÔ±ÀÚ ˚ø ¬ı‘˝M˜ ˝˚˛, Ó¬À¬ı ¸±˜…±¬ıàÔ±øÈ¬ ¸≈øàÔøÓ¬˝œÚ (unstable) ˝À¬ıº

¤fl¬øÈ¬ øàÔ¬ı˛ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¬øÈ¬ ˆ¬±¬ı˛œ ¬ıd≈¬ ¸±À˜… ’¬ıàÔ±Ú fl¬¬ı˛À˘ ¤¬ı— Î¬◊˝±À¬ı˛ ¶Û˙«ø¬ıμ≈ÀÓ¬

¬ıd≈¬ ≈øÈ¬¬ı˛ Ó¬˘ ¬ıÀflË¡¬ı˛ ¬ıflË¡Ó¬± ¬ı…±¸±Ò« ˚Ô±flË¡À˜ R [øàÔ¬ı˛ ¬ıd≈¬] 3r [ˆ¬±¬ı˛œ ¬ıd≈¬] ˝˚˛, ¤¬ı— ˆ¬±¬ı˛œ ¬ıd≈¬¬ı˛

ˆ¬±¬ı˛Àfl¬f ˚ø ¶Û˙«ø¬ıμ≈¬ı˛ Î¬◊~•§À¬ı˛‡±˚˛ h Î¬◊2‰¬Ó¬±˚˛ Ô±Àfl¬ Ó¬À¬ı ˚ø [Œ˚‡±ÀÚ Ó¬˘ ≈øÈ¬¬ı˛ ¬ıflË¡Ó¬œ ø¬ı¬Û¬ı˛œÓ¬

øÀfl¬]

1 1 1
h R r

 �  ˝˚˛ Ó¬À¬ı ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬

’±¬ı˛ ˚ø 
1 1 1
h R r
" �  Ó¬À¬ı ¸±˜…±¬ıàÔ± ¸≈øàÔøÓ¬˝œÚ

˚ø Ó¬˘ ≈øÈ¬¬ı˛ ¬ıflË¡Ó¬± ¤fl¬˝◊ øÀfl¬ ˝˚˛, Œ¸Àé¬ÀS ˆ¬±¬ı˛œ ¬ıd≈¬øÈ¬¬ı˛ ¸±˜…±¬ıàÔ± ¸≈øàÔÓ¬ ˝À¬ı ˚ø

1 1 1
h r R

 	

’±¬ı˛ ¸≈øàÔøÓ¬˝œÚ ˝À¬ı ˚ø 
1 1 1
h r R
� 	

˚ø 
1 1 1
h r R
� �  ˝˚˛ Ó¬À¬ı ¸≈øàÔøÓ¬¬ı˛ ˙Ó«¬ ˝˘ R > 2r ¤¬ı— ¸≈øàÔøÓ¬˝œÚ ˝À¬ı ˚ø R < 2r

’±¬ı˛ ˚ø 
1 1 1
h r R
� �  ¤¬ı— R = 2r ˝˚˛ Ó¬À¬ı ¸±˜…±¬ıàÔ± øÚ¬ı˛À¬Ûé¬ ¸±˜…±¬ıàÔ± (neutral

equilibrium) ¬ı˘± ˝˚˛º
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10.8 ¸¬ı«À˙¯∏ √õ∂ùü±¬ıø˘

1. ¤fl¬øÈ¬ ’Ò«À·±˘±fl¬±¬ı˛ ˆ¬±¬ı˛œ ¬ıd≈¬ Î¬◊˝±¬ı˛ ¬ıflË¡Ó¬˘ ’Ú≈ˆ”¬ø˜fl¬ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ¸±À˜… ’±ÀÂ√º Î¬◊˝± ¸≈øàÔÓ¬

øfl¬∑

12 Ú— ø‰¬S

ˆ¬±¬ı˛Àfl¬Àf¬ı˛ Î¬◊2‰¬Ó¬± �
5
8
a

� � � � �h
a

r a R
5
8

, ,

’Ó¬¤¬ı 
1 1 1 1
r R a h
� � �

’Ó¬¤¬ı ¸≈øàÔÓ¬º

2. ¤fl¬øÈ¬ ¬Û”Ì« Œ·±˘fl¬ ¤fl¬øÈ¬ ’Ú≈ˆ”¬ø˜fl¬ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º ¸±˜…øÈ¬ øfl¬ Ò¬ı˛ÀÚ¬ı˛∑

¤‡±ÀÚ h = a, r = a, R = $ � � �
1 1 1
h r R

¤‡±ÀÚ ¸±˜±Ú… ¸¬ı˛ÌÊøÚÓ¬ ’¬ıàÔ± Œ˚À˝Ó≈¬ ’±¬ı˛ ¤fl¬øÈ¬ ¸±˜…±¬ıàÔ± ’Ó¬¤¬ı ¤øÈ¬ neutral ¬ı± øÚ¬ı˛À¬Ûé¬

¸±˜… ˝À¬ıº

3. ¤fl¬øÈ¬ ¬ı‘M±fl¬±¬ı˛ ¬Û±Ó¬ ¤fl¬øÈ¬ Ù“¬±¬Û± ¬ı‘M±fl¬±¬ı˛ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øˆ¬Ó¬À¬ı˛ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º ¸±˜…øÈ¬

¸≈øàÔÓ¬ ˝À¬ı øfl¬∑

¸±Ò±¬ı˛Ì ¶Û˙«Ó¬˘ ŒÔÀfl¬ ¬Û±ÀÓ¬¬ı˛ ˆ¬±¬ı˛Àfl¬f a Î¬◊2‰¬Ó¬±˚˛ ’Ó¬¤¬ı h = a, ’±¬ı˛ r = a, R = b
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Ò¬ı˛± ˚±fl¬ ¤‡Ú ¸≈øàÔøÓ¬¬ı˛ ˙Ó«¬ ˝˘ 
1 1 1 1 1 1
h r R

i e
a a R


 	 
 	. .,  ¤øÈ¬ ¸Ó¬…º ’Ó¬¤¬ı ¬Û±ÀÓ¬¬ı˛ ¸±˜…

¸≈øàÔÓ¬, R ¤¬ı˛ ˜±Ú ˚± Œ˝±fl¬º

13 Ú— ø‰¬S

4. ≈øÈ¬ ¸˜±Ú ›ÊÀÚ¬ı˛ G¬ ¤fl¬ √õ∂±ÀôL√ øÏ¬À˘ˆ¬±À¬ı ˚≈q¡ (freely jointed) ’±ÀÂ√º ≈øÈ¬ øàÔ¬ı˛ ’Ú≈ˆ”¬ø˜fl¬

Œ¬ı˛‡±˚˛ Œ¬ÛÀ¬ı˛Àfl¬¬ı˛ Î¬◊¬Û¬ı˛ G¬ ≈øÈ¬ ¸≈¸˜?¸ˆ¬±À¬ı ¸±˜… ’±ÀÂ√º Œ¬ÛÀ¬ı˛fl¬ ≈øÈ¬¬ı˛ ˜ÀÒ… ”¬ı˛Q c ˝À˘ ¤¬ı—

G¬·≈ø˘¬ı˛ Δ‚« 2a ˝À˘ ¸±˜…±¬ıàÔ±˚˛ ¸≈øàÔøÓ¬ øÚÌ«˚˛ fl¬¬ı˛≈Úº

14 Ú— ø‰¬S

¸˜±Ò±Ú : ¸≈¸˜?¸ˆ¬±À¬ı G¬ ≈øÈ¬¬ı˛ Î¬◊~•§À¬ı˛‡±¬ı˛ ¸ø˝Ó¬ 
 Œfl¬±Ì fl¬¬ı˛À˘ ¤¬ı— G¬ ≈øÈ¬¬ı˛ ¸ø•úø˘Ó¬

ˆ¬±¬ı˛Àfl¬Àf¬ı˛ PQ Œ¬ı˛‡± ŒÔÀfl¬ Î¬◊2‰¬Ó¬± h ˝À˘

h OG OA AG
c

a� � 	 � 	
2

cot cos� �
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¸±À˜… øàÔøÓ¬˙øq¡ Œ©Ü˙Ú±¬ı˛œ ˝›˚˛±¬ı˛ ÊÚ… 
dh
d�

� 0

øfl¬ôL≈√ 
dh
d

c ec a
�

� �� 	 �2
2cos sin

¤¬ı—  
d h
d

c ec a
2

2
2

�
� � �� �cos cot cos

’Ó¬¤¬ı 
dh
d�

� 0  ˝ ˛̊ ˚‡Ú 2asin3
 = c

’Ô«±» ¸±˜…±¬ıàÔ±˚˛ sin3

2
� �

c
a

(� c must be less than 2a)

’±¬ı±¬ı˛ 

d h

d c
a

2

2
1

2

1
3

0






�
��

�
��

 

� � �
�
�
�sin  ’Ó¬¤¬ı ¸±˜…±¬ıàÔ±˚˛ øàÔøÓ¬˙øq¡ ¬ı‘˝M˜º
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EMT-10
BLOCK-2
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¤fl¡fl¡ 11 � ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬ [˜±Ò…À˜ ø√flË¡˚˛±˙œ˘ ‰¬±¬Û, ¬ı˘¸˜”˝√√, ¬ÛœÎ¬ˇÚ

˝◊√√Ó¬…±ø√], õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ ¬ı˘±ÒœÚ øàÔøÓ¬¸”S ¸˜”˝√√ › ø¬ıøˆ¬iß Ò˜«

·Í¬Ú

11.1 õ∂d¬±¬ıÚ±

11.2 Î¬◊ÀV˙…

11.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

11.4 õ∂˚≈q¡ ¬ı˘ ¤¬ı— Ó¬±¬ı˛ õ∂ˆ¬±¬ı [¬ÛœÎ¬ˇÚ ¤¬ı— ø¬ıfl‘¡øÓ¬]

11.5 ø¬ıøˆ¬iß õ∂fl¡±À¬ı˛¬ı˛ õ∂¬ı±˝√√ [Ó¬¬ı˛˘ ¤¬ı— ¬ı±©Ûœ˚˛ ¬Û√±Ô«]

11.6 ¤fl¡fl¡ ‰¬±¬Û ¤¬ı— Ó¬±¬ı˛ Ò˜« [¸—Àfl¡±‰¬Ú]

11.7 Î¬◊√± √̋√¬ı˛Ì

11.8 ’Ú≈˙œ˘Úœ › Î¬◊M√√¬ı˛˜±˘±

11.9 ¸±¬ı˛±—˙

11.10 ¸˝√√±˚˛fl¡ ¢∂&Ô

11.1 õ∂d¬±¬ıÚ±

’±˜±À√¬ı˛ ‰¬±¬ı˛¬Û±À˙ Œ˚ ¸¬ı ¬ıd≈¬ ’±˜¬ı˛± ˝◊√√øf˚˛ ¡Z±¬ı˛± Î¬◊¬Û˘øt fl¡ø¬ı˛ Ó¬±À√¬ı˛ ¬Û√±Ô« ¬ı˘± ˝√√˚˛º ¤˝◊√√

¬Û√±Ô«¸˜”˝√√Àfl¡ ˜”˘Ó¬– ≈√øÈ¬ ˆ¬±À· ˆ¬±· fl¡¬ı˛± ˚±˚˛º

(i) fl¡øÍ¬Ú ¬Û√±Ô« (Solid)

(ii) Ó¬¬ı˛˘ ¤¬ı— ¬ı±˚˛¬ıœ˚˛ ¬Û√±Ô« (Fluid)

’±¬ı˛› ¸øÍ¬fl¡ˆ¬±À¬ı Î¬◊¬Û˘øt fl¡¬ı˛À˘ ¬ı≈Á¡ÀÓ¬ ¬Û±ø¬ı˛, ¬Û√±Ô«¸˜”˝√√ øÓ¬ÚøÈ¬ ¬Û˚«±À˚˛ ’¬ıàÔ±Ú fl¡À¬ı˛º

(i) øàÔøÓ¬˙œ˘ ’¬ıàÔ±º

(ii) ·øÓ¬˙œ˘ ’¬ıàÔ±º

(iii) ’±À¬Ûøé¬fl¡ øàÔøÓ¬˙œ˘ ¬ı± ·øÓ¬˙œ˘ ’¬ıàÔ±
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’±À˘±‰¬… ¢∂À&Ô ’±˜¬ı˛± Ó¬¬ı˛˘ › ¬ı±˚˛¬ıœ˚˛ ¬Û√±ÀÔ«¬ı˛ øàÔøÓ¬˙œ˘ ’¬ıàÔ± ’Ô¬ı± ’±À¬Ûøé¬fl¡ øàÔøÓ¬˙œ˘

’¬ıàÔ± ø¬ıøˆ¬iß ø¬ı¯∏À˚˛¬ı˛ ø¬ı‰¬±¬ı˛ ø¬ıÀù≠¯∏Ì › Δ¬ıø˙©Ü… øÚ¬ı˛”¬ÛÌ fl¡¬ı˛¬ıº Î¬◊√±˝√√¬ı˛Ì¶§¬ı˛”¬Û ¬ı˘± ˚±˚˛,ñ¤fl¡øÈ¬

Ê√˘±˙À˚˛ øfl¡Â≈√ Ê√˘ ’±ÀÂ√ ¬ı± ¤fl¡øÈ¬ ’±¬ıX Œ¬ı±Ó¬À˘ øfl¡Â≈√ ¬ı±˚˛≈ ’±ÀÂ√, Œ˚ Œ¬ı±Ó¬˘øÈ¬ ¤fl¡øÈ¬Œ˘±fl¡ ¤fl¡àÔ±Ú

ŒÔÀfl¡ ’Ú…àÔ±ÀÚ øÚÀ˚˛ ˚±À26√º ¤¸˜d¬ Œé¬ÀS øàÔøÓ¬¬ı˛ ¶§¬ı˛”¬Û ¬ı…±‡…± fl¡¬ı˛±˝◊√√, õ∂¬ı±˝√√ øàÔøÓ¬ø¬ı√…±¬ı˛ Î¬◊ÀVÀ˙…º

Á¡Ì«±¬ı˛ õ∂¬ı±˝√√Ò±¬ı˛± ¬ı± ¬ı±˚˛≈õ∂¬ı±À˝√√ ¸‘©Ü Á¡Î¬ˇ-¤¬ı˛ ’±À˘±‰¬Ú± ¤˝◊√√ ø¬ı√…±¬ı˛ ’z¬·«Ó¬ Ú˚˛º

11.2 Î¬◊ÀV˙…

¸fl¡˘ õ∂±Ìœ Ê√œ¬ıÚ˚±¬ÛÀÚ¬ı˛ õ∂À˚˛±Ê√ÀÚ, ø¬ıøˆ¬iß ¬Û√±ÀÔ«¬ı˛ ¸—¶ÛÀ˙« ’±À¸ ¤¬ı— ¤¬ı˛ Ù¬À˘ Î¬◊æ”√Ó¬

¬Ûø¬ı˛øàÔøÓ¬¬ı˛ õ∂ˆ¬±¬ı Ê√œ¬ıÚ˚±S±Àfl¡ ¬¬ı˝≈√√˘±—À˙ õ∂ˆ¬±ø¬ıÓ¬ fl¡À¬ı˛º Œ¸ fl¡±¬ı˛ÀÌ˝◊√√ ø¬ıøˆ¬iß ¬Û√±ÀÔ«¬ı˛ Ò˜«, Δ¬ıø˙©Ü…

¤¬ı— õ∂À˚˛±· ¸•§À&Ò ¸˜…fl¡ Ò±¬ı˛Ì± Ô±fl¡± ¬ı±>Úœ˚˛º Œ˚À˝√√Ó≈¬ ’±˜±À√¬ı˛ ‰¬±¬ı˛¬Û±À˙ ’z¬Ó¬– øÓ¬Ú-‰¬Ó≈¬Ô«±—˙

¬ı±˚˛¬ıœ˚˛ ¬ı± Ê√˘œ˚˛ ¬Û√±Ô« ¡Z±¬ı˛± ’±¬ı‘Ó¬, ¸≈Ó¬¬ı˛±— ¤˝◊√√ ¬Û√±Ô«¸˜”À˝√√¬ı˛ Ò˜« ¤¬ı— õ∂˚≈øq¡˜”˘fl¡ ’±‰¬¬ı˛Ì Ê√±Ú±

¸ø¬ıÀ˙¯∏ õ∂À˚˛±Ê√Úº

Œ¸ fl¡±¬ı˛ÀÌ˝◊√√ õ∂¬ı±˝√√ø¬ı√…± øàÔøÓ¬ ¤¬ı— ·øÓ¬ñø¬ı¯∏˚˛ ø˝√√¸±À¬ı Î¬◊¬ÛàÔ±¬ÛÚ fl¡¬ı˛± Ê√¬ı˛≈¬ı˛œº ’±¬Û±Ó¬Ó¬– ¤˝◊√√

¢∂À&Ô Ó¬¬ı˛˘ ¤¬ı— ¬ı±˚˛¬ıœ˚˛ ¬Û√±ÀÔ«¬ı˛ øàÔøÓ¬˜”˘fl¡ Δ¬ıø˙À©Ü…¬ı˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¤˝◊√√ ¤fl¡Àfl¡ øfl¡Â≈√

õ∂±¬ı˛øy¬fl¡ ¸—:± ¤¬ı— Ó¬±À√¬ı˛ ¸”S¸˜”˝√√ Î¬◊À~‡ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¤fl¡Ô± Œfl¡±Ú˜ÀÓ¬˝◊√√ ¬ı˘± ˝√√À26√ Ú± Œ˚ Î¬◊À~ø‡Ó¬

¸”S¸˜”˝√√ ˚ÀÔ©Ü, øfl¡z≈¬ ˙≈Ò≈˜±S Œ˜Ãø˘fl¡ ¸”S¸˜”˝√√ ¤˝◊√√ ¤fl¡Àfl¡ Î¬◊¬ÛàÔ±¬ÛÚ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

11.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

’±À˘±‰¬… ¤fl¡Àfl¡ õ∂¬ı±˝√√ø¬ı√…±¬ı˛ øàÔ¬ı˛ ’¬ıàÔ±˚˛ ø¬ıøˆ¬iß Ò˜« ¤¬ı— ¸”S ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À¬ıº Œ˚ ¬Û√±Ô«

õ∂¬ı±ø˝√√Ó¬ ˝√√ÀÓ¬ ¬Û±À¬ı˛ Ó¬±Àfl¡ õ∂¬ı±˝√√œ ¬ı˘± ˝√√˚˛º õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ ≈√øÈ¬ ¬ı˛”¬Ûº Ó¬¬ı˛˘ ¬Û√±Ô« › ¬ı±˚˛¬ıœ˚˛ ¬Û√±Ô«º

Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ øÚø«√©Ü ’±˚˛Ó¬Ú ’±ÀÂ√, øfl¡z≈¬ Œfl¡±Ú ’±fl¡±¬ı˛ ŒÚ˝◊√√º ¬ı±˚˛¬ıœ˚˛ ¬Û√±ÀÔ«¬ı˛ øÚø«√©Ü ’±fl¡±¬ı˛ ¬ı±

’±˚˛Ó¬Ú Œfl¡±ÚÈ¬±˝◊√√ ŒÚ˝◊√√º ¤Â√±Î¬ˇ±› Ó¬¬ı˛˘ › ¬ı±˚˛¬ıœ˚˛ ¬Û√±ÀÔ«¬ı˛ ’±À¬ı˛fl¡øÈ¬ ·≈¬ı˛≈Q¬Û”Ì« ¬Û±Ô«fl¡… ’±ÀÂ√º ¬ı±˚˛¬ıœ˚˛

¬Û√±Ô« Œ˚ Œfl¡±Ú ‰¬±À¬Û¬ı˛ fl¡±ÀÂ√ ÚÓ¬, øfl¡z≈¬ Ó¬¬ı˛˘ ¬Û√±Ô« ¸˝√√ÀÊ√ ÚÓ¬ Ú˚˛º ¤Â√±Î¬ˇ±› ’±À¬ı˛fl¡øÈ¬ ø¬ıÀ˙¯∏ Ò˜«

˘é¬… fl¡¬ı˛± ˚±˚˛º Œ˚À˝√√Ó≈¬ õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ øÚø«√©Ü ’±fl¡±¬ı˛ ŒÚ˝◊√√, ’Ó¬¤¬ı ¤˝◊√√ ¬Û√±ÀÔ«¬ı˛ Œfl¡±Ú ‘√Ï¬ˇÓ¬± Ô±Àfl¡

Ú±º Ù¬À˘ õ∂¬ı±˝√√œ ¬Û√±Ô« Œ˚ Œfl¡±Ú fl‘¡z¬Ú õ∂À˚˛±· fl¡¬ı˛À˘ øàÔ¬ı˛ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛ Ú±º ¸≈Ó¬¬ı˛±— õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛

øàÔÓ¬±¬ıàÔ±˚˛ fl‘¡z¬Ú-¬ÛœÎ¬ˇÚ ¸¬ı¸˜˚˛ ’Ú≈¬ÛøàÔÓ¬ Ô±fl¡À¬ıº

’±¬Û±Ó¬Ó¬– ’±˜¬ı˛± ¸±˜ø¢∂fl¡ õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ øàÔÓ¬±¬ıàÔ± ’±À˘±‰¬Ú±˚˛ Ú± ø·À˚˛ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛

øàÔÓ¬±¬ıàÔ±¬ı˛ ø¬ıøˆ¬iß fl¡±˚«fl¡±¬ı˛Ì ¤¬ı— õ∂˚≈q¡ ¬ı˘ ¸—√flË¡±z¬ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº
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11.4 õ∂˚≈q¡ ¬ı˘ ¤¬ı— Ó¬±¬ı˛ õ∂ˆ¬±¬ı [¬ÛœÎ¬ˇÚ › ø¬ıfl‘¡øÓ¬]

¬ÛœÎ¬ˇÚ (Stress) – ¬ı±ø˝√√…fl¡ ¬ı˘ õ∂À˚˛±· fl¡À¬ı˛, Œfl¡±Ú ¬ıd≈¬Àfl¡ ø¬ıfl‘¡Ó¬ fl¡¬ı˛±¬ı˛ Œ‰¬©Ü± ˝√√À˘, ¬ıd≈¬¬ı˛ øˆ¬Ó¬À¬ı˛

õ∂øÓ¬ø√flË¡˚˛± ¬ıÀ˘¬ı˛ ¸‘ø©Ü ˝√√˚˛º ¤˝◊√√ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘ ¬ı±ø˝√√…fl¡ ¬ı˘Àfl¡ õ∂øÓ¬À¬ı˛±Ò fl¡À¬ı˛ ¬ıd≈¬¬ı˛ ¬Û”À¬ı«fl¡±¬ı˛ ’±fl¡±¬ı˛

¬ı± ’±˚˛Ó¬Ú ¬ıÊ√±˚˛ ¬ı˛±‡ÀÓ¬ Œ‰¬©Ü± fl¡À¬ı˛º ¬ıd≈¬¬ı˛ õ∂øÓ¬ ¤fl¡fl¡ Œé¬SÙ¬À˘ ø√flË¡˚˛±¬ı˛Ó¬ ¤˝◊√√ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘Àfl¡¬

¬ÛœÎ¬ˇÚ ¬ı˘± ˝√√˚˛º

¸≈Ó¬¬ı˛±—,  

��������	�
��
������������������


��������������������������
������� �

ø¬ıfl‘¡øÓ¬ (Strain) – ¬ı±ø˝√√…fl¡ ¬ıÀ˘¬ı˛ ø√flË¡˚˛±¬ı˛ Ù¬À˘ ¬ıd≈¬¬ı˛ ø¬ıøˆ¬iß ’—À˙¬ı˛ ˜ÀÒ… ’±¬Û±Ó¬– ’±À¬Ûøé¬fl¡

¶ú¬ı˛Ì ˝√√˚˛º Ù¬À˘ ¬ıd≈¬¬ı˛ ’±fl¡±¬ı˛ ¬ı± ’±˚˛Ó¬ÀÚ¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ¸y¬±¬ıÚ± Ô±Àfl¡º Ó¬±˝◊√√ ’¬ıàÔ±È¬±Àfl¡ ¬ı˘± ˝√√˚˛

¬ıd≈¬¬ı˛ ø¬ıfl‘¡øÓ¬º ¶§ˆ¬±¬ıÓ¬–˝◊√√ ¬ıd≈¬¬ı˛ ø¬ıfl‘¡øÓ¬¬ı˛ Œfl¡±Ú ¤fl¡fl¡ ¬ı± ˜±S± ŒÚ˝◊√√º ¤øÈ¬ ¤fl¡øÈ¬ ¸—‡…±˜±Sº

‚ÚQ (Density) – ¬Œfl¡±Ú ¬Û√±ÀÔ«¬ı˛ ¤fl¡fl¡ ’±˚˛Ó¬ÀÚ¬ı˛ ˆ¬¬ı˛Àfl¡ Ó¬±¬ı˛ ‚ÚQ ¬ı˘± ˝√√˚˛º

V

M
���

� ��!��

"����
#�$�% )

‚ÚÀQ¬ı˛ ¤fl¡fl¡ – C.G.S. ¬ÛXøÓ¬ÀÓ¬ ‚ÚÀQ¬ı˛ ¤fl¡fl¡ gm/c.c.

M.K.S. ¬ÛXøÓ¬ÀÓ¬ ‚ÚÀQ¬ı˛ ¤fl¡fl¡ kg/M3

F.P.S. ¬ÛXøÓ¬ÀÓ¬ ‚ÚÀQ¬ı˛ ¤fl¡fl¡ lb/ft3

’±À¬Ûøé¬fl¡ ·≈¬ı˛≈Q (Specific gravity)

Œfl¡±Ú Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ’±À¬Ûøé¬fl¡ ·≈¬ı˛≈Q ¬ı˘ÀÓ¬ ‹ ¬Û√±ÀÔ«¬ı˛ ‚ÚQ ¤¬ı— 4ºC Î¬◊cÓ¬±˚˛ ø¬ı˙≈X Ê√À˘¬ı˛

‚ÚÀQ¬ı˛ ’Ú≈¬Û±Ó¬ Œ¬ı±Á¡±˚˛º

’±À¬Ûøé¬fl¡ ·≈¬ı˛≈Q 

$&�������#����'!� ���

��#�$���� ��(��

C4�
�

¶§ˆ¬±¬ıÓ¬–˝◊√√ ’±À¬Ûøé¬fl¡ ·≈¬ı˛≈Q-¬ı˛ Œfl¡±Ú ˜±S± ŒÚ˝◊√√º ¤¬ı— ¤øÈ¬ ¤fl¡fl¡ø¬ı˝√√œÚº

¶Û©ÜÓ¬– ‚ÚQ ¤¬ı— ’±À¬Ûøé¬fl¡ ·≈¬ı˛≈ÀQ¬ı˛ ¸±—‡…˜±Ú ¤fl¡˝◊√√, øfl¡z≈¬ õ∂À˚˛±· ¤¬ı— Ò±¬ı˛Ì±¬ı˛ ˜ÀÒ… Œ˜Ãø˘fl¡

¬Û±Ô«fl¡… ’±ÀÂ√º
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11.5 ø¬ıøˆ¬iß õ∂fl¡±À¬ı˛¬ı˛ õ∂¬ı±˝√√ [Ó¬¬ı˛˘ ¤¬ı— ¬ı±˚˛¬ıœ˚˛ ¬Û√±Ô«]

‚ÚÀQ¬ı˛ ¬Ûø¬ı˛Àõ∂øé¬ÀÓ¬ õ∂¬ı±˝√√œ ¬ıd≈¬¬ı˛ õ∂fl¡±¬ı˛Àˆ¬√ ’±ÀÂ√º ¬Û”À¬ı«˝◊√√ ¬ı˘± ˝√√À˚˛ÀÂ√ ˜”˘Ó¬– ≈√˝◊√√ õ∂fl¡±¬ı˛ õ∂¬ı±˝√√œ

¬ıd≈¬ ’±ÀÂ√º

˚Ô±ñ(1) Ó¬¬ı˛˘ ¬Û√±Ô« ¤¬ı— (2) ¬ı±˚˛¬ıœ˚˛ ¬Û√±Ô«º

Œ˚ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ‚ÚQ ¸¬ı«√± ¸˜±Ú, Ó¬±Àfl¡ ¸˜¸N (homogeneus) Ó¬¬ı˛˘ ¬Û√±Ô« ¬ı˘± ˝√√˚˛º

Œfl¡±Ú ¸˜¸…±˚˛ ’Ú… øfl¡Â≈√ Î¬◊À~ø‡Ó¬ Ú± Ô±fl¡À˘ ’±˜¬ı˛± Ó¬¬ı˛˘ ¬Û√±Ô«øÈ¬Àfl¡ ¸¬ı¸˜˚˛ ¸˜¸N ÒÀ¬ı˛

ŒÚ¬ıº

Œ˚ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ø¬ıøˆ¬iß ¬Û˚«…±À˚˛ ‚ÚÀQ¬ı˛ ˜±Ú ø¬ıøˆ¬iß, Ó¬±Àfl¡ ¬ı˘± ˝√√˚˛ ’¸˜¸N (heterogeneous)

Ó¬¬ı˛˘ ¬Û√±Ô«º

¸±Ò±¬ı˛ÌÓ¬–, fl¡˜ ‚ÚÀQ¬ı˛ Ó¬¬ı˛˘ ¬Û√±Ô« Œ¬ıø˙ ‚ÚÀQ¬ı˛ Ó¬¬ı˛À˘¬ı˛ Î¬◊¬ÛÀ¬ı˛ Ô±fl¡À¬ıº ’Ô«±» ·ˆ¬œ¬ı˛Ó¬±¬ı˛

¸Àe· ‚ÚÀQ¬ı˛ ˜±Ú ¬ı‘øX ¬Û±À¬ıº

11.6 ¤fl¡fl¡ ‰¬±¬Û ¤¬ı— Ó¬±¬ı˛ Ò˜« [¸—Àfl¡±‰¬Ú]

Ó¬¬ı˛˘ ¬Û√±Ô« ¬ı± ¬ı±˚˛¬ıœ˚˛ ¬Û√±Ô« ’¬ı˙…˝◊√√ ¤fl¡øÈ¬ øÚø«√©Ü ¬¬Û±ÀS øàÔÓ¬±¬ıàÔ±˚˛ Ô±Àfl¡º ¬Û±ÀS ’±¬ıX

õ∂¬ı±˝√√œ ¬Û±ÀS¬ı˛ Ó¬À˘¬ı˛ õ∂ÀÓ¬…fl¡È¬± ø¬ıμ≈ÀÓ¬ ’±¬ıø˙…fl¡ˆ¬±À¬ı ¬ı˘ õ∂À˚˛±· fl¡À¬ı˛ ¤¬ı— ¤˝◊√√ õ∂˚≈q¡ ¬ı˘ ¸¬ı¸˜˚˛

¶Û˙«Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛˘•§ˆ¬±À¬ı ø√flË¡˚˛± fl¡À¬ı˛º ¸±˜ø¢∂fl¡ ¬Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¬ıÀ˘¬ı˛ ¬Ûø¬ı˛˜±ÌÀfl¡ ¬ı˘± ˝√√˚˛ ‚±Ó¬

(Thurst)º ¤¬ı— ¤fl¡È¬± ø¬ıμ≈Àfl¡ ’z¬ˆ«≈¬q¡ Œ¬ı˛À‡ ’øÓ¬ é≈¬^ ¬Ûø¬ı˛˜±Ì Ó¬˘Àfl¡ ¤fl¡fl¡ Œé¬S fl¡äÚ± fl¡À¬ı˛,

›˝◊√√ Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ ‚±ÀÓ¬¬ı˛ ¬Ûø¬ı˛˜±ÌÀfl¡ ¬ı˘± ˝√√˚˛ ‰¬±¬Û (Pressure).

˜ÀÚ fl¡ø¬ı˛ Ó¬À˘¬ı˛ Œé¬SÙ¬˘ A, ‚±Ó¬Àfl¡¬ı˛ ¬Ûø¬ı˛˜±Ì F. ¸≈Ó¬¬ı˛±— ‰¬±À¬Û¬ı˛ ¬Ûø¬ı˛˜±Ì ˝√√À¬ı 
F
A  ’±¬ı˛›

ø¬ıÀ˙¯∏ˆ¬±À¬ı ¬ı˘ÀÓ¬ Œ·À˘ ‰¬±À¬Û¬ı˛ õ∂fl‘¡Ó¬˜±Ú ˝√√À¬ı p Lt F
AA

�
�0

 ¬ı±, P Lt
A

dF
A

F

�
�

�� �0 0

1
�

‚±Ó¬ ¤¬ı— ‰¬±À¬Û¬ı˛ ¤fl¡fl¡ –

¶Û©ÜÓ¬–˝◊√√ ‚±ÀÓ¬¬ı˛ ¤fl¡fl¡ ¬ıÀ˘¬ı˛ ¤fl¡Àfl¡¬ı˛ ¸˜±Ú ¬ı± Î¬±˝◊√√Ú, øÚÎ¬◊È¬Ú ¤¬ı— ¬Û±Î¬◊`¬º

‰¬±À¬Û¬ı˛ ¤fl¡fl¡ ˝√√À¬ı 1 øÚÎ¬◊È¬Ú / m2 = 1 ¬Û…±¶®±˘,

¬ı±,  1 ¬Û±Î¬◊`¬ / ft2 ¬ı±, 1 Î¬±˝◊√√Ú / cm2
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Ó¬¬ı˛À˘ ‰¬±À¬Û¬ı˛ Δ¬ıø˙©Ü… –

(a) Œfl¡±Ú øàÔ¬ı˛ Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±¬Û ¸¬ıø√Àfl¡ ¸˜±Ú

Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ ¬Û±ÀS øfl¡Â≈√È¬± Ó¬¬ı˛˘ øàÔ¬ı˛ ’¬ıàÔ±˚˛ ’±ÀÂ√º Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… KL, LM ¤¬ı— MK

Ó¬¬ı˛˘·≈ø˘ ø√À˚˛ ’±¬ıX ¤fl¡øÈ¬ ’øÓ¬é≈¬^√ ’±˚˛Ó¬ÀÚ¬ı˛ Ó¬¬ı˛À˘¬ı˛ ¸±˜…±¬ıàÔ± ø¬ıÀ¬ı‰¬Ú± fl¡¬ı˛± ˝√√À¬ıº ¤˝◊√√ Ó¬˘·≈ø˘¬ı˛

Î¬◊¬Û¬ı˛ Ó¬¬ı˛˘ ˚Ô±√flË¡À˜ P, Px, Py ‰¬±¬Û õ∂À˚˛±· fl¡À¬ı˛º õ∂øÓ¬øÈ¬ Ó¬À˘¬ı˛ Î¬◊¬¬Û¬ı˛ õ∂˚≈q¡ ‰¬±¬Û ¸≈¯∏˜ ¤¬ı— ’±¬ıX

Ó¬¬ı˛À˘¬ı˛ ›Ê√Ú Ú·Ì… ¬ıÀ˘ Ò¬ı˛± ˝√√˘º

KL Ó¬À˘¬ı˛ Œé¬SÙ¬˘ A ¤¬ı— LM › MK Ó¬˘ ¬Û¬ı˛¶Û¬ı˛ ˘•§º LM › KL Ó¬˘ ≈√øÈ¬¬ı˛ ˜ÀÒ…

Œfl¡±Ì ��� ¸≈Ó¬¬ı˛±— LM Ó¬À˘¬ı˛ Œé¬SÙ¬˘ A cos � ¤¬ı— MK-¤¬ı˛ ˝√√À¬ı A sin �º

¤¬ı±¬ı˛ ’±¬ıX Ó¬¬ı˛À˘¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… ’±˜¬ı˛± ¬Û±˝◊√√ñ

PA cos � = Px . A cos �

¤¬ı—, PA . sin � = Py.A sin �

¸≈Ó¬¬ı˛±— Px = Py = P

’øÓ¬é≈¬^ ¬ıÀ˘ ’±¬ıX ’±˚˛Ó¬ÚÀfl¡ ø¬ıμ≈¬ı˛”À¬Û ·Ì… fl¡¬ı˛± ˚±˚˛º KL, LM ¤¬ı— MK Ó¬˘·≈ø˘¬ı˛ ’¬ıàÔ±Ú

Œ˚ Œfl¡±Ú ø√Àfl¡ fl¡äÚ± fl¡¬ı˛± ˚±˚˛ ¬ıÀ˘ ø¸X±z¬ fl¡¬ı˛± ˚±˚˛ Œ˚ñøàÔ¬ı˛ Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬

‰¬±¬Û ¸¬ıø√Àfl¡ ¸˜±Úº

(b) Œfl¡±Ú øàÔ¬ı˛ Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… ¤fl¡˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘ ¸fl¡˘ ø¬ıμ≈ÀÓ¬ ‰¬±¬Û ¸˜±Ú

Òø¬ı˛ Œfl¡±Ú øàÔ¬ı˛ Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… ¤fl¡˝◊√√¬ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘ ≈√øÈ¬ ø¬ıμ≈ C ¤¬ı— D ’±ÀÂ√º Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ…
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CD Œ¬ı˛‡±Àfl¡ ’é¬ ÒÀ¬ı˛ ¤fl¡øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ Œ‰¬±„√√ fl¡äÚ± fl¡¬ı˛± ˝√√˘º Œ‰¬±À„√√¬ı˛ ≈√˝◊√√ õ∂±z¬Ó¬˘ C › D ø¬ıμ≈¬ı˛

˜Ò… ø√À˚˛ Œ·ÀÂ√ ¤¬ı— ¤¬ı˛ õ∂àÔÀ26√√ A ’øÓ¬é≈¬^º

Òø¬ı˛ C › D ø¬ıμ≈ÀÓ¬ Ó¬¬ı˛À˘¬ı˛ ‰¬±¬Û ˚Ô±√flË¡À˜ p › p	� 
� ’±˜¬ı˛± õ∂˜±Ì fl¡¬ı˛ÀÓ¬ ¬‰¬±˝◊√√ p = p	

¤˝◊√√ ‰¬±¬Û Œ‰¬±À„√√¬ı˛ õ∂±z¬Ó¬À˘¬ı˛ ˘•§ø√Àfl¡ ’Ô«±» CD Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛º ¸≈Ó¬¬ı˛±— C › D

õ∂±Àz¬ Œ‰¬±À„√√¬ı˛ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˚Ô±√flË¡À˜ CD ’øˆ¬˜≈À‡ PA ‚±Ó¬ ¤¬ı— DC ’øˆ¬ ≈̃À‡ P	A ‚±Ó¬ ø√flË¡˚˛±

fl¡À¬ı˛º Œ‰¬±À„√√¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ‚±Ó¬ ‹ ¬Ó¬À˘¬ı˛ ˘•§ø√Àfl¡ ø√flË¡˚˛± fl¡À¬ı˛º ’Ó¬¤¬ı ¤˝◊√√ ‚±Ó¬ CD Œ¬ı˛‡±¬ı˛ ¸˜Àfl¡±ÀÌ

ø√flË¡˚˛± fl¡¬ı˛±˚˛ CD ’øˆ¬˜≈À‡ ›¬ı˛ Œfl¡±Ú Î¬◊¬Û±—˙ Ô±Àfl¡ Ú±º Œ‰¬±À„√√¬ı˛ øˆ¬Ó¬À¬ı˛¬ı˛ Ó¬¬ı˛˘ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√

 , ’Ó¬¤¬ı ¸±˜…±¬ıàÔ±¬ı˛ ˙Ó«¬±Ú≈˚±˚˛œ

p.A = p	��� ¬ı±, p = p	

¤fl¡È¬± ¸±Ò±¬ı˛Ì ¬Û¬ı˛œé¬±¬ı˛ ˜±Ò…À˜ õ∂˜±Ì fl¡¬ı˛± ˚±˚˛ Œ˚ ¤fl¡˝◊√√ Ó¬À˘ ≈√øÈ¬ ø¬ıμ≈ÀÓ¬ Ó¬¬ı˛À˘¬ı˛ ‰¬±¬Û ¸˜±Ú,

øflz≈¬ ¤˝◊√√ ≈√øÈ¬ ø¬ıμ≈¬ı˛ ˜ÀÒ…fl¡±¬ı˛ Ê√˘d¬¬ı˛ ¸¬ı ¸˜˚˛ ¤fl¡˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘ Ê√˘˜±Ò…À˜ Ô±fl¡ÀÓ¬ ˝√√À¬ı ¤˜Ú

Œfl¡±ÀÚ± fl¡Ô± ŒÚ˝◊√√, Œ˚ Œfl¡±Ú ¬ı√flË¡ Ú˘ ¡Z±¬ı˛± ˚≈q¡ Ô±fl¡À˘› ¤fl¡˝◊√√ ‰¬±¬Û ˝√√À¬ıº

(c) Î¬◊√ÕàÔøÓ¬fl¡ fl≈¡È¬ (Hydro-static paradox)

¬Û±ÀS¬ı˛ Ó¬˘À√À˙ Ó¬˘¡Z±¬ı˛± õ∂˚≈q¡ ‚±Ó¬ ¬Û±ÀS¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛ Ú±, Œfl¡¬ı˘˜±S Ó¬¬ı˛À˘¬ı˛ ·ˆ¬œ¬ı˛Ó¬±

¤¬ı— ¬Û±ÀS¬ı˛ ˆ”¬ø˜¬ı˛ Œé¬SÙ¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º ’ø¬ıù´±¸… ˜ÀÚ ˝√√˚˛ ¬ıÀ˘ ¤˝◊√√ ‚È¬Ú±Àfl¡ fl”¡È¬ (Paradox)

¬ı˘± ˝√√˚˛º

ø‰¬S 11.6 (111)
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A, B, C øÓ¬ÚøÈ¬ ¬Û±S, Ó¬±À√¬ı˛ ’±fl¡±¬ı˛ ø¬ıøˆ¬iß, øfl¡z≈¬ ›À√¬ı˛ ˆ”¬ø˜¬ı˛ Œé¬SÙ¬˘ ¸˜±Ú [ø‰¬S 16.6

(111)] ¬Û±S øÓ¬ÚøÈ¬Àfl¡ ¤fl¡˝◊√√ Î¬◊2‰¬Ó¬± ¬Û˚«z¬ Ó¬¬ı˛˘ ø√À˚˛ ¬Û”Ì« fl¡¬ı˛À˘ ›À√¬ı˛ ˆ”¬ø˜¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡˝◊√√ ¬Ûø¬ı˛˜±Ì

‰¬±¬Û õ∂˚≈q¡ ˝√√˚˛, Œ˚À˝√√Ó≈¬ õ∂ÀÓ¬…fl¡ ¬Û±ÀS¬ı˛ ˆ”¬ø˜¬ı˛ Î¬◊¬Û¬ı˛ ‚±ÀÓ¬¬ı˛ ˜±Ú ¸˜±Úº Œ˜±È¬ ‚±Ó¬ õ∂fl‘¡Ó¬¬ÛÀé¬ ˆ”¬ø˜¬ı˛

Œé¬SÙ¬˘ › Ó¬¬ı˛À˘¬ı˛ Î¬◊2‰¬Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘, Ó¬¬ı˛À˘¬ı˛ ¬Ûø¬ı˛˜±ÀÌ¬ı˛ Î¬◊¬Û¬ı˛ Ú˚˛, ¬ı±Î¬ˇøÓ¬ Ó¬¬ı˛˘ ¬ı± fl¡˜øÓ¬

Ó¬¬ı˛˘ Œfl¡±Ú ¬Û±ÀS Ô±fl¡À˘ Ó¬± ¬ı√flË¡Ó¬À˘¬ı˛ ø√flË¡˚˛±¬ı˛ ˜±Ò…À˜ ¸±˜…±¬ıàÔ±˚˛ Ô±Àfl¡º

fl¡À˚˛fl¡øÈ¬ ø¸X±z¬ Î¬◊À~‡ fl¡¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛

1. øàÔ¬ı˛ Ó¬¬ı˛À˘¬ı˛ ˜≈q¡Ó¬˘ ’Ú≈ˆ”¬ø˜fl¡ Ô±Àfl¡º

2. ¬Û¬ı˛¶Û¬ı˛ Ú˘ ¡Z±¬ı˛± ˚≈q¡ ø¬ıøˆ¬iß ¬Û±ÀS¬ı˛ ˜≈q¡Ó¬˘ ¸¬ı«√± ¸˜Î¬◊2‰¬Ó¬±˚˛ ’Ú≈ˆ”¬ø˜fl¡º

3. øàÔÓ¬±¬ıàÔ±˚˛ Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… ¤fl¡˝◊√√ Ó¬À˘ Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ Ó¬¬ı˛À˘¬ı˛ ‰¬±¬Û ¸¬ı«√± ¸˜±Úº

4. Œfl¡±Ú Ó¬¬ı˛À˘¬ı˛ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±¬Û Ó¬± Ó¬¬ı˛À˘¬ı˛ ‚ÚQ, ¬Û±ø¬ı˛¬Û±øù´«fl¡ õ∂˚≈q¡ ¬ı˘ ˚Ô± ˜±Ò…±fl¡¯∏«

¬ı˘ ¤¬ı— ˜≈q¡ Ó¬˘ ‹ ø¬ıμ≈¬ı˛ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛ ’Ô«±»,


k(ph)F k = ¸˜±Ú≈¬Û±øÓ¬fl¡ ÒË≈¬ıfl¡º F ¬Û±ø¬ı˛¬Û±øù´«fl¡ õ∂˚≈q¡ ¬ı˘, 
� = Ó¬¬ı˛À˘¬ı˛ ‚ÚQ,  h = ‹

ø¬ıμ≈¬ı˛ ·ˆ¬œ¬ı˛Ó¬±º Ó¬±˝◊√√ ¬ı˘± ‰¬À˘, ‹ ø¬ıμ≈¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˚Ó¬ ¬ı±Î¬ˇÀ¬ı ‰¬±¬Û Ó¬Ó¬˝◊√√ ¬ı±Î¬ˇÀ¬ıº

5. Î¬◊˘•§ˆ¬±À¬ı ¬ı± ’±ÚÓ¬ˆ¬±À¬ı Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ Œfl¡±Ú Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ·Î¬ˇ ‰¬±¬Û ‹ Ó¬À˘¬ı˛

Î¬◊¬Û¬ı˛ ˆ¬±¬ı˛Àfl¡Àf õ∂˚≈q¡ ‰¬±À¬Û¬ı˛ ¸˜±Úº

Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ Œfl¡±Ú Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ·Î¬ˇ ‰¬±¬Û Œfl¡¬ı˘˜±S ›¬ı˛ ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ Î¬◊¬Û¬ı˛

øÚˆ«¬¬ı˛ fl¡À¬ı˛, ‹ Ó¬À˘¬ı˛ ÚøÓ¬¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛ Ú±º ·Î¬ˇ ‰¬±¬Û ¬ı± õ∂˚≈q¡ ‰¬±¬Û øÚÌ«˚˛ fl¡À¬ı˛ ›Àfl¡ ›À√¬ı˛

Œé¬SÙ¬˘ ø√À˚˛ ·≈Ì fl¡¬ı˛À˘ õ∂˚≈q¡ Œ˜±È¬ ‚±Ó¬ ¬Û±›˚˛± ˚±˚˛, ˜ÀÚ fl¡ø¬ı˛ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ Œfl¡±Ú Ó¬¬ı˛À˘¬ı˛

ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± H, ’Ó¬¤¬ı ‹ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ·Î¬ˇ ‰¬±¬Û = H
g  p = g
 Ò¬ı˛± ˝√√À˚˛ÀÂ√,

Î¬◊¬ÛÀ¬ı˛±q¡ Ò˜«¸˜”˝√√ ŒÔÀfl¡ õ∂À˚˛±·˜”˘fl¡ øfl¡Â≈√ ˚±øLafl¡ ¸≈ø¬ıÒ± ¬Û±›˚˛± ˚±˚˛º
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(1) ‚±Ó¬-¬ı‘øX¬ı˛ ÚœøÓ¬ –

’±¬ıX Ó¬¬ı˛À˘¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±À¬Û¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú fl¡¬ı˛± ˝√√À˘, ‹ Ó¬¬ı˛À˘ ’Ú… ¸fl¡˘ ø¬ıμ≈ÀÓ¬ ‰¬±À¬Û¬ı˛

¸˜±Ú ¬Ûø¬ı˛¬ıÓ«¬Ú ‚ÀÈ¬º

ø¬ı‡…±Ó¬ Ù¬¬ı˛±¸œ ø¬ı:±Úœ › √±˙«øÚfl¡ Œ¬ı˛˝◊√√¸ƒ ¬Û±¶®±˘ ¤˝◊√√ ¸”SøÈ¬ õ∂fl¡±˙ fl¡À¬ı˛Úº Ó¬±˝◊√√ ¤Àfl¡ ¬Û±¶®±À˘¬ı˛

¸”S ¬ı˘± ˝√√˚˛º

¸”SøÈ¬¬ı˛ ˚Ô±˚Ôˆ¬±À¬ı Î¬◊À~‡ ˝√√˘ –

’±¬ıX Ó¬¬ı˛À˘¬ı˛ Œ˚ Œfl¡±Ú ’—À˙ õ∂˚≈q¡ ‰¬±¬Û ¸¬ıø√Àfl¡ ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˜±ÀÚ ¸=±ø˘Ó¬ ˝√√˚˛ ¤¬ı— Ó¬¬ı˛À˘¬ı˛

¸—˘¢ü Œ˚ Œfl¡±Ú Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ˆ¬±À¬ı ø√flË¡˚˛± fl¡À¬ı˛º

ø¬ıøˆ¬iß ¬Û¬ı˛œé¬±¬ı˛ ˜±Ò…À˜ ¤˝◊√√ ¸”SøÈ¬¬ı˛ ˚Ô±Ô«Ó¬± õ∂˜±øÌÓ¬ ˝√√À˚˛ÀÂ√º ¤˝◊√√ ¸”SøÈ¬ õ∂À˚˛±À·¬ı˛ ¬Ù¬À˘ Œfl¡±Ú

¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬¬ı‘øX fl¡¬ı˛± ˚±˚˛º ¤fl¡øÈ¬ ¬Û¬ı˛œé¬± ¡Z±¬ı˛± Ó¬± ’±À˘±‰¬Ú± fl¡¬ı˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

¤fl¡øÈ¬ Œ˜±È¬± › ¤fl¡øÈ¬ ¸¬ı˛≈ Œ‰¬±„√√Àfl¡ ¤fl¡øÈ¬ Ú˘ ø√À˚˛ ˚≈q¡ fl¡À¬ı˛ Ê√˘ ¬ı± ’Ú… Œfl¡±Ú Ó¬¬ı˛˘ ø√À˚˛

¬Û”Ì« fl¡¬ı˛± ˝√√˘º Œ˜±È¬± Œ‰¬±„√√øÈ¬¬ı˛ õ∂àÔÀ26√À√¬ı˛ Œé¬SÙ¬˘ b ¤¬ı— ¸¬ı˛≈ Œ‰¬±„√√øÈ¬¬ı˛ a[b > a]º ≈√øÈ¬ ‚¯∏«Ì˝√√œÚ

ø¬ÛàÈ√√Ú Œ‰¬±„√√ ≈√øÈ¬¬ı˛ ¸±ÀÔ ˚≈q¡ ’±ÀÂ√º

‚±Ó¬ ¬ı‘øX¬ı˛ ÚœøÓ¬ – ø‰¬S 11.6 (v)

ŒÂ√±È¬ ø¬ÛàÈ√√ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ ÚœÀ‰¬¬ı˛ ø√Àfl¡ Fa ¬ı˘ õ∂À˚˛±· fl¡¬ı˛À˘ Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ‰¬±¬Û = P � FA
a

¬Û±¶®±À˘¬ı˛ ¸”S±Ú≈¸±À¬ı˛ ¤˝◊√√ ‰¬±¬Û ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˜±ÀÚ ¬ıÎ¬ˇˇ ø¬ÛàÈ√√ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ P.b ¬ı˘ õ∂˚≈q¡ ˝√√À¬ıº ¸±˜…±¬ıàÔ±¬ı˛

Ê√Ú… ¬ıÎ¬ˇ ø¬ÛàÈ√√ÀÚ¬ı˛ Fb ¬ı˘ õ∂À˚˛±· fl¡¬ı˛À˘ Fb = P.b

� �Fa
a

bn Fa.   [Œ˚‡±ÀÚ, n b
a

� � 1]
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’Ó¬¤¬ı ¬ıÎ¬ˇ ø¬ÛàÈ√√ÚøÈ¬¬ı˛ Î¬◊¬Û¬ı˛ n ·≈Ì Œ¬ıø˙ ‚±Ó¬ õ∂˚≈q¡ ˝√√˚˛º ¤ˆ¬±À¬ı Ó¬¬ı˛À˘¬ı˛ ‰¬±¬Û ¸=±˘ÀÚ¬ı˛ Ò˜«Àfl¡

fl¡±ÀÊ√ ˘±ø·À˚˛ ’±˜¬ı˛± ‚±Ó¬ ¬ı‘øX fl¡À¬ı˛ ’ÀÚfl¡ fl¡±Ê√ ¸˝√√ÀÊ√ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º

‚±Ó¬ ¬ı‘øX¬ı˛ ÚœøÓ¬ › ˙øq¡¬ı˛ ¸—¬ı˛é¬Ì ÚœøÓ¬ –

Î¬◊¬Ûø¬ı˛Î¬◊q¡ ‚±Ó¬ ¬ı‘øX¬ı˛ ÚœøÓ¬ÀÓ¬› Œ˚ ˙øq¡¬ı˛ ¸—¬ı˛é¬Ì ¸”S ˘øe∏‚Ó¬ ˝√√˚˛ Ú±, Ó¬± øÚÀ‰¬ Œ√‡±ÀÚ± ˝√√˘º

Òø¬ı˛, Fa ¬ıÀ˘¬ı˛ ø√flË¡˚˛±˚˛ ŒÂ√±È¬ ø¬ÛàÈ√√Ú øÚÀ‰¬¬ı˛ ø√Àfl¡ l1 ”√¬ı˛Q Ú±À˜ › ¬ıÎ¬ˇ ø¬ÛàÈ√√Ú Î¬◊¬ÛÀ¬ı˛¬ı˛ ø√Àfl¡

l2 ”√¬ı˛Q Î¬◊ÀÍ¬º

Ó¬¬ı˛À˘¬ı˛ ’±˚˛Ó¬Ú ø¬ı‰¬±¬ı˛ fl¡À¬ı˛ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛,ñ

bl2 = al1

¤¬ı±¬ı˛ ŒÂ√±È¬ ø¬ÛàÈ√√ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘ Fa fl¡Ó«‘¬fl¡ fl‘¡Ó¬fl¡±˚« = Fa × lº

¤¬ı—, ¬ıÎ¬ˇ ø¬ÛàÈ√√ÀÌ¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘ Fa fl¡Ó«‘¬fl¡ fl‘¡Ó¬fl¡±˚« = Fa × l2º

øfl¡z≈¬

Fb × l2 = Fa. b
a  .l2 = Fa × l1

� õ∂±5fl¡±˚« = fl‘¡Ó¬fl¡±˚«

’Ô«±», ˙øq¡¬ı˛ ¸—¬ı˛é¬Ì¸”S ˜±Ú… ˝√√À26√º

¤‡±ÀÚ Fa >> Fa, ¶Û©ÜÓ¬–˝◊√√ l2 >> lº ’Ô«±» ¬ıÎ¬ˇ ø¬ÛàÈ√√ÀÚ¬ı˛ ¸¬ı˛Ì ŒÂ√±È¬ ø¬ÛàÈ√√ÀÚ¬ı˛ Ó≈¬˘Ú±˚˛ ’ÀÚfl¡

fl¡˜ ˝√√À¬ıº ˝√√±˝◊√√ÀE±ø˘fl¡ Œõ∂À¸¬ı˛ Œé¬ÀS ¤˝◊√√ ¬Û±¶®±À˘¬ı˛ ¸”S fl¡±ÀÊ√ ˘±ø·À˚˛ Î¬◊q¡ ˚ÀLa¬ı˛ fl¡±˚« øÚÒ«±¬ı˛Ì

fl¡¬ı˛± ˝√√˚˛º

11.7 Î¬◊√±˝√√¬ı˛Ì

(a) 28 cm ¬ı…±À¸¬ı˛ ¤fl¡øÈ¬ Œ‰¬±„√√±fl‘¡øÓ¬ ¬Û±ÀS¬ı˛ ˜ÀÒ… 30.8 ø˘È¬±¬ı˛ ¬Û±¬ı˛√ Ï¬±˘À˘ ¬Û±ÀS¬ı˛ Ó¬˘À√À˙

õ∂˚≈q¡ ‰¬±¬Û › Œ˜±È¬ ‚±Ó¬ øÚÌ«˚˛ fl¡¬ı˛º [¬Û±¬ı˛À√¬ı˛ ’±À¬Ûøé¬fl¡ ·≈¬ı˛≈Q = 13.6)

¸˜±Ò±Ú –

¬Û±ÀS¬ı˛ õ∂àÔÀ26√À√¬ı˛ Œé¬SÙ¬˘ = �r2 = 3.14 × 142 = 616 cm2

� ¬Û±¬ı˛√d¬Ày¬¬ı˛ Î¬◊2‰¬Ó¬± �
�

�
30 18 10

616
3. cm 50 cm

� õ∂˚≈q¡ ‰¬±¬Û = hfg = 50 × 13.6 × 980 = 66.64 × 104 dyne/cm2
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� øÚÀÌ«˚˛ ‚±Ó¬ = ‰¬±¬Û × Œé¬SÙ¬˘ = 66.64 × 104 × 616

= 4.1 × 108 dyne.

(b) ¤fl¡øÈ¬ Î¬◊ÀM√√±˘fl¡ ¬Û±À•Û¬ı˛ ø¬ÛàÈ√√ÀÚ¬ı˛ Œé¬SÙ¬˘ 40 cm2º ‹ ¬Û±•Û ø√À˚˛ 150 m Î¬◊“√‰≈¬ÀÓ¬ Ê√˘

Ó≈¬˘ÀÓ¬ fl¡Ó¬ ¬ı˘ õ∂À˚˛±· fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº

¸˜±Ò±Ú – øÚÀÌ«˚˛ ¬ı˘ 150m Î¬◊“√‰≈¬ Ê√˘d¬Ày¬¬ı˛ ˆ”¬ø˜¬ı˛ õ∂˚≈q¡ ‚±ÀÓ¬¬ı˛ ¸˜±Ú ˝√√À¬ıº

� F = Ahg = 40 × 150 × 102 × 1 × 980 dyne = 5.88 × 108 dyne.

(c) õ∂˜±Ì fl¡À¬ı˛± Œ˚ Ó¬¬ı˛À˘¬ı˛ øàÔøÓ¬àÔ±¬Ûfl¡Ó¬±¬ı˛ ‰¬±À¬Û¬ı˛ ¸±ÀÔ ¸˜±Ú ˝√√˚˛, Ó¬±˝√√À˘ õ∂˚≈q¡ ‰¬±¬Û

’±˚˛Ó¬ÀÚ¬ı˛ ¸±À˘ ¬ı…d¬±Ú≈¬Û±Ó¬œ ˝√√À¬ıº

¸˜±Ò±Ú – � �v
dp
dv

p,

� � �
dp
p

dv
v

0

¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√, log P + log V = c = log K [Òø¬ı˛]

� log PV = log K �� PV = K [ÒË≈¬ıfl¡]

� p
V

� 1
� [õ∂˜±øÌÓ¬]º

11.8 ’Ú≈˙œ˘Úœ

(1) ¤fl¡øÈ¬ Ê√˘ˆ¬øÓ«¬ Œ‰¬±À„√√¬ı˛ Î¬◊2‰¬Ó¬± ˝√√˘ 50cm, ’±¬ı˛ ˆ”¬ø˜¬ı˛ Œé¬SÙ¬˘ ˝√√˘ 20 sq.cm. Œ‰¬±„√√øÈ¬¬ı˛

ˆ”¬ø˜øÈ¬Àfl¡ ŒÈ¬ø¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ ¬ı˛±‡± ˝√√˘º Ó¬±˝√√À˘ Œ‰¬±À‡¬ı˛ Ê√˘ ŒÈ¬ø¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ øfl¡ ‚±Ó¬ õ∂À˚˛±· fl¡¬ı˛À¬ıº

[Hints : ‚±Ó¬ = ‰¬±¬Û × Œé¬SÙ¬˘] (Ans : 9-8 × 105 dyne)

(2) ¤fl¡øÈ¬ U-Ú˘ [¸≈¯∏˜ õ∂àÔÀ26√√ ø¬ıø˙©Ü U-¤¬ı˛ ’±fl¡±À¬ı˛ ¬ı“√±fl¡±ÀÚ± Ú˘]-¤¬ı˛ ¤fl¡ ¬ı±˝≈√√ÀÓ¬¬ Û…±¬ı˛±øÙ¬Ú

¤¬ı— ’Ú…øÈ¬ÀÓ¬ Ê√˘ øÚÀ˚˛ Ú˘øÈ¬Àfl¡ Î¬◊~•§ˆ¬±À¬ı ¤fl¡øÈ¬ ŒÈ¬ø¬ıÀ˘ ¬ı˛±‡± ˝√√˘º ˚ø√ ŒÈ¬ø¬ıÀ˘¬ı˛ Î¬◊¬Û¬ı˛ ŒÔÀfl¡

¬Û…±¬ı˛±øÙ¬ÀÚ¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬˘ ¤¬ı— øÚ•ßÓ¬˘ ˚Ô±√flË¡À˜ 32.2 cm ¤¬ı— 8.2 cm Î¬◊¬ÛÀ¬ı˛ Ô±Àfl¡ ¤¬ı— Ê√À˘¬ı˛

Î¬◊¬Ûø¬ı˛Ó¬˘ 28.6 cm Î¬◊¬ÛÀ¬ı˛ Ô±Àfl¡, Ó¬À¬ı ¬Û…±¬ı˛±øÙ¬ÀÚ¬ı˛ ’±À¬Ûøé¬fl¡ ·≈¬ı˛≈Q øÚÌ«˚˛ fl¡¬ı˛º

[ Hints : ¬Û±¶®±À˘¬ı˛ ¸”S õ∂À˚˛±· fl¡¬ı˛≈Ú ] (Ans. 0.85)

(3) Œfl¡±Ú ‡±À˘ ¤fl¡øÈ¬ 20m ‰¬›Î¬ˇ± ˘fl¡À·È¬ ’±ÀÂ√º Ó¬±¬ı˛ ¤fl¡ø√Àfl¡ Ê√À˘¬ı˛ ·ˆ¬œ¬ı˛Ó¬± 50m ¤¬ı—

’¬Û¬ı˛ø√Àfl¡ 24mº ˘fl¡À·È¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ˘t‚±Ó¬ øÚÌ«˚˛ fl¡¬ı˛º

[Hint : ¬Û±¶®±À˘¬ı˛ ¸”S] (Ans. 19.24 × 109 gmut)
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(4) ¤fl¡øÈ¬ ˝√√±˝◊√√Eø˘fl¡ Œõ∂À¸¬ı˛ ¬ıÎ¬ˇ › ŒÂ√±È¬ ø¬ÛàÈ√√ÀÚ¬ı˛ ¬ı…±¸ ˚Ô±√flË¡À˜ 45cm ¤¬ı— 5cmº ŒÂ√±È¬

ø¬ÛàÈ√√ÀÚ øfl¡ ¬Ûø¬ı˛˜±Ì ¬ı˘ õ∂À˚˛±· fl¡¬ı˛À˘ ¬ıÎ¬ˇ ø¬ÛàÈ√√ÀÚ 40 50 kg m wt ‚±Ó¬ Î¬◊»¬Ûiß ˝√√À¬ıº

[Hint : ø¬ÛàÈ√√ÀÚ¬ı˛ Ê√Ú… Fb = n Fa ¸”S ^©Ü¬ı…] (Ans. 50 kgmwt.)

(5) ¤fl¡øÈ¬ ˝√√±˝◊√√Eø˘fl¡ Œõ∂À¸¬ı˛ ŒÂ√±È¬ ø¬ÛàÈ√√ÀÚ¬ı˛ ¬ı…±¸±Ò« 8cm ¤¬ı— ¬ıÎ¬ˇ ø¬ÛàÈ√√ÀÚ¬ı˛ ¬ı…±¸±Ò« 96cmº

ŒÂ√±È¬ ø¬ÛàÈ√√ÚøÈ¬¬ı˛ ¸±ÀÔ ˚≈q¡ ¤fl¡øÈ¬ ˝√√d¬‰¬±ø˘Ó¬ ø˘ˆ¬±À¬ı˛¬ı˛ ¬ı±˝≈√√¡ZÀ˚˛¬ı˛ ’Ú≈¬Û±Ó¬ 3 : 28, ø˘ˆ¬±¬ı˛øÈ¬¬ı˛ ˝√√±Ó¬À˘

27 kgwt ¬ı˘ õ∂À˚˛±· fl¡¬ı˛À˘, ¬ıÎ¬ˇ ø¬ÛàÈ√√ÀÚ Î¬◊»¬Ûiß ‚±Ó¬ øÚÌ«˚˛ fl¡¬ı˛º

[Hint : ’Ú≈̇ œ˘Úœ 4-¤¬ı˛ ’Ú≈¬ı˛”¬Û] [Ans. 36288 kgwt]

(6) ¸˜¸N Ó¬¬ı˛À˘ ¤fl¡øÈ¬ ¸±˜±z¬ø¬ı˛fl¡ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√º õ∂˜±Ì fl¡À¬ı˛± Œ˚ õ∂ÀÓ¬…fl¡ fl¡ÀÌ«¬ı˛ ˙œ¯∏«ø¬ıμ≈ÀÓ¬

õ∂˚≈q¡ ‰¬±À¬Û¬ı˛ ¸˜ø©Ü¬ı˛ ˜±Ú ¸˜±Ú ˝√√À¬ıº

[Hint : ˆ¬±¬ı˛Àfl¡Àf¬ı˛ Ò±¬ı˛Ì±¬ı˛ ¸±˝√√±˚… øÚÚ ]

11.9 ¸±¬ı˛±—˙

¤˝◊√√ ’Ò…±À˚˛ õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡±fl¡±˘œÚ ‚±Ó¬ ¤¬ı— ‰¬±À¬Û¬ı˛ ¸—:± ¤¬ı— Ó¬±À√¬ı˛ ‰¬ø¬ı˛S

› Ò˜«ø¬ı¯∏À˚˛ ˜”˘Ó¬ ’±À˘±fl¡¬Û±Ó¬ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º õ∂¬ı±˝√√œ ¬Û√±Ô« ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡±¬ı˛ ø¬ıÀ˙¯∏ ˙Ó«¬ ’±ÀÂ√º

Œ¸˝◊√√ ˙Ó«¬¸˜”˝√√ ¬Û¬ı˛¬ıÓ¬π Œfl¡±Ú ’Ò…±À˚˛ ’±À˘±ø‰¬Ó¬ ˝√√À¬ıº Ó¬¬ı˛À˘¬ı˛ ‰¬±À¬Û¬ı˛ fl¡À˚˛fl¡øÈ¬ õ∂À˚˛±· ø¬ıÀ˙¯∏ˆ¬±À¬ı

Î¬◊À~‡ fl¡¬ı˛± ˝√√À˚˛ÀÂ√ Œ˚·≈À˘± fl¡˘fl¡±¬ı˛‡±Ú±˚˛ ˚La±ø√ÀÓ¬ ø¬ıÀ˙¯∏ fl¡±ÀÊ√ ’±À¸º fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì ¸±˝√√±À˚…

¤˝◊√√ ø¬ı¯∏˚˛¸˜”˝√√ ¬ı…±‡…± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

11.10 ¸˝√√±˚˛fl¡ ¢∂&Ô

(1) A. S. Ramsay : Hydrostatics

(2) M. Ray & H. S. Sharma : A Text book of hydrostatics. Premier Publishing

Co., New Delhi, 1961.

(3) J. M. Kar : Hydrostatics : for degree classes. The Globe library, Calcutta,

1972.
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¤fl¡fl¡ 12 � Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ‰¬±¬Û

·Í¬Ú

12.1 õ∂d¬±¬ıÚ±

12.2 Î¬◊ÀV˙…

12.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

12.4 ¸˜¸N › ’¸˜¸N õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û, Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û ¤¬ı— ¬ı±˚˛¬ıœ˚˛ ¬Û√±ÀÔ«¬ı˛

Î¬◊¬Û¬ı˛ ‰¬±À¬Û¬ı˛ ¬Ûø¬ı˛˜±Ì

12.5 ˜±Ò…±fl¡¯∏«Ì ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı øàÔÓ¬±¬ıàÔ±˚˛ ’±ÀÂ√ ¤˜Ú Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±À¬Û¬ı˛ ¬Ûø¬ı˛˜±Ìº

12.6 ¸˜‰¬±À¬Û¬ı˛ Ó¬˘, ¸˜‚ÚÀQ¬ı˛ Ó¬˘ ¤¬ı— ¸˜ø¬ıˆ¬¬ı˚≈q¡ Ó¬À˘¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛ – fl¡À˚˛fl¡øÈ¬

’Ú≈ø¸X±z¬º

12.7 ˆ¬±¬ı˛œ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ Œfl¡±Ú Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ‚±ÀÓ¬¬ı˛ ¬Ûø¬ı˛˜±Ìº ¸±˜ø¢∂fl¡ ‰¬±¬Ûº

12.8 Î¬◊√± √̋√¬ı˛Ì

12.9 ’Ú≈˙œ˘Úœ › Î¬◊M√√¬ı˛˜±˘±

12.10 ¸±¬ı˛±—˙

12.11 ¸˝√√±˚˛fl¡ ¢∂&Ô

12.1 õ∂d¬±¬ıÚ±

õ∂d¬±¬ıÚ± – ¬Û”¬ı«¬ıÓ¬π ’Ò…±À˚˛ õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ ø¬ıøˆ¬iß õ∂fl¡±¬ı˛Àˆ¬√, Ó¬±À√¬ı˛ Ò˜« ¤¬ı— øàÔøÓ¬˙œ˘ ’¬ıàÔ±˚˛

Ó¬±¬ı˛ ˜ÀÒ… ø√flË¡˚˛±-ø¬ıø√flË¡˚˛±¬ı˛ ø¬ı¯∏À˚˛ õ∂±Ôø˜fl¡ ’±À˘±‰¬Ú± ˝√√À˚˛ÀÂ√º ‚ÚQ, ‚±Ó¬ ¤¬ı— ‰¬±À¬Û¬ı˛ ¸—:± Œ√›˚˛±

˝√√À˚˛ÀÂ√ ¸±Ò±¬ı˛Ìˆ¬±À¬ıº ø¬ıÀ˙¯∏ fl¡À¬ı˛ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ Œé¬ÀS ‰¬±À¬Û¬ı˛ ¬Ûø¬ı˛˜±Ì øÚÒ«±¬ı˛Ì fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

¤˝◊√√ ’Ò…±À˚˛ ø¬ıøˆ¬iß ¬ı˘ õ∂˚≈q¡ ˝√√›˚˛±¬ı˛ Ù¬À˘ øàÔøÓ¬˙œ˘ ’¬ıàÔ±˚˛ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ‰¬±¬Û ¤¬ı˛ ¬ı…±¬Û±À¬ı˛

’±À¬ı˛± ø¬ı˙√ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º
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12.2 Î¬◊ÀV˙…

Î¬◊ÀV˙… – Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ‰¬±¬Û ¸•§À&Ò Ò±¬ı˛Ì± Ô±fl¡± ¤˝◊√√ ø¬ı¯∏À˚˛ ·ˆ¬œ¬ı˛Ó¬¬ı˛ ’Ò…˚˛ÀÚ¬ı˛ Ê√Ú… ’Ó¬…z¬

Ê√¬ı˛≈¬ı˛œº Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ‰¬±¬Û ø¬ıøˆ¬iß Î¬◊¬Û±—À˙¬ı˛ Î¬◊¬Û¬ı˛ ¶§ˆ¬±¬ıÓ¬˝◊√√ øÚˆ«¬¬ı˛˙œ˘º õ∂fl‘¡Ó¬¬ÛÀé¬ Ó¬¬ı˛À˘¬ı˛ Ò˜« ¬ı±

Ó¬±¬ı˛ õ∂À˚˛±· ¬ı…±¬Ûfl¡Ó¬¬ı˛º ø¬ıÀ˙¯∏ fl¡À¬ı˛ Ó¬¬ı˛˘øÈ¬ ¸˜¸QÓ¬± ¬ı± ‚ÚQ ¤˝◊√√ ≈√øÈ¬ ’¬ı˙…˝◊√√ õ∂À˚˛±Ê√Úœ˚˛ Î¬◊¬Û±—˙º

ø¬ıÀ˙¯∏ fl¡À¬ı˛ Ó¬¬ı˛˘øÈ¬ ¸z¬Ó¬± ¤¬ı— ’¸z¬Ó¬± ø¬ı¯∏À˚˛ ø‰¬z¬±¬ı˛ õ∂À˚˛±Ê√Ú ’±ÀÂ√º ¤˝◊√√ ’Ò…±À˚˛ ¤˝◊√√ ø¬ı¯∏˚˛øÈ¬

’±À˘±ø‰¬Ó¬ ˝√√À¬ıº

12.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬ – ¬¤˝◊√√ ’Ò…±À˚˛ ¸˜¸Q › ’¸˜¸Q õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ ‰¬±¬Û ø¬ı¯∏À˚˛ ¸ø¬ıd¬±À¬ı˛ ’±À˘±‰¬Ú±

fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ø¬ıÀ˙¯∏ fl¡À¬ı˛ ˜±Ò…±fl¡¯∏«Ì ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı ø¬ıøˆ¬iß d¬À¬ı˛ Ó¬¬ı˛À˘¬ı˛ ‚±Ó¬ › ‰¬±¬Û ø¬ı¯∏À˚˛ ’±À˘±‰¬Ú±

fl¡¬ı˛± ˝√√À˚˛ÀÂ√, ¸˜‰¬±¬Û ø¬ıø˙©Ü Ó¬˘º ¸˜ø¬ıˆ¬¬ı ¬ı± ¸˜ ‚ÚQ ø¬ı¯∏˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¬Û√±ÀÔ« øÚ˜7¡¡¡˜±Ú

Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ø¬ıøˆ¬iß ø¬ıμ≈ÀÓ¬ Ó¬¬ı˛˘ ‰¬±¬Û øÚÌ«˚˛ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¸±˜ø¢∂fl¡ˆ¬±À¬ı ‚±Ó¬ ø¬ı¯∏À˚˛ Ò±¬ı˛Ì± Œ√›˚˛±

’±ÀÂ√º ‚±ÀÓ¬¬ı˛ ¬Ûø¬ı˛˜±Ì øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ ¬ÛXøÓ¬ øÚÌ«˚˛ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¬Ûø¬ı˛À˙À¯∏ ¸±˜ø¢∂fl¡ ‰¬±¬Û ø¬ı¯∏À˚˛ ’±À˘±‰¬Ú±

fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

12.4 ¸˜¸N › ’¸˜¸N õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û, Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û

¤¬ı— ¬ı±˚˛¬ıœ˚˛ ¬Û√±ÀÔ«¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±À¬Û¬ı˛ ¬Ûø¬ı˛˜±Ì

Î¬◊¬ÛÀ¬ı˛±q¡ ’±À˘±‰¬Ú± ŒÔÀfl¡ ¤È¬± ¶Û©Ü Œ˚ ≈√˝◊√√ õ∂fl¡±À¬ı˛¬ı˛ õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û ¤¬ı— ’z¬–‰¬±¬Û

Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛º ’±À·˝◊√√ ¬ı˘± ˝√√À˚˛ÀÂ√, õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ ‰¬±¬ÛÀfl¡ ≈√˝◊√√ ¬Û˚«±À˚˛ ˆ¬±· fl¡¬ı˛± ˚±˚˛ñ

Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û › ¬ı±˚˛¬ıœ˚˛ ¬Û√±ÀÔ«¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Ûº Ó¬¬ı˛˘ ¤¬ı— ¬ı±˚˛¬ıœ˚˛ Î¬◊ˆ¬˚˛ ¬Û√±Ô«˝◊√√ Ó¬±À√¬ı˛

‚ÚQ ’Ú≈˚±˚˛œ ≈√˝◊√√ õ∂fl¡±¬ı˛ ˝√√ÀÓ¬ ¬Û±À¬ı˛ñ(i) ¸˜¸N (Homogeneous) ¬Û√±Ô« ¤¬ı— (ii) ’¸˜¸N

(Heterogoneous) ¬Û√±Ô«º

(i) ¸˜¸N ¬Û√±Ô« – Œ˚ ¬Û√±ÀÔ«¬ı˛ ’±fl¡±¬ı˛ ¤¬ı— ’±˚˛Ó¬ÀÚ¬ı˛ ˜ÀÒ… ¸¬ı«d¬À¬ı˛ ‚ÚÀQ¬ı˛ ¬Ûø¬ı˛˜±Ì ÒË≈¬ıfl¡

¤¬ı— õ∂˚≈q¡ ¬ı˘ ˚± ‚±ÀÓ¬¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛ Ú±, Ó¬±Àfl¡ ¸˜¸N ¬Û√±Ô« ¬¬ı˘± ˝√√˚˛º

(ii) ’¸˜¸N ¬Û√±Ô« – ¬Ûé¬±z¬À¬ı˛ Œ˚ õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ ‚ÚQ ø¬ıøˆ¬iß d¬À¬ı˛ ø¬ıøˆ¬iß ¬ı± õ∂˚≈q¡ ¬ıÀ˘¬ı˛

Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘, Ó¬±Àfl¡ ’¸˜¸N ¬Û√±Ô« ¬ı˘± ˝√√˚˛º
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¸‰¬¬ı˛±‰¬¬ı˛ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ‚ÚQ ’±¬Û±Ó¬– ÒË≈¬ıfl¡ Ô±Àfl¡, ˚ø√ Ú± Œ¸˝◊√√ Ó¬¬ı˛˘ ¬Û√±Ô«øÈ¬ fl¡À˚˛fl¡øÈ¬ Î¬◊¬ÛÓ¬¬ı˛˘

¬Û√±ÀÔ«¬ı˛ ø˜|Ì Ú± ˝√√˚˛º øfl¡z≈¬ ¬ı±˛˚˛¬ıœ˚˛ ¬Û√±ÀÔ«¬ı˛ Œé¬ÀS ‚ÚQ ’Ó¬…z¬ ¬Ûø¬ı˛¬ıÓ«¬Ú˙œ˘ ¤¬ı— Œ˚ Œfl¡±Ú ‚±Ó¬

¬ı± ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√˚˛º

¤˝◊√√ ’Ò…±À˚˛ ’±˜¬ı˛±, Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ [ø¬ıÀ˙¯∏ øfl¡Â≈√ Î¬◊À~‡ ¬ı…øÓ¬À¬ı˛Àfl¡ ¸˜¸N Ò¬ı˛± ˝√√À¬ı] Î¬◊¬Û¬ı˛ ‰¬±¬Û

¤¬ı— ‰¬±À¬Û¬ı˛ õ∂ˆ¬±¬ı ˝◊√√Ó¬…±ø√¬ı˛ ø¬ı¯∏À˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛¬ıº ¬ı±˚˛¬ıœ˚˛ ¬Û√±ÀÔ«¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±À¬Û¬ı˛ ¬Ûø¬ı˛˜±Ì ¤¬ı—

õ∂ˆ¬±À¬ı¬ı˛ ø¬ı¯∏À˚˛ ¬Û¬ı˛¬ıÓ¬π ¤fl¡øÈ¬ ’±˘±√± ’Ò…±À˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À¬ıº

ø¬ıÀ˙¯∏ fl¡À¬ı˛ ¤˝◊√√ ’Ò…±À˚˛, Ó¬¬ı˛˘ ¬Û√±Ô«øÈ¬Àfl¡ ˜±Ò…±fl¡¯∏«Ì ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı øàÔÓ¬±¬ıàÔ±˚˛ ’±ÀÂ√ ÒÀ¬ı˛

øÚÀÓ¬ ˝√√À¬ıº õ∂fl‘¡Ó¬¬ÛÀé¬ ˜±Ò…±fl¡¯∏«Ì ¬ı˘ ¬ı…øÓ¬À¬ı˛Àfl¡ ’Ú…±Ú… ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ øàÔÓ¬±¬ıàÔ±

øÚÀ˚˛ ’±À˘±‰¬Ú±¬ı˛ ¸≈À˚±· ¤˝◊√√ ¬Û±Í¬√flË¡À˜¬ı˛ ’z¬ˆ«≈¬q¡ ŒÚ˝◊√√º

12.5 ˜±Ò…±fl¡¯∏«Ì ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı øàÔÓ¬±¬ıàÔ±˚˛ ’±ÀÂ√ ¤˜Ú Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±À¬Û¬ı˛

¬Ûø¬ı˛˜±Ì

12.5.1 ¸˜¸N õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ ˜Ó¬, ’¸˜¸N ¬Û√±ÀÔ«¬ı˛ Œé¬ÀS› õ∂˚≈q¡ ‰¬±À¬Û¬ı˛ ¸”SøÈ¬ õ∂À˚±Ê√…

√̋√̊ º̨

Òø¬ı˛ Î¬◊q¡ ’¸˜¸N ¬Û√±ÀÔ«¬ı˛ A ø¬ıμ≈ÀÓ¬ ‰¬±¬Û P	� ¤¬ı— B ø¬ıμ≈ÀÓ¬ P

AB Œfl¡ Î¬◊~•§ ø√Àfl¡ Z1, Z2, Z3 ... ·ˆ¬œ¬ı˛Ó¬± ø¬ıø˙©Ü… ’=À˘ ø‰¬ÀS¬ı˛ ˜Ó¬ ˆ¬±· fl¡¬ı˛± ˝√√˘ Œ˚‡±ÀÚ

Ó¬±À√¬ı˛ ˚Ô±√flË¡À˜ ‚ÚQ ˝√√˘ 
1, 
2, 
3 ...

Ó¬±˝√√À˘ ’±˜¬ı˛± ¬Û±˝◊√√ñ


	� – g
1Z1 + g
2Z2 + g
3Z3 + ... = gf zi i�
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‚ÚQ ‘
’ ˚ø√ ø¬ıø26√ißˆ¬±À¬ı Ú± ˝√√À˚˛ ¸z¬Ó¬–ˆ¬±À¬ı ‘Z’ ¤¬ı˛ ¸±À¬ÛÀé¬ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√˚˛ Ó¬±˝√√À˘ ’±˜¬ı˛±

ø˘‡ÀÓ¬ ¬Û±ø¬ı˛ñ

P P g dz� � � � �1

Œ˚‡±ÀÚ ¸˜±fl¡˘øÈ¬ A ŒÔÀfl¡ B ¬Û˚«z¬ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

Î¬◊¬ÛÀ¬ı˛¬ı˛ ø‰¬ÀS ‘B’ ø¬ıμ≈Àfl¡ õ∂¬ı±˝√√œ Ó¬À˘ ˚ø√ ŒÚ›˚˛± ˝√√˚˛ Ó¬±˝√√À˘, A ø¬ıμ≈ÀÓ¬ ‰¬±¬Û ˝√√À¬ı = g
z

[Z = A ø¬ıμ≈¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ]

˚ø√ ¤¬ı±¬ı˛ B ø¬ıμ≈¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ ¬ı±˚˛≈˜G¬˘œ˚˛ ‰¬±¬Û Ò¬ı˛± ˝√√˚˛ ’±ÀÂ√ ¤¬ı— Ó¬±¬ı˛ ˜±Ú ÒË≈¬ıfl¡ Ó¬±˝√√À˘

‘A’ ø¬ıμ≈ÀÓ¬ ‰¬±À¬Û¬ı˛ ¬Ûø¬ı˛˜±Ì ˝√√À¬ı = � � g z


˚ø√ ¬ı±˚˛≈˜G¬À˘¬ı˛ ‰¬±À¬Û¬ı˛ Ê√Ú… ›˝◊√√ Ó¬¬ı˛À˘¬ı˛ fl¡±˚«fl¡¬ı˛œ Ó¬˘ (effective surface) ‘h’ Î¬◊2‰¬Ó¬±ø¬ıø˙©Ü

˝√√˚˛, Ó¬±˝√√À˘ ’±˜¬ı˛± ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛,

� � g h


� P = g
h + g
Z = g
 (h + z)

¸≈Ó¬¬ı˛±— Ó¬¬ı˛À˘ Œfl¡±Ú ø¬ıμ≈¬ı˛ ‰¬±À¬Û¬ı˛ ¬Ûø¬ı˛˜±Ì fl¡±˚«fl¡¬ı˛œ Ó¬À˘¬ı˛ ·ˆ¬œÀ¬ı˛ ø¬ıμ≈øÈ¬¬ı˛ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ ¸±ÀÔ

¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√˚˛º

12.5.2 ˜±Ò…±fl¡¯∏«Ì ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı Œfl¡±Ú øàÔ¬ı˛ ¬Ó¬¬ı˛À˘¬ı˛ õ∂ÀÓ¬…fl¡ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘ Ó¬¬ı˛À˘¬ı˛ ‚ÚQ

Œ¸˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘ õ∂ÀÓ¬…fl¡ ø¬ıμ≈ÀÓ¬ ¸˜±Ú ˝√√À¬ıº

¤fl¡˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±˚˛ A, B ≈√øÈ¬ ø¬ıμ≈º Î¬◊~•§ˆ¬±À¬ı Ó¬±À√¬ı˛ Î¬◊¬Û¬ı˛ A	��B	�’±¬ı˛› ≈√øÈ¬ ø¬ıμ≈ ¤¬ı—

AA	� = BB	� ‘A’ ø¬ıμ≈ÀÓ¬ ‰¬±¬ÛñA	 ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = g
AA	� [
 = AA	 d¬Ày¬¬ı˛ ·Î¬ˇ ‚ÚQ]

˚ø√ 
	�� BB	� d¬Ày¬¬ı˛ ·Î¬ˇ ‚ÚQ ˝√√˚˛, Ó¬±˝√√À˘ ‘B’ ø¬ıμ≈ÀÓ¬ ‰¬±¬ÛñB	� ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = g
	BB	
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¤fl¡˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±˚˛ Ô±fl¡±¬ı˛ Ê√Ú…, A ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = B ø¬ıμ≈ÀÓ¬ ‰¬±¬Ûº ¤¬ı— AA	� = BB	

[ fl¡äÚ±Ú≈¸±À¬ı˛ ] ¤¬ı— A	� ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = B	� ø¬ıμ≈ÀÓ¬ ‰¬±¬Ûº

¸≈Ó¬¬ı˛±— 
 = 
	

˚ø√ AA BB	 � 	 � 0  ˝√√˚˛ Ó¬±˝√√À˘ ·Î¬ˇ ‚ÚQ ø¬ıμ≈ÀÓ¬ ‚ÚÀQ¬ı˛ ˜±ÀÚ¬ı˛ ¸˜±Ú ˝√√À¬ı, ’Ô«±», A

ø¬ıμ≈ÀÓ¬ ‚ÚQ = B ø¬ıμ≈ÀÓ¬ ‚ÚQº

12.5.3 øàÔ¬ı˛ › ˜±Ò…±fl¡¯∏«ÀÌ¬ı˛ õ∂ˆ¬±À¬ı Ô±fl¡±fl¡±˘œÚ ¸˜¸N õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬˘ ’Ú≈ˆ”¬ø˜fl¡

(horizontal) ˝√√À¬ıº

A, B ¤¬ı— A	�� B	� ¤fl¡˝◊√√ˆ¬±À¬ı ‰¬±¬ı˛øÈ¬ ø¬ıμ≈ ¬Û±À˙¬ı˛ ø‰¬ÀS¬ı˛ Ú…±˚˛ Ò¬ı˛± ˝√√˘º

A	� ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = �� + g
AA	� � � � B	� ø¬ıμ≈ÀÓ¬ ‰¬±¬Û �� �� + g
BB	

øfl¡z≈¬ A	 ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = B	� ø¬ıμ≈ÀÓ¬ ‰¬±¬Û

¸≈Ó¬¬ı˛±— AA	� = BB	

’Ó¬¤¬ı AB || A	B	� ¤¬ı— AB ’Ú≈ˆ”¬ø˜fl¡ ˝√√À¬ıº

øfl¡z≈¬ A, B ø¬ıμ≈¡Z˚˛ Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬À˘¬ı˛ Œ˚ Œfl¡±Ú ≈√øÈ¬ ø¬ıμ≈, ¸≈Ó¬¬ı˛±— Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬˘ ’Ú≈ˆ”¬ø˜fl¡

√̋√À¬ıº

12.5.4 ≈√øÈ¬ øˆ¬iß ¤¬ı— ˆ¬±¬ı˛œ ¸˜¸N Ó¬¬ı˛À˘¬ı˛ øÚÀ‰¬¬ı˛ Œfl¡±Ú› ø¬ıμ≈ÀÓ¬ ‰¬±À¬Û¬ı˛ ¬Ûø¬ı˛˜±Ì øÚÌ«˚˛ [Ó¬¬ı˛˘

≈√øÈ¬ ¬Û¬ı˛¶Û¬ı˛ ø˜ø|Ó¬ ˝√√˚˛ Ú±]


 ¤¬ı— 
	� Ò¬ı˛± ˝√√˘ ˚Ô±√flË¡À˜ ÚœÀ‰¬¬ı˛ ¤¬ı— Î¬◊¬ÛÀ¬ı˛¬ı˛ Ó¬¬ı˛À˘¬ı˛ ‚ÚQº ÚœÀ‰¬¬ı˛ Ó¬¬ı˛À˘¬ı˛ Œfl¡±Ú ø¬ıμ≈

Òø¬ı˛ A, ABC ¤fl¡øÈ¬ Î¬◊~•§ Œ¬ı˛‡± fl¡äÚ± fl¡¬ı˛± ˝√√˘º B ø¬ıμ≈ ≈√øÈ¬ Ó¬¬ı˛À˘¬ı˛ ¶Û˙«Ó¬À˘ ’±ÀÂ√ ¤¬ı— C

Î¬◊¬ÛÀ¬ı˛¬ı˛ Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬À˘ ’±ÀÂ√º
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AC Œfl¡ ’é¬ ÒÀ¬ı˛ ¤fl¡øÈ¬ ˘•§¬ı‘M√√±fl¡±¬ı˛ Œ‰¬±„√√ fl¡äÚ± fl¡¬ı˛± ˝√√˘º ˚±¬ı˛ õ∂àÔÀ26√À√¬ı˛ Œé¬SÙ¬˘, � ‘A’

ø¬ıμ≈ÀÓ¬ ‰¬±¬Û P ˝√√À˘, Œ‰¬±„√√øÈ¬¬ı˛ ¸±˜…±¬ıàÔ± ø¬ıÀ¬ı‰¬Ú± fl¡À¬ı˛ ¬Û±˝◊√√ñ

P� = g
�AB + g
	�BC

¸≈Ó¬¬ı˛±—, P = g
AB + g
	BC

12.5.5 ¬Û¬ı˛¶Û¬ı˛ ø˜ø|Ó¬ ˝√√˚˛ Ú± ¤¬ı˛”¬Û øˆ¬iß ‚ÚÀQ¬ı˛ ≈√øÈ¬ Ó¬¬ı˛À˘¬ı˛ ¶Û˙«Ó¬˘ ¸¬ı¸˜˚˛ ’Ú≈ˆ”¬ø˜fl¡

˝√√À¬ı ˚ø√ Ó¬±¬ı˛± ˜±Ò…±fl¡¯∏«Ì ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı Ô±Àfl¡ › øàÔ¬ı˛ ˝√√˚˛º


� › 
	� ˚Ô±√flË¡À˜ ÚœÀ‰¬¬ı˛ › Î¬◊¬Û¬ı˛-¤¬ı˛ Ó¬¬ı˛À˘¬ı˛ ‚ÚQº

‘A’ ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = g
AB + g
	BC

A	� ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = g
A	B	� �� g
	B	C	

¸≈Ó¬¬ı˛±—, g
AB + g
	BC = g
A	B	� + g
B	C	

� 
(AC – BC) + 
	BC = 
(A	C	� – B	C	�� �� 
	B	C	

�� 
AC + (
	� 	� 
) BC = 
A	C	� �� �
	� 	� 
	) B	C	

øfl¡z≈¬ AC = A	C	 Œ˚À˝√√Ó≈¬ Î¬◊¬Ûø¬ı˛Ó¬˘ ’Ú≈ˆ”¬ø˜fl¡ ˝√√À¬ıº

� (
	 – 
) BC = (
	� – 
) B	C	

�� BC = B	C	

¸≈Ó¬¬ı˛±— BB	� || CC	, ¸≈Ó¬¬ı˛±— BB	� ’Ú≈ˆ”¬ø˜fl¡ ˝√√À¬ıº
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12.6 ¸˜‰¬±À¬Û¬ı˛ Ó¬˘, ¸˜‚ÚÀQ¬ı˛ Ó¬˘ ¤¬ı— ¸˜ø¬ıˆ¬¬ı˚≈q¡ Ó¬À˘¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛

– fl¡À˚˛fl¡øÈ¬ ’Ú≈ø¸X±z¬

12.5.2 ¤¬ı˛ ¸≈S±Ú≈˚±˚˛œ ’±˜¬ı˛± ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛ Œ˚ ˜±Ò…±fl¡¯∏«ÀÌ¬ı˛ ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı øàÔ¬ı˛Ó¬¬ı˛À˘¬ı˛ õ∂ÀÓ¬…fl¡

’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘ Ó¬¬ı˛À˘¬ı˛ ‚ÚQ Œ¸˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘ õ∂ÀÓ¬…fl¡ ø¬ıμ≈ÀÓ¬ ¸˜±Ú ˝√√À¬ıº ¤˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘

õ∂ÀÓ¬…fl¡ ø¬ıμ≈ÀÓ¬ ¸˜±Ú ˝√√À¬ıº ¤˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Ó¬˘øÈ¬Àfl¡ ¬ı˘± ˝√√˚˛ ¸˜‚ÚÀQ¬ı˛ Ó¬˘º õ∂fl‘¡Ó¬¬ÛÀé¬ ˜±Ò…±fl¡¯∏«Ì

¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı ¤fl¡øÈ¬ Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… õ∂ÀÓ¬…fl¡øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ Ó¬˘ ¤fl¡ ¤fl¡øÈ¬ ¸˜‚ÚÀQ¬ı˛ Ó¬˘º

12.5.1-¤¬ı˛ ’Ú≈À26√√ ŒÔÀfl¡ ¬Û±˝◊√√ Œfl¡±Ú Ó¬¬ı˛À˘¬ı˛ Œfl¡±Ú ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ ‰¬±À¬Û¬ı˛ ¬Ûø¬ı˛˜±Ì P = g


(h + z) = g
z	

Œ˚‡±ÀÚ Z	� ˝√√˘ ›˝◊√√ ø¬ıμ≈¬ı˛ fl¡±˚«fl¡¬ı˛œ ·ˆ¬œ¬ı˛Ó¬±º

¸≈Ó¬¬ı˛±— Z	� = C = ÒË≈¬ıfl¡, ¤˝◊√√ ·ˆ¬œ¬ı˛Ó¬±˚˛ P �� 
�� ’Ô«±» ¸˜‚ÚQø¬ıø˙©Ü Œ˚ ’Ú≈ˆ”¬ø˜fl¡ Ó¬˘

¬Û±›˚˛± ˚±À¬ı, Œ¸˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘ õ∂ÀÓ¬…fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ Ó¬¬ı˛À˘¬ı˛ ‰¬±¬Û ¸˜±Úº ’Ô«±» ¤˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Ó¬˘øÈ¬Àfl¡

¸˜‰¬±À¬Û¬ı˛ Ó¬˘ ¬ı˘± Œ˚ÀÓ¬ ¬Û±À¬ı˛ ¤¬ı— ¸˜‰¬±À¬¬Û¬ı˛ Ó¬˘ ’¬ı˙…˝◊√√ ¸˜‚ÚÀQ¬ı˛ Ó¬À˘¬ı˛ ¸±ÀÔ ’øˆ¬iß ˝√√À¬ıº

’±¬ı˛› ¤fl¡øÈ¬ ø¬ı˙√ˆ¬±À¬ı ¬ı…±‡…± fl¡¬ı˛À˘ ’±˜¬ı˛± ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛ Z	�= C ¤˝◊√√ ·ˆ¬œ¬ı˛Ó¬±˚˛ Œfl¡±Ú ø¬ıμ≈¬ı˛

øàÔøÓ¬˙øq¡ g
Z	� ˝√√À¬ıº ¤Àfl¡ ¬ı˘± ˝√√˚˛ ›˝◊√√ ø¬ıμ≈¬ı˛ ø¬ıˆ¬¬ıº

¸≈Ó¬¬ı˛±— ¸˜‰¬±À¬Û¬ı˛ Ó¬˘, ¸˜‚ÚÀQ¬ı˛ Ó¬˘ ¤¬ı— ¸˜ø¬ıˆ¬À¬ı¬ı˛ Ó¬˘ ¤fl¡˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Ó¬À˘ ’¬ıøàÔÓ¬

¤¬ı— ¬Û¬ı˛¶Û¬ı˛ ’øˆ¬ißº

12.7 ˆ¬±¬ı˛œ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ Œfl¡±Ú Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ‚±ÀÓ¬¬ı˛ ¬Ûø¬ı˛˜±Ìº ¸±˜ø¢∂fl¡ ‰¬±¬Û

12.7.1 ˆ¬±¬ı˛œ ¸˜¸N Ó¬¬ı˛À˘¬ı˛ ¤fl¡øÈ¬ Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ‚±Ó¬ ›˝◊√√ Œé¬ÀS¬ı˛ Œé¬SÙ¬˘ › ‹ Œé¬ÀS¬ı˛

ˆ¬±¬ı˛Àfl¡Àf¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ·≈ÌÙ¬À˘¬ı˛ ¸±ÀÔ ¸˜±Ú ˝√√À¬ıº

Òø¬ı˛ ds, ‘s’ Œé¬ÀS¬ı˛ ¤fl¡øÈ¬ ’øÓ¬é≈¬^ ’—À˙¬ı˛ Œé¬SÙ¬˘º fl¡±˚«fl¡¬ı˛œ Ó¬À˘¬ı˛ ·ˆ¬œÀ¬ı˛ ‘Z’ ø¬ıμ≈ ’±ÀÂ√º

Ó¬¬ı˛À˘¬ı˛ ‚ÚQ 
 ˝√√À˘ ‘Z’ ·ˆ¬œ¬ı˛Ó¬±˚˛ ‰¬±¬Û ˝√√À¬ı g
z

¸≈Ó¬¬ı˛±— ‘ds’ ¤¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬ ˝√√À¬ı = g
zds  ¸≈Ó¬¬ı˛±— Œ˜±È¬ ‚±Ó¬ (s Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛] � �g g zds�

Œ˚‡±ÀÚ ‘S’ Œfl¡ ’±26√±ø√Ó¬ fl¡À¬ı˛ ¤˜Ú é≈¬^Àé¬S·≈ø˘¬ı˛ Î¬◊¬Û¬ı˛ Œ˚±· õ∂ø√flË¡˚˛±øÈ¬ fl¡¬ı˛± ˝√√˘º

’Ô¬ı±, Œ˜±È¬ ‚±Ó¬ ˝√√À¬ı � 
 g zds
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øàÔøÓ¬ø¬ı√…± ŒÔÀfl¡ Ê√±Ú± ˚±˚˛, Œ˚ ˚ø√ ¸˜±z¬¬ı˛±˘ ¬ı˘À¬ı˛‡±·≈ø˘ Z  ·ˆ¬œ¬ı˛Ó¬±˚˛ Œfl¡±Ú Œfl¡f ø√À˚˛

ø√flË¡˚˛± fl¡À¬ı˛ [’¬ı˙…˝◊√√ ‘S’ ¤¬ı˛ Î¬◊¬Û¬ı˛] Ó¬±˝√√À˘ Ó¬± ‘S’ Œé¬ÀS¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ¸±ÀÔ ’øˆ¬iß ˝√√À¬ı,

Ó¬‡Ú, z
g zds

g ds
�
�
�

�

�
,  ’Ô¬ı± z

g zds

g ds
�
�
�






¸≈Ó¬¬ı˛±— Œ˜±È¬ ‚±ÀÓ¬¬ı˛ ¬Ûø¬ı˛˜±Ì ˝√√À¬ı z g ds� 
 
  ¬ı±, z g ds� � �

Ó¬¬ı˛˘øÈ¬ ¸˜¸N ˝√√¬ı±¬ı˛ Ê√Ú… 
� = ÒË≈¬ıfl¡º

� ‘S’ Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ Œ˜±È¬ ‚±Ó¬ � �g Zs wsZ�

¸≈Ó¬¬ı˛±— = s Œé¬ÀS¬ı˛ Œé¬SÙ¬˘ × ˆ¬±¬ı˛Àfl¡Àf õ∂˚≈q¡ ‰¬±¬Ûº

12.7.2 ¸±˜ø¢∂fl¡ ‰¬±¬Û

˚ø√ Ó¬¬ı˛˘ ¬Û√±ÀÔ« øÚ˜ø7¡¡¡Ó¬ Œfl¡±Ú ’øÓ¬ é≈¬^ Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ˆ¬±À¬ı Œ˚ ‚±Ó¬ Ó¬¬ı˛˘¬Û√±Ô«øÈ¬ ø√flË¡˚˛±

fl¡À¬ı˛ ¤¬ı— ¤˝◊√√ ¸˜d¬ ‚±Ó¬¸˜”˝√√Àfl¡ ¸—˚≈q¡ fl¡À¬ı˛ ¸˜¢∂ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ Œ˚ ˘øt‚±Ó¬ ¬Û±›˚˛± ˚±˚˛ Ó¬±Àfl¡

¬ı˘± ˝√√˚˛ ¸±˜ø¢∂fl¡ ‰¬±¬Ûº

˜ÀÚ fl¡ø¬ı˛, ¤fl¡øÈ¬ Ó¬˘ ‘S’ ¤¬ı˛ ¤fl¡øÈ¬ é≈¬^ ’—˙ ˝√√˘ ds, ¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ˆ¬±À¬ı P ¬Ûø¬ı˛˜±Ì ‰¬±¬Û

ø√flË¡˚˛± fl¡À¬ı˛º Ó¬‡Ú Pds�  ¬ı± Pds�  Œfl¡ ¬ı˘± ˝√√˚˛ ¸±˜ø¢∂fl¡ ‰¬±¬Ûº ¤Àé¬ÀS Œ˚±· ¬ı± ¸˜±fl¡˘ õ∂ø√flË¡˚˛±øÈ¬

¸˜¢∂Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øÚÀÓ¬ ˝√√À¬ıº
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˚ø√ Ó¬˘øÈ¬ ¤fl¡øÈ¬ ¸˜Ó¬˘ ˝√√˚˛, Ó¬‡Ú õ∂ÀÓ¬…fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ Œ˚ ‰¬±¬Û ¬Û±›˚˛± ˚±˚˛, Œ¸˝◊√√ ‰¬±¬Û¸˜”˝√√ ’¬ı˙…˝◊√√

¸˜±z¬¬ı˛±˘ ¬ı˘ ¤¬ı— ¸±˜ø¢∂fl¡ ‰¬±À¬Û¬ı˛ ¬Ûø¬ı˛˜±Ì ›˝◊√√ ‰¬±¬Û¸˜”À˝√√¬ı˛ ˘øt¬ı˛ ¸˜±Úº øfl¡z≈¬ ˚ø√ Ó¬˘øÈ¬ ¸˜Ó¬˘

Ú± ˝√√˚˛, Ó¬±˝√√À˘ ¸±˜ø¢∂fl¡ ‰¬±¬Û øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ õ∂ø√flË¡˚˛±øÈ¬ Ê√øÈ¬˘º Œ¸Àé¬ÀS ¸±˜ø¢∂fl¡ ‰¬±¬Û ¤¬ı— ˘øt‚±Ó¬

ø¬ıøˆ¬iß ˜±ÀÚ¬ı˛ ˝√√ÀÓ¬ ¬Û±À¬ı˛º

12.8 Î¬◊√±˝√√¬ı˛Ì

(1) ¤fl¡øÈ¬ ¸˜õ∂àÔÀ26√√ ø¬ıø˙©Ü øÈ¬Î¬◊¬ıÀfl¡ ¬ı“√±øfl¡À˚˛ ¬ı‘M√√±fl¡±¬ı˛ fl¡¬ı˛± ˝√√˘ ˚±¬ı˛ Ó¬˘øÈ¬¬ı˛ Î¬◊~•§ ¬ı˛±‡± ˝√√˘º


� ¤¬ı— �� ‚ÚQ ø¬ıø˙©Ü ≈√øÈ¬ ¸˜¬Ûø¬ı˛˜±ÀÌ¬ı˛ õ∂¬ı±˝√√œ ¡Z±¬ı˛± øÈ¬Î¬◊¬ıøÈ¬¬ı˛ ’ÀÒ«fl¡ ¬Û”Ì« fl¡¬ı˛± ˝√√˘º õ∂˜±Ì fl¡¬ı˛≈Ú

Œ˚ Ó¬±À√¬ı˛ ¸±Ò±¬ı˛Ì Ó¬À˘¬ı˛ ˜Ò… ø√À˚˛ ˚±›˚˛± ¬ı…±¸±Ò« Î¬◊~À•§¬ı˛ ¸±ÀÔ ‘�’ Œfl¡±Ì Î¬◊»¬Ûiß fl¡À¬ı˛, ˚±¬ı˛ ˜±Ú

tan �
� �
� �

�
�
�

¸˜±Ò±Ú – ≈√øÈ¬ Ó¬¬ı˛À˘¬ı˛ ˜≈q¡ Î¬◊¬Ûø¬ı˛Ó¬˘ A › B ˚±À√¬ı˛ ‚ÚQ ˚Ô±√flË¡À˜ ��¤¬ı— 
��AB ¬ı‘M√√øÈ¬¬ı˛

¬ı…±¸ › ‘C’ Ó¬±¬ı˛ Œfl¡fº ‘D’ ˚ø√ Ó¬¬ı˛˘¡ZÀ˚˛¬ı˛ ¸±Ò±¬ı˛Ì ¶Û˙«Ó¬˘ ˝√√˚˛, Ó¬±˝√√À˘ ’±˜¬ı˛± ‘CD’ Î¬◊~À•§¬ı˛

¸±ÀÔ Œ˚ Œfl¡±Ì ‘�’ Î¬◊»¬Ûiß fl¡À¬ı˛, Ó¬±¬ı˛ ˜±Ú Œ¬ı¬ı˛ fl¡¬ı˛¬ıº

Ó¬¬ı˛˘ ≈√øÈ¬ ¤fl¡˝◊√√ ¬Ûø¬ı˛˜±ÀÌ ’±ÀÂ√, ¤˝◊√√ ‰¬±¬Û AD = ‰¬±¬Û BD.

�ACD = �BCD � �
2

AL, BM ¤¬ı— DM ˘•§ Î¬◊~À•§¬ı˛ Î¬◊¬Û¬ı˛ ’efl¡Ú fl¡¬ı˛± ˝√√˘, Ó¬±˝√√À˘,

ON = OC – CM = (a – a cos �) ...... (i)

OM = OC – CM = (a – a sin �) ...... (ii)

NL = NC + CL = (a cos 0 + a sin �) ..... (iii)
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‘O’ ø¬ıμ≈ÀÓ¬ ¬ı“√± ø√fl¡ ŒÔÀfl¡ Î¬±Úø√Àfl¡ ‰¬±¬Û ¸˜±Ú, P ø¬ıμ≈ÀÓ¬ ‰¬±¬Û P = hw ’Ô¬ı± P = h1w1,

h ˝√√˘ Î¬◊~•§ ·ˆ¬œ¬ı˛Ó¬± ¤¬ı— w ˝√√˘ ¤fl¡fl¡ ’±˚˛Ó¬ÀÚ¬ı˛ ›Ê√Ú = g. Ó¬¬ı˛À˘¬ı˛ ‚ÚQº

‘O’ ø¬ıμ≈ÀÓ¬ BO Ó¬¬ı˛À˘¬ı˛ Ê√Ú… ¬ı“√±ø√Àfl¡ ‰¬±¬Û = OMg.
� = (a – a sin �)g.
� [(ii) ŒÔÀfl¡

¬Û±˝◊√√ ] ........ (iv)

� ‚ÚÀQ¬ı˛ AD Ó¬¬ı˛˘ ¤¬ı— 
� ‚ÚÀQ¬ı˛ DO Ó¬¬ı˛À˘¬ı˛ Ê√Ú… ‘O’ ø¬ıμ≈ÀÓ¬ Œ˜±È¬ ‰¬±¬Û = NL.g.�

+ ON.g.
� = (a cos � + a sin �) g.� + (a – a cos �) g.i. [(i) ¤¬ı— (ii) ŒÔÀfl¡ ]

‘O’ ø¬ıμ≈ÀÓ¬ ‰¬±¬Û ·ÌÚ± fl¡À¬ı˛ ¬Û±˝◊√√,

(a – a sin �) g.
 = (a cos � + a sin �) g.�� + (a – a cos �) g.


� cos �� (
� – �) – �� sin = (
� + �)

’Ô¬ı±, tan �
� �
� �

�
�
� �  [õ∂˜±øÌÓ¬]

(2) ¸˜¸N Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ¤fl¡øÈ¬ øSˆ≈¬ÀÊ√¬ı˛ Î¬◊¬Û¬ı˛ ¸±˜ø¢∂fl¡ ‰¬±¬Û øÚÌ«˚˛ fl¡¬ı˛≈Ú, Œ˚‡±ÀÚ Ó¬±¬ı˛

˙œ¯∏«ø¬ıμ≈·≈ø˘ ˚Ô±√flË¡À˜ h1, h2 › h3 ·ˆ¬œ¬ı˛Ó¬±˚˛ ’±ÀÂ√º

¸˜±Ò±Ú – øSˆ≈¬Ê√øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± 
1
3 1 2 3( )h h h� �

¸≈Ó¬¬ı˛±— ¸±˜ø¢∂fl¡ ‰¬±¬Û � � �1
3 1 2 3w h h h s( ) � Œ˚‡±ÀÚ s ˝√√˘ øSˆ≈¬Ê√øÈ¬¬ı˛ Œé¬SÙ¬˘º

(3) ¤fl¡øÈ¬ Î¬◊~•§ ’±˚˛Ó¬±fl¡±¬ı˛ Î¬fl¡À·È¬ 40 Ù≈¬È¬ ‰¬›Î¬ˇ±º ¤¬ı˛ ¤fl¡ø√Àfl¡ ˘¬ıÌ±q¡ Ê√˘ [’±– ˙≈– 1.026)

’±ÀÂ√ ˚± 24 Ù≈¬È¬ ·ˆ¬œ¬ı˛º Î¬fl¡À·ÀÈ¬¬ı˛ ’Ú…ø√Àfl¡ ø¬ı˙≈X Ê√˘ Ô±fl¡À˘, Ó¬±¬ı˛ ·ˆ¬œ¬ı˛Ó¬± øÚÌ«˚˛ fl¡¬ı˛≈Ú ˚‡Ú

¬ı˘± ’±ÀÂ√ Œ˚ ≈√ø√Àfl¡ ‚±ÀÓ¬¬ı˛ ¬Ûø¬ı˛˜±Ì ¸˜±Úº

¸˜±Ò±Ú – ˘¬ıÌ±q¡ Ê√À˘ Î≈¬¬ız¬ Î¬fl¡À·ÀÈ¬¬ı˛ ’—À˙¬ı˛ Œé¬SÙ¬˘ = 40 × 24 ¬ı·«Ù≈¬È¬º

� ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± = 12 Ù≈¬È¬º

Î¬fl¡À·ÀÈ¬¬ı˛ ¤fl¡ø√Àfl¡ ¸±˜ø¢∂fl¡ ‰¬±¬Û = 40 × 24 × 12 × g × 1.026 ˚ø√ ‘h’ ø¬ı˙≈X Ê√À˘¬ı˛

·ˆ¬œ¬ı˛Ó¬± ˝√√˚˛ Ó¬±˝√√À˘ Î¬fl¡À·ÀÈ¬¬ı˛ ’¬Û¬ı˛ø√Àfl¡¬ı˛ ¸±˜ø¢∂fl¡ ‰¬±¬Û � �( ).40 2
h h g

� ≈√ø√Àfl¡¬ı˛ ‚±Ó¬ ¸˜±Ú, ’±˜¬ı˛± ¬Û±˝◊√√

1
2 40 2� h g� = 40 × 24 × 12 × g × 1.026

� h2 = 24 × 24 × 1.026

� h = 24 × 1.0129

� h = 24.3096 Ù≈¬È¬º
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(4) Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ¤fl¡øÈ¬ øSˆ≈¬ÀÊ√¬ı˛ ¤fl¡øÈ¬ ˙œ¯∏«ø¬ıμ≈ Î¬◊¬Ûø¬ı˛Ó¬À˘ ’±ÀÂ√ ¤¬ı— ø¬ı¬Û¬ı˛œÓ¬ ¬ı±˝≈√√øÈ¬

’Ú≈ˆ”¬ø˜fl¡º ¬ı±˚˛≈¬ı˛ ‰¬±¬Û Ú·Ì… ˝√√À˘, ¤fl¡øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ ¸¬ı˛˘À¬ı˛‡± øfl¡ ’Ú≈¬Û±ÀÓ¬ ›˝◊√√ ˙œ¯∏«ø¬ıμ≈ ø√À˚˛ ˚±›˚˛±

˜Ò…˜±Àfl¡ ø¬ıˆ¬q¡ fl¡¬ı˛À˘, ›˝◊√√ ’Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡± øSˆ≈¬Ê√øÈ¬Àfl¡ Œ˚ ≈√øÈ¬ ’—À˙ ø¬ıˆ¬q¡ fl¡¬ı˛À¬ı Ó¬±À√¬ı˛ Î¬◊¬Û¬ı˛

¸±˜ø¢∂fl¡ ‰¬±À¬Û¬ı˛ ˜±Ú ¬Û¬ı˛¶Û¬ı˛ ¸˜±Ú ˝√√À¬ı, Ó¬± øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú –

Òø¬ı˛, DE, �ABC Œfl¡ ≈√øÈ¬ˆ¬±À· ¤˜Úˆ¬±À¬ı ø¬ıˆ¬q¡ fl¡À¬ı˛, ˚±ÀÓ¬ ADE ¤¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û = D

ECD-¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û �
1
2

ABC  Î¬◊¬Û¬ı˛ ‰¬±¬Ûº

AM ��BC ¤¬ı— AN, BC ¤¬ı˛ ˜Ò…˜±º Ó¬±¬ı˛± ˚Ô±√flË¡À˜ P › Q ø¬ıμ≈ÀÓ¬ DE Œfl¡ ŒÂ√√ fl¡À¬ı˛ÀÂ√º

�ADE-¤¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û � w AP AP DE. . .2
3

1
2

�ABC-¤¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û � w AM AM BC. . .2
3

1
2

	 �w AP AP DE w AM AM BC. . . .2
3

1
2

1
2

2
3

1
2

� AP2 = DE � 1
2

2AM BC.

¤‡Ú, 
DF
BC

AP
AM

AQ
AN

� �

�
AQ AM

AN
BC AQ

AM
AM BC

2 2

2
21

2
.

.
.

.�

� AQ AN3 31
2�

� AQ AN�
3 2
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(5) Ê√À˘ øÚ˜ø7¡¡¡Ó¬ ABCD ¤fl¡øÈ¬ ¬ı·«±fl¡±¬ı˛ ¸±˜Ó¬ø˘fl¡ ¬Û±ÀÓ¬¬ı˛, AB ¬ı±˝≈√√øÈ¬ Ê√˘Ó¬À˘ ’±ÀÂ√º

¤fl¡øÈ¬ Œ¬ı˛‡± BE ¤˜Úˆ¬±À¬ı ’efl¡Ú fl¡¬ı˛≈Ú ˚±ÀÓ¬ ‘E’ ø¬ıμ≈øÈ¬ CD Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ Ô±Àfl¡ ¤¬ı— ¤˝◊√√ Œ¬ı˛‡±øÈ¬

¬ı·«±fl¡±¬ı˛ Œé¬SøÈ¬Àfl¡ Œ˚ ≈√˝◊√√ˆ¬±À· ø¬ıˆ¬q¡ fl¡¬ı˛˘ Ó¬±À√¬ı˛ Î¬◊¬Û¬ı˛ ¸±˜ø¢∂fl¡ ‰¬±¬Û ¸˜±Ú ˝√√ÀÓ¬ ¬Û±À¬ı˛º

√¸˜±Ò±Ú –

Òø¬ı˛ ABCD ¬ı·«Àé¬ÀS¬ı˛ ¤fl¡øÈ¬ ¬ı±˝≈√√¬ı˛ Δ√‚«… a ¤¬ı— EC = x �BEC-¤¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û

=  ABCD ¤¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û

� 1
2 � � ABCD ¤¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Ûº

¤‡Ú �BEC ¤¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û

� w a ax. 2
3

1
2

� 1
3

2a xw.

� ABCD ¤¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û � �w a a a w. .1
2

1
2

2 3

¸≈Ó¬¬ı˛±—, 
1
3

1
2

1
2

2 3a xw a w� . .

�� x a� 3
4

� EC : ED = 3 : 1 [Î¬◊M√√¬ı˛]

12.9 ¬’Ú≈˙œ˘Úœ › Î¬◊M√√¬ı˛˜±˘±

(1) ¤fl¡øÈ¬ ¸˜¸N Ó¬¬ı˛À˘ ¤fl¡øÈ¬ ¸±˜±z¬ø¬ı˛fl¡ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√º õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ fl¡ÀÌ«¬ı˛ õ∂±z¬ø¬ıμ≈¡ZÀ˚˛¬ı˛

Î¬◊¬Û¬ı˛ Ó¬¬ı˛À˘¬ı˛ ‰¬±À¬Û¬ı˛ Œ˚±·Ù¬˘ õ∂ÀÓ¬…fl¡ ¬fl¡ÀÌ«¬ı˛ Ê√Ú…˝◊√√ ¸˜±Úº

[Hint : ¸±˜±z¬ø¬ı˛Àfl¡¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ¸”S õ∂À˚˛±· fl¡¬ı˛≈Ú]
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(2) Î¬◊~•§Ó¬À˘ ’¬ıøàÔÓ¬ ¤fl¡øÈ¬ ¬ı‘M√√±fl¡±¬ı˛ øÈ¬Î¬◊À¬ı ø¬ıμ≈È¬± Ó¬¬ı˛˘ ’±ÀÂ√, ˚±¬ı˛ ‚ÚQ 
� ; Ó¬¬ı˛˘øÈ¬ ¬ı‘ÀM√√¬ı˛

Œfl¡Àf¬ı˛ ¸˜Àfl¡±Ì Î¬◊»¬Ûiß fl¡À¬ı˛º ˚ø√ ’Ú… ¤fl¡øÈ¬ Ó¬¬ı˛À˘¬ı˛ d¬y¬ [� ‚ÚQ ˚≈q¡] Œfl¡Àf 
 Œfl¡±Ì Î¬◊»¬Ûiß

fl¡À¬ı˛, Ó¬À¬ı õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ ≈√øÈ¬ Ó¬¬ı˛À˘¬ı˛ ¸±Ò±¬ı˛Ìd¬À¬ı˛¬ı˛ ˜ÀÒ… ø√À˚˛ Œ˚ ¬ı…±¸±Ò« ˚±¬ı˛ Ó¬±¬ı˛ ¸±ÀÔ Î¬◊~•§

Œ˚ Œfl¡±Ì Î¬◊»¬Ûiß fl¡À¬ı˛ Ó¬±¬ı˛ ˜±Ú tan cos
sin

� � �
�

�
�

�
�

1 � � � �
� � �

[Hint : Î¬◊√±˝√√¬ı˛Ì I-¤¬ı˛ ˜Ó¬ fl¡À¬ı˛ ˆ¬±¬ı≈Ú]

(3) ¸˜¬ı±˝≈√√ øSˆ≈¬ÀÊ√¬ı˛ ’±fl¡±¬ı˛ ø¬ıø˙©Ü ¤fl¡øÈ¬ ¬ıX øÈ¬Î¬◊À¬ı øÓ¬ÚøÈ¬ ø¬ıøˆ¬iß õ∂fl¡±À¬ı˛¬ı˛ Ó¬¬ı˛˘ ¤fl¡˝◊√√ ¬Ûø¬ı˛˜±ÀÌ

’±ÀÂ√ ˚±¬ı˛± ¬Û¬ı˛¶Û¬ı˛ Œ˜À˙ Ú± ¤¬ı— ¸¬ı«øÚ•ßd¬¬ı˛øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ ’±ÀÂ√º ˚ø√ ‚ÚQS˚˛ ¸˜±z¬¬ı˛ õ∂·øÓ¬ (A.P.)-

ŒÓ¬ Ô±Àfl¡ Ó¬±˝√√À˘ õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ Ó¬¬ı˛˘SÀ˚˛¬ı˛ ø¬ıÀˆ¬√Ó¬˘·≈ø˘ ›˝◊√√ øSˆ≈¬ÀÊ√¬ı˛ ¬ı±˝≈√√¬ı˛ ¸˜øS‡G¬Àfl¡¬ı˛ ¸±ÀÔ

¤fl¡ ˝√√À¬ıº

[Hint : ’±À·¬ı˛ ’Ú≈˙œ˘Úœ › Î¬◊√±˝√√¬ı˛Ì 1 ^©Ü¬ı…]

(4) ¸˜ ’±˚˛Ó¬ÀÚ¬ı˛ ≈√øÈ¬ Ó¬¬ı˛À˘¬ı˛ 
�› 3
�‚ÚQø¬ıø˙©Ü ¤¬ı— Ó¬±¬ı˛± ¬Û¬ı˛¶Û¬ı˛ Œ˜À˙ Ú±º ¤fl¡˝◊√√¸±ÀÔ

˚ø√ Ó¬±¬ı˛± ¤fl¡øÈ¬ ˙efl≈¡Àfl¡ ¬Û”Ì« fl¡À¬ı˛, Œ˚øÈ¬¬ı˛ ’é¬øÈ¬ Î¬◊~•§ ¤¬ı— ˙œ¯∏«ø¬ıμ≈øÈ¬ Î¬◊¬Û¬ı˛ø√Àfl¡ ’±ÀÂ√º ˙efl≈¡¬ı˛

ˆ”¬ø˜ÀÓ¬ Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±¬Û › Œ¸˝◊√√ ø¬ıμ≈ÀÓ¬˝◊√√ ‰¬±À¬Û¬ı˛ ’Ú≈¬Û±Ó¬ øÚÌ«˚˛ fl¡¬ı˛≈Ú ˚‡Ú ˙efl≈¡øÈ¬ ˘‚≈Ó¬¬ı˛

Ó¬¬ı˛˘ ¡Z±¬ı˛± ¬Û”Ì« Ô±Àfl¡º

[Hint : ’±À·¬ı˛ ’Ú≈˙œ˘Úœ¬ı˛ ˜Ó¬ › ¸˜¢∂‰¬±À¬Û¬ı˛ Ò±¬ı˛Ì± ø√À˚˛ ˆ¬±¬ı≈Ú] [Ans. 3 3 4	 ]

(5) Ó¬¬ı˛À˘¬ı˛ øÚ˜ø7¡¡¡Ó¬ øSˆ≈¬Ê√ ABC ¤¬ı˛ Ó¬˘øÈ¬ Î¬◊~•§ › AB ¬ı±˝≈√√ Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬À˘¬ı˛ ¸±ÀÔ

¤fl¡À¬ı˛‡±˚˛ ’±ÀÂ√ ‘O’ ˚ø√ øSˆ≈¬Ê√øÈ¬¬ı˛ ¬Ûø¬ı˛Àfl¡f ˝√√˚˛, Ó¬À¬ı õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚, �OCA-¤¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡

‚±Ó¬ – �OCB-¤¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ‚±Ó¬ = sin 2B : sin 2A.

[Hint : ¬Ûø¬ı˛Àfl¡Àf¬ı˛ ¸±˝√√±À˚… øSˆ≈¬Ê√øÈ¬Àfl¡ �AOC, �OCB, �AOB ¤˝◊√√ øÓ¬Úˆ¬±À· ø¬ıˆ¬q¡ fl¡À¬ı˛

Ó¬±À√¬ı˛ ˆ¬±¬ı˛Àfl¡Àf ‚±Ó¬ øÚÌ«˚˛ fl¡À¬ı˛ Î¬±fl≈¡Ú]

(6) ¤fl¡øÈ¬ Œ‰¬±À„√√ ¸˜¬Ûø¬ı˛˜±ÀÌ ‘n’ ¸—‡…fl¡ ø¬ıøˆ¬iß Ó¬¬ı˛˘ ˆ¬øÓ«¬ ’±ÀÂ√ ˚±¬ı˛± ¬Û¬ı˛¶Û¬ı˛ Œ˜À˙ Ú±º

¸¬ıÀ‰¬À˚˛ Î¬◊¬ÛÀ¬ı˛¬ı˛ Ó¬¬ı˛˘øÈ¬¬ı˛ ‚ÚQ 
, Ó¬±¬ı˛ øÚÀ‰¬¬ı˛øÈ¬ 2
�� ... , ¸¬ıÀ‰¬À˚˛ øÚÀ‰¬¬ı˛øÈ¬¬ı˛ n
�� õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚

Œ‰¬±À„√√¬ı˛ ¬ı√flË¡Ó¬À˘¬ı˛ ø¬ıøˆ¬iß ’—À˙¬ı˛ Î¬◊¬Û¬ı˛ ¸˜¢∂‰¬±¬Û ¸˜”À˝√√¬ı˛ ’Ú≈¬Û±Ó¬ ˝√√À¬ıñ

12 : 22 : 32 : – : n2

[Hint : ˆ¬±¬ı˛Àfl¡Àf¬ı˛ Ò±¬ı˛Ì± ø√Ú]

(7) ¤fl¡øÈ¬ ÊÀ√˘ øÚ˜ø7¡¡¡Ó¬ ¸±˜±z¬ø¬ı˛Àfl¡¬ı˛ ¤fl¡øÈ¬ ¬ı±˝≈√√ Ê√À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬À˘ ’±ÀÂ√º ’Ú≈ˆ”¬ø˜fl¡

¸¬ı˛˘À¬ı˛‡±—À˙¬ı˛ ¸±˝√√±À˚… ¸±˜±z¬ø¬ı˛fl¡øÈ¬Àfl¡ ¤˜Úˆ¬±À¬ı ‘n’ ’—À˙ ø¬ıˆ¬q¡ fl¡¬ı˛± ˝√√˘ ˚±ÀÓ¬ Ó¬±À√¬ı˛ Î¬◊¬Û¬ı˛‚±Ó¬

¸˜±Ú ˝√√˚˛º õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ ø¬ıˆ¬q¡fl¡±¬ı˛œ Œ¬ı˛‡±—˙·≈ø˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬˘ ŒÔÀfl¡ ·ˆ¬œ¬ı˛Ó¬± ¶§±ˆ¬±ø¬ıfl¡ ¸—‡…±¬ı˛

¬ı·«˜”À˘¬ı˛ ¸±ÀÔ ¸˜±Ú≈¬Û±Ó¬œ ˝√√À¬ıº

[Hint : ¸±˜±z¬ø¬ı˛Àfl¡¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ Ò±¬ı˛Ì±¬ı˛ ¸±˝√√˚… øÚÚ]
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(8) Ê√À˘ øÚ˜ø7¡¡¡Ó¬ Î¬◊¬Û¬ı‘ÀM√√¬ı˛ ¬Û¬ı˛±R Ê√À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬À˘ ¤¬ı—¤¬ı˛ Ó¬˘øÈ¬ Î¬◊~•§ ’±ÀÂ√, ¬Û¬ı˛±é¬Àfl¡

¬ı…±¸ fl¡À¬ı˛ ¤fl¡øÈ¬ ¬ı‘M√√ ’±ÀÂ√º ¤‡Ú Î¬◊¬Û¬ı‘M√√ › ¬ı‘M√√øÈ¬¬ı˛ ¡Z±¬ı˛± ¬Ûø¬ı˛À¬ıø©ÜÓ¬ Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ Ê√À˘¬ı˛ ‚±Ó¬ øÚÌ«˚˛

fl¡¬ı≈̨Úº

[Hint : Î¬◊¬Û¬ı‘M√√ › ¬ı‘M√√øÈ¬¬ı˛ ’Ò«±—˙·≈ø˘¬ı˛ ˆ¬±¬ı˛Àfl¡f Œ¬ı¬ı˛ fl¡À¬ı˛ Œ‰¬©Ü± fl¡¬ı≈̨Ú] [Ans : 2
3

2 2wa a b( )� ]

(9) ¤fl¡øÈ¬ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ’Ò«¬ı‘ÀM√√¬ı˛ ¬ı…±¸øÈ¬ Ê√À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬À˘ ’±ÀÂ√º øfl¡ˆ¬±À¬ı ¤Àfl¡ ø¬ıøˆ¬iß’—À˙

ø¬ıˆ¬q¡ fl¡¬ı˛À˘, õ∂ÀÓ¬…fl¡ ’—À˙ Ó¬¬ı˛À˘¬ı˛ ‚±Ó¬ ¬Û¬ı˛¶Û¬ı˛ ¸˜±Ú ˝√√À¬ıº

[Hint : ‘r’ ¸—‡…fl¡ ’—À˙¬ı˛ ˆ¬±¬ı˛Àfl¡f õ∂Ò±Ú ¬ı…±¸±ÀÒ«¬ı˛ Œfl¡f ŒÔÀfl¡ 
2
3 a sin�

�
 ”√À¬ı˛ ˝√√À¬ı ¤¬ı—

¤¬ı˛ Œé¬SÙ¬˘ ˝√√À¬ı a2
 Œ˚‡±ÀÚ, a = ¬ı…±¸±Ò«]

[Ans : õ∂ÀÓ¬…fl¡ ’—˙ Œfl¡Àf ¤fl¡˝◊√√ Œfl¡±Ì Î¬◊»¬Ûiß fl¡¬ı˛À¬ı]

(10) ¤fl¡øÈ¬ øSˆ≈¬Ê√ ABC Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√º ¤¬ı˛ Ó¬˘øÈ¬ Î¬◊~•§ ¤¬ı— AB ¬ı±˝≈√√ Î¬◊¬Ûø¬ı˛Ó¬À˘

’¬ıøàÔÓ¬º ‘O’ ˚ø√ øSˆ≈¬Ê√øÈ¬¬ı˛ ¬Ûø¬ı˛Àfl¡f ˝√√˚˛, õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚,

�OCA ¤¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û – �OCB ¤¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û = sin 2B : sin 2A

[Hint : ¤fl¡˝◊√√ ¬ı˛fl¡˜ˆ¬±À¬ı ˆ¬±¬ı˛Àfl¡f-¤¬ı˛ Ò±¬ı˛Ì± ø√À˚˛ ˆ¬±¬ı≈Ú]

12.10 ¬¸±¬ı˛±—˙

’±À˘±‰¬… ’Ò…±À˚˛ ¸˜¸N › ’¸˜N õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ ¸•§À&Ò Ò±¬ı˛Ì± Œ√›˚˛± ˝√√À˚˛ÀÂ√ ¤¬ı— ˜”˘Ó¬–

Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ˜ÀÒ… ˜±Ò…±fl¡¯∏«Ì ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı øàÔ¬ı˛±¬ıàÔ±˚˛ ø¬ıøˆ¬iß ø¬ıμ≈ÀÓ¬ Ó¬±¬ı˛ ‰¬±À¬Û¬ı˛ ¬Ûø¬ı˛˜±Ì øÚÌ«˚˛

fl¡¬ı˛±¬ı˛ ¬ÛXøÓ¬ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¤¬ı˛Ê√Ú… ˚Ô±˚Ô ¸”S±¬ı˘œ øÚÒ«±¬ı˛Ì fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¤¬ı˛ ŒÔÀfl¡

¸˜‰¬±À¬Û¬ı˛ Ó¬˘, ¸˜‚ÚÀQ¬ı˛ Ó¬˘ ¤¬ı— ¸˜ø¬ıˆ¬¬ı˚≈q¡ Ó¬À˘¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛ fl¡¬ı˛± Œ·ÀÂ√º ¤Â√±Î¬ˇ±›

øàÔÓ¬±¬ıàÔ±˚˛ ˆ¬±¬ı˛œ Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… øÚ˜ø7¡¡¡Ó¬ Œfl¡±Ú ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ‚±ÀÓ¬¬ı˛ ¬Ûø¬ı˛˜±Ì øÚÒ«±¬ı˛ÀÌ¬ı˛ ¸”S øÚÌ«˚˛

fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¤Â√±Î¬ˇ± Œfl¡±Ú› ’±Ò±À¬ı˛¬ı˛ ˜ÀÒ… ’¬ıøàÔÓ¬ Ó¬¬ı˛À˘¬ı˛ ¸±˜ø¢∂fl¡ ‰¬±¬Û ø¬ı¯∏À˚˛ Ò±¬ı˛Ì± Œ√›˚˛±

˝√√À˚˛ÀÂ√º fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì ¸˝√√À˚±À· Î¬◊À¬ı˛±q¡ ø¬ı¯∏˚˛¸˜”˝√√ ’±¬ı˛› ø¬ıd¬±ø¬ı˛Ó¬ˆ¬±À¬ı ’±À˘±ø‰¬Ó¬ ˝√√À˚˛ÀÂ√º

12.11 ¬¸˝√√±˚˛fl¡ ¢∂&Ô±¬ı˘œ

(1) A. S. Ramsay : Hydrostatics.

(2) M. Ray & H. S. Sharma : A Text book of horrostatics. Premier Publishing

Co. New Delhi, 1961.

(3) J. M. Kar : Hydrostatics : for degree classes. The Globe Library, Calcutta,

1972.
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¤fl¡fl¡ 13 � ¸˜Ó¬À˘±¬Ûø¬ı˛ ‰¬±¬ÛÀfl¡fº ø¬ıøˆ¬iß Ò˜« › Î¬◊√±˝√√¬ı˛Ì

·Í¬Ú

13.1 õ∂d¬±¬ıÚ±

13.2 Î¬◊ÀV˙…

13.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

13.4 ¸±˜Ó¬ø˘fl¡ Œé¬ÀS Ó¬¬ı˛À˘¬ı˛ ‰¬±¬Û õ∂À˚˛±À·¬ı˛ Ù¬À˘ ‰¬±¬ÛÀfl¡Àf¬ı˛ ¸—:± ¤¬ı— ’¬ıàÔ±Úº

13.5 ˜±Ò…±fl¡¯∏«Ì ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı øàÔÓ¬±¬ıàÔ±˚˛ Œfl¡±Ú› Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… øÚ˜ø7¡¡¡Ó¬ Œfl¡±Ú› ¸±˜Ó¬ø˘fl¡

Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± øÚÌ«˚˛ ¤¬ı— fl¡À˚˛fl¡øÈ¬ ’Ú≈ø¸X±z¬º

13.6 Œfl¡±Ú› ¸˜Ó¬À˘¬ı˛ ¬ı±Î¬ˇøÓ¬ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ Ê√Ú… ‰¬±¬ÛÀfl¡Àf¬ı˛ ’¬ıàÔ±ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ õ∂ˆ¬±¬ıº fl¡À˚˛fl¡øÈ¬

’Ú≈ø¸X±z¬º

13.7 fl¡À˚˛fl¡øÈ¬ ø¬ıÀ˙¯∏ ¸±˜Ó¬ø˘fl¡ Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± øÚÌ«˚˛º

13.8 ¤fl¡±øÒfl¡ ‚ÚQ ø¬ıø˙©Ü Ó¬¬ı˛˘ ¸˜”À˝√√¬ı˛ ˜ÀÒ… øÚ˜ø7¡¡¡Ó¬ Œfl¡±Ú ¸±˜Ó¬ø˘fl¡ Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛

’¬ıàÔ±Ú øÚÌ«˚˛º

13.9 Î¬◊√± √̋√¬ı˛Ì˜±˘±

13.10 ’Ú≈˙œ˘Úœ › Î¬◊M√√¬ı˛˜±˘±

13.11 ¸±¬ı˛±—˙

13.12 ¸˝√√±˚˛fl¡ ¢∂&Ô

13.1 õ∂d¬±¬ıÚ±

¬Û”¬ı«¬ıÓ¬π ’Ò…±À˚˛ øàÔøÓ¬¬ıàÔ±˚˛ Œfl¡±Ú Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ˜ÀÒ… ¸•Û”Ì« ¬ı± ’±—ø˙fl¡ˆ¬±À¬ı øÚ˜ø7¡¡¡Ó¬ Œfl¡±Ú›

¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ Ó¬¬ı˛˘ ¬Û√±Ô« ¸¬ı«√± ‰¬±¬Û ¸‘ø©Ü fl¡À¬ı˛ ˚±˚˛º Œ˜±È¬ ‰¬±À¬Û¬ı˛ Œ˚ ˘øt Ó¬±Àfl¡ ‚±Ó¬ (Thrust)

ø˝√√¸±À¬ı ø‰¬ø˝êÓ¬ fl¡ø¬ı˛º ¤˝◊√√ øÚ˜ø7¡¡¡Ó¬ Ó¬˘øÈ¬¬ı˛ õ∂fl‘¡Ó¬ ’¬ıàÔ±Ú ¤¬ı— øàÔøÓ¬ ¬ı± ·øÓ¬ ø¬ı‰¬±¬ı˛ fl¡¬ı˛±¬ı˛ Ê√Ú…

Ó¬¬ı˛˘¬Û√±ÀÔ«¬ı˛ ¡Z±¬ı˛± ¸‘©Ü ‚±ÀÓ¬¬ı˛ õ∂À˚˛±·Àfl¡føÈ¬ Ê√±Ú± ’±¬ıø˙…fl¡º Œ¸ fl¡±¬ı˛ÀÌ˝◊√√ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ¡Z±¬ı˛± ¸‘©Ü

‰¬±¬Û¸˜”À˝√√¬ı˛ ø¬ı‰¬±¬ı˛ ø¬ıÀù≠¯∏Ì ¤¬ı— õ∂À˚˛±·ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú øÚÀ˚˛ ¤˝◊√√ ’Ò…±À˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º
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13.2 Î¬◊ÀV˙…

Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ¶§±ˆ¬±ø¬ıfl¡ øàÔøÓ¬ ¤¬ı— ·øÓ¬ ¤¬ı— Ó¬±¬ı˛ ˜ÀÒ… ¸•Û”Ì« ¤¬ı— ’±—ø˙fl¡ˆ¬±À¬ı øÚ˜ø7¡¡¡Ó¬

¬ıd≈¬¸˜”À˝√√¬ı˛ øàÔøÓ¬ › ·øÓ¬ ø¬ıÀù≠¯∏Ì fl¡¬ı˛±¬ı˛ Ê√Ú… ‰¬±¬Ûø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú Ê√±Ú± ’Ó¬…z¬ Ê√¬ı˛≈¬ı˛œº ¤˝◊√√ ‰¬±¬Ûø¬ıμ≈¬ı˛

·±øÌøÓ¬fl¡ ¸”S õ∂À˚˛±À·¬ı˛ Ù¬À˘ ’ÀÚfl¡ Ê√øÈ¬˘ ·±øÌøÓ¬fl¡ õ∂ø√flË¡˚˛± ¸˝√√Ê√ ¬ÛXøÓ¬ÀÓ¬ ¸˜±Ò±Ú fl¡¬ı˛± ¸˝√√Ê√º

Œ¸ fl¡±¬ı˛ÀÌ˝◊√√ ‰¬±¬Ûø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú ø¬ı¯∏À˚˛, ¤ ’Ò…±À˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

13.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

¤fl¡øÈ¬ ¸±˜Ó¬ø˘fl¡ Œé¬S Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ Ô±fl¡±fl¡±˘œÚ, Ó¬¬ı˛À˘¬ı˛ ‰¬±¬Û Ó¬±¬ı˛ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ Î¬◊~•§ˆ¬±À¬ı

ø√flË¡˚˛±˙œ˘ ˝√√˚˛, ¤˝◊√√ Î¬◊~•§ ¬ı˘¬ı˛±ø˙¬ı˛ ˘øt Œ˚ ø¬ıμ≈ ø√À˚˛ ·˜Ú fl¡À¬ı˛, Ó¬±Àfl¡ ›˝◊√√ Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡f ¬ıÀ˘

Ò¬ı˛± ˝√√˚˛º

’±À˘±‰¬… ’Ò…±À˚˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ¸—:±, ’¬ıàÔ±Ú, ˜±Ò…±fl¡¯∏«Ì ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı øàÔÓ¬±¬ıàÔ±˚˛ Œfl¡±Ú›

Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… øÚ˜ø7¡¡¡Ó¬ ¸±˜Ó¬ø˘fl¡ Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡f øÚÌ«˚˛ fl¡¬ı˛± ˝√√À¬ıº Ó¬±Â√±Î¬ˇ±› ¤fl¡±øÒfl¡ ‚ÚQ ø¬ıø˙©Ü

Ó¬¬ı˛˘¸˜”À˝√√¬ı˛ ˜ÀÒ… øÚ˜ø7¡¡¡Ó¬ ¸±˜Ó¬ø˘fl¡ Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡f› ’±˜¬ı˛± øÚÌ«˚˛ fl¡¬ı˛¬ıº

13.4 ¸±˜Ó¬ø˘fl¡ Œé¬ÀS Ó¬¬ı˛À˘¬ı˛ ‰¬±¬Û õ∂À˚˛±À·¬ı˛ Ù¬À˘ ‰¬±¬Û Œfl¡Àf¬ı˛ ¸—:± ›

’¬ıàÔ±Ú

13.4.1

‰¬±¬ÛÀfl¡f – ¤fl¡øÈ¬ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ¸±˜Ó¬ø˘fl¡ Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ Ó¬¬ı˛À˘¬ı˛ ‰¬±¬Û Î¬◊~•§ ˆ¬±À¬ı ø√flË¡˚˛±˙œ˘

˝√√˚˛ ¤¬ı— ¤˝◊√√ Î¬◊~•§ › ¬Û¬ı˛¶ÛÀ¬ı˛¬ı˛ ¸˜±z¬¬ı˛±˘ ¬ı˘¬ı˛±ø˙¬ı˛ ˘øt¬ıÀ˘¬ı˛ Œé¬SøÈ¬¬ı˛ Œ˚ ø¬ıμ≈ ø√À˚˛ ø√flË¡˚˛±˙œ˘

˝√√˚˛, Ó¬±Àfl¡ ›˝◊√√ Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡f ¬ıÀ˘º

13.4.2 ‰¬±¬ÛÀfl¡Àf¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛

Òø¬ı˛� OX ¤¬ı— OY ˝√√˘ ’±˚˛Ó¬ ’é¬¡Z˚˛ [Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ¸±˜Ó¬ø˘fl¡ Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛]º (x, y)

‹ ¸±˜Ó¬ø˘fl¡ Œé¬ÀS¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ ¤¬ı— ‹ ø¬ıμ≈ ‰¬±¬Û ˜ÀÚ fl¡ø¬ı˛ �. (x, y) ø¬ıμ≈ øÚÀ˚˛ ¤fl¡øÈ¬ ’øÓ¬é≈¬^

Œé¬ÀS¬ı˛ Œé¬SÙ¬˘ Òø¬ı˛ �x�y.

� �x�y Œé¬SÙ¬˘˚≈q¡ Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ Œ˜Ãø˘fl¡ ‚±Ó¬ = ��x�y.

‘Y’ ’Àé¬¬ı˛ ¸±À¬ÛÀé¬ ¤˝◊√√ ‚±ÀÓ¬¬ı˛ √w¬±˜fl¡ (moment) = �x�x�y.
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� ˘øt ‚±Ó¬ �� �x y,
  Œ˚‡±ÀÚ Œ˚±·õ∂ø√flË¡˚˛±øÈ¬ ¸±˜Ó¬ø˘fl¡ Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ Ò¬ı˛± ˝√√À26√º

Òø¬ı˛, x y,� � � ˝√√˘ ‹ Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡fº

Œ˚À˝√√Ó≈¬, Œfl¡±Ú› Œ¬ı˛‡± ¸±À¬ÛÀé¬ ‚±Ó¬¸˜”À˝√√¬ı˛ √w¬±˜fl¡ › ˘øt‚±ÀÓ¬¬ı˛ √w¬±˜fl¡ › Œ¬ı˛‡± ¸±À¬ÛÀé¬ ¬Û¬ı˛¶Û¬ı˛

¸˜±Ú, ¸≈Ó¬¬ı˛±— y-’é¬ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ·ÌÚ± fl¡À¬ı˛ ¬Û±˝◊√√ñ

x x y x x y� �� � � �� 



x
x x y

x x y
�
�
�

�

�

� �

� �

¸œ˜±àÔ ˜±ÀÚ¬ı˛ Œé¬ÀS, ˚‡Ú �x �� 0 ¤¬ı— �y �� 0 ¬ı± �A = �x�y �� 0 Ó¬‡Ú,

x
xdxdy

dxdy
�
��
��
�

�
, [Œ˚‡±ÀÚ ¸˜±fl¡˘ õ∂ø√flË¡˚˛±øÈ¬ ¸˜¢∂ Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ fl¡¬ı˛± ˝√√À26√]

¤fl¡˝◊√√ˆ¬±À¬ı, x-’é¬ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ·ÌÚ± fl¡À¬ı˛ ¬Û±˝◊√√,ñ

y
ydxdy

dxdy
�
��
��
�

�

Œ˜¬ı˛≈ àÔ±Ú±Àefl¡¬ı˛ Œé¬ÀS ø¬ıμ≈øÈ¬ ˝√√À¬ı (r, �), x = r cos �� ¤¬ı— y = r sin �

¤Àé¬ÀS é≈¬^Àé¬ÀS¬ı˛ Œé¬SÙ¬˘ ˝√√À¬ı r���r

¤fl¡˝◊√√ˆ¬±À¬ı ’¢∂¸¬ı˛ ˝√√À˚˛, ’±˜¬ı˛± ¬Û±¬ıñ

x
r dr

rd dr

r d dr

rd dr
� �
��
��

��
��

�

�

�

�

cos cos�

�

� �

�

2

¤¬ı— y
r rd dr

rd dr

r d dr

rd dr
� �
��
��

��
��

�

�

�

�

sin sin� �

�

� �

�

2

˜±Ò…±fl¡¯∏«ÀÌ¬ı˛ õ∂ˆ¬±À¬ı ’±˚˛Ó¬Ú ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡ ¤˜Ú õ∂¬ı±˝√√œ¬ı˛ Œé¬ÀS 
� = gfh, [Œ˚‡±ÀÚ h

= fl¡±˚«fl¡¬ı˛œ Ó¬À˘¬ı˛ ÚœÀ‰¬ ø¬ıμ≈øÈ¬¬ı˛ ·ˆ¬œ¬ı˛Ó¬±]
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Ó¬‡Ú, x
g hxdxdy

g hdxdy

hxdxdy

hdxdy
� �
��
��

��
��

�

�

�

�

¤¬ı— y
hydxdy

hdxdy
�
��
��
�

�
 [¤fl¡˝◊√√ˆ¬±À¬ı]

˚ø√ õ∂¬ı±˝√√œøÈ¬ ¸˜¸N ˝√√˚˛, Ó¬±˝√√À˘ 
� = ÒË≈¬ıfl¡ ¤¬ı— Œ¸Àé¬ÀS,

x
hxdxdy

hdxdy
�
��
��

 ¤¬ı— y
hydxdy

hdxdy
�
��
��

’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸±ÀÔ Ó¬˘øÈ¬ ˚ø√ ‘�’ Œfl¡±ÀÌ ’±ÚÓ¬ Ô±Àfl¡ Ó¬±˝√√À˘ ·ˆ¬œ¬ı˛Ó¬± ‘h’-¤¬ı˛ Ê√±˚˛·±˚˛ ˝√√À¬ı

h sin �� øfl¡z≈¬ sin ��= ÒË≈¬ıfl¡ ¬ıÀ˘, ( , )x y -¤¬ı˛ ¸”ÀS sin ��Ô±fl¡À¬ı Ú±º Ó¬±˝◊√√ ¸±˜±Ú…fl¡¬ı˛ÀÌ¬ı˛ Œé¬ÀS

Œfl¡±Ú ˝√√±øÚ Ú± fl¡À¬ı˛› Ó¬˘øÈ¬Àfl¡ ¸¬ı«√± Î¬◊~•§ ŒÚ›˚˛± Œ˚ÀÓ¬ ¬Û±À¬ı˛º

13.5 ¬˜±Ò…±fl¡¯∏«Ì ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı øàÔÓ¬±¬ıàÔ±˚˛ Œfl¡±Ú Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… øÚ˜ø7¡¡¡Ó¬

Œfl¡±Ú› ¸±˜Ó¬ø˘fl¡ Œé¬ÀS¬ı˛ ‰¬±¬Û Œfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± øÚÌ«˚˛ ¤¬ı— fl¡À˚˛fl¡øÈ¬

’Ú≈ø¸X±z¬

13.5.1

‘S’ Œé¬SÙ¬˘˚≈q¡ ¤fl¡øÈ¬ Œé¬S Î¬◊~•§ ’±ÀÂ√ ¤¬ı— fl¡±˚«fl¡¬ı˛œ Ó¬À˘¬ı˛ ¸±ÀÔ Ó¬± AB Œ¬ı˛‡±˚˛ ¶Û˙«

fl¡À¬ı˛º ¤˝◊√√ Œé¬ÀS dS ¤fl¡øÈ¬ é≈¬^ ’—˙ Ò¬ı˛± ˝√√˘ ˚±¬ı˛ ·ˆ¬œ¬ı˛Ó¬± Z
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¤¬ı±¬ı˛ Ò¬ı˛± ˚±˚˛ ‘G’ ˝√√˘ Œé¬SøÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¡f ˚± ‘h’ ·ˆ¬œ¬ı˛Ó¬±˚˛ ’±ÀÂ√º ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± Ò¬ı˛˘±˜

� ‘AB’-¤¬ı˛ ¶§±À¬ÛÀé¬ √w¬±˜fl¡ ·ÌÚ± fl¡À¬ı˛ ¬Û±˝◊√√,ñ


 �
�
�

gpz dS

gpzdS

2

˚ø√ Ó¬¬ı˛˘øÈ¬ ’Ú˜Úœ˚˛ (incompressible) ¤¬ı— ¸˜¸N ˝√√˚˛ [’¬ı˙…˝◊√√ ˜±Ò…±fl¡¯∏«ÀÌ¬ı˛ õ∂ˆ¬±À¬ı] Ó¬±˝√√À˘

g ¤¬ı— 
� ÒË≈¬ıfl¡ ˝√√À¬ıº


 � �
�
�

�
�

z dS

zdS

z dS

zdS

2 2

øàÔøÓ¬ø¬ı√…± ŒÔÀfl¡ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛, �zds ˝√√À˘ ‘AB’-¤¬ı˛ ¸±À¬ÛÀé¬ Œé¬SøÈ¬¬ı˛ õ∂Ô˜ √w¬±˜fl¡º

� �Zds = Sh ; S = ¸˜¢∂Àé¬ÀS¬ı˛ Œé¬SÙ¬˘º

·øÓ¬ø¬ı√…± ŒÔÀfl¡ Ê√±ÚÀÓ¬ ¬Û±ø¬ı˛, �z2ds ˝√√˘ ‘AB’ ¶§±À¬ÛÀé¬ Œé¬SøÈ¬¬ı˛ ø¡ZÓ¬œ˚˛ √w¬±˜fl¡,

� �Z2ds = Sk2, K = ’±¬ıÓ«¬Ú ¬ı…±¸±Ò« (AB ¸±À¬ÛÀé¬]

¸≈Ó¬¬ı˛±— 
 � K
h

2

˚ø√ ‘G’-¤¬ı˛ ˜Ò… ø√À˚˛ ˚±›˚˛± ’é¬ (AB-¤¬ı˛ ¸˜±z¬¬ı˛±˘] ¶§±À¬ÛÀé¬ Œé¬SøÈ¬¬ı˛ ’±¬ıÓ«¬Ú ¬ı…±¸±Ò«

˝√√˚˛ K	. Ó¬±˝√√À˘ ¸˜±z¬¬ı˛±˘ ’é¬ Î¬◊¬Û¬Û±√… õ∂À˚˛±· fl¡À¬ı˛ ¬Û±˝◊√√ñ

K2 = K2 + h2

� 
 � �K
h

h
2

¸≈Ó¬¬ı˛±— ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ŒÔÀfl¡ Œ¬ıø˙ ¤¬ı— ¤À√¬ı˛ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ ’z¬À¬ı˛¬ı˛ ¬Ûø¬ı˛˜±Ì

K
h

2
 ‘h’ ¬ı±Î¬ˇ±¬ı˛ ¸±ÀÔ ¸±ÀÔ ¤˝◊√√ ’z¬À¬ı˛¬ı˛ ˜±Ú› fl¡˜ÀÓ¬ Ô±Àfl¡, ¤¬ı— Lt

h

k
h� 

	 �
2

0 ,

¬Û≈Ú¬ı˛±˚˛ ¬Û±˝◊√√, 
 � � �h K
h

2
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¸≈Ó¬¬ı˛±—, 
d
dt

dh
dt

k
h

dh
dt



� � � �2

2

’Ô«±», ’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ø√Àfl¡ ‰¬±¬ÛÀfl¡Àf¬ı˛ ¸=¬ı˛Ì ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ø√Àfl¡ ˝√√˚˛ ¤¬ı— Œ¸˝◊√√ ¸=¬ı˛ÀÌ¬ı˛ ·øÓ¬À¬ı·

ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ ¬ıÀ·«¬ı˛ ¸±ÀÔ ¬ı…d¬±Ú≈¬Û±Ó¬œº

13.5.2 fl¡À˚˛fl¡øÈ¬ ’Ú≈ø¸X±z¬

(1) ¤fl¡øÈ¬ ’±˚˛Ó¬±fl¡±¬ı˛ Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡f øÚÌ«˚˛ fl¡¬ı˛ ˚±¬ı˛ ¤fl¡øÈ¬ ¬ı±˝≈√√ fl¡±˚«fl¡¬ı˛œÓ¬À˘ ’±ÀÂ√º

Òø¬ı˛, ‘AB’ ¬ı±˝≈√√øÈ¬ ABCD ’±˚˛Ó¬Àé¬ÀS¬ı˛ fl¡±˚«fl¡¬ı˛œÓ¬À˘ ’±ÀÂ√º ‘PQ’ ‡≈¬ı ¬Û±Ó¬˘± ¤fl¡øÈ¬ ’±˚˛Ó¬±fl¡±¬ı˛

’—˙ ˚± dZ ¬Ûø¬ı˛˜±Ì ‰¬›Î¬ˇ± ¤¬ı— Z	 ·ˆ¬œ¬ı˛Ó¬±˚˛ ’±ÀÂ√º ’±˚˛Ó¬Àé¬ÀS¬ı˛ Δ√‚«… = h õ∂àÔ = a.

PQ ¬Û±Ó¬˘± ’—˙øÈ¬¬ı˛ Œé¬SÙ¬˘ = adz ¤¬ı— ¤¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = g
z

� ¤¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬ = g
zadz

¸≈Ó¬¬ı˛±— �





� � � �
�
�

�
�

g z z adz

g za dz

z dz

zdz

h
h

ho

h

o

h
o

h

o

h

. .

.

2
3

3
2

2

2
3

¸±À˜…¬ı˛ ¸±˝√√±À˚… ¬ı˘± ˚±˚˛ ‰¬±¬ÛÀfl¡føÈ¬ ˜Ò… Î¬◊~•§À¬ı˛‡± ¬ı˘±¬ı¬ı˛ 2
3 ’—˙ ÚœÀ‰¬ ’¬ıàÔ±Ú fl¡¬ı˛ÀÂ√º

(2) ¤fl¡øÈ¬ øSˆ≈¬ÀÊ√¬ı˛ ‰¬±¬ÛÀfl¡f øÚÌ«˚˛ fl¡¬ı˛ ˙œ¯∏«ø¬ıμ≈øÈ¬ fl¡±˚«fl¡¬ı˛œ Ó¬À˘ ¤¬ı— ˆ”¬ø˜øÈ¬ ’Ú≈ˆ”¬ø˜fl¡º
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Òø¬ı˛ Î¬◊q¡ ˙œ¯∏«ø¬ıμ≈øÈ¬ A ¤¬ı— ˆ”¬ø˜øÈ¬ BC. øSˆ≈¬ÀÊ√¬ı˛ Î¬◊2‰¬Ó¬± = h. PQ ¤fl¡øÈ¬ ¬Û±Ó¬˘± ’—˙

[øSˆ≈¬Ê√øÈ¬¬ı˛] ˚± dz ¬Ûø¬ı˛˜±Ì ‰¬›Î¬ˇ± › z ·ˆ¬œ¬ı˛Ó¬±˚˛ ’±ÀÂ√º ¤¬ı— BC = a.

¸≈Ó¬¬ı˛±—, 
BC
h

PQ
z

ie PQ a
h

z� �. ,

‘PQ’ ’—À˙¬ı˛ Œé¬SÙ¬˘ �
a
h

zdz-¤¬ı˛ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = g
z

� ‘PQ’-¤¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬ � g z a
h

zdz�

¸≈Ó¬¬ı˛±—, �





� � � �
�
�

�
�

g z z a
h

zdz

g z a
h zdz

z dz

z dz

h
h

ho

h

o

h
o

h

o

h

. . 3

2

4
4

3
3

3
4

¸±À˜…¬ı˛ ¸±˝√√±À˚… ¬ı˘± ˚±˚˛ ‰¬±¬ÛÀfl¡føÈ¬ ¤Àé¬ÀS ˜Ò… Î¬◊~•§ Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ 
3
4 �’—˙ ÚœÀ‰¬ ’¬ıàÔ±Ú

fl¡¬ı˛ÀÂ√º

(3) ¤fl¡øÈ¬ øSˆ≈¬ÀÊ√¬ı˛ ‰¬±¬ÛÀfl¡f øÚÌ«˚˛ ˚‡Ú Ó¬±¬ı˛ ¤fl¡øÈ¬ ¬ı±˝≈√√ fl¡±˚«fl¡¬ı˛œ Ó¬À˘ ’¬ıàÔ±Ú¬ı˛Ó¬º

Òø¬ı˛, BC ˝√√˘ Œ¸˝◊√√ ¬ı±˝≈√√ › øSˆ≈¬Ê√øÈ¬ ˝√√˘ ABC ˙œ¯∏«ø¬ıμ≈

‘A’-¤¬ı˛ ·ˆ¬œ¬ı˛Ó¬± = h.

‘PQ’ ‡≈¬ı ¬Û±Ó¬˘± ¤fl¡øÈ¬ ’—˙ [¤˝◊√√ øSˆ≈¬ÀÊ√] ˚±¬ı˛ õ∂àÔ

dz ¤¬ı— ·ˆ¬œ¬ı˛Ó¬± z. (BC = a)

Ó¬±˝√√À˘, 
BC
h

PQ
h z

�
	
� ; or, PQ a

h
h z� �( )
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‘PQ’ ’—À˙¬ı˛ Œé¬SÙ¬˘ � �a
h

h z dz( )

Œ˚-Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = g
z

� ¤¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬ � �g z a
h

h z dz� ( )

¸≈Ó¬¬ı˛±—, �





�

	

	
�

	

	

�
�

�
�

g z z a
h

h z dz

g z a
h h z dz

z h z dz

zh z dz

o

h

o

h
o

h

o

h

. . ( )

. ( )

( )

( )

2 3

2

 
�

	

	

�

h h

h h
h

4 4

3 3
3 4

2 3

1
2

¸≈Ó¬¬ı˛±—, ¸±˜… ŒÔÀfl¡ ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛ ‰¬±¬ÛÀfl¡føÈ¬ ˜Ò…Î¬◊~•§ Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ¤fl¡ ˜Ò…ø¬ıμ≈ÀÓ¬ ’¬ıàÔ±Ú

fl¡À¬ı˛ÀÂ√º

13.6 ¬Œfl¡±Ú› ¸˜Ó¬À˘¬ı˛ ¬ı±Î¬ˇøÓ¬ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ Ê√Ú… ‰¬±¬ÛÀfl¡Àf¬ı˛ ’¬ıàÔ±ÀÚ¬ı˛ Î¬◊¬Û¬ı˛

õ∂ˆ¬±¬ı

13.6.1

Ó¬¬ı˛À˘¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ”√ˆ¬±À¬ı ¬ı±Î¬ˇÀÓ¬ ¬Û±À¬ı˛º õ∂¬ı±˝√√œ ¬¬Û√±ÀÔ«¬ı˛ ¬Ûø¬ı˛˜±Ì ¬ı±øÎ¬ˇÀ˚˛ ’Ô¬ı± ¸±˜Ó¬ø˘fl¡

Œé¬SøÈ¬Àfl¡ øàÔ¬ı˛ˆ¬±À¬ı ’±¬ı˛› ·ˆ¬œÀ¬ı˛ Ú±ø˜À˚˛ ø√À˚˛º

Ò¬ı˛± ˚±fl¡, ‘S’ Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡f ˝√√˘ C ˚‡Ú ‘h’

·ˆ¬œ¬ı˛Ó¬±˚˛ Ó¬±¬ı˛ ˆ¬±¬ı˛Àfl¡f ˝√√˘ G. ˘øt ‚±ÀÓ¬¬ı˛ ¬Ûø¬ı˛˜±Ì Ó¬‡Ú

= g
hS (C ø¬ıμ≈ÀÓ¬] ¤‡Ú Î¬◊¬Ûø¬ı˛Î¬◊q¡ õ∂fl¡±À¬ı˛ ˚ø√ ·ˆ¬œ¬ı˛Ó¬±

¬ı±Î¬ˇ±ÀÚ± ˚±˚˛, Ó¬À¬ı Ú”Ó¬Ú ’¬ıàÔ±ÀÚ¬ı˛ Ê√Ú… ˆ¬±¬ı˛Àfl¡f G-¤¬ı˛

·ˆ¬œ¬ı˛Ó¬± ˝√√À¬ı Òø¬ı˛ h	º ¸≈Ó¬¬ı˛±—, ¤Àé¬ÀS ˘øt‚±Ó¬ ˝√√˘ =

g
/	S ¤˝◊√√ ÚÓ≈¬Ú ’¬ıàÔ±ÀÚ¬ı˛ ‰¬±¬ÛÀfl¡f øÚÌ«˚˛ fl¡¬ı˛±˝◊√√ ’±˜±À√¬ı˛

˘é¬…º
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¤˝◊√√ Œé¬ÀS¬ı˛ õ∂øÓ¬øÈ¬ ø¬ıμ≈˝◊√√¬ (h	 – h) ¬Ûø¬ı˛˜±Ì Œ¬ıø˙ ·ˆ¬œÀ¬ı˛ ‰¬À˘ ˚±¬ı±¬ı˛ Ê√Ú… ‰¬±¬Û Œ¬ıÀÎ¬ˇÀÂ√ =

g
(h	 – h), ¤˝◊√√ ¬ı±Î¬ˇøÓ¬ ‰¬±À¬Û¬ı˛ ˜±Ú ¸≈¯∏˜ˆ¬±À¬ı Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— ¬ı±Î¬ˇøÓ¬ ˘øt‚±ÀÓ¬¬ı˛

˜±Ú ˝√√À¬ı = g
(h	 – h)S, ¬˚± ‘G’-¤¬ı˛ ÚÓ≈¬Ú ’¬ıàÔ±ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛± fl¡¬ı˛À¬ıº

¤‡Ú ¸˜ø√Àfl¡ ≈√øÈ¬ ¸˜±z¬¬ı˛±˘ ¬ı˘ C-¤¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛± fl¡¬ı˛ÀÂ√, ˚Ô± g
hs ¤¬ı— g
(h	 – h)S.

¤À√¬ı˛ ˘øt g
h	S, ’Ú… ¤fl¡øÈ¬ ø¬ıμ≈ C-¤, GC ¸¬ı˛˘À¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛ñ

g
h	S.GC	 = g
hs.GC

�
GC
GC

h
h

� �
�

13.6.2 fl¡À˚˛fl¡øÈ¬ ’Ú≈ø¸X±z¬

1. Z ¤¬ı— �� ˚ø√ ˚Ô±√flË¡À˜ ¤fl¡øÈ¬ ˜≈q¡ Œé¬ÀS¬ı˛ ˆ¬±¬ı˛Àfl¡f › ‰¬±¬ÛÀfl¡f ˝√√˚˛ [Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬],

Ó¬±˝√√À˘ ˚ø√ Ó¬¬ı˛À˘¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ’±¬ı˛› y ¬ı‘øX ¬Û±˚˛ Ó¬À¬ı ˆ¬±¬ı˛Àfl¡f › ‰¬±¬Û Œfl¡Àf¬ı˛ ÚÓ≈¬Ú ·ˆ¬œ¬ı˛Ó¬±

˚Ô±√flË¡À˜ z + y ¤¬ı— �� + y ˝√√À¬ıº

�� ˚ø√ ÚÓ≈¬Ú ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˝√√˚˛ [ÚÓ≈¬Ú ˜≈q¡Àé¬ÀS¬ı˛ ÚœÀ‰¬],

Ó¬±˝√√À˘, 

� �

� �



�
� � �

�
�

� � �
�

g zS S y g ys z y
g zs g ys

z y y z y
z y

( ) ( ) ( ) ( )

�
� �

�
y yz z

z y

2 2 �
,  ‘S’ ˝√√˘ Œé¬ÀS¬ı˛ Œé¬SÙ¬˘º

2. (C	 ø¬ıμ≈¬ı˛ ·ˆ¬œ¬ı˛Ó¬±ñÚÓ≈¬Ú ’¬ıàÔ±ÀÚ [·ˆ¬œ¬ı˛Ó¬±˚˛] C ø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú]

�
� �

�
	 �

y yz z
z y

y
2 2 �

�( )

� �
�
�


 z
z y

y

Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸”SøÈ¬¬ı˛ Ù¬˘ ¸¬ı«√± Ÿ¬Ì±Rfl¡ ˝√√À¬ı [ Œ˚À˝√√Ó≈¬ �� > z ]

¸≈Ó¬¬ı˛±— ‰¬±¬ÛÀfl¡f 
� 	
�

�
�

�
�

z
z y �”√¬ı˛Q ¬Ûø¬ı˛˜±Ì Î¬◊ÀM√√±ø˘Ó¬ ˝√√˚˛ ˚‡Ú ‘y’ ¬Ûø¬ı˛˜±Ì Ó¬¬ı˛À˘¬ı˛ ·ˆ¬œ¬ı˛Ó¬±¬ı‘øX

¬Û±˚˛º

3, [C	 ø¬ıμ≈¬ı˛ ·ˆ¬œ¬ı˛Ó¬±ñG ø¬ıμ≈¬ı˛ ·ˆ¬œ¬ı˛Ó¬± [ÚÓ≈¬Ú ’¬ıàÔ±ÀÚ]]
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�
� �

�
	 � �

	
�

y yz z
z y

z y
z z

z y

2 2 � �( )
( )

Î¬◊¬ÛÀ¬ı˛¬ı˛ ¸”ÀS¬ı˛ ˜±Ú ‘G’-¤¬ı˛ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ ÚÓ≈¬Ú ’¬ıàÔ±ÀÚ¬ı˛ ¸±ÀÔ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√˚˛º

4. ˚ø√ ¤¬ı˛¬Û¬ı˛ ’±˜¬ı˛± ¬ı±˚˛≈˜G¬˘œ˚˛ ‰¬±¬Û �-Œfl¡ ÒÓ«¬À¬ı…¬ı˛ ˜ÀÒ… ’±øÚ, Ó¬±˝√√À˘ ¤¬ı˛ õ∂ˆ¬±À¬ı Ó¬¬ı˛˘øÈ¬¬ı˛

·ˆ¬œ¬ı˛Ó¬± �/g
� ¬Ûø¬ı˛˜±Ì ¬ı‘øX¬Û±À¬ı, Œ˚‡±ÀÚ� f ˝√√˘ Ó¬¬ı˛˘øÈ¬¬ı˛ ‚ÚQ,

¸≈Ó¬¬ı˛±— y = �/g


13.7 ¬fl¡À˚˛fl¡øÈ¬ ø¬ıÀ˙¯∏ ¸˜¸…±¬ı˘œ

1. ˚ø√ ¤fl¡øÈ¬ øSˆ≈¬Ê√±fl‘¡øÓ¬ Œé¬ÀS¬ı˛ ˙œ¯∏«ø¬ıμ≈SÀ˚˛¬ı˛ ·ˆ¬œ¬ı˛Ó¬± Œ√›˚˛± Ô±Àfl¡, Ó¬±˝√√À˘ Ó¬±¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛

’¬ıàÔ±Ú øÚÌ«˚˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú –

Ò¬ı˛± ˚±fl¡ Œé¬SøÈ¬¬ı˛ Ó¬˘ Î¬◊~•§ˆ¬±À¬ı ’±ÀÂ√ ¤¬ı— Ó¬±À√¬ı˛ ˙œ¯∏«ø¬ıμ≈S˚˛-¤¬ı˛ ·ˆ¬œ¬ı˛Ó¬± 
��!��". ¬ı±˝≈√√·≈ø˘¬ı˛

˜Ò…ø¬ıμ≈SÀ˚˛¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˝√√À¬ıñ

1
2

1
2

1
2( ), ( ), ( )� � � � � �� � �

¤fl¡øÈ¬ ‘m’ ˆ¬¬ı˛ ˚≈q¡ øSˆ≈¬Ê√±fl¡±¬ı˛ ¬Û±Ó¬, ¤fl¡øÈ¬ øSˆ≈¬Ê√±fl¡±¬ı˛ Œé¬ÀS¬ı˛ ˚±¬ı˛ ˙œ¯∏«ø¬ıμ≈ øÓ¬ÚøÈ¬ÀÓ¬

m/3 fl¡À¬ı˛ ˆ¬¬ı˛ ¬ı˛±‡± ’±ÀÂ√, Ó¬±¬ı˛ ¸±ÀÔ ¸˜√w¬±˜fl¡˚≈q¡ ˝√√À¬ı ¬ı± ’Ú…Ô±˚˛ Ó¬±À√¬ı˛ ¤fl¡˝◊√√ ˆ¬±¬ı˛Àfl¡f › ¤fl¡˝◊√√

øàÔøÓ¬Ê√±Î¬… ˝√√À¬ıº

[¤‡±ÀÚ 13.5.1 ’Ò…±˚˛ ^©Ü¬ı…]

h �
��

�
�
� �

��
�

�
� �

��
�

�
�

	
�
�
� � � �1

3 2 2 2
1
3

! " " 
 
 !

 ! "( )

¤¬ı— k2
2 2 2

1
3 2 2 2�

��
�

�
�

�
��

�
�
� �

��
�

�
�

�
�
	



�
�

! " " 
 
 !

� � � � � �1
6

2 2 2( )� � � �� �� ��

¸≈Ó¬¬ı˛±—, �

 ! " !" "
 
!


 ! "
� �

� � � � �
� �

k
h

2 2 21
2
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˚‡Ú, 
� = 0, !� = " = h

¸≈Ó¬¬ı˛±—, 
 � 3
4

h

˚‡Ú, 
� = h ¤¬ı— !� = "� = 0 ˝√√À¬ı,

Ó¬‡Ú, 
 � 1
2 h

2. ¤fl¡øÈ¬ ¬ı‘M√√±fl¡±¬ı˛ Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ’¬ıàÔ±Ú, ˚‡Ú Ó¬±¬ı˛ Œfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± Œ√›˚˛± ’±ÀÂ√º

¸˜±Ò±Ú –

Ò¬ı˛± ˚±fl¡ ¬ı‘M√√øÈ¬¬ı˛ Ó¬˘ Î¬◊~•§ˆ¬±À¬ı ’±ÀÂ√ ¤¬ı— ¤¬ı˛ ¬ı…±¸±Ò« = a ¤¬ı— Œfl¡fÀfl¡¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ¬ı±

ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± = h.

’±À·¬ı˛ ’Ò…±À˚˛¬ı˛ ¸±˝√√±À˚… ¬ı˘± ˚±˚˛º


 � � �k
h

h
2

Œ˚‡±ÀÚ K	 ˝√√˘ ’Ú≈ˆ”¬ø˜fl¡ ¬ı…±¸ ¶§±À¬ÛÀé¬ ¬ı‘M√√øÈ¬¬ı˛ ’±¬ıÓ«¬Ú ¬ı…±¸±Ò« (radius of gyration)

·øÓ¬ø¬ı√…±¬ı˛ ¸±˝√√±À˚… ¬ı˘± ˚±˚˛, K a� �2
2

4

¸≈Ó¬¬ı˛±—, 
 � �a
h

h
2

4

’±˜¬ı˛± Ê√±øÚ, ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ŒÔÀfl¡› a
h

2

4 � Œ¬ıø˙ ·ˆ¬œ¬ı˛Ó¬±˚˛ ’±ÀÂ√º ¤˝◊√√ ¬ı…±¬Û±¬ı˛øÈ¬ ¸˜±fl¡˘Ú Ó¬ÀN¬ı˛

¸±˝√√±À˚… õ∂˜±Ì fl¡¬ı˛± ˚±˚˛º ¤‡±ÀÚ Œ˜¬ı˛≈ àÔ±Ú±efl¡ › ø¡Z¸˜±fl¡˘Ú ¬ı…¬ı˝‘√√Ó¬ ˝√√À¬ıº

‘P’ ø¬ıμ≈ÀÓ¬ é≈¬^ Œé¬ÀS¬ı˛ Œé¬SÙ¬˘ = rd�dr ¤¬ı— ¤‡±ÀÚ ‰¬±¬Û ˝√√˘ = g
(h – r sin �)
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� ¤˝◊√√ ø¬ıμ≈ÀÓ¬ ‚±Ó¬ = g
(h – r sin �) rd�dr.

¸≈Ó¬¬ı˛±—, �


 � � �


 � �

�

�
�

	

	

� 	
��

��

g h r r rd dr

g h r rd dr

a
h

oo

a

oo

a

( sin ) sin .

( sin ).

2

2

2

4

ie. ‰¬±¬ÛÀfl¡f ˆ¬±¬ı˛Àfl¡f ‘G’-¤¬ı˛ Ó≈¬˘Ú±˚˛ a
h

2

4 � ·ˆ¬œ¬ı˛Ó¬±˚˛ ’±ÀÂ√º

¤fl¡˝◊√√ˆ¬±À¬ı Œ√‡±ÀÚ± ˚±˚˛, 2a, ¤¬ı— 2b ’é¬¡Z˚˛˚≈q¡ Î¬◊¬Û¬ı‘ÀM√√¬ı˛ ‰¬±¬ÛÀfl¡f ˚Ô±√flË¡À˜ a
h

2

4 � ¬ı± 
b

h
2

4

·ˆ¬œ¬ı˛Ó¬±˚˛ ÚœÀ‰¬ ’±ÀÂ√ [˚‡Ú Ó¬±¬ı˛ Œfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ‘h’] ˚‡Ú 2a ’Ô¬ı± 2b ’é¬øÈ¬ Î¬◊~•§ Ô±Àfl¡º

3. ¸—À˚±Ê√fl¡ (composite) ¸±˜Ó¬ø˘fl¡ Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡Àf øÚÌ«˚˛º

¸—À˚±Ê√fl¡ Œé¬ÀS¬ı˛ø¬ıøˆ¬iß Œé¬S·≈ø˘¬ı˛ Œé¬SÙ¬˘ Ò¬ı˛± ˚±fl¡ S1, S2, S3, ... Œ˚ ·≈ø˘¬ı˛ ˆ¬±¬ı˛Àfl¡f

˚Ô±√flË¡À˜ h1, h2, h3 ... ·ˆ¬œ¬ı˛Ó¬±˚˛ ’±ÀÂ√º Œé¬S·≈ø˘¬ı˛ Î¬◊¬Û¬ı˛ ˚Ô±√flË¡À˜ ‚±Ó¬ ˝√√À¬ıñg
h1S1, g
h2S2,

g
h3S3, ...

Œé¬S·≈ø˘¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± Ò¬ı˛± ˚±fl¡ ˚Ô±√flË¡À˜ #1, #2, #3 ......

¸≈Ó¬¬ı˛±—, # # #1
1
2

1
2

2
2

2
3

3
2

3
� � �

k
h

k
h

k
h

, , ,

¸—À˚±Ê√fl¡ Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˚ø√ �� ˝√√˚˛, Ó¬±˝√√À˘,ñ

�


 



 

�

� �

� �

k
h

g h S
k
h

g h S

g h S g h S

1
2

1
1 1

2
2

2
2 2

1 1 2 2

. . ��

��

�
�
�

k Si

hiSi
1
2

13.8 ¬¤fl¡±øÒfl¡ ‚ÚQ ø¬ıø˙©Ü Ó¬¬ı˛˘ ¸˜”À˝√√¬ı˛ ˜ÀÒ… øÚ˜ø7¡¡¡Ó¬ Œfl¡±Ú ¸±˜Ó¬ø˘fl¡

Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛

Ò¬ı˛± ˚±fl¡� 
1, 
2, 
3 ........ 
n õ∂ˆ‘¬øÓ¬ ‚ÚQ˚≈q¡� ‘n’ ¸—‡…fl¡ Ó¬¬ı˛˘ ’±ÀÂ√ ¤¬ı— Ó¬±À√¬ı˛ ¶ÛÀ˙«

’±ÀÂ√ ¤˜Ú Œé¬S·≈ø˘ ˚Ô±√flË¡À˜ S1, S2, S3, ....... Sn [Î¬◊¬Û¬ı˛ ŒÔÀfl¡ ÚœÀ‰¬]º ¸˜¢∂ Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡
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‚±Ó¬ ¤fl¡˝◊√√ Ô±fl¡À¬ı, ˚ø√ ’±˜¬ı˛± ÒÀ¬ı˛ ŒÚ˝◊√√ 
1 ‚ÚQ˚≈q¡ Ó¬¬ı˛˘ (S1 + S2 + ..... + Sn) Œé¬ÀS¬ı˛ ¸—¶ÛÀ˙«

’±ÀÂ√, (
2 – 
1) ‚ÚQ˚≈q¡ Ó¬¬ı˛˘ (S2 + S3 + ... + Sn) Œé¬ÀS¬ı˛ ¸—¶ÛÀ˙« ’±ÀÂ√, (
3 – 
2)

‚ÚQ ≈̊q¡ Ó¬¬ı̨˘ (S3 + S4 + ... + Sn) Œé¬ÀS¬ı̨ ¸—¶ÛÀ «̇ ’±ÀÂ√, ..... Œ˙ ∏̄ ¬Û «̊±À˚̨ (Sn – Sn –1)

‚ÚQ˚≈q¡ Ó¬¬ı˛˘ Sn Œé¬ÀS¬ı˛ ¸—¶ÛÀ˙« ’±ÀÂ√º

˚ø√ P1, P2, P3 ......, Pn ˚Ô±√flË¡À˜ (S1 + S2 + .... + Sn), (S2 + S3 + .... + Sn),

(S3 + S4 + .... + Sn), ....., Œé¬S·≈ø˘¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ‚±Ó¬ ˝√√˚˛ ¤¬ı— �1, �2, ...., �n ˚Ô±√flË¡À˜

Ó¬±À√¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˝√√˚˛ ¤¬ı— �� ˚ø√ ¸˜¢∂ Œé¬SøÈ¬¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˝√√˚˛,

’±˜¬ı˛± ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛, � � �

�

�

�

PS

P

i i
i

n

i
i

n
1

1

fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì –

1. Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬À˘¬ı˛ ·ˆ¬œÀ¬ı˛ ¤fl¡øÈ¬ ’±˚˛Ó¬Àé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ’¬ıàÔ± ˝√√À¬ı 
2
3

2 2a ab a
a b
� �
�

,

Œ˚‡±ÀÚ ’±˚˛Ó¬Àé¬SøÈ¬¬ı˛ ≈√øÈ¬ ¬ı±˝≈√√ ’Ú≈ˆ”¬ø˜fl¡ ’±ÀÂ√ ¤¬ı— Ó¬±À√¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˚Ô±√flË¡À˜ a ¤¬ı— b.

Òø¬ı˛ ‘l’ ˝√√˘ ’±˚˛Ó¬±fl¡±¬ı˛ Œé¬SøÈ¬¬ı˛ õ∂àÔº

¤fl¡øÈ¬ ¬Û±Ó¬˘± ’—˙ (dz õ∂àÔø¬ıø˙©Ü] › ‘z’ ·ˆ¬œÀ¬ı˛ øÚ˜ø7¡¡¡Ó¬ Œé¬ÀS¬ı˛ Œé¬SÙ¬˘ = ldz.

¤¬ı˛ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = g
z

� ¤¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ‚±Ó¬ = g
z.ldz

¸≈Ó¬¬ı˛±—, 

�

�
� � �

�

�
� � �

�
�
�

�
�

g z z ldz

g z ldz

z dz

zdz

b a

b a
a ab b

a b
a

b

a

b
a

b

a

b

. .

.
.

2
3 3

2 2

2 23

2

2
3

2. Î¬◊¬Û¬ı˛ ¸˜¸…±˚˛ Œ√‡±Ú Œ˚ ˚ø√ ‚ÚQ ‘
’ ·ˆ¬œ¬ı˛Ó¬± ‘z’-¤¬ı˛ ¸±ÀÔ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√˚˛, Ó¬±˝√√À˘

‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˝√√À¬ıñ

3
4

3 2 2 3

2 2. a a b ab b
a ab b
� � �

� �

¤‡±ÀÚ, 

� z � 
� = kz   (k = ÒË≈¬ıfl¡]
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‰¬±¬Û ¸˜œfl¡¬ı˛ÌøÈ¬ ˝√√À¬ı, d
 = g
dz = gkzdz

¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±¬ı, � � �1
2

2gkz C

¬ı±˚˛≈˜G¬˘œ˚˛ ‰¬±¬Û Ú·Ì… ˝√√À˘, p = 0 ˚‡Ú, z = 0, �  C = 0

� ‘z’ ·ˆ¬œ¬ı˛Ó¬±˚˛ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±¬Û � � � � �1
2

2 2
2gkz gk z k k

� ¬Û±Óƒ¬˘± ’—˙øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬ = gk	z2.ldz.

¸≈Ó¬¬ı˛±—, � �
	

	
� �

	

	

�
�

�
�

gk z ldz

gk z ldz

z dz

z dz

b a

b a
a

b

a

b
a

b

a

b

2

2

3

2

4 4

3 3
4

3

  �
� � �

� �

3
4

3 2 2 3

2 2
a a b ab b

a ab b

13.9 ¬Î¬◊√±˝√√¬ı˛Ì˜±˘±

1. ¬Û≈À¬ı˛±¬Û≈ø¬ı˛ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ¤fl¡øÈ¬ øSˆ≈¬ÀÊ√¬ı˛ ˆ”¬ø˜ Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬À˘ ’±ÀÂ√, õ∂˜±Ì fl¡¬ı˛≈Ú

Œ˚ øSˆ≈¬Ê√øÈ¬¬ı˛ ‰¬±¬ÛÀfl¡f ø√À˚˛ ˚±˚˛ ¤˜Ú ’Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡± øSˆ≈¬Ê√øÈ¬Àfl¡ ¤˜Ú ≈√˝◊√√ˆ¬±À· ø¬ıˆ¬q¡ fl¡À¬ı˛,

˚±ÀÓ¬ õ∂ÀÓ¬…fl¡ ¬ˆ¬±À·¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬ ¬Û¬ı˛¶Û¬ı˛ ¸˜±Ú ˝√√˚˛º

¸˜±Ò±Ú –

˚ø√ øSˆ≈¬Ê√øÈ¬¬ı˛ ˙œ¯∏«ø¬ıμ≈¬ı˛ ·ˆ¬œ¬ı˛Ó¬± h ˝√√˚˛, Ó¬±˝√√À˘ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± �
1
2

h.

¸≈Ó¬¬ı˛±— ¬Û≈À¬ı˛± øSˆ≈¬ÀÊ√¬ı˛ Œé¬SÙ¬˘ � ˝√√À˘ ŒÂ√±È¬ øSˆ≈¬Ê√øÈ¬¬ı˛ Œé¬SÙ¬˘ �
1
4 �

¬Û≈À¬ı˛± øSˆ≈¬ÀÊ√¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± � 1
3 h , ¤¬ı— ŒÂ√±È¬ øSˆ≈¬ÀÊ√¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬±

� � �1
2

1
2

1
2

2
3

h h h.

� ¬Û≈À¬ı˛± øSˆ≈¬ÀÊ√¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ‚±Ó¬ � �g h g h� �. .1
3

1
3� �

¤¬ı— ŒÂ√±È¬ øSˆ≈¬Ê√øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ‰¬±¬Û � �g h g h� �. .2
3

1
4

1
6� �

’Ó¬¤¬ı ≈√˝◊√√ ’—À˙ õ∂˚≈q¡ ‚±Ó¬ ¬Û¬ı˛¶Û¬ı˛ ¸˜±Ú ˝√√À¬ıº
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2. ¤fl¡øÈ¬ √√√∏C±ø¬ÛøÊ√˚˛±À˜¬ı˛ a Δ√À‚«…¬ı˛ ¬ı±˝≈√√øÈ¬ Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬À˘ ’±ÀÂ√º ¤¬ı˛ ¸˜±z¬¬ı˛±˘ b Δ√À‚«…¬ı˛

’¬Û¬ı˛ ¬ı±˝≈√√øÈ¬ Î¬◊¬Ûø¬ı˛Ó¬˘ ŒÔÀfl¡ ‘C’ ·ˆ¬œ¬ı˛Ó¬±˚˛ ’±ÀÂ√º õ∂˜±Ì fl¡¬ı˛≈Ú ¤¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˝√√À¬ı

a b
a b

C�
�

3
2 2. º

¸˜±Ò±Ú – ¤fl¡øÈ¬ fl¡Ì«¡Z±¬ı˛± √√√∏C±ø¬ÛøÊ√˚˛±˜øÈ¬Àfl¡ ≈√ˆ¬±À· ø¬ıˆ¬q¡ fl¡¬ı˛± ˝√√˘º

¤‡±ÀÚ, S ac h C C1 1 1
1
2

1
3

1
2� � �, , ,
  ¤¬ı— S bC h C C2 2 2

1
2

2
3

3
4� � �, , 


� �
�

�
�

�

�
� �

�
�

� �1 1 1 2 2 2

1 1 2 2

1
2

1
3

1
2

3
4

2
3

1
2

1
3

1
2

2
3

1
2

3
2 2

gfh S gfh S
gfh S gfh S

c c ac c c bc

c ac c bc

a b
a b

c. . .

. .
.

 [õ∂˜±øÌÓ¬]

3. ABCD ‰¬Ó≈¬ˆ≈«¬Ê√ ¬Û≈À¬ı˛±¬Û≈ø¬ı˛ ˝√√À˘ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√ ¤¬ı— ¤¬ı˛ ˙œ¯∏«ø¬ıμ≈·≈ø˘¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˚Ô±√flË¡À˜

��� ��� ��� �� ¤øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± h ˝√√À˘ Œ√‡±Ú Œ˚ ¤¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˝√√À¬ıñ

1
2

1
6( )� � � �� � � �

h  (!"� + "
 + 
! + 
�� + !�� + "�)

¸˜±Ò±Ú – AC ˚≈q¡ fl¡À¬ı˛ ‰¬Ó≈¬ˆ≈«¬Ê√øÈ¬Àfl¡ ≈√˝◊√√ ’—À˙ ø¬ıˆ¬q¡ fl¡¬ı˛± ˝√√˘º

¤‡±ÀÚ,

S1 = ABC øSˆ≈¬ÀÊ√¬ı˛ Œé¬SÙ¬˘, h1
1
3� � �( )� � � �

¤¬ı— k1
2 2 2 21

6� � � � � �( )� � � �� �� ��

S2 = ADC øSˆ≈¬ÀÊ√¬ı˛ Œé¬SÙ¬˘, h2
1
3� � �( )� � �

¤¬ı—, k1
2 2 2 21

6� � � � � �( )� � � �� �� ��

	 �
�

�
�

� � � � �

�
h

S h S h
S S

S S
S S

1 1 2 2

1 2

1 2

1 2

1
3

.
( ) ( )� � � � � �

øfl¡z≈¬, 
 �
�

�

k S k S
h S h S
1
2

1 2
2

2

1 1 2 2
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�
� � � � � � � � � � �

� � � � �

1
6

1
6

1
3

1
3

2 2 2
1

2 2 2
2

1 2

( ) ( )

( ) ( )


 ! " !" "
 
! 
 " � "� �
 
"


 ! " 
 " �

S S

S S

	 � �� �
 � ��1
2

1
6� � � �h   [�� S1, S2-Œfl¡ ’¬ÛÚ˚˛Ú fl¡À¬ı˛ ¬Û±˝◊√√]

4. ¤fl¡øÈ¬ ¸±˜±z¬ø¬ı˛Àfl¡¬ı˛ Ó¬˘øÈ¬ Î¬◊~•§ ’±ÀÂ√º ¤¬ı˛ Œfl¡f ‘h’ ·ˆ¬œ¬ı˛Ó¬±˚˛ ’±ÀÂ√º ¤øÈ¬ ˚ø√ ¤fl¡øÈ¬

¸•Û”Ì« ¸˜¸N Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ Ô±Àfl¡ ¤¬ı— a, b ˚ø√ Î¬◊~À•§¬ı˛ Î¬◊¬Û¬ı˛ ¸±˜±z¬ø¬ı˛fl¡øÈ¬¬ı˛ ¬¬ı±˝≈√√¡ZÀ˚˛¬ı˛ ˘•§

’øˆ¬Àé¬¬Û ˝√√˚˛, Ó¬±˝√√À˘ Œ√‡±Ú Œ˚ ¤¬ı˛ ‰¬±¬Û Œfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˝√√À¬ı h + (a2 + b2)/12h

¸˜±Ò±Ú – ’±˜¬ı˛± Ê√±øÚ, 
 � � �k
h

h
2

¤‡±ÀÚ k
a b

a b� �
�

� �2

2 2

2 2
1
2

1
2

3 12

� � � �

¸≈Ó¬¬ı˛±—, �� = h + (a2 + b2)/12h

5. Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ¤fl¡øÈ¬ ¬ı‘M√√¬Û±√-¤¬ı˛ (quadrant of circle) ¸œ˜±àÔ ¤fl¡øÈ¬ ¬ı…±¸±Ò« ˚ø√

Î¬◊¬Ûø¬ı˛Ó¬À˘ Ô±Àfl¡, Ó¬±˝√√À˘ ¬ı‘M√√¬Û±√øÈ¬¬ı˛ ‰¬±¬ÛÀfl¡f-¤¬ı˛ ’¬ıàÔ±Ú Œ¬ı¬ı˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú – Ò¬ı˛± ˚±fl¡, ‘x’ ’é¬ Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬˘ ¬ı¬ı˛±¬ı¬ı˛ ’±ÀÂ√ ¤¬ı— ‘y’ ’é¬ ÚœÀ‰¬¬ı˛ ø√Àfl¡ Î¬◊~•§ˆ¬±À¬ı

’¬ıàÔ±Ú fl¡¬ı˛ÀÂ√º

(r, �) ˚ø√ Œé¬SøÈ¬¬ı˛ Œfl¡±Ú ø¬ıμ≈¬ı˛ àÔ±Ú±efl¡ ˝√√˚˛, Ó¬±˝√√À˘, é≈¬^ ’—À˙¬ı˛ Œé¬SÙ¬˘ = rdv�dr.

‹ ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = g
r sin �

� �
� � � �

� � �

�

�
� � �
��
��

g r r rd dr

g r rd dr

a

a
ao

a

o

a

/

/

sin . cos .

sin .

.
2

0
2

0

4

3
4

1
2

3

3
8

¤¬ı— $
� � � �

� � �

�
�

�

�
� � �
��
��

g r r rd dr

g r rd dr

a

a
ao

a

o

a

/

/

sin . sin .

sin .

. .
2

0
2

0

4

3
4

1
2 2

3

3
16

˚ø√ Ó¬¬ı˛˘øÈ¬¬ı˛ ‚ÚQ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ ¸±ÀÔ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝√√˚˛, Ó¬±˝√√À˘ 
� = kr sin �� = kz [Œ˚‡±ÀÚ

k ¤fl¡øÈ¬ ÒË≈¬ıfl¡]

¤fl¡˝◊√√ˆ¬±À¬ı � � � �1
2

2 2kz k z � � � [ Œ˚‡±ÀÚ, k	 � 1
2 k ]
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� �
� � � �

� � �
�

�

�
�

�
�

�
� �

��
��
gk r r r rd dr

gk r r rd dr

a

a
ao

a

o

a

/

/

sin . sin . cos .

sin . sin .

.

. .

2

0
2

0

5

4

2

5
1
3

4
1
2

16
15

¤¬ı— �
� � � �

� � � � �

�

�
�

	

	
� �

��
��

gk r r r rd dr

gk r r rd dr

a

a
ao

a

o

a

/

/

sin . sin . sin .

sin . sin .

.

. .

2

0
2

0

5

4
5

2
3

4
1
2 2

32
15

13.10 ¬’Ú≈˙œ˘Úœ › Î¬◊M√√¬ı˛˜±˘±

1. ¬Û±Óƒ¬˘± ¬ı·«±fl¡±¬ı˛ ¤fl¡øÈ¬ Œé¬S ¤fl¡øÈ¬ ˆ¬±¬ı˛œ ¸˜¸N Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√º ¬ı·«±fl¡±¬ı˛ Œé¬ÀS¬ı˛

Ó¬˘øÈ¬ Î¬◊~•§ ¤¬ı— ¤fl¡øÈ¬ ˙œ¯∏«ø¬ıμ≈ Î¬◊¬Ûø¬ı˛Ó¬À˘ ’±ÀÂ√º ¤˝◊√√ ˙œ¯∏«ø¬ıμ≈¬ı˛ ¶§±À¬ÛÀé¬ Œé¬SøÈ¬ ¤¬ı˛ øÚÀÊ√¬ı˛ Ó¬˘

¬ı¬ı˛±¬ı¬ı˛ ‚≈¬ı˛À˘ Œ√‡±Ú Œ˚ ¤¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ¸=±¬ı˛¬ÛÔ ¤fl¡øÈ¬ ¸¬ı˛˘À¬ı˛‡± ˝√√À¬ıº

[’±ˆ¬±¸ – ‰¬±¬ÛÀfl¡Àf¬ı˛ ¸”S õ∂À˚˛±· fl¡À¬ı˛ #�� ¬ı±¬ı˛ fl¡¬ı˛≈Ú ¤¬ı±¬ı˛ Œ√‡±Ú � $� � 7
6
a ]

2. ¤fl¡øÈ¬ ¬ı‘M√√±fl¡±¬ı˛ Œé¬S Î¬◊~•§ˆ¬±À¬ı Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√º ¤¬ı˛ Œfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± C ˚ø√ Œé¬SøÈ¬Àfl¡

ÒœÀ¬ı˛ ÒœÀ¬ı˛ ’±¬ı˛› ·ˆ¬œÀ¬ı˛ Ú±˜±ÀÚ± ˝√√˚˛ Œ˚‡±ÀÚ Ó¬±¬ı˛ Œfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ‘t’ ¸˜À˚˛ f(t) ˝√√À¬ı, Ó¬±˝√√À˘

Œ√‡±Ú Œ˚ Œfl¡±Ú ¤fl¡ ˜≈˝”√√ÀÓ«¬ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·øÓ¬À¬ı· ˝√√À¬ı f a
f

� �
�
�
	



�
�

1
4

2

2 , Œ˚‡±ÀÚ ‘a’ ˝√√˘ ¬ı‘ÀM√√¬ı˛ ¬ı…±¸±Ò«º

[’±ˆ¬±¸ – ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± � �C a
c

2

4
, ¤¬ı±¬ı˛ C = f(t) ÒÀ¬ı˛ Î¬◊ˆ¬˚˛¬Ûé¬Àfl¡ ‘t’-¬ı˛ ¸±À¬ÛÀé¬

’z¬¬ı˛fl¡˘Ú fl¡¬ı˛≈Úº]

3. ¤fl¡øÈ¬ ¸˜¬ı±˝≈√√ øSˆ≈¬ÀÊ√¬ı˛ ¬ı±˝≈√√¬ı˛ Δ√‚«… 6 3 � Ù≈¬È¬º ¤øÈ¬ Î¬◊~•§ˆ¬±À¬ı Ê√À˘ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√ ¤¬ı—

¤fl¡øÈ¬ ¬ı±˝≈√√ Ê√˘Ó¬À˘ ’±ÀÂ√º Ê√˘Ó¬˘ ˚ø√¬ı±˚˛≈˜G¬À˘¬ı˛ ¸—¶ÛÀ˙« Ô±Àfl¡ ¤¬ı— ¬ı…±À¬ı˛±ø˜È¬±¬ı˛ àÈ√√…±`¬ 34 Ù≈¬È¬

˝√√˚˛, øSˆ≈¬Ê√øÈ¬¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ¬ı±¬ı˛ fl¡¬ı˛≈Úº

[ ’±ˆ¬±¸ – 
GC
GC

h
h

� �
�
,  ¤ˆ¬±À¬ı ˆ¬±¬ı≈Ú ] [ Î¬◊M√√¬ı˛ – 3 9

74
ft � ]

4. ¤fl¡øÈ¬ ¬ı·«±fl¡±¬ı˛ ¬Û±ÀÓ¬¬ı˛ Î¬◊~•§ˆ¬±À¬ı øÍ¬fl¡ Ê√˘Ó¬À˘¬ı˛ øÚÀ‰¬ Ê√À˘ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√ ¤¬ı— ¤¬ı˛¬Û¬ı˛

¤Àfl¡ ’±¬ı˛› ‘b’ ·ˆ¬œ¬ı˛Ó¬±˚˛ øÚÀ˚˛ ˚±›˚˛± ˝√√˘º ˚ø√ ¬ı·«Àé¬ÀS¬ı˛ ¤fl¡øÈ¬ ¬ı±˝≈√√ ‘a’ ˝√√˚˛, Ó¬±˝√√À˘ õ∂˜±Ì

fl¡¬ı˛≈Ú ¬ı·«Àé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡f ŒÔÀfl¡ Œfl¡Àf¬ı˛ ”√¬ı˛Q 
a

a b

2

6 2( )�
 ˝√√À¬ıº
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[ ’±ˆ¬±¸ – h a GC a GC
GC

h
h

� � � �
�

1
2

1
6, ,  ¤¬ı±¬ı˛ GC� = x, t ¸˜À˚˛ ˝√√À˘ 

dx
dt  ¬ı±¬ı˛ fl¡¬ı˛±¬ı˛

Œ‰©Ü± fl¡¬ı˛≈Ú ]

5. ABC ¤fl¡øÈ¬ øSˆ≈¬Ê√±fl¡±¬ı˛ ¬Û±Ó¬ Î¬◊~•§ˆ¬±À¬ı Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√ ˚±¬ı˛ A ø¬ıμ≈øÈ¬ Î¬◊¬Ûø¬ı˛Ó¬À˘

’±ÀÂ√ ’±¬ı˛ BC ¬ı±˝≈√√ ’Ú≈ˆ”¬ø˜fl¡º M › N ˝√√˘ ˚Ô±√flË¡À˜ AB › AC-¤¬ı˛ ˜Ò…ø¬ıμ≈º

MNCB Œé¬SøÈ¬¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± Œ¬ı¬ı˛ fl¡¬ı˛≈Úº

[ ’±ˆ¬±¸ – øSˆ≈¬ÀÊ√¬ı˛ Î¬◊¬Û¬ı˛ ‚±ÀÓ¬¬ı˛ ¸”S õ∂À˚˛±· fl¡¬ı˛≈Ú]

[ Ans : 45
56

d, Œ˚‡±ÀÚ ‘d’ ˝√√˘ ‘B’ ø¬ıμ≈¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ]

6. ‘h’ Î¬◊2‰¬Ó¬±ø¬ıø˙©Ü ¤fl¡øÈ¬ øSˆ≈¬Ê√ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√º ¤¬ı˛ ˆ”¬ø˜ ’Ú≈ˆ”¬ø˜fl¡ ¤¬ı— ˙œ¯∏«ø¬ıμ≈

Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬À˘ ’±ÀÂ√º ¬ı±˚˛≈˜G¬˘œ˚˛ ‰¬±¬Û ˚ø√ H Ù≈¬È¬ Ó¬¬ı˛˘øÈ¬¬ı˛ ‰¬±À¬Û¬ı˛ ¸˜±Ú ˝√√˚˛, Ó¬±˝√√À˘ ‰¬±¬ÛÀfl¡føÈ¬

[øSˆ≈¬ÀÊ√¬ı˛] ¤¬ı˛ Ù¬À˘ fl¡Ó¬ Î¬◊2‰¬Ó¬±˚˛ Î¬◊ÀÍ¬ ’±¸À¬ı [øSˆ≈¬Ê√øÈ¬¬ı˛ Ó¬˘ ¬ı¬ı˛±¬ı¬ı˛]∑

[ ’±ˆ¬±¸ – � �
�

�

k S k S
h S h S
1
2

1 2
2

2

1 1 2 2
 ^©Ü¬ı… ] [Ans. 

hH
h H4 2 3( )� ]

7. Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ¬ı‘ÀM√√¬ı˛ Œfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± h ˝√√À˘ Ó¬±¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ’¬ıàÔ±Ú ¬ı±¬ı˛ fl¡¬ı˛≈Úº

[¬ı‘ÀM√√¬ı˛ ¬ı…±¸±Ò« = a]

[ ’±ˆ¬±¸ – �
�

�
�
�
�
x ds

ds
 ¸”S ^©Ü¬ı… ] [Ans. h a

h
�

2

4
]

8. ABCD ¬ı˛•§¸ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√, ‘A’ ˙œ¯∏«ø¬ıμ≈øÈ¬ Î¬◊¬Ûø¬ı˛Ó¬À˘ ’±ÀÂ√ ¤¬ı— AD Î¬◊~•§

’±ÀÂ√º õ∂˜±Ì fl¡¬ı˛≈Ì ‰¬±¬ÛÀfl¡f AD-Œfl¡ 7 : 5 ’Ú≈¬Û±ÀÓ¬ ø¬ıˆ¬q¡ fl¡À¬ı˛º

[ ’±ˆ¬±¸ – ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± – �
� �

�
a a a

a a

2 2 2 2 2 24 2
2 2

cos cos cos
( cos cos ) ,� � �

� �
 a = ¬ı˛•§À¸¬ı˛

¬ı±˝≈√√, � =� 	BAD]

9. Ó¬¬ı˛À˘¬ı˛ ·ˆ¬œ¬ı˛Ó¬± a ¬Ûø¬ı˛˜±Ì ¬ı±Î¬ˇÀ˘ ¬ıd≈¬¬ı˛ ‰¬±¬ÛÀfl¡Àf ·ˆ¬œ¬ı˛Ó¬± y ¬ı±ÀÎ¬ˇ, Ó¬¬ı˛À˘¬ı˛ ·ˆ¬œ¬ı˛Ó¬±

˚ø√ b ¬ı±Î¬ˇ±ÀÚ± ˝√√˚˛ Ó¬±˝√√À˘ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬±› z ¬Ûø¬ı˛˜±Ì ¬ı‘øX ¬Û±˚˛º õ∂Ô˜±¬ıàÔ±˚˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛

·ˆ¬œ¬ı˛Ó¬± øÚÌ«˚˛ fl¡¬ı˛≈Úº
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[ ’±ˆ¬±¸ – ·ˆ¬œ¬ı˛Ó¬± ¬¬ı‘øX¬ı˛ ¸±ÀÔ ‰¬±¬Û¬ı‘øX › ‰¬±¬ÛÀfl¡Àf¬ı˛ ’¬ıàÔ±Ú ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ¸”S õ∂À˚±Ê√…]

[Ans. 
ab b a y z

az by
( )
 � 



 ]

10. ¤fl¡øÈ¬ ¬Û¬ı˛±¬ı‘ÀM√√¬ı˛ ¤…±ø¸•úÀÈ¬±È¬ (Asymptote) Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬À˘ ’±ÀÂ√º øÚ˜ø7¡¡¡Ó¬

asymptote, ¬Û¬ı˛±¬ı‘M√√ ¤¬ı— ≈√øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ Œ¬ı˛‡±¬ı˛ ˜Ò…¬ıÓ¬π Œé¬ÀS¬ı˛ [øÚÀ‰¬¬ı˛ ø‰¬S ^©Ü¬ı…] ‰¬±¬ÛÀfl¡Àf¬ı˛

·ˆ¬œ¬ı˛Ó¬± ¬ı±ø˝√√¬ı˛ fl¡¬ı˛≈Úº

[ ’±ˆ¬±¸ –

[ Ans. CDFE Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛

’¬ıàÔ±Ú √̋√À¬ı CD › EF -¤¬ı˛ ·ˆ¬œ¬ı˛Ó¬±¬ı˛

¸˜±z¬¬ı˛œ ˛̊ ˜Ò…fl¡ (Arithmetic mean)]

PQ ¤fl¡øÈ¬ ŒÂ√±È¬ øà√∏C¬Û ÒÀ¬ı˛ Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û Œ¬ı¬ı˛ fl¡¬ı˛≈Úº ¤¬ı˛¬Û¬ı˛ ‰¬±¬ÛÀfl¡f øÚÌ«À˚˛¬ı˛ Ê√Ú… ¸˜±fl¡À˘¬ı˛

¸±˝√√±˚… øÚÚ [¸”S ^©Ü¬ı…]]

13.11 ¸±¬ı˛±—˙

¤˝◊√√ ’Ò…±À˚˛ ˜”˘Ó¬– øàÔøÓ¬˙œ˘ Œfl¡±Ú Ó¬¬ı˛˘ ¬Û√±ÀÔ« ’±—ø˙fl¡ ¬ı± ¸•Û”Ì«ˆ¬±À¬ı øÚ˜ø7¡¡¡Ó¬ Œfl¡±Ú

¸±˜Ó¬ø˘fl¡ Œé¬ÀS¬ı˛ ‰¬±¬Ûø¬ıμ≈¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¸±Ò±¬ı˛Ì ¸”S Â√±Î¬ˇ±› ø¬ıÀ˙¯∏ ø¬ıÀ˙¯∏ øfl¡Â≈√

Œé¬ÀS¬ı˛ Ê√Ú… ¸”S·≈ø˘ øÚÒ«±¬ı˛Ì fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ø¬ıÀ˙¯∏ fl¡À¬ı˛ ˜±Ò…±fl¡¯∏«Ì ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı øàÔ¬ı˛±¬ıàÔ±˚˛ øàÔÓ¬

Ó¬¬ı˛À˘¬ı˛ Ê√Ú… fl¡À˚˛fl¡øÈ¬ øÚø«√©Ü Ê√…±ø˜øÓ¬fl¡ ¸±˜Ó¬ø˘fl¡ Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ àÔ±Ú±efl¡ ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

ˆ¬±¬ı˛Àfl¡f › ‰¬±¬ÛÀfl¡Àf¬ı˛ ˜ÀÒ… ’¬ıàÔ±Ú·Ó¬ ¬Û±Ô«fl¡… › ’øÓ¬ø¬ı˛q¡ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ Ê√Ú… ¤À√¬ı˛º ’¬ıàÔ±Ú·øÓ¬

¬Ûø¬ı˛¬ıÓ«¬Ú ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

13.12  ¸˝√√±˚˛fl¡ ¢∂&Ô±¬ı˘œ

1. A. S. Ramsay : Hydrostatics

2. J. M. Kar : Hydrostatics: For degree classes. The Globe Library, Calcutta.

3. M. Ray & H. S. Sharma : A Text book of hydrostatics Premier Publishing

Co., New Delhi, 196
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¤fl¡fl¡ 14 � Ó¬À˘±¬Ûø¬ı˛ ø√flË¡˚˛±¬ı˛Ó¬ ¬ı˘À·±á¬œ (Thrust on a
curved surface)

·Í¬Ú

14.1 õ∂d¬±¬ıÚ±

14.2 Î¬◊ÀV˙…

14.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

14.4 øàÔøÓ¬˙œ˘ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ˆ¬±¬ı˛œ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ Œ˜±È¬ ‰¬±¬Û

14.5 Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… ’±—ø˙fl¡ˆ¬±À¬ı øÚ˜ø7¡¡¡Ó¬ ø¬ıøˆ¬iß ’±fl¡±À¬ı˛¬ı˛ ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ Œ˜±È¬ Î¬◊~•§ ‚±Ó¬

¤¬ı— ¤fl¡øÈ¬ øÚø«√©Ü ø√Àfl¡ Œ˜±È¬ ’Ú≈ˆ”¬ø˜fl¡ ‚±Ó¬º

14.6 ¸˜Ó¬˘ ¡Z±¬ı˛± ’±¬ıX ¬ı√flË¡Àé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ ˘øt‚±Ó¬

14.7 Î¬◊√± √̋√¬ı˛Ì˜±˘±

14.8 ’Ú≈˙œ˘Úœ › Î¬◊M√√¬ı˛˜±˘±

14.9 ¸±¬ı˛±—˙

14.10 ¸˝√√±˚˛fl¡ ¢∂&Ô±¬ı˘œ

14.1 õ∂d¬±¬ıÚ±

¤˝◊√√ ’Ò…±À˚˛ ’±˜¬ı˛± ¤fl¡øÈ¬ ø¬ıÀ˙¯∏ Ò¬ı˛ÀÚ¬ı˛ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬ øÚÌ«˚˛ › Ó¬±¬ı˛ Ò˜«±¬ı˘œ øÚÀ˚˛ ’±À˘±‰¬Ú±

fl¡¬ı˛¬ı Ó¬± ˝√√˘, ˚‡Ú Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ Ô±Àfl¡, Ó¬‡Ú Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ‚±ÀÓ¬¬ı˛ ø¬ıøˆ¬iß ø√fl¡ ø¬ıøˆ¬iß ø√Àfl¡

˝√√˚˛º ¸≈Ó¬¬ı˛±— é≈¬^Àfl¡±Ì ’—À˙¬ı˛ [¬ı√flË¡Ó¬À˘¬ı˛] Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ‚±Ó¬Àfl¡ ’±˜¬ı˛± øÓ¬ÚøÈ¬ Î¬◊¬Û±—À˙ ø¬ıˆ¬q¡ fl¡¬ı˛ÀÓ¬

¬Û±ø¬ı˛, ˚Ô±ñ’Ú≈ˆ”¬ø˜fl¡ OX, OY ¤¬ı— Î¬◊~•§ OZ ’—˙º ¸≈Ó¬¬ı˛±— ¬Û≈À¬ı˛± ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ‚±Ó¬Àfl¡

’±˜¬ı˛± X, Y › Z ’é¬ ¬ı¬ı˛±¬ı¬ı˛ õ∂fl¡±˙ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛ øÓ¬ÚøÈ¬ Î¬◊¬Û±—À˙¬ı˛ ˘øt fl¡À¬ı˛ ˘øt ‚±Ó¬ øÚ•ßø˘ø‡Ó¬

Î¬◊¬Û±À˚˛ õ∂fl¡±˙ fl¡¬ı˛± ˚±˚˛º

R2 [˘øt] = X2 + Y2 + Z2 ¤¬ı— Î¬◊~À•§¬ı˛ ¸±ÀÔ R ˚ø√ �� Œfl¡±Ì fl¡À¬ı˛ Ô±Àfl¡, Ó¬±˝√√À˘

tan � � �X Y
Z

2 2
.
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14.2 Î¬◊ÀV˙…

¬Û”À¬ı«fl¡±¬ı˛ ’Ò…±À˚˛ ø¬ıøˆ¬iß õ∂fl¡±À¬ı˛¬ı˛ ¸±˜Ó¬ø˘fl¡ Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ‰¬±À¬Û¬ı˛ ø¬ıøˆ¬iß ¸”S

¤¬ı— Œ˜±È¬ ‚±Ó¬ ¬Ûø¬ı˛˜±ÀÌ¬ı˛ ¬Ûø¬ı˛˜±¬Û ø¬ı¯∏À˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º øfl¡z≈¬ Ó¬¬ı˛˘ ¬Û√±ÀÔ« ’ÀÚfl¡ øS˜±øSfl¡

¬ıd≈¬ øÚ˜ø7¡¡¡Ó¬ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛º Ó¬±À√¬ı˛ ’±fl¡±¬ı˛ ’±˚˛Ó¬Ú ø¬ıøˆ¬iß ˝√√ÀÓ¬ ¬Û±À¬ı˛º ¤Â√±Î¬ˇ±› Ó¬¬ı˛˘¬Û√±Ô« ø¬ıøˆ¬iß

’±fl¡±À¬ı˛¬ı˛ ’±Ò±ÀÚ¬ı˛ ˜ÀÒ… ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛º Œ¸˝◊√√ ’±Ò±ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ‰¬±¬Û ¬ıÓ«¬˜±Úº

¤˝◊√√ ¸¬ı ø¬ı¯∏À˚˛ ø¬ıÀ˙¯∏ ø¬ıÀ˙¯∏ Œé¬ÀS Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ‰¬±À¬Û¬ı˛ ø¬ıÀù≠¯∏Ì ˜”˘fl¡ ’±À˘±‰¬Ú±˝◊√√ ¤˝◊√√ ’Ò…±À˚˛¬ı˛

’±À˘±‰¬Ú±¬ı˛ Î¬◊ÀV˙… ˚±ÀÓ¬ ø˙é¬±Ôπ¬ı˛± ¤˝◊√√ ø¬ı¯∏À˚˛ ’¬ı·Ó¬ ˝√√Úº

14.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

ø˙À¬ı˛±Ú±À˜ Î¬◊À~‡ fl¡¬ı˛± ’±ÀÂ√ ¤˝◊√√ ’Ò…±À˚˛ ø¬ıøˆ¬iß ’±fl¡±À¬ı˛¬ı˛ ¬ı√flË¡Ó¬˘ ¡Z±¬ı˛± ¸œ˜±¬ıX Œfl¡±Ú fl¡øÍ¬Ú

¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ Ó¬¬ı˛À˘¬ı˛ ‚±Ó¬ ¬ı± ‰¬±¬Û ø¬ı¯∏À˚˛ ¤˝◊√√ ’Ò…±À˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À¬ıº ø¬ı¯∏˚˛È¬± ’±¬Û±Ó¬ ¶§26√ ˝√√À˘›

·±øÌøÓ¬fl¡ ¸”S øÚ¬ı˛”¬ÛÌ Ó¬Ó¬È¬± Œ¸±Ê√± Ú˚˛º Œ˚ˆ¬±À¬ı ¸±˜Ó¬ø˘fl¡ Œé¬ÀS ‰¬±¬Û øÚ¬ı˛”¬ÛÌ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º Œ˚À˝√√Ó≈¬

‰¬±¬Û ¬ı± ‚±Ó¬ ¤fl¡øÈ¬ øS˜±øSfl¡ ¬ı√flË¡Ó¬À˘ ø√flË¡˚˛±˙œ˘º Ó¬±˝◊√√ Ó¬±À√¬ı˛ ’é¬øˆ¬øM√√fl¡ Î¬◊¬Û±—˙ øÚÌ«˚˛ fl¡À¬ı˛ ‰¬±¬Û

¤¬ı— Œ˜±È¬ ‚±ÀÓ¬¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¸±˜…¬ıàÔ±˚˛ ¤À√¬ı˛ ¬Ûø¬ı˛˜±À¬Û¬ı˛ Ê√Ú… ¬ıœÊ√·±øÌøÓ¬fl¡ ¸”ÀS¬ı˛

¸±˝√√±˚… ŒÚ›˚˛± ˝√√À˚˛ÀÂ√º fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì ¸˝√√À˚±À· ø¬ı¯∏˚˛È¬±Àfl¡ ø˙é¬±ÔπÀ√¬ı˛ fl¡±ÀÂ√ Ó≈¬À˘ Ò¬ı˛± Œ·ÀÂ√º

14.4 øàÔøÓ¬˙œ˘ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ˆ¬±¬ı˛œ ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ Œ˜±È¬ ‰¬±¬Û

¤fl¡øÈ¬ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ¬ıd≈¬Àfl¡ Ó¬¬ı˛˘ ŒÔÀfl¡ Î¬◊øÍ¬À˚˛ øÚÀ˚˛ Œ¸˝◊√√ Ù¬“√±fl¡± Ê√±˚˛·±øÈ¬ ›˝◊√√ Ó¬¬ı˛˘ ¡Z±¬ı˛±

¬Û”Ì« fl¡¬ı˛À˘ ›˝◊√√ àÔ±ÀÚ ‰¬±¬Û ¤fl¡˝◊√√ Ô±Àfl¡º ¤˝◊√√ ¬ı±Î¬ˇøÓ¬ õ∂˚≈q¡ Ó¬¬ı˛˘øÈ¬Àfl¡ ë’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛˘í ¬ı˘± ˝√√˚˛º

Ó¬¬ı˛À˘¬ı˛ ¤˝◊√√ ’—˙øÈ¬ Ó¬¬ı˛˘øÈ¬¬ı˛ ˆ¬±À¬ı˛¬ı˛ ‰¬±¬Û ˆ¬±¬ı˛Àfl¡f ø√À˚˛ øÚÀ‰¬¬ı˛ ø√Àfl¡ fl¡±˚« fl¡À¬ı˛, › Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡

‚±ÀÓ¬¬ı˛, ˚± Î¬◊ÀåÈ¬±ø√Àfl¡ ø√flË¡˚˛± fl¡À¬ı˛  , ¸±˜…±¬ıàÔ±˚˛ Ô±Àfl¡º

¸≈Ó¬¬ı˛±— Œfl¡±Ú øÚ˜ø7¡¡¡Ó¬ ‚Ú¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ Ó¬¬ı˛À˘¬ı˛ ‰¬±À¬Û¬ı˛ ˜±Ú ›˝◊√√ ‚Ú¬ıd≈¬ fl¡Ó«‘¬fl¡ ’¬Û¸±ø¬ı˛Ó¬

Ó¬¬ı˛À˘¬ı˛ ›Ê√ÀÚ¬ı˛ ¸±ÀÔ ¸˜±Ú › ¤¬ı˛ ø√fl¡ ›˝◊√√ ›Ê√Ú Œ˚ ø√Àfl¡ ø√flË¡˚˛± fl¡À¬ı˛ Ó¬±¬ı˛ ø¬ı¬Û¬ı˛œÓ¬˜≈‡œº ¤˝◊√√

Î¬◊¬Û¬ı˛ø√Àfl¡ ø√flË¡˚˛±¬ı˛Ó¬ Î¬◊~•§ ¬ı˘ ›˝◊√√ ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ˜Ò… ø√À˚˛ ø√flË¡˚˛± fl¡À¬ı˛º ¤Àfl¡˝◊√√

’±øfl«¡ø˜øÎ¬À¸¬ı˛ ÚœøÓ¬ ¬ı˘± ˝√√˚˛º

Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ‚Ú¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ˘øt‚±Ó¬Àfl¡ õ≠¬ıÓ¬± ¬ı˘± ˝√√˚˛º ¤¬ı— ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ˆ¬±¬ı˛Àfl¡fÀfl¡

õ≠¬ıÓ¬± Œfl¡f ¬ı˘± ˝√√˚˛º
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14.5 Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… ’±—ø˙fl¡ˆ¬±À¬ı øÚ˜ø7¡¡¡Ó¬ ø¬ıøˆ¬iß ’±fl¡±À¬ı˛¬ı˛ ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛

Œ˜±È¬ Î¬◊~•§ ‚±Ó¬ ¤fl¡øÈ¬ øÚø«©Ü ø√Àfl¡ Œ˜±È¬ ’Ú≈ˆ”¬ø˜fl¡ ‚±Ó¬º

Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… ’±—ø˙fl¡ˆ¬±À¬ı øÚ˜ø7¡¡¡Ó¬ ø¬ıøˆ¬iß ’±fl¡±À¬ı˛¬ı˛ ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ Œ˜±È¬ Î¬◊~•§ ‚±Ó¬ ¤¬ı—

¤fl¡øÈ¬ øÚø«√©Ü ø√Àfl¡ Œ˜±È¬ ’Ú≈ˆ”¬ø˜fl¡ ‚±Ó¬º

14.5.1 Œ˚ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬ Œ¬ı¬ı˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ı, Ò¬ı˛± ˚±fl¡, Ó¬± ¤fl¡øÈ¬ ¬ı√flË¡À¬ı˛‡± PQRS ¡Z±¬ı˛± ¸œ˜±ø˚˛Ó¬

’±ÀÂ√, ¤Àfl¡ ˆ”¬ø˜ ÒÀ¬ı˛ ¤fl¡øÈ¬ Î¬◊~•§ Œ‰¬±„√√ ’“√±fl¡± ˝√√˚˛ ˚± fl¡±˚«fl¡¬ı˛œ Ó¬À˘¬ı˛ ¸±ÀÔ P�Q�R�S� ¬ı√flË¡À¬ı˛‡±˚˛

ø˜ø˘Ó¬ ˝√√˚˛º

PQRS—P�Q�R�S��Œ‰¬±À„√√ ’¬ıøàÔÓ¬ ¤ ◊̋√√ Ó¬¬ı̨˘Àfl¡ ’±¬ıXÓ¬¬ı̨˘ (Superincumbent fluid) ¬ı˘± √̋√̊ º̨

¤˝◊√√ Œ‰¬±À„√√¬ı˛ øˆ¬Ó¬¬ı˛ ’¬ıøàÔÓ¬ Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡˜±S õ∂˚≈q¡ Î¬◊~•§ ¬ı˘øÈ¬ ˝√√˘ PQRS Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛

’±‚±Ó¬Ê√øÚÓ¬ ˘øt Î¬◊~•§ Î¬◊¬Û±—˙ ¤¬ı— ›Ê√Úº ¸±˜…¬ıàÔ±¬ı˛ fl¡±¬ı˛ÀÌ, ¤˝◊√√ ≈√øÈ¬ ¬ı˘ ¬Û¬ı˛¶Û¬ı˛ ¸˜±Ú ¤¬ı—

ø¬ı¬Û¬ı˛œÓ¬˜≈‡œ ¤¬ı— ¤fl¡˝◊√√ Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛º

˚ø√ Ó¬¬ı˛˘øÈ¬ ÚœÀ‰¬ ‰¬±¬Û Œ√¬ı±¬ı˛ ¬ı√À˘ ø‰¬ÀS õ∂√ø˙«Ó¬ PQRS Ó¬À˘ ‰¬±¬Û Œ√˚˛, Ó¬±˝√√À˘ PQRS-

¤¬ı˛ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±À¬Û¬ı˛ ˜±Ú fl¡±˚«fl¡¬ı˛œ Ó¬À˘¬ı˛ ÚœÀ‰¬ ø¬ıμ≈¬ı˛ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛ fl¡À¬ı˛º ’±À·¬ı˛ ˜Ó¬˝◊√√

¤fl¡øÈ¬ Œ‰¬±„√√ ’“√±fl¡± ˝√√˘º Î¬◊¬Û¬ı˛ø√Àfl¡¬ı˛ ‚±ÀÓ¬¬ı˛ Î¬◊¬Û±—˙ (PQRS-¤¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡] ’¬ı˙…˝◊√√ PQRS

P�Q�R�S� Œ‰¬±À„√√ ’±¬ıX Ó¬¬ı˛À˘¬ı˛ ›Ê√ÀÚ¬ı˛ ¸˜±Ú ˝√√À¬ıº



326

NOSU

¤àÔÀ˘ Î¬◊~•§‚±Ó¬ øÚ•ß˜≈‡œ ˝√√À˘ ¤¬ı— PQ-¤¬ı˛ Î¬◊¬ÛÀ¬ı˛ õ∂fl‘¡Ó¬ Ó¬¬ı˛˘øÈ¬ ’¬ıøàÔÓ¬ ˝√√À¬ı (i)-Ú— ¤¬ı˛

˜Ó¬ ¤¬ı— ÿÒ√ı«˜≈‡œ ˝√√À˘ Ó¬± (ii)-Ú— ø‰¬ÀS¬ı˛ ˜Ó¬ ˝√√À¬ıº

¤àÔÀ˘ Î¬◊~•§‚±Ó¬ øÚ•ß˜≈‡œ ˝√√À˘ ¤¬ı— PQ-¤¬ı˛ Î¬◊¬ÛÀ¬ı˛ õ∂fl‘¡Ó¬ Ó¬¬ı˛˘øÈ¬ ’¬ıøàÔÓ¬ ˝√√À˘ (i)-¤¬ı˛ ˜Ó¬

¤¬ı— ÿÒ√ı«˜≈‡œ ˝√√À˘ Ó¬± (ii)-Ú— ø‰¬ÀS¬ı˛ ˜Ó¬ ˝√√À¬ıº

Ó¬˘øÈ¬ ˚ø√ ¸—˘¢ü ø‰¬ÀS¬ı˛ Ú…±˚˛ ˝√√˚˛, Ó¬±˝√√À˘ PQ-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘øt ÿÒ√ı«˜≈‡œ ‚±Ó¬ Ô±fl¡À¬ı, Œ˚À˝√√Ó≈¬

Ó¬¬ı˛˘øÈ¬ ¤¬ı˛ ÚœÀ‰¬ ’±ÀÂ√º ¤¬ı— ¤¬ı˛ ˜±Ú ˝√√À¬ı PQQ�P�-¤¬ı˛ ˜ÀÒ… ’±¬ıX Ó¬¬ı˛À˘¬ı˛ ›Ê√ÀÚ¬ı˛ ¸˜±Úº

QR ’—À˙¬ı˛ Î¬◊¬Û¬ı˛ ˘øt ‚±Ó¬ øÚ•ß˜≈‡œ ˝√√À¬ıº fl¡±¬ı˛Ì Ó¬¬ı˛˘øÈ¬ ¤¬ı˛ Î¬◊¬ÛÀ¬ı˛ ’±ÀÂ√ ¤¬ı— ¤¬ı˛ ˜±Ú ˝√√À¬ı

QRP�Q�-¤¬ı˛ ˜ÀÒ… ’±¬ıX Ó¬¬ı˛À˘¬ı˛ ›Ê√ÀÚ¬ı˛ ¸˜±Úº

Fig (i) Fig (ii)
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14.5.2 ˘øt ’Ú≈ˆ”¬ø˜fl¡ ‚±Ó¬

Ò¬ı˛± ˚±fl¡ PQRS ¤fl¡øÈ¬ Ó¬˘ ’±ÀÂ√º PP�, QQ�, RR��� SS�� ’efl¡Ú fl¡¬ı˛± ˝√√˘ ˚±¬ı˛± P�Q�RS�

Ú±À˜ ¤fl¡øÈ¬ Î¬◊~•§ õ∂àÔÀ26√√ øÚ˜«±Ì fl¡À¬ı˛ (P Q R S P� Q� R� S� Œ‰¬±À„√√¬ı˛] ¤fl¡˜±S ’Ú≈ˆ”¬ø˜fl¡

‚±Ó¬ ¬˚± ¤¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛, Ó¬± ˝√√˘ PQRS ¤¬ı— P�Q�R�S�-¤¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±¬ı˛Ó¬ ‚±ÀÓ¬¬ı˛ ’Ú≈ˆ”¬ø˜fl¡

Î¬◊¬Û±—˙·≈ø˘º ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… ¤˝◊√√ ¬ı˘≈√øÈ¬ ¸˜±Ú ˝√√À¬ıº

14.6 ¸˜Ó¬˘ ¡Z±¬ı˛± ’±¬ıX ¬ı√flË¡Àé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ ˘øt ‚±Ó¬

Ò¬ı˛± ˚±fl¡ S ¬ı√flË¡Ó¬À˘¬ı˛ Œé¬SÙ¬˘ A Ó¬±˝√√À˘ ¬Û±ø¬ı˛¬Û±øù´«fl¡ Ó¬¬ı˛À˘¬ı˛ ‚±Ó¬ ¤¬ı— A-¤¬ı˛ Ò±À¬ı˛¬ı˛ ‚±ÀÓ¬¬ı˛

¸±ÀÔ ›˝◊√√ ¬ıd≈¬øÈ¬ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡À¬ıº ¤Ê√Ú… ¬ıd≈¬øÈ¬Àfl¡ Ó¬¬ı˛˘ ŒÔÀfl¡ ’¬Û¸±ø¬ı˛Ó¬ fl¡¬ı˛À˘ Œ¸˝◊√√ àÔ±Ú ŒÚÀ¬ı

Œ˚ ¬Ûø¬ı˛˜±Ì Ó¬¬ı˛˘ Ó¬± S › A ¡Z±¬ı˛± ’±¬ıX Ô±fl¡À¬ıº

¤‡Ú ’±øfl«¡ø˜øÎ¬À¸¬ı˛ ÚœøÓ¬ ’Ú≈˚±˚˛œ, ˚ø√ ¤˝◊√√ Ó¬¬ı˛À˘¬ı˛ ›Ê√Ú W ˝√√˚˛, Ó¬±˝√√À˘ Œ¸˝◊√√ õ∂¸Àe· Ó¬˘øÈ¬¬ı˛

Î¬◊¬Û¬ı˛ ‚±Ó¬› W-¤¬ı˛ ¸±ÀÔ ¸˜±Ú øfl¡z≈¬ ÿÒ√ı«˜≈‡œ ˝√√À¬ıº

X › Y ˚ø√ Ó¬˘øÈ¬¬ı̨ Î¬◊¬ÛÀ¬ı̨ õ∂ ≈̊q¡ ‚±ÀÓ¬¬ı̨ ’Ú≈̂ ”¬ø˜fl¡ › Î¬◊~•§ Î¬◊¬Û±—˙

√̋√̊  ̨ Ó¬± √̋√À˘ ¬ı√flË¡Ó¬À˘¬ı̨ Î¬◊¬Û¬ı̨ (S) õ∂ ≈̊q¡ ‚±Ó¬ √̋√À¬ı ˚Ô±√flË¡À˜ –X ¤¬ı— –Y.

¸≈Ó¬¬ı˛±— ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘øt ’Ú≈ˆ”¬ø˜fl¡ ¤¬ı— Î¬◊~•§ ‚±Ó¬ ˚Ô±√flË¡À˜

˝√√À¬ı –X ¤¬ı— W–Y

¤fl¡øÈ¬, ¬ı‘M√√±fl¡±¬ı˛ Œé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¡f Ò¬ı˛± ˚±fl¡ ¬ı±¬ı˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº

Òø¬ı˛, ¤fl¡øÈ¬ ’Ò«À·±˘fl¡ ’±ÀÂ√, ˚±¬ı˛ ˆ”¬ø˜ ˝√√˘ Î¬◊q¡ ¬ı‘M√√±fl¡±¬ı˛ Œé¬SøÈ¬

¤¬ı— ¤øÈ¬ Ó¬¬ı˛À˘ ¬Ûø¬ı˛¬Û”Ì«º Ò¬ı˛± ˚±fl¡ ¤˝◊√√ Œé¬SøÈ¬ Î¬◊~•§ ’±ÀÂ√ ¤¬ı— ¤¬ı˛

Œfl¡f O, h ·ˆ¬œ¬ı˛Ó¬±˚˛ ’±ÀÂ√º
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Ó¬¬ı˛À˘¬ı˛ ›Ê√Ú W g a� 2
3

3�� ,  ÿÒ√ı«ø√Àfl¡ Î¬◊~•§ˆ¬±À¬ı G ¬ı¬ı˛±¬ı¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛, Œ˚‡±ÀÚ G ˝√√˘

’Ò«À·±˘Àfl¡¬ı˛ ˆ¬±¬ı˛Àfl¡f ¤¬ı— OG a� 3
8 . Œ·±˘±fl¡±¬ı˛ Ó¬˘ g��a2h-¤¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬ P, C ˆ”¬ø˜¬ı˛ ¸±ÀÔ

˘•§ˆ¬±À¬ı ø√flË¡˚˛± fl¡À¬ı˛º

¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú…, O-¤¬ı˛ ¶§±À¬ÛÀé¬ √w¬±˜fl¡ ·ÌÚ± fl¡À¬ı˛ ¬Û±˝◊√√,

P.OC = W.OG


 g��a2.h.OC = 2
3

3
8

2g a a�� .

� �OC a
h

2

4
¤øÈ¬ Œé¬SøÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¡f ŒÔÀfl¡ Ó¬±¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ ¬Ûø¬ı˛˜±¬Û ø√À26√º

14.7 Î¬◊√±˝√√¬ı˛Ì˜±˘±

1. ¤fl¡øÈ¬ a ¬ı…±¸±Ò«˚≈q¡ ’Ò«À·±˘±fl¡±¬ı˛ Œé¬S � ‚ÚQ˚≈q¡ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√ ¤¬ı— ¤¬ı˛ Œfl¡f

h ·ˆ¬œ¬ı˛Ó¬±˚˛ ’±ÀÂ√º ’Ò«À·±˘fl¡øÈ¬¬ı˛ ˆ”¬ø˜ ’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸±ÀÔ ‘�’ Œfl¡±ÀÌ ’±ÚÓ¬º ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘øt‚±Ó¬

øÚÌ«˚˛ fl¡¬ı˛≈Úº ’±¬ı˛› õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ (W – V)2 + H2 = ÒË≈¬ıfl¡ ˝√√À¬ı  , V, H ˝√√˘ ˚Ô±√flË¡À˜ ˘øt

Î¬◊~•§ ¤¬ı— ’Ú≈ˆ”¬ø˜fl¡ ‚±Ó¬º

¸˜±Ò±Ú –

Fig (i)                                Fig. (ii)

Ò¬ı˛± ˚±fl¡, H, V ˝√√˘ ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘øt‚±ÀÓ¬¬ı˛ ’Ú≈ˆ”¬ø˜fl¡ ¤¬ı— Î¬◊~•§ ‚±Ó¬º

Ó¬±˝√√À˘, ¬¬ı‘M√√±fl¡±¬ı˛ Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬ = g�� Œé¬SÙ¬˘ × ˆ¬¬ı˛Àfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬±

= g��a2h ˆ”¬ø˜¬ı˛ ¸±ÀÔ ˘•§ˆ¬±À¬ı ø√flË¡˚˛± fl¡À¬ı˛º
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’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›Ê√Ú, W g a� 2
3

3�� ,  ˚± Î¬◊~•§ˆ¬±À¬ı øÚ•ß˜≈‡œ ø√flË¡˚˛±¬ı˛Ó¬ ¤˝◊√√ ‰¬±¬ı˛øÈ¬ ¬ı˘

¸±˜…±¬ıàÔ±˚˛ Ô±fl¡±¬ı˛ Ê√Ú…ñ

(i) Ú— ø‰¬S ŒÔÀfl¡ ¬Û±˝◊√√ñ

H = g��a2h sin �

V = g��a2h cos � �
2
3

3g a��

‘R’ ˚ø√ ˘øt‚±Ó¬ ˝√√˚˛ Ó¬± ’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸±ÀÔ � Œfl¡±ÀÌ ’±ÚÓ¬,

Ó¬±˝√√À˘, R H V g a h h a ah� � � � � �2 2 2 2 2 2
1
24

9
4
3�� �{ cos� �

¤¬ı— tan cos
sin

�
�

�
� � �V

H
a h

h
2 3

3
(ii) Ú— ø‰¬S ŒÔÀfl¡ ¬Û±˝◊√√ñ

H = g��a2h sin �

V g a g a h� 
2
3

3 2�� �� �cos

	 � � 
R g a h a ah�� �2 2 2
1
24

9
4
3 cos� �

¤¬ı— tan cos
sin

�
�

�
� 
2 3

3
a h

h
¤Â√±Î¬ˇ± (W – V)2 + H2 = (g��a2h)2 = ÒË≈¬ıfl¡ ¬ı˛±ø˙, Œ˚À˝√√Ó≈¬ ¤øÈ¬ ‘�’-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘

Ú ˛̊º

2. ˙œ¯∏«Àfl¡±Ì 2��˚≈q¡ ¤fl¡øÈ¬ ˘•§¬ı‘M√√±fl¡±¬ı˛ ˙efl≈¡ øÍ¬fl¡ Ê√˘Ó¬À˘¬ı˛ øÚÀ‰¬ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√º ¤¬ı˛ ¤fl¡øÈ¬

ŒÊ√Ú±À¬ı˛È¬¬ı˛ Ê√˘Ó¬À˘ ’±ÀÂ√º õ∂˜±Ì fl¡¬ı˛≈Ú ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘øt‚±Ó¬ ¤¬ı— ˙efl≈¡ fl¡Ó«‘¬fl¡ ’¬Û¸±ø¬ı˛Ó¬ Ê√À˘¬ı˛

›Ê√ÀÚ¬ı˛ ’Ú≈¬Û±Ó¬ ˝√√˘ 1 3 12� sin : ,�  ¤¬ı— Ó¬± ˙efl≈¡¬ı˛ ’Àé¬¬ı˛ ¸±ÀÔ cot–1 (2 tan �) Œfl¡±ÀÌ

’±ÚÓ¬ Ô±Àfl¡º

¸˜±Ò±Ú – Ò¬ı˛± ˚±fl¡ H ¤¬ı— V ˝√√˘ ˚Ô±√flË¡À˜ ’Ú≈ˆ”¬ø˜fl¡ ¤¬ı— Î¬◊~•§ Î¬◊¬Û±—˙ [¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛

˘øt‚±ÀÓ¬¬ı˛] ˙efl≈¡øÈ¬¬ı˛ Î¬◊2‰¬Ó¬± = h
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¬ı‘M√√±fl¡±¬ı˛ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ‚±ÀÓ¬¬ı˛ ¬Ûø¬ı˛˜±Ì = g�. Œé¬SÙ¬˘ × ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬±

= g��h2 tan2�.h sin � Œé¬ÀS¬ı˛ [ˆ”¬ø˜] ¸±ÀÔ ˘•§ˆ¬±À¬ı ø√flË¡˚˛± fl¡À¬ı˛º

’¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›Ê√Ú, W g rh� 1
3

3 2�� �tan

¤˝◊√√ ‰¬±¬ı˛øÈ¬ ¬ı˘ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡±¬ı˛ Ê√Ú…  ,

H = g��h3tan2� sin �. cos �

V = 1
3

3 2 3 2g h g h�� � �� � � �tan tan .sin .sin


� 
g h�� � �3 2 21
3tan sin� �

‘R’ ˚ø√ ˘øt‚±Ó¬ ˝√√˚˛ ˚± ’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸±ÀÔ � Œfl¡±ÀÌ ’±ÚÓ¬ ’±˜¬ı˛± ¬Û±˝◊√√,ñ

 R H V g h� � � � 
��	

��

2 2 3 2 2 2 2
2

1
21

3�� � � � �tan sin cos sin� �

� �1
3 1 33 2 2g h�� � �tan sin

� � �R
W

1 3 2sin �

¤¬ı—, tan
tan sin

tan sin cos
sin

sin cos�
�� � �

�� � � �

�
� �

� �



� 
V
H

g h

g h

3 2 2

3 2

2
1
3 1 3

3

� �

¸≈Ó¬¬ı˛±— R-¤¬ı˛ ¸±ÀÔ ˙efl≈¡¬ı˛ ’Àé¬¬ı˛ (� + �) Œfl¡±ÀÌ ’±ÚÓ¬ ˝√√À¬ıº

¸≈Ó¬¬ı˛±—, tan (� + �) = 
tan tan

tan tan
� �

� �
�


1

�


 �


 


1 3
3

1 1 3
3

2

2

sin
sin cos

sin
cos

sin
sin cos . sin

cos

�
� �

�
�

�
� �

�
�

� cos
sin

�
�2

	 cot (� + �) = 2 tan �

’Ô¬ı±, (� + �) = cot–1(2 tan �)

3. ¤fl¡øÈ¬ ˘•§¬ı‘M√√±fl¡±¬ı˛ Œ‰¬±„√√ ¸•Û”Ì« øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√º ¤¬ı˛ ¸˜±z¬¬ı˛±˘Ó¬˘¡Z˚˛ ’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸±ÀÔ

�� Œfl¡±ÀÌ ÚÓ¬ ’±ÀÂ√º Œ‰¬±„√√±fl‘¡øÓ¬ Œé¬ÀS¬ı˛ Î¬◊¬Û¬ı˛ ˘øt‚±Ó¬ Œ√‡±Ú Œ˚, sin � x ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛

›Ê√Ú ˝√√À¬ı ¤¬ı— Œfl¡±Ú Œ¬ı˛‡± ¬ı¬ı˛±¬ı¬ı˛ ¤˝◊√√ ‚±Ó¬ ø√flË¡˚˛± fl¡À¬ı˛ Ó¬± øÚÌ«˚˛ fl¡¬ı˛≈Úº
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¸˜±Ò±Ú – ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ Ò¬ı˛± ˚±fl¡ H › V ˝√√˘ ˚Ô±√flË¡À˜ ˘øt‚±ÀÓ¬¬ı˛ ’Ú≈ˆ”¬ø˜fl¡ ¤¬ı— Î¬◊~•§

Î¬◊¬Û±—˙º

Òø¬ı˛, h ¤¬ı— a ˝√√˘ ˚Ô±√flË¡À˜ Œ‰¬±„√√øÈ¬¬ı˛ Î¬◊2‰¬Ó¬± ¤¬ı— ¸˜Ó¬˘ õ∂±z¬¡ZÀ˚˛¬ı˛ ¬ı…±¸±Ò«º ’é¬ AA�-¤¬ı˛

˜Ò…ø¬ıμ≈ ‘O’-¤¬ı˛ ·ˆ¬œ¬ı˛Ó¬± Ò¬ı˛± ˚±fl¡ ‘d’ Î¬◊¬Ûø¬ı˛õ∂±z¬ ‚±Ó¬ P ˝√√À˘,

P = g� Œé¬SÙ¬˘ × ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬±

� 
g a d h�� �2
2 cos� �

¤øÈ¬ ¤¬ı˛ Ó¬À˘¬ı˛ ‰¬±¬ÛÀfl¡f C-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ˆ¬±À¬ı ø√flË¡˚˛± fl¡À¬ı˛º

øÚÀ‰¬¬ı˛ ø√Àfl¡ ‚±Ó¬ P�-¤¬ı˛ ˜±Ú ˝√√À¬ı,ñ

P� = g�� �� Œé¬SÙ¬˘ × ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬±

= g a d h�� �2
2� cos� �, ¤øÈ¬ Ó¬À˘¬ı˛ ‰¬±¬ÛÀfl¡f C�-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ˆ¬±À¬ı ø√flË¡˚˛± fl¡À¬ı˛º

’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›Ê√Ú, W = g��a2h ¤˝◊√√ ¬Û“√±‰¬øÈ¬ ¬ı˘ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º

	 H = (P�� – P) sin � = g��a2h cos � sin �

V = g��a2h – (�� – �) cos � = g��a2h sin2�

R ˚ø√ ˘øt ‚±Ó¬ ˝√√˚˛, ˚± ’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸±ÀÔ �� Œfl¡±ÀÌ Ô±Àfl¡,

¤¬ı— R H V g a h W2 2 2 2� � � ��� � �sin sin

¤¬ı— tan tan ,� �� �V
H   ¬ı±, � = �

¤‡Ú,  AC a

d d
�


 �

2

4
2

cos
sin ,

�
�

� �
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¤¬ı— � � �
�

A C a

d h

2

4 1
2 cos

sin
�

�

� �
	 P.AC = P��A�C�

¸≈Ó¬¬ı˛±— ‘R’-¤¬ı˛ ¬ı˘À¬ı˛‡±øÈ¬ ‘O’ ø¬ıμ≈ ø√À˚˛ ˚±˚˛ ¤¬ı— ’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸±ÀÔ �� Œfl¡±ÀÌ Ô±Àfl¡º

4. ¤fl¡øÈ¬ Œ·±˘Àfl¡¬ı˛ ’©Ü˜±—˙ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√ ˚±¬ı˛ ¤fl¡øÈ¬ Ó¬˘ Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬À˘ ’±ÀÂ√º

õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘øt‚±Ó¬ � �
�
�
� �1 8

2

1
2

�
 ’©Ü˜±—˙ fl¡Ó«‘¬fl¡ ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›Ê√Úº

¤¬ı— ‰¬±¬ÛÀfl¡Àf¬ı˛ [¬ı√flË¡Ó¬À˘¬ı˛] ·ˆ¬œ¬ı˛Ó¬± 
�

�

a

(
,

2 8)�
 Œ˚‡±ÀÚ a ˝√√˘ Œ·±˘Àfl¡¬ı˛ ¬ı…±¸±Ò«º

¸˜±Ò±Ú –

ox, oy, oz ˝√√˘ ’©Ü˜±—˙øÈ¬¬ı˛ õ∂±z¬àÔ ¬ı…±¸±Ò«S˚˛º ¬ı‘ÀM√√¬ı˛ xoy ‰¬Ó≈¬Ô«±—˙ Î¬◊¬Ûø¬ı˛Ó¬À˘ ’±ÀÂ√, Œ˚‡±ÀÚ

xoz ¤¬ı— yoz ‰¬Ó≈¬Ô«±—˙¡Z˚˛ [’Ú… ≈√øÈ¬ ¬ı‘M√√±—À˙¬ı˛] Î¬◊~•§ˆ¬±À¬ı ’±ÀÂ√º

H = ˘øt ‚±ÀÓ¬¬ı˛ ’Ú≈ˆ”¬ø˜fl¡ Î¬◊¬Û±—˙, V = ˘øt‚±ÀÓ¬¬ı˛ Î¬◊~•§ Î¬◊¬Û±—˙º

xoz ¤¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬ p g a a g a1
2 31

4
4
3

1
3� ���

�
�. ,

˚± Ó¬À˘¬ı˛ ¸±ÀÔ ˘•§ˆ¬±À¬ı ø√flË¡˚˛± fl¡À¬ı˛, ¬ı± oy-¤¬ı˛ ¸±ÀÔ ¸˜±z¬¬ı˛±˘, ¤¬ı— ‰¬±¬ÛÀfl¡Àf C1 [Ó¬À˘¬ı˛]

¬ı˛ Î¬◊¬Û¬ı˛ ˚±¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˝√√˘ 
3
16
� aº

yoz ¤¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬ P g a a g a2
2 31

4
4
3� ��
�
�.

˚± Ó¬À˘¬ı˛ ¸±ÀÔ ˘•§ˆ¬±À¬ı ø√flË¡˚˛± fl¡À¬ı˛, ¬ı± ox-¤¬ı˛ ¸±ÀÔ ¸˜±z¬¬ı˛±˘, ¤¬ı— ‰¬±¬ÛÀfl¡f C2 [Ó¬À˘¬ı˛]-

¬ı˛ Î¬◊¬Û¬ı˛ ˚±¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ˝√√˘ 
3
16
� a

	 P1 ¤¬ı— P2 ¤¬ı˛ ¬ı˘À¬ı˛‡±¡Z˚˛ ¬Û¬ı˛¶Û¬ı˛ ¸˜Àfl¡±ÀÌ ’±ÀÂ√º

’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›Ê√Ú W g a g a� �1
8

4
3

1
6

3 3� � ��.  ˚± ‘G’ ¤¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛± fl¡À¬ı˛ (G

�� ’©Ü˜±—˙øÈ¬¬ı˛ ‰¬±¬ÛÀfl¡f]
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� � � �H P P g a1
2

2
2 31

3 2�  ¤¬ı— V g a� 1
6

3��

Œ˚À˝√√Ó≈¬ C1, C2, G-¤¬ı˛ àÔ±Ú±efl¡ S˚˛ ˚Ô±√flË¡À˜ ˝√√˘ñ

3
8

3
16

3
8

3
16a o a o a a, , , , ,� �� � � �  ¤¬ı— 

3
8

3
8

3
8a a a, ,�� �

¸≈Ó¬¬ı˛±—, P1, P2 ¤¬ı— W-¤¬ı˛ ¬ı˘À¬ı˛‡±S˚˛ ¤fl¡øÈ¬ ø¬ıμ≈ÀÓ¬ ø˜ø˘Ó¬ ˝√√˚˛º ¤˝◊√√ øÓ¬ÚøÈ¬ ¬ı˘Àfl¡ ¤fl¡øÈ¬

˘øtÀÓ¬ Ó¬±˝◊√√ õ∂fl¡±˙ fl¡¬ı˛± ˚±˚˛ñ

R ˚ø√ ˘øt‚±Ó¬ ˝√√˚˛ ˚± ’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸±ÀÔ �� Œfl¡±Ì Î¬◊»¬Ûiß fl¡À¬ı˛,

R H V g a� � � �
�
�
�

2 2 3
2

1
21

6 1 8
��

�

øfl¡z≈¬ W g a� 1
6

3�� ,

� � ���
�
�R W1 8

2

1
2

�
,

¤¬ı— tan ,� �
� �

V
H 2 2

 ¸≈Ó¬¬ı˛±— sin � �

�
�

�2 8� �

¸≈Ó¬¬ı˛±— ¬ı√flË¡Ó¬À˘¬ı˛ ‰¬±¬ÛÀfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬± � �
�

a sin � �

�2 8� �
5. ¤fl¡øÈ¬ Ê√Úø¬ı˝√√œÚ Œ·±˘fl¡Àfl¡ Î¬◊~•§ Ó¬˘ ¡Z±¬ı˛± ≈√ˆ¬±À· ˆ¬±· fl¡¬ı˛± ˝√√˘, ˚±¬ı˛± ¬Û¬ı˛¶Û¬ı˛ øÚ•ßÓ¬˜

ø¬ıμ≈ÀÓ¬ ¬Û¬ı˛¶Û¬ı˛ ’±¬ıX ¤¬ı— Ê√˘ ¡Z±¬ı˛± ¬Û≈À¬ı˛±¬Û≈ø¬ı˛ ¬Ûø¬ı˛¬Û”Ì«º õ∂˜±Ì fl¡¬ı˛≈Ú, ≈√øÈ¬ ’ÀÒ«¬ı˛ ÿÒ«Ó¬˜ ø¬ıμ≈¡ZÀ˚˛¬ı˛

˜ÀÒ… Œfl¡±Ú ¸≈ÀÓ¬± ¬ı“√±Ò± Ô±fl¡À˘ Ó¬±ÀÓ¬ È¬±ÀÚ¬ı˛ (Tennsion) ˜±Ú ˝√√À¬ı Œ·±˘fl¡øÈ¬ÀÓ¬ Œ˚ ¬Ûø¬ı˛˜±Ì Ê√˘

ÒÀ¬ı˛ Ó¬±¬ı˛ ›Ê√ÀÚ¬ı˛ 
3
8  ˆ¬±·º

¸˜±Ò±Ú – ¸≈ÀÓ¬±¬ı˛ È¬±Ú = T Ò¬ı˛± ˝√√˘º

Œ˚ Œfl¡±Ú ¤fl¡ˆ¬±À· ’±ÀÂ√ ¤˜Ú Ê√À˘¬ı˛ ›Ê√Ú W gr a� 1
2

4
3

3� �

Œ˚‡±ÀÚ a ˝√√˘ Œ·±˘Àfl¡¬ı˛ ¬ı…±¸±Ò«º

(ii) W gp a� 2
3

3� , ˚± ‘G’ ø¬ıμ≈ ø√À˚˛ ø√flË¡˚˛± fl¡À¬ı˛

(G = ’Ò«À·±˘Àfl¡¬ı˛ ˆ¬±¬ı˛Àfl¡f] Î¬◊~•§ Œ·±˘±fl‘¡øÓ¬ Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬
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P = g�.�a2.a = g��a3 ˚± ‘C’ ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛± fl¡À¬ı˛º

‘B’-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ·ÌÚ± fl¡À¬ı˛ ¬Û±˝◊√√ñ

T.AB = W.OG + P.CB


� T.2a = 
2
3

3
8 4

3 3 2
g a a g a a a

a� ��. � 
� �
= g��a3.a

	 T g a� 1
2

3��

Œ·±˘fl¡ ÒÀ¬ı˛ Ê√À˘¬ı˛ ›Ê√Ú = g a� �. 4
3

3

� �T g a3
8

4
3

3. .� �

14.8 ’Ú≈˙œ˘Úœ › Î¬◊M√√¬ı˛˜±˘±

1. a ¬ı…±¸±Ò«˚≈q¡ ¤fl¡øÈ¬ ’Ò«À·±˘fl¡ � ‚ÚQ˚≈q¡ Ó¬¬ı˛À˘ ¸•Û”Ì« øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√º ¤¬ı˛ ¸˜Ó¬˘øÈ¬

’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸±ÀÔ � Œfl¡±ÀÌ ’±ÚÓ¬ ’±ÀÂ√ ¤¬ı— Œfl¡føÈ¬¬ı˛ ·ˆ¬œ¬ı˛Ó¬± h ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘øt‚±ÀÓ¬¬ı˛ ˜±Ú

› ø√fl¡ øÚÌ«˚˛ fl¡¬ı˛≈Úº

[ ’±ˆ¬±¸ – Î¬◊√±˝√√¬ı˛Ì 1-¤¬ı˛ ˜Ó¬ fl¡À¬ı˛ ˆ¬±¬ı≈Ú]

[Ans. R a w a ah h� � �� �2 2 2
1

24
9

4
3 cos

� �
�

� �
tan cos
sin

1 2 3
3

a h
h� �

2. ¤fl¡øÈ¬ ’Ò«À·±˘fl¡ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√ ˚±¬ı˛ Ê√ø˜¬ı˛ ÿÒ«Ó¬˜ ø¬ıμ≈øÈ¬ Î¬◊¬Ûø¬ı˛Ó¬À˘ ’±ÀÂ√ ¤¬ı—

ˆ”¬ø˜øÈ¬ tan–12 Œfl¡±ÀÌ ’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸±ÀÔ ’±ÚÓ¬º ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘øt‚±Ó¬ øÚÌ«˚˛ fl¡¬ı˛≈Úº

[ ’±ˆ¬±¸ – ’Ú≈̇ œ˘Úœ 1-¤¬ı˛ Î¬◊M√√¬ı˛ ˜±Ú ¬ıø¸À˚˛ fl¡¬ı˛±¬ı˛ Œ‰¬©Ü± fl¡¬ı˛≈Ú ]

[Ans. R = ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›Ê√ÀÚ¬ı˛ ø¡Z·≈Ì ]

3. ¤fl¡øÈ¬ ›Ê√Úø¬ı˝√√œÚ Ù¬“√±fl¡± ˙efl≈¡ ¤fl¡øÈ¬ Ó¬¬ı˛˘ ¡Z±¬ı˛± ¬Û”Ì« fl¡À¬ı˛ Ó¬±¬ı˛ ˆ”¬ø˜¬ı˛ Ò±À¬ı˛¬ı˛ ¤fl¡øÈ¬ øfl¡Â≈√

¡Z±¬ı˛± ŒÁ¡±˘±ÀÚ± ’±ÀÂ√º ˘øt ‰¬±¬Û ˚ø√ Î¬◊~À•§¬ı˛ ¸±ÀÔ �� Œfl¡±ÀÌ ’±ÚÓ¬ Ô±Àfl¡, Ó¬±˝√√À˘ õ∂˜±Ì fl¡¬ı˛≈Úñ

cot cot cot
�

� �� �28
48

3

[ ’±ˆ¬±¸ – Î¬◊√±˝√√¬ı˛Ì 2 ¤¬ı˛ ˜Ó¬ fl¡À¬ı˛ ˆ¬±¬ı≈Ú ]
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4. ¤fl¡øÈ¬ ˘•§ ¬ı‘M√√±fl¡±¬ı˛ ˙efl≈¡ Ê√˘ ¡Z±¬ı˛± ¬Û”Ì« ’±ÀÂ√º ¤øÈ¬ ’±¬ıX fl¡À¬ı˛ ¤¬ı˛ ¤fl¡øÈ¬ fl¡±ø¬ı˛fl¡± Œ¬ı˛‡±

(Generating line) ¬ı¬ı˛±¬ı¬ı˛ ¤Àfl¡ ŒÈ¬ø¬ıÀ˘ ¬ı˛±‡± ˝√√˘º õ∂˜±Ì fl¡¬ı˛≈Ú ˘øt Î¬◊~•§ ¤¬ı— ’Ú≈ˆ”¬ø˜fl¡ ‚±ÀÓ¬¬ı˛

˜±Ú [¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛] ˚Ô±√flË¡À˜ W(1 + 3 sin2�) ¤¬ı— 3W sin� cos�� Œ˚‡±Ú W ˝√√˘ ˙efl≈¡Àfl¡

Œ˚ ¬Ûø¬ı˛˜±Ì Ó¬¬ı˛˘ ÒÀ¬ı˛ Ó¬±¬ı˛ ›Ê√Úº

[ ’±ˆ¬±¸ – ’Ú≈̇ œ˘Úœ 3 ¤¬ı— Î¬◊√±˝√√¬ı˛Ì 2 ^©Ü¬ı… ]

5. ¤fl¡øÈ ˙efl≈¡ Ó¬±¬ı˛ ’Ú≈ˆ”¬ø˜fl¡ ’é¬ ¬ı¬ı˛±¬ı¬ı˛ ¤fl¡øÈ¬ Ó¬¬ı˛À˘ ˆ¬±¸ÀÂ√ ˚±¬ı˛ ‚ÚQ ˙efl≈¡¬ı˛ ‚ÚÀQ¬ı˛ ø¡Z·≈Ìº

¤¬ı˛ ˆ”¬ø˜¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û ¬ı±¬ı˛ fl¡¬ı˛≈Úº õ∂˜±Ì fl¡¬ı˛≈Ú � ˚ø√ Î¬◊~À•§¬ı˛ ¸±ÀÔ ˘øt ‚±ÀÓ¬¬ı˛ [¬ı√flË¡Ó¬À˘] ’±ÚøÓ¬

Œfl¡±Ì ˝√√˚˛ Ó¬±˝√√À˘ tan tan�
�

�� 4
 �� ˝√√˘ ’Ò«˙œ¯∏« Œfl¡±Ì]

[ ’±ˆ¬±¸ – ˙efl≈¡¬ı˛ Î¬◊¬Û¬ı˛ ’Ú≈˙œ˘Úœ › Î¬◊√±˝√√¬ı˛Ì˜±˘± ^©Ü¬ı… ] [Ans. p a w� 2
3

3 ]

6. ¤fl¡øÈ¬ 3��� ¬ı…±¸±Ò« ˚≈q¡ ’Ò«À·±˘Àfl¡¬ı˛ ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ˘øt‚±ÀÓ¬¬ı˛ ˜±Ú ¤¬ı— ø√fl¡ øÚÌ«˚˛ fl¡¬ı˛≈Úº

Œ√›˚˛± ’±ÀÂ√ Œ˚ ’Ò«À·±˘fl¡øÈ¬¬ı˛ ˆ”¬ø˜ Î¬◊~•§ ’±ÀÂ√ ¤¬ı— Œfl¡f Î¬◊¬Ûø¬ı˛Ó¬À˘¬ı˛ ŒÔÀfl¡ 6��� ÚœÀ‰¬ ’±ÀÂ√›

¤¬ı˛ ¤fl¡ ‚Ú ˝◊√√ø=¬ı˛ ›Ê√Ú W ¢∂±˜º

[ ’±ˆ¬±¸ – ’Ò«À·±˘Àfl¡¬ı˛ ‰¬±¬ÛÀfl¡f › Ó¬»¸—√flË¡±z¬ Î¬◊√±˝√√¬ı˛Ì˜±˘± ^©Ü¬ı… ]

[Ans. R wgms� � �18 10 1
3

1� �. tan � �]
7. ¤fl¡øÈ¬ Ê√˘ ¡Z±¬ı˛± ¬Û”Ì« ¬ıX Œ‰¬±À„√√¬ı˛ Î¬◊2‰¬Ó¬± › ¬ı…±¸ ¸˜±Úº ¤øÈ¬ ¤fl¡øÈ¬ ¸≈ÀÓ¬±¬ı˛ ¸±˝√√±À˚… ¤¬ı˛

ˆ”¬ø˜¬ı˛ õ∂±z¬À√˙ ŒÔÀfl¡ ŒÁ¡±˘±ÀÚ± ’±ÀÂ√º Œ‰¬±À„√√¬ı˛ ›Ê√Ú Ú·Ì… ˝√√À˘ ¤¬ı˛ ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¬‚±ÀÓ¬¬ı˛

’Ú≈ˆ”¬ø˜¬ı˛ ¤¬ı— Î¬◊~•§ Î¬◊¬Û±—À˙¬ı˛ ˜±Ú Œ¬ı¬ı˛ fl¡¬ı˛≈Úº

[ ’±ˆ¬±¸ – ˆ”¬ø˜¬ı˛ ¬ı…±¸ ’Ú”ˆ”¬ø˜Àfl¡¬ı˛ ¸±ÀÔ 45º�Œfl¡±Ì fl¡À¬ı˛ ’¬ıøàÔÓ¬ ˝√√À¬ıº ¤¬ı±¬ı˛ Î¬◊√±˝√√¬ı˛ÀÌ Œ‰¬±À„√√¬ı˛

Î¬◊¬Û¬ı˛ fl¡¬ı˛± ¸˜¸…± Œ√‡≈Ú ]

[Ans. R E W
x y� � 2  W = Œ‰¬±À„√√ Œ˚ ¬Ûø¬ı˛˜±Ì Ê√˘ ÒÀ¬ı˛ Ó¬±¬ı˛ ›Ê√Ú ]

8. ≈√øÈ¬ ¸˜±Ú › Ù¬“√±fl¡± ˙efl≈¡¬ı˛ ˙œ¯∏«ø¬ıμ≈¡Z˚˛ Ê≈√ÀÎ¬ˇ ø√À˚˛ ¤fl¡øÈ¬ Î¬¬ı˘ Ù¬±ÀÚ˘ ¬ı±Ú±ÀÚ± ˝√√˘º ¤¬ı˛

¸±Ò±¬ı˛Ì ’é¬Àfl¡ Î¬◊~•§ Œ¬ı˛À‡ ¤fl¡øÈ¬ ˆ”¬ø˜¬ı˛ Î¬◊¬Û¬ı˛ ¸˜Ó¬À˘ √“√±Î¬ˇ fl¡¬ı˛±ÀÚ± ˝√√˘º ¤fl¡øÈ¬ Ó¬¬ı˛˘Àfl¡ ¤˝◊√√ ¬Û±SøÈ¬ÀÓ¬

Ï¬±˘± ˝√√˘ ˚±ÀÓ¬ fl¡À¬ı˛ Î¬◊¬ÛÀ¬ı˛¬ı˛ ’é¬øÈ¬¬ı˛ øÍ¬fl¡ ’ÀÒ«fl¡ ’—˙ øÚ˜ø7¡¡¡Ó¬ ˝√√˚˛º ÚœÀ‰¬¬ı˛ ˙efl≈¡ › ŒÈ¬ø¬ıÀ˘¬ı˛

˜±ÀÁ¡ Ó¬¬ı˛˘øÈ¬ ˚ø√ ¬ıX Ô±Àfl¡, õ∂˜±Ì fl¡¬ı˛≈Ú ¤fl¡øÈ¬ ˙efl≈¡¬ı˛ ‚±Ó¬ › ¤fl¡øÈ¬¬ı˛ Ó¬¬ı˛À˘¬ı˛ ›Ê√ÀÚ¬ı˛ ’Ú≈¬Û±Ó¬

27 : 16 ˝√√À¬ıº

[ ’±ˆ¬±¸ – Î¬◊~•§ øÚ•ß˜≈‡œ › ÿÒ«˜≈‡œ ‚±Ó¬ Œ¬ı¬ı˛ fl¡¬ı˛≈Ú [õ∂ÀÓ¬…fl¡ ˙efl≈¡¬ı˛ Ê√Ú…] ¤¬ı±¬ı˛ ¤À√¬ı˛ ’z¬¬ı˛

fl¡À¬ı˛ ˘øt ÿÒ«˜≈‡œ ‚±Ó¬ Œ¬ı¬ı˛ fl¡¬ı˛≈Úº

¤¬ı±¬ı˛ ¬¤fl¡øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ‚±Ó¬ Œ¬ı¬ı˛ fl¡¬ı˛≈Ú › ¬ıX Ó¬¬ı˛À˘¬ı˛ ›Ê√ÀÚ¬ı˛ ¸±ÀÔ ’Ú≈¬Û±Ó¬ øÚÚ ]
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9. ’Ú≈ˆ”¬ø˜fl¡ ¤fl¡øÈ¬ ¬Û±˝◊√√À¬Û¬ı˛ ˜≈‡ ¤fl¡øÈ¬ ¬ı…±¸±ÀÒ«¬ı˛ (a) Œ·±˘fl¡ ¡Z±¬ı˛± ¬ıX ’±ÀÂ√º Œ·±˘fl¡øÈ¬ Ó¬±¬ı˛

ÿÒ«Ó¬˜ ø¬ıμ≈ÀÓ¬ ¸—˚≈q¡ ’±ÀÂ√º ¬Û±˝◊√√¬ÛøÈ¬ � ‚ÚQ˚≈q¡ Ó¬¬ı˛˘ ¡Z±¬ı˛± ¬Ûø¬ı˛¬Û”Ì« ˝√√À˘ õ∂˜±Ì fl¡¬ı˛≈Ú ¸—˚≈øq¡øÈ¬¬ı˛

¶§±À¬ÛÀé¬ Œ·±˘Àfl¡¬ı˛ Î¬◊¬Û¬ı˛ Ó¬¬ı˛À˘¬ı˛ ‰¬±À¬Û¬ı˛ √w¬±˜fl¡ g��a4.

[ ’±ˆ¬±¸ – Œ‰¬±„√√ ¸—√flË¡±z¬ Î¬◊√±˝√√¬ı˛Ì › õ∂ùü±¬ı˘œ ^©Ü¬ı…º ¤Â√±Î¬ˇ±› √w¬±˜fl¡ ·ÌÚ±¬ı˛ Ê√Ú…

’±¬ıÓ«¬·øÓ¬ø¬ı:±ÀÚ¬ı˛ ¸±˝√√±˚… øÚÚ ]

10. ’é¬Àfl¡ Î¬◊~•§ Œ¬ı˛À‡ ¤fl¡øÈ¬ ˘•§¬ı‘M√√±fl¡±¬ı˛ ˙efl≈¡ Ê√˘ ¡Z±¬ı˛± ¬Û”Ì« fl¡¬ı˛± ˝√√˘ ˚±¬ı˛ ˙œ¯∏«ø¬ıμ≈ øÚ•ß˜≈‡œº

≈√øÈ¬ Î¬◊~•§Ó¬˘ ¡Z±¬ı˛± 2��Œfl¡±ÀÌ ¬Û¬ı˛¶Û¬ı˛ ’±ÚÓ¬, ˚ø√ ’é¬ ¬ı¬ı˛±¬ı¬ı˛ Ô±Àfl¡ Ó¬±˝√√À˘ ¤˝◊√√ ≈√øÈ¬ Ó¬À˘¬ı˛ ˜ÀÒ…fl¡±¬ı˛

Ê√±˚˛·±¬ı˛ Î¬◊¬Û¬ı˛ ˘øt ‚±ÀÓ¬¬ı˛ ø√flƒ¡ øÚÌ«˚˛ fl¡¬ı˛≈Úº Œ˚‡±ÀÚ 2�� ˝√√˘ ˙efl≈¡¬ı˛ ˙œ¯∏« Œfl¡±Ìº

[ ’±ˆ¬±¸ – ˙efl≈¡¬ı˛ ¸˜¸…±¬ı˘œ ^©Ü¬ı… ¤¬ı— ¸˜Ó¬˘ ≈√øÈ¬ › ˙efl≈¡ ¡Z±¬ı˛± ’±¬ıX Ó¬¬ı˛À˘¬ı˛ ’±˚˛Ó¬Ú

Œ¬ı¬ı˛ fl¡À¬ı˛ ˆ¬±¬ı≈Ú ] [Ans. tan sin
tan


1 �
� �� � ]

14.9 ¸±¬ı˛±—˙

¤˝◊√√ ’Ò…±À˚˛ ø¬ıøˆ¬iß õ∂fl¡±À¬ı˛¬ı˛ ¬ı√flË¡Ó¬À˘¬ı˛ ¡Z±¬ı˛± ’±¬ıX fl¡øÍ¬Ú ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ øàÔÓ¬±¬ıàÔ±˚˛ Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ…

’±—ø˙fl¡ ¬ı± ¬Û”Ì«¬ıàÔ±˚˛ øÚ˜ø7¡¡¡Ó¬ ‰¬±¬Û › ‚±ÀÓ¬¬ı˛ ¬Ûø¬ı˛˜±Ì øÚÌ«˚˛ ¬ÛXøÓ¬ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º Œ˜±È¬

’Ú≈ˆ”¬ø˜fl¡ ø√Àfl¡ ‚±Ó¬ ¤¬ı— Î¬◊~•§ ø√Àfl¡ ‚±ÀÓ¬¬ı˛ ¬Ûø¬ı˛˜±Ì øÚÌ«˚˛ fl¡À¬ı˛ Ó¬±¬ı˛ ˘øt øÚÌ«˚˛ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

Ó¬À¬ı ¸˜¸…±¬ı˛ ¸≈ø¬ıÒ±Ê√Úfl¡ ¸˜±Ò±ÀÚ¬ı˛ Ê√Ú… ¬ıd≈¬øÈ¬Àfl¡ ¸˜Ó¬˘ ¡Z±¬ı˛± ŒÂ√√Ú fl¡À¬ı˛ ¤fl¡ø√Àfl¡ ¸˜Ó¬˘ ¡Z±¬ı˛±

’±¬ıX ¬ıd≈¬ ø˝√√¸±À¬ı ø¬ıÀ¬ı‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ’øÒfl¡±—˙ ¸˜¸…± Ó¬¬ı˛˘¬Û√±ÀÔ«¬ı˛ ¸±˜…±¬ıàÔ±˚˛ õ∂˚≈q¡ ¬ı˘Àfl¡

’øˆ¬fl¡¯∏« Ê√øÚÓ¬ ¬ı˘ Ò¬ı˛± ˝√√À˚˛ÀÂ√º ¤Â√±Î¬ˇ±› ø¬ıøˆ¬iß ’±fl¡±À¬ı˛¬ı˛ ’±Ò±ÀÚ¬ı˛ ˜ÀÒ… ’¬ıøàÔÓ¬ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛

’±Ò±ÀÚ±¬Ûø¬ı˛ Ó¬À˘¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±¬Û ¤¬ı— ¸˜¢∂ ’±Ò±ÀÚ¬ı˛ ¬ı√flË¡Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ‚±ÀÓ¬¬ı˛ ¬Ûø¬ı˛˜±Ì øÚÌ«˚˛

fl¡¬ı˛± ˝√√À˚˛ÀÂ√º fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì ¸˝√√À˚±À· ø¬ı¯∏˚˛øÈ¬Àfl¡ ’±À¬ı˛± ’Ô«¬ı˝√√ fl¡¬ı˛±¬ı˛ Œ‰¬©Ü± fl¡¬ı˛± Œ·ÀÂ√ ¬Ûø¬ı˛À˙À¯∏

¸—Àfl¡Ó¬ ¸˝√√ øfl¡Â≈√ ’efl¡ fl¡¬ı˛±¬ı˛ Ê√Ú… ’Ú≈˙œ˘Úœ ø˝√√¸±À¬ı Œ√›˚˛± ˝√√À˚˛ÀÂ√º

14.10 ¸˝√√±˚˛fl¡ ¢∂&Ô±¬ı˘œ

(1) M. Ray & H. S. Sharma. A Text Book of hydrostatics. (Premier Publishing

Co. 1961)

(2) M. L. Khanna. Hydrostatics for B.A. & B.Sc. students (Jai Prakash Nath

& Co. 1970).
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¤fl¡fl¡ 15 �  ‚”Ì«±˚˛˜±Ú ˜±Ò…À˜¬ı˛ øàÔøÓ¬ (Equilibrium of
rotating fluid)

·Í¬Ú

15.1 õ∂d¬±¬ıÚ±

15.2 Î¬◊ÀV˙…

15.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

15.4 õ∂˚≈q¡ ¬ıÀ˘¬ı˛ ˜±Ò…À˜ ‰¬±À¬Û¬ı˛ ’¬ıfl¡˘Ú±—fl¡º

15.5 ‰¬±¬Û ’À¬Ûé¬fl¡ (pressure function)

15.6 ¸˜‰¬±¬Û, ¸˜‚ÚQ ¤¬ı— ¸˜ø¬ıˆ¬À¬ı¬ı˛ Ó¬˘¸˜”À˝√√¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì › Ó¬±»¬Û˚«º

15.7 ‚≈Ì«±˚˛˜±Ú ˜±Ò…À˜¬ı˛ øàÔøÓ¬

15.8 Î¬◊√± √̋√¬ı˛Ì

15.9 ¸—Àfl¡Ó¬ ¸˝√√ ’Ú≈˙œ˘Úœ › Î¬◊M√√¬ı˛˜±˘±

15.10 ¸±¬ı˛±—˙

15.11 ¸˝√√±˚˛fl¡ ¢∂&Ô

15.1 õ∂d¬±¬ıÚ±

·Ó¬ fl¡À˚˛fl¡øÈ¬ ’Ò…±À˚˛ øàÔøÓ¬˙œ˘ ’¬ıàÔ±˚˛ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ˜ÀÒ… øÚ˜ø7¡¡¡Ó¬ Œ˚ Œfl¡±Ú Ò¬ı˛ÀÚ¬ı˛ Ó¬À˘¬ı˛

Î¬◊¬Û¬ı˛ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ‰¬±¬Û ¤¬ı— ‚±Ó¬ ø¬ı¯∏À˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º Ó¬±Â√±Î¬ˇ±› Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ’±Ò±À¬ı˛¬ı˛

Î¬◊¬ÛÀ¬ı˛ Œ˚ ¸±˜ø¢∂fl¡ ‰¬±¬Û Ó¬±› øÚÌ«˚˛ fl¡¬ı˛±¬ı˛ ¬ÛXøÓ¬ Œ√‡±ÀÚ± ˝√√À˚˛ÀÂ√º øfl¡z≈¬ ¤fl¡Ô± ¶§œfl¡±˚« Œ˚ ’øÒfl¡±—˙

Œé¬ÀS ˜±Ò…±fl¡¯∏«Ì ¬ı˘Àfl¡˝◊√√ õ∂˚≈q¡ ¬ı˘ ø˝√√¸±À¬ı Ò¬ı˛± ˝√√À˚˛ÀÂ√º Ó¬±˝◊√√ ¤˝◊√√¸¬ı Ò˜« ¸±Ò±¬ı˛Ìœfl¡¬ı˛ÀÌ¬ı˛ õ∂À˚˛±Ê√Ú

’±ÀÂ√º ’Ô«±» Œ˚ Œfl¡±Ú ¬ı˘À·±á¬œ õ∂À˚˛±· fl¡¬ı˛±¬ı˛ Ù¬À˘ Ó¬¬ı˛˘¬Û√±ÀÔ«¬ı˛ ¸±˜…±¬ıàÔ±˚˛ ‰¬±À¬Û¬ı˛ ø¬ıøˆ¬iß ¬Û˚«±˚˛

¤¬ı— Œ¸˝◊√√ ø˝√√¸±À¬ı ø¬ıˆ¬¬ı ¬ı± ‚ÚÀQ¬ı˛ d¬À¬ı˛¬ı˛ Œ˚ ø¬ıÚ…±¸ Ó¬±¬ı˛ ø¬ıd‘¬Ó¬ ’±À˘±‰¬Ú±¬ı˛ õ∂À˚˛±Ê√Ú ’±ÀÂ√º ¤Â√±Î¬ˇ±›

¸˜Àfl¡ÃøÌfl¡ Œ¬ıÀ· ‚”Ì«±˚˛˜±Ú ¤fl¡øÈ¬ ’±Ò±À¬ı˛ øàÔÓ¬ Ó¬¬ı˛˘¬Û√±ÀÔ«¬ı˛ ø¬ıÀ˙¯∏ ¤fl¡øÈ¬ Ò˜« ˘é¬… fl¡¬ı˛± ˚±˚˛º

¤˝◊√√ ø¬ı¯∏À˚˛ ˚ÀÔ©Ü ’±À˘±‰¬Ú±¬ı˛ ’¬ıfl¡±˙ ’±ÀÂ√º
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15.2 Î¬◊ÀV˙…

¤˝◊√√ ’Ò…±À˚˛ ¸±Ò±¬ı˛Ìˆ¬±À¬ı ¬ı˘À·±á¬œ¬ı˛ õ∂ˆ¬±À¬ı øàÔøÓ¬˙œ˘ ’¬ıàÔ±˚˛ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ø¬ıøˆ¬iß d¬À¬ı˛

‰¬±¬Û ¤¬ı˛ ˜±Ú øÚÌ«˚˛ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¤¬ı˛ Ù¬À˘ Î¬◊¬ÛøàÔøÓ¬ ø¬ı√…±˚˛ ¸±Ò±¬ı˛Ìˆ¬±À¬ı ¬ı˘ õ∂À˚˛±À·¬ı˛ Ù¬À˘ Ó¬¬ı˛À˘¬ı˛

ø¬ıøˆ¬iß ¬Û˚«…±À˚˛ ‰¬±À¬Û¬ı˛ ˜±Ú ¤¬ı— d¬¬ı˛Àˆ¬À√ ‰¬±À¬Û¬ı˛ Ó¬±¬ı˛Ó¬˜… ø¬ı¯∏À˚˛ ¸˜…fl¡ Ò±¬ı˛Ì± Ô±fl¡± ’¬ı˙…˝◊√√ õ∂À˚˛±Ê√Úº

¤Â√±Î¬ˇ± ‚”Ì«±˚˛˜±Ú Ó¬¬ı˛À˘¬ı˛ ’±À¬Ûøé¬fl¡ øàÔøÓ¬ ø¬ı¯∏À˚˛ Ò±¬ı˛Ì± Ô±fl¡± fl¡±˜…º ¤˝◊√√ ’Ò…±À˚˛ ¤¸¬ı ø¬ı¯∏À˚˛ ø¬ı˙√

’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

15.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

¤˝◊√√ ’Ò…±À˚˛ ¸±Ò±¬ı˛Ì ¬ı˘ õ∂À˚˛±À·¬ı˛ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ øàÔÓ¬±¬ıàÔ±¬ı˛ Ô±fl¡±¬ı˛ ˙Ó«¬±ø√ øÚÀ˚˛ ø¬ıd¬±ø¬ı˛Ó¬

’±À˘±‰¬Ú± ˝√√À˚˛ÀÂ√º ¤Â√±Î¬ˇ± Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±À¬Û¬ı˛ fl¡±¬ı˛Ì ø¬ıÀù≠¯∏Ì fl¡À¬ı˛ ‰¬±¬Û ’À¬Ûé¬fl¡Àfl¡ ¸—:±ø˚˛Ó¬ fl¡¬ı˛±

˝√√À˚˛ÀÂ√º øàÔøÓ¬˙œ˘Ó¬±¬ı˛ ˙Ó«¬±¬ı˘œ › ’z¬Ó¬ Ó¬¬ı˛˘À√¬ı˛ ‰¬±¬Û ø¬ıÚ…±¸ øÚÀ˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ø¬ıÀ˙¯∏

fl¡À¬ı˛ ¸˜À¬ıÀ· ‚”Ì«±˚˛˜±Ú Ó¬¬ı˛À˘¬ı˛ ‰¬±¬Û øÚÌ«À˚˛¬ı˛ ¸”S ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¤Â√±Î¬ˇ±› ¸˜‰¬±À¬Û¬ı˛ Ó¬˘¸˜”˝√√

¤¬ı— ¸˜ ‚ÚÀQ¬ı˛ ¬ı± ¸˜ø¬ıˆ¬À¬ı¬ı˛ Œé¬S øÚÀ˚˛› ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì ¸˝√√À˚±À·

ø¬ı¯∏˚˛øÈ¬Àfl¡ ’±À¬ı˛± ¬ı…±‡…± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

15.4 õ∂˚≈q¡ ¬ıÀ˘¬ı˛ ˜±Ò…À˜ ‰¬±À¬Û¬ı˛ ’¬ıfl¡˘Ú±efl¡

¬ı±ø˝√√…fl¡ ¬ı˘¸˜”À˝√√¬ı˛ õ∂ˆ¬±À¬ı Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ õ∂¬ı±˝√√œ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√º Œfl¡±Ú øÚø«√©Ü ø√Àfl¡ PP�

¤fl¡øÈ¬ Δ√‚«… ¤¬ı— PP�� 	� �S [‡≈¬ı ŒÂ√±È¬]

Ò¬ı˛± ˚±fl¡ P ¤¬ı— P�� ø¬ıμ≈ÀÓ¬ ˚Ô±√flË¡À˜ ‰¬±¬Û ˝√√˘ Þ ¤¬ı— Þ�

˚ø√, Þ = f(s) ˝√√˚˛
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Ó¬±˝√√À˘, Þ�� = f(s + �s)

� � � �
�( ) ( ) ( ) ( ) .. . .s s s s s
L


 � 
 ��
2

2

� f(s) + f�(s)�s  [�� (�s)2 ¤¬ı— Î¬◊2‰¬Ó¬¬ı˛ ‚±Ó¬¸˜”˝√√Àfl¡ ’øÓ¬é≈¬^Ó¬±¬ı˛ √¬ı˛≈Ú Î¬◊À¬Ûé¬±

fl¡¬ı˛± ˚±˚˛º ]

¸≈Ó¬¬ı˛±—, Þ�� = �
�
�

���
p
s

¤‡Ú Òø¬ı˛ Œ‰¬±„√√øÈ¬¬ı˛ õ∂àÔÀ26√√ = ��� õ∂¬ı±˝√√œøÈ¬¬ı˛ ·Î¬ˇ ‚ÚQ = �. PP�
�

 ø√Àfl¡ ¬ı±ø˝√√…fl¡ ¬ıÀ˘¬ı˛ ¤fl¡fl¡

ˆ¬À¬ı˛¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±¬ı˛ ˜±Ú Fº

¸≈Ó¬¬ı˛±—, PP�� ø√Àfl¡ ¬ı±ø˝√√…fl¡ ¬ıÀ˘¬ı˛ ˜±Ú = ��F ds

¸±˜…¬ıàÔ±¬ı˛ √¬ı˛≈Úñ

�
��
�
� � �� �� �
��
�
� 
 	

S
S F S

’Ô¬ı±,
�
�

�P
S

F�

�S �� o ˝√√À¬ı p ø¬ıμ≈ÀÓ¬ ‚ÚQ, F ˝√√À¬ı ¬ı±ø˝√√…fl¡ ¬ıÀ˘¬ı˛ PP�
�

 ø√Àfl¡¬ı˛ Î¬◊¬Û±—˙º

¸≈Ó¬¬ı˛±—, ø˘ø˜È¬ øÚÀ˚˛ ¬Û±˝◊√√, 
��
�

�
S

F�

15.5 ‰¬±¬Û ’À¬Ûé¬fl¡ (Pressure function)

¸±˜…±¬ıàÔ±˚˛ Ô±fl¡± ¤fl¡øÈ¬ õ∂¬ı±˝√√œ ¬Û√±ÀÔ«¬ı˛ ˜ÀÒ… Ò¬ı˛± ˚±fl¡ P ¤fl¡øÈ¬ ø¬ıμ≈ ˚±¬ı˛ àÔ±Ú±efl¡ ˝√√˘ (x,

y, z). àÔ±Ú±efl¡Ó¬À˘¬ı˛ ¸±ÀÔ ¸˜±z¬¬ı˛±˘ fl¡À¬ı˛ ¤¬ı— P ¤fl¡øÈ¬ ˙œ¯∏«ø¬ıμ≈ fl¡À¬ı˛ ¤fl¡øÈ¬ ’±˚˛Ó¬±fl¡±¬ı˛ ’±˚˛Ó¬Ú

’“√±fl¡± ˝√√˘ [ø‰¬S ^©Ü¬ı…]
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PS, PQ ¤¬ı— PP�� Ò±¬ı˛·≈ø˘¬ı˛ Δ√‚«… ˚Ô±√flË¡À˜ �x, �y, �z Œ√›˚˛± ’±ÀÂ√ ¤˜Ú ¬ı˘ ¤¬ı— ¤¬ı˛

Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ‰¬±À¬Û¬ı˛ õ∂ˆ¬±À¬ı ’±˚˛Ó¬±fl¡±¬ı˛ ’±˚˛Ó¬ÚøÈ¬ øàÔ¬ı˛ ¸±˜… ’±ÀÂ√º

õ∂øÓ¬ ¤fl¡fl¡ õ∂¬ı±˝√√œøÈ¬¬ı˛ ˆ¬À¬ı˛¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¬ıÀ˘¬ı˛ àÔ±Ú±efl¡ ’é¬SÀ˚˛¬ı˛ ¸±ÀÔ ¸˜±z¬¬ı˛±˘ Î¬◊¬Û±—˙·≈ø˘

˝√√˘ ˚Ô±√flË¡À˜ X, Y, Z ¤¬ı— �� ˝√√˘ ’±˚˛Ó¬±fl¡±¬ı˛øÈ¬¬ı˛ øˆ¬Ó¬¬ı˛ ’±¬ıX õ∂¬ı±˝√√œøÈ¬¬ı˛ (fluid) ·Î¬ˇ ‚ÚQº

PP�Q�Q Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û Þ = �f(x, y, z)  [ Ò¬ı˛± ˝√√˘ ]

Ó¬±˝√√À˘ SS�R�R-¤¬ı˛ Î¬◊¬Û¬ı˛ ‰¬±¬Û ˝√√À¬ı

� �
�
�
�

�

�

�( , , ) ( , , ) ( ) .. . . . . .x x y z f x y z
f
x

x
f

x
x
L


 	 
 
 

2

2

2

2

� �f x y z
f
x

x( , , )
�
�

�      [(�x)2....Œfl¡ Î¬◊À¬Ûé¬± fl¡À¬ı˛ ¬Û±˝◊√√]

� ��
�
�

�
p
x

x

X ’Àé¬¬ı˛ ¸±ÀÔ ¬ı˘À¬ı˛‡±¸˜”˝√√ ·ÌÚ± fl¡À¬ı˛, ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… ¬Û±˝◊√√ñ

P y z P
x

x y z X x y z� � � �
�

� � � � � � �
 � � �� � 0

’Ô¬ı±, 
�
�

�P
x

X�

¤fl¡˝◊√√ˆ¬±À¬ı ¬Û±˝◊√√,

�
�

�Þ
y

Y� , ¤¬ı— 
��
�

�
z

Z�

øfl¡z≈¬ dÞ Þ
x

dx Þ
y

dy Þ
z

dz	 
 
�
�

�
�

�
�

:


 dÞ = �(Xdx + Ydy + Zdz)

¸±˜…¬ıàÔ±¬ı˛ Ê√Ú… Î¬◊¬Ûø¬ı˛Î¬◊q¡ ¸˜œfl¡¬ı˛ÀÌ¬ı˛ Î¬±Ú¬Ûé¬øÈ¬ ¤fl¡øÈ¬ ¸•Û”Ì« ’¬ıfl¡˘ ˝√√À¬ıº

Œ˚À˝√√Ó≈¬, 
�
�

� �
�

� �
�

Þ
x

X Þ
y

Y Þ
z

PZ	 	 	, ,

� � ��
�

�
� �

�
�y

PX P
y x x

PY( ) ( )
2
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¤¬ı— ¤fl¡˝◊√√¬ı˛fl¡˜ ≈√øÈ¬ ¸˜œfl¡¬ı˛Ì ¬Û±¬ıº

¤˝◊√√ ¸˜œfl¡¬ı˛Ì ŒÔÀfl¡ ¬Û±˝◊√√ñ

� �
�

��
�

�
�
�

�
�

X
y

X
y

y
x

Y P
x

� � �

’Ô¬ı±, �
�
�

�
�

��
�

��
�

X
y

X
x

Y
x

X
y



�
�

�
� 	 


¤fl¡˝◊√√ˆ¬±À¬ı ’Ú… ≈√øÈ¬ ¸•Ûfl«¡ ŒÔÀfl¡ ¬Û±˝◊√√ñ

� �
�

�
�

��
�

��
�

Y
z

Z
y

Z
y

Y
z



�
�

�
� 	 


¤¬ı— �
�
�

�
�

��
�

��
�

Z
x

X
z

X
z

Z
x


 	 
� �

Œ˙¯∏ øÓ¬ÚøÈ¬ ¸˜œfl¡¬ı˛ÌÀfl¡ ˚Ô±√flË¡À˜ Z, X, Y ¡Z±¬ı˛± ·≈Ì fl¡À¬ı˛ Ó¬±¬ı˛¬Û¬ı˛ ¬Û¬ı˛¶Û¬ı˛ Œ˚±· fl¡À¬ı˛ ¬Û±˝◊√√ñ

X Y
z

Z
y

Y Z
x

X
z

Z X
y

Y
x

�
�

�
�

�
�

�
�

�
�

�
�



�
�

�
� 
 
�

�
�
� 
 


�
�

�
� 	 0

¤fl¡øÈ¬ ˝√√˘ Œ¸˝◊√√ ¸•Ûfl«¡ ˚±Àfl¡ ¸±˜…±¬ıàÔ±˚˛ √¬ı˛≈Ú X, Y, Z ø¸X fl¡¬ı˛À¬ıº

15.6 ¸˜‰¬±¬Û, ¸˜‚ÚQ ¤¬ı— ¸˜ø¬ıˆ¬À¬ı¬ı˛ Ó¬˘¸˜”À˝√√¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÀÌ¬ı˛›

Ó¬±»¬Û˚«

¸˜d¬ Ê√±˚˛·±˚˛ Œ˚‡±ÀÚ Ó¬¬ı˛À˘¬ı˛ ¸±˜…±¬ıàÔ± ¸y¬¬ı, ’±˜¬ı˛± ¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√

Þ = � (x, y, z)

˚ø√ Þ� = ÒË≈¬ıfl¡ ˝√√˚˛ Ó¬±˝√√À˘, �(x, y, z) = C [ÒË≈¬ıfl¡¬ı˛±ø˙ Ò¬ı˛± ˝√√˘]

¤˝◊√√ ¸˜œfl¡¬ı˛ÌøÈ¬ Œ¸˝◊√√ Ó¬À˘¬ı˛ Œ˚‡±ÀÚ ¸˜ø¬ıμ≈ÀÓ¬ ‰¬±À¬Û¬ı˛ ˜±Ú ÒË≈¬ıfl¡ ˝√√À¬ıº ‘C’-¤¬ı˛ ø¬ıøˆ¬iß ˜±ÀÚ¬ı˛

Ê√Ú… ’±˜¬ı˛± ¤fl¡øÈ¬ Ó¬À˘¬ı˛ Œ|Ìœ ¬Û±˝◊√√ ˚±Àfl¡ ¸˜‰¬±À¬Û¬ı˛ Ó¬˘ ¬ıÀ˘º

ø¬ıÀ˙¯∏ Ê√±˚˛·±˚˛, ˚ø√ C = 0 ˝√√˚˛, Ó¬±˝√√À˘,

�(x, y, z) 	� �

(x, y, z) ø¬ıμ≈ÀÓ¬ Ú˜«…±À˘¬ı˛ ø√fl¡ Œfl¡±¸±˝◊√√ÀÚ¬ı˛ ¸±ÀÔ ¸˜±Ú≈¬Û±Ó¬œ, 
��

�

��

�

��

�x y z
, ,
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¬ı˛±ø˙·≈ø˘ �(x, y, z) = Þ ¤¬ı˛ Ê√Ú… 
�
�

�
�

�
�

Þ
x

Þ
y

Þ
z

, ,  -¤¬ı˛ ¸±ÀÔ ¸˜±Ú ˝√√À¬ıº

¬ı±, PX, PY, PZ-¤¬ı˛ ¸±ÀÔ ¸˜±Ú ˝√√À¬ıº

¸≈Ó¬¬ı˛±— ˚Ô±√flË¡À˜ X, Y, Z-¤¬ı˛ ¸±ÀÔ ¸˜±Ú≈¬Û±Ó¬œ ˝√√À¬ıº


 ¸˜‰¬±À¬Û¬ı˛ Ó¬˘Àfl¡ ¬ı˘À¬ı˛‡±¸˜”˝√√ ˘•§ˆ¬±À¬ı ŒÂ√√ fl¡À¬ı˛º

¤‡Ú (Xdx + Ydy + Zdz) ¤fl¡fl¡ ˆ¬À¬ı˛¬ı˛ Î¬◊¬Û¬ı˛ ¬ı±ø˝√√…fl¡ ¬ı˘ õ∂ˆ¬±À¬ı fl¡±À˚«¬ı˛ ¬Ûø¬ı˛˜±¬Û Œ√˚˛, Œ¸‡±ÀÚ

¸¬ı˛Ì ˝√√˘ (x, y, z) ŒÔÀfl¡ ‡≈¬ı ¸±˜±Ú… ¬Ûø¬ı˛˜±Ìº ¤˝◊√√ fl¡±˚«Àfl¡ ¸—¬ı˛é¬œ ¬ı˘Àé¬ÀS¬ı˛ Ê√Ú… é¬˚˛Àfl¡ –dv

ø√À˚˛ ø‰¬ø˝êÓ¬ fl¡¬ı˛À˘  , Œ˚‡±ÀÚ V ˝√√˘ ø¬ıˆ¬¬ı ’À¬Ûé¬fl¡ [¤fl¡fl¡ ˆ¬À¬ı˛¬ı˛ Ê√Ú…]  , ’±˜¬ı˛± ¬Û±˝◊√√,

dÞ� 	� – �dv

Œ˚À˝√√Ó≈¬ dÞ ˝√√˘ ¬Ûø¬ı˛¬Û”Ì« ’¬ıfl¡˘, ¸≈Ó¬¬ı˛±— �dv › ¤fl¡øÈ¬ ¬Ûø¬ı˛¬Û”Ì« ’¬ıfl¡˘ (exact differential)

√̋√À¬ıº

¸≈Ó¬¬ı˛±— ˝√√˚˛ � = ÒË≈¬ıfl¡ ˝√√À¬ı, ¬ı± � ˝√√À¬ı V-¤¬ı˛ ¤fl¡øÈ¬ ’À¬Ûé¬fl¡ ¤¬ı— Œ¸Àé¬ÀS P › V-¤¬ı˛ ’À¬Ûé¬fl¡

˝√√À¬ıº ¸≈Ó¬¬ı˛±—, ¤˝◊√√ øÓ¬ÚøÈ¬¬ı˛ ˜ÀÒ… ¤fl¡øÈ¬ ’z¬Ó¬– ÒË≈¬ıfl¡ ˝√√À˘, ¬ı±fl¡œ ≈√øÈ¬› Ó¬±˝◊√√ ˝√√À¬ıº

¸≈Ó¬¬ı˛±— ¸—¬ı˛é¬œ ¬ı˘Àé¬ÀS¬ı˛ (Conservative field of forces) Ê√Ú… ¸˜‰¬±À¬Û¬ı˛ Ó¬˘, ¸˜‚ÚÀQ¬ı˛

Ó¬˘ ¤¬ı— ¸˜ø¬ıˆ¬À¬ı¬ı˛ Ó¬˘ ¬Û¬ı˛¶Û¬ı˛ ’øˆ¬iß ˝√√À¬ıº

¤‡Ú ¸˜‚ÚQ ¤¬ı— ¸˜‰¬±À¬Û¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛ÌøÈ¬ øÚÌ«˚˛ fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº

Œ˚À˝√√Ó≈¬ � = ÒË≈¬ıfl¡ñ

d
x

dx
y

dy
z

z�
��
�

��
�

��
�

�� � � � 0

¤Â√±Î¬ˇ±›, Þ = ÒË≈¬ıfl¡,   
� dp = 0

’Ô¬ı±, Xdx + Ydy + Zdz = 0 Œ˚À˝√√Ó≈¬ P = ÒË≈¬ıfl¡

¬ı<·≈ÌÚ õ∂ø√flË¡˚˛±¬ı˛ ¸±˝√√±À˚… ¸˜±Ò±Ú fl¡À¬ı˛ ¬Û±˝◊√√ñ

dx

Z
y

Y
z

dy

X
z

Z
x

dz

Y
x

X
y

��
�

��
�

��
�

��
�

��
�

��
�



�



�
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’±À·¬ı˛ ’Ò…±˚˛ ŒÔÀfl¡ ¬Û±˝◊√√ñ

dx
Y
z

Z
z

dy
Z
x

X
z

dz
X
y

Y
x

� �
�

�
�

� �
�

�
�

� �
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�


�
�

�
�
	


�
�

�
�
	



�
�

�
�

¤‡Ú ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… õ∂À˚˛±Ê√Úœ˚˛ ˙Ó«¬øÈ¬ øÚ•ß¬ı˛”¬Ûñ

dx
Y
z

Z
z

dy
Z
x

X
z

dz
X
y

Y
x

�
�

�
�

�
�

�
�

�
�

�
�



	



	




¤é¬ÀÌ ˚ø√ P ø¬ıμ≈ÀÓ¬ Ó¬¬ı˛À˘¬ı˛ Q¬ı˛Ì f ˝√√˚˛ Ó¬±˝√√À˘ ’é¬S˚˛ ¬ı¬ı˛±¬ı¬ı˛ Ó¬±À√¬ı˛ Î¬◊¬Û±—˙S˚˛ ˝√√À¬ı fx,

fy ¤¬ı— fz ¬ı±ø˝√√…fl¡ ˘øt ¬ı˘ R ¤¬ı— T ˚ø√ Ó¬¬ı˛˘ fl¡Ó«‘¬fl¡ õ∂˚≈q¡ ‚±Ó¬ ˝√√˚˛, Ó¬±˝√√À˘ R ¤¬ı— T ¬Û¬ı˛¶Û¬ı˛Àfl¡

¸±˜…±¬ıàÔ±˚˛ ¬ı˛±‡À¬ıº ¤‡Ú ˚ø√ Ó¬¬ı˛˘øÈ¬ ·øÓ¬˙œ˘ ˝√√˚˛ ¤¬ı— õ∂ÀÓ¬…fl¡ é≈¬^ ’—À˙¬ı˛ ˆ¬¬ı˛ m ¤¬ı— Q¬ı˛Ì

f ˝√√˚˛, Ó¬±˝√√À˘ fl¡±˚«fl¡¬ı˛œ ¬ı˘ mf ˝√√À¬ı ¸¬ı¬ı˛fl¡˜ ¬ıÀ˘¬ı˛ ˘øt¬ı˛ ¸±ÀÔ ¸˜±Úº

¤é¬ÀÌ ‰¬±¬Û ’À¬Ûé¬fl¡ ŒÔÀfl¡ ¬Û±˝◊√√ñ

dp = �(Xdx + Ydy + Zdz), Ó¬¬ı˛˘øÈ¬ ·øÓ¬˙œ˘ ˝√√¬ı±¬ı˛ Ê√Ú… ¬Û±˝◊√√,

dp = �[(X – fx)dx + (Y – fy)dy + (Z – fz)dz}

ø˙©Ü Ó¬¬ı˛À˘¬ı˛ (perfect fluid) Œé¬ÀS ˚ø√ ˝√√Í¬±» fl¡À¬ı˛ ·øÓ¬¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√˚˛, Ó¬±˝√√À˘ Œfl¡±Ú ø¬ıμ≈ÀÓ¬

¸˜‚±Ó¬¬ıÀ˘¬ı˛ Ó¬˘ Œ¸˝◊√√ ø¬ıμ≈ÀÓ¬ ·øÓ¬¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ø√Àfl¡¬ı˛ ¸±ÀÔ ˘•§ˆ¬±À¬ı Ô±fl¡À¬ıº Œfl¡±Ú ø¬ıμ≈ÀÓ¬ v

˚ø√ ·øÓ¬¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ¸”ø‰¬Ó¬ fl¡À¬ı˛º [Ò¬ı˛± ˚±fl¡ x-’é¬¬ı¬ı˛±¬ı¬ı˛] ¤¬ı— ��˚ø√ ø˙©Ü Ó¬˘øÈ¬¬ı˛ ‚ÚQ ˝√√˚˛, Ó¬±˝√√À˘ñ

�
�

Þ
x

Pv�

Œ˚‡±ÀÚ Þ ˝√√˘ Œ¸˝◊√√ ø¬ıμ≈ÀÓ¬ ‚±Ó¬¬ı˘º

¤‡Ú Ó¬¬ı˛˘øÈ¬ ˚ø√ ’øˆ¬fl¡À¯∏«¬ı˛ õ∂ˆ¬±À¬ı ¸±˜…±¬ıàÔ±˚˛ Ô±Àfl¡, Ó¬±˝√√À˘ XY Ó¬˘Àfl¡ ’Ú≈ˆ”¬ø˜fl¡ ÒÀ¬ı˛

¬Û±˝◊√√ñ

X = O, Y = O, Z = –g, Z-’é¬ ˝√√˘ Î¬◊¬Û¬ı˛ø√Àfl¡ ÒÚ±Rfl¡º


 dÞ = �(Xdx + Ydy + Zdz)

= – �gdz

�� ˚ø√ ÒË≈¬ıfl¡ ˝√√˚˛, Ó¬¬ı˛˘øÈ¬ ¸˜¸N,

¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√, Þ = C – g�z
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¸˜≈^¬Û‘Àá¬ (z = 0) ˚ø√ ¬ı±˚˛≈˜G¬˘œ˚˛ ‰¬±¬Û �� ˝√√˚˛, Ó¬±˝√√À˘ C = �

¸≈Ó¬¬ı˛±—,   Þ = �� – g�z

˚ø√ ¬ı±˚˛≈˜G¬˘Àfl¡ ÒÓ«¬À¬ı…¬ı˛ ˜ÀÒ… Ú± ’±Ú± ˝√√˚˛, Ó¬±˝√√À˘ Þ = –gfz ¸˜‰¬±À¬Û¬ı˛ Ó¬À˘ Þ = ÒË≈¬ıfl¡

¬ı˛±ø˙, ¸≈Ó¬¬ı˛±— Z = ÒË≈¬ıfl¡ ¬ı˛±ø˙ ˝√√À¬ıº ’Ô«±» xy Ó¬À˘¬ı˛ ¸±ÀÔ ¤fl¡øÈ¬ ¸˜±z¬¬ı˛±˘ Ó¬˘ ’±˜¬ı˛± ¬Û±¬ıº

¸≈Ó¬¬ı˛±— ’øˆ¬fl¡À¯∏«¬ı˛ õ∂ˆ¬±À¬ı ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡± Œfl¡±Ú Ó¬¬ı˛À˘¬ı˛ ˜≈q¡Ó¬˘ ˝√√˘ ¤fl¡øÈ¬ ’Ú≈ˆ”¬ø˜fl¡ Ó¬˘º

¤fl¡˝◊√√ ¬ı˛fl¡˜ ˝√√À¬ı ¸˜‰¬±¬Û › ¸˜‚ÚÀQ¬ı˛ Ó¬À˘¬ı˛ Œ¬ı˘±ÀÓ¬›º ¤ ŒÔÀfl¡ ¬ı˘± ˚±˚˛ ˚‡Ú ’øˆ¬fl¡À¯∏«¬ı˛ õ∂ˆ¬±À¬ı

≈√øÈ¬ øˆ¬iß Ó¬¬ı˛˘ ¬Û¬ı˛¶Û¬ı˛ Ú± ø˜À˙ øàÔ¬ı˛ Ô±Àfl¡, Ó¬‡Ú Ó¬±À√¬ı˛ ø¬ıÀˆ¬√ Ó¬˘ ’Ú≈ˆ”¬ø˜fl¡ ˝√√˚˛º

15.7 ‚”Ì«±˚˛˜±Ú ˜±Ò…À˜ øàÔøÓ¬

Ò¬ı˛± ˚±fl¡ øfl¡Â≈√ ¬Ûø¬ı˛˜±Ì õ∂¬ı±˝√√œ ¸˜ˆ¬±À¬ı ‚”Ì«±˚˛˜±Ú ¤¬ı— Ó¬±À√¬ı˛ Œfl¡±Ú fl¡Ì±¬ı˛ ¬Û¬ı˛¶Û¬ı˛ ’±À¬Ûøé¬fl¡

¸¬ı˛Ì ŒÚ˝◊√√ (rigid)º ‚”Ì«ÚøÈ¬ ˚ø√ ¤fl¡øÈ¬ øàÔ¬ı˛ ’Àé¬¬ı˛ ¶§±À¬ÛÀé¬ ˝√√˚˛, Ó¬±˝√√À˘ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±¬Û ¤¬ı—

¸˜‰¬±À¬Û¬ı˛ Ó¬˘ ¸•§À&Ò ‰¬±¬Û ’À¬Ûé¬fl¡ ’±˜±À√¬ı˛ ¤fl¡È¬± Ò±¬ı˛Ì± Œ√À¬ıº

¤‡±ÀÚ ø‰¬ÀS¬ı˛ ˜Ó¬ ‘Z’-Œfl¡ ‚”Ì«Ú ’é¬ Ò¬ı˛± ˝√√˘º r ”√¬ı˛ÀQ õ∂¬ı±˝√√œ¬ı˛ ˆ¬¬ı˛ m ˝√√À˘, õ∂¬ı±˝√√œ¬ı˛ ‰¬±¬Û

mw2r-¤¬ı˛ ¸±ÀÔ ¸˜±Ú ˝√√À¬ıº �� ˝√√˘ ‚”Ì«Ú ’Àé¬¬ı˛ ø√Àfl¡ Œfl¡ÃøÌfl¡ Œ¬ı·º øàÔ¬ı˛ ¸±À˜…¬ı˛ Ê√Ú… õ∂¬ı±˝√√œ¬ı˛

‰¬±¬Û, ¬ı±ø˝√√…fl¡ õ∂˚≈q¡ ¬ı˘ ¤¬ı— m�2r ¸±˜…±¬ıàÔ±˚˛ Ô±Àfl¡º


 ¸±˜…±¬ıàÔ±˚˛ ¸±Ò±¬ı˛Ì ¸”SøÈ¬ ˝√√À¬ıñ

dp = �(Xdx + Ydy + Zdz + w2rcos�dx + w2rsin � dy)

˚ø√ ‘m’ fl¡Ì±¬ı˛ àÔ±Ú±efl¡ (x, y, z) ˝√√˚˛, Ó¬±˝√√À˘ x = r cos ��� y = r sin � ;


 dp = �(Xdx + Ydy + Zdz + w2xdx + w2ydy)
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˚ø√ ’øˆ¬fl¡¯∏«˝◊√√ ¤fl¡˜±S õ∂˚≈q¡ ¬ı˘ ˝√√˚˛, Ó¬±˝√√À˘ñ

dp = �(w2xdx + w2ydy – gdz) = �(w2rdr – gdz)

˚ø√ õ∂¬ı±˝√√œøÈ¬ ¸˜¸N ˝√√˚˛, � = ÒË≈¬ıfl¡ ˝√√À¬ı, ¸˜±fl¡˘ÀÚ¬ı˛ ¸±˝√√±À˚… ¬Û±˝◊√√ñ

P = C + � 
1
2

2 2 2w x y gz( )� 


= C + �
1
2

2 2w r gz
� �

˜≈q¡Ó¬À˘¬ı˛ ˙œ¯∏«ø¬ıμ≈ÀÓ¬ ˜”˘ø¬ıμ≈ Ò¬ı˛À˘ p = �� ˚‡Ú r = 0, z = 0

¸≈Ó¬¬ı˛±— C = �� ¤¬ı— Þ = � + �
1
2

2 2w r gz
� �

¸≈Ó¬¬ı˛±— ¸˜‰¬±À¬Û¬ı˛ Ó¬˘øÈ¬ ˝√√˘ñ

r
g

w
Z2

2
2

	 
 ÒË≈¬ıfl¡¬ı˛±ø˙

’Ô«±», ¤¬ı˛± ˝√√˘ ‚”Ì«ÀÚ¬ı˛ ’øÒ¬ı‘M√√fl¡ ˚±À√¬ı˛ ¤fl¡˝◊√√ Ú±øˆ¬˘•§ 2g/w2

(Paraboloids of revolution having the same latus rectum 2g/w2)

˚ø√ ’¸˜¸N õ∂¬ı±˝√√œ ˝√√˚˛, Ó¬±˝√√À˘ ��= ‰¬˘¬ı˛±ø˙, ¤‡Ú dP ˝√√˘ ¬Ûø¬ı˛¬Û”Ì« ’¬ıfl¡˘, ¸≈Ó¬¬ı˛±— �� ˝√√À¬ı

1
2

2 2w r gz
 -¤¬ı˛ ¤fl¡øÈ¬ ’À¬Ûé¬fl¡º ¸≈Ó¬¬ı˛±— ‚”Ì«ÀÚ¬ı˛ Œ¸˝◊√√ ¤fl¡˝◊√√ ’øÒ¬ı‘M√√fl¡ ¸˜‚ÚÀQ¬ı˛ Ó¬˘› ¬ıÀÈ¬º

15.8 Î¬◊√±˝√√¬ı˛Ì˜±˘±

(1) Z ·ˆ¬œ¬ı˛Ó¬±˚˛ ¬Û‘øÔ¬ıœ¬ı˛ ’±fl¡¯∏«Ì a + bz ˝√√À˘, õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ Œ¸˝◊√√ ·ˆ¬œ¬ı˛Ó¬±˚˛ Ê√À˘¬ı˛ ‰¬±¬Û

˝√√À¬ı � �az bz� �1
2

2� �,  Ê√À˘¬ı˛ ‚ÚQº

¸˜±Ò±Ú – dp = �(a + bz)dz


 p = � az bz C� �1
2

2� �    [C = ¸˜±fl¡˘Ú ÒË≈¬ıfl¡ ]

Òø¬ı˛, p = o ˚‡Ú z = o Ó¬À˘, ¸≈Ó¬¬ı˛±— c = o,
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’Ó¬¤¬ı, p = � az bz� 1
2

2� � [õ∂˜±øÌÓ¬]

2. a ¬ı…±¸±Ò«˚≈q¡ ¬ı‘M√√±fl¡±¬ı˛ øÈ¬Î¬◊À¬ı Ó¬¬ı˛˘ ¬Û√±Ô« ’±ÀÂ√º Î¬◊~À•§ Ó¬À˘ ’¬ıàÔ±Ú¬ı˛Ó¬ ¤˝◊√√ øÈ¬Î¬◊¬ıøÈ¬ Î¬◊~•§

’é¬Àfl¡ ÒÀ¬ı˛ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º ˚ø√ Ó¬¬ı˛˘øÈ¬ ¬ı‘ÀM√√¬ı˛ Œfl¡Àf ��Œfl¡±Ì Î¬◊»¬Ûiß fl¡À¬ı˛, Ó¬±˝√√À˘ ¸¬ı«øÚ•ß Œ˚ Œfl¡ÃøÌfl¡

·øÓ¬À¬ıÀ·¬ı˛ Ê√Ú… Ó¬¬ı˛˘øÈ¬ ≈√ˆ¬±À· ø¬ıˆ¬q¡ ˝√√À¬ı Ó¬±¬ı˛ ˜±Ú ( / ), secg a �
4� �  ˝√√À¬ıº

¸˜±Ò±Ú – OD-Œfl¡ Z ’é¬ Ò¬ı˛± ˝√√˘ [øÚ•ß˜≈‡œ]º Œfl¡±Ú ø¬ıμ≈ (P)-ŒÓ¬ ‰¬±¬Û ˝√√˘º

dp = P(�2rdr + gdz)

¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√, p = C + P
1
2

2 2� r gz�� � .

õ∂øÓ¬¸±À˜…¬ı˛ Ê√Ú… Ó¬¬ı˛˘øÈ¬ øÈ¬Î¬◊À¬ı¬ı˛ ≈√ø√Àfl¡˝◊√√ ¸˜±Úˆ¬±À¬ı Î¬◊Í¬À¬ı, w ˚ø√ Œfl¡ÃøÌfl¡ Œ¬ı· ˝√√˚˛, ˚‡Ú

Ó¬¬ı˛˘øÈ¬ øÍ¬fl¡ ≈√ˆ¬±À· ø¬ıˆ¬q¡ ˝√√˚˛, Ó¬‡Ú øÚ•ßÓ¬˜ø¬ıμ≈ D-ŒÓ¬ ‰¬±¬Û ˙”Ú… ˝√√À¬ıº ’Ô«±» D-ŒÓ¬, p = o

˚‡Ú z = a ¤¬ı— r = 0


 0 = C + �ga

¬Û≈Ú¬ı˛±˚˛, A ø¬ıμ≈ÀÓ¬, p = o ˝√√˘ ˜≈q¡ Ó¬˘,

Z a� cos ,�2  ¤¬ı— r a� sin �2


 O C P a ga� � �1
2 2 2

2 2 2� � �sin cos� �

¸≈Ó¬¬ı˛±—, 
1
2 2 2 1 2 2 4

2 2 2 2� � � � �a ga ga ga gasin cos ( cos ) sin� 
 � 
 �


 	 	 
 	w
g

a

g
a w

g
a

2
2

2 2
2

4 4

4
4 4

4 4

sin

. sin cos
sec .sec

�

� �
� �

� [õ∂˜±øÌÓ¬]
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3. a ¬ı…±¸±Ò«˚≈q¡ ¤fl¡øÈ¬ Œ‰¬±„√√ Ê√˘¬Û”Ì« ’¬ıàÔ±˚˛ h ·ˆ¬œ¬ı˛Ó¬±˚˛ øÚ˜ø7¡¡¡Ó¬ ’±ÀÂ√º ¤fl¡øÈ¬ ¸”Ñ Î¬◊~•§

øÈ¬Î¬◊¬ı Œ‰¬±À„√√¬ı˛ ’é¬ ŒÔÀfl¡ d(>a) ”√¬ı˛ÀQ ŒÔÀfl¡ Œ‰¬±À„√√¬ı˛ Úœ‰¬ ’¬ıøÒ ¶Û˙« fl¡À¬ı˛º Œ‰¬±À„√√¬ı˛ ’é¬ ¶§±À¬ÛÀé¬

øÂ√^øÈ¬Àfl¡ ¸˜ˆ¬±À¬ı ‚≈¬ı˛ÀÓ¬ ø√À˘, Œ√‡±Ú Œ˚ Ê√˘Ó¬˘Àfl¡ X Î¬◊2‰¬Ó¬±˚˛ Ó≈¬˘ÀÓ¬ ˝√√À˘ [Œ‰¬±À„√√¬ı˛ øÚÀ‰¬¬ı˛ Ó≈¬˘Ú±˚˛]

Œ˚ Œfl¡ÃøÌfl¡ Œ¬ı· w √¬ı˛fl¡±¬ı˛ Ó¬±¬ı˛ ˜±Ú ˝√√À¬ıñ

w d a g x h2 21
2 2
 � 
� � ( )

¸˜±Ò±Ú – ABC-Œfl¡¬ ’Ú≈ˆ”¬ø˜fl¡ ¬ı˛±‡±¬ı˛ Ê√Ú…, õ∂Ô˜Ó¬– Œ‰¬±À„√√¬ı˛ ¤¬ı— øÈ¬Î¬◊À¬ı¬ı˛ Ê√˘Ó¬˘ ¸˜±Ú ’±ÀÂ√º

‚”Ì«Ú ˙≈¬ı˛≈ ˝√√À˘ ˜≈q¡Ó¬˘øÈ¬ ˝√√À¬ı ‚”Ì«ÀÚ¬ı˛ ¶§±À¬ÛÀé¬ A�OB��’øÒ¬ı‘M√√fl¡ [D Œ‰¬±À„√√› ’øÒ¬ı‘M√√Àfl¡¬ı˛ ¬ı‘øXÊ√øÚÓ¬

fl¡±¬ı˛ÀÌ]

Ò¬ı˛± ˚±fl¡ O ˝√√˘ ’øÒ¬ı‘M√√fl¡ (Paraboloid)-¤¬ı˛ ˙œ¯∏«ø¬ıμ≈º

Ó¬±˝√√À˘ � � �B Z
OZ

2
 Ú±øˆ¬˘•§ 

2
2
g

w

¬ı±, OZ a w
g

�
2 2

2

¤‡Ú ’øÒ¬ı‘M√√fl¡ A�OB�-¤¬ı˛ ’±˚˛Ó¬Ú = 1
2 � �A MLB  Œ‰¬±À„√√¬ı˛ ’±˚˛Ó¬Ú

= AMLB Œ‰¬±À„√√¬ı˛ ’±˚˛Ó¬Úº

Œ‰¬±À„√√¬ı˛ ˆ”¬ø˜¬ı˛ Î¬◊¬Û¬ı˛ ’øÒ¬ı‘M√√Àfl¡¬ı˛ ˙œ¯∏«ø¬ıμ≈¬ı˛ Î¬◊2‰¬Ó¬± C ˝√√À˘,

1
2

2 2� �a OZ a h C� 
( )


 OZ = 2(h – C)

¸≈Ó¬¬ı˛±—, 
a w

g
h C

2 2

2 2� 
( )
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¬Û≈Ú¬ı˛±˚˛, Œ˚À˝√√Ó≈¬ ‘D’ ’øÒ¬ı‘M√√Àfl¡¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈

  

�
	DZ

OZ

2
 Ú±øˆ¬˘•§ 

2
2
g

w

’Ô¬ı±, 
d

x C
g

w

2

2
2



�


�
d w

g
x C

2 2
2� 
( )

¸≈Ó¬¬ı˛±—, 
d w

g
a w

g

2 2 2 2

2
 = 2(x – C) –2(h – C) = 2(x – h),

¬ı±,  w d a g x h2 2 21
2 2
 � 
� � ( )  [õ∂˜±øÌÓ¬]º

4. ”√¬ı˛ÀQ¬ı˛ ¸±ÀÔ ¬Ûø¬ı˛¬ıÓ«¬Ú˙œ˘ ¤˜Ú ¬ıÀ˘¬ı˛ Œfl¡±Ú ¤fl¡øÈ¬ øàÔ¬ı˛ ø¬ıμ≈ÀÓ¬ õ∂À˚˛±À·¬ı˛ Ù¬À˘ [Ó¬À˘¬ı˛]

øfl¡Â≈√ ¬Ûø¬ı˛˜±Ì Ó¬¬ı˛˘ ›˝◊√√ øÚø«√©Ü Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ øàÔ¬ı˛ ’±ÀÂ√º ˜≈q¡ Ó¬˘øÈ¬ ’Ò«À·±˘fl¡±fl¡±¬ı˛ ˝√√À˘ Ó¬˘øÈ¬¬ı˛

Î¬◊¬Û¬ı˛ ‚±Ó¬ Œ¬ı¬ı˛ fl¡¬ı˛≈Úº

¸˜±Ò±Ú –

‰¬±¬Û ’À¬Ûé¬Àfl¡¬ı˛ ¸±˝√√±À˚… ¬Û±˝◊√√ñ

dp = �{–�xdx – �ydy – �mzdz}

¸˜±fl¡˘Ú fl¡À¬ı˛ ¬Û±˝◊√√,ñ

P = C – �p(x2 + y2 + z2) = C – 1
2  �pr2

r ˝√√˘ ˜”˘ø¬ıμ≈ ŒÔÀfl¡ (x, y, z) ø¬ıμ≈¬ı˛ ”√¬ı˛Qº

2
3

3�a � ˚ø√ ’±˚˛Ó¬Ú ˝√√˚˛, ˜≈q¡ Ó¬˘øÈ¬ ˝√√À¬ı ’Ò«À·±˘fl¡ ˚±¬ı˛ ¬ı…±¸±Ò« a.

˜≈q¡Ó¬À˘ p = o ¤¬ı— r = a,   � � 
O C pr1
2

2�

¸≈Ó¬¬ı˛±—, P p a r� 
1
2

2 2� ( )

Ó¬¬ı˛À˘¬ı˛ ¸±ÀÔ ¸—¶ÛÀ˙« ’±ÀÂ√ Œ˚ Ó¬˘øÈ¬ Ó¬± ˝√√˘ a ¬ı…±¸±Ò«˚≈q¡ ¬ı‘M√√º


 ¤¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ‚±Ó¬ 	 �� prd dr
o

a

o

�
�2

� 
��1
2

2 2
2

�� �
�

( )a r rd dr
o

a

o
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� 1
4

4���a  [Î¬◊M√√¬ı˛]

5. (x, y, z) ø¬ıμ≈ÀÓ¬ é≈¬^ ’—À˙¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¬ı˘¸˜”À˝√√¬ı˛ ’é¬S˚˛ ¬ı¬ı˛±¬ı¬ı˛ Î¬◊¬Û±—˙·≈ø˘ ˚ø√ ˚Ô±√flË¡À˜

y2 + 2�yz + z2 + z2, z2 + 2�zx + x2, x2 + 2vxy + y2-¤¬ı˛ ¸±ÀÔ ¸˜±Ú≈¬Û±Ó¬œ ˝√√˚˛, Ó¬±˝√√À˘

Œ√‡±Ú Œ˚ ˚ø√ ¸±˜…±¬ıàÔ± ¸y¬¬ı ˝√√˚˛ Ó¬±˝√√À˘ 2�� = 2� = 2v = 1

¸˜±Ò±Ú –

¤‡±ÀÚ, X = y2 + 2�yz + z2

Y = z2 + 2�zx + x2

Z = x2 + 2vxy + y2

¤‡Ú, ¸±˜…±¬ıàÔ±˚˛ Ê√Ú…ñ

X Y
z

Z
y

Y Z
x

X
z

Z X
y

Y
x

�
�

�
�

�
�

�
�

�
�

�
�

��
�

�
� � � � ��

�
�
� �� � 0

¬ı±, (y2 + 2�yz + z2) [(2z + 2�x) – (2vx + 2y)]

+ (z2 + 2�zx + x2) [(2x + 2vy) –� (2�y + 2z)]

 + (x2 + 2vxy + y2) [(2y + 2�z) – (2�z – 2x)] = O

¬ı±, x2y (1 – v – �) + x2z(� + � – 1) + y2z(1 – � – �)

+ y2x(v + � – 1) + z2x (1 – �� – v) + z2y

(� + v – 1) = O

� v + �� = 1,  �� �� �� = 1,  v + �� �� �

’Ô¬ı±, �� �� �� = v = 1
2

¸≈Ó¬¬ı˛±—, 2�� = 2�� = 2v = 1 [õ∂˜±øÌÓ¬]

15.9 ¸—Àfl¡Ó¬¸˝√√ ’Ú≈˙œ˘Úœ › Î¬◊M√√¬ı˛˜±˘±

1. a ¬ı…±¸±Ò«˚≈q¡ ¸˜õ∂àÔÀ26√√˚≈q¡ ’Ò«¬ı‘M√√±fl¡±¬ı˛ ¬ıX øÈ¬Î¬◊¬ı ¸˜±Ú ’±˚˛Ó¬ÀÚ¬ı˛ � ¤¬ı— � ‚ÚQ ≈̊q¡

≈√øÈ¬ Ó¬¬ı˛˘ ¡Z±¬ı˛± ¬¬Ûø¬ı˛¬Û”Ì« ’±ÀÂ√º Ó¬¬ı˛˘¡Z˚˛ ¬Û¬ı˛¶Û¬ı˛ Ú± ø˜À˙ �� Œfl¡ÃøÌfl¡ Œ¬ıÀ· ¤fl¡øÈ¬ Î¬◊~•§ ¬ı…±¸±Ò«Àfl¡,

˚± Δ¬ı˛ø‡fl¡ õ∂øÓ¬¸±À˜…¬ı˛ ¸±ÀÔ �� Œfl¡±ÀÌ ÚÓ¬, ’¬ı˘•§Ú fl¡À¬ı˛ Œ‚±À¬ı˛º õ∂˜±Ì fl¡¬ı˛≈Ú ≈√˝◊√√ õ∂±Àz¬ ‰¬±¬Û ¸˜±Ú

˝√√À¬ı ˚ø√

	 
 � 

� �

�
� �

2

2
a

g
( ) cos sin cos sin
 �

�




  ˝√√˚˛º
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�� ‚ÚQ˚≈q¡ Ó¬¬ı˛˘øÈ¬ ÚœÀ‰¬ ’±ÀÂ√ ¤¬ı— øÈ¬Î¬◊À¬ı¬ı˛ Î¬◊M√√˘ ø√fl¡øÈ¬ ÚœÀ‰¬¬ı˛ ø√Àfl¡ ’±ÚÓ¬º

[ ’±ˆ¬±¸ – Î¬◊√±˝√√¬ı˛Ì 2-¤¬ı˛ ˜Ó¬ fl¡À¬ı˛ ˆ¬±¬ı≈Ú, ¤Àé¬ÀS ¬ı‘ÀM√√¬ı˛ Ê√±˚˛·±˚˛ ’Ò«¬ı‘M√√ ˝√√À¬ı ...˝◊√√Ó¬…±ø√ ]

2. a ¬ı…±¸±Ò«˚≈q¡ ¤fl¡øÈ¬ Œ·±˘±fl¡±¬ı˛ Œ˙À˘ �� ‚ÚQ˚≈q¡ ¤fl¡øÈ¬ Ó¬¬ı˛˘ ¡Z±¬ı˛± ¬Ûø¬ı˛¬Û”Ì« ’±ÀÂ√º Î¬◊~•§

¬ı…±À¸¬ı˛ ¶§±À¬ÛÀé¬ øÂ√^øÈ¬ �� ¸˜Àfl¡ÃøÌfl¡ Œ¬ıÀ· ‚≈¬ı˛ÀÂ√º (i) Œ˙À˘¬ı˛ Œfl¡±Ú d¬À¬ı˛ ‰¬±¬Û ¸À¬ı«±2‰¬ ¤¬ı— (ii)

Î¬◊¬ÛÀ¬ı˛¬ı˛ › ÚœÀ‰¬¬ı˛ ’Ò«À·±˘Àfl¡¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ˘øt ‚±Ó¬ Œ¬ı¬ı˛ fl¡¬ı˛≈Úº

’±ˆ¬±¸ –

[ Î¬◊¬ÛÀ¬ı˛¬ı˛ Â√ø¬ı¬ı˛ ¸±˝√√±˚… øÚÚ ¤¬ı— dp = P(w2rdr + gdz) ¸”S õ∂À˚±Ê√… ]

[Ans. (i) Œfl¡Àf¬ı˛ ÚœÀ‰¬ Z = g/�2 d¬À¬ı˛º (ii) ÚœÀ‰¬¬ı˛ ’Ò«À·±˘Àfl¡ õ∂˚≈q¡ ‚±Ó¬

� �5
3

1
4

3 4 2g a a�� �� 	 � ¤¬ı— Î¬◊¬ÛÀ¬ı˛¬ı˛ ’Ò«À·±˘Àfl¡ õ∂˚≈q¡ ‚±Ó¬ � �1
3

1
4

3 4 2g a a�� �� 	

(3) (x, y, z) ø¬ıμ≈ÀÓ¬ ˚ø√ ¤fl¡fl¡ ˆ¬À¬ı˛¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¬ıÀ˘¬ı˛ ’é¬S˚˛ ¬ı¬ı˛±¬ı¬ı˛ Î¬◊¬Û±—˙ ˚Ô±√flË¡À˜

y(a – z), x(a – z), xy ˝√√˚˛, Ó¬±˝√√À˘ ¸˜‰¬±À¬Û¬ı˛ Ó¬˘ ˝√√À¬ı ¬Û¬ı˛±¬ı‘M√√±fl¡±¬ı˛ ’øÒ¬ı‘M√√fl¡ ¤¬ı— ¸˜‰¬±À¬Û¬ı˛

› ¸˜‚ÚÀQ¬ı˛ ¬ı√flË¡À¬ı˛‡± ˝√√À¬ı ¸˜¬Û¬ı˛±¬ı‘M√√º

[ ’±ˆ¬±¸ – X = y(a – z), Y = x(a – z), Z = xy  ¤¬ı±¬ı˛ ¤˝◊√√ ¤fl¡Àfl¡¬ı˛ ø¬ıøˆ¬iß ¸”S±¬ı˘œ

õ∂À˚˛±· fl¡¬ı˛≈Ú ]

(4) X = �(y2 + yz + z2),   Y = �(z2 + zx + x2) ¤¬ı—

Z = �(x2 + xy + y2) ˚ø√ ¬ı˘¸˜”˝√√ ˝√√˚˛,

Ó¬±˝√√À˘ Ó¬±¬ı˛± ¤fl¡øÈ¬ Ó¬¬ı˛À˘¬ı˛ ˆ¬¬ı˛Àfl¡ øàÔ¬ı˛ ¬ı˛±‡À¬ı, ˚ø√

‚ÚQ ���

�

�������
� , x + y + z = 0 Ó¬˘ ŒÔÀfl¡ ¤¬ı— ¸˜‰¬±À¬Û¬ı˛ ¤¬ı— ¸˜‚ÚÀQ¬ı˛ ¬ı√flË¡À¬ı˛‡±·≈ø˘

¬ı‘M√√±fl¡±¬ı˛ ˝√√À¬ıº
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(5) ¤fl¡øÈ¬ Œ‡±˘± È¬…±Àefl¡¬ı˛ Î¬◊~•§À26√√ ˚ø√ ABCD ˝√√˚˛ ¬ı± ‡≈¬ı ˆ¬±¬ı˛œ ¸˜¸b¶ Ó¬¬ı˛˘ Ò±¬ı˛Ì fl¡À¬ı˛

’±ÀÂ√, ¤øÈ¬ ˚ø√ ’Ú≈ˆ”¬ø˜fl¡ ø√Àfl¡ ¸˜Q¬ı˛Ì f-¤ ·øÓ¬˙œ˘ ˝√√˚˛, Ó¬±˝√√À˘ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±¬Û Œ¬ı¬ı˛ fl¡¬ı˛≈Úº

[ Ans. Þ = �� + �z f g2 2� ]

[ ’±ˆ¬±¸ –

T ˚ø√ ¬ı…±˘±øk— ¬ı˘± ˝√√˚˛, Ó¬±˝√√À˘

T2 = m2(f2 + g2), � = tan–1 (f/g) ˝◊√√Ó¬…±ø√ ....... ]

6. ’øÒ¬ı‘M√√±fl¡±¬ı˛ ¤fl¡øÈ¬ øÈ¬Î¬◊À¬ı¬ı˛ ˙œ¯∏«ø¬ıμ≈øÈ¬ øÚ•ß˜≈‡œ ¤¬ı— ’é¬øÈ¬ Î¬◊~•§ ’±ÀÂ√º ¤øÈ¬ �� ¤¬ı— �


‚ÚÀQ¬ı˛ ≈√øÈ¬ Ó¬¬ı˛˘ ¡Z±¬ı˛± ¬Û”Ì« ’±ÀÂ√º Ú±øˆ¬ ŒÔÀfl¡ ≈√øÈ¬ Ó¬¬ı˛À˘¬ı˛ ˜≈q¡ Ó¬À˘¬ı˛ ”√¬ı˛Q ˚Ô±√flË¡À˜ r ¤¬ı— r


˝√√À˘ Ó¬±À√¬ı˛ ¶Û˙«Ó¬À˘¬ı˛ ŒÔÀfl¡ Ú±øˆ¬¬ı˛ ”√¬ı˛Q fl¡Ó¬∑ [ Î¬◊M√√¬ı˛ – 
r r� �
� �

 � �

 �

 ]

[ ’±ˆ¬±¸ – ’øÒ¬ı‘ÀM√√¬ı˛ ¸˜œfl¡¬ı˛Ì – 
1 1
R
� � cos ,�  ¤¬ı±À¬ı˛ ˙œ¯∏«ø¬ıμ≈¬ı˛ ≈√ø√Àfl¡ ‰¬±À¬Û¬ı˛ ˜±Ú ¸˜±Ú

ÒÀ¬ı˛ ˆ¬±¬ı≈Ú .... ]

7. ¤fl¡øÈ¬ ’¸˜¸N Ó¬¬ı˛À˘¬ı˛ Z ·ˆ¬œ¬ı˛Ó¬±¬ı˛ ‚ÚQ f(z) = f(z/a) ˝√√À˘ Œ¸‡±ÀÚ ‰¬±¬Û =

� �  g z
a�

2
2 ,  ˝√√˘ ¬ı±˚˛≈˜G¬˘œ˚˛ ‰¬±¬Ûº

[ ’±ˆ¬±¸ – ¤˝◊√√ ’Ò…±À˚˛¬ı˛ ¸”S õ∂À˚±Ê√… ]

8. ¤fl¡øÈ¬ fl≈¡À˚˛±¬ı˛ øÚ•ßÓ¬˜ ’=À˘¬ı˛ ‰¬±¬Û = 3 × 6 Ù≈¬È¬ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ ‰¬±¬Ûº ˚ø√ fl≈¡À˚˛±øÈ¬ Ê√˘ ø√À˚˛

¬Ûø¬ı˛¬Û”Ì« Ô±Àfl¡ ¤¬ı— Ê√˘œ˚˛ ¬ı…±À¬ı˛±ø˜È¬±À¬ı˛¬ı˛ Î¬◊2‰¬Ó¬± 30 Ù≈¬È¬ ˝√√À˘ fl≈¡À˚˛±¬ı˛ ·ˆ¬œ¬ı˛Ó¬± fl¡Ó¬∑

[Ans. 78 Ù≈¬È¬ ]

[ ’±ˆ¬±¸ – (30 + x)� = 3(30 + 6)�]

9. ¤fl¡øÈ¬ ‚Ú Œ·±˘±fl¡±¬ı˛ ¬Û±ÀS¬ı˛ ¬ı…±¸±Ò« a ¤¬ı— ‚ÚQ �. ¤øÈ¬ ˚ø√ ¸˜Àfl¡fœ˚˛ ¬ı‘M√√±fl¡±¬ı˛ ’øˆ¬fl¡À¯∏«¬ı˛

Ó¬¬ı˛˘ ¡Z±¬ı˛± ¬Ûø¬ı˛¬ı‘M√√ Ô±Àfl¡ ˚±¬ı˛ ¬ıø˝√√¬ı…±¸±Ò« b ¤¬ı— ‚ÚQ ��� Ó¬±˝√√À˘ Ó¬¬ı˛˘øÈ¬¬ı˛ Œfl¡±Úø¬ıμ≈ÀÓ¬ ‰¬±¬Û fl¡Ó¬∑

[Ans. Þ v a
r b

r b� 
 
 
 
4
3

1 1 1
2

3 2�� � � �( ) ( )� �	 
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[ ’±ˆ¬±¸ – Œ·±˘±fl¡±¬ı˛ ¬Û±ÀS¬ı˛ øˆ¬Ó¬À¬ı˛ ¬Û√±Ô«øÈ¬¬ı˛ ’±fl¡¯∏«Ì [r ”√¬ı˛ÀQ]

� ! 
 
v a r a r3
4
3

3 3 3�� �
( )	 
  ]

10. õ∂˜±Ì fl¡¬ı˛≈Ú ˚ø√ Œfl¡±Ú Ó¬¬ı˛À˘¬ı˛ ‚ÚQ ‰¬±À¬Û¬ı˛ ¬ı·«˜”À˘¬ı˛ ¸±ÀÔ ¸˜±Ú≈¬Û±Ó¬œ ˝√√˚˛ Ó¬±˝√√À˘ ‚ÚQ

·ˆ¬œ¬ı˛Ó¬± ¬ı‘øX¬ı˛ ¸±ÀÔ ¸˜±Úˆ¬±À¬ı ¬ı‘øX ¬Û±À¬ıº [Œ√›˚˛± ’±ÀÂ√ – Ó¬¬ı˛˘øÈ¬ ’øˆ¬fl¡À¯∏«¬ı˛ õ∂ˆ¬±À¬ı øàÔ¬ı˛ ’±ÀÂ√]

[ ’±ˆ¬±¸ – P p�  ¤¬ı±¬ı˛ ¸”S±¬ı˘œ õ∂À˚±Ê√… ...... ]

15.10 ¸±¬ı˛±—˙

¬Û”À¬ı«fl¡±¬ı˛ ’Ò…±À˚˛ ˜±Ò…±fl¡¯∏«Ì Ê√øÚÓ¬ ¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı øàÔøÓ¬˙œ˘ ’¬ıàÔ±˚˛ Œfl¡±Ú Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ˜ÀÒ…

Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±¬Û ‚±Ó¬ ˝◊√√Ó¬…±ø√ ø¬ı¯∏À˚˛ ø¬ı˙√ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¤˝◊√√ ’Ò…±À˚˛ Œ˚ Œfl¡±Ú õ∂˚≈q¡

¬ıÀ˘¬ı˛ õ∂ˆ¬±À¬ı øàÔøÓ¬˙œ˘ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ‰¬±¬Û ¤¬ı— Ó¬±À√¬ı˛ Î¬◊¬Û±—˙ ø¬ı¯∏À˚˛ ’±À˘±‰¬Ú±

fl¡¬ı˛± ˝√√À˚˛ÀÂ√º õ∂Ô˜Ó¬– õ∂˚≈q¡ ¬ı˘ ¤¬ı— Ó¬¬ı˛À˘¬ı˛ ‚ÚÀQ¬ı˛ ˜±Ò…À˜ Œ˚ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ Î¬◊æ”√Ó¬ ‰¬±À¬Û¬ı˛

’¬ıfl¡˘±Úefl¡ ¤¬ı˛ ¸”S øÚÌ«˚˛ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¬Û¬ı˛¬ıÓ¬π ¬Û˚«±À˚˛ ¤˝◊√√ ‰¬±¬ÛÀfl¡ ¸±Ò±¬ı˛Ìœfl¡¬ı˛Ì fl¡À¬ı˛ Œ˚ Œfl¡±Ú

ø¬ıμ≈ÀÓ¬ ‰¬±¬Û ’À¬Ûé¬Àfl¡¬ı˛ Ò±¬ı˛Ì± Œ√›˚˛± ˝√√À˚˛ÀÂ√ ¤¬ı— õ∂˚≈q¡ ¬ıÀ˘¬ı˛ ø¬ıøˆ¬iß ø√˙±˚˛ ‰¬±¬Û ’À¬Ûé¬Àfl¡¬ı˛ ˜±Ú

øÚX«±¬ı˛Ì fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡±¬ı˛ ˜Ó¬ ø¬ı¯∏À˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¤¬ı˛¬Û¬ı˛ ¸˜‰¬±¬Û, ¸˜‚ÚQ

¤¬ı— ¸˜ø¬ıˆ¬¬ı Ó¬À˘¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì øÚÒ«±¬ı˛Ì fl¡¬ı˛± ˝√√À˚˛ÀÂ√ ¤¬ı˛¬Û¬ı˛ Œfl¡±Ú ’Àé¬¬ı˛ ‰¬±ø¬ı˛ø√Àfl¡ ‚”Ì«±˚˛˜±Ú

Ó¬¬ı˛À˘¬ı˛ ‰¬±¬Û ’À¬Ûé¬Àfl¡¬ı˛ ’¬ıfl¡˘ ¸˜œfl¡¬ı˛Ì øÚÌ«˚˛ fl¡À¬ı˛ ˝√√À˚˛ÀÂ√º ø¬ıÀ˙¯∏ Œé¬ÀS ¤˝◊√√ ‚”Ì«±˚˛˜±Ú Ó¬¬ı˛À˘¬ı˛

≈Î¬◊¬Ûø¬ı˛Ó¬˘ ’øÒ¬ı‘M√√fl¡fl¡±¬ı˛ ˝√√À¬ı õ∂˜±øÌÓ¬ ˝√√À˚˛ÀÂ√º

15.11 ¸˝√√±˚˛fl¡ ¢∂&Ô±¬ı˘œ

(1) A. S. Ramsay : Hydrostatics

(2) J. M. Kar : Hydrostatics
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¤fl¡fl¡ 16 � ’±øfl«¡ø˜øÎ¬À¸¬ı˛ ̧ ”S, ̂ ¬±¸˜±Ú ¤¬ı— øÚ˜ø7¡¡¡Ó¬ ¬ıd≈¬¬ı˛ ̧ ±˜…¡

·Í¬Ú

16.1. õ∂d¬±¬ıÚ±

16.2 Î¬◊ÀV˙…

16.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

16.4 ’±øfl«¡ø˜øÎ¬À¸¬ı˛ ÚœøÓ¬

16.5 ˜≈q¡ ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ ¸±À˜…¬ı˛ ˙Ó«¬

16.6 ¬ı±Ò± ¶§±À¬ÛÀé¬ ¬ıd≈¬¬ı˛ Œˆ¬À¸ Ô±fl¡±¬ı˛ ˙Ó«¬

16.7 ˆ¬±¸˜±Ú ˙efl≈¡¬ı˛ ˙Ó«¬±¬ı˘œ

16.8 Ó¬¬ı˛À˘¬ı˛ øàÔøÓ¬˙øq¡

16.9 Î¬◊√± √̋√¬ı˛Ì˜±˘±

16.10 ¸—Àfl¡Ó¬ / Î¬◊M√√¬ı˛¸˝√√ ’Ú≈˙œ˘Úœ

16.11 ¸±¬ı˛±—˙

16.12 ¸˝√√±˚˛fl¡ ¢∂&Ô

16.1 õ∂d¬±¬ıÚ±

¬Û”À¬ı«fl¡±¬ı˛ ’Ò…±À˚˛ øàÔøÓ¬˙œ˘ ’¬ıàÔ±˚˛ Ó¬¬ı˛À˘¬ı˛ ‰¬±¬Û ¤¬ı— ‚±Ó¬ øÚÀ˚˛ ø¬ı˙√ ’±À˘±‰¬Ú± ˝√√À˚˛ÀÂ√,

¤fl¡øÈ¬ ¸˜Ó¬˘ ¬ı± ¤fl¡øÈ¬ ‚Ú¬ıd≈¬ Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… ¸•Û”Ì« ¬ı± ’±—ø˙fl¡ˆ¬±À¬ı øÚ˜ø7¡¡¡Ó¬ ˝√√À˘ Ó¬±¬ı˛ Î¬◊¬Û¬ı˛

ø¬ıøˆ¬iß ø¬ıμ≈ÀÓ¬ ‰¬±¬Û ¤¬ı— Œ˜±È¬ ‚±Ó¬ ø¬ı¯∏À˚˛ ø¬ıøˆ¬iß ¸”S øÚÌ«˚˛ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º øfl¡z≈¬ Œfl¡±Ú ¬ıd≈¬ ¤fl¡øÈ¬

Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… øfl¡ ’¬ıàÔ±¬ı˛ ¬Ûø¬ı˛Àõ∂øé¬ÀÓ¬ ¸•Û”Ì«ˆ¬±À¬ı øÚ˜ø7¡¡¡Ó¬ ˝√√˚˛ ¬ı± ’±—ø˙fl¡ˆ¬±À¬ı Î≈¬À¬ı ¬ı± ¸•Û”Ì«ˆ¬±À¬ı

Œ¸˝◊√√ ø¬ı¯∏À˚˛ Œ¬ı±Ò ¤¬ı— :±Ú Ô±fl¡± fl¡±˜…º ¤˝◊√√ ’Ò…±À˚˛ ¤˝◊√√ ø¬ı¯∏À˚˛ ’±À˘±ø‰¬Ó¬ ˝√√À¬ıº



354

NOSU

16.2 Î¬◊ÀV˙…

Î¬◊¬ÛÀ¬ı˛¬ı˛ ’Ú≈À26√À√˝◊√√ ¬ı˘± ˝√√À˚˛ÀÂ√ ˆ¬±¸˜±Ú ¬ı± ¸•Û”Ì« ¬ı± ’±—ø˙fl¡ˆ¬±À¬ı øÚ˜ø7¡¡¡Ó¬ Œfl¡±Ú ¬ıd≈¬¬ı˛ øàÔøÓ¬

¬ı± ·øÓ¬ ø¬ı¯∏À˚˛ Ê√±Ú±¬ı˛ ’±¬ı˙…fl¡Ó¬± ’±ÀÂ√º Œ¸˝◊√√ ¸”ÀS ø¬ıøˆ¬iß Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… Œfl¡±Ú ¬ıd≈¬ øÚ˜ø7¡¡¡Ó¬ fl¡¬ı˛À˘

Ó¬±¬ı˛ ¸±˜…±¬ıàÔ± ¬ı± øàÔøÓ¬˙œ˘ ’¬ıàÔ±˚˛ Ô±fl¡±¬ı˛ ˙Ó«¬ Ê√±Ú± õ∂À˚˛±Ê√Úº ¤Â√±Î¬ˇ±› øÚ˜ø7¡¡¡Ó¬ Œfl¡±Ú ¬ıd≈¬¬ı˛

õ≠¬ıÓ¬±¬ı˛ fl¡±¬ı˛Ì ¤¬ı— õ≠¬ıÓ¬± Œfl¡f ˝◊√√Ó¬…±ø√ ø¬ı¯∏À˚˛› ’±À˘±‰¬Ú± õ∂À˚˛±Ê√Úº

16.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

Î¬◊¬ÛÀ¬ı˛±q¡ ’±À˘±‰¬Ú± ŒÔÀfl¡˝◊√√ ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬¬ı˛ Ò±¬ı˛Ì± fl¡¬ı˛± ˚±˚˛º ¤˝◊√√ ’Ò…±À˚˛ ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ ø¬ıÀù≠¯∏Ì

fl¡¬ı˛ÀÓ¬ ˝√√À˘ ¤˝◊√√ ø¬ı¯∏À˚˛ ’±øfl«¡ø˜øÎ¬À¸¬ı˛ ÚœøÓ¬ ’±À˘±‰¬Ú± fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ øàÔÓ¬±¬ıàÔ±¬ı˛ ˙Ó«¬

øÚ¬ı˛≈¬ÛÌ õ∂À˚˛±Ê√Úº ˙Ó«¬¸±À¬ÛÀé¬ Œfl¡±Ú ¬ıd≈¬ Œfl¡±Ú ’¬ıàÔ±˚˛ fl¡Ó¬È≈¬fl≈¡ ˆ¬±¸À¬ı Ó¬± ’±À˘±ø‰¬Ó¬ ˝√√À¬ıº ¤Â√±Î¬ˇ±

ø¬ıÀ˙¯∏ ø¬ıÀ˙¯∏ ¬ıd≈¬¬ı˛ Œé¬ÀS ¤˝◊√√ ˙Ó«¬±¬ı˘œ øÚÌ«˚˛ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¬Ûø¬ı˛À˙À¯∏ Ó¬¬ı˛À˘¬ı˛ øàÔøÓ¬˙øq¡ ø¬ı¯∏À˚˛

Ò±¬ı˛Ì± Œ√›˚˛± ˝√√À˚˛ÀÂ√º

16.4 ’±øfl«¡ø˜øÎ¬À¸¬ı˛ ÚœøÓ¬

Œfl¡±Ú Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ‚Ú¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ˘øt ‚±ÀÓ¬¬ı˛ ˜±Ú ˝√√À¬ı ›˝◊√√ ‚Ú¬ıd≈¬ fl¡Ó«‘¬fl¡ ’¬Û¸±ø¬ı˛Ó¬

Ó¬¬ı˛À˘¬ı˛ ›Ê√ÀÚ¬ı˛ ¸˜±Ú › ø¬ı¬Û¬ı˛œÓ¬˜≈‡œº ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ˆ¬±¬ı˛Àfl¡f ø√À˚˛ ¤˝◊√√ ‚±Ó¬ Î¬◊~•§ˆ¬±À¬ı ÿX«˜≈‡œ

ø√flË¡˚˛± fl¡À¬ı˛º

¤Àfl¡˝◊√√ ’±øfl«¡ø˜øÎ¬À¸¬ı˛ ÚœøÓ¬ (Principle of Archimedes) ¬ı˘± ˝√√˚˛º

Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ‚Ú¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¤˝◊√√ ˘øt‚±Ó¬Àfl¡ õ≠¬ıÓ¬± (buoyancy) ¬ı˘± ˝√√˚˛º ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛

¬ˆ¬±¬ı˛Àfl¡fÀfl¡ õ≠¬ıÓ¬± Œfl¡f (Centre of buoyancy) ¬ı˘± ˝√√˚˛º

Œfl¡±Ú ¬‚Ú¬ıd≈¬¬ı˛ ’±—ø˙fl¡ øÚ˜ø7¡¡¡Ó¬ ˝√√›˚˛±Àfl¡ ¤¬ı— ø¬ıøˆ¬iß ‚ÚÀQ¬ı˛ d¬¬ı˛œˆ”¬Ó¬ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬

˝√√›˚˛±Àfl¡› ¤˝◊√√ ÚœøÓ¬¬ı˛ ¸±˝√√±À˚… ¬ı…±‡…± fl¡¬ı˛± ˚±˚˛º

16.5 ˜≈q¡ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ ¸±À˜…¬ı˛ ˙Ó«¬

’±—ø˙fl¡¬ ¬ı± ¬Û”Ì«ˆ¬±À¬ı øÚ˜ø7¡¡¡Ó¬ ¤fl¡øÈ¬ ¬ıd≈¬ ’±ÀÂ√º ¤¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ ¤fl¡˜±S ¬ı˘¡Z˚˛ ˝√√À26√ Î¬◊~•§ø√Àfl¡
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øÚ•ß˜≈‡œ ¬ıd≈¬¬ı˛ ›Ê√Ú ¤¬ı— ÿÒ√ı«˜≈‡œ õ≠¬ıÓ¬±º ¤¬ı˛ ˜ÀÒ… õ∂Ô˜øÈ¬ ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¡f ø√À˚˛ ¤¬ı— ø¡ZÓ¬œ˚˛øÈ¬

õ≠¬ıÓ¬±Àfl¡f ø√À˚˛ ø√flË¡˚˛± fl¡À¬ı˛º

¸≈Ó¬¬ı˛±— ¬ıd≈¬øÈ¬ Ó¬¬ı˛À˘ ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… [ˆ¬±¸˜±Ú ’¬ıàÔ±˚˛] ˙Ó«¬ ≈√øÈ¬ ˝√√˘ñ

(a) ¬ıd≈¬¬ı˛ ›Ê√Ú ’¬ı˙…˝◊√√ ¬ıd≈¬ fl¡Ó«‘¬fl¡ ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›Ê√ÀÚ¬ı˛ ¸±ÀÔ ¸˜±Ú ˝√√À¬ıº

(b) ¬ıd≈¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¡f ¤¬ı— ¬ıd≈¬ fl¡Ó«‘¬fl¡ ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ˆ¬±¬ı˛Àfl¡f ¤fl¡˝◊√√ Î¬◊~•§ ¸¬ı˛˘ Œ¬ı˛‡±˚˛

Ô±fl¡À¬ıº Ò¬ı˛± ˚±fl¡, ¬ıd≈¬øÈ¬¬ı˛ ’±˚˛Ó¬Ú V ¤¬ı— ·Î¬ˇ ‚ÚQ P ¤¬ı— ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ’±˚˛Ó¬Ú › ‚ÚQ

˚Ô±√flË¡À˜ V › �'

¸≈Ó¬¬ı˛±— ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… ¬Û±¬ı,

g�'V' = g�V

¬ı±, V' = 
�
�' V

¸≈Ó¬¬ı˛±—, ¬Û≈À¬ı˛±¬ıd≈¬¬ı˛ 
�
�'
�� �� � ’—˙ Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ˝√√˚˛º

øfl¡z≈¬ �� �� �' ˝√√À˘ ¬ıd≈¬øÈ¬ Œˆ¬À¸ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛ Ú± [Œfl¡Ú∑]

[Î¬◊¬ÛÀ¬ı˛¬ı˛ ’±À˘±‰¬Ú±˚˛ ¬ıd≈¬¬ı˛ ·Î¬ˇ ‚ÚQ ¤fl¡øÈ¬ ·≈¬ı˛≈Q¬Û”Ì« ø¬ı¯∏˚˛º fl¡±¬ı˛Ì ¤fl¡˝◊√√ ›Ê√ÀÚ¬ı˛ ‚Ú Œ˘±˝√√±¬ı˛

¬ı˘ Ê√À˘ Î≈¬À¬ı ˚±˚˛ øfl¡z≈¬ Ù¬“√±¬Û± Œ˘±˝√√± ¬ı˘ ˆ¬±À¸º ¤¬ı˛ fl¡±¬ı˛Ì Ù¬“√±¬Û± ¬ı˘øÈ¬¬ı˛ ·Î¬ˇ ‚ÚQ ‚Ú ¬ı˘øÈ¬¬ı˛

Œ‰¬À˚˛ ’ÀÚfl¡ fl¡˜/]

           ø‰¬S (i)                           ø‰¬S (ii)

Î¬◊¬ÛÀ¬ı˛¬ı˛ ø‰¬ÀS Ò¬ı˛± ˚±fl¡ w ¤¬ı— w' ˚Ô±√flË¡À˜ ¬ıd≈¬¬ı˛ ›Ê√Ú ¤¬ı— ¬ıd≈¬ fl¡Ó«‘¬fl¡ ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛

›Ê√Ú ¤¬ı— T ˝√√˘ ¬ı˛7¡¡≈¡ÀÓ¬ È¬±Úº �� ¤¬ı— �' ˚Ô±√flË¡À˜ ¬ıd≈¬¬ı˛ ¤¬ı— Ó¬¬ı˛À˘¬ı˛ ‚ÚQº

ø‰¬ÀS (i)-¤ ÿÒ√ı«˜≈‡œ Î¬◊~•§ ¬ı˘·≈ø˘ ˝√√˘ ¬ı˛7¡¡≈¡ÀÓ¬ È¬±Ú ¤¬ı— ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›Ê√Úº ¤¬ı— øÚ•ß˜≈‡œ

Î¬◊~•§ ¬ı˘ ˝√√˘ ¬ıd≈¬¬ı˛ ›Ê√Úº

�� ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú…, T = W – W', (�� > �')º

¤fl¡˝◊√√ˆ¬±À¬ı ø‰¬S (ii)-¤ ˝√√À¬ı T = W'–W, (�' > �)º
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16.6 ¬ı±Ò± ¶§±À¬ÛÀé¬ ¬ıd≈¬¬ı˛ Œˆ¬À¸ Ô±fl¡±¬ı˛ ˙Ó«¬

(i) ¤fl¡øÈ¬ øàÔ¬ı˛ ø¬ıμ≈ –

Ò¬ı˛± ˚±fl¡ O ˝√√˘ ¤fl¡øÈ¬ øàÔ¬ı˛ ø¬ıμ≈ ˚±¬ı˛ ¶§±À¬ÛÀé¬ ¬ıd≈¬øÈ¬ ˜≈q¡ˆ¬±À¬ı ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º

Ò¬ı˛± ˚±fl¡ W ¤¬ı— W' ˝√√˘ ˚Ô±√flË¡À˜ ¬ıd≈¬¬ı˛ ¤¬ı— ¬¬ıd≈¬ fl¡Ó«‘¬fl¡ ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›Ê√Úº G › G'

˝√√˘ ˚Ô±√flË¡À˜ Ó¬±À√¬ı˛ ˆ¬±¬ı˛Àfl¡fº ’Ú≈ˆ”¬ø˜fl¡ Œfl¡±Ú Ó¬¬ı˛À˘¬ı˛ ‚±Ó¬ ¬ıd≈¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ ¶§±ˆ¬±ø¬ıfl¡ fl¡±¬ı˛ÀÌ˝◊√√ Ô±fl¡À¬ı

Ú±º

Œ˚ ¬ı˘¸˜”˝√√ ¬ıd≈¬øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ fl¡±˚« fl¡À¬ı˛ Ó¬±¬ı˛± ˝√√˘ñ¤¬ı˛ ›Ê√Ú W ˚± 'G' ø√À˚˛ Î¬◊~•§ˆ¬±À¬ı øÚ•ßø√Àfl¡

ø√flË¡˚˛± fl¡À¬ı˛ ¤¬ı— ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›Ê√Ú W' ˚± G' ø√À˚˛ Î¬◊~•§ˆ¬±À¬ı ÿÒ√ı«ø√Àfl¡ ø√flË¡˚˛± fl¡À¬ı˛º ¤Â√±Î¬ˇ±

O ø¬ıμ≈¬ı˛ õ∂øÓ¬ø√flË¡˚˛± ¬ı˘º

� ¸±À˜…¬ı˛ Ê√Ú…ñ

(a) 'O' ø¬ıμ≈ÀÓ¬ õ∂øÓ¬ø√flË¡˚˛±› Î¬◊~•§ ˝√√À¬ı ¤¬ı— W, W', O ø¬ıμ≈¬ı˛ õ∂øÓ¬ø√flË¡˚˛± øÓ¬ÚøÈ¬ ¬ı˘˝◊√√ ¤fl¡Ó¬˘œ˚˛

˝√√À¬ı, ¬ı± G, G', O ’¬ı˙…˝◊√√ ¤fl¡˝◊√√ Î¬◊~•§ Ó¬À˘ ’¬ıàÔ±Ú¬ı˛Ó¬ ˝√√À¬ıº

(b) O ¶§±À¬ÛÀé¬ W ¤¬ı— W'-¤¬ı˛ √w¬±˜fl¡ ˝√√À¬ıº OLL' ˚ø√ 'O' ø¬ıμ≈ ŒÔÀfl¡ W ¤¬ı— W'-¤¬ı˛ ¬ı˘À¬ı˛‡±¬ı˛

Î¬◊¬Û¬ı˛ ˘•§ ˝√√˚˛, Ó¬±˝√√À˘ W.OL = W'.OL'

�� ø¬ıμ≈ÀÓ¬ õ∂øÓ¬ø√flË¡˚˛±¬ı˛ ˜±Ú = W~W'
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(ii) ≈√øÈ¬ ø¬ıμ≈ øàÔ¬ı˛ ’±ÀÂ√

≈√øÈ¬ øàÔ¬ı˛ ø¬ıμ≈ Ô±fl¡À˘ Ó¬±À√¬ı˛ ¸—˚≈q¡fl¡±¬ı˛œ ¸¬ı˛˘À¬ı˛‡±øÈ¬› ¬ıd≈¬¬ı˛ ›¬Û¬ı˛ øàÔ¬ı˛ ˝√√À¬ıº ¸≈Ó¬¬ı˛±— ¬ıd≈¬øÈ¬¬ı˛

¸±À˜… Ô±fl¡±¬ı˛ õ∂À˚˛±Ê√Úœ˚˛ ˙Ó«¬øÈ¬ ˝√√˘ñ

W ¤¬ı— W'-¤¬ı̨ Œ¸ ◊̋√√ øàÔ¬ı̨ ¸— ≈̊q¡fl¡±¬ı̨œ Œ¬ı̨‡±¬ı̨ ¶§±À¬ÛÀé¬ √w¬±˜Àfl¡¬ı̨ ˜±Ú ¸˜±Ú ¤¬ı— ø¬ı¬Û¬ı̨œÓ¬ ≈̃‡œ √̋√À¬ıº

16.7 ˆ¬±¸˜±Ú ˙efl≈¡¬ı˛ ˙Ó«¬±¬ı˘œ

¤fl¡øÈ¬ ¸ø˘Î¬ ˙efl≈¡¬ı˛ ’Àé¬¬ı˛ Δ√‚«… h ¤¬ı— ‚ÚQ �� ; ˚ø√ ¤øÈ¬ �� )(> �) ‚ÚÀQ¬ı˛ Ó¬¬ı˛À˘ ˆ¬±¸˜±Ú

˝√√˚˛, Ó¬±˝√√À˘ ¤¬ı˛ ’Àé¬¬ı˛ fl¡Ó¬ ¬Ûø¬ı˛˜±Ì Ó¬¬ı˛À˘¬ı˛ ¬ı±˝◊√√À¬ı˛ ’±ÀÂ√∑

(i) Ò¬ı˛± ˚±fl¡ ˙efl≈¡¬ı˛ ˙œ¯∏«ø¬ıμ≈ øÚ•ß˜≈‡œ –

˚ø√ ˙efl≈¡¬ı˛ h' Δ√‚«… Ó¬¬ı˛À˘¬ı˛ ¬ı±˝◊√√À¬ı˛ Ô±Àfl¡, Ó¬±˝√√À˘ ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú…ñ

1
3

3 3 21
3� 	 � � 	 �	h g h h gtan . ( ' ) tan . .
 �

� h h' � �1 3 �
�� �

(ii) Ò¬ı˛± ˚±fl¡ ˙efl≈¡¬ı˛ ˙œ¯∏«ø¬ıμ≈ ÿÒ√ı«˜≈‡œ –

˚ø√ ˙efl≈¡¬ı˛ h' Δ√‚«… Ó¬¬ı˛À˘¬ı˛ ¬ı±˝◊√√À¬ı˛ Ô±Àfl¡, Ó¬±˝√√À˘ ¸±À˜…¬ı˛ Ê√Ú…ñ

1
3

1
3

1
3

3 3 2 3 2� 	 � � 	 � 	 �	h g h h gtan . tan ' tan
 �� �

� �h'3 = h3 (�� – �)

� h h' 
 ���
�
�1

1
3�

�

Î¬◊¬Ûø¬ı˛Î¬◊q¡ ¸˜¸…±˚˛ ˘•§¬ı‘M√√±fl¡±¬ı˛ ˙efl≈¡¬ı˛ Œé¬ÀS, ’é¬øÈ¬ Î¬◊~•§ˆ¬±À¬ı ¸¬ı«√± Ú±› Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛º ’Àé¬¬ı˛

¸±ÀÔ Œ˝√√À˘Ô±fl¡± Œfl¡±Ú Ó¬À˘¬ı˛ ¸±˝√√±À˚… ’±¬ıX ’±˚˛Ó¬ÀÚ¬ı˛ øÚÌ«˚˛ fl¡¬ı˛± õ∂À˚˛±Ê√Úº õ∂àÔÀ26√√øÈ¬ ’¬ı˙…˝◊√√

Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ ˝√√À¬ıº

Ò¬ı˛± ˚±fl¡ ˙œ¯∏«ø¬ıμ≈øÈ¬ C ·ˆ¬œ¬ı˛Ó¬±˚˛ ’±ÀÂ√ [Ó¬À˘¬ı˛ õ∂àÔÀ26√√ ŒÔÀfl¡] ¤¬ı— Î¬◊~•§ VN-¤¬ı˛ ’é¬øÈ¬


� Œfl¡±ÀÌ ÚÓ¬º
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Ò¬ı˛± ˚±fl¡, ˙efl≈¡¬ı˛ Î¬◊~•§ Œfl¡±ÀÌ¬ı˛ ˜±Ú 2�� Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ õ∂àÔÀ26√À√¬ı˛ AA' ˝√√˘ ¬Û¬ı˛±é¬, AM, A'M'

˝√√˘ ’Àé¬¬ı˛ Î¬◊¬Û¬ı˛ ’øefl¡Ó¬ ˘•§º a, b ˝√√˘ Î¬◊¬Û¬ı‘ÀM√√¬ı˛ ’Ò«’é¬ (semi – axes).

Ó¬±˝√√À˘, a = 1
2 ( ' )AN A N�

= 1
2

C tan tan� 	 � 	�� � � �� �� �

= 
C sin

cos cos
;2

2
	

� 	 � 	�� � �� �

¤¬ı— b = AM A M. ' '� 	

= VA VAsin . ' sin� �� �

= 
C sin

cos cos
	

� 	 � 	�� � �� �� �

� ˙efl≈¡ ŒÔÀfl¡ Œfl¡ÀÈ¬ ŒÚ›˚˛± ’—À˙¬ı˛ ’±˚˛Ó¬Ú = 1
3 �

abc

=
1
3

2
2

� 	
� 	 � 	

	

� 	 � 	
. sin

cos cos
. sin

cos cos
.C C C

�� � �� � �� � �� �� �

=
1
3

2

3
2

� 	 	

� 	 � 	
. sin cos

cos cos

C

�� � �� �� �
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¤¬ı±¬ı˛ Ò¬ı˛± ˚±fl¡ ¤fl¡øÈ¬ ˘•§¬ı‘M√√±fl¡±¬ı˛ ˙efl≈¡¬ı˛ ‚ÚQ ��¤¬ı— ’Ò«˙œ¯∏«Àfl¡±Ì ���¤øÈ¬ ˙œ¯∏«ø¬ıμ≈ øÚ•ß˜≈‡œ

’¬ıàÔ±˚˛ �� ‚ÚÀQ¬ı˛ Ó¬¬ı˛À˘ Œˆ¬À¸ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛º ¤¬ı˛ ¤fl¡øÈ¬ ŒÊ√Ú±À¬ı˛È¬¬ı˛ Î¬◊~•§ ¤¬ı— ˆ”¬ø˜øÈ¬ øÍ¬fl¡

Ê√˘Ó¬À˘¬ı˛ Î¬◊¬ÛÀ¬ı˛ Ô±fl¡À˘ Œ√‡±ÀÓ¬ ˝√√À¬ıñ

�� = �(cos 2�)
3

2

¤˝◊√√ ¸˜¸…±˚˛, 
�= ���C = VA cos 2���¤Â√±Î¬ˇ±› VO = VA cos��˙efl≈¡¬ı˛ ›Ê√Ú ¤¬ı— ˆ¬±¬ı˛Àfl¡f

'G' ø√À˚˛ ø√flË¡˚˛± fl¡À¬ı˛º

�� VG' = 3
2

VO

’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›Ê√Ú 'G' ø√À˚˛ ø√flË¡˚˛± fl¡À¬ı˛,

�� VG' = 3
2

VO'

¸≈Ó¬¬ı˛±— GG' || OO'. ¸≈Ó¬¬ı˛±— O › O' ˝√√˘ ˚Ô±√flË¡À˜  AB ¤¬ı— AB'-¤¬ı˛ ˜Ò…ø¬ıμ≈º

�� OO' || BB' øfl¡z≈¬ ¤øÈ¬ Î¬◊~•§º

¸≈Ó¬¬ı˛±—, G, G' ¤fl¡˝◊√√ Î¬◊~•§ ¸¬ı˛˘À¬ı˛‡±˚˛ ’±ÀÂ√º

˙efl≈¡¬ı˛ ›Ê√Ú 
 g VA� � 	 	. ( cos ) tan ;1
3

3 2 � ¤¬ı— ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›Ê√Ú ,

�
� 	

g
VA

� 

� � �

�
. ( cos ) sin cos

cos

1
3

2

2

3 2

3
2
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�� ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú…,

g VA g VA
� 
 � � � 


� � �

�
. cos tan . . ( cos ) sin cos

cos

1
3

1
3

2

2
3 2

3 2

3
2

� 	
� 	

�

¸≈Ó¬¬ı˛±—, �� = �(cos 2�)
3
2

16.8 Ó¬¬ı˛À˘¬ı˛ øàÔøÓ¬˙øq¡

øàÔøÓ¬ø¬ı√…± ŒÔÀfl¡ ’±˜¬ı˛± Ê√±øÚ, Œ˚ Œfl¡±Ú ¬ıd≈¬¬ı˛ ’øˆ¬fl¡À¯∏«¬ı˛ õ∂ˆ¬±À¬ı Ó¬±¬ı˛ ’¬ıàÔ±ÀÚ¬ı˛ Ê√Ú… ¬ıd≈¬øÈ¬ÀÓ¬

øfl¡Â≈√ ¬Ûø¬ı˛˜±Ì ˙øq¡ ¸ø=Ó¬ ˝√√˚˛º ¤˝◊√√ ¬ı…±¬Û±¬ı˛øÈ¬Àfl¡ øfl¡Â≈√ ¬Ûø¬ı˛˜±Ì Ó¬¬ı˛À˘¬ı˛ Ê√Ú…õ∂À˚˛±· fl¡¬ı˛± ˚±˚˛º ¸±˜…±¬ıàÔ±¬ı˛

Œé¬ÀS, øàÔøÓ¬˙øq¡¬ı˛ ¤fl¡øÈ¬ øÚø«√©Ü ˜±Ú ’±ÀÂ√º ’øˆ¬fl¡À¯∏«¬ı˛ õ∂ˆ¬±À¬ı Œfl¡±Ú Ó¬¬ı˛˘¬Û√±Ô« ¸¬ı«√± Ó¬± ¸¬ı«øÚ•ß

øàÔøÓ¬˙øq¡ ¸ø=Ó¬ ’¬ıàÔ±˚˛ Œ˚ÀÓ¬ ‰¬±˚˛º

¤¬ı±¬ı˛ Œfl¡±Ú fl¡øÍ¬Ú ‚Ú ¬ıd≈¬ ¤fl¡ ¬Û±S Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ fl¡¬ı˛± ˝√√˘º ¤‡±ÀÚ õ≠¬ıÓ¬±¬ı˛ ø¬ı¬ı˛≈ÀX øfl¡Â≈√È¬±

fl¡±˚« fl¡¬ı˛± ˝√√˘. ˚± øàÔøÓ¬˙øq¡Ó¬ ø˝√√¸±À¬ı Ó¬¬ı˛˘øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¡f øfl¡Â≈√È¬± Î¬◊ÀM√√±˘Ú Œ˝√√Ó≈¬ Ê√˜± Ô±fl¡À¬ıº

Ò¬ı˛± ˚±fl¡, x ˝√√˘ Ó¬¬ı˛À˘¬ı˛ ·ˆ¬œ¬ı˛Ó¬± ¤¬ı— z ˝√√˘ fl¡øÍ¬Ú ¬ıd≈¬¬ı˛ Î≈¬À¬ı Ô±fl¡±¬ı˛ ¬Ûø¬ı˛˜±Ìº X, Z ˝√√˘

˚Ô±√flË¡À˜ õ∂àÔÀ26√À√¬ı˛ Œé¬ÀSÙ¬˘ ¤¬ı— V ˝√√˘ Ó¬¬ı˛À˘¬ı˛ ’±˚˛Ó¬Ú › V' ˝√√˘ ¬ıd≈¬øÈ¬¬ı˛ Î≈¬¬ız¬ ’—À˙¬ı˛ ’±˚˛Ó¬Úº

¤¬ı¬ı˛± Ò¬ı˛± ˚±fl¡ ¬ıd≈¬øÈ¬ �z ¬Ûø¬ı˛˜±Ì ”√¬ı˛Q Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… Œ‰¬À¬Û Ò¬ı˛± ˝√√˘ ¤¬ı— ¬Û±ÀS Ó¬¬ı˛À˘¬ı˛ Î¬◊2‰¬Ó¬±

Ó¬±¬ı˛ Ù¬À˘ �x ¬ı‘øX Œ¬Û˘º

¤‡Ú ¬ıd≈¬øÈ¬¬ı˛ ¬ı±Î¬ˇøÓ¬ ’±˚˛Ó¬Ú = Œ˚ ¬Ûø¬ı˛˜±Ì Ó¬¬ı˛˘ Î¬◊2‰¬Ó¬±˚˛ Œ¬ıÀÎ¬ˇÀÂ√,

� (X–Z)�x = Z�x,

Œ˚‡±ÀÚ Î¬◊2‰¬Ó¬¬ı˛ ‚±ÀÓ¬¬ı˛ ¸”Ñ±øÓ¬¸”Ñ¬ı˛±ø˙ (infinitesimal)-Œfl¡ ÒÓ«¬À¬ı…¬ı˛ ˜ÀÒ… ’±Ú± ˝√√˚˛øÚº

’±¬ı±¬ı˛ Œ˚À˝√√Ó≈¬ ¬ıd≈¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ (�z – �x) ¬Ûø¬ı˛˜±Ì ¸¬ı˛Ì ˝√√À˚˛ÀÂ√,

� øàÔøÓ¬˙øq¡¬ı˛ ¬ı‘øX ‚ÀÈ¬ÀÂ√ = V'(�z – �x)
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¬ıd≈¬øÈ¬ õ∂±Ôø˜fl¡ ¤¬ı— Œ˙¯∏ ’¬ıàÔ±Ú Ê√±Ú± Ô±fl¡À˘, Î¬◊¬Ûø¬ı˛Î¬◊q¡ ¸˜œfl¡Ì¡Z˚˛ ŒÔÀfl¡ ’±˜¬ı˛± øàÔøÓ¬˙øq¡

› fl¡Ó¬È¬± fl¡±˚« fl¡¬ı˛± ˝√√˘ Ó¬± ·ÌÚ± fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º

16.9 Î¬◊√±˝√√¬ı˛Ì˜±˘±

(1) ¤fl¡øÈ¬ ¸˜±Ú õ∂àÔÀ26√√ø¬ıø˙©Ü ¬ı˛Î¬ Ó¬±¬ı˛ ¤fl¡õ∂±z¬ ¬ı¬ı˛±¬ı¬ı˛ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º ¤øÈ¬ øàÔ¬ı˛ ’¬ıàÔ±˚˛

Ê√À˘¬ı˛ ¬ı±˝◊√√À¬ı˛ Î¬◊~À•§¬ı˛ ¸±ÀÔ ÚÓ¬ ˝√√À˚˛ ’±ÀÂ√º ¬ı˛Î¬øÈ¬¬ı˛ ¤fl¡ Ó‘¬Ó¬œ˚˛±—˙ Δ√‚«… Ê√À˘¬ı˛ ˜ÀÒ… Ô±fl¡À˘ õ∂˜±Ì

fl¡¬ı˛≈Ú ¤¬ı˛ ’±À¬Ûøé¬fl¡ ·≈¬ı˛≈Q 5
9

¸˜±Ò±Ú – Ò¬ı˛± ˚±fl¡ AB ˝√√˘ ¬ı˛Î¬ ˚±¬ı˛ Δ√‚«… l, BC = 1
3

l

A ˝√√˘ øàÔ¬ı˛ õ∂±z¬ ˚±¬ı˛ ¶§±À¬ÛÀé¬ ¬ı˛Î¬øÈ¬ ˜≈q¡ˆ¬±À¬ı ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º 'G' ø√À˚˛ ¬ı˛ÀÎ¬¬ı˛ ›Ê√Ú W øÚ•ßø√Àfl¡

ø√flË¡˚˛± fl¡À¬ı˛, AG l
 1
2 .

’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›Ê√Ú W', ÿÒ√ı«ø√Àfl¡ 'G' ø√À˚˛ ø√flË¡˚˛± fl¡À¬ı˛º

Œ˚‡±ÀÚ AG' = AB – BG' = l l l� 
1
6

5
6

¬ı˛Î¬øÈ¬ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡±¬ı˛ Ê√Ú…, 'A'-¬ı˛ ¶§±À¬ÛÀé¬ √w¬±˜fl¡ ·ÌÚ± fl¡À¬ı˛ ¬Û±˝◊√√,

W.AG = W'.AG'

’Ô¬ı±, �l l l l. . .1
2

1
3

5
6�

�� �� = 5
9 � [õ∂˜±øÌÓ¬]

2. ¤fl¡øÈ¬ Ê√±˝√√±Ê√ ¸˜≈^ ŒÔÀfl¡ Ú√œÀÓ¬ ŒÏ¬±fl¡±¬ı˛ ¬Û¬ı˛ 1 ˝◊√√ø= Œ¬ıø˙ Î≈¬À¬ı ˚±˚˛º ¤¬ı˛¬Û¬ı˛ x È¬Ú ˜±˘

‡±˘±¸ fl¡À¬ı˛ b ˝◊√√ø= Î¬◊¬ÛÀ¬ı˛ Œˆ¬À¸ ›ÀÍ¬º ¸˜≈^ Ê√˘ Ú√œ Ê√À˘¬ı˛ Ó≈¬˘Ú±˚˛ 
41
40 �·≈Ì ˆ¬±¬ı˛œ ˝√√À˘, Ê√±˝√√±ÀÊ√¬ı˛

›Ê√Ú 41 a
b

x  È¬Úº
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¸˜±Ò±Ú –

Ò¬ı˛± ˚±fl¡ W ˝√√˘ Ê√±˝√√±ÀÊ√¬ı˛ ›Ê√Ú ¤¬ı— ¤¬ı˛ õ∂àÔÀ26√À√¬ı˛ Œé¬SÙ¬˘ A Ú√œ¬ı˛ Ê√À˘¬ı˛ ‚ÚQ = �

˝√√À˘, ¸˜≈À^¬ı˛ Ê√À˘¬ı˛ ‚ÚQ = 41
40 � . ¬õ∂Ô˜Ó¬– Ê√±˝√√±ÀÊ√¬ı˛ l ˝◊√√ø= Ê√À˘¬ı˛ Ó¬˘±˚˛ øÂ√˘ Ò¬ı˛± ˚±fl¡,

Ó¬±˝√√À˘, W lA l a A
 
 �. ( )41
40 � �

¤¬ı— W – x = (l + a – b)A�

�
41
40 l l a
 �

¬ı±, l = 40a ¤¬ı— A W
a

� 
 41

¸≈Ó¬¬ı˛±—, W x a a b W
a

W bW
a

� 
 � � 
 �( )40 41 41

ie, W a
b

x
 41 � È¬Úº [õ∂˜±øÌÓ¬]

3. ¤fl¡øÈ¬ W ›Ê√ÀÚ¬ı˛ ¸¬ı˛≈ √ÀG¬¬ı˛ ¤fl¡õ∂±Àz¬ w ›Ê√ÀÚ¬ı˛ ¤fl¡øÈ¬ ŒÂ√±È¬¬ıd≈¬ ˚≈q¡ ’±ÀÂ√ (particle).

¤øÈ¬ ’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸±ÀÔ ¤fl¡øÈ¬ Œfl¡±ÀÌ ÚÓ¬ ˝√√À˚˛ Ê√À˘ ˆ¬±¸ÀÂ√, Œ˚ Ó¬±¬ı˛ w ›Ê√ÀÚ¬ı˛ õ∂±z¬øÈ¬ Î≈¬À¬ı ’±ÀÂ√º

õ∂˜±Ì fl¡¬ı˛≈Ú Ê√À˘¬ı˛ Î¬◊¬ÛÀ¬ı˛ Ô±fl¡± √G¬øÈ¬¬ı˛ Δ√‚«… Ó¬±¬ı˛ ¬Û≈À¬ı˛± Δ√À‚«…¬ı˛ Ó≈¬˘Ú±˚˛ 
�

� �W �·≈Ì ¤¬ı— √G¬øÈ¬¬ı˛

’±À¬Ûøé¬fl¡ ·≈¬ı˛≈Q = 
W

W

2

2( )� �

¸˜±Ò±Ú – Ò¬ı˛± ˚±fl¡ AB(= 2a) √G¬øÈ¬ 
�Œfl¡±ÀÌ ’Ú≈ˆ”¬ø˜Àfl¡¬ı˛ ¸±ÀÔ ÚÓ¬ ¤¬ı— AC(= 2b) Ê√À˘¬ı˛

Ó¬˘±˚˛ ’±ÀÂ√º

W √G¬øÈ¬¬ı˛ ›Ê√Ú, G ø√À˚˛ ˚ø√ ø√flË¡˚˛± fl¡À¬ı˛, AG = GB = a ¤¬ı— �� ˚ø√ A ø¬ıμ≈ÀÓ¬ ø√flË¡˚˛±

fl¡À¬ı˛ Ó¬±˝√√À˘ Î¬◊ˆ¬À˚˛¬ı˛˝◊√√ ø√flË¡˚˛±À¬ı˛‡± øÚ•ß˜≈‡œ ˝√√À¬ıº
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õ≠¬ıÓ¬± ¬ı˘ 'G' ø√À˚˛ ø√flË¡˚˛± fl¡À¬ı˛, ˚±¬ı˛ ˜±Ú = W' ¤¬ı— AG' = G'C = b Ê√À˘¬ı˛ ‚ÚQ = ��

√G¬øÈ¬¬ı˛ ’±À¬Ûøé¬fl¡ ·≈¬ı˛≈Q S ˝√√À˘ √ÀG¬¬ı˛ ‚ÚQ = S��

Ó¬±˝√√À˘, W = 2a�sg�� ¤¬ı— W' = 2b�g�� �� �� = √ÀG¬¬ı˛ õ∂àÔÀ26√√º

¤Â√±Î¬ˇ±› GG' = AG–AG' = a–b

G'-¤¬ı˛ ¸±À¬ÛÀé¬ √w¬±˜fl¡ ·ÌÚ± fl¡À¬ı˛ ¬Û±˝◊√√ñ

�AG'cos
� = W.GG' cos


�

�b = W(a – b) �� b = aW
W� �

� Ê√À˘¬ı˛ Î¬◊¬Û¬ı˛ √ÀG¬¬ı˛ Δ√‚«…


 � 
 �
�



�

�2 2 2 1a b a W
W W�

�
�� � � √À`¬¬ı˛ Δ√‚«…º

¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú…,

W W ie W
W

w W
W

' , , '
 � 
 ��

’Ô¬ı±,
2
2

b g
a sg

W
W

	 �
	 �

�



�

� s = b
a

w
W

W
W

.
� ��



�� �

2
� [õ∂˜±øÌÓ¬]

4. Ê√±Ú± ›Ê√Ú › ’±˚˛Ó¬ÀÚ¬ı˛ ¤fl¡øÈ¬ ˙efl≈¡ ¤fl¡øÈ¬ Ó¬¬ı˛À˘ ˙œ¯∏«ø¬ıμ≈ øÚ•ß˜≈‡œ ˝√√À˚˛ Œˆ¬À¸ ’±ÀÂ√ ,

Œ√‡±Ú Œ˚ Ó¬¬ı˛À˘¬ı˛ ¸±ÀÔ ¶Û˙«¬ı˛Ó¬ ¬Û±ù´«Ó¬À˘¬ı˛ Œé¬SÙ¬˘ ¸¬ı«øÚ•ß ˝√√À¬ı ˚‡Ú ˙efl≈¡¬ı˛ ÿÒ√ı«Àfl¡±ÀÌ¬ı˛ ˜±Ú

2 tan–1 1
2� 	� ˝√√À¬ıº

¸˜±Ò±Ú – Ò¬ı˛± ˚±fl¡ ’Ò«ÿÒ√ı«Àfl¡±Ì = ��¤¬ı— ›Ê√Ú = W. ‘h’ Î¬◊2‰¬Ó¬± ¬Û˚«z¬ ˙efl≈¡øÈ¬ Î≈¬À¬ı ’±ÀÂ√º

� ¸±À˜…¬ı˛ Ê√Ú…, W = 1
3

3 2� 	 �h tan .

Œ˚‡±ÀÚ �� ˝√√˘ ¤fl¡fl¡ ’±˚˛Ó¬ÀÚ Ê√Ú… Ó¬¬ı˛À˘¬ı˛ ˆ¬¬ı˛º

� h W� 2
1

3 2
3


�
�� � cot

‘S’ √˚ø√ Ó¬¬ı˛À˘¬ı˛ ¸—¶ÛÀ˙« Ô±fl¡± ¬Û±ù´«Ó¬˘ ˝√√˚˛, Ó¬±˝√√À˘ñ

‘S’ = 
(h tan�) (h sec �) = 
h2 tan�� sec �
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= �
��

	 	
 �3
2
3

1
3W� � cot sec

= k cot sec ,
1
3 	 	

K w
w


 



�
�



�
��

�
3

2
3� �

‘S’-Œfl¡ ¸¬ı«øÚ•ß ˝√√ÀÓ¬ ˝√√À˘, 
dS
d	

 0;

� 1
3

2 0
2
3

1
3k ecsec cos ( tan cot )� � � �� �

¬ı±, 2tan �� = cot ��� ie, tan �� = 1
2

Œ√‡±ÀÚ± ˚±˚˛ Œ˚ 	 
 �tan 1 1
2� 	� -¤¬ı˛ Ê√Ú… 

d S
d

2

2 0
	

� .

¸≈Ó¬±—, ÿÒ«Àfl¡±Ì 
 
 �2 2 1 1
2

	 tan � � �-¤¬ı˛ Ê√Ú… ¬Û±ù´«Ó¬À˘¬ı˛ Œé¬SÙ¬˘ ¸¬ı«øÚ•ß ˝√√À¬ıº [õ∂˜±øÌÓ¬]

5. ¤fl¡øÈ¬ ‚Ú Œ‰¬±„√√ Œ‰¬±„√√±fl‘¡øÓ¬ ¬Û±ÀS ˆ¬±¸ÀÂ√º ¤˝◊√√ ø¸ÀàÈ√√˜øÈ¬ ¤¬ı˛ ¸±Ò±¬ı˛Ì ’é¬ ¶§±À¬ÛÀé¬ ��Œfl¡ÃøÌfl¡

Œ¬ıÀ· ‚≈¬ı˛ÀÂ√º R › r ˝√√˘ ˚Ô±√flË¡À˜ ¬Û±ÀS¬ı˛ ¤¬ı— Œ‰¬±À„√√¬ı˛ ¬ı…±¸±Ò«º ·øÓ¬¬ı˛ Ê√Ú… àÔ±ÀÚ Œ‰¬±„√√øÈ¬ ’¬ıÚ˜ÀÚ¬ı˛

˜±Ú,

Œ√‡±Ú Œ˚,
�2

2 2
4g

R r�� �

¸˜±Ò±Ú –

ø‰¬S ŒÔÀfl¡ ¬Û±˝◊√√, 
BN
ON

AM
OM

2 2



ÒË≈¬ıfl¡
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= ˜≈q¡Ó¬À˘¬ı˛ Ú±øˆ¬˘•§ = 2
2

g
�

� ON R
g



2 2

2
�
� ¤¬ı— OM r

g



2 2

2
�

øàÔ¬ı˛ Ô±fl¡±¬ı˛ ¸˜À˚˛, Ò¬ı˛± ˚±fl¡ ‘O’ ø¬ıμ≈ x ·ˆ¬œ¬ı˛Ó¬±˚˛ øÂ√˘, y ˝√√˘ Œ‰¬±„√√øÈ¬ ‘O’-¤¬ı˛ ¶§±À¬ÛÀé¬

fl¡Ó¬È¬± Î¬◊ÀÍ¬ ¤À¸ÀÂ√º Ó¬±˝√√À˘ (x – y) ˝√√˘ Œ‰¬±„√√øÈ¬ õ∂fl‘¡Ó¬¬ÛÀé¬ fl¡Ó¬È¬± Î≈¬À¬ı ’±ÀÂ√ Ó¬±¬ı˛ ¬Ûø¬ı˛˜±¬Ûº

� Ê√À˘¬ı˛ ’±˚˛Ó¬Ú = ÒË≈¬ıfl¡,

�R2x = ‘KK’’-¤¬ı˛ Î¬◊¬Û¬ı˛ Ê√À˘¬ı˛ ’±˚˛Ó¬Ú = 1
2 � KBB K' ' � Œ‰¬±À„√√¬ı˛ ’±˚˛Ó¬Ú

= 
1
2 4

2
4 2

� 
� � �R ON R
g

.

� x R
g



2 2

4
�

¤fl¡˝◊√√ˆ¬±À¬ı, �r2y = 
1
2 4

2
4 2

� � �r OM r
g

. 


�� y r
g



2 2

4
�

¸≈Ó¬¬ı˛±—, x y
g

R r� 
 ��2
2 2

4 ( )� [õ∂˜±øÌÓ¬]

16.10 ¸—Àfl¡Ó¬¸˝√√ ’Ú≈˙œ˘Úœ › Î¬◊M√√¬ı˛˜±˘±

1. ¤fl¡øÈ¬ ¸˜¬ı±˝≈√√ øSˆ≈¬Ê√±fl‘¡øÓ¬ ¬Û±Ó¬ A ø¬ıμ≈ ŒÔÀfl¡ ˜≈q¡ˆ¬±À¬ı Á≈¡˘ÀÂ√º AB ¬ı±˝≈√√ Î¬◊~•§ ’±ÀÂ√, ¤¬ı—

AC ¬ı±˝≈√√ D ø¬ıμ≈ÀÓ¬ ˆ¬±¬ı˛œÓ¬¬ı˛À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬˘ ¡Z±¬ı˛± ¸˜ø¡Z‡øG¬Ó¬ ˝√√À˚˛ÀÂ√º

õ∂˜±Ì fl¡¬ı˛≈Ú ¬Û±Ó¬øÈ¬¬ı˛ ‚ÚQ – Ó¬¬ı˛˘øÈ¬¬ı˛ ‚ÚQ = 15 : 16

[’±ˆ¬±¸ – Ó¬¬ı˛À˘ øÚ˜ø7¡¡¡Ó¬ ’—À˙¬ı˛ ˆ¬±¬ı˛Àfl¡f Œ¬ı¬ı˛ fl¡¬ı˛≈Ú, ¤¬ı±¬ı˛ √w¬±˜fl¡ ·ÌÚ± fl¡¬ı˛≈Ú]

2. ¤fl¡øÈ¬ ˘•§¬ı‘M√√±fl¡±¬ı˛ ˙efl≈¡¬ı˛ Î¬◊2‰¬Ó¬± h ¤¬ı— ˙œ¯∏«Àfl¡±Ì = 2��¤øÈ¬ Î¬◊~•§ˆ¬±À¬ı Ê√À˘ Œˆ¬À¸ ’±ÀÂ√

¤¬ı— ˙œ¯∏«ø¬ıμ≈ øÚ•ß˜≈‡œ › h' ¬Ûø¬ı˛˜±Ì Î¬◊2‰¬Ó¬± ¤¬ı˛ Ê√À˘ Î≈¬À¬ı ’±ÀÂ√º ¤fl¡øÈ¬ Î¬◊~•§Ó¬˘ ¡Z±¬ı˛± ˙efl≈¡øÈ¬

¸˜ø¡Z‡øG¬Ó¬ ˝√√À˚˛ÀÂ√ ˚±¬ı˛± ˙œ¯∏«ø¬ıμ≈ÀÓ¬ ¬Û¬ı˛¶Û¬ı˛ ¸—˘¢ü ’±ÀÂ√º Œ√‡±Ú Œ˚ ≈√øÈ¬ ’—˙ ¬Û¬ı˛¶Û¬ı˛ ¸—˘¢ü

Ô±fl¡À¬ı, ˚ø√ tan2 �� < h'/(h–h').
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[’±ˆ¬±¸ – ˙efl≈¡¬ı˛ ’±˚˛Ó¬ÀÚ¬ı˛ Î¬◊¬Û¬ı˛ õ∂˚≈q¡ √w¬±˜fl¡ > ¤øÈ¬¬ı˛ Î¬◊Ù¬¬ı˛ ‚±ÀÓ¬¬ı˛ √w¬±˜fl¡]

3. ¤fl¡øÈ¬ 2a Δ√‚«…˚≈q¡ √ÀG¬¬ı˛ ‚ÚQ ��� Œ˚øÈ¬ Î¬◊~•§ Ó¬˘ ¬ı¬ı˛±¬ı¬ı˛ ·øÓ¬˙œ˘, ¤ ¤‡øÈ¬ õ∂±z¬ �'

‚ÚÀQ¬ı˛ Ó¬¬ı˛À˘ 2h ·ˆ¬œ¬ı˛Ó¬±˚˛ øàÔ¬ı˛ ’±ÀÂ√º ¤fl¡øÈ¬ �� ‚ÚÀQ¬ı˛ (�� < P') Ó¬¬ı˛˘ ›˝◊√√ Ó¬¬ı˛À˘¬ı˛ Î¬◊¬ÛÀ¬ı˛

Ï¬±˘± ˝√√˘º ˚ø√ √ÀG¬¬ı˛ ¬ı±øfl¡ ’—˙È≈¬fl≈¡ ˙≈Ò≈˜±S ¤˝◊√√ Ó¬¬ı˛À˘ ‰¬±¬Û ¬ÛÀÎ¬ˇ, Ó¬±˝√√À˘ Î¬◊~À•§¬ı˛ ¸±ÀÔ √G¬øÈ¬¬ı˛

·øÓ¬ ¬ı±¬ı˛ fl¡¬ı˛≈Úº

Ans h
a

: cos '� �
�

�
�

�
�

�

�
�
�

�

	





�

�
�
�

�

	





1
1
2� �

� �

[’±ˆ¬±¸ – ≈√øÈ¬ ’±˘±√± ‚ÚÀQ¬ı˛ Ó¬¬ı˛À˘¬ı˛ Ê√Ú… ’±˘±√±ˆ¬±À¬ı ·ÌÚ± fl¡À¬ı˛ Ó¬± Œ˚±· fl¡¬ı˛≈Ú]

4. A, B, C øÓ¬ÚøÈ¬ ¸˜±Ú ›Ê√ÀÚ¬ı˛ ¬ı˘ ’±ÀÂ√º �1 ‚ÚÀQ¬ı˛ Ó¬¬ı˛À˘ A, B › C-Œfl¡ ¬ı…±˘±k

fl¡À¬ı˛ ˚‡Ú Ó¬±¬ı˛± Á≈¡˘z¬ Ô±Àfl¡º ¤fl¡˝◊√√ˆ¬±À¬ı B, C › A-Œfl¡ �2 ‚ÚÀQ¬ı˛ Ó¬¬ı˛À˘ ¬ı…±˘±k fl¡À¬ı˛º C,

A › B-Œfl¡ �3 ‚ÚÀQ¬ı˛ Ó¬¬ı˛À˘ ¬ı…±˘±k fl¡À¬ı˛º

A, B ¤¬ı— C-¤¬ı˛ ’±À¬Ûøé¬fl¡ ·≈¬ı˛≈ÀQ¬ı˛ ˜±Ú Œ¬ı¬ı˛ fl¡¬ı˛≈Úº

Ans S S S: , .1
2 3

2 3
2

1 3

1 3
3

1 2

1 2

2 2 2
	



	



	



�
��

�
��

� �

� �

� �

� �

� �

� �

[’±ˆ¬±¸ – A-¤¬ı˛ ’±¬Û±Ó¬– ›Ê√Ú = B-¤¬ı˛ ’±¬Û±Ó¬– ›Ê√Ú + C-¤¬ı˛ ’±¬Û±Ó¬– , ›Ê√Ú (�1-¤]º

5. ¤fl¡øÈ¬ ˘•§¬ı‘M√√±fl¡±¬ı˛ ˙efl≈¡¬ı˛ ¤fl¡øÈ¬ Î¬◊¬Û¬ı‘M√√±fl¡±¬ı˛ ˆ”¬ø˜ ’±ÀÂ√º ¤¬ı˛ ¸¬ı«¬ı‘˝√√» Î¬◊»¬Ûißfl¡±¬ı˛œ Œ¬ı˛‡±øÈ¬Àfl¡

(generator) ’Ú≈ˆ”¬ø˜fl¡ ’¬ıàÔ±˚˛ ˙efl≈¡øÈ¬ ˆ¬±¸ÀÂ√º 2��˚ø√ ˙œ¯∏«Œfl¡±Ì ¤¬ı— ��˚ø√ ˆ”¬ø˜Ó¬˘ › é≈¬^Ó¬˜

Î¬◊»¬Ûißfl¡±¬ı˛œ Œ¬ı˛‡±øÈ¬¬ı˛ ˜Ò…¬ıÓ«¬œ Œfl¡±Ì ˝√√˚˛º Ó¬±˝√√À˘ Œ√‡±Ú Œ˚, cot�� = 1
2 4 4cos cot .ec � ��

[’±ˆ¬±¸ – øÚÀ•ß ø‰¬SøÈ¬ ˘é¬… fl¡¬ı˛≈Ú......]

6. ¤fl¡øÈ¬ ˝√√±{√®±¬ı‘M√√±fl¡±¬ı˛ Œ‰¬±„√√ ’é¬Àfl¡ Î¬◊~•§ fl¡À¬ı˛ Ê√À˘ ˆ¬±À¸º ¤¬ı˛ ’ÀÒ«fl¡ ¬Ûø¬ı˛˜±Ú ’é¬ Î≈¬À¬ı

Ô±fl¡À˘, Œ‰¬±„√√øÈ¬ ’±À¬Ûøé¬fl¡·≈¬ı˛≈Q Œ¬ı¬ı˛ fl¡¬ı˛≈Úº [Œ√›˚˛± ’±ÀÂ√ – ¬ı±Ó¬±À¸¬ı˛ ’±À¬Ûøé¬fl¡ ·≈¬ı˛≈Q = S)

[Î¬◊M√√¬ı˛ – 
1
2 1( )
 S
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�’±ˆ¬±¸ – ’±øfl«¡ø˜øÎ¬À¸¬ı˛ ÚœøÓ¬ õ∂À˚±Ê√…, ¤Â√±Î¬ˇ± ¬ı±˚˛≈˜`¬˘œ˚˛ ‰¬±¬Û ¢∂±˝√√… fl¡¬ı˛ÀÓ¬ ˝√√À¬ıº]

7. ��‚ÚÀQ¬ı˛ øSˆ≈¬Ê√±fl‘¡øÓ¬ ¬Û±Ó¬ ��‚ÚÀQ¬ı˛ Ó¬¬ı˛À˘ ˆ¬±¸˜±Ú ’±ÀÂ√º øSˆ≈¬Ê√øÈ¬¬ı˛ Ó¬˘øÈ¬ Î¬◊~•§ Ô±fl¡À˘

¤¬ı— B ø¬ıμ≈øÈ¬ Ê√À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬À˘ ’±ÀÂ√º ˚ø√ A ø¬ıμ≈øÈ¬ Ê√À˘ Î≈¬À¬ı Ú± Ô±Àfl¡, Ó¬±˝√√À˘ Œ√‡±Ú Œ˚,

P : �� = sinAcosC : sinB

[’±ˆ¬±¸ – ’±øfl«¡ø˜øÎ¬À¸¬ı˛ ÚœøÓ¬ ¤¬ı— øSˆ≈¬ÀÊ√¬ı˛ ˆ¬¬ı˛Àfl¡f Œ¬ı¬ı˛ fl¡À¬ı˛ Œ‰¬©Ü± fl¡¬ı˛≈Ú]

8. ¤fl¡øÈ¬ ¬ıd≈¬ ’Ò«øÚ˜ø7¡¡¡Ó¬ ’¬ıàÔ±˚˛ Ó¬¬ı˛À˘ ’¬ıøàÔÓ¬º øfl¡z≈¬ ¤˝◊√√ Ó¬¬ı˛˘ ¤¬ı— ¸˜±Ú ’±˚˛Ó¬ÀÚ¬ı˛

Ê√˘ ø˜ø˙À˚˛ ¤fl¡øÈ¬ Ó¬¬ı˛˘ õ∂d≈¬Ó¬ fl¡¬ı˛À˘ Ó¬±ÀÓ¬ ¬ıd≈¬øÈ¬ øÓ¬Ú-‰¬Ó≈¬Ô«±—˙ Î≈¬À¬ı Ô±Àfl¡º ¬ı±˚˛≈˜G¬˘œ˚˛ ‰¬±¬Û Ú·Ì…

˝√√À˘ ¬ıd≈¬øÈ¬¬ı˛ ’±À¬Ûøé¬fl¡ ·≈¬ı˛≈ÀQ ˜±Ú fl¡Ó¬∑ [’±ˆ¬±¸ – ’±øfl«¡ø˜øÎ¬À¸¬ı˛ ÚœøÓ¬ õ∂À˚±Ê√…] [Î¬◊M√√¬ı̨ – 1·5]

9. ¬ı¬ı˛ÀÙ¬¬ı˛ ’±À¬Ûøé¬fl¡ ·≈≈¬ı˛≈Q S ¤¬ı— ¸˜≈^Ê√À˘¬ı˛ S' ˝√√À˘, õ∂˜±Ì fl¡¬ı˛≈Ú Œ˚ ¬¬ı¬ı˛Ù¬‡ÀG¬ øÚ˜ø7¡¡¡Ó¬

’—À˙¬ı˛ ’±˚˛Ó¬Ú › Ê√À˘¬ı˛ Î¬◊¬ÛÀ¬ı˛ ’—À˙¬ı˛ ’±˚˛Ó¬ÀÚ ’Ú≈¬Û±Ó¬ S/(S'–S) [’±ˆ¬±¸ – ’±øfl«¡ø˜øÎ¬À¸¬ı˛ ÚœøÓ¬]

10. Ê√˘Ó¬À˘ ’é¬Àfl¡ øàÔ¬ı˛ Œ¬ı˛À‡ ¤fl¡øÈ¬ ’Ò«¬ı‘M√√±fl¡±¬ı˛ Œ‰¬±„√√ Œˆ¬À¸ ’±ÀÂ√º Œ‰¬±„√√øÈ¬ ˚ø√ øàÔ¬ı˛ ’Àé¬¬ı˛

¶§±À¬ÛÀé¬ ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛ ¤¬ı— ¤¬ı˛ ‚ÚQ Ê√À˘¬ı˛ ‚ÚÀQ¬ı˛ ’ÀÒ«fl¡ ˝√√˚˛, Œ√‡±Ú Œ˚ Œ˚Àfl¡±Ú ’¬ıàÔ±ÀÚ Œ‰¬±„√√øÈ¬

¸±˜…±¬ıàÔ±˚˛ Ô±fl¡À¬ıº

[’±ˆ¬±¸ – ’Ò«¬ı‘M√√±fl¡±¬ı˛ Œ‰¬±À„√√¬ı˛ ˆ¬¬ı˛Àfl¡f Œ¬ı¬ı˛ fl¡¬ı˛±¬ı˛ Œ‰¬©Ü± fl¡¬ı˛≈Ú, ¤¬ı˛¬Û¬ı˛

’±øfl«¡ø˜øÎ¬À¸¬ı˛ ÚœøÓ¬ õ∂À˚±Ê√…]

16.11 ¸±¬ı˛±—˙

’±À˘±‰¬… ’Ò…±À˚˛ ˜”˘Ó¬– ¸±˜…±¬ıàÔ±˚˛ øàÔÓ¬ Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… ˆ¬±¸˜±Ú ¬ı± ’±—ø˙fl¡ øÚ˜ø7¡¡¡Ó¬ ¬ı±

¸•Û”Ì«ˆ¬±À¬ı øÚ˜ø7¡¡¡Ó¬ ¬ıd≈¬¬ı˛ ¸±À˜…¬ı˛ ø¬ı¯∏À˚˛ ø¬ı˙√ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂº õ∂¸e·Ó¬ ¤˝◊√√ ø¬ı¯∏À˚˛

’±øfl«¡ø˜øÎ¬À¸¬ı˛ ¸”ÀS¬ı˛ õ∂À˚˛±· ’¬ı˙…y¬±¬ıœº ’±øfl«¡ø˜øÎ¬À¸¬ı˛ ¸”S ’Ú≈˚±˚˛œ ˆ¬±¸˜±Ú ¬ı± øÚ˜ø7¡¡¡Ó¬ ¬ıd≈¬

øàÔøÓ¬±¬ıàÔ± ˙Ó«¬ øÚÒ«±¬ı˛Ì fl¡¬ı˛± ˚±˚˛º Œ¸˝◊√√ ’Ú≈˚±˚˛œ õ≠¬ıÓ¬± ¸—:±, õ≠¬ıÓ¬± Œfl¡f ˝◊√√Ó¬…±ø√ Î¬◊À~ø‡Ó¬ ˝√√À˚˛ÀÂ√º

Œfl¡±Ú ¬ıd≈¬¬ı˛ ¬ı±Ò± ¸±À¬ÛÀé¬ Œ¸˝◊√√ ¬ıd≈¬¬ı˛ Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… øÚ˜ø7¡¡¡Ó¬ ˝√√¬ı±¬ı˛ ˙Ó«¬±¬ı˘œ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

ø¬ıÀ˙¯∏ fl¡À˚˛fl¡øÈ¬ õ∂fl¡±À¬ı˛¬ı˛ ¬ıd≈¬¬ı˛ Ê√Ú… ¤˝◊√√ ˙Ó«¬±¬ı˘œ õ∂À˚˛±· Œ√‡±ÀÚ± ˝√√À˚˛ÀÂ√º ¤Â√±Î¬ˇ±› Ó¬¬ı˛À˘¬ı˛ øàÔøÓ¬

˙øq¡ ø¬ı¯∏À˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì ¸˝√√À˚±À· ¸”S ¤¬ı— ˙Ó«¬±¬ı˘œ ¬ı…±‡…± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º

16.12 ¸˝√√±˚˛fl¡ ¢∂&Ô±¬ı˘œ

1. M Ray & H.S. Sharma : A Text book of hydrostatics (Premier Pub. Co.)

2. J. M. Kar : Hydrostatics for degree Classes. (Globe library, 1972).
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¤fl¡fl¡ 17 � ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ ¸±À˜…¬ı˛ ¸≈øàÔøÓ¬ › ¬Û±¬ı˛±Àfl¡f

(Metacentre) –

·Í¬Ú

17.1. õ∂d¬±¬ıÚ±

17.2 Î¬◊ÀV˙…

17.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬Ó¬º

17.4 ˆ¬±¸˜±Ú¬ıd≈¬¬ı˛ øàÔÓ¬±¬ıàÔ±¬ı˛ ¸±˜…

17.5 ¬Û¬ı˛±Àfl¡Àf¬ı˛ ¸—:±, ¬Û¬ı˛±Àfl¡fœfl¡ Î¬◊2‰¬Ó¬±, ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ ¸±˜Ó¬ø˘fl¡ ’¬ıàÔ±Ú, ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛

¸˜¢∂Ó¬À˘ ’¬ıàÔ±Ú ¤¬ı— õ≠¬ıÓ¬±¬ı˛ ¸˜¢∂Ó¬À˘¬ı˛ ’¬ıàÔ±Ú

17.6 ø¬ıÀ˙¯∏ ˆ¬±À¬ı øÚÒ«±ø¬ı˛Ó¬ ’¬ıàÔ±ÀÚ Ê√Ú… ¬Û¬ı˛±Àfl¡Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ ¸”S øÚÌ«˚˛ ¤¬ı— ¬Û¬ı˛±Àfl¡Àf¬ı˛

’¬ıàÔ±ÀÚ¬ı˛ ø¬ıø¬ıÒ Δ¬ıø˙©Ü…

17.7 ¸≈øàÔøÓ¬ ¸±˜… ¤¬ı— ’øàÔøÓ¬ ¸±À˜…¬ı˛ ø¬ıøˆ¬iß ’¬ıàÔ±ÀÚ¬ı˛ fl¡±¬ı˛Ì øÚÌ«˚˛

17.8 Î¬◊√± √̋√¬ı˛Ì˜±˘±

17.9 ¸—Àfl¡Ó¬¸˝√√ ’Ú≈˙œ˘Úœ › Î¬◊M√√¬ı˛˜±˘±

17.10 ¸±¬ı˛±—˙

17.11 ¸˝√√±˚˛fl¡ ¢∂&Ô±¬ı˘œ

17.1 õ∂d¬±¬ıÚ±

¬Û”À¬ı«±q¡ ’Ò…±À˚˛ øàÔÓ¬±¬ıàÔ±˚˛ Ô±fl¡± Œfl¡±Ú Ó¬¬ı˛À˘¬ı˛ ˜ÀÒ… ¸•Û”Ì«¬ı˛”À¬Û ¬ı± ’±—ø˙fl¡ ¬ı˛”À¬Û øÚ˜ø7¡¡¡Ó¬

Œfl¡±Ú ¬ıd≈¬¬ı˛ ¸±˜…±¬ıàÔ±¬ı˛ ˙Ó«¬ ¤¬ı— õ∂À˚˛±Ê√Úœ˚˛ ¸”S±¬ı˘œ ’±À˘±ø‰¬Ó¬ ˝√√À˚˛ÀÂ√º ¤˝◊√√ ¸”S±¬ı˘œ ¬õ∂À˚˛±·˜”˘fl¡

øfl¡Â≈√ ¸˜¸…± ¤¬ı— Ó¬± ¸˜±Ò±Ú Î¬◊À~ø‡Ó¬ ˝√√À˚˛ÀÂ√º øfl¡z≈¬ ˆ¬±¸˜±Ú ¬ı± øÚ˜ø7¡¡¡Ó¬ ¬ıd≈¬ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡±È¬±

¬ıÎ¬ˇ fl¡Ô± Ú˚˛º ¸±˜…±¬ıàÔ±Àfl¡ ÒÀ¬ı˛ ¬ı˛±‡±È¬± Ê√¬ı˛≈¬ı˛œº ¸¬ı«Àé¬ÀS ¸±˜…±¬ıàÔ± ÒÀ¬ı˛ ¬ı˛±‡± ˚±˚˛ Ú±º ¤˝◊√√ ’Ò…±À˚˛

¸±˜…±¬ıàÔ± ÒÀ¬ı˛ ¬ı˛±‡±¬ı˛ ¬ı…±¬Û±À¬ı˛ ø¬ı˙√ ’±À˘±‰¬Ú± ˝√√À¬ıº

17.2 Î¬◊ÀV˙…

Î¬◊¬ÛÀ¬ı˛±q¡ ’Ú≈À26√À√˝◊√√ Î¬◊À~‡ fl¡¬ı˛± ˝√√À˚˛ÀÂ√ Œ˚ Ó¬¬ı˛˘ ¬Û√±ÀÔ«¬ı˛ ˜ÀÒ… Œfl¡±Ú¬ıd≈¬ ˆ¬±¸˜±Ú, ¸•Û”Ì«ˆ¬±À¬ı
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¬ı± ’±—ø˙fl¡ˆ¬±À¬ı øÚ˜ø7¡¡¡Ó¬ ˝√√¬ı±¬ı˛ fl¡Ó¬fl¡·≈À˘± ¸Ó«¬ ’±ÀÂ√º ¤˝◊√√ ¸Ó«¬±¬ı˘œ¬Û”¬ı˛Ì ¸±À¬ÛÀé¬ ¬ıd≈¬øÈ¬¬ı˛ ¸±˜…¬ıàÔ±˚˛

Ô±fl¡±¬ı˛ ¤¬ı— ¤˝◊√√ ’¬ıàÔ± ÒÀ¬ı˛ ¬ı˛±‡±¬ı˛› fl¡Ó¬fl¡·≈À˘± ÚœøÓ¬ › ¸Ó«¬ ’±ÀÂ√º ¸±˜… ’¬ıàÔ± ÒÀ¬ı˛ ¬ı˛±‡± ¬ı˘ÀÓ¬

Œ¬ı±Á¡±Ú ˝√√À26√ Œ˚ Œ˚Àfl¡±Ú fl¡±¬ı˛ÀÌ˝◊√√ Ô±fl¡, ¸±˜…±¬ıàÔ± Ô±fl¡±¬ı˛ ’¬ıàÔ±ÚÈ¬± ˚ø√ ¸±˜±Ú… ¬Ûø¬ı˛˜±ÀÌ ø¬ı‰≈¬…øÓ¬

‚ÀÈ¬ , Ó¬‡Ú ¬ıd≈¬øÈ¬ ’±¬Û±Ó¬ ·øÓ¬˙øq¡ ¡Z±¬ı˛± ‰¬±ø˘Ó¬ ˝√√À¬ıº ˚ø√ ¬ıd≈¬øÈ¬ ·øÓ¬˙øq¡¬ı˛ õ∂¬ıÌÓ¬±Àfl¡ øÚø©ç¡˚˛ fl¡À¬ı˛

ŒÙ¬¬ı˛ ¬Û”À¬ı«¬ı˛ ¸±˜…±¬ıàÔ±˚˛ ‰¬À˘ ’±¸ÀÓ¬ ¬Û±À¬ı˛ Ó¬‡Ú Ó¬±Àfl¡ ¬ı˘± ˝√√˚˛ ¸≈øàÔÓ¬ ¸±˜…±¬ıàÔ± ’øÒfl¡±—˙ Œé¬ÀS

¸±˜…±¬ıàÔ±˚˛ ÒÀ¬ı˛ ¬ı˛±‡ÀÓ¬ ¬Û±À¬ı˛ Ú±º øfl¡z≈¬ ø¬ıÀ˙¯∏ ’¬ıàÔ±˚˛ ø¬ıÀ˙¯∏ øfl¡Â≈√ ¸Ó«¬¸±À¬ÛÀé¬ ˆ¬±¸˜±Ú ¬ıd≈¬ ¸≈øàÔÓ¬º

¸±˜…±àÔ±˚˛ Ô±Àfl¡º ’±À˘±‰¬… ’Ò…±À˚˛ Œfl¡±Ú ’¬ıàÔ±˚˛ ¬ıd≈¬øÈ¬ ¸≈øàÔÓ¬ ¸±˜…±¬ıàÔ±˚˛ Ô±fl¡À¬ı Ó¬± øÚÀ˚˛

’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À¬ıº

17.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

17.1 ¤¬ı— 17.2 ’Ú≈À26√À√ ¬ı˘± ˝√√À˚˛ÀÂ√ ¤˝◊√√ ’Ò…±À˚˛¬ı˛ ø¬ı¯∏˚˛ ¬ıd≈¬ øfl¡∑ ¤˝◊√√ ’Ò…±À˚˛ ¸≈øàÔÓ¬

¸±˜…±¬ıàÔ±, ’øàÔÓ¬ ¸±˜…±¬ıàÔ± ¬ı± øÚ¬ı˛À¬Ûé¬ ¸±˜…±¬ıàÔ± ø¬ı¯∏À˚˛ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√ Î¬◊~•§ˆ¬±À¬ı ¸±˜±Ú…

·øÓ¬ õ∂±ø5¬ı˛ Ê√Ú… ¸±˜…±¬ıàÔ±˚˛ øÙ¬À¬ı˛ ’±¸±¬ı˛ ø¬ı¯∏À˚˛ ¸±˜±Ú… ’±À˘±‰¬Ú± fl¡¬ı˛±¬ı˛ ’±ÀÂ√º Œ¸øÈ¬ ’±À˘±‰¬Ú±

fl¡À¬ı˛ ‚”Ì«±˚˛˜±Ú ·øÓ¬ ¬õ∂±ø5¬ı˛ Ê√Ú… ¸±˜…±¬ıàÔ±¬ı˛ ø¬ı‰≈¬…øÓ¬ ¤¬ı— ¬Û”À¬ı«fl¡±¬ı˛ ’¬ıàÔ±˚˛ øÙ¬À¬ı˛ ’±¸±¬ı˛ ¬ı± Ú±

’±¸± ø¬ı¯∏À˚˛ ø¬ıd¬±ø¬ı˛Ó¬ ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ¤˝◊√√ ø¬ı¯∏À˚˛ ¬¬Û¬ı˛±Àfl¡f (Metacentre)-¤¬ı˛ ¸—:± ¤¬ı—

¬Û¬ı˛±Àfl¡Àf¬ı˛ ’¬ıàÔ±Ú øÚÌ«À˚˛¬ı˛ ¬ÛXøÓ¬ ’±À˘±ø‰¬Ó¬ ˝√√À˚˛ÀÂ√ ¸≈øàÔÓ¬ ¸±˜…±¬ıàÔ±¬ı˛ Ê√Ú… ¬Û¬ı˛±Àfl¡f øÚø«√©Ü

’¬ıàÔ±Ú Ê√±Ú± Ê√¬ı˛≈¬ı˛œº ’øàÔÓ¬ ¸±˜…±¬ıàÔ±¬ı˛ ¸”S±¬ı˘œ øÚÀ˚˛› ’±À˘±‰¬Ú± fl¡¬ı˛± ˝√√À˚˛ÀÂ√º fl¡À˚˛fl¡øÈ¬ Î¬◊√±˝√√¬ı˛Ì

Œ˚±À· ¤˝◊√√ ø¬ı¯∏À˚˛¬ı˛ õ∂À˚˛±·˜”˘fl¡ øfl¡Â≈√ ¸˜¸…± ’±À˘±ø‰¬Ó¬ ˝√√À˚˛ÀÂ√º

17.4 ˆ¬±¸˜±Ú¬ıd≈¬¬ı˛ øàÔÓ¬±¬ıàÔ±˚˛ ¸±˜…

’±—ø˙fl¡ øÚ˜ø7¡¡¡Ó¬ ¬ıd≈¬¬ı˛ Œé¬ÀS (i) ¬ıd≈¬¬ı˛ ›Ê√Ú › ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›Ê√Ú ¸˜±Ú ˝√√˚˛ ¤¬ı—

(ii) ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¡f › ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ˆ¬±¬ı˛Àfl¡f ¤˝◊√√ Î¬◊~•§À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ ’¬ıøàÔÓ¬ ˝√√À¬ıº

¤é¬ÀÌ ¬ıd≈¬øÈ¬¬ı˛ ¸¬ı˛ÌÀfl¡ Œ˜±È¬ øÓ¬ÚøÈ¬ ˆ¬±À· ø¬ıˆ¬q¡ fl¡¬ı˛± ˚±˚˛º

[2] ‚”Ì«Úø¬ı˝√√œÚ ‡≈¬ı ŒÂ√±È¬ Î¬◊~•§ ¸¬ı˛Ì –

¤Àé¬ÀS ¬ıd≈¬øÈ¬Àfl¡ ¤fl¡È≈¬ øÚÀ‰¬¬ı˛ ø√Àfl¡ Œ‰¬À¬Û ŒÂ√ÀÎ¬ˇ ø√À˘ ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ¬Ûø¬ı˛˜±Ì Œ¬ıÀÎ¬ˇ ˚±˚˛º

Ù¬À˘ õ≠¬ıÓ¬±¬ı˛ ˜±Ú Œ¬ıÀÎ¬ˇ ˚±˚˛ ¤¬ı— ¬ıd≈¬øÈ¬ ’±¬ı±¬ı˛ Î¬◊¬ÛÀ¬ı˛¬ı˛ ø√Àfl¡ ¤fl¡È≈¬ Î¬◊ÀÍ¬ ’±À¸º Ó¬±¬ı˛ Ù¬À˘ ’±¬ı±¬ı˛

õ≠¬ıÓ¬±¬ı˛ ˜±Ú fl¡À˜ ˚±˚˛º ¤ˆ¬±À¬ı ‡≈¬ı ŒÂ√±È¬ Î¬◊~•§ ¸¬ı˛ÀÌ¬ı˛ Ê√Ú… ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ ¸±˜… ¸≈øàÔÓ¬ (stable)

√̋√À¬ıº
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(b) ‚”Ì«Úø¬ı˝√√œÚ ‡≈¬ı ŒÂ√±È¬ ’Ú≈ˆ”¬ø˜fl¡ ¸¬ı˛Ì –

¤Àé¬ÀS ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ Œfl¡±Ú ˘øt ’Ú≈ˆ”¬ø˜fl¡ ¬ı˘ ŒÚ˝◊√√º ¸≈Ó¬¬ı˛±— ¬ıd≈¬¬ı˛ øÚÊ√¶§àÔ±Ú ŒÔÀfl¡ ¸À¬ı˛ ˚±¬ı±¬ı˛

õ∂ùü˝◊√√ ›ÀÍ¬ Ú±º Ó¬±˝◊√√ ¤Àé¬ÀS ¸±˜…øÈ¬ ¸≈øàÔÓ¬ (stable)-¤ Ú˚˛ ’øàÔ¬ı˛ (unstable) › Ú˚˛º

(c) ŒÂ√±È¬ ‚”Ì«Ú (Small rotational displacement) :
¤Àé¬ÀS ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ’±˚˛Ó¬ÀÚ¬ı˛ Œfl¡±Ú ¬Ûø¬ı˛¬ıÓ«¬Ú ˝√√˚˛ Ú±º ¸≈Ó¬¬ı˛±— ¸¬ıÀé¬ÀS˝◊√√ ¬ıd≈¬¬ı˛ ›Ê√Ú

õ≠¬ıÓ¬±¬ı˛ ¸˜±Ú ˝√√˚˛º G ˚ø√ ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¡f ¤¬ı— H ˚ø√ õ∂Ô˜ ’¬ıàÔ±˚˛ õ≠¬ıÓ¬±Àfl¡f ˝√√˚˛ [˚‡Ú ¬ıd≈¬øÈ¬

¸±À˜… øÂ√˘] Ó¬±˝√√À˘ H' Œfl¡ ¬ı˘± ˝√√À¬ı ‚”Ì«ÀÚ¬ı˛ ¬Û¬ı˛ ÚÓ≈¬Ú ’¬ıàÔ±˚˛ õ≠¬ıÓ¬± Œfl¡Àf¬ı˛ ’¬ıàÔ±Úº ¬õ∂Ô˜Ó¬–

GH ¤fl¡˝◊√√ Î¬◊~•§À¬ı˛‡±˚˛ ’¬ıàÔ±Ú¬ı˛Ó¬– ‚”Ì«ÀÚ¬ı˛ ¬Û¬ı˛ ÚÓ≈”¬Ú H' ø√À˚˛ õ≠¬ıÓ¬±¬ı˘ ÿÒ√ı«ø√Àfl¡ ø√flË¡˚˛± fl¡¬ı˛À¬ıº

¤˝◊√√ ø√flË¡˚˛±À¬ı˛‡± GH-Œfl¡ ŒÂ√√ fl¡¬ı˛ÀÓ¬› ¬Û±À¬ı˛ Ú±› ¬Û±À¬ı˛º

17.5 ¬¬Û¬ı˛±Àfl¡Àf¬ı˛ ¸—:±, ¬Û¬ı˛±Àfl¡øffl¡ Î¬◊2‰¬Ó¬±, ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ ¸±˜Ó¬ø˘fl¡

’¬ıàÔ±Ú, ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ ¸˜¢∂ Ó¬À˘¬ı˛ ’¬ıàÔ±Ú ¤¬ı— õ≠¬ıÓ¬±¬ı˛ ¸˜¢∂Ó¬À˘¬ı˛

’¬ıàÔ±Ú

17.5.1 ¬Û¬ı˛±Àfl¡f [¸—:±] –

˜≈q¡ˆ¬±À¬ı ˆ¬±¸˜±Ú Œfl¡±Ú ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ¤fl¡øÈ¬ ŒÂ√±È¬ ‚”Ì«Ú õ∂À˚˛±· fl¡¬ı˛±¬ı˛ ¬Û¬ı˛ ˚ø√ ¬ıd≈¬ fl¡Ó«‘¬fl¡ ’¬Û¸±ø¬ı˛Ó¬

Ó¬¬ı˛À˘¬ı˛ ¬Ûø¬ı˛˜±Ì ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡, Ó¬±˝√√À˘ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ ’¬ıàÔ±¬ı˛ õ≠¬ıÓ¬±Àfl¡Àf¬ı˛ ˜Ò… ø√À˚˛ ’øefl¡Ó¬ Î¬◊~•§

Œ¬ı˛‡± ¬ıd≈¬øÈ¬¬ı˛ ˆ¬±¬ı˛Àfl¡f › ’±À·¬ı˛ ’¬ıàÔ±ÀÚ¬ı˛ õ≠¬ıÓ¬±Àfl¡Àf¬ı˛ ¸—À˚±·À¬ı˛‡±Àfl¡ Œ˚ ø¬ıμ≈ÀÓ¬ [˚ø√ ¤¬ı˛fl¡˜

ø¬ıμ≈¬ı˛ ’ød¬Q Ô±Àfl¡] ŒÂ√√ fl¡À¬ı˛, Ó¬±Àfl¡ ‹ ¬ıd≈¬¬ı˛ ¬Û¬ı˛±Àfl¡f ¬ı˘± ˝√√˚˛º

øÚÀ‰¬¬ı˛ Â√ø¬ı·≈ø˘ ¸±˝√√±À˚… Ò±¬ı˛Ì±øÈ¬ ’øÒfl¡Ó¬¬ı˛ ¬Ûø¬ı˛©®±¬ı˛ ˝√√À˚˛ ¤‡±ÀÚ ¬õ∂Ô˜ Â√ø¬ıøÈ¬ ¬ıd≈¬øÈ¬¬ı˛ ¸±˜…±¬ıàÔ±˚˛

õ∂Ô˜ ’¬ıàÔ±ÀÚ ’¬ıàÔ± øÚÀ«√˙ fl¡¬ı˛ÀÂ√º ¬ı±øfl¡≈√øÈ¬ ŒÂ√±È¬ Œfl¡ÃøÌfl¡ ¸¬ı˛ÀÌ¬ı˛ ¬Û¬ı˛ Ó¬±À√¬ı˛ ’¬ıàÔ±Ú ¸”ø‰¬Ó¬

fl¡¬ı˛ÀÂ√º Ò¬ı˛± ˚±fl¡ Œˆ¬À¸ Ô±fl¡± ˙Ó«¬ ≈√øÈ¬ Ó¬±¬ı˛± ¬Û±˘Ú fl¡¬ı˛ÀÂ√º ¤é¬ÀÚ± ¬ıd≈¬¬ı˛ Î¬◊¬Û¬ı˛ ø√flË¡˚˛±¬ı˛ ¬ı˘¡Z˚˛ ˝√√À˚˛ÀÂ√
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G ˆ¬±¬ı˛Àfl¡f ø√À˚˛ øÚ•ß˜≈‡œ ›Ê√Ú W ¤¬ı— H' ¬ø√À˚˛ [õ≠¬ıÓ¬±Àfl¡f] ÿÒ√ı«˜≈‡œ õ≠¬ıÓ¬± ¬ı˘º ¤˝◊√√ ≈√øÈ¬

¬ı˘ ¤fl¡øÈ¬ ¡ZiZ (Couple) ΔÓ¬ø¬ı˛ fl¡¬ı˛À¬ıº ¤‡Ú ≈√øÈ¬ àÔÀ˘ (case)-¤¬ı˛ ¬ı…±‡…± fl¡¬ı˛± ˚±˚˛º ¬¬Û¬ı˛±Àfl¡f

M, ‘G’-¤¬ı˛ ÚœÀ‰¬ Ô±fl¡ÀÓ¬ ¬Û±À¬ı˛ [ø¡ZÓ¬œ˚˛ Â√ø¬ı ^©Ü¬ı…], Œ¸Àé¬ÀS ¡ZiZøÈ¬ HG-¤¬ı˛ Î¬◊~À•§¬ı˛ ¸±ÀÔ ÚÓ¬Àfl¡

’±¬ı˛› ¬ı±Î¬ˇÀÓ¬ ¸À‰¬©Ü ˝√√À¬ı ¬ı± ¬ıd≈¬øÈ¬Àfl¡ õ∂Ô˜ ’¬ıàÔ±ÀÚ¬ı˛ Ó≈¬˘Ú±˚˛ ’±¬ı˛› Œ‚±¬ı˛±¬ı±¬ı˛ Œ‰¬©Ü± fl¡¬ı˛À¬ıº ø¡ZÓ¬œ˚˛

àÔÀ˘ (case) M, ‘G’-¤¬ı˛ Î¬◊¬ÛÀ¬ı˛ ’¬ıàÔ±Ú fl¡¬ı˛ÀÓ¬ ¬Û±À¬ı˛ [Ó‘¬Ó¬œ˚˛ Â√ø¬ı õ∂À˚±Ê√…], Œ¸Àé¬ÀS ¡ZiZøÈ¬

¬ıd≈¬øÈ¬Àfl¡ ¬õ∂Ô˜±¬ıàÔ±˚˛ [Œ˚‡±ÀÚ HG Î¬◊~•§øÂ√˘] øÙ¬ø¬ı˛À˚˛ øÚÀ˚˛ Œ˚ÀÓ¬ ‰¬±˝◊√√À¬ıº

¸≈Ó¬¬ı˛±— ¸±˜…±¬ıàÔ±øÈ¬ ¸≈øàÔÓ¬ ¬ı± ’øàÔÓ¬ ˝√√À¬ı ˚Ô±√flË¡À˜ M ˚ø√ G-¤¬ı˛ Î¬◊¬ÛÀ¬ı˛ ¬ı± ÚœÀ‰¬ Ô±Àfl¡º

Î¬◊¬ÛÀ¬ı˛¬ı˛ ’±À˘±‰¬Ú±˚˛ GM-Œfl¡ ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ ¬Û¬ı˛±Àfl¡øf√fl¡ Î¬◊2‰¬Ó¬± (Metacentric height) ¬ı˘±

˝√√˚˛º ˚ø√ ‘
’ ¤fl¡øÈ¬ ŒÂ√±È¬ ‚”Ì«Ú Œfl¡±Ì ˝√√˚˛ Ó¬±˝√√À˘ Œ˚ ¡ZiZøÈ¬ 
-Œfl¡ ¬ı±Î¬ˇ±ÀÓ¬ ¬ı± fl¡˜±ÀÓ¬ ‰¬±˝◊√√À¬ı Ó¬±¬ı˛

˜±Ú W.GM.
� ˚ø√ ¤fl¡øÈ¬ ¬ıd≈¬ ’±—ø˙fl¡ øÚ˜ø7¡¡¡Ó¬ ’¬ıàÔ±˚˛ Ó¬¬ı˛À˘ ˆ¬±¸˜±Ú ˝√√˚˛ Ó¬±˝√√À˘ Ó¬¬ı˛À˘ ˜≈q¡

Î¬◊¬Ûø¬ı˛Ó¬˘ ¬ıd≈¬øÈ¬¬ı˛ õ∂àÔÀ26√√ ¬ı¬ı˛±¬ı¬ı˛ Œ˚ Ó¬À˘ ø˜ø˘Ó¬ ˝√√˚˛ Ó¬±Àfl¡ ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ Ó¬˘ (Plane of flotation)

¬ı˘± ˝√√˚˛º

ˆ¬±¸˜±Ú Ó¬˘ Œ˚ ¬Ûø¬ı˛˜±Ì Î¬◊¬Ûø¬ı˛Ó¬˘Àfl¡ ’±26√±ø√Ó¬ fl¡À¬ı˛, Ó¬±Àfl¡ ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ ¸˜¢∂Ó¬˘ (Surface

of flotation) ¬ı˘± ˝√√˚˛º

˚ø√ ¸˜¸N Ó¬¬ı˛À˘ ˆ¬±¸˜±Ú Œfl¡±Ú ¬ıd≈¬Àfl¡ ¤fl¡àÔ±Ú ŒÔÀfl¡ ’Ú…àÔ±ÀÚ ¸¬ı˛±¬ı±¬ı˛ Ù¬À˘ ’¬Û¸±ø¬ı˛Ó¬

Ó¬¬ı˛À˘¬ı˛ ’±˚˛Ó¬Ú ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¡, Ó¬±˝√√À˘ ¬ıd≈¬ÀÓ¬ õ≠¬ıÓ¬± Œfl¡Àf¬ı˛ ¸=±¬ı˛¬ÛÔÀfl¡ õ≠¬ıÓ¬±¬ı˛ ¸˜¢∂Ó¬˘

(surface of buoyancy) ¬ı˘± ˝√√˚˛º

17.5.2

¤˝◊√√ ’Ò…±À˚˛ øÚ•ßø˘ø‡Ó¬ ø¬ı¯∏˚˛¬ıd≈¬·≈ø˘ ’±À˘±ø‰¬Ó¬ ˝√√À¬ı

(i) ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ’±˚˛Ó¬ÀÚ¬ı˛ ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬± ¤¬ı— Ó¬±¬ı˛ Ù¬˘º

(ii) ¬Û¬ı˛±Àfl¡Àf¬ı˛ ’ød¬Qº

(iii) ¬Û¬ı˛±Àfl¡Àf¬ı˛ Î¬◊2‰¬Ó¬± øÚÌ«˚˛ ¤¬ı— õ∂Ô˜±¬ıàÔ±˚˛ øÙ¬ø¬ı˛À˚˛ ’±Ú±¬ı˛ ¡ZiZº

Î¬◊¬ÛÀ¬ı˛¬ı˛ ø‰¬SÀÓ¬ OY ˝√√˘ ˆ¬±¸˜±Ú ¸˜Ó¬˘ ¤¬ı— OZ Î¬◊~•§ˆ¬±À¬ı øÚ•ß˜≈‡œ [õ∂Ô˜ ø‰¬S]º A ˚ø√
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OY-¤¬ı˛ Œé¬SÙ¬˘ ˝√√˚˛, V ˝√√˘ ¬ıd≈¬¬ı˛ øÚ˜ø7¡¡¡Ó¬ ’—À˙¬ı˛ ’±˚˛Ó¬Ú ¤¬ı— x y z, ,� �  ˝√√˘ õ≠¬ıÓ¬± Œfl¡f H-

¤¬ı˛ àÔ±Ú±efl¡º ¤Â√±Î¬ˇ±› G-Œfl¡ ¬ıd≈¬¬ı˛ ˆ¬±¬ı˛Àfl¡f ø˝√√¸±À¬ı ø‰¬ø˝êÓ¬ fl¡¬ı˛± ˝√√˘º

¤é¬ÀÌ OY ’é¬ ¶§±À¬ÛÀé¬ ¬ıd≈¬øÈ¬ ‘
’ Œfl¡±ÀÌ [ŒÂ√±È¬] ’±¬ıøÓ«¬Ó¬ ˝√√˘  , OX, OY ’é¬Àfl¡ øÚÀ˚˛

[ø‰¬S 2], ˚ø√ H ÚÓ≈¬Ú õ≠¬ıÓ¬± Œfl¡f ˝√√˚˛ Ó¬±˝√√À˘ Ó¬±¬ı˛ àÔ±Ú±efl¡ Ò¬ı˛± ˝√√˘ � � �� �x y z, ,

õ∂Ô˜±¬ıàÔ±˚˛ [õ∂Ô˜ø‰¬S],� P ø¬ıμ≈¬ı˛ àÔ±Ú±efl¡ Ò¬ı˛± ˝√√˘ (x, y) [ˆ¬±¸˜±Ú ¸˜Ó¬À˘] ¤¬ı— Q ˝√√˘

Î¬◊~•§ˆ¬±À¬ı P-¤¬ı˛ øÚÀ‰¬ ¤fl¡øÈ¬ ø¬ıμ≈ ˚±¬ı˛ àÔ±Ú±efl¡ (x, y, z). PQ-Œfl¡ ’é¬ ÒÀ¬ı˛ ¤fl¡øÈ¬ ŒÂ√±È¬ Œ‰¬±„√√

’efl¡Ú fl¡¬ı˛± ˝√√˘ ˚±¬ı˛ õ∂àÔÀ26√√ dA, Œ‰¬±„√√øÈ¬¬ı˛ Δ√‚«… Z ˝√√À˘ ¤¬ı˛ ’±˚˛Ó¬Ú ZdA.

� øÚ˜ø7¡¡¡Ó¬ ’—À˙¬ı˛ ’±˚˛Ó¬Ú V ZdA
 �
Œ˚‡±ÀÚ ¸˜±fl¡˘øÈ¬ ˆ¬±¸˜±Ú ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛ fl¡¬ı˛± ˝√√À˚˛ÀÂ√º ø¡ZÓ¬œ˚˛ ø‰¬ÀS ˆ¬±¸˜±Ú ¸˜Ó¬˘øÈ¬ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬

˝√√À˚˛ÀÂ√º Ò¬ı˛± ˚±fl¡ Œ‰¬±„√√øÈ¬¬ı˛ ’é¬Àfl¡ ¬ıøÒ«Ó¬ fl¡¬ı˛À˘ ÚÓ≈¬Ú Ó¬˘øÈ¬Àfl¡ P
� ø¬ıμ≈ÀÓ¬ ŒÂ√√ fl¡À¬ı˛º Œ˚À˝√√Ó≈¬

OP = x ¤¬ı— �POP
 = 
��¸≈Ó¬¬ı˛±— PP
 = x
��’Ô«±» Œ‰¬±„√√øÈ¬¬ı˛ ¬ıÓ«¬˜±Ú Δ√‚«… = Z + x
 ¤¬ı—

¤¬ı˛ ’±˚˛Ó¬Ú ˝√√À¬ı (Z + x
)dA

� ¬ıÓ«¬˜±Ú ’¬ıàÔ±˚˛ øÚ˜ø7¡¡¡Ó¬ ’—À˙¬ı˛ ’±˚˛Ó¬Ú 
 �� ( )z x dA�  ÚÓ≈¬Ú ˆ¬±¸˜±Ú ¸˜Ó¬À˘¬ı˛ Î¬◊¬Û¬ı˛

¸˜±fl¡˘øÈ¬ ŒÚ›˚˛± ˝√√À˚˛ÀÂ√º

Ò¬ı˛± ˚±fl¡, øÚ˜ø7¡¡¡Ó¬ ’—À˙¬ı˛ ’±˚˛Ó¬Ú ≈√Àé¬ÀS˝◊√√ ¸˜±Ú Ó¬±˝√√À˘,

( )Z Z dA ZdA� 
 �� �

� 
� xdA 0

¸≈Ó¬¬ı˛±— Œ¸Àé¬ÀS ¸˜¢∂Ó¬À˘¬ı˛ (Surface section) ˆ¬±¬ı˛Àfl¡f (centroid) Oy-¤¬ı˛ Î¬◊¬Û¬ı˛ ’¬ıàÔ±Ú

fl¡¬ı˛À¬ıº ¤ ŒÔÀfl¡ Œ˚ ˙Ó«¬øÈ¬ ¬Û±›˚˛± ˚±À26√ Ó¬± Î¬◊¬Û¬Û±√… ¬ı˛”À¬Û õ∂fl¡±˙ fl¡¬ı˛± ˝√√˘º

Î¬◊¬Û¬Û±√… –

Œfl¡±Ú ¬ıd≈¬Àfl¡ ¸˜±Ú Ó¬˘ ¡Z±¬ı˛± Ó¬±¬ı˛ øfl¡Â≈√È¬± ’±˚˛Ó¬Ú fl¡±È¬± ˝√√À˘ ˚ø√ Œ¸˝◊√√ ¬Ûø¬ı˛˜±Ì ’—À˙¬ı˛ ’±˚˛Ó¬Ú

Ó¬˘øÈ¬¬ı˛ ŒÂ√±È¬ ¸¬ı˛ÀÌ¬ı˛ Ê√Ú… ÒË≈¬ıfl¡ Ô±Àfl¡, Ó¬±˝√√À˘ Ó¬˘øÈ¬ Œ˚ ’é¬ ¶§±À¬ÛÀé¬ ’±¬ıøÓ«¬Ó¬ ˝√√˚˛ Œ¸øÈ¬ ›˝◊√√ Ó¬À˘¬ı˛

’—À˙¬ı˛ ˆ¬¬ı˛Àfl¡f ø√À˚˛ ˚±À¬ıº

¤é¬ÀÌ Ò¬ı˛± ˚±fl¡ ’±˚˛Ó¬ÀÚ¬ı˛ ÒË≈¬ıfl¡ Ô±fl¡±¬ı˛ ¬ı…±¬Û±¬ı˛øÈ¬ Î¬◊¬ÛÀ¬ı˛¬ı˛ ø‰¬S¡Z˚˛ Œ˜ÀÚ ‰¬À˘º Ó¬±˝√√À˘ PQ-

¤¬ı˛ ˆ¬±¬ı˛Àfl¡f ˝√√À¬ı [ø‰¬S õ∂Ô˜] H x y z( , , ) Œ˚‡±ÀÚ

V x xzdA V y yzdA V z z dA
 
 
 ��� , , .1
2

2

[ø‰¬S 2˚˛], P
Q-¤¬ı˛ Δ√‚«… z + 
x P ŒÔÀfl¡ ¤¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ ”√¬ı˛Q


 � � 
 �1
2

1
2( ) ( ),z x x z x� � �
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(z + x
)dA ’—À˙¬ı˛ ˆ¬±¬ı˛Àfl¡Àf¬ı˛ àÔ±Ú±efl¡ ˝√√À¬ıñ

x, y ¤¬ı— 
1
2 ( ),z x� �

¸≈Ó¬¬ı˛±—, 
 	 � �H x y y| |  ˝√√À¬ıº

V x x z x dA V y z x dAy
 � 
 �� �� ( ) , ( )� �

V z z x dA
 ��1
2

2 2 2�� �

‘
’ ‡≈¬ı ŒÂ√±È¬ ¬ıÀ˘ 
2-Œfl¡ ÒÓ«¬À¬ı…¬ı˛ ˜ÀÒ… Ú± ’±ÚÀ˘, ’±˜¬ı˛± ¬Û±˝◊√√ ¬ı± Z Z	
�

 HH
� � xOy

Ó¬À˘¬ı˛ ¸±ÀÔ ¸˜±z¬¬ı˛±˘ ˝√√À¬ı [¬ı± ˆ¬±¸˜±Ú ¸˜Ó¬À˘¬ı˛ ¸±ÀÔ]º

¤ ŒÔÀfl¡ ’±˜¬ı˛± øÚ•ß¬ı˛”¬Û ø¸X±z¬ fl¡¬ı˛ÀÓ¬ ¬Û±ø¬ı˛º

Note : õ≠¬ıÓ¬±¬ı˛ ¸˜¢∂Ó¬À˘¬ı˛ Œfl¡±Ú ø¬ıμ≈ÀÓ¬ ¶Û˙«Ó¬˘ Œ¸˝◊√√ ’¬ıàÔ±ÀÚ ˆ¬±¸˜±Ú ¬ıÀ˘¬ı˛ ¸±ÀÔ ¸˜±z¬¬ı˛±˘

˝√√À¬ıº ¬Û¬ı˛±Àfl¡Àf¬ı˛ ’ød¬ÀQ¬ı˛ Ê√Ú…, GH ¤¬ı— H
� ø√À˚˛ ’øefl¡Ó¬ Î¬◊~•§Àfl¡ ŒÂ√√ fl¡¬ı˛ÀÓ¬ ˝√√À¬ı, ˚± Ó¬±À√¬ı˛Àfl¡

¤fl¡˝◊√√ Ó¬À˘ ’¬ıøàÔÓ¬ ˝√√ÀÓ¬ ˝√√À¬ıº Œ¸øÈ¬ ˝√√À¬ı ¤fl¡øÈ¬ Î¬◊~•§Ó¬˘ ˚± xOZ Ó¬À˘¬ı˛ ¸˜±z¬¬ı˛±˘º

� 	 
y y

� 
 ��� yzdA y Z x dA( )�

� 
� xydA 0

� ‘A’ Œé¬ÀS¬ı˛ ox ¤¬ı— oy ’é¬ ¸±À¬ÛÀé¬ Ê√±ÀÎ¬…¬ı˛ ·≈ÌÙ¬˘ ˙”Ú… ˝√√À26√ ¬˚± Ó¬‡Ú˝◊√√ ¸y¬¬ı ˚‡Ú

Ox, Oy ˝√√À¬ı ŒÂ√ø√Ó¬ ¸˜¢∂Ó¬À˘¬ı˛ ¤fl¡øÈ¬ ø¬ıμ≈ ‘O’-ŒÓ¬ õ∂Ò±Ú ’é¬ (Principal axes)

Î¬◊¬ÛÀ¬ı˛¬ı˛ ø¸X±z¬øÈ¬ ’¬ı˙…˝◊√√ ø¸X ˝√√˚˛ ˚‡Ú ‚”Ì«ÀÚ¬ı˛ ’é¬ ŒÂ√ø√Ó¬ ¸˜¢∂Ó¬À˘¬ı˛ õ∂øÓ¬¸±˜… ’é¬ ˝√√˚˛º

’±˜¬ı˛± Ò¬ı˛¬ı ¤˝◊√√ ˙Ó«¬øÈ¬ ø¸X ˝√√˚˛ ¤¬ı— ¬Û¬ı˛±Àfl¡f (metacentre)-¤¬ı˛ ’ød¬Q ’±ÀÂ√º

Œ˚À˝√√Ó≈¬ HG ¤¬ı— H
-¤¬ı˛ ˜Ò… ø√À˚˛ ’øefl¡Ó¬ Î¬◊~•§ xoz Ó¬À˘¬ı˛ ¸˜±z¬¬ı˛±˘ Ó¬À˘ Ô±Àfl¡ ¤¬ı—

Œ˚À˝√√Ó≈¬ HH
�� xoy Ó¬À˘¬ı˛ ¸±ÀÔ ¸˜±z¬¬ı˛±˘,
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� HH
 	� 
 �x x


 � � ��1
V

x z x dA xzdA( )�


 ��V x dA2

øfl¡z≈¬ x dA2�  ˝√√˘ ŒÂ√ø√Ó¬Ó¬˘ A-¤¬ı˛ OY ’é¬¶§±À¬ÛÀé¬ Ê√±Î¬…√w¬±˜fl¡º

� 
� x dA Ak2 2

Œ˚‡±ÀÚ k ˝√√˘ ‘A’ Œé¬ÀS¬ı˛ Oy ’é¬¶§±À¬ÛÀé¬ ’±¬ıÓ«¬Ú ¬ı…±¸±Ò«º

Œ˚À˝√√Ó≈¬ ‘
’ ‡≈¬ı ŒÂ√±È¬ Œfl¡±Ì,

HH
� = HM.


� HM
x dA

V
Ak
V


 

	 2 2

¸≈Ó¬¬ı˛±—, HM ˙≈Ò≈˜±S A ¤¬ı— ’±˚˛Ó¬Ú V-¤¬ı˛ Î¬◊¬Û¬ı˛ øÚˆ«¬¬ı˛˙œ˘º

¬Û¬ı˛±Àfl¡øffl¡ Î¬◊2‰¬Ó¬± (GM) ˝√√˘,ñ

GM HM HG Ak
V

HG AK V HG V
 � 
 � 
 �
2

2( . ) /

Œ˚ ’=À˘¬ ¬ıd≈¬øÈ¬ ˆ¬±¸˜±Ú Ó¬±¬ı˛ ‚ÚQ f ˝√√À˘,

W = g�V, ¸≈Ó¬¬ı˛±— ¡ZÀiZ¬ı˛ ˜±Ú ¬ı± õ∂Ô˜±¬ıàÔ±˚˛ øÚÀ˚˛ Œ˚ÀÓ¬ ¸±˝√√±˚… fl¡À¬ı˛,

= W.GM.
 = g�
 (Ak2 – V.HG).

¸≈Ó¬¬ı˛±— ¸±˜…±¬ıàÔ±øÈ¬ ¸≈øàÔÓ¬ ˝√√À¬ı, ˚ø√ HG < Ak2/V ˝√√˚˛º

Note : ¤fl¡øÈ¬ Œé¬ÀS¬ı˛ ≈√øÈ¬ õ∂Ò±Ú ’é¬ Ô±fl¡±¬ı˛ Ê√Ú… k1 ¤¬ı— k2 ≈√øÈ¬ ’±¬ıÓ«¬Ú ¬ı…±¸±Ò« ’±ÀÂ√º

Ù¬˘Ó¬– ¸±˜…±¬ıàÔ±øÈ¬ ¸≈øàÔÓ¬ ¤¬ı˛ ˚ø√ HG < Ak2/V ¤¬ı— HG < Ak2
2/V ˝√√˚˛º

¤é¬ÀÌ ˚ø√ 
-Œfl¡ ¬ı‘øX fl¡À¬ı˛ 
�+ �
 fl¡¬ı˛± ˝√√˚˛, Ó¬±˝√√À˘ ¤Àé¬ÀS fl¡±Ê√ fl¡¬ı˛± ˝√√˘ = W.GM.
.�


¸≈Ó¬¬ı˛± Œfl¡ÃøÌfl¡¸¬ı˛Ì ‘
’ = ¤¬ı˛ Ê√Ú… Œ˜±È¬ fl¡±Ê√ fl¡¬ı˛± ˝√√˘ñ


 
 
 �� w GM d W GM g Ak V H G. . . . ( . . )� � � � �
�

1
2

1
2

2 2 2

0
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17.6 ø¬ıÀ˙¯∏ˆ¬±À¬ı  øÚÒ«±ø¬ı˛Ó¬ ’¬ıàÔ±ÀÚ¬ı˛ ÊÚ… ¬Û¬ı˛±Àfl¬Àf¬ı˛ ·ˆ¬œ¬ı˛Ó¬±¬ı˛ ¸”S øÚÌ«˚˛

¤¬ı— ¬Û¬ı˛±Àfl¬Àf¬ı˛ ’¬ıàÔ±ÀÚ¬ı˛ ø¬ıø¬ıÒ Δ¬ıø˙©Ü…

Ò¬ı˛± ˚±fl¬ Œfl¬±ÀÚ± ˆ¬±¸˜±Ú ¬Û±ÀÓ¬¬ı˛ øÚ˜ø7¬¬¬Ó¬ ’—À˙¬ı˛ [˚±¬ı˛ Ó¬˘øÈ¬ Î¬◊~•§] ’±fl¬±¬ı˛ øÚ•ß¬ı˛”¬Ûº

(a) øSˆ≈¬Ê±fl¬±¬ı˛ –

Ò¬ı˛± ˚±fl¬ PQ ˝˘ ˆ¬±¸˜±Ú Œ¬ı˛‡± ¤¬ı— H ˝˘ ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ˆ¬±¬ı˛Àfl¬fº

¸±˜…±¬ıàÔ±¬ı˛ ÊÚ…ñ

CAB øSˆ≈¬ÀÊ¬ı˛ ›ÊÚ

= PAQ øSˆ≈¬Ê fl¬Ó‘¬«fl¬ ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›ÊÚ

’Ô¬ı±, �������	
�����
����
���������

���������	���������
���������	���������

�

���

���

� PQ-¤¬ı˛ Œ˚-Œfl¬±ÀÚ± ’¬ıàÔ±ÀÚ¬ı˛ ÊÚ… �PAQ-¤¬ı˛ Œé¬SÙ¬˘ ÒË≈¬ıfl¬º

¸≈Ó¬¬ı˛±— PQ-¤¬ı˛ ˜Ò…ø¬ıμ≈ ¸¬ı¸˜˚˛ ¤fl¬øÈ¬ ¬Û¬ı˛± ¬ı‘MÀfl¬ ¶Û˙« fl¬¬ı˛À¬ı ˚±¬ı˛ AB, AC ˝˘≈øÈ¬ ¶Û˙«√õ∂¬ıÌ

Œ¬ı˛‡± (asymptotes)

HG ¤‡±ÀÚ PQ-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ ˝À¬ı ¤¬ı—º

Œ˚À˝Ó≈¬, AH : HE = AG : GF,

� FE ’¬ı˙… ◊̋ PQ-¤¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ ˝À¬ı, ie, E ø¬ıμ≈ÀÓ¬ ¬Û¬ı˛±¬ı‘ÀM¬ı˛ Î¬◊¬Û¬ı˛ ˘•§ (normal)º

Ò¬ı˛± ˚±fl¬  xy = C2 ...............(i)

˝˘ õ≠¬ıÓ¬±¬ı˛ ¬ıflË¡À¬ı˛‡±¬ı˛ ¸˜œfl¬¬ı˛ÀÌ ˚±¬ı˛ ¶Û˙√«√õ∂¬ıÌ Œ¬ı˛‡±¬Z˚˛ AB › ACº

�BAC = 
, AB = 2a, AC = 2b.

‘BC’-¬ı˛ ˜Ò…ø¬ıμ≈ ‘F’-¤¬ı˛ àÔ±Ú±efl¬ (a, b) ˝À¬ıº

‘E’ ø¬ıμ≈¬ı˛ àÔ±Ú±efl¬ Òø¬ı˛ (x, y) ˚± (i) ¸˜œfl¬¬ı˛ÌÀfl¬ ø¸X fl¬À¬ı˛º
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����-Œfl¬ ¬ıÓ«¬˜±Ú àÔ±Ú±efl¬ (current co-ordinate) ÒÀ¬ı˛ ˘À•§¬ı˛ (normal)-¤¬ı˛ ¸˜œfl¬¬ı˛Ì ‘E’ ø¬ıμ≈ÀÓ¬

¬Û±˝◊ñ

�
�

�
�� 


�

�
�y

y x
x y

x
cos
cos

( )

Ú˜«…±˘øÈ¬ F(a, b) øÀ˚˛ ˚±˚˛,

�� (b – y) (x cos
 – y) = (a – x) (y cos
 – x)

¬ı±, x2 – (a + b cos
)x = y2 – (a cos
 + b)y ........(ii)

(i) ¤¬ı— (ii)-Œfl¬ ¸˜±Ò±Ú fl¬À¬ı˛ ’±˜¬ı˛± ¬Û¬ı˛±¬ı‘ÀM¬ı˛ Œ¸˝◊¸¬ı ø¬ıμ≈ ¬Û±˝◊ Œ¸‡±ÀÚ ¶Û˙«fl¬·≈ø˘ ˆ¬±¸˜±ÚÀ¬ı˛‡±

˝ÀÓ¬ ¬Û±À¬ı˛º

¤˝◊ ¸¬ı àÔ±Ú±Àefl¬¬ı˛ ‘x’ ’—˙ øÚ•ßø˘ø‡Ó¬ ¸˜œfl¬¬ı˛Ì ŒÔÀfl¬ ¬Û±˝◊ñ

x a b x
C

x
a b

C
x

2
4

2

2
� � 
 � �( cos ) ( cos )� �

¬ı±, x4 – (a + b cos
) x3 + (a cos
 + b ) c2x – c4 = 0

¤¬ı˛ Œfl¬¬ı˘ ¤fl¬øÈ¬ Ÿ¬Ì±Rfl¬ ¬ıœÊ ¤¬ı— ¤fl¬øÈ¬ ¬ı± øÓ¬ÚøÈ¬ ÒÚ±Rfl¬ ¬ıœÊ ’±ÀÂ√º

Ÿ¬Ì±Rfl¬ ¬ıœÊøÈ¬Àfl¬ ’¢∂±˝… fl¬¬ı˛À˘, ’±˜¬ı˛± ¬Û±˝◊, Œ˚ øÓ¬ÚøÈ¬ ¬ı± ¤fl¬øÈ¬ ¸±˜…±¬ıàÔ±¬ı˛ Ê±˚˛·± ¸y√√¬ıº

E ¤¬ı— F ˚Ô±flË¡À˜ PQ › BC-¤¬ı˛ ˜Ò…ø¬ıμ≈ ˝¬ı±¬ı˛ ÊÚ…, PAQ øSˆ≈¬ÀÊ¬ı˛ Œé¬SÙ¬˘ñ



1
2

AP AQ. .sin�



1
2

2 2. . .sinx y �


 2xy sin �

= 2c2 sin


¤¬ı— CAB øSˆ≈¬ÀÊ¬ı˛ Œé¬SÙ¬˘ñ



1
2

AB AC. .sin�



1
2

2 2. . .sina b �

= 2ab sin
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¸≈Ó¬¬ı˛±— ¸±˜…±¬ıàÔ±¬ı˛ ÊÚ…ñ

2

2 2
ab

c

sin

sin

�

�

�

�



¬ı±, c ab2 

�

�

Œ˚‡±ÀÚ � ¤¬ı— � ˝˘ ˚Ô±flË¡À˜ Ó¬¬ı˛˘ ¤¬ı— ¬Û±ÀÓ¬¬ı˛ ‚ÚQº ¸≈Ó¬¬ı˛±— ‘c’ Œfl¬ øÚ¬ı˛≈¬ÛÌ fl¬¬ı˛± Œ·˘º

(b) ’±˚˛Ó¬±fl¬±¬ı˛ –

A
CB ¤¬ı— ACB ˆ¬±¸˜±Ú Œ¬ı˛‡±¬ı˛ ¶§±À¬ÛÀé¬ Ò¬ı˛± ˚±fl¬ H › H
 ˝˘ ˆ¬¬ı˛Àfl¬f ’¬ıàÔ±Úº

Ò¬ı˛± ˚±fl¬ AC = CB = a, BB
 = �, CH = C ¤¬ı— ŒÂ√øÓ¬ Œé¬SÙ¬˘ = S H ¤¬ı˛ ¶§±À¬ÛÀé¬

H-¤¬ı˛ ¶§±À¬ÛÀé¬ H
 ¤¬ı˛ àÔ±Ú±efl¬ (x, y), ˚±Àfl¬ HN = x ¤¬ı— NH
 = y, Ó¬±˝À˘ñ

Sx S HN a C a C a
 
 �
�
�

�
� � �

�
�

�
� 
.

1
2

1
3

1
2

1
3

1
3

2� � � �

Sy S NH a a a a a
 � 
 � � 
. .1
2

2
3

1
2

2
3

2
3

2� � �� �

�Œfl¬ ’¬ÛÚ˚˛Ú fl¬À¬ı˛ ’±˜¬ı˛± H
-¤¬ı˛ ¸=±¬ı˛¬ÛÔ ¬Û±˝◊ñ

Sy a x2 33
4




¤øÈ¬ ¤fl¬øÈ¬ ’øÒ¬ı‘M ¤¬ı— õ≠¬ıÓ¬±¬ı˛ ¬ıflË¡À¬ı˛‡±Àfl¬ Î¬◊¬ÛàÔ±ø¬ÛÓ¬ fl¬À¬ı˛º ˆ¬±¸˜±Ú ¬ıflË¡À¬ı˛‡± ¤Àé¬ÀS ¤fl¬øÈ¬

˜±S ø¬ıμ≈º
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(c) ’øÒ¬ı‘M±fl¬±¬ı˛ –

ˆ¬±¸˜±Ú › õ≠¬ıÓ¬±¬ı˛ ¬ıflË¡À¬ı˛‡± ¤‡±ÀÚ ¸˜±Ú ’øÒ¬ı‘M¸˜”˝º

(d) Î¬◊¬Û¬ı‘M±fl¬±¬ı˛ –

ˆ¬±¸˜±Ú › õ≠¬ıÓ¬±¬ı˛ ¬ıflË¡À¬ı˛‡± ¤Àé¬ÀS ¤fl¬˝◊ ¬ı˛fl¬˜ ’¬ıøàÔÓ¬ ¸˜Àfl¬øffl¬ Î¬◊¬Û¬ı‘M¸˜”À˝¬ı˛ ‰¬±¬Û (arcs)º

(e) ¬Û¬ı˛±¬ı‘M±fl¬±¬ı˛ –

ˆ¬±¸˜±Ú › õ≠¬ıÓ¬±¬ı˛ ¬ıflË¡À¬ı˛‡± ¤Àé¬ÀS ¤fl¬˝◊¬ı˛fl¬˜ ¬Û¬ı˛±¬ı‘ÀM¬ı˛ ‰¬±¬Û¸˜”˝º

17.7 ¸≈øàÔøÓ¬ ¸±˜… ¤¬ı— ’øàÔøÓ¬ ø¬ıøˆ¬iß ’¬ıàÔ±ÀÚ¬ı˛ fl¬±¬ı˛Ì øÚÌ«˚˛

17.7.1

ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ ¸±˜… øÓ¬Ú √õ∂fl¬±¬ı˛ ˝ÀÓ¬ ¬Û±À¬ı˛,

(i) øÚ¬ı˛À¬Ûé¬ ¸±˜… (Neutral equilibrium), (ii) ¸≈øàÔ¬ı˛ ¸±˜… (stable euilibrium ¤¬ı— (iii)

’øàÔ¬ı˛ ¸±˜… (Unstable equilibrium)º ¸±˜…±¬ıàÔ±Ú ŒÔÀfl¬ ¸±˜±Ú… ø¬ı‰≈¬…Ó¬ fl¬¬ı˛À˘ ˆ¬±¸˜±Ú ¬ıd≈¬ øfl¬¬ı˛”¬Û

¸±À˜… ’±ÀÂ√ Ó¬± øÚÌ«˚˛ fl¬¬ı˛± ˚±˚˛º

(i) øÚ¬ı˛À¬Ûé¬ ¸±˜… – ¸±˜…±¬ıàÔ±Ú ŒÔÀfl¬ ¸±˜±Ú… ø¬ı‰≈¬…Ó¬ fl¬¬ı˛À˘ ˚ø ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ õ≠¬ıÓ¬± Œfl¬Àf¬ı˛

’¬ıàÔ±Ú ’¬Ûø¬ı˛¬ıøÓ«¬Ó¬ Ô±Àfl¬, Ó¬À¬ı ‹ ¬ıd≈¬ øÚ¬ı˛À¬Ûé¬ ¸±˜… ’¬ıàÔ±˚˛ ˆ¬±¸ÀÂ√ ¬ı˘± ˚±˚˛º ¤Àé¬ÀS ¬ıd≈¬¬ı˛

ˆ¬±¬ı˛Àfl¬f › õ≠¬ıÓ¬± Œfl¬f ¸¬ı ¸˜˚˛ ¤fl¬˝◊ Î¬◊~•§ Œ¬ı˛‡±˚˛ Ô±Àfl¬º ¬ˆ¬±¸˜±Ú Œ·±˘fl¬ ¤¬ı˛”¬Û ¸±À˜…¬ı˛ Î¬◊±˝¬ı˛Ìº

(ii) ¸≈øàÔ¬ı˛ › (iii) ’øàÔ¬ı˛ ¸±˜… – ˆ¬±¸˜±Ú ¬ıd≈¬Àfl¬ ¸±Ò±¬ı˛ÌÓ¬– ¸±˜±Ú… ø¬ı‰≈¬…Ó¬ fl¬¬ı˛À˘ ›¬ı˛ õ≠¬ıÓ¬±

Œfl¬Àf¬ı˛ ’¬ıàÔ±Ú ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝˚˛º ¬ıd≈¬ Œ˚øÀfl¬ ø¬ı‰≈¬…Ó¬ ˝˚˛, Œ¸øÀfl¬ Œ¬ıø˙ ¬Ûø¬ı˛˜±Ì Ó¬¬ı˛˘ ’¬Û¸±ø¬ı˛Ó¬
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˝˚˛ ¬ıÀ˘ õ≠¬ıÓ¬± Œfl¬f ‹ øÀfl¬ ¸À¬ı˛ ˚±˚˛º ˜ÀÚ fl¬ø¬ı˛ õ≠¬ıÓ¬± Œfl¬Àf¬ı˛ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ’¬ıàÔ±Ú B
 [ø‰¬S ^©Ü¬ı…]

¤‡Ú ’±¬ı˛ ¬ıd≈¬¬ı˛ ›ÊÚ (w) ¤¬ı— õ≠¬ıÓ¬± (w' ) ¤fl¬˝◊ñÎ¬◊~•§ Œ¬ı˛‡±˚˛ øflË¡˚˛± fl¬À¬ı˛ Ú±, Ù¬À˘¬ ¬ı˘ ≈øÈ¬

¤fl¬øÈ¬ ¬Zμ3 ·Í¬Ú fl¬À¬ı˛º

¤˝◊ ¬Zμ3 ˚ø ø¬ı‰≈¬…Ó¬ ¬ıd≈¬Àfl¬ ’±¬ı±¬ı˛ ›¬ı˛ √õ∂±Ôø˜fl¬ ’¬ıàÔ±ÀÚ øÙ¬ø¬ı˛À˚˛ ’±ÚÀÓ¬ Œ‰¬©Ü± fl¬À¬ı˛, Ó¬±˝À˘

¬ıd≈¬¬ı˛ ¸±˜…Àfl¬ ¸≈øàÔ¬ı˛ ¸±˜… ¬ı˘± ˝˚˛ [ø‰¬S 1)º øfl¬ôL≈√ ¤˝◊ ¬Zμ3 ˚ø ø¬ı‰≈¬…Ó¬ ¬ıd≈¬Àfl¬ ’±¬ı˛› Œ¬ıø˙ ø¬ı‰≈¬…Ó¬

fl¬À¬ı˛ Î¬◊ÀåÈ¬ øÀÓ¬ Œ‰¬©Ü± fl¬À¬ı˛ Ó¬±˝À˘ ¬ıd≈¬¬ı˛ ¸±˜…Àfl¬ ’øàÔ¬ı˛ ¸±˜… ¬ı˘± ˝˚˛ [ø‰¬S 2)º

17.7.2 ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ ø¬ı¯∏À˚˛ ≈øÈ¬ √õ∂À˚˛±ÊÚœ˚˛ ¸•Ûfl«¬

Òø¬ı˛, V ’±˚˛Ó¬ÀÚ¬ı˛ ¤¬ı— � ‚ÚÀQ¬ı˛ ¤fl¬øÈ¬ ¬ıd≈¬ �
 ‚ÚÀQ¬ı˛ ¤fl¬øÈ¬ Ó¬¬ı˛À˘ ˆ¬±¸ÀÂ√º ¬ıd≈¬øÈ¬¬ı˛ Ó¬¬ı˛À˘

øÚ˜ø7¬¬¬Ó¬ ’—À˙¬ı˛ ’±˚˛Ó¬Ú v ˝À˘ ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ’±˚˛Ó¬Ú v ˝À¬ıº ¸≈Ó¬¬ı˛±— ˆ¬±¸ÀÚ¬ı˛ ˙Ó«¬±Ú≈¸±À¬ı˛,

¬ıd≈¬¬ı˛ ›ÊÚ = ’¬Û¸±ø¬ı˛Ó¬ Ó¬¬ı˛À˘¬ı˛ ›ÊÚ

’Ô«±», V�g = v�
g

¬ı±,  
v
V


�

�

�

����������	���
����
������

��������������
������
���������������
�   �������
����
�

��

¤‡Ú ˚ø ¬ıd≈¬¬ı˛ ’±˚˛Ó¬ÀÚ¬ı˛ ‘n’ ˆ¬¢ü±—˙ Ó¬¬ı˛À˘ øÚ˜ø7¬¬¬Ó¬ Ô±Àfl¬ Ó¬À¬ı,

v
V

n	

� 

�

n
�

�
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¬ı±, � = n�


¸≈Ó¬¬ı˛±— ¬ıd≈¬¬ı˛ ‚ÚQ Ó¬¬ı˛À˘¬ı˛ ‚ÚÀQ¬ı˛ n ·≈Ì ˝À¬ıº ¬ıd≈¬ ÊÀ˘ ˆ¬±¸À˘ � = 1; ‚ÚQ � = n, ¸≈Ó¬¬ı˛±—

ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ ’±˚˛Ó¬ÀÚ¬ı˛ Œ˚ ˆ¬¢ü±—˙ ÊÀ˘ øÚ˜ø7¬¬¬Ó¬ ’±ÀÂ√ Ó¬± ¬ıd≈¬¬ı˛ ‚ÚÀQ¬ı˛ ¸˜±Úº

17.8 Î¬◊±˝¬ı˛Ì˜±˘±

(1) h Δ‚«… › a ¬ı…±¸˚≈q¡ ¤¬ı— a ’±À¬Ûøé¬fl¬·≈¬ı˛≈Q ø¬ıø˙©Ü ¤fl¬øÈ¬ ¸˜¸M3 ¬ı‘M±fl¬±¬ı˛ Œ‰¬±„ ÊÀ˘ ˆ¬±¸ÀÂ√º

√õ∂˜±Ì fl¬¬ı˛≈Ú ˚ø ’é¬øÈ¬ Î¬◊~•§ ’¬ıàÔ±˚˛ ¤øÈ¬ ¸≈øàÔÓ¬ ˝˚˛, Ó¬±˝À˘ 
a

h
s s

2

2
2 1� �
 �  ˝À¬ıº

¸˜±Ò±Ú –

ˆ¬±¸˜±Ú ˝¬ı±¬ı˛ ÊÚ…, gs�a2h = g�s2h
� ,

h
 ˝˘ Î≈¬¬ıôL√ ’—À˙¬ı˛ Δ‚«…,  � h
� = sh

ˆ”¬ø˜¬ı˛ Œfl¬fÀfl¬ ‘O’ ¬Ò¬ı˛± ˝˘,

Ó¬±˝À˘ OG h OH h
 
 �
1
2

1
2

,

�HG h h
 � �
1
2
� �

HM
AK

V

a a

a h

a
h


 

�



�

2
2 2

2

2
1
4

4

�

�

.

¸±˜…øÈ¬ ¸≈øàÔÓ¬ ˝À¬ı, ˚ø HM > HG ˝˚˛º
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Œ¸Àé¬ÀS, 
a
h

h h
2

4
1
2�

� � �
 �
� a2 > 2sh(h – sh)

� � �
a

h
s s

2

2
2 1
 �  [√õ∂˜±øÌÓ¬]

(2) √õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚ 2� ˙œ¯∏«Àfl¬±Ì ø¬ıø˙©Ü Œfl¬±Ú ¸˜¸M3 ˘•§¬ı‘M±fl¬±¬ı˛ Ó¬±¬ı˛ ’é¬Àfl¬ Î¬◊~•§ Œ¬ı˛À‡ ¤¬ı—

˙œ¯∏«ø¬ıμ≈Àfl¬ øÚ•ß˜≈‡œ ’¬ıàÔ±˚˛ ¸≈øàÔÓ¬ ’¬ıàÔ±˚˛ ˆ¬±¸ÀÓ¬ ¬Û±À¬ı˛ Ú± ˚ø Ú± ˙efl≈¬¬ı˛ ‚ÚQ › Ó¬¬ı˛À˘¬ı˛

‚ÚÀQ¬ı˛ ’Ú≈¬Û±Ó¬ cos6� ŒÔÀfl¬ ¬ıÎ¬ˇ ˝˚˛º

¸˜±Ò±Ú –

Ò¬ı˛± ˚±fl¬ h ˝˘ √õ∂‰≈¬¬ı˛ Î¬◊2‰¬Ó¬± ¤¬ı— h
 ˝˘ øÚ•ßø7¬¬¬Ó¬ ’—À˙¬ı˛ Δ‚«…º

� ¤¬ı— � ˝˘ ˚Ô±flË¡À˜ ¬ıd≈¬¬ı˛ ¤¬ı— Ó¬¬ı˛À˘¬ı˛ ‚ÚQº

ˆ¬±¸¬ı±¬ı˛ ÊÚ…,

1
3

1
3

2 2 3 2g h g h�� 	 �� 	tan tan
 �

�� �h3 = �h
3,

¬ı±, 



	
h

h

3

2
�

�

Ò¬ı˛± ˚±fl¬ O ˝˘ ˙efl≈¬¬ı˛ ˙œ¯∏«ø¬ıμ≈ Ó¬±˝À˘,

OG h OH h
 
 �
3
4

3
4

, ,



382

NOSU

� 
 � �HG h h h
3
4
� �

HM
Ak
V

h h

h

 


� �

�

2
2 2 2 2

3 2

1
4

1
3

� 	 	

� 	

tan tan

tan


 �
3
4

2h tan 	

¸±˜…¬ıàÔ±øÈ¬ ¸≈øàÔÓ¬ ˝¬ı±¬ı˛ ÊÚ…

HM > HG

¬ı±, 
3
4

3
4

2� � � �h h htan 	 � �

¬ı±, h
sec2� > h

¬ı±, 
�

�
h

h

3

3
6cos 	

� �
�

�
	cos6

 [√õ∂˜±øÌÓ¬]

(3) 2Ú— ¸˜¸…±˚˛ ˙efl≈¬¬ı˛ ˙œ¯∏«ø¬ıμ≈ ÿÒ«˜≈‡œ ˝À˘ ¸≈øàÔ¬ı˛ ¸±À˜…¬ı˛ ˙Ó«¬øÈ¬ øfl¬ ˝À¬ı∑

¸˜±Ò±Ú – ø¬ZÓ¬œ˚˛ Œé¬ÀS Ò¬ı˛± ˚±fl¬ h
 ˝˘ Ó¬¬ı˛À˘¬ı˛ ¬ı±˝◊À¬ı˛ ’¬ıøàÔÓ¬ ˙efl≈¬¬ı˛ Δ‚«…º

ˆ¬±¸¬ı±¬ı˛ ÊÚ…,

1
3

1
3

3 2 3 3 2 2g h g h h�� 	 � � � 	 	tan tan tan
 � �� �

��h3 = �(h3 –h
3)

¬ı±, 
�

 �

�h

h

3

3
1

�

�

OG h

3
4



383

NOSU

OH
h h h h

h h

h h

h h



� � �

�



� �

� �

3
4

3
4 3

4

3 3

3 3

4 4

3 3

. .

� 

� �

� �
�



��



��

HG
h h

h h
h

3
4

4 4

3 3

HM
Ak
V

h h

h h

h

h h

 


� �

� �



�

� �

2
2 2 2 2

2 3 3

2 2

3 3

1
4

1
3

3
4

� 	 	

� 	

	tan . tan

tan

tan

� �

¸±˜…øÈ¬ ¸≈øàÔÓ¬ ¬˝¬ı±¬ı˛ ÊÚ…, HM > GH

�
�

� �
�

� �

� �
�



��



��

3
4

3
4

4 2

3 3

4 4

3 3
.

tanh

h h

h h

h h
h

	

¬ı±, tan .2 1	 �
�
�

h
h

¬ı±, 
�

�
h

h

3

3
6cos 	

¬ı±, 1 6� �
�

�
	cos

¬ı±, 
�

�
	� �1 6cos

¤øÈ¬˝◊ √õ∂À˚˛±ÊÚœ˚˛ ˙Ó«¬º [Î¬◊M¬ı˛]

(4) ¤fl¬øÈ¬ Œ˘ÀÎ¬Ú Ê±˝±ÀÊ¬ı˛ ¸¬ı˛˘ W È¬Ú ¤¬ı˛ ¤¬ı— ˆ¬¬ı˛Àfl¬Àf ŒÔÀfl¬ ¬Û¬ı˛±Àfl¬Àf¬ı˛ Î¬◊2‰¬Ó¬± a. ¤¬ı˛

ŒÎ¬Àfl¬¬ı˛ Î¬◊¬Û¬ı˛ ŒÔÀfl¬ w ›ÊÀÚ¬ı˛ ˜±˘ ¸¬ı˛±ÀÚ±¬ı˛ ÊÚ… Ê±˝±ÊøÈ¬ 
 Œfl¬±ÀÌ Œ˝À˘ ˚±˚˛º ¤¬ı±¬ı˛ ˜±˘øÈ¬

Î¬◊¬ÛÀ¬ı˛¬ı˛ ŒÎ¬Àfl¬¬ı˛ h Î¬◊2‰¬Ó¬± ÚœÀ‰¬ ’±À¬ı˛fl¬øÈ¬ ŒÎ¬Àfl¬ àÔ±Ú±ôL√ø¬ı˛Ó¬ fl¬¬ı˛± ˝˘ ¤¬ı— ¤¬ı˛ øÍ¬fl¬ √õ∂Ô˜ ŒÎ¬Àfl¬¬ı˛

ø¬ZÓ¬œ˚˛ ’¬ıàÔ±ÀÚ¬ı˛ ÚœÀ‰¬ ¬ı˛±‡± ˝˘º √õ∂˜±Ì fl¬¬ı˛≈Ú ¤é¬ÀÌ Ê±˝±ÊøÈ¬

aw
/(aw + hw) Œfl¬±ÀÌ Œ˝˘À¬ıº

¸˜±Ò±Ú – Œ›˚˛± ’±ÀÂ√ GM = a

√õ∂Ô˜ Œé¬ÀS, w.GM.sin

 = wd cos
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¬ı±, W.a

 = wd [ 
 ‡≈¬ı ŒÂ√±È¬ ]

ø¡ZÓ¬œ˚˛Àé¬ÀS Ê√±˝√±Ê√øÈ¬ ˚ø√ 

 Œfl¡±ÀÌ Œ˝√√À˘ ˚±˚˛,

Ó¬±˝√√À˘, W.GM. sin 

 = w (d cos 

 + h sin 

)

¬ı±, W.a

 = wd – wh



¬ı±, (Wa + wh) 

 = wd [ 

 ‡≈¬ı ŒÂ√±È¬ ˝¬ı±¬ı˛ ÊÚ…]

�� (aW + hw)

�  = aw


¬ı±, 

 = aW
/(aW + hw) √[√õ∂˜±øÌÓ¬]

(5) � ‚ÚQ√ ø¬ıø˙©Ü › ¸˜√õ∂àÔÀ26√ø¬ıø˙©Ü ≈øÈ¬ ¸˜±ÚÕÀ‚«…¬ı˛ G¬ 2� Œfl¬±ÀÌ ¬Û¬ı˛¶Û¬ı˛ ˚≈q¡º Œfl¬±ÌøÈ¬Àfl¬

øÚÀ‰¬¬ı˛ øÀfl¬ fl¬À¬ı˛ ¤À¬ı˛Àfl¬ � ‚ÚÀQ¬ı˛ Ó¬¬ı˛À˘ øÚ˜ø7¬¬¬Ó¬ fl¬¬ı˛± ˝˘º ¸±À˜…¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛ fl¬¬ı˛≈Ú ¤¬ı—

√õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚ õ≠¬ıÓ¬±¬ı˛ ¬ıflË¡À¬ı˛‡±øÈ¬ ’øÒ¬ı‘M ˝À¬ıº

¸˜Ò±Ú – Ò¬ı˛± ˚±fl¬ AB = BC = a ˝˘ G¬ ≈øÈ¬ ¤¬ı— Œfl¬ÃøÌfl¬ ø¬ıμ≈ B Ó¬¬ı˛À˘ øÚ˜ø7¬¬¬Ó¬ Œ˚‡±ÀÚ

�ABC = 2�

Ò¬ı˛± ˚±fl¬ ≈øÈ¬ ÀG¬¬ı˛ Œ˚ ¬Ûø¬ı˛˜±Ì øÚ˜ø7¬¬¬Ó¬ ’±ÀÂ√ Ó¬±¬ı˛ Œ˜±È¬ Δ‚«…  = 2b. ¤é¬ÀÌ √õ∂øÓ¬¸˜

(symmetrical) Œé¬ÀS¬ı˛ ÊÚ… √õ∂ÀÓ¬…fl¬øÈ¬ G¬ b ¬Ûø¬ı˛˜±Ì øÚ˜ø7¬¬¬Ó¬ ˝˚˛ ¤¬ı— ’√õ∂øÓ¬¸˜ Œé¬ÀS¬ı˛ ÊÚ…

¤fl¬øÈ¬ b + c ¤¬ı— ’Ú…øÈ¬ B – C ¬Ûø¬ı˛˜±Ì øÚ˜ø7¬¬¬Ó¬ ˝˚˛º

BD Œfl¬ �ABC ¤¬ı˛ ¸˜ø¬Z‡G¬fl¬ Ò¬ı˛± ˝˘º

ˆ¬±¸¬ı±¬ı˛ ÊÚ…, a� = b� ˚ø ‘G’ ˆ¬±¬ı˛Àfl¬f ˝˚˛, Ó¬±˝À˘ BG ba

1
2

cos	  [√õ∂Ô˜±¬ıàÔ±˚˛]
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H ˚ø õ≠¬ıÓ¬±Àfl¬f ˝˚˛, Ó¬±˝À˘ BH b

1
2

cos	 .

� 
 �
1
2

1
2

HG a b( )cos	

¬ı±, HM
Ak
V

b

 


2 3sin
cos

	

	

’√õ∂øÓ¬¸˜ ’¬ıàÔ±ÀÚ¬ı˛ ÊÚ…, H
 ˚ø õ≠¬ıÓ¬± Œfl¬f ˝˚˛ ˚±¬ı˛ àÔ±Ú±efl¬ (x
, y
) Œ˚‡±ÀÚ DB Œfl¡

‘x’ ’é¬ Ò¬ı˛± ˝˚˛º

Ó¬±˝À˘, 
 	

 
 �

	



x
b c b c

b
a c

b

1
2

1
2

2 2

2 3
2 2� � � �cos cos

cos
� �

�

¤¬ı— � 

� � �

y
b c b c

b
c

1
2

1
2

2

2 2� � � �sin sin
sin

	 	
	

‘c’-Œfl¬ ’¬ÛÚ˚˛Ú fl¬À¬ı˛ ¬Û±˝◊ñ

� 
 �
�x

b y
b2 2

2

2
cos .

cos

sin
	

	

	

¸≈Ó¬¬ı˛±—, õ≠¬ıÓ¬±¬ı˛ ¬ıflË¡À¬ı˛‡±øÈ¬ ˝˘ñ

y
b

x
b2

22
2

	 �
�
�

�
�

sin
cos

cos
�

�
�

¤øÈ¬ ¤fl¬øÈ¬ ’øÒ¬ı‘ÀM¬ı˛ ¸˜œfl¬¬ı˛Ì ˚±¬ı˛ Ú±øˆ¬˘•§ 

2 2b sin

cos
	

	
 ¤¬ı— ¤¬ı˛ ˙œ¯∏«ø¬ıμ≈ ‘B’ ŒÔÀfl¬ 

b
2

cos	

”¬ı˛ÀQ ’±ÀÂ√, i,e, ˙œ¯∏«ø¬ıμ≈øÈ¬ H.

õ≠¬ıÓ¬±¬ı˛ ¬ıflË¡À¬ı˛‡±¬ı˛ Î¬◊¬Û¬ı˛ ‘G’ ŒÔÀfl¬ ˘•§ (normal) ’efl¬Ú fl¬À¬ı˛ ’±˜¬ı˛± ¸±˜…±¬ıàÔ±¬ı˛ ’¬ıàÔ±Ú·≈ø˘

Œ¬ÛÀÓ¬ ¬Û±ø¬ı˛º ‘G’ ŒÔÀfl¬ ˙œ¯∏«ø¬ıμ≈¬ı˛ ”¬ı˛Q ’ÒÚ±øˆ¬˘À•§¬ı˛ ŒÔÀfl¬ fl¬˜ ¬ı± Œ¬ıø˙ ˝¬ı±¬ı˛ ÊÚ… ˚Ô±flË¡À˜

¤fl¬øÈ¬ ¬ı± øÓ¬ÚøÈ¬ ¤¬ı˛fl¬˜ Ú˜«…±˘ ¬Û±›˚˛± ˚±À¬ıº [√õ∂˜±øÌÓ¬]

17.9 ¸—Àfl¬Ó¬¸˝ ’Ú≈˙œ˘Úœ › Î¬◊M¬ı˛˜±˘±

(1) ¤fl¬øÈ¬ fl¬±ÀÍ¬¬ı˛ ¬ı˘ ÊÀ˘ ˆ¬±¸ÀÂ√º √õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚ ¸±˜…±¬ıàÔ±øÈ¬ ’øàÔ¬ı˛ ˝À¬ı ˚ø ¤fl¬øÈ¬ ŒÂ√±È¬

[Œ¸ ˚Ó¬ ŒÂ√±È¬˝◊ Œ˝±fl¬] ›ÊÚ ¬ı˘øÈ¬¬ı˛ ¸À¬ı«±2‰¬ ø¬ıμ≈ÀÓ¬ ¬ı˛±‡± ˝˚˛º [¸—Àfl¬Ó¬ – ’øàÔ¬ı˛ ¸±À˜…¬ı˛ ’Ò…±À˚˛

^©Ü¬ı…]
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(2) ¤fl¬øÈ¬ 2a Δ‚«…ø¬ıø˙©Ü ¸˜√õ∂àÔÀ2Â˚≈q¡ G¬ Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Û¬ı˛ h (< 2a) Î¬◊2‰¬Ó¬±˚˛ øàÔ¬ı˛ ¤¬ı˛ ¤fl¬√õ∂±ôL√

¶§±À¬ÛÀé¬ ˜≈q¡ˆ¬±À¬ı ‚≈¬ı˛ÀÓ¬ ¬Û±À¬ı˛º G¬ ¤¬ı— Ó¬¬ı˛À˘¬ı˛ ‚ÚQ ˚Ô±flË¡À˜ P ¤¬ı— � ˝À˘ Œ‡±Ú Œ˚ G¬øÈ¬

Î¬◊~•§ˆ¬±À¬ı ’Ô¬ı± Î¬◊~À•§¬ı˛ ¸±ÀÔ 
 Œfl¬±ÀÌ øàÔ¬ı˛ Ô±fl¬À¬ı, Œ˚‡±ÀÚ �
�

� �



�

�
��

�
��

�cos 1
2
h
a º

[ ¸—Àfl¬Ó¬ – G¬øÈ¬ÀÓ¬ ˚Ó¬·≈ø˘ ¬ı˘ øflË¡˚˛± fl¬¬ı˛ÀÂ√ Ó¬± øàÔ¬ı˛ fl¬¬ı˛≈Úº ¤¬ı±¬ı˛ ¤¬ı˛ øàÔ¬ı˛ √õ∂±ôL√øÈ¬¬ı˛ ¶§±À¬ÛÀé¬

¬ı˘·≈ø˘¬ı˛ w¬±˜fl¬ øÚÚº]

(3) 2l Δ‚«…ø¬ıø˙©Ü Œfl¬±Ú ÀG¬¬ı˛ [’±– ·≈¬ı˛≈Q �] ¤fl¬√õ∂±ôL√ Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Û¬ı˛ h Î¬◊2‰¬Ó¬±˚˛ ¬ı“±Ò± ’±ÀÂ√º

Ó¬¬ı˛˘øÈ¬¬ı˛ ’±– ·≈¬ı˛≈Q n�(n > 1) ˝À˘ ¤¬ı— G¬øÈ¬ ¸±˜…±¬ıàÔ±˚˛ øfl¬Â√≈È¬± øÚ˜ø7¬¬¬Ó¬ ’¬ıàÔ±˚˛ ’±ÚÓ¬ Ô±fl¬À˘,

√õ∂˜±Ì fl¬¬ı˛≈Ú Î¬◊~À•§¬ı˛ ¸±ÀÔ ¤øÈ¬ cos�
�

�
��

�
��

1
2
h
l

n
l n  Œfl¬±ÀÌ ÚÓ¬ ¤¬ı— øÚ˜ø7¬¬¬Ó¬ ’—À˙¬ı˛ Δ‚«…


 � �
�
�

�
�

�
�
�

�
	

2 1 1

1
l

n

[ ’±ˆ¬±¸ – 2Ú— ’Ú≈˙œ˘Úœ¬ı˛, ¤‡±ÀÚ  � = n� ¤¬ı— øÚ˜ø7¬¬¬Ó¬ ÀG¬¬ı˛ Δ‚«… =2l – h sec
]

(4) ’é¬Àfl¬ Î¬◊~•§ Œ¬ı˛À‡ ¤fl¬øÈ¬ Œ‰¬±„ ˆ¬±¸˜±Ú ’±ÀÂ√º Ó¬¬ı˛˘ ¶§±À¬ÛÀé¬ Œ‰¬±„øÈ¬¬ı˛ ’±À¬Ûøé¬fl¬ ·≈¬ı˛≈Q

� ˝À˘ √õ∂˜±Ì fl¬¬ı˛≈Ú ¸±˜…±¬ıàÔ±øÈ¬ ¸≈øàÔÓ¬ ˝À¬ı ˚ø Œ‰¬±À„¬ı˛ ¬ı…±¸±Ò« ¤¬ı— Î¬◊2‰¬Ó¬±¬ı˛ ’Ú≈¬Û±Ó¬

[ ( )]2 1
1

2� �� -¤¬ı˛ Œ‰¬À˚˛ Œ¬ıø˙ ˝˚˛º [ ’±ˆ¬±¸ – Î¬◊±˝¬ı˛Ì˜±˘± (i) Ú— ^©Ü¬ı… ]

(5) ¤fl¬øÈ¬ Ù“¬±¬Û± ˙efl≈¬ ÊÀ˘ ˆ¬±¸ÀÂ√ ˚±¬ı˛ ›ÊÚ ¤øÈ¬ÀÓ¬ ˚Ó¬È¬± Ê˘ ÒÀ¬ı˛ Ó¬±¬ı˛ ›ÊÀÚ¬ı˛ ’ÀÒ«fl¬º

˙œ¯∏«ø¬ıμ≈ øÚ•ß˜≈‡œ fl¬À¬ı˛ › ’é¬Àfl¬ Î¬◊~•§ Œ¬ı˛À‡ ¤øÈ¬ ¸≈øàÔ¬ı˛ ¸±À˜… Ô±fl¬À˘ √õ∂˜±Ì fl¬¬ı˛≈Ú � ˚ø ¤¬ı˛

’Ò«˙œ¯∏«Àfl¬±Ì (semivertical angle) ˝˚˛ Ó¬±˝À˘ cos6 729
1024

	 �

[ ’±ˆ¬±¸ – Î¬◊±˝¬ı˛Ì˜±˘± (2) ^©Ü¬ı… ]

(6) ¤fl¬øÈ¬ ˘•§¬ı‘M±fl¬±¬ı˛ Œ‰¬±À„¬ı˛ ¬Û¬ı˛±Àfl¬f Œ¬ı¬ı˛ fl¬¬ı˛≈Úº Œ›˚˛± ’±ÀÂ√ Œ˚ Œ‰¬±„øÈ¬¬ı˛ ¬ı…±¸±Ò« � Î¬◊2‰¬Ó¬±

h ¤¬ı— ¤øÈ¬ ’é¬Àfl¬ Î¬◊~•§À¬ı˛À‡ ¤fl¬øÈ¬ Ó¬¬ı˛À˘ ˆ¬±¸˜±Ú ˚±¬ı˛ ‚ÚQ Œ‰¬±À„¬ı˛ ‚ÚÀQ¬ı˛ 
4
3

 ·≈Ìº

[ ’±ˆ¬±¸ – ¸≈øàÔ¬ı˛ ¸±À˜…¬ı˛ ˙Ó«¬ √õ∂À˚±Ê… ] (Î¬◊M¬ı˛ – ˆ”¬ø˜ ŒÔÀfl¬ 3
8

1
3

2
h a

h�  Î¬◊2‰¬Ó¬±˚˛]

(7) ¤fl¬øÈ¬ ˙efl≈¬ ’±fl‘¬øÓ¬¬ı˛ Œ˙˘∏ ˙œ¯∏«ø¬ıμ≈ øÚ•ß˜≈‡œ fl¬À¬ı˛ ’øàÔ¬ı˛ ¸±À˜… ˆ¬±¸˜±Úº ’øàÔ¬ı˛ ¸±˜…Àfl¬

¸≈øàÔ¬ı˛ fl¬¬ı˛ÀÓ¬ ˝À˘ ˙efl≈¬øÈ¬¬ı˛ Œˆ¬Ó¬¬ı˛ øfl¬ ¬Ûø¬ı˛˜±Ì Ê˘ Ï¬±˘ÀÓ¬ ˝À¬ı∑

[ ’±ˆ¬±¸ – ˙efl≈¬ ¸—flË¡±ôL√ Î¬◊±˝¬ı˛Ì˜±˘± › ’øàÔ¬ı˛ ¸±˜… ^©Ü¬ı… ]
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[Î¬◊M¬ı˛ – x-¤¬ı˛ ¸¬ı«øÚ•ß ˜±Ú ˚± ¸±À˜…¬ı˛ ¸±ÀÔ ˚≈q¡ ˝À¬ı 9(h
4 – x4) sec2� = 8h(h
3 – x3)

Œ˚‡±ÀÚ h, h
 ¤¬ı— x ˝˘ ˚Ô±flË¡À˜ ˙efl≈¬¬ı˛ Î¬◊2‰¬Ó¬±, Ó¬¬ı˛À˘¬ı˛ ¬ı±˝◊À¬ı˛ ˙efl≈¬¬ı˛ Î¬◊2‰¬Ó¬± ¤¬ı— Ó¬¬ı˛À˘ øÚ˜ø7¬¬¬Ó¬

’—À˙¬ı˛ Δ‚«…]

(8) A ø¬ıμ≈ ŒÔÀfl¬ ˜≈q¡ˆ¬±À¬ı ¤fl¬øÈ¬ ¸˜¬ı±˝≈ øSˆ≈¬Êº fl‘¬øÓ¬ ¬Û±Ó¬ ŒÁ¬±˘±ÀÚ± ’±ÀÂ√º ¤øÈ¬¬ı˛ AB ¬ı±˝≈øÈ¬

Î¬◊~•§ ’±ÀÂ√ ¤¬ı— AC ¬ı±˝≈ ‚Ú Ó¬¬ı˛À˘¬ı˛ Î¬◊¬Ûø¬ı˛Ó¬˘ ¬Z±¬ı˛± ¸˜ø¬Z‡øG¬Ó¬ ˝À˚˛ÀÂ√ › øSˆ≈¬ÊøÈ¬ øàÔ¬ı˛ ’±ÀÂ√º

√õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚ øSˆ≈¬Ê±fl‘¬øÓ¬¬Û±Ó¬øÈ¬¬ı˛ ‚ÚQ › Ó¬¬ı˛À˘¬ı˛ ‚ÚÀQ¬ı˛ ’Ú≈¬Û±Ó¬ = 15 : 16

[ ’±ˆ¬±¸ – øSˆ≈¬ÀÊ¬ı˛ ˆ¬¬ı˛Àfl¬føÈ¬ øÚ¬ı˛”¬ÛÌ fl¬À¬ı˛, ¸˜d¬ ¬ıÀ˘¬ı˛ ¤˝◊ ø¬ıμ≈¸±À¬ÛÀé¬ w¬±˜fl¬ ·ÌÚ± fl¬¬ı˛≈Ú]

(9) ¤fl¬øÈ¬ ’Ò«¬ı‘M±fl¬±¬ı˛ Œ‰¬±„ ’é¬Àfl¬ Ê˘Ó¬À˘ øàÔ¬ı˛ Œ¬ı˛À‡ ˆ¬±¸ÀÂ√º ˚ø Œ‰¬±„øÈ¬Àfl¬ ’é¬ ¶§±À¬ÛÀé¬

¸¬ı˛±ÀÚ± ˚±˚˛ ¤¬ı— ¤¬ı˛ ‚ÚQ ÊÀ˘¬ı˛ ‚ÚÀQ¬ı˛ ’ÀÒ«fl¬ ˝˚˛, Œ‡±Ú Œ˚ ¤øÈ¬ Œ˚Àfl¬±ÀÚ± ’¬ıàÔ±˚˛ ¸±˜…

Ô±fl¬À¬ıº [ ’±ˆ¬±¸ – Œfl¬f ŒÔÀfl¬ ˆ¬¬ı˛Àfl¬Àf¬ı˛ ”¬ı˛Q 

4
3

a
a

�
,  ˝˘ ¤¬ı˛ ¬ı…±¸±Ò«]

(10) ¤fl¬øÈ¬ ¬ı·«±fl¬±¬ı˛ ¬Û±ÀÓ¬¬ı˛ ‚ÚQ �, ¤øÈ¬ � ‚ÚÀQ¬ı˛ ÊÀ˘ ˆ¬±¸ÀÂ√º ¬Û±Ó¬øÈ¬¬ı˛ Ó¬˘øÈ¬ Î¬◊~•§ ¤¬ı—

¤fl¬øÈ¬ Œfl¬ÃøÌfl¬ø¬ıμ≈ Ê˘Ó¬À˘¬ı˛ ÚœÀ‰¬ ’±ÀÂ√º ˚ø 9� > 32� ˝˚˛ Ó¬À¬ı √õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚Œ˜±È¬ øÓ¬ÚøÈ¬

Ê±˚˛·±˚˛ ¸±˜…±¬ıàÔ± Ô±fl¬À¬ı ˚±¬ı˛ ≈øÈ¬ Œé¬ÀS Œfl¬±ÀÚ± fl¬Ì«˝◊ Î¬◊~•§ ˝À¬ı Ú±º

[ ’±ˆ¬±¸ – øSˆ≈¬Ê±fl‘¬øÓ¬ ¬Û±Ó¬ ¸—flË¡±ôL√ ¸˜¸…±¬ı˘œ ¤¬ı— õ≠¬ıÓ¬± ¸—flË¡±ôL√ ˆ¬±¸˜±Ú¬ıd≈¬¬ı˛ √õ∂À˚˛±ÊÚœ˚˛

¸•Ûfl«¬ ]

17.10 ¸±¬ı˛±—˙

¤˝◊ ’Ò…±À˚˛ øàÔÓ¬±¬ıàÔ±˚˛ Ô±fl¬± Ó¬¬ı˛˘¬Û±ÀÔ«¬ı˛ ˜ÀÒ… øÚ˜ø7¬¬¬Ó¬ ¬ı± ’±—ø˙fl¬ˆ¬±À¬ı øÚ˜ø7¬¬¬Ó¬ ¬ıd≈¬¬ı˛

¸±˜…±¬ıàÔ±¬ı˛ ø¬ıøˆ¬iß ¬Û˚«±À˚˛¬ı˛ ’¬ıàÔ± øÚÀ˚˛ ¤˝◊ ’Ò…±À˚˛ ’±À˘±‰¬Ú± fl¬¬ı˛± ˝À˚˛ÀÂ√º ˜”˘Ó¬– ’øàÔøÓ¬

øàÔÓ¬±¬ıàÔ± › ¸≈øàÔøÓ¬ ød¬Ó¬±¬ıàÔ±˚˛ ø¬ıˆ¬q¡ fl¬À¬ı˛ ø¬ı¯∏˚˛øÈ¬ ’±À˘±ø‰¬Ó¬ ˝À˚˛ÀÂ√º øàÔÓ¬±¬ıàÔ±¬ı˛ ¸±À˜…¬ı˛ ¸—:±

› øàÔÓ¬±¬ıàÔ±¬ı˛ ¸±À˜…¬ı˛ ¸Ó«¬±¬ı˘œ øÚÀ˚˛ ø¬ı˙ ’±À˘±‰¬Ú± fl¬¬ı˛± ˝À˚˛ÀÂ√º ¶§±ˆ¬±ø¬ıfl¬ˆ¬±À¬ı˝◊ ¬Û¬ı˛±Àfl¬Àf¬ı˛ ¸—:±

› ’ød¬ÀQ¬ı˛ ¸Ó«¬±¬ı˘œ øÚÒ«±ø¬ı˛Ó¬ fl¬¬ı˛± ˝À˚˛ÀÂ√º √õ∂¸e·Ó¬ ˆ¬±¸˜±Ú ¬ıd≈¬¬ı˛ ¸±˜Ó¬ø˘fl¬ ’¬ıàÔ±Ú, ˆ¬±¸˜±Ú

¬ıd≈¬¬ı˛ ¸˜¢∂Ó¬À˘¬ı˛ ’¬ıàÔ±Ú › õ≠¬ıÓ¬±¬ı˛ ¸˜¢∂ Ó¬À˘¬ı˛ ’¬ıàÔ±Ú ø¬ı¯∏À˚˛ Ò±¬ı˛Ì± Œ›˚˛± ˝À˚˛ÀÂ√º ¬Û¬ı˛±Àfl¬Àf¬ı˛

·ˆ¬œ¬ı˛Ó¬± ø¬ı¯∏˚˛fl¬ ¸”SøÈ¬ √õ∂øÓ¬á¬± fl¬¬ı˛± ˝À˚˛ÀÂ√º ¬Ûø¬ı˛À˙À¯∏ øfl¬Â√≈ Î¬◊±˝¬ı˛Ì ¸˝À˚±À· ø¬ı¯∏˚˛øÈ¬Àfl¬ ’±À¬ı˛±

¸˝ÊÀ¬ı±Ò… fl¬¬ı˛±¬ı˛ √õ∂˚˛±¸ ¬ı˛±‡± Œ·ÀÂ√º

17.11 ¸˝±˚˛fl¬ ¢∂KÔ±¬ı˘œ

1. Bhudev Sharma : Hydrostatics (New Delhi)
2. J. M. Kar : Hydrostatics for degree classes (Globe library, Calcutta, 1972)
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¤fl¡fl¡ 18 � ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ¸±˜…

·Í¬Ú

18.1 √õ∂d¬±¬ıÚ±

18.2 Î¬◊ÀV˙…

18.3 ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

18.4 ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ¸—:±, ¸Àefl¡±‰¬Ú, ’±˚˛Ó¬Ú ¤¬ı— ‚ÚÀQ¬ı˛ Î¬◊¬Û¬ı˛ ¸—Àfl¬±‰¬ÀÚ¬ı˛ √õ∂ˆ¬±¬ı

18.5 ¬ı±˚˛≈˜G¬À˘¬ı˛ ‰¬±¬Û

18.6 ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ‰¬±¬Û, ’±˚˛Ó¬Ú ¤¬ı— Î¬◊2‰¬Ó¬±¬ı˛ ˜ÀÒ… ¸•Ûfl«¬

18.7 ¸À˜±¯Æ∏ (isothermal) ¬ı±˚˛≈˜G¬À˘¬ı˛ ‰¬±¬Û

18.8 øfl¬Â√≈ ¬ı±d¬¬ı ·…±À¸¬ı˛ ¸˜œfl¬¬ı˛Ì [˙≈Ò≈˜±S ø¬ı¬ı‘øÓ¬]

18.9 ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ¸—Àfl¡±‰¬Ú √õ∂øflË¡˚˛±˚˛ fl‘¬Ó¬fl¬±˚«…

18.10 Î¬◊±˝¬ı˛Ì˜±˘±

18.11 ¸—Àfl¬Ó¬¸˝ √õ∂ùü±¬ı˘œ › Î¬◊M¬ı˛˜±˘±

18.12 ¸±¬ı˛±—˙

18.13 ¸˝±˚˛fl¬ ¢∂KÔ±¬ı˘œ

18.1 √õ∂d¬±¬ıÚ±

¬Û”À¬ı«fl¬±¬ı˛ ’Ò…±˚˛ ¸˜”À˝ ’±˜¬ı˛± ˜”˘Ó¬– Ó¬¬ı˛˘ ¬Û±ÀÔ«¬ı˛ ‰¬±¬Û ¤¬ı— ‚±Ó¬ ø¬ı¯∏À˚˛ ø¬ıd¬±ø¬ı˛Ó¬ ’±À˘±‰¬Ú±

¤¬ı— ø¬ıÀù≠¯∏Ì fl¬À¬ı˛øÂ√º øfl¬ôL≈√ √õ∂¬ı±˝ (fluid) ø¬ı…±˚˛ ˙≈Ò≈ Ó¬¬ı˛˘¬Û±ÀÔ«¬ı˛ ¸±˜… ¬ı± ’¬ıàÔ±Ú-¤¬ı˛ ’±À˘±‰¬Ú±

˚ÀÔ©Ü Ú˚˛º √õ∂¬ı±˝ ø¬ı…±¬ı˛ ¤fl¬øÈ¬ ’±¬ıø˙…fl¬ ’—˙ ˝˘ ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ Ò˜«, Ó¬¬ı˛˘ ¬Û±Ô« › ¬ı±˚˛¬ıœ˚˛

¬Û±ÀÔ«¬ı˛ ˜ÀÒ… ˜”˘ ¸•Ûfl«¬ ¬ı± Δ¬ı¯∏˜… ¸•§ÀKÒ ¸˜…fl¬ Ò±¬ı˛Ì± Ô±fl¬± ’±¬ı˙…fl¬º Ó¬¬ı˛˘ ¬Û±Ô« ¬ı± ¬ı±˚˛¬ıœ˚˛

¬Û±ÀÔ«¬ı˛ ˜”˘ ¸•Ûfl«¬ ˝í˘ Î¬◊ˆ¬˚˛ √õ∂fl¬±À¬ı˛¬ı˛ ¬Û±Ô« Œ˚-Œfl¬±ÀÚ± ‰¬±À¬Û¬ı˛ fl¬±ÀÂ√ Ú˜Úœ˚˛º øfl¬ôL≈√ ˜”˘ Δ¬ı¯∏˜…

˝í˘ Ó¬¬ı˛˘ ¬Û±Ô« ¸¬ı¸˜˚˛ Ó¬±¬ı˛ ’±˚˛Ó¬Ú ÒÀ¬ı˛ ¬ı˛±‡ÀÓ¬ ¬Û±À¬ı˛º øfl¬ôL≈√ ¬ı±˚˛¬ıœ˚˛ ¬Û±Ô« Œ˚ Œfl¬±ÀÚ± ‰¬±À¬Û¬ı˛
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fl¬±ÀÂ√ ’±fl¬±¬ı˛ ¬ı± ’±˚˛Ó¬Ú ¤¬ı˛ ¬ı…±¬Û±À¬ı˛ Ú˜Úœ˚˛, ’±˚˛Ó¬Ú ¬Ûø¬ı˛¬ıÓ«¬Ú ˝¬ı±¬ı˛ ¸Àe· ¸Àe· ¤È≈¬fl≈¬ ¬ı˘± ‰¬À˘

Œ˚ ¬ı±˚˛¬ıœ˚˛ ¬Û±Ô«¸˜”À˝ Œ˚-Œfl¬±ÀÚ± ‰¬±À¬Û¬ı˛ ÊÚ… ‚ÚQ ¬Ûø¬ı˛¬ıÓ«¬Ú˙œ˘ ˝˚˛º Ó¬±˝◊ ˜”˘Ó¬– √õ∂˚≈q¡ ¬ıÀ˘¬ı˛

√õ∂ˆ¬±À¬ı ¸‘©Ü ‰¬±¬Û ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ˜ÀÒ… fl¬Ó¬È¬± √õ∂ˆ¬±¬ı ¸‘ø©Ü fl¬À¬ı˛ ø¬ıÀ˙¯∏ fl¬À¬ı˛ ‚ÚQ ¬ı± Ó¬±¬Û˜±S±¬ı˛

¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ fl¬Ô± ø‰¬ôL√± fl¬À¬ı˛ øfl¬Â√≈ ¸”S øÚÌ«˚˛ fl¬¬ı˛± ’±¬ı˙…fl¬º

18.2. Î¬◊ÀV˙…

Î¬◊¬ÛÀ¬ı˛±q¡ ’Ú≈À2ÂÀ ¬ı˘±˝◊ ˝À˚˛ÀÂ√, Œ˚ ’±À˘±‰¬… ’Ò…±À˚˛ ’±˜¬ı˛± √õ∂˚≈q¡ ¬ıÀ˘¬ı˛ √õ∂ˆ¬±À¬ı ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛

‰¬±À¬Û¬ı˛ ø¬ı¯∏À˚˛ ø¬ıÀù≠¯∏Ì fl¬¬ı˛¬ıº ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ øfl¬Â√≈ Œ˜Ãø˘fl¬ Ò˜« ø¬ı…˜±Úº Œ¸˝◊ ø˝¸±À¬ı √õ∂˚≈q¡ ¬ıÀ˘¬ı˛

√õ∂ˆ¬±À¬ı ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ø¬ı¯∏À˚˛ ’±À˘±‰¬Ú±¬ı˛ √õ∂À˚˛±ÊÚº ¤˝◊ ’Ú≈À2ÂÀ √õ∂˚≈q¡ ¬ıÀ˘¬ı˛ ¸‘©Ü ‰¬±¬Û

¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ’±fl¬±¬ı˛, ’±˚˛Ó¬Ú, ‚ÚQ Ó¬Ô± Ó¬±¬Û˜±S±¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ø¬ı¯∏À˚˛ ’±À˘±‰¬Ú± fl¬¬ı˛±È¬±˝◊ ¬ı±˚˛≈˜G¬˘º

¤˝◊ ˜˝±ø¬ıÀù´¬ı˛ ¤fl¬È¬± ’—˙º ¬ı±˚˛≈˜G¬À˘¬ı˛ øÚÊ¶§ √õ∂ˆ¬±¬ı ’±ÀÂ√º √õ∂±fl‘¬øÓ¬fl¬ øÚ˚˛À˜ Ó¬±¬ı˛ √õ∂ˆ¬±À¬ı ¸‘©Ü ‰¬±¬Û

¤fl¬øÈ¬ ·≈¬ı˛≈Q¬Û”Ì« ¬ı…±¬Û±¬ı˛º ’±À˘±‰¬… ’Ú≈À2ÂÀ ¤˝◊ ø¬ı¯∏À˚˛› ø¬ıd¬±ø¬ı˛Ó¬ ’±À˘±‰¬Ú± fl¬¬ı˛± √õ∂À˚˛±ÊÚº ¤˝◊

’Ú≈À2ÂÀ ¤˝◊ ø¬ı¯∏˚˛¸˜”˝ ’±À˘±ø‰¬Ó¬ ˝À¬ıº

18.3. ø¬ı¯∏˚˛ ¬Ûø¬ı˛ø‰¬øÓ¬

¤˝◊ ’Ò…±À˚˛ ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ¸—:± › Ó¬±¬ı˛ Œ˜Ã˘Ò˜«·≈ø˘ ’±À˘±‰¬Ú± fl¬¬ı˛± ˝À˚˛ÀÂ√º √õ∂Ô˜Ó¬– ‰¬±À¬Û¬ı˛

√õ∂ˆ¬±À¬ı ’±˚˛Ó¬Ú ¬ı± ‚ÚÀQ¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ fl¬±¬ı˛ÀÌ ¸—Àfl¬±‰¬Ú-¤¬ı˛ ¸—:± ¤¬ı— ¸”S øÚ¬ı˛”ø¬ÛÓ¬ ˝À˚˛ÀÂ√º ¬Û¬ı˛¬ıÓ«¬œ

’Ú≈À2ÂÀ ¬ı±˚˛≈˜G¬À˘¬ı˛ ‰¬±¬Û, ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ‰¬±¬Û, ’±˚˛Ó¬Ú, ‚ÚQ ¤¬ı— Î¬◊¯Æ∏Ó¬±¬ı˛ ˜ÀÒ… ¸•ÛÀfl«¬¬ı˛ ¸”S

øÚÒ«±¬ı˛Ì fl¬¬ı˛± ˝À˚˛ÀÂ√º ¸À˜±¯Æ∏ ’¬ıàÔ±˚˛ ¬ı±˚˛≈˜G¬À˘¬ı˛ ‰¬±¬Û-¤¬ı˛ ¸”S ¤¬ı— øfl¬Â√≈ ¬ı±d¬¬ı ·…±À¸¬ı˛ ¸˜œfl¬¬ı˛Ì

Î¬◊À~‡ fl¬¬ı˛± ˝À˚˛ÀÂ√º ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ¸Àefl¬±‰¬Ú √õ∂øflË¡˚˛±¬ı˛ fl‘¬Ó¬fl¬±˚«… ¤¬ı˛ ¸”S øÚÒ«±¬ı˛Ì fl¬¬ı˛± ˝À˚˛ÀÂ√º øfl¬Â√≈

Î¬◊±˝¬ı˛Ì ¸˝À˚±À· Î¬◊¬ÛÀ¬ı˛¬ı˛ ’±À˘±‰¬Ú±È¬± ’±À¬ı˛± ’±fl¬¯∏«Ìœ˚˛ fl¬¬ı˛±¬ı˛ Œ‰¬©Ü± ˝À˚˛ÀÂ√º

18.4. ¬ı± ˛̊¬ıœ ˛̊ ¬Û±ÀÔ«¬ı˛ ¸—:±, ¸Àefl¬±‰¬Ú, ’± ˛̊Ó¬Ú ¤¬ı— ‚ÚÀQ¬ı˛ Î¬◊¬Û¬ı˛ ¸Àefl¬±‰¬ÀÚ¬ı˛

√õ∂ˆ¬±¬ı

¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ¸—:± –

Œ˚ √õ∂¬ı±˝œ (Fluid ¬Û±Ô«Àfl¬ ¸˝ÀÊ˝◊ ¸efl≈¬ø‰¬Ó¬ fl¬¬ı˛± ˚±˚˛ ¤¬ı— ’±˚˛Ó¬Ú ¬ı±øÎ¬ˇÀ˚˛ ’øÚø«©Ü ¬Ûø¬ı˛˜±ÀÌ

√õ∂¸±ø¬ı˛Ó¬ ˝ÀÓ¬ Œ›˚˛± ˚±˚˛ Ó¬±Àfl¬ ¬ı±˚˛¬ıœ˚˛ ¬Û±Ô« ¬ı˘± ˝˚˛º
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¸—Àfl¬±‰¬Ú, ’±˚˛Ó¬Ú ¤¬ı— ‚ÚÀQ¬ı˛ Î¬◊¬Û¬ı˛ ¤¬ı˛ √õ∂ˆ¬±¬ı –

¸—Àfl¬±‰¬Ú ˝˘ ’±˚˛Ó¬ÀÚ¬ı˛ ‚±È¬øÓ¬¬ı˛ (reduction)-¤¬ı˛ ¸±ÀÔ ¬Û”¬ı«¬ıÓ¬÷œ ’±˚˛Ó¬ÀÚ¬ı˛ ’Ú≈¬Û±Ó¬º

·±øÌøÓ¬fl¬ˆ¬±À¬ı

¸—Àfl¬±‰¬Ú 
 �
dv
v

          [ v = ’± ˛̊Ó¬Ú ]

¤é¬ÀÌ ‰¬±¬Û¬ı‘øX¬ı˛ ¸±ÀÔ ¸—Àfl¬±‰¬ÀÚ¬ı˛ ’Ú≈¬Û±Ó¬Àfl¬ ’±˜¬ı˛± øàÔøÓ¬àÔ±¬Ûfl¬Ó¬± (Elasticity) ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛º

�� øàÔøÓ¬àÔ±¬Ûfl¬Ó¬± 
 �dp
dv
v

   [dp = ‰¬±À¬Û¬ı˛ ¬ı‘øX]


 �v
dp
dv

¤‡Ú ’±˜¬ı˛± Ê±øÚ v
m



�     [m = ¬ı±˚˛¬ıœ˚˛ ¬Û±Ô«¬ı˛ ˆ¬¬ı˛ p = Î¬◊˝±¬ı˛ ‚ÚQ]

øàÔøÓ¬àÔ±¬Ûfl¬Ó¬± 
 � 
 �v
dp
dv

v
dp
d

d
dv�

�
.    [ˆ¬¬ı˛Àfl¬ ÒË≈¬ıfl¬ Ò¬ı˛± ˝˘]

	 �


�
�



�
��

�
��
	 	

m dp
d

d
dv

m
v

m

v

dp
d

m

m

dp
d

dp
d� � � � �

�

�
�
�

. . . . .
2

2

2 2

2
1

’Ú≈¬ı˛”¬Ûˆ¬±À¬ı ¬ı˘ÀÓ¬ ¬Û±ø¬ı˛,

¸—Àfl¬±‰¬Ú 

dp
�

18.5. ¬ı±˚˛≈˜G¬À˘¬ı˛ ‰¬±¬Û

¬ı±˚˛≈˜G¬˘ Œ˚À˝Ó≈¬ ¬ı±˚˛¬ıœ˚˛ ¬Û±Ô« ¬ı± ·…±¸, ’Ó¬¤¬ı ¤¬ı˛ ›ÊÚ ’±ÀÂ√ ¤¬ı— Ó¬± ‰¬±¬Û Œ˚˛º

18.5.1. ¬ı…±À¬ı˛±ø˜È¬±¬ı˛ › Ó¬»¸—flË¡±ôL√ ø¬ı¯∏˚˛±¬ı˘œ –

Œ˚ ˚ÀLa¬ı˛ ¸±˝±À˚… ¬ı±˚˛≈˜G¬À˘¬ı˛ ‰¬±¬Û ˜±¬Û± ˝˚˛ Ó¬±Àfl¬ ¬ı…±À¬ı˛±ø˜È¬±¬ı˛ (Barometer) ¬ı˘± ˝˚˛º
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¤fl¬øÈ¬ ¸˜√õ∂àÔÀ2Â˚≈q¡ › √õ∂±˚˛ øÓ¬ÚÙ≈¬È¬ ˘•§± fl¬±À‰¬¬ı˛ Ú˘ ŒÚ›˚˛± ˝˘ ˚±¬ı˛ ¤fl¬øÈ¬ øfl¬ ˜≈q¡ ¤¬ı—

’Ú…øfl¬ ¬ıKÒº ¤¬ı±¬ı˛ ¤Àfl¬ ¬Û±¬ı˛¬Û”Ì« fl¬À¬ı˛ ¤fl¬øÈ¬ ¬Û±¬ı˛¬Û”Ì« ¬Û±ÀS¬ı˛ Œˆ¬Ó¬¬ı˛ ¤¬ı˛ ˜≈q¡øfl¬øÈ¬ √õ∂À¬ı˙ fl¬ø¬ı˛À˚˛

Î¬◊~•§ fl¬À¬ı˛ Ò¬ı˛± ˝˘º [ø‰¬S ^©Ü¬ı…]

ø‰¬S

Œ‡± ˚±À¬ı Œ˚ ’¬ıøÒ øÚø«©Ü Î¬◊2‰¬Ó¬± ¤fl¬øÈ¬ ¬Û±¬ı˛d¬y√√ ’±ÀÂ√ › Ó¬±¬ı˛ Î¬◊¬Û¬ı˛øÈ¬ ¬ı±˚˛≈˙”Ú… › Ù“¬±fl¬±º

¤¬ı±¬ı˛ Ú˘øÈ¬ ¤fl¬È≈¬ fl¬±Ó¬ fl¬¬ı˛À˘ Œ‡± ˚±À¬ı ¤˝◊ Ù“¬±fl¬± àÔ±ÀÚ ¬Û±¬ı˛ Ï≈¬Àfl¬ ¬ÛÎ¬ˇÀÂ√º øfl¬ôL≈√ Î¬◊~•§ Δ‚«…

[¬Û±¬ı˛À¬ı˛] ¤fl¬˝◊ ’±ÀÂ√º ¬Û±¬ı˛À d¬Ày√√¬ı˛ ¤˝◊ Î¬◊2‰¬Ó¬±Àfl¬ Ó¬¬ı˛À˘¬ı˛ ¬ı…±À¬ı˛±ø˜È¬±À¬ı˛¬ı˛ Î¬◊2‰¬Ó¬± ¬ıÀ˘º ’±¬ı˛ Î¬◊¬ÛÀ¬ı˛¬ı˛

˙”Ú…àÔ±ÚÀfl¬ È¬ø¬ı˛À¸ø˘¬ı˛ ˙”Ú…àÔ±Ú ¬ı˘± ˝˚˛ (Torricellian vacumm)º

ø‰¬ÀS¬ı˛ h = 29 ŒÔÀfl¬ 30 ˝◊ø= [¬Û±¬ı˛À¬ı˛ ÊÚ…]

¸±˜…±¬ıàÔ±¬ı˛ ÊÚ… ¬ı±˚˛≈˜G¬˘œ˚˛ ‰¬±¬Û ¬Û±¬ı˛d¬y√√Àfl¬ ÒÀ¬ı˛ ¬ı˛±À‡º

� A ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = B ø¬ıμ≈ÀÓ¬ ‰¬±¬Û [ø‰¬S ^©Ü¬ı…]

¸≈Ó¬¬ı˛±—, ¬ı±˚˛≈˜G¬˘œ˚˛ ‰¬±¬Û   = gph. Œ˚‡±ÀÚ � ˝˘ ¬Û±¬ı˛À¬ı˛ ‚ÚQ, h ˝˘ ¬Û±¬ı˛d¬Ày√√¬ı˛ Î¬◊2‰¬Ó¬±

¤¬ı— A, B ¤fl¬˝◊ ’Ú≈ˆ”¬ø˜fl¬ Ó¬À˘ ’±ÀÂ√º

¬Û±¬ı˛À¬ı˛ ¬ıÀ˘ Ê˘ ¬ı…¬ı˝±¬ı˛ fl¬¬ı˛À˘ h=33 ŒÔÀfl¬ 34 Ù≈¬ÀÈ¬¬ı˛ ˜Ó¬ ˝À¬ıº

18.5.2 ¬ı…±À¬ı˛±ø˜È¬±À¬ı˛¬ı˛ ¸±˝±À˚… ¬Û˚«À¬ıé¬ÀÌ¬ı˛ S≈øÈ¬˜≈q¡fl¬¬ı˛Ì (Corrections)

(1) Ò±¬ı˛Ì é¬˜Ó¬±¬ı˛ S≈øÈ¬˜≈q¡fl¬¬ı˛Ì (Correction for capacity)
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¤‡Ú, ¬Û±¬ı˛d¬Ày√√¬ı˛ Î¬◊2‰¬Ó¬±¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬ÀÚ¬ı˛ ÊÚ… øfl¬Â√≈ ¬Û±¬ı˛ ÚÀ˘ Ï≈¬fl¬ÀÂ√ ¬ı± Ú˘ ŒÔÀfl¬ Œ¬ıø¬ı˛À˚˛ ˚±À2Âº

Ù¬˘Ó¬– ¬Û±ÀS¬ı˛ ¬Û±¬ı˛Ó¬À˘¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú ˝À2Âº

¤˝◊ ¬ı…±¬Û±¬ı˛øÈ¬Àfl¬ øÍ¬fl¬ ¬ı˛±‡±¬ı˛ ÊÚ… ’±˜±À¬ı˛ Î¬◊2‰¬Ó¬±Àfl¬ S≈øÈ¬˜≈q¡ fl¬¬ı˛ÀÓ¬ ˝À¬ıº √õ∂ÔÀ˜ Ò¬ı˛± ˚±fl¬

¬Û±¬ı˛d¬Ày√√¬ı˛ Î¬◊2‰¬Ó¬± h øÂ√˘, ¤¬ı±¬ı˛ Ò¬ı˛± ˚±fl¬ ÚÀ˘¬ı˛ ˜ÀÒ… ¬Û±¬ı˛À¬ı˛ Î¬◊2‰¬Ó¬± x ¬ı‘øX Œ¬ÛÀ˚˛ÀÂ√º a, A

˝˘ ˚Ô±flË¡À˜ Ú˘ › ¬Û±ÀS¬ı˛ √õ∂àÔÀ2Âº Œ˚À˝Ó≈¬ Œ˜±È¬ ¬Û±¬ı˛À¬ı˛ ¬Ûø¬ı˛˜±Ì ÒË≈¬ıfl¬, Ù¬˘Ó¬– ax ¬Ûø¬ı˛˜±Ì

¬Û±¬ı˛ ¬Û±S ŒÔÀfl¬ ˚±¬ı±¬ı˛ ÊÚ… ¬Û±ÀS¬ı˛ ¬Û±¬ı˛À¬ı˛ Ó¬˘ x
�  ¬Ûø¬ı˛˜±Ì fl¬À˜ Œ·ÀÂ√,

Œ˚‡±ÀÚ, � 
 � 
x A ax i e x
a
A

x, . . .

¸≈Ó¬¬ı˛±—, ÚÀ˘¬ı˛ ¬Û±¬ı˛d¬Ày√√¬ı˛ ÚÓ≈¬Ú S≈øÈ¬˜≈q¡ Î¬◊2‰¬Ó¬±
 � � � 
 � �h x x h x
a
A

x

� S≈øÈ¬˜≈q¡fl¬¬ı˛Ì 
 �
a
A

x

(2) Î¬◊¯Æ∏Ó¬±¬ı˛ ÊÚ… S≈øÈ¬˜≈q¡fl¬¬ı˛Ì –

¬Û±¬ı˛ Î¬◊¯Æ∏Ó¬± ¬ı‘øX¬ı˛ ¸±ÀÔ ’±˚˛Ó¬ÀÚ ¬ı±ÀÎ¬ˇº ¸≈Ó¬¬ı˛±— ¬ı…±À¬ı˛±ø˜È¬±À¬ı˛¬ı˛ Î¬◊2‰¬Ó¬±› ¬ı±ÀÎ¬ˇ, øfl¬ôL≈√ ¬ı±˚˛˜G¬˘œ˚˛

‰¬±¬Û ÒË≈¬ıfl¬ Ô±Àfl¬º 0ºC-¤ Î¬◊2‰¬Ó¬± h0 ¤¬ı— tºC-¤ Ó¬± h ˝À˘ ˚ø �0, �t ˚Ô±flË¡À˜ Œ¸˝◊ Î¬◊¯Æ∏Ó¬±¬ı˛

‚ÚQ ˝˚˛º

Ó¬±˝À˘,   = g�oho= g�th

øfl¬ôL≈√ Po = Pt(1 + !t)

! ˝˘ ¬Û±¬ı˛À¬ı˛ ’±˚˛Ó¬Ú √õ∂¸±¬ı˛Ì ·≈Ì±efl¬º

� 	 
 " �h h t h t0 1 1( ) ( )! !

� S≈øÈ¬˜≈q¡fl¬¬ı˛Ì  = –� !ht

¤¬ı±¬ı˛ Ú˘øÈ¬› ’±˚˛Ó¬ÀÚ ¬ı±Î¬ˇÀ¬ı Î¬◊¯Æ∏Ó¬± ¬ı‘øX¬ı˛ ¸±ÀÔº x ˚ø ¬Û˚«À¬ıøé¬Ó¬ Î¬◊2‰¬Ó¬± ˝˚˛, Ó¬±˝À˘ tºC-

¤¬ı˛ √õ∂fl‘¬Ó¬ Î¬◊2‰¬Ó¬± ˝À¬ı  = x(1 + �t)     [�� = ¬Ûø¬ı˛˜±¬Û ÚÀ˘¬ı˛ √õ∂¸±¬ı˛Ì ·≈Ì±efl¬ ]

� ¤ àÔÀ˘ S≈øÈ¬˜≈q¡fl¬¬ı˛Ì  = +x�t.

(3) fl¬…±ø¬Û˘±ø¬ı˛øÈ¬¬ı˛ ÊÚ… S≈øÈ¬˜≈q¡fl¬¬ı˛Ì –

¤˝◊ S≈øÈ¬˜≈q¡fl¬¬ı˛ÀÌ¬ı˛ ÊÚ… ¤fl¬øÈ¬ ÒÚ±Rfl¬ ¸—‡…± Œ˚±· fl¬¬ı˛ÀÓ¬ ˝À¬ı ¤¬ı— ˚± √õ∂ÀÓ¬…fl¬ ¬ı…±À¬ı˛±ø˜È¬±À¬ı˛¬ı˛

Œé¬ÀS ¬Û˚«À¬ıé¬Ì fl¬À¬ı˛ øÚÌ«˚˛ fl¬¬ı˛ÀÓ¬ ˝À¬ıº
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(4) ¸˜≈^¬Û‘á¬ ŒÔÀfl¬ ’øÒfl¬ Î¬◊2‰¬Ó¬±¬ı˛ ÊÚ… S≈øÈ¬˜≈q¡fl¬¬ı˛Ì –

¸ ≈̂̃ ¬Û‘á¬ ŒÔÀfl¬ ’øÒfl¬ Î¬◊2‰¬Ó¬±˚̨ Œ˚À˝Ó≈¬ ¬ı±˚̨≈̃ G¬À ¬̆ı̨ ‰¬±¬Û fl¬̃ , ≈̧Ó¬¬ı̨±—, ¬ı…±À¬ı̨±ø˜È¬±À¬ı̨¬ı̨ Î¬◊2‰¬Ó¬±˚̨ fl¬̃  ˝À¬ıº

(5) ’øˆ¬fl¬¯∏«À˝Ó≈¬ S≈øÈ¬˜≈q¡fl¬¬ı˛Ì –

¬Û‘øÔ¬ıœ¬ı˛ ø¬ıøˆ¬iß àÔ±ÀÚ › Î¬◊2‰¬Ó¬±˚˛ ’øˆ¬fl¬À¯∏«¬ı˛ ˜±ÀÚ¬ı˛ Ó¬±¬ı˛Ó¬À˜…¬ı˛ ÊÚ… ¬Û±¬ı˛d¬Ày√√¬ı˛ ›ÊÀÚ¬ı˛ Ó¬±¬ı˛Ó¬˜…

˝À¬ıº Ù¬˘Ó¬– ¬ı…±À¬ı˛±ø˜È¬±À¬ı˛ Î¬◊2‰¬Ó¬±› ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝À¬ıº

18.6 ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ‰¬±¬Û, ’±˚˛Ó¬Ú ¤¬ı— Î¬◊¯Æ∏Ó¬±¬ı˛ ˜ÀÒ… ¸•Ûfl«¬

(1) øàÔ¬ı˛ ˆ¬À¬ı˛¬ı˛ ø¬ıμ≈È¬± ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ Î¬◊2‰¬Ó¬± øàÔ¬ı˛ Ô±fl¬À˘ Ó¬±¬ı˛ ‰¬±¬Û ’±˚˛Ó¬ÀÚ¬ı˛ ¸±ÀÔ ¬ı…d¬±Ú≈¬Û±Ó¬œ

˝À¬ıº ¤Àfl¬˝◊ ¬ıÀ˚˛À˘¬ı˛ ¸”S (Boyle’s law) ¬ı˘± ˝˚˛º

’Ô«±» p ˚ø ‰¬±¬Û ¤¬ı— v ˚ø ’±˚˛Ó¬Ú ˝˚˛ Œ¸Àé¬ÀS pv = ÒË≈¬ıfl¬ ˝À¬ıº

¤‡Ú ˆ¬¬ı˛ Œ˚À˝Ó≈¬ ÒË¬ıfl¬ Œ¸À˝Ó≈¬ v
m



�    [� ‚ÚQ] ŒÔÀfl¬ ¬Û±˝◊ 

p
�

=  ÒË≈¬ıfl¬º

(2) øàÔ¬ı˛ˆ¬À¬ı˛¬ı˛ øfl¬Â√≈È¬± ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ‰¬±¬Û øàÔ¬ı˛ Ô±fl¬À˘ ¤fl¬˝◊ Î¬◊¯Æ∏Ó¬± ¬ı‘øX¬ı˛ ÊÚ… ¸˜’±˚˛Ó¬ÀÚ¬ı˛

¸fl¬˘ ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ¸±Ò±¬ı˛ÌÓ¬– ¸˜¬Ûø¬ı˛˜±Ì √õ∂¸±ø¬ı˛Ó¬ ˝˚˛º ¤Àfl¬˝◊ ‰¬±˘«À¸¬ı˛ ¸”S ¬ıÀ˘ (Charles’
law)

1842 ø‡Ë– ø¬ı:±Úœ Œ¬ı˛“ÀÚ± (Regnault) ¬Û¬ı˛œé¬± fl¬À¬ı˛ Œ‡±Ú Œ˚, 0ºC Î¬◊¯Æ∏Ó¬±ø¬ıø˙©Ü Œfl¬±ÀÚ± ·…±À¸¬ı˛

√õ∂øÓ¬ øÎ¬¢∂œ Œ¸˘ø¸˚˛±¸ Î¬◊¯Æ∏Ó¬± ¬ı‘øX¬ı˛ ÊÚ… ¤fl¬fl¬ ’±˚˛Ó¬ÀÚ¬ı˛ ’±˚˛Ó¬Ú √õ∂¸±¬ı˛Ì √õ∂±˚˛ 
1

273
 ˝˚˛º

’Ô«±» v0 ˚ø 0ºC Î¬◊¯Æ∏Ó¬±˚˛ ’±˚˛Ó¬Ú › vt– ˚ø tºC Î¬◊¯Æ∏Ó¬±˚˛ ’±˚˛Ó¬Ú ˝˚˛ Ó¬±˝À˘,

v v tt 	 

�
�

�
�0 1

1
273

’Ô«±», t = –273ºC-¤¬ı˛ ÊÚ… Ó¬±M3œfl¬ˆ¬±À¬ı ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ’±˚˛Ó¬Ú ˙”Ú… ˝À˚˛ ˚±˚˛º

¤˝◊ ¬ıÀ˚˛˘ › ‰¬±˘«À¸¬ı˛ ¸”S ˜±Ú… fl¬À¬ı˛ ‰¬˘± ¬ı±˚˛¬ıœ˚˛ ¬Û±Ô«À¬ı˛ ’±˙« ·…±¸ (perfect gas) ¬ı˘±

˝ ˛̊º

¤é¬ÀÌ, v v tt 
 �
�
�

�
�0 1

1
273

� 

��

�
�
� 
v v

t v T
t 0

0273
273 273

� v � T ˚‡Ú p ÒË≈¬ıfl¬º
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’±¬ı±¬ı˛ v
p

	
1

 ˚‡Ú T ÒË≈¬ıfl¬ [¬ıÀ˚˛À˘¬ı˛ ¸”S] ≈øÈ¬ ¸”SÀfl¬ ¤fl¬ fl¬À¬ı˛ ¬Û±˝◊ñ

v
T
p

	 ˚‡Ú p, T ≈øÈ¬˝◊ ¬Ûø¬ı˛¬ıøÓ«¬Ó¬ ˝˚˛º

¸≈Ó¬¬ı˛±—, 
pv
T

  ÒË≈¬ıfl¬

¸‰¬¬ı˛±‰¬¬ı˛ ¤˝◊ ÒË≈¬ıfl¬ R øÀ˚˛ ø‰¬ø˝êÓ¬ fl¬¬ı˛± ˝˚˛º

� � � � � � � � � � � � � � � � � � � � � � � pv = RT

¤øÈ¬˝◊ ’±˙« ·…±À¸¬ı˛ ¸˜œfl¬¬ı˛Ì Ú±À˜ ø‰¬ø˝êÓ¬º

18.7 ¸À˜±¯Æ∏ (isothermal) ¬ı±˚˛≈˜G¬À˘¬ı˛ ‰¬±¬Û

(1) ’øˆ¬fl¬¯∏«Àfl¬ ÒË≈¬ıfl¬ ÒÀ¬ı˛ñ

¸˜≈^¬Û‘á¬ ŒÔÀfl¬ Z Î¬◊2‰¬Ó¬±˚˛ ˚ø p ¤¬ı— � ˚Ô±flË¡À˜ ‰¬±¬Û ¤¬ı— ‚ÚQ ˝˚˛ [¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛] Ó¬±˝À˘

‰¬±¬Û ¸˜œfl¬¬ı˛ÌøÈ¬ ˝À¬ıº

dp = –g�dz,

‘z’-Œfl¬ ÿÒ√ı« øÀfl¬ ˜±¬Û± ˝À˚˛ÀÂ√º

¬ıÀ˚˛À˘¬ı˛ ¸”S ŒÔÀfl¬ ¬Û±˝◊ñ

p = k�

� 
 �
dp
p

g
k dz

¸˜±fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊ñ

log p C
g
k

Z
 �

Ò¬ı˛± ˚±fl¬, p = �0, � = �0 ˚‡Ú Z = 0 [¸˜≈^¬Û‘Àá¬]

Ó¬±˝À˘, log p0 = C

� 
 �log p
p

g
k z

0
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¤‡Ú,  p = p0e–g/kz

¤Â√±Î¬ˇ±›  � = �0e–g/kz

¸˜¸M3 ¬ı±˚˛≈˜G¬À˘¬ı˛ ‚ÚQ � ¤¬ı— Œfl¬±ÀÚ± ø¬ıμ≈ÀÓ¬ ‰¬±¬Û p ˝À˘

p = k� = g�H

¬ı±, H
k
g


 
 [ÒË≈¬ıfl¬]

¸≈Ó¬¬ı˛±— ¤fl¬˝◊ Î¬◊¯Æ∏Ó¬±˚˛ ¸˜¸M3 ¬ı±˚˛≈˜G¬À˘¬ı˛ Î¬◊2‰¬Ó¬± ¸¬ı«S ¸˜±Úº

p = p0e–g/kz  = p0e–z/H

(2) ’øˆ¬fl¬¯∏«Àfl¬ ‰¬˘¬ı˛±ø˙ ÒÀ¬ı˛ –

Ò¬ı˛±˚±fl¬, ¬Û‘øÔ¬ıœ¬ı˛ ¬ı…±¸±Ò« r ¤¬ı— ¸˜≈^¬Û‘Àá¬ ’øˆ¬fl¬À¯∏«¬ı˛ ˜±Ú  g.

Ó¬±˝√√À˘ ¸˜≈^¬Û‘á¬ ŒÔÀfl¡ z Î¬◊2‰¬Ó¬±˚˛ ’øˆ¬fl¡À¯∏«¬ı˛ ˜±Ú = 
r

r z
g

2

2( )


� ‰¬±¬Û ¸˜œfl¬¬ı˛ÌøÈ¬ ˝À¬ı – dp
r

r z
gfdz	 �




2

2( )

¬ıÀ˚˛À˘¬ı˛ ¸”S ŒÔÀfl¬ ¬Û±˝◊ñ P = k�

� 	 �



dp
p

r
r z

g
K dz

2

2( )
.

¸˜±fl¬˘ fl¬À¬ı˛ ¬Û±˝◊ñ log
( )

p C
gr

k r z
	 





2

¸˜≈^¬Û‘á¬,  p = p0 ˚‡Ú Z = 0

Ó¬±˝À˘, log p C
g
k

ro 
 � ;

� 	 �



log .
�

�0

g
k

rz
r z

¬ı±, p = p p e p
g
k

rz
r z


 � �
�

�
��

�
��0 .

( )
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18.8  øfl¬Â√≈ ¬ı±d¬¬ı (Real] ·…±À¸¬ı˛ ¸˜œfl¬¬ı˛Ì [˙≈Ò≈˜±S ø¬ı¬ı‘øÓ¬]

(i) fl¬…±˜±¬ı˛ø˘— ›Úƒ¸ƒ-¤¬ı˛ ¸˜œfl¬¬ı˛Ì (Kammerling Onne’s equation)
fl¬…±˜±¬ı˛ø˘— ›ÚƒÀ¸¬ı˛ ˜ÀÓ¬ ¬ı±d¬¬ı ·…±À¸¬ı˛ ’±‰¬¬ı˛Ì ˚Ô±˚Ô √õ∂fl¬±˙ fl¬¬ı˛ÀÓ¬ Œ·À˘ ¬ıX ¸˜œfl¬¬ı˛ÀÌ¬ı˛ ¬ıÀ˘

¬ı˝≈¸—‡…fl¬ ·≈Ì±efl¬˚≈q¡ Œ|øÌ√õ∂¸±¬ı˛Ì Ò¬ı˛ÀÚ¬ı˛ ¸˜œfl¬¬ı˛Ì ˚Ô±˚Ô –

pv = A + Bp + Cp2 + Dp3 + .........

A, B, C, ........... Œfl¬ ˆ¬±˝◊¬ı˛±˘ ·≈Ú±efl¬ ¬ıÀ˘º

(ii) ˆ¬…±ÚƒÎ¬±¬ı˛ ›˚˛±˘ƒÀ¸¬ı˛ ¸˜œfl¬¬ı˛Ì –

ˆ¬…±ÚƒÎ¬±¬ı˛ ›˚˛±˘ƒÀ¸¬ı˛ ¸˜œfl¬¬ı˛ÌøÈ¬ øÚ•ß¬ı˛”¬Û –

p a
v

v b RT���
�
� � 
� 	

2

Œ˚‡±ÀÚ  R, a, b ˝˘ ÒË≈¬ıfl¬ ¸—‡…±º

(iii) flv¬ø¸˚˛±À¸¬ı˛ ¸˜œfl¬¬ı˛Ì (Clausius’ equation) :

’±ôL√¬ı˛±Ìø¬ıfl¬ ’±fl¬¯∏«Ì ¬ı˘ ·…±À¸¬ı˛ ¬Û¬ı˛˜ Ó¬±¬Û˜±S±¬ı˛ ¬ı…d¬±Ú≈¬Û±øÓ¬fl¬ ÒÀ¬ı˛ flv¬ø¸˚˛±¸ ˆ¬…±ÚÎ¬±¬ı˛ ›˚˛±˘ƒÀ¸¬ı˛

¸˜œfl¬¬ı˛Ì ¸—À˙±ÒÚ fl¬À¬ı˛øÂ√À˘Ú, Ó“¬±¬ı˛ ¸˜œfl¬¬ı˛ÌøÈ¬ øÚ•ß¬ı˛”¬Ûñ

p
a

T v c
v b RT�

�

�
��
��

�
��
��
� 



 �

 �2

¤ÀÓ¬ a, c, b, R ˝˘ ÒË≈¬ıfl¬ ¸—‡…±º

(iv) ¸±˝± › Œ¬ı±¸ ¸˜œfl¬¬ı˛Ì (Saha & Bose equation) :

Ó¬±¬Û·øÓ¬ ø¬ı…±Àfl¬ øˆ¬øM fl¬À¬ı˛ √õ∂‡…±Ó¬ ø¬ı:±Úœ Î¬– Œ˜‚Ú± ¸±˝± ¤¬ı— ’Ò…±¬Ûfl¬ |œ¸ÀÓ¬…Ú Œ¬ı±¸

Œ˚ ¸˜œfl¬¬ı˛Ì √õ∂d¬±¬ı fl¬À¬ı˛Ú Ó¬± ˝˘ –

p
RT

b
e e

v b
v

a
RTv	 �

��
�

�
�2

2
. log

¤˝◊ ¸˜œfl¬¬ı˛Ì ŒÔÀfl¬ ¸—fl¬È¬ ·≈Ì±Àefl¬¬ı˛ ˜±Ú ¬Û±›˚˛± ˚±˚˛ 3.53 ˚± ¬Û¬ı˛œé¬±˘t Ù¬À˘¬ı˛ ¸±ÀÔ ’ÀÚfl¬±—À˙

ø˜À˘ ˚±˚˛º
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18.9  ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ¬√¸Àefl¡±‰¬Ú õ∂øflË¡˚˛±¬ı˛ fl‘¬Ó¬fl¬±˚«

¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ p ‰¬±À¬Û ’±˚˛Ó¬Ú Ò¬ı˛± ˚±fl¬ v, ¤¬ı— ¬ı±ø˝…fl¬ ¬ı±˚˛≈˜G¬˘œ˚˛ ‰¬±¬Û   Ó¬±˝À˘ ’±˚˛Ó¬Ú

˝ò±¸  = – dv

¤ Œé¬ÀS fl‘¬Ó¬fl¬±À˚«¬ı˛ ¬Ûø¬ı˛˜±Ì  = – (P –  )dv

¸≈Ó¬¬ı˛±—, ’±˚˛Ó¬ÚÀfl¬ v ŒÔÀfl¬ v
-¤ fl¬˜±ÀÚ± ˝À˘ Œ˜±È¬ fl‘¬Ó¬fl¬±˚«

	 � ���



( )p dv
v

V

(i) ¸À˜±¯Æ∏ ¬Ûø¬ı˛¬ıÓ«¬Ú (Isothermal Change)

¤˝◊ Œé¬ÀS pv = k, ¸≈Ó¬¬ı˛±— fl‘¬Ó¬fl¬±˚«


 � �
�
�

�
�
	

� k
v

dv
V

V

	


� � 
�k

V
V

V Vlog ( )

	


� � 
�PV

V
V

V Vlog ( )

P ˝˘ √õ∂±Ôø˜fl¬ ‰¬±¬Û

(ii) ¬ı˛≈XÓ¬±¬Û ¬Ûø¬ı˛¬ıÓ«¬Ú (Adiabatic change) :

¤Àé¬ÀS pv! = k, Ó¬±˝À˘ fl‘¬Ó¬fl¬±˚«


 � �
�
��

�
��
	

� k

v
dv

V

V

�

	
� 


�
�
��

�
�� � � 


� � �
k

V V
V V

! ! !1
1 1

1 1
( )



� �

�
�
��

�
�� � � �

� � 

PV

V V
V V

�

� �� 1
1 1

1 1
( )
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‘p’ ˝˘ √õ∂±Ôø˜fl¬ ‰¬±¬Ûº

˚ø ‰”¬Î¬ˇ±ôL√ ‰¬±¬Û p
 ˝˚˛ Ó¬±˝À˘ñ p
V
! = pV!

�� fl‘¬Ó¬fl¬±˚« 

� � �

�
� � ��

P V PV
V V

� 1
� �

˚ø T ¤¬ı— T
 õ∂±Ôø˜fl¡ ¤¬ı— ‰”¬Î¬ˇ±z¬ ¬Û¬ı˛˜ Î¬◊cÓ¬± ˝√√˚˛,

Ó¬±˝√√À˘, 
PV
T

P V
T

R P V PV
T T�


 � �
�

 
 � � �

� �

� fl‘¡Ó¬fl¡±˚« 

� �
�

� � �R T T V V
� 1 #( )

18.10 Î¬◊±˝¬ı˛Ì˜±˘±

(1) ¤fl¬øÈ¬ ¬Û±¬ı˛ ¬ı…±À¬ı˛±ø˜È¬±¬ı˛ øÈ¬Î¬◊À¬ı¬ı˛ ¬ı…±¸ 1cm. ¤¬ı— ø¸àÈ¬±ÀÚ«¬ı˛ ¬ı…±¸ 4·5 cm. øÈ¬Î¬◊À¬ı¬ı˛ ¬Û±¬ı˛Ó¬˘

2·5 cm ¬ı‘øX Œ¬ÛÀ˘ ¬ı…±À¬ı˛±ø˜È¬±À¬ı˛¬ı˛ √õ∂fl‘¬Ó¬ Î¬◊2‰¬Ó¬±¬ı˛ ¬Ûø¬ı˛¬ıÓ«¬Ú øÚÌ«˚˛ fl¬¬ı˛≈Úº

Î¬◊M¬ı˛ – ø¸àÈ¬±ÀÚ« x ¬Ûø¬ı˛˜±Ì ·ˆ¬œ¬ı˛Ó¬±˚˛ ¬Û±¬ı˛ Ô±fl¬À˘,

(4·5)2x = 12 × 2·5

� 
 
 $x
10
81

0 123 .........

¸≈Ó¬¬ı˛±— ¬ı…±À¬ı˛±ø˜È¬±¬ı˛ Î¬◊2‰¬Ó¬±¬ı˛ √õ∂fl‘¬Ó¬ ¬Ûø¬ı˛˜±Ìñ

= 2·5 + 0·123 ..........

= 2·623 cm ..........

(2) ¬ı±˚˛≈¬Û”Ì« S≈øÈ¬˚≈q¡ ¤fl¬øÈ¬ ¬ı…±À¬ı˛±ø˜È¬±À¬ı˛¬ı˛ ¬Û±Í¬ (reading) a ¤¬ı— b Œ˚‡±ÀÚ ¸øÍ¬fl¬ ¬Û±Í¬ ˚Ô±flË¡À˜

� ¤¬ı— �  , ˚‡Ú S≈øÈ¬¬Û”Ì« ¬ı…±À¬ı˛±ø˜È¬±À¬ı˛¬ı˛ ¬Û±Í¬ C ˝˚˛ Ó¬‡Ú Ó¬±¬ı˛ ¸øÍ¬fl¬ ¬Û±Í¬ øÚÌ«˚˛ fl¬¬ı˛≈Úº

¸˜±Ò±Ú – Ò¬ı˛± ˚±fl¬ ¬ı…±À¬ı˛±ø˜È¬±À¬ı˛¬ı˛ Œˆ¬Ó¬À¬ı˛ h ¬Û±¬ı˛d¬Ày√√ ¬Ûø¬ı˛˜±Ì ¬ı±˚˛≈˜G¬˘œ˚˛ ‰¬±À¬Û x ΔÀ‚«…¬ı˛

¬ı±˚˛≈ ’±ÀÂ√º

√õ∂Ô˜ Œé¬ÀS øÈ¬Î¬◊À¬ı¬ı˛ Œˆ¬Ó¬À¬ı˛ ¬ı±˚˛≈¬ı˛ ‰¬±¬Û = � – a

¬ıÀ˚˛À˘¬ı˛ ¸”S±Ú≈¸±À¬ı˛, ¤øÈ¬ Œ˚ Δ‚«… ’øÒfl¬±¬ı˛ fl¬À¬ı˛ Ô±fl¬À¬ı 

�

hx
a	

�� øÈ¬Î¬◊À¬ı¬ı˛ ¬Û≈À¬ı˛± Δ‚«… 
 �
�

a
hx

a	



399

NOSU

ø¬ZÓ¬œ˚˛Àé¬ÀS øÈ¬Î¬◊À¬ı¬ı˛ Œˆ¬Ó¬À¬ı˛ ¬ı±˚˛≈¬ı˛ ‰¬±¬Û = � – b ¤¬ı— ¤fl¬˝◊ˆ¬±À¬ı Œ˚ Δ‚«… ’øÒfl¬±¬ı˛ fl¬À¬ı˛ Ó¬±¬ı˛

¬Ûø¬ı˛˜±Ì 
 �
�
�a

hx
a

b
	

º

¤¬ı±¬ı˛ ¬ıÀ˚˛À˘¬ı˛ ¸”ÀS¬ı˛ ¸±˝±À˚… ¬Û±˝◊,

�
	

� �
�
�

�
�

�
� 
b a

hx
a

b hx� 	

� 

� � �

� � �
hx

a b a b
a b

( )( )( )
( ) ( )
	 �

	 �

¤fl¬˝◊ˆ¬±À¬ı ¸¬ı«À˙¯∏ Œé¬ÀS, ˚‡Ú ¸øÍ¬fl¬ ¬Û±Í¬  = !, Ó¬‡Ú

hx
a c a c

a c



� � �

� � �

( )( )( )
( ) ( )
	 �

	 �

hx-¤¬ı˛ ≈øÈ¬ ˜±ÀÚ¬ı˛ Ó≈¬˘Ú± fl¬À¬ı˛ ¬Û±˝◊ñ

�
	 �

	 �

 �

� � �

� � � � �
c

a b a b

a c a b c b

� �� �� �
� �� � � �� �

(3) ˆ¬±¬ı˛œ ¬¬ı± ˛̊¬ıœ ˛̊ ¬Û±Ô« [·…±¸] ¤fl¬øÈ¬ ¬ı±' ¸˜Ó¬±¬Û˜±S± ˛̊ (uniform temperature) ’±ÀÂ√º ¸¬ı«øÚ•ß

ø¬ıμ≈ ŒÔÀfl¬ ¬ı±À'¬ı˛ ¸À¬ı«±2‰¬ ø¬ıμ≈¬ı˛ Î¬◊2‰¬Ó¬± ‘a’ ¤¬ı— P › P
 ˝˘ ˚Ô±flË¡À˜ Î¬◊2‰¬Ó¬˜ ¤¬ı— øÚ•ßÓ¬˜ ø¬ıμ≈ÀÓ¬

‰¬±¬Ûº √õ∂˜±Ì fl¬¬ı˛≈Ú Œ˚Àfl¬±ÀÚ± ø¬ıμ≈ÀÓ¬ ‰¬±¬Û › ‚ÚÀQ¬ı˛ ’Ú≈¬Û±Ó¬ ˝À¬ıº ag/log(P
/P)

¸˜±Ò±Ú –

Ò¬ı˛± ˚±fl¬ ¬ı±À'¬ı˛ Z Î¬◊2‰¬Ó¬±˚˛ Œfl¬±ÀÚ± ø¬ıμ≈ÀÓ¬ ‰¬±¬Û = p ¤¬ı— ‚ÚQ �º (z Î¬◊2‰¬Ó¬±øÈ¬ ¸˜≈^¬Û‘Àá¬¬ı˛

¶§±À¬ÛÀé¬ ˜±¬Û± ˝À˚˛ÀÂ√] ¤¬ı±¬ı˛ Ò¬ı˛± ˚±fl¬ p
 ¤¬ı— �
 ˝˘ z – a Î¬◊2‰¬Ó¬±˚˛ ˚Ô±flË¡À˜ ‰¬±¬Û › ‚ÚÀQ¬ı˛

¬Ûø¬ı˛˜±Ìº

Ó¬±˝À˘, dp = –g�dz ¤¬ı— p = k�

� 
 �
dp
p

g
k

dz.

¸˜±fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊,

log p C
g
k

z
 �
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¤¬ı— log � 
 � �p C
g
k

z a� �

�
�

log

P
P

g
k

a

¸≈Ó¬¬ı˛±—, k = ag/logp
/p    [√õ∂˜±øÌÓ¬]

(4) ˆ”¬¬Û‘Àá¬¬ı˛ fl¬±ÀÂ√ ’øˆ¬fl¬À¯∏«¬ı˛ ˜±Ú ÒË≈¬ıfl¬ ¤¬ı— ¬ı±˚˛≈˜G¬À˘¬ı˛ Î¬◊¯Æ∏Ó¬± t t
z

nHo	 �
�
�

�
�1  ˝˚˛ Œ˚‡±ÀÚ

H ˝˘ ¸˜¸M3 ¬ı±˚˛≈˜G¬À˘¬ı˛ Î¬◊2‰¬Ó¬± ¤¬ı— t ˝˘ ¬Û¬ı˛˜ Î¬◊¯Æ∏Ó¬±º Œ‡±Ú Œ˚ ¬ı±˚˛≈˜G¬À˘¬ı˛ ‰¬±¬Û¸—flË¡±ôL√ ¸˜œfl¬¬ı˛ÌøÈ¬

˝À¬ı p p
z

nHo

n


 �
�
�

�
�1

¸˜±Ò±Ú –

p = R�t, ¤¬ı— p0 = R�0H

� ‰¬±¬Û ¸—flË¡±ôL√ ¸˜œfl¬¬ı˛ÌøÈ¬ ˝À¬ı –

dp = – g�dz

� 	 �

�


�

�



dp
p

g

Rt
z

nH

dz

0 1

¸˜±fl¬˘Ú fl¬À¬ı˛ ¬Û±˝◊,ñ

log . logp
g
R

nH
t

z
nH

C
 �
�
�

�
� �0

1


 �
�
�

�
� �log 1

z
nH

C
n

Z = 0 Î¬◊2‰¬Ó¬±˚˛, p = p0 ˝À˘,

� log�0 = C

¸≈Ó¬¬ı˛±—  log log
�

�0
1
 �
�
�

�
�

z
nH

n
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¬ı±, p p
z

nH

n


 �
�
�

�
�0 1    [√õ∂˜±øÌÓ¬]

(5) ¤fl¬øÈ¬ Î¬◊~•§ Œ‰¬±À„¬ı˛ Œˆ¬Ó¬¬ı˛ øfl¬Â√≈ ·…±¸ ’±ÀÂ√ ¤¬ı— ¤fl¬øÈ¬ W ›ÊÀÚ¬ı˛ ø¬ÛàÈ¬Ú ¤fl¬øÈ¬ øÂ√ø¬Û¬ı˛

fl¬±Ê fl¬À¬ı˛º Œ‰¬±À„¬ı˛ ˆ”¬ø˜¬ı˛ ŒÔÀfl¬ ¸±˜…±¬ıàÔ±˚˛ ø¬ÛàÈ¬ÚøÈ¬¬ı˛ ˆ”¬ø˜ h Î¬◊2‰¬Ó¬±˚˛ ’±ÀÂ√º ø¬ÛàÈ¬ÚøÈ¬ ‡≈¬ı ’±Àd¬

’ä ”¬ı˛Q x àÔ±Ú±ôL√ø¬ı˛Ó¬ ˝À˘ Œ‡±Ú Œ˚ ø¸ÀàÈ¬˜øÈ¬¬ı˛ Î¬◊¬Û¬ı˛ fl‘¬Ó¬fl¬±˚« 

Wx

h

2

2
  [’±¸iß ˜±Ú] ˚‡Ú

’±¬ıX ·…±À¸¬ı˛ Ó¬±¬Û˜±S±¬ı˛ Œfl¬±ÀÚ± ¬Ûø¬ı˛¬ıÓ«¬Ú ‚ÀÈ¬ Ú±º

¸˜±Ò±Ú – ˚ø ÚÓ≈¬Ú ’¬ıàÔ±ÀÚ ‰¬±¬Û p ˝˚˛ Ó¬±˝À˘ ¬ıÀ˚˛À˘¬ı˛ ¸”S ŒÔÀfl¬ ¬Û±˝◊,

pA h x
W
A

hA� 
 
� � .

¬ı±,
p

Wh
A h x



�� �

˚ø ø¬ÛàÈ¬ÚøÈ¬ dx ”¬ı˛Q øÚÀ‰¬ Ú±˜±ÀÚ± ˝˚˛ Ó¬±˝À˘ ‰¬±À¬Û¬ı˛ ø¬ı¬ı˛≈ÀX fl‘¬Ó¬fl¬±˚« ˝˘ pAdx, ¤¬ı— ø¬ÛàÈ¬ÀÚ¬ı˛

›ÊÀÚ fl¬Ó‘¬«fl¬ fl‘¬Ó¬fl¬±˚«  = Wdx

� Œ˜±È¬ fl‘¬Ó¬fl¬±˚« = ( )pA W dx
x

��
0

	
�

�


��

�

�� Wh

h x
W dx

x

0


 �
�
�Wh

h x
h

Wxlog


 � � �Wh x
h

Wxlog 1� �


 � �


��



��
� �

���
���

Wh
x
h

x

h
Wx

x
h

1
2

1
2

2
. ......

�
1
2

2
.
Wx

h
 [’±¸iß ˜±Ú]  [√õ∂˜±øÌÓ¬]



402

NOSU

18.10 ¸—Àfl¬Ó¬¸˝ √õ∂ùü±¬ı˘œ › Î¬◊M¬ı˛˜±˘±

(1) 2a Î¬◊2‰¬Ó¬±ø¬ıø˙©Ü ¤fl¬øÈ¬ ¬ı±˚˛≈øÚ¬ı˛≈X Œ‰¬±À„ ’ÀÒ«fl¬ Ê˘ ¤¬ı— ¬ı±˚˛≈˜G¬˘œ˚˛ ‰¬±À¬Û ’ÀÒ«fl¬ ¬ı±˚˛≈ ¬Z±¬ı˛±

¬Ûø¬ı˛¬Û”Ì«º ¬ı±˚˛≈˜G¬˘œ˚˛ ‰¬±¬Û h Î¬◊2‰¬Ó¬±˚˛ ÊÀ˘¬ı˛ ‰¬±À¬Û¬ı˛ ¸˜±Úº ¬ı±˚˛≈Àfl¬ Œ¬ıÀ¬ı˛±ÀÓ¬ Ú± øÀ˚˛ ’±¬ı˛› k Î¬◊2‰¬Ó¬±

¬Û˚«ôL√ Ê˘ ŒÏ¬À˘ Ê˘Ó¬˘ ¬ı±Î¬ˇ±ÀÚ± ˝˘ ¤¬ı— ˆ”¬ø˜¬ı˛ ‰¬±¬Û Ó¬±¬ı˛ Ù¬À˘ ø¬Z·≈øÌÓ¬ ˝˘º

√õ∂˜±Ì fl¬¬ı˛≈Ú k a h ah h	 � 
+ 2 [ ¸—Àfl¬Ó¬ – ¬ıÀ˚˛À˘¬ı˛ ¸”S √õ∂À˚±Ê…]

(2) ¤fl¬øÈ¬ ¬ı…±À¬ı˛±ø˜È¬±À¬ı˛¬ı˛ Î¬◊2‰¬Ó¬± 30 ˝◊ø=º øÈ¬Î¬◊À¬ı¬ı˛ √õ∂àÔÀ2Â 
1
4

˝◊ø= ¤¬ı— ¬Û±¬ı˛À¬ı˛ Î¬◊¬ÛÀ¬ı˛

˙≈Ú…àÔ±ÚøÈ¬ √õ∂fl‘¬Ó¬ ˙≈Ú…º ¤é¬ÀÌ 
1
4

‚Ú ˝◊ø= ¬ı±˝◊À¬ı˛¬ı˛ ¬ı±Ó¬±¸ ¬ı…±À¬ı˛±ø˜È¬±À¬ı˛ Ï≈¬fl¬ÀÓ¬ øÀ˘ ¬Û±¬ı˛d¬y√√ ˚ø

4 ˝◊ø= øÚÀ‰¬ ŒÚÀ˜ ˚±˚˛ Ó¬±˝À˘ ¬Û”¬ı«¬ıÓ«¬œ ˙”Ú…àÔ±ÀÚ¬ı˛ ’±˚˛Ó¬Ú fl¬Ó¬ øÂ√˘º

[Ans. 
7
8

‚Ú ◊̋ø=]

(3) ¤fl¬øÈ¬ Œ‰¬±„ ≈í√õ∂fl¬±¬ı˛ ·…±¸ ¤fl¬øÈ¬ ø¬ÛàÈ¬Ú ¬Z±¬ı˛± ’±˘±± fl¬¬ı˛± ’±ÀÂ√º 0ºC Î¬◊¯Æ∏Ó¬±˚˛ ≈øÈ¬ ·…±À¸¬ı˛

¤fl¬øÈ¬¬ı˛ ’±˚˛Ó¬Ú ’¬Û¬ı˛øÈ¬¬ı˛ ø¬Z·≈Ìº √õ∂Ô˜ ·…±¸øÈ¬¬ı˛ Ó¬±¬Û˜±S± tºC ¬ı±Î¬ˇÀ˘ √õ∂˜±Ì fl¬¬ı˛≈Ú ø¬ÛàÈ¬ÚøÈ¬

2
9 6

l t
t

�

�

”¬ı˛Q ¸¬ı˛À¬ıº

Œ˚‡±ÀÚ l ˝˘ Œ‰¬±À„¬ı˛ Δ‚«… ¤¬ı— � ˝˘ √õ∂øÓ¬ 1ºC-¤¬ı˛ ÊÚ… √õ∂¸±¬ı˛Ì ·≈Ì±efl¬º

[ ¸—Àfl¬Ó¬  ¬ıÀ˚˛À˘¬ı˛ ¸”S √õ∂À˚±Ê…]

(4) 7ºC-¤ ¸˜≈^¬Û‘Àá¬ ¬ı…±À¬ı˛±ø˜È¬±À¬ı˛¬ı˛ Î¬◊2‰¬Ó¬± 750 mm ¤fl¬øÈ¬ ¬Û¬ı«ÀÓ¬¬ı˛ Î¬◊¬ÛÀ¬ı˛ 13ºC-¤ ¤˝◊ Î¬◊2‰¬Ó¬±

400 mmº ≈øÈ¬ Ê±˚˛·±¬ı˛ ¤fl¬ ‚Ú ø˜È¬±¬ı˛ ¬Ûø¬ı˛˜±Ì ¬ı±Ó¬±À¸¬ı˛ ›ÊÀÚ¬ı˛ Ó≈¬˘Ú± fl¬¬ı˛≈Úº [ Î¬◊M¬ı˛ –
429
224

]

[ ¸—Àfl¬Ó¬ –  

PV
T

P V
T

1 1

1

2 2

2
	  ¸”S √õ∂À˚±Ê…]

(5) a ¬ı…±¸±Ò«˚≈q¡ ¤fl¬øÈ¬ ¬ı‘Mfl¬±¬ı˛ øÈ¬Î¬◊À¬ı ¬ı±Ó¬±¸ ¬Z±¬ı˛± ¬Û”Ì« ’±ÀÂ√º øÈ¬Î¬◊¬ıøÈ¬¬ı˛ Ó¬À˘ ’¬ıøàÔÓ¬ ¤fl¬øÈ¬

’é¬ [Œfl¬f ŒÔÀfl¬ C ”¬ı˛ÀQ ’¬ıøàÔÓ¬] ¶§±À¬ÛÀé¬ ¤fl¬øÈ¬ ¸≈¯∏˜ Œfl¬ÃøÌfl¬ Œ¬ı· �-ŒÓ¬ ‚≈¬ı˛ÀÂ√º ¬ı±Ó¬±À¸¬ı˛

›ÊÚ Ú·Ì… › C < a ¤¬ı— P › P
�  ¸À¬ı«±2‰¬ › ¸¬ı«øÚ•ß ‰¬±¬Û ˝À˘ √õ∂˜±Ì fl¬¬ı˛≈Úñ

log
P
P k

a c
�

 �
�2 2

2
� 	
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[ ¸—Àfl¬Ó¬ – ¤‡±ÀÚ dp = �w2rdr ¤¬ı— p. = kp, ’Ô«±» 
dp
p k

rdr

�2

, ¤¬ı±¬ı˛ ¸˜±fl¬˘ÀÚ¬ı˛

¸±˝±˚… øÚÚ]

(6) ¤fl¬øÈ¬ ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ ¬ı±˚˛≈˜G¬˘ ¸±˜…±¬ıàÔ±˚˛ ’±ÀÂ√, Œ˚‡±ÀÚñ

      p = k�! = R�T,

Œ˚‡±ÀÚ, p, �� % ˝˘ ˚Ô±flË¡À˜ ‰¬±¬Û, ‚ÚQ ¤¬ı— Î¬◊¯Æ∏Ó¬± ¤¬ı— k, !, R ˝˘ ÒË≈¬ıfl¬ ¬ı˛±ø˙º √õ∂˜±Ì

fl¬¬ı˛≈Ú Î¬◊¯Æ∏Ó¬± Î¬◊2‰¬Ó¬± ¬ı‘øX¬ı˛ ¸±ÀÔ�� [¤fl¬øÈ¬ ÒË≈¬ıfl¬ ¬ı˛±ø˙] ˝±À¬ı˛ ˝ò±¸√õ∂±5 ˝˚˛ ¤¬ı— 
dT
dz

g
R


 � 
 �
�

	
�

�
.

1

[ ¸—Àfl¬Ó¬ – p = k�! ¸˜œfl¬¬ı˛Ì ŒÔÀfl¬ ’ôL√¬ı˛fl¬˘Ú › ¸˜±fl¬˘Ú √õ∂øflË¡˚˛±¬ı˛ ¸±˝±˚… øÚÚ ]

(7) Î¬◊¯Æ∏Ó¬±Àfl¬ ÒË≈¬ıfl¬ ÒÀ¬ı˛ ¤fl¬øÈ¬ Œ¬ı˘≈ÀÚ¬ı˛ ·øÓ¬ √õ∂fl‘¬øÓ¬ (motion) øÚÌ«˚˛ fl¬¬ı˛≈Úº Œ›˚˛± ’±ÀÂ√ Œ˚,

Œ˚Àfl¬±ÀÚ± àÔ±ÀÚ Œ¬ı˘≈Ú fl¬Ó‘¬«fl¬ ’¬Û¸±ø¬ı˛Ó¬ ¬ı±Ó¬±À¸¬ı˛ ˆ¬¬ı˛ ¸˜¸M3 (homogeneous)

[ ¸—Àfl¬Ó¬ – Œ¬ı˘≈ÀÚ¬ı˛ ˆ¬¬ı˛Àfl¬Àf¬ı˛ Î¬◊2‰¬Ó¬± z ˆ¬¬ı˛ m ¤¬ı— V ’±˚˛Ó¬Ú � ¬ı±˚˛≈¬ı˛ ‚ÚQ (z Î¬◊2‰¬Ó¬±˚˛

˝À˘] ·øÓ¬¸—flË¡±ôL√ ’¬ıfl¬˘ ¸˜œfl¬¬ı˛ÌøÈ¬ ˝À¬ı 
md z

dt
g v mg

2

2

 � � ��

Œ˚‡±ÀÚ 
 	



g g
r

r z

2

2( )
, r ˝˘ ¬Û‘øÔ¬ıœ¬ı˛ ¬ı…±¸±Ò«, ¤¬ı±¬ı˛ ¤‡±Ú ŒÔÀfl¬ 

dz
dt
�
�
�
�  Œ¬ı¬ı˛ fl¬¬ı˛≈Úº]

(8) øàÔ¬ı˛ Î¬◊¯Æ∏Ó¬±˚˛ ¬ı±˚˛≈˜G¬À˘ ’¬ıøàÔÓ¬ Î¬◊~•§ ’±˚˛Ó¬Àé¬ÀS¬ı˛ ‰¬±¬ÛÀfl¬Àf¬ı˛ ’¬ıàÔ±Ú øÚÌ«˚˛ fl¬¬ı˛≈Úº

[ ¸—Àfl¬Ó¬ – ‰¬±¬ÛÀfl¬f ¸—flË¡±ôL√ ’Ò…±˚˛ ^©Ü¬ı… ]

[Ans.
k
g

a

eg ka
�

�1  Î¬◊2‰¬Ó¬±˚˛, Œ˚‡±ÀÚ k, g, a √õ∂‰¬ø˘Ó¬ ’ÀÔ« ¬ı…¬ı˝‘Ó¬]

(9) 10ºC Î¬◊¯Æ∏Ó¬±˚˛ øfl¬Â√≈ ¬Ûø¬ı˛˜±Ì ¬ı±Ó¬±À¸¬ı˛ ’±˚˛Ó¬Ú 300 c. c. 20º Î¬◊¯Æ∏Ó¬±˚˛ ¤¬ı˛ ’±˚˛Ó¬Ú fl¬Ó¬

˚‡Ú ‰¬±¬Û øàÔ¬ı˛ ’±ÀÂ√∑ [¸—Àfl¬Ó¬ – ‰¬±˘«À¸¬ı˛ ¸”S ] [Ans. 310
170
283

c c. ]

(10) Œ˚-Œfl¬±ÀÚ± ¬Ûø¬ı˛˜±ÀÌ¬ı˛ øfl¬Â√≈ ’±˚˛Ó¬ÀÚ¬ı˛ ¬ı±Ó¬±¸ Œfl¬±ÀÚ± ¬ı˛fl¬˜ ¬ı˘ ¬ı± ¬Ûø¬ı˛¬ıÓ«¬Ú˙œ˘ Î¬◊¯Æ∏Ó¬± ŒÔÀfl¬

˜≈q¡º ¬ı±Ó¬±¸øÈ¬ øàÔ¬ı˛ˆ¬±À¬ı ’±ÀÂ√º ¤fl¬øÈ¬ ø¬ıμ≈¬ı˛ Œ|øÌÀÓ¬ Î¬◊¯Æ∏Ó¬± ˚ø ¸˜±ôL√¬ı˛œ˚˛ √õ∂·øÓ¬ (A. P.)-ŒÓ¬ Ô±Àfl¬

Ó¬±˝À˘ ›˝◊ ø¬ıμ≈·≈ø˘ÀÓ¬ ‚ÚQ ø¬ı¬Û¬ı˛œÓ¬ √õ∂·øÓ¬ (H.P.)-ŒÓ¬ Ô±fl¬À¬ıº
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18.11 ¸±¬ı˛±—˙

’±À˘±‰¬… ’Ò…±À˚˛ ¬ı±˚˛¬ıœ˚˛ ¬Û±ÀÔ«¬ı˛ Œ˜Ãø˘fl¬ Ò˜« ¸˜”À˝¬ı˛ øˆ¬øMÀÓ¬ ‰¬±¬Û øÚÌ«À˚˛¬ı˛ ø¬ıøˆ¬iß ¬ÛXøÓ¬ øÚÀ˚˛

’±À˘±‰¬Ú± fl¬¬ı˛± ˝À˚˛ÀÂ√º ‰¬±¬Û √õ∂À˚˛±À·¬ı˛ Ù¬À˘ ¬ı±˚˛≈√õ∂¬ı±À˝¬ı˛ ¸—Àfl¬±‰¬Ú ¬ı± √õ∂¸±¬ı˛Ì ¤¬ı˛ ¸”S øÚX«±ø¬ı˛Ó¬ ˝À˚˛ÀÂ√º

¬ı±˚˛≈˜G¬À˘¬ı˛ ‰¬±¬Û ø¬ı¯∏À˚˛ ’±À˘±‰¬Ú± fl¬¬ı˛± ˝À˚˛ÀÂ√º ø¬ıøˆ¬iß d¬À¬ı˛ ¬ı±˚˛≈˜G¬À˘¬ı˛ ‰¬±À¬Û¬ı˛ √õ∂fl¬¬ı˛Ì øfl¬¬ı˛”¬Û Ó¬±›

Î¬◊À~‡ fl¬¬ı˛± ˝À˚˛ÀÂ√º øfl¬Â√≈ ¬ı±d¬¬ı ·…±À¸¬ı˛ ¸˜œfl¬¬ı˛Ì ø¬ı¬ı‘Ó¬ fl¬¬ı˛± ˝À˚˛ÀÂ√º fl¬À˚˛fl¬øÈ¬ Î¬◊±˝¬ı˛Ì ¸˝À˚±À·

ø¬ı¯∏˚˛øÈ¬Àfl¬ ø¬ı˙ˆ¬±À¬ı Œ¬ı±Á¬±ÀÚ± ˝À˚˛ÀÂ√º

18.12 ¸˝±˚˛fl¬ ¢∂KÔ±¬ı˘œ

(1) ø‰¬M¬ı˛?Ú ±˙·≈5 – ø¬Z¬ı±ø¯∏«fl¬ ¬Û±Ô«ø¬ı:±Ú [√õ∂Ô˜ ‡G¬] [¬ı≈fl¬ ø¸ø`¬Àfl¬È¬, fl¬˘fl¬±Ó¬±, 1989]

(2) J. M. Kar : Hydrostatics for degree classes (The Globe library, Kolkata, 1972)

¬Ûø¬ı˛ˆ¬±¯∏± (I)

’øÒ¬ı‘M Parabola

’Ú≈̂ ”¬ø˜fl¬ Horizontal

’¬ıfl¬˘Ú Differertiation

’øˆ¬fl¬ ∏̄« Gravity

’øˆ¬fl¬¯∏«Ê Q¬ı˛Ì Acceleration due to gravity

’Ò«À·±˘fl¬ Hemisphere

’é¬ Axis

’¸œ˜¬ÛÔ Asymptote

’Ú≈ˆ”¬ø˜fl¬ Ó¬˘ Horizontal plane

’±¬ıÓ«¬Ú Revolution

’øÒ¬ı‘Mfl¬ Paraboloid

Î¬◊¬Û¬ı‘M Ellipse

’©Ü˜±—˙ Octant

Î¬◊¬Û±—˙ Component

Î¬◊~•§ Vertical

’±¬ıÓ«¬Ú ¬ı…±¸±Ò« Radius of Gyration
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’±˙« ·…±¸ Ideal gas, perfect gas

fl¬± «̊ Work

øflË¡˚˛±À¬ı˛‡± Line of action

Œfl¬ÃøÌfl¬ Œ¬ı˛‡± Angular velocity

Œ·±˘fl¬ Sphere

·øÓ¬ Motion

·øÓ¬˙øq¡ Kinetic energy

‚Ú Cube

‚±Ó¬¬ı˘ Thrust

‚”øÌ« Vortex

‰¬±¬Û Œfl¬f Centre of Pressure

Œ‰¬±„ Cylinder

ŒÂ√ Section

Ê±Î¬… Inertia

Ó¬˘ Plane/surface

¬Zμ3 Couple

ÚøÓ¬Àfl¬±Ì Angle of inclination

øÚ˚˛±˜fl¬ Directrix

Ú˘ Tube

¬¬Û¬ı˛±Àfl¬f Metacentre

¬¬Û¬ı˛̃ ˜±Ú Absolute value

¬¬Û±Ó¬ Lamina

¬õ≠¬ıÓ¬± Œfl¬f Centre of byoancy

¬¬ÛœÎ¬ˇÚ Stress

¬√õ∂øÓ¬¸˜ Symmetrical

¬¬ı…d¬±Ú≈¬Û±Ó¬œ Inversely proportional

¬¬ıflË¡˚¬ıflË¡Ó¬± Curve/Curvature

¬¬ı˘ Force

¬ø¬ıˆ¬¬ı˙øq¡˚øàÔøÓ¬˙øq¡ Potential energy

¬¬ı± ˛̊≈̃ G¬˘ Atmosphere
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¬ˆ¬±¬ı˛Àfl¬f Centre of gravity

¬ˆ¬±˝◊¬ı˛±˘ Virial

¬w¬±˜fl¬ Moment

¬¬¬ı≈̨XÓ¬±¬Û Adiabetic

¬˘øt Resultant

¬˘•§¬ı‘Mœ˚˛ ˙efl≈¬ Right circular cone

¬˙œ¯∏« ø¬ıμ≈ Vertex

¬¸¬ı˛Ì Displacement

¬¸˜±fl¬˘ Integral

¬¸˜±Ú≈¬Û±Ó¬œ Proportional

¬¸±˜…, øàÔøÓ¬ Equilibrium

¬¸≈øàÔøÓ¬ ¸±˜… Stable equilibrium

[’øàÔ¬ı˛] ¸±˜… (Unstable) equilibrium

¬¸”S˚¸≈ÀÓ¬± String

¬àÔ±Ú±efl¬ Co-ordinate

¬øàÔøÓ¬ø¬ı…± Statics

¬¶Û˙«Ó¬˘ Tangent plane

¬¸À˜±¯Æ∏ Isothermal
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